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interactions with additive as well as multiplicative noise Pi1...in . In this example
the multiplicative factors are Bernoulli random variables with parameter p =
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probabilities 1 − δ and δ respectively. In this figure, δ = 0.2. One step of the
Hopfield update Tn is then applied on the perturbed pattern, where n is the
order of the interaction (n = 2 corresponds to the usual Hopfield network). We
find the overlap m between the updated state Tn(ξ̃

µ) and the original pattern
ξµ, which is a measure of how accurately the pattern is retrieved after one step of
the Hopfield update. m is a random variable, so we can study its expected value
or probability distribution. In this figure, we have m = −0.2 as only 2 of the 5
components of Tn(ξ̃

µ
) match with ξµ. This is because the update protocol was
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ABSTRACT

The Hopfield network is an Ising spin system with long-range binary interactions. The

interaction coefficients are defined such that a particular set of possible states of the system

are the stable states, and the system tends to evolve into one of these states, exhibiting

associative memory. The model can be generalized to have multi-spin interactions, resulting

in systems called modern Hopfield networks, which have much larger memory capacities

scaling as higher powers of the system size. In this thesis, I have studied how the retrieval

accuracy and the capacity of modern Hopfield networks are affected by noise in the interaction

coefficients mediating the multi-spin interactions. I also study the effect of clipping the

interaction coefficients to all have the magnitude and only differ in sign, which can be a more

convenient or efficient way of designing or simulating Hopfield networks as the interactions

can be stored with smaller precision. I find that in most of these cases the capacity is

reduced but its scaling behavior with the system size remains unchanged. While most of

my work focuses on one step of synchronous Hopfield dynamics at zero temperature, I also

investigate the equilibrium behavior of the system with noise-free fourth-order interactions

using replica theory and obtain the phases of this system. Finally, I consider a possible

quantum generalization of the network and compare its behavior with the classical network.

xi



CHAPTER 1

INTRODUCTION

1.1 Hopfield network

Hopfield networks, introduced by John J. Hopfield in 1982 [1], are a class of artificial neural

networks with binary neurons, which can be treated as Ising spins. The neurons interact via

pairwise symmetric long-range interactions, and the interaction coefficients are determined

by a subset of possible states of the network (called patterns). The patterns are the local

minima of the energy of the system, and states close to one of the patterns evolve into that

pattern. Hopfield networks thus function as models of associative (or content-addressable)

memory, which are capable of recovering complete patterns from partial or noisy inputs. The

interaction coefficients corresponding to a particular set of patterns are usually defined by

the Hebb rule [2].

The number of patterns which can be embedded in a Hopfield network and retrieved suc-

cessfully is limited, as for every pattern being retrieved, the other patterns effectively behave

as noise in the interactions. Using replica theory, Amit, Gutfreund, and Sompolinsky [3]

analyzed the memory capacity of the Hopfield model using replica theory, showing that the

theoretical maximum number of patterns that can be reliably stored is approximately 0.138

times the number of neurons in the network. Using techniques from coding theory, McEliece

et al. found the capacity of the network to be N/2 ln(N) [4]. Subsequent studies have sought

to improve the memory capacity by approaches such as using learning rules different the

Hebb rule [5–7], though capacity still scales linearly with the system size in such models.

1.2 Modern Hopfield network

Modern Hopfield network, also called dense associative memory, is a class of neural models

designed to extend the principles of classic associative memory systems to achieve enhanced
1



storage capacity and robustness. Unlike classic Hopfield networks which utilize pairwise

interactions between its component neurons, modern Hopfield networks generalize the en-

ergy function framework by incorporating higher-order interactions. This extension greatly

enhances the memory capacity of the system.

One of the pioneering works on dense associative memories was by Krotov and Hop-

field [8], who introduced Hopfield-like Ising systems with higher-order energy functions (as

opposed to quadratic as in the classic model). This may be interpreted as arising from multi-

spin interactions in the network. This allows the network to store a number of memories

proportional to a higher power of the number of spins (specifically O
(
Nn−1

)
, for a network

with N spins and nth order interactions) as opposed to the linear scaling in traditional

Hopfield models.

Modern Hopfield networks have inspired further developments in both neural network

theory and practical applications. Recent works [9, 10] have investigated connections be-

tween modern Hopfield networks and modern energy-based learning models, revealing that

such networks exhibit trainable, powerful representations useful in both supervised and un-

supervised learning.

1.3 Hopfield networks with synaptic noise

Any physical or biological realization of an associative memory model is expected to have

noise in its interactions. The study of Hopfield networks with noisy interactions explores

the effects of randomness or uncertainty in synaptic weights on the properties of memory

storage, retrieval, and network dynamics.

While the exact form of the noise in the interactions will depend on the specifics of the

physical system, it is often useful to consider additive and multiplicative noise. The latter can

also correspond to networks where some of the interactions have been randomly deleted, if the

multiplicative noise factors follow the Bernoulli distribution. Another network of interest is

2



that with “quantized” or “clipped” interactions, where the interaction coefficients all have the

same magnitude and only the sign is determined by Hebb rule. This allows the interaction

coefficients to be stored with lower precision, which is of interest when designing potential

physical realizations of such models as the parameters of the physical system may be tunable

with finite precision. Storing the parameters with lower precision may also be an efficient way

to implement artificial neural networks on computer hardware, and quantized parameters

are sometimes used in deep learning models [11]. McEliece et al. showed that the capacity

for the Hopfield network with clipped binary interactions would be related to that of the

Hebbian model by a factor of 2/π [4], and Sompolinsky later verified it using mean field theory

when he found the capacities of a variety of Hopfield networks with non-Hebbian couplings

(including the clipped network as well as couplings with additive noise) [12]. Networks with

multiplicative noise factors have been considered in Refs. [13–15]. Agliari et al. studied the

capacity of modern Hopfield networks with multi-spin interactions in presence of additive

noise in the coupling constants [16]. They found that the capacity of the network still scales

with the system size as Nn−1 in most cases, except when the additive noise scales with the

number of patterns as well as a power of the system size.

1.4 Quantum Hopfield network

In recent years, much work has been done to extend classical neural networks to the quantum

domain [17]. In particular, quantum generalizations to the Hopfield network have been

considered. Rebentrost et al. [18] encoded N -component classical Hopfield networks using

a system of ⌈log2(N)⌉ qubits; however, most other approaches define the quantum Hopfield

network as a system of N qubits, with dissipative dynamics defined by a Lindblad master

equation. A common approach is to study Hopfield networks (with Ising interactions along

σz) in presence of a transverse field along σx; such systems have been investigated by[19–27].

The transverse field term is found to effectively introduce noise in the system and reduces its

3



memory capacity. Kimura and Kato [28] extended this approach to consider modern Hopfield

networks (with higher order interactions along σz) in presence of a transverse field, whereas

Seki and Nishimori [29] investigated modern Hopfield networks in presence of a transverse

field as well as transverse antiferromagnetic interactions.

1.5 Description of chapters

In chapter 2, I present our work on the accuracy and capacity of modern Hopfield networks

with noisy and clipped interactions, measured by their retrieval accuracy after one step of

synchronous update. In chapter 3, I describe a technique for finding the phase diagram

of the quartic modern Hopfield network (corresponding to its equilibrium behavior after

many update steps at finite temperature) using replica theory. In chapter 4, I present some

preliminary results on the behavior of a quantum generalization of the Hopfield network

where the patterns are not all σz eigenstates. In chapter 5 I summarize my conclusions and

suggest future research directions.

4



CHAPTER 2

ACCURACY AND CAPACITY OF MODERN HOPFIELD

NETWORKS WITH SYNAPTIC NOISE

This chapter was co-authored by me and my dissertation advisor Ivar Martin. An earlier

version of this material appeared in ar Xi v. or g as [30]. A later version has been submitted

to a journal for publication.

2.1 Introduction

The Hopfield network, proposed in 1982 [1], is a system of binary degrees of freedom (usu-

ally termed Ising spins or binary neurons) with long-range interactions, which exhibits a

form of behavior known as associative memory. Specifically, we can choose a set of spin

configurations (hereby called patterns), and define the coupling constants for the spin-spin

interactions such that those patterns are the locally stable states of the system (with a spin

configuration sufficiently close to any of the specified patterns relaxing to that pattern).

This behavior is similar to a human brain reconstructing a memory when provided with

incomplete information, and so the neural networks such as the Hopfield network have been

used to model this process [31]. The coupling constants of the network are analogous to

the strengths of the synaptic connections between neurons which encode biological memory;

most commonly, the Hebb’s learning rule is used to define them [2]. Hopfield networks have

been physically realized in digital architecture [32] and confocal cavity QED systems [33].

The number of distinct patterns K that can be retrieved without significant error (net-

work capacity) is determined by the number of spins N in the system. From probabilistic

considerations and Monte Carlo simulations, Hopfield estimated the capacity of a network of

size N to be 0.15N [1]. Using techniques from equilibrium statistical physics such as replica

theory, Amit et al. [34] found that the overlap of a state of the system with the pattern closest

5
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to it at equilibrium can be nonzero for sufficiently few patterns (indicating small error), but

jumps to zero when the number of patterns is approximately 0.138N , exhibiting a first order

phase transition. This critical number of patterns can thus be considered to be the capacity

of the network as long as some retrieval errors were allowed. The above result assumed

replica symmetry; later work which allowed for replica symmetry breaking [35] showed a

somewhat higher capacity of 0.144N . (This is the notion of capacity considered in most

subsequent work including ours, though there have been other ways to define the retrieval

phase of the system, such as in terms of the absence of spurious energy minima beyond the

embedded patterns as in Ref. [36].) Using techniques from coding theory, McEliece et al.

showed that if we require that for every pattern, every state within a Hamming distance of

δN from that pattern (for δ < 1/2) is retrieved perfectly after one step of synchronous up-

date (with probability approaching 1 as N → ∞), then the capacity of the Hopfield network

is (1− 2δ)2N/4 ln(N) [4].

The capacity of the Hopfield network has also been estimated in models where the cou-

plings are not defined by the Hebb rule. Abu-Mostafa et al. showed that the capacity for any

system with two-spin interactions is bounded above by N irrespective of how the couplings

are defined [37]. An important example of alternatively defined couplings is the model with

“quantized” or “clipped” couplings, where the coupling constants all have the same magni-

tude and only the sign is determined by Hebb rule. McEliece et al. showed that the capacity

for this model would be related to that of the Hebbian model by a factor of 2/π [4], which

was verified by Sompolinsky using mean field theory when he found the capacities of a class

of models with non-Hebbian couplings (including the clipped network as well as couplings

with additive noise) [12]. Networks with multiplicative noise factors (in particular where the

multiplicative factor is 0 or 1 indicating the deletion of coupling terms) have been considered

in Refs. [13–15].

The above models can be naturally extended to involve simultaneous interactions between

6



more than two spins. Spin-glass models with multi-spin interactions have been studied before

in refs. [38–41], as well as in the context of error correcting codes in Ref. [42]. Arenzon and

de Almeida [43] and Lemke et al. [44] considered the equilibrium and dynamical properties of

generalizations of the Hopfield network with n-spin interactions; Bovier and Niederhauser [45]

and Baldi and Venkatesh [46] showed that the memory capacity of such systems scales with

the system size N as Nn−1. Recently, Krotov and Hopfield generalized the Hopfield network

to include a more general class of Hamiltonians, giving rise to networks with much higher

capacities, called dense associative memory models or modern Hopfield networks [47]. Krotov

and Hopfield had estimated the capacity of such models, and it was extended to include

more general notions of capacity by Bao et al. [48], which accounted for finite basins of

attraction around the patterns. Ramsauer et al. [49] introduced a modern Hopfield network

whose capacity scales exponentially as system size (as shown for more general ensembles

of patterns in [50]), and showed this network to be equivalent to the attention mechanism

used in transformer models, a kind of neural network [51]. Such models have been analyzed

in the context of Boltzmann machines [52], utilized to perform tasks such as in-context

denoising [53] and storing a sequence of patterns [54], and refinements to their dynamics have

also been proposed to further improve their memory capacity [55, 56] as well as to propose

novel architectures such as energy transformers [57]. A system of Ising spins with n-spin

interactions is one such class of dense associative memory (n = 2 being the conventional

Hopfield network). Agliari et al. studied the capacity of modern Hopfield networks with

multi-spin interactions in presence of additive noise in the coupling constants (e.g., resulting

from errors when learning or storing the Hebbian interaction coefficients) [16]. They found

that the capacity of the network still scales with the system size as Nn−1 in most cases,

except when the additive noise scales with the number of patterns as well as a power of the

system size.

In this paper, we consider modern Hopfield networks with n-spin interactions, where the

7



interaction coefficients deviate from the Hebb rule in a more general way. In particular, we

consider models with additive and multiplicative noise in the interactions, as well as models

where the interaction coefficients have been clipped to all have the same magnitude and

only differ in sign. While the exact kind of noise in a physical or biological realization of a

Hopfield network will depend on the details of the system, we considered additive noise as

it is straightforward to analyze but can still be expected to be a reasonable approximation

for the noise that may appear in realistic systems. While much of our analysis holds for

general forms of multiplicative noise, we were mainly interested in the case where the noise

factors were Bernoulli random variables (taking values 0 or 1), as this corresponds to a

network where some interactions have been randomly deleted. We find that for the case of

n = 2, our results agree with those found previously for the non-Hebbian Hopfield network

by McEliece and Sompolinsky. For general n, we find that the capacity scales with the

system size N as Nn−1 in the presence of all these noise channels, significantly generalizing

the result of Ref. [16] (which considered various kinds of additive noise in the networks but

not multiplicative noise or clipping).

A complementary perspective to the memory storage/retrieval robustness described above

is the one of the efficiency in terms of memory and computational requirements of a network.

Storage of clipped synaptic weights requires only single bit per bond. Similarly, dropping

a bond completely further reduces the storage requirements. Binary weights also allow to

perform the retrieval computation faster than general weights. Therefore, the networks with

clipped couplings can potentially outperform the “perfect" networks for the same memory

storage tasks. We demonstrate that this is indeed the case.

We note that more sophisticated schemes exist for deleting less important couplings based

on their information content, as a way to maximize the storage efficiency [58]. We do not

consider this approach here; all interactions are modified randomly and independently with

the same probability.
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The rest of the paper is organized as follows. In section 2.2, we define the model of

dense associative memory considered here. In section 2.3, we provide the definitions we have

used for the capacity, following refs. [4] and [48]. In section 2.4, we estimate the storage

capacity of modern Hopfield networks using statistical techniques. We find the capacity

for networks with Hebbian interactions as well as those with noise or with clipped and/or

deleted interactions, and compare their storage efficiencies. In section 2.5, we numerically

simulate modern Hopfield networks and compare the results to our analytical estimates

from the previous section. In section 2.6, we summarize our findings and mention possible

applications and outlook.

2.2 Definition of the modern Hopfield network with synaptic noise

Consider a system of N Ising spins used to store K patterns ξµ, where we suppose that

N,K ≫ 1. The pattern components ξ
µ
i have been chosen randomly and are indepen-

dent and identically distributed Rademacher random variables, with probability distribution

P
(
ξ
µ
i = 1

)
= P

(
ξ
µ
i = 1

)
= 1/2, and moments E

(
ξ
µ
i

)
= 0, E

(
ξ
µ
i
2
)
= 1. Given set of memory

patterns, we can define the Hamiltonian for an arbitrary state σ = (σ1, ..., σN ) ∈ {1,−1}N ,

H0
n(σ) = − 1

Nn−1

∑
1≤i1<...<in≤N

K∑
µ=1

ξ
µ
i1
· · · ξµinσi1 · · ·σin

= − 1

n!Nn−1

∑
i1 ̸=...̸=in

K∑
µ=1

ξ
µ
i1
· · · ξµinσi1 · · · σin , (2.1)

which is the model with n-spin interaction studied by Agliari et al. [16]. For n > 2, this

is a dense associative memory model as defined by Krotov [47], which is made apparent by

the fact that the above Hamiltonian can be written as a sum over n-th order polynomial

functions of the overlaps mµ =
∑N

i=1 ξ
µ
i σi/N of the system with the patterns. In particular,
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Figure 2.1: Schematic description of a modern Hopfield network with N = 5 spins, K = 3
patterns, and n = 4 spin interactions. (a) The set of patterns {ξµ} used to define the inter-
action coefficients, with components ξµi ∈ {±1} (shown as upward and downward arrows).
(b) The n-spin interaction coefficients J0i1...in defined by the generalized Hebb rule. In this
figure, each interaction connects n = 4 spins, shown by a branching line segment connecting
the spins. The thickness of the line segment indicates the strength

∣∣∣J0i1...in∣∣∣ of the interac-
tion. Positive interaction coefficients are shown using solid green lines, and negative ones
using dashed red lines. (c) The interactions with additive noise ηi1...in ; in this example, they
are independent Gaussian N(µ = 0, σ2 = 4) random variables. (d) The interactions with
additive as well as multiplicative noise Pi1...in . In this example the multiplicative factors
are Bernoulli random variables with parameter p = 0.8, which effectively “deletes” a fifth of
the interactions. (e) Description of the alternate model considered in this paper, where the
interactions are clipped to all have the same strength and differ only in sign.
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as shown in appendix 2.9, in the limit of large N , we have

H0
n(σ) = −N

K∑
µ=1

⌊n/2⌋∑
k=0

(−1)k
mn−2k

µ

k!(n− 2k)!(2N)k
, (2.2)

where the lower order corrections (corresponding to k > 0) appear because we have excluded

self-interactions which effectively reduce the order of interaction. We note that for an arbi-

trary state σ and pattern ξµ, the overlap is of the order mµ ∼ 1/
√
N , in which case every

term in the above expression is of order N1−n/2; however, if the state is close to a particular

pattern (say ξ1), then m1 ∼ 1, and the terms in the sum over k have orders of N and lower.

The Hamiltonian H0
n in eq. (2.1) describes an Ising spin system system with n-spin

interactions, mediated by the interaction constants J0i1...in =
∑

µ ξ
µ
i1
· · · ξµin ; we assume that

N ≫ n. This is the extension of the Hebb rule to higher order interactions. We can

now generalize the model to introduce some synaptic noise in the interaction constants.

Specifically, we consider the situation where the Hamiltonian is

Hn(σ) = − 1

Nn−1

∑
1≤i1<...<in≤N

Ji1...inσi1 · · ·σin , (2.3)

which corresponds to n-body interactions mediated by the interaction coefficients

Ji1...in =

(∑
µ

ξ
µ
i1
· · · ξµin + ηi1...in

)
Pi1...in , (2.4)

where the random variables ηi1...in and Pi1...in correspond to additive and multiplicative noise

respectively. We assume that all of the random variables are independent. The variables

ηi1...in are taken to have identical probability distributions, and thus have the same moments

E
(
ηi1...in

)
= µη and E

(
η2i1...in

)
= µη2 . In particular, we can consider the case where

ηi1...in ∼ N(0, µη2), corresponding to Gaussian additive noise. Such additive noise changes

the interaction strengths and may also flip the sign of some weaker interactions. Similarly,
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the variables Pi1...in corresponding to multiplicative noise also have identical probability

distributions, with moments E
(
Pi1...in

)
= µP (which we will assume to be positive) and

E
(
P 2
i1...in

)
= µP 2 . Such multiplicative noise can also affect the interaction strengths, and it

can also randomly delete some interactions (if Pi1...in is zero) or flip their sign (if Pi1...in is

negative).

The mapping Tn corresponding to one step of synchronous update of the system, ac-

cording to the Hamiltonian with interaction constants defined above, is

(Tnσ)i = sgn

 ∑
1≤i2<···<in≤N,

ia ̸=i∀a

Jii2...inσi2 · · ·σin


= sgn

 ∑
µ,{ia}

ξ
µ
i ξ

µ
i2
· · · ξµinσi2 · · ·σinPii2...in +

∑
{ia}

σi2 · · ·σinηii2...inPii2...in

 (2.5)

2.3 Retrieval and capacity

The Hopfield network is a model for associative memory, where the patterns ξµ are the stable

states satisfying Tn(ξ
µ) = ξµ for all µ, and states that are close to a pattern (in Hamming

distance) are mapped to the corresponding pattern (“retrieved”) under the Hopfield update

T. To quantify this, we follow the work of McEliece et al. [4] and Bao et al. [48], and consider

the following setup (as described schematically in figure 2.2):

1. Start with an arbitrary stored memory pattern, say ξ1.

2. Perturb the pattern by flipping each of its component spins independently with prob-

ability δ (0 ≤ δ < 1/2) to obtain the state ξ̃
1, where ξ̃1i = siξ

1
i for i.i.d. random

variables si taking the value 1 (−1) with probability 1 − δ (δ). This is equivalent to

retaining 1− 2δ of the original pattern components and assigning the rest randomly to

be ±1 with equal probability. ξ̃
µ has a Hamming distance of Nδ from ξµ on average,
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which can be used to define the basin of attraction around each pattern that we would

want to be retrieved. δ = 0 corresponds to the case where we only care if the patterns

themselves are stable.

3. Perform one step of the Hopfield update on ξ̃
1 to obtain the state Tnξ̃

1, where

(Tnξ̃
1
)i = sgn

 ∑
1≤i2<···<in≤N,

ia ̸=i∀a

Jii2...inξ
1
i2
. . . ξ1insi2 . . . sin

. (2.6)

4. Find the overlap m =
∑

i ξ
1
i (Tnξ̃

1
)i/N of the obtained state with the original pattern

ξ1 to quantify how close it is to the original pattern. m = 1 corresponds to perfect

retrieval, Tnξ̃
1
= ξ1.

The overlap m defined as above is itself a random variable, where m = 1 corresponds to

perfect retrieval. Therefore, we can use m to quantify how accurately the patterns are

retrieved. One measure of retrieval quality is the expected overlap, E(m). This is a con-

venient measure, as it is easy to estimate using the specified probability distributions of

ξ
µ
i , ηi1...in , Pi1...in , and si, and invoking central limit theorem where appropriate. Defining

mi = sgn
(∑

i2,...,in ̸=i Jii2...inξ
1
i ξ

1
i2
· · · ξ1insi2 · · · sin

)
, we note that E(m) = E(mi), so to find

E(m) we just need to find the probability of one of the spins being retrieved correctly. Also,

if we were instead estimating the capacity of the network using the techniques of equilibrium

statistical physics (as done by Amit et al. [3]), we would be quantifying retrieval using an

order parameter which is analogous to E(m).

An alternate measure for estimating retrieval would be to use probabilities instead of

expected values. The probability P(mi = 1) of any particular spin being retrieved correctly

is linearly related to E(m). We can also consider the probability P(m ≥ m0), of the return

overlap being greater than some threshold value m0. In particular, P(m = 1) = P(mi = 1∀i)

is the probability of perfect retrieval. This is a useful measure as in some contexts, we may
13



Perturb

Update

Figure 2.2: Schematic description of the procedure used to describe the retrieval accuracy
for a modern Hopfield network with N = 5 spins. We consider a pattern, say ξµ (where
µ ∈ {1, . . . , K}), and perturb it by randomly and independently flipping each spin ξ

µ
i with

probability δ. That is, the perturbed state is ξ̃
µ, with components ξ̃µi = siξ

µ
i , where si can

independently take values 1 and −1 with probabilities 1−δ and δ respectively. In this figure,
δ = 0.2. One step of the Hopfield update Tn is then applied on the perturbed pattern, where
n is the order of the interaction (n = 2 corresponds to the usual Hopfield network). We find
the overlap m between the updated state Tn(ξ̃

µ) and the original pattern ξµ, which is a
measure of how accurately the pattern is retrieved after one step of the Hopfield update.
m is a random variable, so we can study its expected value or probability distribution. In
this figure, we have m = −0.2 as only 2 of the 5 components of Tn(ξ̃

µ
) match with ξµ.

This is because the update protocol was based on the 4-spin interaction model with synaptic
noise described in Fig. 2.1, for which the retrieval accuracy is strongly affected by the high
perturbation rate δ = 0.2 in this example.
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care more whether the pattern is retrieved perfectly (or more accurately than some fixed

threshold) or not, and in such cases it is useful to know the probability of “successful”

retrieval under these criteria. This is, however, more difficult to estimate, as the states

of the different spins after the Hopfield update are not independent, so the probability of

perfect retrieval can not be simply written as P(m = 1) =
∏

i P(mi = 1). There is also no

order parameter analogous to this probability when analyzing the behavior of the network

using mean field theory.

We expect both E(m) and the probability of perfect retrieval P(m = 1) to be close to 1 for

small number of patterns K and decrease for larger K. We can then define the capacity to be

the maximum K for which the chosen measure of retrieval error remains below a particular

tolerance threshold. It is common to choose the threshold to be 1/N (so it vanishes in the

limit N → ∞), so a commonly used definition of capacity is the number of patterns K for

which the probability of imperfect retrieval is P
(
Tnξ̃

1 ̸= ξ1
)
= 1/N .

2.4 Estimation of the retrieval accuracy and capacity

Following the prescription of the previous section, here we compute the retrieval accuracy

of the system after a single step of Hopfield update in a system with n-spin interaction

for different noise models. In appendix 2.7 we provide further algebraic details behind the

analysis, and in appendix 2.10 we work through the derivation of the results for the usual

Hopfield network with two-spin couplings (in which case we obtain the same results as

previous work, e.g., Ref. [4])

It is convenient to define the random variable Xi = ξ1i
∑

i2...in
Jii2...in ξ̃

1
i2
. . . ξ̃1in , which is

positive if the ith spin is retrieved correctly and negative otherwise. Its mean and variance
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can be found to be

E(Xi) =

(
N − 1

n− 1

)
µP (1− 2δ)n−1, (2.7)

V(Xi) =

(
N − 1

n− 1

)
KµP 2 +

(
N − 1

n− 1

)
µη2µP 2 −

(
N − 1

n− 1

)
µ2P (1− 2δ)2(n−1)

+ µ2P (1− 2δ)2(n−1)
(
N − 1

n− 1

) n−2∑
c=1

(
N − n

n− 1− c

)(
n− 1

c

)(
(1− 2δ)−2c − 1

)
. (2.8)

(These have been derived in detail in appendix 2.7.) To find the distribution of the sgn(Xi),

we assume that the distribution of Xi is Gaussian (comparison with numerical simulations

reveals this to be a good approximation, even though the simplest form of the central limit

theorem is not applicable here as Xi is the sum of random variables which are not all

independent and identically distributed). Then we find that

P(Xi > 0) =
1

2
+

1

2
erf

(
E(Xi)√
2V(Xi)

)
, (2.9)

and the overlap with the pattern has expected value

E(m) = E(sgn(Xi))

= erf

(√
1

2

(
N − 1

n− 1

)[
(K + µη2)(1− 2δ)−2(n−1)µP 2

µ2P
− 1

+
n−2∑
c=1

(
N − n

n− 1− c

)(
n− 1

c

)(
(1− 2δ)−2c − 1

)]−1/2
)
. (2.10)

Since we are considering the case where N ≫ 1, and if we assume K ∼ Nn−1 (which is the

capacity of the network as we show below), this can be approximated as

E(m) = erf

(1− 2δ)n−1

√√√√ (N−1
n−1

)
µ2P

2µP 2(K + µη2)

. (2.11)
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2.4.1 Noise-free Hebbian interactions

Let us first consider the special case where the interactions are Hebbian with no noise (i.e.,

ηi1...in = 0 and Pi1...in = 1 with probability 1), in which case we have

E(m) = erf

(1− 2δ)n−1

√(N−1
n−1

)
2K

 = erf

(
(1− 2δ)n−1√
2(n− 1)!αn

)
, (2.12)

where αn = K/[(N−1) · · · (N−n+1)] ≈ K/Nn−1 (if N ≫ n2). Perfect retrieval Tnξ̃
1
= ξ1

corresponds to m = 1. Therefore, if we define the capacity of the model as the maximum

number of patterns for which the expected overlap is above some threshold value of mc =

1− ϵ, then the capacity is found to be

Kc =
(1− 2δ)2(n−1)

2 erf−1(mc)2

(
N − 1

n− 1

)
≈ (1− 2δ)2(n−1)

ln
(
2/πϵ2

) Nn−1, (2.13)

which will scale with the system size as Nn−1. If we choose ϵ = 1/N (which is the case when

Tnξ̃
1 differs from ξ1 only at a finite number of spins), then the corresponding capacity is

Kc ≈ (1− 2δ)2(n−1) N
n−1

2 ln(N)
. (2.14)

We know that the error function for x ≪ 1 is approximately linear, erf(x) ≈ 2x/
√
π ,

and is close to 1 and almost flat for x≫ 1, erf(x) ≈ 1− e−x2/x
√
π. Therefore, the expected

overlap E(m) approaches 1 when K = 1 (assuming δ is small enough), and decays as K−1/2

when K is of the order of Nn−1 or larger. The factor of (1− 2δ)n−1 in the argument of the

error function implies that that the retrieval accuracy depends strongly on deviation δ of the

perturbed initial state from the perfect pattern, in particular for higher interaction orders

n. For K ≪ [(1− 2δ)2N ]n−1 the expected overlap has a plateau at 1, before falling as K is

increased. We verify this numerically in section 2.5.
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2.4.2 Noisy interactions

Including the additive and multiplicative noise terms ηi1...in and Pi1...in affects the expected

overlap E(m) by changing the argument of the error function in eq. (2.11) compared to

eq. (2.12). The capacity of the noisy model (corresponding to an expected overlap of at least

mc = 1− ϵ) is

Kc ≈
µ2P
µP 2

(1− 2δ)2(n−1)

ln
(
2/πϵ2

) Nn−1 − µη2 (2.15)

≈
µ2P
µP 2

(1− 2δ)2(n−1) N
n−1

2 ln(N)
− µη2

(
if ϵ =

1

N

)
. (2.16)

The additive noise effectively replaces the number of patternsK in eq. (2.12) withK+µη2

in eq. (2.11), where µη2 is nonnegative, and zero if and only if there is no additive noise. This

affects the retrieval accuracy the same way as adding more patterns would, and the capacity

is reduced by µη2 . Therefore, the additive noise significantly affects the capacity only if µη2

is of the order of Nn−1 or larger. Thus not only can the modern Hopfield networks store

many more patterns than the original n = 2 model, but they are also more robust to additive

noise in their interactions. We also note that, at least as long as N and K are large enough

that eq. (2.11) holds, the retrieval accuracy only depends on its second order raw moment

(mean squared noise) µη2 . Therefore, a constant shift, a Gaussian noise centered at 0, and

a Gaussian noise with an offset will affect the retrieval accuracy identically as long as they

have the same µη2 .

Similar to the capacity defined above, we can also define a critical noise level µη2,c, which

is the mean squared additive noise in the interaction coefficients of a network (with given

number of patterns K) for which the expected overlap is at least mc = 1− ϵ. This has the
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expression

µη2,c ≈
µ2P
µP 2

(1− 2δ)2(n−1)

ln
(
2/πϵ2

) Nn−1 −K (2.17)

≈
µ2P
µP 2

(1− 2δ)2(n−1) N
n−1

2 ln(N)
−K,

(
if ϵ =

1

N

)
. (2.18)

and thus if the network is not loaded to capacity (i.e. K ≪ Nn−1, but still large enough

that the approximations we made to obtain eq. (2.11) remain valid), the critical noise level

is µη2,c ∼ Nn−1. Therefore, for the same number of patterns, the modern Hopfield networks

with higher interaction orders n can retrieve the patterns accurately in presence of much

larger additive noise.

The multiplicative noise, on the other hand, multiplies the argument of the error function

in eq. (2.11) by a factor of µ2P /µP 2 , which is 1 if Pi1...in is a degenerate random variable (i.e.,

multiplying the interaction coefficients by a constant does not affect the retrieval accuracy)

and less than 1 otherwise. This results in a reduction of the capacity by a factor of µ2P /µP 2

irrespective of the interaction order n, as seen in eq. (2.15). As a special case, we can

consider the situation where Pi1...in are i.i.d. Bernoulli random variables with probability

p of being 1 and 1 − p being 0; this corresponds to the scenario where some interaction

terms have been randomly and independently deleted with probability 1 − p. In this case,

we see that µP = µP 2 = p, the capacity of the system is reduced by a factor of p. That is,

the capacity is proportional to the fraction of retained coupling constants, which could be

expected qualitatively.
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2.4.3 Clipped couplings

In this section study the model where the interaction constants have all been constrained to

be ±1 using a sign function,

J̌i1...in = sgn

[(∑
µ

ξ
µ
i1
· · · ξµin + ηi1...in

)
Pi1...in

]
= sgn

(∑
µ

ξ
µ
i1
· · · ξµin + ηi1...in

)
P̌i1...in .

(2.19)

The projection to binary values does not itself introduce extra noise. However, the

way noises affect the capacity is different from the Hebbian case. We take the sign of the

interaction term after introducing the additive and multiplicative noise to ensure that the

interaction coefficients retain the magnitude 1 (or 0) even with noise. Therefore, the additive

noise ηi1...in in this case effectively flips the sign of some of the interaction coefficients, with

weaker interactions being more likely to be flipped. Only the sign P̌i1...in = sgn
(
Pi1...in

)
of the multiplicative noise factor matters, so we will mainly consider the cases where the

only possible values of Pi1...in are 0 or ±1, in which case P̌i1...in = Pi1...in . In particular,

if Pi1...in ∼ Bernoulli(p) are i.i.d. Bernoulli random variables, it corresponds to interactions

being randomly deleted with probability 1−p as before. We can also consider the case where

Pi1...in takes the values 1 and −1 with probability q and 1− q respectively, which would be

interpreted as the couplings being passed through a noisy channel which randomly flips the

signs of some of the interactions.

We can similarly as before perturb a pattern, apply one step of the Hopfield update, and

find its overlap with the original pattern. The variable determining whether the i-th spin is
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retrieved correctly in this case is (noting that sgn
(
sj
)
= sj)

X̌i =
∑

1≤i2<···<in≤N,
ia ̸=i∀a

sgn

 K∑
µ=1

ξ1i ξ
µ
i

n∏
a=2

(
ξ1iaξ

µ
ia

)
+ ξ1i ηii2...in

n∏
a=2

ξ1ia

P̌ii2...in n∏
a=2

sia

≡
∑
{ia}

sgn
(
Wii2...in

)
si2 · · · sinP̌ii2...in ≡

∑
{ia}

sgn
(
Xii2...in

)
. (2.20)

The expectations and variances of the random variables appearing in the above expression

can be found in the same manner as in the case where the interactions were not clipped,

which is use to find that

E
(
Wii2...in

)
= 1, (2.21)

V
(
Wii2...in

)
= (K + µη2)− 1. (2.22)

Assuming Wii2...in is approximately Gaussian (which holds if K is large and ηii2...in is ap-

proximately Gaussian), we find the expected value of the sign of Xii2...in is

E
(
sgn
(
Xii2...in

))
= erf

 1√
2(K + µη2)− 2

(1− 2δ)n−1µP̌ ≡ ě, (2.23)

where µP̌ = P
(
Pii2...in > 0

)
− P

(
Pii2...in < 0

)
, and its variance is

V
(
sgn
(
Xii2...in

))
= µP̌ 2 − ě2, (2.24)

where µP̌ 2 = P
(
Pii2...in ̸= 0

)
, and we assume P (Wii2...in = 0) = 0 (which holds when K is

large or when the additive noise is continuous). On the other hand, for two sets {ia} ≠ {jb},
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the sign of the product Xii2...inXij2...jn is

E
(
sgn
(
Xii2...inXij2...jn

))
= erf

 1√
2(K + µη2)

2 − 2

µ2P (1− 2δ)2(n−1−c) ≡ ďc, (2.25)

where c = |{i1, . . . , in} ∩ {j1, . . . , jn}|, and so their covariance is

Cov
(
sgn
(
Xii2...in

)
, sgn

(
Xij2...jn

))
= ďc − ě2. (2.26)

Since sgn
(
Xii2...in

)
are not independent, we can not directly apply the central limit theorem.

However, for large K, the pairwise covariances Cov
(
sgn
(
Xii2...in

)
, sgn

(
Xij2...jn

))
∼ 1/K are

negligible compared to their standard deviations, so it may be reasonable to ignore the

correlations and also assume that their sum X̌i is approximately Gaussian; we later find

that our results under these approximations agree with simulations. We can then estimate

that

E
(
X̌i
)
=

(
N − 1

n− 1

)
ě, (2.27)

V
(
X̌i
)
=

(
N − 1

n− 1

)
(µP̌ 2 − ě2). (2.28)

Therefore, the expected overlap is

E(m̌) = E
(
sgn
(
X̌i
))

= erf

 E
(
X̌i
)√

2V
(
X̌i
)


= erf


√√√√ (N−1

n−1

)
ě2

2(µP̌ 2 − ě2)

. (2.29)
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For K ≫ 1, we have ě ≈
√

2µ2
P̌
(1− 2δ)2(n−1)/π(K + µη2) ≪ 1, which implies

E(m̌) ≈ erf


√√√√(1− 2δ)2(n−1)µ2

P̌

(N−1
n−1

)
πµP̌ 2(K + µη2)

. (2.30)

The capacity Ǩc corresponding to E(m̌) ≥ mc = 1− ϵ for the clipped network is

Ǩc ≈
µ2
P̌

µP̌ 2

2(1− 2δ)2(n−1)

π ln
(
2/πϵ2

) Nn−1 − µη2 (2.31)

≈ 2

π

µ2
P̌

µP̌ 2

(1− 2δ)2(n−1) N
n−1

2 ln(N)
− µη2

(
if ϵ =

1

N

)
. (2.32)

Comparing this with the expression in eq. (2.15), where the interaction coefficients were

not clipped, we note that (in the case where Pi1...in = P̌i1...in) the capacities differ by a

factor of 2/π in the first term. Therefore, the capacity of this model is less than that of

the unclipped model by a factor of 2/π (for small additive noise), but otherwise scales with

system size the same way.

If Pi1...in can take values other than 0,±1 with nonzero probability, then the capacity

is further modified as it now involves a factor of µ2
P̌
/µP̌ 2 instead of µ2P /µP 2 . For example,

in a network with no additive noise and Gaussian multiplicative noise, Pi1...in ∼ N(µP , σ
2
P )

(i.i.d.), we have Ǩc/Kc = 2(1 + v2) erf
(
1/
√
2v
)2
/π, where v = σP /µP . This ratio has the

highest value 0.726 when σP = 0.468µP , and approaches (2/π)2 for large σP . If the multi-

plicative noise has large variation in its magnitude but small or no variation in its sign (e.g.,

it is positive with probability 1), then it is possible for the capacity of the clipped network

to be larger than that of the unclipped network for certain probability distributions of the

multiplicative noise (though such distributions may not be realistic in physical systems). For

example, if Pi1...in are i.i.d. exponential random variables with any rate parameter λ, then

Ǩc ≥ Kc, and in particular Ǩc/Kc = 4/π if there is no additive noise.
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Therefore, we find that the capacity in this case will scale as Nn−1 (as found before

in [16, 47, 48]). The capacity also depends strongly on the size of the required basin of

attraction around each pattern; if we require patterns with a Hamming distance of up to

Nδ from a pattern to be retrieved, the capacity has a factor of (1 − 2δ)2(n−1). Finally, if

we use binary couplings, this introduces the same factor of 2/π in the capacity as had been

previously obtained for the network with two-spin interactions [4]. Therefore, if we wish to

design a network with a given capacity, the number of spins the network needs to have will

only go up by a factor of (π/2)1/(n−1), which approaches 1 for large n.

2.5 Numerical simulations

We numerically simulated the dynamics of modern Hopfield networks using the NumPy

library in Python3 [59] to compare against their predicted retrieval accuracy. The memory

patterns ξµ were generated as random vectors of size N (with every element equal to ±1),

and the interaction coefficients Ji1...in were computed using the Hebb rule and stored as

an n dimensional array. To determine the retrieval accuracy, we chose one of the patterns,

perturbed it by flipping the sign of each of its components independently with probability δ,

implemented one step of the Hopfield update on it using the stored interaction coefficients,

and then found the overlap m of the resulting vector with the original pattern. We repeated

the above procedure 100 times (for each network description and each number of patterns

K) to obtain a sample large enough to estimate statistical parameters while computing in

a reasonable amount of time. (For the plots in figs. 2.3 and 2.5, we generated 10 different

network realizations, corresponding to 10 different sets ofK patterns and each with a different

noise profile, and for each network we chose 10 patterns randomly with replacement to

perturb and update. For the plots in figs. 2.4 and 2.6, we generated 100 network realizations

for each value of K, and for each network we chose one of the patterns to perturb and

update.) We used the simulation data to estimate the average overlap E(m), and then
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repeated this whole procedure for varying numbers of patterns (keeping the system size N

and perturbation probability δ fixed) to obtain a plot of the average overlap as a function of

the number of patterns using the Python library Matplotlib [60].

The analytical expression obtained in eq. (2.12) was also calculated using the Python

library Scipy [61] and plotted for comparison with the simulation results. Because this

expression depends on K and N only via αn = K/(N − 1) · · · (N − n+ 1), we expect plots

of E(m) vs. αn to agree with this expression for all sufficiently large values of N (with the

possible exception when αn ≪ 1, in which case the approximation used to obtain eqs. (2.11)

and (2.12) (which assumed K ∼ Nn−1) is not valid). In figure 2.3, we plot the average

overlap E(m) vs. the scaled number of patterns αn = K/(N − 1) · · · (N − n + 1) (keeping

N fixed and varying K for each plot) for two sets of modern Hopfield networks. The first

plot shows the results for N = 10, 20, 30 spins forming a modern Hopfield network with

n = 3-spin interactions„ whereas the second plot is for N = 10, 12, 15 spins interacting vis

n = 4-spin interactions. In each case, the perturbation rate is δ = 0.1. We find results for

different N to be in agreement with each other and with the estimate given by eq. (2.12),

except for smaller values α3 < 0.3 and α4 < 0.1. In the first plot, we note that the average

overlap plateaus near 1 for very small α3 and then falls off with α3 as expected. For the

second plot, because of the smaller system sizes, the overlap is less than 1 even for very few

memories and falls off with K without a plateau.

Similarly, we simulated networks where the interaction coefficients had additive and/or

multiplicative noise. In particular, we simulated the cases where the additive term on each

interaction coefficient was a normal random variable centered at 0, and the multiplicative

factor was a Bernoulli random variable taking the value 1 with probability p and 0 otherwise.

Figure 2.4 plots the expected overlap vs the scaled number of patterns α3 for a modern

Hopfield network of size N = 20 with n = 3-spin interactions, where the additive noise is

Gaussian with mean 0 and variance 100, and the multiplicative noise follows a Bernoulli
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Figure 2.3: Pure Hebbian couplings. Average overlap of a pattern with itself after randomly
“corrupting" δ = 0.1 of the spins and doing one step of Hopfield update (in a modern Hopfield
network with Hebbian n-body interactions) as a function of the scaled number of patterns
αn = K/(N − 1) · · · (N − n + 1). The first plot (a) is for n = 3 for which the simulations
were run for N = 10, 20, and 30 spins, and the second plot (b) is for n = 4, for which the
simulations were run for system sizes of N = 10, 12, and 15. The results from the simulations
have been shown, with the standard errors shown in lighter colors. The analytical estimates
obtained using eq. (2.12) have also been plotted as black dashed lines. For δ ̸= 0, the
expression in eq. (2.10) is a better approximation for large system size N and number of
patterns K but deviates somewhat from the simulation results for smaller K, as can be seen
in both plots and is more apparent in plot (b).
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Figure 2.4: Noisy Hebbian couplings. Average overlap of a pattern with itself as a function
of the number of stored patterns after randomly “corrupting” δ = 0.1 of the spins doing
one step of Hopfield update (in a modern Hopfield network with N = 20 spins interacting
via n = 3-body interactions). The estimated standard error of the average is shown in
light blue. The interaction coefficients are defined via the Hebb rule, but each coefficient
also has an independent additive noise factor following the Gaussian distribution N(µ =
0, σ2 = 100), and an independent multiplicative factor following the Bernoulli distribution
B(p = 0.9). The latter corresponds to 10% of the interaction terms being randomly deleted.
The analytical estimate obtained in eq. (2.11) has also been plotted as a black dashed line.

distribution with parameter p = 0.9 (interpreted as retaining 90% the interaction terms

and deleting the rest). The plots agree with the estimate given by eq. 2.11, also plotted

in black. Because of the high noise, the expected overlap is low (around 0.6) even for very

few stored patterns and falls off with the number of memories with no plateau. Figure 2.5

shows a color map of the average overlap as a function of both the scaled number of patterns

K/(N − 1)(N − 2) and the scaled mean square additive noise µη2/(N − 1)(N − 2). We see

that E(m) is highest near K = 1, µη2 = 0 and then decreases along the diagonal as K + µη2

increases, as expected from eq. (2.11).

Networks with clipped interactions (both in presence and absence of noise) were simulated

by defining a new array of the clipped couplings J̌i1...in = sgn
(
Ji1...in

)
. Figure 2.6 shows the

plots of the expected overlap vs. α3 in modern Hopfield networks of system size N = 20 with

3-spin interactions, where the initial perturbation is δ = 0.1. Each interaction coefficient was

perturbed with an additive Gaussian noise with mean 0 and variance 100 and then clipped to
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Figure 2.5: Color map of the average overlap of a pattern with itself as a function of the
scaled number of stored patterns K/(N − 1)(N − 2) and the scaled mean squared additive
noise µη2/(N − 1)(N − 2), after randomly “corrupting” δ = 0.1 of the spins and doing
one step of Hopfield update (in a modern Hopfield network with N = 20 spins interacting
via n = 3-body interactions). The interaction coefficients are defined via the Hebb rule,
but each coefficient also has an independent additive noise factor following the Gaussian
distribution with zero mean and variance given by µη2 , and an independent multiplicative
factor following the Bernoulli distribution Bernoulli(p = 0.9). The latter corresponds to
10% of the interaction terms being randomly deleted. The analytical estimate obtained in
eq. (2.11) has been plotted as a color map on the right for comparison.
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Figure 2.6: Clipped noisy Hebbian couplings. Average overlap of a pattern with itself as
a function of the number of stored patterns after randomly “corrupting” δ = 0.1 of the
spins doing one step of Hopfield update (in a modern Hopfield network with N = 20 spins
interacting via n = 3-body interactions). The estimated standard errors are shown in light
blue. The interaction coefficients are initially defined via the Hebb rule, but each coefficient
is also perturbed by an independent additive noise factor following the Gaussian distribution
N(µ = 0, σ2 = 100), and then clipped to have magnitude 1. The two plots correspond to
systems where the interaction coefficients are (a) randomly deleted with probability 0.1,
or (b) randomly flipped in sign with probability 0.1. The analytical estimate obtained in
eq. (2.29) has also been plotted as a black dashed line in each case.

have magnitude 1. The first plot corresponds to the case where 10% of the interactions were

randomly deleted, and the second is when 10% of the interactions were randomly flipped in

sign. The plots are found to agree with the estimates given by eq. (2.29).

2.6 Discussions, applications and outlook

A model of associative memory capable of retrievingK patterns ξµ, each containingN binary

neurons ξµi , stores NK bits of information. Equation (2.1) expresses the Hamiltonian of the

modern Hopfield network in terms of the NK pattern components ξµi , in which case the

pattern components themselves are the parameters of the model (and we need to introduce

new parameters if more patterns need to be stored). While other ways to formulate and

parametrize such models have been recently proposed (such as using random features [62]), a

possible way to implement this dynamics in a physical or biological system is via interactions
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between the constituent neurons, similar to the interactions between spins in the Ising model.

Such interactions Ji1...in involve two spins each (n = 2) for the standard Hopfield network

and become many-body (n > 2) for the dense associative memory models considered here;

typically they are constructed from the stored patterns using the Hebb rule. If we exclude

self-interactions, the model is parametrized by
(N
n

)
interaction coefficients, each of which

can take K + 1 possible values. It is of interest to investigate how resilient is the capacity

of the network is to noise in these interaction coefficients, as well as to “coarsening” of the

resolution in their values, as this determines the ability of such networks to successfully

retrieve patterns in systems such as the brain.

We found that the effect of additive noise on the capacity is insignificant as long as the

noise ηi1...in scales with the system size N at a power of less than (n − 1)/2; specifically,

if the mean squared noise satisfies E
(
η2i1...in

)
≪ Nn−1, then the capacity is unaffected.

This constitutes the level of robustness of the network to extrinsic noise. Additive noise

scaling as E
(
η2i1...in

)
∼ Nn−1 reduces the capacity by a constant factor without changing

its dependence on system size, but for larger noise (such as when E
(
η2i1...in

)
∼ Nb with

b > n − 1) the system fails to retrieve in the limit of large system size irrespective of the

number of patterns.

Another possibility to consider is when the additive noise scales with the number of

patterns being stored. This may happen, for example, if, when training the interaction

coefficients via he Hebb rule, an independent noise term gets introduced for every pattern

being stored. In this case ηi1...in =
∑

µ η
µ
i1...in

, where each of these terms can be thought

to be i.i.d. with mean squared value µ̃η2 , which Agliari [16] calls noisy storing. In this case

µη2 = Kµ̃η2 , and eq. (2.11) has the term K + µη2 = K(1 + µ̃η2). For µ̃η2 << 1 the effect

of the additive noise is once again negligible, and for finite µ̃η2 that does not depend on

the system size the capacity is reduced by a factor of 1 + µ̃η2 but otherwise scales with

system size as Nn−1 as usual. If the additive noise per pattern diverges with system size as
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µ̃η2 ∼ Nb, then the scaling behavior of the capacity changes to Kmax ∼ Nn−1−b, and thus

the system can retrieve patterns in the thermodynamic limit only if b ≤ n− 1.

Multiplicative noise, on the other hand, is found to reduce the capacity without changing

its scaling behavior with system size, irrespective of the magnitude of the noise (as long as

its expectation is positive). In particular, if only a random subset of interactions is retained

and the rest are set to zero (so each interaction has a probability p of being retained), then

the capacity is reduced by a factor of p. Such a diluted network can thus still function as a

dense associative memory, even if with a smaller capacity. A network where each interaction

is retained with probability q and otherwise flipped in sign can still retrieve some patterns

as long as q > 1/2, and in this case the capacity is reduced by a factor of (2q − 1)2.

We also considered networks where the interaction strengths had been clipped to all have

the same magnitude and only the signs differ. We find that even with such drastic reduction

in the precision of the interaction coefficients, the capacity is reduced by only a factor of

2/π. This indicates that a physical system can be engineered to behave as a dense associative

memory even if the interaction strengths are rounded to have lower “resolution" than the

Hebbian values. If we simulate such a system digitally, each interaction coefficients can be

stored in a single bit, more compactly than the Hebbian values which require log2(K + 1)

bits. If we wish to retrieve a fixed number K of patterns using the smallest possible modern

Hopfield network with n-spin interactions, and simulate the interactions digitally, then it

turns out that for sufficiently large K, using clipped interactions would require storing fewer

bits overall for the interaction coefficients, even taking into account the slightly larger number

of spins required in the clipped network due to the reduced capacity. This is because the

number of spins in the clipped model is larger by a factor of (π/2)1/(n−1), so the ratio of the

required number of bits in the unclipped and clipped networks is log2(K +1)/(π/2)n/(n−1),

which is greater than 1 for all interaction orders n as long as K ≥ 5 (which always holds as

we are assuming N ≫ 1 and K ∼ Nn−1). We did not consider cases where the interaction
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strengths are clipped less strongly and are allowed to have more than two different values, but

we expect such networks to have capacities even closer to the unclipped Hebbian network.

We thus conclude that modern Hopfield networks defined via n-spin interactions can

retrieve patterns in many cases even when the interactions have additive or multiplicative

noise or are clipped to have lower precision compared to the Hebbian values. The capacity

of the networks grows as the (n− 1)-th power the system size in all cases, though they may

be reduced by a factor depending on the noise or the level of clipping. The only cases where

we found that the network may fail to retrieve are in the presence of additive noise growing

with the system size faster than its (n − 1)-th power, and in the presence of multiplicative

noise whose expectation is nonpositive.

While we considered identically distributed additive and multiplicative noise terms af-

fecting every interaction coefficient independently, further work can be done to explore the

effects of other kinds of noise, perhaps physically motivated by the process by which the

network learns and stores the interactions. For example, Agliari et al. have considered the

effects of other forms of additive noise, which they associate with noisy patterns, learning,

or storing [16]. We focused on the retrieval accuracy after one step of the synchronous Hop-

field update, but it may be interesting to study the behavior of the network after multiple

steps of stochastic dynamics given by a nonzero pseudotemperature, which may be analyzed

using tools from equilibrium statistical physics such as replica theory, such as the analysis

for the networks with pure Hebbian interactions carried out in [63], for very noisy networks

with linear storage capacity in [64, 65] and for general classical and quantum neural net-

works in [66]. The effect of nonequilibrium dynamics on the capacity, as discussed for classic

Hopfield networks in [67, 68], is also worth studying. It may also be of interest to consider

networks with correlated patterns such as those considered in [69, 70], as well as systems

with continuous components, such as the models discussed in [49, 71, 72], instead of the Ising

systems studied here.
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2.7 Details for the derivation of the expected overlap

Here we describe in more detail the derivation of the expected overlap E(m) for the modern

Hopfield network. We consider a network with N spins interacting via n-body interactions,

and storing K patterns ξµ whose components ξµi are i.i.d. Rademacher variables. Let us

assume that we start with the µ-th pattern ξµ and perturb it by flipping each of its com-

ponents ξµi with probability δ. The resulting state ξ̃
µ has components ξ̃µi = ξ

µ
i si, where

si are i.i.d. discrete random variables taking the values 1 and −1 with probabilities 1 − δ

and δ respectively. (Therefore we have E(si) = 1− 2δ, and s2i = 1 with probability 1.) We

perform one step of the Hopfield update defined in eq. (2.5) to obtain the state Tnξ̃
µ with

components

(Tnξ̃
µ
)i = sgn

 ∑
1≤i2≤···in≤N

ia ̸=i∀a

Jii2...in ξ̃
µ
i2
. . . ξ̃

µ
in



= sgn

 ∑
1≤i2≤···in≤N

ia ̸=i∀a

Jii2...inξ
µ
i2
. . . ξ

µ
in
si2 · · · sin

, (2.33)
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where Jj1...jn are the n-body interaction coefficients. We assume that they follow the Hebb

rule but may have additive or multiplicative noise, and thus are defined as

Jj1...jn = Pj1...jn

(∑
ν

ξνj1 · · · ξ
ν
jn

+ ηj1...jn

)
, (2.34)

where the additive noise terms ηj1...jn are independent and identically distributed, and so

are the multiplicative noise factors Pj1...jn . We can then consider the variable

Xi =
∑

1≤i2≤···in≤N
ia ̸=i∀a

Pii2...in

(∑
ν

ξνi ξ
ν
i2
· · · ξνin + ηii2...in

)
ξ
µ
i ξ

µ
i2
. . . ξ

µ
in
si2 · · · sin

=
∑
ν,{ia}

Y ν
i{ia} +

∑
{ia}

Zi{ia}, (2.35)

where

Y ν
i{ia} = ξ

µ
i ξ

µ
i2
. . . ξ

µ
in
ξνi ξ

ν
i2
· · · ξνinξ

µ
i ξ

µ
i2
. . . ξ

µ
in
Pii2...insi2 · · · sin , (2.36)

Zi{ia} = ξ
µ
i ξ

µ
i2
. . . ξ

µ
in
Pii2...inηii2...insi2 · · · sin , (2.37)

and {ia} is shorthand for i2, . . . , in. The sign of Xi will be sgn(Xi) = ξ
µ
i (Tnξ

µ)i, which

determines whether the i-th spin is correctly retrieved, and the overlap of the state with the

original pattern is ⟨ξµ,Tnξ̃
µ⟩ =

∑
i sgn(Xi)/N . Therefore, the statistical properties of Xi

can be used to estimate the retrieval accuracy.

Because ξ
µ
i are i.i.d. Rademacher variables, we have E

(
ξ
µ
i

)
= 0, and ξ

µ
i
2
= 1 with

probability 1. Therefore, any term involving a product of ξµi factors will have nonzero

expectation only if they “pair up”. We then find that

E
(
Y ν
i{ia}

)
= δµνµP (1− 2δ)n−1, (2.38)

E
(
Zi{ia}

)
= 0. (2.39)
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Since there are
(N−1
n−1

)
choices for the components {i2, . . . , in} ⊂ {1, . . . , N}\{i}, we conclude

that E(Xi) =
(N−1
n−1

)
µP (1− 2δ)n−1.

To find the variance of Xi, we need to find the variances as well as pairwise covariances

of the terms Y ν
i{ia} and Zi{ia}. We note that

Cov
(
Zi{ia}, Zi{jb}

)
=


V
(
Zi{ia}

)
= µP 2µη2 , if {ia} = {jb},

0, otherwise,
(2.40)

Cov
(
Zi{ia}, Y

ν
i{jb}

)
= 0. (2.41)

For finding the covariance Cov
(
Y ν
i{ia}, Y

λ
i{jb}

)
, let us first consider the case where {ia} =

{jb}. In this case, the covariance Cov
(
Y ν
i{ia}, Y

λ
i{ia}

)
is µP 2 if ν = λ ̸= µ, µP 2 − µ2P (1 −

2δ)2(n−1) if ν = λ = µ, and 0 if ν ̸= λ. However, if {ia} ≠ {jb}, the covariance can be nonzero

only if ν = λ = µ. In this case, we have Cov
(
Y
µ
i{ia}, Y

µ
i{jb}

)
= µ2P ((1 − 2δ)2(n−1−c) − (1 −

2δ)2(n−1)), where 0 ≤ c = |{ia} ∩ {jb}| ≤ n− 2 is the number of spins in common between

the sets {ia} and {jb}. (We note that this covariance is zero when c = 0, as well as for all

c in the case of no initial perturbation δ = 0.) The number of possible ways of sampling

the sets {ia}, {jb} ⊂ {1, . . . , N} \ {i} with |{ia}| = |{jb}| = n − 1 and |{ia} ∩ {jb}| = c is(N−1
n−1

)(n−1
c

)( N−n
n−1−c

)
. Combining all the covariances, we find that

V(Xi) =

(
N − 1

n− 1

)[
µP 2(K + µη2)− µ2P (1− 2δ)2(n−1)

]
+

(
N − 1

n− 1

)
µ2P (1− 2δ)2(n−1)

n−2∑
c=1

(
n− 1

c

)(
N − n

n− 1− c

)(
(1− 2δ)−2c − 1

)
. (2.42)

As we shall show below, the capacity of this network is of the order of Nn−1; when the

number of memories is of that order, the first term in the above expression of the variance

scales with system size as N2(n−1). The term on the second line, however, is of order N2n−3

(corresponding to the term in the sum with c = 1) and thus can be ignored when N ≫ 1
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and K ∼ Nn−1, which is the regime we will be interested in. (This term also vanishes in

the case of no initial perturbation, δ = 0.)

To make further progress, we assume that the probability distribution of Xi is approxi-

mately Gaussian. Although we do not prove if this approximation is valid, we provide some

intuition here for why this may be a reasonable assumption (which is also found to agree

with the results from numerical simulations). We define

X
\µ
i =

∑
{ia}

∑
ν ̸=µ

Y ν
i{ia} + Zi{ia}

 ≡
∑
{ia}

X
\µ
i{ia}. (2.43)

The variables X\µ
i{ia} for different {ia} are identically distributed, and they are pairwise

independent (though not mutually independent for n > 2). Therefore, even though the

conditions for central limit theorem are not fully met, we may expect X\µ
i =

∑
{ia}X

\µ
i{ia}

to approximately follow a Gaussian distribution with mean 0 and variance
(N−1
n−1

)
µP 2(K −

1 + µη2). On the other hand, Y µ
i{ia} = Pi{ia}

∏
a sia are correlated for different sets {ia}

if they are not disjoint (which is possible if n > 2) and 0 < δ < 1/2, and thus their sum

X
µ
i =

∑
{ia} Y

µ
i{ia} may not be normal. Xµ

i and X\µ
i are also not independent, even though

they are uncorrelated. However, because V
(
X

\µ
i

)
≫ V

(
X

µ
i

)
for N ≫ 1 and K ∼ Nn−1,

we expect Xi = X
\µ
i + X

µ
i to be approximately Gaussian for large enough system size.

For any Gaussian random variable G ∼ N(µ, σ2), the probability of it being positive is

P(G > 0) = (1 + erf
(
µ/

√
2σ
)
)/2. Therefore, the expected value of sgn(Xi) is estimated to

be

E(sgn(Xi)) = erf

(
E(Xi)√
2V(Xi)

)

≈ erf


(N−1
n−1

)
µP (1− 2δ)n−1√

2
[(N−1

n−1

)
(µP 2(K + µη2)− µ2P (1− 2δ)2(n−1))

]
 (2.44)
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While the cases where the interactions have additive and multiplicative noise can be

treated together, we need to separately analyze the case where the interactions are also

clipped. In this case we the interaction coefficients are defined as

J̌j1...jn = sgn

(
Pj1...jn

(∑
ν

ξνj1 · · · ξ
ν
jn

+ ηj1...jn

))
, (2.45)

i.e., similar to the previous case but with an additional sign function for the clipping. The

analog of the variable Xi, determining whether the i-th spin is retrieved correctly, is now

X̌i =
∑
{ia}

J̌i{ia}ξ
µ
i

(∏
a

ξ
µ
ia
sia

)

=
∑
{ia}

sgn

(∑
ν

ξ
µ
i ξ

ν
i

∏
a

(
ξ
µ
ia
ξνia

)
+ ηi{ia}ξ

µ
i

∏
a

(
ξ
µ
ia

))
sgn
(
Pi{ia}

)∏
a

sia

≡
∑
{ia}

sgn
(
Wi{ia}

)
sgn
(
Pi{ia}

)∏
a

sia ≡
∑
{ia}

sgn
(
Xi{ia}

)
, (2.46)

where we now need to find the probability of each of the terms

Wi{ia} =
∑
ν

ξ
µ
i ξ

ν
i

∏
a

(
ξ
µ
ia
ξνia

)
+ ηi{ia}ξ

µ
i

∏
a

(
ξ
µ
ia

)
= 1 +

∑
ν ̸=µ

ξ
µ
i ξ

ν
i

∏
a

(
ξ
µ
ia
ξνia

)
+ ηi{ia}ξ

µ
i

∏
a

(
ξ
µ
ia

)
(2.47)

being positive. By similar arguments as above, we can find that

E
(
Wi{ia}

)
= 1, (2.48)
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since ξνi are independent with zero expectation. We also find that

W 2
i{ia} =

∑
ν

(
ξ
µ
i ξ

ν
i

∏
a

(
ξ
µ
ia
ξνia

))2

+

(
ηi{ia}ξ

µ
i

∏
a

(
ξ
µ
ia

))2

+ 2
∑
ν<λ

ξ
µ
i ξ

ν
i ξ

µ
i ξ

λ
i

∏
a

(
ξ
µ
ia
ξνiaξ

µ
ia
ξλia

)
+ 2ξ

µ
i ξ

ν
i ηi{ia}ξ

µ
i

∏
a

(
ξ
µ
ia
ξνiaξ

µ
ia

)
= K + η2i{ia} + 2

∑
ν<λ

ξνi ξ
λ
i

∏
a

(
ξνiaξ

λ
ia

)
+ 2ξνi ηi{ia}

∏
a

ξνia , (2.49)

and thus

V
(
Wi{ia}

)
= K + µη2 − 1. (2.50)

Assuming Wi{ia} is approximately Gaussian, we find

E
(
sgn
(
Xi{ia}

))
= E

(
Wi{ia}

)
E
(
P̌i{ia}

)∏
a

E
(
sia
)

= erf

 1√
2(K + µη2 − 1)

µP̌ (1− 2δ)n−1

≈
2µP̌ (1− 2δ)n−1√

2π(K + µη2)
(for K ≫ 1), (2.51)

where P̌i{ia} = sgn
(
Pi{ia}

)
. We know that P

(
s2j = 1

)
= 1, and if we ignore the probability

of Wi{ia} being exactly zero, we obtain V
(
sgn
(
Xi{ia}

))
= µP̌ 2 − E(sgn

(
Xi{ia}

)
)2. Then

X̌i satisfies

E
(
X̌i
)
=
∑
{ia}

E
(
sgn
(
Xi{ia}

))
=

(
N − 1

n− 1

)
erf

 1√
2(K + µη2 − 1)

µP̌ (1− 2δ)n−1

≈
(
N − 1

n− 1

)
2µP̌ (1− 2δ)n−1√

2π(K + µη2)
, (2.52)
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and

V
(
X̌i
)
=
∑
{ia}

V
(
sgn
(
Xi{ia}

))

=

(
N − 1

n− 1

)µP̌ 2 − erf

 1√
2(K + µη2 − 1)

2

µ2
P̌
(1− 2δ)2(n−1)


≈
(
N − 1

n− 1

)µP̌ 2 −

2µP̌ (1− 2δ)n−1√
2π(K + µη2)

2
, (2.53)

where we have ignored the covariances Cov
(
sgn
(
Xi{ia}

)
, sgn

(
Xi{jb}

))
as they are much

smaller than their individual variances when K is large. Therefore, the expected overlap is

E(m̌) = E
(
sgn
(
X̌i
))

≈ erf



(N−1
n−1

)2µP̌ (1−2δ)n−1√
2π(K+µη2)√√√√√2

(N−1
n−1

)µP̌ 2 −

(
2µP̌ (1−2δ)n−1√

2π(K+µη2)

)2



= erf

(1− 2δ)n−1

√√√√ (N−1
n−1

)
µ2
P̌

πµP̌ 2(K + µη2)

. (2.54)

2.8 Numerical results for retrieval accuracy after multiple update

steps

In this work, we defined the retrieval accuracy and capacity in 2.3 using the overlap

m =
1

N

∑
i

ξ
µ
i (Tnξ̃

1
)i (2.55)
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Figure 2.7: Average overlap of a pattern with itself after randomly “corrupting” δ = 0.1 of
the spins in a modern Hopfield network and doing (a) 20 and (b) 30 steps of Hopfield update,
plotted in terms of the quantity γ = (K +µη2)/(fcp(N − 1)(N − 2)). We considered 8 types
of networks in each plot, each with N = 20 spins and interaction order n = 3, but differing
in the types of additive noise (none vs. Gaussian with mean squared noise µη2 = 100),
multiplicative noise (none vs. Bernoulli with parameter p = 0.9), and clipping (not clipped
vs. clipped). The networks corresponding to different noise distributions have been plotted
in different colors (with the standard errors shown in lighter colors), and the corresponding
clipped networks have been plotted in the same colors as the unclipped networks but using
dashed lines. The analytical estimate corresponding to one update step, obtained using
eq. (2.57), has also been plotted as a black dashed line.

, which measures how close the perturbed pattern ξ̃1 is to the original pattern ξ1 after one

step of the Hopfield update Tn (as defined in eq. (2.5)). However, it may be of interest to

consider the retrieval accuracy of the network after multiple consecutive steps of Tn, as after

several steps we may expect the system to reach a fixed point (though this is not guaranteed

for synchronous dynamics). We do not analyze the behavior of the network after multiple

steps in this paper, but in this section we present some numerical results from simulated

networks.

The numerical results were obtained from simulated networks using the methods similar

to those described in section 2.5. We simulated 8 different types of modern Hopfield networks.

Each had N = 20 spins and interaction order n = 3, but they differed in additive noise
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Figure 2.8: Average overlap of a pattern with itself after randomly “corrupting” δ = 0.2 of
the spins in a modern Hopfield network and doing (a) 20 and (b) 30 steps of Hopfield update,
plotted in terms of the quantity γ = (K +µη2)/(fcp(N − 1)(N − 2)). We considered 8 types
of networks in each plot, each with N = 20 spins and interaction order n = 3, but differing
in the types of additive noise (none vs. Gaussian with mean 0 and variance µη2 = 100),
multiplicative noise (none vs. Bernoulli with parameter p = 0.9), and clipping (not clipped
vs. clipped). The networks corresponding to different noise distributions have been plotted
in different colors (with the standard errors shown in lighter colors), and the corresponding
clipped networks have been plotted in the same colors as the unclipped networks but using
dashed lines. The analytical estimate corresponding to one update step, obtained using
eq. (2.57), has also been plotted as a black dashed line.
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(none vs. Gaussian with mean squared noise 100), multiplicative noise (none vs. Bernoulli

with parameter 0.9), and clipping (not clipped vs clipped). For each type of network and for

each considered number of patterns K, we generated 10 different networks (corresponding to

different sets of randomly generated patterns {ξµ} and different realizations of noise), and

for each network we sampled 5 data points by randomly choosing and perturbing one of the

patterns (flipping each spin with probability δ) each time. We operated the Hopfield update

on the perturbed pattern k times, and found the average overlap m =
∑

i ξ
µ
i T

k
nξ̃

µ
i/N of the

updated pattern with the original pattern. The results are shown in figures 2.7 and 2.8.

From eqs. (2.11) and (2.29), we expect the expected overlap E(m) to depend on the

number of patterns and the noise and clipping via the quantity

γ =
K + µη2

fc(µP 2/µ2P )(N − 1)(N − 2)
, (2.56)

where µP 2/µ2P = p if the multiplicative noise follows Bernoulli distribution with parameter

p (which is the case we have considered here), and fc is 2/π if the interactions were clipped

and 1 otherwise. In particular, after one step of Hopfield update, we expect

E(m) = erf
(
(1− 2δ)n−1/

√
2γ(n− 1)!

)
, (2.57)

, where δ is the initial perturbation and n the interaction order. In figures 2.7 and 2.8, we

plot the average overlaps as functions of γ.

We note that figures 2.7 (a) and (b) correspond to the same networks after 20 and 30

update steps respectively, and the plots are seen to be almost identical. (The same is the case

for figs. 2.8 (a) and (b).) We can therefore assume that the results after 30 steps exhibit the

fixed point of the update dynamics. The simulated overlaps do not agree with the analytical

estimate of the overlap after 1 step (also shown in the plot), but they are seen to agree with

one another. Thus, even though we have not found the exact dependence of E(m) after

42



multiple steps on the number of patterns or the noise, we expect it to be some function of

γ. Therefore, if we define the capacity of the network in terms of its behavior after multiple

steps of synchronous update at zero temperature, this capacity will be affected by noise or

clipping the same way as the capacity we have defined in terms of one-step update.

Figure 2.7 corresponds to simulations where the starting pattern was initially perturbed

by randomly flipping each of its spins with probability δ = 0.1 (which would correspond

to an initial overlap with the pattern of m0 = 0.8). We note that the numerical values of

E(m) remain close to the expected one-step results over the range of γ where E(m) > 0.8,

but get smaller than the one-step results for larger γ. Therefore, it appears that if the first

step of synchronous Hopfield update brings the system closer to the pattern (i.e., the overlap

with the pattern increases), then the subsequent steps make little difference and do not

affect the overlap much. However, if the first step brings the state further away (decreasing

the overlap), then the subsequent steps decrease it even further. Figure 2.8 corresponds to

simulations with identical networks where the starting pattern was perturbed more strongly

(given by δ = 0.2 and initial overlap m0 = 0.6). In this case, we see that the overlap after

multiple steps is close to the one-step estimate as long as it’s above 0.6 and falls below the

one-step estimate for larger γ, which is consistent with our observations from fig. 2.7.

2.9 Expressing dense associative memory Hamiltonians involving

higher powers of overlaps in terms of multi-spin interactions

and vice versa

Much of the work on dense associative memories, including that by Krotov [47], define the

Hamiltonians of such models in terms of the overlaps of the state with the patterns being

stored. Therefore, if the system is in the state σ (with components σi) and we wish to store
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the patterns ξµ, then the Hamiltonian of the system can be expressed as

H = −N
∑
µ

F (mµ), (2.58)

where mµ =
∑

i ξ
µ
i σi/N are the overlaps. For the quadratic function F (x) = x2, this

corresponds to the standard Hopfield network, whereas F (x) involving higher powers of x

indicates a dense associative memory.

It is also useful to interpret associative memories as arising from of interactions among

their components. This is how Hopfield networks have been usually interpreted, where

the components spins have pairwise interactions mediated by coupling constants usually

defined by the Hebb rule. Modern Hopfield networks can be defined by allowing higher

order interactions; this is the approach taken previously, for example, by Agliari et al. [16],

and also by us in this work. If we define a modern Hopfield network whose component spins

interact via n-body interactions, with the interaction coefficients defined by the generalized

Hebb rule with no noise, then its Hamiltonian will be of the form

H0
n = − 1

Nn−1

∑
1≤ii<···<in≤N

∑
µ

ξ
µ
i1
· · · ξµinσi1 · · ·σin , (2.59)

where we have excluded self-interactions. If we had allowed self-interactions, it is clear the

above Hamiltonian would have been identical to the one in eq. (2.58),with F (x) = xn.

Because σ2i = 1, any n-body interaction term involving self-interactions can be written as

an (n − 2k)-body interaction term excluding self-interactions for some nonnegative integer

k ≤ n/2. Thus, any Hamiltonian of the form in eq. (2.58), where F is an analytic function,

can be written as a sum of interaction Hamiltonians of the form expressed in eq. (2.59). In
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particular, by expanding the powers and using combinatorics, we see that

−N
∑
µ

mµ = H0
1 , (2.60)

−N
∑
µ

m2
µ = 2H0

2 −K, (2.61)

−N
∑
µ

m3
µ = 6H0

3 +

(
3

N
− 2

N2

)
H0
1 , (2.62)

−N
∑
µ

m4
µ = 24H0

4 +

(
12

N
− 16

N2

)
H0
2 −K

(
3

N
− 2

N2

)
, (2.63)

and so on. For general power n the expressions get complicated, but for large N we can keep

the leading order terms to get the approximate expression

−N
∑
µ

mn
µ ≈ n!

⌈n/2⌉∑
k=0

1

(2N)kk!
H0
n−2k for N ≫ 1, (2.64)

where H0
0 ≡ −NK. We can invert the above to express the Hamiltonian in eq. (2.59) in

terms of polynomial functions of the overlaps to obtain

H0
1 = −N

∑
µ

mµ, (2.65)

H0
2 = −1

2
N
∑
µ

m2
µ +

K

2
, (2.66)

H0
3 = −N

∑
µ

(
1

6
m3

µ −
(

1

2N
− 1

3N2

)
mµ

)
, (2.67)

H0
4 = −N

∑
µ

(
1

24
m4

µ −
(

1

4N
− 1

3N2

)
m2

µ +
1

8N2
− 1

4N3

)
, etc., (2.68)

and for N ≫ 1 we have

H0
n = −N

K∑
µ=1

⌊n/2⌋∑
k=0

(−1)k
mn−2k

µ

k!(n− 2k)!(2N)k
. (2.69)
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2.10 Recap of results for the classic Hopfield network

Here we derive the retrieval accuracy of a Hopfield network for the special case of two-body

interactions (i.e., the network originally described by Hopfield [1]). While the analysis is very

similar to the general derivation shown in section 2.4, it may be helpful to study the simpler

and better-known case of the standard Hopfield network and and check that our results agree

with previous work. As before, we consider a system of N Ising spins (binary neurons), where

each spin can be in the state 1 or −1, and K patterns ξµ ∈ {1,−1}N , µ ∈ {1, . . . , K}, where

every component ξµi independently takes the value 1 or −1 with equal probability. Then the

Hamiltonian for the Hopfield network is defined as an infinite-range Ising Hamiltonian with

two-spin interactions,

H(σ) = −
∑
i<j

Jijσiσj , (2.70)

where the coupling constants Jij can be defined by the Hebb rule (as described schematically

in figure 2.9),

J0ij =
∑
µ

ξ
µ
i ξ

µ
j . (2.71)

We will generalize the coupling constants to include additive and multiplicative noise, in

which case they have the form

Jij = Pij

(∑
µ

ξ
µ
i ξ

µ
j + ηij

)
, (2.72)

where Pij is a random multiplicative factor and ηij is an additive noise term. In particular, we

will mainly consider the cases where Pij are i.i.d. Bernoulli random variables with parameter

p (corresponding to p of the couplings being retained and the rest randomly deleted), and
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(a)

(b)

(c)

Figure 2.9: Schematic of a classic Hopfield network withN = 5 spins andK = 3 patterns. (a)
Visual representation of the patterns, where upward and downward facing arrows correspond
to a spin of 1 and −1 respectively. (b) Couplings associated with each pattern (defined as
J
µ
ij = ξ

µ
i ξ

µ
j for pattern µ and spins i and j), shown as green lines connecting the arrows.

Solid lines are ferromagnetic (Jµij = 1) and dotted lines are antiferromganetic (Jµij = −1).
(c) Couplings defined using the Hebbian learning rule as Jij =

∑
µ J

µ
ij , shown as before by

lines connecting the arrows, where the thickness of the lines indicates the strength
∣∣Jij∣∣ of

the coupling.
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ηij are i.i.d. Gaussian variables centered at 0.

We will also consider networks where all nonzero couplings J̌ij have been “clipped” to be

±1, which we can define by taking just the sign of the coupling constant defined above (as

shown in figure 2.11), i.e.,

J̌ij = sgn

(
Pij

(∑
µ

ξ
µ
i ξ

µ
j + ηij

))
. (2.73)

Each spin σi can be thought of as experiencing a local field Bi =
∑

j ̸=i Jijσj , and at each

time step the spins will orient themselves along their corresponding local fields. We consider

synchronous updates at zero temperature, so the evolution of the system at each time step

is given by the operator T, defined such that

(Tσ)i = sgn

∑
j ̸=i

Jijσj

 = sgn

∑
µ,j ̸=i

ξ
µ
i ξ

µ
j σj

. (2.74)

We estimate the retrieval accuracy of the network in the manner described in section 2.3.

We arbitrarily choose a pattern (say ξ1) and “corrupt” it by randomly flipping some of its

component spins with probability δ. The corrupted state is ξ̃
1 with components ξ̃1i = siξ

1
i ,

where si are independent and each takes the values 1 and −1 with probabilities 1 − δ and

δ respectively. We then operate one step of the Hopfield update, and find the overlap m =∑
i ξ

1
i (Tξ̃

1
)i/N of the resulting state with the original pattern to quantify how accurately

the original pattern was retrieved.

Let us first consider the Hopfield network with couplings defined by the Hebb rule but

with noise as in eq. (2.72). Then the overlap m is

m =
1

N

∑
i

ξ1i

(
Tξ̃

1
)
i
=

1

N

∑
i

sgn

∑
µ,j ̸=i

ξ
µ
i ξ

µ
j ξ

1
i ξ

1
j + ηijξ

1
i ξ

1
j

Pijsj
. (2.75)
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We define the random variables Y
µ
ij = ξ

µ
i ξ

µ
j ξ

1
i ξ

1
jPijsj , Zij = ξ1i ξ

1
j ηijPijsj , and Xi =∑

j ̸=i(
∑

µ Y
µ
ij + Zij). We also note that E

(
ξ
µ
i

)
= 0 for all µ and i, E(si) = 1 − 2δ

for all i, ξµi
2
= 1 almost everywhere, E

(
ηij
)
= 0, and the variables

{
ξ
µ
i

}
µ,i,

{
ηij
}
i<j ,{

Pij
}
i<j , and {si}i are all independent. We define µη2 = E

(
η2ij

)
, µP = E

(
Pij
)
, and µP 2 =

E
(
P 2
ij

)
. Then we can check that E

(
Y
µ
ij

)
= µP (1− 2δ)δµ1, E

(
Zij
)
= 0, V

(
Zij
)
= µη2µP 2 ,

E
(
X

µ
ij
2
)
= µP 2 − µ2P (1− 2δ)2δµ1, and all other covariances are zero. This implies E(Xi) =

(N−1)µP (1−2δ) and V(Xi) = (N−1)
(
(K + µη2)µP 2 − µ2P (1− 2δ)2

)
. Assuming that the

probability distribution of Xi can be approximated by a Gaussian, the probabilities of the

possible values of sgn(Xi) are given by P(sgn(Xi) = ±1) =
[
1± erf

(
E(Xi)/

√
2V(Xi)

)]
/2.

Then the expected value of the overlap m is

E(m) =
1

N

∑
i

E(sgn(Xi)) = erf

√√√√ (N − 1)µ2P (1− 2δ)2

2((K + µη2)µP 2 − µ2P (1− 2δ)2)


≈ erf

(√
N(1− 2δ)2

2(K + µη2)µP 2/µ2P

)
, (2.76)

where the approximation holds when N,K ≫ 1. We compare this result against a numeri-

cally simulated Hopfield network in figure 2.10, and find them to be in agreement. We note

that in absence of additive noise (ηij = 0), N and K enter this expression only through K/N ,

so any definition of the capacity involving this expected overlap will scale linearly with the

number of spins. For example, we may define the capacity as the number of patterns for

which the average overlap is m0 = 1 − ϵ for some 0 < ϵ ≪ 1, in which case the capacity is

found to be Kc = Nµ2P (1− 2δ)2/2µP 2 erf−1(m0)
2 ≈ Nµ2P (1− 2δ)2/µP 2 ln

(
2/πϵ2

)
. This is

linearly related to the number of spins N as expected, and quadratically related to 1 − 2δ

quantifying how close the initial state was to the pattern being retrieved. If we assume

that Pij are Bernoulli variables with parameter p, corresponding to p of the couplings being

retained and the rest deleted, then we have µP = µP 2 = p. In that case, the capacity is also

linearly related to the probability p with which the couplings are retained. The capacity goes

49



0.0 0.2 0.4 0.6 0.8 1.0
K
N  (K patterns, N spins)

0.5

0.6

0.7

0.8

Av
er

ag
e 

ov
er

la
p 

wi
th

 p
at

te
rn

Figure 2.10: Average overlap of the state with the original pattern after flipping δ = 0.1
of the spins and doing one step of Hopfield update, in a classic Hopfield network (with 200
spins and 2-spin interactions), as a function of the scaled number of patterns α = K/N . The
coupling constants are defined by the Hebb rule without clipping, but with Gaussian additive
noise with mean 0 and variance 50. Also, p = 0.8 of the couplings have been retained and
the rest deleted.The analytical estimate obtained in eq. (2.76) has also been plotted.

down if we discard more coupling constants or require a larger basin of attraction around

each pattern, which agrees with our intuition.

We now consider the model where the couplings are clipped to be ±1, following eq. (2.73).

This “clipped” model has been discussed in refs. [4] and [12]; here we have also included the

possibility of noise or network dilution by introducing ηij and Pij . The overlap m̌ of a

perturbed pattern after one step of the Hopfield update (as described in section 2.3) is

m̌ =
1

N

∑
i

sgn

∑
j ̸=i

sgn

(
Pij

(∑
µ

ξ
µ
i ξ

µ
j + ηij

))
ξ1i ξ

1
j sj


=

1

N

∑
i

sgn

∑
j ̸=i

sgn

(∑
µ

ξ
µ
i ξ

µ
j ξ

1
i ξ

1
j + ηijξ

1
i ξ

1
j

)
P̌ijsj

, (2.77)

where P̌ij = sgn
(
Pij
)
. To find the expected value of m̌, we define Wij =

∑
µ ξ

µ
i ξ

µ
j ξ

1
i ξ

1
j +

ηijξ
1
i ξ

1
j , Xij = WijPijsj , and X̌i =

∑
j ̸=i sgn

(
Xij
)
. Then for any fixed i, Xi > 0 if and

only if the number of variables Xij (for j ̸= i) taking positive values is more than (N −1)/2.
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(a) (b)

Figure 2.11: Schematic of a Hopfield network with N = 5 spins and couplings restricted
to be binary. (a) corresponds to the model described in figure 2.9, with solid and dashed
lines corresponding to ferromagnetic (Jij > 0) and antiferromagnetic (Jij < 0) interactions
respectively and their widths corresponding to their magnitudes

∣∣Jij∣∣. (b) is the model with
“clipped couplings”, where all the lines have the same width (corresponding to the same
magnitude of

∣∣J̌ij∣∣ = 1) and can only differ in sign.

We see that E
(
Wij

)
= 1 and V

(
Wij

)
= K + µη2 − 1. Then, assuming as before that

the probability distribution is approximately Gaussian, the probability of any particular

Wij being positive is P
(
Wij > 0

)
= (1 + erf

(
1/
√

2(K + µη2 − 1)
)
)/2. The expected sign

of Xij is E
(
sgn
(
Xij
))

= µP̌ (1 − 2δ) erf
(
1/
√

2(K + µη2 − 1)
)

≡ ě, and its variance is

V
(
sgn
(
Xij
))

= µP̌ 2 − ě2. The variables Xij for different j are independent, so their sum X̌i

has mean (N − 1)ě and variance (N − 1)(µP̌ 2 − ě2). Therefore its expected sign is

E
(
sgn
(
X̌i
))

= erf


(N − 1)µP̌ (1− 2δ) erf

(
1/
√

2(K + µη2 − 1)
)

√
2(N − 1)

(
µP̌ 2 − erf

(
1/
√

2(K + µη2 − 1)
)2)


≈ erf

(1− 2δ)

√√√√ Nµ2
P̌

πµP̌ 2(K + µη2)

, (2.78)

where the approximation holds for K ≫ 1. The expected value of the overlap is thus

E(m̌) =
∑

i E
(
sgn
(
X̌i
))
/N = erf

(
(1− 2δ)µP̌

√
N/πµP̌ 2(K + µη2)

)
, which (in the cases

where the multiplicative noise only takes the values 0,±1) is identical to the expression of

E(m) that we obtained for the usual Hopfield network if we replaceN with 2N/π. We plot the

51



0.0 0.2 0.4 0.6 0.8 1.0
K
N  (K patterns, N spins)

0.4

0.5

0.6

0.7

Av
er

ag
e 

ov
er

la
p 

wi
th

 p
at

te
rn

Figure 2.12: Average overlap of the state with the original pattern after flipping δ = 0.1
of the spins and doing one step of Hopfield update, in a classic Hopfield network (with 200
spins and 2-spin interactions), as a function of the scaled number of patterns α = K/N .
The coupling constants are defined by the Hebb rule, but with Gaussian additive noise with
mean 0 and variance 50. The coupling constants have also been clipped to have magnitude
1, and p = 0.9 of them have had their sign flipped. The analytical estimate obtained in
eq. (2.78) has also been plotted.

expected overlaps for a numerically simulated Hopfield network with clipped interactions in

figure 2.12, which are found to agree with the above result. Therefore, in absence of additive

noise, any measure of capacity for this clipped Hopfield network will also scale linearly with

the number of spins, but will be less than the capacity of the usual Hopfield network by a

factor of 2/π. This agrees with the results in [4] and [12]. The effects of clipping the couplings

and removing them (with probability 1 − p) affect the capacity independently, reducing it

by factors of 2/π and p respectively.
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CHAPTER 3

PHASE DIAGRAM OF QUARTIC DENSE ASSOCIATE

MEMORY USING REPLICA THEORY

3.1 Introduction

In the previous chapter, we analyzed modern Hopfield networks with multi-spin interactions

using the behavior of the network after one step of synchronous update of its component

spins. However, it is difficult to extend this approach to study the network after long-time

dynamics, in which case we can expect it to have reached an equilibrium. More progress

can be made by instead using the tools from equilibrium statistical physics, by treating the

Hopfield network as an Ising spin system at some temperature 1/β and finding the partition

function and free energy of this system. The patterns {ξµ} which define the interaction

strengths and the energy of the model are chosen randomly, and we need to average over

the possible realizations of the patterns when obtaining the free energy. This is similar to

the configurational average over interaction coefficients required for finding the free energy

of spin glass systems such as the Sherrington-Kirkpatrick model, and we can use similar

techniques such as replica theory for the Hopfield model as well.

The replica symmetric free energy and the equations of state of the Hopfield network

with two-spin interactions was obtained by Amit [3]. Solving these equations yielded the

phase diagram of this network, showing distinct phases corresponding to retrieval (at suf-

ficiently low temperatures and number of patterns), spin glass (for low temperatures but

large numbers of patterns), and paramagnetic behavior (at high temperature). This was

later extended to consider replica symmetry breaking [35].

Replica theory has also been used to find the phases of modern Hopfield networks with

higher order interactions. For example, Arenzon and de Almeida [43] analyzed the network

with both second and fourth order interactions, where the coefficients mediating the fourth
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order interactions had contributions from all possible pairs of patterns rather than the pat-

terns themselves. Alemanno et al. [65], and Agliari et al. [64], on the other hand, analyzed

the quartic model where the number of patterns embedded scales linearly as the system size

(as opposed to cubically) but the interaction coefficients we allowed to have high levels of

noise. Gardner [73] obtained the equations of state and the phase diagram of the network

with p-spin interactions, by approximating the effect of the non-retrieved patterns as Gaus-

sian and using cumulants. More recently, the phase diagrams of networks with multi-spin

interactions have been obtained using replica symmetry [74] and under replica symmetry

breaking [75], also by approximating the effective noise in the network due to the patterns

not being retrieved as Gaussian random variables.

Here we explore another technique of obtaining the free energy and phase diagram of

the Hopfield network with quartic interactions using replica theory. Our approach closely

follows the techniques used by Amit et al. [3] for the classic HOpfield model, and does not

directly invoke the approximations used in refs. [39, 74]. However, this approach can be used

for networks with quartic interactions and can be potentially extended to networks whose

interaction orders are higher powers of 2, but it can not be directly generalized to networks

with other interaction orders.

In section 3.2 we describe the model studied here. In section 3.3, we study the network

with a small number of embedded patterns, in which case we expect the patterns to be

retrieved as long as the temperature is sufficiently low. In section 3.4 we find the replicated

partition function of the network in the limit of a large number of patterns (K ∼ N3), and

in section 3.5 we obtain its free energy assuming replica symmetry. Finally in section 3.6 we

extremize the free energy to obtain the equations of state, which we solve to find the phases

and the phase diagram of the network in 3.7.
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3.2 Description of the model

We consider a set of K patterns ξµ with componetns ξµi , i ∈ {1, . . . , N}, µ ∈ {1, . . . , K}, in

an Ising system with N spins. The pattern components are chosen randomly and indepen-

dently, so each ξ
µ
i is an i.i.d. Rademacher random variable taking value 1 or −1 with equal

probability. Following Krotov and Hopfield [8], we define the energy function

E(σi) = −
∑
µ

F

(∑
i

ξ
µ
i σi

)
, (3.1)

where F is a chosen function, often a power function F (x) = xn. We note that for n = 1,

the above Hamiltonian corresponds to a non-interacting system of spins, where each spin σi

experiences a local field hi =
∑

µ ξ
µ
i . Such a Hamiltonian can only learn one pattern; for

K > 1 each spin will simply tend to orient in accordance with the spins at that site for the

majority of patterns, and the system can not learn the pattern individually. For F (x) = xn

with n > 1, the Hamiltonian can be rewritten as

E(σi) = −
∑
µ

(∑
i

ξ
µ
i σi

)n

= −
∑
µ

 N∑
i1=1

ξ
µ
i1
σi1

 · · ·

 N∑
in=1

ξ
µ
in
σin


=

∑
i1,...,im

(∑
µ

ξ
µ
i1
· · · ξµin

)
σi1 · · ·σin

=
∑

i1,...,in

Ji1,...inσi1 · · ·σin , (3.2)

Which is the Hamiltonian involving all possible (infinite-range) n-spin interactions, where

the coupling coefficients are defined using the memories. For n = 2 this corresponds to

the usually defined Hopfield network with two-spin interactions. Here we have allowed self-

interactions as the indices i1 . . . in in the above expression need not be all different; for Ising
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spins this means that the Hamiltonian also includes (n−2p)-spin interactions for 0 ≤ p ≤ n/2.

If F (x) is an increasing function of x, then F (
∑

i ξ
µ
i σi) has the largest value of F (N)

(and thus the smallest energy contribution) when σ = ξµ. The memories are expected to

be low energy states of the Hamiltonian (if we have only one memory then that state will

be the ground state). If the rate of change of F is sufficiently large away from its maximum

value, we expect that the energy minima will occur only when one of the terms in the

energy expression is at its minimum (i.e. the memories will be the metastable states of this

Hamiltonian).

In this work, we will focus on the case where n = 4 (the quartic model). This corresponds

to the presence of 4-spin and 2-spin interactions between the component spins in the network.

3.3 Free energy of the quartic modern Hopfield network with

small number of embedded patterns

For quadratic Hamiltonians, we can use the property of Gaussian integral to make the degree

of freedom linear in the exponent of the partition (Hubbard-Stratonovich transformation):

eax
2/2 =

√
a

2π

∫ ∞

−∞
dy e−ay2/2+ayx for a > 0. (3.3)

We also note that

e−ax2/2 =

√
a

2π

∫ ∞

−∞
dy e−ay2/2+iayx for a > 0. (3.4)

56



For a quartic term in the exponent (corresponding to the modern Hopfield network with

n = 4), we can introduce two integration variables to similarly obtain (for a > 0)

eax
4/2 =

√
a

2π

∫ ∞

−∞
dy e−ay2/2+ayx2

=

√
a

2π

∫ ∞

0
dy e−ay2/2

(
eayx

2
+ e−ayx2

)
=

a

π
√
2

∫ ∞

0
dy

√
ye−ay2/2

∫ ∞

−∞
dz e−ayz2

(
e2ayzx + e2iayzx

)
=
a
√
2

3π

∫ ∞

0
du

∫ ∞

−∞
dz e−au4/3/2−au2/3z2

(
e2au

2/3zx + e2iau
2/3zx

) (
u = y3/2

)
=

2a
√
2

3π

∫ ∞

0
du

∫ ∞

0
dz e−au4/3/2−au2/3z2

(
cosh

(
2au2/3zx

)
+ cos

(
2au2/3zx

))
.

(3.5)

We can use this to find the partition function and free energy for quartic (and in principle

higher orders which are powers of 2) Hopfield-like models, generalizing the analysis of [3].

We will ignore the imaginary exponent term corresponding to the y < 0 part of the integral,

as for most values of u, cosh(u) ≫ cos(u).

Let us first consider the case with a finite number of memories (K ≪ N) for a fourth

order Hamiltonian (n = 4, H = −
∑

µ(
∑

i ξ
µ
i σi)

4/2N3, with the power of N chosen to keep
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the energy extensive). Then the partition function can be found to be

Z = Tr exp

 β

2N3

(∑
i

ξ
µ
i σi

)4


∼ Tr

∫∫ ∏
µ

duµ dzµ exp

(∑
µ

(
− β

2N3
u
4/3
µ − β

N3
u
2/3
µ z2µ +

2β

N3
uµ

2/3zµ
∑
i

ξiµσi

))
(3.6)

=

∫∫ ∏
µ

duµ dzµ exp

(
− β

2N3

∑
µ

u
4/3
µ − β

N3

∑
µ

u
2/3
µ z2µ

+
∑
i

ln cosh

(
2β

N3

∑
µ

uµ
2/3zµξ

i
µ

))
. (3.7)

Approximating the above integral by Laplace’s method, we can find the free energy,

F ∼ 1

2N3

∑
µ

u
4/3
µ +

1

N3

∑
µ

u
2/3
µ z2µ − 1

β

∑
i

ln cosh

(
2β

N3

∑
µ

uµ
2/3zµξ

i
µ

)
. (3.8)

Extremizing this Free energy with respect to uµ and zµ, we get

u
2/3
µ + z2µ = 2zµ

∑
i

ξ
µ
i tanh

(
2β

N3

∑
ν

u
2/3
ν zνξ

ν
i

)
, (3.9)

and zµ =
∑
i

ξ
µ
i tanh

(
2β

N3

∑
ν

u
2/3
ν zνξ

ν
i

)
. (3.10)

We solve the above to obtain

zµ =
∑
i

ξ
µ
i tanh

(
2β

N3

∑
ν

z3νξ
ν
i

)
, uµ = z3µ. (3.11)

To find the physical significance of zµ, we can study the saddle-point condition of the partition
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function in eq. (3.6),

zµ =
∑
i

ξ
µ
i σi, uµ = z3µ, (3.12)

i.e. zµ gives the overlap of the state with the µth state, and uµ is simply its cube and does

not give any additional information.

Here we have not averaged over the distribution of the memories ξµi (which would be

analogous to averaging over the interactions Jij in a usual spin-glass Hamiltonian and needs

to be done using replicas). But for the case where we have few memories, we can consider

the case where the state σi has high overlap with one of the memories (say ξ1) and negligible

overlap with the rest of the memories (for a large number of memories, we can not assume

that the overlap of the state with every single of the other states is negligible). In that case

we have z1 = z, zµ ∼ 0 for µ ≥ 2, and the equation of state for z is

z

N
=

1

N

∑
i

ξ1i tanh

(
2β

N3
z3ξ1i

)
= tanh

(
2β
( z
N

)3)
. (3.13)

For an 8th order Hamiltonian, we can similarly use the identity that

eax
8/3 =

a

π

√
2

3

∫
du

∫
dz e−au4/3/2−au2/3z2+2au2/3zx2

=
1

3

(a
π

)3/2 ∫
du

∫
dv

∫
dw exp

(
− au

2
− au1/2v4/3 − 2au1/2v2/3w2

+ 4au1/2v2/3wx
)
, (3.14)

(Ignoring the contributions from negative u and v in the integraks). By similar analysis
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as before, we obtain the free energy for the eighth order Hamiltonian,

F ∼
∑
µ

(
1

2N
uµ +

1

N
u
1/2
µ v

4/3
µ +

2

N
u
1/2
µ v

2/3
µ w2

µ

)
− 1

β

∑
i

ln cosh

(
4β

N

∑
µ

u
1/2
µ v

2/3
µ wµξ

µ
i

)
,

(3.15)

for which the extremization conditions are

wµ =
∑
i

ξ
µ
i tanh

(
4β

N

∑
ν

w7
νξ

ν
i

)
, vµ = w3

µ, uµ = w8
µ. (3.16)

3.4 Replicated partition function for the model with large number

of patterns

Let us now consider the case where we let the number of patterns K be large, and find

the configurational average (i.e. averaged over the distribution of memories, denoted here

by [· · · ]) of the replicated partition function Zp. For simplicity, we will only consider the
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retrieval of the first pattern
{
ξ1
}
. We have

[
Z
p
(4)

]
=

Tr exp
 β

N3

K∑
µ=1

p∑
ρ=1

(
ξ
µ
i σ

ρ
i

)4
∼

[
Tr
∏
ρ,µ

∫
du

ρ
µ

∫
dz

ρ
µ exp

(∑
µ,ρ

(
− β

N3
(u

ρ
µ)

4/3 − 2β

N3
(u

ρ
µ)

2/3(z
ρ
µ)

2

+
4β

N3
(u

ρ
µ)

2/3z
ρ
µ

∑
i

ξ
µ
i σ

ρ
i

))]

=

[
Tr
∏
ρ,µ

∫
du

ρ
µ

∫
dz

ρ
µ

exp

( ∑
µ≥2,ρ

(
− β

N3
(u

ρ
µ)

4/3 − 2β

N3
(u

ρ
µ)

2/3(z
ρ
µ)

2 +
4β

N3
(u

ρ
µ)

2/3z
ρ
µ

∑
i

ξ
µ
i σ

ρ
i

)

+
∑
ρ

(
− β

N3
(u

ρ
1)

4/3 − 2β

N3
(u

ρ
1)

2/3(z
ρ
1)

2 +
4β

N3
(u

ρ
1)

2/3z
ρ
1

∑
i

ξ1i σ
ρ
i

))]
. (3.17)

We perform the configurational average on the terms corresponding to µ ≥ 2 to obtain

exp
 ∑

µ≥2,ρ

(
− β

N3
(u

ρ
µ)

4/3 − 2β

N3
(u

ρ
µ)

2/3(z
ρ
µ)

2 +
4β

N3
(u

ρ
µ)

2/3z
ρ
µ

∑
i

ξ
µ
i σ

ρ
i

)
= exp

 ∑
µ≥2,ρ

(
− β

N3
(u

ρ
µ)

4/3 − 2β

N3
(u

ρ
µ)

2/3(z
ρ
µ)

2
)
+
∑
µ≥2,i

ln cosh

(
4β

N3

∑
ρ

(u
ρ
µ)

2/3z
ρ
µσ

ρ
i

)
= exp

 ∑
µ≥2,ρ

(
− β

N
(g

ρ
µ)

4/3 − 2β

N
(g

ρ
µ)

2/3(m
ρ
µ)

2
)
+
∑
µ≥2,i

ln cosh

(
4β

N3/2

∑
ρ

(g
ρ
µ)

2/3m
ρ
µσ

ρ
i

)
[
z
ρ
µ =

√
Nm

ρ
µ, u

ρ
µ = N3/2g

ρ
µ, m

ρ
µ ∼ O(1) and gρµ ∼ O(1) for µ > 1

]
≈ exp

 ∑
µ≥2,ρ

(
− β

N
(g

ρ
µ)

4/3 − 2β

N
(g

ρ
µ)

2/3(m
ρ
µ)

2
)
+
∑
µ≥2,i

8β2

N3

∑
ρ,σ

(g
ρ
µg

σ
µ)

2/3m
ρ
µσ

ρ
im

σ
µσ

σ
i


= exp

(
− β

N

∑
µ,ρ

(g
ρ
µ)

4/3 − 2β

N

∑
µ,ρ,σ

(g
ρ
µ)

1/3m
ρ
µK

µ
ρσ(g

σ
µ)

1/3mσ
µ

)
, (3.18)
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where, at the last step, the sum over µ being for µ ≥ 2 is implicit, and Kµ
ρσ is defined as

K
µ
ρσ = δρσ − 4β

N2
(g

ρ
µ)

1/3(gσµ)
1/3
∑
i

σ
ρ
i σ

σ
i . (3.19)

Unlike the case of the quadratic Hamiltonian discussed in [3], the matrix now depends

on the memory index µ and involves the variables uρµ which may then need to be integrated

over, which makes the problem more complicated.

Integrating the above over mρ
µ and gρµ, we get

∏
µ≥2,ρ

∫
dg

ρ
µ

∫
dm

ρ
µ exp

(
− β

N

∑
µ,ρ

(g
ρ
µ)

4/3 − 2β

N

∑
µ,ρ,σ

(g
ρ
µ)

1/3m
ρ
µK

µ
ρσ(g

σ
µ)

1/3mσ
µ

)

=
∏
ρ,µ

∫
dg

ρ
µ exp

(
− β

N

∑
µ,ρ

(g
ρ
µ)

4/3

)∫
dm

ρ
µ

∏
µ

exp

(
−2β

N

∑
ρ,σ

m
ρ
µ(g

ρ
µ)

1/3(gσµ)
1/3K

µ
ρσm

σ
µ

)

=
∏
ρ,µ

∫
dg

ρ
µ exp

(
− β

N

∑
µ,ρ

(g
ρ
µ)

4/3

)∏
µ

(det K̃µ)−1/2
(
K̃

µ
ρσ = (g

ρ
µ)

1/3(gσµ)
1/3K

µ
ρσ

)

=
∏
ρ,µ

∫
dg

ρ
µ exp

(
− β

N

∑
µ,ρ

(g
ρ
µ)

4/3

)∏
µ

(∏
ρ

(g
ρ
µ)

2/3 detKµ

)−1/2

=
∏
ρ,µ

∫
dg

ρ
µ (g

ρ
µ)

−1/3 exp

(
− β

N

∑
µ,ρ

(g
ρ
µ)

4/3

)∏
µ

(detKµ)−1/2

=

(∏
ρ

∫
dgρ (gρ)−1/3 exp

(
− β

N

∑
ρ

(gρ)4/3

)
(detK)−1/2

)K−1

∼

(∏
ρ

∫
dγρ exp

(
− β

N

∑
ρ

(γρ)2

)
(det(I+D))−1/2

)K−1

(
γρ = (gρ)2/3, Dρσ = −4β

N

√
γργσqρσ, qρσ =

1

N

∑
i

σ
ρ
i σ

σ
i , qρρ = 1

)

≈

(∏
ρ

∫
dγρ exp

(
− β

N

∑
ρ

(γρ)2

)
exp

(
−1

2
tr ln(I+D)

))K

=

∏
ρ

∫
dγρ exp

(
− β

N

∑
ρ

(γρ)2

)
exp

1

2
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j=1

(−1)j

j
trDj

K
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≈

(∏
ρ

∫
dγρ exp

(
− β

N

∑
ρ

(γρ)2

)
exp

(
2β

N

∑
ρ

γρ +
4β2

N2
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γργσq2ρσ

))K

∼

(∏
ρ

∫
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(
−
∑
ρ,σ

(
β

N
δρσ − 4β2

N2
q2ρσ

)
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2β

N

∑
ρ

γρ

))K

=

(∏
ρ

∫
dγρ exp

(
− β

N

∑
ρ,σ

Rρσγργσ +
2β

N

∑
ρ

γρ

))K

(
R =

(
1− 4β

N

)
I− 4β

N
Q2, (Q2)ρρ = 0, (Q2)ρσ = q2ρσ for ρ ̸= σ

)

∼ (detR)−K/2 exp

(
β

N

∑
ρ,σ

(R−1)ρσ

)K

= exp

(
−K

2
tr lnR+

βK

N

∑
ρ,σ

(R−1)ρσ

)

=
∏
ρ ̸=σ

∫
dqρσ δ

(
qρσ − 1

N

∑
i

σ
ρ
i σ

σ
i

)

exp

−K
2
tr ln

((
1− 4β

N

)
I− 4β

N
Q2

)
+
βK

N

∑
ρ,σ

(((
1− 4β

N

)
I− 4β

N
Q2

)−1
)
ρσ


∼
∏
(ρσ)

∫
dqρσ

∫
drρσ exp

∑
(ρσ)

(
−iCrρσqρσ +

iCrρσ
N

∑
i

σ
ρ
i σ

σ
i

)
exp

−K
2
tr ln

((
1− 4β

N

)
I− 4β

N
Q2

)
+
βK

N

∑
ρ,σ

(((
1− 4β

N

)
I− 4β

N
Q2

)−1
)
ρσ

.
(3.20)

A lot of matrices were introduced in the last few steps, so I am summarising them here.

Later I can add a map connecting their relations.

Kµ, with entries Kµ
ρσ = δρσ − (4β/N)(g

ρ
µ)

1/3(gσµ)
1/3qρσ, is the first p × p matrix we

encounter (or rather a set of K such matrices). After approximating the ln cosh function

appearing in the partition function as a quadratic function, the integrand becomes a product

of multivariate Gaussian functions in the p-component variables mµ (the replica index ρ
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in m
ρ
µ labelling the different components of the Gaussian variable, the memory index µ

labelling independent Gaussian variables whose integrals are multiplied at the end) with

inverse covariance matrices Kµ. (Strictly speaking the inverse covariance is K̃µ with entries

K̃
µ
ρσ = (g

ρ
µ)

1/3(gσµ)
1/3K

µ
ρσ, but their determinants are related by some factors of gρµ and it’s

easier to work with Kµ as its zeroth order part is just I.)

The second matrix we encounter is D, which is defined from Kµ as Kµ = I + D. The

entries of D also involve gρµ and thus we could label them as Dµ, but it turns out that the

integrals for different memory labels µ separate so we can treat it as the integral over one set

of parameters gρ, raised to the K-th power. The entries of D are Dρσ = −(4β/N)
√
γργσqρσ,

where γρ = (gρ)2/3. The elements of D are thus functions of gρ and need to be integrated,

and they’re O(1/N) so we can express det(I+D) as a power series in D.

After integrating with respect to mρ and expanding tr ln(I+D) to O(1/N), we can

collect the terms quadratic in γρ to obtain the matrix R = (1− 4β/N)I− (4β/N)Q2, where

(1/4) trD2 = (β/N)
∑

ρ,σ(δρσ − Rρσ)γ
ργσ. Q2 is the replica overlap matrix with diagonal

elements zero and off-diagonal elements (Q2)ρσ = q2ρσ = N−2(
∑

i σ
ρ
i σ

σ
i )

2. Interestingly, Q2

involves the squares of the replica overlaps rather than the overlaps themselves, and it is

also suppressed by a factor of 1/N . After the γρ integral, we have a factor of (detR)−K/2

in the partition function. We also have a additional term involving the sum of all entries

of R−1 which appears because of the first order trD term appearing from the expansion

of detD. The matrices appearing in the above analysis, as well as the connections showing

which matrix is defined from which, is shown schematically in figure 3.1.

The overall replicated partition function is

[Zp] = Tr
∏
ρ

∫
du

ρ
1

∫
dz

ρ
1

∏
(ρσ)

∫
dqρσ drρσ exp

∑
(ρσ)

(
−iCrρσqρσ +

iCrρσ
N

∑
i

σ
ρ
i σ

σ
i

)
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Figure 3.1: Schematic diagram showing the matrices appearing in the derivation of the
replicated partition function of the quartic modern Hopfield network.

exp
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∏
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i
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(
u
ρ
1 = N3gρ, z

ρ
1 = Nmρ

)
=
∏
ρ

∫
dgρ

∫
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∏
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∫
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∑
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Crρσqρσ − βN
∑
ρ

(
(gρ)4/3 + 2(gρ)2/3(mρ)2

)
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−K
2
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((
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N

)
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)
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∑
i

σ
ρ
i σ

σ
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ρ
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∑
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ξ1i σ
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
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=
∏
ρ

∫
dgρ

∫
dmρ

∏
(ρσ)

∫
dqρσ drρσ

exp

−iC
∑
(ρσ)

rρσqρσ − βN
∑
ρ

(
(gρ)4/3 + 2(gρ)2/3(mρ)2

)
exp

−K
2
tr ln

((
1− 4β

N

)
I− 4β

N
Q2

)
+
βK

N

∑
ρ,σ

(((
1− 4β

N

)
I− 4β

N
Q2

)−1
)
ρσ


expN

log Tr exp
∑

(ρσ)

iCrρσ
N

σρσσ + 4β
∑
ρ

(gρ)2/3mρξ1σρ

. (3.21)

3.5 Replica symmetric free energy of the network

From the above partition function, the free energy in the thermodynamic limit is found to

be

f(mρ, gρ, qρσ, rρσ) =
iC

βpN

∑
(ρσ)

rρσqρσ +
1

p

∑
ρ

(
(gρ)4/3 + 2(gρ)2/3(mρ)2

)

+
K

2βNp
tr ln

((
1− 4β

N

)
I− 4β

N
Q2

)
− K

N2p

∑
ρ,σ

(((
1− 4β

N

)
I− 4β

N
Q2

)−1
)
ρσ

− 1

βp

log Tr exp
∑

(ρσ)

iCrρσ
N

σρσσ + 4β
∑
ρ

(gρ)2/3mρξ1σρ

. (3.22)

Let us consider the replica symmetric solution, where mρ = m and gρ = g for all

ρ, and rρσ = r and qρσ = q for all ρ ̸= σ. Then R = (1 − 4β/N)I − (4β/N)Q2 has

all diagonal entries 1 − 4β/N and all off-diagonal entries are −4βq2/N , so its eigenvalues

are λ0 = 1 − 4β(1 + (p − 1)q2)/N (corresponding to the eigenvector v0, v
ρ
0 = 1), and

λk = 1 − 4β(1 − q2)/N with multiplicity p − 1 (corresponding to the eigenvectors vk,
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v
ρ
k = exp(2ikρπ/p), k ∈ 1, . . . , p− 1). Then we have

lim
p→0

1

p
tr lnR = lim

p→0

1

p

(
ln

(
1− 4β

N
(1 + (p− 1)q2)

)
+ (p− 1) ln

(
1− 4β

N
(1− q2)

))
= ln

(
1− 4β

N
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)
+ lim

p→0

1

p

[
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(
1− 4β

N
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)
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)]
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(
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)
− 4βq2

N

d

dx
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(
1− 4β

N
(1− q2) + x

)∣∣∣∣
x=0

= ln

(
1− 4β

N
(1− q2)

)
− 4βq2

N − 4β(1− q2)
. (3.23)

We can also check that R−1 has all diagonal entries (1 − 4β(1 + (p − 2)q2)/N)/η and all

off-diagonal entries 4βq2/Nη, where η = (1 − 4β/N)2 − (p − 2)(1 − 4β/N)4βq2/N − (p −

1)16β2q4/N2. Then we have

1

p

∑
ρ,σ

(R−1)ρσ =
N2 − 4βN(1 + (p− 2)q2) + (p− 1)4βNq2

(N − 4β)2 − (p− 2)(N − 4β)4βq2 − (p− 1)16β2q4

=
N2 − 4βN(1− q2)

(N − 4β)2 − 4(p− 2)β(N − 4β)q2 − 16(p− 1)β2q4
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p→0

1

p

∑
ρ,σ

(R−1)ρσ =
N2 − 4βN(1− q2)

(N − 4β)2 + 8β(N − 4β)q2 + 16β2q4
=

1

1− 4β(1− q2)/N
.

(3.24)
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Then the free energy in the limit p→ 0 is

fRS = − iC

βN
rq + g4/3 + 2g2/3m2 +

K

2βN

(
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[
ln 2 cosh

(
w

√
2iCr

N
+ 4βg2/3mξ

)]
. (3.25)

3.6 Equations of state

We can obtain the equations of state by extremizing the above free energy with respect to

the parameters. The extremization condition for m gives

m =

∫
e−w2/2 dw√

2π

[
ξ tanh

(
w

√
2iCr

N
+ 4βg2/3mξ

)]

=

∫
e−w2/2 dw√

2π
tanh

(
w

√
2iCr

N
+ 4βg2/3m

)

=⇒ m =

∫
e−w2/2 dw√

2π
tanh

(
w

√
2iCr

N
+ 4βm3

)

=

∫
e−w2/2 dw√

2π
tanh

(
βw

√
α4r + 4βm3

)
, (3.26)
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Where we have substituted g = m3 (as we have shown below). The equation for q gives

− iC

βN
r +

K

2βN

(
32β2q3

(N − 4β(1− q2))2

)
+

16Kβ2q

2βN(N − 4β(1− q2))2
= 0

=⇒ r =
K

2iC

(
16β2q(2q2 + 1)

(N − 4β(1− q2))2

)
=

16q(2q2 + 1)

(1− 4β(1− q2)/N)2
≈ 16q(2q2 + 1). (3.27)

The equation for g gives

4

3
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4

3
g−1/3m2 =

8

3
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∫
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[
ξ tanh

(
w

√
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N
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(
2m

∫
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2π
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(
w

√
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N
+ 4βg2/3m

)
−m2

)3/2

= m3.

(3.28)

Finally, extremizing with respect to r gives

iC

βN
(1− q) =

1

2β

√
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Nr

∫
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2π

[
w tanh

(
w

√
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N
+ 4βg2/3mξ
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=
1

2β
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N

(
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∫
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[
tanh2

(
w
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2iCr

N
+ 4βg2/3mξ

)])

=⇒ q =

∫
e−w2/2 dw√

2π

[
tanh2

(
w

√
2iCr

N
+ 4βg2/3mξ

)]

=

∫
e−w2/2 dw√

2π
tanh2

(
w

√
2iCr

N
+ 4βg2/3m

)

=

∫
e−w2/2 dw√

2π
tanh2

(
βw

√
α4r + 4βm3
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. (3.29)

Here we have defined α4 = K/N3 and chosen 2iC = Kβ2/N2.

The equations of state for m and q here are qualitatively similar to that of the quadratic

Hopfield network [3]; the main differences are the presence of m3 rather than m inside the

tanh, as well as α = K/N being replaced by α4 = K/N3, implying that the phase transitions
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will occur at K ∼ N3. g is a new parameter but it turns out to be simply m3, at least when

extremizing the free energy. The equation connecting q and r is qualitatively different from

the corresponding equation for the quadratic model, as it has no dependence on temperature.

We can also compare these equations of state with those obtained by Gardner [73] using

slightly different techniques. We have obtained a different equation connection q and r

(r = 36q(2q2 + 1) as opposed to r = 8q3 as obtained by Gardner). Further work needs

to be done to find the origin of this discrepancy, but we note that both our and Gardner’s

equations imply that r depends purely on q via a cubic polynomial with no temperature

dependence.

3.7 Phases of the quartic Hopfield network

Finally, we solve the equations of state to find the phases of the model under replica sym-

metry. The solutions can be classified by whether m and q are zero or non-zero; r is then

immediately obtained from q using eq. (3.27). We note that substituting q = 0 (and thus

r = 0) into eq. (3.26) gives m = 0, so no solutions can exist with m ̸= 0 but q = 0. The

other three possible classes of solutions are:

m = q = 0: This corresponds to a paramagnetic phase with no order. We note that m =

q = 0 is a solution for the equations of state for all values of α and β, though they

may or may not correspond to the phase of the system (minimum of the free energy)

depending on α and β.

m = 0, q ̸= 0: This corresponds to a spin glass phase, where the patterns are not being

retrieved but there is still spin-glass order indicated by nonzero replica overlap. Solving

eq. (3.29) with m = 0, we find that a solution with m = 0, q ̸= 0 exists when

T ≡ 1/β < α4/
√
0.251.

m ̸= 0, q ̸= 0: This is the case where the patterns are being retrieved, even if with nonzero
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Figure 3.2: Phase diagram of the quartic modern Hopfield network showing the possible
solutions to the equations of state, in terms of the parameters temperature T = 1/β and
scaled number of embedded patterns α4 = K/N3. The paramagnetic (P) solution with
m = q = 0 always satisfies the equations of state and is the only possible solution (and must
correspond to the phase of the system) in the white region (above the orange line and to the
right of the blue line). The spin glass (SG) solution with m = 0, q ̸= 0 exists in the orange
region T ≤ α4/

√
0.251, below the orange line. the retrieval (R) solution with m ̸= 0, q ̸= 0

exists in the blue region to the left of the blue line, as obtained numerically. The overlap
of the orange and blue regions is the part of the parameter space where all three types of
solutions to the equations of state exist, and we need to find the physical phases of the
system by checking which solutions correspond to global or local minima of the free energy.

error. To find the parameters for which there exists this retrieval phase m ̸= 0, we

need to solve eqs. (3.26) and (3.29) simultaneously. Numerically solving the equations,

we obtain the line separating the retrieval and other phases. In particular, for T → 0,

we find that the transition from retrieval to spin glass phase occurs at α4 = 0.066.

The phase diagram indicating the regions of the parameter phase where each the three

classes of solutions can exist is shown in figure 3.2. We notice that in the region with

sufficiently small α3 and 1/β < α4/
√
0.251, both the spin glass solution m = 0, q ̸= 0

and and retrieval solution m ̸= 0 satisfy the equations of state. We expect that in this

region, the phase of the network is the retrieval phase m ̸= 0, and outside this region the

1/β = α4/
√
0.251 line separates the spin glass and paramagnetic phases.

The phase diagram we obtained looks qualitatively similar to the phase diagrams obtained
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previously in [73, 74] by slightly different approaches. However, it is different from the

phase diagram of the classic Hopfield network with binary interactions, where the two phase

separation lines meet at α = 0 but do not intersect. In the quartic network, because of the

intersections of the phase separation lines, there are regions of the parameter space where

multiple solutions to the equations of state exist, and we need to do further analysis of the

free energy to determine which solution corresponds to the physical phase of the system.

3.8 Discussions and Outlook

We analyzed the equilibrium behavior of the modern Hopfield network with a quartic energy

function using replica theory, and obtained its free energy and phase diagram assuming

replica symmetry. The phase diagram we obtained agrees qualitatively with previous work

done on similar models also using replica theory but different approximation techniques.

However, more work needs to be done to interpret the phase diagram, in particular because

of the multiplicity of solutions to the equations of state. Our methods may be applicable to

other spin systems with quartic interactions (such as modern Hopfield networks with noisy

or non-Hebbian interactions), and can be potentially extended to consider other interaction

orders which are powers of 2. However, they may have limited applicability to general

interaction orders.
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CHAPTER 4

HOPFIELD NETWORKS WITH QUANTUM PATTERNS

4.1 Introduction

Hopfield networks hold a prominent position in the study of artificial neural networks, en-

abling associative memory through energy-minimization dynamics in classical Ising systems.

With the recent advances in quantum computing, there is growing interest in exploring how

quantum principles can be leveraged to extend and enhance classical neural network mod-

els [17]. In particular, quantum Hopfield networks have the possibility of having enhanced

retrieval accuracy and memory capacity, as well as providing insight into the properties of

other quantum many-body systems.

Several possible quantum extensions of Hopfield networks have been proposed. Reben-

trost et al. [18] encodedN -component classical Hopfield networks using a system of ⌈log2(N)⌉

qubits. Meinhardt et al. [76] considered feed-forward networks where the unitary operators

acting on the qubits were trained by a data set. Liu et al. [77] encoded the states of the

Hopfield network in the phase angles of qubits and used this model for image recognition.

Hopfield networks (with Ising interactions along σz) in presence of a transverse field along σx

have been analyzed by[19–27], and Kimura and Kato [28] extended this to consider modern

Hopfield networks (with higher order interactions) in presence of a transverse field. Seki and

Nishimori [29] investigate modern Hopfield networks in presence of a transverse field as well

as transverse antiferromagnetic interactions. A quantum Hopfield network has also been

implemented on hardware [78].

In this chapter, we investigate a different model of the quantum modern Hopfield network.

We consider a system of N qubits with K states of the qubits embedded as patterns in the

Hamiltonian of the system. Unlike the classical network, however, in this case the patterns

are not all σz eigenstates, and the terms in the Hamiltonian do not commute with one
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another in general. This gives rise to the quantum behavior on the network, even in the

absence of a transverse field.

In section 4.2, we describe the system being studied, in particular the protocol for choos-

ing the patterns and the Hamiltonian of the system. In ref 4.3, we define the metric we have

used to quantify the retrieval behavior of the model. In ref 4.4, we present some preliminary

results from simulations, where the metrics defined in the previous section are presented

graphically for networks with different numbers of patterns and different levels of “quantum-

ness” In section 4.5, I discuss the preliminary results and discuss further work that can be

done to analyze the behavior of these networks.

4.2 Description of the model

We consider a system of N qubits, corresponding to a 2N dimensional Hilbert space. The

patterns are K states of this system |ξµ⟩ (1 ≤ µ ≤ K), which we choose to be separable

states. Therefore, each pattern can be expressed as

|ξµ⟩ =
⊗
i

∣∣∣ξ⃗µi 〉 , (4.1)

where ξ⃗µi (with
∣∣∣ξ⃗µi ∣∣∣ = 1) is the Bloch vector of the i-th qubit in the state

∣∣ξµi 〉.
If we require the patterns |ξµ⟩ to be the low-energy states of the system, then a reasonable

choice of the Hamiltonian is

H = −
∑
µ

|ξµ⟩⟨ξµ| = −
∑
µ

⊗
i

∣∣∣ξ⃗µi 〉〈ξ⃗µi ∣∣∣ = − 1

2N

∑
µ

⊗
i

(
1+ ξ⃗

µ
i · σ⃗i

)

= − 1

2N

K1+
∑
µ,i

ξ⃗
µ
i · σ⃗i +

∑
µ,i<j

(
ξ⃗
µ
i · σ⃗i

)(
ξ⃗
µ
j · σ⃗j

)
+ . . .+

∑
µ

∏
i

(
ξ⃗
µ
i · σ⃗i

), (4.2)

in which case the patterns span a low-energy subspace with energy −1 and the other states
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have energy 0. This Hamiltonian includes interactions at all orders, and we can pick out the

terms corresponding to n-qubit interactions to define the Hamiltonian

Hn = −
∑
µ

∑
1≤i1<···<in≤N

n∏
a=1

(
ξ⃗
µ
ia
· σ⃗ia

)
=

∑
1≤i1<···<in≤N

∑
α1,...,αn

Jα1...αn
i1...in

∏
a

σαa
ia
, (4.3)

where αa ∈ {1, 2, 3} label the Cartesian components, and the n-qubit interaction coefficients

are

Jα1...αn
i1...in

=
∏
a

ξαa
ia
. (4.4)

If the pattern Bloch vectors ξ⃗µi are all chosen to be ±ẑ, then the above Hamiltonian is

identical to that of the classical modern Hopfield network with n-spin interactions, and all of

its eigenstates are σzi eigenstates which can be treated classically. However, of ξ⃗µi are chosen

arbitrarily from the Bloch sphere, then the terms in the Hamiltonian Hn do not commute in

one another in general, and we expect its eigenstates to be entangled and potentially behave

differently from the classical models.

To compare the behaviors of the classical and quantum networks, we choose the following

protocol for choosing the Bloch vectors ξ⃗µi for the patterns. We choose a polar angle 0 ≤

θc ≤ π/2, and then choose the Bloch vectors ξ⃗µi independently and uniformly from the part

of the Bloch sphere consisting of the two spherical caps 0 ≤ θ ≤ θc and π−θc ≤ θ ≤ π. Then

θc → 0 corresponds to the case where the patterns are all σz eigenstates and the system is

effectively classical, and θc = π/2 is when the Bloch vectors are being chosen uniformly from

the entire Bloch sphere. We can thus consider θc to be a measure of the “quantumness” of the

system. In this work, I mostly focus on the cases where θc = π/2 (which is the “quantum”

model), and θc = π/16 (where we expect the behavior of the model to be close to that of

the classical network). I chose θc = π/16 instead of 0 to probe the classical behavior as in

the latter (completely classical) case, there is significant probability of some of the patterns
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…

Figure 4.1: Schematic representation of the protocol by which the patterns are generated in
the simulated quantum Hopfield network. Each pattern |ξµ⟩ is a separable state of N qubits,
where the individual qubits are described by Bloch vectors ξ⃗µi . The Bloch vectors are chosen
uniformly from the subset of the Bloch sphere consisting of the two regions 0 ≤ θ ≤ θc and
π − θc ≤ θ ≤ π.

being identical (and thus the memory subspace having dimension smaller than K) when

K ∼ 2N/2, which is true for the small system sizes we have considered in our simulations

and would complicate our analysis.

4.3 Metrics

To study the behavior of the above model, we need to define some reasonable metrics to

quantify the behavior. The following are the quantities we define for this purpose.

Energy gap: For a classical Hopfield network which is able to successfully retrieve the pat-

terns, we expect the K patterns to be the states with the lowest energy, with an energy

gap between those states and the other states of the system. Generalizing this for the

quantum network being considered here, we may expect the K lowest energy eigen-

states to be associated with the patterns and have significantly lower energy than the

rest of the spectrum. Therefore, it is worthwhile to study the spectrum of eigenvalues

of the Hamiltonian, and in particular the energy gap GK = EK+1−EK . The gap may

be larger when we have a small number of patterns (and the system retrieves them

successfully), and decrease for larger K.
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Projection onto memory subspace: We expect the lowest K eigenstates of the Hamil-

tonian to have a large projection onto the subspace spanned by the patterns (i.e.,

they can be expressed as linear combinations of the patterns even if not the patterns

themselves). To measure this, we define the quantity

p[|ψ⟩] = ⟨ψ|Ppatterns|ψ⟩ , (4.5)

where Ppatterns is the projection operator onto the subspace spanned by the patterns

|ξµ⟩, and p[ψ] is the norm of this projection for any state vector |ψ⟩. If we define the

column vector c[|ψ⟩] of the overlaps of the state |ψ⟩ with the patterns, cµ = ⟨ξµ|ψ⟩,

and the matrix O of the pairwise overlaps of the patterns, Oµν = ⟨ξµ|ξν⟩, then the

projection can be calculated as

p[|ψ⟩] = c†O−1c, (4.6)

which is well-defined as long as O is invertible. If the patterns are orthonormal (which

is usually not the case), Oµν = δµν and the above reduces to
∑

µ

∣∣cµ∣∣2.
If we find the norm of the projection for the energy eigenvalues, we expect it to be

large for the lowest K eigenvectors (which correspond to the patterns) and drop for

the higher eigenvectors. The average of this quantity for the lowest K eigenvectors is

expected to be large for sufficiently small K, and get smaller for larger K (when the

number of patterns exceeds the “capacity” of thid quantum network)

Local stability: The dynamics of the classical Hopfield network are usually modeled by the

flips of individual Ising spins σi due to their local field hi (arising from the interactions

between that spin and the other spins). The patterns are expected to be stable under
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such dynamics. For the model being considered here, the Hamiltonian is

Hn = −
∑
µ

∑
1≤i1<···<in≤N

n∏
a=1

(
ξ⃗
µ
ia
· σ⃗ia

)
= − 1

n

∑
i

h⃗i · σ⃗i, (4.7)

where the local field h⃗i acting on the qubit σ⃗i is

h⃗i =
∑
µ

∑
1≤i2<···<in−1≤N

ia ̸=i∀i

n−1∏
a=1

(
ξ⃗
µ
ia
· σ⃗ia

)
ξ⃗
µ
i . (4.8)

If a states is stable to local spin flips, then we expect each of its component qubit Bloch

vectors to point along their corresponding local fields. To quantify this, we define

s[|ψ⟩] = 1

N

∑
i

⟨ψ|⃗hi · σ⃗i|ψ⟩√
⟨ψ|
∣∣∣⃗hi∣∣∣2|ψ⟩ . (4.9)

We expect this quantity to be larger for the eigenstates with smaller energy, and in

particular it may differ in behavior between the K states with the lowest energy (which

may correspond to the patterns) and the remaining states.

4.4 Results from simulations

We considered networks with N = 10 qubits and n = 3-body interactions. For each of

these cases, we numerically simulated networks with K = 5 and K = 25 patterns to observe

the behavior of the networks for small and large numbers of patterns, and for θc = π/16

and θc = π/2 to analyze the behavior close to the classical limit and for the fully quantum

model. For each network, we plotted the metrics defined in the above section for eigenvectors

corresponding to the lowest subset of the eigenvalue spectrum.
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Figure 4.2: Plots of the lowest 20 eigenvalues, as well as the projections on to the pattern
subspace and the local stability measures of the corresponding eigenstates, for quantum
modern Hopfield networks with N = 10, n = 3, K = 5, and θc = π/2. The dashed vertical
line corresponds to the K-th eigenstate

4.4.1 Quantum models (θc = π/2)

Figure 4.2 shows the metrics for a network with K = 5 patterns with θc = π/2. In this case,

we observe that the lowest K eigenstates have significantly lower energy and higher values

of the other metrics compared to the remaining eigenstates, exhibiting a gap.

Figure 4.2 shows the metrics for a network with K = 25 patterns with θc = π/2. The

norm of the projection onto the pattern subspace still shows a gap between the lowest K

eigenstates and the remaining eigenstates. However, the gap is smaller compared to the

network with 5 memories, as the low energy eigenstates have high but not perfect projec-

tions onto the subspace, and some of the slightly higher eigenstates have small but nonzero

projections onto the subspace. The Hamiltonian eigenvalues and the local stability measures

have very small gapes, though the latter appears to have a change in slope at eigenvalue

order K.

Figure 4.2 shows the metrics for a network with K = 45 patterns with θc = π/2. In this

case the number of patterns is large enough that none of the metrics exhibit a gap.
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Figure 4.3: Plots of the lowest 75 eigenvalues, as well as the projections on to the pattern
subspace and the local stability measures of the corresponding eigenstates, for quantum
modern Hopfield networks with N = 10, n = 3, K = 25, and θc = π/2. The dashed vertical
line corresponds to the K-th eigenstate
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Figure 4.4: Plots of the lowest 90 eigenvalues, as well as the projections on to the pattern
subspace and the local stability measures of the corresponding eigenstates, for quantum
modern Hopfield networks with N = 10, n = 3, K = 45, and θc = π/2. The dashed vertical
line corresponds to the K-th eigenstate

80



0 20 40 60
Eigenvalue order (ascending)

400
350
300
250
200
150
100

En
er

gy
 e

ig
en

va
lu

e

0 20 40 60
Eigenvalue order (ascending)

0.0

0.2

0.4

0.6

0.8

1.0

Pr
oj

ec
tio

n 
on

to
 p

at
te

rn
 su

bs
pa

ce

0 20 40 60
Eigenvalue order (ascending)

0.6

0.7

0.8

0.9

1.0

Av
er

ag
e 

m
ea

su
re

 o
f l

oc
al

 st
ab

ilit
y

Figure 4.5: Plots of the lowest 75 eigenvalues, as well as the projections on to the pattern
subspace and the local stability measures of the corresponding eigenstates, for quantum
modern Hopfield networks with N = 10, n = 3, K = 5, and θc = π/16. The dashed vertical
line corresponds to the K-th eigenstate

4.4.2 Approximately classical models (θc = π/16)

Figure 4.2 shows the metrics for a network with K = 5 patterns with θc = π/16, corre-

sponding to an approximately classical model. In this case, even for the small value of K,

there is no significant energy. However, the norm of the projection onto the pattern subspace

shows a significant gap between the lowest K eigenstates and the remaining eigenstates. The

local stability is also high for the lowest K eigenstates and has a sharp decrease afterwards,

which implies that the lowest eigenstates are linear combinations of the pattern states and

are stable to rotations of individual spins. The local stability measure also exhibits much

higher fluctuation in this model; the plot shown here was obtained by averaging over 10

randomly generated realizations of the network (unlike the other plots which are for one

network realization each with no averaging).

Figure 4.3 shows the metrics for a network with K = 25 patterns with θc = π/16. The

eigenvalue spectrum appears to have a different distribution compared to that of the model

with 5 embedded patterns. Both the projection and the local stability have high fluctuations

for this network. Averaging over 10 spin realizations, we find that neither of those metrics

shows a significant gap between the lowest K and the remaining eigenstates. This is different

from the corresponding network with θc = π/16, where gaps were observed. This indicates

that, at least in terms of these metrics, the quantum model with θc = π/2 outperforms the
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Figure 4.6: Plots of the lowest 60 eigenvalues, as well as the projections on to the pattern
subspace and the local stability measures of the corresponding eigenstates, for quantum
modern Hopfield networks with N = 10, n = 3, K = 25, and θc = π/16. The dashed vertical
line corresponds to the K-th eigenstate

approximately classical model.

4.5 Discussions and outlook

We explored the behavior of the quantum generalization of the modern Hopfield network,

described as a system of N interacting qubits. The metrics we measured in simulated mod-

els show that the low-energy states of this network are linear combinations of the embedded

patterns and stable to local spin rotations (indicating the patterns being “retrieved”) for

sufficiently small number of patterns K but less clearly so when K is large, which agrees

with the behavior of classical Hopfield networks. This behavior also depends on how the

pattern Bloch vectors are chosen, with “quantum” models (where all Bloch vectors are uni-

formly probably) performing better (according to the metrics shown above) compared to

approximately “classical” models where the pattern Bloch vectors are close to σz eigenstates.

Further work needs to be done to quantify these results. In particular, we need to study

the metrics (such as the energy gap and the average norm of the projection onto the pattern

subspace) as functions of the number of patterns K and ascertain how they are related.

This needs to be done for multiple system sizes N to check the scaling behavior of K; by

analogy with classical networks, we may expect the retrieval metrics (for n-spin interactions)
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to depend on the number of patterns as K/Nn−1. It will also be interesting to consider the

dynamics of such networks under a suitable master equation.
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CHAPTER 5

CONCLUSIONS, DISCUSSIONS, AND OUTLOOK

In this thesis, I presented my work on the modern Hopfield network, which is a system of

Ising spins with many-body interactions. I investigated the network with n-spin interac-

tions, in particular in presence of noise and/or clipping of the interaction coefficients. We

found that the memory capacity of such networks is robust to additive noise, and its scaling

behavior with system size is not affected by multiplicative noise or by random deletion or

clipping of interactions. We carried out our analysis for a single step of synchronous update

of the component spins and obtained some numerical results for multi-step dynamics. A

future direction of this research can be to investigate the network under other possibly more

physically realistic kinds of dynamics, such as asynchronous dynamics in presence of fast

noise.

I described a technique for obtaining the phase diagram of the modern Hopfield network

with a quartic Hamiltonian using replica theory. The qualitative behavior of the phase

diagram agrees with those of similar networks found previously (also using replica theory

but with different approximation methods). It is currently unclear if this technique has any

advantages over the other methods for investigating modern Hopfield networks found in the

literature, but it may be worth exploring this method further, such as to investigate other

systems.

I also presented our current work on quantum Hopfield networks, which is a system of

qubits rather than classical Ising spins, and where the patterns are general separable states.

I presented some preliminary results related to these models, where the quantum network

appears to be able to retrieve patterns for larger numbers of embedded patterns compared to

the corresponding classical network, at least based on some metrics. Much more work needs

to be done, however, before we can make a conclusive statement. This includes analyzing

the metrics over a large distribution of system sizes and numbers of patterns, as well as
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obtaining some analytical estimates.
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