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ABSTRACT

We calculate the topological Hochschild homology groups of a maximal order in a simple
algebra over the rationals. Since the positive-dimensional THH groups consist only of torsion,
we do this one prime ideal at a time for all the nonzero prime ideals in the center of the
maximal order. This allows us to reduce the problem to studying the topological Hochschild
homology groups of maximal orders A in simple Q-algebras. We show that the topological
Hochschild homology of A/(p) splits as the tensor product of its Hochschild homology with
THH,(Fp). We use this result in Brun’s spectral sequence to calculate THH,(A; A/(p)), and

then we analyze the torsion to get ﬁ*(THH(A)ﬁ).
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CHAPTER 1
INTRODUCTION

1.1 Trace Method

The trace method was motivated to help approximate algebraic K-groups of rings. Let us
first recall the definition of algebraic K-theory.

A Waldhausen category is a category with cofibrations and, in addition, weak equivalences
such that the weak equivalences contain all isomorphisms and are closed under compositions.
Moreover, weak equivalences are closed under “gluing along cofibrations”. Let ¢ be a Wald-
hausen category. We say that a morphism in 5,% is a weak equivalence if it is a weak
equivalence componentwise and satisfies some pushout properties. We denote w% to be the

subcategory of ¥ whose morphisms are weak equivalences of .

Definition 1.1.1. Let € be a Waldhausen category. Then
K (¢) ~ QBwSy€

We can iterate this S construction. Note that we have a natural inclusion X Bwé€ —
BwS%. This allows to define K-theory as a spectrum instead of as a space, where the n-th

space is S"€ = BwS}E = Bw (S«S« -+ 5«%).

1.1.1 Hochschild Homology and the Dennis Trace Map
We begin with the definition of the cyclic bar construction.

Definition 1.1.2. Let X be a group object in a symmetric monoidal category .# with product

®. The cyclic bar construction is a generalization of the standard bar construction

N

“ n(X) _ X®(n+1)’
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with the structure maps

apa; @ ag X -+ Qap 1=20
di(ap®@a1 @---an) =< ap@a1 @ @ a;aj41 @ Qap, 0<i<n
apag®@ a1 ® -+ P ap—1 1=n

silag@a1 @ ®ap) =R Q@ Ra; X1 Qa1 @ @ ap

tn(a0®"'®an):an®a0®"'an—l-

This makes Néy* a cyclic .#-object. Connes proved that the geometric realizations of

cyclic objects are equipped with a natural S1-action.

Definition 1.1.3. Let k be a commutative ring, A be a unital associative k-algebra. The
Hochschild complex is a simplicial k-module Néy*(A). Take Oy, =Y iy (—1)d; : Néyn(A) —

NY

on_1(A). Note that (Ng{*(A),a*) forms a chain complex. The Hochschild Homology,

denoted HHy (A), is defined to be the homology of this complex.

Example 1.1.4. If A =k, then the complex becomes

0 1 p 0 1 0 0
E i=0
Hence HH; (k) =
0 i>0

Example 1.1.5. Let G be a discrete group, and A = k[G]. We get an isomorphism

which gives us

H, (ABG, k) = HH, (k[G))

where ABG is the free loop space of BG.



Note that an A — A bimodule can be regarded as a left /right A ® A°? module by

(a®b)-m=amb

m - (a ®b) = bma

For example,

HH (A;A) = A® A a00 A

Proposition 1.1.6. If A is k-flat, then

HH, (A, A) = TorA®4% (4, A)

Example 1.1.7. Suppose A = k[z], we have an A @ A°P-projective resolution

TR1—1Qx

0 A A oAt 4 0

This shows that HHy (k [z]) = k [z] ® A (y). More generally,

HH*(kI[CIﬁl, 7$TL]) :k[xb 7xﬂ]®A(y17 >Z/n)

Dennis first came up with an approximation map for the algebraic K-groups.

Theorem 1.1.8. (Dennis) There is a trace map

K(R) — HH(R)

However, the Dennis trace map loses too much information. For example,

Fp, i=0
HH; (Fp) = Op =0 ’
P>



whereas

L i—1_
Ki(Fp)=¢ 7

0 if 7 is even.

if 7 is odd,

1.1.2  Topological Hochschild Homology, Topological Cyclic Homology, and

the Cyclotomic Trace Map

Topological Hochschild homology is the ring spectrum analog of Hochschild homology for
rings. It was originally defined by Bokstedt in [1], and after the introduction of a strictly
associative product on ring spectra by Elmendorf, Kriz, Mandell, and May in [3], it can be
defined completely analogously to the definition of the Hochschild homology of a ring. When
we talk about topological Hochschild homology of a ring, we actually mean the topological
Hochschild homology of that ring’s Eilenberg Mac Lane spectrum. Its homotopy groups turn
out to be a finer and more interesting invariant than the Hochschild homology groups of the
ring.

In the world of spectra, we have an operation analogous to ®, which is the smash product.

A ring spectrum R is equipped with two operations

¢:RAR—R

n:S—R

The construction of these operations was explained in detail in [3]. Take N/C\%n (R) = RNt

We have a similar definition for d; and s;. With some justifications, these operations make
N/C\g’/* (R) a simplicial spectrum. We define the topological Hochshild homology spectrum of R

to be

tmﬂmﬁ{Mﬂmw



The n-th topological Hochshild homology group of R is just the n-th homotopy group of
THH (R).

Theorem 1.1.9 (Bokstedt). There is a spectral sequence
Ey' = HH, (L, k)

which converges to Hy (THH (L) , k).
The THH spectrum comes with a genuine S Laction.

Definition 1.1.10. A genuine S'-spectrum T is cyclotomic if there is an S'-equivalence
ro pﬁ@CT — T

for every finite subgroup C' of ST such that the following diagram commutes

pﬁ’r (I)CT (pﬁs CI)CS T) - pﬁrs CI)CTST
pﬁr oCr T Qs TCrs
# &Cr
o, O T —— T

The following example demonstrates how cyclotomic spectra are related to free loop

spaces.

Example 1.1.11. Given any space X, let R = X°°(QX) 4, we know that

THH(R) ~ SHAX



By the property of geometric fized points, we have

®“»THH(R) ~ (AX)Cp

o
1/ Cp

Note that (AX)» = AX, therefore we have an equivalence
p*®%?(THH(R)) — THH(R)

where p : St Sl/Cp is the p-th root isomorphism.

Theorem 1.1.12. (Hesselholt, Madsen) There is a cyclotomic S'-spectrum T(R) whose

underlying naive S -spectrum is THH(A).

Fix a prime p. We have the three maps.

(Restriction) R : 7O = (1C») %=1 _y (@Cr)Cpn=1 o~ 701
(Frobenius) F : T _y 701

(Verschiebung) V' : 7Ot _ 70

These three maps are exactly like the structure maps in the Witt ring.
Note that the maps R and F' commute. We define TR and T'F' to be the homotopy limit

of the reversed telescope, and T'C' to be the homotopy limit of the 2-dimensional diagram.

TR = holim(- - TCm s 7Ot T)
TF = holim(- - Cm 7Ot T)

TC = TR = TphR

As conjectured by Tom Goodwillie, the Dennis trace map from algebraic K-theory to

Hochschild homology factors through topological Hochschild homology. So topological Hochschild
6



homology is a closer approximation of algebraic K-theory which while being harder to cal-
culate than Hochschild homology is still much easier to calculate than algebraic K-theory.
Work of Bokstedt, Hsiang, and Madsen in [2] further refines the Dennis trace by factor-
ing it through topological cyclic homology, which is an excellent approximation of algebraic

K-theory.

Theorem 1.1.13. (Bokstedt, Hsiang, Madsen) There is a topological version of the trace
map

K(R) — THH(R)

which factors through TC(R).

The following two theorems illustrate how well the trace map approximates the algebraic

K-groups.

Theorem 1.1.14. (McCarthy) Let f : R — S be a surjective homomorphism of rings whose
kernel is a milpotent ideal. Then the following diagram commutes up to homotopy after

completion at p for any prime p.

K (R) TC (R)
K(f) TC(f)
K (S) TC (S)

In other words, the induced map on homotopy fibers K (f) — TC (f) becomes a homotopy

equivalence after p-completion.

This theorem gives motivation for topological cyclic homology That is, it gives a local
approximation of K-theory to make some computations doable. However, if R is finitely

generated over Z, then



In other words, T'C' does not see the fiber of the map K (Z(p)> - K (Zp), so the cyclotomic
trace map loses certain number theoretic information. This is a tradeoff for the pursuit of

computability. The following theorem in [4] can be proved using McCarthy Theorem.

Theorem 1.1.15. (Hesselholt-Madsen) Let k be a perfect field of characteristic p, and A be

a finitely generated W (k)-algebra, where W (k) is the ring of Witt vectors over k Then
1. K (A/pi) ~TC (A/pi) [0,00), fori>1,
2. K (A) ~holim K (A/p'),
3. TC (A) ~ holimTC (A/p"),
4. K(A)~TC (A)[0,00),
where TC (R) [0,00) is the connective cover of the spectrum TC (R).

This allows Hesselholt and Madsen to calculate K (Ag) completely, where Ag is the Witt

ring of Fps.

1.2 Main Results

Throughout this paper let B be a simple Q-algebra, and let U be a maximal order in B. We

calculate the homotopy groups of the topological Hochschild homology spectrum THH(U).
As will be discussed later in this introduction, the map from the topological Hochschild

homology of the maximal order U to its Hochschild homology vanishes in high enough

dimension, showing that the original Dennis trace map is also trivial in those high dimensions.
As a reference, below is Larsen’s result on the Hochschild homology of U.

Corollary 2.0.1. Let B be a simple algebra over Q, and let U be a maximal order in it.

Let C' be the center of B, and let V' be its ring of integers. For every nontrivial prime ideal

B C V, the completion B% is a central simple C;g—algebra, and so B/ﬁ is isomorphic to a

8



matrix ring on some central division algebra Dy over Chy, of degree eg. Let Fog = V/B.

Then we have V-module isomorphisms

(

Deyp—1
Ve @‘BCV prime F‘B ¥ *=0
HH.(U) = { HHy,_1 (V) x=2a—1>0
Geyp—1
\@‘BCV prime Fﬁp ¥ * = 2a > 0.

Our main result for the topological Hochschild homology of U is:
Theorem 3.4.1. Let B be a simple algebra over QQ, and let U be a maximal order in it.
Let C' be the center of B, and let V' be its ring of integers. For every nontrivial prime ideal
B C V, the completion Bﬁ/ﬁ is a central simple C;g—algebra, and so B/ﬁ is isomorphic to a
matrix ring on some central division algebra Dy over CZ4\, of degree ey Let Fp = V/B.

Then we have V-module isomorphisms

/

@qu—l

V& @‘BCV prime Ff,p * =0
THH, (1) ~ THHy,_1(V) x=2a—1>0
* N @qu—l
Dpcv prime Fip *=2a>0
0 * < 0.

\

For the number ring V', its topological Hochschild homology was calculated by Ib Madsen
and the second author,
Theorem 1.1 of [10]. The nonzero topological Hochschild homology groups of a number

ring V' are
THH((V) =V, THHy,_1(V)=2y'/aV (a>0),
where 2y, is the different ideal.

There are many descriptions of the different ideal, but in the case that V is of the

9



form Z[z]/ f(x) for some monic polynomial f with integer coefficients, %y, is the ideal in V'
generated by the derivative f’(z) and particularly if V = Z, 2y = 7Z as well.

Note that being a maximal order in B does not uniquely determine U, even up to iso-
morphism. The homotopy groups we get in our calculation of THH,(U) will, however, be
isomorphic for all the maximal orders U in a fixed B—see Remark 3.4.2 below.

The maximal order U is said to be ramified at a prime ideal *J of its center V' if the degree
ey of the division algebra Dy over its center is greater than one. Note that if U is unramified
at 3, B]AD is isomorphic to the ring of ¢ X ¢ matrices over C’l@ for some positive integer i,
and then the same must be true for their valuation rings Up and V5 by [12, Theorem X.1].
Then by Morita equivalence [2, Proposition 3.9], THH(Up) ~ THH(M;(V})) ~ THH(V}),
which is reflected in the fact that there is no ‘B-torsion in even dimensions in the result of
Theorem 3.4.1.

In even dimensions, we get that THHo, (U) = HHy, (U), which was calculated by Michael
Larsen in [6] and is given in Equation (2.0.9) below. However, the linearization map
THH,(U) — HH,(U) induced by sending (HU)*1) to its components U®+1) in each
simplicial degree ¢ does not induce this isomorphism—in fact, it becomes trivial on the
even-dimensional p-torsion when x > 2p — 1. It therefore becomes the zero map in even
dimensions if * > 2p — 1 when p is the greatest prime for which ey > 1 for some prime
ideal B of V' which contains (p). In odd dimensions, we just get the linearization map for
the center, THHy, 1(V') — HHa,_1(V'), which also becomes the zero map for high enough
dimensions. Since the Dennis trace map from algebraic K-theory to Hochschild homology
factors through topological Hochschild homology via the linearization map, this gives topo-
logical Hochschild homology the potential of being a much better approximation to the
higher algebraic K-groups than Hochschild homology is.

We begin with the spectral sequence from [9, Corollary 3.3],

E2, = HH,(U; THH, (Z; U)) = THH,(U). (1.2.1)
10



It shows that THH(U) = HHy(U; THH,(Z; U)) = HHy(U) = U/[U, U]. By [6], HHy(U)
consists of V' and of torsion, and HH,-(U) consists of torsion for » > 0. By Marcel Bokstedt’s
calculation in [1], THH4(Z) is torsion for s > 0. So the spectral sequence shows that
THH(U) consists of V @ torsion and that for x > 0, THH(U) consists entirely of torsion.

To understand the p-torsion for a prime p, by [4, Addendum 6.2], we know that
THH(U), ~ THH(U ® Zy),,, (1.2.2)

so it is enough to study the p-torsion in THH« (U ® Zj).
The ideal (p) C V breaks down as 7" - -‘BZ’“ for distinct prime ideals 9B; in V. Then

~ TN\ ~ k A ~ TN ~ k A
V®ZLy= V(p) =P, Vg, and U Zy = U(p) =P Ugp, and so

THH. (U ® Zp) = é THH..(Ug,)
i=1

as V-modules, and we need to compute the latter. Since U is a central simple V-algebra,
for every 4 the localization at the prime ideal Ué}i is a central simple Vqé\i—algebra. Any
central simple V,ﬁi-algebra is a matrix algebra over a finite-dimensional division algebra over
ng\i, and as mentioned above, [2] shows the Morita equivalence of topological Hochschild
homology. Theorem 3.4.1 is therefore proved by assembling, over all nontrivial prime ideals
B C V, the result:

Theorem 3.3.1. Let D be a finite-dimensional division algebra over Q) and let A be a
maximal order in D. Let L be the center of D, and let S be its valuation ring and Fg the
residue field of S; we can write S = R[r|/P(r), for R unramified over Zy, © a uniformizer

of S, and P an Eisenstein polynomial. Assume that D is of degree n over L (that is, of

11



dimension n? over L). Then

SeF" !t x=0
S/(aP'(r)) x=2a—1>0
me(THH(A)))) =
F%n_l * =2a >0

0 * < 0.

Note that Theorem 3.3.1 shows that 7 (THH(A)Q) is isomorphic to a copy of 7y (THH(S)Q),
which lives in dimension zero and in odd dimensions, summed with F%”fl in all even dimen-
sions. When p does not divide n, the inclusion S < A induces a map sending 7, (THH(S );)\)
isomorphically to the corresponding part of W*(THH(A)I/)\), but if p divides n, this is not so.

The future goal is to calculate the homotopy groups of the topological cyclic homology

spectrum TC(U), and use it to extract information for the homotopy groups of the algebraic

K-theory spectrum K (U).

12



CHAPTER 2
LARSEN’S WORK IN HOCHSCHILD HOMOLOGY OF
MAXIMAL ORDERS IN CENTRAL SIMPLE ALGEBRAS

In [6, Section 3|, Larsen looks at the following set-up: K is a complete local field with ring
of integers R, D is a division algebra over K, and A is a maximal order in D. He calculates
HHf(A) when the center of D, which is denoted L, is separable and totally ramified over
K. The separability is not a concern since all the fields in question have characteristic 0.
We are actually interested in calculating HH%p (A). Even though the center L of D is not
necessarily totally ramified over Qy, if we let K be the maximal unramified extension of Qp
in L and let R be the valuation ring of K, by [9, Theorem 3.1], we have a spectral sequence

E2, = HHE(A;HH,?(R; A)) = HH.?

(). (2.0.1)

Since R is unramified over Zj, HH%p (R; A) consists only of A in dimension 0, so in fact the
E? page is concentrated in the 0th row and we get an isomorphism HHE(A) = HH’ZZ‘p (A).
The map HH%” (A) — HHE(A) which is induced by replacing ®z, by @p induces this
isomorphism: this can be seen by mapping the obviously collapsing spectral sequence Eg,t =
HH?p (A;HHth (Zp; A)) = HH?L(A) into the spectral sequence we are interested in by
replacing the Zy’s by R’s.

So we let K be the maximal unramified extension of Q) in L and get that L is totally
ramified over K. In the beginning of [6, Section 3], it is shown that if the degree of D
over L is n (that is: the dimension of D over L is n?) then there is a degree n unramified
extension M of L whose valuation ring we can call T, an element z € A so that " = « for

a uniformizer 7 € S, and a generator o € Gal(M/L) = Z/nZ so that

DE=MaeM-x)e (M-2?) @ o (M)

13



and

AgT@(Tm)@(T~x2>@m@<T~x”*1) (2.0.2)

and mx = zo(m) for all m € M.

Since L is a totally ramified extension of K, on the valuation ring S we get that the
uniformizer 7 of S satisfies an Eisenstein polynomial P(z) = 24 +pd_1zd*1 + -+ p1z+po
where d = [L : K], and that

S = R[n]/(P(r)). (2.0.3)

Under these conditions, Larsen constructs quasi-isomorphisms both ways (which we will

be using later) between the reduced Hochschild complex of A over R and the small complex

1—o~1 P'(m)T: -0~ 1 P'(m)Th
0 p ) p PO g mizer) g PO g (2.0.4)
where Tr = TrT/S =140 +---+0" L Recall that the complex
_—1 _—1
r p e p B ple p T po (2.0.5)

is exact: by Nakayama’s Lemma, it is enough to check exactness on the residue fields Fp =
T/(m), Fg = S/(m). There we know that the image of Trp, /p, must be equal to Fg: it is

clearly contained in Fg, it must be an [F g-vector space, but it cannot be {0} because then all

)d

d 2d -1
the p"@ elements of Fp would satisfy the polynomial z + 2P + 2P 4 - .- s = 0 which

(n—1)

has degree p 4 Once the image of Tr]FT/FS is known to be equal to Fg = ker(1 — 0*1),

for dimension reasons the image of 1 — o1

must also be all of ker(Trg,, /).
By the quasi-isomorphism to the small complex in Equation (2.0.4) given in the proof

of [6, Theorem 3.5] (there is a misprint in the statement of the theorem there), we get the

14



formula )

T/mker(Trp)g) x =0

HH{'(A) = ¢ §/P/(n)S £=20—1>0 (2.0.6)

ker(Try/g)/mker(Trp)g) * =2a >0

as S-modules. By the exactness of the complex in Equation (2.0.5), we know that S =

ker(l1—o1) = Trp5(T) and ker(Trp)g) = (1 - o~ 1)(T), so we have short exact sequences

0 S T ker(TrT/S) —— 0 (207)

0

ker(Trr/g) T S 0.

This second short exact sequence has to split as a sequence of S-modules because S is free;
we also know that as an S-module, T 22 S¥". That makes ker(Trp / g) a projective module
over the discrete valuation ring S, hence free. Since ker(Trp / g)® S T = SP" we must
have that ker(Trp,g) = S®"=1 as an S-module. The fact that ker(Trp /g) is free and in
particular projective also forces the first short exact sequence to split. There is however no
reason for the splittings S — 7" and ker(Trp / g) — T of the two short exact sequences above
to be the obvious inclusions. In fact, if n > 1 the splitting S — T cannot be the obvious
inclusion, since Trp /8 restricted to S is multiplication by n. Nevertheless, understanding the
split decompositions into free S-modules in both short exact sequences lets us decompose

the result in Equation (2.0.6) and write it more conveniently as S-module isomorphisms

S @ F?”fl * =0
Z ~Y ~Y
HH,?(A) = HH(A) 2 { 5/ P/ (n)5 = HHS? ((S) #*=2a—1>0 (2.0.8)
FEnt = 2a > 0.

\
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Note that except for the S in dimension zero, these Hochschild homology groups consist

entirely of torsion.

Corollary 2.0.1. (To Theorem 3.5 of [6].) Let B be a simple algebra over Q, and let
U be a maximal order in it. Let C' be the center of B, and let V' be its ring of integers.
For every nontrivial prime ideal 3 C V', the completion B;% 1s a central simple C’%—algebm,
and so By

P is isomorphic to a matriz ring on some central division algebra Dy over CL, of

degree eqy. Let Foy = V/B. Then we have V-module isomorphisms

(
Gep—1
Ve @‘BCV prime Fq} ¥ *=0
HH.(U) = § HHyq—1(V) s =2a—1>0 (2.0.9)
Gep—1
\@&BCV prime IF&J} ¥ * = 2a>0.

Proof. This is assembled from Equation (2.0.8) over all nontrivial prime ideals ¢ C V.
Since U is finitely generated as a module over the Dedekind domain V', so is each level of
the Hochschild complex and so is each Hochschild homology group. Thus each Hochschild
homology group splits as a direct sum of a projective V-module with V-torsion groups. The
torsion groups split as a direct sum of -torsion over all nontrivial prime ideals 8 C V', and
these were calculated in [6, Theorem 3.5] and are summed up here.

If we had a nonzero projective V-module in HH;(U) for some i, we would get nonzero
projective modules in all the completions, so by examining Equation (2.0.8), this happens
only at ¢« = 0. There we see, by looking at any of the completions, that this projective module
has rank one. So in fact the only part of this corollary that does not follow immediately
from the calculation in [6, Theorem 3.5] is the determination that the projective summand
of HHy(U) is isomorphic to V.

It would suffice to produce a surjective V-linear map HHo(U) = U/[U, U] — V, because

V' is free over itself, we would know that there is a section, so HHg(U) would consist of a

16



direct sum of V' with another module. This complement would have to consist entirely of
torsion, because otherwise the localization at any prime of HHy(U) would have a higher rank
free part than one copy of the localization of V', which is all there is in Larsen’s result.

For any field C' and any finitely generated C-algebra B we can define a trace map
Traceg)c : B — C which assigns to every b € B the trace of the matrix describing left
multiplication by b as a C-linear function B — B. Clearly, Tracepg /C has to vanish on the
commutators [B, B]. If B is a central simple C-algebra of degree m (so of dimension m?)
over C', we can also look at the reduced trace Trdg /C= %Trace B/C- We want to use the B

and C' given in the conditions of the corollary and have
Trdg,c : U/[UU] =V

be the required surjection, In order for this to make sense, we need to verify that Trd g /C(U ) C

V and that the image is all of V. Both these conditions can be verified locally, so we will

/\ . . . . /\ . /\
show that Trd B /Ccf;(U‘I‘> has its image contained in Vs:13 and in fact equal to all of V‘I‘ for
every nontrivial prime ideal ¢ C V.

~

After completing, using the notation discussed earlier in this section, we know that B2

M; (D) for D a central division algebra over C’% of degree ey. Counting dimensions,

P Xip
we get m = ipeq. Since the trace of an (ipeq) X (ippesg) matrix can be calculated by first
taking trace of an ig X iy matrix of ey X ey blocks and then taking trace of the resulting

e X ey block,

1 1 1
Trd =—T = —T —T . 2.0.10
rdpp jop = -Tracegy jcn - racep /oy © i raceps /p ( )
As in the introduction, since Uq/:\g is a maximal order in B‘/I\? = Mimxim(D), Uf = Miquiq;(A)

for a maximal order A in D. Since M; A) as a representation of itself acting by left

sBXpr(

multiplication splits as a direct sum of iy copies of M; (A) acting on the columns

R Xip
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Miqul(A)a we get that %TraceB/I\;/D sends U;i\} to the image of the usual trace of M; (A)

X
acting on Mimx1<A)a which is all of A.
. . 1 A IR A
So it remains to show that %Trace D /C%(A) - Vq3 and that it is in fact all of Vm. To
show the containment, we find a finite extension C of C’% over which D splits, that is: so

that C ®Cq/§ D = Megxey (5) Let V be the valuation ring of C. By the previous argument

for matrix rings,

1 ~ ~
%Trace@@q%m/a(v ®qu3\ A) =V,
and of course
1 1
—T ~ ~(D)=—T D) CD.
o race(C®CqA3D)/C( ) raceD/C%( ) C

op
Therefore, for the intersection of these two we have
Ly A=t A)CVND=Vy
% race((/:@c%D)/é( )= — raceD/%( J)CVND= P
To see that the image of A under %Trace D/} is indeed all of Vqé\, it is enough to show that
%TraceD/C% (T) = Vgﬁ\ for the 7' C A defined above Equation (2.0.2). By that equation,
A2 TP a5 a T-module (since n = eq in this context). Therefore, on T, %TraceD/Cq/}§ =
Trace,, /%, where M is the field of fractions of T. But the trace of M over L = ng is

the same as the Tr = Trp)g = 1+0+ -+ 0"~ defined above Equation (2.0.5). By the

exactness in Equation (2.0.5), Trp,g(T") = ker(1 — o h=8= Vgﬁ\. O

We conclude this section with a lemma that we will use later, elaborating on the complex

(2.0.4), and a few consequences:

Lemma 2.0.2. If we calculate HHf(A) using the complex (2.0.4), then the following map

of complexes induces on homology the map that the inclusion T < A induces on Hochschild
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homology:

P’ P’
0 A T (M p__ 0 T (W 5 0
= Tr = Tr =
0 T T T T T
m(1—o1) P'(m)Tr m(1—o~1) P'(m)Tr m(1—o1)

Proof. To see that the homology of the complex in the top row is HHf(T), consider the
tensored-down version of the resolution (1.6.1) in [7] for S = R[rn]/P(w). Since T is free and
unramified over S, HHE(T) = HHE(S) ® g T. Therefore, if we have a complex of free S-
modules calculating HHf(S), it can be tensored over S with T to give a complex calculating
HHE(T). Thist is exactly what the top row is.

The proof of the lemma is a direct calculation using the weak equivalences of [7] and [6]:
take the weak equivalence from the small complex calculating HHf’(S) into the standard
Hochschild complex of S over R that is given in [7, Equation (1.8.6)]. Tensor the Oth S
coordinate over S with T" to obtain a map from the complex in the top row of our diagram
into the standard Hochschild complex of T" over R. Since the standard Hochschild complex
is a functor, this includes in the obvious way into the standard Hochschild complex of A over
R. The standard Hochschild complex maps to the reduced Hochschild complex, and the
map 7y defined below [6, Equation (3.8.1)] can be applied. The resulting map of complexes
can readily be seen to have period 2. The map 7y sends elements of T" to themselves. To
understand 71, let U be the valuation ring in the maximal unramified extension of the field
of fractions of R in the field of fractions of T" (see the diagram below [6, Equation (3.2.1)]).
The equation (ulwel ® 7r€2) = Tr(ul)wéﬁ'&_1 for u; € U, 5 > 0 means that an element

{1+l —1

't @ 72 which corresponds to uym in dimension 1 in the top row of our complex

l14+0o—1

maps to Tr(up)mw in the bottom row. Since T" = Ulr]/P(n), these elements span

T. [l
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Corollary 2.0.3. If the degree n of D over L is not divisible by p then the inclusion S — A
4
S * = ()

induces the map of HHE(S) = S/P'(m)S % =2a—1>0 wnto the corresponding parts of

0 * = 2a > 0.

\

S@®F" x=0

(

HHE(A) = S/P'(m)S s« =2a—1>0 by the inclusion in dimension zero and multipli-

Fg?“_l x = 2a > 0.

\
cation by the unit n € S in odd dimensions.

Proof. If ptn, the second short exact sequence in (2.0.7) splits.

0

ker(Trp ) 5) T S 0

N S
1/n
We get a decomposition of S-modules T = ker(Trp / g) @ S that works for both short exact
sequences in (2.0.7) in terms of breaking 7" up into two S-submodules, even if the maps are
not exactly the standard inclusions—they differ from that only by multiplication by a unit
of S. Recall that the top complex in Lemma 2.0.2 was obtained by taking the complex of

S-modules

and tensoring it over S with 7" = ker(Trp / g) @ S. It is therefore isomorphic to the direct

sum of the complex

S <Y ... (20.11)
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whose homology is the image of HH(S) in HHE(T), with the complex

P/(r)

0 ker(Trp)5) ker(Trp ) 5) ker(Trr/g)

(2.0.12)

Similarly, the bottom complex in Lemma 2.0.2 can be split into the direct sum of the complex

nP'(r) nP'(r)

0 g—2 3 g% g S 0 ..., (2.0.13)

whose homology accounts for the copy of HHf(S ) inside HHf’(A), and the complex

m(1—o~1h) m(1—01)

0 ker(Trp/g) — <—— -+

ker(Trp ) g) ker(Trp ) g)

(2.0.14)
Note that (1 — o~ 1) : ker(Try/g) — ker(Trp/g) is an isomorphism because (1 — o I)(T) =
ker(Trp)g) and that ker(1 — o~ 1) is exactly the the image of the standard inclusion of S in
T; thus the homology of the complex (2.0.14) accounts for the F?”_l’s in even dimensions
in HHE(A).

Lemma 2.0.2 explains to us exactly what the inclusion 7" < A does to these parts: the
complex (2.0.11) maps by the identity in even dimensions and multiplication by the unit
n in odd dimensions onto the complex (2.0.13) while the complex (2.0.12) maps into the
complex (2.0.14) by the identity in even dimensions and the zero map in odd dimensions.
Note however that most of the homology of the complex (2.0.12) lies in odd dimensions, and

therefore goes to zero: the only even-dimensional homology is ker(Trp / g) in dimension zero

which goes by the obvious quotient map to ker(Trp/g)/m ker(Try/g) = IF?”_I. O

Repeating the argument above after tensoring both complexes in Lemma 2.0.2 with [Fp,

we get

Corollary 2.0.4. If the degree n of D over L is not divisible by p then the inclusion S — A

induces an embedding of HH«(S/(p)) as a direct summand in HHy(A/(p)), with the comple-
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mentary direct summand consisting of a copy of F?n_l i every dimension x = 0.

In the general case, when the degree n of D over L might be divisible by p, we can say

less, but we can still deduce the following two corollaries:

Corollary 2.0.5. The inclusion T < A induces a map of from HHE(T) to HHE(A) which
15 the quotient map T — T/WTrT/S(T) in dimension zero, a surjection in odd dimensions,

and the zero map in positive even dimensions.

Proof. In odd dimensions, Trp /5 in the vertical arrows in the diagram in Lemma 2.0.2 sends
T onto ker(r(1 — o 1)) = ker(1 — o~ 1) = im(Trz/g). In even dimensions, we have that for

a >0, HHE (T) = 0. O

Corollary 2.0.6. The inclusion T'/(p) < A/(p) induces a map
HH.(T/(p)) — HH.(A/(p)) = HH.(S/(p)) @ FG"

For x = 0 it is the quotient map T/(p) — T/(p, mTr/5(T)) and for all x > 0 surjects onto
the first summand HH«(S/(p)).

Proof. Since P is an Eisenstein polynomial, P(7) = 7% = 0 and P/(r) = dz%! modulo p.
After tensoring both complexes in Lemma 2.0.2 with [F), we see that in odd dimensions in
the bottom row of the diagram in Lemma 2.0.2, ker(7(1 — 0~ 1)) becomes the direct sum
of im(Trp,g) with 79=1 times its complement in T/(p). The former is the image of the
vertical map and its quotient by the incoming boundary map is the HHg,_1(S/(p)) part of
HHs,_1(A/(p)). The latter gives the copy of an—l.
In even dimensions 2a > 0 in the bottom row of the diagram in Lemma 2.0.2,

ker(dr@ 1T, /5) becomes the direct sum of ker(Try,g) and of Anng /(p)(d’ﬂ'd_l). The quo-
tient of ker(Try/g) by the incoming boundary map is the copy of F%n_l in HHy, (A/(p)). The
copy of Anns/(p)(dﬂd_l) in the complement of ker(Try/g) in T/ (p) forms the HHaq (S/(p))

in HHq(4/(p)). -
22



CHAPTER 3
TOPOLOGICAL HOCHSCHILD HOMOLOGY OF MAXIMAL
ORDERS IN SIMPLE Q-ALGEBRAS

3.1 The calculation of THH,(A/(p)) for A a maximal order in a

division algebra over Q,

In the introduction, we explained how we can find all the torsion in THH4(U) by looking
at THH,(A) for appropriate maximal orders A in division algebras over Q. Our approach
to the calculation of THH«(A) is to start with finding THH«(A/(p)) for such algebras.
Then we use that and the Brun Spectral Sequence from [10, Theorem 3.3] to calculate
THH4(A; A/(p)) = m(THH(A); Fp), which gives us the rank of the p-torsion in each dimen-

sion, and finally we analyze the order of the torsion.

Proposition 3.1.1. Let A be the mazimal order in a division algebra over Q) with center

S. Then there is an isomorphism of THH,(Fg)-modules
THH. (4/(p)) = THH.(Fs) @ HHL®(4/(p)).
which can also be viewed as an isomorphism of THH4(F)) ® Fg-modules
THH, (A/(p)) = THH, (F,) ® HH, (4/(p)).

Proof. Using the notation of the previous section, recall that T is a degree n unramified
extension of S, so T" has the same uniformizer 7 that satisfies a degree d Eisenstein polynomial
P over R, and T is generated over S by some element whose reduction modulo (7) generates

Fp over Fg. Therefore T/(p) = Fp[r]/(x%). By our description of A from Equation (2.0.2),
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this means

12

A/(p) = Frlr]/(x?) @ Frla]/(x?) -z @ - @ Frln]/(x?) - 271,

I

where 2" = 0, 7z = z7, and fz = zo(f) for all f € Fp for a generator o of Gal(M/N)
Gal(Fp/Fg) = Z/nZ.

By [9, Corollary 3.3] applied to the Fg-algebra A/(p) we get a spectral sequence of
THH, (F g)-algebras

B2 = HH;S (A/(p); THH,(Fg; A/ (p))) = THH, 1. s(A/(p).

Since all Fg-modules are free,

~ F
E} . & HH;:5(4/(p)) @y THH, (Fy).
The claim is that this spectral sequence collapses at E2, and the THH, (Fg)-algebra structure
on the E2 = E* term is the correct one.
The first formulation of the proposition implies the second since Fg is unramified over F,,

and so THH4(Fg) = THH(Fp) ® Fg and also (by the same argument as that in Equation
F ~
(2.0.1)), HH,*(A/(p)) = HH.(A/(p))-

Definition 3.1.2. Let k be a field. We will say that a unital k-algebra C' is weakly monoidal

if it has a basis B over k so that 28U {0} is closed under multiplication.

Note that this is weaker than the definition of a pointed monoid algebra in [4, Section
7.1], which also requires that the unit 1 € C should be in B. However, if C is weakly
monoidal, we can still define the cyclic nerve NY (%), for A1 = 2 U{0}, as in [4, Section
7.1]. It is no longer a simplicial set, just a semisimplicial one. We can map the suspension

spectrum of its semisimplicial realization X°° N (%) into the ‘fat’ realization of THH(C'):
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the one that uses only its semisimplicial structure and not the degeneracies. We can do this
for example in Bokstedt’s model for THH of functors with smash product, which assigns to
each level in the spectrum a simplicial space, where the simplicial structure maps and the
spectrum structure maps commute; by the theory of simplicial spaces, at each level of the
spectrum, if we use a ‘fat’ realization ignoring the degeneracies, we get something homotopy

equivalent to the usual realization. We still get that
HBE(C) = B (k[2]) = L (N (B2); k) = ma(HE A NY(B4)).

We can also map Hk — THH(C) by using the unit map of C' and including into the 0-
skeleton. Since we have a product THH(k) A THH(C) — THH(C') (because k is in the

center of C, even if the multiplication of & is not commutative), we can map
Hk ANV (%) — THH(C) — HHZ(C) — HH*(C).

Here the map before last is the linearization map, and the last map is induced by taking
tensor products over k rather than over Z. The homotopy groups of the first spectrum and
the last spectrum are both HH{E(C), and the composition induces an isomorphism between

the two. On the spectral sequence
EE,S = HHﬁ(C)@)kTHHS(/{) = THH,5(C),

linearization and tensoring over k induce the component map THH. (k) — k on the columns.
So if we know that our composition map, which passes through THH(C'), induces an iso-
morphism on HH]j(C), the spectral sequence differentials d” have to vanish on the Oth row
for all r > 2. Since THH, (k) sits in the Oth column of a first quadrant spectral sequence,

all the d", »r > 2 must vanish on it as well. We recall that our spectral sequence respects
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multiplication by THH«(k), and deduce from the vanishing of its differentials on THH, (k)
and HH%(C) that it collapses at E2. We can also deduce that the E> = E?-term has the
correct THH, (k)-algebra structure since it is maximally nontrivial as a THH,(k)-algebra.

We get that for C' weakly monoidal over a field &,
THH,(C) =~ HH¥(C)®, THH. (k).

Thus Proposition 3.1.1 would follow directly if we knew that A/(p) was weakly monoidal

over Fg, but we do not know that. We have the following, instead:

Lemma 3.1.3. Fr ®p, A/(p) is weakly monoidal over Fr.

Proof. By our decomposition of A/(p), we know that
A/(p) 2 Fplr)/(x%) @ Fpla]/(x?) -z & - @ Fpla]/(x9) - 2"
with 2" = 0 and fz = xo(f) for all f € Fyn and 7o = x7. Thus

IFT ®FS A/(p) =

(Fr ®pg Fr[n]/(r%) & (Fr @pg Fr(r]/(n?)z & - - & (Fr @pg Frr]/(n?)))z" !

where x commutes with the first tensor factor of Fp, but not with the second one, in each
summand.

The map ¢ : Fr @pg Fr — @i Fr given by
pla @ b) = (ab,ac(b),ac”(b), -~ ac™ (b))

for the generator o € Gal(F7/Fg) that we have been working with is an algebra isomorphism:

it is obviously a homomorphism. Since its domain and range have the same number of
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elements, it suffices to show that it is injective. To show injectivity, let by be a primitive
element of Fp. Then the elements 1, by, . . ., bgil span P over Fg and o7 (bg), 0 < j <n—1
are the n distinct roots of the minimal polynomial of by. If ¢( ?:_01 a; ® bé) = (0,...,0),
we must have Z;-lz_ol a;07 (b)) = Zglz_ol a;(07(by))! = 0 for 0 < j < n — 1. But then we have
a degree n — 1 polynomial over a field with n distinct roots, which is impossible unless the
polynomial is identically zero.

Thus we can identify Fr ®p, A/(p) with

P Frir)/ (=) & PFrlrl/(x) -z & - & P Fplx]/(x) - 2",
i=1 i=1 i=1

Let eq,- - , ey be the standard basis for @] Fp over Fp, where we take the indices of the

e; to be in Z/n. Then the relation
(a®b)z =z(a®a(b))
implies that
(ab,ac(b), - ,ac™ 1 (b)z = z(ac(b),ac?(b),- - ,ac™ L (b), ab),

that is: e;x = xe; 1 for all i € Z/n.

The Fp-basis we take for Fy @p, A/(p) is

B={e;mlak 1<i<n0<j<d—1,0<k<n—1}
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with the multiplication

: l o\ i1
(ex?) - (epa’) = ei(2ex)a’ = ejepy jala

eixjH t=k+7 modn,and j+1<n

0 otherwise

and powers of m commuting with everything. O]

By this lemma and the discussion about weakly monoidal algebras preceding it, we get

that the spectral sequence

E} (Fr ©p, A/(p)) = HH T (F @, A/(p))®p, THH, (Fr) (3.1.1)

= THH,1s(Fr ®p4 A/(p))

collapses at E2. We observe that the spectral sequence (3.1.1) is obtained from the analogous

spectral sequence
E2,(A/(p)) = HH; 5 (A/(p)) @5 THH,(Fg) = THH, 1 5(A/(p)) (3.1.2)

by tensoring it over Fg with Fp: Since Fp is flat over Fg, HHI*FT(IFT ®rg A/(p) = Fr ®p,
HH]ES(A/(p)), and since Frp is étale over Fg, THH«(F7) = Fr ®@p, THH«(Fg).

Note that tensoring with Fy is faithfully flat for Fg-modules, and the Fy in the E? term
in (3.1.1) sits in bidegree (0, 0) so all differentials have to vanish on it for dimension reasons.
We get that the spectral sequence (3.1.1) calculating THH(Fr ®py A/(p)) collapses at E?
if and only if the spectral sequence (3.1.2) calculating THH.(A/(p)) does. But the spectral

sequence (3.1.1) does collapse. So

EX(A/(0) = E2,(A/ () = HHS (A/ () ©5, THH; ().
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The only remaining thing to check in order to complete the proof of Proposition 3.1.1 is
that THH.(A/(p)) = HHYS(A/(p)) @, THH,(Fg) also as a THH, (Fg)-module. But that

follows since the multiplication by THH4(Fg) is maximally nontrivial in the E°-term. [

3.2 The calculation of THH,.(A, A/(p)) for A a maximal order in a

division algebra over Q,

Our calculation will depend on whether the center S of A is wildly ramified over Z), or
not. Recall from Equation (2.0.3) that if R denotes the valuation ring of the maximal
unramified extension of Q) inside the center of the division algebra in question, we have
S = R[n]/(P(m)) for P an Eisenstein polynomial of degree d. The ramification is wild when
p | d, and otherwise it is tame. The unramified case can be viewed as the case d = 1. Since
P is an Eisenstein polynomial, if Fg = R/(p) = S/() is the residue field of R and S, we get
that S/(p) = Fg[r]/(x%).

From [10, Theorem 5.1], the local version of Theorem 1.1 that was quoted in the intro-

duction, we get S-module isomorphisms

S i=0
THH;(S) = 4 §/(aP'(x)) i=2a—1>0 (3.2.1)
0 1= 2a > 0.

\

Using the Universal Coefficient Theorem over S, we can calculate THH(.S; S/(p)): modulo
p, P'(7) reduces to the same thing as dr@=1 which is divisible by p if p | d but divides p if
ptd. Soif p|d, for all fori >0

THH,(S, S/(p)) = S/(p) = Fsl] /() (3.2.2)
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and if p { d (which includes the case of S unramified over Z;, where R = S and d = 1),

= 7]/ (x? 1 =0 or — 1 or >
THHL(S, S/ (0) = S/(p) = Fg[n]/(=%) 0 or 2pk — 1 or 2pk, k> 1 (3.23)

S/(m ) 2 Fgn] /(1) i=2kor2k—1, k>0, ptk

Theorem 3.2.1. Let A be the mazimal order in a division algebra over Qp of degree n (so
of dimension n2) over its center. Let S be the valuation ring of the center of the division
algebra, and let Fg be its residue field. Then for all i > 0, there is an isomorphism of

S-modules

THH; (A, A/(p)) = THH;(S, S/ (p)) ® F&" L.

When p ¥ n, the THH;(S,S/(p)) in this decomposition is the isomorphic image of the map
THH,(S,S/(p)) — THH;(A, A/(p)) induced by the inclusion S — A. When p | n, that is
not true but we do have that for T the valuation ring of a degree n unramified extension
of the center that exists inside A, the inclusion T — A induces a map THH;(T,T/(p)) —
THH; (A, A/(p)) which in terms of the decomposition above, surjects onto the first factor.
The notation THH;(S, S/(p)) in the decomposition should be viewed when p | n as shorthand

notation for the different cases (3.2.2) and (3.2.3) above.

Proof. We will use the Brun spectral sequence from [10, Theorem 3.3] which is associated

to the reduction map A — A/(p). It is of the form
E}, = THH,(A/(p), Tori (A/(p), A/(p))) = THH, (A, A/(p)) (3.24)

which, since Tor2(A/(p), A/(p)) is just A/(p) in dimensions 0 and 1, consists of two rows,
each isomorphic to THH4(A/(p)). If we let 7 denote a generator of Tor’fl(A/(p),A/(p))
in bidegree (0,1) in the spectral sequence, then Efv* ~ T,[7]/7? ® THH.(A/(p)), and by

Proposition 3.1.1 and Bokstedt’s calculation [1] of THH,(IF)) = Fp[u] for a 2-dimensional
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generator u,

E2, 2 Fy[r]/m* @ Fplu] ® HH.(A/(p)).

As explained in Equation (2.0.8) above, [6] shows that

(
SeFg! i=0

HH, (A) = HHF(4) = S/(P'(r)) = HH,?_(S) i=2a—1>0

[Fg" ! i=2a>0.

The relative Hochschild homology HH%p (A) is actually smaller than HHZ(A). We want to
use the above result to get HH4(A/(p)), and for that the difference does not matter: The
Hochschild complex for the quotient ring A/(p) is just Fp tensored with the Hochschild
complex for the ring A, and once we tensor with I, A®zp (1) ®Fp = A®z(i+1) & I, for
all ¢ > 0.

Applying the Universal Coefficient Theorem to the Hochschild complex of A, observing
that everything except for the S in dimension zero in Equation (2.0.8) is torsion of order

which is a power of p, we therefore get

S/(p) @ FEY if i =0

FE V@ S/(p, P(m)) iti > 0.

I

HH; (A/(p))

We would also like to understand this homology in terms of generators, so we view the
Hochschild homology of A/(p) in terms of the small complex in Equation (2.0.4). In the
proof of [6, Theorem 3.5], Larsen shows that the reduced Hochschild complex of A is a direct
sum of the small complex (2.0.4) and another complex, and that the inclusion induces a
quasi-isomorphism. Thus, the other summand must be acyclic. If we tensor everything with

Fp, the direct sum decomposition will continue to hold and the second complex will continue
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to be acyclic, so the modulo p version of Equation (2.0.4) calculates HHy(A/(p)):

71— 1) P!(7)Tr 7(l-a 1)

0

T/(p) T/(p) T/(p) T/(p) S (3.2.5)

where we use bars to denote the reductions of the elements and functions modulo p. More-
over, the reduction modulo p of the original quasi-isomorphism will continue to be a quasi-

isomorphism.

Proposition 3.2.2. In the spectral sequence (3.2.4), d> sends HH;(A/(p)) C EZ-QO to

THH; 9(A/(p)) C Ei2_2 1 foralli > 2, and in terms of the complex (2.0.4),
d*([m]) = —7[m]

for allm € ker(T(1—a 1)) if i is odd and for all m € ker(P'(x)Tr) if i > 0 is even. Thus, it
induces an isomorphism between HH;(A/(p)) C EiZ,O and THH; _o(A/(p)) C EZZ_271 if 1> 2,
and an inclusion when i = 2.

We will postpone the proof to the end of the paper, and see how this Proposition lets us
complete the proof of Theorem 3.2.1. Note that the spectral sequence (3.2.4) is multiplicative
with respect to multiplication by the corresponding spectral sequence for THH(Z;Z/(p)),

since Z lies in the center of A. There we have Fp[7]/7? @ Fp[u] with d?(u) = 7 mapping into

the v and 7 that we have in (3.2.4). Thus for [m] € HH;(A/(p)) and j > 0,
d*(u! [m)) = mju! = [m] + w/ & ([m]) = 7(ju! = [m] - [m]).
When i = 2k is even, we get that d2 : Ez'20 — EZ-2_2 1 is given by
0> " a)]) = 1(uh kag — ]+ ul2ap g — ap_q] + Uag_1 —ag])  (3.2.6)
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for all ag € T/(p), a; € ker(P'(m)Tr) for 1 < i < k.

Equation (3.2.6) means that im(d?) consists of all those 7 Zf Oluk 1=ip;] where

(bo] € (KT/(p) + kex(P'(m)Tr)) /im(7(1 —7 1))

and

b; € ker(P/(m)Tr)

for 1 <i <k — 1. Thus, d? surjects onto Egk—Q 1 when p{ k and so kT/(p) = T/(p).

If p | k, the image of d? consists of all those 7 Zf 01 ub=1=7[b;] where

[bo] € ker(P'(m)Tr)) /im(z(1 — 7)),

but there are no restrictions on the b; € ker(P’(m)Tr) for 1 < i < k — 1. So if p | k, the
cokernel of d? : E-2 — Ei—2,1 is isomorphic to the quotient of (T/(p))/im(w(1 — 7 1))
by ker(P’(7)Tr))/im(7(1 — '), which we now analyze. We showed that Tr : T — S is
surjective, yielding a short exact sequence of S-modules 0 — ker(Tr) — 7" — S — 0 which
must split. The splitting is not the obvious inclusion S — T'. If p{ n, we can take 1/n times
the inclusion as our splitting, but we cannot do this if n is not a unit. The splitting does in
any case give a splitting of S/(p)-modules T'/(p) = ker(Tr)/(p) ® S/(p). We intend to divide
by ker(P’(m)Tr)) which contains the first summand, so we can ignore the first summand.
The first summand also contains all of im(7(1 — & 1)). So our cokernel is the quotient of
the second summand S/(p) by its intersection with ker(P’(7)Tr). By construction, Tr sends

this second summand isomorphically onto S/(p). Thus the only way an element of it can be
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in ker(P/(m)Tr) is if it is in Anng,,,) P’(7). We get that the cokernel is

(Fslr)/(x?)/(Fsln)/(xh) =0 ifp|d,

(Fslr]/(x?))/(nEsln]/(n")) = Fs if ptd.

I

S5/ (p)/(Anng, (P (r))

Equation (3.2.6) also means that ker(d?) consists of all those Zi‘f:o uF~[a;] where [kag] €
ker(P'(m)Tr)/im(7(1 — 7~ 1)) and the other [q;] are calculated inductively from [ag) by the
requirement that [iay_; — aj_(;_1)] = [0] for all 1 <@ < k. Thus, if p does not divide k, the

kernel is exactly isomorphic to
ker(P/(m)Tr) /im(7(1 — 5 1)) = HHy(A/(p)) = HHaq(A/(p)) for any a > 0,

whereas if p | k, [kag] = 0 and so the kernel is is all of HHy(A/(p)).

The calculation for ¢ odd is similar, but easier since all the odd Hochschild homology
groups of A/(p) are isomorphic. So when i is odd, d2 EZO — Ei2—2,1 is always surjective,
with kernel always isomorphic to HH{(A/(p)).

We gather all this information together to get

(

HHy(A/(p)) t=0, s=2k pl|k
HHop(A/(p))  t=0, s=2k ptk

E3 = ESS = HHy ((A/(p)) t=0, s =2k —1

Fg t=1,s=2k—2, plkbutptd

0 otherwise.
\

If we look only at the structure of vector spaces over [F g, there can be no nontrivial extensions.
Even if we want to get the full S-module structure, that is: the S/(p) = Fg[r]/(7%)-module

structure, the only case in which we have more than one nonzero module on a diagonal is in
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dimensions 2k — 1 if p{d but p | k. The final result is an isomorphism of S-modules

THH;(A,A/(p)) =

HHy(A/(p)) = Fglx)/(x%) @ FE" Y i=2, plk

HHop (A/(p)) = Fslr]/(n, dnd=1) @ FE)

(n—1)

i=2k, ptk

Fsln]/(n?) & Fg i=2k—1,plk

(n—1)

| HHyp—1 (A/(p) = Fsn]/(n?, dn® ) @ Fg™" ™ i =2k~ 1, ptk.

The only case requiring justification is the extension
0 — Egp_9q — THHog 1(A, A/(p)) = Egj; 19— 0

which takes the form

(n—1)

0 — Fg — THHy, 1(A, A/(p)) — Fglr]/(x?" ) & Fy =0

when p td but p | k. In that case, we claim that the extension is nontrivial.

In the case where p t n this follows directly from of [10, Proposition 5.6(iz)], where
the analogous extension problem is solved for S. By Corollary 2.0.4, the first summand in
HH;(A/(p)) = HH;(S/(p)) ® F?(n_l) for all ¢ is the isomorphic image of HH;(S/(p)) by
the map induced by the inclusion S < A. By the naturality of the Brun spectral sequence
(3.2.4), the extension problem we see here is exactly that in [10], where the result is that
THHyy,_1(S,5/(p)) = Fg[x]/(x%). The only difference is that in our calculation, we also
(n—1)

have an extra copy of IF? added on as a direct summand in the whole group and in the
quotient.
In the case where p | n, the analysis of the extension in [10, Proposition 5.6(ii)| is

completely analogous for 7" and for S, so if we are only interested in the S-module structure,
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the extension problem in the analogous calculation of THHg,_1(T,T/(p)) using the Brun

spectral sequence is
0 - F§" — THHy, 1(T,T/(p)) — (Fslr]/ (=)™ = 0.
The conclusion, again if we are only interested in the S-module structure, is that
THHyy_1(T.T/(p)) = (Fs[x]/(x") "),

Instead of Corollary 2.0.4, we have the weaker Corollary 2.0.6. We still have the natural-
ity of the Brun spectral sequence. Its spectral sequence differentials respect the decom-
position of HH4(A/(p)) and THH4(A/(p)) because of the explicit formula in Proposition
3.2.2. So the inclusion T" — A induces maps sending the Brun spectral sequence Egi_zg
for THH9,_1(T,T/(p)) surjectively onto the E%—Q,l for THHo_1(A, A/(p)), and send-
ing the ESI?:—LO for THHyy._1(T,T/(p)) surjectively onto the first factor in the ESZ—LO =
Fglr]/(x%1) & F%(nil) we have in the calculation of THH9,_1(A, A/(p)).

The nontriviality of the extension for A can therefore be deduced from the nontriviality
of the analogous extension for 7" by the following algebraic lemma, for F = Fg and M the
image of THHo;_1(7,7/(p)) in THHo,._1(A, A/(p)). O

Lemma 3.2.3. Let F be a field and let d > 2, n > 1 be integers. Assume that in the

commutative diagram of Flz]/(x%)-modules

00— (2% 1F[a]/ (24))*" —— (F[a] /(2))*" — T (Fl]/(«4~1))®" ——0

fo 1 fo

0 F i M Flz]/(2%1) ——~0

the maps © and q in the top row are the usual inclusion and quotient maps, the bottom row
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s also exact, and the maps fo and fo are surjections. Then we have an F[x]/(xd)—module

isomorphism M = Fz]/(z%).

Proof. (of Lemma 3.2.3)

Since fo is surjective, there exist some elements v1,72,...,v, € F so that ij;(1p) =
f1 (led_l, vga:d_l, e ,and_l). The elements y1, 79, . . ., 7n, cannot all be zero because i is
an injection. Set v = (v1,72,--.,7n). Then fi(v) generates over F[z]/(z%) a free submodule

of M. This is because a cyclic Flz]/(z%)-module is either free or it is a F[z]/ (2%~ 1)-module,

but we know that

i) = i) = ip(1p) # 0.

Once we know that F[z]/(z%)- f1(v) is a free F[z]/(2%)-module, we know that it has dimension

d = dimy M over F, so by counting dimensions it must be equal to all of M. O

Lemma 3.2.4. In the iterated bar construction B.(A/(p), A, A/(p)) which calculates
Tord(A/(p), A/ (p)), for anya € A/(p) and 0 < t < n the chain E(x” (Et)> in
B1(A/(p), A, A/(p)) represents the homology class T - az' € Torffl(A/(p), A/(p))=T1-4A/(p).

Proof. The fact that E(x" <Et>> is a cycle follows directly from Z" = 0. To see what
homology class it represents, as in the proof of [10, Proposition 4.2] we compare the free A

resolutions of A/(p)

We choose a (non-additive) section s : M/(p) — M of reduction modulo p which satisfies
s(0) = 0, s(T) = 1. Defining fo(a( 05} miz')) = a Xp=) s(mi)a’, we get a map that
makes the right square in the diagram commute. Therefore, composing fo with dg — dy will
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yield an element of A which is divisible by p so we can define f; = ]lg foo(dy—dyi). Now fq
and fy (with zero maps f; = 0 for ¢ > 1) induce a chain homotopy equivalence between the
resolutions, which will continue being a chain homotopy equivalence after tensoring over A

with A/(p). Evaluating this,

(0 (2))) = 0 () o)) = oo () = B <

since 2" = p. Reducing mod p, we get 7 - az! € Tor‘l4 (A/(p),A/(p)) =7-A/(p). O

3.3 Identifying the Torsion

Theorem 3.3.1. Let D be a finite-dimensional division algebra over Qp and let A be a
mazximal order in D. Let L be the center of D, and let S be its valuation ring and Fg the
residue field of S; we can write S = R[r|/P(r), for R unramified over Zy, ™ a uniformizer
of S, and P an Eisenstein polynomial. Assume that D is of degree n over L (that is, of

dimension n® over L). Then

(

S@F%"‘l x=0

S/(aP'(r)) x=2a—-1>0

2

m(THH(A))
F%”_l * =2a >0

0 * < 0.

\
Proof. We will use the following spectral sequence:

Lemma 3.3.2. If S is a commutative Zy-algebra and A is an S-algebra, we have a spectral

sequence of S—modules

B}, = HH) (A; mo(THH(S; A)p))) = mpy s (THH(A)p), (3.3.1)
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p)

which is multiplicative with respect to multiplication by m«(THH(S)). This multiplication

is the obvious one on the coefficients m«(THH(S; A)}/?\) in the E2-term, but it comes from the

multiplication THH(S) A THH(A) — THH(A) that we have because S is the center of A.

Proof. We take a model of HS cofibrant over the sphere spectrum, and a model of HA

cofibrant over HS. We start with the spectral sequence of [9, Corollary 3.3 |,
E} o = HH7 (A; THH,(S; A)) = THH, 4 4(A).

It is too large because m«(THH(S; A)) contains large Qp-vector spaces in addition to
m«(THH(S; A)Y/g\) =y (THH(S)]/Q\) ®g A, which is the part we are interested in. The spectral

sequence above comes from identifying
THH(A)~HAANgAng A0 HA ~ HANg pp g A0 (HA AN HAP) A apnpaor HA)
and observing that the map induced by the obvious inclusions
THH(S;A) = HS Agsapsoe HA — (HAAgg HAP) Agran a0 HA
is a weak equivalence. This gives a weak equivalence
THH(A) ~ HAANgapygHA» THH(S; A).

If we p-complete THH (S; A), since HA and HA Apg HA®P are already p-complete and the

maps between them commute with the p-completion, we will get that
THH(A))) ~ HA A ap ;o1 400 THH(S; A)p),

yielding the spectral sequence (3.3.1) that we need.
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To see what the multiplication THH(S)ATHH(A) — THH(A) does, we use the naturality
of our construction for free S-algebras and compare the spectral sequence (3.3.1) with the

analogous one we would get for S in place of A:
2 _ Sta. AYA A
E; o = HHP (S5 ms(THH(S; S)y)) = mr4s(THH(S))).

Note that E%S = 0 unless r = 0, and we only have the copy of W*(THH<S)$ in the Oth

column. O

We recall from [10, Theorem 5.1] that

S x =0
m(THH(S)})) 2 ¢ S/(aP' (7)) *=2a—1>0

0 * =2a > 0or % <0.

\

In odd dimensions, the result there actually gives the inverse different ideal modulo aS, but
that is isomorphic to S modulo a times the different ideal (P'(7)). Since A is free over S,

this gives
m(THH(S; A)))) = ma((THH(S) Arg HA)p) = m(THH(S)))) ®g A.

Thus in the spectral sequence (3.3.1), we have

;

HHS (A) s=0
Er = S HHS(A; A/(aP' (1) s=2a—1>0

0 s=2a>0o0rs<0.

\
In Equation (2.0.6) above we used Larsen’s result from [6, Theorem 3.5] with the ground ring
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R equal to the ring of integers in the maximal unramified extension of Q) that is contained
in the center L of D. But we can use as the ground ring the ring of integers in any extension
of Qp over which L is purely ramified and in particular, we can use the ring of integers in L

itself and take R = S. In that case, [6, Theorem 3.5] tells us that

(

T/mker(Trp)q) =5 & F?”fl x=0
HHZ (4) = < g +=2—1>0 (3.3.2)
ker(Try/g)/m = IFGS}”*I * = 2a > 0.
\

Comparing with Equation (2.0.6), the difference here is that the uniformizer of S remains
7, but its minimal polynomial over R = S is now =z — 7, and so has derivative equal to
1, making the odd dimensional Hochschild homology vanish. Using this and the Universal

Coefficient Theorem over S, for any nontrivial ideal (7%) in S,

) ©n—-1  , _
HHS (4; A/ (r')) = ST O Fs ’

F?%l x> 0.

We now have to separate into two cases, according to whether the ideal (aP’(7r)) is the
trivial ideal or not for different a’s. In the case where the center S is ramified over Zj,
the ideal (P’(m)) is already nontrivial, and so for any integer a > 1, the ideal (aP’(7)) is

nontrivial as well. In that case, the spectral sequence (3.3.1) takes the form

’

S@F%n_l s=r=0

5 S/(aP’(w))@]F?n_l s=2a—1andr =20

I (3.3.3)
an—l s=2a—1andr>0,ors=0andr=2b>0
0 s=2a>0,ors=0andr=2b—1>0.

\
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On the other hand, if the center S is unramified over Z,, (P'(m)) = S and so the ideal

(aP'(m)) will be nontrivial only when a is a multiple of p. In that case, we get

(

S@F?n_l s=r=0

S/(ap)@lﬁ'gn_l s=2ap—T1andr =0

E72’,s = ]F?”_l s=2ap—1landr>0,ors=0and r=2b>0 (3.3.4)
0 s=2a>0o0rs=2a—1andpfta,

ors=0andr=2b—1>0.

Since S is the center of A, these are spectral sequences of S-modules and it is meaningful
to talk of S-ranks. In both cases, we have seen that m«(THH (A)ﬁ) will consist entirely of
torsion in positive dimensions, and of torsion and one copy of S in dimension zero. Any
S-torsion of rank m in m;(THH (A)]/g\) will give S-torsion of rank m in dimensions ¢ and i+ 1
in

m(THH(A):Fp) = m(THH(A); Fp) = THH.(A; A/p).

So we read backwards from Theorem 3.2.1 which describes the homotopy groups with mod p
coefficients. In the ramified case, it says that THH;(A; A/p) has rank n over S for any i > 0,
meaning (because of the copy of S in dimension zero) that THH;(A) should have rank n for
1 = 0, rank 1 for odd positive 7, and rank n — 1 for even positive 7. In the unramified case,
by similar analysis THH;(A) should have rank n for i = 0, rank 1 in dimensions is 2ap — 1
for a > 0, rank n — 1 for even positive i, and rank zero in odd dimensions that are not of
the form 2ap — 1.

To understand exactly what the homotopy groups are, we will separate the discussion
into cases according to whether p divides n, the degree of A over S, and according to whether
S is ramified. The cases where p does not divide the degree n are easier, because then in the

calculation of 7 (THH(A)S) using the spectral sequence (3.3.1) we can see in the Oth column
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of the spectral sequence a copy of m (T HH (S )ﬁ) which exactly gives all the odd-dimensional
homotopy groups in my(THH (A);,\) Therefore all other groups in odd total dimension have
to be cancelled, but we will argue inductively that all outgoing spectral sequence differentials
from them have to be trivial, and we will show by counting elements that the only way the
superfluous odd total dimension groups can all be cancelled is if every incoming spectral
sequence differential that can be nontrivial is as nontrivial as possible. After that, all that
remains in any positive even total dimension is F i‘g"*l, the smallest possible S-module of
rank n — 1, and so having a good understanding the S-torsion in odd dimensions completely
determines the S-torsion in even dimensions.

When p does divide n, we can still say that all of mo, 1 (THH (A);é\) comes from the Oth
column of the spectral sequence (3.3.1); as explained above, we also know that it has S-rank
1. This is shown to be enough to force the same cancellation pattern as in the case where p

does not divide n, and thus determines the even torsion as before.

The case d > 1, p{n:

Since p { n, the E2-term in the spectral sequence (3.3.3) contains a copy of 7 (THH(S)Z/,\)
in the Oth column which is the isomorphic image of m(THH (S )9) under the map induced
on the spectral sequence (3.3.1) by the inclusion S < A. This is because, as in the proof of
Corollary 2.0.3, we have an isomorphism of S-modules 7" = S@ker(Tr / ) with the copy of S
equal to the image of the inclusion S < T, that is: ker((1 —o~1). Using this decomposition
with the result in equation (3.3.2), we see that it is in fact the image of S under the inclusion
S — T that survives to be the S in HHg (A)=S EBIF%”*I. Larsen’s comparison between the
small complex and the Hochschild complex is the standard inclusion T" < A in dimension
zero, so this S in HHOS(A) is the image of S = HHg(S) under the inclusion S < A. Similarly,
in HHOS(A; AJ(n")) = S/(n') @ ]Fg?”fl the S/(n) is the image of the included S.

By Theorem 3.2.1 we know that if p { n, the image of
THHs,—1(S,S/(p)) — THHao,—1(A, A/(p)) is the part of THHo,_1(A, A/(p)) which does
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not come from Tor(THHg,_2(A),[Fp): starting in dimension zero, we see that the F%n_l’s
in THHg, (A, A/(p)) come from THHy,(A) ®F,;, but those in THHg,_1(A, A/(p)) come from
Tor(THHg,—2(A),Fp). So we deduce that the generator over S of THHy,_1(A) comes from
the image of THHa, 1(S) under the inclusion S < A. That image is by the previous
paragraph exactly the THHo,_1(S) summand in E&Q a—1- Once we have accounted for the
generator over S of THH9,_1(A) in E§72 a—1> We know that all other classes in total dimension
2a — 1 have to die by the time we get to the E°° term, both the F?”fl in E(%,Qa—l and the
classes in EZQ a—1—; for 2 > 0. A priori there could have been a nontrivial extension of
E(()),OQa—l by some Eii.%a—l—i for ¢ > 0 which is still of rank one over S, but if the generator
of THHy,_1(A) over S is already in E&OQ a—1> this cannot happen.

We work inductively: clearly an S E(C)’?O = THHy(A). In total dimension 1, we know
that the F%"il in E(2)71 must die before the £°° term, and the only way this could happen is
for d? E%,O — E(%,l to be injective and onto this summand. That means that all that is left
in total dimension 2 is the ]an_l in E%,l? which is the smallest possible S-module of rank
n — 1 so there cannot be any possible nontrivial incoming differentials from total dimension
3 to make it yet smaller.

More generally, at each stage a with @ > 1, it turns out that most of the elements in total
dimension 2a — 2 were used to eliminate elements of total dimension 2a — 3 and all that is left
in total dimension 2a — 2 is a copy of F%n_l in E%Q 4—3 Which cannot be shrunk further while
maintaining a rank of n — 1 over S. Therefore there can be no nontrivial spectral sequence
differentials from total dimension 2a — 1 into total dimension 2a — 2, and all classes of total
dimension 2a — 1 that need to be eliminated need to be hit by spectral sequence differentials
from total dimension 2a. In total dimension 2a — 1, we have THHy,_1(S) in E(%,2a—1 and
a copies of F?”_l that have to be eliminated, in E(%,?a—l’ E%72a_3, cee E%a—2,1' In total
dimension 2a, we have a + 1 copies of F%”*I, in Ei2a—17 E§72a_3, cee E%a—l,l and also

in E%a o- Note however that there cannot be any nontrivial spectral sequence differentials
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d" out of E{,2a—1 for r > 2, so that copy has to last to £E°° and be the rank n — 1 S-module
we need in THHy,(A). But the remaining a copies all need to be used to eliminate the a
copies in total dimension 2a — 1.

In order to utilize the a copies in total dimension 2a to eliminate classes in total dimen-

sion 2a — 1, we must have that d? : E%O — Eg 1 is injective onto the IF ?"_1 summand,

that d2 : E%b,o = E%b—zl for all b > 1, and that d? vanishes everywhere else. And

afterwards, that d> is as nontrivial as it can be, meaning that d3 Eg’ 2%a-1 — ES’ 9a+1 18

injective onto the F%n_l summand for all a > 1, that a3 Eg’bJrl 2a—1 = Egb—Q 9a+1
for all b > 1, a > 0, and that d® vanishes everywhere else. No nontrivial differentials from
total dimension 2a into total dimension 2a — 1 are possible beyond that, so we get S-module

isomorphisms
(

S@F%”fl r=s=0

S/(aP'(7)) r=0ands=2a—1

[

(3.3.5)
F%nfl r=1and s =2a—1

0 otherwise.

\

Since every diagonal contains exactly one nontrivial S-module, there are no possible exten-

sions and the result of Theorem 3.3.1 follows in this case.

The case d > 1, p | n:

In the previous case, we used the fact that p{ n to show that THH9, 1(A) consists only
of the isomorphic image of THHg,_1(.5) in E&Q 4—1 in the spectral sequence (3.3.3). When
p | n, that copy is no longer the isomorphic image of THH9,_1(S) under the map induced
by the inclusion S < A, but we can still show that THHs, 1(A) contains only a copy of
THHy,_1(S) that sits inside EaQ a—1> and that was the essential feature that allowed us to
deduce what all the differentials of the spectral sequence must do.

We now look at the map induced on the spectral sequence (3.3.1) by the inclusion T — A,
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instead. Recall that 7" is unramified over S, so HH*S (T) = T when * = 0 and vanishes
everywhere else; similarly, HHY (T; T/(x%)) = T/(x") when % = 0 and vanishes everywhere
else. So the spectral sequence (3.3.1) for T" is concentrated in the Oth column and gives the
result we know, that THH.(7T) = T ®g THH(S).

This means that the image of 7y (THH(T)]/;) in W*(THH(A);{)\) under the map induced by
the inclusion 7" < A is all in the Oth column of the spectral sequence (3.3.3). This explains
why all the nontrivial EZZ’2 a—1_; 8 for i > 0 need to disappear before the £ term. As far as
E&Q q—1 80es, we know that Eg%,_; is a submodule of (THH(A)]/;) which has rank one over
S. Therefore E(?,Oza—l has rank one over S, as well. But E(2),2a—1 has rank n over S, and of
course all the outgoing spectral sequence differentials originating from it cannot hit anything
so they are zero. So an S-submodule of rank n — 1 inside Eg’Q q—1 must be eliminated by
incoming spectral sequence differentials. The above argument shows, by counting elements,

that the incoming differential that could cancel these (while making sure all the E? ’

1,2a—1 S

for i > 0 are cancelled) is d? . E%,O — E&l ifa=1ord: E§’2a_3 — E(?)),Qa—l if a > 1. The
source of these differentials is, in both cases, F?nfl; the target is S/(aP’'(7)) ® F?"il. If
the cokernel needs to have rank one over S, the cokernel has to be isomorphic to S/(aP’(r)).
If it happens that S/(aP’(7)) = Fg, it might be that it is not the separate S/(aP’(m))
that remains in the cokernel but one of the Fg’s in F%n_l, but it is nevertheless a copy of
S/(aP'(r)) that remains.

So the same cancellation pattern that we had in the p f n case must hold in the p | n
case, yielding the same E°° result as Equation (3.3.5).
The case d = 1:

If S is unramified over Zy, or in the notation we are using: S = R, the spectral sequence
(3.3.1) takes the form (3.3.4), which is much sparser than (3.3.3). However, the argument
that explains why Wga_l(THH(A>I/)\) should contain only a copy of Wga_l(THH(S)I/)\) in

E(2),2a—1 of (3.3.1) is the same. As before, the argument depends on whether that copy of
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Wga_l(THH(S)]/j\) is the isomorphic image of 7T2a_1(THH(S)]/D\) under the inclusion S — A
as in the case p t n or not. Note that when d = 1, 7T2a_1(THH<S)}/7\) = 0if p{a but is a rank
one S-module if p | a, so the argument would sometimes be used about a rank one module
and sometimes about the zero module. Also, the argument that shows by induction on a that
the only way to get nothing but a copy of Wgafl(THH(S)]/g\) in E§’2 4—1 in total dimension
2a — 1 in the E*° term is to have maximally nontrivial spectral sequence differentials from
total dimension 2a remains the same argument.

The difference in the unramified case is what the pattern of the maximally nontrivial
differentials is. Here, d2,d?, ..., d*?~! all have to be trivial. The first potentially nontrivial
differential is d?P, where we must have that d?P : ESZZ)),O — Eggpfl is injective onto a

direct summand isomorphic to ]F?”_l, that for all b > p d2P E%’O = E;

D
b—2p,2p—1">

and that d?P vanishes everywhere else. Afterwards, we have that d2PT! . Eggillgap—l —

Egp;(j F)p-1 is injective onto a direct summand isomorphic to F%n_l for all a > 0, that
a2+, gl = gl for all b > p, a > 0, and that d?PT1 vanishes

2b+1,2ap—1 2b—2p,2(a+1)p—1

everywhere else. And then no further nontrivial differentials are possible and E?PT2 = F>°

We get
(
S® ]an—l r=s=0
S/(a) r=0and s =2a—1
B = F%n_l r=2b, 0<b<p, and s =0 (3.3.6)
F%n_l r=2b+1, 0<b<p ands=2ap—1, a>0
0 otherwise,

and since every diagonal contains at most one nontrivial S-module, there are no possible

extensions and the result of Theorem 3.3.1 follows in this case as well. OJ
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3.4 Combining the Local Calculations into the Final Result

We now combine the results of Theorem 3.3.1 over all localizations of the center V' at non-
trivial prime ideals 8 C V. As explained in the introduction and worked out in Corollary
2.0.1, THHy(U) = HHy(U) and we know what it is by the work of Larsen in [6]. For x > 0,
THH,(U) is a V-module that consists entirely of torsion, so it is equal to the direct sum
over all primes p € Z of the p-torsion in the homotopy groups of THH(U )ﬁ ~ THH(U (/]\) ))1/9\
[4, Addendum 6.2]. Since

I

Ut S

PCV prime, (p)CP

this is in turn equal to the direct sum over all primes 8 C V with (p) C P of the P torsion
in W*(THH(UQ)‘Q), so we need to understand that for all such p and B.

If B is the simple algebra over Q that U is a maximal order in and C' its center (which
has V' as its ring of integers), the completion B‘/J} is a central simple C’%—algebra, and so B‘/J}
is isomorphic to an ig X 4y matrix ring on some central division algebra Dy over CLy, of
degree eq. But then by [12, Theorem X.1], the valuation ring U I/; must be isomorphic to an
i X i3 matrix ring over the valuation ring of D.

If ey = 1 then Uq/} is isomorphic to an i X 4 matrix ring over Vsﬁ\ itself. Then the Morita
equivalence of [2, Proposition 3.9] shows that THH(UQ/}) and THH(Vq/g\) are weakly equivalent.
The homotopy groups of the p-completion of the latter were calculated in [10], so we are
done. The positive dimensional homotopy groups 7 (THH(U%)]/)\)) vanish if ¥ = 2a > 0, and

give the direct summand consisting of all the B-torsion in THHo, 1(V) if x = 2a — 1 > 0.
Writing that the even dimensional homotopy groups are isomorphic to Fgem_l is also correct,
since ey = 1. When ey = 1, U is called unramified at P, and in fact U is unramified at all
but finitely many prime ideals in V.

But if U does ramify at 9, that is: if ez > 1, we need Theorem 3.3.1 for D = Dy, A

a maximal order in D, L = C’%, S = V;ﬁ, and n = eg. The ring C’% is the center of B;%,
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but since the center of the ring of matrices over a ring consists of multiples of the identity
matrix by elements of the center of that ring, C’;g is also isomorphic to the center of Dyz. The
result of Theorem 3.3.1 in odd dimensions consists of Wga_l(THH(Vqé\)]/)\)), which is the -
torsion in THHy, _1(V). Gathering the results of Theorem 3.3.1 for all prime ideals B C V'

where U is ramified together with the observations above for prime ideals 3 C Vwhere U is

unramified, we get

Theorem 3.4.1. Let B be a simple algebra over Q, and let U be a maximal order in it.
Let C' be the center of B, and let V' be its ring of integers. For every nontrivial prime ideal
B C V, the completion B;g 1s a central simple C;g—algebm, and so ng 18 isomorphic to a
matriz ring on some central division algebra Dy over , of degree ey Let Fy = V/B. Then

we have V-module isomorphisms

;

Qe —1
Ve @‘BCV prime Fq} ¥ *=0
THH9,_1(V) x=2a—1>0
THH.(U) = S
@‘BCV prime Fq;; ¥ *=2a>0
0 * < 0.

\

Remark 3.4.2. Note that the result here is entirely determined by the simple algebra B.
Knowing B determines its center C' and the valuation ring V' of C. Knowing V determines
its nontrivial prime ideals B C V', and for each such B, the field Foy = V/PB and the degree
esy, which is the degree of the central C%-dz’visz’on algebra Dy which B;% is an i X g
matrix ring over. All of this is entirely independent of the choice of the mazximal order U.
Thus while it is true that a simple algebra over Q might have different and non-isomorphic

mazimal orders, they must all have the same topological Hochschild homology.
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APPENDIX A
PROOF OF PROPOSITION 3.2.2

Proof. For any abelian group A and a pointed simplicial set X., let A(X.) = A[X.]/A - *.
If A is a simplicial abelian group, we define A(X.) similarly, taking the diagonal of the re-
sulting bisimplicial abelian group. For any rings R and A, we let R(A) = R[A|/R -0 be
the the ring which is additively a free R-module on nonzero elements of A, with the in-
herited multiplication; for any left R-algebra M and right R-algebra N, let B.(M,R,N) =
M (R (R- = R(N > e )) be the bar construction using iterations of the previous construc-
tion, with k copies of R in degree k. Since B.(R,R,N) is a free R-resolution of N,
7+(B.(M, R, N)) = Torf{(M, N). There is an obvious left M-module structure on B.(M, R, N),
and also a right Z(N)-module structure where the Z multiplies into the M on the left.

For an R-bimodule M, let V.(R, M) be the Hochschild complex of R with coefficients in
M, Vi.(R,M) = M @ R®F. Let V.(R, M) be the stabilization of V.(Z(R), M) given by

holim 18 Ab(Z(S%0.) ® - - @ Z(S™.), M(S™.) @ Z(R)(S™.) @ - - - ® Z(R)(S"* ),

the mapping space in simplicial abelian groups, where z; € I and [ is the skeleton of the

category of finite sets and injective maps. Consider the map

VAZ(A/(p)), B-(A/(p). A, A/ () Z5V.(A/(p), B.(A/(p), A, A/ (p)))

from [10, Equation (3.11)], which comes from including the linear case of x; = ) for every i
into the limit. As explained above [10, Equation (3.7)], V.(R; M) is a model for THH(R; M).
By a comparison to a double bar construction from Lemma 3.2 there, [10] also shows that

V.(A/(p),B.(A/(p), A, A/(p))) is a model for THH(A, A/(p)). Filtering by the simplicial
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degree in V', ¥y, induces a map of E? spectral sequences

HH.(Z(A/(p)), Tor{(A/(p), A/ (p))) ZTHH, (A/(p), Tori (A/(p), A/(p)))

where the target is exactly the Brun spectral sequence we are working with. To calculate
d? on elements in Ez‘2,0 in the Brun spectral sequence, we will find elements which map to
them via ¥y and calculate d? there. When we look at V;.(Z(A/(p)), Bs(A/(p), A, A/(p)))
as a double complex, we will call its horizontal (in the r-direction) differential dpgy =
Z?:()(—l)idi,HH and its vertical (in the s-direction) differential dj,g;..

When Larsen showed that HH«(A) can be calculated using the small complex (2.0.4), he
used maps is (see the proof of [6, Proposition 3.8]) to map this complex into the standard
Hochschild complex, and then showed that the reduced Hochschild complex splits as a direct

sum of the image of the 7, and an acyclic summand. These maps are given for any m € T

by
nd _ . . |
iop(m) = Z gk Rz Lnd—i1 QR RT® xnd—zk7
11,824yt =1
nd ' . . |
iop1(m) = Z ma it Fi— (k1) Qrorl il g...@re s .
11,82,y =1

We want to use Larsen’s iy in order to identify generators of HHy«(A/(p)). The reduction mod
p of his iy gives a chain of quasi-isomorphisms from the reduction mod p of the small complex
above to the reduction mod p of the Hochschild complex. This is because as explained above,
the reduced Hochschild complex is a direct sum of the isomorphic image of ix and an acyclic
complex, and the map from the standard Hochschild complex to the reduced Hochschild
complex is a quasi-isomorphism. After reducing mod p, the acyclic complex remains acyclic,

and the map between the standard and the reduced Hochschild complexes remains a quasi-
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isomorphism. But rather than mapping into A®(k+1), as his i;. does, we will define maps

s T A/0) (A/0)) @ Z(A/ ()R € Vi(A/ () (A)(0). Bo(A/ (1), A, A/ ()

that reduce (using the maps Z(A/(p)) — A/(p) and A/(p) (A/(p)) — A/(p)) to the same
elements that Larsen’s i), do in (A/ (p))®(k+1) and therefore can be used to represent all of
HH.(A/(p)). Looking at the reduction modulo p of Larsen’s small complex (2.0.4), we see
that to represent all the elements in HH;(A/(p)), @ = 0, it will be enough to look at ig(m)
for all m € T, igy,(m) for all m such that m € ker(P/(7)Tr) for all k > 0, and igj, 1(m) for
all m such that 7 € ker(7(1 — 1)) for all k > 0.

We start with the odd-dimensional case. For k > 1, let

ggg1(m)
_ nzd 7 <En+i1+i2+-~-+ik—(l€+1)> ® (T) ® <§nd—i1) 2 ® (Tnd—ik> ® (7).

11,8950 =1

Then (do g — di,gm)(iok+1(m)) = 0 because the iy = a term in dy y is cancelled
by the i1 = a+ 1 in dy gy, except when iy = 1 and when i1 = nd. When i1 = nd,
ghtitizt o Fig=(k+1) — 0 hecause n > 1 and so n+ nd+ iy + -+ + i — (k+1) + 1 > nd,
and 7% = 0. When i; = 1, zltmd-1 = ¢ .

We also get that (do g — d3 g ) (iog+1(m)) = 0, since

(do, g — d3, 1) (i2k+1(m))

- idj 7 (f”+i1+i2+"'+ik_(k+1)> ® (T) ® (f”d‘““) ® (f”d"?) ® - ® (T)

11,02,y 0 =1

01,02, i =1

3l

<En+i1+i2+~~+ik—(k+1)> ® (7) ® (Endﬂ'l) 2 (End—igﬂ) ® - ® (T)
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and the (i1,i2) = (a,b) in the first sum cancels the (i1,i2) = (a — 1,b+ 1) in the second
sum. The terms which are left are when iy = 1 or i9 = nd in the first sum, and when
11 = nd or i9 = 1 in the second sum. These terms are zero because zhd = 0. if i1 =1
for the first sum or i9 = 1 in the second, this is obvious. If 79 = nd in the first sum, then
n+iy+ios+---+ip— (k+1) >ndif iy > 2, but if iy = 1 then we already know we get
zero in the first tensor coordinate, and similarly for i1 = nd in the second sum.

By the same argument,

(da,mr — ds, mi)(igk+1(m)) = - = (dop—2 g — dog—1 1 H)(i2k+1(m)) = 0.
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So

drm (72k+1(m)> = dog. ;i (i2k+1(m)) — dopy1 1 H (i2g41(m))

nd
= Y m (f”+@'1+"2+"'+ik_(’“+1)> TR (@) (f“d_ik“)
11,02yt =1
nd
_ Z _— <En+i1+ig+m+ik—(k+l)> Q@S ®(T)® (Tndfik>
01409enyip=1
nd
= Y m (f”+@'1+"2+"'+ik_(’“+1)> @R (@) (f“d_ik“)
11,02yt =1
nd
_ Z o1 (M) T <En+i1+i2+~-+ik7(k+1)> Q@S @ (T)® (Endfik)
014095e0yip=1

nd nd
_ Z Z (m (Tn+i1+i2+~--+z‘k—k> o1 (M) T <En+i1+i2+---+ik—(/€+1)>> 2
11,824 ylf—1=1 13 =1
@@ 0@ (z”d*ik)
nd o _
_ Z 7 (En+nd+l1+22—|—mzk,1—k) ® (f) Q- (f) ® (1)
11,82, ,1k—1=1
nd
+

(]

™ <En+i1+i2+~-+z‘k,1—(k+1)) Q@) Q- 0T (f”d)

01,0250l —1=1

nd nd
_ Z Z (m <En+i1+i2+~~+ik—k) _ ! (M) T (fn+i1+i2+---+ik—(k+1)>> 2

01489, yif_1=1ip=1

@ (T (f“d—"k>

11,024 yif—1=1 13 =1
(—m (x” <fi1+i2+...—|—ik—k’>> tol )T (xn_l (ji1+i2+"'+ik—k>>>
® (f) R ® (E) ® <fnd7ik))

because (7 — ot (m))z" = (m— ot (m)) 7 = 0. This tells us that in our spectral se-
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quence, d? (7% 1 (m)) is equal to the class in E? of

i1,i95ip_1=1ip=1

(—m (:En (Eil-i-iz—&-...—i—ik—k)) P ()T <:En_1 (fi1+i2+"~+ik—k>>)

® (T) ® (f”d‘il> Q- ®(T)® (fnd_ik>>
Note that on this element,

dogm —digg =dogg —d3pg = =dogp_ogH — dok—1,HH =0

as before, leaving only dog, . So

2 ([~
d <Z2k+1 (m)>
[ nd nd
11,824 ylfp—1=1 13 =1
(_End—ikm <$n <Eil+i2+~~+ik—k>) | gnd—ig =1 (M) T (xn—l (Ei1+i2+---+ik—k>))

o@e (@) e 0@
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Analyzing the Oth coordinate of this for fixed i1,1i9,...,i._1, we get

nzd<_fnd—ikm (In (Ei1+i2—|—---+ik—k>) + End_ika_l (m)f (xn—l (fi1+i2+"'+ik—k>>)

ip=1
nd

_ Z (_fnd—ikm (:Cn (Ei1+i2+-~-+ik—k>) L=t <$n—1 <fi1+i2+~-~+ik—k>>>
ip=1
nd

_ Z (_End—ikm <xn (Ei1+i2+---+ik—k>> L gk (xn—l (fi1+i2+---+ik+1—k>>>
ir=1

o (xn—l <fnd+i1+i2+~-~+ik,1+1—k>> 1 g (xn—l (fi1+i2+---+ik,1+l—k>)
nd

_ Z (_Tnd—ikm (xn (Ti1+i2+---+z'k—k>> | gd—ikgy <xn—1 <fi1+z’2+~-~+ik+1—k>>> _
ir=1

Since

dy o (Endfikm <xn71 (m (§i1+i2+~-~+z’kfk>>))

_ pd—ipn—1 (:1: <Ei1+i2+-~-+ik—k>> _ nd—ikp (xn (Ti1+i2+---+ik—k>>

1 =i <xn—1 <Ei1+i2+~--+ik+1—k>> ,
this is homologous to ZZ:Z:1 —gnd—igmpn—l <m (fi1+i2+"'+ik_k>>, and since

i (End—ikmn—l <I <xik71 (Ti1+i2+~~+ik,17(k—l))>)>
_ d—ipmn <xik—1 <fi1+i2+~-~+ik_1—(k—1)>>
_ d—imn—1 (yk <fi1+i2+---+ik_1—(k:—1)>>

—nd—ip———n—1 —i1+ig++ip_1+ip—k
47 kAT (x(xl 2 k—111k ))7
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that is homologous to

nd

Z (ﬁld—ikmn (xik—l <fi1+i2+~--+ik_1—(k—1)))

ip=1
_ gnd—ipmmn—1 (xzk <f¢1+z’2+~-+ik_1—(k—1)>))

_ gnd—lmn (1 <fi1+i2+~-~+ik_1—(k:—1)>> _ 7! <l,nd <§i1+i2+~-~+z’k_1—(k—1)>>
nd . . . . .
X Z (End—zkmn <xzk—1 <le+z2+~-~+zk_1—(k—1)>>
)

_ fnd—ika—1<m)zn (xik—l <§¢1+i2+-~-+z‘k_1—(k—1)>>)

— ! (xnd <Ei1+i2+-~-+ik_1—(k—1)>> ,

because ' = 0 and because m was chosen to satisfy (m —o! (m)) 7" = 0. This tells us

what d? G%Jrl (m)) is; however, to get it into a more familiar form we observe that

e )))

— 1 <$nd (Ti1+i2+---+ik_1—(k—1)>> —m <$nd+n—1 <fi1+i2+~-~+ik_1—(k—1)>>
L (In—l (End+i1+i2+---+ik,1—(k—l))>

— 1 <$nd (Tz’1+z‘2+~~+ik,1—(k—1))> T <$nd+n—1 <§i1+i2+~~+ik,1—(k71)>)

and

([ (o))

— (xn—l (§i1+i2+~~+ik_1—(k—1))>
—m <xnd+n—1 <fi1+i2+-~-+ik_1—(k—1)>>

— 7 (xnd+n—1 <fi1+i2+~-~+ik,1—(k—1)>

™ <$nd (Tn+i1+i2+~-~+ik_1—k>>

— (xnd <fn+i1+i2+-~-+ik,1—k>> '

V—i—
+
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So

d? <72k+1 (m)>

nd nd
=YY ! (o () ) e () 0 (@

| 91,12, —1=1 9 =1
[ nd . . . .
_ > ! (a:”d (#1“2*“'*%—1‘(’“‘1))) ®-® (ind"k—1> ® (T)

[ 01,8250 —1=1

_ id: _m (xnd <fn+il+i2+-~-+ik_1—k:>> Q@D - <fnd—ik_1>  (7)

[ 01,8250 —1=1

Because of Lemma 3.2.4, this says that that

d*(igpy1(m)) = =7 - [igg—1(m)] € 7 - HHap,_1(4/(p)),

where we use ig;._1(m) to denote the reduction mod p of Larsen’s igp_1(m).

In the even case, we look at

nd
= 8 (oo o (0o ome ()

01,02, i =1

for m € T for which m € ker(P/(7)Tr). By an argument similar to the one we had in the

odd case, (dy g — d1 gp)(igk(m)) = 0. Also by a similar argument to the odd case,

(do,gr — d3 pu)(isg(m)) = -+ = (dop—2 g — dog—1,m 1) (i2g+1(m)) = 0,
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again using cancellations and the fact that @ 7 = 0. So

dr (igx(m)) = doy. jp (iog (m))

nd
_ Z Y - (fi1+12+"'+ik*k> ® @) ® <End*i1> ® - R (T)
11,8200 =1
nd
=Y ke ) g <T¢1+i2+--~+z’k—k> ® @) ® (f“d_“) ®- @ (T)
11,02yt =1
nd ) . . . ;
_ Z ik <m> fndflk (521+12+“'+1k*k) ® (T) ® (End*n) R ® (f) .
11,8200 =1

By the definition of dj,,,

nd
o £ (e ) s () o009
i1 igsip=1
nd
_ Z ok (77) Tk <fi1+i2+“'+ik_k> ® (T) ® (Tnd_il) ®-®(T)
il,i2,...,ik:1

nd nd
- > > o'k (m) (f”d”l”?*“'“k—l"“) ®(T) ® (f”d—h) ©--® (T)

11,025 yi—1=1 ik=1

_ dHH Z2k ZdTr (xnd+i1+i2+-~-+ik_1—k>®< )® ®( —nd—ij_ 1)@(?)

11,0250yl —1=1

= digpa (i (m)) — e (m) (27 © (@) - ® (77 ) @ (@)

= dyap (it (m)) + iy (dTr () (274" (77 ) & (@) @0 (7771) & (7))
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where the last equality is because dTr () "4~ = P/ (7) Tr (m) = 0. So

d (i (m))
— |dun zdj o'k () (" (i) ) @ (770 ) @ (7)

01482, i =1

— dyy (dTr () (x"d—” (z”—l)) Q@D - ® <f“d_1> ® (f))} .

The second dgp has most summands canceling because 7" = 0, and we are left with

dpm (dTr (m) (%"d_” (f”‘l» R@T) @ @ (T"d_1> ® (f))
— dTr (m) <xnd—n (En)> Q (End—1> Q- ® (End—1> ® (E)

— ZdTr (m) (a:"d—” (f””)) BRI ® (T"d_1> .

In dyy (22‘227,,,7%21 o'k (77) (x"d—ik (Ei1+i2+"'+ik_k)> Q- ® <End_ik—1> ® (E)), the can-

cellations dg gy — di gy = -+ = dop_4HH — dogp—3aE = O hold just as they did for
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dum(igx (m)), so we only need to study do_o gy — dog—1,HH:

nd
din Z O_ik (m) (xn—ik <Ei1+i2+'“+ik—k)> ®(T)®' C® <End—ik_1) ®(§)
11,89, ,ip=1
nd
_ Z ok (m) (l,nd—ik (Ti1+i2+"~+ik—k)> @)@ -Q(T)® <Tnd—ik_1+l)
11,89, =1
nd
o Z faik (m> (xnd—ik <fi1+i2—|—---+ik—/€)) ®(E)®- . -®(E)® (End—ik,1>
11,82, ,ip=1
nd
_ Z ok () (wnd—ik (Ei1+i2+-~-+ik—k+l)) R(F)® - -2(T)S <End—ik_1>
11,89, ip=1
nd
_ Z oL () E<xnd—ik <fi1+i2+---+ik—k:)> (@) - 2(T)® <ind—ik,1>
11,82, ,ip=1
nd
_ Z okl () (wnd—ik—i-l (fi1+z‘2+---+z‘k—k)) R(F)® - 2(T)® (End—ik_1>
11,89, ip=1
nd

_ Z = <xnd (Ti1+ig+~-~+z‘k,1—(k—1))> (@) - 2(T)® (End—ik,1>
11,82, g _1=1
nd
_ Z oL (1) T<xnd—z‘k <fi1+i2+---+ik—k)) Q@) - 2(T)® <ind—ik,1> 7
11,82, =1
where the second equality involves shifting 75,1 by 1 in the first sum. That does not change

the value of the sum because the extra term and the term we lose are both zero because

7" = (. The third equality involves shifting ;. by 1 in the first sum, which requires the
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correction term below it for the extra term. Observe that
dbar (O‘ik_l (m> <ZE <:L,nd—ik <fi1+i2+"'+ik—k)>>>

_ ikl () T (xnd—ik (ji1+1'2+.--+ik—k)> _ gl (77) (xnd—ikﬂ (Ei1+i2+...+ik_k>>

S (m) (z (ind+i1+i2+~-+ik_1—k>) ,

SO
nd
Z ok (m) <$ (End+i1+i2+~-~+ik_1—k>> Q@)@ @ (T)® <End—ik_1)
7:17i2)"' ,Zkzl
nd
- ), m (fvnd (T““ﬁ'””k*l‘(’“‘”)) R@T)® - ®(T)® (f”d—ik4>
11,82, ig—1=1
= dTr (M) (:c (f“d‘l» ?@T) @ @7 (f”d—l)
nd
- Y m(e(Etettie D ) e @ e e @ e ().
ilaiQV" 7ik—1:1
Therefore

d? (ng (m)) = [dTr () <$ <f“d_1>> ®@TR R (F)® (End—1>
_ id: m <$nd <§i1+i2+...+ik_1—(k—1)>> Q@)@ @ (F)® <§nd_ik—1>

i1yi9, o ip_1=1
— dTr (m) (l’”d_” (f”)) ® (f”d‘1> ® - ® (f”d—1> ® (T)

+ ZdTy () (:c”d*” (f"*l» R@)® - ® (f”dfl)].
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This can be simplified using

dpor <dTr (777) (m (x”d—” (zn—l) ) > )

=dTr (m)= (:c"d‘” (E”_l)) — dTr (m) (x”d—”ﬂ (zn—1>) + dTr (m) (I (End—1>)
= zdTr (m) (xnd_” (f”_1)> — dTr (m) (x”d—““ (f”_1)> + dTr (m) (x (z"d—l)) :
i (AT () (2741 (2771 (1)))

=0 —dTr (m) (:c”d (T)) + dTr (m) (27! (—n 1)) 7
doar (dTr (m) (aind*n (=" (T))>) =0 — dTr (m) (x”d (T)) + dTr () (;z;”d*” (zn)> ,

the last two equations being true by the choice of m. We get

(ige(m)) = [T (m) (" (777 )@ (@) @ - @ (@) @ (7071
_ nzd m (a:nd <§i1+7j2+...+ik_1—(k—1))> ®ET® (TR (ind—ik_1>

11,02, ,ig—1=1

. dTr ( nd— n( ) ® (—nd 1) . <—nd—1> ® (T)]
®

=l (" (@) e @e--e@me (@)

nd

_ Z (xnd (—11—|—22+ Fip_1—(k— 1))) (T ® (T (End—ik,1>

1122 Zk 1= =1

) (D) 0 (#9141 o)
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Lemma 3.2.4 allows us to identify the class of this element in the E2-term as
Pligp(m)) =7-[dTx(M) 9T ® - T @ T

nd
_ Z gt tiet e Fig_1—(k—1) QTR - QT QT4 k-1

7;].72'27"' 7ik—1:1

—dTr(m) 07" '@ .. @7 ' 9] € 7 HHy,_o(A/(p)),

where we can identify the sum as being —igp_o(m), the reduction modulo p of the image of
m by Larsen’s map. Moreover, Larsen’s comparison map mop._9 (defined below [6, Equation
(3.8.1)]) from the Hochschild complex to his small complex (which shows that the two are

quasi-isomorphic) sends

nd—1 - o =nd—1

AT Znd-1

(ART® - ®TQT ®---QT RT)—a—a=0

for all a € A. So we get, just as we did in the odd case, that

d?(igg(m)) = —7 - [igg_o(m)].
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