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ABSTRACT

This dissertation investigates fundamental and practical aspects of quantum information

science through the lens of Pauli channels — a simple yet powerful class of quantum pro-

cesses. Three interconnecting topics will be discussed: quantum advantages, quantum noise

characterization, and quantum error mitigation. (1) We introduce a novel type of quantum

advantages in Pauli channel learning, showing that entanglement with ancillary quantum

memory provides exponential advantages in sample complexity for learning a Pauli channel,

shedding new light on the role of entanglement as a quantum resource. (2) We develop a

comprehensive theory and novel protocols on Pauli noise characterization in quantum com-

puters, which are self-consistent, complete, and scalable. We also show how entanglement

can be used to accelerate noise characterization, even in the presence of imperfect quantum

memory. (3) Leveraging our self-consistent Pauli noise characterization framework, we pro-

pose and experimentally demonstrate a gauge-consistent quantum error mitigation protocol,

resolving an outstanding issue of noise non-identifiability in standard error mitigation meth-

ods. Altogether, this dissertation establishes Pauli channels as a theoretically interesting

and practically impactful object in the research of quantum information science.
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CHAPTER 1

INTRODUCTION

Quantum Information Science (QIS) — The usage of quantum mechanics in information

processing — holds the promise to revolutionize our ways to interact with the nature. Ar-

guably, the most fundamental question in QIS is to identify quantum advantages, i.e., for

which tasks quantum resources can bring significant advancement over classical information

processing methods. Such quantum advantages have been theoretically explored in many

aspects, including computing with unprecedented efficiency [NC11, Sho99, AAB+19], com-

munication with unprecedented security [GT07, Kim08], and sensing with unprecedented

accuracy [GLM06, GLM11]. It is still an on-going quest to understand the power and limi-

tation of QIS and how it can be applied to solve problems that are of real-world relevance.

Along with its extraordinary power, QIS comes with a unique challenge. That is,

being highly susceptible to noise and error. Fortunately, the paradigm of quantum er-

ror correction (QEC) and fault-tolerant quantum computation (FTQC) [Sho96, ABO08]

gives a road map towards noise-robust quantum information processing. Over the past few

decades, QEC has achieved significant advancement both in theory (e.g., design of good

codes and novel fault-tolerant architecture) [PK22, XBAP+24, BCG+24] and in experi-

ment (e.g., demonstration of early-stage fault-tolerant quantum computation on various

experimental platforms including superconducting circuits, neutral atom arrays, trapped

ions) [BEG+24, AAAB+25, PBP+24]. Still, quantum noise remains as the major obstacle

that blocks our way towards scalable and robust quantum applications. It requires experi-

mental and theoretical co-design to overcome this challenge.

The goal of this thesis is to explore the challenges, opportunities, and methodologies of

modern quantum information science, through the lens of Pauli channel. Pauli channels are
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defined as a probabilistic mixture of Pauli operators. Mathematically,

Λ(ρ) =
∑

P∈{I,X,Y,Z}⊗n

pP PρP †. (1.1)

Here {I, X, Y, Z}⊗n denote all n-qubit Pauli operators, i.e., n-fold tensor products of stan-

dard single-qubit Pauli operators. pP is a probability distribution over n-qubit Pauli oper-

ators. Detailed definitions are given in Chapter 2. Pauli channels are one of the simplest

families of quantum processes. Yet, they are able to capture some of the most fundamental

aspects of quantum information science, including the notion of quantum incompatibility.

They have also found wide applications in the theory and practice of quantum noise robust-

ness.

This thesis will study the roles of Pauli channels in the following three subareas of QIS.

A roadmap is given in Fig. 1.1

1. Quantum Learning Advantages. One particularly interesting class of information

processing tasks are learning from the nature. This include, for example, searching for

dark matter, detecting gravitational waves, probing structures of certain materials, etc.

It is interesting to ask whether quantum protocols can significantly speed up certain

learning tasks over their classical counterpart. If so, what is the enabling quantum

resources behind such advantages. Chapter 3 of this thesis will explore a novel type

of quantum advantage in Pauli channel learning, where quantum entanglement — a

characteristic quantum resource — is shown to be the source of advantages. Using

information-theoretic methods, we rigorously obtain tight sample complexity bound

for learning Pauli channel using entanglement with an ancillary quantum memory

(“quantum protocol”) or not using entanglement (“classical protocol”), and establish

an exponential separation between them. Notably, the bounds for classical protocol

obtained here are valid against the most-general entanglement-free schemes, allowing
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Figure 1.1: Thesis roadmap.

adaptive control, concatenation of channels, and even mid-circuit measurement and

feed-forward control. Finally, we show this learning advantage can be readily seen

in experiments and have good noise resilience, making them not only fundamentally

interesting but also practically relevant.

2. Quantum Noise Characterization. Since noise is the biggest practical challenge

for QIS, it is important to gives a precise characterization about the noise. In fact, the

most well-known application of Pauli channel is in quantum noise modeling. On the one

3



hand, Pauli channel naturally describe a wide range of common noise processes, such

as bit-flip, phase-flip, and depolarizing noise. On the other hand, techniques known as

randomized compiling [WE16, HNM+21] exists that can tailor general noise processes

into Pauli channels (given high-quality single-qubit quantum gates). This motivates the

study of Pauli noise model, which roughly speaking models both gate noise and state-

preparation-and-measurement (SPAM) noise by Pauli channels. Pauli noise model has

been applied in quantum benchmarking, quantum error mitigation, and for quantum

error correction. Despite intensive study, some core aspects of Pauli noise is by far

not well understood. In particular, due to the existence of unknown SPAM noise,

it is unclear how to fully characterize the Pauli channels associated with the noisy

gates. State-of-the-art Pauli noise learning protocols can only characterize the gate-

dependent Pauli channels up to “degeneracies”. Chapter 4 of this thesis fills this gap by

introducing a theory that fully characterizes the “learnability” of a Pauli noise model,

i.e., which noise parameters are identifiable and which are not. The characterization

is achieved using ideas from gate-set tomography and techniques from algebraic graph

theory. By further generalizing the theory to allow locality constraints on the noise

channels, we developed an efficient self-consistent protocol to learn Pauli noises over a

gate set. The relevance of the above theory and protocols are experimentally validated

on superconducting quantum circuits.

It turns out that the quantum learning advantages discussed above also find their

applications in quantum noise characterization, as reported in Chapter 5. Most existing

Pauli noise characterization schemes use no ancillary quantum memory, which means

they generally suffers from an exponential sample overhead if no assumption on the

noise structure is made (which is a corollary of our theorems in Chapter 3). In contrast,

we design an entanglement-enhanced learning protocol that utilizes entanglement with

ancillary quantum memory to greatly speedup the noise characterization. Given ideal

4



quantum memory, this protocol provably breaks the exponential sample complexity

barrier. For noisy quantum memory in lab, we develop novel techniques to suppress

and mitigate the errors, with an significantly smaller overhead compared to the best

possible entanglement-free learning protocols. The advantages has been experimentally

demonstrated on a superconducting quantum computers. This series of works opens

up new possibilities for practical quantum learning advantages as well as for quantum

noise characterization.

3. Quantum Error Mitigation. With the knowledge of noise, one can design methods

to suppress, mitigate, or correct the errors in a quantum system. One well-known ex-

ample of such methods (besides quantum error correction) is known as quantum error

mitigation. Recently, quantum error mitigation protocols based on Pauli noise model

has been developed and experimentally implemented. The basic idea is to first charac-

terize the Pauli noise channel, then either cancel the noise channel via quasi-probability

sampling, or amplify the noise and extrapolate back to zero-noise point. However, due

to the non-identifiability of Pauli noise model discussed above, existing methods have

to rely on unjustified assumptions to determine the noise channels for the protocol to

be applied. Built on our theory about the learnability of Pauli noise, Chapter 6 of the

thesis resolves this issue by developing an gauge-consistent error mitigation procedure

for Pauli noise. By learning all the learnable degrees of freedom of a Pauli noise model,

and arbitrarily fixing the unlearnable degrees of freedom (called gauge parameters), we

can correctly mitigate the errors. One can even optimize over the gauge parameters to

minimize the sampling overhead. Furthermore, the whole procedure is scalable given

appropriate locality constraints of the noise process. In an experimental demonstra-

tion, we show that for situations where existing error mitigation scheme suffers from

severe bias, our gauge-consistent protocol remains accurate and efficient.

The above covers non-exclusively the theory and practice of Pauli channels in QIS, in-
5



cluding the exploration of useful quantum advantages and for how to tackle with quantum

noise. These aspects are deeply connected with each other. They also represent an theory-

experiment co-design on different types of experimental platforms. I hope this thesis pro-

vides a unique and timely perspective into opportunities and challenges of QIS, which is at

its turning point from theoretic fantasy into real-world usefulness.
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CHAPTER 2

PRELIMINARIES

This chapter provide some basic definitions and preliminaries which will be used throughout

this thesis. More definitions and backgrounds will be given in the relevant sections where

they will be used.

Quantum information basics. Here, we review some basics of quantum information.

More details can be found in standard textbooks such as [NC11]. Throughout this thesis,

we consider quantum systems consists of qubits. Let H2n = H⊗n
2 denote the n-qubit Hilbert

space (which is an 2n-dimensional complex linear space equipped with standard inner prod-

uct). An n-qubit quantum state can be describe by a density operator ρ acting on H2n that

is positive semidefinite (ρ ≥ 0) and trace-one (Tr ρ = 1). A quantum channel EA→B from

quantum system A to B is a linear map from L(HA) to L(HB), where L(H) denotes the

space of all linear operators on H, such that E is

1. Completely positive (CP): EA→B ⊗ idR(ρAR) ≥ 0 for any system R and any ρAR ≥ 0.

2. Trace-preserving (TP): Tr(E(ρ)) = Tr(ρ) for any ρ ∈ L(HA).

Intuitively, the CPTP conditions ensures a quantum channel transform any quantum state

to a valid quantum state. We generally omit the superscripts when the underlying quantum

systems are clear from the context. It is known that any quantum channel admits a Kraus

representation, E(·) = ∑
j Kj(·)K†

j , for a set of operator {Kj}j satisfying ∑
j K

†
j Kj = I

where I is the identity operator. Conversely, any map with a Kraus representation is a

quantum channel.
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Pauli group and Pauli channel. Define the four single-qubit Pauli operators with their

matrix representation in the computational basis as

I =

1 0

0 1

 , X =

0 1

1 0

 , Y =

0 −i

i 0

 , Z =

1 0

0 −1

 . (2.1)

For an n-qubit Hilbert space, define Pn to be the Pauli group modulo the non-physical

phase. Pn is an Abelian group isomorphic to Z2n
2 , so we can use elements of Z2n

2 to

uniquely label elements of Pn. Specifically, we view every a ∈ Z2n
2 as a 2n-bit string

a = ax,1az,1ax,2az,2 · · · ax,naz,n corresponding to the Pauli operator

Pa = ⊗n
k=1iax,kaz,kXax,kZaz,k (2.2)

where the phase is chosen to ensure Hermiticity. We also define a sympletic inner product

⟨·, ·⟩ within Z2n
2 as

⟨a, b⟩ =
n∑

k=1
(ax,kbz,k + az,kbx,k) mod 2.

One can verify that PaPb = (−1)⟨a,b⟩PbPa [NC11].

An n-qubit Pauli channel Λ is a quantum channel of the following form

Λ(·) =
∑

a∈Z2n
2

paPa(·)Pa, (2.3)

where p := {pa}a is called the Pauli error rates. An important property of Pauli channels is

that their eigen-operators are exactly the 4n Pauli operators. Thus, an alternative expression

for Λ is

Λ(·) = 1
2n

∑
b∈Z2n

2

λb Tr(Pb(·))Pb, (2.4)

where λ := {λb}b is called the Pauli eigenvalues [FW20, FO21]. These two sets of parameters,
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p and λ, are related by the Walsh-Hadamard transform

λb =
∑

a∈Z2n
2

pa(−1)⟨a,b⟩, pa = 1
4n

∑
b∈Z2n

2

λb(−1)⟨a,b⟩. (2.5)

Both p and λ are physically interesting parameters: The Pauli error rates are directly re-

lated to the error thresholds in fault-tolerant quantum computation [Sho96, ABO08] and

have been the quantities of interest for many quantum benchmarking protocols [FW20,

HFW20, HYF21a, FO21, LOB+21]; The Pauli eigenvalues quantify how well a Pauli observ-

able is preserved through the noise channel (hence also known as Pauli fidelities) and have

applications in quantum error mitigation (see e.g. [CYZF21]).

We will also use the Pauli-transfer-matrix (PTM) representation to simplify notations. A

linear operator O acting on a 2n-dimensional Hilbert space can be viewed as a vector in a 4n-

dimensional Hilbert space. We denote this vectorization of O as |O⟩⟩ and the corresponding

Hermitian conjugate as ⟨⟨O|. The inner product within this space is the Hilbert-Schmidt

product defined as ⟨⟨A|B⟩⟩ := Tr(A†B). The normalized Pauli operators {σa := Pa/
√

2n, a ∈

Z2n
2 } forms an orthonormal basis for this space. In the PTM representation, a superoperator

(i.e., quantum channel) becomes an operator acting on the 4n-dimensional Hilbert space,

sometimes called the Pauli transfer operator. Explicitly, we have |Λ(ρ)⟩⟩ = ΛPTM|ρ⟩⟩ ≡ Λ|ρ⟩⟩,

where we use the same notation to denote a channel and its Pauli transfer operator, which

should be clear from the context. Specifically, a general Pauli channel Λ has the following

Pauli transfer operator

Λ =
∑

a∈Z2n
2

λa|σa⟩⟩⟨⟨σa|.

Two additional definitions about Pauli channels will often be used. We define the pattern

of an n-qubit Pauli operator Pa, denoted by pt(a), to be an n-bit string that takes 0 at its

ith entry if Pai = I and takes 1 if Pai ∈ {X, Y, Z}. For example, pt(XY IZI) = 11010. The

pattern of a Pauli operator is equivalent to its (non-trivial) support. If a Pauli channel Λ

9



satisfies that λa depends only on pt(a) for all a, we call it a symmetric Pauli channel or

generalized depolarizing channel as it does not distinguish between X, Y , or Z.

10



CHAPTER 3

QUANTUM LEARNING ADVANTAGES FOR PAULI

CHANNELS

Chapter Notes. This chapter contains a series of works of mine that explore quantum

advantages in learning Pauli channels, mainly based on [CZSJ22, COZ+24a].

3.1 Introduction

One important challenge for the Noisy Intermediate-Scale Quantum (NISQ) era [Pre18]

is to demonstrate quantum advantages on near-term devices. Recent works have made

groundbreaking progress towards demonstrating quantum computational advantages [HM17,

AAB+19, ZWD+20, WBC+21], which means quantum computers can efficiently solve cer-

tain computational problems outside the reach of the most advanced classical computers.

However, computation is not the only aspect quantum computers can achieve meaningful

advantages. Learning is yet another possibility, where the basic question is whether quantum

computers (with resources such as quantum memory and entangled measurements) can help

us learn certain properties of a physical system more efficiently. This kind of quantum advan-

tages have been explored by several recent works [BCL20, ACQ22, HKP21, CLO21, RYCS21]

with positive examples including mixedness testing [BCL20], unitarity testing [ACQ22], Pauli

expectation values estimation [HKP21], etc. However, most of these quantum advantages

proposals so far either focus on artificial problems or have no noise-resilient implementa-

tion. It is thus highly desirable to identify a practically-interesting learning task that can

be used to demonstrate a robust quantum advantage. Another interesting theoretic open

question is to identify the source of quantum learning advantages from familiar quantum

resources [CG19], such as quantum entanglement.

A particularly interesting type of learning tasks, known as quantum noise characteriza-
11



tion or quantum benchmarking [EHW+20], aims at characterizing the noise on a quantum

device. This is yet another challenge for the NISQ era which is crucial to building bet-

ter quantum hardware. Pauli noise is one of the most important quantum noise models:

On the one hand, it can describe a wide range of incoherent noise, including dephasing,

deplorizing, bit-flip, etc. On the other hand, the recently developed “randomized compil-

ing” technique [WE16, HNM+21] can tailor any noise model in a universal gate set into

Pauli noise. Many benchmarking protocols also rely on twirling the noise into a Pauli

channel before extracting any information [EWP+19, MGE11, HFW20, LOB+21]. Be-

cause of the important role played by Pauli channels, it is of great interest to study the

estimation of these objects in an efficient and practical way. Despite a long line of re-

search [FI03, Hay10, CRV+11, RVH12, Col13, FW20, HYF21a, FO21, MRL08, FO21], the

ultimate sample complexity for Pauli channel estimation has not yet been fully characterized.

In this section, we present an exponential quantum advantage for Pauli channel learning.

We show that, for the task of estimating the eigenvalues of an n-qubit Pauli channel (i.e.,

Pauli eigenvalues) to additive error ε in l∞ distance, there exists a measurement protocol

assisted with an n-qubit ancilla that succeeds with high probability using O(n/ε2) samples,

while any entanglement-free protocol (possibly with adaptive control, concatenation, mid-

circuit measurements, or feed-forward control) would require at least Ω(2n/ε2) rounds of

measurements. As a byproduct, this provides a lower bound for randomized benchmarking

(RB) [MGE11, KLR+08] based Pauli noise estimation protocol, resolving an open problem

raised in [FW20].

Furthermore, we study the sample efficiency advantages provided by a restricted amount

of ancilla. While an ancilla larger than n qubits will not help further improve the efficiency,

given a k-qubit (0 ≤ k ≤ n) ancilla, we obtain a lower bound of Ω(2(n−k)/3) for any

non-concatenating protocol, and a stronger lower bound of Ω(n2n−k) for non-adaptive and

non-concatenating protocols. The latter is shown to be tight by an explicitly constructed
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Schemes Upper bound Lower bound
Ancilla-free O(n2n/ε2) Ω(2n/ε2), ∀ε ≤ 1/6

k-qubit ancilla, concatenation-free O(n2n−k/ε2) Ω(2n−k), for ε = 1/2
Unbounded ancilla O(n/ε2) Ω(n), for ε = 1/2

Table 3.1: Summary of contributions: sample complexity for learning Pauli channels. The
task we consider is to estimate all Pauli eigenvalues of any n-qubit Pauli channel to ε additive
precision with at least 2/3 success probability. All of these can be found in Theorem 3.1,
3.2, 3.3.

protocol (see Algorithm 1).

3.2 Models of quantum learning

To study the advantages provided by different kinds of quantum resources, we catego-

rize measurement strategies into ancilla-assisted vs. ancilla-free, concatenating vs. non-

concatenating, and adaptive vs. non-adaptive measurements. See Fig. 3.1 and explanations

in the captions. We remark that, recent works on quantum advantages in property learn-

ing [HKP21, ACQ22] have been focusing on the difference between the full-fledged entangled

measurement Fig. 3.1(a) and the un-entangled measurement Fig. 3.1(d). Here, we introduce

two intermediate measurement models Fig. 3.1(b) and Fig. 3.1(c) to separately study the role

of ancilla and concatenation. There are also practical reasons to care about those intermedi-

ate models. As an example, the ancilla-free concatenating measurement model Fig. 3.1(c) ex-

actly describes most existing RB protocols (see e.g. [HRO+20]), including the RB-type Pauli

channel estimation protocol in [FW20]. Indeed, we show that it is the ancilla that provides

an exponential advantage in sample complexity for Pauli channel estimation, while concate-

nation does not help improve the sample efficiency. These results further advances our un-

derstanding of quantum advantages in property learning [HKP21, ACQ22, BCL20, CLO21].

Regarding these measurement models, one further question to ask is whether a restricted

amount of ancilla can provide any sample efficiency advantages. In this chapter, we will char-

acterize the advantages provided by a k-qubit ancilla (0 ≤ k ≤ n) for the non-concatenating
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Figure 3.1: Different learning models on N copies of an unknown channel Λ. The gray tri-
angles denote state preparation and measurement, and the gray boxes denote some known
processing channels. (a) Fully entangled measurement: the most general way to measure
a quantum channel where arbitrarily large entanglement and quantum memory is allowed;
(b) Ancilla-assisted non-concatenating measurement: For each sample of Λ, one input some
entangled state and conduct an entangled measurement. The measurement must be com-
pletely destructive, which means no quantum memory is allowed; (c) Ancilla-free concatenat-
ing measurement: One is allowed to sequally apply multiple copies of Λ and some processing
channels before applying a single round of measurement, with no ancilla allowed. Here N ′

denotes the number of measurement rounds which is no larger than the number of samples;
(d) Un-entangled measurement: Neither ancilla nor concatenation is allowed. Additionally,
measurement models (b), (c), (d) can be either adaptive or non-adaptive. If the measurement
setting at a certain round depends on previous measurement outcomes, it is an adaptive pro-
tocol. Otherwise, it is non-adaptive.

measurement models. This kind of quantitative trade-off relations between quantum re-

sources and sample efficiency has not been explored in previous works [HKP21, ACQ22,

BCL20, CLO21] and may potentially lead to a new resource-theoretical interpretation of

quantum entanglement [CG19].

Alternative definitions of entanglement-free schemes. To study the role of quan-

tum entanglement in quantum learning advantages, we introduce two alternative classes of

learning schemes as follows [COZ+24a], see Fig. 3.2.

Consider the task of learning properties of an n-qubit quantum channel Λ from certain

14



Figure 3.2: Alternative definitions of entanglement-free schemes. (a) Separable schemes.
The two different colors indicate the operations are separable. (b) Classical-memory-assisted
schemes. The double line represents classical registers. The square box represents adaptively-
chosen (arrows coming from the classical registers) quantum instruments (outcomes sent to
the classical registers). We will show the two schemes are equivalent in terms of sample
complexity, so we call both entanglement-free schemes.

family by querying multiple copies of the channel. We start by defining entanglement-free

learning schemes. We introduce the class of separable schemes, where a main system HS and

an ancillary system HA are given. The main system is where Λ acts on and has a fixed dimen-

sion of 2n, while the ancillary system can be arbitrarily large. Now, a separable scheme allows

interleaving copies of Λ on HS with any processing operations (including state preparation,

measurement, and quantum channels) on HS ⊗ HA, with the only restriction that all the

processing operations are separable [CDKL01] across HA and HS . A schematic for separable

schemes is shown in Fig. 3.2 (a). The separable operations are known to be the largest set of

operations that do not generate entanglement from un-entangled states (even when acting

only on a subspace) [CDKL01], and is thus a suitable model for entanglement-free strategies

from a quantum-resource-theoretic [CG19] point of view. Furthermore, separable operations

contain as a subset other physically-motivated classes of operations like LOCC (local oper-

ation and classical communications) [BBC+93, CLM+14], which is also a standard choice

of free operation in the resource theory of entanglement [BBPS96, BDSW96, VPRK97]. A

lower bound on sample complexity for the former implies a lower bound for the latter.
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Besides separable schemes, we introduce another operationally motivated class of schemes

called classical-memory-assisted schemes. Here, one can only access the main system HS

(with a fixed dimension of 2n) and arbitrarily many classical registers. The allowed opera-

tions are to interleave copies of Λ with adaptively-chosen quantum instruments, which are

defined as quantum channels associated with outputs to classical registers. By “adaptively”

we mean the quantum instruments can be chosen according to the classical registers. A

schematic is given in Fig. 3.2 (b). One can think of such schemes as quantum circuits as-

sisted by mid-circuit measurement and classical feedforward control. We remark that the

classical-memory-assisted schemes include the ancilla-free concatenating scheme introduced

in [CZSJ22] as a special case, which can describe most randomized benchmarking (RB)

[EAŻ05, KLR+08] type protocols. The lower bounds obtained in this thesis thus also holds

for those protocols.

While the above two schemes are introduced with different motivations, perhaps surpris-

ingly, they are equivalent in terms of sample complexity. We have the following result.

Proposition 3.1. For any separable scheme A, there exists a classical-memory-assisted

scheme B that generates the same outcome distribution as A for any underlying Λ using the

same number of copies. Vice versa.

The formal definitions of both schemes, rigorous statement of Proposition 3.1, and the proof

are given in Appendix A. Thanks to Proposition 3.1, we see that both schemes capture the

power of learning without entanglement, and be treated interchangeably when studying the

sample complexity. In the remaining part of this chapter, we will focus on the classical-

memory-assisted scheme, which has a clearer operational meaning. Specifically, there can

be two different notions of complexity: One is the sample complexity Nsamp, which is the

number of copies of Λ; The other is the number of measurements Nmeas, which is the number

of quantum instruments with non-trivial measurement. Clearly, Nsamp ≥ Nmeas, as one can

concatenate multiple copies of Λ and only make one measurement, just like in RB. The lower
16



bound we derive later will hold for Nmeas.

3.3 Upper bounds

Our goal is to estimate the Pauli eigenvalues λ of an n-qubit Pauli channel Λ to ε precision

in l∞ distance, i.e., estimating each λa to ε additive error.

When an n-qubit ancillary system is available, a simple protocol is as follows: prepare n

Bell pairs, input one qubit from each pair to the Pauli channel, and apply a Bell measurement

on the output. Since the Pauli channel can be viewed as randomly applying one of the 4n

Pauli operators Pa with probability pa, and each Pa is mapped to a unique measurement

outcome1, we are effectively sampling from the probability distribution p. The sample of

p can then be used to construct an estimator for λ according to the Walsh-Hadamard

transform. As shown in Theorem 3.1, this protocol has sample complexity O(n); on the

other hand, when no ancilla is allowed, there is no way to sample from p and simultaneously

estimate all elements of λ from a single measurement setting. Intuitively, this is what makes

the task difficult.

In the following, we give a unified estimation protocol using k ancilla qubits for 0 ≤ k ≤ n.

Roughly speaking, we divide the n qubits of the Pauli channel into two disjoint subsystems

containing k and n − k qubits, respectively, and deal with them separately. For the first

subsystem, we introduce a k-qubit ancilla, input k Bell pairs to both systems, and apply a

Bell measurement; For the second subsystem, we will use stabilizer states input and syndrome

measurements to be defined later. The measurement scheme is depicted in Fig. 3.3.

A rigorous description of the protocol is given in Algorithm 1. Here, |Ψv⟩ represents the

Bell states on the 2k-qubit subsystem defined as

|Ψv⟩ = Pv ⊗ I |Ψ+⟩ , |Ψ+⟩ = 1
2k

2k−1∑
i=0

|i⟩ |i⟩ . (3.1)

1. This can be viewed as a consequence of the well-known superdense coding protocol [BW92].
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A stabilizer group S on the (n − k)-qubit subsystem is a group of 2n−k commuting Pauli

operators. Mathematically, S can be viewed as an (n − k)-dimensional subspace of Z2(n−k)
2 .

The stabilizer states |ϕS
e⟩ are the simultaneous eigenstates of all Pauli operators in S, which

can be expressed as

|ϕS
e⟩⟨ϕS

e | = 1
2n−k

∑
s∈S

(−1)⟨s,e⟩Ps, (3.2)

for e ∈ S⊥ := Z2(n−k)
2 /S known as the error syndrome. Note that {|ϕS

e⟩}e forms an orthonor-

mal basis for the (n − k)-qubit subsystem. The stabilizer covering O is a set of stabilizer

groups {Si}i such that every Pauli operator belongs to at least one Si [FW20].

Figure 3.3: A single round of measurement for the k-qubit-assisted Pauli channel estimation
protocol in Algorithm 1. Here, a 4-qubit ancilla is used to estimate a 7-qubit Pauli channel.

Theorem 3.1. Algorithm 1 gives an estimate λ̂ for the Pauli eigenvalues λ of any n-qubit

Pauli channels that satisfies

|λ̂a − λa| ≤ ε, ∀a ∈ Z2n
2 (3.3)

with success probability at least 1 − δ, given the following number of samples

N = O(|O| × nε−2 log δ−1). (3.4)
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Algorithm 1 k-qubit-ancilla-assisted Pauli channel estimation
Input: (1) N copies of an n-qubit Pauli channel Λ. (2) A stabilizer covering of Pn−k denoted

as O.
Output: Estimates λ̂ for the Pauli eigenvalues of Λ.

1: λ̂a := 0, Na := 0 for all a ∈ Z2n
2 .

2: for S ∈ O do
3: for i = 1 to ⌊N/|O|⌋ do
4: Input |Ψ0⟩ ⊗ |ϕS

0⟩ to 1 ⊗ Λ.
5: Measure in basis {|Ψv⟩ ⊗ |ϕS

e⟩} with outcomes v, e.
6: for u ∈ Z2k

2 , s ∈ S do
7: λ̂u⊕s += (−1)⟨u,v⟩+⟨s,e⟩, Nu⊕s += 1.
8: λ̂a := λ̂a/Na for all a ∈ Z2n

2 .
9: return λ̂ := {λ̂a}a.

(Note: ⊕ stands for string concatenation.)

Proof of Theorem 3.1. The probability distribution of measurement outcomes at Line 5 in

Algorithm 1 can be calculated as

p(v, e) = 1
2n+k

∑
u∈Z2k

2

∑
s∈S

λu⊕s(−1)⟨u,v⟩(−1)⟨s,e⟩. (3.5)

See Appendix A.1 for more details. Therefore, p(v, e) and λu⊕s are related by the Walsh-

Hadamard transform. Taking the inverse transform, we get

λu⊕s =
∑

v∈Z2k
2

∑
e∈S⊥

p(v, e)(−1)⟨u,v⟩+⟨s,e⟩. (3.6)

Thus, (−1)⟨u,v⟩+⟨s,e⟩ is an un-biased estimator of λu⊕s. According to Hoeffding’s bound,

N0 = O(ε−2 log δ−1
0 ) samples are enough to estimate a single λu⊕s to additive precision ε

with success probability at least 1 − δ0. Since every λa is covered by some stabilizer group

S ∈ O, a total sample complexity of N = O(|O| × nε−2 log δ−1) is enough to estimate all

λa to additive error ε simultaneously with success probability at least 1 − δ, by setting

δ0 := 4−nδ and applying the union bound.
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Corollary 3.2. There exists a k-qubit-ancilla-assisted non-adaptive non-concatenating Pauli

channel estimation protocol achieving |λ̂a − λa| ≤ ε for all a ∈ Z2n
2 with probability 1 − δ

using N = O(n2n−kε−2 log δ−1) samples.

Proof. This follows from the existence of a stabilizer covering for Pn−k of size 2n−k +

1 [LBZ02], which in turn follows from the existence of 2n−k + 1 mutually-unbiased bases for

(n − k)-qubit systems [WF89].

We remark that, the choice of stabilizer covering in Corollary 3.2 gives the optimal sample

complexity for all non-adaptive and non-concatenating Pauli eigenvalues estimation proto-

cols, as proved in the next section. From a practical point of view, it involves (n − k)-

qubit stabilizer states that might be difficult to prepare. A more experimental friendly

version is to choose the stabilizer covering generated by all 3n−k possible Pauli measure-

ments, in which case only Pauli eigenstates preparation and Pauli measurements are re-

quired (on the (n − k)-qubit subsystem), at the expense of a sub-optimal sample complexity

N = O(n3n−kε−2 log δ−1).

3.4 Lower bounds

We have established a sample complexity upper bound of O(n2n−k) for non-adaptive non-

concatenating k-qubit-ancilla-assisted Pauli eigenvalues estimation protocols, which implies

a O(n) upper bound for the n-qubit ancilla case and a O(n2n) upper bound for the ancilla-

free case. In the following Theorem 3.2, we provide corresponding lower bounds to justify

the exponential advantage provided by ancilla in this task.

Theorem 3.2. For any estimation protocol that give an estimate λ̂ for the Pauli eigenvalues

λ of an arbitrary unknwon n-qubit Pauli channel Λ such that

|λ̂a − λa| ≤ 1/2, ∀a ∈ Z2n
2 (3.7)

20



holds with high probability, the number of samples of Λ must satisfies (recall Fig. 3.1)

(A) N = Ω(n2n−k), for non-adaptive non-concatenating k-qubit-ancilla measurements.

(B) N = Ω(2(n−k)/3), for adaptive non-concatenating k-qubit-ancilla measurements.

(C) N ≥ N ′ = Ω(2n/3), for adaptive concatenating ancilla-free measurements, where N ′

stands for the number of measurement rounds.

(D) N = Ω(n), for fully entangled measurements.

Indeed, Theorem 3.2 and Corollary 3.2 establishes an exponential advantage of ancilla-

assisted measurements over ancilla-free measurements even with channel concatenation (as

in the RB-type Pauli channel estimation protocols in [FW20]). Furthermore, for the non-

concatenating cases, we see a roughly matching bounds for all ancilla size 0 ≤ k ≤ n,

which can be interpreted as that a small number of ancilla (k = o(n)) would not help much

in improving the sample efficiency. We also see from (D) that the sample complexity of

Algorithm 1 with n ancilla qubits is optimal among all entangled strategies, thus we need

not study protocols with more than n ancilla qubits.

Sketch of the proof. Our proof generalizes the techniques of Huang et al. [HKP21] in proving

lower bounds for learning Pauli expectation values of quantum states. The key is to construct

the following set of Pauli channels

{
Λ(a,s)(·) = 1

2n (I Tr(·) + sPa Tr(Pa(·)))
}

a,s
, (3.8)

for a ∈ {1, · · · , 4n − 1} and s = ±1. An estimation protocol satisfying the assumption of

Theorem 3.2 is able to identify an arbitrary element of this set using N copies of the channel.

We can then use information-theoretical arguments to lower bound N for (A); The bounds

in (B) and (C) are proved by reducing the learning problem to a channel discrimination

problem between the completely-deplorizing channel and the channels in Eq. (3.8); To prove
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the bound in (D), we first use teleportation stretching [PLOB17, PLLP19] to reduce any

estimation protocols on N copies of the Pauli channel into a POVM measurement on N

copies of their Choi states [Cho75, Jam72], and then apply the Holevo’s theorem [Hol73].

See Appendix A.2 for a full proof of Theorem 3.2.

A tight lower bound for entanglement-free learning schemes. After Theorem 3.2

is obtained in [CZSJ22], an improved lower bound of Ω(2n/ε2) is obtained by me and my

collaborators for entanglement-free learning schemes (as in Fig. 3.2). This bound closes a

gap between the lower bound from Theorem 3.2(C) and the upper bound from Theorem 3.1.

It also holds against a more general class of schemes and achieves am optimal scaling for ε.

Theorem 3.3. If there exists an entanglement-free scheme that, for any n-qubit Pauli chan-

nel Λ, outputs an estimator λ̂a such that |λ̂a − λa| ≤ ε ≤ 1/6 with probability at least 2/3

for any a ∈ Pn, after making N rounds of measurement, then N = Ω(2n/ε2).

This matches the upper bound of O(n2n/ε2) up to a logarithmic factor. In fact, if we

consider a modified task of estimating each λa with 2/3 success probability individually

rather than simultaneously, the upper bound is easily seen to be O(2n/ε2), in which case our

bound is tight without the logarithmic factor. Combined with the bound of Θ(1/ε2) using

n-qubit entanglement-assisted scheme [CZSJ22], this gives a tight exponential separation

for learning with and without entanglement in the task of Pauli channel learning. Another

noteworthy feature is that our lower bound has a moderate constant factor. For example,

with ε ≤ 0.1 and n ≥ 5 we have N ≥ 0.01 × 2n/ε2.

3.5 Discussion

In this chapter, we show a provable quantum advantage provided by entangled measurements

for a learning task [ACQ22, HKP21] of Pauli channel estimation, which is a practically useful

tool urgently needed to characterize large quantum systems. For quantum benchmarking, our
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results provide fundamental efficiency limits for Pauli noise estimation, which solves an open

problem raised in [FW20]. In the following chapter, we also describe how the ancilla-assisted

Pauli channel estimation protocol can be applied to a practical quantum benchmarking tasks

in a noise-resilient and sample-efficient manner. Our results provide a promising tool for both

characterizing near-term quantum devices and demonstrating quantum advantages in those

systems

One interesting open problem is to explore a deeper connection between the resource the-

ory of entanglement [BBPS96, BDSW96, VPRK97] and quantum learning theory. Specif-

ically, since the tight bounds for Pauli channel learning with no entanglement and arbi-

trary entanglement have been settled, it is natural to ask what about learning with a

certain amount of entanglement. There could be different ways of defining the entangle-

ment cost of a learning scheme, one of which is to allow a bounded amount of ancillary

qubits [CZSJ22, CCHL22]. As discussed in this chapter, an upper bound of Õ(2n−k/ε2) for

k-ancillary-qubit-assisted scheme is known and proved optimal for some restricted class of

schemes [CZSJ22], but a general answer to this question is yet to be found.

3.5.1 Related Works

The problem of Pauli channel learning has been studied with different figures of merit.

For Pauli error rates, [FW20] provides an ancilla-free protocol that learns the Pauli error

rates to precision ε in l2-distance with Õ(2n/ε2) samples, which implies an upper bound

of Õ(23n/ε2) for learning in l1-distance. Ref. [FO21] shows that Õ(log n/ε2) samples is

sufficient to learn the Pauli error rates to precision ε in l∞-distance without using ancilla;

In the case that ancilla is allowed, one can use Bell states and Bell measurements to directly

sample from the Pauli error rates, which implies an O(22n/ε2) upper bound for learning in

l1-distance [FO21, CZSJ22]; For Pauli eigenvalues, [CZSJ22] gives a family of k-qubit ancilla-

assisted protocols using O(n2n−k/ε2) samples for learning in l∞-distance, for 0 ≤ k ≤ n.
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In terms of the lower bounds, [CZSJ22] focuses on learning Pauli eigenvalues to constant

error in l∞-distance, and in particular obtains a lower bound Ω(2n/3) for the number of

measurements for any ancilla-free schemes with concatenation. The current work improves

this lower bound to be tight (for more general schemes). Another recent work studies learning

Pauli error rate to error ε in l1-distance [FOF23]. For ancilla-free schemes with adaptivity,

they obtains Ω(22n/ε2) for general case and Ω(22.5n/ε2) when ε is exponentially small in n.

They allows concatenation with unital processing channels and the lower bound holds for

the number of measurements. The results of the current work and [FOF23] do not imply

each other2. Whether a tighter lower bound can be established with other figures of merit

remains an open problem.

An independent and concurrent work [CG23b] obtains a tight lower bound of Ω(2n/ε2)

on the number of measurements for learning every Pauli eigenvalues to ε precision with

ancilla-free concatenating schemes. Their proof is based on a different technique, which

leads to different features in their results compared to ours: On the one hand, the ε in their

bound can be any value within (0, 1], while ours is restricted to ε ∈ (0, 1/6]; On the other

hand, our bound has a better constant factor and applies for the more general setting of

classical-memory-assisted schemes.

2. We remark that, a lower bound of Ω(23n/ε2) for learning Pauli error rates in l1-distance would imply
a bound of Ω(2n/ε2) for learning Pauli eigenvalues in l∞-distance, via the Parseval–Plancherel identity and
relations of lp-norm.
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CHAPTER 4

SELF-CONSISTENT CHARACTERIZATION OF PAULI NOISE

Chapter Notes. This chapter contains a series of my works on quantum noise character-

ization based on learning Pauli noise models, mainly based on [CLO+23, CZJF24].

4.1 Introduction

Despite recent experimental progresses, noise remains as a major challenge in building a

practical quantum information processing platform. In order to suppress, mitigate, and

correct noise affecting a quantum device, it is essential to first gain knowledge about the

noise. However, learning quantum noise is not easy. Noise is complicated, containing a

large number of parameters that grows exponentially with the system size. Meanwhile, the

available quantum control for noise learning is limited and can itself suffer from imperfection.

Developing efficient, reliable, and informative quantum noise characterization protocols is

thus an important problem and an active field of research [EHW+20, PYBBK24, HNG+24].

Among different noise characterization approaches, Pauli noise learning is a simple but

powerful formalism that has gained increasing attention recently [FW20, EWP+19, FO21,

HFW20, Fla22, WKBK23, VDBMKT23, CLO+23, CZSJ22, CDDH+23, vdBW24, HDH25].

Here, the noise processes affecting different components (i.e., state preparation, measure-

ments, gates) of a quantum device are modeled by Pauli channels. Pauli channels can

naturally describe a wide spectrum of incoherent noises, including depolarizing and dephas-

ing noises. It is also a widely used model in the study of quantum error correction and

fault-tolerant quantum computing [CYK+22]. Besides, there exist techniques known as ran-

domized compiling [Kni05, WE16, HNM+21] that, given mild assumptions about the noise

and gate set, can tailor an arbitrary noise channel into a Pauli channel, justifying the validity

of this noise model.
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Figure 4.1: Examples of different noise ansatz on a 3-qubit system. The available set of multi-
qubit gates are two CZ gates. The small square box represents single-qubit gates whose noise
is ignored (or absorbed to multi-qubit gates and SPAM). (a) A noiseless circuit. (b) Circuit
with complete Pauli noise, where the noise for SPAM and both gates are all generic 3-qubit
Pauli channels. (c) Circuit with fully local Pauli noise, where the SPAM noise channels are
qubit-wise independent, while the gate noise channels has the same support as the gate. (d)
Circuit with nearest-neighbor Pauli noise (a special case of quasi-local model), where each
Pauli noise channel is nearest-neighbor 2-local. See Sec. B.5 for a rigorous definition.

Despite intensive recent study, some core aspects of Pauli noise learning have not been

well-understood. In particular, a learning algorithm that is simultaneously self-consistent,

comprehensive, and efficient is yet to be established. Here, self-consistency means using

only operations that are noisy to learn about themselves, comprehensiveness means to learn

all the information that is self-consistently learnable, and efficiency means the number of

measurements and classical processing time scales favorable with the number of qubits. In

this chapter, we build up a framework called gate set Pauli noise learning, give analytic char-

acterization of the self-consistently learnable degrees of freedom, and develop an algorithm

with the above three desirable features.

Problem Setup. Consider an n-qubit quantum system. Suppose, by design, the following

operations can be implemented on the platform: (1) Initialize the system to the ground

state; (2) Apply a layer of n single-qubit unitary gates; (3) Apply some multi-qubit Clifford
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gates gate from a finite set denoted by G; (4) Measure all qubits on the computational basis.

We refer to the collection of all the above components as a gate set, following the language

of gate set tomography (GST) [NGR+21], although we are also including noisy SPAM (state

preparation and measurement). In practice, all the operations of a gate set can be noisy.

Our goal is to characterize the noisy gate set self-consistently. That is, using only operations

from the gate set to learn about themselves.

Instead of dealing with the most general form of noise, we focus on what is known as

the Pauli noise model: We ignore the noise of any single-qubit gates, and assume the noise

channels acting on the initial state, measurements, and any multi-qubit Clifford gate to be

a (component-dependent) Pauli channel, which takes the following form,

Λ(ρ) =
∑

a∈Pn

paPaρPa =
∑

b∈Pn

λbPb Tr(Pbρ)/2n. (4.1)

Here, Pn := {I, X, Y, Z}⊗n is the n-qubit Pauli group (modulo phase). {pa} are the Pauli

error rates while {λb} are the Pauli fidelities or Pauli eigenvalues. We assume λb > 0

throughout this chapter. Such a model can be ensured via randomized compiling under mild

assumptions [WE16, HNM+21]. The action of noise channel on the initial state ρ0, POVM

element Ej , and gate G ∈ G is given by

ρ̃0 = ΛS(ρ0), Ẽj = ΛM (Ej), G̃ = G ◦ ΛG , (4.2)

respectively. A realization of the gate set Pauli noise model is specified by the involved Pauli

channels {ΛS , ΛM , ΛG : G ∈ G}. Since a generic Pauli channel contains exponentially many

parameters, we often need to assume an efficient parametrization of the Pauli channels, which

we call a noise ansatz. Examples of noise ansatzes include spatially local or quasi-local Pauli

channels, as shown in Fig. 4.1(c) and (d), respectively. We refer to a Pauli noise model with

a noise ansatz as a reduced model, and the one without a noise ansatz as a complete model.
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Throughout this chapter, we assume the true noise model is realizable. That is, the true

noise model can be represented exactly as a point in the model space.

To characterize the noisy gate set means to learn all the Pauli noise channels with

ansatz. However, it is generally impossible to fully determine those Pauli noise chan-

nels self-consistently [HFP22, CLO+23]. Indeed, consider the following gauge transforma-

tion [NGR+21] on the noisy operations,

ρ̃0 7→ D(ρ̃0), Ẽj 7→ D−1(Ẽj), G̃ 7→ DG̃D−1,
n⊗

i=1
Ui 7→ D

 n⊗
i=1

Ui

D−1, (4.3)

where D is some invertible linear map. It is not hard to see that any experimental outcomes

statistics remain unchanged under such transformation. Thus, two realizations of a noisy gate

set related by a gauge transformation are indistinguishable. Meanwhile, one can carefully

choose D (e.g., as a depolarizing channel on a subset of qubits) such that the transformed

noisy gate set will remain a valid Pauli noise model within ansatz. That is, the single-qubit

gates ⊗i Ui remain noiseless, while ΛS , ΛM , ΛG remain Pauli channels within the ansatz

(possibly with different parameters).

Now, consider a function of the gate set noise parameters. If the function value changes

under certain valid gauge transformations, then the function is not self-consistently learnable.

This raises the first question of gate set Pauli noise learning as follows,

Problem 4.1. How to classify the learnable and unlearnable functions of a gate set Pauli

noise model?

After understanding what are the learnable degrees of freedom, the next natural problem is

to find an efficient learning protocol, which can be summarized as,

Problem 4.2. How to efficiently learn all the learnable information of a get set Pauli noise

model?
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In this chapter, we will establish a generic theoretic framework to address the above two

problems. To demonstrate the power and flexibility of our framework, we will apply it to

Pauli noise models with concrete gate set and noise ansatzes that are considered in the

literature (e.g. [Fla22, VDBMKT23]) and resolve open problems therein. I will then report

an experimental demonstration of our framework in a 2-qubit example.

In Sec. 4.2, we summarize our theory contribution. In Sec. 4.3 we provides a minimal

example on learning noises of a single CNOT gate. More details about our framework are

put in Appendix B.

4.2 Main Results

Learnability of gate set Pauli noise. Our approach to characterize the learnability

(i.e. classification of learnable and unlearnable information) is to first encode all the noise

parameters into a linear space. Let us start with the complete Pauli noise model (i.e. the

one without a noise ansatz). Similar results have been obtained in [CLO+23] for this case,

but here we will use a more formal way that can be extended to the reduced model later.

Define the logarithmic Pauli eigenvalues as xb := − log λb. We collect all logarithmic

Pauli eigenvalues (excluding the trivial ones corresponding to identity operator) from all

Pauli noise channels into a ordered list denoted by x, which can be viewed as a vector of

a real linear space according to a standard basis. We denote the space x lives on as X,

called the parameter space. An experiment is defined as a mapping X 7→ R2n specified

by a sequence of gates C. It maps x to a measurement outcome probability distribution

given by the Born rule, Pr(j) = Tr[Ẽj C̃(ρ̃0)], where the noisy realization of state, gates, and

measurement is determined by x. Now, we define a linear function f ∈ L(X 7→ R) =: X ′ to

be learnable if its value can be completely specified by a set of experiments1; We also define

1. One may wonder why we only consider linear functions of the logarithmic Pauli eigenvalues. This is
because any experiments can be determined by some learnable linear functions, so they suffices to characterize
the learnability. See Theorem 2.1 for more details.
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a vector d ∈ X to be a gauge vector if the two lists of noise parameters x and x + d cannot

be distinguished by any experiment, for all x ∈ X. The linear subspace of all learnable

linear function and all gauge vectors are denoted by L and T , respectively. The problem

then becomes characterizing X, L, and T .

For this purpose, we introduce a directed graph called the Pauli pattern transfer graph

(PTG). This graph is first defined in [CLO+23] with some twist needed to fit into the current

framework [CZJF24]. The graph consists of 2n nodes. One of which is a root node (also

called a SPAM node), the others correspond to the 2n−1 non-zero n-bit strings, each denotes

a Pauli pattern (the pattern of a n-qubit Pauli operator can be understood as its support);

For each logarithmic Pauli eigenvalues, we assign a unique edge to the PTG: For gate noise

parameters, each edge describe how a Clifford gate transform certain Pauli operators (where

we only track the pattern); For each state preparation (or, measurement) noise parameter,

we assign an edge from the root node to certain pattern node (or, from a pattern node to

root). An example of PTG is given in Fig. 4.2.

Figure 4.2: The PTG for n = 2, G = {CNOT}. The black edges corresponds to gate noise
parameters, while the gray edges corresponds to SPAM noise parameters. Multiple edges
are shown as one edge with multiple labels.

PTG contains all information about a complete Pauli noise model. Intuitively, a path
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Figure 4.3: A 3-qubit example of complete Pauli noise model (Left) and reduced Pauli noise
model (Right). The gate set contains {CZ12, CZ23}. The ansatz for the reduced model
assumes the state-preparation-and-measurement noise channels to be a tensor product of
single-qubit Pauli channel, and the gate noise channel to only act on the gate support. The
blue arrow represents the embedding map Q from the reduced to the complete model.

starting from and ending at the root node gives a combination of logarithmic Pauli eigen-

values that can be learned from an experiment. This intuition can be made rigorous using

tools from algebraic graph theory [Bol98, GLS03]. Informally, let the edge space E to be

the real linear space spanned by all edges of PTG. For each cycle (or, cut) on PTG, we can

assign it with a vector of E in a proper way (see Sec. B.2.2). The subspace spanned by all

cycle (or, cut) vectors is defined as the cycle space Z (or, the cut space U). It is known that

Z and U are orthogonal complements to each other within E. Our main theorem is that,

up to the natural identification between the parameter space X and the edge space E, the

learnable space L is identical to the cycle space Z, while the gauge space T is identical to

the cut space U . This implies that L and T are also orthogonal complements to each other

within X.2

Next, we turn to study the learnability of a reduced model. A reduced model is specified

by a tuple (XR, Q). Here XR is the reduced parameter space, a linear space whose components

are viewed as lists of the reduced noise parameters (denoted by r). Q : XR 7→ X is

the embedding map describing how the reduced parameters specifies the Pauli channels.

Specifically, the logarithmic Pauli eigenvalues are given by x = Q(r). We will assume Q

2. Rigorously speaking, L is a subspace of the dual space X ′. Here we identify X with X ′ using the
standard basis for defining X.
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is linear and injective. See Fig. 4.3 as an illustrative example. The notion of experiments

on reduced model can be naturally induced from the definition for complete model. We

can also similarly define the reduced learnable space LR (learnable functions of XR) and

the reduced gauge space TR (indistinguishable transformations within XR). The problem

is then to characterize XR, LR, TR. The challenge here is that, it is not easy to construct

a graph describing the reduced noise parameters as in the complete model. Our approach

is to connect the reduced spaces back to the complete spaces, the use the characterization

that we have already obtained. We proved that LR = QT(L), TR = Q−1(T ). In words, the

reduced learnable space is the complete learnable space projected by QT, while the reduced

gauge space is the preimage of the complete gauge space via Q.

The relation between all the linear spaces introduced above can be summarized as follows.

Theorem 4.1 (Learnability, informal). For any reduced model (XR, Q) such that Q is linear

and injective,

Reduced model: XR

(reduced parameter)

= LR

(reduced learnable)

⊕⊥ TR

(reduced gauge)

↓Q ↑QT ↑Q−1

Complete model: X

(parameter)

= L

(learnable)

⊕⊥ T

(gauge)

∥ ∥ ∥

Pattern transfer graph: E

(edge)

= Z

(cycle)

⊕⊥ U

(cut)

The equality is up to the natural identification between X, X ′, and E. ⊕⊥ means orthogonal

complements.

Theorem 4.1 resolved Problem 4.1, giving a complete characterization about the learnable

degrees of freedom for a Pauli noise model with general gate sets and noise ansatzes. They

also serve as the basis for developing efficient self-consistent learning algorithms. Rigorous
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statements and detailed proofs for Theorem 4.1 are presented in Sec. B.2.

Efficient learning algorithms for gate set Pauli noise. We now consider Problem 4.2,

how to efficiently and self-consistently learn a Pauli noise model. Thanks to Theorem 4.1,

to learn a reduced Pauli noise model means to learn every functions of the reduced learnable

space LR. It suffices to find a basis for LR and learn the value of each basis function, as

all the other functions can be decided by linearity. This can be done by first finding certain

cycle basis for E = L with each basis function learnable from some experiment, and then

use the fact LR = QT(L) to pick up a subset of functions to form a basis for LR. We give

such a construction with the additional feature that each experiments uses at most one noisy

gate, summarized as follows.

Theorem 4.2 (Simple experiment construction, informal). There exists a set of M =

dim(LR) experiments that can determine the value of any functions of LR. Moreover, any

experiment from this set either apply one gate from G exactly once, or apply no gates from

G at all.

To show this, we first show that any cycle containing the root node exactly once (called a

rooted cycle) can by learned by one experiment. Then notice that, thanks to the connectivity

of PTG, there exists a rooted cycle basis where every cycle is of length 2 or 3, corresponding

to experiment with no gate or exactly one gate from G. For an efficient noise ansatz, the

number of reduced parameters should be at most polynomial in n, which means the number

of experiments M needed in Theorem 4.2 is also polynomial. The protocol can thus be

efficiently executed. Details about this protocol are presented in Sec. B.3.1.

In the literature of quantum noise learning, an important consideration is whether the

noise parameter can be learned to relative precision. That is, given a sufficiently small

infidelity parameter r of a noisy gate G̃, can we obtain an estimator r̂ such that |r̂−r| ≤ O(εr)

with high probability, by making a number of measurement that scales as ε−2polylog(r−1)?
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It is known that, if one can concatenate m copies of G̃ to amplify the infidelity to order rm

for any m, this scaling can be achieved [HHF+19, Theorem 1]. We should that such noise

amplification is indeed possible for gate set Pauli noise model. We have that,

Theorem 4.3 (Amplifying gate noise parameters, informal). For any function that is a

cycle vector and only supported on gate noise parameters, let λ := exp(−f(x)). Then, there

exists a family of experiments {Fm}m∈N and a Pauli observable, such that the expectation

value of the mth experiment is given by Aλm, where A is an m-independent parameter.

Theorem 4.3 ensures one can achieve relative precision for a basis of learnable functions

supported on the gate noise parameters, confirming that gate set Pauli noise learning has

the same desirable feature as other quantum noise learning schemes such as randomized

benchmarking [GCM+12a]. Details about Theorem 4.3 are presented in Sec. B.3.2.

Theorem 4.2 and 4.3 address Problem 4.2 from two different aspects, providing efficient

experiment construction for gate set Pauli noise learning. The key is to find an appropriate

basis for the reduced learnable space. One caveat is that, since the numbers of edges and

nodes in PTG grow exponentially with the number of qubits n, an algorithm that first finds

a cycle basis in PTG and then select a subset to construct a basis for LR will inevitably

suffer from exponential run time. However, when the noise ansatzes have some structure, we

can find such a basis analytically, thus circumventing the run time issue. In what follows, we

demonstrate this point by applying our theory to concrete physically relevant noise ansatzes.

Applications to spatially-local noise ansatzes We now apply the general theory of

learnability and learning algorithms to concrete noise ansatzes. We will focus on spatially

local or quasi-local noise model as an example. Such noise models have been widely studied

in the literature of Pauli noise learning [FW20, Fla22, HDH25, WKBK23, VDBMKT23,

CDDH+23, PCOG+24], but our results for the first time give a clear classification of the

learnable and gauge degrees of freedom within such models.
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We first consider the fully-local model, where the SPAM noise channels are assumed to be

qubit-wise product channels, while the gate noise channels act non-trivially only within the

gate’s support. This model is also sometimes known a crosstalk-free model and have been

considered in, e.g., [Fla22, HDH25, PCOG+24]. To understand the learnable and gauge

spaces for this model, we introduce a family of gauge vectors called the subsystem depolarizing

gauges (SDG), denoted by {dν}ν∈2[n] , where dν represents a gauge transformation as in

Eq. (4.3) with D chosen as a partially depolarizing channel acting on a subsystem of qubits

ν. One can show the SDGs forms a basis for the complete cut space T . Interestingly, we

show that the subset of SDG’s acting on one qubits fully characterize the reduced gauge

space TR for a fully-local model.

Theorem 4.4. For any fully-local noise model (XR, Q), its reduced gauge space satisfies,

Q(TR) = span{ds : |s| = 1}. (4.4)

Since Q is injective, this allows one to uniquely determine TR. Intuitively, any multi-qubit

SDG transformation will violate the locality assumption of qubit-wise independent SPAM

noise (and sometimes also local gate noise), and is thus an invalid gauge transformation.

We also studied the more involved cases where either SPAM or gates has a fully-local noise

assumption while the other does not. Even in that case, we can show that certain subset of

SDG’s still spanned Q(TR). Detailed are presented in Sec. B.4.2.

Regarding learning protocols, the reduced learnable space LR and a set of dim(LR)

experiments can be analytically written down. see Sec. B.4.3. We further study the task

of relative precision learning, which boils down to finding a cycle basis for the reduced gate

noise parameters. Though we believe this is a hard problem in general, we give solutions to

concrete examples in Sec. B.6. Discussion about general procedure is presented in the paper

[CZJF24].
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Going beyond the fully local model, we apply our theory to a quasi-local noise model that

describes certain degrees of spatial correlation while remains parameter-efficient. The quasi-

local Pauli noise channels we consider are those whose Pauli eigenvalues factorize according

to a factor graph [MK05]. We first introduce some notations that are needed for defining

the quasi-local noise model, defined as follows

Definition 4.3. An n-qubit Pauli channel Λ is Ω-local if its Pauli eigenvalues satisfies

λa =
∏

b◁a,b∼Ω
exp(−rb), ∀a ̸= In, (4.5)

for some {rb ∈ R : b ∼ Ω, b ̸= In} and a factor set Ω ⊆ 2[n].

Here, Ω ⊆ 2[n] is a factor set if it satisfies ∀ν ∈ Ω, ∀∅ ⊊ µ ⊆ ν, µ ∈ Ω. We write b ◁ a

if bi ̸= I ⇒ ai = bi for all i ∈ [n]. We write b ∼ Ω if the support of b belongs to Ω. We

show that, under certain “covariance” assumptions of the quasi-local model, the reduced

gauge space is again characterized by a subset of SDGs that are consistent with the channel

factorization,

Theorem 4.5. (Informal) For any quasi-local noise model (XR, Q), given that all Pauli

channels are Ω-local and is covariant for all gate in G, then its reduced gauge space satisfies,

Q(TR) = span{dν : ν ∈ Ω}. (4.6)

Rigorous statements and detailed proofs are presented in Sec. B.5, where we also review

useful properties of such noise model and discuss its connection and distinction with existing

models studied in the literature [FW20, VDBMKT23, WKBK23]. A cycle basis for the

reduced learnable space LR is also analytically constructed for this case.

Finally, in Sec. B.6, we analyze a concrete gate set where the Control-Z (CZ) gates are

the only multi-qubit entangling gates. We characterize the learnability of this noise model
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Figure 4.4: Cycle benchmarking for learning the Pauli noise channel of a CNOT gate. (a)
Standard CB circuits, where CNOT gates are interleaved by random Pauli gates (green
boxes), with initial stabilizer states and Pauli basis measurements (red boxes). (b) CB
circuits with additional interleaved single qubit Clifford gates (blue boxes).

with more than one noise ansatzes (which are directly related to those that have been studied

in the literature [VDBMKT23]) and give efficient learning algorithms in each case. These

examples serve as an explicit recipe of gate set Pauli noise learning that is ready to be applied

in current quantum devices.

4.3 Example: learning noise of a CNOT

In this section, we present a minimal example of our theory in learning noises of a single

CNOT gate, along with experimental implementation on IBM’s cloud quantum comput-

ers [ibm22]. These data are reported in [CLO+23].

Consider the CNOT gate which maps the Pauli operator IX to itself. Fig. 4.4 (a) shows

the standard cycle benchmarking (CB) circuit. Imagine that we put the Pauli operator IX

after the left red box and evolve it with the circuit, then the evolved operator (before the

right red box) equals λ3
IX · IX, up to a ± sign (which comes from the random Pauli gates

and can always be accounted for during post-processing). Recall that we use the convention

that the noise channel happens before each CNOT gate, G̃ = G ◦ΛG (we omit the superscript
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of G from here on). In experiments, we prepare a +1 eigenstate of IX (such as |+⟩ |+⟩),

measure the expectation value of IX at the end, and average over random Pauli twirling

sequences. These SPAM operations are noisy and are represented as the red boxes. It is

shown [EWP+19, Theorem 1 in Supplementary Information] that the measured expectation

value equals

E⟨IX⟩ = AIX · λd
IX (4.7)

where the expectation is over random Pauli twirling gates and randomness of quantum

measurement, and AIX = λS
IXλM

IX depends on SPAM noise but is independent of circuit

depth d. From this λIX can be learned by estimating the observable IX at several different

depths and perform a curve fitting.

The Pauli operator IX is special as it is invariant under CNOT. Consider another exam-

ple: CNOT maps XZ to Y Y and vice versa. To learn λXZ , λY Y we propose an interleaved

cycle benchmarking protocol as shown in Fig. 4.4 (b), where we insert additional layers of

single-qubit Clifford gates
√

Z ⊗
√

X that also maps XZ to Y Y and vice versa (up to a

minus sign that can always be accounted for during post-processing). After XZ picks up a

coefficient λXZ in front of the CNOT gate, it gets mapped to λXZ · Y Y by CNOT but then

rotated back to λXZ ·XZ by
√

Z ⊗
√

X. Following the same argument we conclude that both

λXZ and λY Y are learnable. Recall that we have assume single-qubit gates to be noiseless,

as they can be merged into the single-qubit twirling layers, and our noise characterization

result can be interpreted as the noise channel induced by a dressed cycle which consists of a

CNOT gate and a layer of single-qubit gates [WE16].

The main challenge comes with the next example: CNOT maps IZ to ZZ and vice versa.

By directly applying cycle benchmarking as in Fig. 4.4 (a) (with even depth d) we obtain

E⟨IZ⟩ = AIZ · λIZλZZλIZλZZ · · · = AIZ (λIZλZZ)d/2 , (4.8)
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and curve fitting gives
√

λIZλZZ (similar results have been obtained in [EWP+19, HNM+21,

VDBMKT23, FHV+24]). To learn λIZ , we may consider applying the same technique in

Fig. 4.4 (b). However, the problem is that once IZ gets mapped to ZZ, it cannot be rotated

back to IZ because I is invariant under single qubit unitary gates. The main difference

between this example and previous examples is that here the Pauli weight pattern (an n-bit

binary string with 0 indicating identity and 1 indicating non-identity) changes from 01 to

11, thus making the single qubit interleaving tricks inapplicable.

In fact, our Theorem 4.1 can be applied to show which eigenvalues of Λ is learnable.

Recall the Pattern transfer graph (PTG) of a single CNOT as given in Fig. 4.2. Theorem 4.1

says all cycles on the graph are learnable parameters (e.g., λIX , λY Y , λIZ · λZZ), while

all parameters not in the cycle space are unlearnable (e.g., λIZ). For the purpose of this

example, we only aims at learning gate-noise parameter, so we focus on the subgraph of

PTG excluding the root node (In fact, this is our original definition of PTG in [CLO+23]).

In Table 4.1, we lists a cycle basis, a basis of learnable Pauli fidelities and Pauli error rates

(see the next paragraph), and a choices of unlearnable parameters. Note that there are 13

learnable degrees of freedom and 2 gauge degrees of freedom in this example.

Gate CNOT

(a) Cycle basis
eZI , eIX , eZX , eXZ , eY Y , eXY , eY Z ,
eIZ + eZZ , eIY + eZY , eIZ + eZY ,
eXI + eXX , eY I + eY X , eXI + eY X

(b) Learnable Pauli fidelities
λZI , λIX , λZX , λXZ , λY Y , λXY , λY Z ,

λIZ · λZZ , λIY · λZY , λIZ · λZY ,
λXI · λXX , λY I · λY X , λXI · λY X

(c) Learnable Pauli errors (Approx.)
pZI , pIX , pZX , pXZ , pY Y , pXY , pY Z ,
pIZ + pZZ , pIY + pZY , pIZ + pZY ,
pXI + pXX , pY I + pY X , pXI + pY X

(d) Unlearnable degrees of freedom λXI , λIZ

Table 4.1: A complete basis for the learnable linear functions of log Pauli fidelities and Pauli
error rates for a single CNOT gate. This is a consequence of our master Theorem 4.1 and
the PTG of CNOT given in Fig. 4.2.

Finally, the learnability of Pauli errors can be determined by the learnability of Pauli
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fidelities according to the Walsh-Hadamard transform pa = 1
4n
∑

b∈Pn λb(−1)⟨a,b⟩. An issue

here is that Pauli errors are linear functions of {λb} instead of {log λb}. Here we make

a standard assumption in the literature [EWP+19, FW20] that the total Pauli error is

sufficiently small. In this case all individual Pauli errors are close to 0 while all individual

Pauli fidelities are close to 1. Therefore the Pauli errors can be estimated via

pa = 1
4n

∑
b∈Pn

λb(−1)⟨a,b⟩ ≈ 1
4n

∑
b∈Pn

(−1)⟨a,b⟩ (1 + log λb) , (4.9)

which means that their learnability can be determined by Theorem 4.1 plus a first-order

approximation. Interestingly, the (first-order) learnable Pauli error rates have the same

label as the learnable Pauli eigenvalues. We remark that this is related to the fact that the

cycle space is invariant under the Walsh-Hadamard transform as proved in the supplemental

materials of [ZCLJ25].

4.3.1 Experiments

We demonstrate our theory on IBM quantum hardware [ibm22] using a minimal example –

characterizing the noise channel of a CNOT gate. In our experiments both the gate noise

and SPAM noise are twirled into Pauli noise using randomized compiling. In the following

we show how to extract all learnable information of Pauli noise SPAM-robustly, and also

attempt to estimate the unlearnable degrees of freedom by making additional assumptions.

First, we conduct two types of cycle benchmarking (CB) experiments, the standard CB

and CB with interleaving single-qubit gates (called interleaved CB), as shown in Fig. 4.4.

The results are shown in Fig. 4.5. Here a set of two Pauli labels in the x-axis (e.g., {IZ, ZZ})

corresponds to the geometric mean of the Pauli fidelity (e.g.,
√

λIZλZZ). Comparing to Ta-

ble 4.1, we see that all learnable information of Pauli fidelities (including learnable individual

and 2-product) are successfully extracted. Also note from Fig. 4.5 that the two types of CB
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Figure 4.5: Estimates of Pauli fidelities of IBM’s CNOT gate via standard CB (left) and
CB with interleaved gates (right), using circuits shown in Fig. 4.4. Data are collected from
ibmq_montreal on 2022-03-23. Each Pauli fidelity is fitted using seven different circuit
depths L = [2, 22, ..., 27]. For each depth C = 60 random circuits and 1000 shots of mea-
surements are used. Throughout this paper, the error bar represents the standard error.

experiments give consistent estimates, in terms of both the process fidelity and individual

Pauli fidelities (e.g.,
√

λXZλY Y estimated from standard CB is consistent with λXZ and

λY Y from interleaved CB).

We can further bound the feasible region of the 2 unlearnable degrees of freedom using

physical constraints, i.e., the reconstructed Pauli noise channel must be completely positive.

This is equivalent to requiring pa ≥ 0 for all Pauli error rates pa. We choose λXX and λZZ

as a representation of the unlearnable degrees of freedom, and plot the calculated feasible

region in Fig. 4.6 (a), which happens to be a rectangular area. We also calculate the feasible

region for each unlearnable Pauli fidelity and Pauli error rate, which are presented in Fig. 4.6

(b), (c). In particular, we choose two extreme points (blue and green dots in Fig. 4.6 (a))

in the feasible region and plot the corresponding noise model in Fig. 4.6 (b), (c). Note that

the (approximately) learnable Pauli error rates (on the left of the red vertical dashed line)

are nearly invariant under change of gauge degrees of freedom, but they can be estimated to

be negative due to statistical fluctuation. Thus, when we calculate the physical constraints,

we only require those unlearnable Pauli error rates (on the right of the red vertical dashed

line) to be non-negative.
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Figure 4.6: Feasible region of the learned Pauli noise model, using data from Fig. 4.5. (a)
Feasible region of the unlearnable degrees of freedom in terms of λXX and λZZ . (b) Feasible
region of individual Pauli fidelities. (c) Feasible region of individual Pauli errors.

Next, we explore an approach to estimate the unlearnable information with additional

assumptions. Suppose that one can prepare |0⟩⊗n perfectly. Since we assume noiseless

single-qubit gates, this means we can prepare a set of perfect tomographically complete

states {|0/1⟩ , |±⟩ , |±i⟩}. In this case, all the unlearnable degrees of freedom become learn-

able, as one can first perform a measurement device tomography, and then directly estimate

the process matrix of a noisy gate with measurement error mitigated [MZO20]. Following

this general idea, we propose a variant of cycle benchmarking for Pauli noise characteriza-

tion, which we call intercept CB as it uses the information of intercept in a standard cycle

benchmarking protocol. Given an n-qubit Clifford gate G, let m0 be the smallest positive
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integer such that Gm0 = I. For any Pauli fidelity λa (regardless of whether learnable or

not), consider the following two CB experiments using the standard circuit as in Fig. 4.4

(a). First, prepare an eigenstate of Pa, run CB with depth lm0 + 1 for some non-negative

integer l, and estimate the expectation value of Pb := G(Pa). The result equals

E⟨Pb⟩lm0+1 = λS
Pa

λM
Pb

λa

m0∏
k=1

λGk(Pa)

l

, (4.10)

where λ
S/M
Pa/b

is the Pauli fidelity of the state preparation and measurement noise channel,

respectively (earlier we have absorbed these two coefficients into a single coefficient A for

simplicity). Second, prepare an eigenstate of Pb, run CB with depth lm0, and estimate the

expectation value of Pb. The result equals

E⟨Pb⟩lm0 = λS
Pb

λM
Pb

m0∏
k=1

λGk(Pa)

l

. (4.11)

By fitting both E⟨Pb⟩lm0+1 and E⟨Pb⟩lm0 as exponential decays in l, extracting the inter-

cepts (function values at l = 0), and taking the ratio, we obtain an estimator λ̂ICB
a that

is asymptotically unbiased to λa · λS
Pa

/λS
Pb

. This estimator is robust against measurement

noise. Note that λS
Pa

= λS
Pb

= 1 if we assume perfect initial state preparation, and in this

case the above shows that λa is learnable, and thus the entire Pauli noise channel is learnable.

We note that, instead of fitting an exponential decay in l, one could in principle just take

l = 0 and estimate the ratio of E⟨Pb⟩0 and E⟨Pb⟩1, which also yields a consistent estimate

for λa · λS
Pa

/λS
Pb

. If one has already obtained all the learnable information from previous

experiments, this could be a more efficient approach. However, if one has not done those

experiments, the intercept CB with multiple depths can estimate the intercept (unlearn-

able information) and slope (learnable information) simultaneously, which is more sample

efficient.
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We numerically simulate intercept CB for characterizing the CNOT gate under different

state preparation (SP) and measurement (M) noise. As shown in Fig. 4.7, this method

yields relatively precise estimate when there is only measurement noise even if the noise is

orders of magnitude stronger than the gate noise, but will have large deviation from the true

noise model even under small state preparation noise. We refer the reader to Supplementary

Section III for more details about the numerical simulation.

Finally, we experimentally implement intercept CB to estimate λXX and λZZ , which

are the two unlearnable degrees of freedom of CNOT, allowing us to determine all the Pauli

fidelities and Pauli error rates. One challenge in interpreting the results is that we do not

know in general whether the low SP noise assumption holds, therefore it is unclear if the

learned results should be trusted. However, for the estimate to be correct, it should at least

lie in the physically feasible region we obtained earlier in Fig. 4.6. In Fig. 4.8, we present our

experimental results of intercept CB. It turns out that certain Pauli fidelities are far away

from the physical region by several standard deviations. This gives strong evidence that the

low SP noise assumption was not true on the platform we used.

The data collected here can further be used to give a lower bound for the SP noise.

Suppose we obtain the physical region of λa to be [λ̂a,min, λ̂a,max]. Combining with the

expression of intercept CB, we have

λ̂ICB
a /λ̂a,max ≤ λS

Pa
/λS

Pb
≤ λ̂ICB

a /λ̂a,min. (4.12)

Applying this to the data of IZ and ZZ in Fig. 4.8 (a), we have λS
IZ/λS

ZZ ≤ 0.9879(23). If

we make a physical assumption that the state preparation noise is a random bit-flip during

the qubit initialization, one can conclude the bit-flip rate on the first qubit is lower bounded

by 0.61(12)%. One can in principle bound the bit-flip rate on the second qubit by looking

at λS
XX/λS

XI . Unfortunately, our estimate of λS
XX from intercept CB falls in the physical

region within one standard deviation, so there is no nontrivial lower bound. One could
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Figure 4.7: Simulation of intercept CB on CNOT under different SPAM noise rate. The
simulated noise channel is a 2-qubit amplitude damping channel with effective noise rate
5%, and SPAM noise are modeled as bit-flip errors. For the blue (green) lines, we introduce
random bit-flip errors to the measurement (state preparation). The solid lines show the l1-
distance of the estimated Pauli fidelities from the true Pauli fidelities. The solid lines show
the l1-distance of the (individually) learnable Pauli fidelities from the ground truth.

expect obtaining a useful lower bound by looking at a CNOT gate with reversed control

and target. The lower bound of SP noise obtained here is completely independent of the

measurement noise and does not suffer from the issue of gauge freedom [NGR+21], as long

as all of our noise assumptions are valid, i.e., there is no significant contribution from time

non-stationary, non-Markovian, or single-qubit gate-dependent noise.

4.4 Discussion

4.4.1 Related works

Learning the Pauli noise channel Λ affecting a Clifford gate G (i.e., G̃ = Λ◦G) in the presence

of unknown state-preparation-and-measurement (SPAM) noise is a standard task studied

in multiple references [FW20, FO21, HFW20, Fla22, VDBMKT23, CLO+23, CDDH+23,

vdBW24, HDH25]. When the ideal Clifford gate G equals to the identity, it has been shown

that Λ can be fully determined independent of the SPAM noise [FW20]; When G is a non-
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Figure 4.8: The learned Pauli noise model using intercept CB. The feasible region (blue bars)
are taken from Fig. 4.6. Estimates of Pauli fidelities (a) and Pauli error rates (b). Each
data point is fitted using seven different circuit depths L = [2, 22, ..., 27]. For each depth
C = 150 random circuits and 2000 shots of measurements are used. Data are collected from
ibmq_montreal on 2022-03-23.

trivial Clifford gate, it is known that certain properties of Λ (e.g., the average fidelity) can

be learned independent of SPAM [EWP+19], but no existing protocols can completely and

SPAM-robustly learn Λ in this case. In fact, it was pointed out [CLO+23, HFP22] that this

is a fundamental limitation related to the model non-identifiability, also known as gauge

ambiguity in the literature on gate set tomography [NGR+21]. Specifically, [CLO+23] have

developed a theory that completely characterize the degrees of freedom of a Pauli noise chan-

nel associated to any set of Clifford gates and provides a “gauge-consistent” algorithm to learn

all the learnable degrees of freedom. The main limitation in [CLO+23] is that it considers

the case that each n-qubit gate has a generic n-qubit Pauli noise channel, which has expo-

nentially many parameters, and consequently the learning algorithm would take exponential

time. In contrast, efficient parameterization of Pauli noise channels have been studied in the

literature and applied in experiments [Fla22, VDBMKT23, CDDH+23, WKBK23, HDH25,

PCOG+24], but a good understanding about the gauge and learnable degrees of freedom in

such models is yet to be obtained, which hinders the application of these protocols (specifi-

cally, how to learning such models self-consistently). Our work combines these two lines of
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research to achieve a self-consistent and efficient Pauli noise learning algorithm.

Our framework resembles ACES (i.e., averaged circuit eigenvalue sampling), a Pauli noise

learning protocol proposed in [Fla22] and further analyzed and implemented in [COG+24]

and [HDH25]. Similar to our setting, ACES models every different Clifford gate as having a

gate-dependent Pauli noise channel (with an efficient noise ansatz such as fully local noise),

and aims at learning every Pauli eigenvalue of every Pauli noise channel. ACES constructs

linear equations of the form b = Ax, where x are the logarithmic Pauli eigenvalues, b are

the logarithmic circuit eigenvalues which can be experimentally measured, and A is the de-

sign matrix determined by a set of Clifford circuits and Pauli measurements. The original

ACES effectively fixes a gauge by ignoring state preparation noise, and is thus able to con-

struct a full column-rank A using random Clifford gates. Within ACES’s framework, our

work basically says that if SPAM noise parameters are included in x, there is a maximum

possible rank of A equal to the number of learnable degrees of freedom, and we provide an

explicit recipe for constructing such an A. Moreover, the explicit construction can learn

gate parameters to relative precision; see Theorem 2.4. It is interesting to extend the sta-

tistical analysis for ACES [HDH25] to our setting. It is also interesting to study optimal

learning and experimental design within our framework [vdBW24, ORS+23]. Conversely, it

is interesting to study the ultimate sample complexity limit for learning gate set Pauli noise

models. Such bounds for learning Pauli channels in a black-box setting have been previously

investigated [CZSJ22, COZ+24a, FOF23, CG23a, TY24].

4.4.2 Outlook

Quantum error mitigation. One promising practical application of our theory is in

quantum error mitigation (QEM) [CBB+23]. There have been QEM protocols based on

the Pauli noise models [VDBMKT23, FHV+24, KEA+23, CYZF21] which work by first

learning the Pauli noise channels and then either canceling the noise via quasi-probability
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sampling, or amplifying the noise and then extrapolating to the noiseless limit. Due to

the existence of gauge, these protocols generally make assumptions that are not physically

justified (e.g., “symmetry assumption” [VDBMKT23, vdBW24] or perfect state prepara-

tion [CYZF21]) in order to determine the noisy Pauli channels. However, it is known that

the issue of gauge ambiguity should not hinder self-consistent QEM if assisted by gate set

tomography [EBL18, SEFT22], although the latter method is not easily scalable. Using

our framework, by efficiently learning all the learnable degrees of freedom and anchoring at

an arbitrary point of the gauge, one will be able to mitigate the Pauli noise without any

additional assumptions.

Beyond Pauli noise model. We believe that our framework and graph-theoretic analysis

can be extended beyond the Pauli noise model. We expect the statement that the cycle

space equals the learnable space to be held more generally. Note that a Pauli noise model

has a linear parameterization (i.e., the log of the Pauli eigenvalues), and one can study the

learnable and gauge degrees of freedom as linear subspaces of the parameter spaces. For more

general noise models, one might need to study the tangent space of the parameters, which

has been considered in the theory of the first-order gauge-invariant (FOGI) model [NYBK22,

BKdSN+22]. It is interesting to see if our method can be extended there to have a more

quantitative understanding of the learnable and gauge degrees of freedom.

Another important potential extension is to include mid-circuit measurement (MCM,

also known as quantum non-demolition measurement), which is a crucial building block for

fault-tolerant quantum computation and is being experimentally implemented [RABL+21,

SBA+23, AAA+23, BEG+24]. It has been shown that MCM can be incorporated into

Pauli noise models via a generalized randomized compiling technique [BW23]. More re-

cently, results on the learnability of MCM within the Pauli noise model have been re-

ported [ZCLJ25, HP25]. It is practically interesting to incorporate those results into the

current framework, e.g., to have a self-consistent and efficient protocol for characterizing
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MCM with a scalable noise ansatz. More generally, it is interesting to study how our frame-

work can be used for noise characterization of early fault-tolerant quantum computing de-

vices [CGFF17, WKBK23].

Beyond realizable setting. The learning algorithm we proposed relies on the fact that

the noise model of interest is realizable, i.e., there is no out-of-model error. It would be

interesting to analyze the effect of such errors. Our current analysis and algorithms require

all the noise to be Pauli channels with certain constraints, specifically, the locality constraints

as discussed in Sec. B.4, B.5, and B.6. In practice, one can fit the same data into models

with different locality assumption, and there will be a tradeoff between model expressivity

and trainability. One can also utilize techniques from structure learning to find the optimal

(quasi-)local Pauli noise model (see e.g. [RF23]). It would be interesting to explore learning

algorithms with those features within our framework.
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CHAPTER 5

ENTANGLEMENT-ENHANCED QUANTUM NOISE

CHARACTERIZATION

Chapter Notes. This chapter presents a protocol that applies the entanglement-enabled

quantum learning advantages in practical Pauli noise characterization tasks. A preliminary

version of the protocol and related theoretic results is presented in [CZSJ22]. The protocol

has then been substantially improved and experimentally implemented in a recent collabo-

ration with IBM Quantum [SCM+24]. The presentation here is mainly based on the latter

manuscript. The experiments are conducted by my IBM Quantum colleagues, while I lead

the theory development and participating in analyze and processing the data.

5.1 Introduction

In the previous section, we have explored the task of Pauli noise characterization. Accord-

ing to Theorem 3.2, a generic n-qubit Pauli channels is exponentially hard to learn using

ancilla-free schemes (which are schemes used for most noise characterization protocols). To

circumvent this barrier, one common approach is to make locality assumptions of the noise

and reduce the number of noise parameters, just as the reduced models discussed in the last

section. However, such locality assumptions might not always be justified. There could be

unexpected long-range correlation overlooked by a local model. One might still want to learn

the whole noise channel without any assumptions to diagnose such uncommon effect of noise.

Recall that in Chapter 3 we show entangled quantum memory can exponentially speedup

learning of Pauli channels. A natural question is whether we can use such an entanglement-

enhanced learning (EEL) protocol to overcome the exponential barrier for Pauli noise learning

in practice. This might not seem practically feasible at the first glimpse: the entangled states,

measurements, and ancillary quantum memory are all subject to noise in practice. How can
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we precisely characterize one interested source of noise (gate-dependent Pauli noise) while

introducing many other sources of noise (SPAM noise, ancilla noise, etc.)? It turns out

that, by developing several quantum error suppression and mitigation techniques, our EEL

protocol can not only estimate the gate noise consistent with state-of-the-art entanglement-

free learning (EFL) protocols, but also achieve this which much fewer number of samples,

as validated by experiments. Our protocol is an manifestation of robust and significant

quantum learning advantages in a practical information processing task.

Figure 5.1: Schematics of EFL and EMEEL (which consists of EEL and AuxEFL). (Top left)
EFL, or the standard cycle benchmarking circuits, which consists of stabilizer state prepara-
tion and Pauli measurements. Green boxes represent random Pauli twirling gates. (Bottom
left) EEL, consisting of Bell state and bell measurements. The blue boxes represent random
single-qubit Clifford twirling gates. The giggle on the ancilla denotes dynamical decoupling
for idling protection. (Bottom right) AuxEFL, whose circuit is the same as EEL, but with
computational basis state preparation and measurements. The combination of EEL and Aux-
EFL gives our EMEEL protocols.

5.2 Setup

Let A, S each be an n-qubit quantum system, referred to as ancillary system and the main

system, respectively. In a high level, our goal is to characterize the noise associated with

certain multi-qubit Clifford gate G that can be implemented on system S. We will make the
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following assumptions about the noise model:

1. Layers of any single-qubit Clifford gates have negligible noise.

2. The noises acting on the system and ancilla is time-stationary, Markovian, and have

no crosstalk or contextual dependence between each other. Specifically, applying the

multi-qubit Clifford gate G on the system and idling the ancilla is realized as

IA ⊗ GS 7→ ĨA ⊗ G̃S := ΛA
anc ⊗ (ΛG ◦ G)S

3. The initial state and measurement suffer from noise channel acting jointly on the system

and ancilla,

ρAS
0 7→ ES(ρAS

0 ), MAS 7→ (M ◦ EM)AS .

The first assumption are standard [WE16, HNM+21, CLO+23, FW20]. The second

assumption requires the system and ancilla to be well isolated, which can be ensured via

dynamical decoupling, turning off certain couplers on superconducting platforms, or moving

qubits far apart on ion or atom platforms, etc. The goal is to characterize the gate noise

ΛG in a SPAM-robust manner. Since we are going to apply Pauli twirling, we will only be

interested in learning the Pauli eigenvalue of the Pauli twirl of ΛG , defined as {λG
a }. We also

denote the Pauli eigenvalue of λanc as {λanc
a }.

It has been proved that not every λG
a can be learned SPAM-independently for a generic

Clifford gate G [CLO+23, HFP22], which is a fundamental limitation posted by model iden-

tifiability that is generic to any learning scheme. Take G = CNOT as an example, one can

show that λXX , λXI cannot be individually learned SPAM-independently, while their prod-

uct λXXλXI can be. In our work, we only focus on learning a subset of learnable degrees

of freedom of ΛG . Formally, we aim at learning the following quantities,

Definition 5.1 (Symmetrized Pauli eigenvalues). Given an n-qubit Clifford gate G, let d0 be
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the smallest positive integer such that Gd0 = I. We define the symmetrized Pauli eigenvalues

as follows:

λ̄a :=
d0−1∏

k=0
λGk(a)

1/d0

, ∀a ∈ Pn. (5.1)

where we drop the potential ± sign of Gk(a).

As an example, the symmetrized Pauli eigenvalues of CNOT are listed in Table 5.1.

a λ̄a

ZI λZI
IX λIX
ZX λZX

IZ, ZZ (λIZλZZ)1/2

XI, XX (λXIλXX)1/2

XZ, YY (λXZλY Y )1/2

YI, YX (λY IλY X)1/2

IY, ZY (λIZλZY )1/2

XY, YZ (λXY λY Z)1/2

Table 5.1: Symmetrized Pauli eigenvalues for a single CNOT gate.

The task we are about to deal with is the following:

Task 5.2 (Gate-dependent Pauli noise estimation). For a given multi-qubit Clifford gate G,

under the aforementioned assumptions, estimate the symmetrized Pauli eigenvalues λ̄G
a in a

SPAM-robust manner.

We remark that learning the symmetrized Pauli eigenvalues is a standard task in the liter-

ature [EWP+19, HNM+21]. By interleaving with carefully chosen single-qubit Clifford gates,

one can learn more than those symmetrized eigenvalues [VDBMKT23, CLO+23, vdBW24].

Such protocols can also be incorporated with EMEEL, but we leave such demonstration for

future work. Also note that, even learning those symmetrized Pauli eigenvalues is proved to

cost exponentially many measurements for EFL schemes [COZ+24a, Theorem 2].
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5.3 Protocols

In this section, we describe Error-Mitigated Entanglement-Enhanced Learning (EMEEL),

which is our main protocol. We give an intuitive explanation in this section, leaving a

rigorous treatment to the technical details section.

To understand how EMEEL works, it is helpful to first look at the state-of-the-art

entanglement-free learning protocols, Cycle Benchmarking [EWP+19] or Cycle Error Re-

construction [CDDH+23], see Fig. 5.1. We use EFL to refer to these protocols. The key step

is to prepare certain (noisy) stabilizer state, repeat the noisy gate G̃ multiple times (inter-

leaved with Pauli twirling gates), and measure (noisy) Pauli observables. With appropriate

choices of the input and measurements, we obtain an expectation value of the form ξλm,

where ξ is a SPAM noise-dependent factor, λ is certain Pauli eigenvalue of ΛG , and m is

the number of repetitions. By choosing different values of m and fit the circuit expectation

values to this exponential model, one can obtain a SPAM-robust estimation for λ. The main

sample complexity stems from the need to switch among exponentially many input state and

measurement configurations.

Now we can explain EMEEL. It consists of two subroutines: EEL and AuxEFL (the latter

stands for auxiliary entanglement-free learning), see Fig. 5.1. EEL uses a similar repeating-

and-fitting strategy as EFL, but uses Bell states and Bell measurements with an ancillary

system. Thanks to the entangled memory, only 1 state preparation and measurement con-

figuration is needed to estimate all Pauli eigenvalues SPAM-robustly.

In practice, there will be ancilla idling noise besides the SPAM noise. What is learned

by EEL is composed by both the gate noise and ancilla noise. Our strategy for that is to

first apply dynamical decoupling [SLT+24] and single-qubit Clifford twirling on the ancilla,

suppressing the noise as much as possible, and then apply ancilla error mitigation as follows:

First conduct AuxEFL on the ancilla, which is basically EFL for identity gate on the ancilla

systems with the random Pauli twirling gates replaced by random single-qubit Clifford gates.
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Thanks to the Clifford twirling, the noise channel on the ancilla is tailored as a symmet-

ric Pauli channel (i.e., λa depends only on pt(a)), which can be learned sample-efficiently.

We then use the learned information from AuxEFL to mitigate ancilla errors in EEL, thus

obtaining the final estimators of EMEEL.

5.4 Experiments

Here we present some experimental results from [SCM+24] to justify the robustness and

efficiency of EMEEL, contrasting it with standard EFL.

Learning noise of a two-qubit gate. The first experiments validate EMEEL in noise

characterization for a two-qubit ECR gate. We learned all the symmetrized Pauli eigenvalues

using both EMEEL and EFL. The goal is to see if the estimates from both scheme match

each other, which would indicate we successfully mitigate the ancilla and memory errors.

Note that EFL need 9 state preparation and measurement settings while EMEEL need 2.

The results are reported in Fig. 5.2. For EEL without additional error mitigation, a mean

absolute error of (3.84 ± 0.14) × 10−3 is reported. For EMEEL (error mitigated with AuxEFL

data), the error is reduced to (4.4 ± 1.4) × 10−4. This suggests that EMEEL can indeed

provide convincing estimates.

Learning noise of parallel two-qubit gates. While EMEEL drastically reduces the

number of measurement settings from an exponential in n for protocols without memory to

2 (one for EEL and another one for AuxEFL as shown in Fig. 5.2b and c), for each experiment

setting, EMEEL has a larger variance due to ancillary and memory error as well as the error

mitigation overhead. The central question is then how this overhead compared to the saving

of measurement settings. For EMEEL to beat EFL, the saving in measurement settings must

be more drastic compare to the increase of variance at each setting. To validate this, we

conduct learning experiments of up to 4 parallel two-qubit gates. see Fig. 5.3.
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Figure 5.2: Learning the noise of a two-qubit gate. (Figures courtesy of Alireza Seif.)
(a)(b) shows the experiment layout. (c) gives a illustration of the fidelity decay curve (in log
scale) with number of circuit depth d. In this experiments we use d = 0, 16, 32. (d) Report
the estimation for all symmetrized Pauli eigenvalues using EFL, EEL, and EMEEL. One can
see that while EEL significantly overestimate the fidelities compared to EFL, EMEEL almost
retrieves consistent estimates as EFL. This experiments were conducted on ibm_peekskill
using 100 twirls and 1000 measurement shots at each depth d ∈ {0, 16, 32}.

For up to 8 qubits, it becomes challenging to measure all Pauli eigenvalues. For validation

purpose, we only measure and compare eigenvalues consists solely of X and I or Z and I.

Again, we see EEL has an error of (2.081 ± 0.004) × 10−2 while EMEEL has an error of

(1.59 ± 0.04) × 10−3, compared to be EFL benchmark. For the overhead, we empirically fit

that for a measurement setting of a weight w Pauli eigenvalue, the variance from EMEEL is

(1.33 ± 0.05)w times larger than EFL. On the other hand, the saving in measurement setting

for EMEEL is at least 2w by our rigorous lower bound. In Sec. C.3, we present more detailed

analysis of the resource cost. These justify the efficiency and robustness of EMEEL.
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gates act on, and the gray qubits are used as ancilla. (b)(c) layouts for EEL and AuxEFL. Note
that an additional pair of SWAP gates are need to create the Bell state and measurement
due to our qubit topology. (d) Comparing the estimates from EFL (horizontal) with EEL
and EMEEL (vertical). We only measure all X-type and all Z-type eigenvalues. While EEL
significantly underestate fidelities, EMEEL only slightly overestimates. (e) Using learned
information to validate correlated noise on the systems. We omit discussion on this block
and direct the readers of interest to [SCM+24]. (f) Comparing the variance overhead (fit as
1.33w) with the saving of measurement setting by EMEEL. The variance is estimated for each
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schemes.
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CHAPTER 6

GAUGE-CONSISTENT QUANTUM ERROR MITIGATION

Chapter Notes. This chapter is based on an on-going work about applying the self-

consistent Pauli noise learning framework into quantum error mitigation [CCF+25]. The

experimental data presented here are taken by Edward Chen, Laurin Fischer, Alireza Seif,

and other collaborators from IBM Quantum.

6.1 Introduction

We have seen in the last few chapters how to characterize quantum noise. Eventually,

one wants to use the learned noise information to improve the performance of a quantum

information processing system. A paradigm of methods that is particularly suitable for near-

term quantum computers is known as Quantum Error Mitigation (QEM) [EBL18, CXB20].

Generally speaking, QEM uses additional classical computing resources to reduced bias

in the outcome of noisy quantum computation. While QEM alone is not able to replace

quantum error correction or fault-tolerance computation due to its intrinsic exponential

costs [TSY23, QSFK+24], there are demonstration that QEM can enhance the utility of

existing and near-future quantum computers with limited number of qubits and limited ca-

pacity of fault tolerance [KEA+23, AAA+25]. What’s more, many existing error mitigation

protocols are learning-based, meaning that the protocol first learn the noise model and then

use the learned information to mitigate errores. For such protocols, QEM can be a valida-

tion tool for noise modeling and learning, as imprecise QEM results can indicate errors not

captured by the noise model.

As discussed in details in Chapter. 4, a fundamental issue of quantum noise learning

is the existence of non-identifiable or gauge parameters, preventing one from completely

learning the noise models. A natural question is how such “unlearnability” would af-
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fect the performance of learning-based QEM. As an example, let us look at one popu-

lar learning-based quantum error mitigation method, named probabilistic error cancella-

tion(PEC) [TBG17, EBL18, VDBMKT23]. PEC cancels any noise channels Λ affecting

quantum operations by implementing the inverse channels Λ−1. Though Λ−1 is typically

not a physical channel due to the violation of positivity, it can be implemented in expectation

via quasi-probability sampling and classical post-processing. However, since implementing

the inverse channel requires full knowledge of the noise channel, the existence of unlearn-

able parameters seem to be a problem for PEC to work. Indeed, in a series of recent work

about Pauli noise based PEC [VDBMKT23, FHV+24, KEA+23], they have to circumvent

the learnability issue by imposing additional assumption of the noise channel that are not

physically justified.

In contrast, a more appropriate way to deal with the learnability issue has been hinted in

the earlier literature of PEC [EBL18]. Intuitively, if certain noise parameters are unlearnable

within the model, their values should not affect any observable outcomes. This means if one

correctly learns all the learnable parameters and arbitrarily decide the unlearnable (gauge)

parameters, it suffices to predict any circuits within the model, and one should be able to

correctly conduct QEM without introducing additional assumptions. Concretely, [EBL18]

proposes combining gate set tomography (GST) [NGR+21], a generic method to learn the

learnable noise parameters, with PEC. However, due to the extremely large resource cost of

GST, it is hard to scale up the method beyond a few qubits.

Building the framework of Gate set Pauli noise learning we developed (Chapter. 4), we

propose a Gauge-consistent PEC protocols based on Pauli noise models. On one hand,

our protocol works for Pauli noise models with arbitrary locality, thus scalable to a large

system size, comparable to [KEA+23, VDBMKT23]. On the other hand, our protocol is

gauge-consistent in the sense that only learnable parameters is needed and no unjustified

assumptions are needed. We experimentally implement and compare our protocol with
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existing protocol from [VDBMKT23] for specific families of quantum circuits, and we see

our method significantly reduce the bias in PEC results, highlighting the importance of gauge

consistency.

6.2 Theory

Setup. We consider a similar model as in Chapter 4, restated in below. For an n-qubit

system, we consider the following set of operations and their noisy implementation.

1. Initialization: |0⟩⟨0| 7→ ρ̃0 = ΛS(|0⟩⟨0|).

2. Computational-basis measurement: {|b⟩⟨b|}b∈{0,1}n 7→ {Ẽb = ΛM (|b⟩⟨b|)}b∈{0,1}n .

3. Layer of single-qubit unitary: U = ⊗n
k=1 Uk, implemented without noise.

4. Layer of multi-qubit Clifford: G 7→ G̃ = ΛG ◦ G, for all G from a finite set G.

Here, we further assume ΛG are G-dependent Pauli channels, and ΛS , ΛM are symmetric

Pauli channels (i.e., λa only depends on pt(a)). We use Λ to denote the collection of all

noise channels. Again, we assume all the Pauli eigenvalues are strictly positive. All these as-

sumptions are experimentally reasonable based on the use of randomized compiling [WE16].

Standard PEC. Suppose we want to estimate the expectation value of certain observable

O at the output state of a quantum circuit (which is a natural task in, say, Hamiltonian

simulation). Denote the ideal value as follows,

o = ⟨⟨O|GT UT · · · G1U1|ρ0⟩⟩. (6.1)

Here Uj ’s are layers of (possibly non-Clifford) single-qubit gates, and Gj ’s are layers of multi-

qubit Clifford gates from G. Because of noise, a direct execution of the above gate sequence
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will instead give
o(noisy) = ⟨⟨Õ|G̃T UT · · · G̃1U1|ρ̃0⟩⟩

= ⟨⟨O|ΛM ΛGT
GM UM · · · ΛG1G1U1ΛS |ρ0⟩⟩.

(6.2)

To retrieve the ideal value, a naive idea is to cancel out all noise channels Λ by implementing

Λ−1. For any Pauli channel Λ = ∑
b λb|Pb⟩⟩⟨⟨Pb|/2n, its inverse is Λ−1 = ∑

b λ−1
b |Pb⟩⟩⟨⟨Pb|/2n,

which can be expressed as

Λ−1(ρ) =
∑

a∈Pn

p⋆
aPaρPa, where p⋆

a = 1
4n

∑
b∈Pn

(−1)⟨a,b⟩λ−1
b . (6.3)

This is a Pauli diagonal map that is not necessarily completely-positive (i.e., p⋆
a can be

negative). Consequently, it cannot be directly implemented as a quantum channel. Instead,

one can rewrite it in the following form

Λ−1(ρ) =
∑
a

∑
b

|p⋆
b |

 sgna|p⋆
a|∑

b |p⋆
b |

PaρPa

=
∑
a

γsgnaqaPaρPa,

(6.4)

where sgna is the sign of p⋆
a, γ = ∑

b |p⋆
b |, and qa = |p⋆

a|/γ. Note that {qa} forms a probability

distribution over Pn. Thus, by sampling Pauli operator Pa according to {qa} and multiplying

γsgna in classical post-processing, one can implement Λ−1 in expectation. This is the core

idea of PEC.

Concretely, consider the following steps of standard PEC (which has assumed all noise

channels are known a priori):

1. Randomly sample a0 ∼ {qS
a0}, aj ∼ {q

Gj
aj }T

j=1, aT+1 ∼ {qM
aT +1}.

2. Implement and measure the following expectation value

Ea = ⟨⟨Õ|PaT +1PaT G̃T UT · · · Pa1G̃1U1Pa0 |ρ̃0⟩⟩ (6.5)
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where Pa(ρ) = PaρPa.

3. Define the PEC estimator as

ô(PEC) = Ea ·
T+1∏
j=0

γjsgnaj
. (6.6)

where γj and sgnaj
are with respect to the jth Pauli noise channel.

The following proposition shows the correctness of PEC.

Proposition 6.1. Given that one knows Λ exactly, the standard PEC estimator ô(PEC) is

an unbiased estimator for o.

Proof.

Eô(PEC) =
∑
a

Ea ·
T+1∏
j=1

γjsgnaj
qaj

=
∑
a

Ea ·
T+1∏
j=1

p⋆
aj

=
∑
a

⟨⟨Õ|p⋆,M
aT +1PaT +1p

⋆,GT
aT PaT G̃T UT · · · p⋆,G1

a1 Pa1G̃1U1p⋆,S
a0 Pa0 |ρ̃0⟩⟩

= ⟨⟨Õ|Λ−1
M Λ−1

GT
G̃T UT · · · Λ−1

G1
G̃1U1Λ−1

0 |ρ̃0⟩⟩

= ⟨⟨O|GT UT · · · G1U1|ρ0⟩⟩

= o.

(6.7)

The second line is by the definition of qa.

We remark that, PEC also works for Pauli noise channels with efficient ansatzes, such as

2-local noise models [VDBMKT23, KEA+23], so that it can scales up to much larger system

size. A key ingredient there is a method to efficiently sample from {qa} via the so-called

sparse Pauli-Lindblad model. We will omit the discussion here.
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Regarding the sample efficiency of PEC, for observable O with bounded spectral norms,

PEC needs to pay a sampling overhead of order ∏j γ2
j to get constant additive precision,

which is exponential in system size for fixed error rates. Such exponential scaling is shown

to be inevitable for generic QEM protocols [QSFK+24, TSY23].

Gauge-consistent PEC. Clearly, the aforementioned standard PEC procedure requires

full knowledge of the noise channels Λ, which usually needs to be learned from the model.

In Chapter 4, we have proven that there exists unlearnable degrees of freedom in the Pauli

noise model, making a direct application of PEC infeasible.

In [VDBMKT23, KEA+23], this issue is circumvented by introducing the symmetry as-

sumption that forces sets of unlearnable Pauli fidelities to be equal. As a concrete example,

when G = CNOT we know for ΛG , both λXI and λXX are individually unlearnable, while

their product λXIλXX is learnable. The symmetry assumption introduces the restriction

λXI = λXX to determine both eigenvalues, similarly for other eigenvalues. To my knowl-

edge, there has not been a good justification for why such assumption is reasonable. In some

cases, such assumptions can even result in equations contradicting each other.

In fact, such assumptions are not necessary to correctly perform PEC. Using the gate set

Pauli noise learning framework, one can learn a collection of noise parameters, denoted by

Λg, that is gauge-equivalent to the true noise parameters Λ, in the sense that no experiments

can distinguish Λ from Λg. Then, if we just pretend Λg is the true noise parameters and

conduct PEC, we will get the correct prediction.

Formally, consider the following Gauge-consistent PEC (GC-PEC) protocol. One first

learn a set of noise parameters Λg that are gauge-equivalent to the true values Λ (assuming

the learning is exact for now). Use the superscript g to denote the learned noise channels.

Construct our estimator using the following steps:

1. Randomly sample a0 ∼ {q
g,S
a0 }, aj ∼ {q

g,Gj
aj }T

j=1, aT+1 ∼ {q
g,M
aT +1}.
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2. Implement and measure the following expectation value

Ea = ⟨⟨Õ|PaT +1PaT G̃T UT · · · Pa1G̃1U1Pa0 |ρ̃0⟩⟩ (6.8)

where Pa(ρ) = PaρPa.

3. Define the GC-PEC estimator as

ô(GC−PEC) = Ea ·
T+1∏
j=0

γ
g
j sgng

aj
. (6.9)

where γ
g
j and sgng

aj are with respect to the jth learned Pauli noise channel (instead of

the true noise channel).

The following proposition shows the correctness of GC-PEC. The proof steps are illus-

trated in Fig. 6.1

Proposition 6.2. Given that one exactly knows a Λg that is gauge-equivalent to Λ, the

GC-PEC estimator with respect to Λg is an unbiased estimator for o.

Proof. One just need to notice that Ea can be re-expressed as

Ea = ⟨⟨O|ΛM PaT +1PaT ΛGT
GT UT · · · Pa1ΛG1G1U1Pa0ΛS |ρ0⟩⟩

= ⟨⟨O|Λg
M PaT +1PaT Λg

GT
GT UT · · · Pa1Λg

G1
G1U1Pa0Λg

S |ρ0⟩⟩
(6.10)

Because Λg and Λ cannot be distinguished by any experiments by assumptions. Then,

following the same step as the proof for Proposition 6.1, one can show that

Eô(GC−PEC) = ⟨⟨O|GT UT · · · G1U1|ρ0⟩⟩ = o. (6.11)
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Figure 6.1: Illustration of Gauge-consistent PEC. (a) One use quasi-probability sampling
to implement the inverse channels according to the learned gauge-equivalent noise model
Λg. (b) Replacing the true noise models with a gauge-equivalent model have no observable
effects on the measurement statistics. This step is only a thought experiment. (c) The noise
channels and inverse channels cancel out, returning noise-free results.
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The sampling overhead of GC-QEM is determined by ∏j γ
g,2
j , which, interestingly, de-

pends on the choice of gauge parameters. In practice, one can optimize over all gauge-

equivalent noise models that minimize this sampling overhead, we will not delve into the

details in this thesis. We also remark that GC-QEM works for Pauli noise model with

ansatzes, in which case our framework from Chapter 4 is crucial to determine the learnable

and gauge degrees of freedoms.

6.3 Experiments

We experimentally demonstrate a proof-of-principle version of Gauge-consistent PEC. Con-

cretely, we focus solely on Clifford circuits with Pauli observables. The noisy expectation

value will take a monomial form λS
a0λG1

a1 · · · λ
GT
aT λM

T+1 ·o where o is the ideal expectation value.

Instead of doing the quasi-probability sampling, we can just use the learned Pauli eigenvalue

to invert the noise factors. Note that doing quasi-probability sampling will give us the same

results in expectation. We contrast our protocol with [VDBMKT23, KEA+23], where they

ignore state preparation noise to characterize and mitigate measurement noise and applying

symmetry assumptions to identify gate noise. We refer to the latter method as Sym-PEC.

We will highlight one experiment in the thesis, leaving more experiments and details in

[CCF+25]. The experiment aims at preparing an n-qubit GHZ state for n from 2 to 21,

and then measure the expectation value of X⊗n, whose ideal value should be one. We use

both GC-PEC and Sym-PEC to mitigate the observable. As reported in Fig. 6.2, GC-PEC

successfully mitigate the error and retrieve ideal value within error bars, while Sym-PEC

suffers from a huge bias.
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Fig. 4 : Non-local noise learning and mitigation of GHZ states up to size 21 .
Figure 6.2: Comparing GC-PEC with Sym-PEC in GHZ state preparation circuits.
(Figures courtesy of Alireza Seif and Edward Chen). (A)(B) shows our GHZ preparation
circuits. An X measurements on all qubits is conducted at the end of the circuit. Note
that both uses interleaving layers of 2 types of parallel 2-qubit gates. We have conduct
separate learning experiments to learn the noise of parallel 2-qubit gates. (C) shows the
experimental output vs. the predicted expectation value from gauge-consistent (pink circles)
and symmetric (blue crosses) noise models. (D) Error mitigated results using GC-PEC (pink)
and Sym-PEC(blue). Error bars are estimated from 6 separate experiments. Clearly GC-
PEC obtain true values within error bars while Sym-PEC has a significant bias.
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CHAPTER 7

OUTLOOK

In this the thesis, we have explored several theoretic and practical results of Pauli channels.

Concretely, we have been discussing quantum learning advantages, quantum noise charac-

terization, and quantum error mitigation. I hope this thesis establish Pauli channels as an

invaluable tools for exploring modern quantum information science.

Besides the discussion provided in some of the chapters, I will provide some high-level

outlook on the future research directions related to Pauli channel learning and how it can

contribute to the development of quantum information science.

Logical noise characterization for enhancing quantum error correction. As we

step into the era of quantum fault-tolerance, it is important to develop methods for char-

acterizing noise on quantum devices with limited error correction capability. Understand

the nature of noise on such device could provide invaluable insight on how to design bet-

ter error correction architecture and decoding algorithms, thus expedite the quest towards

full-fledged fault-tolerance. Due to the additional complexity added by error correction, it

is unclear how much of the existing literature on Pauli noise learning or other physical-level

quantum noise characterization toolkit can be applied there. Fortunately, there have been

pioneering works going along this direction [WKBK23, ZCLJ25, HP25]. Other questions

worth investigating are how to use the information of logical noise to enhance error correc-

tion performance [CYK+22], how do you design error correction architecture tailored to the

practical noise [AP08], etc.

Novel quantum applications with fault-tolerance. As quantum fault-tolerance gives

us more qubits and less error, it is timely to explore novel quantum applications along

the quest. Apart from the heavily studied quantum applications in cryptography, chemical
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simulation, and other computational problem, I think an exciting but under-explored area

is quantum metrology and quantum learning. Previous research (e.g., [ZZPJ18]) has laid

down some theoretic background on error-corrected quantum metrology, but large are still

unknown on the potential of how quantum error correction can enhance quantum learning

more generally. As an example, the protocols described in Chapter 5 in this thesis [SCM+24]

shows error mitigation can help de-bias the estimation. Can we use error correction instead

to gain better performance for the noise learning task?

Interplay between quantum learning and quantum metrology. Recent years have

seen exciting advancement in quantum learning theory. Quantum metrology, a long-standing

research area with important real-world applications (such as LIGO and atomic clock), shares

similar motivations and problems with quantum learning. It is interesting to better under-

stand the connection between these two. In terms of Pauli channel learning, an interesting

direction is to generalize the results to continuous-variable systems which are potentially

more natural for certain metrological tasks. Some results have been established along this

direction [OCW+24, LBØ+25]. Other example can be to use learning-theoretic methods in

multi-parameter and time-dependent quantum metrology problem.
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APPENDIX A

APPENDICES TO CHAPTER 3

A.1 Proof of Theorem 3.1

In this section, we provide details in the derivation of Eq. (3.5), i.e., the distribution of

measurement outcomes at Line 5 in Algorithm 1. For clarity, denote the k-qubit Hilbert

space of the ancilla as A, and divide the n-qubit Hilbert space of the main system into a

k-qubit subspace B and an (n − k)-qubit subspace C. The input state to the channel is

|Ψ0⟩AB ⊗ |ϕS
0⟩C , and the measurement basis is {|Ψv⟩AB ⊗ |ϕS

e⟩C}v,e. Here, |Ψv⟩AB are Bell

states and can be expressed as

|Ψv⟩⟨Ψv| := (Pv ⊗ I)|Ψ+⟩⟨Ψ+|(Pv ⊗ I)

= 1
4k

∑
u∈Z2k

2

PvPuPv ⊗ P T
u

= 1
4k

∑
u∈Z2k

2

(−1)⟨u,v⟩Pu ⊗ P T
u ,

(A.1)

And the stabilizer state |ϕS
e⟩C is defined as

|ϕS
e⟩⟨ϕS

e | := 1
2n−k

∑
s∈S

(−1)⟨s,e⟩Ps, (A.2)

for e ∈ S⊥ := Z2(n−k)
2 /S. We remark that, the stabilizer state is well-defined for all e ∈

Z2(n−k)
2 , but |ϕS

a⟩ and |ϕS
b ⟩ represent the same state if a + b ∈ S (bitwise modulo 2 sum),

so we only need to consider the quotient space of Z2(n−k)
2 over S. When calculating the

sympletic inner product ⟨s, e⟩, one should understand e as an arbitrary representative of the

coset it stands for.

70



Therefore, the measurement outcome distribution can be calculated as

p(v, e)

= Tr
(
(|Ψv⟩⟨Ψv|AB ⊗ |ϕS

e ⟩⟨ϕS
e |C)1A ⊗ ΛBC(|Ψ0⟩⟨Ψ0|AB ⊗ |ϕS

0⟩⟨ϕS
0 |C)

)
= 1

4n+k
Tr

 ∑
u,u′∈Z2k

2

∑
s,s′∈S

λu′⊕s′

(
(−1)⟨u,v⟩Pu ⊗ P T

u ⊗ (−1)⟨s,e⟩Ps

)
ABC

(
Pu′ ⊗ P T

u′ ⊗ Ps′

)
ABC


= 1

2n+k

∑
u∈Z2k

2

∑
s∈S

λu⊕s(−1)⟨u,v⟩(−1)⟨s,e⟩,

(A.3)

which is exactly Eq. (3.5) in the main text. It is then obvious that p(v, e) and λu⊕s are

related by the Walsh-Hadamard transform (see [FW20, Lemma 4]).

A.2 Proof of Theorem 3.2

A tight lower bound for non-adaptive and non-concatenating strategies In this

section, we prove a matching lower bound of Ω(n2n−k) for all non-adaptive and non-

concatenating k-qubit ancilla-assisted Pauli channel estimation protocols, which include the

ancilla-free strategies (k = 0) and n-qubit ancilla assisted strategies (k = n) as two special

cases. Recall that, by a non-adaptive and non-concatenating protocol we mean that, for

each sample of the Pauli channel Λ, we prepare an n + k qubits state, input it to Λ ⊗1, and

apply a POVM measurement on the joint output state. The input state and measurement

setting for the ith sample is not allowed to depend on previous measurement outcomes, nor

do we allow concatenating multiple samples of Λ in a single round of measurement (which

is used in RB-type Pauli error estimation protocols [FW20]).

Theorem 1.1. For any non-adaptive, non-concatenating k-qubit ancilla-assisted protocols

that give an estimate λ̂ of the Pauli eigenvalues λ of an arbitrary unknown n-qubit Pauli

channel such that

|λ̂a − λa| <
1
2 , ∀a ∈ Z2n

2 (A.4)
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holds with high probability, the number of samples of Λ required is at least Ω(n2n−k).

Our proof generalizes the information-theoretical arguments by Huang et al. [HKP21],

which in turn stem from previous work on sample complexity lower bounds for quantum

tomography [FGLE12, HHJ+17, RKK+18]. Consider a communication protocol between

Alice and Bob where their share the following “codebook”:

(a, s) ∈ {1, · · · , 4n − 1} × {±1} −→ Λ(a,s)(·) = 1
2n (I Tr(·) + sPa Tr(Pa(·))) . (A.5)

Now, Alice picks at uniform random one out of the 2(4n − 1) possible pairs of (a, s) and

then send N copies of the channel Λ(a,s) to Bob. If there exists a Pauli channel estimation

protocol using N samples and satisfying the assumption of Theorem 1.1, Bob can use that

protocol to uniquely determine Alice’s choice of (a, s) with high probability, since the Pauli

eigenvalues of any Λ(a,s) only take values from {−1, 0, +1}. Suppose Bob’s input state and

POVM outcome for the ith sample is {ρi, Ei}. According to Fano’s inequality, the mutual

information between the random variable pair (a, s) and Bob’s measurement results has the

following lower bound

I ((a, s) : {ρ1, E1}, ..., {ρN , EN }) ≥ Ω(log(2(4n − 1))) = Ω(n). (A.6)

We also know by assumption that the measurement outcomes {ρi, Ei} are independent from

each other, conditioned on (a, s). The chain rule of mutual information then gives that

N∑
i=1

I ((a, s), {ρi, Ei}) = I((a, s) : {ρ1, E1}, ..., {ρN , EN }) ≥ Ω(n). (A.7)

We will show that I ((a, s) : {ρi, Ei}) ≤ O(2k−n) in the following lemma. This would then

give us the desired sample complexity lower bound N ≥ Ω(n2n−k), which completes the

proof of Theorem 1.1.
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Lemma 1.1. I ((a, s) : {ρi, Ei}) ≤ 2k

2n − 1 .

Proof. First notice that it suffices to consider pure state input and rank-1 POVM mea-

surements. The latter comes from the fact that every POVM measurement can be viewed

as a coarse-graining of some rank-1 POVM measurement. To see the former, consider the

underlying distribution p((a, s), {ρi, Ei}) = p(a, s)p({Ei, ρi}|a, s). The mutual information

I((a, s) : {ρi, Ei}) is convex about p({Ei, ρi}|a, s) when fixing p(a, s) (see e.g., [CT12, The-

orem 2.7.4]), thus using mixed state input can never provide a larger mutual information.

Thanks to this observation, we can without loss of generality let the input state be |A⟩

and let the POVM measurement be {wj2n+k|Bj⟩⟨Bj |}j , where |A⟩ , |Bj⟩ ∈ C2n×2k are unit

vectors, and ∑j wj = 1 by normalization. We also abuse notations a little bit to let A and

Bj denote the 2n × 2k matrices that satisfy

|A⟩ =
2n−1∑
p=0

2k−1∑
q=0

⟨p|A|q⟩ |p⟩ |q⟩ , |Bj⟩ =
2n−1∑
p=0

2k−1∑
q=0

⟨p|Bj |q⟩ |p⟩ |q⟩ , (A.8)

where {|p⟩} and {|q⟩} are computational basis states. The normalization condition of |A⟩

and |Bj⟩ is equivalent to

Tr(A†A) = Tr(B†
jBj) = 1. (A.9)

We also define Cj := BjA† which is a 2n × 2n matrix of rank less or equal to 2k.

The mutual information between (a, s) and a single round of measurement outcome j can

be upper bounded as

I((a, s) : j) = H(j) − H(j|a, s)

= −
∑
j

 E
(a,s)

p(j|a, s)
 log

 E
(a,s)

p(j|a, s)
+ E

(a,s)

∑
j

p(j|a, s) log p(j|a, s)

≤
∑
j

E(a,s)[p(j|a, s)2] − E(a,s)[p(j|a, s)]2

E(a,s)[p(j|a, s)] ,

(A.10)
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where the inequality follows from the fact that log(x) ≤ log(y) + x−y
y in which we take

x := p(j|a, s) and y := E(a,s)[p(j|a, s)].

The conditional probability p(j|a, s) can be calculated as

p(j|a, s) = wj2n+k ⟨Bj | Λ(a,s) ⊗ 1(|A⟩⟨A|) |Bj⟩

= wj

4k∑
b=0

(
⟨Bj |I ⊗ Pb|Bj⟩⟨A|I ⊗ Pb|A⟩ + s⟨Bj |Pa ⊗ Pb|Bj⟩⟨A|Pa ⊗ Pb|A⟩

)

= wj

4k∑
b=0

(
Tr(B†

jBjP T
b ) Tr(A†AP T

b ) + s Tr(B†
jPaBjP T

b ) Tr(A†PaAP T
b )
)

= wj2k
(

Tr(B†
jBjA†A) + s Tr(B†

jPaBjA†PaA)
)

= wj2k
(

Tr(C†
j Cj) + s Tr(PaCjPaC

†
j )
)

,

(A.11)

where we expand the identity channel as 1(·) = 2−k ∑4k

b=0 Pb Tr(Pb(·)) in the second line,

and use the fact 2−k ∑4k

b=0 Pb ⊗ Pb equals to the swap operator in the fourth line.

The average value and second moment of p(j|a, s) according to the distribution of (a, s) are

E
(a,s)

[p(j|a, s)] = wj2k Tr(C†
j Cj),

E
(a,s)

[p(j|a, s)2] = w2
j 4k

Tr2(C†
j Cj) + 1

4n − 1

4n−1∑
a=1

Tr2(PaCjPaC
†
j )
 .

(A.12)

Hence we have the following bound for the mutual information

I ((a, s) : j) ≤
∑
j

wj2k Tr(C†
j Cj)

 1
4n − 1

4n−1∑
a=1

Tr(PaC
†
j PaCj)2

Tr(C†
j Cj)2

 . (A.13)

Now we further calculate the R.H.S. of the above inequality. Let M = PaC
†
j PaCj . Notice

that

rank(M) ≤ rank(Cj) ≤ 2k, (A.14)
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which means there exists a rank-2k projector Π such that Tr(M) = Tr(MΠ). According to

Cauchy-Schwarz inequality,

Tr(M)2 = Tr(MΠ)2

≤ Tr(MM†) Tr(Π†Π)

= Tr(CjC
†
j PaCjC

†
j Pa) × 2k

(A.15)

Substitute this into Eq. (A.13),

I((a, s) : j) ≤
∑

j

wj2k Tr(C†
j Cj)

 2k

4n − 1

4n−1∑
a=1

Tr(CjC†
j PaCjC†

j Pa)
Tr(C†

j Cj)2


=
∑

j

wj2k Tr(C†
j Cj)

 2k

4n − 1 ×
∑4n−1

a=0 Tr(CjC†
j PaCjC†

j Pa) − Tr(CjC†
j CjC†

j )
Tr(C†

j Cj)2


=
∑

j

wj2k Tr(C†
j Cj)

 2k

4n − 1 ×
2n Tr(C†

j Cj)2 − Tr(CjC†
j CjC†

j )
Tr(C†

j Cj)2


≤
∑

j

wj2k Tr(C†
j Cj) 2k

2n − 1

= 2k

2n − 1 ,

(A.16)

where the third line uses the following formula of Pauli twirling,

1
4n

4n∑
a=0

PaXPa = 1
2n Tr(X)I, (A.17)

and the last line follows from the fact that

∑
j

wj2k Tr(C†
j Cj) =

∑
j

E
(a,s)

[p(j|a, s)] = 1. (A.18)

This completes the proof of Lemma 1.1.
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A lower bound for adaptive but non-concatenating strategies In this section, we

prove a lower bound of Ω(2(n−k)/3) for all adaptive and non-concatenating k-qubit ancilla-

assisted Pauli channel estimation protocols, as stated in the following theorem. This bound

is improved to be tight in subsequent works which will be presented in Sec.[[]]. Here I decide

to include this loose bound because it uses a different proof strategies that might be of

independent interest.

Theorem 1.2. For any adaptive, non-concatenating k-qubit ancilla-assisted protocols that

give an estimate λ̂ of the Pauli eigenvalues λ of an arbitrary unknown n-qubit Pauli channel

such that

|λ̂a − λa| <
1
2 , ∀a ∈ Z2n

2 (A.19)

holds with high probability, the number of samples of Λ required is at least Ω(2(n−k)/3).

Our proof techniques generalize the methods of Huang et al. [HKP21] for proving adap-

tive sample complexity lower bounds for Pauli expectation values estimation of unknown

quantum states. Consider the following 4n possible Pauli channels


Λdep(·) = 1

2n I Tr(·),

Λa(·) = 1
2n (I Tr(·) + Pa Tr(Pa(·))) , ∀a ∈ {1, · · · , 4n − 1}.

(A.20)

Here Λdep is known as the completely deplorizing channel. If there exists an Pauli chan-

nel estimation protocol satisfying the requirement of Theorem 1.2, one can unambiguously

identify each one of the 4n possible Pauli channels appearing above with high probability,

given sufficient number of samples of Λ. This in turn implies that one should be able to

distinguish the following two equal-probable hypotheses with high success probability.

1. Given N copies of Λ = Λdep.

2. Given N copies of Λ = Λa for a uniformly-randomly picked a ∈ {1, · · · , 4n − 1}.
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For an adaptive but non-concatenating protocol, one has to choose an 2n × 2k dimensional

input state and a POVM measurement for the ith sample of Λ, where the choice may depend

on previous measurement outcomes. Denote the measurement outcome of the ith round as

oi. We explicitly write the state and measurement at the ith round as ρo<i and {E
o<i
j }j

to emphasize their dependence on o<i := [o1, ..., oi−1].Denote the measurement outcomes

among all the N samples as o1:N := [o1, · · · , oN ]. The probability distribution of o1:N under

the above two hypothesis can be expressed as


Hypothesis 1: p1(o1:N ) =

N∏
i=1

Tr
(
E

o<i
oi Λdep ⊗ 1(ρo<i)

)
,

Hypothesis 2: p2(o1:N ) = E
a̸=0

N∏
i=1

Tr
(
E

o<i
oi Λa ⊗ 1(ρo<i)

)
.

(A.21)

The ability to distinguish these two hypotheses is equivalent to the ability to distinguish p1

from p2. The maximal success probability of distinguishing two probability distributions is

given by 1
2(1+TV(p1, p2)) where TV stands for the total variance distance defined as follows

TV(p1, p2) :=
∑

o1:N s.t.
p1(o1:N )≥p2(o1:N )

(p1(o1:N ) − p2(o1:N )). (A.22)

We will show in the following Lemma that TV(p1, p2) = O(N2(k−n)/3), which immedi-

ately implies that one must have N = Ω(2(n−k)/3) in order to obtain high success probability

in distinguishing p1 from p2. This then completes the proof of Theorem 1.2.

Lemma 1.2. TV(p1, p2) ≤ 2N

 2k

2n − 1


1/3

.

Proof. First notice that it suffices to consider pure state input and rank-1 POVM measure-

ment. For the former, the probability distribution obtained from mixed state input can be

viewed as a convex combination of distributions obtained from pure state input. Thanks to

the joint convexity, mixed state input can not yield a larger total variance distance; For the
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latter, every POVM measurement can be viewed as a coarse-graining of some rank-1 POVM

measurement. Because of the data-processing property, this coarse-graining would not yield

a larger total variance distance.

In light of this observation, we can without loss of generality let the input state at the ith

round be |Ao<i⟩ and let the POVM measurement be {w
o<i
oi 2n+k|Bo<i

oi ⟩⟨Bo<i
oi |}oi , conditioned

on previous measurement outcomes o<i, where |Ao<i⟩ , |Bo<i
oi ⟩ ∈ C2n×2k are unit vectors, and∑

oi
w

o<i
oi = 1 by normalization. We also introduce the two 2n × 2k matrices Ao<i , B

o<i
oi

defined similarly as in Eq. (A.8), and define C
o<i
oi

:= B
o<i
oi Ao<i† which is a 2n × 2n matrix

of rank less or equal to 2k. With the above definitions, one can verify that p1 and p2 can be

expressed as follows

p1(o1:N ) =
N∏

i=1
w

o<i
oi 2n+k ⟨Bo<i

oi | Λdep ⊗ 1 ((|Ao<i⟩⟨Ao<i |) |Bo<i
oi ⟩ ,

=
N∏

i=1
w

o<i
oi 2k Tr

(
C

o<i†
oi C

o<i
oi

)

p2(o1:N ) = E
a ̸=0

N∏
i=1

w
o<i
oi 2n+k ⟨Bo<i

oi | Λa ⊗ 1 ((|Ao<i⟩⟨Ao<i |) |Bo<i
oi ⟩

= E
a̸=0

N∏
i=1

w
o<i
oi 2k

(
Tr
(

C
o<i†
oi C

o<i
oi

)
+ Tr

(
C

o<i†
oi PaC

o<i
oi Pa

))
.

(A.23)

The total variance between p1 and p2 can then be bounded as

TV(p1, p2)

= E
a̸=0

∑
o1:N s.t.

p1(o1:N )≥p2(o1:N )

(
N∏

i=1
wo<i

oi
2k Tr

(
Co<i†

oi
Co<i

oi

))1 −
N∏

i=1

1 +
Tr
(
C

o<i†
oi PaC

o<i
oi Pa

)
Tr
(
C

o<i†
oi C

o<i
oi

)


= E
a̸=0

∑
o1:N s.t.

p1(o1:N )≥p2(o1:N )

p1(o1:N )

1 −
N∏

i=1

1 +
Tr
(
C

o<i†
oi PaC

o<i
oi Pa

)
Tr
(
C

o<i†
oi C

o<i
oi

)
 ,

(A.24)

In order to bound the R.H.S., we make use of a technique from Huang et al. [HKP21]. Let C
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denote an arbitrary 2n × 2n complex matrix of rank no more than 2k, consider the following

subset of n-qubit Pauli operators

G :=

a ∈ {1, · · · , 4n − 1} :

∣∣∣∣∣∣
Tr
(
C†PaCPa

)
Tr
(
C†C

)
∣∣∣∣∣∣ ≤

(
2k

2n − 1

)1/3
 . (A.25)

We claim that the size of G satisfies

|G| ≥

1 −
(

2k

2n − 1

)1/3
 (4n − 1), (A.26)

which can be shown by contradiction: Suppose this does not hold, we would have

4n−1∑
a=1

Tr
(
C†PaCPa

)
Tr
(
C†C

)
2

≥
(

2k

2n − 1

)2/3
× (4n − 1 − |G|)

>

(
2k

2n − 1

)2/3
×
(

2k

2n − 1

)1/3
(4n − 1)

= 2k(2n + 1).

(A.27)

However, the L.H.S. of the above can be upper bounded as

4n−1∑
a=1

Tr
(
C†PaCPa

)
Tr
(
C†C

)
2

≤
4n−1∑
a=1

2k Tr(CC†PaCC†Pa)
Tr2

(
C†C

)
= 2k

2n Tr2
(
C†C

)
− Tr(C†CC†C)

Tr2
(
C†C

)
≤ 2k2n,

(A.28)

where the first inequality follows from Cauchy-Schwarz (see Eq. (A.15)), and the first equality

evaluates the Pauli twirling (see Eq. (A.16)). This leads to contradition, and hence proves

the desired lower bound on |G|.

Now, we define another subset of n-qubit Pauli operators, conditioned on the measure-
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ment outcomes o1:N , as follows

G(o1:N ) :=

a ∈ {1, · · · , 4n − 1} :

∣∣∣∣∣∣
Tr
(
C

o<i†
oi PaC

o<i
oi Pa

)
Tr
(
C

o<i†
oi C

o<i
oi

)
∣∣∣∣∣∣ ≤

(
2k

2n − 1

)1/3

, ∀i = 1, · · · , N

 .

(A.29)

By applying a “union bound” on Eq. (A.25), we immediately have the following lower bound

on the size of G(o1:N ):

∣∣∣G(o1:N )
∣∣∣ ≥

1 − N

(
2k

2n − 1

)1/3
 (4n − 1). (A.30)

We are now ready to upper bound TV(p1, p2) from Eq. (A.24). The strategy is to divide

the sum over all Pauli operators into G(o1:N ) and Pn\G(o1:N ). All terms within the former

group are small thanks to the definition of G(o1:N ); Terms within the latter group could be

large, but the total number of them are small. Combining these two gives a pretty good

upper bound on TV(p1, p2). In math,

TV(p1, p2)

=
∑

o1:N s.t.
p1(o1:N )≥p2(o1:N )

p1(o1:N )
4n − 1

 ∑
a∈G(o1:N )

+
∑

a∈Z2n
2 \G(o1:N ),

a̸=0


1 −

N∏
i=1

1 +
Tr
(
C

o<i†
oi PaC

o<i
oi Pa

)
Tr
(
C

o<i†
oi C

o<i
oi

)


≤
∑

o1:N s.t.
p1(o1:N )≥p2(o1:N )

p1(o1:N )
4n − 1

∣∣∣G(o1:N )
∣∣∣×

1 −

1 −
(

2k

2n − 1

)1/3
N

+
(
4n − 1 −

∣∣∣G(o1:N )
∣∣∣)


≤
∑

o1:N s.t.
p1(o1:N )≥p2(o1:N )

p1(o1:N )

N

(
2k

2n − 1

)1/3

+ N

(
2k

2n − 1

)1/3


≤2N

(
2k

2n − 1

)1/3

.

(A.31)

The first inequality uses an additional fact that
∣∣∣Tr(C†PaCPa)

∣∣∣ / ∣∣∣Tr(C†C)
∣∣∣ ≤ 1 to bound

the second sum, which follows from the Cauchy-Schwarz inequality. The second inequality
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uses the bounds
∣∣∣G(o1:N )

∣∣∣ ≤ 4n − 1 for the first sum and Eq. (A.30) for the second sum, as

well as the fact that 1 − (1 − x)N ≤ Nx for all 0 ≤ x ≤ 1. (Note that 2k/(2n − 1) ≤ 1 only

if k ≤ n − 1, but our targeted upper bound trivially holds for k = n.) This completes the

proof of Lemma 1.2.

A lower bound for the most general ancilla-free strategies. The lower bounds in

the previous sections work for non-concatenating strategies, where one is not allowed to

concatenate (or, coherently access) multiple copies of the unknwon channel before doing

a single measurement. The concatenating strategies, as depicted in Fig. 3.1, are however

a natural apparatus for many randomized benchmarking protocols, where one effectively

concatenate a varying number of noise channels in order to measure a series of exponentially-

decaying values, and then extract the parameters of interest via fitting the decay rate.

The original purpose of such concatenation in these protocols is to eliminate the effect of

state-preparation-and-measurement (SPAM) error. Here, we want to understand whether

concatenating strategies also provide a sample complexity advantage. The short answer is no.

We will present a sample complexity lower bound of Ω(2n/3) for the most powerful (adaptive,

concatenating) ancilla-free (k = 0) Pauli channel estimation schemes. This result justifies

our claim that ancillary systems are indeed indispensable to overcome the exponential barrier

in sample complexity.

To start with, we give a rigorous definition of the most general ancilla-free strategies that

we are going to study

Definition 1.3. Let Λ be an unknwon n-qubit Pauli channel. An adaptive, concatenating,

ancilla-free (k = 0) estimation protocol is specified by the following parameters. Let N

denote the total rounds of measurements. For the ith round, let ρo<i denote the input state,

{E
o<i
oi }oi denote the POVM measurement, Mo<i denote the length of concatenation, and

{Co<i
k }Mo<i

k=1 denote a set of processing channels. The ith measurement outcome is given by
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oi with probability

Pr(oi|o<i) = Tr
[
E

o<i
oi Λ(Co<i

Mo<i−1(· · · Co<i
2 (Λ(Co<i

1 (Λ(ρo<i)))) · · · ))
]

. (A.32)

All the superscript o<i := [o1, · · · , oi−1] are used to emphasize the dependence on previous

measurement outcomes. The protocol should produce an estimate of Λ via classical processing

on the measurement outcomes o1:N .

The problem we are interested in is still approximating the Pauli eigenvalues λ to small

error in l∞ distance. Note that, the parameter N in the above definition is not exactly the

sample complexity but is the total number of measurements conducted. Since one is allowed

to concatenate multiple copies of Λ in a single measurement, N is a lower bound for the

sample complexity of Λ. Our result is summarized in the following theorem.

Theorem 1.3. For any adaptive, concatenating, ancilla-free (k = 0) protocols that gives an

estimate λ̂ of the Pauli eigenvalues λ of an arbitrary unknown n-qubit Pauli channel Λ such

that

|λ̂a − λa| <
1
2 , ∀a ∈ Z2n

2 (A.33)

holds with high probability, the rounds of measurements N (and hence the number of samples

of Λ) required is at least Ω(2n/3).

Proof. The proof methods are similar to the proof of Theorem 1.2. Define the following

Pauli channels.


Λdep(·) = 1
2n I Tr(·),

Λa(·) = 1
2n (I Tr(·) + Pa Tr(Pa(·))) , ∀a ∈ {1, · · · , 4n − 1}.

(A.34)

We consider the problem of distinguishing the following two equal-probable hypotheses

1. Given N copies of Λ = Λdep.
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2. Given N copies of Λ = Λa for a uniformly-randomly picked a ∈ {1, · · · , 4n − 1}.

An estimation protocol satisfying our assumptions should be able to distinguish these two

hypotheses with high probability. Let the probability distribution of the measurement out-

comes o1:N under these two hypotheses be p1 and p2, respectively. The total variance

distance TV(p1, p2) must be at least Ω(1) for the distinguishing task to succeed with high

probability. We will show in the following that TV(p1, p2) = O(N2−n/3), which then gives

the claimed lower bound of N = Ω(2n/3).

To start with, based on the same argument as in the proof of Lemma 1.2, it suffices

to consider pure state input and rank-1 POVM measurements, so we replace ρo<i and

{E
o<i
oi }oi in Definition 1.3 with |Ao<i⟩⟨Ao<i | and {w

o<i
oi 2n|Bo<i⟩⟨Bo<i |}oi respectively, where

|Ao<i⟩ , |Bo<i
oi ⟩ ∈ C2n are unit vectors, and ∑oi

w
o<i
oi = 1 by normalization.

Next, we calculate the distribution of o1:N under the two different hypotheses. The

expression for p1 can be easily obtained, as Λdep is simply the completely deplorizing channel.

We have

p1(o1:N )

=
N∏

i=1
w

o<i
oi 2n ⟨Bo<i

oi | Λdep(Co<i
Mo<i−1(· · · Co<i

2 (Λdep(Co<i
1 (Λdep(|Ao<i⟩⟨Ao<i |)))) · · · )) |Bo<i

oi ⟩

=
N∏

i=1
w

o<i
oi .

(A.35)

The expression for p2 is more complicated. We first define the following recursive expression

ξ
o<i
a [m] :=


2−n Tr

(
PaCm−1(I + Paξ

o<i
a [m − 1])

)
, 2 ≤ m ≤ Mo<i ,

⟨Ao<i| Pa |Ao<i⟩ , m = 1.

(A.36)
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The expression for p2 can then be calculated as follows

p2(o1:N )

= E
a̸=0

N∏
i=1

wo<i
oi

2n ⟨Bo<i
oi

| Λa(Co<i

Mo<i −1(· · · Co<i
2 (Λa(Co<i

1 (Λa(|Ao<i⟩⟨Ao<i |)))) · · · )) |Bo<i
oi

⟩

= E
a̸=0

N∏
i=1

wo<i
oi

⟨Bo<i
oi

| Λa(Co<i

Mo<i −1(· · · Co<i
2 (Λa(Co<i

1 (I + Paξo<i
a [1]))) · · · )) |Bo<i

oi
⟩

= E
a̸=0

N∏
i=1

wo<i
oi

⟨Bo<i
oi

| Λa(Co<i

Mo<i −1(· · · Co<i
2 (I + 2−nPa Tr(PaCo<i

1 (I + Paξo<i
a [1])) · · · )) |Bo<i

oi
⟩

= E
a̸=0

N∏
i=1

wo<i
oi

⟨Bo<i
oi

| Λa(Co<i

Mo<i −1(· · · Co<i
2 (I + Paξo<i

a [2]) · · · )) |Bo<i
oi

⟩

= · · ·

= E
a̸=0

N∏
i=1

wo<i
oi

⟨Bo<i
oi

| I + Paξo<i
a [Mo<i ] |Bo<i

oi
⟩

= E
a̸=0

N∏
i=1

wo<i
oi

(1 + ξo<i
a [Mo<i ] ⟨Bo<i

oi
| Pa |Bo<i

oi
⟩).

(A.37)

The third line uses the fact that Co<i
k is trace-preserving. The total variance distance

between p1 and p2 is then

TV(p1, p2) = E
a̸=0

∑
o1:N s.t.

p1(o1:N )≥p2(o1:N )

 N∏
i=1

w
o<i
oi

1 −
N∏

i=1

(
1 + ξ

o<i
a [Mo<i ] ⟨Bo<i

oi | Pa |Bo<i
oi ⟩

)

= E
a̸=0

∑
o1:N s.t.

p1(o1:N )≥p2(o1:N )

p1(o1:N )
1 −

N∏
i=1

(
1 + ξ

o<i
a [Mo<i ] ⟨Bo<i

oi | Pa |Bo<i
oi ⟩

) .

(A.38)

We now need a bound of |ξo<i
a [Mo<i ]| ≤ 1, which can be shown by induction. We see
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|ξo<i
a [1]| ≤ 1 by definition. Suppose |ξo<i

a [m − 1]| ≤ 1, we have

|ξo<i
a [m]| =

∣∣∣∣∣Tr
(

PaCo<i
m−1

(
I + Paξ

o<i
a [m − 1]
2n

))∣∣∣∣∣
≤ ∥Pa∥∞ Tr

∣∣∣∣∣Co<i
m−1

(
I + Paξ

o<i
a [m − 1]
2n

)∣∣∣∣∣
= Tr

(
I + Paξ

o<i
a [m − 1]
2n

)

= 1.

(A.39)

The first line is by the defining recursive expression; The second line is by the tracial

matrix Hölder inequality; The third line uses the fact that Co<i
m−1 is a positive map, and

that 2−n
(
I + Paξ

o<i
a [m − 1]

)
is positive semidefinite thanks to the induction hypothesis

|ξo<i
a [m − 1]| ≤ 1. Thus we can remove the modulus within the trace, and also remove Co<i

m−1

as it is trace-preserving. By induction, we’ve shown |ξo<i
a [Mo<i ]| ≤ 1.

The remaining part of bounding TV(p1, p2) is basically the same as in the proof of

Lemma 1.2. We repeat it here for completeness. Let |B⟩ be any n-qubit pure state. Consider

the following subset of n-qubit Pauli operators

G :=
{

a ∈ {1, · · · , 4n − 1} : |⟨B| Pa |B⟩| ≤
( 1

2n + 1

)1/3}
. (A.40)

We claim that the size of G satisfies

|G| ≥
(

1 −
( 1

2n + 1

)1/3)
(4n − 1), (A.41)
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which can be shown by contradiction: Suppose this does not hold, we would have

4n−1∑
a=1

⟨B| Pa |B⟩2 ≥
( 1

2n + 1

)2/3
× (4n − 1 − |G|)

>
( 1

2n + 1

)2/3
×
( 1

2n + 1

)1/3
(4n − 1)

= 2n − 1.

(A.42)

However, the L.H.S. of the above can be calculated as

4n−1∑
a=1

⟨B| Pa |B⟩2 =
4n−1∑
a=0

⟨B| Pa |B⟩2 − 1 = 2n − 1. (A.43)

This leads to contradition, and hence proves the desired lower bound on |G|.

Now, we define another subset of n-qubit Pauli operators, conditioned on the measure-

ment outcomes o1:N , as follows

G(o1:N ) :=
{

a ∈ {1, · · · , 4n − 1} :
∣∣∣⟨Bo<i

oi
| Pa |Bo<i

oi
⟩
∣∣∣ ≤

( 1
2n + 1

)1/3
, ∀i = 1, · · · , N

}
. (A.44)

By applying a “union bound” on Eq. (A.40), we immediately have the following lower bound

on the size of G(o1:N ):

∣∣∣G(o1:N )
∣∣∣ ≥

(
1 − N

( 1
2n + 1

)1/3)
(4n − 1). (A.45)

We are now ready to upper bound TV(p1, p2) from Eq. (A.38). The strategy is to divide

the sum over all Pauli operators into G(o1:N ) and Pn\G(o1:N ). All terms within the former

group are small thanks to the definition of G(o1:N ); Terms within the latter group could be

large, but the total number of them are small. Combining these two gives a pretty good
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upper bound on TV(p1, p2). In math,

TV(p1, p2)

=
∑

o1:N s.t.
p1(o1:N )≥p2(o1:N )

p1(o1:N )
4n − 1

 ∑
a∈G(o1:N )

+
∑

a∈Z2n
2 \G(o1:N ),

a̸=0


(

1 −
N∏

i=1

(
1 + ξo<i

a [Mo<i ] ⟨Bo<i
oi

| Pa |Bo<i
oi

⟩
))

≤
∑

o1:N s.t.
p1(o1:N )≥p2(o1:N )

p1(o1:N )
4n − 1

∣∣∣G(o1:N )
∣∣∣×

1 −
(

1 −
( 1

2n + 1

)1/3
)N

+
(
4n − 1 −

∣∣∣G(o1:N )
∣∣∣)


≤
∑

o1:N s.t.
p1(o1:N )≥p2(o1:N )

p1(o1:N )
(

N

( 1
2n + 1

)1/3
+ N

( 1
2n + 1

)1/3
)

≤2N

( 1
2n + 1

)1/3
.

(A.46)

The first inequality applies the bound |ξo<i
a [Mo<i ]| ≤ 1. Besides, the first sum uses the

bound from the definition of G(o1:N ), and the second sum is by
∣∣∣⟨Bo<i

oi | Pa |Bo<i
oi ⟩

∣∣∣ ≤ 1. The

second inequality uses the bounds
∣∣∣G(o1:N )

∣∣∣ ≤ 4n − 1 for the first sum and Eq. (A.45) for

the second sum, as well as the fact that 1 − (1 − x)N ≤ Nx for all 0 ≤ x ≤ 1. Now we

have obtained the claimed bound TV(p1, p2) = O(N2−n/3), and hence complete the proof

of Theorem 1.3.

A lower bound for the most general entangled strategies In this section, we prove a

lower bound of Ω(n) for the fully entangled estimation strategies, which is the most general

measurement strategies one can do to learn an unknown channel even with the help of

quantum computers, see Fig. 3.1 (a). Note that, since we assume there is an unlimited

amount of quantum memory, we can without loss of generality eliminate any intermediate

measurements, and only conduct one joint measurement after sequentially processing all N

samples of the channel.

Theorem 1.4. For any fully entangled measurement protocols that give an estimate λ̂ for
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the Pauli eigenvalues λ of an arbitrary unknown n-qubit Pauli channel Λ such that

|λ̂a − λa| <
1
2 , ∀a ∈ Z2n

2 (A.47)

holds with high probability, the number of samples of Λ required is at least Ω(n).

Proof. We first show that, by using a technique known as teleportation stretching [PLOB17,

PLLP19], any fully entangled measurement protocols for N copies of an arbitrary Pauli

channel Λ can be simulated by a joint measurement on N copies of the Choi state JΛ which

is defined as
JΛ := Λ ⊗ 1(|Ψ+⟩⟨Ψ+|)

= 1
4n

∑
a∈Z2n

2

λaPa ⊗ P T
a .

(A.48)

This follows from the existence of a quantum channel T such that Λ(ρ) = T (ρ⊗JΛ) holds for

all Pauli channels Λ. One possible construction of T is shown in Fig. A.1 (see [BDSW96]).

In word, one first applies a Bell measurement on the input state ρ and half of the Choi state

JΛ. Then, conditioned on the Bell measurement outcome |Ψb⟩, one applies a Pauli correction

Pb on the other half of JΛ, which will then be equal to Λ(ρ). Indeed, the post-measurement

state conditioned on Bell measurement outcome b is

ρb ∝ ⟨Ψb|AB ρA ⊗ JBC
Λ |Ψb⟩AB

∝
∑

a∈Z2n
2

λa ⟨Ψb| ρ ⊗ Pa |Ψb⟩ ⊗ P T
a

= 1
2n

∑
a∈Z2n

2

λa(−1)⟨a,b⟩ Tr(ρPa)Pa.

(A.49)

After applying the Pauli correction, the state becomes

PbρbPb = 1
2n

∑
a∈Z2n

2

λa Tr(ρPa)Pa = Λ(ρ), (A.50)

88



which justify the relation Λ(ρ) = T (ρ ⊗ JΛ).

Figure A.1: Construction of the teleportation simulation channel T .

With the help of teleportation stretching, one can reduce any measurement protocols for

N copies of Λ to a single POVM measurement on N copies of JΛ, as shown in Fig. A.2.

Now, recall the communication task defined in Sec. A.2, where Alice and Bob share the

following “codebook”

(a, s) ∈ {1, · · · , 4n − 1} × {±1} −→ Λ(a,s)(·) = 1
2n (I Tr(·) + sPa Tr(Pa(·))) , (A.51)

and Alice randomly picks one possible (a, s) and send N copies of Λ(a,s) to Bob. If there

exists a fully entangled estimation protocol using N samples and satisfying the assumption

of Theorem 1.4, Bob can determine Alice’s choice of (a, s) with high probability. According

to Fano’s inequality, the mutual information between the random variable pair (a, s) and

Bob’s measurement result o has the following lower bound

I((a, s) : o) ≥ Ω(log 2(4n − 1)) = Ω(n). (A.52)

One the other hand, since any measurement Bob conducts can be simulated by a measure-

ment on N copies of JΛ(a,s)
, Holevo’s theorem [Hol73, Wil13] can be apply to I((a, s) : o).
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Figure A.2: Teleportation stretching [PLOB17, PLLP19]: simulation of an arbitrary entan-
gled measurement on Λ by a single measurement on JΛ. One just needs to simulate every
application of Λ(·) by T ((·) ⊗ ρ). The whole measurement protocol then become a joint
POVM measurement on N copies of JΛ with no adaptivity.
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We have

I((a, s) : o) ≤ S

 E
(a,s)

J⊗N
Λ(a,s)

− E
(a,s)

S
(

J⊗N
Λ(a,s)

)

= S

 E
(a,s)

J⊗N
Λ(a,s)

− N E
(a,s)

S
(

JΛ(a,s)

)

≤ 2nN − (2n − 1)N

= N.

(A.53)

In the third line, the first term is a trivial upper bound for the von Neumann entropy on a

22nN -dimensional Hilbert space. The second term uses the observation that

JΛ(a,s)
= 1

4n (I ⊗ I + sPa ⊗ P T
a ) (A.54)

is a maximally mixed state on a 22n−1-dimensional Hilbert space, thus S(JΛ(a,s)
) = 2n − 1.

This yields the lower bound N = Ω(n).

A.3 On the definitions of entanglement-free learning

In this section, we formally define the separable schemes and the classical-memory-assisted

schemes for quantum learning. Then, we prove the equivalence between the two schemes.

Namely, either one can simulate the other with the same sample complexity.

Definition 1.4. A separable scheme (SEP) for learning properties from N copies of a

channel Λ acting on L(HS) is specified by the following elements:

1. An arbitrarily large ancillary system HA whose dimension can depend on n.

2. A collection of processing channels {Ct}N−1
t=1 acting on L(HA ⊗ HS) such that each Ct

is separable across A and S. That is,

Ct =
∑
j

AA
t,j ⊗ BS

t,j , where At,j , Bt,j is CPTNI.
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3. An initial state ρ0 and a final POVM measurement {Ek}k acting on HA ⊗ HS such

that both of them are separable across A and S. That is,

ρ0 =
∑
j

σA
j ⊗ γS

j , Ek =
∑
j

MA
k,j ⊗ NS

k,j , for σj , γj , Mk,j , Nk,j ≥ 0.

The separable scheme works by inputing ρ0, interleaving N copies of Λ with the processing

channels Ct, and measuring {Ek}k at the end, yielding the following outcome distribution:

Pr[k|Λ] = Tr
[
Ek

(
(1A ⊗ ΛS) ◦ CN−1 ◦ · · · ◦ (1A ⊗ ΛS) ◦ C1 ◦ (1A ⊗ ΛS)

)
(ρ0)

]
.

Finally, an algorithm is specified to predict the desired properties based on the observed

outcome k.

Since we allow arbitrarily large ancilla for separable scheme, any adaptive control can be

taken into account. We note again that separable operations contains LOCC as a subset.

Definition 1.5. A classical-memory-assisted scheme for learning properties from N

copies of a channel Λ acting on L(HS) is specified by the following elements:

1. N arbitrarily large classical registers {At}N−1
t=0 .

2. A collection of processing channels (or, quantum instruments) {Co<t}N−1
t=1 defined as

Co<t(ρ) :=
∑
ot

|ot⟩⟨ot|At ⊗ Co<t
ot

(ρ)S , for Co<t
ot

∈ CPTNI(L(HS)),

where the superscript of o<t indicates that the t-th processing channels can be chosen

adaptively conditioned on the previous t classical registers.

3. An ensemble of initial states

ρ0 :=
∑
o0

|o0⟩⟨o0|A0 ⊗ ρS
o0 ,

92



where ρo0 is some sub-normalized quantum state, and a final POVM measurement

{E
o<N
oN }S

oN
,

which can be chosen adaptively conditioned on all previous outcomes.

The scheme works by inputing the initial state, interleaving N copies of Λ with the processing

channels, and measuring at the end, yielding the following outcome distribution:

Pr[o|Λ] ≡ Pr[o0:N |Λ] = Tr
[
E

o<N
oN

(
Λ ◦ Co<N−1

oN−1 ◦ · · · ◦ Co<2
o2 ◦ Λ ◦ Co0

o1 ◦ Λ
)

(ρo0)
]

.

Finally, an algorithm is specified to predict the desired properties based on the observed

outcome o.

We remind that classical-memory-assisted schemes can be understood as quantum circuits

assisted by mid-circuit measurement and feed-forward control.

We now prove the equivalence between these two schemes. We call a scheme A can be

simulated by another scheme B if there exists a mapping S : oB 7→ oA independent of Λ

such that PrA[oA|Λ] = ∑
oB :S(oB)=oA

PrB [oB |Λ] for all oA and Λ.

Proposition 1.6. Any separable scheme can be simulated by a classical-memory-assisted

scheme using the same number of samples and vice versa.

Proof. A classical-memory-assisted scheme can obviously be simulated by a separable scheme

using the same number of samples, which is clear from Fig. 1 in the main text. Formally,

choose the ancillary system to include all the classical registers, HA = ⊗N−1
t=0 HAt

, and choose

the processing channel to be

Ct(·) :=
∑
o≤t

t−1⊗
k=0

|ok⟩⟨ok|(·)|ok⟩⟨ok|Ak

⊗ TrAt
(·)|ot⟩⟨ot|At ⊗ 1At+1:N−1 ⊗ Co<t

ot
(·)S (A.55)
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which are separable channels between A and S. In word, the t-th processing channel picks up

the quantum instrument Co<t according to A0:t−1, writes down the outcome to At, and does

nothing to At+1:N . Alternatively, this channel can be written in the PTM representation as

CAS
t =

∑
o≤t

t−1⊗
k=0

|ok⟩⟩⟨⟨ok|Ak

⊗ |ot⟩⟩⟨⟨I|At ⊗ 1At+1:N−1 ⊗ Co<t
ot

S . (A.56)

where |ok⟩⟩ is defined to be the vectorization of the computational basis state |ok⟩⟨ok|.

Additionally, choose the initial state as

∑
o0

|o0⟩⟨o0|A0 ⊗ ρ
A1:N−1
junk ⊗ ρS

o0 ,

where ρjunk can be any quantum state, and the final POVM as


N−1⊗

t=0
|ot⟩⟨ot|At

⊗
(
E

o<N
oN

)S


o

.

One can verify the outcome distribution will be the same for both schemes.

Now we prove the opposite direction. For a generic separable scheme, expand the outcome

distribution,

Pr[k|Λ] =
∑
j0:N

Tr
[
Mk,jN

(AN−1,jN−1 · · · A1,j1)(σj0)
]
Tr
[
Nk,jN

(ΛBN−1,jN−1 · · · ΛB1,j1Λ)(γj0)
]
.

(A.57)

A crucial observation is that, the first factor is independent of Λ conditioned on j0:N .

Therefore, instead of keeping track of the quantum state in the ancillary system, we just

need to keep track of the index j using classical registers. Formally, we can design a classical-

memory-assisted scheme with the following processing channels

Cj<t(ρS) :=
∑
jt

|jt⟩⟨jt|At ⊗
Tr
[
(At,jtAt−1,jt−1 · · · A1,j1)(σj0)

]
Tr
[
(At−1,jt−1 · · · A1,j1)(σj0)

] Bt,jt(ρ
S). (A.58)
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One can verify that Cj<t is CPTP. Additionally, choose the initial state to be

ρ0 =
∑
j0

|j0⟩⟨j0|A0 ⊗ Tr[σj0 ]γj0 ,

and the final POVM measurement to be

E
j<N
k,jN

:=
Tr
[
Mk,jN

(AN−1,jN−1 · · · A1,j1)(σj0)
]

Tr
[
(AN−1,jN−1 · · · A1,j1)(σj0)

] · Nk,jN
. (A.59)

The outcome distribution can then be computed as

Pr[k, j0:N |Λ] = Tr
[
Mk,jN

(AN−1,jN−1 · · · A1,j1)(σj0)
]
Tr
[
Nk,jN

(ΛBN−1,jN−1 · · · ΛB1,j1Λ)(γj0)
]
.

(A.60)

By tracing out the classical register A0:N , we retrieve the distribution of the separable

scheme. This means any separable scheme can be simulated by a classical-memory-assisted

scheme using the same number of samples, which completes our proof.

Sample complexity vs. Number of measurements. Since the separable schemes and

classical-memory-assisted schemes are equivalent in terms of sample complexity Nsamp, we

will call both of them entanglement-free schemes. However, for the classical-memory-assisted

schemes, there is an alternative figure of merit that is practically interesting, which we call

the number of measurements, defined as follows

Definition 1.7. The number of measurements, Nmeas, of a classical-memory-assisted scheme

is defined to be the number of non-trivial quantum instruments used in the worst case

(where the final POVM measurement also counts). Here, a quantum instrument CS→AS =∑
t |t⟩⟨t|A ⊗ CS

t is called trivial if every CS
t is proportional to some CPTP map.

The reason why we call such quantum instruments trivial is that they are not extracting any

information from the input, hence not doing a measurement. Indeed, the probability of seeing
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|t⟩ is independent of the input state for such quantum instruments. We also emphasize that,

for different measurement outcome sequence there can be different numbers of non-trivial

quantum instruments, and our definition focus on the worst case.

By definition, Nsamp ≥ Nmeas, as each Λ is followed by one quantum instrument (or the

final POVM measurement). The lower bound for the latter thus implies one for the former.

In the following, when we talk about the number of measurements of an entanglement-free

schemes, we are specifically referring to the classical-memory-assisted schemes.

A.4 Proof of Theorem 3.3

In this section, we present our main technical results, restated in Theorem 1.5.

Theorem 1.5. If there exists a classical-memory-assisted scheme that, for any n-qubit Pauli

channel Λ, outputs an estimator λ̂a such that |λ̂a − λa| ≤ ε ≤ 1/6 with probability at least

2/3 for any a ∈ Pn, after making N rounds of measurement, then N = Ω(2n/ε2).

Proof. We first prove a lower bound for the sample complexity, and then strengthen it to

the number of measurements. Define the following set of Pauli channels

Λa,± := |σ0⟩⟩⟨⟨σ0| ± ε0|σa⟩⟩⟨⟨σa|, Pa ̸= I;

Λ0 := |σ0⟩⟩⟨⟨σ0|.
(A.61)

Here we will set ε0 ≤ 1/3. Λ0 is known as the completely depolarizing channel. To see Λa,±

is CPTP, we just need to check the non-negativity of the associated Pauli error rates

pc = 1
4n

∑
b

(−1)⟨c,b⟩λb = 1
4n (1 ± ε0) ≥ 0, ∀c ∈ Pn. (A.62)

A learning algorithm satisfying Theorem 1.5 with ε = ε0/2 is able to distinguish any one

of these Pauli channels with high success probability. Now, we define a partially-revealed
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hypothesis-testing task similar to Ref. [HBC+22]: A referee first samples an a ∈ Pn\I and

s = ±1 according to uniform distribution. Then conducts one of the following actions with

equal probability:

1. Sending N copies of Λ0 to the player.

2. Sending N copies of Λa,s to the player.

The player is then asked to measure the N copies of channels with any schemes. After the

measurement has been completed, the referee reveals the value of a to the player. The player

is now asked to guess which action the referee has taken, based on the obtained measurement

outcome. Crucially, the player must completes all quantum measurement before the reveal

of a, and can only do classical post-processing after that.

Suppose there exists a separable scheme satisfying the assumption of Theorem 1.5. Then

the player can win the game with probability 2/3 for any (a, s): Just by querying λa after the

referee revealed the value of a, the player can distinguish among {Λa,−, Λ0, Λa,+} with 2/3

chance. Denote the measurement outcome distribution for Λ0, Λa,± as p0, pa,±, respectively.

Based on Le Cam’s two-point method [LeC73], we must have

Ea̸=0TVD(p0, Es=±1[pa,s]) ≥ (1 − 2 ∗ 1
3) = 1

3 . (A.63)

Now we compute the L.H.S., i.e., the average TVD.

Ea ̸=0TVD(p0, Es=±1[pa,s]) = Ea ̸=0
∑
o

max
{
0, p0(o) − Espa,s(o)

}
. (A.64)

We need some additional notations on the classical-memory-assisted scheme. Focusing on the

t-th step, for every CP trace-non-increasing map Co<t
ot , choosing any Kraus representation

Co<t
ot (·) = ∑

j Kj(·)K†
j [Cho75], we define E

(o<t)
ot := ∑

j K
†
j Kj as the associated POVM
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element. Indeed,

Tr[E(o<t)
ot ρ] = Tr[Co<t

ot
(ρ)]. (A.65)

On the other hand, we denote the state fed into the t-th Λa,s as ρ
(o<t)
a,s , which satisfies the

following recurrence relation by definition

ρ
(o<t+1)
a,s := Co<t

ot ◦ Λ(ρ(o<t)
a,s )

Tr[Co<t
ot ◦ Λ(ρ(o<t)

a,s )]
, (A.66)

and the initial condition ρ
(o<1)
a,s ≡ ρinit. Here we assume ρinit to be fixed rather than drawing

from an ensemble, without loss of generality, as the total variation distance is joint convex.

Now, focus on the probability distribution difference,

p0(o) − Espa,s(o) (A.67)

=
N∏

t=1
⟨⟨E(o<t)

ot
|Λ0|ρ(o<t)

0 ⟩⟩ − Es

N∏
t=1

⟨⟨E(o<t)
ot

|Λa,s|ρ(o<t)
a,s ⟩⟩ (A.68)

=
N∏

t=1

1
2n

⟨⟨E(o<t)
ot

|I⟩⟩⟨⟨I|ρ(o<t)
0 ⟩⟩ − Es

N∏
t=1

1
2n

(
⟨⟨E(o<t)

ot
|I⟩⟩⟨⟨I|ρ(o<t)

a,s ⟩⟩ + sε0⟨⟨E(o<t)
ot

|Pa⟩⟩⟨⟨Pa|ρ(o<t)
a,s ⟩⟩

)
(A.69)

=
(

N∏
t=1

1
2n

Tr(E(o<t)
ot

)
)(

1 − Es

(
N∏

t=1

(
1 + sε0

Tr(E(o<t)
ot Pa) Tr(Paρ

(o<t)
a,s )

Tr(E(o<t)
ot )

)))
(A.70)

= p0(o)
(

1 − Es

(
N∏

t=1

(
1 + sε0

Tr(E(o<t)
ot Pa) Tr(Paρ

(o<t)
a,s )

Tr(E(o<t)
ot )

)))
(A.71)

Here ρ
(o<t)
a,s is the post-measurement state after the (t − 1)th measurement, conditioned on
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the outcome being o1:t−1. Now we try to bound the following term,

Es

 N∏
t=1

1 + sε0
Tr(E(o<t)

ot Pa) Tr(Paρ
(o<t)
a,s )

Tr(E(o<t)
ot )

 (A.72)

= Es exp
 N∑

t=1
log

1 + sε0
Tr(E(o<t)

ot Pa) Tr(Paρ
(o<t)
a,s )

Tr(E(o<t)
ot )

 (A.73)

≥ exp
1

2

N∑
t=1

∑
s=±1

log
1 + sε0

Tr(E(o<t)
ot Pa) Tr(Paρ

(o<t)
a,s )

Tr(E(o<t)
ot )

=: ⋆, (A.74)

where the second line uses the fact that each term in the product is non-negative, and the

third line uses Jensen’s inequality. Now we define

ρ̄
(o<t)
a = 1

2(ρ(o<t)
a,+ + ρ

(o<t)
a,− ), ∆(o<t)

a = 1
2(ρ(o<t)

a,+ − ρ
(o<t)
a,− ). (A.75)

Then above inequality can then be expressed as

⋆ (A.76)

= exp

1
2

N∑
t=1

log

1 + ε0
Tr(E(o<t)

ot Pa) Tr(Paρ
(o<t)
a,+ )

Tr(E(o<t)
ot )

1 − ε0
Tr(E(o<t)

ot Pa) Tr(Paρ
(o<t)
a,− )

Tr(E(o<t)
ot )


(A.77)

= exp
(

1
2

N∑
t=1

log
[
1 −

(
ε2

0
Tr2(E(o<t)

ot Pa)
Tr2(E(o<t)

ot )

(
Tr2(Paρ̄(o<t)

a ) − Tr2(Pa∆(o<t)
a )

)
−

2ε0
Tr(E(o<t)

ot Pa) Tr(Pa∆(o<t)
a )

Tr(E(o<t)
ot )

)])
(A.78)

≥ exp
(

1
2

N∑
t=1

log
[
1 −

(
ε2

0
Tr2(E(o<t)

ot Pa)
Tr2(E(o<t)

ot )
Tr2(Paρ̄(o<t)

a ) + 2ε0

∣∣∣∣∣Tr(E(o<t)
ot Pa) Tr(Pa∆(o<t)

a )
Tr(E(o<t)

ot )

∣∣∣∣∣
)])

(A.79)

≥ exp
(

−
N∑

t=1

(
ε2

0
Tr2(E(o<t)

ot Pa)
Tr2(E(o<t)

ot )
Tr2(Paρ̄(o<t)

a ) + 2ε0

∣∣∣∣∣Tr(E(o<t)
ot Pa) Tr(Pa∆(o<t)

a )
Tr(E(o<t)

ot )

∣∣∣∣∣
))

(A.80)

≥ 1 −
N∑

t=1

(
ε2

0
Tr2(E(o<t)

ot Pa)
Tr2(E(o<t)

ot )
Tr2(Paρ̄(o<t)

a ) + 2ε0

∣∣∣∣∣Tr(E(o<t)
ot Pa) Tr(Pa∆(o<t)

a )
Tr(E(o<t)

ot )

∣∣∣∣∣
)

. (A.81)
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The fourth line uses the fact that log(1 − x) ≥ −2x for x ∈ [0, 0.79] and that the terms inside the

inner braket is upper bounded by ε2
0 + 2ε0 ≤ 0.78. The last line uses exp(−x) ≥ 1 − x for any x.

Now substitute this back to the expression of avergae TVD.

Ea̸=0TVD(p0, Es=±1[pa,s]) (A.82)

≤ Ea̸=0
∑

o

max
{

0, p0(o)
N∑

t=1

(
ε2

0
Tr2(E(o<t)

ot Pa)
Tr2(E(o<t)

ot )
Tr2(Paρ̄(o<t)

a ) + 2ε0

∣∣∣∣∣Tr(E(o<t)
ot Pa) Tr(Pa∆(o<t)

a )
Tr(E(o<t)

ot )

∣∣∣∣∣
)}

(A.83)

= Ea̸=0
∑

o

p0(o)
N∑

t=1

(
ε2

0
Tr2(E(o<t)

ot Pa)
Tr2(E(o<t)

ot )
Tr2(Paρ̄(o<t)

a ) + 2ε0

∣∣∣∣∣Tr(E(o<t)
ot Pa) Tr(Pa∆(o<t)

a )
Tr(E(o<t)

ot )

∣∣∣∣∣
)

. (A.84)

The last line is because the second argument of max is now nonnegative. Now we bound the two

terms from above. For the first term, note that

Ea̸=0
Tr2(E(o<t)

ot Pa)
Tr2(E(o<t)

ot )
Tr2(Paρ̄(o<t)

a ) ≤ Ea̸=0
Tr2(E(o<t)

ot Pa)
Tr2(E(o<t)

ot )
(A.85)

= 1
4n − 1

∑
a Tr2(E(o<t)

ot Pa) − Tr2(E(o<t)
ot )

Tr2(E(o<t)
ot )

(A.86)

= 1
4n − 1

2n Tr(E(o<t)
ot

2
) − Tr2(E(o<t)

ot )
Tr2(E(o<t)

ot )
(A.87)

≤ 2n

4n − 1 . (A.88)

The third line is Pauli twirling. The last line uses the fact that E
(o<t)
ot is positive semi-

definite and that l2-norm is upper bounded by l1-norm.

Here we pause to remark that, if channel concatenation were not allowed, the t-th input

state ρ
o<t
a,s would be independent of (a, s) conditioned on o<t, and thus ∆(o<t)

a = 0. In that

case, we would only have the first term, and the proof would already be completed, similar

to [HBC+22, CCHL22]. The major challenge in our setting is how to address the second

term.
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For the second term, note that

Ea̸=0

∣∣∣∣∣∣Tr(E(o<t)
ot Pa) Tr(Pa∆(o<t)

a )
Tr(E(o<t)

ot )

∣∣∣∣∣∣ ≤

√√√√√Ea̸=0
Tr2(E(o<t)

ot Pa)
Tr2(E(o<t)

ot )

√
Ea̸=0 Tr2(Pa∆(o<t)

a ) (A.89)

≤
√

2n

4n − 1

√
Ea̸=0 Tr2(Pa∆(o<t)

a ). (A.90)

The first line is Cauchy-Schwarz. The second line is the same as the derivation for the first

term. The remaining of the proof is to upper bound the following

Ea̸=0 Tr2(Pa∆(o<t)
a ) = Ea̸=0 Tr2(Pa(ρ(o<t)

a,+ − ρ
(o<t)
a,− )/2) = Ea̸=0

((
µ

(o<t)
a,+ − µ

(o<t)
a,−

)
/2
)2

.

(A.91)

where we’ve defined µ
(o<t)
a,± := Tr(Paρ

(o<t)
a,± ). We have the following recurrence relation

ρ
(o<t+1)
a,± =

(C(o<t)
ot ◦ Λa,±)(ρ(o<t)

a,± )

Tr
[
(C(o<t)

ot ◦ Λa,±)(ρ(o<t)
a,± )

] =
C(o<t)

ot (I ± ε0µ
(o<t)
a,± Pa)

Tr
[
C(o<t)

ot (I ± ε0µ
(o<t)
a,± Pa)

] , (A.92)

Now, let c
(o≤t)
a,b := Tr[PaC(o<t)

ot (Pb)]/2n, which is the Pauli transfer matrix representation of

C(o<t)
ot . Taking expectation value of Pa on both side of the above equation, we get

µ
(o<t+1)
a,± =

c
(o≤t)
a,0 ± ε0µ

(o<t)
a,± c

(o≤t)
a,a

c
(o≤t)
0,0 ± ε0µ

(o<t)
a,± c

(o≤t)
0,a

. (A.93)

For clarity, we omit the superscript of ca,b and denote µ
(o<t)
a,± ≡ µa,±, µ

(o<t+1)
a,± ≡ µ′

a,±.
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The difference between µ′
a,± satisfies

µ′
a,+ − µ′

a,− (A.94)

=
(

ca,0
c0,0 + ε0µa,+c0,a

−
ca,0

c0,0 − ε0µa,−c0,a

)
+ ε0

(
µa,+ca,a

c0,0 + ε0µa,+c0,a
+ µa,−ca,a

c0,0 − ε0µa,−c0,a

)

(A.95)

≡ (X) + (Y ), (A.96)

where we denote the first and second braket as X, Y , respectively. Now we have that

|X| ≤
|ca,0|

(1 − ε0)c0,0
−

|ca,0|
(1 + ε0)c0,0

= 2ε0
1 − ε2

0

|ca,0|
c0,0

. (A.97)

as |µa,±| ≤ 1 and |c0,a| ≤ c0,0. To see the later, notice that every completely-positive map

has a Kraus representation [Cho75], thus

|ca,b| ≡ |Tr[PaCot(Pb/2n)]| (A.98)

≤
∑
j

∣∣∣∣Tr[PaKjPbK
†
j ]/2n

∣∣∣∣ (A.99)

≤
∑
j

√
Tr[PaKjK

†
j P

†
a ]
√

Tr[PbK
†
j KjP

†
b ]/2n (A.100)

=
∑
j

Tr[KjK
†
j ]/2n = Tr[Cot(I/2n)] ≡ c0,0, (A.101)

where the third line is Cauchy-Schwarz. For the second term,

|Y | ≤ ε0(|µa,+| + |µa,−|)|ca,a|
(1 − ε0)c0,0

≤ ε0
1 − ε0

(|µa,+| + |µa,−|), (A.102)
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as |ca,a| ≤ c0,0 which has been proved. Therefore,

Ea̸=0 Tr2(Pa∆(o<t)
a ) = Ea̸=0((X + Y )/2)2 (A.103)

≤
(
Ea̸=0X2 + Ea̸=0Y 2) /2 (A.104)

≤ 1
2( 2ε0

1 − ε2
0
)2Ea̸=0

c2
a,0

c2
0,0

+ 1
2( ε0

1 − ε0
)2Ea̸=0(|µa,+| + |µa,−|)2 (A.105)

≤ 1
2( 2ε0

1 − ε2
0
)2 2n

4n − 1 + 1
2( ε0

1 − ε0
)2Ea̸=0(2µ2

a,+ + 2µ2
a,−). (A.106)

We use (a + b)2 ≤ 2a2 + 2b2 in the second and last line. For the last line we also use

Ea̸=0
c2
a,0

c2
0,0

≡ Ea̸=0 Tr2(PaCot(I))
Tr2(Cot(I))

≤ 2n

4n − 1
Tr
(
(Cot(I))2

)
Tr2(Cot(I))

≤ 2n

4n − 1 , (A.107)

The first and second inequalities are Pauli twirling and monotonicity of lp norm, respectively.

Now we just need to bound Ea̸=0µ2
a,±. Again, by the recurrence relation Eq. (A.93), we have

Ea ̸=0
(
µ′

a,±
)2 = Ea̸=0

(
ca,0 ± ε0µa,±ca,a

c0,0 ± ε0µa,±c0,a

)2
(A.108)

≤
Ea̸=0

(
ca,0 ± ε0µa,±ca,a

)2

(1 − ε0)2c2
0,0

(A.109)

≤
2Ea̸=0c2

a,0 + 2ε2
0Ea̸=0µ2

a,±c2
a,a

(1 − ε0)2c2
0,0

(A.110)

≤ 2
(1 − ε0)2

2n

4n − 1 + 2ε2
0

(1 − ε0)2Ea̸=0µ2
a,±. (A.111)

We also have the initial condition (note that ρinit has no dependence on a)

Ea̸=0 Tr2[Paρinit] ≤ 2n

4n − 1 <
2

(1 − ε0)2
2n

4n − 1 . (A.112)
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By induction, we have the following bound,

Ea ̸=0 Tr2[Paρ
(o<t)
a,± ] ≡ Ea̸=0(µ(o<t)

a,± )2 ≤
1 −

(
2ε2

0
(1−ε0)2

)t−1

1 − 2ε2
0

(1−ε0)2

2 · 2n

(1 − ε0)2(4n − 1) (A.113)

≤ 2
1 − 2ε0 − ε2

0
· 2n

4n − 1 , (A.114)

which holds since 2ε2
0/(1 − ε0)2 ≤ 1 for ε0 ≤ 1/3. Substitute this back to Eq. (A.106),

Ea̸=0 Tr2(Pa∆(o<t)
a ) ≤ 1

2( 2ε0
1 − ε2

0
)2 2n

4n − 1 + 1
2( ε0

1 − ε0
)2 8

1 − 2ε0 − ε2
0

· 2n

4n − 1 (A.115)

= 1
2

(
( 2
1 − ε2

0
)2 + 1

(1 − ε0)2
8

1 − 2ε0 − ε2
0

)
· ε2

02n

4n − 1 (A.116)

=: f(ε0) · ε2
02n

4n − 1 , (A.117)

where f(ε0) = O(1) for ε0 ≤ 1/3. Substitute this back to Eq. (A.89) and Eq. (A.84), we got

the following TVD bound

Ea̸=0TVD(p0,Es=±1[pa,s]) ≤
∑
o

p0(o)
N∑

t=1

(
ε2
0

2n

4n − 1 + 2ε2
0

2n

4n − 1
√

f(ε0)
)

= N

(
ε2
0

2n

4n − 1 + 2ε2
0

2n

4n − 1
√

f(ε0)
)

,

(A.118)

which, combined with Eq. (A.63), gives the following sample complexity lower bound

N ≥ 1
3(1 + 2

√
f(ε0))

4n − 1
2nε2

0
= 1

12(1 + 2
√

f(2ε))
4n − 1
2nε2 . (A.119)

Finally, note that f(2ε) < 44 for ε ∈ [0, 1/6], thus we have

N ≥ 0.005 · 4n − 1
2nε2 = Ω(2n/ε2). (A.120)
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Now we explain how this can be strengthened to a lower bound for Nmeas (i.e., the number of

measurements). Suppose the quantum instrument Co<t is trivial in the sense of Definition 1.7.

Then, the effective POVM elements E
o<t
ot for all ot will be proportional to I, according to

the discussion above Eq. (A.65). Now, for any fixed o in Eq. (A.84), the t-th term in the

sum will contribute 0 if E
o<t
ot is proportional to I, as Tr(I · Pa) = 0 for all a ̸= 0. Therefore,

there are at most Nmeas non-zero terms in the sum, and we have a uniform upper bound for

each of them. The upper bound on TVD, Eq. (A.118), can thus be strengthened to

Ea̸=0TVD(p0,Es=±1[pa,s]) ≤ Nmeas

(
ε2
0

2n

4n − 1 + 2ε2
0

2n

4n − 1
√

f(ε0)
)

(A.121)

Therefore, the same lower bound for N holds for Nmeas. This completes the proof of Theo-

rem 1.5.
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APPENDIX B

APPENDICES TO CHAPTER 4

B.1 Notations and Preliminaries

This section provides some basic definitions and preliminaries. For more symbols and nota-

tions defined later in the paper, see Table B.1.

Bit string and index set. For a positive integer n, define [n] := {i ∈ Z : 1 ≤ i ≤ n}. We

will often use the set of n-bit strings Zn
2 and the collection of index sets 2[n] := {ν : ν ⊆ [n]}.

Define the following bijection between Zn
2 and 2[n]: s ∈ Zn

2 ↔ {j ∈ [n] : sj = 1} ∈ 2[n].

Throughout the paper, we often do not distinguish a bit string with an index set, as they can

always be identified with each other via the aforementioned bijection. We use |s| to denote

the Hamming weight of a bit string s (or its cardinality if understood as an index set). We

use 0n to denote the all-zero bit string (which is ∅ if understood as an index set). We use

1j to denote the bit string with its jth entry being 1 and other entries being 0 (which is {j}

if understood as an index set).

We will often use an index set (or, equivalently, a bit string) as the subscript for a string

of n objects (e.g., another n-bit string or an n-qubit Pauli operator) to denote a subsequence

from the selected indexes. For example, XY ZIZ{1,3} = XY ZIZ10100 = XZ.

Pauli group. We follow the notations of [FW20, CZSJ22]. Let Pn = {I, X, Y, Z}⊗n be the

Pauli group modulo a global phase. Pn is an Abelian group isomorphic to Z2n
2 . Specifically,

given a 2n-bit string a = (ax, az) = ax,1 · · · ax,naz,1 · · · az,n, the corresponding Pauli operator

is given by

Pa =
n⊗

j=1
iax,jaz,j Xax,j Zaz,j , (B.1)
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Symbol Definition or meaning Reference
X Parameter space Def. 2.2
ei Standard basis for parameter space X Def. 2.2
XS/M/G Subspace of state prep./meas./gate parameters Def. 2.2
L Learnable space Lemma 2.5
T Gauge space Lemma 2.7
E Edge space of the pattern transfer graph Def. 2.10
Z Cycle space Def. 2.11
U Cut space Def. 2.12
XR Reduced parameter space Def. 2.16
ϑi Standard basis for reduced parameter space XR Def. 2.16
Q Embedding map from reduced to complete model Def. 2.16
LR Reduced learnable space Def. 2.17
TR Reduced gauge space Def. 2.18
LG

R Reduced learnable subspace for gate parameters Def. 2.21
dν Subsystem depolarizing gauge (SDG) Def. 2.26
πS/M/G Projection to space of state prep./meas./gate parameters Proof of Theorem 2.5
Ω Factor set of a Markov Random Field Sec. B.5.1
Ω∗ Subset of all maximal subsets from Ω Sec. B.5.1
ΞG Extended support map Lemma 2.33

Table B.1: Table of important symbols.

where the phase is chosen to ensure Hermiticity. We further define P0 := I⊗n ≡ In as a

shorthand for the n-qubit identity operator.

Besides the standard addition and inner product defined over Z2n
2 , we define the sympletic

inner product over Pn as

⟨a, b⟩ =
n∑

j=1
(ax,jbz,j + az,jbx,j) mod 2. (B.2)

One can verify that ⟨a, b⟩ = 0 if Pa, Pb commute and ⟨a, b⟩ = 1 otherwise. We sometimes

use the label a and the Pauli operator Pa interchangeably when there is no confusion.

Define pt : Pn 7→ Zn
2 that maps the ith single-qubit Pauli operator to 0 if it is I, or 1

if it is from {X, Y, Z}. We call pt(a) the pattern of Pa. Alternatively, pt(a) represents the

support of Pa if understood as an index set. The Hamming weight of pt(a) is called the
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weight of Pa and is denoted by w(a) or |a|.

A k-qubit Pauli P acting on a subset of qubits specified by an index set ν is denoted

by Pν . Let W ∈ {I, X, Y, Z} be a single-qubit Pauli operator and ν ∈ 2[n], we define

W ν = ⊗
j∈ν Wj

⊗
j /∈ν Ij .

Pauli channel. An n-qubit Pauli channel Λ has the following two equivalent forms

Λ(ρ) =
∑

a∈Pn

paPaρPa =
∑

b∈Pn

1
2n λbPb Tr[Pbρ]. (B.3)

where {pa}a is called the Pauli error rates, while {λb}b is called the Pauli eigenvalues or Pauli

fidelities (though the latter is potentially misleading since they can in general be negative).

These two sets of parameters are related by the Walsh-Hadamard transform [FW20],

λb =
∑

a∈Pn

pa(−1)⟨a,b⟩, pa = 1
4n

∑
b∈Pn

λb(−1)⟨a,b⟩. (B.4)

Note that for Λ to be a quantum channel, the trace-preserving condition is equivalent to∑
a pa ≡ λ0 = 1, while the complete positivity is equivalent to pa ≥ 0, ∀a. For Λ that has

the form of Eq. (B.3) but does not satisfy these two conditions, we refer to it as a Pauli

diagonal map.

We will also use the Pauli-Liouville representation. A Hermitian operator O acting on a

2n-dimensional Hilbert space can be vectorized as a 4n-dimensional real vector. We denote

this vectorization of O as |O⟩⟩ and the corresponding Hermitian conjugate as ⟨⟨O|, and define

the inner product as ⟨⟨A|B⟩⟩ := Tr(A†B), which is the Hilbert-Schmidt inner product in the

original space. We also introduce the normalized Pauli operators {σa := Pa/
√

2n, a ∈

Z2n
2 }, whose vectorization {|σa⟩⟩}a forms an orthonormal basis for the vectorized space. The

action of a quantum channel E becomes matrix multiplication in this representation, i.e,

|E(ρ)⟩⟩ = EPL|ρ⟩⟩, where EPL is the corresponding Pauli-Liouville operator and is usually
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simply denoted by E when there is no confusion. In the Pauli-Liouville representation, a

Pauli channel is given by

Λ =
∑

a∈Z2n
2

λa|σa⟩⟩⟨⟨σa|.

which justifies the name of Pauli eigenvalues for {λa}.

Clifford group. The n-qubit Clifford group Cn is the group of n-qubit unitary operators

that preserve the Pauli group upon conjugation. Mathematically, ∀C ∈ Cn, ∀Pa ∈ Pn,

CPaC† ∈ Pn × {±}. We often denote the unitary channel of a Clifford gate using the same

calligraphic letter, e.g., C(ρ) := CρC†. We also define, with slight abuse of notation, the

mapping C : Z2n
2 7→ Z2n

2 via C(Pa) ≡ CPaC† = ±PC(a). The Pauli-Liouville operator of a

Clifford C has the following form,

C =
∑
a

(±)|σC(a)⟩⟩⟨⟨σa|. (B.5)

Miscellaneous. For a real linear space X, the dual space of it is denoted by X ′. For a

linear map Q, its dual map is denoted by QT. The image and kernel of a map Q are denoted

by ImQ and KerQ, respectively. 1[X] is the indicator function that takes 1 if the statement

X is true and 0 elsewise. All log represents natural logarithm.

B.2 Learnability of gate set Pauli noise

B.2.1 Basic definitions

In this chapter, we focus on gate sets consisting of arbitrary single-qubit gates and a set of

multi-qubit Clifford gates. We assume time-stationary and Markovian noise that has been

twirled into Pauli channels. More formally, we have the following,

Definition 2.1 (Complete Pauli noise model). Given a set of n-qubit Clifford layers G,
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consider the following gate set,

1. Initialization: ρ0 = |0⟩⟨0|⊗n 7→ ρ̃0 = ΛS(ρ0), ΛS = ∑
a∈Pn λS

pt(a)|σa⟩⟩⟨⟨σa|.

2. Measurement: {Ej = |j⟩⟨j|} 7→ {Ẽj = ΛM (|j⟩⟨j|)}, ΛM = ∑
a∈Pn λM

pt(a)|σa⟩⟩⟨⟨σa|.

3. Single-qubit layer: ⊗n
i=1 Ui 7→ ⊗n

i=1 Ui, ∀Ui ∈ SU(2).

4. Multi-qubit Clifford layer: G 7→ G̃ = G ◦ ΛG , ∀G ∈ G, ΛG = ∑
a∈Pn λG

a |σa⟩⟩⟨⟨σa|.

Furthermore, we assume all λS
pt(a), λM

pt(a), λG
a are strictly positive.

In reality, such a model can always be imposed by applying appropriate Pauli twirling

sequence, a technique known as randomized compiling [WE16, HNM+21]. The assumption

that single-qubit layer being noiseless can be relaxed to that they have gate-independent

noise, in which case such noise can be thought as absorbed into the multi-qubit layer. Note

that assuming SPAM noise channel to be a generalized depolarizing channels (i.e., λa only

depends on pt(a)) is without loss of generality as they only act on Z basis eigenstates.

Definition 2.2 (Parameter space). Let x
S/M/G
a := − log λ

S/M/G
a for all a ̸= 0 for SPAM

parameters and all a ̸= In for all gates G’s parameters. Let x be a formal vector defined as

x :=
∑
u̸=0

xS
ueS

u +
∑
u̸=0

xM
u eM

u +
∑

G∈G

∑
a̸=In

xG
a eG

a (B.6)

where {eS
u , eM

u , eG
a : u ̸= 0n, a ̸= In, G ∈ G} forms an orthonormal basis for a real linear

space X, called the parameter space. Furthermore, define XS/M := span{e
S/M
u : u ̸= 0n},

XG := span{eG
a : a ̸= In, G ∈ G}.

Note that, we do not include the Pauli fidelity corresponding to identity, as they are

always 1 for the channels to be trace-preserving. Clearly, any realization of the noise param-

eters uniquely corresponds to a vector x in X, but not all x ∈ X corresponds to a physical

noise model as the channels might not be completely positive.
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Definition 2.3 (Experiment). An experiment is a map F : X 7→ R2n specified by a quantum

circuit C (which is a sequence of finitely many single-qubit layers and multi-qubit Clifford

layers within G), defined as F (x)j = Tr[Ẽj C̃(ρ̃0)]. Here the noisy initial state ρ̃0, noisy

circuit C̃, and noisy measurement, Ẽj depends on x.

When x represents a physical noise model, any experiment F (x) yields a Born’s rule

probability distribution. However, for mathematical convenience, we naturally extend the

domain of F to all over X.

Definition 2.4 (Learnable function). A real-valued function f on X is learnable if there

exists a set of experiments {Fj}m
j=1 such that f is a function of {Fj}m

j=1. That is, there

exists some f̂ such that f(x) = f̂(F1(x), · · · , Fm(x)) for all x ∈ X.

We comment that the learnable function we define here is also known as identifiable

function in the literature of identifiability analysis [Hsi83]. Here, for consistency, we will

stick to the term “learnable” which has been used in [CLO+23, HFP22].

We will be specifically interested in studying the learnability of linear functions (and we

will later explain why that suffices). Note that, there exists an identification between X and

its dual space X ′ ≡ L(X,R) using the standard inner product, given by x ↔ fx(y) := x · y.

One can thus think of a linear function on X as a co-vector and denote it with a boldface

letter.

Lemma 2.5. The learnable linear functions form a subspace of X ′, called the learnable

space, denoted by L.

Definition 2.6 (Gauge vector). A vector y ∈ X is a gauge vector if for any x ∈ X,

F (x) = F (x + ηy) for any experiment F and η ∈ R.

Lemma 2.7. The gauge vectors form a linear subspace of X called the gauge space, denoted

by T .
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Proof. By definition, y ∈ X being a gauge vector implies ηy being a gauge vector for all

η ∈ R. Let y1, y2 ∈ X be any gauge vectors. By definition, for any η ∈ R and any

observation F ,

F (x) = F (x + ηy1) = F (x + ηy1 + ηy2). (B.7)

Therefore, y1 + y2 is also a gauge vector. This proves the gauge vectors forms a linear

subspace.

Lemma 2.8. L ⊥ T . That is, for any f ∈ L and y ∈ T we have f(y) = f · y = 0.

Proof. y ∈ T implies F (x) = F (x + y) for any experiment F and any x ∈ X. f ∈ L

implies there is a set of experiments {F1, · · · , Fm} and a function f̂ such that f(x) =

f̂(F1(x), · · · , Fm(x)). Therefore,

f(x + y) = f̂({Fj(x + y)}m
j=1) = f̂({Fj(x)}m

j=1) = f(x) (B.8)

for any x. Thus f(y) = f(x + y) − f(x) = 0 by linearity. This completes the proof.

B.2.2 Learnability of complete noise model

In this section, we study the learnability of the complete Pauli noise model. The results

presented here are an extension to those in [CLO+23]. However, we will use a quite different

proof technique that allows us to generalize the results to noise model with arbitrary con-

straints in the next section. The following graph is originally defined in [CLO+23], but we

twist the definition a bit to include a “SPAM node”.

Definition 2.9 (pattern transfer graph with SPAM node (PTG)). The pattern transfer

graph associated with an n-qubit Pauli noise model is a directed graph G = (V, E) constructed

as follows:

• V: There are 2n − 1 nodes vs for all s ∈ {0, 1}n\{0n} and 1 additional root node vR.
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• E:

1. For each a ∈ Pn\{I} and G ∈ G, construct an edge vpt(Pa) → vpt(G(Pa)) labeled

by eG
a .

2. For each u ∈ {0, 1}n\{0n}, construct an edge vR → vu labeled by eS
u .

3. For each u ∈ {0, 1}n\{0n}, construct an edge vu → vR labeled by eM
u .

01 11

10R

𝒆!!
𝒢 , 𝒆!!

𝒢 , 𝒆"!
𝒢 ,
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𝒢

𝒆#"
𝒢

𝒆#$
𝒢 , 𝒆#%

𝒢

𝒆"$
𝒢 , 𝒆"%

𝒢

𝒆$"
𝒢 ,	
𝒆%"
𝒢

𝒆$#
𝒢 ,	
𝒆%#
𝒢

𝒆&'(
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𝒆'&(𝒆'&)
𝒆&&(

𝒆&&)

Figure B.1: The PTG for n = 2, G = {CZ}. Here we define G = CZ for notational simplicity.
The black edges corresponds to gate noise parameters, while the gray edges corresponds to
SPAM noise parameters. Multiple edges are shown as one edge with multiple labels.

The following definition of algebraic graph theoretic terminology follows [CLO+23].

Definition 2.10. The edge space E is a real linear space spanned by a standard basis {e}

where each e is a formal vector corresponding to an edge e ∈ E.

Let the edge space be the real linear space that takes all the edges as a basis, denoted

by E. Clearly E ∼= X ∼= X ′ up to the natural isomorphism. There are two subspaces of E

of special interest, which are defined as follows:

A path is an alternating sequence of vertices and edges z = (vi0 , ei1 , vi1 , ei2 , · · · , eiq , viq)

such that each edge satisfies eik = (vik−1 , vik). A cycle is a closed path, which means
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vi0 = viq .1 A cycle is simple if it passes through each unique edge at most once. For a

simple cycle z in the PTG, we assign a vector xz ∈ E as follows

xz[e] =


+1, e ∈ z.

0, e /∈ z.

(B.9)

Definition 2.11. The cycle space Z is a linear subspace of E spanned by all simple cycles

in G.

A graph is strongly-connected if for any two vertices, there exists a cycle containing both

of them. The PTG we considered is strongly-connected by construction, as vR is directed

connected to any other nodes.

Given a partition of vertices V = V0 ∪ Vc
0, a cut is the set of all edges e = (u, v) such

that one of u, v belongs to V0 and the other belongs to Vc
0. For each cut p we assign a vector

yp ∈ E as follows

yp(e) =



+1, e ∈ p, e goes from V0 to Vc
0.

−1, e ∈ p, e goes from Vc
0 to V0.

0, e /∈ p.

(B.10)

Definition 2.12. The cut space U is a linear subspace of E spanned by all cuts in G.

Below is an important fact about the cycle space Z and cut space U .

Lemma 2.13 ([GLS03]). E = Z ⊕⊥ U . Here ⊕⊥ means an orthogonal direct sum.

The following theorem is a crucial ingredient to understand the learnability of the com-

plete Pauli noise model.

1. In the literature of algebraic graph theory, people sometimes allow reverse edges (i.e., eik
= (vik

, vik−1))
in the definition of a cycle and refer to our definition as an oriented cycle or a circuit. Since all graphs
considered in this chapter are either strongly-connected or a union of strongly-connected components, and it
has been shown that oriented cycles can linearly represent any cycle for such graphs [GLS03], working with
our current definition would not cause any inconsistency.
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Theorem 2.1 (Linearity of experiments). Define a cycle to be rooted if it contains vR

exactly once.

(a) For any experiment F , there exists a finite set of linear functions {fj}M
j=1 where each

fj corresponds to a rooted cycle, such that F is a function of {fj}. That is, there

exists a function F̂ such that F (x) = F̂ (f1(x), · · · , fM (x)) for all x ∈ X.

(b) For any linear function fj corresponding to a rooted cycle, there exists an experiment

F such that fj is a function of F . That is, there exists a function f̂j such that fj(x) =

f̂j(F (x)) for all x ∈ X.

This is detailed in [CLO+23]. For completeness, we give a proof in SM Sec. B.7.1. Intuitively,

Theorem 2.1(b) says that any rooted cycle can be learned from at least one experiments. In

fact, the experiment involves preparing certain noisy Pauli eigenstate, applying a sequence of

perfect single-qubit and noisy multi-qubit Clifford gates, and measuring certain noisy Pauli

observable. The expectation value will have the form of λS
b0

λG1
P1

· · · λGm
Pm

λM
bm

, taking a log of

which yields the desired rooted cycle; Theorem 2.1(a) says that rooted cycles are complete,

in the sense that any experiment (possibly involving non-stabilizer states, measurements,

and non-Clifford single-qubit gates) can be predicted using linear combinations of rooted

cycles. Therefore, it is sufficient to characterize the learnability of linear functions and not

to worry about the non-linear ones.

To understand the full picture of learnable and gauge degrees of freedom, we introduce

the following definition

Definition 2.14 (Observation map). Fix an arbitrary basis {fi}
|Z|
i=1 for Z such that each fi

represents a rooted cycle. Define the observation map P : X 7→ R|Z| via

P(x) = [f1(x), f2(x), · · · , f|Z|(x)]T. (B.11)
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Note that, thanks to the strong connectivity of the PTG, a cycle basis consisting of only

rooted cycles always exist. One construction is given below.

Lemma 2.15 (A rooted cycle basis). The following set of vectors forms a basis for Z,

B := {eS
u + eM

u : u ̸= 0n} ∪ {eS
pt(a) + eG

a + eM
pt(G(a)) : G ∈ G, a ̸= In}. (B.12)

Proof. To begin with, every vector in B is obviously a rooted cycle. Since the PTG is strongly

connected by construction, the dimension of T is 2n − 1 [GLS03], thus

|Z| = |E| − |T | = 2n − 1 + |G|(4n − 1), (B.13)

which is the same as the cardinality of B. Therefore, it suffices to show the linear indepen-

dence for B. Consider the equation ∑i:ei∈B αiei = 0. Note that each eG
a appears in exactly

one vector from the second part of B, for which the corresponding αi must be all zero, but

the first part is also obviously linearly independent, which means all αi must be zero, proving

the linear independence.

Theorem 2.2. Up to identification between X and X ′ using the standard basis,

ImPT KerP

∥ ∥

X = L ⊕⊥ T

∥ ∥ ∥

E = Z ⊕⊥ U

. (B.14)

In words, the cycle space Z is equal to the learnable space L, while the cut space U is equal

to the gauge space T . Besides, the two spaces are orthogonal complement to each other.

Finally, the learnable space L is also equal to the image for the dual of the observation map
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P, while the gauge space T is the kernel of P.

Remark: while E = Z ⊕⊥ U is a graph-theoretic fact, we don’t know a priori whether

X = L ⊕ T holds under our definition.

Proof. We first show that T = Ker(P), i.e., y ∈ T ⇔ P(y) = 0. Indeed, Lemma 2.1(a)

implies that F (x) = F̂ (P(x)) for some function F̂ . Thus, for any y ∈ Ker(P) and η ∈ R,

F (x + ηy) = F̂ (P(x + ηy)) = F̂ (P(x)) = F (x). (B.15)

The second equality uses the linearity of P . Therefore, Ker(P) ⊆ T . On the other hand, for

any y /∈ Ker(P), there is at least one fi such that fi(y) ̸= 0. Now, Lemma 2.1(b) implies

that there exists an experiment Fi and a function f̂i such that fi(x) = f̂i(Fi(x)) for all x.

Thus,
fi(y) ̸= 0 ⇒ fi(x) ̸= fi(x + y)

⇒ f̂i(F (x)) ̸= f̂i(F (x + y))

⇒ F (x) ̸= F (x + y)

⇒ y /∈ T.

(B.16)

Therefore, T ⊆ KerP . This proves the claim that T = KerP .

We then show that L = Im(PT). For any f ∈ Im(PT), there is some h ∈ L(R|Z|,R) such

that f(x) = h(P(x)), ∀x ∈ X. Lemma 2.1(b) implies that each entry of P(x) is learnable,

thus f is learnable. This means Im(PT) ⊆ L; On the other hand, L ⊥ T = Ker(P) ⇒ L ⊆

Im(PT) as the kernel is the orthogonal complement of the adjoint image. This proves the

claim that L = Im(PT).

Finally, it is not hard to see that Ker(P) = U thanks to the duality between cycle space

and cut space [GLS03], and hence Im(PT) = Z. This completes the proof of Theorem 2.2.
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B.2.3 Learnability of reduced noise model

Since the complete noise model contains exponentially many parameters, we often need

to make additional assumptions in practice to reduce its complexity. Here, we want to

understand the learnability of such reduced noise model.

Definition 2.16. A reduced Pauli noise model is defined by a tuple (XR, Q), where

• XR is a real linear space called the reduced parameter space. A realization of the

reduced noise parameters {ri}
|XR|
i=1 corresponds to a vector r ∈ XR via r = ∑

i riϑi

where {ϑi} is a standard basis for XR.

• Q : XR 7→ X is an injective linear map called the embedding map such that for any

r, the corresponding realization of the complete noise parameters is given by x := Q(r).

Note that we require Q to be linear and injective. We will see in the following sections

that many physically-motivated reduced noise models (e.g., spatially local noise) can indeed

be described by a linear embedding map. The requirement of injectivity, equivalent to

Ker(Q) = {0}, is for mathematical convenience. In practice, if the embedding map is not

injective, one can always construct another reduced model with fewer parameters and admits

an injective embedding map.

Any experiment F as in Definition 2.3 induces a function F ◦ Q acting on XR. The

definitions and properties of learnable functions and gauge vectors then carry over to the

reduced model, by replacing X by XR in Definitions 2.4, 2.6. Formally, we have

Definition 2.17 (Reduced learnable space). A real-valued function f on XR is learnable

if there exists a finite set of experiments {Fj}m
j=1 such that f is a function of {Fj ◦ Q}m

j=1.

That is, there exists some f̂ such that f(r) = f̂(F1(Q(r)), · · · , Fm(Q(r))) for all r ∈ XR.

The linear subspace of X ′
R spanned by all linear learnable functions is called the reduced

learnable space, denoted by LR.
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Definition 2.18 (Reduced gauge space). A vector y ∈ XR is a gauge vector if for any

r ∈ XR, F (Q(r)) = F (Q(r + ηy)) for any experiment F and η ∈ R. The linear subspace of

XR spanned by all the gauge vectors is called the reduced gauge space, denoted by TR.

The characterization of learnability naturally extends to the reduced model, as stated in

the next theorem.

Theorem 2.3. LR = Im(QT ◦ PT), TR = Ker(P ◦ Q).

We provide a proof for Theorem 2.3 in Sec. B.7.2. Basically, all steps in the proof of

Theorem 2.2 naturally carry over. The following corollary characterizes the relation of the

learnable/gauge spaces between the complete and the reduced noise model.

Corollary 2.19. LR = QT(L), TR = Q−1(T ).

Here Q−1(T ) := {x ∈ XR | Q(x) ∈ T} is the preimage of T under Q. Alternatively,

TR = Q−1(T ∩ Im(Q)) where Q−1 is viewed as the inverse of Q restricted to its image

(recall that Q is assumed to be injective).

Proof. For any f ∈ X ′
R, f ∈ LR ⇔ ∃g ∈ L(R|Z|,R) s.t. f = QT(PT(g)) ⇔ f ∈ QT(L).

Thus, LR = QT(L).

Let us consider Q(TR). Theorems 2.2, 2.3 imply that Q(TR) ⊆ T . Also, Q(TR) ⊆ Im(Q)

trivially holds. On the other hand, for any y ∈ T ∩ Im(Q), P(y) = 0, and there exists some

x ∈ XR such that y = Q(x), but this implies P(Q(x)) = 0 and thus x ∈ TR, y ∈ Q(TR).

We conclude that Q(TR) = T ∩ Im(Q). Finally, note that Q is injective by assumption and

is thus invertible when restricted to its image. We conclude that TR = Q−1(T ∩ Im(Q)).

B.3 Algorithms for learning gate set Pauli noise

We have established a theory for characterizing the learnable/gauge degrees of freedom for

any complete or reduced Pauli noise models. The next question to be asked is how to
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design experiments to learn the learnable degrees of freedom, and how efficiently one can

learn them. In this section, we first introduce a general algorithm for learning Pauli noise

models, which leads to efficient experimental designs. We then discuss the issue of learning

noise parameters to additive/multiplicative precision. The algorithms discussed here will be

applied in the next section to address many practically interesting examples of Pauli noise

models.

From this section, we focus on Clifford circuits as they are sufficient for learning Pauli

noise. Also, instead of describing an experiment with its measurement probability distribu-

tion, we will talk about expectation values of measuring certain Pauli observable. Since we

assume noiseless single-qubit layers, measuring Pauli Pa effectively picks up λM
pt(a) from the

measurement noise channel. We thus define the effective noisy observable as P̃a := λM
pt(a)Pa.

Similarly, we use ρa to denote the +1 eigenstate of Pa obtained by applying an appropriate

single-qubit Clifford layer to ρ0 ≡ |0⟩⟨0|⊗n.2 The noisy realization of ρa is denoted as ρ̃a

and satisfies Tr[Paρ̃a] = λS
pt(a). Finally, we use the tuple (ρa, C, Pb) to denote an experiment

that (ideally) starts with ρa, applies the sequence of gates C, and measures the observable

Pb.

B.3.1 Basic definitions and vanilla algorithm

Let us first define the task of learning a Pauli noise model. Given a reduced noise

model described by an embedding map Q. Recall that LR describes the linear space for

all learnable functions about the noise model (and that Theorem 2.1 says linear learnable

functions suffice). Thus, we just need to do the following:

1. Specify a basis for LR, denoted as {fj}|LR|
j=1 ,

2. Although ρa is not uniquely defined when Pa contains identity, choosing any ρa that satisfies this
condition will make no observable difference.

120



2. Specify the experiments to learn each fj .

By conducting those experiments, we will have effectively learned every function in LR,

which are all we can learn about the noise model.

However, for an arbitrary basis vector fj ∈ LR, it is not straightforward to find the

experiments that learn it, despite their existence. We would like to find a reduced basis that

is more closely related to experiments. Recall that for the complete model, the learnable

space L corresponds to the cycle space Z of PTG, and each rooted cycle can be extracted

from one experiment (Theorem 2.1(b)). This motivates the following definition.

Definition 2.20 (Reduced cycle). For any f ∈ LR, if there exists a g ∈ L that is a cycle

and that f = QT(g), we call f a reduced cycle corresponding to g. If g is also a rooted

cycle, we call f a rooted reduced cycle.

We remind the reader that not all g ∈ L represents a cycle, as some might only be linear

combinations of cycles. Since Corollary 2.19 states that LR = QT(L), given a rooted cy-

cle basis {gi}
|L|
i=1 for L, we know that {QT(gi)}

|L|
i=1 spans LR, thus we can pick a subset

{fj}|LR|
j=1 ⊆ {QT(gi)}i as a basis for LR consisting solely of rooted reduced cycles. Theo-

rem 2.1(b) thus immediately gives an experiment to learn fj .

As a concrete example, consider the rooted cycle basis introduced in Lemma 2.15,

B := {eS
u + eM

u : u ̸= 0} ∪ {eS
pt(a) + eG

a + eM
pt(G(a)) : G ∈ G, a ̸= I}. (B.17)

We have the following procedure for noise learning.

Algorithm 1 [A simple algorithm for learning gate set Pauli noise].

1. Select a subset BR ⊆ B such that QT(BR) forms a basis for LR.

2. Learn all eS
u + eM

u ∈ BR by preparing ρ̃0 and measuring Z̃u.
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3. Learn all eS
pt(a) + eG

a + eM
pt(G(a)) ∈ BR by preparing ρ̃a, applying G̃, and measuring

P̃G(a).

As an obvious challenge to this approach, the cardinality of B is 2n − 1 + |G|(4n − 1),

scaling exponentially with n. Even if the dimension of LR is polynomial in n, Step 1

of picking a basis for LR still requires exponential computational complexity in general.

However, for physically-motivated noise ansatzs such as spatially local noise, it is often easy

to efficiently construct such a basis. This will be discussed in details when we turn to

concrete noise models. Conditioned on that BR can be efficiently constructed, step 2 and 3

involves at most |LR| experiments to run, which is polynomial in n for any feasible reduced

noise model. One might notice that this algorithm resembles standard quantum process

tomography [MRL08]. Specifically, each gate from the gate set is learned one by one. No

concatenation or composition of different gates is used.

B.3.2 On learning gate noise to relative precision

In practice, there are often considerations beyond merely constructing a complete set of ex-

periments. One important factor to consider is the precision-efficiency trade-off in estimating

the noise parameters. Many existing RB-type noise characterization protocols can learn gate

noise parameter to relative precision (with respect to the infidelity) using a small number

of initialization and measurements [FW20, HHF+19, EWP+19]. More precisely, suppose we

are interested in learning certain gate fidelity parameter λ, RB-type protocol can generally

construct a family of experiments {(ρ0, Cd, P )}d such that the circuit fidelities satisfy

fd := Tr[P̃ C̃d(ρ̃0)] = αλd, (B.18)

where α represents some SPAM fidelity, d is the number of concatenation of the relevant

gates. We assume both α and λ are sufficiently close to 1. Now choose d ∈ {0, m}, estimate
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each f̂d := fd + ε̂m, and construct the following ratio estimator,

λ̂ := f̂m

f̂0
=
(

αλm + ε̂m

α + ε̂0

) 1
m

≈ λ

(
1 + ε̂mλ−m − ε̂0

mα

)
. (B.19)

The last approximation holds given that |ε̂0/α|, |(ε̂mλ−m − ε̂0)/mα| ≪ 1. If we choose

1/m ≈ log λ−1 = 1 − λ + o(1 − λ), we would obtain that

λ̂ ≈ λ

(
1 + (1 − λ) ε̂me − ε̂0

α

)
. (B.20)

This means as long as we estimate f0, fm to ±ε additive precision, we would obtain O(ε)

relative precision estimation for λ with respect to the infidelity 1 − λ. As a side note, one

can efficiently find the required m using a search subroutine described in [HHF+19, Sec. V].

The basic idea is to estimate fd for d’s chosen from an exponentially increasing list, and

output m = d when f̂d/f̂0 is below certain threshold.

The above analysis shows that, as long as one can construct a family of experiments as

in Eq. (B.18), one can amplify λ by concatenation and learn it to relative precision. We now

explain how to fit this into the framework of gate set Pauli noise learning.

Definition 2.21. For any reduced Pauli noise model (XR, Q), the reduced learnable space

for gate parameters is defined as LG
R := QT(L ∩ XG).

Theorem 2.4 (Noise parameter amplification). Given a reduced model (XR, Q), for any

reduced cycle f ∈ LG
R, there exists a family of experiments {(P, Cm, ρP )}m and a rooted

cycle α ∈ L such that

Tr[P̃ C̃m(ρ̃P )] = exp(−α(Q(r))) exp(−mf(r)), ∀m ∈ N. (B.21)

In other words, any functions on the reduced model that corresponds to learnable functions

consisting solely of gate noise parameters in the complete model can be amplified via con-
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catenation, and can thus be learned to relative precision. Here, the gate sequence C can

be a composition of multiple gates from the gate set interleaved by noiseless single-qubit

gates, which is similar to the concept of “germs” in gate set tomography [NGR+21], and also

appears in other Pauli noise learning protocols [CLO+23, VDBMKT23, CDDH+23].

Proof. By definition, there exists a cycle g ∈ L ∩ XG such that f = QT(g). Let u be

any vertex of the PTG that is contained in g. Then α := eS
u + eM

u is a rooted cycle also

containing u, and it is not hard to see that α + mg for any m ∈ N forms a rooted cycle.

Theorem 2.1(b) then implies that there exists an experiment (P, Cm, ρP ) such that

(α + mg) · Q(r) = − log(Tr[P̃ C̃m(ρ̃P )]). (B.22)

Finally, it is clear from the proof of Theorem 2.1(b) that each Cm can actually be chosen as

Cm (i.e., concatenating C m times) for an appropriate gate sequence C. This completes the

proof.

In light of Theorem 2.4, one can design an algorithm that not only learns everything in

LR, but also learn a basis of LG
R to relative precision.

Algorithm 2 [Relative precision learning of gate set Pauli noise].

1. Select a reduced cycle basis of LG
R, denoted as BG

R.

2. Augment BG
R into a basis for LR using vectors from QT(B).

3. Learn all vectors from BG
R by running the set of experiments {(P, Cm, ρP )}m described

by Theorem 2.4.

4. Learn all the other basis vectors using Step 2 and 3 from Algorithm 1.

Again, the major challenge is to efficiently construct the reduced cycle basis, which would

generally require doing linear algebra on an exponential-dimensional linear space. Our paper
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[CZJF24] present examples that for physically-motivated noise ansatz and realistic gate set,

such basis can be constructed efficiently, but I will not include those in this thesis.

We close this section with one final remark: Although specifying a reduced cycle basis

of LG
R is sufficient to specify any functions therein, learning each basis function to relative

precision does not guarantee relative precision estimation for arbitrary functions. For exam-

ple, relative-precision estimators for both f1 and f2 does not guarantee a relative-precision

estimator for f1 − f2, especially when the true value of f1 and f2 are close to each other.

In such cases, one might need to conduct more experiments than merely learning a basis in

order to retrieve relative precision estimation for those functions. We will leave this issue for

future study.

B.4 Applications to fully local noise model

B.4.1 Basic definitions

We have established general results on the learnability of any reduced Pauli noise models.

Now we apply our theory to concrete physically-motivated noise ansatz. In this section,

we will focus on the fully local noise model, or the so-called crosstalk-free noise model. As

we will soon see, the reduced gauge space in this case is generated by certain subsystem

depolarizing channel. We will also give efficient construction of the learning algorithms.

Before defining into the spatially local Pauli noise model, let us first introduce the layer-

uncorrelated noise model, which is mostly for mathematical convenience but also practically

relevant:
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Definition 2.22. For a reduced noise model (XR, Q), if XR and Q can be decomposed as

XR = XS
R ⊕ XM

R

⊕
G∈G

XG
R,

Q = QS ⊕ QM
⊕

G∈G
QG ,

(B.23)

where Q□ : X□
R 7→ X□ satisfies Q□(r□) = x□ for all □ ∈ {S, M} ∪ G, then we call it a

layer-uncorrelated noise model.

In words, a reduced noise model being layer-uncorrelated means that, there is an indepen-

dent set of reduced noise parameters for state preparation, measurement, and each layer

of gates, respectively. Many noise models studied in the literature of quantum benchmark-

ing satisfies this assumption (e.g., [Fla22, CDDH+23]). One prominent exception is the

so-called “gate-independent noise model” studied in e.g. standard randomized benchmark-

ing [EAŻ05, KLR+08, DCEL09, MGE11, MGJ+12] where the noise channel associated with

any Clifford gate is assumed to be the same. Though we will not consider such a noise model

in this section, we remark that the general framework established in the previous section is

still applicable.

Lemma 2.23. For a layer-uncorrelated model (XR, Q), the reduced gauge space TR satisfies

Q(TR) =
⋂

□∈{S,M}∪G

{
z ∈ T : z□ ∈ ImQ□

}
. (B.24)

Proof. Corollary 2.19 says Q(TR) = T ∩ ImQ, which satisfies

T ∩ ImQ = {z ∈ T : z ∈ ImQS ⊕ ImQM
⊕

G∈G
ImQG}

= {z ∈ T : zS ∈ ImQS , zM ∈ ImQM , zG ∈ ImQG , ∀G ∈ G}

=
⋂

□∈{S,M}∪G

{
z ∈ T : z□ ∈ ImQ□

}
.

(B.25)
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As a result, we can separately analyze the gauge vectors allowed by state preparation,

measurements, and each layer of gates. The intersection of all of them will give the correct

reduced gauge space. In what follows, we will use this approach to analyze the gauge space

for the fully local noise model, and for the quasi-local noise model in the next section.

B.4.2 Learnability of fully local noise model

Let us first define the fully local noise model. For any G ∈ G, we use supp(G) to denote the

support of G, i.e., the subsystem of qubits that G non-trivially acts on. The restriction of

G to its support is denoted by Ĝ. The number of qubits in the support is denoted by |G|.

Recall that we use {ϑi} and {ei} to denote the standard basis for XR and X, respectively.

That is, the reduced and complete noise parameters are encoded into vectors according to

r = ∑
i riϑi and x = ∑

i xiei, respectively.

We will first give the formal definition of the fully local noise model, and explain the

intuition in a moment.

Definition 2.24 (fully local noise). Consider a layer-uncorrelated noise model (XR, Q):

• If the state preparation noise parameters are given by {rS
j : j ∈ [n]} and that

Q(ϑS
j ) =

∑
u̸=0n

1[uj = 1]eS
u , ∀j ∈ [n], (B.26)

we say the model has fully local state preparation noise. Similar for the measure-

ment.

• If the noise parameters for some G ∈ G are given by {rG
a : a ∈ P|G|, a ̸= I|G|} and that

Q(ϑG
a ) =

∑
b ̸=In

1[bsupp(G) = a]eG
b , ∀a ∈ P|G|, a ̸= I|G|, (B.27)
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we say the model satisfies fully local noise for G. If this holds for all G ∈ G we say the

model has fully local gate noise.

The model is fully local if it has fully local state preparation, measurement, and gate noise.

The following lemma describes the transformation between the reduced parameters and

the complete parameters within a fully local model, as an immediate consequence of the

above definitions.

Lemma 2.25. If (XR, Q) satisfies fully local state preparation noise, then


xS

u =
∑

j∈[n]
1[uj = 1]rS

j , ∀u ∈ {0, 1}n, u ̸= 0n.

rS
j = xS

1j
, ∀j ∈ [n].

(B.28)

Similar for the measurement side; If (XR, Q) satisfies fully local noise for some gate G, then


xG

b = rG
bsupp(G)

, ∀b ∈ Pn, b ̸= In.

rG
a = xG

b s.t. bsupp(G) = a, ∀a ∈ P|G|, a ̸= I|G|.
(B.29)

Proof. By definition of the fully local noise model, one can easily verify that

xS = QS(rS) =
∑

u̸=0n

∑
j∈[n]

1[uj = 1]rS
j eS

u . (B.30)

xG = QG(rG) =
∑

b̸=In

rG
bsupp(G)

eG
b . (B.31)

Comparing these with the definitions of x and r immediately gives us the transformation

from {ri} to {xi}. The correctness of the inverse transformation can be verified by substi-

tution.

In words, the fully local state preparation or measurement noise is a qubit-wise indepen-

dent channel, and the fully local gate noise is a channel acting only on the gate’s support
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Figure B.2: (a) Illustration of a fully local noise model (bottom) and how it is embedded
into a complete noise model (above). Note that the state prep., meas., and each layer of
gates have an independent embedding map, which means this is a layer-uncorrelated noise
model. (b) Illustration of the subsystem depolarizing gauges (denoted by Ds) acting on
a gate with fully local noise. Here, (i)-(iii) shows the three types of valid SDG’s as given
by Theorem 2.5(b), out of which only case (i) can non-trivially changes the noise channel.
(iv) shows a SDG that is not an allowed gauge transformation (when the gate has a fully-
connected pattern transfer subgraph). Intuitively, it propagates the 2-qubit noise channel
into a 3-qubit channel, violating the fully local assumptions.
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and inducing no crosstalk on idling qubits. See Fig. B.2(a) for an illustration. We study

these cases separately, as there could be situations where the SPAM noise is local while gate

noise is not, or the other way around.

We also note that whether fully local gate noise describes contextual noise depends on

the definition of G: If one define G in a way that each G ∈ G acts non-trivially at, say, at

most 2-qubit. Let G1, G2 be two Clifford layers from G that act non-trivially on disjoint

sets of qubits. The noise channel for applying both gates in parallel can then be viewed

as the tensor product of two associated noise channels. However, if one believe the parallel

application should suffer from a different noise channel, one can add it as an independent

layer into G. Although one needs to be careful not to makes the size G exponentially large.

The advantages of a fully local noise model is a small number of model parameters (as

small as O(n) for a system with a linear connectivity), which makes working with such

model potentially computationally efficient. Previous work, including ACES [Fla22], has

focused on characterizing such a noise model. It is thus of great interest to understand the

learnable/gauge degrees of freedom within this model. For this purpose, let us introduce the

following set of gauge vectors.

Definition 2.26 (Subsystem depolarizing gauge, SDG). For any s ∈ {0, 1}n\0n, let ds be

the cut vector specified by the vertex partition

V0 = {u : us = 0|s|} ∪ {vR}, Vc
0 = {u : us ̸= 0|s|}.

We call such ds a subsystem depolarizing gauge (SDG).

To see why ds is called a subsystem depolarizing gauge, let us first write down its expansion
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on the standard basis:

eS
u · ds = 1[us ̸= 0|s|], ∀u ∈ {0, 1}n\0n.

eM
u · ds = −1[us ̸= 0|s|], ∀u ∈ {0, 1}n\0n.

eG
a · ds = 1[pt(G(a))s ̸= 0|s|] − 1[pt(a)s ̸= 0|s|], ∀G ∈ G, ∀a ∈ Pn\In.

(B.32)

which can be obtained using the definition of cut vectors and the PTG. Now, consider a

transformation of noise parameters given by x 7→ x + ηds. It is not hard to verify this

corresponds to the following gauge transformation,

ρ̃0 7→ Ds,η(ρ̃0), Ẽj 7→ D−1
s,η(Ẽj), G̃s 7→ Ds,η ◦ G̃ ◦ D−1

s,η , (B.33)

where Ds,η := ∑
a e−η1[as ̸=I|s|]|σa⟩⟩⟨⟨σa| is a partially depolarizing channel (with strength pa-

rameter η) acting on the subsystem specified by the index set s. For notational convenience,

we define

Ds := Ds,1 =
∑
a

e−1[as ̸=I|s|]|σa⟩⟩⟨⟨σa|, (B.34)

and call Ds simply as the subsystem depolarizing channel on s.

Lemma 2.27. The set of SDGs {ds}s̸=0n
forms a basis for the gauge space T .

The proof is given in Sec. B.7.3. In fact, the gauge space of the fully local noise model is

spanned by a subset of the SDG’s. We have the following results:

Theorem 2.5. Given a layer-uncorrelated noise model (XR, Q)

(a) If the model satisfies fully local state preparation noise, then

{z ∈ T : zS ∈ ImQS} = span{ds : |s| = 1}. (B.35)

Similarly for the measurement noise.
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(b) If the model satisfies fully local noise for some gate G ∈ G, then

{z ∈ T : zG ∈ ImQG} ⊇ span{ds : s ⊂ supp(G) or s ⊇ supp(G) or s ∩ supp(G) = ∅}.

(B.36)

Furthermore, the two sides are equal if Ĝ induces a connected pattern transfer subgraph.

(c) If the model is fully local, its embedded gauge space is given by

Q(TR) = span{ds : |s| = 1}. (B.37)

And thus dim TR = dim Q(TR) = n.

Here, the pattern transfer subgraph of Ĝ is a |G|-qubit PTG with the only gate being Ĝ, and

with the SPAM (root) node removed. Examples of 2-qubit gates that have connected pattern

transfer subgraph include CZ, iSWAP, but not SWAP [CLO+23], see Fig. B.3. As another

example, the pattern transfer subgraph for CZ⊗CZ is not connected. The allowed/forbidden

gauge transformation for the fully local gate noise are depicted in Fig. B.2(b).

01 11

10

01 11

10

01 11

10

CNOT SWAP iSWAP

Figure B.3: The possible pattern transfer subgraphs of non-trivial 2-qubit Clifford gates.
Labels of edges are omitted. Self loops are omitted. Multi-edges are represented by a single
edge.

Theorem 2.5(c) characterizes the learnability of fully local Pauli noise models. In words,

the embedded gauge space Q(TR) is spanned exactly by those n single-qubit depolarizing
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gauges. One can also write down the reduced gauge space as TR = span{Q−1(ds) : |s| = 1},

where each Q−1(ds) is well-defined3 and can be efficiently calculated using the inverse trans-

formation given in Lemma 2.25. The learnable space LR can be obtained by, e.g., computing

the orthogonal complement of TR within XR using standard linear algebra procedures. We

will come back to the construction of LR later.

Now we present the proof for Theorem 2.5(a), the direct part of 2.5(b), and 2.5(c). The

converse part of 2.5(b) is slightly more involved and is postponed to App. B.7.3 for clarity.

Proof of Theorem 2.5(a). Let πS : X 7→ XS be the projection map πS(x) = xS , i.e.,

restriction to the state preparation parameters. We first show L.H.S. ⊇ R.H.S., for which

we only need to prove that πS(d1j
) ∈ ImQS for all j ∈ [n]. Indeed, we have that,

πS(d1j
) =

∑
u
1[uj ̸= 0]eS

u = QS(ϑS
j ). (B.38)

The two equations are by Definition 2.26 and Definition 2.24, respectively. Thus we have

L.H.S. ⊇ R.H.S..

Conversely, notice that πS is an invertible map when restricted to T . To see this, consider

the canonical cut basis {yu : u ̸= 0n} for T such that each yu is induced by the vertex

partition V = V0 ∪ Vc
0 where V0 = {u}. We have πS(yu) = −eS

u . This means πS is a basis

transform between T and XS , thus invertible. Therefore,

dim({z ∈ T : πS(z) ∈ ImQS}) = dim(ImQS) ≤ dim(XS
R) = n, (B.39)

where the first equation uses the invertibility of πS restricted to T . This means the dimension

of L.H.S. is no larger than R.H.S. Consequently, they must be equal. The proof works

similarly on the measurement side.

3. Though Q is not invertible, it is injective and we know that ∀|s| = 1, ds ∈ ImQ, thus Q−1(ds) is
uniquely defined.
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Proof of Theorem 2.5(b). Let πG : X 7→ XG be the projection map πG(x) = xG . Recall

that

eG
a · ds = 1[pt(G(a))s ̸= 0|s|] − 1[pt(a)s ̸= 0|s|], ∀a ̸= In.

• If s∩supp(G) = ∅: we have pt(G(a))s = pt(a)s and thus eG
a ·ds = 0 for all a. Therefore,

we trivially have πG(ds) ∈ ImQG .

• If s ⊇ supp(G): we have pt(G(a))s = 0|s| ⇔ pt(a)s = 0|s| because Ĝ(asupp(G)) = I|G| if

and only if asupp(G) = I|G|. Thus eG
a · ds = 0 and πG(ds) ∈ ImQG trivially holds.

• If s ⊂ supp(G): choose an rG ∈ XG
R such that

ϑG
b · rG = 1[pt(Ĝ(b))s ̸= 0|s|] − 1[pt(b)s ̸= 0|s|]. (B.40)

Then we can see that

eG
a · QG(rG) = 1[pt(Ĝ(asupp(G)))s ̸= 0|s|] − 1[pt(asupp(G))s ̸= 0|s|] = eG

a · ds. (B.41)

This means πG(ds) = QG(rG). Thus πG(ds) ∈ ImQG .

Combining all the three cases and using linearity, we conclude that

{z ∈ T : zG ∈ ImQG} ⊇ span{ds : s ⊂ supp(G) or s ⊇ supp(G) or s∩supp(G) = ∅}. (B.42)

Conversely, the two sides are equal if Ĝ induces a connected pattern transfer subgraph,

which is proven in App. B.7.3. The proof works by establishing an upper bound on the

dimension of the L.H.S., and then show by counting that this bound equals the dimension

of the R.H.S.

We make a few remarks regarding the proof of Theorem 2.5(b). First, it is clear from the

proof that span{ds : s ⊂ supp(G)} are gauges that non-trivially change the noise parameters
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of G, while span{ds : s ⊇ supp(G) or s ∩ supp(G) = ∅} are gauges that “pass through” G

leaving gate noise parameters unchanged; Second, The proof for Eq. (B.42) taking equality

crucially relies on the connectivity of the pattern transfer subgraph of Ĝ. If this is not

satisfied, there could be more gauges that can trivially pass through G, which needs to be

analyzed ad hoc using Theorem 2.3.

Proof of Theorem 2.5(c). Thanks to Lemma 2.23, Q(TR) is given by the intersection of

Eq. (B.35) for SPAM and Eq. (B.36) for all G ∈ G. It’s easy to see that Eq. (B.35) is always

a subset of Eq. (B.36) for any G ∈ G, thus their intersection is simply given by Eq. (B.35),

the single-qubit SDG’s.

B.4.3 Efficient learning of fully local noise model

Having characterized the reduced gauge space of the fully local noise model, we turn to the

task of designing efficient learning experiments. Following the discussion in Sec. B.3, the

key is to find an appropriate reduced cycle basis for LR. Let us start with the first type of

construction which gives the simplest experimental design (but does not care about relative

precision estimation). Recall the rooted cycle basis defined in Eq. (B.12),

B := {eS
u + eM

u : u ̸= 0n} ∪ {eS
pt(a) + eG

a + eM
pt(G(a)) : G ∈ G, a ̸= In}. (B.43)

Consider the following subset of B, denoted as B′,

B′ := {eS
1j

+ eM
1j

: j ∈ [n]} ∪ {eS
pt(a) + eG

a + eM
pt(G(a)) : G ∈ G, supp(a) ⊆ supp(G), a ̸= I}.

(B.44)

Proposition 2.28. Let BR := QT(B′). Then, BR forms a reduced cycle basis for LR.
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Proof. We have

BR

:= QT
(
{eS

u + eM
u : |u| = 1} ∪ {eS

pt(a) + eG
a + eM

pt(G(a)) : G ∈ G, supp(a) ⊆ supp(G)}
)

=
{

ϑS
j + ϑM

j : j ∈ [n]
}

∪ {
∑

j∈supp(G)
(1[pt(b)j ̸= 0]ϑS

j + 1[pt(Ĝ(b))j ̸= 0]ϑM
j ) + ϑG

b : G ∈ G}.

(B.45)

Recall that Ĝ is G restricted to its support. It is not hard to see that BR forms a linearly-

independent set. Meanwhile, |BR| = n+∑
G∈G(4|G| −1) = dim(XR)−dim(TR) = dim(LR).

This means BR is indeed a basis for LR.

Following Algorithm 1, the following set of experiments is sufficient to learn the noise model:

1. For j ∈ [n], prepare ρ̃0 and measure Z̃ on the jth qubit.

2. For G ∈ G, b ∈ P|G|\I|G|, prepare ρ̃b, apply G̃, and measure P̃Ĝ(b) on the support of G.

The total number of experiments is n +∑
G∈G(4|G| − 1). If each G acts non-trivially only on

a constant number of qubits, the number of experiments needed is O(n), and is efficient to

conduct. We also remark that, here we have not taken advantages of the fact that multiple

observables can be extracted from the same experiments. In practice, the sample complexity

can thus be further reduced.

B.5 Applications to quasi-local noise model

We have presented a comprehensive treatment on learning the fully local Pauli noise model.

In practice, the effect of spatially correlated noise can sometimes be non-negligible, both

for SPAM [BSK+21] and for gate [FM14, NB19]. It is thus desirable to study a quasi-local

noise model that takes a finite spatial correlation (e.g., nearest-neighbor) into consideration

while keeping the total number of parameters manageable. Such models have been studied
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in the literature of Pauli noise learning [FW20, VDBMKT23, EWP+19, WKBK23]. In this

section, we will introduce the quasi-local model in the framework of gate set Pauli noise

learning, provide results on its learnability, and discuss efficient learning algorithms. As a

specific example, we will apply our theory to a noise model that has been intensively studied

in recent experiments [VDBMKT23, KEA+23] and obtain a self-consistent algorithm for

learning the noise model, which has not been previously achieved.

B.5.1 Basic definitions

We first introduce some notations that are needed for defining the quasi-local noise model.

For a, b ∈ Pn, we write b ◁ a if bi ̸= I ⇒ ai = bi for all i ∈ [n], calling b majorized by a. For

any S ⊆ [n], we write a ∼ S if ai ̸= I ⇒ i ∈ S. For any S ⊆ 2[n], we write a ∼ S if a ∼ S

for at least one S ∈ S.

Let Ω be a subset of 2[n] that satisfies ∀ν ∈ Ω, ∀∅ ⊊ µ ⊆ ν, µ ∈ Ω. We call such Ω a

factor set. We also use Ω∗ to denote the set of maximal subsets within Ω, i.e., those that

do not belong to any other subsets. As an example, Ω = {{1}, {2}, {3}, {1, 2}, {2, 3}} is a

valid factor set, with the corresponding Ω∗ = {{1, 2}, {2, 3}}. Obviously, Ω, Ω∗ uniquely

determines each other.

Definition 2.29. An n-qubit Pauli channel Λ is Ω-local if its Pauli eigenvalues satisfies

λa =
∏

b◁a,b∼Ω
exp(−rb), ∀a ̸= In, (B.46)

for some {rb ∈ R : b ∼ Ω, b ̸= In} and a factor set Ω.

For notational simplicity, we sometimes omit the requirement that b ̸= In and set rIn
= 0.

A few remarks regarding this definition: First, all n-qubit Pauli channels (with all Pauli

eigenvalues being positive) are 2[n]\∅-local. Note that we do not require rb to be non-

negative. Second, this definition basically says that the eigenvalues {λa}a factorize ac-
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cording to a Markov Random Field (MRF) [Cli90] specified by the factor decomposition

Ω. This is opposed to [FW20] where Pauli channels with error rates {pa}a factorized ac-

cording to an MRF are considered. It is unclear whether these two models are equiva-

lent, even approximately. Alternatively, our definition of Ω-local is equivalent to requiring

that Λ can be expressed as a concatenation of Pauli diagonal maps4 acting on each sub-

system from Ω, as proven in [WKBK23] (In fact, this is the picture we will use in most

figures shown in this section). One can also show that the sparse Pauli-Lindblad model used

in [VDBMKT23, KEA+23, HGM+24] is equivalent to our definition. Finally, throughout

this paper we assume Ω is known a priori, from, e.g., knowledge about the device topology,

leaving the topic of structure learning (see e.g. [RF23]) for future study. We provide more

details about the quasi-local Pauli noise models in Appendix B.7.4.

B.5.2 Learnability of quasi-local noise model

Note that, in terms of xa, Definition 2.29 gives that xa = ∑
b◁a,b∼Ω rb. This motivates the

following definition of a quasi-local Pauli noise model. Note that, we have taken into account

that the SPAM noise channels are symmetric Pauli channels (i.e., eigenvalues only depend

on the Pauli pattern). An example of quasi-local noise model is given in Fig. B.4

Definition 2.30 (Quasi-local noise). Consider a layer-uncorrelated noise model (XR, Q):

• If the state preparation noise parameters are given by {rS
ν : ν ∈ ΩS}, where ΩS is a

factor set, such that

Q(ϑS
ν ) =

∑
µ̸=∅

1[ν ⊆ µ]eS
µ , ∀ν ∈ ΩS , ν ̸= ∅, (B.47)

4. Note that, we do not require those Pauli diagonal maps to be completely positive. Similarly, when
we say our quasi-local model is equivalent to the sparse Pauli-Lindblad model, we have not required the
positivity of the model parameters.
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Figure B.4: Example of a 3-qubit quasi-local noise model and the embedding into a complete
model. Here, the noise channels for state prep., meas., and all gates are assumed to be Ω-local
where Ω∗ = {{1, 2}, {2, 3}}, with the factor graph shown in the bottom-left side. In other
words, ΛS = ΛS

12 ◦ΛS
23 where ΛS

12, ΛS
23 are Pauli diagonal maps supporting on {1, 2}, {2, 3},

respectively. Similar for other Pauli noise channels.

we say the model has ΩS-local state preparation noise. Similar for the measure-

ment.

• If the noise parameters for some G ∈ G are given by {rG
b : b ∼ ΩG , b ̸= In}, where ΩG

is a factor set, such that

Q(ϑG
b ) =

∑
a̸=In

1[b ◁ a]eG
a , ∀b ∼ ΩG , b ̸= In, (B.48)

We say the model has ΩG-local noise for G.

• If the state preparation, measurements, and all layers have quasi-local noise with lo-

cality parameters {ΩS , ΩM , ΩG : G ∈ G}, we say the model is quasi-local with the

corresponding parameters.

The following lemma describes the transformation between the reduced and the complete

parameters within a quasi-local model.
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Lemma 2.31. If (XR, Q) satisfies ΩS-local state preparation noise, then



xS
µ =

∑
ν⊆µ, ν∈ΩS

rS
ν , ∀µ ∈ 2[n]\∅.

rS
ν =

∑
µ⊆ν, µ∈ΩS

(−1)|ν|−|µ|xS
µ , ∀ν ∈ ΩS .

(B.49)

Similar for the measurement side; If (XR, Q) satisfies ΩG-local noise for a gate G, then



xG
a =

∑
b◁a, b∼ΩG

rG
b , ∀a ∈ Pn\In.

rG
b =

∑
a◁b, a∼ΩG

(−1)w(b)−w(a)xG
a , ∀b ∼ ΩG , b ̸= In.

(B.50)

Proof. The transformation from r’s to x’s can be obtained by expanding x = Q(r) in the

standard basis and compare coefficients. The inverse transformation can be verified by

substitution. As a side comment, these pairs of transformation are known as the Möbius

transformation. They are also used in [WKBK23] to study Pauli noise learning in the logical

level.

As a sanity check, one can retrieve the fully local model in Definition 2.24 by setting

ΩS = ΩM = {{j} : j ∈ [n]}, ΩG = {ν : ∅ ̸= ν ⊆ supp(G)}, ∀G ∈ G. (B.51)

Now, we make two important remarks about the gate noise models. First, we will take

a more general approach to deal with parallel gates than the fully local case. Instead of

letting each G to have a constantly small support, we allow it to be a tensor product of many

few-qubit gates, i.e., G = Ĝ1 ⊗ · · · ⊗ ĜM ⊗ id, where the identity acts on [n]\⋃i supp(Gi).

Second, note that a Clifford gate affected by Pauli noise can be modeled in two equivalent
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Figure B.5: Examples of quasi-local gate noise models that are incovariant and covariant,
respectively. Here we consider a 6-qubit system and let G = CZ⊗3. (a) The nearest-neighbor
2-local noise model (Ω∗ = {{1, 2}, {2, 3}, · · · , {5, 6}}) which is not G-covariant. Indeed, if
we commute the noise channel from before-G (left) to after-G (right), certain 2-body noise
terms (e.g., Λ23) will generically be propagated to be 4-body, making the whole noise channel
no longer Ω-local; (b) A 4-local noise model (Ω∗ = {α = {1, 2, 3, 4}, β = {3, 4, 5, 6}}) which
is G-covariant. Indeed, commuting the noise channel from before-G to after-G preserves the
Ω-local structure. Note that all Pauli diagonal maps commute with each other.

ways: whether the noise channel happens before or after the gate, i.e.,

G̃ = G ◦ Λ = Λ′ ◦ G, where Λ′ = G ◦ Λ ◦ G†. (B.52)

Throughout this chapter, we have been adopting the noise-before-gate convention, but now

it is worth looking at the other convention. Specifically, when Λ is an Ω-local Pauli channel,

Λ′ might not be Ω-local in general. This raised the following question: is there a physi-

cal reason to believe the gate noise has certain locality constraint in the noise-before-gate

convention, but not in the noise-after-gate convention? To the best of our knowledge, no

physical justification of this kind has been established in the literature. To circumvent the

dilemma, we propose to study a specific type of locality assumption:

Definition 2.32. An Ω-local noise model is called G-covariant, if for any Ω-local Pauli

channel Λ, G ◦ Λ ◦ G† and G† ◦ Λ ◦ G are also Ω-local Pauli channels.
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Since a G-covariant noise model has the same locality constraints in either convention, it

is much easier to justify their physical relevance. An example of covariant vs. incovariant

noise model is given in Fig. B.5. When G represents a parallel application of many Clifford

gates with disjoint supports, we have the following sufficient condition for a noise model to

be G-covariant:

Lemma 2.33. Given G =
(⊗M

i=1 Ĝi

)
⊗ id, define the extended support map ΞG : [n] 7→ [n]

as

ΞG(s) :=

 ⋃
supp(Ĝi)∩s̸=∅

supp(Ĝi)

 ∪ s. (B.53)

For an Ω-local noise model, if ∀s ∈ Ω, ΞG(s) ∈ Ω, then Ω is G-covariant.

Clearly, for a Pauli P with support s, the support of G(P ) cannot exceed ΞG(s). Lemma 2.33

roughly says that if for all Pauli P ∼ Ω, one has G(P ) ∼ Ω, then Ω must be G-covariant.

The proof is given in Appendix. B.7.4.

We are ready to present our main results on the learnability of quasi-local Pauli noise

model. Perhaps not surprisingly, the gauge degrees of freedom can still be described using

the SDG’s in Definition 2.26, as follows:

Theorem 2.6. Given a layer-uncorrelated noise model (XR, Q),

(a) If the model has ΩS-local state preparation noise, then

{z ∈ T : zS ∈ ImQS} = span{dν : ν ∈ ΩS}. (B.54)

Similarly for the measurement noise.

(b) If the model has ΩG-local noise for some G ∈ G and is G-covariant, then

{z ∈ T : zG ∈ ImQG} ⊇ span{dν : ν ∈ ΩG or ΞG(ν) = ν}. (B.55)
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(c) If ΩS ⊆ ΩM , ΩG is G covariant for all G ∈ G, and that ∀ν ∈ ΩS , ∀G ∈ G, either

ν ∈ ΩG or ΞG(ν) = ν, then the embedded gauge space for the whole model is given by

Q(TR) = span{dν : ν ∈ ΩS}. (B.56)

Theorem 2.6(c) confirms that, given certain “goodness” assumptions of the quasi-local

noise model, the embedded gauge space is indeed spanned by a subset of SDG’s consistent

with the factor sets. Similar to the fully local case, one can efficiently compute the reduced

gauge space TR = span{Q−1(dν) : ν ∈ ΩS} by applying the Möbius inverse transformation

given in Lemma 2.31.

Proof of Theorem 2.6(a). Let πS : X 7→ XS be the projection map πS(x) = xS . Recall

from the proof of Theorem 2.5(a) that πS is an isomorphism between T and XS . We claim

the following two linear spaces are equal.

span{QS(ϑS
ν ) : ν ∈ ΩS} = span{πS(dν) : ν ∈ ΩS}. (B.57)

Now we prove this claim. By definition, for any ν ∈ ΩS we have

QS(ϑS
ν ) =

∑
µ̸=∅

1[ν ⊆ µ]eS
µ =: αν , (B.58)

πS(dν) =
∑

µ̸=∅
1[ν ∩ µ ̸= ∅]eS

µ =: βν . (B.59)

Since both {αν}, {βν} have the same cardinality, and we know {βν} are linearly-independent

thanks to the linear independence of the SDG’s and πS being an isomorphism from T to

XS , we just need to show {αν} can linearly represent {βν}. We claim the following holds,

βν = −
∑

ν′∈ΩS

1[ν′ ⊆ ν](−1)|ν′|αν′ , ∀ν ∈ ΩS . (B.60)
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Indeed, expanding the RHS yields,

R.H.S. = −
∑

µ̸=∅
eS

µ

∑
ν′∈ΩS

1[ν′ ⊆ ν]1[ν′ ⊆ µ](−1)|ν′|

= −
∑

µ̸=∅
eS

µ

∑
ν′∈ΩS

1[ν′ ⊆ ν ∩ µ](−1)|ν′|

= −
∑

µ̸=∅
eS

µ

∑
ν′⊆ν∩µ,

ν′ ̸=∅

(−1)|ν′|

=
∑

µ̸=∅
eS

µ1[ν ∩ µ ̸= ∅] = βν ,

(B.61)

where the third line uses the defining property of ΩS that for any ν ∈ ΩS , any nonempty

ν′ ⊆ ν also satisfies ν′ ∈ ΩS ; The last line uses the binomial theorem. This completes the

proof of Eq. (B.57). Consequently, we have

{z ∈ T : zS ∈ ImQS} = {z ∈ T : πS(z) ∈ span{QS(ϑS
ν ) : ν ∈ ΩS}}

= {z ∈ T : πS(z) ∈ span{πS(dν) : ν ∈ ΩS}}

= span{dν : ν ∈ ΩS}.

(B.62)

The second line uses Eq. (B.57). The last line uses πS being an isomorphism between T and

XS . The proof works similarly for ΩM -local measurement noise.

Proof of Theorem 2.6(b). Let πG : X 7→ XG be the projection map πG(x) = xG . Recall

that for all a ̸= In, ν ̸= ∅,

eG
a · dν = 1[pt(G(a))ν ̸= 0ν ] − 1[pt(a)ν ̸= 0ν ],

= − log
(
⟨⟨σa|G†DνGD−1

ν |σa⟩⟩
)

.

(B.63)

Here Dν is the subsystem depolarizing channel on ν defined in Eq. (B.34).

• If ΞG(ν) = ν, then G is a tensor product of gates on ν and on [n]\ν. Consequently, G
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commutes with Dν . Thus, eG
a · dν = 0 for all a, which means πG(dν) ∈ ImQG trivially

holds. See Fig. B.6(ii) for an example.

• If ν ∈ ΩG , one can see that both Dν and D−1
ν are ΩG-local Pauli channels. Since the

noise model is G-covariant, G†DνG is ΩG-local. Since the concatenation of two ΩG-local

Pauli channels is clearly also ΩG-local, G†DνGD−1
ν is Ω-local. This means,

eG
a · dν =

∑
b◁a,b∼ΩG

r′
b, (B.64)

for some coefficients {r′
b ∈ R : b ∼ ΩG , b ̸= In}. Comparing this to the definition of

quasi-local gate noise, we see that πG(dν) ∈ ImQG . See Fig. B.6(i) for an example.

Combining the above two cases and using linearity, we complete the proof for Theorem 2.6(b).

We make a few remarks about Theorem 2.6(b). First, it is clear from the proof that

span{dν : ΞG(ν) = ν} are gauges that pass trivially through G leaving its noise parameters

unchanged, while span{dν : ν ∈ ΩG} are gauges that non-trivially transform the noise

parameters of G; Second, here we do not have a converse side as in Theorem 2.5(b), meaning

there could be more allowed gauges than what we have characterized. See Fig. B.6 for an

example of different types of gauges. We do not pursue such a tight characterization in

the quasi-local case as it looks considerably more complicated. For our purpose of proving

Theorem 2.6(c), the current results are sufficient; Finally, the requirement of noise being

G-covariant is indispensable for the theorem to hold. In Fig. B.7 we show a counterexample

where dν is not an allowed gauge even if ν ∈ ΩG , when the gate noise model is not G-covariant.

This will be further discussed in Sec. B.6 when we encounter some realistic examples.

Proof of Theorem 2.6(c). Thanks to Lemma 2.23, Q(TR) is given by the intersection of

Eq. (B.54) for SPAM and Eq. (B.55) for all G ∈ G. Under the given conditions, it is easy to
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Figure B.6: Examples of three different cases of SDG’s (Ds) acting on G = CZ⊗3 with
covariant Ω-local noise model, Ω∗ = {{1, 2, 3, 4}, {3, 4, 5, 6}}. Case (i) and (ii) are allowed
gauges as shown in Theorem 2.6(b). Specifically, In Case (i) we have s = {3, 4, 5} ∈ Ω,
thus Ds is a valid gauge that non-trivially transform the noise channel; In Case (ii) we have
s = {1, 2, 5, 6} = ΞG(s), or in words, any Pauli supports within s still supports within s
after the action of G (see Lemma 2.33). Here, even though s /∈ Ω, Ds commutes through G
leaving the noise channel unchanged, and is thus a trivially valid gauge; Case (iii) shows an
invalid gauge (s = {2, 3, 4, 5, 6}), which would generate a 6-body noise term, violating the
locality assumption.

𝒟!"# 𝒟!

Λ#$	

Λ&'	

Λ$&	 ⇔
Λ#$	

Λ&'	

Λ$&((	

Figure B.7: Example of SDG acting on G = CZ⊗2 with nearest-neighbor 2-local noise model
(i.e., Ω∗ = {{1, 2}, {2, 3}, {3, 4}}) that is not G-covariant. In this case, though s = {2, 3} ∈
Ω, The SDG Ds would create a 4-body noise term (shown in the right) violating the Ω-local
assumption, and is thus not an allowed gauge. This highlights the necessity of G-covariance
in obtaining Theorem 2.6(b).
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see that Eq. (B.54) is always a subset of Eq. (B.55) for any G ∈ G, thus their intersection is

simply given by Eq. (B.54).

B.5.3 Efficient learning of quasi-local noise model

We now discuss algorithms for learning a quasi-local noise model. In this section, we will

assume all conditions of Theorem 2.6(c) are satisfied. That is, ΩS ⊆ ΩM ; ΩG is G-covariant

for all G ∈ G; and that ∀ν ∈ ΩS , ∀G ∈ G either ν ∈ ΩG or ΞG(ν) = ν. For such a

well-conditioned quasi-local noise model, we can easily find a reduced cycle basis for LR as

follows:

Consider the following subset of the rooted cycle basis B defined in Eq. (B.12), denoted

by B′′,

B′′ := {eS
µ + eM

µ : µ ∈ ΩM } ∪ {eS
supp(a) + eG

a + eM
supp(G(a)) : G ∈ G, a ∼ ΩG}. (B.65)

Lemma 2.34. Let BR := QT(B′′). Then BR forms a reduced cycle basis for LR.

Proof. First, acting QT on the rooted cycle basis B defined in Lemma 2.15 yields,

QT(eS
µ + eM

µ ) =
∑
ν⊆µ,
ν∼ΩS

ϑS
ν +

∑
ν⊆µ,

ν∼ΩM

ϑM
ν , ∀µ ̸= ∅,

QT(eS
supp(a) + eG

a + eM
supp(G(a))) =

∑
ν⊆supp(a),

ν∼ΩS

ϑS
ν +

∑
b◁a,

b∼ΩG

ϑG
b +

∑
ν⊆supp(G(a)),

ν∼ΩM

ϑM
ν , ∀a ̸= In, ∀G ∈ G.

(B.66)
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Thus, BR := QT(B′′) takes the following form,

BR =


∑

ν⊆µ,
ν∼ΩS

ϑS
ν +

∑
ν⊆µ

ϑM
ν : µ ∈ ΩM

∪


∑

ν⊆supp(a),
ν∼ΩS

ϑS
ν +

∑
b◁a

ϑG
b +

∑
ν⊆supp(G(a)),

ν∼ΩM

ϑM
ν : G ∈ G, a ∼ ΩG

 ,

(B.67)

where we have used the defining property of ΩM and ΩG . let us first prove the linear

independence of BR. Consider a linear combination of all vectors from BR that yields 0.

Since only the second part of BR contains gate noise parameters, and one can show {∑b◁a ϑG
b :

G ∈ G, a ∼ ΩG} are linearly-independent (as they can represent {ϑG
a : G ∈ G, a ∼ ΩG} using

the inclusion-exclusion principle, see Appendix B.7.4 for similar expressions), the coefficients

for all vectors from the second part must be zero; On the other hand, because {∑ν⊆µ ϑM
ν :

ν ∈ ΩM } are also linearly-independent (also thanks to the inclusion-exclusion principle), the

coefficients for vectors from the first part must also be zero. This means BR must be linearly

independent. On the other hand, Theorem 2.6(c) implies dim(TR) = |ΩS |. We can see from

the expression of BR that |BR| = dim(XR) − |ΩS | = dim(XR) − dim(TR) = dim(LR). We

can thus conclude that BR forms a basis for LR.

The construction of BR implies the following set of experiments can fully learn the quasi-

local reduced noise model,

1. For all µ ∈ ΩM , prepare ρ̃0 and measure Z̃µ.

2. For all G ∈ G, b ∼ ΩG , prepare ρ̃b, apply G̃, and measure P̃G(b).

If ΩM and ΩG have polynomial size, the number of experiments needed is also polynomial,

and is thus efficient. Besides, if each G is a parallel application of many Clifford gates each
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acting on a constant number of qubits, many of the above experiments can be conducted in

parallel. We leave such an optimization of experiment design as future research.

Of course, one might also want to learn gate noise parameter to relative precision in the

quasi-local noise model. We will not pursue a general efficient algorithm for finding reduced

cycle basis for LG
R in the quasi-local case due to its complexity. Instead, we will study one

practically-interesting examples in the following section.

B.6 Case study: CZ gates with 1D topology

In this section, we will apply our theory to a concrete gate set where the Control-Z (CZ)

gates are the only multi-qubit entangling gates. Such a gate set, augmented with single-

qubit gates, are able to conduct universal quantum computation, and is adopted by state-

of-the-art experimental platforms (e.g., IBM Quantum [ibm22]5). We will discuss the noise

learnability and learning algorithms with several different noise ansatz. We hope the results

presented here can not only illustrate our theoretical results, but also serve as a new noise

characterization protocol for practical use. A quick summary of results is given in Table B.2.

Section n G Noise model dim(XR) dim(LR) dim(XG
R ) dim(LG

R)
B.6.1 2 {CZ} complete 21 18 15 13
B.6.2 n ≥ 4 {CZi,i+1} fully local 17n 16n 15n 14n
B.6.3 n ≥ 6 {CZe, CZo} nearest-neighbor 28n 27n 24n 23n
B.6.4 n ≥ 6 {CZe, CZo} covariant 4-local 244n 242n 240n −

Table B.2: Summary of results of this section. Each row corresponds to a gate set and noise
model studied in one subsection.

5. Note that the Control-NOT (CNOT) and the Echoed Cross-Resonance (ECR) gates are all equivalent
to CZ up to single-qubit rotations. Our theory can similarly be applied to them.
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B.6.1 Single CZ, complete noise

We begin with a minimal example: n = 2, G = {CZ}. The goal is to learn the complete Pauli

noise model. Recall that the associated PTG for this model is given in Fig. B.1. Thanks

to Theorem 2.2, the parameter space X, gauge space T , and learnable space L are given by

(let G = CZ for notational simplicity),

• X: dim(X) = 21. Basis: {eS
u , eM

u , eG
a : u ̸= 00, a ̸= II}.

• T : dim(T ) = 3. Basis: {d10, d01, d11}.

• L: dim(L) = 18. Cycle basis:
{

eS
u + eM

u : u ∈ {01, 10, 11}
}

∪ {eS
pt(a) + eG

a + eM
pt(G(a)) : a ∈

P2\II}.

The learnable space for gate noise LG := L ∩ XG (which is the cycle space for the subgraph

of PTG with edges only for gate noise parameters) is spanned by the following cycle basis

{
eG

IZ , eG
ZI , eG

ZZ , eG
XX , eG

Y Y , eG
XY , eG

Y X ,

eG
XI + eG

XZ , eG
Y I + eG

Y Z , eG
XI + eG

Y Z , eG
IX + eG

ZX , eG
IY + eG

ZY , eG
IX + eG

ZY

}
.

(B.68)

We have dim(LG) = 13. Note that dim(XG) − dim(LG) = 2. This is because πG(d11) = 0,

which means the global depolarizing gauge does not change gate noise parameters. Only the

two single-qubit depolarizing gauges {d01, d10} changes gate parameters nontrivially. The

above basis for LG can be augmented to a basis of L by adding the following 5 rooted cycles,

{
eS

u + eM
u : u ∈ {01, 10, 11}

}
∪
{
eS

10 + eG
XI + eM

11 , eS
01 + eG

IX + eM
11
}

(B.69)

We remark that Eq. (B.68) was previously given in [CLO+23]. The new insight from our

theory is to include SPAM parameters as the target of learning, and to explicitly parameterize

the gauge degrees of freedom. We also note that [CLO+23] has presented experimental

designs to learn all of these gate parameters to relative precision. Concretely, any of the
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Figure B.8: Circuits for learning different types of cycles. (a) Circuits for learning all cycles
of a single CZ (and for certain cycles of the other models). Any cycles from Eq. (B.68) can
be learned by inputting an appropriate Pauli eigenstate to the upper or lower circuit and
measure the same Pauli observable. (b) Circuits for learning the 2-gate cycle from Eq. (B.71).
The evolution of the corresponding Pauli operators is shown in gray. (c) Circuits for learning
cycles from Eq. (B.75). (d) Circuits for learning for cycles from Eq. (B.76).

above parameters can be learned by concatenating CZ or CZ ◦ (
√

Z ⊗
√

Z) an even number

of time, input the correct Pauli eigenstate, and measurement in the correct Pauli eigenbasis.

See Fig. B.8 (a).

B.6.2 CZ’s on 1D ring, fully local noise

Let n > 2, consider the case where the n qubits are placed in an 1D ring, and one can

apply an CZ between any neighboring pair of qubits, i.e., G = {CZi,i+1 : i ∈ [n]}, where

the (i + 1)-th qubit is the same as the first qubit. Suppose the noise model is fully local

(c.f. Definition 2.24), using Theorem 2.5, we obtain the following characterization for the

learnability of this model (let Gi = CZi,i+1),

• XR: dim(XR) = 17n. Basis: {ϑS
j , ϑM

j , ϑGi
a : j ∈ [n], i ∈ [n], a ∈ P2\II}.

• TR: dim(TR) = n. Basis: {Q−1(d{i}) : i ∈ [n]}.

• LR: dim(LR) = 16n. Corresponding cycle basis: {eS
{i} + eM

{i} : i ∈ [n]} ∪ {eS
pt(a) +

eG
a + eM

pt(Gi(a)) : i ∈ [n], a ∈ P{i,i+1}\In}.

Note that Q−1 is well-defined when acting within the image of Q. For LR, instead of
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writing down a reduced cycle basis, we write down the corresponding cycle basis in L whose

connection to experiment design is more direct. Acting QT on that basis will give a reduced

cycle basis for LR.

Using the algorithms introduced in Sec. B.4.3, we can construct a reduced cycle basis for

the learnable spaces of gate parameters LG
R. In fact, there exists a basis where each basis

vector contains parameters of only one gate or two neighboring gates, as follows

• 1-gate (same as Eq. (B.68)):

{
ϑGi

IZ , ϑGi
ZI , ϑGi

ZZ , ϑGi
XX , ϑGi

Y Y , ϑGi
XY , ϑGi

Y X ,

ϑGi
XI + ϑGi

XZ , ϑGi
Y I + ϑGi

Y Z , ϑGi
XI + ϑGi

Y Z , ϑGi
IX + ϑGi

ZX , ϑGi
IY + ϑGi

ZY , ϑGi
IX + ϑGi

ZY : i ∈ [n]
}

.

(B.70)

• 2-gate: {
ϑGi

XI + ϑ
Gi+1
ZX : i ∈ [n]

}
. (B.71)

We have dim(LG) = 14n. The 1-gate basis vector can be learned by running the same

learning protocol for a single CZ in each consecutive 2-qubit subsystem, shown in Fig. B.8 (a);

The 2-gate basis can be learned using the circuits shown in Fig. B.8 (b) on each consecutive

3-qubit subsystem. By learning disjoint regions in parallel, a constant number of experiments

is sufficient to learn all the gate noise parameters. We also note that the above basis for LG
R

can be augmented to a basis for LR by adding the following 2n reduced cycles,

{
ϑS

j + ϑM
j : j ∈ [n]

}
∪
{

ϑS
j + ϑ

Gj
XI + ϑM

j + ϑM
j+1 : j ∈ [n]

}
. (B.72)
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B.6.3 CZ’s on ring, nearest-neighbor noise

Let n ≥ 6 be an even number. We again consider n qubits placed in an 1D ring, but this

time let the gate set be G = {Ge, Go} where

Ge = CZ1,2 ⊗ CZ3,4 ⊗ · · · ⊗ CZn−1,n, Go = CZ2,3 ⊗ CZ4,5 ⊗ · · · ⊗ CZn,1, (B.73)

and we assume the state preparation, measurement, and gate noise for both Ge, Go are all Ω-

local, with Ω associated with Ω∗ = {{i, i + 1} : i ∈ [n]}. The setup is illustrated in Fig. B.9.

This setup is essentially the one used in [KEA+23] for conducting an error-mitigated quantum

simulation task. It is thus of great interest to understand the learnability of this noise model.

Figure B.9: Illustration of the setup in Sec. B.6.3 with n = 12. (a) Qubit topology and noise
model. Each circle represents a qubit with their label annotated. Each diamond connects to
a maximal factor from Ω∗, specifying the nearest-neighbor noise model for both SPAM and
gate noises. (b), (c) Illustration of Ge, Go, respectively.

To begin with, this noise model is not gate-covariant in the sense of Definition 2.32. To see

this, consider the Pauli channel Λ′(ρ) = ηX2X3ρX2X3 + (1 − η)ρ with some η < 1/2, which

is Ω-local thanks to Lemma 2.36. We have GeΛ′G†
e = ηZ1X2X3Z4ρZ1X2X3Z4 + (1 − η)ρ,

which is not Ω-local, again by Lemma 2.36. Similarly for Go. This means we cannot directly

apply Theorem 2.6(c). In fact, we can show that the reduced gauge space is given by

TR = span{Q−1(d{j}) : j ∈ [n]}, i.e., only the single-qubit depolarizing gauges. Intuitively,

any (linear combination of) two-qubit depolarizing gauge transformation will violate the

Ω-local noise assumption of either Ge or Go. A formal proof is given in Appendix B.7.5.

153



Therefore, we obtain the following characterization of the model learnability,

• XR: dim(XR) = 28n. Basis: {ϑS
ν , ϑM

ν , ϑGe
a , ϑGo

a : ν ∈ Ω, a ∼ Ω}.

• TR: dim(TR) = n. Basis: {Q−1(d{i}) : i ∈ [n]}.

• LR: dim(LR) = 27n.

Note that the cardinality of {a ∈ Pn\In : a ∼ Ω} can be computed using the inclusion-

exclusion principle: (42 − 1)n − (4 − 1)n = 12n.

We have also found a reduced cycle basis for LG
R. To make the connection to experiments

more straightforward, we will write down a cycle basis that generates the reduced cycle basis

by applying QT on them (c.f. Definition 2.20). The cycle bases are divided into two parts,

depending on whether the basis vector involves one or two gates, as follows,

• 1-gate:

– For k = 1, ..., n
2 , similar as Eq. (B.68),

{eGe
I2k−1Z2k

, · · · , eGe
X2k−1I2k

+ eGe
X2k−1Z2k

, · · · }

∪{eGo
I2kZ2k+1

, · · · , eGo
X2kI2k+1

+ eGo
X2kZ2k+1

, · · · }
(B.74)

– For k = 1, ..., n
2 ,

{eGe
a + eGe

a′ : a ∈ P{2k,2k+1}, w(a) = 2, a′ = Ge(a)}

∪{eGo
a + eGo

a′ : a ∈ P{2k+1,2k+2}, w(a) = 2, a′ = Go(a)}
(B.75)

• 2-gate: For k = 1, · · · , n
2 ,

{
eGo

IXIXI{2k−1,··· ,2k+3}
+ eGe

IXZXZ{2k−1,··· ,2k+3}
+ eGo

ZXIXZ{2k−1,··· ,2k+3}
+ eGe

ZXZXI{2k−1,··· ,2k+3}

}
∪
{

eGo
IXIXI{2k,··· ,2k+4}

+ eGe
ZXZXI{2k,··· ,2k+4}

+ eGo
ZXIXZ{2k,··· ,2k+4}

+ eGe
IXZXZ{2k,··· ,2k+4}

}
(B.76)
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Eqs. (B.74), (B.75), (B.76) contributes 13n, 9n, n cycles, respectively, and is consistent with

the fact that dim(LG
R) = 23n. Elusive as they might look, each type of cycles corresponds

to an explicit family of experiment designs, as shown in Fig. B.8 (a), (c), (d), respectively.

The proof that the above cycles constitute a cycle basis for LG
R and a way to supplement

it into a complete basis for LR can be found in the Appendix of [CZJF24], and is omitted

in this thesis.

B.6.4 CZ’s on ring, covariant quasi-local noise

𝒢! 𝒢"

1 2 3 4 5

11 10 9 8 7

12 6

1 2 3 4 5

11 10 9 8 7

12 6

Figure B.10: The covariant quasi-local gate noise model from Sec. B.6.4. The left and right
shows Ωe, Ωo, respectively, with each diamond connecting to a maximal factor from Ωe

∗ (resp.
Ωo

∗).

Finally, we present a minimal example of quasi-local noise model that is gate-covariant.

Let n ≥ 6 be even. Consider the same gate set G = {Ge, Go} as in the last section. Assume

the SPAM noise is still Ω-local for Ω∗ = {{i, i + 1} : i ∈ [n]}. Assume the noise for Ge, Go is

ΩGe , ΩGo-local, respectively, where

ΩGe∗ = {{2k − 1, 2k, 2k + 1, 2k + 2} : k ∈ [n/2]},

ΩGo∗ = {{2k, 2k + 1, 2k + 2, 2k + 3} : k ∈ [n/2]}.

(B.77)

The factor graphs for each noise model are given in Fig. B.10. The fact that this model is

gate-covariant follows from Lemma 2.33. Indeed, each maximal factor is weight-4, containing

exactly the support of two neighboring CZ. Consequently, Theorem 2.6 gives us that

• XR: dim(XR) = 244n. Basis: {ϑS
ν , ϑM

ν , ϑGe
a , ϑGo

b : ν ∈ Ω, a ∼ ΩGe , b ∼ ΩGo}.
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• TR: dim(TR) = 2n. Basis: {Q−1(dν) : ν ∈ Ω}.

• LR: dim(LR) = 242n. Corresponding cycle basis: {eS
ν + eM

ν : ν ∈ Ω} ∪ {eS
pt(a) + eG

a +

eM
pt(G(a)) : G ∈ {Ge, Go}, a ∼ ΩG}.

Note that the cardinality of {a ∈ Pn\In : a ∼ ΩGe} can again be computed using the

inclusion-exclusion principle: n
2 × (44 − 42) = 120n. One can see that a linear number of

experiments that involves measuring at most weight-4 Pauli observables is sufficient to learn

the whole noise model. It is also not hard to see that, by paralleling many of the experiments,

a constant number of experiments would also suffice.

We will not pursue a reduced cycle basis for LG
R in this example due to its complexity,

and leave this for future investigation.

B.7 Technical Details

B.7.1 Proof of Theorem 2.1

The proof follows [CLO+23, App. D] with some modification to fit in our framework.

Proof of Theorem 2.1(a). For any experiment F , we need to find a finite set of rooted cycles

(i.e., linear functions corresponding to a rooted cycle) {fj}M
j=1 and a function F̂ such that

F (x) = F̂ (f1(x), · · · , fM (x)), ∀x ∈ X. (B.78)

By definition, F (x) is a 2n-dimensional real vector such that Fk(x) = Tr[ẼkC̃(ρ̃0)] where

the noisy initial state, circuit, and POVM element are determined by the noise parameter

x. Expanding the SPAM noise parameters yields

Fk(x) = 1
4n

∑
u,u′∈{0,1}n

(−1)k·u′
λM

u′ λS
u Tr

[
Zu′

C̃(Zu)
]

. (B.79)
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On the other hand, any noisy circuit C satisfying our assumptions can be written as

C̃ = U (m) ◦ G̃m ◦ · · · ◦ U (1) ◦ G̃1 ◦ U (0), (B.80)

where each U (i) = ⊗n
l=1 U (i)

l is a layer of parallel single-qubit gate, and each G̃i is the noisy

realization of a Clifford gate Gi from our gate set G. Note that consecutive layers of single-

qubit gates can always be merged into a single layer, and we have assumed single-qubit gate

to be noiseless, so the above form of C̃ is indeed general.

An important property for single-qubit gate layers is that, even if they are non-Clifford,

they always preserve the pattern of an input Pauli operator. That is,

U (i)(Pa) =
∑

b:pt(b)=pt(a)
c
(i)
b,aPb, ∀Pa ∈ Pn, (B.81)

for some real coefficients c
(i)
b,a. This comes from the fact that any single-qubit unitary channel

is trace-preserving and unital. Thanks to this property, the action of C̃ on any input Pauli
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operator can be expressed as

C̃(Pa) = (U (m) ◦ G̃m ◦ · · · ◦ U (1) ◦ G̃1 ◦ U (0))(Pa)

= (U (m) ◦ G̃m ◦ · · · ◦ U (1) ◦ G̃1)

 ∑
b0:pt(b0)=pt(a)

c
(0)
b0,aPb0


= (U (m) ◦ G̃m ◦ · · · ◦ U (1))

 ∑
b0:pt(b0)=pt(a)

c
(0)
b0,aλG1

b0
PG1(b0)



= (U (m) ◦ G̃m ◦ · · · ◦ U (2))


∑

b0:pt(b0)=pt(a),
b1:pt(b1)=pt(G1(b0))

c
(1)
b1,G1(b0)c

(0)
b0,aλG2

b1
λG1

b0
PG2(b1)


= · · ·

=
∑

b0:pt(b0)=pt(a),
b1:pt(b1)=pt(G1(b0)),

...
bm:pt(bm)=pt(Gm(bm−1))

c
(m)
bm,Gm(bm−1) · · · c

(1)
b1,G1(b0)c

(0)
b0,aλGm

bm−1
· · · λG2

b1
λG1

b0
Pbm

.

(B.82)

Now, substitute this back into the expression of Fk(x),

Fk(x)

=
∑

u,u′∈{0,1}n,
b0:pt(b0)=pt(u),

b1:pt(b1)=pt(G1(b0)),
...

bm:pt(bm)=pt(Gm(bm−1))

(−1)k·u′

4n
c

(m)
bm,Gm(bm−1) · · · c

(1)
b1,G1(b0)c

(0)
b0,aλM

u′ λGm
bm−1

· · · λG2
b1

λG1
b0

λS
u Tr

[
Zu′

Pbm

]

=
∑

u∈{0,1}n,
b0:pt(b0)=pt(u),

b1:pt(b1)=pt(G1(b0)),
...

bm:pt(bm)=pt(Gm(bm−1))

(−1)k·pt(bm)

2n
c

(m)
bm,Gm(bm−1) · · · c

(0)
b0,aλM

pt(bm)λ
Gm
bm−1

· · · λG1
b0

λS
u 1[Zpt(bm) = Pbm ].

(B.83)

Let us look at the indexes of the summation. For u = 0, we must have bm = · · · = b0 = I,

and the corresponding term in the sum becomes 1/2n that is a constant; For u ̸= 0, we must

have bi ̸= I for all i, and the corresponding term in the sum depends on the noise parameters
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via

λM
pt(bm)λ

Gm
bm−1

· · · λG2
b1

λG1
b0

λS
u = exp

(
−
(
xM

pt(bm) + xGm
bm−1

+ · · · + xG1
b0

+ xS
u

))
=: exp

(
−fb,u(x)

)
,

(B.84)

where fb,u is a linear function of x. What’s more, thanks to the restriction of (b0, · · · , bm),

one can see that fb,u is actually a rooted cycle in the pattern transfer graph. Therefore,

Fk(x) (and thus F (x)) is indeed determined by {fb,u(x)}b,u consisting of finitely many

rooted cycles. This completes the proof of Theorem 2.1(a).

The following proof again comes from [CLO+23] with minor modification, and is pre-

sented here for completeness.

Proof of Theorem 2.1(b). For any rooted cycles f , we need to find an experiment F and a

function f̂ such that

f(x) = f̂(F (x)), ∀x ∈ X. (B.85)

A generic rooted cycle f of depth m takes the following form (here, we write down the

vertices for clarity, though they are not needed to define a cycle),

(vR, xS
b0 , vb0 , xG1

P1
, vb1 , xG2

P2
, · · · , xGm

Pm
, vbm

, xM
bm

, vR),

s.t. bi−1 = pt(Pi), pt(Gi(Pi)) = bi, ∀i = 1, · · · , m.

(B.86)

Consider the following noisy circuit

C̃ = U (m) ◦ G̃m ◦ · · · ◦ U (1) ◦ G̃1 ◦ U (0),

where U (i) ≡
n⊗

j=1
U (i)

j is Clifford, and satisfies



U (0)(Zb0) = P1;

U (i)(Gi(Pi)) = Pi+1, ∀i = 1, · · · , m − 1;

U (m)(Gm(Pm)) = Zbm .

(B.87)
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Note that, thanks to the constraints from Eq. (B.86), the above requirements for U (i) are

literally mapping one Pauli operator to another with the same pattern, thus can indeed be

achieved by a layer of single-qubit Clifford gates.

This circuit yields the following experiment (i.e., experimental outcome distribution)

Fk(x) = Tr[ẼkC̃(ρ̃0)] = 1
4n

∑
u,u′∈{0,1}n

(−1)k·u′
λM

u′ λS
u Tr

[
Zu′

C̃(Zu)
]

, ∀k ∈ {0, 1}n.

(B.88)

Compute the following function of experimental outcome (which is, intuitively, the expecta-

tion value of Zbm on the equivalent noisy state right before a perfect measurement)

∑
k∈{0,1}n

(−1)k·bmFk(x) = 1
4n

∑
k,u,u′

(−1)k·(bm+u′)λM
u′ λS

u Tr
[
Zu′

C̃(Zu)
]

= 1
2n

∑
u

λM
bm

λS
u Tr

[
Zbm C̃(Zu)

]
= 1

2n

∑
u

λM
bm

λGm
Pm

· · · λG1
P1

λS
u Tr

[
Zb0Zu

]
= λM

bm
λGm

Pm
· · · λG1

P1
λS

b0

= exp
(
−
(
xS

b0 + xG1
P1

+ · · · + xGm
Pm

+ xM
bm

))
≡ exp (−f(x)) .

(B.89)

The third line is obtained by acting C̃† on Zbm inside the trace, and then evolve Zbm

backwards according to the definition of C̃ from Eq. (B.87). As a result, we have

f(x) = − log

 ∑
k∈{0,1}n

(−1)k·bmFk(x)

 . (B.90)

This completes the proof of Theorem 2.1(b). Recall that this means any rooted cycle f can

be learned from a single experiment F .
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B.7.2 Proof of Theorem 2.3

Proof. We first show that TR = Ker(P ◦ Q). For any experiment F , Theorem 2.1(b) implies

that there exists some function F̂ such that F (Q(r)) = F̂ (P ◦ Q(r)) for all r ∈ XR. Thus,

for any t ∈ Ker(P ◦ Q),

F (Q(r + ηt)) = F̂ (P ◦ Q(r + ηt)) = F̂ (P ◦ Q(r)) = F (Q(r)), ∀r ∈ XR, ∀η ∈ R. (B.91)

The second equality uses linearity of P◦Q. The above means t ∈ TR by definition. Therefore,

Ker(P ◦ Q) ⊆ TR; On the other hand, for any t /∈ Ker(P ◦ Q), Q(t) /∈ Ker(P), which means

there is at least one fi such that fi(Q(t)) ̸= 0. Now, Theorem 2.1(b) says that there exists

an experiment Fi and a function f̂i such that fi(Q(t)) = f̂i(Fi(Q(t))) for all r. Thus

fi(Q(t)) ̸= 0 ⇒ fi(Q(r)) ̸= fi(Q(r + t)), ∀r ∈ XR,

⇒ f̂i(F (Q(r))) ̸= f̂i(F (Q(r + t))), ∀r ∈ XR,

⇒ F (Q(r)) ̸= F (Q(r + t)), ∀r ∈ XR,

(B.92)

where the first line uses linearity of fi and Q. This means t /∈ TR. Therefore, TR ⊆

Ker(P ◦ Q). This proves that TR = Ker(P ◦ Q).

We then show that LR = Im(QT ◦ PT). For any f ∈ Im(QT ◦ PT), there exists some

linear function h : R|Z| 7→ R such that f(r) = QT ◦ PT(h)(r) ≡ h(P ◦ Q(r)), ∀r ∈ XR.

Theorem 2.1 implies that each entry of P(Q(r)) can be learned from some experiments,

thus f ∈ LR. This means Im(QT ◦ PT) ⊆ LR; On the other hand, LR ⊥ TR, according

to similar arguments as in Lemma 2.8. We have shown TR = Ker(P ◦ Q), thus LR ⊆

Im(QT ◦ PT) thanks to the orthogonality between kernel and adjoint image. This proves

that LR = Im(QT ◦ PT).
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B.7.3 Additional proofs for Sec. B.4

Proof of Lemma 2.27

Proof. Since #{ds}s = dim(T ) = 2n − 1 (recall that the PTG is strongly connected thanks

to the root vertex), we only need to show the completeness of {ds}s. It is sufficient to show

that {ds}s can express the canonical cut basis yz generated by cutting off a single vertex

V0 = {vz} for all non-zero bit string z. (Note that the root node gives a redundant degree

of freedom and can thus be ignored). By definition, we have

ds = −
∑
z
1[zs ̸= 0]yz. (B.93)

For two n-bit string s, t we write t ⪯ s if ti = 0 for any index i such that si = 0. Let s̄

denote the bitwise flip of s (e.g., 1101 = 0010). We claim the following relation holds,

yz =
∑

s̸=0:z̄⪯s

(−1)|s|−|z̄|ds, ∀z ̸= 0. (B.94)

This is basically a consequence of the inclusion-exclusion principle. To see this, thanks to

Eq. (B.93),
R.H.S. = −

∑
s̸=0:z̄⪯s

(−1)|s|−|z̄| ∑
t:ts ̸=0

yt

= −
∑
t

∑
s:z̄⪯s, s̸⪯t̄

(−1)|s|−|z̄|yt

=
∑
t

∑
s:z̄⪯s⪯t̄

(−1)|s|−|z̄|yt

=
∑
t

1[z̄ ⪯ t̄]
|t̄|−|z̄|∑
k=0

(−1)k

(
|t̄| − |z̄|

k

)
yt

=
∑
t

1[z̄ ⪯ t̄]1[|t̄| − |z̄| = 0]yt

= yz.

(B.95)
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The order change of sum in the second line uses the fact that ts ̸= 0 is equivalent to s ̸⪯ t̄,

and that 0 ⪯ t̄ for any t, so we can drop the constraint s ̸= 0. The third line uses the

following

∑
s:z̄⪯s⪯t

(−1)|s|−|z̄| +
∑

s:z̄⪯s, s̸⪯t

(−1)|s|−|z̄| =
∑

s:z̄⪯s

(−1)|s|−|z̄| =
n−|z̄|∑
k=0

(
n − |z̄|

k

)
(−1)k = 0.

(B.96)

Note that z ̸= 0 implies n − |z̄| > 0. The fifth line uses the Binomial theorem. This proves

Eq. (B.94), and thus establishes the fact that the SDG’s {ds}s form a basis for T and U .

Proof of converse part of Theorem 2.5(b)

Proof. Let (XR, Q) satisfies a fully local noise model for gate G. Define

T0 := {z ∈ T : zG ∈ ImQG},

D0 := span{ds : s ⊂ supp(G) or s ⊇ supp(G) or s ∩ supp(G) = ∅}.

(B.97)

It has been proved that T0 ⊇ D0. Now, assume that Ĝ induces a connected pattern transfer

subgraph. Let k = |G| and assume G supports on the first k qubits, without loss of generality.

By definition, any zG ∈ ImQG satisfies

zG
b⊕c1

= zG
b⊕c2

, ∀b ∈ Pk\{Ik}, ∀c1, c2 ∈ Pn−k. (B.98)

Here ⊕ means concatenation of bit string, i.e., Pb⊕c = Pb ⊗ Pc. Equivalently, z · (eG
b⊕c1

−

eG
b⊕c2

) = 0. Now, let us pick a set of k-qubit Paulis {bj ∈ Pk\{I}}2k−2
j=1 such that the set of

edges {eG
bj⊕0}2k−2

j=1 , viewed as undirected, form a spanning tree for the subgraph of vertices

{t ⊕ 0n−k ∈ V : t ∈ {0, 1}k, t ̸= 0k}. Such a choice always exists, as we have assumed

that the pattern transfer subgraph of Ĝ is strongly connected. Next, consider the following
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vectors

kj,c := eG
bj⊕I − eG

bj⊕c, ∀j = 1, · · · , 2k − 2, ∀c ∈ Pn−k\{I}. (B.99)

It is not hard to see {kj,c} forms a linearly-independent set, as each eG
bj⊕c (c ̸= I) appears

in exactly one kj,c. Let K := span{kj,c}. We thus have

dim(K) = (2k − 2) × (2n−k − 1) = 2n − 2k − 2n−k+1 + 2 (B.100)

Since K supports on a union of spanning trees, the intersection between K and the cycle

space Z must be trivial, i.e., K ∩Z = {0} (see e.g., [Ber01]). Meanwhile, one has T0 ⊥ K by

Eq. (B.98) and T0 ⊥ Z by the orthogonality between cycle space and cut space. Combining

all of these, we have X ⊇ T0 ⊕ K ⊕ Z, and that

dim(T0) ≤ dim(X) − dim(Z) − dim(K)

= dim(T ) − dim(K)

= 2k + 2n−k+1 − 3.

(B.101)

The second line uses the fact that T is the complement of Z in X. On the other hand, by

directly counting the number of SDG’s in D0, we have dim(D0) = (2k −2)+2n−k +(2n−k −

1) ≥ dim(T0). Since we have shown T0 ⊇ D0, we conclude D0 = T0. This completes our

proof.

B.7.4 About quasi-local Pauli channels

Throughout this section, when we talk about a Pauli channel, we always assume all of its

eigenvalues to be strictly positive, so that xa = − log λa is well-defined.

Lemma 2.35. Let Ω = 2[n]\∅. Then any n-qubit Pauli channel is Ω-local.

Proof. For any set of parameters {xa : a ∈ Pn}, we claim there always exist {rb : b ∈ Pn}
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such that,

xa =
∑
b◁a

rb, ∀a ∈ Pn. (B.102)

rb =
∑
a◁b

(−1)w(a)−w(b)xa, ∀b ∈ Pn. (B.103)

Indeed, substituting the second expression into R.H.S. of the first yields

∑
b◁a

∑
c◁b

(−1)w(c)−w(b)xc =
∑
c◁a

xc
∑

b:c◁b◁a

(−1)w(c)−w(b)

=
∑
c◁a

xc

|w(a)−w(c)|∑
k=0

(
w(a) − w(c)

k

)
(−1)k

=
∑
c◁a

xc1[w(a) = w(c)]

= xa.

(B.104)

The first line changes the order of summation. The third line uses the binomial theorem.

Further note that xIn
= 0 ⇔ rIn

= 0. Since any Pauli channel is trace-preserving (i.e.,

xIn
= 0), it is 2[n]\∅-local by choosing rb according to Eq. (B.103).

The following Lemma explains the equivalence between the quasi-local Pauli channels we

consider and the sparse Pauli-Lindblad noise model. We note that basically the same results

are given by [VDBMKT23, Theorem SIV.1].

Lemma 2.36. Given an n-qubit Pauli channel Λ and a factor set Ω, if Λ can be written in

the following concatenating form

Λ(·) = ⃝
b∼Ω

(ηbPb(·)Pb + (1 − ηb)(·)) , (B.105)

with real parameters {ηb}b∼Ω such that ηb < 1/2, ∀b ̸= In, then Λ is Ω-local. Conversely,

any Ω-local Pauli channel can be written in the above form.
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Proof. Suppose Eq. (B.105) holds. By definition of the Pauli eigenvalues,

λa = Tr[PaΛ(Pa)]/2n =
∏

b∼Ω
(1 − 2ηb)⟨a,b⟩. (B.106)

Taking a log on both sides yields (recall that we require ηb < 1/2)

xa := − log(λa) = −
∑
b∼Ω

⟨a, b⟩ log(1 − 2ηb) =:
∑
b∼Ω

⟨a, b⟩τb, (B.107)

where we define τb := − log(1−2ηb). On the other hand, recall {rb} as defined in Eq. (B.103).

Substituting Eq. (B.107) into the expression of rb yields,

rb =
∑
c∼Ω

∑
a◁b

(−1)w(a)−w(b)⟨a, c⟩τc. (B.108)

Now we claim that rb = 0 unless b ∼ Ω. If the condition does not hold, for any c ∼ Ω, there

is at least one i ∈ [n] such that ci = I but bi ̸= I. For any a ◁ b such that ai = I, let ã be

obtained by replacing the ith entry of a by bi. Then we obviously have

(−1)w(a)−w(b)⟨a, c⟩ + (−1)w(ã)−w(b)⟨ã, c⟩ = 0.

Further note that {a ∈ Pn : a ◁ b} can be decomposed into disjoint pairs of the above form

(a, ã), we thus conclude that rb must be 0, justifying our claim. We can thus rewrite the

expression for x as

xa =
∑

b◁a,b∼Ω
rb, (B.109)

depending on a set of real parameters {rb}b∼Ω. Exponentiating both sides yields,

λa =
∏

b◁a,b∼Ω
exp(−rb). (B.110)
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This completes the proof that Λ is Ω-local.

Conversely, let us assume that Λ is Ω-local, i.e., Eq. (B.109) holds. Define τb according

to

τb := 1[b ̸= In] · −2
4n

∑
a

(−1)⟨a,b⟩xa, ∀b ∈ Pn, (B.111)

which gives us xa = ∑
b ⟨a, b⟩τb. Indeed,

∑
b

⟨a, b⟩τb = − 2
4n

∑
b ̸=In

⟨a, b⟩
∑
c

(−1)⟨c,b⟩xc

= − 2
4n

∑
b ̸=In

1 − (−1)⟨a,b⟩

2
∑
c

(−1)⟨c,b⟩xc

= 1
4n

∑
c

xc
∑

b ̸=In

(
−(−1)⟨c,b⟩ + (−1)⟨a+c,b⟩)

=
∑
c

xc (−1[c = In] + 1[c = a])

= xa − xIn
,

(B.112)

which is just xa since xIn
= 0 by the trace preserving condition. Now substituting Eq. (B.109)

into Eq. (B.111), considering only b ̸= In,

τb = − 2
4n

∑
a

(−1)⟨a,b⟩ ∑
c◁a,c∼Ω

rc

= − 2
4n

∑
c∼Ω

rc
∑

a:c◁a
(−1)⟨a,b⟩.

(B.113)

We claim that τb = 0 unless b ∼ Ω. Similar to the previous case, if b ∼ Ω does not hold, for

any c ∼ Ω there exists an index i such that ci = I but bi ̸= I. Consequently, exactly half

of the Pauli operators from {a : c ◁ a} commute with b while the other half anti-commute

with b, depending on whether ai commutes with bi. Thus, the above sum always yields zero,

proving our claim. By setting ηb = (1 − exp(−τb))/2 for all b ∼ Ω, we see Eq. (B.105) is a

valid representation for Λ. This completes our proof.
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We are now ready to give a proof for Lemma 2.33.

Proof for Lemma 2.33. Thanks to Lemma 2.36, any Ω-local Pauli channel Λ can be written

in the form of Eq. (B.105). Conjugate Λ with G yields,

GΛG† = ⃝
b∼Ω

(
ηbG

(
Pb(G†(·))Pb

)
+ (1 − ηb)(·)

)
= ⃝

b∼Ω

(
ηbPG(b)(·)PG(b) + (1 − ηb)(·)

)
.

(B.114)

If one can show that G is a permutation acting on {b : b ∼ Ω}, by simple relabeling one can

see GΛG† also has the form of Eq. (B.105) and is thus Ω-local. For any b ∼ Ω, there must

be a ν ∈ Ω such that supp(b) = ν. it is not hard to see that

supp(G(b)) ⊆ ΞG(ν). (B.115)

By assumption, ΞG(ν) ∈ Ω, thus supp(G(b)) ∈ Ω by the property of Ω, which means G(b) ∼

Ω. Since G is invertible, this completes the proof that G acts as a permutation over {b : b ∼

Ω}, and thus proving GΛG† is Ω-local. Since the same argument holds by replacing G with

G†, this completes the proof of Lemma 2.33.

B.7.5 Additional proofs for Sec. B.6.3

Gauge in the nearest-neighbor CZ model

Proposition 2.37. For the gate set and noise model described in Sec. B.6.3, the embedded

gauge space is given by Q(TR) = span{d{i} : i ∈ [n]}.

Proof. Since both state preparation and measurement noise are Ω-local, Theorem 2.6(a)
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says,

{z ∈ T : πS(z) ∈ ImQS , πM (z) ∈ ImQM } = span{dν : ν ∈ Ω}

= span{d{i}, d{i,i+1} : i ∈ [n]}.

(B.116)

Then, by Lemma 2.23,

Q(TR) = span{d{i}, d{i,i+1} : i ∈ [n]} ∩ {z ∈ T : πGe(z) ∈ ImQGe , πGo(z) ∈ ImQGo}

=
{
z ∈ span{d{i}, d{i,i+1} : i ∈ [n]} : πGe(z) ∈ ImQGe , πGo(z) ∈ ImQGo

}
.

(B.117)

We are going to show that

{
z ∈ span{d{i}, d{i,i+1} : i ∈ [n]} : πGe(z) ∈ ImQGe

}
= span

{
{d{i} : i ∈ [n]} ∪ {d{2k−1,2k} : k ∈ [n/2]}

}
, (B.118){

z ∈ span{d{i}, d{i,i+1} : i ∈ [n]} : πGo(z) ∈ ImQGo

}
= span

{
{d{i} : i ∈ [n]} ∪ {d{2k,2k+1} : k ∈ [n/2]}

}
, (B.119)

which would then implies Q(TR) = span{d{i} : i ∈ [n]}. Let us look at Eq. (B.118) first.

To see L.H.S. ⊇ R.H.S., note that G†
eD{i}GeD−1

{i} and G†
eD{2k−1,2k}GeD−1

{2k−1,2k} are both

clearly Ω-local for all i ∈ [n], k ∈ [n/2]. Here Dν is the subsystem depolarizing channel

on ν defined in Eq. (B.34). Using the same argument as in the proof of Theorem 2.6(b),

we can conclude those SDGs are indeed allowed. To see L.H.S. ⊆ R.H.S, it remains to

show that span{d{2k,2k+1} : k ∈ [n/2]} ∩ L.H.S. = {0}. Consider any vector of the form

z = ∑
k∈[n/2] αkd{2k,2k+1}. By definition of the SDG,

zGe
a := eGe

a · z =
∑

k∈[n/2]
αk

(
1[pt(G(a)){2k,2k+1} ̸= 00] − 1[pt(a){2k,2k+1} ̸= 00]

)
. (B.120)

Suppose πGe(z) ∈ ImQGe , then zGe
a = ∑

b◁a,b∼Ω tb for some parameters tb. Specifically, for
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any k ∈ [n/2], if we choose a = X2k−1X2k+3, since {2k − 1, 2k + 3} /∈ Ω given that n ≥ 6,

we have

zGe
X2k−1X2k+3

= zGe
X2k−1

+ zGe
X2k+3

. (B.121)

On the other hand, Eq. (B.120) gives (see Fig. B.11 for how these are computed)

zGe
X2k−1X2k+3

= αk−1(1 − 1) + αk(1 − 0) + αk+1(1 − 1) = αk.

zGe
X2k−1

= αk−1(1 − 1) + αk(1 − 0) = αk.

zGe
X2k+3

= αk+1(1 − 1) + αk(1 − 0) = αk.

(B.122)

But this means αk must be 0, which finishes the proof that span{d{2k,2k+1} : k ∈ [n/2]} ∩
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Figure B.11: Illustration for calculations of zGe
a where (a) a = X2k−1X2k+3, (b) a = X2k−1,

and (c) a = X2k+3, respectively. The labels of qubits and the corresponding coefficient
αk is shown in the leftmost side. The shaded region represents a non-zero pattern in each
{2k, 2k + 1} subsystem, for both a and Ge(a).

L.H.S. = {0}. Eq. (B.119) can be proved similarly by cyclically shifting every index by 1.

Combining everything, we complete the proof that Q(TR) = span{d{i} : i ∈ [n]}.
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APPENDIX C

APPENDICES TO CHAPTER 5

C.1 Details of EMEEL protocol

The procedure of EMEEL is described in Algorithm 2. In the input parameters, D =

[d1, · · · , d|D|] is a list of circuit depths. We require each di to be an integer multiple of d0.

See the next section for how to choose D. NC , NS are number of random circuits per depth

and number of measurement shots per circuit, respectively. The unprimed, primed version

are parameters for EEL and AuxEFL, respectively; Q = [a1, · · · , a|Q|] ⊆ Pn is set of queries

of Pauli fidelities. The protocol will return an estimator λ̂a to the symmetrized Pauli fidelity

λ̄a for each a ∈ Q.

Algorithm 2 EMEEL
Input: NC , NS , D, N ′

C , N ′
S , D′, Q.

1: µEEL = CollectEEL(NC , NS , D)
2: kAuxEFL = CollectAuxEFL(N ′

C , N ′
S , D′)

3: for a ∈ Q do
4: λ̂EEL,a := FitEEL(µEEL, a)
5: λ̂AuxEFL,pt(a) := FitAuxEFL(kAuxEFL, pt(a))
6: λ̂a := λ̂EEL,a/λ̂AuxEFL,pt(a)
7: return {λ̂a}a∈Q.

The subroutines used for EMEEL are described in Algorithm 3-4. SampleGateSe-

quence generates a randomized gate sequence containing d layers of G. Here {Pai} are

the Pauli twirling gates while {Ci} are the local-Clifford twirling gates. The Pα and Pβ

are Pauli gates for measurement twirling. The identity gate will be experimentally imple-

mented as a dynamical decoupling sequence that suppresses idling noise and system-ancilla

crosstalk [SLT+24]. CollectEEL calls SampleGateSequence as a subroutine to con-

struct EEL experiments. Note that, µd,i,j defined in Line 14 is the “twirling-corrected”
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Algorithm 3 Subroutines for EMEEL (Data Collection)
1: procedure SampleGateSequence(d)
2: Uniformly sample d layers of single-qubit Clifford gates C1, · · · , Cd and d + 2 Pauli

gates Pa1 , · · · , Pad , Pα, Pβ .
3: Cend := PαC

†
1C

†
2 · · · C

†
d.

4: Pend := PβGd(Pa1)Gd−1(Pa2) · · · G(Pad).
5: Define T to be the following gate sequence

· · ·
· · ·

C1 I C2 Cd I Cend
Pa1 G Pa2 Pad G Pend

6: return T , α, β

7:
8: procedure CollectEEL(NC , NS , D)
9: for d ∈ D do

10: for i = 1 · · · NC do
11: T , α, β := SampleGateSequence(d)
12: for j = 1 · · · NS do
13: Prepare |Φ⟩, apply T , measure in {|Φν⟩}. Denote outcome as ν.
14: µd,i,j := ν + α + β ∈ Pn ∼= Z2n

2 .
15: return µ := {µd,i,j}
16:
17: procedure CollectAuxEFL(NC , NS , D)
18: for d ∈ D do
19: for i = 1 · · · NC do
20: T , α, β := SampleGateSequence(d)
21: for j = 1 · · · NS do
22: Prepare |0⟩⊗2n, apply T , measure ancilla in {|l⟩}. Denote outcome as l.
23: kd,i,j := l + αx ∈ Zn

2 .
24: return k := {kd,i,j}
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Algorithm 4 Subroutines for EMEEL (Data Processing)
1: procedure FitEEL(µ, a)
2: Obtain NC , NS , D from µ.
3: for d ∈ D do
4: f̂d := 1

NCNS

∑
i,j(−1)⟨µ,a⟩

5: Fit {f̂d} to fd = α̂EEL
a (λ̂EEL

a )d.
6: return λ̂EEL

a

7:
8: procedure FitAuxEFL(k, s)
9: Obtain NC , NS , D from k.

10: for d ∈ D do
11: f̂d := 1

NCNS

∑
i,j(−1)k·s

12: Fit {f̂d} to fd = α̂AuxEFL
s (λ̂AuxEFL

s )d.
13: return λ̂AuxEFL

s

measurement outcome taking into account Pα, Pβ . Similar for CollectAuxEFL. The αx

in Line 23 is the “X part” of the Pauli operator as defined in Eq. (2.2). Finally, FitEEL

and FitAuxEFL extract the fidelity per layer via curve fitting to cancel the SPAM noise,

as is standard for RB-type methods [KLR+08, MGE11, FW20].

C.2 Proof for the correctness of EMEEL

Proposition 3.1. For any a, λ̂a given by EMEEL is a consistent (i.e., asymptotically unbi-

ased) estimator for λ̄a.

To prove this claim, note that EMEEL consists of two subroutines, EEL and AuxEFL,

which generate an estimator for λanc
a λ̄a and λanc

a , respectively. Here we assume G is fixed

and omit the corresponding superscript. The estimator of EMEEL is then given by the

ratio of these two estimators. Therefore, we just need to show both EEL and AuxEFL give

consistent estimators. This again reduces to showing the fidelity estimator at depth d is an

unbiased estimator.
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Notations. Let {|j⟩}2n−1
j=0 denote the n-qubit computational basis. Define the canonical

Bell state |Φ⟩ := ∑2n−1
j=0 |jj⟩ /

√
2n. The Bell basis {|Φ⟩ν}ν∈Pn is defined as |Φ⟩ν := I⊗Pν |Φ⟩,

which forms a orthonormal basis for the 2n-qubit Hilbert space. In the PTM representation,

the n-qubit Bell states are given by

|Φv⟩⟩ = Pv ⊗ 1|Φ+⟩⟩ = 1
4n

∑
u∈Z2n

2

(−1)⟨u,v⟩|Pu ⊗ P T
u ⟩⟩, ∀v ∈ Z2n

2 , (C.1)

which forms a complete basis on H22n . Also, we use |j⟩⟩ to denote the vectorization of the

computational basis state |j⟩⟨j| for j = 1 · · · 2n − 1.

Denote the state preparation and measurement noise channels as ES and EM, respectively.

Note that both of them acts on 2n-qubits. Their Pauli eigenvalues is defined by ξS
a and ξM

a

for any 2n-qubit Pauli operator a. Use Cj(·) := Cj(·)C†
j , Pj(·) := Pj(·)P †

j to denote the

corresponding unitary channel of the Pauli/Clifford twirling gates.
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Consistency of EEL. Let us compute the probability of getting corrected measurement

outcome z, averaged over random circuits at depth d,

Pr[z]

=E⟨⟨Φ̃z+α+β|PAS
α,β

Cend

1∏
j=d

ΛancCj

A

⊗

Pend

1∏
j=d

ΛGPj

S

|Φ̃+⟩⟩

= ⟨⟨Φz|
(
Eα,βPα,βEMPα,β

)AS

 1∏
j=d

EC′
j
C

′†
j ΛancC′

j

A

⊗

 1∏
j=d

EP ′
j
P ′

jΛP ′
jG

S

|Φ̃+⟩⟩

= ⟨⟨Φz|
∑

a1,a2∈Pn

ξM
a1,a2 |σa1,a2⟩⟩⟨⟨σa1,a2 |AS

 1∏
j=d

∑
a1∈Pn

λanc
pt(a1)|σa1⟩⟩⟨⟨σa1 |

A

⊗

 1∏
j=d

∑
a2∈Pn

λa2 |σa2⟩⟩⟨⟨σa2 |G

S

|Φ̃+⟩⟩

= 1
2n

∑
a∈Pn

(−1)⟨a,z⟩ξM
a,a⟨⟨σa,a|AS

 ∑
a1∈Pn

(λanc
pt(a1))

d|σa1⟩⟩⟨⟨σa1 |

A

⊗

 ∑
a2∈Pn

(λa2λG†(a2) · · · λG†d−1(a2))|σa2⟩⟩⟨⟨σa2 |

S

|Φ̃+⟩⟩

= 1
2n

∑
a∈Pn

(−1)⟨a,z⟩ξM
a,a(λanc

pt(a))
dλ̄d

a⟨⟨σa,a|Φ̃+⟩⟩

= 1
4n

∑
a∈Pn

(−1)⟨a,z⟩ξM
a,a(λanc

pt(a))
dλ̄d

aξS
a,a

≡ 1
4n

∑
a∈Pn

(−1)⟨a,z⟩ξa,a(λanc
pt(a))

dλ̄d
a.

(C.2)

Recall that σa = Pa/
√

2n is the normalized Pauli operator, and we write σa1,a2 := σa1 ⊗σa2 .

In the second line, we use the following change of variables

C ′
j := CjCj−1 · · · C1, P ′

j := G(Pj)G2(Pj−1) · · · Gj(P1), ∀j = 1, · · · , d, (C.3)
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which does not change the average thanks to the unitary invariance of the Haar measure.

We also use the following fact of the noisy Bell measurement POVM

⟨⟨Φ̃z+α+β | = 1
2n

∑
a∈Pn

(−1)⟨a,z+α+β⟩⟨⟨σa,a|EM

= 1
2n

∑
a∈Pn

(−1)⟨a,z⟩⟨⟨σa,a|Pα,βEM.

(C.4)

The third line uses the property of Pauli and local Clifford twirling (see e.g. [GCM+12b]).

Note that Pauli twirling yields general Pauli channels, while local Clifford twirling yields

Pauli channels of which the Pauli eigenvalues only depends on the pattern of the Pauli

operator.

From Eq. (C.2) and the Walsh-Hadamard transform, we see that f̂a(d)[z] := (−1)⟨z,a⟩

is an unbiased estimator for ξa,a(λanc
pt(a))

dλ̄d
a, for any a ∈ Pn. Thus, by picking different d,

averaging the estimators over different random circuits and measurement shots, then fitting

to the single exponential decay model ξ̂EEL
a,a (λ̂EEL

a )d, we obtain λ̂EEL
a as an consistent estimator

for λanc
pt(a)λ̄a.

Consistency of AuxEFL. Let us compute the probability of obtaining corrected outcome

z in AuxEFL, again averaged over random circuits at depth d.

Pr[z] = E⟨⟨z̃ + αx|PαCend
1∏

j=d

ΛancCj |0̃⟩⟩

= ⟨⟨z|
(
EαPαE

′MPα

) 1∏
j=d

EC′
j
C

′†
j ΛancC′

j

 |0̃⟩⟩

= ⟨⟨z|

 ∑
a∈Pn

ξ
′M
a |σa⟩⟩⟨⟨σa|

 ∑
a∈Pn

(λanc
pt(a))

d|σa⟩⟩⟨⟨σa|

 |0̃⟩⟩

= 1
2n

∑
µ∈{0,1}n

(−1)z·µξ
′M
µ ξ

′S
µ (λanc

µ )d

≡ 1
2n

∑
µ∈{0,1}n

(−1)z·µξ′
µ(λanc

µ )d

(C.5)
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In the second line we do the same change of variables as Eq. (C.3), and use the following

fact of noisy computational basis measurement

⟨⟨z̃ + αx| = ⟨⟨z + αx|E
′M = ⟨⟨z|X αxZαzE

′M = ⟨z| PαE
′M, (C.6)

where we can add Zαz as it acts trivially on the computational basis state. (Recall αx, αz

is the X and Z part of Pauli Pα as defined in Methods Sec A.) We also note that the SPAM

noise channel here can be quite different from the EFL experiment, as very different initial

state and measurement settings are applied.

Thanks to Eq. (C.5) and the Walsh-Hadamard transform, we see that f̂µ(d)[z] := (−1)z·µ

is an unbiased estimator for ξ′
µ(λanc

µ )d, for any µ ∈ {0, 1}n. Thus, by picking different d,

averaging the estimators over different random circuits and measurement shots, then fitting

to the single exponential decay model ξ̂AuxEFL
µ (λ̂AuxEFL

µ )d, we obtain λ̂AuxEFL
µ as an consistent

estimator for λanc
µ . Choosing µ := pt(a) gives us the relevant λanc

pt(a).

C.3 Resource cost analysis

In this section, we analyze the variance overhead of EMEEL in estimating individual sym-

metrized Pauli eigenvalues, and compare it with the experimental setting reduction. Consider

a specific a ∈ Pn with weight w. Henceforth, we omit the subscript of a or pt(a) for no-

tational conciseness. Since λ̂EMEEL := λ̂EEL/λ̂AuxEFL, assuming both λ̂EEL and λ̂AuxEFL are

sufficiently close to the true values, using the first-order Taylor expansion yields,

Var[λ̂EMEEL]
Var[λ̂EFL]

≈ 1
λ2

AuxEFL

Var[λ̂EEL]
Var[λ̂EFL]

+ λ2
EFL

λ2
AuxEFL

Var[λ̂AuxEFL]
Var[λ̂EFL]

. (C.7)

The second term uses the assumption that λEEL = λEFLλAuxEFL, i.e., the system and auxiliary noise

are independent. Note that λ̂EEL, λ̂AuxEFL, λ̂EFL are all obtained by fitting an exponential decay

in the form of fd,k = αλd. Omitting the label of protocols for now. For simplicity, we assume
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each protocol only uses two circuit depths, {0, d}, in which case the fidelity estimator is given by

λ̂ := (f̂d/f̂0)1/d, called a ratio estimator. Indeed, let f̂0(d) := f0(d) + ε̂0(d),

λ̂ =
(

αλd + ε̂d

α + ε̂0

) 1
d

≈ λ

(
1 + ε̂d − λdε̂0

dαλd

)
, (C.8)

up to first-order approximation in ε̂0(d). Therefore, the variance of λ̂ is given by

Var[λ̂] ≈ λ2

d2α2

(
Var[f̂0] + Var[f̂d]/λ2d

)
=: λ2V

d2α2 , (C.9)

where V is a short-hand notation for the term within the bracket. Putting this back into Eq. (C.7)

yields,
Var[λ̂EMEEL]

Var[λ̂EFL]
≈ d2

EFLα2
EFLVEEL

d2
EELα2

EELVEFL
+ d2

EFLα2
EFLVAuxEFL

d2
AuxEFLα2

AuxEFLVEFL
. (C.10)

To proceed, we need to decide d for each protocols. One sensible choice is to let λd ≈ 1/e, which

enables a multiplicative precision estimation for λ with respect to the infidelity. There exists a

procedure to efficiently search for such d [HHF+19]. Here we assume the search is done a priori.

On the other hand, if we assume that (1) f0 is sufficiently close to 1, so the contribution of Var[f̂0]

to V can be ignored, and that (2) f̂d has binomial variance Var[f̂d] = (1 − fd)2/N (which is true

if NS = 1 or the noise is sufficiently uniform among different random circuit instances), then the

value of V is comparable for all protocols. Finally, if we further make the assumption that λAuxEFL

is at least as large as λEFL (which means the system gate noise is at least as large as the ancilla

idling noise), we have
Var[λ̂EMEEL]

Var[λ̂EFL]
≈
(

1 + rAuxEFL
rEFL

)2 α2
EFL

α2
EEL

+ 1. (C.11)

Here r := ln λ−1 ≈ 1 − λ when λ is close to 1. In conclusion, under all the assumptions we made

in above, the variance overhead of EMEEL roughly scales as the SPAM fidelity ratio (αEFL/αEEL)2.

Suppose each Bell pair suffers from identical and independent error, in which case αEEL = cw/2

for some constant c < 1. As long as c > 1/2 (which is a mild assumption about the Bell pair

fidelity), the variance overhead will grow slower than 2w, and thus EMEEL will have an efficiency

enhancement over EFL.
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We remark that the above analysis only aims at understanding the rough scaling of the variance

overhead rather than giving an exact prediction. In our experiments, not all assumptions made

above are satisfied: For example, we choose d = 0, 16, 32 and extract the rate using a fit for all

protocols instead of searching for individual optimal depths and using the ratio estimator. We also

choose NS = 500, therefore Var[f̂d] does not satisfy binomial variance. Nevertheless, by directly

estimating the sample variance, we obtain a variance overhead scales as 1.33w in Fig. 5.3, which is

considerably smaller than 2w or 3w, demonstrating the entanglement enhancement even in presence

of noise. We also verify that, although Eq. (C.11) deviates from the empirical variance overhead,

Eq. (C.10) gives a precise prediction by inserting the empirical variance for each Var[f̂0] and Var[f̂d]

at d = 32. See SM Sec. IV.
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