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ABSTRACT

Circuit complexity is a branch of computational complexity theory in which we study com-
plexity measures including size and depth, where the computation models are circuits instead
of Turing machines. Little is known for general circuits, while there are nontrivial results in
some restricted circuit models. This dissertation consists of three contributions related to
low-depth circuit complexity.

The first contribution answers the following question: what is the minimum depth re-
quired to compute good codes by linear-size circuits? Good codes have both constant code
rate and constant relative distance, and size of the circuit is defined to be the number of wires
instead of gates since the fan-in is unbounded. We prove the answer is ©(a(n)), where a(n)
is the inverse Ackermann function. The lower bound applies to unrestricted circuits, and the
proof is a graph-theoretic argument relying on a lemma by Raz and Shpilka (2003), and a
connection between good codes and densely reqular graphs by Gal et al. (2013). The upper
bound is inspired by the recursive construction of superconcentrators; we prove a similar
recursion exists. The upper bound tightens the previous result O(log* n) by Gél et al.

In the algebraic setting over large field, we show a close connection between supercon-
centrators and good codes. For example, we prove any superconcentrator with n inputs and
n + ©(n) outputs computes a good code, by replacing each vertex with an addition gate
and assigning the coefficient for each edge uniformly at random. We also show the potential
application of the above “superconcentrator codes” in Network Coding.

The second contribution is about conservative circuits and routing networks. Our original
motivation is to study the circuit complexity of the (cyclic) Shift operator, which takes
n—+log n input bits and outputs n bits. We propose the definition of Fxpansive Routing Family
(ERF) networks based on some entropy property satisfied by the Shift operator, with the
aim to extend lower bounds from conservative circuits to a more general model which allows
arbitrary preprocessing and a final layer of postprocessing. However, it turns out there exist

small-size ERF networks. For depth 2 and 3, we obtain tight bounds © (n(log n/loglog n)2)
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and ©(nloglogn) respectively; for depth d > 4, we prove lower bound Q; (A;(n) - n).

We propose the research challenge to develop a powerful and broadly-applicable set of
techniques for both upper bounding and lower bounding the wire complexity of routing
networks for given specific demands. Towards this challenge, we significantly generalize the
Pippenger-Yao lower bound for shifts based on Shannon entropy, which can be applied to
any multirequests; and for constant depth d, we construct size-O (dnl"%) routing network
realizing all shifts, where the size is optimal up to a constant factor.

The third contribution is about the AC? complexity of subgraph isomorphism. Let
SUBGRAPH(P) denote the problem of deciding whether a given n-vertex graph G contains
a subgraph isomorphic to P. Let C'(P) denotes smallest possible exponent C'(P) for which
SUBGRAPH(P) possesses bounded-depth circuits of size nCP)+o(1)  Motivated by the previ-
ous research in the area, we also consider its “colorful” version, and the average-case version
SUBGRAPH,ye(P) under the Erdés-Rényi random graphs. Let us define Co(P) and Caye(P)
analogously to C'(P).

For the average-case version, we give a characterization of Caye(P) in purely combina-

torial terms up to a multiplicative factor of 2. The lower bound closely follows Rossman’s

tw(P)

Tog fuw(P) ) , Where

techniques [73]. For the worst-case colored version, we prove Ceo((P) = € <
tw(P) denotes the tree width of P. The lower bound is obtained in the average case, and is
tight up to a logarithmic factor.

We also prove some structural results suggesting that the colorful version of the subgraph
isomorphism problem is much better structured and well-behaved than the standard (worst-

case, uncolored) one. This suggests that new techniques may be required to solve the worst-

case uncolored version.

The first two contributions are joint work with Andrew Drucker [23, 24], and the third

contribution is joint with Alexander Razborov and Benjamin Rossman [54].
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CHAPTER 1
INTRODUCTION

1.1 Background

Circuit complexity is a branch of complexity theory, where the computational models are
circuits instead of Turing machines. Generally, a circuit C is a directed acyclic graph with
some vertices specified as inputs and outputs, where inputs have no incoming edges and
outputs may have outgoing edges; and each non-input vertex (gate) v computes a function
from {0, 1}deg(“)Jr — {0,1} over the Boolean setting, where deg(v)™ denotes the indegree of
v, which is called the fan-in of the gate. If C has n inputs and m outputs, we can a define
function (or operator, if m > 1) {0,1}"* — {0, 1}"" computed by C in the natural way.

Different types of circuits impose different restrictions on the functions allowed to be
computed by individual gates, and the topology of the underlying graph including its size,
depth, fan-in, and so on. For example, the complete binary basis model is the class of circuits
where each gate has fan-in at most 2, and can compute any unary or binary function. Size
and depth are two major complexity measures, where size is defined to be the number of
gates or the number of wires (edges), depending on the circuit model, and depth is the length
of the longest path from input to output.

In some cases, the types of allowed gates does not matter. For example, using only a
constant number of AND, OR, NOT gates, we can simulate any binary/unary function, and
thus both size and depth only vary by a constant factor in these two models, provided fan-out
is unrestricted.

In general, circuits are universal computation models, because any function f : {0,1}" —
{0,1} can be computed by circuit of size O (%) over the complete binary basis. Also we
can simulate Turing machines using circuits. Let (fpn),>1, where fy : {0,1}" — {0,1}, be a
decision problem computable by some Turing machine in ¢time T'(n). It is known that f;, can

be computed by size-O(T'(n) log T'(n)) circuit. On the other hand, circuits are more powerful
1



in the sense of non-uniformity, that is, functions ( fn)n21 which are efficiently computable
by small-size circuits may not be Turing machine computable since the circuit may vary in
n arbitrarily as n grows.

Given a decision problem encoded by a sequence of Boolean functions ( fn)n21, where
fn :{0,1}"™ — {0, 1}, and fixing a circuit model, we are interested in finding a sequence of
circuits (Cp),>1 computing (fpn),>1, while minimizing certain complexity measures. And
we would be interested in both lower bounds and upper bounds. The ultimate goal in circuit
complexity is to prove that some function in NP cannot be computed by polynomial-size
circuits, which will imply P # N P. However, it seems that we are very far from this goal,
in terms of both results proved and techniques available.

Upper bounds may also be interesting, because the existence of small circuits may shed
light on the design of efficient algorithms. Sometimes, there exist surprisingly small circuits

satisfying certain properties, which may help us better understand the lower bound approach.

Keeping the ultimate goal in mind, the reality is somewhat embarrassing. For the com-
plete binary basis model, only 3n — o(n) lower bounds were known, e.g., [13], which was
recently improved to (3 + §1;> n — o(n) [30]. For the obvious reason, researchers turn their
attention to restricted circuit models, and some highly nontrivial results have been obtained.

Such restricted models include

e formulas, where each gate has fan-out at most one. In other words, intermediate

computation results cannot be reused;

e monotone circuits, where each gate is of fan-in 2 and is either AND or OR, and thus

the circuits can only compute monotone functions;

o ACY circuits, where the size is polynomial in n, and depth of circuits is a constant, 1

and only AND, OR, NOT gates (with unbounded-fan) are allowed;

1. The constant can be arbitrarily large but must remain fixed as the number of inputs n goes to infinity.



) ACO[m] circuits, which are AC? circuits adding MOD,,, gates, where MOD,;, outputs

1 if and only if the sum of the inputs is a multiple of m;
o ACC circuits, which are the collection of AC?[m] circuits for all m > 2;
e arithmetic circuits, where each gate computes either 4+ or x over some underlying field;

e conservative circuits, where the inputs have two parts, say x and 7, and all gates become

projection gates after 7 is fixed;

o unrestricted circuit of bounded depth, where each gate can compute any function, and
the size is defined to be the number of wires since fan-in is unbounded. Observe that
any single-output function can be computed by one gate and n wires, and thus we

study the wire complexity of operators in this model.

One hope is that understanding restricted circuit models will help us understand the
unrestricted case better, and we may be able to remove the restrictions gradually. On the
other hand, key results in this area also involve beautiful insights, which are easy to state
and appreciate. In the next section, we review some (far from comprehensive) known results

in this field classified by the methods.

1.2 Methods in Circuit Complexity

Counting

In the counting method (due to Shannon), we count the number of small-size circuits, and
the number of different functions, and we conclude that there exists some function which
cannot be computed by a small-size circuit. For the complete binary basis, Shannon (1949)
proved that most n-variable Boolean functions require circuit size at least % for sufficiently
large n [80]. For formulas, Riordan and Shannon (1942) proved that most n-variable Boolean

27l
logn

functions require size (2 < ) [72]. Similar arguments can be carried to other circuit models,

for example, linear (arithmetic) circuits [49].
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Like many other difficult problems, it is easy to show a random object satisfies the
desired property, while it is challenging to prove that some explicit object satisfies the desired
property. (In theoretical computer science, we have several precise notions of explicitness,
e.g., a sequence of functions (fy, ), may be considered explicit if the truth table of f, can be

generated by a Turing machine on input n, for all n.)

Gate Elimination

Gate elimination refers to the following method: for any circuit computing f, € C, where C
denotes a class of non-constant target functions, we can set one variable to constant such that
the circuit gets simplified, that is, the number of gates (or other sophisticated complexity
measure) is decreased by > ¢ per variable fixed, and the remaining function f,, 1 still belongs
to C. By induction, we conclude that f, has circuit lower bound cn — o(n).

This method has been used to prove circuit lower bound since 1960s. To name a few, Paul
[62] proved a 2.5n lower bound for a storage access function, and Blum [13] proved 3n —o(n)
lower bound for a similar function. Recently, Find et al. [30] proved a (3 + %) n—o(n) lower
bound for affine dispersers, where explicit affine dispersers had been constructed by Ben-
Sasson and Koparrty [11]. All the results above are proved under the complete binary basis.
For other restricted basis, slightly better lower bounds are known, for example, 5n — o(n)
lower bound was known when parity and its negation are forbidden [44].

One limitation of the gate elimination method is that, when simplifying the circuit, only
local information about the circuit is used. It appears likely that the gate elimination-type

methods cannot achieve superlinear lower bounds for general circuits.

Random Restrictions and Switching Lemma

Instead of setting one variable to constant, what if a fraction of variables are set to con-
stants at random? This motivates the definition of random restrictions, which have been

successfully applied to many circuit models. The argument is similar as the gate elimination
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method, that is, by repeatedly applying random restrictions, we argue that the circuit can
be simplified, i.e., the size or the depth is shrinking, and finally reach a contradiction. The
random restriction method dates back to at least 1961, when Subbotovskaya used the idea
to prove an n% lower bound for the formula size of parity function, that is, she showed that
the size of any DeMorgan formula can be considerably reduced by setting some variables to
constants randomly.

This method finds its most successful application in ACY circuits. Note that AC? cir-
cuits can be rearranged into layered circuits, where each layer consists of only AND or OR
gates alternatively, and all NOT gates are pushed to the inputs. After applying a random
restriction, if we can show that an AND of ORs can be rewritten as an OR of ANDs (or vice
versa), then the depth of the circuit can be reduced by one. Proving the validity of this idea
(in a so-called “switching lemma”), Furst, Saxe and Sipser [32] were the first to prove the
parity function is not in AC?, and it was improved by Ajtai [4], Yao [86], and Hastad [41].
The lemma proved by Hastad [41] is the most powerful, and has been widely applied for the
ACY circuit model, which has become well understood.

Not too long ago, Rossman invented a top-down argument based on the switching lemma
to prove average-case lower bounds for the k-clique [73] and st-connectivity problem [75].
Compared to the previous bottom-up argument, which repeatedly applies switching lemma

to eliminate the last layer, the top-down argument involves some completely new ideas.

Approximation

The approximation argument goes like this:

(1) First, define a class of good functions, and define a distance measure over all Boolean

function;

(2) Then, show that small-size circuit is close to good functions, while the candidate hard

function is far from good.



In 1985, Razborov [70] proved the first superpolynomial lower bound of the clique function
for monotone circuits, which is a landmark result. Later, it was improved to exponential by
Alon and Boppana [2].

Besides monotone circuits, approximation method has also been successfully applied to
ACO[p] circuit, where p is a prime. Razborov [71] proved that the majority function is not
in ACY[2], and Smolensky [81] extended the result showing that the MOD, function is not

in ACY[p], when p and ¢ are coprime.

Graph-theoretic Methods

A graph property is some property of a circuit that depends only on its graph structure.

Graph-theoretic arguments, articulated by Valiant in [84], consist of two steps:

(1) Show that, in order to compute a given function/operator, the circuit must satisfy

some graph property P;

(2) Show that any graph satisfying property P must have a large number of edges.

Valiant observed that any circuit computing cyclic convolution must be a so called super-
concentrator. A graph is a superconcentrator if for any equal-size subsets of inputs and
outputs, there exists a family of vertex-disjoint paths connecting them. However, he showed
the existence of superconcentrators with linear number of edges (in the number of its inputs
and outputs).

For constant depth d > 4, Dolev et al. [21] proved that the minimum size of depth-d
superconcentrator is ©(Ag(n) - n), where Ag(n) = O(log(n)), A\g(n) = ©(log*(n)), and so on.
For depth 3, Alon and Pudldk proved that the minimal size is ©(nloglogn). For depth 2,
Radhakrishnan and Ta-Shama [78] proved that the size is ©(nlog? n/loglogn).

All the lower bounds for superconcentrators above imply wire lower bounds for bounded-

depth circuits (with unbounded fan-in and unrestricted ? gates) for certain operators includ-

2. Unrestricted gates can compute any function. Thus, under this model, we consider multi-output
functions, called operators, and measure the size by the number of wires instead of gates.
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ing cyclic convolution and the discrete Fourier transform. Using similar techniques, Raz and
Shpilka [77] proved that for depth-d unrestricted circuits, matrix multiplication over GF(2)
requires 7 (Ag(n) - n) wires, where the proof is based on a lemma strengthening Pudldk’s

[65] and Dolev et al.’s [21].

Communication Complexity

Karchmer and Wigderson [52] related circuit depth with the complexity of the following

communication game:

e Given function f, there are two players Zero and One, where player Zero receives an

input x such that f(z) = 0 and player One receives an input y such that f(y) = 1;
e Two players send bits to each other, until they agree on an i € [n] such that x; # y;.

The minimum number of bits required is denoted by Cgyy/(f) in the min-max way. They
showed that Cgyy(f) is ezactly the minimum depth among all circuits (over the complete
binary basis) computing f. Using this connection, they proved that st-connectivity of an

undirected graph on n vertices requires depth Q(log2 n) for all monotone circuits.

Of course, our selections of results and methods are far from complete. Interested readers
can read Jukna’s book [50] to learn more about circuit complexity. In the next section, we

will describe our contributions in the area.

1.3 Owur Contributions

The thesis consists of three themes of results organized in three separate chapters, where
the first two are joint work with Drucker [23, 24], and the third is joint with Razborov and

Rossman [54].



Chapter 2: Good Codes

In Chapter 2, we answer the following question: what is the minimum depth required to
compute good codes by a linear-size circuit? Since the fan-in is unbounded, size is defined
to be the number of wires. A code C' : {0,1}" — {0,1}"™ is called good code if m = O(n)
and the Hamming distance between any two distinct code words is at least Q(n).

For the lower bound, we show that depth Q(«a(n)) is required by linear-size unrestricted
circuits, where «(n) is the inverse of Ackermann function. The proof is a graph-theoretic
argument relying on a lemma by Raz and Shpilka [77], and a connection between good codes
and densely reqular graphs by Gal et al. [34]. Let us mention that in [34], tight size lower
bounds are proved for all constant depths.

For the upper bound, we show there ezist good codes computable by linear-size linear
(arithmetic) circuits of depth O(a(n)), where the previous best result is of depth O(log* n)
[34], and is of depth O(logn) for explicit codes [82]. The proof is inspired by the recursive
construction of superconcentrators [21]; we prove a similar recursion holds for good codes.
This upper bound suggests that all the known explicit circuits for good codes are far from
optimal in terms of depth.

In the algebraic setting over large field, we show a close connection between superconcen-
trators and good codes. For example, any superconcentrator with n inputs and cn outputs,
¢ > 1, computes a good code with distance at least (c—1)n, by replacing each vertex with an
addition gate and assigning the coefficient for each edge uniformly at random. It is known
that any circuit computing good codes should satisfy some superconcentrator-type property
(34, 82], our result shows a connection in the reverse direction. It suggests that there is a
close connection between graph-theoretic properties of the circuit and algebraic properties of
the function computed by that circuit. Hopefully, there are more such connections to be
discovered.

We show that the above “arithmetic circuit” with the underlying graph being a supercon-
centrator satisfies some nice entropy properties (called lossless decodable), which may have

8



potential application in Network Coding, especially given that fact that there are explicit

constructions of linear-size logarithmic-depth superconcentrators [1].

Chapter 3: Conservative Circuits and Routing Networks

Research in this chapter is motivated by studying the circuit complexity of the (cyclic)
Shift operator, which takes two inputs x € {0,1}" and i € {0,1,...,n — 1}, and outputs
(124,244, - -, Tnai) € {0,1}", where the indices are computed modulo n. Although this
is a very simple function, its circuit complexity is poorly understood. For example, it is
unknown whether it can be computable by O(n)-size, and O(logn)-depth circuit. Even for
constant depths, the gap between lower bounds and upper bounds is significant.

In [69], Pippenger and Yao (in a somewhat different theoretical context) proved that
for constant depth d, the smallest conservative circuit computing the Shift operator is of
size O <n1+%). In order to extend the lower bounds to more general circuit model, we
propose to study the semi-conservative circuit, where we allow arbitrary preprocessing on x
and ¢ individually, and then combined together by a conservative circuit with a final layer
of arbitrary postprocessing. We observe that the Shift operator satisfies a nice entropy
property (in the sense of Jukna [50]), and propose the definition of the Ezpansive Routing
Family (ERF') network, of which lower bounds will imply circuit lower bounds for the semi-
conservative circuits.

However, it turns out the ERF does not give good lower bounds comparable to €2 (n“‘é) .
For depth 2, we prove that the size of the smallest ERF network is © (n(log n/loglog n)z);
for depth 3, we prove the size is ©(nloglogn). For fixed depth d > 4, we prove lower bound
Q2 (Ag(n) - n) replying on the lemma by Raz and Shipilka [77]. Both the lower bounds and
upper bounds are inspired by superconcentrators, but the upper bound constructions for
routing networks are more complicated.

We propose the research challenge to develop a powerful and broadly-applicable set of

techniques for both upper bounding and lower bounding the wire complexity of routing net-
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work for given specific demands. This challenge seems natural and important, but is little
studied in its full generality. Towards this challenge, we generalize the lower bound in [69]
based on the concept of entropy, which can be applied to any multirequests, not only shifts;
for the upper bound, we construct size-O (dn“'%) routing networks of constant depth d
realizing all shift permutations, which matches the lower bound dnpﬁ by Pipppenger and

Yao [69] up to a constant factor.

Chapter 4: Subgraph Isomorphism

In Chapter 4, we study the AC? complexity of subgraph isomorphism, where the subgraph
(called a “pattern”) is fixed. Let SUBGRAPH(P) denote the problem of deciding whether a
given graph G contains a subgraph isomorphic to P.

Let C(P) denotes smallest possible exponent C(P) for which SUBGRAPH(P) possesses

C(P)+o(1)

bounded-depth circuits of size n . Motivated by the previous research in the area,

we also consider its “colorful” version SUBGRAPH((P) in which the target graph G is V' (P)-
colored, and the average-case version SUBGRAPHaye(P) under the distribution G(n, n_g(P)),
where 0(P) is the threshold exponent of P. Let us define Cy(P) and Cave(P) analogously
to C(P).

For the average-case version, we give a characterization of Cyye(P) in purely combinato-
rial terms up to a multiplicative factor of 2, which is a graph parameter called x(P). The
lower bound closely follows Rossman’s techniques in [73]. The upper bound is by observing

the dual form of k(P), and it suggests that Rossman’s techniques are tight for any patterns.

tw (D) )>, where tw(P) de-

For the worst-case colored version, we prove C.q(P) = 2 <W

notes the tree width of P. The lower bound is obtained in the average case, where the
distribution for colored random graphs is carefully chosen tailored to P. Since this problem
can be solved in n®@P)TOM) time [8] (and also by ACC circuit of the same size [9]), the
lower bound is tight up to a logarithmic factor.

To compare the colored with uncolored version, we prove that if ) is a minor of P then

10



SUBGRAPH (@) is reducible to SUBGRAPH,(P) via a linear-size monotone projection. At
the same time, we show that there is no monotone projection that reduces SUBGRAPH(M3)
to SUBGRAPH(P3+ M) (P is a path on 3 vertices, M. is a matching with k£ edges, and “+”
stands for the disjoint union). This result suggests that the colorful version of the subgraph
isomorphism problem is much better structured and well-behaved than the standard (worst-
case, uncolored) one. Thus different techniques may be required to solve the worst-case

uncolored case.
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CHAPTER 2
MINIMUM DEPTH REQUIRED TO COMPUTE GOOD
CODES IN LINEAR SIZE

2.1 Introduction

Studying the complexity of encoding/decoding is a fundamental task in theoretical computer
science. Given a class of codes with certain parameters, we are interested in understanding
the complexity of computing them, where the complexity measures include time, space,
parallelism, etc. Results of this kind may shed light on the designing of (explicit) codes to
be used in practice. In this chapter, we consider the class of codes with constant code rate,
and constant error-correcting rate, which are sometimes called good codes.

Bazzi and Mitter [14] proved that linear time and sublinear space is not sufficient to
compute good codes in the computational model of algebraic branching programs. For ACY
circuits, i.e., polynomial-size circuits consists of AND/OR/NOT gates with unbounded fan-
in, it is not difficult to prove that they cannot compute good codes using the switching
lemma. In fact, Lovett and Viola [53] proved that the statistical distance between the
distribution sampled by any AC? circuit with the uniform distributions over any good code
is inverse-polynomially close to one. Beck et al. [12] strengthened their results by showing
the distance is exponentially close to one.

In [34], Gl et al. studied the complexity of computing good codes by circuits consisting
of arbitrary gates with unbounded fan-in, which can be regarded as the most general and
powerful circuit model. For all constant depths, they obtained tight bounds on the size
of the circuits. For depth d = 2, the size is © (n(log n/loglog n)z); for d = 3, the size
is ©(nloglogn); for d > 4, the size is O4(A\j(n) - n). The lower bound belongs to graph-
theoretical methods, articulated by Valiant in [84]. Specifically, they proved that any circuit
computing good codes should be densely reqular (viewed as a directed acyclic graph); the

lower bound follows from the edge lower bounds of densely regular graphs by Pudlak [65].
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Their upper bounds are recursive constructions based on the concept of range detectors, and
the circuits consist of XOR gates only.

Gelfand et al. proved that there exist good codes computable in linear time [22]. For
the first time, Sipser and Spielman constructed good codes which are encodable by explic-
it linear-size logarithmic-depth circuits, also decodable by O(nlogn)-size circuits [82, 83].
Later, Guruswami and Indyk gave an improved construction with better code rate and
error-correction rate [33]. Gal et al. [34] proved that if the depth is log* n, then there ezist
linear-size circuits computing good codes.

We believe it is interesting to answer the following question: what is the minimum depth
required to compute good codes by linear-size circuits? Note that sublinear size is obviously
impossible. We prove the answer is ©(«a(n)), where a(n) is the inverse Ackermman function,
which is an extremely slow-growing function.

In the algebraic setting over large field [F, we prove that any superconcentrator with n
inputs and cn outputs, ¢ > 1, computes a good code with minimum distance > (¢ — 1) - n,
if we replace all vertices by addition gates over F, and choose the coefficients on each edge
uniformly at random, assuming the size of the field F is large enough. It is known that any
circuit computing good codes should satisfy some superconcentrator-type properties [34, 82].
Our result shows a partial result in the inverse direction, and it suggests that there is a close
connection between graph-theoretic properties and algebraic properties.

Furthermore, we show the above (linear) arithmetic circuit with the underlying graph be-
ing a superconcentrator may be used in Network Coding. Because information gets “mixed”
rapidly, such network codings have some nice entropy properties (called lossless decodable
and will be defined in Section 2.5). Since there are small-size explicit constructions of su-

perconcentrators [1], we hope such network codes will have some impact in practice.
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2.2 Depth Lower Bound

Let F be any finite field. In this section, we will prove, in order to compute good codes
C : F" — F using O(n) wires, depth Q(a(n)) is required under the arbitrary gates model.
That is, each gate can compute any function F* — [, where s is the fan-in of the gate, and s
is unbounded. The proof is based on the connection between good codes and densely reqular

graphs by G4l et al. [34], and a lemma by Raz and Shpilka [77].

Definition 1 (Definition 2.3 in [77]). For a function f, define £ to be the composition of

f with itself i times. For a function f: N — N such that f(n) <n for alln >0, define

F*(n) = min{i : fD(n) < 1}

Let

Aa(n) = Aj_o(n) .
Definition 2 (Inverse Ackermann Function). For any positive integer n, let
a(n) :=min{d : \j(n) < d} .

In the literature, there is another definition of the inverse Ackermann function, which

varies by at most a multiplicative constant factor.

Definition 3. (Pudldak [65]) Let G be a directed acyclic graph with n inputs and n outputs.
Let 0 < €,0 and 0 < pu < 1. We say G is (€, 9, p)-densely regular if for every k € [un,n],

there are probability distributions X and Y on k-element subsets of inputs and outputs resp.,
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such that for every i € [n],
k k
PrieX]<—, PrieY]|<—,
XeX on Yey on

and the expected number of vertex-disjoint paths from X to Y is at least ek for randomly

chosen X € X and Y € ).

Code C' : F" — F is called a (p,0)-good code if p < 1 and the Hamming distance

c

between any two distinct code words is at least on.

Corollary 4. (Corollary 15 in Gdl et al. [34]) Let 0 < p,6 < 1 be constants and C be a
circuit computing a (p,d)-good code. If we extend the circuit by (1 — p)n dummy inputs, then

its underlying graph is <p5, 0, %) -densely regular.

The following lemma is a powerful strengthening the lower bounds of superconcentrators

in [65] and [21].

Lemma 5 (Lemma 1.1 in Raz and Shpilka [77]). For any 0 < € < 21% and any layered
directed acyclic graph G of depth d, with more than n vertices and less than € - n - Ag(n)
edges, the following is satisfied: for some k such that \/n < k = o(n), there exist subsets

I CIg,0COg andV C Vg such that
o 1,10 <5¢-d-n;
o |V|=k;

e The number of directed paths from I\ I to Oq \ O, that do not pass through vertices

. _ 2
in 'V, is at most € - -

Corollary 6. For fived constants 0 < €',0 < 1, if the directed acyclic graph G with n inputs,

n outputs and O(n) edges is (e’, 0, %)-densely reqular, then depth

d>aln)—2,
15



for n large enough, say, n > N, where N only depends on €' ,6 and the hidden constant in

O(n).

Proof. Let S denote the number of edges, where S < tn, and t > 0 is a constant. It is clear
that we can convert G into a layered graph G’ such that G is still <e, 0, %)—densely regular
and |E(G")| < dS.

Let
62¢
€:= )

500d
We claim |E(G")| > € n - A\g(n), which will imply S > 5502722 - Ag(n) - n. Combining it with
the condition S < tn, we have

500t o

/\d(n) < 520 -de .

Thus,

Ad42(n) = min

VAN

=

=

)

— =
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>
D
=

N
o |
()
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~~

N———

|

H/_/

[\
o
g
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ot
o
=
~
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)
~~
|
[—

IN
QU
+
[\)

assuming d is large enough, only depending on ¢,¢€,¢. Thus, d > «(n) — 2 for sufficiently

large n.

Assume for contradiction that |E(G’)| < en - \g(n). By Lemma 5, there exists integer
k satisfying v/n < k = o(n), and there exist I C Iz, O C O¢, and V' C Vjz such that the
conditions in Lemma 5 are satisfied.

Consider 18—,]“—element inputs X and outputs Y drawn from the distribution X, in
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Definition 3. By definition, we know
Ex,y [p(X,Y)] > ¢+ —= =10k ,

where p(X,Y) denotes the maximum number of vertex-disjoint paths connecting X and Y
in graph G’.
On the other hand,

pXY) < IXNI|+YNO[+|V[+pX\I,Y\O,V), (2.1)

where p(X \ I,Y \ O, V) denotes the maximum number of vertex-disjoint paths connecting

X\ I and Y \ O, avoiding vertices V. Let us estimate the right hand side of (2.1).

10k _ K

x[XNI]= P < — < . .
N Z r{u € X] < bedn - T5n = 10 (2.2)
uEI
Similarly,
k
Ey[YNO] < — 2.
Yno)< . (2.3
By Lemma 5, we know that
2
> pawV)<e T
acEIG/\I
yGOG/\O
therefore,
Exy[pX\L,Y\O, V)] < Y PrlzeXyecY] pyV)
IGIG/\I
yEOG/\O
k2 n?
< (2] e ==
- (5n) k
ek
< ) 2.4
— 500d (24)
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Thus, combining (2.1), (2.2), (2.3) and (2.4), we have

Eook 'k
E XY)< 2oy
X YPXY) < 154 755+ 550

< 2k,

contradicting with E[p(X,Y)] > 10k. O

The following depth lower bound is immediate from Corollary 4 and 6. Since Corollary
4 holds for the unrestricted circuit model, i.e., arbitrary gates of unbounded fan-in over any

finite field, 1 the following corollary also holds for the unrestricted circuit model.

Corollary 7. Let p,d > 0 be constants. Any circuit computing (p,d)-good codes with n
inputs using cn edges, ¢ > 0 constant, requires depth at least a(n) — 2 for sufficiently large

n, where this sufficiently large number only depends on p, 9, c.

2.3 Recursive Construction

We will construct an O(n)-size O («(n))-depth linear arithmetic circuit over Fo computing
good code, where F9 can be replaced by any finite field. The construction is non-explicit,
and is inspired by the construction of superconcentrators [21].

Let Sg(n) denote the minimal size of a linear (XOR) circuit C : Fy — IE‘%O” with minimum
distance > n, that is, for any nonzero z € Ff, wt(C(x)) > n. We will prove the following

two recursions in the two subsections:
e Sy(n) < Sg_9 (35) +O(n);
o Sy(n) <20 .\ (n)-n.

Together they will imply the desired upper bound. Gal et al. [34] show that good codes can

be computed by depth-d, constant d > 3, circuit using Oy (Ag(n) - n) wires. However, the

1. Corollary 4 in [34] is stated in the boolean case. Their proof works step by step for any finite field
F, that is, each gate can compute any function from F* to F, where s is the fan-in of the gate, and s is
unbounded.
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hidden constant in Oy (Ag(n) - n) is very large, which is not good enough for our purpose.
(In fact, it grows faster than any primitive function, which is implicit in the proof of Lemma

26 in [34].)

2.8.1 First Recursion

The goal of this subsection is to prove Sg(n) < Sy_o (35) +O(n). We propose the definitions
of linear condenser and linear amplifier, which are special cases of range detectors [34].

However, we find it more clear to have separate definitions.

Definition 8 (Linear Condenser). Linear mapping h : Fy — F5' is called (n, m, a)-linear
condenser if any nonzero vector x € F5 of weight < a maps to a nonzero h(x).

Lemma 9. For everyn > 1, there exists (n, 10> u;lw)-lmear condenser computable by depth-
1 circuit using O(n) wires.

Proof.

Claim 10. Let D = 8. There exists bipartite graph G(U = [n],V = [{] ., E) such that

e deg(u) = D for each u € U;
. " . . D|X]|
o for any X C U of size at most {5y, the size of I'(X) is greater than —5—.

Proof. Connect uw € U to D uniformly random vertices in V. For convenience of analysis,

we allow repetition. Let X C U of be any subset of size k < ﬁ

(=

T
< oDk—3Dklog (5755 ) < 9~ 1Dklog(sfz)

since D = 8. Taking a union bound, the probability that there exists such X of size k is at

most

(Z> o~ Dklog(sh5) < oklos(F)—§Dklog(5h7) < o~k
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Summing over all 2 < k < 15y, we conclude such graph exists. O

Fix such a graph G(U = [n],V = [171—0] , E) with inputs U, and for each v € V', replace v by
an XOR gate, i.e., an addition gate over Fo. It suffices to prove that, for every X C U = [n]
of size < ﬁ -n, there exists v € V such that |I'(v) N X| = 1. Assume for contradiction that
such v does not exist, which implies that for each v € I'(X), v has at least two neighbors in

X. Thus, the total number of edges leaving X is > ﬂ;' -2 = D|X|. Contradiction. O

Definition 11 (Linear Amplifier). A linear mapping h : F§ — F5' is an (n,m,a, B)-linear
amplifier if it sends any x € Fy of Hamming weight at least a to an output y € Fy' of

Hamming weight at least 3.

Bipartite graph G = (V| = [n], Vo = [m], E) is a (k, €)-disperser graph, if for every X C Vj
of cardinality k, |[I'(X)| > (1 — ¢)m.

Theorem 12 (Theorem 1.10 in [78]). For every 1 < k <mn,m >0 and € > 0 there exists a

(k,€)-disperser graph G = (V1 = [n|, Vo = [m], E) with left-degree

D - Eln(<g)+1>+%(m(g)+1ﬂ |

Lemma 13. For any n,m > 3n, there exists an (n,m, 1355, 15 ) -linear amplifier computable

by depth-1 circuit with O(m) edges.

Proof. By Theorem 12, there exists a bipartite graph G = (V; = [n], V5 = [m], E) with
O(m) edges such that for every X C V of cardinality at least Wloo -n, |I'(X)| > 1% -m. Fix
such a graph G, and convert it into a random circuit C with inputs V] and outputs V5 such
that the coefficient on each edge is chosen uniformly at random, and all gates in V5 are XOR
gates.

Fix any = € F"" of weight at least Flmj -n. Let X = supp(z) = {i € [n] : ; = 1}. By
definition, |I'(X)| > 1% -m, that is, there exist at least 1% - m vertices, which are incident

to at least one nonzero input. We claim the outputs Vo restricted to I'(X) are uniformly
20



distributed. To prove this claim, for each v € I'(X), we can fix some incident edge e, € vx X.
Since the order of choosing random coefficients does not matter, when e, is fixed at last, it

is clear that the output of v is uniformly distributed. Therefore

(IF(nfo)l)
m 10 _m
Pr [Wt(C(:E))<1—O] < gy < 278

Finally, taking a union bound over all x, we conclude there exists such a deterministic

circuit. OJ

Recall that Sg(n) denotes the minimal size of a linear arithmetic circuit C : Fy — F%On

with minimum distance > n, that is, for any nonzero = € FJ, wt(C(x)) > n.
Lemma 14. For any d > 3, and for all n,

n

San) < Sus (55) +0m) .

where the constant in O(n) is an absolute constant.

Proof. The circuit consists of two parts on the same inputs and disjoint outputs. The left part
is an (n, 107, 1560 n)—ampliﬁer of size O(n), where the existence of such amplifier is proved
in Lemma 13. The right part is the concatenation of an (n, 36> %)—condenser, a circuit
of depth d — 2 computing good code with 5 inputs and n outputs, and an (n, 10, 55, n)—
amplifier. By Lemma 9, there exists (n, 50 W%O)—linear condenser of size O(n), and by

Lemma 13, there exists (n, 10n, 2”—0, n)-ampliﬁer of size O(n). Therefore, the total size is of

the circuit is
n

Sy_s (%) +O0(n) .

Let us verify that it computes a good code with minimum distance > n. For any nonzero
r € Fy, if wt(z) > 1500, then the left part will amplifier the weight to > n. If wt(z) < 1500,

then the output of the condenser will be nonzero, i.e., the input to the good code in the
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middle is nonzero. By definition, the output of the good code in the middle is of weight at

least % Through the amplifier, the weight of the output will be at least n, as desired. [

The recursion Sy(n) < Sg_o (g4) + O(n) already implies that there exist lincar-size
logarithmic-depth circuits computing good codes. This recursion will be combined with the

second recursion (proved in the next subsection) to achieve depth O(a(n)).

2.3.2 Second Recursion

The goal of this subsection is to prove Lemma 24, that is, Sy(n) < 2@ . X;(n) - n, which
qualitatively improves the hidden constant in [34]. Compared with [34], our presentation is

somewhat different, which follows the framework of superconcentrators in [21].

Definition 15. Linear function C' : Fy — ]F%O” is called (a,b)-partial good code if for all

r € FY with wt(x) € [a,b], the weight of C(x) is at least n.

By definition, a (1,20n)-partial good code is a good code. Let S;(n,a,b) denote the
minimal size of a linear (arithmetic) circuit computing some (a, b)-partial good code. Over
the field o, linear circuits consist of XOR gates only.

We will prove S;(n, a, b) satisfies a recursion similar to that obeyed by superconcentrators,
and the proof follows the framework in [21]. Here are some intuitive explanations why such

a recursion holds for Sy(n,a,b).

1. Circuits computing partial good codes with different range of parameters can be com-
bined, i.e., if circuit C; computes some (a, b)-partial good code, and circuit Co9 computes
some (b, ¢)-partial good code, then there exists circuit C3 computing (a, ¢)-partial codes

such that size(Cg) < size(Cy) + size(Ca) + O(n).

2. Large weights are easy. For linear codes C', in order to satisfy minimum distance
condition, it is enough to make sure wt(C(x)) is large for every nonzero x. Intuitively,
if x has larger weight, it is easier to “amplify”.
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3. A composition lemma, that is Lemma 21, holds, which says that, if the weight of inputs
are small, we can reduce the number of inputs n by putting a “condenser” at the top,
and an “amplifier” at the bottom. A similar composition lemma holds for partial

superconcentrators, where both the top part and the bottom part are dispersers.

Lemma 16. For anyt > 2 and any 1 < wy <wgy < -+ < wp < n,

t—1

Sa(n,wi,w) <Y Sg_q (nwi,wig1) + O ((E—1)n) (2.5)
i=1

and

-1
Sa(n, wi,wy) < O<st (”awiawi+1)> 7 (2.6)

1=1

where the constants in both big-O notations are absolute constants.

Proof.

Claim 17. For any (a,b)-partial good code C' : Fy — IF%O”, there exists a “linear amplifier”
H : F20n F%O" computable by some depth-1 size-O(n) circuit such that the weight of

H(C(x)) is at least 5n for all nonzero x € Fy.

Proof. (of the Claim) The proof is similar to Lemma 13, so we sketch the proof. Let G(U =
[20n], V' = [20n], E) be a size-O(n) disperser such that for all X C U of size n, |I'(X)| > 19n.
The existence of such disperser is guaranteed by Theorem 12. We convert the graph G into
a circuit C using randomness as follows: let U be the inputs, and let V' be the set of addition
gates where the coefficient of each edge is uniformly at random in F9. We claim C satisfies

the desired property with nonzero probability. Fix a nonzero y € F5 of weight at least n, we
(X)|

know that outputs restricted to I'(X) is uniformly distributed int IF‘2F , and thus
(5m)
Pr[wt(C(y)) < 5n] < 2—192 < 273,

Note that there are at most 2" such y’s in total, and thus the proof is complete by a union
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bound. O

Let C; : F§ — F%Oﬂ be a linear circuit computing a (w;, w;11)-partial good code of depth
d—1 and size Sy_1(n,w;, wi+1), where t =1,2,...,t—1. Let H; : ]F%O” — IF%O” be a “linear
amplifier” of depth 1 and size O(n) such that the weight of (C; o H;)(x) is at least 5n for all
nonzero r € 5. The existence of such H; is proved in the above claim. The overall circuit C
is constructed by identifying the outputs of H;, and for each output u of H;, with probability
%, remove all the edges incident to u in H;.

This random process will generate a random circuit C. In order to prove there exists
a deterministic circuit computing a (w1, wy)-partial good code, it suffices to prove for each

x € F3 of weight wt(x) € [w1, wy],
Pr[C(z) <n] < 27".

Since wt(z) € [wy,wy], there exists ¢ such that wt(z) € [w;,w;y1]. By definition, vector
y = (C; o Hj)(z) is of weight > 5n, which implies that the outputs of C, restricted to
supp(y), is uniformly distributed in IE"QSUPp(y) 3 Thus,

on

(<n)

Pr[C(z) <n] < o < 27"

The total size of C is bounded by >, S;_1 (n, w;, wij+1) + O((t — 1)n).
It is clear that (2.5) implies (2.6), because Sgi(n, w;, w;41) > n for all 4, and the disperser

graph in Claim 17 has constant left-degree. O]

An (m,n,l k,r, s)-range detector is a linear circuit that has m inputs, n outputs, and
on any input of weight between ¢ and k, it outputs a string with weight between r and s
[34]. Note that a range detector with certain parameters is by definition also a condenser,
amplifier, good code, and partial good code. However, it will be clearer to have these separate

definitions.
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Lemma 18 (Lemma 23 in [34]). There exists ¢ > 6 such that for all ¢ < r < n and

1 <a < -, there exists an
e

n n n
<n, =0, 5 G —> -range detector
rooort r

of depth 1 and size 6n.
From the work Gal et al. [34], we have:
Lemma 19 (Lemma 27 in [34]). For any r <n, Sz (n,%,n) < O(n log? 7).

Lemma 20 (Corollary 29 in [34]). For any d > 2, and for any r < n,

Sd (nﬁn> < Og(Mg(r)-m),

where the constant in Og(Ag(r) - n) only depends on d.

However, the hidden constant in Oy (A4(r) - n) grows very fast in d, like Ackermann
function, which is implicit in the proof of Lemma 26 in [34]. For the purpose of construct-
ing linear-size O(a(n))-depth circuits computing good codes, we cannot apply their result

directly; more careful analysis is required.

Lemma 21. For all a < 7%,

Sy (n,a, 2%) < Sy_9 (2%,@, 2%_) +0(n),

where the constant in O is an absolute constant.

Proof. Let us construct a depth-d circuit computing some (a, b)-partial good code as the con-

catenation of three circuits as follows. The top part is an (n, 555 @ 7%, a, 2”—r>—range detector

of size 3n. The existence of such range detector is proved in Lemma 18. The middle part

is an (a, 5% )-partial good code with g% inputs of size Sy_o (3, a,b) and depth d — 2. The
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bottom part is a depth-1 O(n)-size (107”, 20n, W%r’ 2n>—ampliﬁer, whose existence is proved
in Lemma 13.

Let = € F} have weight wt(z) € [a, 5=]. By the definition of range detector, the output
of the top part has weight > a; through the (a, %)-partial good code in the middle, the
output therefore has weight > %; so after the bottom amplifier, the output has weight > n,

as desired. ]

Lemma 22. For any r <n,

5er) < 0.

"2’y

Sy <n
where the constant in O(n) is an absolute constant.

Proof. Applying Lemma 21 with r’ = 4, we have

n on n on n
— 1) < -
51 (7% 7’277’) S o <ﬁ7r27\/7_“> +0n)
< i log 72 4 O(n) By Lemma 19

]

Let Ag(7) = min{n : A\j(n) > i}, where A\y(n) is defined in Definition 1. Function A (%)
grows like Ackermann function. Note that there are various definitions with slight differences

in the literature.

Proposition 23. 1. Foralln,d > 1,

Ad(Ag(n)) = n. (2.7)

2. Foralln,d > 1,
Ag(Ag(n)) < n. (2.8)
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3. Foralli>0 and d > 3,

Agi+1) < AV 2). (2.9)

Proof. 1. By definition,

Ad(Ag(n)) = Ag(min{m : \y(m) > n})

where the second last step works because the image of \; can take any positive integer value.

2. By definition,
Ag(Ag(n)) = min{m : A\g(m) = Ag(n)} < n.

3. We prove by induction on i. The base case ¢ = 0 is obvious, since Aflo)(Q) = 2 and

Ay(1) < 2. Assuming the case i — 1 is true, we have
. (i—1)
Agli) < Ay 57(2) . (2.10)

Since Aj_9(7) is a non-decreasing function in i, applying A _s to both sides of (2.10), the

right hand side becomes AEQ2(2), while the left hand side becomes

Ag—2(Ag(i)) = Agg(min{n: Ag(n) > i})
= min{A _o(n) : A\g(n) > i}

= min{Ay o(n) : \j_o(n) >} .
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Let m := Ag_o(n), and by (2.7), n = Ag_o(m), thus we have

Agea(Agli—1)) < min{m: oy (hg_a(m)) > i}
= min{m: A\j_o(m) >i+1}

= Agli+1) .

Therefore, Ag(i + 1) < AEQ2(2), which completes the induction step. H

Lemma 24. There exists an absolute constant ¢ > 1 such that, for all k > 2, and for any

n n
S 7—7_
2 (n Ag(k-1)(r) 7“)

Soe (n, ;,n) < 2. Aop(r) - . (2.12)

r<n,

IA
S

Akl (2.11)

and

Proof. First, let us show that (2.11) implies (2.12). By Lemma 16,

Sop (n, ;,n>

h
< ¢ Sgk<n,ﬁ,n>+;5’2k n,A(Z_

n n
oy 40D

’ 2(6—1)(2) Az 1)(2)

where h is the minimum integer such that Ag(LI)c—l) (2)>r= A;}(lk__li) (2) < r. By Proposition
23 (3), Agr(h) < 7, which implies h < Mg (r) by Proposition 23 (1), i.e., b < Agp(r) — 1.

Thus

Sop (. =om) < et (204 P Q) = 1)) < dg(r)

if ¢ is large enough, say, ¢ > max(cq, 2).

Now, let us prove (2.11) by induction on k. The base case k = 2 is true by Lemma 20

and 21. For the induction step, let us assume both (2.11) and (2.12) are true for k — 1, we
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will prove (2.11) for k. First, observe that

n n n n n n
S (”m‘) < a (5% (”’W’@%S% (”’E’?))

< ¢S n _n 4+con
>~ 1 2k ’AZ(k—l)(T) 2 )

where the last step is by Lemma 22. Applying Lemma 21,

=~
3
[\

Sop (1, —"— ) < g A L L
AT Ay () 42 ) = TREED A 2 Ay () 2 3

_ Ag(e-1)(r)
2%k 2_2%.)\2%_1)( (2T) Yezom

_ n
< C2k 2'54‘63'%,

IN
o

where c3 is the absolute constant in Lemma 21. Therefore,

n n 2%—2 N
Sop | n,———,—| < clc -—+c3-n+cy-n
( Ag(k—1)(7) 7“) ( 2 )

21,
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if ¢ is large enough, say, ¢ > max (¢, 2(c + ¢3)). ]
Putting two recursions together (Lemma 14 and 24), we have the following result.

Theorem 25. There exists an absolute constant ¢ > 1 such that, for all d > c¢- a(n), we

have Sy(n) = O(n).

Proof. Let d = a(n) + i, where i > «(n)loggyc. By applying Lemma 14 for i times, and
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then applying Lemma 24, we have

Sa(n) < Sagm (557) +O)
< Qﬁoi.camhro(n)
< O(n)

2.4 Superconcentrator Codes

Spielman observed that any circuit computing good codes must satisfy some superconcentrator-
like properties [82], namely, for some constant § > 0, there exist vertex-disjoint paths con-
necting any chosen én inputs to some subset of (1 —d)m outputs, where an arbitrary size-dm
subset of outputs are removed; Géal et al. [34] also proved a similar result that any circuit
computing good codes should be densely regular, which is a graph property generalizing that
of superconcentrators.

In this section, we will prove some results in the reverse direction. For example, by replac-
ing each vertex with an addition gate, and assigning the coefficient of each edge uniformly at
random, any superconcentrator computes a good code, assuming the size of the field is large
enough. The results suggest that there is a close connection between the graph-theoretic
property of the circuits and the algebraic property of the functions computed by the circuits.

Let us propose the definition of superconcentrator codes.

Definition 26 (Superconcentrator Codes). Linear code C' : F" — F™ is called a supercon-
centrator code if all minors of its generator matriz is nonzero. (Recall that a minor of a

matriz is the determinant of some smaller square matriz.)

Recall that the generator matrix of a linear code C' : F"* — F™ is the n x m matrix M

such that C(z) = xM for all € F". By definition, linear code C' is a superconcentrator
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code if det Mx y # 0 for all equal-size subsets X C [n] and Y C [m], where Mx y denotes
the submatrix of M with rows indexed by X, and columns indexed by Y.
Superconcentrator codes are Maximum Distance Separable (MDS) codes, and thus they
meet the Singleton bound. It is well known that, code C' : F"* — F" is a MDS code if
and only if every set of n columns of its generator matrix are linearly independent [59]; for
superconcentrators, we require that every square submatrix has full rank, which is a more

strict requirement. Following lemma is a characterization of such codes.

Lemma 27. Let C : F" — F™ be a linear code, where m > n. Code C' is a superconcentrator

code if and only if, for any nonzero x € F",
wt(C(z)) > m — wt(x) ,

where wt(x) is defined as the number of nonzero coordinates of x.

Proof. For the “only if” direction, assume for contradiction that there exists some nonzero
x € F™ such that wt(C'(z)) < m — wt(z). Let X :=supp(z) C [n], and let Y be any subset
of [m] \ supp(C(z)) of size wt(z) such that |X| = |Y|. Let M € F"*" be the generator

matrix of C. Thus, C(z) = M, which implies that
Cla)ly = @M)ly = aMpy)y

where M,y denotes the n x [Y| submatrix indexed by columns Y. Since z[j,)\ x is the

all-zero vector, we have

Cl)ly = »|xMyxy .

Note that C(z)|y = 0 by the definition of Y. On the other hand, (z|x) Mx y is nonzero,
because 7|y is nonzero and My y is of full rank. Contradiction.
For the “if” direction, we prove the contraposition, that is, if C' is not a superconcentrator

code, then there exists a nonzero z such that wt(C(z)) < m — wt(z). Since C' is not
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a superconcentrator code, there exist equal-size subsets X C [n] and Y C [m] such that
rank My y < |X|, where M denotes the generator matrix of C'. Since rank My y < |X],
there exists a nonzero 2/ € FIX| such that /M Xy = 0. Extend 2’ to vector x € F"

by adding zeros on the coordinates outside of X, that is, z’ . It is clear that

= x|supp(x)
C(x) =aM = x/Mx,[m] and C(z)]y = #’Mx y = 0, which implies that wt(C'(z)) < m—|X],

as desired. O

By the above lemma, linear code C' : F'* — F™ is a superconcentrator code if and only if
dist (C(x),C(y)) > m — dist(z,y)

for all distinct =,y € F”, where dist(x,y) denotes the Hamming distance between z and y,
i.e., dist(x,y) = wt(x — y). This condition much stronger than that of good codes.
The following corollary is immediate, which implies that a superconcentrator code is a

good code if m —n = O(n).

Corollary 28. Let linear code C' : F" — F™ be a superconcentrator code. Then C' has

manimum distance at least m —n + 1.
The following two results justify the definition of “supconcentrator code”.

Proposition 29. Any unrestricted 2 circuit computing a superconcentrator code must be a

superconcentrator.

Proof. We prove by contradiction. Suppose the underlying graph G of the circuit C : F"* —
F™ is not a superconcentrator. Thus, there exist a subset of inputs X C [n], and a subset

of outputs Y C [m] such that
o |X[=IY];

e There do not exist | X| vertex-disjoint paths connecting X and Y.

2. For unrestricted circuits, each gate can compute any function F* — F, where s is the fan-in of the gate,
and s is unbounded.
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By Menger’s theorem, there exists a subset Z C V(G) of size | X| — 1 whose removal will
disconnect X and Y.

Let us fix the inputs to x;, for all i € [n] \ X, to 0. The key observation is that, any
output in Y can be written as a function in the outputs of the gates in Z, which implies that
the total number of different (y;);cy is at most IF|14] when all inputs to z;, i € [n]\ X, are
fixed.

On the other hand, for linear code C' with the generator matrix M, it is not difficult to

prove

{C(a)ly 1z € F¥ st Xy x =0} = [F[rakMxy

Since circuit C computes a superconcentrator code, we have rank My y = |X| > |Z|. Con-

tradiction. O

The other direction is also true, that is, any superconcentrator can compute a supercon-
centrator code, when each vertex is replaced by an addition gate over some large enough

field, and the coefficients are chosen uniformly at random.

Theorem 30. Let G be any superconcentrator with n inputs and m outputs. Let
Cq:F" —F™

be a linear arithmetic circuit by replacing each vertex of G with an addition gate, and choosing
the coefficient of each edge uniformly at random in field F. With probability 1 — O|F|;G(1),

Cqo computes a superconcentrator code.

Proof. Let us denote the inputs by z1, 29, ..., 2y, and outputs by y1,vy2,...,ym. For each
edge e € E(G), there is a distinct coefficient r. associated with it. Let M be the n x m
generator matrix of the linear code Cg, where each entry is a polynomial in re’s. By

definition,

M, ;= Z H re,

p e€p
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where p enumerates all paths from z; to y;. It is clear that deg(M; ;) at most the length of

the longest path from z; to y;, where M, ; is viewed as a polynomial in F[{re}eeE(G)]-

Claim 31. For any equal-size subsets X C [n] and Y C [m],
Pr [det(MX7y) = 0} < -,

where d is the depth of the superconcentrator.

Proof. First note that det(M x y ) is a polynomial of degree at most d|X|, because each entry
is of degree at most d. Since G is a superconcentrator, there exist | X| vertex-disjoint paths
connecting X and Y. If we set all coefficients r. on those |X| paths to be 1, otherwise 0,
then the polynomial det(M x y-) evaluates to &1, which implies that det(Mx y ) is a nonzero

polynomial. The claim follows from Schwartz-Zippel Lemma. n

Taking a union bound over all equal-size subsets X C [n| and Y C [m], we have

n\ [m\ di

Pr[Cq computes a superconcentrator code] > 1 — g ( > ( , > 0l
— \i )\ i

(3

dn

1— 2m+n ’
[

which completes the proof. O]
The following corollary is immediate from Theorem 30 and Corollary 28.

Corollary 32. Let G be any superconcentrator with n inputs and cn outputs, where constant
c>1. Let

CgiFn%Fm

be a linear arithmetic circuit by replacing each vertex of G with an addition gate, and choosing
the coefficient of each edge uniformly at random in field F. With probability 1 — O|F|;G(1),

Cg computes a good code with distance at least (¢ — 1)n.
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In Theorem 30, in order to make random coefficients work, we require |F| > dn2™*",
which depends on the number of inputs and outputs, as well as the depth. In terms of the
existence of the coefficients, the following theorem gives a better bound on |F|, which does

not depend on the depth.

n
Theorem 33. Let G be an (n,m)-superconcentrator, where m > n. If |F| > (ZeTm) ,
then there exists an assignment of coefficients in F such that the linear arithmetic circuit

Cq : F" = F"™ computes a superconcentrator code.

Proof. Enumerate all the edges of G in a topological order, say, e, eo,...,ep, where ¢ =
|E(G)]|. Let
(V(G),0) =Gy CG1C---Gy=G

be a sequence of subgraphs of G such that V(G}) = V(G) and E(Gy) = E(Gp_1) U {er},
for k=1,2,..., (. For each G}, we will define the circuit C¢, by converting each vertex to
an addition gate, and choosing the coefficient for the edge e;., while all other coefficients are
the same as Cg, . Before stating the induction hypothesis, we need some notations.

Let X C [n] be asubset of inputs, and Y C [m] be a subset of outputs such that | X| = |Y].
Since G is a superconcentrator, there exist |X| vertex-disjoint paths connecting X and Y;
we fiz one collection of such paths, denoted by Pyy = {p1,p2,. .. ,p|X|}. Consider the
collection of paths Py y on graph G}, which becomes a collection of partial paths (because

some edges are missing), that is,

k k k k
where pgk) =p NE(Gy) for t = 1,2,...,|X|. Let Egéc)y = {ng),vgk),...,v‘(;)‘} denotes

the set of end wvertices, that is, vt(k) is the last vertex on the path pgk). Let Mg?)}/ be the

|X| x |Y| matrix such that

Mi(,];) => I =

P ecE(p)
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(k)

where p ranges over all paths from input x; to v ;on graph G, and re denotes the coefficient
associated with the edge e. Note that, when k = ¢, Mi(’];) is exactly the (7, j)th entry of the
submatrix My y of the generator matrix (of the linear code computed by Cg, ).

The induction hypothesis is the following: for all £ = 0,1,...,/¢, and for all equal-size
X Cn] and Y C [m], the matrix M )(é )Y is of full rank.

Induction basis: £ = 0. It is clear that, for any equal-size subsets X and Y, matrix
Mgg)}, is the identity matrix (up to a row permutation).

Induction step: assuming the induction hypothesis is true for £ — 1, we will prove it is
true for k. That is, when |F| > (%Tm)n, we can always choose the coefficient r¢, such that
M)((]f’)y is of full rank for all pairs of X and Y.

Consider any X C [n] and Y C [m] of equal size s, and consider the collection of
paths P)(é ;1). Recall that graph G}, is obtained from G_; by adding the edge ey, where

er. = (u,v). There are three possibilities:

) (k) _ (k=1)

1. e;. extends some path in P)((k;,l , that is, p;” = p; U ey, for some t¢.

. . k—-1) . k—1
2. v is the end vertex of some path in P§(,Y ), ie,ve€ EEQY );

3. otherwise.

We will prove, in any of the three cases above, there is at most one choice for r¢, such that

M)(f)y is mot of full rank. Note that the total number of equal-size X,Y pairs is bounded

S ()(0) < () < () < e

2

Thus we can avoid all bad choices when |F| is large enough.
For notational convenience, let X = {1,2,... s}, Y = {1,2,..., s}, and without loss of

(£)

generality assume path p;’ connects input z¢ and output y;, for t = 1,2,..., s, where

Y4 Y4 Y4 Y4
PO, = [0 00
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Case 1: ¢ extends some path in P)(?’;,l), that is, pgk) = pgk_l) U e}, for some t € [s].

Without loss of generality, assume ¢ = 1. Let us compare M )(?7 )Y with M)(é;/l); it is clear

that only the tth column may change. When X is fixed, for each v € V/(Gj_1), consider the

column vector

W) € 75,

where the ith coordinate is defined to be the accumulated coefficient between x; and v, that
is,

WDl = 3 I re s

P ecE(p)

where p enumerates all paths from z; and v in graph Gj_;.
Let Eg?;,l) = {ng_l),vék_l), . 7vgk_1)} and e;, = (u,v). Adopting the above nota-

tions, and comparing M )(? )Y with M )(f ;,1) column by column, we have

O L ) U S P A OB
e/=(w,w)eE(Gy)

I S Rt Ca

pB WPy = Py

By the induction hypothesis, matrix M )(? ;,1) is of full rank, that is,

P ), oV w), e wg) € B

is a basis of F*. Thus, vector Y oy ) 7er - wg?)(w) can be written as a unique linear

combination in the basis, say,

Z Tor - @Dg];)(w) = Z ap - @bg?_l)(vp) ,
p=1

e'=(w,w)eE(Gy)
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where a1, a9, ...,as € F. Hence,

W w1) = (re + o)t F o)+ 3 ap - 0l V() |

which implies that ¢§?) (vl)m/&“) (v2), ... ,¢g’;) (vs) are linearly independent if and only if
aq + re, = 0. In other words, M)(?;,l) is of full rank if re, # —aq.

Case 2: v is the end vertex of some path in P)((Y ), ie., v € Eg?;,l), where e, = (u,v).
(k—1)

Let EX Y ={w 1k b U (k 1), . ,vgkfl)}, and without loss of generality, assume v = v;

Comparing M)(()Y with M )(( 5_, 2 column by column, we have

oWy = Ry B
o) = wy Vel ),

Py = Y EE)

By induction hypothesis, wglgfl)( vy ) 1/1X ( é ), . ,wg?il)(vgkfl)) € F* are lin-
early independent, and thus forms a basis. So v )]; ) (u) can be written as a linear combination

in the basis as follows:
S
k—1 k—1
= 3 By
p=1

where 1, 9, ..., Bs € F. Therefore,

v WY = 8+ 1) Y +Zreﬂp w1y .

It is clear that @bX (vl ) @Z) b ( ) --ng?) (vgk)) are linearly dependent if and only if
re,$1 + 1 = 0, which implies that there is at most one choice for r¢, such that M )(? )Y is not

of full rank.
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Case 3: otherwise. In this case, M )(? )Y =M )(? ;,1), regardless of re, .

In summary, for each X, Y pair, there is at most one choice for r¢, such that M )(? )Y is not
of full rank. Whenever |F| is larger than the total number of X, Y pairs, we can always avoid

the bad choices for all possible X, Y pairs. Therefore, we complete the induction proof. [J
The following corollary is similar to prove.

Corollary 34. Let G be an (n, m)-superconcentrator, where m > n. If |F| > (Tg), then there
exists an assignment of coefficients in F such that the linear arithmetic circuit Co : F™* — F™

computes an MDS code.

Proof. The proof is almost the same as Theorem 33; we sketch the difference. Instead of
considering all equal-size subsets X C [n] and Y C [m], we fix X := [n], and let Y C [m] be

a subset of size n. The total number of such X,Y pairs is bounded by (ZL) O]

Following [21], an (m, ¢, n)-concentrator (of depth 1) is a bipartite graph

such that for any X C V of size at most n, there are | X| vertex-disjoint edges connecting X

to U. Let Hg : F¢ — F* denotes the random linear map such that

yi= Y TijTi,
(i,J)eE
where r; ; € F is chosen uniformly at random. In other words, bipartite graph G is converted
into a linear arithmetic circuit, by replacing each vertex in V' with an addition gate and
choosing the coefficient for each edge uniformly at random. The following result says that
a superconcentrator code concatenated with a random “concentrator map” is a good code

with high probability.
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Lemma 35. Let C' : F™ — F™ be a superconcentrator code, and let G(U = [m],V = [{], E)

be an (m, ,n)-concentrator, where ¢ = cn for some constant ¢ > 2. Then
CoHg :F" - F

is a good code with probability 1 — on(1).

P’I”OOf. Let C(l’l,ZEQ, e axn) = (ZlazQa te >Zm)> and let HG('ZLZQ) < '7Zm) = (y1’y27 ce 7yZ)

We will prove that, for each fixed = € F" of weight w, there exists a decomposition of outputs
VIUYaU - - UY: = {y1, 92, - -, Y¢}

such that
° |§7k| <wf orallk=1,2,....,t—1,and 0 < |§7t| < w;
° (?1@), ?2(1’)7 . a?t—1($)> € Fg_ﬁft' is uniformly distributed.

Partition Y;UYaU - - UY; = {y1,v2, ..., yn} will be generated by the following procedure.
Let X := supp(z) and 2’ := z|x € F¥. Let Y1 C {y1,v9,...,ys} be any subset of size w.
By the definition of (m, ¢, n)-concentrator, there exists set Z1 C {z1,29,...,2m} of size w
such that Y7 and Z; are connected by w vertex-disjoint edges (which is a matching); denote

this bijection (matching) by ¢1 : Z1 — Y]. For fixed inputs z, it is clear that
Zi(z) =a'Myx .z, € FV,

where M € F"*™ is the generator matrix of the linear code C'. Since C'is a superconcentrator
code, My 7 is of full rank w, and thus Z1(x) # 0. Let zi denotes the maximal subvector of
Z1(x) such that all coordinates are nonzero, i.e., Z; = supp(Z;(z)) and 2] := Zl(x)|Z{‘ Let
171 = ¢1(Zi). Repeat this procedure for 172, and so on; everything is the same except that

Y5 is a subset of the remaining vertices in {y1,y9,...,yp} of size w.
40



Claim 36. For each k =1,2,...,t — 1, output ?k(x) € FiYel s uniformly distributed.

Proof. Let R be the m x ¢ matrix such that

T s (Z7j) S E(G),
R, = (2.13)

0, otherwise.

Thus, y = 2R defines the linear mapping H¢;. Using this notation,

Yi(z) = ZR[m],ffk

E—; ~ - _

where D 75, denotes the diagonal matrix (up to a row permutation) corresponding to the
k>’

matching ¢p.

Let us fix all the coefficients in R D, & first, which are all the coefficients on

[m]vi;k - Z]/g’Yk

the edges incident to Y}, except the matching ¢x. Then (2.14) becomes

~ _/ )
Yi.(z) = szZI,ka—Fu.

Note that each coordinate of 2}, is nonzero, and D ,,, <
k Zk-7Yk

is a diagonal matrix (up to a permu-
tation) such that each diagonal entry is a distinct random variable uniformly distributed in
F. Thus, vector Z;CD 7 % e FIYkl ig uniformly distributed, which implies that Z;CD 27, +u

is also uniformly distrusted, because vector u is fixed. 3 O
Claim 37. <?1 (), Ya(z), ... ,{’t_l(az)> e F-1%il g uniformly distributed.

Proof. Because edges incident to ffz and ?7 are disjoint for distinct ¢ and j. O]

3. We use the facts that (F,+) and (T, x) are groups.

41



The rest is a counting argument. For fixed x € F" of weight w, we have shown that
(3?1@),?2(@,...,?t_l(x)> c Ft-1Yil

is uniformly distributed, and |37t| < w. Let 4 > 0 be a constant to be determined later,
which only depends on ¢. Thus,

(57) "

S\ _(e—1—
< 2n<cH(C> (c—1-0)log |IE‘|) ’
where H (%) is the binary entropy function. Applying a union bound over all nonzero x,

we have
8) _(e—2—
Pr [Elx # 0 such that wt(C o Hg(z)) < 5n} < 2n(cH(c) (c—2-9) 1og|]F|) '

Let § > 0 be a sufficiently small constant such that cH (%) —(¢c—2—9¢)log|F| < 0, and the

proof is complete. O

Remark 38. The above lemma is also true with a weaker assumption that C : F"* — F™
1s a linear MDS codes, that is, any set of n columns of its generator matriz is linearly

independent.

Corollary 39. Let G be an (n, cn)-superconcentrator, where constant ¢ > 2, and there are
m vertices incident to the cn outputs. * If |F| > (ZL), then there exists an assignment of

coefficients in F such that the linear arithmetic circuit Co : F™ — F" computes a good code.

Proof. Note that the linear arithmetic circuit Cq : F" — F" can be decomposed into two
parts:

Cy:F" — F"™ and Cy : F™ — F" |

4. If the superconcentrator is layered, then m is the number of vertices on the second last layer.
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such that C; = Cy o Co. Apply Corollary 34 so that C; computes an MDS code, which is
possible since |F| > (Tg) For Cg, we choose the coefficients uniformly at random; By Lemma

35, we claim C; o C9 computes a good code. ]

What if the inputs and outputs of the superconcentrator codes are switched? It turns

out that it computes a so-called resilient function.

Definition 40 (Definition 2 in Chor et al. [19]). Let F be a finite field, and let f : F" — F™
be a function on n variables x1,x9,...,xn. The function is said to be uniformly distributed
with respect to T' C [n] if the random variable f(xz1,z2,...,xy) is uniformly distributed in
F" when {z; : i & T} is a set of independent uniformly distributed random variables, and
{z; i €T} is a set of constants.

A function f:F" — F" is said to be t-resilient if for every T C [n] of cardinality t, the

function is uniformly distributed with respect to T.

The following lemma is proved in [19] for the case F = Fy, and proved in [36] for the case
[F = [}, for any prime p in a quantitative version using Fourier analysis. For other finite field
[y, where ¢ = p™ for prime p and integer m > 2, there is a reduction to the case F; as we

will show.

Lemma 41. For any finite field F, a set {x;}}"_| of random variables in F is uniformly and

independently distributed if and only if for all not-all-zero ay,as,...,an € F,

a1xr] +asxo + ... +apry €F

15 uniformly distributed.

Proof. (Reduction from Fy to Fp) The “only if” direction is trivial.
For the “if” direction, let F = IFy4, where ¢ = p"* for some prime p and integer m > 2,

and we assume for the case I = ), the lemma is proved. % Fix an irreducible polynomial

5. Interested readers can refer to [36] for a three-line proof.
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f(t) of degree m over Fp, and it is well known that Fy is isomorphic to Fy[t]/(f(t)).

Case 1: n = 1. By condition, for any a € Fy, az is uniformly distributed in Fy. In the
quotient ring Fy[t]/(f(1)), we write a = ag + a1t + ...+ a1t Vand x = zg+xt+.. .+
Zy—1t™ 1. (At this point, we observe that that  is uniformly distributed in [y if and only
if (z0,21,...,Zm—1) is uniformly distributed in F}'. This fact will be used shortly.) Thus,

in the quotient ring F[t]/(f(t)), the product az can be written as

ar = agro
+ (aoxl + alzco) -
2
+ (aoxg +a1z1 + agxo) -
+...

T —1Tm—1 2

Note that for all 7 > m, polynomial t' = r;(t) mod f(t) for a unique polynomial r;(t) of

degree < m, and thus ax can be written as
ar = Lo(a, ) + Li(a,z) -t + ...+ Lyy_1(a,z) - 771,
where Lj(a,z) is a bilinear form in a and x, viewed as vectors in F;'. Thus we have
Li(a+b,z) = Li(a,z) + L;(b,x) for all a,b € Fy.
Claim 42. Bilinear form Lg(a,x) is distinct for different a € Fy.

Proof. Suppose for contradiction’s sake that there exist distinct a,b € Fq such that Ly(a, x) =
Ly(b, z). By linearity, Lo(a — b,z) = Lg(a,z) — Lo(b,x) = 0, which implies that the first
coordinate of (a — b)z is always 0, and thus (@ — b)x is not uniformly distributed in Fy.

Contradiction. O

Given the above claim, we count the number of different a € F; and different linear
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forms Lgy(a, ) in z, which implies that for any y € )", there exists some a € Fg such that
Lo(a,z) = yT x. Since az is uniformly distributed in Fq, we claim Lg(a,z) = yT'z is uniformly
distributed in F). Applying the Lemma for the case F = ), we know that (zg, 1, ..., %ym—1)
is uniformly distributed in F}', which implies that x is uniformly distributed in Fy.

Case 2: n > 2. The proof is similar to Case 1, and let us sketch the outline. Let us

write each z; € Fy as

m
r; = (250,315 Tim—1) € Fp',

where z; ; is the coefficient of t) when viewing x; as a polynomial in F[t]/(f(t)). Using

similar counting argument, we can show that for any fixed (a; ;) € Fj"™, the sum
D 0iji;
i,J

is uniformly distributed in Fj,. Since the Lemma is true for F = F},, we claim (z; ;) € F'"
is uniformly distributed, and thus (z1,x,...,2y) € Fy is uniformly distributed.

]

The next theorem is stated in [19] for the case F = Fy. For general finite field F, the

proof is the same, equipped with the above lemma. We reproduce the proof here.

Theorem 43 (Theorem 2 in [19]). Let M € F™*" be a matriz. M is a generator matrix
of a linear error correcting code with distance at least t + 1 if and only if f(x) = aM7T s

t-resilient.

Proof. First, let us prove that if the linear code given by the generator matrix M has distance
at least t + 1, then zM7T : F™ — F” is t-resilient. In order to prove z M7 is t-resilient, by
Lemma 41, it suffices to prove that for any nonzero y € F", and for any 7" C [m] of size t,
xM TyT is uniformly distributed in [F, where z;, for ¢ € T'| are set to constants arbitrarily,
and z;, for all i € T, are uniformly distributed. Note that ML yT = yMzT. Since the linear

code given by the generator matrix M has distance at least ¢t 4+ 1, vector yM has weight at
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least t+ 1, which implies that the inner product yMz” contains at least one random variable
x; with ¢ € T. Thus, yM 2T is uniformly distributed.

For the other direction, we will prove that if the linear code given by the generator matrix
M has distance < ¢, then M7 is not t-resilient. Since the linear code given by the generator
matrix M has distance < ¢, there exists some nonzero y € F" such that wt(yM) < t¢. Let us

consider

xMTyT = yM:L‘T .

We can set all z; with ¢ € supp(yM) to be zero, while other z;’s are uniformly distributed,

so that yM 21 is identically zero, which implies that xM T is not t-resilient. O]
The following corollary follows from Corollary 32 and Theorem 43.

Corollary 44. Let G be a superconcentrator with cn inputs and n outputs, where constant
c>1. Let

Cg : F" — F"

be the linear arithmetic circuit by replacing each vertex with an addition gate over F, and
choosing the coefficient on each edge uniformly at random. With probability 1 — O|IE‘|;G(1)7

Cq computes a (¢ — 1) n-resilient function.

2.5 Superconcentrators in Network Coding

Network coding is an approach to improve the capacity for network transmission, which
in some setting outperforms more traditional network communications based on routing
and replication. In [3], Ahlswede et al. proved that for the so-called multicast task, network
coding can achieve the information-theoretic upper bound, i.e., the max-flow min-cut bound.
In [55], Li et al. proved that linear encoding suffices to achieve the optimum rate in the above
multicast scenario. In [42], Ho et al. proved that even random linear encoding can achieve

the optimal capacity, when the size of the underlying finite field is large enough.
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As far as we know, most literature in network coding usually studied the network capacity
with an eye to a fized network topology, and little attention is paid to the designing of the
network. In this section, we show that if the network graph is a superconcentrator, random
linear network coding satisfies some nice entropy property, so called lossless decodable (which
will defined in Section 2.5.1). Considering there exist small-size explicit superconcentrators

[1], our result may have some impact in practice.

2.5.1 Lossless Decodable Network Coding

We will briefly formulate (linear) network coding following [3, 55], and then define lossless
decodable network coding schemes.
Let IF be a finite field. Let G(U UV U W, E) be a network (directed acyclic graph) with

inputs (or called sources) U = [n] and outputs (or called sinks) V = [m].

Definition 45. Given network G(U UV U W, E), an encoding scheme is a collection of

function { fv}vevuwuy, where

fo:Fde @ L

where deg™ (v) denotes the indegree of v, i.e., the number of incoming edges to v. (With

slight abuse of notation, let deg™ (u) := 1 for all sources u € U.)

Note that we perform encoding on all vertices including sources and sinks.
Given encoding scheme { fy, },cpuwuy, we can define the function computed at each node

in the natural way as follows:
1. Let 21,9, ..., 2y be formal variables over F;
2. For input vertex u € U = [n], let Fy, := fu(xy);

3. For vertex v € WUV, let

Fy = fv(FupFuga---aFud),
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where uy,us9,...,uy enumerate all vertices u — v in some predetermined order.

Note that each Fy = Fy(x1,x9,...,xy) is a function from F™ to F.

Say encoding scheme { fv}veV(G) is a linear encoding scheme if all f,’s are (homogenous)
linear functions; thus each Fj, is also linear by definition. A random linear encoding scheme
is a linear encoding scheme where all coefficients are chosen uniformly at random in F* :=
Definition 46. Given network G(U UV UW, E) with inputs U = [n] and outputs V = [m],
and s (not necessarily linear) encoding schemes FO F@  FG). Forany I C [s], J C

m], K C [n], and any partial assignment p: {z} : k € [n]\ K} — F, let

Entp(I,J, K;p)

= 1 (F.(“ ) FIL . 2 € B consi : 2.1
og|F| { i (x) ieI,jeJe x € F" consistent with p | ,  (2.15)

and let

Entp(I,J,K) := minEntp(I,J, K;p) , (2.16)
p

where p ranges over all partial assignments p: {x} : k € [n]\ K} — F.

In other words, when restricting everything outside of K to p, the quantity Entp (1, J, K; p)
measures the total information received by sinks J under the encoding schemes in I. By
definition, it is clear that Entp(1, J, K;p) < min (/1| - [J], |K]).

The following proposition is not difficult to prove.

Proposition 47. Suppose F(l), F(z), e ,F(S) are linear encoding schemes. For any I C

[s], J C [m] and K C [n],
Entp (1, J, K) = rank{FJ@\K:zel,j c J} ,

where Fj(i) € F™ denotes the vector representation of the linear function Fj@(asl, cey ),

and F]@‘K € FIE| denotes the vector restricted to the coordinates indezed by K.
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Definition 48 (Lossless Decodable). Let G(U UV U W, E) be a network with inputs U =
[n] and outputs V' = [m], and s encoding schemes F(l),F(Q), .. .,F(s). Let Entp (1, J, K)
be defined as in Definition 46. FEncoding schemes F(l),F(Q), e ,F(S) are called lossless
decodable if

Entp(I,J,K) = min(|I]-|J],|K])

for all I C [s], J C [m], and K C [n].
We consider the following application scenario:

1. Network G(U UV U W) performs s encoding schemes in turn, where the encoding

schemes are given by F(l), F(2), e P,

2. Each source v € U(G) = [n] carries commodity x,, € F to transmit during s different
encoding schemes. (Or z, could be a vector of any fized length, and the encoding

function is applied to x,, independently on each coordinate.)

3. Through the network, each sink v receives Flgl)(xl, ..., Tp), and assume the functions

Féi) for all v € V(G), i € [s], are known to the receivers.

4. We are only given access to a set of sinks J C V(G) = [m| under encoding schemes
indexed by I C [s] with the aim to decode zj, for all k € K; assume we know z;, for

all k ¢ K, denoted by p: {z} : k€ [n]\ K} = F.
5. I 1J| = |K].

Given I, J, K and p as above, regardless of the computational complexity, we can decode
all zy, for k € K if and only if Entp (1, J, K; p) > |K|. This is the reason we call them lossless
decodable.

The next proposition asserts that, the underlying network of any lossless decodable en-

coding schemes must be a superconcentrator.

6. This assumption looks very strong. However, for linear encoding schemes, it suffices to carry an
encoding vector of length n on every edge [55].
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Proposition 49. Let G(UUVUW, E) be a network with inputs U = [n] and outputs V = [m]
such that there exist lossless decodable encoding schemes F(l), F(Q), ey F(s), s> 1, then G

18 @ superconcentrator.

Proof. Without loss of generality, assume s = 1, and let F, Fy, ..., F), denote the linear

functions computed by the sinks. Since F' = F (1) is lossless decodable, we have
Butp({1},J, K) = min(|J],|K]) (2.17)

for any J C [m] and K C [n]. Fix any J C U(G) = [m] and K C V(G) = [n] with equal
size.

Assume for contradiction that there does not exist |.J| vertex-disjoint paths connecting
J and K. By Menger’s theorem, there exists a set of vertices of size less than |J|, say X,
whose removal disconnects J and K.

The following claim is easy to prove.

Claim 50. Fiz any F;, 7 € J. Let X be a subset of vertices whose removal disconnects j
and U. (X may intersect with U.) Then F; can be written a function in Fy, uw € X. In

other words, Fj is completely determined by the values of Fy, for allu € X.

By the above claim, the values of (F});c are completely determined by the values of
(Fu)uexu(\k)- When the input values of z, for all u € U \ K are known, (Fj);es can be
determined by the values of (Fy),cx, which implies that, for any fixed partial assignment

p:{ry:keU\K} =T,
H(Fj(x))jeJ :x € F" consistent with p}‘ < [F¥l < m/I-t

This is a contradiction with (2.17). O
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2.5.2  Random Linear Network Coding on Superconcentrators

For linear encoding schemes, lossless decodability corresponds to certain minor conditions of
the encoding matrix. Given network G(UUV UW, E) with inputs U = [n], outputs V' = [m],
and linear encoding schemes F(l)7 F(Q), . ,F(S), let M € F$™*™ be the matrix, whose rows
are indexed by [s] x [m], and columns indexed by [n], and

M (G,j);[n) = FY) e .

7

That is, M(i,j),k is the kth coordinate of Fi(j), and the (i,7)th row corresponds to the
(4)

coefficients of F' Jae

By Proposition 47, the lossless decodable condition is equivalent to the condition
rank M (I x J; K) = min(|I|-|J|,|K])

for all I C [s], J C [m] and K C [n].

Next, we will prove random linear encoding schemes on any superconcentrator are lossless

decodable when the size of the field F is large enough.

Theorem 51. Let G(UUV UW, E) be a superconcentrator with inputs U = [n] and outputs
V = [m]. Let F<1), F(Q), o ,F(S) be s random linear encoding schemes, then they are lossless

decodable with probability 1 — op).q 4(1).

Proof. Recall that M is an sm x n matrix, whose rows are indexed by (i,7) € [s] x [m],

(7)

i

columns indexed by [n], and M(Z-’ ).k 18 the kth coordinate of the vector F
Fix I C [s], J C [m], and K C [n], satisfying |I| - |J| = |K]|. For notational convenience,
assume [ = {1,2,..., ||} without loss of generality. Let S1,S9,..., S|7| be a decomposition

of K such that |S1| = |S2| = ... = ’S|I|| =|J|.
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Claim 52. For each i € I, submatrix

M({i} x J;8;) € FIIxII

d| J|

1s of full rank with probability > 1 — T’ where d 1s the depth of G.

Proof. Observe that M({i} x J;5;) is a |J| x |J| matrix, where each entry is of degree at
most d. Since G is a superconcentrator, there exist |J| vertex-disjoint paths connecting J
and 5;; in the 7th encoding scheme F(), we can set coefficients on those |.J| paths to 1
and 0 everywhere else, which implies that there exists an assignment of random coefficients
such that det M({:} x J;.S;) is nonzero. Therefore, we claim det M({¢} x J;.S;) is a nonzero

polynomial (in the random coefficients associated with the linear encoding schemes) of degree

< d|J|. The Claim follows by applying Schwartz-Zippel Lemma. ]
Claim 53.
1| 1
Pridet M(I x J; K) =0] < > Pr[det M({i} x J; ;) = 0] + =
1=1
Proof. Recall that we let I = {1,2,...,|I|} for notational convenience. Let
M({1}x7:5) Y2 . Y(L|I)
Y(2,1 M ({2} x J: S5) ... Y (2,1
M(T % J: K) = (. ) ({}. ) ('||) |
Y(|11,1) Y(7,2) o M1} x g8y

and we think of each entry as a (multilinear) polynomial in the random coefficients, which
are not chosen yet.

Let Y (4,7) = R(4,7)M(i, j) for i # j, where M(4, j) is the |J| x |J| matrix corresponding
to the linear encoding coefficients of inputs S; in outputs J during the encoding scheme F(0)

excluding the encodings applied at the sources, and R(i,j) € FlJI>¥ is a diagonal matrix
52



corresponding to the random coefficients applied to the sources S; during the encoding
scheme F(0),
Observe that the diagonal entry (k, k) in R(i, j) only appears in the kth row of submatrix

Y (i, 7), which implies that this variable will have degree one in the polynomial det M(I x
J; K). Expand the determinant of M(/ x J; K) as

1|

[ detM ({i} x J;8;) + T,

=1
where the term T is a sum of products (of determinants of submatrices), and each product

contains at least one R(i, j) for i # j. Thus, we can write
T=r{T{+r9To+...

where rq,r,... enumerate all the indeterminates in R(i, j) for all ¢ # j. Note that r; does

not appear in T; for all j, and thus T is linear in every r;. Write

r r
T =nr <T1—|——2-T2—|——3-T3—|—...> .
rp r

Choosing rq, 9, ... € F* uniformly at random is equivalent to choosing %, %” ... uniformly
at random in F*, and choosing r{ € F* at last. Consider the last step, that is, the step right
before choosing ry. If T/ := Tq + % -To + % -Tg+...1is zero, then T = 0 with probability

1, which implies

PrdetM (I x J;K)=0 | T'=0]

||
= Pr|[[detM({i} x J;8;) =0 | T =0
=1
I
< > PrdetM({i} x J;S;) =0 | T'=0] . (2.18)
1=1
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If T/ # 0, then T is uniformly distributed in F*, and thus

7]

1
. ) _ /
Pr T+i|_|1detM({z}xJ,Si)—O | T"#0| < TR

(2.19)

because the value of HlI:ll det(M ({i} x J;.S;)) is already determined when ry is the only

coefficient left to be chosen. Combining (2.18) and (2.19), we have

Pr[M(I x J; K) = 0]

= PrM(Ix J;K)=0 | T'=0]Pr[T =0 +Pr[M(I x J;K) =0 | T' #0] Pr[T’ # 0]

]
1
: LQ) — r_ r_
< ;Pr [det M ({i} x J;S;) =0 | T/ =0] Pr[T' = 0] + I
1 ,
< ZPr[detM({i} x J;S;) = 0]+ T
i=1
O
Putting the above two claims together, we have
dK|+1
Pr[M (I x J; K) has full rank] > 1— %

Applying a union bound over all such I, J, K, where there are at most 2715 such triples, we

conclude that the random linear encoding schemes F(l), F(Q), cee F(5) are lossless decodable
with probability

s+l ompnys _

= |F*| 1— O\F\;G@(l) .
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CHAPTER 3
CONSERVATIVE CIRCUITS AND ROUTING NETWORKS

3.1 Introduction

One important goal of circuit complexity is to understand complexity of joint computation, in
cases where we have multiple computational tasks to perform simultaneously; is it possible to
combine computations to make them more efficient? For example, given an explicit operator
F:{0,1}" — {0, 1}, what is the wire complezity of computing F when arbitrary gates are
allowed? Note that any operator with n inputs and m outputs can be computed by circuits
using mn wires when arbitrary gates are allowed.

A good candidate example to study is the Shift operator. It is a simplified variant of
cyclic convolution, and sort of a special case of matrix multiplication, while it still inherits
some interesting properties. Our original motivation is to understand the wire complexity
of the Shift operator in the unrestricted model.

One approach to prove lower bounds is based on information flow arguments. Much work
in circuit complexity is guided by the heuristic idea that information is a “substance”, that
needs to be routed through a circuit from input gates to appropriate output gates [34, 65, 77].
The notion is that each gate and wire in the circuit can only carry one unit of this substance,
and so congestion problems that occur in sparse networks might explain the computational
complexity of certain natural problems.

There are at least restricted models of computation, notably the conservative circuits
model [68], where this heuristic intuition is made into a firm requirement on the circuit’s
behavior. For conservative circuits, lower bounds may be proved (see [68, 69]) that are much
stronger than those known for general circuits (with unrestricted gates). In the conservative
model, it is known that for constant depth d, the wire complexity of the Shift operator is
6 (4,

Conservative circuits are equivalent to routing networks in a certain sense [68, 69]. Com-
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pared with well-known network coding instances, each node is only allowed to route instead
of encoding. By contrast, our goal is to design a communication network, minimizing com-
plexity parameters like depth and number of wires. Very little is known about the actual
comparative strengths of the routing-based paradigm and of general network-coding solu-
tions.

We want to know what kind of property of the Shift operator captures its wire complex-
ity, and hope to extend known arguments to a more general model, called semi-conservative
circuits, which allows arbitrary preprocessing and a final layer of postprocessing. This mo-
tivates the definition of “Expansive Routing Families” (ERFs). It turns out there exist
small-size ERF networks of depth 2 and 3, and we determine the asymptotically optimal
sizes. For depth 2, the size is © (n(log n/ loglog n)2); for depth 3, the size is ©(nloglogn);
for higher depth d > 4, we prove lower bound ;(A;y(n) - n). However, we do not know
whether these bounds are tight or not.

The existence of small-size ERF networks eliminates the possibility to prove strong lower
bounds from this connectivity requirement. On the other hand, the definition of the ERF
networks and the constructions may be interesting on its own right. In general, we propose
the research challenge to develop a powerful and broadly-applicable set of techniques for both
upper bounding and lower bounding the wire complexity of routing networks for given specific
demands. This challenge has essentially been studied before in various theoretical contexts,
but is little studied in its full generality. For example, both upper bounds and lower bounds
are proved for routing networks realizing shifts or all permutations [68, 69]; Riis proposed a
guessing game approach to study such problems, which applies to unrestricted computation,

not necessarily routings [79].

3.1.1 Organization

In Section 3.2.1, we describe one formulation of the conservative circuits model [68]. This

model aims to make precise the idea of an algorithm that handles certain pieces of information
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as “atomic”, manipulating them without inspecting their values or combining them with
other atomic information sources. We also describe some relaxations of the conservative
circuits model, on which we have made partial progress. The basic notion we are exploring
is that of circuits which are allowed to separately “preprocess” certain parts of the input,
but which must then handle this information in an essentially “conservative” way. (We call
these circuits semi-conservative.) We believe such circuits should to some extent inherit the
provable limitations of ordinary conservative circuits.

In Section 3.2.2, we formally define routing networks, which are naturally related to
conservative circuits. Roughly spaeking, a routing network with a specific routing scheme
is a circuit where all gates are projection gates. We will see the relationship between the
entropy function computed by the conservative circuit and the information set of the routing
schemes. In Section 3.2.3, we formulate the definition of Expansive Routing Family (ERF)
networks, based on some entropy property satisfied by the Shift operator.

In Section 3.3.1, we prove a lower bound on the size of depth-2 ERF networks, which relies
on the edge lower bounds of disperser graphs [78]. In Section 3.3.2, we prove an §; (Ag(n) - n)
lower bound on the size of depth-d ERF networks for all constant d > 3, where the proof uses
a powerful lemma of Raz and Shpilka [77]. In Section 3.3.3, we show how these results imply
the same circuit lower bounds for computing the Shift operator under the constant-depth
semi-conservative circuits model.

In Section 3.4, we turn to the study of upper bounds, that is, the construction of ERF
networks. All the constructions are probabilistic (for both graphs and routing schemes), and
are inspired by superconcentrators [6, 21, 78]. Compared with superconcentrators, they seem
more delicate, and their sizes are the same up to a constant factor for depth 3; for depth 2,
it is even smaller than superconcentrators by a factor of O(loglogn). Specifically, we obtain
depth-2 upper bound O(n(logn/loglogn)?) in Section 3.4.1; we have depth-3 upper bound
O(nloglogn) in Section 3.4.4.

In Section 3.5, we propose the challenge to determine the number of edges required in
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bounded-depth networks implementing certain families of “routings” between source and
sink nodes. This problem is a fairly general graph-theoretic problem, and it is the combi-
natorial essence of circuit complexity in the conservative-circuit model. Despite its natural
significance, however, the problem seems to have received little attention in recent years.
Towards this challenge, in Section 3.5.1, we give a lower bound based on the entropy con-
cept. The lower-bound criterion we give is a significant generalization of work of [68, 69] on
so-called shifter and connector graphs. In Section 3.5.2, using probabilistic arguments, we
construct depth-d routing networks of size O (dn1+$> realizing all n shifts, for fixed d. The
size is asymptomatically optimal, and the method is related to previous works [68, 64], but
simpler.

In Section 3.5.3, we list some related open problems may be worth investigating.

3.2 Preliminaries

3.2.1 Conservative Circuits and Relaxations

The idea of a conservative circuit is most naturally motivated by specific computational
problems, for example the Boolean (cyclic) Shift operator. For input parameter n, this
operator takes as input a string « € {0, 1}"* and a number i € Z;, (described by logy n bits).
The output is a string y € {0, 1}". We consider x,y to have coordinates indexed by Zj,, and

the operator is defined by

Shift(:l?,i)j =Y; = Zj4+i modmn -

This operator appears very simple, yet after decades of study it is unknown whether Shift
can be computed by (logarithmic-depth) linear-sized Boolean circuits.
Now one possible hunch about this problem is that inspecting the values x1, ..., xy is not

really “useful” for the circuit; all that matters is that they get “routed” through the circuit
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to their destination output coordinate, and the choice of routing ought not to depend on the
values z1, ..., xy themselves, but only on the shift-amount 7.

To formalize this requirement, let us say that a circuit C(z, 1) is conservative with respect
to x if, after fixing any setting to ¢, all remaining gates in the circuit become projection
gates: that is, they simply take on the value of some particular input variable. Formally, a
projection gate ¢ is just a “dictator function” ¢(y1,...,ys) = Ya, for some a € [k], where
this value a is determined in some way by the shift amount ¢ given to C. It is worth noting
that all operators computable by conservative circuits have a special structure, that is, after

fixing any setting to ¢, all outputs are projections of the inputs.

Next we propose a relaxation of the conservative-circuit model. Our model makes sense
for computing operators F' : {0,1}" — {0, 1}"" with multiple output bits. (For single-output
circuits the model is trivially all-powerful.)

Say that an (unbounded-fanin, Boolean-valued-gates) circuit

is semi-conservative with respect to the designated input blocks x(l), e ,x(k), if C has the

form

C = (CiaW),... Cua®), i),

for some subcircuits C’', Cq, ..., Cs (where the understanding is that C’ takes as inputs only

the output gates of Cy,...,C; and i); and, where we have the following property:

e for any fixed setting to i, all intermediate gates in C' become projection gates. (We

allow the output gates of C’ to compute arbitrary Boolean functions.)

The natural complexity measure for such circuits is their number of wires. For an operator
F:{0,1}" = {0,1}°(") we can always compute F by a semi-conservative circuit of O(n?)

wires, and for randomly chosen operators this is optimal (this follows from [49]).
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We also define the model of semi-conservative circuits with preprocessing, which is the
same as above, except we do not “charge” for the wires in the subcircuits Cq,..., Cg, but
only for those in C’.

A research question is to extend known lower bounds for conservative circuits to these
relaxations, that is, semi-conservative model or semi-conservative models with preprocessing.

For the Shift operator, in Section 3.3.3, we manage to prove wire lower bounds Q; (n - Ag(n))

for depth d > 3; Q (n (101;{50 gn>2) for depth d = 2, under the semi-conservative model with
preprocessing. The lower bound follow from some required connectivity properties which we
formalize in the “Expansive Routing Family” (ERF), that is, Definition 55.

Unfortunately, the ERF property cannot yield lower bounds comparable to €2 (nljﬁ).
This is because for depth 2 and 3, there exist ERF networks of much smaller size. (We
determine the asymptotic size requirements for these depths.)

On the other hand, in the course of this work, we have become convinced that there are
interesting and powerful techniques to lower bound and upper bound the size of information-
routing networks. Such techniques (which ought to apply to many natural patterns of routing

requests) could be of interest to designers of communication networks and to approximation-

algorithms readers as well as to complexity theorists.

3.2.2  Networks and Routings

The definition of conservative circuits is naturally related to routing networks. That is, after
fixing the setting to i (recall that the circuit inputs have two disjoint parts, x and ), the
circuit is equivalent to a network with a specific routing scheme. The formal definition of
routing networks will be given shortly. Roughly speaking, a network with a routing scheme is
a circuit where all gates are projection gates. This framework has been studied in the past.
For example, in [68, 69], both lower bounds and upper bounds (on the number of edges)
are proved for routing networks realizing shifts or all permutations; the book “Switching

Networks” contains some papers studying such routing problems with an eye to some specific
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connectivity patterns [25].

A network, for our purposes, is just a directed acyclic graph G = (V, E), with vertex set

V(G) = (U, V,W).

Here, U and V are disjoint sets of so-called input and output vertices, respectively. The
vertices U are always source vertices in G, while V' are sink vertices. The remaining nodes,
W, are the intermediate vertices (W may contain sources and sinks). Important parameters
of G are n := |U|,m := |V|, and the depth d(G), defined as the length of the longest directed
path in G. We will freely call G an (n, m)-network or n-network when n = m.

Let e — v denote the condition that edge e is incoming on vertex v, and similarly let
v — e denote that e is outgoing from v.

We will be interested in “routings” in GG, where each input vertex z; € X has a unique

“commodity” of its own, call it commodity 7. Formally, a routing in G is a function

R:E(G) — [n] U{L) .

We think of f(e) as the (unique) commodity routed along edge e; if R(e) = L then e is

unused. We require a routing to obey some basic constraints:

1. (Input vertices provide their own commodities) For any input vertex u; € U,

{R(e):u; —»e} C{i,L}; (3.1)

2. (Intermediate vertices have unit capacity) For any vertex w € W,

{R(e) :e - wand R(e) # L} < 1; (3.2)
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3. (Free copying, but no free synthesis or garbage disposal) For any w € W,
{9(e) Nnbyse = {R(E) Ny - (3.3)

While there is some resemblance between our notion of a routing and the multicommodity
flow problems most typically studied in network design problems (particularly those with
integrality constraints), there are also important differences, notably the fact that we allow

free “copying” of our commodities.

Before drawing the connection between conservative circuits and routing networks, we
need some definitions. Following [50], for an operator F' : {0, 1}”+”/ — {0,1}"™, define the
entropy of F' as

Ent(F) := logy (| Range(F)]) . (3.4)

(This is a combinatorial measure, held distinct from the Shannon entropy.) Now suppose that
F has two designated disjoint input blocks: F' = F(x,1), where (x,i) € {0,1}" x {0, 1}n/.

For I C {0, 1}”/, J C [m], define the operator Fy j:{0,1}" — {0, DT By

FLJ(:L’) = (Fj(x’i))iel,jeJ . (35)

For an operator F(z,y) : {0, 1}"+”, — {0, 1}, the quantities Ent(Fy ;) are a fairly
natural measure of “information flow” from the input, into the output gates indexed by J,
in any augmented circuit computing F. For semi-conservative circuits, however, we have
greater control on how information travels through the circuit, and this opens the possibility

that we might exploit the quantities Ent(F I, ) in more effectively for lower-bound purposes.

Now let us draw a simple connection between semi-conservative circuits and multire-

quests. Suppose C(z,1i,z) is a semi-conservative circuit for F', augmented with respect to z
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and auxiliary advice operator Fjqy, so that
Cla,i, Faay(2)) = F(a,1)

Let z = (21,...,2p). Let G be the directed acyclic graph associated with C.

For each setting to ¢, every gate g in C (other than the input and output gates) becomes
a projection gate. Let e;(g) € E(G) denote the incoming edge (i.e., wire) to g carrying the
input that g projects under the setting ¢. Say that an edge e ending at g is a projecting edge
foriif e = e;j(g). We define a routing R; in G, by letting R;(e) = w, if e is a projecting edge
for ¢ and carries the input variable w € {x1,...,2p,21,...,%p}. (We are abusing notation
slightly.) Otherwise, set R;(e) = L. (Formally, a projecting edge e for i carries w if there is
a path of projecting edges for ¢, beginning at w and ending with e itself. In this case e will,
in fact, transmit the value of w on input (z,1, z) to the circuit C.)

R; automatically obeys properties 1 and 2 of our definition of routings, but it might not
obey the “no free garbage disposal” rule. To fix this, say that a projecting edge e for i is live
if there is a path of projecting edges for i, beginning at an input in {z1,...,2p,21,...,2p}
and ending at an output gate, and that contains e.

Define R (e) := R;(e) if e is live, otherwise R (e) := L. It is now easy to verify that 93
is a valid routing according to our definition. QR exactly fulfills some (n + p, n)-request; call
this v;. Let SR be the multirequest containing all of the requests t;.

On an input (z,1, z), it follows readily from the definitions that the value of any output
gate v; with j € J is determined by the values of inputs w € {z1,...,2n,21,..., 2p} carried
by wires (edges) incident to v; that are live and projecting edges with respect to i; that is,

by the values of the set of inputs

{we{z1,...,an,21,..., 2} : Ri(e) :w}e_mj = ti_l(j) . (3.6)

In particular, this holds when z = Fjq, ().
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Now fix a subset J C [m] of outputs, and let I C {0, 1}”, be a collection of settings to i.

It follows from our work above that F7 j(z) can be determined by the values of

—1/-
{we{xl,...,wn,zl,...,zp}:m;(e):w}l‘d,jgﬁ% = U v, (3.7)
iel,jed

a set we denote 9‘{;1(J) C [n+ p]. Thus, we have:

Proposition 54. Suppose C(x,i,z) is as augmented as above. Then, for all I C {0, 1}"/
and J C [m],

Ent(Fy ;) < ‘m;l(J)‘ . (3.8)

For conservative circuits without preprocessing, we have strict equality in (3.8), that is,

Ent(Fr 7) = 9%, 1(])).

3.2.8  FExpansive Routing Families

Now if F is an operator for which we have good lower bounds on the quantities Ent(F7 ),
then this tells us that the collection of routings {R7(e)} implemented by the network G has
a good “expansion” property. The hope is that such property entails a lower bound on the
number of edges for G, if G is of bounded depth.

What are the “upper limits” of this approach? Trivially, we always have Ent(Fy ;) <

[I] - |J|, since Fy ;j outputs only |I|-|.J| bits. For Shift operator, we have

Ent(FLJ) = |I—J| s

where I, J are viewed as subsets of Zy,, and [ —J := {x—y : 2z € I,y € J}. For most sets I, J,
we have Ent(Fy ;) = Q(min(n, [[] - [J])). This motivates the definition of the “Expansive
Routing Family” (ERF).

Definition 55 (Expansive Routing Family (ERF)). Given a network G with n sources andn
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sinks, and n routing schemes, it is called an Expansive Routing Family (ERF) with constant
0>0f
-1 .
R = dwmin (1] 1))

for all I,J C [n]. Whenever 6 >

DO

, we can simply say it is an Exrpansiwve Routing Family,

and G is called an ERF network.

At this point, let us compare Expansive Routing Family (ERF) with the Strong Multiscale
Entropy (SME) property, which is due to Jukna ([51], Chapter 13) generalizing a lower
bound of Cherukhin [20]. Roughly speaking, if operator F': {0,1}" — {0, 1}"" satisfies the
Strong Multiscale Entropy (SME) property, then for every p > /n there exists an equal-size
partition of [n], denoted by Iy, [s,...,I,, and an equal-size partition of [m], denoted by
J1, Jo, ., Jm/p, such that

Ent(Fy, ;) > Q(n)

for all 7 and j, where

Frg = (FrijicljeJ »

where Fy; i(z) := Fj(z[l : i]), and x[] : i] denotes the vector obtained from z by setting
the ith bit to 1, and setting the 'th bit to 0 for all / € I\ {i}. It is worth noting that
the definition of ﬁI7J is different from the definition of Fy ; in (3.5), in which I C {0,1}%2
represents the “controlling” part.

The significance of the Strong Multiscale Entropy property is that it implies circuit lower
bounds. For example, Jukna proved that n x n matrix multiplication over Fo requires at
least n® wires for depth-2 circuits ([51], Chapter 13); Cherukhin proved lower bounds of
the form Qg (n - Ag_1(n)) on the number of wires needed to compute cyclic convolutions in
depth d > 2 [20]. On the other hand, Drucker exhibited an explicit operator satisfying the
SME property that is computable in depth d with O (Aj_1(n) - n) wires, for d = 2,3, and

for even d > 6 [27].
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Remark 56. In the above definition, why do we not insist on § = 17 Because in this case
Q(n?) edges are needed regardless of the depth. The proof is the following: fix any I C [n] of
size 2, and consider J C [n] of size 5. In order to be an ERF network with 6 = 1, we should
have 9%1_1((]) = [n]. In words, for every source, it gets routed to some sink in J, under some
routing scheme in I.

Without loss of generality, assume G s layered, and denote the sources by U, sinks by
V', and the layer next to V by W. We will show the number of edges between W and V' s
Q(n2) Let D be the average degree of v € V. It suffices to show D = Q(n).

Consider a new bipartite graph
G' = G}(UV,E)

as follows (depending on the choice of I C [n]): edge (u,v) € E if u gets routed to v under
some routing scheme in I. There are Dn edges between W and V in graph G, and each edge
can carry at most one unit in one routing scheme. So, in |I| schemes, the total number of
units routed is at most Dn|I|, which implies |E(G")| < Dnl|I| . In average, each u € U is
routed to < D|I| sinks, that is, the average degree of u € U in graph G’ is < D|I|. Hence
there exists some u* € U with degree < D|I|. By our definition of the ERF network with
=1, any J CV of size 5 should cover U, i.c., I'(J) = U in graph G'. Therefore, vertex

u* € U is allowed to miss at most |J| — 1 vertices, which implies
D|I| > deg(u*) Zn—\J|+1:g+1 :
which implies D > T

Furthermore, to justify the definition of ERF, we will prove the choice of the constant
0= % does not matter. As the next lemma shows, we can “amplify” the constant arbitrarily

close to 1, at the cost of a multiplicative constant factor in size (both vertices and edges),
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without increasing the depth.

Lemma 57 (Amplification Lemma). Let G be a depth-d size-s ERF network with constant
d >0, that is, for all 1,J C [n],

‘D‘ifl(J)‘ > Swmin(|I] - |J],n) .

For any constant € > 0, there exists an ERF network G' with constant 1 — € of size Og.¢(5)

and depth d, where the constant in Og (s) only depends on § and €.

Proof. Assume G = (UUW UV, E), where |U| = |V| =n, and U are sources, V sinks. Let
t = t(d,€) be a constant to be determined later, which only depends on § and e. Roughly
speaking, the network G’ is a disjoint union of ¢ copies of G on the same U and V, where

each copy is obtained by randomly permuting n sources. To be specific,
1. Assume U is indexed by [n], and V is also indexed by [n];
2. Make ¢ copies of G (including the routing schemes), and denote by G1,Go, ..., Gy;
3. For each G;, we randomly permute the labels of U;, where G; = (U; UW,; UV}, E;);
4. Finally, we take a disjoint union of (G; and identify U; and V; according to their labels;

5. The routing scheme of G’ is the union of the routing scheme of G;. (This is possible

because outputs can receive all commodities from the incoming neighbors.)

It is clear that the depth does not change, and the size (= number of edges) is at most ¢s.

We shall determine the value of ¢, and prove ‘9{'1_1(J )

> (1—¢€)min(ij,n), for all I, J C [n],
where SR denotes the routing scheme for G/, i := |I|, and j := |J|.

Let I C [n], and J C V = [n]. Since G is an ERF network with constant J, we have
’9‘{;1((])’ > dmin(ij,n). Let A := %I_I(J) C [n], and let m; be the random permutation
applied to G;. Then,

B = %7 '(J) = [Jm(4).
1
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By union bound, it suffices to prove that

> Pr[|B| < (1 - ¢)min(ij,n)] — 0. (3.9)
I,J

Case 1: ij < 5. Let £ :=ij, and thus |A| > £§. Since each ; is a random permutation
on [n], m;(A) will be a uniformly random subset of [n] of size |A| > 0/, and hence B contains

t uniformly random subsets of [n], each of size §¢. Then,

logPr[|B| < (1 —¢€)/]

n (1— )0\ ?* ,
< log Counting argument
(1—e) n
en n n n /
< /llog — — | < <
_Eogg tMOg(l—e)ﬁ ((1—6)6)_(6)_(6n/€)
<2 log% vy log%

= — (t(5—2)€log% :
Case 2: ij > 5. Again let £ := ij.

Pr[|B| < (1 — ¢) min(¢, n)]

. tol
—€
n (1 —¢€)min(f,n) ot n n
<2 ( - ) (1—¢€) <2
< 2n(1_6)t5n/2. n/2<£§n

Set t = t(d, €) such that t6 —2 > 8 and (1 — e)% < 276, Split the summation of (3.9)
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into two parts: ij < 5 and ij > 5. The second part goes to 0, because if £ > 7,
Pr[|B| < (1 —¢)min(f,n)] < 27°",

and we are summing over I, J, and there are at most 2" - 2" = 227 guch I, J in total. For

the first part,

Z Pr(B| < (1-e)ij] < Z (ZL) (”) o—8ijlog 7t

1,7 i J
[|-1J|<n/2 ij<n/2
(3.10)
Applying the following lemma (Lemma 58) with € = 8, we complete the proof. O

The following lemma will be used many times when applying union bounds for analyzing

the routing networks.

Lemma 58. For any constant € > 0,

> (n) <"> e Bl
i)\J

where we sum over all such positive integer i,j such that ij < n2-8/¢ and Jj> %

Proof. First,

ny\ (n\,—eijlog * 2ilog X —eijlog &
2 uo< 2 2 i i
Z (@> (J) B Z

Y] i>]

Split the sum into the following two cases.
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Case 1. j <1 <logn.

2ilog = — eijlog —
i 1]
SQilogn—%ijlogn —>n

8
< —2ilogn . 7> =
€

Thus,

[T 5—eijlog = —2ilogn
2 g < 2 — 0.
> (M) <y

1<i<logn J 1,]

Case 2. logn < j <.

2
2ilog2—eijlog£ < e (—1ogﬁ_—jlog£)
v 1) € 1 1)
2
. . J_E 2
< eilog [(2) je]
n
. _('_2)§ 2 n 8
S 6210g<2 J—¢ ene> log — Z_
1] €
. _4 2
< ezlog(2 sne>
< —2ilogn .

Thus,

n N\ ,—eijlog 7 —2ilogn
2 iy < 2 — 0.
> (=%

logn<j<i 1,J

3.3 Lower Bounds

In this section, we will prove lower bounds on the size of ERF networks. The tightness of

the lower bounds for depth 2 and 3 will be shown in the next section.
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3.3.1 Depth 2

We will prove Q(n(logn/loglogn)?) lower bound on the number of edges for depth-2 ERF
network. The proof relies on Theorem 1.5 in [78], which is a lower bound for disperser graphs.
The idea is to show any depth-2 ERF network must contain (logn/loglogn) disjoint copies

of dispersers, and each disperser graph has Q(nlogn/loglogn) edges.

Definition 59 (disperser graphs). A bipartite graph G = (Vi = [N],Vo = [M],E) is a
(K, €)-disperser graph, if for every X C Vi of cardinality K, |I'(X)| > (1 — €)M. The size
of G is |E(GQ)|.

Theorem 60. (lower bounds for disperser graphs, Theorem 1.5 in [18] ). Let G = (W}
[N], Vo = [M], E) be a (K, ¢)-disperser. Denote by D the average degree of a verter in V7.
Assume that K < N and [D] < (1 — €)M/2 (i.e., G is non trivial). Ifﬁ <e< %, then

D=0 (% : 1og(N/K)),- ife> 1 then D =0 (m : 1og(N/K)).

Theorem 61. Let G = (UUW UV, E), where |V| =n, be a depth-2 ERF network. Then

2
B > on(208" .
log logn

Proof. Let E = E1 U E9, where E7 is the set of edges from U to W, and Ey from W to V.

Assume |Fy| < nlog?n/2, otherwise there is nothing to prove. Let V/ C V be the set of
vertices with degree at most log? n. Since |Es| < nlog?n/2, we have |V'| > n/2.
Restricting G on U UW UV’ denoted by G’, it is clear that G’ is still an ERF network,
where |U| =n and |V/| > n/2. For each i = 0,1,...,logn/(121loglogn), let
W; = {w e W :deg™(w) > L} ,

(log n)0i+3

where deg™ (w) denotes the outdegree of w (= the number of edges from w to V) in graph
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G'. Since |Ey| < nlog?n/2, we have

2] 1 6i+5
(Wil < W < 5-(10gn) : (3.11)

Claim 62. Let k = (logn)%. Graph G’ restricted to vertices V' U (W; \ Wi_1) is a (k,€)

disperser, where 1 — e = Q(1/(log® n)).

Proof. Let J C V' be any subset of size k. Note that each vertex in V/ has degree at most
log? n, and thus |['(J)| < klog®n. Since ‘Eﬁl_l(J)‘ > % -min(|/| - |J|,n), regardless of the

routing scheme, the following condition should be always satisfied: !

> min(|7],deg” (w)) > Qmin(|7]-[J],n)) , (312)
wel'(J)
where deg™ (w) is the indegree of w ( = number of edges from U to w). Setting |I| = T,

(3.12) becomes

S win (%,deg_(w)) > Qn) . (3.13)

wel(J)
Split the sum in the right hand side of (3.13) into two parts: w € I'(J)\W; and w € I'(J)NW;.

For the first part,

Z deg™ (w) < " 5 IT(J)|

wel (I\W; (logn)
n
=1 L k= log&n
ogn

Thus

> min(Fdes () = Q) - —— = Qn) |
wel ()N &

1. This is the only place we use the property of ERF for proving the lower bound for depth-2 networks.
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which implies
Q(n)

D) NW;| > ik

= Q(k) .

Observing that |[W;_1| < % - (logn)% =1 = o(k) by (3.11), we have
D) N (Wi \ Wi1)| = Q(k) — o(k) = Q(k) = Q((1 =€) - [W; \ Wi1])

which proves the claim. O]

By Theorem 60, the number of edges incident on V'’ and W; \ W;_q is at least

1 n nlogn
VI-Q ——————1log(+) ] = Q ,
Vi <log(.510g5 n) & <k‘>> (log logn)

Summing over ¢ = 0,1,...,logn/(12 - loglogn) gives the desired conclusion. O

Remark 63. In the proof, only a weaker condition is required: for each k, there exists I of

size k, such that |%;1(J)| > Q(min(|1] - |J|,n