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presented in the main-text.
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I. SPIN COHERENT STATES AS THE DARK STATES OF THE DRIVING HAMILTONIAN

In this Section we review the derivation of the system Hamiltonian from Eq. (1) and provide a detailed derivation of the system
dark sates (DSs).

A. System Hamiltonian

Here we review the derivation of the system Hamiltonian. The system we consider in the main-text is composed of two light
coupled spin manifolds of length Fj; and F, = F, — 1, respectively. The corresponding spin states are denoted by |F, m)
and |F,, m). The atomic level structure, see Fig. 1(e), is given by an overall manifold splitting w.,, with further magnetic
substructure. In the presence of a static magnetic field B (defining the quantisation axis) the magnetic sublevels within a spin-
manifold of states are split by the Zeeman shift 6./, = g,/.15|B|, where g, /. is the manifold specific Landé-g factor and i
the Bohr magneton. The system Hamiltonian is given in the laboratory frame by

. ~ N N 1 . R
HIIDaé)/h = WegPe + 0cFez +0gF - + 2 Z (e"“qtﬂ’lcq + h'C') ) (1)
q=0,%1

where the operator P, = > m | Fe;m)(Fe,m| is a projector onto the excited manifold of states, and where w, and Q¢ denotes
the oscillation and Rabi frequency of the light field with polarization ¢ € {41, 0}, respectively. Note, the Rabi frequency
9 is a contravariant vector Q¢ = (€,)*, where ), is the corresponding covariant vector [1], and the total Rabi frequency

is given by |©¥| = /> q Q4. Furthermore, the coupling between the two spin manifolds is given by the operator éq =

Fe,
Yom CFQ,:ZI?ﬂFe, m + q)(Fy, m|, where

(1)
Feom+q . _/ <Feam+Q|Tq |Fg7m>
Cme;l,q_ <Fg7m717Q‘Feam+q>_ 2F. +1 <Fe||T(1)HFg> 2

is a Clebsch-Gordan coefficient (Fj;, mp;1,q|F., mp + g), which, according to the Wigner-Eckart Theorem [2], is given by
the transition matrix element of a spherical tensor Tq(k) of rank £ = 1 (due to the electric/magnetic dipole coupling) and the
corresponding reduced matrix element (Fy||T(M||F,).

If the oscillation frequencies of the three light fields fulfill the Raman resonance criteria w, — wy = d4(q — ¢’), there exists a
rotating frame transformation

i = exp {z [woﬁe 40, (F. . + Fg,z)} t} 3)
for which 2> becomes time-independent
Hps =U HEYUT —intt (0,U)
= —(hAP, + h6F,.) + % %1 (h Q9C, + h.c.) : )
q=0,

with the detunings 6 = ¢4 —d. and A = wy —wey. This Hamiltonian is equivalent to the Hamiltonian from the main-text Eq. (1).

B. Dark states

In the following we present a method to find the two DSs \DSm) of fIDS from Eq. (4), which satisfy IA{DS|DSLQ) = 0. This
DSs are fully encoded in the F;-manifold of states and are thus insensitive to spontaneous emission from the excited states and
also to the precises values of § and A. If |€2| # 0 the number of DSs is always given by 2 [3]. A result of this method is that the
two DSs of Hpg live in a Hilbert space spanned by two spin coherent states (SCSs) (up to a singular hyper parameter space),
which are not necessarily orthogonal.

From a pedagogical point of view it is useful to first discuss three simple special cases and then describe the more general
method.
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FIG. 1. Panels (a) - (c) Light coupling schemes, DSs and Wigner distributions for the three different examples discussed in the appendix
section I B for Fy = 3.

1. We first focus on the case Q*! = 0 and Q° = ©, for which the two maximally stretched states |DS; 2) = |F,, m = +F,)
are not coupled by the light field and are thus the DSs of the system, see Fig. 1(a). Furthermore, the two maximally
stretched states |Fy, F,;) =10 =0, ¢ = 0) and |F,, —F,;) = |# =7, ¢ = 0) are SCSs pointing along the +z-axis of the
generalised F; Bloch sphere. Hence, the DSs are given by two orthogonal SCSs.

2. Secondly, we consider the situation 27! = 0 and QY = Q! = Q / V/2, for which only the maximally stretched state
|DS1) = |Fy, F,) is uncoupled and, therefore, is one of the two DSs, see Fig. 1(b). |DSg) is a superposition of states
|Fy, m), with m < F,. We will show below that |DS,) is given by a SCS, which has to be Schmidt orthogonlized
with respect to |[DS;). Thus, the Hilbert space spanned by |DS;) and |DSs) is equivalent to the one spanned by two
non-orthogonal SCSs.

3. An example of the above mentioned single hyper parameter space is Q71 = Q and Q! = QY = 0. Here the DSs can not
be expressed by two SCSs as illustrated in Fig. 1(c). Insted, they are given by |[DS;) = |F;, F,) and |DS,) = |F,, F;—1),
where only |DS;) is a SCS.

The method we present in the following is based on spatial rotations R such that the vector of Rabi frequencies 2 =

(1, 00, Q1T in the rotated coordinate system € 25 € obeys Q~! = 0. If this condition is fulfilled we can identify
one of the two DSs (see example 2 from above) as the maximally stretched state | Fy;, F,)z along the z-axis of the transformed

coordinate system. The second SCS can be obtained by another rotation R’ for which Q'~1 = 0 is satisfied and |DS3) can be
obtained by a Schmidt orthogonalization with respect to |DS; ).

To formalize this method we now discuss properties of Hpg from Eq. (4) under spatial rotations
7%(04, B, ’Y) _ e—ia(ﬁ‘g’z+ﬁe,z)e—iﬁ(ﬁ‘g,y-l-ﬁe,y)e—i'y(ﬁ’g,z—i-ﬁ‘ej)’ )
where «, 8 and ~y are extrinsic Euler angles. Under such a rotation Hpg becomes

1 <F6||T(1)||Fg>l5
h

RTHpsR =2=0 > RUF, m/)(F.,m/|R (Zm RITOR ) RYE,, m)(F,,m/R +hc., (6)
s o 17 ]

m,m’

where we expressed the CL coefficients in terms of Tq(l) using Eq. (2). Note, as the DSs are independent of § and A we dropped
the detuning terms in Eq. (4) out of simplicity. Exploiting the transformation properties of spherical tensor operators [2] the
inner bracket of the above equation can be rewritten as

ST (L) H | (1) (1)
>0t [RITVR] = 3013 Diy T, @
q q q’
where D(!) is the Wigner D-matrix, whose elements are given

Dty = ¢y e ®)



in terms of the small Wigner d-matrix

1+cos 3 sinB8 1—cosf

(1) '25 V2 ; 8 N
d1) = 2L cosf - 0. )]
1—\c/0§s sin 8 1+C\(<<§B -1

2 V2 2
From the transformation properties of the spherical tensor operators we identify the transformed coupling strengths as

Q7 = ZQqD (1) (10)

As discussed above we are interested in rotations for which Q1 = 0. The rotation angles can be extracted from the solution
of the following trigonometric equation

Q-1 = gia (1—;035> O+l _ Sm\/ggo | i (H;OSE> 0 l=o, (11)

where we dropped the 7 term as this only adds a global phase (for the remainder we take without loss of generality v = 0). In
general, Q1 = 0 for two distinct rotations R(a1 2, B1,2,0). The SCSs spanning the DS subspace are given by

019 = Bi.2, P12 = a12) = R(a1, B1.2,0)|Fy, F,). (12)

Note, the definition here differs to the definition of Radcliffe [4] by |0, ¢) = e~*'?|6, ©)Radelite. TWO orthogonal DSs can, for
instance, be defined as

IDS1) = 01, ¢1)
IDS2) = (|62, 2) — (01, @102, @2)101, 1)) /v/1 = (01, 1102, p2) 2, (13)

where we Schmidt orthogonalized |DS5) with respect to |DSy).

The method discussed above gives to orthogonal DSs only when the tuples of angles are distinct, i.e. (01, p1) # (02, p2).
For (61, ¢1) = (62, ¢2) the Rabi frequencies 7 in the rotated coordinate system not only give 21 = 0 but also Q° = 0. For
this special case, see example 3 from above, the two states in the rotated coordinate system |Fy, Fy)z and |Fy, F, — 1)3 are
not coupled by the light field. Hence the two DSs can not be expressed by two SCS, and can instead be chosen as |[DS;) =
R(a1, B1,0)|Fy, F,) and |DSs) = R(au, B1,0)|F,, F, — 1). Note, regardless of the specific vales of (61, 1) and (62, @) it
is always possible to define two DS with a well defined parity. That is, one DS only occupies even and the other DS only odd m
Zeeman-levels, respectively.

Let us finally discuss the special situation where the two SCSs are orthogonal. This situation arises if the Cartesian components
of the Rabi frequency (in the rotating frame defined by u)

1 i
0= ——(Q '), ¥W=—Q1+Q™, and * = Q° 14
ﬂ( ) ﬂ( ) (14)

are up to a global phase real numbers. Under these conditions the Cartesian Rabi frequency vector Q = (%, Q¥, Q%) defines
the Z-axis of the rotated coordinate system. Therefore, the rotation angles of R(«, 3, 0) are given by

a = sgn(QY) arccos S U , and
O+ @
3 = arccos @ (15)
- VT + ()2 + ()

for which Q*! = 0 and Q° =  and the DSs can be identified as the maximally polarized states |Fyy, £Fy)z, as discussed
in example 1 from above. A possible choice of DSs in this situation is |DS;) = R(a, 38, 0)|F,, Fy) = |8,«a) and |DSg) =
R(a, B, 0)|Fy, —Fy) = e ™o|r — B, 7 + a).



II. COLORED NOISE SIMULATION

Here we discuss the numerical methods used for simulating the system dynamics under colored noise used in the main-text
to generate Figs. 1(c) and 3(a-d). For this, we consider a Markovian noise process X (¢) that couples to a system operator O,
for example to F} . as considered in the main-text. The corresponding generalized multiplicative stochastic master equation is
given by

howp(t) = Lp(t) — i [hX(t)@, ﬁ(t)] , with
Lplt) = =i [, p(®)] + 1Y 7.Dal (16)

where £ is the system Lindbladian decomposed into a Hamiltonian part H and dissipative part described by jump operators
a, with rate v, and D[a]p(t) = ap(t)a’ — ${a'a, p(t)}. Importantly, H(¢) denotes the density operator for a particular noise
trajectory X (t). The average density operator (p(t))s, which is the quantity we wish to calculate, is defined by the statistical
mean of p(t) over all possible noise trajectories X (¢). The noise trajectories are associated with a probability distribution
P(X,t), which satisfies a differential equation of the following form

ho,P(X,t) = A P(X,t), (17)

where A is called Fokker-Planck (differential-) operator for continuous noise models, or, a transition rate matrix for jump-like
noise models, respectively. In the main-text we considered a Ornstein-Uhlenbeck (OU) process which will be detailed below.

The statistical mean (5(t))s can either be calculated by trajectory sampling or alternatively directly employing the concept
of marginal densities. In the following we will summarize the relevant formula using the latter approach, where we closely
follow Ref. [5]. The marginal density @(X, t), with elements w,, ,, (X, t), where y, v are the indices corresponding to the density
operator element p,, ,,(t), is related to the statistical mean of the density operator by [0]

(o). = [ acx.ax. (1)

The differential equation which (X, ) satisfies reads
hos u(X, 1)) = [A - ihXO + 2] ju(x, 1) (19)
where |u(X, t)) is a column stacked vectorization of 4(X ) nd O and E are the associated column stacked super-operators.
The initial state of the marginal densities is given by u( ,t = 0) = Py(X) p(0), where Ps(X) is the steady-state noise

distribution, which satisfies A Py (X) = 0.
In the following we will provide explicit expressions of the super-operators for the colored noise simulations presented in the
main-text. In the main-text we considered the OU process, whose Fokker-Planck operator is given by

A/h=XoxX +02/20%, (20)

where 1/ and o2 determine the noise correlation time and diffusion constant, respectively [7]. In the main-text we introduced
k = 02 /A2, which corresponds to the strength of the noise in the white noise limit. In particular, if X is much larger (smaller)
than the characteristic energy scale of H, the noise effectively appears white (static), as discussed below.

The numerical integration of Eq. (19) requires a discretization of the continuous variable X onto Nx values. To do so, we use
Eq. (6) from Ref. [8], for which the discretization of the Fokker-Planck equation reads

P(X_4,1) ) P(X_q, 1) -1 1 0 P(X_4, 1)
hoy | P(Xo, t) = Any=3 | P(Xo, t) =hRA| 1 -1 1 P(Xo, t) , 201
P(X+11 t) P(X+17 t) 0 % -1 P(X+11 t)
and the discretized stochastic field can take on the values
X -1
Xo | =ver| 0]. (22)
X 1

The associated steady state distribution is given by Py, = (1/4, 1/2, 1/4)T.
For completeness we will state here explicitly the vectorization of Eq. (19) used for the main-text simulations. For the column
stacked vectorization we follow Ref. [9]:



1. Coherent Dynamics
~ilfl, ) & —i (1@ B - HT @ 1,) [p(t)) = —ifl |p(t)) (23)

2. Dissipative Dynamics

u»

Dlalp & [(a*f‘ @i L ( (@8)" @1, +1, @ *)} Ip(t)) = D] [o(t)) 4)

Here, 1,, is the identity operator on the n-dimensional system Hilbert space. Thus, the dynamics of the marginal densities is
governed by

[u(X—1, 1)) R -10 0 R R . [u(X—1, £))
ROy [ |u(Xo, 1)) | = [As®@12—imVkA [ 0 0 0 | @0 +15® <—iH+hZ%D[d}> lu(Xo, 1)) |. (25
[u(X41, £)) 0 0 +1 a [u(Xy1, 1))

The vectorized statistical average density operator is then calculated as [(p())s) = >, |u, Xa)). Note, beside the finite
discretization of the continuous noise process this approach is exact.

Finally we discuss the white noise limit of the OU process. The white noise limit corresponds to the limit when the noise
correlation time 1/ vanishes (A — o0) and thus the noise process becomes uncorrelated. In particular, this can be seen by
evaluating the steady state noise covariance function

(XX (0))s ~ (XWX () = D e 22 (s, 6)

Note, this analysis applies to the continuous and discretized OU process. The strength of the white noise process is determined
by « and the associated master equation reads

ROy p(t) = — +hZ% a) p(t) + heD[0] p(t), Q27)

which is used for the white noise simulation presented in the main-text.

III. PAULI TRANSFER MATRIX

In the following section we discuss time-evolution of logical states using the Pauli transfer matrix (PTM) formalism. This
formalism is used in the main-text to characterize the error channels, when the system is subject to colored noise processes and
imperfect logical gate operations (described in subsequent sections).

A logical initial state, given by a density matrix p(t = 0), can be expressed as

p(0) = [do Y1+ dn(0 an] /2, (28)

ne{z,y,z}

where 1 and 6, 0> and 07 are the logical identity- and Pauli-operators, respectively, as defined in the main-text. Furthermore,
d(0) = (dz(0), dz(0), dz(0))" is the three component logical Bloch sphere vector, with |d(0)| < 1. For completeness we also
keep the fourth component d(0), which describes leakage out of the logical subspace when do(0) < 1. Time evolution from
p(0) to p(t) can be expressed as [10]

(1) = [do<t> iy dn,(t)an] /2, with 29)
ne{z,y,z}
Z RTL ”’L 77L (30)

where R,, ,,,(t) is the PTM given by

Ron(t) = 5t [ B (6] F08 (0) = B, G



and the operators E,, are defined as

B =65 = [1) (0 + 0) (1],
By =65= i (|I> (0] - 10) <T\) , and
Bz =6z =1) (1) - [0) (0.

(32)

The diagonal elements R, ,,(t) decrease at a rate dependent on the noise strength and correlation time. A decrease of the
diagonal elements of the PTM characterizes shrinkage of the Bloch vector, i.e. increases the mixedness of quantum state.

IV. AUTONOMOUS STABILIZATION

Here we detail the general theory employed for our autonomous stabilization protocol, that protect the logical qubit from the
colored noise models discuss section II. We consider the laser coupling Hamiltonian from Eq. (4) with zero detunings and Rabi
frequencies Q1 = —Q~1 = —/20Q,

) Q
Hpg/h=——
vs/h =7

for which the two DSs Hpg |DS; 2) = 0 [corresponding to our logical qubit states from the main-text Eq. (2)] are,

(é+1 —C .+ h.c.) , (33)

IDS1) = [0) = e~*5¥ov |y, +F,) = |F,,+F,)_ and an
|DS,) = |T> =e "3 Fow |y, —Fy) = |Fy, —Fy),

according to Sec.1B. Here, |Fy;, m)  is a hyperfine state with angular momentum projection m along the z-axis of the Bloch
sphere (rather than along the magnetic quantization axis). In addition to laser driving the F,-manifold is subject to spontaneous
emission [1 1], described by the following master equation

hup(t) = Loanp(t) = —ilHps, p(t)] + 1y Y D [éﬂ 5(t). (35)
q=0,%+1

As spontaneous emission only affects the F,-manifold of states, the four operators [0)(0], |1)(0], [0)(1] and |1)(1] are the steady
states of the system. Thus, in the limit of infinite time-evolution ¢ — oo under the above driven-dissipative system, any state p
will relax to a density matrix spanning just the logical subspace, joo = lim;_, o (t) given by,

)

poo = c00 [0) (O] + co1 [0) (T| + e10 [T) (O] + e11 [1) (1] (36)

The coefficients c,,,, are determined by the overlap of the initial density matrix with the system’s appropriate conserved quantities,
Cppy =1r [j;erA(O)} ) 37
where J v are the left hand eigenvectors of the Liouvillian with eigenvalue zero

(| Latan = 0, (38)

where | A)) is a vectorized (columns stacked) version of an operator A, and the corresponding Liouvillian super-operator matrix

is defined via the master equation 0y |p)) = Lstab lp) [12].

The conserved quantities associated with the Lg,1, can be found analytically (§ = A = 0) in both integer and half-integer
spin F,

Fy-1

j00:|6> <6|+ Z am(Fg7m>x<Fg7m|+|F€’m>z<Fe7m|)v
m:—Fg+1

Jin =1 — Joo, (39)
Jor = [0) (1],
le = |I> <6| )
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with 1 = ZFg |Fg,m) (Fg,m| + EffszE |Fe,m), (F.,m| is the identity operator. The coefficients a,, for 1 — F; <

m=—F,

m < Fy — 1 satisfies

S, G(m')

Ay = W, with
o m
=t et ) (40)
m g—m + g—m
G(m) = Hm’szngl (Fg+m/+1)(Fg+m')> _Fg tlsms Fg -1,
1, m = —F,.
The denominator in the expression of a,,, can be further evaluated as
Fy—1
- (4F))! 1659
G(m') = oF1(—2F;,1 —2F;2;1) = £ o~ (Fg>1), (41)
m;:& ! I (2F, + 1)!(2F,)! ~ £ /8r g

where 2 F(a, b; ¢; z) is the hypergeometric function, and the approximated expression in the end is achieved using Stirling’s
formula n! ~ v/27n (%)™ under the large n limit.

With the knowledge of the conserved quantities, we can evaluate the action of the autonomous stabilization protocol follow-
ing various logical operations without the need to explicitly evolve the master equation to long times. Whenever we employ
stabilization (and no other non-negligible Hamiltonians or dissipators), we evaluate the effect by simply projecting the density
matrix of the qubit into the logical subspace via Eqgs. (36) and (37).

A. Biased effective error model

While we use a specific colored noise simulation to benchmark the ’dark spin-cat’ against unwanted external noise, the
exponential suppression of bit-flip errors in the cat size I, emerges quite generically for any perturbation that acts locally in the
basis of spin states, i.e. that changes angular momentum by only a few units at a time. As an example, we consider white noise
generated by D[\/Eﬁ’g,z]. The conserved quantities Jym can be used to derive the exponentially in F; suppressed change of rate
of the PTM, which is to leading first order in « given by

2\’

167 2

R‘g)g =—KkFya_(p,1) >~ —kK
On the contrary, the logical dephasing error rate only amplifies by a factor of Fy,. The effect of D[\/Eﬁgw] will be similar to
D[y/kF, ;] due to the rotational symmetry along z direction. On the other hand, D[\/kF ;| noise will not let the code states
leave out of the encoded subspace but will give |0) , |1) a relative phase, which leads to a dephasing error with the rate scales as

O(F?).
g

As a practical aside, while the autonomous stabilization will always relax the qubit into the logical subspace in the limit
t — oo, the rate of stabilization is set by the dissipative gap Agjss. This gap can be written as Agiss = —Re(Agiss ), Where Adiss

is the right eigenvalue of the Liouvillian super-operator Letab [Adiss)) = Adiss | \diss ), With the smallest non-zero real part. A
larger Agiss leads to faster stabilization. If the stabilization is active at the same time as an error process with magnitude « is
present, as considered in the main-text, the error will be suppressed provided xF; < Agigs. In our simulations, we consider the
regime |€2| > v, where to numerical study suggests that dissipation gap satisfies Aqiss =~ 7/(2F; + 1), as shown in FIG. 2.

B. Numerical benchmark

Here we comment on the numerical simulation of the autonomous stabilization mechanism presented in the main-text. In
particular, in the main-text Figs. 1(c) and 3(b), we present the time derivative of the diagonal elements of the PTM O, R,, ,,(t)
rather than the matrix elements themselves when subjected to a colored-noise process as discussed in Sec. II. Note, the element
Ry,0(t) describes leakage out of the logical qubit subspace and takes on for xt — oo a constant value close to unity, i.e. a
balance between the leakage generating colored noise process and the autonomous stabilization mechanism.

For the main-text simulations we assumed the Landé-g factor of the Fy, and F, manifold of states are equal, thus we use
0 = 0 in the main-text Eq. (1). The actual value of ¢ depends on the specific atomic platform, the considered levels and also
the applied magnetic field. In the following we will discuss the effect of such a non-zero §. For the parameters chosen in the
main-text below Eq. (2) (2 = (2%, 0, 0)7) the laser-coupling becomes particularly simple, see Fig. 3 (or main-text Fig. 3(a)). In
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FIG. 3. (a) Illustration of laser coupling (Fy = 3) in the rotated coordinate system, for which Q = (Q%, 0, O)T defines the quantization axis.
Note, the detunings are taken in contrast to the main-text figure 3(a) to be A =0 and § # 0, which gives rise to an additional coupling in
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illustrated by wavy arrows indicating the average m, change. (b) Time derivative of the diagonal elements of R(¢) as a function of F, for
different values of 6. Here A= 0, |Q|/y=27, Fy =4, s=10"*|92|, \/|Q| = 1073 and Nx =3.

this frame the differential shift § F . couples adjacent states in the F,-manifold of states. This coupling alters the composition
of the bright-states and, thus, disturbs the autonomous stabilization mechanism. In particular, the exponent of the exponentially
suppressed bit-flip error rate Rz >(t) is increased, whereas, the dephasing rates Rz 5(t) and Ry 5(t) are unaltered, see Fig. 3 (b).
However, from numerical simulations we observe that there is still an exponential suppressed bit-flip error rate as compared to
the dephasing-rate for § F; < |€2|, hence, the model-system still exhibits an exponentially in F, biased error model.

C. Autonomous error correction with engineered dissipation

Above we discussed the ability of autonomous stabilization in the system we considered, i.e., when the population leaves the
encoded subspace due to the perturbation from the noise, it will passively go back under the dissipative process. However, as
indicated in the form of conserved quantities Jo1 and Jyg shown in Eq. (39), if initially there is quantum coherence between \6)
and \T), then such coherence will be totally lost when it leaves the code subspace and goes back again due to the stabilization.
Therefore, the leakage will be converted to a dephasing error.

On the other hand, if we can select the polarization of the decay from excited levels to the ground, then certain noise like
D[\/EF' 4,-) can be further corrected. The idea is to only keep the decay process with o1 polarization (Am, = %1, see Fig. 4),
which can be achieved by putting the atoms in a cavity [13]. In this way, the dissipative part in the master equation (35)
should be modified to v > _ ., DIC,]p(t). Now the parity operator IT = ¢'™(Fo.=+Fe.2+FPe—Fs) wil| be preserved during the
evolution, so for noise like D[\/EF 4] that does not affect the parity of the states, the coherence between |5) and \I) can also be
mostly preserved, in contrast to the case where the excited manifold is subject to spontaneous decay. However, the dephasing
error induced by D[\/Eﬁgyy] will increase, as it will flip the parity of the code states while causing them to leave the encoded
subspace.

Those features can also be illustrated with the analysis of conserved quantities under the new Lindbladian. In the strong
driving limit (2 >> ), we can still write down the expressions for those conserved quantities to the 0-th order (up to O[(v/Q)°])



10

FIG. 4. Schematic plot for the engineered dissipation. When atoms are in a cavity, the decay may happen with two different polarizations
rather than three. The system can be separated into two parts characterized by parity II, where there is no coupling between the two parts.

as the following:

Fy—1

Joo =100 0+ > am<|Fg,m>w<Fg,m| + |Fe,m>z<Fe,m>,
m=—F,+1
T = 1= Jg,
Fy—1 (43)
T =W Y an( 1Fym (Fy—ml + Fem) o] ),
m=—Fy,+1
jio = j(l)g
For a state [¢) = a|0) + b[1), it will hop to 1) = a|F, —1), + b|Fy,—(F, — 1)), when suffering from a jump

operator Fg . However, the difference between the overlap <1/)\ JO1 |¢> and (91 | JO1 |41 is again exponentially suppressed with
F,, which indicates that the phase coherence between |0) and |1> can also be well preserved after the dissipative stabilization

process. This observation, together with the bit-flip protection, provides a passive correction of the Fg_yz error with the engineered
dissipation.

V. NUMERICAL SIMULATIONS OF LOGICAL GATES

Here we detail the numerical simulations used to benchmark the adiabatic logical gates in the main-text Figure 3. The same
colored-noise simulation described for Nx = 3 from above is employed, except the driving laser Rabi frequency phases and
amplitudes are explicitly time-dependent. Therefore, we consider the generalised time-dependent Hamiltonian from Eq. (4),
namely

N 1 R
Hps(t)/h =5 qzozﬂ (Qq(t)Cq + h.c.) (44)

From what will follow, it is convenient to parameterize the Rabi frequencies as follows

ot _%eia(t) sin [ﬁ(t)]
Y,  cos[p)] | )
-1 %e—m(t) sin [5(t)]

with time dependent parameters «(t) and §(t). The associated Cartesian components of the Rabi frequencies
Q% = Qcos[a(t)] sin[5(t)],
QY = Qsinfa(t)] sin[B(t)], and
07 = Qcos[B(1)] (46)

are by construction always real and, thus, the instantaneous DSs |DS; o(t)), satisfying Hpg(t)|DS12(t)) = 0, can always be
identified with orthogonal SCSs, see Sec. 1B

DSy (1))
|DSa(t))

[Oé(t), 6(15)70} |Fg, +Fg> 5 and

R
ﬁ[a(t)v 6(t)70] |ng_Fg>' “47)
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The orthogonality of the instantaneous DS gives rise to exponentially in F, supressed bit-flip error rates. This is because any
fixed configuration of laser couplings with antipodal dark states is inherently bias preserving as per our analysis in the main
text. A global SU(2) rotation of the frame does not change this property, provided the variation of the underlying laser couplings
is sufficiently adiabatic. Note, after after simulating each gate operation via the colored noise master equation, we perform
autonomous stabilization. To avoid excessive computation, we instead project the system into the subspace of driven-dissipative
DSs directly as per Section I'V.

A. Us(a,) gate

We start with the single-qubit rotation Uz () = exp(—idza /2) for a fixed rotation angle cv, [not to be confused with the
time-dependent laser parameter «(¢)]. The methodology for the gate is to adiabatically vary the direction of the DSs on the
Bloch sphere [parametrized by the angles «(t), 5(¢) from Eq. (45)] along a closed loop, as depicted in Main-text Fig. 2(b). The
solid angle on the Bloch sphere enclosed by the loop sets the accrued phase and hence rotation angle «.

The specific laser ramp profile we choose, as a function of time ¢ € [0, T'] with T the total gate time, is given by,

alt)=0

T .
O<t<y: B(t) =% — By [1+sin (4rk — I)]

T T a(t)=o1- §(%— %)
s <t< 3 x T8
8 2 Bt)=15— b
(48)
T st . at) =a;
. t 2L
2 SPSW Bty =7 — By [L+sin (4t — )]
5T a(t)=a1-—5(%—1)
2 <t<T: ,r 3\T
8 Bt) =3
where oy = ‘3%, B = 78 are fixed parameters. This profile yields a rotation angle o, = 2F;ay cos(§ — fB1). The profile is
shown in main- text Fig.2(c).
Note that the PTM R for this gate operation is not diagonal. Ideally, it takes the form of,
1 0 0 0
| 0 cos(az) sin(a.) 0O
Rigear = | sin(a;) —cos(a,) 0 (49)
0 0 0 1
In our simulations, we compute the “raw” PTM via the colored-noise simulations, multiply it by this ideal matrix R — RR1 deal’

and minimize the off-diagonal elements over all o, (which amounts to correcting for deterministic under- or over-rotation, and
can be corrected by adjusting the overall angle o, of the gate). The remaining diagonal elements characterize the unrecoverable
error channel of the gate, and are reported in main- text Fig. 3(c).

One can also add a counter-diabatic Hamiltonian ﬁCD(t) to compensates for the rapid driving by effectively cancelling the
non-adiabatic transitions [14].

Hep(t)/h=1 Y (|8:DSa(t)) (DSu(t)] — (DS (t)| &:DSa(t)) [DS,(t)) (DS (t)]) (50)

n=1,2

where |DS,,(t)) are the instantaneous eigenstates of the Hamiltonian H Ips(t), defined in Eq. (47). For the Us(o,) gate, we can

add a linear combination of E, 9,25 E 9.9 F, g, drive to actively rotate the |0> \1) logical states to make sure it follows the adiabatic
loop.

0<t< % : HCD(t) = B(t)Fg,y

T 4T fICD(t) = cos(«(t)) sin(B1) cos(By ) aft ) A
8 2 +sin(a(t)) sin(f1) cos(B1)a(t)Ey +51n( (t)) cos(B1)c(t)Fy,» 51)
F<t<%: Hep(t)=B(t)E,,

L <t<T: Heplt)=a(t)F,,
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(a) (b)Qy/2

7 7 | Fem) 1.k
0.8
0.6 o'
0.4 - Q!
_____ oy 021

t/t,

...+ 1
m 0.5 1.

FIG. 5. (a) Schematic of the lasers and states used for preparation of the logical |[+) = (|0) + |1))/+/2 state, starting from a spin-polarized
|Fy, —Fg4) atom. (b) Laser ramp profile for state preparation.

This profile transforms the approximate adiabatic solution into the exact solution of time dependent Schrédinger equation.

Note, the instantaneous counter-diabatic terms, which cancel the diabatic terms, are always orthogonal to the instantaneous
axis defining the SCS. Thus, there exists a spatial rotation (around the SCS encoding axis) for which diabatic corrections act like
an additional magnetic field.

B. Ug gate

Next we consider a Uz = exp(—imdy) operation. This is straightforward to accomplish, as it amounts to rotating the state by
7 along the equator of the Bloch sphere, or equivalently swapping the |0), |1) logical states. One can accomplish the former by
simply time-varying the laser couplings as,

0<t<T: al)=xt/T, and B(t) = 7/2 (52)

which corresponds to Q%(t) = Qcos(nt/T)/v/2, Q¥(t) = Qsin(rt/T)/+/2 as shown in the main- text Fig. 2(c). The fidelity
performance of this gate is similar to that of the Ug(az) gate, hence we do not provide explicit benchmarks. Furthermore, this
gate can also be implemented digitally by an exchange of the {|0), [1)} logical states for the corresponding qubit. Doing so
avoids the need for explicit (potentially faulty) quantum operations.

Similar to the Ug gate, one can add a counter-adiabatic Hamiltonian

0<t<T: Hep=a(t)F,. (53)

to speed up the gate.

C. State preparation

Next we describe the preparation of a qubit into a logical state |+) = (|0) + |1))/+/2. The protocol starts by preparing a state
in a maximally polarized state of the qubit hyperfine manifold |1),) = |F},, —F};) along the magnetic quantization axis. Atoms
can be loaded into such a state with standard optical-pumping techniques.

We then turn the circular-polarized lasers 1 (¢) and Q71(¢) on, as depicted in Fig. 5(a). The time-dependent profile of the
lasers is chosen analogous to a STIRAP protocol, where the laser that does not couple to the initially-populated state |F,, —F)
is turned on first. Fig. 5(b) shows the time-dependence of the laser couplings,

1 1+ cosO(t)
4= Q«/2(1—|—cos2 0(t))’ (54)
Q) = — 1 —cosf(t)

V2(1 + cos20(t))

where in our simulations 6(t) := 7 4 with ¢ = 0 to preparation time 7'. During this adiabatic process, the two non-orthogonal
SCSs stabilized by the system are

ISCSy) = |7 — 0(¢),0), [SCSs) = |7 — 0(t), ). (55)
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So at time 7" the state we prepare will be a superposition of |5> and |T> Further, from the parity consideration the final state will
be |[¥) = (|0) + |1))/+/2 given sufficient adiabaticity of the evolution.

Note that for this operation we directly report the fidelity rather than the PTM in the main-text Fig.3(d), as such matrix
elements can exhibit ambiguity depending on the ramping state preparation protocol, since the operation extends outside the
logical subspace. The master equation is otherwise solved in the same way as before, also employing colored noise with
Nx = 3.

D. Cx entangling gate

Here we detail the numerical simulation used to benchmark the Cx gate implemented via the Rydberg blockade mechanism.
As described in the main-text, the Cx gate operation involves two atoms labeled control (C) and target (T). The control and
target atom’s logical qubit states are considered to be encoded x-axis within the F; manifold of states, see main-text equation (2).
The F, manifold of state is laser-coupled to a Rydberg manifold of states | F,., m)p, withm € {—F,. ... F,} and F, = F, — 1.
The laser coupling is performed for the control and target in a resonant and off-resonant fashion, respectively and results in a
controlled Pauli z rotation of the target atom, see main-text figure 4.

The selective resonant excitation of the control atom can, for instance, be performed by first adiabatically changing the drive
parameters of Hpg for the control atom, such that the two DS can be identified with the two SCS |0)c = |F}, F,)c and
|T>C = |F,, —F,)c from which a resonant excitation can be performed, see main-text figure 4(a) upper panel. The adiabatic
change of driving parameters is described by Eq.(44) and (45) and can, for instance, be chosen as following

a(t)=0
B(t) = m/2(1 —t/T). (56)

This choice ensures the two SCSs as the instantaneous DS are always antipodal with each other on the generalized Bloch sphere,
which keeps the maximum separation and thus suppresses bit-flip errors and makes the adiabatic process biased, see Sec. V. Note
that such an encoding is sensitive to dephasing from, e.g. magnetic field fluctuations, but nevertheless robust against bit-flip error,
thus, bias preserving. We consider the logical state T)C to be resonantly excited to the Rydberg state |F,., —F}.)¢, therefore, we
henceforth call |6>C and | F;., —F}.)¢ the logical states of the control atom. Note, rotating the control qubit frame before exciting
to a Rydberg state is not mandatory. One could instead directly implement a laser pulse of fixed circular polarization under a
different axis of quantization, which can also perform the desired excitation.

Both the control and target Rydberg states can undergo decay due to spontaneous emission at rate ~,.. Decay of the target
atom is incorporated into the simulations presented in the main-text (under the assumption that the atom decays back to the qubit
manifold). Decay of the control atom is neglected in this simplified benchmark, although we provide a more careful treatment
which includes it in the next section of the appendix.

The gate-operation simulations presented in the main-text underlie the following Lindblad master equation,

F,
d A T T & ~ - Fra
T p(t) = —ilHiaser + Hyavers: ()] + e D Dl D Camdt | Fyym = q)p(Froml | p, (57)

q=0,%1 m=—F,

The coherent Hamiltonian H, Laser contains the laser driving terms addressing the target qubit,

Hioser/h = % > (eiqA,.t QICr + h.c.) , (58)

q=0,£1

with C’; =>m Cg;;ﬁqq |, m+q){F,, m|, equal laser Rabi frequencies ,"! = Q71 = (., and equal-and-opposite Rydberg

laser detunings A,.. The second part of the Hamiltonian is the Rydberg-Rydberg interaction,

F,
ﬁRydberg/h =V ‘FM _Fr>c<Fr7 _F7'| X Z

m=—F,

., m>T<F7-, m‘ , (59)

which we assume to be a diagonal uniform density shift with strength V. For simplicity, we solve just this master equation
without factoring in field noise via colored noise simulations. Note for the simulations presented in the main-text we use
¥/ Q- = 27 /120, which corresponds to a Rydberg lifetime of 1/, = 40 us for Q. = 27 x 3 MHz.

The main-text Fig. 4 shows the time-evolution of different initial states under this master equation from time ¢ = 0 to 7" with
T the gate time. After all operations, we assume that dissipative stabilization is applied by projecting the qubit manifold into the
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logical basis following Section I'V. The predicted gate time, as in the main-text, is 7' = 7/ with the effective rotation strength
strength of,
21 2F, -1
HTAA R 2R T

(60)

Note however that the optimal fidelity may be at a time T, slightly different from 7/ due to e.g. effects from finite detuning
A,.. This shift can be accounted via experimental calibration. Furthermore, instead of quenching on a constant laser coupling
strength §2,., we ramp it on with the following profile

1 tanh(acos(m(2t/T —1)"))

QT (t) = QT 5 + Qtanh(a) ) (61)

where a = 5, n = 4, which helps to suppress left-over Rydberg population of the control atom.

We note that in general, while finite detuning from the target Rydberg state A,. causes error due to left-over Rydberg popu-
lation, this detuning can be relatively small (e.g. A,./€),. ~ 10) while still permitting fidelities on the order of ~ 1073, While
the raw infidelity associated with finite A,. scales as ~ Q2 /A2, since this is a coherent error, it can be significantly mitigated by
tailoring the gate times and/or laser ramp profiles such as the one above. In contrast, error caused by finite Rydberg interaction
strength V//A,. (creating undesired rotation of the target) will scale as ~ A2/V?2, and cannot be as easily mitigated. For this
reason we ideally we require Rydberg interaction strengths on the order of V/A, ~ 100 to e.g. reach the same ~ 10~3 error
thresholds that one can attain with finite detuning A,./Q,. ~ 10.

Finally, we comment that the gate assumes the control and target atoms to be close for strong Ry-Ry blockade V', but only
the target atom is addressed by off-resonant lasers. Naively this requires tight focusing of beams addressing the target atom
(to avoid cross-talk affecting the control), which can pose experimental challenges and limitations. Certain techniques can be
used to avoid such limitations. Specifically, we assume that the control and target atom are excited to different Ry states. The
control is resonantly excited to one Ry state if in logical |I> before the gate starts (after which, the target is moved closer to be
in blockade range). The target is then off-resonantly coupled to a second Ry state during the gate. This prevents the control’s Ry
state from being coupled to by the target’s beams.

One can still have cross-talk if the control is in logical |0), hence not Ry-excited and affected by the target’s beams, causing it
to experience some unwanted rotation. This cross-talk can be mitigated without requiring tightly focusing beams with a variety
of ways:

* The control atom’s logical |0) can likewise be “shelved” into a metastable state rather than a Ry-excited one before the
target is driven. This shelving can also be done in a bias-preserving manner with a suitable choice of manifold and
polarization control.

* Dynamical decoupling techniques can be used to cancel out unwanted rotation of the control atom (but not the target
atom). For instance, one could slightly shift the position of the control atom optical tweezer, to change the phase of the
one of the lasers addressing it by 7, and hence flipping the sign of its effective magnetic field, but not the target’s (see e.g.
Ref. [15]).

* Dual-species encodings of different qubits can also in principle be utilized, for which operations affecting one atom but
being off-resonant with the other can be implemented naturally [16].

E. Control atom decay correction

In this section we introduce a protocol for the Cx gate to correct non-bias preserving processes due to control atom decay
from the Ry state, which extends the discussion of the prior section. In particular, here we include decay of the control atom,
assume that both atoms’ Rydberg states decay into an independent ground state rather than the qubit manifold and provide a
means of correcting control atom decay by monitoring the ground state population.

The Hilbert space we consider for the protocol is shown in Fig 6(a). The target atom still consists of a ground and Rydberg
manifold |F,, m) and |F,., m), respectively, but now also an additional ground state |g) into which the Rydberg state
decays. The (hyper-)fine structure of this additional ground state is not tracked. Moreover, the control atom likewise has
qubit and Rydberg states |6)C and |F,, —F}), as well as a ground state |g). The laser coupling Hamiltonian Hi aser and the

Rydberg-Rydberg interaction H,ygnerg remain the same, but the master equation is adjusted to be

Fr

d . X
h%ﬂ = _l[Hlaser + Hiydberg: P] + h'YrDH9>C (Fy, _Fr”p + hryy Z D[|9>T <Frv me- (62)

m=—F,
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FIG. 6. (a) Schematic of the Hilbert space used for numerical simulation of the bias-preserving Cx gate with more careful accounting of
Rydberg decay due to spontaneous emission. (b) Schematic of the monitoring protocol that makes n.. checks of the |g), population during
the gate to detect control Rydberg decay. (c) Bit-flip infidelity of the gate, depending on whether the control atom starts in \6}0 or |F1i)c (the
latter corresponds to | Fy., —F.) ). We vary the number n.. of checks for control atom decay. The parameters used are Fy = 4, A,./Q, = 2,
¥r/Qr = 27 /120, and V/Q),. = 100. Note that during each interval we use a constant Rabi frequency €2, (rather than the ramp in the previous
section) for simplicity.

With control atom decay incorporated, we observe that if such a decay happens during gate execution, Rydberg blockade will
cease and the target will start to rotate, which can cause non-negligible bit-flip error. To mitigate this effect, we can adjust our
gate protocol to include a monitoring process. This adjusted protocol periodically checks whether the control atom decayed
during the gate time by measuring the ground state.

The protocol proceeds by splitting the full gate time 7" into n, equal subintervals of length T'/n,. indexed by n €
{1,2,...n.}, as depicted in Fig. 6(b). At the end of each subinterval, we check if Rydberg decay of the control has oc-
curred by projectively measuring the population of |g) . The case n,. = 0 means we don’t perform any checks. If the control
atom is detected in the ground state after a given check, it should have been in the Rydberg state and thus blockading rotation
of the target. Upon such detection we stop the gate operation early (turn off the lasers addressing the target) to prevent further
unwanted rotation. If no decay was detected, the gate continues to the next subinterval. At the end of the gate we assume that
any direct population outside the target’s qubit manifold is lost, then finally we apply dissipative stabilization.

For simplicity, to benchmark this augmented protocol we simply compute the gate fidelity for certain initial states. The initial
condition we take for the gate evolution is a pure state,

%(0)) = |o")¢ @ o)y, (63)

with 0,0’ € {0, 1}, noting that here |1), = |Fy, —F}.) .
The ideal final state after the gate operation |1;qca1) depends on whether the control was Rydberg blockading or not:
De®lo , 0)) =D |o
|wideal> _ |~>C |7>T W)( )> B |~>C | >T (64)
0)c ® [0)p, [¥(0)) =0)c ® |o)r
where 6 = T, T = 0. The fidelity is obtained via,
F=u [pf : |'(/)ideal> <wideal|] . (65)

In Fig 6(c) we plot the resulting fidelity for different numbers of checks 7,¢. If the control starts in |6)C there is no Rydberg
blockade or decay. The fidelity only depends on Q,/A,., approaching F' = 1 in the limit £2,./A, — 0 (for which adiabatic
elimination of the target Rydberg state is perfect). On the other hand, if the control starts in |r), the fidelity starts out poor
due to Rydberg decay of the control, but improves exponentially in the number of checks n,., approaching the fidelity of the
non-blockaded case in the limit n,, — oco. Note, the non-monotonic behavior occurs due to finite detuning A, causing target
Rydberg state population oscillations. Crucially, these simulations show that with only a few checks, the effective bit-flip fidelity
can be greatly decreased.

This augmented procedure does not correct for phase-flip error, which will generally occur at rate ~ 1 — exp(—7,.7') ~ 7.1
(for v, T < 1). However, this type of error can still be rendered small with longer-lived Rydberg states and shorter gate times.
Reduction of the bit-flip fidelity compared to the phase-flip also remains favorable for biased error correction protocols.

VI. NON-BIAS-PRESERVING GATES: UNIVERSALITY ON THE PHYSICAL QUBIT LEVEL

As a supplement, in this section we provide several gate designs for the dark spin-cat encoding, which could be more native
but lose the bit-flip protection. We first explain the collision-and-expansion trick and how to use this for the Uz (c,.) gate design,
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FIG. 7. Schematic plot for native non-bias-preserving gate design. (a) The path of two SCSs during U;(az) gate execution. They first collide

and then separate in another direction. (b) The entangling operation in the middle of the native Cx execution. For the target atom, the collision
step will convert |[+) to |Fy, Fyy)_ and |—) to |Fy, Fy — 1) _.

which is inspired by the bosonic-cat code gate construction as proposed in Ref. [17]. This gate does not preserve the error bias
as we have to reduce the spatial separation for the two SCSs on the generalized Bloch sphere in order to exchange the population
between |0) and [1) code states. This gate, together with 1-qubit Uz(cv.) and entangling C operation, which we discussed
before, complete a universal gate set on the physical encoding level. Additionally, in the second part of the section, we discuss a
simplified non-bias-preserving construction of the Cx gate using the collision-and-expansion trick.

Here are two things that we would like to point out. First, in principle, those unbiased gates are not strictly necessary, as
the bias-preserving gate set shown in the main text (including Cx and Toffoli) are universal for fault-tolerant operations logical
(repetition code) qubits [18]. Nevertheless, those non-bias-preserving constructions can still offer sufficient advantages when the
performance of bias-preserving Cx gates is limited. For example, neutral atom quantum processors exhibit negligible 1-qubit
gate infidelities as compared to the Cy gate performance, which is limited by Rydberg decay. However, Ref. [19] pointed out
that, if it is possible to detect the location of the decay event and supply a fresh atom initialized in |1) (since only |1) is excited
to the Rydberg state), it is convertable to a dephasing error with known location. This so-called “biased-erasure” error during
Cy implementation provides an error correction threshold around 10% without the need of bias-preserving Cx gate, and can be
even higher exploiting ideas presented in [19]. As explained in the main text, our dark spin-cat encoding can be well adapted to
this framework.

A. Holonomic 1-qubit Uz (o) gate

In this section, we briefly present how to construct a single-qubit U () gate by adiabatically changing the driving parameters
Q.1 (t). We start with Q1 = —Q_; = €, such that the code subspace is spanned by {|Fy, Fy;) ,|Fy, —F) }, i.e. two SCSs
pointing along the z-axis on the generalized Bloch sphere. We first adiabatically reduce the amplitude 2_; to 0 in order to collide
the two SCSs at the north pole of the generalized Bloch sphere. Then, we separate them in another direction by adiabatically
increasing 2_; to —Qe~2%=_and finally changing _; to — without affecting its amplitude. The location change for the two
SCSs during the whole process is illustrated in Fig. 7(a).

Note, in the absence of the €y drive, one of the dark states lies in the subspace spanned by {|F, F;, — 2k)_} while another
one is in the subspace spanned by {|Fy, Fy — (2k + 1)) _}. Therefore, during the first step where we adiabatically turn off Q_4,
the state - (\ Fy), + €* ™9 |Fy, F ) ) connects to |Fy, Fy)_, while = (\ Fy), — ¥ |Fy, —F,) ) is connected to
|Fy, Fy — >Z. Following the convention in Ref. [17], we denote this mapping as S, T, Due to the rotational symmetry in the system
the operation for the second step is S, , which is related to Sy by a rotation operator S,, = R(c,0,0)SoR (a,,0,0). The
third step is simply a rotation R (a,0,0). The whole process leads to an operation R (c,0, O)S Sg = SORT(ozI, 0, O)ST
on the dark-state subspace. Therefore, %OF s Fy), + €™ |Fy —Fy) ) will pick up a e‘*=%s phase while —= (| Fy), +

e?™Fe |F, —F,) ) will get a phase of e*®=(¥s=1)_ As a result, an arbitrary superposition of the two code states w111 become the
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following state after the whole process

O+ D) =) e, [ DA B - D)

Y N RV R ;R

(66)

which corresponds to Ug(:l:ozm) for a half-integer / integer F,. This operation, together with U;(ozz) gate, provides arbitrary
1-qubit rotation on the dark spin-cat encoding.

The Ug(al.) gate in general does not preserve the Pauli error bias. It will convert part of the Z error before the gate to the
Y error when o is not an integer multiple of 7. This can also be viewed from the trajectories of the two SCSs during the gate
execution, as their collision will lead to the population exchange between computational basis states and convert phase-flip error
to bit-flip. As a result, the Cx implementation involving the use of such Ug(ozx) gate does not preserve the Pauli error bias.

B. Native implementation for non-bias-preserving Cx gate

With arbitrary 1- qublt rotations and the C Z entanghng gate, we can achieve universal operations on the physical encoding
level, including the C x operations as Cx = 715 )C ZUy 7(—7%). However, we can further simplify the Cx control sequence
in a more native manner using the collision- and expansion trick we introduced in the Ug((%) gate construction.

We briefly explain the idea as follows. The first step is again converting the encoding from Fock states in x basis to Fock in z
basis, but for the control and target atom the protocol is different. For the control atom, the conversion protocol can be the same
as that used for the control atom in bias-preserving C x or ¢ z construction shown in the main text, i.e., adiabatically transfer
0/1) = |Fy, £F,), to |Fy,+F,) while always keeping them antipodal during the evolution. On the other hand, for the target
atom we can use the collision trick that converts |+) to |Fy, Fy), and | =) to |F,, F,, — 1) _ by adiabatically turning off the Q_;
drive [20].

After the conversion above, we need to perform the entangling operation. Here we consider a Rydberg manifold with
F, = F,. Consider using a o polarized drive to address the state from the encoded manifold to the Rydberg manifold.
Due to the selectivity that comes from the polarization, |Fy, ;) = will not couple with the Rydberg levels, but |Fy, —F g), and
|Fg, Fy — 1) will. Therefore, one can use the standard Cz control sequence [21 ] so that both |Fy, Fy) - ® |Fy, Fy — 1) 1
and |F —Fy). o ®|Fg, Fy), 1 will pick up a phase e'® while |F,, —F, 0).0®|Fg, Fg—1), 1 Wlll get a phase €’ (2¢ ™). This
is equivalent to a Cy operatlon up to single-qubit phase rotations. Finally, we need to map the encoded subspaces from the Fock
z basis back to the Fock z basis. We can choose a different trajectory compared with that used in the first step to account for the
required extra 1-qubit gates. For the control atom, we still need to keep the two SCSs antipodal, which is similar to the idea used
in Uz (o) gate construction. On the other hand, for the target atom, we can follow the 2nd and 3rd steps used in Uz (orz) gate
design. At the end of the protocol, only |1> ® | =) will get a relative 7 phase, which results in a Cx gate.

Finally, we would like to point out that this simplified version of Cx execution can still be adapted to the “biased-erasure”
framework, provided that the error from 1-qubit control is negligible and the Rydberg decay during entangling operations can
be detected. If the decay is detected on the control atom, we prepare a fresh |T> and if it is on the target atom we prepare a fresh
|=). In this way, we again have the knowledge about both the location and the type of the error (for the control atom the error
is Z type, while for the target it is X type). This noise pattern is equivalent to the Cx = U% (5 )C ZU 7(—%) construction
proposed in [19] where the error during Cy in the middle is biased-erasure that both the control and target will have Z type of
error after erasure conversion. Z error on the target will be converted to X error after Ug 7(% ) rotation, which leads to the same

error structure for the Cy construction as we proposed here.
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