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ABSTRACT

A random walk on a discrete group satisfies a local limit theorem with power law exponent

« if the return probabilities follow the asymptotic law

P{ return to starting point after n steps } ~ Co""n™.
A group has a universal local limit theorem if all random walks on the group with finitely
supported step distributions obey a local limit theorem with the same power law exponent.
Given two groups that obey universal local limit theorems, it is not known whether their
cartesian product also has a universal local limit theorem. We settle the question affirma-
tively in one case, by considering a random walk on the cartesian product of a nonamenable
group whose Cayley graph is a tree, and the integer lattice. As corollaries, we derive large

deviations estimates and a central limit theorem.
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CHAPTER 1
INTRODUCTION

Let I' be a finitely generated group and p a probability measure, or step distribution, on
I'. A (right) random walk on I" with step distribution p is a sequence {Sp},>0 of I'—valued
random variables such that the steps &, := S5, 1Sn+1 are independent and identically dis-
tributed with common distribution p. The n—step transition probabilities P"(x,y) of the

random walk are the conditional probabilities
P™(w,y) = P(Sn =y | S = x) = *" (= 'y),

where p*" denotes the n—fold convolution of p by itself. This dissertation concerns the
asymptotic behavior of the n-step return probabilities P (e, €). Sharp asymptotic estimates
for these are known as local limit theorems (LLT’s).

We begin with a key early result of H. Kesten [Kesten(1959a)], [Kesten(1959b)]. Let
I' be a finitely generated group, with a finite, symmetric generating set S, and let p be a
symmetric measure on I, that is, ju(g) = u(¢~1) for all g € I'. Define the spectral radius of

the random walk with step distribution p to be

0= limsuan(e,e)l/n. (1.0.1)

n—oo

This limsup coincides with the (usual) spectral radius of the convolution operator on ¢2(I")
induced by p (cf. [Kesten(1959a)]), hence the term. If p(e) > 0 then the limsup is actually a
limit; this follows because if u(e) > 0 then the sequence a,, := —log P" (e, e) is subadditive.
Kesten’s theorem [Kesten(1959b)| asserts that if p is symmetric and p(z) > 0 for all z € S,
then p < 1 if and only if I' is nonamenable. Thus, for nonamenable groups, the transition
probabilities P" (e, e) decay at an exponential rate. In general, the spectral radius will depend

on the step distribution p. In Subsection 3.1 we compute o for the simple nearest neighbor
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random walk on Fy, the free group on two letters. The computation is straightforward in
this case, but in most other cases explicit computation of the spectral radius is impossible.
The spectral radius of a surface group, the fundamental group of a genus 2 or greater
surface, was estimated from above by [Nagnibeda(1997)] and [Zuk(1997)], and from below
by [Gouezel(2015)].

The most basic example of a random walk on a discrete group is the symmetric, nearest-
neighbor random walk on the integer lattice I' = Z%, where i is supported by the natural
generators te;, and u(e;) = p(—e;). If u(e;) > 0 for each of the generators e; then elementary

Fourier analysis shows that!
P2 (e, e) ~ Cy(4mn) =42, (1.0.2)

where Cy > 0 (see Proposition 2.7.6 of [Spitzer(1976)]). In particular, since Z? is amenable
and p = 1, we confirm Kesten’s theorem.

From Kesten’s theorem we know that if I' is nonamenable, then the probability of return
to the identity decays exponentially. We would like sharper estimates on the asymptotic rate
of return, in particular, estimates for which the relative error goes to zero. For the random

walks we shall study, the probability of return will be of the form

n

e —Ccr "
nY

where we refer to the n™7 exponent as the exponent power law, and R := 1/p. For random

d
walk on Zd, Fourier methods allow us to determine that the exponent power law is n™ 2.
However, for nonamenable groups Fourier-style techniques are generally inapplicable, because

the representation theory for discrete groups is insufficiently well-understood. Local limit

1. Here and throughout the dissertation the symbol ~ means that the ratio of the two sides converges to
1; thus, the relative error in approximating the probability on the left by the quantity on the right converges
to 0.



results are instead proven by analyzing the singularities of certain generating functions.

We next review some of the existing results concerning return probabilities of random
walks on nonamenable groups. An early theorem due to [Bougerol(1981)] concerns ran-
dom walks on semisimple Lie groups whose step distributions are absolutely continuous
probability measures, or more generally probability measures with an absolutely continuous
component. Bougerol proved that the probability of returning to a fixed neighborhood of
the identity is approximately C’R_”n_5, where the R > 1 depends on the step distribution
and 0 depends on the geometry of the group. The representation theory of semisimple Lie
groups is essential to Bougerol’s proof. It has been conjectured that the exponent power law
n=o persists for cocompact lattices of semisimple Lie groups, but currently this is known to
be true only for rank-1 groups.

In an early paper, Gerl and Woess [Gerl and Woess(1986)] proved a local limit theorem
for a nearest-neighbor random walk on a finitely generated free group. (Nearest neighbor
means that the individual steps &, of the random walk are elements of the natural generating

set.) They proved that the return probabilities obey an n=3/2 power law:

C

an
P e )~ g

(1.0.3)

where C' > 0. By similar methods, Cartwright and Soardi [Cartwright and Soardi(1986)]
and Woess [Woess(1986)] proved a local limit theorem for nearest neighbor random walks on
free products *;¢c ;G of a family (G);e s of finite or infinite cyclic groups, where the step
distribution is a convex combination a;pj of probabilities p; on the groups G;. Several
years later, a local limit theorem for a non-nearest-neighbor random walk with finite support
on a finitely generated free group was proved by Lalley [Lalley(1993)] (and independently by
T. Steger, in an unpublished manuscript). In Lalley’s theorem, the measure is not required
to be symmetric. Lalley’s method extends to other free products whose Cayley graphs are

trees, such as Zg * Zo * Zs. Once again, the return probability is of the form (1.0.3).
3



The results of Gerl, Woess, and Lalley are further generalized in [Lalley(2001)], where
random walks on regular languages (defined in Section 2.4 below) are considered. These
include not only random walks on free products of finite groups, but also on virtually free
groups, such as PSL(2,Z) and its finite-index subgroups. In [Lalley(2001)], it was shown
that the n-step return probabilities of a random walk on a regular language must obey one

1/2

of three types of power laws, namely, R~" times one of n=1/2 n=1, n3/2 In particular, in

the case of virtually free, nonamenable groups, the power law is known to be R =3/2,
The results of [Lalley(2001)] show that for a wide class of lattices of PSL(2,R) there

is a universal local limit theorem, and that the exponent power law is the same as for

the ambient Lie group. By entirely different methods, Gouezel and Lalley [Gouézel and

3/ 2 extends

Lalley(2013)] proved that the local limit theorem, with exponent power law n™
to every co-compact Fuchsian group. Subsequently, in [Gouézel(2014)] Gouezel demonstrated
that equation (1.0.3) holds for random walks on all nonelementary hyperbolic groups.

In all these examples, when there is a local limit theorem for random walk on a group I', it
is universal in form, that is, the same exponent power law n~9 holds for all step distributions
(as long as the step distribution has finite support that generates G as a semigroup). Indeed,
[Gerl(1981)] conjectured that for any two step distributions, 1, pus on a group satisfying
local limit laws of the form CR_”n_(Sl, CR_"n_(S?, necessarily 07 = 9. This conjecture has
been shown to be false: there are discrete groups I' that support distinct finitely-supported

probability measures subject to local limit theorems with different exponent power laws. In

particular, as Cartwright [Cartwright(1988)] has shown, there are random walks on 7% % 74

d/2 _3/2, depending on the

for d > 5 that obey at least two different power laws, n™ and n
step distribution. Moreover, Candellero and Gilch [Candellero and Gilch(2012)] have proven
that the range of different asymptotic powers is wider: for 7% % . .x 7% and all d; different,
exactly m + 1 different asymptotic behaviors may occur.

Let G1,Go be two groups with universal exponent power laws. In general, we cannot



expect that the exponential decay rate of a random walk on G x G is the product of the
exponential decay rates of the projected random walks, as we show below in 3.2. However,
it is conceivable that universality of exponent power laws for the groups G, Go could imply
the universality of the exponent power law in the local limit theorem on the product group
G1 X Ga. For a product measure p = 1 X pg on G x Go it is trivial that
(1 X po)™ = "™ x g3,

and so the return probabilities for a random walk on G1 x G9 with step distribution y =
1 X po are the product of the return probabilities for each factor. Thus, the random
walk must obey a local limit theorem if the component random walks on G; and G do.
[Cartwright and Soardi(1987)] proved that in certain simple cases the local limit theorem
extends to probability measures on (G1 x Go that are not product measures. In particular, if
the measure on G x Gg is given by apg + (1 —a)us, and the power laws for the random walks
on GG1,Goy are n_51’,n_52, respectively, then the local limit theorem holds with exponent

—&

power law n =92 Tt is unknown whether such behavior extends to all finitely supported

step distributions on product groups. Our primary goal in this dissertation is to show that

for products of the form I' = 1" x 7%, it does.

Theorem 1.0.4. Assume now that the ambient group is

=Ty x Z¢%,

where I'1 is assumed to be a group whose Cayley graph (with respect to some finite generating

set S)isa tree®. Let 1 be a step distribution on I'; subject to the assumptions given in Section

2. Thus, for instance, I'; could be a finitely generated free group, or more generally a finite free product
whose factors are copies of Z or Zs.



4.1. Then:
P™((e,0), (e,0)) ~ Con~B3+d)/2,

where C' > 0 s a constant that depends on the step distribution p, and o is the spectral radius

of the random walk.

In particular, the question of whether the Cartesian product preserves universal power
laws is settled affirmatively in the case of I'.

For ease of exposition, we let d = 1 for the remainder of the paper. The Fourier analysis
easily extends to higher d. The two main sources of inspiration for arguments in the proof
are Section II1.19.A in [Woess(2000)] (for sections 4.7, 4.8) and [Lalley(2001)] (for the appli-

cations of implicit function, regular language, and Perron-Frobenius theory throughout the

paper).



CHAPTER 2
PRELIMINARIES

2.1 Green’s function of a random walk

Let Sy, be a random walk on a discrete group I'. The Green’s function of the random

walk is the function defined by the power series

%

G(z) = Y _ P{Sy = identity}z". (2.1.1)

n=0

Because the coefficients are probabilities, the radius of convergence of this series is at least 1.
The spectral radius of the random walk p is equal to reciprocal of the radius of convergence R
of the Green’s function. Furthermore, if Sj, is an irreducible random walk on a nonamenable
group I', Kesten’s theorem implies that the radius of convergence is strictly greater than 1.
The Green’s function can also be interpreted as a sum over paths: if P is the set of all paths

in [' that begin and end at the group identity, then

G(z) = p(y)M (2.1.2)
vEP
where |z| represents the length of the path and p(v) its probability, that is, p(y) = [ (&)
where ¢; are the individual steps of the path.
The Green’s function encapsulates all information concerning the return probabilities of
the random walk. The idea, in brief, is that the probabilities of interest can be recovered

from the Green’s function by contour integration:

1

™

where C' is any contour surrounding z = 0 that contains no singularities of G. Because the

7



contour can be deformed in any manner that does not take it through a singularity, the
singularities of G' — in particular, the singularity of minimum absolute value — will play a
key role in determining the asymptotic behavior of the coefficients.

In section 4.2 below we shall introduce a related function of two arguments z, w better
suited to studying the return probabilities of a random walk on a product group I'y x Z. We

shall also refer to this as a Green’s function.

2.2 Algebraic systems of functional equations

Recall that a complex-valued function G(z) defined in a domain D is said to be algebraic
(or more precisely, a branch of an algebraic function) if there is an irreducible polynomial
P(z,w) such that

P(z,G(2)) =0

for z in D. The asymptotic behavior of the coefficients in the power series expansion of an
algebraic function is determined by the singularities of the function. One key result from

analytic function theory (as demonstrated, for instance, in [Hille(1962)]) is this.

Proposition 2.2.1. If G(z) is an algebraic function, then it has only finitely many singu-
larities in the (extended) complex plane. Fach of these singularities is either a pole or a
branch point. Near each of the branch points, G(z) may be expanded as a Puiseuz series, i.e.

o0
a function of the form ckzk/” for n a positive integer.
k=0

If a function can be expanded as a Puiseux series, then near each singularity &; of order
«;, it can be written in the form A;(2)(1 — z/§;)% + B;(z), where A;, B; are analytic near
&;. Then we may apply Darboux’s theorem (see p. 277 of [Comtet(1974)], for instance) to

obtain asymptotics on the coefficients:

Theorem 2.2.2 (Darboux’s theorem). Let G(z) = >, " qanz" be a power series with finite

radius of convergence. Suppose G(z) has finitely many singularities &1,&a, ..., &n on the
8



circle of convergence, near each of which it has the form

G(z) = Ai(2)(1 — 2/&)™ + Bi(2)

with A;(z), Bi(2) analytic near z = &; and a;; € R\{0,—1,—-2,...}. Then as n — oo,

an ~Y - Ai(&i) (2.2.3)

— T(—ay)nltoigh
provided the right side is nonzero.

We now present a strategy for showing that the Green’s function G(z) of a random
walk on a free group is algebraic. First, we will define a finite set of auxiliary generating
functions Fj(z), which we will write in vector form as F(z). We will then show that G(z) is

a rational function of z and the functions Fj, and that the auxiliary generating functions F;

are themselves algebraically interrelated, by deriving an equation

—

F(z) = 2Q(F(2))

where () is a vector of quadratic polynomials. Elimination theory — the process of solving a
system of polynomial equations by eliminating variables — will then imply that the function
G(z), and each of the auxiliary functions Fj(z), is algebraic in z. It will then follow, by
Proposition 2.2.1, that the singularities of GG are poles or branch points. Determination of

the orders of poles and branch points must generally be done by other means (cf. sec. 4.10).

Example 2.2.4. Let X, be a nearest neighbor random walk on I' = Zg * Z9 % Z9. Then I'
has a group presentation (a, b, c]a2 === e), and the Cayley graph is a homogenous
tree T3 with three edges connected to each vertex. Let S = {a, b, c}. Since the random walk

is nearest neighbor, the step distribution is supported by the natural generators {a,b,c},

and we let p(7) denote the probability allotted to generator ¢ for each ¢ € S. Thus, p(i) is
9



the probability of moving from e to ¢ in one step. We define generating functions:

where T'() is the first time the random walk reaches 7. Since the coefficients are probabilities,
each series converges in the unit disk.

By conditioning on the first step, we obtain the following system of functional equations:

G(z) =1+ 2[)_ p(i)F;(2)G(2)], (2.2.5)

€S
Fy(z) = z[p(0) + Y pw)Fu(z)F(z)] ies. (2.2.6)
wHleS

These equations hold on |z| < 1, since on the unit disk the power series for the generating
functions converge. We now explain how these equations are derived. First, observe that the
Green’s function G(z) can be interpreted as an expectation of “discounted rewards” along
the random walk path, where a reward of 1 is earned at every visit to the group identity e,
with discount factor z”, where n is the time of a visit. The initial time n = 0 always gives
a reward, since the random walk starts at e. After n = 0, no further rewards are earned
until the first time 7" > 1 that the random walk returns to e (if ever); at this time, a new,
independent random walk is begun at e, but future rewards are discounted by the factor 2T

thus,

G(2) =1+ (EzD)G(2).

where E denotes expectation. Now the conditional distribution of 7', given that the very

first step of the random walk is to 4, is the same as the distribution of the first time 7'(7)

10



that the random walk visits ¢ (by symmetry). Consequently,

E-l = > pli)zFi(2),
i—abc
and so equation (2.2.5) follows.

A similar argument can be given to justify the equations (2.2.6). Equation (2.2.6) holds
because either the random walk moves to the goal ¢ on the first step, or it moves to one
of the two other branches of the tree; in the latter case it must first return to the root
e (for the first time) before moving to ¢ (for the first time). More formally, at n = 1,
P(Xg=¢€,X,=0T({)=n)=pl) and for n > 2,

P(Xg=e,Xy=0T({)=n)= Y pw)P(Xg=w X,_j_1=c¢,

w#Le{a,b,c}
0<ji<n

X #efork<n—j—1)P(Xy=e,

Xj=14,Xy #efork<j).
By symmetry,

PXo=¢Xy j1=w, X Fwlork<n—j-1)

=PXg=w,X,_j1=¢,XpFefork<n—j—1).

For even n, we see that P(Xg =e, X, = ¢, T({) =n) =0.

Given the equations (2.2.5) and (2.2.6), it follows that the functions G(z) and Fj;(z) are
algebraic. Moreover, since equations (2.2.6) involve all of the functions Fj(z), and since the
coefficients of the polynomials in (2.2.6) are positive, all of the functions Fj;(z) must have a
common radius of convergence R > 1, and since the power series for Fj(z) has nonnegative

coefficients, Pringsheim’s theorem (p.133 of [Hille(1962)]) implies that z = R is a singularity

11



of each Fj(z). Equation (2.2.5), which can be rewritten as

-1
G(z) =< 2> pi)F(z) p
€S
implies that either G has a pole in |z| < R or G has a singularity at z = R. A theorem of
Guivarch (see[Woess(2000)], Th. 7.8) implies that G < co at its radius of convergence, and
so G cannot have a pole as its leading singularity; hence the radius of convergence of the
power series for GG is also R, and by Pringsheim’s theorem, this must be a singularity. Since
G is algebraic, it follows that z = R is in fact a branch point. Finally, Kesten’s theorem

implies that R > 1.

In Example 2.2.4, where the algebraic system has only three quadratic polynomials, it
is possible to solve for Fy explicitly. However, in general, when the algebraic system of
equations is large, elimination theory implies that solving for an Fy produces a polynomial
equation in Fy of large degree, for which solution by quadrature is impossible . In these cases
we need alternative methods to find the exponents a; in Darboux’s theorem above. For this

we will use Perron-Frobenius theory, as in [Lalley(2001)].

2.3 Laplace’s method and saddlepoint technique

When generating functions are multivariable, Darboux’s theorem does not apply. An-
other approach to studying coefficient asymptotics may be useful in such cases. We describe

the saddlepoint technique, which we first motivate by recalling Laplace’s method.

Proposition 2.3.1 (Laplace’s method). Let g € C? la, b] be such that for some xx € (a,b),

—¢"(2:) =1/0% >0 and g(z) < g(zs) for all x # .

12



Consider the integral

b
n::/ e9(2) gy
a

Then as n — oo,

Iy, ~ eng(x*) 2_7T
no
The more conventional statement is the case where g(xx) = 0, in which case Jp, ~ %—g;

we have stated the result in the form more useful to us. If x4 has the property that g/ (%) =0
and g(x) < g(z«) for x near x4, we will call x4 a saddlepoint of g. If x, is a saddlepoint,
with large n, values of ¢"9(@) are concentrated near Ty, S0 that the value of the integral
is determined by the value of the integrand near x4. The proof of Laplace’s method is a
straightforward application of Taylor’s theorem and the Gaussian integral.

Following Chapter VIII of [Flajolet and Sedgewick(2009)], we consider the saddlepoint
method to be the complex counterpart of Laplace’s method. Whereas in Laplace’s method,
one integrates over a real interval, the saddlepoint method involves a choice of complex
contour. Both scenarios are characterized by a saddlepoint x4 of a function f and the
availability of a local expansion of f near xx.

The saddlepoint method for the integral ff e"f(2)dz has a few essential steps. First, we
choose a simple closed contour C' that intersects (or is near) the saddlepoint of f. We divide
the contour C into two parts C'1, C9, where (7 is a neighborhood of the saddlepoint, and C9
is its complement. Since x4 is a saddlepoint of f, the integral along C5 contributes negligibly
to the overall integral and can be ignored. Along C7, we approximate f(z) by a quadratic

nf" (zx) 2
function, and obtain a Gaussian integral enf (24) 7{ S G )
Ch

2.4 Random walks on regular languages

We introduce the concept of random walks on regular languages, studied in detail in [Lal-

ley(2001)]. First we provide some definitions; for further detail, see for instance [Yu(1997)].

13



An alphabet is a finite nonempty set of symbols, and a word over an alphabet A is a finite

(possibly empty) sequence of symbols from A. A language L over A is a set of words over A.

Definition 2.4.1. A deterministic finite automaton is a quintuple

(Q? A? 67 87 F)7

where

e () is the finite set of states,,

A is the input alphabet,

0:Q x A— (@ is the state transition function,

s € ( is the starting state,

F C (@ is the the set of accept states.

A regular language is defined as a language recognized by a finite automaton. That is, each
word in the language determines a path in the automaton starting from s and ending in a

state in F.

Example 2.4.2. The group Zg * Zy * Zo with group presentation (a, b, c|a2 =2 = 02> may
be expressed as a regular language. Let s denote a starting state, and sq, s9, s3 be accept
states. Figure 2.4.2 is a diagram of a finite state automaton that encodes Zsg * Zo x Z9 as a
regular language. Following convention, the double circles denote accept states, which are
elements of the set F' = {s1, s9,s3}. A word in the language on (a,b,c) is in Zg * Zgo * Zso if
and only if it is reduced. Thus as Figure 2.4.2 shows, all finite concatenations of elements

from {a, b, c} are accepted unless a letter is followed by its inverse.

14
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Figure 2.1: Automaton representing Zo * Zo * Zso

For more on the subject of automata and groups, including examples of groups that
cannot be expressed as regular languages, see [Epstein et al.(1992)Epstein, Cannon, Holt,
Levy, Paterson, and Thurston]. Following [Lalley(2001)], we next define a random walk on
a regular language, where we use a weaker definition of a regular language that will suit our

purposes.

Definition 2.4.3. Let A be a finite alphabet. A nearest neighbor random walk on a regular
language with alphabet A is a Markov chain X, on the set U,,>9A" of all finite words whose

transitions obey the rules:
e Only the last two letters of the current word may be modified.
e At most one letter may be adjoined or deleted.
e Adjunction or deletion may only be done at the end of a word.

e Probabilities of modification, deletion, and/or adjunction depend only on the last two

letters of the current word.

These features of random walks on regular languages are formalized in [Lalley(2001)].

The definition may be weakened in various ways. For instance, instead of assuming only the

15



last two letters may be modified, we may assume that the last K letters may be modified. For
any such process, by a blocking trick explained below, an equivalent random walk obeying
the restrictions of Definition 2.4.3. We now provide two examples of random walks on regular

languages.

Example 2.4.4. Let I' be a virtually free group, that is, a group with free subgroup H of
finite index n. Let S be the set of free generators of H and their inverses, and assume S is
finite. We claim I' can be expressed as a regular language.

Let ay,...,an, € ' be coset representatives of the set of right cosets I'/H. Then any

element x € I' may be written in the form

xr=h-a;

where h = hy...h; is a reduced product of elements of S, and the expression h - a; is
possibly unreduced. Since there are only finitely many a;, there are only finitely many types
of reductions of expressions of the form h - a;. Thus there exists a finite set B such all x € T’
may be written in the form x = h-b for h € S,b € B and x is reduced. Thus we may write

I' as a regular language, with alphabet S'U B.

Example 2.4.5. Regular languages languages allow us to consider a wider class of cases
than groups. Let I' = F5 and consider T'= N x I', where N = {1,2,...,n}, so that T is a
disjoint union of n copies of T'. If {a,b} is the generating set of ', let S = {a,b,a™!,b71}.

We may define a random walk according to a law

ap(i,j) == P((i, ), (j, zh)),

where h € S and probabilities are translation invariant in the second coordinate. Then «y,

defines a step distribution for a random walk on the regular language T" with alphabet N x S.
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2.5 Perron-Frobenius theory

In the proof of the main result, we rely heavily on several results related to irreducible,
nonnegative matrices. For completeness, we state those theorems here; see XIII.2 in [Gant-

macher(1959)] for proofs of these results.

Proposition 2.5.1 (Perron-Frobenius). Let A be an irreducible non-negative n x n. matriz.

Then it has an eigenvalue A > 0 such that:

1. X is a simple root of the characteristic polynomial.

T

2. X has a strictly positive left eigenvector v' and right eigenvector w, which may be

normalized so that vIw = 1.
3. Any eigenvalue p of A is such that |p| < N, with strict inequality if A is aperiodic.
4. If A is aperiodic, we may write A = Mwvl + A where Q(A) <\, and Aw=0=0vTA,

Definition 2.5.2. For a matrix C' let |C| denote the matrix obtained by taking the modulus

of each entry.

Proposition 2.5.3 (Wielandt). Let A, C be two n X n matrices, such that A is irreducible,
and |C| < A. Then for every eigenvalue v of C, and for the mazimal eigenvalue of r of A

(which exists by the Perron-Frobenius theorem),
[ <7

Proposition 2.5.4. Given two aperiodic, irreducible n x n Perron-Frobenius matrices A, B
such that A < B, if there exists an i,j such that (A);; (the iith entry of A) is strictly less
than (B);;, we find

0(A) < o(B). (2.5.5)

17



Sketch. Since A, B are irreducible, if there exists an index ij such that (A);; < (B);;, there
exists an mq such that for m > mg, (A™);; < (B");; for all indices 4j. (This is easily seen
from the interpretation of A, B as transition matrices of an graph with n nodes.) Thus, there
exists an € > 0 such that A < (1 —¢€)B, so that A" < (1 — €)™ B", and then by Wielandt’s

theorem,

o(A)™ = o(A™) < (1= €)"a(B™) = (1 — €)™ o(B)"™

so that o(A) < (1 — €)o(B) and therefore o(A) < o(B). O
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CHAPTER 3
SPECTRAL RADII OF RANDOM WALKS ON CARTESIAN
PRODUCTS: SOME EXAMPLES

We take a detour from the main proof to address a claim made in the introduction. Let
the period of a random walk on a group be defined by d = ged{n € N: P"(e,e) > 0}. For a

random walk of period d = 2, the the spectral radius may be defined by

0 = limsup P?"(e, e)1/2".

n—oo

We stated that the spectral radius of a random walk on a cartesian product of groups is
not in general the same as the product of the spectral radii obtained from projection in
each coordinate. We first present an instructive computation that shows one case where the
spectral radius of the walk on the cartesian product is the product of the spectral radii of
the projected walks. We then present a counterexample that verifies our claim.

First, we give some preliminary notation. Recall that f(n) ~ g(n) if f(n)/g(n) — 1 as

n — 00. We will let

f(n) ~ g(n) if log f(n) N log g(n)

n n

In other words, f(n) ~ g(n) if f(n) ~ g(n) up to subexponential terms. We will need the

following form of Stirling’s approximation:

n!~ (n/e)".

Also, in the following we will repeatedly use the fact stated in the introduction that the nth

step return probability of a random walk on a free group F}. is

~ OR—?”L”—?)/?’
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where R = 1/p is the radius of convergence of the Green’s function of the random walk.
Finally, given a random walk S, = (X,,,Yy,) on Gy x Gg, the projected random walk onto

the first, second coordinate is the given by X, Y}, respectively.

3.1 An example from Cartwright and Soardi

Let (G1, 1), (Go, ua), be two finitely generated groups and step distributions such that

-
n 2

and Soardi(1987)] states that a random walk on G x Go with step distribution P = aP; ®

C’.
the return probabilities have the form a-—;%nv for C; > 0. Then a theorem due to [Cartwright

I+ (1 — )l ® Py (for a € [0,1]) has return probabilities given by

C
n®te2(qRy + (1 — a)Ro)™

Here the R; = 1/p;, where g; is the spectral radius of the (original, unprojected) random
walk on (Gj, it;). Thus the weighted product of the random walks corresponds to weighted
addition of their spectral radii.

Taking cue from Cartwright and Soardi’s theorem, we consider a random walk which
walks either horizontally (with probability 3/4) or vertically (with probability 1/4) in the
Cartesian product T' x Z. In particular, we consider (T, u),(Z,n) where I' = Fy, the free

group on two letters, and where measures u,n are defined on I', Z respectively as:

1
= Z[éa +0,-1 + 6 + 0p-1],

1
n= 5[5—1 + 01].

The measures of the projected random walks on I', Z respectively are given by

2t s
V—4,LL 46a
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| N 3 5

b= n+ e
We let the spectral radius of this random walk on I' X Z be denoted o7, and we let the
spectral radius of the projected random walks on I', Z be denoted by or ,, 07 5 respectively.
We we would like to show that

Orx7 = 0T w07y = Ol v

)

The latter equality comes from the fact that the spectral radius of the projected random

walk on Z is 1, which is seen from Kesten’s theorem. Cartwright and Soardi’s result implies

3 1 3 1
OTXZ = 7 OT,p + 1%Zn = 70T + 1
We let

Op = 0ru Ov:=20ry Ru=1/op
Thus the goal is now to show that

1 3

1T o= o (3.1.1)

To do so, we express gy in terms of g,. First, let N, be the number of steps in the I
direction. We will let k£ = [nt]|, with ¢ € [0,1]. A preliminary computation, using Stirling’s

approximation:

(2n) N n2n
o2k | (n — k)2(n—k)2k"

1
(1— t)2n(1—t)t2nt '

~Y
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Thus,

NE

PY'(Xop =€) =Y P(Xo, =eN N, = 2k)

i
je)

I
NE

P(N,, = 2k)P(Xy,, = ¢|N,, = 2k)

i
[es}

I
NE

(50 ) 6P Py, = o

)
i

/ (3/4)2nt(1/4)2n(1—t)
dt
0 R—2ntt2nt(1 _ t)2n(1—t)

1
:/ 20 gt where
0

Q

P(t) = tlog(3/4) + (1 —t)log(1/4) — tlog(R,) — tlog(t) — (1 —t)log(1 — 1)

=tlog(3/4) + (1 —t)log(1/4) — tlog(Ry) + H(t)

where H (t) is Shannon’s entropy. We solve the equation ¢'(t) = 0, and obtain

Next, we observe that ¢”(t.) = H”(ty) < 0. Therefore after approximating ¢(t) by its
quadratic Taylor approximation, using the saddlepoint method and the fact that f(n) ~

G(n)f(n) for G subexponential, we have
PY (X9, =€) = 2 (ts),
We set s(t) = tlog(3/4) + (1 —t)log(1/4) + H(t). Then

PY( Xy =€) m 2190

— 20ty log(R#)eQns(t*)

22



_ QZnt* 62715(7,‘*) '

"

Then taking the 2nt" root of both sides,

SO

Plugging this into equation 3.1.1, we need to show

13 te s(t,
7T o= olres(t). (3.1.2)

We may make the computation directly. To do so, we find the value of g;,. Let X9, be the onth
step of the random walk on I'. With probability 3/4, the random walk moves 1 step further
from the origin, and with probability 1/4 it moves 1 step closer to the origin. The return
probability of X5, is the same as that for the random walk |X9,,| that measures distance
from the origin. Then |X9,| is approximately (ignoring steps starting at 0) a random walk
on Z4 that moves one step to the right with probability 3/4, and to the left with probability

1/4. Thus the probability of return is:

P, =0 ~ () e
~ 220(1/4)"(3/4)"

= (3/4)™. Thus,
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Substituting this value of g, into equation 3.1.2, we find that now we need to show:

2+3v3 _ (ﬁ)t ()

8 2
where
L3 3v3
" R,+3 2433
1 —t, = 2
T 9433
and

s(ts) =ty log(3/4) + (1 — t2) log(1/4) + H(ty)
o ((3/4%*(1/4)”*)

(1 — ty) 1 tetls

In sum, we need to show that:

3v3 3v3 2
2433 <\/§> 208V3 [ (3/4)2+3V3 (1/4)2+3V3
s\ 2 33
( 2 )ﬁ 3V3 2+3V3
2+3v/3 2+3v/3

We confirm the validity of the expression with MATHEMATICA.

3.2 The counterexample: a random walk on I' x I

Next, we turn to an example where the spectral radius of the random walk on a Cartesian

product is not the product of the spectral radii of the projected random walks. We consider

['xT", where again I' = F5. Suppose we flip a fair coin so that with probability 1/2, the random

walk moves 1 step in the first coordinate and 2 steps in the second, and with probability 1/2

the random walk moves 2 steps in the first coordinate and 1 step in the second. The step
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distribution associated with this random walk is not a product measure, because steps in the
second coordinate depend on the first. We also assume the random walk is isotropic in each
coordinate; in other words, in each coordinate the walker has equal probability moving in any
direction of the same length. We let p be the spectral radius associated with this random
walk on I' x I'. Thanks to symmetry considerations, the spectral radii of the projected
random walks in either coordinate are equal and will be denoted g,. Finally let g, be the
spectral radius of the simple random walk on I', which we found in the previous subsection

to be v/3/2; again we let Ry, = 1/0,. We will show that

0# 0%

thus we confirm that the spectral radius of a random walk on a Cartesian product is not in
general the same as the product of the spectral radii of the projected random walks in each
coordinate.

Let N1 9) denote the number of times the random walk moves 1 step in the first coordi-

nate and 2 steps in the second. Then

NE

P((XZnaYQn) = (676)) = P(XQn =eNYo, =e€eN N(LQ) = Zk)

il
=)

I
NE

P(N(1,9) = 2k)P(Xon = e N Yoy = €[Ny 9y = 2k)

=
I
o

NE

Il
=

k
. P(Yoy, = €| Ny o) = 2K)

20\ )2k o—2(n—k) p—2k p—2(2n—2k) p—dk p—(2n—2k)
(%)2 o 2=k kR, R,** R,

20\ 5—2n ,—6
2 n n
(o)
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1
~ / (1 — )7 20—y =2ntg=2n R 6n gt Then
0

1
P<X2nay2n) = (6,6)) ~ / 6_2n¢(t)dt7
0
where ¢(t) = —H(t) +1log2 + 3log R,. Then if & (t) = 0, ty = %’ and

P((Xop, Yon) = (e,¢)) ~ e 2n0(1/2)

= (Rz)_%. Thus,
3 3V3

0=0u= S
We now compute the spectral radius of the projected random walk.

P(Xop =€) =Y P(Xon =en Ny g) = 2k)

k=0
= > P(N(19) = 2k)P(Xay, = €[Ny 9) = 2k)

k=0

k=0

1

~ (1— t)7271(1715)thnthQnR;Qn(Q—t)dt.

where ¢(t) = —H(t) + (2 —1t)log R;, +log 2. Then solving Y/ (t) =0, we find £ = 15}”3“.

2l ”R/‘) We have,

6%
Ry 1 1 2+ R
- 1 H1oe R, +log 2
2R?
=1 K
0g1+Ru,so
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QRI% —2n
P(Xo, =¢€) &

1+ Ry
2 2n 2n
+
_ (QM QM) — (M) . Thus,
2 8
2
oy = # Then,
2
3v3 3+2V3
s s )

so in this case, the spectral radius g of the random walk on the product I' x I' is not the

same as 912/ .
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CHAPTER 4
MAIN RESULT

This chapter is devoted to the proof of our main result, Theorem 1.0.4.

4.1 Definitions and hypotheses

As in the Introduction, let I'y be a discrete group which has a (symmetric) generating
set S relative to which the Cayley graph is a tree. Let p be a probability distribution on

I' = T'1 x Z, which is not necessarily a product measure. Denote the support of u by

Uw={yel:puly) >0},

and let

A={m(y):y €U},

where 71 : I' — I'7 is the projection onto the first coordinate. A random walk on I'" with

step distribution p is a Markov chain S, = (X, Lp) on I', defined by

Sn41 = Sp * (5n+1a Cn+1) (4'1'1)

= (Xn€n+17 LTL + Cn+1)>

where {(&;, (;) }ien are i.i.d. random variables with common distribution p. Unless otherwise
specified, we assume that the initial state Sy is the group identity, i.e., So = (e, 0). To denote
the law of a random walk started at initial point (x, k), we will use a superscript on the
underlying probability measure: thus, under P”"’k, the sequence ), is a random walk with
step distribution p (cf. equation (4.1.1)) and initial point So = (z, k). When (z,k) = (e, 0)
is the group identity, we will (when there is no danger of ambiguity) drop the superscript

(e,0) and simply write P.
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We make the following hypotheses on the step distribution pu.
Assumption 1 (Finite support). u has finite support; that is, |U| < oc.

Assumption 2 (Irreducibility). For any two elements x,y € I there is a path from = to y of

positive probability.

Assumption 3 (Positive and negative support). For each j € A, there is k € N;m € —N so

that (4, k), (j, m) have positive probability.

Assumption 4 (Aperiodicity). (e,0) € U. In particular, we have no parity issues in the

statement of the main theorem.

For the next assumption, we first introduce some notation. Let S be a set of free gener-
ators of I'; and their inverses, such that the Cayley graph of I'y with respect to S is a tree.
Recall that A is the support of the projection of the distribution on the first coordinate. Let

| - | denote the usual word norm with respect to S, and let
K = max{|w|}.
weA

Assumption 5. A is equal to the set of all elements of word length < K. In other words,

K
A= S where SO := {e}.
1=0

Our strategy will be to derive a set of algebraic relationships among a suitable collection
of generating functions, similar to those introduced in section 2.2, from which the return
probabilities can be extracted by residue calculus. Assumptions 1 — 5 will be of crucial im-
portance in the derivation. To obtain the algebraic relations, we shall exhibit the (projected)
random walk X, = 7(Sy) on I'1 as a random walk on a regular language. Treating the
identity element e (which is represented by the empty word in the symbols S) as a special
letter, we view A as an alphabet. To translate words in the alphabet S to words in the new

alphabet A, we group words in the elements of S into K-sized blocks starting from the left.
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For example, if K =2, s; € S:

8189283 — (8152)83.

Thus, every reduced word in the letters S is translated to a word in the alphabet A in which
all but the final symbol are elements of AK When this translation is applied to the random
walk X, the resulting process (which we will continue to denote by Xj,) is a random walk
on a regular language over the alphabet A, because by Assumption 5, right multiplication
by elements of A modifies at most the last two letters; cf. Definition 2.4.3. We provide an

example that illustrates the blocking trick.

Example 4.1.2. Let Fy be the free group on two letters, and let the generating set and the

probability support of a random walk on Fy be

2
S={abat b} A=]S,
1=0

respectively, so that K = ma;lc{|w|} = 2. The Cayley graph of Fy with respect to S is a
we

homogeneous tree of valence 4. Each reduced word x in .S, written uniquely as

for g; € S, can be rewritten uniquely via blocking as
x=by...bp_1by,

such that b; € A, |b;| = 2 for i < k, and |bg| < 2. If k > 2, concatenating x by an element of
A modifies at most the last two letters by_1b;, and if £ = 1 concatenation modifies at most
the letter b1. Thus the random walk on the Cayley graph of F5 defined by the distribution

support A corresponds to a random walk on a regular language £ over the alphabet A.
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Translation by blocking changes word-length: given a reduced word x = z1...zj of
length £ > 1 in the letters S, the corresponding word x = by ...bps_1bys in the regular
language over A has length k' which satisfies k = K(k' — 1) + L, where 1 < L < K.
Henceforth we shall refer to k" as the block length, written |z|g = K/, to distinguish it from
the (usual) word length |x| = k. The empty word is assigned block length 0.

Next, we define a system of generating functions for the random walk on I". These will
be functions of two variables z, w (unlike the generating functions of section 2.2); the second
variable w will be used to keep track of the level L,, of the random walk in the Z coordinate.

For s € T'; such that |s|g = 1, and for (z,w) € C x C, define

= Z Z P(e’o)(Sn = (e,m))z"w™,

meZneN

Fse(z,w) = ZZPSO T =n and Sy = (b,m))z"w"™.
meZneN

Here,

T =min{n >1: X, =e},

or T'= oo on the event that there is no such n. For a,b,c € 'y such that |bc|g = 2, |a|g =1

we define

Fpeo(z,w) := Z ZPbCO "=n and S, = (a,m))"w™.
meZneN

Here, T’ := min{n > 1: |X,|p = 1}, that is, T is the first time the projected random walk

X, returns to the ball of radius K centered at e in the Cayley graph.
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4.2 Algebraic relations among the generating functions

Let ps 1. = p1((s, k)) be the probability of moving from (e, 0) to (s, k) in one step, and set

ps(w) == Zp&kwk.

keZ

To obtain relations among the various generating functions introduced above, we condition
on the first step of the random walk X,,. In its first step, a random walk starting at e either

stays at e or moves to a € A, where |a|g = 1. Thus,

G(z,w) =1+ 2pe(w)G(z,w) + Z 2pa(w) Fy.e(z, w)G(z, w). (4.2.1)

acA
a#e

Furthermore, since a random walk that is at a word a of block length 1 can move to a word

of block length 2,1, or 0, we have

Fse(z,w) = 2pg—1(w) + zZpS_la(w)Fa’e(z, w)+ (4.2.2)

23S D1y (W) Py (2, 0) Fy (2, w).
bc a

Here Z denotes a sum over elements of block length 2, and Z is a sum over elements of
a

be
block length 1.
Thus, each Fse can be expressed in a quadratic relationship with other first passage
functions of the form Fy ¢, Fyyp, .. Similar considerations lead to quadratic relationships among
the functions Fy .. From the start point ab, the random walk X, can jump to a word of
block length 1,2, or 3. On the event that the first step is to a word of block length 3, it

must then visit a word of block length 2 before it can reach the set of words of block length
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1. Thus,

Fab,c(Z> w) :Zp(ab)—lc(w) + Zpe(w)Fab,c(za w)+ (4.2.3)

Z Zp(ab)—ldg(w)ngp(za w)+
dg

+z Zp(gb)—lehf(w) Z Fhf,g(za w)Fﬂg,c<z7 w),
Lhf g

where >y, f is a sum over elements of block length 3.

We now introduce a vector notation we will use throughout the proof. We let F 1 be the
vector of first passage functions of the form Fse, let ﬁg := F be the vector of first passage
functions of the form Fy ., and let F = (ﬁlT ,ﬁzT )T (the superscript T denotes matrix
transpose) be the vector of both kinds of first passage functions. With these conventions,

the system of algebraic relations (4.2.3) can be written in vector form as

— — —

F=z2Q(w,F)

where Qj is a vector of polynomials in the variables F and w.

Lemma 4.2.4. For each first passage function F' and for each w, the function F(z,w) is an

algebraic function of z.

Proof. Recall that two polynomials f(z),g(z) have a common solution if and only if their
resultant, which is a polynomial in the coefficients of f(z), g(x), equals 0 (see Theorem IX.4.1
in [Lang(2002)] for details). This result applies to polynomials with coefficients in any field.

Recall we have let F” be the vector of first passage functions of the form F s,es Pab,c- We

combine the finite systems of polynomial equations (4.2.2), (4.2.3), writing:

Ole(ﬁ/,z,w;ﬁ),
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0= Sp(F', 2z, w; ).

Here p'is the vector of coefficients of the form py(w); for the moment p'is treated as a constant
vector.

These equations are simultaneously equal to 0 if and only if for each of the component
functions F' there is a polynomial P, obtained by repeatedly applying resultants, such that
P(F, z,w;p) = 0. For completeness, we briefly explain the elimination process. By definition,
the resultant of two polynomials f(x), g(x) is a polynomial in the coefficients of f(x), g(z).
Thus we may choose, for instance, the first two polynomial equations in the list above,
S1, 59, choose a variable Fy in common, and write S7,.S9 as polynomials in the variable F
with coefficients in the remaining variables. We then eliminate Fy by replacing the S7, 59
polynomial equations with their resultant, which is a polynomial in the remaining variables.
We continue the elimination process in this manner until the original system has been reduced
to a single polynomial equation involving F) z, w, and the transition probabilities 7 (which

depend on w). The existence of such a polynomial relation implies the result. O

Lemma 4.2.5. Assumption 5 implies Irreducibility Assumptions 2.8 and 2.4 in [Lalley(2001)].
In particular, with L a reqular language over the alphabet B = Ufil St we have the follow-
mg:

1. Let

w| = 2179 ...Tma € L

and

wo =T1x9...Tm € L

such that |x;| = K for i < m,|xy| = L < K and |a] < K. There ezists a path of

positive probability from wy to wo through words of length at least (m — 1)K + L.
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2. Given

wy=ay...a €L

and

wo =by...bpy1...ym € L

such that |ag|, |ym| < K and all other a;,bls,yls and w have length K, there exists a
word € L of the form

w3 :bl...bk/wal...ak eL,
and there is a positive probability path from we to ws through words of length > k'

Proof. Since by Assumption 5 the support A contains all elements of length 1 and their
inverses, this is clear, since we have full freedom to reduce words by applying appropriate

inverses of length 1 and build words by applying generators of length 1. O]

Since F = z@(w, ﬁ), F is a fixed point in x of the equation x = z@(az) For each compo-
nent I, ., we may resubstitute the right hand side of the ab, A component of 2Q (w, F (z,w))
back into each Fyy, . term. After doing this m times for each component, we obtain the equa-

tion F = zméom(ﬁ ), where Cjom denotes m-times functional composition.

Lemma 4.2.6. There exists an integer m > 1 such that for any two first passage functions
of the form Fup o, Fyny o, the variable Fyry o appears as a term with a positive coefficient in
the ab, " index of

F = 2mQ(F). (4.2.7)

Proof. It suffices to show that for any first passage functions Fy o, Fyyy o, there exists
an m such that Fy » appears as a term in the ab, A index of the right hand side of
equation (4.2.7). This is because the right hand side of (4.2.3) comprises terms that z times

a probability, then times a [, . function, and all coefficients are positive. Thus once a

35



function appears as a term at some m it does so in all subsequent iterations (with a higher
power of z).

The ab, A term of the right hand side of equation (4.2.7) corresponds to a path from
ab to c through words of block length > 1 once m intermediary conditions are taken into
account. The presence of F a'b ¢ in the ab, A term corresponds existence of a subpath from
a’'t’ to ¢ through words of block length > 1. Lemma 4.3.13 guarantees the existence of such

paths. O

4.3 Definition of the branch point R(w)

For each w > 0, let R(w) be the radius of convergence of G(-,w). In this section we
will show that R(w) is also the radius of convergence of each of the first passage functions
Fae(,w) and Fp o(-,w), and that R(w) is a branch point for all of them. We will then

extend R(w) off of the positive real axis.
Proposition 4.3.1. For each w > 0 we have 0 < R(w) < 00.

Proof. First we show that R(w) is bounded above by a positive number. By hypothesis,
the random walk .S), is irreducible, and so there is a positive-probability path of some finite

length m > 1 that begins and ends at (e, 0). Hence,
P{Spy, =(e,0)} :=¢ > 0.
But it then follows that for any n > 1,
P{Spm = (e,0)} > ¢",

and so limsup P{S,, = (e, 0)}1/” > ¢1/™ > (0, which implies that the radius of convergence

1/m

of the series G(-,w) is bounded above by 1/¢*/™ < cc.
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Next we show that the radius of convergence of G(-,w) is positive. It suffices to show

that the coefficients

keZ

grow no faster than exponentially in n, i.e., that there is some r < oo such that ¢, < r" for
all n.
Let K be the maximum value of |k| for which p, ;. > 0 for some z € I'1. Then in each step

of the random walk, the L—coordinate changes by at most £K, and so for alln =1,2,...,
|Lp| < nK.
Consequently, for any w > 0,

Cn = Z P{X, =¢; Ly = k}wk

keZ
< (w+w " P{X, =€ Ly =k}
keZ
< (w + w—l)nK
0
Proposition 4.3.2. For each w > 0,
G(R(w),w) < oo. (4.3.3)

The proof of Proposition 4.3.2 will rely on the following corollary of a result of Y. Guiv-
arc’h, cf. Theorem 7.8 in [Woess(2000)].

Proposition 4.3.4. Let Yy, be an irreducible random walk on a nonamenable group T, and
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let G(z) be its Green’s function, that is,

G(z) = Z P{Y, = e}2".

n=0

If r < 0o is the radius of convergence of the power series for G, then
G(r) < co.

Proof of Proposition 4.3.2. Fix w > 0 and define a probability distribution (qx)ggep1 on the

group I'1 by

> ez Pa g
4y = REL TR T where o(w) = Z pr,kwk‘

QO(UJ) xel'1 keZ
Let Y}, be the random walk on I'y with step distribution (qx)xepl; then a routine induction

on n shows that for any n > 0 and y € I'y,

P{Yy =y} =Y P{Xp=y; Ln = k}uw"/p(w)".
kEeZ

Consequently, the Green’s function G(z,w) of the random walk (X, Ly,) satisfies

G(z,w) = Y P{Yn = e}(zp(w))" = G(zp(w))
n=0

where G/(z) denotes the Green’s function of the random walk Y. Hence, the radius of
convergence of G(-,w) is 7/¢(w), where 7 is the radius of convergence of G. Guivarc’h’s

theorem implies that G(7) < oo, and so the inequality (4.3.3) follows. O

Corollary 4.3.5. G is a holomorphic function of w and the first passage functions Fge.
Moreover, for fizedw > 0, none of the first passage functions Fg ¢(z,w) can have a singularity

in the disk |z| < R(w), and so each must have radius of convergence at least R(w).
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Proof. As before, let F 1 be the vector of first passage functions of the form Fy . By solving

equation (4.2.1) for G,

1 —
G = =0(z, F 4.3.6
I —2zpe — 2 Za;ée paFa,e (Z 1> ( )

The right hand side of (4.3.6) can be understood as a rational function © of the variables
z, F 1; this function is holomorphic at any point where the denominator in its definition (4.3.6)
is nonzero. Furthermore, since the denominator is in fact linear in the variables F 1, none
of the entries of F| can have a singularity in the disk |z| < R(w). Finally, In Proposition
4.3.2 we showed that G(R(w),w) < oo for w > 0; therefore, at this point the denominator

is nonzero, and so G is holomorphic in F}. O

We recall that F := Fj is the vector of first passage functions of the form Feq 5. Fixing

w > 0 and suppressing it from notation, equation (4.2.2) may be written in vector form

Fy = zM(F(2))F| + zp for 5> 0 =
Fy(I = 2M(F(2))) =

(4.3.7)

—

where M(F'(2)) is a square matrix whose entries are linear functions of the entries Fy, . of

F, all of whose coefficients are nonnegative (see (4.2.2)). Thus for z sufficiently small,
Fy = —zM(F(2) 1 2p (4.3.8)

Therefore, F| has a singularity at z = R(w) if and only if one of the following hold: first,

—

if M(F(z)) has a singularity as a function of z at z = R(w), or second, if the matrix

—

I — zM(F(z)) is noninvertible. We show the latter is not possible:

—

Lemma 4.3.9. det(/ — 2M(F(2)) # 0 at z = R(w).
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Proof. For each fixed w > 0 the generating functions G, Fy e, and Fy, . are all positive and

nondecreasing in z for z > 0. Furthermore, the functions Fy . and Fy, . converge to 0 as

—

z — 0. Consequently, for all sufficiently small z > 0, the matrix I — zM (F'(z) is invertible.

—

Let z4 be the smallest value of z for which I — zM (F'(z) is non-invertible; then 0 < zy < oo.

—

For each z > 0 the matrix zM(F(z)) is a Perron-Frobenius matrix whose entries are

monotone and vary continuously with z. (That zM (F(z) is irreducible and aperiodic follows
by considerations similar to Lemma 4.3.13). Thus, the Perron-Frobenius theorem applies. The
lead eigenvalue Ai(z) is increasing and continuous in z, and so zx must be the value of z

at which A\j(z) = 1. Let hj(z),v1(z) be the left and right Perron-Frobenius eigenvectors,

normalized so that v1(z)h1(z)T = 1. Then equation (4.3.8) can be rewritten as

Fy = (I - 2M(F(2)))"'p

(.¢]

= [ > (zM)"| zp

Ln=0

= |m () ()" i A (2)" + error of size (1 —€)"\1(2)")]| 2p.
L n=0
At z = 24, the series diverges, and thus some component of ﬁl must have a pole at z4. It
now follows that R(w) < zx, because in Corollary 4.3.5 we established that G is holomorphic
in ﬁl, and thus up to higher order terms is linear in the components of ﬁl. If ]31 had a
component which has a pole at z = R(w), this would contradict Proposition 4.3.2. We
conclude that I — zM(F(z)) is invertible at z = R(w). O

Proposition 4.3.10. For each w > 0, the radius of convergence R(w) of G(z,w) is also
the radius of convergence of each passage function Fse, Fyyp .. Furthermore, 2 = R(w) is a
branch point of G(z,w) and the first passage functions, and for each of these functions the

branch point has the same degree.

Proof. Throughout this proof, w > 0 will be fixed, and all generating functions will be
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viewed as functions of z. By Pringsheim’s theorem, G(z, w) has a singularity at its radius of
convergence, and by Proposition 4.3.2, G(R(w),w) < co. Consequently, by equation (4.3.6),
all of the functions Fj, ¢(z,w) must be finite at 2 = R(w), and at least one of them must
have a singularity, since otherwise G would be analytic at z = R(w).

Recall that Fy = (I — zM(F(2))) 125, by equation (4.3.8). From Lemma 4.3.9, F has

—

a singularity at z = R(w) if and only if zM (F'(z)) has a singularity as a function of z at
= = R(w). Moreover, since (I — zM(F))~1 is a holomorphic function of F (by Cramer’s
rule), F} is a holomorphic function of F. It now follows that none of the functions F ab,c(2, W)
can have a singularity in |z| < R(w) (since this would force one of the functions Fy ¢ to also
have a singularity in the disk, contradicting Corollary 4.3.5), but at least one of them must
have a singularity at z = R(w).

We now show that R(w) is the radius of convergence of each of the first passage functions,
and that the singularity type is the same for each first passage function and G. We have
seen that there is a component F' of ﬁl whose radius of convergence of is R(w). Hence, by
equation (4.3.8), there is a first passage function in F whose radius of convergence is R(w).
Lemma 4.2.6 implies that all functions in F have the same radius of convergence R(w) and
singularity type at R(w). Since all functions in F have the same radius of convergence and

singularity type, equation (4.3.8) implies all the functions in F 1 do as well. Finally, equation

(4.3.6) implies R(w) has the same singularity type for G(w) as for F. O

As before, let F be the vector of first passage functions of the form Fup,e- Recall that F

satisfies a system F = z@(w, F ) of quadratic polynomials. Define

Moy o 200 Fe) W
’ ' oF F=F(zw) o

—

to be the Jacobian matrix of this system. Differentiation of the equation F= z@(w, F) gives

dF = (d2)Q(w, F(z,w)) + zM(z,w)dF,
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which implies

—

(1 —2M(z, w>dﬁ) — (d2)G(w, F(z,w)). (4.3.12)

By the implicit function theorem, the vector-valued function z ﬁ(z, w) has a singularity
at z (i.e., some component F, . has a singularity) if dF is not solvable in terms of dz, or

equivalently, if I — zM(z,w) is not invertible.

Lemma 4.3.13. For each z > 0 and w > 0, the matriz M (z,w) is an irreducible, aperiodic

Perron-Frobenius matriz.

Proof. It suffices to show that some (positive integer) power M (z,w)™ of M (z, w) has strictly

positive entries. This follows directly from Lemma 4.2.6, because

M(z,w)™ = 9Q(F) : = M (4.3.14)
’ OF oF o

m
Therefore, the Perron-Frobenius theorem implies that for each pair w > 0,z > 0 there is
a positive eigenvalue \(z,w) such that

Mz, w) = o(M(z,w)),

where o denotes spectral radius.This eigenvalue has multiplicity one, and all other eigenvalues
of M(z,w) have norms strictly less than A(z,w). Moreover, since the entries of the matrix
M (z,w) vary continuously with z and w, so does A(z,w); and since for each w > 0 the

entries of M (z,w) are monotone in z > 0, so is A(z, w).

Proposition 4.3.15. For each w > 0, R(w) is the smallest positive z-solution of

2N (z,w) = (4.3.16)
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Proof. First, suppose that zA(z,w) > 1 at z = R(w). Then by the intermediate value
theorem there is some 0 < zx < R(w) where zyA(z«,w) = 1. But then one of the first
passage functions F;, . must have a singularity at z«, by the implicit function theorem. This
contradicts the fact that R(w) is the least positive singularity in norm of Fyy, ..

On the other hand, suppose that zA(z,w) < 1 at R(w). Then the spectrum of zM (z, w)
is contained in a disk of radius < 1, so the matrix I — zM(z,w) is invertible. But this
implies that dF is solvable in terms of dz, so by the implicit function theorem none of the
components of F have a singularity at R(w). This contradicts Pringsheim’s theorem, which
states that a power series with positive coefficients has its least positive singularity at its

radius of convergence. O
Corollary 4.3.17. R(w) extends to a branch of an algebraic function of w.

Proof. By Proposition 4.3.15, for each w > 0 the value R(w) is the smallest positive root of

the equation (4.3.16), and hence is a root of the determinental equation

det (I — za—@) =0
oF

Here the Jacobian matrix is evaluated at F (z,w); thus, the determinant is a polynomial in
the variables z,w, F. But for any w > 0, the function(s) F (z,w) solve the algebraic system
F = z@(w, F ); consequently, by elimination, R(w) satisfies a (minimal) polynomial equation
H(w, R(w)) = 0 for w > 0. It follows that R(w) can be analytically continued to a branch

of an algebraic function. O

Proposition 4.3.18. The function w — R(w) is analytic at every w > 0, that is, it has no

branch points on the positive axis.

This result will be of central importance, as it will justify the contour deformation in the

proof of the main result below.
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Proof. If the function R(w) were to have a branch point at some wy > 0, then R'(w) — oo
as w — wy from below. We will show that this cannot be the case.

Recall that for w > 0 the value R(w) is the radius of convergence of the Green’s function

0]

G(z,w) = Z Z P{X,, = e; Ly = k}wPz".

n=0keZ

By Assumption 1, there is an integer M < oo such that the step distribution p has support
contained in I'y x [—M, M]; thus, the projection L, of the random walk cannot jump by
more than +£M in one step. It follows that |Ly,| < nM, and so the inner sum in the series for
the Green’s function contains only terms with —nM < k < nM. Now for each k € [—M, M]
the monomial w” has finite derivative at w = wy, and so because there are only finitely

many possibilities for k there exists C' < oo such that for all [0] > 0 sufficiently small,

(wie +0F < 1+ CHwWF and

(wie + 6 > (1+ o)Lk,
This implies that for every n > 0,

Z P{X, =e: Lp = k}ws + 6)F < (14 Co)" Z P{X, =¢ Ly, =k}wF and

keZ keZ
> P{Xp=¢€ Ly =k}w+0)" > (1+C8)™" Y P{Xy =e; Lp = k}uwl.
ke keZ

Therefore, the ratio R(ws 4 6)/R(wy) is bounded above and below by (1 + C9)*! for all &
in a neighborhood of 0. This proves that the derivative of log R cannot be infinite at any
ws > 0, and it follows, since 0 < R(w) < oo on the positive axis, that the derivative of R

cannot be infinite at any wy > 0. O
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Proposition 4.3.19. The function R(w) has a saddle point at some w = p > 0, that is,

R(p)=0 and (4.3.20)

R’ (p) <O0.

The proof is long and rather technical, and therefore we postpone it to Section 4.10. A
notational remark: we use p > 0 to denote this saddlepoint; the symbol o denotes spectral

radius.

Definition 4.3.21. Let p be the saddle point (4.3.20). Let o > 0 be such that R(pe?) is

defined for |0] < a. For brevity, we shall in the remainder of the chapter denote
R = R(pe"’)
Finally, for |0] < «, write
Gy(z) = G(z,pem).

Proposition 4.3.22. For w > 0 near p, R(w) is a square-root singularity of z — G(z,w),

that is, the singularity of G(z,w) at z = R(w) is a branch point of order 2.

Remark 4.3.23. In the special case where the random walk is symmetric, the existence of a
saddle point is straightfoward, and the saddlepoint occurs at w = 1. This is because G(z, ew)
is a function with real coefficients, such that there is local maximum of w = e at 0 =0,
and thus correspondingly a local minimum of R(w) at R(1). Moreover, the symmetry of R

in 0 implies that R” (%) < 0.

Sketch. The proof is similar to Proposition 7.17 of [Lalley(2001)], which we summarize here.

We fix w > 0 and often suppress it from notation. First, we recall that R(w) is a singularity
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of the same type for GG as for first passage functions in F , so it suffices to show that for w

near p, R(w) is a square-root singularity of some z — F(z,w). R(w) is defined for w > 0

near p. We would like to show that F(R(w)) — F(z) ~ Cp(R(w) — 2)Y/2 for Cp > 0.
Writing AF := F(R(w)) — F(z) and Az := R(w) — 2, from the system F = 2Q(F(z))

we obtain an equation

(I — R(w)M(R(w)))AF =(Az)Q(F(R(w))) — R(w)(quadratic terms in AF)

— (Az)(linear and quadratic terms in AF).

Now let v be the left eigenvector of M(R(w)) and A(R(w)) the Perron-eigenvalue as

before. Since R(w)A(R(w)) = 1, we have:

(A2)(vT Q(F(R(w))) =R(w)(quadratic form in AF)

— (Az)(linear and quadratic terms in AF).

—

Since v has strictly positive entries, vTQ(F(R(w)) is positive; also, the quadratic form on
the right hand side is nonnegative definite and nondegenerate by irreducibility assumptions

on the random walk. O
Corollary 4.3.24. For w near each wy > 0, R(w) is a square root singularity.

Proof. Fix wyx > 0. Let C' be a small oriented circle centered at R(ws), so that there are
no other singularities of G(z,w) in or on the circle. As z winds around C, the argument of
G(z,ws) — G(R(w4), wx) is m, by Proposition 4.3.22. By the continuity of R(w) in w, for w
near wy, R(w) is a small distance from R(wy), and we may assume that R(wy) is inside C.
Since the argument of G(z,w) — G(R(w),w) is continuous in w, as z winds around C, the

argument is still 7. O]
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4.4 Outline of proof

Assuming Proposition 4.3.19, the main steps of the proof of Theorem 1.0.4 are:

i) For each |0 < m, we can find a simple closed curve Cy in C which has 0 in its interior
p 0
and all singularities of Gy in its exterior. Applying Cauchy’s integral theorem, we write

the return probability as:

s
| Gy
P(Xn =, Ln=0) = 5 /j'{ 0 et
—7 Cy

(ii)) We show that

P et=0~ e [ 9

|0|<OL C@

(iii) We deform the contour Cy. We show we may integrate just over a line segment that

intersects the point Ry.

(iv) After changing variables and writing Gy(z) as a Puiseux series near Ry, we show that

for some k1 > 0,

P(Xp = ey =0) o L [T L4
( TL_€7 n — )Nn3/2 Rn 3/2

(v) Finally, we show that that for some ko > 0,

« i
ry Vg o 2
/a 0 n1/2R8_1

4.5 Integral concentration

Lemma 4.5.1. For all € > 0 sufficiently small, there exists a & > 0 such that for all

0 € [—m,w]\[=0,0], G(-, pe'®) has no singularities in the disk {z : |z| < Ry}
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Proof. The lemma statement is equivalent to the statement that for all ¢ > 0 sufficiently

small, there exists a 0 > 0 such that for all € [—m, 7]\[-J, d] and |z| < Ry,
o(zM(z, pe'”)) < 1—¢,

where ¢ denotes the spectral radius. For then at such z the matrix I — zM(z,w) is nonsin-
gular, dF is solvable in terms of dz via equation (4.3.12), and therefore z is not a branch

point. It suffices to show that for all § # 0 € [—m, 7] and |z| < Ry,
o(zM(z, pe'?)) < 1.

That this statement is sufficient follows from the continuity of the elements of the spectrum
in 6, and the fact D1(0) is open.

We now outline the remaining argument. In order to show that o(zM(z, pei?)) < 1 for
all 0 £ 0 € [—m, 7] and |2| < Ry, we will use the two theorems to compare zM(z, pei?) to

RoM(Ry, p), as follows. First, from Wielandt’s theorem (Proposition 2.5.3),
o(2M (2, pe'’)) < o(|2M (2, pe™))).
Now suppose we can find a matrix B such that
|2M (z, pe'?)| < B.
We may reapply Wielandt’s theorem to find that

oM (z, pe')]) < o(B).
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From Proposition 2.5.4, if we can show that there exists an entry index 75 such that

(|B)ij < (RoM(Ro, p))ij;

and if we can show these matrices are aperiodic and irreducible, we conclude the proof by

applying (2.5.5) and recalling that

o(RoM(Ro, p)) = L.

We obtain this bounding matrix B by applying the triangle inequality in each entry of
|2M (z, pe'?)| so that the entries are sums of absolute values of z,py and F. We exhibit some

of the entries:
10 10 16
121 (1pe(pe) + > Ipg-15 (0 )| Fye (2, pe™)]),

be
; ’
2P 5146 (P )| Py e (2, pe™”) (4.5.2)
) ) )
[2l(1ps-11 (0e™) 4+ 3 1Ps-14 06 | Fhe (2 ™).
be

All of the entries of B have a property exhibited in the formulae (4.5.2), namely they are |z|

times a sum of terms of the form

pe(pe)| or  |pe(pe®)F(z, pe?)],

or both. By comparison, all the entries of RyM (R, p) are Ry times a sum of terms of the

form

pe(p), pe(p)F(Ro, p).

Thus it suffices to show that |py(pe’®)| < py(p) and |F(z, pe'?)| < F(Ry,p) for all first
passage functions F.

We first recall a classical result. Let a, > 0, where ay, is strictly positive for at least two
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n. If ged{n : ap > 0} =1, then

| Z aneme| < Z an

nes nez

for 0 < |0] < 27. This is because if m,n are coprime, the pair eme, ™Y are linearly inde-
pendent as vectors in R? for all 0 < |0| < 27, but they must be dependent for a maximum
to be reached. From this result and the aperiodicity assumption we conclude that indeed
pe(pe™)| < pe(p)-

For the first passage functions F'(z, pew), let py.n > 0 denote the coefficients. Then:

F(z e =132 pmnz"(pe™)™|
m n

< Z Z ’pm,nzn(f)em)m|
m n

=22 pmale"0"
m n

<Y pma(Ro)"p™ = F(Ro, p)
m n

]

Corollary 4.5.3. For each |0| < 7, we can find a simple closed curve Cy in C which has 0

in its interior and all singularities of Gy in its exterior.

Proof. First, for all # in a sufficiently small neighborhood of 0, |Ry| is the radius of con-
vergence of Gy(z). Ry is the radius of convergence and the smallest singularity of Gg(z)
in norm, and since the singularities of Fy, .(z, pew) perturb continuously with 6, for small
enough perturbations, Ry remains the smallest singularity in norm of Gy. Moreover, an
analytic function has at least one singularity on its circle of convergence, so Ry must be
on the circle of convergence. Thus, for small §, we may take Cy to be a circle of radius

0 < r < |Rgl|- Second, for # larger than 0, the previous lemma 4.5.1 implies that we may
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take Cp to be the circle of radius Ry. [

As above, let a > 0 be such that R(pew) is defined for |0| < a. We may conclude that

the df integral is concentrated in an a-neighborhood of 6 = 0:

Lemma 4.5.4.

1 Gy(z
P(Xn=e,Ln=0)~ — / }4 Zgifdzde.

=
\9|<a09

Proof. Fix € > 0. Using Lemma 4.5.1, there exists an ¢ > 0 such that Gy(z) has no singu-
larities in the disk {z : |z| < Ry + €} for 6 < |#| < m. Then redefine « to be be the minimum
of a above and this §. We may write

P(Xp = €, Ly = 0) = —— / ]{Gfbff dzdo

A2 z
‘9|<O¢ Cg

/ 7{ C:nil) dzdf.

a<|9|<7r {z:|z|=Ro+¢€}

It suffices to observe that since Gy(z) is bounded in 6 and z, there exists a C' > 0 such that

/ 7{ izil)d do| < ﬁ.

a<|f|<m {z:|z|=Ro+e}

Then this term is asymptotically negligible by comparison with the term

Gy(2)
/ fan d=do,

|9|<a Cg

/

(Ro)"

provided we can show that the latter is ~ for C’ > 0, which we will do below. m
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Figure 4.1: Contour deformation to 001 U C?; contours 1,2,3

Cy Gy

4.6 Contour deformation

By choosing « sufficiently small, for each || < o we may assume that Ry is the smallest
singularity in norm of Gjy. Now let Cy be a positively oriented simple closed curve in C which

has 0 in its interior and Ry in its exterior. The return probability may then be written

/yfzﬂdde

‘9|<O¢C@

P(X, =e, Ly =0) ~

Following Figure 4.6, for each § < o we may deform Cjy to the slit contour C’é U C’g. Here Cg
is the circle of radius Ry + 3 for some 3 > 0 such that all singularities of Gy except Ry are

outside the circle, and Col is the horizontal line segment from Ry to Cg . We observe that

Gy(z
the integral % Z—(H) dz over Cy (contour 1 in the Figure) is the same as the integral over
z

Co
contour 2, by Cauchy’s integral theorem. That contour 2 is then equal to the integral over

the slit contour Cel U 092 follows from the dominated convergence theorem. Then we may

write,

P(Xn = €, Ly = 0) ~ — / ]{GfL( ) g

472 z
\9|<a Cg
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:4;% / ]f(jgifd +7{G9< L

0] <a cl C?

dd0

Zn+1
\0|<a Cl

The approximation is justified by an argument similar to that of Lemma 4 5 4. In particular,

C
Zn—l—l (RQ + 5)n+1

since the radius of CH is equal to Ry+ [ for some 3 > 0, we have ‘ %
02
for some C' > 0, so that this term contributes negligibly compared to the integral over Cé.

4.7 Puiseux series and change of variables

Recall that for || < a, Gy(z) has a singularity Ry of order 1/2. Therefore for such 0 we

can write Gy(z) as a Puiseux series around Ry with exponent 1/2. In turn, we can write:

G0 _ () + V Ry — 2Kp(2), (47.1)

z

where Hy(z) and Kpy(z) are functions that are analytic in z (for each fixed #) within the

radius of convergence of Gy(z). In particular, after factoring out terms from the Puiseux

expansion:
GQTL
G - Gotko) = L S SE o -y T Ry (172)
n>1 )
2n+1)
~—Z T T (Rg)(z — Rp)™, (4.7.3)
so that
GZ(R
CED> L Uk



G(Zn—i—l)

1 n
Ky(z) = ;%mme)(g — Rg)".

Hy(z), Ky(z) are analytic in z near Ry. Since Hy(z) is analytic, its contour integral over
t? + Ry from —,/3p to /5 is equal to 0.

Next, changing variables from z to ¢ removes the singularity at Ry, since if
2= Ry + 12

then

=Ry —=

We can perform a further change of variables, setting S = ty/n, which will allow us to remove
terms involving n from inside the integral.
Thus we will integrate over

2
8) =11y

so that dz = Mdﬁ , and integration occurs over [—,/sgn, ,/Sgn|. Furthermore we have that

8
V Ry —z=17

%I

4.8 Obtaining the n=%/? term

Continuing the analysis above, we get, supposing n is large:

P(Sn = (€,0)) ~ —o / 7{ 08 g0 (48.1)

|9|<OL C@

2) 2o (4.8.2)

Zn—i—l
|9|<a c
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(4.8.3)

(4.8.4)

(4.8.5)

(4.8.6)

The approximation (4.8.5) follows from the fact that the term (Rg)™ = (R(pe'?))™ spikes as

n grows large in a neighborhood around ¢ = 0, and so as n — oo the denominator term Ry

dominates the Ky(Ry) term in the numerator.
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4.9 Obtaining the n~'/? term

Now considering our aim, we would like to show that the term

[ wtnas

—Q

~1/2

gives us an extra n . According to Proposition 4.3.19 for w > 0,

R (p) 2, = RW

R(w) = R(p) + 2w —p2 + 3 = (w = p)F
k=3

where R(p) > 0, R”(p) < 0. Since R(w) according to Proposition 4.3.19 is locally analytic,

the Taylor expansion extends to a complex neighborhood of p. In particular, along the

imaginary line w = p + it, the coefficient of the second term in the expansion changes sign

from its value along the real axis:

R"(p)
2

_R'(p) 0 R'p)
(w—p)* = 5 (it)? = — 5 2.

Thus the second derivative at p evaluated from the vertical direction is positive. We are
interested in the second derivative of R at p in the direction pew, 6 — 0. Since the second
derivative is continuous, this is approximately the second derivative in the vertical direction.

Recall Ry = R(p). We may then conclude:

1 / @ Re—(n—?)/?) 40 ~ / o (n=3/2)log(Ro+R" ()6) g9

212 |,
a 2R (p) p2
N/ e_(”_3/2)[10g(30)+370pe ]dﬁ

—Q

_ —R nk d/B
Vn 0 —ay/n
ay/n_2R"(p)5?
~ L /) / S T
Vn —ay/n

o6

1 —(n—3/2)/0‘\/ﬁ e—@-ﬂw

dp



Vi 2R"(p)
Therefore, altogether we find
P(X, =e,L,=0)= n2(§0)n
where
_ (Ro)’Ko(Ro)m
4V2R"(p)

> 0.

4.10 Existence of a saddle point
In this section we prove Proposition 4.3.19. In particular, we show that:

(i) the maximum of R(w) for w € (0, 00) is achieved at some p > 0.
(ii) At this p, R is analytic, and R'(p) = 0.

(iii) R"(p) < 0.

Lemma 4.10.1. R(w) has a mazimum at some p > 0.

Proof. 1t suffices to show that as w — 0, and w — oo, A\(w, R(w)) — oco. For we may then
conclude that as w — 0, w — oo, R(w) — 0. The continuity of R(w) in w (which follows
from its algebraicity in Lemma 4.2.4) will then imply that R(w) has a maximum along the

positive real numbers. We choose a maximum and call it p.
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For each z,w > 0, Fse(2,w) and Fy (2, w), the two kinds of first passage functions
present in F, are > zpe(w) (by functional equations (4.2.2) and (4.2.3)). Moreover, we have
assumed that for each j € A, there is £ € N,m € —N so that (j,k), (j,m) have positive
probability. Therefore, each p; has a positive coefficient in front of a term with a positive
exponent, and one in front of a negative exponent, so as w — 0, w — 00, p; (w) — oo.

The diagonal entries of M (z,w) have the form

Pe(w) + 3 Dap)-10ab (W) Fre.c(2,0) + D P11 (0) Fpgp (2, w0),
0 hf

which is > pe. Let

D(w) = pe(w)I

where I is the identity matrix. Let Ap,,) = pe(w) denote the spectral radius of D(w). Then

as w — 0, w — o0, )‘D(w) — 00. By Wielandt’s theorem (Proposition 2.5.3),

AMz,w) > AD(w) SO

(4.10.2)
1 = R(w)AMR(w),w) = R(w)Ap(y), and
1
R
(w) < Noo)
Thus as w — 0, w — 0o, R(w) — 0. O

Proposition 4.10.3. For all § € R, R"(e%) < 0.

The rest of this section will be devoted to the proof. First, we introduce some notation.

Fix § € R. Centering the second variable of GG at e’ we let

Gz, ") =" 2 Elexp((0+ ) Ln) 1 x, —),

n

o8



so that

R(e—“t) = limnsup[]E[eXp((O + t)Ln)]an:e]]l/".

Recall A is probability support of the random walk projected on the first coordinate. We
consider A" to be the collection of n tuples (y1,...,yn) which represent paths v in I'; (as a
group element y; . .. yy, is unreduced). With earlier notation, the position of the random walk
in the first coordinate at time n is X, = y1 ... yp, after reduction. Each pathy = (y1,...,yn)

has probability

p(v) = P{(Xm)OSmSn =7}

n
- H Zpyi,f‘

=1 /

Furthermore,
n

Efexp((0 + ) Ln)|7)] = [ [ Elexp((6 + 1)&)lyil.
i1

Setting
By, (1) = E[e 0% y].

we observe that ¢y, is the conditional moment generating function of &; given y; (and centered

at 0.) We define the conditional cumulant generating function as:

Yy, () = log ¢y, (1).

Since the conditional random variables &;|y; are nonconstant by assumptions on the support,
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for each y;, 1/};’1(0) > (. Using the notation of ¢, we rewrite G(z, e?t?):

€+t Z Z p(y) exp (n Z %) . (4.10.4)
1=1

yEAT

¥=(Y1,-Yn)
Y1---Yyn=e€

Suppose |A| = d > 1. Each v € A™ determines a probability distribution on A. In
particular, the frequency fc;yj of each letter a; € A'in v = (y1,...,yn) determines a weight
% on A. In turn, probability distributions on A are naturally points in a d — 1-dimensional
simplex S;_1, where vertices v; are associated with letters a; € A. Overall, we obtain a

function 7 : A" — S;_1, defined by the formula

Y Y
m(y) = (%,...,%).

Next, we define a collection of probability measures measures 3, on S;_1 by

> p(y) >, ()

Sier Sier

w(v)EB m(v)EB

Bn(B) = =2 - :

B = TS T P X =
yEA™

and a point of S;_1 is called an empirical letter frequency. The support of Sy (m) is finite
since by assumption A is finite. Let m; be the projection of m € §;_1 on the ith coordinate,

which is seen as the weight of letter a;. We may rewrite (4.10.4) as

G(z, 69—|—t) — ZZ”P(Xn =e) Z Bn(m) exp (an@bai(@)) : (4.10.5)

n €Sy
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and therefore

1/n

3(619+t) = limnsup P(X, =e) Z Bn(m) exp (nZwmai(t)) . (4.10.6)

TE€Sy_1

Definition 4.10.7. We define the (upper) large deviation rate function

J(m) = —log inf lim sup B (Be (7)™,

|
e>0 n—oo

where Be¢(m) is the e-ball centered at 7 in the simplex S. For convenience we may take the

metric to be the box (or ¢°°) metric on R, We observe that J is upper semi-continuous on

Sq-1-
From upper semi-continuity, we observe that:

Lemma 4.10.8. There exists a 0 € S such that

sup {=J(m) + D mwi(0)} = (") + 3w i(0). (4.109)

TESG_1
We characterize the function R(€) in terms of the large deviation rate function J.

Proposition 4.10.10.

] oL, B 1/n B 1
hrrziso%p {Ee Lo1{x, = e}} = R0) Wesgf_l exp {—J(’/T) + ;WWZ-(@)} . (4.10.11)

Proof of >. The local limit theorem for random walks on free products, as mentioned in the

Introduction, implies that

lim P{Xo, = e}'/?" = R(0)~",

n—o0
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so it suffices to show that

1/n
lim sup { /S exp{nzmwiw)}dﬁn(w)}

n—oo

> sup exp{—J(?T)-i-ZWz’wi(@)}‘

TESy_1

Then it suffices to show that the limsup on the left is at least
exp {—J(yre) + wa%(ﬁ)} .
1
For any € > 0 there exists 0 > 0 such that for all n in some subsequence of N,
Bu(Bs(x”)) > exp{—nJ (x”) - ne};
consequently, for all n in this subsequence,

/S exp{n;wiw)}dﬁn(w) > /B - exp{n;ww)}dﬂn(w)

> exp{n Y _(w! — 8)vi(0)}Bn(Bs(x"))

7

> exp{n Y (! — 0)1;(0) — nJ(x?) — ne}.

2

(Here we have used the assumption that the underlying metric on § is the £°° metric.) Since

e > 0 and 0 > 0 can be taken arbitrarily small, the inequality follows. O]

Proof of <. By the same reasoning as in the proof of the lower bound, it suffices to prove

that

1/n
lim sup {/Sexp{an%(@)}dﬂn(ﬂ)} <

n—oo
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sup exp {—J(’/T) + mei(@} :

TeS

By definition of the large deviation rate function J, for every ¢ > 0 and every point

m € §;y_1 there exists § = §(m) > 0 such that
lim sup Bn(Bs(m))Y/™ < exp{—J(x) + ¢}. (4.10.12)
n

Since the simplex S;_; is compact, it follows that for any € > 0 there exist a finite set
{Wk}kSK C S;_1 and a real number § > 0 such that the balls Bs(7*) cover S;_; and such

that the relation (4.10.12) holds for each m = 7. Thus, for all sufficiently large n,

K
/S exp{n 3 mts(O)} dBa(m) < 3 exp{n S + 603 ()} Bu(By ()
7 k=1

i

K
< Z exp{n Z(ﬂlk +0)v;(0)}
k=1

-exp{—nJ(7) + 2ne}

< K sup exp{—nJ(7) +n Z i (0)}
TeS i

- exp{2ne + nd Z ;(0)}.

Finally, since € > 0 and § > 0 can be made arbitrarily small, the result follows by taking

nth roots and letting n — oo. O

Proof of Proposition 4.10.3. 1t suffices to prove that the function

n—oo

1/n
0(0) := limsup {/S exp {n Z m;(0) dﬁn(ﬂ)}}
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satisfies ¢”(6) > 0. Proposition 4.10.10 implies that for every 6 € R,

0(0) = sup eXp{—J(W)+Z7Ti¢i(9)}-

TESy 1

Since o(f) is a smooth function of 6, to prove that ¢”(#) > 0 it suffices to show that there

are real numbers a and b > 0 such that for all ¢ in some neighborhood (—¢,€) of 0,
00 +1) > 0(h) + at + bt>. (4.10.13)

Fix 0, and let 77 € S;_1 be a point for which relation (4.10.9) is valid. Now for any

t e R,

TeS

0(f +t) = sup exp {—J(ﬂ') + Z i (0 + t)} (4.10.14)

> exp{—J(ﬂe) +Z7ri9wi(9+t)}-

Each function v;, as a cumulant generating function of a nonconstant random variable, has a
nonnegative second derivative on R. By hypothesis, for each ¢ there are at least two distinct
integers k, k' such that 4 k4 ) > 0, and so the cumulant generating function v; must in fact
have strictly positive second derivative everywhere on R. Therefore, there are constants ax

and by > 0 such that
ST 70+ 1) >3 7lui(0) + ast + b.t?
7 )

for all ¢ in a neighborhood (—¢,¢) of 0. This together with the inequality (4.10.14) implies
(4.10.13). O

Corollary 4.10.15. There is ezactly one saddlepoint of R(w),w > 0 so we may refer to p
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as the saddlepoint of R.
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CHAPTER 5
COROLLARIES

We first prove some consequences for the random walk S,, = (X, Lp) on I" x Z.
First, recall that by Assumption 1, there is an integer M < oo such that the step

distribution p has support contained in I'y x [—M, M].

5.1 Large deviations

Proposition 5.1.1. There exist C,wsx > 0, and k1, p > 0 as above, such that

Cky
R(wsp)w) " n?

P(Xy =e,Lp=|yn]) ~

for |y| < M.

Proof. First,

1
47

~

P(X, =e,Ly=|yn]) = —2/
T

Then we claim,

P(Xy, =€, Ly = |yn]) ~ ﬁ 7{ Ge(z)e—” L) qzd6.

The argument is similar to the argument for Lemma 4.5.4. The only modification in the
argument is due to the term e~®1"7) The numerator becomes G@(z)e_iﬂ"ﬂ, which is still
bounded over the z, 6 domain.

Following the argument in section 4.8, we have

B B k1 @ 1 —if|ny]
P(Xp =e,Ly = [yn]) ~ 3/ /_a 32‘3/26 a0
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3/2 3/2
_ k1R /a 1 Ry o~ 10{n} gp
n3/2  J_q (R(peif)eifr)n R3/2

| / ¢ L
n3/2  J_o (R(peif)eidryn "

where 0 < {nvy} < 1 is the fractional part of n-y, and the last expression holds as n — oo if

1
we can show that TN has a saddlepoint at 6 = 0.
(R(pe')err)n

Since p > 0 we may assume without loss of generality that p = 1. We claim that the

function ¢(w) = R(w)w? has a saddlepoint w, > 0, that is, ¢/(ws) = 0 and ¢” (ws) < 0.
First, we show that if w — 0,w — oo, then ¢(w) — 0. We already know that as
w — 0o, w — 0, R(w) — 0. Suppose first that 7 is positive and < M. We need to show that

as w — 0o, R(w) — 0 faster than w™7 — 0. Then equation (4.10.2)

1

L —
— X ple k)uwk
kez

R(w)

This implies that R(w) € O(w™M), so since v < M, w™ € o(R(w)). The argument is
similar for the case that —M <~ < 0.
Recall that R(w) is analytic for all w > 0. Then ¢(w) is infinitely differentiable and thus

¢/ (ws) = 0. Now let us change variables to w = e?. Let wy = e then
R'(eel)eal = —R(eal)'yea/.

Thus,

o"(") = SR () - (),
and since R” (69/) < 0, we have ¢ (eel) < 0. Thus a saddlepoint w of ¢ exists.

0

Next, we change contours to pass through wse® instead of pew, remove the tail end of
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the contour as before, and set

Then
3/2
k1R,
P(Xy=e€,Lp=|yn]) ~ 13/2 / f(0)""do
3/2
klRO “ —nl 0
= /ae og f(0) g9
3/2
k Ry 0 <y
1 n2f )" /_ - o"(0)/1(0) g5
k2o [ o
2\ =
which concludes the proof. O]

5.2 Central limit theorem

Proposition 5.2.1 (Central limit theorem for I'y x Z). Let S, = (Xp, Lp) denote the
random walk on I'y X Z as before. Suppose the walk is symmetric in the second coordinate,
that s, for each a € A, p(a,m) = p(a, —m). Then \L/—% conditioned on X, = e converges in

distribution to a normal random variable with variance 02, that s,
a a el — a a).
\/ﬁ

In particular, 0% = —Rg/RO.

Proof. Recall that if the random walk is symmetric, p = 1, and R'(p) = 0, R”(p) < 0.
Recall from the Introduction that R is the radius of convergence of the random walk on

I'1, and is the exponential growth constant in its asymptotic rate of return. Then R = Ry,
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since by plugging in # = 0 into G(z,6) we obtain the Green’s function for the random walk
on I'y, which has radius of convergence R.
To show that —|(Xn = e) converges in distribution to a normal, it suffices to show

2 > 0 converges to the induced

that the induced measure of \I;—ﬁ|(Xn = e) with variance o
measure of a normal distribution with mean p = 0 and variance o2. Equivalently, for all ¢

in a neighborhood around 0

oLn _ 5202
E( f|Xn - 6) —e 2 )

uniformly in 6. Equivalently, for # in a neighborhood of 0
i0Lln _0292
E(e"Vilgy, ) = e "7 P(Xn =¢)
C
0202
eTeRnni’)/Q

for Cyp > 0 uniformly in . Since

ZZPeO Xn—eLn— )szn

neNmeZzZ
10 Ly,
=Y By, )",
neN
it suffices to show that ;
L G(z, \/—5) C
271 Zn+1 ‘7 9 Rnn3/2
uniformly in 6. Following section 4.8, we find that
LS R
T el — 3 (522)
i z (R o )"n2
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where 3/2
Co = S
NG 472

The convergence in (5.2.2) is uniform in 6. From Section 4.8, we need to check uniformity
in @ for approximations (4.8.1), (4.8.2), (4.8.3), (4.8.4), and (4.8.6). In all cases, it is suffi-
cient that Ry and sy are continuous in ¢, and therefore over [—a, o] have compact images.
In particular, all of the approximations may be bounded above and below by functions de-
pending continuously on Ry (and sometimes sy). Then thanks to the continuity of Ry and
sp in 6, those bounding functions are themselves are bounded by constants. For example, in
equation (4.8.4), we need to check that supy of the error term

/\/STn 6—52/395%5
—00
tends to 0. Using integration by parts and changing variables, we find that this expression

18

59" VSgnR 2
<e Mo 9 0, (Fo) ). (5.2.3)
4, /sgM
The expression (5.2.3) can be bounded above by constants in 6 using the continuity of (5.2.3)
san

in 6. Thanks to the term e %0 the overall expression tends to 0 as n — co.

n R// 02 02 R
(R9> ~ R" (1 + ——) ~ R 2R
v

Since

we obtain the conclusion with
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