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ABSTRACT

If G is a simply-connected semisimple complex algebraic group, its adjoint form admits a
particularly nice equivariant completion called the De Concini-Procesi or wonderful com-
pactification. The complement of the adjoint group in its wonderful compactification X is
a divisor Y with normal crossings and smooth irreducible components, so it makes sense
to consider the sheaf of logarithmic differential operators Dx y on the pair (X,Y). Af-
ter reviewing the construction of X and Dy y, we relate the latter object to a canonical
(G x G)-action on X. In particular, this gives rise to a homomorphism from the Lie algebra
g @ g to the global logarithmic vector fields on X, which extends to a homomorphism from
the universal enveloping algebra to the global logarithmic differential operators on X. We
show that the latter homomorphism is surjective, compute its kernel, and relate the result to
global differential operators on the adjoint group. We also demonstrate analogous results in
the setting of logarithmic differential operators twisted by an invertible sheaf on X. We end
with a short application of the results to certain modules over Dx y with support on the
closed orbit in X, relating them to the now classical Beilinson-Bernstein theory of differential

operators on flag varieties.



CHAPTER 1
INTRODUCTION

The flag variety associated to a connected semisimple complex Lie group G is an important
and well-studied object whose geometry relates deeply to the representation theory of G
[CG]. There are several ways to realize this variety. We will view it as the homogeneous
space G/B, where B C G is a Borel subgroup. When G = SL,, B is the stabilizer of the
standard flag in the natural representation C™. It follows, in this situation, that G/B is the
set of complete flags in C", whence the term flag variety.

One example of the relationship between the geometry of G/B and the representation
theory of G is the Borel-Weil theorem. The theorem describes the G-module structure of
the spaces of global sections of certain G-equivariant line bundles on GG/B. The total space
of any such line bundle is of the form Ly := G xp C), where C) is the one-dimensional
B-module of weight A. If we fix a maximal torus 7' C B and choose A to be dominant with
respect to the pair (7, B), then the irreducible G-module V) with highest weight A can be
realized as the space of global sections of Ly, where w is the longest element of the Weyl
group W := Ng(T)/T. This is a basic result in representation theory, and it is significant
because it explicitly constructs all the irreducible G-modules as geometric objects. A simple
proof follows from Frobenius reciprocity.

In the early 1980s, a vast generalization of the Borel-Weil theorem was established in the
work of Beilinson and Bernstein [BB|. To state this result, we must introduce the notion
of twisted differential operators on an algebraic variety. Just like the structure sheaf O of
the variety forms a natural module for the sheaf of differential operators D, so too do the
sections of an invertible sheaf £ on the variety form a natural module for a ring of twisted

differential operators. The simplest way to define this object is to set

DL =L®0pD®p LY,



which also makes clear the natural action of DL on £. From this point of view, the invertible
sheaf £,,\ on G/B is a DfwA-module. By the Borel-Weil theorem, the space of global sections
of £,,) is the G-module V). It is also a module for the Lie algebra g of GG and its universal
enveloping algebra U(g). The characters of the centre Z(g) of U(g) are indexed by the
weights of T, and irreducibility of V) implies that Z(g) acts by the central character x 1
where p is the half-sum of positive roots [Hum, sec. 23.2].

In general, the Beilinson-Bernstein localization theorem states that for a dominant weight
A, there is an equivalence of categories between the category Mod(g, x\4,) of U(g)-modules
with central character x ), and the category Modqc(DEw/\) of Oq / p-quasicoherent DEwx-
modules on G/B. The equivalence is given by the localization functor D w ®17(g) (- ), which

makes sense after we define a certain canonical homomorphism
‘ka . ‘Cw)\
13 :U(g) — ['(G/B, D~wA).

The inverse equivalence is given by the global sections functor. The Borel-Weil theorem
shows that these two functors identify V) and L£,,). These results are proved in [BB] and
exposited in [HTT, ch. 11] and the article [Ka] of Kashiwara. See also the work [BK] of
Brylinski and Kashiwara for applications of the localization theorem to the proof of the
famous Kazhdan-Lusztig conjectures.

Around the same time as the work of Beilinson and Bernstein on twisted D-modules
on flag varieties, a class of remarkable objects was introduced in the work of De Concini
and Procesi [DP], called complete symmetric varieties. This is a class of particularly nice
equivariant embeddings of symmetric spaces: homogeneous spaces G /K, where K C G is
the fixed subgroup of an involution on GG. The complete symmetric variety X associated to
G/K is a smooth projective variety, and the complement of the open orbit G/K in X is a
divisor with normal crossings and smooth irreducible components. There are finitely many

G-orbits on X, and their closures are smooth and coincide with partial intersections of the set



of irreducible components of the boundary divisor. In particular, the intersection of all the
irreducible components is the unique closed orbit, isomorphic to a certain partial flag variety
G/P. Today, the variety X is often called the wonderful compactification of G/K, as part of
a broader class of so-called “wonderful” varieties [Tim, ch. 30], and further generalizations
have been established, for example Brion’s work on “log homogeneous” varieties [Brl].

The very special geometry of complete symmetric varieties has representation-theoretic
consequences. For example, Ginzburg used a certain class of “admissible” D-modules on a
symmetric space and its wonderful compactification to give a simple description of Lusztig
character sheaves [Gin]. In a different direction, the group of isomorphism classes of G-
equivariant line bundles on X is well-understood, as is the GG-module structure of the spaces
of global sections of such line bundles [DP, sec. 8|, establishing an analogue of the Borel-
Weil theorem for X. The G-modules obtained in this way are in general not irreducible, in
contrast to the situation on the flag variety G/B.

In our discussion, we will focus on the wonderful compactification X of the adjoint form
Gaq = G/Z(G), which can be viewed as a symmetric space for G,q x G,q, the involution
being simply a flip of the two factors. The geometry of X is summarized in some amount of
detail in sections 2.1 and 2.2 of this thesis, while line bundles on X are discussed in section
2.4. In this setting, the universal enveloping algebra U(g® g) acts on the structure sheaf Ox
by differential operators and, more generally, on any (G x G)-equivariant invertible sheaf
L on X by twisted differential operators. However, the differential operators obtained in
this way are special: the vector fields coming from g & g will be tangent to the (G x G)-
orbits on X, and thus tangent to the irreducible components of the boundary divisor Y, the
complement of the open orbit G,4 in X. Such vector fields generate the sheaf of logarithmic
differential operators Dx y on X, a subsheaf of the full sheaf of differential operators Dx.

The twisted analogue is the sheaf

'D)‘C(’Y =L ®ox Dx ¥y ®0x cY



of twisted logarithmic differential operators on L. We give a summary of the construction of
Dx y and some of its properties in sections 3.1 and 3.3.

The sheaf Dx y is quite interesting. It of course has a natural action on Ox, obtained
by restricting the natural action of Dx. However, there turn out to be more examples of
natural Dx y-modules. Since the logarithmic vector fields are tangent to the irreducible
components of Y, they have a natural action on any invertible sheaf £ on X corresponding
to an integral linear combination of these irreducible components, and this action extends to
Dx y. Thus, we obtain a set of invertible sheaves on X which are natural Dx y-modules,
and the U(g@® g)-module structure of the spaces of global sections of these sheaves is known.
It is then natural to ask, by analogy with the Beilinson-Bernstein localization theorem on
the flag variety, about the U(g & g)-module structure of the space of global sections of any
D)E(’Y—module.

In this thesis, theorem 3.6.1 will give a description of the global differential operators
on X coming from U(g @ g) = U(g) ® U(g). It turns out to be the full space of global
logarithmic differential operators. On the adjoint group, the first factor of U(g) will map
to the right invariant differential operators, while the second factor will map to the left
invariant differential operators. The centre Z(g) of either factor will then map to the bi-
invariant differential operators, and, in particular, the element 1® z — z® 1 for any z € Z(g)
will map to the zero operator. Thus, there is a homomorphism from U(g) ® Z(g) U (g) to
the space of global differential operators on G,q. The image is precisely the space of those
differential operators that can be written as sums of products of left and right invariant
ones. However, since the adjoint group is affine, it admits many more global differential
operators. Remarkably, it turns out that the ones we have described so far are the only
ones that extend to global logarithmic differential operators X. In fact, this is true even for

twisted differential operators: there is an isomorphism of filtered algebras,

V5 U(8) ® () Ulg) = N(X, Di y).



At the time of investigating this question, we were not aware that the result for the case
L = Ox had already appeared in Brion’s work [Br2], although the overall focus of that
paper is quite different. To prove the surjectivity of 75, our techniques are not essentially
different from Brion’s. Actually, both proofs are essentially parallels to the proof of the
analogous fact for the flag variety, which is the first step in establishing the Beilinson-

Bernstein correspondence: the canonical morphism
¢°: U(e) — T(G/B,Dg )
is surjective. An essential ingredient of the latter proof is the moment map
piTgp— 9%

which has a close relationship with the associated graded morphism of 5‘/‘:. The geometry
of u has been studied extensively, in particular by Kostant [Kos]. Most importantly, p is
proper and birational, with scheme-theoretic image the nilpotent cone N C g*, making it
a resolution of singularities of A/. This is the famous Springer resolution. Normality of N,
also due to Kostant [loc. cit.], plays an important role in the argument.

In the situation of the wonderful compactification X, there is a logarithmic analogue of
the moment map, which was considered already in [Gin]. This logarithmic moment map
has a more complicated geometry, which we discuss extensively in sections 3.4 and 3.5.
Nevertheless, it is proper, its fibres are connected, and its scheme-theoretic image is normal,
so the added ingredient of a Stein factorization allows us to use an argument that is largely
the same as in the case of the flag variety. Once we have deduced the surjectivity of gr fy£
and computed its kernel in proposition 3.6.1, we deduce the surjectivity of vﬁ and compute
its kernel in proposition 3.6.2 by an induction on the degree of the filtration of U(g & g).

We end the thesis with two examples demonstrating the action of Z(g) from either copy

of U(g) in some special situations. The first, example 3.6.1, is simply the aforementioned
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case of an invertible sheaf £ on X corresponding to a linear combination of the irreducible
components of Y. The second, example 3.6.2, is more involved. Here we consider the
pullback of Dx y along the inclusion i : Z < X of the closed orbit, which turns out to be
the flag variety (G/B) x (G/B™). The sheaf i*Dx y admits some canonical global sections,
the Fuler vector fields, which we discuss in sections 3.2 and 3.3. It turns out that the images
of the elements of Z(g) in i*Dx y are certain polynomials in the Euler vector fields. These
polynomials are determined by the Harish-Chandra homomorphism [Hum, sec. 23.3]. If
M is a sheaf of i*Dx y-modules such that the Euler vector fields act locally finitely, then
the action of Z(g) on M is also locally finite, with certain central characters as generalized
eigenvalues. In particular, this provides a link between two natural actions of U(g @ g) on
['(Z,i*L): the action by twisted differential operators on Z as in the Beilinson-Bernstein

theory, and the action by restrictions of logarithmic differential operators on X to Z.



CHAPTER 2
THE WONDERFUL COMPACTIFICATION

Let G be a simply-connected semisimple linear algebraic group over C, Z(G) the centre of
G, and G,q := G/Z(G) the adjoint form. We summarize here some well-known results on
the De Concini—Procesi (“wonderful”) compactification of G,q. For proofs of these results,

consult [EJ], or see [DP] for a more general treatment that includes them as special cases.

2.1 Construction

Fix a pair (T, B) of maximal torus and Borel subgroup of G. Let B~ be the Borel subgroup
opposite B relative to T', and let U C B, U~ C B~ be the unipotent radicals. (T, B)
determines a choice of positive roots R4, a base of simple roots A = {ay,...,a,} C Ry,
and a cone of dominant weights in the weight lattice X(T"). Let R := R4 U (—R4) be the
full set of roots of T in G. Let W := Ng(T)/T be the Weyl group.

Fix a regular, dominant weight A\ € X(7). Let V) be the irreducible representation of G
with this highest weight. End V), is canonically a (G x G)-module, and the variety P(End V)

carries a canonical (G x G)-structure

(91, 92)[M] = [g1Mg5 ).

The stabilizer of the line through the identity operator 1 € End V) is the subgroup

K= {(91792) €GxG:gigyt € Z(G)},

SO

(GxG)1]=(GxG)/K = Gy

(91, 92) K = g195 1 Z(G).
7



Definition 2.1.1. The wonderful compactification X of G,q is the closure of (G x G)[1] in
P(End V)). v

It turns out that the isomorphism class of X as a (G x G)-variety does not depend
on A\, so long as A is regular. If A\ were not regular, this construction would produce an
equivariant completion of G,4q or some quotient thereof, which necessarily would not have
the very special orbit structure of the wonderful compactification. For example, X has a
unique closed orbit: the orbit of the highest weight line in End V), with respect to the pair
(T'x T, B x B™). In general, the stabilizer of that line is the Borel subgroup B x B~ (and

the orbit is a complete flag variety) if and only if A is regular.

Example 2.1.1. Let G = SLo, B C G the subgroup of upper triangular matrices, T' C B

the subgroup of diagonal matrices. In this case, the cone of dominant weights is Np, where

is the fundamental weight, and the only simple root is a = 2p. p is regular, and V), = C2 is
the natural representation of G. Then EndV, = M9, and the image of Gq = PSLy =
PGLy in P(EndV)) is the nonvanishing set of the homogeneous form det. It follows that
X = P(EndV,) = P3.

It is not so easy to describe X explicitly for other groups, even SL, for n > 2, since the
condition that A be regular forces the dimension of the ambient projective space to be quite
large. In particular, the natural representation of SL;,, does not have regular highest weight

when n > 2, and X is not pri-1, v

There is also another construction of the wonderful compactification, which does not

make any of the above choices. Let g = LieG, n = dimg. The variety Gr(n,g ® g) of



n-dimensional subspaces of g @ g carries a canonical (G x G)-structure

(91, 92)[5] = [(Ad g1 & Ad g2)(5)],

and K is the stabilizer of the subspace

Ydiag = {(X,X) egdg}

Thus
(G x G)[gdiag] = (G x G)/K = Gy,

and one can prove that the closure of this orbit in Gr(n,g ® g) is again a (G x G)-variety
isomorphic to X. The unique isomorphism with the previous construction maps [ggiag] to

[1], as both points correspond to the identity element e of the open orbit Gq.

2.2 Orbit Structure

In what follows, we make a choice of homogeneous coordinates on P(End Vy). This is done
only to facilitate the description of the objects involved, and none of the results will depend
on this choice. Choose a basis of weight vectors {v;}o<i<m in V) with weights {\;}o<i<m
respectively, such that A\g = A\, and \; = A —q; for each 1 <7 < r. For each 0 <17 < m,

write
r
)‘i = )\ — Zn”aj
j=1

Let {v] }o<i<m be the dual basis of V. By the natural isomorphisms

End V) = Vy ® VY,

(MRVY)" = VYRV,



{v;k ® Uj}OSi,jSm is a set of homogeneous coordinates on P(End V). By restriction, these

are also homogeneous coordinates on X.

Definition 2.2.1. The big cell X, is the nonvanishing locus of the homogeneous form v§®wvy

on X. v

The morphism

descends to an isomorphism of the adjoint maximal torus T4 := T7/Z(G) with G},,. G}, xG],

has an obvious action on C",
(a1, ... ar), (by, ..., bp)) (21, oy 2r) = (albl_lzl, . ,arbflzr) (aj,b; € G, z; € C),

and the action pulls back to 7" x T" via a X . The closed immersion

CTHXO
m T
s
(21, 2p) — Z sz”vi@)v;
=0 j—1

is then (7" x T')-equivariant. Denote its image by T, and the image of z = (z1,..., 2;) by [2].

Informally, we have constructed an equivariant embedding 7,3 < T and extended the
simple roots to allow the value oo on T. Thus, any positive root takes the value co at certain
points of T, while its negative takes the value 0 at the same points. It turns out that the

closure of T in X is

T= U (w, w)T.

wl'eW

This is a smooth, complete toric variety corresponding to the fan of Weyl chambers in the
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vector space X(T') ®7 R (see [EJ, rmk. 4.5], and [Ful] for an introduction to toric varieties).
For example, the antidominant Weyl chamber is dual to the cone generated by the negatives
of the simple roots, which clearly form a set of algebraically independent generators of the
coordinate ring C[T]. Any root is conjugate to a simple root by an element of W. Thus, X
contains a “maximal torus” T, and all the roots extend to allow the values 0 and oo on T.

The name big cell for X, is inspired by the following important result:

Theorem 2.2.1. The morphism

U xTxU—X

(u, [z],v) —> u[z]v_l

is an isomorphism onto X,. Moreover,

X= U (91,92)Xo. O
91,92€G

Thus, X, is the analogue in X of the big Bruhat cell U™ T,4qU in G,q. The first statement
in the theorem implies that X, is an affine space. The second statement then implies that
X has an open cover by affine spaces. In particular, X is smooth. Moreover, X, intersects

every orbit in X.
Using the previously constructed coordinates on T, we can give the following description
of the orbit structure of X. The orbits are indexed by subsets of A. For such a subset S,

choose the point zg = (21, ...,2,) € C" such that

0, aes
1 y ai¢S

Zp =

Let Pg be the parabolic subgroup of G generated by B and the root subgroups Ug for
B € —(A\S). Let Py be the parabolic subgroup opposite Pg relative to T', and Pg = LgUg,
11



Py = LgUg the Levi decompositions.
Theorem 2.2.2.

1. There are 2" (G x G)-orbits in X: Og := (G x G)[zg] for each S C A.

2. The stabilizer of [zg] is

Kg:= {(xu,yv) cx,y€ Lg,xy ' € Z(Lg),ue Ug,v e UST}

3. The closure of Og in X is U Og. O
S'D8

It particular, X has a unique closed orbit,
Op = (G x G)[za] = (G x G)[vo ® vp] = (G/B) x (G/B™).

Combining this description of the orbits with theorem 2.2.1, it follows that each orbit closure

is smooth, and the complement of the open orbit
Og = (G x G)zp] = (G x G)[1] = Gaq

in X is a (G x G)-stable normal crossings divisor with r smooth irreducible components.
Informally, there is a bijective correspondence between orbits and subsets of the set of

simple roots: each orbit intersects T precisely in the subvariety on which the the correspond-

ing simple roots have the value co. The closure of an orbit is the union of all the orbits for

which the same simple roots have the value oco.

Example 2.2.1. We continue example 2.1.1 and describe explicitly the big cell and the

orbits in X for G = SLy. We use the standard weight basis



of V,, and the associated weight basis of End V), = My,

. 10 . 01
e1 el = , el ®ey = ,
0 0 00
. 00 . 00
eg ey = , ey ey =
10 01

The big cell is the nonvanishing locus of the homogeneous form e] ® e; on X, which is the

principal affine open subset

a b
Xo = ca#0
c d
The image of T4 in X is )
t 0
teC*
0 t1
so T is
.
10
ze€Cyp,
0 =z
\
and
-1
t 0
r=t"2=q
0 t1

on T,q. Thus, T is obtained by attaching to T,q the point {z = 0} on which « takes the

value co. Moreover, the map

-1

1 0 10 1 v 1 —v
(u, z,v) — =
u 1 0 z 01 U Z—Uuv

is easily seen to be an isomorphism onto X, as predicted by theorem 2.2.1.

13



There are two orbits in X, the vanishing and nonvanishing sets of det. This is to be

expected, since there is only one simple root . We make standard identifications

G/B =5 Gleq] = P,

G/B~ = Gle] = P!

given by

a b a a b

B+ , B — [d : V.

c d c d d

Then, (G/B) x (G/B~) = P! x P! is isomorphic to the closed orbit in X, the orbit of

. 10
[61 ® 61] = )
00
by a variant of the Segre embedding,
a , , ad’ —ab’
X [d =V — . v
c cd —cb/

2.3 The Stabilizer Bundle

In what follows, we denote the Lie algebra of any algebraic group by the corresponding

Fraktur letter, with the exception § := Lie T, as is standard.

Definition 2.3.1. The stabilizer bundle m : E — X is the pullback of the tautological vector

bundle on Gr(n, g @ g) with respect to the canonical immersion X < Gr(n, g ® g). v

E has a canonical (G X G)-equivariant structure, and its fibre over [gqiag] 18 gdiag = € = Lie K.
Thus

Elo, = (G xG) xgt

14



It immediately follows that the fibre of E over any point of Og = G, is the Lie algebra of
the stabilizer of that point, justifying the name stabilizer bundle. Of course, by dimensional
considerations, the fibres over points in other orbits will not be the full Lie algebras of their

stabilizers, but rather certain ideals thereof. Indeed, consider a point
[S]e X CGr(n,g®dg).

First, we note that S C g @ g is a Lie subalgebra. Indeed, the set of n-dimensional Lie
subalgebras of g @ g is closed in Gr (n,g ® g), and the (dense) open orbit of X is contained
in this set, whence so is X. Let G|g) C G x G be the stabilizer of [S]. Then g[g) := Lie G|g
is the stabilizer of [S] under the adjoint action of g @ g on itself. It follows that S C 9]

and moreover is an ideal.

Lemma 2.3.1. For each S C A, the subspace
ps Brg by = {(X+2ZY+2Z): X €ug,Y €ug,Z € lg}

of pg @ pg is stable under the adjoint action of Kg C Pg X Pg. In particular, it is an ideal

of tg Cps Dpg.

Proof. Since ug C pg is an ideal, it is preserved by the adjoint action of Pg. Likewise, Pq

preserves ug. It remains to show that Kg transports
ls.diag = {(Z,2) € [g &[5}
into pg S Pg-

Let Z € lg, (91,92) € Kg. Then g1 = xu,go = yv for some z,y € Lg such that

zy~le Z(Lg), uelUg,ve Ug . Since Ug is unipotent, u = exp X for some X € ug. Since

15



ug is nilpotent, ad X is a nilpotent operator on g, so (ad X)N = 0 for some N > 0. Then

uZu"t = (exp X)Z(exp X) 1
=exp(ad X)Z
=7+7,

where
N

1 .
7= <(adX)'Z

]

In particular, Z’' € ug, since ug C pg is an ideal. Likewise,
vZvt =74+ 2"
for some Z" € Ug. Then

(91.92)(Z2,2) = (91297, 92295 1)
= (w(uZu 2™ y(wzv )y
=(@(Z+ 2 yz+ 2"y

= (@Zx Y+ 2Z'x Y yZy T+ y 2y .

Since zy~! € Z(Lg),

wZz 1 = yZy_l,

and zZ'z7 ! € ug, yZ"y~1 e ug again because ug C pg, ug C pg are ideals. Thus,

(91,92)(Z, Z) € pg Dig g - O

Proposition 2.3.1. For each S C A, the fibre of E over [zg] is pg @4 pg. Thus, the

16



pullback of E to Og is isomorphic to the homogeneous vector bundle

(G X G) xXKgq (s Drg Pg)-

Proof. For each S C A, let

Ef, = ps Big Py

By theorem 2.2.2 (1), any p € X is of the form (g1, g2)[zg] for some g1,99 € G, S C A. Let
E1/9 - E291792)[ZS] = (Adg1 © Ad g2)(EfZS])’
which is well-defined by lemma 2.3.1. Let
E={(p,X,Y):peX,(X,Y)€E} CXx(g®g),

and let

B —X

be the first projection. Then 7’ is (G x G)-equivariant, and its fibre over any p € X is the
n-dimensional vector space E;,.

Consider the Cartan decomposition

ng)@@ga-

aER

Fix a basis of weight vectors of g, for example a Chevalley basis
{Xa,Yao:a€e Ry JU{H; : 1 <i <},

where X, Yy, are basis vectors for g, §—q respectively, and Hj is a basis vector for Lie (o) (G, ).

17



For each oo € R4, write
r
a = Z n; o .
1=1

Using the isomorphism U~ x T x U = X, of theorem 2.2.1, define the following sections of

the trivial vector bundle X, x (g ® g) — Xo:

sa(ulzlv™) = (u,v) ([z],Xa, (H z;%) Xa> :
1=1
s—a(ulz]v™h) = (u,v) ([z], <H z?i> Ya,Ya> :

1=1

si(u[z]v_l) = (u,v)([z], H;, H;)) (weU™,[z] € T,veU)

foreach a € R, 1 <3 <r.

/

[g] A1 [zg]. A computation shows that

For each S C A, these sections span F

(t1,t2)(sa[2]) = altr)sa((t1, 12)[2]),
(t1,12) (s—al2]) = a(t2) " s—a((t1. t2)[2]),

(t1,t2)si([2]) = si((t1,t2)[2])  (t1,t2 € T, [2] € T),

so in fact these sections also span EE at (t1,t2)[zg]. It now follows that they span

t1,t2)[zs]
E;[z]v—l = (u,v)EfZ] forany u € U™, [z] € T,v € U.

We conclude that the above sections define a trivialization of 7’ : E/ — X over X,.
Using the (G x G)-equivariance of 7’ and the second half of theorem 2.2.1, it follows that
7'+ E' — X is locally trivial, hence a vector bundle. Since E’ and E are both (G x G)-

equivariant and have the same fibres over [zz], they agree on the dense open orbit Og C X.

Thus, they are equal. O

A slightly different approach to computing the fibres E[Z 5] is outlined in [EJ, rmk. 3.9].

18



2.4 Picard Group

We discuss the Picard groups of X and the closed orbit Op = (G/B) x (G/B7), a flag
variety. Both X and O are smooth (G x G)-varieties, so we may canonically realize their
Picard groups as either divisor class groups or groups of isomorphism classes of line bundles.
Moreover, since GG is semisimple and simply-connected, any line bundle on either variety
admits a unique (G x G)-linearization, so there is no need to distinguish the equivariant
Picard groups [Tim, app. C].

For any u € X(T), let C,, denote the one-dimensional T-module of weight x. Then
B =T x U acts on Cj, by its projection to T', and all one-dimensional B-modules arise in
this way. Thus, there is a natural isomorphism of weight lattices X(B) = X(T). Likewise,
X(B7)=X(T).

Since Op = (G/B) x (G/B™) is a homogeneous space, the map

X(B x B7) =X(T) x X(T) — PicOn

(1, ) — (G X G) Xpyp- (Cu®Cy) =: Ly

is an isomorphism [Tim, thm. 2.5]. The following theorem relating Pic X to PicOp is due

to [DP, sec. 8|, where an analogue is proved in a more general setting:

Theorem 2.4.1. The pullback map

Pic X — PicOp

is injective, and its image corresponds under the isomorphism Pic Op = X(7T") x X(T') to the
antidiagonal

{1, —p) € X(T) x X(D)}. O

We denote by L, the unique line bundle on X that pulls back to L, —;, on Oa. The following

useful result, also due to [loc. cit.], identifies the line bundles in Pic X corresponding to the
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components of the complement of G,4 in X (the “boundary divisor”):

Theorem 2.4.2. For each o € A, there is a global section of L_, with scheme of zeroes

the closure of O{a} in X. O

Since A is regular and dominant, the line bundle Ly admits a very simple description. The

restriction of the canonical immersion X < End V) to Op is just the Pliicker embedding

(G/B) x (G/B™) «— P(EndV))

(91B,92B~) +— (91, 92)[v0 ® vp],

since [vp ® vg] is the highest weight line in End V) with respect to the pair (T'x T', B x B™),

and its weight (A, —\) is regular (see [CG, sec. 3.1.13]). This extends to a closed immersion

L)Hi)\ = (G X G) XBXB_ (C)\ g@f}) —> ]P’(EndV)\) X EndV)\

((91,21)B, (92,22) B~ ) — ((g1, 92)[v0 ® vg], 2191v0, 229200),

whose image is the tautological line bundle OIP(End V,\)<_1)- It follows from this description
of Ly ) and theorem 2.4.1 that Ly is the pullback of Op(gpqy,)(—1) to X. In particular,
the dual bundles LY = L) and LK,_ y = L_) ) are very ample. It follows also that for
e X(T), Ly is (very) ample if and only if L, —, is (very) ample, that is, if and only if p

is regular and antidominant [HTT, thm. 9.11.2 (ii)].

Example 2.4.1. If G = SLs, we have already noted the isomorphisms
O = (G/B) x (G/B™) = Gleq] x Glej] = P! x P,

On Glej] = P!, we use coordinates v and u on the affine open subsets

veCy, cueC



1

Then v = u~* on the intersection of the two subsets, and the G-action in coordinates is

a b av +b

v=—-,
¢ d cv+d
a b _c~|—du
¢ d a+bu

PicP! = 7 is generated by the hyperplane bundle Op1(1), and the line bundle Op(n) is

constructed by gluing together two copies of C2 with coordinates (v, ¢) and (u,&):

The G-action

then gives Op1(n) the structure of a G-equivariant line bundle. B acts by the character —np

on the B-fixed point u = 0, so we have an isomorphism

G XB (Cfnp —— O(n)

| |

G/B —>—— p!
At the same time, B~ acts by the character np on the B~ -fixed point v = 0, so we also have

an isomorphism
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G X B- (CTL,O — O(n)

| |

G/B~ —~— P!
Since X = P3, PicX = Z with generator the hyperplane bundle Ops(1). We use the

coordinates (u, z,v) constructed in example 2.2.1 on the affine open subset X,. Here the

tautological line bundle Ops(—1) has an obvious trivializing section

U zZ—Uuv u zZ—uv u zZ—Uuv

Let ¢ be the coordinate on the fibres of Ops(—1) over X, with respect to the trivialization

by . Then the (G x G)-action on ¢ is

ap b ag by
(91, 92)(s(u, z,v)) = , s(u, z,v)
1 dy co dy

= (a1 + bru)(da + c2v)s((g91, 92) (u, 2,v)).

Since Ops(n) = Op3(1)®™ for n € Z, the section o®(=1) trivializes Ops3(n) on X, with

coordinate ¢~" along the fibres, and the (G x G)-action is

(91,92)(s™ " (u, z,v)) = (a1 + byu) " (da + cov) """ ((91, 92) (1, 2,v)).

It follows now that the immersion O < X, identified with the Segre embedding Pl x Pl —

P3, extends to a (G x G)-equivariant immersion of line bundles
Thus, Ops(n) pulls back to Op1(n) ® Op1(n) = L—npnp, whence Ops(n) = L_p).

We note that the divisor O in X is the vanishing set of the homogeneous form det of
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degree 2, so its associated line bundle is Op3(2) = L_9, = L—_q, as predicted by theorem

2.4.2. v

There exists an interesting relationship between L) and the stabilizer bundle £. End V)

has a canonical (g @ g)-module structure, obtained by differentiating the (G x G)-action:
(X, Y)M = XM — MY.

For each p € X, I, C g g is a Lie subalgebra. Thus, End V) is an Ep-module by restriction.
Let
(End Vy)Er .= {M € End V) : (X,Y)M =0 for all (X,Y) € Ep}

be the subspace of Ep-invariants. Let
L:={(p,M):peX,Me (EndV,)"r} C X x End V).

The first projection L — X is a (G x G)-equivariant fibration.

Proposition 2.4.1. L is a line subbundle of the trivial bundle X x End V), — X and is

isomorphic to Ly. In particular, dim (End V)\)Ep =1 for each p € X.

Proof. We have to check only that the fibre of Op(gqv,) (—1) over any p € X is (End V) ) Eb.
By (G x G)-equivariance, it suffices to check this at the points [zg| for each S C A.
Since ug@ug C pgPPpg is an ideal, (End Vy s P g (ps@pg)-stable and, in particular,

(Ig @ [g)-stable. Since [g is reductive, we may write

ls =35 Dsg,

where 3g is the centre of [g, and

sg = [lg, Ig]
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is semisimple. Using the Cartan decomposition of g, we see that 35 C b, so the action of
35 @35 on (End Vy)*ss is diagonalizable. It follows that there exists a decomposition of
(End Vy)*s®¥s into irreducible (sg@®sg)-modules that are also irreducible ([g @ [g)-modules.
The highest weight line of any such module (with respect to the pair (h@bh, (sgNb)®(sgNb™))
must then be annihilated by both ug @ ug and (sgNu) @ (sg Nu~ ), hence also by ud u™.
But there is a unique such line in End V) (an irreducible (g g)-module): the highest weight
line [vgp @ v§]. We conclude that (End V) )"$ PUs is an irreducible (Ig @ [g)-module generated
by vy ® v, that is,
(End V) )*s%Us = U(lg @ Lg)(vg ® vf).

Recall that Pg is generated by B and the root subgroups {U, : —a € A\S}. Then Lg
is generated by 7" and the root subgroups {Uy : @ € A\S or — «a € A\S}. It follows that
the set

{vy @) pve A},

where A is the set of all weights of V) of the form

is a basis of (End V/\)us@ug (in fact, it is a weight basis). By Schur’s lemma, there is a

unique line in (End V) )*$ PUs annihilated by the diagonal subalgebra

(5 diag := {(X, X) € [g @ [},
the line

S @l | = [z

neA
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It follows that

(End V) Plesl = (End vy )Ps®1sPs

[S,diag

— ((Endvy)s®s )

= Czg,

the fibre of Op(gyqv,)(—1) over [zg].
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CHAPTER 3
LOGARITHMIC DIFFERENTIAL OPERATORS ON THE
WONDERFUL COMPACTIFICATION

3.1 Logarithmic Differential Operators

Although we continue to work with the wonderful compactification of G,q, the objects
discussed in this section can be constructed on any smooth variety with a normal crossings
divisor with smooth irreducible components, and much of the theory carries over to this
more general case. In particular, we make no reference here to the (G x G)-action on X
beyond using it to construct some local coordinates. Some of the properties of logarithmic
differential operators are summarized already in [Gin].

Let Y C X be the complement of the open orbit, the “boundary divisor” or “divisor at
infinity”. The results of section 2.2 imply that Y is a normal crossings divisor with » = rk G
smooth irreducible components. Indeed, U and U™ are unipotent, hence each is an affine
space of dimension

d:= %(dimG —1kG) = %(n —r);

if uy,...,uy are coordinates on U, vq,...,v,4 coordinates on U™, then theorem 2.2.1 implies
that

Zi, Wi, U 1<i<rand1<j,k<d
1, Ug, Uk J

is a system of étale coordinates on X, C X, and Y N X, is cut out by the equation
21...2r = 0.

By the same theorem, the (G x G)-translates of X, form an open cover of X; by taking
an appropriate translate of the above coordinates, we can obtain a system of étale local
coordinates on (X,Y) centred at any y € Y.
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Let Ox be the structure sheaf of X, Zy the ideal sheaf of Y, and Dx the sheaf of

(algebraic) differential operators on X. Of course, Ox is naturally a Dyx-module.
Definition 3.1.1. The sheaf of logarithmic differential operators on X is the subsheaf
Dx y C Dx whose sections are the operators preserving the Zy-adic filtration

Ox 2Ty 2I% 2Ty D.... v

Dxy has a canonical order filtration F. induced by the order filtration on Dx. In
particular, FyDx vy = Ox is a direct summand of Dx y. Its complement in F1Dx y can

be taken to be the sheaf of logarithmic derivations, that is, operators 6 € F1Dx y such that

6(fg) =gof + fog (f,9€ Ox).

This is the sheaf of those derivations on X that preserve Zy . It also has another name:

Definition 3.1.2. The logarithmic tangent sheaf Tx 1y is the sheaf of logarithmic derivations
on (X,Y). v

With respect to the coordinates constructed above, Tx y(Xo) is a free left Ox(Xo)-

module generated by

o o0 0

R 1<3< dl1<7,k<d).
Zlazivaujaavk ( > ?1>7an _ja — )

In particular, 7x v is locally free (of rank n), hence is the sheaf of sections of a vector bundle

on X.

Definition 3.1.3. The logarithmic tangent bundle is the vector bundle
TX,Y = SpecX(Sym T}\(/vY) — X
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with sheaf of sections 7x y. The dual bundle
T T)*( y — X
is the logarithmic cotangent bundle with sheaf of sections T)\(/Y’ the sheaf of logarithmic

differentials. v

TR v (Xo) is generated over Ox (X,) by

dz; ) .
Z—_Z,de,dvk (1<i<rand1<jk<d).

7

This explains the term logarithmic, since formally

b d(log z;).

<

A computation in local coordinates proves the following logarithmic analogue of a stan-

dard result on differential operators:

grPxy = mOry

where the associated graded is taken with respect to the order filtration.

Definition 3.1.4. For any locally free Ox-module £ of finite rank, the associated sheaf of

twisted differential operators is
D% =& ®oyx Dx @0 gV,
and the sheaf of twisted logarithmic differential operators is the subsheaf

Dk y =& ®0x Dx,y ®ox £” C D v
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While Dx and Dx y act naturally on Ox, Dx and Dx y act naturally on &:

(0@ E@¢)(s) :=E(@(s))0 (0,s€E,E€D,pel)

We will be especially interested in the case where £ =: £ is an invertible sheaf on X (and
we described all of them up to isomorphism in section 2.4). If A C X is an open set such
that £(A) is free over Ox(A), then a nowhere vanishing section o € L(A) gives rise to a

trivialization

Ox(A) == L(A)

fr— fo.

In a similar manner, we may use o to identify D)E( v (A4) with Dx v (A). There is a unique
dual section o* € LY (A) such that 0*(0) = 1. If € € D)% v (A), s € L(A), then s corresponds
to the element

f=0"(s) € Ox(4)

under the above isomorphism, while

s =(0f)o

for some § € Dx v (A). Thus,

E=0®@0x0",

and we identify & with 0.
In what follows, we will sometimes use this approach to explicitly write down twisted
differential operators in coordinates. It should be noted that the transition maps for gluing

these operators will not be the usual ones for differential operators, since the choice of o
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plays a role. If 7 is another trivializing section of £(A), then

for some g € (’))X((A). If 6 above turns out to be a derivation, then with respect to the

trivialization by 7, £ corresponds to the operator

f s THE(fT)) = éa*(é(fga))

- ga*w(o*(fga))a)

_ ;5(1“9)
- é(géf 1 fog)

—of+ %y
g

~(5+2) 1
g

which is not necessarily a derivation! Nevertheless, this does show that D)'C( v has an order
filtration induced by that of Dx y, and any two local descriptions as above for an order 1

operator differ by a function. In particular, it remains true in the twisted setting that
gr D% v = 1 Ops .
XY TX,Y

3.2 FEuler Vector Fields

Although it is not strictly essential to what follows, we will use this section to demonstrate
a special construction in logarithmic geometry. The boundary divisor Y has irreducible
components Y1q,...,Y,, the closures in X of O {ar}r o O {ar) respectively. Their intersec-

tions with the big cell are the vanishing loci of the coordinates z1, ..., 2, respectively. In

30



particular, each divisor Y}, is locally principal. We call the derivation

0
Zka—zk € Tx, v (Xo)

a local Euler vector field associated to Y. It does not, in general, extend to a global section
of Txy-
Instead, let 75 : Y, — X denote the inclusion, a closed immersion, and consider the

sheaf

iwTxy =i (Tx /Ty, Tx,Y)

of Oy -modules. Let X{, denote some (G x G)-translate of X, (alternatively, any open
subset of X that intersects each Yy, will do). We denote by ), ... ul}, 21,... 2z, v],... .0
the translates of the coordinates uy,...,u4, 21,..., 2r, v1,...,0q respectively. Then for each

1<j<r Y;NX} is the vanishing locus of z} € Ox(X!), and
zj = szj

for some f; € O (X, N X}). It follows that
4 (ou &  auy 9
=2 Z 8zk 82 * Z <6zk ouy o 0z}, 0vl>
=1

of; Ju; 0 du; 0
_ J / Oy 0 I
~ %k (fk T2 k@ ) Z 8zk JE)Z] +Zkz <8z;€8 o 0z, 81}1)

=1

d
- 0 , 1 Ofg 0 , 1 afj 0 8ul 0 du; 0
" oz R 02l oz “ka f; 02 0z, = ; PER IR =T

whence
, 0 0

/
Zka—z;g — Zka—Zk € (IYkTX,Y)(XO N XO)

We conclude that the local Euler vector field associated to Y} canonically determines a
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global section of izTX,Y' We will call this section the (global) Euler vector field associated

to Y} and denote it euy. In particular, if we let
r
i:0p= ()Y —X
k=1

be the inclusion of the closed orbit, then each of the Euler vector fields euy, ..., eu, deter-
mines a global section of the sheaf i*Tx y on Ox, which we denote in the same way.

We remark that in this section too, we have not used the geometry of or the (G x G)-
structure on X in any essential way. The Euler vector fields can be constructed, in the same
way, on any smooth variety with a normal crossings divisor with smooth irreducible com-
ponents. In the next section, we will give equivariant descriptions of logarithmic differential

operators on X and of the Euler vector fields on the irreducible components of Y.

3.3 The Equivariant Picture

We now relate the objects introduced in section 3.1 to the (G x G)-action on X. Let £ — X
be a (G x G)-equivariant vector bundle, then its sheaf of sections £ is a (G x GF)-equivariant

locally free Ox-module of finite rank. For any open U C X and s € £(U),

((91.92)5)(P) == (91, 92)5((91,92) ') (91,92 € G, p € (91, 92)V)

is a section in £((g1, g2)U). In particular, the tangent bundle T has a canonical (G x G)-

equivariant structure

(91,92)(p,v) = ((91, 92)p, dp(g1, 92)v)  (p € X, v € T ),

and the equivariant structure on the associated tangent sheaf extends to an equivariant
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structure on Dx:

(91, 92))f = (91, 92)(€((91, 92) "1 £))

=&(folgr, )0 (g1,92) " (£€Dx, fe€O0x)

Since Y is (G x G)-stable, so are Tx y and Dx vy

For any p € U, ((91,92)s)(p) is defined for all g1, g2 in some open W, C G x G containing
(e,e). Applying a local trivialization at p, we obtain m :=rk E functions fi,..., fm on Wp.
Differentiating these functions in the direction of (X,Y) € g@® g at (e, e) and applying the
inverse of the local trivialization produces an element of E). Thus, we obtain a new section
(X,Y)s € £(U). Moreover, if s vanishes along Y, then (X,Y)s does as well. It follows that
we have a canonical map

754€W——”XXJ§X)

This map is easily seen to be (G x G)-equivariant and a Lie algebra homomorphism, so it

extends to an equivariant homomorphism of filtered associative algebras
£.u I'(X,D§

We let v := fyOX.

Example 3.3.1. Since 75 is a Lie algebra homomorphism, it suffices to compute it on a
basis of g @ g. And since g is semisimple, this can be done very easily for a Chevalley basis.

For each a € R, let X, be a basis vector for the root space g, and let

t — exp(tXy)
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be the associated root subgroup. For each 1 < ¢ < r, consider the coroot
ozl\/ Gy — T — G,

and let

H; = doy (1).

Then

(Xo:a€RYU{H;: 1<i<r}

is a basis of g, and

< d
X, Oy —
v ( 0470) o dt

t=0
Errr. : s
Y (H’Lvo) - g

and likewise for (0, X) and (0, H;).

If G = SLs, we take the standard Chevalley basis of g = sly:

Suppose £ is a (G x G)-equivariant invertible sheaf on X = P3. From example 2.4.1, this
means £ = Ly, = Ops(n) for some n € Z. The same example describes the (G x G)-action
on £ and a trivialization of £ over X,. We will use this trivialization to write down twisted

differential operators, as explained at the end of section 3.1, using coordinates on X, from
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example 2.2.1. Computing 75 as above, we have

Y )
0 0 0 0
(H,O)»—>2u%+2z$—n, (O,H)»—>—2v%—2z£+n,
) o 50 B
(F,O)H—%, (O,F)HZ%—}—U %—FQUZE_”U

We will see later that these maps, for each n € Z, are isomorphisms realizing slo @ sly as
spaces of global twisted derivations on P3 logarithmic with respect to P! x P1L.

It is well-known that the centre U(sly) is a polynomial ring in the Casimir element
L 2
C:= EF—|—§H + FE.
By the Poincaré-Birkhoff-Witt theorem,
U(sly @ sly) = U(sly) @ U(sla).

It follows by another computation that both 1 ® C' and C'® 1 act by the same differential

operator,

0> 5 02 d n?
_228u6v + 2z 5.2 —2nz$+ (?—i-n) .

This will end up being true for any g: 1 ® * — x ® 1 maps to the zero operator for any

x € Z(g). v

An important geometric property of X is the so-called (G x G)-regularity [Gin, def. 4.2.1
and prop. 6.1]: the map

v:909 — I'X, TxY)

composed with the restriction

X, Tx,y) — Txyp =T Y p/™pTX Y p
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for any p € X is surjective. It follows by Nakayama’s lemma that the induced morphism of

Ox-modules

7:0x@c (8®g) — Tx)Y

is surjective. Equivalently,

7:Xx(gdg) —Ixy

(p, X,Y) — (X, Y)(p)

is a surjection of vector bundles. After restricting the vector bundles to GG q, we see that

the kernel of the restricted morphism

Vg,  Gaa X (8@ 8) — Tayy

is the restriction to G,q of the stabilizer bundle E introduced in section 2.3. Since 7 is
a surjection of locally-free Ox-modules of finite rank, its kernel is also a locally-free Ox-
module of finite rank. Thus ker 7 is vector bundle on X, and the restrictions of kery and

to G,q coincide. It follows that the kernel of v is E. Thus
0—F—Xx(gdg) —TIxy —0

is an exact sequence of vector bundles on X.

This exact sequence pulls back via ¢ to an exact sequence of vector bundles on O,

0—i"E—0aXx(gdg) —i'ITxy — 0.
From the description of E given in section 2.3, we have
Z*E = (G X G) XBxB— (b @h bi),
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whence

"Ixy = (GxG) xpyp- (@@ 9)/(bdyb7)).

For each X,Y € g, let (X,Y) denote the image of (X,Y) in (g® g)/(b @ b~ ). Then for

each H € b, we obtain a canonical (G x G)-equivariant global section of i*Tx y,

sp(g1B,92B™) == |(91,92), (H,0)] .

Let a41,...,a4 be some enumeration of the elements of R4 \A. We use the notation
and approach of example 3.3.1 to compute the differential operators corresponding to the

sections sg for H € h. We have isomorphisms of algebraic varieties

U™ Zu_q(C)...u_qy(C),

U = uqy (C) ... uqy (C),

whence we have coordinates

(Yls oo Yds 21y 2y X5, ) > U—ag (Y1) - - .u_ad(yd)[z]uad(xd)_l .. .ual(xl)_l

on X, (c.f. thm. 2.2.1). Note that

oY (e (a3)0Y () = ey (105,

az\/(t)u_aj (yj)ozl\-/(t)_l = U—q; (t_<aj’aiv>yj> 7
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We compute the action of (H;,0) on a function f on X,, suppressing some of the notation:

~(H;, 0)(f) (u_a(y)[z]ua(:ﬂ)—1> = % - (Oé;/(t)f) (U_a(y)[Z]ua(l‘)_1>
= il (07 (@)
_ % . ¥ (uia(t@?aﬁy) [zt<a’a;/>} Ua<$)_1)

:<a,az\/>yg + (a, av>z f

After a similar computation for the action of (0, H;), we conclude that

v(H;,0) = Za] y]8 +Zak zkaz

J=

It follows now that sg([za]) is equal to

- 0
ar(H)zp—
> ag(H)z, 5
k=1
viewed as an element in the fibre TX Y 2] Since sp and euy, . .., eu, are (U~ xU)-invariant,

we have

,
Sg = Z ay.(H)euy
k=1

on U™ X [za] x U 2 X,N O, a dense open subset of Op. Thus, the equality holds on all

of Op. Let wq,...,w, € h be the fundamental coweights, that is, elements satisfying
aj(wj) = dij.
It follows that s, is the Euler vector field euy, (restricted to Op ).
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3.4 The Moment Map

We consider now the graded homomorphism associated to
L. L
7£: U(g® g) — T(X, D4 y)

for an invertible sheaf £ on X. If a (G x G)-equivariant local trivialization is chosen for
L (over the open orbit, say), then the local descriptions of v = 70X and ’y‘c are the same.
Such an equivariant trivialization exists, that is, £ is equivariantly trivial over Og = G4,
because the stabilizer K of e € G, q is semisimple, and therefore has no nontrivial characters.
Moreover, as noted at the end of section 3.1, gr D)‘C(’Y and grDx y coincide, both being
canonically isomorphic to (’)T)*ny. It follows then that gr vﬁ coincides with gr~.

By the Poincaré-Birkhoff-Witt theorem ([Hum, sec. 17.3]),
grU(g@g) =Sym(g@g) =Cllg@a)’].
On the other hand, applying the global sections functor to the exact sequence
0— Fp1Dxy — FuDxy — gr,Pxy —0
produces the exact sequence
0 —TI'X, F,-1Dxy) — I'(X, FDxy) — I'(X, g1, Dx,y);
whence we have an injection

grnI‘(X, DX,Y) = F(X, Fn’DX’Y)/F(X, Fn—IDX,Y) — F(X, gran,Y).
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Also,

P(X,erDxy) =X, mOrg ) = I(Tx v, Org ) = ClTx vl

Putting everything together, we have a commutative diagram

gry
grU(g®g) — o I'(X,Dxv)

i [

S(g®g) I['(X,grDx y)
H |
Clls®g)] - -~ ClTx y]

It turns out that the bottom arrow in the diagram is actually the comorphism induced by a

certain morphism

p:Txy — (8@ 9)°

called the (logarithmic) moment map (c.f. prop. 3.4.1). This morphism was introduced
already in [Gin], and much of the subsequent discussion appears there. We will now define
4 and describe it in some detail.

Recall the exact sequence
0—F—Xx(gdg) —TIxy —0

of vector bundles on X. From this sequence, it follows that Tx y is the vector bundle

quotient of X x (g g) by E. This gives a description of the logarithmic cotangent bundle:
Txy=E"={(p¢)eXx(g®g)*: Ep Ckerg}.
Definition 3.4.1. The moment map
p:Txy=E"— (g@9)

is the second projection. v
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For any (X,Y) € g @ g, we have

w(p, 9)(X,Y) = o(v(X,Y)(p))

forp e X, ¢ € T)*(,Y,p' An essential property of pu, clear from the definition, is that it is

proper, even projective, since X is a projective variety.

Proposition 3.4.1. The diagram

gry
grU(g®g) — e (X, Dx v)

I [

S(geg) (X, grDx v)

| [

Cllg®g)"| T (C[T)*(’Y]

commutes.

Proof. 1t suffices to write down all the maps explicitly. Suppose X1,..., X, € g @ g. Then
X1 X+ Up—1(g® 9) € grp,,U(g @ 9)
is mapped to X7... X, € S(g @ g). We view it as an element f € C[(g @ g)*], given by

f(9) = o(X1) ... ¢(Xim)

forpe(gog)” lfpeX, and¢€T)*(Yp, then

1w f(p, o) = f(up, 0))
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On the other hand,

gry(Xy . X + Up1(g @ 9) = v(X1) - v(Xm) + T'(X, Fm1Dx,Y),

which defines the same function on T)*( v O

Remark 3.4.1. Definition 3.4.1 is very simple and is sufficient for our purposes. Indeed, it
makes the above proposition almost tautological. However, it is not quite standard, although
it appears already in [Gin]. The concept of a “moment map” is very general, and can be
defined for any smooth variety with a Hamiltonian action by a Lie group. In particular,
the natural associated action on the cotangent bundle of any smooth variety with Lie group

action is Hamiltonian [CG, sec. 1.4], and in our situation we obtain a moment map
/
fiTyx — (g®g)"

The inclusion of sheaves

TX,Y — TX

induces a morphism of vector bundles (the so-called “anchor map”)
a:Ixy —1Ix.

We consider the dual morphism
o T — Th vy,

which is an isomorphism over the open orbit (G x G)/K. There is a standard description of
the moment map for the cotangent bundle of a homogeneous space [loc. cit.], from which it
follows that u/ and o a* agree on the open orbit. Thus, they must be equal. We conclude

that p is actually a logarithmic analogue of and factors through the usual moment map. v/
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Let x be the Killing form of g. It is nondegenerate, since g is semisimple, so it can be

viewed as a G-equivariant isomorphism

X r— Y — rg(X,Y)].

Then y := k @ (—k) identifies g ® g with g* @ g* = (g ® g)*. Thus, we can identify £+, a
subbundle of X x (g @ g)*, with a subbundle of X x (g ® g). By (G x G)-equivariance, it

suffices to compute X_l(E[J;S]) for each S C A.

_ L
Lemma 3.4.1. For each S C A, x(E)) = E[ZS].

Proof. If 81, B2 € X(T) and By + B2 # 0, then gg and gg, are orthogonal with respect to
[Hum, prop. 8.1]. It follows that ug and pg are orthogonal, as are ug and pg. In particular,
[s = psNpg is orthogonal to both ug and ug. Since lg gjae 1 clearly orthogonal to itself with
respect to x, we conclude that so is Ej, ) = pg @iy pg. But dim(g® g) = 2dim(pg B4 pg),

so nondegeneracy of y implies that X(E[z s]) = E[ts]' O

We conclude that

Tiy = E.

In this description, the moment map
w:E—gdg

is again just the second projection.
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3.5 Geometry of the Moment Map

In what follows, we will make use of the morphism
¢:9— 9//G = SpecClg]”

induced by the inclusion

Clg]® — Clg].

We will state a number of results about ¢, which are due to Kostant, who studied this
morphism extensively in [Kos]. ¢ is surjective, since it is the structure morphism of an affine
GIT quotient (see [Mu, sec. 5.1] for an introduction to GIT). Set-theoretically, its fibres are
the closures of G-orbits of maximal dimension 2|R™"| in g, which by definition are the orbits
of regular elements. By the famous Chevalley restriction theorem [HTT, thm. 10.1.1], the
restriction map

Clg]“ — C[]

is injective, and its image is C[U]W. Thus,

Geometrically,

9//G =b/W.

By another theorem of Chevalley [Bou, thm. VIIL.8.3.1], C[§]" is a C-algebra generated
by algebraically independent homogeneous polynomials fi,..., f;-. Identifying them with

elements of (C[g]G via the above Chevalley isomorphism, we see that the morphism

(flv"'?fr) Zg—>Cr
X — (f1(X),..., fr(X))
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factors as a composition of ¢ with an isomorphism
g//G=C".

Thus, we identify ¢ with the morphism (f1,..., f).

We summarize some important properties of the fibres of ¢, again due to Kostant [Kos].
These properties are also exposited in [HTT, sec. 10.3]. Any G-orbit in g has a canonical
symplectic structure due to Kirillov-Kostant-Souriau (see, for example, [CG, prop. 1.1.5]),
and therefore is necessarily even-dimensional. The fibres of ¢, being closures of orbits of reg-
ular elements, are thus even-dimensional. Since all the fibres also have the same dimension,
and ¢ is a morphism between smooth varieties (affine spaces), ¢ is flat [GW, thm. 14.126].
Moreover, by a theorem of Kostant, the scheme-theoretic fibres of ¢ are reduced and normal,

and ¢ is smooth on the open subset of regular elements in g.

Proposition 3.5.1. The set-theoretic image of u is the algebraic set
Vi=gXg ga={XY)egdg:q(X)=qY)}
Proof. Recall from section 2.3 that
Elo, = (G x G) xg ¢,

where

K= {(91,92) D195 L € Z(G)},

and € = ggjae. It follows that
w(Eg)={(X,Y)€gdg: X and Y are G-conjugate} C V.

Since Eg C F is open and dense, u(E) is contained in the closure of u(Eg) in V. But p is
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proper, hence closed. Thus, u(E) is the closure of y(FEg) in V.

Recall that ¢ is a flat morphism, that is, C[g] is a flat (C[g]G—module. It follows that
C[V] = Clg] R¢lglC Clg] is a flat C[g]-module. Thus the first (or second) projection V- — g
is a flat morphism. Moreover, its fibre over some X € g is the fibre of ¢ over ¢(X), an
irreducible variety. It follows that V' is irreducible.

Now consider

Z*E = (G X G) XBXB_ (b @[) b7)7

where i, as before, is the inclusion of O into X. Let g™ C g be the dense open subset of

regular semisimple elements (consult [CG, lem. 3.1.4] for its basic properties). Then
vI‘S - V N (gI‘S X grS)

is a dense open subset of V', since V is irreducible. Suppose (X,Y) € V™. Then X and Y
are regular, and ¢(X) = ¢(Y). It follows that X and Y are conjugate, since each fibre of ¢

contains a unique regular orbit. Since X and Y are also semisimple, there exist g;,92 € G

such that
91ng1 = nggz_1 €b.
Then
[(91,92), (97 " Xg1.95 Y g0)] € i*E,
and

(g1, 92), (97 ' X g1, 95 1Y 2)]) = (X, V).

It follows that

V' C u(Ep) C V.

Since Fa C FE is closed, using properness of p again, pu(FEa) = V. Thus u(E) =V. O
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Corollary 3.5.1.

dim V' < dim(Ep) = dim((G/B) x (G/B™)) + dim(b ®p b~ ) = 2dimg — . O

Let g'° C g be the subset of regular elements [Gin, def. 3.1.3]. It is a dense open subset
of g containing g". Since the latter is a principal open subset of g, and there exist regular

nilpotent elements, the codimension of g'®® is greater than 1.
Proposition 3.5.2. V is an integral normal variety of dimension 4|R™| + 7.
Proof. Consider the morphism

n:gog—C

(X,Y) — q(X) —q(Y).

V is the fibre of n over 0 € C", so

dimV > 2dimg —r.

Combining this estimate with that of the preceeding corollary, we conclude that

dimV =2dimg —r.

Since ¢ is flat, n is also flat. It follows that every fibre of n has dimension 2dimg — 7.
In particular, this means that each fibre is a complete intersection, and therefore Cohen-
Macaulay [Har, prop. 11.8.23]. By the same proposition, normality of V' will follow once we
show that its singular locus has codimension at least 2.

The fibres of 7, being Cohen-Macaulay, are equidimensional [GW, prop. 14.124], hence
the subset of regular elements is dense in each fibre. Moreover, 1 is smooth on g% x g8,

so the general points of each fibre of n are reduced. Each fibre, being Cohen-Macaulay
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and reduced at general points, is therefore reduced [loc. cit.]. In particular, V is reduced.
Irreducibility of V' was proved in proposition 3.5.1.

Let p1,pa : V — g be the first and second projections, respectively. Then for any
X € g, the regular elements in the fibre pl_l(X) — ¢~ Y(g(X)) form a single open G-orbit of
codimension at least 2 in the fibre, since adjoint orbits have even dimension. The same is
true if pq is replaced with po. Since V N (g"®® x g'°®) is smooth, it follows that the singular

locus of V' has codimension at least 2 in V. O

Remark 3.5.1. Consider the variety
g =G X B b
and its associated morphisms

7:GXxpb—g
9, X] — 9Xg~ ",
v:Gxgpb—b/u=h

lg, X] — X +u.
We can also consider the “opposite” variety
g =Gxp-b",
and we will denote the corresponding morphisms by 7= and v~ . We can then write
En=(GXxG) xpyp-(b@pb")=axp0 .

These objects fit into a double Grothendieck-Springer resolution [CG, sec. 3.1]:
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TN
N

g9//G < b/W = g//G
Commutativity of the diagram implies that u(Ea) C g X 4//G 9 Since the restriction of 7 to

T_l(grs) is a principal W-bundle on g** [CG, prop. 3.1.36], and likewise for 77, it follows

that any X,Y € g™ with ¢(X) = ¢(Y) can be lifted to X € §, Y € g~ with v(X) = v~ (Y).
Properness of p implies that actually u(EA) = g X /)G9 80 this can be done for any X,Y € g
with ¢(X) = ¢(Y).
Lemma 3.5.1. If

(X,Y) € (pg @15 pg) N (87 x g7)

for some S C A, then there exists (ki, ko) € Kg such that
-1 _ —1 s
k1 Xk " = koYky ™ € b™.

Proof. This is entirely analogous to [CG, lem. 3.1.44]. Suppose X € pg N g™. By the
computations as in lemma 2.3.1, uXu 1 € X + ug for any u € Ug. It follows that the affine
subspace X +ug C g is Ug-stable. Since X is regular semisimple, it cannot commute with

any nonzero nilpotent. It follows that the linear map
[+, X]:ug — ug

has trivial kernel, and is therefore surjective. But this map is the differential at the identity

element of the orbit map

Ug — X +ug
ur—>uXu_1,
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so the image of the latter map is open in X 4+ ug. On the other hand, orbits of unipotent
groups on affine varieties are closed. It follows that the orbit map is an isomorphism, since
X + ug is irreducible. In particular, X + ug is a single Ug-orbit. Likewise, if Y € pg N gs,
then Y + ug is a single Ug -orbit.

Suppose now that

(X,Y) € (ps Brg pg) N (g7 x g7).

Write

X=X +2Z,

Y=Y"+27,
where X" € ug, Y’ € ug, Z € lg. There exist u € Ug,v € Ug such that
uXul=ovve =2
In particular, Z € [¢ N g™®. Then there exists g € Lg such that gZg~ 1 e p™s, and

(K1, ko) := (gu, gv) € Kg
satisfies
ki Xkl = koYhy ! € ™.
O

Proposition 3.5.3. The fibre of 1 over any point of V™ is isomorphic to T. In particular,

it is connected.

Proof. Any element of g™ is conjugate to an element of h™ and p is (G x G)-equivariant.

It thus suffices to check the fibre over (Z, Z) for some Z € h's.
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Since T is the closure of T4 in X, the closure of T in X coincides with the closure of

T,q in X. The latter is known [EJ, rmk. 4.5] to be

T= U (w, w)T,

wl'eW

as we have already noted in section 2.2.

Using the (first) projection 7 : ' — X, we identify the sets
p Nz, 2)={peX:(Z,7Z) € Ep}.
It SCA, g1,99 € G, then
Eg1.90)1z5] = (91, 92) (s @1g Pg) = (91, 92) Ks(ps @1 Pg)
contains (Z, Z) if and only if there exists (X,Y) € pg @, pg such that
nXgt=gpYe'l=2

It must be the case then that X,Y € g'® since Z € h™. By the preceeding lemma, there

exists (k1, k2) € Kg such that
ki Xkt =koYhy! =0 A ep'
Since K is the stabilizer of [2g], we may replace g1 by g1k I and g2 by gokqy 1, SO
nAg ! = godgy = Z.

Then b and glbgl_l are Cartan subalgebras of g that both contain Z € h™, so g1 hgl_l =h.
Thus, g1 € Ng(h) = Ng(T). Likewise, go € N(T'). On the other hand, 9192_1 € Cq(A) =
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T, since A € h™. Thus g1 and g9 represent the same element of W = Ng(T')/T. It follows

that

W (2,2)n05= | (w,w)(T x T)[zg).
wl'eW

We conclude that p~1(Z, Z) = T, since

T= | | (T x 7))
SCA

3.6 Global Logarithmic Differential Operators

We use the geometric properties of the moment map, established in the previous section, to
show that

vF:U(g®g) — I'(X, DR y)

is surjective for an invertible sheaf £ on X. Due to the following general fact about N-filtered

abelian groups, it suffices to prove that gr ’yﬁ = gr+y is surjective.

Lemma 3.6.1. Suppose ¢ : A — B is a homomorphism of N-filtered abelian groups. If gr ¢

is surjective, then so is ¢.

Proof. groA = Ag surjects onto groB = By. Suppose A, surjects onto By, for some n > 0. If
b € By,11, then there exists @ € gr,, 1 A such that b = gr (@) = ¢(a). Then b — ¢(a) € By,.
By the inductive hypothesis, there exists some a’ € Ay, such that ¢(a’) = b — ¢(a). Then

b= ¢(a+d), so A, surjects onto By, 1. The result follows. O

By proposition 3.4.1, to show that gr - is surjective, it suffices to show that
p:Cllgeg)’] — ClTx y]
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is surjective. Using the identifications established at the end of section 3.4, we look instead
at

p*: Clg ® g] — C[E].

Proposition 3.6.1. The comorphism

p: Clg® g] — C[E]

is surjective, with kernel generated by {1® f; — fi®1:1 <i <r}.

Proof. By proposition 3.5.2, V = g x 4//G 9 is a reduced closed subvariety of g & g with
defining ideal

IV)=(1&fi—fi®l:1<i<r)

in C[gdg] = Clg|®C|g|. By proposition 3.5.1, the underlying topological space of V' coincides
with the image of . Since E is reduced too, it follows that V' is the scheme-theoretic image

of p. Thus, there is a factorization

E-Lts5V- > gDy,

m

where the second map is the closed immersion induced by the quotient map

Clgogl — Clg@gl/I(V).

It suffices to show that

v*: C[V] — C[E]

is an isomorphism. Note that since p is proper, so is v [Har, cor. 11.4.8].

Let V' = Spec C[E]. Then C[V’] = C[E], and there is a factorization




Since v is proper morphism, v+OFp is a coherent sheaf of Oy -modules ([GD, thm. 3.2.1],

r [Har, thm. II1.8.8], since v is projective). In particular, I'(F,Of) = C[E] is a finite
C[V]-module. It follows that p is a finite morphism. Also, ¢/ is a proper morphism, and its
fibres are connected by Zariski’s connectedness theorem [GD, thm. 4.3.1]. Now, the general
fibres (specifically, the fibres over the regular semisimple points) of u (hence also of v) are
connected by proposition 3.5.3. It follows that the general fibres of p are singletons, that is,
p is birational. Since p is also a finite morphism onto the normal variety V', by Zariski’s main
theorem [Liu, cor. 4.6], it is an isomorphism. It follows that p* = v* is an isomorphism of

algebras. 0

Remark 3.6.1. In the above argument, we have, in effect, constructed the Stein factorization

of the morphism v : E — V [Har, cor. II1.11.5]. The argument shows that
V = Spec C[E] = Specyv+Op.

A significant consequence of the proof is that all the fibres of v (and hence of 1) are connected,
not only the fibres over the regular semisimple locus. Another consequence (see proposition

3.4.1) is that the injection
grI'(X, Dxy) = I'(X,grDx vy)

must also be surjective, and therefore an isomorphism. v

Having proved that v is surjective, we now describe its kernel. We denote by Z (g) the
centre of U(g). It is precisely subalgebra of G-invariants of U(g), as is well-known. By the
Poincaré-Birkhoff-Witt theorem, U(g @ g) = U(g) ® U(g). Both U(g) and U(g @ g) are

filtered algebras, and the filtrations satisfy

wg®g) = > Uils (9).

1+j=n
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Let

= ) Ugoglez-z01),
2€Z(g)

and

In=1NUn(g®g).

Similarly, S(g® g) = S(g) ® S(g), S(g) and S(g ® g) are graded algebras, and the gradings

satisfy
wee) = P Sile) @ 5j().
i+j=n
Let
,
J=> (1®fi—fie)S(gaa),
=1

and

Lemma 3.6.2. [, /I, = J,41 for all n € N.

Proof. By the Poincaré-Birkhoff-Witt theorem, the natural map

Uy(g) — Si(9)

is surjective for any £ € N. It is also a homomorphism of finite-dimensional G-modules,

which are completely reducible, because G is semisimple. It follows that the restricted map

Ur(a)® — Si(a)¢

on G-invariants is surjective too. Since U(g @ g) = U(g) X U(g) as (G x G)-modules, it
follows that the natural map

In—i—l — Jn—i—l

is surjective as well, with kernel I,, ;1 N Up(g @ g) = Ip. O
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Lemma 3.6.3. The kernel of 75 contains 1.

Proof. We continue to use the isomorphism U(g® g) = U(g) ® U(g). The open orbit in X is
isomorphic to Gq, so we can identify g = Lie G, 4 in the usual way with left or right invariant
derivations. For X € g, let Ax (resp. px) be the left-invariant (resp. right-invariant) vector

field on G,q corresponding to X. Then

Va,, 1®X)=Ax,

e, (X©1) = p_x.

In particular, y(1®U(g)) is the set of left-invariant differential operators on G,q, 7(U(g)®1)
is the set of right-invariant differential operators, and v(1 ® Z(g)) = v(Z(g) ® 1) is the set
of bi-invariant differential operators. For any X7i,...,X; € g, the differential operators
Vg, 1@ Xy... Xp) and v]g  ((=Xg) ... (=X1) ® 1) coincide at e € Gyq.

Suppose z € Z(g). Choose basis vectors X, € gq for each @ € R in such a way that
(X, X—a] = Hq := daV(1). There exists an automorphism of g, extending uniquely to an
automorphism of U(g), that fixes Z(g) and sends X € go to —X_o € g—q, X—q to —X,, for
every « € Ry, and H to —H for all H € h [Hum, prop. 14.3, lem. 23.2]. In particular, z is
fixed by this involution. Moreover, there is a canonical G-module isomorphism S(g) — U(g)
given by symmetrization. Thus z can be identified with a sum of symmetrized monomials
in U(g). Combining the two results, it follows that the differential operators ’Y‘Ga q (1®2)
and 7| (2 ® 1) coincide at e. Since both are bi-invariant, they are equal on Gyq.

Since Dy y is locally free, it has no nonzero sections supported on Y. Thus, since
7(1® 2z —z®1) is the zero differential operator on G,q, it is in fact zero on X. This proves
that the kernel of « contains I. As was discussed at the beginning of section 3.4, the local
description of twisted differential operators in the image of ’yL with respect to an equivariant
trivialization of £ over G,q is the same as for . By the same reasoning as for v, it follows

that v£(1® z — 2 ® 1) = 0, whence the kernel of v~ contains 1. O
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Remark 3.6.2. The above lemma admits a different proof. Since G,q is a smooth affine

variety, it is also D-affine [HTT, def. 1.4.2, prop. 1.4.3|. In particular,

OGai = Déig Br(Goa,De,,) ClGad

as Dg, ,-modules. Thus, v(1 ® z — 2z ® 1) is determined by the action of 1 ® 2 —2® 1 on

C[Ggaq)- Since Goq = (G x G)/ K, a standard Frobenius reciprocity argument shows that
Hom (W*,C[Gq)) = W

for every irreducible (G x G)-module W, where W C W is the space of K-invariants. It

follows that

ClGadl =PV @ V.,
n

where 1 runs over all dominant weights in the root lattice of T'. Since z acts as multiplication

by Xu+p(2) on both V), and V}, it follows, as before, that y(1® 2z — 2 ® 1) = 0.
Proposition 3.6.2. The kernel of 7£ is 1.

Proof. 1t suffices to prove that
0— I, — Un(g& g) — (X, FuDg y) — 0 (%)

is an exact sequence for all n € N. The proof is by induction on n.

Note that Uy(g @ g) = C, by construction of U(g @ g). Since X is projective,
(X, D% y) =T'(X,0x) =C.
Clearly Ip = 0. It follows that for n = 0, the sequence (x) is

0—>O—>C£>C—>O,
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which is certainly exact.
Suppose now that (x) is exact for some n € N. We have the commutative diagram

0 0 0

N2 ~ he

0 > I, » Un(g @ g) — I'(X, FnD)E(,Y) — 0

~

0 —— Ly —— Up1(g@g) — (X, Fn+1D§LY) 0

N v e

0 — Jpy1 — Sn+1(g@g) - F(X?grn—FlDé:LY) 0

~ ~ ~

0 0 0

All the columns are exact: the left column by lemma 3.6.2, the middle column by the
Poincaré-Birkhoff-Witt theorem, and the right column by the second half of remark 3.6.1.
The top row is exact by the inductive hypothesis, and the bottom row is exact by proposition

3.6.1. We also know that the middle row is a complex, by lemma 3.6.2. Note that the map

Int1 — Upy1(g @ 9)

is of course injective, as it is just an inclusion.

We prove that the rightmost arrow of the middle row, the restricted map
Y1 Uns1(8®g) — T(X, Fup1 Dy y),
is surjective. Suppose ¢ € I'(X, Fn+1D§(’Y). By the exactness of the bottom row, its image
¢+T(X, FuDg y) € T(X, gty 1Dk y) = Copa [Ty

is the pullback under p of some f € Sy, 11(gPg), which in turn lifts to some X € Uy, 11(gDg),
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by exactness of the middle column. Then
c B C
Tnp1(X) —§ e '(X, FuDx y)

by the commutativity of the bottom right square and the exactness of the right column. It

follows by exactness of the top row that
T (X) = € =75 (Y)

for some Y € Up(g @ g). Thus & = %§+1(X +Y), and 7§+1 is indeed surjective.

It remains to show that if X € ker fyT/erl, then X € I,,41. Let f denote the image of X in
Sn+1(g @ g). By the commutativity of the bottom right square, f € J,,+1, and by exactness
of the left column, f lifts to some Y € I),1. Then X —Y € U, (g & g) by exactness of the

middle column, and

VEX —Y) =754 (X) =15 (Y) =0

by lemma 3.6.3. It follows by exactness of the top row that X —Y € I, so
X=X-Y)+Yel,.

Thus, the middle row, which is (x) for n 4 1, is exact, completing the induction. O

Note that, by definition, (U(g) ® U(g))/I = U(g) ®z(4) U(g). Combining the results of

lemma 3.6.1 and propositions 3.6.1 and 3.6.2, we have
Theorem 3.6.1. v~ descends to an isomorphism U(g) ®z(9) Ulg) = F(X,D)%Y).
Example 3.6.1. Suppose A € X(7T) lies in the root lattice. Then, by the description of

Pic X in section 2.4 and theorem 2.4.2, there exist ny,...,n, € Z and an isomorphism

~ ®7’l1 ®nr
‘C—)\:IYl ®.. 0Ly "
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of (G'x G)-equivariant sheaves. By definition of Dx y, each ideal sheaf Ty, is naturally a

Dx y-module. Thus, £_) is also a Dx y-module. Let
Sy ={peX(T): < Xand pis dominant}.

Since L£_ ) is (G x G)-equivariant, its global sections have a natural (G'x G)-module structure.
The corresponding (g®g)-module structure coincides with the I'(X, Dx v )-module structure

via 7. By [DP, sec. 8.2],

I(X.L_\) = P Vi@V
HES)

Any 2 € Z(g) acts on V}, and V;; as multiplication by x,+4,(z), whence 1® 2 —z®1 acts on
['(X,L_)) by zero. Note that, in contrast to the Borel-Weil theory of line bundles on the
flag variety, I'(X, £_)) is not an irreducible (G x G)-module, and 1 ® z, z® 1 do not act by

a single central character. v

Example 3.6.2. Let Hy,..., H, be the coroot basis for h from example 3.3.1. From the

Poincaré-Birkhoff-Witt theorem, we have a direct sum decomposition

U(g) =U(h) & (uU(g) + U(g)u ).

Let

m:U(g) — U(h)

be the projection with respect to this direct sum decomposition. Since b is abelian, there is a
canonical algebra isomorphism U(h) = S(h). Suppose z € Z(g), and 7(z) = p(Hy,..., Hy).
Recall from section 3.3 that any H € b corresponds to a section sy € I'(Op,7*Dx y). We
claim that the image of v(z ® 1) in I'(Op,7*Dx y) is p(sg,,---,5h,). It suffices to check
the equality on

OANXo = U™ x [za] x U.
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For every w € U™, H € b, define a section
-1y _ -1 -1
sw.H(ulzlo™") = (ulzlv™, w(H, 0)w™")

in Dx y(Xo). We also define for every H € b a local lift

S(ulzlv™h) = y(ulzlo ™" u(H, 0)u™")

of sy to a section in Dx y(Xo).

First, we show that

7(2’ ® 1) — p(sw,H17 e Sw,Hr) S mw[ZA]U—lthvy(Xo)

for all w € U™, v € U. Note that wzw™! = z, since z € Z(g) = U(g)®, so it suffices to

check this when w = e. The claim is true because
z—m(z) eul(g)NU(g)u"

[HTT, lem. 9.4.4], and if £ € u, then (E,0) € b®y b~ = B> whence

EN
’Y(E7 0) S m[zA]U*1DX7Y<X0)'

Now, note that

swa(wllo™!) =3y (wlzlv™!)

for allw e U™, [2] € T,v € U. It follows that

p(ng, - ,§HT) — p(sw,H17 e Sw,HT) € mw[zA]vflpx,Y(XO)ﬂ

because (H,0) preserves mr . for any H € b.
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We conclude that

,V(Z ® 1) - p(gw,Hp R §w,Hr) € mw[zA]U_lpx,Y(X())

for all w € U™, v € U. Since Dx vy is a locally free left Ox-module, and

ToaXo) = (] mypup-ts
welU~ weV

our original claim follows.
Applying to U(g) the automorphism sending X, € go to —X_ for « € R, H € b to

—H, we have another direct sum decomposition

U(g) =U(h) ® (w U(g) + U(g)u).

Let

' U(g) — U(h)

be the projection with respect to this new direct sum decomposition. Suppose 7'(z) =

p/(Hi,...,Hy). Then

p<H17 cee 7HT) = p/(_H17 cey _HT>7
and a similar argument shows that the image of v(1®z) in I'(Oa,i*Dx v) s p(sH,, - - -, SH,)-
Let M be an i*DX’Y—module such that euy, ..., eu, act locally finitely. If e, ..., e are

their respective generalized eigenvalues on some direct summand of M, then we have € € h*
such that e(w;) = e; for each 1 < i < r. It follows that any z € Z(g) acts locally finitely,
with generalized eigenvalue ) _ p(z) on this direct summand, where A = eja1 + ... eray.
This is somewhat reminiscent of the Beilinson-Bernstein theory for twisted D-modules
on flag varieties, and that is not a coincidence. The invertible sheaf i*£y = £, _) is both

‘ Ly — .
an i*Dx y-module and a DO’\A’ A-module. On global sections, both module structures come
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from the action of U(g @ g), so they coincide. And the Beilinson-Bernstein theorem predicts

that 2 € Z(g) will act locally finitely, with generalized eigenvalue x\_,(2). v
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