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ABSTRACT

There is a well-developed asymptotic theory for sample means and sample second-order
statistics of low dimensional stationary processes. However, many important problems on
their asymptotic behaviors are still unanswered for time series which can be high-dimensional,
nonstationary and non-Gaussian.

This thesis concerns the estimation and inference of high-dimensional time series un-
der the framework of functional dependence measure. We first consider the problem of
approximating sums of high dimensional stationary time series by Gaussian vectors. We
also consider an estimator for long-run covariance matrices and study its convergence prop-
erties. Our results allow constructing simultaneous confidence intervals for mean vectors
of high-dimensional time series with asymptotically correct coverage probabilities. As an
application, we can do simultaneous inferences for covariance matrices of high-dimensional
stationary time series. We also propose a Kolmogorov-Smirnov type statistic for testing
distributions of high-dimensional time series.

This thesis also presents a systematic asymptotic theory for the estimates of time-varying
second-order statistics for a general class of high-dimensional nonstationary processes. In
particular, we investigate the estimation of time-varying autocovariance matrix functions,
spectral density matrices and coherence matrices for high-dimensional locally stationary
processes. Besides, we use the constrained 1 minimization approach to estimate the inverse
of the spectral density matrix which can be used to identify the graphical structure for high-
dimensional locally stationary processes. We derive the convergence rates of the estimates
which depend on the sample size, the dimension, the moment condition and the dependence

of the underlying processes.
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CHAPTER 1
INTRODUCTION

During the past several decades, there has been a well-developed theory for low dimensional
stationary processes. However, the assumption of low dimensionality and stationarity may
not be adequate for some practical applications. High dimensional and/or nonstationary
time series analysis has gained credibility recently in finance, signal processing, neuroscience,
meteorology, seismology and many other areas.

As an important class of non-stationary processes, locally stationary processes have at-
tracted considerable attention in the past years. Different approaches for modelling locally
stationary processes have been developed. For example, Dahlhaus [1997, 2000a] adopted
a time-varying spectral representation, which was first studied in detail by Priestley [1965,
1982, 1988a]. Mallat et al. [1998] considered processes whose covariance operators are time-
varying convolutions. Another method of modelling is to approximate non-stationary pro-
cesses by piecewise stationary processes; see Adak [1998] and Ombao et al. [2005]. Other
notable work includes Nason et al. [2000], Moulines et al. [2005] and more recently Zhou
[2010] and Vogt [2012]; see Dahlhaus [2012] for a comprehensive overview.

Parametric locally stationary processes with time-varying coefficients have been intensive-
ly studied; see, for example, time-varying AR models (Subba Rao [1970], Dahlhaus [1997],
Moulines et al. [2005]), ARMA models (Grenier [1983], Dahlhaus and Polonik [2009]), ARCH
and GARCH models (Dahlhaus and Subba Rao [2006, 2007], Hafner and Linton [2010], Fry-
zlewicz and Subba Rao [2011]). Despite the advantage of ease of interpretation and simplicity
of prediction using parametric models, one may draw erroneous conclusions of the model suf-
fering from misspecification. In view of this, we consider nonparametric locally stationary

processes. Let (Xt 5,)}_; be the observed sequence generated from the model

Xt = G(t/n, ft) = (th,na . >ti,n)T> (1.0.1)



where Ft = (...,et-1,€¢t) and &, t € Z are i.i.d. random elements, T denotes matrix
transpose, G(-,-) = (91(-,*),---, 9p(-, )T is an RP-valued measurable function such that
X¢(u) = G(u, Ft) is a well-defined random vector and the uniform stochastic Lipschitz

continuity holds: there exists K > 0 for which

t t
i [lg (. ) = g0 F)| K v, for all w,v € 0.1), (1.0.2)

where || X|| = (EX?2)!/2 for a random variable X. In the scalar case with p = 1, Zhou
and Wu [2009] considered the estimation of quantile curves under this framework and Zhou
[2010] performed nonparametric specification tests of quantile curves. Wu and Zhou [2011]
obtained an Gaussian approximation result on partial sums of the process when p is fixed. If
G(u,-) does not depend on u, then (1.0.1) becomes Xy = G(F?), which defines a large class of
high-dimensional stationary processes. Under this framework, Chen et al. [2013] quantified
the convergence rates in covariance and precision matrix estimation and extended it to the
locally stationary case. Wu and Wu [2016] studied properties of estimates of the regression
parameters in high-dimensional linear models with dependent covariates and errors.

We aim to perform simultaneous inference for mean vectors of high-dimensional station-
ary processes in Chapter 2. We first consider the problem of approximating sums of high di-
mensional stationary time series by Gaussian vectors. To perform statistical inference based
on the Gaussian approximation result, one needs to estimate the long-run covariance matrix.
The latter problem has been extensively studied in the scalar and the low-dimensional case;
see Newey and West [1987], Politis et al. [1999], Bithlmann [2002], Lahiri [2003], Alexopou-
los and Goldsman [2004], among others. We study the batched-mean estimate of long-run
covariance matrices and derive a large deviation result about quadratic forms of stationary
processes. The latter tail probability inequalities allow dependent and/or non-sub-Gaussian
processes under mild conditions, which are expected to be useful in other high-dimensional

inference problems for dependent vectors. Our results allow constructing simultaneous confi-



dence intervals for mean vectors of high-dimensional time series with asymptotically correct
coverage probabilities. As an application, we can do simultaneous inferences for covariance
matrices of high-dimensional stationary time series. We also propose a Kolmogorov-Smirnov
type statistic for testing distributions of high-dimensional time series.

The primary goal of Chapter 3 is to estimate second-order characteristics of a general class
of locally stationary processes which can be possibly high-dimensional and non-Gaussian,
and lay a theoretical foundation for estimation consistency. We first concern the estimation
of time-varying autocovariance matrix functions and study the nonparametric estimation
of time-varying spectral density and coherence matrices. In particular, we also introduce
the overlapped batched mean estimate of long-run covariance matrix functions and use the
constrained /1 minimization approach to estimate the inverse of the spectral density matrix
which can be used to identify the graphical structure for high-dimensional locally stationary
processes. We derive the convergence rates of the estimates which depend on the sample
size, the dimension, the moment condition and the dependence of the underlying processes.
We also provide Hanson—-Wright-type inequalities for tail probabilities for non-stationary
processes with finite polynomial moments, which could be quite useful in the estimation of
second-order statistics.

We now introduce some notation. For a random variable X and ¢ > 1, we write X € L9 if
1 Xl = (E|X|9)Y/9 < 00. Denote | X|| = || X2 and the operator B with Eg(X) := X —EX.
Define the projection operator P! = E(-|F!) — E(-|F=1) where Ft = (... ,&_1,¢). For a
vector v = (vq,...,vp) | and ¢ > 1, we define |v|q = ( ?:1 ]vj]q)l/q and |v]oo = max; |v;].
For a matrix A = (aij)ﬁjzl’ define the elementwise {oo norm |Aloo = max; j |a;;| and the
matrix £1 norm |A[f,, = max; Y ; |a;;|. Write the p x p identity matrix as I)). For an interval
7 C R, denote by C'Z, i € N, be the collection of functions that have i-th order continuous
derivatives on Z. For two real numbers, set xVy = max(z,y) and 2 Ay = min(z,y). For two
sequences of positive numbers (ay,) and (by), we write ay, < by, (resp., an S by or ay < by)

~J

if there exists some constant C' > 0 such that C~1 < an /by, < C (resp., an/bp < C or



an/bp, — 0) for all large n. We use C,C1,C9, - -+ to denote positive constants whose values
may differ from place to place. A constant with a symbolic subscript is used to emphasize

the dependence of the value on the subscript.



CHAPTER 2
HIGH DIMENSIONAL STATIONARY PROCESSES

2.1 Introduction

In this chapter, we shall consider simultaneous inference for mean vectors of high-dimensional
stationary processes, so that one can perform family-wise multiple testing or construct si-
multaneous confidence intervals, an important problem in the analysis of spatial-temporal
processes. To fix the idea, let (X;) be a stationary process in RP with mean pu = (11, .. ., j1p) "
and finite second moment in the sense that E(X ZT X;) < oo. In the scalar case in which p =1
or when p is fixed, under suitable weak dependence conditions, we can have the central limit

theorem (CLT):

o

n
Z= 3o = NOLE), where ¥ = 30 B(X0 — )X~ )
i=1 k=—00
See, for example, Rosenblatt [1956], Ibragimov and Linnik [1971], Wu [2005], Dedecker et al.
[2007], Bradley [2007] among others. In the high dimension case in which p can also diverge
to infinity, Portnoy [1986] showed that the central limit theorem can fail for i.i.d. random
vectors if \/n = o(p). We shall consider an alternative form: Gaussian approximation
for the largest entry of the sample mean vector X, = n 1 Sy X;. For a vector v =
(v1,... ,vp)T, let |[v]oo = max;<,|vj|. Specifically, our primary goal is to establish the

Gaussian Approximation (GA) in R?

sup IP(v/n|Xn — ploc 2 u) = P(|Z]oo = u)| = 0, (2.1.1)
u=z

where both n,p — oo. Here, the Gaussian vector Z = (Zl,...,Zp)T ~ N(0,%). Cher-
nozhukov et al. [2013a] studied the Gaussian approximation for independent random vec-

tors. There has been limited research on high-dimensional inference under dependence. The



associated statistical inference becomes considerably more challenging since the autocovari-
ances with all lags should be considered. Zhang and Cheng [2014] extended the Gaussian
approximation in Chernozhukov et al. [2013a] to very weakly dependent random vectors
which satisfy a uniform geometric moment contraction condition. The latter condition is al-
so adopted in Chen et al. [2015] for self-normalized sums. Chernozhukov et al. [2013b] did a
similar extension to strong mixing random vectors. Here, we shall establish (2.1.1) for a wide
class of high-dimensional stationary process under suitable conditions on the magnitudes of
p, n and the mild dependence conditions on the process (X;).

In Section 2.2, we shall introduce the framework of high-dimensional time series in detail
and some concepts about functional dependence measures that are useful for establishing
an asymptotic theory. The main result for Gaussian approximation of the normalized mean
vector and the choice of the normalization matrix is presented in Section 2.3. Depending on
the moment and the dependence conditions, both high dimension and ultra high dimension
cases are discussed. In Section 2.4, we apply our Gaussian approximation result to simulta-
neous inference of entries of sample covariance matrices of high-dimensional time series. In
Section 2.5, we shall develop a Kolmogorov—Smirnov-type statistic for testing distributions
of high-dimensional time series.

To perform statistical inference based on (2.1.1), one needs to estimate the long-run co-
variance matrix Y. The latter problem has been extensively studied in the scalar and the
low-dimensional case; see Newey and West [1987], Politis et al. [1999], Biithlmann [2002],
Lahiri [2003], Alexopoulos and Goldsman [2004], among others. In Section 2.6, we study the
batched-mean estimate of long-run covariance matrices and derive a large deviation result
about quadratic forms of stationary processes. The latter tail probability inequalities allow
dependent and/or non-sub-Gaussian processes under mild conditions, which are expected
to be useful in other high-dimensional inference problems for dependent vectors. The con-
sistency of the batched-mean estimate ensures the validity of the quantile estimates of £

norms of sample means; see Section 2.6.1.



We provide in Section 2.7 a simulation study. Section 2.8 includes some sharp inequal-
ities for tail probabilities for high dimensional dependent processes in the polynomial tail
case. The readers are referred to Section 2.9 for the tail probability inequalities in the
one-dimensional case under finite polynomial moment and exponential moment conditions,

respectively. Part of the proofs are relegated to Section 2.10.

2.2 High-dimensional Stationary Processes

Let ¢;,i € Z, be iid. random elements and F? = (...,g;_1,¢;); let (X;) be a stationary

process taking values in RP that assumes the form
X; = (Xi1, X, ..., Xip) | = G(F"), (2.2.1)

where G(-) = (g1(),...,gp(-)) T is an RP-valued measurable function such that X; is well-
defined. The model (2.2.1) is a special case of (1.0.1) where G(u,-) does not depend on wu.
In the scalar case with p = 1, (2.2.1) allows a very general class of stationary processes (cf.
Wiener [1958], Rosenblatt [1971], Priestley [1988b], Tong [1990], Wu [2005], Tsay [2005],
Wu [2011]). It includes linear processes as well as a large class of nonlinear time series
models. For example, if ¢;,7 € Z, are i.i.d. d-dimensional random vectors with mean 0
and E(éjgi) < oo, and A;,7 > 0, are p x d coefficient matrices with real entries such that
P tr(AZTAi) < 00, where tr(-) denotes the trace of a matrix. Then by Kolmogorov’s

three-series theorem, the linear process
(0.¢]
Xi=> Agiy (2.2.2)
=0

exists, and it is of form (2.2.1) with a linear functional G. In particular, the vector AR(1)
process X; = AX;_1 + ¢; has form (2.2.2) with 4; = Al if max <y [\;j(A)| < 1, where A

is a coefficient matrix and A1(A),...,A\p(A) are eigenvalues of A. Within this framework,



(g;) can be viewed as independent inputs of a physical system and all the dependencies
among the outputs (X;) result from the underlying data-generating mechanism G(-). The
function g;(-), 1 < j < p, is the jth coordinate projection of G(-). Unless otherwise specified,
assume throughout this chapter that EX; = 0 and max;<, [|X;j[lq < oo for some ¢ > 2.

Let T(1) = (vjx (D)} .y = E(X; X,

; +l) be the autocovariance matrix and recall the long-run

covariance matrix

oo

= (o)} ey = > T (2.2.3)

l=—00
if it exists. Note that o;; = > 72 7j;(1), 1 < j < p, is the long-run variance of the
component process X.; = (X;;);cz. For the latter process, following Wu [2005] we define

the functional dependence measure:
0i,q,5 = I1Xij — Xij 1oy llg = [1 X5 — g;(FH O, (2.2.4)

where Filkt = (1 44, €r €41, - - -» &) 18 a coupled version of F' with e, in F* replaced
by 5;{, and 82',6;, i,l € Z, are i.i.d. random elements. Note that Filk} = Flif k > i. To

account for the dependence in the process X.;, we define the dependence adjusted norm

(0.9
1 X jllg,0 = sup (m 4+ 1)*Ay, 4 5, « > 0, where Ay, 4 5 = Z 0iq.j- (2.2.5)
m=0 1=m
Due to the dependence, it may happen that max;<, || X;jllq < oo while || X j|lga = oo.
Elementary calculations show that, if X;;,i € Z, are i.i.d., then [[X;llq < [[Xllga <

2||X;jllg, suggesting that the dependence adjusted norm is equivalent to the classical £4

norm.



To account for high-dimensionality, we define

» 1/q
Vga = mas [ Xjlga md Yoo = | S IX00a ]
j=1
which can be interpreted as the uniform and the overall dependence adjusted norms of
(X;);ez, respectively. The form (2.2.1) and its associated dependence measures provide a
convenient framework for studying high-dimensional time series. Zhang and Cheng [2014]
considered the special case which imposes the stronger geometric moment contraction con-
dition maxy <<, Ap, 4.5 < Cp™ with p € (0,1) and some constant C'. This assumption can
be fairly restrictive. In this thesis ¥4 o can be unbounded in p. Additionally, we define the
L°° functional dependence measure and its corresponding dependence adjusted norm for the

p-dimensional stationary process (X;)

wiq = [1Xi = X; foyloollgs

"|X-’w|’q,a -

(0.]
sup (m + 1)*Qyp g, 0 > 0, where Q4 = E Wi g-
m>0 :
- =m

Clearly, we have Wy o < ||| X\ |collg,a £ Tq,a- Throughout this chapter, we assume p = p, —

o0 as n — OQ.

2.3 Gaussian Approximations for Sample Mean Vectors

In this section, we shall present main results on Gaussian approximations. Theorem 2.3.2
concerns the finite polynomial moment case with both weaker and stronger temporal de-
pendence. If the underlying process has finite dependence adjusted sub-exponential norms,
Theorem 2.3.3 asserts that an ultra-high dimension p can be allowed. Theorem 2.10.4 in
Section 2.10.1 provides a convergence rate of the Gaussian approximation.

Recall (2.2.3) for the long-run covariance matrix 3. Let X5 = diag(X) be the diagonal

matrix of X, and Dy = diag(a%f,...,aéf) = E(l)/2. Assume p = 0. We consider the

9



following normalized version of (2.1.1):

pu = sup IP(v/n| Dy ' Xploo > u) — P(|Dy ' Z]oo > u)| — 0, (2.3.1)
U=

Assumption 2.3.1. There exists a constant ¢ > 0 such that miny<j<p,0j; 2> c.

To state Theorem 2.3.2, we need to define the following quantities:

Oga = TgaA (X |sllgallogp)®?), Ly = (W4 W g(logp)?) /e,
Wi = (W5 + W) (log(pn))T, Wa = W3, (log(pn))*,

Wy = (n*(log(pn))*/20g,q) 1/ (/2707 1/4),

N1 = (n/logp)¥?/6F 4, Ny =n(logp) >W;2,

N3 = (n'/?(logp)~!/2054) 1 1/27).

Theorem 2.3.2. Let Assumption 2.3.1 be satisfied. (i) Assume that ©gq < 0o holds with

some q >4 and o > 1/2 — 1/q (the weaker dependence case),
Og.an®/ 172 (log(pn))*? = 0 (2.3.2)
and
L1 max(Wq, Ws) = o(1) min(Ny, No). (2.3.3)

Then the Gaussian approzimation (2.3.1) holds. (ii) Assume 0 < o < 1/2—1/q (the stronger
dependence case). Then (2.3.1) holds if @qﬂ(logp)l/2 = o(n%) and

L1 max(W7y, Wo, W3) = o(1) min(Ng, N3). (2.3.4)

Remark 1. A careful check of the proof of Theorem 2.3.2 indicates that if it is further

10



assumed that maxj<j<poj; is bounded from above, the Gaussian approximation is also

valid for the nonnormalized maximum, that is, for both cases of Theorem 2.3.2,

sg% IP(vn| Xnloo > u) — P(|Z]0o > u)| — 0. (2.3.5)
u>

Remark 2. (Optimality of our result on the allowed dimension p) Assume o > 1/2 —1/q.

In the special case with ¥, o <1 and Oy < pl/a, (2.3.2) becomes
pllog(pn))*/? = o(n?271), (2:3.6)

which by elementary manipulations implies (2.3.3), and hence the GA (2.3.1). It turns
out that condition (2.3.6), or equivalently p(logp)?"Z/2 = o(nq/Qfl), is optimal up to a
multiplicative logarithmic term. Consider the special case in which Xj;, i,j € Z, are i.i.d.
symmetric random variables with E(X 22]) = 1 and the tail probability P(X;; > u) = u~9(u),
u > ug, where £(u) = (logu)~2. By Theorem 1.9 of Nagaev [1979], we have the expansion:

for a sequence y, > \/n, as n — oo,

P(X11+ ...+ Xn1 > yn)

= (2.3.7)
nyn L(yn) +1 = 2(yn/v/n)
Let My, = X114+ ...+ Xp1, 2= (2, ..., Zp)T ~ N(0,I,) and assume
nd/2=1 = o(p(log n) "2 (log p)~9/?). (2.3.8)

Then the GA (2.3.1) does not hold. To see this, let u = (2log p)'/2. Then pP(|Z;| > u) — 0,
and, by (2.3.7) and (2.3.8), pP(M,, > /nu) — oo. Hence, PP(|M,| < /nu) — 0 and

PP(|Z1] < u) — 1, implying that

pn = |P(Vn|Xnloo < u) = P(|Z]o0 < u)|
= [PP(|Mn] < Vnu) = PP(1Z1] < u)
11



= [ 2P(My > Vi) — BP(|Z1] < w)| - 1.

Note that (2.3.8) is equivalent to n?/2~1 = o(p(logp) 2~ %/2), suggesting that (2.3.6) is

optimal up to a logarithmic term. O

Now suppose there exist 0 < k1 < kg such that ¥, o < p! and Oy, =< p™2, and p™ < n.
Elementary but tedious calculations show that, in the weaker dependence case v > 1/2—1/q,

if

2 2 (2
> maX{ "Ly 8k, 2 <ﬂ + 851) + 2@} , (2.3.9)
g\ «

K2
1/2-1/¢ «
then conditions in (i) of Theorem 2.3.2 are satisfied, while for the stronger dependence case

with 0 < o < 1/2 — 1/q, a larger sample size n is required:

p p
T>max{@,ﬂ+8m,(1—2a) (ﬂ+8m> +2@}. (2.3.10)
« « 8%

The lower bounds in (2.3.9) and (2.3.10) are both nondecreasing of %1, k2 and nonincreasing
in q, a.

Next we consider the sub-exponential case in which X;; satisfies a stronger moment
condition than the existence of finite gth moment. Assume that X;; has finite moment with

any order. For v > 0 and o > 0, define the dependence adjusted sub-exponential norm

1X-5llg.0

X.; = sup and ® = max || X.;
I 0= S 8 and 0 = ma X

By this definition, if X;;, i € Z are i.i.d., || X |y, o is equivalent to the sub-Gaussian norm
v = 1) or sub-exponential norm (v = 1/2), due to the equivalence of || X.;||;.o and || X;:|4.
Jng, J11q

The parameter v measures how fast ||.X_;[|4,o increases with g.

12



To state Theorem 2.3.3, we let 5 = 2/(1 + 2v) and define

Ly = ((logp)/Pt1 20, )2, Ny=n(logp) ' ~#Pe 2

Wy = (log(pn))* P2+ (log(pn))*.

Theorem 2.3.3. Let Assumption 2.3.1 be satisfied. Assume that @, . < oo for some

v>0,a>0 and
max (L, Lo) max(W1, Wy) = o(Ny), LT max(Wy, Wy) = o(n). (2.3.11)

Then the Gaussian approzimation (2.3.1) holds.

If @y, o =1, then the ultra high-dimensional case with logp = o(n®) with some ¢ > 0 is

allowed, where specifically we can let

1/(842/a+2/p), 2/3< <2
c=4 1/[T+1/8+1/2)(1/a+2)], 1/2<8<2/3 . (2.3.12)
1/342/8+(1/8+1/2)(1/a+2)], 0<B<1/2

2.4 Simultaneous Inference of Covariances

Let Xq,...,X, be iid. p-dimensional vectors with mean 0 and covariance matrix I'g =
(ij)g,kzl = E(XZX;F) We estimate Ty by the sample covariance matrix [y = (’?jk)?,k:l =
n—1 T XZ-XZ-T . To perform simultaneous inference on v;;,1 < j,k < p, one needs to
derive the asymptotic distribution of the maximum deviation max; j.<, |¥jx — vkl or the
normalized version max; p.<, |¥jr — Vjk|/Tjk; cf. equation (2) in Xiao and Wu [2013]. The
former is also referred to as the mutual coherence of the data matrix in the compressed sensing
literature (see, e.g., Donoho et al. [2006]). Jiang [2004] established the Gumbel convergence

of the maximum deviation under some polynomial moment condition and under the setup

that all entries of X; are also independent. See Li and Rosalsky [2006], Zhou [2007], Liu
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et al. [2008] and Li et al. [2010] for some refined results. Cai and Jiang [2011] showed that
MaX|j_k|>s, [Yjk — Vjk| also converges to the Gumbel distribution if (X;;)1<;<p is Gaussian
and sp-dependent for each i. Xiao and Wu [2013] considered the extension to the non-
Gaussian case and allowed a general dependence structure among entries of X;. However,
the latter two paper both require that the vectors X1, ..., X, arei.i.d. The problem of further
extension to temporally dependent X; is open. In analyzing fMRI functional connectivity
in brain networks in the format of multivariate time series, researchers use the maximum
correlation between time series to identify edges that connect the corresponding nodes in
a network (cf. Hipp et al. [2012], Deco et al. [2013], Hutchison et al. [2013], Larson-Prior
et al. [2013], among many others). Such applications suggest that an asymptotic theory for
maximum deviations of sample covariances is needed.

Our Theorems 2.3.2 and 2.3.3 can be applied to the above problem of further exten-
sion to temporally dependent processes. Let (X;) be a mean zero p-dimensional stationary
process of form (2.2.1). To apply Theorems 2.3.2 and 2.3.3, one needs to deal with the
key issue of computing the functional dependence measure of the p2-dimensional vector
X = VeC(XiXiT — E(XiXZ-T )). Interestingly, our framework allows a natural and elegant
treatment. Let a = (j,k), j,k < p and X}, = X;; X — 7a, Where 7, = E(X;;X;;). By

Holder’s inequality, the functional dependence of the component process (X;q,);:

Cig/2a = I1XijXig — B(Xij Xik) — Xij 10y Xir, oy T E(Xe5 10y X {0yl /2
< 201X Xk — X 10y Xk {0y lg 2
< 20X (Xig — Xig po) /2 + 2I(Xa5 = X 001) Xk g0y lg 2
< 2[X45ll¢0% g, + 20 Xikllgi,q,5- (2.4.1)

Hence, we can have an upper bound of the dependence adjusted norm of (&Xj,)

00
[Xallgpza = sup(m+D%D  @igm
m=0 =m
< 20 Xllgol X kllga + 21X kg0l Xojl g (24.2)
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Consequently, the uniform and the overall dependence adjusted norms of &; are

méxx ||X'a||q/2,a < 4\Ijq,()\1]q,om
2/q 2/q

2/q p p
2 2 2
(}juxaugga) <a |32 1x01% Sixglde] o 243)

Similarly, the £°° dependence adjusted norm for the process (X;) can be calculated by

& oollg/2,0 < 4llX lcllgoll X scllg.a- (2.4.4)

With (2.4.1)-(2.4.4), conditions in Theorems 2.3.2 and 2.3.3 can be formulated accordingly,

and under those conditions we can have the following Gaussian approximation:

sup [P(vnmax |9 — va|/7a > u) — P(max|Z, /74| > u)| — 0, (2.4.5)
UZO a a

where Z = (Zg)a ~ N(0,%y), Sy is the p? x p? long-run covariance matrix of (X;); and

(12)q is the diagonal matrix of ¥ .

2.5 A Uniform Test for Distributions of Time Series

In this section, we shall apply the Gaussian approximation result Theorem 2.3.2 and test
distributions of time series. For the process (X;) defined in (2.2.1), let Fj(u) = P(X;; < u),

u € R, be the cumulative distribution function (c.d.f.) of X;;

ijy 1 <7 < p; let Fj70(‘) be the

reference c.d.f. We are interested in testing the null hypothesis:
Hy: Fj(-) = Fjo(-) forall j=1,...,p. (2.5.1)

In the classical Kolmogorov—Smirnov test with p = 1 and i.i.d. data X;;, ¢ € Z, one uses a

test statistic that involves the supremum distance between the empirical and the reference

15



c.d.f.s. Here, we shall apply a smoothing procedure and consider testing an equivalent form
of (2.5.1). In particular, we let h(u) = H'(u) be a probability density function (p.d.f.) such

that h(u) > 0 for all u € R, sup,, h(u) < oo and let

Hj(u) = /RFj(v)h(u —v)dv and Hjo(u) = /ﬂ{Fj’O(U)h(u —v)dv. (2.5.2)

For example, we can let h(-) be the standard Gaussian p.d.f. In this case, H;(:) is the c.d.f.
of Xj; +n, where n ~ N (0,1) is independent of X;j. Here, we shall consider testing the

following equivalent form of (2.5.1):
Hy: Hj(-) = Hjo(-) forall j =1,...,p, (2.5.3)

by using the goodness-of-fit test statistic of the form sup,c7 |ﬁj (u) — Hjo(u)|, where Z C R

is an interval and H j(u) is an unbiased estimate of H;(u):

H(u) = Z H(u— X;j). (2.5.4)

Similar smoothing ideas appeared in the literature. Researchers applied kernel smoothing
to overcome the shortcoming of discontinuity of empirical distribution functions; see, for
example, Yamato [1973], Azzalini [1981], Reiss [1981], Falk [1985], Cheng and Peng [2002],
Wang et al. [2013], among others.

Here, we shall develop a Gaussian approximation theory for

A, = max sup vn|H;(u) — H;(u)|. 2.5.5
ni= max sup | Hj(u) — Hj(u)] (2.5.5)

To this end, we shall carry out a detailed calculation for the functional dependence measures
defined in Section 2.2 of H(u — X;;). For presentational clarity here, we only consider

marginal distributions and linear processes (X;) defined in (2.2.2). We remark that our
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approach also applies to testing for joint distributions and for nonlinear processes.

Assumption 2.5.1. The process (X;) is of form (2.2.2) with e; = (41, ...,€;q) ", where £ij
are i.i.d. with mean 0 and ||g;j||y < 0o, v > 2; and coefficient matrices A; = (a; ji.)j<pk<d

satisfy Y iy tr(A;-I—AZ-) < 00.

For j,k=1,...,p and u,v € R, define the long-run covariance function
o0
ojp(u,v) = Z Cov(H (u — Xo;), H(v — Xj1,)). (2.5.6)
l=—0
Let {Zj(u),j = 1,...,p;u € R} be a mean 0 Gaussian process such that its covariance

function is given by (2.5.6).

Assumption 2.5.2. There exists a constant ¢ > 0 and a closed finite interval T C R such

that miny < j<, min,ecz 0 ;(u, u) > c.

Theorem 2.5.3. Let Assumptions 2.5.1 and 2.5.2 be satisfied, and suppose there exists a

constant C7 > 0 such that for all m > 0,

min(vy/q,1)/2

00 d
Z Zmax|ai,jk|2 <Ci(1vm)™ @ (2.5.7)
i=m \k=1 "’

holds for some q > 4 and o > 0. Let « = min(vy/q,1)/2. There exists some constant k > 0

depending on « and v such that if p satisfies
logp = o(n), (2.5.8)

we have

sup [P(vnAp > u) — P ( max sup |[Z(x)| > u) — 0. (2.5.9)

u=0 1<j<dge1

Remark 3. A careful check of the proof of Theorem 2.5.3 indicates that, for the indexr k

in (2.5.8), we can let k = k1 = [+ 2)/a+ 8+ 117 ifa > 1/2 — 1/q, and k =
17



min(ky,a/(34+1)) if 0 <a<1/2—-1/q.

For ii.d. random vectors, Kosorok and Ma [2007] considered uniform convergence of
empirical distribution functions. Theorem 2.5.3 might be the first result in the literature
concerning weak convergence of empirical processes in the high-dimensional setting under

dependence.

Proof of Theorem 2.5.3. We shall divide the proof into 5 steps: discretization of the empirical
process; representation of the covariance function; continuity of the approximating Gaussian
process; computation of the functional dependence measures; and application of Theorem
2.3.2.

Step 1: discretization of the empirical process. Without loss of generality let Z = [0, 1].
Let £L=mn?and uy = /L, ¢ =1,...,L. For V ={(j,f) : 1 <j <p1<{<L}, define
the (pL)-dimensional vector M; = (M, ),cy with My, = H(up — X;;) — EH (uy — X;;) for
v=(j,0) €V. Let My =n"13" | M;. Since H(-) is increasing and hg = sup,, h(u) < o0,

we have by the triangle inequality that

- hov/n h
[An — V| Mp|so| < OE‘/_ = ﬁ (2.5.10)

Step 2: representation of the covariance function. Define the projection operator Pt =
E(-|F") = E(-]F~1) and
o0
Dj(u) =Y P H(u—Xp), j=1,....p. (2.5.11)
=0
Recall (2.5.6) for o j.(u,v). By the orthogonal decomposition,
o0

H(U—Xoj)—EH(u—Xoj): Z PmH<u—X0j)

m=—0oQ

18



and the stationarity of (X;), we have the representation
e} 0

oipwv)= > > E[P"H(u— Xo;)P"H(v — Xy,)] = E[Dj(u)Dy(v)]. (2.5.12)

l:—oo m=—o0

Since PYH (u — X)) =E[H(u—Xj;) — H(u— le’{o})\]-'o], by the first inequality in (2.5.21)

and Jensen’s inequality, we have
IPOH (u — Xp))| < I1H(u — Xp3) — H(u — Xp; q0p)ll < 2hobilles; (2.5.13)

where b; = (ZZ:1 maxj|ai’jk|2)1/2. By (2.5.7), #{i : b; > 1} < Cy. If b; < 1, then

Z-g" ’ . Hence, 00 < 1 an
b < b9 g 2 b; < 201 and
0
(Ujj(uau))l/Q = [|D;(u)[| < Z PO H (u — Xp5)|| < 4C1holle;. (2.5.14)
1=0

Step 3: continuity of the approximating Gaussian process. Let ( = |u — v| < 1. Then

|H(u— X;;) — H(v— X)) < ho¢. By (2.5.11) and (2.5.13),
1D;(v) = Dj(w)|| < Y~ min(dhobyllei;ll, ho¢). (2.5.15)
=0

By (2.5.7), since 2 < 1 and ¢ < 1, we have > >° min(b;,() < Cym™ for all m > 1. Let

J = [¢~Y/(1+)] Then

J o0
> min(b;,¢)+ Y min(b;,¢) < (J+1)¢+ S
=0 i=J+1

< (Cy +3)¢/(+e), (2.5.16)

Hence, by (2.5.12) and (2.5.15), for Cy = ho(4]|g;;]| + 1)(C1 + 3) we obtain

1Z;(uw) — Z;()|> = ojj(u,u)+ 0 (v,0) — 20 ;(u,v)
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= D) = Dj()|* < C3lu— ¥+ (2.5.17)

when |u—v|] < 1. Let 0 <t < 1and A = a/(1+«). By (2.5.17) and the Fernique inequality
(cf. Section 4.1.3 of Fernique [1975]), there exists constants ¢y, c9,c3 > 0 only depending A

such that for all w > cngt)‘,

P sup |Z;(v+y) — Z;(v)] > w] < ¢1[1 — B(czw/(Cot™)], (2.5.18)
0<y<t

where ®(-) is the standard normal c.d.f. For v € Z = [0,1], write |u], = £7!|Lu], where

|-] is the floor function. As w changes from 0 to 1, |u] take values ug,uq,...,uz. Let
w = C3LMlog(pn))Y/2, (2.5.19)
where C is a sufficiently large constant. Then by (2.5.18), we have

Pl sup  |Z5(u) — Z;(lulc)| > w] < pLerll - Bezwl?/Cy)] <

(2.5.20)
ueL,1<j<p pn

Step 4: computation of the functional dependence measures. We shall first bound the
functional dependence measures of the vector process (M;); which is induced by H (u— X;;).
Let Eij,gi/j/,i,i’,j,j’ € Z, be i.i.d. random variables and 8;- = (5;17 . ,gg-d)—r. Note that

Xij — Xijfoy = aij-(€0 — €y), where a; . is the j-th row of the A; = (a; j)j<pk<d- Then

Sl;p|H(u_Xi')_H(U_Xij,{O}M < min(l,ho|Xij—Xij’{0}|)
= min(1, hgla; j.(e0 — £0)|)

< (holaj j.(s0 — ep)min0/e - (2.5.21)
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Recall b; = (Zgzl max ‘ai,jk’2)1/2' By Lemma C.5, we have

< Cxbin/log p, (2.5.22)

min(7,q)

Hmjxx]ai’j.(sg —&p)]

where the constant Cy depends on v, ¢ and |[|g;;||. Hence,

: 1/q
lsup [H(u— Xy) = Hlu = X;; 0)lllg < anqmmm«n—%mm”%”
J,u
< Cgllogp)' b7,
which by (2.5.7) implies
0
M |osllga = sup (m+1)*> " |lmax |H(zg — Xi5) — H(wg — X;5 101l g
m>0 =t
< Cr(logp)". (2.5.23)
Then we can obtain the upper bounds of the dependence adjusted norms by
O < (108(L) 2 Mlollgar oo < ¥y < M ]l (2.5.24)

Step 5: application of Theorem 2.8.2. By Theorem 2.3.2 (cf (2.3.5) in Remark 1, which

is applicable here in view of (2.5.14) and Assumption 2.5.2), we have
sup [P(v/n|Mp|oo > u) — P(max max | Z;j(ug)| > u)| — 0, (2.5.25)

u>0 J<p (<L

if the conditions of Theorem 2.3.2 are satisfied. Specifically, we have
Ly = O([(log p)* (log pn) /),

max (W, Wo) = O((logp)6L(10gpn)7)>
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as well as

n(logpn)~*(logp) "> = O(min(Ny, Np)).

For a > 1/2 — 1/q, there exists some k depending on « and ¢ such that if logp = o(n”),
(2.3.2) and (2.3.3) hold. The other case with 0 < a < 1/2 —1/q can be dealt with similarly.

Since

<% . z%) /I0s(L) — 0, (2.5.26)

by the triangle inequality and Theorem 3 of Chernozhukov et al. [2014], (2.5.9) follows in
view of (2.5.10), (2.5.20), (2.5.25) and (2.5.26).

2.6 Estimation of Long-run Covariance Matrices

Given the realization X1, ..., Xj, to apply the Gaussian approximation (2.3.1), we need to
estimate the long-run covariance matrix ¥. Note that 3/(27) is the value of the spectral
density matrix of (X;) at zero frequency. In the one or low-dimensional case, there is a
large literature concerning spectral density estimation; see, for example, Anderson [1971],
Priestley [1981], Rosenblatt [1985], Newey and West [1987], Liu and Wu [2010] among others.

Assume EX; = 0. We then consider the batched mean estimate:

w
S= Sy = QGZL X»(Z_EZ% X)) (2.6.1)
where the window L, = {1+(b—1)M,...,bM},b=1,...,w, the window size |Ly| = M — oo
and the number of blocks w = |n/M |. Theorems 2.6.1 and 2.6.2 concern the convergence of
the above estimate for processes with finite polynomial and finite sub-exponential dependence
adjusted norms, respectively. The convergence rate depends in a subtle way on the temporal
dependence characterized by « [cf. (2.2.5)], the uniform and the overall dependence adjusted

norms W, o and T o, respectively, the same size n and the dimension p.
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Theorem 2.6.1. Assume ¥y o < 0o with ¢ > 4, a > 0, and M = O(n®) for some 0 <
¢ <1. Let Foy = wM (resp., wMd/2=aa/2 oy wq/4_aq/2Mq/2_aq/2) fora>1—2/q (resp.,

1/2—-2/g<a<1—-2/qora<1/2—2/q). Then for z > \/EM\I%,Q, we have

. S . S FaTgva CQaax2
P(n|diag(X) — Ediag(X)|eo > ) < 2 + pexp —m , (2.6.2)

R R F, Y Cly at?
P(n|S — S| > o) S 2008 4 )2 oxp (‘%) (2.6.3)
w 4.«

for all large n, where the constants in < only depend on ¢, o and q.

Under stronger moment conditions, we can have an exponential inequality.

Theorem 2.6.2. Assume @, ( < oo for some v > 0. Then for all x > 0, we have

. . el
P(n|diag(X) — Ediag(X)|ec > ) S pexp | — , (2.6.4)
4ey(\/chI>§M)’v
P(n|5 — ES|oo > ) < pPexp | — ! (2.6.5)
- 467(\/EM(I>12W’0)7

where v =1/(14 2v) and the constants in S only depend on v.

Remark 4. An alternative estimate of %, which also works with unknown mean EX;, is

- — _ T
= w—MZ(Z Xi—MX)(Z X; - MX)", (2.6.6)
b=1 i€l 1€ly
where X = (wM)~! Z;”:]\{ X;, w=|n/M|. Then |% — S|oo = M|X|%. Applying Lemma

C.2 to Z;“”:A{ X;:, one can conclude that Theorems 2.6.1 and 2.6.2 still hold for 3 with EY

77
therein replaced by Xy := Z%_M(l — |i|/M)T; (which equals to ES if EX; = 0).
Corollary 2.6.3. (i) Under conditions in Theorem 2.6.1, we have |¥ — %|oo = Op(Ry),

where

Ry =n max{pX 1 F3/92 o, VoMW o/log p, VMY ) + W gWg qu(M),  (2.6.7)
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with v(M) = 1/M if a« > 1, v(M) = (log M)/M if « =1 and v(M) = 1/M® if 0 < a < 1.

(ii) Under conditions in Theorem 2.6.2, we have |% — B|s = Op(RY) with
Ry =n"'uM®?, (logp)!/T+ Wy 0Wg qv(M). (2.6.8)

The above corollary easily follows from Theorems 2.6.1 and 2.6.2 since the bias |X;; —

Yloo S Vo gWa ov(M); see the proof of Lemma 2.10.3.

~

2.6.1 Computing Approximated Cutoff Values

To apply the Gaussian approximation (2.3.1) for hypothesis testing or construction of si-
multaneous confidence intervals, we need to compute yy, the 0th quantile of |Dy 1z oo
0 < 6 < 1. The latter can be computed by simulation if the long-run covariance matrix > is
known. When it is unknown, we shall use the estimate ¥ in (2.6.6). Let Dy = [diag(%)]Y/2.
We estimate gy by Xy, the conditional #-quantile of |l~)0_1§~]1/27]|oo given (X;)7'_;, where
n ~ N(0,Idp) is independent of (X;)" ;. Note that Yy can be computed by extensive
simulations. This is a Gaussian multiplier resampling method using estimated long-run co-
variance matrices. Given the level a € (0, 1), we can reject the null hypothesis Hy : u = p
at level av if \/ﬁ][)o_l()_(n — 110)|oo > X1—a- The (1 — a)th simultaneous confidence intervals
for p = (1, ... ,,up)T can be constructed as fi; + )Zl_aéjl-jp/\/ﬁ, 1 < j <p. Corollary 2.6.4

concerns validity of this approach.

Corollary 2.6.4. (i) Let conditions of Theorem 2.3.2 and Theorem 2.6.1 be satisfied. Fur-

ther assume Ry log?p — 0 with Ry, given by (2.6. 7). Then

sup [P(vn| Dyt Xploo > X1_9) — 0] — . (2.6.9)
0€(0,1)

(ii) Under conditions of Theorem 2.3.3 and Theorem 2.6.2, if R log®p — 0 with R% given
by (2.6.8), we have (2.6.9).
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Proof of Corollary 2.6.4. (i) Recall (2.3.1) for pp,. Let Ay, = \/ﬁ|(f)0_1 —Do_l))_(n|oo. By the

triangle inequality and Theorem 3 of Chernozhukov et al. [2014], for w > 0, we have

pn = sup P(vn| Dyt Xploo > u) — P(|Dy ' Z] oo > u)
ue

< pp+sup P(||Dg 1 2|00 — ul < w) + P(Ay > w)
ueR

S pn+wy/logp 4+ P(Ay > w).

Let Vn = maxlgjgp](ajj/@j)lm - 1| and Ln = max1§j§p|ajj — 517‘ Then An S
Vn\/ﬁ|Daan\oo. Let ¢ be the constant in Assumption 2.3.1. On the event Ay = {L,, < z}

for z < ¢/2, we have V;, < 2L;,,/c. Hence,

B(An > w) < P (Vi > 22/c) +B(v/n|Dy ' Knloo > cy/2)

IN

< P(Ly > )+ pn +P(Dy 2] > cy/2),

where w = zy, 0 < z < ¢/2, y > 0. It follows that
pn S pn+xy\/logp +P(Ln > 7) + P(I1Dy 1 Z]oo > cy/2).

We let y = Cy/logp, where C' > 0 is a sufficiently large constant. Note that the marginal

variances of DO_ 17 are 1. Let

1 2 /
n = E maX{Fa/ngaOU \/EM\I}ZQLOZ log ’ \/EM\II37O[} + \112’0\1127(11)(]\4)

Let x = rp/logp. Since Ry, long — 0 and r,, < Ry, by Corollary 2.6.3, we have P(Agp) — 1.
Theorem 2.3.2 ensures p, — 0. Hence, p, — 0.

Let T, = |X — L|oo and Wy, = maxi<j<p|0;;j/0j; — 1|. By the elementary inequality
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11 —Vab| < |1 —a| + (1 —a)®+|1 =b| + (1 — b)?, we have

T Git — O /G0
|D0_12D61 _ D612D61|oo < max Zik — gk _ V7jiTkk
1<j,k<p \ | \/OjjOkk Vji0kk
T, 3T, 2772
< oW 2Wi < =R =l (2.6.10)
C C

Let event A = {1}, < z,,} where z, = R£/2/logp. Since Ry, log2p — 0, we have zn/Rp —
oo. By Corollary 2.6.3, P(A) — 1. Since 2z, — 0, by (2.6.10) and following the arguments

of Theorem 3.1 in Chernozhukov et al. [2013a], we have

sup P(VADG Raloe 2 K1-0) = 0] S 71 (2284 2 ) 4 BT 2 ),
0€(0,1) ¢
where 7(z) = 21/3(1 V log(p/2))%/3. Since Ry logp — 0, (2.6.9) follows.

(ii) The proof is similar to (i), and thus is omitted. O

2.7 Simulation Study

In this section we shall carry out a simulation and study how the dependence, moment
condition and sample size affect the accuracy of the Gaussian approximation. We consider
the following linear process with heteroscedastic errors: let €;5,1,j € Z, be i.i.d. random
variables distributed as t(d)/\/d/(d — 2), where t(d) is Student’s ¢ with degrees of freedom

d; let n;; = 51'1(0'85%2'—1)3' + ().2)1/2 and 1; = (91, - - - ,nip)T. Let

o0
Xi =Y Ak (2.7.1)

k=0
where the coefficient matrices Ay, = (k4 1)"% 1M, in which a > 0 and M, are realizations
from i.i.d. Ginibre matrices, namely all entries of M, are i.i.d. N(0,1). After those M are
generated, we keep their values throughout the simulation. The parameter a controls the

strength of dependency for the process. We consider the following numerical setups: a is
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taken to be 0.1 (stronger dependence) and 1.0 (weaker dependence); the degree of freedom
d is taken to be 4 and 8. The empirical distributions of 1000 realizations are performed
as an approximation of the theoretical distributions. In our simulation we truncate the
sum in linear process (2.7.1) to Z%}O:Og The normalization matrix Dy = [diag(2)]*/2 where
Y= (Z}C@g Ak)(zllfozog Ap)T. We take n = 50,100, 200 and p = 100. The Gaussian vector Z
is distributed as N(0,X). For each case, we report the QQ-plot that compares the empirical
distributions of \/H|D61Xn\oo and |DalZ|oo.

Figures 2.1 and 2.2 indicate that, as expected from our theoretical results, the Gaussian
approximation becomes better as the dependence is weaker, the tail of the process is lighter
or the sample size is larger. A similar claim can be made for the 95% quantiles. The 95%

quantiles for |D61Z|Oo is 3.476 and 3.399, for a = 0.1 and a = 1.0 respectively.

d=14 a=01 a=10

n =950 3.593 3.495
n =100 3.513 3.476
n =200 3.509 3.416
n=oo 3.476 3.399

d= a=01 a=1.0

n =950  3.509 3.425
n =100 3.489 3.413
n =200 3.484 3.395
n=oo 3.476 3.399

Table 1: 95% Quantiles for \/E\Daan|oo Vs ]DalZ\oo.
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Figure 2.2: QQ-plots for \/ﬁ’Do_anbo Vs |D61Z]oo with lighter tail innovations d = 8
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2.8 Inequalities for High-dimensional Time Series with Finite

Polynomial Moments

Tail probability inequalities play an important role in simultaneous inference. In this section,
we shall derive powerful tail probability inequalities for high-dimensional stationary vectors;
cf. Theorems 2.8.1 and 2.8.2. They are of independent interest. The proofs require Theorem
4.1 of Pinelis [1994], a deep Rosenthal-Burkholder-type bound on moments of Banach-spaced
martingales, and Lemma C.6, a Fuk-Nagaev-type inequality for the sum of independent
random vectors. We refer the readers to Appendix C for tail probability inequalities in the
one-dimensional case under finite polynomial or exponential moment conditions.
Let X; be a mean zero p-dimensional stationary process and T, = Y i1 Xy, Tpm =
i1 Xim where X; ,, = E(X;le;_p, ..., €;). We are interested in bounding the tail prob-

abilities of P(|T, — Tnm|oo > ) and P(|Ty |00 > ) for large x. Write £ = ¢(p) = 1V logp.

Theorem 2.8.1. Assume |||X.|oo||qa < 00, where ¢ > 2 and o >0, and ¥y , < 00:

(i) If a > 1/2 = 1/q, for © 2 VnlUg qam~® + /32| | X.| oo ||gam/2~ Y10,

nl2||| X oo || Cy.ax?m>®
— < o _ e 7
P(|Ty, Tn7m|oo >x) S maa+1-4/2.q exp

2
n‘112,a

holds for all 1 < m < n, where the constant in < only depends on q and . (1) If 0 < o <

1/2 —1/q, then for x 2, Vnl¥g om™* + n1/2_0‘53/2|||X-|00||q7a,

P(|Th — Thymloo = 7) S

/200082 X, 40 Cpar®m?®
+ exXp —7—2 .
4 n\IIZ «Q

Proof of Theorem 2.8.1. Let s = £ = 1V logp. Then P(|T}, — Ty m|oc > ) is equivalent
to P(|Ty, — Tpmls > ), since for any vector v = (v1,...,v) ", Jv|eo < Jus < P50 oo

Let L = |(logn — logm)/(log2)], w; = 2Vif 1 <1 < L, wy, = |n/m] and 7, = mw; for
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1<l < L, 79 =m, 71, = n. Define My =Tnn—Tnmn 4 for 1 <11 < L and write
L

T = Togn = Tn — T + Y _ My, (2.8.1)
=1

o0
Notice that T, — T p = > Ty j4+1 — Ty j- By Lemma C.5,

J=n

o0 o0
1/2
NTn = Tomlsllg < > M1 — Tuglsllg < D Cylns)wii 4.

J=n Jj=n

where the constant Cy only depends on ¢q. By Markov’s inequality, we have

204
T = Tonlslly _ Calns)2001

For each 1 <1 < L, define
(it))An
Y= Y. (Xk,rl - Xk,TH> , for1<i<|[n/7];
k=(i—1)7+1
ni= D, Yiad Ry = Y Y.
1 is even 7 is odd

Let c = q/2 —1—agq let \y =172/(x?/3)if 1 <1< L/2and \; = (L +1—1)"2/(x%/3) if
L/2 <1 < L. Since Y;; and Yy ; are independent for |i — i'| > 1, by Lemma C.6, for any

x>0,

Cq > ElYld

. A 33)2
P(|R¢ _ 9F|R® >\ < 1 1s even . ( l :
1 is even
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where oy, ; = ([Yirll2, - [[Vipyll2) - By Lemma C.5,
i

1/2~ -
I1Yilsllg < Cqlms) 2, where Gy g = Y7 wyg <

k=7_1+1 -1

For 1 < j < p, by Theorem 3.2 of Burkholder [1973],

¢ I

X < X. 'HQ,a
IYijill2 < 70, where §j9 5= Y 0po; < Tfy—
k=1_1+1 -1

which implies |oy; 1[5 < 71/271:({1'2’04. So, we obtain

q/2—- 2 20
Cynsi/? Tl g Co (Njx)* 7€
P(IRy, 1ls = 2E|Ry, jls = Nz) < 1$q \a 4 ypexp | ———5—L) . (283)

By Lemma 8 in Chernozhukov et al. [2014],

— 1/q.3/2
\/_Tl 1\1/2 1+ pllag3/2y 1/2 1/q~ < nsWoa  n/ts ”|X'|Oo||q’a.

ElR
| Wy S (mwm))® (mwl)_c/q

nl|3N

Notice that )\l_l(mwl)c/q < n% for ¢ > 0 and ming> )\Zwl_c/q > 0 for ¢ < 0, and

min;>o Ay’ > 0. Hence, E|R§z,l’5 < Nz always holds and (2.8.3) implies

PRy, ls > M) <

Q/2 74/2-1 Oy (\z)2 720
Cins l l’q + exp <——2< 1) Ti-1 ) (2.8.4)

x4 2\

A similar inequality holds for R? ;. Let

4=325 man=3e (- T
— ex .
— lq p nm—2a\1/2
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Since Yo/ Ay < 1and [ My ls <[RS |s + RS |5, by (2.8.4),

L L
P> Myls >22) < > P(|Myls > 2\z)
=1 =1

~

< Y IP(IRG ls > Nw) + PR [s > \)]

=1

Cynm®s?/2[|| X | oo 1§ o
x4

A+ CyB. (2.8.5)

Let v := min;> )\ZQWZQO‘ > 0. By the definition of w; and A\; and by elementary calculations,

there exists a constant C'g > 1 such that for all t > 1,

L
Z exp(—C’5t)\12wl20‘) < Cgexp(—Cstr), (2.8.6)
=1

If ¢ > 0, it can be obtained that A < C7w% < Cmf/mC. If ¢ < 0, then A < Cg. Hence,

combining (2.8.1), (2.8.2), (2.8.5), (2.8.6), Theorem 2.8.1 follows. O

Theorem 2.8.2. Assume ||| X.|x||g,a < 00, where ¢ > 2 and o > 0, and Vo ,, < 0c0: (i) If

a>1/2—1/q, then for x 2 W‘I’Z,a + nl/q€3/2||\X.\oqu’a,

Cyanl®2)||X | o/ Cy.ar®
P(|Tn|oo > l‘) < q,aT ||q| |OO||(]704 + Cq,a exp _q,—cﬂ . (287)
Xz

(i) If 0 < o < 1/2 = 1/q, then for x 2 VnlVs o + n1/2_0‘€3/2|||X.|oo||q7a,

Clyan®/270904/2|[| X | oo ||2 Cy o’
P(|Tp|o0 > 1) < —2" I |00Hq’a+C'q,anp _Zeat ) (2.8.8)

x4 n\w2

2.«

Proof of Theorem 2.8.2. The proof is similar to that of Theorem 2.8.1, and thus is omitted.
O
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2.9 Auxiliary Results

Here we shall provide some Nagaev-type tail probability inequalities for one dimensional

time series. Let ¢;, 62;, 1, k, € 7Z, be i.i.d. random elements. We consider the one-dimensional

(0. ¢]

i~ of the form

stationary process (e;)

€; = g(...,ei_l,si), (2.9.1)

where ¢ is a measurable function such that e; is well-defined. Recall F* = (...,8i_1,€;) and
the projection operator P = E(-|F*) — E(:|F*~1). The projection (P'-);cz induces martin-
gale differences with respect to (F Z) We define respectively the functional and predictive

dependence measures
Sig = lei — g(FHON)lg, 04 = I1P%;llq. (2.9.2)

where Fi{0} = (o 61,605 E15---,60). Let 04 =01if i < 0; let Appg = D52, 0i g, m >0,

be the tail dependence measures, and the dependence adjusted norm
le.|lg.a == sup (m + 1)*Ap, 4, for a > 0. (2.9.3)
m>0

Here §; , measures the dependence of e; on g and Ay, ¢ measures the cumulative impact of
€0 on (e;)i>m. The predictive dependence measure provides an evaluation to the effect on
the prediction of e; when part of the previous inputs is concealed, and it satisfies 0; , < d; 4

in view of Jensen’s inequality.

2.9.1 Inequalities with Finite Polynomial Moments

For m > 0, the m-dependence approximation of e; is denoted by e; ,,, where

eim = E(eilei—m, €imm41,- - i)
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Let Sp = > i1 € Snam = D_j—1 €i.m- With the dependence adjusted norm (2.9.3), we are
able to provide tail probability inequalities for error bounds when approximating (e;) by the
m-dependent process (¢;,,). In lemmas below the constant Cy o only depends on ¢ and «

and its values may change from line to line.

Lemma 2.9.1. Assume |e.||qq < 0o, where ¢ >2 and o > 0. (1) If o >1/2 —1/q, then

Cq,anmqﬂ*l*aq Ile. ||g’a

x4

]P)(|Sn - Sn,m| > ff) <

C meQOz
+ Cq’a exXp <—W—>

AR
holds for all x >0 and 1 <m <mn. (it) If0 < a <1/2—1/q, we have

Cyand/?=04|e.||d ,,

x4

P(|Sn - Sn,m’ > 37) <

C x2m20¢
+ qua exp <_q;04—>

nlle-1Z.,
Proof of Lemma 2.9.1. 1t is a special case of Theorem 2.8.1 for p = 1. m

Lemma 2.9.2 (cf. Theorem 2 of Wu and Wu [2016]). Assume that |le.|qa < 00, where
q>2anda>0. (i) If a >1/2 —1/q, then there exists some constant Cq o depending on q

and a only such that, for x > 0,

C, anlle || Cyox?
P(IS | > 2) < petlelia | o, o, (‘nuq—n?> | (29.4)

(i7) If 0 < a < 1/2 — 1/q, we have the following inequality,

C q/2—aq||e |14 C 2
P(|Sn| > [L’) < q,aT - ||€ ||CI,OZ + Cq7a exp _q,—a:; . (295)
T nHe.||2’a

Remark 5. By Markov’s inequality and Lemma 1 of Liu and Wu [2010], one obtains

n?/?m=e.|§ o

Sn — S, q
P(|Sy — Sp.m| > ) < M <, o

i (2.9.6)

In comparison, the polynomial tail bounds in (2.9.4) and (2.9.5) are sharper.
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2.9.2  Inequalities with Finite Exponential Moments

If e; satisfies stronger moment condition than the existence of finite ¢g-th moment, we can
have an exponential inequality. We shall assume ||e.||4,o < oo for all ¢ > 0 and some a > 0

and we further assume for some v > 0, the dependence adjusted sub-exponential norm

el .0 = sup g™ “[le.[lg,a < oo. (2.9.7)
¢>2

Lemma 2.9.3. Assume (2.9.7). Let Jp = (Sp — Spm)/v/n and B =2/(1+ 2v). Then

h(t) == sup Elexp(tJ5)] < 1+ Ca(1 —t/tg) " ?t/tg
neN

holds for 0 <t <ty with tg = maﬂ/(eﬂﬂe.”i o). Consequently, letting t = to/2, for x>0,

P(|Jn| > 2) < exp(—ta”)h(t) < Cgexp | —————5—
265”6.”¢V’a

(2.9.8)
Lemma 2.9.4 (cf. Theorem 3 of Wu and Wu [2016]). Assume (2.9.7) holds for « = 0. Let
p=2/(1+2v). Then for x> 0,

x/B

P(|Sn/v/n| > z) < Cgexp e
265”6-”1/}”70

(2.9.9)

Proof of Lemma 2.9.3. Let Q| = S PZ;ZXZ-, [ > 0. Then @, is a martingale. By
Theorem 2.1 of Rio [2009], we have

n
1Qnallg < (4= 1) Y IP'Xillg = (¢ = Dn(0,9)*
1=1

By 0, < 01,4, we have || Jnllg < (¢ — 1)V2A41 4 in view of vady = 0%, 11 Q. Write

the negative binomial expansion (1 —s)™%/2 =1 + Sore aps® with ap = (2k)!1/(22F (k1)2)
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for |s| < 1. By Stirling’s formula, we have aj, ~ (kv)~1/2 as k — oo. Hence, there exists

absolute constants C7,Co > 0 such that for all £ > 1,
k_—1 k_—1
Ci(k/e)a; " < k! < Co(k/e) ay . (2.9.10)
Under condition (2.9.7), if kB > 2, then |[le.|[gg o < [le[ly, o (Bk)” and hence

k
FITE _ OR - DPPATE gtk (k- )P gt
BT Cukfebat T Cuth(BR)R2 T Cretf

If kB < 2, then ||l gr < [[Jnll2 < 2/m~@le.lly, o- In e¥ = 3355 yF /), let y = tJ), then

th(Vm = e. pk tk
Mty < 1+ Y ( 1!! by e)™ Cak .
1<k<2/B ' k>2/3 1\/Eto

< 1+Cﬁiakf<1+05t/¢
= 2ty = O T

where Cg > 0 only depends on . So (2.9.8) follows by Markov’s inequality. O]

2.9.8  Inequalities for Sums of High-dimensional Random Vectors

In this section we shall present two useful inequalities for sums of high-dimensional random
vectors. Lemma 2.9.5 provides a Rosenthal-Burkholder type bound on moments of Banach-
spaced martingales and follows from Theorem 4.1 of Pinelis [1994]. Lemma 2.9.6 is a Fuk-
Nagaev type inequality for the sum of independent random vectors. For a p-dimensional

vector v = (v1,...,vp) recall the s-length |v|s = <Z§:1 ]vj|8)1/5, s> 1.

Lemma 2.9.5. Let D;, 1 < 1 < n, be p-dimensional martingale difference vectors with
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respect to the o-field G;. Let s > 1 and q > 2. Then

n 1/2
[|1D1+ ...+ Dnlsllg < e qllsup [Dilsllg + va(s = 1) ZE(IDi|§|Qz‘1)] :
! i=1
q
where ¢ is an absolute constant.
Lemma 2.9.6. Assume s > 1. Let X1, ..., Xy be p-dimensional independent random vectors

with mean zero such that for some q¢ > 2, ||| X;|sllq < o0, 1 <i<n. Let Ty, = > -1 X; and

oi = (| Xall2, - | Xiplla) T Then for any y > 0,
n y2
P(|T,|s > 2E|Ty|s +4) < C 7qE E|X: |1+ e ——— ], 2.9.11

where Cyq is a positive constant only depending on q.

Proof of Lemma 2.9.6. For s > 1, we apply Theorem 3.1 of Einmahl and Li [2008] with the
Banach space (RP |- |s) and n = 6 = 1. The unit ball of the dual of (RP, |- |s) is the set of
linear functions {u = (ug,...,up)’ = ATu: X\ € RP|\|, < 1} where 1/a + 1/s = 1. By

Minkowski’s and Holder’s inequalities, we have

P
.
N Xll2 <) N I1XGjll2 < M aloils.
=1

Hence, the Ay, therein is bounded by 3> |o;|2. O

2.10 Deferred Proofs

In this section, we shall provide deferred proofs of the results in this chapter.
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2.10.1 An error bound of the Gaussian approrimation

We shall apply the m-dependence approximation approach. For m > 0, define
Xi,m = (Xil,rm PN ,Xip’m)—r = E(Xi|5ifm7 Ei—m—+1y--- 751')- (2.10.1)

Write Ty = > i1 X; and Ty, = > i1 Xj . For simplicity, suppose n = (M +m)w, where
M > m and M, m,w — oo (to be determined) as n — 0o. We apply the block technique and
split the interval [1, n] into alternating large blocks Ly = [(b—1)(M +m)+1,bM + (b— 1)m]
and small blocks S, = [bM + (b— 1)m + 1,b(M +m)], 1 < b < w. Let

w w
V=Y X Yom=> Xip Ty =) Y Ty = Yy
1€Ly 1€Ly b=1 b=1

Let Zy, 1 < b < w, be iid. N(0,MB) and Z,,, be iid. N(0, M B), where the covariance

matrices B and B are respectively given by
B = (bij)f j— = Cov(Yy/VM) and B = (b;)} ;) = Cov(Yy/VM). (2.10.2)

Write Tz, = S Zpy and let Z ~ N(0,%).

Lemma 2.10.1. (i) Assume ©4 o < 00 for some ¢ > 2 and o > 0. Then there exists some

constant Cy o such that for y >0

P(ITx — Tymloe 2 y) S [i (W) + f5(y) =: [*(y) (2.10.3)
where the constant in S only depends on q and «,

2,2«
y_qnmq/Q_l_aq@z’a + pexp <—Oq’“#> , a>1/2—-1/q
fik(y) = Co a2 2a>

— — m
y~In?/2=40] \ + pexp (—";ﬁ,’—z
2,

(2.10.4)
a<1/2—-1/q
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and

2
y~lwm®Ol , + pexp —Cq’ﬁo‘y , a>1/2—-1/q
75) ' g (2105)
2\Y) = / 9 .10.
y_q(wm)qm_o‘q@g@ + pexp <—%> , a<1/2—-1/q
2«

(ii) Assume @y, , < oo for some v >0 and a > 0. Let 8 =2/(1+ 2v). Then there exists

a constant Cg > 0 such that fory >0,

P(ITx — Tymloo = ) S 1 (W) + f3(y) = f°(v), (2.10.6)

where the constant in < only depends on B and «,
B

(&%

g
m
ff(!/) = pexp —Cﬁ (\/éTw) ) ff(y) = pexp —Cﬂ (W)
l/aa Vs

Lemma 2.10.2. Let D = (dij)szl be a diagonal matriz. Assume that there exist constants

c>0,c0 > c1 >0 such that ¢ < minlgjgpdjj and ¢; < Ejj/djj < co foralll < 7 <p.

Assume W, o < oo for some ¢ > 4. Then for all X € (0,1),

sup [P(| DY Ty /Viloo < t) —B(ID™Y2Ty 0 /\/i]oe < 1)

teR
w SV W log (pur/ X))/ 4 w2 log(po/A)* 2 () + A

A

=: h(\ um(N)),

where the constant in S depends on ¢, c1,ca and q and « for (i), and § for (ii) below, and

um(A) < ur,(N) in (i), and um () < up,(A) in ().

(1) Assume ©gq < 00 for some g >4 and o > 0, then

‘) max{@q,a()\_lw)l/qu/q—l/Q, Vo av/log(pw/AN)}, a>1/2—-1/q (2.10.7)
up, (X)) = .10.
max{@q@()\_lw)l/qM_o‘, U9 ov/log(pw/A)}, a<1/2—-1/q.
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(ii) Assume Py, o < 0o for some v > 0. Then

uy(N) = max{®,, o(log(pw/N)?, \/log(pw/N)}. (2.10.8)

Lemma 2.10.3. Assume Vo, < oo for some a > 0. Let D = (dij)szl be a diagonal
matriz such that there exist some constants 0 < C < Cy such that C1 < 0j;/dj; < Cy for

all 1 < 5 <p. Then we have

sup P(|D~Y2Ty /vl < 1) = B(ID 27| <t)
te

S W(@?%(p d 19 oW o(m™* + v(M)) + wm/n),

where w(z) = 21/3(1 Vlog(p/x))?/3 for & > 0 and v(M) is the same as defined in Corollary

2.6.5.

Theorem 2.10.4. Let ¥y = diag(X) and Dy = 26/2. Let Assumption 2.5.1 be satisfied. (i)
Assume Og.q < 00, where ¢ > 4 and o > 0. Let x(m, M) = W9 (V9 o(m™*+v(M))+wm/n,
where v(M) is given in Corollary 2.6.3. Recall (2.3.1) for pn. Then for every X € (0,1) and

n>0,

on S fF (V) +ny/logp + h(X, up, (X)) + m(x(m, M)). (2.10.9)

(ii) Assume @y, o < 00, where v >0 and o > 0. Then for every A € (0,1) and n > 0,

pn S FO(Vnn) 4+ ny/logp + h(X ug, (X)) 4+ m(x(m, M)). (2.10.10)

Proof of Theorem 2.10.4. (i) By Lemma 2.10.2 (i) and Lemma 2.10.3, we have for every
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Ae (0,1),

sup P(|Dy ' Ty /viloo < t) = P(IDy 1 Z|o0 < 1)
te

S AN (V) + m(Wo, 0 Vo o(m™ % +v(M)) + wm/n). (2.10.11)

Observe that the Gaussian vector Dy 17 has marginal variance 1. By Theorem 3 of Cher-

nozhukov et al. [2014], for every n > 0,

sup E( D5 Z]oo — t’ <) < ny/logp. (2.10.12)
te

By the triangle inequality, for every n > 0, we have

sup P(|Dy ' T /v/nloo > t) — P(|Dg Ty /1200 > t)‘
te

B0y (Tx = Ty )/ Vit > 1)+ sup B([| D5 Ty Vil = t] < ),
€

IN

which implies Theorem 2.10.4 (i) in view of Lemma 2.10.1 (i), (2.10.11) and (2.10.12).
(ii) Inequality (2.10.10) can be obtained by replacing f* and uj, with f© and ug, in the

above proof. n

2.10.2  Proofs of Theorem 2.3.2 and Theorem 2.3.3

Proof. Recall (2.10.3) for f*(-). By Theorem 2.10.4, for « > 1/2 — 1/q, to have (2.3.1), we
need

(Vg o Wa o(m™ ¢ +v(M))+wm/n) =0 (2.10.13)

and for some 7 > 0 and A € (0, 1),

f*(Vnn) +ny/logp — 0, (2.10.14)
R\, (A) = 0. (2.10.15)
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First, (2.10.13) requires m > Ly, wm < n(logp) ™2, w < n(logp)_Q(\Ilg’a\IJQ’o)_l ifa>1
and w < n/L1 if 0 < a < 1. Moreover, (2.10.14) requires m > max(Lg, (V9 o log p)L/@)
with Ly = (nl/q’1/2(logp)1/29q7a)1/(0"1/2+1/@ and wm < min(Ny, Ng). And (2.10.15)
needs (2.3.2) and w > max(W7,Ws). We also need M =< n/w > m. Notice that
(T9,qlogp)/* < L1, No < n(logp)=2, Ny < n(logp) 2(¥g,q¥20)~! and under (2.3.2),
Ly — 0. If

L1 max(Wq, Ws) = o(1) min(n, Ny, Na), (2.10.16)

then we can always choose m and w such that (2.3.1) holds. Observe that No < n, then
(2.10.16) is reduced to (2.3.3).

For 0 < a < 1/2—1/q, the function f* in (2.10.14) is replaced by f° [cf. (2.10.6)], which
implies @q’a(logp)l/Q = o(n?), m > (Vg , log p)1/® and wm < min(Na, N3). And u¥, in
(2.10.15) is replaced by ug,, implying w > max (W7, Wy, W3). By the similar argument, if
(2.3.4) is further assumed, then (2.3.1) also holds for the case 0 < a < 1/2 —1/q.

The proof of Theorem 2.3.3 is similar to that of Theorem 2.3.2, and thus is omitted. [

Remark 6. In the proof of Theorem 2.3.2, we exclude the case o =1 when a > 1/2 —1/q.

If a =1, we need to impose the additional assumption
max(Wy, Ws) = o(n/(L1logn)) (2.10.17)

to ensure (2.10.13). The above condition is very mild since (2.3.3) implies max(Wy, Ws) =
o(n/Ly). Iflogn < (logp)*¥3

2,07

with some k > 0, we have N9 = O(n/logn), and hence (2.3.3) implies (2.10.17). Similarly,

which trivially holds in the high-dimensional case p < n®

in Theorem 2.3.3 we shall further assume max(W1, Wy) = o(n/(L1logn)) if a = 1.

2.10.3  Proofs of Results in Section 2.6

For a random variable X, we define the operator Ey as Eg(X) := X — EX. For F' =

(...,€i_1,€i), define the projection operator Pi- = E(-|F?) — E(-|F~1).
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Proof of Theorem 2.6.1. Fix 1 < 5,k < p; let

w
T =Y YV,
b=1

where ij = ZiELb XZ] For 7 > O, define Xijﬂ' = E(Xij|5i—T7 s ,EZ'), ijﬂ' = ZiGLb Xij,T
and Tr = Y7371 Yyi+Yor - We shall first prove for a > 1/2 = 1/qg and a < 1/2 — 1/q

respectively,

x—Q/2wMQ/2—QQ/2§g/a2 + Egal(),

P([Eo(T = Ty)| =2 %) S (2.10.18)

x—Q/QwQ/‘l—OKQ/?MQ/Q—CYQ/Qé‘gfo? + Egal(),

where the constants in < only depend on ¢, a and ¢, and

Eg.a = X jllg ol Xkllga + X kllgol X jllg.a

Egalz) = exp{—Cq,a(wM2_2o‘fia)_1a:2}.

Following the argument in the proof of Theorem 2.8.1, let L = [(logw)/(log2)], w; = 2l

1<i<L,wp=wand 7= Mmwj; for 1 <[l < L. Let wg =1 and 79 = M. Write
L
T—Ty=T—Tapw+ Y Vi, where V=T —Tr_ . (2.10.19)

=1

By the argument in Lemma 9 of Xiao and Wu [2012], we have

HEO<T - TMw)Hq/Q < CqM\/E(AOg,jAquLl,q,k + AMw—l—l,q7jA(),q,k‘)

CyMw(Mw) ™%y 0 (2.10.20)

IN
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for some constant Cy > 0. By Markov’s inequality, for > 0,

Cqu/2_0‘CI/2w‘J/4_QQ/2§g/§
xQ/2

B(Eq(T — Thyy)| > @) < (2.10.21)

By the same argument for proving (2.10.20), we have

o (Viw,0)llg /2 < CaMv/wr ™6y a-

Let ¢ = q/4—1—aq/2, \ =3172072if1 <1< L/2and \) = 3(L+1—1)"272if

L/2<I<L. LetI= Zlel wlc//\?m. Elementary calculations show that

I < Csfor ¢ <0and I < Cgw} = Cew® for ¢ > 0. (2.10.22)

Notice that min;>q A%w?o‘ >0 and {44 < 2\11421,(1. For x > \/EM\I%’@, we have

L
IT:=>" Eja(Nw't) S Egalz). (2.10.23)
=1

By Corollary 1.8 of Nagaev [1979], it follows that

P([Eo(Viy 1)l = Nz) <

C’lw(MwllﬂTl_a)Q/QSgg N 02()\127)27'l2a
@y () 1/ wM2]

Since Zlel A; < 1, by the above inequality,

L - q/2
CqwM4/2=0a/2¢
P(| Y Eo(Vyy)l > x) < 7 LET 4+ CyIl. (2.10.24)
=1

Putting (2.10.19), (2.10.21), (2.10.22), (2.10.23) and (2.10.24) together, we have (2.10.18).

Now it suffices to consider P(|Eg(Tas)| > x). Observe (Yy; prYpr, 0)b is odd are indepen-

45



dent and so are (Y a7 Ypr )b is even- By Corollary 1.7 of Nagaev [1979], for any J > 1,

w

T

B(Bo(Ta) = 2) < 3P (IBo(YoyarYorar) > 55)
b=1

2
Sy B0 (Vhgar Yok a1
Jd/2

+4 Cyt”
exp{ — .
>t B0 (YojarYonan)lI3

Note that [[Yy; arllg < CqvV M| X jllg0- Hence for 1 <b <w, 1< j,k<pandq2>4,

1o (Yo ar Yok a)llgro < 20¥o500 Yok arllg 2

< 20V mllglYorarllg < CoMI[X g0l X kllg,0-

Since
x

ElYpi m Yok, ml < Yo arll2lYorarll2 < MJIX 2,0 X kll2,0 < N

we have

w

P(|Eo(Tar)| > ) < Y P(Yyj Yo nr| > 2/(47))
b=1

C,x?
+4 _q—
eXp( wM2m30>

2 2
wM2|X |45 1 X 1%
Jxd/2

Recall that M = O(n®) with 0 < ¢ < 1. Let J = 1+ (2¢ — 2)(¢ — 4) 71 (1 —¢)~L. Since
x> JwM|| X llq0llX.kllg0, elementary calculations show that for sufficiently large n the

second term in the above expression is no greater than C’JwMHX.j||Z/02||X.k||g/02/xq/2. As
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for the first term, we have

P(YojpYor sl = 2/ (4)) S P([Ypj a0l = Va/(4T)) + P([Yog m| = 2/ (4])).
By Lemma 2.9.2, for « > 1/2 — 1/q and a < 1/2 — 1/q, respectively, we have

B C
Caar™ M| X 1§ o + Cgaexp (‘W) ’

P(|Yy; 0] > Vr) <

—q/2 2—a |4 Car
Cyaz~ 92 MY U X jllg,a + Cqaexp (_MHX—]||§Q> '

A similar inequality holds for P(|Yyg as| > v/2). Let ¢ga = |Xj[ld.a + [ X 5ll,q- Hence, it

follows that for a > 1/2 — 1/q and o < 1/2 — 1/q respectively,

w

—q/2 Cyar?
Oq,()[x U)Mgbq,a + Cq,a exp _ﬁ_MZ\IIZL ,
P([Eo(Tar)| = =) < °

2.10.2
Cpar™ 1 2wMY2=g, \ + Cy o ex _ _Cgar? (21025)
o 0o+ Cpoexp (—3gr )

Combining (2.10.18) and (2.10.25), and noticing that fg’/o? < Cydg.a, it follows that

C 2
P(Eq(T)| > #) < Cyat™?Fadga + Cqaexp <——W ) ,
w

which implies (2.6.2) and (2.6.3) by the Bonferroni inequality by summing over j and k. [

Proof of Theorem 2.6.2. Let T = ;" 1 Y3;Vyy,. By Theorem 2.1 of Rio [2009], we have

wM
IEoT(2,, < (a/2-1) D IP'TIZ )

T )
< (g/2-1) ) <Z\!P1Yi)ijk!!q/z> : (2.10.26)
l=—00 \b=1
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By Theorem 3 in Wu [2011], [[ Yyl < (g — 1)1/2\/M||X.j||q,0. Note that

1Py Virllge < 1Y Yok — Yojoy Yok g1y lg 2

IN

Y llg Yo = Yor iy lla + Y05 — Yoi (3 a1 Yor (3 la-

. M
Since || Yy, — Yor g1y llg < Zz:H(b—l)M Oh—1,q,k> We have by (2.10.26) that

IBoTIZ), < (a/2-1) 5 1P,

l=—0

2 2 2
< (g=2)(g = DwM[|X 55 ol Xkl 0-

Let Rjj, = EoT/(y/wM). Similarly as the argument for proving Lemma 2.9.3, if yh > 2,
it follows that

1R jklln < (20 = D)vR)> (1X Ly, 0l Xkl 0

Let 79 = (267||X.j||;V,O||X.k||$l/70)*l. Notice that —2v =1 — 1/~. Then

IR, th(2vh — 1)%(2%)2’”’1”)( il ()HXkH
<
h! Ci(h/e)ta
apt™(2yh — 1)7h < apth |
Crrf(2yh)h T~ Cryfery

If vh < 2, then [[Rjpllyn < | Rjll2 < 4% V6| X jlly, 0l X k]l 0- So we have

(4260 Xy, 0 X el 007" Capth
Elexp(tR),)] < 1+ Lo L)

1<h<2/7 ' h>2/~ Cl\/_TO
th
t/7o
<1+l <o,
th 7'0 (1—t/7‘0)l/2

By choosing t = 79/2, and applying the Markov inequality and the Bonferroni inequality,

(2.6.4) and (2.6.5) are obtained. O
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2.10.4 Proofs of Results in Section 2.10.1

Proof of Lemma 2.10.1. Let P = P(|Tx — Tx yploo > y/2) and Po = P(|Tx 1, — Ty mloo >
y/2). Lemma 2.9.1 and Theorem 2.8.1 imply that P < f{(y). Write T, — Ty, =
>t >_ics, Xim- By Lemma 2.9.2 and Theorem 2.8.2, we also have P, < f5(y). Hence
both cases with @ > 1/2 — 1/q and o < 1/2 — 1/q of Lemma 2.10.1(i) follow in view of
P(|Tx — Ty mloo > y) < P+ Pa.

The exponential moment case (ii) similarly follows from Py < f{(y) and P» < f5(y). O

Proof of Lemma 2.10.2. Define R} = maxj<j< ]|M_1/2ij7m||l, 1 <1< g Since Xjjp, =

> o Pi_kXij, by Theorem 3.2 of Burkholder [1973],

M M
- 9 — 2 2
1D PEXGIF < G > IPTEXGIT < CiM (6 5)°,

i=1 =1

then we have

M m M
1" Xijmli <G I PRXG 1 < M2 5, (2.10.27)
i=1 k=0 i=1

which implies R; < Cj¥; . For 0 < A < 1 and the diagonal matrix D = (dij)];jzl, define

uy,;m(A) as the infimum over all numbers v > 0 such that
—-1/2 ,—1/2 .
(M2 Yyl <ul<b<w1<j<p)>1-A

Also define uz,,(A) by the corresponding quantity for the analogue Gaussian case, namely
with Y}, ,, replaced by Zj, ,,, in the above definition. Let upm () 1= uy,;,(A) V ug,(A). By
Theorem 2.2 of Chernozhukov et al. [2013a], for all A € (0, 1),

sup P(|\D™V2Ty 0 /V/iiloo < t) = B(ID"Y2T, 0 /\/il]oo < 1)
te

< w RV Ry (og(pw/ X))/ + w2 (log(puw /)P () + A

49



Now we shall find a bound on the function u;, (). (i) By Lemma 2.9.2 and Theorem 2.8.2,

we have

P(]M*I/Qd;jl/QY}Jj’M > u for some b, j) < P(\Mﬁl/Qme\oo > cl/Qu)

2
CQ,aU_QWMl_q/2@Z,a + Cg,apw exp (—%’2%> , a>1/2-1/q
S yed

Y

Cq,au—qu_aq@g,a + Cg,apw exp (—Cé’gf) , a<l1/2—-1/q

which implies (2.10.7). For uy ,,()), since M_l/szjm ~ N(0, l;jj), we have
E(exp{M ™' Z; ./ (4b;;)}) < C.

Hence

w P
P(|M*1/2d;jl/2ij7m| > o for some b, j) < ZZ (|M~ 1/2ij| > dl/2 )
b: :

< Cpw exp(—djqu/(éli)jj)). (2.10.28)

With the assumption ¢; < Bjj/djj < e, uzm(A) < Cy/log(pw/A).

(ii) By Bonferroni inequality and Lemma 2.9.4,

— —-1/2 .
P(|M 1/2djj / Yyjml| > u for some b, j) < Cgpwexp ¢ —Cjp : (2.10.29)

where 3 = 2/(1 + 2v) and Cg is a constant that depends on 8 only. Combining (2.10.28)
and (2.10.29), (2.10.8) follows. O

Proof of Lemma 2.10.3. By the definition of Tz ,,, and Z and (2.10.2),

»? = Cov(D_l/zZ) = _1/2ED_1/2.
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Let Sy = Zf\il Xij and Sppjm = Zf\il Xijm- By Theorem 3 in Wu [2011], [|Spz;ll2 <
MY22g 5 5, 1Sajmlla < MY2Ag 5 5 and [|Sag; — Sagjmlla < MY2Ap119,5. Note by, =

MﬁlE(SMjSMk) and Ejk = MﬁlE(SMﬁmSMk,m). Then

- 1
bjk —bjkl = M\E(SMjSMk — SMjmSnkm)|
i (1Sarjll2lSark — Sarkmll2 + IS0k mll2l1Sar; — Sarjmll2)
< Q\IIQ,Q\IIQ,Om_O‘.

Recall that o, = 372 v;(1) and

M

bjr =M E(SpjSar) = M~H D> (M = [I);5,(D).
=M

It follows that

M
oi = b= > vpD)+ M1 |y,

l1|>M I=—M

By Xij =372 PiihXij, we have

kDl = IZE ' Xoj) (P X))

[e.@]
< Z E[(P~" X0, )(P™" X))l < 0n2,i0n+10.0
h=0

Hence, it can be obtained that

l1]>M I=M+1 h=0
and
1 M 9 M M oo
17 2o @] <2303 0 0n2 o2 < Aomz 2,
l=—M =1 1=k h=0



«

Since Ago ;i < W9 and A < Uy ,m~ %, we have
0’2,,] 70 ma27.] 1o

max |b:. — o] < Wo  Wo nv(M).
1§j,k§p|‘7k jk|_ 2.« 2,0( )

Let V = D~ 1/2x,D~1/2, Hence,

- M
1<j<p n
< 11;1;@;(}9 d;j1W2,aW270(m_a +v(M)) + Cowm/n.

By Theorem 2 of Chernozhukov et al. [2014], the result follows.
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CHAPTER 3
HIGH DIMENSIONAL LOCALLY STATIONARY PROCESSES

3.1 Introduction

It is still an open problem on whether an asymptotic theory for the estimate of second-order
characteristics can be developed for high-dimensional and/or nonstationary processes via
a general data-generating mechanism. Estimating second-order characteristics is of funda-
mental importance in many aspects of statistics. During the past decades, various cases
of second-order statistic estimation have been studied for dependent and non-stationary
processes. For example, in finance, Jacquier et al. [2004] concerned multivariate stochas-
tic volatility models parameterized by time-varying covariance matrices with fat tails and
correlated errors. In environmental science, Wikle and Hooten [2010] proposed nonlinear
spatio-temporal dynamic models to accommodate quadratic interactions between processes
which are critical for many geophysical (Kondrashov et al. [2005], Majda et al. [2005]) and
ecological (Hooten and Wikle [2008]) processes. In electroencephalographic (EEG) studies,
Prado et al. [2001] considered dynamic regression models with time-varying lag-lead struc-
ture to analyse multichannel EEG recordings of scalp electrical potential activity, and Park
et al. [2014] developed multivariate locally stationary wavelet processes to capture the time-
evolving scale-specific cross-dependence between components of the non-stationary signals.
In essence, researchers face a numbers of challenges in solving these real-world problems: (i)
nonlinear dynamics of data generating systems, (ii) temporally dependent and non-stationary
observations, (iii) non-Gaussian distributions and/or (iv) high-dimensional data.
Motivated by these real-world applications, the primary goal of this chapter is to estimate
second-order characteristics of a general class of locally stationary processes which can be
possibly high-dimensional and non-Gaussian, and lay a theoretical foundation for estimation
consistency. In Section 3.2, we shall introduce the framework of high-dimensional locally

stationary processes and some concepts about functional dependence measures that are useful
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for establishing an asymptotic theory. Section 3.3 concerns the estimation of time-varying
autocovariance matrix functions. Section 3.4 introduces the nonparametric estimation of
time-varying spectral density and coherence matrices. In particular, we study the overlapped
batched mean estimate of long-run covariance matrix functions in Section 3.4.1. In Section
3.5, we use the constrained ¢; minimization approach to estimate the inverse of the spectral
density matrix which can be used to identify the graphical structure for high-dimensional
locally stationary processes. We provide in Section 3.6 Hanson—Wright-type inequalities for
tail probabilities for non-stationary processes with finite polynomial moments. We relegate
some proofs to Section 3.7. Throughout this chapter, we use r, s,t to denote time indexes

and use ¢, j to denote dimension indexes.

3.2 High Dimensional Locally Stationary Processes

Consider the p-dimensional process (X ,,) generated from the model (1.0.1). For convenience
of notation, we shall abbreviate X; ;, as X;. The stochastic continuity condition (1.0.2) indi-
cates that Xy;(u) = gj(u, F t) changes smoothly with respect to u. One has local stationarity
in the sense that for 1 < j < p, the subsequence (th)fig_l of length r can be approximated

by the stationary process Xt*j = gj(s/n, Fh,t=s,...,5s+7—11in view of
1X¢t — gj(s/n, FOIl < Kr/n

if Kr/n = o(1). In the stationary case where G(-,-) does not depend on u, one can let
K =0in (1.0.2). With the condition (1.0.2), the form (1.0.1) provides a convenient frame-
work for studying high-dimensional locally stationary processes and covers a large range of
non-stationary time series models. In the scalar case in which p = 1, Wiener [1958] studied
the stationary processes that can be coded by using i.i.d. random variables e via a possibly
nonlinear function Gj; see also Rosenblatt [1971], Priestley [1988a], Tong [1990], Wu [2005],

Tsay [2005]) for the huge class of processes of this form. The representation X3 = G(F?)
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also includes recursive model of the form X; = G(X;_1,¢¢), which includes Markov chain
models and nonlinear autoregressive models such as threshold autoregressive models, autore-
gressive models with conditional heteroscedasticity and exponential autoregressive models.
By allowing the data-generating function GG to change flexibly over time u, it extends a large
number of existing stationary processes into their non-stationary counterparts in a natural
way.

To develop an asymptotic theory for the time-varying second-order characteristic esti-

mate, we need to introduce appropriate dependence measures. Assume that

max sup ||g;(u, fo)Hq < oo for some ¢ > 1
1<7<Puef0,1]
Let €}, t € Z be an i.i.d. copy of e, t € Z. For t > 0 and 1 < j < p, we define the functional

dependence measure

t t,10
Bt = sup gj(u, F') — gjlu, FH 1O,
uel0,1]

where F10} = (' 6-1,€0,€1,---,€¢—1,€¢) is a coupled version of Ft with eg in F? replaced
by €(. Note that FAOt = FLif t < 0. Hence, Ot,q,j = 0 for t < 0. In Chapter 2, (2.2.4)
introduced a functional dependence measure for stationary processes in which the data-
generating mechanism g; does not vary with time u. In this chapter, the quantity o 4 ;
measures the dependence of g;(u, Fb on the single input gy over u € [0, 1], which can be
viewed as the uniform dependence measure with lag ¢ for locally stationary processes.

Equipped with the above dependence measures, we define in the following the dependence

adjusted norm

o
1X.jllg,a = Su>po(m +1)Ap, 45> @ >0, where Ay, 5 = Z Ot.q.5» (3.2.1)
mz= t=m
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and the associated overall and uniform dependence adjusted norms

» 2/q
q/2
Oga = Z 1X 5120 , Pga = [Dax 1% 5l g0 (3.2.2)
— <j<p
j=1
The quantities ©4 o and @, o are used to account for high dimensionality and they may be
unbounded functions in terms of the dimension p.
Before stating some main results, we shall provide two examples of high-dimensional
locally stationary time series for which one can bound Oy o and ®, «, a key step in applying

these theorems.

Example 3.2.1 (High-dimensional locally stationary linear processes). Let etj, t,J € Z be
i.1.d. random variables with mean 0, variance 1 and finite q-th moment for some q > 2. Let
Am(u) = (am.ij (u))lg’jzl be px p matrices with real entries such that a,, ;;(u) € clo,1], m >
0,1 <i,j5 <p, and SUDy,e[0,1] Yo tr[Am(u)Am(u)T] < oo. Write e¢ = (g41,. .. ,stp)T

and define the p-dimensional non-stationary linear processes
Xi(u) =Y Ap(w)erm. (3.2.3)

By Kolmogorouv’s three series theorem, the process (3.2.3) is well-defined for all u € [0, 1],
and the assumptions on Am(u) ensure the local stationarity. Let Ay, j(u) be the j-th row of

Apm(u). By Rosenthal’s inequality (Rosenthal [1970]), the functional dependence measure

Srag = suwp [ Arjweolly < (g = DY2 sup [Ag(w)la]l00]lq: (3.2.4)
u€l0,1] u€l0,1]

If there exist w > 1 and K > 0 such that sup,c(o 1] |A¢j(u)l2 < K(¢t+1)"" holds for all
t>0and1 <y <p, then with « = w — 1, we have
g < C1K lepollyg and Oga < Coakp*eollq,
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where the constants C1 and Co both only depend on q and .

Example 3.2.2 (Time-varying threshold vector autoregressive (TVTVAR) models). Tong
[1990] studied one-dimensional threshold autoregressive models. Here we shall consider high-
dimensional time-varying threshold vector AR models. Let €5, t,j € Z be 1.i.d random
variables with mean 0, vartance 1 and finite q-th moment for some q > 2. Write 4 =
(841, - - - ,e’—:tp)T. For a vector v = (vy,... ,vp)T, define v = (vf, e ,U;)T where vj =

max{v;,0}. Consider the model
Xi(u) = A(w)[Xe—1 ()] "+ Bu)[= X1 (w)] " + e = Gy (u, Xp—1(w)), (3.2.5)

where A(u) = (ajk(u))§k21 and B(u) = (bjk(u))§k21 are transition matrices satisfying
. 1

aij(u) € C'[0, 1], bjg(w) € CH0,1], 1 < jok < p. Let Gey(,) = (GY) (), . GE (o) T,

We abbreviate (3.2.5) as X¢(u) = Ge,(u, Xy —1(u)). Let pj(u) = Zizl(|ajk(u)| Vb (u)])

and pj = sup,e(o,1] pj(u). For any u € [0,1], note that
G (%) = G (w,3)] < pj ()| = Yo (3.2.6)
Hence |Ge,(u,x) — Ge, (4, ¥)]|oo < max; pj(u)|x — y|oo. Assume that

p:= sup max p;(u) <1
uelo.1] 1<<p
Let Ko = supye(o,1) |G, (1, 0)|oo = maxi<j<p |e;]- By the arguments for Theorem 2 in Wu
and Shao [2004], for anyu € [0, 1], (3.2.5) admits a unique stationary solution and iterations
of (3.2.5) lead to
Xe(u) = H(u, F') = (h(u, '), ... hp(u, F)) T

o7



with Ft = (... e;_1,&¢). It also implies the (> functional dependence measure

. 11 H (u, F) = H(u, FA 1) [l < Cop | Kollg/(1 = p), (3.2.7)
ue |V,

where the constant Cy only depends on q. Hence by (3.2.5) and (3.2.7), the functional

dependence measure for the j-th component process satisfies

sup |[hj(u, F') = hy(u, FAAON) g < Coppl | Kollg/ (1 = p).

O g7 i=
’q7-]
u€l0,1]

Since p < 1, the corresponding dependence adjusted norm || X j||qa < 0o for all « >0, and

the quantities ©g o and ®q o can be computed accordingly.

3.3 Estimation of Autocovariance Matrix Functions

Autocovariances play an important role in almost every aspect of time series analysis. In

the non-stationary setting, our goal is to estimate the time-varying autocovariance matrices
[;(u) = EXo(u)X;(u) ", where X;(u) = G(u, F?). (3.3.1)

For a fixed u € [0, 1], we can use observations X; with ¢ close to |nu| to have the estimator

A

[';(u). Specifically, let by, be a bandwidth sequence satisfying
bn, — 0, and nb,, — oo.

Let T1(u) = |nu| — [nby| + 1, To(u) = [nu| + |nby| and M = 2|nby|. For u € [by, 1 — by
and 0 < [ < M, a natural estimator of I'j(u) from the sample Xy, t = T1(u),...,To(u) is
given by

) ] To(u)
Pyu) = 57 HETJ( )XT_ZXJ : (33.2)
r= 1(u

o8



and T'j(u) = fl—l (u) for I < 0. In the special case of stationary processes, we estimate the
autocovariance matrices using the entire sample Xy, ..., X, by letting b, =1 and M = n.

We concern the maximum deviation over the range 0 <[ < M, i.e.,

Py = max sup  |Ty(w) — Ty (u)]oo. (3.3.3)
"oo0<i<M UE[by,1—by]

For univariate stationary processes with p = 1, the uniform convergence of autocovariances
is closely related to the estimation of orders of ARMA processes or linear systems in general.
The pioneer works in this direction were given by E. J. Hannan and his collaborators; see,
for example, Hannan [1974] and An et al. [1982]. Readers can find a summary of these works
and references therein in Section 5.3 of Hannan and Deistler [1988]. Giurcanu and Spokoiny
[2004] obtained an upper bound of maxy<;< s IT; — Iy| for Gaussian stationary processes
and also extended to the locally stationary case (cf. Propositions 3.2 and 3.4 therein). More
recently Xiao and Wu [2014] considered the maximum deviation for sample autocovariances
of univariate stationary processes in the polynomial tail case.

Since the process X; can be possibly nonlinear, non-stationary, non-Gaussian and high-
dimensional, it can be quite involved to derive an upper bound for ¢%. Theorem 3.3.1 below

provides a non-asymptotic bound for the stochastic part

Yn= max  sup  |Dy(u) — EDy(u)].
0<I<M yelb,, 1—by]

In our setting, with the framework of functional dependence measures, it turns out that
we can have a close form of the upper bound in the form of (3.3.4). The convergence rate
depends in a subtle way on the temporal dependence characterized by « [cf. (3.2.1)], the
overall and the uniform dependence adjusted norms O, o and @4 o, the same size n and the

dimension p.

Theorem 3.3.1. Assume that E(X;) = 0 and Og.a < 0o for some ¢ > 4 and o > 0. Let

by, be a bandwidth sequence satisfying by, — 0 and nby, — oo. Define M = 2|nb,|. Assume
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M = O(n") for some 0 <n < 1. Then for any 0 < f <1 and x > MY202  we have

q,a
Hyr0f Cqat?
P(Miy > x) < nM—2q’a +nMp?exp | — q’af , (3.3.4)

where Hyy = M(log M)TY for a > 1/2 = 2/q and Hyy = MY4=2B1Y2 for o < 1/2 — 2/q,

and the constant in < depends on q, o and 3.

Corollary 3.3.2. Let ¢}, be the mazimum deviation defined in (3.3.3). Under the condition

(1.0.2) and the assumptions of Theorem 3.5.1, we have

Hap)2/4 ] .
Y= O (%@?La + Ogﬁn) B o+ Unpp+ M~ mm{o"l}%,o@?v“) B3

where Hyy is the same as defined in Theorem 3.53.1 and

1/(1+
U = min d KM g KM~ 1% ‘1>2,0‘1>27/65 ®)
Mﬂ?, = min T 2707 ( > M1/2

Remark 7. If the function G(u,-) in (1.0.1) does not depend on u, i.e., X; = G(F?!) is
a stationary process, the autocovariance matrices are estimated based on the observations
Xt, 1 <t <n, withb, =1 and M = n in (3.5.2). The convergence rate can be derived

similarly without extra technical difficulties. For the special case of univariate stationary pro-

cesses, i.e., for p =1, the proof of (3.3.4) implies 1y, = Op(\/logn/n) under the conditions

1 X.1]lg,a < 00 and ag > 2, which is consistent with the result in Theorem 2 of Xiao and Wu

[2014].

Next we provide the proof of Theorem 3.3.1. The proof of Corollary 3.3.2 is deferred to

Section 3.7.
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Proof of Theorem 3.3.1. For 1 < 14,7 <p,l>0and b, <u<1—by, let

. 1 Tg(u)
Piij(u) = 57 Yo XopiXej
r=I+T1 (u)

Define uy = t/n for t = [nby), ..., |n(1—by)|. Let
T = [([n(1 = bn)] — [nbn] +1)/MT,
and for k=1,..., T, let
Dy = {[nbn) + (k — V)M, ... (|nbn| + kM — 1) A [n(1 — by)]}
and t;, = min Dy, = |nby| + (k — 1)M. Since

maxM|E0f’l7ij(ut)| < max

I4+T1 (ut)
= Zrzl—l—Tl(utk) X(r—1)irj

teDy, teDy,
Ty (ut)
tmax Bod ) K0
Ty (ug, )+t
< 2 max ]EO E K X(?“—l)iXTj = 2Uk‘l,2]7(336>

1<t<2M—1 r=I+Ti (ut;,)

by the Bonferroni inequality,

T p M-1
PO ) < Y 3 3 P (uax MEoR )] > o)
] =0

T p M-1
< Y > P (Uppij > /2) - (3.3.7)
k=1i,j=1 1=0

First consider the case where k = 1. Since T7(u¢,) = 1, we have
t
Uiij =, /205, ‘EO Zr:l—i-l Xr—yirjl-
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For 0 <1 < M, let Y;(I) = EoX(,_;); Xy;j and Z(l) be the partial sum given by Z;(l) =
Zf,:Hl Y, (1). Let d = [logy(2M)]. For any positive integer h < 2%, write its dyadic
expansion as h = 251 +.. . 42°L where 0 < s;, < --- < 51 < d. Define h({) = 251 ... 425,

for ¢ =1,2,...,L, and h(0) = 0. We then have

L
ZhD < Y 120y (1) = Zpge—1) (D)

=1
L
< max | Zasey (1) = Zyse(p—1)(1)]
T 1<v<2t
d
< max [ Zgsy(l) = Zas(p—1) ()] (3.3.8)
= 1<v<ai-s

Let ()\5)‘;:0 be a positive sequence such that Zgzo As < 1; specifically, let \g = (s +
1)72/(7%/3)if 0 < s <d/2and \s = (d+1—5)"2/(x?/3) if d/2 < s < d. By (3.3.8) and

the Bonferroni inequality,

P(Ugza) < F( g 120> 0)

|

d
( max | Zysy(l) = Zos(,—1)(1)] = /\s$>

s=0 1<v<2d=s
d
d—s
< 2 max P(Zs 1) — Zose, 17 (1 Z)\I>. 3.3.9
SZ:;) 1<p<2d—s |Z250(1) 25(v 1)( )| s ( )

Since ming>( )\223 > 0, by Theorem 3.6.3, given v, 0 < [ < M and 0 < 8 < 1, for

T > Ml/zHX-i“q,aHXquvO“

P(|Z2s0(1) = Zos(p—1) ()| = As)

_ 2 2
125 -+ 28(a/4=0Ba/2)]) x ;| 92| x| 9/ Cyarle?
()‘S‘I)q 2 (1)4704

We can deal with Uy ;; for k£ > 1 similarly and obtain the same upper bound for the tail
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probability. Let

d_ od—siys s(q/4—aBq/2)
Ly 22 _Z cqam

Notice that 7' =< n/M. By (3.3.7), (3.3.9) and (3.3.10), we have for z > M1/2®2

g,

q

S
P(My, > z) < Cq,anﬁ T+ CyanMp? 11 (3.3.11)

By the choice of A\s and d, when o > 1/2 —2/q, we can choose § such that (1/2 —2/¢)/a <
B < 1 and hence I = O(M(log M)?+1). If o < 1/2 — 2/q, elementary calculation shows
I= O(MQ/4*O‘BQ/2). Notice that ming>( )\325 > 0. Then for x > v/ MCID?l o We have

Cqari2sa Cyat?
II<Zexp( L 7 )gexp<—q’—of>.
Moy o MCI>4’O[
By (3.3.11) and the above bounds of I and 1II, (3.3.4) follows. O

3.4 Spectral Density and Coherence Matrix

Spectral analysis is a fundamental tool to have an insight into the cyclical behavior of
time series. The spectrum was traditionally considered as an adequate description of the
frequency domain characteristics of stationary processes. Estimation of spectral density has
been extensively studied in the univariate stationary case; see for example Anderson [1971],
Priestley [1981], Rosenblatt [1985], Newey and West [1987] among many others. Coherence,
also known as the time series analogue in the frequency domain of the standard correlation
coefficient, measures the linear relationship between a pair of time series as a function of
frequency; see, for example, Brillinger [1975] and Brockwell and Davis [1991]. Since non-
stationary data with a time-varying structural change is increasingly common in diverse

fields, time-varying spectrum and coherence has been a popular tool to reveal the dynamics
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of the underlying mechanism. For example, in EEG data analysis, it has been widely used to
measure brain functional connectivity; see Liu et al. [2010], Simpson et al. [2013], Lindquist
et al. [2014] among others.

Various models and methods to obtain the time-varying spectra and coherence for non-
stationary processes have been investigated in the literature. Priestley and Tong [1973]
concerned the cross-spectrum and coherence between oscillatory processes stemming from
a time-varying spectral representation, which was later investigated by Dahlhaus [2000a]
allowing for rigorous asymptotic considerations. Ombao et al. [2001] proposed an method
based on the smooth localized complex exponentials to select the span which can be used
to obtain the smoothed estimates of the time-varying spectra and coherence. Sanderson
et al. [2010] and Park et al. [2014] considered the problem of estimating time-evolving cross-
dependence in a collection of locally stationary wavelet processes. Ombao and Bellegem
[2008] developed a coherence estimation procedure using time-localized linear filtering. Many
of the previous results require restrictive structural condition on the underlying processes
such as linearity or Gaussianity.

More formally, under the framework (1.0.1), the spectral density matrix evolving over

time wu is defined by

1
F(u,0) = o E [;(u) exp(—el0), where 1 = v/—1.
leZ

and the time-varying coherence matrix is defined by
Clu,0) = diag[F(u, 0)]"Y2F (u, 0)diag[F(u, )] /2.

To estimate the time-varying spectral density matrix consistently, it is common to use the
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idea of smoothing. In particular, we consider the lag window estimate

1 m

F(u,0) = — Y K(I/m)I}(u) exp(—u0). (3.4.1)
2

l=—m

where I'; (1) is the estimate of the autocovariance matrix function with lag I defined in (3.3.2),
m is the bandwidth satisfying the natural conditions m := my; — oo and m/M — 0, and

K(-) is a symmetric kernel function satisfying
K(0)=0, |[K(z)| <1, and K(z) =0 for |z| > 1.

We estimate the coherence matrix C(u, 6) by

~ A

Clu,0) = diag[F(u, 0)] "V 2F (u, 0)diag[F(u, )] ~V/2, (3.4.2)

where F(u, ) is the estimate of the spectral density matrix given by (3.4.1).

Theorem 3.4.1. Assume that E(X;) = 0 and O, < 0o for some ¢ > 4 and o > 0. Let
by, be a bandwidth sequence satisfying b, — 0 and nb, — oo. Define M = 2|nby|. Let
M = O(n") and m = O(MP) for some 0 <n,3 < 1. Let

on=sup max|EF(u,0) —EF(u,0)|s.
uE[bn,1—by]

Then for any x > v/ Mmq)g’a, we have

P(Myn > x) nngg@g,a + np? exp (-%) , (3.4.3)
where Ryp ., =m for a>1-2/q, Ry, = m+ m/2=1=04/2(10g MY4FL for 1/2 — 2/q <
a < 1—2/q and Ry, = MY/A=1=0a/200/4 for o < 1/2 — 2/q, and the constant in <
depends on q,a and .
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Corollary 3.4.2. Under the condition (1.0.2) and the assumptions of Theorem 3.4.1, we

have
oy = sup  max [F(u,0) — F(u,0)|so
uE[by,1—bp]
(nmRyy, )2/4 mlog(pn
- OP < Mm 63704 + # ot Vm Mmn + W ’ (3'4'4)
with

rim
Vi Mn = \/_UMn ( B g/)%,o@za,

Wi —supz (1= K(1/m)) Ty (w)] o,

=1

where Upy , is defined in Corollary 5.3.2, Ryp .y, is defined in Theorem 8.4.1, and r(m) = 1

ifa>1, r(m)=logm if a =1 and r(m) = m= T if a < 1.

The term W, depends on the kernel function. Its order of magnitude is determined by
the smoothness of K(-) at zero. In particular, this term vanishes if K (-) is the rectangular
kernel. If 1 — K (z) = O(|z]") at = = 0 for some a > 0 and sup,, |T;(u)|so = O(I7?) for some
b > 1, then

Win = O(m™% + m!~b).

Corollary 3.4.3. Let

co = infmin min Fj;(u,0).
u g 1<5<p

Under the assumptions of Theorem 3.4.1, we have

R 3 * 2 * 2
pn:= sup max|C(u,0) —C(u,0)|eo < Py Spg : (3.4.5)
U€E[bn,1—by) ¢ €0 i

where @}, = SUPye(p, 1-b,] MaXg |F(u,0) — F(u,0)|o0
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3.4.1 Estimation of Long-run Covariance Matrix Functions

The estimation of long-run covariance matrix ¥ is an important problem in statistical in-
ference for stationary processes. It has been extensively studied in the scalar and the low-
dimensional case; see Newey and West [1987], Politis et al. [1999], Bithlmann [2002], Lahiri
[2003], Alexopoulos and Goldsman [2004]. Also, 3/(2) is the value of the spectral density
matrix of (X;) at zero frequency. For locally stationary processes, the long-run covariance

matrix is time-varying, which is given by
o0
Y(u) = Z (u), where I'j(u) = EXo(u)X;(u) .

[=—00

We investigate the overlapped batched mean estimate

) 1 To(u)—m+1 /r4m—1 r+m—1 T
> (u) = G T ;() ( ; Xt) ( ; Xt> , (3.4.6)
r=T11(u =r =r

where M = o(n) is the largest size of the segment {¢ : |[t/n—u| < by}, which is also the largest
lag we concern for the estimate of autocovariance matrix functions in Section 3.3, m = o(M)
is the block size. Theorem 3.4.4 below concerns the convergence rate of the estimate (3.4.6),

which also applies to the nonoverlapped batched mean estimate; see Remark 9.

Theorem 3.4.4. Let the assumptions of Theorem 3.4.1 be satisfied. Define

¢n=sup |[2(u) —EX(v)|co- (3.4.7)
uE by, 1—bp]

Then for any x > v/ MmCD(QI,a, we have

nRyy m@g Q np2 Cq oﬂfz
> < ’ . - 4.
P(M¢n > J:) S e + - exp Mmq)jt a ) (3 4 8)

where Ryp ., is defined in Theorem 3.4.1 and the constant in S depends on q,a and 3.
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Corollary 3.4.5. Under the condition (1.0.2) and the assumptions of Theorem 3.4.4, we

have
oh = w8 - Sl
UE [bp,1—by]
(nRyp, )2/q mlog(pn
= Op (TmRM,m@?],a+ #@57054-3%71\4’” , (3.4.9)
with

r{m
ym,M,n = \/E uM,n + (7)@2’0@27(1,

where Ryp ., is defined in Theorem 3.4.1, Upy,, is defined in Corollary 3.3.2 and r(m) is
defined in Corollary 3.4.2.

Remark 8. Consider the lag window estimate (3.4.1) of spectral density matrices with the
rectangular kernel K(z) =1 for [x| < 1. Comparing Vy, rp.p, in Corollary 8.4.2 and Yy, vy
in Corollary 3.4.5, we can find the overlapped batched mean estimate leads to a slightly larger

bias, but it has the additional advantage that it is always positive definite.

Remark 9. Following Section 2.6, an alternative but less efficient estimate of 3(u), which

18 also called non-overlapped batched mean estimate, is

w

B(u) = ﬁ ] (ZteBr(u) Xt) (Zte/@,(u) X’f) T’ (3.4.10)

where the window By(u) = {T1(u) + (r — U)m, ..., Ty (u) + rm — 1} forr = 1,... w, the
window size |By(u)] =m — oo and the number of windows w = |M/m|. A careful check of
the proof of Theorem 3.4.4 indicates that the convergence rate of the nonoverlapped batched

mean estimate has the same upper bound as shown in (3.4.8).

Next we provide the proofs of Theorem 3.4.1 and Corollary 3.4.3. The proof of Theorem
3.4.4 is similar to that of Theorem 3.4.1 and hence is omitted. Corollary 3.4.2 and Corollary

3.4.5 are proved in the Appendix.
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Proofs of Theorem 3.4.1. Let
a;(0) = K(I/m)exp(—ul), for | € Z. (3.4.11)
Then |a;(0)| < 1if [I] <m and q;(f) =0 if |I| > m. For 1 <1i,5 < p, we write
2m M Fj MZ )Ly (u) = Quij(u,0) + Q25(u, 0), (3.4.12)

where

@1 ,iJ (u,0) Zl OZT l+T1 X(r )i X?“J’
Q2 ] (u,0) Zl 1Zr I+ (u a_q( )X(rfl)ij'-

Let 0, = wh/2m for 0 < h < 4m. Since Fij(u, 0) is a trigonometric polynomial of order m

for fixed u, by Lemma 3.7.1 with § = 1,
maX|E0F(u 0)|oo <2 max |EqF(u,6))]s0. (3.4.13)

0<h<dm

By (3.4.12), (3.4.13) and the Bonferroni inequality,

P2rMpp > x) < (dm + 1) Z Z maXIP’ ( sup  |EoQu,ij(u, 0y)] > ZL‘/4) :
] 1w=1 ’U,E[bn,l* n
Let uy = t/n for t = [nby|,..., [n(1 —by)] and let
T = [([n(1 = bp)] = [nbn] +1)/M].

for k=1,...,T, define

Dy = {[nbp] + (k—1)M, ..., (Inby| + kM — 1) AN [n(1l—bp)]},
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tp =minDy = |nby] + (k—1)M. Given 1 <k <p, 0, and 1 <i,j < p, let

Wiy = max
Rohotd ™ <p<onr—1

Tl(utk)—l-t S . .
Zsle(utk) ZT:(S_m)le(Utk> EOCLS_T(Q}L)XMXSJ .

By similar arguments as (3.3.7), we have

r p
P ( sup ‘E()Ql’ij(u,eh” > 17) < Z Z P (Wk‘,h,ij > :L’/Q) . (3.4.14)
U€E [br,1—bp] k=1i,j=1

First consider the case where k = 1. Then T7(us;) = 1. Let Sy be the partial sum given by

t s
St = Zs:l Z7“=(s—m)\/1 EOaS_T(Qh)XMXSj'

Let b = [2M/m], d° = [logg(2M/m)| and d* = [logg(m — 1)]. Let ()\g)glozo and (A;)‘SZ*ZO
be positive sequences such that Zgio Ay < 1 and Zgio A5 < 1; specifically, let A =
(s +1)72/(x2)3)if 0 < s < d°/2, \S = (d° + 1 —5)72/(x?/3) if d°/2 < 5 < d°, A} =
(s+1)72/(7%/3) if 0 < s < d*/2, At = (d* + 1 — 5)72/(x?/3) if d*/2 < s < d*. We can
write

o> < > =: 4.
POVipgy 2 0) < P (s, mox | [Sanesl 2 ) =81+ S (3.4.15)

where

S =P S, 1> /2
1 (Orgggb\ em!_x/),

b
So = Z]P’( max 1\ng+5 — Soml| = :E/2) .
=0

1<s<m—

Using a similar argument as (3.3.9), we have

dO
S <Y 2°=5  max P (’SQsmT — Syem(r—1)| > )\Zx/Q) . (3.4.16)
=0 1<r<2d°=s
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By Theorem 3.6.1 and Theorem 3.6.2, we have for z > v Mm|| X ;[|¢.allX.jllq.a;

2 q/2 0,.\2
N ws X2 x ) CoalAz
P <’325mr - S2Sm(r—1)| > )\S:E> < i g J _-q Oé( 5 )

q,&
+ exp T
()\gg;)Q/2 25m2®4’a

) . (3.4.17)

where wg = 25m (resp. 25m%/2724/2 o 25(¢/4=04/2)p4/2-00/2) for o > 1 — 2/q (resp.
1/2—2/g<a<1—=2/qor a <1/2—2/q), and the constant in < only depends on ¢, a and
B.

Let Yy; = > 3_ o as—¢(04)Xy;. Since a;(0),) = 0 for |I| > m, we can write
Im+4-t
Stmt — Otm = Z Eo Xy Yrj = Zyy.
r={m

Using the argument when proving (3.3.9) once again, we obtain

b d*

$<3 Y2 max P <|Zg’25r ~ Zyosir1y| 2 A§I/2> .
(=0 5=0 1<t 7

Theorem 3.6.1 and Theorem 3.6.2 also imply for x > vV Mm|| X, ¢.all X jll¢.a

/2 Q/2 *,.\2
TSHX-Z'Hga“XVH o Cqa(A 1")
. — s > * < ) Jngq, _ q, S
P(1Ze2sr — Zp9s(r—1)l 2 As®) S ()72 + exp Dmdl

) . (3.4.18)

where 75 = m (resp. m25(0/2704/2=1) op a/4=0a/2954/4) for o > 1-2/q (vesp. 1/2—2/q <
a<l—2/qgora<1/2—2/q), and the constant in < only depends on ¢ and «.

We can deal with Wy, 3, ;- for k£ > 1 and E¢Q9 ;i (u,0;,) similarly. Let
k,h,ij ] h

d° Hdo—s " Hd*—s
2 Wg 2 Ts
I= E — + (b + 1) E —_—
= (1992 = ()12
d° 0,.\2 d* *,.\2
Cq.a(Asz) 9 Cqa(Xsx)
II = E exp —q’—‘l)—l—m E exp —% .
s=0 ( 28m2q)47a s=0 2smq)4aa
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With (3.4.14), (3.4.15), (3.4.18) and (3.4.17), we have

q

nm

By the choices of Ag and A} and the definitions of 75, ws, d° and d*, elementary calculations
show that for all cases,

= O(MRy)- (3.4.20)

Notice that ming>o(A$)?2% > 0 and ming>((\%)22% > 0. Then for 2 > VM CI>2 , we have

d° 012952 dr ¥1\295,.2
Cq.a(Ag)72° Cy.a(As)?2
II < g exp | — sl 5)4 ° +m2§ exp | — Rl 5)4 !
— Mmd — m2d
8—0 470[ S—O 4701

C 2
S exp | 2. (3.4.21)
Mm®y
By (3.4.19), (3.4.20) and (3.4.21), (3.4.8) follows. O

Proof of Corollary 3.4.3. Let

Xn = sup ~ max max F‘” (1, 0) -1
n o . = 7 AN .
welbp,i—by] 0 1<i<p|Fjj(u,0)

Recall the definition of ¢}. Then xp, < ¢} /co. By the elementary inequality |1 — vab| <

11 —al+ (1 —a)®+|1—b|+ (1 —0b)?, we have

on < sup max max Jk(u 0) jk(u 6)
B UE by, 1—bp] 1<j.k<p \/ u 9 Fkk U 8)

\/ u 9 Fkk u, 9)
+ sup max max
uElbn,1—by] ? 155 | \/ (u, 0) Fpp (., 0)

*

3o, Q(Pn

< ¢"+2xn+2xn_
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3.5 Graphical Model and Inverse Spectral Density Matrix

The concept of graphical model for multivariate data has been extended to multivariate time
series (e.g. Brillinger [1996], Dahlhaus [2000b], Timmer et al. [2000], Eichler [2012] among
others). Each vertex of the graphical model represents a component of a process and each
edge indicates the partial correlation of the two corresponding components given others.
Hence, for stationary Gaussian processes, this induced graph is a conditional independence
graph in the frequency domain, the properties of which has been investigated largely (cf.
Dahlhaus [2000b], Fried and Didelez [2003], Bach and Jordan [2004], etc.). For non-Gaussian
processes, it is termed partial correlation graph in Dahlhaus [2000b] using partial spectral
coherence as a measure for the dependence between two marginal time series after removing
the linear effects of some other components. Partial spectral coherence has been widely used
in many real-world applications; see for example Gather et al. [2002], Salvador et al. [2005],
Eichler [2007], Medkour et al. [2009] (to list only a few).

Theorem 2.4 in Dahlhaus [2000b] indicates that if the spectral density matrix if of full
rank, the partial coherence can be obtained as the negative value of the rescaled inverse
of the spectral density. Hence, a natural way to identify the partial correlation graph is to
invert and rescale the estimate of the spectral density. However, in the high-dimensional case
where the dimension p can be even much larger than the sample size T, since the estimated
spectral density may not be invertable, classical methods under the low dimensional setting
are no longer applicable. It is a challenge to find a new approach to estimate the inverse of
the spectral density matrix. In this section, we consider the more general case in which the
process can be locally stationary and hence the inverse spectral density matrix varies with
time.

For 0 < u < 1 and 6, the inverse of the spectral density matrix is Q0(u, ) = F(u,8)" 1.
We estimate the spectral density matrix by the lag window estimate [cf. (3.4.1)]. For

simplicity, we consider the rectangular kernel, ie., K(z) = 1 for || < 1 and K(z) = 0
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otherwise. Then we use the constrained ¢; minimization approach to estimate Q0(u, 6). Let
Q(u,#) = argmin |Q(u, )1 subject to |F(u, 0)Q(u, 0) — Iyl < A, (3.5.1)

where A > 0 is a tuning parameter. The constrained ¢; minimization approach has been
adopted in many applications; see Candes and Tao [2007], Bickel et al. [2009], Cai et al.
[2011] among many others. The optimization program (3.5.1) can be decomposed into p
parallel vector minimization problems. Let e; be a standard unit vector in RP with 1 in the
i-th coordinate and 0 in all other coordinates. For 1 < i < p, let w;(u, @) be the solution of

the following convex optimization problem:
min |w|q subject to |F'(u, 0)w — e;oe < A, (3.5.2)

where w is a vector in RP. By similar argument as Lemma 1 of Cai et al. [2011], we can
show that solving the optimization problem (3.5.1) is equivalent to solving the p optimization

problems (3.5.2), i.e.,

A

Q(u, 0) = (i (u,0), ..., ip(u,0)). (3.5.3)

We estimate Q9(u, ) by
- Q(u, 0) + Qf (u, 0)

Qu,0) = 5 , (3.5.4)
where T is the conjugate transpose of a matrix.
Theorem 3.5.1. Let the assumptions of Theorem 3.4.1 be satisfied. Define
ko= sup max |Q0(u, 0|1,
0<u<l
and
on = sup max|Qu,8) — 9, 0)|s. (3.5.5)
uE[by,1—by) Y
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Let
(nmRM,m)z/

M

mlog(pn)
M

q
A= CHO( @g,a + (I)g,a + Vm,M,n)a

where Ryp , is defined in Theorem 3.4.1, Vi vy 18 defined in Corollary 3.4.2 and C'is a

sufficiently large constant. Then for any x > X\, we have

nmRMm/fg/Q@g,a
(Ma:)‘J/2

(3.5.6)

CyaMz?
P(on > 4xkp) S Lx) -

2
+ np” exp (— 51
mr<;0<b4’a

Proof of Theorem 3.5.1. For x > A, let

E, = sup  max|Q%u, 0)|, |F(u,0) — F(u,0)]oc < ¢
UE[bp,1—b,] P

Notice that |Q(u, 0, < 100 (u, 0)|r,, uniformly over u € [by,1 — by] and 6. On the event

E,., by the triangle inequality, we have

A = sup  max|F(u,0)(Qu,8) — Qu,0))|s
uE[bp1—by) ¢
< sup  max(|F(u, 0)Q(u,0) — Tyl + | F(u, 0)2° (1, 0) — Ty|oo)
uE[bp1—by) ¢
< )\ + z, (357)

which further implies

sup  max |F(u, 0)(Q(u, 0) — QY (u, 0))]0o

uE[bp,1—bp]
< sup max|(F(u,0) = F(u,0))(Qu, 0) — 20(u,0))|oo + A
uE[bp,1—b,] ¢
< 2 sup  max|Q%u,0)|r,|F(u,0) — Fu,0)|0 + A < 4a.
uE[bp,1—b,] P

Since

or < sup  max |Q(u, ) — Qo(u, )| oo
u€[by,1—bp]

5



< sup max|Q0u,0)|, [F(u, 0)(Qu, 0) — Q0(u,0))]o0 < 4z,
uE[bp,1—by]

and P(E;) — 1 for x > X, we then have

P(on > 4zky) < P(ES) < ]P( [bsuf . ]meax\ﬁ(u,ﬁ) — F(u,0)|00 > l‘/Ho).
UE 0,1 —0n

By Theorem 3.4.1 and Corollary 3.4.2, (3.5.6) follows. O

3.6 Hanson—Wright-Type Inequalities

In this section, we shall provide Hanson—Wright-type tail probability inequalities for locally
stationary processes. The celebrated Hanson—Wright inequality provided a concentration
result for quadratic forms of sub-Gaussian i.i.d. random variables; see Hanson and Wright
[1971], Wright [1973] and Rudelson and Vershynin [2013]. There has been a large literature
concerning large/moderate deviations for quadratic forms of Gaussian processes; see, for
example, Bercu et al. [1997], Bryc and Dembo [1997], Zani [2002], Kakizawa [2007] among
others. Xiao and Wu [2012] provided sharp tail probability upper bounds for quadratic
forms of stationary processes with finite polynomial moments. We aim to relax the i.i.d.,
Gaussian /sub-Gaussian or stationary assumptions which were imposed in previous works,
and establish tail probability inequalities for quadratic forms of locally stationary processes.

Let e,¢., t,s € Z be ii.d. random elements. In particular, we consider the one-

dimensional locally stationary process (X¢)}; of the form
X¢ = g(t/n, FH, (3.6.1)

where F! = (..., 6/_1,¢¢), ¢ is a measurable function such that X;(u) = g(u, Ft) is well-

defined. Let FAOY = (. 4, €0,€15- - E4—1,€¢). Assume that supye(o,1] 119(w; Fo)llg < o0
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for some ¢ > 1. For ¢t > 0, we define the uniform functional dependence measure

Stq= sup [g(u, F) — g(u, 71O, (3.6.2)
u€(0,1]

and the dependence adjusted norm
oo
1 X g0 = su>%(m +1)*Ap g, > 0, where Ay g = Z St.q-
mz= t=m

For m > 0, let Xt p, be the m-dependence approximation of X; given by
Xt.m = E(Xtlet—m, ..., €4—1,¢t).
The quadratic form of the process (X) is written as

Qr= Y, astXsXy,
1<s<t<T
where the coefficients under our setting satisfy ast = at—s (t > s), which only depends on
the distance t — s. Moreover, we assume that supg; last] < 1and agy =0if t —s > B,
where B — oo and B = o(T'). Theorem 3.6.1 provides a tail probability inequality for the
quadratic form (). For a random variable X, recall the operator Eg with Eg X = X — EX

and the projection operator Pt = E(-|F!) — E(-|FI=1).

Theorem 3.6.1. Assume E(Xy) = 0 and Xy € LY for some q > 4. Further assume
| X g0 < o0 for some o > 0. Let B — oo and B = O(T") for some 0 < n < 1.

Then for x >/ TB||X.||g7a, there exist positive constants Cq oy and Cq o such that

C axz
P(|EoQr| > ) < Cgamz 2| X |4 oFrp + Cgaexp | -2 )
IX.(I3 7B

where Fr g =T (resp. TB1/2-0q4/2=1 4 T‘J/4’O‘q/2B‘1/4) ifae>1—2/q (resp. 1/2—2/q <

7



a<l—=2/qgora<l1/2-2/q).
Proof of Theorem 3.6.1. Let n = [T/B]. For k =1,2,...,n, define
(kB)\T
Vi = Z Z asthXt

=(k—1)B+11<s<t

For j € Z, we define the innovation sets

nj = <5(j—1)B+175(j—1)B+2a e ’5jB> :

Let L = |logn/log2|, 7 =2 for 1 <1< L —1 and 77 = n. Define

Vk T = E(VkMk—T’ Nk—7+15- -+ 777/{)? for 7 > 0,

)

n

M’I’Lal = Z(Vval B Vval71>’ for 2 S l S L.

k=1
We can write Q as
n L n
Qr=) (Vi =Vin) +D> My +) Via. (3.6.3)
k=1 =2 k=1

Notice that Vi — Vi, = 352, 11(Vij — Vkj—1)- By Lemma 3.7.4 and Theorem 3.2 of
Burkholder [1973],

n
DRSS IRERD il SARUS IR

00 (j+1)B

< Z C'q\/ﬁBAO,q Z 5h,q

j=n+1 h=(j—2)B+1
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By Markov’s inequality, we have

41q/2 q/2 q/2
A e
k:l ki - xq/2
< Oqaa:_Q/2Tq/4_O‘Q/2Bq/4HX.HZa

For each 2 <[ < L, define

(im)An
Y= Z (Vk,n - Vk,n_l) , for 1 <i<[n/nl;
k=(i—1)7+1
ci= >, YyandR) = > Y,
1 1S even 4 is odd

Let Ao,..., A1, be a positive sequence such that ZZLZQ A; < 1. In particular, we take \; =
(1—1)"2/(x?/3)if2 <1< L/2and Ny = (L+1—1)"2/(x?/3) if L/2 < | < L. Since Y}

and Yy ; are independent for li —i'| > 1, by Corollary 1.8 of Nagaev [1979], for any = > 0,

Cqg > E }Yi,l}q/Q

. C.(\x)2
P()Rfﬂ ) < i is even 3 +2exp | — g(Nz) .
(N)? X EYy
7 1S even
Similarly as (3.6.4), we have
Yially/2 < Cary*Bagor
+1 - . .
where ¢ , = Z (i —(r 1 —1)B+1 Opg < A(Tl_1—1)3+1,q‘ A similar inequality holds for RTOLZ.

Preceding arguments indicate

L
Pl My >20] < ZP\ ] = 2)z)

L
> B (|,

=2

IN

> Na) + P (|,

)
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Coall X||§ T BY/2-0a/2-1
a 24/2

411 (3.6.5)

where

L fovi L 212 2«
T Cy.aT N\

= 5 —1/2,w:q/4—1—ozq/2, II:4E exp (——q’a 1 ! )
=2 )\? = ||X.||47aTB

By the definitions of 7;’s and \;’s, elementary calculations show I = O(1) if w < 0, and

[ =0(n%)if w > 0. Also, since min;>1 )\ZQTZQO‘ > 0, for x > \/TB||X.||3’a,

Cq,axz
1I S Cq’a exp <_||)(W4—173 .
14«

Therefore, it follows that

L x4 B 2
Co.allXlgafT.B Cq.arx
P E M, | > < = : — 4 |
= nt =0 = 24/2 Coaexp R :;

Now it remains to deal with the term 7' ; EgVj 9. By the definition of Vj 9 and the
independence of n, k € Z, V}, o and Vjy 9 are independent for [k — K'| > 2. By Corollary 1.7
of Nagaev [1979] and Lemma 3.7.2 (iv), we have for any M > 1 and z > VT B|| X.||2

g,
]P) <

n
Z EoVk,2
k=1

> < zn:IPOEV | > < >+6 _—Cga?
>r)| < oVi2| = 57 exp
— 3M IX.[I7 ,TB

M

Coll X || o7 BY/21

+ : .
24/2

Recall that B = O(T") with 0 < n < 1. Let M = 14 (2¢ — 2)n(q —4)~ (1 —n)~L. Since
x> VTB|X. ||g’a, elementary calculations show that for sufficiently large 7', the last term in

the above expression is no greater than CqT||X.||g7a/xq/2. Let n;, = (Ng—2, Mk—1,Mk)- Notice
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that EgV}, o = E(EgVj|n;). For 2 < ¢* < ¢/2, we have

VAN

P (|EoV2| > ) P (|E(EqVy 1{[EqVy| > z/2}n;)| > 2/3)

C’qxiq E ‘E(E()Vkl{lvk —E(V)| > x/2}|771?>‘q
Cq
x4

Cg [* ¢ Coall X
q* / 24 _IIP’(|EOVk| > z) dz < q,a” ”q,aCB.

IN

IN

E (IEoVil?" 1{|EoVi| = 2/2})

IN

(3.6.6)

where (g = B (resp. B%/27%4/2) for ¢ > 1 — 2/q (resp. a < 1 — 2/q), and the last step
in (3.6.6) is an immediate consequence by plugging in the bound of P (|EyV}.| > 2) applying
Theorem 3.6.2.

Putting all of the pieces together, the proof is complete. O

In Theorem 3.6.2, we consider the tail probability inequality of a general quadratic form

Qp = Zl<s<t<B st X s Xt

with the only restriction sup, ;[as¢| < 1 on the coefficients. Theorem 3.6.3 concerns the

quadratic form

LT(l) = Z GtthlXt
I+1<¢<T

with supy |at| < 1, for 0 <1 < B, and B = o(T'). The proofs of Theorem 3.6.2 and Theorem

3.6.3 will be given in the Appendix.

Theorem 3.6.2. Assume E(X;) = 0 and Xy € L1 for some q > 4. Further assume
| X ||g,0 < 00 for some o > 0. Let r = q/2. If x > 0 satisfies Bl+“||X.||%r7a = o(x)
for some k > 0, then there exists some positive constant C r o depending on k,r and o such
that

P(EoQp| > #) < Crrar "IX.[3],0CB: (3.6.7)

where (g = B fora>1—1/r and (g =B~ ifa<1—1/r.
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Theorem 3.6.3. Assume E(Xt) = 0 and Xy € L1 for some q > 4. Further assume
| X |lga < oo for some a > 0. For 0 < f < 1, let B = \T8]. (i) If | > 3B, for

x> T1/2||X.||g7a, we have

< X |G (T + T9/4—Ba/2)

P(EoLr(l)| 2 2) S — ,

where the constant in < only depends on q,« and (. (i) If 0 < 1 < 3B, the inequality is

x4 (D T B4/4—aBq/2—1 2
P(|[EoLr()] = =) < 1Xllg.olDr + )+eXp _\Cﬂ ,

~ 24/2 X5, T
where Dp =T (resp. T(log T)'4 or TY/4=01/2) for o> 1/2—2/q (resp. o =1/2—2/q or

a<1/2-2/q).

3.7 Deferred Proofs

In this section, we shall provide the proofs of Corollary 3.3.2, Corollary 3.4.2 and Corollary
3.4.5, some lemmas that are useful in proofs of this chapter, and the proofs of Theorem 3.6.2

and Theorem 3.6.3.

3.7.1 Proofs of Corollaries 3.3.2, 3.4.2 and 3.4.5

Proof of Corollary 3.5.2. By Theorem 3.3.1, it follows that

2/q
Yn = Op (%@éﬂ + log]\(;n) ¢§7a> . (3.7.1)

It remains to deal with the bias maxg<j< s Supyefp,,,1-p,] IET;(u) — T'j(u)|so. For any u €

[bp, 1 —bp] and 0 <[ < M, by the triangle inequality,

M —1 l

i)+ @)

[ETy(u) — Ty(u)|oe < |ELy(u) - i

82



= I+1L (3.7.2)

Notice that maxj<j<psup,eo 1) [[Xrj(u)llg < Pg0. Under the condition (1.0.2), by the

triangle inequality, we have

To(u)
I = %‘ Z E(Xr—erT—Xr—l(“)XT(u)T)’oo
r=I4+T1 (u)
1 T5(u)
< o Y RN - xwx])|
r:l+T1(u)

M
r=I+T1(u

= I; +Is. (373)

o0

To(u)
ol Y B X] X)X ()]
)

Under the condition (1.0.2), we have

M —1

I <
L=

X, il
Kby, lrg]a%(p H 7“]”2
Similarly, it also applies to Io. Hence,
KM >

I:O(Tqm .

)

(3.7.4)

Notice that X,; — X,.j(u) = 32720 Pr—¢(X;j — X;j(u)). Under the condition (1.0.2), for

r € [Ty (u), To(u)],
[Pr—e(Xyj — Xpj(w)l2 < min{25, 2.5, KM/n}.
We then have
1 0
I < -0 ;) VM —1-min{26; 5 ;, KM /n}
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< CQM—1/2(’CM>1+Q¢ 0(131/ L+a)
n

Since I has the same bound, we also have
_ KM\ 13a 1/(1+a)
1/2 jE
= O<M / <—n ) o, 0Py, )

By er(u) = 27?20 Pr_tXTj(u), A072’j < @9 and Ay, 24 S < Py om -

l

= Mliﬂl&}’ép‘zﬂz Pr—tX (p_1)i () (Pr—t Xy (u))]

IN

[
— max 0t 940 <—A A
M1<w<p2t i0t+1,2,j 0,2,8702,

- a+1
M

IN

By 0Dy, < M~ MO Dy 1By,
By (3.7.2), (3.7.4), (3.7.5) and (3.7.6), we have

B (w) — Tj(w)|oo < Ungp + M~ Dy 43y,

uniformly over u € [by, 1 —by] and 0 <[ < M, which implies (3.3.5) immediately.

Proof of Corollary 3.4.2. By Theorem 3.4.1, it suffices to show
[EF(u,0) = F(u,0)| = OV arn + Win).
Notice that

om|EF (u, 0) — (u,@\
< 3 Il + | DD [KQ/m)ED () — Ty(u)] exp(~uo)

[l|>m I=—m
= I+1IL

oo
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Denote I'j(u) = (v;;j(u)). By similar arguments as (3.7.6), we have

0
i (W] <D 61.2,i6141.2.5 (3.7.9)
t=0
Hence it can be obtained that
‘ > g ( > i) < 2802804125 (3.7.10)
|t[>m [I|[>m

Since Ag 95 < Po g and Ay, 95 < P ym™ ¢, we have

I< 2A0,2,iAm+1,2,j < 2m_a<1>2’0(132’a. (3.7.11)
Recall the definition of a;(#) in (3.4.11). By the triangle inequality,
m  Ta(u
mo< \Z Z O, X, = X () Xe(w)T)|
—0 r=I+T7 (u)
m
M’Z|l|al )T (u ‘ +28upz (1 — K(1/m))[Ty(w)]so
(3.7.12)

= I} + 112 + 2Wn.
Since X,.j(u) = > 20 Pr—tXyj(u) and |a;(0)] < 1, by Lemma 3.7.2 (iii),
||Zaz )Xij(uw)lle < Vmlga,; < VmPg .

Similarly, we have || 31" 1 a;(0) X¢j|l2 < /m®3 . Under the condition (1.0.2), by the triangle

inequality and Holder’s inequality, we have

U r+m
Eb> > ae-r OB~ X)X
r=T1(u) =
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!Z Z asfr<9>E[<Xs—Xs<u>>xr<u>ﬁ

0
s=T1(u) r=(s—
By the similar argument as (3.7.4) and (3.7.5), we obtain
I = O (Vm Upr ) - (3.7.13)
By (3.7.9), we have
2 m m o0
D) D) IRV IV
=1 s=l1t=0 =1
Since A5 < P and Ay, 95 < P om™ ¢, it follows that
2
< 2™ e, 0y, (3.7.14)
M ’ ’
The result follows in view of (3.7.8), (3.7.11), (3.7.12), (3.7.13) and (3.7.14). O

Proof of Corollary 3.4.5. The proof is similar to that of Corollary 3.4.2 with 6 = 0. By

Theorem 3.4.4, we have

UE[br,1—by] M K M

. . 2/q
sup  |X(u) — EX(u)|oo = Op (M@Z + mlL(pn)@Q a) :

Now we consider the bias sup,, |[EX (1) — 2(u)|oo. For u € [by, 1 — by, let

T

1 To(u)—m+1 /r4m—1 r+m—1
B(u) = 07 —m+ Dm > ( ; Xt(u)) ( tz:; Xt(“))

r=T7(u)

Similarly as (3.7.13), we have

ES(u) — EB(u)|oc = O (Vi Uy )
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Notice that

m m T
EB(u) = - E (Z Xt<u>> (Z Xt<u>> LS i)
t=1 t=1

l*fm

and recall that $(u) = > "2 T(u). It follow that

m
()~ EBw) = 3 Ty +m~ 3 10y (w).
[I|>m l=—m
By (3.7.11), we have
D D)oo = O(m™ 09 0o ). (3.7.15)
[I|>m
And (3.7.14) implies
m
1 r(m
m ] S |l|Fl(u)‘oo < (3.7.16)
[=—m
Putting all of the pieces together, the proof is complete. O

3.7.2 Some Lemmas used in this chapter
Lemma 3.7.1. Let S(0) = %a0+27£:1[ak cos(k0)+by.sin(k0)] be a trigonometric polynomial
of order n. For any 0* € R, 6 >0 and 1 > 2(1+0)n, let 0y = 6* +2wh/l for 0 < h <1, then

SO < (1+61 S(6
meaxl @) < (1+ )Orgggl! (On)]-

Lemma 3.7.1 is adapted from Theorem 7.28 in Ch. X, Zygmund [2002]. It shows that for
a trigonometric polynomial, we can bound its maximum by the maximum over a fine grid.
Lemma 3.7.2, Lemma 3.7.3 and Lemma 3.7.4 below concern the one-dimensional process

(Xt) of the form (3.6.1). The uniform dependence measure 6., for the sequence (Xj) is
defined by (3.6.2).

Lemma 3.7.2. Assume E(X;) =0 and Xy € LY for some ¢ > 2. Let Cy be some positive
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constant that depends on q only. Then

(Z) HPSXth < 5t—s,q,
.. 0
(i) |JE(XsXy)| < Zr:O 5r,26r+t—s,2a
T
(417) H thl CtXth < CqlAp 41,
i T
(iv) H ZS 1 Cs,t]EO(Xth)Hq/Q < Cqu’quﬁ, for g >4,
2
where Dy Et L2 and D3 = max{lgltzszZS 1 St’lglagTZt 1c st}

Lemma 3.7.3. Assume E(Xt) =0, Xy € L9 for some ¢ > 4 and Ny g < 00. Let Qp .y =

> 1<s<t<T A5t XsmXt,m for m > 0. Then we have
[EoQr — IE130@T,m||q/2 < Cgv TBAO,QALm/ﬂ,q

Lemma 3.7.2 extends some results of Proposition 1 in Xiao and Wu [2014] to the non-
stationary case. A detailed proof for these conclusions can also be found in that paper.
Equipped with the uniform dependence measure (3.6.2), we can obtain Lemma 3.7.2 for the
non-stationary case by a similar proof without extra technical difficulties and the proof is
hence omitted.

Lemma 3.7.3 provides a moment inequality for the difference between the quadratic form
and its m-dependence approximation for the non-stationary processes. It follows by similar
arguments when proving Lemma 9 in Xiao and Wu [2012]. Both of the lemmas can be very

useful in the proof.

Lemma 3.7.4. Assume E(Xy) = 0, Xy € L9 for some ¢ > 4 and Ay g < oo. Let n; =

<5(j—1)B+175(j—1)B+27 . 7€jB>' For 1 <k <|[T/B] and T >0, define

(kB)AT

sz Z > asiXsXt,

=(k—1)B+11<s<t
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and Vi, - = E(Vi|np—rs Mk—r+1- - -»Mk). Then for j > 1, there exists some constant Cgq > 0

only depending on q such that

(j+1)B

a/
h=(j—2)B+1

Proof of Lemma 3.7.4. Let Fg = (&,€i41,---,€;). For a random variable X which is F}-

measurable, define P; X = E(X|.7:Zj) - IE(X|]-"Z]+1) For j > 1, we can write

Viii = Vij—1 = EVilme—jimh—jt1 - m6) — EVilmk—j11, M—jt2, - - k)
B
_ kB kB
- ZE(Vkl}—(k—j—l)B—H’) - E(Vk|‘7:(k—j—1)B+i+l)
=1
B

= 2 Pu—j-1)p+i%
=1

By Jensen’s inequality and the triangle inequality, we have

Hp(k—j—l)B—l—in”q/Q <I+1I, (3.7.18)
where
(kB)AT t
I= Z (Xt — Xt,{(k—j—l)B—H’}) Z astXs )
t=(k—1)B+1 s=(t—B)V1 02
(kB)AT (s+B)AT
IT= Z (Xs = Xs {(k—j—1)B+i}) Z st Xy f(k—j—1)B+i}
s=[(k—2)B+1]v1 t=s o2
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We apply Holder’s inequality, Lemma 3.7.2 (i) and (iii) to have

(kB)AT t
D< Y X =Xujnprple| Do astXs
t=(k—1)B+1 s=(t—B)V1 q
kB
t=(k—1)B+1
Similarly, we have
kB
M<CVBAyg D s (hjo1)Big (3.7.20)
s=(k—2)B+1
Combining (3.7.18), (3.7.19) and (3.7.20), it follows that
(j+1)B—i
1Pk j—1)5+iVillg2 < CeVBA > Oh,q- (3.7.21)
h=(j—1)B—i+1

Note that P(k—j—1)B+iVk are backward martingale differences w.r.t. (*F(kklijanﬂ)lSiSB'

By Theorem 3.2 in Burkholder [1973], we have

B
2 2
Vi = Vij-illy e < qulup(k—j—l)B—f—inHq/g
1=
B (j+1)B—i 2
= CqBA%,qZ Z Oh.q
i=1 \h=(j—1)B—i+1
(j+1)B 2
= CqBQA%,q Z Ong |
h=(j—2)B+1
which implies (3.7.17) immediately. O

3.7.3  Proofs of Theorem 3.6.2 and Theorem 3.6.3

Proof of Theorem 3.6.2. First we make the convention that if a term X; in the summation

has the subscript ¢ ¢ [1, 7], then that term should be replaced by zero. And we set as; =0
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if s > t. In the proof, we consider the process normalized by the dependence adjusted norm

X.||l27.. Then it suffices to show for z satisfying B1T = o(x),
H No ymg

P(lEOQB’ > x) < Cﬁ,r,OzxiTCB- (3.7.22)

Step 1: Decomposition of P(|EqQp| > x).

Let 7 = |log B/log4|. Let B = mg > my > ... > my > 1 be a decreasing se-
quence with m; = |B/4'] for 1 < i < 7 and A{,...,\r be a positive sequence such that
ST\ < 1; specifically, \; = i72/(72/3) if 1 < i < 7/2 and \; = (7 + 1 —i)~2/(7%/3)
if 7/2 <1 < 7. For each m;, define the m;-dependence approximation of Qp as @ Bym; =

Zlgsgth as,th,miXt,mi . Then

P(Eo@p| = 22) < P(|Eo@pm,| = ) + P(|Eo(@p — @By )| = A12)

+ iPUEO(QB,m,»_l — QBm;)| = M) (3.7.23)
i=2
By Lemma 3.7.3, we have
P(|Eo(@B — @Bmy)| > M1z) < w(i—w =1;. (3.7.24)
For 2 <1¢ < 7, write
P([Eo(@Bm;_; — @Bm;)| = ANiz) <1; +11;. (3.7.25)

where

Ii = P(“EO Z (as,th,mi,lXt,mi,l - aS,tXS,mz‘Xt,mi” > )‘Zx/2>7
0<t—s<3m;_1

I — IP<|E0 S (@5t X sy Xeami 1 — st X Xemg)| = )\ix/2>.
t—s>3m;_1
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Step 2: Bounding I;, 1 <i <.
Let b* = [B/(4m;_1)]. For 1 <b < b*, define B = [4(b — 1)m;_1 + 1, (4bm;_1) A B]
and

Wy = Z Z (GS,tXS,miletmiq - CLS,th,ml-Xt,mi) .
tEBZ t—3m;_1<s<t

Observe that for [b — | > 1, W}, and W, are independent. By Corollary 1.6 of Nagaev
[1979], Lemma 3.7.2 (iv) and Lemma 3.7.3, we have for any M > 1 and for = satisfying

B — o(z), there exist constants Cyr,m and Cy pp such that

b*
L < Cerare™ ™+ P(Eo(Wy)| = Niw/(2Cy ar))
b=1

-M
< CyrMT + Cpr M

We can choose a sufficiently large M such that the first term in the above expression is no

greater than the second term. To sum up, it becomes

—Qar

ZI < Crx_’"BZ iz 1m

Let w=7_ym;_ 11m AT/AL. By the definitions of m;’s and A;’s, elementary calculations
show w = O(l) if @ >1—1/r, and w = O(B" 177} if @ < 1 — 1/r. Therefore, it follows

that

-
Y L < CraT(p. (3.7.26)

Step 3: Bounding II;, 2 < i < T.
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For non-negative integers n,m, N with n < N, define three functions as follows

U(n,m,x) = sup ]P’<|E0 Z as t XsmXt.m| > x),

{as:} t—s>n
V(n,m,z) = sup ]P><|]E0 Z as t XsmXtm| > x),
{as} t—s<n

WinNmz)= sup P(Ey > astXsmXem| > 7).
{as:} n<t—s<N

Hence, we have

II; < U@Bmi_1,mi—1, o2/6) + U(3m;, m;, Aa/6)

+W(3mi,3mi_1,mi, )\293/6). (3.7.27)

Step 3.1: Bounding U(3m;,m;,x), 1 <i <.
Define Yy, = S0 3™ agy Xom,. Let b° = [B/m;]. For 1 < b < b°, define Bf =
[(b—1)m; + 1, (bm;) A B] and define

Ry, = Z Xt»miy;ffmi'
teBy

Then we have Zt—s>3mi st Xsm; Xt,m; = 220:1 Rbmr Let o3 be the o-fields generated
by {er,,€r,—1,. .-} where [, = max By. It can be seen that (R, . )pis odd is @ martingale
difference sequence with respect to (03)p is odd, and s0 is (R ;)b is even With respect to
(0p)p is even- By Lemma 1 of Haeusler [1984], for any M > 1, there exists some constant

Cl,Mm such that

P Y astXemXem,| > 2) < Cpppo ™ +1115 + 1V, (3.7.28)
t—s>3m;
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where

b® 2
X
Il = 4P E(RZ,, |op_2) > ——7 | .
l; s (log :13)3/2
b°® T
V=Y P | > .
Bg;@mumg

Denote vs—¢,m; = E(Xsm; Xt,m;). We then have

b b°

2
g E(Rb,mi|0b—2) < g g 73—t,miysﬂ:miytfmi
b=1

b=1s,teBy
< Z a:,tXSamiXt7mi'
1<s<t<B
By Lemma 3.7.2 (ii), we have ) ;.. |’7k,mi| < ||X||% a/||X.||g7a < 1, which implies|a$ ;| < B
and E) sy az,thvmiXt,mi < B2. Hence it follows that
o x?
IIIB S 4P Z a&tXSamiXtymi Z m
1<s<t<B &
< z2 z2
U (3m;,mj, ——— ) + v (3my, mj, ——— ) . 3.7.29
S 0 ommi g ) +V (i i) er

Now we deal with the term Vpg. Conditioned on Y{fmz = Yt,m;,» by Theorem 2 in Wu and

Wu [2016],

_ C xQ
P(| Z Xt’miytvmil 2 x) Sz 2r§mz‘ Z |yt,mi|2r + exp <_Z T’T ]2) )
teBy teBy teBy 1Yt,m;

where &, = 1 (vesp. (logm;) ™47 or m! 17297y if o > 1/2—1/(2r) (resp. a = 1/2—1/(2r)

7
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or a <1/2—1/(2r)). By the independence of Xy, and Y}, , we have

O ar?
P(| Ryl =2 2) S x_zrﬁmz‘ Z E‘Y:mi’% +Eexp | - TjaY* 2
teBy ZteB§| t,mi|

= & ¥¢, Dy + Do. (3.7.30)

Lemma 3.7.2 (iii) implies Dy < Cpm; B

Also, for any M > 1, there exists a constant C' ;. ps such that

Crax 2 132
Dy = Eexp Y7 >
(o) 20 g
Cra$2 2 ZEQ
+Eexp < — : Y7 z|
{ Yveny Vi, tg;o i (log x)3/2
2 x? M
< P Y, T __|+c M
Z | tml| (0g:v)3/2 K, 10, M

teBy

the first term of which can be further formulated by a similar argument as IIIg. Then we

have

i B m, .
P(IRy ;| = 2) < CrzTrm—l-C,@r’a’Ma: M
/ $2
+Cr P Z as,tXS,miXt,miZW , (3.7.31)

1<s<t<B

with supg ;@) ;| < 1. Hence

2 e Z als,tXS’miXtmiZz— +a M (37.32)

IV <
(z/logz)? ~ m; \<ogi<B m;(log )6

where £ = 1 (resp. (log B)'4" or B" 17207 if o > 1/2 — 1/(2r) (vesp. a = 1/2 —1/(2r)
or < 1/2—1/(2r)), and the constant in < only depends on s, 7, « and M. Combining
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(3.7.28), (3.7.29) and (3.7.32), we have

2 2
x x
U@Bmi,mj,z) S U (3miamivw> +V (3mi>mi,w)
B 22
P | Y e XemXem =
Br—i—lérB M
U 7 > 2 - 3.7.33
/g 3739
By applying (3.7.33) for J times such that (x/B)_zJHT = O(z~M+1)) we have
2 r+1
T B ¢p —M
U(3m;, m; < V[ 3my,m;
( ml7ml7x) ~ ( m27m7,7 B(logm)2) + (:C/lOgl’)zr +x
B 22
+—P > d XemXem; > ——— | (3.7.34)
mi \ e m;(log )
We further split the last term in (3.7.34) into
B 2 B 2
By (g — " Y+ B (g — 2.
m; m;(log x) m; m;(log x)
Applying the new recursion for J times as well, and it becomes
J B j—1
U@Bmi,mi,x) S Z <E> V (3m;,m;,z; )
7j=1
J B j
+ (—> V- (3m, mi, Tjm, )
- mg
j=1
BT+1§B M
~ Sb - 3.7.35
Ffloga® T (3:7.35)
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where

2 1’2
x j—1m; .
I1.B— ) B , N 2,
7 B(logx)?” "7 B(logwj_1,m,)
2 xQ
T J—1m; .
Tlm; = yLjm; = 7 y 722,
" m(log )07 my(log @y )

and the constant in < only depends on &, r, a, M.

Step 3.2: Bounding V (3m;,m;,x), 1 <i <.
Define y = x/(27) with 7 = |log B/log4|. Then y satisfies B11%/2 = o(y). Let {ag ;}

be the set of coefficients such that

P(|Eq Z ag,tXS,miXt,mi| > x) =V (3mg, m;, x).
t—s<3m;

Split V(3m;, m;, ) into three parts.
V(3mj,m;,x) < Vg + Vig +V(3mjyr1,mjr1,x — 2y), (3.7.36)
where

Vp = P(|Eg Z (ag,tXS,miXtmi - ag,tXS,mHlXt,miH” > y),
t—s<3m;

Vip = P(|Eg Z ag 4 Xsmi1 Xtomi 1| = Y)-
3my1<t—s<3my;

Using similar arguments when dealing with [;, we have

r—1__—ar
CrBmy;—m;

Vp < o

(3.7.37)

To deal with VIp, let b° = [B/4m;]. For 1 < b < b°, define By = [4(b—1)m;+1, (4bm;) A B]

and Rgﬂm = ZteBg,3mi+1<t—s§3mi ag 1 Xs,m 1 Xt,m;y,- By Corollary 1.6 of Nagaev [1979],
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for any M > 1,
bO
Vip S Y P(EoRy | > 9/2C ) +y~ . (3.7.38)
b=1

Observe that when t —s > 3mg, X, and Xy 5, are independent. By the similar argument

as (3.7.31), we have from (3.7.38)

B -M
W(3mjq1,3mi,miy1,y) S EW(3mi+173mi,mi+1,y1,mi)+y
1

B BT+1§B
—|—7nz V (3m7,+17 mi+1,Y1 ml) + T, (3.7.39)

where y1 p, = y?/[m;(logy)?]. By applying (3.7.39) recursively for v times such that
(y/B)"2" " = 0@y~ (MHD),

; .
B J
W(3mit1,3mi, miy1,y) S § <—m) V (3mig1, Mig1,Yjm,)
g=1 "

Bl _
+T£B +y M, (3.7.40)

Y

where y; . = yjz_lﬁmi/[mi(log y]z_Lmi)Q] for j > 2. Hence (3.7.36) becomes

BT+1§B
y2r

. .
B J
V(3mj,m;,x) S Z<—) V (3mig1, mig1,Yjm,;) +

Bmfflm.*m

n - LMV (Bmisy, misr, T —2y).  (3.7.41)

By applying (3.7.41) for at most 7 — ¢ times such that 1 < m; < 2, we have

T—1 v TBTJrlfB
Vi) zz( YV s ) + e
k=1 j—1 y
ka mk+1 +ry M4 V(3mr, mr,2y). (3.7.42)
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By the block technique and Lemma 3.7.2 (3), it can be easily obtained that

CrB
V(3mr,mr,2y) < ;r . (3.7.43)
Notice that D=l O(Cg/B). We then have
k=1 My = 0(CB
T—1 v
Vemmsn £ S5 (2Y'V @memer )
k=1j=1
(g 7B lp -M
‘l'? + ZUT + 1Y . (3.7.44)

For each 1 < k < 7 — 1, V(3my41,Mp41,Yjm,) can be further dealt with by applying
(3.7.44) recursively for at most v times. Consequently we have
2 pr+l1
T T°B
V(3mi,mi, x) S ygf; M By 2y M

loo B r+1 loo B 27“—!—237"4—1
(log B) CB+(0g ) fB_{_x—M'

A

(3.7.45)

zr x2r

Step 3.3: Bounding W (3m;,3m;_1,m;,z) and I;, 2 <i < T.
Plugging (3.7.45) into (3.7.35) and (3.7.40), we obtain a bound of U(3m;, m;,z) and

W (3m;i1,3m;,mjy1,x), 1 <i <7 respectively,

B" 1 Tr+1 B?)’I"+1 1 14r4-2
U(3mymy. ) < ] OQgTOC) N §B(40g$) LM
T vl
BTCB log x 3r+1 B?)T+1f log x 6r+2 B
W(3mi+1, 3m,;, mi4q, x) S (l‘2r ) + Bx<47‘ ) +x M.
With the above two bounds, (3.7.27) implies
- (log £)7r+1BT<B (log $)14r+233T+1§B M
i S i $)27" ()\ix)M +x . (3.7.46)

Since B = o(x), we can choose a sufficiently large M such that the last term of (3.7.46)
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is no greater than the first term. By the choice for \;’s, it holds that for z satisfying
Btr = o(x),

-
D 10 < Crraz™"(p. (3.7.47)
=2

Step 4: Bounding P (|]E0Q37m7‘ > x) with 1 < m; < 2.

Notice that
]P)(“EOQB,mTl Z I) S V(3m77m7'a "L‘/Q) + U<3m7'7m7'a {['/2)
By (3.7.43) and the bound of U(3m,, ms,x) in Step 2.3, it follows that

P (|EOQB,mT‘ > x) < Cﬁ,r,af_TCB- (3.7.48)

Combining (3.7.23), (3.7.24), (3.7.25), (3.7.26), (3.7.47) and (3.7.48), (3.7.22) follows, which

implies (3.6.7) immediately. O

Proof of Theorem 3.6.3. Similarly as the proof of Theorem 3.6.2, we first normalized the
process by || X.||g,a- For 0 < 8 <1, let B =By = |75|. Tt remains to show for z > T2
(i) if I > 3B,

P(|EoLy()| > z) < o~ 92(T 4 TY/*~B4/2) (3.7.49)

and (ii) if 0 <1 < 3B,

P([EoLr()] = x)

D+ TR/4—Bq/2-1 Cy 02| X |4
< T+ + g H Hq,a (3‘7‘50)

~ 24/? 1X117 T

Case 1: | > 3B.
Define the B-approximation of Lr(l) as Ly (1) = D11 <t<p @t Xi—; Xt - We can follow

the similar proof of Lemma 3.7.3 to have

IEoLr (1) — Eo Ly, p(1)ll, /2 < CqalT —1)/2B7,
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which implies
P(|EoL1(l) — BoLy,p(1)] > o) < Cyaa™X(T — )V 57092, (3.7.51)
Let b = [(T' —1)/B]. For 1 < b < b*, define By = [l + (b—1)B + 1,(l + bB) AT] and

*
Lyp= Z at Xt | BXt.B-
teBy

Let o} be the o-fields generated by {515,515_1, ...} where [}’ = maxBj. We can apply

similar arguments as Step 3.1 (cf. (3.7.28)) when proving Theorem 3.6.2 to obtan for any

M>1,
P(|Ly ()| > 2) < Cppz ™ + LY 4+ 1), (3.7.52)
where
M = 4p iE(L*Q B P
T 2 bBI%b-2) = e |

b*
(2) _ * z

Denote v,_ p = E(X; pX; g). We then have
b*

b*
9
Y E(LiBlog o) < Y0 Y asarvs—t 3 Xs1,8Xi-1,B-
b1 b1 5.teBy

Notice that supy ; |asazys—¢, gl < 1. By Theorem 3.6.1, for z > TY2 we have

IO (IOgI)3Q/4FT,B+eXp B Coor*| X134
r o~ x4 (log z)3)| X ||} ,TB
log 7)34/4F
< s )xq LB (3.7.53)
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where the constant in S only depends on ¢, a and 3, and Frr g has been defined in Theorem

3.6.1. Let

C 1 2
Df =) E|X;;pl? and Dj=Eexp |- g.a(z/logx) .
tGB;; ’ ZtGBb* ’Xt*l,B’

By the independence of X; p and X;_; g, similarly as (3.7.30), we have

s fBDi(
P(|L} 5| > < D}
(’ bl 2 log:c) ~ (x/logx)4 2
where £ = 1 (resp. (log B)}*24 or B4/271-00) if o > 1/2—1/q (vesp. @ = 1/2—1/qor a <
1/2—1/q). It is easy to have DT < B. Notice that ZteB* E|X;_ lB|2 < B||X. ||2 ol IIX ||qa,
which is negligible compared to 2/ (log ac)7/ 2 when z > T1/2. By Theorem 2 in Wu and Wu

[2016] for the process ‘thl,B‘Q: for any M > 1,

M
Dy < [ Y X7 )7/2 + Cga,M
teBy (
P 2 x? M
< X —E|X,;_ >——— | +C T
Z*\ t—1,Bl | X¢—1 Bl e g0, M
teB;,
Tq/4ex 4 x |14
< (log x) 53 texp [ — Cgat | ||4q,a +:C_M,
4 (log )" X.[I1 . B

where £ = B (resp. B(log B)1 or BY/4=4/2) if o > 1/2 — 2/q (resp. o = 1/2 —2/q or

a < 1/2 —2/q). Summing over b, for z > T1/2, we obtain

q 1 Tq/Apex
ng) < (log 2)1T¢p N (log x) 3 Tl M

x4 Bax1 ’

(3.7.54)

where the constant in < only depends on ¢,«a, and M. Combining (3.7.52), (3.7.53),
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(3.7.54) and choosing a sufficiently large M, we have for z > T/2,
P(| L7, ()| > 7) < Cy o pr Ulog)* Fp g < Cqaa™ %Dy (3.7.55)

Hence, for all cases of a, (3.7.49) follows by (3.7.51) and (3.7.55).

Case 2: 3e <1 < 3B.
Let By =T, Bj = |B}_,| and nl) = [(T —1)/(4B;)] for j > 1. Let

J = [—log(logT')/ log B].
Then By < LTBJJ <e. For 3e <1 < 3B, we can find a Jy (1 < Jy < J — 1) such that
3Bj,41 <1< 3By, For k=12,...,n(/0) define
(I4+4kB o )AT
Ji
L) — S w X, 1 X;.

t=I-+4(k—1)B,+1

For h € 7Z, we define the innovation sets

(Jo) _
M = (Ea4(h=1)Byy+1: €4(h—1)By+2: - - -+ €4h By, )

and
(Jo) _ (Jo)| (Jo)  (Jo) (Jo)
Lk’g —E(Lk |77k—7-’77k;—7-+1"“’77k > , for7 >0

We can apply the similar arguments when proving Theorem 3.6.1 to have for x > T/ 2

Wr B Cy oz X |4
P(|EgLy(l)| > z) < 70 4 oxp (_ g.02 | X.|lg a

Y x4/2 IX.11,T
n(JO)
J
+ 3 P(ELYY| > 2/Cy 0 5). (3.7.56)
k=1

103



where WT,BJO = TBJOQ/ZI_O“]/Q_1 (resp. T(log T) 14 or TH4=24/2) for o > 1/2—2/q (resp.
a=1/2—-2/gor a <1/2—2/q). To deal with ]P’(|E0LI(CJ8)\ > ), similarly as (3.7.51), we

take B j,11-approximation of L](g‘]g ) and bound the tail probability of the difference by

(o) (o) —q/2 /4 p—aq/2
P (‘EOLk’O —EoLy0m, 1| 2 x) < Cyax 2B B (3.7.57)

Since | > 3By, 41, by (3.7.55), for z > T1/2, we have

(Jo)
]P ('EOLkaoaBJ0+l

> ) <C, 451 Yogz)?Fp 3.7.58
g,a,8

Jo B+

Since z > T2, (3.7.50) follows in view of (3.7.56), (3.7.57) and (3.7.58).

Case 3: 0 <[ < 3e.
This case is easier. Let n* = [(T —1)/4e]. For k =1,2,...,n*, define

(I+4ek)AT

Ly = > ar X1 Xy
t=l+4e(k—1)+1

and

* *
Li o = E(LL1E4e(k—1)41> Ede(k—1)42> - - - » Edek)-

Following the proof of Theorem 3.6.1, (3.7.56) then becomes

Dp anx2||X-||3a
P(EoLp()| > 7) < —L 4exp|-—-2 :
<| 0 T( >| ) :L‘q/2 p( ||X||iaT

n*

+ 3 P(EoL ol > 2/Cyqp)- (3.7.59)
k=1

Notice that L} , takes the sum over a block with size 4e. By Lemma 3.7.2 (iv) and the
Markov inequality,

P(’EOLE 0’ > 1) < Cq,al’_q/Q-
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So (3.7.50) satisfies in view of (3.7.59).
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