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ABSTRACT

The most computationally intensive element of most electronic-structure calculations, be

they Hartree-Fock, DFT, coupled-cluster, RDM, or any other method, is calculation of the

four-center electron repulsion integrals (ERIs). As the number of four-center integrals for-

mally scale as O(n4), even a relatively small system will necessitate the calculations of

numerous ERIs. Furthermore, memory and latency concerns make it inadvisable to store

all calculated integrals. Instead, integrals are generally calculated as needed, erased, and if

needed calculated again, further increasing the number of ERIs calculated. Thus rapid and

efficient methods of evaluating ERIs are of great significance in quantum chemistry.

Over the years, numerous ingenious methods have been devised to speed the evaluation

of Gaussian ERIs. One of the most successful and widespread of these is the Obara-Saika

method, and its associated refinements due largely to Pople and Head-Gordon [21]. Though

the relationship between the Obara-Saika method and Schlegel’s derivative theorem [53]

have long been recognized [26] , no paper to date has elucidated the exact nature of this

relationship. Instead, most texts rely on rather obtuse proofs to the Obara-Saika method,

essentially postulating the result and then proving it to be correct. In Ch. 2 we present

an explicit derivation of the Obara-Saika method, beginning with the definition of Gaussian

integrals and Schlegel’s derivative theorem, and proceeding to explicitly build the proof from

that foundation.

We then shift tracks to discuss the use of density matrices in quantum chemistry. In

Ch. 4 we explore the application of density matrices to excitonic transport. In Secs. 1.2.2

& 4.2.2 we introduce the use of a Lindblad master equation, and explain its application to

open quantum systems. In particular, we discuss the role of dephasing noise in excitonic

transport in one- and two-dimensional systems, and demonstrate how dephasing noise can

be beneficial to said transport. We demonstrate that optimal dephasing rates exist, but that

while in homogenous systems the optimal dephasing rate is determined by the coupling,

whereas in inhomogeneous systems the optimal coupling rate is determined by the topology

xi



of the system.

Recently, experimental verifications of the geometry of the benzene dication [29] and

the closely related hexamethylbenzene dications [37] have been achieved. In both cases,

the lowest energy geometry is a pentagonal-pyramid with a hexacoordinated carbon. In

Ch. 3 we discuss the optimal geometries of the as of yet unstudied nitrobenzene and aniline

dications. We demonstrate that the nitrobenzene dication structure is expected to closely

resemble the parent benzene dication’s structure, while the aniline dication is expected to

more closely resemble the neutral aniline structure. In the process, we demonstrate that the

results obtained from reduced-density-matrix methods compare favorably with the results of

the more expensive coupled-cluster calculations.
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CHAPTER 1

INTRODUCTION

1.1 The Schrödinger Equation and Basis Functions in Quantum

Chemistry

1.1.1 The Modern Basis of Chemistry

The twin revolutions of twentieth century physics were the discovery of quantum mechanics

and relativity. While relativity generally has little bearing on chemistry (expect for heavy

element chemistry and/or exceedingly high precision calculations), quantum mechanics forms

the basis of most of modern chemistry. In the early days of quantum mechanics, it was

recognized that the Schrödinger equation and its wave-function solutions contain all the

information necessary to predict all chemical behavior. In 1929 Paul Dirac [16] famously

wrote

The underlying physical laws necessary for the mathematical theory of a large

part of physics and the whole of chemistry are thus completely known, and the

difficulty is only that the exact application of these laws leads to equations much

too complicated to be soluble. It therefore becomes desirable that approximate

practical methods of applying quantum mechanics should be developed, which

can lead to an explanation of the main features of complex atomic systems with-

out too much computation.

While Dirac was correct–in the non-relativistic limit–in his assertion in the completeness

of the laws of chemistry, the development of “approximate practical methods” proved to be

a problem that to this day is the source of much effort and original research.
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1.1.2 The Schrödinger Equation

The standard formalism of quantum mechanics for a time-independent system is the time-

independent Schrödinger equation (TISE)

ĤΨ = EΨ (1.1)

where Ĥ in an operator consisting of the kinetic and potential energies of all particles in a

given system

Ĥ =
∑ −h̄

2mi
∇2
i +

∑
Vi(ri) (1.2)

where mi is the mass of particle i and Vi(ri) is its potential in space experienced from the

repulsion and attraction of charged particles, interactions with electric and magnetic fields,

etc. Ψ is a function describing all particles in a system, and E is the total energy of the

system.

It is thus recognized that 1.1 is an eigenvalue problem, and our goal is discover Ψ, or

at least close approximations to it. Knowledge of a close approximation to the true wave-

function Ψ will in turn inform us of not merely the energy, but all observables of the system,

such as spectroscopic results.

1.1.3 The Born-Oppenheimer Approximation

While the above is conceptually straightforward, this approach is computationally intractable

for any system much more complicated that a single hydrogen atom. One of the earliest

developments in furthering quantum chemistry was the Born-Oppenheimer approximation

(BOA), first developed by Max Born and J. Robert Oppenheimer in 1927 [5]. In brief, the

BOA states that due the extreme differences in mass between an electron and a nucleus

(around 2000-fold for hydrogen, and even greater for heavier elements), we may assume that

the electronic motion takes place on a scale too rapid to effect an appreciable response from
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the nuclei. Thus, we may separate the Eq. 1.1 into the sum of the nuclear and electronic

Hamiltonians. Introducing ĥ for the electronic portion of the Hamiltonian and lower (upper)

case indices for electrons (nuclei), we have

Ĥ = ĤN + ĥ, (1.3)

ĤN =
∑
I

− 1

2mI
∇2
I +

∑
K>I

ZIZK
rIK

, (1.4)

and

ĥ =
∑
j

−1

2
∇2
j −

∑
j,I

ZI
rIj

+
∑
l>i

1

ril
, (1.5)

where we have introduced atomic units in which me = h̄ = e = 4πε0 = 1, and ZI is the

nuclear charge.

Using the BOA, we may ‘freeze’ the nuclei in a given geometry, and then optimize the

solution to the electronic Hamiltonian. By primarily concerning ourselves with the electronic

portion of the Hamiltonian, we significantly reduce the complexity of chemical calculations.

1.1.4 Boys Functions

We are now left solving

ĥψ = Eeψ, (1.6)

where ψ indicates the electronic portion of the wave-function. Ee is the electronic energy,

hereafter referred to simply as the energy.

To solve Eq. 1.6, we must be begin with some guess for ψ to approximate the true wave-

function, know as the basis set. The choice of function(s) for the basis set is one of the most

fundamental choices in all of quantum chemistry.

As mentioned, the exact (non-relativistic) solution to the hydrogen atom is known. For

our purposes, the significant portion of the hydrogenic wave-functions is that they consist of

a polynomial multiplied by an exponential. A natural assumption is to use similar functions

3



to solve Eq. 1.6. This was indeed one of the earliest approaches advanced, resulting in the

creation of Slater-type orbitals (STOs) of the form

Yl,m(θ, φ)rne−ζr (1.7)

where Yl,m are the spherical-harmonics, further discussed in Sec. 2.1.1 in Eq. 2.8. While

there do exist modern quantum chemistry packages that utilize STOs [6] as basis functions,

the vast majority of all packages do not use them.

The reason for the disfavor of STOs stems from the exponential term, e−ζr. It is impos-

sible to rapidly integrate exponential functions for the computationally intensive integrals

discussed in Sec. 2.2. For this reason, in 1950 S. F. Boys [7] introduced the use of gaussian

functions of the form e−αr
2

instead. Basis functions comprised of gaussians are referred to

as Gaussian-type orbitals (GTOs), and will be defined in Sec. 2.1.1.

From a purely physical view, gaussians are inferior to exponentials inasmuch as gaussians

remain finite at all points in space, while the electrostatic repulsion between charged particles

is infinite for a charge separation of zero. For this reason and others, a gaussian, or a linear

combination of a given number gaussians, will give an inferior approximation to the true ψ

than the same number of STOs. However, for the complicated integrals that arise in quantum

chemistry, particularly those describing intra-electronic repulsion, integrals of GTOs can be

solved far more simply and rapidly than integrals of STOs. Furthermore, any given STO can

be approximated to arbitrary precision through a linear combination of GTOs [21]. Thus,

the fact that a greater number of GTOs than STOs are required to accurately resemble ψ

is more than offset by the extreme increase in computational speed achieved through use of

GTOs.

While the calculation of integrals of GTOs is simple relative to integrals of STOs, this

should not be construed as implying that it is objectively simple. Over the years there have

been numerous methods advanced to solve these integrals. Ch. 2 consists of discussion of
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the Obara-Saika method, one of the most important of these methods. In the process of its

discussion, we shall derive a novel and more direct proof to the Obara-Saika method.

1.2 Density Matrices

Up to this point we have discussed pure systems–that is to say a single system that can be

described by a single wave-function. However, in the real world we often wish to discuss

an ensemble of states, be they a group of photons with differing polarizations, a group of

particles with differing vibrational and rotational states, or any other collection of objects

possessing differing quantum states. Clearly, in general we cannot expect all elements of a

system to be described by identical wave-functions. Rather, the system is best understood

as a statistical ensemble of elements.

This ensemble can be described through a density matrix, ρ. To create ρ, let us assume

that the wave-function of each element i can be described by the row vector |ψi〉1. Letting

〈ψi| represent the transpose column vector, we may then create the matrix

ρi = |ψi〉〈ψi|. (1.8)

The operation in Eq. 1.8 is known as the ‘outer product,’ sometimes also referred to as the

tensor product.

If the probability of an element of the the system existing in state i is written as pi, then

the entire density matrix may be constructed as

ρ =
∑
i

pi|ψi〉〈ψi| (1.9)

1. This formalism can equally well be used to describe wave-functions of the form discussed in Sec. 1.1.4
or wave-functions of any other mathematical function. The chief difference in such a case is that Eq. 1.8
would instead be understood to represent integration.

5



where ∑
i

pi = 1. (1.10)

1.2.1 Time Dependent Schrödinger Equation

In Sec. 1.1.2 we discussed the Schrödinger Equation for systems that do not change with

respect to time. For systems that do evolve with time, we must use the more inclusive Time

Dependent Schrödinger Equation (TDSE)

ih̄
∂

∂t
Ψ = ĤΨ (1.11)

or, in atomic units and vector notation,

i
∂

∂t
|Ψ〉 = Ĥ|Ψ〉 (1.12)

where Ĥ is defined as in Sec.s 1.1.2-1.1.3.

1.2.2 The Liouville-von Neumann Equation

We may now derive the equivalent to Eq. 1.12 for density matrices. Consider Eq. 1.12 and

its transpose

−i ∂
∂t
〈Ψ|= 〈Ψ|Ĥ. (1.13)

6



We may now derive

∂ρ

∂t
=

∂

∂t

(
|Ψ〉〈Ψ|

)
=

(
∂

∂t
|Ψ〉
)
〈Ψ|+|Ψ〉

(
∂

∂t
〈Ψ|
)

=

(
− iĤ|Ψ〉

)
〈Ψ|+|Ψ〉

(
i〈Ψ|Ĥ

)
= −i

(
Ĥ|Ψ〉〈Ψ|−|Ψ〉〈Ψ|Ĥ

)
= −i[Ĥ, ρ],

(1.14)

where the notation of [A,B] indicates the commutator of A and B. Eq. 1.14 is know as the

Liouville-von Neumann Equation, or the Quantum Liouville Equation.

Up to here, our treatment has been exact. Eq. 1.14 is a rearrangement of the TDSE, and

hence will return exact solutions (to the limit of the accuracy of our basis set or vectors).

However, at times we may wish to include terms to model the interaction of the environment

with an otherwise largely closed system. Though we could simply expand our wave-function

to include the environment, this is computationally expensive and often unnecessary.

In many scenarios, the environmental interactions are Markovian (“memoryless”), or

loosely speaking unidirectional. That is to say that the environment, or ‘bath,’ exerts an

essentially steady and uniform influence on the system, which causes the system to evolve and

change. However, due to the size of the bath and comparatively slow speed at which the bath

reacts to influences from the system, the bath–and hence its influence on the system–remains

essentially unchanged during the time-frame of interest.

In such situations, we introduce a Lindblad operator. The Linblad operator, L̂, is defined

as

L̂i(ρ) = 2LiρL
†
i − LiL

†
iρ− ρLiL

†
i

= 2LiρL
†
i − {LiL

†
i , ρ},

(1.15)
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where we have introduced the anti-commutator, {A,B}. We may now present the Lindblad

master equation

∂ρ

∂t
= −i[Ĥ, ρ] +

∑
i

L̂i(ρ). (1.16)

While the derivation of the Linbald master equation will not be presented here (see, for

example, Ref. [45]), the Linblad operator can be understood heuristically as introducing

a ‘drag’ term to the Liouville-von Neumann Equation. The two most salient features of

Eq. 1.16 are that is (a) non-unitary, i.e. it allows density to be added to or removed from

the system; and (b) Hermitian, hence ensuring that the evolution of the system remains in

the space of observables.

The application of the Linbald master equation to excitonic transport in various systems

of varying topology and homogeneity will be explore in Ch. 4.

1.2.3 Reduced Density Matrices

The density-matrix formalism may also be used to solve standard electronic-structure cal-

culations, with Eq. 1.8 understood as referring to integration. The central point of this

formulation is the observation that electrons interact only in a pairwise fashion [38]. As all

electrons are indistinguishable, it is possible to calculate the energy of any molecular system

as a functional of the two-electron reduced density matrix (2-RDM)

2D(1, 2; 1′2′) =

∫
Ψ(1, 2, . . . , N)Ψ(1′, 2′, . . . , N)d3 . . . dN. (1.17)

Early attempts to utilize the 2-RDM resulted in energies lower than the true ground-state

energy, failing to obey the Rayleigh-Ritz variational principle [60, 13]. This was shown to

be a result of the fact that the space of 2-RDMs is larger than the space of possible wave-

functions. To address this shortcoming it was necessary to develop what are now referred to

as N-representability conditions [40].

Briefly, the N -representability conditions ensure that RDMs remain physical by possess-
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ing non-negative probabilities of describing either (a) two electrons in two orbitals, (b) two

holes (i.e. no electrons) in two orbitals, or (c) one electron and one hole in two orbitals.

When the 2-RDMs are parameterized according to these conditions, we achieve a density-

matrix method of calculating electronic-structure known as p2-RDM. Studies by Mazziotti

have demonstrated that p2-RDM calculations compare favorably to more expensive meth-

ods, such as coupled-cluster methods [15]. Ch. 3 discusses the the application of p2-RDM

methods to the benzene dication and related structures, and contrasts the results with results

obtained through coupled-cluster calculations.
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CHAPTER 2

A SIMPLE DERIVATION OF SCHLEGEL’S DERIVATIVE

THEOREM AND THE OBARA-SAIKA METHOD

2.1 Introduction

2.1.1 Types of Gaussian Orbitals

There are three major types of Gaussian basis functions in common use in electronic structure

calculations–either as basis functions in their own right or intermediates in calculations.

(a) Cartesian Gaussians (CG) are defined as

φC(r, α,A, nAx
, nAy

, nAz
) = N(x− Ax)nAx (y − Ay)nAy (z − Az)nAz e−α(r−A)2 (2.1)

for normalization constant N, exponential coefficient α, and nuclear coordinate vector A,

and where (r−A)2 = (x−Ax)2 + (y−Ay)2 + (z −Az)2. CGs are defined in terms of their

total angular momentum number n = nAx
+ nAy

+ nAz
. Thus the n = 0 CG is the s-type

orbital, the three n = 1 CGs are p-type orbitals, and so on.

CGs obey the identities

∂

∂Ax
φC(r, α,A, nAx

, nAy
, nAz

)

= 2αφC(r, α,A, nAx
+ 1, nAy

, nAz
)− nAx

φC(r, α,A, nAx
− 1, nAy

, nAz
),

(2.2)

and

(−1)n
∂n

∂αn
φC(r, α,A, nAx

, nAy
, nAz

)

= φC(r, α,A, nAx
+ 2n, nAy

, nAz
) + φC(r, α,A, nAx

, nAy
+ 2n, nAz

)

+ φC(r, α,A, nAx
, nAy

, nAz
+ 2n).

(2.3)
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We can also consider the relation in Eq. 2.3 as

(−1)n
∂n

∂αn
φC(r, α,A, 0, 0, 0) = r2nφC(r, α,A, 0, 0, 0), (2.4)

which among other uses provides a simple method of creating higher level s-orbitals from

the linear combination x2n + y2n + z2n.

(b) Hermite Gaussians (HG) are defined through the differential relation

φH(r, α,A, nAx
, nAy

, nAz
) = N

1

(2α)n
∂nAx

∂A
nAx
x

∂nAy

∂A
nAy
y

∂nAz

∂A
nAz
z

e−α(r−A)2 . (2.5)

(Generally speaking, the 1
(2α)n

term in Eq. 2.5 is included in the normalization constant.

We write it explicitly as we shall make use of it in our derivations.) HGs obey the trivial

identity

∂

∂Ax
φH(r, α,A, nAx

, nAy
, nAz

) = 2αφH(r, α,A, nAx
+ 1, nAy

, nAz
). (2.6)

Like with CGs, HGs are grouped into s-type, p-type, etc., based on total angular momentum.

(c) Solid Harmonic Gaussians (SHG) are defined as

φS(r, α,A, l,m) = NSl,me
−α(r−A)2 (2.7)

where Sl,m is a real solid harmonic defined from the real part of the spherical harmonic

solutions to Laplace’s Equation

∇2φ = 0. (2.8)

Although SHGs (and the extremely closely related spherical harmonic Gaussians) are often

used as basis functions, we shall only derive integrals in terms of CGs and HGs. When SHGs

are used as a basis set, it will be necessary to use transformations such as those given in

Schlegel and Frisch [54] or Reine et al. [49] to obtain the final results. Note that Eq. 2.4
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provides a simple method of deriving the r2n terms used in SHGs.

Finally, we note that the s- and p-type (n = 0, 1 or l = 0, 1) Gaussians are identical for

CGs, HGs, and SHGs.

2.2 Background

2.2.1 The Electron Repulsion Integral

The most computationally expensive (and hence rate limiting) step of electronic-structure

calculations is the calculation of the repulsive forces between different electrons. This calcu-

lation involves gaussians centered on up to four separate coordinates, and integration over

two spatial variables. This integral is known as the Electron Repulsion Integral (ERI), and

its solutions will occupy the remainder of this chapter [58, 27].

Let the (ss|ss) ERI be represented as

(φ(r, α,A, 0, 0, 0)φ(r, β,B, 0, 0, 0)|φ(r′, γ,C, 0, 0, 0)φ(r′, δ,D), 0, 0, 0)

=

∫ ∫
N
e−α(r−A)2e−α(r−B)2e−α(r′−C)2e−α(r′−D)2

|r− r′|
drdr′.

(2.9)

To simplify the notation, we may also represent Eq. 2.9 simply as

(AB|CD). (2.10)

Where it is necessary to specify whether an ERI is in a HG or CG basis, we shall use the

notation (AB|CD)H or (AB|CD)C , respectively.

The derivation of the solution to Eq. 2.9 can be found in numerous sources (in particular

see [22] and [27]), and need not be reproduced for our purposes. Instead, we simply present

the final result:
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The zeroth order Boys function is defined as

F0(T ) =
erf
√
T√

T
, (2.11)

while higher order Boys functions can be obtained via differentiation

Fn(T ) = (−1)n
dn

dTn
F0(T ). (2.12)

The arguments of the functions are as follows:

u = − αβ

α + β
(A−B)2 − γδ

γ + δ
(C−D)2, (2.13)

and

T =
(α + β)(γ + δ)

α + β + γ + δ

∑
i=x,y,z

(
αAi + βBi
α + β

− γCi + δDi
γ + δ

)2

. (2.14)

Finally, the normalization constant for the target (Cartesian) integral can be expressed

as:

N(α, β, γ, δ, nAx
, nAy

, . . . , nDz
) =

8
α

1
2 (nAx+nAy+nAz+3

2 )β
1
2 (nBx+nBy+nBz+3

2 )γ
1
2 (nCx+nCy+nCz+3

2 )δ
1
2 (nDx+nDy+nDz+3

2 )

(α + β)(γ + δ)
√
α + β + γ + δ

×
∑

i=nAx ,nAy ,...,nDz

2i√
(2i− 1)! !

.

(2.15)

Where, as above, nAx
is the angular momentum in the x coordinate of the orbital on

center A, and the other terms are interpreted analogously.
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Using this notation, the integrated form of Eq. 2.9 is expressed as

N(α, β, γ, δ, 0, 0, . . . , 0)K(u)F0(T ). (2.16)

As Eq. 2.9 involves up to four distinct orbitals, the number of integrals in a given

electronic-structure calculations formally scales as O(n4), where n is the number of orbitals

in the atom or molecule under consideration. However, for a large molecule the interactions

between orbitals separated by a large distance will be negligible. In such situations we may

apply integral screening to remove inconsequential integrals before evaluation. For very large

systems, the total number of retained ERIs after integral screening approaches O(n2) [27].

2.2.2 Obara-Saika Method

Arguably the single most important development in the evaluation of ERIs was the recogni-

tion that ERIs composed of Gaussian orbitals of higher angular momentum may be related

to those of lower angular momentum. This allows the calculation of all necessary ERIs to

be performed as the all s-type integral of Eq. 2.9 exclusively. Various recurrence-relations

may then be applied to transform (ss|ss)→ (pis|ss), (pis|ss)→ (pipj |ss), and so on up to

the target integral.

In Obara and Saika’s orginal 1986 paper [44], an eight term vertical recurrence relation

(VRR) was presented for CGs. Letting a = nAi
, b = nBi

, etc., the Obara-Saika VRR
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(OS-VRR) may be represented as

(Ai,aBi,b|Ci,cDi,d+1)m = (Ci −Di)
γ

γ + δ
(Ai,aBi,b|Ci,cDi,d)

m

+
α + β

α + β + γ + δ

(
αAi + βBi
α + β

− γCi + δDi
γ + δ

)
(Ai,aBi,b|Ci,cDi,d)

m+1

+
d

2(γ + δ)

(
(Ai,aBi,b|Ci,cDi,d−1)m − α + β

α + β + γ + δ
(Ai,aBi,b|Ci,cDi,d−1)m+1

)
+

c

2(γ + δ)

(
(Ai,aBi,b|Ci,c−1Di,d)

m − α + β

α + β + γ + δ
(Ai,aBi,b|Ci,c−1Di,d)

m+1
)

+
a

2(α + β + γ + δ)
(Ai,a−1Bi,b|Ci,cDi,d)

m+1

+
b

2(α + β + γ + δ)
(Ai,aBi,b−1|Ci,cDi,d)

m+1

(2.17)

where the j and k angular momentum values remain constant through all terms. The m

superscripts relate to the order in the Boys function of the integral; m implies that the

Boys function is of the order expected for the given integral (0 for (ss|ss), 1 for (pis|ss), 2

for (pipj |ss), and so on), while m + i increases the Boys function order by i. The original

derivation presented in Ref. [44] relies on a lengthly and somewhat roundabout connection

between overlap integrals and ERIs, and will not be reproduced here.

Finally, it is important to note that the terms in Eq. 2.17 do not increase beyond the given

eight for any arbitrary angular momentum–though for lower angular momentum integrals

the number of non-zero terms may be fewer then eight.

2.3 Current Derivation

2.3.1 Differential Operators

Our method is predicated upon breaking down the Gaussian ERIs into the two functions

previously defined in Eq.s 2.11-2.14, K(u) and Fn(T ), and their derivatives. K is the expo-

nential function, i.e. eu, and Fn(T ) is the n-th order Boys function.

Eq.s 2.2 and 2.6 allow us to relate higher order Gaussians to the derivatives of lower order
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ones with respect to the nuclear coordinates. Note that Eq. 2.9 is integrated with respect

to r and r′. Thus differentiation of Eq. 2.9 with respect to the nuclear coordinates may be

applied to the integrated form in Eq. 2.16. This allows for a conceptually simple method of

relating solutions to ERIs of Gaussians possessing higher angular momentum to Eq. 2.16, as

suggested by Boys in his original paper [7] on Gaussian basis sets and utilized by Obara and

Saika for overlap integrals [44].

Top explore this method of solving ERIs, we begin by defining a transformation operator

to operate on Eq. 2.16, Ĉ(n, α,Ai). The operator will represent the ERI’s member Cartesian

Gaussian of order n as a linear combination of Hermite Gaussian functions up to order n

Ĉ(n, α,Ai) =


n!

2n

n
2∑

k=0

1

(n2 − k)! (2k)!

1

α
n
2+k

∂2k

∂A2k
i

, n even

n!

2n

n−1
2∑

k=0

1

(n2 − k −
1
2)! (2k + 1)!

1

α
n
2+k+1

2

∂2k+1

∂A2k+1
i

. n odd

(2.18)

Eq. 2.18 can be derived for any given n through iterative use of a rearranged form of

Eq. 2.2. This rearrangement is expressed in operator notation as:

Ĉ(n+ 1, α, Ai) =
1

2α

(
n Ĉ(n− 1, α, Ai) +

∂

∂Ai
Ĉ(n, α,Ai)

)
, (2.19)

where Ĉ(−1, α, Ai) = 0 and Ĉ(0, α, Ai) = 1̂.

In certain cases, we may find it more convenient to refer to all integrals of a certain

angular momentum level on a given center, such as (dijs|ss) or (fijks|ss). To do so, let

us first define the expanded Kronecker delta function, δi1,i2,...,im , to operate on the set

{i1, i2, . . . , im}, where m is an even integer:

δi1,i2,...,im = δi1,i2 . . . δim−1,im + δi1,i3 . . . δim−1,im + · · ·+ δi1,im . . . δi2,im−1
,m even, (2.20)
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where δi1,i2,...,im contains the 1
(m/2)!

m!
2m/2 2-member partitions of {i1, is, . . . , im}. Note that

for m = 0 (the null set), Eq. 2.20 is defined as 1, while for m = 2 Eq. 2.20 collapses to the

standard Kronecker delta function. Using Eq. 2.20 we may recast Eq. 2.18 as

B̂(nAx
, nAy

, nAz
, α, A) =

n
2∑

k=0

1

(2α)
n
2+k

Q∑
t,u,v,w∈S

(
(δi1=t,...,in−2k=u)

∂2k∏
v,w 6=t,u ∂Av∂Aw

)
, n even

n−1
2∑

k=0

1

(2α)
n
2+k+1

2

Q∑
t,u,v∈S

(
(δi1=t,...,in−2k−1=u)

∂2k+1∏
v 6=t,u ∂Av

)
, n odd

(2.21)

where n = nAx
+ nAy

+ nAz
, S is the set of nAx

x’s, nAy
y’s, and nAz

z’s, and Q is the

number of distinct partitions of S into 2n−k (2n−k−1) expanded Kronecker delta functions

multiplied by a derivative of order 2k (2k + 1).

Finally, for any set of CGs {x2n, y2n, z2n} ({x2n+1, y2n+1, z2n+1}) it is only necessary

to apply Eq. 2.18 to create two of the three terms. Eq. 2.3 and 2.4 can then be used as

Ĉ(2n, α,Ak) = (−1)n
∂n

∂αn
− Ĉ(2n, α,Ai)− Ĉ(2n, α,Aj). (2.22)

or

Ĉ(2n+ 1, α, Ak) =

(
Ĉ(1, α, Ai) + Ĉ(1, α, Aj) + Ĉ(1, α, Ak)

)
(−1)n

∂n

∂αn

− Ĉ(2n+ 1, α, Ai)− Ĉ(2n+ 1, α, Aj).

(2.23)

This form can offer computational savings as Ĉ(2n, α,Ak) (Ĉ(2n + 1, α, Ak)) requires the

computation of a linear combination of derivatives of up to order 2n (2n+ 1), while the
∂n

∂αn

term only requires the computation of derivates of order n (n+ 1).

2.3.2 Definitions of Derivatives

We present a lemma that will be necessary later in the chapter.
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Lemma 1. For any function f(Ax) such that f is linear with respect to Ax, and any

Gaussian φ where φ is a CG, HG, or SHG, the following holds:

∂nAx

∂A
nAx
x

(
f(Ax)φ(r, α,A, 0, nAy

, nAz
)
)

= nAx

∂f(Ax)

∂Ax

∂nAx−1

∂A
nAx−1
x

φ(r, α,A, 0, nAy
, nAz

) + f(Ax)
∂nAx

∂A
nAx
x

φ(r, α,A, 0, nAy
, nAz

)

(2.24)

Proof. This follows directly from the Leibniz rule

∂nAx

∂A
nAx
x

(
f(Ax)φ(r, α,A, 0, nAy

, nAz
)
)

=

nAx∑
k=0

(
nAx

k

)
∂kf(Ai)

∂Akx

∂nAx−kφ(r, α,A, 0, nAy
, nAz

)

∂A
nAx−k
x

=

(
nAx

nAx
− 1

)
∂f(Ax)

∂Ax

∂nAx−1

∂A
nAx−1
x

φ(r, α,A, 0, nAy
, nAz

)

+

(
nAx

nAx

)
f(Ax)

∂nAx

∂A
nAx
x

φ(r, α,A, 0, nAy
, nAz

)

= nAx

∂f(Ax)

∂Ax

∂nAx−1

∂A
nAx−1
x

φ(r, α,A, 0, nAy
, nAz

) + f(Ax)
∂nAx

∂A
nAx
x

φ(r, α,A, 0, nAy
, nAz

),

(2.25)

where the simplification in the last two lines results from the linear nature of f(Ax). Should

φ be a HG, the identity

∂nAx

∂A
nAx
x

(
f(Ax)φH(r, α,A, 0, nAy

, nAz
)
)

=
nAx

2α

∂f(Ax)

∂Ax
φH(r, α,A, nAx

− 1, nAy
, nAz

) + f(Ax)φH(r, α,A, nAx
, nAy

, nAz
)

(2.26)

follows immediately from the definition of HGs in Eq. 2.5.

u and T are quadratic with respect to the coordinates, resulting in linear first deriva-

tives, constant second derivatives, and no higher order derivatives. Hence we can represent

all necessary derivatives as two first derivative vectors and two second derivative matrices.

Further, the second derivative matrices are rather sparse, as only terms of the same coordi-
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nate direction (x, y, or z) can be non-zero. Briefly, the non-zero derivatives are as follows:

uAi
= −uBi

= −2(Ai −Bi)
αβ

α + β
, (2.27)

uCi
= −uDi

= −2(Ci −Di)
γδ

γ + δ
, (2.28)

uAi,Aj
= uBi,Bj

= −uAi,Bj
= δi,j

−2αβ

α + β
, (2.29)

uCi,Cj
= uDi,Dj

= −uCi,Dj
= δi,j

−2γδ

γ + δ
, (2.30)

1

α(γ + δ)
TAi

=
1

β(γ + δ)
TBi

=
−1

γ(α + β)
TCi

=
−1

δ(α + β)
TDi

=
2

α + β + γ + δ

(
αAi + βBi
α + β

− γCi + δDi
γ + δ

)
, (2.31)

1

α2
TAi,Aj

=
1

β2
TBi,Bj

=
1

αβ
TAi,Bj

= δi,j
2(γ + δ)

(α + β)(α + β + γ + δ)
, (2.32)

1

γ2
TCi,Cj

=
1

δ2
TDi,Dj

=
1

γδ
TCi,Dj

= δi,j
2(α + β)

(γ + δ)(α + β + γ + δ)
, (2.33)

and

1

αγ
TAi,Cj

=
1

αδ
TAi,Dj

=
1

βγ
TBi,Cj

=
1

βδ
TBi,Dj

= δi,j
−2

α + β + γ + δ
, (2.34)

where uAi
and TAi

refer to the first derivatives of T and u with respect to Ai, and the other

terms are explained analogously.

2.3.3 Structure and Scaling

In the most näıve implementation of our scheme, one could follow Boys [7] and simply apply

Eq. 2.18 or Eq. 2.21 to Eq. 2.16, with N replaced by the appropriate normalization constant.

The result will be different combinations of elements from the above mentioned vectors and
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matrices summed and multiplied by each-other and the Boys functions. Using this method

allows the calculation of the L-shell 1 at a cost of around 5,000 FLOPs. This value is

somewhat higher than other methods, but is still quite reasonable for modern computer

architecture.

However, beyond the L-shell the number of FLOPs rapidly becomes unmanageable. To

understand the reason for this, we must understand how the differential scaling works. The

scaling consists of the product of the following two rules:

(1) The General Leibniz rule: The multivariate n-th differential of a product of two

functions has up to 2n elements–the sum of all binomial coefficients
∑
k

(n
k

)
. This is the

result of application of the multivariate Leibniz (or product) rule to the product of K(u)

and F0(T ), resulting in

∂n

∂A1, ∂A2, . . . , ∂An
K(u)F0(T ) =

∑
S

∂|S|K(u)

Πi∈S∂Ai

∂n−|S|F0(T )

Πj /∈S∂Aj
(2.35)

where S runs over the 2n subsets of {A1, A2, . . . , An}, and |S| denotes the cardinality of

the set S. If all Ai’s are identical, Eq. 2.35 collapses to the familiar univariate Leibniz rule,

namely

∂n

∂Ani
K(u)F0(T ) =

n∑
k=0

(
n

k

)
∂kK(u)

∂Aki

∂n−kF0(T )

∂An−ki

. (2.36)

Most integrals in the d-shell and higher will have fewer than 2n elements as not all Ai’s

will be distinct. However, as there are 12 coordinates, every shell through the (ff |ff) shell

contains sufficient Ai’s to contain at least one term with n distinct derivatives.

(2) Faà di Bruno’s formula: In Eq.s 2.35 and 2.36, nothing further need be done to

differentiate K(u). However, differentiating F0(T ) requires the use of the multivariate chain

rule. This is most easily expressed using Faà di Bruno’s formula, as follows:

1. The L-shell, also referred to as the (sp)4-shell, consists of the 256 integrals containing s- and/or p-type
orbitals.
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∂n

∂A1, ∂A2, . . . , ∂An
F0(T ) =

∑
S

(−1)|S|F|S|(T ) ·
∏

Q∈S1,S2

∂|Q|T
Πj∈Q∂Aj

, n > 0 (2.37)

where, as above, S runs over all subsets of {A1, A2, . . . , An}. Here, Q ∈ S1, S2 denotes

that Q only consists of the 1- and 2-element partitions of the set S–the right hand side of

Eq. 2.37 will be zero for any subset S which cannot be further partitioned into |S| 1- and/or

2-element subsets. This is a result of the quadratic nature of T in Eq. 2.14.

Faà di Bruno’s formula scales according to the Bell polynomials 2. Although the Bell

polynomials lack a clear asymptotic scaling, we have found that the n-th incomplete Bell

polynomial can be very well modeled as scaling according to 0.05e1.3n ≈ O(en) in the range

relevant to this work.

Thus the individual integrals will scale as the product of the General Leibniz rule and Faà

di Bruno’s formula, with the most difficult integrals in a given shell scaling as 2n0.05e1.3n ≈

O(en), where n is four times the value of the highest angular momentum orbital in the shell.

2.3.4 Recurrence Relations

Instead, let us explore methods of reusing values from lower angular momentum integrals

to evaluate higher order ones. Using the differential structure set forth in Sec.s 2.3.1–2.3.3

we may derive recurrence relations that will prove to be identical to the OS relations. Let

us examine incrementing the (ss|ss) integral by one angular momentum level. Omitting

2. Strictly, the incomplete Bell polynomials, as all third and higher order derivatives are zero.
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normalization, from Eq. 2.18 we have:

(pis|ss) =
1

2α

∂

∂Ai
(ss|ss)

=
1

2α

∂

∂Ai
K(u)F0(T )

=
1

2α

(
F0(T )

∂

∂Ai
K(u) +K(u)

∂T

∂Ai

d

dT
F0(T )

)
=

1

2α

(
uAi

K(u)F0(T ) + TAi
K(u)

d

dT
F0(T )

)
=

1

2α

(
uAi

(ss|ss) + TAi

d

dT
(ss|ss)

)
.

(2.38)

Let us define the operator F̂ as

F̂ =
d

dT
. (2.39)

F̂ operates exclusively on the Boys function, and–as laid out in Eq. 2.12–it functions to

transform Fn(T ) into −Fn+1(T ). The last line of Eq. 2.38 can then be written as

(pis|ss) =
uAi

2α
(ss|ss) +

TAi

2α
F̂ (ss|ss). (2.40)

We note that in our notation the Gaussian integral F̂m(ij|kl) is identical to the auxiliary

integral (ij|kl)(m) presented in the OS method and the (ij|kl)′ notation in Schlegel [53].

However, the operator notation of Eq. 2.39 is more conducive the discussion set forth in this

chapter.
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Continuing in this line, we may obtain expressions such as

(pipj |ss) =
1

4αβ

∂2

∂Ai∂Bj
(ss|ss)

=
1

4αβ

(
(δi,juAi,Bj

+ uAi
uBj

) + (TAi
uBj

+ uAi
TBj

+ δi,jTAi,Bj
)F̂ + TAi

TBj
F̂ 2
)

(ss|ss)

=
1

2β

(
uBj

(
1

2α
(uAi

+ TAi
))(ss|ss) +

δi,j
2α

uAi,Bj
(ss|ss)

+ TBj
F̂ (

1

2α
(uAi

+ TAi
F̂ ))(ss|ss) +

δi,j
2α

TAi,Bj
F̂ (ss|ss)

)
=

1

2β

(
uBj

(pis|ss) +
δi,j
2α

uAi,Bj
(ss|ss) + F̂ [TBj

(pis|ss) +
δi,j
2α

TAi,Bj
(ss|ss)]

)
(2.41)

We may continue in this fashion to build the entire desired expression.

Alternatively, we may invoke Eq. 2.26. Consider the unnormalized HG ERI, letting Xi,x

denote the x-th derivative with respect to Xi. The j and k values are held constant and
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omitted for clarity, but are manipulated in an identical manner.

1

2δ

∂

∂Di
(Ai,aBi,b|Ci,cDi,d)

=
1

(2α)a(2β)b(2γ)c(2δ)d+1
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uDi
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)
,

(2.42)

where we have made use of Lemma 1.

Applying the ∂c

∂Cc
i

derivative, and noting that second derivatives are not functions of the

coordinates, we obtain

1

(2α)a(2β)b(2γ)c2δ

∂a+b

∂Aai ∂B
b
i

∂c

∂Cc

( d
2δ
uDi,Di

(Ai,0Bi,0|Ci,0Di,d−1) + uDi
(Ai,0Bi,0|Ci,0Di,d)

+ F̂ [
d

2δ
TDi,Di

(Ai,0Bi,0|Ci,0Di,d−1) + TDi
(Ai,0Bi,0|Ci,0Di,d)]

)
=

1

(2α)a(2β)b2δ

∂a+b

∂Aai ∂B
b
i

( d
2δ
uDi,Di

(Ai,0Bi,0|Ci,cDi,d−1) +
c

2γ
uCi,Di

(Ai,0Bi,0|Ci,c−1Di,d)

+ uDi
(Ai,0Bi,0|Ci,cDi,d) + F̂ [

d

2δ
TDi,Di
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+
c

2γ
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(Ai,0Bi,0|Ci,cDi,d)]

)
.

(2.43)
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Finally applying the derivatives ∂b

∂Bb
i

and ∂a

∂Aa
i
, and noting that uCi

and uDi
are constant

with respect to them, we obtain

1

(2α)a(2β)b2δ
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∂Aai ∂B
b
i

( d
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(Ai,0Bi,0|Ci,c−1Di,d)
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(Ai,0Bi,0|Ci,cDi,d)]
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=

1

2δ

( d
2δ
uDi,Di

(Ai,aBi,b|Ci,cDi,d−1) +
c

2γ
uCi,Di

(Ai,aBi,b|Ci,c−1Di,d)

+ uDi
(Ai,aBi,b|Ci,cDi,d) + F̂ [

d

2δ
TDi,Di

(Ai,aBi,b|Ci,cDi,d−1)
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c
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TCi,Di
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b
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TBi,Di

(Ai,aBi,b−1|Ci,cDi,d)

+
a

2α
TAi,Di

(Ai,a−1Bi,b|Ci,cDi,d) + TDi
(Ai,aBi,b|Ci,cDi,d)]

)
.

(2.44)

Eq. 2.44 is Schlegel’s derivative theorem. It is true for any HG ERI, and for CG ERIs

composed solely of s- and p-type orbitals.

To relate Eq. 2.44 to the the OS method, and hence solve d-type and higher CG ERIs,

we re-express the CG ERI as a linear combination of HG ERIs through use of Eq. 2.19 3.

Combining the formulae of Eq. 2.19 and Eq. 2.44, and letting (Ai,aBi,b|Ci,cDi,d)
C represent

the linear combination of HGs that creates the CG with angular momentum a in the i-

3. Note that endnote (10) of Ref. [26] refers to, but does not describe, this method of deriving the
OS-VRR.
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coordinate for center A etc., we obtain the OS relation

(Ai,aBi,b|Ci,cDi,d+1)C =

1

2δ

(
d (

1

2δ
uDi,Di

+ 1)(Ai,aBi,b|Ci,cDi,d−1)C +
c

2γ
uCi,Di

(Ai,aBi,b|Ci,c−1Di,d)
C

+ uDi
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C + F̂ [
d

2δ
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+
c
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TCi,Di

(Ai,aBi,b|Ci,c−1Di,d)
C +

b

2β
TBi,Di

(Ai,aBi,b−1|Ci,cDi,d)
C

+
a

2α
TAi,Di

(Ai,a−1Bi,b|Ci,cDi,d)
C + TDi

(Ai,aBi,b|Ci,cDi,d)
C ]
)
.

(2.45)

For consistency with earlier works, we refer to the eight-term recursion relation in Eq. 2.45

simply as the vertical recurrence relation (VRR).

2.3.5 Discussion and Conclusions

The OS-VRR–and the refinements and expansions of Pople, Head-Gordon, and others [26,

21, 20]–are among the most powerful methods available for rapid electronic-structure calcula-

tions. Unfortunately, the derivations given in standard texts tend to only derive the OS-VRR

in an indirect fashion via overlap and other integrals. Furthermore, the relation between the

OS method and Schlegel’s derivative theorem is almost always overlooked, despite its fun-

damental significance in elucidating the nature of the OS-VRR. It is hoped that this work

will help to rectify the shortcoming, and alleviate some of the difficulties experienced in

approaching the study of Gaussian integral evaluation.
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CHAPTER 3

EFFECTS OF NITROGEN SUBSTITUENT GROUPS ON THE

BENZENE DICATION

3.1 Benzene Dications

3.1.1 Background

There has been much interest in the benzene dication [32, 17], and recent works have ex-

perimentally verified the lowest energy structure of the benzene dication [29] and the closely

related hexamethylbenzene dication [37] as a pentagonal-pyramidal structure (nido cluster),

as predicted by analogy to the Wade rules for boranes.

In a similar vein, a number of papers have been published regarding the structures of

various halogenated benzene dications and related dications [50, 11, 25, 31], and their differ-

ences from the parent benzene dication. In contrast, relatively little research has been done

on nitrogen containing dications of benzene derivatives [3] and the effects of nitrogenous

substituents on the structure of the dication.

Benzene dications and their derivatives are of interest due to both their ability to form

hypercoordinated carbons and their unusually long carbon-carbon bonds. These points are

of particular significance in light of recent discoveries of the role of hexacoordinated carbon

in catalyzing the reduction of N2 to ammonia in biological systems [33].

3.1.2 Methods

In this letter we present electronic-structure findings regarding the lowest energy structure

of the aniline and nitrobenzene dications. To differentiate the effects of the nitrogenous

substituent from simple steric effects, we contrast our findings with structures of the toluene

dication.
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(a) Flat (b) Apical Pentagonal-
Pyramidal

(c) Ring Pentagonal-Pyramidal

Figure 3.1: Dication Geometries

The geometries of the cations of toluene, aniline, and nitrobenzene were optimized using

MP2 with the cc-pVTZ basis set. Single point calculations were run on the optimized

geometries using coupled-cluster with single and double excitations and non-iterative triples

corections (CCSD(T)) using the cc-pVDZ basis set and, when possible, the cc-pVTZ basis

set as well. These findings are contrast with calculations run using parametric reduced-

density-matrices (p2-RDM), also in the cc-pVTZ basis set.

In particular, the three geometries in Fig. 3.1 were closely examined: (1) A flat hexagon,

similar to the parent benzene molecule, (2) a pentagonal-pyramidal structure with the sub-

stituent attached to the apical carbon, and (3) a pentagonal-pyramidal structure with the

substituent attached to a carbon on the ring. Other geometries related to different conform-

ers of hexane, such as a chair conformation, where also explored. It was found that after

geometry optimization these conformers converged to Fig. 3.1(a).

3.1.3 Results

As shown in Table 3.1, the toluene dication exhibited notably greater stability in a pentagonal-

pyramidal structure than in a flat structure–which was prone to expelling a proton. The

difference in energy between the two possible pentagonal-pyramidal structures was quite
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Figure 3.2: Numbering scheme for pentagonal-pyramidal carbon skeleton. Note that for the
ring pentagonal-pyramidal isomer, the carbon bonded to the substituent is always labeled
as 2.

(a) Benzene (b) Toluene

(c) Aniline (d) Nitrobenzene

Figure 3.3: Geometry Optimized Pentagonal-Pyramidal Dications
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Table 3.1: Coupled-Cluster Energies and Relative Stabilities of Substituted Benzene Dica-
tions Isomers. The second column gives the energy for the pentagonal-pyramidal isomer
with the substituent apical. The third and fourth columns give the relative stability of the
ring pentagonal-pyramidal structure over the apical pentagonal-pyramidal and flat isomers.
Energy is in Hartrees (results from CCSD(T) in the cc-pVTZ basis set unless otherwise
noted).

Dication Ring Pentagonal-Pyramidal ∆E to Apical Pentagonal-Pyramidal ∆E to Flat
Benzene -230.932 +0.000 +0.024

Hexamethylbenzene1 -466.301 +0.000 +0.049
Toluene -270.201 -0.001 +0.006
Aniline -286.280 +0.049 -0.028

Nitrobenznene2 -434.704 +0.104 +0.033
1. Results from Ref. [37] in MP2 in the cc-pVTZ basis set for near flat chair isomer.
2. Calculations done with CCSD(T) in the cc-pVDZ basis set.

Table 3.2: p2-RDM Energies and Relative Stabilities of Substituted Benzene Dications Iso-
mers. The second column gives the energy for the pentagonal-pyramidal isomer with the
substituent apical. The third and fourth columns give the relative stability of the ring
pentagonal-pyramidal structure over the apical pentagonal-pyramidal and flat isomers. En-
ergy is in Hartrees (results from p2-RDM in the cc-pVTZ basis set unless otherwise noted).

Dication Ring Pentagonal-Pyramidal ∆E to Apical Pentagonal-Pyramidal ∆E to Flat
Benzene -230.915 +0.000 +0.022

Hexamethylbenzene3 -466.301 +0.000 +0.049

Toluene -270.184 +5.77× 10−4 +0.003
Aniline -286.262 +0.051 -0.030
Nitrobenznene -435.084 +0.098 +0.025
3. Results from Ref. [37] in MP2 in the cc-pVTZ basis set for near flat chair isomer.

small, with the identification of the favored structure differing between Fig. 3.1(b) according

to the CCSD(T) calculations (Table 3.1), and Fig. 3.1(c) according to the p2-RDM calcu-

lations (Table 3.2). The ring pentagonal-pyramidal structure demonstrated moderate steric

effects in that the four ring carbons not attached to the methyl group (carbons 3 − 6, or

C3−C6, in Fig. 3.2) had a bond length of 1.658 Å to the apical carbon (C1), while the ring

carbon attached to the methyl group (C2) was 1.747 Å from the apical carbon, indicating a

lower degree of bonding.

As shown in Fig. 3.3(c), in the ring pentagonal-pyramidal configuration, the aniline dica-

tion exhibits far greater distortion from an ideal pentagonal-pyramid than the other molec-

ular ions, with the ring carbon attached to the amino group (C2) over two angstroms from

the apical carbon (C1), indicating a near zero bond-order between the carbons. Related

to aniline’s inability to form an ideal pentagonal-pyramid, calculations (Tables 3.1 & 3.2)

indicate that the most stable geometry is the flat hexagon of Fig. 3.1(a). It should be noted
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Table 3.3: Bond Length Between Apical and Ring Carbon. Length in Angstroms (results
from structure optimized with MP2 in the cc-pVTZ basis set unless otherwise noted).

Dication Apical (where Applicable) Ring

Benzene 1.672 Å

Hexamethylbenzene4 1.705± 0.011 Å
Toluene 1.696± 0.002 Å 1.703± 0.045 Å

Aniline 1.616± 0.044 Å 1.625± 0.020 Å5

Nitrobenznene 1.682± 0.011 Å 1.679± 0.015 Å
1. Experimental results from Ref. [37].

that the carbon skeleton of the aniline dication possesses D2h symmetry due to compression

of the molecule along the axis of the C −N bond.

In strong contrast to aniline, the nitrobenzene dication is most stable in the ring pentagonal-

pyramidal structure of Fig. 3.1(d). In this geometry the nitrobenzene dication shows minimal

distortion from the benzene dication. The carbon skeleton is close to C5v symmetry, with

the bonds between the ring and the apical carbon varying from 1.694 Å for the bond between

the apical carbon and the carbon bonded to the nitro group (C1 to C2) to 1.664 Å for the

bond between the apical carbon and the ring carbons opposite the nitro group (C1 to C4 &

C5).

3.1.4 Discussion and Conclusions

Aniline’s greater stability in a flat geometry and inability to form an ideal pentagonal-

pyramid stand to reason. The nitro group is a strongly electron withdrawing, while the

amino group is strongly electron donating. Thus the amino group favors greater electron-

density in the carbon skeleton, more closely resembling aromatic electronic structure of

the parent aniline molecule. Inversely, the nitro group depletes electron density from the

carbon skeleton, further skewing the structure towards a nido cluster. This is supported by

both Mulliken and Löwdin population analyses, which demonstrate around 0.3− 0.4 higher

electron population in the carbon skeleton of aniline than that of nitrobenzene. Accordingly,

the relative stability between the ring pentagonal-pyramidal nitrobenzene to its flat isomer is
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larger than the relative stability between the pentagonal-pyramidal and flat benzene dication

(Tables 3.1 & 3.2).

For both the aniline and nitrobenzene dications, the apical pentagonal-pyramidal struc-

ture of Fig. 3.1(b) was notably less stable the the ring pentagonal-pyramidal structure of

Fig. 3.1(c). For the toluene dication the two structures are essentially identical in energy,

indicating the difference does not stem from steric effects. Instead, the difference appears to

originate in nitrogen’s affinity for a double bond to stabilize its charge. When the nitroge-

nous substituent is placed in the apical position, the apical carbon (C1)–which possesses

partial bonds to the five ring carbons (carbons 2− 6)–has a C −N bond order of 0.98 (ni-

trobenzene) or 1.5 (aniline). In contrast, when the substituent is placed on the ring position,

the C − N bond order increases to 1.5 (nitrobenzene) or 1.7 (aniline). In terms of basic

organic chemistry, this can be understood as ring pentagonal-pyramidal isomer having more

favorable resonance structures than the apical pentagonal-pyramidal structure.

In conclusion, we have calculated the most stable structure of the aniline and nitrobenzene

dications. Placing a substituent on a ring carbon of a pentagonal-pyramidal structure results

in moderate steric distortion of the structure, as seen in Table 3.3. The steric effect is far

too small to explain the large distortion displayed by the ring pentagonal-pyramidal aniline

dication. Instead, we demonstrate that the aniline dication has too high an electron-density

in its skeleton to follow the Wade rules, and instead retains a compressed hexagonal geometry.

Nitrobenzene, owing to the depletion of electron-density in the skeleton, forms a near ideal

pentagonal-pyramid in accordance with the Wade rules, exhibiting a greater relative stability

than either the toluene or benzene dications. For either nitrogenous substituent, there is a

strong preference to place the substituent on the ring rather than the apical position.

We note that p2-RDM compares highly favorably to CCSD(T). This is of particular

interest as the hexacoordinated apical carbon in the pentagonal-pyramidal geometry differs

substantially from standard organic molecules. For the cases of benzene, toluene, and aniline

(for which the same basis sets where used), the absolute energies did not differ by more than
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0.018 Hartrees (11 kCal/mol). More significantly, the energy differences between isomers

agreed to a maximum difference of 0.003 Hartree (2 kCal/mol), indicating that p2-RDM is

a viable method for calculating the lowest energy isomer of substituted benzene dications,

despite its lower computational cost.
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CHAPTER 4

RELATIONS BETWEEN ENVIRONMENTAL NOISE AND

ELECTRONIC COUPLING FOR OPTIMAL EXCITON

TRANSFER IN ONE- AND TWO-DIMENSIONAL

HOMOGENEOUS AND INHOMOGENEOUS QUANTUM

SYSTEMS

This chapter contains parts of a published work [C. C. Forgy and D. A. Mazziotti J. Chem.

Phys. 141, 224111 (2014)] Copyright 2014, American Institute of Physics.

4.1 Introduction

Many recent studies have focused on the possibility of using environmental noise to enhance

the efficiency of excitonic transport [48, 30, 43, 47, 19, 41, 55, 64, 28]. This research was origi-

nally motivated in large part by studies indicating surprisingly long-lived quantum coherence

in biological systems [18, 14], which prompted study into the interplay of quantum coherence

and environmental noise. Light excites a molecular moiety of a quantum system. The energy

of the light in the form of the excitation (or exciton) then moves through the system until it

reaches a sink which extracts the energy. In addition to the significance of excitonic transfer

in inhomogeneous biological systems, excitonic transfer also plays a role in homogeneous

systems such as quantum-dot devices [12, 10, 59], charge transfer in carbon nanotubes [23]

and organic photovoltaics [35, 51]. Research has in particular focused on dephasing noise,

which is believed to well approximate general broad environmental noise [43, 47].

Previous research has found that maximal transport efficiency will be obtained at a finite

dephasing rate when dephasing noise is beneficial to the system and has quantified the op-

timal dephasing rate as a function of both dissipation and sink coupling strength [30]. The

current work extends previous studies [30, 47, 42, 8, 9] by examining the relationship between
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the coupling strength between chromophores and the optimal dephasing rate. We demon-

strate that not only does an optimal dephasing rate exist in both one- and two-dimensional

networks but also that it increases in magnitude with increasing coupling strength between

chromophores. We further demonstrate that this relation will only obtain in homogeneous

or near homogeneous systems. In inhomogeneous systems the optimal dephasing rate will be

largely determined by the network connectivity, and will only be slightly affected by changes

in coupling strength. We also examine the relationship between transport efficiency and the

computed entanglement of the chromophores and show that optimal transport occurs when

the noise quenches the entanglement between local modes that prevent the exciton from mov-

ing efficiently to the target site. These trends in optimal dephasing with coupling strength in

the context of homogeneous and inhomogeneous systems provide guidelines that have poten-

tial applicability to optimizing energy-transfer efficiency in materials such as quantum dot

arrays [10] and carbon nanotubes [23] that resemble the one- and two-dimensional systems

discussed in this chapter.

4.2 Theory

After presenting the theoretical model of the Hamiltonian for both one- and two-dimensional

homogeneous quantum systems in Section 4.2.1, we discuss the time-evolution density-matrix

equations in the presence of environmental noise in Section 4.2.2. In Section 4.2.3 we discuss

modifications of the Hamiltonian for inhomogeneous systems. In Section 4.2.4 we discuss

the effect of sink coupling and environmental dissipation.

4.2.1 Homogeneous Model

The Hamiltonian for our system is

Ĥ =
∑
i,j

Ae−α‖i−j‖2|i〉〈j| (4.1)
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where A = 100 a.u. unless otherwise specified, |i〉 denotes the ith chromophore (site), and α

is an adjustable parameter with arbitrary units of reciprocal length. The α parameter in Eq.

(4.1) can approximately model a power law dependence in situations such as dipole-dipole

interactions. The 2-norm ‖ i − j ‖2 measures the Euclidean distance between the lattice

points i and j. In both chains and two-dimensional lattices the distance between adjacent

sites i and j is defined to be 1 (arbitrary units); consequently, in the two-dimensional lattices

the distance between i and j separated across the diagonal of the square is
√

2. Note that

the sites are homogeneous and are described by the energy A.

This Hamiltonian is used to describe the coupling of two different networks: (1) A linear

chain nine sites long, where the exciton is localized at site 1 at the initial time, and the

trapping site is attached either to site 5 (end-to-middle transport) or site 9 (end-to-end

transport), and (2) A five-by-five two-dimensional grid of sites where the exciton begins in

site 1, and the trapping site is attached to the central site, site 13. Since changing the

value of A will change the kinetics of the system but not the overall trends discussed in this

chapter, a value of A = 100 a.u. is used throughout this chapter. In a real system A can be

rescaled to reflect the phenomenological data or predicted site energies of the material.

The strength of coupling to the sink and the dissipation rate where chosen to be those

previously used for the Fenna-Matthews-Olson (FMO) complex even for the homogeneous

systems [39, 56, 1]. This will allow for easier comparisons to the results of inhomoge-

neous systems in Section 4.3.5. In atomic units (wavenumbers) the rates are 1.21 × 10−8

(0.00266 cm−1) for the sink coupling and 7.26× 10−5 (15.9 cm−1) for the dissipation rate.

By using low-to-moderate values for both dissipation and sink coupling, we ensure that

dephasing-assisted transport is possible [30], a point that will be elaborated upon in sec-

tion 4.2.4.
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4.2.2 Quantum Liouville Equation

As described in Sec. 1.2.2, the density matrix of an open quantum system evolves in time

according to the quantum Liouville equation with the Lindblad operator

d

dt
D = − i

h̄
[Ĥ,D] + L̂(D) (4.2)

where D is the density matrix 1. The addition of the Lindblad operator provides a general

treatment for the time dynamics of open quantum systems in the Markovian approxima-

tion [34]. The Lindblad operator L̂(D) can be divided into three operators which create the

dephasing, dissipation, and capture of the exciton by the sink

L̂(D) = L̂deph(D) + L̂diss(D) + L̂sink(D) (4.3)

in which

L̂deph(D) = a
∑
e

2〈e|D|e〉|e〉〈e|−{|e〉〈e|, D}, (4.4)

L̂diss(D) = b
∑
e

2〈e|D|e〉|g〉〈g|−{|e〉〈e|, D}, (4.5)

L̂sink(D) = 2c〈κ|D|κ〉|s〉〈s|−c{|κ〉〈κ|, D}, (4.6)

where |g〉 and |e〉 denote the ground and excited states of the Hamiltonian, respectively, |s〉 is

the sink, and |κ〉 is the site chosen to couple to the sink. The ordinary differential equations

were solved using the fourth-fifth order Runge-Kutta-Fehlberg method implemented in the

computer algebra system Maple 2.

In these definitions we assume that the sink is distinct from the sites on the chain. Some

previous papers have instead selected the sink site be one of the sites on the chain [30]. We

1. Note the use of D instead of ρ.

2. Maple 16. Maplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario. Maple is a trademark of
Waterloo Maple Inc.
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found that the overall trends were unchanged when we modified Eq. (4.6) to place the sink

in the chain. As stated in section 4.2.1, in atomic units b = 7.26×10−5 and c = 1.21×10−8.

Throughout the chapter the dissipation rate a is reported in units of the rate used for the

FMO complex with an a of 1 corresponding to 1.52× 10−4 a.u. (33.4 cm−1).

4.2.3 Hamiltonian for Inhomogeneous Systems

For inhomogeneous systems we replace the Hamiltonian in Eq. (4.1) with the Hamiltonian of

the FMO complex in Ref. [47], originally produced in Ref. [1]. The Hamiltonian Ĥ is given

by the matrix



215.0 −104.1 5.1 −4.3 4.7 −15.1 −7.8

−104.1 220.0 32.6 7.1 5.4 8.3 0.8

5.1 32.6 0.0 −46.8 1.0 −8.1 5.1

−4.3 7.1 −46.8 125.0 −70.7 −14.7 −61.5

4.7 5.4 1.0 −70.7 450.0 89.7 −2.5

−15.1 8.3 −8.1 −14.7 89.7 330.0 32.7

−7.8 0.8 5.1 −61.5 −2.5 32.7 280.0


where the elements are given in the unit of 4.5620 × 10−6 a.u., and the zero of energy has

been shifted by 1.2230 × 104. The coupling strengths of the FMO complex are re-scaled by

multiplying the off-diagonal elements of the Hamiltonian by e−α, thus α = 0 is the baseline

FMO complex Hamiltonian. The cases of α < 0 correspond to increasing the coupling

strength to greater than that defined in the FMO model. In order to further compare the

results of the FMO complex to the homogeneous system, we also ran simulations in which

the FMO complex was treated as a linear system and the off-diagonal elements decayed as

e−αδ (as in Eq. (4.1), where δ =‖ i − j ‖2), and simulations where only nearest neighbor

couplings were allowed.
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4.2.4 Other Effects

In Ref. [30], it is reported that dephasing-assisted transport is only possible when both

coupling to the sink and environmental dissipation are relatively weak. Excessively weak

sink coupling will slow the kinetics to the point where the exciton is likely to be lost before

capture. Similarly, excessively strong coupling will present too high a potential barrier for the

particle to enter the sink. The existence of an optimal sink coupling rate and the detrimental

effects of excessively strong sink coupling are also reported by Ref. [19]. As mentioned in

Sec.s 4.2.1 & 4.2.2, we use a moderate sink coupling value throughout this chapter.

In the chosen model dissipation is monotonically detrimental to excitonic transport. How-

ever, we note that the authors of [8] have demonstrated that in specialized systems dissipation

can be beneficial to transport. In the presented model, if the dissipation noise is too strong,

the exciton will be lost before entering the sink. However, as the rate of decrease in transport

efficiency with respect to increasing dissipation noise is relatively low, our findings should

be qualitatively true across a wide range of dissipation levels.

4.3 Results

4.3.1 End-to-End Homogeneous Transport

Results for a linear chain of nine sites with full coupling are presented in Fig. 4.1. It should

be noted that the unphysically strong case of α = 0, in which the site energies and the

coupling strengths are equal to 100 a.u., is isomorphic to the physical case of nine sites in

which each one is connected to every other one in a net-like arrangement. For the net-like

case of α = 0, all sites are equivalent, and thus it is meaningless to refer to ‘end-to-end’ or

‘end-to-middle’ transport.

As can be seen from Fig. 4.1, for the case of α = 0 dephasing noise strongly facilitates

excitonic transport until the dephasing rate a equals 24 (in units of 1.52×10−4 a.u.). This is

unsurprising because, as mentioned, α = 0 is not a true case of end-to-end transport. What
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Figure 4.1: The sink population after 1 picosecond for a linear homogeneous chain with the
sink attached to the end site is reported as a function of the dephasing parameter a for
different coupling parameters α. Because α is the decay parameter in Eq. (4.1), the coupling
strength decreases with increasing α. For low coupling strengths (i.e. α ≥ 0.25) the optimal
dephasing rate is zero; for higher coupling strengths the optimal dephasing rate is finite.
The largest optimal dephasing rate occurs for the largest coupling between chromophores at
α = 0.

is surprising is that dephasing noise remains beneficial for end-to-end transport–though less

strongly so–until α reaches a value of about 0.15.

We posit that this is because in the extremely strong coupling region of α . 0.2 the

topology will retain substantial net-like, rather than chain-like characteristics. It is only in

the strictly chain-like weaker region of α & 0.2 that dephasing-assisted transport becomes

impossible for end-to-end transport, as reported in previous research [30]. We note that

dephasing enhanced transport is only due to the net-like topology, and thus will be impossible

in the case of nearest-neighbor coupling, consistent with the prior findings [30].

4.3.2 End-to-Middle Homogeneous Transport

We next turn to the case of end-to-middle transport. We again have a chain nine sites long

with full exponential coupling, but now the sink is attached to the middle (fifth) site. This

is the case that, according to [30], should show the strongest possible dephasing-assisted

transport, at least for nearest neighbor coupling. This is also one of the topologies reported

in [19], where it is claimed that it will exhibit a finite optimal dephasing rate.
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Figure 4.2: The sink population after 1 picosecond for a linear homogeneous chain with
the sink attached to the middle site is reported as a function of the dephasing parameter
a for different coupling parameters α. For low coupling strengths (i.e. α ≥ 1) the optimal
dephasing rate is zero; for higher coupling strengths the optimal dephasing rate is finite.
The largest optimal dephasing rate occurs for the largest coupling between chromophores at
α = 0.

As can be seen in Fig. 4.2, dephasing can facilitate exciton transport for strong coupling.

For the unphysically strong coupling of α = 0 (i.e. all sites and all coupling energies are 100),

the sink population after 1 ps starts at 0.097 without dephasing and rises almost sixfold to a

maximum value of 0.58 at the optimal dephasing rate of 24 times the base rate before slowly

decreasing again.

The same trend is observed, albeit less dramatically, for the very strong coupling of

α = 0.25. For the more realistic case of α = 0.6, we obtain a maximum sink population of

0.44, 112% of the population of 0.39 obtained without dephasing, at an optimal dephasing

rate of about 1.75 times the base dephasing rate. At α = 1, it is found that dephasing no

longer has any possible benefit, and indeed is strongly detrimental to excitonic transfer.

These finding are summarized in Fig. 4.3, where we define the optimal dephasing rate as

the rate that produces the highest exciton trapping after 1 ps (rather than the maximum

trapping at infinite time). As can be seen from (a), the optimal dephasing rate is maximal

for α = 0, and falls essentially exponentially until it reaches a value of about zero around

α = 0.85, at which point dephasing-assisted transport is no longer possible. Fig. 4.3 (b) shows
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Figure 4.3: For a homogeneous chain of nine sites with the sink attached to the middle site we
show (a) the optimal dephasing rate and (b) the sink population after 1 ps (when the optimal
dephasing rate from (a) is employed) as functions of the coupling between chromophores α.
Both the optimal dephasing rate and the sink population at 1 ps from that rate increase
with increasing coupling strength. Note that because α is the decay parameter in Eq. (4.1),
the coupling strength decreases with increasing α.

the sink population after 1 picosecond when the system evolves at its optimal dephasing rate.

The sink population is highest for the strongest coupling values, and falls monotonically as

the coupling strength decreases.

An intuitive understanding of this phenomenon can be given as follows: The effect of

strong coupling between sites is to send a substantial portion of the exciton population to the

off-diagonal ‘superposition’ states. This, somewhat paradoxically, results in a manifestation

of localization in which the exciton population is trapped in a primarily local-mode bipartite

entanglement between two sites at a time (see Fig. 4.8). As dephasing is introduced, it

disrupts the local-mode entanglement and allows for non-local or delocalized modes across

the system. As can also be seen from Fig. 4.2, in a system with no dephasing, stronger

coupling will in fact inhibit exciton transfer. This is due to the fact that, without dephasing

noise, the local-mode bipartite entanglement will be the strongest, leaving little opportunity

for non-local modes.
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Figure 4.4: The sink population after 1 picosecond for a 5×5 grid with the sink attached to
the middle site is reported as a function of the dephasing parameter a for different coupling
parameters α. As in the one-dimensional (linear) quantum systems, the optimal dephasing
rate increases with increasing coupling strength, and the largest optimal dephasing rate
occurs for the largest coupling between chromophores at α = 0.

4.3.3 Transport in a Homogeneous Array

Simulations were run for a two-dimensional array with full exponential coupling, where the

Hamiltonian is described by Eq. (4.1). This is more physically similar to a case that may

be encountered in man-made materials, such as an array of light harvesting quantum dots.

The results obtained were remarkably similar to those obtained in the one-dimensional case.

Fig. 4.4 presents the results of a five-by-five grid with the sink attached to the middle

(thirteenth) site. As in the case of end-to-middle one-dimensional transport, dephasing-

assisted transport is specifically beneficial for cases with stronger coupling, and stronger

coupling without dephasing exhibits notably worse transfer kinetics than weak coupling

without dephasing. Owing to the larger size of the system–twenty-five sites as opposed to

nine–and the ensuing potentially larger path length, the exciton population trapped after 1

ps is uniformly less than the corresponding cases in the chain. As in section 4.3.1, when the

sink is attached to the site on the opposite corner from the initial site, dephasing enhanced

transport is impossible for all but the strongest of couplings.
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Table 4.1: The sink population after 1 ps for a homogeneous chain of nine chromophores
with site defects in the presence of optimal dephasing. The symbol 100:100 refers to the case
in which all sites are equal to 100, and the symbol 101:99 refers to the case of site energies
alternating between 101 and 99. Regardless of the coupling strength α between sites, we
find that the site defects do not significantly affect the exciton population reaching the sink.

Sink Population After 1 ps
α 100 : 100 101 : 99 99 : 101 110 : 90 90 : 110
0 0.582 0.583 0.582 0.584 0.581

0.25 0.503 0.504 0.503 0.510 0.497
0.6 0.436 0.440 0.433 0.472 0.406
1 0.400 0.407 0.392 0.441 0.312

4.3.4 Site Defects

We next introduce inhomogeneity into a chain of nine chromophores. In Table 4.1 we present

results for cases where the site energies vary between 101 and 99 (starting with both 101 and

99), and between 110 and 90, along with the above results for a degenerate chain with all

site energies equal to 100. In all these cases, the off diagonal coupling energy is still defined

as 100e−α‖i−j‖2 , where 100 is the average energy between adjacent sites.

As can be seen from Table 4.1, there is little variation in sink population after 1 ps for

the different cases. When the exciton starts in a site with higher energy than its nearest

neighbor (101 or 110), there is a slight bias to force the exciton out of the site which results

in a slightly higher sink population. By the same logic, if the exciton starts in a site with

lower energy than its nearest neighbor (99 or 90), there is a slight bias against moving the

exciton, which results in a lower sink population. We note that this trend is particularly

pronounced for higher α values, where coupling is primarily nearest neighbor coupling.

We further note that, as can seem from Table 4.2, when the exciton begins in a lower

energy site, the optimal dephasing rate slightly increases, while it generally slightly decreases

when the exciton begins in a higher energy site. We posit that this is due to the fact that when

the exciton begins in a lower energy site, classical (hopping) transport is further disfavored
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Table 4.2: The optimal dephasing rates for the homogeneous 9-site chain with site defects
discussed in Table 4.1. When the exciton begins in a lower energy site, the optimal dephasing
rate increases slightly, while it generally decreases slightly when the exciton begins in a
higher energy site. Importantly, the general trend of the optimal dephasing increasing with
increasing coupling strength α remains true in the presence of site defects. A dephasing rate
of 1 is defined as the value (1.52× 10−4 a.u.) found in the FMO complex.

Optimal Dephasing Rates
α 100 : 100 101 : 99 99 : 101 110 : 90 90 : 110
0 24 24 24 23.75 24.5

0.25 10 9.75 10 9.5 10.25
0.6 1.75 1.5 1.75 0.85 2.5
1 0 0 0 0.25 1

Table 4.3: The sink population after 1 ps and its optimal dephasing are reported for the
FMO complex with its off-diagonal coupling elements multiplied by e−α(columns 2 and 3)
and the linearized FMO complex with its off-diagonal coupling elements multiplied by e−αδ

(where δ =‖ i−j ‖2). The optimal dephasing rate remains essentially constant with changes
in the coupling strength.

FMO Hamiltonian with Off-diagonal Elements Altered

α Dephasing Rate for e−α Sink Population for e−α Dephasing Rate for e−αδ Sink Population for e−αδ

−0.6 3.25 0.601
−0.1 3.40 0.376

0 3.60 0.326 3.60 0.326
0.1 3.80 0.280 4.25 0.281
0.25 4.05 0.219 4.00 0.218
0.6 4.30 0.115 4.35 0.111
1 4.05 0.050 4.10 0.047

requiring higher dephasing to optimize quantum transport. Similarly, starting the exciton in

a higher energy site favors classical transport. The effect of dephasing becomes less useful,

and optimal transport is obtained at a lower dephasing rate.

4.3.5 Inhomogeneous Systems

We consider the case of inhomogeneous transport by examining the FMO complex with

systematically modified coupling strengthes between sites as described in Section 4.2.3. The

site energies in an FMO model are inhomogeneous because they represent chromophores
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Figure 4.5: The sink population after 1 ps of the inhomogeneous FMO complex with optimal
dephasing is reported as a function of a parameter α controlling the coupling strengths
(the off-diagonal elements of the FMO Hamiltonian are multiplied by e−α). While the
sink population decreases with decreasing coupling strength as in the homogeneous case,
we observe, in contrast to the homogeneous case, that the optimal dephasing rate remains
essentially constant with respect to changes in the coupling strength between sites.
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Figure 4.6: The sink population after 1 ps of the linearized FMO complex with optimal
dephasing is reported as a function of a parameter α. For comparison we also present
the results from a linearized FMO complex in which only nearest neighbor interactions are
retained. As with the nonlinear topology in Fig. 4.5, we observe that the optimal dephasing
rate remains essentially constant with changes in the coupling strength.
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Table 4.4: To separate the inhomogeneity of the FMO site energies from the inhomogeneity
of the FMO coupling energies, we examine two additional cases: (i) replacing the diagonal
elements of the FMO Hamiltonian with a constant (homogeneous) value and varying the
off-diagonal elements by e−α, and (ii) retaining the inhomogeneous FMO site energies and
replacing the off-diagonal elements by those from homogeneous Hamiltonian in Eq. (4.1)
with A = 100 a.u. If there exists a degree of homogeneity in either the site energies or the
coupling energies, the optimal dephasing rate will increase with increasing coupling strength.
However, between the two factors, we find that inhomogeneity in the coupling strengths is
a more significant factor in setting a uniform dephasing rate than inhomogeneity in the site
energies.

Variations on FMO Complex
α Dephasing Rate Sink Populations Dephasing Rate Sink Population
−0.6 3.40 0.579
−0.1 2.10 0.455

0 1.90 0.429 25 0.632
0.1 1.70 0.403 20 0.595
0.25 1.40 0.364 13 0.549
0.6 0.90 0.277 6 0.483
1 0.45 0.192 4 0.322

in different protein environments. In all calculations we initialize the exciton in site 1. In

Fig. 4.5 we show the sink population of the FMO complex with optimal dephasing after 1 ps

as a function of a parameter α controlling the coupling strengths (the off-diagonal elements

of the FMO Hamiltonian are multiplied by e−α). Note that by definition the coupling

strengths decrease with increasing α. While the sink population decreases with decreasing

coupling strength as in the homogeneous case, we observe, in contrast to the homogeneous

case, that the optimal dephasing rate remains essentially constant with respect to changes in

the coupling strength between sites. Similar results were also obtained with several classes of

randomly generated Hamiltonians with inhomogeneous site energies; because the trends were

identical to those from the FMO-complex model in all cases, these results are not reported

here. We emphasize that the high dephasing rate limit is not meant to represent an actual

physical possibility for the FMO complex, but rather to demonstrate, as with the randomly

generated Hamiltonians, a principle applicable to generalized inhomogeneous systems.

To ensure that these results were not due to the network topology in the FMO com-
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plex, we linearized the 7 sites of the FMO complex into a chain from site 1 through site 7

with the off-diagonal coupling elements of the Hamiltonian were multiplied by e−αδ (where

δ = ||i− j| |2). In Fig. 4.6 we present the sink population of the linearized FMO complex

with optimal dephasing after 1 ps as a function of a parameter α. For comparison we also

present the results from a linearized FMO complex in which only nearest neighbor interac-

tions are retained. As with the nonlinear topology, we observe that the optimal dephasing

rate remains essentially constant with changes in the coupling strength. The results from

Fig. 4.5 and Fig. 4.6 are also summarized in Table 4.3.

To separate the inhomogeneity of the FMO site energies from the inhomogeneity of

the FMO coupling energies, we examine two additional cases: (i) replacing the diagonal

elements of the FMO Hamiltonian with a constant (homogeneous) value and varying the

off-diagonal elements by e−α, and (ii) retaining the inhomogeneous FMO site energies and

replacing the off-diagonal elements by those from homogeneous Hamiltonian in Eq. (4.1)

with A = 100 a.u. In case (i) the optimal dephasing rate decreases from 3.5 times the base

rate at α = −0.6 to 0.5 times the base rate at α = 1. In case (ii) the optimal dephasing

rate changes from 25 times the base rate at α = 0 to 4 times the base rate at α = 1. The

results are summarized in Table 4.4. If there exists a degree of homogeneity in either the site

energies or the coupling energies, the optimal dephasing rate will increase with increasing

coupling strength. However, between the two factors, we find that inhomogeneity in the

coupling strengths is a more significant factor in setting a uniform dephasing rate than

inhomogeneity in the site energies.

We can explain the relative invariance of the optimal dephasing with changes in coupling

strength in inhomogeneous systems in terms of the local-modes picture. In the homogeneous

system the dephasing is necessary to prevent the quantum system from becoming stuck in

local coherent modes. As the degree of coupling between sites increases in the homogeneous

system, the degree of environmental noise (dephasing) required for overcoming local modes

also increases. In an inhomogeneous system, however, the inhomogeneity of the site and cou-
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pling energies function as a form of noise or disorder that is intrinsic to the quantum system

which prevents the system from becoming trapped in local coherent modes. Consequently,

we observe in inhomogeneous systems like the FMO complex that the optimal dephasing

rate is relatively independent of a re-scaling of the coupling energy. To fully realize this

effect, it is necessary for the system to be inhomogeneous in both the site energies and the

coupling energies. Thus, we only find a nearly constant value for the optimal dephasing rate

in Table 4.3.

4.3.6 Entanglement Between Sites and Dynamics

A natural question is whether entanglement between sites is integral to exciton transport,

or merely a secondary effect of other factors. [47] write that entanglement decreases with

increasing dephasing noise, a finding consistent with ours. We posit that local-mode entan-

glement (entanglement primarily between two sites) is a form of localization that can be

detrimental to system transport.

In accordance with earlier research [57] we employ the squared Frobenius norm as the

measure of entanglement. We use the square of the Frobenius norm instead of the norm itself

as it is size extensive, i.e. it scales linearly with system size. Mathematical justification of

this metric has been discussed in previous works [61, 36], in particular in [62] and [46]. We

separately repeated the simulations using the definition of entanglement given by [52]. The

results in both cases were found to be essentially identical, and as such only the results of

the (squared) Frobenius norm are included.

We find that entanglement is not altogether detrimental. As shown in sections 4.3.1, 4.3.2,

and 4.3.3, for all cases the optimal dephasing rate remains finite, and increasing the rate

beyond this maximum is detrimental to transport, despite the fact that it will continue to

reduce entanglement. Rather, we find that the optimal dephasing rate is enough to keep the

degree of entanglement low but non-zero, as demonstrated for a linear homogeneous chain

in Fig. 4.7. We note that this finding is consistent with the findings of [9] (in reference to
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Figure 4.7: For a linear homogenous 9-site chain the total entanglement of the density matrix
(defined as the sum of the squares of the off diagonals in the site basis) is given as a function
of time where for each coupling parameter α the dephasing rate a was set to its optimal
value. As the coupling strength decreases, the total entanglement decreases.

the FMO complex) that optimal transport efficiency is only obtained through an interplay

of both entanglement and dephasing noise.

Our results are highly consistent with the results reported in Ref. [24] for a similar case,

albeit without a sink. There it is reported that in the zero dephasing3 limit, the system

will display Anderson localization with sharp oscillations in site population. Eventually, the

system will reach the limit of DN,N ∼ e−cN for each element of the density matrix D, where

c is some constant.

However, if even slight dephasing is introduced, Anderson localization will be destroyed

and the system will (without a sink to bias the flow) reach the limit of DN,N = 1/N for all

sites in the matrix [24]. In our case, continuous siphoning by the sink prevents the system

from reaching the equilibrium value of 1/N . Thus the system keeps readjusting toward

equilibrium of 1/N while N is reduced by exciton density draining into the sink.

In Fig. 4.7, when the dephasing rate is set to optimal, we find similar behavior across a

range of coupling strengths α. Namely, after a period in which the entanglement spikes, it

levels to a minimal but non-zero value. This is consistent with our claim in section 4.3.2,

3. In Gurvitz’s paper, what we refer to here as dephasing is referred to as decoherence.
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Figure 4.8: The exciton populations for a homogeneous chain of nine sites with the sink
attached to the middle site and α = 0.25 are given as functions of time. The figures show
the site populations for the first four sites and the sink (a) without dephasing and (b) with the
optimal dephasing rate of 10 times the FMO rate. The dephasing removes the oscillations in
the populations arising from local modes that can limit the efficiency of the exciton transfer.

that the effect of dephasing is to collapse the local mode entanglement as it is formed,

creating non-local transport throughout the system. At optimal dephasing, the exciton

travels through the off-diagonal entangled states, but does not remain in them.

The optimal dephasing rate is closely related to oscillatory transport between sites, as

demonstrated here and in [24]. The population of the nine sites of a linear chain with

α = 0.25 and the sink attached to the middle site is displayed in Fig. 4.8. When the

dephasing rate was set below the optimal value of 10, the transport between sites exhibited

notable oscillations. It is found that at the optimal dephasing rate, these oscillations die

off. Further increasing the dephasing rate (not shown) will continue to result in smooth,

non-oscillatory transport, but will decrease the sink population. Although not shown here,

the above trend was found to hold across a range of α values and connectivities in both

homogeneous and inhomogeneous systems.

In a similar vein, we find that in cases of weak homogeneous coupling, local-mode entan-

glement will not form to any major extent. As such, there is no need for dephasing noise

to damp the system’s oscillations, and dephasing will be purely detrimental. For example,

we previously mentioned in section 4.3.2 that for end-to-middle transport in a linear homo-
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Figure 4.9: The exciton populations for end-to-middle transport in a linear homogeneous
chain with α = 1 and a = 0 are given as functions of time. Because the coupling strength is
low, the oscillations are quite mild, corresponding to minimal local-mode entanglement even
in the absence of dephasing (a = 0).

geneous chain, dephasing will no longer be beneficial for α & 0.85. In Fig. 4.9, we show

the dynamics for end-to-middle transport in a linear homogeneous chain with α = 1 and

no dephasing. As can be seen, the oscillations are quite mild, corresponding to minimal

local-mode entanglement even in the absence of dephasing.

We explain this behavior with a heuristic “damped oscillator” model, with dephasing

serving as the damping parameter. When dephasing is set too low, there will exist a substan-

tial exciton population in the local bipartite modes which will manifest as flopping between

sites. When the system achieves optimal–or critical–damping, the off-diagonal population

is kept low by forcing any bipartite states to collapse, allowing the exciton population to

diffuse smoothly to the sink. Note that this is in line with the findings reported in Ref. [55]

that, in the low dephasing limit, dephasing will work to force the exciton along the diagonal

elements of the density matrix. Any further increase in dephasing rate will too significantly

suppress the exciton’s ability to utilize the non-local modes, effectively removing a means of

transport from the system.
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4.4 Discussion and Conclusions

We have examined excitonic transport for both one- and two-dimensional homogeneous and

inhomogeneous quantum systems. Previous research has been expanded to a two-dimensional

fully coupled topology of chromophore molecules. We find that in systems with a high

degree of homogeneity that the optimal dephasing rate increases monotonically as coupling

strength increases, while in inhomogeneous systems the optimal dephasing rate is set by the

system connectivity and is largely independent of coupling strength. Although dephasing can

facilitate transport, the effect is most pronounced in homogeneous systems with significant

coupling between the chromophores. For the case of a degenerate chain nine sites long, we

found that dephasing no longer has any benefit once coupling is as low as α = 0.85; this

corresponds to a nearest neighbor coupling of 43% of the site energy, and coupling to sites

distant by two (next nearest neighbor) with 18% of the site energy.

We present evidence that the primary function of dephasing noise is to destroy the local-

mode entanglement which primarily manifests as oscillations between two sites and can be

viewed as a form of Anderson localization [2, 48]. Once the local modes have been destroyed,

the system utilizes non-local mode entanglement across the system, allowing smoother trans-

port across the entire system. Dephasing can be viewed as arising from a friction-like pa-

rameter in a damped oscillator.

It emerges that dephasing noise does not facilitate energy transfer in weakly coupled

homogeneous systems that do not exhibit substantial local-mode entanglement. By the

same token, environmental noise becomes increasingly important for more strongly coupled

homogeneous systems that possess strong local-mode entanglement. For this reason, in the

low-noise limit stronger coupling can paradoxically limit transport efficiency.

We have further demonstrated that highly inhomogeneous systems can partially defeat

local-mode entanglement as a result of their network connectivity. The network connectivity

largely establishes the optimal dephasing rate, which is therefore fairly constant with respect

to re-scaling of the coupling strength. Although ultimately inhomogeneity is required in both
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the sites and the coupling energies to realize this effect, inhomogeneity in the coupling ener-

gies is the more significant factor. This is in sharp contrast to highly homogeneous systems,

where the degree of local-mode entanglement, and hence the dephasing rate necessary to

defeat it, is almost exclusively a function of the coupling strength. The above was found to

hold true both the FMO complex Hamiltonian and several randomly generated Hamiltoni-

ans, and we predict that our findings will hold true across a wide range of inhomogeneous

systems.

In this chapter we have described systems under study using the Lindblad formalism.

The Lindblad equation is the most general form of a Markovian master equation which still

preserves the positive semidefiniteness of the density matrix, unlike other master equations

such as the Redfield equation. In situations where the Lindblad operators have a well-defined

physical interpretation, as in Eqs. (4.4)-(4.6), the Lindblad is a suitable master equation.

The relationship between optimal dephasing and coupling strength in homogeneous systems

is dependent on the specific form of the Lindblad operator. Therefore, the results reported

here depend not only upon the homogeneity of the site and coupling energies but also upon

the physical form of the Lindblad operator.

The Lindblad equation will not describe non-Markovian effects. A natural extension of

our research is to include non-Markovian bath effects in our models. In previous studies

of the FMO complex there was found to exist a high degree of overall agreement between

Markovian models and non-Markovian models such as in hierarchical equation-of-motion

models [64, 28]. Similarly, results can depend on exciton-phonon interactions. Although we

have not considered explicit phonon-modes in this work, previous studies [8, 9] indicate that

such treatment would not change the fundamental results presented in this chapter. As such,

although inclusion of phonon-modes and non-Markovian bath effects may yield important

refinements to our findings, we believe that the results of such studies will be in general

agreement with our findings.

In addition to its role in the context of photosynthetic light harvesting [48, 30, 43, 47,
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19, 41], environmental noise has also been examined in the context of molecular quantum

control [55]. Environmental noise can cooperate with a control field to drive a system and

thereby lower the required control input to reach a given target. Indeed, when properly

utilized, noise can behave as a form of quantum control, promoting desired transitions by

suppressing undesired channels. It was observed in Ref. [55] that, when the control suppres-

sion is too high, it interferes with all channels including those that are desired. The present

results may therefore be applicable to not only increasing the efficiency of excitonic trans-

port in synthetic light harvesting systems but also better understanding systems in quantum

information and quantum control.

Our findings may be of significance in guiding the design of a number of novel materials.

In particular, recent advances in the fabrication of quantum dot photovoltaic devices have

created arrays of quantum dots that primarily transfer energy through nonradiative dipole-

dipole coupling [10]. Additionally, single-wall carbon nanotubes (SWCN) can be arranged to

allow excitonic transport between units in a manner similar to that described by the model

presented in this chapter [63, 4, 23].
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