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I. SPIN COHERENT STATES AS THE DARK STATES OF THE DRIVING HAMILTONIAN

In this Section we review the derivation of the system Hamiltonian from Eq. (1) and provide a detailed derivation of the system
dark sates (DSs).

A. System Hamiltonian

Here we review the derivation of the system Hamiltonian. The system we consider in the main-text is composed of two light
coupled spin manifolds of length Fg and Fe = Fg − 1, respectively. The corresponding spin states are denoted by |Fg, m⟩
and |Fe, m⟩. The atomic level structure, see Fig. 1(e), is given by an overall manifold splitting ωeg , with further magnetic
substructure. In the presence of a static magnetic field B (defining the quantisation axis) the magnetic sublevels within a spin-
manifold of states are split by the Zeeman shift δg/e = gg/eµB |B|, where gg/e is the manifold specific Landé-g factor and µB

the Bohr magneton. The system Hamiltonian is given in the laboratory frame by

Ĥ lab
DS /ℏ = ωegP̂e + δeF̂e,z + δgF̂g,z +

1

2

∑
q=0,±1

(
e−iωqtΩqĈq + h.c.

)
, (1)

where the operator P̂e =
∑

m |Fe,m⟩⟨Fe,m| is a projector onto the excited manifold of states, and where ωq and Ωq denotes
the oscillation and Rabi frequency of the light field with polarization q ∈ {±1, 0}, respectively. Note, the Rabi frequency
Ωq is a contravariant vector Ωq = (Ωq)

∗, where Ωq is the corresponding covariant vector [1], and the total Rabi frequency

is given by |Ω| =
√∑

q Ω
qΩq . Furthermore, the coupling between the two spin manifolds is given by the operator Ĉq =∑

m CFe,m+q
Fg,m;1,q|Fe,m+ q⟩⟨Fg,m|, where

CFe,m+q
Fg,m;1,q = ⟨Fg,m; 1, q |Fe,m+ q⟩ =

√
2Fe + 1

⟨Fe,m+ q|T̂ (1)
q |Fg,m⟩

⟨Fe||T̂ (1)||Fg⟩
(2)

is a Clebsch-Gordan coefficient ⟨Fg,mF ; 1, q |Fe,mF + q⟩, which, according to the Wigner-Eckart Theorem [2], is given by
the transition matrix element of a spherical tensor T̂ (k)

q of rank k = 1 (due to the electric/magnetic dipole coupling) and the
corresponding reduced matrix element ⟨Fg||T̂ (1)||Fe⟩.

If the oscillation frequencies of the three light fields fulfill the Raman resonance criteria ωq − ωq′ = δg(q − q′), there exists a
rotating frame transformation

Û = exp
{
i
[
ω0P̂e + δg(F̂e,z + F̂g,z)

]
t
}

(3)

for which Ĥ lab
DS becomes time-independent

ĤDS = Û Ĥ lab
DS Û† − iℏ Û

(
∂tÛ†)

= −(ℏ∆P̂e + ℏδF̂e,z) +
1

2

∑
q=0,±1

(
ℏΩqĈq + h.c.

)
, (4)

with the detunings δ = δg−δe and ∆ = ω0−ωeg . This Hamiltonian is equivalent to the Hamiltonian from the main-text Eq. (1).

B. Dark states

In the following we present a method to find the two DSs |DS1,2⟩ of ĤDS from Eq. (4), which satisfy ĤDS|DS1,2⟩ = 0. This
DSs are fully encoded in the Fg-manifold of states and are thus insensitive to spontaneous emission from the excited states and
also to the precises values of δ and ∆. If |Ω| ≠ 0 the number of DSs is always given by 2 [3]. A result of this method is that the
two DSs of ĤDS live in a Hilbert space spanned by two spin coherent states (SCSs) (up to a singular hyper parameter space),
which are not necessarily orthogonal.

From a pedagogical point of view it is useful to first discuss three simple special cases and then describe the more general
method.
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FIG. 1. Panels (a) - (c) Light coupling schemes, DSs and Wigner distributions for the three different examples discussed in the appendix
section I B for Fg = 3.

1. We first focus on the case Ω±1 = 0 and Ω0 = Ω, for which the two maximally stretched states |DS1,2⟩ = |Fg, m = ±Fg⟩
are not coupled by the light field and are thus the DSs of the system, see Fig. 1(a). Furthermore, the two maximally
stretched states |Fg, Fg⟩ = |θ = 0, φ = 0⟩ and |Fg, −Fg⟩ = |θ = π, φ = 0⟩ are SCSs pointing along the ±z-axis of the
generalised Fg Bloch sphere. Hence, the DSs are given by two orthogonal SCSs.

2. Secondly, we consider the situation Ω−1 = 0 and Ω0 = Ω+1 = Ω/
√
2, for which only the maximally stretched state

|DS1⟩ = |Fg, Fg⟩ is uncoupled and, therefore, is one of the two DSs, see Fig. 1(b). |DS2⟩ is a superposition of states
|Fg, m⟩, with m < Fg . We will show below that |DS2⟩ is given by a SCS, which has to be Schmidt orthogonlized
with respect to |DS1⟩. Thus, the Hilbert space spanned by |DS1⟩ and |DS2⟩ is equivalent to the one spanned by two
non-orthogonal SCSs.

3. An example of the above mentioned single hyper parameter space is Ω+1 = Ω and Ω−1 = Ω0 = 0. Here the DSs can not
be expressed by two SCSs as illustrated in Fig. 1(c). Insted, they are given by |DS1⟩ = |Fg, Fg⟩ and |DS2⟩ = |Fg, Fg−1⟩,
where only |DS1⟩ is a SCS.

The method we present in the following is based on spatial rotations R̂ such that the vector of Rabi frequencies Ω =

(Ω+1, Ω0, Ω−1)T in the rotated coordinate system Ω
R̂→ Ω̃ obeys Ω̃−1 = 0. If this condition is fulfilled we can identify

one of the two DSs (see example 2 from above) as the maximally stretched state |Fg, Fg⟩z̃ along the z̃-axis of the transformed
coordinate system. The second SCS can be obtained by another rotation R̂′ for which Ω̃′−1 = 0 is satisfied and |DS2⟩ can be
obtained by a Schmidt orthogonalization with respect to |DS1⟩.

To formalize this method we now discuss properties of ĤDS from Eq. (4) under spatial rotations

R̂(α, β, γ) = e−iα(F̂g,z+F̂e,z)e−iβ(F̂g,y+F̂e,y)e−iγ(F̂g,z+F̂e,z), (5)

where α, β and γ are extrinsic Euler angles. Under such a rotation HDS becomes

R̂†ĤDSR̂
⟨Fe||T̂ (1)||Fg⟩√

2Fe + 1

1

ℏ
δ=∆=0
=

∑
m,m′

R̂†|Fe,m
′⟩⟨Fe,m

′|R̂
(∑

q

Ωq
[
R̂†T̂ (1)

q R̂
])

R̂†|Fg,m⟩⟨Fg,m|R̂+ h.c., (6)

where we expressed the CL coefficients in terms of T̂ (1)
q using Eq. (2). Note, as the DSs are independent of δ and ∆ we dropped

the detuning terms in Eq. (4) out of simplicity. Exploiting the transformation properties of spherical tensor operators [2] the
inner bracket of the above equation can be rewritten as∑

q

Ωq
[
R̂†T̂ (1)

q R̂
]
=
∑
q

Ωq
∑
q′

D
(1)∗
q,q′ T̂

(1)
q′ , (7)

where D(1) is the Wigner D-matrix, whose elements are given

D
(1)
q,q′ = e−iqαd

(1)
q,q′e

−iq′γ (8)
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in terms of the small Wigner d-matrix

d(1) =


1+cos β

2 − sin β√
2

1−cos β
2

sin β√
2

cosβ − sin β√
2

1−cos β
2

sin β√
2

1+cos β
2


+1

0
−1

 . (9)

From the transformation properties of the spherical tensor operators we identify the transformed coupling strengths as

Ω̃q′ =
∑
q

ΩqD
(1)∗
q,q′ (10)

As discussed above we are interested in rotations for which Ω̃−1 = 0. The rotation angles can be extracted from the solution
of the following trigonometric equation

Ω̃−1 = eiα
(
1− cosβ

2

)
Ω+1 − sinβ√

2
Ω0 + e−iα

(
1 + cosβ

2

)
Ω−1 = 0, (11)

where we dropped the γ term as this only adds a global phase (for the remainder we take without loss of generality γ = 0). In
general, Ω̃−1 = 0 for two distinct rotations R̂(α1,2, β1,2, 0). The SCSs spanning the DS subspace are given by

|θ1,2 = β1,2, φ1,2 = α1,2⟩ = R̂(α1,2, β1,2, 0)|Fg, Fg⟩. (12)

Note, the definition here differs to the definition of Radcliffe [4] by |θ, φ⟩ = e−iFφ|θ, φ⟩Radcliffe. Two orthogonal DSs can, for
instance, be defined as

|DS1⟩ = |θ1, φ1⟩
|DS2⟩ = (|θ2, φ2⟩ − ⟨θ1, φ1|θ2, φ2⟩|θ1, φ1⟩) /

√
1− |⟨θ1, φ1|θ2, φ2⟩|2, (13)

where we Schmidt orthogonalized |DS2⟩ with respect to |DS1⟩.
The method discussed above gives to orthogonal DSs only when the tuples of angles are distinct, i.e. (θ1, φ1) ̸= (θ2, φ2).

For (θ1, φ1) = (θ2, φ2) the Rabi frequencies Ω̃q in the rotated coordinate system not only give Ω̃−1 = 0 but also Ω̃0 = 0. For
this special case, see example 3 from above, the two states in the rotated coordinate system |Fg, Fg⟩z̃ and |Fg, Fg − 1⟩z̃ are
not coupled by the light field. Hence, the two DSs can not be expressed by two SCS, and can instead be chosen as |DS1⟩ =

R̂(α1, β1, 0)|Fg, Fg⟩ and |DS2⟩ = R̂(α1, β1, 0)|Fg, Fg − 1⟩. Note, regardless of the specific vales of (θ1, φ1) and (θ2, φ2) it
is always possible to define two DS with a well defined parity. That is, one DS only occupies even and the other DS only odd m
Zeeman-levels, respectively.

Let us finally discuss the special situation where the two SCSs are orthogonal. This situation arises if the Cartesian components
of the Rabi frequency (in the rotating frame defined by Û)

Ωx =
1√
2
(Ω−1 − Ω+1), Ωy =

i√
2
(Ω−1 +Ω+1), and Ωz = Ω0 (14)

are up to a global phase real numbers. Under these conditions the Cartesian Rabi frequency vector Ω = (Ωx, Ωy, Ωz) defines
the z̃-axis of the rotated coordinate system. Therefore, the rotation angles of R̂(α, β, 0) are given by

α = sgn(Ωy) arccos

[
Ωx√

(Ωx)2 + (Ωy)2

]
, and

β = arccos

[
Ωz√

(Ωx)2 + (Ωy)2 + (Ωz)2

]
(15)

for which Ω̃±1 = 0 and Ω̃0 = Ω and the DSs can be identified as the maximally polarized states |Fg, ±Fg⟩z̃ , as discussed
in example 1 from above. A possible choice of DSs in this situation is |DS1⟩ = R̂(α, β, 0)|Fg, Fg⟩ = |β, α⟩ and |DS2⟩ =

R̂(α, β, 0)|Fg, −Fg⟩ = e−iπFg |π − β, π + α⟩.
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II. COLORED NOISE SIMULATION

Here we discuss the numerical methods used for simulating the system dynamics under colored noise used in the main-text
to generate Figs. 1(c) and 3(a-d). For this, we consider a Markovian noise process X(t) that couples to a system operator Ô,
for example to F̂g,z as considered in the main-text. The corresponding generalized multiplicative stochastic master equation is
given by

ℏ∂tρ̂(t) = L̂ρ̂(t)− i
[
ℏX(t)Ô, ρ̂(t)

]
, with

L̂ρ̂(t) = −i
[
Ĥ, ρ(t)

]
+ ℏ

∑
a

γaD [â] (16)

where L̂ is the system Lindbladian decomposed into a Hamiltonian part Ĥ and dissipative part described by jump operators
â, with rate γa and D[â]ρ̂(t) = âρ̂(t)â† − 1

2{â†â, ρ̂(t)}. Importantly, ρ̂(t) denotes the density operator for a particular noise
trajectory X(t). The average density operator ⟨ρ̂(t)⟩s, which is the quantity we wish to calculate, is defined by the statistical
mean of ρ̂(t) over all possible noise trajectories X(t). The noise trajectories are associated with a probability distribution
P (X, t), which satisfies a differential equation of the following form

ℏ∂tP (X, t) = Λ̂P (X, t), (17)

where Λ̂ is called Fokker-Planck (differential-) operator for continuous noise models, or, a transition rate matrix for jump-like
noise models, respectively. In the main-text we considered a Ornstein-Uhlenbeck (OU) process which will be detailed below.

The statistical mean ⟨ρ̂(t)⟩s can either be calculated by trajectory sampling or alternatively directly employing the concept
of marginal densities. In the following we will summarize the relevant formula using the latter approach, where we closely
follow Ref. [5]. The marginal density û(X, t), with elements uµ,ν(X, t), where µ, ν are the indices corresponding to the density
operator element ρµ,ν(t), is related to the statistical mean of the density operator by [6]

⟨ρ̂(t)⟩s =
∫
û(X, t) dX. (18)

The differential equation which û(X, t) satisfies reads

ℏ∂t |u(X, t)⟩⟩ =
[
Λ̂− iℏX ˆ̂O +

ˆ̂L
]
|u(X, t)⟩⟩ , (19)

where |u(X, t)⟩⟩ is a column stacked vectorization of û(X, t), and ˆ̂O and ˆ̂L are the associated column stacked super-operators.
The initial state of the marginal densities is given by û(X, t = 0) = Pss(X) ρ̂(0), where Pss(X) is the steady-state noise
distribution, which satisfies Λ̂Pss(X) = 0.

In the following we will provide explicit expressions of the super-operators for the colored noise simulations presented in the
main-text. In the main-text we considered the OU process, whose Fokker-Planck operator is given by

Λ̂/ℏ = λ∂XX + σ2/2 ∂2X , (20)

where 1/λ and σ2 determine the noise correlation time and diffusion constant, respectively [7]. In the main-text we introduced
κ = σ2/λ2, which corresponds to the strength of the noise in the white noise limit. In particular, if λ is much larger (smaller)
than the characteristic energy scale of Ĥ , the noise effectively appears white (static), as discussed below.

The numerical integration of Eq. (19) requires a discretization of the continuous variable X onto NX values. To do so, we use
Eq. (6) from Ref. [8], for which the discretization of the Fokker-Planck equation reads

ℏ∂t

P (X−1, t)
P (X0, t)
P (X+1, t)

 = Λ̂NX=3

P (X−1, t)
P (X0, t)
P (X+1, t)

 = ℏλ

−1 1
2 0

1 −1 1
0 1

2 −1

P (X−1, t)
P (X0, t)
P (X+1, t)

 , (21)

and the discretized stochastic field can take on the valuesX−1

X0

X+1

 =
√
κλ

−1
0
1

 . (22)

The associated steady state distribution is given by Pss = (1/4, 1/2, 1/4)T .
For completeness we will state here explicitly the vectorization of Eq. (19) used for the main-text simulations. For the column

stacked vectorization we follow Ref. [9]:
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1. Coherent Dynamics

−i[Ĥ, ρ̂] ⇔ −i
(
1n ⊗ Ĥ − ĤT ⊗ 1n

)
|ρ(t)⟩⟩ = −i ˆ̂H |ρ(t)⟩⟩ (23)

2. Dissipative Dynamics

D[â]ρ̂⇔
[
(â†)T ⊗ â− 1

2

((
â†â
)T ⊗ 1n + 1n ⊗ â†â

)]
|ρ(t)⟩⟩ = ˆ̂

D[â] |ρ(t)⟩⟩ (24)

Here, 1n is the identity operator on the n-dimensional system Hilbert space. Thus, the dynamics of the marginal densities is
governed by

ℏ∂t

|u(X−1, t)⟩⟩
|u(X0, t)⟩⟩
|u(X+1, t)⟩⟩

 =

Λ̂3 ⊗ 1n2 − iℏ
√
κλ

−1 0 0
0 0 0
0 0 +1

⊗ ˆ̂
O + 13 ⊗

(
−i ˆ̂H + ℏ

∑
a

γa
ˆ̂
D[â]

)|u(X−1, t)⟩⟩
|u(X0, t)⟩⟩
|u(X+1, t)⟩⟩

 . (25)

The vectorized statistical average density operator is then calculated as |⟨ρ(t)⟩s⟩⟩ =
∑

α |u, Xα⟩⟩. Note, beside the finite
discretization of the continuous noise process this approach is exact.

Finally we discuss the white noise limit of the OU process. The white noise limit corresponds to the limit when the noise
correlation time 1/λ vanishes (λ → ∞) and thus the noise process becomes uncorrelated. In particular, this can be seen by
evaluating the steady state noise covariance function

⟨X(t)X(0)⟩s − ⟨X(t)⟩s⟨X(0)⟩s =
κλ

2
e−λt λ→∞

= κδ(t). (26)

Note, this analysis applies to the continuous and discretized OU process. The strength of the white noise process is determined
by κ and the associated master equation reads

ℏ∂tρ̂(t) = −i[Ĥ, ρ̂(t)] + ℏ
∑
a

γaD [â] ρ̂(t) + ℏκD
[
Ô
]
ρ̂(t), (27)

which is used for the white noise simulation presented in the main-text.

III. PAULI TRANSFER MATRIX

In the following section we discuss time-evolution of logical states using the Pauli transfer matrix (PTM) formalism. This
formalism is used in the main-text to characterize the error channels, when the system is subject to colored noise processes and
imperfect logical gate operations (described in subsequent sections).

A logical initial state, given by a density matrix ρ̂(t = 0), can be expressed as

ρ̂(0) =

[
d0(0) 1̃ +

∑
n∈{x̃,ỹ,z̃}

dn(0)σ̂n

]
/2, (28)

where 1̃ and σ̂x̃, σ̂ỹ , and σ̂z̃ are the logical identity- and Pauli-operators, respectively, as defined in the main-text. Furthermore,
d(0) = (dx̃(0), dỹ(0), dz̃(0))

T is the three component logical Bloch sphere vector, with |d(0)| ≤ 1. For completeness we also
keep the fourth component d0(0), which describes leakage out of the logical subspace when d0(0) < 1. Time evolution from
ρ̂(0) to ρ̂(t) can be expressed as [10]

ρ̂(t) =

[
d0(t) 1̃ +

∑
n∈{x̃,ỹ,z̃}

dn(t)σ̂n

]
/2, with (29)

dn(t) =
∑
m

Rn,m(t)dm(0), (30)

where Rn,m(t) is the PTM given by

Rn,m(t) =
1

2
tr
[
Ên ρ̂m(t)

]
for ρ̂m(0) = Êm, (31)
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and the operators Ên are defined as

Ê0 = 1̃ = |0̃⟩ ⟨0̃|+ |1̃⟩ ⟨1̃| ,
Êx̃ = σ̂x̃ = |1̃⟩ ⟨0̃|+ |0̃⟩ ⟨1̃| ,
Êỹ = σ̂ỹ = −i

(
|1̃⟩ ⟨0̃| − |0̃⟩ ⟨1̃|

)
, and

Êz̃ = σ̂z̃ = |1̃⟩ ⟨1̃| − |0̃⟩ ⟨0̃| .

(32)

The diagonal elements Rn,n(t) decrease at a rate dependent on the noise strength and correlation time. A decrease of the
diagonal elements of the PTM characterizes shrinkage of the Bloch vector, i.e. increases the mixedness of quantum state.

IV. AUTONOMOUS STABILIZATION

Here we detail the general theory employed for our autonomous stabilization protocol, that protect the logical qubit from the
colored noise models discuss section II. We consider the laser coupling Hamiltonian from Eq. (4) with zero detunings and Rabi
frequencies Ω+1 = −Ω−1 = −

√
2Ω,

ĤDS/ℏ = − Ω√
2

(
Ĉ+1 − Ĉ−1 + h.c.

)
, (33)

for which the two DSs ĤDS |DS1,2⟩ = 0 [corresponding to our logical qubit states from the main-text Eq. (2)] are,

|DS1⟩ = |0̃⟩ = e−iπ
2 F̂g,y |Fg,+Fg⟩ = |Fg,+Fg⟩x and

|DS2⟩ = |1̃⟩ = e−iπ
2 F̂g,y |Fg,−Fg⟩ = |Fg,−Fg⟩x

(34)

according to Sec. I B. Here, |Fg,m⟩x is a hyperfine state with angular momentum projection m along the x-axis of the Bloch
sphere (rather than along the magnetic quantization axis). In addition to laser driving the Fe-manifold is subject to spontaneous
emission [11], described by the following master equation

ℏ∂tρ̂(t) = L̂stabρ̂(t) = −i[ĤDS, ρ̂(t)] + ℏγ
∑

q=0,±1

D
[
Ĉ†
q

]
ρ̂(t). (35)

As spontaneous emission only affects the Fe-manifold of states, the four operators |0̃⟩⟨0̃|, |1̃⟩⟨0̃|, |0̃⟩⟨1̃| and |1̃⟩⟨1̃| are the steady
states of the system. Thus, in the limit of infinite time-evolution t → ∞ under the above driven-dissipative system, any state ρ̂
will relax to a density matrix spanning just the logical subspace, ρ̂∞ ≡ limt→∞ ρ̂(t) given by,

ρ̂∞ = c00 |0̃⟩ ⟨0̃|+ c01 |0̃⟩ ⟨1̃|+ c10 |1̃⟩ ⟨0̃|+ c11 |1̃⟩ ⟨1̃| . (36)

The coefficients cµν are determined by the overlap of the initial density matrix with the system’s appropriate conserved quantities,

cµν = tr
[
Ĵ†
µν ρ̂(0)

]
, (37)

where Ĵµν are the left hand eigenvectors of the Liouvillian with eigenvalue zero

⟨⟨Jµν | ˆ̂Lstab = 0, (38)

where |A⟩⟩ is a vectorized (columns stacked) version of an operator Â, and the corresponding Liouvillian super-operator matrix

is defined via the master equation ∂t |ρ⟩⟩ = ˆ̂Lstab |ρ⟩⟩ [12].
The conserved quantities associated with the L̂stab can be found analytically (δ = ∆ = 0) in both integer and half-integer

spin Fg ,

Ĵ00 = |0̃⟩ ⟨0̃|+
Fg−1∑

m=−Fg+1

am

(
|Fg,m⟩x⟨Fg,m|+ |Fe,m⟩x⟨Fe,m|

)
,

Ĵ11 = 1− Ĵ00,

Ĵ01 = |0̃⟩ ⟨1̃| ,
Ĵ10 = |1̃⟩ ⟨0̃| ,

(39)
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with 1 =
∑Fg

m=−Fg
|Fg,m⟩x⟨Fg,m| +∑Fe

m=−Fe
|Fe,m⟩x⟨Fe,m| is the identity operator. The coefficients am for 1 − Fg ≤

m ≤ Fg − 1 satisfies

am =

∑m−1
m′=−Fg

G(m′)∑Fg−1
m′=−Fg

G(m′)
, with

G(m) =

{∏m
m′=−Fg+1

(Fg−m′+1)(Fg−m′)
(Fg+m′+1)(Fg+m′) , −Fg + 1 ≤ m ≤ Fg − 1,

1, m = −Fg.

(40)

The denominator in the expression of am can be further evaluated as

Fg−1∑
m′=−Fg

G(m′) = 2F1(−2Fg, 1− 2Fg; 2; 1) =
(4Fg)!

(2Fg + 1)!(2Fg)!
≃ 16Fg

F
3/2
g

√
8π

(Fg ≫ 1), (41)

where 2F1(a, b; c; z) is the hypergeometric function, and the approximated expression in the end is achieved using Stirling’s
formula n! ≃

√
2πn(ne )

n under the large n limit.
With the knowledge of the conserved quantities, we can evaluate the action of the autonomous stabilization protocol follow-

ing various logical operations without the need to explicitly evolve the master equation to long times. Whenever we employ
stabilization (and no other non-negligible Hamiltonians or dissipators), we evaluate the effect by simply projecting the density
matrix of the qubit into the logical subspace via Eqs. (36) and (37).

A. Biased effective error model

While we use a specific colored noise simulation to benchmark the ’dark spin-cat’ against unwanted external noise, the
exponential suppression of bit-flip errors in the cat size Fg emerges quite generically for any perturbation that acts locally in the
basis of spin states, i.e. that changes angular momentum by only a few units at a time. As an example, we consider white noise
generated by D[

√
κF̂g,z]. The conserved quantities Ĵnm can be used to derive the exponentially in Fg suppressed change of rate

of the PTM, which is to leading first order in κ given by

Ṙz̃,z̃ = −κFga−(Fg−1) ≃ −κF
5/2
g

√
8π

16Fg
. (42)

On the contrary, the logical dephasing error rate only amplifies by a factor of Fg . The effect of D[
√
κF̂g,y] will be similar to

D[
√
κF̂g,z] due to the rotational symmetry along x direction. On the other hand, D[

√
κF̂g,x] noise will not let the code states

leave out of the encoded subspace but will give |0̃⟩ , |1̃⟩ a relative phase, which leads to a dephasing error with the rate scales as
O(F 2

g ).
As a practical aside, while the autonomous stabilization will always relax the qubit into the logical subspace in the limit

t → ∞, the rate of stabilization is set by the dissipative gap ∆diss. This gap can be written as ∆diss = −Re(λdiss), where λdiss
is the right eigenvalue of the Liouvillian super-operator ˆ̂Lstab |λdiss⟩⟩ = λdiss |λdiss⟩⟩, with the smallest non-zero real part. A
larger ∆diss leads to faster stabilization. If the stabilization is active at the same time as an error process with magnitude κ is
present, as considered in the main-text, the error will be suppressed provided κFg ≪ ∆diss. In our simulations, we consider the
regime |Ω| ≫ γ, where to numerical study suggests that dissipation gap satisfies ∆diss ≃ γ/(2Fg + 1), as shown in FIG. 2.

B. Numerical benchmark

Here we comment on the numerical simulation of the autonomous stabilization mechanism presented in the main-text. In
particular, in the main-text Figs. 1(c) and 3(b), we present the time derivative of the diagonal elements of the PTM ∂tRn,n(t)
rather than the matrix elements themselves when subjected to a colored-noise process as discussed in Sec. II. Note, the element
R0,0(t) describes leakage out of the logical qubit subspace and takes on for κt → ∞ a constant value close to unity, i.e. a
balance between the leakage generating colored noise process and the autonomous stabilization mechanism.

For the main-text simulations we assumed the Landé-g factor of the Fg and Fe manifold of states are equal, thus we use
δ = 0 in the main-text Eq. (1). The actual value of δ depends on the specific atomic platform, the considered levels and also
the applied magnetic field. In the following we will discuss the effect of such a non-zero δ. For the parameters chosen in the
main-text below Eq. (2) (Ω = (Ωx, 0, 0)T ) the laser-coupling becomes particularly simple, see Fig. 3 (or main-text Fig. 3(a)). In
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FIG. 2. Dissipation gap ∆diss varies as the change of spontaneous emission strength γ and spin length Fg . (a) Fixed Fg and varying γ. (b)
Fixed γ and varying Fg . Dashed lines in both plots are references with ∆diss = γ/(2Fg + 1).

FIG. 3. (a) Illustration of laser coupling (Fg=3) in the rotated coordinate system, for which Ω = (Ωx, 0, 0)T defines the quantization axis.
Note, the detunings are taken in contrast to the main-text figure 3(a) to be ∆= 0 and δ ̸= 0, which gives rise to an additional coupling in
the Fe-manifold of states (red arrows). Spontaneous emission of |Fe, mx⟩ is due to the CG coefficients directed ”towards” the closest DS, as
illustrated by wavy arrows indicating the average mx change. (b) Time derivative of the diagonal elements of R(t) as a function of Fg for
different values of δ. Here ∆= 0, |Ω|/γ=2π, Fg=4, κ=10−4|Ω|, λ/|Ω| = 10−3 and NX =3.

this frame the differential shift δ Fe,z couples adjacent states in the Fe-manifold of states. This coupling alters the composition
of the bright-states and, thus, disturbs the autonomous stabilization mechanism. In particular, the exponent of the exponentially
suppressed bit-flip error rate Rz̃,z̃(t) is increased, whereas, the dephasing rates Rx̃,x̃(t) and Rỹ,ỹ(t) are unaltered, see Fig. 3 (b).
However, from numerical simulations we observe that there is still an exponential suppressed bit-flip error rate as compared to
the dephasing-rate for δ Fg < |Ω|, hence, the model-system still exhibits an exponentially in Fg biased error model.

C. Autonomous error correction with engineered dissipation

Above we discussed the ability of autonomous stabilization in the system we considered, i.e., when the population leaves the
encoded subspace due to the perturbation from the noise, it will passively go back under the dissipative process. However, as
indicated in the form of conserved quantities Ĵ01 and Ĵ10 shown in Eq. (39), if initially there is quantum coherence between |0̃⟩
and |1̃⟩, then such coherence will be totally lost when it leaves the code subspace and goes back again due to the stabilization.
Therefore, the leakage will be converted to a dephasing error.

On the other hand, if we can select the polarization of the decay from excited levels to the ground, then certain noise like
D[

√
κF̂g,z] can be further corrected. The idea is to only keep the decay process with σ± polarization (∆mz = ±1, see Fig. 4),

which can be achieved by putting the atoms in a cavity [13]. In this way, the dissipative part in the master equation (35)
should be modified to γ

∑
q=±1 D[Ĉq]ρ̂(t). Now the parity operator Π̂ = eiπ(F̂g,z+F̂e,z+P̂e−Fg) will be preserved during the

evolution, so for noise like D[
√
κF̂g,z] that does not affect the parity of the states, the coherence between |0̃⟩ and |1̃⟩ can also be

mostly preserved, in contrast to the case where the excited manifold is subject to spontaneous decay. However, the dephasing
error induced by D[

√
κF̂g,y] will increase, as it will flip the parity of the code states while causing them to leave the encoded

subspace.
Those features can also be illustrated with the analysis of conserved quantities under the new Lindbladian. In the strong

driving limit (Ω ≫ γ), we can still write down the expressions for those conserved quantities to the 0-th order (up to O[(γ/Ω)0])
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FIG. 4. Schematic plot for the engineered dissipation. When atoms are in a cavity, the decay may happen with two different polarizations
rather than three. The system can be separated into two parts characterized by parity Π̂, where there is no coupling between the two parts.

as the following:

Ĵ ′
00 ≃ |0̃⟩ ⟨0̃|+

Fg−1∑
m=−Fg+1

am

(
|Fg,m⟩x⟨Fg,m|+ |Fe,m⟩x⟨Fe,m|

)
,

Ĵ ′
11 = 1− Ĵ ′

00,

Ĵ ′
01 ≃ |0̃⟩ ⟨1̃|+

Fg−1∑
m=−Fg+1

am

(
|Fg,m⟩x⟨Fg,−m|+ |Fe,m⟩x⟨Fe,−m|

)
,

Ĵ ′
10 = Ĵ ′†

01.

(43)

For a state |ψ⟩ = a |0̃⟩ + b |1̃⟩, it will hop to |ψ1⟩ = a |Fg, Fg − 1⟩x + b |Fg,−(Fg − 1)⟩x when suffering from a jump
operator F̂g,z . However, the difference between the overlap ⟨ψ| Ĵ ′

01 |ψ⟩ and ⟨ψ1| Ĵ ′
01 |ψ1⟩ is again exponentially suppressed with

Fg , which indicates that the phase coherence between |0̃⟩ and |1̃⟩ can also be well preserved after the dissipative stabilization
process. This observation, together with the bit-flip protection, provides a passive correction of the F̂g,z error with the engineered
dissipation.

V. NUMERICAL SIMULATIONS OF LOGICAL GATES

Here we detail the numerical simulations used to benchmark the adiabatic logical gates in the main-text Figure 3. The same
colored-noise simulation described for NX = 3 from above is employed, except the driving laser Rabi frequency phases and
amplitudes are explicitly time-dependent. Therefore, we consider the generalised time-dependent Hamiltonian from Eq. (4),
namely

ĤDS(t)/ℏ =
1

2

∑
q=0,±1

(
Ωq(t)Ĉq + h.c.

)
(44)

From what will follow, it is convenient to parameterize the Rabi frequencies as followsΩ+1

Ω0

Ω−1

 = Ω

− 1√
2
eiα(t) sin [β(t)]

cos [β(t)]
1√
2
e−iα(t) sin [β(t)]

 , (45)

with time dependent parameters α(t) and β(t). The associated Cartesian components of the Rabi frequencies

Ωx = Ωcos[α(t)] sin[β(t)],

Ωy = Ωsin[α(t)] sin[β(t)], and

Ωz = Ωcos[β(t)] (46)

are by construction always real and, thus, the instantaneous DSs |DS1,2(t)⟩, satisfying ĤDS(t)|DS1,2(t)⟩ = 0, can always be
identified with orthogonal SCSs, see Sec. I B

|DS1(t)⟩ = R̂[α(t), β(t), 0] |Fg,+Fg⟩ , and
|DS2(t)⟩ = R̂[α(t), β(t), 0] |Fg,−Fg⟩ . (47)
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The orthogonality of the instantaneous DS gives rise to exponentially in Fg supressed bit-flip error rates. This is because any
fixed configuration of laser couplings with antipodal dark states is inherently bias preserving as per our analysis in the main
text. A global SU(2) rotation of the frame does not change this property, provided the variation of the underlying laser couplings
is sufficiently adiabatic. Note, after after simulating each gate operation via the colored noise master equation, we perform
autonomous stabilization. To avoid excessive computation, we instead project the system into the subspace of driven-dissipative
DSs directly as per Section IV.

A. Ûz̃(αz) gate

We start with the single-qubit rotation Ûz̃(αz) = exp(−iσ̂z̃αz/2) for a fixed rotation angle αz [not to be confused with the
time-dependent laser parameter α(t)]. The methodology for the gate is to adiabatically vary the direction of the DSs on the
Bloch sphere [parametrized by the angles α(t), β(t) from Eq. (45)] along a closed loop, as depicted in Main-text Fig. 2(b). The
solid angle on the Bloch sphere enclosed by the loop sets the accrued phase and hence rotation angle α.

The specific laser ramp profile we choose, as a function of time t ∈ [0, T ] with T the total gate time, is given by,

0 < t < T
8 :

α(t) = 0
β(t) = π

2 − β1
[
1 + sin

(
4π t

T − π
2

)]
T
8 < t < T

2 :
α(t) = α1 · 8

3 (
t
T − 1

8 )
β(t) = π

2 − β1

T
2 < t < 5T

8 :
α(t) = α1

β(t) = π
2 − β1

[
1 + sin

(
4π t

T − π
)]

5T
8 < t < T :

α(t) = α1 · − 8
3 (

t
T − 1)

β(t) = π
2

(48)

where α1 = 5π
26 , β1 = 5π

78 are fixed parameters. This profile yields a rotation angle αz = 2Fgα1 cos(
π
2 − β1). The profile is

shown in main- text Fig.2(c).
Note that the PTM R for this gate operation is not diagonal. Ideally, it takes the form of,

Rideal =

 1 0 0 0
0 cos(αz) sin(αz) 0
0 sin(αz) − cos(αz) 0
0 0 0 1

 . (49)

In our simulations, we compute the “raw” PTM via the colored-noise simulations, multiply it by this ideal matrix R → RR−1
ideal,

and minimize the off-diagonal elements over all αz (which amounts to correcting for deterministic under- or over-rotation, and
can be corrected by adjusting the overall angle αz of the gate). The remaining diagonal elements characterize the unrecoverable
error channel of the gate, and are reported in main- text Fig. 3(c).

One can also add a counter-diabatic Hamiltonian ĤCD(t) to compensates for the rapid driving by effectively cancelling the
non-adiabatic transitions [14].

ĤCD(t)/ℏ = i
∑
n=1,2

(|∂tDSn(t)⟩ ⟨DSn(t)| − ⟨DSn(t)| ∂tDSn(t)⟩ |DSn(t)⟩ ⟨DSn(t)|) (50)

where |DSn(t)⟩ are the instantaneous eigenstates of the Hamiltonian ĤDS(t), defined in Eq. (47). For the Ûz̃(αz) gate, we can
add a linear combination of F̂g,x, F̂g,y, F̂g,z drive to actively rotate the |0̃⟩, |1̃⟩ logical states to make sure it follows the adiabatic
loop.

0 < t < T
8 : ĤCD(t) = β̇(t)F̂g,y

T
8 < t < T

2 :
ĤCD(t) = cos(α(t)) sin(β1) cos(β1)α̇(t)F̂g,x

+sin(α(t)) sin(β1) cos(β1)α̇(t)F̂g,y + sin(α(t)) cos(β1)α̇(t)F̂g,z

T
2 < t < 5T

8 : ĤCD(t) = β̇(t)F̂g,x

5T
8 < t < T : ĤCD(t) = α̇(t)F̂g,z

(51)
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FIG. 5. (a) Schematic of the lasers and states used for preparation of the logical |+̃⟩ = (|0̃⟩ + |1̃⟩)/
√
2 state, starting from a spin-polarized

|Fg,−Fg⟩ atom. (b) Laser ramp profile for state preparation.

This profile transforms the approximate adiabatic solution into the exact solution of time dependent Schrödinger equation.
Note, the instantaneous counter-diabatic terms, which cancel the diabatic terms, are always orthogonal to the instantaneous

axis defining the SCS. Thus, there exists a spatial rotation (around the SCS encoding axis) for which diabatic corrections act like
an additional magnetic field.

B. Ûx̃ gate

Next we consider a Ûx̃ = exp(−iπσ̂x̃) operation. This is straightforward to accomplish, as it amounts to rotating the state by
π along the equator of the Bloch sphere, or equivalently swapping the |0̃⟩, |1̃⟩ logical states. One can accomplish the former by
simply time-varying the laser couplings as,

0 < t < T : α(t) = π t/T, and β(t) = π/2 (52)

which corresponds to Ωx(t) = Ω cos(πt/T )/
√
2, Ωy(t) = Ω sin(πt/T )/

√
2 as shown in the main- text Fig. 2(c). The fidelity

performance of this gate is similar to that of the Ûz̃(αz) gate, hence we do not provide explicit benchmarks. Furthermore, this
gate can also be implemented digitally by an exchange of the {|0̃⟩ , |1̃⟩} logical states for the corresponding qubit. Doing so
avoids the need for explicit (potentially faulty) quantum operations.

Similar to the Ûz̃ gate, one can add a counter-adiabatic Hamiltonian

0 < t < T : ĤCD = α̇(t)F̂g,z (53)

to speed up the gate.

C. State preparation

Next we describe the preparation of a qubit into a logical state |+̃⟩ = (|0̃⟩+ |1̃⟩)/
√
2. The protocol starts by preparing a state

in a maximally polarized state of the qubit hyperfine manifold |ψg⟩ = |Fg,−Fg⟩ along the magnetic quantization axis. Atoms
can be loaded into such a state with standard optical-pumping techniques.

We then turn the circular-polarized lasers Ω−1(t) and Ω+1(t) on, as depicted in Fig. 5(a). The time-dependent profile of the
lasers is chosen analogous to a STIRAP protocol, where the laser that does not couple to the initially-populated state |Fg,−Fg⟩
is turned on first. Fig. 5(b) shows the time-dependence of the laser couplings,

Ω−1(t) = Ω
1 + cos θ(t)√
2(1 + cos2 θ(t))

,

Ω+1(t) = −Ω
1− cos θ(t)√
2(1 + cos2 θ(t))

,

(54)

where in our simulations θ(t) := π
2

t
T with t = 0 to preparation time T . During this adiabatic process, the two non-orthogonal

SCSs stabilized by the system are

|SCS1⟩ = |π − θ(t), 0⟩ , |SCS2⟩ = |π − θ(t), π⟩ . (55)
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So at time T the state we prepare will be a superposition of |0̃⟩ and |1̃⟩. Further, from the parity consideration the final state will
be |+̃⟩ = (|0̃⟩+ |1̃⟩)/

√
2 given sufficient adiabaticity of the evolution.

Note that for this operation we directly report the fidelity rather than the PTM in the main-text Fig.3(d), as such matrix
elements can exhibit ambiguity depending on the ramping state preparation protocol, since the operation extends outside the
logical subspace. The master equation is otherwise solved in the same way as before, also employing colored noise with
NX = 3.

D. ĈX entangling gate

Here we detail the numerical simulation used to benchmark the ĈX gate implemented via the Rydberg blockade mechanism.
As described in the main-text, the ĈX gate operation involves two atoms labeled control (C) and target (T). The control and
target atom’s logical qubit states are considered to be encoded x-axis within the Fg manifold of states, see main-text equation (2).
The Fg manifold of state is laser-coupled to a Rydberg manifold of states |Fr,m⟩T, with m ∈ {−Fr . . . Fr} and Fr = Fg − 1.
The laser coupling is performed for the control and target in a resonant and off-resonant fashion, respectively and results in a
controlled Pauli x̃ rotation of the target atom, see main-text figure 4.

The selective resonant excitation of the control atom can, for instance, be performed by first adiabatically changing the drive
parameters of HDS for the control atom, such that the two DS can be identified with the two SCS |0̃⟩C = |Fg, Fg⟩C and
|1̃⟩C = |Fg, −Fg⟩C from which a resonant excitation can be performed, see main-text figure 4(a) upper panel. The adiabatic
change of driving parameters is described by Eq.(44) and (45) and can, for instance, be chosen as following

α(t) = 0

β(t) = π/2(1− t/T ). (56)

This choice ensures the two SCSs as the instantaneous DS are always antipodal with each other on the generalized Bloch sphere,
which keeps the maximum separation and thus suppresses bit-flip errors and makes the adiabatic process biased, see Sec. V. Note
that such an encoding is sensitive to dephasing from, e.g. magnetic field fluctuations, but nevertheless robust against bit-flip error,
thus, bias preserving. We consider the logical state |1̃⟩C to be resonantly excited to the Rydberg state |Fr, −Fr⟩C, therefore, we
henceforth call |0̃⟩C and |Fr, −Fr⟩C the logical states of the control atom. Note, rotating the control qubit frame before exciting
to a Rydberg state is not mandatory. One could instead directly implement a laser pulse of fixed circular polarization under a
different axis of quantization, which can also perform the desired excitation.

Both the control and target Rydberg states can undergo decay due to spontaneous emission at rate γr. Decay of the target
atom is incorporated into the simulations presented in the main-text (under the assumption that the atom decays back to the qubit
manifold). Decay of the control atom is neglected in this simplified benchmark, although we provide a more careful treatment
which includes it in the next section of the appendix.

The gate-operation simulations presented in the main-text underlie the following Lindblad master equation,

ℏ
d

dt
ρ̂(t) = −i[ĤLaser + ĤRydberg, ρ̂(t)] + ℏγr

∑
q=0,±1

D
[

Fr∑
m=−Fr

CFr,m+q
Fg,m;1,q |Fg,m− q⟩T⟨Fr,m|

]
ρ, (57)

The coherent Hamiltonian ĤLaser contains the laser driving terms addressing the target qubit,

ĤLaser/ℏ =
1

2

∑
q=0,±1

(
eiq∆rt Ωq

r Ĉr
q + h.c.

)
, (58)

with Ĉr
q =

∑
m CFr,m+q

Fg,m;1,q|Fr,m+q⟩C⟨Fg,m|, equal laser Rabi frequencies Ω+1
r = Ω−1

r = Ωr, and equal-and-opposite Rydberg
laser detunings ∆r. The second part of the Hamiltonian is the Rydberg-Rydberg interaction,

ĤRydberg/ℏ = V |Fr, −Fr⟩C⟨Fr, −Fr| ⊗
Fr∑

m=−Fr

|Fr, m⟩T⟨Fr, m| , (59)

which we assume to be a diagonal uniform density shift with strength V . For simplicity, we solve just this master equation
without factoring in field noise via colored noise simulations. Note for the simulations presented in the main-text we use
γr/Ωr = 2π/120, which corresponds to a Rydberg lifetime of 1/γr = 40µs for Ωr = 2π × 3MHz.

The main-text Fig. 4 shows the time-evolution of different initial states under this master equation from time t = 0 to T with
T the gate time. After all operations, we assume that dissipative stabilization is applied by projecting the qubit manifold into the
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logical basis following Section IV. The predicted gate time, as in the main-text, is T = π/µ with the effective rotation strength
strength of,

µ =
|Ωr|2
4∆r

1

Fg

2Fg − 1

2Fg + 1
. (60)

Note however that the optimal fidelity may be at a time Topt slightly different from π/µ due to e.g. effects from finite detuning
∆r. This shift can be accounted via experimental calibration. Furthermore, instead of quenching on a constant laser coupling
strength Ωr, we ramp it on with the following profile

Ωr(t) = Ωr

[
1

2
+

tanh(a cos(π(2t/T − 1)n))

2 tanh(a)

]
, (61)

where a = 5, n = 4, which helps to suppress left-over Rydberg population of the control atom.
We note that in general, while finite detuning from the target Rydberg state ∆r causes error due to left-over Rydberg popu-

lation, this detuning can be relatively small (e.g. ∆r/Ωr ∼ 10) while still permitting fidelities on the order of ∼ 10−3. While
the raw infidelity associated with finite ∆r scales as ∼ Ω2

r/∆
2
r , since this is a coherent error, it can be significantly mitigated by

tailoring the gate times and/or laser ramp profiles such as the one above. In contrast, error caused by finite Rydberg interaction
strength V/∆r (creating undesired rotation of the target) will scale as ∼ ∆2

r/V
2, and cannot be as easily mitigated. For this

reason we ideally we require Rydberg interaction strengths on the order of V/∆r ∼ 100 to e.g. reach the same ∼ 10−3 error
thresholds that one can attain with finite detuning ∆r/Ωr ∼ 10.

Finally, we comment that the gate assumes the control and target atoms to be close for strong Ry-Ry blockade V , but only
the target atom is addressed by off-resonant lasers. Naively this requires tight focusing of beams addressing the target atom
(to avoid cross-talk affecting the control), which can pose experimental challenges and limitations. Certain techniques can be
used to avoid such limitations. Specifically, we assume that the control and target atom are excited to different Ry states. The
control is resonantly excited to one Ry state if in logical |1̃⟩ before the gate starts (after which, the target is moved closer to be
in blockade range). The target is then off-resonantly coupled to a second Ry state during the gate. This prevents the control’s Ry
state from being coupled to by the target’s beams.

One can still have cross-talk if the control is in logical |0̃⟩, hence not Ry-excited and affected by the target’s beams, causing it
to experience some unwanted rotation. This cross-talk can be mitigated without requiring tightly focusing beams with a variety
of ways:

• The control atom’s logical |0̃⟩ can likewise be ”shelved” into a metastable state rather than a Ry-excited one before the
target is driven. This shelving can also be done in a bias-preserving manner with a suitable choice of manifold and
polarization control.

• Dynamical decoupling techniques can be used to cancel out unwanted rotation of the control atom (but not the target
atom). For instance, one could slightly shift the position of the control atom optical tweezer, to change the phase of the
one of the lasers addressing it by π, and hence flipping the sign of its effective magnetic field, but not the target’s (see e.g.
Ref. [15]).

• Dual-species encodings of different qubits can also in principle be utilized, for which operations affecting one atom but
being off-resonant with the other can be implemented naturally [16].

E. Control atom decay correction

In this section we introduce a protocol for the ĈX gate to correct non-bias preserving processes due to control atom decay
from the Ry state, which extends the discussion of the prior section. In particular, here we include decay of the control atom,
assume that both atoms’ Rydberg states decay into an independent ground state rather than the qubit manifold and provide a
means of correcting control atom decay by monitoring the ground state population.

The Hilbert space we consider for the protocol is shown in Fig 6(a). The target atom still consists of a ground and Rydberg
manifold |Fg,m⟩T and |Fr,m⟩T, respectively, but now also an additional ground state |g⟩T into which the Rydberg state
decays. The (hyper-)fine structure of this additional ground state is not tracked. Moreover, the control atom likewise has
qubit and Rydberg states |0̃⟩C and |Fr,−Fr⟩C, as well as a ground state |g⟩C. The laser coupling Hamiltonian ĤLaser and the
Rydberg-Rydberg interaction Ĥrydberg remain the same, but the master equation is adjusted to be

ℏ
d

dt
ρ = −i[Ĥlaser + Ĥrydberg, ρ] + ℏγrD[|g⟩C ⟨Fr,−Fr|]ρ+ ℏγr

Fr∑
m=−Fr

D[|g⟩T ⟨Fr,m|]ρ. (62)
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FIG. 6. (a) Schematic of the Hilbert space used for numerical simulation of the bias-preserving ĈX gate with more careful accounting of
Rydberg decay due to spontaneous emission. (b) Schematic of the monitoring protocol that makes nre checks of the |g⟩C population during
the gate to detect control Rydberg decay. (c) Bit-flip infidelity of the gate, depending on whether the control atom starts in |0̃⟩C or |1̃⟩C (the
latter corresponds to |Fr,−Fr⟩C). We vary the number nre of checks for control atom decay. The parameters used are Fg = 4, ∆r/Ωr = 2,
γr/Ωr = 2π/120, and V/Ωr = 100. Note that during each interval we use a constant Rabi frequency Ωr (rather than the ramp in the previous
section) for simplicity.

With control atom decay incorporated, we observe that if such a decay happens during gate execution, Rydberg blockade will
cease and the target will start to rotate, which can cause non-negligible bit-flip error. To mitigate this effect, we can adjust our
gate protocol to include a monitoring process. This adjusted protocol periodically checks whether the control atom decayed
during the gate time by measuring the ground state.

The protocol proceeds by splitting the full gate time T into nre equal subintervals of length T/nre indexed by n ∈
{1, 2, . . . nre}, as depicted in Fig. 6(b). At the end of each subinterval, we check if Rydberg decay of the control has oc-
curred by projectively measuring the population of |g⟩C. The case nre = 0 means we don’t perform any checks. If the control
atom is detected in the ground state after a given check, it should have been in the Rydberg state and thus blockading rotation
of the target. Upon such detection we stop the gate operation early (turn off the lasers addressing the target) to prevent further
unwanted rotation. If no decay was detected, the gate continues to the next subinterval. At the end of the gate we assume that
any direct population outside the target’s qubit manifold is lost, then finally we apply dissipative stabilization.

For simplicity, to benchmark this augmented protocol we simply compute the gate fidelity for certain initial states. The initial
condition we take for the gate evolution is a pure state,

|ψ(0)⟩ = |σ′⟩C ⊗ |σ⟩T , (63)

with σ, σ′ ∈ {0̃, 1̃}, noting that here |1̃⟩C = |Fr,−Fr⟩C.
The ideal final state after the gate operation |ψideal⟩ depends on whether the control was Rydberg blockading or not:

|ψideal⟩ =
{
|1̃⟩C ⊗ |σ⟩T , |ψ(0)⟩ = |1̃⟩C ⊗ |σ⟩T
|0̃⟩C ⊗ |σ⟩T , |ψ(0)⟩ = |0̃⟩C ⊗ |σ⟩T

(64)

where 0̃ = 1̃, 1̃ = 0̃. The fidelity is obtained via,

F = tr [ρf · |ψideal⟩ ⟨ψideal|] . (65)

In Fig 6(c) we plot the resulting fidelity for different numbers of checks nre. If the control starts in |0̃⟩C, there is no Rydberg
blockade or decay. The fidelity only depends on Ωr/∆r, approaching F = 1 in the limit Ωr/∆r → 0 (for which adiabatic
elimination of the target Rydberg state is perfect). On the other hand, if the control starts in |r⟩C, the fidelity starts out poor
due to Rydberg decay of the control, but improves exponentially in the number of checks nre, approaching the fidelity of the
non-blockaded case in the limit nre → ∞. Note, the non-monotonic behavior occurs due to finite detuning ∆r causing target
Rydberg state population oscillations. Crucially, these simulations show that with only a few checks, the effective bit-flip fidelity
can be greatly decreased.

This augmented procedure does not correct for phase-flip error, which will generally occur at rate ∼ 1− exp(−γrT ) ∼ γrT
(for γrT ≪ 1). However, this type of error can still be rendered small with longer-lived Rydberg states and shorter gate times.
Reduction of the bit-flip fidelity compared to the phase-flip also remains favorable for biased error correction protocols.

VI. NON-BIAS-PRESERVING GATES: UNIVERSALITY ON THE PHYSICAL QUBIT LEVEL

As a supplement, in this section we provide several gate designs for the dark spin-cat encoding, which could be more native
but lose the bit-flip protection. We first explain the collision-and-expansion trick and how to use this for the Ûx̃(αx) gate design,



16

<latexit sha1_base64="7waRVloU+hlxUbkuCfK+IyaM3bI=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwISUpUl0WBHFZwbZCG8JketMOnUzizESIoV/gB7jVT3Anbv0Kv8DfcNpmYVsPXDiccy/ncvyYM6Vt+9sqrKyurW8UN0tb2zu7e+X9g7aKEkmhRSMeyXufKOBMQEszzeE+lkBCn0PHH11N/M4jSMUicafTGNyQDAQLGCXaSG5vBDq79gZn4dh78soVu2pPgZeJk5MKytH0yj+9fkSTEISmnCjVdexYuxmRmlEO41IvURATOiID6BoqSAjKzaZPj/GJUfo4iKQZofFU/XuRkVCpNPTNZkj0UC16E/E/r5vo4NLNmIgTDYLOgoKEYx3hSQO4zyRQzVNDCJXM/IrpkEhCtelpLiUepopRNS6ZZpzFHpZJu1Z16tX67XmlUcs7KqIjdIxOkYMuUAPdoCZqIYoe0At6RW/Ws/VufVifs9WCld8cojlYX78C4ZsF</latexit>|Fg, miz

<latexit sha1_base64="7waRVloU+hlxUbkuCfK+IyaM3bI=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwISUpUl0WBHFZwbZCG8JketMOnUzizESIoV/gB7jVT3Anbv0Kv8DfcNpmYVsPXDiccy/ncvyYM6Vt+9sqrKyurW8UN0tb2zu7e+X9g7aKEkmhRSMeyXufKOBMQEszzeE+lkBCn0PHH11N/M4jSMUicafTGNyQDAQLGCXaSG5vBDq79gZn4dh78soVu2pPgZeJk5MKytH0yj+9fkSTEISmnCjVdexYuxmRmlEO41IvURATOiID6BoqSAjKzaZPj/GJUfo4iKQZofFU/XuRkVCpNPTNZkj0UC16E/E/r5vo4NLNmIgTDYLOgoKEYx3hSQO4zyRQzVNDCJXM/IrpkEhCtelpLiUepopRNS6ZZpzFHpZJu1Z16tX67XmlUcs7KqIjdIxOkYMuUAPdoCZqIYoe0At6RW/Ws/VufVifs9WCld8cojlYX78C4ZsF</latexit>|Fg, miz

<latexit sha1_base64="dIJ7v0UL8yRgdcpE+TrKKq9lo1o=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwISUpUl0WBHFZwbZCG8JketMOnUnizESIoV/gB7jVT3Anbv0Kv8DfcNpmYVsPXDiccy/ncvyYM6Vt+9sqrKyurW8UN0tb2zu7e+X9g7aKEkmhRSMeyXufKOAshJZmmsN9LIEIn0PHH11N/M4jSMWi8E6nMbiCDEIWMEq0kdzeCHR27ckzMfaevHLFrtpT4GXi5KSCcjS98k+vH9FEQKgpJ0p1HTvWbkakZpTDuNRLFMSEjsgAuoaGRIBys+nTY3xilD4OImkm1Hiq/r3IiFAqFb7ZFEQP1aI3Ef/zuokOLt2MhXGiIaSzoCDhWEd40gDuMwlU89QQQiUzv2I6JJJQbXqaS4mHqWJUjUumGWexh2XSrlWderV+e15p1PKOiugIHaNT5KAL1EA3qIlaiKIH9IJe0Zv1bL1bH9bnbLVg5TeHaA7W1y8Uq5sQ</latexit>|Fr, miz

<latexit sha1_base64="2ozcc8bqBXjyYSZbyeJ/3J/3JE0=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZIi1WXBjcsW7APaUCbTm3boZBJmJkIIxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HjzlT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqCiRFNs04pHs+UQhZwLbmmmOvVgiCX2OXX96P/e7TygVi8SjTmP0QjIWLGCUaCO10mG54lSdBexN4uakAjmaw/LPYBTRJEShKSdK9V0n1l5GpGaU46w0SBTGhE7JGPuGChKi8rLFoTP7yigjO4ikKaHthfp3IiOhUmnom86Q6Ila9+bif14/0cGdlzERJxoFXS4KEm7ryJ5/bY+YRKp5agihkplbbTohklBtslnZEk9SxaialUwy7noOm6RTq7r1ar11U2nU8oyKcAGXcA0u3EIDHqAJbaCA8AKv8GY9W+/Wh/W5bC1Y+cw5rMD6+gXJCJXw</latexit>y

<latexit sha1_base64="SHHxn+RenN24enjUdJVZAspmQcQ=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAiuSlKkuiy4cdmCfUAbymR60w6dTMLMRIih+AFu9RPciVu/xS/wN5y2WdjWAxcO59zLvff4MWdKO863tbG5tb2zW9gr7h8cHh2XTk7bKkokxRaNeCS7PlHImcCWZppjN5ZIQp9jx5/czfzOI0rFIvGg0xi9kIwECxgl2kjNp0Gp7FScOex14uakDDkag9JPfxjRJEShKSdK9Vwn1l5GpGaU47TYTxTGhE7ICHuGChKi8rL5oVP70ihDO4ikKaHtufp3IiOhUmnom86Q6LFa9Wbif14v0cGtlzERJxoFXSwKEm7ryJ59bQ+ZRKp5agihkplbbTomklBtslnaEo9TxaiaFk0y7moO66Rdrbi1Sq15Xa5X84wKcA4XcAUu3EAd7qEBLaCA8AKv8GY9W+/Wh/W5aN2w8pkzWIL19QvKoZXx</latexit>z

<latexit sha1_base64="0eMiX+z4HUito8UDzacCKY5Zpfk=">AAAB/3icbVDLSsNAFL2pr1pfVZduBotQNyURqV0W3LisaB/QhjKZTtqhk0mYmQghdOEHuNVPcCdu/RS/wN9w0mZhWw9cOJxzL/fe40WcKW3b31ZhY3Nre6e4W9rbPzg8Kh+fdFQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTW8zv/tEpWKheNRJRN0AjwXzGcHaSA9V73JYrtg1ew60TpycVCBHa1j+GYxCEgdUaMKxUn3HjrSbYqkZ4XRWGsSKRphM8Zj2DRU4oMpN56fO0IVRRsgPpSmh0Vz9O5HiQKkk8ExngPVErXqZ+J/Xj7XfcFMmolhTQRaL/JgjHaLsbzRikhLNE0MwkczcisgES0y0SWdpSzRJFCNqVjLJOKs5rJPOVc2p1+r315VmI8+oCGdwDlVw4AaacActaAOBMbzAK7xZz9a79WF9LloLVj5zCkuwvn4BcjWWRA==</latexit>

(b)
<latexit sha1_base64="2Oy5KGwMV9enN32mN2Wrdhz1u4Q=">AAAB/3icbVDLSsNAFL2pr1pfVZduBotQNyURqV0W3LisaB/QhjKZTtqhk0mYmQghdOEHuNVPcCdu/RS/wN9w0mZhWw9cOJxzL/fe40WcKW3b31ZhY3Nre6e4W9rbPzg8Kh+fdFQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTW8zv/tEpWKheNRJRN0AjwXzGcHaSA9VfDksV+yaPQdaJ05OKpCjNSz/DEYhiQMqNOFYqb5jR9pNsdSMcDorDWJFI0ymeEz7hgocUOWm81Nn6MIoI+SH0pTQaK7+nUhxoFQSeKYzwHqiVr1M/M/rx9pvuCkTUaypIItFfsyRDlH2NxoxSYnmiSGYSGZuRWSCJSbapLO0JZokihE1K5lknNUc1knnqubUa/X760qzkWdUhDM4hyo4cANNuIMWtIHAGF7gFd6sZ+vd+rA+F60FK585hSVYX79wm5ZD</latexit>

(a)

<latexit sha1_base64="ruhzV5PRHo+oA/UTQpxjnucUb18=">AAACBXicbVDLTsJAFL3FF+ILdelmIjFxRVpi0CWJG3diIg8DDZkOU5gw0zYzU2NTWPsBbvUT3Bm3fodf4G84QBcCnuQmJ+fcm3vv8SLOlLbtbyu3tr6xuZXfLuzs7u0fFA+PmiqMJaENEvJQtj2sKGcBbWimOW1HkmLhcdryRtdTv/VIpWJhcK+TiLoCDwLmM4K1kR6exuPuraAD3CuW7LI9A1olTkZKkKHeK/50+yGJBQ004VipjmNH2k2x1IxwOil0Y0UjTEZ4QDuGBlhQ5aazgyfozCh95IfSVKDRTP07kWKhVCI80ymwHqplbyr+53Vi7V+5KQuiWNOAzBf5MUc6RNPvUZ9JSjRPDMFEMnMrIkMsMdEmo4Ut0TBRjKhJwSTjLOewSpqVslMtV+8uSrVKllEeTuAUzsGBS6jBDdShAQQEvMArvFnP1rv1YX3OW3NWNnMMC7C+fgEr2Zl8</latexit>

x||⌦

<latexit sha1_base64="DypPVtDGMfXXpVmnioe/RYy9vR4=">AAACHnicbVDLSgNBEJz1bXxFPXoZDIJewq6IehS8eIxgopANS+9sxx2cfTDTq4Zlr36HH+BVP8GbeNUv8DecxBx8FTQUVd10d4W5koZc992ZmJyanpmdm68tLC4tr9RX1zomK7TAtshUpi9CMKhkim2SpPAi1whJqPA8vDoe+ufXqI3M0jMa5NhL4DKVfSmArBTUuR8D8XZQ+jcyQpIqwvK2qrZ9UHkMwe1OUG+4TXcE/pd4Y9JgY7SC+ocfZaJIMCWhwJiu5+bUK0GTFAqrml8YzEFcwSV2LU0hQdMrR59UfMsqEe9n2lZKfKR+nyghMWaQhLYzAYrNb28o/ud1C+of9kqZ5gVhKr4W9QvFKePDWHgkNQpSA0tAaGlv5SIGDYJseD+25PHASGGqmk3G+53DX9LZbXr7zf3TvcbR7jijObbBNtk289gBO2InrMXaTLA79sAe2ZNz7zw7L87rV+uEM55ZZz/gvH0CrQujVA==</latexit>
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FIG. 7. Schematic plot for native non-bias-preserving gate design. (a) The path of two SCSs during Ûx̃(αx) gate execution. They first collide
and then separate in another direction. (b) The entangling operation in the middle of the native ĈX execution. For the target atom, the collision
step will convert |+̃⟩ to |Fg, Fg⟩z and |−̃⟩ to |Fg, Fg − 1⟩z .

which is inspired by the bosonic-cat code gate construction as proposed in Ref. [17]. This gate does not preserve the error bias
as we have to reduce the spatial separation for the two SCSs on the generalized Bloch sphere in order to exchange the population
between |0̃⟩ and |1̃⟩ code states. This gate, together with 1-qubit Ûz̃(αz) and entangling ĈZ operation, which we discussed
before, complete a universal gate set on the physical encoding level. Additionally, in the second part of the section, we discuss a
simplified non-bias-preserving construction of the ĈX gate using the collision-and-expansion trick.

Here are two things that we would like to point out. First, in principle, those unbiased gates are not strictly necessary, as
the bias-preserving gate set shown in the main text (including ĈX and Toffoli) are universal for fault-tolerant operations logical
(repetition code) qubits [18]. Nevertheless, those non-bias-preserving constructions can still offer sufficient advantages when the
performance of bias-preserving ĈX gates is limited. For example, neutral atom quantum processors exhibit negligible 1-qubit
gate infidelities as compared to the ĈZ gate performance, which is limited by Rydberg decay. However, Ref. [19] pointed out
that, if it is possible to detect the location of the decay event and supply a fresh atom initialized in |1⟩ (since only |1⟩ is excited
to the Rydberg state), it is convertable to a dephasing error with known location. This so-called “biased-erasure” error during
ĈZ implementation provides an error correction threshold around 10% without the need of bias-preserving ĈX gate, and can be
even higher exploiting ideas presented in [19]. As explained in the main text, our dark spin-cat encoding can be well adapted to
this framework.

A. Holonomic 1-qubit Ûx̃(αx) gate

In this section, we briefly present how to construct a single-qubit Ûx̃(αx) gate by adiabatically changing the driving parameters
Ω±1(t). We start with Ω+1 = −Ω−1 = Ω, such that the code subspace is spanned by {|Fg, Fg⟩x , |Fg,−Fg⟩x}, i.e. two SCSs
pointing along the x-axis on the generalized Bloch sphere. We first adiabatically reduce the amplitude Ω−1 to 0 in order to collide
the two SCSs at the north pole of the generalized Bloch sphere. Then, we separate them in another direction by adiabatically
increasing Ω−1 to −Ωe−2iαx , and finally changing Ω−1 to −Ω without affecting its amplitude. The location change for the two
SCSs during the whole process is illustrated in Fig. 7(a).

Note, in the absence of the Ω0 drive, one of the dark states lies in the subspace spanned by {|Fg, Fg − 2k⟩z} while another
one is in the subspace spanned by {|Fg, Fg − (2k + 1)⟩z}. Therefore, during the first step where we adiabatically turn off Ω−1,
the state 1√

2
(|Fg, Fg⟩x + e2iπFg |Fg,−Fg⟩x) connects to |Fg, Fg⟩z , while 1√

2
(|Fg, Fg⟩x − e2iπFg |Fg,−Fg⟩x) is connected to

|Fg, Fg − 1⟩z . Following the convention in Ref. [17], we denote this mapping as S†
0 , Due to the rotational symmetry in the system

the operation for the second step is Sαx
, which is related to S0 by a rotation operator Sαx

= R(αx, 0, 0)S0R†(αx, 0, 0). The
third step is simply a rotation R†(αx, 0, 0). The whole process leads to an operation R†(αx, 0, 0)Sαx

S†
0 = S0R†(αx, 0, 0)S

†
0

on the dark-state subspace. Therefore, 1√
2
(|Fg, Fg⟩x + e2iπFg |Fg,−Fg⟩x) will pick up a eiαxFg phase while 1√

2
(|Fg, Fg⟩x +

e2iπFg |Fg,−Fg⟩x) will get a phase of eiαx(Fg−1). As a result, an arbitrary superposition of the two code states will become the
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following state after the whole process

c+
|0̃⟩+ e2iπFg |1̃⟩√

2
+ c−

|0̃⟩ − e2iπFg |1̃⟩√
2

−→ eiαxFg

[
c+

|0̃⟩+ e2iπFg |1̃⟩√
2

+ c−e
−iαx

|0̃⟩ − e2iπFg |1̃⟩√
2

]
, (66)

which corresponds to Ûx̃(±αx) for a half-integer / integer Fg . This operation, together with Ûz̃(αz) gate, provides arbitrary
1-qubit rotation on the dark spin-cat encoding.

The Ûx̃(αx) gate in general does not preserve the Pauli error bias. It will convert part of the Z error before the gate to the
Y error when αx is not an integer multiple of π. This can also be viewed from the trajectories of the two SCSs during the gate
execution, as their collision will lead to the population exchange between computational basis states and convert phase-flip error
to bit-flip. As a result, the ĈX implementation involving the use of such Ûx̃(αx) gate does not preserve the Pauli error bias.

B. Native implementation for non-bias-preserving ĈX gate

With arbitrary 1-qubit rotations and the ĈZ entangling gate, we can achieve universal operations on the physical encoding
level, including the ĈX operations as ĈX = Ûỹ,T (

π
2 )ĈZÛỹ,T (−π

2 ). However, we can further simplify the ĈX control sequence
in a more native manner using the collision-and-expansion trick we introduced in the Ûx̃(αx) gate construction.

We briefly explain the idea as follows. The first step is again converting the encoding from Fock states in x basis to Fock in z
basis, but for the control and target atom the protocol is different. For the control atom, the conversion protocol can be the same
as that used for the control atom in bias-preserving ĈX or ĈZ construction shown in the main text, i.e., adiabatically transfer
|0̃/1̃⟩ = |Fg,±Fg⟩x to |Fg,±Fg⟩z while always keeping them antipodal during the evolution. On the other hand, for the target
atom we can use the collision trick that converts |+̃⟩ to |Fg, Fg⟩z and |−̃⟩ to |Fg, Fg − 1⟩z by adiabatically turning off the Ω−1

drive [20].
After the conversion above, we need to perform the entangling operation. Here we consider a Rydberg manifold with

Fr = Fg . Consider using a σ+ polarized drive to address the state from the encoded manifold to the Rydberg manifold.
Due to the selectivity that comes from the polarization, |Fg, Fg⟩z will not couple with the Rydberg levels, but |Fg,−Fg⟩z and
|Fg, Fg − 1⟩z will. Therefore, one can use the standard ĈZ control sequence [21] so that both |Fg, Fg⟩z,C ⊗ |Fg, Fg − 1⟩z,T
and |Fg,−Fg⟩z,C ⊗ |Fg, Fg⟩z,T will pick up a phase eiϕ while |Fg,−Fg⟩z,C ⊗ |Fg, Fg − 1⟩z,T will get a phase ei(2ϕ−π). This

is equivalent to a ĈZ operation up to single-qubit phase rotations. Finally, we need to map the encoded subspaces from the Fock
z basis back to the Fock x basis. We can choose a different trajectory compared with that used in the first step to account for the
required extra 1-qubit gates. For the control atom, we still need to keep the two SCSs antipodal, which is similar to the idea used
in Ûz̃(αz) gate construction. On the other hand, for the target atom, we can follow the 2nd and 3rd steps used in Ûx̃(αx) gate
design. At the end of the protocol, only |1̃⟩C ⊗ |−̃⟩T will get a relative π phase, which results in a ĈX gate.

Finally, we would like to point out that this simplified version of ĈX execution can still be adapted to the “biased-erasure”
framework, provided that the error from 1-qubit control is negligible and the Rydberg decay during entangling operations can
be detected. If the decay is detected on the control atom, we prepare a fresh |1̃⟩, and if it is on the target atom we prepare a fresh
|−̃⟩. In this way, we again have the knowledge about both the location and the type of the error (for the control atom the error
is Z type, while for the target it is X type). This noise pattern is equivalent to the ĈX = Ûỹ,T (

π
2 )ĈZÛỹ,T (−π

2 ) construction
proposed in [19] where the error during ĈZ in the middle is biased-erasure that both the control and target will have Z type of
error after erasure conversion. Z error on the target will be converted to X error after Ûỹ,T (

π
2 ) rotation, which leads to the same

error structure for the ĈX construction as we proposed here.
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