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Role of Interface Bluntness on Onset

The shape of the interface as a less-viscous miscible fluid invades a more viscous one is determined
by several distinct mechanisms. Aside from the role of shear, as discussed in the present paper, the
viscosity ratio of the two fluids, Ni,/MNout> plays a crucial role. As M, /Moyt increases towards unity,
the profile of the inner fluid near its tip becomes smoother and R, increases (/7). That is, Ry
increases with decreasing |C’|;, which is either due to an increasing i, /Mouc Or to the presence of
shear.

Here we compare how these two ways of smoothing the profile (i.e., decreasing |C’|;p) affect
the onset. We vary |C’|p by (i) varying the viscosity ratio without any shear or (ii) keeping the
viscosity ratio constant and varying the shear amplitude. In both sets of experiments, we use
identical Hele-Shaw cell geometries.

In the case that shear is applied, |C’|;, depends only on dp, but Ry, depends on both dy, and Vs,
in a way that increasing V;/Q decreases ro delaying R, (Fig. SA). However, as shown in Fig. 6B,
when Vi /Q keeps increasing, ro — 0 and R, plateaus. For a sufficiently high shear speed (e.g.,
Vs/Q > 0.11 mm™2), the measured R, is the one corresponding to |C’|tip = |C’|fina- The shear
amplitudes dy, vary between 0.3 mm and 1.6 mm.

We plot R, versus |C’|yi, for both sets of experiments in Fig. S1. The data share a similar trend
and are close to each other, as shown in Fig. STA. We note that if we scale the abscissa by a factor
(Mout/Min — 1), the collapse of the two data sets is slightly better, as shown in Fig. S1B. More data

is needed to establish which of these two scaling forms is a better fit.

Role of diffusion and scalar dispersion

Our analysis indicates that the smoothing of the concentration profile and the associated delay of
the viscous fingering instability are not primarily caused by molecular diffusion or shear-induced

scalar dispersion.

Molecular diffusion

Previous work showed that when the Péclet number is above 1000, the onset radius does not change

with Pe, while when the Péclet number decreases below 1000, diffusion matters and the instability



enters a different regime where the R,, changes as Pe increases (/9). In our experiments, we
ensured Pe > 1750 even beyond R, so that Pe itself does not change the instability. If diffusion
dominates, one would expect the concentration profile to be smoother as we lower the injection
rate, Q. However, as shown in Fig. S2, both the concentration profile C(r) and its derivative C’(r)
are insensitive to the injection rate over an order of magnitude, indicating that diffusion does not
control the interfacial structure in the parameter space explored by our experiments.

A comparison of characteristic timescales further supports that diffusion does not dominate.
The characteristic time for shear to penetrate across the gap, Toap = b/V, ranges between 0.01s
and 0.22s and the oscillation period, Tosc = 4dm/ Vs, ranges between 0.6s and 10s. In comparison,
considering the diffusivity D = 1.21x10~!mm? /s, the time for diffusion to relax the concentration
profile across the gap is Tgig ~ b*>/D = 768s, which is at least 3000 times larger than Tgap and
70 times longer than Ts.. The interface evolution in our experiments typically takes within 120s,
so diffusion cannot appreciably modify the concentration profile over the timescale for shear to

suppress the finger growth.

Scalar dispersion

Shear-induced scalar dispersion is also suppressed by the oscillatory nature of the applied shear. The
scalar dispersion can be derived from the advection—diffusion equation: C /0t = —v,Vc + DV?c,
where vy is the shear velocity, D is diffusivity, and c is the concentration. When v reverses direction
from Vj to -V, it partially reverses the dispersion. We know from the literature that the dispersion
decreases with increasing frequency when applying sinusoidal periodic vy (43).To verify that a
square-wave periodic shear velocity, as used in our experiments, also reduces scalar dispersion,
we simulated a droplet with parabolic lateral boundaries confined between two parallel plates. The
top plate was driven by translational oscillatory shear identical to that used in the experiments,
with Vg = 12 mm/s. As shown in Fig. S3, compared with the single-direction shear, oscillation
significantly reduces scalar dispersion. The gap profile approaches the one without shear as shear
frequency increases.

If scalar dispersion matters in the frequency range we used in our experiments, one would expect
a lower shear frequency to reduce the derivative of the concentration profile. However, as shown

in Fig. S4, both C(r) and C’(r) do not vary with V; at fixed d,, suggesting that scalar dispersion



does not significantly smooth the interface in these experiments.

Early-time finger growth rate

Ata constant injection rate, the interface propagation speed U decreases as the pattern size increases,

which in turn reduces dRy/dt. To account for this effect, we evaluate the finger growth rate relative

dR¢/dt

to the interface growth rate by examining the ratio QRop i

= dRy¢/dR,. We know that when there is
no shear, finger length initially grows exponentially with pattern size and then transitions to a linear
regime, where I' = dRy/dRy;p is a constant (/2). This linear growth behavior persists under shear
across different shear speeds, as shown in Fig. S5. We measure the finger growth rate by fitting the

linear regime of each curve and using the slope of the fit as the value of T".

Concentration profile without shear

In Fig. S6A, we plot the evolution of the concentration profiles without shear for a direct comparison
with the profiles when there is shear shown in Fig. 3A. Both experiments use the same Hele-Shaw
cell geometry, parameters, and fluids. In the absence of shear, the interface tip remains blunt as the
inner fluid expands outwards. This is shown in Fig. 3 and more obviously in Fig. S6B, where |C’ |,
only fluctuates but does not exhibit a sustained decrease with increasing radius as the inner fluid

expands outwards.

Bluntness under shear

Figure. S7 shows more examples of how the interface tip bluntness |C’|;, involves under different
shear speeds V; and shear amplitudes dp,. All of the examples can be fit with the step function as
the case in Fig. 3C. Consistent with what we discussed in the Results section, at fixed dp,, higher
shear speed Vi causes an earlier abrupt drop in bluntness, while it does not significantly influence

the final plateau. In contrast, increasing dy, shifts the plateau downward.



Onset radius collapse before plateau for different shear amplitudes

As a supplement to Figure 2, We include more data for different shear amplitudes in Fig. S5. At large
shear amplitudes dy, = 3 mm, 4.5 mm, and 6 mm, the trend of onset radius versus dimensionless

shear speed collapses into a single curve.

COMSOL simulations

We use COMSOL simulations to investigate how shear perturbs the shape of the interface during
the first shear cycle, as shown in Fig. S9. After the top plate moves to the right during the first
quarter of a cycle, the interface is dragged to be significantly tilted (Fig. SOA). When the top plate
reverses direction to the left, the interface becomes sharper again (Fig. S9B,C), but still smoother
and narrower compared with the no shear case (Fig. SOF,G). To investigate the long-time stability of
the interface, we simulate the profile at the end of subsequent cycles (Fig. SI0OA-D). After multiple
cycles, the interface becomes slightly thinner as shown in Fig. S10E, but the interface retains the

overall shape of Fig. SOD.
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Figure S1: Comparison of onset radius versus profile shape for two distinct control parameters.
(A) Onsetradius, R,,, versus bluntness of interface tip, |C’|;p. Black triangles: at fixed viscosity ratio
(Min/Mout = 0.16 as in manuscript) varying shear (0.3 mm < d, < 1.6 mm) with V;/Q > 0.11 mm~2.
Oranges circles: no shear but varying viscosity ratio (0.15 < Mnjn/Nout < 0.24). Both data sets have
the same overall trend. (B) Including a scaling factor of (nou/Min — 1) on the abscissa produces a
somewhat better collapse of the two data sets; however, additional data are required to identify a

convincing scaling factor.
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Figure S2: The concentration profile C(r) and its radial derivative C’(r) for different injection
rates Q. Both C(r) and C’(r) are insensitive to the injection rates within experimental uncertainty.

All data were taken at d, = 3 mm beyond the smoothing radius rg.
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Figure S3: COMSOL simulation of a stationary droplet under shear. (A) Concentration profiles
C(r) for the case of no shear (black), d,, = 3 mm (blue), d,, = 9 mm (green), single-direction shear
(orange) after 3 s. (B) Initial interface shape spanning the gap for the stationary droplet, with the
interfluid interface governed by (1 + erf((x — 10 + 60(z — b/2)%)/8))/2 + (1 —erf((x =5 — 60(z —
b/2)%)/5))/2, where & = 0.157 mm. The length of the droplet on z = b/2 is Smm. (C-F) The
interface shape for the case of no shear (C), d, = 3 mm (D), di, = 9 mm (E), and single-direction
shear (F) after 3s. For the case of single-direction shear, we converted the coordinate back to

rectangular using x” = x — Vity/b. For cases with shear, V; = 12 mm/s.
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Figure S4: The concentration profile C(r) and its radial derivative C’(r) for different shear
speeds V; at fixed d,,. Both C(r) and C’(r) are insensitive to Vj, or frequency as dy, is fixed, within
experimental uncertainty. All data were taken at d,, = 3 mm beyond r¢ where the interface tips

were smoothed. Q = 133ul/s for all data.



Figure SS: Finger length Ry versus the pattern size R,. For each dataset, the finger closest to
the 6 = 7t direction is tracked after Ry exceeds 0.2 mm. Following an initial exponential region, Ry
grows linearly with Ry, which can be fitted linearly with the dashed lines. The slope of each fit
represents the finger growth rate I' = dR¢/dRy;p, with steeper slopes corresponding to faster growth.

For data with shear, d,, = 3 mm and Q = 133 uL/s.
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Figure S6: Comparison of concentration profiles with and without shear (A) Evolution of inner
fluid concentration profiles C(r) from an experiment without shear as the interface propagates
outwards. The parameters for the Hele-Shaw cell geometry and the injection rate are the same
as the case in Fig. 3A with shear. The curves from left to right correspond to the profiles at
Riip = 26 mm, 47 mm, and 64 mm. (B) Radial derivatives of concentration profiles C’(r) near the

tip, corresponding to the curves in (A).
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Figure S7: Interface tip bluntness across different shear speeds and amplitudes. Panels (left
to right) correspond to shear amplitudes d, = 1.3 mm, 3 mm, 4.5 mm, 6 mm. In all cases, a fit by

a step function adequately fits the data to within our resolution.
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Figure S8: Onset radius collapse before plateau for different shear amplitudes. The shear

amplitudes shown here are dy, = 3 mm (purple), 4.5 mm (deep red), 6 mm (light red).
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Figure S9: Simulation showing shape of inner fluid during the first shear cycle. (A-D) COMSOL
simulation with V5 = 12 mm/s, U = 4 mm/s, and d,, = 3 mm during the first shear cycle (A)
when the top plate reaches the right-most side. (B) when the top plate returns to the center after
half a cycle. (C) when the top plate reaches the leftmost side. (D) when the top plate returns to
the center after one cycle. (E-H) Simulations without shear at the same time as (A-D) respectively,
using the same fluid properties, geometry, and interface velocity as the case with shear. Even when
the plate is moving in the opposite direction to the interface, the tip under shear is still smoother
and narrower. Simulations are done with the inner fluid initially filling the channel until 5 mm. The

inner fluid is blue and the outer fluid is white.
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Figure S10: Simulation of the inner fluid interface after multiple cycles. (A-D) COMSOL
simulation shows the shape of the inner fluid after one (A), two (B), three (C), and four (D) cycles.
(E) The concentration profiles corresponding to the interfaces in (A-D) from left to right. The
overall shape of the profile remains the same, although the width of the profile becomes slightly

more slender at later times.
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