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j , U

∗
j ] estimated using the 1,000

samples. The red dashed line shows the nominal coverage 1− α = 0.95. . . . . . . . . 179
5.4 Scatter plots of the imputed counterfactual outcomes of the treated along with the

histograms of the marginal distributions. The setup is the same as in Figure 5.1, but
the results are based on the RBF kernel for both NSW and PSID data. . . . . . . . . 198

viii



5.5 Scatter plots of the imputed counterfactual outcomes of the treated along with the
histograms of the marginal distributions. The setup is the same as in Figure 5.1, but
the results are based on the polynomial kernel of degree two for both NSW and PSID
data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

5.6 NSW experimental data: estimated individual treatment effects (ITEs) of the treated
along the logarithm of earnings in 1975 on the x-axis, with the 95% confidence intervals
shown as error bars around the estimated ITEs. 74 treated units (among 185 treated
units) with positive earnings in 1975 are shown. The results are based on the experimen-
tal data using uniform weights v, w in (5.2.7) with three different kernels: linear, RBF,
and polynomial of degree two. The blue points are imputing all the treated units with
the mean of the control group outcomes, where the blue error bars show the confidence
interval based on the standard error of the mean. . . . . . . . . . . . . . . . . . . . 202

5.7 PSID nonexperimental data: estimated individual treatment effects (ITEs) of the treated
along the logarithm of earnings in 1975 on the x-axis, with the 95% confidence intervals
shown as error bars around the estimated ITEs. The setup is the same as in Figure 5.6,
but the results are based on the trimmed PSID data. For the weights v, w in (5.2.7),
we let v be uniform, while w is the propensity score-based weights as in (5.2.8). The
blue points and error bars are obtained as in Figure 5.6, but with the trimmed PSID
data instead of the NSW control group. . . . . . . . . . . . . . . . . . . . . . . . . 203

ix



LIST OF TABLES

2.1 Powers for the recovery and stable periods. . . . . . . . . . . . . . . . . . . . . . 30

4.1 Evaluation scores using the squared differences between the first moments of the
generated distribution F̂#µ and the target distribution ν; these are estimated by
new samples {x̃i}2000i=1 from µ = N(0, Id) and {ỹj}2000j=1 from the MNIST test set.
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for the entire MNIST test set {ỹj}4000j=1 with respect to the Gaussian Parzen
window estimator fitted to {F̂ (x̃i)}4000i=1 , where {x̃i}4000i=1 are new samples from
µ = N(0, Id). The baseline is computed in a similar way, by replacing {F̂ (x̃i)}4000i=1
with a validation set {yj}4000j=1 from the MNIST training set. . . . . . . . . . . . 153

x



ACKNOWLEDGMENTS

I would like to thank my advisors, Tengyuan Liang and Yuehaw Khoo, for their guidance

and support throughout my PhD journey. I am extremely fortunate to have been guided by

their insights and expertise. I would like to thank Rina Foygel Barber, for not only being

my committee member but also for providing wisdom whenever I faced challenges.

I would like to thank my collaborators, Wenxuan Guo and Chris Ryan, who I had the

pleasure of working with on projects that are part of this thesis.

Thank you to my dear friends and colleagues—Omar Al-Ghattas, Subhodh Kotekal, and

Kulunu Dharmakeerthi—for inspiring me with their talented insights and walking together

through the ups and downs of the PhD journey.

My heartfelt gratitude goes to my parents and my sister, for their unwavering love and

support. Their presence itself is a source of strength and motivation for me. For that, I will

always be grateful.

xi



ABSTRACT

This thesis studies new frameworks and methods for infinite-dimensional statistical inference

and learning problems through the lens of optimal transport. Optimal transport is a branch

of mathematics concerning how to transport one probability distribution to another while

minimizing certain costs, which, as this thesis shows, can provide principled guidance for so-

phisticated modern data science problems. There are two overarching themes in this thesis:

(1) the dynamic viewpoint of optimal transport that concerns the optimal path of transport-

ing one probability distribution to another, and (2) quadratic extensions of the classical linear

optimal transport problem. This thesis effectively utilizes these themes to delve into central

problems in modern data science, including hypothesis testing, online learning, simulation-

based inference, and missing value imputation. The results of this thesis contribute to the

growing body of literature on optimal transport and its applications in statistics and machine

learning, providing new insights and tools for researchers and practitioners in these fields.

xii



CHAPTER 1

INTRODUCTION

Technological advances are continuously bringing new challenges to many scientific fields,

calling for original ideas to understand and utilize data effectively. To develop intuitive and

efficient algorithms to tackle such challenges, it is imperative to have a solid mathematical

foundation that can help us understand complex systems through data-driven insights.

Optimal transport is a branch of mathematics concerning how to transport one probabil-

ity distribution to another while minimizing certain costs, which dates back to Monge [1781].

At the intersection of multiple areas of mathematics, such as probability, geometry, and op-

timization, optimal transport can provide principled guidance for sophisticated modern data

science problems.

This thesis presents new frameworks and methods for infinite-dimensional statistical in-

ference and learning problems built on insights and principles from optimal transport. We

first overview the mathematical foundations of optimal transport in Section 1.1. Then,

Section 1.2 outlines the remaining chapters of the thesis and their contributions.

Notation We first introduce the notation that we use throughout the thesis. For a metric

space X , we denote its metric as dX and write P(X ) to denote the collection of all Borel

probability measures on X . We call a pair (X , µ) a Polish probability space if X is a metric

space that is complete and separable and µ ∈ P(X ). Given two Polish probability spaces

(X , µ) and (Y , ν), we call a measurable map T : X → Y a transport map from µ to ν if

T#µ = ν, where T#µ is the pushforward measure of µ under a measurable map T : X → Y

defined by T#µ(B) = µ{x ∈ X : T (x) ∈ B} for any Borel set B ⊂ Y , and the collection

of all transport maps from µ to ν is denoted as T (µ, ν); we call γ ∈ P(X × Y) a coupling

between µ and ν if γ(A×Y) = µ(A) and γ(X ×B) = ν(B) for all Borel subsets A ⊂ X and

B ⊂ Y , and we denote the collection of all such couplings as Π(µ, ν).
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1.1 A Brief Overview of Optimal Transport Theory

A major goal of optimal transport is minimizing the cost associated with the transport

map between two Polish probability spaces, say (X , µ) and (Y , ν). Consider a measurable

function c : X × Y → R+; we view c(x, y) as the cost associated with x ∈ X and y ∈ Y .

For each transport map T ∈ T (µ, ν), we interpret c(x, T (x)) as a unit cost incurred by

mapping each x ∈ X to T (x) ∈ Y . We define the average cost incurred by the transport

map T as the integration of all the unit costs with respect to µ, that is,
∫
X c(x, T (x)) dµ (x).

Minimizing the cost over T (µ, ν) is referred to as the Monge problem [Monge, 1781], named

after Gaspard Monge. We call T ⋆ an optimal transport map if T ⋆ is minimizer, that is,

T ⋆ ∈ argmin
T∈T (µ,ν)

∫
X
c(x, T (x)) dµ (x) ,

Another important optimal transport problem is minimizing the cost given by couplings.

We define the average cost incurred by a coupling γ ∈ Π(µ, ν) as the integration of the cost c

with respect to γ, namely,
∫
X×Y c(x, y) dγ (x, y). Minimizing this cost over Π(µ, ν) is called

the Kantorovich problem, credited to Leonid Kantorovich. We call γ⋆ an optimal coupling

if

γ⋆ ∈ argmin
γ∈Π(µ,ν)

∫
X×Y

c(x, y) dγ (x, y) ,

The two optimal transport problems are closely related: the Kantorovich problem is

a relaxation of the Monge problem. To see this, for each T ∈ T (µ, ν), define a map

(Id, T ) : X → X × Y by (Id, T )(x) = (x, T (x)). One can verify (Id, T )#µ ∈ Π(µ, ν). There-

fore, if we define ΠT := {(Id, T )#µ : T ∈ T (µ, ν)}, then ΠT ⊂ Π(µ, ν) and thus

inf
T∈T (µ,ν)

∫
X
c(x, T (x)) dµ (x) = inf

γ∈ΠT

∫
X×Y

c(x, y) dγ (x, y) ≥ inf
γ∈Π(µ,ν)

∫
X×Y

c(x, y) dγ (x, y) ,

where the first equality follows from change-of-variables. In other words, two optimal trans-
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port problems share the same objective function as a function of couplings; however, the

Kantorovich problem has a larger constraint set.

Unlike the Monge problem, the Kantorovich problem has favorable properties. First, the

objective function is linear in γ. Moreover, Π(µ, ν) is compact in the weak topology of Borel

probability measures defined on X × Y . This suggests that we can view the Kantorovich

problem as an infinite-dimensional linear program.

Besides seeking optimal transport maps or couplings, another interesting aspect of op-

timal transport problems is that the least cost obtained from the Kantorovich problem can

endow a metric structure among Polish probability spaces. For example, if X = Y and

c = d2X , the square root of the solution of the Kantorovich problem defines a distance be-

tween µ and ν, known as the Wasserstein distance.

Definition 1.1.1. Let (X , dX ) be a metric space that is complete and separable. For p ≥ 1,

we call

Wp(µ, ν) = inf
γ∈Π(µ,ν)

(∫
X×X

d
p
X (x, y) dγ (x, y)

)1/p

the Wasserstein-p distance between µ, ν ∈ P(X ).

1.2 Outline and Contributions

The rest of the thesis is organized into four chapters, each of which presents a new framework

and method for infinite-dimensional statistical inference or learning problems using ideas

and principles from optimal transport. There are two overarching themes: (1) the dynamic

viewpoint of optimal transport that concerns the optimal path of transporting one probability

distribution to another, and (2) quadratic extensions of the classical linear optimal transport

problem, where the objective function is quadratic in the transport map or coupling.

Chapter 2 and Chapter 3 utilize the dynamic viewpoints of optimal transport. In Chapter

2, the notion of the optimal path is used to model weak distribution shifts and tackle a
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relevant hypothesis testing problem, while in Chapter 3, this notion serves as a direction to

update a decision variable in a new online learning problem.

Chapter 4 and Chapter 5 concerns different types of transport problems, where the ob-

jective function is quadratic in the transport map or coupling. Chapter 4 is built on the

Gromov-Wasserstein distance, which is a non-convex quadratic type of transport problem be-

tween incomparable spaces. Chapter 5 studies a convex quadratic type of transport problem

for missing value imputation and individualized inference.

The following overview summarizes the remaining chapters of the thesis and their con-

tributions.

• Chapter 2 is based on Hur and Liang [2025]. Given two probability distributions P

(null) andQ (alternative), we study the problem of detecting weak distribution shift de-

viating from the null P toward the alternative Q, where the level of deviation vanishes

as a function of n, the sample size. We propose a model for weak distribution shifts

via displacement interpolation between P and Q, drawing from the optimal transport

theory. We study a hypothesis testing procedure based on the Wasserstein distance,

derive sharp conditions under which detection is possible, and provide the exact char-

acterization of the asymptotic Type I and Type II errors at the detection boundary

using empirical processes. We demonstrate how the proposed testing procedure works

in modeling and detecting weak distribution shifts in real data sets using two empirical

examples: distribution shifts in consumer spending after COVID-19, and heterogeneity

in the published p-values of statistical tests in journals across different disciplines.

• Chapter 3 is based on Guo et al. [2022], where we draw connections between online

learning, optimal transport, and partial differential equations through an insight called

the minimal selection principle, originally studied in the Wasserstein gradient flow set-

ting by Ambrosio et al. [2005]. This allows us to extend the standard online learning

framework to the infinite-dimensional setting seamlessly. Based on our framework, we
4



derive a novel method called the minimal selection or exploration (MSoE) algorithm

to solve OLT problems using mean-field approximation and discretization techniques.

In the displacement convex setting, the main theoretical message underpinning our ap-

proach is that minimizing transport cost over time (via the minimal selection principle)

ensures optimal cumulative regret upper bounds. On the algorithmic side, our MSoE

algorithm applies beyond the displacement convex setting, making the mathematical

theory of optimal transport practically relevant to non-convex settings common in

dynamic resource allocation.

• Chapter 4 is based on Hur et al. [2024], which introduces a new simulation-based infer-

ence procedure to model and sample from multi-dimensional probability distributions

given access to i.i.d. samples, circumventing the usual approaches of explicitly modeling

the density function or designing Markov chain Monte Carlo. Motivated by the seminal

work on distance and isomorphism between metric measure spaces, we develop a new

transform sampler to perform simulation-based inference, which estimates a notion

of optimal alignments between two heterogeneous metric measure spaces (X , µ, cX )

and (Y , ν, cY) from empirical data sets, with estimated maps that approximately push

forward one measure µ to the other ν, and vice versa. We introduce a new notion

called the Reversible Gromov-Monge (RGM) distance, providing mathematical for-

malism behind the new sampler. We study the statistical rate of convergence of the

new transform sampler, along with several analytic properties of the RGM distance

and operator viewpoints of transform sampling. Synthetic and real-world examples

showcasing the effectiveness of the new sampler are also demonstrated.

• Chapter 5 is based on Hur and Liang [2024], where we introduce a new convexified

matching method for missing value imputation and individualized inference inspired

by computational optimal transport. Our method integrates features from mainstream

imputation approaches: optimal matching, regression imputation, and synthetic con-
5



trol. We impute counterfactual outcomes based on convex combinations of observed

outcomes, defined based on an optimal coupling between the treated and control data

sets. The optimal coupling problem is considered a convex relaxation to the combi-

natorial optimal matching problem. We estimate granular-level individual treatment

effects while maintaining a desirable aggregate-level summary by properly constraining

the coupling. We construct individual confidence intervals for the estimated counter-

factual outcomes. We devise fast iterative entropic-regularized algorithms to solve the

optimal coupling problem that scales favorably when the number of units to match

is large. Entropic regularization plays a crucial role in both inference and computa-

tion; it helps control the width of the individual confidence intervals and design fast

optimization algorithms.

Additional Notation We use the following notation throughout the rest of the thesis. Let

∥·∥ and ⟨·, ·⟩ denote the Euclidean norm and inner product, respectively. For a square matrix

A, let tr(A) denote its trace. For matrices A,B of the same dimension, ⟨A,B⟩ := tr(A⊤B)

is the Frobenius inner product; ∥A∥ :=
√
⟨A,A⟩ denotes the Frobenius norm of a matrix

A. For any integer n ∈ N, we define [n] = {1, . . . , n} and let 1n = (1, . . . , 1) ∈ Rn denote

the vector whose entries are all 1. Let ∆n := {a ∈ Rn+ :
∑n
i=1 ai = 1} denote the simplex

of probability vectors and let ∆+
n := {a ∈ ∆n : ai > 0 ∀i} denote the interior of ∆n. For

a, b ∈ R, denote a ∧ b = min{a, b}.
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CHAPTER 2

DETECTING WEAK DISTRIBUTION SHIFTS VIA

DISPLACEMENT INTERPOLATION

2.1 Introduction

Classic detection problem aims to distinguish a shifted distribution Q from the null distri-

bution P based on data, formulated as a nonparametric goodness-of-fit test:

H0 : X1, . . . , Xn
i.i.d.∼ P vs. H1 : X1, . . . , Xn

i.i.d.∼ Q. (2.1.1)

It is understood that the power of certain test statistics, such as Kolmogorov-Smirnov [Kol-

mogorov, 1933, Smirnov, 1948] or Anderson-Darling [Anderson and Darling, 1952], is asymp-

totically 1, implying that detection is possible if the sample size is large.

In many applications, one confronts situations where the signal in the alternative dis-

tribution is weaker. One natural formulation is to replace Q in H1 (2.1.1) by a suit-

able interpolation scheme between P and Q. A common choice is the linear interpolation

(1 − ε)P + εQ, or the so-called Huber’s ε-contamination model [Huber, 1964], where one

parametrizes ε = εn → 0 as n → ∞ to represent weak signals. This model represents that

only a small ε-fraction of the data deviates from P , often seen in applications such as large-

scale inference with high-throughput measurements [Efron, 2010]. For instance, microarray

data—widely used in genetics and genomics—measure the expression level of thousands of

genes, where only some portions are relevant to detecting certain diseases. See Donoho and

Jin [2015] for a comprehensive overview of such applications. In those applications, weak

signals are modeled as small perturbations in the frequencies of the histogram of the data,

that is, deviations along the y-axis.

Detecting the presence of distribution shifts is also essential in social and economic appli-
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cations. There, the main interest is often to quantify individual, heterogeneous responses to

policies or other incentives. For instance, consider the economic impacts of the coronavirus

pandemic (COVID-19) and government policies [Chetty et al., 2024]; when analyzing how

the economy—measured by weekly statistics such as consumer spending—recovers from the

shock caused by the pandemic, it is natural to consider individual, heterogeneous shifts to

reflect that each individual adjusts the spending differently according to the income level

and other characteristics. In this context, the individual responses can be modeled as per-

turbations along the x-axis of the data histogram, whereas the aforementioned perturbation

along the y-axis (frequencies) rooted in engineering applications is arguably less informa-

tive. Another example is the study of the effect of financial or non-financial incentives given

to students or parents to improve educational performance, measured by test scores [Fryer

et al., 2015, Levitt et al., 2016]. There, the main interest is measuring the shifts in test score

distributions in response to the incentives. It is worth noting that the shifts are arguably het-

erogeneous, depending on gender, race/ethnicity, and other demographic information [Levitt

et al., 2016].

In the above examples, perturbations along the y-axis—the fraction of individuals deemed

responsive to a given policy or incentive—may be of interest but are insufficient to model

individual, heterogeneous responses. Unlike the earlier genetics example, where the iden-

tification of a handful of non-null genes showing distinct expression levels provides crucial

scientific evidence of certain diseases, the goal of socioeconomic research is beyond simply

finding a proportion of shifted observations; the fundamental interest is to quantify individ-

ual, heterogeneous responses to policy, which is more relevant to the shift along the x-axis

of histograms.

This chapter proposes a different interpolation scheme for detecting weak distribution

shifts motivated by the above. We study a natural test statistic motivated by optimal

transport and conduct an exact study of the asymptotic power of the test. We represent
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the signal strength as the level of deviation, rather than the proportion of deviated units.

In a nutshell, we are interested in how much the data histogram shifts along the x-axis

instead of the y-axis. To this end, we model weak signals using displacement interpolation

[McCann, 1997] with a viewpoint from optimal transport theory [Villani, 2003], where the

interpolation parameter ε represents a certain transport distance of data from the null P

along the geodesics, thus characterizing the level of distribution shifts from P .

2.1.1 Displacement Interpolation and Optimal Transport

Let P and Q be Borel probability measures on R whose cumulative distribution functions

are F and G, respectively; also, let F−1 and G−1 be their quantile functions, respectively.

Displacement interpolation between P and Q is defined as

Pε := ((1− ε)Id + εT )#P ∀ε ∈ [0, 1],

where Id : R→ R is the identity map and T = G−1 ◦F , namely, the composition of G−1 and

F .1 Recall that S#P denotes the pushforward measure of P by a map S : R → R defined

by S#P (B) = P{x ∈ R : S(x) ∈ B} for any Borel set B ⊂ R. If P is absolutely continuous

with respect to the Lebesgue measure, it is known that T = G−1 ◦F is the unique monotone

map such that T#P = Q. More importantly, it is also the unique solution to the following

optimal transport problem [Brenier, 1991, Villani, 2003] provided P and Q have finite second

moments, namely,

T = argmin
S : R→R
S#P=Q

∫
R
|x− S(x)|2 dP (x) . (2.1.2)

Intuitively, the constraint S#P = Q means that a map S transports mass from the source

distribution P to the target distribution Q by moving the infinitesimal mass at x in the

support of P to S(x) such that dP (x) = dQ(S(x)). Accordingly, (2.1.2) tells that the

1. It is possible to generalize displacement interpolation to Rd with d > 1; see Definition 3.2.3.
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unique monotone map T = G−1 ◦ F provides the optimal way of transporting mass from P

to Q, minimizing the squared transport distance |x− T (x)|2 on average.

Now, for each x, let us view the segment {(1− ε)x+ εT (x) : ε ∈ [0, 1]} as the transport

path from x to the destination T (x) along its displacement T (x) − x. It turns out that

transporting mass from the source distribution P along such a path gives rise to a geodesic

connecting P and Q in the Wasserstein space [Ambrosio et al., 2005], namely, ε = Wp(P,Pε)
Wp(P,Q)

for all ε ∈ [0, 1], where we note that the Wasserstein-p distance between probability measures

on R can be expressed in terms of the quantile functions: for any probability measures µ, ν

on R whose quantile functions are F−1µ , F−1ν , respectively, we have

Wp(µ, ν) :=

(∫ 1

0
|F−1µ (u)− F−1ν (u)|p du

)1/p

.

Observe that the quantile function of Pε is (1 − ε)F−1 + εG−1 as P = (F−1)#U implies

Pε = ((1−ε)Id+εG−1◦F )#((F−1)#U) = ((1−ε)F−1+εG−1)#U , where U is the Lebesgue

measure on [0, 1]; see Figure 2.1 for details. Therefore, displacement interpolation represents

the optimal path—shortest path under the distance Wp—for transporting mass from P to Q,

where the parameter ε naturally characterizes the deviation from P via the relative distance

ε =
Wp(P,Pε)
Wp(P,Q)

.

We finish this section with a concrete example to contrast two interpolation schemes.

Consider P = N(0, 1) and Q = N(τ, σ2) for some τ, σ > 0. Linear interpolation (1−ε)P+εQ

is the mixture of two Gaussian distributions P,Q, where the parameter ε is essentially the

frequency of signals from Q. Displacement interpolation is the optimal transport path from

P toQ, where T (x) = σx+τ for all x ∈ R and Pε := ((1−ε)Id+εT )#P = N(ετ, (1−ε+εσ)2);

in words, the optimal path is simply to move each x to σx+ τ . The resulting interpolation

N(ετ, (1−ε+εσ)2) suggests that the parameter ε provides an intuitive characterization of the

signal strength which controls the level of distribution shift. Lastly, it is worth noting that

displacement interpolation preserves the unimodality as the interpolation is always Gaussian,
10
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F G

1

Figure 2.1: Illustration of two interpolation schemes. Linear interpolation (1 − ε)P + εQ
vertically combines the cumulative distribution functions F and G; namely, its cumulative
distribution function (blue, dashed) is (1−ε)F +εG. Meanwhile, displacement interpolation
(red, solid) horizontally combines F and G, or equivalently, vertically combines the quantile
functions F−1 and G−1. In other words, the quantile function of ((1− ε)Id + εG−1 ◦F )#P
is (1− ε)F−1 + εG−1.

whereas linear interpolation may result in two modes.

2.1.2 Distribution Shift as Displacement Interpolation

As discussed in the previous section, displacement interpolation constructs an optimal path

transporting mass from P to Q, providing a natural notion of distribution shift from P to Q.

Such a viewpoint has recently found several applications in machine learning and computer

vision, where displacement interpolation serves as a method to optimally synthesize two

objects, such as textures [Rabin et al., 2012], colors [Kolouri et al., 2017], and styles [Mroueh,

2020].

Before diving into theory and methodology, in this section, we adopt this viewpoint to

model distribution shifts using real-world data; we see that displacement interpolation is

better suited to model such distribution shifts than linear interpolation. Later, after laying

out the theory, we revisit this empirical example to study the power of our testing procedure.

To this end, we utilize the data from [Chetty et al., 2024], which studies the economic

impacts of the coronavirus pandemic (COVID-19) and policy responses in the United States

using a wide range of statistics, such as consumer spending, business revenues, employment
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rates, and so on.2 Here, we focus on the consumer spending data—recorded as seasonally

adjusted percent changes based on anonymized card transactions data—and analyze how

consumer expenditures have recovered from the steep plunge caused by COVID-19. Figure

2.2(a) shows the average consumer spending between January 2021 and June 2022. More

specifically, we look at the distribution of monthly average consumer spending over 1,655

counties, where the spending is disaggregated based on the ZIP code where the cardholder

lives. The monthly average is calculated by averaging the daily expenditures from the 16th of

each month to the 15th of the following month. Figure 2.2(b) shows the smoothed histograms

of monthly average spending for the first 12 months since March 2020, which clearly shows

how the distribution has shifted in the increasing spending direction, namely, the spending

is recovering from the shock of the pandemic. Meanwhile, Figure 2.2(c) shows the next 12

months from March 2021, where we can no longer observe such an evident distribution shift,

suggesting the consumer spending has stabilized after the recovery; see also the corresponding

period in Figure 2.2(a).

Empirically, we illustrate that displacement interpolation serves as a reasonable model

for the distribution shift during the recovery period shown in Figure 2.2(b). To this end, we

generate two interpolation paths, displacement interpolation and linear interpolation, and

contrast them with the real data. First, let {Pi/11}11i=0 be the distributions of monthly spend-

ing by county during that period, namely, they correspond to the 12 histograms of Figure

2.2(b); here, P0 and P1 are the start and end of that period (from March 16, 2020 to April

15, 2020 and from February 16, 2021 to March 15, 2021, respectively). Then, we compute

the relative Wasserstein-2 distances εt =
W2(P0,Pt)
W2(P0,P1)

and the relative Total Variation (TV)

distances γt =
TV (P0,Pt)
TV (P0,P1)

for t ∈ {0, 1/11, . . . , 10/11, 1}, as visualized in Figure 2.3(a). From

these, we generate displacement interpolation Qdis
t = ((1− εt)Id + εtT )#P0, where T is the

composition of the quantile function of P1 and the cumulative distribution function of P0;

2. Data are publicly available at https://tracktherecovery.org/.
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Figure 2.2: (a) plots a time series of consumer spending from January 13, 2020 to June 5, 2022,
where some noticeable events are marked: March 13, 2020 (national emergency declared) and April
15, 2020, January 4, 2021, and March 17, 2021 (first, second, and third stimulus payments start,
respectively). (b) and (c) show the smoothed histograms of monthly average consumer spending
by county from March 16, 2020 to March 15, 2021 and from March 16, 2021 to March 15, 2022,
respectively.

similarly, we generate linear interpolation Qlin
t = (1−γt)P0+γtP1. Essentially, Qdis

t amounts

to displacement interpolation between P0 and P1 that shifts from P0 at the same rate as

Pt under the Wasserstein-2 distance, namely, W2(P0, Q
dis
t ) = W2(P0, Pt); analogously, Qlin

t

corresponds to linear interpolation such that TV (P0, Q
lin
t ) = TV (P0, Pt). Figure 2.3(b) and

Figure 2.3(c) show Qdis
t and Qlin

t , respectively. Comparing Figure 2.3(b) and Figure 2.3(c)

with the real distribution shift in Figure 2.2(b), we can see that displacement interpolation

provides a better approximation. Particularly, displacement interpolation preserves the uni-

modality of distributions as in Figure 2.2(b), while linear interpolation creates two modes,

in reminiscence of the Gaussian example in the previous section.
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Together with theoretical foundations in Section 2.1.1, the above example provides the

empirical underpinnings of the displacement interpolation model for distribution shifts. Re-

turning to the detection problem (2.1.1), in what follows, we will consider a detection problem

where Q in H1 is replaced by displacement interpolation ((1 − ε)Id + εT )#P and propose

a testing procedure based on the Wasserstein-2 distance. Later, we will apply the proposed

testing procedure to revisit the above empirical example and analyze the power under the

strong distribution shift during the recovery period.
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t

Figure 2.3: (a) plots the relative Wasserstein-2 distances εt = W2(P0,Pt)
W2(P0,P1)

and the relative TV

distances γt =
TV (P0,Pt)
TV (P0,P1)

for t ∈ {0, 1/11, . . . , 1}, with the 45 degree line shown as a dashed line;

relative Wasserstein-1 distances W1(P0,Pt)
W1(P0,P1)

are plotted for reference as well, which almost coincide
with εt. (b) and (c) show displacement interpolation Qdis

t = ((1 − εt)Id + εtT )#P0 and linear
interpolation Qlin

t = (1− γt)P0 + γtP1, respectively.
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2.1.3 Problem Description

Motivated by the discussion above, we study the problem of detecting weak distribution

shifts represented as displacement interpolation: given two distributions P and Q on R

whose cumulative distribution functions are F and G, respectively,

H0 : X1, . . . , Xn
i.i.d.∼ P vs. H1 : X1, . . . , Xn

i.i.d.∼ ((1− ε)Id + εG−1 ◦ F )#P. (2.1.3)

Here, F−1 and G−1 are the quantile functions of P and Q, respectively.

We propose a testing procedure based on the weighted Wasserstein distance between the

empirical measure Pn—constructed by the observations X1, . . . , Xn—and the null distribu-

tion P . Assuming a weak signal in a sense ε = εn → 0 as n→∞, we derive sharp conditions

under which detection is possible: (1) when n1/2εn → 0, detection is impossible; (2) when

n1/2εn →∞, the testing procedure has asymptotic power 1; (3) at the detection boundary

n1/2εn → constant ∈ (0,∞), sharp asymptotic Type I and Type II errors are analyzed using

Gaussian processes.

2.1.4 Related Literature

Sparse Mixture Detection A popular approach to formulating the weak signal detection

problem is to replace the alternative hypothesis of (2.1.1) with Huber’s ε-contamination

model (1 − ε)P + εQ, also known as sparse mixtures, where ε = εn → 0 as n → ∞.

Donoho and Jin [2004] proposes Tukey’s higher criticism as a test statistic and analyzes the

asymptotic phase transition depending on the rate ε = εn → 0 and the signal strength. A

recent endeavor extending the higher criticism test to compare two large frequency tables is

given in Donoho and Kipnis [2022]. See also Cai et al. [2011], Cai and Wu [2014] on optimal

detection of general sparse mixtures.
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Wasserstein Distances for Testing Our testing procedure is based on the Wasserstein

distance, which has been studied extensively in the testing literature. For example, Munk

and Czado [1998] and Del Barrio et al. [2005] study Goodness-of-Fit (GoF) testing using the

Wasserstein distance between the null hypothesis and the empirical measure based on the

observations; see Hallin et al. [2021] for an extension to the multivariate case. As mentioned

earlier, the standard GoF testing is related to the classic detection problem (2.1.1), where

the alternative distribution is fixed to some signal Q or a collection of distributions from a

specific parametric family [de Wet, 2002, Csörgő, 2003].

Notation We use the following notation throughout the chapter. For positive sequences

{an} and {bn}, denote an = o(bn) if an/bn → 0 as n→∞. We write Yn ⇝ Y if a sequence

{Yn} of random variables converges weakly to some random variable Y .

2.2 Main Results

Testing Procedure We propose a distance-based test statistic for the testing problem

(2.1.3), motivated by optimal transport and displacement interpolation. More specifically,

we compare Pn—the empirical measure based on the observationsX1, . . . , Xn—with P under

the following distance, called the weighted Wasserstein distance, and reject H0 if it is larger

than a specific critical value.

Definition 2.2.1. Let ω be a finite Borel measure on (0, 1). For two distributions µ and ν

on R, we define the ω-weighted Wasserstein distance by

W2,ω(µ, ν) :=

(∫ 1

0
|F−1µ (u)− F−1ν (u)|2 dω(u)

)1/2

,

where F−1µ , F−1ν denote the quantile functions of µ, ν, respectively.

Remark 2.2.2. Note in Definition 2.2.1 that W2,ω = W2 if ω is the Lebesgue measure.
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Weighted versions of the Wasserstein distance are introduced in [de Wet, 2002, Csörgő, 2003].

Here, we introduce the weighted base measure as in the Anderson-Darling test because, for

certain detection problems, the signal may hide unevenly among quantiles. For example, the

signal is contained in the extreme quantiles in higher criticism [Donoho and Jin, 2004].

Asymptotic Phase Transition We analyze the testing error in the asymptotic regime

where ε = εn vanishes as n → ∞. More precisely, we rewrite (2.1.3) as follows specifying

dependency on the sample size n:

H
(n)
0 : X1, . . . , Xn

i.i.d.∼ P,

H
(n)
1 : X1, . . . , Xn

i.i.d.∼ ((1− εn)Id + εnG
−1 ◦ F )#P,

where limn→∞ εn = 0, namely, εn = o(1). Our main result shows that the asymptotic

testing error behaves differently depending on the vanishing rate of εn, highlighting a phase

transition phenomenon. In particular, we study a testing procedure such that the asymptotic

Type I error is a given level α ∈ (0, 1) by deriving the limit of the test statistic W2,ω(Pn, P )

under the null hypothesis, based on the fundamental limit theorem of the empirical quantile

process: assuming F admits a positive density f ,

√
n(F−1n (u)− F−1(u))⇝ Bu

f(F−1(u))
, (2.2.1)

where F−1n is the empirical quantile function based on X1, . . . , Xn from H
(n)
0 and (Bu)u∈[0,1]

is the standard Brownian bridge, namely, a mean-zero Gaussian process whose covariance

satisfies E[Bu1Bu2 ] = u1 ∧ u2 − u1u2; rigorous asymptotic analysis is provided in the sub-

sequent section. For such a testing procedure, we can characterize the asymptotic Type II
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error based on the three phases of εn determined by

lim
n→∞

n1/2εn =


0,

∞,

γ ∈ (0,∞).

We formally state the main result as follows.

Theorem 2.2.3. Suppose F has a density f that is continuous and bounded away from 0

on some compact interval IF and is 0 on R\IF , G−1 is bounded on (0, 1), and G−1 ◦ F is

Lipschitz. Let ω be a finite Borel measure on (0, 1) that is absolutely continuous with respect

to the Lebesgue measure such that W2,ω(P,Q) ̸= 0. Also, let Ψ be the cumulative distribution

function of ∫ 1

0

∣∣∣∣ Bu
f(F−1(u))

∣∣∣∣2 dω(u) , (2.2.2)

where (Bu)u∈[0,1] is the standard Brownian bridge. Fix α ∈ (0, 1) and let Cα be the (1−α)-th

quantile of Ψ, that is, Ψ(Cα) = 1− α. Consider the following testing procedure:

reject H(n)
0 if and only if nW 2

2,ω(Pn, P ) > Cα.

Then, the asymptotic Type I error is α, and the asymptotic Type II error is as follows.

(i) If n1/2εn → 0, the asymptotic Type II error is 1− α.

(ii) If n1/2εn →∞, the asymptotic Type II error is 0.

(iii) If n1/2εn is a constant, say n1/2εn = γ > 0, the asymptotic Type II error is

Ψγ(Cα − γ2W 2
2,ω(P,Q)),
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where Ψγ is the cumulative distribution function of

∫ 1

0

∣∣∣∣ Bu
f(F−1(u))

∣∣∣∣2 dω(u) + 2γ

∫ 1

0

Bu
f(F−1(u))

·
(
G−1(u)− F−1(u)

)
dω(u) . (2.2.3)

Remark 2.2.4. Theorem 2.2.3 implies that the asymptotic testing error, namely, the sum

of the asymptotic Type I and II errors, is 1 (undetectable) if n1/2εn → 0 and α (detectable)

if n1/2εn →∞. The phase transition occurs at the boundary if n1/2εn is a constant, where

the testing error is determined by the constant γ := n1/2εn and ∆ := W2,ω(P,Q), which

denotes the signal strength. The detection boundary (iii) still holds if we replace n1/2εn = γ

with limn→∞ n1/2εn = γ > 0; see the formal proof of Theorem 2.2.3 which is deferred to

Section 2.6. The main ideas of the analysis will be presented in the next section.

2.3 Asymptotic Analysis

In this section, we rigorously derive the asymptotic limit of the test statistic W2,ω(Pn, P ),

under the null H(n)
0 and the alternative H(n)

1 , respectively.

2.3.1 Preliminaries

Let ℓ∞(0, 1) denote the set of all bounded functions defined on (0, 1), which is a Banach

space under the uniform norm given by

∥h∥∞ = sup
u∈(0,1)

|h(u)| ∀h ∈ ℓ∞(0, 1).

We first provide the exact statement of (2.2.1) based on weak convergence in ℓ∞(0, 1), see

van der Vaart and Wellner [1996]; in what follows, for any random element Z in ℓ∞(0, 1),

let Z(u) denote the random variable at coordinate u ∈ (0, 1).
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Assumption 2.3.1. F has a density f that is continuous and bounded away from 0 on

some compact interval IF and is 0 on R\IF .

Lemma 2.3.2. Let F−1n be the empirical quantile function based on X1, . . . , Xn that are

i.i.d. from a cumulative distribution function F . Under Assumption 2.3.1, view (
√
n(F−1n −

F−1))n∈N as a sequence of random elements in ℓ∞(0, 1), then it converges weakly to some

tight measurable random element H in ℓ∞(0, 1), which we denote as

√
n(F−1n − F−1)⇝ H in ℓ∞(0, 1). (2.3.1)

The limit H satisfies the following.

(i) {H(u) : u ∈ (0, 1)} is a mean-zero Gaussian process with covariance function

E[H(u1)H(u2)] =
u1 ∧ u2 − u1u2

f(F−1(u1))f(F−1(u2))
∀u1, u2 ∈ (0, 1).

(ii) The sample path u 7→ H(u) is continuous.

Remark 2.3.3. Lemma 1 is from Lemma 3.9.23 of [van der Vaart and Wellner, 1996].

Assumption 2.3.1 ensures that F−1 is bounded on (0, 1), thereby viewing
√
n(F−1n − F−1)

as a random element in ℓ∞(0, 1). Though this assumption rules out distributions supported

on the whole real line, such as normal distributions, we can still apply Assumption 2.3.1 to

such distributions by restricting their support to a sufficiently large yet bounded interval.

Alternatively, one may modify Lemma 2.3.2 by considering weak convergence in ℓ∞[δ, 1− δ]

with a suitable δ > 0. Such a modification provides limit theorems of the integration of

|F−1n −F−1|2 on [δ, 1− δ], often called the trimmed Wasserstein distance [Munk and Czado,

1998]. It is also possible to modify Lemma 2.3.2 by considering weak convergence in L2(0, 1)

under suitable assumptions on the behavior of F−1 near the endpoints 0 and 1 [Del Barrio

et al., 2005].
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Remark 2.3.4. In Lemma 2.3.2, the limit H is tight, meaning that for any ε > 0, we can

find a compact subset K of ℓ∞(0, 1) such that P(H ∈ K) ≥ 1− ε. Though this technicality

is not used explicitly in the main analysis, it is required to apply the extended continuous

mapping theorem, which we adapt from Theorem 1.11.1 of van der Vaart and Wellner [1996]

and rewrite as Theorem 2.6.1.

Next, we consider the following integrated processes: letting Hn :=
√
n(F−1n − F−1),

define

An :=

∫ 1

0
|Hn(u)|2 dω(u) , (2.3.2)

Bn :=

∫ 1

0
|(G−1 ◦ F )(F−1(u) + n−1/2Hn(u))− F−1(u)|2 dω(u) , (2.3.3)

Cn :=

∫ 1

0
Hn(u) ·

(
(G−1 ◦ F )(F−1(u) + n−1/2Hn(u))− F−1(u)

)
dω(u) . (2.3.4)

Under the assumptions of Lemma 2.3.2, the limit of An is essentially the limit of the test

statistic nW 2
2,ω(Pn, P ) under the null. Later, we will use Bn and Cn to derive the limit of

the test statistic under the alternatives. The following lemma derives the limits of the above

processes, which we prove in Section 2.6.

Lemma 2.3.5. Let F−1n be the empirical quantile function based on X1, . . . , Xn that are

i.i.d. from a cumulative distribution function F . Let ω be a finite Borel measure on (0, 1)

that is absolutely continuous with respect to the Lebesgue measure. Under Assumption 2.3.1

and assuming G−1 is bounded on (0, 1), let Hn =
√
n(F−1n − F−1) and H be the random
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element mentioned in Lemma 2.3.2, then

An ⇝
∫ 1

0
|H(u)|2 dω(u) , (2.3.5)

Bn ⇝
∫ 1

0
|G−1(u)− F−1(u)|2 dω(u) , (2.3.6)

Cn ⇝
∫ 1

0
H(u) · (G−1(u)− F−1(u)) dω(u) , (2.3.7)

where An, Bn, Cn are as in (2.3.2), (2.3.3), (2.3.4), respectively.

2.3.2 Asymptotic Distributions

Now, we analyze the limit of the test statistic W2,ω(Pn, P ) under H(n)
0 . By (2.3.5) of Lemma

2.3.5, the following holds.

Proposition 2.3.6 (Limit under the null). For each n ∈ N, let Pn be the empirical mea-

sure based on X1, . . . , Xn following H(n)
0 . Let ω be a finite Borel measure on (0, 1) that is

absolutely continuous with respect to the Lebesgue measure. Under Assumption 2.3.1,

nW 2
2,ω(Pn, P )⇝

∫ 1

0
|H(u)|2 dω(u) ,

where H is the random element mentioned in Lemma 2.3.2.

Next, we analyze the limit of the test statistic under H(n)
1 .

Theorem 2.3.7 (Limit under the alternatives). For each n ∈ N, let Pn be the empirical

measure based on X1, . . . , Xn following H(n)
1 . Let ω be a finite Borel measure on (0, 1) that

is absolutely continuous with respect to the Lebesgue measure. Under Assumption 2.3.1 and

assuming G−1 is bounded on (0, 1) and G−1 ◦ F is Lipschitz, we can characterize the limit

of nW 2
2,ω(Pn, P ) as follows.
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(i) If n1/2εn → 0,

nW 2
2,ω(Pn, P )⇝

∫ 1

0
|H(u)|2 dω(u) . (2.3.8)

(ii) If n1/2εn →∞,

n1/2ε−1n
(
W 2

2,ω(Pn, P )− ε
2
nW

2
2,ω(P,Q)

)
⇝ 2

∫ 1

0
H(u) ·

(
G−1(u)− F−1(u)

)
dω(u) .

(2.3.9)

(iii) If n1/2εn is a constant, say n1/2εn = γ > 0,

nW 2
2,ω(Pn, P )− γ

2W 2
2,ω(P,Q)

⇝
∫ 1

0
|H(u)|2 dω(u) + 2γ

∫ 1

0
H(u) ·

(
G−1(u)− F−1(u)

)
dω(u) .

(2.3.10)

Remark 2.3.8. One can also show that the limit distribution in (2.3.9) is a mean-zero

Gaussian distribution with variance

∫ 1

0

∫ 1

0

4(u1 ∧ u2 − u1u2)
f(F−1(u1))f(F−1(u2))

·
(
G−1(u1)− F−1(u1)

)
·
(
G−1(u2)− F−1(u2)

)
dω(u1) dω(u2) .

Remark 2.3.9. The Lipschitzness assumption on G−1 ◦ F is used for (2.3.9), but not for

(2.3.8) and (2.3.10). Such an assumption is well studied in the literature; see Appendix A

of Bobkov and Ledoux [2019].

2.4 Simulations

2.4.1 Phase Transition and Power Analysis

This section delivers results using two experiments to numerically verify Theorem 2.2.3. For

both experiments, we fix P = Unif[0, 1] and let ω be the Lebesgue measure so that Ψ is the
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cumulative distribution function of

∫ 1

0
|Bu|2 du .

Such a distribution is well studied, and the quantile of Ψ is available, see Table 1 of Anderson

and Darling [1952]; we choose α = 0.05, then Cα ≈ 0.46136.

Experiment 1: Phase Transition In this experiment, we verify that the phase transition

occurs at β = 0.5 for the scaling εn = n−β . To this end, we fix Q = N(0, 1) and let εn = n−β

with n = 106, and a range of β ∈ {0.05, 0.1, . . . , 0.95, 1}. For each β, we compute nW 2
2 (Pn, P )

using samples from H
(n)
0 and H

(n)
1 , which we repeat 100 times, then compute the Type I

and Type II errors using those 100 realizations, respectively. We plot the sum of Type I and

Type II errors against β. Figure 2.4(a) confirms that the phase transition occurs at β = 0.5.

Experiment 2: Sharp Power Analysis We focus on the power behavior at the detection

boundary, namely, εn = γn−0.5 with n = 106. Specifically, we analyze the Type II error

based on two parameters representing the signal strength: γ and ∆ := W2(P,Q). By

Theorem 2.2.3, the Type II error should be approximately Ψγ(Cα − γ2∆2). To vary ∆, we

parametrized Q as follows: the quantile function of Q is u 7→ u+ p
2π sin(2πu), where we vary

p ∈ (0, 1); note that this is a valid quantile function as it is monotonically increasing. Then,

W 2
2 (P,Q) =

p2

4π2

∫ 1

0
| sin(2πu)|2 du =

p2

8π2
= ∆2,

which results in ∆2 ∈ (0, (8π2)−1). We can easily generate Q’s with desired signal strength

∆ using this parametrization. For each pair (∆, γ), where ∆ ∈ {0.01, 0.015, . . . , 0.105, 0.11}

and γ ∈ {3.5, 3.75, . . . , 11.5, 11.75}, we compute the Type II error and visualize it as a color

map. Figure 2.4(b) visualizes Type II errors on the ∆-γ plane using colors; this essentially

plots Ψγ(Cα−γ2∆2). Notice that the level set of Type II errors and the curve γ·∆ = constant
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do not perfectly coincide because Type II errors can vary on the curve γ · ∆ = constant,

namely, Ψγ(Cα − constant2) can change as γ varies.
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Figure 2.4: (a) visualizes the sum of Type I and Type II errors of Experiment 1; the red
dashed line represents the level α = 0.05. (b) plots Type II errors of Experiment 2 as a color
map, where the red solid curves represent γ ·∆ = constant ∈ {0.2, 0.45, 0.7}

.

2.4.2 Comparison to Other Methods and Robustness Checks

This section first compares the power of the proposed procedure and the Kolmogorov-

Smirnov (KS) test. Later, we carry out preliminary robustness checks on how the choice of

the weight measure ω affects the power. Throughout this section, we again fix P = Unif[0, 1]

and n = 106.

Example I First, we repeat the previous setting used for the boundary case: εn = γn−0.5

and the quantile function of Q is u 7→ u + p
2π sin(2πu). This time, we parametrize p ∈

{0, 0.05, . . . , 0.95, 1} instead of ∆ = W2(P,Q) and restrict our interest to γ ∈ {4, 7, 10}. For

each pair (p, γ), we compute the power of the proposed testing procedure—with ω being the

Lebesgue measure—and the KS test; to ensure both are asymptotically level α tests with α =
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0.05, we use the critical value Cα ≈ 0.46136 for the proposed testing procedure as before and

the critical value 1.36 for the KS test statistic
√
n ·KS(Pn, P ) =

√
n · supx∈R |Fn(x)−F (x)|

based on Table 1 of [Shorack and Wellner, 2009]. Figure 2.5(a) shows the results. First,

observe that for γ ∈ {7, 10}, the powers of both tests exceed 0.5 once the parameter p is

above certain values, which means that both are better than a trivial test that randomly

rejects the null with probability 0.5. In this case, the power of the proposed procedure is

slightly larger than that of the KS test, as the solid lines are above the dotted lines. For

γ = 4, the power of the KS test is mostly larger than that of the proposed procedure, as

shown in the blue lines; in this case, however, the powers of both tests are far less than 0.5,

implying that both tests practically failed. In other words, the signal strength γ = 4 is too

weak for both tests to detect.

Example II Next, we consider a different setting where the quantile function of Q differs

with that of P = Unif[0, 1] at tails. To this end, suppose the quantile function of Q is as

follows: 
u+ 0.45 · 2pπ cos

(
πu
2p

)
0 ≤ u ≤ p,

u p ≤ u ≤ 1− p,

u− 0.45 · 2pπ cos
(
π(1−u)

2p

)
1− p ≤ u ≤ 1,

(2.4.1)

where we parametrize p ∈ {0.025, 0.05, . . . , 0.5}. Note that the quantile function of Q devi-

ates from the identity only at tails, namely, [0, p]∪ [1− p, 1]. As in Example I, we keep using

εn = γn−0.5 for γ ∈ {4, 7, 10} and compute the powers for each pair (p, γ) which are shown

in Figure 2.5(b). For γ ∈ {7, 10}, the results are similar to Example I; for sufficiently large

p, both tests have enough powers. Now, for γ = 4, the power of the proposed procedure is

slightly larger than that of the KS test; however, as in Example I, both tests are practically

useless as their powers are too small; namely, γ = 4 is again too weak for them to detect.
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Figure 2.5: (a) and (b) show the powers of the proposed testing procedure and the KS test in
Example I and Example II, respectively; solid lines correspond to the proposed testing procedure,
whereas dotted lines represent the KS test. (c) shows the powers of the proposed testing procedures
in the setting of Example II, using the weight measure given by (2.4.2). By design, the solid lines
of (b) and (c) coincide; both correspond to the Lebesgue measure, namely, a = 0 in (2.4.2).

The Role of the Weight Measure Lastly, we compare the powers by differing the weight

measure ω. Let us keep considering the setting of Example II. As the quantile function Q

mainly deviates from that of P at tails, it is reasonable to put more weights at tails for

better performance when computing the test statistic. To verify this, consider a simple

weight measure whose density with respect to the Lebesgue measure is a quadratic function:
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for a ≥ 0,
dω(u)

du
= a

(
u− 1

2

)2

+ 1− a

12
, (2.4.2)

which satisfies
∫ 1
0 dω = 1. Clearly, a = 0 corresponds to the Lebesgue measure; large a

means more weights at both tails. We compute the powers of the proposed procedure for

a ∈ {0, 1, 2}. Here, we again set critical values to ensure that all of them are asymptotically

level α = 0.05; for a = 0, we can reuse the previous critical value as before. For a ∈

{1, 2}, we estimate the quantile of the asymptotic distribution
∫ 1
0 |Bu|

2 dω(u) by Monte Carlo

simulations. Figure 2.5(c) shows the results. As expected, we obtain larger powers with the

quadratic weight measure, namely, both a = 1 and a = 2 achieve better performance than

the unweighted procedure a = 0; particularly, assigning more weights at tails (a = 2) yields

the largest power. For γ = 4, though we have increased powers for the weighted procedures,

they are still practically too weak to detect the signal, as discussed in the previous examples.

2.4.3 Application I: Distribution Shifts in Consumer Spending

We revisit the data example in Section 2.1.2 and apply the proposed testing procedure to

study the power. Recall that {Pi/11}11i=0 are the distributions of monthly average spending

by county during the recovery period between March 16, 2020 and March 15, 2021. For

t ∈ {0, 1/11, . . . , 10/11, 1} and n ∈ {10, 50, 100, 500}, we construct the empirical measure

Pnt using n points that are i.i.d. from Pt and compute W2(P0, P
n
t ). Essentially, for each t

and sample size n, we want to distinguish Pt from P0 using a finite sample. To this end,

we first estimate the quantile of W2(P0, P
n
0 ) via Monte Carlo simulations to define a level

α = 0.05 test; this will give us a critical value, say, Cnα. Then, for each t > 0, we compute

W2(P0, P
n
t ) and reject the null—that is, data are from P0—if it exceeds Cnα; by repeating

this for 100 times, we can evaluate the power of the test using simulations. The results

are shown in the first 4 rows (Recovery Period) of Table 2.1. In this case, for t ≥ 3/11,

namely, after three months from March, 2020, we can detect the distribution shift from P0
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for any sample size n. In other words, we can tell there has been a significant recovery after

three months; indeed, the shift is significant enough so we can tell the difference from P0

by estimating Pt using only 10 randomly chosen counties instead of the total 1,655 counties.

The first month after P0, that is, for t = 1/11, the shift is relatively weaker compared to the

subsequent months, so n = 10 yields power 0.56, which is not enough to detect the shift; in

other words, for t = 1/11, we need at least n = 50 to distinguish it from P0.

How about the power for the stable period? We repeat the above procedure by taking

{Pi/11}11i=0 as the distributions during the stable period, namely, they amount to the his-

tograms in Figure 2.2(c); again, P0 and P1 correspond to the start and end of this period

(from March 16, 2021 to April 15, 2021 and from February 16, 2022 to March 15, 2022).

Recall from Figure 2.2(c) that we no longer see a significant distribution shift as in the re-

covery period. The resulting powers are shown in the last 4 rows (Stable Period) of Table

2.1. Unlike the recovery period, we can observe the powers are much smaller for n ≤ 100;

particularly, most of the powers—except for a few periods with n = 100—are far below 0.5,

meaning that we cannot detect a meaningful shift from P0 using finite samples. For detection

to be possible, we can see that we need a sufficiently large sample size n = 500.

In summary, the results in Table 2.1 essentially demonstrate that the proposed testing

procedure can detect the distribution shifts during the recovery period as it is reasonably

approximated by displacement interpolation as seen in Figure 2.2(b), while there are no

such shifts to be captured by the proposed procedure during the stable period because the

distributions are similar to each other as shown in Figure 2.2(c).

2.4.4 Application II: p-Value Heterogeneity Across Disciplines

We apply our testing procedure to the data set from Head et al. [2015], which collects p-values

of statistical tests published in journals across different disciplines. In this example, we use

our procedure to determine if the distribution of p-values differs depending on disciplines.
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11t
n 1 2 3 4 5 6 7 8 9 10 11
10 0.56 0.98 1 1 1 1 1 1 1 1 1

Recovery
Period

50 0.98 1 1 1 1 1 1 1 1 1 1
100 1 1 1 1 1 1 1 1 1 1 1
500 1 1 1 1 1 1 1 1 1 1 1
10 0.04 0.05 0.09 0.1 0.05 0.07 0.1 0.05 0.07 0.11 0.23

Stable
Period

50 0.2 0.23 0.36 0.38 0.22 0.18 0.1 0.14 0.09 0.4 0.75
100 0.57 0.45 0.66 0.66 0.45 0.29 0.43 0.33 0.16 0.76 0.96
500 1 0.99 1 1 1 0.94 1 0.99 0.88 1 1

Table 2.1: Powers for the recovery and stable periods.

To this end, we first collect p-values across 9 disciplines subsampled from total 21 disci-

plines, then take 80% of them as the null distribution PNull, which consists of 90,950 observa-

tions; this is shown as the solid blue curve in Figure 2.6. Then, from the remaining 20%, we

sample two disciplines “medical and health sciences” (PMH) and “multidisciplinary” (PMu),

which consist of 12,928 and 5,731 observations, respectively.3 Figure 2.6 shows the cumula-

tive distribution functions of the null PNull, PMH, and PMu, which are close to each other.

This suggests that both PMH and PMu are weak signals that are hard to distinguish from

PNull visually. To tackle this problem, we apply our testing procedure to H0 : PMH = PNull.

First, we compute the test statistic TMH := nW 2
2 (PMH, PNull), where n := |PMH| = 12,928

observations. Then, setting α = 0.05, we estimate the (1−α)-th quantile of nW 2
2 (Pn, PNull),

where Pn is the empirical measure based on X1, . . . , Xn that are i.i.d. from PNull, which can

be done by resampling Pn. We obtain TMH = 0.004821 which is larger than the estimated

quantile 0.002918; also, we can estimate the p-value of TMH, which is 0.005≪ α, suggesting

that we reject H0 : PMH = PNull. We apply the same procedure to PMu with n := |PMu| =

5,731 observations. We obtain TMu = 0.002334, which is slightly below the estimated quan-

tile 0.002412, and the p-value of TMu is 0.066 > α, implying that we cannotH0 : PMu = PNull

at level α. Therefore, our testing procedure provides a rigorous framework to detect weak

signals that are otherwise indistinguishable, as visualized in Figure 2.6.

3. They have the largest number of observations among all 9 disciplines.
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Figure 2.6: This figure plots the cumulative distribution functions of p-values (below 0.05) across
nine disciplines subsampled from [Head et al., 2015], which is shown as the solid blue curve, along
with two disciplines: “medical and health sciences” (red, dotted) and “multidisciplinary” (green,
dashed).

2.5 Discussion

Comparison with Existing Methods Notice that the problem (2.1.3) can be viewed as

an instance of general testing

H0 : X1, . . . , Xn
i.i.d.∼ P vs. H1 : X1, . . . , Xn

i.i.d.∼ Qn,

where Qn → P as n → ∞; our problem is the case where Qn is given as displacement

interpolation between P and Q. Existing approaches to such a general problem charac-

terize detection by utilizing the following (related) notions: likelihood ratio dQn
dP (Section

13.10.1 of van der Vaart and Wellner [1996]) or Hellinger distance H2(P,Qn) (Section 13.1

of Lehmann and Romano [2005]). The former approach—often referred to as Le Cam’s third

lemma—derives limit distributions based on asymptotic normality; the latter characterizes

the detection boundary depending on the rate of nH2(P,Qn). The first principle behind

these methods is clear: quantify a distance/discrepancy between P,Qn and characterize the

limit. Our results also utilize such a first principle: we use weighted Wasserstein distances.
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Though our method and the existing methods share a similar high-level idea, the existing

methods are unsuitable for our problem for several reasons. First, though Le Cam’s third

lemma applies to any abstract setting under certain conditions, it does not lead to the exact

characterization of testing errors unless there is a suitable parametric assumption. Second,

the Hellinger distance is not preferred in analyzing the case where Qn is given as displace-

ment interpolation as its relationship with the interpolation parameter εn is not transparent.

Moreover, the Hellinger distance-based characterization generally does not calculate testing

errors at the detection boundary. On the other hand, our method motivated by weighted

Wasserstein distances not only interplays well with displacement interpolation but also pro-

vides the exact characterization of testing errors, including the boundary case; moreover,

unlike the likelihood ratio test, which requires information on both P and Qn, our test is

implementable as long as P is known.

Lifting Technical Assumptions As remarked in Remark 2.3.9, the Lipschitzness as-

sumption on G−1 ◦ F is used in the detectable case (n1/2εn → ∞), but not in the other

two cases. Removing the Lipschitzness assumption, there is no restriction on Q as long as

its quantile function G−1 is bounded. Accordingly, our main results hold even when Q is

discrete; in particular, there are cases where our method applies, but Le Cam’s third lemma

cannot because contiguity is not satisfied. As a concrete example, suppose P = Unif[0, 1]

and Q = 1
2δ0 +

1
2δ1. Then, Qn := ((1 − εn)Id + εnG

−1 ◦ F )#P is a uniform measure sup-

ported on the union of two disjoint intervals Un := [0, (1− εn)/2] ∪ [(1 + εn)/2, 1]. One can

verify that Q⊗nn —the n tensor product of Qn—is not contiguous with respect to P⊗n be-

cause Q⊗nn (Unn ) = 1 while P⊗n(Unn ) = (1− εn)n → 0 at the boundary εn ≍ n−1/2. Hence,

Le Cam’s third lemma cannot be applied to derive the limit distribution for such a case,

whereas our method can. Lastly, we briefly discuss Assumption 2.3.1. Though it is a rea-

sonable assumption to impose from a practical viewpoint as discussed in Remark 2.3.3, it is

natural to ask—from a technical viewpoint—whether such an assumption can be relaxed. To
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circumvent Assumption 2.3.1, we can use an alternative pivotal test based on the weighted

Wasserstein between Unif[0, 1] and the empirical measure based on F (X1), . . . , F (Xn); then,

we can show that similar theory holds.

Optimal Testing Procedure Displacement interpolation motivates the weighted Wasser-

stein distance as a natural test statistic for (2.1.3). While the main theory of this chapter

focuses on the asymptotic power of the testing procedure based on the weighted Wasser-

stein distance, we believe there are several interesting theoretical questions to be addressed

in future work. Particularly, one may ask whether the proposed procedure is optimal for

testing (2.1.3). The simulation results in Section 2.4.2 suggest that optimality would depend

on P and Q. Hence, it would be interesting to derive a minimax optimal procedure that

minimizes the worst case testing error over some class of distributions P,Q, which we leave

as important future work.

Extension to Two-Sample Testing The problem (2.1.3) itself and the proposed proce-

dure essentially postulate that P is known. In the empirical applications presented in Section

2.4, we treated finite data points as the null distribution P and applied the proposed pro-

cedure. Though the purpose of such treatment was to demonstrate the applicability of the

proposed procedure in simplified settings, the fact that the finite data points, say, Y1, . . . , Ym,

are usually noisy samples from some distribution P of interest is a crucial limitation in prac-

tice. To address this issue, one may consider a two-sample testing framework asking if

X1, . . . , Xn and Y1, . . . , Ym are from the same distribution. We can still consider a local al-

ternative given as displacement interpolation, say, X1, . . . , Xn
i.i.d.∼ ((1−ε)Id+εG−1 ◦F )#P

and Y1, . . . , Ym
i.i.d.∼ P . The weighted Wasserstein distance between the empirical measures

of X1, . . . , Xn and Y1, . . . , Ym is deemed a plausible test statistic under this framework. We

leave the analysis of such a two-sample testing framework as future work.
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2.6 Proofs

2.6.1 Proof of Lemma 2.3.5

Proof. Recall from Lemma 2.3.2 that Hn ⇝ H in ℓ∞(0, 1). Now, define

ℓ∞m (0, 1) = {h ∈ ℓ∞(0, 1) : h is measurable},

then one can verify that ℓ∞m (0, 1) is a closed subset of the Banach space (ℓ∞(0, 1), ∥ · ∥∞).

Also, as the sample path of Hn is always monotone and the sample path of H is always

continuous, Hn and H take values in ℓ∞m (0, 1). Now, define a map I : ℓ∞m (0, 1)→ R by

I(h) =
∫ 1

0
|h(u)|2 dω(u) .

We claim that I is continuous. To this end, consider a sequence (hn)n∈N in ℓ∞m (0, 1) and

h ∈ ℓ∞m (0, 1) such that ∥hn − h∥∞ → 0. Then, supn∈N ∥hn∥∞ ≤M for some M > 0, hence

the dominated convergence theorem shows that I(hn) → I(h). Now, applying Theorem

2.6.1 (stated below), we conclude that I(Hn) ⇝ I(H), which proves (2.3.5). Similarly, for

each n ∈ N, define a map En : ℓ∞m (0, 1)→ R by

En(h) =
∫ 1

0
|(G−1 ◦ F )(F−1(u) + n−1/2h(u))− F−1(u)|2 dω(u) .

For any sequence (hn)n∈N in ℓ∞m (0, 1) and h ∈ ℓ∞m (0, 1) such that ∥hn− h∥∞ → 0, we claim

En(hn)→
∫ 1

0
|G−1(u)− F−1(u)|2 dω(u) . (2.6.1)

As G−1 is continuous almost everywhere on (0, 1), we can see that G−1◦F ◦(F−1+n−1/2hn)

converges to G−1 almost everywhere; as ω is absolutely continuous with respect to the

Lebesgue measure, this convergence holds ω-almost everywhere as well. As G−1 and F−1

34



are bounded on (0, 1), the dominated convergence theorem shows (2.6.1). By Theorem 2.6.1,

En(Hn)⇝
∫ 1

0
|G−1(u)− F−1(u)|2 dω(u) ,

showing (2.3.6). Lastly, to prove (2.3.7), for each n ∈ N, define a map Jn : ℓ∞m (0, 1)→ R by

Jn(h) =
∫ 1

0
h(u) ·

(
(G−1 ◦ F )(F−1(u) + n−1/2h(u))− F−1(u)

)
dω(u) .

Also, define J : ℓ∞m (0, 1)→ R by

J (h) =
∫ 1

0
h(u) ·

(
G−1(u)− F−1(u)

)
dω(u) .

Similarly to I, one can verify that J is continuous. Also, for any sequence (hn)n∈N in

ℓ∞m (0, 1) and h ∈ ℓ∞m (0, 1) such that ∥hn − h∥∞ → 0, we can show that Jn(hn) → J (h)

by means of the dominated convergence theorem. Therefore, Jn(Hn) ⇝ J (H) holds by

Theorem 2.6.1, hence (2.3.7) holds.

Theorem 2.6.1 (Extended Continuous Mapping Theorem). Let H and K be metric spaces.

Let H0 be a Borel subset of H and consider a measurable map I : H0 → K. Suppose there is

a sequence (In)n∈N of maps from H0 to K satisfying the following: for any sequence (hn)n∈N

in H0 converging to some h ∈ H0, the sequence (In(hn))n∈N converges to I(h) in K. If a

sequence (Hn)n∈N of random elements in H converges weakly to a tight measurable random

element H in H, where both Hn and H take values in H0, the sequence (In(Hn))n∈N of

random elements in K converges weakly to the random element I(H) in K.

Remark 2.6.2. Theorem 2.6.1 is adapted from Theorem 1.11.1 of van der Vaart and Wellner

[1996], where the latter uses separability instead of tightness. As tightness implies separa-

bility, we have stated Theorem 2.6.1 with tightness, which is sufficient in our analysis.
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2.6.2 Proof of Theorem 2.3.7

Proof. For each n ∈ N, let ϕn = (1− εn)Id+ εnG−1 ◦F . As we are concerned with the limit

distribution of nW 2
2,ω(Pn, P ), we may assume (Xn)n∈N is i.i.d. from P and let Pn be the

empirical measure based on ϕn(X1), . . . , ϕn(Xn) as ϕn(X1), . . . , ϕn(Xn) also follow H
(n)
1 .

Now, let F−1n be the empirical quantile function based on X1, . . . , Xn, then

ϕn ◦ F−1n − F−1 = (1− εn)F−1n + εnG
−1 ◦ F ◦ F−1n − F−1

= (1− εn)n−1/2Hn + εn(G
−1 ◦ F ◦ (F−1 + n−1/2Hn)− F−1),

where Hn :=
√
n(F−1n − F−1). Hence, using An, Bn, Cn defined in (2.3.2), (2.3.3), (2.3.4),

respectively, we have

W 2
2,ω(Pn, P ) = (1− εn)2n−1An + ε2nBn + 2(1− εn)n−1/2εnCn.

Case I: Suppose n1/2εn → 0. Recall that we have shown in Lemma 2.3.5 that An, Bn, and

Cn are weakly convergent. Note that

nW 2
2,ω(Pn, P ) = (1− εn)2An + (n1/2εn)

2Bn + 2(1− εn)(n1/2εn)Cn.

As (n1/2εn)
2Bn, (n

1/2εn)Cn ⇝ 0, by Slutsky’s theorem,

nW 2
2,ω(Pn, P )⇝ lim

n→∞
An =

∫ 1

0
|H(u)|2 dω(u) .

Case II: Suppose n1/2εn →∞ and note that

n1/2ε−1n
(
W 2

2,ω(Pn, P )− ε
2
nW

2
2,ω(P,Q)

)
= (1− εn)2(n1/2εn)−1An

+ n1/2εn(Bn −W 2
2,ω(P,Q)) + 2(1− εn)Cn.
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First, notice that (n1/2εn)−1An ⇝ 0. We claim n1/2εn(Bn−W 2
2,ω(P,Q))⇝ 0. To this end,

observe that

Bn −W 2
2,ω(P,Q)

=

∫ 1

0
|(G−1 ◦ F )(F−1(u) + n−1/2Hn(u))− F−1(u)|2 dω(u)

−
∫ 1

0
|G−1(u)− F−1(u)|2 dω(u)

=

∫ 1

0
|(G−1 ◦ F )(F−1(u) + n−1/2Hn(u))−G−1(u)|2 dω(u)

+ 2

∫ 1

0

(
(G−1 ◦ F )(F−1(u) + n−1/2Hn(u))−G−1(u)

)
·
(
G−1(u)− F−1(u)

)
dω(u)

=: Bon + 2B∗n.

Let L be the Lipschitz constant of G−1 ◦ F , then

n1/2εn|B∗n| ≤ n1/2εn

∫ 1

0
Ln−1/2|Hn(u)| · |G−1(u)− F−1(u)| dω(u) ≤ Lεn

√
AnW

2
2,ω(P,Q),

where εn
√
An ⇝ 0 by Lemma 2.3.5, hence n1/2εnB∗n ⇝ 0. Similarly,

n1/2εn|B0
n| ≤ n1/2εn

∫ 1

0
L2n−1|Hn(u)|2 dω(u) = L2n−1/2εnAn ⇝ 0,

hence n1/2εnBon ⇝ 0. Therefore, applying Slutsky’s theorem, we have

n1/2ε−1n
(
W 2

2,ω(Pn, P )− ε
2
nW

2
2,ω(P,Q)

)
⇝ lim

n→∞
2(1− εn)Cn

= 2

∫ 1

0
H(u) ·

(
G−1(u)− F−1(u)

)
dω(u) .

Case III: Suppose n1/2εn = γ, then

nW 2
2,ω(Pn, P ) = (1−εn)2An+γ2Bn+2(1−εn)γCn = (1−εn)·((1− εn)An + 2γCn)+γ

2Bn.
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We claim that

(1− εn)An + 2γCn ⇝
∫ 1

0
|H(u)|2 dω(u) + 2γ

∫ 1

0
H(u) ·

(
G−1(u)− F−1(u)

)
dω(u) .

We apply the same argument used in the proof of Lemma 2.3.5; for each n ∈ N, define

Kn : ℓ∞m (0, 1)→ R by

Kn(h) = (1− εn)
∫ 1

0
|h(u)|2 dω(u)

+ 2γ

∫ 1

0
h(u) ·

(
(G−1 ◦ F )(F−1(u) + n−1/2h(u))− F−1(u)

)
dω(u) .

In the proof of Lemma 2.3.5, we have shown that

Kn(hn)→
∫ 1

0
|h(u)|2 dω(u) + 2γ

∫ 1

0
h(u) ·

(
G−1(u)− F−1(u)

)
dω(u)

for any sequence (hn)n∈N in ℓ∞m (0, 1) and h ∈ ℓ∞m (0, 1) such that ∥hn−h∥∞ → 0. Therefore,

the extended continuous mapping theorem shows that

(1−εn)An+2γCn = Kn(Hn)⇝
∫ 1

0
|H(u)|2 dω(u)+2γ

∫ 1

0
H(u)·

(
G−1(u)− F−1(u)

)
dω(u) .

Hence, by Slutsky’s theorem,

nW 2
2,ω(Pn, P )

= (1− εn) · ((1− εn)An + 2γCn) + γ2Bn

⇝
∫ 1

0
|H(u)|2 dω(u) + 2γ

∫ 1

0
H(u) ·

(
G−1(u)− F−1(u)

)
dω(u) + γ2W 2

2,ω(P,Q).
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2.6.3 Proof of Theorem 2.2.3

Proof. For the asymptotic Type I error, we invoke Proposition 2.3.6: letting Pn be the

empirical measure based on X1, . . . , Xn from H
(n)
0 ,

the asymptotic Type I error = lim
n→∞

P(nW 2
2,ω(Pn, P ) > Cα) = P(A > Cα) = 1−Ψ(Cα) = α,

where A is the limit distribution of nW 2
2,ω(Pn, P ) under H(n)

0 , namely, A = (2.2.2). Here,

weak convergence implies the above limit as the open set (Cα,∞) is a continuity set of Ψ.

Therefore, the asymptotic Type I error is α.

Next, we compute the asymptotic Type II error: assuming Pn be the empirical measure

based on X1, . . . , Xn from H
(n)
1 ,

the asymptotic Type II error = lim
n→∞

P(nW 2
2,ω(Pn, P ) ≤ Cα).

If n1/2εn → 0, we have shown in Theorem 2.3.7 that the limit distribution of nW 2
2,ω(Pn, P )

is exactly A, hence

lim
n→∞

P(nW 2
2,ω(Pn, P ) ≤ Cα) = P(A ≤ Cα) = Ψ(Cα) = 1− α.

If n1/2εn →∞, we apply Slutsky’s theorem by multiplying n−1/2ε−1n to both sides of (2.3.9),

which yields

ε−2n
(
W 2

2,ω(Pn, P )− ε
2
nW

2
2,ω(P,Q)

)
⇝ 0.

In other words, ε−2n W 2
2,ω(Pn, P ) converges to a constant W 2

2,ω(P,Q) > 0 under H(n)
1 , hence

lim
n→∞

P(nW 2
2,ω(Pn, P ) ≤ Cα) = lim

n→∞
P(ε−2n W 2

2,ω(Pn, P ) ≤ n−1ε−2n Cα) = 0.

If n1/2εn = γ > 0, the limit distribution of Tn := nW 2
2,ω(Pn, P )− γ

2W 2
2,ω(P,Q) under H(n)

1
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is (2.2.3) by (2.3.10), hence

lim
n→∞

P(nW 2
2,ω(Pn, P ) ≤ Cα) = lim

n→∞
P(Tn ≤ Cα−γ2W 2

2,ω(P,Q)) = Ψγ(Cα−γ2W 2
2,ω(P,Q)).

Here, weak convergence implies the above limit as the set (−∞, Cα] is a continuity set of

Ψγ .

Remark 2.6.3. As noted in Remark 2.2.4, we may replace the detection boundary n1/2εn =

γ > 0 with limn→∞ n1/2εn = γ > 0 by modifying the proofs of Theorem 2.3.7 and 2.2.3.
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CHAPTER 3

ONLINE LEARNING TO TRANSPORT VIA THE MINIMAL

SELECTION PRINCIPLE

3.1 Introduction

Online learning and online convex optimization offer an elegant framework for regret mini-

mization under worst-case sequences [Gordon, 1999, Zinkevich, 2003, Shalev-Shwartz, 2012,

Orabona, 2021]. Principles for these methods have been discovered independently in deci-

sion theory, game theory, learning theory, and convex optimization [Cesa-Bianchi and Lugosi,

2006]. For problems with a finite-dimensional decision variable, extensive studies have been

conducted to understand online algorithms that achieve small regret, either in Euclidean or

non-Euclidean settings. Such algorithms usually rely on some notion of (sub-)gradients to it-

eratively improve the finite-dimensional decision variable. In the simplest Euclidean setting,

let ℓt : Rd → R be a smooth convex function and xt ∈ Rd be a finite-dimensional decision

variable, both indexed by time t ∈ N. Online gradient descent with step size η satisfies, for

any z ∈ Rd,

2η
( regret term︷ ︸︸ ︷
ℓt(xt)− ℓt(z)

)
−
( telescoping term︷ ︸︸ ︷
∥xt − z∥2 − ∥xt+1 − z∥2

)
≤

transport cost︷ ︸︸ ︷
∥xt − xt+1∥2 ≤

gradient in Euclidean norm︷ ︸︸ ︷
∥η∇ℓt(xt)∥2 .

(3.1.1)

In a simple non-Euclidean setting, let pt ∈ ∆d be a probability distribution on a d-discrete

decision and ℓt ∈ Rd be a sequence of cost vectors where each element ℓt[k] denotes the

cost associated with the k-th action and ℓt(pt) :=
∑d
k=1 ℓt[k]pt[k] thus ∇ℓt(·) ≡ ℓt. Online
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mirror descent (specifically, exponentiated gradient) satisfies for any q ∈ ∆d

η
( regret term︷ ︸︸ ︷
ℓt(pt)− ℓt(q)

)
−
( telescoping term︷ ︸︸ ︷
dKL(q||pt)− dKL(q||pt+1)

)
≤

transport cost︷ ︸︸ ︷
dKL(pt||pt+1) ≤

gradient in local norm︷ ︸︸ ︷
∥η∇ℓt∥2pt ,

(3.1.2)

where the local norm is defined as ∥ℓt∥2pt :=
∑d
k=1(ℓt[k])

2pt[k]. It is immediate to spot the

resemblance between (3.1.1) and (3.1.2). The telescoping term marks the progress towards

the competing decision (z or q), and the first right-hand side of the expression describes

some notion of “transport cost” induced by different geometries.

It is natural to wonder how the theoretical and algorithmic principles behind these finite-

dimensional cases extend to the infinite-dimensional case, specifically when the decision vari-

able is a probability distribution over a generic metric space. Such a question is of practical

importance. Several dynamic resource allocation problems in operations research involve

these infinite-dimensional objects, e.g., routing a network of drones over airspace or allo-

cating drivers across a city topology in ridesharing. Theoretically, the infinite-dimensional

object can be viewed as a generalization of both (3.1.1) (x from finite to infinite-dimensional)

and (3.1.2) (p from discrete to continuous measure). As hinted in the previous paragraph

where small “transport cost” terms guarantee small regret, optimal transport theory [Vil-

lani, 2003, Ambrosio et al., 2005] plays a pivotal role in extending online learning to the

infinite-dimensional case. This chapter draws connections between online learning, optimal

transport, and partial differential equations (PDEs) using an insight called the minimal

selection principle. Eventually, we derive new algorithms based on this insight.

This chapter investigates online learning using a toolbox set out by Brenier, who brought

perspectives from PDEs, geometry, and functional analysis to the study of Optimal transport

(OT) around 1987 [Brenier, 1987, 1989]. Let us first introduce our infinite-dimensional online

optimization problem in the language of OT and then lay out the connection between OT and
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online learning. Consider the following Online Learning to Transport (OLT) problem:

let P(Rd) be the space of probability measures on Rd where, in each round, t = 1, . . . , T ,

• an adversary chooses an energy functional Et : P(Rd)→ R without revealing it;

• the player commits a probability measure µt ∈ P(Rd) as the decision variable;

• the adversary reveals the energy functional, and the player suffers the loss Et(µt).

The player needs to decide the next µt+1 based on µt and all historical information and aims

to minimize cumulative regret from facing the adversary. The main conceptual message we

discover in OLT is that optimally transporting the probability measures µ1 → µ2 → . . . →

µT with respect to an appropriate cost enables small cumulative regret.

To provide a glimpse of the angle that inspired us to connect online learning and OT, we

follow a viewpoint taken in Benamou and Brenier [2000] and Otto [2001]. All concepts intro-

duced in this paragraph have rigorous definitions in Section 3.2, so we proceed at a high level

here. Mimicking the finite-dimensional case, OT theory provides a way to calculate a type

of (sub-)gradient of Et over P(Rd) when equipped with a certain metric. This (sub-)gradient

is used to update µt → µt+1. To enrich this analogy, we consider a continuous/infinitesimal

time analog. In the finite-dimensional cases (3.1.1) and (3.1.2), the first right-hand side in

a continuous time analog would quantify movement according to the ODE dxt
dt = −∇ℓt(xt)

where
∥∥dxt

dt

∥∥2 = ∥∇ℓt(xt)∥2. In the infinite-dimensional case, the density ρt (of µt w.r.t.

the Lebesgue measure) evolves according to the PDE ∂ρt
∂t = ∇ · (ρtξt) with a vector field

ξt : Rd → Rd from the “Fréchet subdifferential” ∂Et(µt). The infinitesimal transport cost is1

∥∥∂ρt
∂t

∥∥2
ρt

= inf
ξ∈L2(µt;Rd)

{∫
∥ξ(x)∥2 dµt(x) : ξ ∈ ∂Et(µt)

}
. (3.1.3)

1. The curious reader may identify the above resemblance to the local norm in (3.1.2): here the local
Riemannian geometry quantifies the transport cost.
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This motivates the minimal selection principle of Ambrosio et al. [2005]: among all the

possible vector fields that belong to the Fréchet subdifferential, we aim to select one whose

kinetic energy (captured by the integral
∫
∥ξ(x)∥2 dµt(x)) is lowest. Assuming a notion of

convexity of Et along Riemannian geodesics, we formally show that minimizing the transport

cost over time using the minimal selection principle yields the smallest cumulative regret

upper bounds in the OLT problem.

Equipped with the minimal selection principle, we propose a novel algorithm in Sec-

tion 3.3 that we call minimal selection or exploration (MSoE) to solve the variational opti-

mization problem in (3.1.3) and, in turn, solve OLT using only zeroth-order partial feedback

similar to the bandit setting. To make this algorithm numerically tractable, we use a discrete

analog of the minimal selection principle using mean-field approximations. It is noteworthy

that our MSoE algorithm works beyond the convex setting, which shows how elegant theory

from OT is practically relevant to certain non-convex settings common in robust dynamic re-

source allocation. Simple toy examples demonstrating the algorithm’s empirical performance

are discussed in Section 3.7.

A key feature of this chapter is the natural simplicity of its arguments and algorithmic

principles that become apparent once the framework connecting online learning and OT is

established. Several directions for extending our framework are discussed at the end of the

chapter.

Related Work This chapter is at the intersection of two active research fields: online

learning and optimal transport. For the former, due to space limits, we cannot do fair

justice to credit all contributions properly; see Orabona [2021] for a comprehensive survey.

Here, we give a selective overview. Several improvements of online gradient descent (3.1.1)

using an adaptive step size have been proposed [Streeter and McMahan, 2010, McMahan

and Streeter, 2010] with a further modification via scale-freeness [Orabona and Pál, 2015,

Orabona and Pál, 2018]. Expression (3.1.2) can be derived using different principles such
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as exponentiated gradient [Kivinen and Warmuth, 1997], online mirror descent (OMD),

follow-the-regularized-leader (FTRL) [Shalev-Shwartz and Singer, 2007, Abernethy et al.,

2008]. Modifications of FTRL via adaptive regularization have been introduced [van Erven

et al., 2011, De Rooij et al., 2014, Orabona and Pál, 2015]. General first-order Riemannian

optimization methods have been investigated in Zhang and Sra [2016]. Using martingale

tools, a theoretical framework for sequential prediction has been studied in Rakhlin and

Sridharan [2014]. The typical regret bound for online learning with K-discrete actions scales

as
√
T logK in the full information setting, and as

√
TK logK in the bandit/partial feedback

setting. Therefore, naive generalizations of these bounds to the infinite-dimensional case

(K →∞) result in diverging bounds. It is thus unclear whether
√
T -regret is achievable in

the infinite-dimensional case. We employ tools from optimal transport to resolve this issue

and obtain optimal bounds.

Beyond well-established analytic results of OT, computational [Cuturi, 2013, Genevay

et al., 2016, Altschuler et al., 2017] and statistical [Weed and Bach, 2019, Liang, 2021, Weed

and Berthet, 2019, Liang, 2019, Hütter and Rigollet, 2021] aspects have been emerging

research areas at the intersection of OT, probability distribution estimation, and numerical

sampling. At the same time, OT has been a versatile tool for various applied tasks such

as image retrieval [Rubner et al., 2000], computational linguistics [Kusner et al., 2015],

and domain adaptation [Courty et al., 2017]. One of the successful applications of OT is

generative sampling, such as GANs [Goodfellow et al., 2014]. OT has improved generative

sampling in several ways: by modifying GANs using OT-based probability metrics [Arjovsky

et al., 2017, Genevay et al., 2018] or by utilizing dual formulations of OT [Seguy et al.,

2018, Makkuva et al., 2020]. More recently, further improvements [Bunne et al., 2019,

Hur et al., 2024] have been made by considering the Gromov-Wasserstein [Mémoli, 2011], a

generalization of OT ideas for identifying isomorphism in metric measure spaces.
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Notation We use the following notation throughout the chapter. Let Pr(Rd) denote the

subset of P(Rd) of Borel probability measures that are absolutely continuous with respect

to the Lebesgue measure Ld on Rd. For µ ∈ Pr(Rd), we write µ = ρ · Ld to signify that ρ is

a density function of µ with respect to Ld. We let δx denote the Dirac measure for x ∈ Rd

and i : Rd → Rd the identity map i(x) = x for all x ∈ Rd. For x ∈ R, let [x]+ = max(x, 0).

3.2 Optimal Transport, Minimal Selection Principle, and Regret

Bound

In this section, we present our main theoretical results for OLT. As noted earlier, the key

to our analysis is a connection with optimal transport theory. We start by introducing the

notion of Wasserstein space to structure the decision space of OLT. Recall from (3.1.1) and

(3.1.2) that a notion of difference (transport cost) between two consecutive decisions plays a

role in deriving a regret bound. To apply this idea to OLT, we utilize the Wasserstein distance

between probability measures (decisions in OLT). Next, we discuss differential calculus over

Wasserstein space, which serves as a key building block for deriving a regret bound for OLT.

In Wasserstein space, we first define a subdifferential and then select an element associated

with the smallest size, measured by the local Riemannian geometry of the Wasserstein space.

Such an element, which we call a minimal selection, is defined by a variational problem and

serves as a functional gradient. Based on this, we make transparent a strategy to obtain
√
T -regret that generalizes seamlessly to the infinite-dimensional setting. Lastly, we mention

a connection between OLT and Wasserstein gradient flow.

3.2.1 Wasserstein Space

One of the most important consequences of optimal transport theory is that we can define a

distance between µ, ν ∈ P(Rd) by finding a coupling that gives the smallest transport cost.
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Recall that the Wasserstein distance W2 on P(Rd) as W 2
2 (µ, ν) = infγ∈Π(µ,ν)

∫
Rd×Rd ∥x −

y∥2 dγ(x, y). The Wasserstein distanceW2 is indeed a distance over P2(Rd), where P2(Rd) =

{µ ∈ P(Rd) :
∫
Rd ∥x∥2 dµ(x) < ∞}. From this, we obtain a metric space (P2(Rd),W2) of

probability measures called the Wasserstein space.

One important property ofW2 is that we can find a unique optimal coupling under certain

regularity conditions. Here, an optimal coupling is any coupling γ ∈ Π(µ, ν) associated with

the smallest transport cost, that is, W 2
2 (µ, ν) =

∫
Rd×Rd ∥x− y∥2 dγ(x, y). Proposition 2.1 of

Villani [2003] tells that Πo(µ, ν), the set of all optimal couplings, is always nonempty. The

following result states that Πo(µ, ν) is a singleton if µ is absolutely continuous with respect

to the Lebesgue measure; moreover, such an optimal coupling is concentrated on the graph

of some unique map.

Lemma 3.2.1. Let Pr2(R
d) = P2(Rd) ∩ Pr(Rd). Given µ ∈ Pr2(R

d) and ν ∈ P2(Rd), there

exists a unique optimal coupling γ ∈ Π(µ, ν), namely Πo(µ, ν) = {γ}. Also, there exists a

unique map tνµ : Rd → Rd such that γ is concentrated on the graph of tνµ, that is,

γ({(x, y) ∈ Rd × Rd : y = tνµ(x)}) = 1 .

This implies (tνµ)#µ = ν and W 2
2 (µ, ν) =

∫
Rd ∥x− tνµ(x)∥2 dµ(x).

Remark 3.2.2. This is a part of Brenier’s theorem [Brenier, 1991], which contains further

properties of tνµ such as monotonicity. See Theorem 2.12 of Villani [2003] for details.

3.2.2 Displacement Convexity and Subdifferential Calculus

Having defined the decision space for OLT, we explore how to minimize a loss function over

this space. As noted earlier, the key is finding an object analogous to the gradient in the

finite-dimensional setting. Ambrosio et al. [2005] achieves this by rigorously defining notions

of convexity and differential calculus on Wasserstein space. We reproduce a few relevant
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results from Ambrosio et al. [2005]. Throughout, we consider a functional E : P2(Rd) →

(−∞,∞] with a nonempty domain D(E) := {µ ∈ Pr2(R
d) : E(µ) < ∞} ̸= ∅; for a concise

summary, we restrict the domain to Pr2(R
d), see Section 10.1 of Ambrosio et al. [2005] for

more details. First, we discuss convexity of E . To import convexity into Pr2(R
d), we need

a concept that replaces the concept of ‘line segment’ in a vector space. McCann [1997]

introduces the displacement interpolation for connecting two elements of P2(Rd) and defines

the convexity based on it.

Definition 3.2.3 (Displacement interpolation and Convexity). We define the displacement

interpolation between µ, ν ∈ Pr2(R
d) as a curve (π

µ→ν
η )η∈[0,1] in Pr2(R

d) such that

π
µ→ν
η := ((1− η)i+ ηtνµ)#µ .

We say E is displacement convex if E(πµ→νη ) ≤ (1− η)E(µ) + ηE(ν) for all µ, ν ∈ D(E) and

η ∈ [0, 1].

Remark 3.2.4. To see that the displacement interpolation (π
µ→ν
η )η∈[0,1] serves as a segment

connecting µ and ν one can verify that πµ→ν0 = µ, πµ→ν1 = ν, and π
µ→ν
η ∈ Pr2(R

d) for all

η ∈ (0, 1). See Chapter 7 of Ambrosio et al. [2005] for details.

Next, we introduce the Fréchet subdifferential, which delineates the differentiable struc-

ture on the Wasserstein space. Recall that derivatives or subgradients of functionals defined

on a Hilbert space are linear functionals over that space. To mimic their features, we define

the subdifferential at µ ∈ Pr2(R
d) by means of a Hilbert space L2(µ;Rd) as follows.

Definition 3.2.5 (Fréchet Subdifferential). For µ ∈ P2(Rd), let L2(µ;Rd) be the collection

of vector fields ξ : Rd → Rd satisfying ∥ξ∥2
L2(µ;Rd)

:=
∫
Rd ∥ξ(x)∥2 dµ(x) < ∞. For a lower

semi-continuous functional E and µ ∈ D(E), we say that ξ ∈ L2(µ;Rd) belongs to the Fréchet
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subdifferential ∂E(µ) if

lim inf
ν→µ

E(ν)− E(µ)−
∫
Rd⟨ξ(x), tνµ(x)− x⟩ dµ(x)
W2(ν, µ)

≥ 0 , (3.2.1)

where lim infν→µ is based on the convergence under W2.

Definition 3.2.5 is a local definition as one can see from (3.2.1). For a displacement convex

functional, however, Fréchet subdifferentials admit a global characterization. Moreover, as

the next result shows, we can find a unique member of the Fréchet subdifferential with the

smallest norm; see Section 10.1 of Ambrosio et al. [2005].

Lemma 3.2.6 (Minimal Selection Principle). Let E be a lower semi-continuous and displace-

ment convex functional, then a vector field ξ belongs to the Fréchet subdifferential ∂E(µ) if

and only if

E(ν)− E(µ) ≥
∫
Rd
⟨ξ(x), tνµ(x)− x⟩ dµ(x) ∀ν ∈ Pr2(R

d) .

In this case, ∂E(µ) has a unique element ∂oE(µ) called the minimal selection with the smallest

norm in the following sense:

∂oE(µ) = argmin{∥ξ∥2
L2(µ;Rd)

: ξ ∈ ∂E(µ)} .

As we shall see in Theorem 3.2.10, the minimal selection ∂oE(µ) plays a role analogous

to a gradient in providing a regret bound for OLT comparable to (3.1.1) and (3.1.2). We

conclude this subsection with two canonical examples of the minimal selection principle.

Example 3.2.7 (Potential Functional). Given a lower semi-continuous function V : Rd →

(−∞,∞], we call V : P2(Rd)→ (−∞,∞] a potential functional associated with V if

V(µ) :=
∫
Rd
V (x) dµ(x)
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and ∂oV(µ) = ∇V if V is convex and satisfies some regularity conditions; see Section 10.4

of Ambrosio et al. [2005].

Example 3.2.8 (Interaction Functional). Given a lower semi-continuous function W : Rd →

[0,∞), we call W : P2(Rd)→ [0,∞] an interaction functional associated with W if

W(µ) :=

∫
Rd

∫
Rd
W (x− y) dµ(x) dµ(y)

and ∂oW(µ) = ∇W ∗ ρ, where µ = ρ · Ld, if W is convex and satisfies some regularity

conditions; see Section 10.4 of Ambrosio et al. [2005]. Here, ∗ denotes a convolution of

vector field ∇W and density ρ.

3.2.3 Regret Bound for OLT

We are ready to derive a regret bound for the OLT problem. The following result, often

referred to as Evolution Variational Inequality (EVI) in the PDE literature, clarifies why the

minimal selection principle is key to obtaining a regret bound.

Lemma 3.2.9 (EVI). Let E be a lower semi-continuous and displacement convex functional.

Let µ ∈ D(E) and ξ ∈ ∂E(µ). Fix η > 0 and define µη := (i − ηξ)#µ. Then, for any

ν ∈ Pr2(R
d),

E(µ)− E(ν) ≤
W 2

2 (µ, ν)−W
2
2 (µη, ν)

2η
+
η

2

∫
Rd
∥ξ(x)∥2 dµ(x) . (3.2.2)

Proof. Recall from Lemma 3.2.1 that W 2
2 (µ, ν) =

∫
Rd ∥x−tνµ(x)∥2 dµ(x). Let (i−ηξ, tνµ) be

the map from Rd to R2d that maps x 7→ (x− ηξ(x), tνµ(x)), then (i− ηξ, tνµ)#µ ∈ Π(µη, ν)

and thus

W 2
2 (µη, ν) = inf

γ∈Π(µη,ν)

∫
Rd
∥x− y∥2 dγ(x, y) ≤

∫
Rd
∥(x− ηξ(x))− tνµ(x)∥2 dµ(x) .
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Hence,

W 2
2 (µ, ν)−W

2
2 (µη, ν)

2η
≥ 1

2η

∫
Rd

(
∥x− tνµ(x)∥2 − ∥x− ηξ(x)− tνµ(x)∥2

)
dµ(x)

=

∫
Rd
⟨ξ(x), x− tνµ(x)⟩ dµ(x)−

η

2

∫
Rd
∥ξ(x)∥2 dµ(x)

≥ E(µ)− E(ν)− η

2

∫
Rd
∥ξ(x)∥2 dµ(x) (∵ Lemma 3.2.6) .

From (3.2.2), it is now obvious that the minimal selection ξ = ∂oE(µ) gives the smallest

upper bound. Also, notice the similarity of (3.1.1), (3.1.2), and (3.2.2); the last term on the

right-hand side of (3.2.2) corresponds to the norm of a gradient in (3.1.1) and (3.1.2). The

minimal selection enables us to import bounding techniques in (3.1.1) and (3.1.2) into the

OLT problem. Based on this connection, we propose a strategy to tackle the OLT: for each

time t, the player finds the minimal selection ξt = ∂oEt(µt) and updates µt+1 = (i−ηξt)#µt.

Using (3.2.2), we obtain the following regret bound.

Theorem 3.2.10 (Regret Bound: Discrete-Time). Assume Et of the OLT is displacement

convex for all t ∈ [T ] and T ∈ N. The player selects ξt = ∂oEt(µt) and updates µt+1 =

(i− ηξt)#µt for each round t, where η > 0 is a fixed step size. Then, for any ν ∈ Pr2(R
d),

T∑
t=1

Et(µt)−
T∑
t=1

Et(ν) ≤
W 2

2 (µ1, ν)−W
2
2 (µT+1, ν)

2η
+
η

2

T∑
t=1

∫
Rd
∥ξt(x)∥2 dµt(x) . (3.2.3)

Remark 3.2.11. Under mild conditions such as µt and ν are supported on a bounded

domain and ξt are uniformly bounded, we have W2(µt, ν) ≤ D and ∥ξt∥L2(µt;Rd) ≤ L for

all t for some constants D,L > 0. Then, the right-hand side of (3.2.3) is upper bounded by

D2

2η + ηL2T
2 , which becomes DL

√
T for η = D

L
√
T

and yields
√
T -regret.

Remark 3.2.12. We clarify that the EVI is an existing technique in the PDE literature and

has already been used for different purposes, for instance, see Dieuleveut et al. [2020] and
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Salim et al. [2020]. We emphasize, however, that Theorem 3.2.10 utilizes such a technique for

the first time in the context of the online learning given a sequence of adversarial functionals

(Et)Tt=1, and an arbitrary reference measure ν.

3.2.4 Connections to Wasserstein Gradient Flow

We conclude this section with a connection between online learning and Wasserstein gradient

flow through a lens of continuous-time OLT, further highlighting why it is natural to employ

insights from PDEs. In the infinitesimal limit as η → 0, the algorithm solving OLT amounts

to a Wasserstein gradient flow. To see this, consider the steepest descent on Wasserstein

space according to the energy functional Et at time t, µt+η := argminµ∈P2(Rd) Et(µ) +
1
2ηW

2
2 (µ, µt). In the infinitesimal limit, the steepest descent defines continuous-time evolution

of probability measures (µt)t∈[0,T ], naturally described by PDEs. The following continuity

equation is the natural counterpart of discrete update of the steepest descent: letting µt =

ρt · Ld, solve
∂ρt
∂t

= ∇ · (ρtξt) where ξt ∈ ∂Et(µt) . (3.2.4)

Therefore, it is clear that our online OLT is a discrete analogue of the online Wasserstein

gradient flow, with a time-varying energy functional Et. A solution (µt)t∈[0,T ] enjoys the

following regret bound; see Section 3.6.1 for the proof.

Theorem 3.2.13 (Regret Bound: Continuous-Time). Assume Et is displacement convex for

all t ∈ [0, T ]. Under mild regularity assumptions, a solution (µt)t∈[0,T ] to (3.2.4) satisfies

∫ T

0
Et(µt) dt−

∫ T

0
Et(ν) dt ≤

W 2
2 (µ0, ν)−W

2
2 (µT , ν)

2
∀ν ∈ Pr2(R

d) . (3.2.5)

Remark 3.2.14. If Et is time-invariant, say Et = E for all t ∈ [0, T ], then (3.2.4) amounts

to finding a solution to the standard Wasserstein gradient flow given E (Chapter 11 of

Ambrosio et al. [2005]); minimizing the regret is exactly minimizing a functional E by solving
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a Wasserstein gradient flow. Note that the RHS is time-independent, namely, we have

bounded total regret and fast rate as 1/T .

3.3 Minimal Selection Algorithm with Zeroth-Order Information

In this section, we propose a more practical framework for OLT and methods to solve it

based on only zeroth-order, partial feedback. First, let us briefly explain our motivation

for studying this practical framework. Recall that the strategy we studied in the previous

section to solve OLT was to find the minimal selection ξt = ∂oEt(µt) and update µt to

(i− ηξt)#µt for all t. The EVI gave us a regret bound as in Theorem 3.2.10. However, such

a strategy is difficult to implement in practice. Finding ∂oEt(µt) requires the player to access

the Fréchet subdifferential ∂Et(µt) for each t. Such information is not directly available as

nature typically only reveals the loss Et(µt) and not the entire collection of vector fields in

∂oEt(µt). For instance, suppose Et is a potential functional associated with Vt : Rd → R,

then ∇Vt = ∂oEt(µt) due to Example 3.2.7. It is not obvious how the player can determine

the vector field ∇Vt based only on the zeroth-order information Vt.

As a result, we need a more reasonable setting to implement a strategy based on the

minimal selection principle. We achieve this goal by querying only through zeroth-order

information, drawing a parallel to the bandit/partial feedback setting with finite arms. To

make our discussion concrete, we focus on the case where Et = Vt (potential functional) that

occurs frequently in applications; the loss functional is a potential functional associated with

some Vt : Rd → R for all t ∈ N. An extension to the interaction functional, another common

setting in applications, will be discussed later in this section. Under this framework, nature

reveals Vt(µt) by telling the values of Vt only on the support of µt and some fixed set of

grid points. As we will see shortly, such a setting enables the player to execute a strategy

based on the minimal selection principle, thereby obtaining a regret bound based on the

EVI. In other words, instead of observing the gradient ∇Vt (minimal selection), the player
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approximates it using only zeroth-order information. As such, our formulation bridges the

gap between the sophisticated theory in the previous section and its practical realization.

3.3.1 OLT with Zeroth-Order Information and Minimal Selection Algorithm

We formally define our online learning problem. Fix a domain Ω ⊂ Rd and a set Z ⊂ Ω of

grid points or hubs, say Z = {z1, . . . , zn}, known to the player.2 At round t ∈ N,

• the player chooses a discrete measure µt := 1
m

∑m
j=1 δxtj

, where we call xt1, . . . , x
t
m ∈ Ω

decision points,

• nature reveals a lower semi-continuous function Vt : Rd → R only on {xtj}j∈[m] ∪ Z,

namely the zeroth-order information on the player’s decision points and the fixed grid

points, and the player suffers a loss given as the potential functional associated with

Vt, that is, Vt(µt) = 1
m

∑m
j=1 Vt(x

t
j) (Example 3.2.7).

Here, we view the grid points as the canonical locations of the domain Ω. Meanwhile,

decision points xtj are any elements of Ω, not necessarily the grid points. By using the zeroth-

information Vt(zi), the player competes against the grid points, meaning that she aims to

choose her decision points that would incur smaller losses than the grid points would do.

Accordingly, we consider a regret
∑T
t=1 Vt(µt)−

∑T
t=1 Vt(ν) for any ν ∈ P2(Rd) supported

on Z.

Inspired by the minimal selection principle (Lemma 3.2.6), we propose an algorithm for

this learning problem.

2. For instance, zi’s could be hub points (in ridesharing applications), be stochastically sampled based on
some reference measure, or be grid points for discretization.
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Definition 3.3.1 (Minimal Selection Algorithm). After round t ∈ N, the player solves

min
ξ1,...,ξm∈Rd

1

m

m∑
j=1

∥ξj∥2 (3.3.1)

subject to Vt(x
t
j)− Vt(zi) ≤ ⟨ξj , x

t
j − zi⟩ ∀(i, j) ∈ [n]× [m] . (3.3.2)

After obtaining a minimizer (ξt1, . . . , ξ
t
m), the player updates xt+1

j = xtj − ηξ
t
j , where η > 0

is a suitable step size.

Remark 3.3.2. Note that this is a convex program. Also, there exists a unique minimizer

(ξt1, . . . , ξ
t
m) provided the constraint (3.3.2) is feasible.

Not surprisingly, this algorithm amounts to the minimal section principle in a discrete

setting. Recall that ∥ξ∥2
L2(µt;Rd)

= 1
m

∑m
j=1 ∥ξ(xtj)∥

2 for any ξ ∈ L2(µt;Rd), hence the

objective function (3.3.1) corresponds to the norm of an element of the Fréchet subdifferential

∂Vt(µt). Meanwhile, constraint (3.3.2) amounts to finding a certified subgradient of Vt at

xtj . Recall from Example 3.2.7 that ∂oVt(µt) = ∇Vt. Essentially, this algorithm aims to

find a minimizer ξtj = ∇Vt(xtj). Also, the update rule xt+1
j = xtj − ηξtj corresponds to

µt+1 = (i− ηξt)#µt in Theorem 3.2.10, where ξt(x
t
j) = ξtj .

Now, we can utilize the EVI to obtain a regret bound. By adapting the proof of Lemma

3.2.9, we obtain the following result similar to Theorem 3.2.10; see Section 3.5.1 for the

proof.

Theorem 3.3.3. Assume Ω = Rd. Let µt and ξtj be the output of the minimal selection

algorithm. If Vt is convex for all t ∈ N, then for any measure ν ∈ P2(Rd) supported on Z

and any η > 0,

T∑
t=1

Vt(µt)−
T∑
t=1

Vt(ν) ≤
W 2

2 (µ1, ν)−W
2
2 (µT+1, ν)

2η
+
η

2

T∑
t=1

 1

m

m∑
j=1

∥ξtj∥
2

 . (3.3.3)
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Remark 3.3.4. Remark that the RHS of the above equation is precisely the minimal ob-

jective value in (3.3.1). Additionally, if Ω ⊊ Rd, the update rule xt+1
j = xtj − ηξ

t
j may cause

xt+1
j /∈ Ω. We can prevent this via a projection step. See Section 3.3.3 for details.

Remark 3.3.5. We emphasize that the key of the aforementioned zeroth-order framework

is that the decision points can take any values in Ω, allowing the support of µt to change

continuously on Ω. On the contrary, if we had restricted the support of µt to be contained in

Z, the decision points would have moved discontinuously over Z. In applications such as real-

time dynamic resource allocation, such a discontinuous movement is impractical as one needs

to allocate the decision points (resources such as drones or drivers) within a short period

of time. In conclusion, our framework is more suitable in practice due to the continuously

varying support of µt. At the same time, our framework preserves the infinite-dimensional

nature.

3.3.2 Beyond Convex Case: Exploration and Regret Bound

If Vt is non-convex, constraint set (3.3.2) might be infeasible. We propose a simple modifi-

cation of the algorithm using exploration and provide a regret bound that extends beyond

the convex case.

Note that we may consider the previous learning problem at each decision point sepa-

rately. The minimal selection algorithm amounts to solving, for each j ∈ [m],

min
ξj∈Rd

∥ξj∥2 subject to Vt(x
t
j)− Vt(zi) ≤ ⟨ξj , x

t
j − zi⟩ ∀i ∈ [n] . (3.3.4)

If the above problem is not feasible, we sample a stochastic, isotropic Gaussian vector with

a suitable scaling and update xtj along this exploration direction.

Definition 3.3.6 (Minimal Selection or Exploration (MSoE) Algorithm). After round t ∈ N,

let St be a subset of [m] such that j ∈ St if there is ξj ∈ Rd satisfying Vt(xj) − Vt(zi) ≤
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⟨ξj , xtj − zi⟩ for all i ∈ [n]. For j ∈ St, the player solves (3.3.4) and updates xt+1
j = xtj − ηξ

t
j

using the unique solution ξtj to (3.3.4). For j /∈ St, the player samples a Gaussian vector

gtj ∼ N(0, Id) and updates

xt+1
j = xtj −

√
η
maxi∈[n][Vt(x

t
j)− Vt(zi)]+
d

gtj .

We assume all the Gaussian vectors are independent of each other.

In short, we modify the minimal selection algorithm to let the feasible decision points

move along minimal selection directions as before, while infeasible decision points fully ex-

plore in a random direction. The fact that the discretization step size scales with √η is

motivated by Euler discretization of Langevin dynamics. The adaptive step size factor

maxi∈[n][Vt(x
t
j) − Vt(zi)]+ follows the relative potential difference between infeasible deci-

sion points and grid points. For the MSoE algorithm, an expected regret bound can be

derived that depends on the fraction of infeasible points; see Section 3.5.2 for the proof.

Theorem 3.3.7. Assume Ω = Rd. Let µt, ξtj, and gtj be the output of the MSoE algorithm

in Definition 3.3.6. For any Vt and any measure ν ∈ P2(Rd) supported on Z,

E

 T∑
t=1

Vt(µt)−
T∑
t=1

Vt(ν)

 ≤ W 2
2 (µ1, ν)

2η
+
η

2

T∑
t=1

E

 1

m

∑
j∈St

∥ξtj∥
2


+

3

2

T∑
t=1

E

 1

m

∑
j /∈St

max
i∈[n]

[Vt(x
t
j)− Vt(zi)]+

 .

(3.3.5)

From (3.3.5), we can expect a moderate regret bound provided that the proportion
|[m]\St|

m of infeasible decision points is small. We prove that this is indeed the case un-

der some assumptions on the sequence of functions Vt. To see this, we first define a feasible

region.
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Definition 3.3.8. For t ∈ N, let

Rt := {x ∈ Ω : ∃ξ such that Vt(x)− Vt(zi) ≤ ⟨ξ, x− zi⟩ ∀i ∈ [n]}

and for each x ∈ Rt define

ξx = argmin
ξ∈Rd

∥ξ∥2 subject to Vt(x)− Vt(zi) ≤ ⟨ξ, x− zi⟩ ∀i ∈ [n] .

Lastly, for η > 0 let Rtη := {x− ηξx : x ∈ Rt}.

The set Rt contains the points for which the minimal selection algorithm is feasible, hence

j ∈ St if and only if xtj ∈ R
t. Also, ξx is well-defined for x ∈ Rt as discussed in Remark

3.3.2. Lastly, Rtη denotes the region obtained by updating points in Rt according to the

minimal selection algorithm. Now, we introduce an assumption to control the proportion of

infeasible decision points.

Assumption 3.3.9 (Non-expansion condition). There exists η > 0 so that Rtη ⊆ Rt+1 for

all t ∈ N.

In other words, this assumption guarantees that any feasible point at some round is

still feasible after the update; j ∈ St implies j ∈ St+1. Hence, the proportion |[m]\St|
m

of infeasible points does not grow. We impose a further assumption that guarantees this

proportion decreases.

Assumption 3.3.10 (Shrinking condition). There exist η > 0 and γ ∈ (0, 1) such that for

all t ∈ N,

inf
x∈Ω\Rt

Pr
g∼N(0,Id)

(
x−

√
η
maxi∈[n][Vt(x)−Vt(zi)]+

d g ∈ Rt+1

)
≥ γ . (3.3.6)

In short, each infeasible point can be updated to a feasible point by a random direction
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with probability at least γ.3 Combining this assumption with Assumption 3.3.9, we can

show that the proportion |[m]\St|
m of infeasible decision points shrinks by a factor 1 − γ in

each iteration. This observation yields the following regret bound. For simplicity, we assume

each Vt is uniformly bounded; see Section 3.5.3 for the proof.

Theorem 3.3.11 (Shrinking fraction of infeasible decision points). Assume Ω = Rd. Let

µt, ξtj, and gtj be the output of the MSoE algorithm. If Assumptions 3.3.9 and 3.3.10 are

satisfied with parameters η, γ > 0, then for any measure ν ∈ P2(Rd) supported on Z,

E

 T∑
t=1

Vt(µt)−
T∑
t=1

Vt(ν)

 ≤ W 2
2 (µ1, ν)

2η
+
η

2

T∑
t=1

E

 1

m

∑
j∈St

∥ξtj∥
2

+ 3Bγ−1
|[m]\S1|

m
,

(3.3.7)

where B = maxt∈[T ] supx∈Ω |Vt(x)|.

3.3.3 Further Extensions

We briefly discuss a few extensions of our learning problem and the minimal selection algo-

rithm.

Relaxed Minimal Selection Algorithm We introduce another modification of the min-

imal selection algorithm using slack variables. After round t ∈ N, for each j ∈ [m], the

player solves

min
ξj∈Rd,sj≥0

∥ξj∥2 +
2

η
sj (3.3.8)

subject to − sj + Vt(x
t
j)− Vt(zi) ≤ ⟨ξj , x

t
j − zi⟩ ∀i ∈ [n] . (3.3.9)

3. Assumptions 3.3.9 and 3.3.10 are about relations between two adjacent functions Vt and Vt+1. We
present a simple example of Vt satisfying these assumptions in Section 3.6.2.
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After finding minimizers (ξtj , s
t
j), the player updates xt+1

j = xtj − ηξtj , where η > 0 is a

suitable step size. Now that variables are ξj and sj , the constraint (3.3.9) is always feasible.

The resulting optimization problem is still convex and admits a unique solution (ξtj , s
t
j).

Also, for j ∈ St, that is, for a decision point for which the minimal selection algorithm is

feasible, one can easily verify that the relaxed minimal selection algorithm boils down to the

minimal selection algorithm. Moreover, we can obtain regret bounds similar to (3.3.3) or

(3.3.5); see (3.6.1) and (3.6.3) in Section 3.6.3.

Interaction Functional We consider an extension of our problem to a different class of

loss functional. Suppose we replace the potential functional with the interaction functional.

Nature reveals a lower semi-continuous function W t : Rd → [0,∞) only on {xtj}j∈[m] ∪ Z,

that is, the player knows W t(xtj − zi) for all (i, j) ∈ [n]× [m]. The player suffers a loss given

as the interaction functional associated with W t (Example 3.2.8):

Wt(µt) =

∫
Rd

∫
Rd
W t(x− y) dµt(x) dµt(y) =

1

m2

m∑
j,k=1

W t(xtj − x
t
k) . (3.3.10)

In this case, we define the minimal selection algorithm as follows: after finishing round t ∈ N,

the player solves

min
ξ1,...,ξm∈Rd

1

m

m∑
j=1

∥ξj∥2 (3.3.11)

subject to
1

m

m∑
k=1

W t(xtj − x
t
k)− min

k∈[n]
W t(zi − zk) ≤ ⟨ξj , xtj − zi⟩ ∀(i, j) ∈ [n]× [m] .

(3.3.12)

Again, we have a convex program that admits a unique solution (ξt1, . . . , ξ
t
m) provided the

constraint (3.3.12) is feasible. Using the EVI, we can derive a regret bound similar to (3.3.3);

see Theorem 3.6.3 in Section 3.6.3.

60



Projection We briefly mention a projection step to ensure xtj ∈ Ω. The idea is to change

the update rule from xt+1
j = xtj − ηξ

t
j to xt+1

j = PΩ(x
t
j − ηξ

t
j), where PΩ : Rd → Ω is defined

as

PΩ(x) = argmin
ω∈Ω

∥x− ω∥ .

Recall that the projection PΩ is well-defined provided Ω is closed and convex. Using this

projection step, we can always ensure decision points are contained in Ω. Moreover, this

modification does not affect the regret bound (3.3.3); see Theorem 3.6.4 in Section 3.6.3.

3.4 Discussion

In this chapter, we have introduced and studied an infinite-dimensional online learning prob-

lem called the Online Learning to Transport (OLT) problem, where the decision variable is a

probability measure on a fully nonparametric space, the Wasserstein space. Leveraging tools

from optimal transport theory, we have established several theoretical results regarding the

OLT problem; equipping the decision space with the Wasserstein distance, we have utilized

the evolution variational inequality and the minimal selection principle to derive
√
T -regret

bound for the OLT problem. Also, we have studied a practical framework for the OLT

problem using zeroth-order information, where we develop a concrete algorithm called the

Minimal Selection or Exploration (MSoE) that is numerically tractable and works beyond

the convex setting.

Lastly, we mention a few directions for future research. First, theoretical results in Section

3.2.3 may be improved with a stronger notion of convexity. For instance, one might study if

log(T )-regret is achievable based on λ-convexity (Definition 9.1.1 of Ambrosio et al. [2005])

of Et. Another important direction is to modify the minimal selection strategy with adaptive

step size ηt. This chapter shows that
√
T -regret is achievable for a fixed step size depending

on some universal constants as mentioned Remark 3.2.11. Hence, to remedy this limitation,
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we might need to design an adaptive step size ηt possibly in terms of ξ1, . . . , ξt−1 (or their

norms). Meanwhile, on the practical side, it would be interesting to see how the zeroth-order

information framework and the MSoE algorithm work in real-life examples; for instance, we

may compare our method with existing methods for real driver allocation datasets, which

will shed light on developing even more practical framework and algorithms.

3.5 Proofs of the Regret Bounds in Section 3.3

3.5.1 Proof of Theorem 3.3.3

By convexity of Vt, the constraint set (3.3.2) is always feasible, hence ξtj is well-defined.

Let ν =
∑
i aiδzi for some a1, . . . , an ≥ 0 such that

∑n
i=1 ai = 1. We can find an optimal

coupling between µt and ν, which takes the following form:
∑n
i=1

∑m
j=1 πjiδ(xtj ,zi)

, where∑n
i=1 πji =

1
m and

∑m
j=1 πji = ai. Note that

∑n
i=1

∑m
j=1 πjiδ(xt+1

j ,zi)
is a coupling between

ν and µt+1 as well. Hence,

W 2
2 (µt+1, ν)−W 2

2 (µt, ν) ≤
n∑
i=1

m∑
j=1

∥xt+1
j − zi∥2πji −

n∑
i=1

m∑
j=1

∥xtj − zi∥
2πji

=
n∑
i=1

m∑
j=1

(
η2∥ξtj∥

2 − 2η⟨ξtj , x
t
j − zi⟩

)
πji

≤
n∑
i=1

m∑
j=1

(
η2∥ξtj∥

2 − 2η(Vt(x
t
j)− Vt(zi))

)
πji

= η2

 1

m

m∑
j=1

∥ξtj∥
2

− 2η (Vt(µt)− Vt(ν)) .

Therefore, we have

Vt(µt)− Vt(ν) ≤
W 2

2 (µt, ν)−W
2
2 (µt+1, ν)

2η
+
η

2
· 1
m

m∑
j=1

∥ξtj∥
2 , (3.5.1)
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and (3.3.3) follows by summing (3.5.1) iteratively.

3.5.2 Proof of Theorem 3.3.7

We first prove the following:

E [Vt(µt)− Vt(ν) | Ft] ≤
E
[
W 2

2 (µt, ν)−W
2
2 (µt+1, ν) | Ft

]
2η

+
η

2
· 1
m

∑
j∈St

∥ξtj∥
2 +

3

2
· 1
m

∑
j /∈St

max
i∈[n]

[Vt(x
t
j)− Vt(zi)]+ ,

(3.5.2)

where Ft denotes the σ-field generated by {gsj : ∀s < t and ∀j ∈ Ss} for t > 1 and F1 is

the trivial σ-field. We write xt+1
j = xtj − v

t
j , where

vtj =

√
η
maxi∈[n][Vt(x

t
j)− Vt(zi)]+
d

gtj if j /∈ St

and vtj = ηξtj otherwise. As in the proof of Theorem 3.3.3, let
∑n
i=1

∑m
j=1 πjiδ(xtj ,zi)

be an

optimal coupling between µt and ν =
∑
i aiδzi . Again, it is a coupling between ν and µt+1,

hence

W 2
2 (µt+1, ν)−W 2

2 (µt, ν) ≤
n∑
i=1

m∑
j=1

∥xt+1
j − zi∥2πji −

n∑
i=1

m∑
j=1

∥xtj − zi∥
2πji

=
n∑
i=1

m∑
j=1

(
∥vtj∥

2 − 2⟨vtj , x
t
j − zi⟩

)
πji

=
1

m

m∑
j=1

∥vtj∥
2 − 2

n∑
i=1

m∑
j=1

⟨vtj , x
t
j − zi⟩πji .

Now, taking the conditional expectation E[· | Ft], we have

E[W 2
2 (µt+1, ν)−W 2

2 (µt, ν) | Ft] ≤
1

m

m∑
j=1

E
[
∥vtj∥

2 | Ft
]
−2

n∑
i=1

m∑
j=1

E
[
⟨vtj , x

t
j − zi⟩πji | Ft

]
.
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Now, we upper bound the last two terms. For j ∈ St, we have E[∥vtj∥
2 | Ft] = η2∥ξtj∥

2

because vtj = ξtj is measurable with respect to Ft. Meanwhile, for j /∈ St, since E∥gtj∥
2 = d,

E
[
∥vtj∥

2 | Ft
]
= ηmax

i∈[n]
[Vt(x

t
j)− Vt(zi)]+ .

Hence,

1

m

m∑
j=1

E
[
∥vtj∥

2 | Ft
]
=
η2

m

∑
j∈St

∥ξtj∥
2 +

η

m

∑
j /∈St

max
i∈[n]

[Vt(x
t
j)− Vt(zi)]+ . (3.5.3)

Next, for j ∈ St, recall that

⟨vtj , x
t
j − zi⟩ ≥ η

(
Vt(x

t
j)− Vt(zi)

)
.

For j /∈ St, since Egtj = 0,

E
[
⟨vtj , x

t
j − zi⟩ | Ft

]
= 0 ≥ η

(
Vt(x

t
j)− Vt(zi)

)
− ηmax

i∈[n]
[Vt(x

t
j)− Vt(zi)]+ .

Hence,

− 2
n∑
i=1

m∑
j=1

E
[
⟨vtj , x

t
j − zi⟩πji | Ft

]

≤ −2η
n∑
i=1

∑
j∈St

(
Vt(x

t
j)− Vt(zi)

)
πji

− 2η
n∑
i=1

∑
j /∈St

(
Vt(x

t
j)− Vt(zi)

)
πji + 2η

n∑
i=1

∑
j /∈St

max
i∈[n]

[Vt(x
t
j)− Vt(zi)]+πji

= −2η
n∑
i=1

m∑
j=1

(
Vt(x

t
j)− Vt(zi)

)
πji +

2η

m

∑
j /∈St

max
i∈[n]

[Vt(x
t
j)− Vt(zi)]+

= −2η (Vt(µt)− Vt(ν)) +
2η

m

∑
j /∈St

max
i∈[n]

[Vt(x
t
j)− Vt(zi)]+ .
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Combining this result with (3.5.3) and using E [Vt(µt)− Vt(ν) | Ft] = Vt(µt) − Vt(ν), we

obtain (3.5.2). Now, taking the expectation to the both sides of (3.5.2) and sum iteratively

to obtain (3.3.5).

3.5.3 Proof of Theorem 3.3.11

First, using uniform boundedness of Vt, we have

∑
j /∈St

E

[
max
i∈[n]

[Vt(x
t
j)− Vt(zi)]+

]
≤ 2B

m∑
j=1

1j /∈St .

Combining this with (3.5.2) and taking the expectation, we have

E [Vt(µt)− Vt(ν)] ≤
E
[
W 2

2 (µt, ν)−W
2
2 (µt+1, ν)

]
2η

+
η

2
E

 1

m

∑
j∈St

∥ξtj∥
2

+
3B

m

m∑
j=1

E[1j /∈St ] .

Summing this over t ∈ [T ], we have

E

 T∑
t=1

Vt(µt)−
T∑
t=1

Vt(ν)

 ≤ W 2
2 (µ1, ν)

2η
+
η

2

T∑
t=1

E

 1

m

∑
j∈St

∥ξtj∥
2

+
3B

m

T∑
t=1

m∑
j=1

E[1j /∈St ] .

(3.5.4)
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Now, we upper bound the last term on the right-hand side. Since j /∈ St implies j /∈ St−1,

we have

E
[
1j /∈St | Ft−1

]
= E

[
1j /∈St−1 and j /∈St | Ft−1

]
= E

[
1xtj /∈Rt | Ft−1

]
1
xt−1
j ∈Ω\Rt−1

= Pr
g∼N(0,I)

(
xt−1j −

√
η
maxi∈[n][Vt−1(x)−Vt−1(zi)]+

d g /∈ Rt
)
1
xt−1
j ∈Ω\Rt−1

≤ (1− γ)1
xt−1
j ∈Ω\Rt−1

= (1− γ)1j /∈St−1 ,

where the inequality is due to Assumption 3.3.10. Therefore, taking the conditional expec-

tation recursively according to the filtration, we have E[1j /∈St ] ≤ (1− γ)t−11j /∈S1 . Hence,

m∑
j=1

T∑
t=1

E[1j /∈St ] ≤ (1 + (1− γ) + · · ·+ (1− γ)T−1)
m∑
j=1

1j /∈S1 ≤ γ−1|[m]\S1| .

Combining this with (3.5.4), we obtain (3.3.7).

3.6 Supplementary Explanations

3.6.1 Proof of Theorem 3.2.13

The proof uses differentiability of Wasserstein distance (Theorem 8.13 of Villani [2003]). If

ξt(x) is a C1 function of x and t that is globally bounded, for any µ ∈ P2(Rd), one can

calculate that

dW 2
2 (µ, µt)

dt

∣∣∣∣∣
t=s

= 2

∫ 〈
x− t

µ
µs(x), ξs(x)

〉
dµs(x) ≤ 2[Es(µ)− Es(µs)] .
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The inequality is due to the characterization of Fréchet subdifferential in Lemma 3.2.6.

Integrating over s ∈ [0, T ], we obtain the regret bound.

3.6.2 Assumptions 3.3.9 and 3.3.10

First, we illustrate the notions of feasible and infeasible regions for some loss functions in

one dimension. In Figure3.1, we plot a w-shape loss function V . For simplicity, we set two

global minimizers z1, z2 as grid points, and x1, x2 as player’s decision points. One can see

that x1 is feasible where the minimal selection subdifferential ξ1 is the slope of the blue

line l1, passing through (x1, V (x1)), (z1, V (z1)). The decision point x2, lying in the barrier

between two global minimizers, is infeasible: for any line passing through (x2, V (x2)), it is

impossible to have smaller values than the loss function at both grid points z1, z2. The red

lines in the figure are two attempts. With this intuition, one can verify that the feasible

region is (−∞, z1] ∪ [z2,+∞), whereas the infeasible region is (z1, z2).

x

l1

l2l3
V

x1 x2z1 z2

Figure 3.1: An illustration of a w-shape non-convex loss V : R→ R. Two global minimizers
z1, z2 serve as grid points. x1, x2 are player’s decision points.

Next, we showcase a series of w-shape non-convex functions that satisfy Assumptions 3.3.9,

3.3.10.
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Lemma 3.6.1. Consider loss functions

Vt(x) =


at(x+ 1)2, if x < 0,

at(x− 1)2, if x ≥ 0,

and grid points −1 = z1 < z2 < · · · < zn = 1 for some arbitrary n. If there exists ε > 0

such that at ≥ ε, atη < 1
2 for all t, then Assumptions 3.3.9, 3.3.10 hold.

Proof. The feasible region is Rt = (−∞,−1] ∪ [1,∞) for all t. We first verify Assump-

tion 3.3.9. Without loss of generality, we consider positive feasible points xt = 1 + δt ∈ Rt

for some δt ≥ 0. The minimal selection of subdifferential returns ξx = 2atδt. Therefore

xt+1 = xt − 2ηatδt = 1 + (1− 2atη)δ. Under the condition atη < 1
2 , we have xt+1 ≥ 1, i.e.,

Rtη ⊂ Rt+1.

Now, we verify Assumption 3.3.10. For any infeasible xt ∈ [0, 1), update by random

exploration

xt+1 = xt −
√
ηVt(xt)g ,

where g ∼ N (0, 1). Then,

P(xt+1 ∈ Rt+1) ≥ P(xt −
√
ηVt(xt)g ≥ 1)

= P(−
√
ηat(1− xt)g ≥ 1− xt)

= P

(
g ≤ − 1√

atη

)

≥ P
(
g ≤ − 1

√
εη

)
,

where the last inequality is due to the condition at ≥ ε. Note that the lower bound above

holds for any x ∈ [0, 1). By a symmetric argument, we conclude that Assumption 3.3.10 is

satisfied with γ = P(g ≤ −1/√εη).
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3.6.3 Results in Section 3.3.3

Here, we provide detailed explanations on the results presented in Section 3.3.3. First,

using a similar EVI technique, we derive the following regret bound for the relaxed minimal

selection algorithm.

Theorem 3.6.2. Assume Ω = Rd. Let µt, ξtj, and stj be the output of the relaxed minimal

selection algorithm. For any Vt and any measure ν ∈ P2(Rd) supported on Z,

T∑
t=1

Vt(µt)−
T∑
t=1

Vt(ν) ≤
W 2

2 (µ1, ν)−W
2
2 (µT+1, ν)

2η
+
η

2

T∑
t=1

1

m

m∑
j=1

(
∥ξtj∥

2 +
2stj
η

)
. (3.6.1)

Proof. As in the proof of Theorem 3.3.3, let
∑n
i=1

∑m
j=1 πjiδ(xtj ,zi)

be an optimal coupling

between µt and ν =
∑
i aiδzi . Again, it is a coupling between ν and µt+1, hence

W 2
2 (µt+1, ν)−W 2

2 (µt, ν) ≤
n∑
i=1

m∑
j=1

∥xt+1
j − zi∥2πji −

n∑
i=1

m∑
j=1

∥xtj − zi∥
2πji

=
n∑
i=1

m∑
j=1

(
η2∥ξtj∥

2 − 2η⟨ξtj , x
t
j − zi⟩

)
πji

≤
n∑
i=1

m∑
j=1

(
η2∥ξtj∥

2 + 2ηstj − 2η(Vt(x
t
j)− Vt(zi))

)
πji

=
η2

m

m∑
j=1

(
∥ξtj∥

2 +
2stj
η

)
− 2η (Vt(µt)− Vt(ν)) .

Hence,

Vt(µt)− Vt(ν) ≤
W 2

2 (µt, ν)−W
2
2 (µt+1, ν)

2η
+
η

2
· 1
m

m∑
j=1

(
∥ξtj∥

2 +
2stj
η

)
(3.6.2)

(3.6.1) follows by summing (3.6.2) iteratively.

In fact, we can further upper bound (3.6.2). Note that ξj = 0 and sj = maxi∈[n][Vt(x
t
j)−

69



Vt(zi)]+ satisfy the constraint (3.3.9), hence the minimizer (ξtj , s
t
j) satisfies

∥ξtj∥
2 +

2stj
η
≤

2maxi∈[n][Vt(x
t
j)− Vt(zi)]+

η
.

Using this upper bound for j /∈ St, we have

Vt(µt)− Vt(ν) ≤
W 2

2 (µt, ν)−W
2
2 (µt+1, ν)

2η

+
η

2
· 1
m

∑
j∈St

∥ξtj∥
2 +

1

m

∑
j /∈St

max
i∈[n]

[Vt(x
t
j)− Vt(zi)]+ .

(3.6.3)

Notice that this upper bound is comparable to (3.5.2). Therefore, the relaxed minimal

selection algorithm and the minimal selection or exploration algorithm admit essentially the

same upper bound.

Next, we present a regret bound for the case where the loss is given according to the

interaction functional.

Theorem 3.6.3. Assume Ω = Rd and consider the game with the loss (3.3.10) discussed

in Section 3.3.3. Let µt and ξtj be the output of the minimal selection algorithm with the

constraint (3.3.12). If W t is convex, for any measure ν ∈ P2(Rd) supported on Z,

T∑
t=1

Wt(µt)−
T∑
t=1

Wt(ν) ≤
W 2

2 (µ1, ν)−W
2
2 (µT+1, ν)

2η
+
η

2

T∑
t=1

 1

m

m∑
j=1

∥ξtj∥
2

 . (3.6.4)

Proof. As in the proof of Theorem 3.3.3, let
∑n
i=1

∑m
j=1 πjiδ(xtj ,zi)

be an optimal coupling

between µt and ν =
∑
i aiδzi . Again, it is a coupling between ν and µt+1, hence

W 2
2 (µt+1, ν)−W 2

2 (µt, ν) ≤
n∑
i=1

m∑
j=1

∥xt+1
j − zi∥2πji −

n∑
i=1

m∑
j=1

∥xtj − zi∥
2πji

=
n∑
i=1

m∑
j=1

(
η2∥ξtj∥

2 − 2η⟨ξtj , x
t
j − zi⟩

)
πji .
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Using (3.3.12),

n∑
i=1

m∑
j=1

−2η⟨ξtj , x
t
j − zi⟩πji ≤

n∑
i=1

m∑
j=1

−2η

(
1

m

m∑
k=1

W t(xtj − x
t
k)− min

k∈[n]
W t(zi − zk)

)
πji

= −2η

 1

m2

m∑
j,k=1

W t(xtj − x
t
k)−

n∑
i=1

ai · min
k∈[n]

W t(zi − zk)


≤ −2η

 1

m2

m∑
j,k=1

W t(xtj − x
t
k)−

n∑
i=1

ai

n∑
k=1

akW
t(zi − zk)


= −2η (Wt(µt)−Wt(ν)) .

Therefore, we have

Wt(µt)−Wt(ν) ≤
W 2

2 (µt, ν)−W
2
2 (µt+1, ν)

2η
+
η

2
· 1
m

m∑
j=1

∥ξtj∥
2 , (3.6.5)

and (3.6.4) follows by summing (3.6.5) iteratively.

Lastly, we prove that the projection step does not affect the regret bound.

Theorem 3.6.4. Assume Ω is closed and convex. Let µt and ξtj be the output of the minimal

selection algorithm with a modified update rule xt+1
j = PΩ(x

t
j−ηξ

t
j). If Vt is convex, for any

measure ν ∈ P2(Rd) supported on Z,

T∑
t=1

Vt(µt)−
T∑
t=1

Vt(ν) ≤
W 2

2 (µ1, ν)−W
2
2 (µT+1, ν)

2η
+
η

2

T∑
t=1

 1

m

m∑
j=1

∥ξtj∥
2

 .

Proof. As in the proof of Theorem 3.3.3, let
∑n
i=1

∑m
j=1 πjiδ(xtj ,zi)

be an optimal coupling

between µt and ν =
∑
i aiδzi . Again, it is a coupling between ν and µt+1, hence

W 2
2 (µt+1, ν)−W 2

2 (µt, ν) ≤
n∑
i=1

m∑
j=1

∥xt+1
j − zi∥2πji −

n∑
i=1

m∑
j=1

∥xtj − zi∥
2πji .
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One property of the projection PΩ is that ∥xt+1
j −ω∥ ≤ ∥xtj − ηξ

t
j −ω∥ for all ω ∈ Ω. Thus,

W 2
2 (µt+1, ν)−W 2

2 (µt, ν) ≤
n∑
i=1

m∑
j=1

∥xt+1
j − zi∥2πji −

n∑
i=1

m∑
j=1

∥xtj − zi∥
2πji

≤
n∑
i=1

m∑
j=1

∥xtj − ηξ
t
j − zi∥

2πji −
n∑
i=1

m∑
j=1

∥xtj − zi∥
2πji

=
n∑
i=1

m∑
j=1

(
η2∥ξtj∥

2 − 2η⟨ξtj , x
t
j − zi⟩

)
πji

≤ η2

 1

m

m∑
j=1

∥ξtj∥
2

− 2η (Vt(µt)− Vt(ν)) ,

where the last inequality directly follows as in the proof of Theorem 3.3.3. Therefore, the

regret bounds in Theorem 3.3.3 still hold.

Remark 3.6.5. We can apply this projection step to the MSoE algorithm and the relaxed

minimal selection algorithm as well; we modify their update rules by combining them with

PΩ. Then, the regret bounds in Theorems 3.3.7 and 3.6.2 still hold.

3.7 Simulations

In this section, we examine the empirical performance of the minimal selection and the MSoE

algorithms. Here, we consider a toy example where Ω = {x ∈ R2 : ∥x∥ ≤ 1}, m = 10, and Z

consists of uniform grid points of Ω with n = 797, obtained by forming uniform grid points

of [−1, 1]2 and choose a subset of included in Ω. Code for reproducing all the results below

is provided in the supplementary material.

Convex Case First, we consider a simple quadratic function Vt(x) = ∥x − ut∥2, where

u1 = (− 1√
2
,− 1√

2
) and ut = u1 + (0.15t, 0.15t). For better understanding, we may imagine

a situation, where we deploy m drones to track a moving target ut using the signals Vt

(distances to the target) captured at Z (fixed stations with sensors) and {xtj}j∈[m] (drones
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with mobile sensors). Figure 3.2 shows how the minimal selection algorithm moves the

decision points. At t = 1 (Figure 3.2(a)), the decision points, which are randomly initialized,

start moving towards the darker region based on ξtj ’s from the minimal selection algorithm.

In this simple toy example, we can see that the decision points quickly gather around the

minimum of Vt (the target) and follow it.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

(a) t = 1

0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8

(b) t = 3

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

(c) t = 5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

(d) t = 7

Figure 3.2: Minimal selection algorithm for convex Vt with step size η = 0.2. The gray dots
and the red circles denote Z and {xtj}j∈[m], respectively. The black solid arrows show ξtj ’s.
The contour regions represent the level of Vt (darker = smaller as shown in the horizontal
colorbars).

Non-Convex Case As a simple non-convex example, consider Vt(x) = min{∥x−ut∥2, ∥x−

vt∥2}, where u1 = v1 = (− 1√
2
,− 1√

2
), ut = u1+(0.165t, 0.11t), and vt = v1+(0.11t, 0.165t).

As in the convex case, we may interpret ut and vt as moving targets, while the signal is the

distance to a closer target. Figure 3.3 shows how the MSoE algorithm works. As opposed

to the convex case, we can check that there are infeasible decision points (j /∈ St as in

Definition 3.3.6) after t = 3. The MSoE algorithm let such points move along random

directions, thereby continuing the tracking situation; the plain minimal selection would have

ended up stopping all the decision points, losing the targets. Although infeasible points

might get far away from the targets as in Figure 3.3(e) and Figure 3.3(f), once they get into

a feasible region, they start moving again towards the darker area based on ξtj ’s from the

73



minimal selection. Figure 3.3(g) and Figure 3.3(h) show that all the decision points somehow

get closer to the darker area after repeating the minimal selection and exploration.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

(a) t = 1

0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8

(b) t = 3

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

(c) t = 5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

(d) t = 7

0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8

(e) t = 9

0.0 0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8

(f) t = 12

1.5 3.0 4.5 6.0 7.5 9.0 10.5 12.0

(g) t = 18

1.5 3.0 4.5 6.0 7.5 9.0 10.5 12.0 13.5

(h) t = 19

Figure 3.3: MSoE algorithm for non-convex case with step size η = 0.05. The red circles
denote the feasible decision points (j ∈ St) and the white squares denote the infeasible
decision points (j /∈ St).
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CHAPTER 4

REVERSIBLE GROMOV-MONGE SAMPLER FOR

SIMULATION-BASED INFERENCE

4.1 Introduction

One of the central tasks in statistics is to model and sample from a multi-dimensional

probability distribution. Classic statistics approaches this problem by fitting a model to

the target distribution and then sampling from a fitted model via Markov Chain Monte

Carlo (MCMC) techniques. Although such model-based methods are widely used, MCMC

sampling often entails several technicalities. Beyond diagnosing whether the chain mixes,

obtaining i.i.d. samples from MCMC methods is complex as one has to control correlations

among successive samples or run parallel chains.

An alternative approach available in statistics, reserved for the one-dimensional case,

is usually referred to as the (inverse) transform sampling. Such an approach circumvents

the calling for a parametric or nonparametric density and directly designs a sampler by

transforming a simple uniform distribution. The idea is simple: one can transform a uniform

measure µ = Unif([0, 1]) to any one-dimensional target probability measure ν leveraging the

following monotonic transformation T : [0, 1]→ R called the inverse Cumulative Distribution

Function (CDF),

T (x) = inf{y ∈ R : ν((−∞, y]) ≥ x} . (4.1.1)

Recall that the pushforward measure T#µ is defined by T#µ(S) = µ({x : T (x) ∈ S}) for

any Borel set S ⊆ R. Then, one can easily check that T#µ = ν; namely, with a draw from

the one-dimensional uniform distribution x ∼ µ, the transformed sample T (x) has the target

probability distribution ν.
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The transform sampling idea can be extended to the multi-dimensional setting: given a

target probability measure ν supported on Y , one can specify a probability measure µ on X ,

which is easy to sample from such as a multivariate Gaussian, and then find a measurable

map T : X → Y such that T#µ = ν, where the pushforward measure T#µ is defined anal-

ogously to the one-dimensional case above. Such a map T—called a transport map from µ

to ν—transforms i.i.d. samples from µ into i.i.d. samples from ν. Over the past few years,

the generative modeling literature in machine learning has been actively employing such

transform sampling ideas by identifying T#µ = ν through the following minimization:

min
T∈F

L(T#µ, ν) , (4.1.2)

where F is a class of maps from X to Y parametrized by neural networks and L measures

certain discrepancies between two distributions. Different choices of L have led to various

models such as the Jensen-Shannon divergence for Generative Adversarial Networks (GANs)

[Goodfellow et al., 2014], the Wasserstein-1 distance for Wasserstein-GAN [Arjovsky et al.,

2017], and the Maximum Mean Discrepancy (MMD) for MMD-GAN [Dziugaite et al., 2015,

Li et al., 2015]. One caveat is that there can be infinitely many transport maps from µ to

ν; for instance, when µ = ν = Unif([0, 1]), define T : [0, 1]→ [0, 1] by T (x) = |2x− 1|, then

the n-fold compositions of T are valid transport maps for all n ∈ N. In other words, finding

a map T satisfying T#µ = ν is an over-identified problem, where (4.1.2) may have infinitely

many minimizers. Though all minimizers are equivalent in terms of transform sampling,

not all are equally preferred in light of Occam’s razor principle: one wishes to select simple,

desirable transport maps among the over-identified set {T : T#µ = ν}.

Inductive biases tackle the aforementioned over-identified problem by restricting the

search to transport maps with desirable properties. In this context, meaningful progress has

been made based on Optimal Transport (OT) theory [Taghvaei and Jalali, 2019, Makkuva

et al., 2020]. The OT theory aims to identify an optimal transformation T , quantified by
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the transportation cost of moving mass from µ to ν; for instance, when µ and ν lie in

the same space Rd, each transport map T is associated with the transport cost C(T ) :=∫
Rd ∥x − T (x)∥2 dµ (x). Brenier [1991] proved that, under mild regularity conditions, there

exists a unique minimizer T ⋆ of C among all transport maps, namely,

T ⋆ = argmin
T#µ=ν

C(T ) . (4.1.3)

More importantly, T ⋆ is the gradient of some convex function. On the one hand, Brenier’s

result extends the one-dimensional (inverse) transform sampling to the multi-dimensional

case. When d = 1 and µ = Unif([0, 1]), the inverse CDF map in (4.1.1) turns out to be

exactly T ⋆; for d > 1, the multi-dimensional map T ⋆ : Rd → Rd is the gradient of a convex

function, generalizing monotonic functions on the real line to multi-dimensions. On the other

hand, Brenier’s result naturally initiates an inductive bias in transform sampling: instead of

searching any transport map, one may find T ⋆, the optimal one with the smallest cost. To

contrast this with the plain transform sampling (4.1.2), let us rewrite (4.1.3) using a suitable

Lagrangian multiplier λ > 0 to enforce the equality constraint T#µ = ν:

min
T∈F

C(T ) + λ · L(T#µ, ν) . (4.1.4)

Now, we can see that (4.1.4) incorporates an additional objective function of T—the trans-

port cost—in (4.1.2), thereby introducing an inductive bias towards the optimal transport

map that achieves the minimum of C. Moreover, the Lagrangian provides an implementable

formulation in practice to leverage OT ideas in generative modeling.

Such an OT-based approach, however, can be cumbersome in practice if the target ν is

a high-dimensional embedding of some low-dimensional distribution. For instance, let ν be

the distribution of handwritten digit images from the MNIST data set on R784.1 To use the

1. Images are normalized and fit into a 28× 28 pixel bounding box (R28×28 ≡ R784) [LeCun et al., 1998].
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above OT-based approach, one must choose µ on R784 and find a map T : R784 → R784.

However, the support of ν is intrinsically low-dimensional (roughly R15 as in Facco et al.

[2017]); hence, other transform samplers with X = R15 yielding T : R15 → R784 are more

efficient than the OT-based method in terms of estimating T and computing T (X) forX ∼ µ.

We propose and study a new transform sampler combining the best of both worlds: it

introduces beneficial inductive biases like the OT approach, while operating when X and

Y are heterogeneous spaces. The key to our approach is to utilize a notion of isomorphism

and the Gromov-Wasserstein (GW) distance between µ and ν. Given two cost functions

cX : X × X → R and cY : Y × Y → R, the GW distance [Mémoli, 2011, Chowdhury and

Mémoli, 2019] is

GW(µ, ν) := inf
γ∈Π(µ,ν)

(∫
X×Y

∫
X×Y

(
cX (x, x

′)− cY(y, y′)
)2

dγ (x, y) dγ (x′, y′)
)1/2

,

(4.1.5)

where Π(µ, ν) is the set of couplings between µ and ν. GW aims to match the cost func-

tions defined on two heterogeneous spaces, intending to identify an isomorphism, namely, a

transport map T such that cX (x, x′) = cY(T (x), T (x
′)) for all x, x′ ∈ X . Inspired by these,

one can define the following objective function of T to replace the transport cost C:

Q(T ) :=

∫
X

∫
X
(cX (x, x

′)− cY(T (x), T (x′)))2 dµ (x) dµ (x′) . (4.1.6)

One way to design a transform sampler with inductive biases toward isomorphisms (the

target when minT Q(T ) = 0) is to utilize the Lagrangian form (4.1.4), but with Q instead

of C. It turns out, however, that the objective function Q—which is quadratic in µ—results

in several modeling subtleties when considering its plug-in estimation based on finite i.i.d.

samples from µ and ν, which might not be favorable in practice (see Remark 4.3.3). To

circumvent such issues, we develop a transform sampler with a different objective function,
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which we will detail in Section 4.3.

Organization The rest of the chapter is organized as follows. First, we briefly review other

related studies omitted in the discussion above; Section 4.2 briefly outlines some preliminary

background on the Gromov-Wasserstein distance. Then, Section 4.3 introduces the primary

methodology of this chapter, where we develop a new transform sampler based on the new

notion called the Reversible Gromov-Monge (RGM) distance. Section 4.4 delineates the main

theoretical result, providing the statistical rate of convergence for the plug-in estimation.

Section 4.5 discusses further theoretical perspectives on the new sampler. Synthetic and

real-world examples showcasing the effectiveness of the new sampler are demonstrated in

Section 4.6 as a proof of concept. The supplementary material collects details of the results

in Sections 4.4, 4.5, and 4.6 along with relevant discussions.

Notation We use the following notation throughout the chapter. Given a set X and a

function f : X → R, let ∥f∥∞ = supx∈X |f(x)| denote the sup norm. For a sequence of

numbers a(n), b(n) ∈ R, we use a(n) ≾ b(n) to denote the relationship that a(n)/b(n) ≤ C

for all n ∈ N with some universal constant C > 0.

4.1.1 Related Literature

Inferring the underlying probability distributions from data has been a central problem in

statistics and unsupervised machine learning since the invention of histograms by Pearson

a century ago. Classic mathematical statistics explicitly models the density function in a

parametric or a nonparametric way [Silverman, 1986], and studies the minimax optimality

of directly estimating such density functions [Stone, 1982]. It is also unclear how to proceed

to sample from a possibly improper2 density estimator, even with an optimal estimator at

hand. One may employ Markov Chain Monte Carlo (MCMC) techniques for sampling from

2. Here we mean that the estimated density is not always non-negative and integrates to one.
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specific models. However, on the computational front, it is highly non-trivial how to ensure

the mixing properties of MCMC for a designed sampler [Robert and Casella, 1999].

A recent trend in unsupervised machine learning is to learn complex, high-dimensional

distributions via (deep) generative models, either explicitly by parametrizing the sufficient

statistics of the exponential families [Doersch, 2016, Kingma and Welling, 2013], or implic-

itly by parametrizing the pushforward map transporting distributions [Dziugaite et al., 2015,

Goodfellow et al., 2014], with a focus on tractability in computation. Surprisingly, though

lacking theoretical underpinning and optimality, generative models perform well empirically

in large-scale applications where classical statistical procedures are destined to fail. There

has been a growing literature on understanding distribution estimation with the implicit

framework, with more general metrics and target distribution classes, to name a few, Muan-

det et al. [2017], Li et al. [2015], Dziugaite et al. [2015] on MMDs, Sriperumbudur et al.

[2012], Liang [2019] on integral probability metrics, and Mroueh et al. [2017], Arora et al.

[2017], Liang [2021], Singh and Póczos [2018], Bai et al. [2018], Weed and Berthet [2019], Lei

et al. [2019], Chen et al. [2020] on generative adversarial networks. Last but not least, we

emphasize that an alternative implicit distribution estimation approach using the simulated

method of moments has been formulated in the econometrics literature since McFadden

[1989], Pakes and Pollard [1989] and Gouriéroux and Monfort [1997].

Originally introduced as a tool for comparing objects in computer graphics, analytic

properties of the Gromov-Wasserstein distance have been studied extensively [Mémoli, 2011,

Sturm, 2012]; the most important one is that it defines a distance between metric measure

spaces, namely, metric spaces endowed with probability measures. Since many real-world

data sets can be modeled as metric measure spaces, the GW distance has been utilized in

various problems such as shape correspondence [Solomon et al., 2016], graph matching [Xu

et al., 2019], and protein comparison [Gellert et al., 2019]. Certain statistical aspects of

comparing metric measure spaces have been studied in Brécheteau [2019], Weitkamp et al.
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[2024].

Computation of the GW distance amounts to a relaxation of the quadratic assignment

problem [Koopmans and Beckmann, 1957]; both are known to be NP-hard [Çela, 1998] in

the worst case. Several approaches have been proposed for the approximate computation of

the GW distance. Mémoli [2011] studies lower bounds on the GW distance that are easier to

compute, which are further studied by Mémoli and Needham [2022], Hur and Khoo [2023]

Peyré et al. [2016] adds an entropic regularization term to the GW distance, which leads

to a fast iterative algorithm; Scetbon et al. [2021] further modifies this by imposing a low-

rank constraint on couplings. Titouan et al. [2019] proposes the sliced Gromov-Wasserstein

distance defined by integrating GW distances over one-dimensional projections. Last but

not least, recent papers [Xu et al., 2019, Blumberg et al., 2020, Chowdhury et al., 2021]

study scalable partitioning schemes to approximately compute GW distances.

GW distances have been utilized as a discrepancy measure in the generative modeling

[Bunne et al., 2019]; roughly speaking, they use GW distances as L in (4.1.2), which is

significantly different from the method developed in this chapter.

4.2 Gromov-Wasserstein and Gromov-Monge Distances

Recall from Section 1.1 that OT problems can be defined between arbitrary Polish probability

spaces. In practice, however, it is unclear how to design a function c : X × Y → R+ to

represent meaningful cost associated with x ∈ X and y ∈ Y in two heterogeneous spaces.

For instance, if X = Rp and Y = Rq with p ̸= q, there is no simple choice for a cost function

c over Rp×Rq. As a result, classic OT theory (including Brenier’s result) cannot be directly

used for comparing heterogeneous Polish probability spaces.

Mémoli’s pioneering work [Mémoli, 2011] resolved this issue by considering a quadratic
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objective function of γ:

∫
X×Y

c(x, y) dγ (x, y)⇒
∫
X×Y

∫
X×Y

(cX (x, x
′)− cY(y, y′))2 dγ (x, y) dγ (x′, y′) ,

where cX and cY are defined over X × X and Y × Y , respectively. For instance, one can

specify cX = dX and cY = dY . Rather than considering a unit cost corresponding to each

pair (x, y) ∈ X × Y , we associate two pairs (x, y), (x′, y′) ∈ X × Y with the discrepancy of

intra-space quantities cX (x, x′) and cY(y, y′). In summary, by switching from the integration

dγ to the double integration dγ dγ, we no longer need an otherwise inter-space quantity

c : X × Y → R+. Therefore, we can always define this objective function whenever we have

proper cX and cY in each individual space, leading to the following definition.

Definition 4.2.1. A triple (X , µ, cX ) is called a network space if (X , µ) is a Polish probability

space such that supp(µ) = X and cX : X ×X → R is measurable. The Gromov-Wasserstein

distance between network spaces (X , µ, cX ) and (Y , ν, cY) is defined as

GW(µ, ν) = inf
γ∈Π(µ,ν)

(∫
X×Y

∫
X×Y

(cX (x, x
′)− cY(y, y′))2 dγ (x, y) dγ (x′, y′)

)1/2

.

Remark 4.2.2. We adopt the network space definition introduced in Chowdhury and Mé-

moli [2019]. A network space (X , µ, cX ) is called a metric measure space if cX = dX as

introduced in Mémoli [2011] and Sturm [2012]. In short, a network space is a generalization

of a metric measure space.

Like the Wasserstein distance, the GW distance has metric properties; it satisfies sym-

metry and the triangle inequality, and GW(µ, ν) = 0 if (X , µ, cX ) = (Y , ν, cY). However, the

converse of this last statement does not hold in general: for its validity, a suitable equivalence

relation needs to be defined on the collection of network spaces.

Definition 4.2.3. Network spaces (X , µ, cX ) and (Y , ν, cY) are strongly isomorphic if there
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exists T ∈ T (µ, ν) such that T : X → Y is bijective and cX (x, x
′) = cY(T (x), T (x

′)) for all

x, x′ ∈ X . In this case, we write (X , µ, cX ) ∼= (Y , ν, cY) and such a transport map T is called

a strong isomorphism.

One can check that ∼= is indeed an equivalence relation on the collection of network

spaces. The following theorem states that the GW distance satisfies all metric axioms on

the quotient space—under the equivalence relation ∼=—of metric measure spaces.

Theorem 4.2.4 (Lemma 1.10 of Sturm [2012]). LetM be the collection of all metric measure

spaces. Then, GW satisfies the three metric axioms onM/∼=, the collection of all equivalence

classes of M induced by ∼=.

Recall that the Monge problem is a restricted version of the Kantorovich problem with

an additional constraint that couplings are given by a transport map; replacing Π(µ, ν) in

the Kantorovich problem with ΠT yields the Monge problem. Imposing the same constraint

on the definition of GW leads to the Gromov-Monge distance.

Definition 4.2.5. The Gromov-Monge distance between spaces (X , µ, cX ) and (Y , ν, cY) is

defined as

GM(µ, ν) = inf
T∈T (µ,ν)

(∫
X

∫
X
(cX (x, x

′)− cY(T (x), T (x′)))2 dµ (x) dµ (x′)
)1/2

.

Loosely speaking, computing GM amounts to finding a transport map T such that

cX (x, x
′) best matches cY(T (x), T (x′)) on average; we can view such a map T as a surrogate

for an isomorphism. See Section 2.4 of Mémoli and Needham [2022] for more details of GM.

Observe that the objective function in the definition of GM is exactly (4.1.6) mentioned in

Section 4.1. As briefly hinted in Section 4.1, one natural way to design a practical transform

sampler with inductive biases toward isomorphisms is to replace the transport cost C in

(4.1.4) with (4.1.6); this can also be viewed as the Lagrangian form of GM, which replaces

the constraint T ∈ T (µ, ν) with a penalty term λ · L(T#µ, ν). It turns out, however, such
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a formulation has some subtle issues which might be unfavorable in practice (see Remark

4.3.3). To circumvent such issues, we develop a transform sampler with slight modifications

which we introduce in the next section.

4.3 Transform Sampling via Reversible Gromov-Monge

Our formulation is based on the following observation: for a coupling γ such that γ =

(Id, F )#µ = (B, Id)#ν, which presents a binding constraint, we can simplify the objective

function of GW as ∫
X×Y

(cX (x,B(y))− cY(F (x), y))2 dµ⊗ ν ,

where dµ⊗ ν := dµ (x) dν (y) denotes the product measure of µ and ν. Minimizing the

above objective function under the binding constraint leads to the following definition.

Definition 4.3.1. For network spaces (X , µ, cX ) and (Y , ν, cY), we write (F,B) ∈ I(µ, ν)

if measurable maps F : X → Y and B : Y → X satisfy the binding constraint (Id, F )#µ =

(B, Id)#ν. We define the reversible Gromov-Monge (RGM) distance between (X , µ, cX ) and

(Y , ν, cY) as

RGM(µ, ν) := inf
(F,B)∈I(µ,ν)

(∫
X×Y

(cX (x,B(y))− cY(F (x), y))2 dµ⊗ ν
)1/2

. (4.3.1)

Remark 4.3.2. A few remarks are in place for the binding constraint. If (Id, F )#µ =

(B, Id)#ν, then F#µ = ν and B#ν = µ follow due to marginal conditions. However, the

converse is not true in general. To see this, let µ = ν = Unif([0, 1]), then F#µ = ν and

B#ν = µ hold for F (x) = B(x) = |2x − 1|. However, (Id, F )#µ ̸= (B, Id)#ν because

(Id, F )#µ is a uniform measure on {(x, |2x−1|) : x ∈ [0, 1]}, whereas (B, Id)#ν is a uniform

measure on {(|2y−1|, y) : y ∈ [0, 1]}. Lastly, note that I(µ, ν) might be empty, for instance,

if µ and ν are discrete and their supports have different cardinality; say, µ = δx and ν =

(δy1 + δy2)/2, namely, Dirac measures supported on x ∈ X and y1, y2 ∈ Y ; in such a case,
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RGM(µ, ν) =∞.

Roughly speaking, computing RGM consists in finding a pair (F,B) ∈ I(µ, ν) such that

cX (x,B(y)) best matches cY(F (x), y) on average. Like a strong isomorphism, we can view

such a pair as jointly capturing an isomorphic relation of (X , µ, cX ) and (Y , ν, cY); details

on such analytic properties will be discussed in Section 4.5.1.

RGM Sampler We design a transform sampling method based on finding a minimizing

pair (F,B) of RGM to capture isomorphic relations between network spaces. To implement

this method, we utilize the form similar to (4.1.4) mentioned in Section 4.1, which leads to

the Lagrangian form that allows efficient estimation of (F,B) using i.i.d. samples from µ and

ν. The idea is to consider the Lagrangian of the minimization problem in the definition of

RGM. First, we rewrite the minimization problem with the binding constraint as follows,

min
F : X→Y
B : Y→X

∫
X×Y

(cX (x,B(y))− cY(F (x), y))2 dµ⊗ ν

s.t. LX×Y((Id, F )#µ, (B, Id)#ν) = 0 .

(4.3.2)

Here, LX×Y is a suitable discrepancy measure on P(X ×Y) so that the constraint of (4.3.2)

is a surrogate for the original constraint (Id, F )#µ = (B, Id)#ν. In practice, we do not

require that LX×Y = 0 implies (Id, F )#µ = (B, Id)#ν; in fact, the former constraint can be

a relaxation of the latter. The choice of LX×Y will be specified later. Now, we turn (4.3.2)

into the Lagrangian:

min
F : X→Y
B : Y→X

∫
X×Y

(cX (x,B(y))− cY(F (x), y))2 dµ⊗ ν + λ · LX×Y((Id, F )#µ, (B, Id)#ν) .
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Given i.i.d. samples {xi}mi=1 and {yj}nj=1 from µ and ν, respectively, we replace the popula-

tion objective with its empirical estimates:

min
F : X→Y
B : Y→X

1

mn

m∑
i=1

n∑
j=1

(cX (xi, B(yj))− cY(F (xi), yj))2 + λ · LX×Y((Id, F )#µ̂m, (B, Id)#ν̂n) ,

where µ̂m and ν̂n are the empirical measures based on {xi}mi=1 and {yj}nj=1, respectively.

Empirically, we find that adding the following extra terms often enhances empirical results:

min
F : X→Y
B : Y→X

1

mn

m∑
i=1

n∑
j=1

(cX (xi, B(yj))− cY(F (xi), yj))2 + λ1 · LX×Y((Id, F )#µ̂m, (B, Id)#ν̂n)

+ λ2 · LX (µ̂m, B#ν̂n) + λ3 · LY(F#µ̂m, ν̂n) .

Like LX×Y , we utilize suitable discrepancy measures LX and LY on P(X ) and P(Y), re-

spectively, so that the additional terms help matching the marginals of (Id, F )#µ̂m and

(B, Id)#ν̂n.

Lastly, we discuss the choice of LX ,LY , and LX×Y . We use the square of Maximum Mean

Discrepancy (MMD) as the leading example.3 MMD between two measures is a distance

between their embeddings in some Reproducing Kernel Hilbert Space (RKHS), which is

indeed a metric under mild conditions [Muandet et al., 2017]. Also, MMD is representable

via the reproducing kernel of the RKHS, hence one may simply choose a kernel function to

define it. Concretely, for any kernel KX on X , the square of MMD between µ̂m and B#ν̂n

is
1

m2

∑
i,i′

KX (xi, xi′) +
1

n2

∑
j,j′

KX (B(yj), B(yj′))−
2

mn

∑
i,j

KX (xi, B(yj)) .

To utilize such a convenient closed form, we specify LX ,LY ,LX×Y as the squares of corre-

sponding MMDs by choosing kernels KX , KY , KX×Y on X ,Y ,X ×Y , respectively. For the

3. This is merely a proof of concept. One may use other quantities in practice as described in Section 4.6.
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kernel KX×Y on the product space, we use the tensor product kernel KX ⊗KY given as

KX ⊗KY((x, y), (x′, y′)) = KX (x, x
′)KY(y, y

′) .

The tensor product notation is employed since the kernel on the product space inherits the

feature map as the tensor product of two individual feature maps w.r.t. KX and KY . Denot-

ing the MMD associated with a kernel K as MMDK , we obtain the following minimization

problem:

min
F : X→Y
B : Y→X

1

mn

m∑
i=1

n∑
j=1

(cX (xi, B(yj))− cY(F (xi), yj))2

+ λ1 ·MMD2
KX⊗KY

((Id, F )#µ̂m, (B, Id)#ν̂n)

+ λ2 ·MMD2
KX

(µ̂m, B#ν̂n) + λ3 ·MMD2
KY

(F#µ̂m, ν̂n) .

(4.3.3)

Once we solve the problem above, the solution F̂ : X → Y will serve as an approximate

isomorphism and facilitate transform sampling of the target ν from a known distribution µ.

The map B̂ possesses similar properties as F̂ , whereas the map F̂ is of our primary interest

for sampling purposes. The reverse map B̂ : Y → X also embeds point clouds in Y into X ,

with approximate isomorphism properties in the sense of Gromov-Monge.

Like other transform sampling approaches in generative modeling, a practical way to

solve (4.3.3) is to restrict the maps F and B to vector-valued function classes F and B

parametrized by neural networks, respectively, and then optimize using a gradient descent

algorithm. We note the following difference between this minimization problem and adver-

sarial formulations as in GANs: variational problems of GANs consist of minimization over a

class of generators and maximization over a class of discriminators, which requires complex

saddle-point dynamics [Daskalakis et al., 2017, Liang and Stokes, 2019]. In contrast, the

proposed RGM sampler only solves a single minimization problem in network parameters.
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Although generally non-convex in nature, the parameter minimization problem in neural

networks can often be efficiently optimized by stochastic gradient descent, and can even

provably achieve the global optima if the loss satisfies certain Polyak-Łojasiewicz conditions

[Bassily et al., 2018].

Remark 4.3.3. We conclude this section by explaining a subtle difference between the

proposed RGM sampler and using the form (4.1.4) with C replaced by Q defined in (4.1.6).

This subtlety also explains why we employ the RGM formulation rather than GM. The

latter approach—which can be viewed as the Lagrangian of GM as mentioned at the end

of Section 4.2—aims to find an isomorphism T : X → Y such that cX (x, x′) best matches

cY(T (x), T (x
′)) on average, whose plug-in version with empirical data is

1

m2

m∑
i,i′=1

(cX (xi, xi′)− cY(T (xi), T (xi′)))2. (4.3.4)

It is desirable to use information from both samples {xi}mi=1 and {yj}nj=1 to capture any

isomorphic relation between two spaces. However, the GM objective (4.3.4) only uses

information—the samples {xi}mi=1—from X , not from the target space Y . In contrast, our

RGM objective uses both information—samples from both spaces—to capture isomorphic

relation, which is encoded by the first term in (4.3.3):

1

mn

m∑
i=1

n∑
j=1

(cX (xi, B(yj))− cY(F (xi), yj))2.

As the most valuable information (given that our goal is to learn the target distribution ν) is

the available samples {yj}nj=1 from ν, it is favorable to utilize them to learn isomorphisms.
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4.4 Statistical Analysis of the RGM Sampler

This section provides the main theoretical analysis of this chapter: we study the statistical

rate of convergence for the empirical problem (4.3.3), assuming it can be solved accurately.

First, define

C(µ, ν, F,B) :=

∫
(cX (x,B(y))− cY(F (x), y))2 dµ⊗ ν

+ λ1 ·MMD2
KX⊗KY

((Id, F )#µ, (B, Id)#ν)

+ λ2 ·MMD2
KX

(µ,B#ν) + λ3 ·MMD2
KY

(F#µ, ν) .

(4.4.1)

Then, the objective function of (4.3.3) is a plug-in estimator C(µ̂m, ν̂n, F, B). We consider

solving (4.3.3) over the transformation class F × B given as follows, for which we will state

our non-asymptotic results in full generality. From now on, let X and Y be subsets of

Euclidean spaces of dimensions dim(X ) and dim(Y), respectively. F (resp. B) is a collection

of vector-valued measurable functions from X to Y (resp. from Y to X ). For each F ∈ F

and k ∈ [dim(Y)], we write Fk(x) to denote the k-th coordinate of F (x). Accordingly, we

define Fk = {Fk : X → R | F ∈ F}, namely, a collection of real-valued measurable functions

defined on X that are given as the k-th coordinate of F ∈ F . For ℓ ∈ [dim(X )], we define

Bℓ and Bℓ = {Bℓ : Y → R | B ∈ B} analogously. Then, solving (4.3.3) over F × B is

written as min(F,B)∈F×B C(µ̂m, ν̂n, F, B). We prove that the empirical solution leads to an

approximate infimum of (F,B) 7→ C(µ, ν, F,B) evaluated with the population measures µ, ν,

with sufficiently large sample sizes m and n.

Overview of Assumptions Before stating the main theorem, we briefly outline technical

assumptions; the complete statement of the assumptions and definitions will be provided

shortly. First, we assume that the cost functions cX , cY are bounded and Lipschitz (As-

sumptions 4.4.3, 4.4.9). Similarly, we assume boundedness and Lipschitzness of the kernel

functions KX , KY corresponding to the MMD term (Assumptions 4.4.5, 4.4.16). Lastly,
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we impose two assumptions on the classes of transformations F : X → Y and B : Y → X :

we assume that the transformation classes are uniformly bounded (Assumption 4.4.8) and

should contain non-trivial maps (Assumption 4.4.17). We will also employ a notion of combi-

natorial dimension to measure the complexity of real-valued function classes, which is called

the pseudo-dimension (Definition 4.4.11).

Theorem 4.4.1. Let (F̂ , B̂) be a solution to the empirical problem

(F̂ , B̂) ∈ argmin
(F,B)∈F×B

C(µ̂m, ν̂n, F, B) ,

with C : P(X ) × P(Y) × F × B → R defined in (4.4.1). Under Assumptions 4.4.3-4.4.17,

the following inequality holds with probability at least 1− δ on {xi}mi=1 and {yj}nj=1

C(µ, ν, F̂ , B̂)− inf
(F,B)∈F×B

C(µ, ν, F,B) ≾M(F ,B,m, n, δ) . (4.4.2)

Here, M(F ,B,m, n, δ) denotes a complexity measure of (F ,B) given in terms of pseudo-

dimensions (Pdim) of Fk and Bℓ defined in Definition 4.4.11:

M(F ,B,m, n, δ) :=

√
log
(m∨n

δ

)
m ∧ n

+

√√√√√ log(m ∨ n)
m ∧ n

dim(Y)∑
k=1

Pdim(Fk) +
dim(X )∑
ℓ=1

Pdim(Bℓ)

 .

Remark 4.4.2. When F and B are parametrized by neural network classes (the ones we will

use for numerical demonstrations in Section 4.6), tight pseudo-dimension bounds established

in Anthony and Bartlett [1999], Harvey et al. [2017] can be plugged in Theorem 4.4.1 for

concrete non-asymptotic rates.

Overview of the Proof of Theorem 4.4.1 The rest of this section presents the main

ideas of the proof of Theorem 4.4.1. To derive an upper bound (4.4.2), we will decompose

the left-hand side of (4.4.2) into several terms, derive upper bounds on them separately, and
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then combine those upper bounds together to obtain the right-hand side of (4.4.2); details

of the proofs are provided in the supplementary material.

Without loss of generality, we assume λ1 = λ2 = λ3 = 1 in C(µ, ν, F,B) since the proof

is essentially identical with any constants λ1, λ2, λ3 > 0. For convenience, we denote

C0(F,B) =

∫
(cX (x,B(y))− cY(F (x), y))2 dµ⊗ ν ,

M(F,B) = MMD2
KY

(F#µ, ν) + MMD2
KX

(µ,B#ν) + MMD2
KX⊗KY

((Id, F )#µ, (B, Id)#ν)

and therefore C(µ, ν, F,B) = C0(F,B) +M(F,B). Similarly, define the empirical counter-

parts as

Ĉ0(F,B) =
1

mn

m∑
i=1

n∑
j=1

(cX (xi, B(yj))− cY(F (xi), yj))2 ,

M̂(F,B) = MMD2
KY (F#µ̂m, ν̂n) +MMD2

KX (µ̂m, B#ν̂n) +MMD2
KX⊗KY ((Id, F )#µ̂m, (B, Id)#ν̂n)

and thus C(µ̂m, ν̂n, F, B) = Ĉ0(F,B) + M̂(F,B).

Our goal is to give an upper bound on C(µ, ν, F̂ , B̂) − inf(F,B)∈F×B C(µ, ν, F,B). To

this end, first recall that

C(µ̂m, ν̂n, F̂ , B̂) ≤ C(µ̂m, ν̂n, F, B)

holds for any F ∈ F and B ∈ B by definition of F̂ and B̂ given in Theorem 4.4.1. Therefore,

C(µ, ν, F̂ , B̂)− C(µ, ν, F,B) ≤ C(µ, ν, F̂ , B̂)− C(µ̂m, ν̂n, F̂ , B̂) + C(µ̂m, ν̂n, F,B)− C(µ, ν, F,B) ,

where the right-hand side can be decomposed as

C0(F̂ , B̂)− Ĉ0(F̂ , B̂) +M(F̂ , B̂)− M̂(F̂ , B̂) + Ĉ0(F,B)−C0(F,B) + M̂(F,B)−M(F,B) .
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To further control the expression, we first derive probabilistic bounds on |Ĉ0(F,B)−C0(F,B)|

and |M̂(F,B) −M(F,B)| that hold for a fixed (F,B) ∈ F × B via standard concentration

inequalities. We derive uniform probabilistic bounds on sup(F,B)∈F×B |Ĉ0(F,B)−C0(F,B)|

and sup(F,B)∈F×B |M̂(F,B)−M(F,B)|, using tools from empirical process theory.

4.4.1 Concentration Inequalities and Uniform Deviations

We utilize the McDiarmid’s inequality to derive bounds on |Ĉ0(F,B) − C0(F,B)| and

|M̂(F,B)−M(F,B)| for fixed F,B. To give a bound on the former, we make the following

boundedness assumption.

Assumption 4.4.3. cX (·, ·), cY(·, ·) is uniformly bounded, that is, there exists a constant

H > 0 such that

sup
(x,x′)∈X×X

cX (x, x
′), sup

(y,y′)∈Y×Y
cY(y, y

′) ≤
√
H

4
.

Proposition 4.4.4. Under Assumption 4.4.3, for any pair (F,B) ∈ F × B and δ > 0,

|Ĉ0(F,B)− C0(F,B)| ≾

√
log
(m∨n

δ

)
m ∧ n

holds with probability at least 1− 4δ.

To derive a similar bound on |M̂(F,B)−M(F,B)|, we assume that kernels are bounded.

Assumption 4.4.5. There exists K > 0 such that

sup
x∈X
|KX (x, x)| , sup

y∈Y
|KY(y, y)| ≤ K .
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Proposition 4.4.6. Under Assumption 4.4.5, for any pair (F,B) ∈ F × B and δ > 0,

|M̂(F,B)−M(F,B)| ≾
√

log(1/δ)

m
+

√
log(1/δ)

n

holds with probability at least 1− 6δ.

We now derive uniform deviation bounds for

sup
(F,B)∈F×B

|Ĉ0(F,B)− C0(F,B)| , sup
(F,B)∈F×B

|M̂(F,B)−M(F,B)| .

For the former, we use the notion of uniform covering numbers defined below.

Definition 4.4.7 (Uniform Covering Number). Let G be a collection of real-valued func-

tions defined on a set Z. Given m points z1, . . . , zm ∈ Z and any δ > 0, we define

N∞(δ,G, {zi}mi=1) to be the δ-covering number of G under the pseudometric d induced by

points z1, . . . , zm:

d(g, g′) := max
i∈[m]

|g(zi)− g′(zi)| .

Also, we define the uniform δ-covering number of G as follows:

N∞(δ,G,m) := sup {N∞(δ,G, {zi}mi=1) : z1, . . . , zm ∈ Z} .

Here, the supremum is taken over all possible combinations of m points in Z.

Also, we make the following assumptions.

Assumption 4.4.8. Fk and Bℓ consist of uniformly bounded functions, that is, there exists

a constant b > 0 such that

max
k∈[dim(Y)]

sup
Fk∈Fk

∥Fk∥∞ , max
ℓ∈[dim(X )]

sup
Bℓ∈Bℓ

∥Bℓ∥∞ ≤ b .
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Assumption 4.4.9. There exists a constant L > 0 such that

|cX (x, x1)− cX (x, x2)| ≤ L∥x1 − x2∥ , |cY(y1, y)− cY(y2, y)| ≤ L∥y1 − y2∥ .

The above assumption ensures smoothness of the map (F,B) 7→ |Ĉ0(F,B) − C0(F,B)|

over F × B, which allows us to utilize the uniform covering numbers.

Proposition 4.4.10. Under Assumptions 4.4.3, 4.4.8, 4.4.9, for any ε > 0 and δ > 0,

sup
(F,B)∈F×B

|Ĉ0(F,B)− C0(F,B)|

≾

√
log
(m∨n

δ

)
m ∧ n

+ ε+

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ, n)

m ∧ n

holds with probability at least 1− 2δ.

Now, the remaining task is to choose ε carefully in Proposition 4.4.10 for a concrete upper

bound. To this end, we utilize the pseudo-dimension defined below.

Definition 4.4.11 (Pseudo-Dimension). Let G be a collection of real-valued functions de-

fined on a set Z. Given a subset S := {z1, . . . , zm} ⊂ Z, we say S is pseudo-shattered by

G if there are r1, . . . , rm ∈ R such that for each b ∈ {0, 1}m we can find gb ∈ G satisfying

sign(gb(zi) − ri) = bi for all i ∈ [m]. We define the pseudo-dimension of G, denoted as

Pdim(G), as the maximum cardinality of a subset S ⊂ Z that is pseudo-shattered by G.

Using a well-established relation of the uniform covering number and the pseudo-dimension

(Lemma 4.8.2), we can simplify Proposition 4.4.10 as follows.
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Corollary 4.4.12. Under Assumptions 4.4.3, 4.4.8, 4.4.9, for any δ > 0,

sup
(F,B)∈F×B

|Ĉ0(F,B)− C0(F,B)|

≾

√
log
(m∨n

δ

)
m ∧ n

+

√√√√√ log(m ∨ n)
m ∧ n

dim(Y)∑
k=1

Pdim(Fk) +
dim(X )∑
ℓ=1

Pdim(Bℓ)


holds with probability at least 1− 2δ.

To derive an upper bound on sup(F,B)∈F×B |M̂(F,B)−M(F,B)|, we first introduce the

Rademacher complexities defined below.

Definition 4.4.13 (Rademacher Complexity). Let (Z, ρ) be a probability space and G be

a collection of measurable functions defined on Z. We define the Rademacher complexity of

G with respect to m samples from ρ as follows:

Rm(G, ρ) = E
zi

iid∼ρ
Eεi sup

g∈G

∣∣∣∣∣ 1m
m∑
i=1

εig(zi)

∣∣∣∣∣ ,
Here, z1, . . . , zm are i.i.d. samples from ρ and ε1, . . . , εm are i.i.d. Rademacher random

variables such that (z1, . . . , zm) and (ε1, . . . , εm) are independent.

Proposition 4.4.14. Denote a closed unit ball of any RKHS H as H(1). Also, let (Id,F) :=

{(Id, F ) : F ∈ F} and (B, Id) := {(B, Id) : B ∈ B}; hence, they are classes of maps from X

to X × Y and from Y to X × Y, respectively. Under Assumption 4.4.5, for any δ > 0,

sup
(F,B)∈F×B

|M̂(F,B)−M(F,B)| ≾
√

log(1/δ)

m
+

√
log(1/δ)

n
+Rm(HY(1) ◦ F , µ) +Rn(HX (1) ◦ B, ν)

+Rm(HX×Y(1) ◦ (Id,F), µ) +Rn(HX×Y(1) ◦ (B, Id), ν)

holds with probability at least 1− 6δ. Here, F ◦ G = {f ◦ g : f ∈ F , g ∈ G} for any function

classes F and G with matching input and output space.
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4.4.2 Bounding Rademacher Complexities via Chaining

Now, the only remaining task is to bound the four Rademacher complexities that appear in

the upper bound of Proposition 4.4.14. We will derive upper bounds for the compositional

function classes using the chaining technique. To illustrate the main idea, let us consider

HY(1) ◦ F . Recall that

Rm(HY(1) ◦ F , µ) = E
xi

iid∼µ
Rm(HY(1) ◦ F , {xi}mi=1) ,

where Rm(HY(1) ◦ F , {xi}mi=1) is the empirical Rademacher complexity of HY(1) ◦ F asso-

ciated with {xi}mi=1:

Rm(HY(1) ◦ F , {xi}mi=1) = Eεi sup
h∈HY (1),F∈F

∣∣∣∣∣ 1m
m∑
i=1

εih(F (xi))

∣∣∣∣∣ = Eεi sup
h∈HY (1),F∈F

1

m

m∑
i=1

εih(F (xi)) .

Notice that we may remove the absolute value since HY(1) = −HY(1). Now, considering

{xi}mi=1 as fixed, we will first bound the empirical Rademacher complexity by replacing the

Rademacher random variables with Gaussian random variables. Let gi be i.i.d. standard

Gaussian random variables, then it is well known that

Rm(HY(1) ◦ F , {xi}mi=1) ≤
√
π

2
Egi sup

h∈HY (1),F∈F

1

m

m∑
i=1

gih(F (xi)) =:

√
π

2
Gm(HY(1) ◦ F , {xi}mi=1) .
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Also, under the assumption that KY is bounded by K, the reproducing property and the

Cauchy-Schwarz inequality imply

sup
h∈HY(1),F∈F

m∑
i=1

gih(F (xi)) = sup
h∈HY(1),F∈F

〈
h,

m∑
i=1

giKY(·, F (xi))

〉
HY

≤ sup
F∈F

 m∑
i=1

g2iK +
∑
i̸=j

gigjKY(F (xi), F (xj))

1/2

≤

 m∑
i=1

g2iK + sup
F∈F

∑
i̸=j

gigjKY(F (xi), F (xj))

1/2 .

Here, ⟨·, ·⟩HY denotes the inner product on HY . Hence,

Gm(HY(1) ◦ F , {xi}mi=1) ≤
1

m
Egi

 m∑
i=1

g2iK + sup
F∈F

∑
i̸=j

gigjKY(F (xi), F (xj))

1/2

≤ 1

m

mK + Egi sup
F∈F

∑
i̸=j

gigjKY(F (xi), F (xj))

1/2 ,

where the second inequality follows from the Jensen’s inequality and Eg2i = 1.

For any F : X → Y , let AF ∈ Rm×m be a matrix whose diagonal elements are zero

and (i, j)-th element is KY(F (xi), F (xj)) for i ̸= j. Then, the last term amounts to the

supremum of a quadratic process

Eg sup
F∈F

g⊤AF g ,

where g := [g1, . . . , gm]⊤ ∼ N(0, Im). We rely on the following chaining bound for the

quadratic processes.

Lemma 4.4.15 (Chaining Bound). Let Sm×m0 be the collection of all symmetric matrices

A whose diagonal elements are zero. Endow Sm×m0 with a metric d given by d(A,A′) :=
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∥A−A′∥. Given T ⊂ Sm×m0 and a fixed A0 ∈ T , define ∆ = supA∈T d(A,A0). Let N(δ, T )

be the covering number of T under the metric d(·, ·), then

Eg sup
A∈T

g⊤Ag ≤ inf
J∈N

{
mδJ + 12

∫ ∆/2

δJ/2

√
2 logN(δ, T ) dδ + 24

∫ ∆/2

δJ/2
logN(δ, T ) dδ

}
,

(4.4.3)

where for any integer J ≥ 0, we define δJ = 2−J∆.

With the above chaining bound, we can directly upper bound the Rademacher complex-

ities of the compositional classes such as Rm(HY(1) ◦ F , µ) and Rm(HX×Y(1) ◦ (Id,F), µ).

More specifically, for the former class, we will apply this chaining bound to T := {AF :

F ∈ F}. Then, to further bound the right-hand side of (4.4.3), we make the following

assumptions.

Assumption 4.4.16. Suppose KX and KY are Lipschitz: there exists L > 0 such that

|KX (x1, x′)−KX (x2, x′)| ≤ L∥x1 − x2∥ , |KY(y1, y′)−KY(y2, y′)| ≤ L∥y1 − y2∥ .

This plays a similar role as Assumption 4.4.9: we can derive an upper bound on d(AF , AF ′)

via closeness of F and F ′ in F . As a result, we will see that the covering number N(δ, T )

can be bounded by the complexity of F .

Assumption 4.4.17. There exist y0 and y′0 in Y with KY(y0, y′0) ̸= KY(y0, y0) such that

• F contains a constant map F satisfying F (x) = y0 for all x ∈ X ,

• whenever we have x ̸= x′ ∈ X , we can find a non-constant map F ∈ F such that

F (x) = y0 and F (x′) = y′0.

Similarly, there exist x0 and x′0 in X with KX (x0, x′0) ̸= KX (x0, x0) such that

• B contains a constant map B such that B(y) = x0 for all y ∈ Y ,
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• whenever we have y ̸= y′ ∈ Y , we can find a non-constant map B ∈ B such that

B(y) = x0 and B(y′) = x′0.

The main purpose of this assumption is to exclude overly restrictive F and B, and is

minimal: F and B should contain constant maps, as well as non-constant maps. With these

assumptions, we can derive the following result.

Proposition 4.4.18. Under Assumptions 4.4.5, 4.4.8, 4.4.16, 4.4.17,

Rm(HY(1) ◦ F , µ) , Rm(HX×Y(1) ◦ (Id,F), µ) ≾

√√√√√ logm

m

dim(Y)∑
k=1

Pdim(Fk) ,

Rn(HX (1) ◦ B, µ) , Rn(HX×Y(1) ◦ (B, Id), ν) ≾

√√√√√ log n

n

dim(X )∑
k=1

Pdim(Bk) .

In summary, Propositions 4.4.4, 4.4.6, 4.4.14, 4.4.18 and Corollary 4.4.12 directly imply

Theorem 4.4.1. Omitted proofs and details can be found in the supplementary material.

4.5 Further Studies: Metric Properties and Representer Theorem

This section discusses some further perspectives on the RGM sampler. First, we focus

on the metric side of the new notion RGM; we formally state its metric properties and

connections to the Gromov-Wasserstein and Gromov-Monge distance. Next, by utilizing an

operator viewpoint, we develop an infinite-dimensional convex relaxation of (4.3.3), where

global optima can be found efficiently; we analyze the new formulation by establishing a

representer theorem on a suitable reproducing kernel Hilbert space.

4.5.1 Metric Properties of RGM

It turns out that RGM possesses metric properties similar to those of the Gromov-Wasserstein

distance; the following result is an analogue to Theorem 4.2.4.
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Theorem 4.5.1. LetM be the collection of all metric measure spaces. Then, RGM satisfies

the three metric axioms on M/∼=, the collection of all equivalence classes of M induced by

∼=.

Remark 4.5.2. In practice, X ,Y are usually Euclidean spaces and dX , dY are the stan-

dard Euclidean distances. In many applications, instead of comparing the metric mea-

sures spaces (X , µ, dX ), (Y , ν, dY), it is often more desirable to work with network spaces

(X , µ, cX ), (Y , ν, cY) with cost functions given by cX = h(dX ) and cY = h(dY) for some

transformation h : R+ → R; one of the most common choices is h(x) = exp
(
−αx2

)
with

α > 0, which makes h(dX ), h(dY) Radial Basis Function (RBF) kernels on X ,Y , respec-

tively (we will use these in numerical experiments). As a result, it is desirable to consider a

distance on the collection of network spaces equipped with cost functions given as a compo-

sition of a transformation h and the base metric. The next result provides a modification of

Theorem 4.5.1 tailored to such a situation.

Theorem 4.5.3. Let h : R+ → R be a continuous and strictly monotone function and N h

be a collection of all network spaces (X , µ, cX ) such that cX = h(dX ). Then RGM satisfies

the three metric axioms on N h/∼=, the collection of all equivalence classes of N h induced by

∼=.

Now that we have three distances—GW, GM,4 and RGM—between network spaces, one

may wonder about the generic relations among three distances GW, GM, and RGM, which

will be established in the next proposition.

Proposition 4.5.4. For network spaces (X , µ, cX ) and (Y , ν, cY) as in Definition 4.2.1,

GW(µ, ν) ≤ GM(µ, ν) ≤ RGM(µ, ν) . (4.5.1)

4. Technically speaking, GM is not a distance as it is not symmetric.
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Interestingly, under mild conditions, the above inequalities in Proposition 4.5.4 hold as

equality, thus showing that RGM provides the exact metric as GW.

Theorem 4.5.5. Let (X , µ, cX ) and (Y , ν, cY) be two network spaces. Assume that cX and

cY are bounded and µ({x}) = ν({y}) = 0 for any (x, y) ∈ X × Y. Then, GW(µ, ν) =

GM(µ, ν) = RGM(µ, ν).

The proof details of Theorem 4.5.3, Proposition 4.5.4, and Theorem 4.5.5 can be found

in the supplementary material.

Remark 4.5.6. The proof of Theorem 4.5.5 is inspired by Mémoli and Needham [2024],

Brenier and Gangbo [2003], recent developments in the GW analysis literature that study

conditions under which GW = GM holds. Another important topic in the GW analysis

literature is to study the type of cost functions under which the optimal coupling of GW is

induced by a transport map [Dumont et al., 2024]. Finally, we clarify that this section aims

to derive metric properties of RGM in connection with GW and isomorphisms, as opposed

to establishing new analytical results for GW and GM.

Finally, we conclude this section by pointing out a connection between inductive biases

in RGM motivated by Brenier [1991]. Given two Polish probability spaces (X , µ) and (Y , ν),

there exist cost functions cX and cY (that depend on µ, ν) such that the resulting network

spaces (X , µ, cX ) and (Y , ν, cY) are strongly isomorphic. Then, more importantly, among

(possibly) infinitely many pairs (F,B)’s in I(µ, ν), which are all valid for transform sampling,

any optimal pair (F ⋆, B⋆) minimizing the RGM term (4.3.1) achieves the strong isomorphism

RGM(µ, ν) =

∫
X×Y

(cX (x,B
⋆(y))− cY(F ⋆(x), y))2 dµ⊗ ν = 0 , (4.5.2)

and thus cX (x,B⋆(y)) = cY(F
⋆(x), y) almost surely. In plain language, the RGM introduces

an inductive bias favoring strong isomorphisms, in the same spirit as the Wasserstein-2 metric
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favors the transport map with the optimal cost seen in the introduction. Please refer to the

supplementary material for a detailed discussion in 4.12.

4.5.2 Convex Relaxation and Representer Theorem

As the last bit of the study, we utilize an operator viewpoint and develop a convex relaxation

of (4.3.3) by relaxing and lifting it to an infinite-dimensional space. There are two reasons

behind our convex relaxation: first, as a computational alternative to the possibly non-convex

optimization; second, to point out a connection with the Nadaraya-Watson estimator in

classic nonparametric statistics. The crux lies in relaxing optimizing over the map F : X → Y

to optimizing over its induced (dual) linear operator F : L2Y → L2X that maps functions on Y

to functions on X , where L2X is the collection of real-valued measurable functions f defined

on X such that
∫
X f

2 dπX < ∞ given a Borel measure πX on X ; similarly, define L2Y

given a Borel measure πY on Y . Then, for a measurable map F : X → Y , we can define

F : L2Y → L2X by letting F(g) = g ◦ F for all g ∈ L2Y . Similarly, we define B : L2X → L2Y

for each measurable map B : Y → X . Then, one can verify that F and B are well-defined

bounded linear operators under a mild assumption (detailed proofs are provided in the

supplementary material).

We derive the representer theorem for the convex relaxation of (4.3.3) under cX = KX

and cY = KY , namely, the cost functions are the kernel functions specified in MMD terms.

We show that this problem can be reduced to a finite-dimensional convex optimization by

proving a representer theorem. Moreover, since finite-dimensional convex optimization can

be optimized globally with provable guarantees, such a formulation can be solved numerically

efficiently.

Let us lay out more details to state the result. Due to Mercer’s theorem, let {ϕk ∈

L2X }k∈N and {ψℓ ∈ L2Y}ℓ∈N be countable orthonormal bases of L2X and L2Y where the
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kernels admit the following spectral decompositions:

KX (x, x
′) =

∑
k

λkϕk(x)ϕk(x
′) , KY(y, y

′) =
∑
ℓ

γℓψℓ(y)ψℓ(y
′) , (4.5.3)

with positive eigenvalues λk, γℓ > 0. Since F : L2Y → L2X defines a bounded linear operator,

one can represent F (correspondingly B) under the orthonormal bases

F[ψℓ] =
∞∑
k=1

Fkℓϕk , B[ϕk] =
∞∑
ℓ=1

Bℓkψℓ . (4.5.4)

Here, [Fkℓ] is a semi-infinite matrix with each column describing the L2X representation of

F[ψℓ] under the basis {ϕk ∈ L2X }k∈N. With a slight abuse of notation, we will write F and

B to denote these matrices [Fkℓ] and [Bℓk].5 Then, we can prove that the objective function

in (4.3.3) with cX = KX and cY = KY is

Ω(F,B) :=
1

mn

∑
i,j

(Ψ⊤yjBΛΦxi − Φ⊤xiFΓΨyj )
2

+ λ1 ·

(
1

m2

∑
i,i′

Φ⊤xiΛΦx′i
Φ⊤xiFΓF

⊤Φxi′ +
1

n2

∑
j,j′

Ψ⊤yjΓΨyj′Ψ
⊤
yjBΛB⊤Ψyj′

− 2

mn

∑
i,j

Ψ⊤yjBΛΦxiΦ
⊤
xiFΓΨyj

)

+ λ2 ·

 1

m2

∑
i,i′

Φ⊤xiΛΦx′i
+

1

n2

∑
j,j′

Ψ⊤yjBΛB⊤Ψyj′ −
2

mn

∑
i,j

Ψ⊤yjBΛΦxi


+ λ3 ·

 1

m2

∑
i,i′

Φ⊤xiFΓF
⊤Φxi′ +

1

n2

∑
j,j′

Ψ⊤yjΓΨyj′ −
2

mn

∑
i,j

Φ⊤xiFΓΨyj

 .

Here, F and B are the matrices denoting the operators induced by F and B, respectively,

Φx = [· · · , ϕk(x), · · · ]⊤ ∈ R∞ and Ψy = [· · · , ψℓ(y), · · · ]⊤ ∈ R∞ for any x ∈ X and y ∈ Y ,

5. In other words, F and B are infinite-dimensional matrices, in which the number of rows and the number
of columns can be infinite.
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and Λ = diag(λ1, λ2, . . . ) and Γ = diag(γ1, γ2, . . . ) are diagonal matrices; detailed proofs

are provided in the supplementary material. Hence, (4.3.3) can be lifted to an infinite-

dimensional optimization problem

min
(F,B)∈C

Ω(F,B) , (4.5.5)

where C denotes the constraint set implying that F and B are matrices corresponding to

bounded linear operators induced by some maps F : X → Y and B : Y → X .

We will relax this problem by removing the constraint set C, namely, by considering all

matrices in R∞×∞ as the decision variables,

min
F,B∈R∞×∞

Ω(F,B) . (4.5.6)

In other words, this relaxed problem minimizes Ω over any pair of infinite-dimensional ma-

trices. The next result, which we refer to as the representer theorem, shows that (4.5.6) boils

down to a finite-dimensional convex program; the proof and relevant details can be found in

the supplementary material.

Theorem 4.5.7. Consider (4.5.5) under the assumptions in Proposition 4.10.2. Then,

for any minimizer (F⋆,B⋆) to the relaxed problem (4.5.6), we can find finite-dimensional

matrices F⋆m,n ∈ Rm×n and B⋆n,m ∈ Rn×m such that

F⋆ = ΛΦmF⋆m,nΨ
⊤
n , B⋆ = ΓΨnB

⋆
n,mΦ⊤m ,

where Λ = diag(λ1, λ2, . . . ), Γ = diag(γ1, γ2, . . . ), and Φm ∈ R∞×m and Ψn ∈ R∞×n are

matrices whose elements are ϕk(xi) and ψℓ(yj), as defined in (4.5.3). In this case, Ω(F⋆,B⋆)

can be rewritten as ω(F⋆m,n,B⋆n,m) for some convex function ω defined over Rm×n × Rn×m.
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Hence, by minimizing ω over Rm×n × Rn×m, we obtain a relaxation of (4.5.6), that is,

min
F,B∈R∞×∞

Ω(F,B) ≥ min
Fm,n∈Rm×n

Bn,m∈Rn×m

ω(Fm,n,Bn,m) .

In particular, the right-hand side is a finite-dimensional convex optimization. Lastly, this

relaxation is tight, that is,

min
F,B∈R∞×∞

Ω(F,B) = min
Fm,n∈Rm×n

Bn,m∈Rn×m

ω(Fm,n,Bn,m) ,

if kernel matrices KX and KY whose elements are KX (xi, xi′) and KY(yj , yj′), are positive

definite.

Remark 4.5.8. Looking inside the proof of Theorem 4.5.7, we know the solution to the

infinite-dimensional optimization is an operator taking form of F⋆ = ΛΦmF⋆m,nΨ
⊤
n , with a

finite-dimensional matrix F⋆m,n ∈ Rm×n. Therefore, for any g ∈ L2Y , we can deduce

F⋆[g](x) = KX (x,Xm)︸ ︷︷ ︸
1×m

F⋆m,n︸︷︷︸
m×n

g(Yn)︸ ︷︷ ︸
n×1

, (4.5.7)

where KX (x,Xm) maps each x ∈ X to a row vector whose i-th element is KX (x, xi) and

g(Yn) denotes a column vector whose j-th element is g(yj).

Now let’s draw a connection between the classic Nadaraya-Watson estimator and (4.5.7).

For now consider a special case: (xi, yi)’s are paired with m = n. In such a case, the

Nadaraya-Watson estimator takes the form

∑
i,j

KX (x, xi) · 1mδi=j · g(yj) ; (4.5.8)

Namely, for a new point x, the corresponding function value g(y) evaluated on its coupled
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y = F (x) is a weighted average of g(yj)’s according to the affinity KX (x, xi). Our solution

(4.5.7) extends the above nonparametric smoothing idea to the decoupled data case, where

the coupling weights F⋆m,n is based on a solution to a convex program, with

(4.5.7) =
∑
i,j

KX (x, xi) · F⋆m,n[i, j] · g(yj) . (4.5.9)

Lastly, we draw another connection to the Monte-Carlo integration. One downstream

task after learning the distribution ν is to perform numerical integration of g ∈ L2Y under

the measure ν ∈ P(Y). In our transform sampling framework, this amounts to evaluating

Ey∼F ⋆
#µ

[g(y)] = Ex∼µ[g ◦F ⋆(x)]. The integration, casted in the induced operator form, has

the expression

Ex∼µ
[
F⋆[g](x)

]
= Ex∼µ

[
KX (x,Xm)F⋆m,n︸ ︷︷ ︸

=:W (x)∈Rn

g(Yn)
]
= Ex∼µ

[ n∑
j=1

Wj(x)g(yj)
]

(4.5.10)

where W (x) can be interpreted as the importance weights in the Monte-Carlo integration.

We conclude with one more remark as a sanity check: if plug in instead x ∼ µ̂m in (4.5.10),

one can verify that under mild conditions,

Ex∼µ̂m
[
F⋆[g](x)

]
=

1

n

n∑
j=1

g(yj) . (4.5.11)

That is, with the empirical measure as input, (4.5.10) outputs the simple sample average.

4.6 Experiments

This section studies the empirical performance of the reversible Gromov-Monge sampler

as a proof of concept. Following Section 4.3, we find a minimum (F̂ , B̂) of (4.3.3) over a

suitable class F×B via gradient descent; then, we inspect the quality of transform sampling.
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Complete implementation details of the experiments are deferred to 4.11.

4.6.1 Gaussian distributions

Consider two strongly isomorphic Gaussian distributions on X = Y = R2: the base measure

µ = N(0, I2) and the target distribution ν = N(0,Σ), where I2 is the identity matrix and

the entries of Σ are Σ11 = Σ22 = 1 and Σ12 = Σ21 = 0.7. We let cX (x, x′) = x⊤x′ and

cY(y, y
′) = y⊤Σ−1y′, then two network spaces are strongly isomorphic by design; indeed,

any pair (F,B) given by F (x) = Σ1/2Qx and B(y) = Q⊤Σ−1/2y for Q ∈ O(2), where O(2)

is the orthogonal group, yields cX (x,B(y)) = cY(F (x), y) for all x, y ∈ R2, hence F and

B are strong isomorphisms. We aim at obtaining such a pair of (linear) isomorphisms by

letting F = B = {x 7→ Wx : W ∈ R2×2}, that is, the collection of all linear maps from R2

to R2. We set KX = KY as a degree-2 polynomial kernel that maps (x, y) to (x⊤y+1)2; the

resulting MMD compares distributions by matching the first two moments, which is sufficient

to distinguish Gaussian distributions. The linear maps found by solving the optimization

problem (4.3.3) are given by F̂ (x) = Fx and B̂(y) = By for some F,B ∈ R2×2 satisfying

FF⊤ − Σ ≈

−0.015 −0.009
−0.009 −0.007

 , BΣB⊤ − I2 ≈

 0.023 −0.011

−0.011 0.013

 ,

FB− I2 ≈

0.006 0.002

0.004 0.002

 .

Since FF⊤ ≈ Σ, BΣB⊤ ≈ I2, and FB ≈ I2, the pair (F̂ , B̂) can be seen as an instance of

the pair of strong isomorphisms described above. Figure 4.1 illustrates that F̂ is a strong

isomorphism (Definition 4.2.3): (a) shows that F̂#µ ≈ ν, that is, F̂ is roughly a transport

map, and (b) implies that cX (x, x′) ≈ cY(F̂ (x), F̂ (x
′)) holds.
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Figure 4.1: Gaussian experiment: m = n = 50000 and λ1 = λ2 = λ3 = 1. (a) shows {ỹj}400j=1

versus {F̂ (x̃i)}400i=1, where {ỹj}400j=1 and {x̃i}400i=1 are i.i.d. from ν = N(0,Σ) and µ = N(0, I2),
respectively; they are new samples independent from {yj}1000j=1 and {xi}1000i=1 used in (4.3.3).
(b) shows the points {(cX (x̃i, x̃i′), cY(F̂ (x̃i), F̂ (x̃i′)))}40i,i′=1 and a straight line y = x.

4.6.2 MNIST

Let ν be the distribution of images corresponding to four digits (2, 4, 6, 7) from the MNIST

data set, which is supported on R784. Recall from Section 4.1 that the support Y of ν is

low-dimensional [Facco et al., 2017]; hence, choosing X = Rd with d ≪ 784 is reasonable.

Here, for visualization, we first try an extreme embedding task with d = 2 and µ = N(0, I2),

that is, generate MNIST images by transforming two-dimensional Gaussian samples.

Model Specifications Unlike the Gaussian example, where we design the cost functions

in advance to make the two spaces strongly isomorphic, specifying them can be more com-

plicated in general cases, which might affect the quality of the RGM sampler. One common

choice is the Radial Basis Function (RBF) kernel, also called the heat kernel, widely used

in the object matching literature [Solomon et al., 2016]. In this MNIST example, we have

found that using RBF kernels as cost functions provides reasonable performance once they

are scaled properly. Concretely, first define the RBF kernel Kd(x, y) = exp
(
−∥x− y∥2/d

)
108



for d ∈ N and x, y ∈ Rd; here, the constant (1/d) serves as a scaling factor. Then, we

define the cost functions as cX = (K2 −mX )/sdX and cY = (K784 −mY)/sdY , where mX

and sdX are the median and the standard error of {KX (xi, xi′)}mi,i′=1, respectively; mY and

sdY are defined analogously. This additional standardization process helps to align the cost

functions. Similarly, KX and KY must be properly specified; comparing the first two mo-

ments using the degree-2 polynomial kernel is no longer sufficient as the target distribution

is non-Gaussian. We also suggest using RBF kernels for the MMD terms; let KX = K2 and

KY = K784. The MMD induced by the RBF kernel indeed defines a metric between dis-

tributions under mild assumptions [Muandet et al., 2017], which allows the resulting MMD

terms to represent the binding constraint mentioned in Section 4.3. We need richer classes

than the linear maps used in the Gaussian case for the function classes F and B. To this

end, we will use the Fully Connected Neural Network (FCNN) with three hidden layers, each

consisting of 50 neurons. Lastly, we let m = n = 20000.

Key Features of the RGM Sampler Figure 4.2(a) shows the images generated by ap-

plying the resulting map F̂ to new i.i.d. samples from µ = N(0, I2), which are independent of

the samples used for training F̂ , B̂. Though not perfect, we see that recognizable images can

be generated by transforming two-dimensional Gaussian samples, efficient in computation.6

Meanwhile, the map B̂ shows how the MNIST images can be embedded in R2. Figure 4.3(a)

shows {B̂(ỹj)}500j=1, where {ỹj}500j=1 are drawn from ν (125 images for each digit), which are

independent of the samples used for training F̂ , B̂. We see that each digit forms a local

cluster in R2, each of which is roughly representable according to the range of the angular

coordinate. Lastly, though not perfect as in Figure 4.1(b) (strongly isomorphic case), Figure

4.3(b) shows that B̂ leads to a reasonable alignment of cX (B̂(y), B̂(y′)) versus cY(y, y′).

6. Computational cost for obtaining F̂ : R2 → R784 and computing F̂ (X) from X ∼ µ is far less than
that of the OT-based sampler as explained in Section 4.1.
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(a) MMD (R2) (b) MMD (R4) (c) Sinkhorn (R4) (d) Original

Figure 4.2: (a) is generated by transforming new i.i.d. samples from µ = N(0, I2) using F̂ ,
trained under the aforementioned model specifications. (b) is generated analogously, but
with replacing the source dimension d = 2 with d = 4, namely, µ = N(0, I4); for (c), we
further replace the three MMD terms in (4.3.3) with Sinkhorn divergences. (d) shows real
MNIST images.

Quantitative Evaluation and Ablation Analysis We clarify that the above experi-

ment with µ = N(0, I2) is a proof of concept to demonstrate the key features of the RGM

sampler. To obtain high-fidelity images comparable to those generated by dedicated MNIST

generators, exhaustive tests should be done for tuning every component of the RGM sampler

and optimization strategies, which is beyond the scope of this chapter. Instead, we conclude

this section by quantitatively evaluating some key components—discrepancy measures, the

source dimension, and the neural network architecture—to inspect the performance of the

RGM sampler more systematically.

The first component is choosing the discrepancies LX ,LY ,LX×Y . Though we have been

using MMD as the leading example, one may use other discrepancies. Here, we consider a

modification of (4.3.3) by replacing the MMD terms in (4.3.3) with Sinkhorn divergences,

which has shown good performance for generative modeling tasks [Genevay et al., 2018].

Next, we also try higher source dimensions, namely, µ = N(0, Id) with d = 4, 10, 20, 50.

Lastly, we test a different neural network architecture called the Deep Convolutional Neural

Network (DCNN), which has shown good empirical performance in representing image-type
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Figure 4.3: (a) is generated by applying B̂ to 500 out-of-sample MNIST images, i.i.d. {ỹj}500j=1

from ν. (b) shows the points {(cX (B̂(ỹj), B̂(ỹj′)), cY(ỹj , ỹj′))}50j,j′=1 and a straight line y = x.

data [Radford et al., 2015].7 In summary, we test the combinations of two different discrep-

ancies (MMD and Sinkhorn), five choices for the source dimension d ∈ {2, 4, 10, 20, 50}, and

two choices for the neural network architecture (FCNN and DCNN). To quantitatively eval-

uate the performance of F̂ trained under each combination, we should quantify the closeness

of F̂#µ and the target distribution ν; though there are many suggestions in the literature for

such a task, we take a straightforward approach by comparing the moments and evaluating

log likelihood scores.

Table 4.1 summarizes the evaluation scores defined as 2∥
∑
i F̂ (x̃i)/m̃ −

∑
j ỹj/ñ∥2,8

where {x̃i}m̃i=1 and {ỹj}ñj=1 are i.i.d. samples from µ and ν, respectively; in words, we

estimate the squared difference between the first moments of F̂#µ and ν by using new

samples that are independent of the samples used to train F̂ , B̂. By comparing the first

two rows, we can observe that replacing the MMD terms with the Sinkhorn divergence leads

to smaller (= better) evaluation scores (exception: FCNN with d = 2). By comparing

Figure 4.2(b) and Figure 4.2(c), we can see that images generated by Sinkhorn divergences

7. Roughly speaking, we adapt the structures of the generator and discriminator in Radford et al. [2015]
to construct F and B, respectively.

8. This formulation is motivated by the energy distance [Székely and Rizzo, 2013], which is obtained by
replacing the distance in the energy distance formulation with the squared distance.
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d 2 4 10 20 50
FCNN
Sinkhorn 0.852(0.017) 0.743(0.011) 0.627(0.013) 0.587(0.012) 0.672(0.015)
MMD 0.784(0.015) 0.875(0.014) 0.941(0.020) 1.004(0.018) 1.131(0.021)

MMD-GAN 0.804(0.018) 1.016(0.024) 0.777(0.018) 1.121(0.024) 0.999(0.021)
DCNN
Sinkhorn 0.841(0.014) 0.729(0.015) 0.671(0.014) 0.695(0.016) 0.647(0.015)
MMD 0.900(0.018) 0.913(0.017) 1.031(0.020) 1.249(0.025) 1.155(0.021)

MMD-GAN 0.927(0.022) 0.825(0.019) 1.044(0.020) 0.841(0.018) 1.069(0.023)
baseline 0.432

Table 4.1: Evaluation scores using the squared differences between the first moments of
the generated distribution F̂#µ and the target distribution ν; these are estimated by new
samples {x̃i}2000i=1 from µ = N(0, Id) and {ỹj}2000j=1 from the MNIST test set. We repeat the
evaluation process for 100 times in each setting, and present the average evaluation score
with the corresponding standard deviation in the parenthesis. The baseline is computed by
randomly dividing the MNIST test set of 4000 samples into two subsets of 2000 samples and
calculating the squared difference between the first moments of the two subsets analogously
to the evaluation score. Here smaller evaluation scores imply better empirical results.

tend to have smoother boundaries, which are visually more natural.9 Next, we can see

that the RGM sampler with the MMD terms often (but not always) has smaller evaluation

scores than the MMD-GAN [Dziugaite et al., 2015, Li et al., 2015], which aims to solve

minF MMD2
KY

(F#µ̂m, ν̂n), that is, only minimizing the last MMD term associated with Y

in (4.3.3); note that the RGM sampler is better when d is very small, especially when d = 2.10

Increasing the source dimension d or using a more sophisticated neural network architecture

DCNN shows mixed results. For instance, for the Sinkhorn one, increasing d often (but not

always) leads to smaller (= better) evaluation scores; however, for the MMD one, larger

d results in the opposite. Similarly, DCNN often (but not always) leads to better scores

for the Sinkhorn one, but the other way around for the MMD one. The main reason for

such mixed results is likely related to the optimization; larger d and DCNN usually require

9. Of course, given that many images in MNIST have uneven boundaries, one cannot conclude that
Sinkhorn outperforms MMD.

10. One should, however, be reminded the following difference when comparing the RGM sampler and
MMD-GAN: the former requires training of both maps F,B, whereas the latter is a minimization over F
only.
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more sophisticated and tailored optimization schemes. We can similarly analyze different

evaluation scores defined by comparing the second moments or computing the log likelihood

(estimated using a kernel density estimator [Goodfellow et al., 2014]) to complement Table

4.1, which we present in the supplementary material. Omitted details of this section can

also be found therein.

4.7 Discussion

In this chapter, we proposed the Reversible Gromov-Monge (RGM) sampler, a new vari-

ant of transform sampling based on the RGM distance operating between distributions on

heterogeneous spaces. The RGM sampler fuses the Gromov-Wasserstein (GW) idea with

the transform sampling task, aiming at introducing inductive biases towards isomorphisms

(see 4.12). We have established statistical results as the main theoretical contribution, along

with several supporting results on analytic properties of the RGM distance and the convex

relaxation based on the operator viewpoint and the representer theorem.

Lastly, we mention two directions for future research. First, as briefly mentioned in

Section 4.3, the RGM sampler is easily implementable by solving a minimization problem

via the gradient descent algorithm; however, it is unclear whether one can derive global

convergence results from this minimization, which we leave as future research. Next, another

interesting direction is to study analytic properties of the RGM distance; investigating deeper

connections with the GW distance and strong isomorphisms would be an interesting topic

in the GW analysis literature.
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4.8 Details of Section 4.4

4.8.1 Proofs in Section 4.4

Proof of Proposition 4.4.4. Let hF,B(x, y) := (cX (x,B(y))− cY(F (x), y))2, then

Ĉ0(F,B)− C0(F,B) =
1

mn

m∑
i=1

n∑
j=1

hF,B(xi, yj)− E(x,y)∼µ⊗νhF,B(x, y)

=
1

m

m∑
i=1

 1

n

n∑
j=1

hF,B(xi, yj)− Ey∼νhF,B(xi, y)


+

1

m

m∑
i=1

Ey∼νhF,B(xi, y)− E(x,y)∼µ⊗νhF,B(x, y) .

Assumption 4.4.3 implies that a function x 7→ Ey∼νhF,B(x, y) is bounded in [0, H]. Thus,

by the McDiarmid’s inequality,

1

m

m∑
i=1

Ey∼νhF,B(xi, y)− E(x,y)∼µ⊗νhF,B(x, y) ≤
√
H2 log(1/δ)

2m

holds with probability at least 1− δ. By the same logic, for fixed xi,

1

n

n∑
j=1

hF,B(xi, yj)− Ey∼νhF,B(xi, y) ≤
√
H2 log(1/δ)

2n

holds with probability at least 1− δ, where the probability is the conditional probability of

y1, . . . , yn given x1, . . . , xm. Since this is true for all xi, the union bound implies

1

m

m∑
i=1

 1

n

n∑
j=1

hF,B(xi, yj)− Ey∼νhF,B(xi, y)

 ≤√H2 log(m/δ)

2n
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holds with probability at least 1− δ. Hence,

Ĉ0(F,B)− C0(F,B) ≾

√
log(m/δ)

m
≤

√
log
(m∨n

δ

)
m ∧ n

holds with probability at least 1−2δ. The same result holds for C0(F,B)− Ĉ0(F,B). Hence

we complete the proof.

Proof of Proposition 4.4.6. By the triangle inequality, |M̂(F,B) − M(F,B)| is bounded

above by the sum of the following three terms:

|MMD2
KY

(F#µ̂m, ν̂n)−MMD2
KY

(F#µ, ν)| ,

|MMD2
KX

(µ̂m, B#ν̂n)−MMD2
KX

(µ,B#ν)| ,

|MMD2
KX⊗KY

((Id, F )#µ̂m, (B, Id)#ν̂n)−MMD2
KX⊗KY

((Id, F )#µ, (B, Id)#ν)| .

First, we give an upper bound on the first term. Boundedness of kernels (Assumption 4.4.5)

implies

MMDKY (F#µ̂m, ν̂n) , MMDKY (F#µ, ν) ≤ 2
√
K .

Hence,

|MMD2
KY

(F#µ̂m, ν̂n)−MMD2
KY

(F#µ, ν)| ≤ 4
√
K|MMDKY (F#µ̂m, ν̂n)−MMDKY (F#µ, ν)| .

Due to the triangle inequality of MMD, we have

|MMDKY (F#µ̂m, ν̂n)−MMDKY (F#µ, ν)| ≤ MMDKY (F#µ̂m, F#µ) + MMDKY (ν̂n, ν) .

By Theorem 3.4 of Muandet et al. [2017],

MMDKY (ν̂n, ν) ≤
√
K

n
+

√
2K log(1/δ)

n
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holds with probability at least 1− δ. Next, note that F#µ̂m = 1
m

∑
i δF (xi) is the empirical

measure constructed from {F (xi)}mi=1. Since they are m many i.i.d. samples from F#µ, by

the same theorem,

MMDKY (F#µ̂m, F#µ) ≤
√
K

m
+

√
2K log(1/δ)

m

holds with probability at least 1− δ. Hence,

|MMD2
KY

(F#µ̂m, ν̂n)−MMD2
KY

(F#µ, ν)| ≾
√

log(1/δ)

m
+

√
log(1/δ)

n

holds with probability at least 1− 2δ. Similarly, we have

|MMD2
KX

(µ̂m, B#ν̂n)−MMD2
KX

(µ,B#ν)| ≾
√

log(1/δ)

m
+

√
log(1/δ)

n
,

|MMD2
KX⊗KY

((Id, F )#µ̂m, (B, Id)#ν̂n)−MMD2
KX⊗KY

((Id, F )#µ, (B, Id)#ν)|

≾

√
log(1/δ)

m
+

√
log(1/δ)

n
,

each holds with probability at least 1− 2δ. Combining these three probabilistic bounds, we

obtain a bound for |M̂(F,B)−M(F,B)|.

Proof of Proposition 4.4.10. Without loss of generality, assume n ≥ m. From the proof of

Proposition 4.4.4,

sup
(F,B)∈F×B

|Ĉ0(F,B)− C0(F,B)| ≤ 1

m

m∑
i=1

sup
(F,B)∈F×B

∣∣∣∣∣∣ 1n
n∑
j=1

hF,B(xi, yj)− Ey∼νhF,B(xi, y)

∣∣∣∣∣∣
+ sup

(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

Ey∼νhF,B(xi, y)− Ex∼µEy∼νhF,B(x, y)

∣∣∣∣∣ .
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Since x 7→ Ey∼νhF,B(x, y) is bounded in [0, H], Lemma 4.8.1 implies

sup
(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

Ey∼νhF,B(xi, y)− Ex∼µEy∼νhF,B(x, y)

∣∣∣∣∣
≾

√
log(1/δ)

m
+ ExiEεi sup

(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

εiEy∼νhF,B(xi, y)

∣∣∣∣∣
holds with probability at least 1− δ. Since n ≥ m,

ExiEεi sup
(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

εiEy∼νhF,B(xi, y)

∣∣∣∣∣ = ExiEεi sup
(F,B)∈F×B

∣∣∣∣∣Ey1,...,ym 1

m

m∑
i=1

εihF,B(xi, yi)

∣∣∣∣∣
≤ ExiEεiEy1,...,ym sup

(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

εihF,B(xi, yi)

∣∣∣∣∣
= ExiEyiEεi sup

(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

εihF,B(xi, yi)

∣∣∣∣∣ .
We first give an upper bound on

Eεi sup
(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

εihF,B(xi, yi)

∣∣∣∣∣︸ ︷︷ ︸
=:XF,B

.
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First, observe that Assumption 4.4.3 and Assumption 4.4.9 imply

|hF,B(x, y)− hF ′,B′(x, y)| ≤
∣∣∣∣√hF,B(x, y) +√hF ′,B′(x, y)

∣∣∣∣ ∣∣∣∣√hF,B(x, y)−√hF ′,B′(x, y)

∣∣∣∣
≤ 2
√
H
(
|cX (x,B(y))− cX (x,B′(y))|+ |cY(F (x), y)− cY(F ′(x), y)|

)
≤ 2
√
HL

(
∥F (x)− F ′(x)∥+ ∥B(y)−B′(y)∥

)

= 2
√
HL


√√√√dim(Y)∑

k=1

|Fk(x)− F ′
k(x)|2 +

√√√√dim(X )∑
ℓ=1

|Bℓ(y)−B′
ℓ(y)|2


≤ 2
√
HL

dim(Y)∑
k=1

|Fk(x)− F ′
k(x)|+

dim(X )∑
ℓ=1

|Bℓ(y)−B′
ℓ(y)|

 .

Therefore,

|XF,B −XF ′,B′| ≤
1

m

m∑
i=1

|hF,B(xi, yi)− hF ′,B′(xi, yi)|

≤ 2
√
HL

dim(Y)∑
k=1

1

m

m∑
i=1

|Fk(xi)− F ′k(xi)|+
dim(X )∑
ℓ=1

1

m

m∑
i=1

|Bℓ(yi)−B′ℓ(yi)|


≤ 2
√
HL

dim(Y)∑
k=1

max
i∈[m]

|Fk(xi)− F ′k(xi)|+
dim(X )∑
ℓ=1

max
i∈[m]

|Bℓ(yi)−B′ℓ(yi)|


=: ρ((F,B), (F ′, B′)) .

For ε > 0, let N∞(ε,Fk, {xi}mi=1) be the minimal ε-covering net of Fk under the pseudo-

metric d induced by x1, . . . , xm:

d(Fk, F
′
k) := max

i∈[m]
|Fk(xi)− Fk(x′i)| .

In other words, for any Fk ∈ Fk, we can find F ′k ∈ N∞(ε,Fk, {xi}mi=1) such that d(Fk, F ′k) ≤

ε. Also, |N∞(ε,Fk, {xi}mi=1)| = N∞(ε,Fk, {xi}mi=1). We define N∞(ε,Bℓ, {yi}mi=1) in a

similar fashion.
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Given ε > 0, let Tε = ⊗
dim(Y)
k=1 N∞(ε,Fk, {xi}mi=1) × ⊗

dim(X )
ℓ=1 N∞(ε,Bℓ, {yi}mi=1). Then,

for any (F,B) ∈ F × B, we can find (F ′, B′) ∈ Tε such that

ρ((F,B), (F ′, B′)) ≤ ηε ,

where η = 2
√
HL(dim(X ) + dim(Y)). As a result, one can easily check

sup
(F,B)∈F×B

XF,B ≤ sup
ρ((F,B),(F ′,B′))≤ηε

|XF,B −XF ′,B′|+ sup
(F,B)∈Tε

XF,B

≤ ηε+ sup
(F,B)∈Tε

XF,B .

Note that XF,B is the absolute value of a sub-Gaussian random variable with parameter

H2/(4m). Hence, the maximal inequality yields

Eεi sup
(F,B)∈F×B

XF,B ≤ ηε+ Eεi sup
(F,B)∈Tε

XF,B ≤ ηε+

√
H2 log(|Tε|)

m
.

Using |Tε| =
∏dim(Y)
k=1 N∞(ε,Fk, {xi}mi=1)×

∏dim(X )
ℓ=1 N∞(ε,Bℓ, {yi}mi=1), we have

Eεi sup
(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

εihF,B(xi, yi)

∣∣∣∣∣
≤ ηε+H

√∑dim(Y)
k=1 logN∞(ε,Fk, {xi}mi=1) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ, {yi}mi=1)

m

≤ ηε+H

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ,m)

m
.

The second inequality is obvious from the definition of the uniform covering number. Since
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the last equation is independent of xi and yi, we have

ExiEyiEεi sup
(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

εihF,B(xi, yi)

∣∣∣∣∣
≤ ηε+H

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ,m)

m
.

As a result,

sup
(F,B)∈F×B

∣∣∣∣∣ 1m
m∑
i=1

Ey∼νhF,B(xi, y)− Ex∼µEy∼νhF,B(x, y)

∣∣∣∣∣
≾

√
log(1/δ)

m
+ ε+

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ,m)

m

≤
√

log(1/δ)

m
+ ε+

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ, n)

m

(4.8.1)

holds with probability at least 1− δ. Here, logN∞(ε,Bℓ,m) ≤ logN∞(ε,Bℓ, n) holds since

n ≥ m, which is obvious from the definition of the uniform covering number.

Next, we give a bound on

1

m

m∑
i=1

sup
(F,B)∈F×B

∣∣∣∣∣∣ 1n
n∑
j=1

hF,B(xi, yj)− Ey∼νhF,B(xi, y)

∣∣∣∣∣∣ .
Considering x1, . . . , xm are fixed, Lemma 4.8.1 implies

sup
(F,B)∈F×B

∣∣∣∣∣∣ 1n
n∑
j=1

hF,B(xi, yj)− Ey∼νhF,B(xi, y)

∣∣∣∣∣∣
≾

√
log(1/δ)

n
+ EyjEεj sup

(F,B)∈F×B

∣∣∣∣∣∣ 1n
n∑
j=1

εjhF,B(xi, yj)

∣∣∣∣∣∣︸ ︷︷ ︸
YF,B

holds with probability at least 1 − δ. Here, the probability should be understood as a
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conditional probability of y1, . . . , yn given x1, . . . , xm. Again, we have

|YF,B − YF ′,B′| ≤ 2
√
HL

dim(Y)∑
k=1

|Fk(xi)− F ′k(xi)|+
dim(X )∑
ℓ=1

1

n

n∑
j=1

|Bℓ(yj)−B′ℓ(yj)|


≤ 2
√
HL

dim(Y)∑
k=1

max
i∈[m]

|Fk(xi)− F ′k(xi)|+
dim(X )∑
ℓ=1

max
j∈[n]

|Bℓ(yj)−B′ℓ(yj)|

 .

Also, YF,B is the absolute value of a sub-Gaussian random variable with parameter H2/(4n).

By the same argument as before,

EyjEεj sup
(F,B)∈F×B

∣∣∣∣∣∣ 1n
n∑
j=1

εjhF,B(xi, yj)

∣∣∣∣∣∣
≤ ηε+H

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ, n)

n
.

Hence,

sup
(F,B)∈F×B

∣∣∣∣∣∣ 1n
n∑
j=1

hF,B(xi, yj)− Ey∼νhF,B(xi, y)

∣∣∣∣∣∣
≾

√
log(1/δ)

n
+ ε+

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ, n)

n

holds with probability (conditional probability as explained earlier) at least 1− δ. Since this

holds for all xi, the union bound implies

1

m

m∑
i=1

sup
(F,B)∈F×B

∣∣∣∣∣∣ 1n
n∑
j=1

hF,B(xi, yj)− Ey∼νhF,B(xi, y)

∣∣∣∣∣∣
≾

√
log(m/δ)

n
+ ε+

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ, n)

n

≤
√

log(m/δ)

m
+ ε+

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ, n)

m

(4.8.2)
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holds with probability at least 1− δ. Combining (4.8.1) and (4.8.2), for any ε > 0, we have

sup
(F,B)∈F×B

|Ĉ0(F,B)− C0(F,B)|

≾

√
log
(m∨n

δ

)
m ∧ n

+ ε+

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ, n)

m ∧ n

holds with probability at least 1− 2δ.

Proof of Corollary 4.4.12. Combining Assumption 4.4.8 and Lemma 4.8.2, we have

N∞(ε,Fk,m) ≤
(

2emb

ε · Pdim(Fk)

)Pdim(Fk)
.

Hence,

sup
(F,B)∈F×B

|Ĉ0(F,B)− C0(F,B)|

≾

√
log
(m∨n

δ

)
m ∧ n

+ ε+

√∑dim(Y)
k=1 logN∞(ε,Fk,m) +

∑dim(X )
ℓ=1 logN∞(ε,Bℓ, n)

m ∧ n

≤

√
log
(m∨n

δ

)
m ∧ n

+ ε+

√√√√√ log
(
2eb(m∨n)

ε

)
m ∧ n

dim(Y)∑
k=1

Pdim(Fk) +
dim(X )∑
ℓ=1

Pdim(Bℓ)



≾

√
log
(m∨n

δ

)
m ∧ n

+

√√√√√ log(m ∨ n)
m ∧ n

dim(Y)∑
k=1

Pdim(Fk) +
dim(X )∑
ℓ=1

Pdim(Bℓ)


holds with probability at least 1 − 2δ, where the last bound comes from choosing ε =

(m ∧ n)−1/2.

Proof of Proposition 4.4.14. Using triangle inequality, we bound sup(F,B)∈F×B |M̂(F,B)−
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M(F,B)| by the sum of the following three terms:

sup
F∈F

|MMD2
KY

(F#µ̂m, ν̂n)−MMD2
KY

(F#µ, ν)| ,

sup
B∈B
|MMD2

KX
(µ̂m, B#ν̂n)−MMD2

KX
(µ,B#ν)| ,

sup
(F,B)∈F×B

|MMD2
KX⊗KY

((Id, F )#µ̂m, (B, Id)#ν̂n)−MMD2
KX⊗KY

((Id, F )#µ, (B, Id)#ν)| .

As in the proof of Proposition 4.4.6, we have

sup
F∈F

|MMD2
KY

(F#µ̂m, ν̂n)−MMD2
KY

(F#µ, ν)|

≤ 4
√
K

[
sup
F∈F

MMDKY (F#µ̂m, F#µ) + MMDKY (ν̂n, ν)

]
.

MMDKY (ν̂n, ν) has already been bounded in Proposition 4.4.6. For the first term on the

RHS, observe that

sup
F∈F

MMDKY (F#µ̂m, F#µ) = sup
F∈F

sup
f∈HY(1)

∣∣∣∣∫ f dF#µ̂m −
∫
f dF#µ

∣∣∣∣
= sup
F∈F

sup
f∈HY(1)

∣∣∣∣∫ f ◦ F dµ̂m −
∫
f ◦ F dµ

∣∣∣∣
= sup
f∈HY(1)◦F

∣∣∣∣∫ f dµ̂m −
∫
f dµ

∣∣∣∣ ,
where the second equality follows from change-of-variables.

First, we show HY(1) consists of
√
K-uniformly bounded functions. Let ∥ · ∥HY be the

norm of HY so that f ∈ HY(1) is equivalent to ∥f∥HY ≤ 1. Then, the reproducing property

implies

|f(y)| ≤ ∥f∥HY

√
KY(y, y) ≤

√
K

for any f ∈ HY(1). Accordingly,HY(1)◦F also consists of
√
K-uniformly bounded functions.
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Hence, Lemma 4.8.1 implies that

sup
F∈F

MMDKY (F#µ̂m, F#µ) = sup
f∈HY(1)◦F

∣∣∣∣∫ f dµ̂m −
∫
f dµ

∣∣∣∣
≤ 2Rm(HY(1) ◦ F , µ) +

√
2K log(1/δ)

m

holds with probability at least 1 − δ. Therefore, combining this with the upper bound on

MMDKY (ν̂n, ν) derived in Proposition 4.4.6,

sup
F∈F

|MMD2
KY

(F#µ̂m, ν̂n)−MMD2
KY

(F#µ, ν)| ≾ Rm(HY(1)◦F , µ)+
√

log(1/δ)

m
+

√
log(1/δ)

n

(4.8.3)

holds with probability at least 1− 2δ. Similarly, we can prove that

sup
B∈B
|MMD2

KX
(µ̂m, B#ν̂n)−MMD2

KX
(µ,B#ν)| ≾ Rn(HX (1)◦B, ν)+

√
log(1/δ)

m
+

√
log(1/δ)

n

(4.8.4)

holds with probability at least 1− 2δ.

Lastly, since KX ⊗KY is bounded by K2, that is,

sup
(x,y),(x′,y′)∈X×Y

KX ⊗KY((x, y), (x′, y′)) ≤ K2,

by the same argument, we have

sup
(F,B)∈F×B

|MMD2
KX⊗KY ((Id, F )#µ̂m, (B, Id)#ν̂n)−MMD2

KX⊗KY ((Id, F )#µ, (B, Id)#ν)|

≤ 4K

[
sup
F∈F

MMDKX⊗KY ((Id, F )#µ̂m, (Id, F )#µ) + sup
B∈B

MMDKX⊗KY ((B, Id)#ν̂n, (B, Id)#ν)

]
.
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Analogously, HX×Y(1) consists of K-uniformly bounded functions, hence

sup
F∈F

MMDKX⊗KY ((Id, F )#µ̂m, (Id, F )#µ) = sup
f∈HX×Y (1)◦(Id,F)

∣∣∣∣∫ f dµ̂m −
∫
f dµ

∣∣∣∣
≤ 2Rm(HX×Y(1) ◦ (Id,F), µ) +

√
2K2 log(1/δ)

m
,

sup
B∈B

MMDKX⊗KY ((B, Id)#ν̂n, (B, Id)#ν) = sup
f∈HX×Y (1)◦(B,Id)

∣∣∣∣∫ f dν̂n −
∫
f dν

∣∣∣∣
≤ 2Rn(HX×Y(1) ◦ (B, Id), ν) +

√
2K2 log(1/δ)

n
,

each of which holds with probability at least 1− δ. Therefore,

sup
(F,B)∈F×B

|MMD2
KX⊗KY

((Id, F )#µ̂m, (B, Id)#ν̂n)−MMD2
KX⊗KY

((Id, F )#µ, (B, Id)#ν)|

≾ Rm(HX×Y(1) ◦ (Id,F), µ) +Rn(HX×Y(1) ◦ (B, Id), ν) +
√

log(1/δ)

m
+

√
log(1/δ)

n

(4.8.5)

holds with probability at least 1− 2δ. We complete the proof by combining (4.8.3), (4.8.4),

(4.8.5).

Proof of Lemma 4.4.15. For any integer j ∈ N∪ {0}, define δj = 2−j∆, and let Tj ⊂ Sm×m0

be a minimal δj-covering net of T ; clearly, |Tj | = N(δj , T ). For each j, the covering set

induces a mapping Πj : T → Tj such that

sup
A∈T

d(A,Πj(A)) ≤ δj .

By definition of ∆, we may assume T0 = {A0} so that Π0(A) = A0 for all A ∈ T .

Note that Eg⊤A0g = 0 by definition. Using this, we write E supA∈T g
⊤Ag as a chaining
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sum:

E sup
A∈T

g⊤Ag = Eg sup
A∈T

g⊤Ag − Eg⊤A0g

= E sup
A∈T

(
g⊤Ag − g⊤A0g

)
= E sup

A∈T

g⊤Ag − g⊤ΠJ (A)g + J−1∑
j=0

g⊤Πj+1(A)g − g⊤Πj(A)g


≤ E sup

A∈T

(
g⊤Ag − g⊤ΠJ (A)g

)
+
J−1∑
j=0

E sup
A∈T

(
g⊤Πj+1(A)g − g⊤Πj(A)g

)
.

For the first term on RHS, using the Cauchy-Schwarz inequality and Jensen’s inequality, we

have

E sup
A∈T

(
g⊤Ag − g⊤ΠJ (A)g

)
≤ E

(∑
i̸=j

g2i g
2
j

)1/2 · δJ
 ≤ mδJ .

For each summand in the second term on RHS, use Lemma 4.8.4. Note that for any j, the

maximal cardinality of {(Πj+1(A),Πj(A)) : A ∈ T } satisfies

|{(Πj+1(A),Πj(A)) : A ∈ T }| ≤ N(δj+1, T )×N(δj , T ) ≤ N(δj+1, T )2

and that

d(Πj+1(A),Πj(A)) ≤ d(Πj+1(A), A) + d(A,Πj(A)) ≤ 3δj+1 .

Since Πj+1(A) − Πj(A) ∈ Sm×m0 and ∥Πj+1(A) − Πj(A)∥ ≤ 3δj+1, Lemma 4.8.4 asserts

that for any j

E sup
A∈T

(
g⊤Πj+1(A)g − g⊤Πj(A)g

)
≤ 6δj+1

√
2 logN(δj+1, T ) + 12δj+1 logN(δj+1, T ) .
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Summing over j, we have for any J , the following inequality,

E sup
A∈T

(
g⊤Ag − g⊤A0g

)
≤ mδJ + 12

∫ ∆/2

δJ/2

√
2 logN(δ, T ) dδ + 24

∫ ∆/2

δJ/2
logN(δ, T ) dδ .

Proof of Proposition 4.4.18. To make use of the chaining inequality, we are only left to bound

the covering number N(δ, T ) with

T := {AF : F ∈ F} ⊂ Sm×m0 .

Lipschitzness of KY (Assumption 4.4.16) implies

∣∣KY(F (xi), F (xj))−KY(F ′(xi), F ′(xj))∣∣ ≤ L

2
∥F (xi)− F ′(xi)∥+

L

2
∥F (xj)− F ′(xj)∥ .

Hence,

d(AF , AF ′) ≤ mmax
i̸=j

∣∣KY(F (xi), F (xj))−KY(F ′(xi), F ′(xj))∣∣
≤ mL

2

(
max
i∈[m]

∥F (xi)− F ′(xi)∥+ max
j∈[m]

∥F (xj)− F ′(xj)∥

)

= mL max
i∈[m]

∥F (xi)− F ′(xi)∥

≤ mL max
i∈[m]

dim(Y)∑
k=1

|Fk(xi)− F ′k(xi)|
2

1/2

≤ mL

dim(Y)∑
k=1

(
max
i∈[m]

|Fk(xi)− F ′k(xi)|

)2
1/2 .

As in the proof of Proposition 4.4.10, for ε > 0, let N∞(ε,Fk, {xi}mi=1) be a minimal ε-
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covering net of Fk. Then, one can easily see that

{
AF : F ∈ ⊗dim(Y)

k=1 N∞
(

δ
mL
√
dim(Y)

,Fk, {xi}mi=1)

)}

is a δ-covering of T . Therefore, we conclude

N(δ, T ) ≤
dim(Y)∏
k=1

N∞

(
δ

mL
√

dim(Y)
,Fk, {xi}mi=1

)
≤

dim(Y)∏
k=1

N∞

(
δ

mL
√
dim(Y)

,Fk,m
)
.

Lastly, we bound N∞(δ,Fk,m) by the pseudo-dimension of Fk via Lemma 4.8.2. Combining

Assumption 4.4.8 and Lemma 4.8.2, we have

N(δ, T ) ≤
dim(Y)∏
k=1

 2emb
δ

mL
√
dim(Y)

· Pdim(Fk)

Pdim(Fk)

.

Now, to apply Lemma 4.4.15, fix F0 ∈ F and let A0 = AF0 . Then,

∫ ∆/2

δJ/2
logN(δ, T ) dδ ≤ ∆/2 ·

dim(Y)∑
k=1

Pdim(Fk) · log

 2emb
1

mL
√
dim(Y)

∆2−J/2 · Pdim(Fk)

 .

First, we obtain an upper bound on ∆:

∆ = sup
F∈F

∥AF − A0∥ ≤ mmax
i̸=j

∣∣KY(F (xi), F (xj))−KY(F0(xi), F0(xj))∣∣ ≤ 2mK .

Next, we claim that ∆ is bounded below by a universal constant; this is to upper bound ∆

in the denominator. Consider y0 and y′0 given in Assumption 4.4.17. We may assume that

F0 is the constant map explained in Assumption 4.4.17: F0(x) = y0 for all x ∈ X . Without

loss of generality, we assume x1 ̸= x2. Then, we can find F ∈ F such that F (x1) = y0 and
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F (x2) = y′0 according to Assumption 4.4.17. Hence,

∆ ≥ |KY(F (x1), F (x2))−KY(F0(x1), F0(x2))| = |KY(y0, y′0)−KY(y0, y0)| > 0 .

Therefore, with the choice of J such that m2−J ≍
∑
k Pdim(Fk),

∫ ∆/2

δJ/2
logN(δ, T ) dδ ≾ m

dim(Y)∑
k=1

Pdim(Fk)

 · log( m

mink∈[dim(Y)] Pdim(Fk)

)

≤ m log(m)

dim(Y)∑
k=1

Pdim(Fk)

 .

Analogously,

∫ ∆/2

δJ/2

√
2 logN(δ, T ) dδ ≾ m log(m)

dim(Y)∑
k=1

Pdim(Fk)

 .

Thus,

Rm(Hy(1) ◦ F , {xi}mi=1) ≾
1

m

[
mK + Eg sup

F∈F
g⊤AF g

]1/2
≾

√√√√√ logm

m

dim(Y)∑
k=1

Pdim(Fk)

The same argument can be applied to the other three Rademacher complexities. Hence,

we have proved the proposition.

4.8.2 Auxiliary Lemmas

Lemma 4.8.1 (Theorem 4.10 of Wainwright [2019]). Let (Z, ρ) be a probability space and G

be a class of b-uniformly bounded measurable functions defined on Z, that is, supg∈G ∥g∥∞ ≤

b. Let z1, . . . , zm are i.i.d. samples from ρ and let ρ̂m be the empirical measure constructed
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from them. Then, for any δ > 0,

sup
g∈G

∣∣∣∣∫ g dρ̂m −
∫
g dρ

∣∣∣∣ ≤ 2Rm(G, ρ) +
√

2b2 log(1/δ)

m

holds with probability at least 1− δ.

Lemma 4.8.2 (Theorem 12.2 of Anthony and Bartlett [1999]). Let G be a collection of

real-valued functions defined on a set Z. Suppose supg∈G ||g||∞ = b < ∞. For ε > 0 and

m ≥ Pdim(G),

N∞(ε,G,m) ≤
(

2emb

ε · Pdim(G)

)Pdim(G)
.

Lemma 4.8.3 (Example 2.12 of Boucheron et al. [2013]). For any A ∈ Sm×m0 and 0 ≤ λ <

1/(2∥A∥op),

logEgeλg
⊤Ag ≤ λ2∥A∥

1− 2λ∥A∥op
, (4.8.6)

where g ∼ N(0, Im). Here, ∥ · ∥op denotes the operator norm of A.

This lemma tells that g⊤Ag is a sub-Gamma random variable with variance factor 2∥A∥2

and scale parameter 2∥A∥op (see Chapter 2.4 of Boucheron et al. [2013] for the definition).

Using Corollary 2.6 of the same text, we can derive the following maximal inequality.

Lemma 4.8.4 (Maximal inequality). For A1, . . . , AN ∈ Sm×m0 , suppose maxi=1,...,N ∥Ai∥ ≤

δ. Then,

Eg max
i=1,...,N

g⊤Aig ≤ 2δ
(√

logN + logN
)
, (4.8.7)

where g ∼ N(0, Im).
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4.9 Details of Section 4.5.1

4.9.1 Metric Properties and Some Basic Properties

In this section, we derive the metric properties of the proposed RGM distance. First, observe

that our RGM is symmetric while the original GM is not. Next, we prove a triangle inequality

using a gluing argument.

Proposition 4.9.1. RGM satisfies the triangle inequality, that is,

RGM(µX , µZ) ≤ RGM(µX , µY) + RGM(µY , µZ)

holds for three network spaces (X , µX , cX ), (Y , µY , cY), and (Z, µZ , cZ).

Proof of Proposition 4.9.1. Recall that

RGM(µX , µZ) = inf
(F,B)∈I(µX ,µZ)

CXZ(F,B) ,

where

CXZ(F,B) =

(∫
(cX (x,B(z))− cZ(F (x), z))2 dµX ⊗ µZ (x, z)

)1/2

.

First, (FZ ◦ FY , BX ◦ BY) ∈ I(µX , µZ) holds for (FY , BX ) ∈ I(µX , µY) and (FZ , BY) ∈

I(µY , µZ) since

(Id, FZ ◦ FY)#µX = (Id, FZ)#(Id, FY)#µX

= (Id, FZ)#(BX , Id)#µY (∵ (FY , BX ) ∈ I(µX , µY))

= (BX , Id)#(Id, FZ)#µY

= (BX , Id)#(BY , Id)#µZ (∵ (FZ , BY) ∈ I(µY , µZ))

= (BX ◦BY , Id)#µZ .
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X Z

Y

F

FY

B
BY

FZ

BX

Moreover, in this case, we have

CXZ(FZ ◦ FY , BX ◦BY) ≤ CXY(FY , BX ) + CYZ(FZ , BY)

since

CXZ(FZ ◦ FY , BX ◦BY)

=

(∫ [
cX (x,BX ◦BY(z))− cZ(FZ ◦ FY(x), z)

]2
dµX ⊗ µZ (x, z)

)1/2

≤
(∫ ∫ [

cY(x,BX ◦BY(z))− cY(FY(x), BY(z))
]2

dµZ (z) dµX (x)

)1/2

+

(∫ ∫ [
cY(FY(x), BY(z))− cZ(FZ ◦ FY(x), z)

]2
dµX (x) dµZ (z)

)1/2

=

(∫ ∫ [
cY(x,BX (y))− cY(FY(x), y)

]2
dµY (y) dµX (x)

)1/2

(∵ (BY)#µZ = µY)

+

(∫ ∫ [
cY(y,BY(z))− cZ(FZ(y), z)

]2
dµY (y) dµZ (z)

)1/2

(∵ (FY)#µX = µY)

= CXY(FY , BX ) + CYZ(FZ , BY) .

Hence,

RGM(µX , µZ) = inf
(F,B)∈I(µX ,µZ)

CXZ(F,B)

≤ inf
(FY ,BX )∈I(µX ,µY)
(FZ ,BY)∈I(µY ,µZ)

CXZ(FZ ◦ FY , BX ◦BY)

≤ inf
(FY ,BX )∈I(µX ,µY)

CXY(FY , BX ) + inf
(FZ ,BY)∈I(µY ,µZ)

CYZ(FZ , BY)

= RGM(µX , µY) + RGM(µY , µZ) .
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Next, we study whether RGM(µ, ν) = 0 holds if and only if (X , µ, cX ) ∼= (Y , ν, cY). Here

the equivalence relation induced by ∼= can be read from Definition 4.2.3. As in the Gromov-

Wasserstein distance, in general, we can only assert the if part without further conditions.

The following proposition states that RGM(µ, ν) = 0 if and only if (X , µ, cX ) ∼= (Y , ν, cY)

under some additional conditions on cX and cY , thereby implying Theorem 4.5.3.

Proposition 4.9.2. Let (X , µ, cX ) and (Y , ν, cY) be two network spaces. If (X , µ, cX ) ∼=

(Y , ν, cY), then RGM(µ, ν) = 0. The converse is true if there exists a continuous and strictly

monotone function h : R+ → R such that cX = h(dX ) and cY = h(dY).

Proof of Proposition 4.9.2. Suppose RGM(µ, ν) = 0. Due to the inequality GW(µ, ν) ≤

RGM(µ, ν), we have GW(µ, ν) = 0, that is,

inf
γ∈Π(µ,ν)

(∫
X×Y

∫
X×Y

(h(dX (x, x
′))− h(dY(y, y′)))2 dγ (x, y) dγ (x′, y′)

)1/2

= 0 .

Since there exists a coupling γ⋆ that achieves the minimum of GW due to Theorem 2.2 of

Chowdhury and Mémoli [2019], we conclude

h(dX (x, x
′)) = h(dY(y, y

′))

holds γ⋆ ⊗ γ⋆ almost surely on (X × Y)2. Since h is strictly monotone, this means

dX (x, x
′) = dY(y, y

′)
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holds γ⋆ ⊗ γ⋆ almost surely on (X × Y)2. Therefore,

inf
γ∈Π(µ,ν)

(∫
X×Y

∫
X×Y

(dX (x, x
′)− dY(y, y′))2 dγ (x, y) dγ (x′, y′)

)1/2

≥
(∫
X×Y

∫
X×Y

(dX (x, x
′)− dY(y, y′))2 dγ⋆ (x, y) dγ⋆ (x′, y′)

)1/2

= 0 .

Theorem 4.2.4 implies that metric measure spaces (X , µ, dX ) and (Y , ν, dY) are strongly

isomorphic. Since cX = h(dX ) and cY = h(dY), it follows easily that (X , µ, cX ) and (Y , ν, cY)

are strongly isomorphic as well.

To prove the if part, suppose (X , µ, cX ) and (Y , ν, cY) are strongly isomorphic and

consider a strong isomorphism T . Then, (T, T−1) ∈ I(µ, ν) holds since (Id, T )#µ =

(T−1, Id)#T#µ = (T−1, Id)#ν. Also, by definition of T , we have cX (x, T−1(y)) = cY(T (x), T◦

T−1(y)) = cY(T (x), y) for all (x, y) ∈ X × Y , thus

RGM(µ, ν) ≤
∫
X×Y

(cX (x, T
−1(y))− cY(T (x), y))2 dµ⊗ ν = 0 .

We conclude this section with a few more properties and examples. We first complete

the proof of Proposition 4.5.4, which characterizes the relations among three distances: GW,

GM, and RGM.

Proof of Proposition 4.5.4. Define

Q(γ) =

∫
X×Y

∫
X×Y

(cX (x, x
′)− cY(y, y′))2 dγ (x, y) dγ (x′, y′)

for all γ ∈ Π(µ, ν) so that

GW(µ, ν)2 = inf
γ∈Π(µ,ν)

Q(γ) .
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Recall that ΠT = {(Id, T )#µ : T ∈ T (µ, ν)} ⊂ Π(µ, ν). Hence, as noted in Section 4.2,

GM(µ, ν)2 = inf
γ∈ΠT

Q(γ) .

Define Π′ = {γ ∈ Π(µ, ν) : γ = (Id, F )#µ = (B, Id)#ν ∃(F,B) ∈ I(ν, µ)}, then one can

check

RGM(µ, ν)2 = inf
γ∈Π′

Q(γ)

using change-of-variables. Note that Π′ may be rewritten as {γ ∈ ΠT : γ = (B, Id)#ν ∃B ∈

T (ν, µ)}. Hence, Π′ ⊆ ΠT ⊆ Π(µ, ν), thus we conclude GW(µ, ν) ≤ GM(µ, ν) ≤ RGM(µ, ν).

In short, Proposition 4.5.4 shows that RGM, GM, and GW are minimization problems

of a common objective function Q over different constraint sets of couplings, namely, Π′ ⊆

ΠT ⊆ Π(µ, ν), respectively.

Next, we discuss the binding constraint (Id, F )#µ = (B, Id)#ν, or equivalently, the

feasible set I(µ, ν). One should notice that I(µ, ν) might be empty, for instance, if µ and ν

are discrete and their supports have different cardinality; say, µ = δx and ν = (δy1 + δy2)/2,

namely, Dirac measures supported on x ∈ X and y1, y2 ∈ Y , then even T (µ, ν) is empty,

meaning that the Monge problem is infeasible and so is RGM. On the flip side, the following

lemma gives a sufficient condition for (F,B) ∈ I(µ, ν) which can be useful in practice.

Lemma 4.9.3. Let (F,B) ∈ T (µ, ν) × T (ν, µ). If F ◦ B = Id or B ◦ F = Id holds, then

(F,B) ∈ I(µ, ν).

Proof. Without loss of generality, assume B ◦ F = Id. Then,

(Id, F )#µ = (B ◦ F, F )#µ = (B, Id)#(F#µ) = (B, Id)#ν .

Hence, (F,B) ∈ I(µ, ν).
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The following example illustrates that this condition can be used to find a pair (F,B) ∈

I(µ, ν) when µ and ν are Gaussian distributions.

Example 4.9.4. Given p < q, suppose µ = N(0, Ip) and ν = N(0,Σ), where Ip ∈ Rp×p is

the identity matrix and Σ ∈ Rq×q is of rank p. Then, we can find a rank-p matrix A ∈ Rq×p

such that Σ = AA⊤. Let F (x) = Ax and B(y) = A†y, then one can easily check F#µ = ν,

B#ν = µ, and B ◦ F = Id. Hence, (F,B) ∈ I(µ, ν).

Lastly, we provide a simple example that shows that properly chosen cost functions give

a strong isomorphism between two Gaussian distributions.

Example 4.9.5. Consider two Gaussians on Rd, say µ = N(0,Σ1) and ν = N(0,Σ2).

Assume Σ1 and Σ2 are invertible. Then two network spaces (Rd, µ, cX ) and (Rd, ν, cY) are

strongly isomorphic if cX and cY are Mahalanobis distances, that is,

cX (x, x
′) =

√
(x− x′)⊤Σ−11 (x− x′) , cY(y, y

′) =
√
(y − y′)⊤Σ−12 (y − y′) .

To see this, let T = Σ
1/2
2 Σ

−1/2
1 , where Σ

1/2
1 and Σ

1/2
2 are the square roots of Σ1 and Σ2,

respectively. Obviously, a linear map T satisfies T ∈ T (µ, ν) and cX (x, x
′) = cY(Tx, Tx

′)

for all x, x′ ∈ Rd. According to Definition 4.2.3, a linear map T is a strong isomorphism.

Proposition 4.9.2 implies RGM(µ, ν) = 0. Notice that the same results hold for cX (x, x′) =

x⊤Σ−11 x′ and cY(y, y′) = y⊤Σ−12 y′ as well.

4.9.2 Analysis of GW = RGM in Non-atomic Cases

We have seen in Proposition 4.5.4 that GW ≤ GM ≤ RGM holds in general. This section

proves Theorem 4.5.5, which states that these inequalities become equalities under mild

conditions. Our techniques are inspired by Mémoli and Needham [2024].

Proof of Theorem 4.5.5. First, we invoke Theorem 16 in Chapter 15 of Royden [1988], which

states that any Polish probability space that has no atoms is equivalent to ([0, 1], λ), where
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λ is the Lebesgue measure on [0, 1]. More precisely, (X , µ) is equivalent to ([0, 1], λ) in

the following sense: there exists a bijection ϕ : [0, 1] → X such that ϕ, ϕ−1 are measurable,

ϕ#λ = µ, and (ϕ−1)#µ = λ. Then, we can define the following network space ([0, 1], λ, c̃X ),

where

c̃X (u, v) := cX (ϕ(u), ϕ(v)) ∀u, v ∈ [0, 1] .

By construction, ([0, 1], λ, c̃X ) is strongly isomorphic to (X , µ, cX ). Similarly, we can find a

bijection ψ : [0, 1]→ Y such that ψ, ψ−1 are measurable, ψ#λ = ν, and (ψ−1)#ν = λ. Then,

we can also define a network space ([0, 1], λ, c̃Y) that is strongly isomorphic to (Y , ν, cY) by

letting

c̃Y(u, v) := cY(ψ(u), ψ(v)) ∀u, v ∈ [0, 1] .

Next, we show that the RGM distance between (X , µ, cX ) and (Y , ν, cY) is the same as

the RGM distance between ([0, 1], λ, c̃X ) and ([0, 1], λ, c̃Y), namely,

RGM(µ, ν) = RGM((λ, c̃X ), (λ, c̃Y)) , (4.9.1)

where (λ, c̃X ) and (λ, c̃Y) are placed to distinguish the two network spaces ([0, 1], λ, c̃X ) and

([0, 1], λ, c̃Y) defined on the same space ([0, 1], λ) with different cost functions. To see this,

we use the triangle inequality of RGM (Proposition 4.9.1):

|RGM(µ, ν)− RGM((λ, c̃X ), (λ, c̃Y))| ≤ RGM(µ, (λ, c̃X )) + RGM(ν, (λ, c̃Y)) .

By Proposition 4.9.2, we have RGM(µ, (λ, c̃X )) = RGM(ν, (λ, c̃Y)) = 0, hence we have

(4.9.1). Similarly, one can verify that GW(µ, ν) = GW((λ, c̃X ), (λ, c̃Y)).

Now, to show GW(µ, ν) = RGM(µ, ν), it suffices to prove

GW((λ, c̃X ), (λ, c̃Y)) = RGM((λ, c̃X ), (λ, c̃Y)) .
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Equivalently, as in the proof of Proposition 4.5.4, we show

inf
γ∈Π(λ,λ)

Q̃(γ) = inf
γ∈Π′

Q̃(γ) ,

where Π′ = {γ ∈ Π(λ, λ) : γ = (Id, F )#λ = (B, Id)#λ, ∃(F,B) ∈ I(λ, λ)} and

Q̃(γ) =

∫
[0,1]×[0,1]

∫
[0,1]×[0,1]

(c̃X (u, u
′)− c̃Y(v, v′))2 dγ (u, v) dγ (u′, v′) ∀γ ∈ Π(λ, λ) .

By Theorem 2.2 of Chowdhury and Mémoli [2019], there exists an optimal coupling γ∗ ∈

Π(λ, λ) such that

GW((λ, c̃X ), (λ, c̃Y)) = Q̃(γ∗).

Next, we use the following fact from Theorem 1.1 of Brenier and Gangbo [2003]: there exists

a sequence (pn)n∈N of bijective maps from [0, 1] to [0, 1] such that both pn, p−1n are measure-

preserving, namely, (pn)#λ = (p−1n )#λ = λ for all n ∈ N, and γn := (Id, pn)#λ converges

weakly to γ∗.11 One can verify that

γn = (Id, pn)#λ = (Id, pn)#(p−1n )#λ = (p−1n , Id)#λ ,

which shows that γn ∈ Π′. Accordingly, (γn)n∈N is a sequence in Π′ converging weakly to

γ∗. As Lemma 2.3 of Chowdhury and Mémoli [2019] shows that Q̃ is continuous on Π(λ, λ)

with respect to the weak topology,

GW((λ, c̃X ), (λ, c̃Y)) = Q̃(γ∗) = lim
n→∞

Q̃(γn) ≥ inf
γ∈Π′

Q̃(γ) = RGM((λ, c̃X ), (λ, c̃Y)) .

11. In fact, Theorem 1.1 of Brenier and Gangbo [2003] is stated for the case where λ is the Lebesgue
measure restricted on [0, 1]d for d ≥ 2. However, one can verify that the proof still applies to d = 1.
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As GW((λ, c̃X ) ≤ RGM((λ, c̃X ), (λ, c̃Y)) by Proposition 4.5.4, we have

GW((λ, c̃X ) = RGM((λ, c̃X ), (λ, c̃Y)).

Therefore, we have GW(µ, ν) = RGM(µ, ν).

4.10 Details of Section 4.5.2

This section provides details of the results presented in Section 4.5.2. Again, without loss of

generality, we only consider λ1 = λ2 = λ3 = 1 in (4.3.3). First, we clarify how measurable

maps correspond to bounded linear operators between L2 spaces.

Proposition 4.10.1. Let F : X → Y be a measurable map such that ∥ dF#πX / dπY ∥∞ <

∞. If we define

F(g) = g ◦ F

for all g ∈ L2Y , then F : L2Y → L2X is a bounded linear operator. Similarly, a measurable map

B : Y → X satisfying ∥ dB#πY / dπX ∥∞ <∞ induces a bounded linear operator B : L2X →

L2Y such that B(g) = g ◦B for all g ∈ L2X .

Proof. The linearity of F is obvious. Since

∫
X
g(F (x))2 dπX =

∫
Y
g(y)2 dF#πX (y) =

∫
Y
g(y)2

dF#πX
dπY

(y) dπY (y) ≤ ∥g∥2L2(πY )

∥∥∥∥dF#πX
dπY

∥∥∥∥
∞
,

we can see F(g) = g ◦ F ∈ L2X and thus F : L2Y → L2X . From this inequality, the operator

norm of F is bounded by ∥ dF#πX / dπY ∥
1/2
∞ ; hence, boundedness of F follows. The same

argument applies to B.

Next, we prove that (4.3.3) can be written in terms of F and B if KX and KY are given
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by the Mercer’s representation:

KX (x, x
′) =

∞∑
k=1

λkϕk(x)ϕk(x
′) , (4.10.1)

KY(y, y
′) =

∞∑
ℓ=1

γℓψℓ(y)ψℓ(y
′) . (4.10.2)

Let Φx = [· · · , ϕk(x), · · · ]⊤ ∈ R∞ and Ψy = [· · · , ψℓ(y), · · · ]⊤ ∈ R∞. Then, KX (x, x′) =

Φ⊤x ΛΦx′ and KY(y, y′) = Ψ⊤y ΓΨy′ . Also,

KX (x,B(y)) =
∑
k

λkϕk(x)[ϕk ◦B](y)

=
∑
k

λkϕk(x)B[ϕk](y)

=
∑
k,ℓ

λkϕk(x)Bℓkψℓ(y)

= Ψ⊤y BΛΦx .

Analogously, we can obtain

KY(F (x), y) = Φ⊤x FΓΨy ,

KX (B(y), B(y′)) = Ψ⊤y BΛB⊤Ψy′ ,

KY(F (x), F (x
′)) = Φ⊤x FΓF

⊤Φx′ .

Using this, we have

1

mn

m∑
i=1

n∑
j=1

(KX (xi, B(yj))−KY(F (xi), yj))2 =
1

mn

∑
i,j

(Ψ⊤yjBΛΦxi − Φ⊤xiFΓΨyj )
2 .

(4.10.3)

140



Also,

MMD2
KX (µ̂m, B#ν̂n) =

1

m2

∑
i,i′

KX (xi, xi′) +
1

n2

∑
j,j′

KX (B(yj), B(yj′))−
2

mn

∑
i,j

KX (xi, B(yj))

=
1

m2

∑
i,i′

Φ⊤
xi
ΛΦx′

i
+

1

n2

∑
j,j′

Ψ⊤
yjBΛB⊤Ψyj′ −

2

mn

∑
i,j

Ψ⊤
yjBΛΦxi .

(4.10.4)

Similarly, we have

MMD2
KY

(F#µ̂m, ν̂n) =
1

m2

∑
i,i′

Φ⊤xiFΓF
⊤Φxi′ +

1

n2

∑
j,j′

Ψ⊤yjΓΨyj′ −
2

mn

∑
i,j

Φ⊤xiFΓΨyj

(4.10.5)

and

MMD2
KX⊗KY

((Id, F )#µ̂m, (B, Id)#ν̂n)

=
1

m2

∑
i,i′

Φ⊤xiΛΦx′i
Φ⊤xiFΓF

⊤Φxi′ +
1

n2

∑
j,j′

Ψ⊤yjΓΨyj′Ψ
⊤
yjBΛB⊤Ψyj′

− 2

mn

∑
i,j

Ψ⊤yjBΛΦxiΦ
⊤
xiFΓΨyj .

(4.10.6)

The following proposition summarizes the discussion so far.

Proposition 4.10.2. Given Borel measures πX and πY over X and Y, respectively, sup-

pose their corresponding L2 spaces L2X and L2Y have countable orthonormal bases: {ϕk}k∈N

and {ψℓ}ℓ∈N. Also, assume KX and KY are given by the Mercer’s representation (4.10.1)

and (4.10.2). Let Fo and Bo be collections of all F : X → Y and B : Y → X such that

∥ dF#πX / dπY ∥∞ < ∞ and ∥ dB#πY / dπX ∥∞ < ∞, respectively. Then, solving (4.3.3)

over Fo × Bo is equivalent to (4.5.5), where C denotes the collection of all pairs of matrices

(F,B) that correspond to a pair of bounded linear operators induced by (F,B) ∈ Fo × Bo.
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Also, Ω is defined as

Ω(F,B) :=
1

mn

∑
i,j

(Ψ⊤yjBΛΦxi − Φ⊤xiFΓΨyj )
2

+
1

m2

∑
i,i′

Φ⊤xiΛΦx′i
+

1

n2

∑
j,j′

Ψ⊤yjBΛB⊤Ψyj′ −
2

mn

∑
i,j

Ψ⊤yjBΛΦxi

+
1

m2

∑
i,i′

Φ⊤xiFΓF
⊤Φxi′ +

1

n2

∑
j,j′

Ψ⊤yjΓΨyj′ −
2

mn

∑
i,j

Φ⊤xiFΓΨyj

+
1

m2

∑
i,i′

Φ⊤xiΛΦx′i
Φ⊤xiFΓF

⊤Φxi′ +
1

n2

∑
j,j′

Ψ⊤yjΓΨyj′Ψ
⊤
yjBΛB⊤Ψyj′

− 2

mn

∑
i,j

Ψ⊤yjBΛΦxiΦ
⊤
xiFΓΨyj .

Based on this, we now prove Theorem 4.5.7.

Proof of Theorem 4.5.7. Let xi = Λ1/2Φxi and yj = Γ1/2Ψyj . Notice that we can view

them as elements of a Hilbert space ℓ2N, that is, the space of square-summable sequences:

ℓ2N = {(ak)k∈N :
∑
k

a2k <∞} .

Also, define F̄ = Λ−1/2FΓ1/2 and B̄ = Γ−1/2BΛ1/2 where Λ,Γ ≻ 0. By rewriting (4.10.3)-
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(4.10.6) using xi, yj , F̄, and B̄, we have

Ω(F,B)

=
1

mn

∑
i,j

(y⊤j B̄xi − x⊤i F̄yj)
2 (i)

+
1

m2

∑
i,i′

x⊤i xi′ +
1

n2

∑
j,j′

y⊤j B̄B̄⊤yj′ −
2

mn

∑
i,j

y⊤j B̄xi (ii)

+
1

m2

∑
i,i′

x⊤i F̄F̄
⊤xi′ +

1

n2

∑
j,j′

y⊤j yj′ −
2

mn

∑
i,j

x⊤i F̄yj (iii)

+
1

m2

∑
i,i′

(x⊤i xi′)(x
⊤
i F̄F̄

⊤xi′) +
1

n2

∑
j,j′

(y⊤j yj′)(y
⊤
j B̄B̄⊤yj′)−

2

mn

∑
i,j

(y⊤j B̄xi)(x
⊤
i F̄yj)

(iv)

=: Ω̄(F̄, B̄) .

As a result, (4.5.6) reduces to minF̄,B̄∈R∞×∞ Ω̄(F̄, B̄). Now, we define two finite-dimensional

subspaces of ℓ2N spanned by (x1, . . . ,xm) and (y1, . . . ,yn), respectively:

Um := span{x1, . . . ,xm} , Vn := span{y1, . . . ,yn} .

Also, we define PUm
and PVn to be matrices that correspond to the orthogonal projection

operators from ℓ2N to Um and to Vn, respectively. Recall that PUm
and PVn are symmetric

and idempotent by definition.

Our goal is to prove

Ω̄(F̄, B̄) ≥ Ω̄(PUm
F̄PVn , PVnB̄PUm

) .

More precisely, we show that four terms (i)-(iv) decrease if we replace F̄ and B̄ with PUm
F̄PVn

and PVnB̄PUm
, respectively. First, observe that (i) remains the same. By definition,

PUm
xi = xi and PVnyj = yj , thus y⊤j B̄xi = y⊤j PVnB̄PUm

xi and x⊤i F̄yj = x⊤i PUm
F̄PVnyj .
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Hence, (i) does not change.

To prove that (ii) decreases, it suffices to prove

∑
j,j′

y⊤j B̄B̄⊤yj′ ≥
∑
j,j′

y⊤j (PVnB̄PUm
)(PVnB̄PUm

)⊤yj′ =
∑
j,j′

y⊤j B̄PUm
B̄⊤yj′ .

To this end, define P⊥Um
to be a matrix that corresponds to the orthogonal projection from

ℓ2N to U⊥m, the orthogonal complement of Um. By definition, PUm
+ P⊥Um

is the identity

matrix and PUm
P⊥Um

= 0. Hence,

∑
j,j′

y⊤j B̄B̄⊤yj′ =

∥∥∥∥∥∥B̄⊤
∑
j

yj

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥PUm
B̄⊤

∑
j

yj

∥∥∥∥∥∥
2

+

∥∥∥∥∥∥P⊥Um
B̄⊤

∑
j

yj

∥∥∥∥∥∥
2

≥
∑
j,j′

y⊤j B̄PUm
B̄⊤yj′

Here, the second equality follows by the Pythagorean theorem. Therefore, we can see (ii)

decreases if we replace B̄ with PVnB̄PUm
. Similarly, (iii) decreases.

For (iv), it suffices to prove

∑
j,j′

(y⊤j yj′)(y
⊤
j B̄B̄⊤yj′) ≥

∑
j,j′

(y⊤j yj′)
(
y⊤j (PVnB̄PUm

)(PVnB̄PUm
)⊤yj′

)
=
∑
j,j′

(y⊤j yj′)(y
⊤
j B̄PUm

B̄⊤yj′) .

To see this,

∑
j,j′

(y⊤j yj′)(y
⊤
j B̄B̄⊤yj′) =

∑
j,j′

(y⊤j yj′)(y
⊤
j B̄PUm

B̄⊤yj′) +
∑
j,j′

(y⊤j yj′)(y
⊤
j B̄P

⊥
Um

B̄⊤yj′)

≥
∑
j,j′

(y⊤j yj′)(y
⊤
j B̄PUm

B̄⊤yj′) ,
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where the inequality holds since

∑
j,j′

(y⊤j yj′)(y
⊤
j B̄P

⊥
Um

B̄⊤yj′) = Tr


∑

j

P⊥Um
B̄⊤yjy

⊤
j

∑
j

P⊥Um
B̄⊤yjy

⊤
j

⊤
 ≥ 0 .

Similarly, we can obtain

∑
i,i′

(x⊤i xi′)(x
⊤
i F̄F̄

⊤xi′) ≥
∑
i,i′

(x⊤i xi′)(x
⊤
i F̄PVnF̄

⊤xi′).

Hence, (iv) decreases.

Consequently, we have

(4.5.6) = min
F̄,B̄∈R∞×∞

Ω̄(F̄, B̄) = min
F̄,B̄∈R∞×∞

Ω̄(PUm
F̄PVn , PVnB̄PUm

) .

By definition of a projection operator, we can find Um ∈ Rm×∞ and Vn ∈ Rn×∞ such that

PUm
= Λ1/2ΦmUm , PVn = Γ1/2ΨnVn.

By letting UmF̄V⊤n = Fm,n ∈ Rm×n and VnB̄U⊤m = Bn,m ∈ Rn×m, we have

PUm
F̄PVn = Λ1/2ΦmFm,nΨ

⊤
n Γ

1/2 ,

PVnB̄PUm
= Γ1/2ΨnBn,mΦ⊤mΛ1/2 .

Hence,

min
F̄,B̄∈R∞×∞

Ω̄(PUm
F̄PVn , PVnB̄PUm

) = min
(Fm,n,Bn,m)∈C

ω(Fm,n,Bn,m) ,

where

ω(Fm,n,Bn,m) := Ω̄(Λ1/2ΦmFm,nΨ
⊤
n Γ

1/2,Γ1/2ΨnBn,mΦ⊤mΛ1/2) .
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Here, C is a constraint set implying that Fm,n and Bn,m are associated with F̄ and B̄,

respectively, namely,

C = {(UmF̄V⊤n ,VnB̄U⊤m) : F̄, B̄ ∈ R∞×∞} ⊂ Rm×n × Rn×m .

Therefore,

(4.5.6) = min
(Fm,n,Bn,m)∈C

ω(Fm,n,Bn,m) ≥ min
Fm,n∈Rm×n

Bn,m∈Rn×m

ω(Fm,n,Bn,m) .

Finally, note that C = Rm×n ×Rn×m if Um and Vn are full rank, that is, row spaces of Um

and Vn are rank-m and rank-n, respectively. This is true if kernel matrices

KX = (Λ1/2Φm)⊤(Λ1/2Φm) , KY = (Γ1/2Ψn)
⊤(Γ1/2Ψn)

are invertible. This is equivalent to say that they are positive definite. In this case,

Um = K−1X (Λ1/2Φm)⊤ , Vn = K−1Y (Γ1/2Ψn)
⊤ ,

which are indeed full rank. Accordingly, we have

(4.5.6) = min
(Fm,n,Bn,m)∈C

ω(Fm,n,Bn,m) = min
Fm,n∈Rm×n

Bn,m∈Rn×m

ω(Fm,n,Bn,m) .
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Finally, we prove ω is convex. To see this, verify

ω(Fm,n,Bn,m) =
1

mn
∥KYBn,mKX −KYF

⊤
m,nKX ∥2

+

∥∥∥∥K1/2
X ·

(
1

m
1m − B⊤n,mKY

1

n
1n

)∥∥∥∥2 + ∥∥∥∥K1/2
Y ·

(
1

n
1n − F⊤m,nKX

1

m
1m

)∥∥∥∥2
+

∥∥∥∥ 1

m
K

3/2
X Fm,nK

1/2
Y − 1

n
K

1/2
X B⊤n,mK

3/2
Y

∥∥∥∥2 ,

where K
1/2
X and K

1/2
Y are the square root matrices of KX and KY , respectively, and 1m ∈

Rm and 1n ∈ Rn are all-ones vectors.

4.11 Details of the Experiments in Section 4.6

Here, we provide implementation details of the experiments in Section 4.6.

4.11.1 Gaussian

In the Gaussian experiment in Section 4.6, we minimize (4.3.3) using Adam [Kingma and

Ba, 2014] for 3000 iterations. The learning rate at the initial iteration is 0.1 and we halve it

after every 500 iterations. Figure 4.4(a) shows the training curve.

4.11.2 MNIST

R2 and MMDs For numerical stability, we encode a variant of empirical estimate (4.3.3)

as our loss:

λ1 ·
1

mn

m∑
i=1

n∑
j=1

(cX (xi, B(yj))− cY(F (xi), yj))2 +MMD2
KX⊗KY

((Id, F )#µ̂m, (B, Id)#ν̂n)

+ λ2 ·MMD2
KX

(µ̂m, B#ν̂n) + λ3 ·MMD2
KY

(F#µ̂m, ν̂n) . (4.11.1)
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Figure 4.4: Training curves for the experiments: (a) the Gaussian experiment, (b) the MNIST
experiment with X = R2.

We choose tuning parameters (λ1, λ2, λ3) = (0.01, 1, 1). For the Fully Connected Neural

Network (FCNN) F and B, we apply the Rectified Linear Unit (ReLU) activation function

σ(x) = max(x, 0) to all three hidden layers of F and B, and an additional tangent hyperbolic

(tanh) function tanh(x) = (ex − e−x)/(ex + e−x) to the output layer of F , both of which

are elementwise activation functions. To put it explicitly, y = F (x) is defined as

h0 = x, x ∈ R2

hl = σ(Wlhl−1 + bl), l = 1, 2

y = tanh(W3h2 + b3)

with W1 ∈ R50×2,W2 ∈ R50×50,W3 ∈ R784×50, b1, b2 ∈ R50×1, b3 ∈ R784×1. Similarly,

x̃ = B(ỹ) is defined as

h̃0 = ỹ, ỹ ∈ R784

h̃l = σ(W̃lh̃l−1 + b̃l), l = 1, 2

x̃ = W̃3h̃2 + b̃3
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with W̃1 ∈ R50×784, W̃2 ∈ R50×50, W̃3 ∈ R2×50, b̃1, b̃2 ∈ R50×1, b̃3 ∈ R2×1.

The training set is randomly divided into minibatches of size 256, for which we run Adam

again for 1000 iterations. The learning rate at the initial iteration is 0.005 and we halve it

after every 50 iterations. Figure 4.5 shows the generated images during the training process.

(a) Before training (b) + 20 iterations (c) + 50 iterations (d) + 1000 iterations

Figure 4.5: Generated images on MNIST data for digits 2, 4, 6, 7 during the training process,
under the experimental setup with R2 and MMD discrepancy.

Technical Details about Ablation Analysis As we mentioned, we construct Deep Con-

volutional Neural Networks (DCNNs) F and B by adapting the structures of the generator

and discriminator in DCGAN [Radford et al., 2015], respectively. Concretely, F is a map

from X = Rd to Y = R784, which consists of the following three parts.

1. Two fully connected layers that first map d inputs to 50 outputs, and then map 50

inputs to 128 outputs.

2. A reshaping step to transform the vector-type data to pixel-type data, i.e., a tensor

with 128 channels, where each channel has only one-by-one pixel (128× 1× 1).

3. A series of four strided two-dimensional convolutional transpose layers with kernel size

4, and stride 1, 1, 2, 2. In four layers, we gradually decrease the number of channels

to 64, 32, 16, 1.

We pair the first three convolutional layers with two-dimensional batch normalization [Ioffe

and Szegedy, 2015]. In terms of activation functions, we apply ReLU activation function to
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all hidden layers (two fully connected layers and the first three convolutional layers), and an

tanh function to the output layer.

On the other hand, B maps pixel-type data in Y = R784 to X = Rd, which essentially

reverses F in the following way.

1. A series of four two-dimensional convolutional layers with kernel size 4 and stride 2.

In four layers, we gradually increase the number of channels to 16, 32, 64, 128.

2. A reshaping step to transform the pixel-type data (128× 1× 1) to vector-type data.

3. One fully connected layer that maps 128 inputs to d outputs.

Again, we pair the last three convolutional layers with two-dimensional batch normalization.

Also, we apply a leaky ReLU activation function L(x) = max(x, 0.2x) to all hidden layers

(four convolutional layers); L(x) is an elementwise activation function.

We implement the Sinkhorn divergence with squared Euclidean cost by using GeomLoss

[Feydy et al., 2019]. Concretely, we first define the entropic regularized Kantorovich problem

between µ̂m and B#ν̂n on some Euclidean space X

W 2
2,ε(µ̂m, B#ν̂n) = min

γ∈Π(µ̂m,B#ν̂n)

m∑
i=1

n∑
j=1

γij

(
∥xi −B(yj)∥2 + ε log

(
γij
))

where γ is a coupling matrix and γij denotes its (i, j) element. Then the Sinkhorn diver-

gence between two empirical measures is defined by sε,X (µ̂m, B#ν̂n) = W 2
2,ε(µ̂m, B#ν̂n) −

1
2W

2
2,ε(µ̂m, µ̂m)− 1

2W
2
2,ε(B#ν̂n, B#ν̂n). We encode our loss by replacing MMDs in (4.11.1)

with Sinkhorn divergences

λ1 ·
1

mn

m∑
i=1

n∑
j=1

(cX (xi, B(yj))− cY(F (xi), yj))2 + sε,X×Y((Id, F )#µ̂m, (B, Id)#ν̂n)

+ λ2 · sε,X (µ̂m, B#ν̂n) + λ3 · sε,Y(F#µ̂m, ν̂n) ,
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and choose tuning parameters (λ1, λ2, λ3) = (1, 1, 1). The Sinkhorn parameter ε is set to

be 0.0001 for all three discrepancy measures. The rest of the setups, including the neural

network architecture, the choice of the optimizer, the number of iterations, and batch size,

are the same as the MMD case above.

Similarly, we implement the MMD-GAN by optimizing F under the MMD objective, and

the rest of the setups are the same as the MMD case.

Additional Evaluation Scores To complement the results—Table 4.1 that shows the

evaluation scores based on the difference between the first moments of F̂#µ and ν—in Sec-

tion 4.6, we compute the evaluation scores based on the difference between higher order

moments. Particularly, let us compare the second moment:

∥Σ̂
F̂#µ
− Σ̂ν∥ ,

where Σ̂
F̂#µ

and Σ̂ν are the sample covariance matrices estimated from {F̂ (x̃i)}m̃i=1 and

{ỹj}ñj=1, respectively. For the same set of models as in Table 4.1, the corresponding new

evaluation scores are presented in Table 4.2. We can observe results similar to those from

Table 4.1. First, we can see that replacing the MMD terms with the Sinkhorn divergence

leads to smaller (= better) evaluation scores (exception: DCNN with d = 4). Also, increasing

the source dimension d shows mixed results. On the other hand, we can see that using DCNN

leads to smaller (= better) evaluation scores.

Second, we follow the same evaluation strategy in Goodfellow et al. [2014] to fit a kernel

density estimator to the generated samples {F̂ (x̃i)}m̃i=1 and report the mean log-likelihood of

{ỹj}ñj=1 under this distribution. We refer readers to Section 5 of Goodfellow et al. [2014] for

further details. The mean log likelihood scores are reported in Table 4.3, for which a larger

score indicates a better performance. Essentially, we can observe the results consistent with

those using the other evaluation scores. Again, we can see that replacing the MMD terms
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d 2 4 10 20 50
FCNN
Sinkhorn 13.90(0.03) 13.50(0.02) 13.68(0.03) 13.89(0.03) 15.09(0.03)
MMD 23.66(0.02) 21.49(0.03) 19.55(0.03) 22.59(0.03) 24.01(0.03)

MMDGAN 24.07(0.06) 15.40(0.02) 14.87(0.02) 15.32(0.03) 13.01(0.02)
DCNN
Sinkhorn 13.33(0.02) 13.20(0.03) 13.62(0.03) 13.80(0.03) 14.66(0.03)
MMD 14.00(0.03) 12.65(0.04) 14.35(0.04) 16.77(0.04) 18.68(0.05)

MMD-GAN 14.58(0.06) 11.04(0.04) 10.70(0.04) 10.65(0.04) 10.62(0.03)
baseline 6.68

Table 4.2: Evaluation scores (a smaller number implies better result) using the differences
between the covariance matrices of the generated distribution F̂#µ and the target distribu-
tion ν; these are estimated by new samples {x̃i}2000i=1 from µ = N(0, Id) and {ỹj}2000j=1 from the
MNIST test set. We repeat the evaluation process for 100 times in each setting, and present
the average evaluation score with the corresponding standard deviation in the parenthesis.
The baseline is computed by randomly dividing the MNIST test set of 4000 samples into
two subsets of 2000 samples and calculating the difference between the covariances matrices
of the two subsets analogously to the evaluation score.

with the Sinkhorn divergence leads to larger (= better) evaluation scores. Also, increasing

the source dimension d shows mixed results, while using DCNN leads to larger (= better)

evaluation scores.

4.12 Inductive Bias of RGM and Brenier’s Polar Factorization

As mentioned in Section 4.7, given two Polish probability spaces (X , µ) and (Y , ν), we

prove that there is a pair of cost functions cX and cY such that the resulting network

spaces (X , µ, cX ) and (Y , ν, cY) are strongly isomorphic. More importantly, we discuss how

these costs give rise to a specific strong isomorphism based on Brenier’s polar factorization,

providing a deeper insight into the inductive bias of the RGM sampler.

Preliminaries Throughout this section, we focus on Borel probability measures on Rd

that are absolutely continuous with respect to the d-dimensional Lebesgue measure and

have finite second moments; Pr2(R
d) denotes the collection of such measures. We can always
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d 2 4 10 20 50
FCNN
Sinkhorn -199(4) -150(4) -160(4) -154(3) -151(3)
MMD -384(7) -315(6) -294(6) -365(6) -365(6)

MMDGAN -353(7) -315(5) -287(5) -295(5) -297(5)
DCNN
Sinkhorn -193(4) -141(3) -143(3) -139(3) -149(3)
MMD -300(5) -217(4) -193(4) -220(5) -277(5)

MMD-GAN -191(6) -152(14) -265(4) -233(5) -178(4)
baseline -207

Table 4.3: Mean log likelihood scores (a larger number implies better result) computed for
the entire MNIST test set {ỹj}4000j=1 with respect to the Gaussian Parzen window estimator
fitted to {F̂ (x̃i)}4000i=1 , where {x̃i}4000i=1 are new samples from µ = N(0, Id). The baseline is
computed in a similar way, by replacing {F̂ (x̃i)}4000i=1 with a validation set {yj}4000j=1 from the
MNIST training set.

find a unique optimal transport map—given as the gradient of a convex function—between

any two elements in Pr2(R
d); this is Brenier’s theorem stated in Lemma 3.2.1, which we

formally restate as follows.

Theorem 4.12.1 (Brenier’s Theorem). Given λ, ρ ∈ Pr2(R
d), we can find a convex function

ψ : Rd → R such that ∇ψ and (∇ψ)−1 are unique optimal transport maps between them:

∇ψ = argmin
T#λ=ρ

∫
Rd
∥x− T (x)∥2 dλ(x) and (∇ψ)−1 = argmin

T#ρ=λ

∫
Rd
∥x− T (x)∥2 dρ(x) .

Remark 4.12.2. The proof of Brenier’s theorem requires intricate convex analysis tech-

niques. It is helpful to consider a simple case—where both λ and ρ are Gaussian—to better

understand the main message of Brenier’s theorem. Suppose λ = N(0, Id) and ρ = N(0,Σ)—

assuming Σ is invertible—and focus on linear transport maps, that is, T ∈ Rd×d such that

TT⊤ = Σ, for which the transport cost boils down to

Ex∼N(0,Id)
∥(Id − T )x∥2 = tr((Id − T )(Id − T )⊤) = tr(Id)− 2tr(T ) + tr(Σ) .

153



Therefore, the transport cost is minimized by a linear transport map T that maximizes its

trace under the constraint TT⊤ = Σ. Using linear algebra techniques, one can verify that

Σ1/2, the unique square root of Σ, is the optimal linear transport map;12 we can indeed see

that it is the gradient of a convex function x 7→ 1
2x
⊤Σ1/2x. Last but not least, notice that

any admissible linear transport map T ∈ Rd×d, that satisfies TT⊤ = Σ, can be decomposed

as T = Σ1/2S for some S ∈ O(d), where O(d) is the orthogonal group in dimension d. The

last fact is called the matrix factorization theorem, which will be elaborated in 4.12.2 to shed

light on Brenier’s polar factorization, as done here as an example of Brenier’s theorem.

4.12.1 Designing Cost Functions for Strong Isomorphism

We have already seen in Example 4.9.5 that Mahalanobis distances make two Gaussian

distributions strongly isomorphic. Though this constructive example seems to be a special

case, it indicates a fundamental principle that carries over to general cases. We will elaborate

on the general constructive principle in this section by referring to a common space Polish

probability space (Z, λ) to design cost functions. Figure 4.6(a) visualizes Example 4.9.5 along

with an additional base measure λ := N(0, Id); as we have remarked after Theorem 4.12.1,

linear maps Σ1/2
1 and Σ

1/2
2 are the optimal transport maps from λ to µ and ν, respectively.

N(0,Σ1) N(0,Σ2)

N(0, Id)

Σ
1/2
2 Σ

−1/2
1

Σ
−1/2
1

Σ
1/2
2Σ

1/2
1

(a) Example 4.9.5

(X , µ) (Y , ν)

(Z, λ)

∇ψ2◦(∇ψ1)−1

(∇ψ1)−1

∇ψ2∇ψ1

(b) Any µ, ν ∈ Pr
2(Rd)

Figure 4.6: Optimal transport maps by Brenier’s theorem

Letting cZ be the Euclidean distance, notice that we may rewrite the Mahalanobis dis-

12. Though this argument is designed to show that Σ1/2 is optimal among linear transport maps to get
insights, it can be shown that Σ1/2 is, in fact, optimal among all admissible transport maps.
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tances in Example 4.9.5 as

cX (x, x
′) = cZ(Σ

−1/2
1 x,Σ

−1/2
1 x′) ,

cY(y, y
′) = cZ(Σ

−1/2
2 y,Σ

−1/2
2 y′) .

This shows that cX and cY are derived by properly combining the base distance cZ with

the optimal transport maps Σ
−1/2
1 and Σ

−1/2
2 , respectively. Also, in this case, Σ1/2

2 Σ
−1/2
1 ,

a composition of the two optimal transport maps, gives rise to a strong isomorphism under

these cost functions.

The aforementioned procedure is indeed applicable to any µ, ν ∈ Pr2(R
d). As visualized

in Figure 4.6(b), simply replace the linear maps Σ
1/2
1 and Σ

1/2
2 with the optimal transport

maps ∇ψ1 and ∇ψ2 from any suitable base measure λ ∈ Pr2(R
d), respectively, by Brenier’s

theorem. Then, for any cost function cZ on Z, define

cX (x, x
′) = cZ((∇ψ1)−1(x), (∇ψ1)−1(x′)) ,

cY(y, y
′) = cZ((∇ψ2)−1(y), (∇ψ2)−1(y′)) .

(4.12.1)

Then, the network spaces (X , µ, cX ) and (Y , ν, cY), where X = supp(µ) and Y = supp(ν),

are strongly isomorphic; also, ∇ψ2 ◦ (∇ψ1)−1 is a strong isomorphism. Notice that we have

derived this fundamental result by simply rethinking Example 4.9.5 via Brenier’s theorem and

generalizing the diagram in Figure 4.6. We reiterate that the principle behind the isomorphic

Gaussian example is fundamental and generalizable to generic measures in Pr2(R
d); it is

certainly not just a toy example.

4.12.2 Identifying Strong Isomorphism

In the previous section, we have seen how to define suitable cost functions cX and cY that

make µ, ν ∈ Pr2(R
d) strongly isomorphic. As pointed out in Section 4.7, the RGM sampler
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brings in an inductive bias towards a strong isomorphism; indeed, we have shown that

∇ψ2 ◦ (∇ψ1)−1 is a strong isomorphism under the cost functions in (4.12.1), leading to

RGM(µ, ν) = 0. In this section, we look at these results from a different angle using an

insight from Brenier’s polar factorization, highlighting unseen aspects of the inductive bias.

We start from Figure 4.6(b): fix µ, ν ∈ Pr2(R
d) and let X = supp(µ) and Y = supp(ν).

Also, let λ be the Lebesgue measure on Z = [0, 1]d. Recall that the key ingredients of the

diagram were optimal transport maps ∇ψ1 and ∇ψ2 from the base measure. It turns out

that we may replace them with other transport maps—possibly not optimal—from the base

measure. This observation comes from Brenier’s polar factorization [Brenier, 1991], which

we paraphrase as follows:

Theorem 4.12.3 (Brenier’s Polar Factorization). For any transport map T1 from λ to µ,

we can find a unique map s1 : Z → Z such that (s1)#λ = λ and T1 = ∇ψ1 ◦ s1.

In other words, any transport map from λ to µ is factorized into a composition of the

unique optimal transport map ∇ψ1 and a (Lebesgue) measure-preserving map s1 : Z → Z.

Let S(Z) be the collection of all measure-preserving maps from Z to Z, then Brenier’s

polar factorization essentially shows a one-to-one correspondence between T (λ, µ) and S(Z).

Analogously, this implies a one-to-one correspondence between T (λ, ν) and S(Z).

Remark 4.12.4 (Matrix polar factorization). To get insights into this sophisticated result,

let us pause and go back to the remark below Theorem 4.12.1, where we have mentioned

that in the Gaussian case, any linear transport map is decomposed as T = Σ1/2S, the

multiplication of the optimal transport map Σ1/2 and an orthogonal matrix S ∈ O(d),13

which exactly correspond to ∇ψ1 and s1 in Theorem 4.12.3, respectively. In other words,

Brenier’s Polar Factorization is a generalization of the matrix factorization that we have

discussed earlier by restricting to the Gaussian case and linear transport maps.

13. Note that S ∈ O(d) transports N(0, Id) to itself.
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As mentioned earlier, we now replace the two arrows—the optimal transport maps ∇ψ1

and∇ψ2 from the base measure—in Figure 4.6(b) with any transport maps, namely, ∇ψ1◦s1

and ∇ψ2 ◦ s2, respectively, for any s1, s2 ∈ S(Z). One technicality here is that we restrict

our focus to bijective s1 and s2 to use invertibility to reverse the arrows.14 Then, we can

also define a transport map ∇ψ2 ◦ s2 ◦ (∇ψ1 ◦ s1)−1 from X to Y by chaining the transport

maps µ → λ and λ → ν as in Figure 4.6(b). These changes are shown in the new diagram

Figure 4.7.

(X , µ) (Y , ν)

(Z, λ)

∇ψ2◦s2◦(∇ψ1◦s1)−1

(∇ψ1◦s1)−1

∇ψ2◦s2∇ψ1◦s1

Figure 4.7: Generalization of Figure 4.6(b) via Brenier’s polar factorization.

Now, let us go back to transform sampling. The arrow from µ to ν in Figure 4.7 in fact

shows that there are many transport maps from µ to ν, that is,

F = {∇ψ2 ◦ s2 ◦ (∇ψ1 ◦ s1)−1 : bijective s1, s2 ∈ S(Z)} ⊂ T (µ, ν) .

Though F is a collection of transport maps constructed in a certain way, that is, chaining

µ → λ and λ → ν, it still consists of infinitely many transport maps, reiterating that

transform sampling is indeed over-identified. We show how the RGM sampler induces an

inductive bias in this case, thereby choosing a strong isomorphism from the collection F .

Consider the cost functions cX and cY defined by (4.12.1) with a cost cZ . As transport

maps in F are invertible, by Lemma 4.9.3,

I ′ := {(F, F−1) : F ∈ F} ⊂ I(µ, ν).

14. Elements of S(Z) may not be invertible in general. That said, a subset of S(Z) consisting of bijective
measure-preserving maps is dense in S(Z) as discussed in Brenier and Gangbo [2003].
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Recall that computing the RGM distance amounts to finding (F,B) such that cX (x,B(y))

best matches cY(F (x), y) on average. For (F,B) ∈ I ′, by (4.12.1), we have

cX (x,B(y)) = cZ((∇ψ1)−1(x), s1 ◦ s−12 ◦ (∇ψ2)
−1(y)) ,

cY(F (x), y) = cZ(s2 ◦ s−11 ◦ (∇ψ1)
−1(x), (∇ψ2)−1(y)) .

Therefore, cX (x,B(y)) = cY(F (x), y) indeed holds provided s1 = s2, which amounts to a

pair (F,B) = (∇ψ2 ◦ (∇ψ1)−1,∇ψ1 ◦ (∇ψ2)−1) ∈ I ′. In other words, among infinitely many

possible elements in F characterized by s1 and s2, the RGM sampler with cost functions

in (4.12.1) favors ∇ψ2 ◦ (∇ψ1)−1, the strong isomorphism under these cost functions as

visualized in Figure 4.6(b). In summary,

• we can characterize a collection F of transport maps by pairs of bijective measure-

preserving maps (s1, s2) via Brenier’s polar factorization,

• the RGM sampler with cost functions in (4.12.1) finds the one in F satisfying the rear-

rangement correspondence s1 = s2, which is exactly the strong isomorphism (inductive

bias).
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CHAPTER 5

A CONVEXIFIED MATCHING APPROACH TO IMPUTATION

AND INDIVIDUALIZED INFERENCE

5.1 Introduction

One central topic in applied econometric research is to assess the effects of policy interven-

tions reliably. On the one hand, to analyze nonexperimental data, advanced econometric

estimates are devised to provide granular counterfactual answers by leveraging specific struc-

tural models. In an influential paper in 1986 [LaLonde, 1986], LaLonde questioned whether

such sophisticated econometric estimates are credible. He compared them with the exper-

imental benchmarks on some coarse summary—for example, the average treatment effect

(ATE)—and concluded unfavorably. Subsequent works [Dehejia and Wahba, 1999, 2002] re-

covered some experimental benchmarks with improved methods, leaving the debate open up

to this day [Imbens and Xu, 2024]. On the other hand, when experimental data, as in ran-

domized controlled trials, are available, elementary statistical estimates can determine the

ATE and eliminate confounding explanations. The ATE estimate, however, does not answer

whether the treatment works for an individual. In modern applications such as personalized

medicine and online marketing, the treatment effects vary across individuals; the treatment

might be beneficial for some individuals but ineffective for others [Liu and Meng, 2016]. One

potentially costly approach is to conduct individualized experiments in different time win-

dows, known as N-of-1 trials [Hill, 1955, Liang and Recht, 2023]. Therefore, it is desirable to

develop nonexperimental methods that conform to the coarse estimates—for example, those

for ATE or the average treatment effect on the treated (ATT)—at the aggregate level, while

delivering more granular, individualized inference.

Individualized inference is about imputing missing counterfactual outcomes—the out-

comes that would have been observed had the subjects received the opposite treatment—and
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their uncertainty quantification. Three popular approaches are available in the literature:

matching, regression imputation, and synthetic control. This chapter proposes a new convex-

ified matching method by integrating these three approaches. The central quantity we play

is a coupling matrix between the treated and control data clouds, which resembles matching

and is used to synthesize the counterfactual outcomes as in classic nonparametric regression.

Matching [Rubin, 2006, Rosenbaum, 2020] is a widely adopted way to impute counter-

factual outcomes. For each subject, the counterfactual outcome is estimated by identifying

units in the opposite treatment group similar to the subject in covariates and then averag-

ing their outcomes. Due to its simplicity, nearest neighbor matching, which finds subjects

closest under a suitable distance between the covariates, is favored in practice. Exact or ap-

proximate matching with high-dimensional covariates can be difficult, and thus propensity

score matching was proposed as a remedy [Rosenbaum and Rubin, 1983]. There are more

sophisticated matching methods to improve balance or forbid certain matches, often referred

to as the optimal matching [Rosenbaum, 2020, Zubizarreta et al., 2023]; they require solving

combinatorial optimization problems by network optimization techniques or mixed integer

programming, which can be computationally expensive. However, even analyzing the aggre-

gate ATE estimates resulting from combinatorial optimization problems is highly nontrivial,

and these estimates may differ from simple ATE estimates based on propensity score weight-

ing [Rosenbaum, 1987, Hirano and Imbens, 2001, Hirano et al., 2003]. As in matching, we

solve for a coupling matrix—a convex relaxation to the combinatorial constraints—without

access to outcomes, separating the design and analysis phases in an observational study.

For a large-scale matching problem with N units, we devise entropic-regularized algorithms

from optimal transport [Villani, 2003, Peyré and Cuturi, 2019] to solve convexified match-

ing, calling a matrix scaling subroutine with a number of times nearly independent of N ; see

Section 5.4. In contrast, in a conventional matching problem, solvability within polynomial

time of N may not be feasible.
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Regression imputation is another approach to estimating counterfactual outcomes. The

idea is simple: under the ignorability or unconfoundedness assumption [Rosenbaum and

Rubin, 1983], the underlying functions that map the covariates to the responses under the

treatment and the control are identifiable and estimable based on observational data. It

translates a causal inference problem into a regression problem. Parametric or nonparametric

regression techniques estimate the conditional response function under the treatment and

the control, given the covariates, and in turn find the conditional average treatment effect

(CATE), see Hahn [1998], Heckman et al. [1997], Heckman and Vytlacil [2005], MaCurdy

et al. [2011]. At the aggregate level, semiparametric efficient estimation of ATE leveraging

regression imputation techniques is studied in Hahn [1998]. Admittedly, if the quantity

of interest is at the aggregate-level—a one-dimensional parameter such as ATE or ATT—

the specific nonparametric regression technique matters less, as long as it estimates the

function reasonably well. There has been a fruitful line of literature on the use of flexible

machine learning methods in estimating CATE [Belloni et al., 2014, Athey and Imbens, 2016,

Chernozhukov et al., 2017, Farrell, 2015, Farrell et al., 2021, Wager and Athey, 2018], in place

of classic Nadaraya-Watson (NW) kernel nonparametric regression. Albeit naive, let us use

the NW estimator as an example to illustrate a shared feature by regression imputation and

matching: to compute a counterfactual outcome for a treated unit, NW finds local neighbors

in the control group and uses convex weights based on the nonparametric kernel to synthesize

the outcome. We will adopt this aggregation by convex weights feature into our convexified

matching, whereas our coupling weights are optimized globally. Our coupling weights are

determined to optimize imputation quality and individual uncertainty quantification; see

Section 5.3.

Hybrid methods were proposed to combine matching or propensity score weighting [Rosen-

baum, 1987, Hirano and Imbens, 2001, Hirano et al., 2003, Li et al., 2018] with regression

imputation techniques to efficiently estimate ATE, notably the doubly robust estimators
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[Van der Laan and Robins, 2003, Cattaneo, 2010, Farrell, 2015, Farrell et al., 2021, Cher-

nozhukov et al., 2022]. The estimator compares favorably as it is valid when either the

propensity score function or the regression function is consistent, robust to bias due to

misspecification. Similar in spirit, bias correction using regression to improve the nearest

neighbor matching was studied in Abadie and Imbens [2011, 2006].

From a different vein, synthetic control [Abadie and Gardeazabal, 2003, Abadie et al.,

2010, Abadie, 2021] provides a fresh look at counterfactual imputation: a convex combi-

nation of control units may synthesize a subject under treatment better than any one of

the control unit. Mathematically, a convex combination of data may simultaneously reduce

the approximation error or bias, and, at the same time, reduce the variance driven by the

idiosyncratic errors. This convex relaxation idea also eases the computation for the com-

binatorial optimization problem in matching. We adopt this convex combination idea to

approximate the overall covariate information under treatment by convex combinations of

the covariate information under control, defined based on a data set-to-data set coupling;

see Section 5.2.

We develop a convexified matching method that solves an optimal coupling, which in turn

defines convex combinations for missing value imputation. Unlike combinatorial optimization

problems, where the optimization variable must be an extreme point of a certain polytope

to represent an assignment, we optimize over the whole polytope as the variable represents

the weights of the convex combination. Moreover, we add an entropic regularization to the

optimization, where the strength of regularization controls the bias and variance tradeoff.

The resulting formulation is a smooth convex optimization problem confined to the polytope

that can be solved efficiently. Lastly, by properly specifying the constraints, we can pair

with propensity score weighting [Rosenbaum, 1987, Hirano and Imbens, 2001, Hirano et al.,

2003] estimators. We can guarantee that the aggregate summary of individual treatment

effects coincides with the desired ATE or ATT estimates.
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We introduce an inference procedure to construct individual confidence intervals for the

estimated counterfactual outcomes based on the convexified matching method. Providing a

credible confidence interval around the individual treatment effect can help decide whether to

adopt the treatment for each individual. The width of the confidence interval is determined

by the approximation error in covariate balancing and the entropy of the convex weights,

which comprise the objective function of the optimization. Therefore, how we formulate the

convexified matching is directly targeted at individualized inference. Entropic regularization

plays a crucial role in inference, namely, controlling the width of the individual confidence

intervals, and in computation, namely, designing fast iterative algorithms to solve the opti-

mization.

In summary, we integrate important features from matching, regression imputation, and

synthetic control. We impute counterfactual outcomes by convex combinations defined based

on an optimal coupling. The coupling is a convex relaxation to optimal matching and can

be solved efficiently using iterative matrix scaling subroutines called the Sinkhorn algorithm

[Sinkhorn, 1967, Cuturi, 2013]. We estimate granular individual treatment effects while

maintaining a desirable aggregate-level summary by properly constraining the coupling. We

construct transparent, individual confidence intervals for the estimated counterfactual out-

comes, where the optimization objective controls the width of the confidence intervals.

5.2 Imputation Method: Synthetic Coupling

We first introduce Kernel Synthetic Coupling (KSC), a convexified matching method for

missing value imputation. Later in Section 5.3, we build individual confidence intervals

around the imputed values. To streamline the exposition, we cast the KSC method following

the notations in the potential outcome framework [Neyman, 1923, Rubin, 1974] for a binary

treatment—a leading example for missing value imputation.

We considerN units indexed by 1, . . . , N , where each unit is associated with two potential
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outcome variables Yi(1), Yi(0) ∈ R under treatment and control, respectively, and a covariate

vector xi ∈ Rd. We can observe only one of Yi(1), Yi(0) depending on the treatment assign-

ment Zi = 1 or Zi = 0, denoting that unit i is treated or not. Accordingly, the observed

outcome Yi of unit i is given as Yi = ZiYi(1) + (1−Zi)Yi(0). We let T = {i ∈ [N ] : Zi = 1}

and C = {i ∈ [N ] : Zi = 0} denote the sets of indices of the treated units and control units,

respectively, so that T ∪C = {1, . . . , N} =: [N ]. Also, let Nt := |T | and Nc := |C| denote the

numbers of the treated and control units. The individual treatment effect of unit i is defined

as τi = Yi(1)− Yi(0), which is unobservable as only one of Yi(1), Yi(0) can be observed.

5.2.1 A Simple Formulation

Without loss of generality, we focus on imputing the missing potential outcomes of the

treated units; counterfactual outcomes of the control units can be similarly obtained. We

estimate Yj(0) by some Ŷj(0) for each treated unit j. This, in turn, allows us to estimate

the individual treatment effect τj by Yj − Ŷj(0) = Yj(1)− Ŷj(0). The proposed convexified

matching combines two ideas. First, we want to find a match between the data cloud in

the treated group and that in the control using the covariate information. Second, as in the

synthetic control method, the matching quality is determined by how well it approximates

the covariate of each treated unit by a convex combination of the covariates of control units.

As a result, this procedure involves finding a matrix, which we call a coupling, indexed by

a pair (i, j) for i ∈ C and j ∈ T denoting the weight assigned to the covariate of control

unit i to approximate the covariate of treated unit j. We solve the following optimization
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to obtain the optimal coupling :

min
π∈RNc×Nt

+

1

2Nt

∑
j∈T
∥xj −

∑
i∈C

πij
1/Nt

xi∥2 + λ
∑
i∈C

∑
j∈T

πij log
πij
e , (5.2.1)

subject to
∑
i∈C

πij =
1
Nt

∀j ∈ T , (5.2.2)

∑
j∈T

πij =
1
Nc

∀i ∈ C. (5.2.3)

The first term in the objective function (5.2.1) is the average of the squared approximation

errors for covariate balancing. In the first constraint (5.2.2), for each treated unit j, the

synthetic weights (
πij
1/Nt

)i∈C sum to 1 and thus the term
∑
i∈C

πij
1/Nt

xi in (5.2.1) is a convex

combination to approximate xj .

The second term in (5.2.1) is an entropic regularization with regularization parameter

λ > 0. Increasing the parameter λ encourages the solution π to be uniform, namely, πij =

1
Nc·Nt

for all (i, j)’s, which essentially corresponds to increasing the number of neighbors in

the nearest neighbor matching.

The second constraint (5.2.3) enforces that all control units contribute equally and thus

seeks a matching between treated and control data sets; this constraint can be generalized

to incorporate inverse propensity scores, to be shown in the next section. If this constraint

is dropped, the optimization can be decoupled into Nt independent optimization of the same

type, each with one treated unit j ∈ T , also solvable by our optimization algorithm detailed

in Section 5.4. We shall show in a second that this constraint will be crucial. It enables the

convex program to synthesize granular information while enforcing, at the coarse level, that

the answers agree with typical estimators for the ATE or ATT.

Finally, the optimization variable π ∈ RNc×Nt
+ is a matrix whose entries are indexed

by (i, j) for i ∈ C and j ∈ T , instead of the usual indexing by i ∈ {1, . . . , Nc} and j ∈

{1, . . . , Nt}, to denote that πij is the weight between control unit i and treated unit j. We
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call π ∈ RNc×Nt
+ satisfying the constraints (5.2.2) and (5.2.3) a coupling, which generalizes

doubly stochastic matrices to non-square matrices with prescribed row and column sums.

Upon obtaining the solution, denoted by π̂, we impute the counterfactual outcome Yj(0)

of treated unit j by the convex combination of the outcomes of control units with the weights

(Ntπ̂ij)i∈C :

Ŷj(0) :=
∑
i∈C

π̂ij
1/Nt

Yi, (5.2.4)

which in turn leads to the individual treatment effect estimate τ̂j := Yj − Ŷj(0). By the

constraint (5.2.3), the average of the estimated individual treatment effects coincides with

the difference in the mean outcomes between the treatment and control groups denoted as

τ̂DiM:

1

Nt

∑
j∈T

τ̂j =
1

Nt

∑
j∈T

(Yj −
∑
i∈C

π̂ij
1/Nt

Yi) =
1

Nt

∑
j∈T

Yj −
1

Nc

∑
i∈C

Yi =: τ̂DiM. (5.2.5)

Therefore, the proposed convexified matching allows for estimating individual treatment

effects while maintaining the desired ATT estimate τ̂DiM.

The resulting optimization is a smooth convex optimization problem. To see this, notice

that the first term of the objective function (5.2.1) is the following quadratic function of π:

Nt
2
⟨π,Kccπ⟩ − ⟨π,Kct⟩+

tr(Ktt)

2Nt
, (5.2.6)

where Kcc = (⟨xi, xi′⟩)i,i′∈C ∈ RNc×Nc , Kct = (⟨xi, xj⟩)(i,j)∈C×T ∈ RNc×Nt , Ktt =

(⟨xj , xj′⟩)j,j′∈T ∈ RNt×Nt are the Gram matrices whose entries are inner products of the co-

variates. This quadratic function is convex as the Gram matrix Kcc is positive semidefinite.

The second term—the entropy term—is convex. The constraint set resulting from (5.2.2)

and (5.2.3) is a convex polytope consisting of couplings. In Section 5.4, we introduce and

analyze efficient algorithms to solve this optimization problem based on a simple iterative
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matrix scaling procedure called the Sinkhorn algorithm [Sinkhorn, 1967].

Lastly, we discuss several existing methods and concepts related to the proposed method.

Abadie and L’hour [2021] considers multiple treated units (Nt > 1) and proposes running

synthetic controls separately for treated units with a different regularization function. The

proposed method differs from running synthetic controls separately because of the constraint

(5.2.3). Another way of applying synthetic control to multiple treated units is to average

these units and find the weights for the average [Kreif et al., 2016, Robbins et al., 2017,

Ben-Michael et al., 2022]. If there is only one treated unit (Nt = 1) and no constraint

(5.2.3), the proposed method is equivalent to the standard synthetic control with entropic

regularization as in Hainmueller [2012] which proposes entropic regularization for covariate

balancing. Also, notice that the first term of (5.2.1), under the constraint (5.2.2), is upper

bounded as follows:

1
2Nt

∑
j∈T
∥xj −

∑
i∈C

πij
1/Nt

xi∥2 = 1
2Nt

∑
j∈T
∥
∑
i∈C

πij
1/Nt

(xj − xi)∥2 ≤ 1
2Nt

∑
j∈T

∑
i∈C

πij
1/Nt
∥xj − xi∥2,

where the inequality uses Jensen’s inequality. This upper bound analytically shows that the

average approximation error based on convex combinations is smaller than that based on

pairwise distances, which aligns with the motivation mentioned in Section 5.1. Replacing

the first term of the objective function (5.2.1) by the above upper bound—while maintaining

the constraints (5.2.2), (5.2.3)—leads to the optimal transport problem [Villani, 2003] with

entropic regularization [Cuturi, 2013].

5.2.2 Extensions

We present two extensions of the simple formulation introduced in Section 5.2.1. The first is

extending the main insights to cover the nonlinear case when the potential outcomes can be

nonlinear functions of covariates, using a kernel trick [Shawe-Taylor and Cristianini, 2004,
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Steinwart and Christmann, 2008]. The second is incorporating notions of propensity scores

[Rosenbaum and Rubin, 1983] into our synthetic coupling formulation.

Kernel Synthetic Coupling We can kernelize the simple formulation to extend to non-

linear cases. The kernel trick is widely used in machine learning to modify methods that

originated in the linear setting to accommodate nonlinearity, such as ridge regression, support

vector machines, and principal component analysis. Recall that (5.2.1) relies on the Gram

matrices as shown in (5.2.6). Therefore, to kernelize the simple formulation, we can replace

the Gram matrices with the kernel matrices, namely, letting Kcc = (k(xi, xi′))i,i′∈C , Kct =

(k(xi, xj))(i,j)∈C×T , and Ktt = (k(xj , xj′))j,j′∈T for some kernel function k : Rd ×Rd → R.

The kernelized formulation is essentially the same convex optimization problem. It can be

tackled by the algorithms we introduce in Section 5.4.

Applying the above kernel trick is equivalent to replacing the first term of (5.2.1) with

the approximation error in the reproducing kernel Hilbert space (RKHS) H associated with

the kernel k, namely, 1
2Nt

∑
j∈T ∥ϕxj −

∑
i∈C

πij
1/Nt

ϕxi∥2H, where ∥ · ∥H is the norm in H and

ϕx = k(x, ·) ∈ H denotes the canonical feature of x ∈ Rd. In other words, we generalize

the matching of covariates in the Euclidean space to the matching of embedded canonical

features in H, which leads to the following kernelized formulation:

min
π∈RNc×Nt

+

1

2

∑
j∈T

vj∥ϕxj −
∑
i∈C

πij
vj
ϕxi∥

2
H + λ

∑
i∈C

∑
j∈T

πij log
πij
e ,

subject to
∑
i∈C

πij = vj ∀j ∈ T and
∑
j∈T

πij = wi ∀i ∈ C,
(5.2.7)

where v = (vj)j∈T ∈ ∆+
Nt

and w = (wi)i∈C ∈ ∆+
Nc

are strictly positive probability vectors

that generalize the constraints (5.2.2) and (5.2.3) to allow treated and control units to have

different weights. With the optimal coupling π̂, we impute using convex combination same

as in (5.2.4).
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Propensity Score Using arbitrary weights v = (vj)j∈T ∈ ∆+
Nt

and w = (wi)i∈C ∈ ∆+
Nc

allows for various average treatment effect estimators, particularly including those incorpo-

rating propensity scores. To estimate the ATT, we can set v = 1
Nt

1Nt
as before, and the

average of the estimated individual treatment effects of the treated leads to 1
Nt

∑
j∈T τ̂j =

1
Nt

∑
j∈T Yj −

∑
i∈C wiYi by the constraints.

Now, let p̂ : Rd → (0, 1) be a suitable estimator of the propensity score, x 7→ P(Z =

1 |X = x). If the weights w are chosen based on the estimated propensity scores as

wi =
p̂(xi)

1−p̂(xi)
/
∑
i′∈C

p̂(xi′)
1−p̂(xi′)

∀i ∈ C, (5.2.8)

the aggregate effects match the normalized Inverse Probability Weighting (IPW) estimator

[Hirano and Imbens, 2001]:

1

Nt

∑
j∈T

τ̂j =

∑
j∈T Yj
Nt

−

∑
i∈C

p̂(xi)
1−p̂(xi)

Yi∑
i′∈C

p̂(xi′)
1−p̂(xi′)

=: τ̂ IPWATT . (5.2.9)

Namely, the proposed KSC method is guaranteed to yield individual treatment effect esti-

mates that conform to (5.2.9) at the aggregate level. Similarly, solving (5.2.7) by setting

vj =
1

p̂(xj)
/
∑
j′∈T

1
p̂(xj′)

∀j ∈ T and wi =
1

1−p̂(xi)
/
∑
i′∈C

1
1−p̂(xi′)

∀i ∈ C,

we obtain an coupling π̂ that matches the normalized IPW estimator for ATE:

∑
j∈T

vj τ̂j =

∑
j∈T

1
p̂(xj)

Yj∑
j′∈T

1
p̂(xj′)

−

∑
i∈C

1
1−p̂(xi)

Yi∑
i′∈C

1
1−p̂(xi′)

=: τ̂ IPWATE .
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5.2.3 Numeric Illustration

Now, we demonstrate our imputation method, KSC, using a real-world data set. This section

aims to concisely present the features of KSC and compare the results with other imputation

methods; further details and robust evaluations are provided in Section 5.7 together with

the inference procedure presented in Section 5.3.

We apply the proposed method to evaluate the National Supported Work (NSW) demon-

stration program, first analyzed by LaLonde [1986]. This data set has been widely studied

in the program evaluation literature. The NSW program was conducted from 1975 to 1978

in the United States, which aimed at providing a job training program to disadvantaged

workers, where the treatment, namely, the training, was randomly assigned to some of them.

The data we consider here is a specific subset of the experimental data used in Dehejia and

Wahba [1999], which consists of N = 445 subjects with Nt = 185 treated units and Nc = 260

control units. The outcome of interest Yi is the post-treatment earnings recorded in 1978.

Each individual is associated with six variables: age, years of education, and four indicator

variables denoting whether the individual is black, Hispanic, married, and a high school

dropout. Following Dehejia and Wahba [1999], the pretreatment outcomes, the earnings in

1974 and 1975, and two indicator variables denoting whether these earnings are zero, are

included as covariates. Accordingly, we have xi ∈ Rd with d = 10.

Figure 5.1(a) and Figure 5.1(b) show the scatter plots of the imputed counterfactual

outcomes of the treated units, where the x-coordinate is Ŷj(0) imputed by the proposed

method, while the y-coordinate is the imputed counterfactual outcomes by the nearest

neighbor matching with replacement or the regression imputation method. The proposed

method relies on the linear kernel following the simple formulation in Section 5.2.1 with

λ ∈ {0.001, 0.01}, the nearest neighbor matching uses 5 and 10 nearest neighbors, and the

regression method fits a linear regression model to the observed outcome using all the co-

variates and the treatment indicator. At first glance, the scatter plots visually suggest that
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(a) NSW λ = 0.001
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(b) NSW λ = 0.01
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(c) PSID λ = 0.001
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(d) PSID λ = 0.01

Figure 5.1: Scatter plots of the imputed counterfactual outcomes of the treated along with the
histograms of the marginal distributions. The x-coordinate is Ŷj(0) imputed by the proposed method
with λ ∈ {0.001, 0.01}, while the y-coordinate is the imputed counterfactual outcomes by the nearest
neighbor matching with replacement or the regression method. (a) and (b) are based on the NSW
experimental data, while (c) and (d) are based on the trimmed PSID data. The proposed method
uses the linear kernel for both data. For the NSW data, we use uniform weights v, w in (5.2.7),
while for the PSID data, we set w to be the propensity score-based weights following (5.2.8).
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all three imputation methods provide comparable imputed counterfactual outcomes. One

crucial difference is that the average of the imputed counterfactual outcomes and thus the

estimated individual treatment effects vary across the methods. The ATT estimate com-

puted by the proposed method always matches—regardless of the choice of λ—the mean

difference between the treatment and control groups, which is roughly 1794.3, as shown in

(5.2.5)—the unbiased estimator of the ATT in the experimental setup. In contrast, the k-

nearest neighbor matching with k = 5, with k = 10, and the regression imputation method

produce the ATT estimates 2030.5, 1776.6, and 1706.2, respectively. While the average of

the imputed counterfactual outcomes does not depend on the choice of λ, we can see that

it determines the level of individualization. The histograms along the x-axis show that the

imputed counterfactual outcomes based on the proposed method with λ = 0.001 are more

dispersed than those based on λ = 0.01; the latter is based on larger regularization leading

to more uniform weights, which is similar to the fact that k = 5 is more dispersed—along

the y-axis—than k = 10 in the nearest neighbor matching.

Since LaLonde [1986], there has been a debate on the credibility of the average treat-

ment effect estimation using observational control groups. Since such control groups can be

significantly different from the control group of the experimental data, the resulting ATE

estimates can deviate much from the experimental benchmark, say, the mean difference of

1794.3 computed earlier, which has been the central argument of LaLonde [1986]. Later,

several methods [Dehejia and Wahba, 1999, 2002] have been proposed to recover the ex-

perimental benchmark estimate using observational control groups. Here, we focus on one

such method based on the normalized inverse probability weighting (IPW) estimator (5.2.9)

and apply the KSC method with the weights based on the propensity scores. To this end,

we consider a control group from the Panel Study of Income Dynamics (PSID) data, con-

sisting of 2490 units, with which we estimate the propensity scores by logistic regression.

The resulting ATT estimate by τ̂ IPWATT is 2579.7, which is far from the benchmark of 1794.3,
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rooted in the stark difference between the experimental and observational control groups.

To remedy this, we trim the PSID data by only taking the units whose propensity scores

are in [0.05, 0.95], yielding 214 units. The resulting ATT estimate by τ̂ IPWATT is then 1748.0,

which resembles the experimental benchmark. Taking this trimmed PSID data as a control

group, we apply the proposed method with the weights wi based on the propensity scores as

in (5.2.8) and compare with the matching and regression methods. The results are shown

in Figure 5.1(c) and Figure 5.1(d). Again, though visually similar in distributions, the ATT

estimates differ across the methods, where the proposed method with the propensity score-

based weights provides the ATT estimate 1748.0, regardless of λ. In contrast, the k-nearest

neighbor matching with k = 5, with k = 10, and the regression method produce the ATT

estimates 1567.3, 1003.0, and 1065.5, respectively. This example illustrates that the pro-

posed imputation method allows for producing granular information, namely, the individual

treatment effects, from a coarse level estimate by τ̂ IPWATT . The coarse level estimate is closer

to the experimental benchmark estimate than inherently imputation-based methods such as

the nearest neighbor matching or regression.

5.3 Inference: Individual Confidence Intervals

Constructing confidence intervals for the estimated individual treatment effects is conducive

to reliable decision-making. This section introduces and analyzes the method to construct

individual confidence intervals based on the proposed convexified matching. To this end,

we build a confidence interval for the missing counterfactual outcome Yj(0) for each treated

unit j ∈ T . We first introduce appropriate model assumptions. Then, we elucidate the

construction of individual confidence intervals, followed by a numerical example, and discuss

the coverage and efficiency of the proposed method.
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5.3.1 Setup

The Model Let H be the reproducing kernel Hilbert space (RKHS) associated with a

kernel function k : Rd × Rd → R, where ⟨·, ·⟩H denotes the RKHS inner product, ∥ · ∥H

denotes the RKHS norm, and ϕx := k(x, ·) ∈ H is the corresponding reproducing kernel

function. We postulate the following model for the potential outcomes: for each i = 1, . . . , N ,

letting xi ∈ Rd be the covariate of unit i, we have

Yi(0) = f0(xi) + ε0,i, ε0,i ∼ N (0, σ20),

Yi(1) = f1(xi) + ε1,i, ε1,i ∼ N (0, σ21),

where f0, f1 ∈ H are some functions in the RKHS and σ0, σ1 ≥ 0. Let X := [x1, . . . , xN ] de-

note the fixed design matrix and let Z := [Z1, . . . , ZN ] denote the possibly random treatment

assignment vector.

Assumption 5.3.1. {ε0,i, ε1,i}Ni=1 are independent and

Z ⊥⊥ {ε0,i, ε1,i}Ni=1 | X, (5.3.1)

that is, the treatment assignment and the errors are independent given the covariates.

Remark 5.3.2. Typical assumptions in causal inference involve the following: (i) (Yi(0), Yi(1), Xi)Ni=1

are independently drawn from some population distribution defined on R×R×Rd and (ii)

the treatment assignment Zi is independent of (Yi(0), Yi(1)) conditional on Xi. Unlike (i),

our model postulates a signal-plus-noise structure for the potential outcomes, where the co-

variates are from a fixed design matrix. All our results are conditioned on the fixed design X,

which we highlight by using the lowercase {xi} notation instead of {Xi}. On the one hand,

Assumption 5.3.1 serves the same purpose as (ii) in spirit but is stronger in the sense that

the errors are assumed to be Gaussian. On the other hand, we do not require X nor Z to

be i.i.d., allowing Zi’s to have arbitrary dependence across units or even to be adversarially
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chosen conditioned on the fixed design X.

Under this setup, for each treated unit j ∈ T , the goal is to build an individual confidence

interval for its missing counterfactual outcome Yj(0). More specifically, we aim to construct a

confidence interval [L̂j , Ûj ] that contains the conditional expectation f0(xj) = E[Yj(0) |xj ] =

E[Yj(0) |X,Z] with a desired level of confidence as follows:

P
(
f0(xj) ∈ [L̂j , Ûj ] | X,Z

)
≥ 1− α, (5.3.2)

namely, the probability that the interval [L̂j , Ûj ] contains the conditional expectation f0(xj)

is at least 1−α, where the probability is conditional on the design matrix X and the treatment

assignments Z. We mainly adopt a fixed-design perspective here and restrict the inference to

the given data, rather than considering the generalization to new units as noted in Remark

5.3.2. The motivation stems from an individual’s perspective: for each unit of the study, such

as a participant in the NSW program in Section 5.2.3, the primary interest lies in knowing

the missing counterfactual outcome; we are less concerned about how the results generalize

to new samples with different covariates. By adopting this perspective, constructing intervals

around the imputed counterfactual outcomes is a transparent approach that speaks directly

to the primary interest. Therefore, we focus on this setup and design an intuitive method

that practitioners can easily implement.

5.3.2 Individual Confidence Intervals

Construction We consider the following Kernel Synthetic Coupling (KSC) discussed in

Section 5.2.2. To construct an individual interval for the counterfactual control outcome of

each treated unit, we solve (5.2.7) with uniform weights on the treated (vj = 1
Nt

), which we

rewrite in the matrix form as follows (dropping the constant tr(Ktt)
2Nt

in (5.2.6)): let (wi)i∈C
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be positive numbers such that
∑
i∈C wi = 1,

min
π∈RNc×Nt

+

Nt
2 ⟨π,Kccπ⟩ − ⟨π,Kct⟩+ λh(π),

subject to
∑
i∈C

πij =
1
Nt

∀j ∈ T and
∑
j∈T

πij = wi ∀i ∈ C,
(5.3.3)

where h(π) is the entropy term of π; see Section 5.4.

Let π̂ be the solution of the above optimization problem and define a probability transition

matrix P̂ = (p̂ij)(i,j)∈C×T , where p̂ij = Ntπ̂ij so that
∑
i∈C p̂ij = 1 for any j ∈ T . For each

treated unit j, recall the imputed value Ŷj(0) defined in (5.2.4), for which we construct a

confidence interval [L̂j , Ûj ], where L̂j and Ûj are defined as follows:

L̂j := Ŷj(0)− θ̂ ·
√(

Ktt + P̂⊤KccP̂ − 2K⊤ct P̂
)
jj
− z1−α

2
· σ̂0
√(

P̂⊤P̂
)
jj
, (5.3.4)

Ûj := Ŷj(0) + θ̂ ·
√(

Ktt + P̂⊤KccP̂ − 2K⊤ct P̂
)
jj

+ z1−α
2
· σ̂0
√(

P̂⊤P̂
)
jj
. (5.3.5)

Here, z1−α
2

is the (1− α
2 )-quantile of the standard normal distribution and θ̂, σ̂0 are suitable

estimates of the norm ∥f0∥H and the standard deviation σ0, respectively.

We apply kernel ridge regression to the control group data to estimate ∥f0∥H and σ0. We

can estimate f0 ∈ H by f̂0(x) =
∑
i∈C β̂ik(xi, x) with β̂ = (Kcc + ρINc

)−1Yc ∈ RNc , where

ρ > 0 is a ridge regularization parameter and Yc = (Yi)i∈C ∈ RNc is a vector of the control

outcomes. Then, we estimate ∥f0∥H and the variance σ20 by θ̂ := ∥f̂0∥H =

√
⟨β̂, Kccβ̂⟩ and

σ̂20 :=
1

Nc

∑
i∈C

(Yi − f̂0(xi))2 =
1

Nc
⟨Yc −Kccβ̂, Yc −Kccβ̂⟩.

Before diving into each component of the construction, we first look at a simple numerical

example to illustrate the performance of the proposed method.
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Numerical Example We consider fixed one-dimensional covariates x1, . . . , xN ∈ [0, 1]

with N = 500 and randomly choose Nt = 200 treatment units. Let H be the RKHS

associated with the Gaussian kernel k(x, x′) = exp
(
−γ · |x− x′|2

)
with γ = 2.5, and let

f0(x) = k(0.5, x), which yields ∥f0∥H = (k(0.5, 0.5))1/2 = 1. Then, we generate the po-

tential outcomes by Yi(0) = f0(xi) + ε0,i, where ε0,1, . . . , ε0,N are independently drawn

from N(0, σ20). As x1, . . . , xN and Z1, . . . , ZN are fixed, the randomness is solely from the

residuals ε0,i’s, which we sample 1,000 times.

Figure 5.2 shows the constructed confidence intervals [L̂j , Ûj ] for each treated unit j

for different values of σ0, with α = 0.05. For each σ0 ∈ {0.1, 1, 3}, we solve (5.3.3) for

λ ∈ {0.1, 0.01, 0.001} with uniform weights wi’s, run the kernel ridge regression to obtain

θ̂, σ̂0, and produce [L̂j , Ûj ] which is shown as blue shaded regions in the plots. We compare

this interval with an “oracle” interval [L∗j , U
∗
j ], which—as we will explain in the next section—

is guaranteed to have the exact 1− α coverage, namely,

P
(
f0(xj) ∈ [L∗j , U

∗
j ] | X,Z

)
= 1− α. (5.3.6)

By construction, if the estimates θ̂, σ̂0 are accurate enough, the interval [L̂j , Ûj ] must con-

tain the oracle interval [L∗j , U
∗
j ], which can be verified in Figure 5.2. For each σ0, de-

creasing λ results in smaller approximation errors, namely, the bias correction reflected

in
(
Ktt + P̂⊤KccP̂ − 2K⊤ct P̂

)1/2
jj

, and the estimated counterfactual outcomes (solid blue

curves) that are more wiggly, as the obtained weights P̂ have more variations. As we will

see, [L̂j , Ûj ] is wider than [L∗j , U
∗
j ] by the twice of the bias correction, namely,

(Ûj − L̂j)− (U∗j − L
∗
j ) = 2 · θ̂ ·

(
Ktt + P̂⊤KccP̂ − 2K⊤ct P̂

)1/2
jj

.

We can verify from Figure 5.2 that this gap between the two intervals gets smaller as λ

decreases, consistent with the above observation that the bias decreases.
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Figure 5.2: Confidence intervals of potential outcomes generated by Yi(0) = f0(xi) + ε0,i, where
ε0,1, . . . , ε0,N are i.i.d. from N(0, σ20), with α = 0.05. The black dashed curve is the ground truth
conditional expectation function f0(x) = exp

(
−2.5× |x− 0.5|2

)
. The blue solid curve is the esti-

mated counterfactual outcome Ŷj(0) =
∑

i∈C p̂ijYi for each treated unit j. The blue shaded region
shows [L̂j , Ûj ] defined in (5.3.4), (5.3.5), where θ̂, σ̂0 are estimated by the kernel ridge regression as
explained in Section 5.3.2. The oracle interval [L∗

j , U
∗
j ] defined in (5.3.9), (5.3.10) is shown using

the red error bars.

Figure 5.3 plots the coverage of [L̂j , Ûj ] and [L∗j , U
∗
j ], namely, the probability that they

contain f0(xj), estimated using the 1,000 samples. When λ = 0.1, we can see that the

coverage of [L̂j , Ûj ] is almost 1, meaning that the interval is too conservative, which results

from the fact that the bias term is not small enough compared to the variance of the residuals.

As λ decreases, we can see that the coverage of [L̂j , Ûj ] gets closer to 1− α = 0.95, which is
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consistent with the fact that the bias decreases. Particularly, when σ0 = 3 and λ = 0.001,

the coverage of [L̂j , Ûj ] is closest to the coverage of the oracle interval [L∗j , U
∗
j ], suggesting

that the bias is dominated by the variance. Meanwhile, for (σ0, λ) = (1, 0.01) and (σ0, λ) =

(3, 0.1), the coverage of [L̂j , Ûj ] is larger than the coverage of the oracle interval [L∗j , U
∗
j ] by

approximately a constant, which suggests that the bias term and the variance term are nearly

balanced. In the next section, we provide theoretical guidance to choose the regularization

parameter λ to balance the bias and variance tradeoff.
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Figure 5.3: Coverage of the confidence intervals [L̂j , Ûj ] and [L∗
j , U

∗
j ] estimated using the 1,000

samples. The red dashed line shows the nominal coverage 1− α = 0.95.
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5.3.3 Coverage and Efficiency

Now, we dive into each component in constructing individual confidence intervals to dissect

the coverage and efficiency. We discuss how the entropic regularization parameter λ drives the

bias and variance tradeoff, as seen in the numerical simulations. Furthermore, we show that

optimizing the entropic-regularized convexified matching problem (5.3.3) with the desired λ

chosen above is closely connected to optimizing the average of the squared lengths of the

individual confidence intervals.

Point Estimate For each treated unit j ∈ T , the center of the confidence interval [L̂j , Ûj ]

is the imputed counterfactual outcome Ŷj(0) =
∑
i∈C p̂ijYi(0). This weighted average esti-

mator leverages all the information in X to anchor an optimal coupling between the treated

and control units for synthesizing the controls. It uses convex combinations of the control

units to synthesize the granular counterfactual outcomes for the treated units, while balanc-

ing the aggregate level statistics, the ATT. We remark that the optimal coupling π̂—and

thus P̂ = Ntπ̂ —is calculated based solely on X and Z, not the outcomes Yi’s. Now, recall

the following bias-variance decomposition of the point estimate Ŷj(0):

Ŷj(0) = E[Yj(0) |X,Z] + Ŷj(0)− E[Ŷj(0) |X,Z]︸ ︷︷ ︸
:=Vj

+E[Ŷj(0) |X,Z]− E[Yj(0) |X,Z]︸ ︷︷ ︸
:=Bj

.

Bias-Awareness The point estimate could be biased as

Bj = E[Ŷj(0) |X,Z]− E[Yj(0) |X,Z] =
∑
i∈C

p̂ijf0(xi)− f0(xj) = ⟨f0,
∑
i∈C

p̂ijϕxi − ϕxj ⟩H,

where the last equality uses the reproducing property of the RKHS. Since f0 is unknown and

estimating such a function uniformly on the support of the covariate vector can be difficult,
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we rely on a bias-awareness correction by invoking the Cauchy-Schwarz inequality:

|Bj | ≤ ∥f0∥H · ∥ϕxj −
∑
i∈C

p̂ijϕxi∥H = ∥f0∥H ·
(
Ktt + P̂⊤KccP̂ − 2K⊤ct P̂

)1/2
jj

. (5.3.7)

This explains subtracting and adding the term θ̂ ·
(
Ktt + P̂⊤KccP̂ − 2K⊤ct P̂

)1/2
jj

in (5.3.4)

and (5.3.5), respectively, where θ̂ estimates the unknown quantity ∥f0∥H.

Variance Under the model,

Vj = Ŷj(0)−
∑
i∈C

p̂ijf0(xi) =
∑
i∈C

p̂ijε0,i ∼ N(0, σ20
∑
i∈C

p̂2ij). (5.3.8)

If we knew the bias Bj , we could construct the following oracle confidence interval [L∗j , U
∗
j ]:

L∗j := Ŷj(0)− Bj − z1−α
2
· σ0
√∑
i∈C

p̂2ij , (5.3.9)

U∗j := Ŷj(0)− Bj + z1−α
2
· σ0
√∑
i∈C

p̂2ij , (5.3.10)

Due to (5.3.8), the oracle interval [L∗j , U
∗
j ] is guaranteed to have the exact 1 − α coverage,

namely, (5.3.6) holds. However, since Bj is unknown, we rely on the aforementioned bias-

awareness correction to construct the confidence interval [L̂j , Ûj ], obtained by inflating the

oracle interval using (5.3.7).

Efficiency: Interval Length We now explain how the width of the confidence interval

is related to our convexified matching objective. As a result, the explanation will shed

light on why the entropic regularization serves as a tuning parameter to trade off bias and

variance for overall interval length efficiency. First, we need the following simple facts on

the Kullback-Leibler divergence, Hellinger distance, and χ2 distance.
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Proposition 5.3.3. For any probability vector p ∈ ∆n,

1

2(n∥p∥∞ + 1)
≤
∑n
i=1 pi log(pi) + log(n)

n
∑n
i=1 p

2
i − 1

≤ 1.

The above fact will help us relate the entropy term and the standard Euclidean norm

of the weights. For a fixed j ∈ T , suppose that (p̂ij)i∈C ∈ ∆Nc
, the j-th column of P̂ , is

delocalized in the sense maxi∈C p̂ij ≤ (M/2−1)/Nc with some constant M > 4. The interval

length is as follows:

Lenj := 2 · ∥f0∥H · ∥ϕxj −
∑
i∈C

p̂ijϕxi∥H + 2 · z1−α
2
· σ0
√∑
i∈C

p̂2ij .

From π̂ij = p̂ij/Nt and Proposition 5.3.3, we deduce the following bounds:

Len2j ≤ 8

{
∥f0∥2H∥ϕxj −

∑
i∈C

π̂ij
1/Nt

ϕxi∥
2
H +

Mz2
1−α

2
σ20

Nc/Nt

[∑
i∈C

π̂ij log
π̂ij
e +

1
M+1+log(NcNt)

Nt

]}
,

Len2j ≥ 4

{
∥f0∥2H∥ϕxj −

∑
i∈C

π̂ij
1/Nt

ϕxi∥
2
H +

z2
1−α

2
σ20

Nc/Nt

[∑
i∈C

π̂ij log
π̂ij
e +

2+log(NcNt)
Nt

]}
.

Averaging over j ∈ T , and barring the constant M , the upper and lower bounds on

the right-hand sides remind us of the entropic regularized convexified matching objective in

(5.2.7), with the regularization parameter

λ ≍
z21−α

2

Nc

σ20
∥f0∥2H

.

The above tradeoff confirms the empirical findings: for a high signal-to-noise problem, to

balance bias and variance, we need a smaller λ for better approximation error; for a low

signal-to-noise problem, a larger λ is preferred to reduce variance. Such a phenomenon

confirms the observations in Figure 5.2. Searching for a coupling minimizing the objective
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of convexified matching is closely related to minimizing the interval length, provided the

regularization parameter λ is appropriately chosen. Therefore, optimizing the entropic reg-

ularized convexified matching program (5.2.7) with the desired λ chosen above is closely

connected to optimizing the average of the squared lengths of the individual confidence

intervals 1
Nt

∑
j∈T Len2j .

5.4 Optimization: Algorithms and Analysis

This section introduces and analyzes optimization algorithms to solve the convexified match-

ing problem. For a cleaner analysis, we focus on (5.3.3), a version of (5.2.7) with uniform

weights v = 1
Nt

on the treated. Notice that it is an instance of the following constrained

nonlinear optimization problem: for n,m ∈ N, a ∈ ∆+
n , b ∈ ∆+

m, λ > 0, and g : Rn×m → R,

min
π∈Πa,b

g(π) + λh(π), (5.4.1)

where Πa,b = {π ∈ Rn×m+ : π1m = a and π⊤1n = b} and h : Rn×m+ → R is the entropy

function defined by h(π) =
∑n
i=1

∑m
j=1 πij log

πij
e . The convexified matching amounts to

the case where g is a convex quadratic function, in which (5.4.1) is a convex program taking

the form (5.3.3). It can be solved using the interior point method in poly(nm) time, possibly

slow in practice for coupling matrices with nm large.

In this section, we devise a faster algorithm that requires an almost dimension-free num-

ber of oracle calls to a subroutine—a simple iterative matrix scaling procedure called the

Sinkhorn algorithm [Sinkhorn, 1967]. When λ is sufficiently large, the algorithm compares

favorably to the interior point method, requiring only a log(1/ε) number of Sinkhorn sub-

routines. Later, we modify and extend the algorithm to cover all λ ∈ R+ by connecting

to the steepest descent method under the Kullback-Leibler divergence. The convergence is

admittedly slower for small λ: log(nm)/ε number of Sinkhorn subroutines is required, but
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it still compares favorably to the interior point method.

Additional Notation For a matrix A ∈ Rn×m, let ∥A∥1 :=
∑n
i=1

∑m
j=1 |Aij | denote its

L1 norm, and ∥A∥∞ := max1≤i≤nmax1≤j≤m |Aij | denote its L∞ norm. Let h keep its

definition as the entropy function, and let ∇h(A) denote the gradient of h, which is log(A),

the entrywise logarithm of A, provided all entries of A are positive. For any a ∈ ∆n and b ∈

∆m, let Π+
a,b := {A ∈ Πa,b : Aij > 0 ∀i, j}. Let ∆n,m = {A ∈ Rn×m+ :

∑n
i=1

∑m
j=1Aij = 1}.

For vectors u, v ∈ Rn, let u
v denote the entrywise division provided all the entries of v are

nonzero.

5.4.1 Optimality Conditions and the Sinkhorn Algorithm

When g is convex and λ > 0, the strong convexity of h on Πa,b implies that (5.4.1) admits a

unique minimizer. Moreover, as h prevents the minimizer from having a zero entry, (5.4.1)

admits a unique minimizer on Π+
a,b, which is the interior of Πa,b. It turns out that this unique

minimizer of (5.4.1) is the fixed point of an operator related to the entropic regularized

optimal transport problem [Cuturi, 2013], as we shall show in Proposition 5.4.2. Later,

in Theorem 5.4.3, we derive convergence to the minimizer via the iterative matrix scaling

subroutine. This subroutine is referred to as the Sinkhorn algorithm [Sinkhorn, 1967], which

we introduce below.

Definition 5.4.1 (Sinkhorn [Sinkhorn, 1967, Cuturi, 2013]). Fix λ > 0. The following

operator Φλ : Rn×m → Π+
a,b is well-defined:

Φλ(C) := argmin
π∈Πa,b

(⟨C, π⟩+ λh(π)) ∀C ∈ Rn×m,

where we often call the right-hand side the entropic regularized optimal transport problem

given a cost matrix C. Moreover, for any C ∈ Rn×m, one can obtain Φλ(C) by itera-

tively scaling the rows and columns of the matrix exp(−C/λ) using the Sinkhorn algorithm
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summarized in Algorithm 1, namely, Φλ(C) is the limit of the sequence produced from

Sinkhorn(e−C/λ, a, b).

Algorithm 1 Sinkhorn(P, a, b)

Require: A matrix P ∈ Rn×m with positive entries, a ∈ ∆+
n , and b ∈ ∆+

m.
1: Initialize k ← 0, x(k) ← 1n, and y(k) ← b

P⊤x(k)
.

2: repeat
3:

x(k+1) ← a

Py(k)
and y(k+1) ← b

P⊤x(k+1)
.

4: P (k+1) = diag(x(k+1))Pdiag(y(k+1)).
5: k ← k + 1.
6: until Discrepancy between P (k)1m and a reaches a desired level.
7: return P (k).

For simplicity, Algorithm 1 states the Sinkhorn algorithm such that the column sum of

P (k) matches with b, namely, (P (k))⊤1n = b for any k ≥ 0. Then, to assess the accuracy

of the scaled matrix P (k), we may only need to check a suitable discrepancy between a and

the row sum of P (k), that is, P (k)1m.

The following proposition shows that when g is convex, the unique minimizer of (5.4.1)

is the fixed point of an operator given by the composition of Φλ and ∇g.

Proposition 5.4.2. Fix λ > 0. For a function g : Rn×m → R such that ∇g exists, define

an operator Tλ : Rn×m → Π+
a,b by Tλ = Φλ ◦ ∇g, that is, for any A ∈ Rn×m,

Tλ(A) = argmin
π∈Πa,b

(⟨∇g(A), π⟩+ λh(π)). (5.4.2)

If g is convex, (5.4.1) admits a unique minimizer contained in Π+
a,b, say, π⋆ ∈ Π+

a,b, and π⋆

is the unique fixed point of Tλ, namely, π⋆ = Tλ(π
⋆).

Based on the established connection between the optimality condition of (5.4.1) and the

Sinkhorn algorithm, we propose two algorithms to solve (5.4.1) in the following sections.
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5.4.2 Fixed-Point Algorithm

By Proposition 5.4.2, finding the fixed point of Tλ is equivalent to solving (5.4.1). Therefore,

we propose solving (5.4.1) by the fixed-point iterations of the operator Tλ : Rn×m → Π+
a,b,

which is simply choosing an initial point π(0) ∈ Πa,b and iterating π(k+1) ← Tλ(π
(k)) for

k ≥ 0, where Tλ(π(k)) = Φλ(∇g(π(k))) is approximated by Sinkhorn(e−∇g(π
(k))/λ, a, b) as

explained in Definition 5.4.1. Algorithm 2 summarizes this procedure.

Algorithm 2 FixedPoint(g, λ, a, b)

Require: A map g : Rn×m → R, a parameter λ > 0, a ∈ ∆+
n , and b ∈ ∆+

m.
1: Pick any π(0) ∈ Πa,b and set k ← 0.
2: repeat
3: π(k+1) ← Sinkhorn(e−∇g(π

(k))/λ, a, b).
4: k ← k + 1.
5: until Discrepancy between π(k) and π(k−1) reaches a desired level.
6: return π(k).

We show that Tλ is a contraction if the gradient of g is Lipschitz and λ is larger than the

Lipschitz constant. In such a case, Algorithm 2 converges to the fixed point quickly. When

g is a quadratic function, we can write the Lipschitz constant in terms of the L∞ norm of

the Hessian matrix, which is independent of the input dimension nm. We do not require g

to be convex for this result; Tλ admits a unique fixed point due to the contraction argument,

which is independent of Proposition 5.4.2. The role of Proposition 5.4.2 is to translate this

convergence result into the convergence to the minimizer of (5.4.1) for convex g by equating

the fixed point to the minimizer.

Theorem 5.4.3. Let g : Rn×m → R be a quadratic function given by g(π) = 1
2⟨π,Hπ⟩ +

⟨C, π⟩ for some H ∈ Rn×n that is symmetric and C ∈ Rn×m. Assume λ > ∥H∥∞. Then,

the operator Tλ defined in (5.4.2) is a contraction under the distance defined by ∥ · ∥1 and

has a unique fixed-point, say, π⋆ ∈ Π+
a,b. Moreover, Algorithm 2, assuming the inner loop
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Sinkhorn is always exact, outputs a sequence (π(k))k≥0 such that for any T ∈ N,

∥π(T ) − π⋆∥1 ≤
(∥H∥∞/λ)T

1− (∥H∥∞/λ)
∥π(1) − π(0)∥1. (5.4.3)

Remark 5.4.4. Theorem 5.4.3 shows that to obtain an ε-approximate fixed point ∥π(T ) −

π⋆∥21 ≤ ε when λ > ∥H∥∞, we need log(1/ε)/2 log(λ/∥H∥∞) number of Sinkhorn routines,

which is a dimension-free quantity.

Theorem 5.4.3 is based on the following lemma that analyzes the Lipschitz property of

the operator Φλ—defined in Proposition 5.4.1—w.r.t. the L∞ metric.

Lemma 5.4.5. Fix λ > 0. Define a map Φλ : Rn×m → Π+
a,b by

Φλ(C) = argmin
π∈Πa,b

(⟨C, π⟩+ λh(π)) .

Then, for any C1, C2 ∈ Rn×m, we have

∥Φλ(C1)− Φλ(C2)∥1 ≤
∥C1 − C2∥∞

λ
. (5.4.4)

Proof of Theorem 5.4.3. By (5.4.4) of Lemma 5.4.5, we have for any A1, A2 ∈ Rn×m,

∥Tλ(A1)− Tλ(A2)∥1 = ∥Φλ(∇g(A1))− Φλ(∇g(A2))∥1

≤ ∥∇g(A1)−∇g(A2)∥∞
λ

=
∥H(A1 − A2)∥∞

λ

≤ ∥H(A1 − A2)∥∞
λ

≤ ∥H∥∞
λ
∥A1 − A2∥1,

where the last inequality follows from ∥H(A1 − A2)∥∞ ≤ ∥H∥∞∥A1 − A2∥1. Therefore,

Tλ is a contraction on Πa,b equipped with ∥ · ∥1 if λ > ∥H∥∞. By the Banach-Caccioppoli
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theorem, Tλ has a unique fixed point, and we have (5.4.3).

5.4.3 Local Algorithm with Kullback-Leibler Geometry

The fixed-point algorithm may not converge for sufficiently small λ. To fill in the gap when

λ ∈ [0, ∥H∥∞), which is left unanswered by Theorem 5.4.3, we employ the steepest descent

method under Bregman divergence to solve (5.4.1) as follows: let f = g + λh,

π(k+1) = argmin
π∈Πa,b

(
⟨∇f(π(k)), π⟩+ Dh(π, π

(k))

τk

)
, (5.4.5)

where Dh(π, π(k)) = h(π)−h(π(k))−⟨∇h(π(k)), π−π(k)⟩ is the Bregman divergence, which

equals the Kullback-Leibler divergence on Πa,b, and τk > 0 is a suitable step size. With

the entropic regularization h, we implement the steepest descent over the polytope Πa,b

under the Kullback-Leibler divergence. We emphasize that this can be solved using the

Sinkhorn algorithm as well since the right-hand side of (5.4.5) is equivalent to minimizing

⟨∇g(π(k)) + (λ− τ−1k )∇h(π(k)), π⟩+ τ−1k h(π), which leads to

π(k+1) = Φ
τ−1
k

(
∇g(π(k)) + (λ− τ−1k )∇h(π(k))

)
.

This can be approximated by applying Algorithm 1 to e−(∇g(π
(k))+(λ−τ−1

k )∇h(π(k)))/τ−1
k .

Algorithm 3 summarizes this procedure. Note that letting τk = λ−1 for all k ≥ 0 in

Algorithm 3 recovers Algorithm 2.

We show that Algorithm 3 outputs a sequence that converges to the minimum of (5.4.1)

provided the step size is below a certain threshold.

Theorem 5.4.6. Let g : Rn×m → R be a convex quadratic function given by g(π) =

1
2⟨π,Hπ⟩ + ⟨C, π⟩ for some H ∈ Rn×n that is symmetric and positive semidefinite and

C ∈ Rn×m. Then, for any λ ≥ 0, if we run Algorithm 3, assuming the inner loop Sinkhorn
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Algorithm 3 SteepestDescentKL(g, λ, {τk}k≥0, a, b)

Require: A map g : Rn×m → R, a parameter λ > 0, a ∈ ∆+
n , and b ∈ ∆+

m.
Require: Step sizes {τk}k≥0.
1: Pick any π(0) ∈ Πa,b and set k ← 0.
2: repeat
3: π(k+1) ← Sinkhorn(e−(∇g(π

(k))+(λ−τ−1
k )∇h(π(k)))/τ−1

k , a, b).
4: k ← k + 1.
5: until Discrepancy between π(k) and π(k−1) reaches a desired level.
6: return π(k).

is always exact, with constant step size τk = τ for all k ≥ 0, where τ−1 ≥ ∥H∥∞ + λ, it

outputs a sequence (π(k))k≥0 such that for any T ∈ N,

g(π(T )) + λh(π(T ))− min
π∈Πa,b

(g(π) + λh(π)) ≤ 1

T

log(nm)

τ
. (5.4.6)

When λ > 0, the following holds as well:

∥π(T ) − π⋆∥21 ≤
1

T

2 log(nm)

λτ
, (5.4.7)

where π⋆ ∈ Π+
a,b is the unique minimizer of (5.4.1).

Remark 5.4.7. The λ ∈ [∥H∥∞,∞) case has been studied in Theorem 5.4.3. Theorem 5.4.6

shows that for any λ ∈ [0, ∥H∥∞), with the choice τ−1 = 2∥H∥∞, we need 1
ε ·2∥H∥∞ log(nm)

number of Sinkhorn subroutines to get ε-close to the objective value. Further more, when

λ is strictly positive, we can assure that after 1
ε · 4∥H∥∞ log(nm) · 1λ number of Sinkhorn

subroutines, ∥π(T ) − π⋆∥21 ≤ ε, with a logarithmic dependence on the problem dimension.

Proof of Theorem 5.4.6. We first show the following from (5.4.5): for any k ≥ 0 and π ∈

Πa,b,

⟨∇f(π(k)), π(k+1) − π⟩ ≤ ⟨∇h(π
(k))−∇h(π(k+1)), π(k+1) − π⟩

τk
. (5.4.8)

To see this, pick π ∈ Πa,b and define q(ε) = f((1− ε)π(k+1)+ επ) + τ−1k Dh((1− ε)π(k+1)+
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επ, π(k)) for ε ∈ [0, 1]. As q(ε) ≥ q(0) for ε ∈ [0, 1], the right derivative of q at ε = 0 must

be nonnegative, which leads to (5.4.8). Next, letting Df be the Bregman divergence with

respect to f , we have

f(π(k+1))− f(π)

= f(π(k+1))− f(π(k)) + f(π(k))− f(π)

= Df (π
(k+1), π(k)) + ⟨∇f(π(k)), π(k+1) − π(k)⟩+ f(π(k))− f(π)

≤ Df (π
(k+1), π(k)) + ⟨∇f(π(k)), π(k+1) − π(k)⟩+ ⟨∇f(π(k)), π(k) − π⟩

≤ Df (π
(k+1), π(k)) +

⟨∇h(π(k))−∇h(π(k+1)), π(k+1) − π⟩
τk

,

where the first inequality uses the convexity of f and the second inequality follows from

(5.4.8). For the last term on the right-hand side, we have

⟨∇h(π(k))−∇h(π(k+1)), π(k+1) − π⟩

= ⟨log π(k)

π(k+1) , π
(k+1) − π⟩

= ⟨log π
π(k)
− log π

π(k+1) , π⟩ − ⟨log
π(k+1)

π(k)
, π(k+1)⟩

= Dh(π, π
(k))−Dh(π, π(k+1))−Dh(π(k+1), π(k)).

Hence,

f(π(k+1))− f(π) ≤ Df (π
(k+1), π(k)) +

Dh(π,π
(k))−Dh(π,π

(k+1))−Dh(π
(k+1),π(k))

τk
. (5.4.9)

Meanwhile,

Df (π
(k+1), π(k)) =

⟨π(k+1)−π(k),H(π(k+1)−π(k))⟩
2 + λDh(π

(k+1), π(k))

≤ ∥H∥∞
2
∥π(k+1) − π(k)∥21 + λDh(π

(k+1), π(k))

≤ (∥H∥∞ + λ)Dh(π
(k+1), π(k)),
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where the first inequality follows from Hölder’s inequality and the second inequality uses

Pinsker’s inequality ∥π(k+1) − π(k)∥21 ≤ 2Dh(π
(k+1), π(k)); see, Lemma 2.5 of Tsybakov

[2009]. Now, as τ−1k = τ−1 ≥ ∥H∥∞ + λ, we have

Df (π
(k+1), π(k)) ≤ Dh(π

(k+1), π(k))

τ
,

which, together with (5.4.9), leads to

f(π(k+1))− f(π) ≤ Dh(π, π
(k))−Dh(π, π(k+1))

τ

for any π ∈ Πa,b. By letting π = π(k), we have f(π(k+1)) ≤ f(π(k)) for all k ≥ 0. Hence,

f(π(T ))− f(π) ≤ 1

T

T−1∑
k=0

(f(π(k+1))− f(π)) ≤ Dh(π, π
(0))−Dh(π, π(T ))

Tτ
≤ Dh(π, π

(0))

Tτ
.

As f always admits a minimizer on Πa,b (even when λ = 0), plugging a minimizer to π and

using the fact that Dh(π, π(0)) ≤ log(nm), we obtain (5.4.6). Lastly,

f(π(T ))− f(π⋆) = ⟨∇f(π⋆), π(T ) − π⋆⟩+Df (π
(T ), π⋆)

= ⟨∇f(π⋆), π(T ) − π⋆⟩+ ⟨π
(T )−π(k),H(π(T )−π(k))⟩

2 + λDh(π
(T ), π⋆)

≥ λ

2
∥π(T ) − π⋆∥21,

where the last inequality uses Pinsker’s inequality and ⟨∇f(π⋆), π(T )−π⋆⟩ ≥ 0, which holds

as π⋆ is a minimizer of f . Hence, we have (5.4.7).

5.5 Discussion

We proposed a convexified matching method for missing value imputation and individualized

inference, integrating favorable features from optimal matching, regression imputation, and
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synthetic control. We impute counterfactual outcomes based on convex combinations of ob-

served outcomes, defined by an optimal coupling between the treated and control data sets.

Finding an optimal coupling is a convex relaxation to the combinatorial optimal matching

problem, for which we propose efficient algorithms based on matrix scaling. Unlike exist-

ing imputation methods, we begin with a desirable aggregate-level summary and estimate

granular-level individual treatment effects by properly constraining the coupling so that the

estimated individual effects are consistent with the aggregate summary. We provided a

method to construct individual confidence intervals for the estimated counterfactual out-

comes, along with a simulation study to demonstrate the effectiveness of our method. The

simulation confirms our theoretical insight on the level of entropic regularization needed. We

establish that entropic regularization plays a crucial role in both efficiency in inference and

computation: first, the convexified matching objective is gauged for minimizing the width of

the individual confidence intervals, trading off bias and variance; second, the entropic regu-

larization enables us to design fast algorithms. We demonstrated the empirical performance

of our method on the NSW data, using both experimental and nonexperimental data sets,

with a comparison to existing methods and robustness checks.

5.6 Supplemental Proofs

5.6.1 Proof of Proposition 5.3.3

Proof of Proposition 5.3.3. For any p = (p1, . . . , pn) ∈ ∆n, we have

n∑
i=1

pi log(pi) + log(n) ≤ n

n∑
i=1

p2i − 1,

where the left-hand side is the Kullback-Leibler (KL) divergence of p from 1
n1n which is

known to be bounded by the χ2 distance of p from 1
n1n on the right-hand side; see Lemma
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2.7 of Tsybakov [2009]. Meanwhile, the KL divergence is bounded below by the Hellinger

distance; see Lemma 2.4 of Tsybakov [2009]. Therefore, we have

n∑
i=1

pi log(pi) + log(n) ≥
n∑
i=1

(
√
pi −

√
1/n)2,

where the right-hand side is the Hellinger distance between p and 1
n1n. The right-hand side

can be further lower bounded,

n∑
i=1

(
√
pi −

√
1/n)2 =

n∑
i=1

(pi − 1/n)2

(
√
pi +

√
1/n)2

≥
n
∑n
i=1 p

2
i − 1

2(n∥p∥∞ + 1)
.

Combining these inequalities, we have

1

2(n∥p∥∞ + 1)
≤
∑n
i=1 pi log(pi) + log(n)

n
∑n
i=1 p

2
i − 1

≤ 1.

5.6.2 Proof of Proposition 5.4.2

Proof of Proposition 5.4.2. We have already discussed that (5.4.1) must admit a unique min-

imizer π⋆ ∈ Π+
a,b. We show that π⋆ is a unique fixed point of Tλ by using the Karush-Kuhn-

Tucker (KKT) conditions. To see this, let us first rewrite (5.4.1) as

min
π∈Rn×m

+

(g(π) + λh(π))

subject to π1m = a and π⊤1n = b.
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Then, define the Lagrangian L : Rn×m+ × Rn × Rm → R by

L(π, µ, ν)

= g(π) + λh(π) + ⟨µ, π1m − a⟩+ ⟨ν, π⊤1n − b⟩.

The KKT conditions for (π, µ, ν) ∈ Rn×m+ × Rn × Rm are π ∈ Πa,b and π is a minimizer of

L(·, µ, ν) over Rn×m+ . Due to h, we can see that L(·, µ, ν) must admit a unique minimizer

at the interior of Rn×m+ , namely, all the entries of the unique minimizer are strictly positive.

Accordingly, the minimizer must satisfy the first-order condition:

∇πL(π, µ, ν) = ∇g(π) + λ∇h(π) + µ1⊤m + 1nν
⊤

= 0,

which leads to

π = exp

(
−µ1

⊤
m + 1nν

⊤ +∇g(π)
λ

)
. (5.6.1)

Hence, (π, µ, ν) ∈ Rn×m+ × Rn × Rm satisfies the KKT conditions if π ∈ Πa,b and (5.6.1)

holds. Meanwhile, for any (π, µ, ν) ∈ Rn×m+ × Rn × Rm, if the right-hand side of (5.6.1)

belongs to Πa,b, it must be Φλ(∇g(π)) = Tλ(π) which can be deduced from Theorem 1 of

Sinkhorn [1967].

In summary, (π, µ, ν) ∈ Rn×m+ × Rn × Rm satisfies the KKT conditions if

π = exp

(
−µ1

⊤
m + 1nν

⊤ +∇g(π)
λ

)
= Tλ(π).

Meanwhile, for (5.4.1), we can check that the Slater condition—see for instance, Section 5.2.3

of Boyd and Vandenberghe [2004]—is satisfied, and thus we have an optimizer (µ⋆, ν⋆) ∈

Rn × Rm of the dual problem with strong duality. Accordingly, the KKT conditions are

satisfied by (π⋆, µ⋆, ν⋆). This implies that π⋆ = Tλ(π
⋆). Hence, Tλ has a fixed point π⋆. For
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uniqueness, suppose π = Tλ(π) holds for some π ∈ Π+
a,b. Again, by Theorem 1 of Sinkhorn

[1967], the matrix Tλ(π) = Φλ(∇g(π)) must take the form of the right-hand side of (5.6.1)

for some (µ, ν) ∈ Rn × Rm, meaning that the KKT conditions are satisfied by (π, µ, ν) and

thus π is a minimizer of (5.4.1). As we have already shown that (5.4.1) admits a unique

minimizer π⋆, we conclude π = π⋆. Hence, π⋆ is the unique fixed point of Tλ.

5.6.3 Proof of Lemma 5.4.5

Proof of Lemma 5.4.5. We first claim that for any π ∈ Πa,b, we have

⟨C1 + λ∇h(Φλ(C1)), π − Φλ(C1)⟩ ≥ 0. (5.6.2)

Suppose not, namely, there exists π ∈ Πa,b such that

⟨C1 + λ∇h(Φλ(C1)), π − Φλ(C1)⟩ < 0.

In other words, letting q(π) := ⟨C1, π⟩+ λh(π), we have π ∈ Πa,b such that

⟨∇q(Φλ(C1)), π − Φλ(C1)⟩ < 0.

As q is differentiable at Φλ(C1) and q is convex on Πa,b, this means that we can find a

point π′ on the line segment between Φλ(C1) and π such that q(π′) < q(Φλ(C1)), which

contradicts that Φλ(C1) is a minimizer of q over Πa,b. Hence, (5.6.2) must hold for any

π ∈ Πa,b. Letting π = Φλ(C2) in (5.6.2), we have

⟨C1 + λ∇h(Φλ(C1)),Φλ(C2)− Φλ(C1)⟩ ≥ 0.
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Changing the role of C1 and C2,

⟨C2 + λ∇h(Φλ(C2)),Φλ(C1)− Φλ(C2)⟩ ≥ 0.

Combining the above two inequalities, we have

⟨∇h(Φλ(C1))−∇h(Φλ(C2)),Φλ(C1)− Φλ(C2)⟩

≤ −1

λ
⟨C1 − C2,Φλ(C1)− Φλ(C2)⟩.

(5.6.3)

By applying Hölder’s inequality to the right-hand side of (5.6.3), we have

− 1

λ
⟨C1 − C2,Φλ(C1)− Φλ(C2)⟩

≤ ∥C1 − C2∥∞ · ∥Φλ(C1)− Φλ(C2)∥1
λ

.

(5.6.4)

Also, as h is 1-strongly convex with respect to ∥·∥1 on ∆n,m, we have for any P1, P2 ∈ ∆n,m,

⟨∇h(P1)−∇h(P2), P1 − P2⟩ ≥ ∥P1 − P2∥21,

which allows us to lower bound the left-hand side of (5.6.3) as follows:

⟨∇h(Φλ(C1))−∇h(Φλ(C2)),Φλ(C1)− Φλ(C2)⟩

≥ ∥Φλ(C1)− Φλ(C2)∥21.
(5.6.5)

Combining (5.6.3), (5.6.4), and (5.6.5), we have (5.4.4).

5.7 Applications: Revisit the NSW Data

In this section, we numerically investigate our imputation and individualized inference method

using the NSW data and compare it with other methods, continued from Section 5.2.3.
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5.7.1 Imputation

We conduct a robustness check of the imputation results in Section 5.2.3 on the NSW data

by specifying different nonlinear kernels. We consider the RBF kernel and the polynomial

kernel of degree two. The results are shown in Figure 5.4 and Figure 5.5. Though the overall

patterns are similar to those using the linear kernel, we can observe some differences. First,

for the experimental data, the imputed counterfactual outcomes via the RBF kernel with

λ = 0.001 show the largest variability. In Figure 5.4(a), there are two treated units whose

imputed counterfactual outcomes are above 15000, which do not occur in the results via

the linear or polynomial kernel; as a result, the right tail of the histogram along the x-axis

is longer than the other cases. For the PSID data, we can see that using the polynomial

kernel leads to the most dispersed imputed outcomes, visualized by the right tails of the

histograms along the x-axis in (a) and (b) of Figure 5.5 which are longer than the other

cases. We point out that unlike the NN-matching method and our KSC method, whose

counterfactual distributions are supported on R+ even for the nonexperimental PSID data,

the regression imputation method presents a wider support for imputed values, even with

negative outcomes as seen across Figures 5.1, 5.4 and 5.5.

5.7.2 Inference

We apply the method presented in Section 5.3 to construct confidence intervals around the

imputed counterfactual outcomes. Figure 5.6 (a) shows the results for the experimental data

using the linear kernel with λ ∈ {0.001, 1}, which plots the estimated individual treatment

effects (ITEs), τ̂j = Yj−Ŷj(0), against the logarithm of earnings in 1975, where the confidence

intervals are shown as error bars around the estimated ITEs. Here, only 74 treated units

(out of 185 treated units) with positive earnings in 1975 are shown. We pick this index

merely for visualization of individualization. For comparison, we also show the blue points

representing the ITEs based on imputing all the treated units with the mean of the control
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(a) NSW λ = 0.001
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(b) NSW λ = 0.01
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(c) PSID λ = 0.001
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(d) PSID λ = 0.01

Figure 5.4: Scatter plots of the imputed counterfactual outcomes of the treated along with the
histograms of the marginal distributions. The setup is the same as in Figure 5.1, but the results
are based on the RBF kernel for both NSW and PSID data.

group outcomes, along with the confidence intervals based on the standard error of the

mean; the case where there is no individualization in the imputed control outcomes, and

thus no meaningful individual confidence intervals addressing the bias. Let us first focus on
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(a) NSW λ = 0.001
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(b) NSW λ = 0.01
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(c) PSID λ = 0.001
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(d) PSID λ = 0.01

Figure 5.5: Scatter plots of the imputed counterfactual outcomes of the treated along with the
histograms of the marginal distributions. The setup is the same as in Figure 5.1, but the results
are based on the polynomial kernel of degree two for both NSW and PSID data.

the point estimates of the ITEs. We can see that most of the estimated ITEs fall in the

interval (−10000, 10000), seemingly uncorrelated with the earnings in 1975, while there are

seven individuals whose ITEs are above 10000. These seven units with the largest ITEs are
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likely to be the ones who benefit most from the treatment, standing out from the rest of the

treatment group.

The confidence intervals help us decide how sure we are about these seemingly significant

ITEs. We can confidently say that the top two ITEs are extremely large compared to the

rest of the ITEs since the lower ends of their individual confidence intervals are larger than

the upper ends of the rest of the ITEs, regardless of the choice of λ. Now, looking at the

confidence intervals, rather than only looking at the point estimates, the four units whose

ITEs are between 10000 and 20000 are less distinguishable from the rest. The error bars do

help to suggest which units benefit more here. For the third largest ITE, slightly above 20000,

the conclusion may vary depending on λ. If we read the confidence intervals corresponding

to λ = 1 (red, dashed), this unit seems to be more significant than the rest, while this

conclusion is less assertive for λ = 0.001 as the confidence interval of this unit overlaps with

the interval (−15000, 20000) which contains the rest of the confidence intervals. In other

words, using λ = 0.001 leads to the most conservative conclusion regarding who benefits the

most from the treatment as the confidence intervals are wider. Unlike the confidence intervals

by the proposed method, the intervals based on the mean imputation (shown in blue) are

extremely narrow, which does not take into account individual heterogeneity, overlooking a

potentially large bias; the confidence interval here is useless for individual decision making

and may result in overly optimistic conclusions, for instance, essentially the majority benefits

significantly from the program.

(b) and (c) of Figure 5.6 repeat the same analysis using the RBF kernel and the polyno-

mial kernel of degree two, respectively. The overall patterns are similar to those using the

linear kernel, but the confidence intervals tend to be wider. Accordingly, even the second

largest ITE above 30000 is not as distinguishable from the rest as in the linear kernel case.

Figure 5.7 shows the results using the PSID data. Notice that the intervals are generally

much wider than those of the NSW experimental data. One possible explanation is that the
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PSID data, even after trimmed, differs significantly from the experimental data, leading to

the matching with more conservative error estimates; particularly, the standard deviations

of the observed outcomes of the experimental and PSID are 5483.8 and 10700.9, respectively.

Accordingly, the confidence intervals are wider, which makes it harder to reach a decisive

conclusion with confidence.

Lastly, we briefly comment on the choice of ρ, the regularization parameter of the kernel

ridge regression mentioned in Section 5.3.2. Increasing ρ leads to a smaller estimate of ∥f0∥H,

leading to a smaller bias correction. Increasing ρ will typically result in a larger estimate of

σ0, implying a large variability. The correct choice of ρ depends on the underlying signal-to-

noise ratio for the data-generating process in the control outcomes, namely, the complexity

of the function vs. the amount of noise. In all examples of this section, we choose ρ using

5-fold cross-validation.
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Figure 5.6: NSW experimental data: estimated individual treatment effects (ITEs) of the treated
along the logarithm of earnings in 1975 on the x-axis, with the 95% confidence intervals shown as
error bars around the estimated ITEs. 74 treated units (among 185 treated units) with positive
earnings in 1975 are shown. The results are based on the experimental data using uniform weights
v, w in (5.2.7) with three different kernels: linear, RBF, and polynomial of degree two. The blue
points are imputing all the treated units with the mean of the control group outcomes, where the
blue error bars show the confidence interval based on the standard error of the mean.
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Figure 5.7: PSID nonexperimental data: estimated individual treatment effects (ITEs) of the
treated along the logarithm of earnings in 1975 on the x-axis, with the 95% confidence intervals
shown as error bars around the estimated ITEs. The setup is the same as in Figure 5.6, but the
results are based on the trimmed PSID data. For the weights v, w in (5.2.7), we let v be uniform,
while w is the propensity score-based weights as in (5.2.8). The blue points and error bars are
obtained as in Figure 5.6, but with the trimmed PSID data instead of the NSW control group.
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