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ABSTRACT

There is a well-developed asymptotic theory for sample means and sample second-order

statistics of low dimensional stationary processes. However, many important problems on

their asymptotic behaviors are still unanswered for time series which can be high-dimensional,

nonstationary and non-Gaussian.

This thesis concerns the estimation and inference of high-dimensional time series un-

der the framework of functional dependence measure. We first consider the problem of

approximating sums of high dimensional stationary time series by Gaussian vectors. We

also consider an estimator for long-run covariance matrices and study its convergence prop-

erties. Our results allow constructing simultaneous confidence intervals for mean vectors

of high-dimensional time series with asymptotically correct coverage probabilities. As an

application, we can do simultaneous inferences for covariance matrices of high-dimensional

stationary time series. We also propose a Kolmogorov-Smirnov type statistic for testing

distributions of high-dimensional time series.

This thesis also presents a systematic asymptotic theory for the estimates of time-varying

second-order statistics for a general class of high-dimensional nonstationary processes. In

particular, we investigate the estimation of time-varying autocovariance matrix functions,

spectral density matrices and coherence matrices for high-dimensional locally stationary

processes. Besides, we use the constrained `1 minimization approach to estimate the inverse

of the spectral density matrix which can be used to identify the graphical structure for high-

dimensional locally stationary processes. We derive the convergence rates of the estimates

which depend on the sample size, the dimension, the moment condition and the dependence

of the underlying processes.
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CHAPTER 1

INTRODUCTION

During the past several decades, there has been a well-developed theory for low dimensional

stationary processes. However, the assumption of low dimensionality and stationarity may

not be adequate for some practical applications. High dimensional and/or nonstationary

time series analysis has gained credibility recently in finance, signal processing, neuroscience,

meteorology, seismology and many other areas.

As an important class of non-stationary processes, locally stationary processes have at-

tracted considerable attention in the past years. Different approaches for modelling locally

stationary processes have been developed. For example, Dahlhaus [1997, 2000a] adopted

a time-varying spectral representation, which was first studied in detail by Priestley [1965,

1982, 1988a]. Mallat et al. [1998] considered processes whose covariance operators are time-

varying convolutions. Another method of modelling is to approximate non-stationary pro-

cesses by piecewise stationary processes; see Adak [1998] and Ombao et al. [2005]. Other

notable work includes Nason et al. [2000], Moulines et al. [2005] and more recently Zhou

[2010] and Vogt [2012]; see Dahlhaus [2012] for a comprehensive overview.

Parametric locally stationary processes with time-varying coefficients have been intensive-

ly studied; see, for example, time-varying AR models (Subba Rao [1970], Dahlhaus [1997],

Moulines et al. [2005]), ARMA models (Grenier [1983], Dahlhaus and Polonik [2009]), ARCH

and GARCH models (Dahlhaus and Subba Rao [2006, 2007], Hafner and Linton [2010], Fry-

zlewicz and Subba Rao [2011]). Despite the advantage of ease of interpretation and simplicity

of prediction using parametric models, one may draw erroneous conclusions of the model suf-

fering from misspecification. In view of this, we consider nonparametric locally stationary

processes. Let (Xt,n)nt=1 be the observed sequence generated from the model

Xt,n = G(t/n,F t) = (Xt1,n, . . . , Xtp,n)>, (1.0.1)
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where F t = (. . . , εt−1, εt) and εt, t ∈ Z are i.i.d. random elements, > denotes matrix

transpose, G(·, ·) = (g1(·, ·), . . . , gp(·, ·))> is an Rp-valued measurable function such that

Xt(u) = G(u,F t) is a well-defined random vector and the uniform stochastic Lipschitz

continuity holds: there exists K > 0 for which

max
1≤j≤p

‖gj(u,F t)− gj(v,F t)‖ ≤ K|u− v|, for all u, v ∈ [0, 1], (1.0.2)

where ‖X‖ = (EX2)1/2 for a random variable X. In the scalar case with p = 1, Zhou

and Wu [2009] considered the estimation of quantile curves under this framework and Zhou

[2010] performed nonparametric specification tests of quantile curves. Wu and Zhou [2011]

obtained an Gaussian approximation result on partial sums of the process when p is fixed. If

G(u, ·) does not depend on u, then (1.0.1) becomes Xt = G(F t), which defines a large class of

high-dimensional stationary processes. Under this framework, Chen et al. [2013] quantified

the convergence rates in covariance and precision matrix estimation and extended it to the

locally stationary case. Wu and Wu [2016] studied properties of estimates of the regression

parameters in high-dimensional linear models with dependent covariates and errors.

We aim to perform simultaneous inference for mean vectors of high-dimensional station-

ary processes in Chapter 2. We first consider the problem of approximating sums of high di-

mensional stationary time series by Gaussian vectors. To perform statistical inference based

on the Gaussian approximation result, one needs to estimate the long-run covariance matrix.

The latter problem has been extensively studied in the scalar and the low-dimensional case;

see Newey and West [1987], Politis et al. [1999], Bühlmann [2002], Lahiri [2003], Alexopou-

los and Goldsman [2004], among others. We study the batched-mean estimate of long-run

covariance matrices and derive a large deviation result about quadratic forms of stationary

processes. The latter tail probability inequalities allow dependent and/or non-sub-Gaussian

processes under mild conditions, which are expected to be useful in other high-dimensional

inference problems for dependent vectors. Our results allow constructing simultaneous confi-
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dence intervals for mean vectors of high-dimensional time series with asymptotically correct

coverage probabilities. As an application, we can do simultaneous inferences for covariance

matrices of high-dimensional stationary time series. We also propose a Kolmogorov-Smirnov

type statistic for testing distributions of high-dimensional time series.

The primary goal of Chapter 3 is to estimate second-order characteristics of a general class

of locally stationary processes which can be possibly high-dimensional and non-Gaussian,

and lay a theoretical foundation for estimation consistency. We first concern the estimation

of time-varying autocovariance matrix functions and study the nonparametric estimation

of time-varying spectral density and coherence matrices. In particular, we also introduce

the overlapped batched mean estimate of long-run covariance matrix functions and use the

constrained `1 minimization approach to estimate the inverse of the spectral density matrix

which can be used to identify the graphical structure for high-dimensional locally stationary

processes. We derive the convergence rates of the estimates which depend on the sample

size, the dimension, the moment condition and the dependence of the underlying processes.

We also provide Hanson–Wright-type inequalities for tail probabilities for non-stationary

processes with finite polynomial moments, which could be quite useful in the estimation of

second-order statistics.

We now introduce some notation. For a random variable X and q ≥ 1, we write X ∈ Lq if

‖X‖q := (E|X|q)1/q <∞. Denote ‖X‖ = ‖X‖2 and the operator E0 with E0(X) := X−EX.

Define the projection operator Pt· = E(·|F t) − E(·|F t−1) where F t = (. . . , εt−1, εt). For a

vector v = (v1, . . . , vp)
> and q ≥ 1, we define |v|q = (

∑p
j=1 |vj |

q)1/q and |v|∞ = maxj |vj |.

For a matrix A = (aij)
p
i,j=1, define the elementwise `∞ norm |A|∞ = maxi,j |aij | and the

matrix `1 norm |A|L1
= maxj

∑
i |aij |. Write the p×p identity matrix as Ip. For an interval

I ⊂ R, denote by CiI, i ∈ N, be the collection of functions that have i-th order continuous

derivatives on I. For two real numbers, set x∨y = max(x, y) and x∧y = min(x, y). For two

sequences of positive numbers (an) and (bn), we write an � bn (resp., an . bn or an � bn)

if there exists some constant C > 0 such that C−1 ≤ an/bn ≤ C (resp., an/bn ≤ C or

3



an/bn → 0) for all large n. We use C,C1, C2, · · · to denote positive constants whose values

may differ from place to place. A constant with a symbolic subscript is used to emphasize

the dependence of the value on the subscript.
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CHAPTER 2

HIGH DIMENSIONAL STATIONARY PROCESSES

2.1 Introduction

In this chapter, we shall consider simultaneous inference for mean vectors of high-dimensional

stationary processes, so that one can perform family-wise multiple testing or construct si-

multaneous confidence intervals, an important problem in the analysis of spatial-temporal

processes. To fix the idea, let (Xi) be a stationary process in Rp with mean µ = (µ1, . . . , µp)
>

and finite second moment in the sense that E(X>i Xi) <∞. In the scalar case in which p = 1

or when p is fixed, under suitable weak dependence conditions, we can have the central limit

theorem (CLT):

1√
n

n∑
i=1

(Xi − µ)⇒ N(0,Σ), where Σ =
∞∑

k=−∞
E((X0 − µ)(Xk − µ)>).

See, for example, Rosenblatt [1956], Ibragimov and Linnik [1971], Wu [2005], Dedecker et al.

[2007], Bradley [2007] among others. In the high dimension case in which p can also diverge

to infinity, Portnoy [1986] showed that the central limit theorem can fail for i.i.d. random

vectors if
√
n = o(p). We shall consider an alternative form: Gaussian approximation

for the largest entry of the sample mean vector X̄n = n−1∑n
i=1Xi. For a vector v =

(v1, . . . , vp)
>, let |v|∞ = maxj≤p |vj |. Specifically, our primary goal is to establish the

Gaussian Approximation (GA) in Rp

sup
u≥0
|P(
√
n|X̄n − µ|∞ ≥ u)− P(|Z|∞ ≥ u)| → 0, (2.1.1)

where both n, p → ∞. Here, the Gaussian vector Z = (Z1, . . . , Zp)
> ∼ N(0,Σ). Cher-

nozhukov et al. [2013a] studied the Gaussian approximation for independent random vec-

tors. There has been limited research on high-dimensional inference under dependence. The
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associated statistical inference becomes considerably more challenging since the autocovari-

ances with all lags should be considered. Zhang and Cheng [2014] extended the Gaussian

approximation in Chernozhukov et al. [2013a] to very weakly dependent random vectors

which satisfy a uniform geometric moment contraction condition. The latter condition is al-

so adopted in Chen et al. [2015] for self-normalized sums. Chernozhukov et al. [2013b] did a

similar extension to strong mixing random vectors. Here, we shall establish (2.1.1) for a wide

class of high-dimensional stationary process under suitable conditions on the magnitudes of

p, n and the mild dependence conditions on the process (Xi).

In Section 2.2, we shall introduce the framework of high-dimensional time series in detail

and some concepts about functional dependence measures that are useful for establishing

an asymptotic theory. The main result for Gaussian approximation of the normalized mean

vector and the choice of the normalization matrix is presented in Section 2.3. Depending on

the moment and the dependence conditions, both high dimension and ultra high dimension

cases are discussed. In Section 2.4, we apply our Gaussian approximation result to simulta-

neous inference of entries of sample covariance matrices of high-dimensional time series. In

Section 2.5, we shall develop a Kolmogorov–Smirnov-type statistic for testing distributions

of high-dimensional time series.

To perform statistical inference based on (2.1.1), one needs to estimate the long-run co-

variance matrix Σ. The latter problem has been extensively studied in the scalar and the

low-dimensional case; see Newey and West [1987], Politis et al. [1999], Bühlmann [2002],

Lahiri [2003], Alexopoulos and Goldsman [2004], among others. In Section 2.6, we study the

batched-mean estimate of long-run covariance matrices and derive a large deviation result

about quadratic forms of stationary processes. The latter tail probability inequalities allow

dependent and/or non-sub-Gaussian processes under mild conditions, which are expected

to be useful in other high-dimensional inference problems for dependent vectors. The con-

sistency of the batched-mean estimate ensures the validity of the quantile estimates of L∞

norms of sample means; see Section 2.6.1.
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We provide in Section 2.7 a simulation study. Section 2.8 includes some sharp inequal-

ities for tail probabilities for high dimensional dependent processes in the polynomial tail

case. The readers are referred to Section 2.9 for the tail probability inequalities in the

one-dimensional case under finite polynomial moment and exponential moment conditions,

respectively. Part of the proofs are relegated to Section 2.10.

2.2 High-dimensional Stationary Processes

Let εi, i ∈ Z, be i.i.d. random elements and F i = (. . . , εi−1, εi); let (Xi) be a stationary

process taking values in Rp that assumes the form

Xi = (Xi1, Xi2, . . . , Xip)
> = G(F i), (2.2.1)

where G(·) = (g1(·), . . . , gp(·))> is an Rp-valued measurable function such that Xi is well-

defined. The model (2.2.1) is a special case of (1.0.1) where G(u, ·) does not depend on u.

In the scalar case with p = 1, (2.2.1) allows a very general class of stationary processes (cf.

Wiener [1958], Rosenblatt [1971], Priestley [1988b], Tong [1990], Wu [2005], Tsay [2005],

Wu [2011]). It includes linear processes as well as a large class of nonlinear time series

models. For example, if εi, i ∈ Z, are i.i.d. d-dimensional random vectors with mean 0

and E(ε>i εi) < ∞, and Ai, i ≥ 0, are p × d coefficient matrices with real entries such that∑∞
i=0 tr(A>i Ai) < ∞, where tr(·) denotes the trace of a matrix. Then by Kolmogorov’s

three-series theorem, the linear process

Xi =
∞∑
l=0

Alεi−l (2.2.2)

exists, and it is of form (2.2.1) with a linear functional G. In particular, the vector AR(1)

process Xi = AXi−1 + εi has form (2.2.2) with Al = Al if maxj≤p |λj(A)| < 1, where A

is a coefficient matrix and λ1(A), . . . , λp(A) are eigenvalues of A. Within this framework,
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(εi) can be viewed as independent inputs of a physical system and all the dependencies

among the outputs (Xi) result from the underlying data-generating mechanism G(·). The

function gj(·), 1 ≤ j ≤ p, is the jth coordinate projection of G(·). Unless otherwise specified,

assume throughout this chapter that EXi = 0 and maxj≤p ‖Xij‖q < ∞ for some q ≥ 2.

Let Γ(l) = (γjk(l))
p
j,k=1 = E(XiX

>
i+l) be the autocovariance matrix and recall the long-run

covariance matrix

Σ = (σjk)
p
j,k=1 =

∞∑
l=−∞

Γ(l) (2.2.3)

if it exists. Note that σjj =
∑∞
l=−∞ γjj(l), 1 ≤ j ≤ p, is the long-run variance of the

component process X·j = (Xij)i∈Z. For the latter process, following Wu [2005] we define

the functional dependence measure:

δi,q,j = ‖Xij −Xij,{0}‖q = ‖Xij − gj(F i,{0})‖q, (2.2.4)

where F i,{k} = (. . . , εk−1, ε
′
k, εk+1, . . . , εi) is a coupled version of F i with εk in F i replaced

by ε′k, and εi, ε
′
l, i, l ∈ Z, are i.i.d. random elements. Note that F i,{k} = F i if k > i. To

account for the dependence in the process X·j , we define the dependence adjusted norm

‖X·j‖q,α = sup
m≥0

(m+ 1)α∆m,q,j , α ≥ 0, where ∆m,q,j =
∞∑
i=m

δi,q,j . (2.2.5)

Due to the dependence, it may happen that maxj≤p ‖Xij‖q < ∞ while ‖X·j‖q,α = ∞.

Elementary calculations show that, if Xij , i ∈ Z, are i.i.d., then ‖Xij‖q ≤ ‖X·j‖q,α ≤

2‖Xij‖q, suggesting that the dependence adjusted norm is equivalent to the classical Lq

norm.

8



To account for high-dimensionality, we define

Ψq,α = max
1≤j≤p

‖X·j‖q,α and Υq,α =

 p∑
j=1

‖X·j‖
q
q,α

1/q

,

which can be interpreted as the uniform and the overall dependence adjusted norms of

(Xi)i∈Z, respectively. The form (2.2.1) and its associated dependence measures provide a

convenient framework for studying high-dimensional time series. Zhang and Cheng [2014]

considered the special case which imposes the stronger geometric moment contraction con-

dition max1≤j≤p ∆m,q,j ≤ Cρm with ρ ∈ (0, 1) and some constant C. This assumption can

be fairly restrictive. In this thesis Ψq,α can be unbounded in p. Additionally, we define the

L∞ functional dependence measure and its corresponding dependence adjusted norm for the

p-dimensional stationary process (Xi)

ωi,q = ‖|Xi −Xi,{0}|∞‖q;

‖|X·|∞‖q,α = sup
m≥0

(m+ 1)αΩm,q, α ≥ 0, where Ωm,q =
∞∑
i=m

ωi,q.

Clearly, we have Ψq,α ≤ ‖|X·|∞‖q,α ≤ Υq,α. Throughout this chapter, we assume p = pn →

∞ as n→∞.

2.3 Gaussian Approximations for Sample Mean Vectors

In this section, we shall present main results on Gaussian approximations. Theorem 2.3.2

concerns the finite polynomial moment case with both weaker and stronger temporal de-

pendence. If the underlying process has finite dependence adjusted sub-exponential norms,

Theorem 2.3.3 asserts that an ultra-high dimension p can be allowed. Theorem 2.10.4 in

Section 2.10.1 provides a convergence rate of the Gaussian approximation.

Recall (2.2.3) for the long-run covariance matrix Σ. Let Σ0 = diag(Σ) be the diagonal

matrix of Σ, and D0 = diag(σ
1/2
11 , . . . , σ

1/2
pp ) = Σ

1/2
0 . Assume µ = 0. We consider the

9



following normalized version of (2.1.1):

ρn := sup
u≥0
|P(
√
n|D−1

0 X̄n|∞ ≥ u)− P(|D−1
0 Z|∞ ≥ u)| → 0, (2.3.1)

Assumption 2.3.1. There exists a constant c > 0 such that min1≤j≤p σjj ≥ c.

To state Theorem 2.3.2, we need to define the following quantities:

Θq,α = Υq,α ∧ (‖|X·|∞‖q,α(log p)3/2), L1 = (Ψ2,αΨ2,0(log p)2)1/α,

W1 = (Ψ6
3,0 + Ψ4

4,0)(log(pn))7, W2 = Ψ2
2,α(log(pn))4,

W3 = (n−α(log(pn))3/2Θq,α)1/(1/2−α−1/q),

N1 = (n/ log p)q/2/Θ
q
q,α, N2 = n(log p)−2Ψ−2

2,α,

N3 = (n1/2(log p)−1/2Θ−1
q,α)1/(1/2−α).

Theorem 2.3.2. Let Assumption 2.3.1 be satisfied. (i) Assume that Θq,α < ∞ holds with

some q ≥ 4 and α > 1/2− 1/q (the weaker dependence case),

Θq,αn
1/q−1/2(log(pn))3/2 → 0 (2.3.2)

and

L1 max(W1,W2) = o(1) min(N1, N2). (2.3.3)

Then the Gaussian approximation (2.3.1) holds. (ii) Assume 0 < α < 1/2−1/q (the stronger

dependence case). Then (2.3.1) holds if Θq,α(log p)1/2 = o(nα) and

L1 max(W1,W2,W3) = o(1) min(N2, N3). (2.3.4)

Remark 1. A careful check of the proof of Theorem 2.3.2 indicates that if it is further
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assumed that max1≤j≤p σjj is bounded from above, the Gaussian approximation is also

valid for the nonnormalized maximum, that is, for both cases of Theorem 2.3.2,

sup
u≥0
|P(
√
n|X̄n|∞ ≥ u)− P(|Z|∞ ≥ u)| → 0. (2.3.5)

Remark 2. (Optimality of our result on the allowed dimension p) Assume α > 1/2 − 1/q.

In the special case with Ψq,α � 1 and Θq,α � p1/q, (2.3.2) becomes

p(log(pn))3q/2 = o(nq/2−1), (2.3.6)

which by elementary manipulations implies (2.3.3), and hence the GA (2.3.1). It turns

out that condition (2.3.6), or equivalently p(log p)3q/2 = o(nq/2−1), is optimal up to a

multiplicative logarithmic term. Consider the special case in which Xij , i, j ∈ Z, are i.i.d.

symmetric random variables with E(X2
ij) = 1 and the tail probability P(Xij ≥ u) = u−q`(u),

u ≥ u0, where `(u) = (log u)−2. By Theorem 1.9 of Nagaev [1979], we have the expansion:

for a sequence yn ≥
√
n, as n→∞,

P(X11 + . . .+Xn1 ≥ yn)

ny
−q
n `(yn) + 1− Φ(yn/

√
n)
→ 1. (2.3.7)

Let Mn = X11 + . . .+Xn1, Z = (Z1, . . . , Zp)
> ∼ N(0, Ip) and assume

nq/2−1 = o(p(log n)−2(log p)−q/2). (2.3.8)

Then the GA (2.3.1) does not hold. To see this, let u = (2 log p)1/2. Then pP(|Z1| ≥ u)→ 0,

and, by (2.3.7) and (2.3.8), pP(Mn ≥
√
nu) → ∞. Hence, Pp(|Mn| ≤

√
nu) → 0 and

Pp(|Z1| ≤ u)→ 1, implying that

ρn ≥ |P(
√
n|X̄n|∞ ≤ u)− P(|Z|∞ ≤ u)|

= |Pp(|Mn| ≤
√
nu)− Pp(|Z1| ≤ u)|
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= |[1− 2P(Mn ≥
√
nu)]p − Pp(|Z1| ≤ u)| → 1.

Note that (2.3.8) is equivalent to nq/2−1 = o(p(log p)−2−q/2), suggesting that (2.3.6) is

optimal up to a logarithmic term.

Now suppose there exist 0 ≤ κ1 ≤ κ2 such that Ψq,α � pκ1 and Θq,α � pκ2 , and pτ � n.

Elementary but tedious calculations show that, in the weaker dependence case α > 1/2−1/q,

if

τ > max

{
κ2

1/2− 1/q
,
2κ1

α
+ 8κ1,

2

q

(
2κ1

α
+ 8κ1

)
+ 2κ2

}
, (2.3.9)

then conditions in (i) of Theorem 2.3.2 are satisfied, while for the stronger dependence case

with 0 < α < 1/2− 1/q, a larger sample size n is required:

τ > max

{
κ2

α
,
2κ1

α
+ 8κ1, (1− 2α)

(
2κ1

α
+ 8κ1

)
+ 2κ2

}
. (2.3.10)

The lower bounds in (2.3.9) and (2.3.10) are both nondecreasing of κ1, κ2 and nonincreasing

in q, α.

Next we consider the sub-exponential case in which Xij satisfies a stronger moment

condition than the existence of finite qth moment. Assume that Xij has finite moment with

any order. For ν ≥ 0 and α ≥ 0, define the dependence adjusted sub-exponential norm

‖X·j‖ψν ,α = sup
q≥2

‖X·j‖q,α
qν

and Φψν ,α = max
j≤p
‖X·j‖ψν ,α

By this definition, if Xij , i ∈ Z are i.i.d., ‖X·j‖ψν ,α is equivalent to the sub-Gaussian norm

(ν = 1) or sub-exponential norm (ν = 1/2), due to the equivalence of ‖X·j‖q,α and ‖Xij‖q.

The parameter ν measures how fast ‖X·j‖q,α increases with q.

12



To state Theorem 2.3.3, we let β = 2/(1 + 2ν) and define

L2 = ((log p)1/β+1/2Φψν ,α)1/α, N4 = n(log p)−1−2/βΦ−2
ψν ,0

,

W4 = (log(pn))3+2/βΦ2
ψν ,0

+ (log(pn))4.

Theorem 2.3.3. Let Assumption 2.3.1 be satisfied. Assume that Φψν ,α < ∞ for some

ν ≥ 0, α > 0 and

max(L1, L2) max(W1,W4) = o(N4), Lα1 max(W1,W4) = o(n). (2.3.11)

Then the Gaussian approximation (2.3.1) holds.

If Φψν ,α � 1, then the ultra high-dimensional case with log p = o(nc) with some c > 0 is

allowed, where specifically we can let

c =


1/(8 + 2/α + 2/β), 2/3 ≤ β ≤ 2

1/[7 + (1/β + 1/2)(1/α + 2)], 1/2 ≤ β < 2/3

1/[3 + 2/β + (1/β + 1/2)(1/α + 2)], 0 < β < 1/2

. (2.3.12)

2.4 Simultaneous Inference of Covariances

Let X1, . . . , Xn be i.i.d. p-dimensional vectors with mean 0 and covariance matrix Γ0 =

(γjk)
p
j,k=1 = E(XiX

>
i ). We estimate Γ0 by the sample covariance matrix Γ̂0 = (γ̂jk)

p
j,k=1 =

n−1∑n
i=1XiX

>
i . To perform simultaneous inference on γjk, 1 ≤ j, k ≤ p, one needs to

derive the asymptotic distribution of the maximum deviation maxj,k≤p |γ̂jk − γjk| or the

normalized version maxj,k≤p |γ̂jk − γjk|/τjk; cf. equation (2) in Xiao and Wu [2013]. The

former is also referred to as the mutual coherence of the data matrix in the compressed sensing

literature (see, e.g., Donoho et al. [2006]). Jiang [2004] established the Gumbel convergence

of the maximum deviation under some polynomial moment condition and under the setup

that all entries of Xi are also independent. See Li and Rosalsky [2006], Zhou [2007], Liu
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et al. [2008] and Li et al. [2010] for some refined results. Cai and Jiang [2011] showed that

max|j−k|>sn |γ̂jk−γjk| also converges to the Gumbel distribution if (Xij)1≤j≤p is Gaussian

and sn-dependent for each i. Xiao and Wu [2013] considered the extension to the non-

Gaussian case and allowed a general dependence structure among entries of Xi. However,

the latter two paper both require that the vectorsX1, . . . , Xn are i.i.d. The problem of further

extension to temporally dependent Xi is open. In analyzing fMRI functional connectivity

in brain networks in the format of multivariate time series, researchers use the maximum

correlation between time series to identify edges that connect the corresponding nodes in

a network (cf. Hipp et al. [2012], Deco et al. [2013], Hutchison et al. [2013], Larson-Prior

et al. [2013], among many others). Such applications suggest that an asymptotic theory for

maximum deviations of sample covariances is needed.

Our Theorems 2.3.2 and 2.3.3 can be applied to the above problem of further exten-

sion to temporally dependent processes. Let (Xi) be a mean zero p-dimensional stationary

process of form (2.2.1). To apply Theorems 2.3.2 and 2.3.3, one needs to deal with the

key issue of computing the functional dependence measure of the p2-dimensional vector

Xi = vec(XiX
>
i − E(XiX

>
i )). Interestingly, our framework allows a natural and elegant

treatment. Let a = (j, k), j, k ≤ p and Xia = XijXik − γa, where γa = E(XijXik). By

Hölder’s inequality, the functional dependence of the component process (Xia)i:

ϕi,q/2,a := ‖XijXik − E(XijXik)−Xij,{0}Xik,{0} + E(Xij,{0}Xik,{0})‖q/2

≤ 2‖XijXik −Xij,{0}Xik,{0}‖q/2

≤ 2‖Xij(Xik −Xik,{0})‖q/2 + 2‖(Xij −Xij,{0})Xik,{0}‖q/2

≤ 2‖Xij‖qδi,q,k + 2‖Xik‖qδi,q,j . (2.4.1)

Hence, we can have an upper bound of the dependence adjusted norm of (Xia)

‖X·a‖q/2,α := sup
m≥0

(m+ 1)α
∞∑
i=m

ϕi,q/2,j,k

≤ 2‖X·j‖q,0‖X·k‖q,α + 2‖X·k‖q,0‖X·j‖q,α. (2.4.2)
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Consequently, the uniform and the overall dependence adjusted norms of Xi are

max
a
‖X·a‖q/2,α ≤ 4Ψq,0Ψq,α,(∑

a

‖X·a‖
q/2
q/2,α

)2/q

≤ 4

 p∑
j=1

‖X·j‖
q/2
q,0

2/q p∑
j=1

‖X·j‖
q/2
q,α

2/q

. (2.4.3)

Similarly, the L∞ dependence adjusted norm for the process (Xi) can be calculated by

‖|X·|∞‖q/2,α ≤ 4‖|X·|∞‖q,0‖|X·|∞‖q,α. (2.4.4)

With (2.4.1)-(2.4.4), conditions in Theorems 2.3.2 and 2.3.3 can be formulated accordingly,

and under those conditions we can have the following Gaussian approximation:

sup
u≥0
|P(
√
nmax

a
|γ̂a − γa|/τa ≥ u)− P(max

a
|Za/τa| ≥ u)| → 0, (2.4.5)

where Z = (Za)a ∼ N(0,ΣX ), ΣX is the p2 × p2 long-run covariance matrix of (Xi)i and

(τ2
a )a is the diagonal matrix of ΣX .

2.5 A Uniform Test for Distributions of Time Series

In this section, we shall apply the Gaussian approximation result Theorem 2.3.2 and test

distributions of time series. For the process (Xi) defined in (2.2.1), let Fj(u) = P(Xij ≤ u),

u ∈ R, be the cumulative distribution function (c.d.f.) of Xij , 1 ≤ j ≤ p; let Fj,0(·) be the

reference c.d.f. We are interested in testing the null hypothesis:

H0 : Fj(·) = Fj,0(·) for all j = 1, . . . , p. (2.5.1)

In the classical Kolmogorov–Smirnov test with p = 1 and i.i.d. data Xi1, i ∈ Z, one uses a

test statistic that involves the supremum distance between the empirical and the reference
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c.d.f.s. Here, we shall apply a smoothing procedure and consider testing an equivalent form

of (2.5.1). In particular, we let h(u) = H ′(u) be a probability density function (p.d.f.) such

that h(u) > 0 for all u ∈ R, supu h(u) <∞ and let

Hj(u) =

∫
R
Fj(v)h(u− v)dv and Hj,0(u) =

∫
R
Fj,0(v)h(u− v)dv. (2.5.2)

For example, we can let h(·) be the standard Gaussian p.d.f. In this case, Hj(·) is the c.d.f.

of Xij + η, where η ∼ N(0, 1) is independent of Xij . Here, we shall consider testing the

following equivalent form of (2.5.1):

H0 : Hj(·) = Hj,0(·) for all j = 1, . . . , p, (2.5.3)

by using the goodness-of-fit test statistic of the form supu∈I |Ĥj(u)−Hj,0(u)|, where I ⊂ R

is an interval and Ĥj(u) is an unbiased estimate of Hj(u):

Ĥj(u) =
1

n

n∑
i=1

H(u−Xij). (2.5.4)

Similar smoothing ideas appeared in the literature. Researchers applied kernel smoothing

to overcome the shortcoming of discontinuity of empirical distribution functions; see, for

example, Yamato [1973], Azzalini [1981], Reiss [1981], Falk [1985], Cheng and Peng [2002],

Wang et al. [2013], among others.

Here, we shall develop a Gaussian approximation theory for

∆n := max
1≤j≤p

sup
u∈I

√
n|Ĥj(u)−Hj(u)|. (2.5.5)

To this end, we shall carry out a detailed calculation for the functional dependence measures

defined in Section 2.2 of H(u − Xij). For presentational clarity here, we only consider

marginal distributions and linear processes (Xi) defined in (2.2.2). We remark that our
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approach also applies to testing for joint distributions and for nonlinear processes.

Assumption 2.5.1. The process (Xi) is of form (2.2.2) with εi = (εi1, . . . , εid)
>, where εij

are i.i.d. with mean 0 and ‖εij‖γ <∞, γ > 2; and coefficient matrices Ai = (ai,jk)j≤p,k≤d

satisfy
∑∞
i=0 tr(A>i Ai) <∞.

For j, k = 1, . . . , p and u, v ∈ R, define the long-run covariance function

σj,k(u, v) =
∞∑

l=−∞
Cov(H(u−X0j), H(v −Xlk)). (2.5.6)

Let {Zj(u), j = 1, . . . , p;u ∈ R} be a mean 0 Gaussian process such that its covariance

function is given by (2.5.6).

Assumption 2.5.2. There exists a constant c > 0 and a closed finite interval I ⊂ R such

that min1≤j≤p minu∈I σj,j(u, u) ≥ c.

Theorem 2.5.3. Let Assumptions 2.5.1 and 2.5.2 be satisfied, and suppose there exists a

constant C1 > 0 such that for all m ≥ 0,

∞∑
i=m

 d∑
k=1

max
j
|ai,jk|2

min(γ/q,1)/2

≤ C1(1 ∨m)−α (2.5.7)

holds for some q ≥ 4 and α > 0. Let ι = min(γ/q, 1)/2. There exists some constant κ > 0

depending on α and ι such that if p satisfies

log p = o(nκ), (2.5.8)

we have

sup
u≥0

∣∣∣∣P(
√
n∆n ≥ u)− P

(
max

1≤j≤d
sup
x∈I
|Zj(x)| ≥ u

)∣∣∣∣→ 0. (2.5.9)

Remark 3. A careful check of the proof of Theorem 2.5.3 indicates that, for the index κ

in (2.5.8), we can let κ = κ1 = [(2ι + 2)/α + 8ι + 11]−1 if α > 1/2 − 1/q, and κ =

17



min(κ1, α/(3 + ι)) if 0 < α < 1/2− 1/q.

For i.i.d. random vectors, Kosorok and Ma [2007] considered uniform convergence of

empirical distribution functions. Theorem 2.5.3 might be the first result in the literature

concerning weak convergence of empirical processes in the high-dimensional setting under

dependence.

Proof of Theorem 2.5.3. We shall divide the proof into 5 steps: discretization of the empirical

process; representation of the covariance function; continuity of the approximating Gaussian

process; computation of the functional dependence measures; and application of Theorem

2.3.2.

Step 1: discretization of the empirical process. Without loss of generality let I = [0, 1].

Let L = n2 and u` = `/L, ` = 1, . . . ,L. For V = {(j, `) : 1 ≤ j ≤ p, 1 ≤ ` ≤ L}, define

the (pL)-dimensional vectorMi = (Miv)v∈V withMiv = H(u` −Xij)−EH(u` −Xij) for

v = (j, `) ∈ V . Let M̄n = n−1∑n
i=1Mi. Since H(·) is increasing and h0 = supu h(u) <∞,

we have by the triangle inequality that

|∆n −
√
n|M̄n|∞| ≤

h0
√
n

L
=

h0

n
√
n
. (2.5.10)

Step 2: representation of the covariance function. Define the projection operator Pi· =

E(·|F i)− E(·|F i−1) and

Dj(u) =
∞∑
l=0

P0H(u−Xlj), j = 1, . . . , p. (2.5.11)

Recall (2.5.6) for σj,k(u, v). By the orthogonal decomposition,

H(u−X0j)− EH(u−X0j) =
∞∑

m=−∞
PmH(u−X0j)
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and the stationarity of (Xi), we have the representation

σj,k(u, v) =
∞∑

l=−∞

∞∑
m=−∞

E[PmH(u−X0j)PmH(v −Xlk)] = E[Dj(u)Dk(v)]. (2.5.12)

Since P0H(u−Xlj) = E[H(u−Xlj)−H(u−Xlj,{0})|F0], by the first inequality in (2.5.21)

and Jensen’s inequality, we have

‖P0H(u−Xlj)‖ ≤ ‖H(u−Xlj)−H(u−Xlj,{0})‖ ≤ 2h0bl‖εij‖, (2.5.13)

where bi = (
∑d
k=1 maxj |ai,jk|2)1/2. By (2.5.7), #{i : bi ≥ 1} ≤ C1. If bi < 1, then

bi ≤ b
min(1,γ/q)
i . Hence,

∑∞
i=0 bi ≤ 2C1 and

(σjj(u, u))1/2 = ‖Dj(u)‖ ≤
∞∑
l=0

‖P0H(u−Xlj)‖ ≤ 4C1h0‖εij‖. (2.5.14)

Step 3: continuity of the approximating Gaussian process. Let ζ = |u − v| ≤ 1. Then

|H(u−Xlj)−H(v −Xlj)| ≤ h0ζ. By (2.5.11) and (2.5.13),

‖Dj(v)−Dj(u)‖ ≤
∞∑
l=0

min(4h0bl‖εij‖, h0ζ), (2.5.15)

By (2.5.7), since 2ι ≤ 1 and ζ ≤ 1, we have
∑∞
i=m min(bi, ζ) ≤ C1m

−α for all m ≥ 1. Let

J = dζ−1/(1+α)e. Then

J∑
i=0

min(bi, ζ) +
∞∑

i=J+1

min(bi, ζ) ≤ (J + 1)ζ + C1J
−α

≤ (C1 + 3)ζα/(1+α). (2.5.16)

Hence, by (2.5.12) and (2.5.15), for C2 = h0(4‖εij‖+ 1)(C1 + 3) we obtain

‖Zj(u)− Zj(v)‖2 = σj,j(u, u) + σj,j(v, v)− 2σj,j(u, v)
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= ‖Dj(v)−Dj(u)‖2 ≤ C2
2 |u− v|

2α/(1+α) (2.5.17)

when |u− v| ≤ 1. Let 0 < t ≤ 1 and λ = α/(1 +α). By (2.5.17) and the Fernique inequality

(cf. Section 4.1.3 of Fernique [1975]), there exists constants c1, c2, c3 > 0 only depending λ

such that for all w ≥ c2C2t
λ,

P[ sup
0≤y≤t

|Zj(v + y)− Zj(v)| ≥ w] ≤ c1[1− Φ(c3w/(C2t
λ)], (2.5.18)

where Φ(·) is the standard normal c.d.f. For u ∈ I = [0, 1], write bucL = L−1bLuc, where

b·c is the floor function. As u changes from 0 to 1, bucL take values u0, u1, . . . , uL. Let

w = C3L−λ(log(pn))1/2, (2.5.19)

where C3 is a sufficiently large constant. Then by (2.5.18), we have

P[ sup
u∈I,1≤j≤p

|Zj(u)− Zj(bucL)| ≥ w] ≤ pLc1[1− Φ(c3wLλ/C2)] ≤ C4

pn
. (2.5.20)

Step 4: computation of the functional dependence measures. We shall first bound the

functional dependence measures of the vector process (Mi)i which is induced by H(u−Xij).

Let εij , εi′j′ , i, i
′, j, j′ ∈ Z, be i.i.d. random variables and ε′i = (ε′i1, . . . , ε

′
id)
>. Note that

Xij −Xij,{0} = ai,j·(ε0 − ε′0), where ai,j· is the j-th row of the Ai = (ai,jk)j≤p,k≤d. Then

sup
u
|H(u−Xij)−H(u−Xij,{0})| ≤ min(1, h0|Xij −Xij,{0}|)

= min(1, h0|ai,j·(ε0 − ε′0)|)

≤ (h0|ai,j·(ε0 − ε′0)|)min(γ/q,1). (2.5.21)
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Recall bi = (
∑d
k=1 maxj |ai,jk|2)1/2. By Lemma C.5, we have

∥∥∥∥max
j
|ai,j·(ε0 − ε′0)|

∥∥∥∥
min(γ,q)

≤ C5bi
√

log p, (2.5.22)

where the constant C5 depends on γ, q and ‖εij‖γ . Hence,

‖ sup
j,u
|H(u−Xij)−H(u−Xij,{0})|‖q ≤

[
Emax

j

(
h0|ai,j·(ε0 − ε′0)|

)min(γ,q)
]1/q

≤ C6(log p)ιb2ιi ,

which by (2.5.7) implies

‖|M·|∞‖q,α := sup
m≥0

(m+ 1)α
∞∑
i=m

‖max
j,`
|H(x` −Xij)−H(x` −Xij,{0})|‖q

≤ C7(log p)ι. (2.5.23)

Then we can obtain the upper bounds of the dependence adjusted norms by

Θq,α ≤ (log(pL))3/2‖|M·|∞‖q,α, Ψ2,α ≤ Ψq,α ≤ ‖|M·|∞‖q,α. (2.5.24)

Step 5: application of Theorem 2.3.2. By Theorem 2.3.2 (cf (2.3.5) in Remark 1, which

is applicable here in view of (2.5.14) and Assumption 2.5.2), we have

sup
u≥0
|P(
√
n|M̄n|∞ ≥ u)− P(max

j≤p
max
`≤L
|Zj(u`)| ≥ u)| → 0, (2.5.25)

if the conditions of Theorem 2.3.2 are satisfied. Specifically, we have

L1 = O([(log p)2ι(log pn)2]1/α),

max(W1,W2) = O((log p)6ι(log pn)7),
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as well as

n(log pn)−4(log p)−2ι = O(min(N1, N2)).

For α > 1/2 − 1/q, there exists some κ depending on α and ι such that if log p = o(nκ),

(2.3.2) and (2.3.3) hold. The other case with 0 < α < 1/2− 1/q can be dealt with similarly.

Since (√
n

L
+

1

pn

)√
log(pL)→ 0, (2.5.26)

by the triangle inequality and Theorem 3 of Chernozhukov et al. [2014], (2.5.9) follows in

view of (2.5.10), (2.5.20), (2.5.25) and (2.5.26).

2.6 Estimation of Long-run Covariance Matrices

Given the realization X1, . . . , Xn, to apply the Gaussian approximation (2.3.1), we need to

estimate the long-run covariance matrix Σ. Note that Σ/(2π) is the value of the spectral

density matrix of (Xi) at zero frequency. In the one or low-dimensional case, there is a

large literature concerning spectral density estimation; see, for example, Anderson [1971],

Priestley [1981], Rosenblatt [1985], Newey and West [1987], Liu and Wu [2010] among others.

Assume EXi = 0. We then consider the batched mean estimate:

Σ̂ =
1

Mw

w∑
b=1

YbY
>
b =

1

Mw

w∑
b=1

(
∑
i∈Lb

Xi)(
∑
i∈Lb

Xi)
>. (2.6.1)

where the window Lb = {1+(b−1)M, . . . , bM}, b = 1, . . . , w, the window size |Lb| = M →∞

and the number of blocks w = bn/Mc. Theorems 2.6.1 and 2.6.2 concern the convergence of

the above estimate for processes with finite polynomial and finite sub-exponential dependence

adjusted norms, respectively. The convergence rate depends in a subtle way on the temporal

dependence characterized by α [cf. (2.2.5)], the uniform and the overall dependence adjusted

norms Ψq,α and Υq,α, respectively, the same size n and the dimension p.
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Theorem 2.6.1. Assume Ψq,α < ∞ with q > 4, α > 0, and M = O(nς) for some 0 <

ς < 1. Let Fα = wM (resp., wMq/2−αq/2 or wq/4−αq/2Mq/2−αq/2) for α > 1− 2/q (resp.,

1/2− 2/q < α < 1− 2/q or α < 1/2− 2/q). Then for x ≥
√
wMΨ2

q,α, we have

P(n|diag(Σ̂)− Ediag(Σ̂)|∞ ≥ x) .
FαΥ

q
q,α

xq/2
+ p exp

(
−

Cq,αx
2

wM2Ψ4
4,α

)
, (2.6.2)

P(n|Σ̂− EΣ̂|∞ ≥ x) .
pFαΥ

q
q,α

xq/2
+ p2 exp

(
−

Cq,αx
2

wM2Ψ4
4,α

)
(2.6.3)

for all large n, where the constants in . only depend on ς, α and q.

Under stronger moment conditions, we can have an exponential inequality.

Theorem 2.6.2. Assume Φψν ,0 <∞ for some ν ≥ 0. Then for all x > 0, we have

P(n|diag(Σ̂)− Ediag(Σ̂)|∞ ≥ x) . p exp

(
− xγ

4eγ(
√
wMΦ2

ψν ,0
)γ

)
, (2.6.4)

P(n|Σ̂− EΣ̂|∞ ≥ x) . p2 exp

(
− xγ

4eγ(
√
wMΦ2

ψν ,0
)γ

)
, (2.6.5)

where γ = 1/(1 + 2ν) and the constants in . only depend on ν.

Remark 4. An alternative estimate of Σ, which also works with unknown mean EXi, is

Σ̃ =
1

wM

w∑
b=1

(
∑
i∈Lb

Xi −MX̄)(
∑
i∈Lb

Xi −MX̄)>, (2.6.6)

where X̄ = (wM)−1∑wM
i=1 Xi, w = bn/Mc. Then |Σ̃ − Σ̂|∞ = M |X̄|2∞. Applying Lemma

C.2 to
∑wM
i=1 Xij, one can conclude that Theorems 2.6.1 and 2.6.2 still hold for Σ̃ with EΣ̂

therein replaced by ΣM :=
∑M
i=−M (1− |i|/M)Γi (which equals to EΣ̂ if EXi = 0).

Corollary 2.6.3. (i) Under conditions in Theorem 2.6.1, we have |Σ̃ − Σ|∞ = OP(Rn),

where

Rn = n−1 max{p2/qF
2/q
α Υ2

q,α,
√
wMΨ2

4,α

√
log p,

√
wMΨ2

q,α}+ Ψ2,0Ψ2,αv(M), (2.6.7)
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with v(M) = 1/M if α > 1, v(M) = (logM)/M if α = 1 and v(M) = 1/Mα if 0 < α < 1.

(ii) Under conditions in Theorem 2.6.2, we have |Σ̃− Σ|∞ = OP(R∗n) with

R∗n = n−1√wMΦ2
ψν ,0

(log p)1/γ + Ψ2,0Ψ2,αv(M). (2.6.8)

The above corollary easily follows from Theorems 2.6.1 and 2.6.2 since the bias |ΣM −

Σ|∞ . Ψ2,0Ψ2,αv(M); see the proof of Lemma 2.10.3.

2.6.1 Computing Approximated Cutoff Values

To apply the Gaussian approximation (2.3.1) for hypothesis testing or construction of si-

multaneous confidence intervals, we need to compute χθ, the θth quantile of |D−1
0 Z|∞,

0 < θ < 1. The latter can be computed by simulation if the long-run covariance matrix Σ is

known. When it is unknown, we shall use the estimate Σ̃ in (2.6.6). Let D̃0 = [diag(Σ̃)]1/2.

We estimate χθ by χ̃θ, the conditional θ-quantile of |D̃−1
0 Σ̃1/2η|∞ given (Xi)

n
i=1, where

η ∼ N(0, Idp) is independent of (Xi)
n
i=1. Note that χ̃θ can be computed by extensive

simulations. This is a Gaussian multiplier resampling method using estimated long-run co-

variance matrices. Given the level α ∈ (0, 1), we can reject the null hypothesis H0 : µ = µ0

at level α if
√
n|D̃−1

0 (X̄n − µ0)|∞ > χ̃1−α. The (1− α)th simultaneous confidence intervals

for µ = (µ1, . . . , µp)
> can be constructed as µ̂j ± χ̃1−ασ̃

1/2
jj /
√
n, 1 ≤ j ≤ p. Corollary 2.6.4

concerns validity of this approach.

Corollary 2.6.4. (i) Let conditions of Theorem 2.3.2 and Theorem 2.6.1 be satisfied. Fur-

ther assume Rn log2 p→ 0 with Rn given by (2.6.7). Then

sup
θ∈(0,1)

|P(
√
n|D̃−1

0 X̄n|∞ ≥ χ̃1−θ)− θ| → 0. (2.6.9)

(ii) Under conditions of Theorem 2.3.3 and Theorem 2.6.2, if R∗n log2 p → 0 with R∗n given

by (2.6.8), we have (2.6.9).
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Proof of Corollary 2.6.4. (i) Recall (2.3.1) for ρn. Let Λn =
√
n|(D̃−1

0 −D
−1
0 )X̄n|∞. By the

triangle inequality and Theorem 3 of Chernozhukov et al. [2014], for w > 0, we have

ρ̃n := sup
u∈R

∣∣∣P(
√
n|D̃−1

0 X̄n|∞ ≥ u)− P(|D−1
0 Z|∞ ≥ u)

∣∣∣
≤ ρn + sup

u∈R
P(||D−1

0 Z|∞ − u| ≤ w) + P(Λn ≥ w)

. ρn + w
√

log p+ P(Λn ≥ w).

Let Vn = max1≤j≤p |(σjj/σ̃jj)1/2 − 1| and Ln = max1≤j≤p |σjj − σ̃jj |. Then Λn ≤

Vn
√
n|D−1

0 X̄n|∞. Let c be the constant in Assumption 2.3.1. On the event A0 = {Ln ≤ x}

for x ≤ c/2, we have Vn ≤ 2Ln/c. Hence,

P(Λn ≥ w) ≤ P (Vn ≥ 2x/c) + P(
√
n|D−1

0 X̄n|∞ ≥ cy/2)

≤ P (Ln ≥ x) + ρn + P(|D−1
0 Z|∞ ≥ cy/2),

where w = xy, 0 < x < c/2, y > 0. It follows that

ρ̃n . ρn + xy
√

log p+ P(Ln ≥ x) + P(|D−1
0 Z|∞ ≥ cy/2).

We let y = C
√

log p, where C > 0 is a sufficiently large constant. Note that the marginal

variances of D−1
0 Z are 1. Let

rn =
1

n
max{F 2/q

α Υ2
q,α,
√
wMΨ2

4,α

√
log p,

√
wMΨ2

q,α}+ Ψ2,0Ψ2,αv(M).

Let x = rn
√

log p. Since Rn log2 p→ 0 and rn ≤ Rn, by Corollary 2.6.3, we have P(A0)→ 1.

Theorem 2.3.2 ensures ρn → 0. Hence, ρ̃n → 0.

Let Tn = |Σ̃ − Σ|∞ and Wn = max1≤j≤p |σ̃jj/σjj − 1|. By the elementary inequality
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|1−
√
ab| ≤ |1− a|+ (1− a)2 + |1− b|+ (1− b)2, we have

|D̃−1
0 Σ̃D̃−1

0 −D−1
0 ΣD−1

0 |∞ ≤ max
1≤j,k≤p

(∣∣∣∣∣ σ̃jk − σjk√
σjjσkk

∣∣∣∣∣+

∣∣∣∣∣1−
√
σ̃jj σ̃kk
√
σjjσkk

∣∣∣∣∣
)

≤ Tn
c

+ 2Wn + 2W 2
n ≤

3Tn
c

+
2T 2
n

c2
. (2.6.10)

Let event A = {Tn ≤ zn} where zn = R
1/2
n / log p. Since Rn log2 p → 0, we have zn/Rn →

∞. By Corollary 2.6.3, P(A) → 1. Since zn → 0, by (2.6.10) and following the arguments

of Theorem 3.1 in Chernozhukov et al. [2013a], we have

sup
θ∈(0,1)

|P(
√
n|D̃−1

0 X̄n|∞ ≥ χ̃1−θ)− θ| . ρ̃n + π

(
3zn
c

+
2z2
n

c2

)
+ P(Tn ≥ zn),

where π(z) = z1/3(1 ∨ log(p/z))2/3. Since Rn log2 p→ 0, (2.6.9) follows.

(ii) The proof is similar to (i), and thus is omitted.

2.7 Simulation Study

In this section we shall carry out a simulation and study how the dependence, moment

condition and sample size affect the accuracy of the Gaussian approximation. We consider

the following linear process with heteroscedastic errors: let εij , i, j ∈ Z, be i.i.d. random

variables distributed as t(d)/
√
d/(d− 2), where t(d) is Student’s t with degrees of freedom

d; let ηij = εij(0.8ε
2
(i−1)j

+ 0.2)1/2 and ηi = (ηi1, . . . , ηip)
>. Let

Xi =
∞∑
k=0

Akηi−k, (2.7.1)

where the coefficient matrices Ak = (k + 1)−a−1Mk in which a > 0 and Mk are realizations

from i.i.d. Ginibre matrices, namely all entries of Mk are i.i.d. N(0, 1). After those Mk are

generated, we keep their values throughout the simulation. The parameter a controls the

strength of dependency for the process. We consider the following numerical setups: a is
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taken to be 0.1 (stronger dependence) and 1.0 (weaker dependence); the degree of freedom

d is taken to be 4 and 8. The empirical distributions of 1000 realizations are performed

as an approximation of the theoretical distributions. In our simulation we truncate the

sum in linear process (2.7.1) to
∑1000
k=0 . The normalization matrix D0 = [diag(Σ)]1/2 where

Σ = (
∑1000
k=0 Ak)(

∑1000
k=0 Ak)>. We take n = 50, 100, 200 and p = 100. The Gaussian vector Z

is distributed as N(0,Σ). For each case, we report the QQ-plot that compares the empirical

distributions of
√
n|D−1

0 X̄n|∞ and |D−1
0 Z|∞.

Figures 2.1 and 2.2 indicate that, as expected from our theoretical results, the Gaussian

approximation becomes better as the dependence is weaker, the tail of the process is lighter

or the sample size is larger. A similar claim can be made for the 95% quantiles. The 95%

quantiles for |D−1
0 Z|∞ is 3.476 and 3.399, for a = 0.1 and a = 1.0 respectively.

d = 4 a = 0.1 a = 1.0

n = 50 3.593 3.495

n = 100 3.513 3.476

n = 200 3.509 3.416

n =∞ 3.476 3.399

d = 8 a = 0.1 a = 1.0

n = 50 3.509 3.425

n = 100 3.489 3.413

n = 200 3.484 3.395

n =∞ 3.476 3.399

Table 1: 95% Quantiles for
√
n|D−1

0 X̄n|∞ vs |D−1
0 Z|∞.

27



●
●

●●●●●●
●●●●●●●

●●●●●
●●●●●●●

●●
●●●●
●●●●●●●

●●●●●●●●
●●●●●●●

●●●●●●●●●●●
●●●●●●●●
●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●

●●●●
●●●●●●●●●●

●●●●●●●●●●●
●●●●
●●●●●●
●●●●●
●●●●●●

●●●●●
●●●●
●●●●
●●●●●●●

●●●●●●●
●●●
●●●●
●●●●●●

●●●●
●●●●●●●●●

●●●●
●
●

●●●

●
●

● ●
●●●

●

●
●

●

●

● ●

●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=50
p=100
a=0.1
d=4

●
●
● ●●

●●●
●●
●●●
●●●●●
●●●●●
●●●●●●●●
●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●
●●●●●
●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●

●●●
●●●●●

●●●●●●●
●●●●●●●●
●●●●●●●●

●●●●●
●●●●●●

●●●
●●●●

●●
●●●

●●●●●
●●●

● ●●●●●●
●●

●●●
●

●●

●● ●

●
●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=50
p=100
a=1.0
d=4

●
●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●
●●●●●●●

●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●
●●●●
●●●●●●●●●●

●●●●●●●●●●●
●●●●
●●●●●●
●●●●●
●●●●●●
●●●●●
●●●●
●●●●
●●●●●●●

●●●●●●●
●●●
●●●●

●●●●●●
●●●●●●

●●●●●●●
●●●●

●
●
●●●

●
●

● ●
●●●

●

●
●

●

●

● ●

●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=100
p=100
a=0.1
d=4

●
●

●●●
●●●●

●●●●
●●●●●
●●●●●

●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●
●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●
●●●●●
●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●

●●●●●
●●●●●●

●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●
●●●●●●
●●●
●●
●●
●●
●●●

●●●●●
●●●

● ●●● ●●●
●●

● ● ●
●
●●

● ● ●

●
●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=100
p=100
a=1.0
d=4

●
●

●●●●●●
●●●●●●●●

●●●●●
●●●●●●

●●
●●
●●●
●●●●●●

●●●●●●●
●●●●●

●●●●●●●●●●●
●●●●●
●●●●●●●●●

●●●
●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●

●●●
●●●●●●●●●●

●●●●
●●●●●●●●●●●●

●●●●●●●●
●●●●●●●
●●●●●●●●●

●●●
●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●

●●●●
●●●
●●●●●●●

●●●●●
●●

●●●●●●
●●●●●●●

●●
●●●●●●

●●●
●●●●

●●●●●●
●●●●

●●●●●●●
●●
●●●●

●
●

●●●

●

●

●●
● ● ●●

●

●

●

●

● ●

●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=200
p=100
a=0.1
d=4

●
●
●●●

●●●
●●
●●

●
●●●
●●●

●●●●●
●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●●●●●●
●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●
●●●●●●
●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●
●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●

●●●●
●●●●●●●

●●●●●●●
●●●●●●●●●●●

●●●●●●●●●
●●●
●●●
●●●●●●●●

●●●●●
●●●●●●

●●●●●●
●●●●
●
●●●●●●

●●●
●
●●●
●●
●●●

●● ●●●
●●
●
●●●●

●●●
●●

● ●●

●
●●

● ●●

●
●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=200
p=100
a=1.0
d=4

Figure 2.1: QQ-plots for
√
n|D−1

0 X̄n|∞ vs |D−1
0 Z|∞ with heavier tail innovations d = 4

28



●
●

● ●●●●●
●●●●●●●

●● ●●●●●●●
●●●●

●
●●●●
●●●●●●●
●●●●●●●●

●●●●●●●
●●●●●●●●●●●
●●●●●●●●
●●●●●●
●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●
●●●●●●●●●

●●●●
●●●●●●●●●●

●●●●●●●●●●●
●●●●
●●●●●●

●●●●●
●●●●●●
●●●●●

●●●●
●●●●
●●●●●●●
●●●●●●●

●●●
●●●●

●●●●●●
●●●●

●●●●●●●●
●●
●●●

●
●
●●●

●
●
● ●

● ●●
●

●
●

●

●

●●

●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=50
p=100
a=0.1
d=8

●
●

●● ●
● ●●●

●●●●
●●●●●
●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●

●●●●●
●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●
●●●●●

●●●
●●●●●●●●●

●●●●●●●●●
●●●●●●●●

●●●●●
●●●●●●

●●●
●●

●●
●●

●●●
●●●●●

●● ●
●●●●●
● ●

●●
●●●

●
●●

●● ●

●
●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=50
p=100
a=1.0
d=8

●
●

● ●●●●●●●
●●●●●

●●●●●●●●●●
●●●●

●●●●
●●●●●●●
●●●●●●●●

●●●●●●●
●●●●●●●●●●●

●●●●●●●●
●●●●●●

●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●

●●●●
●●●●●●●●●●

●●●●●●●●●●●
●●●●
●●●●●●
●●●●●
●●●●●●

●●●●●
●●●●
●●●●
●●●●●●●

●●●●●●●
●●●
●●●●

●●●●●●
●●●●
●●●●●●●●●

●●●●
●
●
●●●

●
●
● ●

●●
●●

●
●

●

●

● ●

●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=100
p=100
a=0.1
d=8

●
●

●● ●
●● ●●

●●●
●●●●●●

●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●
●●●●●
●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●
●●●●●
●●●
●●●●●●●●●

●●●●●●●●●
●●●●●●●●

●●●●●
●●●●●●

●●●
●●
●●
● ●

●●●
●●●●●

●●●
●●●●●

●●
●●
●●●

●
●●

●● ●

●
●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=100
p=100
a=1.0
d=8

●
●

● ●●● ●●●●
●●●●●
●●●●●●

●●●●●●
●●

●●
●●●
●●●●●●

●●●●●●●
●●●●●
●●●●●●●●●●●

●●●●●
●●●●●●●●●
●●●
●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●
●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●●●
●●●
●●●●●●●●●●

●●●●
●●●●●●●●●●●●

●●●●●●●●
●●●●●●●
●●●●●●●●●
●●●●●

●●●●●●●●●
●●●●●●●●●●●●

●●●●
●●●●
●●●
●●●●●●●●●

●●●●●
●●
●●●●●
●●●●●●●

●●
●●●●●●●

●●●
●●●●

●●●●●●
●●●●

●●●●●●●
●●
●●●●

●
●
● ●●

●

●

●●
●●
● ●

●

●

●

●

● ●

●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=200
p=100
a=0.1
d=8

●
●

●● ●
●●●●

●●
●●
●●●

●●
●●●
●●●●●●●●

●●●●●●●●
●●
●●●●●●●●●

●●●●●●●●●
●●●●
●●●●●●●●●

●●●●●●●●
●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●
●●●●●●
●●●●●●●
●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●
●●●●
●●●●●●●
●●●●●●●
●●●●●●●●●●●

●●●●●●●
●●●●
●●
●●●●●●●●●●

●●●●●
●●●●●●
●●●●●●
●●●●

●
●●●●●●

●●●
●
●●●

●●
●●●

●●●● ●
●●
●
●●●●●● ●

● ●
●●●

●
●●

● ● ●

●
●

●

●

1.5 2.0 2.5 3.0 3.5 4.0 4.5

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

n |D0
−1Xn|∞

|D
0−1

Z
| ∞

n=200
p=100
a=1.0
d=8

Figure 2.2: QQ-plots for
√
n|D−1

0 X̄n|∞ vs |D−1
0 Z|∞ with lighter tail innovations d = 8
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2.8 Inequalities for High-dimensional Time Series with Finite

Polynomial Moments

Tail probability inequalities play an important role in simultaneous inference. In this section,

we shall derive powerful tail probability inequalities for high-dimensional stationary vectors;

cf. Theorems 2.8.1 and 2.8.2. They are of independent interest. The proofs require Theorem

4.1 of Pinelis [1994], a deep Rosenthal–Burkholder-type bound on moments of Banach-spaced

martingales, and Lemma C.6, a Fuk–Nagaev-type inequality for the sum of independent

random vectors. We refer the readers to Appendix C for tail probability inequalities in the

one-dimensional case under finite polynomial or exponential moment conditions.

Let Xi be a mean zero p-dimensional stationary process and Tn =
∑n
i=1Xi, Tn,m =∑n

i=1Xi,m where Xi,m = E(Xi|εi−m, . . . , εi). We are interested in bounding the tail prob-

abilities of P(|Tn − Tn,m|∞ ≥ x) and P(|Tn|∞ ≥ x) for large x. Write ` = `(p) = 1 ∨ log p.

Theorem 2.8.1. Assume ‖|X·|∞‖q,α <∞, where q > 2 and α ≥ 0, and Ψ2,α <∞:

(i) If α > 1/2− 1/q, for x &
√
n`Ψ2,αm

−α + n1/q`3/2‖|X·|∞‖q,αm1/2−1/q−α,

P(|Tn − Tn,m|∞ ≥ x) .
n`q/2‖|X·|∞‖qq,α
mαq+1−q/2xq

+ exp

(
−
Cq,αx

2m2α

nΨ2
2,α

)

holds for all 1 ≤ m ≤ n, where the constant in . only depends on q and α. (ii) If 0 < α <

1/2− 1/q, then for x &
√
n`Ψ2,αm

−α + n1/2−α`3/2‖|X·|∞‖q,α,

P(|Tn − Tn,m|∞ ≥ x) .
nq/2−αq`q/2‖|X·|∞‖qq,α

xq
+ exp

(
−
Cq,αx

2m2α

nΨ2
2,α

)
.

Proof of Theorem 2.8.1. Let s = ` = 1 ∨ log p. Then P(|Tn − Tn,m|∞ ≥ x) is equivalent

to P(|Tn − Tn,m|s ≥ x), since for any vector v = (v1, . . . , vp)
>, |v|∞ ≤ |v|s ≤ p1/s|v|∞.

Let L = b(log n − logm)/(log 2)c, $l = 2l if 1 ≤ l < L, $L = bn/mc and τl = m$l for
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1 ≤ l < L, τ0 = m, τL = n. Define Mn,l = Tn,τl − Tn,τl−1 for 1 ≤ l ≤ L and write

Tn − Tn,m = Tn − Tn,n +
L∑
l=1

Mn,l. (2.8.1)

Notice that Tn − Tn,n =
∞∑
j=n

Tn,j+1 − Tn,j . By Lemma C.5,

‖|Tn − Tn,n|s‖q ≤
∞∑
j=n

‖|Tn,j+1 − Tn,j |s‖q ≤
∞∑
j=n

Cq(ns)
1/2ωj+1,q,

where the constant Cq only depends on q. By Markov’s inequality, we have

P(|Tn − Tn,n|s ≥ x) ≤
‖|Tn − Tn,n|s‖qq

xq
≤
Cq(ns)

q/2Ω
q
n+1,q

xq
. (2.8.2)

For each 1 ≤ l ≤ L, define

Yi,l =

(iτl)∧n∑
k=(i−1)τl+1

(
Xk,τl −Xk,τl−1

)
, for 1 ≤ i ≤ bn/τlc;

Ren,l =
∑

i is even

Yi,l and Ron,l =
∑

i is odd

Yi,l.

Let c = q/2 − 1 − αq; let λl = l−2/(π2/3) if 1 ≤ l ≤ L/2 and λl = (L + 1 − l)−2/(π2/3) if

L/2 < l ≤ L. Since Yi,l and Yi′,l are independent for |i − i′| > 1, by Lemma C.6, for any

x > 0,

P(|Ren,l|s − 2E|Ren,l|s ≥ λlx) ≤
Cq

∑
i is even

E|Yi,l|
q
s

(λlx)q
+ exp

− (λlx)2

3
∑

i is even
|σYi,l|2s

 ,
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where σYi,l = (‖Yi1,l‖2, . . . , ‖Yip,l‖2)>. By Lemma C.5,

‖|Yi,l|s‖q ≤ Cq(τls)
1/2ω̃l,q, where ω̃l,q =

τl∑
k=τl−1+1

ωk,q ≤
‖|X·|∞‖q,α

ταl−1

.

For 1 ≤ j ≤ p, by Theorem 3.2 of Burkholder [1973],

‖Yij,l‖2 ≤
√
τlδ̃l,2,j , where δ̃l,2,j =

τl∑
k=τl−1+1

δk,2,j ≤
‖X·j‖2,α
ταl−1

,

which implies |σYi,l|s . τ1/2τ−αl−1Ψ2,α. So, we obtain

P(|Ren,l|s − 2E|Ren,l|s ≥ λlx) ≤ C1ns
q/2

xq
·
τ
q/2−1
l ω̃

q
l,q

λ
q
l

+ exp

(
−
C2 (λlx)2 τ2α

l−1

nΨ2
2,α

)
. (2.8.3)

By Lemma 8 in Chernozhukov et al. [2014],

E|Ren,l|s .
√
nsτ−αl−1Ψ2,α + n1/qs3/2τ

1/2−1/q
l ω̃l,q .

√
nsΨ2,α

(m$l)
α +

n1/qs3/2‖|X·|∞‖q,α
(m$l)

−c/q .

Notice that λ−1
l (m$l)

c/q . nc/q for c > 0 and minl≥0 λl$
−c/q
l > 0 for c < 0, and

minl≥0 λl$
α
l > 0. Hence, E|Ren,l|s . λlx always holds and (2.8.3) implies

P(|Ren,l|s ≥ λlx) ≤ C1ns
q/2

xq
·
τ
q/2−1
l ω̃

q
l,q

λ
q
l

+ exp

(
−
C2 (λlx)2 τ2α

l−1

nΨ2
2,α

)
. (2.8.4)

A similar inequality holds for Ron,l. Let

A =
L∑
l=1

$cl
λ
q
l

and B =
L∑
l=1

exp

(
−
C5x

2λ2
l$

2α
l

nm−2αΨ2
2,α

)
.
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Since
∑L
l=1 λl ≤ 1 and |Mn,l|s ≤ |Ren,l|s + |Ron,l|s, by (2.8.4),

P(|
L∑
l=1

Mn,l|s ≥ 2x) ≤
L∑
l=1

P
(
|Mn,l|s ≥ 2λlx

)
≤

L∑
l=1

[P(|Ren,l|s ≥ λlx) + P(|Ron,l|s ≥ λlx)]

≤
C3nm

csq/2‖|X·|∞‖qq,α
xq

A+ C4B. (2.8.5)

Let ν := minl≥1 λ
2
l$

2α
l > 0. By the definition of $l and λl and by elementary calculations,

there exists a constant C6 > 1 such that for all t ≥ 1,

L∑
l=1

exp(−C5tλ
2
l$

2α
l ) ≤ C6 exp(−C5tν), (2.8.6)

If c > 0, it can be obtained that A ≤ C7$
c
L ≤ C7n

c/mc. If c < 0, then A ≤ C8. Hence,

combining (2.8.1), (2.8.2), (2.8.5), (2.8.6), Theorem 2.8.1 follows.

Theorem 2.8.2. Assume ‖|X·|∞‖q,α < ∞, where q > 2 and α ≥ 0, and Ψ2,α < ∞: (i) If

α > 1/2− 1/q, then for x &
√
n`Ψ2,α + n1/q`3/2‖|X·|∞‖q,α,

P(|Tn|∞ ≥ x) ≤
Cq,αn`

q/2‖|X·|∞‖qq,α
xq

+ Cq,α exp

(
−
Cq,αx

2

nΨ2
2,α

)
. (2.8.7)

(ii) If 0 < α < 1/2− 1/q, then for x &
√
n`Ψ2,α + n1/2−α`3/2‖|X·|∞‖q,α,

P(|Tn|∞ ≥ x) ≤
Cq,αn

q/2−αq`q/2‖|X·|∞‖qq,α
xq

+ Cq,α exp

(
−
Cq,αx

2

nΨ2
2,α

)
. (2.8.8)

Proof of Theorem 2.8.2. The proof is similar to that of Theorem 2.8.1, and thus is omitted.
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2.9 Auxiliary Results

Here we shall provide some Nagaev-type tail probability inequalities for one dimensional

time series. Let εi, ε
′
k, i, k,∈ Z, be i.i.d. random elements. We consider the one-dimensional

stationary process (ei)
∞
i=−∞ of the form

ei = g(. . . , εi−1, εi), (2.9.1)

where g is a measurable function such that ei is well-defined. Recall F i = (. . . , εi−1, εi) and

the projection operator Pi· = E(·|F i)−E(·|F i−1). The projection (Pi·)i∈Z induces martin-

gale differences with respect to (F i). We define respectively the functional and predictive

dependence measures

δi,q = ‖ei − g(F i,{0})‖q, θi,q = ‖P0ei‖q. (2.9.2)

where F i,{0} = (. . . , ε−1, ε
′
0, ε1, . . . , εi). Let δi,q = 0 if i < 0; let ∆m,q =

∑∞
i=m δi,q, m ≥ 0,

be the tail dependence measures, and the dependence adjusted norm

‖e·‖q,α := sup
m≥0

(m+ 1)α∆m,q, for α ≥ 0. (2.9.3)

Here δi,q measures the dependence of ei on ε0 and ∆m,q measures the cumulative impact of

ε0 on (ei)i≥m. The predictive dependence measure provides an evaluation to the effect on

the prediction of ei when part of the previous inputs is concealed, and it satisfies θi,q ≤ δi,q

in view of Jensen’s inequality.

2.9.1 Inequalities with Finite Polynomial Moments

For m ≥ 0, the m-dependence approximation of ei is denoted by ei,m where

ei,m = E(ei|εi−m, εi−m+1, . . . , εi).
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Let Sn =
∑n
i=1 ei, Sn,m =

∑n
i=1 ei,m. With the dependence adjusted norm (2.9.3), we are

able to provide tail probability inequalities for error bounds when approximating (ei) by the

m-dependent process (ei,m). In lemmas below the constant Cq,α only depends on q and α

and its values may change from line to line.

Lemma 2.9.1. Assume ‖e·‖q,α <∞, where q > 2 and α > 0. (i) If α > 1/2− 1/q, then

P(|Sn − Sn,m| ≥ x) ≤
Cq,αnm

q/2−1−αq‖e·‖qq,α
xq

+ Cq,α exp

(
−
Cq,αx

2m2α

n‖e·‖22,α

)

holds for all x > 0 and 1 ≤ m ≤ n. (ii) If 0 < α < 1/2− 1/q, we have

P(|Sn − Sn,m| ≥ x) ≤
Cq,αn

q/2−αq‖e·‖qq,α
xq

+ Cq,α exp

(
−
Cq,αx

2m2α

n‖e·‖22,α

)
.

Proof of Lemma 2.9.1. It is a special case of Theorem 2.8.1 for p = 1.

Lemma 2.9.2 (cf. Theorem 2 of Wu and Wu [2016]). Assume that ‖e·‖q,α < ∞, where

q > 2 and α > 0. (i) If α > 1/2− 1/q, then there exists some constant Cq,α depending on q

and α only such that, for x > 0,

P(|Sn| ≥ x) ≤
Cq,αn‖e·‖qq,α

xq
+ Cq,α exp

(
−
Cq,αx

2

n‖e·‖22,α

)
. (2.9.4)

(ii) If 0 < α < 1/2− 1/q, we have the following inequality,

P(|Sn| ≥ x) ≤
Cq,αn

q/2−αq‖e·‖qq,α
xq

+ Cq,α exp

(
−
Cq,αx

2

n‖e·‖22,α

)
. (2.9.5)

Remark 5. By Markov’s inequality and Lemma 1 of Liu and Wu [2010], one obtains

P(|Sn − Sn,m| ≥ x) ≤
‖Sn − Sn,m‖qq

xq
≤ Cq

nq/2m−αq‖e·‖qq,α
xq

. (2.9.6)

In comparison, the polynomial tail bounds in (2.9.4) and (2.9.5) are sharper.
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2.9.2 Inequalities with Finite Exponential Moments

If ei satisfies stronger moment condition than the existence of finite q-th moment, we can

have an exponential inequality. We shall assume ‖e·‖q,α <∞ for all q > 0 and some α ≥ 0

and we further assume for some ν ≥ 0, the dependence adjusted sub-exponential norm

‖e·‖ψν ,α := sup
q≥2

q−ν‖e·‖q,α <∞. (2.9.7)

Lemma 2.9.3. Assume (2.9.7). Let Jn = (Sn − Sn,m)/
√
n and β = 2/(1 + 2ν). Then

h(t) := sup
n∈N

E[exp(tJ
β
n )] ≤ 1 + Cβ(1− t/t0)−1/2t/t0

holds for 0 ≤ t < t0 with t0 = mαβ/(eβ‖e·‖βψν ,α). Consequently, letting t = t0/2, for x > 0,

P(|Jn| ≥ x) ≤ exp(−txβ)h(t) ≤ Cβ exp

− xβmαβ

2eβ‖e·‖βψν ,α

 . (2.9.8)

Lemma 2.9.4 (cf. Theorem 3 of Wu and Wu [2016]). Assume (2.9.7) holds for α = 0. Let

β = 2/(1 + 2ν). Then for x > 0,

P(|Sn/
√
n| ≥ x) ≤ Cβ exp

− xβ

2eβ‖e·‖βψν ,0

 . (2.9.9)

Proof of Lemma 2.9.3. Let Qn,l =
∑n
i=1Pi−lXi, l ≥ 0. Then Qn,l is a martingale. By

Theorem 2.1 of Rio [2009], we have

‖Qn,l‖2q ≤ (q − 1)
n∑
i=1

‖Pi−lXi‖2q = (q − 1)n(θl,q)
2.

By θl,q ≤ δl,q, we have ‖Jn‖q ≤ (q − 1)1/2∆m+1,q in view of
√
nJn =

∑∞
l=m+1Qn,l. Write

the negative binomial expansion (1 − s)−1/2 = 1 +
∑∞
k=1 aks

k with ak = (2k)!/(22k(k!)2)
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for |s| < 1. By Stirling’s formula, we have ak ∼ (kπ)−1/2 as k → ∞. Hence, there exists

absolute constants C1, C2 > 0 such that for all k ≥ 1,

C1(k/e)ka−1
k ≤ k! ≤ C2(k/e)ka−1

k . (2.9.10)

Under condition (2.9.7), if kβ ≥ 2, then ‖e·‖βk,α ≤ ‖e·‖ψν ,α(βk)ν and hence

tk‖Jβn‖kk
k!

≤
tk(βk − 1)βk/2∆

βk
m+1,βk

C1(k/e)ka−1
k

≤ akt
k(βk − 1)βk/2

C1t
k
0(βk)βk/2

≤ akt
k

C1
√
etk0

.

If kβ < 2, then ‖Jn‖βk ≤ ‖Jn‖2 ≤ 2νm−α‖e·‖ψν ,α. In ey =
∑∞
k=0 y

k/k!, let y = tJ
β
n , then

h(t) ≤ 1 +
∑

1≤k<2/β

tk(2νm−α‖e·‖ψν ,α)βk

k!
+
∑
k≥2/β

akt
k

C1
√
etk0

≤ 1 + Cβ

∞∑
k=1

ak
tk

tk0
≤ 1 + Cβ

t/t0

(1− t/t0)1/2
,

where Cβ > 0 only depends on β. So (2.9.8) follows by Markov’s inequality.

2.9.3 Inequalities for Sums of High-dimensional Random Vectors

In this section we shall present two useful inequalities for sums of high-dimensional random

vectors. Lemma 2.9.5 provides a Rosenthal-Burkholder type bound on moments of Banach-

spaced martingales and follows from Theorem 4.1 of Pinelis [1994]. Lemma 2.9.6 is a Fuk-

Nagaev type inequality for the sum of independent random vectors. For a p-dimensional

vector v = (v1, . . . , vp) recall the s-length |v|s = (
∑p
j=1 |vj |

s)1/s, s ≥ 1.

Lemma 2.9.5. Let Di, 1 ≤ i ≤ n, be p-dimensional martingale difference vectors with
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respect to the σ-field Gi. Let s > 1 and q ≥ 2. Then

‖|D1 + . . .+Dn|s‖q ≤ c

q‖ sup
i
|Di|s‖q +

√
q(s− 1)

∥∥∥∥∥∥
[
n∑
i=1

E(|Di|2s|Gi−1)

]1/2
∥∥∥∥∥∥
q

 ,

where c is an absolute constant.

Lemma 2.9.6. Assume s > 1. Let X1, . . . , Xn be p-dimensional independent random vectors

with mean zero such that for some q > 2, ‖|Xi|s‖q <∞, 1 ≤ i ≤ n. Let Tn =
∑n
i=1Xi and

σi = (‖Xi1‖2, . . . , ‖Xip‖2)>. Then for any y > 0,

P (|Tn|s ≥ 2E|Tn|s + y) ≤ Cqy
−q

n∑
i=1

E|Xi|
q
s + exp

(
− y2

3
∑n
i=1 |σi|2s

)
, (2.9.11)

where Cq is a positive constant only depending on q.

Proof of Lemma 2.9.6. For s > 1, we apply Theorem 3.1 of Einmahl and Li [2008] with the

Banach space (Rp, | · |s) and η = δ = 1. The unit ball of the dual of (Rp, | · |s) is the set of

linear functions {u = (u1, . . . , up)
> 7→ λ>u : λ ∈ Rp, |λ|a ≤ 1} where 1/a + 1/s = 1. By

Minkowski’s and Hölder’s inequalities, we have

‖λ>Xi‖2 ≤
p∑
j=1

|λj | · ‖Xij‖2 ≤ |λ|a|σi|s.

Hence, the Λn therein is bounded by
∑n
i=1 |σi|2s.

2.10 Deferred Proofs

In this section, we shall provide deferred proofs of the results in this chapter.
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2.10.1 An error bound of the Gaussian approximation

We shall apply the m-dependence approximation approach. For m ≥ 0, define

Xi,m = (Xi1,m, . . . , Xip,m)> = E(Xi|εi−m, εi−m+1, . . . , εi). (2.10.1)

Write TX =
∑n
i=1Xi and TX,m =

∑n
i=1Xi,m. For simplicity, suppose n = (M+m)w, where

M � m and M,m,w →∞ (to be determined) as n→∞. We apply the block technique and

split the interval [1, n] into alternating large blocks Lb = [(b−1)(M +m)+1, bM +(b−1)m]

and small blocks Sb = [bM + (b− 1)m+ 1, b(M +m)], 1 ≤ b ≤ w. Let

Yb =
∑
i∈Lb

Xi, Yb,m =
∑
i∈Lb

Xi,m, TY =
w∑
b=1

Yb, TY,m =
w∑
b=1

Yb,m.

Let Zb, 1 ≤ b ≤ w, be i.i.d. N(0,MB) and Zb,m be i.i.d. N(0,MB̃), where the covariance

matrices B and B̃ are respectively given by

B = (bij)
p
i,j=1 = Cov(Yb/

√
M) and B̃ = (b̃ij)

p
i,j=1 = Cov(Yb,m/

√
M). (2.10.2)

Write TZ,m =
∑w
b=1 Zb,m and let Z ∼ N(0,Σ).

Lemma 2.10.1. (i) Assume Θq,α <∞ for some q > 2 and α > 0. Then there exists some

constant Cq,α such that for y > 0

P(|TX − TY,m|∞ ≥ y) . f∗1 (y) + f∗2 (y) =: f∗(y) (2.10.3)

where the constant in . only depends on q and α,

f∗1 (y) =


y−qnmq/2−1−αqΘq

q,α + p exp

(
−Cq,αy

2m2α

nΨ2
2,α

)
, α > 1/2− 1/q

y−qnq/2−αqΘq
q,α + p exp

(
−Cq,αy

2m2α

nΨ2
2,α

)
, α < 1/2− 1/q

(2.10.4)
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and

f∗2 (y) =


y−qwmΘ

q
q,α + p exp

(
− Cq,αy

2

mwΨ2
2,α

)
, α > 1/2− 1/q

y−q(wm)q/2−αqΘq
q,α + p exp

(
− Cq,αy

2

wmΨ2
2,α

)
, α < 1/2− 1/q

. (2.10.5)

(ii) Assume Φψν ,α < ∞ for some ν ≥ 0 and α > 0. Let β = 2/(1 + 2ν). Then there exists

a constant Cβ > 0 such that for y > 0,

P(|TX − TY,m|∞ ≥ y) . f�1 (y) + f�2 (y) =: f�(y), (2.10.6)

where the constant in . only depends on β and α,

f�1 (y) = p exp

−Cβ
(

ymα
√
nΦψν ,α

)β , f�2 (y) = p exp

−Cβ
(

y√
mwΦψν ,0

)β .

Lemma 2.10.2. Let D = (dij)
p
i,j=1 be a diagonal matrix. Assume that there exist constants

c > 0, c2 > c1 > 0 such that c < min1≤j≤p djj and c1 ≤ b̃jj/djj ≤ c2 for all 1 ≤ j ≤ p.

Assume Ψq,0 <∞ for some q ≥ 4. Then for all λ ∈ (0, 1),

sup
t∈R

∣∣∣P(|D−1/2TY,m/
√
n|∞ ≤ t)− P(|D−1/2TZ,m/

√
n|∞ ≤ t)

∣∣∣
. w−1/8(Ψ

3/4
3,0 ∨Ψ

1/2
4,0 )(log(pw/λ))7/8 + w−1/2(log(pw/λ))3/2um(λ) + λ

=: h(λ, um(λ)),

where the constant in . depends on c, c1, c2 and q and α for (i), and β for (ii) below, and

um(λ) ≤ u∗m(λ) in (i), and um(λ) ≤ u�m(λ) in (ii).

(i) Assume Θq,α <∞ for some q ≥ 4 and α > 0, then

u∗m(λ) =

 max{Θq,α(λ−1w)1/qM1/q−1/2,Ψ2,α

√
log(pw/λ)}, α > 1/2− 1/q

max{Θq,α(λ−1w)1/qM−α,Ψ2,α

√
log(pw/λ)}, α < 1/2− 1/q.

(2.10.7)

40



(ii) Assume Φψν ,0 <∞ for some ν ≥ 0. Then

u�m(λ) = max{Φψν ,0(log(pw/λ))1/β ,
√

log(pw/λ)}. (2.10.8)

Lemma 2.10.3. Assume Ψ2,α < ∞ for some α > 0. Let D = (dij)
p
i,j=1 be a diagonal

matrix such that there exist some constants 0 < C1 < C2 such that C1 ≤ σjj/djj ≤ C2 for

all 1 ≤ j ≤ p. Then we have

sup
t∈R

∣∣∣P(|D−1/2TZ,m/
√
n|∞ ≤ t)− P(|D−1/2Z|∞ ≤ t)

∣∣∣
. π( max

1≤j≤p
d−1
jj Ψ2,αΨ2,0(m−α + v(M)) + wm/n),

where π(x) = x1/3(1 ∨ log(p/x))2/3 for x > 0 and v(M) is the same as defined in Corollary

2.6.3.

Theorem 2.10.4. Let Σ0 = diag(Σ) and D0 = Σ
1/2
0 . Let Assumption 2.3.1 be satisfied. (i)

Assume Θq,α <∞, where q ≥ 4 and α > 0. Let χ(m,M) = Ψ2,αΨ2,0(m−α+v(M))+wm/n,

where v(M) is given in Corollary 2.6.3. Recall (2.3.1) for ρn. Then for every λ ∈ (0, 1) and

η > 0,

ρn . f∗(
√
nη) + η

√
log p+ h(λ, u∗m(λ)) + π(χ(m,M)). (2.10.9)

(ii) Assume Φψν ,α <∞, where ν ≥ 0 and α > 0. Then for every λ ∈ (0, 1) and η > 0,

ρn . f�(
√
nη) + η

√
log p+ h(λ, u�m(λ)) + π(χ(m,M)). (2.10.10)

Proof of Theorem 2.10.4. (i) By Lemma 2.10.2 (i) and Lemma 2.10.3, we have for every
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λ ∈ (0, 1),

sup
t∈R

∣∣∣P(|D−1
0 TY,m/

√
n|∞ ≤ t)− P(|D−1

0 Z|∞ ≤ t)
∣∣∣

. h(λ, u∗m(λ)) + π(Ψ2,αΨ2,0(m−α + v(M)) + wm/n). (2.10.11)

Observe that the Gaussian vector D−1
0 Z has marginal variance 1. By Theorem 3 of Cher-

nozhukov et al. [2014], for every η > 0,

sup
t∈R

P(
∣∣∣|D−1

0 Z|∞ − t
∣∣∣ ≤ η) . η

√
log p. (2.10.12)

By the triangle inequality, for every η > 0, we have

sup
t∈R

∣∣∣P(|D−1
0 TX/

√
n|∞ > t)− P(|D−1

0 TY,m/
√
n|∞ > t)

∣∣∣
≤ P(|D−1

0 (TX − TY,m)/
√
n|∞ > η) + sup

t∈R
P(
∣∣∣|D−1

0 TY,m/
√
n|∞ − t

∣∣∣ ≤ η),

which implies Theorem 2.10.4 (i) in view of Lemma 2.10.1 (i), (2.10.11) and (2.10.12).

(ii) Inequality (2.10.10) can be obtained by replacing f∗ and u∗m with f� and u�m in the

above proof.

2.10.2 Proofs of Theorem 2.3.2 and Theorem 2.3.3

Proof. Recall (2.10.3) for f∗(·). By Theorem 2.10.4, for α > 1/2 − 1/q, to have (2.3.1), we

need

π(Ψ2,αΨ2,0(m−α + v(M)) + wm/n)→ 0 (2.10.13)

and for some η > 0 and λ ∈ (0, 1),

f∗(
√
nη) + η

√
log p→ 0, (2.10.14)

h(λ, u∗m(λ))→ 0. (2.10.15)

42



First, (2.10.13) requires m � L1, wm � n(log p)−2, w � n(log p)−2(Ψ2,αΨ2,0)−1 if α > 1

and w � n/L1 if 0 < α < 1. Moreover, (2.10.14) requires m � max(L0, (Ψ2,α log p)1/α)

with L0 = (n1/q−1/2(log p)1/2Θq,α)1/(α−1/2+1/q) and wm � min(N1, N2). And (2.10.15)

needs (2.3.2) and w � max(W1,W2). We also need M � n/w � m. Notice that

(Ψ2,α log p)1/α . L1, N2 . n(log p)−2, N2 ≤ n(log p)−2(Ψ2,αΨ2,0)−1 and under (2.3.2),

L0 → 0. If

L1 max(W1,W2) = o(1) min(n,N1, N2), (2.10.16)

then we can always choose m and w such that (2.3.1) holds. Observe that N2 . n, then

(2.10.16) is reduced to (2.3.3).

For 0 < α < 1/2− 1/q, the function f∗ in (2.10.14) is replaced by f� [cf. (2.10.6)], which

implies Θq,α(log p)1/2 = o(nα), m � (Ψ2,α log p)1/α and wm � min(N2, N3). And u∗m in

(2.10.15) is replaced by u�m, implying w � max(W1,W2,W3). By the similar argument, if

(2.3.4) is further assumed, then (2.3.1) also holds for the case 0 < α < 1/2− 1/q.

The proof of Theorem 2.3.3 is similar to that of Theorem 2.3.2, and thus is omitted.

Remark 6. In the proof of Theorem 2.3.2, we exclude the case α = 1 when α > 1/2− 1/q.

If α = 1, we need to impose the additional assumption

max(W1,W2) = o(n/(L1 log n)) (2.10.17)

to ensure (2.10.13). The above condition is very mild since (2.3.3) implies max(W1,W2) =

o(n/L1). If log n . (log p)2Ψ2
2,α, which trivially holds in the high-dimensional case p � nκ

with some κ > 0, we have N2 = O(n/ log n), and hence (2.3.3) implies (2.10.17). Similarly,

in Theorem 2.3.3 we shall further assume max(W1,W4) = o(n/(L1 log n)) if α = 1.

2.10.3 Proofs of Results in Section 2.6

For a random variable X, we define the operator E0 as E0(X) := X − EX. For F i =

(. . . , εi−1, εi), define the projection operator Pi· = E(·|F i)− E(·|F i−1).
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Proof of Theorem 2.6.1. Fix 1 ≤ j, k ≤ p; let

T =
w∑
b=1

YbjYbk,

where Ybj =
∑
i∈Lb Xij . For τ ≥ 0, define Xij,τ = E(Xij |εi−τ , . . . , εi), Ybj,τ =

∑
i∈Lb Xij,τ

and Tτ =
∑w
b=1 Ybj,τYbk,τ . We shall first prove for α > 1/2 − 1/q and α < 1/2 − 1/q

respectively,

P(|E0(T − TM )| ≥ x) .

 x−q/2wMq/2−αq/2ξq/2q,α + Eq,α(x),

x−q/2wq/4−αq/2Mq/2−αq/2ξq/2q,α + Eq,α(x),
(2.10.18)

where the constants in . only depend on ς, α and q, and

ξq,α = ‖X·j‖q,0‖X·k‖q,α + ‖X·k‖q,0‖X·j‖q,α,

Eq,α(x) = exp{−Cq,α(wM2−2αξ2
4,α)−1x2}.

Following the argument in the proof of Theorem 2.8.1, let L = b(logw)/(log 2)c, $l = 2l,

1 ≤ l < L, $L = w and τl = M$l for 1 ≤ l ≤ L. Let $0 = 1 and τ0 = M . Write

T − TM = T − TMw +
L∑
l=1

Vw,l, where Vw,l = Tτl − Tτl−1 . (2.10.19)

By the argument in Lemma 9 of Xiao and Wu [2012], we have

‖E0(T − TMw)‖q/2 ≤ CqM
√
w(∆0,q,j∆Mw+1,q,k + ∆Mw+1,q,j∆0,q,k)

≤ CqM
√
w(Mw)−αξq,α (2.10.20)
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for some constant Cq > 0. By Markov’s inequality, for x > 0,

P(|E0(T − TMw)| ≥ x) ≤
CqM

q/2−αq/2wq/4−αq/2ξq/2q,α

xq/2
. (2.10.21)

By the same argument for proving (2.10.20), we have

‖E0(Vw,l)‖q/2 ≤ CqM
√
wτ−αl ξq,α.

Let c = q/4 − 1 − αq/2, λl = 3l−2π−2 if 1 ≤ l ≤ L/2 and λl = 3(L + 1 − l)−2π−2 if

L/2 < l ≤ L. Let I =
∑L
l=1$

c
l /λ

q/2
l . Elementary calculations show that

I ≤ C5 for c < 0 and I ≤ C6$
c
L = C6w

c for c > 0. (2.10.22)

Notice that minl≥1 λ
2
l$

2α
l > 0 and ξ4,α ≤ 2Ψ2

4,α. For x ≥
√
wMΨ2

q,α, we have

II :=
L∑
l=1

Eq,α(λl$
α
l x) . Eq,α(x). (2.10.23)

By Corollary 1.8 of Nagaev [1979], it follows that

P(|E0(Vw,l)| ≥ λlx) ≤
C1w(M$l

1/2τ−αl )q/2ξ
q/2
q,α

$l(λlx)q/2
+ exp

(
−
C2(λlx)2τ2α

l

wM2ξ2
4,α

)
.

Since
∑L
l=1 λl < 1, by the above inequality,

P(|
L∑
l=1

E0(Vw,l)| ≥ x) ≤
C3wM

q/2−αq/2ξq/2q,α

xq/2
I + C4II. (2.10.24)

Putting (2.10.19), (2.10.21), (2.10.22), (2.10.23) and (2.10.24) together, we have (2.10.18).

Now it suffices to consider P(|E0(TM )| ≥ x). Observe (Ybj,MYbk,M )b is odd are indepen-
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dent and so are (Ybj,MYbk,M )b is even. By Corollary 1.7 of Nagaev [1979], for any J > 1,

P(|E0(TM )| ≥ x) ≤
w∑
b=1

P
(
|E0(Ybj,MYbk,M )| ≥ x

2J

)

+2

∑w
b=1 ‖E0(Ybj,MYbk,M )‖q/2

q/2

Jxq/2

J

+4 exp

{
−

Cqx
2∑w

b=1 ‖E0(Ybj,MYbk,M )‖22

}
.

Note that ‖Ybj,M‖q ≤ Cq
√
M‖X·j‖q,0. Hence for 1 ≤ b ≤ w, 1 ≤ j, k ≤ p and q ≥ 4,

‖E0(Ybj,MYbk,M )‖q/2 ≤ 2‖Ybj,MYbk,M‖q/2

≤ 2‖Ybj,M‖q‖Ybk,M‖q ≤ CqM‖X·j‖q,0‖X·k‖q,0.

Since

E|Ybj,MYbk,M | ≤ ‖Ybj,M‖2‖Ybk,M‖2 ≤M‖X·j‖2,0‖X·k‖2,0 ≤
x√
w
,

we have

P(|E0(TM )| ≥ x) ≤
w∑
b=1

P(|Ybj,MYbk,M | ≥ x/(4J))

+4 exp

(
−

Cqx
2

wM2Ψ4
4,0

)

+2

wMq/2‖X·j‖
q/2
q,0 ‖X·k‖

q/2
q,0

Jxq/2

J .
Recall that M = O(nς) with 0 < ς < 1. Let J = 1 + (2q − 2)(q − 4)−1(1 − ς)−1. Since

x ≥
√
wM‖X·j‖q,0‖X·k‖q,0, elementary calculations show that for sufficiently large n the

second term in the above expression is no greater than CJwM‖X·j‖
q/2
q,0 ‖X·k‖

q/2
q,0 /x

q/2. As
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for the first term, we have

P(|Ybj,MYbk,M | ≥ x/(4J)) ≤ P(|Ybj,M | ≥
√
x/(4J)) + P(|Ybk,M | ≥

√
x/(4J)).

By Lemma 2.9.2, for α > 1/2− 1/q and α < 1/2− 1/q, respectively, we have

P(|Ybj,M | ≥
√
x) ≤


Cq,αx

−q/2M‖X·j‖
q
q,α + Cq,α exp

(
− Cq,αx

M‖X·j‖22,α

)
,

Cq,αx
−q/2Mq/2−αq‖X·j‖

q
q,α + Cq,α exp

(
− Cq,αx

M‖X·j‖22,α

)
.

A similar inequality holds for P(|Ybk,M | ≥
√
x). Let φq,α = ‖X·j‖

q
q,α + ‖X·k‖

q
q,α. Hence, it

follows that for α > 1/2− 1/q and α < 1/2− 1/q respectively,

P(|E0(TM )| ≥ x) ≤


Cq,αx

−q/2wMφq,α + Cq,α exp

(
− Cq,αx

2

wM2Ψ4
4,α

)
,

Cq,αx
−q/2wMq/2−αqφq,α + Cq,α exp

(
− Cq,αx

2

wM2Ψ4
4,α

)
.

(2.10.25)

Combining (2.10.18) and (2.10.25), and noticing that ξ
q/2
q,α ≤ Cqφq,α, it follows that

P(|E0(T )| ≥ x) ≤ Cq,αx
−q/2Fαφq,α + Cq,α exp

(
−

Cq,αx
2

wM2Ψ4
4,α

)
,

which implies (2.6.2) and (2.6.3) by the Bonferroni inequality by summing over j and k.

Proof of Theorem 2.6.2. Let T =
∑w
b=1 YbjYbk. By Theorem 2.1 of Rio [2009], we have

‖E0T‖2q/2 ≤ (q/2− 1)
wM∑
l=−∞

‖P lT‖2q/2

≤ (q/2− 1)
wM∑
l=−∞

(
w∑
b=1

‖P lYbjYbk‖q/2

)2

. (2.10.26)
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By Theorem 3 in Wu [2011], ‖Ybj‖q ≤ (q − 1)1/2
√
M‖X·j‖q,0. Note that

‖P lYbjYbk‖q/2 ≤ ‖YbjYbk − Ybj,{l}Ybk,{l}‖q/2

≤ ‖Ybj‖q‖Ybk − Ybk,{l}‖q + ‖Ybj − Ybj,{l}‖q‖Ybk,{l}‖q.

Since ‖Ybk − Ybk,{l}‖q ≤
∑bM
h=1+(b−1)M δh−l,q,k, we have by (2.10.26) that

‖E0T‖2q/2 ≤ (q/2− 1)
wM∑
l=−∞

‖P lT‖2q/2

≤ (q − 2)(q − 1)wM2‖X·j‖2q,0‖X·k‖
2
q,0.

Let Rjk = E0T/(
√
wM). Similarly as the argument for proving Lemma 2.9.3, if γh ≥ 2,

it follows that

‖Rjk‖γh ≤ (2γh− 1)(2γh)2ν‖X·j‖ψν ,0‖X·k‖ψν ,0.

Let τ0 = (2eγ‖X·j‖
γ
ψν ,0
‖X·k‖

γ
ψν ,0

)−1. Notice that −2ν = 1− 1/γ. Then

th‖Rγjk‖
h
h

h!
≤

th(2γh− 1)γh(2γh)2νγh‖X·j‖
γh
ψν ,0
‖X·k‖

γh
ψν ,0

C1(h/e)ha−1
h

≤ aht
h(2γh− 1)γh

C1τ
h
0 (2γh)γh

≤ aht
h

C1
√
eτh0

.

If γh < 2, then ‖Rjk‖γh ≤ ‖Rjk‖2 ≤ 42ν
√

6‖X·j‖ψν ,0‖X·k‖ψν ,0. So we have

E[exp(tR
γ
jk)] ≤ 1 +

∑
1≤h<2/γ

th(42ν
√

6‖X·j‖ψν ,0‖X·k‖ψν ,0)γh

h!
+
∑
h≥2/γ

aht
h

C1
√
eτh0

≤ 1 + Cγ

∞∑
h=1

ah
th

τh0
≤ 1 + Cγ

t/τ0

(1− t/τ0)1/2
.

By choosing t = τ0/2, and applying the Markov inequality and the Bonferroni inequality,

(2.6.4) and (2.6.5) are obtained.
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2.10.4 Proofs of Results in Section 2.10.1

Proof of Lemma 2.10.1. Let P1 = P(|TX − TX,m|∞ ≥ y/2) and P2 = P(|TX,m − TY,m|∞ ≥

y/2). Lemma 2.9.1 and Theorem 2.8.1 imply that P1 ≤ f∗1 (y). Write TX,m − TY,m =∑w
b=1

∑
i∈Sb Xi,m. By Lemma 2.9.2 and Theorem 2.8.2, we also have P2 ≤ f∗2 (y). Hence

both cases with α > 1/2 − 1/q and α < 1/2 − 1/q of Lemma 2.10.1(i) follow in view of

P(|TX − TY,m|∞ ≥ y) ≤ P1 + P2.

The exponential moment case (ii) similarly follows from P1 ≤ f�1 (y) and P2 ≤ f�2 (y).

Proof of Lemma 2.10.2. Define Rl = max1≤j≤p ‖M−1/2Ybj,m‖l, 1 < l ≤ q. Since Xij,m =∑m
k=0Pi−kXij , by Theorem 3.2 of Burkholder [1973],

‖
M∑
i=1

Pi−kXij‖2l ≤ Cl

M∑
i=1

‖Pi−kXij‖2l ≤ ClM(δk,l,j)
2,

then we have

‖
M∑
i=1

Xij,m‖l ≤ Cl

m∑
k=0

‖
M∑
i=1

Pi−kXij‖l ≤ ClM
1/2∆0,l,j , (2.10.27)

which implies Rl ≤ ClΨl,0. For 0 < λ < 1 and the diagonal matrix D = (dij)
p
i,j=1, define

uY,m(λ) as the infimum over all numbers u > 0 such that

P(|M−1/2d
−1/2
jj Ybj,m| ≤ u, 1 ≤ b ≤ w, 1 ≤ j ≤ p) ≥ 1− λ.

Also define uZ,m(λ) by the corresponding quantity for the analogue Gaussian case, namely

with Yb,m replaced by Zb,m in the above definition. Let um(λ) := uY,m(λ) ∨ uZ,m(λ). By

Theorem 2.2 of Chernozhukov et al. [2013a], for all λ ∈ (0, 1),

sup
t∈R

∣∣∣P(|D−1/2TY,m/
√
n|∞ ≤ t)− P(|D−1/2TZ,m/

√
n|∞ ≤ t)

∣∣∣
. w−1/8(R

3/4
3 ∨R1/2

4 )(log(pw/λ))7/8 + w−1/2(log(pw/λ))3/2um(λ) + λ,
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Now we shall find a bound on the function um(λ). (i) By Lemma 2.9.2 and Theorem 2.8.2,

we have

P(|M−1/2d
−1/2
jj Ybj,m| > u for some b, j) ≤ P(|M−1/2Yb,m|∞ > c1/2u)

≤


Cq,αu

−qwM1−q/2Θ
q
q,α + Cq,αpw exp

(
−Cq,αu

2

Ψ2
2,α

)
, α > 1/2− 1/q

Cq,αu
−qwM−αqΘq

q,α + Cq,αpw exp

(
−Cq,αu

2

Ψ2
2,α

)
, α < 1/2− 1/q

,

which implies (2.10.7). For uZ,m(λ), since M−1/2Zbj,m ∼ N(0, b̃jj), we have

E(exp{M−1Z2
bj,m/(4b̃jj)}) ≤ C.

Hence

P(|M−1/2d
−1/2
jj Zbj,m| > u for some b, j) ≤

w∑
b=1

p∑
j=1

P(|M−1/2Zbj,m| > d
1/2
jj u)

≤ Cpw exp(−djju2/(4b̃jj)). (2.10.28)

With the assumption c1 ≤ b̃jj/djj ≤ c2, uZ,m(λ) ≤ C
√

log(pw/λ).

(ii) By Bonferroni inequality and Lemma 2.9.4,

P(|M−1/2d
−1/2
jj Ybj,m| > u for some b, j) ≤ Cβpw exp

−Cβ uβ

Φ
β
ψν ,0

 , (2.10.29)

where β = 2/(1 + 2ν) and Cβ is a constant that depends on β only. Combining (2.10.28)

and (2.10.29), (2.10.8) follows.

Proof of Lemma 2.10.3. By the definition of TZ,m and Z and (2.10.2),

ΣZ,m := Cov(D−1/2TZ,m/
√
n) =

Mw

n
D−1/2B̃D−1/2,

ΣZ := Cov(D−1/2Z) = D−1/2ΣD−1/2.
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Let SMj =
∑M
i=1Xij and SMj,m =

∑M
i=1Xij,m. By Theorem 3 in Wu [2011], ‖SMj‖2 ≤

M1/2∆0,2,j , ‖SMj,m‖2 ≤ M1/2∆0,2,j and ‖SMj − SMj,m‖2 ≤ M1/2∆m+1,2,j . Note bjk =

M−1E(SMjSMk) and b̃jk = M−1E(SMj,mSMk,m). Then

|bjk − b̃jk| =
1

M
|E(SMjSMk − SMj,mSMk,m)|

≤ 1

M

(
‖SMj‖2‖SMk − SMk,m‖2 + ‖SMk,m‖2‖SMj − SMj,m‖2

)
≤ 2Ψ2,αΨ2,0m

−α.

Recall that σjk =
∑∞
l=−∞ γjk(l) and

bjk = M−1E(SMjSMk) = M−1
M∑

l=−M
(M − |l|)γjk(l).

It follows that

σjk − bjk =
∑
|l|>M

γjk(l) +M−1
M∑

l=−M
|l|γjk(l).

By Xij =
∑∞
h=0Pi−hXij , we have

|γjk(l)| = |
∞∑
h=0

E[(P−hX0j)(P−hXlk)]|

≤
∞∑
h=0

|E[(P−hX0j)(P−hXlk)]| ≤
∞∑
h=0

δh,2,jδh+l,2,k.

Hence, it can be obtained that

∣∣∣∣∣∣
∑
|l|>M

γjk(l)

∣∣∣∣∣∣ ≤ 2
∞∑

l=M+1

∞∑
h=0

δh,2,jδh+l,2,k ≤ 2∆0,2,j∆M+1,2,k,

and ∣∣∣∣∣∣ 1

M

M∑
l=−M

|l|γjk(l)

∣∣∣∣∣∣ ≤ 2

M

M∑
l=1

M∑
ι=k

∞∑
h=0

δh,2,jδh+ι,2,k ≤
2

M
∆0,2,j

M∑
l=1

∆l,2,k.
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Since ∆0,2,j ≤ Ψ2,0 and ∆m,2,j ≤ Ψ2,αm
−α, we have

max
1≤j,k≤p

|bjk − σjk| ≤ Ψ2,αΨ2,0v(M).

Let V = D−1/2ΣD−1/2. Hence,

|ΣZ,m − ΣZ |∞ ≤ max
1≤j≤p

d−1
jj (|B̃ −B|∞ + |B − Σ|∞) +

(
1− Mw

n

)
|V |∞

≤ max
1≤j≤p

d−1
jj Ψ2,αΨ2,0(m−α + v(M)) + C2wm/n.

By Theorem 2 of Chernozhukov et al. [2014], the result follows.
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CHAPTER 3

HIGH DIMENSIONAL LOCALLY STATIONARY PROCESSES

3.1 Introduction

It is still an open problem on whether an asymptotic theory for the estimate of second-order

characteristics can be developed for high-dimensional and/or nonstationary processes via

a general data-generating mechanism. Estimating second-order characteristics is of funda-

mental importance in many aspects of statistics. During the past decades, various cases

of second-order statistic estimation have been studied for dependent and non-stationary

processes. For example, in finance, Jacquier et al. [2004] concerned multivariate stochas-

tic volatility models parameterized by time-varying covariance matrices with fat tails and

correlated errors. In environmental science, Wikle and Hooten [2010] proposed nonlinear

spatio-temporal dynamic models to accommodate quadratic interactions between processes

which are critical for many geophysical (Kondrashov et al. [2005], Majda et al. [2005]) and

ecological (Hooten and Wikle [2008]) processes. In electroencephalographic (EEG) studies,

Prado et al. [2001] considered dynamic regression models with time-varying lag-lead struc-

ture to analyse multichannel EEG recordings of scalp electrical potential activity, and Park

et al. [2014] developed multivariate locally stationary wavelet processes to capture the time-

evolving scale-specific cross-dependence between components of the non-stationary signals.

In essence, researchers face a numbers of challenges in solving these real-world problems: (i)

nonlinear dynamics of data generating systems, (ii) temporally dependent and non-stationary

observations, (iii) non-Gaussian distributions and/or (iv) high-dimensional data.

Motivated by these real-world applications, the primary goal of this chapter is to estimate

second-order characteristics of a general class of locally stationary processes which can be

possibly high-dimensional and non-Gaussian, and lay a theoretical foundation for estimation

consistency. In Section 3.2, we shall introduce the framework of high-dimensional locally

stationary processes and some concepts about functional dependence measures that are useful
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for establishing an asymptotic theory. Section 3.3 concerns the estimation of time-varying

autocovariance matrix functions. Section 3.4 introduces the nonparametric estimation of

time-varying spectral density and coherence matrices. In particular, we study the overlapped

batched mean estimate of long-run covariance matrix functions in Section 3.4.1. In Section

3.5, we use the constrained `1 minimization approach to estimate the inverse of the spectral

density matrix which can be used to identify the graphical structure for high-dimensional

locally stationary processes. We provide in Section 3.6 Hanson–Wright-type inequalities for

tail probabilities for non-stationary processes with finite polynomial moments. We relegate

some proofs to Section 3.7. Throughout this chapter, we use r, s, t to denote time indexes

and use i, j to denote dimension indexes.

3.2 High Dimensional Locally Stationary Processes

Consider the p-dimensional process (Xt,n) generated from the model (1.0.1). For convenience

of notation, we shall abbreviate Xt,n as Xt. The stochastic continuity condition (1.0.2) indi-

cates that Xtj(u) = gj(u,F t) changes smoothly with respect to u. One has local stationarity

in the sense that for 1 ≤ j ≤ p, the subsequence (Xtj)
s+r−1
t=s of length r can be approximated

by the stationary process X∗tj = gj(s/n,F t), t = s, . . . , s+ r − 1 in view of

‖Xtj − gj(s/n,F t)‖ ≤ Kr/n

if Kr/n = o(1). In the stationary case where G(·, ·) does not depend on u, one can let

K = 0 in (1.0.2). With the condition (1.0.2), the form (1.0.1) provides a convenient frame-

work for studying high-dimensional locally stationary processes and covers a large range of

non-stationary time series models. In the scalar case in which p = 1, Wiener [1958] studied

the stationary processes that can be coded by using i.i.d. random variables εt via a possibly

nonlinear function G; see also Rosenblatt [1971], Priestley [1988a], Tong [1990], Wu [2005],

Tsay [2005]) for the huge class of processes of this form. The representation Xt = G(F t)
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also includes recursive model of the form Xt = G(Xt−1, εt), which includes Markov chain

models and nonlinear autoregressive models such as threshold autoregressive models, autore-

gressive models with conditional heteroscedasticity and exponential autoregressive models.

By allowing the data-generating function G to change flexibly over time u, it extends a large

number of existing stationary processes into their non-stationary counterparts in a natural

way.

To develop an asymptotic theory for the time-varying second-order characteristic esti-

mate, we need to introduce appropriate dependence measures. Assume that

max
1≤j≤p

sup
u∈[0,1]

‖gj(u,F0)‖q <∞ for some q ≥ 1

Let ε′t, t ∈ Z be an i.i.d. copy of εt, t ∈ Z. For t ≥ 0 and 1 ≤ j ≤ p, we define the functional

dependence measure

δt,q,j = sup
u∈[0,1]

‖gj(u,F t)− gj(u,F t,{0})‖q,

where F t,{0} = (. . . , ε−1, ε
′
0, ε1, . . . , εt−1, εt) is a coupled version of F t with ε0 in F t replaced

by ε′0. Note that F t,{0} = F t if t < 0. Hence, δt,q,j = 0 for t < 0. In Chapter 2, (2.2.4)

introduced a functional dependence measure for stationary processes in which the data-

generating mechanism gj does not vary with time u. In this chapter, the quantity δt,q,j

measures the dependence of gj(u,F t) on the single input ε0 over u ∈ [0, 1], which can be

viewed as the uniform dependence measure with lag t for locally stationary processes.

Equipped with the above dependence measures, we define in the following the dependence

adjusted norm

‖X·j‖q,α = sup
m≥0

(m+ 1)α∆m,q,j , α ≥ 0, where ∆m,q,j =
∞∑
t=m

δt,q,j , (3.2.1)
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and the associated overall and uniform dependence adjusted norms

Θq,α =

 p∑
j=1

‖X·j‖
q/2
q,α

2/q

, Φq,α = max
1≤j≤p

‖X·j‖q,α. (3.2.2)

The quantities Θq,α and Φq,α are used to account for high dimensionality and they may be

unbounded functions in terms of the dimension p.

Before stating some main results, we shall provide two examples of high-dimensional

locally stationary time series for which one can bound Θq,α and Φq,α, a key step in applying

these theorems.

Example 3.2.1 (High-dimensional locally stationary linear processes). Let εtj, t, j ∈ Z be

i.i.d. random variables with mean 0, variance 1 and finite q-th moment for some q > 2. Let

Am(u) = (am,ij(u))
p
i,j=1 be p×p matrices with real entries such that am,ij(u) ∈ C1[0, 1], m ≥

0, 1 ≤ i, j ≤ p, and supu∈[0,1]
∑∞
m=0 tr[Am(u)Am(u)>] < ∞. Write εt = (εt1, . . . , εtp)

>

and define the p-dimensional non-stationary linear processes

Xt(u) =
∞∑
m=0

Am(u)εt−m. (3.2.3)

By Kolmogorov’s three series theorem, the process (3.2.3) is well-defined for all u ∈ [0, 1],

and the assumptions on Am(u) ensure the local stationarity. Let Am,j(u) be the j-th row of

Am(u). By Rosenthal’s inequality (Rosenthal [1970]), the functional dependence measure

δt,q,j = sup
u∈[0,1]

‖At,j(u)ε0‖q ≤ (q − 1)1/2 sup
u∈[0,1]

|At,j(u)|2‖ε00‖q. (3.2.4)

If there exist w > 1 and K > 0 such that supu∈[0,1] |At,j(u)|2 ≤ K(t + 1)−w holds for all

t ≥ 0 and 1 ≤ j ≤ p, then with α = w − 1, we have

Φq,α ≤ C1K‖ε00‖q and Θq,α ≤ C2Kp
2/q‖ε00‖q,
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where the constants C1 and C2 both only depend on q and α.

Example 3.2.2 (Time-varying threshold vector autoregressive (TVTVAR) models). Tong

[1990] studied one-dimensional threshold autoregressive models. Here we shall consider high-

dimensional time-varying threshold vector AR models. Let εtj, t, j ∈ Z be i.i.d random

variables with mean 0, variance 1 and finite q-th moment for some q > 2. Write εt =

(εt1, . . . , εtp)
>. For a vector v = (v1, . . . , vp)

>, define v+ = (v+
1 , . . . , v

+
p )> where v+

j =

max{vj , 0}. Consider the model

Xt(u) = A(u)[Xt−1(u)]+ +B(u)[−Xt−1(u)]+ + εt =: Gεt(u,Xt−1(u)), (3.2.5)

where A(u) = (ajk(u))
p
j,k=1 and B(u) = (bjk(u))

p
j,k=1 are transition matrices satisfying

aij(u) ∈ C1[0, 1], bjk(u) ∈ C1[0, 1], 1 ≤ j, k ≤ p. Let Gεt(·, ·) = (G
(1)
εt (·, ·), . . . , G(p)

εt (·, ·))>.

We abbreviate (3.2.5) as Xt(u) = Gεt(u,Xt−1(u)). Let ρj(u) =
∑p
k=1(|ajk(u)| ∨ |bjk(u)|)

and ρj = supu∈[0,1] ρj(u). For any u ∈ [0, 1], note that

|G(j)
εt (u,x)−G(j)

εt (u,y)| ≤ ρj(u)|x− y|∞. (3.2.6)

Hence |Gεt(u,x)−Gεt(u,y)|∞ ≤ maxj ρj(u)|x− y|∞. Assume that

ρ := sup
u∈[0,1]

max
1≤j≤p

ρj(u) < 1.

Let K0 = supu∈[0,1] |Gεt(u,0)|∞ = max1≤j≤p |ε0j |. By the arguments for Theorem 2 in Wu

and Shao [2004], for any u ∈ [0, 1], (3.2.5) admits a unique stationary solution and iterations

of (3.2.5) lead to

Xt(u) = H(u,F t) = (h1(u,F t), . . . , hp(u,F t))>
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with F t = (. . . , εt−1, εt). It also implies the `∞ functional dependence measure

sup
u∈[0,1]

‖|H(u,F t)−H(u,F t,{0})|∞‖q ≤ Cqρ
t‖K0‖q/(1− ρ), (3.2.7)

where the constant Cq only depends on q. Hence by (3.2.5) and (3.2.7), the functional

dependence measure for the j-th component process satisfies

δt,q,j := sup
u∈[0,1]

‖hj(u,F t)− hj(u,F t,{0})‖q ≤ Cqρjρ
t‖K0‖q/(1− ρ).

Since ρ < 1, the corresponding dependence adjusted norm ‖X·j‖q,α < ∞ for all α ≥ 0, and

the quantities Θq,α and Φq,α can be computed accordingly.

3.3 Estimation of Autocovariance Matrix Functions

Autocovariances play an important role in almost every aspect of time series analysis. In

the non-stationary setting, our goal is to estimate the time-varying autocovariance matrices

Γl(u) = EX0(u)Xl(u)>, where Xt(u) = G(u,F t). (3.3.1)

For a fixed u ∈ [0, 1], we can use observations Xt with t close to bnuc to have the estimator

Γ̂l(u). Specifically, let bn be a bandwidth sequence satisfying

bn → 0, and nbn →∞.

Let T1(u) = bnuc − bnbnc+ 1, T2(u) = bnuc+ bnbnc and M = 2bnbnc. For u ∈ [bn, 1− bn]

and 0 ≤ l < M , a natural estimator of Γl(u) from the sample Xt, t = T1(u), . . . , T2(u) is

given by

Γ̂l(u) =
1

M

T2(u)∑
r=l+T1(u)

Xr−lX
>
r , (3.3.2)
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and Γ̂l(u) = Γ̂>−l(u) for l < 0. In the special case of stationary processes, we estimate the

autocovariance matrices using the entire sample X1, . . . , Xn by letting bn = 1 and M = n.

We concern the maximum deviation over the range 0 ≤ l < M , i.e.,

ψ?n := max
0≤l<M

sup
u∈[bn,1−bn]

|Γ̂l(u)− Γl(u)|∞. (3.3.3)

For univariate stationary processes with p = 1, the uniform convergence of autocovariances

is closely related to the estimation of orders of ARMA processes or linear systems in general.

The pioneer works in this direction were given by E. J. Hannan and his collaborators; see,

for example, Hannan [1974] and An et al. [1982]. Readers can find a summary of these works

and references therein in Section 5.3 of Hannan and Deistler [1988]. Giurcanu and Spokoiny

[2004] obtained an upper bound of max0≤l<M |Γ̂l − Γl| for Gaussian stationary processes

and also extended to the locally stationary case (cf. Propositions 3.2 and 3.4 therein). More

recently Xiao and Wu [2014] considered the maximum deviation for sample autocovariances

of univariate stationary processes in the polynomial tail case.

Since the process Xi can be possibly nonlinear, non-stationary, non-Gaussian and high-

dimensional, it can be quite involved to derive an upper bound for ψ?n. Theorem 3.3.1 below

provides a non-asymptotic bound for the stochastic part

ψn := max
0≤l<M

sup
u∈[bn,1−bn]

|Γ̂l(u)− EΓ̂l(u)|∞.

In our setting, with the framework of functional dependence measures, it turns out that

we can have a close form of the upper bound in the form of (3.3.4). The convergence rate

depends in a subtle way on the temporal dependence characterized by α [cf. (3.2.1)], the

overall and the uniform dependence adjusted norms Θq,α and Φq,α, the same size n and the

dimension p.

Theorem 3.3.1. Assume that E(Xt) = 0 and Θq,α < ∞ for some q > 4 and α > 0. Let

bn be a bandwidth sequence satisfying bn → 0 and nbn → ∞. Define M = 2bnbnc. Assume
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M = O(nη) for some 0 < η < 1. Then for any 0 < β < 1 and x ≥M1/2Φ2
q,α, we have

P(Mψn ≥ x) .
nHMΘ

q
q,α

xq/2
+ nMp2 exp

(
−
Cq,αx

2

MΦ4
4,α

)
, (3.3.4)

where HM = M(logM)q+1 for α > 1/2 − 2/q and HM = Mq/4−αβq/2 for α ≤ 1/2 − 2/q,

and the constant in . depends on q, α and β.

Corollary 3.3.2. Let ψ?n be the maximum deviation defined in (3.3.3). Under the condition

(1.0.2) and the assumptions of Theorem 3.3.1, we have

ψ?n = OP

(
(nHM )2/q

M
Θ2
q,α +

√
log(pn)

M
Φ2
q,α + UM,n +M−min{α,1}Φ2,0Φ2,α

)
, (3.3.5)

where HM is the same as defined in Theorem 3.3.1 and

UM,n = min

KMn Φ2,0,
(KM

n

) α
1+α

Φ2,0Φ
1/(1+α)
2,α

M1/2

 .

Remark 7. If the function G(u, ·) in (1.0.1) does not depend on u, i.e., Xt = G(F t) is

a stationary process, the autocovariance matrices are estimated based on the observations

Xt, 1 ≤ t ≤ n, with bn = 1 and M = n in (3.3.2). The convergence rate can be derived

similarly without extra technical difficulties. For the special case of univariate stationary pro-

cesses, i.e., for p = 1, the proof of (3.3.4) implies ψn = OP(
√

log n/n) under the conditions

‖X·1‖q,α <∞ and αq > 2, which is consistent with the result in Theorem 2 of Xiao and Wu

[2014].

Next we provide the proof of Theorem 3.3.1. The proof of Corollary 3.3.2 is deferred to

Section 3.7.
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Proof of Theorem 3.3.1. For 1 ≤ i, j ≤ p, l ≥ 0 and bn ≤ u ≤ 1− bn, let

Γ̂l,ij(u) =
1

M

T2(u)∑
r=l+T1(u)

X(r−l)iXrj .

Define ut = t/n for t = bnbnc, . . . , bn(1− bn)c. Let

T = d(bn(1− bn)c − bnbnc+ 1)/Me,

and for k = 1, . . . , T , let

Dk = {bnbnc+ (k − 1)M, . . . , (bnbnc+ kM − 1) ∧ bn(1− bn)c}

and tk = minDk = bnbnc+ (k − 1)M . Since

max
t∈Dk

M |E0Γ̂l,ij(ut)| ≤ max
t∈Dk

∣∣∣∣E0

∑l+T1(ut)

r=l+T1(utk )
X(r−l)iXrj

∣∣∣∣
+ max
t∈Dk

∣∣∣∣E0

∑T2(ut)

r=l+T1(utk )
X(r−l)iXrj

∣∣∣∣
≤ 2 max

l≤t≤2M−1

∣∣∣∣E0

∑T1(utk )+t

r=l+T1(utk )
X(r−l)iXrj

∣∣∣∣ =: 2Ukl,ij ,(3.3.6)

by the Bonferroni inequality,

P(Mψn ≥ x) ≤
T∑
k=1

p∑
i,j=1

M−1∑
l=0

P
(

max
t∈Dk

|ME0Γ̂l,ij(ut)| ≥ x

)

≤
T∑
k=1

p∑
i,j=1

M−1∑
l=0

P
(
Ukl,ij ≥ x/2

)
. (3.3.7)

First consider the case where k = 1. Since T1(ut1) = 1, we have

U1l,ij = max
l+1≤t≤2M

∣∣∣E0

∑t

r=l+1
X(r−l)iXrj

∣∣∣ .
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For 0 ≤ l < M , let Yr(l) = E0X(r−l)iXrj and Zt(l) be the partial sum given by Zt(l) =∑t
r=l+1 Yr(l). Let d = dlog2(2M)e. For any positive integer h ≤ 2d, write its dyadic

expansion as h = 2s1 + · · ·+2sL , where 0 ≤ sL < · · · < s1 ≤ d. Define h(`) = 2s1 + · · ·+2s` ,

for ` = 1, 2, . . . , L, and h(0) = 0. We then have

|Zh(l)| ≤
L∑
`=1

|Zh(`)(l)− Zh(`−1)(l)|

≤
L∑
`=1

max
1≤v≤2d−s`

|Z2s`v(l)− Z2s`(v−1)(l)|

≤
d∑
s=0

max
1≤v≤2d−s

|Z2sv(l)− Z2s(v−1)(l)|. (3.3.8)

Let (λs)
d
s=0 be a positive sequence such that

∑d
s=0 λs ≤ 1; specifically, let λs = (s +

1)−2/(π2/3) if 0 ≤ s ≤ d/2 and λs = (d + 1 − s)−2/(π2/3) if d/2 < s ≤ d. By (3.3.8) and

the Bonferroni inequality,

P
(
U1l,ij ≥ x

)
≤ P

(
max

1≤t≤2M
|Zt(l)| ≥ x

)
≤

d∑
s=0

P

(
max

1≤v≤2d−s
|Z2sv(l)− Z2s(v−1)(l)| ≥ λsx

)

≤
d∑
s=0

2d−s max
1≤v≤2d−s

P
(
|Z2sv(l)− Z2s(v−1)(l)| ≥ λsx

)
. (3.3.9)

Since mins≥0 λ
2
s2
s > 0, by Theorem 3.6.3, given v, 0 ≤ l < M and 0 < β < 1, for

x ≥M1/2‖X·i‖q,α‖X·j‖q,α,

P(|Z2sv(l)− Z2s(v−1)(l)| ≥ λsx)

.
[2s + 2s(q/4−αβq/2)]‖X·i‖

q/2
q,α‖X·j‖

q/2
q,α

(λsx)q/2
+ exp

(
−
Cq,αλ

2
sx

2

2sΦ4
4,α

)
. (3.3.10)

We can deal with Ukl,ij for k > 1 similarly and obtain the same upper bound for the tail
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probability. Let

I =
d∑
s=0

2d−s[2s + 2s(q/4−αβq/2)]

λ
q/2
s

, II =
d∑
s=0

exp

(
−
Cq,αλ

2
sx

2

2sΦ4
4,α

)
.

Notice that T � n/M . By (3.3.7), (3.3.9) and (3.3.10), we have for x ≥M1/2Φ2
q,α,

P(Mψn ≥ x) ≤ Cq,αn
Θ
q
q,α

xq/2
· I + Cq,αnMp2 · II. (3.3.11)

By the choice of λs and d, when α > 1/2− 2/q, we can choose β such that (1/2− 2/q)/α ≤

β < 1 and hence I = O(M(logM)q+1). If α ≤ 1/2 − 2/q, elementary calculation shows

I = O(Mq/4−αβq/2). Notice that mins≥0 λ
2
s2
s > 0. Then for x ≥

√
MΦ2

4,α, we have

II ≤
d∑
s=0

exp

(
−
Cq,αλ

2
s2
sx2

MΦ4
4,α

)
. exp

(
−
Cq,αx

2

MΦ4
4,α

)
.

By (3.3.11) and the above bounds of I and II, (3.3.4) follows.

3.4 Spectral Density and Coherence Matrix

Spectral analysis is a fundamental tool to have an insight into the cyclical behavior of

time series. The spectrum was traditionally considered as an adequate description of the

frequency domain characteristics of stationary processes. Estimation of spectral density has

been extensively studied in the univariate stationary case; see for example Anderson [1971],

Priestley [1981], Rosenblatt [1985], Newey and West [1987] among many others. Coherence,

also known as the time series analogue in the frequency domain of the standard correlation

coefficient, measures the linear relationship between a pair of time series as a function of

frequency; see, for example, Brillinger [1975] and Brockwell and Davis [1991]. Since non-

stationary data with a time-varying structural change is increasingly common in diverse

fields, time-varying spectrum and coherence has been a popular tool to reveal the dynamics
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of the underlying mechanism. For example, in EEG data analysis, it has been widely used to

measure brain functional connectivity; see Liu et al. [2010], Simpson et al. [2013], Lindquist

et al. [2014] among others.

Various models and methods to obtain the time-varying spectra and coherence for non-

stationary processes have been investigated in the literature. Priestley and Tong [1973]

concerned the cross-spectrum and coherence between oscillatory processes stemming from

a time-varying spectral representation, which was later investigated by Dahlhaus [2000a]

allowing for rigorous asymptotic considerations. Ombao et al. [2001] proposed an method

based on the smooth localized complex exponentials to select the span which can be used

to obtain the smoothed estimates of the time-varying spectra and coherence. Sanderson

et al. [2010] and Park et al. [2014] considered the problem of estimating time-evolving cross-

dependence in a collection of locally stationary wavelet processes. Ombao and Bellegem

[2008] developed a coherence estimation procedure using time-localized linear filtering. Many

of the previous results require restrictive structural condition on the underlying processes

such as linearity or Gaussianity.

More formally, under the framework (1.0.1), the spectral density matrix evolving over

time u is defined by

F (u, θ) =
1

2π

∑
l∈Z

Γl(u) exp(−ιlθ), where ι =
√
−1.

and the time-varying coherence matrix is defined by

C(u, θ) = diag[F (u, θ)]−1/2F (u, θ)diag[F (u, θ)]−1/2.

To estimate the time-varying spectral density matrix consistently, it is common to use the
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idea of smoothing. In particular, we consider the lag window estimate

F̂ (u, θ) =
1

2π

m∑
l=−m

K(l/m)Γ̂l(u) exp(−ιlθ). (3.4.1)

where Γ̂l(u) is the estimate of the autocovariance matrix function with lag l defined in (3.3.2),

m is the bandwidth satisfying the natural conditions m := mM → ∞ and m/M → 0, and

K(·) is a symmetric kernel function satisfying

K(0) = 0, |K(x)| ≤ 1, and K(x) = 0 for |x| > 1.

We estimate the coherence matrix C(u, θ) by

Ĉ(u, θ) = diag[F̂ (u, θ)]−1/2F̂ (u, θ)diag[F̂ (u, θ)]−1/2, (3.4.2)

where F̂ (u, θ) is the estimate of the spectral density matrix given by (3.4.1).

Theorem 3.4.1. Assume that E(Xt) = 0 and Θq,α < ∞ for some q > 4 and α > 0. Let

bn be a bandwidth sequence satisfying bn → 0 and nbn → ∞. Define M = 2bnbnc. Let

M = O(nη) and m = O(Mβ) for some 0 < η, β < 1. Let

ϕn = sup
u∈[bn,1−bn]

max
θ
|F̂ (u, θ)− EF̂ (u, θ)|∞.

Then for any x ≥
√
MmΦ2

q,α, we have

P(Mϕn ≥ x) .
nmRM,mΘ

q
q,α

xq/2
+ np2 exp

(
−

Cq,αx
2

MmΦ4
4,α

)
, (3.4.3)

where RM,m = m for α > 1 − 2/q, RM,m = m + mq/2−1−αq/2(logM)q+1 for 1/2 − 2/q <

α < 1 − 2/q and RM,m = Mq/4−1−αq/2mq/4 for α < 1/2 − 2/q, and the constant in .

depends on q, α and β.
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Corollary 3.4.2. Under the condition (1.0.2) and the assumptions of Theorem 3.4.1, we

have

ϕ?n := sup
u∈[bn,1−bn]

max
θ
|F̂ (u, θ)− F (u, θ)|∞

= OP

(
(nmRM,m)2/q

M
Θ2
q,α +

√
m log(pn)

M
Φ2
q,α + Vm,M,n +Wm

)
, (3.4.4)

with

Vm,M,n =
√
m UM,n +

(
m−α +

r(m)

M

)
Φ2,0Φ2,α,

Wm = sup
u

m∑
l=1

(1−K(l/m))|Γl(u)|∞,

where UM,n is defined in Corollary 3.3.2, RM,m is defined in Theorem 3.4.1, and r(m) = 1

if α > 1, r(m) = logm if α = 1 and r(m) = m−α+1 if α < 1.

The term Wm depends on the kernel function. Its order of magnitude is determined by

the smoothness of K(·) at zero. In particular, this term vanishes if K(·) is the rectangular

kernel. If 1−K(x) = O(|x|ν) at x = 0 for some a > 0 and supu |Γl(u)|∞ = O(l−b) for some

b > 1, then

Wm = O(m−a +m1−b).

Corollary 3.4.3. Let

c0 = inf
u

min
θ

min
1≤j≤p

Fjj(u, θ).

Under the assumptions of Theorem 3.4.1, we have

ρn := sup
u∈[bn,1−bn]

max
θ
|Ĉ(u, θ)− C(u, θ)|∞ ≤

3ϕ?n
c0

+
2ϕ?n

2

c20
. (3.4.5)

where ϕ?n = supu∈[bn,1−bn] maxθ |F̂ (u, θ)− F (u, θ)|∞.
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3.4.1 Estimation of Long-run Covariance Matrix Functions

The estimation of long-run covariance matrix Σ is an important problem in statistical in-

ference for stationary processes. It has been extensively studied in the scalar and the low-

dimensional case; see Newey and West [1987], Politis et al. [1999], Bühlmann [2002], Lahiri

[2003], Alexopoulos and Goldsman [2004]. Also, Σ/(2π) is the value of the spectral density

matrix of (Xi) at zero frequency. For locally stationary processes, the long-run covariance

matrix is time-varying, which is given by

Σ(u) =
∞∑

l=−∞
Γl(u), where Γl(u) = EX0(u)Xl(u)>.

We investigate the overlapped batched mean estimate

Σ̂(u) =
1

(M −m+ 1)m

T2(u)−m+1∑
r=T1(u)

(
r+m−1∑
t=r

Xt

)(
r+m−1∑
t=r

Xt

)>
, (3.4.6)

where M = o(n) is the largest size of the segment {t : |t/n−u| ≤ bn}, which is also the largest

lag we concern for the estimate of autocovariance matrix functions in Section 3.3, m = o(M)

is the block size. Theorem 3.4.4 below concerns the convergence rate of the estimate (3.4.6),

which also applies to the nonoverlapped batched mean estimate; see Remark 9.

Theorem 3.4.4. Let the assumptions of Theorem 3.4.1 be satisfied. Define

φn = sup
u∈[bn,1−bn]

|Σ̂(u)− EΣ̂(u)|∞. (3.4.7)

Then for any x ≥
√
MmΦ2

q,α, we have

P(Mφn ≥ x) .
nRM,mΘ

q
q,α

xq/2
+
np2

m
exp

(
−

Cq,αx
2

MmΦ4
4,α

)
, (3.4.8)

where RM,m is defined in Theorem 3.4.1 and the constant in . depends on q, α and β.
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Corollary 3.4.5. Under the condition (1.0.2) and the assumptions of Theorem 3.4.4, we

have

φ?n := sup
u∈[bn,1−bn]

|Σ̂(u)− Σ(u)|∞

= OP

(
(nRM,m)2/q

M
RM,mΘ2

q,α +

√
m log(pn)

M
Φ2
q,α + Ym,M,n

)
, (3.4.9)

with

Ym,M,n =
√
m UM,n +

r(m)

m
Φ2,0Φ2,α,

where RM,m is defined in Theorem 3.4.1, UM,n is defined in Corollary 3.3.2 and r(m) is

defined in Corollary 3.4.2.

Remark 8. Consider the lag window estimate (3.4.1) of spectral density matrices with the

rectangular kernel K(x) = 1 for |x| ≤ 1. Comparing Vm,M,n in Corollary 3.4.2 and Ym,M,n

in Corollary 3.4.5, we can find the overlapped batched mean estimate leads to a slightly larger

bias, but it has the additional advantage that it is always positive definite.

Remark 9. Following Section 2.6, an alternative but less efficient estimate of Σ(u), which

is also called non-overlapped batched mean estimate, is

Σ̃(u) =
1

wm

w∑
r=1

(∑
t∈Br(u)

Xt

)(∑
t∈Br(u)

Xt

)>
, (3.4.10)

where the window Br(u) = {T1(u) + (r − 1)m, . . . , T1(u) + rm − 1} for r = 1, . . . , w, the

window size |Br(u)| = m→∞ and the number of windows w = bM/mc. A careful check of

the proof of Theorem 3.4.4 indicates that the convergence rate of the nonoverlapped batched

mean estimate has the same upper bound as shown in (3.4.8).

Next we provide the proofs of Theorem 3.4.1 and Corollary 3.4.3. The proof of Theorem

3.4.4 is similar to that of Theorem 3.4.1 and hence is omitted. Corollary 3.4.2 and Corollary

3.4.5 are proved in the Appendix.
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Proofs of Theorem 3.4.1. Let

al(θ) = K(l/m) exp(−ιlθ), for l ∈ Z. (3.4.11)

Then |al(θ)| ≤ 1 if |l| ≤ m and al(θ) = 0 if |l| > m. For 1 ≤ i, j ≤ p, we write

2πMF̂ij(u, θ) = M
∑m

l=−m
al(θ)Γ̂l,ij(u) =: Q1,ij(u, θ) +Q2,ij(u, θ), (3.4.12)

where

Q1,ij(u, θ) =
∑m

l=0

∑T2(u)

r=l+T1(u)
al(θ)X(r−l)iXrj ,

Q2,ij(u, θ) =
∑m

l=1

∑T2(u)

r=l+T1(u)
a−l(θ)X(r−l)jXri.

Let θh = πh/2m for 0 ≤ h ≤ 4m. Since F̂ij(u, θ) is a trigonometric polynomial of order m

for fixed u, by Lemma 3.7.1 with δ = 1,

max
θ
|E0F̂ (u, θ)|∞ ≤ 2 max

0≤h≤4m
|E0F̂ (u, θh)|∞. (3.4.13)

By (3.4.12), (3.4.13) and the Bonferroni inequality,

P(2πMϕn ≥ x) ≤ (4m+ 1)

p∑
i,j=1

2∑
w=1

max
h

P

(
sup

u∈[bn,1−bn]
|E0Qw,ij(u, θh)| ≥ x/4

)
.

Let ut = t/n for t = bnbnc, . . . , bn(1− bn)c and let

T = d(bn(1− bn)c − bnbnc+ 1)/Me.

for k = 1, . . . , T , define

Dk = {bnbnc+ (k − 1)M, . . . , (bnbnc+ kM − 1) ∧ bn(1− bn)c} ,
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tk = minDk = bnbnc+ (k − 1)M . Given 1 ≤ k ≤ p, θh and 1 ≤ i, j ≤ p, let

Wk,h,ij = max
0≤t≤2M−1

∣∣∣∣∑T1(utk )+t

s=T1(utk )

∑s

r=(s−m)∨T1(utk )
E0as−r(θh)XriXsj

∣∣∣∣ .
By similar arguments as (3.3.7), we have

P

(
sup

u∈[bn,1−bn]
|E0Q1,ij(u, θh)| ≥ x

)
≤

T∑
k=1

p∑
i,j=1

P
(
Wk,h,ij ≥ x/2

)
. (3.4.14)

First consider the case where k = 1. Then T1(ut1) = 1. Let Sr be the partial sum given by

St =
∑t

s=1

∑s

r=(s−m)∨1
E0as−r(θh)XriXsj .

Let b = b2M/mc, d◦ = dlog2(2M/m)e and d∗ = dlog2(m − 1)e. Let (λ◦s)
d◦
s=0 and (λ∗s)

d∗
s=0

be positive sequences such that
∑d◦
s=0 λ

◦
s ≤ 1 and

∑d∗
s=0 λ

∗
s ≤ 1; specifically, let λ◦s =

(s + 1)−2/(π2/3) if 0 ≤ s ≤ d◦/2, λ◦s = (d◦ + 1 − s)−2/(π2/3) if d◦/2 < s ≤ d◦, λ∗s =

(s + 1)−2/(π2/3) if 0 ≤ s ≤ d∗/2, λ∗s = (d∗ + 1 − s)−2/(π2/3) if d∗/2 < s ≤ d∗. We can

write

P(W1,h,ij ≥ x) ≤ P
(

max
0≤`≤b

max
0≤s≤m−1

|S`m+s| ≥ x

)
=: S1 + S2, (3.4.15)

where

S1 = P
(

max
0≤`≤b

|S`m| ≥ x/2

)
,

S2 =
b∑
`=0

P
(

max
1≤s≤m−1

|S`m+s − S`m| ≥ x/2

)
.

Using a similar argument as (3.3.9), we have

S1 ≤
d◦∑
s=0

2d
◦−s max

1≤r≤2d
◦−s

P
(
|S2smr − S2sm(r−1)| ≥ λ◦sx/2

)
. (3.4.16)
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By Theorem 3.6.1 and Theorem 3.6.2, we have for x ≥
√
Mm‖X·i‖q,α‖X·j‖q,α,

P
(
|S2smr − S2sm(r−1)| ≥ λ◦sx

)
.
$s‖X·i‖

q/2
q,α‖X·j‖

q/2
q,α

(λ◦sx)q/2
+ exp

(
−
Cq,α(λ◦sx)2

2sm2Φ4
4,α

)
, (3.4.17)

where $s = 2sm (resp. 2smq/2−αq/2 or 2s(q/4−αq/2)mq/2−αq/2) for α > 1 − 2/q (resp.

1/2− 2/q < α < 1− 2/q or α < 1/2− 2/q), and the constant in . only depends on q, α and

β.

Let Ysj =
∑s
t=−∞ as−t(θh)Xtj . Since al(θh) = 0 for |l| > m, we can write

S`m+t − S`m =
`m+t∑
r=`m

E0XriYrj := Z`,t.

Using the argument when proving (3.3.9) once again, we obtain

S2 ≤
b∑
`=0

d∗∑
s=0

2d
∗−s max

1≤t≤2d
∗−s

P
(
|Z`,2sr − Z`,2s(r−1)| ≥ λ∗sx/2

)
.

Theorem 3.6.1 and Theorem 3.6.2 also imply for x ≥
√
Mm‖X·i‖q,α‖X·j‖q,α,

P(|Z`,2sr − Z`,2s(r−1)| ≥ λ∗sx) .
τs‖X·i‖

q/2
q,α‖X·j‖

q/2
q,α

(λ∗sx)q/2
+ exp

(
−
Cq,α(λ∗sx)2

2smΦ4
4,α

)
, (3.4.18)

where τs = m (resp. m2s(q/2−αq/2−1) or mq/4−αq/22sq/4) for α > 1−2/q (resp. 1/2−2/q <

α < 1− 2/q or α < 1/2− 2/q), and the constant in . only depends on q and α.

We can deal with Wk,h,ij for k > 1 and E0Q2,ij(u, θh) similarly. Let

I =
d◦∑
s=0

2d
◦−s$s

(λ◦s)q/2
+ (b+ 1)

d∗∑
s=0

2d
∗−sτs

(λ∗s)q/2
,

II =
d◦∑
s=0

exp

(
−
Cq,α(λ◦sx)2

2sm2Φ4
4,α

)
+m2

d∗∑
s=0

exp

(
−
Cq,α(λ∗sx)2

2smΦ4
4,α

)
.
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With (3.4.14), (3.4.15), (3.4.18) and (3.4.17), we have

P(2πMϕn ≥ x) .
nm

M

Θ
q
q,α

xq/2
· I + np2 · II. (3.4.19)

By the choices of λ◦s and λ∗s and the definitions of τs, $s, d
◦ and d∗, elementary calculations

show that for all cases,

I = O(MRM,m). (3.4.20)

Notice that mins≥0(λ◦s)
22s > 0 and mins≥0(λ∗s)

22s > 0. Then for x ≥
√
MmΦ2

4,α, we have

II .
d◦∑
s=0

exp

(
−
Cq,α(λ◦s)

22sx2

MmΦ4
4,α

)
+m2

d∗∑
s=0

exp

(
−
Cq,α(λ∗s)

22sx2

m2Φ4
4,α

)

. exp

(
−

Cq,αx
2

MmΦ4
4,α

)
. (3.4.21)

By (3.4.19), (3.4.20) and (3.4.21), (3.4.8) follows.

Proof of Corollary 3.4.3. Let

χn = sup
u∈[bn,1−bn]

max
θ

max
1≤j≤p

∣∣∣∣∣ F̂jj(u, θ)Fjj(u, θ)
− 1

∣∣∣∣∣ .
Recall the definition of ϕ?n. Then χn ≤ ϕ?n/c0. By the elementary inequality |1 −

√
ab| ≤

|1− a|+ (1− a)2 + |1− b|+ (1− b)2, we have

ρn ≤ sup
u∈[bn,1−bn]

max
θ

max
1≤j,k≤p

∣∣∣∣∣∣ F̂jk(u, θ)− Fjk(u, θ)√
Fjj(u, θ)Fkk(u, θ)

∣∣∣∣∣∣
+ sup
u∈[bn,1−bn]

max
θ

max
1≤j,k≤p

∣∣∣∣∣∣1−
√
F̂jj(u, θ)F̂kk(u, θ)√
Fjj(u, θ)Fkk(u, θ)

∣∣∣∣∣∣
≤ ϕ?n

c0
+ 2χn + 2χ2

n ≤
3ϕ?n
c0

+
2ϕ?n

2

c20
.
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3.5 Graphical Model and Inverse Spectral Density Matrix

The concept of graphical model for multivariate data has been extended to multivariate time

series (e.g. Brillinger [1996], Dahlhaus [2000b], Timmer et al. [2000], Eichler [2012] among

others). Each vertex of the graphical model represents a component of a process and each

edge indicates the partial correlation of the two corresponding components given others.

Hence, for stationary Gaussian processes, this induced graph is a conditional independence

graph in the frequency domain, the properties of which has been investigated largely (cf.

Dahlhaus [2000b], Fried and Didelez [2003], Bach and Jordan [2004], etc.). For non-Gaussian

processes, it is termed partial correlation graph in Dahlhaus [2000b] using partial spectral

coherence as a measure for the dependence between two marginal time series after removing

the linear effects of some other components. Partial spectral coherence has been widely used

in many real-world applications; see for example Gather et al. [2002], Salvador et al. [2005],

Eichler [2007], Medkour et al. [2009] (to list only a few).

Theorem 2.4 in Dahlhaus [2000b] indicates that if the spectral density matrix if of full

rank, the partial coherence can be obtained as the negative value of the rescaled inverse

of the spectral density. Hence, a natural way to identify the partial correlation graph is to

invert and rescale the estimate of the spectral density. However, in the high-dimensional case

where the dimension p can be even much larger than the sample size T , since the estimated

spectral density may not be invertable, classical methods under the low dimensional setting

are no longer applicable. It is a challenge to find a new approach to estimate the inverse of

the spectral density matrix. In this section, we consider the more general case in which the

process can be locally stationary and hence the inverse spectral density matrix varies with

time.

For 0 ≤ u ≤ 1 and θ, the inverse of the spectral density matrix is Ω0(u, θ) = F (u, θ)−1.

We estimate the spectral density matrix by the lag window estimate [cf. (3.4.1)]. For

simplicity, we consider the rectangular kernel, i.e., K(x) = 1 for |x| ≤ 1 and K(x) = 0
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otherwise. Then we use the constrained `1 minimization approach to estimate Ω0(u, θ). Let

Ω̂(u, θ) = arg min |Ω(u, θ)|1 subject to |F̂ (u, θ)Ω(u, θ)− Ip|∞ ≤ λ, (3.5.1)

where λ > 0 is a tuning parameter. The constrained `1 minimization approach has been

adopted in many applications; see Candes and Tao [2007], Bickel et al. [2009], Cai et al.

[2011] among many others. The optimization program (3.5.1) can be decomposed into p

parallel vector minimization problems. Let ei be a standard unit vector in Rp with 1 in the

i-th coordinate and 0 in all other coordinates. For 1 ≤ i ≤ p, let ŵi(u, θ) be the solution of

the following convex optimization problem:

min |w|1 subject to |F̂ (u, θ)w − ei|∞ ≤ λ, (3.5.2)

where w is a vector in Rp. By similar argument as Lemma 1 of Cai et al. [2011], we can

show that solving the optimization problem (3.5.1) is equivalent to solving the p optimization

problems (3.5.2), i.e.,

Ω̂(u, θ) = (ŵ1(u, θ), . . . , ŵp(u, θ)). (3.5.3)

We estimate Ω0(u, θ) by

Ω̃(u, θ) =
Ω̂(u, θ) + Ω̂†(u, θ)

2
, (3.5.4)

where † is the conjugate transpose of a matrix.

Theorem 3.5.1. Let the assumptions of Theorem 3.4.1 be satisfied. Define

κ0 = sup
0≤u≤1

max
θ
|Ω0(u, θ)|L1

and

%n := sup
u∈[bn,1−bn]

max
θ
|Ω̃(u, θ)− Ω0(u, θ)|∞. (3.5.5)
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Let

λ = Cκ0

((nmRM,m)2/q

M
Θ2
q,α +

√
m log(pn)

M
Φ2
q,α + Vm,M,n

)
,

where RM,m is defined in Theorem 3.4.1, Vm,M,n is defined in Corollary 3.4.2 and C is a

sufficiently large constant. Then for any x ≥ λ, we have

P(%n ≥ 4xκ0) .
nmRM,mκ

q/2
0 Θ

q
q,α

(Mx)q/2
+ np2 exp

(
−
Cq,αMx2

mκ2
0Φ4

4,α

)
. (3.5.6)

Proof of Theorem 3.5.1. For x ≥ λ, let

Ex =

{
sup

u∈[bn,1−bn]
max
θ
|Ω0(u, θ)|L1

|F̂ (u, θ)− F (u, θ)|∞ ≤ x

}
.

Notice that |Ω̂(u, θ)|L1
≤ |Ω0(u, θ)|L1

uniformly over u ∈ [bn, 1 − bn] and θ. On the event

Ex, by the triangle inequality, we have

Λ := sup
u∈[bn,1−bn]

max
θ
|F̂ (u, θ)(Ω̂(u, θ)− Ω0(u, θ))|∞

≤ sup
u∈[bn,1−bn]

max
θ

(|F̂ (u, θ)Ω̂(u, θ)− Ip|∞ + |F̂ (u, θ)Ω0(u, θ)− Ip|∞)

≤ λ+ x, (3.5.7)

which further implies

sup
u∈[bn,1−bn]

max
θ
|F (u, θ)(Ω̂(u, θ)− Ω0(u, θ))|∞

≤ sup
u∈[bn,1−bn]

max
θ
|(F̂ (u, θ)− F (u, θ))(Ω̂(u, θ)− Ω0(u, θ))|∞ + Λ

≤ 2 sup
u∈[bn,1−bn]

max
θ
|Ω0(u, θ)|L1

|F̂ (u, θ)− F (u, θ)|∞ + Λ ≤ 4x.

Since

%T ≤ sup
u∈[bn,1−bn]

max
θ
|Ω̂(u, θ)− Ω0(u, θ)|∞
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≤ sup
u∈[bn,1−bn]

max
θ
|Ω0(u, θ)|L1

|F (u, θ)(Ω̂(u, θ)− Ω0(u, θ))|∞ ≤ 4xκ0,

and P(Ex)→ 1 for x ≥ λ, we then have

P(%n ≥ 4xκ0) ≤ P(Ecx) ≤ P
(

sup
u∈[bn,1−bn]

max
θ
|F̂ (u, θ)− F (u, θ)|∞ ≥ x/κ0

)
.

By Theorem 3.4.1 and Corollary 3.4.2, (3.5.6) follows.

3.6 Hanson–Wright-Type Inequalities

In this section, we shall provide Hanson–Wright-type tail probability inequalities for locally

stationary processes. The celebrated Hanson–Wright inequality provided a concentration

result for quadratic forms of sub-Gaussian i.i.d. random variables; see Hanson and Wright

[1971], Wright [1973] and Rudelson and Vershynin [2013]. There has been a large literature

concerning large/moderate deviations for quadratic forms of Gaussian processes; see, for

example, Bercu et al. [1997], Bryc and Dembo [1997], Zani [2002], Kakizawa [2007] among

others. Xiao and Wu [2012] provided sharp tail probability upper bounds for quadratic

forms of stationary processes with finite polynomial moments. We aim to relax the i.i.d.,

Gaussian/sub-Gaussian or stationary assumptions which were imposed in previous works,

and establish tail probability inequalities for quadratic forms of locally stationary processes.

Let εt, ε
′
s, t, s ∈ Z be i.i.d. random elements. In particular, we consider the one-

dimensional locally stationary process (Xt)
n
t=1 of the form

Xt = g(t/n,F t), (3.6.1)

where F t = (. . . , εt−1, εt), g is a measurable function such that Xt(u) = g(u,F t) is well-

defined. Let F t,{0} = (. . . , ε−1, ε
′
0, ε1, . . . , εt−1, εt). Assume that supu∈[0,1] ‖g(u,F0)‖q <∞
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for some q ≥ 1. For t ≥ 0, we define the uniform functional dependence measure

δt,q = sup
u∈[0,1]

‖g(u,F t)− g(u,F t,{0})‖q (3.6.2)

and the dependence adjusted norm

‖X·‖q,α = sup
m≥0

(m+ 1)α∆m,q, α ≥ 0, where ∆m,q =
∞∑
t=m

δt,q.

For m ≥ 0, let Xt,m be the m-dependence approximation of Xt given by

Xt,m = E(Xt|εt−m, . . . , εt−1, εt).

The quadratic form of the process (Xt) is written as

QT =
∑

1≤s≤t≤T
as,tXsXt,

where the coefficients under our setting satisfy as,t = at−s (t ≥ s), which only depends on

the distance t − s. Moreover, we assume that sups,t |as,t| ≤ 1 and as,t = 0 if t − s > B,

where B → ∞ and B = o(T ). Theorem 3.6.1 provides a tail probability inequality for the

quadratic form QT . For a random variable X, recall the operator E0 with E0X = X − EX

and the projection operator Pt· = E(·|F t)− E(·|F t−1).

Theorem 3.6.1. Assume E(Xt) = 0 and Xt ∈ Lq for some q > 4. Further assume

‖X·‖q,α < ∞ for some α > 0. Let B → ∞ and B = O(T η) for some 0 < η < 1.

Then for x ≥
√
TB‖X·‖2q,α, there exist positive constants Cq,α,η and Cq,α such that

P(|E0QT | ≥ x) ≤ Cq,α,ηx
−q/2‖X·‖qq,αFT,B + Cq,α exp

(
−

Cq,αx
2

‖X·‖44,αTB

)
,

where FT,B = T (resp. TBq/2−αq/2−1 or T q/4−αq/2Bq/4) if α > 1− 2/q (resp. 1/2− 2/q <

77



α < 1− 2/q or α < 1/2− 2/q).

Proof of Theorem 3.6.1. Let n = dT/Be. For k = 1, 2, . . . , n, define

Vk =

(kB)∧T∑
t=(k−1)B+1

∑
1≤s≤t

as,tXsXt.

For j ∈ Z, we define the innovation sets

ηj =
(
ε(j−1)B+1, ε(j−1)B+2, . . . , εjB

)
.

Let L = blog n/ log 2c, τl = 2l for 1 ≤ l ≤ L− 1 and τL = n. Define

Vk,τ = E(Vk|ηk−τ , ηk−τ+1, . . . , ηk), for τ ≥ 0,

Mn,l =
n∑
k=1

(Vk,τl − Vk,τl−1), for 2 ≤ l ≤ L.

We can write QT as

QT =
n∑
k=1

(Vk − Vk,n) +
L∑
l=2

Mn,l +
n∑
k=1

Vk,2. (3.6.3)

Notice that Vk − Vk,n =
∑∞
j=n+1(Vk,j − Vk,j−1). By Lemma 3.7.4 and Theorem 3.2 of

Burkholder [1973],

∥∥∥∑n

k=1
(Vk − Vk,n)

∥∥∥
q/2

≤
∞∑

j=n+1

∥∥∥∑n

k=1
(Vk,j − Vk,j−1)

∥∥∥
q/2

≤
∞∑

j=n+1

Cq
√
nB∆0,q

(j+1)B∑
h=(j−2)B+1

δh,q

≤ Cq
√
nB∆0,q∆(n−1)B+1,q. (3.6.4)
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By Markov’s inequality, we have

P
(∣∣∣∑n

k=1
(Vk − Vk,n)

∣∣∣ ≥ x
)
≤

Cqn
q/4Bq/2∆

q/2
0,q ∆

q/2
(n−1)B+1,q

xq/2

≤ Cq,αx
−q/2T q/4−αq/2Bq/4‖X·‖qq,α.

For each 2 ≤ l ≤ L, define

Yi,l =

(iτl)∧n∑
k=(i−1)τl+1

(
Vk,τl − Vk,τl−1

)
, for 1 ≤ i ≤ dn/τle;

Ren,l =
∑

i is even

Yi,l and Ron,l =
∑

i is odd

Yi,l.

Let λ2, . . . , λL be a positive sequence such that
∑L
l=2 λl ≤ 1. In particular, we take λl =

(l − 1)−2/(π2/3) if 2 ≤ l ≤ L/2 and λl = (L + 1 − l)−2/(π2/3) if L/2 < l ≤ L. Since Yi,l

and Yi′,l are independent for |i− i′| > 1, by Corollary 1.8 of Nagaev [1979], for any x > 0,

P(
∣∣∣Ren,l∣∣∣ ≥ λlx) ≤

Cq
∑

i is even
E
∣∣Yi,l∣∣q/2

(λlx)q/2
+ 2 exp

− Cq(λlx)2∑
i is even

E
∣∣Yi,l∣∣2

 .

Similarly as (3.6.4), we have

‖Yi,l‖q/2 ≤ Cqτ
1/2
l B∆0,qφl,q,

where φl,q =
∑(τl+1)B
h=(τl−1−1)B+1

δh,q ≤ ∆(τl−1−1)B+1,q. A similar inequality holds for Ron,l.

Preceding arguments indicate

P

∣∣∣∣∣∣
L∑
l=2

Mn,l

∣∣∣∣∣∣ ≥ 2x

 ≤
L∑
l=2

P
(∣∣Mn,l

∣∣ ≥ 2λlx
)

≤
L∑
l=2

P
(∣∣∣Ren,l∣∣∣ ≥ λlx

)
+ P

(∣∣∣Ron,l∣∣∣ ≥ λlx
)
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≤
Cq,α‖X·‖qq,αTBq/2−αq/2−1

xq/2
· I + II. (3.6.5)

where

I =
L∑
l=2

τ$l

λ
q/2
l

, $ = q/4− 1− αq/2, II = 4
L∑
l=2

exp

(
−
Cq,αx

2λ2
l τ

2α
l

‖X·‖44,αTB

)
.

By the definitions of τl’s and λl’s, elementary calculations show I = O(1) if $ < 0, and

I = O(n$) if $ > 0. Also, since minl≥1 λ
2
l τ

2α
l > 0, for x ≥

√
TB‖X·‖2q,α,

II ≤ Cq,α exp

(
−

Cq,αx
2

‖X·‖44,αTB

)
.

Therefore, it follows that

P

∣∣∣∣∣∣
L∑
l=2

Mn,l

∣∣∣∣∣∣ ≥ x

 ≤ Cq,α‖X·‖qq,αFT,B
xq/2

+ Cq,α exp

(
−

Cq,αx
2

‖X·‖44,αTB

)
.

Now it remains to deal with the term
∑n
k=1 E0Vk,2. By the definition of Vk,2 and the

independence of ηk, k ∈ Z, Vk,2 and Vk′,2 are independent for |k− k′| > 2. By Corollary 1.7

of Nagaev [1979] and Lemma 3.7.2 (iv), we have for any M > 1 and x ≥
√
TB‖X·‖2q,α,

P

(∣∣∣∣∣
n∑
k=1

E0Vk,2

∣∣∣∣∣ ≥ x

)
≤

n∑
k=1

P
(∣∣E0Vk,2

∣∣ ≥ x

3M

)
+ 6 exp

(
−Cqx2

‖X·‖44,αTB

)

+

(
Cq‖X·‖qq,αTBq/2−1

xq/2

)M
.

Recall that B = O(T η) with 0 < η < 1. Let M = 1 + (2q− 2)η(q− 4)−1(1− η)−1. Since

x ≥
√
TB‖X·‖2q,α, elementary calculations show that for sufficiently large T , the last term in

the above expression is no greater than CqT‖X·‖qq,α/xq/2. Let η∗k = (ηk−2, ηk−1, ηk). Notice
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that E0Vk,2 = E(E0Vk|η∗k). For 2 < q∗ < q/2, we have

P
(∣∣E0Vk,2

∣∣ ≥ x
)
≤ P

(∣∣E(E0Vk 1{|E0Vk| ≥ x/2}|η∗k)
∣∣ ≥ x/3

)
≤ Cqx

−q∗E
∣∣E(E0Vk1{|Vk − E(Vk)| ≥ x/2}|η∗k)

∣∣q∗
≤

Cq

xq
∗E
(
|E0Vk|q

∗
1{|E0Vk| ≥ x/2}

)
≤

Cq

xq
∗

∫ ∞
x/2

zq
∗−1P (|E0Vk| ≥ z) dz ≤

Cq,α‖X·‖qq,αζB
xq/2

. (3.6.6)

where ζB = B (resp. Bq/2−αq/2) for α > 1 − 2/q (resp. α < 1 − 2/q), and the last step

in (3.6.6) is an immediate consequence by plugging in the bound of P (|E0Vk| ≥ z) applying

Theorem 3.6.2.

Putting all of the pieces together, the proof is complete.

In Theorem 3.6.2, we consider the tail probability inequality of a general quadratic form

QB :=
∑

1≤s≤t≤B
as,tXsXt

with the only restriction sups,t |as,t| ≤ 1 on the coefficients. Theorem 3.6.3 concerns the

quadratic form

LT (l) :=
∑

l+1≤t≤T
atXt−lXt

with supt |at| ≤ 1, for 0 ≤ l < B, and B = o(T ). The proofs of Theorem 3.6.2 and Theorem

3.6.3 will be given in the Appendix.

Theorem 3.6.2. Assume E(Xt) = 0 and Xt ∈ Lq for some q > 4. Further assume

‖X·‖q,α < ∞ for some α > 0. Let r = q/2. If x > 0 satisfies B1+κ‖X·‖22r,α = o(x)

for some κ > 0, then there exists some positive constant Cκ,r,α depending on κ, r and α such

that

P(|E0QB | ≥ x) ≤ Cκ,r,αx
−r‖X·‖2r2r,αζB , (3.6.7)

where ζB = B for α > 1− 1/r and ζB = Br−αr if α < 1− 1/r.
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Theorem 3.6.3. Assume E(Xt) = 0 and Xt ∈ Lq for some q > 4. Further assume

‖X·‖q,α < ∞ for some α > 0. For 0 < β < 1, let B = bTβc. (i) If l > 3B, for

x ≥ T 1/2‖X·‖2q,α, we have

P(|E0LT (l)| ≥ x) .
‖X·‖qq,α(T + T q/4−αβq/2)

xq/2
,

where the constant in . only depends on q, α and β. (ii) If 0 ≤ l ≤ 3B, the inequality is

P(|E0LT (l)| ≥ x) .
‖X·‖qq,α(DT + TBq/4−αβq/2−1)

xq/2
+ exp

(
−

Cq,αx
2

‖X·‖44,αT

)
,

where DT = T (resp. T (log T )1+q or T q/4−αq/2) for α > 1/2− 2/q (resp. α = 1/2− 2/q or

α < 1/2− 2/q).

3.7 Deferred Proofs

In this section, we shall provide the proofs of Corollary 3.3.2, Corollary 3.4.2 and Corollary

3.4.5, some lemmas that are useful in proofs of this chapter, and the proofs of Theorem 3.6.2

and Theorem 3.6.3.

3.7.1 Proofs of Corollaries 3.3.2, 3.4.2 and 3.4.5

Proof of Corollary 3.3.2. By Theorem 3.3.1, it follows that

ψn = OP

(
(nHM )2/q

M
Θ2
q,α +

√
log(pn)

M
Φ2
q,α

)
. (3.7.1)

It remains to deal with the bias max0≤l<M supu∈[bn,1−bn] |EΓ̂l(u) − Γl(u)|∞. For any u ∈

[bn, 1− bn] and 0 ≤ l < M , by the triangle inequality,

|EΓ̂l(u)− Γl(u)|∞ ≤
∣∣∣EΓ̂l(u)− M − l

M
Γl(u)

∣∣∣
∞

+
l

M
|Γl(u)|∞
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=: I + II. (3.7.2)

Notice that max1≤j≤p supu∈[0,1] ‖Xrj(u)‖q ≤ Φq,0. Under the condition (1.0.2), by the

triangle inequality, we have

I =
1

M

∣∣∣ T2(u)∑
r=l+T1(u)

E(Xr−lX
>
r −Xr−l(u)Xr(u)>)

∣∣∣
∞

≤ 1

M

∣∣∣ T2(u)∑
r=l+T1(u)

E(Xr−lX
>
r −Xr−l(u)X>r )

∣∣∣
∞

+
1

M

∣∣∣ T2(u)∑
r=l+T1(u)

E(Xr−l(u)X>r −Xr−l(u)Xr(u)>)
∣∣∣
∞

=: I1 + I2. (3.7.3)

Under the condition (1.0.2), we have

I1 ≤
M − l
M
Kbn max

1≤j≤p
‖Xrj‖2.

Similarly, it also applies to I2. Hence,

I = O
(KM

n
Φ2,0

)
. (3.7.4)

Notice that Xrj − Xrj(u) =
∑∞
t=0Pr−t(Xrj − Xrj(u)). Under the condition (1.0.2), for

r ∈ [T1(u), T2(u)],

‖Pr−t(Xrj −Xrj(u))‖2 ≤ min{2δt,2,j ,KM/n}.

We then have

I1 ≤
1

M
Φ2,0

∞∑
t=0

√
M − l ·min{2δt,2,j ,KM/n}
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≤ CαM
−1/2

(KM
n

) α
1+α

Φ2,0Φ
1/(1+α)
2,α .

Since I2 has the same bound, we also have

I = O
(
M−1/2

(KM
n

) α
1+α

Φ2,0Φ
1/(1+α)
2,α

)
. (3.7.5)

By Xrj(u) =
∑∞
t=0Pr−tXrj(u), ∆0,2,j ≤ Φ2,0 and ∆m,2,j ≤ Φ2,αm

−α,

II =
l

M
max

1≤i,j≤p

∣∣∣ ∞∑
t=0

E[(Pr−tX(r−l)i(u))(Pr−tXrj(u))]
∣∣∣

≤ l

M
max

1≤i,j≤p

∞∑
t=0

δt,2,iδt+l,2,j ≤
l

M
∆0,2,i∆l,2,j

≤ l−α+1

M
Φ2,0Φ2,α ≤M−min{α,1}Φ2,0Φ2,α. (3.7.6)

By (3.7.2), (3.7.4), (3.7.5) and (3.7.6), we have

|EΓ̂l(u)− Γl(u)|∞ ≤ UM,n +M−min{α,1}Φ2,0Φ2,α (3.7.7)

uniformly over u ∈ [bn, 1− bn] and 0 ≤ l < M , which implies (3.3.5) immediately.

Proof of Corollary 3.4.2. By Theorem 3.4.1, it suffices to show

|EF̂ (u, θ)− F (u, θ)| = O(Vm,M,n +Wm).

Notice that

2π|EF̂ (u, θ)− F (u, θ)|

≤
∑
|l|>m

|Γl(u)|∞ +
∣∣∣ m∑
l=−m

[K(l/m)EΓ̂l(u)− Γl(u)] exp(−ιlθ)
∣∣∣
∞

=: I + II. (3.7.8)
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Denote Γl(u) = (γl,ij(u)). By similar arguments as (3.7.6), we have

|γl,ij(u)| ≤
∞∑
t=0

δt,2,iδt+l,2,j . (3.7.9)

Hence it can be obtained that

∣∣∣ ∑
|l|>m

γl,ij(u)
∣∣∣ ≤ ∑

|l|>m
|γl,ij(u)| ≤ 2∆0,2,i∆m+1,2,j . (3.7.10)

Since ∆0,2,j ≤ Φ2,0 and ∆m,2,j ≤ Φ2,αm
−α, we have

I ≤ 2∆0,2,i∆m+1,2,j ≤ 2m−αΦ2,0Φ2,α. (3.7.11)

Recall the definition of al(θ) in (3.4.11). By the triangle inequality,

II ≤ 2

M

∣∣∣ m∑
l=0

T2(u)∑
r=l+T1(u)

al(θ)E(Xr−lX
>
r −Xr−l(u)Xr(u)>)

∣∣∣
∞

+
2

M

∣∣∣ m∑
l=1

|l|al(θ)Γl(u)
∣∣∣
∞

+ 2 sup
u

m∑
l=1

(1−K(l/m))|Γl(u)|∞

=: II1 + II2 + 2Wm. (3.7.12)

Since Xrj(u) =
∑∞
t=0Pr−tXrj(u) and |al(θ)| ≤ 1, by Lemma 3.7.2 (iii),

‖
m∑
t=1

al(θ)Xtj(u)‖2 ≤
√
m∆0,2,j ≤

√
mΦ2,0.

Similarly, we have ‖
∑m
t=1 al(θ)Xtj‖2 ≤

√
mΦ2,0. Under the condition (1.0.2), by the triangle

inequality and Holder’s inequality, we have

II1 ≤
2

M

∣∣∣ T2(u)∑
r=T1(u)

r+m∑
s=r

as−r(θ)E[(Xr −Xr(u))X>s ]
∣∣∣
∞
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+
2

M

∣∣∣ T2(u)∑
s=T1(u)

s∑
r=(s−m)∨1

as−r(θ)E[(Xs −Xs(u))Xr(u)>]
∣∣∣
∞

By the similar argument as (3.7.4) and (3.7.5), we obtain

II1 = O
(√

m UM,n
)
. (3.7.13)

By (3.7.9), we have

II2 ≤
2

M

m∑
l=1

m∑
s=l

∞∑
t=0

δt,2,iδt+s,2,j ≤
2

M
∆0,2,i

m∑
l=1

∆l,2,j .

Since ∆0,2,j ≤ Φ2,0 and ∆m,2,j ≤ Φ2,αm
−α, it follows that

II2 ≤
2r(m)

M
Φ2,0Φ2,α. (3.7.14)

The result follows in view of (3.7.8), (3.7.11), (3.7.12), (3.7.13) and (3.7.14).

Proof of Corollary 3.4.5. The proof is similar to that of Corollary 3.4.2 with θ = 0. By

Theorem 3.4.4, we have

sup
u∈[bn,1−bn]

|Σ̂(u)− EΣ̂(u)|∞ = OP

(
(nRM,m)2/q

M
Θ2
q,α +

√
m log(pn)

M
Φ2
q,α

)
.

Now we consider the bias supu |EΣ̂(u)− Σ(u)|∞. For u ∈ [bn, 1− bn], let

B(u) =
1

(M −m+ 1)m

T2(u)−m+1∑
r=T1(u)

(
r+m−1∑
t=r

Xt(u)

)(
r+m−1∑
t=r

Xt(u)

)>
.

Similarly as (3.7.13), we have

|EΣ̂(u)− EB(u)|∞ = O
(√

m UM,n
)
.
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Notice that

EB(u) =
1

m
E

(
m∑
t=1

Xt(u)

)(
m∑
t=1

Xt(u)

)>
=

1

m

m∑
l=−m

(m− |l|)Γl(u),

and recall that Σ(u) =
∑∞
l=−∞ Γl(u). It follow that

Σ(u)− EB(u) =
∑
|l|>m

Γl(u) +m−1
m∑

l=−m
|l|Γl(u).

By (3.7.11), we have ∑
|l|>m

|Γl(u)|∞ = O(m−αΦ2,0Φ2,α). (3.7.15)

And (3.7.14) implies

m−1
∣∣∣ m∑
l=−m

|l|Γl(u)
∣∣∣
∞
≤ r(m)

m
Φ2,0Φ2,α. (3.7.16)

Putting all of the pieces together, the proof is complete.

3.7.2 Some Lemmas used in this chapter

Lemma 3.7.1. Let S(θ) = 1
2a0+

∑n
k=1[akcos(kθ)+bksin(kθ)] be a trigonometric polynomial

of order n. For any θ∗ ∈ R, δ > 0 and l ≥ 2(1 + δ)n, let θh = θ∗+ 2πh/l for 0 ≤ h ≤ l, then

max
θ
|S(θ)| ≤ (1 + δ−1) max

0≤h≤l
|S(θh)|.

Lemma 3.7.1 is adapted from Theorem 7.28 in Ch. X, Zygmund [2002]. It shows that for

a trigonometric polynomial, we can bound its maximum by the maximum over a fine grid.

Lemma 3.7.2, Lemma 3.7.3 and Lemma 3.7.4 below concern the one-dimensional process

(Xt) of the form (3.6.1). The uniform dependence measure δ·,q for the sequence (Xt) is

defined by (3.6.2).

Lemma 3.7.2. Assume E(Xt) = 0 and Xt ∈ Lq for some q ≥ 2. Let Cq be some positive
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constant that depends on q only. Then

(i) ‖PsXt‖q ≤ δt−s,q,

(ii) |E(XsXt)| ≤
∑∞

r=0
δr,2δr+t−s,2,

(iii)
∥∥∥∑T

t=1
ctXt

∥∥∥
q
≤ Cq∆0,qD1,

(iv)
∥∥∥∑T

s,t=1
cs,tE0(XsXt)

∥∥∥
q/2
≤ Cq∆

2
0,qD2

√
T , for q ≥ 4,

where D2
1 =

∑T
t=1 c

2
t and D2

2 = max

{
max

1≤t≤T

∑T
s=1 c

2
s,t, max

1≤s≤T

∑T
t=1 c

2
s,t

}
.

Lemma 3.7.3. Assume E(Xt) = 0, Xt ∈ Lq for some q ≥ 4 and ∆0,q < ∞. Let QT,m =∑
1≤s≤t≤T as,tXs,mXt,m for m ≥ 0. Then we have

‖E0QT − E0QT,m‖q/2 ≤ Cq
√
TB∆0,q∆bm/2c,q.

Lemma 3.7.2 extends some results of Proposition 1 in Xiao and Wu [2014] to the non-

stationary case. A detailed proof for these conclusions can also be found in that paper.

Equipped with the uniform dependence measure (3.6.2), we can obtain Lemma 3.7.2 for the

non-stationary case by a similar proof without extra technical difficulties and the proof is

hence omitted.

Lemma 3.7.3 provides a moment inequality for the difference between the quadratic form

and its m-dependence approximation for the non-stationary processes. It follows by similar

arguments when proving Lemma 9 in Xiao and Wu [2012]. Both of the lemmas can be very

useful in the proof.

Lemma 3.7.4. Assume E(Xt) = 0, Xt ∈ Lq for some q > 4 and ∆0,q < ∞. Let ηj =(
ε(j−1)B+1, ε(j−1)B+2, . . . , εjB

)
. For 1 ≤ k ≤ dT/Be and τ ≥ 0, define

Vk =

(kB)∧T∑
t=(k−1)B+1

∑
1≤s≤t

as,tXsXt,
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and Vk,τ = E(Vk|ηk−τ , ηk−τ+1 . . . , ηk). Then for j ≥ 1, there exists some constant Cq > 0

only depending on q such that

∥∥Vk,j − Vk,j−1

∥∥
q/2
≤ CqB∆0,q

(j+1)B∑
h=(j−2)B+1

δh,q. (3.7.17)

Proof of Lemma 3.7.4. Let Fji = (εi, εi+1, . . . , εj). For a random variable X which is Fj-

measurable, define PiX = E(X|Fji )− E(X|Fji+1). For j ≥ 1, we can write

Vk,j − Vk,j−1 = E(Vk|ηk−j , ηk−j+1, . . . , ηk)− E(Vk|ηk−j+1, ηk−j+2, . . . , ηk)

=
B∑
i=1

E(Vk|FkB(k−j−1)B+i)− E(Vk|FkB(k−j−1)B+i+1)

=
B∑
i=1

P(k−j−1)B+iVk.

By Jensen’s inequality and the triangle inequality, we have

‖P(k−j−1)B+iVk‖q/2 ≤ I + II, (3.7.18)

where

I =

∥∥∥∥∥∥
(kB)∧T∑

t=(k−1)B+1

(Xt −Xt,{(k−j−1)B+i})
t∑

s=(t−B)∨1

as,tXs

∥∥∥∥∥∥
q/2

,

II =

∥∥∥∥∥∥
(kB)∧T∑

s=[(k−2)B+1]∨1

(Xs −Xs,{(k−j−1)B+i})
(s+B)∧T∑

t=s

as,tXt,{(k−j−1)B+i}

∥∥∥∥∥∥
q/2

.
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We apply Hölder’s inequality, Lemma 3.7.2 (i) and (iii) to have

I ≤
(kB)∧T∑

t=(k−1)B+1

‖Xt −Xt,{(k−j−1)B+i}‖q

∥∥∥∥∥∥
t∑

s=(t−B)∨1

as,tXs

∥∥∥∥∥∥
q

≤ Cq
√
B∆0,q

kB∑
t=(k−1)B+1

δt−(k−j−1)B−i,q. (3.7.19)

Similarly, we have

II ≤ Cq
√
B∆0,q

kB∑
s=(k−2)B+1

δs−(k−j−1)B−i,q. (3.7.20)

Combining (3.7.18), (3.7.19) and (3.7.20), it follows that

‖P(k−j−1)B+iVk‖q/2 ≤ Cq
√
B∆0,q

(j+1)B−i∑
h=(j−1)B−i+1

δh,q. (3.7.21)

Note that P(k−j−1)B+iVk are backward martingale differences w.r.t. (FkB
(k−j−1)B+i

)1≤i≤B .

By Theorem 3.2 in Burkholder [1973], we have

‖Vk,j − Vk,j−1‖2q/2 ≤ Cq

B∑
i=1

‖P(k−j−1)B+iVk‖
2
q/2

≤ CqB∆2
0,q

B∑
i=1

 (j+1)B−i∑
h=(j−1)B−i+1

δh,q

2

≤ CqB
2∆2

0,q

 (j+1)B∑
h=(j−2)B+1

δh,q

2

,

which implies (3.7.17) immediately.

3.7.3 Proofs of Theorem 3.6.2 and Theorem 3.6.3

Proof of Theorem 3.6.2. First we make the convention that if a term Xt in the summation

has the subscript t /∈ [1, T ], then that term should be replaced by zero. And we set as,t = 0
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if s > t. In the proof, we consider the process normalized by the dependence adjusted norm

‖X·‖2r,α. Then it suffices to show for x satisfying B1+κ = o(x),

P(|E0QB | ≥ x) ≤ Cκ,r,αx
−rζB . (3.7.22)

Step 1: Decomposition of P(|E0QB | ≥ x).

Let τ = blogB/ log 4c. Let B = m0 > m1 > . . . > mτ ≥ 1 be a decreasing se-

quence with mi = bB/4ic for 1 ≤ i ≤ τ and λ1, . . . , λτ be a positive sequence such that∑τ
i=1 λi ≤ 1; specifically, λi = i−2/(π2/3) if 1 ≤ i ≤ τ/2 and λi = (τ + 1 − i)−2/(π2/3)

if τ/2 < l ≤ τ . For each mi, define the mi-dependence approximation of QB as QB,mi
=∑

1≤s≤t≤B as,tXs,miXt,mi . Then

P(|E0QB | ≥ 2x) ≤ P(|E0QB,mτ
| ≥ x) + P(|E0(QB −QB,m1

)| ≥ λ1x)

+
τ∑
i=2

P(|E0(QB,mi−1 −QB,mi
)| ≥ λτx). (3.7.23)

By Lemma 3.7.3, we have

P(|E0(QB −QB,m1
)| ≥ λ1x) ≤

Cr(Bm
−α
1 )r

(λ1x)r
=: I1. (3.7.24)

For 2 ≤ i ≤ τ , write

P(|E0(QB,mi−1 −QB,mi
)| ≥ λix) ≤ Ii + IIi. (3.7.25)

where

Ii = P
(
|E0

∑
0≤t−s≤3mi−1

(as,tXs,mi−1Xt,mi−1 − as,tXs,miXt,mi)| ≥ λix/2
)
,

IIi = P
(
|E0

∑
t−s>3mi−1

(as,tXs,mi−1Xt,mi−1 − as,tXs,miXt,mi)| ≥ λix/2
)
.
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Step 2: Bounding Ii, 1 ≤ i ≤ τ .

Let b∗ = dB/(4mi−1)e. For 1 ≤ b ≤ b∗, define B∗b = [4(b − 1)mi−1 + 1, (4bmi−1) ∧ B]

and

Wb =
∑
t∈B∗b

∑
t−3mi−1≤s≤t

(
as,tXs,mi−1Xt,mi−1 − as,tXs,miXt,mi

)
.

Observe that for |b − b′| > 1, Wb and Wb′ are independent. By Corollary 1.6 of Nagaev

[1979], Lemma 3.7.2 (iv) and Lemma 3.7.3, we have for any M > 1 and for x satisfying

B1+κ = o(x), there exist constants Cκ,r,M and Cκ,M such that

Ii ≤ Cκ,r,Mx−M +
b∗∑
b=1

P(|E0(Wb)| ≥ λix/(2Cκ,M ))

≤ Cκ,r,Mx−M + Cκ,r,M
Bmr−1

i−1m
−αr
i

(λix)r
.

We can choose a sufficiently large M such that the first term in the above expression is no

greater than the second term. To sum up, it becomes

τ∑
i=1

Ii ≤ Crx
−rB

τ∑
i=1

mr−1
i−1m

−αr
i

λri
.

Let ω =
∑τ
i=1m

r−1
i−1m

−αr
i /λri . By the definitions of mi’s and λi’s, elementary calculations

show ω = O(1) if α > 1 − 1/r, and ω = O(Br−1−αr) if α < 1 − 1/r. Therefore, it follows

that
τ∑
i=1

Ii ≤ Crx
−rζB . (3.7.26)

Step 3: Bounding IIi, 2 ≤ i ≤ τ .
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For non-negative integers n,m,N with n < N , define three functions as follows

U(n,m, x) = sup
{as,t}

P
(
|E0

∑
t−s>n

as,tXs,mXt,m| ≥ x
)
,

V (n,m, x) = sup
{as,t}

P
(
|E0

∑
t−s≤n

as,tXs,mXt,m| ≥ x
)
,

W (n,N,m, x) = sup
{as,t}

P
(
|E0

∑
n<t−s≤N

as,tXs,mXt,m| ≥ x
)
.

Hence, we have

IIi ≤ U(3mi−1,mi−1, λ2x/6) + U(3mi,mi, λ2x/6)

+W (3mi, 3mi−1,mi, λ2x/6). (3.7.27)

Step 3.1: Bounding U(3mi,mi, x), 1 ≤ i ≤ τ .

Define Y ∗t,mi
=
∑t−3mi−1
s=1 as,tXs,mi . Let b� = dB/mie. For 1 ≤ b ≤ b�, define B�b =

[(b− 1)mi + 1, (bmi) ∧B] and define

Rb,mi
=
∑
t∈B�b

Xt,miY
∗
t,mi

.

Then we have
∑
t−s>3mi

as,tXs,miXt,mi =
∑b�
b=1Rb,mi

. Let σb be the σ-fields generated

by {εIb , εIb−1, . . .} where Ib = maxB�b . It can be seen that (Rb,mi
)b is odd is a martingale

difference sequence with respect to (σb)b is odd, and so is (Rb,mi
)b is even with respect to

(σb)b is even. By Lemma 1 of Haeusler [1984], for any M > 1, there exists some constant

Cκ,M such that

P(|
∑

t−s>3mi

as,tXs,miXt,mi | ≥ x) ≤ Cκ,Mx−M + IIIB + IVB , (3.7.28)

93



where

IIIB = 4P

 b�∑
b=1

E(R2
b,mi
|σb−2) ≥ x2

(log x)3/2

 ,

IVB =
b�∑
b=1

P
(
|Rb,mi

| ≥ x

log x

)
.

Denote γs−t,mi = E(Xs,miXt,mi). We then have

b�∑
b=1

E(R2
b,mi
|σb−2) ≤

b�∑
b=1

∑
s,t∈B�b

γs−t,miY
∗
s,mi

Y ∗t,mi

≤
∑

1≤s≤t≤B
a�s,tXs,miXt,mi .

By Lemma 3.7.2 (ii), we have
∑
k∈Z

∣∣γk,mi

∣∣ ≤ ‖X·‖22,α/‖X·‖2q,α ≤ 1, which implies
∣∣∣a�s,t∣∣∣ ≤ B

and E
∑

1≤s≤t≤B a
�
s,tXs,miXt,mi ≤ B2. Hence it follows that

IIIB ≤ 4P

 ∑
1≤s≤t≤B

a�s,tXs,miXt,mi ≥
x2

(log x)3/2


. U

(
3mi,mi,

x2

B(log x)2

)
+ V

(
3mi,mi,

x2

B(log x)2

)
. (3.7.29)

Now we deal with the term VB . Conditioned on Y ∗t,mi
= yt,mi , by Theorem 2 in Wu and

Wu [2016],

P(|
∑
t∈B�b

Xt,miyt,mi| ≥ x) . x−2rξmi

∑
t∈B�b

|yt,mi|
2r + exp

(
−

Cr,αx
2∑

t∈B�b
|yt,mi |2

)
,

where ξmi = 1 (resp. (logmi)
1+4r or mr−1−2αr

i ) if α > 1/2−1/(2r) (resp. α = 1/2−1/(2r)
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or α < 1/2− 1/(2r)). By the independence of Xt,mi and Y ∗t,mi
, we have

P(|Rb,mi
| ≥ x) . x−2rξmi

∑
t∈B�b

E|Y ∗t,mi
|2r + E exp

(
−

Cr,αx
2∑

t∈B�b
|Y ∗t,mi

|2

)

=: x−2rξmiD1 +D2. (3.7.30)

Lemma 3.7.2 (iii) implies D1 ≤ CrmiB
r.

Also, for any M > 1, there exists a constant Cκ,r,α,M such that

D2 = E exp

(
−

Cr,αx
2∑

t∈B�b
|Y ∗t,mi

|2

)
1

∑
t∈B�b

|Y ∗t,mi
|2 > x2

(log x)3/2


+E exp

{
−

Cr,αx
2∑

t∈B�b
|Y ∗t,mi

|2

}
1

∑
t∈B�b

|Y ∗t,mi
|2 ≤ x2

(log x)3/2


≤ P

∑
t∈B�b

|Y ∗t,mi
|2 > x2

(log x)3/2

+ Cκ,r,α,Mx−M ,

the first term of which can be further formulated by a similar argument as IIIB . Then we

have

P(|Rb,mi
| ≥ x) ≤ Cr

miB
rξmi

x2r
+ Cκ,r,α,Mx−M

+Cr,αP

 ∑
1≤s≤t≤B

a′s,tXs,miXt,mi ≥
x2

mi(log x)2

 , (3.7.31)

with sups,t |a′s,t| ≤ 1. Hence

IVB .
Br+1ξB

(x/ log x)2r
+

B

mi
P

 ∑
1≤s≤t≤B

a′s,tXs,miXt,mi ≥
x2

mi(log x)6

+ x−M , (3.7.32)

where ξB = 1 (resp. (logB)1+4r or Br−1−2αr) if α > 1/2− 1/(2r) (resp. α = 1/2− 1/(2r)

or α < 1/2 − 1/(2r)), and the constant in . only depends on κ, r, α and M . Combining
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(3.7.28), (3.7.29) and (3.7.32), we have

U(3mi,mi, x) . U

(
3mi,mi,

x2

B(log x)2

)
+ V

(
3mi,mi,

x2

B(log x)2

)

+
B

mi
P

 ∑
1≤s≤t≤B

a′s,tXs,miXt,mi ≥
x2

mi(log x)6


+

Br+1ξB
(x/ log x)2r

+ x−M . (3.7.33)

By applying (3.7.33) for J times such that (x/B)−2J+1r = O(x−(M+1)), we have

U(3mi,mi, x) . V

(
3mi,mi,

x2

B(log x)2

)
+

Br+1ξB
(x/ log x)2r

+ x−M

+
B

mi
P

 ∑
1≤s≤t≤B

a′s,tXs,miXt,mi ≥
x2

mi(log x)6

 . (3.7.34)

We further split the last term in (3.7.34) into

B

mi
V

(
3mi,mi,

x2

mi(log x)6

)
+

B

mi
U

(
3mi,mi,

x2

mi(log x)6

)
.

Applying the new recursion for J times as well, and it becomes

U(3mi,mi, x) .
J∑
j=1

(
B

mi

)j−1

V
(
3mi,mi, xj,B

)
+

J∑
j=1

(
B

mi

)j
V
(
3mi,mi, xj,mi

)
+

Br+1ξB
(x/ log x)2r

+ x−M , (3.7.35)
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where

x1,B =
x2

B(log x)2
, xj,B =

x2
j−1,mi

B(log xj−1,mi
)2
, j ≥ 2,

x1,mi
=

x2

mi(log x)6
, xj,mi

=
x2
j−1,mi

mi(log xj−1,mi
)6
, j ≥ 2,

and the constant in . only depends on κ, r, α,M .

Step 3.2: Bounding V (3mi,mi, x), 1 ≤ i ≤ τ .

Define y = x/(2τ) with τ = blogB/ log 4c. Then y satisfies B1+κ/2 = o(y). Let {a◦s,t}

be the set of coefficients such that

P(|E0

∑
t−s≤3mi

a◦s,tXs,miXt,mi| ≥ x) = V (3mi,mi, x).

Split V (3mi,mi, x) into three parts.

V (3mi,mi, x) ≤ VB + VIB + V (3mi+1,mi+1, x− 2y), (3.7.36)

where

VB = P(|E0

∑
t−s≤3mi

(a◦s,tXs,miXt,mi − a
◦
s,tXs,mi+1Xt,mi+1)| ≥ y),

VIB = P(|E0

∑
3mi+1<t−s≤3mi

a◦s,tXs,mi+1Xt,mi+1| ≥ y).

Using similar arguments when dealing with Ii, we have

VB ≤
CrBm

r−1
i m−αri+1

yr
. (3.7.37)

To deal with VIB , let b◦ = dB/4mie. For 1 ≤ b ≤ b◦, define B◦b = [4(b−1)mi+1, (4bmi)∧B]

and R◦b,mi
=
∑
t∈B◦b ,3mi+1<t−s≤3mi

a◦s,tXs,mi+1Xt,mi+1 . By Corollary 1.6 of Nagaev [1979],

97



for any M > 1,

VIB .
b◦∑
b=1

P(|E0R
◦
b,mi
| ≥ y/2Cκ,M ) + y−M . (3.7.38)

Observe that when t−s > 3m2, Xs,m2 and Xt,m2 are independent. By the similar argument

as (3.7.31), we have from (3.7.38)

W (3mi+1, 3mi,mi+1, y) .
B

mi
W
(
3mi+1, 3mi,mi+1, y1,mi

)
+ y−M

+
B

mi
V
(
3mi+1,mi+1, y1,mi

)
+
Br+1ξB
y2r

, (3.7.39)

where y1,mi
= y2/[mi(log y)2]. By applying (3.7.39) recursively for v times such that

(y/B)−2v+1r = O(y−(M+1)),

W (3mi+1, 3mi,mi+1, y) .
v∑
j=1

(
B

mi

)j
V
(
3mi+1,mi+1, yj,mi

)
+
Br+1ξB
y2r

+ y−M , (3.7.40)

where yj,mi
= y2

j−1,mi
/[mi(log y2

j−1,mi
)2] for j ≥ 2. Hence (3.7.36) becomes

V (3mi,mi, x) .
v∑
j=1

(
B

mi

)j
V
(
3mi+1,mi+1, yj,mi

)
+
Br+1ξB
y2r

+
Bmr−1

i m−αri+1

yr
+ y−M + V (3mi+1,mi+1, x− 2y). (3.7.41)

By applying (3.7.41) for at most τ − i times such that 1 ≤ mτ ≤ 2, we have

V (3mi,mi, x) .
τ−1∑
k=1

v∑
j=1

(
B

mk

)j
V
(
3mk+1,mk+1, yj,mk

)
+
τBr+1ξB

y2r

+
B

yr

τ−1∑
k=1

mr−1
k m−αrk+1 + τy−M + V (3mτ ,mτ , 2y). (3.7.42)

98



By the block technique and Lemma 3.7.2 (3), it can be easily obtained that

V (3mτ ,mτ , 2y) ≤ CrB

yr
. (3.7.43)

Notice that
∑τ−1
k=1m

r−1
k m−αrk+1 = O(ζB/B). We then have

V (3mi,mi, x) .
τ−1∑
k=1

v∑
j=1

(
B

mk

)j
V
(
3mk+1,mk+1, yj,mk

)
+
ζB
yr

+
τBr+1ξB

y2r
+ τy−M . (3.7.44)

For each 1 ≤ k ≤ τ − 1, V (3mk+1,mk+1, yj,mk
) can be further dealt with by applying

(3.7.44) recursively for at most v times. Consequently we have

V (3mi,mi, x) .
τζB
yr

+
τ2Br+1ξB

y2r
+ τ2y−M

.
(logB)r+1ζB

xr
+

(logB)2r+2Br+1ξB
x2r

+ x−M . (3.7.45)

Step 3.3: Bounding W (3mi, 3mi−1,mi, x) and IIi, 2 ≤ i ≤ τ .

Plugging (3.7.45) into (3.7.35) and (3.7.40), we obtain a bound of U(3mi,mi, x) and

W (3mi+1, 3mi,mi+1, x), 1 ≤ i ≤ τ respectively,

U(3mi,mi, x) .
BrζB(log x)7r+1

x2r
+
B3r+1ξB(log x)14r+2

x4r
+ x−M ,

W (3mi+1, 3mi,mi+1, x) .
BrζB(log x)3r+1

x2r
+
B3r+1ξB(log x)6r+2

x4r
+ x−M .

With the above two bounds, (3.7.27) implies

IIi .
(log x)7r+1BrζB

(λix)2r
+

(log x)14r+2B3r+1ξB
(λix)4r

+ x−M . (3.7.46)

Since B1+κ = o(x), we can choose a sufficiently large M such that the last term of (3.7.46)
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is no greater than the first term. By the choice for λi’s, it holds that for x satisfying

B1+κ = o(x),
τ∑
i=2

IIi ≤ Cκ,r,αx
−rζB . (3.7.47)

Step 4: Bounding P
(∣∣E0QB,mτ

∣∣ ≥ x
)

with 1 ≤ mτ ≤ 2.

Notice that

P(|E0QB,mτ
| ≥ x) ≤ V (3mτ ,mτ , x/2) + U(3mτ ,mτ , x/2).

By (3.7.43) and the bound of U(3mτ ,mτ , x) in Step 2.3, it follows that

P
(∣∣E0QB,mτ

∣∣ ≥ x
)
≤ Cκ,r,αx

−rζB . (3.7.48)

Combining (3.7.23), (3.7.24), (3.7.25), (3.7.26), (3.7.47) and (3.7.48), (3.7.22) follows, which

implies (3.6.7) immediately.

Proof of Theorem 3.6.3. Similarly as the proof of Theorem 3.6.2, we first normalized the

process by ‖X·‖q,α. For 0 < β < 1, let B = B1 = bTβc. It remains to show for x ≥ T 1/2,

(i) if l ≥ 3B,

P(|E0LT (l)| ≥ x) . x−q/2(T + T q/4−αβq/2) (3.7.49)

and (ii) if 0 ≤ l ≤ 3B,

P(|E0LT (l)| ≥ x) .
DT + TBq/4−αβq/2−1

xq/2
+ exp

(
−
Cq,αx

2‖X·‖4q,α
‖X·‖44,αT

)
. (3.7.50)

Case 1: l > 3B.

Define the B-approximation of LT (l) as LT,B(l) =
∑
l+1≤t≤T atXt−l,BXt,B . We can follow

the similar proof of Lemma 3.7.3 to have

‖E0LT (l)− E0LT,B(l)‖q/2 ≤ Cq,α(T − l)1/2B−α,
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which implies

P(|E0LT (l)− E0LT,B(l)| ≥ x) ≤ Cq,αx
−q/2(T − l)q/4B−αq/2. (3.7.51)

Let b? = d(T − l)/Be. For 1 ≤ b ≤ b?, define B?b = [l + (b− 1)B + 1, (l + bB) ∧ T ] and

L?b,B =
∑
t∈B?b

atXt−l,BXt,B .

Let σ?b be the σ-fields generated by {εI?b , εI?b−1, . . .} where I?b = maxB?b . We can apply

similar arguments as Step 3.1 (cf. (3.7.28)) when proving Theorem 3.6.2 to obtan for any

M ≥ 1,

P(|LT,B(l)| ≥ x) ≤ CMx−M + L
(1)
T + L

(2)
T , (3.7.52)

where

L
(1)
T = 4P

 b?∑
b=1

E(L?2b,B |σ
?
b−2) ≥ x2

(log x)3/2

 ,

L
(2)
T =

b?∑
b=1

P
(
|L?b,B | ≥

x

log x

)
.

Denote γs−t,B = E(Xs,BXt,B). We then have

b?∑
b=1

E(L?2b,B |σ
?
b−2) ≤

b?∑
b=1

∑
s,t∈B?b

asatγs−t,BXs−l,BXt−l,B .

Notice that sups,t |asatγs−t,B | ≤ 1. By Theorem 3.6.1, for x ≥ T 1/2, we have

L
(1)
T .

(log x)3q/4FT,B
xq

+ exp

(
−

Cq,αx
4‖X·‖4q,α

(log x)3‖X·‖44,αTB

)

.
(log x)3q/4FT,B

xq
, (3.7.53)
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where the constant in . only depends on q, α and β, and FT,B has been defined in Theorem

3.6.1. Let

D?
1 =

∑
t∈B?b

E|Xt−l,B|q and D?
2 = E exp

(
−
Cq,α(x/ log x)2∑
t∈B?b

|Xt−l,B|2

)
.

By the independence of Xt,B and Xt−l,B , similarly as (3.7.30), we have

P
(
|L?b,B | ≥

x

log x

)
.

ξBD
?
1

(x/ log x)q
+D?

2,

where ξB = 1 (resp. (logB)1+2q or Bq/2−1−αq) if α > 1/2−1/q (resp. α = 1/2−1/q or α <

1/2− 1/q). It is easy to have D?
1 ≤ B. Notice that

∑
t∈B?b

E|Xt−l,B|2 ≤ B‖X·‖22,α/‖X·‖
2
q,α,

which is negligible compared to x2/(log x)7/2 when x ≥ T 1/2. By Theorem 2 in Wu and Wu

[2016] for the process |Xt−l,B|2, for any M ≥ 1,

D?
2 ≤

∑
t∈B?b

|Xt−l,B|2 >
x2

(log x)7/2

+ Cq,α,Mx−M

≤

∑
t∈B?b

|Xt−l,B|2 − E|Xt−l,B|2 >
x2

2(log x)7/2

+ Cq,α,Mx−M

.
(log x)7q/4ξ?B

xq
+ exp

(
−

Cq,αx
4‖X·‖4q,α

(log x)7‖X·‖44,αB

)
+ x−M ,

where ξ?B = B (resp. B(logB)1+q or Bq/4−αq/2) if α > 1/2 − 2/q (resp. α = 1/2 − 2/q or

α < 1/2− 2/q). Summing over b, for x ≥ T 1/2, we obtain

L
(2)
T .

(log x)qTξB
xq

+
(log x)7q/4Tξ?B

Bxq
+ TB−1x−M , (3.7.54)

where the constant in . only depends on q, α, β and M . Combining (3.7.52), (3.7.53),
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(3.7.54) and choosing a sufficiently large M , we have for x ≥ T 1/2,

P(|LT,B(l)| ≥ x) ≤ Cq,α,βx
−q(log x)2qFT,B ≤ Cq,αx

−q/2DT . (3.7.55)

Hence, for all cases of α, (3.7.49) follows by (3.7.51) and (3.7.55).

Case 2: 3e < l ≤ 3B.

Let B0 = T , Bj = bBβj−1c and n(j) = d(T − l)/(4Bj)e for j ≥ 1. Let

J = d− log(log T )/ log βe.

Then BJ ≤ bTβ
J c ≤ e. For 3e < l ≤ 3B, we can find a J0 (1 ≤ J0 ≤ J − 1) such that

3BJ0+1 < l ≤ 3BJ0 . For k = 1, 2, . . . , n(J0), define

L
(J0)
k =

(l+4kBJ0)∧T∑
t=l+4(k−1)BJ0+1

atXt−lXt.

For h ∈ Z, we define the innovation sets

η
(J0)
h = (ε4(h−1)BJ0+1, ε4(h−1)BJ0+2, . . . , ε4hBJ0

).

and

L
(J0)
k,τ = E

(
L

(J0)
k |η(J0)

k−τ , η
(J0)
k−τ+1, . . . , η

(J0)
k

)
, for τ ≥ 0

We can apply the similar arguments when proving Theorem 3.6.1 to have for x ≥ T 1/2,

P(|E0LT (l)| ≥ x) .
WT,BJ0

xq/2
+ exp

(
−
Cq,αx

2‖X·‖4q,α
‖X·‖44,αT

)

+
n(J0)∑
k=1

P(|E0L
(J0)
k,0 | ≥ x/Cq,α,β), (3.7.56)
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where WT,BJ0
= TBJ0

q/4−αq/2−1 (resp. T (log T )1+q or T q/4−αq/2) for α > 1/2−2/q (resp.

α = 1/2 − 2/q or α < 1/2 − 2/q). To deal with P(|E0L
(J0)
k,0 | ≥ x), similarly as (3.7.51), we

take BJ0+1-approximation of L
(J0)
k,0 and bound the tail probability of the difference by

P
(∣∣∣∣E0L

(J0)
k,0 − E0L

(J0)
k,0,BJ0+1

∣∣∣∣ ≥ x

)
≤ Cq,αx

−q/2Bq/4J0
B
−αq/2
J0+1 . (3.7.57)

Since l > 3BJ0+1, by (3.7.55), for x ≥ T 1/2, we have

P
(∣∣∣∣E0L

(J0)
k,0,BJ0+1

∣∣∣∣ ≥ x

)
≤ Cq,α,βx

−q(log x)2qFBJ0 ,BJ0+1
. (3.7.58)

Since x ≥ T 1/2, (3.7.50) follows in view of (3.7.56), (3.7.57) and (3.7.58).

Case 3: 0 ≤ l ≤ 3e.

This case is easier. Let n? = d(T − l)/4ee. For k = 1, 2, . . . , n?, define

L?k =

(l+4ek)∧T∑
t=l+4e(k−1)+1

atXt−lXt

and

L?k,0 = E(L?k|ε4e(k−1)+1, ε4e(k−1)+2, . . . , ε4ek).

Following the proof of Theorem 3.6.1, (3.7.56) then becomes

P(|E0LT (l)| ≥ x) .
DT

xq/2
+ exp

(
−
Cq,αx

2‖X·‖4q,α
‖X·‖44,αT

)

+
n?∑
k=1

P(|E0L
?
k,0| ≥ x/Cq,α,β). (3.7.59)

Notice that L?k,0 takes the sum over a block with size 4e. By Lemma 3.7.2 (iv) and the

Markov inequality,

P(|E0L
?
k,0| ≥ x) ≤ Cq,αx

−q/2.
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So (3.7.50) satisfies in view of (3.7.59).
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