THE UNIVERSITY OF CHICAGO

TOPICS IN PAULI CHANNEL LEARNING: QUANTUM ADVANTAGES, QUANTUM
NOISE CHARACTERIZATION, AND QUANTUM ERROR MITIGATION

A DISSERTATION SUBMITTED TO
THE FACULTY OF THE PRITZKER SCHOOL OF MOLECULAR ENGINEERING
IN CANDIDACY FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

BY
SENRUI CHEN

CHICAGO, ILLINOIS
JUNE 2025



© 2025 by Senrui Chen



ABSTRACT

This dissertation investigates fundamental and practical aspects of quantum information
science through the lens of Pauli channels — a simple yet powerful class of quantum pro-
cesses. Three interconnecting topics will be discussed: quantum advantages, quantum noise
characterization, and quantum error mitigation. (1) We introduce a novel type of quantum
advantages in Pauli channel learning, showing that entanglement with ancillary quantum
memory provides exponential advantages in sample complexity for learning a Pauli channel,
shedding new light on the role of entanglement as a quantum resource. (2) We develop a
comprehensive theory and novel protocols on Pauli noise characterization in quantum com-
puters, which are self-consistent, complete, and scalable. We also show how entanglement
can be used to accelerate noise characterization, even in the presence of imperfect quantum
memory. (3) Leveraging our self-consistent Pauli noise characterization framework, we pro-
pose and experimentally demonstrate a gauge-consistent quantum error mitigation protocol,
resolving an outstanding issue of noise non-identifiability in standard error mitigation meth-
ods. Altogether, this dissertation establishes Pauli channels as a theoretically interesting

and practically impactful object in the research of quantum information science.
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Different learning models on N copies of an unknown channel A. The gray tri-
angles denote state preparation and measurement, and the gray boxes denote
some known processing channels. (a) Fully entangled measurement: the most
general way to measure a quantum channel where arbitrarily large entanglement
and quantum memory is allowed; (b) Ancilla-assisted non-concatenating measure-
ment: For each sample of A, one input some entangled state and conduct an en-
tangled measurement. The measurement must be completely destructive, which
means no quantum memory is allowed; (c) Ancilla-free concatenating measure-
ment: One is allowed to sequally apply multiple copies of A and some processing
channels before applying a single round of measurement, with no ancilla allowed.
Here N’ denotes the number of measurement rounds which is no larger than the
number of samples; (d) Un-entangled measurement: Neither ancilla nor concate-
nation is allowed. Additionally, measurement models (b), (c), (d) can be either
adaptive or non-adaptive. If the measurement setting at a certain round depends
on previous measurement outcomes, it is an adaptive protocol. Otherwise, it is
non-adaptive. . . . . .. L
Alternative definitions of entanglement-free schemes. (a) Separable schemes.
The two different colors indicate the operations are separable. (b) Classical-
memory-assisted schemes. The double line represents classical registers. The
square box represents adaptively-chosen (arrows coming from the classical reg-
isters) quantum instruments (outcomes sent to the classical registers). We will
show the two schemes are equivalent in terms of sample complexity, so we call
both entanglement-free schemes. . . . . . . . . .. ... ...
A single round of measurement for the k-qubit-assisted Pauli channel estimation
protocol in Algorithm 1. Here, a 4-qubit ancilla is used to estimate a 7-qubit
Pauli channel. . . . . . . . . . .

Examples of different noise ansatz on a 3-qubit system. The available set of
multi-qubit gates are two CZ gates. The small square box represents single-qubit
gates whose noise is ignored (or absorbed to multi-qubit gates and SPAM). (a) A
noiseless circuit. (b) Circuit with complete Pauli noise, where the noise for SPAM
and both gates are all generic 3-qubit Pauli channels. (c¢) Circuit with fully local
Pauli noise, where the SPAM noise channels are qubit-wise independent, while the
gate noise channels has the same support as the gate. (d) Circuit with nearest-
neighbor Pauli noise (a special case of quasi-local model), where each Pauli noise
channel is nearest-neighbor 2-local. See Sec. B.5 for a rigorous definition. . . . .
The PTG for n = 2, & = {CNOT}. The black edges corresponds to gate noise pa-
rameters, while the gray edges corresponds to SPAM noise parameters. Multiple
edges are shown as one edge with multiple labels. . . . . . . ... ... ... ..
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A 3-qubit example of complete Pauli noise model (Left) and reduced Pauli noise
model (Right). The gate set contains {CZ12, CZo3}. The ansatz for the reduced
model assumes the state-preparation-and-measurement noise channels to be a
tensor product of single-qubit Pauli channel, and the gate noise channel to only
act on the gate support. The blue arrow represents the embedding map Q from
the reduced to the complete model. . . . . . . . . .. ... ... ... .. ....
Cycle benchmarking for learning the Pauli noise channel of a CNOT gate. (a)
Standard CB circuits, where CNOT gates are interleaved by random Pauli gates
(green boxes), with initial stabilizer states and Pauli basis measurements (red
boxes). (b) CB circuits with additional interleaved single qubit Clifford gates
(blue boxes). . . . . .
Estimates of Pauli fidelities of IBM’s CNOT gate via standard CB (left) and
CB with interleaved gates (right), using circuits shown in Fig. 4.4. Data are
collected from ibmq montreal on 2022-03-23. Each Pauli fidelity is fitted using
seven different circuit depths L = [2,22, ..., 27]. For each depth C' = 60 random
circuits and 1000 shots of measurements are used. Throughout this paper, the
error bar represents the standard error. . . . . . . ... ... L.
Feasible region of the learned Pauli noise model, using data from Fig. 4.5. (a)
Feasible region of the unlearnable degrees of freedom in terms of A x x and Az .
(b) Feasible region of individual Pauli fidelities. (c) Feasible region of individual
Pauli errors. . . . . . ..
Simulation of intercept CB on CNOT under different SPAM noise rate. The
simulated noise channel is a 2-qubit amplitude damping channel with effective
noise rate 5%, and SPAM noise are modeled as bit-flip errors. For the blue (green)
lines, we introduce random bit-flip errors to the measurement (state preparation).
The solid lines show the [1-distance of the estimated Pauli fidelities from the true
Pauli fidelities. The solid lines show the [1-distance of the (individually) learnable
Pauli fidelities from the ground truth. . . . . .. ... ... ... ... ... ..
The learned Pauli noise model using intercept CB. The feasible region (blue bars)
are taken from Fig. 4.6. Estimates of Pauli fidelities (a) and Pauli error rates (b).
Each data point is fitted using seven different circuit depths L = [2,22,...,27].
For each depth C' = 150 random circuits and 2000 shots of measurements are
used. Data are collected from ibmgq_montreal on 2022-03-23. . . . . . . .. . ..

Schematics of EFL and EMEEL (which consists of EEL and AuxEFL). (Top left)
EFL, or the standard cycle benchmarking circuits, which consists of stabilizer
state preparation and Pauli measurements. Green boxes represent random Pauli
twirling gates. (Bottom left) EEL, consisting of Bell state and bell measurements.
The blue boxes represent random single-qubit Clifford twirling gates. The giggle
on the ancilla denotes dynamical decoupling for idling protection. (Bottom right)
AuxEFL, whose circuit is the same as EEL, but with computational basis state

preparation and measurements. The combination of EEL and AuxEFL gives our
EMEEL protocols. . . . . . . . ..
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Learning the noise of a two-qubit gate. (Figures courtesy of Alireza Seif.)
(a)(b) shows the experiment layout. (c) gives a illustration of the fidelity decay
curve (in log scale) with number of circuit depth d. In this experiments we use d =
0,16,32. (d) Report the estimation for all symmetrized Pauli eigenvalues using
EFL, EEL, and EMEEL. One can see that while EEL significantly overestimate the
fidelities compared to EFL, EMEEL almost retrieves consistent estimates as EFL.
This experiments were conducted on bm_ peekskill using 100 twirls and 1000
measurement shots at each depth d € {0,16,32}. . . . .. ... ... ... ...
Learning the noise of parallel two-qubit gates. (Figures courtesy of Alireza
Seif.) (a) Shows the our qubit topology. The blue qubits are our main systems
where parallel gates act on, and the gray qubits are used as ancilla. (b)(c) layouts
for EEL and AuxEFL. Note that an additional pair of SWAP gates are need to cre-
ate the Bell state and measurement due to our qubit topology. (d) Comparing the
estimates from EFL (horizontal) with EEL and EMEEL (vertical). We only mea-
sure all X-type and all Z-type eigenvalues. While EEL significantly underestate
fidelities, EMEEL only slightly overestimates. (e) Using learned information to
validate correlated noise on the systems. We omit discussion on this block and
direct the readers of interest to [SCM™24]. (f) Comparing the variance overhead
(fit as 1.33") with the saving of measurement setting by EMEEL. The variance
is estimated for each all X-type and all Z-type eigenvalues. Here 3" referes to
naive entanglement-free strategies of going through all Pauli basis, while 2% is a
rigorous lower bound for entanglement-free schemes. . . . . . . ... ... ...

[lustration of Gauge-consistent PEC. (a) One use quasi-probability sampling to
implement the inverse channels according to the learned gauge-equivalent noise
model Agy. (b) Replacing the true noise models with a gauge-equivalent model
have no observable effects on the measurement statistics. This step is only a
thought experiment. (c) The noise channels and inverse channels cancel out,
returning noise-free results. . . . . . .. ..o Lo
Comparing GC-PEC with Sym-PEC in GHZ state preparation cir-
cuits. (Figures courtesy of Alireza Seif and Edward Chen). (A)(B) shows our
GHZ preparation circuits. An X measurements on all qubits is conducted at
the end of the circuit. Note that both uses interleaving layers of 2 types of
parallel 2-qubit gates. We have conduct separate learning experiments to learn
the noise of parallel 2-qubit gates. (C) shows the experimental output vs. the
predicted expectation value from gauge-consistent (pink circles) and symmetric
(blue crosses) noise models. (D) Error mitigated results using GC-PEC (pink) and
Sym-PEC(blue). Error bars are estimated from 6 separate experiments. Clearly
GC-PEC obtain true values within error bars while Sym-PEC has a significant
bias. . . . .

Construction of the teleportation simulation channel 7. . . . . .. .. ... ..
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B.5

Teleportation stretching [PLOB17, PLLP19]: simulation of an arbitrary entan-
gled measurement on A by a single measurement on Jy. One just needs to sim-
ulate every application of A(:) by 7((-) ® p). The whole measurement protocol
then become a joint POVM measurement on /N copies of J, with no adaptivity.

The PTG for n = 2, = {CZ}. Here we define G = CZ for notational simplicity.
The black edges corresponds to gate noise parameters, while the gray edges cor-
responds to SPAM noise parameters. Multiple edges are shown as one edge with
multiple labels. . . . . . . ..
(a) Hlustration of a fully local noise model (bottom) and how it is embedded
into a complete noise model (above). Note that the state prep., meas., and each
layer of gates have an independent embedding map, which means this is a layer-
uncorrelated noise model. (b) Illustration of the subsystem depolarizing gauges
(denoted by Dg) acting on a gate with fully local noise. Here, (i)-(iii) shows the
three types of valid SDG’s as given by Theorem 2.5(b), out of which only case
(i) can non-trivially changes the noise channel. (iv) shows a SDG that is not
an allowed gauge transformation (when the gate has a fully-connected pattern
transfer subgraph). Intuitively, it propagates the 2-qubit noise channel into a
3-qubit channel, violating the fully local assumptions. . . . . . . . . . .. .. ..
The possible pattern transfer subgraphs of non-trivial 2-qubit Clifford gates. La-
bels of edges are omitted. Self loops are omitted. Multi-edges are represented by
asingle edge. . . . . .. L
Example of a 3-qubit quasi-local noise model and the embedding into a complete
model. Here, the noise channels for state prep., meas., and all gates are assumed
to be Q-local where Q* = {{1,2},{2,3}}, with the factor graph shown in the
bottom-left side. In other words, A° = A% o Agg where A%, A§3 are Pauli
diagonal maps supporting on {1,2}, {2, 3}, respectively. Similar for other Pauli
noise channels. . . . . . . ...
Examples of quasi-local gate noise models that are incovariant and covariant,
respectively. Here we consider a 6-qubit system and let G = CZ®3. (a) The
nearest-neighbor 2-local noise model (Q* = {{1,2},{2,3},---,{5,6}}) which is
not G-covariant. Indeed, if we commute the noise channel from before-G (left)
to after-G (right), certain 2-body noise terms (e.g., A23) will generically be prop-
agated to be 4-body, making the whole noise channel no longer Q-local; (b) A
4-local noise model (Q* = {a = {1,2,3,4},8 = {3,4,5,6}}) which is G-covariant.
Indeed, commuting the noise channel from before-G to after-G preserves the €2-
local structure. Note that all Pauli diagonal maps commute with each other.
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Examples of three different cases of SDG’s (Ds) acting on G = CZ®3 with co-
variant (2-local noise model, Q* = {{1,2,3,4},{3,4,5,6}}. Case (i) and (ii) are
allowed gauges as shown in Theorem 2.6(b). Specifically, In Case (i) we have
s ={3,4,5} € Q, thus D, is a valid gauge that non-trivially transform the noise
channel; In Case (ii) we have s = {1,2,5,6} = Zg(s), or in words, any Pauli
supports within s still supports within s after the action of G (see Lemma 2.33).
Here, even though s ¢ Q, Dg commutes through G leaving the noise channel
unchanged, and is thus a trivially valid gauge; Case (iii) shows an invalid gauge
(s = {2,3,4,5,6}), which would generate a 6-body noise term, violating the
locality assumption. . . . . . . . ...
Example of SDG acting on G = CZ*? with nearest-neighbor 2-local noise model
(ie., QF = {{1,2},{2,3},{3,4}}) that is not G-covariant. In this case, though
s = {2,3} € Q, The SDG D would create a 4-body noise term (shown in the
right) violating the Q-local assumption, and is thus not an allowed gauge. This
highlights the necessity of G-covariance in obtaining Theorem 2.6(b). . . . . . .
Circuits for learning different types of cycles. (a) Circuits for learning all cycles
of a single CZ (and for certain cycles of the other models). Any cycles from
Eq. (B.68) can be learned by inputting an appropriate Pauli eigenstate to the
upper or lower circuit and measure the same Pauli observable. (b) Circuits for
learning the 2-gate cycle from Eq. (B.71). The evolution of the corresponding
Pauli operators is shown in gray. (c¢) Circuits for learning cycles from Eq. (B.75).
(d) Circuits for learning for cycles from Eq. (B.76). . . . . ... ... ... ...
[lustration of the setup in Sec. B.6.3 with n = 12. (a) Qubit topology and noise
model. Each circle represents a qubit with their label annotated. Each diamond
connects to a maximal factor from €y, specifying the nearest-neighbor noise model
for both SPAM and gate noises. (b), (c¢) Illustration of G, Gy, respectively. . . .

B.10 The covariant quasi-local gate noise model from Sec. B.6.4. The left and right

shows Q¢ QO respectively, with each diamond connecting to a maximal factor
from QF (resp. Q). . . . . L

B.11 Ilustration for calculations of 235¢ where (a) a = Xop_1Xop13, (b) a = Xop_1,

and (c) a = Xop3, respectively. The labels of qubits and the corresponding
coefficient o, is shown in the leftmost side. The shaded region represents a non-
zero pattern in each {2k, 2k + 1} subsystem, for both @ and Ge(a). . . . . . . ..
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CHAPTER 1
INTRODUCTION

Quantum Information Science (QIS) — The usage of quantum mechanics in information
processing — holds the promise to revolutionize our ways to interact with the nature. Ar-
guably, the most fundamental question in QIS is to identify quantum advantages, i.e., for
which tasks quantum resources can bring significant advancement over classical information
processing methods. Such quantum advantages have been theoretically explored in many
aspects, including computing with unprecedented efficiency [NC11, Sho99, AABT19], com-
munication with unprecedented security [GT07, Kim08], and sensing with unprecedented
accuracy [GLMO06, GLM11]. It is still an on-going quest to understand the power and limi-
tation of QIS and how it can be applied to solve problems that are of real-world relevance.

Along with its extraordinary power, QIS comes with a unique challenge. That is,
being highly susceptible to noise and error. Fortunately, the paradigm of quantum er-
ror correction (QEC) and fault-tolerant quantum computation (FTQC) [Sho96, ABOOS§]
gives a road map towards noise-robust quantum information processing. Over the past few
decades, QEC has achieved significant advancement both in theory (e.g., design of good
codes and novel fault-tolerant architecture) [PK22, XBAP*24, BCG"24] and in experi-
ment (e.g., demonstration of early-stage fault-tolerant quantum computation on various
experimental platforms including superconducting circuits, neutral atom arrays, trapped
ions) [BEGT24, AAAB™25, PBPT24]. Still, quantum noise remains as the major obstacle
that blocks our way towards scalable and robust quantum applications. It requires experi-
mental and theoretical co-design to overcome this challenge.

The goal of this thesis is to explore the challenges, opportunities, and methodologies of

modern quantum information science, through the lens of Pauli channel. Pauli channels are



defined as a probabilistic mixture of Pauli operators. Mathematically,

Ap) = > ppPpPl. (1.1)
Pe{I,X.Y,Z}®n

Here {I, X,Y, Z}®" denote all n-qubit Pauli operators, i.e., n-fold tensor products of stan-

dard single-qubit Pauli operators. pp is a probability distribution over n-qubit Pauli oper-

ators. Detailed definitions are given in Chapter 2. Pauli channels are one of the simplest

families of quantum processes. Yet, they are able to capture some of the most fundamental

aspects of quantum information science, including the notion of quantum incompatibility.

They have also found wide applications in the theory and practice of quantum noise robust-
ness.

This thesis will study the roles of Pauli channels in the following three subareas of QIS.

A roadmap is given in Fig. 1.1

1. Quantum Learning Advantages. One particularly interesting class of information
processing tasks are learning from the nature. This include, for example, searching for
dark matter, detecting gravitational waves, probing structures of certain materials, etc.
It is interesting to ask whether quantum protocols can significantly speed up certain
learning tasks over their classical counterpart. If so, what is the enabling quantum
resources behind such advantages. Chapter 3 of this thesis will explore a novel type
of quantum advantage in Pauli channel learning, where quantum entanglement — a
characteristic quantum resource — is shown to be the source of advantages. Using
information-theoretic methods, we rigorously obtain tight sample complexity bound
for learning Pauli channel using entanglement with an ancillary quantum memory
(“quantum protocol”) or not using entanglement (“classical protocol”), and establish
an exponential separation between them. Notably, the bounds for classical protocol

obtained here are valid against the most-general entanglement-free schemes, allowing
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Figure 1.1: Thesis roadmap.

adaptive control, concatenation of channels, and even mid-circuit measurement and
feed-forward control. Finally, we show this learning advantage can be readily seen
in experiments and have good noise resilience, making them not only fundamentally

interesting but also practically relevant.

2. Quantum Noise Characterization. Since noise is the biggest practical challenge
for QIS, it is important to gives a precise characterization about the noise. In fact, the

most well-known application of Pauli channel is in quantum noise modeling. On the one



hand, Pauli channel naturally describe a wide range of common noise processes, such
as bit-flip, phase-flip, and depolarizing noise. On the other hand, techniques known as
randomized compiling [WE16, HNM'21] exists that can tailor general noise processes
into Pauli channels (given high-quality single-qubit quantum gates). This motivates the
study of Pauli noise model, which roughly speaking models both gate noise and state-
preparation-and-measurement (SPAM) noise by Pauli channels. Pauli noise model has
been applied in quantum benchmarking, quantum error mitigation, and for quantum
error correction. Despite intensive study, some core aspects of Pauli noise is by far
not well understood. In particular, due to the existence of unknown SPAM noise,
it is unclear how to fully characterize the Pauli channels associated with the noisy
gates. State-of-the-art Pauli noise learning protocols can only characterize the gate-
dependent Pauli channels up to “degeneracies”. Chapter 4 of this thesis fills this gap by
introducing a theory that fully characterizes the “learnability” of a Pauli noise model,
i.e., which noise parameters are identifiable and which are not. The characterization
is achieved using ideas from gate-set tomography and techniques from algebraic graph
theory. By further generalizing the theory to allow locality constraints on the noise
channels, we developed an efficient self-consistent protocol to learn Pauli noises over a
gate set. The relevance of the above theory and protocols are experimentally validated

on superconducting quantum circuits.

It turns out that the quantum learning advantages discussed above also find their
applications in quantum noise characterization, as reported in Chapter 5. Most existing
Pauli noise characterization schemes use no ancillary quantum memory, which means
they generally suffers from an exponential sample overhead if no assumption on the
noise structure is made (which is a corollary of our theorems in Chapter 3). In contrast,
we design an entanglement-enhanced learning protocol that utilizes entanglement with

ancillary quantum memory to greatly speedup the noise characterization. Given ideal



quantum memory, this protocol provably breaks the exponential sample complexity
barrier. For noisy quantum memory in lab, we develop novel techniques to suppress
and mitigate the errors, with an significantly smaller overhead compared to the best
possible entanglement-free learning protocols. The advantages has been experimentally
demonstrated on a superconducting quantum computers. This series of works opens
up new possibilities for practical quantum learning advantages as well as for quantum

noise characterization.

3. Quantum Error Mitigation. With the knowledge of noise, one can design methods
to suppress, mitigate, or correct the errors in a quantum system. One well-known ex-
ample of such methods (besides quantum error correction) is known as quantum error
mitigation. Recently, quantum error mitigation protocols based on Pauli noise model
has been developed and experimentally implemented. The basic idea is to first charac-
terize the Pauli noise channel, then either cancel the noise channel via quasi-probability
sampling, or amplify the noise and extrapolate back to zero-noise point. However, due
to the non-identifiability of Pauli noise model discussed above, existing methods have
to rely on unjustified assumptions to determine the noise channels for the protocol to
be applied. Built on our theory about the learnability of Pauli noise, Chapter 6 of the
thesis resolves this issue by developing an gauge-consistent error mitigation procedure
for Pauli noise. By learning all the learnable degrees of freedom of a Pauli noise model,
and arbitrarily fixing the unlearnable degrees of freedom (called gauge parameters), we
can correctly mitigate the errors. One can even optimize over the gauge parameters to
minimize the sampling overhead. Furthermore, the whole procedure is scalable given
appropriate locality constraints of the noise process. In an experimental demonstra-
tion, we show that for situations where existing error mitigation scheme suffers from

severe bias, our gauge-consistent protocol remains accurate and efficient.

The above covers non-exclusively the theory and practice of Pauli channels in QIS, in-
5



cluding the exploration of useful quantum advantages and for how to tackle with quantum
noise. These aspects are deeply connected with each other. They also represent an theory-
experiment co-design on different types of experimental platforms. I hope this thesis pro-
vides a unique and timely perspective into opportunities and challenges of QIS, which is at

its turning point from theoretic fantasy into real-world usefulness.



CHAPTER 2
PRELIMINARIES

This chapter provide some basic definitions and preliminaries which will be used throughout
this thesis. More definitions and backgrounds will be given in the relevant sections where

they will be used.

Quantum information basics. Here, we review some basics of quantum information.
More details can be found in standard textbooks such as [NC11]. Throughout this thesis,
we consider quantum systems consists of qubits. Let Hon = Hg@n denote the n-qubit Hilbert
space (which is an 2"-dimensional complex linear space equipped with standard inner prod-
uct). An n-qubit quantum state can be describe by a density operator p acting on Hon that
is positive semidefinite (p > 0) and trace-one (Trp = 1). A quantum channel E475 from
quantum system A to B is a linear map from L(H ) to L(Hp), where L(H) denotes the

space of all linear operators on H, such that & is
: gA%B ® idR(pAR)

AR > (.

1. Completely positive (CP) > 0 for any system R and any p

2. Trace-preserving (TP): Tr(E(p)) = Tr(p) for any p € L(H 4).

Intuitively, the CPTP conditions ensures a quantum channel transform any quantum state
to a valid quantum state. We generally omit the superscripts when the underlying quantum
systems are clear from the context. It is known that any quantum channel admits a Kraus
representation, £(-) = X; Kj(-)KjT, for a set of operator {K}; satisfying 3-; K;[Kj =1
where [ is the identity operator. Conversely, any map with a Kraus representation is a

quantum channel.



Pauli group and Pauli channel. Define the four single-qubit Pauli operators with their

matrix representation in the computational basis as
I = , X = , Y = A . (2.1)

For an n-qubit Hilbert space, define P" to be the Pauli group modulo the non-physical
phase. P" is an Abelian group isomorphic to Z2", so we can use elements of Z%" to
uniquely label elements of P™. Specifically, we view every a € Z%n as a 2n-bit string

a = Qg 1051032059 " Az ndzy corresponding to the Pauli operator
P, = ®z:1iax,kaz,anx,kZaz,k (22)

where the phase is chosen to ensure Hermiticity. We also define a sympletic inner product
(-, ) within Z%n as

n
(a,b) = Z (ax,k:bz,k + az,k:bx,k‘) mod 2.
k=1

One can verify that P, P, = (—1)'%b) p, P, [NC11].

An n-qubit Pauli channel A is a quantum channel of the following form

A() = Z palu(-)Pa, (2.3)
acZin
where p = {pq }q is called the Pauli error rates. An important property of Pauli channels is

that their eigen-operators are exactly the 4" Pauli operators. Thus, an alternative expression

for A is

A= o5 3 ATHAO)R, (2.4
bezZ3"

where A = {\p} is called the Pauli eigenvalues [FW20, FO21]. These two sets of parameters,



p and A, are related by the Walsh-Hadamard transform

= Y palD), =g 3 w1, (2.5)

acZin bezin
Both p and A are physically interesting parameters: The Pauli error rates are directly re-
lated to the error thresholds in fault-tolerant quantum computation [Sho96, ABO08] and
have been the quantities of interest for many quantum benchmarking protocols [FW20,
HFW20, HYF21a, FO21, LOB*21]; The Pauli eigenvalues quantify how well a Pauli observ-
able is preserved through the noise channel (hence also known as Pauli fidelities) and have

applications in quantum error mitigation (see e.g. [CYZF21]).

We will also use the Pauli-transfer-matriz (PTM) representation to simplify notations. A
linear operator O acting on a 2"-dimensional Hilbert space can be viewed as a vector in a 4"-
dimensional Hilbert space. We denote this vectorization of O as |O)) and the corresponding
Hermitian conjugate as ((O|. The inner product within this space is the Hilbert-Schmidt
product defined as (A|B)) := Tr(ATB). The normalized Pauli operators {oq = Py /2", a €
Z%n} forms an orthonormal basis for this space. In the PTM representation, a superoperator
(i.e., quantum channel) becomes an operator acting on the 4"-dimensional Hilbert space,
sometimes called the Pauli transfer operator. Explicitly, we have |A(p)) = APTM|p)) = A|p)),
where we use the same notation to denote a channel and its Pauli transfer operator, which
should be clear from the context. Specifically, a general Pauli channel A has the following

Pauli transfer operator

A= > Xloa){oal-

aczZ3"

Two additional definitions about Pauli channels will often be used. We define the pattern
of an n-qubit Pauli operator Py, denoted by pt(a), to be an n-bit string that takes 0 at its
ith entry if P,, = I and takes 1 if P, € {X,Y,Z}. For example, pt(XY/ZI) = 11010. The
pattern of a Pauli operator is equivalent to its (non-trivial) support. If a Pauli channel A

9



satisfies that A, depends only on pt(a) for all a, we call it a symmetric Pauli channel or

generalized depolarizing channel as it does not distinguish between X, Y, or Z.

10



CHAPTER 3
QUANTUM LEARNING ADVANTAGES FOR PAULI
CHANNELS

Chapter Notes. This chapter contains a series of works of mine that explore quantum

advantages in learning Pauli channels, mainly based on [CZSJ22, COZ™ 24a).

3.1 Introduction

One important challenge for the Noisy Intermediate-Scale Quantum (NISQ) era [Prel§]
is to demonstrate quantum advantages on near-term devices. Recent works have made
groundbreaking progress towards demonstrating quantum computational advantages [HM17,
AABT19, ZWD%20, WBC™21], which means quantum computers can efficiently solve cer-
tain computational problems outside the reach of the most advanced classical computers.
However, computation is not the only aspect quantum computers can achieve meaningful
advantages. Learning is yet another possibility, where the basic question is whether quantum
computers (with resources such as quantum memory and entangled measurements) can help
us learn certain properties of a physical system more efficiently. This kind of quantum advan-
tages have been explored by several recent works [BCL20, ACQ22, HKP21, CLO21, RYCS21]
with positive examples including mixedness testing [BCL20], unitarity testing [ACQ22], Pauli
expectation values estimation [HKP21], etc. However, most of these quantum advantages
proposals so far either focus on artificial problems or have no noise-resilient implementa-
tion. It is thus highly desirable to identify a practically-interesting learning task that can
be used to demonstrate a robust quantum advantage. Another interesting theoretic open
question is to identify the source of quantum learning advantages from familiar quantum
resources [CG19], such as quantum entanglement.

A particularly interesting type of learning tasks, known as quantum noise characteriza-

11



tion or quantum benchmarking [EHW™20], aims at characterizing the noise on a quantum
device. This is yet another challenge for the NISQ era which is crucial to building bet-
ter quantum hardware. Pauli noise is one of the most important quantum noise models:
On the one hand, it can describe a wide range of incoherent noise, including dephasing,
deplorizing, bit-flip, etc. On the other hand, the recently developed “randomized compil-
ing” technique [WE16, HNM™21] can tailor any noise model in a universal gate set into
Pauli noise. Many benchmarking protocols also rely on twirling the noise into a Pauli
channel before extracting any information [EWP'19, MGE11, HFW20, LOB"21]. Be-
cause of the important role played by Pauli channels, it is of great interest to study the
estimation of these objects in an efficient and practical way. Despite a long line of re-
search [F103, Hay10, CRV™11, RVH12, Coll13, FW20, HYF21la, FO21, MRLO0S8, FO21], the
ultimate sample complexity for Pauli channel estimation has not yet been fully characterized.

In this section, we present an exponential quantum advantage for Pauli channel learning.
We show that, for the task of estimating the eigenvalues of an n-qubit Pauli channel (i.e.,
Pauli eigenvalues) to additive error € in I distance, there exists a measurement protocol
assisted with an n-qubit ancilla that succeeds with high probability using O(n/ 52) samples,
while any entanglement-free protocol (possibly with adaptive control, concatenation, mid-
circuit measurements, or feed-forward control) would require at least (2" /¢?) rounds of
measurements. As a byproduct, this provides a lower bound for randomized benchmarking
(RB) [MGE11, KLR™08] based Pauli noise estimation protocol, resolving an open problem
raised in [FW20].

Furthermore, we study the sample efficiency advantages provided by a restricted amount
of ancilla. While an ancilla larger than n qubits will not help further improve the efficiency,
given a k-qubit (0 < k < n) ancilla, we obtain a lower bound of Q(2("=%)/3) for any
non-concatenating protocol, and a stronger lower bound of Q(nQ”_k) for non-adaptive and

non-concatenating protocols. The latter is shown to be tight by an explicitly constructed

12



Schemes Upper bound Lower bound
Ancilla-free O(n2"/£?) Q27 /%), Ve < 1/6
k-qubit ancilla, concatenation-free | O(n2" =% /2) | Q(277F), for e = 1/2
Unbounded ancilla O(n/e?) Q(n), fore =1/2

Table 3.1: Summary of contributions: sample complexity for learning Pauli channels. The
task we consider is to estimate all Pauli eigenvalues of any n-qubit Pauli channel to € additive
precision with at least 2/3 success probability. All of these can be found in Theorem 3.1,
3.2, 3.3.

protocol (see Algorithm 1).

3.2 Models of quantum learning

To study the advantages provided by different kinds of quantum resources, we catego-
rize measurement strategies into ancilla-assisted vs. ancilla-free, concatenating vs. non-
concatenating, and adaptive vs. non-adaptive measurements. See Fig. 3.1 and explanations
in the captions. We remark that, recent works on quantum advantages in property learn-
ing [HKP21, ACQ22] have been focusing on the difference between the full-fledged entangled
measurement Fig. 3.1(a) and the un-entangled measurement Fig. 3.1(d). Here, we introduce
two intermediate measurement models Fig. 3.1(b) and Fig. 3.1(c) to separately study the role
of ancilla and concatenation. There are also practical reasons to care about those intermedi-
ate models. As an example, the ancilla-free concatenating measurement model Fig. 3.1(c) ex-
actly describes most existing RB protocols (see e.g. [HROT20]), including the RB-type Pauli
channel estimation protocol in [FW20]. Indeed, we show that it is the ancilla that provides
an exponential advantage in sample complexity for Pauli channel estimation, while concate-
nation does not help improve the sample efficiency. These results further advances our un-
derstanding of quantum advantages in property learning [HKP21, ACQ22, BCL20, CLO21].

Regarding these measurement models, one further question to ask is whether a restricted
amount of ancilla can provide any sample efficiency advantages. In this chapter, we will char-

acterize the advantages provided by a k-qubit ancilla (0 < k < n) for the non-concatenating
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Concatenating Non-concatenating

E 1 2(3) N 1 2(b) N

(c) (d)

Figure 3.1: Different learning models on N copies of an unknown channel A. The gray tri-
angles denote state preparation and measurement, and the gray boxes denote some known
processing channels. (a) Fully entangled measurement: the most general way to measure
a quantum channel where arbitrarily large entanglement and quantum memory is allowed;
(b) Ancilla-assisted non-concatenating measurement: For each sample of A, one input some
entangled state and conduct an entangled measurement. The measurement must be com-
pletely destructive, which means no quantum memory is allowed; (c¢) Ancilla-free concatenat-
ing measurement: One is allowed to sequally apply multiple copies of A and some processing
channels before applying a single round of measurement, with no ancilla allowed. Here N’
denotes the number of measurement rounds which is no larger than the number of samples;
(d) Un-entangled measurement: Neither ancilla nor concatenation is allowed. Additionally,
measurement models (b), (c), (d) can be either adaptive or non-adaptive. If the measurement
setting at a certain round depends on previous measurement outcomes, it is an adaptive pro-
tocol. Otherwise, it is non-adaptive.

measurement models. This kind of quantitative trade-off relations between quantum re-
sources and sample efficiency has not been explored in previous works [HKP21, ACQ22,
BCL20, CLO21] and may potentially lead to a new resource-theoretical interpretation of

quantum entanglement [CG19].

Alternative definitions of entanglement-free schemes. To study the role of quan-
tum entanglement in quantum learning advantages, we introduce two alternative classes of
learning schemes as follows [COZ T 24a], see Fig. 3.2.

Consider the task of learning properties of an n-qubit quantum channel A from certain
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Figure 3.2: Alternative definitions of entanglement-free schemes. (a) Separable schemes.
The two different colors indicate the operations are separable. (b) Classical-memory-assisted
schemes. The double line represents classical registers. The square box represents adaptively-
chosen (arrows coming from the classical registers) quantum instruments (outcomes sent to
the classical registers). We will show the two schemes are equivalent in terms of sample
complexity, so we call both entanglement-free schemes.

family by querying multiple copies of the channel. We start by defining entanglement-free
learning schemes. We introduce the class of separable schemes, where a main system H g and
an ancillary system H 4 are given. The main system is where A acts on and has a fixed dimen-
sion of 2", while the ancillary system can be arbitrarily large. Now, a separable scheme allows
interleaving copies of A on Hg with any processing operations (including state preparation,
measurement, and quantum channels) on Hg ® H 4, with the only restriction that all the
processing operations are separable [CDKLO01] across H 4 and Hg. A schematic for separable
schemes is shown in Fig. 3.2 (a). The separable operations are known to be the largest set of
operations that do not generate entanglement from un-entangled states (even when acting
only on a subspace) [CDKLO01], and is thus a suitable model for entanglement-free strategies
from a quantum-resource-theoretic [CG19] point of view. Furthermore, separable operations
contain as a subset other physically-motivated classes of operations like LOCC (local oper-
ation and classical communications) [BBC193, CLM™*14], which is also a standard choice
of free operation in the resource theory of entanglement [BBPS96, BDSW96, VPRK97]. A

lower bound on sample complexity for the former implies a lower bound for the latter.
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Besides separable schemes, we introduce another operationally motivated class of schemes
called classical-memory-assisted schemes. Here, one can only access the main system Hg
(with a fixed dimension of 2") and arbitrarily many classical registers. The allowed opera-
tions are to interleave copies of A with adaptively-chosen quantum instruments, which are
defined as quantum channels associated with outputs to classical registers. By “adaptively”
we mean the quantum instruments can be chosen according to the classical registers. A
schematic is given in Fig. 3.2 (b). One can think of such schemes as quantum circuits as-
sisted by mid-circuit measurement and classical feedforward control. We remark that the
classical-memory-assisted schemes include the ancilla-free concatenating scheme introduced
in [CZSJ22] as a special case, which can describe most randomized benchmarking (RB)
[EAZ05, KLR'08] type protocols. The lower bounds obtained in this thesis thus also holds
for those protocols.

While the above two schemes are introduced with different motivations, perhaps surpris-

ingly, they are equivalent in terms of sample complexity. We have the following result.

Proposition 3.1. For any separable scheme A, there exists a classical-memory-assisted
scheme B that generates the same outcome distribution as A for any underlying A using the

same number of copies. Vice versa.

The formal definitions of both schemes, rigorous statement of Proposition 3.1, and the proof
are given in Appendix A. Thanks to Proposition 3.1, we see that both schemes capture the
power of learning without entanglement, and be treated interchangeably when studying the
sample complexity. In the remaining part of this chapter, we will focus on the classical-
memory-assisted scheme, which has a clearer operational meaning. Specifically, there can
be two different notions of complexity: One is the sample complexity Ngamp, which is the
number of copies of A; The other is the number of measurements Nyeas, which is the number
of quantum instruments with non-trivial measurement. Clearly, Nsamp > Nmeas, as one can

concatenate multiple copies of A and only make one measurement, just like in RB. The lower
16



bound we derive later will hold for Npeas.

3.3 Upper bounds

Our goal is to estimate the Pauli eigenvalues A of an n-qubit Pauli channel A to e precision
in [, distance, i.e., estimating each )\, to € additive error.

When an n-qubit ancillary system is available, a simple protocol is as follows: prepare n
Bell pairs, input one qubit from each pair to the Pauli channel, and apply a Bell measurement
on the output. Since the Pauli channel can be viewed as randomly applying one of the 4"
Pauli operators P, with probability p,, and each P, is mapped to a unique measurement

outcome1

, we are effectively sampling from the probability distribution p. The sample of
p can then be used to construct an estimator for A according to the Walsh-Hadamard
transform. As shown in Theorem 3.1, this protocol has sample complexity O(n); on the
other hand, when no ancilla is allowed, there is no way to sample from p and simultaneously
estimate all elements of A from a single measurement setting. Intuitively, this is what makes
the task difficult.

In the following, we give a unified estimation protocol using k ancilla qubits for 0 < k < n.
Roughly speaking, we divide the n qubits of the Pauli channel into two disjoint subsystems
containing k£ and n — k qubits, respectively, and deal with them separately. For the first
subsystem, we introduce a k-qubit ancilla, input k£ Bell pairs to both systems, and apply a
Bell measurement; For the second subsystem, we will use stabilizer states input and syndrome
measurements to be defined later. The measurement scheme is depicted in Fig. 3.3.

A rigorous description of the protocol is given in Algorithm 1. Here, |¥,,) represents the
Bell states on the 2k-qubit subsystem defined as
1 2F-1

(Tp) =Py @I|UT), [¥7)= oF ;} i) 17) - (3.1)

1=

1. This can be viewed as a consequence of the well-known superdense coding protocol [BW92].
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A stabilizer group S on the (n — k)-qubit subsystem is a group of on—k commuting Pauli

operators. Mathematically, S can be viewed as an (n — k)-dimensional subspace of Zg(nik).

The stabilizer states |¢§> are the simultaneous eigenstates of all Pauli operators in S, which

can be expressed as

1
2n—k

S (=1){€ Py, (3.2)

seS

62) (03] =

for e € St == Zg(”"“)/s known as the error syndrome. Note that {|¢2)}e forms an orthonor-
mal basis for the (n — k)-qubit subsystem. The stabilizer covering O is a set of stabilizer

groups {S;}; such that every Pauli operator belongs to at least one S; [FW20].

Bell state Bell measurement
Yo {¥,}
3 5
o (¢S]
Stabilizer state Syndrome
measurement

Figure 3.3: A single round of measurement for the k-qubit-assisted Pauli channel estimation
protocol in Algorithm 1. Here, a 4-qubit ancilla is used to estimate a 7-qubit Pauli channel.

Theorem 3.1. Algorithm 1 gives an estimate A for the Pauli eigenvalues A of any n-qubit

Pauli channels that satisfies

~

Ao — Aol <&, VaezZ3" (3.3)

with success probability at least 1 — 9, given the following number of samples

N = O(|0] x ne 2logd1). (3.4)
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Algorithm 1 k-qubit-ancilla-assisted Pauli channel estimation

Input: (1) N copies of an n-qubit Pauli channel A. (2) A stabilizer covering of P"~K denoted
as O.
Output: Estimates X for the Pauli eigenvalues of A.
1: A\q . =0, Ny =0 for all a € Z%n.
2: for S€ O do
3: for i =1 to LN/|O£J do

4: Input |¥p) ® [¢g) to 1T @ A.

5: Measure in basis {|¥,) @ [¢2)} with outcomes v, e.
6: foruEZ%k,sESdo

7. Aums += (=1)wv)Hse) N oo 4= 1.

8 \g = Xa/Na for all a € Z%".
9: return X = {A\y}q.
(Note: @ stands for string concatenation.)

Proof of Theorem 3.1. The probability distribution of measurement outcomes at Line 5 in

Algorithm 1 can be calculated as

1
P0.0) = S X X Muss(—D) 1 (=B, (3.5)
’U,EZ%k s€S
See Appendix A.1 for more details. Therefore, p(v,e) and Ayps are related by the Walsh-

Hadamard transform. Taking the inverse transform, we get

Muss = > plv,e)(=1) e, (3.6)

veZ3k eeSt

Thus, (—1)<”’”>+<3’6> is an un-biased estimator of A\yss. According to Hoeffding’s bound,
Ny = (’)(5*2 log ¢ 1) samples are enough to estimate a single \yqps to additive precision e
with success probability at least 1 — dg. Since every ), is covered by some stabilizer group
S € O, a total sample complexity of N = O(|O]| x ne~2log 61 is enough to estimate all
Aq to additive error e simultaneously with success probability at least 1 — §, by setting

0g := 47 "6 and applying the union bound. n
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Corollary 3.2. There exists a k-qubit-ancilla-assisted non-adaptive non-concatenating Pauli
channel estimation protocol achieving |3\a —Xa| <€ foralla € Z%n with probability 1 — 0

using N = O(n2"%c=21og6=1) samples.

Proof. This follows from the existence of a stabilizer covering for P*~* of size 2" % +
1 [LBZ02], which in turn follows from the existence of 27~¥ + 1 mutually-unbiased bases for

(n — k)-qubit systems [WEF89]. O

We remark that, the choice of stabilizer covering in Corollary 3.2 gives the optimal sample
complexity for all non-adaptive and non-concatenating Pauli eigenvalues estimation proto-
cols, as proved in the next section. From a practical point of view, it involves (n — k)-
qubit stabilizer states that might be difficult to prepare. A more experimental friendly

3n—k possible Pauli measure-

version is to choose the stabilizer covering generated by all
ments, in which case only Pauli eigenstates preparation and Pauli measurements are re-
quired (on the (n — k)-qubit subsystem), at the expense of a sub-optimal sample complexity

N = O(n3" ke=210g 1.

3.4 Lower bounds

We have established a sample complexity upper bound of O(n2”_k) for non-adaptive non-
concatenating k-qubit-ancilla-assisted Pauli eigenvalues estimation protocols, which implies
a O(n) upper bound for the n-qubit ancilla case and a O(n2") upper bound for the ancilla-
free case. In the following Theorem 3.2, we provide corresponding lower bounds to justify

the exponential advantage provided by ancilla in this task.

Theorem 3.2. For any estimation protocol that give an estimate A for the Pauli eigenvalues

A of an arbitrary unknwon n-qubit Pauli channel A such that

Ao — | <1/2, VaeZ3" (3.7)

20



holds with high probability, the number of samples of A must satisfies (recall Fig. 3.1)
(A) N = Q(nZ"_k), for non-adaptive non-concatenating k-qubit-ancilla measurements.
(B) N = Q(2=FK)/3) for adaptive non-concatenating k-qubit-ancilla measurements.

(C) N> N' = Q(Z”/g), for adaptive concatenating ancilla-free measurements, where N’

stands for the number of measurement rounds.

(D) N =Q(n), for fully entangled measurements.

Indeed, Theorem 3.2 and Corollary 3.2 establishes an exponential advantage of ancilla-
assisted measurements over ancilla-free measurements even with channel concatenation (as
in the RB-type Pauli channel estimation protocols in [FW20]). Furthermore, for the non-
concatenating cases, we see a roughly matching bounds for all ancilla size 0 < k& < n,
which can be interpreted as that a small number of ancilla (kK = o(n)) would not help much
in improving the sample efficiency. We also see from (D) that the sample complexity of
Algorithm 1 with n ancilla qubits is optimal among all entangled strategies, thus we need

not study protocols with more than n ancilla qubits.

Sketch of the proof. Our proof generalizes the techniques of Huang et al. [HKP21] in proving
lower bounds for learning Pauli expectation values of quantum states. The key is to construct

the following set of Pauli channels

M) = e IO + P TR} 33

a,s

for a € {1,---,4" — 1} and s = £1. An estimation protocol satisfying the assumption of
Theorem 3.2 is able to identify an arbitrary element of this set using N copies of the channel.
We can then use information-theoretical arguments to lower bound N for (A); The bounds
in (B) and (C) are proved by reducing the learning problem to a channel discrimination

problem between the completely-deplorizing channel and the channels in Eq. (3.8); To prove
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the bound in (D), we first use teleportation stretching [PLOB17, PLLP19] to reduce any
estimation protocols on N copies of the Pauli channel into a POVM measurement on N
copies of their Choi states [Cho75, Jam72|, and then apply the Holevo’s theorem [Hol73].

See Appendix A.2 for a full proof of Theorem 3.2. O]

A tight lower bound for entanglement-free learning schemes. After Theorem 3.2
is obtained in [CZSJ22], an improved lower bound of (2" /¢?) is obtained by me and my
collaborators for entanglement-free learning schemes (as in Fig. 3.2). This bound closes a
gap between the lower bound from Theorem 3.2(C) and the upper bound from Theorem 3.1.

It also holds against a more general class of schemes and achieves am optimal scaling for e.

Theorem 3.3. If there exists an entanglement-free scheme that, for any n-qubit Pauli chan-
nel A, outputs an estimator Aq such that |hg — Aa| < & < 1/6 with probability at least 2/3

for any a € P", after making N rounds of measurement, then N = Q(Q”/€2).

This matches the upper bound of O(n2"/e2) up to a logarithmic factor. In fact, if we
consider a modified task of estimating each A\, with 2/3 success probability individually
rather than simultaneously, the upper bound is easily seen to be O(2"/ 52), in which case our
bound is tight without the logarithmic factor. Combined with the bound of ©(1/£2) using
n-qubit entanglement-assisted scheme [CZSJ22], this gives a tight exponential separation
for learning with and without entanglement in the task of Pauli channel learning. Another
noteworthy feature is that our lower bound has a moderate constant factor. For example,

with € < 0.1 and n > 5 we have N > 0.01 x 2”/82.

3.5 Discussion

In this chapter, we show a provable quantum advantage provided by entangled measurements
for a learning task [ACQ22, HKP21] of Pauli channel estimation, which is a practically useful

tool urgently needed to characterize large quantum systems. For quantum benchmarking, our
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results provide fundamental efficiency limits for Pauli noise estimation, which solves an open
problem raised in [FW20]. In the following chapter, we also describe how the ancilla-assisted
Pauli channel estimation protocol can be applied to a practical quantum benchmarking tasks
in a noise-resilient and sample-efficient manner. Our results provide a promising tool for both
characterizing near-term quantum devices and demonstrating quantum advantages in those
systems

One interesting open problem is to explore a deeper connection between the resource the-
ory of entanglement [BBPS96, BDSW96, VPRK97] and quantum learning theory. Specif-
ically, since the tight bounds for Pauli channel learning with no entanglement and arbi-
trary entanglement have been settled, it is natural to ask what about learning with a
certain amount of entanglement. There could be different ways of defining the entangle-
ment cost of a learning scheme, one of which is to allow a bounded amount of ancillary
qubits [CZSJ22, CCHL22]. As discussed in this chapter, an upper bound of 6(2”_k/€2) for
k-ancillary-qubit-assisted scheme is known and proved optimal for some restricted class of

schemes [CZSJ22], but a general answer to this question is yet to be found.

3.5.1 Related Works

The problem of Pauli channel learning has been studied with different figures of merit.
For Pauli error rates, [FW20] provides an ancilla-free protocol that learns the Pauli error
rates to precision ¢ in la-distance with O(2"/e2) samples, which implies an upper bound
of O(23"/2) for learning in I1-distance. Ref. [FO21] shows that O(logn/e?) samples is
sufficient to learn the Pauli error rates to precision ¢ in [y-distance without using ancilla;
In the case that ancilla is allowed, one can use Bell states and Bell measurements to directly
sample from the Pauli error rates, which implies an O(2%"/£?) upper bound for learning in
[1-distance [FO21, CZSJ22]; For Pauli eigenvalues, [CZSJ22] gives a family of k-qubit ancilla-

assisted protocols using O(n2"* /e2) samples for learning in lx-distance, for 0 < k < n.
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In terms of the lower bounds, [CZSJ22] focuses on learning Pauli eigenvalues to constant
error in [y-distance, and in particular obtains a lower bound Q(Z”/ 3) for the number of
measurements for any ancilla-free schemes with concatenation. The current work improves
this lower bound to be tight (for more general schemes). Another recent work studies learning
Pauli error rate to error € in [j-distance [FOF23]. For ancilla-free schemes with adaptivity,
they obtains Q(22"/£2) for general case and Q(22°" /e2) when ¢ is exponentially small in n.
They allows concatenation with unital processing channels and the lower bound holds for
the number of measurements. The results of the current work and [FOF23] do not imply
cach other?. Whether a tighter lower bound can be established with other figures of merit
remains an open problem.

An independent and concurrent work [CG23b] obtains a tight lower bound of Q(2" /¢2)
on the number of measurements for learning every Pauli eigenvalues to ¢ precision with
ancilla-free concatenating schemes. Their proof is based on a different technique, which
leads to different features in their results compared to ours: On the one hand, the ¢ in their
bound can be any value within (0, 1], while ours is restricted to ¢ € (0,1/6]; On the other
hand, our bound has a better constant factor and applies for the more general setting of

classical-memory-assisted schemes.

2. We remark that, a lower bound of Q(23"/&?) for learning Pauli error rates in /;-distance would imply
a bound of Q(2"/&?) for learning Pauli eigenvalues in l.-distance, via the Parseval-Plancherel identity and
relations of [,-norm.
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CHAPTER 4
SELF-CONSISTENT CHARACTERIZATION OF PAULI NOISE

Chapter Notes. This chapter contains a series of my works on quantum noise character-

ization based on learning Pauli noise models, mainly based on [CLOT23, CZJF24].

4.1 Introduction

Despite recent experimental progresses, noise remains as a major challenge in building a
practical quantum information processing platform. In order to suppress, mitigate, and
correct noise affecting a quantum device, it is essential to first gain knowledge about the
noise. However, learning quantum noise is not easy. Noise is complicated, containing a
large number of parameters that grows exponentially with the system size. Meanwhile, the
available quantum control for noise learning is limited and can itself suffer from imperfection.
Developing efficient, reliable, and informative quantum noise characterization protocols is
thus an important problem and an active field of research [EHW 20, PYBBK24, HNG " 24].

Among different noise characterization approaches, Pauli noise learning is a simple but
powerful formalism that has gained increasing attention recently [FW20, EWP'19, FO21,
HFW20, Fla22, WKBK23, VDBMKT23, CLO"23, CZSJ22, CDDH 23, vdBW24, HDH25|.
Here, the noise processes affecting different components (i.e., state preparation, measure-
ments, gates) of a quantum device are modeled by Pauli channels. Pauli channels can
naturally describe a wide spectrum of incoherent noises, including depolarizing and dephas-
ing noises. It is also a widely used model in the study of quantum error correction and
fault-tolerant quantum computing [CYK™22]. Besides, there exist techniques known as ran-
domized compiling [Kni05, WE16, HNM™21] that, given mild assumptions about the noise
and gate set, can tailor an arbitrary noise channel into a Pauli channel, justifying the validity

of this noise model.
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Figure 4.1: Examples of different noise ansatz on a 3-qubit system. The available set of multi-
qubit gates are two CZ gates. The small square box represents single-qubit gates whose noise
is ignored (or absorbed to multi-qubit gates and SPAM). (a) A noiseless circuit. (b) Circuit
with complete Pauli noise, where the noise for SPAM and both gates are all generic 3-qubit
Pauli channels. (c) Circuit with fully local Pauli noise, where the SPAM noise channels are
qubit-wise independent, while the gate noise channels has the same support as the gate. (d)
Circuit with nearest-neighbor Pauli noise (a special case of quasi-local model), where each
Pauli noise channel is nearest-neighbor 2-local. See Sec. B.5 for a rigorous definition.

Despite intensive recent study, some core aspects of Pauli noise learning have not been
well-understood. In particular, a learning algorithm that is simultaneously self-consistent,
comprehensive, and efficient is yet to be established. Here, self-consistency means using
only operations that are noisy to learn about themselves, comprehensiveness means to learn
all the information that is self-consistently learnable, and efficiency means the number of
measurements and classical processing time scales favorable with the number of qubits. In
this chapter, we build up a framework called gate set Pauli noise learning, give analytic char-
acterization of the self-consistently learnable degrees of freedom, and develop an algorithm

with the above three desirable features.

Problem Setup. Consider an n-qubit quantum system. Suppose, by design, the following
operations can be implemented on the platform: (1) Initialize the system to the ground

state; (2) Apply a layer of n single-qubit unitary gates; (3) Apply some multi-qubit Clifford
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gates gate from a finite set denoted by &; (4) Measure all qubits on the computational basis.
We refer to the collection of all the above components as a gate set, following the language
of gate set tomography (GST) [NGR'21], although we are also including noisy SPAM (state
preparation and measurement). In practice, all the operations of a gate set can be noisy.
Our goal is to characterize the noisy gate set self-consistently. That is, using only operations
from the gate set to learn about themselves.

Instead of dealing with the most general form of noise, we focus on what is known as
the Pauli noise model: We ignore the noise of any single-qubit gates, and assume the noise
channels acting on the initial state, measurements, and any multi-qubit Clifford gate to be

a (component-dependent) Pauli channel, which takes the following form,

M) = S paPupPa= 3 NPy Te(Pyp)/2", 1)
aepPn bepPn

Here, P" := {I, X,Y, Z}®™ is the n-qubit Pauli group (modulo phase). {p,} are the Pauli
error rates while {\p} are the Pauli fidelities or Pauli eigenvalues. We assume A > 0
throughout this chapter. Such a model can be ensured via randomized compiling under mild
assumptions [WE16, HNM™'21]. The action of noise channel on the initial state py, POVM

element F;, and gate G € & is given by

po=A5(po), Ej=AM(E;), G=GoAS, (4.2)
respectively. A realization of the gate set Pauli noise model is specified by the involved Pauli
channels {AS AM A9 G e ®}. Since a generic Pauli channel contains exponentially many
parameters, we often need to assume an efficient parametrization of the Pauli channels, which
we call a noise ansatz. Examples of noise ansatzes include spatially local or quasi-local Pauli
channels, as shown in Fig. 4.1(c) and (d), respectively. We refer to a Pauli noise model with

a noise ansatz as a reduced model, and the one without a noise ansatz as a complete model.
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Throughout this chapter, we assume the true noise model is realizable. That is, the true
noise model can be represented exactly as a point in the model space.

To characterize the noisy gate set means to learn all the Pauli noise channels with
ansatz. However, it is generally impossible to fully determine those Pauli noise chan-
nels self-consistently [HFP22, CLO"23]. Indeed, consider the following gauge transforma-

tion [NGR™121] on the noisy operations,
~ - ~ ~ n n
po+— D(po), E;j—D YE;), ¢6—DGD ', QU—D|(QU|D, (4.3)
1=1 1=1

where D is some invertible linear map. It is not hard to see that any experimental outcomes
statistics remain unchanged under such transformation. Thus, two realizations of a noisy gate
set related by a gauge transformation are indistinguishable. Meanwhile, one can carefully
choose D (e.g., as a depolarizing channel on a subset of qubits) such that the transformed
noisy gate set will remain a valid Pauli noise model within ansatz. That is, the single-qubit
gates @; U; remain noiseless, while AS  AM ,Ag remain Pauli channels within the ansatz
(possibly with different parameters).

Now, consider a function of the gate set noise parameters. If the function value changes
under certain valid gauge transformations, then the function is not self-consistently learnable.

This raises the first question of gate set Pauli noise learning as follows,

Problem 4.1. How to classify the learnable and unlearnable functions of a gate set Pauli

noise model?

After understanding what are the learnable degrees of freedom, the next natural problem is

to find an efficient learning protocol, which can be summarized as,

Problem 4.2. How to efficiently learn all the learnable information of a get set Pauli noise

model?
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In this chapter, we will establish a generic theoretic framework to address the above two
problems. To demonstrate the power and flexibility of our framework, we will apply it to
Pauli noise models with concrete gate set and noise ansatzes that are considered in the
literature (e.g. [Fla22, VDBMKT23]) and resolve open problems therein. I will then report
an experimental demonstration of our framework in a 2-qubit example.

In Sec. 4.2, we summarize our theory contribution. In Sec. 4.3 we provides a minimal
example on learning noises of a single CNOT gate. More details about our framework are

put in Appendix B.

4.2 Main Results

Learnability of gate set Pauli noise. Our approach to characterize the learnability
(i.e. classification of learnable and unlearnable information) is to first encode all the noise
parameters into a linear space. Let us start with the complete Pauli noise model (i.e. the
one without a noise ansatz). Similar results have been obtained in [CLO™23] for this case,
but here we will use a more formal way that can be extended to the reduced model later.
Define the logarithmic Pauli eigenvalues as zj = —log \;. We collect all logarithmic
Pauli eigenvalues (excluding the trivial ones corresponding to identity operator) from all
Pauli noise channels into a ordered list denoted by @, which can be viewed as a vector of
a real linear space according to a standard basis. We denote the space x lives on as X,
called the parameter space. An experiment is defined as a mapping X +— R2" specified
by a sequence of gates C. It maps & to a measurement outcome probability distribution
given by the Born rule, Pr(j) = Tr[Ejé ()], where the noisy realization of state, gates, and
measurement is determined by x. Now, we define a linear function f € £L(X — R) =: X' to

be learnable if its value can be completely specified by a set of experiments!; We also define

1. One may wonder why we only consider linear functions of the logarithmic Pauli eigenvalues. This is
because any experiments can be determined by some learnable linear functions, so they suffices to characterize
the learnability. See Theorem 2.1 for more details.
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a vector 0 € X to be a gauge vector if the two lists of noise parameters & and x + 0 cannot
be distinguished by any experiment, for all @ € X. The linear subspace of all learnable
linear function and all gauge vectors are denoted by L and T, respectively. The problem
then becomes characterizing X, L, and T

For this purpose, we introduce a directed graph called the Pauli pattern transfer graph
(PTG). This graph is first defined in [CLO™23] with some twist needed to fit into the current
framework [CZJF24]. The graph consists of 2" nodes. One of which is a root node (also
called a SPAM node), the others correspond to the 2" — 1 non-zero n-bit strings, each denotes
a Pauli pattern (the pattern of a n-qubit Pauli operator can be understood as its support);
For each logarithmic Pauli eigenvalues, we assign a unique edge to the PTG: For gate noise
parameters, each edge describe how a Clifford gate transform certain Pauli operators (where
we only track the pattern); For each state preparation (or, measurement) noise parameter,
we assign an edge from the root node to certain pattern node (or, from a pattern node to

root). An example of PTG is given in Fig. 4.2.

AZ 1
o ' )
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|

Figure 4.2: The PTG for n = 2, & = {CNOT}. The black edges corresponds to gate noise
parameters, while the gray edges corresponds to SPAM noise parameters. Multiple edges
are shown as one edge with multiple labels.

PTG contains all information about a complete Pauli noise model. Intuitively, a path
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Figure 4.3: A 3-qubit example of complete Pauli noise model (Left) and reduced Pauli noise
model (Right). The gate set contains {CZi2,CZo3}. The ansatz for the reduced model
assumes the state-preparation-and-measurement noise channels to be a tensor product of
single-qubit Pauli channel, and the gate noise channel to only act on the gate support. The
blue arrow represents the embedding map Q from the reduced to the complete model.

starting from and ending at the root node gives a combination of logarithmic Pauli eigen-
values that can be learned from an experiment. This intuition can be made rigorous using
tools from algebraic graph theory [Bol98, GLS03]|. Informally, let the edge space E to be
the real linear space spanned by all edges of PTG. For each cycle (or, cut) on PTG, we can
assign it with a vector of E' in a proper way (see Sec. B.2.2). The subspace spanned by all
cycle (or, cut) vectors is defined as the cycle space Z (or, the cut space U). It is known that
Z and U are orthogonal complements to each other within £. Our main theorem is that,
up to the natural identification between the parameter space X and the edge space F, the
learnable space L is identical to the cycle space Z, while the gauge space T' is identical to
the cut space U. This implies that L and T" are also orthogonal complements to each other
within X .2

Next, we turn to study the learnability of a reduced model. A reduced model is specified
by a tuple (Xg, Q). Here Xp is the reduced parameter space, a linear space whose components
are viewed as lists of the reduced noise parameters (denoted by 7). Q : Xp — X is
the embedding map describing how the reduced parameters specifies the Pauli channels.

Specifically, the logarithmic Pauli eigenvalues are given by @ = Q(r). We will assume Q

2. Rigorously speaking, L is a subspace of the dual space X’. Here we identify X with X’ using the
standard basis for defining X.
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is linear and injective. See Fig. 4.3 as an illustrative example. The notion of experiments
on reduced model can be naturally induced from the definition for complete model. We
can also similarly define the reduced learnable space Lp (learnable functions of Xp) and
the reduced gauge space Tx (indistinguishable transformations within Xp). The problem
is then to characterize Xp, Lp, Tr. The challenge here is that, it is not easy to construct
a graph describing the reduced noise parameters as in the complete model. Our approach
is to connect the reduced spaces back to the complete spaces, the use the characterization
that we have already obtained. We proved that Lp = QT (L), Tp = Q 1(T). In words, the
reduced learnable space is the complete learnable space projected by QT, while the reduced
gauge space is the preimage of the complete gauge space via Q.

The relation between all the linear spaces introduced above can be summarized as follows.

Theorem 4.1 (Learnability, informal). For any reduced model (X g, Q) such that Q is linear

and injective,

Reduced model: Xpr = Lp ot Tr
(reduced parameter) (reduced learnable) (reduced gauge)
lo Tor To-1
Complete model: X = L ot T
(parameter) (learnable) (gauge)
I | |
Pattern transfer graph: E = Z ot U
(edge) (cycle) (cut)

The equality is up to the natural identification between X, X', and E. @+ means orthogonal

complements.

Theorem 4.1 resolved Problem 4.1, giving a complete characterization about the learnable
degrees of freedom for a Pauli noise model with general gate sets and noise ansatzes. They

also serve as the basis for developing efficient self-consistent learning algorithms. Rigorous
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statements and detailed proofs for Theorem 4.1 are presented in Sec. B.2.

Efficient learning algorithms for gate set Pauli noise. We now consider Problem 4.2,
how to efficiently and self-consistently learn a Pauli noise model. Thanks to Theorem 4.1,
to learn a reduced Pauli noise model means to learn every functions of the reduced learnable
space Lp. It suffices to find a basis for Lp and learn the value of each basis function, as
all the other functions can be decided by linearity. This can be done by first finding certain
cycle basis for E = L with each basis function learnable from some experiment, and then
use the fact Lp = QT(L) to pick up a subset of functions to form a basis for L. We give
such a construction with the additional feature that each experiments uses at most one noisy

gate, summarized as follows.

Theorem 4.2 (Simple experiment construction, informal). There ezists a set of M =
dim(LpR) experiments that can determine the value of any functions of Lr. Moreover, any
experiment from this set either apply one gate from & exactly once, or apply no gates from

& at all.

To show this, we first show that any cycle containing the root node exactly once (called a
rooted cycle) can by learned by one experiment. Then notice that, thanks to the connectivity
of PTG, there exists a rooted cycle basis where every cycle is of length 2 or 3, corresponding
to experiment with no gate or exactly one gate from &. For an efficient noise ansatz, the
number of reduced parameters should be at most polynomial in n, which means the number
of experiments M needed in Theorem 4.2 is also polynomial. The protocol can thus be

efficiently executed. Details about this protocol are presented in Sec. B.3.1.

In the literature of quantum noise learning, an important consideration is whether the
noise parameter can be learned to relative precision. That is, given a sufficiently small
infidelity parameter r of a noisy gate G, can we obtain an estimator # such that [#—r| < O(er)

with high probability, by making a number of measurement that scales as 5_2polylog(7’_1)?
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It is known that, if one can concatenate m copies of G to amplify the infidelity to order r™
for any m, this scaling can be achieved [HHF 19, Theorem 1]. We should that such noise

amplification is indeed possible for gate set Pauli noise model. We have that,

Theorem 4.3 (Amplifying gate noise parameters, informal). For any function that is a
cycle vector and only supported on gate noise parameters, let \ .= exp(—f(x)). Then, there
exists a family of experiments {Fmtmen and a Pauli observable, such that the expectation

value of the mth experiment is given by AN, where A is an m-independent parameter.

Theorem 4.3 ensures one can achieve relative precision for a basis of learnable functions
supported on the gate noise parameters, confirming that gate set Pauli noise learning has
the same desirable feature as other quantum noise learning schemes such as randomized

benchmarking [GCM™12a]. Details about Theorem 4.3 are presented in Sec. B.3.2.

Theorem 4.2 and 4.3 address Problem 4.2 from two different aspects, providing efficient
experiment construction for gate set Pauli noise learning. The key is to find an appropriate
basis for the reduced learnable space. One caveat is that, since the numbers of edges and
nodes in PTG grow exponentially with the number of qubits n, an algorithm that first finds
a cycle basis in PTG and then select a subset to construct a basis for Ly will inevitably
suffer from exponential run time. However, when the noise ansatzes have some structure, we
can find such a basis analytically, thus circumventing the run time issue. In what follows, we

demonstrate this point by applying our theory to concrete physically relevant noise ansatzes.

Applications to spatially-local noise ansatzes We now apply the general theory of
learnability and learning algorithms to concrete noise ansatzes. We will focus on spatially
local or quasi-local noise model as an example. Such noise models have been widely studied
in the literature of Pauli noise learning [FW20, Fla22, HDH25, WKBK23, VDBMKT23,
CDDH™'23, PCOG™24], but our results for the first time give a clear classification of the

learnable and gauge degrees of freedom within such models.
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We first consider the fully-local model, where the SPAM noise channels are assumed to be
qubit-wise product channels, while the gate noise channels act non-trivially only within the
gate’s support. This model is also sometimes known a crosstalk-free model and have been
considered in, e.g., [Fla22, HDH25, PCOG™'24]. To understand the learnable and gauge
spaces for this model, we introduce a family of gauge vectors called the subsystem depolarizing

gauges (SDG), denoted by {0, }

vealnls where 0, represents a gauge transformation as in
Eq. (4.3) with D chosen as a partially depolarizing channel acting on a subsystem of qubits
v. One can show the SDGs forms a basis for the complete cut space T. Interestingly, we

show that the subset of SDG’s acting on one qubits fully characterize the reduced gauge

space Tg for a fully-local model.

Theorem 4.4. For any fully-local noise model (Xp, Q), its reduced gauge space satisfies,

Q(TR) = span{0s : |s| = 1}. (4.4)

Since Q is injective, this allows one to uniquely determine T'z. Intuitively, any multi-qubit
SDG transformation will violate the locality assumption of qubit-wise independent SPAM
noise (and sometimes also local gate noise), and is thus an invalid gauge transformation.
We also studied the more involved cases where either SPAM or gates has a fully-local noise
assumption while the other does not. Even in that case, we can show that certain subset of
SDG's still spanned Q(7Tg). Detailed are presented in Sec. B.4.2.

Regarding learning protocols, the reduced learnable space Lp and a set of dim(Lpg)
experiments can be analytically written down. see Sec. B.4.3. We further study the task
of relative precision learning, which boils down to finding a cycle basis for the reduced gate
noise parameters. Though we believe this is a hard problem in general, we give solutions to

concrete examples in Sec. B.6. Discussion about general procedure is presented in the paper

[CZJF24].
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Going beyond the fully local model, we apply our theory to a quasi-local noise model that
describes certain degrees of spatial correlation while remains parameter-efficient. The quasi-
local Pauli noise channels we consider are those whose Pauli eigenvalues factorize according
to a factor graph [MKO05]. We first introduce some notations that are needed for defining

the quasi-local noise model, defined as follows

Definition 4.3. An n-qubit Pauli channel A is Q-local if its Pauli eigenvalues satisfies

da= TI exp(—r), Ya# I (4.5)
b<a,b~2

for some {ry € R:b~ Qb+ I,} and a factor set Q2 C 2",

Here, Q) C oln] ig a factor set if it satisfies Vv € Q, V& C pu C v, p € Q. We write b<a
it b # 1 = a; = b; for all i € [n]. We write b ~ § if the support of b belongs to 2. We
show that, under certain “covariance” assumptions of the quasi-local model, the reduced
gauge space is again characterized by a subset of SDGs that are consistent with the channel

factorization,

Theorem 4.5. (Informal) For any quasi-local noise model (Xpg, Q), given that all Pauli

channels are 2-local and is covariant for all gate in G, then its reduced gauge space satisfies,

Q(TR) = span{d, : v € Q}. (4.6)

Rigorous statements and detailed proofs are presented in Sec. B.5, where we also review
useful properties of such noise model and discuss its connection and distinction with existing
models studied in the literature [FW20, VDBMKT23, WKBK23]. A cycle basis for the

reduced learnable space Lp is also analytically constructed for this case.

Finally, in Sec. B.6, we analyze a concrete gate set where the Control-Z (CZ) gates are

the only multi-qubit entangling gates. We characterize the learnability of this noise model
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Merged to one layer

(b) CB with interleaved gates

Figure 4.4: Cycle benchmarking for learning the Pauli noise channel of a CNOT gate. (a)
Standard CB circuits, where CNOT gates are interleaved by random Pauli gates (green
boxes), with initial stabilizer states and Pauli basis measurements (red boxes). (b) CB
circuits with additional interleaved single qubit Clifford gates (blue boxes).

with more than one noise ansatzes (which are directly related to those that have been studied
in the literature [VDBMKT23]) and give efficient learning algorithms in each case. These
examples serve as an explicit recipe of gate set Pauli noise learning that is ready to be applied

in current quantum devices.

4.3 Example: learning noise of a CNOT

In this section, we present a minimal example of our theory in learning noises of a single
CNOT gate, along with experimental implementation on IBM’s cloud quantum comput-

ers [ibm22]. These data are reported in [CLO"23].

Consider the CNOT gate which maps the Pauli operator IX to itself. Fig. 4.4 (a) shows
the standard cycle benchmarking (CB) circuit. Imagine that we put the Pauli operator 1.X
after the left red box and evolve it with the circuit, then the evolved operator (before the
right red box) equals )\?} y - IX, up to a £ sign (which comes from the random Pauli gates
and can always be accounted for during post-processing). Recall that we use the convention
that the noise channel happens before each CNOT gate, G=GoNY (we omit the superscript
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of G from here on). In experiments, we prepare a +1 eigenstate of /X (such as |+) |+)),
measure the expectation value of X at the end, and average over random Pauli twirling
sequences. These SPAM operations are noisy and are represented as the red boxes. It is
shown [EWP 119, Theorem 1 in Supplementary Information] that the measured expectation
value equals

E(IX) = Arx - ix (4.7)

where the expectation is over random Pauli twirling gates and randomness of quantum
measurement, and Ayjy = /\15 X/\JIV}[( depends on SPAM noise but is independent of circuit
depth d. From this A\;x can be learned by estimating the observable I X at several different
depths and perform a curve fitting.

The Pauli operator I.X is special as it is invariant under CNOT. Consider another exam-
ple: CNOT maps XZ to YY and vice versa. To learn Ax 7, A\y'y we propose an interleaved
cycle benchmarking protocol as shown in Fig. 4.4 (b), where we insert additional layers of
single-qubit Clifford gates vZ @ v/ X that also maps XZ to YY and vice versa (up to a
minus sign that can always be accounted for during post-processing). After X Z picks up a
coefficient Ay 7 in front of the CNOT gate, it gets mapped to Ax 7 - Y'Y by CNOT but then
rotated back to Ay 7- X Z by vVZ®+vX. Following the same argument we conclude that both
Axz and Ayy are learnable. Recall that we have assume single-qubit gates to be noiseless,
as they can be merged into the single-qubit twirling layers, and our noise characterization
result can be interpreted as the noise channel induced by a dressed cycle which consists of a
CNOT gate and a layer of single-qubit gates [WE16].

The main challenge comes with the next example: CNOT maps I Z to ZZ and vice versa.

By directly applying cycle benchmarking as in Fig. 4.4 (a) (with even depth d) we obtain

E(IZ) = Ay - Aizhzzdhizdzg - = Az ArzAzz) Y2, (4.8)
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and curve fitting gives \/A;z A7z (similar results have been obtained in [EWP 119, HNM™21,
VDBMKT?23, FHV'24]). To learn \jz, we may consider applying the same technique in
Fig. 4.4 (b). However, the problem is that once IZ gets mapped to ZZ, it cannot be rotated
back to IZ because [ is invariant under single qubit unitary gates. The main difference
between this example and previous examples is that here the Pauli weight pattern (an n-bit
binary string with 0 indicating identity and 1 indicating non-identity) changes from 01 to
11, thus making the single qubit interleaving tricks inapplicable.

In fact, our Theorem 4.1 can be applied to show which eigenvalues of A is learnable.
Recall the Pattern transfer graph (PTG) of a single CNOT as given in Fig. 4.2. Theorem 4.1
says all cycles on the graph are learnable parameters (e.g., A\rx, A\yy,Ajz - Azz), while
all parameters not in the cycle space are unlearnable (e.g., A\;z). For the purpose of this
example, we only aims at learning gate-noise parameter, so we focus on the subgraph of
PTG excluding the root node (In fact, this is our original definition of PTG in [CLOT23]).
In Table 4.1, we lists a cycle basis, a basis of learnable Pauli fidelities and Pauli error rates
(see the next paragraph), and a choices of unlearnable parameters. Note that there are 13

learnable degrees of freedom and 2 gauge degrees of freedom in this example.

Gate CNOT
€z, CIX CZX CX 7 CYY XY CY 7
(a) Cycle basis erz +ezz.ery fegy.erz +egy,

exs texx,eyrteyx,exrteyx
AZLAIXAZXHAXZ: AYY s AXY S Av 2,
(b) Learnable Pauli fidelities A7 Az7z, A1y - Azy, A\17 - A\zv,

AXT AXXAYT - Avxs Axr - Avix
bz, PIx,Pzx,PXz,PYY ,PXY PYZ>
(c) Learnable Pauli errors (Approx.) | prz +pzz,p1vy +0zv,P1iz +pzv,

PXI+PXX,PYI +PYX,PXI+PYX
(d) Unlearnable degrees of freedom Ax1, A7

Table 4.1: A complete basis for the learnable linear functions of log Pauli fidelities and Pauli
error rates for a single CNOT gate. This is a consequence of our master Theorem 4.1 and
the PTG of CNOT given in Fig. 4.2.

Finally, the learnability of Pauli errors can be determined by the learnability of Pauli
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fidelities according to the Walsh-Hadamard transform p, = 4% > bepn Ap(—1){@D) - An issue
here is that Pauli errors are linear functions of {)\;} instead of {log\,}. Here we make
a standard assumption in the literature [EWPT19, FW20] that the total Pauli error is
sufficiently small. In this case all individual Pauli errors are close to 0 while all individual

Pauli fidelities are close to 1. Therefore the Pauli errors can be estimated via

po= g5 5 DO = S D@ (14 log ) (4.9)
A pepn A yepn

which means that their learnability can be determined by Theorem 4.1 plus a first-order
approximation. Interestingly, the (first-order) learnable Pauli error rates have the same
label as the learnable Pauli eigenvalues. We remark that this is related to the fact that the
cycle space is invariant under the Walsh-Hadamard transform as proved in the supplemental

materials of [ZCLJ25].

4.3.1 Ezperiments

We demonstrate our theory on IBM quantum hardware [ibm22] using a minimal example —
characterizing the noise channel of a CNOT gate. In our experiments both the gate noise
and SPAM noise are twirled into Pauli noise using randomized compiling. In the following
we show how to extract all learnable information of Pauli noise SPAM-robustly, and also
attempt to estimate the unlearnable degrees of freedom by making additional assumptions.

First, we conduct two types of cycle benchmarking (CB) experiments, the standard CB
and CB with interleaving single-qubit gates (called interleaved CB), as shown in Fig. 4.4.
The results are shown in Fig. 4.5. Here a set of two Pauli labels in the x-axis (e.g., {IZ, ZZ})
corresponds to the geometric mean of the Pauli fidelity (e.g., v/A;zAz 7). Comparing to Ta-
ble 4.1, we see that all learnable information of Pauli fidelities (including learnable individual

and 2-product) are successfully extracted. Also note from Fig. 4.5 that the two types of CB
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Figure 4.5: Estimates of Pauli fidelities of IBM’s CNOT gate via standard CB (left) and
CB with interleaved gates (right), using circuits shown in Fig. 4.4. Data are collected from
ibmq montreal on 2022-03-23. Each Pauli fidelity is fitted using seven different circuit
depths L = |2, 22, o 27}. For each depth C' = 60 random circuits and 1000 shots of mea-
surements are used. Throughout this paper, the error bar represents the standard error.

experiments give consistent estimates, in terms of both the process fidelity and individual
Pauli fidelities (e.g., v/AxzAyy estimated from standard CB is consistent with Ay, and
Ayy from interleaved CB).

We can further bound the feasible region of the 2 unlearnable degrees of freedom using
physical constraints, i.e., the reconstructed Pauli noise channel must be completely positive.
This is equivalent to requiring p, > 0 for all Pauli error rates pq. We choose Ax x and Az
as a representation of the unlearnable degrees of freedom, and plot the calculated feasible
region in Fig. 4.6 (a), which happens to be a rectangular area. We also calculate the feasible
region for each unlearnable Pauli fidelity and Pauli error rate, which are presented in Fig. 4.6
(b), (c). In particular, we choose two extreme points (blue and green dots in Fig. 4.6 (a))
in the feasible region and plot the corresponding noise model in Fig. 4.6 (b), (c¢). Note that
the (approximately) learnable Pauli error rates (on the left of the red vertical dashed line)
are nearly invariant under change of gauge degrees of freedom, but they can be estimated to
be negative due to statistical fluctuation. Thus, when we calculate the physical constraints,
we only require those unlearnable Pauli error rates (on the right of the red vertical dashed

line) to be non-negative.
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Figure 4.6: Feasible region of the learned Pauli noise model, using data from Fig. 4.5. (a)
Feasible region of the unlearnable degrees of freedom in terms of Ax x and A . (b) Feasible
region of individual Pauli fidelities. (c¢) Feasible region of individual Pauli errors.

Next, we explore an approach to estimate the unlearnable information with additional
assumptions. Suppose that one can prepare [0)®" perfectly. Since we assume noiseless
single-qubit gates, this means we can prepare a set of perfect tomographically complete
states {|0/1),]|£),|xi)}. In this case, all the unlearnable degrees of freedom become learn-
able, as one can first perform a measurement device tomography, and then directly estimate
the process matrix of a noisy gate with measurement error mitigated [MZ020]. Following
this general idea, we propose a variant of cycle benchmarking for Pauli noise characteriza-
tion, which we call intercept CB as it uses the information of intercept in a standard cycle

benchmarking protocol. Given an n-qubit Clifford gate G, let mg be the smallest positive
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integer such that G"0 = Z. For any Pauli fidelity A\, (regardless of whether learnable or
not), consider the following two CB experiments using the standard circuit as in Fig. 4.4
(a). First, prepare an eigenstate of Py, run CB with depth Img + 1 for some non-negative

integer [, and estimate the expectation value of P, := G(P,). The result equals

l
mo
S \M
E(Pb>lm0+1 = )\PaAPb)\a (k_Hl /\gk(Pa)) s (410)
S/M | o . .
where A\p 1 is the Pauli fidelity of the state preparation and measurement noise channel,
respectively (earlier we have absorbed these two coefficients into a single coefficient A for
simplicity). Second, prepare an eigenstate of Py, run CB with depth lmg, and estimate the

expectation value of P,. The result equals

z
mo

E(Pyim, = A (kH )‘gk‘(Pa)> : (4.11)
=1

By fitting both E(Fp) 41 and E(Fp),,, as exponential decays in [, extracting the inter-

Img
cepts (function values at [ = 0), and taking the ratio, we obtain an estimator X}lCB that
is asymptotically unbiased to Ay - )\?ga / /\gb. This estimator is robust against measurement
noise. Note that )\Sa = ASb = 1 if we assume perfect initial state preparation, and in this
case the above shows that )\, is learnable, and thus the entire Pauli noise channel is learnable.
We note that, instead of fitting an exponential decay in [, one could in principle just take
[ = 0 and estimate the ratio of E(F}), and E(F});, which also yields a consistent estimate
for \q - )\Jsga / )\%). If one has already obtained all the learnable information from previous
experiments, this could be a more efficient approach. However, if one has not done those
experiments, the intercept CB with multiple depths can estimate the intercept (unlearn-

able information) and slope (learnable information) simultaneously, which is more sample

efficient.
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We numerically simulate intercept CB for characterizing the CNOT gate under different
state preparation (SP) and measurement (M) noise. As shown in Fig. 4.7, this method
yields relatively precise estimate when there is only measurement noise even if the noise is
orders of magnitude stronger than the gate noise, but will have large deviation from the true
noise model even under small state preparation noise. We refer the reader to Supplementary
Section III for more details about the numerical simulation.

Finally, we experimentally implement intercept CB to estimate Ay x and Az, which
are the two unlearnable degrees of freedom of CNOT, allowing us to determine all the Pauli
fidelities and Pauli error rates. One challenge in interpreting the results is that we do not
know in general whether the low SP noise assumption holds, therefore it is unclear if the
learned results should be trusted. However, for the estimate to be correct, it should at least
lie in the physically feasible region we obtained earlier in Fig. 4.6. In Fig. 4.8, we present our
experimental results of intercept CB. It turns out that certain Pauli fidelities are far away
from the physical region by several standard deviations. This gives strong evidence that the
low SP noise assumption was not true on the platform we used.

The data collected here can further be used to give a lower bound for the SP noise.
Suppose we obtain the physical region of A, to be [Xa,minaj\a,max]~ Combining with the
expression of intercept CB, we have

M Aamax < AB, /AB, < MB /A min. (4.12)

Applying this to the data of [Z and ZZ in Fig. 4.8 (a), we have A7, /A7, < 0.9879(23). If
we make a physical assumption that the state preparation noise is a random bit-flip during
the qubit initialization, one can conclude the bit-flip rate on the first qubit is lower bounded
by 0.61(12)%. One can in principle bound the bit-flip rate on the second qubit by looking
at )\§( x/ /\% ;- Unfortunately, our estimate of )\;9} y from intercept CB falls in the physical

region within one standard deviation, so there is no nontrivial lower bound. One could
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Figure 4.7: Simulation of intercept CB on CNOT under different SPAM noise rate. The
simulated noise channel is a 2-qubit amplitude damping channel with effective noise rate
5%, and SPAM noise are modeled as bit-flip errors. For the blue (green) lines, we introduce
random bit-flip errors to the measurement (state preparation). The solid lines show the I1-
distance of the estimated Pauli fidelities from the true Pauli fidelities. The solid lines show
the [1-distance of the (individually) learnable Pauli fidelities from the ground truth.

expect obtaining a useful lower bound by looking at a CNOT gate with reversed control
and target. The lower bound of SP noise obtained here is completely independent of the
measurement noise and does not suffer from the issue of gauge freedom [NGR™21], as long
as all of our noise assumptions are valid, i.e., there is no significant contribution from time

non-stationary, non-Markovian, or single-qubit gate-dependent noise.

4.4 Discussion

4.4.1 Related works

Learning the Pauli noise channel A affecting a Clifford gate G (i.e., G = AoG) in the presence
of unknown state-preparation-and-measurement (SPAM) noise is a standard task studied
in multiple references [FW20, FO21, HFW20, Fla22, VDBMKT23, CLO"23, CDDH ™23,
vdBW24, HDH25]. When the ideal Clifford gate G equals to the identity, it has been shown

that A can be fully determined independent of the SPAM noise [FW20]; When G is a non-
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Figure 4.8: The learned Pauli noise model using intercept CB. The feasible region (blue bars)
are taken from Fig. 4.6. Estimates of Pauli fidelities (a) and Pauli error rates (b). Each
data point is fitted using seven different circuit depths L = [2, 22 .. 27]. For each depth
C = 150 random circuits and 2000 shots of measurements are used. Data are collected from
ibmg_montreal on 2022-03-23.

trivial Clifford gate, it is known that certain properties of A (e.g., the average fidelity) can
be learned independent of SPAM [EWP™19], but no existing protocols can completely and
SPAM-robustly learn A in this case. In fact, it was pointed out [CLO'23, HFP22] that this
is a fundamental limitation related to the model non-identifiability, also known as gauge
ambiguity in the literature on gate set tomography [NGR*21]. Specifically, [CLO™" 23] have
developed a theory that completely characterize the degrees of freedom of a Pauli noise chan-
nel associated to any set of Clifford gates and provides a “gauge-consistent” algorithm to learn
all the learnable degrees of freedom. The main limitation in [CLO%23] is that it considers
the case that each n-qubit gate has a generic n-qubit Pauli noise channel, which has expo-
nentially many parameters, and consequently the learning algorithm would take exponential
time. In contrast, efficient parameterization of Pauli noise channels have been studied in the
literature and applied in experiments [Fla22, VDBMKT23, CDDH 23, WKBK23, HDH25,
PCOG™24], but a good understanding about the gauge and learnable degrees of freedom in
such models is yet to be obtained, which hinders the application of these protocols (specifi-

cally, how to learning such models self-consistently). Our work combines these two lines of
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research to achieve a self-consistent and efficient Pauli noise learning algorithm.

Our framework resembles ACES (i.e., averaged circuit eigenvalue sampling), a Pauli noise
learning protocol proposed in [Fla22] and further analyzed and implemented in [COG™24]
and [HDH25]. Similar to our setting, ACES models every different Clifford gate as having a
gate-dependent Pauli noise channel (with an efficient noise ansatz such as fully local noise),
and aims at learning every Pauli eigenvalue of every Pauli noise channel. ACES constructs
linear equations of the form b = Ax, where & are the logarithmic Pauli eigenvalues, b are
the logarithmic circuit eigenvalues which can be experimentally measured, and A is the de-
sign matrix determined by a set of Clifford circuits and Pauli measurements. The original
ACES effectively fixes a gauge by ignoring state preparation noise, and is thus able to con-
struct a full column-rank A using random Clifford gates. Within ACES’s framework, our
work basically says that if SPAM noise parameters are included in @, there is a maximum
possible rank of A equal to the number of learnable degrees of freedom, and we provide an
explicit recipe for constructing such an A. Moreover, the explicit construction can learn
gate parameters to relative precision; see Theorem 2.4. It is interesting to extend the sta-
tistical analysis for ACES [HDH25] to our setting. It is also interesting to study optimal
learning and experimental design within our framework [vdBW24, ORS™23]. Conversely, it
is interesting to study the ultimate sample complexity limit for learning gate set Pauli noise
models. Such bounds for learning Pauli channels in a black-box setting have been previously

investigated [CZSJ22, COZT24a, FOF23, CG23a, TY24].

4.4.2  Qutlook

Quantum error mitigation. One promising practical application of our theory is in
quantum error mitigation (QEM) [CBB'23]. There have been QEM protocols based on
the Pauli noise models [VDBMKT23, FHV 24, KEA'23, CYZF21] which work by first

learning the Pauli noise channels and then either canceling the noise via quasi-probability
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sampling, or amplifying the noise and then extrapolating to the noiseless limit. Due to
the existence of gauge, these protocols generally make assumptions that are not physically
justified (e.g., “symmetry assumption” [VDBMKT23, vdBW24] or perfect state prepara-
tion [CYZF21]) in order to determine the noisy Pauli channels. However, it is known that
the issue of gauge ambiguity should not hinder self-consistent QEM if assisted by gate set
tomography [EBL18, SEFT22|, although the latter method is not easily scalable. Using
our framework, by efficiently learning all the learnable degrees of freedom and anchoring at
an arbitrary point of the gauge, one will be able to mitigate the Pauli noise without any

additional assumptions.

Beyond Pauli noise model. We believe that our framework and graph-theoretic analysis
can be extended beyond the Pauli noise model. We expect the statement that the cycle
space equals the learnable space to be held more generally. Note that a Pauli noise model
has a linear parameterization (i.e., the log of the Pauli eigenvalues), and one can study the
learnable and gauge degrees of freedom as linear subspaces of the parameter spaces. For more
general noise models, one might need to study the tangent space of the parameters, which
has been considered in the theory of the first-order gauge-invariant (FOGI) model [NYBK22,
BKASN'22]. It is interesting to see if our method can be extended there to have a more
quantitative understanding of the learnable and gauge degrees of freedom.

Another important potential extension is to include mid-circuit measurement (MCM,
also known as quantum non-demolition measurement), which is a crucial building block for
fault-tolerant quantum computation and is being experimentally implemented [RABL ™21,
SBAT23, AAAT23 BEG™24]. It has been shown that MCM can be incorporated into
Pauli noise models via a generalized randomized compiling technique [BW23]. More re-
cently, results on the learnability of MCM within the Pauli noise model have been re-
ported [ZCLJ25, HP25]. It is practically interesting to incorporate those results into the

current framework, e.g., to have a self-consistent and efficient protocol for characterizing
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MCM with a scalable noise ansatz. More generally, it is interesting to study how our frame-
work can be used for noise characterization of early fault-tolerant quantum computing de-

vices [CGFF17, WKBK23].

Beyond realizable setting. The learning algorithm we proposed relies on the fact that
the noise model of interest is realizable, i.e., there is no out-of-model error. It would be
interesting to analyze the effect of such errors. Our current analysis and algorithms require
all the noise to be Pauli channels with certain constraints, specifically, the locality constraints
as discussed in Sec. B.4, B.5, and B.6. In practice, one can fit the same data into models
with different locality assumption, and there will be a tradeoff between model expressivity
and trainability. One can also utilize techniques from structure learning to find the optimal
(quasi-)local Pauli noise model (see e.g. [RF23]). It would be interesting to explore learning

algorithms with those features within our framework.
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CHAPTER 5
ENTANGLEMENT-ENHANCED QUANTUM NOISE
CHARACTERIZATION

Chapter Notes. This chapter presents a protocol that applies the entanglement-enabled
quantum learning advantages in practical Pauli noise characterization tasks. A preliminary
version of the protocol and related theoretic results is presented in [CZSJ22]. The protocol
has then been substantially improved and experimentally implemented in a recent collabo-
ration with IBM Quantum [SCM™24]. The presentation here is mainly based on the latter
manuscript. The experiments are conducted by my IBM Quantum colleagues, while I lead

the theory development and participating in analyze and processing the data.

5.1 Introduction

In the previous section, we have explored the task of Pauli noise characterization. Accord-
ing to Theorem 3.2, a generic n-qubit Pauli channels is exponentially hard to learn using
ancilla-free schemes (which are schemes used for most noise characterization protocols). To
circumvent this barrier, one common approach is to make locality assumptions of the noise
and reduce the number of noise parameters, just as the reduced models discussed in the last
section. However, such locality assumptions might not always be justified. There could be
unexpected long-range correlation overlooked by a local model. One might still want to learn
the whole noise channel without any assumptions to diagnose such uncommon effect of noise.

Recall that in Chapter 3 we show entangled quantum memory can exponentially speedup
learning of Pauli channels. A natural question is whether we can use such an entanglement-
enhanced learning (EEL) protocol to overcome the exponential barrier for Pauli noise learning
in practice. This might not seem practically feasible at the first glimpse: the entangled states,

measurements, and ancillary quantum memory are all subject to noise in practice. How can
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we precisely characterize one interested source of noise (gate-dependent Pauli noise) while
introducing many other sources of noise (SPAM noise, ancilla noise, etc.)? It turns out
that, by developing several quantum error suppression and mitigation techniques, our EEL
protocol can not only estimate the gate noise consistent with state-of-the-art entanglement-
free learning (EFL) protocols, but also achieve this which much fewer number of samples,
as validated by experiments. Our protocol is an manifestation of robust and significant

quantum learning advantages in a practical information processing task.

— 1 = []: Random Pauli gates

e
|0)’_D_>_D__D_ . : Random 1q Clifford gates

10— -— -l
0

EEL AuxEFL

Figure 5.1: Schematics of EFL and EMEEL (which consists of EEL and AuxEFL). (Top left)
EFL, or the standard cycle benchmarking circuits, which consists of stabilizer state prepara-
tion and Pauli measurements. Green boxes represent random Pauli twirling gates. (Bottom
left) EEL, consisting of Bell state and bell measurements. The blue boxes represent random
single-qubit Clifford twirling gates. The giggle on the ancilla denotes dynamical decoupling
for idling protection. (Bottom right) AuxEFL, whose circuit is the same as EEL, but with
computational basis state preparation and measurements. The combination of EEL and Aux-
EFL gives our EMEEL protocols.

5.2 Setup

Let A, S each be an n-qubit quantum system, referred to as ancillary system and the main
system, respectively. In a high level, our goal is to characterize the noise associated with

certain multi-qubit Clifford gate G that can be implemented on system S. We will make the
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following assumptions about the noise model:
1. Layers of any single-qubit Clifford gates have negligible noise.

2. The noises acting on the system and ancilla is time-stationary, Markovian, and have
no crosstalk or contextual dependence between each other. Specifically, applying the

multi-qubit Clifford gate G on the system and idling the ancilla is realized as
1965 T80 6% = Al © (AgoG)”

3. The initial state and measurement suffer from noise channel acting jointly on the system

and ancilla,

p0% = E3(p%), MAT s (Mo gM)AS.

The first assumption are standard [WE16, HNM*21, CLO"23, FW20]. The second
assumption requires the system and ancilla to be well isolated, which can be ensured via
dynamical decoupling, turning off certain couplers on superconducting platforms, or moving
qubits far apart on ion or atom platforms, etc. The goal is to characterize the gate noise
Ag in a SPAM-robust manner. Since we are going to apply Pauli twirling, we will only be
interested in learning the Pauli eigenvalue of the Pauli twirl of Ag, defined as {29}, We also
denote the Pauli eigenvalue of A\ane as {A5"}.

It has been proved that not every /\ag can be learned SPAM-independently for a generic
Clifford gate G [CLO"23, HFP22], which is a fundamental limitation posted by model iden-
tifiability that is generic to any learning scheme. Take G = CNOT as an example, one can
show that A x x, Ax7 cannot be individually learned SPAM-independently, while their prod-
uct Ax xAxy can be. In our work, we only focus on learning a subset of learnable degrees

of freedom of Ag. Formally, we aim at learning the following quantities,

Definition 5.1 (Symmetrized Pauli eigenvalues). Given an n-qubit Clifford gate G, let dy be
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the smallest positive integer such that gl =7. We define the symmetrized Pauli eigenvalues

as follows:
B dop—1 1/do
k=0
where we drop the potential £ sign of gk(a).

As an example, the symmetrized Pauli eigenvalues of CNOT are listed in Table 5.1.

a Ao

71 71

X AIx

7ZX Azx

17,77 (ArzAz7) /2
X1, XX Oxrdxx) /2
XZ,YY OxzAyy)Y/?
Y1, YX Oy iy x)t/2
IY,ZY (ArzAzy)Y/2
XY, YZ Oxyivz)Y

Table 5.1: Symmetrized Pauli eigenvalues for a single CNOT gate.

The task we are about to deal with is the following:

Task 5.2 (Gate-dependent Pauli noise estimation). For a given multi-qubit Clifford gate G,
under the aforementioned assumptions, estimate the symmetrized Pauli eigenvalues S\g in a

SPAM-robust manner.

We remark that learning the symmetrized Pauli eigenvalues is a standard task in the liter-
ature [EWPT19, HNMT21]. By interleaving with carefully chosen single-qubit Clifford gates,
one can learn more than those symmetrized eigenvalues [VDBMKT23, CLO"23, vdBW24].
Such protocols can also be incorporated with EMEEL, but we leave such demonstration for
future work. Also note that, even learning those symmetrized Pauli eigenvalues is proved to

cost exponentially many measurements for EFL schemes [COZ™*24a, Theorem 2].
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5.3 Protocols

In this section, we describe Error-Mitigated Entanglement-Enhanced Learning (EMEEL),
which is our main protocol. We give an intuitive explanation in this section, leaving a
rigorous treatment to the technical details section.

To understand how EMEEL works, it is helpful to first look at the state-of-the-art
entanglement-free learning protocols, Cycle Benchmarking [EWP19] or Cycle Error Re-
construction [CDDH™23], see Fig. 5.1. We use EFL to refer to these protocols. The key step
is to prepare certain (noisy) stabilizer state, repeat the noisy gate g multiple times (inter-
leaved with Pauli twirling gates), and measure (noisy) Pauli observables. With appropriate
choices of the input and measurements, we obtain an expectation value of the form &A™,
where £ is a SPAM noise-dependent factor, \ is certain Pauli eigenvalue of Ag, and m is
the number of repetitions. By choosing different values of m and fit the circuit expectation
values to this exponential model, one can obtain a SPAM-robust estimation for X\. The main
sample complexity stems from the need to switch among exponentially many input state and
measurement configurations.

Now we can explain EMEEL. It consists of two subroutines: EEL and AuxEFL (the latter
stands for auxiliary entanglement-free learning), see Fig. 5.1. EEL uses a similar repeating-
and-fitting strategy as EFL, but uses Bell states and Bell measurements with an ancillary
system. Thanks to the entangled memory, only 1 state preparation and measurement con-
figuration is needed to estimate all Pauli eigenvalues SPAM-robustly.

In practice, there will be ancilla idling noise besides the SPAM noise. What is learned
by EEL is composed by both the gate noise and ancilla noise. Our strategy for that is to
first apply dynamical decoupling [SLT*24] and single-qubit Clifford twirling on the ancilla,
suppressing the noise as much as possible, and then apply ancilla error mitigation as follows:
First conduct AuxEFL on the ancilla, which is basically EFL for identity gate on the ancilla

systems with the random Pauli twirling gates replaced by random single-qubit Clifford gates.
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Thanks to the Clifford twirling, the noise channel on the ancilla is tailored as a symmet-
ric Pauli channel (i.e., Ay depends only on pt(a)), which can be learned sample-efficiently.
We then use the learned information from AuxEFL to mitigate ancilla errors in EEL, thus

obtaining the final estimators of EMEEL.

5.4 Experiments

Here we present some experimental results from [SCM™24] to justify the robustness and

efficiency of EMEEL, contrasting it with standard EFL.

Learning noise of a two-qubit gate. The first experiments validate EMEEL in noise
characterization for a two-qubit ECR gate. We learned all the symmetrized Pauli eigenvalues
using both EMEEL and EFL. The goal is to see if the estimates from both scheme match
each other, which would indicate we successfully mitigate the ancilla and memory errors.
Note that EFL need 9 state preparation and measurement settings while EMEEL need 2.
The results are reported in Fig. 5.2. For EEL without additional error mitigation, a mean
absolute error of (3.8440.14) x 1073 is reported. For EMEEL (error mitigated with AuxEFL
data), the error is reduced to (4.4 & 1.4) x 10~*. This suggests that EMEEL can indeed

provide convincing estimates.

Learning noise of parallel two-qubit gates. While EMEEL drastically reduces the
number of measurement settings from an exponential in n for protocols without memory to
2 (one for EEL and another one for AuxEFL as shown in Fig. 5.2b and c), for each experiment
setting, EMEEL has a larger variance due to ancillary and memory error as well as the error
mitigation overhead. The central question is then how this overhead compared to the saving
of measurement settings. For EMEEL to beat EFL, the saving in measurement settings must
be more drastic compare to the increase of variance at each setting. To validate this, we

conduct learning experiments of up to 4 parallel two-qubit gates. see Fig. 5.3.
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Figure 5.2: Learning the noise of a two-qubit gate. (Figures courtesy of Alireza Seif.)
(a)(b) shows the experiment layout. (c) gives a illustration of the fidelity decay curve (in log
scale) with number of circuit depth d. In this experiments we use d = 0,16,32. (d) Report
the estimation for all symmetrized Pauli eigenvalues using EFL, EEL, and EMEEL. One can
see that while EEL significantly overestimate the fidelities compared to EFL, EMEEL almost
retrieves consistent estimates as EFL. This experiments were conducted on ibm__ peekskill
using 100 twirls and 1000 measurement shots at each depth d € {0, 16, 32}.

For up to 8 qubits, it becomes challenging to measure all Pauli eigenvalues. For validation
purpose, we only measure and compare eigenvalues consists solely of X and I or Z and I.
Again, we see EEL has an error of (2.081 #+ 0.004) x 10~2 while EMEEL has an error of
(1.59 +0.04) x 10_3, compared to be EFL benchmark. For the overhead, we empirically fit
that for a measurement setting of a weight w Pauli eigenvalue, the variance from EMEEL is
(1.33+£0.05)" times larger than EFL. On the other hand, the saving in measurement setting
for EMEEL is at least 2% by our rigorous lower bound. In Sec. C.3, we present more detailed

analysis of the resource cost. These justify the efficiency and robustness of EMEEL.
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Figure 5.3: Learning the noise of parallel two-qubit gates. (Figures courtesy of Alireza
Seif.) (a) Shows the our qubit topology. The blue qubits are our main systems where parallel
gates act on, and the gray qubits are used as ancilla. (b)(c) layouts for EEL and AuxEFL. Note
that an additional pair of SWAP gates are need to create the Bell state and measurement
due to our qubit topology. (d) Comparing the estimates from EFL (horizontal) with EEL
and EMEEL (vertical). We only measure all X-type and all Z-type eigenvalues. While EEL
significantly underestate fidelities, EMEEL only slightly overestimates. (e) Using learned
information to validate correlated noise on the systems. We omit discussion on this block
and direct the readers of interest to [SCM™24]. (f) Comparing the variance overhead (fit as
1.33%) with the saving of measurement setting by EMEEL. The variance is estimated for each
all X-type and all Z-type eigenvalues. Here 3" referes to naive entanglement-free strategies

of going through all Pauli basis, while 2% is a rigorous lower bound for entanglement-free
schemes.
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CHAPTER 6
GAUGE-CONSISTENT QUANTUM ERROR MITIGATION

Chapter Notes. This chapter is based on an on-going work about applying the self-
consistent Pauli noise learning framework into quantum error mitigation [CCF*25]. The
experimental data presented here are taken by Edward Chen, Laurin Fischer, Alireza Seif,

and other collaborators from IBM Quantum.

6.1 Introduction

We have seen in the last few chapters how to characterize quantum noise. Eventually,
one wants to use the learned noise information to improve the performance of a quantum
information processing system. A paradigm of methods that is particularly suitable for near-
term quantum computers is known as Quantum Error Mitigation (QEM) [EBL18, CXB20].
Generally speaking, QEM uses additional classical computing resources to reduced bias
in the outcome of noisy quantum computation. While QEM alone is not able to replace
quantum error correction or fault-tolerance computation due to its intrinsic exponential
costs [TSY23, QSFK™24], there are demonstration that QEM can enhance the utility of
existing and near-future quantum computers with limited number of qubits and limited ca-
pacity of fault tolerance [KEAT23, AAAT25]. What’s more, many existing error mitigation
protocols are learning-based, meaning that the protocol first learn the noise model and then
use the learned information to mitigate errores. For such protocols, QEM can be a valida-
tion tool for noise modeling and learning, as imprecise QEM results can indicate errors not
captured by the noise model.

As discussed in details in Chapter.4, a fundamental issue of quantum noise learning
is the existence of non-identifiable or gauge parameters, preventing one from completely

learning the noise models. A natural question is how such “unlearnability” would af-
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fect the performance of learning-based QEM. As an example, let us look at one popu-
lar learning-based quantum error mitigation method, named probabilistic error cancella-
tion(PEC) [TBG17, EBL18, VDBMKT23]. PEC cancels any noise channels A affecting
quantum operations by implementing the inverse channels A~1. Though A1 is typically
not a physical channel due to the violation of positivity, it can be implemented in expectation
via quasi-probability sampling and classical post-processing. However, since implementing
the inverse channel requires full knowledge of the noise channel, the existence of unlearn-
able parameters seem to be a problem for PEC to work. Indeed, in a series of recent work
about Pauli noise based PEC [VDBMKT23, FHV ™24, KEA123], they have to circumvent
the learnability issue by imposing additional assumption of the noise channel that are not
physically justified.

In contrast, a more appropriate way to deal with the learnability issue has been hinted in
the earlier literature of PEC [EBL18]. Intuitively, if certain noise parameters are unlearnable
within the model, their values should not affect any observable outcomes. This means if one
correctly learns all the learnable parameters and arbitrarily decide the unlearnable (gauge)
parameters, it suffices to predict any circuits within the model, and one should be able to
correctly conduct QEM without introducing additional assumptions. Concretely, [EBL18]
proposes combining gate set tomography (GST) [NGRT21], a generic method to learn the
learnable noise parameters, with PEC. However, due to the extremely large resource cost of
GST, it is hard to scale up the method beyond a few qubits.

Building the framework of Gate set Pauli noise learning we developed (Chapter. 4), we
propose a Gauge-consistent PEC protocols based on Pauli noise models. On one hand,
our protocol works for Pauli noise models with arbitrary locality, thus scalable to a large
system size, comparable to [KEAT23, VDBMKT23]. On the other hand, our protocol is
gauge-consistent in the sense that only learnable parameters is needed and no unjustified

assumptions are needed. We experimentally implement and compare our protocol with
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existing protocol from [VDBMKT23] for specific families of quantum circuits, and we see
our method significantly reduce the bias in PEC results, highlighting the importance of gauge

consistency.

6.2 Theory

Setup. We consider a similar model as in Chapter 4, restated in below. For an n-qubit

system, we consider the following set of operations and their noisy implementation.
1. Initialization: [0)(0] — po = Ag(]0)(0]).
2. Computational-basis measurement: {[b){b[}ye(0,1}n — {(E), = Apr([0) b)) Fpego,11m-
3. Layer of single-qubit unitary: U = ®J_, Uy, implemented without noise.
4. Layer of multi-qubit Clifford: G G = Ag o @, for all G from a finite set &.

Here, we further assume Ag are G-dependent Pauli channels, and Ag, Aj; are symmetric
Pauli channels (i.e., Ay only depends on pt(a)). We use A to denote the collection of all
noise channels. Again, we assume all the Pauli eigenvalues are strictly positive. All these as-

sumptions are experimentally reasonable based on the use of randomized compiling [WE16].

Standard PEC. Suppose we want to estimate the expectation value of certain observable
O at the output state of a quantum circuit (which is a natural task in, say, Hamiltonian

simulation). Denote the ideal value as follows,
o = (O|GrUr - - - Gilhi|po))- (6.1)

Here U;’s are layers of (possibly non-Clifford) single-qubit gates, and G;’s are layers of multi-

qubit Clifford gates from &. Because of noise, a direct execution of the above gate sequence
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will instead give

oBOY) = (O|GrUyr - - - G1th | o))

= (O|ApAGg, GulUng - - - Ag, G1lhi Agpo).-

(6.2)

To retrieve the ideal value, a naive idea is to cancel out all noise channels A by implementing
A=Y For any Pauli channel A = Y3 X\p| P, ) (Py|/2", its inverseis A~F = 57 Ay LpYp,| /27,

which can be expressed as

_ 1 _
A 1(p) = Z pnPapPy, where p = yr Z (—1)<a’b>)\b 1 (6.3)
acPn” bepn

This is a Pauli diagonal map that is not necessarily completely-positive (i.e., p} can be
negative). Consequently, it cannot be directly implemented as a quantum channel. Instead,

one can rewrite it in the following form

Sgn
(Z’ b’) g a‘palpappa

Ph (6.4)
= SgnaQaPaPPa>

where sgn,, is the sign of p}, v = > [pg|, and g4 = |pj|/7. Note that {q,} forms a probability
distribution over P". Thus, by sampling Pauli operator P, according to {¢,} and multiplying
vsgn,, in classical post-processing, one can implement A1 in expectation. This is the core
idea of PEC.

Concretely, consider the following steps of standard PEC (which has assumed all noise

channels are known a priori):

g.
1. Randomly sample ag ~ {qgo}, a; ~ {qa] }jT:17 argq ~ {Q%H}.

2. Implement and measure the following expectation value

Ea = (O|Pap,, PapGrUr - - - Pay Gilhi Pag | 50)) (6.5)
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where Py(p) = PypPy.

3. Define the PEC estimator as

PEC T+1
o\PEO) = Eq - I vjsenq,. (6.6)
=0

where 7; and sghg, are with respect to the jth Pauli noise channel.
The following proposition shows the correctness of PEC.

Proposition 6.1. Given that one knows A exactly, the standard PEC estimator o(PEC) g

an unbiased estimator for o.

Proof.
PEC T+1
Eé( ) = ZEa : H 7j880q,;9a;
a j=1
T+1
a j=1
= Z<<6|p2’7{\_{1 ,PCLT+1pzlng,PaT(jTuT e 'pziglpal glulpzbspao |ﬁ0>> (67)
a
= (O|AFAG Gy - MG Gith AG Y|
(Ol Mg GrUr -+ Ag Gilhi A | po))
= (OIGrUr - -- Githi|po))
=o.
The second line is by the definition of ¢. m

We remark that, PEC also works for Pauli noise channels with efficient ansatzes, such as
2-local noise models [VDBMKT23, KEA'23], so that it can scales up to much larger system
size. A key ingredient there is a method to efficiently sample from {g,} via the so-called

sparse Pauli-Lindblad model. We will omit the discussion here.
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Regarding the sample efficiency of PEC, for observable O with bounded spectral norms,
PEC needs to pay a sampling overhead of order []; 732- to get constant additive precision,
which is exponential in system size for fixed error rates. Such exponential scaling is shown

to be inevitable for generic QEM protocols [QSFK ™24, TSY23].

Gauge-consistent PEC. Clearly, the aforementioned standard PEC procedure requires
full knowledge of the noise channels A, which usually needs to be learned from the model.
In Chapter 4, we have proven that there exists unlearnable degrees of freedom in the Pauli
noise model, making a direct application of PEC infeasible.

In [VDBMKT23, KEA™23], this issue is circumvented by introducing the symmetry as-
sumption that forces sets of unlearnable Pauli fidelities to be equal. As a concrete example,
when G = CNOT we know for Ag, both Ax; and Ay x are individually unlearnable, while
their product Ax;Axx is learnable. The symmetry assumption introduces the restriction
Ax7 = Axx to determine both eigenvalues, similarly for other eigenvalues. To my knowl-
edge, there has not been a good justification for why such assumption is reasonable. In some
cases, such assumptions can even result in equations contradicting each other.

In fact, such assumptions are not necessary to correctly perform PEC. Using the gate set
Pauli noise learning framework, one can learn a collection of noise parameters, denoted by
Ay, that is gauge-equivalent to the true noise parameters A, in the sense that no experiments
can distinguish A from Ag. Then, if we just pretend A4 is the true noise parameters and
conduct PEC, we will get the correct prediction.

Formally, consider the following Gauge-consistent PEC (GC-PEC) protocol. One first
learn a set of noise parameters A4 that are gauge-equivalent to the true values A (assuming
the learning is exact for now). Use the superscript g to denote the learned noise channels.

Construct our estimator using the following steps:
75 g7g ] 7]\4'
1. Randomly sample g ~ {a°}, a; ~ {2 VP, ap 41 ~ {afh ).
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2. Implement and measure the following expectation value
Ea = (Ol P,y ParGrlhr - -+ Pay G141 Pag| o) (6.8)

where Py(p) = PypPy.

3. Define the GC-PEC estimator as

GC-PEC st
o(GC-PEC) _ B . 11 ygsgngj. (6.9)
=0

where 73‘-7 and sgn ; are with respect to the jth learned Pauli noise channel (instead of

the true noise channel).

The following proposition shows the correctness of GC-PEC. The proof steps are illus-
trated in Fig. 6.1

Proposition 6.2. Given that one exactly knows a Ay that is gauge-equivalent to A, the

GC-PEC estimator with respect to Ay is an unbiased estimator for o.

Proof. One just need to notice that Eq can be re-expressed as

Ea = (O|ApyParyy Pap g, GTUT - - Pay Ag, G1U1 Pay As|po) (6.10)

= <<O’A?\/[7DGT+1PGTA8TQTUT -+ Pay Agl 911/1177@0/\%|p0>>

Because Ay and A cannot be distinguished by any experiments by assumptions. Then,

following the same step as the proof for Proposition 6.1, one can show that

Eo(GCPEC) — (0|GrUy - - Gitt |po)) = o. (6.11)
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Quasi-probability sampling of Pauli gates
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Figure 6.1: Illustration of Gauge-consistent PEC. (a) One use quasi-probability sampling
to implement the inverse channels according to the learned gauge-equivalent noise model
Ag4. (b) Replacing the true noise models with a gauge-equivalent model have no observable
effects on the measurement statistics. This step is only a thought experiment. (c¢) The noise
channels and inverse channels cancel out, returning noise-free results.
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The sampling overhead of GC-QEM is determined by [, ’yj’Q, which, interestingly, de-
pends on the choice of gauge parameters. In practice, one can optimize over all gauge-
equivalent noise models that minimize this sampling overhead, we will not delve into the
details in this thesis. We also remark that GC-QEM works for Pauli noise model with
ansatzes, in which case our framework from Chapter 4 is crucial to determine the learnable

and gauge degrees of freedoms.

6.3 Experiments

We experimentally demonstrate a proof-of-principle version of Gauge-consistent PEC. Con-
cretely, we focus solely on Clifford circuits with Pauli observables. The noisy expectation
value will take a monomial form )\go )\gll e )\g% )\é\! Y170 where o is the ideal expectation value.
Instead of doing the quasi-probability sampling, we can just use the learned Pauli eigenvalue
to invert the noise factors. Note that doing quasi-probability sampling will give us the same
results in expectation. We contrast our protocol with [VDBMKT23, KEA123], where they
ignore state preparation noise to characterize and mitigate measurement noise and applying
symmetry assumptions to identify gate noise. We refer to the latter method as Sym-PEC.
We will highlight one experiment in the thesis, leaving more experiments and details in
[CCF*25]. The experiment aims at preparing an n-qubit GHZ state for n from 2 to 21,
and then measure the expectation value of X®”, whose ideal value should be one. We use
both GC-PEC and Sym-PEC to mitigate the observable. As reported in Fig. 6.2, GC-PEC

successfully mitigate the error and retrieve ideal value within error bars, while Sym-PEC

suffers from a huge bias.
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Figure 6.2: Comparing GC-PEC with Sym-PEC in GHZ state preparation circuits.
(Figures courtesy of Alireza Seif and Edward Chen). (A)(B) shows our GHZ preparation
circuits. An X measurements on all qubits is conducted at the end of the circuit. Note
that both uses interleaving layers of 2 types of parallel 2-qubit gates. We have conduct
separate learning experiments to learn the noise of parallel 2-qubit gates. (C) shows the
experimental output vs. the predicted expectation value from gauge-consistent (pink circles)
and symmetric (blue crosses) noise models. (D) Error mitigated results using GC-PEC (pink)
and Sym-PEC(blue). Error bars are estimated from 6 separate experiments. Clearly GC-
PEC obtain true values within error bars while Sym-PEC has a significant bias.
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CHAPTER 7
OUTLOOK

In this the thesis, we have explored several theoretic and practical results of Pauli channels.
Concretely, we have been discussing quantum learning advantages, quantum noise charac-
terization, and quantum error mitigation. I hope this thesis establish Pauli channels as an
invaluable tools for exploring modern quantum information science.

Besides the discussion provided in some of the chapters, I will provide some high-level
outlook on the future research directions related to Pauli channel learning and how it can

contribute to the development of quantum information science.

Logical noise characterization for enhancing quantum error correction. As we
step into the era of quantum fault-tolerance, it is important to develop methods for char-
acterizing noise on quantum devices with limited error correction capability. Understand
the nature of noise on such device could provide invaluable insight on how to design bet-
ter error correction architecture and decoding algorithms, thus expedite the quest towards
full-fledged fault-tolerance. Due to the additional complexity added by error correction, it
is unclear how much of the existing literature on Pauli noise learning or other physical-level
quantum noise characterization toolkit can be applied there. Fortunately, there have been
pioneering works going along this direction [WKBK23, ZCLJ25, HP25]. Other questions
worth investigating are how to use the information of logical noise to enhance error correc-
tion performance [CYK™22], how do you design error correction architecture tailored to the

practical noise [AP08], etc.

Novel quantum applications with fault-tolerance. As quantum fault-tolerance gives
us more qubits and less error, it is timely to explore novel quantum applications along

the quest. Apart from the heavily studied quantum applications in cryptography, chemical
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simulation, and other computational problem, I think an exciting but under-explored area
is quantum metrology and quantum learning. Previous research (e.g., [ZZPJ18]) has laid
down some theoretic background on error-corrected quantum metrology, but large are still
unknown on the potential of how quantum error correction can enhance quantum learning
more generally. As an example, the protocols described in Chapter 5 in this thesis [SCM ™ 24]
shows error mitigation can help de-bias the estimation. Can we use error correction instead

to gain better performance for the noise learning task?

Interplay between quantum learning and quantum metrology. Recent years have
seen exciting advancement in quantum learning theory. Quantum metrology, a long-standing
research area with important real-world applications (such as LIGO and atomic clock), shares
similar motivations and problems with quantum learning. It is interesting to better under-
stand the connection between these two. In terms of Pauli channel learning, an interesting
direction is to generalize the results to continuous-variable systems which are potentially
more natural for certain metrological tasks. Some results have been established along this
direction [OCW 124, LBO"25]. Other example can be to use learning-theoretic methods in

multi-parameter and time-dependent quantum metrology problem.
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APPENDIX A
APPENDICES TO CHAPTER 3

A.1 Proof of Theorem 3.1

In this section, we provide details in the derivation of Eq. (3.5), i.e., the distribution of
measurement outcomes at Line 5 in Algorithm 1. For clarity, denote the k-qubit Hilbert
space of the ancilla as A, and divide the n-qubit Hilbert space of the main system into a
k-qubit subspace B and an (n — k)-qubit subspace C. The input state to the channel is
Vo) 4p ® ]qb%)c , and the measurement basis is {|W,) 45 @ |62) ¢ }v.e. Here, |W,) 45 are Bell

states and can be expressed as

(W) (Po| = (Pv @ DY WH|(Py @ 1)

S P,PP,® Pl
uGZ% (Al)

T
4/€ > (= UUP ® Py
uEZ%

4k:

And the stabilizer state |¢2>C is defined as

> (- {s.) p,. (A.2)

s€eS

6008 =

for e € ST = Z2 / S. We remark that, the stabilizer state is well-defined for all e €
ZQ( a ), but |¢2) and \(bb) represent the same state if a +b € S (bitwise modulo 2 sum),
2(n—k)

so we only need to consider the quotient space of Zs over S. When calculating the
sympletic inner product (s, €), one should understand e as an arbitrary representative of the

coset it stands for.
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Therefore, the measurement outcome distribution can be calculated as

p(v,e€)
=Tr (10.)(W] 4 @ [62) {621V 1" © APC(1W0) (Wol 4 @ [65) (65 ))

1
=em | X Aver (D= p, @ PT @ (~1)*p,)

u,u’EZ%k s,8'€S

1
=5tk Z Z)\u@s(_l)<u,v>(_1)<s,e>,

ueZ%k S€ES

(Pu/ ® Pl ® PS/)A

ABC BC

(A.3)
which is exactly Eq. (3.5) in the main text. It is then obvious that p(v,e) and Aygs are

related by the Walsh-Hadamard transform (see [FW20, Lemma 4]).

A.2 Proof of Theorem 3.2

A tight lower bound for non-adaptive and non-concatenating strategies In this
section, we prove a matching lower bound of Q(nQ”_k) for all non-adaptive and non-
concatenating k-qubit ancilla-assisted Pauli channel estimation protocols, which include the
ancilla-free strategies (k = 0) and n-qubit ancilla assisted strategies (k = n) as two special
cases. Recall that, by a non-adaptive and non-concatenating protocol we mean that, for
each sample of the Pauli channel A, we prepare an n + k qubits state, input it to A ® 1, and
apply a POVM measurement on the joint output state. The input state and measurement
setting for the ith sample is not allowed to depend on previous measurement outcomes, nor
do we allow concatenating multiple samples of A in a single round of measurement (which

is used in RB-type Pauli error estimation protocols [FW20]).

Theorem 1.1. For any non-adaptive, non-concatenating k-qubit ancilla-assisted protocols
that give an estimate A of the Pauli eigenvalues X of an arbitrary unknown n-qubit Pauli
channel such that

1
Ao —Aal <5, Vae 73" (A.4)
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holds with high probability, the number of samples of A required is at least Q(nQ"_k).

Our proof generalizes the information-theoretical arguments by Huang et al. [HKP21],
which in turn stem from previous work on sample complexity lower bounds for quantum
tomography [FGLE12, HHJ™17, RKK"18]. Consider a communication protocol between
Alice and Bob where their share the following “codebook”:

1

(a,s) € {1,--- 4" — 1} x {£1} — A(a,s)(') =on (I Tr() + sPy Tr(Pa(r))) - (A.5)
Now, Alice picks at uniform random one out of the 2(4"™ — 1) possible pairs of (a,s) and
then send N copies of the channel A(a’ s) to Bob. If there exists a Pauli channel estimation
protocol using N samples and satisfying the assumption of Theorem 1.1, Bob can use that
protocol to uniquely determine Alice’s choice of (a, s) with high probability, since the Pauli

eigenvalues of any A( only take values from {—1,0,4+1}. Suppose Bob’s input state and

a,s)
POVM outcome for the ith sample is {p;, E;}. According to Fano’s inequality, the mutual
information between the random variable pair (a, s) and Bob’s measurement results has the

following lower bound

I((a,s) : {p1, E1}, ... {pn, EN}) = Qlog(2(4" — 1)) = Q(n). (A.6)

We also know by assumption that the measurement outcomes {p;, E;} are independent from

each other, conditioned on (a, s). The chain rule of mutual information then gives that

N

;1((@5), {pi, Ei}) = 1((a,s) : {p1, Er}, ... {pn. EN}) = Q(n). (A7)

We will show that I ((a,s) : {p;, E;}) < O(2F~") in the following lemma. This would then
give us the desired sample complexity lower bound N > Q(nZn_k), which completes the

proof of Theorem 1.1.
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Lemma 1.1. I ((a,s) : {p;, E;}) <
Proof. First notice that it suffices to consider pure state input and rank-1 POVM mea-
surements. The latter comes from the fact that every POVM measurement can be viewed
as a coarse-graining of some rank-1 POVM measurement. To see the former, consider the
underlying distribution p((a, s), {p;, E;}) = p(a, s)p({E;, pi}ta, s). The mutual information
I((a,s) : {pi, E;}) is convex about p({E;, p;}|a, s) when fixing p(a, s) (see e.g., [CT12, The-
orem 2.7.4]), thus using mixed state input can never provide a larger mutual information.

Thanks to this observation, we can without loss of generality let the input state be |A)
and let the POVM measurement be {wj2”+k|Bj>(Bj|}j, where |A) ,|B;j) € C2"%2" are unit
vectors, and >~; w; = 1 by normalization. We also abuse notations a little bit to let A and
Bj denote the 2" x 2k matrices that satisfy

on_192k_1 on_19k_1

=2 > WAlg e, [1B)= > > (®Bjla)p)la), (A.8)
p=0 ¢=0 p=0 ¢=0

where {|p)} and {|q¢)} are computational basis states. The normalization condition of | A)
and |Bj) is equivalent to

Tr(ATA) = (BIB)) = 1. (A.9)

We also define € :== BjA]L which is a 2" x 2" matrix of rank less or equal to 2F.

The mutual information between (a, s) and a single round of measurement outcome j can

be upper bounded as

I((a,s) : j) = H(j) — H(jla, s)

= —Z( E p(jla, S)) 10g( E p(jla, 8)) +(JE > p(jla, s)log p(jla, 5)

(a,s a,s a,s) j

]|a 8)2] E(a,s) [p<j|a, 8)]2
E(q,5)[P(ila, 5)]

Z GS

J

Y

(A.10)
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where the inequality follows from the fact that log(z) < log(y) + % in which we take

x = p(jla,s) and y = E(G,S)[p(j\a, s)]-

The conditional probability p(jla, s) can be calculated as

p(ila, s) = wj2" ™ (Bj| A, 5 @ 1(JA)(A]) | B;)

4k‘
= w; Y- ((Bj|T @ Py|Bj)(AIl ® Py|A) + s(Bj| P ® Py| Bj){A| Pa @ Py A))
b=0

4k
=w; ) (TY(B}BijT ) Te(ATAP]) + s To(BI PuB; PE) To(AT P, APT ))
b=0

= w2k (Tr(BJTBJ-ATA) + sTr(B}PaBjATPaA))

— w2k (Tr(oj.oj) + sTr(PaCjPaC’jT)> ,
(A.11)
where we expand the identity channel as 1(-) = 2% Egio Py Tr(Py(+)) in the second line,

k
and use the fact 2% Zg:o P, ® P, equals to the swap operator in the fourth line.

The average value and second moment of p(j|a, s) according to the distribution of (a, s) are

E [plila.9)] = w;2k Te(ClCy),

n

4" —1
; k 1
(ES)[pOm, 5)2] = w34 (TI'Q(C]TCJ) + ﬁ agl Tr2<PaCjPaCjT)

) (A.12)

Hence we have the following bound for the mutual information

I((a,s):5) < > w;2¥ Tr(ClCy)
J

"1 Tr(P,C1 P, )2
( 1 r(FaC) “9)). (A.13)

an—1 o Tr((];-f(]j)2

Now we further calculate the R.H.S. of the above inequality. Let M = PaC';PaC’j. Notice
that

rank(M) < rank(Cj) < 2k (A.14)
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which means there exists a rank-2% projector IT such that Tr(M) = Tr(MTI). According to

Cauchy-Schwarz inequality,

Tr(M)? = Tr(MII)?
< Tr(M M) Te(1I1I) (A.15)

= Tr(C;CTP.CyOTP,) x 2F

Substitute this into Eq. (A.13),

oF W TR(C;ClP.CCLR)
I((a,5): ) < S w;2" Tr(ClCy TSI
((a,s) J)_%: j (G5O w1 — Tr(C]C;)?

% Y TGOl PCCIR,) — ﬁ(cjcjcjc}))
an —1 T (CC;)?
* Te(ClCy)? — T&«(Cjcj.cjcj))
An —1 T (CC;)?
2k
-1

= Z w;2" Tr(C']TC'j)

J

= Z w; 2" Tr(C']TC'j)

J

< ijzk T (ClC; Jon =1

(A.16)

where the third line uses the following formula of Pauli twirling,
1 & 1
X:OPQXPQ = Q—HTr(X)[, (A.17)

and the last line follows from the fact that

S w2 m(clicy) = Z E [p(jla,s)] = 1. (A.18)
j ] (Z,S
This completes the proof of Lemma 1.1. m
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A lower bound for adaptive but non-concatenating strategies In this section, we
prove a lower bound of Q(Q(”_k)/ 3) for all adaptive and non-concatenating k-qubit ancilla-
assisted Pauli channel estimation protocols, as stated in the following theorem. This bound
is improved to be tight in subsequent works which will be presented in Sec.[[]]. Here I decide
to include this loose bound because it uses a different proof strategies that might be of

independent interest.

Theorem 1.2. For any adaptive, non-concatenating k-qubit ancilla-assisted protocols that
give an estimate A of the Pauli eigenvalues X of an arbitrary unknown n-qubit Pauli channel
such that

~

1
o= <5, Vae z3" (A.19)
holds with high probability, the number of samples of A required is at least Q(2<n_k)/3).

Our proof techniques generalize the methods of Huang et al. [HKP21] for proving adap-
tive sample complexity lower bounds for Pauli expectation values estimation of unknown

quantum states. Consider the following 4" possible Pauli channels

Mgep() = 5 TT(),

Aal-) = ;n (ITe(-) + Pa Te(Pa(")), Ya € {1, ,4" — 1},

(A.20)

Here Agep, is known as the completely deplorizing channel. If there exists an Pauli chan-
nel estimation protocol satisfying the requirement of Theorem 1.2, one can unambiguously
identify each one of the 4™ possible Pauli channels appearing above with high probability,
given sufficient number of samples of A. This in turn implies that one should be able to

distinguish the following two equal-probable hypotheses with high success probability.
1. Given N copies of A = Agep,.

2. Given N copies of A = A, for a uniformly-randomly picked a € {1,--- ,4" — 1}.
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For an adaptive but non-concatenating protocol, one has to choose an 2" x 28 dimensional
input state and a POVM measurement for the ith sample of A, where the choice may depend
on previous measurement outcomes. Denote the measurement outcome of the ith round as
0;. We explicitly write the state and measurement at the ith round as p°<i and {E;ki}j
to emphasize their dependence on o-; = [o01,...,0;_1].Denote the measurement outcomes
among all the N samples as 01.y == [01, -, on]. The probability distribution of 01.y under

the above two hypothesis can be expressed as

N
Hypothesis 1:  pi(or.n) = [[ T¢ (ngi/\dep ® ]1(p0<i)) ,
= (A.21)
N .
Hypothesis 2:  po(01.n5) = E I Tx (ngﬁ/\a ® ]l<p0<i)) _
a70=1

The ability to distinguish these two hypotheses is equivalent to the ability to distinguish pq
from po. The maximal success probability of distinguishing two probability distributions is

given by %(1 +TV(p1,p2)) where TV stands for the total variance distance defined as follows

TV(p1,p2) = > (p1(o1:n) — p2(01:N)) (A.22)

01.N S.t.
p1(01.n)=>p2(01:N)

We will show in the following Lemma that TV (p1,p2) = O(N o(k—n)/ 3), which immedi-
ately implies that one must have N = 9(2(”_]“)/ 3) in order to obtain high success probability

in distinguishing py from pgo. This then completes the proof of Theorem 1.2.
1/3

Lemma 1.2. TV(p1,p2) < 2N

2n —1
Proof. First notice that it suffices to consider pure state input and rank-1 POVM measure-
ment. For the former, the probability distribution obtained from mixed state input can be

viewed as a convex combination of distributions obtained from pure state input. Thanks to

the joint convexity, mixed state input can not yield a larger total variance distance; For the
7



latter, every POVM measurement can be viewed as a coarse-graining of some rank-1 POVM
measurement. Because of the data-processing property, this coarse-graining would not yield
a larger total variance distance.

In light of this observation, we can without loss of generality let the input state at the ith
round be [A°<¢) and let the POVM measurement be {wo='2" % Bo<!)(Bo<i|},,, conditioned
on previous measurement outcomes o;, where | A°<i) | |BOOz.<i) € CQnXQk are unit vectors, and
>o; ngi — 1 by normalization. We also introduce the two 2" x 2F matrices A°<i, Bgfi
defined similarly as in Eq. (A.8), and define Co~* := BgfiA0<iT which is a 2" x 2" matrix
of rank less or equal to 2k With the above definitions, one can verify that p; and p9 can be

expressed as follows

N
pi(o1.y) = [] wort 2" ™ (Bo=i Agep ® 1 ((|A%<i)(A%<i|) | Bo<TY

=1

N . . .

= [ wori2® Tx (CS;ZTCSZ@)

=1

= (A.23)
p2(o1.n) = E [T wori2™ ™ (BoSi| Ag @ 1 ((JA°<i)(A°<]) | Bo<?)

a =1

N
- & 11 wisiok (Tr (Cg;”cg;i) Ty <c§fiTPacgfiPa)> .
a70=1

The total variance between p; and po can then be bounded as

TV(Pl ) Pz)

N v T (CorTRCo R
- E o<igh T CO,<1'TCO.<1‘> 1— 1+ : :
f X (eemiee) (100

p1(01:N)>p2(01:N)

N Tr (cgf”Pac;’;iPa)
= F . 1-— 1+ )
a0 Ol:%:&t. b1 (01 N) ( z:l_[l ( Tr (Cgf”cgfi)

p1(o1:N)>p2(01:N)

(A.24)

In order to bound the R.H.S., we make use of a technique from Huang et al. [HKP21]. Let C'
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denote an arbitrary 2" x 2" complex matrix of rank no more than 2k consider the following

subset of n-qubit Pauli operators

Tr (CT PaCPa)
Tr (CTC)

G = {CLE{l,'--,zlnl}

() ) ow

We claim that the size of G satisfies

k 1/3
Gl > (1 (55) ) @ —1) (4.26)

which can be shown by contradiction: Suppose this does not hold, we would have

-1 (T (CTR,CR) Bo\23
Z( ( )) > (i) x@-1-16)

=1\ T(cto) 2n —1
ok \Y3 gk N\ (A.27)
><2n_1> x<2n_1) (4 1)
=2k 4 1).

However, the L.H.S. of the above can be upper bounded as

n 2 n
ar—1 (Tr (CTPGOPG)> 1Stk e(cotp,cCtRy)

a—1 Tr (C’TC’) o=l Tr2 (OTC)
2" (Cfo) - Tr(cTecto) (A.28)
B T2 (C1C)
< 2kom,

where the first inequality follows from Cauchy-Schwarz (see Eq. (A.15)), and the first equality
evaluates the Pauli twirling (see Eq. (A.16)). This leads to contradition, and hence proves

the desired lower bound on |G|.

Now, we define another subset of n-qubit Pauli operators, conditioned on the measure-
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ment outcomes o7.p7, as follows

Tr (Cﬁf”PaCOOfiPa)
Tr (Cﬁf”(]gfi)

Glonn) = {a ef{l, - ,4"—1}:

By applying a “union bound” on Eq. (A.25), we immediately have the following lower bound

on the size of G(OLN).

‘G(OLN)‘ >|1-N ( 2* )1/3 (4™ —1). (A.30)
- 2n —1

We are now ready to upper bound TV (p1, p2) from Eq. (A.24). The strategy is to divide
the sum over all Pauli operators into G(°1:¥) and P\G(°1:N) Al terms within the former
group are small thanks to the definition of Gl ); Terms within the latter group could be
large, but the total number of them are small. Combining these two gives a pretty good

upper bound on TV (p1,p2). In math,

TV(PLPQ)
o<t o<
_ 3 p1(01.N) o > L ﬁ 1+ Tr (CO7L< FoCo Pa)
o1:N s.t. =1 acGeLN)  qez2m\Glo1:N) i=1 Tr (CgfiTCgfi)
: 2 N,
p1(01:N)>p2(01:N) a0
pi(o1N) ot N\
1(01:N (01:N) - _ n_ 1 _ |loN)
p1(o1.8)>p2(01.N)
ok 1\ 1/3 ok \ /3
< > p1(o1:N) N( - ) +N< — )
o1.N s.t. 2 =1 2r —1
p1(01:N)>p2(01:N)
1/3
2k
< .
(i)
(A.31)

The first inequality uses an additional fact that ‘Tr(C’TPaCPa)‘ / ‘Tr(C’TC’)‘ < 1 to bound

the second sum, which follows from the Cauchy-Schwarz inequality. The second inequality
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uses the bounds ’G(OLN)‘ < 4" — 1 for the first sum and Eq. (A.30) for the second sum, as
well as the fact that 1 — (1 — 2)N < Nz for all 0 < = < 1. (Note that 2% /(2" —1) < 1 only
if & < n — 1, but our targeted upper bound trivially holds for £ = n.) This completes the

proof of Lemma 1.2.

A lower bound for the most general ancilla-free strategies. The lower bounds in
the previous sections work for non-concatenating strategies, where one is not allowed to
concatenate (or, coherently access) multiple copies of the unknwon channel before doing
a single measurement. The concatenating strategies, as depicted in Fig. 3.1, are however
a natural apparatus for many randomized benchmarking protocols, where one effectively
concatenate a varying number of noise channels in order to measure a series of exponentially-
decaying values, and then extract the parameters of interest via fitting the decay rate.
The original purpose of such concatenation in these protocols is to eliminate the effect of
state-preparation-and-measurement (SPAM) error. Here, we want to understand whether
concatenating strategies also provide a sample complexity advantage. The short answer is no.
We will present a sample complexity lower bound of 9(2”/ 3) for the most powerful (adaptive,
concatenating) ancilla-free (k = 0) Pauli channel estimation schemes. This result justifies
our claim that ancillary systems are indeed indispensable to overcome the exponential barrier
in sample complexity.

To start with, we give a rigorous definition of the most general ancilla-free strategies that

we are going to study

Definition 1.3. Let A be an unknwon n-qubit Pauli channel. An adaptive, concatenating,
ancilla-free (k = 0) estimation protocol is specified by the following parameters. Let N
denote the total rounds of measurements. For the ith round, let p°<i denote the input state,
{ngi}oi denote the POVM measurement, M°<i denote the length of concatenation, and

{CZQ}%:fi denote a set of processing channels. The ith measurement outcome is given by
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o; with probability

Pr(oifo<s) = Tr [ESSA(CS 5o,y (- Co= (ACT< (A(*<)))) -+ ))] (A.32)
All the superscript o-; = [o1,- -+ ,0;_1] are used to emphasize the dependence on previous

measurement outcomes. The protocol should produce an estimate of A via classical processing

on the measurement outcomes o1.y .

The problem we are interested in is still approximating the Pauli eigenvalues A to small
error in [y distance. Note that, the parameter N in the above definition is not exactly the
sample complexity but is the total number of measurements conducted. Since one is allowed
to concatenate multiple copies of A in a single measurement, N is a lower bound for the

sample complexity of A. Our result is summarized in the following theorem.

Theorem 1.3. For any adaptive, concatenating, ancilla-free (k = 0) protocols that gives an
estimate A of the Pauli eigenvalues X of an arbitrary unknown n-qubit Pauli channel A such
that

o~

1
o= ol <5, Vae 73" (A.33)

holds with high probability, the rounds of measurements N (and hence the number of samples

of A) required is at least Q(2""/3).
Proof. The proof methods are similar to the proof of Theorem 1.2. Define the following
Pauli channels.

1
Agep(r) = =1 Tr(+),

Ag(-) = an (ITe(-) + Py Te(Pa(), Ya € {1,--- 4" — 1},

We consider the problem of distinguishing the following two equal-probable hypotheses

1. Given N copies of A = Aggy,.-
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2. Given N copies of A = A, for a uniformly-randomly picked a € {1,--- ,4"™ — 1}.

An estimation protocol satisfying our assumptions should be able to distinguish these two
hypotheses with high probability. Let the probability distribution of the measurement out-
comes 01.y under these two hypotheses be p; and pg, respectively. The total variance
distance TV (p1, p2) must be at least (1) for the distinguishing task to succeed with high
probability. We will show in the following that TV (py, p2) = O(N2~"/3), which then gives
the claimed lower bound of N = Q(2"/3).

To start with, based on the same argument as in the proof of Lemma 1.2, it suffices
to consider pure state input and rank-1 POVM measurements, so we replace p°<i and
{E5="},, in Definition 1.3 with |A%<i)(A°<i| and {wer?2"|BO<i)(B<i|},, respectively, where
|A%<i) | | Bo<t) € C?" are unit vectors, and >o; wer? = 1 by normalization.

Next, we calculate the distribution of 0y.p)y under the two different hypotheses. The
expression for p; can be easily obtained, as Aqgp, is simply the completely deplorizing channel.

We have

p1(o1:n)

N
= T wor 2" (Bor | Adep(Chpoci 1 (- Co= (Maep (CT (Maep (|A<) (A2<i])))) ) [ Bo:™)
1=1

N .
= ] wor".
1=1
(A.35)

The expression for po is more complicated. We first define the following recursive expression

27" Tr (PuCppy 1 (I + Pafa~'lm — 1)), 2<m < MO<,
(A.36)

(A9<i| P, |A°<i) | m = 1.
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The expression for po can then be calculated as follows

p2(01:N)
N . . .
= K Hw0<’2n (Bosi | Aa(Chpoci 1 (- Co= (Aa(CT™ (Aa(JA<1)(A°<))))) - - ) [ Bo=®)
@ =1

= ¢0Hw0<1 Bo<z‘ A, ( ng<i_1(. . .Czo<i(Aa(Ci’<i(I—|- Pa§g<"[1]))) . )) |Bgfz>
a =1
N

= P Hw0<z B0<z‘ A X/ﬁ@él(' . .C§<i(I +27"p, TI‘(PaCf<i(I + Pa§3<i[ ]) )) ’BO<Z>
a 0Z 1

= #)Hwo“ (Bor | Ma(Chfocs 1 (- C3=" (I + Pu€3=[2]) - +)) |Bo5")
a7 =1

N
= Hw0<z B0<z| I + P,E0<i[M°<i] |Bgi<i>
a7§02 1
N
= H w0<z 1+ §0<1[M0<z] <BO<1| P |BO<1>)
a;éOZ 1

(A.37)
The third line uses the fact that CZQ is trace-preserving. The total variance distance

between p; and po is then

N
TV(prQ) = E Z (H wo<l) ( H ( +§O<z M0<1,]< 0<z| P, |Bo<z>)>
a70 01:.N S.t. i=1
p1(o1:n)>p2(01.N)

= E > p1(o1:n) (1 -

a7-0 01.N s-t.
p1(01.n)>p2(01:N)

—

[ (14 €6 M=) (B3| P \B"<Z>))

2

(A.38)

We now need a bound of |¢4</[M°<i]| < 1, which can be shown by induction. We see
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1€a<[1]| < 1 by definition. Suppose |£4<'[m — 1]| < 1, we have

’ o<,[ ” — Iy <Paco<Z <I+Pa§27<;[ —1]))‘
g N s |
(A.39)
o <I+Pa o<'m —1])
2TL
= 1.

The first line is by the defining recursive expression; The second line is by the tracial
matrix Holder inequality; The third line uses the fact that Cfrf_il is a positive map, and
that 27" (I + Pa§3<i[m — 1]) is positive semidefinite thanks to the induction hypothesis
€a<"m —1]| < 1. Thus we can remove the modulus within the trace, and also remove Cy=<'4
as it is trace-preserving. By induction, we’ve shown |£4< [M°<i]| < 1.

The remaining part of bounding TV(p1,p2) is basically the same as in the proof of
Lemma 1.2. We repeat it here for completeness. Let |B) be any n-qubit pure state. Consider

the following subset of n-qubit Pauli operators

G::{ae{1,...,4n_1} : \<B|PQ|B)|§< ! )1/3}. (A.40)

2"+ 1

We claim that the size of G satisfies

e <1 _ (2n1+ 1>1/3> (4 — 1), (A41)
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which can be shown by contradiction: Suppose this does not hold, we would have

2/3
) x (4" —1-1G))

() () ey e

[\

S
+
—_

However, the L.H.S. of the above can be calculated as

4" -1 4" -1
> (BIPu|B)* = Y (B|Py|B)*—1=2"—1. (A.43)
a=1 a=0

This leads to contradition, and hence proves the desired lower bound on |G|.
Now, we define another subset of n-qubit Pauli operators, conditioned on the measure-

ment outcomes o1.y, as follows

S G S ST

1 1/3
< , =1,--- N ;. A.44
> (2n+1) ) Vi s ) } ( )

By applying a “union bound” on Eq. (A.40), we immediately have the following lower bound

on the size of G(OL:N).

‘G(OLN)‘ > <1 - N (2n1+ 1)1/3> (4" —1). (A.45)

We are now ready to upper bound TV(p1,p2) from Eq. (A.38). The strategy is to divide
the sum over all Pauli operators into G(°1:¥) and P\G(°1:N) Al terms within the former
group are small thanks to the definition of Gl ); Terms within the latter group could be

large, but the total number of them are small. Combining these two gives a pretty good
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upper bound on TV(py,p2). In math,

TV (p1,p2)
_ Z p1(o1:n) Z + Z 1 ﬂ(1+ o<i[pfo<i] ( BO<i| P, | BO<i
= YT - €0 (M=) (BS="| Pu | B3:) )
o1:N s.t. acG(e1:N) aezgn\g(omv), i=1
p1(01:N)>p2(01:N) a0
13\ N
T \G‘OLN>\><(1—(1—(2”1+1> ))+(4”—1—\G<°1:N>D)
o1.N s.t.

p1(o1:n)>p2(01:N)

E e ) )

o1.N s.t.
p1(o1:n)>p2(01:N)

1 1/3
§2N( ) .
24+ 1

The first inequality applies the bound |£g<![M°<i]| < 1. Besides, the first sum uses the

(A.46)

bound from the definition of G(°1:¥) | and the second sum is by ‘(Bgfﬂ P, |Bost)| < 1. The

second inequality uses the bounds ‘G(OliN )‘ < 4™ — 1 for the first sum and Eq. (A.45) for
the second sum, as well as the fact that 1 — (1 — x)N < Nz for all 0 <z < 1. Now we
have obtained the claimed bound TV (pq, p2) = O(N2~"/3), and hence complete the proof

of Theorem 1.3. O

A lower bound for the most general entangled strategies In this section, we prove a
lower bound of Q(n) for the fully entangled estimation strategies, which is the most general
measurement, strategies one can do to learn an unknown channel even with the help of
quantum computers, see Fig. 3.1 (a). Note that, since we assume there is an unlimited
amount of quantum memory, we can without loss of generality eliminate any intermediate
measurements, and only conduct one joint measurement after sequentially processing all N

samples of the channel.

Theorem 1.4. For any fully entangled measurement protocols that give an estimate pY for
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the Pauli eigenvalues X of an arbitrary unknown n-qubit Pauli channel A such that

~

1
o= <5, Vae z3" (A.47)

holds with high probability, the number of samples of A required is at least Q(n).

Proof. We first show that, by using a technique known as teleportation stretching [PLOB17,
PLLP19], any fully entangled measurement protocols for N copies of an arbitrary Pauli
channel A can be simulated by a joint measurement on N copies of the Choi state J, which

is defined as
Jy =A@ L(|UT)(TT))
1 T (A.48)
= > XNPa® Py .
a€Zin

This follows from the existence of a quantum channel 7 such that A(p) = T (p®.Jy ) holds for
all Pauli channels A. One possible construction of 7 is shown in Fig. A.1 (see [BDSW96]).
In word, one first applies a Bell measurement on the input state p and half of the Choi state
Jp. Then, conditioned on the Bell measurement outcome |Wp), one applies a Pauli correction

Py on the other half of J,, which will then be equal to A(p). Indeed, the post-measurement

state conditioned on Bell measurement outcome b is

A o 1BC
Py X (Wplap p”™ @ JIN V) 4B

o >0 A (Ul p @ Pu|Wy) @ PL
aczin (A.49)

1
=5 2 A=) Ta(pPa) P
an%”

After applying the Pauli correction, the state becomes

1
PopyPy = 5 22 AaTr(pPa)Pa = Ap), (A.50)
aGZ%”
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which justify the relation A(p) = T (p @ Jy).

A : Bell i
@ . Neasurement i
i B 1 |

Figure A.1: Construction of the teleportation simulation channel 7.

With the help of teleportation stretching, one can reduce any measurement protocols for

N copies of A to a single POVM measurement on N copies of Jy, as shown in Fig. A.2.

Now, recall the communication task defined in Sec. A.2, where Alice and Bob share the

following “codebook”
(a,s) € {1,--- 4" =1} x {£1} — A(a,s)(-) = 2171 (I Tr(-) 4+ sP, Tr(Py(+))), (A.51)

and Alice randomly picks one possible (a,s) and send N copies of A(a, 5) to Bob. If there
exists a fully entangled estimation protocol using N samples and satisfying the assumption
of Theorem 1.4, Bob can determine Alice’s choice of (a, s) with high probability. According
to Fano’s inequality, the mutual information between the random variable pair (a,s) and

Bob’s measurement result o has the following lower bound
I((a,s):0) > Qlog2(4" — 1)) = Q(n). (A.52)

One the other hand, since any measurement Bob conducts can be simulated by a measure-

ment on N copies of JA(a . Holevo’s theorem [Hol73, Will3] can be apply to I((a,s) : o).
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Juswalnseaw

N @—
Figure A.2: Teleportation stretching [PLOB17, PLLP19]: simulation of an arbitrary entan-
gled measurement on A by a single measurement on .J5. One just needs to simulate every

application of A(:) by T((-) ® p). The whole measurement protocol then become a joint
POVM measurement on N copies of J, with no adaptivity.
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We have
J((a,s):o)gs( E JON )— E S<Jf€(N )

(@s) @) | (@) \ e

_ N | _
- ((Es)JAW)) N(CE)S@A(W)) (A.53)

<2nN — (2n—1)N
= N.

In the third line, the first term is a trivial upper bound for the von Neumann entropy on a

227N _Jimensional Hilbert space. The second term uses the observation that

1

JA(a,s) qn

(I®1I+sP,®Pl) (A.54)

is a maximally mixed state on a 22"~ !-dimensional Hilbert space, thus S(Jy (@ S)) =2n—1.

This yields the lower bound N = Q(n). O

A.3 On the definitions of entanglement-free learning

In this section, we formally define the separable schemes and the classical-memory-assisted
schemes for quantum learning. Then, we prove the equivalence between the two schemes.

Namely, either one can simulate the other with the same sample complexity.

Definition 1.4. A separable scheme (SEP) for learning properties from N copies of a

channel A acting on L(Hg) is specified by the following elements:
1. An arbitrarily large ancillary system H 4 whose dimension can depend on n.

2. A collection of processing channels {Ct}i\i_ll acting on L(H 4 @ Hg) such that each Cy

is separable across A and S. That is,

Cr = Z-Af,lj & Big,j7 where A; j, By j is CPTNL
J
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3. An initial state py and a final POVM measurement {Ey.}j. acting on Hp ® Hg such

that both of them are separable across A and S. That is,

po = Zaf®’yjq, Ej = ZM]éj ®N]<;S’j7 for j,7;, My j, Ng; = 0.
J J

The separable scheme works by inputing pg, interleaving N copies of A with the processing

channels C¢, and measuring {E}}. at the end, yielding the following outcome distribution:
Prk|A] = Tr [By (14 @ AS)oCy_y 00 (1@ A%) 0 Cy o (14 @ A®)) (p0)] .

Finally, an algorithm is specified to predict the desired properties based on the observed

outcome k.

Since we allow arbitrarily large ancilla for separable scheme, any adaptive control can be

taken into account. We note again that separable operations contains LOCC as a subset.

Definition 1.5. A classical-memory-assisted scheme for learning properties from N

copies of a channel A acting on L(Hg) is specified by the following elements:

1. N arbitrarily large classical registers {At}i\iﬁl-

2. A collection of processing channels (or, quantum instruments) {Co<t}£\;_11 defined as

Co<t(p) =3 o) (o] @ CO<t(p)®,  for CO<t € CPTNI(L(Hg)),

Ot

where the superscript of o<t indicates that the t-th processing channels can be chosen

adaptively conditioned on the previous t classical registers.

3. An ensemble of initial states

A
po = loo) ool @ i,

00
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where po, is some sub-normalized quantum state, and a final POVM measurement
O<NS
{Eoy" You

which can be chosen adaptively conditioned on all previous outcomes.

The scheme works by inputing the initial state, interleaving N copies of A with the processing

channels, and measuring at the end, yielding the following outcome distribution:
Prlo|A] = Prog.v]A] = Tr |[EgyY (Ao Coxi! o+ 0Cos? 0 Ao o A) (pop)] -

Finally, an algorithm is specified to predict the desired properties based on the observed

outcome oO.

We remind that classical-memory-assisted schemes can be understood as quantum circuits

assisted by mid-circuit measurement and feed-forward control.

We now prove the equivalence between these two schemes. We call a scheme A can be
simulated by another scheme B if there exists a mapping S : og — 04 independent of A

such that Prglog|A] =32, .5(05)=0, PrBloB[A] for all 04 and A.

Oop

Proposition 1.6. Any separable scheme can be simulated by a classical-memory-assisted

scheme using the same number of samples and vice versa.

Proof. A classical-memory-assisted scheme can obviously be simulated by a separable scheme
using the same number of samples, which is clear from Fig. 1 in the main text. Formally,
choose the ancillary system to include all the classical registers, H 4 = ®tzi_017-[ A;» and choose

the processing channel to be

t—1
Ci(-) =" (® rok><0k|<->|0k><0k|Ak) @ Tr g, (-)]og) (oM @ 14+1:N-1 @ €Ot ()5 (A.55)

o<t \k=0
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which are separable channels between A and S. In word, the ¢-th processing channel picks up
the quantum instrument C°<t according to Ag.;—1, writes down the outcome to A¢, and does

nothing to A;y1.x. Alternatively, this channel can be written in the PTM representation as

t—1
¢ttt =3 (® |ok>><<0klA’“) ® lon) (1M @ 14Nt @ Coees. (A56)

o<t \k=0

where |0;)) is defined to be the vectorization of the computational basis state |og)(og|.

Additionally, choose the initial state as

A AN s
;’00><00’ @ Pk ® Pogs
0

where pjni can be any quantum state, and the final POVM as

{ (]:iéél |0t><0t|At) ® (EEfVN)S}

One can verify the outcome distribution will be the same for both schemes.

o

Now we prove the opposite direction. For a generic separable scheme, expand the outcome

distribution,

Prlk|A] = > Tr (M (AN - Arga)(050)] T [Ne i (ABN -1y -+ ABu;i A) (7)) -
o (A.57)
A crucial observation is that, the first factor is independent of A conditioned on jg.n .
Therefore, instead of keeping track of the quantum state in the ancillary system, we just

need to keep track of the index j using classical registers. Formally, we can design a classical-

memory-assisted scheme with the following processing channels

Tr (A A1, Ay ()]
Tr (A1, - Arg) (o)
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One can verify that C/<t is CPTP. Additionally, choose the initial state to be
po =3 o) ol @ Trfer .
Jo
and the final POVM measurement to be

J<N ._ Ir [Mkajzv (AN—LjN—l o '“417J'1)(Uj0)}

. . N . '
” kg
N Tr [(AN—LJ'NA " '“417]'1)(‘7]'0)} )

(A.59)

The outcome distribution can then be computed as

Pr(k, jo.n|A] = Tr [My g (AN—15y 1+ A1) (050)] Tt [Nk jy (ABN—1jy - AB1ji M) (750)] -
(A.60)
By tracing out the classical register Ag.p, we retrieve the distribution of the separable
scheme. This means any separable scheme can be simulated by a classical-memory-assisted

scheme using the same number of samples, which completes our proof. O

Sample complexity vs. Number of measurements. Since the separable schemes and
classical-memory-assisted schemes are equivalent in terms of sample complexity Ngamp, we
will call both of them entanglement-free schemes. However, for the classical-memory-assisted
schemes, there is an alternative figure of merit that is practically interesting, which we call

the number of measurements, defined as follows

Definition 1.7. The number of measurements, Nyeas, of a classical-memory-assisted scheme
is defined to be the number of non-trivial quantum instruments used in the worst case
(where the final POVM measurement also counts). Here, a quantum instrument C5—AS =

>t lt) (t|A ® Cig is called trivial if every Cts is proportional to some CPTP map.

The reason why we call such quantum instruments trivial is that they are not extracting any

information from the input, hence not doing a measurement. Indeed, the probability of seeing
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|t) is independent of the input state for such quantum instruments. We also emphasize that,
for different measurement outcome sequence there can be different numbers of non-trivial
quantum instruments, and our definition focus on the worst case.

By definition, Nsamp > Nmeas, as each A is followed by one quantum instrument (or the
final POVM measurement). The lower bound for the latter thus implies one for the former.
In the following, when we talk about the number of measurements of an entanglement-free

schemes, we are specifically referring to the classical-memory-assisted schemes.

A.4 Proof of Theorem 3.3

In this section, we present our main technical results, restated in Theorem 1.5.

Theorem 1.5. If there exists a classical-memory-assisted scheme that, for any n-qubit Pauli
channel A, outputs an estimator Aq such that [Ag — Aa| < & < 1/6 with probability at least

2/3 for any a € P", after making N rounds of measurement, then N = Q(2"/&?).

Proof. We first prove a lower bound for the sample complexity, and then strengthen it to

the number of measurements. Define the following set of Pauli channels

Aoz = |oo) (ool + coloa){oal, P 7# I

Ag = |og) {ool-

(A.61)

Here we will set ¢g < 1/3. Ag is known as the completely depolarizing channel. To see A4 +

is CPTP, we just need to check the non-negativity of the associated Pauli error rates

1 1
pe= 1 (=DM = S(1+e) 20, VeeP" (A.62)
b

A learning algorithm satisfying Theorem 1.5 with ¢ = £/2 is able to distinguish any one

of these Pauli channels with high success probability. Now, we define a partially-revealed
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hypothesis-testing task similar to Ref. [HBC122]: A referee first samples an a € P?\I and
s = #£1 according to uniform distribution. Then conducts one of the following actions with

equal probability:
1. Sending N copies of Ag to the player.
2. Sending N copies of A4 s to the player.

The player is then asked to measure the N copies of channels with any schemes. After the
measurement has been completed, the referee reveals the value of a to the player. The player
is now asked to guess which action the referee has taken, based on the obtained measurement
outcome. Crucially, the player must completes all quantum measurement before the reveal
of a, and can only do classical post-processing after that.

Suppose there exists a separable scheme satisfying the assumption of Theorem 1.5. Then
the player can win the game with probability 2/3 for any (a, s): Just by querying A, after the
referee revealed the value of a, the player can distinguish among {Aq,—, Ag, Ag +} with 2/3
chance. Denote the measurement outcome distribution for Ag, Aq + as pg, pa,+, respectively.

Based on Le Cam’s two-point method [LeC73], we must have

1 1
Ea7,g0TVD(p0, Es::tl[pa,s]) > (1 — 2% g) = g (A.63)
Now we compute the L.H.S., i.e., the average TVD.
EQ#OTVD(pOa Eszil[paas}) = Ea%() Z max {O,po(o) - ]Espa,s(o)} . (A.64)
o

We need some additional notations on the classical-memory-assisted scheme. Focusing on the

t-th step, for every CP trace-non-increasing map Cooft, choosing any Kraus representation

Colt(-) = > Kj(~)K; [ChoT75], we define E£?<t) = Y K}Kj as the associated POVM
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element. Indeed,

Te[E4y<p) = Tr[Cg<t (o). (A.65)

On the other hand, we denote the state fed into the ¢-th A4 s as pg?ft), which satisfies the

following recurrence relation by definition

+1) _ CO<t o A(,oé";t))

(o
Pa
[Coot<t oA( (0<t))]

o<t
S

(A.66)

9

(0<1)

and the initial condition pg s = pinit. Here we assume pjpjt to be fixed rather than drawing

from an ensemble, without loss of generality, as the total variation distance is joint convex.

Now, focus on the probability distribution difference,

pO( ) - Espa,s(o) (A67)
N N

H<<E(O<t |A0|p80<t)>> _E, H<< o<z)‘A S|p o<t)>> (A.68)
t=1 t=1

[
=
“:’\H

N
(BS<2D){I1p(><") — E I o (BT (110l2s) + =0l <0 [P (Pal 05

t=1
(A.69)
N N (o<t) (o<t)
= (H ZTr(Eé?«))) (1 —E, (H (1+seo“(E‘” e )>>) (A70)
P} 2 t paie (Eot <t )
N (o<t) (o0<t)
Tl“ EO Pa Tr Pa a,s
= po(0) (1 —E, (H <1 + seo (Eo )(o t() P ))>> (A.71)
i=1 Tr(Eo, ")
ere pg s~ is the post-measurement state after the (¢ — 1)th measurement, conditioned on
Here pi%") is th fter the (£ — 1)th ditioned
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the outcome being 01.+—1. Now we try to bound the following term,

N (0<t) (0<t)
Eq (H (1 + ssoTr(Eot Fo) Tr(Fopa.s )>) (A.72)
=1 Te(ESC<H)
N (0<t) (0<t)
= Esexp (Z log (1 + seq Tr(Eo, Pa)(Tr(Papms ))) (A.73)
=1 Te(EL<Y)
N (0<t) (0<t)
_— (1Z S o <1+8€0Tr(Eot Py) Tr(Papes ))) % (A1)
2i3 55 Tr(E((,f<t))

where the second line uses the fact that each term in the product is non-negative, and the

third line uses Jensen’s inequality. Now we define

_ 1 1
A = S 4 p00), ks = S(plos) — o), (A.75)
Then above inequality can then be expressed as
* (A.76)
1 ¥ Te(EY<Y P,) Tr(Popls Te(ES<) Py) Tr(Papl?=")
o (13 g | (14 g TSI ETHRAZ (| TR T(Fuplf =)
24 Tr(Es, <) Tr(Eo ")

(A.77)

N —

N 2/ m(o<t)
—esp (2w 1 - (AU (ma(ppe) - map A< -
=1 TI‘ (EOt < )

(o<t) (o<t)
2€0Tr(Eot P,) Tr(P,Aq ))D (A78)

Tr(E(gt0<t))

gl 2 (EL< P, . Te(EC<) P,) Tr(P,AL<Y
> exp (2 > log [1 - (53(2(,”)) Tv?(Popio<t)) + 220 (B )(0 E) )
t=1 TI‘ (EOt < ) Tr(Eot < )
(A.79)
N 2 lo<t) (0<1) (0<t)
Tr*(Es,~" P, ° Tr(E,, ~" P,) Tr(P,Ag
> exp (— Z g2 (2 t(o ) ) 2(P,plo<t)) + 2¢ (Fo )(O () )|>> (A.80)
i=1 Tr*(Eo, ~") Tr(Eo, =)
N 2 p(o<t) (0<t) (0<t)
Tr2(Eg, " P, _ Tr(E, ~" P,) Tr(P,Ag
>1— Z <6(2) t( ) ) r2(PapL(10<f)) + 2¢ ( ¢ )( () ) |> ‘ (A.Sl)
=1 Tr*(Eo;<") Tr(Eo <)
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The fourth line uses the fact that log(1 — z) > —2x for = € [0,0.79] and that the terms inside the
inner braket is upper bounded by € + 29 < 0.78. The last line uses exp(—z) > 1 — x for any .

Now substitute this back to the expression of avergae TVD.

Ea;éOTVD(pOa Es::tl[pa,s]) (A82)
N 2 (o<t) (0<t) (0<t)
Tr“(Eg, <" P, _ Tr(E;, <Y P,) Tr(P,Ag
< Eato Z max {O,po(o) <5(2)(2t(0<t)) Tr2(P,ple<)) + 220 (Eo, )(0<E) ) |> }
o t=1 Tr (Eot ) Tr(EOt )
(A.83)

Tr(EL<) P,) Tr(P,AP<Y)

Te2(P,plo<t)) + 2¢
Te(EY<)

N 2 m(o<t)

Tr*(Es, " P,)

— Euio Y p0(0) Y <o
o t=1 TTQ(EC(Jt <t))

D . (A84)

The last line is because the second argument of max is now nonnegative. Now we bound the two

terms from above. For the first term, note that

Ty2 E(()O<t)Pa B Ty2 E§O<t)Pa
Ea#O%}f)) T1"2(Papgo<t)) < Ea;«éo% (A85)
Tr*(Eo, ~") Tre(Eo, ~")
_ X, TER P - TES) (A.56)
S ogqn ] Tr2(E£f<t)) )
1 2 Te(BL<)) - T2(EX)
= “ & (A.87)
4n —1 TrQ(E((,?<t))
2TL
< . A.
< (A.88)

The third line is Pauli twirling. The last line uses the fact that E(()?<t) is positive semi-

definite and that lo-norm is upper bounded by [;-norm.

Here we pause to remark that, if channel concatenation were not allowed, the t-th input
state pgs. would be independent of (a, s) conditioned on o<, and thus A§°<t) = 0. In that
case, we would only have the first term, and the proof would already be completed, similar
to [HBC'22, CCHL22]. The major challenge in our setting is how to address the second

term.
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For the second term, note that

Te(EL<Y P,) Te( Py AP<H)
a0 Tr (E(O<t))

O

(0<t
< JEWAOT; (?; o, \/Ea7,g0 T2(P,AL<Y) (A.89)

on
< \/ 47L_1\/Ea7é0 Tr2<PaA£LO<t))- (A.90)

The first line is Cauchy-Schwarz. The second line is the same as the derivation for the first

term. The remaining of the proof is to upper bound the following

a0 T2(PuA) = B TR — 2)/2) = Buo (259 — 12 12)°
(A.91)

(0<t

where we've defined p, + ) = Tr(Pa,og?f)). We have the following recurrence relation

ocerr) (€7 0 R ) (0125 el (1 + 0uP2 Py)
o Tr (C( )oA i)(p(0<t))] Tr [C( <t)(lj:€ (o <t>P 5
“ + Ottg+  Fa)

(A.92)

(o<

Now, let ¢, b 0Ty [PaC£O<t)( Py)]/2", which is the Pauli transfer matrix representation of

C£O<t) Taking expectation value of P, on both side of the above equation, we get
(0<t) o<t) (0<t)
(0<t41) _ a0+ SOMEL <t)ca’a— A
Ma,i - (0<y) ( ) (0<1) ( 93)
N <t <t
€0,0 0Ha 4 €0,
For clarity, we omit the superscript of ¢, and denote ug?; t) — = la+, ué ;t“) =l ..

)
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The difference between Néz,i satisfies

M&,+ - M&,— (A.94)

. ( Ca,0 _ Ca,0 > +eo ( Ha,+Ca,a Ha,—Ca,a )
€0,0 + €0Ma,+C0,a  €0,0 — E0Ma,—C0,a €0,0 + €0Ma,+C0,a  €0,0 — E0Ma,—C0,a
(A.95)

(X) + (), (A.96)

where we denote the first and second braket as X, Y, respectively. Now we have that

a0l lcaol 280 |capl

X| < — — .
X1 (1—e0)co0 (L+e0)coo 1—ed coo

(A.97)

as |pq+| < 1 and |cpq| < cgp. To see the later, notice that every completely-positive map

has a Kraus representation [Cho75], thus

|ca,p] = [Tr[PuCo, (Py/2")]] (A.98)
< T [Py Py K] /27 (A.99)
J
<> \/Tr[PaKjK}PJ]\/Tr[PbKJT-KijT ]/2" (A.100)
J
= 3" T[KG K] /2" = Te[Co, (1/27)] = coy, (A.101)
J
where the third line is Cauchy-Schwarz. For the second term,
eo(|pa,+| + 1ta,~|)|caal €0
Y| < : ’ =< _ A.102
| < e B < (o + (A102)
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as |cq,a| < cp,0 which has been proved. Therefore,

Eazo T2 (PaAY<Y) = Egpo((X +Y)/2)2 (A.103)
< (EaroX? + EaroY?) /2 (A.104)
2
1 280 ) Ca.0 1 &0 9 9
< S (— =42 - :
<30 HZ 2 (1) Bazolltast |+ la )" (A105)

<}( 280 >2 2" +1( €0
T21-gf Av—1 2'1-—gg

V2 Earo(21s 4 + 203 ). (A.106)
We use (a + 5)2 < 2a? + 2b% in the second and last line. For the last line we also use

G _ Bapo W2 (PaCo (1)) _ 2" Tr((Cal1)?) 2

Eaz0 2

Bo - TCol) A1 TC(I) AT (A.107)

The first and second inequalities are Pauli twirling and monotonicity of I, norm, respectively.

Now we just need to bound E(#Oug,i. Again, by the recurrence relation Eq. (A.93), we have

2
2 Ca.0 T 0pta.4Ca a)
E ! =E 2 = A.108
a#0 (Na,:i:) a#0 <C070 + £0/ta,+C0.q ( )
Eq0 (Ca = EO,Ua,:I:Ca,a>2
< ’ 5 (A.109)
(1 — 50)26070
QEa#OC?L,O + 25%Ea7§0ﬂ?z,icg,a
< 53 (A.110)
(1 — 50) CO,O
2 2" 2¢3 5
< . A111
S A —e2an—1 1 (1= gq)2 ar0tax (A.111)
We also have the initial condition (note that pijnit has no dependence on a)
2m 2 2m
2
Ea-£0 Tr*[ Papinit] < 1 < = 60)2 1 (A.112)
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By induction, we have the following bound,

2e2 t-1
1-— 0 n
2rp (0<t)] — (0<1)\2 ((1—50)2> 2-2
]EGJ%O Tr [Papa,:t ] - ECL%O(HQ,:& ) S 1 B 25(2) (1 o 80)2<4n o 1) (A113)
(1—¢0)?
n
2 2 (A.114)

< . )
T 1-29—¢f 4"—1

which holds since 2e3/(1 — g0)? < 1 for g9 < 1/3. Substitute this back to Eq. (A.106),

1, 2¢ 2n 1, €p 8 2n
2(p Alo<t)y « 2 2 s 2 : A.115
EC#O r(a a >_2(1—5(2)) 4”—1+2(1—60)1—260—€% 4n —1 ( )
1( 2 1 8 52"
_t (4444§>24_ ; 5 7? (A.116)
2\'1—ef’  (1—-e0)?1—-2e0—e5) 4"—1
20m
€62
=: f(so)'4n0_1, (A.117)

where f(gg) = O(1) for ¢g < 1/3. Substitute this back to Eq. (A.89) and Eq. (A.84), we got
the following TVD bound

N n n
2 2
Eq£0TVD(po, Es=+1[Pa,s]) < D_po(0) D (5%4n — 25(2)7471 — f(50)>

o t=1
n

2" 2
2 2
=N (504,1_1 +2€0m\/f(5 )> ;

(A.118)

which, combined with Eq. (A.63), gives the following sample complexity lower bound

1 4n —1 1 4" —1
N > - = . (A.119)
30+2/7e0) 28 12(1+2,/7(22)) 2
Finally, note that f(2¢) < 44 for € € [0,1/6], thus we have
4" —1 N9
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Now we explain how this can be strengthened to a lower bound for Nyeas (i-e., the number of
measurements). Suppose the quantum instrument C°<t is trivial in the sense of Definition 1.7.
Then, the effective POVM elements ngt for all o; will be proportional to I, according to
the discussion above Eq. (A.65). Now, for any fixed o in Eq. (A.84), the ¢-th term in the
sum will contribute 0 if E5<* is proportional to I, as Tr(I - P,) = 0 for all @ # 0. Therefore,
there are at most Nyeas non-zero terms in the sum, and we have a uniform upper bound for

each of them. The upper bound on TVD, Eq. (A.118), can thus be strengthened to

n

+2584n2_ - f(£0)> (A.121)

271
Ea;«éOTVD(pOaEs::tl[pa,s]) < Nimeas <5% an — 1

Therefore, the same lower bound for N holds for Nyeas. This completes the proof of Theo-

rem 1.5. O
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APPENDIX B
APPENDICES TO CHAPTER 4

B.1 Notations and Preliminaries

This section provides some basic definitions and preliminaries. For more symbols and nota-

tions defined later in the paper, see Table B.1.

Bit string and index set. For a positive integer n, define [n] :={i € Z:1 <i <n}. We
will often use the set of n-bit strings Z% and the collection of index sets 2l = {v: v C [n]}.
Define the following bijection between Z# and 2l 5 € Zh <> {j €n]:s; =1} € 2lnl,
Throughout the paper, we often do not distinguish a bit string with an index set, as they can
always be identified with each other via the aforementioned bijection. We use |s| to denote
the Hamming weight of a bit string s (or its cardinality if understood as an index set). We
use 0p, to denote the all-zero bit string (which is @ if understood as an index set). We use
1; to denote the bit string with its jth entry being 1 and other entries being 0 (which is {;}
if understood as an index set).

We will often use an index set (or, equivalently, a bit string) as the subscript for a string
of n objects (e.g., another n-bit string or an n-qubit Pauli operator) to denote a subsequence

from the selected indexes. For example, XYZIZ{L?)} = XY ZIZ10100 = X Z.

Pauli group. We follow the notations of [FW20, CZSJ22]. Let P" = {I, X, Y, Z}®™ be the
Pauli group modulo a global phase. P™ is an Abelian group isomorphic to Z%n. Specifically,
given a 2n-bit string a = (az,az) = ag 1 -Gz paz 1 - - azn, the corresponding Pauli operator
is given by

n
Py = R i3 X % 7023 (B.1)
j=1
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Symbol Definition or meaning Reference

X Parameter space Def. 2.2

e; Standard basis for parameter space X Def. 2.2
X5/M/G Subspace of state prep./meas./gate parameters Def. 2.2

L Learnable space Lemma 2.5
T Gauge space Lemma 2.7
E Edge space of the pattern transfer graph Def. 2.10

A Cycle space Def. 2.11

U Cut space Def. 2.12
Xpr Reduced parameter space Def. 2.16

Y, Standard basis for reduced parameter space Xp Def. 2.16

Q Embedding map from reduced to complete model Def. 2.16
Lp Reduced learnable space Def. 2.17
Tr Reduced gauge space Def. 2.18
L% Reduced learnable subspace for gate parameters Def. 2.21

0y Subsystem depolarizing gauge (SDG) Def. 2.26
/MG Projection to space of state prep./meas./gate parameters Proof of Theorem 2.5
Q Factor set of a Markov Random Field Sec. B.5.1
O, Subset of all maximal subsets from (2 Sec. B.5.1
Eg Extended support map Lemma 2.33

Table B.1: Table of important symbols.

where the phase is chosen to ensure Hermiticity. We further define Py := I®" = I, as a
shorthand for the n-qubit identity operator.
Besides the standard addition and inner product defined over Z3", we define the sympletic

inner product over P" as
n
{(a,b) = me,jbaj + aZJ-bx’j) mod 2. (B.2)
j=1

One can verify that (a,b) = 0 if P, P, commute and (a,b) = 1 otherwise. We sometimes

use the label a and the Pauli operator P, interchangeably when there is no confusion.
Define pt : P — Z% that maps the 7th single-qubit Pauli operator to 0 if it is I, or 1

if it is from {X,Y, Z}. We call pt(a) the pattern of P,. Alternatively, pt(a) represents the

support of Py if understood as an index set. The Hamming weight of pt(a) is called the
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weight of P, and is denoted by w(a) or |al.

A k-qubit Pauli P acting on a subset of qubits specified by an index set v is denoted
by P,. Let W € {I,X,Y,Z} be a single-qubit Pauli operator and v € 2[”], we define
WY =Qjer W ®jg, 1.

Pauli channel. An n-qubit Pauli channel A has the following two equivalent forms

1
A(p) = Z paPapPa = Z 2771)‘be Tr[Pbp] (BB)
acP™ bepPn

where {pg }q is called the Pauli error rates, while {\p } is called the Pauli eigenvalues or Pauli
fidelities (though the latter is potentially misleading since they can in general be negative).

These two sets of parameters are related by the Walsh-Hadamard transform [FW20],

1
M= 2 pal-D e = 3 w1 (B.4)
acP” beP™

Note that for A to be a quantum channel, the trace-preserving condition is equivalent to
Y aPa = Ag = 1, while the complete positivity is equivalent to p, > 0,Va. For A that has
the form of Eq. (B.3) but does not satisfy these two conditions, we refer to it as a Pauli
diagonal map.

We will also use the Pauli-Liouville representation. A Hermitian operator O acting on a
2"-dimensional Hilbert space can be vectorized as a 4"-dimensional real vector. We denote
this vectorization of O as |O)) and the corresponding Hermitian conjugate as ((O|, and define
the inner product as (A|BY) := Tr(ATB), which is the Hilbert-Schmidt inner product in the
original space. We also introduce the normalized Pauli operators {oq = Py//2", a €
73"}, whose vectorization {|o4)) }q forms an orthonormal basis for the vectorized space. The
action of a quantum channel £& becomes matrix multiplication in this representation, i.e,

E(p)) = EPL|p), where EPL is the corresponding Pauli-Liouville operator and is usually
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simply denoted by £ when there is no confusion. In the Pauli-Liouville representation, a

Pauli channel is given by

A= Z Aaloa)) (oal.

2n
a€li

which justifies the name of Pauli eigenvalues for {\,}.

Clifford group. The n-qubit Clifford group C" is the group of n-qubit unitary operators
that preserve the Pauli group upon conjugation. Mathematically, VC € C" VP, € P",
CP,CT e P x {£}. We often denote the unitary channel of a Clifford gate using the same
calligraphic letter, e.g., C(p) = CpCt. We also define, with slight abuse of notation, the
mapping C : Z%n — Z%” via C(P,) = CP,Ct = +F¢(q)- The Pauli-Liouville operator of a
Clifford C has the following form,

C =) (Hlog@loal- (B.5)

a

Miscellaneous. For a real linear space X, the dual space of it is denoted by X’. For a
linear map @, its dual map is denoted by OT. The image and kernel of a map Q are denoted
by ImQ and KerQ, respectively. 1[X] is the indicator function that takes 1 if the statement

X is true and 0 elsewise. All log represents natural logarithm.

B.2 Learnability of gate set Pauli noise

B.2.1 Basic definitions

In this chapter, we focus on gate sets consisting of arbitrary single-qubit gates and a set of
multi-qubit Clifford gates. We assume time-stationary and Markovian noise that has been

twirled into Pauli channels. More formally, we have the following,

Definition 2.1 (Complete Pauli noise model). Given a set of n-qubit Clifford layers &,
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consider the following gate set,
1. Initialization: py = |0)(0|®™ — g = AS(pg), AS =X ,epn Agt(a)\aa» (oal.
2. Measurement: {E; = |5)(jl} = {Ej = AM (1) (1)}, AM = Zaepn A o) (oal.
3. Single-qubit layer: @1 U; — Qi1 U;, YU; € SU(2).
4. Multi-qubit Clifford layer: G — G =Go A9, VG € &, AY = 3 1epn XS |0a)) (04l
Furthermore, we assume all )‘;Sm(a)? /\I])\f(a), /\ag are strictly positive.

In reality, such a model can always be imposed by applying appropriate Pauli twirling
sequence, a technique known as randomized compiling [WE16, HNM™21]. The assumption
that single-qubit layer being noiseless can be relaxed to that they have gate-independent
noise, in which case such noise can be thought as absorbed into the multi-qubit layer. Note
that assuming SPAM noise channel to be a generalized depolarizing channels (i.e., Ay only

depends on pt(a)) is without loss of generality as they only act on Z basis eigenstates.

Definition 2.2 (Parameter space). Let xg/M/g = —log )\;q/M/g for all a # 0 for SPAM

parameters and all a # Iy, for all gates G’s parameters. Let x be a formal vector defined as

. M _M
= aven + 3 aMeM 1 S % 2YeY (B.6)
u#£0 u#0 Ge® a#ly,

where {e3,eM Y

cu # Op,a # In,G € &} forms an orthonormal basis for a real linear
space X, called the parameter space. Furthermore, define XS/M = Span{eS/M cu # Opt,

XC =span{e¥ :a # I,,,G € &}.

Note that, we do not include the Pauli fidelity corresponding to identity, as they are
always 1 for the channels to be trace-preserving. Clearly, any realization of the noise param-
eters uniquely corresponds to a vector & in X, but not all x € X corresponds to a physical

noise model as the channels might not be completely positive.
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Definition 2.3 (Experiment). An experiment is a map F : X R2" specified by a quantum
circuit C (which is a sequence of finitely many single-qubit layers and multi-qubit Clifford
layers within &), defined as F(x); = Tr[Ejé(ﬁo)]. Here the noisy initial state pgy, noisy

circuit C, and noisy measurement, F; depends on x.

When x represents a physical noise model, any experiment F'(x) yields a Born’s rule
probability distribution. However, for mathematical convenience, we naturally extend the

domain of F' to all over X.

Definition 2.4 (Learnable function). A real-valued function f on X is learnable if there
eists a set of experiments {F;}iL such that [ is a function of {F;}L;. That is, there

exists some f such that f(z) = f(Fi(x), -, Fp(x)) for allx € X.

We comment that the learnable function we define here is also known as identifiable
function in the literature of identifiability analysis [Hsi83]. Here, for consistency, we will

stick to the term “learnable” which has been used in [CLOT23, HFP22].

We will be specifically interested in studying the learnability of linear functions (and we
will later explain why that suffices). Note that, there exists an identification between X and
its dual space X’ = L£(X,R) using the standard inner product, given by x <> fz(y) = = - y.
One can thus think of a linear function on X as a co-vector and denote it with a boldface

letter.

Lemma 2.5. The learnable linear functions form a subspace of X', called the learnable

space, denoted by L.

Definition 2.6 (Gauge vector). A vector y € X is a gauge vector if for any * € X,

F(x) = F(x +ny) for any experiment F' and n € R.

Lemma 2.7. The gauge vectors form a linear subspace of X called the gauge space, denoted

by T.
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Proof. By definition, y € X being a gauge vector implies ny being a gauge vector for all
n € R. Let y1,y2 € X be any gauge vectors. By definition, for any n € R and any
observation F',

F(z) = F(z +ny1) = F(z +ny1 +ny2). (B.7)

Therefore, y1 + y2 is also a gauge vector. This proves the gauge vectors forms a linear

subspace. O
Lemma 2.8. L 1 T. That is, for any f € L andy € T we have f(y) = f -y = 0.

Proof. y € T implies F(x) = F(x + y) for any experiment F' and any « € X. f € L

implies there is a set of experiments {Fp, -, Fj,} and a function f such that flx) =

A

f(Fi(x),- -, Fp(x)). Therefore,

fle +y) = f({Fje +y)}jLy) = [({Ej(@)}L) = f(=) (B.8)

for any @. Thus f(y) = f(x +vy) — f(x) = 0 by linearity. This completes the proof. O

B.2.2  Learnability of complete noise model

In this section, we study the learnability of the complete Pauli noise model. The results
presented here are an extension to those in [CLO"23]. However, we will use a quite different
proof technique that allows us to generalize the results to noise model with arbitrary con-
straints in the next section. The following graph is originally defined in [CLOT 23], but we

twist the definition a bit to include a “SPAM node”.

Definition 2.9 (pattern transfer graph with SPAM node (PTG)). The pattern transfer
graph associated with an n-qubit Pauli noise model is a directed graph G = (V,E) constructed
as follows:

o V: There are 2" — 1 nodes vs for all s € {0,1}"\{0™} and 1 additional root node vg.
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. E:

1. For each a € P"\{I} and G € &, construct an edge vy (p,y = Upy(g(p,)) labeled
by eag.

2. For each u € {0,1}"\{0"}, construct an edge vy — vy labeled by e .

3. For each u € {0,1}"\{0"}, construct an edge vy — vp labeled by el .

: e10 .
311 e)gfz' XI'
eo1 eo1
e11

eIX' eIY

eXX' eYY’ eXY’

ezxv ezy eYX’ eZZ
g
€;

Z

Figure B.1: The PTG for n = 2, & = {CZ}. Here we define G = CZ for notational simplicity.
The black edges corresponds to gate noise parameters, while the gray edges corresponds to
SPAM noise parameters. Multiple edges are shown as one edge with multiple labels.

The following definition of algebraic graph theoretic terminology follows [CLO123].

Definition 2.10. The edge space E is a real linear space spanned by a standard basis {e}

where each e is a formal vector corresponding to an edge e € E.

Let the edge space be the real linear space that takes all the edges as a basis, denoted
by E. Clearly E =~ X = X' up to the natural isomorphism. There are two subspaces of E
of special interest, which are defined as follows:

A path is an alternating sequence of vertices and edges 2 = (vjy, €5, Viy, €5y, €4y Vi)

such that each edge satisfies e;, = (v;,_ ,v;. ). A cycle is a closed path, which means
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Vg = viq.l A cycle is simple if it passes through each unique edge at most once. For a

simple cycle z in the PTG, we assign a vector , € F as follows

+1, ecz.
x.le] = (B.9)

0, e¢z.

Definition 2.11. The cycle space Z is a linear subspace of E spanned by all simple cycles
in G.

A graph is strongly-connected if for any two vertices, there exists a cycle containing both
of them. The PTG we considered is strongly-connected by construction, as vp is directed

connected to any other nodes.

Given a partition of vertices V. = Vo U V{, a cut is the set of all edges e = (u,v) such
that one of u, v belongs to V( and the other belongs to V. For each cut p we assign a vector
Yp € E as follows

+1, e € p, e goes from Vy to V§.

yp(e) =4 —1, ecp, e goes from V§ to V. (B.10)

0, ed¢np.

Definition 2.12. The cut space U is a linear subspace of E spanned by all cuts in G.
Below is an important fact about the cycle space Z and cut space U.

Lemma 2.13 ([GLS03)). E = Z @&+ U. Here ®- means an orthogonal direct sum.

The following theorem is a crucial ingredient to understand the learnability of the com-

plete Pauli noise model.

1. In the literature of algebraic graph theory, people sometimes allow reverse edges (i.e., e;, = (vi,,vi,_,))
in the definition of a cycle and refer to our definition as an oriented cycle or a circuit. Since all graphs
considered in this chapter are either strongly-connected or a union of strongly-connected components, and it
has been shown that oriented cycles can linearly represent any cycle for such graphs [GLS03], working with
our current definition would not cause any inconsistency.
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Theorem 2.1 (Linearity of experiments). Define a cycle to be rooted if it contains vy

exactly once.

(a) For any experiment F, there exists a finite set of linear functions {fj}]]\/il where each
J; corresponds to a rooted cycle, such that F is a function of {f;}. That is, there
exists a function F' such that F(x) = F(f1(x), -, far(®)) for allx € X.

(b) For any linear function f; corresponding to a rooted cycle, there exists an experiment
F such that f; is a function of F'. That is, there exists a function fj such that f;(x) =

]?](F(zc)) forallxz € X.

This is detailed in [CLO™"23]. For completeness, we give a proof in SM Sec. B.7.1. Intuitively,
Theorem 2.1(b) says that any rooted cycle can be learned from at least one experiments. In
fact, the experiment involves preparing certain noisy Pauli eigenstate, applying a sequence of
perfect single-qubit and noisy multi-qubit Clifford gates, and measuring certain noisy Pauli
observable. The expectation value will have the form of )\fo )\% e /\%;)\]\i , taking a log of
which yields the desired rooted cycle; Theorem 2.1(a) says that rooted cycles are complete,
in the sense that any experiment (possibly involving non-stabilizer states, measurements,
and non-Clifford single-qubit gates) can be predicted using linear combinations of rooted
cycles. Therefore, it is sufficient to characterize the learnability of linear functions and not

to worry about the non-linear ones.

To understand the full picture of learnable and gauge degrees of freedom, we introduce

the following definition

Definition 2.14 (Observation map). Fiz an arbitrary basis { fi}ﬁh for Z such that each f;

represents a rooted cycle. Define the observation map P : X — RIZ1 vig
P(x) = [fi(®@), f2(@),- -, f7()]". (B.11)
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Note that, thanks to the strong connectivity of the PTG, a cycle basis consisting of only

rooted cycles always exist. One construction is given below.

Lemma 2.15 (A rooted cycle basis). The following set of vectors forms a basis for Z,
B = {65 -+ eljy U 7é On} U {E§t(a) + eag + Eé\{(g(a)) . g € 6,@ 7é In} <B12)

Proof. To begin with, every vector in B is obviously a rooted cycle. Since the PTG is strongly

connected by construction, the dimension of 7" is 2" — 1 [GLS03], thus
|Z|=|E|—|T|=2"—-1+|8|(4" - 1), (B.13)

which is the same as the cardinality of B. Therefore, it suffices to show the linear indepen-
dence for B. Consider the equation > ;...cg @;€; = 0. Note that each eg appears in exactly
one vector from the second part of B, for which the corresponding a; must be all zero, but
the first part is also obviously linearly independent, which means all o;; must be zero, proving

the linear independence. O

Theorem 2.2. Up to identification between X and X' using the standard basis,

ImPT KerP
[—
X=LatT . (B.14)
(I
E=7ZolU

In words, the cycle space Z is equal to the learnable space L, while the cut space U is equal
to the gauge space T'. Besides, the two spaces are orthogonal complement to each other.

Finally, the learnable space L is also equal to the image for the dual of the observation map
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P, while the gauge space T is the kernel of P.

Remark: while E = Z &1 U is a graph-theoretic fact, we don’t know a priori whether
X = L & T holds under our definition.

Proof. We first show that 7' = Ker(P), i.e., y € T < P(y) = 0. Indeed, Lemma 2.1(a)

implies that F(z) = F(P(x)) for some function F. Thus, for any y € Ker(P) and 7 € R,

F(x +ny) = F(P(x +1ny)) = F(P(x)) = F(x). (B.15)

The second equality uses the linearity of P. Therefore, Ker(P) C T. On the other hand, for
any y ¢ Ker(P), there is at least one f; such that f;(y) # 0. Now, Lemma 2.1(b) implies

that there exists an experiment Fj and a function f; such that f;(x) = f;(Fi(x)) for all x.

Thus,
fily) #0= fi(z) # filx +y)

= fi(F(x)) # fi(F(z +y))

= F(z) # F(z +y)

(B.16)

=yée¢T.
Therefore, T" C KerP. This proves the claim that T' = KerP.

We then show that L = Im(PT). For any f € Im(PT), there is some h € L(RIZ] R) such
that f(x) = h(P(x)), V& € X. Lemma 2.1(b) implies that each entry of P(x) is learnable,
thus f is learnable. This means Im(PT) C L; On the other hand, L L T = Ker(P) = L C
Im(PT) as the kernel is the orthogonal complement of the adjoint image. This proves the
claim that L = Im(PT).

Finally, it is not hard to see that Ker(P) = U thanks to the duality between cycle space
and cut space [GLS03], and hence Im(PT) = Z. This completes the proof of Theorem 2.2.

]
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B.2.3  Learnability of reduced noise model

Since the complete noise model contains exponentially many parameters, we often need
to make additional assumptions in practice to reduce its complexity. Here, we want to

understand the learnability of such reduced noise model.
Definition 2.16. A reduced Pauli noise model is defined by a tuple (Xg, Q), where

o Xp is a real linear space called the reduced parameter space. A realization of the
reduced noise parameters {Ti}y:(f| corresponds to a vector r € Xp via r = > ; ;9

where {9;} is a standard basis for Xp.

e Q: Xp+— X is an injective linear map called the embedding map such that for any

r, the corresponding realization of the complete noise parameters is given by x = Q(r).

Note that we require Q to be linear and injective. We will see in the following sections
that many physically-motivated reduced noise models (e.g., spatially local noise) can indeed
be described by a linear embedding map. The requirement of injectivity, equivalent to
Ker(Q) = {0}, is for mathematical convenience. In practice, if the embedding map is not
injective, one can always construct another reduced model with fewer parameters and admits

an injective embedding map.

Any experiment F' as in Definition 2.3 induces a function F' o Q acting on Xp. The
definitions and properties of learnable functions and gauge vectors then carry over to the

reduced model, by replacing X by Xp in Definitions 2.4, 2.6. Formally, we have

Definition 2.17 (Reduced learnable space). A real-valued function f on Xp is learnable
if there exists a finite set of experiments {Fj};-”zl such that f is a function of {F; o Q};-nzl.
That is, there exists some f such that f(r) = f(F1(Q(r)),- -+, Fn(Q(r))) for all v € Xp.
The linear subspace of X}% spanned by all linear learnable functions is called the reduced

learnable space, denoted by L.
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Definition 2.18 (Reduced gauge space). A vector y € X is a gauge vector if for any
re Xpg, F(Q(r)) = F(Q(r+mny)) for any ezperiment F' and n € R. The linear subspace of

Xpg spanned by all the gauge vectors is called the reduced gauge space, denoted by Tp.

The characterization of learnability naturally extends to the reduced model, as stated in

the next theorem.
Theorem 2.3. Lp = Im(Q' o PT), Tp = Ker(P o Q).

We provide a proof for Theorem 2.3 in Sec. B.7.2. Basically, all steps in the proof of
Theorem 2.2 naturally carry over. The following corollary characterizes the relation of the

learnable/gauge spaces between the complete and the reduced noise model.
Corollary 2.19. Lp = QT(L), Tpr = Q~(T).

Here Q~NT) = {& € Xp | Q(z) € T} is the preimage of T under Q. Alternatively,
Tr = Q1T NIm(Q)) where Q7! is viewed as the inverse of Q restricted to its image

(recall that Q is assumed to be injective).

Proof. For any f € Xl f € Lp & 3g € LRI R) st. f = QT(PT(9)) & f € QT(L).
Thus, Ly = QT (L).

Let us consider Q(Tr). Theorems 2.2, 2.3 imply that Q(Tr) C T. Also, Q(Tg) C Im(Q)
trivially holds. On the other hand, for any y € TN Im(Q), P(y) = 0, and there exists some
x € Xp such that y = Q(x), but this implies P(Q(x)) = 0 and thus x € Tg, y € Q(TR).
We conclude that Q(Tr) = T'NIm(Q). Finally, note that Q is injective by assumption and

is thus invertible when restricted to its image. We conclude that T = Q~1(T'NIm(Q)). O

B.3 Algorithms for learning gate set Pauli noise

We have established a theory for characterizing the learnable/gauge degrees of freedom for

any complete or reduced Pauli noise models. The next question to be asked is how to
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design experiments to learn the learnable degrees of freedom, and how efficiently one can
learn them. In this section, we first introduce a general algorithm for learning Pauli noise
models, which leads to efficient experimental designs. We then discuss the issue of learning
noise parameters to additive/multiplicative precision. The algorithms discussed here will be
applied in the next section to address many practically interesting examples of Pauli noise
models.

From this section, we focus on Clifford circuits as they are sufficient for learning Pauli
noise. Also, instead of describing an experiment with its measurement probability distribu-
tion, we will talk about expectation values of measuring certain Pauli observable. Since we
assume noiseless single-qubit layers, measuring Pauli P, effectively picks up )\é\f (a) from the
measurement noise channel. We thus define the effective noisy observable as P, = )\% (a)Pa.
Similarly, we use p, to denote the +1 eigenstate of P, obtained by applying an appropriate
single-qubit Clifford layer to pg = |O><0\®”.2 The noisy realization of p, is denoted as pq
and satisfies Tr[P,p,] = )‘gt(a)' Finally, we use the tuple (pq,C, Pp) to denote an experiment

that (ideally) starts with pg, applies the sequence of gates C, and measures the observable

P,

B.3.1 Basic definitions and vanilla algorithm

Let us first define the task of learning a Pauli noise model. Given a reduced noise
model described by an embedding map Q. Recall that Lp describes the linear space for
all learnable functions about the noise model (and that Theorem 2.1 says linear learnable

functions suffice). Thus, we just need to do the following:

|LR|

1. Specify a basis for L, denoted as { f; }jzl ,

2. Although p, is not uniquely defined when P, contains identity, choosing any p, that satisfies this
condition will make no observable difference.
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2. Specify the experiments to learn each f;.

By conducting those experiments, we will have effectively learned every function in Lp,
which are all we can learn about the noise model.

However, for an arbitrary basis vector f; € Lpg, it is not straightforward to find the
experiments that learn it, despite their existence. We would like to find a reduced basis that
is more closely related to experiments. Recall that for the complete model, the learnable
space L corresponds to the cycle space Z of PTG, and each rooted cycle can be extracted

from one experiment (Theorem 2.1(b)). This motivates the following definition.

Definition 2.20 (Reduced cycle). For any f € Lp, if there exists a g € L that is a cycle
and that f = QT(g), we call f a reduced cycle corresponding to g. If g is also a rooted

cycle, we call f a rooted reduced cycle.

We remind the reader that not all g € L represents a cycle, as some might only be linear
combinations of cycles. Since Corollary 2.19 states that Lp = QT (L), given a rooted cy-
cle basis {gi}gl for L, we know that {QT(gi)}Lgl spans Lp, thus we can pick a subset
1f }‘jL:Rﬂ C {QT(g,)}; as a basis for Lp consisting solely of rooted reduced cycles. Theo-
rem 2.1(b) thus immediately gives an experiment to learn f;.

As a concrete example, consider the rooted cycle basis introduced in Lemma 2.15,
. M M
B = {eg—i—eu :u;éO}U{egt(a)+eag+ept(g(a)) 3g€®,a7’él}. <B17)

We have the following procedure for noise learning.
Algorithm 1 [A simple algorithm for learning gate set Pauli noise].

1. Select a subset By C B such that QT (Bp) forms a basis for Lp.

2. Learn all 65 + ey € Bp by preparing jo and measuring Z%.
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3. Learn all egt(a) + eag + eg{(g(a)) € Bg by preparing pq, applying G, and measuring

Pg(a)'

As an obvious challenge to this approach, the cardinality of B is 2" — 1 + |&|(4" — 1),
scaling exponentially with n. Even if the dimension of Lp is polynomial in n, Step 1
of picking a basis for Lp still requires exponential computational complexity in general.
However, for physically-motivated noise ansatzs such as spatially local noise, it is often easy
to efficiently construct such a basis. This will be discussed in details when we turn to
concrete noise models. Conditioned on that Br can be efficiently constructed, step 2 and 3
involves at most |L | experiments to run, which is polynomial in n for any feasible reduced
noise model. One might notice that this algorithm resembles standard quantum process
tomography [MRLOS8]. Specifically, each gate from the gate set is learned one by one. No

concatenation or composition of different gates is used.

B.3.2  On learning gate noise to relative precision

In practice, there are often considerations beyond merely constructing a complete set of ex-
periments. One important factor to consider is the precision-efficiency trade-off in estimating
the noise parameters. Many existing RB-type noise characterization protocols can learn gate
noise parameter to relative precision (with respect to the infidelity) using a small number
of initialization and measurements [FW20, HHF 719, EWPT19]. More precisely, suppose we
are interested in learning certain gate fidelity parameter A\, RB-type protocol can generally

construct a family of experiments {(pg,C%, P)}4 such that the circuit fidelities satisfy
fa = Te[PCY(po)] = X, (B.18)

where « represents some SPAM fidelity, d is the number of concatenation of the relevant

gates. We assume both o and A are sufficiently close to 1. Now choose d € {0, m}, estimate
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each J?d = fq+ ém, and construct the following ratio estimator,

. 1

m o A m A y—m _ 2

N dm _ (AT Em ™ (g AT =) (B.19)
fo a+ &g mo

The last approximation holds given that [£g/al,|(EmA™"" — é&g)/ma| < 1. If we choose

1/m~logA™t =1— X+ o0(1 — \), we would obtain that

- (B.20)

. Eme — &

AzA<L+O—A)mO>.
This means as long as we estimate fy, fm, to £e additive precision, we would obtain O(e)
relative precision estimation for A\ with respect to the infidelity 1 — . As a side note, one
can efficiently find the required m using a search subroutine described in [HHF 19, Sec. V].

The basic idea is to estimate f; for d’s chosen from an exponentially increasing list, and

output m = d when f;/fo is below certain threshold.

The above analysis shows that, as long as one can construct a family of experiments as
in Eq. (B.18), one can amplify A by concatenation and learn it to relative precision. We now

explain how to fit this into the framework of gate set Pauli noise learning.

Definition 2.21. For any reduced Pauli noise model (Xpg, Q), the reduced learnable space

for gate parameters is defined as LG = QT (L N X©).

Theorem 2.4 (Noise parameter amplification). Given a reduced model (Xpg, Q), for any
reduced cycle f € LG, there exists a family of experiments {(P,C™, pp)}m and a rooted

cycle o« € L such that
Te[PC™(pp)] = exp(—a(Q(7))) exp(—mf(r)), V¥m € N. (B.21)

In other words, any functions on the reduced model that corresponds to learnable functions

consisting solely of gate noise parameters in the complete model can be amplified via con-
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catenation, and can thus be learned to relative precision. Here, the gate sequence C can
be a composition of multiple gates from the gate set interleaved by noiseless single-qubit
gates, which is similar to the concept of “germs” in gate set tomography [NGR'21], and also

appears in other Pauli noise learning protocols [CLOT23, VDBMKT23, CDDH23].

Proof. By definition, there exists a cycle g € LN X such that f = Q'(g). Let u be
any vertex of the PTG that is contained in g. Then a = eg + eﬁ/f is a rooted cycle also
containing u, and it is not hard to see that a + mg for any m € N forms a rooted cycle.

Theorem 2.1(b) then implies that there exists an experiment (P, Cpy,, pp) such that
(a+mg) - Q(r) = —log(Tr[PCpy(jp)))- (B.22)

Finally, it is clear from the proof of Theorem 2.1(b) that each Cy, can actually be chosen as
C™ (i.e., concatenating C m times) for an appropriate gate sequence C. This completes the

proof. O

In light of Theorem 2.4, one can design an algorithm that not only learns everything in

Lp, but also learn a basis of Lg to relative precision.

Algorithm 2 [Relative precision learning of gate set Pauli noise].
1. Select a reduced cycle basis of L%, denoted as Bg.
2. Augment Bg into a basis for Lp using vectors from QT (B).

3. Learn all vectors from B% by running the set of experiments {(P,C"™, pp) }m described

by Theorem 2.4.
4. Learn all the other basis vectors using Step 2 and 3 from Algorithm 1.

Again, the major challenge is to efficiently construct the reduced cycle basis, which would

generally require doing linear algebra on an exponential-dimensional linear space. Our paper
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[CZJF24] present examples that for physically-motivated noise ansatz and realistic gate set,

such basis can be constructed efficiently, but I will not include those in this thesis.

We close this section with one final remark: Although specifying a reduced cycle basis
of L% is sufficient to specify any functions therein, learning each basis function to relative
precision does not guarantee relative precision estimation for arbitrary functions. For exam-
ple, relative-precision estimators for both f; and fo does not guarantee a relative-precision
estimator for f1 — fo, especially when the true value of fi and fo5 are close to each other.
In such cases, one might need to conduct more experiments than merely learning a basis in
order to retrieve relative precision estimation for those functions. We will leave this issue for

future study.

B.4 Applications to fully local noise model

B.4.1 Basic definitions

We have established general results on the learnability of any reduced Pauli noise models.
Now we apply our theory to concrete physically-motivated noise ansatz. In this section,
we will focus on the fully local noise model, or the so-called crosstalk-free noise model. As
we will soon see, the reduced gauge space in this case is generated by certain subsystem
depolarizing channel. We will also give efficient construction of the learning algorithms.
Before defining into the spatially local Pauli noise model, let us first introduce the layer-
uncorrelated noise model, which is mostly for mathematical convenience but also practically

relevant:
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Definition 2.22. For a reduced noise model (Xg, Q), if Xp and Q can be decomposed as

Xp=Xpo XN P x4,
Ged

0=0%a 0" P ¢,
ge®

(B.23)

where QD X% — XU satisfies QU(rH) = & for all O € {S, M} U &, then we call it a

layer-uncorrelated noise model.

In words, a reduced noise model being layer-uncorrelated means that, there is an indepen-
dent set of reduced noise parameters for state preparation, measurement, and each layer
of gates, respectively. Many noise models studied in the literature of quantum benchmark-
ing satisfies this assumption (e.g., [Fla22, CDDH"23]). One prominent exception is the
so-called “gate-independent noise model” studied in e.g. standard randomized benchmark-
ing [EAZ05, KLRT08, DCEL09, MGE11, MGJ"12] where the noise channel associated with
any Clifford gate is assumed to be the same. Though we will not consider such a noise model
in this section, we remark that the general framework established in the previous section is

still applicable.

Lemma 2.23. For a layer-uncorrelated model (Xp, Q), the reduced gauge space T satisfies

Qrr)= () {zeT:zMemQ-}. (B.24)
Oe{S,M}u&

Proof. Corollary 2.19 says Q(Tr) =T N ImQ, which satisfies

TNImQ={z€eT:zeImQ®®mo P mg¥}

Ge®
—{zeT:2°cmQ”, zM e moM, 29 ¢ ImQY, vg € &} (B.25)
= ﬂ {zET:zDGImQD}.

Oe{S,M}U&
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]

As a result, we can separately analyze the gauge vectors allowed by state preparation,
measurements, and each layer of gates. The intersection of all of them will give the correct
reduced gauge space. In what follows, we will use this approach to analyze the gauge space

for the fully local noise model, and for the quasi-local noise model in the next section.

B.4/.2  Learnability of fully local noise model

Let us first define the fully local noise model. For any G € &, we use supp(G) to denote the
support of G, i.e., the subsystem of qubits that G non-trivially acts on. The restriction of
G to its support is denoted by G. The number of qubits in the support is denoted by |G|.
Recall that we use {1;} and {e;} to denote the standard basis for Xp and X, respectively.
That is, the reduced and complete noise parameters are encoded into vectors according to
r=>,;r;9; and x = > ; x;e;, respectively.

We will first give the formal definition of the fully local noise model, and explain the

intuition in a moment.
Definition 2.24 (fully local noise). Consider a layer-uncorrelated noise model (Xp, Q):

o If the state preparation noise parameters are given by {TJS :j € [n]} and that

Q(¥7) = ; 1[uj = 1]e?, Vj € [n], (B.26)
u#0y,

we say the model has fully local state preparation noise. Similar for the measure-

ment.

o If the noise parameters for some G € & are given by {rg’ fa € P‘g|, a # I|g|} and that

Q(wY) = b; Lbgupp(c) = alef, Vae P9l a1, (B.27)
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we say the model satisfies fully local noise for G. If this holds for all G € & we say the

model has fully local gate noise.
The model is fully local if it has fully local state preparation, measurement, and gate noise.

The following lemma describes the transformation between the reduced parameters and
the complete parameters within a fully local model, as an immediate consequence of the

above definitions.
Lemma 2.25. If (Xg, Q) satisfies fully local state preparation noise, then

2y = > 1fuj = 1}7"JS, Vu € {0,1}", u # Op.
jeln] (B.28)

rf = x*lgj, Vj € [n].

Similar for the measurement side; If (X g, Q) satisfies fully local noise for some gate G, then

G =g Vbe P b# I
xb Tbsupp((_})’ € ) 7£ n- <B29)
Tg = xbg s.t. bsupp(g) =a, Vac P|g|,a #+ I|g|.

Proof. By definition of the fully local noise model, one can easily verify that

¥ =Q°(rf) = Y Y 1y =1]rjel. (B.30)
u70n j€n]
29 =09(r9%) =S 17 €. (B.31)

] supp(G)

Comparing these with the definitions of @ and r immediately gives us the transformation
from {r;} to {z;}. The correctness of the inverse transformation can be verified by substi-

tution. O

In words, the fully local state preparation or measurement noise is a qubit-wise indepen-

dent channel, and the fully local gate noise is a channel acting only on the gate’s support
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Figure B.2: (a) Illustration of a fully local noise model (bottom) and how it is embedded
into a complete noise model (above). Note that the state prep., meas., and each layer of
gates have an independent embedding map, which means this is a layer-uncorrelated noise
model. (b) Tllustration of the subsystem depolarizing gauges (denoted by Ds) acting on
a gate with fully local noise. Here, (i)-(iii) shows the three types of valid SDG’s as given
by Theorem 2.5(b), out of which only case (i) can non-trivially changes the noise channel.
(iv) shows a SDG that is not an allowed gauge transformation (when the gate has a fully-
connected pattern transfer subgraph). Intuitively, it propagates the 2-qubit noise channel
into a 3-qubit channel, violating the fully local assumptions.
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and inducing no crosstalk on idling qubits. See Fig. B.2(a) for an illustration. We study
these cases separately, as there could be situations where the SPAM noise is local while gate
noise is not, or the other way around.

We also note that whether fully local gate noise describes contextual noise depends on
the definition of &: If one define & in a way that each G € & acts non-trivially at, say, at
most 2-qubit. Let G1, Go be two Clifford layers from & that act non-trivially on disjoint
sets of qubits. The noise channel for applying both gates in parallel can then be viewed
as the tensor product of two associated noise channels. However, if one believe the parallel
application should suffer from a different noise channel, one can add it as an independent
layer into &. Although one needs to be careful not to makes the size & exponentially large.

The advantages of a fully local noise model is a small number of model parameters (as
small as O(n) for a system with a linear connectivity), which makes working with such
model potentially computationally efficient. Previous work, including ACES [Fla22|, has
focused on characterizing such a noise model. It is thus of great interest to understand the
learnable/gauge degrees of freedom within this model. For this purpose, let us introduce the

following set of gauge vectors.

Definition 2.26 (Subsystem depolarizing gauge, SDG). For any s € {0,1}""\0y,, let 05 be

the cut vector specified by the vertex partition

Vo ={u:us =0} U{og}, V= {u:us#04}

We call such 05 a subsystem depolarizing gauge (SDG).

To see why 0; is called a subsystem depolarizing gauge, let us first write down its expansion
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on the standard basis:

euM ‘05 = _]l[us # 0|S|]7 Vu € {07 1}n\on' <B'32)

eag . OS — ]1[pt<g(a))$ 7& 0‘8‘] — ]l[pt(&)s 7é O|s|]7 vg € @, Ya € Pn\[n

which can be obtained using the definition of cut vectors and the PTG. Now, consider a
transformation of noise parameters given by x +— x + n0s. It is not hard to verify this

corresponds to the following gauge transformation,

po — Dsy(po), Ej— Dii(E;), Gs+ DsyoGoDyy, (B.33)

where Dy =3, ¢ Mas# s loa) (04| is a partially depolarizing channel (with strength pa-
rameter 77) acting on the subsystem specified by the index set s. For notational convenience,

we define
Dy =Dy =S e 1 hsll|o ) (o4, (B.34)
a
and call Dg simply as the subsystem depolarizing channel on s.

Lemma 2.27. The set of SDG's {03}5750” forms a basis for the gauge space T'.

The proof is given in Sec. B.7.3. In fact, the gauge space of the fully local noise model is

spanned by a subset of the SDG’s. We have the following results:
Theorem 2.5. Given a layer-uncorrelated noise model (Xpg, Q)

(a) If the model satisfies fully local state preparation noise, then
{z €T :2° € ImQ°} = span{oy : |s| = 1}. (B.35)

Similarly for the measurement noise.

131



(b) If the model satisfies fully local noise for some gate G € &, then

{zeT:29 € ImQY} D span{ds : s C supp(G) or s 2 supp(G) or s Nsupp(G) = @}
(B.36)

Furthermore, the two sides are equal if G induces a connected pattern transfer subgraph.

(c) If the model is fully local, its embedded gauge space is given by
Q(Tgr) = span{d : |s| = 1}. (B.37)

And thus dim Tg = dim Q(Tg) = n.

Here, the pattern transfer subgraph of Gisa |G|-qubit PTG with the only gate being G, and
with the SPAM (root) node removed. Examples of 2-qubit gates that have connected pattern
transfer subgraph include CZ, iSWAP, but not SWAP [CLO"23], see Fig. B.3. As another
example, the pattern transfer subgraph for CZ® CZ is not connected. The allowed /forbidden

gauge transformation for the fully local gate noise are depicted in Fig. B.2(b).

® @
- / [
O=0C O =0

CNOT SWAP iISWAP

Figure B.3: The possible pattern transfer subgraphs of non-trivial 2-qubit Clifford gates.
Labels of edges are omitted. Self loops are omitted. Multi-edges are represented by a single
edge.

Theorem 2.5(c) characterizes the learnability of fully local Pauli noise models. In words,

the embedded gauge space Q(TR) is spanned exactly by those n single-qubit depolarizing
132



gauges. One can also write down the reduced gauge space as Tp = span{Q~1(ds) : |s| = 1},
where each Q~1(0s) is well-defined? and can be efficiently calculated using the inverse trans-
formation given in Lemma 2.25. The learnable space L can be obtained by, e.g., computing
the orthogonal complement of T'p within X p using standard linear algebra procedures. We

will come back to the construction of Lp later.

Now we present the proof for Theorem 2.5(a), the direct part of 2.5(b), and 2.5(c). The

converse part of 2.5(b) is slightly more involved and is postponed to App. B.7.3 for clarity.

Proof of Theorem 2.5(a). Let 7 : X — X be the projection map 7°(x) = x°, ie.,
restriction to the state preparation parameters. We first show L.H.S. O R.H.S., for which

we only need to prove that 7 (01,) € ImQ? for all j € [n]. Indeed, we have that,
72 (01,) = > 1fu; £ 0le) = Q°(97). (B.38)
u

The two equations are by Definition 2.26 and Definition 2.24, respectively. Thus we have
L.HS DO RH.DS.

S

Conversely, notice that 7 is an invertible map when restricted to T'. To see this, consider

the canonical cut basis {, : u # 0p} for T such that each v, is induced by the vertex
S

partition V = Vo U V§ where Vo = {u}. We have 7 (y) = —e. This means 7° is a basis
transform between T and X*° , thus invertible. Therefore,
dim({z € T : 7°(2) € ImQ°}) = dim(ImQ”°) < dim(X%) =n, (B.39)

where the first equation uses the invertibility of 75 restricted to T. This means the dimension
of L.H.S. is no larger than R.H.S. Consequently, they must be equal. The proof works

similarly on the measurement side. [

3. Though Q is not invertible, it is injective and we know that V|s| = 1, 9, € ImQ, thus Q~1(d,) is
uniquely defined.
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Proof of Theorem 2.5(b). Let 79+ X — XY be the projection map Wg(m) = zY. Recall

that

e 05 = 1[pt(G(a))s # Opy| — Llptla)s # O], Va # In.

« If snsupp(G) = @: we have pt(G(a))s = pt(a)s and thus eZ -5 = 0 for all a. Therefore,

we trivially have 79(d5) € ImQY.

« If s 2 supp(G): we have pt(G(a))s = 05 < pt(a)s = 0, because (j(asupp(g)) = ljg if

and only if ag,,p(g) = I|g)- Thus ed -0 =0 and 79(05) € ImQY trivially holds.

supp

e If s C supp(G): choose an t9 € XI% such that

A

97 -7 = 1[pt(G(0))s # Opy] — Lpt(B)s # Oj)- (B.40)

Then we can see that

e+ Q9(t9) = 1[pt(G(ayupp(g)))s # D)) = LDtesuppg)s # Ojy) = € -0 (B-41)

This means 79(ds) = QY (xY). Thus 79 (vs) € ImQY.

Combining all the three cases and using linearity, we conclude that
{zeT:29 € ImQY} D span{ds : s C supp(G) or s D supp(G) or sNsupp(G) = &}. (B.42)

Conversely, the two sides are equal if G induces a connected pattern transfer subgraph,
which is proven in App. B.7.3. The proof works by establishing an upper bound on the
dimension of the L.H.S., and then show by counting that this bound equals the dimension
of the R.H.S. L

We make a few remarks regarding the proof of Theorem 2.5(b). First, it is clear from the

proof that span{0s : s C supp(G)} are gauges that non-trivially change the noise parameters
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of G, while span{ds : s D supp(G) or s Nsupp(G) = I} are gauges that “pass through” G
leaving gate noise parameters unchanged; Second, The proof for Eq. (B.42) taking equality
crucially relies on the connectivity of the pattern transfer subgraph of G. If this is not
satisfied, there could be more gauges that can trivially pass through G, which needs to be

analyzed ad hoc using Theorem 2.3.

Proof of Theorem 2.5(c). Thanks to Lemma 2.23, Q(TR) is given by the intersection of
Eq. (B.35) for SPAM and Eq. (B.36) for all G € &. It’s easy to see that Eq. (B.35) is always
a subset of Eq. (B.36) for any G € &, thus their intersection is simply given by Eq. (B.35),
the single-qubit SDG’s. O

B.4.3 Efficient learning of fully local noise model

Having characterized the reduced gauge space of the fully local noise model, we turn to the
task of designing efficient learning experiments. Following the discussion in Sec. B.3, the
key is to find an appropriate reduced cycle basis for Lp. Let us start with the first type of
construction which gives the simplest experimental design (but does not care about relative

precision estimation). Recall the rooted cycle basis defined in Eq. (B.12),
B .= {65 -+ euM U §é On} U {ef‘s)’t(a) + eag + e%(g(a)) : g - 6,0, % ITL} <B43)

Consider the following subset of B, denoted as B/,

B/ = {ei + e{\f. :j€[n]}u {egt(a) + eag + eé\{(g(a)) : G € &,supp(a) C supp(G),a # I}.

(B.44)

Proposition 2.28. Let Bp := QT (B'). Then, By forms a reduced cycle basis for Lp.
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Proof. We have

Br
=07 ({65 +eM:jul=1}u {egt(a) +e9 + e}])\{(g(a)) : G € &,supp(a) C supp(g)})
={of ol jemful Y (Lptd); # 095 + 1pt(G(0); # 019)") + 9F : G € &),
Jj€supp(G)
(B.45)
Recall that G is G restricted to its support. It is not hard to see that B forms a linearly-
independent set. Meanwhile, |Bg| = n+2g€®(4|g| —1) =dim(Xpg) —dim(TR) = dim(LR).

This means Bp is indeed a basis for Lp. ]

Following Algorithm 1, the following set of experiments is sufficient to learn the noise model:
1. For j € [n], prepare py and measure Z on the jth qubit.

2. ForGe B, be P|g|\]|g|, prepare pp, apply G, and measure PgA(b) on the support of G.

The total number of experiments is n + deqs(4|g| —1). If each G acts non-trivially only on
a constant number of qubits, the number of experiments needed is O(n), and is efficient to
conduct. We also remark that, here we have not taken advantages of the fact that multiple
observables can be extracted from the same experiments. In practice, the sample complexity

can thus be further reduced.

B.5 Applications to quasi-local noise model

We have presented a comprehensive treatment on learning the fully local Pauli noise model.
In practice, the effect of spatially correlated noise can sometimes be non-negligible, both
for SPAM [BSK™21] and for gate [FM14, NB19]. It is thus desirable to study a quasi-local
noise model that takes a finite spatial correlation (e.g., nearest-neighbor) into consideration

while keeping the total number of parameters manageable. Such models have been studied

136



in the literature of Pauli noise learning [FW20, VDBMKT23, EWP119, WKBK23]. In this
section, we will introduce the quasi-local model in the framework of gate set Pauli noise
learning, provide results on its learnability, and discuss efficient learning algorithms. As a
specific example, we will apply our theory to a noise model that has been intensively studied
in recent experiments [VDBMKT23, KEAT23] and obtain a self-consistent algorithm for

learning the noise model, which has not been previously achieved.

B.5.1 Basic definitions

We first introduce some notations that are needed for defining the quasi-local noise model.
For a,b € P" we write b<a if b; # I = a; = b; for all i € [n], calling b majorized by a. For
any S C [n], we write a ~ S'ifa; #I =i € S. For any S C 21, we write a ~ Sifa ~ S
for at least one S € S.

Let  be a subset of 2 that satisfies Vv € Q, Ve CuCurv,pe ). Wecall such 2 a
factor set. We also use 24 to denote the set of maximal subsets within €2, i.e., those that
do not belong to any other subsets. As an example, Q@ = {{1},{2},{3},{1,2},{2,3}} is a
valid factor set, with the corresponding Q. = {{1,2},{2,3}}. Obviously, Q, Q, uniquely

determines each other.

Definition 2.29. An n-qubit Pauli channel A is Q-local if its Pauli eigenvalues satisfies

Aa= ][] exp(—rp), Va#Iy, (B.46)
b<a,b~2

for some {r, € R: b~ Q,b+# I} and a factor set .

For notational simplicity, we sometimes omit the requirement that b # I, and set r; = 0.

A few remarks regarding this definition: First, all n-qubit Pauli channels (with all Pauli
eigenvalues being positive) are 2[”]\®—local. Note that we do not require r; to be non-

negative. Second, this definition basically says that the eigenvalues {\y}, factorize ac-
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cording to a Markov Random Field (MRF) [Cli90] specified by the factor decomposition
2. This is opposed to [FW20] where Pauli channels with error rates {p4}q factorized ac-
cording to an MRF are considered. It is unclear whether these two models are equiva-
lent, even approximately. Alternatively, our definition of Q-local is equivalent to requiring
that A can be expressed as a concatenation of Pauli diagonal maps? acting on each sub-
system from €, as proven in [WKBK23| (In fact, this is the picture we will use in most
figures shown in this section). One can also show that the sparse Pauli-Lindblad model used
in [VDBMKT23, KEAT23, HGM™24] is equivalent to our definition. Finally, throughout
this paper we assume €2 is known a priori, from, e.g., knowledge about the device topology,
leaving the topic of structure learning (see e.g. [RF23]) for future study. We provide more

details about the quasi-local Pauli noise models in Appendix B.7.4.

B.5.2  Learnability of quasi-local noise model

Note that, in terms of z4, Definition 2.29 gives that x4 = X pgq po0 7p- This motivates the
following definition of a quasi-local Pauli noise model. Note that, we have taken into account
that the SPAM noise channels are symmetric Pauli channels (i.e., eigenvalues only depend

on the Pauli pattern). An example of quasi-local noise model is given in Fig. B.4
Definition 2.30 (Quasi-local noise). Consider a layer-uncorrelated noise model (Xg, Q):

o If the state preparation noise parameters are given by {7’;? NS QS}, where O° is a

factor set, such that

QW)=Y 1vCulel, WweQSv+o, (B.47)
WF D

4. Note that, we do not require those Pauli diagonal maps to be completely positive. Similarly, when
we say our quasi-local model is equivalent to the sparse Pauli-Lindblad model, we have not required the
positivity of the model parameters.
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Figure B.4: Example of a 3-qubit quasi-local noise model and the embedding into a complete
model. Here, the noise channels for state prep., meas., and all gates are assumed to be (2-local
where Q* = {{1,2},{2,3}}, with the factor graph shown in the bottom-left side. In other
words, A = AfQ OA% where AfQ, A§3 are Pauli diagonal maps supporting on {1, 2}, {2, 3},
respectively. Similar for other Pauli noise channels.

we say the model has OS-local state preparation noise. Similar for the measure-

ment.

o If the noise parameters for some G € & are given by {rg tb e~ Qg, b # I}, where 09

s a factor set, such that

QWY)= 3 1b<aled, Yo~ Q9 b# 1y, (B.48)
a#l,

We say the model has QY -local noise for G.

o If the state preparation, measurements, and all layers have quasi-local noise with lo-
cality parameters {QS,QM,QQ : G € B}, we say the model is quasi-local with the

corresponding parameters.

The following lemma describes the transformation between the reduced and the complete

parameters within a quasi-local model.
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Lemma 2.31. If (Xp, Q) satisfies 05 -local state preparation noise, then

xi = > re. Ve 2[”]\®.

vCu, veQ® (B 49)
= Y (~plEkeS s weaf

pCv, peQ®

Similar for the measurement side; If (Xg, Q) satisfies 09 -local noise for a gate G, then

29 = rbg, Va € P"\Ip,.

baa, b~QY (B.50)
= 3 (—1)rOw@8 v~ 09 b # I,

a<b, a~NY

Proof. The transformation from r’s to x’s can be obtained by expanding x = Q(r) in the
standard basis and compare coefficients. The inverse transformation can be verified by
substitution. As a side comment, these pairs of transformation are known as the Mobius
transformation. They are also used in [WKBK23] to study Pauli noise learning in the logical

level. O

As a sanity check, one can retrieve the fully local model in Definition 2.24 by setting
S =M ={{j}:jen]}, Q9={v:2+#vCsupp(G)}, VG € &. (B.51)

Now, we make two important remarks about the gate noise models. First, we will take
a more general approach to deal with parallel gates than the fully local case. Instead of
letting each G to have a constantly small support, we allow it to be a tensor product of many
few-qubit gates, i.e., G = G1 ® --- ® Gy ® id, where the identity acts on [n]\ U; supp(G;).

Second, note that a Clifford gate affected by Pauli noise can be modeled in two equivalent
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Figure B.5: Examples of quasi-local gate noise models that are incovariant and covariant,
respectively. Here we consider a 6-qubit system and let G = CZz93. (a) The nearest-neighbor
2-local noise model (Q* = {{1,2},{2,3},---,{5,6}}) which is not G-covariant. Indeed, if
we commute the noise channel from before-G (left) to after-G (right), certain 2-body noise
terms (e.g., Ag3) will generically be propagated to be 4-body, making the whole noise channel
no longer Q-local; (b) A 4-local noise model (2" = {a = {1,2,3,4}, 8 = {3,4,5,6}}) which
is G-covariant. Indeed, commuting the noise channel from before-G to after-G preserves the
O-local structure. Note that all Pauli diagonal maps commute with each other.

ways: whether the noise channel happens before or after the gate, i.e.,
G=GoA=AMNoG, where N =GoAogGl. (B.52)

Throughout this chapter, we have been adopting the noise-before-gate convention, but now
it is worth looking at the other convention. Specifically, when A is an Q-local Pauli channel,
A’ might not be Q-local in general. This raised the following question: is there a physi-
cal reason to believe the gate noise has certain locality constraint in the noise-before-gate
convention, but not in the noise-after-gate convention? To the best of our knowledge, no
physical justification of this kind has been established in the literature. To circumvent the

dilemma, we propose to study a specific type of locality assumption:

Definition 2.32. An Q-local noise model is called G-covariant, if for any Q-local Pauli

channel A, Go Ao QT and QT oA oG are also Q-local Pauli channels.
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Since a G-covariant noise model has the same locality constraints in either convention, it
is much easier to justify their physical relevance. An example of covariant vs. incovariant
noise model is given in Fig. B.5. When G represents a parallel application of many Clifford
gates with disjoint supports, we have the following sufficient condition for a noise model to

be G-covariant:

Lemma 2.33. Given G = (®i]\£1 QAZ) ® id, define the estended support map Zg : [n] — [n]

as

A

Eg(s) = U supp(G;) | Uss. (B.53)

supp(G;)Ns#2

For an Q-local noise model, if Vs € Q, Zg(s) € Q, then Q is G-covariant.

Clearly, for a Pauli P with support s, the support of G(P) cannot exceed Zg(s). Lemma 2.33
roughly says that if for all Pauli P ~ Q, one has G(P) ~ €, then 2 must be G-covariant.

The proof is given in Appendix. B.7.4.

We are ready to present our main results on the learnability of quasi-local Pauli noise
model. Perhaps not surprisingly, the gauge degrees of freedom can still be described using

the SDG’s in Definition 2.26, as follows:
Theorem 2.6. Given a layer-uncorrelated noise model (Xp, Q),

(a) If the model has 05 -local state preparation noise, then
{zeT:2° € ImQ°} = span{d, : v € O°}. (B.54)

Similarly for the measurement noise.

(b) If the model has 09 _local noise for some G € & and is G-covariant, then

{zeT: 29 ¢ Ing} DO span{d, : v € 09 or Eg(v) = v} (B.55)
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(c) If 05 c oM QY is G covariant for all G € &, and that Yv € Q% VG € &, cither

veQY or Eg(v) = v, then the embedded gauge space for the whole model is given by

O(Tg) = span{o, : v € QY. (B.56)

Theorem 2.6(c) confirms that, given certain “goodness” assumptions of the quasi-local
noise model, the embedded gauge space is indeed spanned by a subset of SDG’s consistent
with the factor sets. Similar to the fully local case, one can efficiently compute the reduced
gauge space Tp = span{Q~1(d,) : v € 0S } by applying the Mobius inverse transformation

given in Lemma 2.31.

Proof of Theorem 2.6(a). Let #° : X — X be the projection map 7% (x) = x°. Recall
from the proof of Theorem 2.5(a) that 7 is an isomorphism between T and X°. We claim

the following two linear spaces are equal.
span{QS('ﬂf) NS QS} = span{wS(Dy) ‘v E QS}. (B.57)

Now we prove this claim. By definition, for any v € QS we have

Q°(Wy)) = Y 1[v C plej, = au, (B.58)
WFD

™ @,) = Y 1vnp+ole; = By. (B.59)
HFD

Since both {ay }, {8, } have the same cardinality, and we know {3, } are linearly-independent
thanks to the linear independence of the SDG’s and ©° being an isomorphism from T to

X5 we just need to show {ay} can linearly represent {8, }. We claim the following holds,

Br=— 3 1/ co(-)"e,, e (B.60)
Ve
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Indeed, expanding the RHS yields,
/
RHS. =- ) eﬁ S/ cui/ C u](—l)'y‘
pFED  es

== ep X A conu(=n

pFED  VeQs

==Y & 3 (-
nFS V' Cuvnp,
V4o
= Z eﬁﬂ[l/ﬂu#@] = B,

HFD

’

(B.61)

where the third line uses the defining property of 05 that for any v € 0S5, any nonempty
v C v also satisfies v/ € Q° ; The last line uses the binomial theorem. This completes the

proof of Eq. (B.57). Consequently, we have

{zeT:2°cmQ’} ={zeT:7%z) € span{Q°(¥3) : v € O°}}
={zeT:7%z2) € span{r®(d,) : v € Q%}} (B.62)

= span{d, : v € Q%Y.
The second line uses Eq. (B.57). The last line uses 7 being an isomorphism between T and

X5, The proof works similarly for OM Jocal measurement noise. O]

Proof of Theorem 2.6(b). Let 79 : X — XY be the projection map 79(x) = x9. Recall
that for all a # I,, v # @,

ed -0, = 1[pt(G(a))y # 0y] — L[pt(a)y # 0y,

= —log ({(0alGTDLGD, ou)) -

(B.63)

Here D), is the subsystem depolarizing channel on v defined in Eq. (B.34).

« If Zg(v) = v, then G is a tensor product of gates on v and on [n]\rv. Consequently, G
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commutes with D,,. Thus, eag -0, = 0 for all a, which means 79 (o)) € Ing trivially

holds. See Fig. B.6(ii) for an example.

« If v € QY. one can see that both D, and D;, ! are QY-local Pauli channels. Since the
noise model is G-covariant, G'D,G is QY-1ocal. Since the concatenation of two 29-local

Pauli channels is clearly also Qg—local, QTDVQD; 1 is Q-local. This means,

ed-0,= > 1, (B.64)
b<ia,b~QY
for some coefficients {r; € R : b ~ QY,b # I,,}. Comparing this to the definition of

quasi-local gate noise, we see that Wg(by) € ImQY. See Fig. B.6(i) for an example.

Combining the above two cases and using linearity, we complete the proof for Theorem 2.6(b).

O

We make a few remarks about Theorem 2.6(b). First, it is clear from the proof that
span{d, : Eg(v) = v} are gauges that pass trivially through G leaving its noise parameters
unchanged, while span{d, : v € Qg} are gauges that non-trivially transform the noise
parameters of G; Second, here we do not have a converse side as in Theorem 2.5(b), meaning
there could be more allowed gauges than what we have characterized. See Fig. B.6 for an
example of different types of gauges. We do not pursue such a tight characterization in
the quasi-local case as it looks considerably more complicated. For our purpose of proving
Theorem 2.6(c), the current results are sufficient; Finally, the requirement of noise being
G-covariant is indispensable for the theorem to hold. In Fig. B.7 we show a counterexample

where 0, is not an allowed gauge even if v € 09, when the gate noise model is not G-covariant.

This will be further discussed in Sec. B.6 when we encounter some realistic examples.

Proof of Theorem 2.6(c). Thanks to Lemma 2.23, Q(Tr) is given by the intersection of
Eq. (B.54) for SPAM and Eq. (B.55) for all G € &. Under the given conditions, it is easy to
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(i) scQf (i) E(s) =s (iii) Invalid gauge

Figure B.6: Examples of three different cases of SDG’s (Ds) acting on G = CZ®3 with
covariant {2-local noise model, Q* = {{1,2,3,4},{3,4,5,6}}. Case (i) and (ii) are allowed
gauges as shown in Theorem 2.6(b). Specifically, In Case (i) we have s = {3,4,5} € Q,
thus Dy is a valid gauge that non-trivially transform the noise channel; In Case (ii) we have
s = {1,2,5,6} = Zg(s), or in words, any Pauli supports within s still supports within s
after the action of G (see Lemma 2.33). Here, even though s ¢ 2, Dg commutes through G
leaving the noise channel unchanged, and is thus a trivially valid gauge; Case (iii) shows an
invalid gauge (s = {2,3,4,5,6}), which would generate a 6-body noise term, violating the
locality assumption.

Aqp Aqz
Azy Azy

) —J

Figure B.7: Example of SDG acting on G = CZ%? with nearest-neighbor 2-local noise model
(i.e., QF = {{1,2},{2,3},{3,4}}) that is not G-covariant. In this case, though s = {2,3} €
Q, The SDG Ds would create a 4-body noise term (shown in the right) violating the {2-local
assumption, and is thus not an allowed gauge. This highlights the necessity of G-covariance
in obtaining Theorem 2.6(b).
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see that Eq. (B.54) is always a subset of Eq. (B.55) for any G € &, thus their intersection is

simply given by Eq. (B.54). O

B.5.3  Efficient learning of quasi-local noise model

We now discuss algorithms for learning a quasi-local noise model. In this section, we will
assume all conditions of Theorem 2.6(c) are satisfied. That is, 2% C QM; QY is G-covariant
for all G € &; and that Vv € QS,VQ € & ecither v € QY or Eg(v) = v. For such a
well-conditioned quasi-local noise model, we can easily find a reduced cycle basis for Ly as
follows:
Consider the following subset of the rooted cycle basis B defined in Eq. (B.12), denoted
by B,
”::{eﬁ—i—e MEQM}U{e

)+€g+€ G(a)) QGQ‘S CZNQQ} <B65)

supp supp

Lemma 2.34. Let B := QT (B"). Then Bp forms a reduced cycle basis for Lp.

Proof. First, acting QT on the rooted cycle basis B defined in Lemma 2.15 yields,

Q( e+e = > o+ > 9l Vu # 2,
vCu, vCu,
v QS v~ QM
QT (€upp(a) + €0 T €hppa@) = 2 T+ D%+ D W VaFEl, VGeS.
vCsupp(a), b<a, vCsupp(G(a)),
vQS b~QY v QM

(B.66)
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Thus, Bp := QT(B") takes the following form,

Br = Zﬂf—f—Zﬂy:MEQM U

vCu, vCpu
2
(B.67)
oY+ Y 9 ged a9y,
vCsupp(a), b<a vCsupp(G(a)),
v~QS v~OQM

where we have used the defining property of QM and QY. let us first prove the linear
independence of Bi. Consider a linear combination of all vectors from Bp that yields O.
Since only the second part of By contains gate noise parameters, and one can show {34, 195 :
Gebd, anr~ Qg} are linearly-independent (as they can represent {ﬂg GgebBanr~ Qg} using
the inclusion-exclusion principle, see Appendix B.7.4 for similar expressions), the coefficients
for all vectors from the second part must be zero; On the other hand, because {)°, " 1954 :
ve QM } are also linearly-independent (also thanks to the inclusion-exclusion principle), the
coefficients for vectors from the first part must also be zero. This means Bp must be linearly
independent. On the other hand, Theorem 2.6(c) implies dim(TR) = |Q°]. We can see from
the expression of By that |[Bp| = dim(Xp) — [Q%| = dim(Xp) — dim(TR) = dim(Lg). We

can thus conclude that Bp forms a basis for Lp. O

The construction of Bp implies the following set of experiments can fully learn the quasi-

local reduced noise model,
1. For all p € OM | prepare po and measure ZH.
2. ForallGe &, b~ Qg, prepare pp, apply G, and measure Pg(b).

If OM and QY have polynomial size, the number of experiments needed is also polynomial,

and is thus efficient. Besides, if each G is a parallel application of many Clifford gates each
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acting on a constant number of qubits, many of the above experiments can be conducted in

parallel. We leave such an optimization of experiment design as future research.

Of course, one might also want to learn gate noise parameter to relative precision in the
quasi-local noise model. We will not pursue a general efficient algorithm for finding reduced
cycle basis for L% in the quasi-local case due to its complexity. Instead, we will study one

practically-interesting examples in the following section.

B.6 Case study: CZ gates with 1D topology

In this section, we will apply our theory to a concrete gate set where the Control-Z (CZ)
gates are the only multi-qubit entangling gates. Such a gate set, augmented with single-
qubit gates, are able to conduct universal quantum computation, and is adopted by state-
of-the-art experimental platforms (e.g., IBM Quantum [ibm22]°). We will discuss the noise
learnability and learning algorithms with several different noise ansatz. We hope the results
presented here can not only illustrate our theoretical results, but also serve as a new noise

characterization protocol for practical use. A quick summary of results is given in Table B.2.

Section| n & Noise model |dim(Xg)|dim(Lg) dim(Xg) dim(L]C;:)
B.6.1 | 2 {CZ} complete 21 18 15 13
B.6.2 |n>4| {CZ; i1} fully local 17n 16n 15n 14n
B.6.3 |n > 6({CZ¢, CZ,} |nearest-neighbor| 28n 2Tn 24n 23n
B.6.4 |n > 6({CZ¢, CZy}|covariant 4-local| 244n 242n 240n -

Table B.2: Summary of results of this section. Each row corresponds to a gate set and noise
model studied in one subsection.

5. Note that the Control-NOT (CNOT) and the Echoed Cross-Resonance (ECR) gates are all equivalent
to CZ up to single-qubit rotations. Our theory can similarly be applied to them.
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B.6.1 Single CZ, complete noise

We begin with a minimal example: n = 2, & = {CZ}. The goal is to learn the complete Pauli
noise model. Recall that the associated PTG for this model is given in Fig. B.1. Thanks
to Theorem 2.2, the parameter space X, gauge space T', and learnable space L are given by

(let G = CZ for notational simplicity),
« X: dim(X) = 21. Basis: {e2,eM eY :u+#00,a+#II}.
o T: dim(T) = 3. Basis: {910,001, 011}

o L: dim(L) = 18. Cycle basis: {e;f +eM :u e {01,10, 11}} U{elia) +€d +elligay s a€

P2\IT}.

The learnable space for gate noise LG = LNnXC (which is the cycle space for the subgraph

of PTG with edges only for gate noise parameters) is spanned by the following cycle basis

G o9 o9 g g g g
{6127 €21 €72 €xx:€yy: €xy €y x: (B.68)

kst ekg ey + e ek el el + ey efy +edy ey + e%Y} :
We have dim(L%) = 13. Note that dim(X%) — dim(L%) = 2. This is because 79(d11) = 0,
which means the global depolarizing gauge does not change gate noise parameters. Only the
two single-qubit depolarizing gauges {01,010} changes gate parameters nontrivially. The

above basis for LG can be augmented to a basis of L by adding the following 5 rooted cycles,

{en +enl iue{o1,10,11}} U {ety + e, + el ey +efy +elf } (B.69)

We remark that Eq. (B.68) was previously given in [CLO"23]. The new insight from our
theory is to include SPAM parameters as the target of learning, and to explicitly parameterize
the gauge degrees of freedom. We also note that [CLOT23] has presented experimental

designs to learn all of these gate parameters to relative precision. Concretely, any of the
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Figure B.8: Circuits for learning different types of cycles. (a) Circuits for learning all cycles
of a single CZ (and for certain cycles of the other models). Any cycles from Eq. (B.68) can
be learned by inputting an appropriate Pauli eigenstate to the upper or lower circuit and
measure the same Pauli observable. (b) Circuits for learning the 2-gate cycle from Eq. (B.71).
The evolution of the corresponding Pauli operators is shown in gray. (c¢) Circuits for learning
cycles from Eq. (B.75). (d) Circuits for learning for cycles from Eq. (B.76).

above parameters can be learned by concatenating CZ or CZ o (\/7 QVZ ) an even number

of time, input the correct Pauli eigenstate, and measurement in the correct Pauli eigenbasis.

See Fig. B.8 (a).

B.6.2 CZ’s on 1D ring, fully local noise

Let n > 2, consider the case where the n qubits are placed in an 1D ring, and one can
apply an CZ between any neighboring pair of qubits, i.e., & = {CZ; ;11 : i € [n]}, where
the (i + 1)-th qubit is the same as the first qubit. Suppose the noise model is fully local
(c.f. Definition 2.24), using Theorem 2.5, we obtain the following characterization for the

learnability of this model (let G; = CZ; ;41),
+ Xp: dim(Xp) = 17n. Basis: {95,997 : j € [n,i € [n],a € PP\II}.
o Tg: dim(Tg) = n. Basis: {Q_l(B{Z-}) i€ [n]}.
e Lp: dim(Lp) = 16n. Corresponding cycle basis: {ej{gi} + e%} ci € [n|}uU {egt(a) +

e + e%(gi(a)) ci € [n],a € PUATIN, L,

Note that Q71 is well-defined when acting within the image of Q. For L R, instead of
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writing down a reduced cycle basis, we write down the corresponding cycle basis in L whose
connection to experiment design is more direct. Acting QT on that basis will give a reduced

cycle basis for Lp.

Using the algorithms introduced in Sec. B.4.3, we can construct a reduced cycle basis for
the learnable spaces of gate parameters Lg. In fact, there exists a basis where each basis

vector contains parameters of only one gate or two neighboring gates, as follows

« l-gate (same as Eq. (B.68)):

{‘9%2: %1957, 9%, Oy 9%y, 9¥'x
9% + 05,01 + 9515, 0%, + 975, O + 05, 0% + 9%, 0Fy + 9%y i e [nl}.
(B.70)
o 2-gate:
Gi Git1 .
{95+ 055 sieml}. (B.71)

We have dim(LG) = 14n. The 1-gate basis vector can be learned by running the same
learning protocol for a single CZ in each consecutive 2-qubit subsystem, shown in Fig. B.8 (a);
The 2-gate basis can be learned using the circuits shown in Fig. B.8 (b) on each consecutive
3-qubit subsystem. By learning disjoint regions in parallel, a constant number of experiments
is sufficient to learn all the gate noise parameters. We also note that the above basis for L%

can be augmented to a basis for L by adding the following 2n reduced cycles,

{05 10l jemulof + 0% + ol + o)y jem}. (B.72)
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B.6.3 CZ’s on ring, nearest-neighbor noise

Let n > 6 be an even number. We again consider n qubits placed in an 1D ring, but this

time let the gate set be & = {Ge, G,} where
Ge =CZ12®CZ34 @ @CZp 1, Go=Cloz®CZly5®: - ®Clyy, (B.73)

and we assume the state preparation, measurement, and gate noise for both G¢, G, are all 2-
local, with Q associated with Qs = {{i,7+ 1} : i € [n]}. The setup is illustrated in Fig. B.9.
This setup is essentially the one used in [KEA 23] for conducting an error-mitigated quantum

simulation task. It is thus of great interest to understand the learnability of this noise model.

O Q

»

g 0 i
0, 0_0_0_J I 0 &9 9 &0

(a) (b) (©

Figure B.9: Tllustration of the setup in Sec. B.6.3 with n = 12. (a) Qubit topology and noise
model. Each circle represents a qubit with their label annotated. Each diamond connects to
a maximal factor from (24, specifying the nearest-neighbor noise model for both SPAM and
gate noises. (b), (c¢) Hlustration of G¢, G,, respectively.

To begin with, this noise model is not gate-covariant in the sense of Definition 2.32. To see
this, consider the Pauli channel A’(p) = nX2X3pX2X3+ (1 —n)p with some n < 1/2, which
is (-local thanks to Lemma 2.36. We have QeA’Q;r = nZ1XoX3Z4pZ1 X2 X374 + (1 —n)p,
which is not (2-local, again by Lemma 2.36. Similarly for G,. This means we cannot directly
apply Theorem 2.6(c). In fact, we can show that the reduced gauge space is given by
Tr = span{ o1 {j}) : j € [n]}, i.e., only the single-qubit depolarizing gauges. Intuitively,
any (linear combination of) two-qubit depolarizing gauge transformation will violate the

-local noise assumption of either G. or G,. A formal proof is given in Appendix B.7.5.
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Therefore, we obtain the following characterization of the model learnability,
« Xp: dim(Xp) = 28n. Basis: {95, 9M 99 99 v e Qan~ O}
e Tg: dim(Tg) = n. Basis: {Q_l(b{i}) i € [n]}.
e Lp: dim(LR) = 27n.

Note that the cardinality of {a € P"\I, : a ~ Q} can be computed using the inclusion-

exclusion principle: (42 —1)n — (4 — 1)n = 12n.

We have also found a reduced cycle basis for L% To make the connection to experiments
more straightforward, we will write down a cycle basis that generates the reduced cycle basis
by applying o7 on them (c.f. Definition 2.20). The cycle bases are divided into two parts,

depending on whether the basis vector involves one or two gates, as follows,
e 1-gate:

— For k=1,..., 5, similar as Eq. (B.68),

ge ge PP
{ IQk 121 €Xop 11y, Te €Xop_1Zop’ h (B.74)
.. Yo Go L
{ f2k22k+1 € X0 Ion 11 Te €Xo1 Zop 1’ t
— For k=1,. %
{eg6 + ege a € P{zk’2k+1},w(a) =2.d = Ge(a)}
(B.75)

U{eago + eag,” ca € P{2k+1’2k+2}, w(a) = 2, a = Gol(a)}
e 2-gate: Fork=1,--- 73,

Go Ge Go Ge
{eIXIXI{%,LW 2kt3) + CIXZX Ziop 1. okis) + €ZXIXZop 1. okis) + €ZXZXI (a5 1. ,2k+3}}

gO ge gO g&
U {eIXIXI{%,,_, 2k+4} + eZXZX[{Qk,m 2k+4} + eZXIXZ{%,W 2k+4} + eIXZXZ{zk,m ,2k+4}}
(B.76)
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Egs. (B.74), (B.75), (B.76) contributes 13n, 9n, n cycles, respectively, and is consistent with
the fact that dim(Lg) = 23n. Elusive as they might look, each type of cycles corresponds
to an explicit family of experiment designs, as shown in Fig. B.8 (a), (c), (d), respectively.
The proof that the above cycles constitute a cycle basis for L% and a way to supplement
it into a complete basis for Ly can be found in the Appendix of [CZJF24], and is omitted

in this thesis.

B.6.4 CZ’s on ring, covariant quasi-local noise

Figure B.10: The covariant quasi-local gate noise model from Sec. B.6.4. The left and right
shows Q€ Q°, respectively, with each diamond connecting to a maximal factor from QS (resp.

09).

Finally, we present a minimal example of quasi-local noise model that is gate-covariant.
Let n > 6 be even. Consider the same gate set & = {G¢, Gy} as in the last section. Assume
the SPAM noise is still Q-local for Q, = {{i,i+ 1} : i € [n]}. Assume the noise for G, G, is

Qge, ng—local, respectively, where

09 = {{2k — 1,2k, 2k + 1,2k + 2} : k € [n/2]},
(B.77)

0% — {{2k, 2k + 1,2k + 2,2k + 3} - k € [n/2]}.

The factor graphs for each noise model are given in Fig. B.10. The fact that this model is
gate-covariant follows from Lemma 2.33. Indeed, each maximal factor is weight-4, containing
exactly the support of two neighboring CZ. Consequently, Theorem 2.6 gives us that

e Xp: dim(Xp) = 244n. Basis: {95, 9} 9% 9 : v € Q a ~ QY b ~ 090},
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e Tp: dim(Tg) = 2n. Basis: {Q71(d,) : v € QL.

« Lp: dim(Lp) = 242n. Corresponding cycle basis: {e5 +eM : v e QU {egt(a) +ed +
M : g
ept(g(a)) G €{Ge,Go},a~ 7}

Note that the cardinality of {a € P™\I,, : a ~ QY%]} can again be computed using the
inclusion-exclusion principle: § x (4* — 4%) = 120n. One can see that a linear number of
experiments that involves measuring at most weight-4 Pauli observables is sufficient to learn

the whole noise model. It is also not hard to see that, by paralleling many of the experiments,

a constant number of experiments would also suffice.

We will not pursue a reduced cycle basis for L% in this example due to its complexity,

and leave this for future investigation.

B.7 Technical Details

B.7.1 Proof of Theorem 2.1
The proof follows [CLO'23, App. D] with some modification to fit in our framework.

Proof of Theorem 2.1(a). For any experiment F', we need to find a finite set of rooted cycles

(i.e., linear functions corresponding to a rooted cycle) {f; }é\/i , and a function F' such that
F(x) = F(fi(z),- fu(x), YreX. (B.78)

By definition, F(z) is a 2"-dimensional real vector such that Fj(x) = Tr[E.C(p)] where
the noisy initial state, circuit, and POVM element are determined by the noise parameter

. Expanding the SPAM noise parameters yields

Fp@)=— S (=)FAMAS Ty {Zu’é(Z“)}. (B.79)
u,u’€{0,1}"
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On the other hand, any noisy circuit C satisfying our assumptions can be written as
C=uU™oGpo--otdV oGy otdV). (B.80)

where each U() = 4 Z/{l(i) is a layer of parallel single-qubit gate, and each QNZ is the noisy
realization of a Clifford gate G; from our gate set &. Note that consecutive layers of single-
qubit gates can always be merged into a single layer, and we have assumed single-qubit gate
to be noiseless, so the above form of C is indeed general.

An important property for single-qubit gate layers is that, even if they are non-Clifford,

they always preserve the pattern of an input Pauli operator. That is,

udp)= Y R, VR eP", (B.81)
b:pt(b)=pt(a)
for some real coefficients cl(le This comes from the fact that any single-qubit unitary channel

is trace-preserving and unital. Thanks to this property, the action of C on any input Pauli
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operator can be expressed as

C(P) = U™ o0Gpo-

= U™ oGpo- -

oM o Gy ouV)(Py)

ou(l) @) 51) Z Cl()g?apbo

bo:pt(bo)=pt(a)

> Céo? )‘gl Pgl(bo)
bo:pt(bo)=pt(a)

— (u(m) ogmo...ou(l))

(B.82)

_ y(m (1) ( ) \G2,G
- (Z/{( | ’ gm o b 'pt(bz): pt(a) Cbl?gl(b()) o a>\bl2)\ lpg o
0:pt(bo)=pt(a),

b1:pt(b1)=pt(91(bo))

(m) (1) () Gm 192\G1
" Cy,G (bo) Cbosa Ay bn—1 " >\b1 Abo Bpy,
bo:pt(b
b1:pt(b1)

bm3pt(bm)

=3
hov
CF
/-\
=&

t( 1( 0));
pt(Grn (brm—1))

Now, substitute this back into the expression of FJ.(x),

Fi(x)

(—1k m) (1) (0) \M Gn .. 702791 )8 ol
_ 3 T O ) o) o NG NGNS T 27, |
u,u’€{0,1}",
bo:pt(bo)=pt(u),
b1:pt(b1)=pt(G1(bo)),

(_1)k-pt(bm) (m)

— 0 M gm G1)\S 1 [zpt(bm
= > S Co G 1) Coia piom) Moy T A A 12PN = B .
ue{0,1}7,
bo:pt(bo)=pt(u),
b1:pt(b1)=pt(G1(bo)),
bin:pt(bm) =Pt(Gm (bm—1))

(B.83)

Let us look at the indexes of the summation. For v = 0, we must have b, = --- =by =1,

and the corresponding term in the sum becomes 1/2" that is a constant; For u # 0, we must

have b; # I for all 7, and the corresponding term in the sum depends on the noise parameters
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via

M Qm G21G1,S M Gm g1 S
Ao AT NPNING = exp (= (wplp,) Fap™  + -+ oyt +a7) B0
=. &Xp (_fb,u(w)) )
where fp,, is a linear function of . What’s more, thanks to the restriction of (bo, -+ ,bm),

one can see that fp,, is actually a rooted cycle in the pattern transfer graph. Therefore,
Fj(x) (and thus F(z)) is indeed determined by {fp ,()}p,, consisting of finitely many

rooted cycles. This completes the proof of Theorem 2.1(a). O

The following proof again comes from [CLO™'23] with minor modification, and is pre-

sented here for completeness.

Proof of Theorem 2.1(b). For any rooted cycles f, we need to find an experiment F' and a

function ]? such that

o~

f(x) = f(F(x)), VxelX. (B.85)

A generic rooted cycle f of depth m takes the following form (here, we write down the

vertices for clarity, though they are not needed to define a cycle),

S g1 G g M
(VR» Ty Vg TPy Vb Ty ™+ 1 TP Vs Ty UR) (B.86)

st. bi—1 =pt(P), pt(Gi(P)) =b;, Vi=1,---,m

Consider the following noisy circuit

c=um ogmo---ou(l) oGy ou(o)’
U (z%) = p;

n
where () = ®Z/{](-Z is Clifford, and satisfies u(i)(gi(Pi)) =Py, Vi=1,--,m—1;
j=1

u(m)(gm(Pm)) = zbm.
(B.87)

159



Note that, thanks to the constraints from Eq. (B.86), the above requirements for ¢ (@) are
literally mapping one Pauli operator to another with the same pattern, thus can indeed be
achieved by a layer of single-qubit Clifford gates.

This circuit yields the following experiment (i.e., experimental outcome distribution)

IO 1 -
Fy@) = TECH)] = — 3 ()R AMAS Ty [ZU’C(Z“)] . Wk e {0,1)".
u,u'e{0,1}"
(B.88)
Compute the following function of experimental outcome (which is, intuitively, the expecta-
tion value of ZP on the equivalent noisy state right before a perfect measurement)
S ()R @) = Y~k a8 [z“ C(Z“)]
ke{0,1}n k: Juu!
1
=5 Z ML G Tr [ 20me (2]
1 B.89
> MG NP T [ 2027 (B:89)
= WINGm AT
:exp( (:cbo—i—x%—i— +:cgm+:c{)\i)) =exp (—f(x)).

The third line is obtained by acting CT on ZPm inside the trace, and then evolve Z0m

backwards according to the definition of C from Eq. (B.87). As a result, we have

fl@)y=—log| > (-1)fmE(z)]|. (B.90)
kef{0,1}"

This completes the proof of Theorem 2.1(b). Recall that this means any rooted cycle f can

be learned from a single experiment F'. [
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B.7.2  Proof of Theorem 2.3

Proof. We first show that T = Ker(P o Q). For any experiment F', Theorem 2.1(b) implies
that there exists some function F' such that F(Q(r)) = F(P o Q(r)) for all r € Xp. Thus,
for any t € Ker(P o Q),

F(Q(r+nt)) = F(PoQ(r+nt)) = F(Po Q(r)) = F(Q(r)), Vre Xp, VneR. (B.91)

The second equality uses linearity of PoQ. The above means t € T by definition. Therefore,
Ker(P o Q) C Tg; On the other hand, for any ¢t ¢ Ker(P o Q), Q(t) ¢ Ker(P), which means
there is at least one f; such that f;(Q(t)) # 0. Now, Theorem 2.1(b) says that there exists

an experiment F; and a function f; such that f;(Q(¢)) = fi(F;(Q(t))) for all 7. Thus

fi(Q(t)) #0 = fi(Q(r)) # fi(Q(r +¢t), Vre Xg,
= fi(F(Q(r)) # fi(F(Q(r + 1)), Vr e Xp, (B.92)

= F(Q(r)) # F(Q(r +1)), VreXg,

where the first line uses linearity of f; and Q. This means t ¢ Tgr. Therefore, Tp C
Ker(P o Q). This proves that Tp = Ker(P o Q).

We then show that Lp = Im(QT o PT). For any f € Im(Q" o PT), there exists some
linear function A : RIZ| — R such that f(r) = Q7 o PT(h)(r) = h(P o Q(r)), Vr € Xp.
Theorem 2.1 implies that each entry of P(Q(r)) can be learned from some experiments,
thus f € Lp. This means Im(Q' o PT) C Lp; On the other hand, Ly L Ty, according
to similar arguments as in Lemma 2.8. We have shown T = Ker(P o Q), thus L C

Im(QT o PT) thanks to the orthogonality between kernel and adjoint image. This proves
that Ly = Im(QT o PT). O
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B.7.8 Additional proofs for Sec. B.j

Proof of Lemma 2.27

Proof. Since #{0s}s = dim(T") = 2" — 1 (recall that the PTG is strongly connected thanks
to the root vertex), we only need to show the completeness of {95}s. It is sufficient to show
that {0s}s can express the canonical cut basis 1, generated by cutting off a single vertex
Vo = {v;} for all non-zero bit string z. (Note that the root node gives a redundant degree

of freedom and can thus be ignored). By definition, we have

05 = — Y1z # Oy (B.93)

For two n-bit string s,t we write ¢t < s if t; = 0 for any index ¢ such that s; = 0. Let s

denote the bitwise flip of s (e.g., 1101 = 0010). We claim the following relation holds,

. (_1)|5|—|5|08’ Vz #£ 0. (B.94)
$#£0:2=<s

This is basically a consequence of the inclusion-exclusion principle. To see this, thanks to

Eq. (B.93),
RHS. =— S (—nkllE Sy,

$#£0:2<s t:ts#0

=-2 X (yFFly
U s:z<s, sAt

=> 2 (—1)lsl=Fly,
t s:z<s=<t (B.95)

A S =1z

ONIEDD WL

i k=0 k
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The order change of sum in the second line uses the fact that ts # 0 is equivalent to s A t,
and that 0 < ¢ for any ¢, so we can drop the constraint s # 0. The third line uses the

following

n—|z| _
_pylsl-la sl 2y sl = s (PR e 2,
D R S e e SR Ch L B Sl W VLR
§:2=s5=<t 5:Z=s, sAt 5:2=2s k=0
(B.96)
Note that z # 0 implies n — |Z| > 0. The fifth line uses the Binomial theorem. This proves
Eq. (B.94), and thus establishes the fact that the SDG’s {0} form a basis for T’ and U. O

Proof of converse part of Theorem 2.5(b)

Proof. Let (Xp, Q) satisfies a fully local noise model for gate G. Define

To={zecT:29 € ImQY}, : )
B.97

Dq = span{0s : s C supp(G) or s 2 supp(G) or s Nsupp(G) = &}.

It has been proved that Ty O Dg. Now, assume that G induces a connected pattern transfer
subgraph. Let & = |G| and assume G supports on the first k& qubits, without loss of generality.
By definition, any 29 € ImQY satisfies

Zbg@cl - ZngBCQ’ Vb € Pk\{lk}a Ver,co € Pn_k- (B98)

Here @ means concatenation of bit string, i.e., Pyg. = P, ® Pe. Equivalently, z - (ebg@ o

k

eg@cz) = 0. Now, let us pick a set of k-qubit Paulis {b; € Pk\{]}}?:z2 such that the set of
k

edges {egj 20 }?:_12, viewed as undirected, form a spanning tree for the subgraph of vertices

{t®0,_ € V:t e {0,1}F 1+ 0,}. Such a choice always exists, as we have assumed

that the pattern transfer subgraph of G is strongly connected. Next, consider the following
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vectors

Bje=ef or—ef oo ¥i=1,00 26 =2, vee PRI}, (B.99)

It is not hard to see {k; .} forms a linearly-independent set, as each egj we (¢ # 1) appears

in exactly one kj .. Let K = span{k;.}. We thus have
dim(K) = (2F —2) x (2" F —1) = 2n — ok _on—k+1 4 9 (B.100)

Since K supports on a union of spanning trees, the intersection between K and the cycle
space Z must be trivial, i.e., KNZ = {0} (see e.g., [Ber01]). Meanwhile, one has Ty L K by
Eq. (B.98) and Ty L Z by the orthogonality between cycle space and cut space. Combining
all of these, we have X D Ty @ K & Z, and that

dim(7p) < dim(X) — dim(Z) — dim(K)
= dim(7") — dim(K) (B.101)

The second line uses the fact that 7" is the complement of Z in X. On the other hand, by
directly counting the number of SDG’s in Dy, we have dim(Dg) = (2F —2) 42"k 4 (2n=F
1) > dim(7y). Since we have shown Ty O Dy, we conclude Dy = Tj. This completes our

proof. ]

B.7.4  About quasi-local Pauli channels

Throughout this section, when we talk about a Pauli channel, we always assume all of its

eigenvalues to be strictly positive, so that x4, = —log A, is well-defined.
Lemma 2.35. Let ) = 2[”]\®. Then any n-qubit Pauli channel is Q-local.

Proof. For any set of parameters {z, : a € P}, we claim there always exist {ry : b € P"}
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such that,

Ta =Y Tp, Va € P™. (B.102)
b<a

ry = (—1)w@=wl),, Vb € P". (B.103)
a<b

Indeed, substituting the second expression into R.H.S. of the first yields

I REIICRICIAES S SRERICICIIL

b<a c<ib e piedb<ia
lw(a)—w(c)|
. 0Oy
2. kZ::o ( k =) (B.104)
= ;fcﬂ[w(a) = w(c)]

The first line changes the order of summation. The third line uses the binomial theorem.
Further note that x; = 0 < r; = 0. Since any Pauli channel is trace-preserving (i.e.,

vy =0), it is 2["\ @-local by choosing 7, according to Eq. (B.103). O

The following Lemma explains the equivalence between the quasi-local Pauli channels we
consider and the sparse Pauli-Lindblad noise model. We note that basically the same results

are given by [VDBMKT23, Theorem SIV.1].

Lemma 2.36. Given an n-qubit Pauli channel A and a factor set Q, if A can be written in

the following concatenating form

A() = b@ﬂ (P () Py + (1 = mp)()) (B.105)

with real parameters {ny}tp~q such that ny < 1/2, ¥Yb # I, then A is Q-local. Conversely,
any Q-local Pauli channel can be written in the above form.
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Proof. Suppose Eq. (B.105) holds. By definition of the Pauli eigenvalues,
Ao = Tr[PaA(Pa)]/2" = T (1 — 2mp) ). (B.106)
Taking a log on both sides yields (recall that we require 7, < 1/2)
zq = —log(Aa) = — > (a,b)log(1 — 2mp) =: Y (a,b)7p, (B.107)

where we define 7, := —log(1—27;). On the other hand, recall {r;} as defined in Eq. (B.103).

Substituting Eq. (B.107) into the expression of ry yields,

rp= 3 S (-0 g, o)r. (B.108)

e~ a<b

Now we claim that r, = 0 unless b ~ Q2. If the condition does not hold, for any ¢ ~ €2, there
is at least one ¢ € [n] such that ¢; = I but b; # I. For any a < b such that a; = I, let @ be

obtained by replacing the ith entry of a by b;. Then we obviously have
(—1)w<a>_w(b) (a,c)y + (—1)w(a)_w(b)<d, ¢y = 0.

Further note that {a € P" : a <b} can be decomposed into disjoint pairs of the above form
(a, @), we thus conclude that r;, must be 0, justifying our claim. We can thus rewrite the

expression for x as

Ta= Y, T (B.109)
b<a,b~$2

depending on a set of real parameters {ry}p.q. Exponentiating both sides yields,

Aa= [ exp(—rp). (B.110)
baia, b
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This completes the proof that A is Q-local.

Conversely, let us assume that A is Q-local, i.e., Eq. (B.109) holds. Define 7, according

to
-2

T S (=)@, Wbe P (B.111)

a

Ty = ]l[b 7A [n] :

which gives us 2, = >y (a, b)7,. Indeed,

b b£1,
_ (—1){a,b)
-z - ) (—1)ledly
Ay, 2 c
- %Zxc > (—(—1)<C’b> +(_1)<a+c,b>> (B.112)
N,

which is just x4 since 77 = 0 by the trace preserving condition. Now substituting Eq. (B.109)

into Eq. (B.111), considering only b # I,

2
n=-m (D 3

c<a, e~

(B.113)

= —fn Sore 3 (-1)lab,

o~ acda

We claim that 75, = 0 unless b ~ ). Similar to the previous case, if b ~ 2 does not hold, for
any ¢ ~ () there exists an index i such that ¢; = I but b; # I. Consequently, exactly half
of the Pauli operators from {a : ¢<a} commute with b while the other half anti-commute
with b, depending on whether a; commutes with b;. Thus, the above sum always yields zero,
proving our claim. By setting 7, = (1 — exp(—13))/2 for all b ~ Q, we see Eq. (B.105) is a

valid representation for A. This completes our proof. ]
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We are now ready to give a proof for Lemma 2.33.

Proof for Lemma 2.33. Thanks to Lemma 2.36, any 2-local Pauli channel A can be written
in the form of Eq. (B.105). Conjugate A with G yields,

GAGT = O (mG (PG ()P) + (1= m)()
b2 (B.114)
=< (mPa) () gy + (1= m)()).

If one can show that G is a permutation acting on {b: b ~ Q}, by simple relabeling one can
see GAGT also has the form of Eq. (B.105) and is thus -local. For any b ~ , there must

be a v € Q such that supp(b) = v. it is not hard to see that
supp(G(8)) € Zg(v). (B.115)

By assumption, Zg(v) € €2, thus supp(G(b)) € 2 by the property of €2, which means G(b) ~
). Since G is invertible, this completes the proof that G acts as a permutation over {b: b ~
2}, and thus proving GAGT is Q-local. Since the same argument holds by replacing G with

G', this completes the proof of Lemma 2.33. [

B.7.5  Additional proofs for Sec. B.6.3

Gauge in the nearest-neighbor C'Z model

Proposition 2.37. For the gate set and noise model described in Sec. B.6.3, the embedded

gauge space is given by Q(TR) = span{og; i € [n]}.

Proof. Since both state preparation and measurement noise are -local, Theorem 2.6(a)
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says,

{zeT:7%(2) e ImQ®, 7 (2) € ImQM} = span{d, : v € O}
(B.116)
= span{dg;y, 04511y i € [n]}.

Then, by Lemma 2.23,

Q(TR) = spanf{d;y, Vi ip1y 00 € M} N {z € T: 7% (2) € ImQY%, 7%(z) € ImQ%}

= {z € span{dy;, Oy 41y 10 € [n]}: 79 (z) € ImQY%, 7% (2) e IngO}.

(B.117)
We are going to show that
{z e spanfogy, piigry i € [n]} 2 7% (2) € Q%
— span {{a{i} cie[n)} U {0k 108y K € [n/z]}} , (B.118)
{z € spanf{ogsy, diigry i € ]} 7%(2) € InQ%
=span {0 1 € [1]} U {pransny b € [0/2]}}, (B.119)

which would then implies Q(Tg) = span{o;, : i € [n]}. Let us look at Eq. (B.118) first.

To see LH.S. 2 RH.S., note that GiD(;yGeDp} and GID(oy_1 24y GeD are both

1

{2k—1,2k)
clearly Q-local for all i € [n],k € [n/2]. Here D, is the subsystem depolarizing channel
on v defined in Eq. (B.34). Using the same argument as in the proof of Theorem 2.6(b),
we can conclude those SDGs are indeed allowed. To see L.H.S. C R.H.S, it remains to

show that span{d(o; o1y + & € [n/2]} N L.H.S. = {0}. Consider any vector of the form

z= Zk‘e[n/2] RO fok 2k 11} By definition of the SDG,

fe=efez= Y ap (Lpt(G(a) o 2nr1} # 00] — L[pt(a) o 251y # 00]) . (B.120)
ken/2]

Suppose 1Y (z) € ImQY%, then 2z = > baa, b~ tp for some parameters tp. Specifically, for
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any k € [n/2], if we choose a = Xop_1Xop13, since {2k — 1,2k + 3} ¢ Q given that n > 6,
we have

Ge o Ge Ge
Kop1Xoprs ~ “Xop_1 T “Kopss’ (B.121)

On the other hand, Eq. (B.120) gives (see Fig. B.11 for how these are computed)

2%2k71X2k+3 =ap_1(1=1)+ap(1=0)+ap1(1-1) = .
X = a1 (1= 1) +ag(l-0) = ay. (B.122)
Z%2k+3 = ak+1(1 - 1) + Oék(l — O) = Q.

But this means oy, must be 0, which finishes the proof that span{do; 941} : k € [n/2]} N

{2/\,_2 I I I I I i
A1

X

o)
o)
S
—
—~

H
t
H

2k—1

2k
Ak
2k +1
2k +2
Ap+1 ‘|:
2k +3

~
N
~
~
~
N

a
| |
L1
a

~
~
~
~
~
~

1
1
1

Q

G(@)
(a) (b) (c)

Figure B.11: Illustration for calculations of 27® where (a) a = Xop_1Xopy3, (b) a = Xop_1,
and (c¢) a = Xop.3, respectively. The labels of qubits and the corresponding coefficient

ay, is shown in the leftmost side. The shaded region represents a non-zero pattern in each
{2k, 2k + 1} subsystem, for both a and Ge(a).

L.H.S. = {0}. Eq. (B.119) can be proved similarly by cyclically shifting every index by 1.

Combining everything, we complete the proof that Q(Tg) = span{d; : i € [n]}. O
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APPENDIX C
APPENDICES TO CHAPTER 5

C.1 Details of EMEEL protocol

The procedure of EMEEL is described in Algorithm 2. In the input parameters, D =
[dy,--- ,d‘ D|] is a list of circuit depths. We require each d; to be an integer multiple of dj.
See the next section for how to choose D. N, Ng are number of random circuits per depth
and number of measurement shots per circuit, respectively. The unprimed, primed version
are parameters for EEL and AuxEFL, respectively; Q = [aq, - - ,a|Q|] C P™ is set of queries
of Pauli fidelities. The protocol will return an estimator Aa to the symmetrized Pauli fidelity

A\ for each a € Q.

Algorithm 2 EMEEL
Input: NC,NS,D,Né,NZq,D’,Q.
1. uFEL = CoLLECTEEL(N(, Ng, D)
. KAEFL = CoLLECTAUXEFL(N, N§, D')
: fora € Q do
AEEL o = FITEEL(uFEL q)
MusEFLpt(a) = FITAUXEFL(KAEFL pt(a))

Aa = AEEL,a/ AMuxEFL pt(a)
return {Xa}aGQ‘

SR S ol

=

The subroutines used for EMEEL are described in Algorithm 3-4. SAMPLEGATESE-
QUENCE generates a randomized gate sequence containing d layers of G. Here {F,,} are
the Pauli twirling gates while {C;} are the local-Clifford twirling gates. The Py and Pg
are Pauli gates for measurement twirling. The identity gate will be experimentally imple-
mented as a dynamical decoupling sequence that suppresses idling noise and system-ancilla
crosstalk [SLTT24]. COLLECTEEL calls SAMPLEGATESEQUENCE as a subroutine to con-

struct EEL experiments. Note that, g, ; defined in Line 14 is the “twirling-corrected”
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Algorithm 3 Subroutines for EMEEL (Data Collection)

1: procedure SAMPLEGATESEQUENCE(d)

2:

@

© »® 3

10:
11:
12:
13:
14:

15:
16:

17

18:
19:
20:
21:
22:
23:

24

gates Pa17"' ,Pa}d7Pa7PB.

{eHzHo

| Pay Py,

return 7, «a, 8

Cona = PaClCY---C,
pend = Pﬂgd(Pal)gd_l(Paz) T Q(Pad).
Define T to be the following gate sequence

] C’d Cend B

Uniformly sample d layers of single-qubit Clifford gates C1,---,Cy and d + 2 Pauli

Padpend_

for d € D do

forv=1---Ng do
T,a, 3 = SAMPLEGATESEQUENCE(d)
for j=1---Ng do
Prepare |®), apply 7, measure in {|®,)}. Denote outcome as v.
Baij=V+a+peP= 73"

return p = {1, ;}

: procedure COLLECTEEL(N¢, Ng, D)

: procedure COLLECTAUXEFL(N¢g, Ng, D)

for d € D do

return k = {kg; ;}

fori=1---No do
T,a, 3 = SAMPLEGATESEQUENCE(d)
for j=1---Ng do
Prepare |0)
kgij=1+ax €Zy.

X2n

, apply T, measure ancilla in {|/)}. Denote outcome as [.
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Algorithm 4 Subroutines for EMEEL (Data Processing)

1: procedure FITEEL(u, a)
2: Obtain N¢, Ng, D from p.
3: for d € D do

4: fa= NclNS Ziaj(_l)w’@
5 Fit {fg} to fg = agm-(AGFH)Y.
6: return )\,

T

8: procedure FITAUXEFL(k, s)

9: Obtain N¢, Ng, D from k.

10: for d € D do
£ 1 .
11: fd = No N ZZ,](_l)k s
12: Fit {fd}Ato fa= &?“XEFL(ASA“XEFL)d.
13: return \AUEFL

measurement outcome taking into account P, Pg. Similar for COLLECTAUXEFL. The ay,
in Line 23 is the “X part” of the Pauli operator as defined in Eq. (2.2). Finally, FITEEL
and FITAUXEFL extract the fidelity per layer via curve fitting to cancel the SPAM noise,
as is standard for RB-type methods [KLR'08, MGE11, FW20].

C.2 Proof for the correctness of EMEEL

Proposition 3.1. For any a, A given by EMEEL is a consistent (i.e., asymptotically unbi-

ased) estimator for \q.

To prove this claim, note that EMEEL consists of two subroutines, EEL and AuxEFL,
which generate an estimator for A€\, and A21¢, respectively. Here we assume G is fixed
and omit the corresponding superscript. The estimator of EMEEL is then given by the
ratio of these two estimators. Therefore, we just need to show both EEL and AuxEFL give
consistent estimators. This again reduces to showing the fidelity estimator at depth d is an

unbiased estimator.
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Notations. Let {|j) 5161 denote the n-qubit computational basis. Define the canonical
Bell state |®) = 25261 177) /v2™. The Bell basis {|®),},cpn is defined as |®),, = IQ P, |®),
which forms a orthonormal basis for the 2n-qubit Hilbert space. In the PTM representation,

the n-qubit Bell states are given by

) =Pye @) = o Y (DR D), ez, (1)
uezZin
which forms a complete basis on Hy2n. Also, we use |j)) to denote the vectorization of the
computational basis state |j)(j| for j =1---2" — 1.
Denote the state preparation and measurement noise channels as € Sand &€ M, respectively.
Note that both of them acts on 2n-qubits. Their Pauli eigenvalues is defined by fcsl and fg/l
for any 2n-qubit Pauli operator a. Use C;(-) = C’j(')CjT, Pi() = lt’j(~)1’:’;.f to denote the

corresponding unitary channel of the Pauli/Clifford twirling gates.
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Consistency of EEL. Let us compute the probability of getting corrected measurement

outcome z, averaged over random circuits at depth d,
Pr[z]

A S
1 1
:E<<(I)z+a+ﬁ’P£§ (Cend H Aanccj) ® (Pend H Agpj) |8-)
J=d

j=d

A S
AS 1 ’ ! ~
= <<(I>z| (Ea,ﬁpa,BgMPa,ﬂ) (H EC;CJTAanccé) ® (H EP]’PJ,APJ/g) |q)+>>
i=d

J=d

A
AS
= (@] Z fz';/ll,a2|0-a17a2 ) (T a2 (H Z Ag?cal |0y ) UQI‘) ®

a1,a2€P™ j=d a1 EP™

1 S
(H Z )‘a2|002>><<0a2g) |£IV)+>>

j=d a2€eP™

(C.2)

acPn a1epPn

A
= o 2 (DI (o0al ( > ( ilﬁfal))dl%l»«%ll) ®

S
( > ()\ag/\g’r(m)"')‘gfd1(a2))‘0a2»«0a2’) [©4)
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Recall that 0, = P,/v/2" is the normalized Pauli operator, and we write 04, 4y = 04y @ 0qy-

In the second line, we use the following change of variables

C = CjCj1---C1,  Pj=G(P)G*(Pj1)---G/(P1), Vji=1,---.d, (C.3)
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which does not change the average thanks to the unitary invariance of the Haar measure.

We also use the following fact of the noisy Bell measurement POVM

F 1 a,z
(®otarsl = 5 2 (=D (g0
acP™
1
= 5 2 (01 (oa0lPo s,
acP™

(C.4)

The third line uses the property of Pauli and local Clifford twirling (see e.g. [GCM™12b]).
Note that Pauli twirling yields general Pauli channels, while local Clifford twirling yields
Pauli channels of which the Pauli eigenvalues only depends on the pattern of the Pauli
operator.

From Eq. (C.2) and the Walsh-Hadamard transform, we see that fo(d)[z] = (—1){*®
is an unbiased estimator for 5a,a(Ag§(Ca))ngl, for any a € P"™. Thus, by picking different d,
averaging the estimators over different random circuits and measurement shots, then fitting

AEEL)

to the single exponential decay model &, EEL( we obtain S\EEL as an consistent estimator

for )\grtl(ca) .

Consistency of AuxEFL. Let us compute the probability of obtaining corrected outcome
z in AuxEFL, again averaged over random circuits at depth d.
—_ — 1 ~
PI“[Z] - E«Z + O(Jj|7)acend H Aanccj|0>>

j=d

, 1 / ~
j=d
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In the second line we do the same change of variables as Eq. (C.3), and use the following

fact of noisy computational basis measurement
(2 T ag| = (2 + az|€M = (z|x0% 206 = (1| M, (C.6)

where we can add Z% as it acts trivially on the computational basis state. (Recall ay, o,
is the X and Z part of Pauli P, as defined in Methods Sec A.) We also note that the SPAM
noise channel here can be quite different from the EFL experiment, as very different initial
state and measurement settings are applied.

Thanks to Eq. (C.5) and the Walsh-Hadamard transform, we see that fu(d) [z] = (—=1)*F
is an unbiased estimator for §L(Ainc)d, for any p € {0,1}". Thus, by picking different d,

averaging the estimators over different random circuits and measurement shots, then fitting

ﬁuxEFL (/\Z\uxEFL)d

to the single exponential decay model & S\ﬁUXEFL

, we obtain as an consistent

estimator for A", Choosing = pt(a) gives us the relevant )\;fcl(ca).

C.3 Resource cost analysis

In this section, we analyze the variance overhead of EMEEL in estimating individual sym-
metrized Pauli eigenvalues, and compare it with the experimental setting reduction. Consider
a specific a € P™ with weight w. Henceforth, we omit the subscript of a or pt(a) for no-
tational conciseness. Since S\EMEEL = S‘EEL/S‘AUXEFLa assuming both 3\EEL and S‘AuxEFL are

sufficiently close to the true values, using the first-order Taylor expansion yields,
Var[Aemeer) 1 Var[Aee] At Var[Aauxerd]

EMEEL] 4 A (C.7)
Var[AgrL] AAuxEFL Var[Agr | AAuxEFL Var[Agr ]

The second term uses the assumption that Aggp. = AgrL AauxeFL, i-€., the system and auxiliary noise
are independent. Note that S\EEL, S\AUXEFL, XEFL are all obtained by fitting an exponential decay

in the form of fg; = aX?. Omitting the label of protocols for now. For simplicity, we assume
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each protocol only uses two circuit depths, {0,d}, in which case the fidelity estimator is given by

A= (fa/fo)"/?, called a ratio estimator. Indeed, let fo(d) = foa) *+ €o(a),

1

R )\d A d A )\dA

U e s RN (N A (C8)
o+ & da)d

up to first-order approximation in £y(4). Therefore, the variance of s given by

< A2 A A A2V
Var[A] ~ a2 (Var[fg] + Var[fd]/)\Zd) =

(C.9)

where V' is a short-hand notation for the term within the bracket. Putting this back into Eq. (C.7)

yields,

3 2 9 2 2
Var{/\EMEEL] ~ dEFLaEFLVEEL dEFLaEFLVAuxEFL (C 10)
2 ST 2 2 . .
Var[AgrL] degL OgpL VEFL  dauxerL “AuxerL VEFL

To proceed, we need to decide d for each protocols. One sensible choice is to let A% ~ 1 /e, which
enables a multiplicative precision estimation for A with respect to the infidelity. There exists a
procedure to efficiently search for such d [HHFT19]. Here we assume the search is done a priori.
On the other hand, if we assume that (1) fo is sufficiently close to 1, so the contribution of Var[fy]
to V can be ignored, and that (2) f; has binomial variance Var[f;] = (1 — f4)2/N (which is true
if Ng = 1 or the noise is sufficiently uniform among different random circuit instances), then the
value of V is comparable for all protocols. Finally, if we further make the assumption that AauerL
is at least as large as AgpL (which means the system gate noise is at least as large as the ancilla

idling noise), we have

o 2 2
VarAemeel] (1 + TA“XEFL) CEFL g, (C.11)
Var[)\EFL] TEFL QEEL

Here 7 :=InA~! ~ 1 — X\ when X is close to 1. In conclusion, under all the assumptions we made
in above, the variance overhead of EMEEL roughly scales as the SPAM fidelity ratio (agp/ aEEL)Q.
Suppose each Bell pair suffers from identical and independent error, in which case aggl = c*/2
for some constant ¢ < 1. As long as ¢ > 1/2 (which is a mild assumption about the Bell pair

fidelity), the variance overhead will grow slower than 2%, and thus EMEEL will have an efficiency

enhancement over EFL.
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We remark that the above analysis only aims at understanding the rough scaling of the variance
overhead rather than giving an exact prediction. In our experiments, not all assumptions made
above are satisfied: For example, we choose d = 0,16,32 and extract the rate using a fit for all
protocols instead of searching for individual optimal depths and using the ratio estimator. We also
choose Ng = 500, therefore Var| fd] does not satisfy binomial variance. Nevertheless, by directly
estimating the sample variance, we obtain a variance overhead scales as 1.33% in Fig. 5.3, which is
considerably smaller than 2% or 3, demonstrating the entanglement enhancement even in presence
of noise. We also verify that, although Eq. (C.11) deviates from the empirical variance overhead,
Eq. (C.10) gives a precise prediction by inserting the empirical variance for each Var| fo] and Var[ fd]

at d = 32. See SM Sec. IV.
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