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I like them to talk nonsense. That’s man’s one privilege over all creation. Through error
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ABSTRACT

Understanding the fate of many-body quantum physics in the presence of noise is of both

practical and fundamental interest. Practically, all quantum systems (especially near-term

experiments) are interacting with their environment, and so understanding the role that noise

plays is crucial to making predictions of observations. Fundamentally, one can find novel

physical phenomena in open systems that exists only out of equilibrium. This motivates

trying to get a basic understanding of mixed state phases of matter.

This dissertation will be in two parts, linked by the common theme of understanding the

dynamics and steady states of open, many-body quantum systems. We will first ask about

dissipative state preparation, or thinking about how one can use openness in a quantum

system to engineer interesting quantum states. We will present a number of exact solutions

for spins, free bosons, and free fermions that have unique properties in the steady state, be

they highly entangled or topological in nature. Then, we will discuss their dynamics, and

present fundamental limits on the time it takes to prepare highly entangled states under

local Markovian channels, and also ways that one can use additional ingredients to evade

these bounds.

The second part will focus on a novel technique to simulate the dynamics of open spin-

1/2 systems whose coupling to the environment will formally make them interacting. This

technique relies on encoding the many-body density matrix into a stochastic covariance

matrix of the Jordan-Wigner fermions which we show can be sampled from efficiently. We

use this technique to uncover rich phenomena outlined in a number of many-body systems,

as well as provide certain situations in which the stochastic observables can be analytically

re-averaged to get closed form solutions for the entire interacting system.
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CHAPTER 1

INTRODUCTION

The theory of open quantum systems attempts to describe the interaction between a quantum

system and its environment. This dissertation will generally be interested in answering two

questions that involve the theory of open quantum systems in the many-body limit. Firstly,

we will attempt to understand how the environment, or bath, that the quantum system sees

can be used as a resource. This often goes by the name of dissipative state preparation,

or reservoir engineering, in which an experiment attempts to engineer the coupling to the

bath to prepare a novel or useful quantum state. The idea of engineering the coupling of

a quantum degree of freedom to its environment is not new, and has been used extensively

in, e.g., AMO physics. A canonical example is optical pumping: when driving an atomic

ground-to-excited transition with circularly polarized light, the steady state is a highly out-

of-equilibrium distribution comprised almost entirely of a single magnetic hyperfine level,

which has significantly less entropy than the equilibrium ground state would have. We are

interested in using similar ideas, where a combination of tailored interactions, drives, and

dissipation prepare useful quantum states, but now in the many-body regime.

First, we will present exact steady state solutions for reservoir engineered schemes. In

Chapter 2, we explain how a 1D spin model can be dissipatively cooled into a highly struc-

tured and volume-law entangled “rainbow state” using only local interactions and a single

engineered dissipative environment. Following this, in Chapter 3, we will explain how one

can apply a single, localized dissipative environment to prepare topologically ordered states

in a lattice of bosonic modes. We will give explicit proscriptions to selectively excite and

squeeze topological edge modes in both one and two spatial dimensions.

In Chapter 4, we will interest ourselves not only in the steady state, but also in the

dynamics of open quantum systems, especially what is called the relaxation or mixing time,

which describes the characteristic time scale required to reach the steady state. In Chapter 2,
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we observe numerically that the more entanglement that is present in the steady state, the

longer this characteristic time-scale is. We will be able to prove that this is not a fluke or

a model-dependent fact. In fact, we will prove the stronger statement that it is impossible

to prepare a maximally entangled state with a finite mixing time using local, Markovian

quantum channels. Moreover, we will prove a sharp trade-off between the steady state

entanglement and the time required to reach the steady state: the more entanglement in the

steady state, the longer it takes to reach.

This seems to imply that there is no free lunch, and that it is impossible to use dissipation

to prepare entanglement in a scalable or useful way. However, in Chapter 5, we will provide a

minimal way to circumvent these fundamental trade-offs using a classical memory (breaking

the assumption of time-locality or Markovianity) and provide an explicit mechanism to

prepare a maximally entanglement state in finite time using only spatially local resources

and a single-bit quantum memory.

If the first half of this dissertation is asking the questionWhat can the bath do for you?, the

second half will instead try to answerWhat can you do for the bath? More specifically, instead

of trying to find engineered models of interest, we will be interested in understanding the

generic behavior of many-body systems subject to experimentally relevant, more naturally

occuring noise models, as opposed to the highly engineered versions considered in the first

half. Here, we will be interested in understanding the emergent nonequilibrium many-body

physics that arises when noise competes with coherent dynamics. This is relevant in its own

right as a study of new, emergent phenomena out of equilibrium. Moreover, because current

experiments are pre-fault-tolerant, the environment can never be neglected and so these

questions are critical to make predictions of the outcome of current quantum experiments.

Our goal will be both analytic insights as well as efficient computational techniques, where

efficient in this case implies that the computational complexity scales polynomially in the

number of spins.

2



In Chapter 6, we will present a new, efficient simulation technique that allows one to

simulate a particularly relevant class of quantum systems. The technique relies on the

observation that there exist a certain class of dynamics that can be described by averaging

over noisy Gaussian trajectories, and we prove that computing individual trajectories is

computationally easy and sampling is also efficient. We use this technique to study three

paradigmatic models, and make new predictions on previously inaccessible system sizes. We

also explain how it can be used in more complicated 2D systems. Moreover, the structure

we learn about is more than just a numerical tool and also provides deep physical insights

into the role of noise in quantum many-body systems. In Chapter 7, we use this structure to

show that this method is even more powerful if we restrict our noise model to Pauli channels.

Pauli channels are particularly relevant for digital quantum computers and simulators, as

they often utilize randomized compiling to map all noise into Pauli channels. We show

that the trajectories for Pauli noise can be analytically re-averaged to get closed form,

analytic solutions to the time evolution of arbitrary observables. Utilizing this technique,

we get results on decohered quantum critical states in the thermodynamic limit. Finally,

in Chapter 8, we will be more pedagogical and explain the explicit construction of the

simulation techniques we outlined in Chapters 6 and 7. We will give explicit constructions

of the relevant algorithms in pseudocode and use these to calculate theoretically the large

system computational complexity.

Each chapter is a self-contained body of work, with the exception of Chapter 8, which is

based on the results in Chapters 6 and 7.
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CHAPTER 2

STABILIZING RAINBOW STATES WITH LOCAL,

MARKOVIAN DISSIPATION

This chapter contains previously-published material found in Ref. [1]. Reuse is permitted

according to the copyright agreement used by Physical Review B.

2.1 Introduction

Quantum reservoir engineering is a powerful tool in quantum information processing. In its

simplest form, it involves tailoring dissipative processes to stabilize non-classical quantum

states [2, 3]; when generalized to stabilizing a subspace, it can also be used as a route to

quantum error correction [4, 5]. Many experiments have implemented dissipation engineering

in few-body quantum systems comprised of 1-2 qubits or bosonic modes (see e.g. [6, 7, 8, 9,

10]). Theoretical work has also considered extensions to truly many-body systems [11, 12, 13],

though most proposals are experimentally daunting, as they require engineered dissipation

on every site of an extended lattice system. More recent work demonstrated that for non-

interacting bosons hopping on a 1D lattice, a single, local engineered squeezing dissipator can

be sufficient to stabilize the entire extended system in a state with long-range entanglement

[14, 15]; a subtle particle-hole symmetry was shown to be the key ingredient, allowing a

generalization to higher dimensions [16]. These protocols are, however, limited to stabilizing

Gaussian entangled states, whose use in quantum information is highly constrained [17].

Given this prior work, a natural question is whether a single localized dissipative process

can prepare and stabilize more complex many-body entangled states. In particular, can this

approach work in systems which have (unlike free bosons) a finite-dimensional local Hilbert

space, e.g. lattices of fermions, hard-core bosons or qubits. In this Chapter, we show that the

answer is, surprisingly, yes. We describe an extremely simple protocol exploiting symmetry
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Engineered Dissipation

1 − 𝑣2 00 + 𝑣|11⟩
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Figure 2.1: Schematic of a 1D qubit array with nearest-neighbour XY interactions, where
the two central sites are coupled to a common engineered dissipative reservoir with a pairing
parameter v (c.f. Eq. (2.2)). The dissipative dynamics stabilizes an arbitrary initial state of
the qubits into a volume-law entangled rainbow state, where each qubit is entangled with
its mirror image qubit (as depicted). The model maps to an interacting fermionic model
featuring dissipative pairing with phase fluctuations.

and the dissipative analog of Cooper pairing to stabilize highly entangled states in 1D lattices

of fermions and qubits, one example being the so-called “rainbow state” (Fig. 2.1). Such

rainbow states feature long-range, volume-law entanglement, and are known to be the ground

states of highly structured, spatially non-uniform Hamiltonians [18, 19]. Our dissipative

approach does not require the realization of such exotic Hamiltonians. Instead, it only uses

nearest-neighbour Hamiltonian interactions (which need not be uniform or symmetric) and

a single localized dissipator; the entangled steady state state is the unique steady state

irrespective of the size of the lattice. As we discuss, the resources required to implement our

protocol already exist in a number of different quantum information processing architectures.

Our results also have interest in the context of general studies of many-body driven dis-

sipative system. The spin version of our problem cannot be mapped exactly to free fermions.

Nonetheless, we are able to exactly describe the steady state. We discuss how qualitative

features of the dynamics can be connected to a model of dissipative fermionic pairing with

phase fluctuations. Note that our work is distinct from a recent proposal for using dissipa-

tion to generate entangled states in 1D qubit chains [20, 21]. These protocols also generated

rainbow-like entangled states, but only if the system was initially prepared in a non-trivial,

highly nonlocal entangled steady state. In contrast, our approach has in general a unique
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entangled steady state, and hence is completely independent of the initial state: one can

start from a trivial product state and still obtain the volume-law entangled rainbow state.

Alternate schemes that unconditionally stabilize qubit rainbow states have also been pro-

posed [22, 23]. Our scheme is simpler to implement, and is also far more general: it can

stabilize a wide class of entangled pure qubit states (many having a correlation structure

considerably more complex than a rainbow).

2.2 Fermions

We begin by considering non-interacting fermions, using this system to build up the key

ideas that will enable our qubit protocol. We consider spinless fermions hopping on a 2N -

site lattice with a tight binding Hamiltonian ĤF =
∑
i,j Hij ĉ

†
i ĉj , where Hij is a Hermitian

matrix, and ĉi annihilates a fermion at lattice site i. ĤF is readily diagonalized, with

d̂
†
α =

∑
j ψα[j]ĉ

†
j creating a particle in an energy eigenstate with energy ϵα and real-space

wavefunction ψα[j]. Note that we do not assume translational invariance.

Our goal is to now introduce localized dissipation which stabilizes the entire lattice in a

finite-density state with long-range entanglement. For non-interacting bosons, this can be

accomplished by coupling a single site to a squeezed Markovian reservoir [14, 15, 16]. Such

a reservoir attempts to enforce local pairing correlations on the coupled site. For spinless

fermions, the Pauli exclusion principle excludes an identical approach. However, one can try

the next simplest configuration: introduce a localized Markovian dissipative reservoir that

attempts to stabilize fermionic pairing correlations on two adjacent sites j = 0, 1 (i.e. prepare

them in the state (u+ veiϕĉ
†
0
ĉ
†
1
)|00⟩). This corresponds to simply cooling a pair of localized

fermionic Bogoliubov modes. As we will see, simply cooling one of these modes generally

suffices.

The total system dynamics including the localized dissipative pairing is then described
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by a Lindblad master equation:

˙̂ρ = −i[Ĥ, ρ̂] + ΓD[β̂L]ρ̂, (2.1)

Here D[L̂]ρ̂ = L̂ρ̂L̂† − 1
2{L̂

†L̂, ρ̂}. For our fermion problem, we have Ĥ = ĤF and

β̂L = uĉ0 − ve
iϕĉ
†
1
, (2.2)

where u =
√
1− v2, with the pairing parameter v real and satisfying 0 ≤ v ≤ 1, and Γ

parametrizes the strength of the dissipation, and corresponds to the cooling rate of the lo-

calized Bogoliubov mode β̂L. The dissipation in Eq. (2.1) induces an effective non-Hermitian

Hamiltonian which includes pairing terms of the form (iuveiϕc
†
1
c
†
0
−H. c.). Our system thus

has the form of an unusual dissipative impurity problem, where the “impurity” corresponds

to the local dissipative pairing terms. At a heuristic level, the dissipation injects Cooper

pairs on these sites, which can then propagate outward in the lattice. Generically, Eq. (2.1)

will lead to an impure steady state, with fluxes of Cooper pairs both into and out of the

lattice. We note that quadratic fermionic models with dissipative pairing have been studied

previously in the context of cold atoms [24, 13, 25, 26], but unlike our work, these assumed

pairing on every lattice site.

We next show that if the lattice Hamiltonian obeys a ubiquitous kind of generalized

chiral symmetry, then we can ensure the existence of a unique, pure, entangled steady state

(see Appendix A for more details). This includes, but is certainly not limited to, lattices

that can be divided into two equal sized sublattices, denoted A and B, such that ĤF only

permits hopping from A ↔ B. This structure is found in many lattice systems, including

all nearest neighbor hopping models on square lattices. Observe that this implies that ĤF

has a chiral symmetry, since the symmetry that sends ĉi → −ĉi if i ∈ A and ĉi → ĉi if

i ∈ B sends ĤF → −ĤF . This guarantees we can diagonalize the Hamiltonian such that

7



ĤF =
∑
α>0 ϵα

(
d̂
†
αd̂α − d̂†−αd̂−α

)
where d̂

†
±α creates an eigenmode with energy ±ϵα.

We can use this to rewrite the jump operator as a sum over non-local Bogoliubov modes,

which pair positive and negative energy eigenmodes whenever the sites 0, 1 live on different

sublattices (see Appendix A for more details):

β̂L =
∑
α

Nα(β̂α + β̂−α), (2.3)

where

β̂α = uαd̂α − vαd̂†−α β̂−α = uαd̂−α + vαd̂
†
α. (2.4)

These are an independent set of fermionic annihilation operators obeying canonical anticom-

mutation relations. The constants uα and vα encode information about the overlap of the

eigenmodes with the dissipation sites 0, 1 (see Appendix A for more details):

uα =
uψα[0]

Nα
, vα =

veiϕψ∗−α[1]

Nα
, (2.5)

Nα =
√
u2|ψα[0]|2 + v2|ψ∗−α[1]|2, (2.6)

where Nα fixes normalization. For certain finely-tuned parameters, it is possible that some

Nα = 0, in which case those eigenmodes have no overlap with the dissipation sites, and thus

are not cooled. However, for a generic Hamiltonian, Nα ̸= 0, and so the jump operator is a

linear combination of all 2N of the Bogliubov modes; the steady state is uniquely their joint

vacuum. This state is pure, and has entanglement that grows linearly with system size. We

can express the steady state in terms of the eigenmodes as |ψ⟩ =
∏
α>0

(
uα − vαd̂†−αd̂

†
α

)
|0⟩.

The correlators in the steady state are:

⟨d̂†αd̂β⟩ = |vα|2δαβ , ⟨d̂αd̂β⟩ = −uαvβ sgn(α)δα,−β . (2.7)
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In real space, the entanglement structure of our dissipatively stabilized steady state is

only between the two sublattices A and B, and the amount of entanglement between the

two sublattices grows linearly with N , see Appendix A. However, despite only being between

the sublattices, the spatial pattern can be quite complicated. Given a generic Hamiltonian,

any given lattice site will be correlated with the entire sublattice it does not reside on.

There are many systems that possess the chiral symmetry required for our scheme. A

particularly simple example (that, surprisingly, will generalize to the case of spins) is a

1D lattice with 2N sites described by a Hamiltonian with nearest neighbour hopping that

possesses an inversion symmetry about its midpoint. Since ĤF is symmetric, if the sites 0, 1

are mapped to each other by the mirror symmetry, then uα = u, vα = v ∀α. The correlators

defined in Eq. (2.7) are then also particularly simple in real space, giving the unique steady

state |ψ⟩ =
∏N
i=1

(
u− v(−1)iĉ†−iĉ

†
i

)
|0⟩. This state exhibits volume-law entanglement (see

Fig. 2.1), and is known as a rainbow state [18, 19]. As discussed in Appendix A, many

more examples are possible, including the 1D Su-Schriefer-Heeger model [27, 28] and the 2D

Hofstadter model [29].

2.3 Qubits

Using the above fermionic setup as inspiration, we now ask whether a similar dissipative

preparation scheme is possible for an array of coupled spins or qubits. While any quadratic

A ↔ B hopping Hamiltonian worked for the fermions, it turns out the qubits require the

slightly stricter condition of a 1D nearest-neighbor hopping chain. In this case, the sublat-

tices are comprised of every-other lattice sites. Further, while the fermions would take any

placement choice of 0, 1 so long as they were on different sublattices, the qubits require they

be neighboring (see Appendix A).

This still leaves all 1D nearest neighbor hopping models, including disordered systems.

For simplicity, we will focus below on the case of a lattice with mirror symmetry. It was
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in this case that the fermions had simplified spatial correlations, giving rise to the rainbow

structure. The master equation is then given by Eq. (2.1) with Ĥ = ĤS and

ĤS = −

 −2∑
i=−N

Jiσ̂
+
i σ̂
−
i+1 +

N−1∑
i=1

Jiσ̂
+
i σ̂
−
i+1 + J−1σ̂

+
−1σ̂

−
1

+H. c., (2.8)

β̂L = uσ̂−
0
+ vσ̂+

1
. (2.9)

Here σ̂+i (σ̂−i ) is the Pauli raising (lowering) operator on site i. Our lattice has 2N sites

labeled (−N, . . . ,−1, 1, . . . N), i.e. there is no 0th lattice site. We will constrain the hoppings

to obey Ji = J−i−1, so Ĥ has mirror symmetry. The dissipation-coupled sites 0 and 1 will

then be the middle two sites of the lattice, i.e. 0 = −1, 1 = 1. While the dissipator here

may seem exotic, we show below how they can be realized in a number of platforms using

existing experimental tools.

The above spin model can be readily mapped to fermions using the Jordan-Wigner (JW)

transformation [30]. However, it necessarily maps to an interacting fermionic model (in

contrast to the quadratic system considered in Eq. (2.2)). The most convenient mapping to

JW fermions ĉj is given by the transformation

ĉi =


(∏i

j=1 σ̂
z
j

)
σ̂−i 1 ≤ i ≤ N,(∏N

j=1 σ̂
z
j

)(∏i
j=−N σ̂zj

)
σ̂−i −N ≤ i ≤ −1.

(2.10)

This corresponds to using site 1 as the reference for the string operators. Letting N̂tot be

the total fermion number operator, our model can be expressed in terms of these fermionic
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degrees of freedom as:

ĤS =
∑

i̸=N,−1
Jiĉ
†
i ĉi+1 + J−1(−1)N̂tot ĉ

†
1ĉ−1 +H. c., (2.11)

β̂L = uĉ−1(−1)N̂tot − vĉ†1. (2.12)

We see that the presence of the phase operator (−1)N̂tot in both ĤS and the dissipative

terms ruins a mapping to free fermions. On a heuristic level, we can interpret this as a

modification of Eq. (2.2) that now describes fluctuations in the phases of the Cooper pairs

injected into the system by the reservoir. For the simple fermionic system described by

Eq. (2.2), pairs are always injected with a fixed phase ϕ; in contrast, in Eq. (2.11), they are

injected with a phase ±1 that depends on the system’s parity. We stress that even with

other gauge conventions for the JW transformation, it is not possible to eliminate these

phase fluctuations (i.e. string operators) from the dissipator.

To better understand our system, we can re-write the nonlinear dissipation operators in

terms of a fixed basis of local Bogoliubov operators ˆ̄βA = uĉ−1 − vĉ
†
1,

ˆ̄βB = uĉ1 + vĉ
†
−1. As

was noted in the preceding section, we can write ˆ̄βA as a sum over the modes defined in

Eq. (2.4). Further, in the special case of a mirror symmetric Hamiltonian ˆ̄βB will also be a

sum over these modes, see Appendix A. Defining P̂ev = (1 + (−1)N̂tot)/2 as the projection

operator onto even number-parity states, we have:

β̂L = ˆ̄βAP̂ev −
[
(u2 − v2) ˆ̄βA + 2uv ˆ̄β

†
B

]
(1− P̂ev). (2.13)

This provides a simple way to understand the phase fluctuation physics: it is as though the

dissipation has a parity-dependent temperature. For even-parity states, the dissipation can

only remove Bogoliubov exctiations, i.e. it acts like an effective zero temperature bath. In

contrast, for odd-parity states and v ̸= 0, we see that there are amplitudes for the dissipation
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to either create or destroy excitations (like an effective bath at a non-zero temperature).

Eq. (2.13) also leads to an important conclusion: despite the additional nonlinearity and

phase fluctuations in our spin model, the steady state of our simple free fermion model in

Eq. (2.2) is also a steady state of the spin model. This steady state (which here is a rainbow

state, given the mirror symmetry of Ĥ) has a definite even number parity, and hence the

Liouvillian acting on this state is identical to the free fermion Liouvillian. At a heuristic

level, this state has a definite number parity, and hence phase-fluctuations are irrelevant.

Returning to our original qubit degrees of freedom, the pure steady state takes the form:

|ψss⟩ =
N∏
i=1

(u+ (−1)ivσ̂+i σ̂
+
−i)|0⟩. (2.14)

Eq. (2.13) also lets us show that as long as v2 ̸= 1/2, this steady state is unique. Since

the Hamiltonian conserves Bogoliubov excitations, moving between manifolds with different

Bogoliubov number can only happen dissipatively. The state with no Bogoliubov excitations

has even parity, so it can only be cooled by Eq. (2.13); however, there is no lower number

state, and so it is dark to the dissipation. On the other hand, every higher excitation state

can be cooled, and so eventually all of the population flows to the Bogoliubov vacuum.

Note, this argument also holds for non-rainbow symmetric systems, see Appendix A. We

thus have a central result of this Chapter: any initial state of our qubit array (irrespective

of its purity or entanglement) will relax into this volume-law entangled pure state. Further,

this result holds independently of the magnitude of the hopping parameters Jj/Γ, and even

in the presence of additional Hamiltonian terms that preserve the mirror symmetry of ĤS ,

see Appendix A.

We can now also understand the additional constraints put on the qubits to maintain

the purity of the steady state. The fact that the chain must be 1D and nearest neighbor

is a result of the non-local nature of the Jordan-Wigner transformation. In the same vein,
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Figure 2.2: (a) Low-lying dissipative spectrum of our master equation in Eq. (2.1) (i.e. real
part of Liouvillian eigenvalues) for a 6 site 1D lattice with Γ = Jj , plotted as a function of

v2. We take the simple case where the Hamiltonians ĤF , ĤS have a mirror symmetry. Both
the qubit model (orange) and the free-fermion model (blue) are shown. While the spectra
coincide for the trivial v = 0 case, the fermionic spectrum is independent of v, whereas for
qubits, slow modes and complex level structure arise as v is increased. (b) Time evolution of

both the average excitation number (orange) and total number parity (−1)N̂ (blue) for an
8-site lattice, v2 = 0.4, starting from the vacuum state; other parameters same as (a). The
qubit model exhibits an extremely slow relaxation of total number parity, a direct reflection
of the pairing phase fluctuations that emerge in its fermionic representation.

requiring the sites coupled to the engineered dissipation to be neighboring tells us the only

string operator that appears in the master equation is (−1)N̂tot . Despite these constraints,

we can see that our model is still incredibly robust to disorder. The steady state will still be

pure, unique and entangled regardless of the different hopping amplitudes between lattice

sites. See Appendix A for more details.

2.4 Dynamics and multi-stability

While the qubit and free-fermion dissipative arrays share the same pure steady state, the

models have strikingly different dynamics. This is a direct consequence of the form of the

dissipator given in Eq. (2.13). The phase fluctuations in the fermionic representation of the

qubit model lead to slower overall relaxation, due to the effective non-zero temperature and

excitation-creation associated with odd-parity states. As can be seen from Eq. (2.13), this
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odd parity heating increases as v is increased from 0, with an amplitude ∝ v
√
1− v2. For

free fermions, there is no heating: the dissipative dynamics always corresponds to removing

excitations, irrespective of the system state.

Shown in Fig. 2.2a is the numerically-calculated dissipative spectrum of the Liouvillians

for the free fermion and qubit versions of our model as a function of the pairing parameter

v2. For free fermions, the relaxation rates are independent of v2; one can show that for large

N , the slowest relaxation rate (dissipative gap) scales as 1/N3, see Appendix A. In stark

contrast, the relaxation rates in the qubit model depend on v2, with the emergence of an

extremely small dissipative gap as v2 → 1/2. Fig. 2.2b demonstrates that this emergent slow

timescale manifests itself directly in observable quantities. We see that for both the qubit

and free-fermion models, the average particle numbers relax on a similar timescale ∼ 1/Γ.

The average parity relaxes on the same timescale for fermions, but for the qubit model,

exhibits exponentially slower relaxation. This is a direct manifestation of the effective phase

fluctuations encoded in Eq. (2.11).

The case u2 = v2 = 1/2 is also of special interest. Eq. (2.13) indicates that in this

case, the dissipation can only remove excitations from even parity states, and can only add

excitations to odd parity states. This immediately leads to multi-stability, as if the system

starts in a state with 2m Bogoliubov excitations, it will forever be stuck in a manifold of

states having either 2m or 2m − 1 excitations. This immediately leads to at least N + 1

steady states (see Appendix A for more details). We stress that there is no multi-stability

in the free-fermion model. the presence and absence of multi-stability in these models will

be explored more in Chapters 4 and 5.

2.5 Experimental Implementation

The basic qubit master equation in Eqs. (2.8) and (2.9) could be realized in a variety of plat-

forms. Linear arrays of tunnel-coupled qubits have been realized in many systems, including

14



trapped ions [31, 32, 33] and superconducting qubits [34, 35, 36]. The required dissipation

on sites j = −1, 1 could be achieved by driving these qubits with two-mode squeezed light

via transmission lines or waveguides [37]. In this case, Γ would represent the waveguide

coupling rates, and v/u = tanh r, with r the squeezing parameter. While such a scheme

could be realized by driving superconducting qubits with two-mode squeezed microwave ra-

diation generated by a Josephson parametric amplifier [38, 39], implementation routes that

do not require non-classical microwaves or light are also possible. The required dissipator

can be realized by coupling qubits j = −1, 1 to a common dissipative bosonic mode (e.g. a

lossy microwave cavity), and then either modulating the qubit frequencies, or modulating

the qubit-resonator couplings (as was recently achieved in Ref. [40]). By interfering, e.g., a

red sideband process on one qubit with a blue sideband process on the second qubit, the

required dissipator can be achieved (with u, v being determined by the modulation ampli-

tudes). Interfering red and blue sideband processes has been used previously in both trapped

ion [9] and superconducting qubit [41] experiments for reservoir engineering bosonic modes,

but not to control qubit dissipation in the way we suggest. More details on this modulation

approach, and on the resilience of our scheme to disorder and unwanted dissipation (i.e. qubit

dephasing and relaxation) are presented in Appendix A.

2.6 Conclusions

We have demonstrated that the combination of spatially-localized pairing dissipation with

symmetry contrained Hamiltonian dynamics can be used generically to stabilize entangled

states in systems with locally-constrained Hilbert spaces. These states can exhibit long range,

volume-law entanglement. In the case of a qubit array, our setup corresponds to a dissipative

spin chain that is equivalent to an interacting fermionic model, which can be interpreted in

terms of dissipative Cooper pairing with phase fluctuations. Our ideas are compatible with

a number of different experimental platforms, and could provide an important resource for
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a variety of quantum information processing protocols.
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CHAPTER 3

DISSIPATIVE PAIRING INTERACTIONS

This chapter contains previously-published material found in Ref. [42]. Reuse is permitted

according to the copyright agreement used by Physical Review Letters.

3.1 Introduction

Hamiltonian bosonic pairing interactions (where excitations are coherently created or de-

stroyed in pairs) arise in many settings, and underpin a vast range of phenomena. In the

context of quantum optics and information, they are known as parametric amplifier inter-

actions, and are a basic resource for generating squeezing and entanglement [43, 44]; they

also form the basis of quantum limited amplifiers [45]. In condensed matter settings, bosonic

pairing underlies the theory of antiferromagnetic spin waves, interacting Bose-condensates,

and can also be used to realize novel topological band structures [46, 47].

Given the importance of bosonic pairing, it is interesting to explore the basics of purely

dissipative (or non-Hermitian) bosonic pairing. Non-Hermitian dynamics have garnered at-

tention in a wide range of fields, from condensed matter [48, 49, 50] to optics [51, 52, 53] to

classical dynamical systems [54, 55, 56]. In this Chapter, we provide a comprehensive anal-

ysis of dissipative bosonic pairing in a fully quantum setting, showing it possesses a number

of surprising and potentially useful features. We focus on minimal, experimentally realizable

models, where bosons (e.g. photons) hop on a lattice, in the presence of a single dissipative

pairing interaction. Remarkably, we find that while the dissipative pairing interaction on its

own yields fully stable dynamics, when combined with simple lattice hopping (which is also

stable), one can have dynamical instability. Further, close to such an instability, the quan-

tum steady state is perfectly pure, with a selected subset of modes having high densities and

strong squeezing and/or entanglement correlations. The complete state purity up until the
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Figure 3.1: Stability diagram for a minimal three-mode bosonic system (see inset) with loss
on mode â (rate κ), gain on mode ĉ (rate η2κ), and tunnel couplings J1, J2 (c.f. Eq. (3.3)).
In the absence of dissipative pairing, the system is dynamically unstable above the dashed
line. Adding dissipative pairing iηκ(âĉ+ h.c) shifts the onset of instability to the solid line,

see Eq. (3.4). Remarkably, this boundary is independent of J/κ, where J =
√
J21 + J22 . The

dissipative steady state remains pure (with a high density) as one approaches instability,
see main text. Red lines in each plot are the same cut of parameter space, J/κ = 1.5 and
J1/J2 = 0.75. Solid lines show hopping, dashed line shows the dissipative pairing interaction.

instability threshold is a clear distinction from more standard instabilities associated with

Hermitian pairing terms. Dissipative pairing is also distinct from the well-studied situation

where a system is driven with squeezed noise; in particular, driving a quadratic, particle-

conserving system with squeezed noise can never generate instability, whereas this readily

occurs with dissipative pairing.

Dissipative pairing becomes even more interesting when combined with topological band-

structures. We find that our new pairing instabilities are highly susceptible to wavefunction

localization of the underlying lattice Hamiltonian. Hence, if the lattice supports exponentially-

localized topological edge modes, we are able to selectivity excite and entangle them. Such

topological systems remain a cornerstone of condensed matter physics [57, 58, 59] and pho-

tonics [60, 61, 62], and selectively exciting edge modes has been the subject of a flurry of

recent proposals [63, 64, 65, 66, 67, 68]. These are motivated by applications including topo-

logical lasing [65, 68, 69, 70, 71] and topological amplification and squeezing [66, 72, 73, 74].

However, these proposals often require complicated momentum and/or energy selectivity

[66, 67, 68], as well as control over the entire lattice, [66, 67, 68, 72]. Here, we are able to

get edge-mode selectivity almost for free, using a single quasi-local dissipative interaction.
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3.2 Minimal model

We start with a three-mode system (bosonic annihilation operators â, b̂, ĉ) that exhibits

much of the surprising physics of interest. The key ingredient will be a dissipative pairing

interaction between â and ĉ, that is an interaction generating dynamics of the form ∂t⟨â⟩ =

−λ⟨ĉ†⟩ and ∂t⟨ĉ†⟩ = λ∗⟨â⟩. Because of the relative sign here, this dynamics cannot be

obtained from a Hermitian pairing interaction. Instead, it would seem to correspond to a

non-Hermitian effective Hamiltonian:

Ĥpairing = −i(λâ†ĉ† + h.c.). (3.1)

To obtain this Markovian dissipative dynamics in a fully quantum setting, this dissipative

interaction must necessarily be accompanied by noise as well as local damping and anti-

damping [49, 75]. The resulting description has the form of a Lindblad master equation

[76, 77]. Using a minimal noise realization of the interaction, and letting ρ̂ denote the

system density matrix, we obtain

˙̂ρ = L̂ρ̂L̂† −

{
L̂†L̂
2
, ρ̂

}
≡ D[L̂]ρ̂, L̂ =

√
κâ+ η

√
κĉ†. (3.2)

This purely dissipative evolution generates local damping on â with strength κ, local anti-

damping on ĉ with strength η2κ, and a dissipative interaction of the form of Eq. (3.1) with

λ = ηκ/2. We take η < 1 (i.e. more local damping than anti-damping), which ensures

dynamical stability (i.e. no tendancy for exponential growth), see Appendix B.

The dissipation in Eq. (3.2) is reminiscent of the dynamics generated by driving modes â, ĉ

with broadband two-mode squeezed (TMS) noise [37]. There are however crucial differences.

Driving with TMS noise always generates two dissipators; to make Eq. (3.2) equivalent

to injected TMS, we would thus have to add the additional dissipator D[
√
κĉ + η

√
κâ†].

This complementary dissipator would completely cancel the effective dissipative interaction
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between a and c generated by D[L̂], leaving only driving with correlated noise. There would

thus be no interaction from the dissipation in the equations of motion between ⟨â(t)⟩ and

⟨ĉ†(t)⟩. In contrast, we will show that in Eq. (3.2), the direct dissipative interaction between

modes â and ĉ plays a crucial role.

To see explicitly that dissipative pairing is distinct from input TMS vacuum noise, we

will add coherent hopping interactions to our system, and consider the evolution of average

values. The hopping is described by Ĥ = J1â
†b̂ + J2b̂

†ĉ + h.c, with the evolution now

given by ∂tρ̂ = −i[Ĥ, ρ̂] +D[L̂]ρ̂. Because of linearity, the equations of motion for averages

of mode operators are insensitive to noise, and only influenced by interactions (coherent

and dissipative). For our system, a symmetry argument lets us reduce the dynamics of

these averages to the closed linear dynamics of the quadratures v⃗ = (xa, pb, xc), where

⟨â⟩ = (xa + ipa)/
√
2, etc; the orthogonal quadratures (pa, xb, pc) have an analogous closed

evolution (see Appendix B for details). We find ∂tv⃗ = −iDv⃗, where the dynamical matrix

D = DJ +Dκ can be interpreted as an effective 3× 3 Hamiltonian matrix, and

DJ =


0 iJ1 0

−iJ1 0 −iJ2

0 iJ2 0

 , Dκ =
κ

2


−i 0 −iη

0 0 0

iη 0 iη2

 . (3.3)

The off-diagonal ±iηκ2 terms in Dκ are the dissipative interaction, which surprisingly adds

a Hermitian contribution at the level of the dynamical matrix. This mirrors the fact that

had we started with a non-dissipative Hermitian pairing interaction, we would generate a

non-Hermitian dynamical matrix [78]. Note that the hopping dynamics on its own generates

stable dynamics, as does the dissipative dynamics on its own. More formally, both the matri-

ces DJ and Dκ have no eigenvalues with positive imaginary part and hence are dynamically

stable (in the Lyapunov sense [79] that there is no tendency for exponential growth).

We now come to our first surprise: while each part of our dynamics (hopping, dissipation)
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is stable individually, combining them can lead to instability. We find that for the full

dynamics, whenever J1 ̸= J2, there will be a critical value of η beyond which we have

exponential growth. Specifically, one can show (see Appendix B) that the dynamical matrix

in Eq. (3.3) will be unstable if

η > min (|J1/J2| , |J2/J1|) . (3.4)

We stress that this phenomenon is distinct from recently studied “dissipation-induced insta-

bilities” [80], where the purely dissipative dynamics is already unstable on its own. Again,

in our case the system is always stable in the dissipation-only limit J1 = J2 = 0.

The instability threshold Eq. (3.4) can be understood from a simple perturbative argu-

ment that is formally valid only when κ ≪ J1, J2 (akin to a Fermi’s Golden Rule (FGR)

calculation). If we define |ψi⟩(i = 1, 2, 3) to be the (non-degenerate) eigenvectors of DJ , and

treat Dκ as a small perturbation on top of this, then to first order |ψi⟩ has a relaxation rate:

Γi = −Im⟨ψi|Dκ|ψi⟩. (3.5)

If an eigenmode has more amplitude on ĉ than â, there will be a value of η < 1 at which

Eq. (3.5) is negative. This corresponds exactly to the condition in Eq. (3.4), and is easy to

understand intuitively (i.e. the eigenmode sees more anti-damping than damping). Surpris-

ingly, this simple FGR argument turns out to be exact to all orders in κ: Eq. (3.4) is not

perturbative, as is shown in Appendix B. We stress that this is a non-obvious phenonmenon.

For example, consider a modified model where we eliminate dissipative pairing by replacing

D[L̂] → D[
√
κâ] + D[

√
κηĉ†] in our master equation. We are left with just incoherent gain

and loss. In this case, the instability threshold would depend sensitively on the value of κ,

with the FGR prediction only valid for κ→ 0, see Fig. 3.1.

We thus see that even at the semiclassical level, the dissipative pairing interaction yields
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surprises: instability from the combination of two individually-stable dynamical processes,

with a threshold that is independent of the overall dissipation scale. Note that the above

phenomena could alternatively be described (in a squeezed frame) as the interplay of asym-

metric loss and Hermitian pairing interacting (see Appendix B for details and application to

2-mode models).

3.3 Extension to quantum lattices

We now explore dissipative pairing in general multi-mode lattice systems, focusing on the

possibility of non-trivial dissipative steady states. Consider an N -site bosonic lattice, with

annihilation operators âi for each site. The coherent dynamics corresponds to a quadratic,

number conserving Hamiltonian Ĥ =
∑
ij Hij â

†
i âj . The only constraint we impose is that

H possesses an involutory chiral sublattice symmetry U , such that UHU† = −H; our simple

three-site model also had this symmetry. Chiral symmetry ensures that for every eigenmode

of H with non-zero energy, there is a different eigenmode with an opposite energy.

We now add a single dissipative pairing interaction to the lattice, between two arbitrary

sites 0, 1. Motivated by our three-mode example, we take 0, 1 to be on the same sublattice

(as defined by the chiral symmetry). The full dynamics on the lattice is given by [81]

∂tρ̂ = −i[Ĥ, ρ̂] +D[L̂]ρ̂, L̂/
√
κ = â0 + ηâ

†
1
. (3.6)

Our goal is to understand instabilities and steady states of this setup. Note that previous

work studied chiral-symmetric bosonic lattices driven by single-mode squeezing [16]. Such

systems are completely distinct from our setup: they do not have any dissipative pairing

interaction, never exhibit dynamical instability, and (unlike what we describe below) always

yield steady states with a spatially uniform average density.

We start by diagonalizing Ĥ. Using chiral symmetry, we can write Ĥ =
∑
α≥0 ϵα(d̂

†
αd̂α−
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d̂
†
−αd̂−α). Eigenmode annihilation operators are given in terms of real space wavefunctions

by d̂±α =
∑
i ψ±α[i]âi. Ĥ is invariant under two-mode squeezing transformations that mix

a pair of ±α modes (see Appendix B): for arbitrary rα, ϕα ∈ R, if we take

β̂±α ≡ cosh(rα)d̂±α + eiϕα sinh(rα)d̂
†
∓α, (3.7)

then Ĥ =
∑
α ϵα(β̂

†
αβ̂α − β̂†−αβ̂−α).

We would like to find a set of rα, ϕα such that:

L̂ =
√
κ
∑
α

Nα(β̂α + β̂−α). (3.8)

If this is possible, the system dynamics are stable, and we will have a unique steady state

(vacuum of the β̂±α operators). Achieving Eq. (3.8) requires for each α > 0 (see Appendix B):

tanh rα = η

∣∣∣∣ ψα[1]ψα[0]∗

∣∣∣∣ , ϕα = arg

(
ψα[1]

ψα[0]∗

)
. (3.9)

with |Nα|2 = |ψα[0]|2(1− | tanh rα|2).

We now make a crucial observation: Eq. (3.9) only has a solution if η < (|ψα[0]∗/ψα[1]| ≡

ηα). If this condition is violated for a particular α, then the dynamics is unstable: in this

case, we are forced to write L̂ in terms of a Bogoliubov raising operator in the (α,−α) sector,

implying that the dissipation looks like anti-damping in this sector. At a heuristic level, for

η > ηα, the α modes see more gain than loss. Overall stability requires η < min ηα ≡ ηc, a

condition that is independent of the dissipation strength κ. We thus have a generalization and

rigorous justification of the surprising FGR-like instability condition in Eqs. (3.4) and (3.5)

we found for the three-mode model.

Our arguments above imply that as long as η < ηc, we are dynamically stable and have

a pure steady state, where each (α,−α) pair is in a two-mode squeezed vacuum with a
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squeezing parameter given by Eq. (3.9). This will in general be a highly entangled state.

Further, as η → ηc from below, the squeezing parameter of the critical modes is diverging,

meaning that we will have a pure state where a small subset of modes contribute to a

diverging photon number. Note this is very distinct from just incoherent gain and loss,

which never has a pure steady state. This behaviour is also completely distinct from standard

parametric instabilities, where the steady state becomes extremely impure as one approaches

instability [82, 83]. The mode selectivity leads to a highly non-uniform density that can be

exploited for applications, as we now discuss.

3.4 Dissipative pairing and topological edge states

The physics discussed above is particularly striking when applied to chiral hopping Hamil-

tonians Ĥ that have topological bandstructures. There are many such models, as chiral

symmetry is a key part of the standard classification of topological bandstructures [84]. As

our dissipative interaction always pairs opposite energy modes, edge modes will only be

paired with edge modes, bulk modes only with bulk modes. Moreover, it is easy to ensure

that the correlated steady-state photon density is concentrated on the edges. Edge-mode

wavefunctions are exponentially damped in the bulk, so Eq. (3.9) tells us for an edge state α

tanh rα = η

∣∣∣∣ψα[1]ψα[0]

∣∣∣∣ ∝ ηe(d0−d1)/ζL , (3.10)

where d1,0 is the distance from 1 and 0 to the edge, respectively, with ζL the localization

length scale of the edge modes. If d0 − d1 > 0 (i.e. the gain site closer to the edge than

the loss site), we obtain a super-exponential enhancement in the squeezing parameter of the

edge modes. This yields large populations and squeezing on the edge (while still having a

pure state), see Figs. 3.2 and 3.3.

For large enough systems, the bulk modes will be nearly translationally invariant, imply-
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Figure 3.2: Steady state correlation functions for a 99-site SSH chain with δ = −0.65.
There is a single jump operator of the form of Eq. (3.6) with 0 = 4 and 1 = 0, and
η = 0.999ηc ∼ 0.045. The squeezing correlation functions show a pure, single-mode squeezed
state exponentially localized to the edge. Inset: Schematic of the dissipatively stabilized
SSH chain. A single jump operator generates a dissipative pairing interaction, selectively
exciting the edge mode.

ing they will have tanh rα = η. Thus, by spreading the two sites out over a few localization

lengths ζL, a weak pump rate η ≪ 1 can set tanh rα ∼ 1 for only the edge modes. Here, the

total number of excitations in the bulk would be very small, ⟨n̂α⟩ = O(η2), whereas the num-

ber of excitations in the edge mode, as one approaches instability, will be super-exponentially

enhanced and scales like: ⟨n̂α⟩ = O([1− ηe(d0−d1)/ζL ]−1).

The upshot is that by using a single dissipative pairing interaction, we can selectively

populate, squeeze and entangle edge modes of a topological bosonic band structure. Such

states could be useful for applications in topological photonics [61], and are reminiscent of

topological lasing states [65, 68] (which typically require complex schemes to only pump the

edge states). We analyze this physics more carefully below for two prototypical topological

hopping models.

3.5 SSH Chain

A paradigmatic topological model is the SSH chain [27, 28], see Fig. 3.2 inset. This is a

linear, 1D lattice with staggered hopping strengths, given by the Hamiltonian:

Ĥ = −J
N−1∑
i=1

(1 + (−1)iδ)â†i âi+1 + h.c. (3.11)
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Such a model has been realized with bosons in a variety of experiments (e.g. [69, 70, 71, 85]).

The topological regime of Ĥ admits one (two) protected edge modes if there are an odd

(even) number of lattice sites, with a localization length ζL = (1 + δ)/(1− δ). As α→ −1,

ζL → 0, and the edge modes become infinitely localized.

We consider for simplicity an odd number of lattice sites (see Appendix B for even N).

This yields a single zero-energy edge mode, localized on a single sublattice. Hence, if we

place the pairing dissipator on the correct sublattice, we can selectively excite just the edge

mode into a single-mode squeezed vacuum with a super-exponentially enhanced squeezing

parameter. The dissipative steady state for such a situation is plotted in Fig. 3.2. We thus

have a resource-friendly approach for creating topologically-protected, bright non-classical

squeezed light, using an SSH chain with a single, quasi-local, linear dissipator. One could

imagine using the stabilized photons by weakly coupling the edge lattice site to an output

waveguide, see Appendix B for more details. Note that topological features of the SSH chain

are protected against disorder in the hopping coefficients up to the bulk gap 2|δ|J . We find

that the qualitative nature of the dissipative steady state is also protected against hopping

disorder over a similar scale (see Appendix B).

3.6 Hofstadter Lattice

2D topological systems admit extended boundaries, allowing one to more easily study entan-

glement properties. Motivated by this, we consider a finite, quarter-flux Hofstadter lattice

[29]. This corresponds to a square lattice with a quarter magnetic flux quanta per plaquette

(see Fig. 3.3) giving the Hamiltonian:

Ĥ =
∑
m,n

â
†
m,nâm+1,n + eiπm/2â

†
m,nam,n+1 + h.c., (3.12)

which has been realized experimentally in Refs. [86, 87, 88].
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Figure 3.3: (a) is a 24× 24 site Hofstadter lattice, which has uniform hopping and a quarter
flux per plaquette Φ = 1

4Φ0. There is a single dissipator of the form of Eq. (3.6), with
1 = (11, 23) and 0 = (12, 20), and with η = 0.999ηc ∼ 0.0007. The color corresponds
to local steady state photon number, which is exponentially localized to the edges of the
lattice. (b) is the same system, now showing steady state squeezing correlations between
the randomly chosen edge site (18,23) and the rest of the lattice. Every edge site has
exponentially enhanced squeezing with every other edge site on the same sublattice.

This Hamiltonian supports exponentially localized modes which propagate chirally around

the edge [86, 87, 89] 1. The fact that they are extended around the full edge is critical for

generating long-range entanglement.

With the same prescription of adding a dissipative interaction of the form of Eq. (3.6)

with 1 on the edge and 0 in the bulk, the steady state solution has exponentially localized

edge photon density, with nearly all-to-all edge correlations, see Fig. 3.3. For a fixed η, these

sites will obey a volume-law scaling in entanglement entropy, where maximally separated

edge sites are now highly entangled, see Fig. 3.3. Having all edge sites lie on the same

topological boundary is crucial for this to occur, see Appendix B for more details.

In the limit that η → ηc, the steady state will be dominated by the topological edge

modes approaching instability. Treating the edge as a ring, we can label these by their

momenta k; the steady state has all momenta k and k+ π in a TMS vacuum. Close enough

to instability, a single momentum will dominate, generating uniform edge photon densities,

see Fig. 3.3a, and a “checkerboard” of correlations, see Fig. 3.3b. The checkerboard is a

1. The astute reader may be concerned that the chiral Altland-Zirnbauer class AIII is topologically trivial
in 2D. However, the quarter-flux Hofstadter lattice is not gapped at half-filling, instead meeting at Dirac
cones. The gaps at 1/4 and 3/4 filling have no chiral symmetry, and therefore are in class A and topological.
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result of the chiral symmetry, which admits only correlations within a sublattice. The values

of the correlations and densities can be understood directly from Eq. (3.10), where ⟨n̂i,j⟩ ∼

sinh(rk)
2 and ⟨âi,j âi′,j′⟩ ∼ sinh(rk) cosh(rk) are super-exponentially enhanced compared to

the bulk modes. This gives an arbitrary amount of entanglement between any two edge sites

on the same sublattice as η → ηc. This also means that for a relatively weak dimensionless

pumping (η < 10−3 in Fig. 3.3), the steady state can still have a large number of photons

(O(102) in Fig. 3.3), that is completely independent of the strength of the dissipation κ

compared to the Hamiltonian.

3.7 Implementation

The basic master equation is naturally suited for any circuit- or cavity-QED experimental

platform that can generate tunable couplings, along with an engineered lossy mode. Quan-

tum systems that have been able to successfully create topological photonic or phononic

lattices spans superconducting circuits [88, 85], micropillar polariton cavities [69], photonic

cavities [90], photonic crystals [89], ring resonators [86, 87, 91, 70, 71], and optomechanics

[92, 93]. In order to generate the requisite jump operator in Eq. (3.6), one can couple the

dissipation sites to an auxilliary bosonic mode b̂ with the interaction

ĤI = gb̂†(â0 + ηâ
†
1
) + h.c. (3.13)

In the limit that the auxiliary mode b̂ is very lossy with a loss rate κ ≫ g, this gives the

desired jump operator, with an effective strength Γ = 4g2/κ, [94]. This allows one to easily

engineer the desired reservoir with few additional resources.
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3.8 Conclusions

We have demonstrated that dissipative pairing interactions lead to a previously unexplored

class of instabilities in bosonic systems, where stable Hamiltonians and stable dissipation

combine to give unstable dynamics. We have shown that these instabilities are incredibly

sensitive to topological boundaries, providing a new mechanism to selectively excite topo-

logical edge modes without needing any momentum or frequency selectivity. Moreover, the

steady state of the dynamics remains pure all the way up to the instability point, allowing one

to populate the edge with an arbitrary number of zero-temperature excitations. Our ideas

are compatible with a variety of different experimental platforms, and require few resources

to implement.
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CHAPTER 4

FUNDAMENTAL TIME-ENTANGLEMENT TRADEOFFS

This chapter contains previously-published material found in Ref. [95]. Reuse is permitted

according to the copyright agreement used by Physical Review X Quantum.

4.1 Introduction

An exciting and powerful recent direction in quantum many-body physics is the realization

that dynamical properties can be directly related to ground state entanglement features. For

example, pioneering work by Hastings showed that the ground states of finite-range, gapped

1D Hamiltonians obey an entanglement area law [96]. Under certain conditions, this result

can be extended to longer-range interactions [97, 98] and higher dimensions [99, 100, 101, 102,

103, 104, 105], (c.f. [106] for a review). By understanding aspects of a many-body system’s

energy spectrum, one can obtain extremely non-trivial information about the structure of

entanglement in its ground state.

In this Chapter, we show that non-trivial connections between steady state bipartite

entanglement and dynamical properties can also be established in open quantum systems

supporting pure steady states. Focusing on many-body Markovian dissipative systems (de-

scribed by a GKSL/Lindblad master equation [76, 77]) satisfying only weak locality con-

straints, we show that systems with pure, maximally entangled steady states necessarily

exhibit dynamical isolation: there is an emergent strong symmetry that makes it impossible

to prepare the entangled steady state in finite time. This phenomenon implies a vanishing

of the dissipative gap.

Further, for systems with non-maximal steady state entanglement, we prove an inequality

that sets a lower bound on the preparation time of the steady state. This bound shows that

the time required to reach the steady state grows exponentially in the Renyi-2 entanglement
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Figure 4.1: (a) Schematic showing two arbitrary systems A and B interacting dissipatively
via local couplings to a common Markovian reservoir, along with arbitrary intra-system
(ĤA, ĤB) as well as inter-system (ĤAB) Hamiltonian interactions. We focus on cases where
the dynamics leads to pure steady-states with finite entanglement. (b) The above dynamics
is equivalent to a generic adaptive measurement setup: a continuous collective measurement
is made of Aand B, and the result I(t) is used to drive both systems. (c) Our key result
is that the relaxation rate to the steady state is bounded above by 1 − E2, where E2 is the
scaled steady-state entanglement [c.f. Eq. (4.17)]. (1 − E2) is zero for maximally entangled
states, indicating the dissipative gap must close in such cases.

entropy of the steady state. The general setup we consider [c.f. Fig. 4.1] also directly con-

strains a broad class of measurement and feedback protocols, whose unconditional dynamics

result in steady state entanglement. We thus establish a fundamental trade-off between

steady state entanglement generation and relaxation times for an extremely wide class of

non-unitary dynamics. Note that previous work on open systems has established relations

between steady state correlations and the dissipative gap [107, 108, 109]; however, unlike

our work, these results only apply in the thermodynamic limit, and do not connect bipartite

entanglement and relaxation times.

Our result has strong implications for the general techniques of reservoir engineering

and autonomous feedback [2, 3]. Such approaches are ubiquitous in quantum information

processing, and involve employing tailored dissipative processes to prepare and stabilize

useful quantum steady states. Perhaps the most common kind of target states here are

those with long-range entanglement (see e.g. [37, 110, 111, 23, 112, 15, 36, 113, 114, 115,

116, 117, 118, 119, 11, 12, 13, 1, 14, 15]). While extremely powerful, reservoir engineering
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is only practically effective if the relevant relaxation rates are sufficiently fast (otherwise

intrinsic, uncontrolled dissipative processes will corrupt the eventual steady state). Our

fundamental entanglement-time trade-off directly applies to this setting. Previous work

had phenomenologically seen evidence of such a trade-off in a variety of different schemes;

i.e., the preparation time would diverge as the steady state was engineered to have maximal

entanglement [116, 1, 117], as seen in Chapter 2. In the simplest, specific case of two qubits,

this trade-off could be connected to an effective conservation of angular momentum that

emerged in the maximum entanglement limit [117]. Our results establish the origin of this

trade-off in the most general many-body setting, and have far-reaching implications on the

design of optimal entanglement stabilization protocols. Note that for two qubits, studies have

shown how to evade dynamical slowdown by using additional energy levels [113, 117]. Such

an approach effectively changes the local Hilbert space dimensions (and thus the maximum

possible amount of entanglement), and thus a version of our bound still applies.

One might worry that while our work sets an upper bound on timescales for dissipative

remote entanglement stabilization, this bound might be extremely loose, and have little rele-

vance to typical systems. To address this, we first solve a seemingly complex inverse problem:

given a specific many-body entangled pure state of interest, how do we reverse engineer a

local dissipative process that will stabilize it? We provide a very general construction that

solves this challenge, and use it to construct a set of local, random Lindbladians that all

stabilize a given target state. Using this ensemble of random Lindbladians, we show that

the dissipative gap scales with entanglement entropy exactly as predicted by our bound.

Moreover, we show analytically that the relaxation of a Haar random initial state follows the

same scaling predicted by the bound. Our general reverse engineering of local dissipation

compatible with a target entangled state could have a variety of other interesting applications

[120].

One potential application of recent interest is designing open quantum systems which
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are able to simulate finite temperature states of many-body systems (often called quantum

Gibbs samplers)[121, 121, 122, 123, 120]. Our technique could be used to prepare the purified

thermofield double (TFD) state, which allows one to probe finite temperature properties.

Another possible use is given in Ref. [124], where our technique would be able to prepare an

entangled state for optimal multi-parameter metrology.

This Chapter is organized as follows. Section 4.2 establishes our general setup, while

Section 4.3 provides a rigorous statement of our main results. In Section 4.4, we show

how to reverse engineer a class of local dissipative dynamics that all stabilize a given target

entangled state. We combine this with random matrix theory to show that typical relaxation

times scale with entanglement entropy exactly as predicted by our bound. In Section 4.5,

we show that the spectra of random Lindbladians exhibit a bulk gap along with isolated

midgap state(s), which are responsible for all of the slow dynamics.

4.2 Setup and definitions

4.2.1 Maximally Entangled States

We work throughout with systems having a tensor product Hilbert space H = HA ⊗ HB

(with dimHA,B = NA,B < ∞), and will be interested in pure states with entanglement

between subsystems A and B. Unless otherwise stated, we will assume NA = NB ≡ N . Any

state |ψ⟩ ∈ H admits a Schmidt decomposition

|ψ⟩ =
min(NA,NB)∑

i=1

√
pi|i⟩A ⊗ |i⟩B , (4.1)

where the Schmidt coefficients
√
pi are taken to be real and positive without loss of generality

throughout. A maximally entangled state for our bipartition is any state with uniform

Schmidt coefficients, i.e.
√
pi = [min(NA, NB)]

−1/2 ∀i.
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The bipartite entanglement of |ψ⟩ can be characterized by the Renyi-α entropy between

subsystems A and B:

S(α)(|ψ⟩) = 1

1− α
log
∑
i

pαi . (4.2)

For a maximally entangled state |ψ⟩max (letting NA = NB = N), this gives

S(α)(|ψ⟩max) = logN. (4.3)

4.2.2 Open Markovian Dynamics and Timescales

Our overarching goal is to connect steady state entanglement to dynamics. We will focus

exclusively on systems whose open system dynamics is described by a Markovian master

equation in Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) form [77, 76]. Letting ρ̂ be

the system’s density matrix, we have

∂tρ̂ = −i[Ĥ, ρ̂] +
M∑
µ=1

D[L̂µ]ρ̂ ≡ Lρ̂, (4.4)

D[L̂µ]ρ̂ ≡ L̂µρ̂L̂
†
µ −

1

2

{
L̂
†
µL̂µ, ρ̂

}
, (4.5)

where the Hermitian operator Ĥ is the Hamiltonian, and theM jump operators L̂µ parame-

terize the non-unitary evolution. We will refer to the superoperator L as the Lindbladian. As

we discuss below, we consider situations where subsystems A and B are physically separated

and only interact via local couplings to common dissipative environments. As a result, we

require all jump operators to have the form:

L̂µ = Âµ ⊗ 1̂+ 1̂⊗ B̂µ. (4.6)
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Every Lindbladian will have at least one steady state solution ρ̂ss defined by Lρ̂ss = 0.

Our interest here is in systems which have a pure steady state; the goal is to connect the

entanglement of the steady state to dynamical timescales. We say that L has a maximally

entangled steady state if there exists a state |ψ⟩ such that S(α)(|ψ⟩) = logN and L(|ψ⟩⟨ψ|) =

0. A steady state is unique if and only if every initial condition tends towards the steady

state in the long time limit.

In most cases, we will be interested in systems where L is diagonalizable, and can be

written as L =
∑N4−1
α=0 λα|rα⟩⟩⟨⟨lα|. (Here and throughout, the double bracket notation

|ρ̂⟩⟩ represents a vectorized density matrix.) The complete set of dissipative rates are given

by the real parts of the eigenvalues {λα}. We will work with the convention that 0 = λ0 ≥

Reλ1 ≥ · · · ≥ ReλN4−1 [125]. We define the dissipative gap

∆ = −Reλ1. (4.7)

4.2.3 Locality in Bipartite Lindbladians

When proving an area law for the ground states of gapped 1D systems, one has to first imbue

the Hamiltonian with a meaningful notion of locality. We similarly must identify a relevant

notion of locality in our open system dynamics. To that end, we assume that subsystems A

and B are physically separated, and only interact via local couplings to common, extended

Markovian reservoirs, see Fig. 4.1. For example, one might consider groups of qubits decaying

into a common waveguide, or groups of atoms interacting with a common cavity mode. The

locality of this setup means that before eliminating the environment to generate our master

equation, its interaction with the system will be described by a Hamiltonian of the form:

Ĥint =
M ′∑
µ=1

R̂A,µ ⊗
ˆ̃Aµ ⊗ 1̂+ R̂B,µ ⊗ 1̂⊗ ˆ̃Bµ +H. c. (4.8)
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where µ indexes interactions with the reservoir(s), and R̂A,µ and R̂B,µ are reservoir operators

localized near either the A or the B subsystem, respectively. Correspondingly, ˆ̃Aµ ( ˆ̃Bµ) are

subsystem A (B) operators. Note crucially that A and B only interact via their common

coupling to the environment.

Assuming now the reservoir(s) is Markovian, we can eliminate it in the usual manner

(see e.g. [126, 94]) to generate a GKSL master equation for the dynamics of A+B with the

constrained form of Eqs. (4.4) to (4.6), see Section C.6 for more details. In particular, each

jump operator L̂µ is the sum of an A and a B operator as given in Eq. (4.6), where Âµ, B̂µ

are local A,B operators that depend on ˆ̃Aµ and ˆ̃Bµ as well as reservoir properties. Even

with this constraint, we have an extremely general problem. We can still have arbitrary

local dissipative processes (i.e. set either Âµ or B̂µ to 0), as well as all forms of correlated

Markovian dissipation relevant to physically separated systems. Moreover, we place no

constraints on the Hamiltonian Ĥ in Eq. (4.4) (as there could be arbitrary bath-induced

Hamiltonian interactions between A and B).

4.2.4 Connection to measurement-feedback dynamics

The general setup described by Eqs. (4.4) and (4.5) is also directly relevant to describing

dynamics where A and B interact via locality-constrained continuous measurement and

feedforward (MFF) processes [127, 128, 129]. In particular, this constrained form describes

the unconditional dynamics arising from a MFF protocol where one measures sums of A and

B quantities, and then uses the results to apply local feedback control to each subsytem.

To be explicit, consider the unconditional dynamics generated by making a weak continuous

measurement of a Hermitian observable M̂ , and then using the measurement record to drive

another Hermitian quantity F̂ . In the limit where delay can be neglected, the theory of weak

continuous measurement shows that the unconditional state (i.e. averaged over all possible
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measurement outcomes) evolves as: [130]

∂tρ̂ = D[M̂ ]ρ̂+D[F̂ ]ρ̂− i[F̂ , {M̂, ρ̂}] = D[F̂ − iM̂ ]ρ̂− i

2
[{F̂ , M̂}, ρ̂]. (4.9)

As long as both M̂ and F̂ are sums of local operators, we have a master equation that obeys

the general form of Eqs. (4.4) to (4.6). For example, we could take:

M̂ =
i

2
(Â− Â† + B̂ − B̂†) (4.10)

F̂ =
1

2
(Â+ Â† + B̂ + B̂†) (4.11)

In this case F̂ − iM̂ = Â + B̂, implying the dissipator in Eq. (4.9) has the required form

of Eq. (4.6) (while the last term in Eq. (4.9) is a Hamiltonian interaction which is always

allowed).

Given this connection, the entanglement-time bounds we prove below directly constrain

locality-constrained measurement+feedback protocols. Moreover, we stress that while we

have formulated the measurement+feedback protocol without any additional Hamiltonian

interactions, any Hamiltonian can always be added in without any change to our results.

4.3 Bound Statement

4.3.1 Maximally Entangled Steady States Cannot be Reached by Markovian

Dynamics

It is well known that dissipative dynamics having the form of Eqs. (4.4) to (4.6) can be used

to stabilize pure entangled states. Examples include the dissipative stabilization of bosonic

two-mode squeezed states [43, 44, 42], qubit Bell pairs [23, 1, 116], and even more exotic

states of matter in spin chains [1, 119]. Our first result is to show that all such protocols are

highly constrained. If a Lindbladian L of the form Eqs. (4.4) to (4.6) has a pure maximally
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entangled steady state |ψ⟩ (i.e. L|ψ⟩⟨ψ| = 0), then this state is necessarily dynamically

isolated: the projector |ψ⟩⟨ψ| becomes a conserved quantity, implying that the dissipative

dynamics will never relax an arbitrary initial state into this entangled state. This necessarily

implies the existence of multiple steady states and the closing of the dissipative gap. Our

result here holds irrespective of further details (e.g. Hilbert space dimension, number of jump

operators, form of the Âµ, B̂µ operators, form of Ĥ, etc.).

To establish this result, note first that as |ψ⟩ is a pure steady state, we necessarily have

[12]

[Ĥ, |ψ⟩⟨ψ|] = L̂µ|ψ⟩ = 0, (4.12)

i.e., it is an eigenstate of the Hamiltonian and a dark state of each jump operator. Within

the quantum jumps interpretation of our master equation [130], the dark state conditions

imply that if the system is in the state |ψ⟩, there is zero probability of a quantum jump

evolving it into a different state.

The fact that |ψ⟩ is also maximally entangled leads to a second, even stronger constraint:

there will also be zero probability that a quantum jump from an arbitrary initial state |ϕ⟩

will produce a state with non-zero overlap with |ψ⟩. To see this explicitly, we define the

unnormalized “absorbing state” associated with each jump operator L̂µ to be |ψ̃µ⟩ ≡ L̂
†
µ|ψ⟩.

The probability that a quantum jump induced by L̂µ will result in some initial state |ϕ⟩

having overlap with |ψ⟩ is then |⟨ψ|L̂µ|ϕ⟩|2 = |⟨ψ̃µ|ϕ⟩|2. Using the fact that |ψ⟩ is a dark

state, we have:

⟨ψ̃µ|ψ̃µ⟩ = ⟨ψ|L̂µL̂†µ|ψ⟩ = ⟨ψ|[L̂µ, L̂†µ]|ψ⟩ = ⟨ψ|[Âµ, Â†µ]⊗ 1̂|ψ⟩+ ⟨ψ|1̂⊗ [B̂µ, B̂
†
µ]|ψ⟩.

(4.13)

Next, as |ψ⟩ is also a maximally entangled state, an explicit calculation shows that the above
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expression is proportional to tr[Âµ, Â
†
µ]+ tr[B̂µ, B̂

†
µ] = 0 when NA = NB (see Section C.1).

Hence, there is zero probability for a quantum jump moving population into the entangled

steady state |ψ⟩. The vanishing of |ψ̃µ⟩ also implies that the “no-jump” evolution described

by Ĥeff = Ĥ − (i/2)
∑
µ L̂
†
µL̂µ will never increase the population of |ψ⟩. We thus have

established our key result: the population of the maximally entangled steady state |ψ⟩ will

never change in time, and hence even given infinite time, dissipative preparation of the steady

state |ψ⟩ is impossible.

We can also establish this result rigorously using the notion of a strong symmetry of a

Lindbladian [131]. Eq. (4.13) shows that for each jump operator L̂
†
µ|ψ⟩ = 0. Given that |ψ⟩

is also a pure steady state, it immediately follows that

[P̂ , L̂µ] = [P̂ , Ĥ] = 0 (4.14)

where P̂ = |ψ⟩⟨ψ|. This implies that P̂ (the projector onto |ψ⟩) generates a strong symmetry

of L and describes a dynamically conserved charge. It thus separates the full Hilbert space

into two dynamically isolated subspaces, namely |ψ⟩ and its orthogonal complement. It also

tells us that there must be steady state degeneracy (i.e. at least one steady state orthogonal to

|ψ⟩), and hence a vanishing of the dissipative gap. Our result here generalizes the discussion

of [117], which discusses this phenomena in a specific two-qubit Lindbladian where the

conserved quantity reduced to total angular momentum. Our generalization shows that

this phenomena occurs in an extremely broad class of systems (including systems in the

truly many-body limit), and that the conserved quantity is the population of the entangled

steady state itself. In the 2 qubit example, a maximally entangled state |ψ⟩ can be written

(up to local unitaries) as a spin singlet, and so conserving the steady state is equivalent to

conserving total angular momentum, connecting to the results in Ref. [117].
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4.3.2 Universal Time-Entanglement Trade-Off

We now establish the second main result of this work: a fundamental trade-off in our locality-

constrained dissipative dynamics between the amount of pure steady state entanglement and

the timescales associated with dissipative stabilization. We find a rigorous bound that implies

increased steady state entanglement leads to longer relaxation times (with the timescale

diverging for maximal entanglement, as demonstrated above).

To formulate these ideas, we again consider a Lindbladian L of the form in Eqs. (4.4)

to (4.6), which has a pure stady state ρ̂ss ≡ |ψ⟩⟨ψ|. We now allow ρ̂ss to have an arbitrary

amount of entanglement. Consider the time evolution of an arbitrary initial state under L,

with the time dependent density matrix denoted as ρ̂t. We are interested in how this state

relaxes towards ρ̂ss, and thus consider the fidelity F (t) between these states:

F (t) =

(
tr

√√
ρ̂ssρ̂t

√
ρ̂ss

)2

. (4.15)

Relaxation of an initial trivial state to the entangled steady state corresponds to F (t) evolving

from ∼ 0 at t = 0 to ∼ 1 at some finite time t ∼ τrel.

To formulate our result, consider the product basis defined by the Schmidt decomposition

of our pure steady state given in Eq. (4.1). To fix a single time scale for the problem, we

will non-dimensionalize the jump operators by pulling out an overall scale factor with units

of frequency. This allows us to differentiate the role entanglement plays in the dynamics

form the more trivial role the overall magnitude of the Lindbladian plays. I.e., we will define

|Âµ| ≡
√
κµ to be the magnitude of the largest matrix element of Âµ in the Schmidt basis,

so that we can write each jump operator as:

L̂µ =
√
κµ

(
Âµ

|Âµ|
⊗ 1̂+ 1̂⊗

B̂µ

|Âµ|

)
≡ √κµ ˆ̃Lµ, (4.16)
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where ˆ̃Lµ is unitless and κµ has the units of a rate. From here, we define the average rate

κ = 1
M

∑M
µ=1 κµ. We will go on to show that this average rate κ appears naturally in the

models considered and sets an overall time scale. Turning to the steady state ρ̂ss = |ψ⟩⟨ψ|,

we use S
(2)
ss to denote its Renyi-2 entanglement entropy [c.f. Eq. (4.2)], and define

√
pmin to

be its smallest Schmidt coefficient.

Finally, we introduce the scaled entanglement E2, a measure for the steady state entan-

glement based on S(2) that varies from 0 (no entanglement) to 1 (maximal entanglement):

E2 ≡
1

1− 1/N

(
1− e−S

(2)
ss

)
=

1

1− 1/N

1−
N∑
j=1

p2j

 (4.17)

With these definitions in hand, we can state our key result: the growth of the fidelity F (t)

is rigorously bounded by a rate, whose value is directly proportional to the entanglement

deficit of the steady state. Assuming first that pmin > 0, we have:

|F (t)− F (0)| ≤ Γmaxt, (4.18a)

Γmax

Mκ
=
√
2 (N − 1) (pmin)

−1 (1− E2) , (4.18b)

where N ≡ NA = NB . A full proof of this result is presented in Section C.1. We see that

the growth of the fidelity towards 1 is bounded by the rate Γmax, which in turn decreases

linearly with the scaled entanglement E2. For a maximally entangled state (E2 = 1), Γmax

vanishes, thus recovering the result of the previous subsection: F (t) is time independent in

this case, and no dynamical stabilization of the entangled steady state is possible. For more

general cases, our result provides a lower bound on the relaxation time τrel: τrel ≥ 1/Γmax ∝

1/(1 − E2). At a heuristic level, for E2 < 1 we do not have a perfect strong symmetry and

conserved quantity like the maximal-entanglement case [c.f. Eq. (4.14)]. Nonetheless, there

is an “almost” conserved quantity that relaxes slowly, leading to very slow relaxation to the
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steady state. This is discussed in more detail in Section C.3.

The bound in Eq. (4.18) is for the case where the steady state reduced density matrix

of each subsystem is full rank; it clearly has no utility in the case where pmin is zero or

extremely small. In these cases, an analogous, more useful bound can be derived that again

constrains relaxation timescales in terms of the steady state entanglement deficit. The bound

still has the form of Eq. (4.18a), but the rate Γmax is replaced by Γ′max (see Section C.1):

Γ′max√
2(N3 −N2)

=


 M∑
µ=1

|Âµ|

2

+

 M∑
µ=1

|B̂µ|

2
 (1− E2)1/2 (4.19)

The rate in this bound is still decreases monotonically with increasing scaled entanglement

E2, and vanishes as one approaches maximal entanglement E2 = 1.

Finally, the bounds discussed here constrain the relaxation of any state towards the

entangled pure steady state. It thus sets a speed limit for even the optimal cases, where one

has a fast-relaxing state. It is interesting to instead ask about the relaxation of a typical

state towards the entangled steady state. We can also derive a general bound that applies

to this situation. Consider that at some time t we have a Haar-random pure state of our

system, ρ̂t = Û |ϕ0⟩⟨ϕ0|Û† where Û is a Haar-random unitary, and |ϕ0⟩ is some arbitrary

fixed state. We can then derive a rigorous bound on the instantaneous change in the average

fidelity F (t) (see Section C.2)

∫
Haar
|∂tF | dÛ ≤ 2Mκ

N − 1

N2
(pmin)

−1 (1− E2) (4.20)

We again find the same scaling with the scaled entanglement, but now with a smaller N -

dependent prefactor.

Finally, the same physics that leads to the bounds in Eqs. (4.18), (4.19) and (4.20) can

also be used to bound the mixing time of the Lindbladian [132], a standard timescale metric
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for dissipative dynamics. This involves using inequalities between quantum fidelity and the

trace distance [133]. Explicitly, if we define

tmix(ϵ) = inf{t > 0 | ∀ρ̂, dtr(eLtρ̂, ρ̂ss) ≤ ϵ}, (4.21)

where dtr is the trace distance, then we show (see Section C.1) that

tmix(ϵ) ≥
1− ϵ
Γmax

=
(1− ϵ)Mκpmin√

2(N − 1)
(1− E2)−1, (4.22)

where Γmax is the rate introduced in Eq. (4.18).

Eqs. (4.18), (4.19), (4.20) and (4.22) are key results of this work. They provide a unifying

explanation for phenomena seen in specific studies of a variety of different dissipative systems,

all of which observed an extreme slow down of dynamics as parameters were tuned to increase

the entanglement of the dissipative steady state [116, 1, 117]. Moreover, while they have

been formulated for the case where both systems have the same Hilbert space dimension

NA = NB , they can be easily extended to the case where this is not true. In this more

general case, one can always map the problem to the case where dimensions are equal, but

where one system is completely decoupled from some of its levels. One could then directly

apply the bound Eq. (4.19). More importantly, such a setup is by definition never close to

being maximally entangled by our definition (as it is not exploiting the full Hilbert space).

See Section C.1 for more details.

4.4 Many-Body Random Lindbladians

While our entanglement-time bound in Eq. (4.18) is rigorous, it only provides a lower bound

on relaxation times. There is no a priori reason to assume this bound is tight, or that it

even qualitatively captures how relaxation timescales vary in a typical system. For example,

it could be that relaxation times diverge with increasing entanglement in a manner that is
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Figure 4.2: (a) Dissipative gap of random Lindbladians stabilizing a random pure state with a
fixed entanglement δE2 [c.f. Eq. (4.25)], for varying system size constructed using Eq. (4.24).
Recall that δE2 decreases monotonically with increasing entanglement and is zero for a
maximally entangled state. Here, each Aµ matrix that is used to construct our dissipators
is sampled from the Ginibre ensemble of random matrices with variance σ. For each system
size and entanglement value, we plot results for 100 random Lindbladians. Different values
of N are offset horizontally to avoid overlap. (b) Average and standard deviation of data
in (a) for a fixed system size and entanglement. The average gap is 2(M − 1)σ2δE2 and
independent of system size. The standard deviation also scales linearly with δE2 and falls
off as N increases.
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much worse than the predictions of our bound.

To address these issues, in this section we study relaxation times in an ensemble of

random Lindbladians having the form of Eqs. (4.4) to (4.6), that all have a pure steady state

having some fixed value of the scaled entanglement E2 [c.f. Eq. (4.17)]. We can then ask

about the statistics of relaxation times in this ensemble, and how they vary as we change

the steady state entanglement.

4.4.1 Reverse engineering dissipative dynamics compatible with a target

entangled state

To proceed, we consider a system with fixed local Hilbert space dimension N for each sub-

system, and start by picking a particular (perhaps randomly chosen) pure steady state |ψ⟩

specified by its Schmidt coefficients
√
pj [c.f. Eq. (4.1)]. These coefficients can be used to

define a single system operator Ψ̂, which is nothing but the square root of the reduced steady

state density matrix for each subsystem:

Ψ̂ ≡
∑
i

√
pi|i⟩⟨i| =

√
ρ̂A =

√
ρ̂B (4.23)

where |i⟩ are states in the Schmidt basis for the entangled state |ψ⟩, and ρ̂A = trB |ψ⟩⟨ψ|,

ρ̂B = trA|ψ⟩⟨ψ|. In what follows, we assume that all Schmidt coefficients are non-zero,

i.e. Ψ̂ is full rank.

The next step is to construct a dissipative dynamics of the form of Eqs. (4.4) to (4.6) that

has the chosen pure state |ψ⟩ as a steady state. We focus on the simple case where there is

no Hamiltonian, and thus the problem reduces to finding one or more jump operators {L̂µ}

such that L̂µ|ψ⟩ = 0, and where each jump operator is the sum of an operator acting on just

one subsystem: L̂µ = Âµ + B̂µ. Our approach is to first pick arbitrary system-A operators

Âµ for each jump operator. The dark state conditions then uniquely determine the form of
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the corresponding system B operator in each L̂µ. Letting Aµ, Bµ and Ψ denote the N ×N

matrix representation of these operators in the Schmidt basis, we have:

(Âµ ⊗ 1̂+ 1̂⊗ B̂µ)|ψ⟩ = 0 =⇒ Bµ = −ΨATµΨ−1. (4.24)

Our construction here provides an extremely general way to construct a large number

of dissipative dynamics that will stabilize a particular chosen pure entangled steady state.

The construction guarantees that for a particular jump operator, the operators Âµ and

−B̂µ are isospectral. As a result, the kernel of a single jump operator L̂µ necessarily has

a dimension ≥ N , see Section C.1. Having a unique steady state will thus require at least

two jump operators (chosen so that the desired steady state |ψ⟩ spans the intersection of

their kernels). Alternatively, one could remedy this problem by introducing an appropriate

Hamiltonian to the dynamics.

We note that that the construction here (where B operators can be viewed as the mod-

ular conjugation of A operators) has a close connection to certain formulations of quantum

detailed balance (i.e. KMS detailed balance [134, 135] and hidden-time reversal symmetry

[136]), as well as to the theory of coherent quantum absorbers [111, 137]. The construction is

also reminiscent of the construction of the Petz recovery map [138], and formal constructions

of Hamiltonians that have thermofield double states as their ground state [139].

4.4.2 Entanglement-time trade-offs and dissipative gap scaling in random

many-body dissipative dynamics

We now use our state-to-dynamics construction to assess whether the general time - entan-

glement bound in Eq. (4.18) tells us anything about typical relaxation times. For a given

chosen steady state entanglement E2, we first construct an ensemble of entangled pure states

|ψα⟩ all having the same E2. For each state, we then use our construction to generate a
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random Lindblad master equation having two jump operators that will stabilize this state.

This involves first picking two random N ×N matrices A1, A2, and then using Eq. (4.24) to

pick the corresponding B matrices. These matrices then define the jump operators L̂1, L̂2.

We draw each A matrix from the complex random Ginibre ensemble: each matrix element

is a Gaussian random variable with E[(Aµ)ij ] = 0 and E[(Aµ)∗ij(Aν)kl] = σ2δµνδikδjl. As

we have no Hamiltonian contribution to our dynamics, the variance σ2 plays no role except

setting an overall timescale for the dynamics. That is to say, we can always choose to set

σ = 1 by absorbing it into κµ as defined in Eq. (4.16). In this way, we can separate the

dimensionful quantity κµ from the dimensionless slowdown due to the entanglement entropy.

Another way of putting it is to observe that, if we let Lσ be a Lindbladian sampled from

the random ensemble where each matrix element of A has variance σ, then Lσ = σ2Lσ=1.

Hence, if we normalize the Lindbladian to fix a time scale, the factors of σ2 drop out, and

can therefore be set to unity without loss of generality. Note that this is only true because

there is no Hamiltonian, otherwise σ would control the strength of the dissipative dynamics

relative to the coherent dynamics.

In Fig. 4.2, we show results obtained by numerically implementing this procedure for

system sizes N ranging from 4 to 10. We plot the dissipative gap (c.f. Eq. (4.7)) for each

constructed random Lindbladian, as a function of their steady state entanglement E2. We

stress that each realization here involves both randomly constructing a pure entangled steady

state, and a dissipative dynamics that will stabilize this state. The dissipative gap ∆ char-

acterizes the slowest relaxation process in our system, and hence we might expect that

∆ ∼ Γmax, where Γmax is the rate appearing in our general bound Eq. (4.18). We see that

there is a striking linear scaling of the average dissipative gap with E2, ∆ ∝ 1− E2. This is

exactly the dependence predicted by our general bound for Γmax. While the prefactor of the

scaling does not match the system-size dependence predicted by our bound, we see that the

general trade-off between entanglement and relaxation times in this class of unstructured
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many-body Lindbladians is quantitatively in agreement with Eq. (4.18).

Further, these results are not contingent on our use of the complex Ginibre ensemble to

construct our random dissipators. As shown in Section C.2, constructions based on other,

physically motivated random ensembles also show analogous scaling.

Turning to the prefactor of the average dissipative gap scaling with 1 − E2, the bound

states that it cannot grow faster than N2. However, as shown in Fig. 4.2(b), we numerically

find that, for randomly sampled Lindbladians, it appears to be independent of N . Further,

we see that the fluctuations of the dissipative gap about its average decrease significantly

even for modest increases in N . At this point, we stress that this does not imply that the

bound is not tight, as it must account for all possible Lindbladians, whereas in Fig. 4.2, we

consider only the more constrained set of average or random Lindbladians. In fact, in the

next subsection, we will give a specific example of a system that relaxes much more quickly

than the Haar random examples, but still satisfies the bound. To truly prove whether or not

the bound is tight requires either finding a tighter bound, or finding a model system that

saturates it, which we leave to future works.

However, we can analytically show that the Haar random case should have a prefactor

that is independent of system size: first, define the deviation from maximal entanglement

δE2 ≡
N − 1

N
(1− E2) . (4.25)

Then, assume that we haveM random dissipators constructed as above, and that for a fixed

E2 the Schmidt coefficients pj are chosen randomly subject to normalization
∑
j pj = 1 and

E2 is fixed [c.f. Eq. (4.17)]. To leading order in δE2, one can show (see Section C.2):

E
[∫

Haar
|∂tF | dU

]
= 2Mσ2δE2, (4.26)

where E[•] is an average both over matrices Aµ as well as Schmidt coefficients pj . We now

48



have a scaling of a typical relaxation rate that is still proportional to (1− E2), but with an

N -independent prefactor.

We expect that Eq. (4.26) will give a good estimate of the dissipative gap ∆, except for

the correction that M →M −1. The reason for this is that, due to the condition Eq. (4.24),

a single jump operator generates N steady states, and so the dissipative gap is by definition

zero when M = 1. Despite this, the dynamics can still increase the fidelity to the chosen

steady state, hence Eq. (4.26) is nonzero even when M = 1. To account for this difference

between the dissipative gap and the rate of change of the fidelity, we expect that the average

dissipative gap scales as

E[∆] = 2(M − 1)σ2δE2. (4.27)

This is in good agreement with the behaviour of the average dissipative gap shown in Fig. 4.2.

Note that for the Lindbladians considered here, we find that the dissipative gap accurately

predicts long-time relaxation to the steady state. It is well known that there exist examples

where this correspondence can fail [140, 141, 142], for example in systems exhibiting so-called

“skin-effects” (see e.g. [143, 144, 145, 146, 147, 148, 149]). Note that even for cases where

the dissipative gap is not reflective of relaxation, our general bound Eq. (4.18) remains valid:

it directly constrains the dynamics of the fidelity F (t) (a physically observable quantity),

without any assumptions on how the dissipative gap is related to the decay of observables.

4.4.3 Typical versus best case relaxation rates

As noted above, it is unclear whether or not the bound stated in Eq. (4.18) is tight, as the

random systems sampled from the given distribution seem to relax roughly N2 times more

slowly than the bound predicts is the fastest possible rate. However, we stress that there is

nothing contradictory: the bound in Eq. (4.18) must account for all possible Lindbladians
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subject to the locality constraint, whereas in the random case, the systems are much less

general.

For example, by adding back in more structure than is present in the randomly sampled

Lindbladians, we can construct a model that, while not saturating the bound, does have a

prefactor that is O(N), in between the one given in the bound and the Haar random case.

Consider a Lindbladian L1 acting on a Hilbert space with local dimension d, which has

a steady state Renyi-2 entanglement entropy S
(2)
1 and a dissipative gap ∆1. We can enlarge

the Hilbert space in a trivial way by tensoring together n copies of the same steady state,

which evolve under the Lindbladian

L =
n∑
i=1

1̂⊗i−1 ⊗ L1 ⊗ 1̂⊗n−i (4.28)

The steady state entanglement entropy (taking a bipartition that splits each copy) is now

S
(2)
ss = nS

(2)
1 by additivity. Thus, the deviation of the scaled entanglement from its maximum

value scales as

1− E2 =
N

N − 1

(
e−S

(2)
ss − 1

N

)
=

1

1− d−n

(
e−nS

(2)
1 − d−n

)
, (4.29)

which decays exponentially with n. It thus follows from Eq. (4.26) that the instantaneous

rate of change in fidelity between a Haar random state and the steady state is decaying

exponentially in the number of copies n. However, by construction, the dissipative gap in

this system is independent of n, suggesting no slow down with increasing system size. This

lack of slow down is however consistent with the larger prefactor in our more general bound

in Eq. (4.18).

This example shows that a general bound must have a prefactor that grows withN at least

as O(N/ log(N)). The large deviation between this example and the Haar random models
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can be attributed to the highly structured form of the Lindbladian. Stated succinctly, the

eigenvectors of the Lindbladian are now very far from being related to Haar-random states.

All of the eigenvectors of Eq. (4.28) are completely unentangled between copies, and so

approximating them with a Haar random state is unsuccessful.

4.5 Beyond the slowest relaxation rate: structure of the

Lindbladian spectra

4.5.1 Bulk Gap and Midgap States

The results of the previous section show that for random, unstructured dissipative dynamics

that is locality-constrained and which has a pure steady state, the scaling of the dissipa-

tive gap with steady state entanglement matches the predictions of our general bounds in

Eqs. (4.18) and (4.20). In this section, we turn to another question: does increasing steady

state entanglement only lead to the formation of at most a handful of slow relaxation modes,

or does it imply that an extensive number of relaxation modes become slow? This is a ques-

tion about the full spectrum of our Lindbladian, and not just the dissipative gap. Through

numerical investigation, we find that the first scenario holds: strong steady state entangle-

ment leads to the formation of a unique slow mode, whereas the vast majority of relaxation

modes exhibit no slow down. We find that for a variety of different random Lindbladians,

the spectrum of relaxation rates exhibit what we term a “bulk gap”, where almost every

mode has an O(κ) decay rate regardless of the slow down associated with large steady state

entanglement. However, there also always exists a single, isolated “midgap” state, which

decays extremely slowly and is responsible for all of the long-time slow dynamics.

To provide context for this result, we first recall known results for the spectral properties

of completely unstructured random Lindbladians (i.e. dynamics that do not have the locality

and purity constraints of our general setting). Consider a general Lindbladian for a system
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with an N dimensional Hilbert space:

Lρ̂ =
N∑

µ,ν=1

Kµν

(
F̂µρ̂F̂

†
ν −

1

2

{
F
†
ν F̂µ, ρ̂

})
, (4.30)

where Kµν is the complex positive semi-definite N × N “Kossakowski matrix”. We take

K = NGG†/ tr(GG†), with the matrix G sampled from the complex Ginibre ensemble (unit

variance of matrix elements). The operators {F̂µ} form an orthonormal traceless basis of

SU(N).

For this general setup, it can be shown that the average dissipative gap scales as 1−2/N

[150]. For large N the average gap becomes N -independent, a scaling that will match almost

all relaxation modes in our more structured dissipative problem. However, the additional

constraints we impose in our general setup (entangled pure steady state, local form of dissi-

pators) leads to the formation of a single extremely slow mode as entanglement is increased,

i.e. a “midgap state”, see Fig. 4.4(a). It is this single slow mode that is responsible for

the slow relaxation described by our bounds. It is also interesting to note that the midgap

state(s) are purely a result of the entanglement and locality constraints, they never show up

in the completely random Lindbladians considered in Ref. [150].

Heuristically, this behaviour matches our general picture [c.f. Eq. (4.14)] that as steady

state entanglement increases, we have the emergence of an almost-conserved quantity, the

projector onto the steady state. This separates the Hilbert space into two subspaces. One

naively expects fast dynamics within each of these subspaces, with a single slow rate corre-

sponding to mixing between the subspaces (see Section C.3 for more details). This picture

matches the results of our numerics. One can picture the steady state and midgap state(s)

as forming a quasi-stable, slowly relaxing “slow manifold” whereas the rapidly decaying

modes above the bulk gap are an effective “fast manifold”. One could imagine tracing out

the rapidly decaying states above the bulk gap to understand the slow dynamics within the
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Figure 4.3: Schematic showing two systems A and B that are coupled via a Markovian
chiral (i.e. directional) waveguide, thus realizing a cascaded quantum system. The A system
is “upstream”, and its dynamics are unaffected by B (whereas B is indeed affected by A).

midgap states(s); see, e.g. Ref. [151]. It is especially interesting to note, though, that in

this case the slow manifold contains only a handful of modes, whereas the fast manifold is

growing exponentially with N .

4.5.2 Prethermalization and local relaxation

Given this hierarchy of relaxation rates, it is interesting to ask what kind of observables

relax slowly via the midgap state, and which relax quickly. Previous work on specific non-

random models suggests that observables local to one subsystem tend to relax on fast O(κ)

time scales, whereas non-local intersystem correlations relax slowly (recall that in Fig. 2.2

in Chapter 2, the local density relaxes quickly whereas the total parity relaxes much more

slowly).

In order to study this, we want a system where we can independently look at the re-

laxation rate of the full A − B system, as well as trace out one subsystem and look at the

spectra of the other subsystem, which controls local observables. This can be achieved by

constructing a unidirectional or cascaded [152, 153, 154] quantum system following the so-

called “Coherent Quantum Absorber” (CQA) approach [111], see Fig. 4.3. Such a system

still has the basic struture of our generic setup, where dissipative interactions between A and

B are generated from local couplings to a common bath. Now, however, these interactions

are directional: A influences B, but not vice-versa.

To achieve this directionality, and still have the dynamics stabilize a chosen pure entan-
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gled steady state, we chose the matrices Aµ [c.f. Eq. (4.24)] in each jump operator so that

they obey the constraint equation:

Aµ = ΨATµΨ
−1, (4.31)

where Ψ is defined via the steady state as per Eq. (4.23). This condition corresponds to

imposing an effective classical detailed balance condition (see Section C.4). We also add a

Hamiltonian to our system ĤCQA that combines with each dissipator to enforce directional-

ity, see Section C.4. Note that previously, we used Eq. (4.24) to define a dissipator given an

arbitrary matrix Aµ; now, Eq. (4.31) also gives a constraint on which Aµ are allowed. Using

both Eqs. (4.24) and (4.31) also tells us that Aµ = −Bµ, thus determining the form of each

jump operator. Using this construction, we find that the dynamics of system A is given by

trB [∂tρ̂] = trB

[
−i[ĤCQA, ρ̂] +

∑
µ

D[Âµ + B̂µ]ρ̂

]

= −i[ĤA, ρ̂A] +
∑
µ

D[Âµ]ρ̂A ≡ LAρ̂A, (4.32)

where ρ̂A ≡ trB ρ̂. It thus follows that every eigenvalue of the system A Lindbladian LA

is also an eigenvalue of the full Lindbladian L. Moreover, all observables on the A system

relax according to the spectrum of LA, whereas correlations between the two systems relax

on a timescale governed by the gap of L. Note that because of Eq. (4.31), the Lindbladian

LA necessarily satisfies classical detailed balance (also known as GNS detailed balance)

[136, 155].

In Fig. 4.4(b), we numerically sample a random distribution of Schmidt coefficients {pi},

and constrain Aµ to obey the detailed balance condition Eq. (4.31). We also add the requisite

Hamiltonian, making the system completely directional. Numerically, we observe that the

full Lindbladian acting on both A and B has a small dissipative gap ∆ ∼ κδE2, as predicted
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matrix Aµ from the complex Ginibre ensemble with variance σ; this then determines Bµ via
Eq. (4.24). (b) Spectrum of a realization of a random Lindbladian constructed so that the
interaction between A and B is necessarily directional (see Fig. 4.3 and Eq. (4.31)). Blue
points show the spectrum of the full Lindbladian L, and orange points of the Lindbladian
LA describe system-A only dynamics. When looking at LA alone, there is no emergent slow
mode, and the dissipative gap is large. In both (a) and (b) the local dimension N = 5,
there are M = 2 independent jump operators, and a pure, random steady state with fixed
δE2 ≡ 10−3 [c.f. Eq. (4.25)]. In both (a) and (b) the black dashed line shows 2(M − 1)σ2δE2
[c.f. Eq. (4.26)], and the steady state (λ0 = 0) is not shown.

by the bound and consistent with a random jump operator as in Fig. 4.4(a). However, if

we instead consider the spectrum of LA, the Lindbladian of system A alone [c.f. Fig. 4.3],

the dissipative spectrum exhibits a large dissipative gap ∆ ∼ κ. This is in line with the

results of Ref. [155], which studies the spectral properties of random Lindbladians satisfying

classical (GNS) detailed balance. This separates the dynamics into two regimes. The first is a

“prethermal” regime characterized by the O(κ) bulk gap; during this time, local observables

can relax to their steady state values as evidenced by the upstream system not experiencing

slowdown. However, intersystem correlations and entanglement approach their steady state

values on exponentially longer time scales characterized by the true dissipative gap, see

Fig. 4.4. This is in line with previously observed open system dynamics with highly entangled

steady states (that are not necessarily directional); e.g., the example given in Chapter 2.
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4.5.3 Multiple slow modes

Our discussion of Lindbladian spectra has so far focused on cases where, apart from our

constraints on locality and having a pure entangled stead state, the dynamics is essentially

unstructured. The slow-down of dynamics associated with increasing entanglement in this

case can be attributed to a the emergence of a single slow mode. We now ask how this situa-

tion is modified when our Lindbladian has some additional structure. We find regimes where

now multiple slow modes (midgap states) arise due to increasing steady state entanglement.

Consider the case where we also have a notion of spatial locality within both the A and

B subsystems. For example, consider two n qubit spin chains denoted A and B, with local

XXZ Hamiltonians governed by the master equation ∂tρ̂ = −i[ĤXXZ, ρ̂] + Ldiss with

ĤXXZ =
∑

s=A,B

n−1∑
i=1

J
(
σ̂+s,iσ̂

−
s,i+1 +H. c.

)

+
∑

s=A,B

sgn(s)
n−1∑
i=1

Jzσ̂
z
s,iσ̂

z
s,i+1, (4.33)

Ldiss = D[uσ̂−A,1 + vσ̂+B,1] +D[uσ̂
−
B,1 + vσ̂+A,1]. (4.34)

Here, we take sgn(A) = − sgn(B) = 1 and u2+ v2 = 1. This models two spins chains being

driven by two-mode squeezed vacuum light at their boundary, and in the limit Jz = 0 has

been considered as a method of entanglement generation [23, 118, 119] and is identical to the

model considered in Chapter 2. This system has a pure steady state, and thus is an example

of the general class of dynamics [c.f. Eqs. (4.4) to (4.6)] that we consider. The steady state

can be found exactly (c.f. [119] and Chapter 2), and is independent of J, Jz:

|ψ⟩ss =
n⊗
i=1

[√
1− v2|0⟩A,i|0⟩B,i + (−1)iv|1⟩A,i|1⟩B,i

]
. (4.35)

It follows that the steady state entanglement is controlled by v.
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Figure 4.5: (a) Lindbladian spectra for the master equation for two n = 3 qubit spin
chains given by the XXZ Hamiltonian Eq. (4.33) and local boundary dissipation Eq. (4.34)
for varying values of the intrachain ZZ interaction Jz, with J = 1. Note whenever Jz > 0
(and the Hamiltonian is no longer mappable to free fermions), all but one of the midgap
states move into the bulk spectra. (b) Lindbladian spectra for the master equation for
two n = 3 qubit spin chains given by Ĥ = Ĥ∥ + Ĥ⊥ [c.f. Eqs. (4.36) and (4.37)] and

local boundary dissipation Eq. (4.34) for varying values of the interchain ZZ interaction Jz.
Note this Hamiltonian always supports ballistic dynamics and the slow modes are robust to
interactions. In both (a) and (b) the steady state entanglement is fixed to be δE2 = 10−3

and the black dashed line is at 2(M − 1)δE2. Different values of Jz are offset horizontally to
avoid overlap.

This is system is clearly more structured than the completely random examples studied

in the previous subsections. As such, one might expect that the Lindbladian spectrum would

be very different, with potentially many more slow modes emerging when the steady state

has high entanglement. Surprisingly, for generic parameters this is not the case, see Fig. 4.5:

one still gets a single slow mode.

However, the special case where Jz = 0 the situation is very different. For this parameter

choice the local Hamiltonian Eq. (4.33) is equivalent to a free fermion Hamiltonian, and we

find the emergence of multiple slow modes for strong entanglement, see Fig. 4.5. Note that

while the Hamiltonian alone can be mapped to non-interacting particles, the full dissipative

dynamics still corresponds to an interacting fermionic problem (see [1] for more details). As

such, it is surprising at first glance that the non-interacting nature of the Hamiltonian alone

leads to such differences in the dissipative spectrum. Moreover, we observe numerically that
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the number of slow modes is exactly equivalent to n, the number of qubits in each chain,

and hence is extensive in system size.

To see that the free fermion dynamics is truly the cause of having multiple slow modes, we

can consider a more complicated local Hamiltonian introduced in Ref. [156] which exhibits

both free-fermion sectors of the Hilbert space, as well as diffusive sectors, see Section C.5.

Specifically, consider the master equation ∂tρ̂ = −i[Ĥ, ρ̂] + Ldiss with Ldiss defined as in

Eq. (4.34) and Ĥ = Ĥ∥ + Ĥ⊥ with

Ĥ∥ = J

n−1∑
i=1

∑
s=A,B

σ̂+s,iσ̂
−
s,i+1 +H. c., (4.36)

Ĥ⊥ =
n∑
i=1

J
(
σ̂xA,iσ̂

x
B,i + σ̂

y
A,iσ̂

y
B,i

)
+ Jzσ̂

z
A,iσ̂

z
B,i. (4.37)

Here, Ĥ∥ is equivalent to the XXZ Hamiltonian in Eq. (4.33) at the free fermion point

Jz = 0. Ĥ⊥ couples the two chains together to form a two-rung ladder. Recall that a

direct Hamiltonian coupling between subsystems A and B is allowed by our general locality

constraint, and does not impact the validity of our time-entanglement bounds. One can

again show that the steady state is pure and given by Eq. (4.35). Moreover, by plotting

the dissipative spectra, we observe that there are still n slow modes separate from the bulk

spectra, just as in the completely free case, see Fig. 4.5.

4.6 Conclusion

In this paper, we have established a set of relations between pure steady state entanglement

and relaxation dynamics for a class of many-body open quantum systems, where two systems

A and B have locality-constrained dissipative interactions (i.e. all dissipators are sums of

local operators). We find that such a system can never have a unique, maximally entangled

steady state. Further, we demonstrated that this result is a special case of a more general
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bound, which says that the time to reach the steady state is bounded below by how close

that state is to being maximally entangled.

We further explored this bound in the context of random Lindbladians satisfying our

constraints, demonstrating that our bound accurately predicted the scaling of the dissipative

gap with the steady state entanglement. We also considered the Lindbladian spectra of such

models, finding that for large entanglement, they generically have a bulk gap accompanied

by extremely slow midgap state(s), the number of which we conjecture is related to whether

or not the Hamiltonian is mappable to free fermions.

We believe that these results provide new insight into dissipative entanglement genera-

tion. They are directly relevant to quantum reservoir engineering schemes targeting remote

entanglement, and helps explain a number of previous results that observed a trade-off be-

tween entanglement and preparation time in various specific systems. In future work, it

would be interesting to explore further whether such entanglement-time constraints also ap-

ply to more general situations (e.g. extended many body systems where one could try to

connect entanglement and relaxation times for different choices of regions A and B).
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CHAPTER 5

USING ADAPTIVE DYNAMICS TO CIRCUMVENT

TRADE-OFFS

This chapter contains previously-published material found in Ref. [157]. Reuse is permitted

according to the copyright agreement used by Physical Review Letters.

5.1 Introduction

There is renewed interest in using the power of non-unitary time evolution to prepare complex

entangled states of quantum many-body systems. Protocols based on measurements and

classical feedback [158, 159], as well as on using engineered dissipation [2, 3], have received

considerable theoretical and experimental attention. Of particular interest are stabilization

schemes whose dynamics have unique, highly-entangled steady states. Such schemes have

numerous advantages over more conventional approaches, and are particularly intriguing

when the goal is establishing large amounts of remote entanglement [111, 23, 113, 116, 117,

118, 119, 11, 12, 13, 1, 14, 15].

For all non-unitary stabilization protocols, it is crucial both to have a useful steady

state, as well as a relaxation rate that is fast. If relaxation is too slow, then other un-

wanted dissipative dynamics will invariably degrade the final stabilized state. For dissipa-

tive remote entanglement stabilization, a variety of different schemes all suffer from a basic

time-entanglement tradeoff: the more entangled the steady state, the slower the relaxation

[113, 116, 1, 117, 119, 160]. In Chapter 4, we unified these results, proving a fundamental

time-entanglement bound that constrains a wide set of local dissipative stabilization pro-

tocols. In particular, the stabilization timescale diverges for maximally entangled states.

These studies raise a natural question: can we use additional resources to speed up
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Figure 5.1: a) Schematic showing two chains of n qubits/ fermions each that only interact
via coupling to a common engineered bath at the boundary. Tuning the bath parameter v
tunes the steady state interchain entanglement SvN ≤ N log 2. b) Dissipative gap vs SvN for
2n = 6 total fermions (dashed lines), spins (solid lines) and adaptive spins (stars). Qubits
exhibit a dramatic slowdown with increasing entanglement, fermions do not. Dynamics is
given by Eqs. (5.4) and (5.5) (fermions), Eqs. (4.34) and (5.6) (spins), with J = Γ = 1, and
interaction ∆ = 0 (blue) or ∆ = 2 (orange). The adaptive spin protocol (given by Eqs. (5.6)
and (5.12)) mimics the fermionic model, with no entanglement induced slowdown.

entanglement stabilization? One method is to use only a subset of the total available Hilbert

space, so as to never try to reach the maximal amount of entanglement [117]. If instead one

wants to use only spin degrees of freedom and fully prepare the maximal number of Bell

pairs, we show that this is possible in many settings by using a minimal kind of adaptive

dynamics.

Adaptive dynamics whereby one does measurement and feedback on a quantum system

has been explored both theoretically (e.g., [130, 161, 162, 163, 164, 165]) as well as ex-

perimentally (e.g., [166, 167, 168, 169, 170, 171]) where it as been successful in preparing

quantum states or phases.

We start with the realization that simple fermionic entanglement stabilization schemes are

not limited by the time-entanglement tradeoff that plagues most qubit schemes. Formally,

the fact that spatially distinct fermionic operators need not commute means that the results

in Chapter 4 do not apply. More physically, fermionic statistics provide a kind of built-in

non-locality that is, surprisingly, a resource for entanglement stabilization. We show that
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the basic ingredients that give fermions an advantage can be mimicked in qubit systems with

local interactions augmented by a minimal classical memory that time-correlates subsequent

quantum jumps. This dramatically accelerates the preparation of maximally entangled states

(as well as spin squeezed states), both in time-continuous schemes, as well as in discrete

circuits (see Fig. 5.1).

5.2 Fermions evade slowdown

We start by recapping the result of Chapter 4. Consider a system defined on a bipartite

Hilbert spaceH = HA⊗HB with local Hilbert space dimension dimHA = dimHB = N . We

assume that the subsystems are physically separated, but interact with a common Markovian

reservoir that mediates intersystem interactions (c.f. Fig. 5.1). The system density matrix

is then described by a Lindblad master equation ∂tρ̂ = Lρ̂ whose form satisfies

L = −i[Ĥ, •] +
∑
µ

D[L̂µ], (5.1)

L̂µ = Âµ ⊗ 1̂+ 1̂⊗ B̂µ. (5.2)

Here, D[L̂]ρ̂ = L̂ρ̂L̂† − 1
2{L̂

†L̂, ρ̂}. The sum-of-locals form in Eq. (5.2) reflects the locality

constraint on the system-bath coupling [95]. Next, suppose L has a pure steady state ρ̂ss =

|ψ⟩⟨ψ|, i.e. Lρ̂ss = 0. An initial state ρ̂0 evolves as ρ̂t = eLtρ̂0 and its fidelity to the

steady state is F (t) =
(
tr
√√

ρ̂ssρ̂t
√
ρ̂ss

)2
. Defining S

(2)
ss to be the steady state Renyi-2

entanglement entropy between subsystems A and B, Ref. [95] shows that |∂tF (t)| is bounded

above by Γmax ∝ δE2 where δE2 =

(
e−S

(2)
ss − 1

N

)
is a measure of how close the state is

to being maximally entangled. This implies that the relaxation rate vanishes as the steady

state entanglement approaches its maximal value.

Given this general result for spins, one might assume it also applies to fermionic systems.

There is, however, a loophole: as fermions satisfy canonical anti -commutation relations,
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operators localized to the A system need not commute with ones localized on the B system.

Formally, the theorem of Ref. [95] assumes a tensor product Hilbert space. This is violated

by fermions, as they live in the exterior algebra H = HA ∧HB (the totally antisymmetrized

part of the tensor product space [172]). This structure implies a subtle kind of non-locality,

something that becomes more explicit if we map a given fermionic dynamics to qubits.

For example, the Jordan-Wigner transformation maps qubit operators σ̂+, σ̂− to fermionic

creation and annihilation operators ĉ, ĉ† via

ĉi =

i−1∏
j=1

σ̂zj

 σ̂−i . (5.3)

The Pauli string
(∏i−1

j=1 σ̂
z
j

)
captures the non-local essence of the canonical fermionic anti-

commutation relations. Hence, what appeared to be a local fermionic dissipative interaction

(i.e. satisfying Eq. (5.2)) will in general look highly non-local when mapped to qubits.

We now show that this effective non-locality can be used as a resource to speed up

fermionic entanglement generation. Consider two fermionic tight-binding chains with hop-

ping J , locally coupled to a Markovian bath at their left boundaries with a coupling rate Γ

(see Fig. 5.1). The bath is constructed so that it creates pairing correlations between the

boundary sites (for other examples of linear-in-fermion jump operators, see e.g. [13, 173]).

The Lindbladian is L = −i[Ĥf , •] + Lf , with

Ĥf =
∑

s=A,B

sgn(s)

[
n−1∑
i=1

Jĉ
†
s,iĉs,i+1 +

∆

2
n̂s,in̂s,i+1

]
+H. c., (5.4)

Lf = ΓD[uĉA,1 + vĉ
†
B,1] + ΓD[uĉB,1 − vĉ

†
A,1]. (5.5)

Here, n̂α = ĉ
†
αĉα, u

2 + v2 = 1, and sgn(A) = − sgn(B) = 1. This is the same model

considered in Chapter 2 when ∆ = 0. This master equation explicitly obeys the locality

constraint of Eq. (5.2) (i.e. jump operators are sums-of-locals). There is a unique, pure steady
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Figure 5.2: a) Brickwork adaptive circuit that allows for rapid entanglement stabilization
by mimicking fermionic dynamics of Eqs. (5.8) and (5.9). Solid black lines: qubits, double
black lines: classical single-bit memory, blue rectangles: unitary gates [c.f. Eqs. (5.10)
and (5.11)]. Each cycle is repeated d times. b) Average entanglement dynamics for the
adaptive circuit with v2 = 0.5, generating n perfect bell pairs. SvN is the von Neumann
entanglement entropy between the A and B chains measured at the end of the cycle; solid
lines shows average values over 1000 runs, and shaded area shows one standard deviation. c)
Entanglement dynamics over a single trajectory for the adaptive circuit (green), as well as
the non-adaptive variant where P is fixed over the full run (pink). d) Average entanglement
dynamics for a non-adaptive circuit with 2n = 8 and variable v2. Each line is averaged over
2500 runs. In both b) and d) the system begins in the product state |ψ⟩ = ⊗2n+1

j=1 |0⟩ with
P = 1. For all plots, J = 1 in ÛH,1 and ÛH,2.
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state given by |ψ⟩ =
∏n
i=1

(
u− vĉ†A,iĉ

†
B,i

)
|0⟩ where |0⟩ is the joint fermionic vacuum [1].

As u→ v, the steady state of this system becomes maximally entangled, but the dissipative

gap is independent of u, v and remains O(Γ). The relaxation timescale is thus independent

of the amount of steady state entanglement, and this fermionic system has no entanglement-

time tradeoff, see Fig. 5.1. Even for ∆ ̸= 0 (i.e. Ĥf is now interacting), there is no slow

down. The steady state is unchanged, and the dissipative gap does not close with increasing

steady-state entanglement, see Fig. 5.1.

To emphasize that the fermionic nature of the above system was crucial, consider the

behaviour of the analogous qubit setup, which is a pair of anisotropic XXZ spin chains with

boundary pairing dissipation:

Ĥs =
∑

s=A,B

sgn(s)

[
n−1∑
i=1

Jσ̂+s,iσ̂
−
s,i+1 +

∆

2
σ̂zs,iσ̂

z
s,i+1

]
+H. c., (5.6)

Ls = D[uσ̂−A,1 + vσ̂+B,1] +D[uσ̂
−
B,1 + vσ̂+A,1]. (5.7)

The master equation governed by L = −i[Ĥs, •]+Ls also has a pure, entangled steady state

given by n dimerized pairs of spins: |ψ⟩ =
∏n
i=1

(
u− vσ̂+A,iσ̂

+
B,i

)
|0⟩ in exact analogue to the

fermions. However, the dissipative gap closes as predicted by the bound [95], see Fig. 5.1.

We are thus left with the conclusion that the effective non-locality inherent in fermionic

dissipative evolution can be a resource for entanglement stabilization: they can completely

evade the slowdown that is fundamental to analogous qubit setups.

5.3 Fermion-inspired adaptive dynamics

Surprisingly, we now show that knowing about the exceptional behaviour of fermionic dis-

sipative models can be used to modify qubit models in a way that preserves locality, but

dramatically speeds up entanglement stabilization. Note first that adding dissipators with
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a jump operator of the form L̂ = Â ⊗ B̂ can circumvent the bound of Ref. [95], as this no

longer satisfies the locality condition Eq. (5.2). However, it is not a priori obvious what sort

of dissipators should be added for speeding up the dynamics while preserving the steady

state entanglement.

Our study of fermions, however, provides a recipe for what to do: mimic the fermionic

dynamics. The most naive way to do this would be to directly implement the needed string

operators in order to realize Eqs. (5.4) and (5.5) with qubits:

Ĥ = J
∑

s=A,B

sgn(s)
n−1∑
i=1

σ̂+s,iσ̂
−
s,i+1 +H. c. (5.8)

L̂1 = uσ̂−A,1 − vσ̂
+
B,1(−1)

n̂, L̂2 = uσ̂−B,1(−1)
n̂ − vσ̂+A,1, (5.9)

with L = −i[Ĥ, •] + D[L̂1] + D[L̂2]. Here, n̂ is the total Z magnetization in both chains

n̂ = 1
2

∑
s,i(σ̂

z
s,i + 1). This qubit model will evade slow-down, as it is equivalent to the

fermion master equation Eqs. (5.4) and (5.5) under a Jordan-Wigner transformation (with

∆ = 0 for simplicity), [1]. However, because of the string operators, it corresponds to a

long-range dissipative interaction between the chains that would be extremely difficult to

engineer. We will thus consider an alternate route.

Note that in Eq. (5.9), the parity operator P̂ ≡ (−1)n̂ is the only object that violates our

locality constraint. Further note that it yields a weak symmetry of the dynamics: [Ĥ, P̂ ] =

{L̂i, P̂} = 0, [131]. More explicitly, the Hamiltonian conserves parity, and each quantum

jump simply flips it sign. This suggests a strategy: by starting in a definite parity state and

then tracking the number of jumps that have occurred, we can treat P = ⟨P̂ ⟩ as a classical

variable. We can use this variable to update the dynamics, by setting a phase in the system-

bath coupling to match its value. In doing so, we eliminate the need to engineer an explicit

long-range interaction between the chains. Instead, we have an example of an adaptive

protocol. We stress that this “fermion-inspired” protocol is able to exponentially improve
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the preparation time of the steady state, while requiring the absolute minimal resource of a

single bit classical memory necessary to evade the bounds set in [95].

While such an adaptive protocol may seem non-trivial to engineer in a time-continuous

open quantum system, it can be done very efficiently via a measured unitary circuit. Adap-

tive quantum circuits have been shown to be extremely powerful in other contexts, in-

cluding entanglement generation [163, 164, 165] and topological ground state preparation

[174, 175, 176]. While the power of adaptive circuits is often tied to the use of long-range

classical communication, this is not part of our scheme; nonetheless, we still obtain a dra-

matic advantage. For our setup, we assume that at t = 0 we are in a state of fixed parity. The

Hamiltonian interaction can be implemented using two unitaries in a brickwork structure

[see Fig. 5.2(a)]:

ÛH,1 = exp

−iJ ∑
s=A,B

∑
i=1

σ̂+s,2i−1σ̂
−
s,2i − H. c.

 ,

ÛH,2 = exp

−iJ ∑
s=A,B

∑
i=1

σ̂+s,2iσ̂
−
s,2i+1 − H. c.

 , (5.10)

which are independent of the classical parity variable P . To implement the quantum jumps,

we use two other unitaries as well as an auxilliary qubit σ̂aux:

Ûjump,1 = exp
(
−iσ̂+aux

[
uσ̂−A,1 − vP σ̂

+
B,1

]
− H. c.

)
,

Ûjump,2 = exp
(
−iσ̂+aux

[
uσ̂−B,1 − vP σ̂

+
A,1

]
− H. c.

)
. (5.11)

We imagine initializing the auxiliary qubit in |0⟩ and then acting with Ûjump,1. Then we

perform a projective measurement on the auxiliary qubit in the computational basis. If the

site is still in |0⟩ then no jump occurred and we do nothing. If the site is now in |1⟩, then we

acted one time with L̂1, and so we have done a single jump. We update the parity P → −P ,

and then reset the auxiliary qubit. We repeat the same process with Ûjump,2. This type of
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measurement and reset operation is a well known method to simulate Lindblad dynamics

on a unitary circuit (see e.g. [177, 178, 179]). However, using it within this kind of adaptive

setting (where the subsequent unitary evolution is updated based on the presence or absence

of a jump) was not considered.

The above gates define one layer of an adaptive circuit [see Fig. 5.2(a)] which implements

a time-discretized version of the fermionic master equation on the spins, and therefore can

converge to the proper steady state without being constrained by time-entanglement trade-

offs. By tracking parity and using it to adapt the dynamics, we are effectively trading a long

range spatial interaction for a minimal kind of non-Markovian dynamics (using a single-bit

classical memory). The entanglement dynamics of this circuit (averaged over measurement

outcomes) is shown in Fig. 5.2(b), where we always start from an all-down product state. The

bipartite entanglement entropy saturates to a maximal value in a time that grows linearly

with system size, even for v2 = 0.5 when the fixed point of the circuit generates n perfect bell

pairs (a maximally entangled state). It thus evades the general time-entanglement bound

of Ref. [95]. The difference in dynamics is even more remarkable at the single trajectory

level: we find that for any given stochastic trajectory, the entanglement entropy increases

monotonically with time, see Fig. 5.2(c). We can understand this mechanistically by thinking

of the dissipation as injecting entanglement into the system: by flipping the phase of each

injected Bell pair, it is impossible to inadvertently remove entanglement from the system,

see Appendix D for more details. Moreover, in Appendix D, we show this is surprisingly

robust to measurement errors.

To emphasize the importance of the adaptive dynamics, we can compare against a circuit

that is identical except that the relative phase P is not updated, but instead held constant

in time. For any value of v2 ̸= 0.5, the resulting dynamics still converges to the same

entangled state as the adaptive protocol, but on a much longer time scale, one that diverges

as v2 → 0.5. This is shown in Fig. 5.2(d). The striking difference in dynamics can also
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be seen at the trajectory level, where instead of growing monotonically the entanglement

entropy rapidly fluctuates in both directions before finally reaching the fixed point on an

exponentially longer time scale, see Fig. 5.2(c).

Additionally, we find that this scheme is surprisingly robust to measurement errors in

the auxiliary qubit, see Appendix D for details.

5.4 Time continuous adapative dynamics

Our circuit-based adaptive protocol can be directly generalized to a continuous-time, fully

autonomous stabilization scheme by simply promoting the classical memory used above to

a quantum degree of freedom. Here, we will use the operator σ̂zP of a single auxiliary qubit

to effectively track jumps and to update the phase of the dissipator accordingly. We thus

consider a modified Lindblad master equation for our double spin-chain system, where the

jump operators in Eq. (5.9) are now:

L̂1 = σ̂xP (uσ̂
−
A,1 + vσ̂+B,1σ̂

z
P ),

L̂2 = σ̂xP (uσ̂
−
B,1σ̂

z
P + vσ̂+A,1).

(5.12)

Each jump now flips the state of the P qubit, and its state also determines the phase of the

dissipators as needed. We find that the master equation generated by these dissipators and

the Hamiltonian in Eq. (5.8) can rapidly stabilize an entangled state, completely evading the

general time-entanglement bound of Ref. [95], see Fig. 5.1. One appealing way to understand

this is that the P spin acts like a classical memory, making the effective dynamics of the spin

chains non-Markovian (and hence making the general bound inapplicable). While we have

focused on a specific setup, the construction here can be used to accelerate any scheme using

dissipators of the form in Eq. (5.2). The result is dissipative stabilization of arbitrary pure

many-body entangled states without any time-entanglement tradeoff. Moreover, we show

that this is possible using a minimal non-local resource of a single auxiliary qubit coupled
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to each system.

5.5 Accelerated spin squeezing

Our approach can also accelerate dissipative stabilization schemes very different from those

in Eqs. (5.6) and (5.7). For example, consider dissipative preparation of a spin squeezed

state of N two level systems (collective spin operators Ŝx,y,z =
∑N
i=1 σ̂

x,y,z
i ). The master

equation

∂tρ̂ = ΓD[Ŝ+ + tanh(r)Ŝ−]ρ̂ (5.13)

conserves total angular momentum Stot, and in the maximum Stot subspace (and for N

even) has a unique, pure spin squeezed steady state. For large r, this state has a Wineland

parameter that exhibits Heisenberg limited scaling: ξ2R ≡ N⟨(Ŝx)2⟩/|⟨Ŝ⟩|2 ∝ 2/(N+2)1, see

[180, 181, 182]. This scheme also has a slow-down problem, and a time-squeezing tradeoff:

as r increases, the dissipative gap (relaxation rate) is observed to vanish as ∼ e−4r. The

reason for this slow down is different than the spin chains, in that it is not directly related to

entanglement. Instead, it is a result of a general constraint on dissipative preparation of low

fluctuation states. In fact, recalling the fidelity to the steady state F (t), for a Lindbladian

with a jump operator L̂, one can show that2

∂tF ≤ ⟨(L̂+ L̂†)2⟩ − ⟨L̂+ L̂†⟩2, (5.14)

1. We also note that for this particular state, a Ramsey measurement is in fact optimal, and so the
Quantum Fisher Information FQ can be simply related to the Wineland Parameter via FQ = N/ξ2R. See
Appendix D for more details.

2. While this expression does not obviously reflect the gauge invariance L̂→ eiϕL̂, it can be shown that,
because the steady state is pure and annihilated by the jump operator, the variance of the real part of L̂ is
invariant under multiplication by a phase. See Appendix D for more details.
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Figure 5.3: Dependence of the dissipative gap on the amount of squeezing. Each curve
shows a fixed system size N , where the x-axis parameterizes how close the steady state

Wineland squeezing parameter ξ2R is compared to its minimal value ξ
2,min
R , and is tuned

using the squeezing parameter r. Solid lines correspond to the standard protocol with fixed
dissipation [c.f. Eq. (5.13)], and dashed lines are the adaptive protocol where the phase flips
after every jump.

and so the time scale is bounded by the fluctuations in the real part of the jump operator.

In this case, because L̂ + L̂† ∝ Ŝx is being squeezed, it causes the dynamics to slow down.

See Appendix D for details.

We can use the above fermion-inspired methods to modify and accelerate the dynamics

here in a manner than preserves the steady state squeezing. It is rather unintuitive that this

works - it means that after every jump, the squeezing axis switches from Ŝx ↔ Ŝy. It seems

like half the time, the jump operator is actually trying to stabilize the wrong steady state.

However, as can be seen in Fig. 5.3, this dramatically increases the relaxation rate. This

is reminiscent of the quantum Mpemba effect, where starting farther away from the steady

state allows you to reach it more quickly [183, 184, 185].

In order to actually implement this, one approach would be to use the “discrete-time”

method. If dissipative squeezing is achieved via red- and blue-sideband drives on a cavity

[181], then one can keep track of the quantum jumps by doing single photon detection on

the cavity output field. Then, one can update the jump operator D[Ŝ+ + tanh(r)Ŝ−] ↔
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D[Ŝ+ − tanh(r)Ŝ−] every time a photon is detected by toggling the phase of the drive, see

Appendix D for details. Alternatively, the continuous-time approach would use the modified

master equation

∂tρ̂ = ΓD
[
σ̂xaux

(
Ŝ+ + σ̂zaux tanh(r)Ŝ

−
)]
ρ̂. (5.15)

Here, σ̂zaux corresponds to an auxiliary qubit degree of freedom. Surprisingly, either method

can significantly improve the time scale on which squeezing occurs: the dissipative gap

remains O(Γ) even for arbitrarily large r and maximal squeezing.

5.6 Conclusion

We have demonstrated how an extremely minimal kind of adaptive dynamics can be used

to dramatically speed up the stabilization of highly entangled many-body states. This in-

cludes the generation of remote entanglement, as well as the stabilization of spin squeezed

states. Our protocols do not need long-range interactions, but nonetheless take direct in-

spiration from fermionic stabilization protocols, which are surprisingly immune from time-

entanglement tradeoffs due to a subtle kind of in-built non-locality. In future work, it would

be interesting to explore whether similar adaptive protocols could be used to speed up the

preparation of other metrologically useful states.

This chapter concludes the first part of this dissertation on reservoir engineering. In the

remaining chapters, we will shift focus to instead consider techniques to understand more

generic open many body systems, and ways to efficiently simulate them.
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CHAPTER 6

SIMULATION OF SPIN CHAINS USING A STOCHASTIC

UNRAVELING

This chapter contains previously-published material found in Ref. [186]. Reuse is permitted

according to the copyright agreement used by Physical Review X Quantum.

6.1 Introduction

One dimensional spin chains are paradigmatic models in theoretical physics, informing our

understanding of a plethora of phenomena, including transport [187, 188], quantum phase

transitions [189, 190], and entanglement dynamics [191, 192, 96]. Extending these systems

to an open systems context with driving and dissipation gives rise to a wealth of new effects,

and is also crucial for understanding the many-body dynamics of many NISQ-era quantum

simulation platforms, where coupling to the environment can never be neglected [193]. For

some 1D spin models, the Hamiltonian can be solved exactly via a Jordan-Wigner mapping to

a system of free fermions [30]. However, adding even innocuous-looking forms of dissipation

(e.g. local spin relaxation) can break the integrability of the system, as the linear spin

operators appearing in dissipators pick up non-trivial Jordan-Wigner strings. Hence, outside

of a handful of models that have been solved exactly (see e.g. [194, 195, 196]), describing

the effects of even simple dissipative processes can require an exponential computational

overhead.

In this work, we will present a new technique to efficiently simulate a class of Marko-

vian dissipative spin chains which are non-trivial, in the sense that they cannot be mapped

to quadratic fermionic master equations. We focus primarily on 1D systems where the

Hamiltonian is equivalent to free-fermions, but the presence of Jordan-Wigner strings in the

dissipative terms makes the system no longer free; however, we will relax this constraint
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Figure 6.1: a) Schematic of the class of models simulable using our techniques: a 1D spin
chain with linear dissipation that is local or correlated between sites (jump operators ẑi
or L̂i, respectively), and a Hamiltonian with anisotropic XY nearest-neighbor exchange
and possibly non-uniform local Z fields. Upon a Jordan-Wigner transformation, due to
non-trivial string operators in the dissipators, the system is mapped to a fermionic model
inequivalent to free fermions. b) We can interpret the action of the string operators in the
dissipation as a measurement and feedback process, where following each jump, a local Z2
gauge field undergoes a classical bit flip.

later to show the technique can also work on a broader class of systems, even including a 2D

model.

Our method is based on an exact stochastic unraveling of the master equation, chosen so

that each individual trajectory is a time-dependent fermionic Gaussian state. This provides

an efficient means for computing the dynamics of observables, even though the average state

is not a Gaussian state and the full dynamics isn’t free fermion. Our method possesses many

advantageous features: it has provable convergence results, has a computational complexity

that scales only polynomially in the number of spins, and is free of any sign problems

because it samples from only physical trajectories [197]. Because our technique is not limited

to low-entanglement states (indeed, Gaussian states can have arbitrarily high amounts of

entanglement), we believe our method can compliment existing simulation techniques that

rely on area laws to achieve polynomial scaling.

The magic underlying our approach is that for a class of interesting master equations,

we can find a stochastic unraveling that directly maps to a kind of fermionic measurement-

plus-feedback dynamics, see Fig. 6.1. In this mapping, non-trivial string operators are now

interpreted as feedback unitaries that follow a quantum jump, with each unitary having the
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simple form of a Gaussian gauge transformation. Using this correspondence, we show that

our technique is equivalent to a noisy Z2 gauge theory where the gauge fields are classically

dynamical (i.e. they always have definite values), see Fig. 6.1. This has the benefit of both

making the dynamics efficient to simulate, as well as providing direct physical insights into

the effect that string operators have on the dynamics that would not be as easy to elucidate

from other simulation techniques. This also allows us to also expand the technique beyond

simple 1D spin chains to more complicated Z2 gauge theories, such as the Kitaev Honeycomb

in 2D [198].

The remainder of this Chapter is organized as follows: in Section 6.2, we introduce open

spin chains and briefly review previously known results on simulation complexity. Then, in

Section 6.3, we present the most general type of spin system which we are able to simu-

late efficiently, and present two different algorithms loosely based on either interpreting the

dynamics as being in the Heisenberg or Schrödinger picture. In Section 6.4, we give a few

initial examples of models we can solve. We study the melting of anti-ferromagnetic order

in a 1D XX spin chain with loss, we look at the dynamics and steady state of a dissipative

Ising model, we study many-body subradiant decay in a 1D chain of emitters, and finally we

sketch how this can applied to the 2D Kitaev honeycomb. Finally, in Section 6.5, we present

a generalization of our technique to generic, open fermion models where the interaction is

not a Jordan-Wigner string or inspired by an underlying spin model.

6.2 Open Spin Chains: Previous Work

There has been significant previous work studying open quantum spin chains, both numeri-

cally and exactly, which we will give an extremely brief outline of here. The goal will be to

set the context for our solution technique, and outline how the new class of models we can

solve fits into the space of previously known results.

We will be interested exclusively in Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
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form master equations, which represent the most generic possible completely positive, trace

preserving, Markovian quantum master equations [76, 77]. These have the form

∂tρ̂ = −i[Ĥ, ρ̂] +
∑
i

L̂iρ̂L̂
†
i −

1

2
{L̂†i L̂i, ρ̂}, (6.1)

where Ĥ is the Hamiltonian of the system, and the collection of operators L̂i are “jump”

operators describing the interaction with a Markovian environment. We will study primarily

1D spin chains by mapping them to fermions via the Jordan-Wigner (JW) transformation

[30]. If we have a set of spin-1/2 operators σ̂
x,y,z
i indexed by a lattice position i = 1, . . . , N ,

then we can define a set of canonical fermion annihilation operators

σ̂−i =

i−1∏
j=1

(−1)ĉ
†
j ĉj

 ĉi ≡ Π̂i−1ĉi, (6.2)

where σ̂−i = (σ̂xi + iσ̂
y
i )/2. These fermions obey the canonical anti-commutation relations

{ĉi, ĉj} = {ĉ
†
i , ĉ
†
j} = 0 and {ĉi, ĉ

†
j} = δij . The product of fermion parity operators Π̂i are

called JW strings.

By using such a mapping, one can directly relate the simulability of a spin problem to

whether or not it maps onto a simulable system of fermions, which has been well studied in

the literature [199, 200, 173]. Considering first the coherent (Hamiltonian) dynamics, the

set of nearest neighbor spin interactions that map to quadratic Hamiltonians of the fermion

operators are of the form:

Ĥ =
∑
i

∆i

2
σ̂zi − Jiσ̂

+
i σ̂
−
i+1 − J̃iσ̂

+
i σ̂

+
i+1 +H. c.

=
∑
i

∆iĉ
†
i ĉi + Jiĉ

†
i ĉi+1 + J̃iĉ

†
i ĉ
†
i+1 +H. c., (6.3)

where ∆i ∈ R and Ji, J̃i ∈ C. The dynamics of any Gaussian state (see Section E.1 for
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definitions of Gaussian states/operators) under a quadratic Hamiltonian remains Gaussian,

and therefore time evolving the state can be reduced to time evolving the covariance matrix

of the Gaussian state. This reduces the problem of evolving an exponentially large state

vector or density matrix, to the dramatically simpler problem of evolving a polynomially-

large covariance matrix.

When adding in dissipation and again mapping to fermions, for a Gaussian state to

remain Gaussian, we again need the Hamiltonian to be quadratic in fermions. However, we

also require that each jump operator L̂i be linear in fermion creation/annihilation operators.

One can immediately see that this will be problematic when starting from the spin problem:

linear spin operators pick up a JW string under mapping to fermions, and so time evolution

with linear spin operators does not preserve Gaussianity. For example, simple loss modeled

by a jump operator L̂i = σ̂−i maps to L̂i = Π̂i−1ĉi. Moreover, as the string operators Π̂i are

extremely non-local, the resulting interactions in the fermionized model would appear to be

very long range and hence intractable.

There are a few circumstances in which spin chains (with quadratic Hamiltonians) re-

main efficiently simulable in the presence of dissipation. If the jump operators are quadratic

and Hermitian (like the terms appearing in Eq. (6.3), an example being dephasing noise),

then the dynamics are equivalent to a classically stochastic quadratic Hamiltonian [126, 94,

130].Specifically, in these scenarios the state is not Gaussian, but the equation of motion for

2r-point correlation functions close on themselves for all r, making them efficiently simulable

[201, 202]. When noise is sufficiently strong, it can damp out long range correlations such

that the system undergoes a percolation transition and then becomes simulable [203, 204].

However, outside of these particular cases, there is no efficient and exact method for simu-

lating what happens when the jump operators have strings.
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6.3 Stochastic Simulation Method

6.3.1 Stochastic Unraveling of the Master Equation

In this section, we will outline a new simulation technique which extends the set of efficiently

simulable spin models. Specifically, we will demonstrate how to simulate a class of models

where the non-Hermitian Hamiltonian encoded in Eq. (6.1) maps to an operator quadratic

in JW fermions, but where fermionic interactions arise through string operators associated

with the quantum jump terms. We stress that the techniques presented below are numeri-

cally exact - given sufficient averaging they recover unbiased expectation values of the time

continuous master equation. This is true regardless of the relative strength of the noise and

whether or not it is classical. Moreover, the technique is entirely agnostic to the total amount

of entanglement in the system.

We study systems with Hamiltonians of the form Eq. (6.3) and jump operators which

can be written as sums of 2-local linear spin operators:

L̂i = li,1σ̂
−
i + li,2σ̂

+
i + li,3σ̂

−
i+1 + li,4σ̂

+
i+1

= Π̂i(−1)ĉ
†
i ĉi
(
li,1ĉi + li,2ĉ

†
i

)
+ Π̂i

(
li,3ĉi+1 + li,4ĉ

†
i+1

)
= Π̂i

(
li,1ĉi − li,2ĉ

†
i + li,3ĉi+1 + li,4ĉ

†
i+1

)
≡ Π̂iL̂

′
i, (6.4)

where li,j ∈ C are arbitrary, possibly time-dependent, coefficients. With this constraint the

only non-quadratic interaction terms in the fermionic representation of the master equation

arise via the overall JW string operator in the jump operators L̂i. It is crucial that we can

factor out a single string operator, which is why we are limited to 2-local jumps.

We will make this class of systems efficiently simulable by rewriting the master equation

as a stochastic average. We will unravel the master equation in the “quantum jumps” picture.

We can group together the commutator and the anti-commutator in Eq. (6.1) to form the
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non-Hermitian effective Hamiltonian Ĥeff = Ĥ − i
2

∑
i L̂
†
i L̂i − ⟨L̂

†
i L̂i⟩. We next introduce

the stochastic equation of motion [126, 94, 130]

d|ψ⟩ = −iĤeff |ψ⟩dt+
∑
i

 L̂i√
⟨L̂†i L̂i⟩

− 1

 |ψ⟩dξi, (6.5)

where dξi ∈ {0, 1} is a point process with mean dξi = ⟨L̂
†
i L̂i⟩dt, which implicitly depends

on the state at a time t. We can interpret the dynamics governed by Eq. (6.5) as the state

evolving under the non-Hermitian Hamiltonian Ĥeff , with this smooth evolution interrupted

with discrete quantum jumps: at each instant in time, with a probability ⟨L̂†i L̂i⟩dt, the

system undergoes a discrete jump defined by the jump operator L̂i. Note that this time

evolution generically does not preserve the norm of |ψ⟩ because Ĥeff ̸= Ĥ
†
eff .

The first crucial observation that we make is that as we have constrained our jump

operators to have the form L̂i = Π̂i−1L̂′i where Π̂i−1 is a string operator and L̂′i is a linear

fermionic operator, then L̂
†
i L̂i = (L̂′i)

†L̂′i. It follows that the the effective Hamiltonian

Ĥeff is a quadratic fermionic operator. This in turn implies that all of the complexity in

the dynamics of each individual stochastic trajectory arises from the finite “jumps”: the

continuous time evolution under the effective Hamiltonian is purely Gaussian. We will

show below that the situation is even more favourable: because of the specific way string

operators appear (i.e. they are exponentials of quadratic fermion operators), they will also

be easily simulable. Specifically, we will show that each jump operator maps Gaussian

states to Gaussian states. We can thus view the jump process as Gaussian feedback where

we apply a conditional Gaussian transformation conditioned on whether or not a quantum

jump occurred, see Fig. 6.1.

We will use this observation to derive two techniques to efficiently simulate the master

equation. The first is roughly based on a “Heisenberg Picture” interpretation, where we

directly solve for the time evolution of operators instead of the state. This method provides
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an appealing intuitive picture of the effect of the interactions encoded in the strings. The

algorithm has a computational complexity that is polynomial in the number of spins, but

still turns out not to be the most efficient way to simulate the dynamics. The second is

based on a “Schrödinger Picture” interpretation, where the state itself is dynamic, and is

more numerically efficient than the Heisenberg picture interpretation. In the remainder

of this Chapter we provide intuition and examples of the different types of models that

can be simulated, and in Section E.2 we give the most general 1D spin chain model that

can be simulated with our technique. Moreover, the technique can be extended to higher

dimensional systems in certain cases, see Section 6.4.4.

Before proceeding, we note that Ref. [205] derived a result on Lindblad dynamics that

applies to a subset of our general class of simulable models. If we restrict attention to

models where the Hamiltonian is strictly (fermionic) number conserving, and dissipation only

involves loss, then Ref. [205] provides a method for computing the spectral decomposition

of the Liouvillian (using its lower-triangular, block-diagonal structure). The spectrum can

be obtained from Ĥeff alone, and this can then be used to recursively calculate eigenmodes.

We stress that this result does not apply to the more general class of models we consider,

where the Hamiltonian need not conserve excitation number, and where dissipation can

involve particle loss and addition. Even in the more restricted loss-only setting, our approach

remains extremely valuable, as using the results of Ref. [205] to compute the dynamics of

observables still results in an exponentially hard problem (see Section E.3 for more details).

6.3.2 Heisenberg Picture

On any given stochastic trajectory, the system evolves under Ĥeff , punctuated by quantum

jumps. Consider time-evolution from t = 0 until t = tf starting from a pure state |ψ⟩ ,

during which a specific trajectory undergoes m quantum jumps. We index these jumps with

j = 1, . . . ,m, and use L̂ij to denote the jump operator corresponding to jump j at lattice
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site ij occuring at time tj . For this specific trajectory, the expectation value of an arbitrary

observable Ô at time t = tf takes the form:

⟨Ô⟩(tf ) = ⟨ψ|V̂ †(tf , t0)ÔV̂ (tf , t0)|ψ⟩/N (t), (6.6)

V̂ (tf , t0) = e−iĤeff(tf−tm)L̂ime
−iĤeff(tm−tm−1) . . . e−iĤeff(t2−t1)L̂i1e

−iĤeff t1 (6.7)

where N (t) corresponds to state normalization. To help elucidate the structure here, we

introduce the set of operators P̂j = Π̂i1Π̂i2 . . . Π̂ij (i.e. the product of string operators asso-

ciated with jumps 1, 2, ..., j). We define the Heisenberg picture time evolution for an operator

under the non-Hermitian Hamiltonian evolution as:

∂tÔunnorm = i
(
Ĥ
†
effÔunnorm − ÔunnormĤeff

)
, (6.8)

∂tN = ∂t⟨1̂⟩ = i⟨Ĥ†eff − Ĥeff⟩, (6.9)

where Ô = Ôunnorm/N .

We next introduce a time-dependent non-Hermitian Hamiltonian whose form is set by

the pattern of jumps occurring along a specific trajectory of interest:

Ĥ ′eff(t) =

 Ĥeff 0 < t < t1

P̂jĤeff P̂j tj < t < tj+1

, (6.10)

with tm+1 ≡ tf . Note crucially that as each string operator Π̂i is a Gaussian unitary (i.e., an

exponential of quadratic fermion operators), so are the P̂j operators. It follows that for any

trajectory, the corresponding Ĥ ′eff(t) is a quadratic fermionic operator for all times. With

these definitions, our expectation value takes the convenient form:

⟨Ô⟩(T ) = ⟨ψ|(L̂′)†i1(t1) . . . (L̂
′)†im(tm)(P̂mÔP̂m)(tf )L̂

′
im
(tm) . . . L̂′i1(t1)|ψ⟩/N (t). (6.11)
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Recall that the L̂′j are our jump operators without the overall string-operator prefactor

(c.f. (6.4)), and note that the Heisenberg-picture operators here evolve according to the

trajectory-dependent non-Hermitian Hamiltonian Ĥ ′eff(t)

We see that we have a string of time-evolved operators, where each L̂′ij (tj) will be linear

in fermionic raising and lowering operators (as it is a linear-in-fermion operator evolved

under a quadratic Hamiltonian). This is a very tractable structure as long as our initial state

|ψ⟩ is Gaussian: it corresponds to computing an out-of-time-order correlator (OTOC) of a

Gaussian state, which can be done efficiently. More explicitly, as each L̂′ij (tj) is linear in

fermion operators, this OTOC can be efficiently computed by diagonalizing Ĥeff and then

computing a Pfaffian, see Chapter 8 for details. This gives the expectation value for the

observable Ô over a single stochastic trajectory; the observable for the master equation can

be computed by averaging over the trajectories. Overall, this can be done with asymptotic

computational complexity O(N7T 2) where N is the number of spins in the chain and T is the

total simulation time, proving that observables can be efficiently simulated, see Chapter 8

for more details.

Eq. (6.10) for our time-dependent conditional Hamiltonian has a straightforward inter-

pretation: after each quantum jump, we flip some of the signs in the effective Hamiltonian

based on the position of the jump, and this modified Hamiltonian then governs the evolution

until the next jump. These sign-flips directly correspond to the string operators effecting

a position-dependent gauge transformation ĉj → −ĉj for all of the sites to the left of the

jump. We thus obtain a useful intuitive picture for the action of the string operators in the

dissipators: they drive a kind of time-dependent disorder that is correlated with the location

of the jumps.

We can make the above picture more explicit by gauging the weak Z2 symmetry in the

problem. We first introduce a set of auxiliary spins τ̂αi (α = x, y, z) in each jump operator
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of our original spin master equation via:

L̂i,G = τ̂xi

(
li,1σ̂

−
i + li,2σ̂

+
i + li,3σ̂

−
i+1 + li,4σ̂

+
i+1

)
. (6.12)

The auxiliary spins do not appear in the Hamiltonian. Since τ̂xi is a strongly conserved

quantity, they have no impact on the dynamics. Now, when we map to fermions, we find

that

ĤG =
∑
i

∆iĉ
†
i ĉi +

ˆ̃τzi

(
Jiĉ
†
i ĉi+1 + J̃iĉ

†
i ĉ
†
i+1

)
+H. c., (6.13)

ˆ̃τzi ≡ (iγ̂τ,i ˆ̄γτ,i), (6.14)

L̂i,G = γ̂τ,i

(
li,1ĉi − li,2ĉ

†
i + li,3ĉi+1 + li,4ĉ

†
i+1

)
, (6.15)

where γ̂τ,i, ˆ̄γτ,i are Majorana fermions. The gauge factors ˆ̃τzi that now appear in the Hamil-

tonian controls the sign of the interaction on each bond [206], and are dynamical due to the

dissipation. However, upon a stochastic unraveling, the dynamics of the ˆ̃τzi become com-

pletely classical, because the jump terms all commute or anticommute with the local gauge

degrees of freedom

[L̂i,G, ˆ̃τ
z
j ] = 0 ∀i ̸= j, (6.16)

{L̂i,G, ˆ̃τzi } = 0. (6.17)

Hence, we can treat the gauge degrees of freedom as numbers ˆ̃τzi = ±1 that are classically

updated after each jump. This is just another way of rewriting Eq. (6.10) where instead of

the Hamiltonian being time-dependent, there is instead a classically dynamical gauge field

fluctuating between 1↔ −1 after each quantum jump.

It is also interesting to point out that this interpretation of a conditional gauge transfor-

mation being applied by each quantum jump is an interesting type of non-reciprocal feedback
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identified in [207], where each jump applies a unitary gate on a different subsystem. This

interpretation will prove useful in later sections to understand some of the specific models

we consider, and how they differ from their free fermion counterparts. Moreover, this inter-

pretation allows us to generalize the simulation technique to higher dimensional Z2 gauge

theories, for example the Kitaev honeycomb, which we show can be simulated with noise in

Section 6.4.4.

6.3.3 Schrödinger Picture

While the previous Heisenberg-picture formulation provides useful intuition in terms of ef-

fective time-dependent disorder, it is not the most efficient way to do simulations. We now

present things in the Schrödinger picture, where only the state vector changes in time. To

achieve this, we make use of a second key observation: despite the string operator prefac-

tor, the action of each jump operator L̂i [c.f. Eq. (6.4)] maps Gaussian states into Gaussian

states. To see this, we will decompose it into two factors, and show that each is Gaussianity-

preserving. First, we can consider the string operator Π̂i. This is trivially Gaussian, as it can

equivalently be written as Π̂i = exp(iπ
∑i
j=1 ĉ

†
j ĉj), which is just a time evolution unitary

generated by a quadratic Hamiltonian. The remaining factor L̂′i in our jump operator is lin-

ear in fermionic raising and lowering operators. Acting with such linear fermionic operators

also maps Gaussian states into Gaussian states (see Section E.1 for details).

We assume throughout that our initial state is Gaussian. Since the state |ψ⟩ remains

Gaussian along each individual trajectory (as defined in Eq. (6.5)), it suffices to only keep

track of its covariance matrix. It will be useful to do this in a Majorana basis, we hence

define:

γ̂2i−1 = ĉi + ĉ
†
i , (6.18)

γ̂2i = i(ĉi − ĉ
†
i ), (6.19)

84



such that {γ̂i, γ̂j} = 2δij . We then define the 2N × 2N covariance matrix as

Γij = ⟨γ̂iγ̂j⟩. (6.20)

Our problem thus reduces to computing the evolution of Γij(t) along each trajectory, due

both to Ĥeff and the discrete quantum jumps. Consider first the no-jump evolution. If we

allow Ĥeff to be a general quadratic Hamiltonian defined by an antisymmetric matrix H:

Ĥeff =
∑
ij

Hij γ̂iγ̂j , (6.21)

then we can define X = 4iH the generator of the dynamics of Γ via the non-linear equation

of motion

∂tΓ = ΓX −X∗Γ +
1

2
Γ(X∗ −X)Γ. (6.22)

When Ĥeff is Hermitian, then X = X∗ and we recover the standard equations of motion for

the fermionic covariance matrix. The nonlinear term encodes the fact the Hamiltonian is

not Hermitian, and the state norm is changing.

Next, we include the effects of quantum jumps. Note that a given JW string operator

Π̂m can be written as

Π̂m = im
m∏
j=1

γ̂2j−1γ̂2j . (6.23)

If we write the non-string part of each jump operator as

L̂′i =
∑
j

lij γ̂j , (6.24)
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then following a jump involving L̂i, the state goes from |ψ⟩ → |ψ′⟩ = L̂i|ψ⟩/
√
⟨L̂†i L̂i⟩. The

covariance matrix after the jump is defined as Γ′mn = ⟨ψ′|γ̂mγ̂n|ψ′⟩. We can write this

covariance matrix in terms of the pre-jump covariance matrix Γmn:

Γ′mn =

∑
kl l
∗
iklil⟨γ̂kΠ̂iγ̂mγ̂nΠ̂iγ̂l⟩∑
kl l
∗
iklil⟨γ̂kγ̂l⟩

, (6.25)

where the expectations values are with respect to the state pre-jump. This can be simplified

greatly by noticing that as Π̂i is a string of Majorana’s, it either commutes or anticommutes

with γ̂m and γ̂n, depending on the sign of m−2i. We can collect all of these phases together

and define

ηim =

 −1 m ≤ 2i

+1 m > 2i
, (6.26)

such that

Π̂iγ̂m = ηimγ̂mΠ̂i. (6.27)

Formally, these phases are keeping track of the conditional gauge transformations being

introduced by the string operators. In Section 6.3.2 we introduced gauge operators ˆ̃τzm, here

we can observe that ⟨ˆ̃τzm⟩ → ηim⟨ˆ̃τzm⟩ following a quantum jump at a site i. Using these

phase variables, we find:

Γ′mn =

∑
kl l
∗
iklilη

i
mη

i
n⟨γ̂kγ̂mγ̂nγ̂l⟩∑

kl l
∗
iklil⟨γ̂kγ̂l⟩

=

∑
kl l
∗
iklilη

i
mη

i
n(ΓkmΓnl + ΓklΓmn − ΓknΓml)∑

kl l
∗
iklilΓkl

. (6.28)

Hence, this gives us a simple way to update the covariance matrix of the conditional state
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after a given quantum jump. Note that the string operators enter this update rule through

the phase factors ηimη
i
n. This corresponds to the effective unitary “feedback” operation

occurring after each fermionic jump (see Fig. 6.1).

Eqs. (6.22) and (6.28) completely specify how to evolve the covariance matrix along

a particular stochastic trajectory. We can conveniently combine these rules into a single

stochastic equation of motion for the covariance matrix:

dΓmn =

(
ΓX −X∗Γ +

1

2
Γ(X∗ −X)Γ

)
mn

dt

+
∑
i

(∑
kl l
∗
iklilη

i
mη

i
n(ΓkmΓnl + ΓklΓmn − ΓknΓml)∑

kl l
∗
iklilΓkl

− Γmn

)
dξi. (6.29)

As before, the dξi are independent, nonlinear point processes that depend on the current

state of the system, satisfying dξ2i = dξi and dξi = ⟨L̂
†
i L̂i⟩ dt.

In Chapter 8 we provide an explicit simulation algorithm using these equations that works

in O(N4) time, and in Section E.4 we show that for bounded observables (i.e. Pauli strings)

the sampling complexity required to get convergence is bounded and independent of system

size. We stress that our equations and the corresponding numerical technique is exact, and

not the result of any approximations. In particular, it is agnostic to the total amount of

entanglement in the system.

6.3.4 Constraints on dynamics

While the above stochastic techniques are more computationally friendly, we can in principle

recast Eq. (6.29), the stochastic equation of motion for our covariance matrix, as a deter-

ministic equation for a probability distribution p(Γ, t) on the space of possible covariance

matrices. Using this distribution, we could write down the exact density matrix at all times
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as

ρ̂(t) =

∫
p(Γ, t)ρ̂Γ dΓ, (6.30)

where ρ̂Γ is the unique Gaussian state with covariance matrix Γ. We derive the Fokker-

Planck equation governing p(Γ, t) in Section E.5. It has a rather unwieldy structure due the

point-process noise; in particular, it is not local in the space of covariance matrices.

The form of Eq. (6.30) also provides crucial insights into generic features of the class of

models we study. Even though we are able to describe master equations that correspond to

non-free fermions (i.e. where Gaussian initial states can evolve to non-Gaussian states), the

dynamics is inherently constrained: the state at all times can be viewed as a classical mixture

of Gaussian states, described by a classical probability distribution p(Γ, t). We note that a

similar class of states was recently studied for very different reasons in [208]; the motivation

here was to simulate a class of interacting fermionic lattice models with strong dephasing.

This mixture-of-Gaussians represents a highly constrained state space. For example, the

only pure states in this space are simple Gaussian states.

We note that this is the same class of states that one would get after time evolving

with a classically stochastic quadratic Hamiltonian, which is one way to model quadratic,

Hermitian fermionic jump operators. However, despite living in the same state space, we

stress that a classically stochastic free Hamiltonian admits significantly simpler dynamics

than our particular class of stochastic spin models. A stochastic quadratic Hamiltonian can

be modeled by the following equation of motion for the covariance matrix Γ:

∂tΓ = −(X0Γ− ΓX0) dt−
∑
i

(XiΓ− ΓXi) dWi. (6.31)

Here, dWi are independent Wiener increments, X0 = 4iH is the static generator of the

dynamics, and Xi = 4iLi are the matrices corresponding to the Hermitian jump operators.
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This is a very simple set of dynamics, where everything is linear, and the noise is a simple

Wiener process independent of the state. This can be contrasted with Eq. (6.29), where the

equation of motion becomes non-linear in Γ, and the noise itself is a non-linear point process

that depends on the state, greatly increasing the complexity of the problem.

Our results also imply that all information on the evolved state (at any time) is encoded

in 4N2 stochastic degrees of freedom. This should be contrasted against a generic state,

which requires one to specify 4N degrees of freedom, and alternatively a truly Gaussian

state which has 4N2 deterministic degrees of freedom. Note that a polynomial number of

stochastic degrees could still encode an exponential amount of information, if there are an ex-

ponential number of non-trivial moments of the distribution function p(Γ, t). However, even

in this extreme case, the information is encoded in a more convenient manner. In particular

(2n)−point correlation functions are encoded in nth−order moments, and are insensitive to

higher-order moments. Further, we never need to calculate any given moment larger than

order 2N (as this is the longest irreducible string of Majorana operators), and so any in-

dividual Pauli string is encoded efficiently in the distribution. There are an exponentially

large number of these Pauli strings, and so we cannot access all information efficiently, but

we can access arbitrary information efficiently.

Finally, we can also use our equations to derive a useful deterministic but approximate

equation of motion for the trajectory-averaged covariance matrix Γ̄. One simply takes the

stochastic average of Eq. (6.22), making a first moment approximation (i.e. replacing each

factor of Γjk with its average on the RHS). This gives the following approximate equation for

the trajectory-averaged covariance matrix (i.e., the covariance matrix of the unconditional

state):

∂tΓ̄mn = (Γ̄X −XΓ̄∗)mn +
∑
ikl

l∗iklil(η
i
mη

i
n − 1)(Γ̄kmΓ̄nl + Γ̄klΓ̄mn − Γ̄knΓ̄ml). (6.32)

While not immediately obvious, this approximation equation matches what one would obtain
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using a more standard second-cumulant approximation on equations of motion obtained

directly from the full fermionic master equation (see Section E.6 for details).

6.4 Numerical Results

In this section we highlight the power of our general method by applying it to understand

three paradigmatic examples of open spin chains. While we focus on 1D examples here,

we stress that our technique can also be applied to certain higher-dimensional models (see

Section 6.4.4). The three examples we study correspond to open spin models where a JW

mapping results in non-trivial strings in the dissipators. In each case, if one simply ignores

the strings, one is left with a quadratic fermionic Lindbladian where the physics is easily

understood. The question is then to understand how the inclusion of strings change the

physics, i.e. how is the spin system different from the corresponding free fermion system. In

our examples, the strings will lead to large changes in either the dynamics or the steady state

of the system. In the first two examples (AFM order melting and subradiance), we will look

at how the addition of the string operators can speed up the approach to the steady state via

effective scattering interactions, even if the steady state is trivial vacuum with or without

the presence of the string operators. In the final example (an open Ising chain) we will see

how the strings can actually affect the steady state observables and effective temperature of

the steady state distribution.

6.4.1 AFM Order Melting in XX Chains

Our first example is perhaps simplest and seemingly most trivial kind of open spin chain: an

XX chain where there is uniform local loss on each site. This would correspond to a chain of

qubits with nearest neighbor couplings, with each qubit having a finite T1 decay time. The

system evolves under the master equation given in Eq. (6.1), with

90



Ĥ = −J
2

N−1∑
i=1

(
σ̂xi σ̂

x
i+1 + σ̂

y
i σ̂

y
i+1

)
, (6.33)

L̂i =
√
κσ̂−i . (6.34)

This system has a unique steady state given by the spin polarized state | ↑⟩⊗N . Furthermore,

because the total magnetization is a weak symmetry, we can characterize the time scale for

the decay of the total magnetization by observing that if we define n̂ = 1
N

∑N
i=1 σ̂

+
i σ̂
−
i , then

this decays with a simple exponential to zero:

⟨n̂⟩(t) = e−κt⟨n̂⟩(0). (6.35)

This decay profile is identical to what one would find for the dynamics of total density in

the corresponding free fermion model, i.e. a tight-binding chain with singe-particle loss on

each site:

Ĥ = −J
N−1∑
i=1

ĉ
†
i ĉi+1 +H. c., (6.36)

L̂i =
√
κĉi. (6.37)

Hence, at first glance, it is tempting to conclude that both the free fermion and spin system

(i.e. fermions with strings in the dissipator) are equally trivial. Surprisingly, even in this

maximally simple model, there are local, extensive observables where the spins and fermions

have dramatic differences in their dynamics. As the average total density is not sensitive to

the strings, we instead look at how non-zero Fourier components of the average excitation

density decay. In particular, we focus on Néel or anti-ferromagnetic (AFM) order, defined
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as the k = π component of density:

Â =
1

N

N∑
i=1

(−1)i(1− 2ĉ
†
i ĉi) =

1

N

N∑
i=1

(−1)iσ̂zi . (6.38)

We consider a scenario where the system is initialized at t = 0 into the Néel state so as to

maximize ⟨Â⟩. We then study how this order decays to zero. In the case where the dynamics

are given by free fermions, in the thermodynamic limit, we can solve for this exactly. Defining

momentum space annihilation operators as

ˆ̃ck =
1√
N

∑
i

eijk ĉj , (6.39)

the AFM order (assuming infinite boundary conditions) is given by

A(t) =

∫ π

−π
⟨ˆ̃c†k ˆ̃ck+π⟩

dk

2π
, (6.40)

where we define A(t) = ⟨Â⟩(t). For free fermions, the integrand has an overall decay at rate

κ, and an oscillation set by the energy difference of the momentum states k and k+ π. This

yields

A(t) =

∫ π

−π
e4iJ cos(k)t−κt dk

2π
= e−κtJ0(|4Jt|), (6.41)

where J0 is the Bessel function. The overall exponential decay here just corresponds to

the decay of the total particle density. More interesting is the Bessel function envelope,

which is the result of the interplay between the coherent Hamiltonian dynamics and the

initial Néel ordering. The simple form here relies on the fact that momentum is conserved

(see Section E.7). At long times, the Bessel function decays like t−1/2, giving a power law

behavior decay in the scaled correlation A(t)/e−κt.
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We can now turn to the spin model, and again ask how the AFM order decays starting

from an initial Néel state. The dynamics now is far more complicated, as the strings in the

loss dissipators play a non-trivial role. In particular, they allow scattering between different

fermionic k modes, disrupting the simple dynamics of the purely fermionic model. Results

for a N = 100 site spin chain using our simulation method are shown in Fig. 6.2, where we

plot the scaled AFM order A(t)/e−κt. While for short times the spin and fermion models

show similar behavior (not surprising as few jump have occurred), for larger times κt ≳ 1

the two systems have very different behavior. In particular, the decay of the scaled AFM

order for the spin model is ∝ 1/t, and hence faster than the powerlaw decay 1/
√
t found in

the simple fermion model. The difference persists for a large range of times, until a longer

timescale where boundaries become relevant.

We can develop intuition for this result and even make approximate quantitative estimates

by starting with the Heisenberg/OTOC formulation of the spin-system evolution, where the

spins look like the fermions, except every time there is a quantum jump, the sign of one of

the bonds in the Hamiltonian flips its sign, leading to a kind of time-dependent disorder. A

very crude way of trying to model this is to consider a fermionic system with static disorder,

e.g. a Hamiltonian of the form

Ĥ =
∑
i

Jiĉ
†
i ĉi+1 +H. c., (6.42)

where the Ji ∈ {J,−J} are random variables. To get an idea of the decay dynamics, we could

fix the disorder level to mimic times in our spin model where O(N) jumps have occurred.

This would be accurate for κt ≳ 1, which is where the spins and free fermions diverge.

In our approximate fermionic model, we can imagine that the disorder will generate some

dephasing of the coherence between the k and k + π momentum modes that determines the

AFM order. Further, we expect that this dephasing rate will depend on the group velocity

of the quasiparticles involved, for the simple reason that for some fixed evolution time, “fast
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moving” modes will experience more of the spatial disorder than slow moving modes. This

motivates an ansatz for the Néel order of the form:

⟨ˆ̃c†k ˆ̃ck+π⟩ ∼ e−4iJ cos(k)t−κt−4α2J2 sin2(k)t2 , (6.43)

where α is some unitless parameter dependent on the correlation length of the noise and

4J2 sin2(k)t2 = (νgt)
2 is the distance squared a wavepacket with momentum k has propa-

gated in time t.

Using this form, our disordered fermionic model will have a faster decay of the Néel order

than the disorder free case, because of the effective dephasing. We find the decay follows

(see Section E.7 for more details):

A(t) ∼ e−κt
cos(Jt)

t
. (6.44)

The faster power-law decay of 1/t is in very good agreement with the full numerics for our

spin model as shown in Fig. 6.2, indicating that at least for this model, the effective disorder

picture provides good intuition for how spins are different from simple free fermions.

6.4.2 Subradiance

Our approach is not limited to purely local dissipative processes, but can also describe

dissipation correlated across adjacent sites. This motivates our second example: a 1D XX

spin chain where now we have correlated loss on neighboring sites. This setup can be viewed

as a minimal model for studying subradiant decay in an ordered array of 1D emitters, a topic

that has received considerable recent interest (see e.g. [209, 210, 211, 212, 213, 214, 215, 216]).

At a basic level, subradiance corresponds to the existence of certain spin-wave modes that

have highly suppressed radiative decay due to destructive interference. Such subradiant

physics has been studied in the context of a quantum memory for light [217, 218], as well
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Figure 6.2: Here we plot the time dynamics of the AFM order parameter melting for either
a 1D spin chain [c.f. Eqs. (6.33) and (6.34)] or free fermions [c.f. Eqs. (6.36) and (6.37)].
The fermion curve corresponds to the analytical solution in the thermodynamic limit given
by the Bessel function [c.f. Eq. (6.41)], and the spins are found for an N = 100 spin chain
with open boundary conditions averaged over 50,000 trajectories.

as having shown suprising fermion-like correlation patterns [211]. While this physics is well

understood when there is only a single excitation, the physics with multiple excitations is

far more complicated and remains an open problem. Our model and simulation technique

provide a setting to study this phenomena with many excitations, in a manner that is

numerically exact.

Our minimal model for subradiance corresponds to a master equation of the form in

Eq. (6.1) with:

Ĥ = −J
2

N−1∑
i=1

σ̂xi σ̂
x
i+1 + σ̂

y
i σ̂

y
i+1, (6.45)

L̂i =
√
κ(σ̂−i + σ̂−i+1). (6.46)

We note that the 1D subradiant models studied in Refs. [209, 210, 211, 212, 213, 214, 215,

216], describing ordered arrays of emitters, are derived from a microscopic light-matter in-

teraction, and yield long-range Hamiltonian and dissipative interactions. In contrast, all our
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interactions are nearest-neighbor. There are nonetheless qualitatively many similar features

between our models. All models exhibit a dissipative gap (slowest relaxation rate) that

closes in the thermodynamic limit. In our model this gap closing scales as N−2 whereas the

microscopically-motivated models show a stronger dependence ∝ N−3. Further, both in our

model and the more microscopic models, there is a set of single-excitation subradiant modes

indexed by an integer j, with the slow decay rates growing as Γj ∝ j2.

Our correlated decay model will have a trivial steady state solution of the vacuum, but

the dynamics are greatly altered by the correlation in the dissipation. The free-fermion

equivalent of this model (i.e. the spin model written in terms of JW fermions, but with all

string operators dropped) has the form

Ĥ = −J
N−1∑
i=1

ĉ
†
i ĉi+1 +H. c., (6.47)

L̂i =
√
κ(ĉi − ĉi+1). (6.48)

Ĥeff (which is the same for both models) is diagonalized using momentum modes, resulting

in:

Ĥeff = 2
∑
k

(J cos(k)− iκ sin2(k/2))ĉ†k ĉk. (6.49)

Hence, in the thermodynamic N →∞ limit, there is a specific momentum mode k = 0 that

never decays. At the single excitation level, this “subradiant state” persists forever with

periodic boundary conditions, and for times quadratic in the system size for open boundary

conditions. This also leads to anomalous (non-exponential) scaling of local observables in

time, due to the fact that the dissipative gap closes at k = 0 (i.e., this momentum mode is

undamped).

For concreteness, we imagine starting from the completely-filled state (all qubits in their
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Figure 6.3: Comparison of the subradiant master equation for spins [c.f. Eqs. (6.45)
and (6.46)] and fermions [c.f. Eqs. (6.47) and (6.48)] with J = κ = 1. The free fermion line

is given by the analytical expression in Eq. (6.50) and asymptotically scales as t−1/2 (dashed
black line). The spins are found using the stochastic averaging technique in the Schrödinger
picture and represents an average of 10,000 trajectories of N = 100 spins. The local spin
number density numerically fits a different power law scaling of t−3/4 (dash-dot black line).

excited state), and ask how the total number of excitations n(t) relaxes. For the case of free

fermions, there is no scattering between different momentum modes, and so the total density

in the thermodynamic limit scales as (see Section E.8):

⟨n̂⟩(t) =
∫ π

−π

dk

2π
e−2κt sin

2(k/2) = e−2κtI0(2κt), (6.50)

where I0 is the modified Bessel function. Asymptotically, this gives a scaling law of the form

⟨n̂⟩(t)|t→∞ ∼ (4πκt)−1/2, see Section E.8 for details. The slow power-law decay directly

follows from fact that long wavelength modes with wavevectors k close to k = 0 have very

slow decay rates ∝ k2. Not surprisingly, this result has no dependence on the strength of

the exchange coupling J .

Turning now to the spin model (which corresponds to fermions with string operators

in the dissipators), the dynamics will in general be more complicated. One might expect

that the above scaling will be modified by the effective interactions encoded by the strings,
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Figure 6.4: (a) and (b) show the connected density-density correlation functions Ci,j as
defined in Eq. (6.51) for the subradiant spin model. The spins are initialized in the all up
state, and then the correlation pattern is shown after κt = 5 (a) or κt = 50 (b). Note
the correlations are primarily local, with some boundary effects clearly visible at κt = 50.
(c) shows the line cuts from (a) and (b) though i = 50 in the center of the chain. Each
curved is normalized independently such that C50,50 = −1. As time progresses, the size of
the exchange-correlation hole is growing, which can be seen comparing the two line-cuts.

(d) shows the logarithm of the windowed averaged correlation function − log
(
C |i−j|

)
[c.f.

Eq. (6.53)], plotted for 50 ≤ κt ≤ 90 in steps of κt = 5. For free fermions, this is simply
|i−j|2/(2t) [see Section E.8], giving a dynamical exponent z = 2. We observe scaling collapse
for the spins with z = 1.75. In all plots N = 100 lattice sites, and J = κ = 1, and data is
averaged over 10,000 trajectories.
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as now spin waves (i.e. fermionic k modes) are not conserved but can undergo scattering.

Similar to free fermions, a single excitation prepared in the subradiant mode will not decay

(as in this case interactions play no role). As soon as one has multiple excitations, we expect

strong differences. At a heuristic level, interaction-induced scattering can scatter particles

from k = 0 into finite-k modes, providing a new decay pathway out of the subradiant state.

In Fig. 6.3 we show results for the decay of the average density for a chain of N = 100

spins, starting from the full excited state and for J = κ. We see that the spin model

exhibits a faster decay that the free fermion model: at long times, the decay follows a

power law ⟨n̂(t)⟩ ∝ (κt)−3/4, as opposed to the 1/
√
t behavior of free fermions 1. Here,

we again highlight the power of our technique: because there is only loss in the system,

the Lindbladian for the free fermions and the spins have an identical spectrum [205]. The

Lindbladian spectrum alone is thus not enough to understand the different decay behavior.

Because the dissipative gap closes as a function of k, the profile of the Lindbladian eigenmodes

is crucial to understanding the long-time power law relaxation in the thermodynamic limit,

which we are able to do using only polynomial resources.

In Section E.8, we show that by running a simulation where we add random telegraph

noise to the sign of the couplings in Ĥeff , we can recover the t−3/4 power law scaling. This

follows from our intuition that the string operators act as conditional gauge transformations,

and by adding in random fluctuations to these gauge fields we can qualitatively understand

the dynamics of the system, similarly to how adding disorder gave us a qualitative picture

of the AFM-order melting in Section 6.4.1. Unlike in the previous section, though, we take

the signs of the Hamiltonian couplings to fluctuate in time during the dynamics instead of

just inserting static disorder. The reason for this is that, because the subradiant model is

gapless, the probability for a jump to occur
∑
i⟨L̂
†
i L̂i⟩ is not decaying exponentially, and

so we cannot assume that all jumps happen roughly instantaneously. Instead, there is a

1. We note that in Ref. [219], the authors also observed a change in the power law compared to free
fermions in a different collective spin model, which has purely unidirectional interactions.
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non-trivial probability of a jump at any point in the dynamics, giving the telegraph process.

In order to explore this behavior, it was crucial to be able to simulate very long spin

chains, in order to properly distinguish the short time dynamics from the long time dynamics.

By using a chain ofN = 100 lattice sites, we are able to show power law scaling over 2 decades

during which there is greater than 1 excitation in the system (on average) [see Fig. 6.3].

We note that previous work numerically studying subradiance in 1D spin chains did not

observe that there was any change in the power law scaling of the mean excitation density

with time: Ref. [211] observed that mean particle number for a subradiant spin model

decayed in time as t−1/2 like the free fermions, whereas we observe t−3/4. One possible

explanation for this discrepancy is that the model studied in Ref. [211] was different than

the particular subradiant model we study here, being significantly more collective in both

the dissipation and the Hamiltonian interactions. Alternatively, it is also possible that they

would also have seen a change in the power-law scaling of the mean density if they had been

able to simulate larger system sizes, as we study here, which is closer to the thermodynamic

limit. It remains an open question how generic the observed power-law scaling is in other

subradiant spin models.

In addition to just having access to the covariance matrix, we also have access to higher

weight correlation functions. In previous studies of subradiance, the approximate “fermion-

ization” of the dynamics has been explored by studying the connected density-density cor-

relation function

Ci,j = ⟨n̂in̂j⟩ − ⟨n̂i⟩⟨n̂j⟩, (6.51)

where n̂i = (σ̂zi +1)/2 is the fermion number density. These density-density correlations were

previously discussed in Ref. [211], where they saw the presence of exclusion-like correlation

patterns one would expect from a free-fermion state. However, whereas they could look

qualitatively at the correlation pattern and see fermion-like behavior, we have a large enough
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system and long enough times to extract more quantitative data. This correlator can be

calculated extremely easily in terms of our fermionized dynamics, because σ̂zi is quadratic,

and comes with no JW string.

For a system of purely free fermions (neglecting all string operators) the time dynamics of

the connected correlation can be calculated explicitly in the long time limit (see Section E.8

for details):

Ci,j
⟨n̂i⟩⟨n̂j⟩

(κt≫ |i− j|) = −e−|i−j|
2/2κt. (6.52)

Such a pattern of correlation shows a fermionic exchange correlation hole due to Pauli exclu-

sion. Moreover, it has a time dependent length scale l ∼ (κt)1/2, or in other words there is a

dynamical exponent z = 2 for the size of the hole, signaling a diffusive process. This can be

understood intuitively in the momentum-space picture by noting that in the long time limit,

the state is roughly a Gaussian centered around k = 0, with a variance in the wavevector

scaling like t−1/2. Inverting this RMS wavevector in turn gives a length scale, which exactly

sets the spatial size of the exchange correlation hole. This would mean that we expect the

length scale might go as l ∼ 1/⟨n̂⟩ more generally.

We can now ask what happens in the case of the spin system, which is shown in Fig. 6.4.

In Fig. 6.4(a) and (b) we see a strong correlation-exchange hole appearing at both κt = 5 and

κt = 50, showing the Fermi-like behavior of the 1D subradiant spin chain. Moreover, looking

at the line cuts in Fig. 6.4(c) we can see that the hole is growing in time, as was expected

from the free-fermion system. To be more quantitative on how the exchange correlation hole

is growing, let’s define the following averaged quantity:

Cd =
∑

s≤i,j≤N−s
|i−j|=d

Ci,j
⟨n̂i⟩⟨n̂j⟩

. (6.53)
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I.e., we average over a fixed separation |i− j| = d, but stay at least s lattice sites away from

the edges to mitigate the boundary effects. For the free fermions in the bulk, this should

just be Cd
free ∼ − exp(−d2/2κt). In Fig. 6.4(d) we plot the logarithm of this quantity for a

system with N = 100 lattice sites and s = 20 lattice sites, and find a scaling collapse with

with a superdiffusive dynamical exponent z = 1.75, which is different from the free fermion

dynamical exponent. Moreover, if we used the naive free fermion picture that the length

scale l ∼ 1/⟨n̂⟩, this would imply the length scale should be l ∼ t3/4, which in turn would

imply z = 4/3 ̸= 1.75 which is incorrect. The role the interactions coming from the strings

play is incredibly non-trivial, and affects the dynamical behavior of the exchange-correlation

hole. This again stresses the fact that just because the entire spectrum is known, it is still

not enough to understand the dynamical phenomenon of the model.

We note that in Ref. [220], they study a class of dissipative free-fermion models that

exhibit a tunable dynamical exponent. However none of them are given by 1.75.

6.4.3 Open Ising Model

A final system we can consider is an open Ising model with transverse field:

Ĥ =
∑
i

Jσ̂xi σ̂
x
i+1 + hσ̂zi , (6.54)

L̂i =
√
κσ̂−i . (6.55)

This model is distinct from the previous two as it has a non-trivial steady state solution.

Moreover, if we consider the analogous free fermion model (where we drop the string opera-
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tors in the jumps):

Ĥ =
∑
i

J(ĉi + ĉ
†
i )(ĉi+1 − ĉ

†
i+1) + 2hĉ

†
i ĉi, (6.56)

L̂i =
√
κĉi, (6.57)

then these two master equations will have different steady state solutions. Hence, we can

compare directly the impact of the strings on the steady state as opposed to dynamics, as

we have done previously.

In order to access steady state quantities using our simulation technique, we initialize

the state to an arbitrary Gaussian state (for instance, the vacuum), and then perform time

evolution until observables of interest saturate and stop changing in time.

In previous attempts to study the dissipative Ising model, one technique that has been

used is a so-called “Generalized Gibbs Ensemble” (GGE) Ansatz [221, 222, 223], where

it is assumed that the state remains diagonal in the energy eigenbasis of the closed system

eigenmodes. A related, less restrictive approximation, is to just make the approximation that

the density matrix is Gaussian, and therefore one can use Wick’s theorem. As discussed

in Section 6.3.4, this actually is equivalent to assuming that the higher moments of the

distribution function are all trivial. Such an approximation is well justified in the limit

where the dissipation is vanishingly weak [224, 223]. We also find numerically that it tends

to do well when the fixed point is Gaussian, like the previous two examples. However, for

this model, when all parameters J, h, κ = O(1), this approximation will qualitatively fail.

This can be seen in Fig. 6.5, where we initialize a completely spin polarized state, and

then observe the time dynamics of the average local excitation density, the average nearest

neighbor Ising correlation, and the energy density. Interestingly, the mean field theory and

the free fermions tend to be quite close together, whereas the spins have a significantly

greater value of the nearest neighbor correlation function, and also a significantly smaller
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average energy density. In fact, if one were to associate the steady state energy density with

a temperature, the free fermions and the mean field solution would both have an effective

negative temperature, where as the spins relax to a steady state with a positive temperature

(energy density smaller than the infinite temperature state). This lower temperature is due

almost exclusively to a significantly greater average anti-ferromagnetic correlation than the

free fermion solution. If we define the AFM correlation as

XiXi+1 =
1

N − 1

N−1∑
i=1

⟨σ̂xi σ̂
x
i+1⟩, (6.58)

then for the spins, this value is roughly 5 times greater than for the free fermions in the steady

state, see Fig. 6.5. The stronger correlations can be understood from the mean field phase

diagram (see Section E.9 for more details), which predicts a second order phase transition in

the AFM correlation at the parameters we have chosen. Hence, the mean-field value of the

correlation would be nearly zero, which is what is seen from the second cumulant expansion

as well as the free fermions in Fig. 6.5. However, as was predicted for much smaller system

sizes in Ref. [225], the actual spin system doesn’t have a sharp transition from ferromagnet

to paramagnet, but instead a slow roll off of the nearest neighbor correlations, which is why

the actual spin system still has a large amount of correlation.

We also note that the fact that the mean field is qualitatively unable to predict expec-

tation values in this model highlights the power of our numerically exact technique. We

believe that the reason mean-field fails in this case is because the steady state of the system

can be extremely non-Gaussian. Essentially, we can imagine that the different individual

trajectories are able to diffuse out over the space of all Gaussian states. This is in contrast

to the previous two models studied, where the steady state was Gaussian. Hence, because

the dynamics are forced to begin and end in a Gaussian state, they never “spread out” very

much in the Gaussian state space, which is why the second cumulant expansion is fairly

successful in capturing qualitatively some of the dynamics, as is shown in Section E.8.

104



0 2 4 6 8 10

0.2

0.0

0.2

X
iX

i
+

1
N= 100

Spins
2nd Cumulant
Fermions

0 2 4 6 8 10
Time t

0.2

0.4

0.6

〈 Ĥ〉 /
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Figure 6.5: Here, we compare the dynamics of the mean value of the XX interaction XiXi+1

is defined in Eq. (6.58) and the average energy is ⟨Ĥ⟩/N = J⟨Ĉ⟩ + ∆⟨n̂⟩. We can observe
that for all these operators the actual dynamics (blue) differs qualitatively from both the
2nd cumulant expansion (orange) as well as the free fermions (green). The black dashed line
corresponds to the infinite temperature energy density h/2. Here, we have taken J = κ = 1,
h = 0.5 with N = 100 lattice sites and for the spins we average of 10,000 trajectories.

In addition to this, the full numerical technique has access to more information than

just the quantum steady state, if one takes the unraveling as being physically motivated as

opposed to simply a computational tool. For example, if instead of the loss being the result

of some simple relaxation process of the spins into the environment, we instead imagine

that each spin is being continuously monitored to see whether or not it has decayed, then

each trajectory corresponds to an individual measurement record [126, 94, 130]. If we now

try and ask questions about observables which are not linear in the density matrix, we will

get different answers if we look at observables of the averaged state vs averaging over the

observable on each trajectory.

One such example is the entanglement entropy. The density matrix after averaging over

trajectories will generically be a mixed state, and so to discuss entanglement entropy requires

looking at mixed state entanglement monotones [226]. However, each stochastic trajectory

remains pure, and so we can meaningfully discuss the entanglement entropy of a given

trajectory using more standard means, for example, the Renyi entropies. Of course, before

we do so, it is important to ask exactly what we wish to take the entanglement entropy of:

we are trying to understand a spin state, but we have used a highly non-local transformation
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Figure 6.6: We look at the entanglement entropy on a trajectory level for the open Ising
model with J/κ = 10 and variable h/J . We take N = 125 lattice sites, and average over
1,000 trajectories, and also quench from an initial product state of all spins down. In the
upper plot, we study the bipartite entanglement entropy as a function of time, where when
h/J is below the transition, it appears the entanglement is monotonic in time, but it peaks
at some early time near the phase transition. In the lower plot, we show Page curves where
for each bipartition we look at where the entanglement is maximal as a function of time.

to map it into fermions in order to understand it. A priori, the entanglement entropy of the

Gaussian fermion state has no relation to the underlying spin model, since the JW is not

local. However, as we show in Section E.10, if we take “good” bipartitions, the entanglement

entropy is actually the same. Here, a good bipartition is one where A = {i|1 ≤ i ≤ m} and

B = {i|m < i ≤ N} for some chain of length of N , where the ordering is defined by the

Jordan-Wigner transformation.

Given this, we can ask how the average bipartite entanglement entropy of each trajectory

changes as we tune through the closed system phase transition, and see whether or not the

open system is still sensitive to the closed system critical point. This is shown in Fig. 6.6,

where we plot the Renyi-2 entropy for varying values of h/J . It appears that when h/J ≲ 1,

the entanglement grows monotonically in time before saturating to a steady state value,

whereas when h/J ≳ 1 the entanglement peaks at early times. Moreover, if we look at what

the maximal amount of entanglement achieved over all times, the most entanglement seems

to be near the closed system phase transition h/J ∼ 1, and for the system sizes probed the

entanglement at this point does not appear to obey an area law.
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α(i, j) = x

α(i, j) = y

α(i, j) = z

Figure 6.7: Kitaev Honeycomb model as described in Eq. (6.59)

6.4.4 2D Model

We have so far exclusively focused on spin chains in a single spatial dimension, as they

generically can be transformed into free fermions using the JW transformation. However,

there are certain 2D spin models that also have a representation in terms of free fermions,

and can thus be extended to open models amenable to our unraveling technique. As an

example, consider the Kitaev Honeycomb [198], a 2D spin model on a hexagonal lattice

defined by the Hamiltonian

Ĥ =
∑
⟨i,j⟩

Jα(i,j)σ̂
α(i,j)
i σ̂

α(i,j)
j , (6.59)

where ⟨i, j⟩ is a sum over nearest neighbors, and α(i, j) ∈ {x, y, z} depending on the orien-

tation of the bond (see Fig. 6.7).

This model can be solved by defining on each lattice site 4 Majorana fermions ĉ, γ̂α
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(comprising 2 degrees of freedom per lattice site) by

σ̂αi = iĉiγ̂
α
i . (6.60)

There is an extra degree of freedom per lattice site, which is fixed by defining the condition:

σ̂xσ̂yσ̂z = i =⇒ ĉγ̂xγ̂yγ̂z = 1. (6.61)

Now, we can rewrite the Hamiltonian in the form:

Ĥ =
∑
⟨i,j⟩

iJα(i,j)

(
iγ̂
α(i,j)
i γ̂

α(i,j)
j

)
ĉiĉj . (6.62)

For the moment, this does not look significantly better than it was before: we have a 4-point

fermion interaction, which cannot be generically solved. However, if we define the gauge

field Âij via

Âij = iγ̂
α(i,j)
i γ̂

α(i,j)
j , (6.63)

then it is not difficult to check that [Âij , Âkl] = 0 for all sets of nearest neighbors ⟨i, j⟩

and ⟨k, l⟩. Further, these operators all commute with the Hamiltonian. Thus, we can take

Âi,j → Aij = ±1 to be a static background field and write down an effective quadratic

theory for the ĉ operators via

Ĥ =
∑
⟨i,j⟩

iJα(i,j)Aij ĉiĉj . (6.64)

Hence, if the system is initialized as a Gaussian state in terms of the ĉ operators, then time

evolution under this Hamiltonian will keep it Gaussian at all later times, making it efficiently

simulable.
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Now, we can consider adding dissipative terms that are local in terms of spin operators

that preserve the simulability of the system. For each bond of our lattice, we define the

generalized correlated dephasing operators:

L̂ij = l1ij σ̂
α(i,j)
i + l2ij σ̂

α(i,j)
j , (6.65)

where the constants l
1,2
ij can be complex. If these constants are all real, then this corresponds

to a classically stochastic Hamiltonian with local fields driven by white noise. Further,

the local fields do not commute with the gauge operators, so this stochastic Hamiltonian

would not be solvable with free fermions. Static local fields have previously been studied

perturbatively [198], as they open a gap in the portion of the phase diagram with non-Abelian

anyons. However, we show now that the techniques in the main text apply to this model.

First note that

L̂
†
ijL̂ij = |l

1
ij |

2 + |l2ij |
2 + 2Re

(
l1ij(l

2
ij)
∗
)
σ̂
α(i,j)
i σ̂

α(i,j)
j , (6.66)

=⇒ Ĥeff = Ĥ − i

2

∑
⟨i,j⟩

L̂
†
ijL̂ij

=
∑
⟨i,j⟩

[
Jα(i,j) − iRe

(
l1ij(l

2
ij)
∗
)]
σ̂
α(i,j)
i σ̂

α(i,j)
j

≡
∑
⟨i,j⟩

iJ̃α(i,j)Aij ĉiĉj , (6.67)

and so the effective Hamiltonian remains quadratic with new, complex coupling constants

J̃α(i,j) = Jα(i,j) − iRe
(
l1ij(l

2
ij)
∗
)
. A non-Hermitian Hamiltonian of this form was also stud-

ied in Ref. [227]. However, they study only the non-Hermitian Hamiltonian and completely

ignore the quantum jumps. We stress that the no-jump evolution described by Ĥeff is only

relevant to the experimentally-daunting situation where each bond is continuously moni-

tored, and one post-selects on no-jump events. It is not relevant to our (more general)
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situation of interest where dissipative effects arise from couplings to unmonitored environ-

ments. Moreover, Ĥeff is trivially solvable as it is completely equivalent to free fermions; the

full Lindbladian including the jumps cannot be mapped onto free fermions, which is what we

are interested in studying. To do this, the next question to ask is whether or not the system

remains Gaussian under a quantum jump. To address this, we write our jump operators

using the previously-introduced Majorana representation:

L̂ij = il1ij ĉiγ̂
α(i,j)
i + il2ij ĉj γ̂

α(i,j)
j . (6.68)

Naively, it appears that dissipation generated by such jump operators will not preserve

Gaussianity, as they are a linear combination of two quadratic operators.

The crucial observation will be that each γ̂
α(i,j)
i , γ̂

α(i,j)
j anti-commutes with the local

gauge field:

{γ̂α(i,j)i , Âij} = {γ̂
α(i,j)
j , Âij} = 0. (6.69)

Hence, when we consider an unraveling, we can think of the action of γ̂
α(i,j)
i , γ̂

α(i,j)
i as simply

locally flipping the sign of the gauge field, sending the classical variable Aij → −Aij . To

see this more clearly, note that for each bond we can define a Dirac fermion âij :

âij =
1

2

(
γ̂
α(i,j)
i + iγ̂

α(i,j)
j

)
. (6.70)

We can then explicitly write down the wavefunction for the two different values of the local

gauge field as

|Aij = −1⟩ = |0⟩, |Aij = 1⟩ = â
†
ij |0⟩, (6.71)

where |0⟩ is defined as the Dirac fermion vacuum such that âij |0⟩ = 0. Using this explicit
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basis, we can then compute that

γ̂
α(i,j)
i |Aij = −1⟩ = −iγ̂

α(i,j)
j |Aij = −1⟩ = |Aij = 1⟩, (6.72)

γ̂
α(i,j)
i |Aij = 1⟩ = iγ̂

α(i,j)
j |Aij = 1⟩ = |Aij = −1⟩. (6.73)

And so (up to a phase) both γ̂
α(i,j)
i and γ̂

α(i,j)
i simply flip Âij from one eigenstate to the

other eigenstate.

Thus, the action of the jump operator on the state can be understood as moving the

state to a different gauge sector. Hence, we can classically keep track of the binary variables

Aij , as the operators Âij will always have a definite value. Every time there is a quantum

jump, we first must update the classical bit value for Aij , and then we compute the action

of the following effective jump operator:

L̂′ij = il1ij ĉi − (−1)(Aij+1)/2l2ij ĉj , (6.74)

which are linear and therefore preserve Gaussianity. The sign (−1)(Aij+1)/2 encapsulates the

relative phase accumulated in Eqs. (6.72) and (6.73) where Aij is evaluated pre-jump. Thus,

we can imagine that the jump operators are exactly (up to possibly a relative phase) their

free-fermion counter parts, along with the fact that every time we do a jump, we update the

gauge fields (which also change the Hamiltonian). This is in exact analogy to the 1D case,

where we interpret the JW strings as updating the local gauge field at the site of the jump.

6.5 Generalizations

6.5.1 Fermions

The stochastic numerical technique introduced in Section 6.3 was formulated in order to try

and study spin systems that had been Jordan-Wigner transformed into fermions with JW
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strings. However, there is no reason that it could not be applied directly to a fermionic model

that doesn’t arise from a spin problem originally (see Refs. [228, 229, 230] for examples of

fermionic master equations where the fact that trajectories remain Gaussian was exploited

for simulation). Instead of thinking about string operators, we can instead consider any

jump operator of the form of a unitary Û multiplied by a Majorana-linear:

L̂i = Ûi
∑
j

lij γ̂j . (6.75)

In this case, we have that L̂
†
i L̂i =

∑
jk l
∗
ij likγ̂j γ̂k is quadratic, and therefore Ĥeff will still

be quadratic in the Majorana operators.

The only other requirement is that the unitary operator Ûi is Gaussian - i.e., it maps

quadratic operators to quadratic operators. In the case of the OTOC picture, this means

that one can push the unitary onto Ĥeff(t) that is updated after every jump, and it will

remain quadratic. Further, we can also use the state update picture because then the full

jump operator remains Gaussian.

If Ûi does not preserve Gaussianity, then obviously the state-update picture is not valid,

because the state doesn’t remain Gaussian over each trajectory. One might be tempted to

think that we could instead use the OTOC picture, where now we just have to calculate

a much longer OTOC by leaving the unitaries in the expectation value instead of gauging

them into Ĥeff . However, unless the unitaries can be written as a single Majorana string (in

which case they would be Gaussian anyways), each expectation value for a given observable

would require calculating a number of Pfaffians that grows exponentially in the number of

jumps, and the number of jumps will be extensize in the system size. Therefore, this reverts

us to non-polynomial scaling, and cannot be done.

Thus, the most general type of jump operator that can be simulated efficiently is one

where Ûi is Gaussian. It is interesting to note that Gaussianity is a gauge dependent choice:
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an arbitrary unitary rotation the jump operators L̂i →
∑
j VijL̂j (with V a unitary matrix)

does not affect the unconditional dynamics of the master equation, but it can affect the

individual trajectories. For this reason, although the specific unraveling of a master equation

is non-unique, there can still be an “incorrect choice”: a linear combination of Gaussian

unitaries need not be a Gaussian unitary. In the spin examples, this can be seen from the

fact that taking arbitrary linear combinations of 2-local jump operators need not be 2-local

anymore.

6.5.2 Bosons

Let’s define the set of bosonic operators âi that obey the canonical commutation relations

[âi, â
†
j ] = δij and [âi, âj ] = [â

†
i , â
†
j ] = 0. We can similarly consider systems where the jump

operator can be written as, for example, L̂i = Ûiâi, such that Ĥeff is a quadratic operator

and therefore efficiently simulable. In some sense, though, this is a fundamentally different

question from the fermions, because linear bosonic operators do not preserve Gaussianity.

Therefore, in order to try and simulate this, it would require working in the OTOC

picture. However, we are then left with the problem that, for a Gaussian bosonic state,

computing a high-weight observable is equivalent to computing a hafnian, and not a pfaffian

as it is for fermions. While the Pfaffian can be computed efficiently in polynomial time,

the Hafnian is #P-complete, and classically intractable - this underlies the complexity of

Gaussian Boson Sampling [231]. Hence, this problem remains intractable.

Thus, the only problem we could actually simulate for bosons is the case where L̂i = Ûi

is a unitary operator that preserves the Gaussianity in the state. This, though, is equivalent

to stochastically applying a Gaussian unitary channel, which is trivially solvable, as the

equations of motion for 2-point correlation functions close on themselves.
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6.6 Discussion

We have introduced a new simulation technique for open quantum systems, with special

application to spin chains. Our technique leverages the fact that many models which are

interacting at the level of the master equation can be made non-interacting after performing

a stochastic unraveling. We show that initially Gaussian states time evolve into states which

are non-Gaussian, but can be written as a positive probability distribution over the Gaussian

states, which can then be classically sampled from efficiently. This technique opens new

avenues in exploring open quantum systems that is not constrained to be either Gaussian

or having low-entanglement. Our technique allows access to arbitrary system observables

without affecting complexity, even non-local and non-linear ones such as the entanglement

entropy.

We have given three concrete examples of 1D spin chains that can now be studied effi-

ciently for large system sizes. First, we observed AFM order parameter melting in an XX

chain with local loss, where we saw that the string operators generate effective noise on the

Hamiltonian bonds. Next, we studied subradiance in a 1D spin chain with nearest neighbor

correlated loss. We observed that, despite not changing the actual spectrum, the effective

scattering interactions generated by the string operators can cause faster power-law relax-

ation to the vacuum than in the case of free fermions. This can be understood by noting that

the population in the slowest relaxing modes is no longer conserved, and can be scattered

into more quickly relaxing ones. Finally, we have looked at the 1D Ising model with trans-

verse field and single particle loss in the direction of the transverse field. This model has a

non-trivial steady state solution which is itself non-Gaussian, and distinct from the steady

state one would find if ignoring the string operators. We find that our technique is able to

make quantitative predictions about both dynamics as well as the non-Gaussian steady state

of this system in regimes where simple approximations (e.g., GGE) fail qualitatively.

We believe that in addition to the simple models outlined above, our technique paves
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the way to further understanding open 1D spin chains. Our technique not only allows one

to numerically probe relevant models, but it also gives insights and intuition as to the effect

that string operators can have on the dynamics and steady state of the master equation.

Finally, the technique is not fundamentally limited to only one dimensional systems;

as noted this also allows the simulation of the Kitaev honeycomb in 2D. In particular,

the technique seems well suited to any free Z2 gauge theory in arbitrary dimensions, and

exploring other higher dimensional models could prove fruitful. Another interesting future

direction would be to utilize the non-uniqueness of stochastic unravelings, to see if there are

alternative unravelings that are either more optimal numerically [232], or provide different

physical insights into the dynamics.
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CHAPTER 7

INSIGHTS INTO DECOHERED CRITICALITY

This chapter contains material that can be found on the arXiv preprint server in Ref. [233].

7.1 Introduction

State-of-the-art quantum simulators [234, 235, 236, 237, 238, 239] and quantum processors

[240, 241, 242, 243, 244] have made rapid progress in their ability to prepare complex quantum

states. This include states with topological order and long-range entanglement [234, 235,

241, 236, 238, 244], and scale-invariant quantum critical states which appear at quantum

phase transitions [240, 242, 243, 237, 239]. Unavoidable noise and dissipation imply that the

dynamics of these systems is necessarily non-unitary, motivating a host of new fundamental

questions concerning how novel quantum states behave in out-of-equilibrium settings, and the

basic nature of mixed state phases of matter [245, 246, 247, 248, 249, 250]. Recent works have

studied the robustness of topologically ordered states to noise [251, 252, 250, 249, 253, 254],

as well as the effect of non-unitary dynamics on critical ground states [255, 256, 257, 258, 259,

260, 261]. While these works reveal a host of interesting physics, they have primarily studied

quantities that are well-suited to theoretical techniques like CFT, but that are extremely

challenging for experiments. These include quantities nonlinear in the system density matrix

(which require multiple copies of the system to measure) [257], and quantities post-selected

on measurement outcomes [256, 258, 259] (which generally incur an exponential sampling

overhead). It would be extremely interesting to study how non-unitary evolution of non-

trivial topological or critical states impacts simple observable quantities, and what insights

these provide into the nature of the resulting non-equilibrium state.

In this work, we address these questions through a detailed study of the critical ground

state of the 1D transverse-field Ising model (TFIM) subject to local, Markovian Pauli noise.
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Figure 7.1: a) Schematic of a matchgate circuit with Pauli noise. Despite non-trivial
fermionic strings, such circuits can be efficiently simulated using our technique. b) Ex-
perimental protocol where one first prepares a critical ground state, then decoheres the state
under noisy evolution, then finally uses a probe qubit with tunable splitting ∆ to measure the
frequency-dependent effective temperature. c) Example quasiparticle excitation density as
a function of wavevector for either a decohered critical ground state (red) or gapped ground
state (blue). The critical state roughly follows a Fermi-Dirac distribution up to a length
scale ξ−1 which grows linearly with the total time of the decoherence process as depicted in
b).

Our focus is on unconditional evolution (no post-selection), and on standard observables

that are linear in the density matrix. One might immediately fear that in this setting,

nothing interesting can happen, as it is well-known that local noise channels cannot change

critical properties: spin correlation functions must decay with the same power law as they

did without the application of dissipation. Surprisingly, we show that this is not the full

story. While spin correlators have an unchanged algebraic decay, we show that noise causes

fermionic correlators (which are also critical in the ground state) to immediately develop a

length scale (i.e. they now decay exponentially). Hence, after decoherence, the spins remain

critical, whereas the fermions do not.

We further show that this dichotomy has measurable consequences: it leads to a novel

non-equilibrium state whose low-energy physics is described by an effective time-dependent

temperature. This is surprising, as Markovian Pauli noise corresponds to an infinite-temperature,

infinite-bandwidth environment; such environments typically do not lead to finite-temperature
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thermal equilibrium states. The emergent temperature we find is directly tied to critical-

ity: it does not arise if one starts with a non-critical ground state. We also show that this

effective temperature can be easily probed experimentally, using a single frequency-tunable

probe qubit that is weakly coupled to the chain (see Fig. 7.1). While our focus here is on

the TFIM, we suspect that the basic mechanism we describe could apply to more general

critical ground states exposed to decoherence, thus representing a new kind of emergent

non-equilibrium state. To support this claim, we show that all of the features identified in

the TFIM are also present in a critical XX chain in the zero magnetization sector.

Our results rely on a technical innovation that has implications well beyond our decohered

TFIM model. The questions we are interested in are not naturally suited to the CFT

techniques in, e.g., Ref. [257]; also, naive master equation simulations are not feasible, as the

dynamics when written in terms of Jordan-Wigner (JW) fermions now has non-trivial strings.

We circumvent these issues by using an exact solution to the dynamics of matchgate circuits

[262, 263] subject to arbitrary Pauli noise, see Fig. 7.1. We build on the results presented in

Chapter 6, which introduced a new stochastic averaging technique for a class of dissipative

spin chain models. We show that for Pauli noise, one can obtain closed-form solutions for

the time-evolution of arbitrary observables by exactly resumming the trajectories due to

the classical nature of the noise. We note that aspects of this were previously observed in

Ref. [264]; however, we are able to give a more intuitive understanding of the underlying

physical mechanisms. Moreover, we are able to get exact solutions for observables in systems

with periodic boundary conditions where the Hamiltonian is formally interacting. This

technique allows one to go beyond the standard setting of decohered topological or critical

states, and consider situations where both the decoherence and Hamiltonian evolution are

simultaneously acting on the system.

The remainder of this Chapter is organized as follows: In Section 7.2, we present our

derivation for the exact solution for matchgate circuits with Pauli noise. In Section 7.3,
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we introduce the specific model we will consider, namely an Ising model with decoherence

in the X and Y directions. In Section 7.4, we identify the physical phenomena that result

from applying the decoherence channel to the Ising critical state when there are no coherent

dynamics. Further, we propose a simple experiment that would be able to observe the effects.

In Section 7.5.0, we compare the results found in Section 7.4 to the case where the initial

condition is shifted away from the Ising critical point (but still with no coherent dynamics).

In Section 7.6, we explain how to compute the exact solution for the dynamics in the presence

of a Hamiltonian with periodic boundary conditions, and use this to show data when there

are both coherent and incoherent dynamics. In Section 7.7, we compare our results with

other common noise channels. Finally, in Section 7.8.0, we compare the results from the

decohered critical TFIM to a decohered critical XX model.

7.2 Exact Solution for matchgate Circuits with Pauli Noise

We begin by showing that, for any matchgate circuit with Pauli noise, the evolution of

observables can be computed exactly and efficiently. This was first shown in Ref. [264];

here, we present an alternative proof. To fix terminology, we will define a unitary matchgate

circuit as a circuit where every unitary operator can be understood as the free evolution

of a collection of fermionic modes [262, 263]. In other words, there exists a mapping from

qubits to free fermions such that every unitary maps Gaussian fermionic states to Gaussian

fermionic states. For example, any unitary operator Û = exp(iθĤ) acting on a set of spin-

1/2’s generated by a Hamiltonian Ĥ of the form

Ĥ =
∑
i

J1i σ̂
+
i σ̂
−
i+1 + J2i σ̂

+
i σ̂

+
i+1 +∆iσ̂

z
i +H. c. (7.1)
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can be written exactly as a quadratic free fermion model using a Jordan-Wigner (JW)

transformation [30]. If we define a set of canonical fermion modes ĉi via

σ̂−i =

∏
j<i

(−1)ĉ
†
j ĉj

 ĉi, (7.2)

then we can rewrite the Hamiltonian as

Ĥ =
∑
i

J1i ĉ
†
i ĉi+1 + J2i ĉ

†
i ĉ
†
i+1 + 2∆iĉ

†
i ĉi +H. c. (7.3)

We are interested in studying matchgate models subject to additional non-unitary pro-

cesses that correspond to Pauli noise (including cases with higher-weight Pauli operators that

describe correlated noise). Returning to a discrete time picture, this general class of problems

would have evolution in each time-step (i.e. each layer) described by e.g. ρ̂(t+δt) = ÛK[ρ̂]Û†

where Û = exp(iĤδt) denotes the unitary matchgate evolution, and the noise channel K is

defined by

K[ρ̂] =
∑

s∈{0,1}2n
psK̂sρ̂K̂

†
s , (7.4)

K̂s =
n−1∏
i=0

(σ̂xi )
s2i(σ̂zi )

s2i+1 , (7.5)

where
∑
s ps = 1. The choice of Û , K could of course vary from layer to layer. An example

of such a circuit is depicted in Fig. 7.1. Note that Pauli noise is particularly relevant to near

term experiments, as even when the physical hardware has a more complicated error model,

experiments often employ Pauli twirling (or randomized compiling) so that all of the errors

can be modeled as a Pauli channel [265].

At the outset, the combination of matchgate circuits and Pauli noise is no longer obviously

simulable. While each ingredient can be efficiently simulated on their own, they rely on
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different techniques that would seem to be incompatible. As noted, the unitary dynamics

can be mapped onto free fermions because the dynamics preserve the Gaussianity of the

fermionic state. However, the noise operators do not map to simple operators under JW,

and moreover the noise does not preserve Gaussianity of the density matrix. Alternatively,

Pauli noise preserves Cliffords, and therefore can be efficiently simulated as a Clifford circuit.

However, matchgate circuits can inject an arbitrary amount of non-stabilizerness (or magic)

1, and so this immediately breaks simulability of the dynamics as a Clifford circuit.

Progress was made on this problem in Chapter 6, where it was shown that, while the

state does not remain Gaussian under the noisy evolution, it can be written as a convex

sum of Gaussian states [268, 269]. As a result, dynamics can be efficiently described using a

stochastic equation of motion for the fermionic covariance matrix.

Here, we make further progress by noting that, when the noise is Pauli, the above stochas-

tic equation of motion can be exactly re-averaged. Intuitively, the reason this is possible is

because the noise is in some sense classical. Each trajectory can be thought of as a random

kick model [270, 271], where at each point in time there is a probability to apply a random

Pauli operator. Importantly, though, the probability of applying a “kick” is independent of

the quantum state, allowing one to re-sum them.

If we define Majorana modes γ̂2m = ĉm + ĉ
†
m, γ̂2m+1 = i(ĉm − ĉ

†
m) and a covariance

matrix Γmn = ⟨γ̂mγ̂n⟩, then we can show that the evolution of the covariance matrix under

the noise channel K is given by

(Kcov[Γ])mn = fmn(p⃗)Γmn. (7.6)

We have denoted Kcov : C2N×2N → C2N×2N as the induced map between covariance

1. This is because the T-gate T̂ = exp(iπσ̂z/8) is in fact a matchgate, and so any amount of magic can
be present in a matchgate circuit [266]. We stress that this does not mean that matchgates are universal, as
they do not include the entire Clifford group. There is a different notion of “fermionic magic” which requires
a pure non-Gaussian resource state to make matchgates universal [267].
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matrices derived from the quantum channel K. The constants fmn ∈ R can be calculated

exactly for any (Pauli) noise model. We derive this expression for arbitrary Pauli noise in

Section F.1, and also show explicitly how to calculate the constants fmn.

The simplicity of Eq. (7.6) reveals two surprises. The first is that the covariance matrix

updates close on themselves, despite the fact that the state does not remain Gaussian. The

second surprise is that not only do the moments close on themselves, but in the Majorana

basis Kcov is diagonal: following an arbitrary Pauli noise channel, the two-point function

⟨γ̂mγ̂n⟩ depends only on its previous value and the noise strength, and not on any other

correlation function. In general, this holds for all higher moments written in the Majorana

basis.

To give a concrete example, the primary noise model we study is given by equal strength

spatially uniform dephasing in the X and Y directions, where

K[ρ̂] =
∏
i

Ki,x[Ki,y[ρ̂]], (7.7)

Ki,α[ρ̂] = pσ̂αi ρ̂σ̂
α
i + (1− p)ρ̂. (7.8)

For this particular channel, the constants f are given by (see Section F.1)

fmn(p) =

 (1− 2p)2|⌊m/2⌋−⌊n/2⌋| ⌊m/2⌋ ̸= ⌊n/2⌋

(1− 2p)2(1−δmn) ⌊m/2⌋ = ⌊n/2⌋
. (7.9)

This result allows us to calculate arbitrary observables exactly for all times.

Moreover, we show that the result can be generalized to the continuous time version

of the problem with a Lindblad generator as opposed to a finite noise channel. Given any

Hamiltonian of the form of Eq. (7.1) and Pauli noise, we are also capable of simulating a
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time continuous process described by a Lindblad master equation [76, 77]:

∂tρ̂ = −i[Ĥ, ρ̂] +
∑

s∈{0,1}2n
γsD[K̂s]ρ̂, (7.10)

where D[ẑ]ρ̂ ≡ ẑρ̂ẑ†− 1
2{ẑ
†ẑ, ρ̂}, and we have reused the definition of K̂s as given in Eq. (7.5).

We note that the fact that fermionic correlation functions close on themselves under

matchgates with Pauli noise was previously observed in Ref. [264] via explicit calculation.

However, by beginning from the stochastic trajectories and then reaveraging them, we also

get an intuitive understanding for why this is the case, as well as get mroe information about

the structure of the quantum state. Specifically, we know that it must be able to be written

as a convex sum of Gaussians, which will prove extremely useful later when we consider

periodic boundary conditions.

7.3 Transverse Field Ising Model in a Noisy Magnetic Field

The model we wish to study here is a transverse field Ising model subject to spatially uni-

form noise. We consider a Hamiltonian with an Ising interaction in the X direction, and a

transverse field in the Z direction:

Ĥ =
∑
i

−Jσ̂xi σ̂
x
i+1 + gσ̂zi . (7.11)

We choose to study this system because it can be exactly solved using the techniques outlined

above in Section 7.2, as well as admits a phase transition at |g/J | = 1, allowing us to study

how critical states behave in the presence of noise exactly. Unless otherwise noted, we will

work in the thermodynamic limit, in which case the Hamiltonian can be diagonalized in
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terms of plane wave momentum modes (see Section F.2):

Ĥ =
∑
k

ϵkβ̂
†
kβ̂k, (7.12)

β̂k = cos(θk/2)d̂k + i sin(θk/2)d̂
†
−k, (7.13)

where tan θk =
J sin(k)

g−J cos(k)
and ϵk = 2

√
J2 + g2 − 2gJ cos(k). Here, d̂k is a fermion momen-

tum mode with momentum k: d̂k = 1√
N

∑
j e
ijk ĉj .

When |g/J | = 1, the spectrum becomes gapless for the long wavelength k = 0 mode.

Moreover, the ground state at this point has long-range order, characterized by an alge-

braically decaying spatial correlation function. In the Majorana basis (for m ≤ n)

⟨γ̂2mγ̂2n+1⟩ =
2i

π

1

1− 2(m− n)
, (7.14)

⟨γ̂2mγ̂2n⟩ = ⟨γ̂2m+1γ̂2n+1⟩ = 0. (7.15)

We want to understand the fate of the critical properties of this model in the presence of

noise. Motivated by the previous literature on decohered and measurement altered critical

states [258, 259, 257], we consider the case where one first prepares the critical ground state,

and then applies only the noise channel with no coherent (Hamiltonian) dynamics. We

couple each spin to a local Markovian reservoir described by an equal probability of flipping

the spin from up to down or down to up. This is given by the Lindblad equation

LXY =
∑
i

D[σ̂−i ] +D[σ̂
+
i ] =

1

2

∑
i

D[σ̂xi ] +D[σ̂
y
i ]. (7.16)

∂tρ̂ = −iθ[Ĥ, ρ̂] + γLXY ρ̂. (7.17)

We define the binary variable θ ∈ {0, 1} which sets the coherent dynamics to be either

“on” or “off”; unless otherwise specified, we consider the case where θ = 0 so there is
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noise-only dynamics (however, we consider θ = 1 in Section 7.6). Eq. (7.16) describes a

set of independent, infinite temperature, infinite bandwidth reservoirs. Equivalently, this

describes driving each spin with a classically stochastic magnetic field in the X and Y

directions that is identical and independent on each lattice site. Evolution under the master

equation Eq. (7.17) (with θ = 0) for a time t is identical to applying the noise channel

defined in Eq. (7.7) with p = (1− e−γt/2)/2. We are not in principle limited to considering

spatially or temporally uniform dephasing, nor did the strength of the dephasing in the X

and Y directions need be equivalent, but it was chosen for simplicity and by experimental

motivation.

Despite the fact that this is an interacting many body spin model, we are able to get

exact, closed form expressions for the dynamics of all correlation function of the fermionic

operators, see Section F.2 for more details. The equation of motion for the two-point corre-

lation functions is given by:

∂t⟨γ̂2mγ̂2n+1⟩ = −γ(|m− n|+ δmn)⟨γ̂2mγ̂2n+1⟩. (7.18)

=⇒ ⟨γ̂2mγ̂2n+1⟩(t) =
2i

π

e−(γ|m−n|+δmn)t

1− 2(m− n)
. (7.19)

This takes a surprisingly simple form; however, we again stress that even though the equa-

tions of motion for the two point functions close on themselves, the state will generally evolve

to something highly non-Gaussian. Using Wick’s theorem to try to calculate higher point

correlation functions could result in values that diverge exponentially from their true values,

see Section F.1.3.

7.4 Decohered Critical Phenomena

In this section, we will try to understand the effect of just noise (θ = 0) on an initial critical

state.
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7.4.1 Emergent length scale

Using the exact solution for the equation of motion of the fermionic degrees of freedom, we

can now ask what physical understanding we can get from this model. One of the most

striking things that emerges immediately from the form of Eq. (7.19) is that the fermions

have an emergent length scale for any time t > 0, given by

ξF =
1

γt
(7.20)

The reason that this is surprising is that the initial state was scale invariant, and the noise

channel we applied is local and finite depth, which cannot create a length scale from a scale

invariant state 2 . This apparent tension is resolved by noting that the actual spins never

develop a length scale. For example, the correlations in the Ising direction obey

⟨σ̂xmσ̂xn⟩ ∼ |m− n|−1/4e−γt. (7.21)

This provides an interesting juxtaposition: on the one hand the physical spins are scale

invariant, but on the other hand the degrees of freedom which diagonalize the Hamiltonian

do develop a length scale which is tending to zero as a function of time.

Given that any real experiment will measure the spins as opposed to the fermionic opera-

tors, a natural question is whether this emergent length is ever observable or experimentally

relevant. As we will show, it is in fact observable with an extremely simple experimental

apparatus by probing a kind of “effective temperature”.

2. This is because Pauli noise can be described by a unitary interaction with an ancilla qubit that is then
traced out. Because this is a finite depth channel, it is impossible to alter any features of the long-range
correlations characteristic of critical states.
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Figure 7.2: Effective temperature Teff(ϵ) of the decohered critical Ising ground state. For
all curves, the initial condition is the ground state of the Hamiltonian in Eq. (7.11) at
g = J = 1. One then applies the decoherence channel (Eqs. (7.16) and (7.17) with θ = 0);
different curves correspond to different times γt as indicated. For longer evolution times, one
sees clearly the emergence of a constant effective temperature at low energies. Solid lines
are the exact Teff(ϵ) (c.f. Eq. (7.25)). Open circles (diamonds) are the approximation given
in Eq. (7.26) for the long (short) times. Vertical dashed lines denote the energy where the
approximation switches its functional form. Inset: quasiparticle occupation corresponding
to the Teff in the main plot, using Eq. (7.24).

7.4.2 Effective temperature

As noted above, the length scale is emergent only when looking at the fermionic degrees

of freedom and not the physical spins. While the spins may be the natural microscopic

degree of freedom, the energetics are naturally described by the fermions since they describe

the quasiparticle excitations above the ground state. Despite the fact that there is no

Hamiltonian dynamics, knowledge of the Hamiltonian is encoded in the initial state which

has knowledge of the quasiparticle excitations. This motivates looking at an observable

with energy resolution to try and see this length scale. The simplest such observable is the

expectation value of the quasiparticle number at a given energy/wavevector.

We can define the set of number operators nk = ⟨β̂†kβ̂k⟩ and ask how they evolve in time
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under the applied noise (c.f. Eqs. (7.16) and (7.17) with θ = 0). Now, before performing the

explicit calculation, there is reason to believe that the structure of the noise coupled with

a critical state can lead to extremely counter-intuitive effects. For a real model in thermal

equilibrium at some temperature T , low energy modes will be more populated than high

energy modes. In our setting the noise is perfectly Markovian, and so one might assume

it does not care at all about the energy of the modes it is exciting. However, because of

the string operators, the noise is sensitive to long-range correlations: the longer distance

the correlation function, the more strongly the noise couples [c.f. Eq. (7.18)]. This implies

the noise is sensitive to distance, or equivalently momentum, which in turn gives a path to

energy selectivity while still being infinitely broadband. Moreover, because the long-range

order of the critical state stems from the spatial structure of the low-energy modes, this

gives a mechanism by which the low-energy modes are preferentially excited by a broadband

source, mimicking a true temperature.

Before considering the full time dynamics, it is informative to consider both the limit

|k|/(γt) ≪ 1 and |k|/(γt) ≫ 1. Equivalently, this is the same as asking if the fermionic

length scale ξF = (γt)−1 is longer or shorter than a given wavelength ∝ |k|−1. For short

times, the length scale is still longer than the wavelength, and we find that (see Section F.2.1):

nk(t) =
2

π

(
J

ϵk
+
ϵk
8J

)
γt+O(γt/|k|)3. (7.22)

Since we are considering a long-wavelength expansion k ≪ 1, then ϵk/J ≪ 1 and the rate

at which quasiparticles are being injected by the noise scales inversely with their energy, in

line with our intuition that the noise couples most strongly to the low energy modes. In the

opposite limit of long time where the length scale is much shorter than the wavelength, we
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have that

nk(t) =
1

2
+

ϵk
4πJ

(1− e−γt − coth(γt/2)) +O
(
|k|
γt

)3

. (7.23)

Note that for long times, (1 − e−γt − coth(γt/2)) = −3e−γt + O(e−γt)2. This implies

that at long times, we have exponential relaxation at a rate γ which is the same for all

modes, but they behave as if they are relaxing from an energy dependent initial condition

of 1/2− 3ϵk/(4πJ).

Both the long and short time dynamics can be understood heuristically by thinking about

the interplay between the noise and the fermionic length scale ξF . When the length scale

ξF ≫ k−1 the wavelength, then the noise couples extremely strongly to this wavevector, and

so the population grows faster than one would expect, like 1/ϵk. Very heuristically, we can

think of this as a two-step relaxation process. First, at very short times there is some initial

heating that depends strongly on the nature of the long range order and is very sensitive

to the energy of a given quasiparticle mode. This process is cutoff when the length scale

is less than the wavelength of the quasiparticle, ξF ≲ |k|−1. After this, there is uniform

relaxation to infinite temperature at a rate independent of the energy, but with the initial

fast dynamics leaving an imprinted “initial condition” of the exponential relaxation. It is

this initial imprint (which scales roughly linearly with energy) that gives rise to the effective

temperature.

The full closed form solution for the dynamics at all times is given by (see Section F.2.1):

nk(t) = −
i

π
cosh(t/2)

[
tanh−1

(
e(−i|k|−γt)/2

)
− tanh−1

(
e(i|k|−γt)/2

)]
+

1

π
| sin(k/2)|(1− e−γt) + 1

2
. (7.24)

Given a value of the quasiparticle population, we can use this to define a kind of effective
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temperature that depends on both time and energy by asking, given a quasiparticle density,

what temperature would this correspond to in an equilibrium system. This temperature is

defined by

Teff(k, t) =
ϵk

log(1− nk)− log(nk)
. (7.25)

We can use the previously derived approximations for the limiting behavior of nk [c.f. Eqs. (7.22)

and (7.23)] to find the limiting behavior of the effective temperature (see Fig. 7.2):

Teff(k, t) ∼

 πJ e
2γt−eγt
3eγt−1 γt ≳ |k|

−4ϵk log−1
[(

ϵk
2J + J

ϵk

)
γt
π

]
γt ≲ |k|

. (7.26)

Note that for long times, when the length scale ξF < |k|−1, then the effective temperature

becomes effectively independent of the energy/momentum and the system looks as if it has

reached a thermal equilibrium. In this way, one can directly observe the length scale by

measuring the “temperature” as a function of momentum and seeing at what wavevector

the system begins to look nonequilibrium. A sketch of how this experiment might work is

given in Fig. 7.1 as well as the inset of Fig. 7.6. To probe the particle density as a function

of energy, one can attach a probe qubit, denoted by operators σ̂
x,y,z
P to the edge of the Ising

model with a weak XX coupling:

Ĥ =
∆

2
σ̂Pz + ĤIsing + λ(σ̂+P σ̂

−
1 +H. c.), (7.27)

where ĤIsing is the Hamiltonian in Eq. (7.11). In the limit that the coupling is extremely

weak λ ≪ J , then only quasiparticles with an energy exactly at the probe qubit splitting

∆ can tunnel in, and so the effective dynamics can be described by rates Γ↑,↓ for the probe

qubit to flip from down to up or up to down, respectively, which depend only on the coupling

strength λ and the quasiparticle density at the energy ∆. In the long time limit, the probe
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Figure 7.3: Instantaneous rate of change of the quasiparticle number at t = 0 as a function
of energy under the decoherence channel Eqs. (7.16) and (7.17) with θ = 0. The initial
condition is the ground state of the Ising model Eq. (7.11) for the given value of g with
J = 1. Vertical dashed lines denote the corresponding energy gap.

qubit will equilibrate so that the number of quasiparticles is encoded in the expectation value

of σ̂zP (see Section F.4.1)

⟨σ̂zP ⟩(t→∞) = (2nk − 1), ϵk = ∆. (7.28)

Thus, if one simply performed thermometry on the probe qubit and asked its “temperature”

given the splitting frequency ∆ and the population imbalance, one would exactly recover

Teff(∆) of the Ising model, as desired. More details can be found in Section F.4.

This protocol is reminiscent of schemes to cool many-body systems by extracting energy

into an ancilla at a fixed frequency [272, 273, 243, 274, 275]; the difference here is that we

work in a regime where instead of attempting to actually extract a large amount of energy,

we are in a regime where the actual energy transfer is small enough to be negligible to the

original system, as we aren’t trying to cool the system and instead are trying to probe the

state.
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7.4.3 Divergent quasiparticle production

The emergence of a temperature comes after applying the noise channel for a relatively

long time, so that the fermionic length scale ξF becomes comparable to a handful of lattice

sites. We instead now consider what phenomena can be seen in the extremely short time

limit. The most extreme short time data is the derivative ∂tnk in the ground state. The

reason to believe that this quantity might prove interesting is that, when the state is critical,

we know the noise causes a sharp jump in the QP number. In fact, one can show that to

leading order in ϵk (see Section F.2.4)

∂tnk|t=0 =
2γ

πϵk
+O(ϵ0k). (7.29)

This scaling is shown in Fig. 7.3, where the inverse scaling of the derivative with the energy

is immediately apparent. Such a divergence in the derivative at short times manifests in a

total particle number that, starting from the critical state, behaves as (see Section F.2.4):

n =

∫
dk

2π
nk ∼

 −
1
π2
γt log γt γt≪ 1

1
2 −

38
9π2

e−γt γt≫ 1
. (7.30)

This divergence is in keeping with the notion that critical states are very fragile to noise:

defects are created super-linearly at short times. At long times, it also exactly mimics the

notion that there is a quick “jump” followed by uniform relaxation.

Because the total quasiparticle number grows superlinearly at short times, this reflects

another experimental signature of coupling the noise to a critical state. Moreover, it is again

experimentally measurable. Instead of weakly coupling a probe, an even simpler protocol is

imagined: after applying the noise, one turns the Ising Hamiltonian back on, and performs an

adiabatic ramp from the critical point (g/J = 1) to either the perfect ferromagnet (g/J = 0)

or the perfect paramagnet (g/J = ∞). If one ramps to the paramagnet, then projectively
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Figure 7.4: Effective temperature of the decohered ground state away from the critical point.
∆ = 2|g− 1| corresponds to the energy gap, and ϵ−∆ the energy above the gap. The initial
condition is the ground state of the Ising model Eq. (7.11) for the given value of g with
J = 1. The state is given by time evolution under Eqs. (7.16) and (7.17) with θ = 0 for a
time γt = 1. Solid black lines (g − 1 = 0) denotes the critical point as depicted in Fig. 7.2
for comparison. Inset: quasiparticle densities corresponding to the effective temperature in
the main plot.

measuring Z on every lattice site and counting how many spins are in the | ↑⟩ state gives the

number of QPs (see Section F.4). Alternatively, ramping to the ferromagnet, projectively

measuring in the X basis, and counting domain walls also gives the number of QPs.

7.5 Dynamics away from the critical point

In this section, we will compare the decohered critical state to decoherence applied to a

gapped ground state. We will still only consider evolution under the noise only dynamics

Eqs. (7.16) and (7.17) with θ = 0.

7.5.1 Lack of emergent temperature

We have seen that applying the infinite temperature noise channel to the critical ground

state induces an effective temperature up to a length scale ξF . We now ask how important

it was that the initial condition was a critical state having long range order. Intuitively, one
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might expect that the dynamics will be quite different if the initial state already has a length

scale. The sudden “jump” in quasiparticle number at small wavevector and short times was

directly due to the fact that there was long range order and the noise could couple extremely

strongly to these low frequency modes. When the system is gapped, this is no longer the

case.

This intuition is supported by the exact calculations for the Ising model, which can be

seen in Fig. 7.4, where the effective temperature is plotted for varying value of g/J − 1 after

decohering for a time γt = 1. We note that, even after moving only slightly away from the

critical point to g = 1.1J , the lightest curve in the plot, the effective temperature for low

energies looks extremely different than that of the critical ground state. Instead of being

flat as a function of energy, it is now growing linearly for small energies, making it highly

nonequilibrium.

7.5.2 Logarithmically diverging quasiparticle production

Recall from Section 7.4.3 that when initializing the quantum state exactly at the critical

point, then the noise channel injects QPs at a rate that is diverging at short times. Intuitively,

this is a result of the fact that exactly at t = 0, the quantum state has algebraically decaying

correlation functions. Since the noise strength is growing linearly with separation, these two

effects ultimately cause a divergence. Alternatively, when the initial condition is no longer

critical, the correlations decay exponentially and therefore we expect the rate at which

quasiparticles are being injected should be bounded. We wish to understand the leading

order behavior of ∂tn|t=0 as a function of g − 1, working in units where J = 1. When g = 1

we know this value must diverge, but it is informative to understand how this works.

This value can be represented by the following momentum space integral (see Section F.2):

∂tn|t=0 ∼
∫ π

−π

dk

2π

∫ π

−π

dk′

2π

sin2([θk − θ′k]/2)
(k − k′)2

. (7.31)
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which is valid for all values of g − 1. As expected, this quantity can only diverge directly at

the critical point, as the integrand is strictly bounded above by (1 − g)−2/4. Utilizing the

exact solution, one can show that to leading order

∂tn|t=0 = − γ

π2
log(g − 1) +O(g − 1)0. (7.32)

Therefore, the rate at which QP are being injected into the system is diverging logarthmically

as one approaches the critical point. This is incredibly intuitive when looking at Fig. 7.3,

where one can see that the energy resolved QP number is being injected at a rate ∼ 1/ϵ.

Integrating this over all energy, recalling the flat density of states at low energy and that the

gap is set by g − 1 gives a logarthmic divergence.

Together, the lack of temperature and lack of divergence highlights the fact that there

is an extremely nontrivial interplay between criticality and noise. Decohered critical states

effectively thermalize under local Markovian noise in a way that gapped ground states do not.

We believe this is a result of the nature of how noise can couple to scale invariant states that

is distinctly different from how it couples to states with exponentially decaying correlations.

Moreover, we posit that this result may be more general than just the transverse-field Ising

model, and instead reflect characteristics of more general decohered critical models. Given

generic local noise operators, if the low energy excitations are described by long-wavelength

fluctuations then the noise will be able to degrade these correlations much more quickly

than short range correlations. This heuristic does not depend on the microsopic details of

the Ising model, and it would be of interest to see if this holds more generally (which we

explore briefly in Section 7.8.0). Additionally, it could point to an interesting experimental

signature of criticality.
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7.6 Noise With Coherent Dynamics

In this section, we will compare the results derived in Section 7.4 to the case where there

are also coherent Hamiltonian dynamics. This can be done either in a time continuous

process or as a discrete circuit of interleaved coherent dynamics with discrete noise channels

as depicted in Fig. 7.1. We will consider the time-continuous version here for simplicity and

take dynamics given by Eqs. (7.16) and (7.17) with θ = 1.

In the case that there are both coherent dynamics and noise, we no longer have closed

form expressions for the time traces of the quasiparticle number; however, there are still

closed expressions for the equations of motion of the fermionic two point functions, and we

can access very large system sizes using numerics. In order to understand how these curves

converge in the thermodynamic limit, it is important to attempt to mitigate boundary effects

that should be asymptotically irrelevant to the bulk physics.

In order to do this, the boundary conditions we impose will be relevant. In fact, in

Section F.1 we show that while the low energy physics with periodic boundary conditions

(PBC) converge as N−1; when there are open boundary conditions (OBC) it only converges

as N−1/2. Therefore, it is often preferable to work directly with PBC. There is some subtlety

here, though, as the PBC Hamiltonian is interacting:

ĤPBC = −Jσ̂x1 σ̂
x
N − J

N−1∑
i=1

σ̂xi σ̂
x
i+1 + g

N∑
i=1

σ̂zi

= J(ĉ
†
N − ĉN )(ĉ1 + ĉ

†
1)Π̂− J

N−1∑
i=1

(ĉ
†
i − ĉi)(ĉi+1 + ĉ

†
i+1) + 2g

N∑
i=1

ĉ
†
i ĉi, (7.33)

where Π̂ =
∏N
i=1(−1)

ĉ†i ĉi =
∏N
i=1 σ̂

z
i is the total parity operator. This is also the Z2

symmetry of the Ising Hamiltonian and is a weak symmetry of the noisy dynamics [131].

Now, because the Hamiltonian is formally interacting, operators do not naively have

closed equations of motion, and specifically the result in Ref. [264] will not apply. However,
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we are still able to make progress by understanding the nature of the state as a convex sum

of Gaussians.

The first step is to observe that, while the Hamiltonian is interacting, the interaction

comes from a conserved quantity [ĤPBC, Π̂] = 0. Therefore, we can replace the operator Π̂

with its expectation value and diagonalize the Hamiltonian in the different parity sectors.

When there are an even number of quasiparticles, then Π̂ = 1 and so ĤPBC is a free-fermion

Hamiltonian with anti-periodic boundary conditions (APC); i.e., one can imagine threading

a ϕ = π flux through the loop. On the other hand, when there are an odd number of

quasiparticles, then Π̂ = −1, and so ĤPBC is again free and has PBC.

Therefore, the covariance matrix dynamics are still simple and can be solved exactly in

each parity sector. The next step is to realize that, while the noise can change parity, it can

never generate coherences between different parity sectors. This is in keeping with fermion

super-selection rules, and formally is a result of the fact that parity is a weak symmetry

of the dynamics. Therefore, we can observe that, not only can the state be written as a

convex sum of Gaussians, it can also be written as a convex sum of each fixed parity sector.

Specifically, if we consider a pure state |Γ⟩ as a Gaussian free-fermion state with covariance

matrix Γ, then its parity is given by Pf(Γ) where Pf(•) stands for the Pfaffian. We can write

the total density matrix at all times in the form:

ρ̂(t) = ρ̂+(t) + ρ̂−(t), (7.34)

ρ̂±(t) =
∑

Γ|Pf(Γ)=±1
p±(Γ, t)|Γ⟩⟨Γ|. (7.35)

Here, ρ̂± are (unnormalized) fixed parity convex sums of Gaussians with probability distri-

butions over the space of covariance matrices given by p±. We can use these to define even
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and odd covariance matrices Γ± given by

(Γ±)mn = tr(ρ̂±γ̂mγ̂n). (7.36)

Now, to understand what the noise does, we can observe that it will mix the even and

odd parity sectors into each other. Specifically, if there is a finite depth channel with local

probability p to perform a parity-reversing jump, then we can observe that the total channel

can be written as

K[ρ̂] = (1− p)K+[ρ̂] + pK−[ρ̂], (7.37)

where K±[•] =
∑
i K̂i,±•K̂

†
i,± with [K̂i,+, Π̂] = 0 commuting with parity, and {K̂i,−,Π} = 0

anticommuting. Given the local noise model we have been considering of equal probability

X and Y dephasing, then K̂i,+ are proportional to all strings of Paulis of even length, and

vice versa for K̂i,− and odd length strings because all jumps flip parity. Because the jump

probabilities after separating into even and odd sectors remain independent of the state, it

is still possible to exactly re-sum the stochastic equations of motion generated under these

trajectories, which is explained in more detail in Section F.1. Moreover, we can show that the

overall effect is that the coupling rates between the two parity sectors is weakly dependent

on system size because the probability of having an even or odd length string depends weakly

on the total number of lattice sites. Overall, if previously the covariance matrix Γmn obeyed

the equation of motion ∂tΓmn = −γfmnΓmn where γ is a rate. Once we consider separately

the different parity sectors we find that this gives the channel:
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is the critical ground state. The blue curves show time evolution under the master equation
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 (Γ+)mn

(Γ−)mn

 (t) = e−γNt

 cosh(γt(N − fmn) sinh(γt(N − fmn)

sinh(γt(N − fmn) cosh(γt(N − fmn)


 (Γ+)mn

(Γ−)mn

 (0).

(7.38)

We can check that if there are no other dynamics, then

[(Γ+)mn + (Γ−)mn](t) = e−γfmnt[(Γ+)mn + (Γ−)mn](0), (7.39)

recovering the previous results. However, this will not hold exactly when Γ± evolve under

different Hamiltonian dynamics.

Now that we understand how to solve periodic boundary conditions, we can consider
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Figure 7.6: Effective temperature as shown in Fig. 7.2 of the decohered ground state of
the critical Ising model with g = J for variable decoherence time γt ∈ {0.001, 0.01, 0.1, 1}.
Solid lines denote decoherence in the X and Y directions [c.f. Eq. (7.16)] identical to the
data in Fig. 7.2. Dashed lines show decoherence for the same time in the Z direction [c.f.
Eq. (7.40)]. Inset: experimental technique to measure the temperature using a type of noise
spectroscopy. The probe qubit (purple) with a splitting ∆ is weakly coupled to the Ising
chain, which induces incoherent transitions at a rate Γ↑/↓.

what happens under the combined coherent and noisy channels. This is shown in Fig. 7.5,

for system size varying from N = 32 to N = 4096. Each blue curve is initialized at the

critical ground state, and then evolves under the critical Ising Hamiltonian and noise. The

black dashed curves are the closed form results in Eq. (7.24) when there is only noise. One

can observe that the curves with the coherent Hamiltonian dynamics are asymptotically

converging to something qualitatively similar to the noise only dynamics, but there are some

small quantitative differences, as can be seen in the inset. One can also see that the low

energy physics is converging extremely slowly in system size, even though the high energy

QP numbers converge rapidly.

7.7 Other Noise Types

Here, we will briefly consider alternative decoherence channels, and see the effect they have

on the phenomena we have observed both at and away from the critical point. We will again
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only consider pure noise dynamics where θ = 0.

7.7.1 Transverse field noise

First, we consider the more commonly studied noise model corresponding to decoherence

in the Z direction [276, 277, 278]. An equivalent description of this is the case where the

transverse field is subject to Markovian, spatially uncorrelated classical noise. This is given

by the master equation

∂tρ̂ = γ
∑
i

D[σ̂zi ]ρ̂. (7.40)

Upon performing the JW transformation, this maps to noise generated by the operators

L̂i = ĉ
†
i ĉi. This is a known class of simulable fermionic models, as the jump operators are

fermion bilinears and Hermitian, and does not require our technique to solve [173].

Because the noise is quite simple in terms of the energy eigenmodes, the effect is has is also

simple. Specifically, it generates a length scale for neither the spins nor the fermions as it is

local in both representations. This simplicity allows one to observe that (see Section F.2.2):

nk(t) = nk(∞)(1− e−γt), (7.41)

where nk(∞) ̸= 1
2 now because the local Z magnetization is a conserved quantity and so

the system does not equilibrate to infinite temperature. As one would expect, the fact that

there is no length scale generated and the noise is local in the QP picture means that the

phenomenology is quite different from the XY noise previously examined. In Fig. 7.6, one

can see that there is never an emergent notion of temperature, as now the noise is truly

agnostic to the spectrum of the Hamiltonian even at the critical point.

We posit that, in some sense, the Z noise is more fine-tuned than the XY noise. For one

thing, the Z-parity generates the Z2 symmetry of the Hamiltonian, and so the transverse
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field direction plays a special role. Moreover, one would imagine that in a general critical

state with long range order, it would be difficult to construct local operators that couple

only to QP bilinears with no higher powers.

7.7.2 Free fermion dissipation

The final type of noise we will consider is “free fermion” noise, where one simply drops

the JW strings. This is evolution under the master equation

∂tρ̂ = γ
∑
i

D[ĉi]ρ̂+D[ĉ
†
i ]ρ̂. (7.42)

This noise model is even simpler, as the entire Lindbladian is quadratic in the fermionic

operators and Gaussian states remain Gaussian for all time. It is tempting to hope that this

might be qualitatively similar to the original noise model Eq. (7.16). However, because the

strings are responsible for the emergent length scale, the physical dynamics will be radically

different. In fact, one can compute exactly that the quasiparticle density, for any value of g

in the initial condition, will evolve as

nk(t) =
1

2
(1− e−2γt), (7.43)

which is completely independent of wavelength and energy. Similarly to the case of Z-

dephasing noise, this will never develop a length scale or a temperature that is independent

of energy. Even more surprisingly, under the free fermion dissipation the spins will actually

generate a length scale. This can be seen immediately by noting that there is a duality
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and momentum (lower plot). The initial condition is the critical ground state g/J = 1. Blue
curves show time evolution under the master equation Eq. (7.17) with θ = 0. Solid black
curves show time evolution under the master equation Eq. (7.40) and dashed black curves
show time evolution under the master equation Eq. (7.42)

relating spin observables under fermion noise to fermion observables under spin noise.

7.7.3 Coherences

In addition to the quasiparticle density, the only other two point correlation function al-

lowed by translational invariance is the coherence Ck = ⟨β̂kβ̂−k⟩. This parameter has three

distinct behaviors for all three types of noise we have considered. Beginning with XY noise

[c.f. Eq. (7.16)] we note that the steady state is infinite temperature, and so they must be

identically zero at long times. Further, we find that they vary significantly with the value

of k, and for k = 0 then CXYk=0(t) = − i
2π (γt) log(γt) + O(γt) grows superlinearly at short

times. The exact functional form valid for all (k, t) is derived explicitly in Section F.2.3. We

can compare this to the case where one drops the string operators, and instead considers

free-fermion noise [c.f. Eq. (7.42)]. In this case, the coherences are identically zero for all

k and all times: Cff
k (t) = 0, in stark contrast to the spin noise. In this case, all of the

generated coherences is a result of the interactions coming from the strings. Finally, as an

intermediate case we can consider Z dephasing [c.f. Eq. (7.40). Here, the steady state is

no longer infinite temperature, and so the coherences actually saturate to a constant value:

CZk (t) =
i
π sgn(k) cos(k/2)(1− e

−γt), although the rate is k-independent.
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7.8 Critical XX Model

We show here that the main features found for a decohered critical ground state of the TFIM

(namely the emergence of an effective temperature at low energies) can also arise in other

models. Specifically, we will now consider applying the same noise channel to an XX spin

chain:

ĤXX = −J
2

N−1∑
i=1

σ̂xi σ̂
x
i+1 + σ̂

y
i σ̂

y
i+1, (7.44)

∂tρ̂ = γLXYρ̂, (7.45)

where LXY is defined in Eq. (7.16). We will work with the ground state in the zero-

magnetization sector. Note that while the CFT for the TFIM is given by free Majoranas

with a central charge c = 1/2, for this XX model, the critical theory is the Luttinger liquid
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CFT with c = 1. We show below that despite this difference in central charge, the physics

of the emergent temperature in the decohered state is largely the same.

This Hamiltonian can be diagonalized in terms of the plane wave fermionic modes ĤXX =

−2J
∑
k cos(k)d̂

†
kd̂k, see Section F.3 for more details. As noted above, we work with the

ground state in the zero magnetization sector, a state determined by:

⟨d̂†kd̂k⟩GS =

 1 |k| < π/2

0 |k| > π/2
. (7.46)

In real space, this state has critical long-range correlations given by [see Section F.3]:

⟨ĉ†mĉn⟩GS =
sin
(π
2 (m− n)

)
π(m− n)

. (7.47)

Using the new quasiparticle operators nk = ⟨n̂k⟩ = ⟨d̂
†
kd̂k⟩, we can again calculate explicitly

nk(t) =
1

2
+

arccot(e−ik+γt) + arccot(eik+γt)

π
. (7.48)

From here, we can again calculate the short and long time expansions to find that

nk(t) =

 nk(0) +
2J
πϵk

γt γt ≲ |k|
1
2 −

ϵk
Jπe
−γt γt ≳ |k|

. (7.49)

Just as in the case with the TFIM, there is a kind of two stage relaxation: first the particle

number grows very quickly at a rate inversely proportional to its energy. After this, every

mode undergoes constant relaxation, but the initial jump has been imprinted as a kind of

initial condition.

We can use these to calculate the temperature, and we again find that for long times/short
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wavevectors there is an emergent effective temperature constant in energy [see Section F.3]

Teff(k, t) ∼


πJ
2 sinh(γt) γt ≳ |k|

|ϵk| log−1
(
π|ϵk|
2Jγt

)
γt ≲ |k|

. (7.50)

This scaling is confirmed in Fig. 7.8, where one can see qualitatively identical behavior to

that seen in the TFIM model (compare to Fig. 7.2).

Finally, we can also calculate how the overall quasiparticle changes at short times. Now,

because we are considering the model in the zero-magnetization sector, the total quasipar-

ticles number does not change in time. However, we can instead consider the imbalance

between positive and negative energy particles. We will define

nϵ>0 =

∫ π

π/2
⟨d̂†kd̂k⟩

dk

π
+

∫ −π/2
−π

⟨d̂†kd̂k⟩
dk

π
, (7.51)

the particle density in positive energy modes. To leading order in time, this behaves as

nϵ>0 = − 2

π2
γt log(γt), (7.52)

and so the particle number in positive energy modes is indeed growing superlinearly at short

times, matching the TFIM, c.f. Eq. (7.30). Interestingly, the prefactor differs by a factor of

2 which is the same factor by which the central charges differ.

All together, this provides strong evidence that the features identified for the TFIM and

XX models could extend more generally to other critical states.

7.9 Discussion

In this Chapter, we have used an exact solution to matchgate circuits with Pauli noise

to analytically probe the time dynamics of a quantum critical state under spatially uniform,
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Markovian dephasing noise. We have shown that, despite the fact that the noise was in-

finite bandwidth and infinite temperature, there is an emergent notion of temperature at

intermediate time scales coming from the interactions in the noisy dynamics.

This emergent temperature effect is intimately related to the fact that, even though

the spins remain scale invariant, the underlying quasiparticle excitations described by the

Jordan-Wigner fermions develop a time-dependent length scale. We confirmed that this

behavior is not specific to the TFIM and extends to other decohered critical states in 1D.

However, it would be extremely interesting to see if it persists in higher dimensional or

non-integrable models.

Moreover, we have just begun to scratch the surface of the interplay between coherent

dynamics and noise and there is still much to do in understanding how noise impedes unitary

evolution in many-body systems near critical points. It would be extremely interesting to use

the techniques developed here to try and gain either numerical or analytical insights into the

effect of noise on the Kibble-Zurek mechanism or other adiabatic preparation mechanisms

where one can see competition between unitary dynamics attempting to build long length

scales while dissipation tries to shrink them. Such results could provide immediate insights

into numerous noisy simulation experiments in the near term.
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CHAPTER 8

COMPUTATIONAL TECHNIQUES

This chapter contains previously-published material found in Ref. [186]. Reuse is permitted

according to the copyright agreement used by Physical Review X Quantum. This chapter

also contains material that can be found on the arXiv preprint server in Ref. [233].

8.1 Introduction

The goal of this Chapter is to give a more pedagogical review of the simulation techniques

presented in Chapters 6 and 7. Specifically, the goal of this Chapter is that it would provide

a guide on how to implement the numerical techniques we have developed in this dissertation

in actual software. We will begin by studying the stochastic equation of motion presented

in Chapter 6 in both the “Schrödinger” and the “Heisenberg” picture. After this, we will

discuss how one is able to implement the exact re-summed dynamics from Chapter 7 in the

form of a matchgate + Pauli circuit.

We will work to write explicit algorithms in pseudo-code so that they can be directly

written into the preferred language if desired. Some subroutines we will take for granted,

especially standard linear algebra subroutines such as matrix diagonalization or matrix mul-

tiplication that can be taken directly from any number of open-source libraries.

We will also discuss the scaling of these algorithms in terms of computational complexity.

As a caveat, we also note that the main bottleneck will often simply be the computational

complexity of matrix multiplication. Because matrix multiplication is a highly parallelizable

task, it is often possible to reduce computational complexity at the cost of more resources.

Finally, we will also assume that memory is not a limiting factor when computing compu-

tational complexity and take it to be essentially infinite (although all algorithms considered

use polynomial memory resources).
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8.2 Stochastic Time Evolution

In this section, we will detail the algorithms necessary to time evolve operators using the

stochastic unraveling techniques from Chapter 6. For historical reasons1, we will begin with

what we refer to as the “Heisenberg” picture, despite not being the most efficient numerical

implementation. Following this, we will show the “Schrödinger picture” which is much more

computationally efficient. However, both methods will scale polynomially in the number of

qubits.

8.2.1 Heisenberg Picture

Algorithm 1: Compute covariance from Pfaffian, complexity O(N5M +N2M3)

Data: Matrix A of dimension 2M + 2
Result: Matrix Γ(t) of dimension 2N
Γ← 02N,2N ; /* Initialize to the zero matrix */

for m = 0 to 2N − 1 do
for n = 0 to 2N − 1 do

for k = 0 to M − 1 do

AM,k ← ⟨γm(t)L
†
xk(tk)⟩ ; /* Update A to compute Γmn */

AM+1,k ← ⟨γn(t)L
†
xk(tk)⟩ ;

end
for k =M + 2 to 2M + 1 do

AM,k ← ⟨γm(t)Lx2M+2−k(t2M+2−k)⟩
AM+1,k ← ⟨γn(t)Lx2M+2−k(t2M+2−k)⟩ ;

end
AM,M+1 ← ⟨γm(t)γn(t)⟩ ;
A← (A− AT )/2 ;
Γmn ← Pf(A) ;

end

end

1. The real reason being that this method was found first. It also gives a much clearer connection to the
gauge theory interpretation (c.f. Chapter 6), although this is irrelevant for numerical implementation.
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The goal will be an efficient method to compute expectation values of the following form:

⟨Ô⟩(T ) = ⟨ψ|(L̂′)†i1(t1) . . . (L̂
′)†im(tm)(P̂mÔP̂m)(tf )L̂

′
im
(tm) . . . L̂′i1(t1)|ψ⟩/N (t). (8.1)

We will define {γ̂m|m = 1, . . . , 2N} as Majorana operators. We will assume that Ô = γ̂mγ̂n

is a two-point fermion correlation function. We will also discuss how this can be extend

to more general observables, but all of the two point correlation functions are a minimal

requirement.

Recall that we have the following definition from Chapter 6:

L̂′i =
2N∑
j=1

lij γ̂j . (8.2)

Further, the generator of the time evolution is given by

Ĥ(t) =
2N∑
i,j=1

hij(t)γ̂iγ̂j , (8.3)

where hij is an antisymmetric matrix, that will be updated following every jump. We will

define Γ(t) = ⟨γ̂mγ̂n⟩(t) the set of two point functions at a time t. Now, we can calculate

the probability to perform a jump between a time t and t+ dt by noting that

pi = ⟨L̂
′†
i L̂
′
i⟩ dt =

2N∑
j,k=1

l∗ij ljkΓjk dt =
(
l∗ΓlT

)
ii

dt, (8.4)

pjump =
∑
i

pi = tr(l∗ΓlT ) dt. (8.5)

Here, the notation (AB)ij is the i, j matrix element of the matrix C = AB. That is to

say, (AB)ij =
∑
k AikBkj . In algorithms, we will often leave values written in this form,

where the added complexity of matrix multiplication is implicit and assumed to be worst-case
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scenario O(N3), where N = dim(A).

There are a few interlocking pieces for running the algorithm. Let’s assume we start at

time t = 0, and we take nsteps discrete time steps of size dt such that nsteps dt = T where

T is the total evolution time of interest. We need to build up the following pieces: firstly,

we need to calculate stochastically a distribution of jumps along with the times they occur.

We will assume that we index this as

tjump = {ti : i = 1, . . . ,M} ⊂ [0, nsteps] ∩ Z, (8.6)

xjump = {xi : i = 1, . . . ,M} ⊂ [0, N ] ∩ Z, (8.7)

which we interpret as the quantum jump L̂′xi occurs at time t = ti. Note that because we

have discretized both time and space, both xjump and tjump are both ordered subsets of

integers, and the elements in xjump can repeat.

Next, we can use these sets to define the evolution unitaries as a function of time. Let’s

suppose we begin with a Hamiltonian Ĥ0 = Ĥ(t = 0). Then we have the initial unitary

given by

Û0 = exp(iĤ0 dt). (8.8)

Every time there is a quantum jump, we perform a gauge transformation of the Hamiltonian.

Let’s define the following set of jump unitary operators (where we use the convention that

operators without hats are the induced maps on C2N×2N the space of covariance matrices):

Ujump = {Ux : x = 1, . . . , N}, (8.9)

(Ux)
2N−1
i,j=0 = δij ×

 1 i ≥ 2x

−1 i < 2x
. (8.10)
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Note here that we have taken the matrix element entries to be zero-indexed and that con-

jugating by this matrix is equivalent to performing a gauge transformation. Hence, we have

well defined update rules:

U(t, t+ dt) =

 ∏
i:ti<t

Uxi

U0

 ∏
i:ti<t

Uxi

† . (8.11)

where U(t, t+ δt) is the infinitesimal generator taking us from t→ t+ dt. Note the product

is over all integers i such that ti < t. Also, all U ∈ Ujump mutually commute, so the ordering

is irrelevant but we should interpret this as being time ordered. Finally, let’s compute the

propagator U(t, 0) ≡ Ut. This can be understood as

Ut =
∏
i:ti<t

U(ti, ti + dt), (8.12)

where again the product should be interpreted as time ordered. Now, the last thing we

require is to understand how to compute the covariance matrix at time t. Observe that the

form of Eq. (8.1) is the expectation value of a string of Majorana operators in a Gaussian

state, and so it can be calculated as a Pfaffian. In general, let’s recall that

Lxi(ti) = UtiLxi(0) =
2N∑

m,n=1

lxi,m(Uti)mnγ̂n. (8.13)

Therefore, we can write that

⟨Lxi(ti)Lxj (tj)⟩ = (lUtiΓ0U
T
tj l
T )xi,xj ,

⟨Lxi(ti)
†Lxj (tj)⟩ = (l∗UtiΓ0U

T
tj l
T )xi,xj ,

⟨Lxi(ti)
†γm(t)⟩ = (l∗UtiΓ0U

T
t )xi,m,

(8.14)

where Γ0 is the covariance matrix in the initial condition. The remainder of the relevant
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correlators can be found using complex conjugation. Therefore, we can note that, if there

have been M jumps, then

⟨(L̂′)†i1(t1) . . . (L̂
′)†im(tM )γm(t)γn(t)L̂

′
iM

(tm) . . . L̂′i1(t1)⟩ = Pf(Amn), (8.15)

where A is a (2M + 2) × (2M + 2) skew symmetric matrix whose elements are pairwise

correlators which we have already calculated in Eq. (8.14). From a complexity standpoint,

note that for all the different Amn (when we change the two point function in the middle

Ô = γ̂mγ̂n) the majority of the matrix elements are the same, as they are correlators between

the jumps. The only elements that change as a function of m,n are the 4M elements that

are correlations between the jumps and γm, γn. Moreover, because they show up in complex

conjugate pairs, we only need to calculate 2M of them. Hence, if we keep the A matrix in

memory, we only need to calculate O(M) new elements when we switch out which observable

we are calculating.

A similar argument goes for when adding a new jump operator. The majority of the

matrix elements have already been calculated, and there is no need to calculate them again.

Simply augment the size of A and repeat.

Now we understand how to proceed explicitly. First, we initialize empty sets xjump, tjump

and we compute U0 via matrix exponentiation. Further, we construct the set of N matrices

to define the set Ujump. We will define M(t) to be the total number of jumps that has

occurred up to time step t (though we will usually drop the explicit time dependence and

just call this variable M). We will define the total integration time T . We proceed by

repeating the following steps nsteps times:

1. Calculate the covariance matrix at time step t using Eqs. (8.14) and (8.15) from the ma-

trix A. Use this to calculate and save any observables of interest. This has complexity
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O(N5M +N2M3) 2, see Algorithm 1.

2. Decide whether or not to perform a jump using the distribution in Eqs. (8.4) and (8.5)

stochastically. If we perform a jump, update xjump, tjump. This has complexity O(N3),

see Algorithm 2.

3. Calculate Ut+ dt using Eq. (8.12). This has complexity O(N3), see Algorithm 3.

4. Update the matrix A using Eq. (8.14). This has complexity O(MN3), see Algorithm 4.

Repeating these steps nsteps times gives a single stochastic time evolution. Finally, we will

repeat this ntraj times to get average values. Summing over all of the steps, we can see that

the total complexity for a single time increment is O(N5M + N2M3). From here, we note

that we require a time step dt = O(1/N) so that the average number of jumps per time step

is much less than one. Hence, nsteps = O(TN) where T is the total simulation time. From

here, we can note that M , the number of jumps that have occurred up to time t is growing

linearly in time, so the complexity of each step is also growing linearly in time. Summing

over all of them, we find that

O(NT )∑
t=1

Mα = O(NT )α+1. (8.16)

Therefore the complexity of the entire algorithm is O(N7T 2+N6T 4). While not incredible,

this at least gives a proof of principle that simulation in polynomial time is possible.

8.2.2 Schrödinger Picture

In this section, we will provide an alternative to the previous algorithms, where we directly

increment the state. Because we update the state as opposed to computing observable

2. Note, we take as given that matrix multiplication, exponentiation, as well as taking the Pfaffian are all
implemented via stanrd libraries with a complexity that grows as the third power of the matrix dimension.
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Algorithm 2: Compute jump decision, complexity O(N3)

Data: Covariance matrix Γ, current time t
Result: Updated jump list
B ← l∗ΓlT dt ; /* Define matrix B */

plist ← {∅} ; /* Initialize to the emptyset */

p← 0 ;
jump← False ; /* Default to no jump occuring */

for i = 0 to N − 1 do
plist ← plist ∪ {Bii} ;
p← p+Bii ;

end
r ← Rand() ; /* random variable between zero and one */

if p > r then
tjump ← tjump ∪ {t} ; /* Append current time */

r2 ← Rand() ;
a← 0 ;
c← 0 ;
while a < r2 do

c← c+ 1 ; /* select jump location */

a← a+ (plist)i ;

end
xjump ← xjump ∪ {c} ; /* Append new jump operator */

jump← True ;

end
if p ≤ r then

jump← False ;
end

Algorithm 3: Update unitary, complexity O(N3)

Data: Previous unitary Ut, U(t− dt, t), jump variable from Algorithm 2
Result: New Unitary Ut+ dt
if jump = True then

V ← (Ujump)(xjump)M+1
; /* Gauge transform of most recent jump */

U(t, t+ dt)← V U(t− dt, t)V ; /* Conjugate update matrix */

else
U(t, t+ dt)← U(t− dt, t) ;

end
Ut+ dt ← U(t, t+ dt)Ut ; /* Update time evolution operator */
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Algorithm 4: Update A, complexity O(MN3)

Data: Previous matrix A of dim 2M + 2, xjump, jump variable from Algorithm 2
Result: New Unitary Ut+ dt
if jump = True then

Mnew ←M + 1 ;
Anew ← 02Mnew+2,2Mnew+2 ; /* A increases in dim by 2 */

for i = 0 to M − 1 do
for j = 0 to M − 1 do

(Anew)ij = Aij ; /* Insert old values to new matrix */

end
for j =M + 1 to 2M + 1 do

(Anew)i,j+2 = Aij ; /* Insert old values to new matrix */

end

end
for j = 0 to Mnew do

(Anew)Mnew,j ← ⟨LxMnew
(tMnew

)†L†xj (tj)⟩ ; /* Compute new values */

(Anew)Mnew+3,j ← ⟨LxMnew
(tMnew

)L
†
xj (tj)⟩ ;

end
for j =Mnew + 3 to 2Mnew + 2 do

(Anew)Mnew,j ← ⟨LxMnew
(tMnew

)†Lx2Mnew+2−j (t2Mnew+2−j)⟩
(Anew)Mnew+3,j ← ⟨LxMnew

(tMnew
)Lx2Mnew+2−j (t2Mnew+2−j)⟩ ;

end

Anew ← (Anew − ATnew) ; /* Antisymmetrize */

else
Anew ← A ; /* If no jump, do nothing */

end
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correlations, we call this the “Schrödinger” picture algorithm. As we will see, it will be

much more efficient. The basic idea is to directly integrate the stochastic differential equation

[c.f. Eq. (6.29)]:

dΓmn =

(
ΓX −X∗Γ +

1

2
Γ(X∗ −X)Γ

)
mn

dt

+
∑
i

(∑
kl l
∗
iklilη

i
mη

i
n(ΓkmΓnl + ΓklΓmn − ΓknΓml)∑

kl l
∗
iklilΓkl

− Γmn

)
dξi. (8.17)

We will take as inputs the matrices X and l. Many of the algorithms we already have can

be simply reused, such as computing the jump probability and selecting a jump. The basic

idea will be as follows:

1. Use a Runge-Kutta 4th order integration to time evolve under the deterministic dy-

namics. This has complexity O(N3), see Algorithm 5.

2. Decide whether or not to perform a jump using the distribution in Eqs. (8.4) and (8.5)

stochastically. This has complexity O(N3), see Algorithm 2.

3. Perform a jump. This has complexity O(N3), see Algorithm 6.

Algorithm 5: RK4 Integration, complexity O(N3)

Data: Matrix X and Γ, increment dt
Result: New covariance Γ
Function Step(X, Γ):

return ΓX −X∗Γ + 1
2Γ(X

∗ −X)Γ ;
k1 ←Step(X, Γ) ;
k2 ←Step(X, Γ + k1 dt/2) ;
k3 ←Step(X, Γ + k2 dt/2) ;
k4 ←Step(X, Γ + k3 dt) ;
Γnew ← Γ + (k1 + 2k2 + 2k3 + k4) dt/6 ;

As one can see, this is much more efficient, and the entire algorithm runs with complex-

ity O(N4T ) (as again nsteps = O(NT )). Moreover, this is completely limited by matrix
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Algorithm 6: State update after jump, complexity O(N3)

Data: Matrices Γ, l, jump location x, jump gauge transform Ux, jump probability
px

Result: New covariance Γ
G← l∗Γ ;
for m = 0 to 2N − 1 do

for n = 0 to 2N − 1 do
Γm,n ← Γm,n + (Gx,mG

∗
x,n −G∗x,mGx,n)/px ; /* Insert new values */

end

end
Γ← UxΓUx ; /* Perform Gauge transformation */

multiplication, which is massively parallelizable. Hence, with enough resources this can be

significantly reduced.

Finally, as a last note we will comment that for any observable with bounded operator

size independent of N , standard Hoeffding bounds tell us that, to fixed additive error, the

number of stochastic samples required does not increase with system size. Moreover, one

can simultaneously compute any observable that scales at most as N3 complexity without

affecting the asymptotic performance. Examples include the entire covariance matrix, the

entanglement entropy, and up to N3 different connected correlation functions (e.g. all N2

connected density-density correlation functions).

8.3 Re-summed Time Evolution

In this section, we will outline the algorithms and techniques developed in Chapter 7 and

Ref. [233] on numerical implementations that do not require stochastic averaging.

We will begin by calculating the explicit time dynamics for a general matchgate circuit

with Pauli noise. This boils down to solving the equation of motion [c.f. Chapter 7]:

∂tΓmn = −i[H,Γ]mn − fmnΓmn. (8.18)
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The one relevant subtlety here is that the coefficients fmn grow linearly with system size,

and so unless the time step is extremely small, this quickly becomes numerically unstable.

Therefore, what we will do instead is compute the Trotterized dynamics for a short time

increment dt. Then, we can compute the dynamics for both the coherent and incoherent

dynamics independently. That is to say, if we define the coherent and incoherent linear

channels on the covariance matrix

Lcoh[Γ] = −i[H,Γ], (8.19)

Linc[Γ]mn = −fmnΓmn. (8.20)

Then we can approximate the total channel L = Lcoh + Linc as

eLt = lim
n→∞

(
eLcoht/2neLinct/neLcoht/2n

)n
. (8.21)

For finite n, then we can define dt = t/n, where the total error scales as n dt3, implying

that to make this small we need n = O(t3/2). We can calculate both the incoherent and

coherent channels explicitly by noting that

eLcoh dt/2Γ = U dt/2ΓU
†
dt/2

, (8.22)

U dt/2 = e−iH dt/2, (8.23)(
eLinc dtΓ

)
mn

= e−fmn dtΓmn. (8.24)

Using this, we can construct an algorithm for a single discrete time step dt, see Algorithm 7,

which has complexity O(N3), again set by matrix multiplication. Now, however, because the

step size does not need to scale with N , we have an overall complexity N3T 3/2. Moreover,

no sampling overhead is required.
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Algorithm 7: Pauli noise time step, complexity O(N3)

Data: Matrices Γ, f, U
Result: New covariance Γ
Function coh(Γ, U dt/2):

return U dt/2ΓU
†
dt/2

;

Function inc(Γ, f):
Γnew ← 02N,2N ;

for m = 0 to 2N − 1 do
for n = 0 to 2N − 1 do

(Γnew)m,n ← e−fm,nΓm,n ;
end

end
return Γnew ;

Γ← coh(Γ, U dt/2) ;

Γ← inc(Γ, f dt) ;
Γ← coh(Γ, U dt/2) ;

8.4 Sources of Error

Here, we will consider the dominant sources of error, and what parameters can be tuned to

minimize them. There are two important sources of error. Errors that occur within a given

trajectory, and those that occur from sampling. Sampling errors are discussed in Section E.4,

but we will repeat them here for completeness. Let’s define an observable O

O : H → R (8.25)

is a map from the Hilbert space of quantum states3 to the real numbers. This generalizes to

complex numbers by taking the real and imaginary parts. We will assume that O is bounded

from both above and below, so that λ1 < O(|ψ⟩) < λ2 for all |ψ⟩ ∈ H. Examples include any

expectation value of any operator, any Renyi entropy, the purity, etc. These are all (non-)

3. Here, we only include pure quantum states as this is what is relevant for us, since every trajectory
is pure. However, the discussion that follows also generalizes trivially to maps O : H⊗2 → R from density
matrices to numbers.
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linear maps from state vectors to numbers that are bounded both above and below. Next,

we will define

O′ =
2

λ2 − λ1
O. (8.26)

In this case, the function O′ has a variance that is bounded above by 1. Now, because the

stochastic simulation algorithms are unbiased estimators of the quantum state, then we can

apply the Hoeffding bound. That is to say, if we compute ntraj stochastic trajectories, and

we get a sample distribution {O′(|ψ1⟩), . . . O′(|ψntraj⟩)}, then for any ϵ > 0 we have that

P (|O′act − E[O′]| > ϵ) ≤ 2 exp

(
−
ntrajϵ

2

2

)
, (8.27)

E[O′] ≡ 1

ntraj

ntraj∑
i=1

O′(|ψi⟩), (8.28)

where O′act is the true value. Hence, if wants to know the value O′act to within an error ϵ

with probability 1− δ, then this requires a number of samples:

ntraj ≥
2 log(2δ−1)

ϵ2
. (8.29)

In turn, this implies that if one wishes to know the original observable Oact to within an

error ϵ with probability 1− δ, this requires

ntraj ≥
(λ2 − λ1)2 log(2δ−1)

2ϵ2
. (8.30)

Hence, for any intensive observable (that has a finite value in the thermodynamic limit),

such as the energy density, any local observable, correlation functions, etc., then the required

number of samples is independent of the system size, and only depends on the desired

precision. This allows us to now observe that the total computational complexity to learn
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any bounded observable to additive error ϵ with probability of at least 1− δ of an open spin

chain of N qubits evolved for time T has a worst-case computational complexity of

O
(
N4T log(2δ−1)

ϵ2

)
. (8.31)

The second relevant type of error are those that occur within a given trajectory. These come

from the discretization of time. For the coherent dynamics, if they are implemented via a

pth order Trotter formula or time integrator (Eq. (8.21) is the 2nd order Trotter formula and

RK4 in Algorithm 5 is a 4th order time integration method), then the error will generically

be

ϵ = O(T dtp), (8.32)

where dt is the time increment size, and so one can improve the error by either using a

higher order approximation (making p larger) or by using a smaller step size (making dt

smaller).

Another relevant error comes from the jump statistics in the unraveling method. That is

to say, we are making the approximation that the number of jumps that occur in any given

time step [t, t+ dt) is either 0 or 1. The probability of any jump occuring is ⟨L̂†i L̂i⟩ dt, and

is therefore extensive in system size. For simplicity, let’s assume Poissonian statistics, and

define

λ̄ =
1

N
⟨L̂†i L̂i⟩, (8.33)

where λ̄ is an intensive variable. Then we have the probability to have exactly zero or one
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quantum jumps in a time step dt is given by

P0 =
∏
i

e−⟨L̂
†
i L̂i⟩ dt = e−Nλ̄ dt, (8.34)

P1 =
∑
j

⟨L̂†jL̂j⟩ dte
−⟨L̂†

jL̂j⟩ dt
∏
i̸=j

e−⟨L̂
†
i L̂i⟩ dt = (Nλ̄ dt)e−Nλ̄ dt. (8.35)

The probability to have more than one jump is then

P>1 = 1− P0 − P1 = O(Nλ̄ dt)2. (8.36)

Hence, for this error to be small, we need that dt = O(N−1). Hence, we need the time step

to be small compared to system size if we are doing stochastic time evolution.

We note that the pth order time integration error implies that

dt =
T

nsteps
= O(T−1/p) =⇒ nsteps = O(T 1+1/p), (8.37)

and that the jump statistics require

dt =
T

nsteps
= O(N−1) =⇒ nsteps = O(NT ). (8.38)

This implies that the jump statistics will dominate unless T > O(Np), or that time is

growing superlinearly in system size. This tends not to be the relevant regime, which is why

we assumed that nsteps = O(NT ) in Section 8.2. However, if time is growing superlinearly

in N , then the computational complexity can change to properly minimize discretization

errors. Ideally, one would want to characterize how expectation values scale as one changes

dt, and make it small enough so as to get good convergence.
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8.5 Conclusion

We presented a number of different techniques to simulate open quantum many body systems

with computational complexity that grows polynomially in system size. We gave two differ-

ent methods to compute the time evolution using stochastic unravelings, the more optimal

version scaling as O(N4T ) where N is the linear size of the spin chain and T is a dimen-

sionless integration time. Moreover, we also gave an algorithm to simulate the dynamics

for Pauli noise that does not require stochastic unraveling and has complexity O(N3T 3/2).

Finally, we explained the dominant sources of errors and their scaling with different tunable

simulation parameters, and how one can minimize them.
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CHAPTER 9

CONCLUSIONS AND DISCUSSION

In this dissertation, we have provided new understanding into the nature of the non-equilibrium

steady states and dynamics of open many-body systems.

In the first part, we began by highlighting ways in which a dissipative quantum environ-

ment can prepare interesting and useful many-body quantum states. We gave exact solutions

for how a structured local bath can dissipatively prepare volume law entanglement in a 1D

spin chain in Chapter 2, as well as methods to selectively prepare and entangle topological

edge modes in 1 and 2 dimensional cavity arrays in Chapter 3. In Chapter 4, we uncovered

a fundamental tradeoff between the amount of entanglement in the steady state and the

preparation time scale for any local, Markovian quantum channel. Quite surprisingly, we

showed that one can circumvent these bounds using adaptivity or non-Markovianity in Chap-

ter 5. We showed that one only requires a single-bit classical memory in order to prepare a

maximally entangled state in finite time, and gave an explicit construction of how one can

do this in a discrete circuit. These results give insight into the nature of how steady state

properties can give information on dynamical properties in open quantum systems, and vice

versa. Moreover, it implies that non-Markovianity can be an extremely powerful resource in

the dissipative preparation of quantum many-body states. This is reminiscent and comple-

mentary to the well-known results in closed systems where measurement and feedback can

be a powerful tool in preparing long-range entanglement. It motivates further study on the

utility of classical and quantum memory in the bath to gain further insights into the kind of

quantum states that can be prepared and stabilized subject to local constraints.

In the second part, we switched focus to instead try and understand both computationally

and analytically the effect of common noise models in many-body physics. In all of the cases

we consider, the noise formally makes the system interacting, and so a brute force attempt

to compute observables will generically incur an exponential overhead in computational
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resources. In Chapter 6, we circumvent this problem by noting that there is a way to remove

the interaction by performing a stochastic unraveling of the master equation, similarly to the

way that a Hubbard-Stratonovich transformation can formally decouple interactions in the

closed system setting. Alternatively, one can think of this as a way of more efficiently packing

data: to describe the entire master equation requires knowing 4N coefficients. We show that

these can instead be encoded in N2 classical random variables, where the information is

efficiently stored in the moments of the distribution. Because the distribution is known to

be positive, we can sample from it efficiently as well giving a much simpler way to access

the quantities of interest, which scales polynomially with system size. In Chapter 7, we

show that for a more restrictive class of noise models, one can analytically average this

distribution to get exact and closed form equations of motion for arbitrary observables. We

use this powerful tool to study the effect of noise on quantum critical states, finding novel

emergent phenomena such as an emergent notion of temperature, as well as a new kind of

non-equilibrium phase of matter where some operators remain scale-invariant while others

are gapped out.

We also note that all of the models that we are able to solve either analytically or via

stochastic sampling have a subtle relation to Z2 gauge theories. In this picture, it naively

looks like there is a coupling between the matter and gauge fields, but upon unraveling the

gauge fields always update classically. This understanding implies that there is a large class of

noisy simulable Z2 gauge theories, opening the door to numerical and analytical insights into

the way that noise interacts with, for example, topologically ordered quantummaterials. This

could be a powerful technique in understanding everything from the fundamental properties

of mixed state topological order, to very practical applications of decoding thresholds in

quantum memories. We have only begun to scratch the surface of what can be understood

from these new techniques.
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APPENDIX A

APPENDIX TO CHAPTER 2

A.1 Fermions

In Chapter 2, we show that when equipped with the appropriate chiral symmetry, the

fermionic master equation has a unique, pure steady state. In this section, we provide a

detailed proof for this result. Recall the Hamiltonian and jump operators:

ĤF =
2N∑
i,j=1

Hij ĉ
†
i ĉj =

N∑
α=1

ϵα(d̂
†
αd̂α − d̂†−αd̂−α), (A.1)

β̂L = uĉ0 − ve
iϕĉ
†
1
. (A.2)

Our strategy is to find a new set of Bogoliubov energy eigenmodes so that the dissipator β̂L

cools these modes into their joint vacuum in the steady state limit. In the following, we first

show that the Hamiltonian is invariant under a set of Bogoliubov transformations if it has

a built-in chiral symmetry, and then discuss conditions for the system to have the desired

pure steady state.

A.1.1 General Model

We assume that our system has 2N sites, and a chiral symmetry, Ĉ, such that ĈĤF Ĉ† =

−ĤF . This means there are 2N eigenmodes, and they come in pairs of energy ±ϵα, where

Ĉd̂αĈ−1 = d̂−α. Hence, we can label our eigenmodes d̂
†
±α, where α = 1, . . . , N , and d

†
±α

creates a mode with energy ±ϵα. We will define the unitary transformation ĉi =
∑
α ψα[i]d̂α

to go between position space and energy eigenmode space. We will posit that our system
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has the steady state solution |ψ⟩ss of the form

|ψ⟩ss =
∏
α>0

(uα + vαd̂
†
αd̂
†
−α)|0⟩, (A.3)

where |0⟩ is the joint vacuum of all of the energy eigenmodes, and uα, vα ∈ C are yet to be

determined constants such that |uα|2+ |vα|2 = 1, to maintain normalization. It is evident by

construction that this is a zero energy eigenstate of the Hamiltonian. We can now observe

that

β̂L|ψ⟩ss = (uĉ0 − ve
iϕĉ
†
1
)
∏
α>0

(uα + vαd̂
†
αd̂
†
−α)|0⟩

=
∑
γ

(uψγ [0]d̂γ − veiϕψ∗γ [1]d̂
†
γ)
∏
α>0

(uα + vαd̂
†
αd̂
†
−α)|0⟩

=
∑
γ>0

∏
α ̸=γ

(uα + vαd̂
†
αd̂
†
−α)

× (uψγ [0]d̂γ + uψ−γ [0]d̂−γ − veiϕψ∗γ [1]d̂
†
γ − veiϕψ∗−γ [1]d̂

†
−γ)(uγ + vγ d̂

†
γ d̂
†
−γ)|0⟩

=
∑
γ>0

∏
α ̸=γ

(uα + vαd̂
†
αd̂
†
−α)

× (uvγψγ [0]d̂
†
−γ − uvγψ−γ [0]d̂

†
γ − uγveiϕψ∗γ [1]d̂

†
γ − uγveiϕψ∗−γ [1]d̂

†
−γ)|0⟩

=
∑
γ>0

∏
α ̸=γ

(uα + vαd̂
†
αd̂
†
−α)

×
[
(uvγψγ [0]− uγveiϕψ∗−γ [1])d̂

†
−γ − (uvγψ−γ [0] + uγve

iϕψ∗γ [1])d̂
†
γ

]
|0⟩. (A.4)

If this is a steady state, then it must be zero. Hence, we will require that

uvγψγ [0]− uγveiϕψ∗−γ [1] = uvγψ−γ [0] + uγve
iϕψ∗γ [1] = 0. (A.5)
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This equation will have solutions if, and only if

ψγ [0]

ψ−γ [0]
= −

ψ∗−γ [1]

ψ∗γ [1]
. (A.6)

This sets a constraint on both the placement of 0, 1, as well as on the overall chiral symmetry.

Assuming Eq. (A.6) holds, we can define

uγ =
uψγ [0]

Nγ
, (A.7)

vγ =
veiϕψ∗−γ [1]

Nγ
, (A.8)

Nγ =
√
u2|ψγ [0]|2 + v2|ψ∗−γ [1]|2, (A.9)

where Nγ enforces normalization. These allow us to define the Bogoliubov modes

β̂γ = uγ d̂γ − vγ d̂†−γ , (A.10)

β̂−γ = uγ d̂−γ + vγ d̂
†
γ . (A.11)

We can then rewrite the Hamiltonian nicely as

ĤF =
∑
γ>0

ϵγ(β̂
†
γ β̂γ − β̂†−γ β̂−γ). (A.12)
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Note that β̂±γ |ψ⟩ss = 0, meaning the steady state is the joint vacuum of all of the Bogoliubov

modes, and also a 0 energy eigenstate. We can now observe that

β̂L = uĉ0 − ve
iϕĉ
†
1
=
∑
γ

uψγ [0]d̂γ − veiϕψ∗γ [1]d
†
γ

=
∑
γ>0

uψγ [0]d̂γ + uψ−γ [0]d̂−γ − veiϕψ∗γ [1]d
†
γ − veiϕψ∗−γ [1]d

†
−γ

=
∑
γ>0

Nγ

[
uγ d̂γ + uγx

−1
γ d̂−γ + x−1γ vγd

†
γ − vγd†−γ

]
=
∑
γ>0

Nγ

[
β̂γ + x−1γ β̂−γ

]
, (A.13)

where we have defined xγ = ψγ [0]/ψ−γ [0], the ratio in Eq. (A.6). For an A ↔ B hopping

model, we can work in a gauge where xγ = 1, reproducing the result in Chapter 2. Thus, we

can see that the jump operator β̂L cools all of the Bogoliubov modes with a rate fixed by the

overlap of the eigenmodes with the dissipation sites, encoded in Nγ . Thus, the steady state

will always be uniquely the joint vacuum of the modes β̂γ , whenever there are no eigenmodes

dark to the dissipation sites. The original Hamiltonian had a U(1)2N gauge symmetry, which

came from rotating the phases individually of any of the eigenmodes. In a very specific way,

the jump operator has broken that gauge freedom to be just U(1)N , as now the relative phase

between the positive and negative eigenmodes is fixed in the definition of the Bogoliubov

modes. This dissipative symmetry breaking is also apparent in Eq. (A.5), which can only be

satisfied for a fixed phase reference between positive and negative eigenmodes. The steady

state is Gaussian, and can be characterized by its correlation matrices. In energy eigenmode

space, it is simply

⟨d̂†αd̂γ⟩ = |vα|2δαγ , ⟨d̂αd̂γ⟩ = uαvγ sgn(α)δα,−γ , (A.14)

where sgn is the sign function.
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Finally, we can immediately observe that the decay rates are set by Nγ , which depends

on the overlap of the eigenmodes with the dissipation sites. The dissipative gap, or the

slowest decay rate, is therefore determined by minγ |Nγ |2. Normalization tells us this scales

like at best 1/N2 when the modes are approximately evenly distributed across the lattice,

and possibly much worse if the modes are highly localized.

A.1.2 A - B Hopping Models

A very simple, and general model that satisfies the condition in Eq. (A.6) is a lattice that

can be divided into two, equal size sublattices, denoted A,B, such that the Hamiltonian ĤF

only allows hopping between the sublattices. For example, any nearest neighbor hopping

model on a square lattice can be described this way, where the sublattices are comprised of

every other lattice site (or a checkerboard-like pattern in higher dimensions). Now, in this

case, we have the chiral symmetry, as mentioned in Chapter 2:

Ĉ : ĉi →

 −ĉi i ∈ A

ĉi i ∈ B
, (A.15)

which sends the Hamiltonian ĤF → −ĤF . Now, if we let 0 ∈ A, 1 ∈ B, then we can observe

that ψγ [0] = −ψ−γ [0] and ψγ [1] = ψ−γ [1], immediately satisfying the constraint Eq. (A.6).

We can rewrite the Hamiltonian, as a matrix equation, by defining c⃗ = (ĉ1, . . . ĉ2N )T where

sites 1, . . . , N ∈ A and N + 1, . . . 2N ∈ B, to get

ĤF = (c⃗ )†

 0 V

V † 0

 c⃗, (A.16)

with V some generic matrix encoding the hopping. One chiral symmetry, Ĉ, is written above,

which simply sends A→ −A and B → B. However, any Hamiltonian with 1 chiral symmetry
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in fact has an infinite U(1)2N family of chiral symmetries, since we can send d̂α 7→ eiϕα d̂−α

where the phase is a free, U(1) gauge symmetry for each eigenmode. Now, the correlators

in Eq. (A.14) tell us the preferred chiral symmetry should be antisymmetric, as is required

by fermionic statistics. Hence, we can define a new chiral symmetry Ŝ : d̂α 7→ sgn(α)d̂−α.

If we now express this in real space, just like the Hamiltonian, we get that

S =

 0 U

−U† 0

 , (A.17)

where U is a unitary N × N matrix. Now, since this a chiral symmetry, we can conclude

that U†V U† = V †. This is equivalent to stating that U is the unique, unitary matrix defined

by the right polar decomposition of V . I.e., we can rewrite V uniquely as V = WU where

W is Hermitian. We should think of U as being a map of the eigenmodes of V , which live

on the A lattice, to the eigenmodes of V †, which live on the B lattice, and U† being the

inverse mapping. Because V, V † have the same spectrum, it makes sense to pair up equal

energy eigenmodes. The steady state entanglement structure will then dissipatively pair the

two sets of eigenmodes completely through the matrix U . The Hermitian part, W , sets the

spectrum, and also determines the constants uα, vα.

Now, in the case that V = V †, this reduces to the case in Chapter 2 where we have a

mirror symmetry of the lattice. Hence, we know U = 1 and so we can immediately read off

that the entanglement structure will be the identity, pairing lattice sites reflected to each

other by the mirror symmetry. We were able to read off this steady state without solving

any of the dynamics, completely through symmetry arguments.

We can now calculate the log negativity, an entanglement monotone, to see that this

does indeed obey a volume law. Here, we will define the new modes γ̂±α = 1√
2
(d̂α ± d̂−α).

These have the nice property of overlapping with only a single sublattice (and are in fact the
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eigenmodes of V V † and V †V , respectively). We can now rewrite the steady state nicely as

|ψ⟩ss =
∏
α>0

(uα − vα(γ̂+α )†(γ̂−α )†)|0⟩. (A.18)

Now, it is very easy to see that all of the entanglement is between, and not within, the

sublattices. The log negativity can now easily be calculated as

EN =
∑
α>0

log2(1 + 2|uαvα|), (A.19)

which clearly grows linearly with system size.

A.1.3 Fermion Examples

In Chapter 2, we have given the fermionic example of the rainbow state, but more compli-

cated, and higher dimensional lattice models can also create pure, entangled steady states.

As mentioned in Chapter 2, many exotic lattice models exhibit the necessary symmetry

conditions, including the Hofstader lattice with a quarter flux and the Su-Schriefer-Heeger

model, [16].
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Figure A.1: (a) A 2D nearest neighbor hopping Hamiltonian with two sites coupled to an

engineered reservoir. With certain constraints on the hopping amplitudes, the steady state

is a pure entangled state with a non-rainbow form. Pictured are 7 possible bonds; J1, . . . , J4

are all free parameters, with the remaining 3 constrained by the symmetry conditions. (b)

The correlators ⟨ĉ†icj⟩ = v2δij as expected. (c) The anomalous correlators show Bell state

entanglement between the two sites coupled to the dissipation, but sites 0, 1, are entangled

with superpositions of sites 2, 3.

For one example of a more complex steady state that is not a rainbow, see Fig. A.1.

However, note that there is some constraint on the complexity of the correlations we can

produce. Any steady state will always be a “generalized” rainbow state, in the sense that

correlators always exactly swap two sublattice modes. In a true rainbow state, these modes

are individual lattice sites, but they can be more complicated looking in real space [15, 114].

A.2 Qubit Steady State

In Chapter 2, we have shown that a spin version of the general master equation also has a

pure, unique steady state. There, we focused on the rainbow, but here we will derive the

result in complete generality. Again using a master equation of the form of Eq. (3.2), the
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spin system has Hamiltonian and dissipators:

ĤS = −
2N∑
i=1

Jiσ̂
+
i σ̂
−
i+1 +H. c., (A.20)

β̂L = uσ̂−k − vσ̂
+
k+1. (A.21)

We take site 2N+1 ≡ 1 and the spin counterpart of vacuum state |0⟩ via the relation σ̂−k |0⟩ ≡

0. This gives open boundary conditions if J2N = 0, and periodic boundary conditions

otherwise. The site k is arbitrary.

A.2.1 Existence

To calculate the steady state solution, we will transform to the fermion model via the Jordan-

Wigner transformation (defining fermion number operators n̂j ≡ ĉ
†
j ĉj)

σ̂−i = (−1)
∑i

j=k+1 n̂j ĉi, (A.22)

The string operators are chosen such that the fermionic version of the Hamiltonian is

quadratic everywhere but on the two sites connected to the dissipation:

ĤS =
∑
i̸=k

Jiĉ
†
i ĉi+1 − Jk ĉ

†
k ĉk+1(−1)N̂ +H. c., (A.23)

where N̂ =
∑
i n̂i is the total number operator. The jump operator in Eq. (A.21) then

becomes

β̂L = −(uĉk(−1)N̂ − vĉ
†
k+1). (A.24)

Since phases of Lindblad jump operators do not enter the dynamics, we will drop the overall

minus sign henceforth.
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Consider the state

|ψ⟩ss =
∏
α>0

(uα + vαd
†
αd
†
−α)|0⟩, (A.25)

where d
†
α are the energy eigenmodes of Eq. (A.23) in the even parity sector; i.e., when we

replace (−1)N̂ with 1. Now, the first thing to observe is that N̂ =
∑
i ĉ
†
i ĉi =

∑
α d̂
†
αd̂α, since

the energy eigenmodes d̂α are related to the real space operators by a unitary transformation.

Further, since the fermionic steady state is completely paired, the parity operator (−1)N̂

will always have eigenvalue 1 acting on the steady state; i.e. (−1)N̂ |ψ⟩ss = |ψ⟩ss. Thus,

in the steady state, we can replace (−1)N̂ with 1, telling us the state identified above is

trivially steady under the fermionic representation of the spin master equation in Eqs. (A.20)

and (A.21).

A.2.2 Uniqueness

In the following, we will prove that the steady state identified above via the Jordan-Wigner

transformation is also unique. To do this, we must first observe that the parity operator

(−1)N̂ is a weak symmetry of the dynamics. Now, the Hamiltonian is number conserving,

so it is clear that [(−1)N̂ , ĤS ] = 0. Parity anticommutes with ĉ
(†)
i , so we can observe that

D[β̂L]
(
(−1)N̂ ρ̂(−1)N̂

)
=

1

2

(
2β̂L(−1)N̂ ρ̂(−1)N̂ β̂

†
L − β̂

†
Lβ̂L(−1)

N̂ ρ̂(−1)N̂ − (−1)N̂ ρ̂(−1)N̂ β̂†Lβ̂L
)

=
1

2

(
2(−1)N̂ β̂Lρ̂β̂

†
L(−1)

N̂ − (−1)N̂ β̂†Lβ̂Lρ̂(−1)
N̂ − (−1)N̂ ρ̂β̂†Lβ̂L(−1)

N̂
)

= (−1)N̂
(
D[β̂L]ρ̂

)
(−1)N̂ . (A.26)
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This, along with commuting with the Hamiltonian, gives us

L[(−1)N̂ ρ̂(−1)N̂ ] = (−1)N̂L[ρ̂](−1)N̂ , (A.27)

which is the definition of a weak symmetry. This means that in the steady state, there are

no coherences between positive and negative parity states [131], and so it makes sense to

decompose this into two different systems - one with (−1)N̂ = 1 (even parity) and one with

(−1)N̂ = −1 (odd parity).

If we define P̂ev as the projector into the even parity subspace, we know that by the

chiral symmetry arguments in Appendix A.1 (Eq. (A.12)), we can rewrite the even-parity

Hamiltonian P̂evĤSP̂ev as a sum over the Bogoliubov modes
∑
α ϵαβ̂

†
αβ̂α, meaning it con-

serves these modes. Next, define ˆ̄βA = uĉk − vĉ
†
k+1 and ˆ̄βB = uĉk+1 + vĉ

†
k, its orthogonal

compliment. Here, ˆ̄βA corresponds to the jump operator β̂L in the even subspace.

Next, observe that

P̂evĤSP̂ev − (1− P̂ev)ĤS(1− P̂ev) = −2Jk ĉ
†
k ĉk+1 +H. c. = −2Jkβ̂

†
Aβ̂B +H. c., (A.28)

where (1− P̂ev) projects into the odd parity space. Thus, while P̂evĤSP̂ev conserves Bogoli-

ubov excitations, (1 − P̂ev)ĤS(1 − P̂ev) may not. This is because ˆ̄βB is a sum of both β̂γ

and β̂
†
γ .

Now, ˆ̄βA is the jump operators in the even parity sector. In the odd parity sector, the

jump operators is

−β̂
′
A = uĉk + vĉ

†
k+1 = (u2 − v2) ˆ̄βA + 2uv ˆ̄β

†
B , (A.29)

and so we see that the jump operator in the odd-parity section is a linear combination of

both heating and cooling. When u ̸= v, the odd parity section has both heating and cooling
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Figure A.2: Plotted are the set of 2N+1 possible values for the number of Bogoliubov modes
excited, where the mth state level has degeneracy

(2N
m

)
. (a) shows for the non degenerate

case where the steady state is unique and corresponds to the vacuum state at the bottom of
the tower. The blue arrows show cooling, the red heating, and the green are Hamiltonian
interactions. The arrows on the left of the tower begin in even parity states, and the ones
on the right side begin in odd parity states. (b) shows the same, except now u = v with
a symmetric lattice. This corresponds to odd parity states having only heating and no
Hamiltonian interactions, creating N + 1 steady states that exist in the manifold spanned
by {2m, 2m− 1} Bogoliubov excitations.

elements, while the even parity sector is strictly cooling. If we construct a tower of Hilbert

spaces labeled by the number of Bogoliubov excitations from 0 to 2N , then we can break the

dynamics down into even and odd parity sections. When the parity is even, the Hamiltonian

conserves the number of excitations, and the dissipation only allows for cooling. In the odd

parity section, the Hamiltonian can create and destroy pairs of excitations - connecting the

levels 2m+ 1→ 2m− 1, 2m+ 3, and the dissipation allows for both heating and cooling of

single excitations, connecting the level 2m + 1 → 2m, 2m + 2. Thus, we can see that every
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level in the tower can decay to another level except for the manifold with no Bogoliubov

excitations. Hence, the unique steady state is the Bogoliubov vacuum, see Fig. A.2a.

A.2.3 Steady State Degeneracy

If the Hamiltonian obeys a mirror symmetry, then it turns out that ˆ̄βB can be expressed

solely as a sum over β̂γ ; hence the odd parity Hamiltonian becomes Bogoliubov number

conserving. Then, exactly when u = v, we have that the odd-parity section is purely heating,

since in that limit we have β̂
′
A = −β̂†B . Since Ĥ conserves Bogoliubov number, we know

that if you start with 2m Bogoliubov modes, then the dynamics can take you into the space

with 2m − 1 excitations through the purely cooling jump operator. Then, you enter the

odd parity section, and so now the dynamics can only take you into the space with 2m

excitations, through the purely heating jump operator. This creates a set of N + 1 isolated

manifolds; numerically, we find there are exactly N + 1 steady states. Further, we know

that each steady state must be an incoherent mixture of having 2m and 2m− 1 Bogoliubov

excitation, or having exactly zero Bogoliubov excitations. Hence, the only pure steady state

is the Bogoliubov vacuum. Finally, we can see that the only way to end up in the Bogoliubov

vacuum is to start there since ceil(NBog/2) is conserved, where ceil rounds up to the nearest

integer, and NBog is the number of Bogoliubov excitations, see Fig. A.2b. This emergent

degeneracy is the cause for the long time scale dynamics observed in Chapter 2.

A.2.4 Qubits in 2D

It was shown in Appendix A.1.3 that the fermions relaxed into pure states regardless of

lattice dimension. It is not immediately clear whether or not this would work for qubits,

though. To identify the qubit steady state, we relied heavily on using the Jordan-Wigner

transformation from the qubits into non-interacting fermions. In a 2D lattice, there is no

way for the Jordan-Wigner string operators to drop out of the fermion Hamiltonian, meaning
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Figure A.3: (a) A 2D nearest neighbor XY spin Hamiltonian with two sites coupled to an
engineered reservoir. The master equation in identical to that in Fig. A.1, where we have

simply replaced ĉ
(†)
i → σ̂±i . (b) and (c) show the spin correlators in the steady state, and

also notes that the purity in the steady state tr(ρ2) ≈ 0.02. Despite being the same lattice
structure as the fermion in Fig. A.1, the steady state is no longer pure and has vastly different
anomalous correlators.

the qubits will always be represented by interacting fermions. For this reason, one does not

get the same steady state when going from 2D fermions to 2D qubits. A very simple way to

see this is shown in Fig. A.3, where we repeat the exact same structure shown in Fig. A.1,

but use spin operators in place of fermionic ones. The steady state is no longer pure, and

the anomalous correlators of the qubits ⟨σ̂−i σ̂
−
j ⟩ are very different than those of the fermions

⟨ĉiĉj⟩.

A.3 Experimental Implementation

A.3.1 Sideband Driving

The correlated dissipator required in our scheme can be readily generated by coupling the two

qubits to a single lossy cavity mode (i.e. an engineered reservoir), and driving the appropriate

sideband processes. There are various possible ways to implement the sideband driving: one

could either drive the coupling strengths between the qubits and the cavity, or modulate the

qubit frequency. Here we present a protocol that makes use of qubit frequency modulation,

which can be realized via, e.g., flux tunable transmon qubits.

We consider two qubits (Pauli operators σ̂z1 and σ̂z2) coupled to a lossy cavity mode
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(annihilation operator â, frequency ωc, loss rate κ). The qubit 1 (2) has resonance frequency

ω1 (ω2) and is coupled to the cavity mode with coupling strength g1 (g2), and we drive the

frequencies of qubits 1 and 2 at the red and blue sideband frequencies ωr = ω1 − ωc and

ωb = ω2 + ωc, respectively (Fig. A.4). The system Hamiltonian in the lab frame is given by

Ĥ = ωcâ
†â+

1

2
(ω1 + ξ1ωr cos(ωrt))σ̂

z
1 +

1

2
(ω2 + ξ2ωb cos(ωbt))σ̂

z
2 + (â+ â†)(g1σ̂

x
1 + g2σ̂

x
2 ).

(A.30)

ξ1,2 are dimensionless drive strengths. Going into the rotating frame defined by the unitary

transformation

Û = exp

{
−iωctâ†â−

i

2
[ω1t+ ξ1 sin(ωrt)]σ̂

z
1 −

i

2
[ω2 + ξ2 sin(ωbt)]σ̂

z
2

}
, (A.31)

the rotating frame Hamiltonian Ĥ ′ is given by

Ĥ ′ = Û†ĤÛ − iÛ† ˙̂U

= g1

(
e−iωctâ+ eiωctâ†

)
e−iω1t−iξ1 sin(ωrt)σ̂−1 +H. c.

+ g2

(
e−iωctâ+ eiωctâ†

)
e−iω2t−iξ2 sin(ωbt)σ̂−2 +H. c. (A.32)

Making use of the identity

eiξ sin(ωt) =
∞∑

n=−∞
Jn(ξ)e

inωt, (A.33)

where Jn(ξ) are Bessel functions, we can rewrite the rotating frame Hamiltonian as

Ĥ ′ =
(
e−iωctâ+ eiωctâ†

) ∞∑
n=−∞

[
g1Jn(ξ1)e

−i(ω1+nωr)tσ̂−1 + g2Jn(ξ2)e
−i(ω2+nωb)tσ̂−2

]
+H. c.

(A.34)
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Since we drive the qubits at sideband resonances ωr = ω1−ωc and ωb = ω2+ωc, the rotating

terms are resonant when n = −1. We can rewrite this as

Ĥ ′ = â†(g′1σ̂
−
1 + g′2σ̂

+
2 ) + H. c.+V̂ (t), (A.35)

where g′i = J−1(ξi)gi (i = 1, 2), and V̂ (t) contains only rapidly oscillating terms at fre-

quencies ω ≫ g′1, g
′
2. Therefore, we can make the standard rotating wave approximation,

and treat V̂ (t) as a perturbation of order the coupling strength divided by the oscillation

frequency, and neglect it [279, 280]. This approximation has also been shown to match

experiment extremely well [281].

Now that we have found the appropriate Hamiltonian for our system, we can consider

the dissipative dynamics. We have considered the cavity mode â is leaky with a loss rate κ,

which can be expressed using a master equation of the form of Eq. (3.2):

˙̂ρ = −i[Ĥ ′, ρ̂] + κD[â]ρ̂. (A.36)

From here, we trace out the cavity, leaving an effective master equation for only the spins.

To do this we will assume that κ≫ g′1, g
′
2, meaning that the cavity is highly damped. Using

standard elimination techniques [94, 282], we are then left with the effective dynamics for

χ̂ = trcavρ̂:

˙̂χ =
4g2

κ
D[L̂]χ̂, (A.37)

L̂ = uσ̂−1 + vσ̂+2 , (A.38)

where g2 = g′21 + g′22 and u = g′1/g, v = g′2/g. This generalizes the result in [40], and

182



(a)

1 2

𝜔𝑟
𝜔𝑏

𝜔1

𝜔2

𝑔1 𝑔2
Frequency

𝜔𝑟 𝜔𝑏𝜔2𝜔1
𝜔𝑐 𝜔𝑐

(b)

𝜅 Lossy Cavity 𝜔𝑐

Figure A.4: (a) By placing two qubits 1, 2 with frequencies ω1,2 in a lossy cavity with
frequency ωc and decay rate κ, then modulating the qubit frequencies with red and blue
sidebands ωr,b, we can engineer the desired dissipation. (b) Shows a schematic of the neces-
sary frequencies needed for the design.

agrees exactly in the case v2 = 0. Intuitively, the effective dynamics tell us that the only

resonant interactions where the cavity gains a photon is either when spin 1 loses a photon or

spin 2 gains a photon. Therefore, if we assume the cavity is highly damped and almost always

in the ground state, whenever it loses a photon, it means that one of those two resonant

processes occurred, but we have lost the “which spin” information. This gives the coherent

sum of the two operators. The rate 4g2

κ can be derived from a simple Fermi’s golden rule

calculation, as is shown in [40].

A.3.2 Additional Dissipation

We now consider the robustness of our steady state in the presence of additional local dissi-

pation. In Fig. A.5, we consider the effects of local relaxation (dephasing) with a strength

γrel (γϕ) by plotting the concurrence between pairs of sites (l,−l). In all of the plots, the

engineered dissipation couples to the first bond with a strength Γ, and the Hamiltonian has

hopping strength J = Γ. The master equation is now given by

L[ρ̂] = −i[Ĥ, ρ̂] + Γ
(
D[β̂A] +D[β̂B ]

)
ρ̂+

∑
i

D[L̂αi ]ρ̂, (A.39)
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Figure A.5: Shown is the concurrence across the ‘rainbows’ of the rainbow state with addi-
tional dephasing and relaxation for a 6 (left) and 8 (right) site lattice. Note that the first
bond, coupled directly to the engineered dissipator, is more persistent, and the other two
are identical, despite being different distances from the reservoir.

where the qubit lattice Hamiltonian Ĥ and the dissipator β̂L is again given by

Ĥ = J
∑
j

σ̂+j σ̂
−
j+1 +H. c., β̂L = uσ̂−−1 + vσ̂+1 . (A.40)

The local dephasing (relaxation) dissipator L̂αi for α = ϕ (α = rel) are given by

L̂
ϕ
i =

√
γϕσ̂

z
i , L̂reli =

√
γrelσ̂

−
i . (A.41)

We choose u, v to maximize concurrence on each of the entanglement bonds, starting from

the 1st, innermost bond, to the Nth, outermost bond in a 2N particle lattice.

Taking data from a recent publication characterizing a flux-tunable transmon qubit array

[36], we can estimate the capability of current experiments to perform our protocol. We will

assume the transmon qubits are flux-tunable from 2π×3.5−6 GHz, with γrel/2π ∼ 4−8kHz

and γϕ/2π ∼ 40 − 80kHz, and tunnel coupling of up to J/2π ∼ 10MHz. We will take the
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lossy cavity to couple to the qubits with strength of g/2π = 15− 20 MHz, and have a decay

rate κ/2π ∼ 10 MHz.

With these parameters, assuming a qubit frequency of 4.75 GHz and a cavity frequency

of 2.75 GHz, we get red and blue sideband frequencies of ωr(b) = 2(7.5) GHz. Given the

tunable range of the qubits, the maximum amplitude of the drives is 1.25GHz, giving ζ1(2) ≈

0.63(0.17). This gives the maximal values of g′
1(2)
≈ 5.95(1.66)MHz. This would give an

upper bound of geff ≈ 6 MHz. It would therefore be very reasonable to have Γeff on the

order of a few MHz, making γϕ/Γeff ∼ O(10−2) and γrel/Γeff ∼ O(10−3). From Fig. A.5, we

can see that this would put an 8 qubit chain within reach of current experiments.
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APPENDIX B

APPENDIX TO CHAPTER 3

B.1 Loss-induced instability in 2-site models

We can investigate unconventional instabilities just at the 2 mode level. As alluded to in

Chapter 3, the dissipative pairing interaction can be thought of as local loss under the proper

change of frame. Consider a jump operator:

L̂/
√
κ = â+ ηb̂†, (B.1)

where we assume η < 1 unless specified otherwise. We can make a two-mode squeezing

transformation, and define new modes

â′ =
1√

1− η2
(â+ ηb̂†), (B.2)

b̂′ =
1√

1− η2
(b̂+ ηâ†). (B.3)

One can easily check that these obey the canonical commutation relations, and now L̂ =√
κ(1− η2)â′, giving local loss. However, such a transformation will generically generate

active parametric amplifier terms if one starts from a particle-conserving detuning Hamilto-

nian:

â†â+ b̂†b̂ =
1

1− η2
(â′† − ηb̂′)(â′ − ηb̂′†) + 1

1− η2
(b̂′† − ηâ′)(b̂′ − ηâ′†) (B.4)

= â′†â′ + b̂′†b̂′ − 2η

1− η2
(
â′b̂′ + â′†b̂′†

)
. (B.5)

We believe that the frame presented in Chapter 3 is a more intuitive way to understand

the dynamics, since all of the steady state features can be read off from the eigenmodes of
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a passive, hopping Hamiltonian. When we work instead in the frame of the local loss, the

importance of the Hamiltonian eigenmodes is no longer as immediate. However, if one insists

on working in this frame, we can still explore dynamical instabilities. We can rewrite such a

stable parametric amplifier Hamiltonian as:

Ĥ = ∆(â†â+ b̂†b̂) + λ(â†b̂† + âb̂). (B.6)

When positive parameters satisfy λ < ∆, this Hamiltonian can be diagonalized via a Bo-

goliubov transformation with eigenmode energies ±
√
∆2 − λ2, describing stable oscillatory

dynamics. Now, let’s add some local loss, but only to a single cavity mode. The mode

amplitudes thus satisfy linear equations of motion (a ≡ ⟨â⟩, a∗ ≡ ⟨a†⟩, etc.):

∂t

 a

b∗

 =

 −i∆− κ −iλ
iλ i∆


 a

b∗

 . (B.7)

Then we find that the eigenvalues of this new problem are −κ2 ± i
√(

∆− iκ2
)2 − λ2. Inter-

estingly enough, one of these always has a positive real part. Moreover, if we consider the

more general scenario that we damp both modes with rates κa, κb, then, defining the sum

and difference κ = κa+κb
2 and δκ = κa−κb

2 , one can show that instability arises whenever:

δκ2

κ2
≥ κ2 +∆2 − λ2

κ2 +∆2
. (B.8)

Note that this matches our intuition in all the limits we currently have considered: if κa = 0

or κb = 0, then κ = |δκ|, and so we always have instabilities, since the RHS is always less

than 1. If instead we take κa = κb, then we simply have the standard par-amp instability

point at λ2 = ∆2 + κ2.

This is a seemingly simple instability, that can be seen just at the level of 2 × 2 matrices.
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However, it is still surprising, as we have taken a stable Hamiltonian, added to it some local

loss, and made it unstable.

To understand more physically the instability mechanism, it is useful to look at the

limiting regimes where either the Hamiltonian or the dissipative terms becomes the dominant

contribution. For concreteness, we focus on the completely unbalanced case, where κb =

0. When κa is sufficiently small, we can think of it perturbatively as splitting the two

eigenmodes. However, the eigenoperators are two-mode squeezed by the Hamiltonian, so for

one of the eigenmodes, the loss on mode a acts effectively as cooling, and for the other as

heating, giving us instability. When instead κa becomes dominant, we could adiabatically

eliminate a to obtain an effective single-mode model consisting of b. In this latter case, it is

straightforward to see that b experiences effective heating, since the two original modes are

parametrically coupled, again leading to instabilities.

Now, let’s consider a dissipative interaction generated by the jump operator L̂/
√
2κ =

â + ηb̂†. Then adding to this a beam-splitter Hamiltonian J1(â
†b̂ + b̂†â) and a Hermitian

parametric amplifier J2(â
†b̂† + âb̂), we get a dynamical matrix of the form:

∂t



a

a∗

b

b∗


=



−κ 0 iJ1 −iJ2 + κη

0 −κ iJ2 + κη −iJ1

iJ1 −iJ2 − κη κη2 0

iJ2 − κη −iJ1 0 κη2





a

a∗

b

b∗


. (B.9)

It is interesting to note that if we instead work in the quadratures-like basis q̂±a = (eiϕâ ±

â†)/
√
2 and q̂±b = (±b̂ + eiϕb̂†)/

√
2 where cosϕ = J2

J1
, then we can rewrite the dynamical
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matrix as

∂t



q+a

q+b

q−a

q−b


=



−κ J∆ + κη 0 −2iJ2

−J∆ − κη κη2 2iJ2 0

0 0 −κ −J∆ + κη

0 0 J∆ − κη κη2





q+a

q+b

q−a

q−b


. (B.10)

We have defined J∆ ≡
√
J21 − J

2
2 . This dynamical matrix can be equivalently rewritten as



−κ2 (1 + η2) J∆ + κη 0 −2iJ2

−J∆ − κη κ
2 (1 + η2) 2iJ2 0

0 0 −κ2 (1 + η2) −J∆ + κη

0 0 J∆ − κη κ
2 (1 + η2)


− κ

2
(1− η2)1̂, (B.11)

where we straightforwardly see the PT -dimer structure in the upper-left and lower-right

blocks. Hence, a bit of algebraic manipulation tells us we get an exceptional point (EP)

when

η = ±

(
1−

√
2

κ
(J21 − J

2
2 )

1/4

)
, (B.12)

so that we can always find a value of η to realize an EP whenever J21 > J22 , which occurs at

−κ(1− η2)/2. Further, tuning past the EP, we reach an instability point at:

η =

√
κ2 + J21 − J

2
2 − κ√

J21 − J
2
2

, (B.13)

as can be seen in Fig. B.1.

We now consider replacing the correlated dissipation with uncorrelated heating and cool-

ing on the two sites. This would be equivalent to setting κη = 0, while leaving κη2 unchanged
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in Eq. (B.11), which simply shifts the EP to the point where κ
2 (1 + η2) =

√
J21 − J

2
2 . How-

ever, this also means that if 2
κ

√
J21 − J

2
2 < 1, the EP disappears under the uncorrelated

dissipation, but remains robust for the correlated case. This can be seen in Fig. B.1.

Another interesting case to consider is instead of a beam-splitter and parametric amplifier,

let’s consider just a detuned beam-splitter interaction. By setting J2 = 0 in Eq. (B.11), we

see that when the detuning is zero, then we would expect an EP. One can show that adding

the dissipative interaction makes the EP robust to any detuning, and without it any detuning

immediately destroys the EP.

We can similarly write down the dynamical matrix for the case without dissipative in-

teraction, as

∂t



a

a∗

b

b∗


=



−κ+ iδ 0 iJ κη

0 −κ− iδ κη −iJ

iJ −κη κη2 − iδ 0

−κη −iJ 0 κη2 + iδ





a

a∗

b

b∗


, (B.14)

where J denotes the beam-splitter strength, and δ detuning between the modes. Interest-

ingly, Eq. (B.14) actually can have two exceptional points, which occur at

η2

(η2 − 1)2
=

16J4 + κ4 + 32J2δ2 + 8κ2δ2 + 16δ4 − 8J2κ2

64J2κ2
, and

η2

(η2 − 1)2
=

δ2

4J2
.

(B.15)

When δ ̸= 0, these exceptional points remain. This can be seen in Fig. B.1. Without the

dissipative interaction, and only incoherent gain and loss, the dynamical matrix takes the
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a) b) c) d) 

Figure B.1: a) and b) show the real and imaginary spectra for the dynamical matrix with
a beamsplitter (J1 = 0.25κ) plus parametric amplifier (J2 = 0.2κ) interaction subject to (a)
dissipative pairing on the two modes and (b) incoherent gain and loss. Observe that since
2
κ

√
J21 − J

2
2 = 0.3 is less than unity, panel b) depicting uncorrelated dissipation does not

have an EP, but the case with correlated dissipation does. c) and d) show the spectra of the
dynamical matrix for a detuned beamsplitter Hamiltonian, subject to (c) dissipative pairing
on the two modes and (d) incoherent gain and loss. Note that the left exhibits 4 exceptional
points (half coming from the η → −η symmetry) while the right exhibits none. We have
chosen J = κ = δ = 1.

block diagonal form:

∂t

 a

b

 =

 −κ2 (1 + η2) + iδ iJ

iJ κ
2 (1 + η2)− iδ


 a

b

− κ

2
(1− η2)1

 a

b

 , (B.16)

where we can directly conclude that we create a PT dimer and exceptional point if, and

only if, we are at zero detuning. Thus, the dissipative interaction generated by the correlated

noise makes the EP robust to detuning. This can be seen in Fig. B.1.

An interesting corollary of our analysis is that two coupled modes subject to unbalanced

loss will undergo an EP when the coupling is equal to half the difference of the loss rates.

This system cannot, though, ever become unstable.
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B.2 3 Site Model Dynamical Matrix and Stability Analysis

Recall our three site Hamiltonian and jump operator:

Ĥ = J1â
†b̂+ J2b̂

†ĉ+ h.c., (B.17)

L̂ =
√
κ(â+ ηĉ†). (B.18)

This Hamiltonian has the unnormalized normal modes

d̂0 = J2â− J1ĉ, (B.19)

d̂± = J1â±
√
J21 + J22 b̂+ J2ĉ, (B.20)

which have energies 0,±
√
J21 − J

2
2 . We will call these the dark mode and bright modes,

respectively. The time dynamics of the expectation value of an operator ⟨Ô⟩ is given by:

∂t⟨Ô⟩ = i⟨[Ĥ, Ô]⟩+ 1

2
⟨L̂†[Ô, L̂] + [L̂†, Ô]L̂⟩. (B.21)

This gives the semi-classical dynamical matrix for the mode operators expectation values

(a = ⟨â⟩, a∗ = ⟨a†⟩, etc.):

∂t



a

b

c

a∗

b∗

c∗


= −i



−iκ2 J1 0 0 0 −iκ2η

J1 0 J2 0 0 0

0 J2 iκ2η
2 iκ2η 0 0

0 0 −iκ2η −i
κ
2 −J1 0

0 0 0 −J1 0 −J2

iκ2η 0 0 0 −J2 iκ2η
2





a

b

c

a∗

b∗

c∗


. (B.22)
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Before we calculate the stability conditions for this matrix, we can gain some intuition by

performing a simple perturbative calculation. If we know the eigenvectors and eigenvalues of

a normal matrixM satisfyM |n⟩ = ϵn|n⟩, and we are interested in the spectrum ofM + δM ,

then to first order, this is simply ϵn+⟨n|δM |n⟩. For stability, we only care about the real part,

and so we can simply calculate ⟨n|δM + δM†|n⟩. For our system, the dissipative interaction

is Hermitian, so to leading order it doesn’t affect the stability conditions at all. Hence, we

can just focus on the local heating and cooling rates in the perturbative analysis, which

tells us that for the bright modes, we expect a relaxation rate proportional to κ(J21 − η
2J22 ),

and for the dark mode a relaxation rate proportional to κ(J22 − η
2J21 ). If either is negative,

the system would be dynamically unstable, giving rise to exponential growth, which occurs

exactly at the point |η| > |J1/J2| for the bright modes, and |η| > |J2/J1| for the dark mode,

reproducing the values quoted in Chapter 3.

To show that these are actually the instability points for all κ, we must go beyond

this leading order calculation. Fortunately, we can observe that, because the dissipation is

confined to a single sublattice, flipping the sign of the other sublattice - that is b̂ → −b̂, is

equivalent to sending Ji → −Ji (in this sense, the dissipator respects the chiral sublattice

symmetry of the Hamiltonian). Next, because the Hamiltonian terms are all imaginary,

and the dissipative terms all real, complex conjugation a → a∗, etc, also sends Ji → −Ji.

In other words, the map a → a∗, b → −b∗, c → c∗ constitutes a symmetry of the full

dynamical matrix. This allows us to block diagonalize in terms of the quadratures xa =

⟨â+ â†⟩/
√
2, pb = i⟨b̂† − b⟩/

√
2 and xc = ⟨ĉ+ ĉ†⟩/

√
2:

∂t


xa

pb

xc

 = −i


−iκ2 iJ1 −iκ2η

−iJ1 0 −iJ2

iκ2η iJ2 iκ2η
2




xa

pb

xc

 . (B.23)

We can analytically calculate the spectrum of Eq. (B.23), as the roots of the characteristic
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equation of the dynamical matrix (setting κ = 2 for simplicity):

x3 + (1− η2)x2 + J2x+∆ = 0. (B.24)

where J2 = J21 + J22 and ∆ = J22 − η
2J21 . We can break this into its the real and imaginary

parts by defining x = v + iw to get

v3 − 3vw2 + (1− η2)(v2 − w2) + J2v +∆ = 0, (B.25)

−w3 + 3v2w + 2(1− η2)vw + J2w = 0. (B.26)

There are two solutions for the imaginary part, w = 0 or w2 = 3v2 + 2(1 − η2)v + J2. We

can identify the first w = 0 term with the dark mode, as it has zero energy, and it is only

dissipative. Plugging this back in Eq. (B.25), we find the real part then satisfies

v3 + (1− η2)v2 + J2v +∆ = 0, (B.27)

which has a positive root if, and only if,

∆ < 0 ⇐⇒ |η| >
∣∣∣∣J2J1
∣∣∣∣ , (B.28)

which is exactly the stability condition predicted from a FGR calculation, reproducing the

result in Chapter 3.

We can get a very similar picture for the other branch of solution to Eq. (B.26). More

concretely, if we take the imaginary part to be w2 = 3v2 + 2v + J2, which is exactly the

energy of the bright modes, plus a shift coming from the dissipation, then we get an equation
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for the relaxation rates:

−8v3 − 8(1− η2)v2 − 2(J2 + (η2 − 1)2)v − J2(1− η2) + ∆ = 0. (B.29)

This has a positive real root if and only if the following condition holds:

∆ > J2(1− η2) ⇐⇒ |η| >
∣∣∣∣J1J2
∣∣∣∣ . (B.30)

This is again exactly the FGR value for the bright modes.

Finally, we consider the case when we lose the dissipative interaction. Then, creation

and annihilation operators decouple, so we need only solve the spectrum of:

D =


−iκ2 −J1 0

−J1 0 −J2

0 −J2 iκ2η
2

 , (B.31)

where we have reintroduced the rate κ. Now, the eigenvalues correspond to solutions of the

cubic equation:

x3 +
κ

2
(1− η2)x2 +

(
J2 − κ2η2

4

)
x+

κ

2
∆ = 0. (B.32)

In the limit of weak dissipation, κη ≪ J , the roots are identical to those of Eq. (B.24).

(For the dark mode, they are equivalent all the way up to |κη| = 2|J |, afterwards there is

a sudden shift.) However, as soon as this is not the case, the instability point can move in

a κ dependent manner. The interaction is perfectly balanced in Eq. (B.23) such that the

instability points in that case are completely independent of κ.
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B.3 Quantum Master Equation Steady State

If we start from the full lattice Hamiltonian and jump operator

Ĥ =
∑
ij

Hij â
†
i âj +H. c., (B.33)

L̂/
√
κ = â0 + ηâ

†
1
, (B.34)

then we can diagonalize the Hamiltonian into normal modes d̂±α =
∑
i ψ±α[i]âi. Here, we

have defined the unitary transformation ψα[i] between real space lattice site operators âi

and eigenmode operators d̂α. Taking advantage of the fact that there is a real space chiral

sublattice symmetry, we have

Ĥ =
∑
α>0

ϵα(d̂
†
αd̂α − d̂†−αd̂−α), (B.35)

ψ−α[i] = (−1)iψα[i]. (B.36)

Next, observe that such a chiral Hamiltonian is invariant under two-mode squeezing trans-

formations between d̂α and d̂−α, constituting a massive SU(1, 1)N/2 symmetry group. That

is, we can define the new operators β̂±α = cosh(rα)d̂±α + eiϕα sinh(rα)d̂
†
∓α with energy-

dependent squeezing parameters rα. The Hamiltonian in this basis becomes:

Ĥ =
∑
α>0

ϵα(β̂
†
αβ̂α − β̂†−αβ̂−α), (B.37)

which is still diagonal. Further expanding our jump operator in eigenmodes, we find

L̂/
√
κ = â0 + ηâ

†
1

(B.38)

=
∑
α>0

[(
ψα[0]

∗d̂α + (−1)0ψα[0]∗d̂−α
)
+ η

(
ψα[1]d̂

†
α + (−1)1ψα[1]d̂†−α

)]
. (B.39)
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Now, we assume 0, 1 live on the same sublattice, and without loss of generality, we define

(−1)0 = (−1)1 = 1. Thus, we can express L̂ as

L̂/
√
κ =

∑
α>0

[(
ψα[0]

∗d̂α + ηψα[1]d̂
†
−α
)
+
(
ψα[0]

∗d̂−α + ηψα[1]d̂
†
α

)]
≡
∑
α>0

Nα(β̂α + β̂−α), (B.40)

where we define the amplified squeezing parameter and normalization:

tanh rα = η

∣∣∣∣ ψα[1]ψα[0]∗

∣∣∣∣ , (B.41)

ϕα = arg

(
ψα[1]

ψα[0]∗

)
, (B.42)

|Nα|2 = |ψα[0]|2 − η2|ψα[1]|2, (B.43)

as desired. Thus, the placement of the dissipation sites also sets a phase reference for the

lattice.

One can now straightforwardly see that, since the Hamiltonian is diagonal in the Bogoli-

ubov modes β̂, and the jump operator is purely cooling, the steady state is uniquely the

joint vacuum.

As noted in Chapter 3, if tanh rα > 1, we no longer have a well defined Bogoliubov

transformation. This corresponds to the case that |ψα[0]| < |ηψα[1]|. In such a case, to

define a squeezing transformation that respects the canonical commutation relations, then

we must define

β̂±α ∝ ηψα[1]
∗d̂−α + ψα[0]d̂

†
α. (B.44)

If we define the sets A = {α > 0 | |ψα[0]| > |ηψα[1]|} and B = {α > 0 | |ψα[0]| < |ηψα[1]|},
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then Eq. (B.40) tells us

L̂/
√
κ =

∑
α∈A

Nα(β̂α + β̂−α) +
∑
α∈B

Nα(β̂
†
α + β̂

†
−α). (B.45)

Hence, as soon as B is non-empty, at least one eigenmode is experiencing heating, which

means the dynamics are unstable.

We can finally observe that these instability points occur at

|η| > min
α

∣∣∣∣ψα[0]ψα[1]

∣∣∣∣ , (B.46)

which just as before are exactly the FGR-based predictions expected from first-order per-

turbation theory.

B.4 Steady State with Squeezed Vacuum Noise

In this section, we will consider the steady state if, instead of the dissipative pairing inter-

action, we simply couple the lattice with squeezed vacuum dissipation. Specifically we will

demonstrate that it is impossible to generate instability, and also that there is no useful

spatial selectivity.

To see that it is impossible to generate instability, we can begin by just looking at the

dynamical matrix. If we have two dissipators L̂1 =
√
κ(â0 + ηâ

†
1
) and L̂2 =

√
κ(â1 + ηâ

†
0
),

then

∂t⟨â0⟩ =
1

2

∑
i=1,2

⟨L̂†i [â0, L̂i] + [L̂
†
i , â0]L̂i⟩ (B.47)

= −
√
κ

2

〈
L̂1 − ηL̂

†
2

〉
= −κ

2

(
1− η2

)
⟨â0⟩. (B.48)

Similarly, the dynamics is symmetric under â0 ↔ â1 if we correspondingly exchange L̂1 ↔
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L̂2, so we have

∂t⟨â1⟩ = −
κ

2

(
1− η2

)
⟨â1⟩. (B.49)

Taking a generic Hamiltonian Ĥ =
∑
i,j Hi,j â

†
i âj , we get the equations of motion

∂t⟨âi⟩ =
∑
j

(
−iHi,j −

κ

2
(1− η2)(δj,0 + δj,1)δi,j

)
⟨âj⟩ (B.50)

≡ −i
∑
j

Di,j⟨âj⟩, (B.51)

where we have defined the dynamical matrix Di,j = DH
i,j +Dκ

i,j , with

DH
i,j = Hi,j , (B.52)

Dκ
i,j = −i

κ

2
(1− η2)(δj,0 + δj,1)δi,j . (B.53)

Now, if the system is unstable, then there must be an eigenvalue λ of D such that Imλ > 0.

Let’s associate such an eigenvalue with an eigenvector |ψ⟩, implying

Imλ = − i
2
⟨ψ|D −D†|ψ⟩ = −i⟨ψ|Dκ|ψ⟩ (B.54)

However, −iDκ is negative semi-definite, a contradiction that Imλ is positive.

Next, we will prove that, if there is a pure steady state, there is uniform photon density

in the lattice. To see this, note that L̂1 and L̂2 are both in the same form as the dissipator

we have so far considered, so for an arbitrary Hamiltonian, we know that we can write them

as a sum of Bogoliubov modes. Hence, we know that

L̂1/
√
κ =

∑
α

Nα

(
β̂α + β̂−α

)
, (B.55)
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with

tanh rα =

∣∣∣∣η ψα[1]ψα[0]∗

∣∣∣∣ . (B.56)

We can write L̂2 in the same form, up to exchanging 0↔ 1, i.e.

tanh rα =

∣∣∣∣η ψα[0]ψα[1]∗

∣∣∣∣ (B.57)

We know that the steady state is unique and pure with just L̂1, hence, for it to remain pure

after adding L̂2, the dark state must also be annihilated by L̂2. This is equivalent to

=⇒ |ψα[1]|2 = |ψα[0]|2, (B.58)

=⇒ | tanh rα| = η (B.59)

=⇒ ⟨a†iai⟩ =
η2

1− η2
∀i. (B.60)

Thus, to get a pure steady state, it is necessary and sufficient that there exists some symmetry

of the Hamiltonian that guarantees |ψα[1]|2 = |ψα[0]|2 for every eigenmode. In this case,

the squeezing parameter for every pair of eigenmodes is identical to η, meaning one cannot

get any topological selectivity, and in fact there is always a uniform photon density in the

lattice.

If such a symmetry does not exist, the steady state is guaranteed to be in an impure

state.
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B.5 Topological Enhancement

B.5.1 SSH Degeneracy

In the manuscript, we considered an SSH chain with an odd number of lattice sites, because

an even-numbered SSH chain will have two edge modes whose energies go to zero exponen-

tially quickly in system size. When there are energy degeneracies, the steady state is no

longer unique; this means that the time it would take to prepare the steady state is growing

exponentially in system size, severely limiting the practical use.

First, we prove explicitly that the dissipative gap closes when the Hamiltonian is degen-

erate. To begin, we will assume that we have a generic Hamiltonian that satisfies the proper

symmetry conditions. That is, it can be unitarily diagonalized into modes d̂±α =
∑
i ψα[i]âi

where ψ−α[i] = (−1)iψα[i] and the energy of d̂α is opposite that of d̂−α.

As before, we assume we have a single jump operator of the form L̂/
√
κ = â0 + ηâ

†
1
.

From here, we can do the transformations:

Ĥ =
∑
α>0

ϵα(d̂
†
αd̂α − d̂†−αd̂−α) ≡

∑
α>0

ϵα(β̂
†
αβ̂α − β̂†−αβ̂−α), (B.61)

L̂ =
√
κ(â0 + ηâ

†
1
)

=
√
κ
∑
α>0

[(
ψα[0]

∗d̂α + (−1)0ψα[0]∗d̂−α
)
+ η

(
ψα[1]d̂

†
α + (−1)1ψα[1]d̂†−α

)]
=
√
κ
∑
α>0

[(
ψα[0]

∗d̂α + (−1)0ηψα[1]d̂†−α
)
+ (−1)0

(
ψα[0]

∗d̂−α + (−1)0ηψα[1]d̂†α
)]

≡
√
κ
∑
α>0

Nα(β̂α + (−1)0β̂−α), (B.62)

where we used that 0 and 1 are on the same sublattice, so (−1)0 = (−1)1. The system thus

has a unique steady state as long as the spectrum is non-degenerate. If the spectrum has

two degenerate modes – lets suppose ϵγ = ϵδ – then we can always rotate between them to
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define the new (unnormalized) modes

β̂′γ = Nγ β̂γ + (−1)0Nδβ̂δ, (B.63)

β̂′δ = Nδβ̂γ − (−1)0Nγ β̂δ. (B.64)

These are equally good Hamiltonian eigenmodes, but the dissipation only cools β̂′γ and not

β̂′δ. Thus, the steady state cannot be unique.

In the SSH chain, the topological edge modes become degenerate zero modes exponen-

tially quickly as N →∞, and therefore the time it takes to reach the steady state is blowing

up exponentially in the system size, making one exponentially susceptible to e.g. photon

loss. There is a simple solution to this problem, whereby one can always cool the slack mode

Eq. (B.64) in any lattice with mirror symmetry by adding the mirrored dissipator. Here,

“mirror symmetry” means the inversion symmetry about the center of the lattice, sending

âi ↔ âN−1−i (if the lattice is zero-indexed).

This symmetry means that adding a second dissipator L̂′/
√
κ = âN−1−0 − ηâ

†
N−1−1

will give the exact same effective squeezing parameters rα, so it has the same dark state.

However, it lives on the opposite sublattice as L̂, and so there is a phase flip - this can be

seen most clearly by simply expanding in the proper mode basis:

L̂′ =
√
κ(âN−1−0 − ηâ

†
N−1−1)

=
√
κ
∑
α>0

[
ψα[N − 1− 0]∗

(
d̂α + (−1)N−1−0d̂−α

)
− ηψα[N − 1− 1]

(
d̂
†
α + (−1)N−1−1d̂†−α

)]
.

(B.65)

Here, it is useful to observe that N is even, so (−1)N−1−0 = (−1)1−0. Further, the mirror
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Figure B.2: This shows the dissipative gap, or the relaxation rate of the slowest mode, for
an SSH chain at η = 0.99ηc, κ = J = 1, and 0 = 2, 1 = 0. Note that when we have a
single jump operator, the dissipative gap decays exponentially in system size, meaning the
stabilization time scale is quickly diverging. On the other hand, adding a second mirrored
dissipator in the form of Eq. (B.65) removes this exponential suppression.

symmetry tells us explicitly that ψα[i] = ψα[N−1−i], allowing us to make the simplificattion:

L̂′ =
√
κ
∑
α>0

[(
ψα[0]

∗d̂α + (−1)1−0ψα[0]∗d̂−α
)
− η

(
ψα[1]d̂

†
α + (−1)1−0ψα[1]d̂†−α

)]
=
√
κ
∑
α>0

[(
ψα[0]

∗d̂α − (−1)1−0ηψα[1]d̂†−α
)
+ (−1)1−0

(
ψα[0]

∗d̂−α − (−1)1−0ηψα[1]d̂†α
)]

≡
√
κ
∑
α>0

Nα(β̂α + (−1)1−0β̂−α), (B.66)

Since (−1)1−0(−1)0 = −1 is negative, between L̂ and L̂′ they cool both the sum and

difference of the two degenerate zero modes, relieving the problem of the degeneracy.

To see this in action, one can observe that even for relatively small lattice size, adding

the second dissipator can increase the dissipative gap by several orders of magnitude, see

Fig. B.2.

For such an even-numbered SSH chain, the steady state will still be single-mode squeezed

vacuums of the edges. To see this, we can observe that the edge eigenmodes that obey the

real-space chiral symmetry condition are not localized, but are superpositions of localized
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Figure B.3: This shows the steady state correlations for an even-numbered (100 site) SSH
chain. We have taken δ = −0.7, and two dissipators: one has 0 = 4 and 1 = 0, the mirrored
one takes 0 = 95, 1 = 99. Both have η = 0.999ηc. The steady state solution shows single
mode squeezing of each edge.

edge modes. If we let |ψL⟩ be left-localized and |ψR⟩ be right localized, then the edge

eigenmodes are |ψ±⟩ = (|ψL⟩ ± |ψR⟩)/
√
2. The steady state will therefore be a two mode

squeezed vacuum of |ψ+⟩ and |ψ−⟩. However, two mode squeezing plus such a beam splitter

operation is equivalent to simple having single-mode squeezing on both modes. This can be

seen in Fig. B.3.

B.5.2 SSH Topological Protection

Here, we show that the SSH chain has topological protection. To do this, we will add disorder

to coupling strengths of the SSH chain, whose spectrum should be robust up to disorder of

O(2|δ|J). For each steady state, we will define a symmetrized edge localization factor:

S =
1

n

∑
i

√
ninN−1−i

(
1− 4

i(N − i)
N2

)
, (B.67)

ni = ⟨â
†
i âi⟩, (B.68)

n =
∑
i

ni. (B.69)

It has been defined in this manner so that the edge localization value goes to unity if the

particles are infinitely localized symmetrically to the edges, and goes to zero if they are
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Figure B.4: Plotted on the left (right) is an N = 20 site SSH chain, with δ < 0 (δ > 0) in a
topologically nontrivial (trivial) regime. In the topological regime, for all three values of |δ|
shown, there is a clear crossover at σ ∼ |δ| from topologically protected edge excitations with
S ∼ 1, to Anderson localization with S ∼ 0. The topologically trivial regime has no edge
modes, transitioning from extended bulk excitations when σ ∼ 0 to Anderson localization
when σ ≫ δ. Both plots have a single dissipator with κ = 1, 0 = 2, 1 = 0, and η = 0.99ηc.
Data is averaged over 500 disorder realizations.

localized to the center of the bulk or localized to a single edge. The reason for this is that

as the disorder gets large, the wavefunctions undergo Anderson localization, so if we have

pumping on the edge lattice site, the steady state photon number tends to be concentrated

there, but the other edge mode is not excited. On the other hand, when there is topological

protection and two edge modes, there should be photon density evenly distributed to both

sides of the lattice.

In Fig. B.4, we can observe that for a range of δ values, the steady state value of the

symmetric edge localization is protected up to disorder σ ∼ |δ|, where the SSH Hamiltonian

is

Ĥ =
N−2∑
i=0

[1− (−1)iδ + Ji]â
†
i âi+1 + h.c., (B.70)

and the Ji are sampled from a Gaussian distribution with zero average and width σ.

At this point, we would like to stress that the topology only protects the steady state to

Hamiltonian perturbations which conserve the chiral symmetry. If one were instead inter-
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ested in the effect of other perturbations, e.g. a finite lifetime of the local bosonic modes,

then one would have to consider the full Liouvillian spectrum, where the Liouvillian L is the

superoperator which governs the dynamics of the full density matrix, i.e.

∂tρ̂ = Lρ = −i[Ĥ, ρ̂] +D[L̂]ρ̂ (B.71)

In this case, the Liouvillian gap is closing quickly as N gets large, which can be understood

intuitively from the fact that we are using a single jump operator to stabilize the entire

lattice, and so it takes time for excitations on top of the Bogoliubov vacuum to propagate

to the dissipation sites and then decay away.

Hence, there is no protection to additional noise. In some sense, we have chosen the

most resource-efficient scheme possible by using a single, quasi-localized jump operator. The

price paid by this choice is that the single jump operator must be stronger than all of the

other possible sources of relaxation in the lattice. If one considers preparing the steady state

quickly more important than resource efficiency, one can imagine a continuum of possible

models whereby one adds a number of other, compatible dissipators throughout the lattice,

trading resources for speed.

B.5.3 SSH Output Fields

In this section, we analyze the output fields generated by weakly tapping off some light

from the topological edge mode. We can imagine generating the dissipative interaction by

coupling to a heavily damped ancilla mode b̂,

Ĥ =
∑
i,j

Hi,j â
†
i âj + g(â0 + ηâ

†
1
)b̂† + g(â

†
0
+ ηâ1)b̂. (B.72)

If the b̂ mode is lossy with a decay rate κ, and we also couple the edge lattice site â0 to a

waveguide with a rate Γ≪ κ, see Fig. B.5(a), the Heisenberg-Langevin equations of motion
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will be:

∂tâi = −i[Ĥ, âi] + δi,0

(
−Γ

2
â0 +

√
Γâin

)
, (B.73)

∂tb̂ = −i[Ĥ, b̂]−
κ

2
b̂+
√
κb̂in, (B.74)

where âin, b̂in are operator valued, zero-temperature white noise:

⟨âin(t)âin(t′)†⟩ = ⟨b̂in(t)b̂in(t′)†⟩ = δ(t− t′). (B.75)

Using standard input-output theory [283], we can calculate the output field in frequency

space:

âout(ω) = âin(ω) +
√
Γâ0(ω), (B.76)

If we define a quadrature q̂out(ω, θ) = eiθâout(ω) + e−iθâ†out(−ω), then we can define the

squeezing spectrum as:

P (ω) = min
θ∈[0,2π)

⟨q̂out(ω, θ)q̂out(−ω, θ)⟩, (B.77)

which gives us a measure of how squeezed the output field of the edge lattice site is versus

frequency. This is depicted in Fig. B.5, which shows narrow-band squeezed topological

output light.

B.5.4 Hofstadter Steady State Correlations

In this section, we provide all-to-all correlation plots for the Hofstadter lattices, as well as

line cuts of Fig. 3.3 in Chapter 3. To show all-to-all correlations, because the lattice lies

on a 2D graph, it will be necessary to pick an ordering of the lattice sites. This is done
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Figure B.5: a) depicts a schematic of an SSH chain, along with an auxilliary lattice site b̂ to
generate the desired dissipation. Input vacuum noise on b̂ drives the system to the steady
state, which is then allowed to leak out of the system from site 0 on the edge. b) and c) show
the squeezing spectrum with Γ = 10−3, κ = 10, g = 4, J = 1, δ = −0.65, and ηopt ∼ 0.212
vs (b) frequency and (c) η. ηopt is defined as the optimal imbalance η to maximize output
squeezing at zero frequency. This is slightly less than ηc, where the system becomes unstable,
with instability denoted by black shading in (c).

most easily by choosing a “spiral ordering” where we start in the upper corner, and spiral

around and into the lattice, see Fig. B.6(a). By numbering the sites in this manner, the

sites are grouped by their distance from the edge of the lattice, which allows one to easily

discern patterns in the correlations, see Fig. B.6(b-c). The upper-left block in both plots

correspond to edge-edge correlation, which are exponentially enhanced. The correlations fall

off exponentially as one moves into the bulk; i.e., down and to the right in these plots.

Finally, we consider line cuts of the steady state correlations. First, we consider a hor-

izontal line cut through the lattice, and look at local density and squeezing correlations,

which shows exponential enhancement on the edges, Fig. B.7(a). Secondly, in Fig. B.7(b),

we look at correlations just on the edge, with the upper-left hand corner marking site 0,

and winding around in a clockwise pattern as is displayed in Fig. B.6(a). This shows nearly

spatially uniform correlations and densities around the edge, once taking into account that

correlations between sublattices are identically zero.
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Figure B.6: (a) shows the spiral ordering direction. (b)-(c) give the correlations ⟨â†i âj⟩
and ⟨âiâj⟩, respectively for a 24 × 24 site quarter flux Hofstadter lattice with 1 = (11, 23),

0 = (12, 20), and η = 0.999ηc ∼ 0.0007, which is identical to the lattice in Chapter 3.

a) b) c) d) 

Figure B.7: The lattice parameters are the same as in Fig. B.6. a) shows a line cut through
the center of the lattice, with the lattice j-coordinate fixed at 12. Note the exponential
drop in correlations in the bulk compared to the edge. b) shows local photon density and
correlations with the site (18, 23) (or just 18 in the spiral ordering, see Fig. B.6(a)) going
around just the edge. Only every other lattice site is shown, as the correlations are identically
zero on different sublattices. Note that the correlations are nearly uniform around the entire
edge, except at the corners.
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a) b)

Figure B.8: a) This depicts the bipartite entanglement entropy for a 20 × 20 to 50 × 50
quarter flux Hofstadter lattice. The dissipation is placed with site 0 = (N/2 − 1, 0) and
1 = (N/2 + 1, 2), on an N × N lattice. In all plots η = .087 ∼ 0.97 − 0.99 ηc. Data points
are shown only those for which the dimensionless pumping rate η = 0.087 < ηc, ensuring a
steady state solution. Lattice bipartitions are made by defining a line through the center of
the lattice at an angle θ to the horizontal, and data points are averaged over angles in the
set {θi = πi/N |0 ≤ i < N}, see inset. The linear fit suggests the entanglement scales with
a volume-law in the number of edge sites. Inset: Entanglement entropy versus bipartition
angle for a 24 × 24 site lattice. This is representative for all N shown, where the entropy
varies by at most a few percent versus angle. b) shows the band diagram for a 30 × 30
quarter flux Hofstadter lattice, which is finite in x and periodic in y, making ky a good
quantum number. There are 4 distinct bands, the middle two touching at 4 Dirac points.
The color shows average distance of a mode from the center of the lattice. The red (blue)
band crossing edge modes are localized to the left (right) of the lattice.
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B.5.5 Hofstadter Entanglement Structure

We can understand the entanglement structure of the edge modes in two ways: firstly, in

real space, we observe that as η → ηc, the real space entanglement approaches all-to-all

correlations within each sublattice. For fixed η, the entanglement of the lattice averaged

over all bipartitions scales linearly with the size of the edge. Tracing out the bulk modes to

get a 1D edge picture, this constitutes a volume-law entanglement scaling, see Fig. B.8(a).

The inset shows an example of the entanglement entropy versus bipartition (characterized

as the angle at which we cut the lattice), which is nearly bipartition independent.

As mentioned in Chapter 3, we can also understand the entanglement structure from

the band diagram, depicted in Fig. B.8(b). Again assuming we can ignore the bulk modes

and looking only at the edges, we will treat this as a 1D ring. Now, the real-space chiral

symmetry multiplies a mode by a phase eiπj on site j, which is equivalent to sending the

momentum k → k + π. Further, we know that it sends the mode energy ω → −ω. Thus, if

we define the group velocity νg = ∂ω/∂k, it sends

νg =
∂ω

∂k
→ ∂(−ω)

∂(k + π)
= −νg (B.78)

Hence, the steady state pairs states with opposite group velocity, i.e. chiral edge modes

propagating clockwise with ones propagating counter-clockwise. In the band structure (see

Fig. B.8(b), assuming periodic boundary conditions in the y-direction), we can identify that

modes localized to the left (red in the plot) pair with their partner at k + π and negative

energy. Similarly for right-localized sites in blue.

B.5.6 Topological Boundary Entanglement

Here, we prove the claim in Chapter 3 that in a topological lattice, two sites will have

exponentially enhanced entanglement only if they are connected by a topological boundary.
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Figure B.9: All four plots show steady state correlations for a 24 × 24 site quarter flux

Hofstadter lattice. There is a single dissipator of the form L̂ = â0 + ηâ
†
1
, where the sites

0 = (11, 23) and 1 = (12, 20) are shown in a) and c). η = 0.999ηc in both plots. a) and
c) show the local photon number density, and b) and d) show lattice correlations with the
site (18,23), denoted by a dark circle. a) and b) correspond to a square lattice with open
boundary conditions, giving a single extended edge. c) and d) have open boundary conditions
in the j direction, and are periodic in the i direction; the lattice sites encircled in blue ellipses
are identified with each other. Thus, the top-most and bottom-most rows of lattice sites are
distinct edges separated by a 22-lattice site bulk. Note that the two edges are unentangled
from each other completely, and the photon density is restricted to only a single edge in the
steady state.

To show this, we assume that all of the bulk modes are nearly translationally invariant,

and all of the edge modes have an exponentially decaying profile. We take the two lattice

sites 0, 1 to have distances x, y from the edge. Now, we can take η ∼ exp(−ζL(x − y)), so

that the delocalized bulk modes have an exponentially damped squeezing parameter, but the

edge modes have tanh rα ∼ 1, and so they are approaching criticality. Clearly, if two sites

exhibit some macroscopic entanglement, it must be via an edge mode, as the bulk modes are

exponentially close to the trivial vacuum.

Now, let’s assume that two sites are not connected by a topological boundary; that is

to say, they live on different edges. There are two ways to entangle the two sites: firstly,

one can imagine that there is a mode localized to one edge, whose minus energy partner is

localized to another edge, and they then form a two mode squeezed vacuum, entangling the

edges. However, this would violate our real space sublattice symmetry, since flipping a sign

on every other lattice site cannot change which edge a mode is localized to. Thus, the only
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way to create some entanglement is if there is a mode that has a finite overlap with multiple

edges. Let’s define such a mode as |ψ⟩ = (|L⟩ + |R⟩)/
√
2. Where |L⟩ and |R⟩ are localized

to the left and right edges, respectively. Now, if we have a Hamiltonian Ĥ, we know that

Ĥ|ψ⟩ = ϵ|ψ⟩ (B.79)

=⇒ Ĥ(|L⟩+ |R⟩) = ϵ(|L⟩+ |R⟩) (B.80)

Invoking the assumption that the Hamiltonian is local, we observe that ⟨L|Ĥ|R⟩ = O(e−ζLN )

is exponentially suppressed, where ζ−1L is the localization length scale, and N the distance

between edges. Hence, in the limit N ≫ 1, |L⟩ and |R⟩ are approximately degenerate

eigenmodes. From here, we can break this down into two further cases: if ϵ = 0 then

we could have that the proper opposite energy pairs that respect the real space sublattice

symmetry are linear combinations |ψ±⟩ = (|L⟩ ± eiϕ|R⟩)/
√
2, which is exactly the SSH

model, and leads to no long range entanglement.

The second option is that there are two other modes |L′⟩ and |R′⟩ with energy −ϵ, and

localized on the left and right, respectively. However, this just means that |L⟩ is paired with

|L′⟩ and |R⟩ is paired with |R′⟩, again giving no cross-lattice entanglement.

This completes the proof that edge sites not connected by a topological boundary have

exponentially suppressed correlations. A striking example of this is given in Fig. B.9, which

shows the correlations in a square Hofstadter lattice identical to Fig. B.6 and Fig. 3.3, com-

pared to the correlations where the boundary condition is made periodic along the horizontal

direction, hence creating two distinct edges separated by a bulk. With open boundary con-

ditions and a single topological edge, there is long range, volume law entanglement between

all sides of the lattice (as shown in Fig. B.8(a)). However, when there are two disconnected

topological boundaries, there is no long range entanglement between the upper and lower

edges, see Fig. B.9(c-d).
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APPENDIX C

APPENDIX TO CHAPTER 4

C.1 Bound Proof

C.1.1 Trace Relation of Maximally Entangled States

Here, we will prove the trace property of maximally entangled states mentioned in Chapter 4.

Namely, if we define

|ψ⟩ = 1√
N

N∑
i=1

|i⟩A ⊗ |i⟩B , (C.1)

then for any local operator ÔA ⊗ 1̂, we can see that

⟨ψ|ÔA ⊗ 1̂|ψ⟩ = 1

N

∑
i,j

⟨i|ÔA|j⟩ ⊗ ⟨i|j⟩ =
1

N

∑
i

⟨i|ÔA|i⟩ =
1

N
trÔA. (C.2)

By the symmetry of the state under A↔ B, this also tells us that the expectation value of

any local B operator of the form 1̂⊗ ÔB is also equivalent to its trace. Since for any jump

operator L̂ = Â⊗ 1̂+ 1̂⊗ B̂ that is a sum of local operators, it’s commutator with its adjoint

is also a sum of local operators

[L̂, L̂†] = [Â, Â†]⊗ 1̂+ 1̂⊗ [B̂, B̂†], (C.3)

then the expectation value

⟨ψ|[L̂, L̂†]|ψ⟩ = 1

N

(
tr[Â, Â†] + tr[B̂, B̂†]

)
= 0, (C.4)

as noted in Chapter 4.
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C.1.2 Proof of Main Bound

We can now move on to proving the main bound. Following a similar construction to [284],

we will bound the fidelity to the steady state

F (t) =

(
tr

√√
ρ̂ssρ̂t

√
ρ̂ss

)2

. (C.5)

Because we assume the steady state is pure, this can be simplified as

F (t) = tr(ρ̂tρ̂ss). (C.6)

Now, we can bound the change in the fidelity by its maximal derivative, i.e.

|F (t)− F (0)| ≤ Γmaxt, (C.7)

Γmax = max |∂tF (t)|, (C.8)

and so we will focus now on bounding ∂tF (t). Letting L be the Lindbladian and noting that

ρ̂ss is time-independent, we can observe that

|∂tF (t)| = | tr(ρ̂ss∂tρ̂t)| = | tr(ρ̂ssLρ̂t) = | tr(L†ρ̂ssρ̂t)|, (C.9)

where we have used the definition of the adjoint Lindbladian to move it onto steady state

(where the adjoint is with respect to the Hilbert-Schmidt norm). The Cauchy-Schwartz

inequality gives:

Γmax ≤ | tr(L†ρ̂ssρ̂t)| ≤
√

tr(L†ρ̂ss)2 tr(ρ̂t)2 ≤
√

tr(L†ρ̂ss)2. (C.10)
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Thus the rate Γmax is bounded by the Hilbert-Schmidt norm of the adjoint Lindbladian

acting on the steady state. We can further simplify this:

L†ρ̂ss = i[Ĥ, ρ̂ss] +
∑
µ

L̂
†
µρ̂ssL̂µ −

1

2
{L̂†µL̂µ, ρ̂ss} =

∑
µ

L̂
†
µρ̂ssL̂µ; (C.11)

=⇒ tr(L†ρ̂ss)2 = tr

[∑
µ,ν

L̂
†
µρ̂ssL̂µL̂

†
ν ρ̂ssL̂ν

]
=
∑
µ,ν

|⟨ψ|[L̂µ, L̂†ν ]|ψ⟩|2, (C.12)

where we have used repeatedly the fact that [Ĥ, ρ̂ss] = L̂µρ̂ss = 0. Next, we will expand out

the jump operator in terms of its matrix elements in the Schmidt basis:

L̂µ = Âµ ⊗ 1̂+ 1̂⊗ B̂µ ≡
N∑
ij

(Aµ)ij |i⟩⟨j| ⊗ 1̂+ 1̂⊗ (Bµ)ij |i⟩⟨j|. (C.13)

To proceed, we will need to understand the relation between (Aµ)ij and (Bµ)ij which is

implied by L̂µ|ψ⟩ = 0. We find that, writing |ψ⟩ in the Schmidt basis, (and removing tensor

product signs for brevity)

0 =
N∑
ijkl

√
pl

[
(Aµ)ij |ik⟩⟨jk|+ (Bµ)ij |ki⟩⟨kj|

]
|ll⟩ =

N∑
ij

[
√
pj(Aµ)ij +

√
pi(Bµ)ji

]
|ij⟩;

(C.14)

=⇒ (Aµ)ij = −
√
pi(Bµ)ji

1
√
pj
. (C.15)

Recalling the definition of Ψ in Eq. (4.23), this is equivalent to

Aµ = −ΨBTµΨ−1, (C.16)

as stated in Chapter 4 [Eq. (4.24)]. Coming back to the bound, we can expand Eq. (C.12)

in terms of matrix elements as
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Γ2max ≤
∑
µ,ν

 N∑
j,k=1

(
Aµ)j,k(Aν)

∗
j,k + (Bµ)j,k(Bν)

∗
j,k

) (
pj − pk

)2 (C.17a)

=
∑
µ,ν

 N∑
j,k=1

(Aµ)j,k(Aν)
∗
j,k

(
pj − pk

)2
pk

2 ≤∑
µ,ν

 |Aµ||Aν |
pmin

N∑
j,k=1

(
pj − pk

)22

(C.17b)

=
1

p2min

(∑
µ

|Aµ|2
)2
 N∑
j,k=1

(
pj − pk

)22 =
2N2

p2min

(∑
µ

|Aµ|2
)2 (

e−S
(2)
−N−1

)2
.

(C.17c)

In Eq. (C.17b), we have defined |Aµ| to be the largest matrix element of Aµ in the

Schmidt basis, and
√
pmin to be the smallest Schmidt coefficient. Taking a square root of

both sides gives

Γmax ≤
√
2N

pmin

(∑
µ

|Aµ|2
)(

e−S
(2)
−N−1

)
, (C.18)

recovering the result from Chapter 4.

C.1.3 Non-Full Rank Steady State

If Ψ is not full rank, then p−1min is ill-defined. However, a similar bound can be derived for a

state that is not full rank. Beginning at Eq. (C.17), we note that
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Γ2max ≤
∑
µ,ν

 N∑
j,k=1

(
Aµ)j,k(Aν)

∗
j,k + (Bµ)j,k(Bν)

∗
j,k

)(
|ψj |2 − |ψk|2

)2

≤
∑
µ,ν

(
|Aµ||Aν |+ |Bµ||Bν |

)2  N∑
j,k=1

∣∣∣∣|ψj |2 − |ψk|2∣∣∣∣
2

≤ N2
∑
µ,ν

(
|Aµ||Aν |+ |Bµ||Bν |

)2 N∑
j,k=1

(|ψj |2 − |ψk|2)2

= 2N3
∑
µ,ν

(
|Aµ||Aν |+ |Bµ||Bν |

)2 (
e−S

(2)
−N−1

)
, (C.19)

=⇒ Γmax ≤ 2N3/2
√∑

µ,ν

(
|Aµ||Aν |+ |Bµ||Bν |

)2 (
e−S

(2)
−N−1

)1/2

≤ 2N3/2


 M∑
µ=1

|Aµ|

2

+

 M∑
µ=1

|Bµ|

2
 δE1/22 , (C.20)

where we see that the bound depends only on the root of δE2 as opposed to linearly for

the case of a full rank system.

C.1.4 Necessity of Multiple Jump Operators

We now prove the result from Chapter 4, that the condition Eq. (4.24) implies that A and

B are isospectral, necessitating multiple jump operators (or a Hamiltonian interaction) to

get a unique steady state. Let’s begin by assuming that the matrix A is diagonalizable.

The relation A = −ΨBTΨ−1 tells us that if A is diagonalizeable via A = P−1DP , then

BT = −(PΨ)−1D(PΨ). Hence, B is also diagonalizeable as

B = (PΨ)T (−D)((PΨ)T )−1. (C.21)
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Thus, we can work in the (non-orthonormal) basis of eigenvectors of A and B so that

L̂ = D̂A ⊗ 1̂− 1̂⊗ D̂B . (C.22)

and therefore every vector of the form |ψ⟩ = |i⟩A ⊗ |i⟩B is in the kernel of L̂, where |i⟩A,B

are the eigenbases of A,B, respectively.

Alternatively, let’s assume that A is not diagonalizeable. In this case, we can find a basis

where it is in Jordan-Normal form. Let’s consider just a single Jordan Block of the form

A =



λ 1 0 0 . . . 0

0 λ 1 0 . . . 0

...
...

...
. . . . . . 0

0 0 0 . . . λ 1

0 0 0 . . . 0 λ


(C.23)

of dimension n×n. Now, we can rewrite this in the following way: A has a single eigenvector

we will denote as |0⟩ such that A|0⟩ = λ|0⟩. Then, we define that A|m⟩ = λ|m⟩ + |m − 1⟩

for m > 0. Now, since A,−BT are similar matrices, they have an identical Jordan Normal

form. Hence, we can define an identical basis for B such that B|m⟩ = −λ|m⟩ − |m− 1⟩ (for

m > 0) and B|0⟩ = λ|0⟩. Now, consider the set of states

|ϕn⟩ =
n∑

m=0

|m⟩ ⊗ |n−m⟩. (C.24)
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Now, we can observe that L̂|ϕn⟩ is

L̂|ϕn⟩ = (A⊗ 1̂+ 1̂⊗B)
n∑

m=0

|m⟩ ⊗ |n−m⟩

=
n∑

m=1

|m− 1⟩ ⊗ |n−m⟩ −
n−1∑
m=0

|m⟩ ⊗ |n−m− 1⟩ = 0. (C.25)

Repeating this construction for each Jordan block implies that the dimension of the kernel

of L̂ is always at least N . To lift this degeneracy of the Lindbladian, we need (at least) two

jump operators such that ker L̂1∩ker L̂2 is spanned by the steady state |ψ⟩, or a Hamiltonian

interaction such that the intersection of the eigenvectors of the Hamiltonian and the kernel

of L̂ is spanned by the steady state |ψ⟩.

In Appendix C.2 we will do this by choosing multiple random jump operators.

C.1.5 Uneven Hilbert Space Dimension

Throughout Chapter 4, we mainly limit the discussion to bipartite Hilbert spaces where each

subspace has an identical Hilbert space dimension. Now, we wish to explore what happens

when considering systems of uneven dimension; without loss of generality we will assume

H = HA ⊗HB and

dim(HA) ≡ NA < NB ≡ dim(HB). (C.26)

Now, we can still define a pure steady state in terms of it’s Schmidt coefficients:

|ψ⟩ =
NA∑
i=1

√
pi|i⟩A ⊗ |i⟩B , (C.27)
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Figure C.1: a) Depiction of the matrix elements of B when there is an uneven Hilbert
space dimension, breaking B into four blocks using the projector Π [c.f. Eq. (C.32)]. b)
The dissipative gap for random Linbladians averaged over 100 instances, with δE2 fixed to
be 10−3. The A matrix is sampled from the random Ginibre ensemble with unit variance,
and the elements in (1̂ − Π)BΠ are sampled from a normal distribution with zero mean
and variance σ2B . the elements of (1̂ − Π)B(1̂ − Π) are irrelevant, and taken to be 0. The

black dashed line gives the expected scaling of σ2B +2δE2 until the gap saturates to an O(1)
parameter for σ2B ≳ 1.

where pi are real and positive. We define the remaining (NB − NA) dimensional subspace

of HB as

H′B = HB \ span{|i⟩B |i = 1, . . . , NA}, (C.28)

for which we will define the basis {|i⟩B |i = NA + 1, . . . , NB}. A maximally entangled

state is still defined by a flat distribution of Schmidt coefficients, where pi = N−1A . Taking

L̂ = Â⊗ 1̂ + 1̂⊗ B̂ as before, we now calculate |L̂†|ψ⟩|2 when the B̂ is of larger rank than

Â and |ψ⟩ is maximally entangled. We now find that

|L̂†|ψ⟩|2 = ⟨ψ|[L̂, L̂†]|ψ⟩ = ⟨ψ|[Â, Â†]⊗ 1̂|ψ⟩+ ⟨ψ|1̂⊗ [B̂, B̂†]|ψ⟩

= tr[Â, Â†] +
1

NA

NA∑
i=1

⟨i|[B̂, B̂†]|i⟩ = 1

NA

NA∑
i=1

NB∑
j=NA+1

|Bij |2 − |Bji|2. (C.29)
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Figure C.2: (a) Dissipative gap of random Lindbladians given a fixed steady state entan-
glement E2, similar to Fig. 4.2. Different colors correspond to drawing the matrix A from
different distributions, see Eq. (C.47). For each distribution and entanglement value we
sample 100 Lindbladians, with local dimension N = 10 and M = 2 jump operators. The
black dashed line gives the scaling as predicted in Eq. (4.27). (b) Average (solid lines) and
standard deviation (dashed lines) of points in (a) for a fixed value of entanglement and dis-
tribution.

The condition L̂|ψ⟩ = 0 implies (see Fig. C.1)

Bij =

 Aji
ψi
ψj

i, j ≤ NA

0 i > NA, j ≤ NA

, (C.30)

which allows us to reduce Eq. (C.29) to simply

|L̂†|ψ⟩|2 =
1

NA

NA∑
i=1

NB∑
j=NA+1

|Bij |2, (C.31)

which can now be non-zero; i.e. it is possible to generate a maximally entangled state if

NB > NA, as was noted in the case of a qubit and qutrit in [117]. Let’s define the projection
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operator Π̂ as

Π̂ =

NB∑
j=NA+1

|j⟩⟨j|. (C.32)

Then Eq. (C.30) tells us that Π̂B̂(1̂ − Π̂) = 0. However, we also know that to avoid

slowdown, we require that ||(1̂− Π̂)B̂Π̂|| ̸= 0, as otherwise we can just truncate the Hilbert

space and recover the bound for NA = NB . In fact, we can rewrite the bound in this case as

Γmax ≤
√
2N

pmin

(∑
µ

|Aµ|2
)
δE2 +

∑
µ

||(1̂− Π̂)B̂µΠ̂||22, (C.33)

where the norm ||Ô||2 is the operator norm defined as the largest singular value of Ô. The

first term is simply the standard one from before, and the second is a measure of how much

the dissipation is utilizing the extra Hilbert space available. Using an uneven Hilbert space

dimension to circumvent slowdown was first considered in a qubit-qutrit system in [117];

however, it should also work perfectly well in the many body case. This can be seen in

Fig. C.1, where we take NB = NA+1, and take A from the random Ginbre ensemble. Then

we take the elements of (1̂− Π̂)BΠ̂ to be normally distributed with zero mean and variance

σB . Finally, we define the projection super-operator

P =

NA∑
i,j=1

|ρij⟩⟩⟨⟨ρij |, (C.34)

ρ̂ij = |i⟩⟨i|A ⊗ |j⟩⟨j|B . (C.35)

(As before the double bracket notation |ρij⟩⟩ signifies a vectorized density matrix.) If L is

the Lindbladian acting on the enlarged Hilbert space (NB > NA), then we can define

L′ = PLP , (C.36)
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which gives the effective dynamics in the subspace of dimension N4
A. If we look at the gap

as a function of σ2B , we can see that when σ2B ≪ δE2, then the gap is dominated by the

entanglement induced slowdown. However, when σ2B ≳ δE2, the gap opens up linearly in

σ2B , before saturating at an O(1) value. Note the projection P is necessary as otherwise

when σ2B ≪ 1 the slow time-scale would be dominated by the time to get out of the extra

B system levels, and we would not see the plateau at small σ2B .

An alternative interpretation is that systems on uneven Hilbert space dimension can

be recast as effectively being of equal dimension with non-full-rank steady state Schmidt

coefficients. That is to say, again assuming NB > NA, we can always define the operator

Ãµ = Aµ ⊕ 0NB−NA
, (C.37)

where by taking a direct sum with the 0 matrix, we essentially just pad Aµ with zeroes so

it is of the same dimension as Bµ. Next, we define the steady state Schmidt coefficients

ψ̃i =

 ψi i ≤ NA

0 NA < i ≤ NB

 , (C.38)

and again choose Bµ as in Eq. (C.30). Now, we have a new master equation on an even

Hilbert space dimension with identical dynamics. We have simply augmented the Hilbert

space with uncoupled extra levels on the A system. This means the steady state reduced

density matrix is not full rank, but still the bound Eq. (4.19) will apply. Hence, given a state

on an uneven Hilbert space we can also state that

Γmax ≤ 2N
3/2
B


 M∑
µ=1

|Aµ|

2

+

 M∑
µ=1

|Bµ|

2
(e−S(2)

ss − 1

NB

)1/2

. (C.39)
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In this case, e−S
(2)
ss ≥ N−1A , and so the gap will not close even for a maximally entangled

state, as shown in e.g. [117].

C.1.6 Mixing Time

Another relevant quantity in both classical or quantum Markov chains is the mixing time

[132] which can be thought of as the smallest time after which any initial probability dis-

tribution (or density matrix, in the quantum case) is within ϵ distance of the steady state

distribution. More formally, we can define this as

tmix(ϵ) = inf{t > 0 | ∀ρ̂, dtr(eLtρ̂, ρ̂ss) ≤ ϵ}, (C.40)

where dtr is the trace distance and ρ̂ss is the steady state density matrix. The bound as

stated in Eq. (4.18) is in terms of the quantum fidelity; however, this is related to the trace

distance by [133]:

dtr(ρ̂, σ̂) ≥ 1− F (ρ̂, σ̂), (C.41)

as long as at least one of ρ̂ or σ̂ is a pure state. Thus, if we now use that F (eLtρ̂, ρ̂ss) ≤

F (ρ̂, ρ̂ss) + vt, then we find that

ϵ ≥ dtr(e
Ltρ̂, ρ̂ss) ≥ 1− F (eLtρ̂, ρ̂ss) ≥ 1− F (ρ̂, ρ̂ss)− Γmaxt (C.42)

=⇒ Γmaxt ≥ 1− ϵ− F (ρ̂, ρ̂ss) (C.43)

=⇒ tmix(ϵ) ≥
1− ϵ
Γmax

(C.44)

where Γmax is bounded from above by Eq. (4.18) as derived before. Hence, the mixing time

is lower bounded by one over the distance from the maximal entropy.
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C.2 Random Lindbladians

C.2.1 Random Jump Operators

It is useful to consider how well the bound is saturated on a class of random Lindbladians,

as shown in Chapter 4. Let’s define a distribution of Schmidt coefficients {pi} subject to

∑
i

pi = 1, − log
∑
i

p2i = S(2), (C.45)

for some fixed value of the Renyi-2 entropy S(2). Now, given this distribution, we define a

set of random matrices Aµ sampled from the complex Ginibre ensemble where (Aµ)ij are

independent and identically distributed (i.i.d.) Gaussian random variables with

E[(Aµ)ij ] = 0, E[(Aµ)∗ij(Aν)kl] = δikδjlδµνσ
2. (C.46)

We will sample random jump operators from many ensembles, including the complex Ginibre

ensemble, random Hermitian matrices, random symmetric matrices, and random matrices

which obey detailed balance. For concreteness, let’s define A drawn from the random Ginibre

ensemble above [Eq. (C.46)]. Then we define the random Hermitian operator AH , random

symmetric operator AS , and random detailed balance operator ADB as

AH =
1√
2
(A+ A†), (C.47a)

AS =
1√
2
(A+ AT ), (C.47b)

ADB =
1√
2
(AS +ΨATSΨ

−1). (C.47c)

For all of these ensembles, we find that the dissipative gap scales linearly with δE2 predicted

by the bound. This is shown in Fig. C.2.
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C.2.2 Fidelity Rate of Change from a Haar Random State

The bound Eq. (4.18) states that no state can approach the steady state at a rate faster

than O(N2) × δE2. However, numerics seem to imply that the dissipative gap is actually

O(1)× δE2. One might guess that this discrepancy is a result of the fact that dissipative gap

is the slowest relaxing mode, whereas the bound applies to the fastest. To get a prefactor

closer to O(1), we can consider bounding a Haar random state as opposed to all states.

Recalling the formula from above [Eq. (C.9)], we know that

∂tF (t) = tr
(
ρ̂tL†ρ̂ss

)
. (C.48)

Let ρ̂t = Û |0⟩⟨0|Û† with Û integrated over the Haar measure. Since ∂tF (t) is linear in ρ̂t,

we can just directly calculate that

∫
Haar

Û |0⟩⟨0|Û† dU =
1̂

N2
; (C.49)

=⇒
∫
Haar

∂tF (t) dU =
1

N2
tr
(
L†ρ̂ss

)
. (C.50)

Now, we can calculate that

1

N2
tr
(
L†ρ̂ss

)
=

1

N2

∑
µ

⟨ψ|[L̂µ, L̂†µ]|ψ⟩ =
1

N2

∑
µ

N∑
j,k=1

|(Aµ)j,k|2
(
pj − pk

)2
pk

. (C.51)

Now at this point, we can see that this can be bounded in a similar way as before by

∫
Haar

∂tF (t) dU ≤

(∑
µ

|Aµ|2
)

2

Npmin
δE2. (C.52)
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We can be more precise if we know something about the distributions from which we sample

Aµ and pj . Suppose Aµ is sampled from a random distribution with variance

E
[
|(Aµ)j,k|2

]
= σ2. (C.53)

Further, let’s rewrite the Schmidt coefficients in the following, physically motivated form:

pi =
e−βλi∑N
j=1 e

−βλj
(C.54)

where we have defined a new set of random variables λi. Note that by writing it in this

manner, the fact that
∑N
i=1 pi = 1 is inherently manifest. Moreover, we have a single

parameter β that can tune the steady state entanglement entropy. When β = 0, then

pi = 1/N and the state is maximally entangled. As β → ∞, the state becomes pure.

Moreover, δE2(β) is monotonic in β, so there is a unique value of β to fix the entanglement.

Next, observe that if λi → λi− λ, then pi are invariant, so without loss of generality we can

take
∑N
i=1 E[λi] = 0. Next, we will set a scale for β by defining

1

N

N∑
i=1

E[λ2i ] = 1 (C.55)

We can always do this (for any distribution with a well defined second moment) by rescaling

β. Finally, we will define the variable χ2 =
∑N
i,j=1 E[λiλj ]. For example, if λi are i.i.d. then

χ2 = N . To calculate the average of the rate of change of the fidelity, it will be necessary

to compute the average
∑N
i=1 E[p

−1
i ]. We can make progress by noting that, in the high

entanglement limit, the variance of the pi is highly constrained by fixing the entropy. Hence,

we can compute this to leading order in δE2 (or equivalently, the small β limit). Observe
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that

E[δE2] = E

 ∑N
i=1 e

−2βλi(∑N
j=1 e

−βλj
)2
 =

β2

N

(
1− χ2

N2

)
+O(β4N2). (C.56)

Now, δE2 is in fact fixed, so we can invert this to be an equation instead for β:

β2

N

(
1− χ2

N2

)
= δE2 +O(δE2N2)2. (C.57)

From here, we can now calculate, to leading order in β:

N∑
i=1

E[p−1i ] =
N∑

i,j=1

E
[
e−β(λi−λj)

]
= N2 +

β2

2

∑
j,k=1

E
[
(λi − λj)2

]
+O(β4N2)

= N2 (1 +NδE2) +O(N2δE2)2. (C.58)

We can use this relation to observe that Eq. (C.51) simplifies to

E
[∫

Haar
∂tF (t) dU

]
= E

 1

N2

M∑
µ=1

N∑
j,k=1

|(Aµ)j,k|2
(
pj − pk

)2
pk


=
Mσ2

N2
E

 N∑
j,k=1

(
pj − pk

)2
pk


= 2Mσ2δE2 +O(δE2)2, (C.59)

where we definedM to be the number of jump operators. Assuming NδE2 ≪ 1, we can drop

the second term as small and recover the result quoted in the text. We can also calculate

the variance one would expect from such a distribution. Here, we calculate

E
[∫

Haar
|∂tF (t)|2 dU

]
= E

∫
Haar

∣∣∣∣∣∑
µ

|⟨ψ|LµU |0⟩|2
∣∣∣∣∣
2

dU

 . (C.60)
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This now depends nonlinearly on ρ̂t, so we cannot simply replace the state with its average.

However, we can still make progress. We will suppress the integral over the Haar measure

for brevity, giving

E
[
|∂tF |2

]
= E

∣∣∣∣∣∑
µ

|⟨ψ|L̂µÛ |0⟩|2
∣∣∣∣∣
2


= E

 N∑
iα,jα

m∑
µ,ν

(Aµ)j1k1(Aν)j2k2(Aµ)
∗
j3k3

(Aν)
∗
j4k4

U
k1j1
00 U

k2j2
00 (U

k3j3
00 )∗(Uk4j400 )∗

∏
α

(
√
pjα −

pkα√
pjα

)
= σ4

N∑
iα,jα

m∑
µ,ν

(
δ13δ24 + δ14δ23δµν

)
E

[
U
k1j1
00 U

k2j2
00 (U

k3j3
00 )∗(Uk4j400 )∗

∏
α

(
√
pjα −

pkα√
pjα

)]

= σ4
N∑

iα,jα

(
M2δ13δ24 +mδ14δ23

) (δ13δ24 + δ14δ23)

N2(N2 + 1)
E

[∏
α

(
√
pjα −

pkα√
pjα

)]

=
σ4(M2 +M)

N2(N2 + 1)

N∑
iα,jα

(δ13δ24 + δ1234)E

[∏
α

(
√
pjα −

pkα√
pjα

)]

=
σ4(M2 +M)

N2(N2 + 1)
E


 N∑

jk

(pj − pk)2

pj

2

+
N∑
jk

(pj − pk)4

p2j

 . (C.61)

To make progress, we will again assume that δE2 ≪ N−2, and so we can again expand

to leading order in δE2N2. We will also assume N ≫ 1, and so we will only keep terms to

leading order in N−1, as well. This gives

E
[
|∂tF |2

]
= σ4(M2 +M +O(N−2)) (δE2)2 +O(N2δE2)3. (C.62)
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Figure C.3: (a) Dissipative gap of random Lindbladians with Aµ sampled from the complex
Ginibre ensemble and local dimension N = 10 for varying numbers of jump operators M .
There are 100 samples for each M and each value of entanglement δE2. (b) The normalized
average (solid lines) and standard deviation (dashed lines) of data in (a). The average is

normalized as E[∆]/(M − 1) [c.f. Eq. (C.64)], and the standard deviation as

√
E[∆2]−E[∆]2

M−1
[c.f. Eq. (C.65)].

This tells us that we would expect a variance of

V [|∂tF |] = E
[
|∂tF |2

]
− |E [|∂tF |]|2

= σ4M (δE2)2 +O(δE2)3

=
1

M
|E [|∂tF |]|2 +O(δE2)3, (C.63)

and so the distribution should get tighter as one adds more and more jump operators. This

scaling can be observed in Fig. C.3. However, we note that in Fig. C.3 we are plotting the

dissipative gap and not the rate of change of the fidelity. This is important because we know

analytically that the gap ∆ = 0 if M = 1, given the fact that Â and B̂ are isospectral (see

Appendix C.1.4). However, a single jump operator is sufficient to change the fidelity to the

steady state at a non-zero rate for some states in the Hilbert space. Hence, we expect that
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the average and variance of the gap should be (setting σ = 1):

E[∆] ∝ (M − 1)δE2, (C.64)

V[∆] ∝ (M − 1) (δE2)2 . (C.65)

Hence, in Fig. C.3 we normalize by these values and observe a collapse of both the average

and the standard deviation (root of the variance) onto a single line.

C.3 Maximally Entangled State as a Strong Symmetry

Recall from Appendix C.1 that if ρ̂ss is a maximally entangled state, then ρ̂ssL̂µ = 0.

However, because to be a steady state requires L̂µρ̂ss = 0, this implies that the commutator

of the steady state with each jump operator identically vanishes. Additionally, any pure

steady state must be a Hamiltonian eigenstate as well, so all together this implies:

[L̂µ, ρ̂ss] = [Ĥ, ρ̂ss] = 0. (C.66)

However, this is simply the statement that ρ̂ss is a strong symmetry of the dynamics [131].

This means that we can interpret the steady state density matrix as a symmetry operator;

i.e., it is a conserved charge. Because it is a pure state ρ̂ss = |ψ⟩⟨ψ|, the density matrix is

itself simply a projection operator onto the steady state |ψ⟩, and so the conserved charge

generated by such a symmetry is simply the population in the steady state. Hence, this is

another way to see that if an open system has a steady state that is maximally entangled,

then it is completely dynamically isolated from the rest of the system.

Now, let’s suppose we perturb the Lindbladian slightly away from this point, so that the
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steady state is still pure, but slightly less entangled. In this case we still have that

L̂µρ̂ss = [Ĥ, ρ̂ss] = 0, (C.67)

since it is by definition a pure steady state, but if it is not maximally entangled then gener-

ically ρ̂ssL̂µ ̸= 0. We can quantify, then, how close this is to being a symmetry by defining

the error Γerr

Γerr =
∑
µ

|[L̂µ, ρ̂ss]| =
∑
µ

⟨ψ|[L̂µ, L̂†µ]|ψ⟩ = tr
(
L†ρ̂ss

)
, (C.68)

where | · | denotes the Hilbert-Schmidt norm. However, this is exactly the same term that

shows up when calculating the rate of change of the fidelity, which we know goes to zero as

[c.f. Eqs. (C.51) and (C.52)]

∑
µ

⟨ψ|[L̂µ, L̂†µ]|ψ⟩ ≲ N2δE2, (C.69)

and so we can think of this entanglement term both as bounding how fast the fidelity to the

steady state can change, as well as how close the Lindbladian is to having a strong symmetry.

This interpretation also explains why there is exactly one midgap state for a random

Lindbladian. Let’s suppose that we have a Lindbladian L0 with a maximally entangled

steady state ρ̂0 = |ψmax⟩⟨ψmax|. Now, we know that this implies that there is a strong

symmetry in the dynamics, and therefore at least two-fold degeneracy in the steady state

manifold. Moreover, in the absence of any other symmetry constraints, the degeneracy

should be exactly two, and it should be split by a ∆bulk = O(1) bulk gap [150]. Now, let’s

assume that there is a very closely related Lindbladian L = L0 + ϵL1 such that ϵ ≪ ∆bulk

the bulk gap, and so we can perform perturbation theory within the steady state manifold.

Now, we don’t know exactly what the degenerate steady state actually is, but we do
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know exactly what the left eigenvectors are, so instead we will do perturbation theory in L†,

which has the same eigenspectrum of L. Explicitly, we know that L†0ρ̂0 = L†0(1̂− ρ̂0) = 0.

Let’s suppose that ρ̂ss is the unique steady state solution of Lρ̂ss = 0. Then ρ̂ss =

ρ̂0 + ϵρ̂1 + O(ϵ2). Therefore, ρ̂0 = ρ̂ss + O(ϵ), and specifically this means that the left

eigenvector of L, or alternatively the right eigenvector of L† is ρ̂0+O(ϵ) = ρ̂ss+O(ϵ). Hence,

to first order in ϵ, we can perturbatively calculate the steady state degeneracy splitting as

the eigenvalues of

tr


 1̂− ρ̂ss

ρ̂ss

L†( 1̂− ρ̂ss ρ̂ss

) = tr


 1̂

0

L†( −ρ̂ss ρ̂ss

)
=

 −Γ Γ

0 0

 , (C.70)

where Γ = tr(L†ρ̂ss). The eigenvalues of this matrix are {0,−Γ}, so perturbatively one

would expect a dissipative gap that is equivalent to Γ = tr(L†ρ̂ss). However, this is just

exactly the error Γerr defined in Eq. (C.68); that is to say, the dissipative gap is equivalent

to how close the system is to having a strong symmetry.

C.4 Directional Dynamics

As mentioned in the text, the form of the jump operator Eq. (4.6) is the correct form for

directional dynamics [154, 152, 153, 111]. To achieve directionality, such that the dynamics

in the A system are unaffected by those in the B system, a Hamiltonian interaction is

necessary. Generically, given a jump operator L̂ = Â⊗ 1̂+ 1̂⊗ B̂, one can always make this

a unidirectional (chiral) process via the Hamiltonian [154, 111]

ĤAB =
i

2

(
Â† ⊗ B̂ − Â⊗ B̂†

)
. (C.71)
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More is needed, however, to ensure that the state we began with is still the steady state of

this new Lindbladian.

To make this possible, firstly, we will need a local Hamiltonian ĤA on the A system such

that

LAρ̂A = −i[ĤA, ρ̂A] +D[Â]ρ̂A = 0, (C.72)

ρ̂A ≡ trB ρ̂ss. (C.73)

This is equivalent to the condition that

(HA)nm =
i

pm − pn
⟨n|D[Â]ρ̂A|m⟩, (C.74)

which uniquely defines the matrix elements of HA in the Schmidt basis. Note that this also

gives another constraint, that

⟨n|D[Â]ρ̂A|n⟩ = 0, (C.75)

=⇒
∑
k

|Ank|2pk − |Akn|2pn = 0. (C.76)

One way to satisfy this is to simply assume A = ΨATΨ−1, which is what we have done

throughout this manuscript.

With ĤA now defined, we can use the general CQA construction in [111] to find the local

Hamiltonian on B, which is given by

HB = −1

2
Ψ

(
HA −

i

2
A†A

)T
Ψ−1 +H. c. (C.77)
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Then, we can define

ĤCQA = ĤA ⊗ 1̂+ 1̂⊗ ĤB + ĤAB , (C.78)

LCQAρ̂ = D[Â⊗ 1̂+ 1̂⊗ B̂]ρ̂− i[ĤCQA, ρ̂], (C.79)

which generates directional dynamics with the steady state ρ̂ss as desired.

C.5 Free-Fermion Subspaces of an Interacting Hamiltonian

In Chapter 4, we consider the interacting, two-leg ladder Hamiltonian Ĥ = Ĥ∥+ Ĥ⊥, where

Ĥ∥ is an XX Hamiltonian running along the legs of the ladder, and Ĥ⊥ is an anisotropic

XXZ Hamiltonian across the rungs:

Ĥ∥ = J
n−1∑
i=1

∑
s=A,B

σ̂+s,iσ̂
−
s,i+1 +H. c., (C.80a)

Ĥ⊥ =
n∑
i=1

J
(
σ̂xA,iσ̂

x
B,i + σ̂

y
A,iσ̂

y
B,i

)
+ Jzσ̂

z
A,iσ̂

z
B,i, (C.80b)

This Hamiltonian was introduced in Ref. [156], where it was shown that (see also [119]) the

Hamiltonian can be recast as particles hopping on a 1D chain, where now each lattice site

has local Hilbert space dimension d = 4. Define the singlet and triplet states |S/T ⟩j as

|S/T ⟩j =
1√
2

(
|0⟩A,j |1⟩B,j ∓ |1⟩A,j |0⟩B,j

)
. (C.81)

Letting |0⟩j ≡ |0⟩A,j |0⟩B,j and similarly |1⟩j ≡ |1⟩A,j |1⟩B,j , then {|0⟩, |1⟩, |S⟩, |T ⟩} span the

local Hilbert space of the single 1D chain.

Next, it is simple to observe that because the XXZ interaction conserves total angular

momentum as well as total Z angular momentum on each bond, then these four states can
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also be used to form an eigenbasis of Ĥ⊥. It is also of interest to note that the states

|Ω1⟩ ≡ |S⟩1 ⊗ |T ⟩2 ⊗ · · · ⊗ |S(T )⟩n, (C.82)

|Ω2⟩ ≡ |T ⟩1 ⊗ |S⟩2 ⊗ · · · ⊗ |T (S)⟩n, (C.83)

are also zero energy eigenstates of Ĥ∥, and so we will define these to be the “vacua” of the

Hamiltonian Ĥ.

From here, one can add “excitations” in the form of |0⟩ or |1⟩. This is because the

Hamiltonian Ĥ∥ sends (c.f. Eq. 2 in [156])

|0S⟩ ↔ |S0⟩, |0T ⟩ ↔ |T0⟩, (C.84a)

|1S⟩ ↔ |S1⟩, |1T ⟩ ↔ |T1⟩, (C.84b)

where ↔ represents mapping under Ĥ∥ modulo multiplicative constants. Furthermore,

Ĥ∥|00⟩ = Ĥ∥|11⟩ = 0, and so any fixed number of |0⟩ or |1⟩ particles on top of the vac-

uum can be mapped exactly to free fermions - each individual species experiences a nearest

neighbor hopping Hamiltonian without scattering. The caveat here, and the reason that

the entire Hilbert space is not equivalent to free fermions, is that the |0⟩ particles and |1⟩

particles can scatter off of each other. I.e. Ĥ∥ maps (c.f. Eq. 3 in [156])

|01⟩+ |10⟩ ↔ |TT ⟩ − |SS⟩. (C.85)

Hence, we can observe that for a given ground state and a given particle species, there

are
∑n
i=0

(n
i

)
= 2n different states in the free-fermion subspace, giving overall a 2n+2 − 4

dimensional Hilbert space. On the other hand, the total Hilbert space dimension is 22n, so

the free-fermion sector is exponentially large in n, but still exponentially small compared to
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the full space.

We now demonstrate that the state

|ψ⟩ss =
n⊗
i=1

[√
1− v2|0⟩A,i|0⟩B,i + (−1)iv|1⟩A,i|1⟩B,i

]
. (C.86)

is an eigenstate of Ĥ∥ + Ĥ⊥, and therefore a steady state of the Liouvillian

Lρ̂ = −i[Ĥ∥ + Ĥ⊥, ρ̂] + Ldissρ̂ (C.87)

with Ldiss as given in Eq. (4.34) in Chapter 4. We have already noted that Ĥ∥|ψ⟩ss = 0, so

it remains only to show that Ĥ⊥|ψ⟩ss = nJz|ψ⟩ss. By direct computation, we can observe

that

Ĥ⊥|ψ⟩ss =

[
n∑
i=1

J
(
σ̂xA,iσ̂

x
B,i + σ̂

y
A,iσ̂

y
B,i

)
+ Jzσ̂

z
A,iσ̂

z
B,i

]
n⊗
j=1

[
u|0⟩A,j |0⟩B,j + (−1)jv|1⟩A,j |1⟩B,j

]

=

[
n∑
i=1

Jzσ̂
z
A,iσ̂

z
B,i

]
n⊗
j=1

[
u|0⟩A,j |0⟩B,j + (−1)jv|1⟩A,j |1⟩B,j

]

=

[
n∑
i=1

Jz

]
n⊗
j=1

[
u|0⟩A,j |0⟩B,j + (−1)jv|1⟩A,j |1⟩B,j

]
= nJz|ψ⟩ss, (C.88)

where u =
√
1− v2, as desired.

C.6 Derivation of Local Lindblad Master Equations from

System-Bath Coupling

Here, we will derive how one gets a Lindblad-style master equation with jump operators

respecting the locality constraint [c.f. Eq. (4.6)] starting from a system-bath coupling of

the form in Eq. (4.8)in Chapter 4. We will follow the general procedure of taking first the
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Born-Markov and then rotating wave approximations, as laid out in, e.g., Refs. [126, 94]. We

will not thoroughly justify each approximation, as this is explained in great detail already

elsewhere; for these details we encourage the reader to consult Refs. [126, 94]. We begin by

assuming that we have a tripartite quantum system, with a Hilbert spaceH = HR⊗HA⊗HB .

Overall, these describe a reservoir (HR) which will be traced out to give the open system

dynamics, along with a bipartite system composed of HA,B . The full Hamiltonian can be

written in the form

Ĥ = ĤR + ĤS + ĤI , (C.89)

with ĤR giving local dynamics of the reservoir, ĤS local dynamics of the bipartite system,

and ĤI giving their (weak) interaction. We will assume that the local dynamics ĤS can

be further decomposed ĤS = ĤA + ĤB , so that there is no explicit interaction between

subsytems not mediated by the reservoir.

Now, let’s define ˆ̃χ(t) to be the density matrix for the entire system plus reservoir. It is

governed by an equation of motion

∂t ˆ̃χ = −i[Ĥ, ˆ̃χ]. (C.90)

If we work in the interaction picture of the local dynamics, we can define Û = exp
(
it
(
ĤR + ĤS

))
so that χ̂(t) = Û ˆ̃χ(t)Û† obeys simply

∂tχ̂ = −i[ĤI(t), χ̂]. (C.91)

From here, we can formally integrate the equation of motion to find that

χ̂(t) = χ̂(0)− i
∫ t

0
[ĤI(s), χ̂(s)] ds. (C.92)
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At this point, we can define the system density matrix ρ̂ as the partial trace over the reservoir

degrees of freedom: ρ̂ = trRχ̂. This gives an equation of motion

∂tρ̂ = −
∫ t

0
trB [ĤI(t), [ĤI(s), χ̂(s)]] ds. (C.93)

To this point, the equation is exact. However, to make progress, we will make the Born-

Markov approximation that the full density matrix χ̂(t) ≈ ρ̂(t) ⊗ ρ̂R for all times: i.e. the

reservoir is always approximately in the same state ρ̂R, which we take to be static (diagonal

in the eigenvectors of ĤR, for example a thermal state). Next, we will assume that the local

time dynamics only depend on the state at the given time, i.e. there is no memory effect.

This allows us to replace χ̂(s)→ χ̂(t) in the integral, giving the new equation of motion

∂tρ̂= −
∫ t

0
trB [ĤI(t), [ĤI(t− s), ρ̂(t)⊗ ρ̂R]] ds. (C.94)

The fact that we replaced χ̂(t) with χ̂(s) tells us that the integration kernel should be tightly

peaked around |t − s| ∼ 0, and so we can extend the upper integration bound to infinity

with very little error. This gives finally the time-local Redfield equation:

∂tρ̂= −
∫ ∞
0

trB [ĤI(t), [ĤI(t− s), ρ̂(t)⊗ ρ̂R]] ds. (C.95)

To get something in Lindblad form, we must now make the rotating wave approximation.

For this it will be necessary to recall the exact form of the interaction Hamiltonian:

ĤI =
M∑
µ=1

R̂A,µ ⊗
ˆ̃Aµ ⊗ 1̂+ R̂B,µ ⊗ 1̂⊗ ˆ̃Bµ +H. c. =

4M∑
j=1

R̂′j ⊗ Ŝ
′
j , (C.96)
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R̂′j=



1√
2
(R̂A,j + R̂

†
A,j) 1 ≤ j ≤M

i√
2
(R̂A,j−M − R̂

†
A,j−M ) M < j ≤ 2M

1√
2
(R̂B,j−2M + R̂

†
B,j−2M ) 2M < j ≤ 3M

i√
2
(R̂B,j−3M − R̂

†
B,j−3M ) 3M < j ≤ 4M

(C.97)

Ŝ′j=



1√
2
( ˆ̃Aj +

ˆ̃A
†
j)⊗ 1̂ 1 ≤ j ≤M

i√
2
( ˆ̃Aj−M −

ˆ̃A
†
j−M )⊗ 1̂ M < j ≤ 2M

1√
2
1̂⊗ ( ˆ̃Bj−2M + ˆ̃A

†
j−2M ) 2M < j ≤ 3M

i√
2
1̂s⊗ ( ˆ̃Bj−3M −

ˆ̃A
†
j−3M ) 3M < j ≤ 4M

(C.98)

where we have defined R̂′j , Ŝ
′
j to be Hermitian operators that act on either the reservoir or

the system, respectively. It will also be extremely important to observe that each system

operator is local to either the A or B subsystem. Next, we will decompose the system

operators Ŝ′j into their frequency components. If we define the operator Π̂ϵ as the projector

onto the eigenspace of ĤS with eigenvalue ϵ, then we can rewrite

Ŝ′j=
∑
ω

Ŝ′j(ω), (C.99)

Ŝ′j(ω)=
∑

ϵ−ϵ′=ω
Π̂ϵ′Ŝ

′
jΠ̂ϵ. (C.100)

Using these operators, we can now expand the equation of motion as

∂tρ̂=
∑

ω,ω′,j,k

ei(ω−ω
′)tCjk(ω)

[
Ŝ′j(ω)ρ̂Ŝ

′
j(ω
′)† − Ŝ′j(ω

′)†Ŝ′j(ω)ρ̂
]
+H. c., (C.101)

Cjk(ω)=

∫ ∞
0

eiωs⟨R̂†j(t)R̂k(s− t)⟩ ds =
∫ ∞
0

eiωs⟨R̂†j(s)R̂k(0)⟩ ds, (C.102)
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where in the second line we used the stationarity of ρ̂R. Finally, we make the secular

approximation and neglect rapidly rotating terms. Thus, we finally arrive at

∂tρ̂=
∑
ω,j,k

Cjk(ω)
[
Ŝ′j(ω)ρ̂Ŝ

′
k(ω)

† − Ŝ′k(ω)
†Ŝ′j(ω)ρ̂

]
+H. c. (C.103)

From here, we can define

γjk(ω)= Cjk(ω) + Ckj(ω)
∗, (C.104)

hjk(ω)=
−i
2

(
Cjk(ω)− Ckj(ω)∗

)
, (C.105)

ĤLS=
∑
jkω

hjk(ω)Ŝ
′†
j (ω)Ŝ

′
k(ω). (C.106)

ĤLS is the Lamb shift Hamiltonian, and γjk describes the dissipative part of the dynamics:

∂tρ̂= −i[ĤLS , ρ̂] + Ldissρ̂, (C.107)

Ldissρ̂=
∑
ω,j,k

γjk(ω)

[
Ŝ′j(ω)ρ̂Ŝ

′
k(ω)

† − 1

2

{
Ŝ′k(ω)

†Ŝ′j(ω), ρ̂
}]

. (C.108)

The matrix γjk(ω) is positive, and so it can be unitarily diagonalized. Taking U(ω) to be a

unitary matrix, we can rewrite

γjk(ω)= κl(ω)U
∗
lj(ω)Ulk(ω). (C.109)

The dissipation can then be rewritten as

Ldissρ̂=
∑
ω,l

D[L̂l(ω)]ρ̂, (C.110)

L̂l(ω)=
∑
n

U∗ln(ω)Ŝ
′
n(ω). (C.111)
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Recall that when we began, each operator Ŝ′j was local to one of the two subsystems

[c.f. Eq. (C.98)]. Moreover, because ĤS = ĤA + ĤB contains no interactions between the

subsystems, the projections into frequency space Ŝ′j(ω) must also remain local to a single

sublattice. (I.e., the dynamics of a two non-interacting subsystems cannot mix local opera-

tors together). Thus, each jump operator in Eq. (C.111) is a sum of local operators, as we set

out to prove. Moreover, we can observe that the Lamb shift Hamiltonian in Eq. (C.106) is

quadratic in Ŝ′j(ω), and so after tracing out the reservoir there will generically be long range

Hamiltonian interactions between the two systems. Such a Lamb shift Hamiltonian is gener-

ically constrained by the form of the dissipation (via Kramers-Kronig relations); however,

we take it to be arbitrary since it does not affect any of the final results given in Chapter 4.

C.7 Numerical Techniques

In this section, we outline the numerical techniques used to generate the random models as

presented in, e.g., Fig. 4.2. The algorithm used can be summarized into the following steps:

1. Generate the steady state. The first step is generating the steady state. We pick a value

of the entanglement δE2 and run an optimization algorithm to find a set of Schmidt

coefficients such that the normalization is fixed to unity and the Renyi-2 entropy is

fixed, beginning from a set of random values.

2. Generate Jump Operators. Next, we generate a random N ×N matrix sampled from

the random complex Ginibre ensemble which becomes the A matrix. (If we wish to use

a different ensemble, we follow the prescription in Eq. (C.47).) We then use this along

with the Schmidt coefficients from Step 1 to generate B uniquely using Eq. (4.24).

Repeat this M times to generate M jump operators.

3. Generate Hamiltonian. If we are simulating directional dynamics, we generate a Hamil-

tonian as prescribed in Eq. (C.78). Otherwise, proceed to the next step.
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4. Find Dissipative Gap. Given the matrices A,B generated in Step 2 and Hamilto-

nian in Step 3 (if present), we use the QuTip [285] package to generate a Liouvillian

superoperator. We extract its eigenvalues, from which we can find the dissipative gap.

These steps generate a single data point for a fixed N,M, δE2, and distribution. Each plot

samples from 20 different values of δE2, and samples different random models from each value

to get good convergence of the average and standard deviation, usually about 100 samples

for each.

To be even more explicit, we will now go through a specific example of generating such

a system for N = 2 and M = 1. First we perform Step 1. Note that because we have

two constraints (normalization and entanglement), and two Schmidt coefficients, they are

exactly specified. We can write the matrix Ψ as

Ψ=

 1
2 − p 0

0 1
2 + p

 , (C.112)

p=

√
δE2
2
. (C.113)

Next, we do Step 2 and generate a random matrix A, which we will leave unspecified as

A=

 a11 a12

a21 a22

 . (C.114)

This allows us to uniquely specify a matrix B as

B= −ΨATΨ−1 =

 −a11 ξa21

ξ−1a12 −a22

 , (C.115)

ξ=
2p− 1

2p+ 1
. (C.116)
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Since we are not using directional dynamics, we can now proceed directly to step 4, and

generate a Liouvillian superoperator. To do this, we first need to find the jump operator

L = A⊗ 1̂+ 1̂⊗B, which can be written as

L=



0 ξa21 a12 0

ξ−1a12 a11 − a22 0 a12

a21 0 a22 − a11 ξa21

0 a21 ξ−1a12 0


. (C.117)

From here, it is simple to use this matrix to generate a Lindbladian and find its spectrum.
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APPENDIX D

APPENDIX TO CHAPTER 5

D.1 Monotonicity of Entanglement in the Monitored Circuit

We will now show that in the monitored circuit, by flipping the phase after every jump,

the entanglement grows monotonically in time. This can be understood by looking at the

interplay of the coherent and dissipative dynamics. To see this, it will be useful to rewrite

the dynamics as

Ĥ =
n−1∑
i=1

ĥi (D.1)

ĥi = J
∑

s=A,B

σ̂+s,iσ̂
−
s,i+1 +H. c. (D.2)

L̂± =
(
σ̂+A,1 ± σ̂

+
B,1

)
/
√
2. (D.3)

When the parity is P = +1, then the dynamics are given by ∂tρ̂ = −i[Ĥ, ρ̂] + D[L̂+]ρ̂ +

D[L̂†+]ρ̂. When the parity is P = −1, the jump operators are exchanged L̂+ ↔ L̂−, while

the Hamiltonian is unchanged. Note that this is identical to the dynamics presented in

Eqs. (5.6) and (5.7) in Chapter 5 (where we have taken maximal entanglement u2 = v2 = 0.5

and ∆ = 0), after performing a unitary transformation inverting every site on the B chain:

σ̂+B,i ↔ (−1)i+1σ̂−B,i. The phase factor (−1)i+1 makes it so both lattices have positive

hopping terms. Following this transformation, the steady state becomes

ρ̂ss = 2−n/2
n∏
i=1

(
σ̂+A,i + (−1)i+1σ̂+B,i

)
|0⟩⊗2n. (D.4)
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Next, it will be useful to group the A and B lattices together into a single chain of 4-level

systems. We define the following four states:

|00⟩j = |0⟩A,j ⊗ |0⟩B,j , |11⟩j = |1⟩A,j ⊗ |1⟩B,j

|T/S⟩j = 1√
2

(
|0⟩A,j ⊗ |1⟩B,j ± |1⟩A,j ⊗ |0⟩B,j

)
,

(D.5)

In this basis, the (positive parity) steady state is simply |T ⟩1|S⟩2 . . . |T/S⟩n. We have the

following rules for local interactions under the local Hamiltonian ĥi:

|S⟩i|00⟩i+1 ↔ |00⟩i|S⟩i+1, |T ⟩i|00⟩i+1 ↔ |00⟩i|T ⟩i+1

|S⟩i|11⟩i+1 ↔ |11⟩i|S⟩i+1, |T ⟩i|11⟩i+1 ↔ |11⟩i|T ⟩i+1.

(D.6)

Taking inspiration from Refs. [119, 156], we can interpret |00⟩1|00⟩2 . . . |00⟩n as a vacuum

state with singlets |S⟩ and triplets |T ⟩ hopping ballisticly under the Hamiltonian. Further-

more, the following are all zero energy eigenstates of the local Hamiltonian ĥi:

|00⟩i|00⟩i+1, |11⟩i|11⟩i+1,

|S⟩i|T ⟩i+1, |T ⟩i|S⟩i+1.

Finally, |S⟩ and |T ⟩ particles are able to scatter off of themselves under the local Hamiltonian

ĥi:

|S⟩i|S⟩i+1 ↔ −(|00⟩i|11⟩i+1 + |11⟩i|00⟩i+1),

|T ⟩i|T ⟩i+1 ↔ (|00⟩i|11⟩i+1 + |11⟩i|00⟩i+1),

(D.7)

and so there is a second order process able to convert |S⟩i|S⟩i+1 to |T ⟩i|T ⟩i+1 and vice-versa.
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Reservoir
…

…Fixed Dissipation can 
destroy entanglement

Reservoir
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…

a)

b)

c)

Adaptive Protocol 
suppresses loss of 
entanglement

= |00⟩ = |11⟩

Unentangled

= |𝑆⟩ = |𝑇⟩

Entangled

Figure D.1: a) Legend depicting different states that can exist in the doubled chain struc-
ture. The white/black states (|00⟩, |11⟩) are unentangled, while the colored Singlet/Triplet
states carry maximal entanglement. b) For the non-adaptive protocol with fixed jump op-
erators, after inserting a triplet |T ⟩, it can return to the dissipative site, after which trying
to insert a second |T ⟩ converts it to |1⟩, removing entanglement. c) Using the adaptive
approach, because |T ⟩, |S⟩ cannot cross, after inserting a |T ⟩, only a |T ⟩ can return to the
dissipative site. However, inserting now an |S⟩ on top of a |T ⟩ does nothing, and so the
adaptive protocol supresses the entanglement loss. Hence, entanglement must grow mono-
tonically in time in each stochastic unraveling.

Now the last question to ask is what the dissipation can do. We have the next set of

rules:

L̂+|00⟩1 = L̂
†
+|11⟩1 = |T ⟩1, (D.8)

L̂−|00⟩1 = L̂
†
−|11⟩1 = |S⟩1, (D.9)

L̂+|T ⟩1 = −L̂−|S⟩1 = |11⟩1, (D.10)

L̂
†
+|T ⟩1 = −L̂†−|S⟩1 = |00⟩1, (D.11)

with everything else annihilated. Suppose for convenience that the system begins in the

vacuum of all |00⟩, and we initialize to positive parity. The Hamiltonian does nothing until

a quantum jump occurs, at which point a triplet |T ⟩1 can be inserted in the boundary

of the chain, which can then hop ballisticly under the Hamiltonian. Now we imagine two
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scenarios: first, suppose that we do not update the parity, and so the jump operator is

unchanged. Thus, a second jump will again try to insert a second triplet |T ⟩1. Now, if the first

triplet has propagated away, this will be successful, and entanglement entropy will increase.

However, if the original particle is either still at the first site, or has propagated and away and

then returned, a quantum jump can accidentally destroy the triplet as L̂+|T ⟩1 = |11⟩1 and

L̂
†
+|T ⟩1 = |00⟩1, both of which are unentangled, see Fig. D.1. Note that the total amount of

entanglement between the two chains can only change at the boundary, as the Hamiltonian

does not contain any interactions between the A and B subsystems.

In contrast, consider the dynamics when we do update the jump operators after every

jump (i.e. update the P variable). After the first jump (which injected a |T ⟩, the jump

operator in the master equation switches to being L̂−. Now, a quantum jump tries inject a

singlet into the chain. Again, if the original excitation has propagated away leaving vacuum

at the first site, this will increase the entanglement entropy. On the other hand, if the

original triplet has either not yet left or has come back, we can observe that L̂
(†)
− |T ⟩1 = 0,

and so a quantum jump does nothing. Because an alternating pattern of singlets and triplets

cannot cross places or scatter off of each other, if the last type inserted was a singlet, only a

singlet can come back to the first site, and so by updating the parity after every jump it is

impossible to remove entanglement from the system. This process is shown in Fig. D.1. An

identical argument holds if one instead considers the |11⟩1 . . . |11⟩n state to be the vacuum,

where the rolls of L̂± and L̂
†
± are simply reversed.

Thus, we have shown monotonicity of the entanglement entropy - it only grows before

saturating to a maximal value. This is shown at the individual trajectory level, where we

compare the scheme where we keep track of jumps (variable phase) and where we do not

(fixed phase). The variable phase shows monotonic entanglement growth that converges

orders of magnitude more quickly, while the fixed phase dynamics take a very long time to

reach the steady state and shows oscillating entanglement. See Fig. 5.2(c) in Chapter 5.
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Figure D.2: Left. Random Lindbladians with fixed Renyi-2 steady state entanglement con-
structed using an auxiliary spin [c.f. Eqs. (D.17) and (D.18)]. 250 runs are shown for each

value of the entanglement S
(2)
ss and system size N . Solid lines are analytical results for

random Lindbladians without an auxiliary spin, see [95]. Right. Average and standard de-
viation of the runs.

D.2 Circumventing Slowdown in Random, Many-Body

Lindbladians

The construction given in Eq. (5.12) in Chapter 5 can be straightforwardly generalized to

any many-body system. In particular, recall the construction presented in Ref. [95]: given a

bipartite Hilbert spaceH = HA⊗HB of equal Hilbert space dimension dimHA = dimHB =

N , then a quantum state is uniquely specified by a set of real, positive Schmidt coefficients

ψi and basis vectors |i⟩:

|ψ⟩ =
N∑
i=1

ψi|i⟩ ⊗ |i⟩. (D.12)

Now, given any operator Âµ ∈ End (HA), we can construct a jump operator L̂µ such that

L̂µ|ψ⟩ = 0 by

L̂µ = Âµ ⊗ 1̂− 1̂⊗ Ψ̂ÂTµ Ψ̂
−1. (D.13)
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Here, Ψ̂ =
∑
i ψi|i⟩⟨i| =

√
trA|ψ⟩⟨ψ|. The transposition is short hand for ÂT = Θ̂Â†Θ̂−1

where Θ̂ is an anti-unitary time reversal operation (i.e., complex conjugation in the Schmidt

basis).

Now, one can choose a set of N random Schmidt coefficients ψi (subject to normalization)

to define a steady state |ψ⟩, as well as N2 random matrix elements (Aµ)ij to define

Âµ =
N∑

i,j=1

(Aµ)ij |i⟩⟨j|. (D.14)

The construction then allows one to construct from this a Lindbladian

L =
m∑
µ=1

D[L̂µ] (D.15)

where L̂µ|ψ⟩ = 0 by construction. As long as m > 1, this state is also generically unique;

however, it was shown in [95] that the dissipative gap closes as the steady state approaches

maximal entanglement S
(2)
ss → log(N).

In order to still reach the state |ψ⟩ in finite time, we can now use the construction in

Eq. (5.12) in Chapter 5 and augment the Hilbert space to H = Haux ⊗ HA ⊗ HB where

dimHaux = 2, a single auxiliary spin degree of freedom. Now consider the new state and

jump operators

|ψ2⟩ = |0⟩ ⊗ |ψ⟩, (D.16)

L̂µ,2 = σ̂x ⊗ Âµ ⊗ 1̂+ iσ̂y ⊗ 1̂⊗ Ψ̂ÂTµ Ψ̂
−1. (D.17)

it is simple to check that, by construction, L̂µ,2|ψ2⟩ = 0, and it is once again the unique
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fixed point of the Lindbladian

L2 =
m∑
µ=1

D[L̂µ,2], (D.18)

but L2 does not experience slow-down as |ψ⟩ approaches maximal entanglement. Indeed,

as shown in Fig. D.2, the average dissipative gap with the auxiliary spin is independent of

steady state entanglement.

D.3 Spin Squeezing

D.3.1 Squeezing Induced Slowdown

Here we discuss how the adaptive protocol can be used for spin squeezing. First, it is

important to understand exactly why the dynamics become slow in the large squeezing

limit. This is not related to the entanglement (as it happens within a single ensemble) but

instead can be related directly to the amount the variance is being squeezed.

Let’s consider an extremely general scenario, such that there are dissipative dynamics

∂tρ̂ = D[L̂]ρ̂, (D.19)

with a pure steady state ρ̂ss = |ψ⟩⟨ψ|. Now, let’s rewrite L̂ as its Hermitian and anti-

Hermitian parts:

L̂ = Ô1 + iÔ2, (D.20)
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where Ôi = Ô
†
i . Now, observe that the steady state condition tells us that L̂|ψ⟩ = 0, so

Ô1|ψ⟩ = −iÔ2|ψ⟩. (D.21)

However, this also implies that var(Ô1) = var(Ô2) where

var(Ô) ≡ ⟨ψ|Ô2|ψ⟩ − ⟨ψ|Ô|ψ⟩2. (D.22)

Now, we can use Heisenberg uncertainty to observe that

var(Ô1)
2 = var(Ô1)var(Ô2) ≥

1

4
|⟨[Ô1, Ô2]⟩|2 =

1

16
|⟨[L̂, L̂†]⟩|2. (D.23)

However, we recall from Chapter 4 that if we define F (t) = tr(ρ̂tρ̂ss) the fidelity to the

steady state at time t, then

|∂tF |2 ≤ |⟨[L̂, L̂†]⟩|2. (D.24)

=⇒ ∂tF ≤ 4var(Ô1). (D.25)

At this point, it does not seem that this respects the gauge invariance of the jump operator

L̂ → eiϕL̂ as such a transformation changes the definition of Ô1 → cos(ϕ)Ô1 − sin(ϕ)Ô2.

However, it is simple to show that if we consider

〈(
cos(ϕ)Ô1 − sin(ϕ)Ô2

)2〉
= cos2(ϕ)⟨Ô2

1⟩+ sin2(ϕ)⟨Ô2
2⟩ − sin(ϕ) cos(ϕ)⟨{Ô1, Ô2}⟩

= ⟨Ô2
1⟩, (D.26)

where we use Eq. (D.21) to see that ⟨{Ô1, Ô2}⟩ = 0. Eq. (D.21) also implies that ⟨Ô1⟩ =

−i⟨Ô2⟩ and so they must both be zero (as one is purely real and the other purely imaginary).

Hence, this proves the variance of the real part of the jump operator is in fact gauge invariant.
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Now, if we apply this to the case of dissipative spin-squeezing, we can observe that

L̂ = Ŝ+ + tanh(r)Ŝ− = (1 + tanh(r))Ŝx + i(1− tanh(r))Ŝy, (D.27)

which implies that, in the large r limit e2r ≳ N that

∂tF ≤ 4(1− tanh(r))2var(Ŝy) ∼ 2S(S + 1)e−4r, (D.28)

and hence the system slows down at large levels of squeezing. Note that because they

are equal, one could also have shown the same slowdown by considering the variance (1 +

tanh(r))2var(Ŝx). This also allows us to understand why the auxiliary qubit can speed up

the dynamics. If we write the adaptive master equation

∂tρ̂ = D[ ˆ̃L]ρ̂, (D.29)

ˆ̃L = σ̂xŜ+ + i tanh(r)σ̂yŜ−

=
(
σ̂xŜx + tanh(r)σ̂yŜy

)
+ i
(
σ̂xŜy + tanh(r)σ̂yŜx

)
. (D.30)

The steady state solution is unchanged, but the variance now becomes

var
(
σ̂xŜx + tanh(r)σ̂yŜy

)
=
〈
(Ŝx)2 + tanh2(r)(Ŝy)2 + 2 tanh(r)σ̂zŜz

〉
(D.31)

In the limit r → ∞, the steady state is an Ŝx eigenstate with eigenvalue 0. Hence, we

have that ⟨(Sx)2⟩ → 0 (as it is being squeezed). However, because Ŝ · Ŝ = S(S + 1) where

S is the total angular momentum, then by rotational invariance we must conclude that

⟨(Ŝy)2⟩ = ⟨(Ŝz)2⟩ = S(S + 1)/2. Finally, noting that an Ŝx eigenstate similarly implies
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⟨Ŝz⟩ = 0, we can conclude

var
(
σ̂xŜx + tanh(r)σ̂yŜy

) ∣∣∣∣
r→∞

=
S(S + 1)

2
, (D.32)

Thus, the system no longer has to suffer from slow down, as was seen in Chapter 5.

D.3.2 Quantum Fisher Information

Throughout, we have discussed the metrological gain of the spin squeezed states in terms

of their Wineland squeezing parameter, which gives the degree to which the spin squeezed

state will outperform the standard quantum limit when doing a simple Ramsey measurement.

Now, another manner to define the metrological use of a quantum state is via the quantum

Fisher information (QFI), which gives the sensitivity to a sensing parameter optimizing over

all measurement schemes.

As it turns out, for the dissipative squeezed states we have looked at, these are in one-

to-one mapping, because the Ramsey measurement turns out to be optimal. There are

a few ways in which one can see this. Perhaps the most straightforward is that we can

directly calculate the symmetric logarithmic derivative (SLD). Let us define the squeezed

state ρ̂ = |ψ⟩⟨ψ| as before as the kernel of the jump operator

(Ŝ+ + tanh(r)Ŝ−)|ψ⟩ = 0 (D.33)

=⇒ Ŝx|ψ⟩ = ie4rŜy|ψ⟩ (D.34)

If we are using this to sense a parameter θ encoded as a Hamiltonian Ĥ = θŜy, then the
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SLD L̂θ is defined by

i[ρ̂, Ŝy] =
1

2
{L̂θ, ρ̂} (D.35)

=⇒ L̂θ = −2e−4rŜx (D.36)

The QFI FQ is given by the expectation value of the SLD squared, which is just

FQ = 4e−8r⟨(Ŝx)2⟩ = 4⟨(Ŝy)2⟩ (D.37)

Now, on the other hand, we can exactly calculate Wineland parameter using the Heisenberg

uncertainty relation. The most general form of the uncertainty relation is given by

σ2Aσ
2
B ≥

1

4

∣∣∣⟨{Â, B̂}⟩ − ⟨Â⟩⟨B̂⟩∣∣∣2 + 1

4

∣∣∣⟨[Â, B̂]⟩
∣∣∣2 (D.38)

The inequality is saturated when the states |ϕA⟩ = (Â− ⟨Â⟩)|ψ⟩ and |ϕB⟩ = (B̂ − ⟨B̂⟩)|ψ⟩

are parallel. Let’s consider Â = Ŝx and B̂ = Ŝy. Now, as we know the expectation of both

these operators is 0, and therefore |ϕSx⟩ = ie4r|ϕSy⟩, and so the inequality is saturated.

Further, we can observe that

⟨ŜxŜy⟩ = −ie−4r⟨(Ŝx)2⟩ = −⟨ŜyŜx⟩ (D.39)

=⇒ ⟨{Ŝx, Ŝy}⟩ = 0 (D.40)

=⇒ σ2Sxσ2Sy =
1

4

∣∣∣⟨[Ŝx, Ŝy]⟩∣∣∣2 =
1

4

∣∣∣⟨Ŝz⟩∣∣∣2 (D.41)

=⇒ FQ = 4σ2Sy =

∣∣∣⟨Ŝz⟩∣∣∣2
σ2Sx

=
N

ξ2R
(D.42)

and so the QFI is simply proportional to the squeezing parameter.
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Figure D.3: a) Adaptive spin squeezing protocol. Red and Blue sideband drives on a cavity
QED setup generate dissipative squeezing. The output field of the cavity is measured by a
single photon detector, which is fed forward to control the relative phases of the drives. b)
Level diagram of four level atoms. Sideband drives excite from the ground to excited state
manifold, which can then decay back to the ground state via emission into the cavity field
at frequency ωc.

D.3.3 Experimental Implementation

While this master equation seems to be difficult to construct in the lab, one could instead

consider doing the adaptive technique. To engineer dissipative spin-squeezing, we consider

the protocol in Ref. [181]: we take a cavity with frequency ωc and loss rate κ. Inside the

cavity are a collection of N 4-level atoms. The spin degree of freedom will be encoded in

the ground state manifold | ↑⟩, | ↓⟩, and there are also two excited states |e↑⟩, |e↓⟩. We take

an atom-cavity coupling g, along with blue- and red- sideband drives with strength Ωb,Ωr

at a detuning ∆ from the | ↓⟩ ↔ |e↑⟩ and | ↑⟩ ↔ |e↓⟩ transitions, respectively. Assuming

Ωb,r/∆≪ 1, we can trace out the excited states, and working in the proper rotating frame

gives the effective Hamiltonian [181]:

Ĥ = Ω̃b

(
â†Ŝ+ + âŜ−

)
+ Ω̃r

(
â†Ŝ− + âŜ+

)
, (D.43)

where Ω̃b,r = Ωb,rg/∆ are effective Rabi rates [181]. If the cavity additionally is extremely

lossy with a loss rate κ ≫ Ω̃b, Ω̃r, then we arrive at the dissipative dynamics for just the
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spins as

∂tρ̂ =
2

κ
D
[
Ω̃bŜ

+ + Ω̃rŜ
−
]
ρ̂. (D.44)

This gives us the dissipative dynamics necessary for spin squeezing. Finally, notice that we

can keep track of the number of jumps that have occurred by doing single photon detection

on the cavity output field. Every time we detect a photon, a jump occurred, and we can

change the relative phase of the red and blue sideband drives to change the relative sign

in the jump operator. This could be done using, e.g., electro-optic modulation of the red

sideband, so that Ωr → −Ωr. This process is depicted in Fig. D.3.

D.4 Scalability

In this section, we will investigate the scalability of both the proposed adaptive circuit

protocol, as well as the adaptive spin-squeezing protocol. Specifically, we will be interested

in understanding how the dissipative preparation time scales with the system size.

For the circuit, we can observe that the steady state has long-range entanglement between

the most distant qubits in the A and B subsystems; however, the only location in which

entanglement can be created between the two sub-systems is at the auxilliary lattice site.

Hence, it is clear that in order to reach the fixed point, there must be at least linear-depth

scaling, i.e. the number of cycles for the system to relax must scale at least as n, where n

is the number of qubits in each sub-system. Numerically, we find that this is accurate, as

can be seen in Fig. D.4, where it is shown that in numerically accessible system sizes, the

bipartite entanglement scales as

SvN ∼ n
(
1− e−d/ξn

)
(D.45)

ξn ∝ n (D.46)
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Figure D.4: On the left, we show the average preparation time for the dissipative circuit
[see Eq. (D.45)] as a function of the system size 2n, where the data points are obtained by
fitting averaged bipartite entanglement to exponential decay curves. The linear fit is given
by roughly ξn ∼ 0.66 × (2n). On the right, we numerically diagonalize the Liouvillian of
the spin squeezing master equation and extract the dissipative gap, or smallest non-zero
eigenvalue, which sets the relaxation time.

where d is the number of circuit cycles, and ξn the inverse relaxation rate. This means the

actual system relaxes with an optimal scaling given a 1D connectivity.

For the spin-squeezed system, we expect two different behaviors of the relaxation rate,

depending on the amount of squeezing. If the squeezing is small e2r ≪ N , then there is

no slow-down to alleviate, and so the system should experience super-radiant decay, with a

dissipative gap scaling linearly with N , the number of qubits. On the other hand, if e2r ≳ N ,

then the super-radiant decay has been completely eliminated by the squeezing induced slow-

down, and so the adaptivity is important to speed up the dynamics. However, the adaptivity

does not induce super-radiance, and so the dissipative gap should be independent of both

system size and squeezing. Both of these scalings are shown numerically in Fig. D.4. Hence,

the protocol is extremely scalable, as the preparation time for highly squeezed states is

independent of the number of particles.
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D.5 Measurement Error

In this section, we investigate the impact of measurement errors on the adaptive protocols.

In both the circuit as well as the spin-squeezing, the ability to do strong, projective measure-

ments and then feed-back on them is crucial. As it turns out, in both scenarios, measurement

errors essentially become leakage out of the correct parity sector, where here parity is a joint

parity of the system plus classical memory.

Let’s begin by looking at the discrete circuit. The unitary operators ÛH,1, ÛH,2 conserve

the total parity of the system. On the other hand, the unitary operators Ûjump,1, Ûjump,2 can

change the parity of the system after performing a projective measurement on the auxiliary

spin, which is stored in the classical memory. However, if there is a measurement error (i.e.,

we perform a projective measurement on the auxiliary site into |1⟩ but record 0 or vice-

versa), then we have accidentally switched parity subspaces. By sampling over many circuit

realizations, we can define the average, impure state as a statistical mixture

ρ̂ = lim
m→∞

1

m

m∑
i=1

|ψ(i)⟩⟨ψ(i)| (D.47)

where m is the total number of circuit realizations, and the state |ψ(i)⟩ is the pure state of

a single circuit realization. After many cycles, this can be written as

ρ̂→ |ψss⟩⟨ψss|+ ρ̂err (D.48)

where |ψss⟩ is the ideal steady state in the limit of perfect measurements, and ρ̂err is the

population that has diffused into the incorrect subspace due to measurement errors. Now,

because there is random flipping between the two at a rate given by the measurement error,

in the limit of many cycles, the state will be fully degraded. However, if the rate at which

measurement errors is much smaller than the number of cycles required to approach the
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Figure D.5: On the left, we plot the normalized Logarithmic Negativity per pair of qubits as
a function of the number of circuit cycles d for error rates between 0.1 and 0.001, and n = 5
qubit pairs. On the right is the maximal transient log negativity as a function of error rate
for 3,4, and 5 pairs of qubits. Each point is averaged over 500 circuit trajectories.

ideal fixed point, there is a very long period during which the system nearly prepares the

perfect state, before it is lost in the long time limit. Therefore, we can ask what the maximal

amount of entanglement we prepare is after optimizing over circuit depth. We will take the

logarithmic negativity as our mixed state entanglement monotone:

EN = log2 ||ρ̂TA ||1 (D.49)

where ρ̂TA is the partial transpose of the A system and ||Ô||1 = tr
√
Ô†Ô is the one-norm.

In Fig. D.5, we can see that for a given measurement error rate, the log negativity peaks at

nearly the maximal value, before slowly rolling off as measurement errors degrade the state.

Moreover, we can see that even for a relatively significant error rate of 10%, we can still

achieve nearly 90% of the optimal entanglement of EN/n = 1.

The dynamics for the spin squeezing example are very similar. Every time there is a

quantum jump, the parity of the state flips, which is recorded in the classical register. If
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there is a measurement error, we will accidentally flip the global parity. The steady state

in the opposite parity subspace is also spin squeezed; however, it squeezes an orthogonal

quadrature of the spin ensemble. This is because every time we flip the sign of the classical

register, we squeeze the wrong axis - thus, if we have an odd number of measurement errors,

the long time state will be spin squeezed in the wrong axis. As it turns out, this is particularly

troublesome for metrology, which can be seen from looking as the Wineland parameter. Let’s

consider two states |ψX⟩, |ψY ⟩ which are dissipatively spin squeezed along the X and Y

directions, respectively. Then, if we let α be a parameter characterized by the measurement

error rate, we can write the long time steady state as a statistical mixture

ρ̂ = (1− α)|ψX⟩⟨ψX |+ α|ψY ⟩⟨ψY | (D.50)

Now, if we are using ρ̂ to do a Ramsey measurement, then we can characterize the sensitivity

with the Wineland squeezing parameter

ξ2R = N
var(Ŝ2x)

|⟨Ŝ⟩|2
(D.51)

Since both |ψX⟩ and |ψY ⟩ have the same expectation value of ⟨Ŝ⟩, we can characterize the

loss in sensitivity due to measurement error as

ξ2R(α)

ξ2R(α = 0)
= 1− α + α

⟨ψY |Ŝ2x|ψY ⟩
⟨ψX |Ŝ2x|ψX⟩

= 1− α + α
⟨ψX |Ŝ2y |ψX⟩
⟨ψX |Ŝ2x|ψX⟩

= 1− α + α
(1 + tanh r)2

(1− tanh r)2
= 1 + (e4r − 1)α (D.52)

and so it appears that α must be exponentially small in order to have a state even be

below the Standard Quantum Limit, let alone approach the Heisenberg limit. However, the

situation is not in fact this dire. We can see that it is in fact only a few individual trajectories

when we squeeze in the wrong direction that actually destroy the metrological gain of the
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Figure D.6: Left. Average Wineland squeezing parameter for measurement error rates ϵ =
0.1, 0.01, 0.001 either with (solid) or without (dashed) post-selection. We have taken N = 24
spin ensemble, along with a moderate squeezing r = 2. On the right, we plot the fraction
of trajectories that survive post-selection as a function of the measurement error rate. Plots
averaged over 500 individual trajectories.

entire ensemble; moreover, we always will know when they occur because we will always

finish the protocol having measured an odd number of jumps. If we post-select on having

performed an even number of quantum jumps at the end of the protocol, we will be able to

keep the vast majority of the trajectories, and still have the ideal metrological sensitivity.

This is shown in Fig. D.6. In the first plot on the left we show averaged dynamics for varying

measurement error rates with either no post-selection (dashed line) or post selection (solid

lines). Without post-selection, even for vanishing error rates of 0.01, there is no squeezing.

However, with post-selection, we immediately recover Heisenberg scaling for all error rates.

In the second figure, we see that the post-selection rate is incredibly favorable, even for a

measurement that is wrong 10% of the time, we can keep more than 80% of the individual

runs, and so there is extremely little overhead.
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APPENDIX E

APPENDIX TO CHAPTER 6

E.1 Gaussian States Remain Gaussian

In this Appendix, we will prove that under each individual trajectory, initially Gaussian

states will remain Gaussian. This requires two steps: first, we will demonstrate that time

evolution under the effective Hamiltonian preserves Gaussianity, and then we will show that

each quantum jump preserves Gaussianity.

We define a Gaussian operator ÔG as the exponential of a quadratic fermion operator:

ÔG = exp

∑
ij

Oij γ̂iγ̂j

 . (E.1)

A Gaussian state is a Gaussian operator that also is a physical density matrix: i.e., it is posi-

tive and has trace one. Gaussian operators form a group under matrix multiplication, which

can be seen by observing that commutators of quadratic fermion operators are also quadratic

fermion operators, along with application of the Baker-Campbell-Hausdorff formula.

For our general setup, we will take a quadratic Hamiltonian of the form

Ĥ =
∑
ij

Hij γ̂iγ̂j , (E.2)

L̂i = Ûi
∑
j

lij γ̂j , (E.3)

such that Û
†
i Ûi = 1̂ and Ûi is a Gaussian unitary operator.

From here, we can observe that the effective Hamiltonian is

Ĥeff = Ĥ − i

2

∑
i

L̂
†
i L̂i =

∑
ij

(
Hij −

i

2
Lij

)
γ̂iγ̂j , (E.4)
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where Lij =
∑
k l
∗
kilkj . Thus, the effective Hamiltonian is quadratic, and so the dynamics

of the state (up to normalization) is given by

ρ̂t ∝ e−iĤeff tρ̂0e
iĤ

†
eff t, (E.5)

which is a product of Gaussian operators and therefore also Gaussian.

The final step is to confirm that the state remains Gaussian following each quantum

jump. Since Ûi is Gaussian and unitary, then the state L̂iρ̂L̂
†
i is Gaussian if and only if

Û
†
i L̂iρ̂L̂

†
i Ûi is Gaussian. To show that this is a Gaussian operation, we will demonstrate

that it is equivalent to appending an auxiliary site, acting with a Gaussian operator, and

then projecting the auxiliary onto a Gaussian state. Then, we will show that each of these

are themselves a Gaussian operation.

First, note that adding an auxiliary site in a Gaussian state preserves Gaussianity, as

one could always just imagine changing initial conditions and the auxiliary state being non-

dynamical, which is equivalent to inserting it in at a later point. Acting with a Gaussian

operator is tautologically Gaussian, so it remains to show that we can project onto arbitrary

Gaussian states. Let’s define A to be our system, B to be the auxiliary site, ρ̂AB the joint

density matrix, and 1̂A ⊗ ρ̂B to be a Gaussian state on B. Then we want to show that

ˆ̃ρA = trB
(
(1̂A ⊗ ρ̂B)ρ̂AB(1̂A ⊗ ρ̂B)

)
, (E.6)

is also Gaussian. Now, each individual operator within the trace is Gaussian, and so this

reduces to showing that a partial trace preserves Gaussianity. Note that

ρ̂AB ≡ exp


 γ⃗A

γ⃗B


T  ΓAA ΓAB

ΓBA ΓBB


 γ⃗A

γ⃗B


 , (E.7)
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up to normalization. The matrices ΓAA,ΓBB encode local correlations and must be sym-

metric to satisfy hermiticity of the state, and the matrices ΓAB = ΓTBA encode correlations

between system and auxiliary. Explicitly tracing out the state gives us that

ˆ̃ρA = trB ρ̂AB

= Pf(ΓBB) exp
[
γ⃗TA(ΓAA − ΓABΓ

−1
BBΓBA)γ⃗A

]
, (E.8)

which is by definition a Gaussian state, and so projection and partial trace is a Gaussian

operation.

Now finally, in order to show the action of the quantum jump preserves Gaussianity, we

consider adding a Gaussian auxiliary state ρ̂B = |0⟩⟨0|B , and then acting with the Gaussian

unitary operator

Û = exp

αĉ†B∑
j

lij γ̂j − H. c.

 . (E.9)

There are now two relevant cases: if
∑
j lijγj is Hermitian, then there is an orthogonal

transformation such that we can assume that
∑
j lij γ̂j = βγ̂0 where β is a real normalization.

If it is not Hermitian, then we can make a unitary Bogoliubov transformation such that∑
j lij γ̂j = βĉ0. In either case, we can then observe in this new basis that if we take

α = π/(2β), then we can note that

ˆ̃ρA = trB

[
(1̂⊗ |1⟩⟨1|B)Û(ρ̂A ⊗ |0⟩⟨0|B)Û†(1̂⊗ |1⟩⟨1|B)

]
=

∑
j

lij γ̂j

 ρ̂A

∑
j

lij γ̂j

† , (E.10)

as desired.
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E.2 Set of Simulable 1D Systems

Here, we will outline the most general type of 1D spin chains that can be simulated using

our technique. We will as before define N to be the total number of lattice sites. The

Hamiltonian can be written as

Ĥ = Ĥ∂ + Ĥfree + Ĥint, (E.11)

Ĥ∂ = Ω1σ̂
x
1 + Ω2σ̂

y
1 + Ω3σ̂

x
N + Ω4σ̂

y
N , (E.12)

Ĥfree =
∑
i

∆iσ̂
z
i + Jiσ̂

+
i σ̂
−
i+1 + J∗i σ̂

−
i σ̂

+
i+1, (E.13)

Ĥint =
1

4

∑
ij

Uij (σ̂
z
i + 1)

(
σ̂zj + 1

)
, (E.14)

where Ωi,∆i, Uij ∈ R and Ji ∈ C. It is clear that Ĥfree transforms to free fermions under

JW. To understand how to simulate Ĥ∂ , we note that we can simply extend the size of

the Hilbert space to include two additional lattice sites i = 0, N + 1 and write a different

Hamiltonian [286]

Ĥ ′∂ = σx0 (Ω1σ̂
x
1 + Ω2σ̂

y
1) + σ̂xN+1(Ω3σ̂

x
N + Ω4σ̂

y
N ). (E.15)

Since [Ĥ ′∂ , σ
x
0 ] = [Ĥ ′∂ , σ

x
N+1] = 0 they are constants of motion, and if initialize these states

in |+⟩, then we can formally trace them out and recover Ĥ∂ . However, in the new form Ĥ ′∂

clearly also transforms to free fermions in an enlarged Hilbert space.

The Hamiltonian Ĥint is formally interacting following the JW transformation:

Ĥint =
∑
ij

Uij n̂in̂j . (E.16)

In order to simulate Ĥint we use the result from Ref. [208] that if there is sufficient noise, the

quantum channel involving a fermionic density-density interaction (which is what Ĥint is)
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can be written as a map from convex sums of Gaussian states into convex sums of Gaussian

states. Hence, this can be simulated in the exact same way as everything else we have

simulated by simply adding more stochasticity as we sample Gaussian trajectories. We will

not re-derive their result here, but simply quote that the total amount of noise must obey

the inequality

∑
i

|Uij | ≤ γj ∀j, (E.17)

where γj are the set of dephasing rates defined below in Eq. (E.19).

Next, we can consider the most general type of jump operators, which can be written as

two-local operators that are linear in spin raising/lowering or as dephasing:

L̂i = li,1σ̂
−
i + li,2σ̂

+
i + li,3σ̂

−
i+1 + li,4σ̂

+
i+1, (E.18)

D̂i =
√
γiσ̂

z
i , (E.19)

where lij ∈ C and γj ∈ R+. We have already discussed at length how one simulates L̂i. As

regards D̂i, it is simple to note that because the jump operator is Hermitian, we can treat

this a stochastic Hamiltonian, i.e. we make the transformation in Ĥfree

∆i → ∆i +
√
γiξi, (E.20)

where ξi are i.i.d. Gaussian random variables such that ξi(t)ξj(t′) = δijδ(t− t′). Hence, D̂i

can be simulated since Ĥfree can be simulated.

E.3 Efficiently Diagonalizable Liouvillians

Here we comment on the results contained in Ref. [205], where it is shown that for a certain

class of open spin chains, one can find the entire eigensystem for the Lindbladian. Essentially,
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they show that in systems with pure loss dissipation and Hamiltonians that conserve particle

number, then one can block diagonalize the entire Lindbladian L in the particle number basis

such that it is lower triangular. Specifically, let’s define the Lindbladian as the sum of two

different superoperators:

L = H +K, (E.21)

Hρ̂ = −iĤeff ρ̂+ iρ̂Ĥ
†
eff , (E.22)

Kρ̂ =
∑
i

L̂iρ̂L̂
†
i . (E.23)

With this definition, we can see that in the particle number basis, H contains diagonal blocks,

and K strictly lowers particle number by 1, so it contains only lower triangular blocks. Hence,

the entire spectrum of L is contained in H, which is a quadratic operator of the fermions,

and can therefore be diagonalized: the string operators do not change the spectrum of the

Lindbladian. However, they can significantly alter the left/right eigenvectors of L. Ref. [205]

also shows that these eigenvectors can be solved for recursively, giving the full eigensystem

of the Lindbladian.

This is an incredibly powerful result; however, as the eigenmodes no longer take a simple

form, trying to calculate dynamics of observables is still an exponentially difficult task unless

the recursion relations can be solved analytically. Even if one can analytically diagonalize an

exponentially large matrix, taking linear combinations of an exponential number of exponen-

tially large vectors still requires exponential resources, even if the “hard part” of performing

the diagonalization is already done. Such a problem can be seen in, for example, Gaussian

boson sampling: one can analytically calculate the full spectral decomposition of the unitary

matrix of a Gaussian boson sampler, but using this to estimate certain observables is still

an exponentially difficult task. The power of our technique is that it allows one to efficiently

calculate arbitrary observables.
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Additionally, the technique we have presented here is not restricted to pure loss dissipa-

tion or particle conserving Hamiltonians, as is seen in the dissipative transverse field Ising

model we study in Chapter 6. Moreover, in Chapter 6, we showed that even in a system

where the spectra are identical, the effect the strings have on the dynamics can still be very

nontrivial.

E.4 Estimation Error and Sample Complexity

In order to estimate the sample complexity required to get convergence, it is simple to

observe that if we are only interested in calculating strings of Majorana operators Ô, then

each operator has a bounded spectrum and so it expectation is bounded above and below:

−1 ≤ ⟨Ô⟩ ≤ 1. Hence, application of the Hoeffding inequality implies that the probability

P (|En[O]−O| ≥ ϵ) ≤ 2 exp

(
−nϵ

2

2

)
, (E.24)

where we have defined O ≡ ⟨Ô⟩ the actual value, and En[O] is the arithmetic mean after

running n trajectories. Hence, if we desire to estimate O with an error less than ϵ with a

probability of 1− δ, then we require a sample complexity

n ≥ 2 log(2δ−1)
ϵ2

. (E.25)

Crucially, this estimator does not depend on the size of the system, and therefore does

not affect the computational complexity of the algorithm. Moreover, this is a worst case

scenario: often we know that each individual sample has a variance significantly smaller

than the maximal variance. For example, in systems with pure loss, the total number of

particles in the system is tending to zero exponentially quickly. Hence, for example, the

variance in the particle number is also tending to zero exponentially quickly in time, and so

the number of samples to get a small additive error is also tending to zero.
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E.5 Fokker-Planck Equation

In this Appendix, we will derive a closed form Fokker-Planck Equation (FPE) for the equation

of motion of a real, positive, probability distribution over Gaussian states. The basis for this

will be the stochastic equation of motion for the covariance matrix derived in Chapter 6.

However, the exact details of the equation are irrelevant. If we define X⃗ to be a vectorized

form of the covariance matrix, then we can momentarily forget the physics, and just treat

the previously derived equation of motion as a nonlinear SDE driven by a point process.

Specifically, it is given by the general form

dXi = fi(X) dt+ gij(X) dξj , (E.26)

dξj =

 1 w/prob Nj dt

0 w/prob 1−Nj dt
. (E.27)

Let’s find the Ito rules for this particular kind of equation of motion. Let’s suppose that

ψ(X) is an arbitrary function of X, and wish to find it’s equation of motion. Then we can

derive

dψ ≡ lim
∆t→0

ψ(X(t+∆t))− ψ(X(t))

= lim
∆t→0

ψ
(
X⃗ + f⃗(X)∆t+ ĝ(X)∆ξ⃗

)
− ψ(X⃗)

∆t
∆t. (E.28)

Let’s first assume that in a time step ∆t none of the individual point processes occur. This

has probability 1−
∑
j Nj∆t. With this probability, we set all of the ξj to zero, giving

lim
∆t→0

ψ
(
X⃗ + f⃗(X)∆t

)
− ψ(X⃗)

∆t
∆t =

∂ψ

∂Xi
fi(X)∆t. (E.29)
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Now, suppose that instead, one of the point processes occurs (the odds of multiple are

negligible to order ∆t). Then, we have that this term dominates as ∆t→ 0, i.e.

lim
∆t→0

ψ
(
X⃗ + f⃗(X)∆t+ ĝ(X)∆ξ⃗

)
− ψ(X⃗)

∆t
∆t

= lim
∆t→0

ψ
(
Xi + fi(X)∆t+ gij(X)

)
− ψ(X⃗)

∆t
∆t

= ψ
(
Xi + gij(X)

)
− ψ(X⃗). (E.30)

Hence, we can rewrite the equation of motion for ψ as

dψ =
∑
i

∂ψ

∂Xi
fi(X) dt+

∑
j

[
ψ
(
Xi + gij(X)

)
− ψ(X⃗)

]
dξj . (E.31)

From here, let’s define ρ(X⃗, t) the probability distribution of X⃗ at time t. By definition, we

have that

E[O](t) ≡
∫
ρ(X⃗, t)O(X⃗) dnX⃗. (E.32)

Hence, we find that taking an expectation value of the dψ gives us (suppressing sums

for brevity such that repeated indices are implicitly summed over)

E[ dψ](t) =
∫ [

ρ(X⃗, t) dψ(X⃗)
]
dnX⃗

=

∫ [
∂ψ

∂Xi
fi(X)ρ(X⃗, t) dt+

[
ψ
(
Xi + gij(X)

)
− ψ(X⃗)

]
Nj(X⃗)ρ(X⃗, t) dt

]
dnX⃗,

(E.33)
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We can use this to then observe that

∫
ρ̇(X⃗, t)ψ(X⃗) dnX⃗ =

∫ [
ψ(X⃗)

(
∂

∂Xi

[
fi(X)ρ(X⃗, t)

]
−Nj(X⃗)ρ(X⃗, t)

)]
dnX⃗

+

∫ [
ψ
(
Xi + gij(X⃗)

)
Nj(X⃗)ρ(X⃗, t)

]
dnX⃗. (E.34)

At this point, let’s define the vector valued family of functions h⃗j(X⃗) = X⃗+gij(X⃗)e⃗i, where

e⃗i is the ith unit vector. Let’s further assume that these functions are locally invertible.

Then, consider the change of variables Y⃗j = h⃗j(X⃗). We can define the Jacobian Mj via the

set of determinants of matrices M̌j

Mj = det M̌j , (E.35)

(M̌j)mn =

(
∂(Yj)m

∂Xn

)
. (E.36)

Then, we can rewrite the second integral as

∑
j

∫
ψ
(
Xi + gij(X⃗)

)
Nj(X⃗)ρ(X⃗, t) dnX⃗

=
∑
j

∫
M−1j ψ(Y⃗j)(Nj ◦ h−1j )(Yj)× ρ(h−1j (Yj), t) d

nYj . (E.37)

Therefore, we find that (suppressing arguments for clarity)

0 =

∫
ψ

(
−ρ̇+ ∂

∂Xi
[fiρ]−Njρ+M−1j (Nj ◦ h−1j )× ρ(h−1j )

)
dnX⃗. (E.38)

Because the function ψ is arbitrary, this must hold for all possible functions, and so we get
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the effective Focker-Plank equation for the distribution

ρ̇(X⃗, t) = ∇ · [f⃗(X⃗)ρ(X⃗, t)] +
∑
j

(Nj ◦ h−1j )(X)×M−1j (X⃗)× ρ(h−1j (X), t)−Nj(X⃗)ρ(X⃗, t).

(E.39)

Here, the gradient term is the standard drift term in normal FPEs. On the other hand, be-

cause we have a point process of discrete jumps instead of the standard Wiener increments,

we have a much more complicated “diffusion” term, that captures the effect of these stochas-

tic jumps. In particular, it is no longer spatially local, as jumps can cause large changes to

the covariance matrix.

E.6 Second Order Cumulant Expansion

The stochastic equation of motion is convenient that it is in closed form, but because it is

stochastic it requires averaging. The Fokker-Planck equation has a closed form and is also

deterministic, but it is an equation of motion for a 4N2 dimensional distribution function,

and therefore outside of limiting cases is analytically and numerically somewhat intractable.

To make further simplifications, one possibility is making a second order cumulant expansion

by assuming that

ΓijΓkl − Γij Γkl = 0, (E.40)

where the overline represents a noise average. If such a simplification were to hold, then one

could directly average the stochastic equation of motion for the covariance matrix and get

the much simpler closed form, deterministic equation given by
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∂tΓmn = (ΓX −X∗Γ− 1

2
Γ(X −X∗)Γ)mn

+
∑
ikl

l∗iklilτ
i
mτ

i
n(ΓkmΓnl + ΓklΓmn − ΓknΓml)− l∗iklilΓklΓmn

= (ΓX −X∗Γ)mn +
∑
ikl

l∗iklil(τ
i
mτ

i
n − 1)(ΓkmΓnl + ΓklΓmn − ΓknΓml). (E.41)

This has the same computational complexity of solving any given individual trajectory,

with the added benefit of requiring no averaging.

Quite interestingly, we can observe that this approximation ends up being identical to

assuming that Wick’s theorem holds at all times t in the state. To see this, let’s revert to

the distribution function defined in Eq. (6.30). We can directly calculate

⟨γ̂iγ̂j γ̂kγ̂l⟩ =
∫

tr(ρ̂Γγ̂iγ̂j γ̂kγ̂l)p(Γ) dΓ = ΓijΓkl + ΓilΓjk − ΓikΓjl, (E.42)

and therefore, if the second cumulant in the noise vanishes, then Wick’s theorem also trivially

holds. Numerically, we find that this approximation often works surprisingly well to calculate

local expectation values when the fixed point of the dynamics is a Gaussian state. We

conjecture that in such cases, because the state must both begin and end in a Gaussian

state, the trajectory-averaged state during the time dynamics never deviates too far from

being actually Gaussian, and so the approximation does well to capture the dynamics.

E.7 AFM Order Melting

In this Appendix, we will give more context into the AFM order melting in both the spin

system and the free fermions.
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E.7.1 Free Fermions

For free fermions, we can formally make a unitary transformation into plane wave modes:

ĉ′k =
1√
N

N∑
j=1

eijk ĉj , (E.43)

which allows us to diagonalize simultaneously the Hamiltonian and all the jump operators:

Ĥ = 2J
N∑
k=1

cos(k)(ĉ′k)
†ĉ′k, (E.44)

L̂′k =
√
κĉ′k. (E.45)

The initial Neél state has a covariance given by

⟨(ĉ′k)
†ĉ′l⟩(0) =

1

2
(δkl + δk,l+π), (E.46)

=⇒ ⟨(ĉ′k)
†ĉ′l⟩(t) =

1

2
(δkl + δk,l+π)e

2i(cos k−cos l)t−κt. (E.47)

Fourier transforming back into real space gives us that the AFM order parameter is now

given by

A(t) =
1

N

∑
i

(−1)i⟨ĉ†i ĉi⟩(t) = e−κt
∑
k

e−4iJt cos(k)⟨(ĉ′k)
†ĉ′k+π⟩(0)

=
1

2
e−κt

∑
k

e−4iJt cos(k). (E.48)

If we then take the continuum limit N → ∞, we can replace the sum with an integral to

find that, as expected, we get a Bessel function A(t) = e−κtJ0(|4Jt|).

The crucial thing to observe here is that the AFM order is completely determined by the

correlations at k − l = π, and does not depend on the local density.
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E.7.2 Spins

When we switch to spins, our intuition tells us that, roughly speaking, we can think of

the jumps as a kind of dephasing noise: by randomly flipping signs in the Hamiltonian, we

do not ever change the actual particle number, but on average we tend to dephase away

correlations.

For an incredibly simple starting point, let’s assume that the only difference between the

spins and fermions is that the spins have disorder on the sign of the bond of each Hamiltonian.

I.e., let’s define the effective Hamiltonian for the spins as

Ĥs = J
N−1∑
i=1

ξiĉ
†
i ĉi+1 +H. c., (E.49)

where ξi = {−1, 1} is a random variable. Now, because we have taken OBC, we can always

gauge these phases away into the operators via

ˆ̃ci =

i−1∏
j=0

ξj

 ĉi ≡ τiĉi. (E.50)

Using these new operators, we can rewrite the gauged Hamiltonian as

Ĥs = J
N−1∑
i=1

ˆ̃c
†
i
ˆ̃ci+1 +H. c. (E.51)

Taking infinite boundary conditions, we can diagonalize this simply into plane wave modes.

Using this plane wave decomposition, we can then solve for how the underlying degrees of

freedom evolve:

⟨ˆ̃c′†k ˆ̃c
′
l⟩ = e−κt−2iJ cos(k)t+2iJ cos(l)t. (E.52)

Using this expression, along with Eq. (E.50), we can calculate the disorder averaged expec-
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tation value of the plane waves in the ungauged basis:

⟨(ĉ′k)
†ĉ′l⟩(t) =

e−κt

N2

∑
m,n,q,s

ei(km−ln)−i(qm−sn)−2iJ cos(q)t+2iJ cos(s)tτmτn⟨(ĉ′q)†ĉ′s⟩(0).

(E.53)

Now, if τmτn = 1, we recover exactly the free fermion result, as desired. However, a more

realistic noise model would have these phases being incredibly correlated locally: essentially,

we are trying to ask about the expected number of jumps that might occur between sites m

and n and then averaging over the parity of that number. In the large system size limit, this

will approach zero rapidly as m− n becomes large.

We will posit phenomenologically that τmτn = exp(−α(m − n)2) for some constant α.

We know that in order to calculate the AFM order parameter, we simply need to integrate

over the correlations at π. We will again pass to the continuum limit, and observe that this

can be rewritten as

A(t) =
1

2N
e−κt

∫
R

dx dy

∫ π

−π

dk

2π

dq

2π
ei(x−y)(k−q)e−4iJ cos(q)te−α(x−y)

2
. (E.54)

If we rotate the angle into the new coordinates x̄ = (x + y) and δx = (x − y), we can

observe that x̄ does not show up in the integrand and simply cancels the factor of N in the

denominator. We can similarly perform the Gaussian integral in δx to arrive at

A(t) =
1

2
e−κt

∫ π

−π

dk

2π

dq

2π
e−(k−q)

2/(4α)e−4iJ cos(q)t. (E.55)
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We can shift the integral over k → k − q to get that

A(t) =
1

2
e−κt

∫ π

−π

dk

2π

dq

2π
e−k

2/(4α)e−4iJ cos(k+q)t. (E.56)

Now, we make the assumption that α is small enough that we can extend the bounds of

integration to infinity with minimal error:

A(t) =
1

2
e−κt

∫ π

−π

dq

2π

∫ ∞
−∞

dke−k
2/(4α)e−4iJ cos(k+q)t. (E.57)

This further implies we can Taylor expand around small k to find that

A(t) ∼ 1

2
e−κt

∫ π

−π

dq

2π

∫ ∞
−∞

e−
k2

4α e−4iJt[cos(q)−k sin(q)] dk

∼ 1

2
e−κt

∫ π

−π

dq

2π
e−4iJt cos(q)−16αJ

2 sin2(q)t2 . (E.58)

This tells us how we expect the off-diagonal elements to dephase:

|⟨(ĉ′q)†ĉ′q+π⟩(t)|eκt ∼ e−16αJ
2 sin2(q)t2 . (E.59)

Such Gaussian dephasing is common in quasi-static noise processes, and matches extremely

well what we see in numerics. Intuitively, it also makes a lot of sense: we can think of the

dephasing rate αJ2 sin2(q) as the group velocity multiplied by the inverse correlation length

of the noise: it tells us how much of the phase randomization a given wave packet samples in

time t. Wavepackets that move very slowly and have small group velocity take a very long

time to notice there is any phase disorder in the lattice, and therefore are much longer lived,

and vice-versa for very fast wavepackets. As can be seen in Fig. E.1, this intuitive picture

matches the numerics, where the rate at which the modes are damped out depends on their

group velocity. The modes at k = 0, π which have zero group velocity are extremely long
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ĉk ĉk+ π

〉
e t

0.0

0.1

0.2

0.3

0.4

0.5

Figure E.1: Correlations in momentum space for an N = 100 site XX spin chain in an initial
Néel state with local loss on each site. Note that the rate at which correlation decay is
dependent on their group velocity.

lived, and the modes at k = π/2, 3π/2 with maximal group velocity decay the most rapidly.

We can finally use this expression to derive the correct power law. We wish to calculate

A(t) ∝
∫ π

−π

dq

2π
e−4iJt cos(q)−16αJ

2 sin2(q)t2 . (E.60)

At very long times, we can observe that only the values of q near q = 0, π are relevant.

Hence, we can once again approximate this as a Gaussian integral, and extend the bounds

to infinity. We also Taylor expand the exponential to get

A(t) ∼
∫ ∞
−∞

[cos(4Jt) + 2Jtq2 sin(4Jt)]e−16αJ
2q2t2 dq

=

√
π

4|Jt|
√
α

[
cos(4Jt) +

sin(4Jt)

16Jtα
+O(t−2)

]
. (E.61)

Hence, the leading order scaling is simply cos(4Jt)/|Jt| up to a prefactor, which agrees

extremely well with numerics.
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E.8 Subradiance

E.8.1 Particle Density

In this Appendix, we will formally derive the long time particle number density for the free

fermions, and discuss how this is different for spins. The free fermion master equation is

given by

Ĥ = J
∑
i

ĉ
†
i ĉi+1 +H. c., (E.62)

L̂i =
√
κ(ĉi − ĉi+1). (E.63)

Using translational invariance, we can Fourier transform this as before to get the new master

equation

Ĥ = 2J
∑
k

cos(k)(ĉ′k)
†ĉ′k, (E.64)

L̂k =
√
κ(1− eik)ĉ′k = −2ieik/2 sin(k/2)ĉ′k. (E.65)

If the state is initialized to be completely filled, then each momentum mode will decay

independently of all the others at a rate given by

⟨(ĉ′k)
†ĉ′k⟩(t) = exp(−4κ sin2(k/2)t). (E.66)

From here, it is simple to integrate over all the momentum modes to find the time dynamics

of the average particle density:

⟨n̂(t)⟩ =
∫ π

−π

dk

2π
⟨(ĉ′k)

†ĉ′k⟩(t) = e−2κtI0(2κt), (E.67)

which asymptotically tends to (4πκt)−1/2 in the long time limit.
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We can think of the long time behavior as effectively integrating over a Gaussian in the

long time limit, such that as before we can extend the bounds of the momentum integral to

infinity and expand sin2(k/2) ∼ k2/4 to find the asymptotic behavior. As one might expect,

after some time t the only modes that are really contributing have |k| ≲ (4πκt)−1/2, which

are still roughly filled.

If we were to instead try and perform the same calculation with the spins, the crucial

difference here is that the different momentum modes are no longer conserved. After some

time, the non-interacting master equation is trying to imprint a Gaussian distribution of k

modes centered at k = 0 with a width σ = (8πκt)−1/2. However, the interactions allow

the different k modes to scatter, which overall tries to make the distribution more uniform.

The competition of these two effects - the linear term sharpening the distribution and the

non-linear term trying to smoothen it - combine to allow density to leave the system more

quickly, which in turn changes the power law.

We note that this simple scattering picture can be seen at the level of the second cumulant

expansion as derived in Chapter 6. If we define C ′kk′ = ⟨(ĉ
′
k)
†ĉ′k′⟩ to be the covariance matrix

in Fourier space, then the GGE equations of motion are given by

∂tC
′
qq′ = −κ(sin

2(q/2) + sin2(q′/2))C ′qq′

+
κ

N3

∑
(τnmτ

n
m′ − 1)ei(m(q−l)+m′(l′−q′)+n(k′−k)(1− eik)(1− e−ik

′
)(C ′kk′C

′
ll′ − C

′
kl′C

′
lk′),

(E.68)

where the sum is over all repeated indices.

This is the form of a momentum-conserving 4-point scattering interaction. We can di-

rectly time-evolve the second-cumulant equation of motion, which is able to account for the

scattering and qualitatively captures the correct power law for the asymptotic decay of the

mean particle density, see Fig. E.2.
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Figure E.2: Here, we compare the data in Fig. 6.3 for the full spin model (blue) and the free
fermion model (orange) to the non-linear time evolution from the second order cumulant
expansion method derived in Chapter 6 (green), and the telegraph noise approximation [c.f.
Eq. (E.69)] (magenta). While the actual value of the density at long times is not captured

quantitatively, the asymptotic power law is correctly identified to be approximately (κt)−3/4

by both the mean field and the telegraph noise.

Moreover, we can consider an even simpler heuristic model where we think of the action

of the spins as causing random classical gauge field fluctuations. I.e., let’s consider the

following effective Hamiltonian:

Ĥeff =
∑
i

ξi

(
J + i

κ

2

)(
ĉ
†
i ĉi+1 + ĉ

†
i+1ĉi

)
− iκĉ†i ĉi. (E.69)

Here, ξi ∈ {−1, 1} is a random telegraph process. Unlike in the AFM-order melting model,

this time the dynamics are subradiant, and so we would expect that jumps are continuously

happening for times up to t ∼ O(N2), and so we cannot treat ξi as simply static disorder.

Instead, we will assume that each ξi is a telegraph process where the probability of flipping

in a time step dt is given by

P (ξj → −ξj) = i
κ dt

N
⟨Ĥeff − Ĥ

†
eff⟩. (E.70)

Using this model, we are also able to qualitatively capture the dynamics of the spins, as can

be seen in Fig. E.2.
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E.8.2 Density-Density Correlations

In addition to just studying where the average particle density in the system is, we can also

study density-density correlations in the spin chain. We will be interested in the connected

correlation function:

Ci,j = ⟨n̂in̂j⟩ − ⟨n̂i⟩⟨n̂j .⟩ (E.71)

For a Gaussian state, this can be calculated using Wick’s theorem to observe that Ci,j =

−|⟨ĉ†i ĉj⟩|
2. Using this formula, we can first calculate how the connected correlation function

should evolve for the free fermion model, which is given by (in the continuum limit, with

separation d = i− j)

Cfree
i,j (t) = −

∣∣∣∣∫ dk

2π
eikd−4κ sin

2(k/2)t
∣∣∣∣2 . (E.72)

This can be computed by expanding the exponential, noting that

∫
dk

2π
e−ikd−4κ sin

2(k/2)t =
∞∑
n=0

(−4κt)n

n!

∫
dk

2π
sin2n(k/2)e−ikd

=
∞∑
n=0

(κt)n

n!

∫
dk

2π

(
eik/2 − e−ik/2

)2n
e−ikd

=
∞∑
n=0

(κt)n

n!

2n∑
j=0

(
2n

j

)∫
dk

2π
eikj/2e−ik(2n−j)/2e−ikd

=
∞∑
n=d

(κt)n

n!

(
2n

n+ d

)
= e−2κtId(2κt), (E.73)

where Id is the dth modified Bessel function. This matches on cleanly to the limit d = 0

where we recover the value for the local density. In the long time limit κt ≫ |i − j|2, this
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can be approximated as

Cfree
i,j (κt≫ |i− j|2) ∼ − 1

4πκt
e−(i−j)

2/2κt. (E.74)

If we then normalize this by the total particle number, the result looks like pure diffusion:

Cfree
i,j /⟨n̂i⟩⟨n̂j⟩ → −e−(i−j)

2/2κt, (E.75)

which signifies a dynamical exponent z = 2. Instead, the spins appear to observe scaling

collapse with a dynamical exponent of z = 1.75, signifying superdiffusive behavior.

E.9 Open Transverse Field Ising Model

In this Appendix, we will derive the mean field phase diagram for the open TFIM. The

Hamiltonian and jump operators (as noted in the main text) ares given by

Ĥ =
∑
i

Jσ̂xi σ̂
x
i+1 + hσ̂zi , (E.76)

L̂i =
√
κσ̂−i . (E.77)

This gives an equation of motion for the expectation of spin observables:

∂t⟨σ̂xi ⟩ = −h⟨σ̂
y
i ⟩ −

κ

2
⟨σ̂xi ⟩, (E.78)

∂t⟨σ̂yi ⟩ = −J⟨σ̂
z
i σ̂

x
i+1 + σ̂zi σ̂

x
i−1⟩+ h⟨σ̂xi ⟩ −

κ

2
⟨σ̂yi ⟩, (E.79)

∂t⟨σ̂zi ⟩ = J⟨σ̂yi σ̂
x
i+1 + σ̂

y
i σ̂

x
i−1⟩ − κ (⟨σ̂

z
i ⟩ − 1) . (E.80)

From here, we make the approximation that expectation values factor ⟨σ̂αi σ̂
β
j ⟩ = ⟨σ̂

α
i ⟩⟨σ̂

β
j ⟩,

and take the system to be translationally invariant. Then we get the new equations of motion
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for σx,y,z as

∂tσ
x = −hσy − κ

2
σx, (E.81)

∂tσ
y = hσx − 2Jσxσz − κ

2
σy, (E.82)

∂tσ
z = 2Jσxσy − κ(σz − 1). (E.83)

There are two fixed points. The first is the trivial (paramagetic) phase when σx = σy =

0, σz = 1). We can solve for the other fixed point to find that

(σx)2 =
κ2

8J2

(
4hJ − 4h2 − κ2

)
. (E.84)

This value must be positive, which tells us the phase diagram. Define the scaled parameters

h̃ = h/κ, J̃ = J/κ. Then we require that

J̃ −
√
J̃2 − 1

2
≤ h̃ ≤ J̃ +

√
J̃2 − 1

2
. (E.85)

In the limit κ→ 0, then we have that J̃2 − 1 ∼ J̃2, and we recover the closed system phase

transition at h = 0, J . Note that we have assumed the sign of h, J > 0 here. However,

local gauge transformations can move between different sectors, such that the system is

ferromagnetic if h, J have the same sign, and antiferromagnetic if they have opposite sign.

The phase diagram is shown in Fig. E.3.

In addition to the mean field phase diagram, we also show data for the unraveled entan-

glement entropy scaling with system size N in Fig. E.4.
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Figure E.3: Phase diagram for the mean field dissipative TFIM as defined in Eq. (E.85).
The star marks the point J = κ = 2h simulated in the main text Fig. 6.5. The solid black
lines marks the phase boundary for the open system, and the dashed black line is h = J the
closed system phase boundary.
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Figure E.4: Here, we plot the page curve for the parameter h = J = κ as a function of system
size from N = 8 to N = 256. We are showing the von Neumann entanglement entropy for
each partition, averaged over 1000 trajectories.
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E.10 Bipartite Entanglement Entropy of the Spin System

Here, we show that the bipartite entanglement entropy for certain bipartitions is independent

of whether we calculate it for the spins or the fermions. To see this, let’s first observe that

the Jordan-Wigner transformation, when viewed as a map from density matrices to density

matrices, is unitary. This can be done by picking a basis for both Hilbert spaces, and seeing

that JW maps basis vectors to basis vectors. For the spins, this basis is the set of Pauli

matrices:

Bs = {P̂1P̂2 . . . P̂N |P̂i ∈ {X̂, Ŷ , Ẑ, Î}}. (E.86)

For fermions, we can likewise choose a basis of the set of Majorana operators:

Bf = {γn11 γ̂n22 . . . γ̂
n2N
2N |ni ∈ {0, 1}}. (E.87)

Now, if we ask how a generic operator in the basis Bs transforms under JW, we can simply

note that

X̂i →

i−1∏
j=1

iγ̂2j−1γ̂2j

 γ̂2i−1, (E.88)

Ŷi →

i−1∏
j=1

iγ̂2j−1γ̂2j

 γ̂2i, (E.89)

Ẑi → iγ̂2i−1γ̂2i. (E.90)

Using the standard anticommutation relations for Majorana’s, it is easy to see that any

string of Pauli’s can be rewritten in the canonical form of an element of Bf with unit norm.

It thus suffices to show the map is surjective to show that this is a unitary map. However,

this is also easy by noting that given an arbitrary element of Bf characterized by a set of
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binary numbers {n1, . . . n2N}, then we can write the Pauli string P̂ which is it’s preimage

under JW as

P̂i =

i−1∏
j=1

Ẑj

 X̂i

n2i−1
i−1∏

j=1

Ẑj

 Ŷi

n2i , (E.91)

P̂ = P̂1P̂2 . . . P̂N . (E.92)

Hence, the map is a surjective map of basis vectors to basis vectors of equal dimension vector

spaces, and is therefore unitary.

Specifically, this means that for any arbitrary density matrix, we can calculate any en-

tanglement monotone from the spectrum of the density matrix, which is unchanged under

unitary maps, and therefore is completely unchanged by the Jordan-Wigner transformation.

This line of reasoning tells us that entanglement measures on the whole space (i.e. the

full state purity) is unaffected by the Jordan-Wigner transform, but we also need to know

whether it commutes with taking a partial trace.

As it turns out, for any arbitrary bi-partition of the system, there is no reason the

entanglement of the fermions needs to match onto the spin system. However, let’s suppose

that we take a very special set of bipartitions defined by sets of lattice sites

A = {i|1 ≤ i ≤ m}, (E.93)

B = {i|m < i ≤ N}, (E.94)

such that |A| = m, |B| = N − m. These are perhaps the most natural bipartitions one

can imagine taking, such that both subsystems are simply connected using open boundary

conditions. Now, let’s focus on the A subsystem. In order to understand its entropy, we
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need to know about the reduced density matrix

ρ̂A = trB ρ̂. (E.95)

Now, we can construct a complete basis for this subspace

Bs,A = {P̂1P̂2 . . . P̂m|P̂i ∈ {X̂, Ŷ , Ẑ, Î}}. (E.96)

Since this is a basis, specifying the expectation value of these operators completely specifies

the state ρ̂A, and thus the entanglement entropy. However, we can note that under the

Jordan-Wigner transformation, we map the set

Bs,A → Bf,A, (E.97)

where

Bf,A = {γn11 γ̂n22 . . . γ̂n2m2m |ni ∈ {0, 1}}, (E.98)

and so again on this restricted subspace, we are simply unitarily mapping basis vectors

to basis vectors, and the full information of the spin reduced density matrix is completely

contained in the fermionic reduced density matrix on the same sublattice. Thus, the two

states have the same entanglement entropy, and we can calculate the fermionic one (which

is much simpler since the state is Gaussian) in order to learn what the entanglement in the

spin system is.

Note that this argument breaks down when A is not a simply connected subset, since

the JW string would overlap with the complimentary subspace B, and so the total amount

of information of the reduced spin system would be encoded in fermionic operators with

support in both sublattices.
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APPENDIX F

APPENDIX TO CHAPTER 7

F.1 Exact Dynamics for matchgate circuits with Pauli noise

We will be interested in both the continuous and discrete time evolution of a quantum state

under matchgate circuits and local Pauli noise. Matchgate circuits will be defined as any

unitary transformation on a set of spins that can be written as the exponential of a quadratic,

fermionic Hamiltonian. For example, take a one-dimensional spin model with the following

Hamiltonian:

Ĥ(J⃗ , ⃗̃J, ∆⃗) =
∑
j

Jj σ̂
+
j σ̂
−
j+1 + J̃j σ̂

+
j σ̂

+
j+1 +

∆j

2
σ̂zj +H. c. (F.1)

where the coefficients Jj , J̃j ∈ C and ∆j ∈ R are arbitrary. Defining the set of canonical

fermions

ĉj =

∏
i<j

σ̂zi

 σ̂−j , (F.2)

then in terms of the fermionic degrees of freedom, the Hamiltonian can be rewritten as

Ĥ(J⃗ , ⃗̃J, ∆⃗) =
∑
j

Jj ĉ
†
j ĉj+1 + J̃j ĉ

†
j ĉ
†
j+1 +∆j ĉ

†
j ĉj +H. c. (F.3)

and so any unitary

Ûθ(J⃗ ,
⃗̃J, ∆⃗) = eiθĤ(J⃗ , ⃗̃J,∆⃗), (F.4)

is an example of a matchgate. A matchgate circuit is one in which all unitary gates are

compatible matchgates. This is in no way an exhaustive list of all possible matchgate circuits,
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but it is one that is physically motivated (coming from the Hamiltonian of a 1D spin chain).

Matchgate circuits can be efficiently simulated because they preserve the Gaussianity of

fermionic states. That is to say, if the state begins as a Gaussian fermionic state, then it will

remain a Gaussian fermionic state for all times under the circuit evolution. A Gaussian state

is completely described by its covariance matrix. If one defines a set of Majorana modes

γ̂2m = ĉm + ĉ
†
m, γ̂2m+1 = i(ĉm − ĉ†m), (F.5)

then the covariance matrix is Γm,n = ⟨γ̂mγ̂n⟩. This is an antisymmetric matrix described

by N(2N − 1) real coefficients if there are N spins in the problem. The dynamics of the

covariance matrix can be computed in polynomial time, and so the dynamics are efficiently

classically simulable. Interspersed in the matchgate circuit, we also consider Pauli noise.

Pauli noise acts on the local qubit degrees of freedom via the Kraus channels:

K[ρ̂] =
∑

s∈{0,1}2n
psK̂sρ̂K̂

†
s , (F.6)

K̂s =
√
ps

n−1∏
i=0

(σ̂xi )
s2i(σ̂zi )

s2i+1 , (F.7)

where
∑
s ps = 1.

At this point, we note that the given dynamics falls within the class of stochastically

simulable dynamics given in Ref. [186]. This result implies that, while the Pauli noise does

not preserve the Gaussianity of the density matrix, it maps the state to a convex sum

of Gaussian states which can be efficiently sampled from to compute observables to fixed

additive error. However, the special structure of the Pauli noise allows us to go one step

further, and exactly re-average the stochastic equation of motion. To understand this, let’s

consider a single time step of first applying the matchgate circuit followed by the noise. We
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have that

ρ̂ 7→ M[ρ̂] ≡
∑
s

K̂sÛ ρ̂Û
†K̂†s =

∑
s

tr(K̂sÛ ρ̂Û
†K̂†s)

K̂sÛ ρ̂Û
†K̂†s

tr(K̂sÛ ρ̂Û†K̂
†
s)

=
∑
s

Nsρ̂s. (F.8)

Here, we have defined the normalized states ρ̂s and the normalization constants Ns which

can depend on the state. For any fixed bitstring s, then K̂sU maps Gaussian states to

Gaussian states, and so it has an induced action on the set of fermionic covariance matrices.

Let us define this implicit transformation by considering a Gaussian state ρ̂Γ with covariance

matix Γ:

Γmn = tr(ρ̂Γγ̂mγ̂n) 7→
∑
s

Ns(Γ) tr(ρ̂s(Γ)γ̂mγ̂n) ≡
∑
s

Ns(Γ)[Ks,cov(Γ)]mn, (F.9)

where the subscript “cov” denotes a transformation on the space of covariance matrices.

Therefore, after a single time step, we have that

Γ 7→ Mcov[Γ] =
∑
s

psNsKs,cov[Γ] = Kcov[Γ], (F.10)

where the overline denotes averaging with respect to the probability distribution {Ns}. To

understand the dynamics up to a time step t requires one to compute

Mt
cov = Ktcov. (F.11)

Note that Mcov is simple to compute, but the difficulty in computing its powers need

not necessarily be simple if there are strong correlations different time steps. In general,

computing powers ofM can be done by stochastically sampling over trajectories (as is done

in Ref. [186]). However, here is where Pauli noise becomes useful: because the channel is a

convex sum of unitary transformations, we have that Ns(Γ) = ξs is independent of the state.

Therefore, there are no correlations between different time steps: i.e., Ktcov =
(
Kcov

)t
, and
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so directly re-averaging the stochastic equations of motion become trivial.

Note that this is true for arbitrary Pauli strings, as for any Pauli string P̂ we have that

P̂ †P̂ = 1, and further that every Pauli string under JW maps to a Majorana string, which is

a Gaussian unitary operator. Going forward, we will focus primarily on local Pauli channels

as they are often the most physically relevant, but the results all hold for arbitrary Pauli

channels.

F.1.1 Discrete time dynamics

Here, we will directly compute the evolution of the two point functions under local Pauli

channels. For simplicity, we will assume the noise rates are spatially uniform, but this is not

required and can be relaxed in an extremely straightforward manner.

The Kraus channel for each different type of Pauli noise are commuting, so we can

calculate each of them independently. We will do this in two different methods. The first

way is the one inspired by Ref. [186], where we consider the action of the strings on the

fermionic two-point functions. Let’s begin by defining the sign variables:

ηi,j =

 1 i < j

−1 i ≥ j
. (F.12)

Recall the canonical Majorana modes defined in Eq. (F.5). Then we have that

σ̂xj =

∏
i<j

(−1)n̂i

 (ĉj + ĉ
†
j) =

∏
i<j

−iγ̂2iγ̂2i+1

 γ̂2j , (F.13)

σ̂
y
j =

∏
i<j

(−1)n̂i

 i(ĉj − ĉ
†
j) =

∏
i<j

−iγ̂2iγ̂2i+1

 γ̂2j+1, (F.14)

σ̂zj = 2ĉ
†
j ĉj − 1 = iγ̂2j γ̂2j+1. (F.15)
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Clearly, z-noise is the simplest, as it does not have JW strings. If we define the z-type channel

Ki,z to be the induced covariance matrix transformation under ρ̂ 7→ pzσ̂
z
i ρ̂σ̂

z
i +(1−pz)ρ̂ and

then define Kz =
∏
iKi,z we find that

Γmn 7→ (Kj,z,cov[Γ])mn

= pz⟨(iγ̂2j γ̂2j+1)γ̂mγ̂n(iγ̂2j γ̂2j+1)⟩Γ + (1− pz)Γmn

= pz
[
4δ2j,mδ2j+1,n + 4δ2j,nδ2j+1,m − 2δ2j,m − 2δ2j+1,m − 2δ2j,n − 2δ2j+1,n + 1

]
Γmn

+ (1− pz)Γmn. (F.16)

This simplifies to

=⇒ (Kz,cov[Γ])mn = Γmn ×

 1 ⌊m/2⌋ = ⌊n/2⌋

(1− 2pz)
2 otherwise

. (F.17)

For x- and y- type noise, we will see extremely different behavior. Consider x-noise now,

given by

(Kj,x,cov[Γ])mn = px

〈
γ̂2j

∏
i<j

−iγ̂2iγ̂2i+1

 γ̂mγ̂n

∏
i<j

−iγ̂2iγ̂2i+1

 γ̂2j

〉
Γ

+ (1− px)Γmn

= pxηj,⌊m/2⌋ηj,⌊n/2⌋⟨γ̂2j γ̂mγ̂nγ̂2j⟩Γ + (1− px)Γmn

=
[
pxηj,⌊m/2⌋ηj,⌊n/2⌋(1− 2δ2j,m − δ2j,n) + (1− px)

]
Γmn. (F.18)

If we assume that m < n (the remaining covariances can be found using the skew-symmetry

of the covariance matrix), and define m2 = m mod 2 and vice versa for n2, then:

(Kx,cov[Γ])mn = Γmn ×

 (1− 2px)
|⌊m/2⌋−⌊n/2⌋|−m2+n2 |⌊m/2⌋ − ⌊n/2⌋| > 1

(1− 2px) |⌊m/2⌋ − ⌊n/2⌋| = 0
. (F.19)
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A similar calculation gives that

(Ky,cov[Γ])mn = Γmn ×

 (1− 2py)
|⌊m/2⌋−⌊n/2⌋|+m2−n2 |⌊m/2⌋ − ⌊n/2⌋| > 1

(1− 2py) |⌊m/2⌋ − ⌊n/2⌋| = 0
. (F.20)

Putting these results together, for example if we take an infinite temperature reservoir with

Kraus channels given by equal probability of exciting or de-exciting each spin (which is

modeled by equal decoherence in the X and Y direction) as considered in Chapter 7, we find

that

(Kx,cov[Ky,cov[Γ]])mn = Γmn ×

 (1− 2p)2|⌊m/2⌋−⌊n/2⌋| |⌊m/2⌋ − ⌊n/2⌋| > 1

(1− 2p)2(1−δmn) |⌊m/2⌋ − ⌊n/2⌋| = 0
, (F.21)

where p = px = py. For complete depolarizing noise, we have that

(Kz,cov[Kx,cov[Ky,cov[Γ]]])mn = Γmn × (1− 2p)2(|⌊m/2⌋−⌊n/2⌋|+1−δmn), (F.22)

where p = px = py = pz.

A much simpler way to compute the two point functions is to, instead of working in terms

of the fermion variables, note that they can be written in terms of Pauli strings. We have

that (for m < n)

Γ2m,2n = i⟨ŶmẐm+1 . . . Ẑn−1X̂n⟩, (F.23a)

Γ2m,2n+1 = i⟨ŶmẐm+1 . . . Ẑn−1Ŷn⟩, (F.23b)

Γ2m+1,2n = i⟨X̂mẐm+1 . . . Ẑn−1X̂n⟩, (F.23c)

Γ2m+1,2n+1 = i⟨X̂mẐm+1 . . . Ẑn−1Ŷn⟩. (F.23d)

From here, it is simple to simply note that Pauli strings are mapped to themselves under
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Pauli channels, and then count the number operators that anticommute to get the cor-

rect prefactors. This completely recovers the previous result, though does not immediately

elucidate the convex sum of Gaussians structure.

F.1.2 Continuous time dynamics

We can similarly define the continuous time dynamics one would obtain by considering, for

example, the limit px,y,z = γx,y,z dt as dt→ 0. This gives Lindblad dynamics

∂tρ̂ =
∑
i

∑
α∈{x,y,z}

γαD[σ̂αi ]ρ̂. (F.24)

This induces the dynamics on the covariance matrix

∂tΓmn = −(γ1|⌊m/2⌋ − ⌊n/2⌋|+ γ2)Γmn, (F.25)

γ1 = γx + γy, (F.26)

γ2 = (1− δ⌊m/2⌋,⌊n/2⌋)(2γz + (γx − γy)(n2 −m2)) + δ⌊m/2⌋,⌊n/2⌋(1− δmn)(γx + γy),

(F.27)

where we have re-used the variables m2 = m mod 2, n2 = n mod 2. Note again that if

γx = γy = γz = γ, we have the simplification γ1 = 2γ, γ2 = 2γ(1− δmn).

F.1.3 Non-Gaussianity and violation of Wick’s theorem

Here, we show that the state is able to massively violate Wick’s theorem despite the fact

that the dynamics of moments close on themselves. To see this, let’s try and calculate the

connected correlation function ⟨⟨σ̂zmσ̂zn⟩⟩ ≡ ⟨σ̂zmσ̂zn⟩ − ⟨σ̂zm⟩⟨σ̂zn⟩ in two ways, once using

the full dynamics, and once using Wick’s theorem, and compare the two. Under the XY

noise channel, this observable (being a Pauli) evolves extremely simply and the dynamics
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are described by

⟨⟨σ̂zmσ̂zn⟩⟩(t) = e−2γt⟨⟨σ̂zmσ̂zn⟩⟩(0). (F.28)

Alternatively, if we instead were to pretend that the state was Gaussian for all times, then

we could use Wick’s theorem, and ask how well we do in predicting observables. This would

give us

⟨⟨σ̂zmσ̂zn⟩⟩W (t) = −⟨γ̂2mγ̂2m+1γ̂2nγ̂2n+1⟩W (t) + ⟨γ̂2mγ̂2m+1⟩(t)⟨γ̂2nγ̂2n+1⟩(t)

= ⟨γ̂2mγ̂2n⟩(t)⟨γ̂2m+1γ̂2n+1⟩(t)− ⟨γ̂2mγ̂2n+1⟩(t)⟨γ̂2m+1γ̂2n⟩(t)

= e−4γ|m−n|t⟨⟨σ̂zmσ̂zn⟩⟩(0), (F.29)

where the subscript W denotes we use Wick’s theorem to evaluate the 4 point correlation

functions. Note that this differs exponentially from the actual result, and so Wick’s theorem

fails catastrophically to evaluate the dynamics for lattice sites with large spatial separation.

To understand intuitively what is going on, it is useful to consider again the exact form

of the density matrix ρ̂ as a function of time. We can write ρ̂ as

ρ̂ =
∑

s⃗∈{0,1}2N
ps|Γs⃗⟩⟨Γs⃗|, (F.30)

ps = ps(1− p)s, p =
1

2
(1− e−γt/2). (F.31)

Here, ps⃗ is a classical probability distribution, s = |s⃗|1 its 1-norm, and |Γs⃗⟩ is a Gaussian
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state with a covariance matrix Γs⃗. This covariance matrix is defined by

Γs⃗ =

2N∏
i=1

Usii

Γ0

2N∏
i=1

Usii

† , (F.32)

(U2i)mn = δmn(2Θ(m− 2i+ 0.5)− 1), (F.33)

(U2i+1)mn = δmn(2Θ(m− 2i− 0.5)− 2δm,2i+2 − 1), (F.34)

where Γ0 is the initial fermionic covariance matrix in terms of the Majorana modes. Es-

sentially, each matrix U2i/U2i+1 multiplies the coherences between operators on either side

of the lattice site i by a sign. Now, when two lattice sites are very far away, there are

many locations one can insert minus signs, giving the emergent length scale. However, note

that when we look at something that depends quadratically on the covariance matrix (e.g.

the 4 point functions), then all of the minus signs cancel out. We can see this in action

by once more calculating the connected correlation function, but this time use the actual

representation of the fermionic state. We wish to know

⟨σ̂zmσ̂zn⟩ = tr(γ̂2mγ̂2m+1γ̂2nγ̂2n+1ρ̂)

=
∑
s⃗

ps⟨Γs⃗|γ̂2mγ̂2m+1γ̂2nγ̂2n+1|Γs⃗⟩

=
∑
s⃗

ps
[
(Γs⃗)2m,2m+1(Γs⃗)2n,2n+1 + (Γs⃗)2m,2n+1(Γs⃗)2m+1,2n − (Γs⃗)2m,2n(Γs⃗)2m+1,2n+1

]
,

(F.35)

where s⃗ ∈ {0, 1}2N . From here, we note that the product of two covariance matrix elements

only picks up a sign if exactly one of them did. The only way this occurs is if, considering

only the four elements s2m, s2m+1, s2n, s2n+1, then an odd number of them are positive.
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Since these are the only relevant terms, we can simplify the problem significantly to:

⟨σ̂zmσ̂zn⟩ =
∑

s⃗∈{0,1}4
ps
[
(Γs⃗)2m,2m+1(Γs⃗)2n,2n+1 + (Γs⃗)2m,2n+1(Γs⃗)2m+1,2n

]
−

∑
s⃗∈{0,1}4

ps(Γs⃗)2m,2n(Γs⃗)2m+1,2n+1

=

 ∑
s⃗∈{0,1}4,|s⃗|2=0

ps −
∑

s⃗∈{0,1}4,|s⃗|2=1

ps

 ⟨γ̂2mγ̂2m+1γ̂2nγ̂2n+1⟩t=0

= e−2γt⟨γ̂2mγ̂2m+1γ̂2nγ̂2n+1⟩t=0, (F.36)

where we have defined |s⃗|2 to be the Hamming weight of the bitstring s⃗ modulo 2. We can

clearly see that the fact that the covariances matrices add incoherently means that, while

there can destructive interference when calculating the average two-point functions, it can

also go away when calculating higher point correlators and so Wick’s theorem tends to not

hold even approximately.

F.1.4 Periodic boundary conditions

There is some subtlety that comes from periodic boundary conditions, as the Hamiltonian

does not map to a completely free model under the JW transformation. The problem lies

in the fact that to connect the lattice sites 1 and N picks up a JW string equivalent to the

total parity of the state:

ĤPBC(J⃗ ,
⃗̃J, ∆⃗) = JN σ̂

+
N σ̂
−
1 + J̃N σ̂

+
N σ̂

+
1 +

N−1∑
j=1

Jj σ̂
+
j σ̂
−
j+1 + J̃j σ̂

+
j σ̂

+
j+1 +

N∑
j=1

∆j

2
σ̂zj +H. c.

(F.37)
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Now, when doing JW, this becomes:

ĤPBC(J⃗ ,
⃗̃J, ∆⃗) = −

[
JN ĉ

†
N ĉ
−
1 + J̃N ĉ

†
N ĉ
†
1

]
Π̂ +

N−1∑
j=1

Jj ĉ
†
j ĉj+1 + J̃j ĉ

†
j ĉ
†
j+1 +

N∑
j=1

∆j ĉ
†
j ĉj +H. c.

(F.38)

where we have defined the total parity operator Π̂ =
∏N
j=1(−1)n̂j . Recall that Π̂ is the

generator of a weak Z2 symmetry (as fermions must obey superselection rules), and so we

have that

[ĤPBC, Π̂] = 0. (F.39)

This means that the Hamiltonian can be decomposed as a direct sum of Π̂ eigenspaces

Ĥ±PBC = ∓
[
JN ĉ

†
N ĉ
−
1 + J̃N ĉ

†
N ĉ
†
1

]
+
N−1∑
j=1

Jj ĉ
†
j ĉj+1 + J̃j ĉ

†
j ĉ
†
j+1 +

N∑
j=1

∆j ĉ
†
j ĉj +H. c., (F.40)

where the parity is replaced with its expectation value. Now, both Ĥ±PBC are quadratic, and

so their dynamics can be efficiently simulated. For a state with positive parity, one should

evolve it under Ĥ+
PBC and vice-versa for odd parity states. Now, we note that the jumps

always map a state with fixed parity to another state with fixed parity, as

Π̂σ̂αi = λασ̂
α
i Π̂, λx = λy = −1, λz = 1. (F.41)

Therefore, it tells us that under these dynamics the state will always be an incoherent mixture

of different parity sectors. Thus, one can write the state as

ρ̂ = ρ̂+ + ρ̂− =
∑
Γ+

p(Γ+)|Γ+⟩⟨Γ+|+
∑
Γ−

p(Γ−)|Γ−⟩⟨Γ−|, (F.42)
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Figure F.1: Effective temperature for both periodic (upper) and open (lower) boundary
conditions at the critical point with J = g = γ = 1 at time t = 1. We consider system sizes
from N = 32 to N = 4096. The horizontal energy axis is rescaled by Nα, where α = 1/2
for open boundary conditions and α = 1 for closed boundary conditions. Inset: same data
as main plot without rescaling (α = 0).

where subscripts +,− refer to even or odd states, respectively. The density matrices ρ̂+, ρ̂−

are each independently convex sums of either even or odd pure Gaussian states described by

covariances Γ+,−. The total covariance matrix of the state ρ̂ is given by

tr(ρ̂γ̂mγ̂n) =
∑
Γ+

p(Γ+)(Γ+)m,n +
∑
Γ−

p(Γ−)(Γ−)m,n (F.43)

and similarly for higher moments. As for the dynamics, only the quantum jumps can change

the parity of the state, and so the coherent dynamics are extremely simple:

∂tρ̂± = −i[Ĥ±PBC, ρ̂±] (F.44)

The noise, though, will mix the sectors in an incoherent fashion:

∂t⟨γ̂mγ̂n⟩± =
∑
α=x,y

N∑
j=1

γα

(
⟨σ̂αj γ̂mγ̂nσ̂

α
j ⟩∓ − ⟨γ̂mγ̂n⟩±

)
+

N∑
j=1

γz

(
⟨σ̂zj γ̂mγ̂nσ̂

z
j ⟩± − ⟨γ̂mγ̂n⟩±

)
(F.45)
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where subscripts refer to taking expectation values with respect to either the even or odd

parity sectors. What this means is that by keeping track of two different covariance matrices,

one can evolve the system with periodic boundary conditions. In principle, this result is more

general than just PBC. Anytime there is a model with a weak symmetry generator Ĝ, and

the Hamiltonian is interacting in the form Ĥ = Ĥ0 + Ĥ1Ĝ where both Ĥ0 and Ĥ1 are free,

then this would work, where one needs to keep track of as many covariance matrices as there

are eigenspaces of Ĝ.

In Fig. F.1, we recreate the data in Fig. 7.5 for both open and periodic boundary condi-

tions at γt = 1. We find that while periodic boundary conditions converge at low energies

like 1/N , for periodic boundary conditions it only converges at 1/
√
N , and so there is value

in using periodic boundary conditions as it converges significantly more quickly with large

system sizes.

F.2 Ising Model Results

To set the stage, let’s define the Ising model Hamiltonian as

Ĥ =
∑
i

−Jσ̂xi σ̂
x
i+1 + gσ̂zi . (F.46)

The Hamiltonian can be rewritten as a quadratic form of the free fermion modes:

Ĥ =
∑
i

−J(σ̂+i + σ̂−i )(σ̂
+
i+1 + σ̂−i+1) + g(2σ̂+i σ̂

−
i − 1)

=
∑
i

−J(ĉ†i − ĉi)(ĉ
†
i+1 + ĉi+1) + g(2ĉ

†
i ĉi − 1). (F.47)
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If we now define the set of Fourier modes d̂k =
∑
j e
ijk ĉj , then this becomes

Ĥ =
∑
k

−2J cos(k)d̂
†
kd̂k + iJ sin(k)(d̂kd̂−k + d̂

†
kd̂
†
−k) + g(2d̂

†
kd̂k − 1). (F.48)

This is almost diagonal, up to the fact that there is mixing between modes at ±k. To solve

this, we will implement a Bogoliubov transformation defined via the modes

β̂k = cos(θk/2)d̂k + i sin(θk/2)d̂
†
−k. (F.49)

Note that this implies

∑
k

ϵkβ̂
†
kβ̂k =

∑
k

ϵk

[
cos(θk)d̂

†
kd̂k + sin2(θk/2) + i/2 sin(θk)(d̂

†
kd̂
†
−k − d̂−kd̂k)

]
. (F.50)

From here, we can directly read out that

ϵk cos(θk) = −2J cos(k) + 2g, ϵk sin(θk) = 2J sin(k). (F.51)

=⇒ ϵk = 2J

√
(cos(k)− g/J)2 + sin2(k), (F.52)

=⇒ θk = arctan

(
sin(k)

g/J − cos(k)

)
, (F.53)

as discussed in Chapter 7. Here and henceforth, we will work in units where J = 1, so

the phase transition occurs at g = 1. We can use this form to calculate the ground state

expectation value of observables by noting that, since every mode is defined as having positive
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energy they are all in vacuum in the ground state. Hence

⟨ĉ†mĉn⟩GS =
1

N

∑
k

eik(m−n))⟨d̂†kd̂k⟩

=
1

N

∑
k

eik(m−n))⟨(cos(θk/2)β̂
†
k + i sin(θk/2)β̂−k)(cos(θk/2)β̂k − i sin(θk/2)β̂

†
−k)⟩

=
1

N

∑
k

eik(m−n) sin2(θk/2) =
1

2
δmn −

1

2N

∑
k

eik(m−n) cos(θk)

=
1

2
δmn −

1

2
Fcos θ(m− n), (F.54)

where we have defined the Fourier transform of cos(θk) to be Fcos θ. A similar calculation

tells us that

⟨ĉmĉn⟩GS = − i
2
Fsin θ(m− n). (F.55)

Exactly at the phase transition, these can be evaulated exactly as the form of θk becomes

significantly simpler. When g = J ,

θk =


π
2 −

k
2 0 < k < π

−π2 −
k
2 −π < k < 0

. (F.56)

This gives us the following results

Fcos θ(d) =
1

N

∑
k

eikd cos(θk) =
1

N

∑
k

eikd| sin(k/2)|

∼ 1

2π

∫ π

−π
eikd| sin(k/2)| = 1

π

2

1− 4d2
, (F.57)

Fsin θ(d) =
1

N

∑
k

eikd sin(θk) =
1

N

∑
k

eikdsgn(k) cos(k/2)

∼ 1

2π

∫ π

−π
eikdsgn(k) cos(k/2) = − i

π

4d

1− 4d2
, (F.58)
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which gives, as expected, algebraically decaying correlations at the phase transition. It is

worthwhile to note that the cause of the algebraic decay is exactly due to the non-analytic

behavior of θk at the phase transition. When it behaves smoothly (and similarly cos(θ), sin(θ)

are smooth), then the correlations functions are the Fourier transform of a smooth function

which necessarily must decay faster than any polynomial.

F.2.1 Quasiparticle number in time

Here, we will derive the full time dynamics for the energy-resolved quasiparticle numbers in

time under the noise. Using the results from the XY channel derived earlier, we have that

⟨ĉ†mĉn⟩(t) = e−γ|m−n|t−δmnγt⟨ĉ†mĉn⟩(0) +
1

2
δmn(1− e−γt)

= e−γ|m−n|t−δmnγt
(
1

2
δmn −

1

2
Fcos θ(m− n)

)
+

1

2
δmn(1− e−γt)

= −1

2
e−γ|m−n|t−δmnγtFcos θ(m− n) +

1

2
δmn. (F.59)

⟨ĉmĉn⟩(t) = e−γ|m−n|t⟨ĉmĉn⟩(0) = −
i

2
e−γ|m−n|tFsin θ(m− n). (F.60)
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From here, we can compute that

nk(t) = ⟨β̂
†
kβ̂k⟩(t) = ⟨cos(θk)d̂

†
kd̂k + sin2(θk/2) + i/2 sin(θk)(d̂

†
kd̂
†
−k − d̂−kd̂k)⟩(t)

=
1

N

∑
mn

e−ik(m−n)
〈
cos(θk)ĉ

†
mĉn + sin2(θk/2) + i/2 sin(θk)(ĉ

†
mĉ
†
n − ĉmĉn)

〉
(t)

= sin2(θk/2) +
1

N

∑
mn

e−ik(m−n) cos(θk)⟨ĉ
†
mĉn⟩(t)− ie−ik(m−n) sin(θk)⟨ĉmĉn⟩(t)

=
1

2
− 1

2N

∑
mn

e−ik(m−n)−|m−n|γt−δmnγt cos(θk)Fcos θ(m− n)

− 1

2N

∑
mn

e−ik(m−n)−|m−n|γt sin(θk)Fsin θ(m− n)

=
1

2
− 1

2
e−γt cos(θk)Fcos θ(0)−

1

2

∑
d̸=0

e−ikd−|d|γt cos(θk)Fcos θ(d)

− 1

2

∑
d̸=0

e−ikd−|d|γt sin(θk)Fsin θ(d)

=
1

2
− 1

2
e−γt cos(θk)Fcos θ(0)−

∞∑
d=1

e−dγt cos(kd) cos(θk)Fcos θ(d)

+ i
∞∑
d=1

e−dγt sin(kd) sin(θk)Fsin θ(d). (F.61)

This gives the general result for the quasiparticle number under the decoherence channel. If

we restrict ourself to considering the quasiparticle number starting from the critical ground

state, we can further simplify this expression. Using Eqs. (F.57) and (F.58), we have that

nk(t) =
1

2
− 1

π
e−γt| sin(k/2)| − sgn(k)

π

∞∑
d=1

e−dγt cos(kd) sin(k/2)
2

1− 4d2

+
sgn(k)

π

∞∑
d=1

e−dγt sin(kd) cos(k/2)
4d

1− 4d2

=
1

2
+

1

π
| sin(k/2)|(1− e−γt)

− i

π
cosh(γt/2)

[
arctanh

(
e−(i|k|+γt)/2

)
− arctanh

(
e(i|k|−γt)/2

)]
. (F.62)
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This expression is in closed form, but we can get some more intuition by taking limiting

forms. First, let’s try and understand the expansion when |k| ≪ γt. Defining x = |k|/(γt)

to be a small parameter and Taylor expanding gives us that

i
[
arctanh

(
e−(i|k|+γt)/2

)
− arctanh

(
e(i|k|−γt)/2

)]
= i
[
arctanh

(
e−γt/2(−ix−1)

)
− arctanh

(
e−γt/2(ix−1)

)]
=

γtx

2 sinh(γt)
+O(x3) = | sin(k/2)|

sinh(γt)
+O(x3). (F.63)

=⇒ nk(t) =
1

2
+

1

π
| sin(k/2)|(1− e−γt − coth(t/2)) +O(|k|/γt)3. (F.64)

Asymptotically, this looks like exponential relaxation to the steady state value of nk = 1/2,

but starting from an initial condition nk(0) = 1/2− 3| sin(k/2)|/π = 1/2− 3ϵk/4π. We can

think of the dynamics as a quick “jump” at short times by an energy dependent amount,

followed by slow exponential relaxation at a rate that is independent of energy.

We can similarly take the opposite limit, where we assume that x = γt/|k| is now a small

parameter. In this case, we find that

i
[
arctanh

(
e−(i|k|+γt)/2

)
− arctanh

(
e(i|k|−γt)/2

)]
= i
[
arctanh

(
e|k|(−i−x)/2

)
− arctanh

(
e|k|(i−x)/2

)]
= −π

2
− |k|x

2| sin(k/2)|
+O(x3)

= −π
2
− γt

2| sin(k/2)|
+O(γt/|k|)3. (F.65)

=⇒ nk(t) =

(
| sin(k/2)|+ 1

2| sin(k/2)|

)
γt

π
+O(γt/|k|)3. (F.66)

Given that we have taken x = γt/|k| to be a small fixed value, the dynamics for short times

can be thought of as linear growth at a rate γ/(2π| sin(k/2)|).
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F.2.2 Effective temperature

Using the quasiparticle expectations, we can define an effective non-equilibrium temperature

as a function of energy and time. A temperature that is nearly independent of the energy

demonstrates a near equilibrium distribution, whereas a temperature that depends strongly

on the energy is a very far from equilibrium distribution. Generically, one would imagine that,

because the noise process we have described is energy-agnostic (being infinite bandwidth and

infinite temperature), that there is no reason that one would find an equilibrium distribution.

However, we can use the limiting descriptions to try and describe an effective temperature

in the model. We define the temperature using the Fermi-Dirac distribution:

n(ϵ) =
1

1 + eϵ/T
=⇒ Teff(ϵ, t) =

ϵ

log(1− n)− log(n)
. (F.67)

At the phase transition, the energy is given by

ϵk = 2

√
(cos k − 1)2 + sin2(k) = 2

√
4 sin2(k/2) = 4| sin(k/2)|. (F.68)

We can then use this to calculate the temperature from the limiting forms of the quasiparticle

number via

Teff =

 π e
2γt−eγt
3eγt−1 +O(|k|/γt)2 |k| ≪ γt

−4ϵk log−1
[(

ϵk
2J + J

ϵk

)
γt
π

]
+O(γt/|k|)2 |k| ≫ γt

, (F.69)

where, as described in Chapter 7 we have that once the time is longer than the wavevector —

or equivalently the effective length scale ξF = 1/γt is smaller than the effective wavelength

λ ∼ 1/|k| — then the distribution begins to look thermal with a temperature tending to

infinity as a function of time.

To understand how surprising it is that there is an emergent temperature, let’s instead

consider noise in the z-direction instead of the x−y plane. One can again calculate the time
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evolution of the quasiparticle number analytically using

⟨ĉ†mĉn⟩(t) = (1− δmn)e−γt⟨ĉ†mĉn⟩(0) + δmn⟨ĉ†mĉn⟩(0), (F.70)

⟨ĉmĉn⟩(t) = e−γt⟨ĉmĉn⟩(0), (F.71)

to find that (for anywhere in the phase space) we have

nk(t) = nk(∞)(1− e−γt), (F.72)

nk(∞) =
1

2
[1− cos(θk)Fcos θ(0)] , (F.73)

which just gives uniform relaxation to a steady state value that depends weakly and non-

monotonically on k. Working at the phase transition, this can be written as

nk(∞) =
1

2

(
1− 2| sin(k/2)|

π

)
=

1

2

(
1− ϵk

2π

)
, (F.74)

which to leading order gives a temperature that depends linearly on the energy is extremely

non-equilibrium:

Teff(ϵ, t) =
ϵ

2arccoth(eγt)
+O(ϵ2). (F.75)

A third noise model one could consider is neglecting the strings in the spin dissipation. This

would be modeled by the free fermion model

∂tρ̂ = γ
∑
i

D[ĉi]ρ̂+D[ĉ
†
i ]ρ̂ (F.76)

The dynamics induced by such a channel are significantly different from the XY noise, and

310



one can show that

nk(t) =
1

2
(1− e−2γt), (F.77)

regardless of the value of g. Therefore, the temperature can be written exactly for all times

as

Teff(ϵ, t) =
ϵ

2arccoth(e2γt)
, (F.78)

with no corrections.

F.2.3 Other correlation functions

The only other two point functions allowed by translational invariance are of the form Ck =

⟨β̂kβ̂−k⟩. These can also be computed exactly as a function of time:

Ck =
〈
cos2(θk/2)d̂kd̂−k + sin2(θk/2)d̂

†
−kd̂
†
k + i/2 sin(θk)[d̂

†
−kd̂−k − d̂kd̂

†
k]
〉

=
1

N

∑
mn

e−ik(m−n)
〈
cos2(θk/2)ĉmĉn + sin2(θk/2)c

†
mc
†
n + i sin(θk)c

†
mcn

〉
− i/2 sin(θk)

=
1

N

∑
mn

e−ik(m−n)
〈
cos(θk)ĉmĉn + i sin(θk)c

†
mcn

〉
− i/2 sin(θk)

= − i
2

∑
d

e−ikd−|d|γt−δd,0γt (cos(θk)Fsin θ(d)− sin(θk)Fcos θ(d)) . (F.79)
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Once more, we can evaluate this at the phase transition to find that

Ck = −isgn(k)
π

∑
d

e−ikd−|d|γt−δd,0γt
−2id sin(k/2)− cos(k/2)

1− 4d2

=
isgn(k)

π
cos(k/2)e−γt +

2isgn(k)

π

∞∑
d=1

e−|d|γt
2d sin(k/2) sin(kd) + cos(k/2) cos(kd)

1− 4d2

=
isgn(k)

π
cos(k/2)(e−γt − 1)

+
isgn(k)

π
sinh(γt/2)

[
arctanh

(
e−(i|k|+γt)/2

)
+ arctanh

(
e(i|k|−γt)/2

)]
. (F.80)

This function tends to be significantly smaller than the populations nk. It is largest for

k = 0, where

C0 →
i

π

[
e−γt − 1 + 2 sinh(γt/2)arctanh

(
e−γt/2

)]
. (F.81)

The maximal value of this is given by the solution of a transcendental equation ∂tC0(t)|t=t∗ =

0. The solution found numerically is γt∗ = 0.41242..., C0(t
∗) = 0.04285.... Hence, the

anomalous correlation functions are always at least an order of magnitude smaller than the

densities. Similarly to the local density, this correlator grows superlinearly at short times:

C0(t) = −
i

2π
γt log γt+O(t). (F.82)

We can also calculate analytically the anomalous correlators for the other noise models.

For the free fermion noise, we have that

Cff
k (t) = e−γtCff

k (0) = 0. (F.83)

Since the initial condition has no coherences, this is just identically zero for all times. For Z
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noise, it is useful to calculate the time dynamics of the plane wave modes as an intermediate

step.

⟨d̂†kd̂k⟩(t) =
1

N

∑
mn

eik(m−n)⟨ĉ†mĉn⟩(t)

=
1

N

∑
mn

eik(m−n)e−γt⟨ĉ†mĉn⟩(0) +
1

N

∑
mn

eik(m−n)δmn(1− e−γt)⟨ĉ†mĉn⟩(0)

= e−γt⟨d̂†kd̂k⟩(0) + (1− e−γt)n, (F.84)

⟨d̂−kd̂k⟩(t) = e−γt⟨d̂−kd̂k⟩(0), (F.85)

where n is the mean particle density (or magnetization) in the initial condition, which is

unchanged by the noise. From here, it is simple to calculate that the time evolution of the

coherences is given by

CZk (t) =
〈
cos2(θk/2)d̂kd̂−k + sin2(θk/2)d̂

†
−kd̂
†
k + i/2 sin(θk)[d̂

†
−kd̂−k − d̂kd̂

†
k]
〉
(t)

= e−γtCZk (0) +
i

2
(1− e−γt) sin(θk)(2n− 1). (F.86)

Working at the phase transition and taking Ck(0) = 0, we have n = 1
2 −

1
π so

CZk (t) = −
i

π
sgn(k) cos(k/2)(1− e−γt). (F.87)

F.2.4 Divergent quasiparticle production rate

In addition to the energy resolved QP numbers, we can also calculate the total QP number

via

n(t) =

∫
dk

2π
nk(t) =

1

2
− 1

2
|Fcos θ(0)|2e−γt −

∞∑
d=1

e−dγt
(
|Fcos θ(d)|2 + |Fsin θ(d)|2

)
,

(F.88)
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at the phase transition, this can be written as

n(t) =

∫
dk

2π
nk(t) =

1

2
− 2

π2
e−γt − 4

π2

∞∑
d=1

e−dγt
1 + 4d2

(1− 4d2)2
. (F.89)

We can note that the sum is convergent for all t ≥ 0, as expected. This sum can be rewritten

in terms of special functions, but these are not necessarily intuitive. To try and understand

the short time dynamics, let’s first note that when taking a derivative, the sum will be

divergent, so we cannot naively perform a short time expansion. Hence, observe that

∞∑
d=1

e−dγt
1 + 4d2

(1− 4d2)2
= −

∞∑
d=1

e−dγt

(1− 4d2)
+
∞∑
d=1

2e−dγt

(1− 4d2)2

=
1

2
− sinh(γt/2)arccoth(eγt/2) +

∞∑
d=1

2e−dγt

(1− 4d2)2
. (F.90)

The second sum is still difficult to evaluate, but the leading order terms are now convergent,

and so we can observe that

∞∑
d=1

e−dγt
1 + 4d2

(1− 4d2)2
=

1

2
− sinh(γt/2)arccoth(eγt/2) +

π2 − 8

8
− γt

8
+O(γt)2, (F.91)

=⇒ n(t) =
4

π2
sinh(γt/2)arccoth(eγt/2) +

5

2π2
γt+O(γt)2

= − 1

π2
γt log(γt) +

5 + 4 log 2

2π2
γt+O(γt)2. (F.92)

From here, we can take a derivative to find that

∂tn(t) = −
γ

π2
log(γt) +

3 + 4 log 2

2π2
γ +O(γt). (F.93)

which has a logarithmic divergence for small t. For completeness, we also note that we can

define the long time behavior by noting that Eq. (F.89) is a power series expansion in e−γt.
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Figure F.2: Sketch depicting the four symmetry-distinct regions of the integral in Eq. (F.95).

Keeping the lowest order terms gives

n(t) =
1

2
− 38

9π2
e−γt +O(e−γt)2 (F.94)

Going back to the short time expansion, the derivative of n(t) should only be divergent

when the state is critical. We can understand how this divergence appears near the phase

transition by writing directly the time derivative in the number of quasiparticles at time

t = 0:

∂tn|t=0 =
γ

2
|Fcos θ(0)|2 +

∞∑
d=1

dγ
(
|Fcos θ(d)|2 + |Fsin θ(d)|2

)
∼ γ

2
|Fcos θ(0)|2 − 2γ

∫ π

−π

dk

2π

dk′

2π

∫ ∞
0

dxeix(k−k
′)x sin2([θk − θk′ ]/2)

=
γ

2
|Fcos θ(0)|2 + 2γ

∫ π

−π

dk

2π

dk′

2π

sin2([θk − θk′ ]/2)
(k − k′)2

. (F.95)

We wish to evaluate this just to leading order in g − 1. To perform this integral, it will

be useful to subdivide this into 9 relevant regions (though only four independent ones after

considering symmetries), as depicted in Fig. F.2. Let’s define the integrand fg(k, k
′) =
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1
4π2

sin2([θk−θk′ ]/2)
(k−k′)2 :

∫
[−π,π]×[−π,π]

fg(k, k
′) dk dk′ = 2

∫
A
fg(k, k

′) dk dk′ + 2

∫
B
fg(k, k

′) dk dk′

+ 4

∫
C
fg(k, k

′) dk dk′ +
∫
D
fg(k, k

′) dk dk′ (F.96)

We will evaluate each one separately to leading order. Let’s begin with C, which is defined

as g − 1 < k < π and −(g − 1) < k′ < g − 1. Then we can note that 0 ≤ fg ≤ 1/(2πk)2.

This implies that

∫
C
fg(k, k

′) dk dk′ ≤
∫
C

1

(2πk)2
dk dk′ =

g − 1

2π2

(
1

g − 1
− 1

π

)
≤ 1

2π2
= O(g − 1)0,

(F.97)

Next, let’s evaluate D where 0 < |k|, |k′| < g− 1. Here, we have that fg ≤ 1/[16π2(g− 1)2].

Therefore,
∫
D fg(k, k

′) dk dk′ ≤ 1/(16π2) = O(g − 1)0 as well. To evaluate A and B, we

first need to find the leading order behavior fg in g − 1. We have that

fg(k, k
′) = f1(k, k

′)− sin2[(k − k′)/2]
16π2(k − k′)2 sin(k/2) sin(k′/2)

(g − 1)

≡ f1(k, k
′)− f̃(k, k′)(g − 1). (F.98)

Here, f1 is the function fg evaluated at g = 1, and we have defined f̃ to be the leading

correction. Next, we note that

|f̃ | ≤ 1

64π2
1

sin(k/2) sin(k′/2)
, (F.99)

=⇒
∣∣∣∣∫ π

g−1

∫ π

g−1
f̃

∣∣∣∣ ≤ 1

64π2

∣∣∣∣∫ π

g−1

1

sin(k/2)
dk

∣∣∣∣2 ≤ 1

64π2

∣∣∣∣∫ π

g−1

π

k
dk

∣∣∣∣2
=

1

64
|log(π)− log(g − 1)|2 , (F.100)
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and so the correction is of order [log2(g − 1)](g − 1)→ 0 as g → 1, and is therefore smaller

than O(g − 1)0. Hence, we can evaluate the A and B using the values of θk for g = 1. This

significantly simplifies the problem, allowing us to write that

∫
A

sin([k − k′]/4)2

(k − k′)2
dk dk′

4π2
≤
∫ π

g−1

∫ π

g−1

1

16

dk dk′

4π2
≤ 1

64
= O(g − 1)0, (F.101)

Finally, we come to evaluating B, which is given by

∫
B

cos([k − k′]/4)2

(k − k′)2
dk dk′

4π2
=

∫ π

g−1

∫ π

g−1

1

(k + k′)2
dk dk′

4π2
−
∫ π

g−1

∫ π

g−1

sin([k + k′]/4)2

(k + k′)2
dk dk′

4π2
.

(F.102)

We only want the divergent part, and from before we know the second term is bounded by

a constant. Hence, we care about the first piece:

∫ π

g−1

∫ π

g−1

1

(k + k′)2
dk dk′

4π2
=

1

4π2
[2 log(g − 1 + π)− log(4π)− log(g − 1)] . (F.103)

Putting everything together, we have that

∂tn|t=0 = − γ

π2
log(g − 1) +O(g − 1)0. (F.104)

Another way to see the logarthmic divergence is by using Eq. (F.62). It is incredibly

simple to calculate the energy resolved QP production rate:

∂tnk =
γ| sin(k/2)|

π
e−γt +

γ

2π

cosh(γt/2)2| sin(k/2)|
| sin[(k − iγt)/2]|2

− iγ sinh(γt/2)
2π

[
arctanh

(
e(ik+γt)/2

)
− arctanh

(
e(−ik+γt)/2

)]
. (F.105)

=⇒ ∂tnk|t=0 =
γ

π
| sin(k/2)|+ γ

2π

1

| sin(k/2)|
=

2γ

π

(
J

ϵk
+
ϵk
J8

)
. (F.106)

If we note that the gap is |g − 1| and assume the derivatives are essentially unchanged near
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the critical point, then we can use the fact that the density of states near the critical point

is ρ(ϵ) = 1/2π to calculate that

∂tn =

∫ 2

|g−1|
dϵρ(ϵ)∂tnϵ ∼

∫ 2

|g−1|

γ

π2
1

ϵ
dϵ ∼ − γ

π2
log(g − 1), (F.107)

where ∼ means we are only keep leading order terms.

F.3 Critical XX Model

In this section, we will show that the basic phenomena found for the critical Ising model also

extends to a critical XX model. Here will consider the Hamiltonian given by

Ĥ = −J
2

N−1∑
i=1

σ̂xi σ̂
x
i+1 + σ̂

y
i σ̂

y
i+1 = −J

N−1∑
i=1

ĉ
†
i ĉi+1 + ĉ

†
i+1ĉi. (F.108)

Written in terms of the plane wave momentum modes d̂k, this is diagonalized:

Ĥ = −2J
∑
k

cos(k)d̂
†
kd̂k. (F.109)

We will consider this model in the zero magnetization sector, which in its ground state is

given by

⟨d̂†kd̂k⟩GS =

 1 |k| < π/2

0 |k| > π/2
, (F.110)

=⇒ ⟨ĉ†mĉn⟩GS =

∫ π/2

−π/2
eik(m−n)

dk

2π
=

sin
(π
2 [m− n]

)
π(m− n)

. (F.111)
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From here, we can use the already known solution observe that the time evolution is given

by

⟨ĉ†mĉn⟩(t) = (1− δmn)e−|m−n|γt⟨ĉ†mĉn⟩GS + δmn⟨ĉ†mĉn⟩GS, (F.112)

=⇒ ⟨d̂†kd̂k⟩(t) =
1

N

∑
m,n

e−ik(m−n)⟨ĉ†mĉn⟩(t)

=
1

N

∑
m,n

e−ik(m−n)
[
(1− δmn)e−|m−n|γt⟨ĉ†mĉn⟩GS + δmn⟨ĉ†mĉn⟩GS

]
=

1

2
+ 2

∑
d>0

e−γ|d|t cos(kd)
sin(πd/2)

πd

=
1

2
+

arccot(e−ik+γt) + arccot(eik+γt)

π
. (F.113)

From here, we have all the quasiparticle operators defined for all times. We can calculate

the long and short time expansions

nk(t) =

 nk(0) +
2J
πϵk

γt γt ≲ |k|
1
2 −

ϵk
Jπe
−γt γt ≳ |k|

. (F.114)

We can again directly define the effective temperature as

Teff(k, t) =
−2J cos(k)

log(1− nk)− log(nk)
. (F.115)

To understand the emergent temperature at long times, let’s define a small parameter z =

(k − π/2)/t. Here, we work around the k = π/2 point as this is where the system is gapless

(similarly, the k = −π/2) points but inversion symmetry implies this will behave identically.

Hence, we can calculate that

Teff(k, t) =
π

2
J sinh(γt) +O(z2). (F.116)
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Similarly, we can take the short time expansion to get that

Teff(k, t) = |ϵk| log−1
(
π|ϵk|
2Jγt

)
+O(z−2). (F.117)

Both of these expansions, up to constant factors, have essentially the same functional forms

as was observed in the TFIM.

We can similarly calculate how the total quasiparticle number grows at short times. Now,

because we start in the zero magnetization sector (which corresponds to half filling in the

fermionic language), the total particle number does not change. However, we can instead

calculate the imbalance between positive and negative energies. For this, we note that the

density of positive energy quasiparticles is given by

nϵ>0 =

∫ π

π/2
⟨d̂†kd̂k⟩(t)

dk

π/2
=

2

π

∫ π

π/2
⟨d̂†kd̂k⟩(t) dk =

1

2
− 2

π2

(
Li2(e

−γt)− Li2(−e−γt)
)
,

(F.118)

=⇒ nϵ>0 = − 2

π2
γt log(γt) +

2

π2
(1 + log(2))γt+O(γt)2, (F.119)

=⇒ nϵ>0 =
1

2
− 4

π2
e−γt +O(e−γt)3 (F.120)

where Li2(z) is the dilogarithm function. Hence, the short time particles number grows

superlinearly, and the long time relaxation looks as if it started with an initial condition of

(1/2− 4/π2), just as in the TFIM. We can take a derivative of this to find that

∂tnϵ>0 =
2γ

π2
log

[
coth

(
γt

2

)]
= −2γ

π2
log(γt) +

2γ

π2
log(2) +O(t2), (F.121)

and so we see an almost identical logarthmic divergence as in the Ising model, up to multi-

plicative prefactors.

Finally, we can exactly calculate the energy resolved quasiparticle production. This is
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rather simple:

∂t⟨d̂†kd̂k⟩ = −
2γ

π

cos(k) cosh(γt)

cos(2k) + cosh(2t)
=

2γ

π

Jϵk cosh(γt)

ϵ2k + 2J2 sinh(γt)
, (F.122)

=⇒ ∂t⟨d̂†kd̂k⟩
∣∣
t=0 =

2γJ

πϵk
, (F.123)

which is identical to the result for the TFIM to leading order in ϵk.

F.4 Experimental Protocols

F.4.1 Measuring the effective temperature

Here, we propose a possible method to measure the effective temperature of the many-body

state using a single qubit probe. The proposed measurement makes use of the fact that

a weakly coupled probe qubit to one end of the chain can probe the frequency-dependent

density of states of the many-body state. We imagine the following sequence:

1. Prepare the many-body ground state of the Ising model.

2. Apply the noise channel for a time t.

3. Turn the noise channel off, and the Ising Hamiltonian on. The populations of eigen-

modes are invariant under the Hamiltonian evolution.

4. Weakly couple a tunable qubit using an XX interaction to one end of the spin chain

with an energy gap ∆ beween σ̂z eigenstates.

5. The qubit will equilibrate to a mixture of its energy eigenstates. By measuring the

relative population of the spin up and spin down states, one can define a temperature

as a function of ∆.

What remains to be shown is that the equilibrium distribution of the weakly coupled probe

qubit will have the same effective temperature as the many-body spin state. To see this, we
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can calculate the effective heating and cooling rates of the probe qubit, which we will denote

via the operators σ̂
x,y,z
P . We imagine a Hamiltonian

Ĥ = ĤIsing +
∆

2
σ̂zP + λ(σ̂+P σ̂

−
1 + σ̂−P σ̂

+
1 ), (F.124)

ĤIsing = −J
N−1∑
j=1

σ̂xj σ̂
x
j+1 + g

N∑
j=1

σ̂zj , (F.125)

where the Ising model is tuned to the critical point g = J , the intersystem coupling λ≪ g, J

and ∆ is a tunable parameter to select which frequency in the Ising chain we are sensitive

to. Note that, because the probe qubit is coupled to the end of the chain, the entire system

is still free-fermion. I.e., using the JW transformation we can write the dynamics as

Ĥ = ĤIsing +∆ĉ
†
P ĉP + λ(ĉ

†
P ĉ1 + ĉ

†
1ĉP ), (F.126)

ĤIsing = −J
N−1∑
j=1

(ĉ
†
j − ĉj)(ĉ

†
j+1 + ĉj+1) + 2g

N∑
j=1

ĉ
†
j ĉj , (F.127)

up to irrelevant constants. At this point, it will be useful to write things in terms of the

energy eigenmodes of the Ising Hamiltonian:

Ĥ = ∆ĉ
†
P ĉP +

∫
dk

2π
ϵkβ̂
†
kβ̂k + λ

∫
dk

2π

[
ĉ
†
P e

ik(cos(θk/2)β̂k − i sin(θk/2)β̂
†
−k) + H. c.

]
.

(F.128)

If we define n̂P = ĉ
†
P ĉP and work in the interaction picture, then we can observe that

Ĥint = λ

∫
dk

2π

[
cos(θk/2)e

ik+i(∆−ϵk)tĉ†P β̂k + sin(θk/2)e
ik+i(∆+ϵk)tĉ

†
P β̂
†
−k +H. c.

]
.

(F.129)

Note that ϵk > 0 and we take WLOG ∆ > 0, so only the term proportional to cos(θk/2)

can be resonant. We will make the rotating wave approximation and drop the non-resonant
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terms, as in the limit λ→ 0, t→∞ the off-resonant terms do not cause transitions.

Ĥint,RWA = λ

∫
dk

2π

[
cos(θk/2)e

ik+i(∆−ϵk)tĉ†P β̂k +H. c.
]
. (F.130)

From this expression, it is simple to read off the Fermi’s Golden rule transition rates as

Γ↑ =
λ2

2J
cos2(θk/2)⟨β̂

†
kβ̂k⟩ =

λ2

2J
cos2(θk/2)nk, (F.131)

Γ↓ =
λ2

2J
cos2(θk/2)⟨β̂kβ̂

†
k⟩ =

λ2

2J
cos2(θk/2)(1− nk), (F.132)

where k is such that ϵk = ∆. We assume we are studying the low-energy spectrum of the

model, and the factor of 2J in the denominator is the local density of states at low energy,

where we use that ϵk ∼ 2J |k| =⇒ ∂kϵ = 2J so ρ(ϵ) = 1/(2J). In general, the density of

states is given by ρ(∆) = (2J
√

1−∆2/4)−1. From here, we find that

∂tnP = Γ↑(1− nP )− Γ↓nP , (F.133)

=⇒ nP (t) =
Γ↑

Γ↑ + Γ↓
(1− e−(Γ↑+Γ↓)t). (F.134)

This gives a steady state value and overall relaxation rate

nP (t→∞) =
Γ↑

Γ↑ + Γ↓
= nk, (F.135)

Γeff = Γ↑ + Γ↓ =
λ2

2J
cos2(θk/2), (F.136)

and so the steady state spin population will be ⟨σ̂zP ⟩ = 2nP − 1 = 2nk − 1 where nk is the

QP density in the Ising model at energy ϵk = ∆. Hence, we can directly read the (non-)

equilibrium temperature of the Ising model from the steady state distribution function of the

probe spin. Indeed, if one were to assign a temperature to the probe spin assuming it had

reached thermal equilibrium with the Ising spin bath, it would be the exact same effective

323



temperature as the Ising spin model, exactly as desired.

We believe that this protocol could be extremely well suited for many experimental

platforms. One particular example would be long Josephson-Junction (JJ) arrays, which have

recently been suggested as a simulation platform to observe Ising criticality [287, 288, 289].

These would be particularly appealing as JJ arrays are able to reach extremely large system

sizes and would be able to easily observe the bulk physics. Further, it would be relatively

straightforward to add a superconducting qubit coupled to the end of the chain to perform

the measurement protocol.

F.4.2 Measuring the total quasiparticle number

The previously outlined protocol gives the full spectrum of quasiparticle density as a func-

tion of their energy. However, if one were instead just interested in measuring the total

quasiparticle number (e.g., to observe the logarithmic divergence), then a simpler scheme

can be imagined. Here, we imagine that it is possible to completely adiabatically tune the

parameter g to zero. In this case, the Hamiltonian is simply given by the pure Ising model

in 1D:

Ĥ = −J
∑
i

σ̂xi σ̂
x
i+1. (F.137)

This Hamiltonian has a flat quasiparticle spectrum corresponding to domain walls, which

each carry energy 2J . Hence, by projecting each lattice site into an X̂ eigenstate and then

counting domain walls, one can count exactly the total number of quasiparticles in the

system. Hence, if we assume that the sweep is truly adiabatic, then the number of QP

excitations will not change and so they can be counted easily using an extremely simple pro-

jective measurement, assuming the lattice has single site readout and the ability to tune deep

into the ferromagnetic regime. Alternatively, one can adiabatically sweep to the paramagnet
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defined by the Hamiltonian

Ĥ = −g
∑
i

σ̂zi , (F.138)

which also has a flat spectrum. By measuring each spin now in the Ẑ eigenstate basis allows

one to measure the total quasiparticle number in the exact same way.
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cavity spin squeezing by quantum erasure. Phys. Rev. A, 85:013803, Jan 2012.

[169] Clément Sayrin, Igor Dotsenko, Xingxing Zhou, Bruno Peaudecerf, Théo Rybarczyk,
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