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ABSTRACT

An interacting two-dimensional electron gas in a strong magnetic field can form nontriv-
ial topologically ordered gapped states, the fractional quantum Hall (FQH) states. The
composite fermion construction was introduced by Jain to understand strongly correlated
electron systems such as in FQH [38, 39]. While the connection between original electrons
and composite fermions is unclear, composite fermion has been employed to study fractional
quantum Hall (FQH) with tremendous success. The composite fermion construction was
used by Halperin, Lee and Read (HLR)[33] to explore the half filling state ¥ = 1/2, which
can be thought of as the large n limit of Jain’s sequences v = WZD ”W‘_TI The HLR theory
predicts precisely the appearance of a Fermi-liquid behavior of quasi-particle near half filling
state.However, there are still some issues related to the composite fermion model, one of
them is the particle-hole symmetry of the lowest Landau level (LLL). The idea of Dirac

composite fermion, proposed recently by Son [93], can be the resolution of this question.

In this thesis work, I will investigate Dirac composite fermion model to calculate physical

n+1

quantities of incompressible states that belong to Jain’s sequences v = %ﬂ and v = 505

in the large n limit. The particle-hole symmetry is satisfied explicitly in closed form, the
universal topological coefficients of Jain’s states are reproduced exactly in the Dirac com-
posite fermion model. The magnetoroton dispersion relation is derived and confirmed by

experiment results [41, 52].
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CHAPTER 1
INTRODUCTION

In this chapter, we will review the basic concept of fractional quantum Hall effect and the
composite fermion models. Since the discovery of fractional quantum Hall effect (FQHE)
[95], a vast amount of work had been done both theoretically and experimentally to explain
this fascinating phenomenon. However, since no satisfying answer has been proposed yet,
FQHE is still the most non-trivial problem of condensed matter physics. The groundbreaking
idea allowing to solve the problem is the composite fermion picture, which also provides
the framework for many other corners of theoretical physics. The theory of the composite
fermion begins by Jain [38, 39]. The microscopic theory can be explained in term of the
flux attachment approach [102]. Under mean field approximation assumption, we arrive at
the effective field theory of FQH, which is known as Chern-Simon (CS) fermionic theory.
The CS was first used by Lopez and Fradkin to describe Jain’s sequence of incompressible
fractionally quantized Hall states [60].

The CS fermionic field theory is later used by Halperin, Lee, and Read (HLR) [33]
to describe the FQH states with the even denominator. The most interesting result of
this theory is the appearance of a compressible FQH state, the composite fermion forms
a Fermi-liquid. The Fermi-liquid-like behavior of composite fermions near half-filling has
been confirmed experimentally [90],[42],[23]. The experiments give the firm evidence that
the composite fermion is a physical object which is a quasi-particle near half-filling.

However, the more recent experiments [40, 65] raise the question of particle-hole symme-
try of the composite fermion picture. In the CS fermionic field theory approach, the com-
posite fermion density is equated with the electron density, but in the experiments [40, 65],
this relation seems to be broken. The composite fermion density needs to be less than the
electron density if v > 1/2. Furthermore, by theoretical argument, Kivelson, Lee, Krotov
and Gan [46, 56] showed that HLR theory results disagreed with the particle-hole symmetric

result for the conductivity tensor o;;. The CS composite fermion theory needs to be replaced
1



Figure 1.1: 2 dimensional electron gas (2EDG) in applied mangetic field

by an effective theory that preserves PH symmetry and match the experiment results. One
of the approaches is the Dirac composite fermion model, which is proposed by Son recently.
Section 1.1 will be devoted to reviewing the FQH and the lowest Landau level projection.
In section 5.4.3, I will give a detail “derivation” of HLR theory from the microscopic point
of view. The PH symmetry issue of HLR theory is discussed in section 1.3. The motivation
and the details of Dirac composite fermion idea are given in the section 1.4. Last but not
least, in section 1.5, I will briefly summarize the content of my thesis and my contribution

to the development of Dirac composite fermion model.

1.1 Fractional quantum Hall effect (FQHE) and lowest Landau

level limit

1.1.1  Hamultonian

The quantum Hall problem has very simple starting point; it begins with Hamiltonian of
two-dimensional electron gas (2DEG) in a constant background magnetic field (Figure 1.1.1),
where the electrons interact with each other through a two-body interaction which only

depends on the distance between the two electrons



N _ £A(xa))
Z Al + > V(/xa — Xal)- (1.1)

<a,b>

Here A is the gauge vector potential corresponding to the constant magnetic field B = Vx A,
e is the electron’s charge and c is the velocity of light. The interaction is normally taken to
be the Coulomb potential

V(r)=—. (1.2)

It is very surprising that so many phenomena are generated from this very simple Hamilto-

nian. Let’s recover the interesting physics of this system.

1.1.2  Integer quantum Hall (IQH) effect: a free electrons problem

If we ignore the interaction between electrons, the system can be described by indepen-
dent Hamiltonian of single particle in mangetic field. In Landau gauge, we can rewrite the

Hamiltonians as

1 -
H = %(ﬁ— eA/c)?, p=—ihd, Ay = Bux. (1.3)

The eigen-value problem can be solved exactly to get the eigen wavefunction

2
- 1
U (2, y) = eMexp | —= L (k| | Hp L (k| , (1.4)
’ 2 EB gB
with eigen energy
1
En,k = (n + 5) hwe, (1.5)

where Hj,(z) is the Hermite polynomial. We also introduced the definition of cyclotron
frequency
B
we =—, (1.6)

mc
and magnetic length
h
(g =1/ —; = 25nm+/1/B[Tesla]. (1.7)
e

3



Figure 1.2: Electrons distribute in Landau levels

For each value of n, k can take B/¢q difference value per unit area of the system, where the

quantum flux is defined as

bo = 271'77,0‘ (1.8)

e

As a consequence, the spectrum is highly degenerate and break down to Landau bands whose

degeneracy equals to the number of quantum flux in the sample

Bx A

Ny = ,
¢ ®0

(1.9)

in which A is the area of the sample. Ny is the number of available orbital in each Landau

band. The filling fraction is defined as the ratio of electron and the quantum flux number

. Ne _ Pe®0

_ e = 2 pol? 1.1
N¢ B 7Tp€ ) ( 0)

v

where p. denotes the electron density, and N, is the total number of electrons in the system.
v is integer and gives the number of Landau levels completely filled. When there are integer

numbers of filled Landau levels, the chemical potential is discontinuous, there is a energy



gap in the between ground state and first excited state

B heB

mec

Employing Galilean invariant, we can show that in a perfect clean system, the IQH system

has zero longitudinal DC resistivity

prz =0, (1.12)
and quantized DC Hall resistivity
1h

The argument is following, we consider the applied electric field E, in the reference frame

moving with velocity v, the electric field is

B
E-—E+ " (1.14)
c
If we chose
ExB
VZJ; ), (1.15)
we see that
E =0. (1.16)

So that in the new reference frame, we simply have the system of electron in constant
magnetic field, there is no net current (moving electron). Mapping back to lab reference

frame, the current is nothing but the boost velocity times the charge density, and we find

that
jzixE%$, (1.17)
or
pro =0, puy =" = %6% (1.18)
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Figure 1.3: Inter quantum Hall system measurement

The more general theorem states that, with incompressible ground state with filling fraction
v, in the appearance of small disorder, the DC resistivity matrix is given by
0 1/v

. h
“\-1/v 0

The quantization of Hall resistivity was discovered experimentally by Von Klitzing [51] (Fig-
ure 1.3). It was proposed that this effect could be used for precision measurements of the

resistance quantum h/ 2.

1.1.8  Practional quantum Hall effect: an interacting electrons problem

If a Landau level is partially filled, there is a huge degeneracy. There is an enormous number

of ways to distribute the electrons. If the filling fraction is v < 1, then the degeneracy

(Ne/V)!
Nel(NZ2)

the interaction is turned on, there is a preferred distribution of electron that minimizes the

is If we ignore the interaction, the ground state is gapless. However, when

energy (Figure 1.4).

The degeneracy is lifted, and we have gapped ground states at some particular filling
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Figure 1.4: Interaction splits the degeneracy

fractions. The incompressible quantum Hall states can form at many fractional filling frac-
tions [95]. The appearance of incompressible fractional quantum Hall states tells us that
we need to include the interaction to explain this strange behavior. In the experiment, we
also see the quantization of Hall resistivity at incompressible fractional Hall state (Figure

1.5).The DC Hall conductivity is fractionally quantized
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Figure 1.5: Fractional quantum Hall system measurement

1.1.4 Lowest Landau level projection: a strongly interacting electrons

problem

There are obviously two energy scales of fractional quantum Hall problem; the first is cy-
clotron gap between Landau levels (inter-Landau level) energy

B heB

)
mc

and the Coulomb energy gap which is induced by interaction between the electron in frac-

tionally filled Landau level (intra-Landau level)

Ap~ — = (1.22)



The ratio between those energy scales

Ey VB |h3
= Y2 (1.23)
Ao m \ e’c
If we take the natural unit convention, (e = h = ¢ = 1), we have
E VB
2y VP (1.24)

AC’ m

when the ratio goes to infinity AE% — 00, we can ignore the Landau level mixing and zoom
into a single Landau level to study the low energy effective theory of FQH. The field theory of
single Landau level limit is called lowest Landau level (LLL) projection. In a single Landau
level, because of the degeneracy of kinetic energy, all the electron have the same kinetic
contribution to the energy, effectively electron has no kinetic energy. The only contribution
in the LLL projected Hamiltonian is the interaction term. The Hamiltonian in the LLL limit

can be reformulated as

Hrrp =Pror Y, V(Xa—Xal), (1.25)
<a,b>

where Py is the projection to the LLL. We arrive at the strongly interacting many-body
problem; there is no way to study FQH using perturbation theory of electron due to lack
of a small parameter. From equation (1.24), we can arrive the LLL limit by either going to
high field limit B — oo or massless limit m — 0. In the remaining part of the thesis, we

will consider the second approach, whenever I consider the LLL limit, I mean m — 0.

1.2 Flux attachment and HLR theory

In this section, I will review the flux attachment approach and derive the HLR theory using
mean field approximation assumption. The flux attachment or Chern-Simon transforma-
tion is the exact unitary transformation of non-relativistic theory, however the mean field

approximation is ambiguous and problematic.
9



1.2.1 Fluz attachment: Chern-Simon transformation

We begin with the Hamiltonian

€A (x, 2
H:Z(p”;:;( ) =) edy(xa)+ > V(|xa —Xal)- (1.26)

a <a,b>

The Lagrangian density corresponding to this Hamiltonian in the second quantization lan-

guage is
ot . 1 . 9 1 292
L =iV (0 —iAy)¥ — %](32 — AV — 5 d“xd“yop(x)V(|x —x|)dp(y). (1.27)
Where the electron field operator W(x) satisfies the anti-commutation relation
{(U(x), ¥ (y)} = 6z —y). (1.28)
We define the density operator in field theory language
ple) = V(@)¥(x),  Sp(x) = pla) - p, (1.29)
where p is the average density. The vector potential can be written in symmetric gauge
L Be. i
Ai = EBEUSE s (1.30)

and Ag is the scalar potential of external electric field

E; = 0;Ap (1.31)

10



Since the electron are completely polarized, the wave function W(xy,..,x5) must be totally

antisymmetric, due to Pauli principle. The Schrodinger equation
HY(x1,..,xy) = E¥Y(x1,..,XN) (1.32)

together with total antisymmetry requirement defines the quantum eigenvalue problem. We
can perform a singular gauge transformation to map this problem to a different one, the

transformation of wave function can be written as

(xp,xy) = | [] e 00| Wiy, oxpy), (1.33)
<a,b>

where 0(x, — x3) is the angle between x, — x; and X axis. ¢ is an integer number which
helps us map the problem to bosonic one or fermionic one (the wave function ®(xy,..,xy)

is symmetric or antisymmetric correspondingly). If (;NS is an even number
¢ = 2n, (1.34)

®(x1,..,xy) is antisymmetric, and we arrive at composite fermion picture. Note that the
angle function 0(x,—xp) is defined up to 27 ambiguity, but it is not the problem since 6(x, —
xp) only appears in the exponential. The transformation (1.33) is unitary transformation
& = UV, with

U = ¢ ' Lcap> Mxa=x0) (1.35)

Since HV(x1,..,xy) = EV(xq,..,xp), we have
H'®(xq,..,xy) = E®(x1,..,Xy), (1.36)
where

H' =UHUT. (1.37)
11



We can immediately derive the transformed Hamiltonian

EA(xg) — Calxy))?
sz(paJrcA( ) — ca(Xa)) ZGAOXa ZV|Xa_Xa|

2m
a <a,b>

where

¢¢0

Due to non-singular value of §(x — x3), we have

an ¢¢OZ5X Xq)-

the CS magnetic field associated with vector potential a can be written as

b(x) = V x a(x) = ¢gdp(x)

where p(x) is the density operator the first quantization language

= Z(S(x — Xq).

¢¢O X Xa
I

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

We can interpret the physical meaning of equation (1.41) as there is ¢ quanta flux attached

to each electron, this is the original of the name “flux attachment”. We can quantize the

fermionic Hamiltonian (1.38) by introducing fermion field operators ®(x) which is satisfied

the anti-commutation relation

{®(x), 2T (y)} = 6z —y).

12

(1.43)



In the second quantization language, we can write the Hamiltonian as

—ihd + €A(x) — Ca(x))2
H:/d2X<I>T(x) [( ha“AQ(m) AT 4| o)

+%/d2xd2y5p(x)V(|X —x[)dp(y)-

We defined the density operator in field theory language

plz) = Bl (2)P(x) = U (2)W(z),  dp(x) = p(x) - p,

in which p is the average electron density. The constraint equation (1.40) becomes

V x a(x) = podp(x).
We can use continuity equation dyp(z) + 9;.J°(x,t) = 0 to obtain
€1 0;0a; = — 00, J",

which gives the constraint !

€ 0pa; = —dopJ",

or in term of field operator ®(z)
i -1 Ay
€T dya; = —pop—@ (0 ; — iA; +ia;)®,
m

in which we define

ot Y o = %(@Ta@ — 90t®),

1. Up to a constant.

13
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(1.45)

(1.46)

(1.47)

(1.48)

(1.49)

(1.50)



since the current operator in second quantization language is
1 L 1 L
Ji= 2010, —id; +ia))® = =0T (0 ; —iA)T (1.51)
m m

We can write down the Lagrangian density corresponding to Hamiltonian (1.44) as 2

c:@N@—mwé—iﬂ@—u%+mmﬁ—%/ﬁ%fwm@wm—xmmw.um)

The constraint (1.46) and (1.49) can be imposed by introducing the Lagrange multiplier a

and the CS term into the Lagrangian density 3

1 11
Lﬂ@@ﬁﬁ%+ww¢—%#@—MWH%@F+ZEWM%%%

1
~ 5 [ dxiyspV(x - xDooly). (1.5
the field equation of a, gives us the constraint
V x a = ¢27p(x), (1.54)

and

€ (djap — Bya;) = 21pJ", (1.55)

we recover the equation (1.46) and (1.49), after we use the gauge ag = 0, since the Lagrangian

(1.53) is invariant  under the gauge transformation day = OpA(z).

2. We go to natural unit wheree=c=h =1
3. In the natural unit, ¢g = 27

4. Up to total derivative terms
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1.2.2  HLR theory and mean field approrimation

(1.53) is the Lagrangian density of composite fermion field ® after doing flux attachment
(CS transformation). We need to emphasize that the Lagrangian (1.53) is equivalent to the
Lagrangian (1.27), since the CS transformation is unitary and exact. By the “Conservation
of difficulty”, we can’t solve the Lagrangian (1.53) exactly since we can’t solve the Lagrangian
(1.27). If we take the value é = 2 and rename the fermionic field ® by Vo, we end up with
the HLR Lagrangian

. o 1 o 11
L :Z\I/TCF(at — iAg +iag)¥op — %KGZ —iA; +ia;)Vop|? + §EEMVAaM8ya)\
1
— 5 [ dxiysptV(ix — X)) (1.56)

There are two features of the Lagrangian (1.56) that are different from the Dirac composite

fermion model which will be introduced latter.

e The number of the composite fermion is the same as the number of the electron. It
can be observed from equations (1.53) or (1.45) , the composite fermions is the results

of flux attaching to electrons.
e The appearance of CS term of ay, which is also the key ingredient of flux attachment.

Since there is no way to go forward with the Lagrangian (1.56) without imposing an ap-
proximation from physical intuition. The simplest approach to analyzing this transformed
Chern-Simons fermion system is to make the mean field approximation in which we replace
the dynamical gauge field a;, by its average value assuming that the density is constant. The

flux quanta attached to the CF is smeared out to have constant magnetic field

< b>= doop = 4Anp (1.57)
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The effective magnetic field that is seen by W is the mean residue magnetic field

Beg=B— <b>= B —4mp (1.58)

The mean-field Hamiltonian becomes

—ihd + €A «(x))2
HMF:/dzx\IITCF(x) [( h6+2:nAeﬂf( ) = eAo(a) | Wop (o)
—l—%/d2xd2y5p(x)V(|x—x\)(Sp(y), (1.59)

where V X Ag = Bog. This is the Hamiltonian of a quantum Hall problem with effective

filling fraction

p v
VoR = = :
CF Beg/2m 1 —2v

(1.60)

In particular, when we consider the Jain’s sequence v = WZ—I’ we reach the IQH problem of
CF with filling fraction vop = n. In this way, we map the FQH problem of electron to IQH
problem of CF. The explanation of energy gap for FQH appears as the cyclotron energy gap
of CF.

Other than the explanation of the energy gap, HLR theory achieved many successes,
especially the prediction of Fermi-liquid state of CF at filling fraction v = 1/2. In this

particular case, the residue magnetic field vanishes identically,

Bog =0, (1.61)

the CF with finite density should form gapless Fermi-surface. There were experiments that
confirmed this prediction [90],[42],[23]. It should be emphasized that it is an extremely
surprising result that one can add a huge magnetic field to a system and end up with an

effective system that behaves in some ways as if it were in zero magnetic fields.
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If we are at a magnetic field such that we are close to (but not exactly at) v = %, then
the applied magnetic field and the Chern-Simons flux do not quite exactly cancel and Bg is
nonzero. Thus, we have a Fermi sea in a small magnetic field, in which case the elementary

quasiparticle excitations above the Fermi sea travel in large cyclotron orbits of radius

hkp
eBeog’

R} = (1.62)

This motion of CF in residue magnetic field is also confirmed experimentally [90], [40], [65].
Despite its success, the HLR theory (and all the fluxed attachment approach of FQH)
has been criticized on some fundamental issues. Firstly, there is no information about LLL

projection that appears in the mean-field Hamiltonian (1.59). The energy gap of the problem

Ao = Bn‘iff has no reflection of Coulomb energy scale A, which is the natural energy scale
of the problem. In another word, there is no natural way to achieve the LLL limit by taking
m — 0. To go around this issue, one may assume that the energy gap is determined by an
effective mass m*, which is the renormalized value of mass in the low energy effective theory.
Since the interaction of the problem is Coulomb, the effective mass should know about the
Coulomb energy scale under the RG flow. However, this is a hand-waving argument, since
it is very nontrivial assumption about the low energy effective theory of strong interaction
problem. There is no sharp solution to the derivation of m™ from microscopic theory, even
though some attempts were made [82, 89]. One may argue that we can waive this issue and
study the theory with effective mass m* given as an input parameter of the theory. As a
consequence, the effective field theory will not contain all the information of the microscopic
Hamiltonian (1.1). Also, we require the new effective theory, with effective mass m™*, to obey
all the fundamental symmetry of electrons in the massless limit.

Secondly, the HLR theory lacks particle-hole symmetry, which is the exact symmetry of

the original electron problem. The more detail of this issues will be stressed out in the next

sections of this chapter.
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1.3 Particle-hole symmetry

1.3.1 Particle-hole symmetry of LLL electrons
The system of interacting non-relativistic electrons admits two discrete symmetries:

e Parity (P)

T —x, y— —v, (1.63)

e Time reversal (7))

t— —t. (1.64)

In the constant background magnetic field, both P and 7 are broken spontaneously. The
magnetic field prefers the specific direction of space and time. However the product PT is

preserved, PT transforms the wave function in the following manner
PT\IJ(”%) Yi, t) - ‘Ij*(ajh —Yi, _t>' (165)

Indeed, all the proposed wavefunctions, including Laughlin and Moore-Read wavefuntions,
are invariant under PT.

In the lowest Landau level limit, we have one extra symmetry, which is particle-hole
symmetry. To define PH symmetry, we need to pick up a complete basis of the single-

particle wavefunction in the LLL, ¢ (x). In the symmetric gauge, we can choose

B zk —@MQ 166
Vi(z) = me ; (1.66)

where z = x + iy. The basis define the field operator in the lowest Landau level in term of

t

creation and annihilation operators ¢, g

Ny Ng
bp2) = (e VL) = wiz)el, (1.67)
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in which the creation and annihilation operators satisfy the anti-commutation relation

{chyew} = G (1.68)

The many body Fock state is obtained by acting products of creation operators on the empty
lowest Landau level |empty). The particle hole conjugation is defined as an ati-unitary

operator, which map the empty Landau level to the full one

© :|lempty) — |full) = H ck|empty (1.69)

00~ = — (1.70)
It also maps a creation operator to an annihilation operator and vice versa
-1
@c}i@ = ¢} (1.71)

In term of LLL field operator, one can rewrite the Hamiltonian (1.25) in second quantization

language as

Hipp = / Pxdy ¥ ()b, (x0)V (% — y)E ()P (y) - (1.72)

where : - - - : denotes the normal ordering. From the explicit form of LLL field operator, one
can show that [58] the projected Hamiltonian map to it self, up to an additional of chemical

potential
Ny

@HLLL@_l :HLLL_AMZCJ]LCk (173)
k=1

where Ap depends on the explicit form of two-body interacting potential V' (|x —y|). If we

chose the chemical potential y = %ﬂ, the Hamiltonian

Hppp —uN (1.74)
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maps to itself under PH conjugation. We can conclude that, at this chemical potential,
the Hamiltonian is particle-hole symmetric. Under the particle hole conjugation, the filling

fractional transforms as
v—1—w (1.75)

In particular v = 1/2 maps to itself under PH conjugation. Moreover, two sides of Jain’s

sequences also map to each other

n n+1
SV=—,
2n +1 2n + 1

(1.76)

under PH conjugation.

1.5.2 Particle hole symmetry and HLR theory

The HLR theory (1.56) only has P7T symmetry. The Chern-Simon term does not have any
discrete symmetry which can be associated with particle-hole conjugation. This reflects on
the asymmetry treatment of Jain’s sequences. The state with filling fraction v = 2nnﬁ
maps to the CF with filling fraction vop = n, while the PH dual state with filling fraction
V= Zﬁt} maps to the CF with filling fraction vop =n + 1.

Moreover, the particle-hole conjugation of Fermi-liquid state v = 1/2 is suspicious.
Naively, one may guess the PH transformation of Fermi-disk with k¥ < kp = VB to a
hollow with k£ > kp. It is obviously unacceptable; the underline reason is the lack of PH
symmetry of the flux attachment. In the Chern-Simon transformation, which is described in
the previous section (5.4.3), one can only attach fluxes to electrons, not to holes. Moreover,
HLR theory has no information about the LLL projection, since there is no natural way to
take the electron massless limit.

The lacking of PH symmetry of HLR theory was recorgnized early on by Kivelson, Lee,

Krotov and Gan [46, 56]. When disorder is PH symmetric, particle hole symmetry implies
20



that

1¢e2
Oy = 37 (1.77)

In the random phase approximation of HLR theory, the resistivity of electron can be derived

as

2h
Pry = ngF + o2 (1.78)

CF _

Since at v = 1/2, CF moves in zero effective mangetic field Beg = 0, we can set py," = 0,

which implies pgy = i—’;. Whenever we have nonzero longitudial resistivity due to disorder
pza 7 0, we have oy # %%

One consequence of PH symmetry is that the susceptibility of particle-hole dual states are
equivalent, which also implies that the dispersion relation of collective modes is identical.
From the straightforward calculation, HLR theory fails to reproduce these results. With
more careful analyzing, one [97] can show that the magnetoroton minima of Jain’s dual
states v = ﬁ and v = "WTI coincide. However, in MMRPA calculations of HLR theory,
the susceptibility of Jain’s states differ from each other by a factor of (TL:;—QDQ at the leading

oder in gradient expansion (O(k%)).

1.3.8 PH symmetry and the effective field theories

Despite the lack of explicit PH symmetry of HLR theory, it may have the emergent PH
symmetry in the low-energy limit. In the old work by Kivelson et al. [46], a careful diagram
calculation indicates that there is no clear mechanism, which helps us to recover PH sym-
metry as a hidden symmetry of HLR theory. Additional analysis has been done to resolve
this issue [97], however, there is no convincing solution yet.

Although the electron theory has PH symmetry, the symmetry can be broken sponta-
neously at low energy limit, in this case, we should have two distinct v = 1/2 states. This
idea was investigated by Barkeshli et al. [5]. However, there is no experiment and numerical

results that support the spontaneously broken PH symmetry. The recent numerical result
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[20] indicates that the state v = 1/2 is PH symmetric, it is the PH dual of itself.
In the next section, we will study one version of the effective field theory of FQH, which
differs from HLR theory and has PH symmetry explicitly. This effective theory is the Dirac

composite fermion model, which is proposed by Son [93].

1.4 Dirac composite fermion

1.4.1 Motivation

In the demand of an effective theory, which has PH symmetry explicitly and preserves
all successful phenomenological predictions of HLR theory, Son proposes Dirac composite
fermion model [93]. In the Dirac composite fermion, the composite particles don’t transform
to composite holes under particle-hole conjugation. Only the momentum of the composite

fermion flips sign under the conjugation

©:k— —k (1.79)

There are some argument to convince that the composite fermion is a massless Dirac particle.

One hint comes from the mapping of Jain’s sequences to IQH of composite fermion. In HLR

theory, Jain’s state v = anﬁ and its PH dual state v = 2”+1 map to CF with filling fraction

n and n + 1 respectively. If we require the PH symmetry, one may naively guess that the
filling fraction of CF should be n + % How can we have the half-integer filling fraction in an
IQH system? This filling fraction can be obtained in IQH system of massless Dirac fermion.

The other observation support the Dirac nature of composite fermion comes form the

property of PH symmetry itself. Consider a generic state in the LLL

H |empty). (1.80)

22



Under PH conjugation, [¢) transforms as

€

N, Ny
H on H cz|empty>. (1.81)
k=1

Ne
©:|Y) — Hcki]full) =
1=1 1=1

We can derive the transformation of |¢)) after applying © twice
Ne  No Ny
0% |[¢) — HCL H c}i H cL,\empty) = (—1)N¢(N¢_1)/2|w>. (1.82)
1=1 k=1 Kk'=1
If Ny =2Ngp, we have

02 |y) = (—=1)NeF|y) (1.83)

The factor (—1)N CF can be understood as there is Nop number of Dirac composite fermion
in the state |t/), and each Dirac composite fermions is associated with (-1) under ©2. Fur-

thermore, the number of composite fermion is pinned with the number of total fluxes.

N,
Nor =22 (1

and doesn’t depend on the number of electrons. It implies that in the Dirac composite

fermion model, we treat electrons and holes equally.

1.4.2 The LLL duality of non-relativistic electrons and Dirac electrons

In this subsection, we will derive the duality between Dirac electron system and non-
relativistic electron system in the LLL limit. We begin with the theory of massless Dirac

fermion in 241 dimensions couples to U(1) gauge (electromagnetic) field in 3+1 dimensions

_ 1
D : : 4
Sy = /d?’m\lwu (O —iAL) ¥ — 12 /d xFiV, (1.85)
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where VU is a 2 components spinor, Fy,, = 9, Ay — 0y Ay, We choose the y-matrices as follows
W =53, A =i, 7% = —ig!, (1.86)

where o are the Pauli’s matrices. Under a constant back ground magnetic field in z direction

B = 01 A9 — 09 A1, the Hamiltonian of free Dirac fermion has the form

HO _ —u —Z\/E(Dl — iDQ) 7 (1.87)
—iVB(D; + Do) —u

where p is the chemical potential, and we define covariant derivative as
Dirac fermions form Landau levels (Figure 1.6(a)) with energy level

EP — — i+ sgn(n)\/2|n| B, (1.89)

with corresponding eigen wavefunction

\IINR
7 C | >0
—sgn(n)W !
v = o el . (1.90)
T ,n=0
0

Where W2 is the wavefunction of Dirac fermion on Landau level n, which can be written in
term of wavefunctions of non-relativistic fermion on Landau level n (UN%) and on Landau
level n — 1 (‘Ifg _Rl) The wavefunction of Dirac fermion on the 0" Landau level has one
component, which is the LLL wavefunction of non-relativistic fermion \IIJLV R The cyclotron
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Figure 1.6: Under constant magnetic field, both massless Dirac electrons (a) and non-
relativistic electron (b) form Landau level spectrum.

energy gap of Dirac fermion is

wP ~ VB, (1.91)

and energy scale of Coulomb interaction is
A8~~~ VB, (1.92)

In the limit

AD
—C _ 2«1, (1.93)

we can ignore Landau level mixing and study the physics of single Landau level. We consider
the case when the chemical potential p is fine tuned such that the landau level N = 0 is filled
and the Landau level N =1 is empty (Figure 1.6(a)). We can write down the component of

Dirac field as

M , (1.94)

X

The Lagrangian is rewritten as

L = "Dy + ix' Dpx + w1 (Dy — iDy)x +ix (D1 + Do)y + L, (1.95)
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where L;,,; represents interaction terms. Without Landau level mixing, we see that x = 0

from equation (1.90). With small Landau level mixing, we have
X ~ €. (1.96)

Furthermore, in the N = 0 Landau level, the energy of Dirac fermion only comes from
interaction, thus

Dy — iw ~ e, (1.97)

Therefore we can ignore the term iXTDtX in the Lagrangian since it is order eb. We write

down the remaining part of the Lagrangian in this regime
£P = "Dy + it (Dy — iDy)x +ix" (D1 +iD2)th + Ling.- (1.98)

Next, we consider the action of non-relativistic electron in magnetic field

J
£ = it Dy — oD Dy + Li. (1.99)

As derived before, we can approach the LLL limit of non-relativistic electron by taking the
massless limit m — 0. In order to take m — 0 smoothly, we introduce the coupling of

electron spin and external B field
NR _ it 0 9 po
LS =w'Dip — -—Dip' Djip + =—By') + Liy. (1.100)
2m 4m

At g = 2, we can rewrite the Lagrangian density as

1

%(Dl — D)1 (D1 + iD2)h + Ling, (1.101)

£ = it Drp

which can be written to in final form with the help of Hubbard Stratonovich transformation
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LYE = it Dy + )T (D1 — iDy)x +ix" (D1 +iDa)y + 2mxtx + Ling. (1.102)
The massless limit can be taken by removing QmXTx, which gives us
LR =it Dy + i1 (D1 — iDy)x + ixT (D1 + Do) + Ligy. (1.103)

We see that the Lagrangian density (1.98) has the same form as (1.103), which gives us
the evidence of duality between massless Dirac electron and non-relativistic electron in the
Lowest landau level limit. x and XT play the role of Lagrange multipliers that provide the

constraint on LLL field
(D1 +iDo)y =0, (D1 —iDo)yl =0 (1.104)

However, to study the dynamic of the LLL duality, we need to analyze the LLL Dirac
electron side more carefully. On the non-relativistic electron side, there is only one Landau
level partially occupied by electrons. On the other hand, on the Dirac electron side, not only
the N = 0 Landau level is partially filled, all the negative energy bands are fully occupied
as well (Figure 1.7). Since each fully filled band contributes a finite amount to the particle
density

_B (1.105)
pl - 271'7 .

thus the extra density from negative bands is

Ap = = = % i 1=—((0)=—— (1.106)
N=
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Figure 1.7: In the LLL limit of Dirac electrons, not only the NV = 0 band is partially filled,
all the negative energy bands are fully occupied as well

where ((x) is the Riemann zeta function. Furthermore, each fully filled band also adds a

fixed contribution to the Hall conductivity

1
ol = —. (1.107)

- 1 1 1
AcH = - - - 1.1
’ - 2m 27‘(’<<0) 4m (1.108)
Thus, we have the map of density
B
PD =PNR = (1.109)
T

We define the filling fraction of Dirac eletron as

PD 1
— — S 1.110
YD = g or T UNRT 5 ( )
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which explains the IQH system of Dirac fermion has half integer filling fraction. Similarly,

we can derive, at limit £ — 0,

oD (W) = oV (w), (1.111)

ob) (W) = o (w) — <. (1.112)

From equations (1.109),(1.111) and (1.112), we need to add an extra term to the LLL Dirac

electron side to get the exact map to the LLL non-relativistic electron
1
LP(WP, Ay) + o AdA LK pNBRy A, (1.113)
T
where we use abbreviation AdA = e )‘AM&/A A\

1.4.3 Dirac composite fermion theory: A heuristic derivation

The duality of Dirac electron and Dirac composite fermion

Following the conjecture of dualities between Dirac electron and Dirac composite fermion

[86],[43], we quote an element of duality web

S ) 1 dual
S¢ = /d3m\p,yu (Op —iAu) ¥ — 4e2 / ' F, + Ling &
~ , 1 1
Scr = /d%z\lfcm“ (O — iap) Yop — —Ada - @/d%Fﬁv + Ling +-, (1L114)

- includes higher gradient expansion term, Maxwell term of a, in 2 + 1 dimensions. Vo p
is Dirac field that describes quasi-partilce, a; is an emergent gauge field. This duality is
a fermionic version of particle-vortex duality, which acquires attention after Son’s proposal
[93]. It claims that the duality between two theories (1.114) implies the composite fermion
theory for FQH near half filled Landau level. The argument is following : a finite mangetic

field in the free Dirac electron side corresponding to finite density of composite fermion
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density as

_ B
por = (WP op) = e (1.115)

which is nothing but the equation of motion of ag. The composite fermions form Fermi-liquid,
which is implied from experiments and HLR theory also. Combining the two dualities (1.113)
and (1.114), we impose the composite fermion theory that duals to LLL non-relativistic

electrons near half filled Landau level as
c (0 — i W9, —i L Ada+ 2 AdA+ ¢
cr =W op(0 —iag —vpo'(9; — ia;))Vop — - Ada+ -~ AdA+ Lig + -+ (1.116)

The apperance of Fermi-velocity vg is the input of Dirac composite fermion theory, which
is equivalent with the imposing of the effective mass m™. At this point, the derivation of
vp (or m*) from microscopic electron theory is still an open question, it is the energy scale
problem that we mentioned in the section (5.4.3). We can think of vg as the renormalized
value of composite fermion velocity under RG flow. U p is neutral under external gauge
field A, the DCF system couples with external gaugel field through a; and the BF coupling

—ﬁAda. The composite fermion has finite density and sees residue magnetic field

b= € da;. (1.117)

Dirac composite fermion theory: A Fermi-liquid with +7 Berry phase

We can derive the electron density from the Lagrangian density (1.116) as

0S B-1b
= — = . 1.118
Pe 5 A . ( )
The density of composite fermion is given by
_ 0 B
por = (Yory Vor) = (1.119)
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so that the CF density is set by external magnetic field. The role of magnetic field and the
density switches after one goes from original electrons to composite fermions. This is the

evidence of particle-vortex duality. Furthermore, from equation (1.119), we observe

N,
Nep = 745, (1.120)

which satisfies the consequence of particle hole conjugation of LLL electrons states. If we

define the filling fraction of composite fermion by

2
Vo = ”’;CF, (1.121)

we have the map of filling fraction

1

YOF = =10 = 173) (1.122)

In particular the Jain’s state v = QnHﬁ maps to vop = n+ 1/2, which is IQH state of Dirac
composite fermion. In addition the PH dual state v = % maps to vop = —(n + 1/2),
which is the same filling fraction up to a reverse sign of residue magnetic field b — —b.
Even though composite fermion is Dirac, we will never reach the Dirac cone since the
Dirac CF has finite density. We can study the low energy excitation within the Dirac
composite fermion model, which means we only have access to the modes exist near Fermi-

surface (Fig 1.8). The Dirac nature of CF only expresses as the quasiparticles Berry phase

47 around the Fermi surface.

PH transformation of Dirac composite fermion theory

We recall the discrete symmetry of Dirac electron theory
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Figure 1.8: Dirac composite fermions form Dirac Fermi-liquid with 7 Berry phase

(i) Charge conjugation,

-1

cvc ! = olux

(ii) Spatial parity x = (z,y) — x' = (z, —y),

PA(t,x)P L= Ayt x),
PA (tLx)P L= Ayt X)),
PAy(t,x)P~ 1 = —Ay(t, X)),

PU(tx)P ! =olU(t,x).

(iii) Time reversal t — —t

TA(t,x)T 1= Ap(—t,x),

TAZ (ta X)T_l = _Ai(_ta X)a

TU(t,x)T ' = —ic?U(—t,x).
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Each of C,P and T symmetries is broken by magnetic field B. However CP, CT and PT
leave the magnetic field unchanged and are the symmetries of Dirac electron theory. We
have (CP)(CT)(PT) ~ 1, we only have two idenpendent symmetries. Since we require PT
is the symmetry of LLL electron theory in addition to PH symmetry, it implies that the
remaining independent symmetry C7T is chosen to be the PH symmetry.

From the duality (1.114), we can easily derive the transformation of Dirac composite
fermion under discrete symmetries of Dirac electron theory (and non-relativistic electron

theory)

(i) charge conjugation,

Cau(t,x)c_1 = —ay(t,x), (1.126a)
CUop(t,x)C 1 = oM UE b (t, %); (1.126D)
(ii) spatial parity,
Pag(t,x) P~ = —ag(t, %), (1.127a)
Pai(t,x)P~1 = —ay (t,%)), (1.127D)
Pas(t,x)P~ L = ao(t, X)), (1.127¢)
PUcp(t,x)P~! = Wt x); (1.127d)
(iii) time reversal,
Tao(t,x)T~ ! = —ag(—t,x), (1.128a)
Ta;(t,x)T 1 = a;(—t,x), (1.128Db)
TUop(t,x)T 1 = PWE p(—t,%). (1.128¢)
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Under PH transformation, © = (CT), we have

(CT)ag(tx)(CT) ™ = ap(—t,x) (1.129)
(CT)a;(tx)(CT) ™ = —a;(—t,x) (1.130)
CT)Vept,x)(CT) ! = —ic?Vop(—t,x), (1.131)

Thus, PH symmetry maps composite fermion to itself ¥, and doesn’t map to its complex
conjugate \IJ?j - The Dirac composite fermion density remains unchanged under PH conju-
gation. The residue magnetic field b reverses the sign, since a; maps to —a;. Therefore, PH

conjugation map the CF fillfing fraction as

VoF — —VOF, (1.132)

In particular for the DCF theory of Jain’s sequence,

vor =(n+1/2) »vop = —(n+1/2). (1.133)

Moreover, the Dirac Fermi-liquid (Fig 1.8), that corresponds to v = 1/2 state, is PH

symmetric and maps to itself under PH conjugation.

Electric dipole term

Since we are working on an effective field theory of the LLL electrons system, we bypass
the energy scale problem by introducing the Fermi velocity vp as the input of our theory.
The PH symmetry is also satisfied explicitly by the construction of Dirac composite fermion
model. We need to make sure that the Galilean invariant of the LLL electrons system is also
satisfied by the effective field theory. The Galilean invariant and Kohn theorem determine
the long wavelength limit behavior of susceptibility, the leading order of susceptibility should

begin at ¢* [22]. On the other hand, the Dirac action (1.116) is not invariant under Galilean
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transformation

Vop(t,x) = Yop(t.x) = Pop(t,x — Avt),
where Av is the parameter of Galilean transformation®. We need to replace

;0

1 > 1 = 1w
§‘PTCF 0tVop — §‘I’TCF 0tYor+ - <‘I'TCFDZ'\I’C’F - Dz"PTOF‘I’CF> :

where v! is local velocity, which transform as
vt =t 4 Avi,
under Galilean transformation. One candidate for the local velocity field is
i EijEj

v = B y

since under Galilean transformation,
Ei — Ei — EZ]A’U]'B.
We can replace (1.135) as

1 — i €IE;
UL 0 op + 5 <\IJTCFDZ-\IJCF - DixngquF) ,

(1.134)

(1.135)

(1.136)

(1.137)

(1.138)

(1.139)

meaning of the extra term is the electric dipole of composite fermion with dipole moment

perpendicular to the momentum

d=—%4p x #,

which implies the idea of Read [81] and Zhang [101].

(1.140)

5. The new reference frame has relative velocity —Av in comparing with the old reference frame
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1.4.4 Dirac composite fermion vs HLR

In this section, I will compare the consequences of Dirac composite fermion theory and HLR
theory. We will see that there are distinct results of Dirac composite fermion theory that

are supported by experiments and numberical calculations.

Paricle hole symmetry

Since Dirac composite fermion is PH symmtric by construction, it is not surprising DCF the-

ory gives PH symmetric results. In particular, the susceptibility of Jain’s states v = WZI

and v = 27;‘1111 are identical [71]. HLR theory fails to reproduce this results. Further calcu-

H

lation for Jain’s states shows that the results of Hall conductivity ¢** and static structure

factor (SSF)

1

s (k) = 3 (e (0L (=R)e (1.141)

where p£ is the LLL density operator, agree with topological calculation. The DCF theory
reproduces all the universal topological coefficients that are calculated independently from
a different method [66]. In particular, the coefficient sy of (kfg)?* term of SSF saturates the

Haldane’s bound for both v = ﬁ and v = 2’?;11 states

Sy — 1]

1.142
8 ? ( )

S4 =

where S is the Wen-Zee shift is defined through Wen-Zee shift is defined through the formula

of total electron number on a sphere

Ne = v(Ng +S)). (1.143)
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A calculation using MMRPA method shows that the static structure factor for state v = ﬁﬂ

of HLR theory violates the Haldane’s bound

Sy — 1]

. (1.144)

Sy <

Composite fermion density

Near half filling, both HLR theory and Dirac composite fermion theory suggest the formation

of Fermi-liquid. However the density of composite fermion (or the Fermi momentum) are

different in two theories. From the previous section (5.4.3), we see that the density of
1

composite is equal to the density of electron. When we go closely (but not exactly) to v = 5.

The composite fermions form Fermi-liquid with Fermi momentum

k:l};ILR = \/47mpor = VATpe, (1.145)

in the case of HLR theory. With in the Dirac composite fermion theory, the Fermi-momentum

is determined by

Dirac
kg

= \/4mpcr = VB (1.146)
The composite fermions see the effective magnetic field
Beogg = B — 47pe. (1.147)

Consequently, the composite fermions establish the cyclotron motion with radius

k
RE = £ (1.148)

The cyclotron radius can be measured by experiments [42], [40] using resistivity resonance.

The result shows that the density of composite fermions can not be the same as the density
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of electrons. One can analyze the carefully and show that the experiment reusults [40] fit

nicely with Dirac composite fermion theory [15].

Absence of backscattering

In the non-relativistic Fermi-liquid theory, which is the prediction of HLR theory for v = 1/2
FQH, there would be a non-analytical two-point correlation function at zero frequency and
exchange momentum ¢ = 2kp. It dues to the backscattering process of a particle-hole pair at
opposite points on the Fermi-surface. The well-known phenomenon is the Friedel oscillations
in Fermi-liquid theory literature, in which derivatives of Lindhards dielectric function show
singularities at ¢ = 2kp.

The Dirac composite fermion also predicts the formation of Fermi-surface for v = 1/2
FQH. However, due to the non-trivial Berry phase 4+7m of Dirac composite fermion, the
backscattering process is forbidden at leading order in perturbation theory, whenever the
disorder is PH symmetric. As a consequence, the correlation function of PH symmetric op-
erator shows no singularity at ¢ = 2kp at leading order perturbation theory. This conclusion
is confirmed recently by a careful numerical calculation [20]. This result strongly confirms

the Dirac nature of composite fermion.

1.5 Plan of the thesis

The thesis is planned as follows: in chapter 2, I will derive the electromagnetic response
of IQH system, both for non-relativistic and Dirac fermion. We will study the electromag-
netic response of Landau level electrons in great detail. I will explain how to calculate
the linear response to the arbitrary order in the expansion in momentum and frequency and
give a compact expression for the polarization tensor in both non-relativistic and Dirac cases.
Moreover, I show the equivalence semi-classical approximation and field theory random phase

approximation in the large filling fraction. The duality of non-relativistic electrons theory
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and Dirac electrons theory in the lowest Landau level limit when the mixing between Lan-
dau levels is neglected. In chapter 3, I will derive the particle-hole duality relations using
wave function approach. Furthermore, I will show the calculation of universal topological
coefficients of Jain’s states v = WZI and v = %I I also explain how to calculate the
topological coefficients of state with filling fraction 1 — v with the given coefficients of its
PH dual state with filling fraction v. In chapter 4, I will introduce the higher spin theory of
magnetoroton. Using the semi-classical approximation of Dirac composite fermion model, I
show that the positions of magneto-roton minima are universal. The theoretical prediction
is compared with experiments results. In chapter 5, I will give detail calculation of electron

magnetic response functions of Jain’s sequences using Dirac composite fermion model. I will

also provide the comparison with HLR theory.
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CHAPTER 2
ELECTRO-MAGNETIC RESPONSE OF INTEGER
QUANTUM HALL

2.1 Introduction

2.1.1 Electrons in magnetic field

Two-dimensional non-interacting electrons subject to the strong external magnetic field or-
ganize into N highly degenerate Landau levels. Such many-body states are gapped when the
chemical potential lies anywhere between the Landau levels and exhibit the same qualita-
tive behavior when electrons have either Dirac or non-relativistic nature. While qualitative
features such as quantized Hall conductance and absence of the ground state degeneracy on
a torus are identical, there is a quantitative difference in the local linear response functions.
Detailed investigation of these fine distinctions as well as certain universalities in the be-
havior of both lowest Landau level and large N limit of the linear response functions is the
objective of the present paper. Additionally, our results should be useful in the analysis of
interacting FQH states using the composite fermion [60] and boson[102] approaches.

We will study the electromagnetic response of Landau level electrons in great detail. To
start we present a straightforward method that allows to calculate linear response functions
in the form of the generating functional for both relativistic and non-relativistic electrons
filling an arbitrary number of Landau levels. In the non-relativistic case some of the results
are available[14, 80, 60], however we present a simpler method of derivation as well as provide
a number of new results. This method was first used by one of us in [1], but only a few
results were presented. We will explain in detail how to calculate the linear response to
arbitrary order in the expansion in momentum and frequency and give a compact expression
for the polarization tensor in both non-relativistic and Dirac cases. In addition to the general
expressions we present the leading order corrections in momentum and frequency expansion
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for all linear response functions in explicit form.

With the exact expressions at hand we will investigate the linear response of the lowest
Landau level (LLL) in the limit when the mixing between the Landau levels is neglected.
It turns out that linear response of the Dirac electrons can be extracted from the linear
response of the non-relativistic electrons via simple relation (2.108), which is valid to all
orders in the gradient expansion. We check this relation via an explicit computation as well
as using the well-known relation between momentum-dependent Hall conductivity and the
static structure factor.

Next, we will meticulously investigate the validity of the semiclassical approximation in
the large N limit. Our results on the large N limit are summarized in Fig 2.1. In this limit
the electrons form a Fermi sphere and experience a weak magnetic field. The linear response
can be calculated either using Landau’s Fermi liquid (FL) theory or by directly taking the
large N limit of the exact expressions. We will explain how to include a finite g-factor g into
the Fermi liquid theory and evaluate the polarization tensor exactly. We will find that in
the non-relativistic case the Fermi liquid and direct large N limit agree in the leading and
sub-leading order in N to all orders in the gradient expansion and for arbitrary value of the
g-factor (provided the latter was correctly accounted for in the FL theory, which we explain
how to do). The large N limit of polarization operator of Dirac electrons agrees in leading and
sub-leading order in N with the FL theory and non-relativistic results after the Berry phase
of the Dirac cone is taken into account for the value of the g-factor g = 0 (this may come
as a surprise since Dirac electrons in vacuum correspond to g = 2). The FL computation
is done using the novel approach of [24] where the Boltzmann equation is phrased in terms
of the (bosonic) fluctuations of the shape of the Fermi surface. This formulation allows to
effortlessly obtain the large N polarization tensor to all orders in momentum and frequency

in a closed form. We also explain how to include the effects of the short range interactions.
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Non-relativistic

Dirac | < »  Fermi
g=0

Figure 2.1: In the large N limit electromagnetic linear response of non-relativistic electrons
agrees with the response of the Fermi liquid to all orders in gradient expansion and arbitrary
g-factor. Electromagnetic response of Dirac electrons (in the large N limit) can be extracted
from either non-relativistic or Fermi liquid result upon setting g = 0 and replacing N —
N + % The replacement is needed to account for the contribution of the = Berry phase of
the Dirac cone.

2.1.2 (Generalities

Now we will introduce the main objects of interest, mainly to fix the notations. Given
an action S[y, Ay] describing the (relativistic or non-relativistic, bosonic or fermionic)
charged matter fields ¢, coupled to external electromagnetic field A, = flu +0A,, we define

the generating functional as follows

Tpal/JT?Au‘i‘(sA,u}

WI[§A,] = —iln / g te” [ (2.1)

where flu is the background value of the vector potential chosen to fix the chemical potential
Ay = 1 and background magnetic field €V 9; flj = B = (2, where we have chosen the natural
units h = ¢ = e = 1. These units will be used throughout the paper.

Generating functional is a compact way to encode the multipoint correlation functions
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<Z:H1 Jﬂ(l’i)> = g #MWMAH] . (2.2)

The correlation functions obtained this way are always time-ordered.
In the present paper we will be interested in the linear response functions, 7.e. the
two-point functions with perturbations of the external fields turned off. For example, the

polarization tensor encodes linear response of electric current to the electric field and is given

by
0 )
A A ) LA#—O | (2.3

1 (o1,22) =

Assuming that S[, WL; f_l,u] describes a physical system with a spectral gap and the pertur-
bations 64, are weak and slowly varying on the spatial scale of magnetic length ¢ and the
time scale set by the gap, we can expand the generating functional W[0A,] in powers of
external fields and in the gradients of external fields dA,. If we also assume translational
invariance then the gradient expansion can be converted into the expansion in momentum
k and frequency 2. To study the linear response functions we need to keep only the terms
quadratic in 6A,, but to arbitrary order in momentum and frequency. The most general

expansion of this form is

dQd?k 1
WA, = / ThE [p(SAOJr§5Aﬂ(k,Q)HHV(k,Q)5AV(—k,—Q) :

where the matrix IT#¥(k, () is known as the polarization operator or polarization tensor.
Each entry of this 3 x 3 matrix is an infinite double expansion in momentum and frequency.
We have also implicitly assumed in Eq.(2.4) that the expectation value of the electric current

vanishes in the unperturbed groundstate. Gauge invariance implies a Ward identity

QI (k, Q) + k1T (k, Q) = 0. (2.4)
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It is easy to see that conductivity tensor is expressed in terms of the polarization tensor as

gﬂij (k, Q). (2.5)

i

o' (k, Q) =

The plan of the paper is as follows. We will calculate the polarization tensor IT1#¥ (k, €2)
for non-relativistic electrons filling N Landau levels in Section II. The main result of the
Section II is the exact expression for the polarization tensor (2.63). In the Section IIT we
will calculate the polarization tensor for massless Dirac electrons filling N Landau levels and
compare it with the non-relativistic one in the large N limit. In the Section IV we investigate
the electromagnetic response of the lowest Landau level and find an exact relation between
the linear response functions for non-relativistic and Dirac electrons. In the Section V we
will obtain a closed form expression for the large N polarization tensor for non-relativistic
electrons using the exact result (2.63) and using the FL theory. We find that both approaches
agree exactly and differ from the Dirac electrons by the contribution of the Berry phase of
the Dirac cone. For reader’s convenience in every Section we present an explicit form of the
polarization tensor in the leading and sub-leading orders in momentum and frequency that
can be understood and used without reading the rest of the paper. Various Appendices are

devoted to (often tedious) technical details.

2.2 Non-relativistic electrons

In this Section we will explain the method for calculation of the polarization operator for

the non-relativistic electrons filling N Landau levels.

2.2.1 Model

Our starting point is the system of two-dimensional non-interacting non-relativistic fermions

in external electromagnetic field described by a U(1) vector potential A,. The action has a
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form
, 1
S = / d2zdt [MDW - %|Di¢|2] . (2.6)

We assume that the fermions are spin polarized and, consequently, ¥ (x,t) is a complex

Grassmann scalar. The covariant derivative

includes both background vector potential and a weak perturbation. We will omit the chem-
ical potential from the equations, but it will be implicitly assumed that the first N Landau
levels are completely filled in the ground state and the chemical potential lies anywhere in

the gap.

2.2.2  Computation of the Generating Functional

We will compute the generating functional as a gradient expansions in the external fields.
Throughout the computation we will only keep the terms quadratic in the external fields, but
to arbitrary order in the gradients. This expansion is well-defined because there is a cyclotron
gap in the energy spectrum. The gradient expansion can be viewed as the expansion in the
inverse gap and magnetic length ¢ which is small compared to any other spatial scale in the
problem.

We start with rewriting the action as a differential operator sandwiched between the

fermionic fields

Sy = / Prdt v 1y, (2.8)

where G™1 is the differential operator obtained by integrating by parts the derivatives acting
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on @DT. Since we assume that the perturbations of external fields are small we can write
-1 -1
G = GO +V, (2.9)
where G 1'is the “bare” Green’s function given by
Gyt =gy — L|D~|2 (2.10)
0 0 om AN .

where Du =0y — z'f_lu and V encodes the terms at least linear in the perturbations of the
external fields.

1 1
V =0Ap+ %{5142', i} — %5142'(5141' . (2.11)

Since the functional integral is quadratic in the external fields it can be formally written as
a determinant of the perturbed (differential) operator G—1. The generating functional of

(connected) correlations functions is

1 . : 1
Warl0Ay] = ~In / Dp D) ' Snrl0:0Au] — -l det[G ]

1 1 11

where in the last line we kept only the terms that contribute to the linear response. We
can also disregard the (diverging) first term in the last line since it will not contribute to
the linear response because it does not depend on the perturbations of the external fields by

construction. To summarize, the object we are interested in is given by
1 2 2
Wor = Wér) + Wr(lr) + Wc(,n)r + ..., (2.13)

where WIS% ) and Wg ) are the terms linear and quadratic in external fields correspondingly,

while Wc(?n)r contains the so-called contact terms (See Fig. 2.2).
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Figure 2.2: The generating functional to quadratic order in external fields is given by the sum
of three diagrams. The first diagram, W(l), is linear in the perturbations of electromagnetic
field and describes the constant background density of electrons. The second diagram, W(Q),
contains the main contribution to the generating functional, including the Chern-Simons

term. Finally, the third diagram, WC(Q), contains the contact terms. Note, that the last
diagram vanishes for the Dirac electrons.

2.2.8 Fock Representation

The Hilbert space of a particle in magnetic field can be mapped to the Hilbert space of two
decoupled harmonic oscillators. To make this manifest we will use Fock representation for
the basis states instead of the coordinate representation. The advantage of this approach is
that we do not need to fix the gauge, thus our results will be manifestly gauge invariant. We
will work in complex coordinates z = = + 7y.

Define the creation and annihilation operators

- i _ _
a=—(Ds = —0(Dy+1iD>9), 2.14
5P=7 (D1 2) (2.14)
t= b= by —iD 2.15
al = = ) ) )
The inverse relations are
_ 1 _ 1
D.=—i—al, D;=—-i—a. (2.16)
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It can be easily verified that
[a,a'] =1. (2.17)

In terms of these operators the inverse Green’s function takes form

_ , 1
G, LR 1thdy — we (aTa + 5)

where Hy = we (aTa + %) is the Hamiltonian for the particle in magnetic field.
We also define one more oscillator via

?

V20

bl = —a+

It can be verified that [b, 5] = 1 and all @’s commute with all b’s.
Operators aT, Al generate the entire Hilbert space of the single particle problem. From
this point of view the coordinates themselves must be understood as operators acting on the

Hilbert space according to
2= —\V20(bT +a), z=+20ia"+b). (2.20)

The basis in the Hilbert space is given by

ahym (phym
L o, o

[nm) = |n) @ [m) =

The a-operators induce the transitions between the Landau levels, whereas b-operators gen-

erate the states of different angular momentum within each Landau level since

[Ho,b] = [Ho,b1] = 0. (2.22)
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The bare Green’s function is then given by

dQ —iqt |nm) (nm|
Go = i 2.23
o= [ G e g 223)
where
1

E, = <n + §> We (2.24)

is the spectrum of the unperturbed Hamiltonian Hj.

It is easy to check that

GalGO = [i@o — HO} 0=0(t Z |nm)(nm| = 1. (2.25)

The trace of a local operator O over the Hilbert space and time is defined as follows

Tr (0) = ) (nlt|Onit) = / dt» (nl|O(t)Inl) . (2.26)

n,l,t n7l
2.2.4 Setting up the “Feynman rules”

In this Section we will derive the differential operators that will appear in the vertices of the
diagrams in Fig. C.1.

First, we expand the classical action to the second order in external electromagnetic field
Spr = S + S5 + 55 (2.27)

The unperturbed action is given by

I /dQ:cdt W {z’&o e (aTa v %)} b

= /d%dt VG, lw. (2.28)
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The part of the action linear in external fields is given by

1
2v/2m/

_ / dxdt TV 1y (2.29)

st _ / Padt 54 - ({al, 645} + {0, 04. v

where {a,dA,} is the anticommutator (recall that a is a differential operator that we under-
stand as acting to the right).

The part of the action quadratic in external fields is given by

2)

1
s~ —/d%dt W {%Wﬂ?} ) = /dzxdt TV @y (2.30)
The full “vertex operator” consists of the terms linear and quadratic in external fields
Vi, t) =V Wz t) + V3 (a,1). (2.31)

Using (2.20) we interpret V' as an operator on the Fock space.
We re-write all the vertices in Fourier space and introduce a vector V,Sl)(k, 2) according
to

v =Yk, Q)54 (k,Q) . (2.32)

which is always possible because V(1) ig linear in the external fields by definition. Consider

the terms in V' linear in, say, 0 Az

1

v ,t‘ - T 5A). 2.33
@1, = g lal 04 (2.33)
In momentum space this takes form
: 1 ,
Vik Q)| =Tl RN Ak, Q). 2.34
e Gl DR (2:31)
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Then, using (2.20)
kgt B, KLy R

GFE _ ik ik _ el e ~Jgb Bt (2.35)

where we introduced the complex momentum k = ky + tkg. Finally, using that a’s and b’s

commute with each other we get an expression for

1 o, _kly KLyt _ ke t kL
Vz(rl)(kaQ) = memte \/ibe\/ﬁb {aT,e V2t e\/ia}. (2.36)
m

Expressions for the other vertices can be derived in the same way

o _kby kLpt kLt KL
Vél) _ vl va e eva®, (2.37)
-1 o, _kLp KLyt _kt bt kC
V;l) - me_lﬂte V2 6\/5 {aT’e \/5(1 @\/ia} . (238)
m

Notice that part of the vertices that depends on both time and b’s has completely factorized
and is the same for all vertices. We will be able to use this fact to integrate over time and
to trace over the Fock space generated by b before tracing over the Fock space generated by
al. Tt is the trace over a where all of the complexity is concentrated. For this reason it will
be convenient to introduce a separate notation for the part of the “vertex operators” that

acts only in the Fock space generated by al. Thus we define

oy _klp KLpt .
pU = i3 B (2.39)
where

Vo = e V2 ev2 | (2.40)
- 1 _ kLt KL
V: = —2\/%5{@*,@ v2®evahy, (2.41)
- 1 _ kLt kL,
V, = — {a,e V2" ev2'}. (2.42)
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2.2.5 Generating Functional to the Second Order

In this Section we will perform an ezact computation of the entire quadratic generating
functional to all orders in the gradient expansion. Before diving into details we briefly pause

to mention a few relations that will be heavily used in the sequel

b, f(61)] = f'(b7), (2.43)
e rh) = fof + Q). (2.44)

Using these relations and elementary properties of the oscillator algebra we can evaluate the

following expectation values

_ kLt kL AN k0]
V2T e Vahmy = o/ 2 (L m—n (1M1
(nle ev2 |m) - (\/5> Ly, < 5 ) (2.45)

for m > n, and

_ kLt kL, ml [(—kO\"™ (k)
(nle V27 ev2'|m) = ) (W) Ly (T) . (2.46)
for m < n. Similar equations can be found in [74].

There will be two major contributions to the generating functional in quadratic order.

One contribution comes from the contact terms. These are obtained by plugging V(2 into
—i'Tr GV . (2.47)

These contributions are always evaluated at zero momentum and zero frequency. In fact, the
contact terms can be restored simply via analyzing the Ward identities for electric charge
conservation. We will denote the contribution of the contact terms to the polarization

. 1%
operator via H‘Cf or-
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The main contribution comes from
%Tr GovWaGev ™. (2.48)

First, we will trace over the Fock space generated by b, b, then over frequency and in the
end we will be left with an irreducible expression for the trace over the Fock space generated

by a,al. The details of the steps outlined above can be found in the Appendix A.2.

We find
Te GoV WGV = 3 (tnl|Gov W Gov W]tnt) (2.49)
n,l,t
1 [ d%kdQ _ ko2
—_— T2
27r/ (2m)3 ‘ Z
n'<N,n>N

(VD () !y (0! [T (=) ) + (/|0 () ) (| ) (— ) )

AL (R)SAL(—F).

En — En/ - Q
(2.50)
In the remainder of the Section we will simplify this expression.
We introduce the following notation
~(1
o, 2) = IV () ) (2.51)

then (using the dimensionless frequency w = Q/w)

H I

T (o) = e 25 o (KT, (—k) +T% (k)T (—k)

nr I 271’ — n/ -
n'<N,n>N

+ 0. (252)

This is the main result of the Section. In the following we will show that all of the components

of the polarization tensor can be reconstructed from a single generating function.
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2.2.6 The Generating Function

While (2.52) is indeed the final expression that cannot be reduced further, it is not convenient
to work with since one has to use complicated expressions for FZ o We will introduce a trick
that will allow to express all of the components of the polarization operator in terms of
derivatives of a single function.

We define the generating function G(k, k’; N)

0 0 ! 0 N0
T TN n—n—w n—n'+w
B Z _KQ n—n/ 'l (k%/)nfn’ . (Ek/)nfn’
N o 2 nNn\n—-n—-w n—-n—+uw
n— )
Ln—n' ‘k€|2 Ln—n’ ‘klﬁ,Q
n’ 9 n! 9
(2.53)
First, we notice (with the help of (2.45)) that
00 m _%
I, = %e 2 G(k,—k;N). (2.54)

other components of IILy can be expressed as derivatives of G(k,k'; N) with respect to

momenta. To see this we use the identities

e—kalgkagt  — (—8k+l;:)e_kaTeEa, (2.55)

ae—kaleka _ (0F — k;)e_kaTe]%a. (2.56)

These identities allow us to re-write the vertex insertions (2.40)-(2.42) in terms of derivatives
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with respect to momentum as follows

~ t kL,
Volk) = e G (2.57)

- 1 2V/2 kLot kL,
Vi(k) = — O + —Fk | e v2¥ev2" 2.58
(k) Mm( gkf> ‘ (258)
k¢ k¢

- 1 2\/§ 14 — kLt kL,
‘/ = — 7 — —= \/§ \/5
=(h) 2v/20m ( ¢ % \/§k> ‘ o (2:59)

kLt kL,

Next we introduce a separate notation for the differential operators acting on e V2 eva”

in Eqgs.(2.57)-(2.59) as follows

PO(k) = 1, (2.60)

25 L (2v2, €
Pin(k) = 2\/_€m< oy, — ﬁk> (2.62)

Then an arbitrary element of the polarization operator is given by

k0|2 R R
Hﬁ?(w,k)zge*T lim PL(k)PL (K )G (k, Ky N) + TTAY, (2.63)

s k' ——k

This expression is the one we will use for practical computations and is the first main result
of the present manuscript.
The contact terms are obtained from Tr GOV(2) . The only contact term is the well-known

diamagnetic term given by

2 . w d%k
Wik =~ Gov® = N2 A0 A(F).

This term is evaluated at zero frequency w = 0. The contribution to momentum space
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polarization tensor is

> W
Hgilr = Nw_;(szz . (2.64)

It can be checked explicitly that this term restores the Ward identity (2.4). Direct application
of Egs. (2.63)-(2.64) to N filled Landau levels allows us to write the generating functional
in the leading orders in the gradient expansion
N 1, .= N
WA, = — /d%dt [AdA + —|6E> - =0
4 We m

™

N
B? - 37@253(01-5@) +...], (2.65)

where 0 /; and § B are made from the perturbations of the electromagnetic field d A,,. We have
also absorbed the linear term pd Ag into the Chern-Simons term by including the background
A,,. Higher order terms can also be easily obtained from (2.63). Finally, note that |0E|% and
B2 terms do not combine into § FHV§ F, uwv due to apparent absence of Lorentz invariance. We
have also checked that Ward Identities of the Galilean symmetry studied in Ref. [[36]] are

satisfied.

2.2.7 Including the g-factor

For the future applications we also need to include the effects of finite g-factor of the electron,

g, by adding an extra “Zeeman” term to the matter action

St ul) = £ [ Buto, (2.66)
This results in the redefinition of the number current

Ji(g) = JH(0) + %eijajp (2.67)
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as well as the vertices

Pi(kig) = —2\/%% (—Q\fak + (1 - %) %l%) : (2.68)
Pin(kig) = —2\/%% (2\?% = (1 - %) %k) . (2.69)

Note that the generating functional for finite g can be expressed in terms of the generating

functional at g = 0 as follows
War [040,6A;: ¢] = W |6 40 + %53, §A;g=0] . (2.70)

In particular, Eq.(2.70) implies the following relations between the components of the polar-

ization tensor

Mk, Qg) = Tk, 2;0) (2.71)
il Qig) = T+ ik (I, 2:0) (2.72)
Tk, Qg) = ik, 2;0) + i%kl (elﬂ'ngi(k, 0:0) — ik, ©; 0))
2
o B
tem2 <|/<?|25” - k?lk?j) 1Y (k, ;0) . (2.73)

The g-factor will be used in Section IV to take the LLL projection and as an extra control
parameter in Section V where we will compare the large N limit of the non-relativistic

polarization operator with a semiclassical computation.
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2.3 Dirac electrons

2.3.1 Model and the “Feynman rules”

In this Section we will calculate the polarization tensor for Dirac! fermions in strong magnetic

field, filling N Landau levels. The action is given by
Sp = /d%z@wqf, (2.74)

where V¥ is a two-component spinor, ¥ = \IJJWO and 1) = 49Dy +v F’yiDi, where the covariant
derivative D, is given by (2.7) and includes both constant magnetic field and its perturba-
tions, vg is the Fermi velocity. To emphasize Lorentz invariance we will use the notation
A3z = dtd>z.

The Hamiltonian is

H = —ivpy"y'D; — Ag, (2.75)

where v is the Fermi velocity. We choose the y-matrices as follows
A0 =3, ! =io?, V2 = —ig!, (2.76)

where o' are the Pauli’s matrices.
As in the non-relativistic case the Hilbert space maps on two copies of the Fock space gen-
erated by af and b1 defined in (2.14)-(2.20). The unperturbed Hamiltonian can be explicitly

written as

— —vpV2Bal
Hy = S , (2.77)
—vpV2Ba —u

where g is the chemical potential. There are three types of eigenstates of Hy

1. The Dirac nature of the fermions does not have to come from spacetime symmetries. It can be also
internal SU(2) symmetry as it happens in graphene.
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0,m
(i) zero energy, |\I’0,m> = | ) , E(l)) +u=0,
(ii) positive energy, |\Ifn7m> = ’
—|n—1,m)
E7?+ +u = —HJF\/QBTL.
. _ 1 |n,m)
(iii) negative energy, \Iln,m> =5 :
+|n—1,m)

EP= 4+ = —vpV2Bn.
We introduce a uniform notation for all of the eigenstates as follows

Wy ) = norm(n) . m) — ) @ |m)

—sgn(n) [(In[ —1),m)

EP = sgn(n)vp\/2B|n| — u, (2.78)

where it is understood that |—1,m) = 0 and norm(n) = 1/v/2 for |n| > 0 and norm(0) = 1.

With this notation at hand n € Z, m € Z. The unperturbed Green’s function is

Go(t):/ —ZQtZ [Ynm) {Ynm| (2.79)

Q — ED + e sgn(EP)

The massless Dirac action is easily decomposed into the terms free of and linear in
external electromagnetic field perturbations (about the constant magnetic field and chemical

potential),

Sp =54 s, (2.80)
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where

10y + vpV2Bal
s :/d%\lﬁ o
vpV2Ba iy + i

5Ay  vpdA
S(Dl)—/d?’a:\IfT R RS (2.81)
vpdAs G4

The first term gives the bare propagator,

st — / Brvics o, (2.82)
that satisfies
Galm’n,m> =(Q+p— EnD)"I’n,m> ) (2.83)
and
GylGo=6(t) ) W) (U] =1. (2.84)
7

The second term gives the vertex in position space

V(ta) = dAp(t,x)  wpdA,(t, ) | (2.85)
vpdAz(t,x)  JAy(t, x)

Note that the vertices have no explicit coordinate dependence or derivatives, and it simply
remains to Fourier transform them, using (2.20) and (2.35).
Following the Section 2.2, we wish to evaluate Tr GoV GV to derive the generating

functional. In this case there are no contact terms because Dirac Hamiltonian (and the

action) is linear in external fields. Using the results of Appendices A.2 and A.3 we can take
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the trace over the Fock space generated by bT and over time

Tr GoVGoV = / dt S (W ()| GoV GoV [ (8))

m,n
1 /dQ’@ d*k e,@
o2 | 27 27 (2m)2

% Z (k Q) Vn’n(_ku _Q)
QO+ Q- ED +desgn(ED) Qo — ET? + z‘esgn(ET?,)’

(2.86)

in which the vertex operator in the momentum space is defined as

i 5A0(k, Q) vpdAs(k, Q)
Vnn’(k> Q) = <\Ijn|
UF(SAE(ka Q) 5A0(ka Q)

klal  Efa

xe V2ev2|U ). (2.87)

The ie prescription is crucial in evaluating the frequency integral

/dQ/ 1 1
2r Q)+ Q — ED +ie sgn(ED) (v — Er?, + i€ sgn(ET?,)

Ep-gh—n o e <0 >0

- m , BP >0, E$<O : (2.88)

0 , else

The polarization tensor H%V(Q, k) is given by

—% K v v I
H%V(Q, k) _ € Z (FDnn (k)FDn n( k> 4 FDnn ( k)FDn/n<k> )2.89)

2 D D D D
27l W<NSN EY — En, - Q EY — En, +Q
where
i B ktal _ Fla
FDnn (k) = (¥ PDe V2e V2 W) (2.90)
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and
POD =1, 735 —vpol, 73% — vpo?. (2.91)

Using (2.45) we evaluate the vertices F%nn,(k). The expressions turn out to be quite

complicated and so we list them in the Appendix D.

2.3.2 Dirac Polarization Tensor

In this Section, we write out explicit expressions for the Landau level polarization tensor for
Dirac fermion in the leading order in momentum and frequency. While Eq.(2.89) looks similar
to the corresponding Eq.(2.52) for the non-relativistic fermions we want to emphasize that
there is a difficulty in evaluating the summation, even when we limit ourselves to some finite
order in momentum and frequency. The reason is that every component of the polarization
tensor, contains the sum over n’ (i.e. the sum over the Dirac sea) from —oo to N, where
N is the number of filled Landau levels. We remind the reader that in the non-relativistic
case this sum consisted of a finite number of terms (because the parabolic dispersion relation
has a bottom, see Fig. 2.4) in every order in momentum and frequency. In the present case
the the sum has infinite number of terms, however, it is convergent and does not need to
be regularized. To simplify the expressions we fix a coordinate frame in which k = (kq,0).

Leaving the details to the Appendix A.5 we present the leading order terms below

N +1/2 26N2+6N+1_i93ﬁ8N2+8N+1+

H12Qk — —i0 0 2.92
H%)(Q,k) _ —k% 3¢ ¢ (_17]\[ + 1> 4. (2.93)
2\/§7T?}F 2
H%(Q,k) — _(2 3¢ ¢ (_17 N + 1) N (2.94)
2\/§7TUF 2
30 1 3lv 1
% (Q,k) = —Q>——— (——,N+1)+k2—F (——,N+1>+---, 2.95
D( ) 2\/§7T’UFC 2 14\/§7TC 2 ( )
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where ((s,n) is the Hurwitz (-function 2 We stress that each component of the polarization
tensor is finite without any need for regularization. The use of (-function is a convenient
choice that allows to evaluate the sums analytically.

In the coordinate space the generating functional is given by

3 N+3 1 =
WD:/dx [ . C(—Q,N+1>|5E|2

+ 208 (—§, N +1) 6B - 2N S R 95 Ey) + } (2.96)

Eq.(2.96) is valid in arbitrary coordinate frame. Eq. (2.96) is the main result of the present
Section. Note that despite the Lorentz invariance of the action (2.74) the generating func-
tional is not Lorentz invariant. This happens because the the Lorentz invariance is broken
by the background magnetic field, which is held at a fixed value.

We can subject the above results to several checks. First, we extract the Hall conductivity

viad

oH(Q,k) = m<(]1(k, Q)> (2.97)

Second, define the finite frequency and momentum corrections to the Hall conductivity via
B(Q,k) = o (0) + o5 kt? + 0 [H0* + .. (2.98)

According to the Ref. [25] there is a relations between Q2 and |kf|? coefficients of finite

frequency and momentum Hall conductivity given by

g S

_ 2.99
02 Ar ( )

205 + v%a

2. See the appendix A.5 for more detail

3. We choose to define the Hall conductivity o (k,Q) as the variation of the current over the electric
12
field, because the naively defined off-diagonal component of the conductivity tensor, o'?(k, Q) = w, is

divergent in the zero-frequency limit.
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where S = N(N + 1) is the relativistic version of the Shift [99] of the integer quantum Hall
state of Dirac electrons at filling fraction v = N. We have checked explicitly that Eq. (2.99)
holds.

Next, we compare the polarization tensors for the Dirac and non-relativistic electrons in

the large N limit. Using the results of Section 2.2 we have in the non-relativistic case

N N? N?
HI2(0, k) = —i0-" + k2220 i+ (2.100)
27 81 TV
€N3/2
£N3/2
I (92, k) = QQUFﬁ7T TR (2.102)
3/2 3/2
(2, k) = 07 A Sk (2.103)

vF\/§7T 1 227 o

where w,e can be written in terms of Fermi velocity vp and Fermi momentum kp as follows

B BUF VRV B
We=— = = , (2.104)
m /{JF V2N
where we used the relation between filling fraction and Fermi momentum
- 2
Pk
= — = = 2.105
B/2r 2B’ ( )

where p is the non-relativistic electron density.

Using the asymptotic formula for the (-function at large N

3/2
<(-%,N+1) %—% (N+%) (2.106)

we find that the non-relativistic and Dirac polarization tensors agree in leading and sub-
leading order in N, provided we replace N — N + % The latter replacement comes up due

to the contribution of the Berry phase in the Dirac’s case. We stress that the equivalence
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, m— 0,g =2 1 -
Dirac == » — | Non-relativistic

LLL 2
N =0 N =1
Figure 2.3: The linear response of the LLL is universal. The generating functionals of non-

relativistic and Dirac (upon discarding divergent terms) electrons differ from each other by
a factor of % to all orders in the gradient expansion.

holds when the g-factor of the non-relativistic electrons vanishes and does not equal to 2 as
one may naively expect.

The terms that are sub-sub-leading order in N do not agree, which can be shown by an
explicit calculation. The agreement of the leading and sub-leading orders is not surprising,
since in large N limit, which is the case of high density and small applied magnetic field,
the semiclassical approximation applies equally well to both systems, however Dirac theory
has an extra Berry phase contribution. We will study the large N limit in more detail in the

Section V.

2.4 Universality of the projected lowest Landau level

In this Section we will show that the exact electromagnetic linear response functions of the
lowest Landau level of non-relativistic and Dirac electrons agree to all orders in the gradient
expansion, in the limit, where the transitions to higher Landau levels are neglected. The
main result of this Section is summarized in Fig 2.3. In the non-relativistic case this limit
is accomplished by taking m — 0, keeping magnetic field fixed. Generally, this limit is
not well-defined since the exact degeneracy of the LLL is split in inhomogeneous magnetic
field, however when g = 2 the LLL is exactly degenerate for any smooth, inhomogeneous
background of magnetic field. In the relativistic case this limit is taken via sending vy — oco.
Both limits send the spectral gap to infinity supressing the contributions of the higher Landau
levels. Note that LLL means N = 1 for the non-relativistic case and N = 0 for Dirac.

It was demonstrated in Ref.[[93]] that the non-relativistic action (2.6) reduces to (2.74)
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in the limit m — 0, g = 2 and provided that transitions across the gap are neglected. This

argument was used to deduce the following relationship between the generating functionals
Wp[dAu] = Wie[6A] /AdA (2.107)

This relation holds only in the leading order in the gradient expansion. We will show that

there is an exact version of this relation which reads

1 1

Eq. (2.108) can be understood as follows. Completely filled 0-th Landau level contributes
Whr[0A,] to the linear response, however the filled negative energy bands contribute total

of —%Wm [0A,], which leads to exact relation (2.113). To prove (2.108) we first turn to the

non-relativistic generating functional. In the leading order we have

1
Whr[6A,,] = E / d2adt [AdA

—]5E|2 2 fT85p2 3;g£258(8i5Ei)+... . (2.109)

In the limit m — 0,g = 2 we find

L /AdA - %z%B(aiaEi) ... (2.110)

7

w0 [0A] =

In fact, by dimensional analysis and the regularity of the massless limit only the terms
linear in the electric field survive*. These terms contribute to the (momentum dependent)
Hall conductivity, which can be calculated exactly at zero frequency [10)]

nr 1 1

TH ) = o) (2.111)

4. This also can be seen, with some work, from the Eq.(2.63)
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Figure 2.4: Left, Spectrum of Dirac operator in magnetic field. Dashed lines illustrate
the transitions “across the Fermi sea”, while solid lines illustrate the transitions between
LLL and the excited levels. Total contribution to the linear response of the LLL of Dirac
electrons from the transitions “across the Fermi sea” adds up precisely to 0, leading to
an exact relation (2.108). Right, Spectrum of non-relativistic electrons in magnetic field.
Transitions that contribute to the electromagnetic response of the LLL are qualitatively the
same is in the Dirac case. The presence of the filled Dirac sea results in the overall factor of
1/2 in the Hall conductivity of Dirac electrons.

ke
where s(k) =1—e~ "2 is the static structure factor[22]. Eq.(2.111) agrees with the results

produced from (2.63) upon setting the frequency w = 0.

The Dirac electrons are more tricky since in addition to the contribution of the LLL there
are also, in principle, contributions from the transitions across the Dirac sea as illustrated
on Fig. 2.4. We have checked that these transitions sum up to zero in |k|%, |k€|?, |ke|*
and |k(|% orders of the momentum expansion. If we assume that these transitions do not
contribute to all orders in the gradient expansion then the Hall conductivity is given by

(using (2.89)-(2.90))

k)2
6_|k§|2 % 5-n-1 (1 —e 2 )
D o 2n—2 _

n=1

which leads to the exact relationship

oD (k) = 1agf(k) : (2.113)



which is equivalent to (2.108), provided we neglect the LL mixing (that is take g = 2,m — 0
in the r.h.s. and vp — oo in the Lh.s.).

There is, however, a subtlety as we have not explained how to take the infinite gap limit of
the Dirac generating functional (2.96). Since the energy levels are given by E, = +v F\/ﬁ
we should take the limit vp — oo which removes all of the energy levels except Ejy. In
this limit the term quadratic in the electric field indeed vanishes and the term linear in the
electric field survives, however the term quadratic in magnetic field diverges linearly with vp.
In the non-relativistic case this term was removed by an appropriate choice of the g-factor
g = 2, but in the Dirac case there is no such mechanism. Thus, in order to ensure the
regularity of the vp — oo limit we must subtract this term “by hand”. The regular part of

the generating functional for Dirac electrons then satisfies (2.108).

2.5 Universality of the Large N limit

In this Section, we calculate the polarization tensor in the large N limit and then re-derive
it using the semiclassical approximation. The result of the semiclassical calculation agrees
with previous work [91], but we will present a simpler method of calculation. Furthermore,
we show that in the large N limit, the result of the RPA calculation agrees with the Fermi
liquid theory|[76, 72, 53].

2.5.1 Large N Limit of RPA

Working at large filling factors N means that we consider a regime in which the density of

electrons is much bigger than the external magnetic field

P

N = =
B/2n

> 1. (2.114)

Non-interacting electrons in a weak magnetic field form a Fermi sphere. Furthermore, large

filling also implies kp¢ > 1. Therefore the gradient expansion in k is valid in the range of
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momenta that satisfy k¢v/N ~ 1, which is the right regime for Landau’s Fermi liquid theory.
First, we will explicitly take the large N limit of the RPA result (2.63). We will use the
asymptotic form of Laguerre polynomial (valid in the leading order in )
N2 o
lim Ly (z) = a—/26§ Jo(2V Nzx). (2.115)
x

N—oo

In the expression (2.63) only the terms for n ~ n’ contribute to the final result. This remains

true for any N. Thus in the following we will use approximation

that is valid for n ~ n’ ~ N.

The generating function G*(k, k', N) in the large N limit takes form

L e (o) 5 o)

(kK N) = —1)" _ =
G¥(k, k', N) nz:ln( ) (k;k;)n/Q(k’/k?/)n/2 ’
(2.117)

where w is the dimensionless frequency.

The asymptotic form of generating function G**(k, k', N') agrees with the exact generating
function G(k, k', N) up to sub-leading order in N, which can be checked order by order in
the momentum expansion. We choose a frame where k = (k1,0), in this case k = k = k. It

will be convenient to use the rescaled momentum q = k1¢v2N = k1 k F€2.

Finally, using Eq.(2.117) together with (2.63), we obtain the polarization tensor for any
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g-factor

' (g, w) =2+, —%;%, (2.118)
172 (q, w) By, _Nn2wc['£7;a(2qz;g>n+1(q)]2

gy 2weqlJn 47T((q) ng—)l(Q)] — g2y 1%27}\]:C[Jn( )2; (2.119)
M12(g,) = yog2, Nteeeh@i g0 dunll 4y 5200 | nte (@l (5 120)

Note that using Eqs.(2.71)-(2.73) one can restore all of the components of the polarization
tensor at vanishing g-factor.

Remarkably, the infinite sums for each component of the non-relativistic polarization
tensor can be evaluated in a closed form. The details of the calculation are presented in the

Appendix A.6. The results are written for the conductivity tensor (2.5)

. 2Jw J_w
all(q,w) = % (—;‘]—2 + qu anzﬂw)( )) ; (2.121)
22 _ N 70? S (@) -w(9) | T14w(@)J1-w(9) igg 9
o7 (q,w) = Z? (_qw_2 T q? sin(mw) - H—sm mj + 8sin(mw) dg [Jes ()T~ (q)]
. 2 9
it (1- 2 o)) (0)) (2.122)
Mgy = NE B (@) )-(@) + & (1 55 (@) -u(0)) -

Eqgs.(2.121) - (2.123) are the main result of this Section. Next we will compare these results

to a semiclassical computation.

2.5.2  Semiclassical Computation

Review of the Fermi liquid theory with a g-factor

In this Section, we review the derivation of Boltzmann’s equation mostly to fix the notation.
The derivation follows closely to the bosonization of Fermi liquid [12, 31, 78, 87]. We assume

a system of two dimensional non-interacting spinless fermions with Fermi momentum kg
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and mass m in magnetic field B(z,t) = B+ b(x,t) and electric field E(x,t). We will assume
that b(z,t) and E(z,t) are weak and slowly varying. We denote the distribution function as

f(K,x,t). The collective modes are described by the perturbation of distribution function
K. x,1) = [O(K) + 6/ (K, x, 1), (2.123)

The perturbations of the distribution function caused by weak fields are also assumed to be

weak. Where the unperturbed distribution function is
FUK) = O(kp — [K]), (2.124)

where O(x) is the step function. Employing the collisionless limit of the Boltzmann equation[100,

77, 44], we obtain the time evolution equation for the distribution function f(K,x,1?).

O f(K,x,t) + 0(K) - Vi f(K,x, 1)

+(E + 1= VxB(x 1) + 5(K) x Blx,t)) - Vie/ (K, x.1) = 0,

where 7(K) = ﬁKeK is the group velocity and ek is the non-relativistic dispersion relation.
We also introduce a vector, normal to the Fermi surface via ¥(K) = vpiiy. Note that we
included the term fmﬁxB (x, 1)V f(K,x,t) which is necessary to account for the finite
g-factor.

In the low energy limit we take the momentum to be |K| = k¢ +u(z,0,t) (see Fig. 2.5).

Then the perturbations of the distribution function occur only close the the Fermi surface
51 (K., x, 1) = u(8, %, )0(kp — [K]), (2.125)

where 0 is the direction of K on the Fermi surface.
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Figure 2.5: Fluctuating Fermi surface. The function u(z,,t) describes the fluctuations of

the surface in space and time. The harmonics uy(z,t) describe the dipolar, quadruploar,
etc. deformations of the Fermi surface.

Then Boltzmann equation takes form[24, 68|

Bru(0,x,t) + vpitg - Vxu(0,x,t) — wedpu(f, x, t)

i - (E(x, £) + %ﬁxff(x, t)) —0, (2.126)

where vp = I%F is the Fermi velocity, and 77y is the normal vector to the Fermi surface. We

ignore terms that are second order in E(X, t), l;(x, t) and §f(K,x,t). The charge density of

the electrons can be written in terms of u(6,x,t) as follows

2
p(x,t) = /%f(K,x,t) :p+/d0(2kTF>2u(«9,x,t), (2.127)

where the background charge density is given by

2 2
p:/(;i;){QfO(K):Z—f;. (2.128)
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At nonzero g-factor the current density is defined as (cf. Eq. (2.67))

, 2
J'(x,t) = / é;;f(K x, t)v' (K) + Re”@

Which in terms of u(0,x,t) is given by

2
g’“Fwa/d@ 0.%,1).

Jix,t) = ’“F“F/de nhu(0, %, 1)

4m 27

(2.129)

The equation (2.126),(2.127) and (2.129) are the key ingredients for the semiclassical calcu-

lations.

Semiclassical calculation for the non-relativistic polarization tensor

We will work in the temporal gauge Ag = 0. In this gauge the electric field is given by

Ei(q,w) = iwA;(q,w). We decompose u(f,x,t) into Fourier modes

(0.9]

dQd%k i ikx —i
u(@,x,t):/ (27T)3 Z un(k,Q)emankXe th.

n=—oo

Next, we will fix the frame where k = (k1,0) and introduce the notation
q = kilV2N = kikpl?.

Then Boltzmann equation (2.126) takes form

(2.130)

(2.131)

2
(w+n)un(q,w) —F (un41(g,w) + up-1(g,w)) +w [571,1 <Az + gy (Az — Az)) +

On,—1 (Az + g%(flz - Az))} =0.
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The solution of the above equation of motion for uy(¢,w) with n > 0 and n < 0 is

un(q,w) = F(q,w)Jntwl(q)  (n>0) (2.133)

up(q,w) = (-1)"G(q,w)J—p—w(q) (n<0) (2.134)

where J,(x) is the Bessel function of the first kind. The functions F(¢q,w) and G(q,w)
depend on the external field and are not fixed by the equations for |n| > 1. We will fix these
functions using the equations of motion for u_1, ug, u1.

The equation of motion for ug(g,w) gives us

wug(q,w) = 5 (F(q,w)J14+w(q) — Glq,w)J1-w(q)) - (2.135)

N [

Using (2.133),(2.134) and (2.135) in the equation of motion for u(q,w) and u_1(q,w) we

find
Pl = s () (A g (4 - 19)
+J1-w(q) (Az + g32q;w(142 - Az))) 7 (2.136)
6(0:0) = s (T-trta) (s + (4~ )
Ftsoe) (s + e - 4 ) 2.137)

where we used the following Bessel function identity

4w sin(mw
D@ l) = Tl rle) = 2 (2138)
Functions u(q,w) and u_1(q,w) are then given by
ui(q,w) = F(q,w)J140(q), u—1(q,w) =—G(q,w)J1-u(q). (2.139)
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To calculate the response functions in terms of the applied electric field, we write equation

(2.129) in terms of the Fourier modes

N
Jt = 2—:6(161 +u_q), J? =

(2.140)

where N = %k%ﬁz is the number of filled Landau levels.
Using Egs. (2.139) we can derive the current density in terms of vector potential in the

usual form

T q,w) = 11 (—q, —w) A;j(q,w), (2.141)

from where we can extract the polarization tensor which is again given exactly by (2.121)-
(2.122) combined with Eqgs. (2.71)-(2.73). Reducing Eq.(2.141) to the form of Egs. (2.121)-
(2.122) involves non-trivial manipulations with the Bessel functions. We leave these details
to the Appendix A.6. We conclude that the RPA approximation in the large N limit is

equivalent to the semiclassical approximation for any value of the g-factor.

2.6 Conclusion

We have calculated the electromagnetic response of the IQH states of non-relativistic and
massless Dirac electrons to all orders in the gradient expansion. In the non-relativistic case
we obtained a simple closed form expression (2.63) wich agrees with the one loop calculation
from the previous work [60] for non-relativistic electrons as well as general (non-linear)
structure of the generating functional [47, 50]. The method we used is extended naturally
to the massless Dirac theory in magnetic field. We explicitly check that the polarization
tensors of non-relativistic and Dirac electrons match in the large N limit up to substitution
N — N +1/2. The extra 1/2 is due to the Berry phase of the Dirac cone. Furthermore, in
the Dirac case, we checked that the Q2 and k2 corrections to the Hall conductivity satisfy
the relation (2.99) imposed by the Lorentz invariance[25].

We have used the semiclassical approximation to calculate the electromagnetic response
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function of the Fermi liquid in weak constant background magnetic field, the polarization
tensor can be written in a closed form, given in terms of Bessel’s functions, and agrees
with the previous work [91], however we have used a simpler method of calculation. Our
computation can be easily modified to include the effect of short range interactions via
introducing the Landau parameters [68]. The results, which include short range interaction,
can still be derived in a closed form. Next, we showed explicitly, that the large N limit
of RPA calculation in the non-relativistic case matches the semi-classical approximation at
the leading and sub-leading order in NV, without including the short range interactions. The
agreement implies the equivalence of Fermi liquid theory in a weak background magnetic
field and large N limit of RPA calculation. Finally, in view of the previous result we see that
the Fermi liquid theory must be modified by the Berry phase effects in order to work for the
Dirac fermions. This effect can be easily incorporated via the substitution N — N + 1/2.
We expect that our computations will find many applications to quantum Hall physics.
The explicit expression for the polarization tensor is necessary in composite fermion [60] and
boson [102] approaches to fractional quantum Hall (FQH) states. These results can also
serve as a starting point to accounting for lattice, quenched disorder and weak interactions
corrections 9to the linear response theory. Moreover, some of the gradient corrections to
the transport coefficients, under certain symmetry assumptions, cary universal information
about the quantum Hall states[36, 6, 26, 27, 10], thus the knowledge of these corrections
as well as general method of their computation is of its own interest. The large N results
should be useful in the recently proposed theory of composite fermions[93], where the latter
are viewed as neutral Dirac fermions interacting with an internal gauge field. Finally, all
of the exact results are useful in testing the recently discovered set of dualities in 2 + 1D

(62, 86, 43].
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CHAPTER 3
PARTICLE HOLE DUALITY: A WAVE FUNCTION
APPROACH

3.1 Introduction.

Particle-hole (PH) transformation for fractional quantum Hall (FQH) states was introduced
by Girvin [21]. This transformation relates a FQH state at filling fraction v to a FQH
state at filling fraction 1 — v. In the absence of Landau level mixing the projected lowest
Landau level (LLL) Hamiltonian is PH-symmetric and, therefore, two states related by a PH
transformation have the same energy (up to a shift in the chemical potential). Despite the
physical clarity of PH-symmetry, the PH-transformed wave functions look quite complicated
and are difficult to work with. PH-transformed states contain a different number of particles,
have different transport properties and different topological order. In this Letter we will
explain that all of the information about PH-transformed state is encoded in the original
state, so that both states are a different representation for essentially the same physics. For
this reason we feel it is more appropriate to refer to the PH-transformation as a particle-hole
duality (PHD).

Recent years have also brought the rise of interest in the role of PHD in the problem of
the half-filled Landau level. To resolve the issue of the apparent absence of the PH-invariance
in the Halperin-Lee-Read [33] theory, Son has proposed a manifestly PH-invariant effective
theory of composite fermions with 7 Berry phase around the composite Fermi surface [93].
This theory can successfully be used to describe Jain states at fillings close to ¥ = 1/2 and a
PH-invariant (or self-dual) version of the Pfaffian state [13, 93], which is a viable candidate
for the observed v = 5/2 plateau [103].

PH-transformation, as defined by Girvin [21], works in flat space and homogeneous mag-
netic field. It was recently appreciated that placing a FQH state in inhomogeneous back-

ground magnetic field and curved geometry allows one to extract considerable information
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about the flat space properties of the state [99, 57, 32, 49, 1, 27, 28, 30, 29, 7, 8, 17, 48,
10, 11, 54, 9, 50, 16, 37]. For example, the projected static structure factor (SSF) [22] in
leading and sub-leading order in momentum, and long-wave corrections to Hall conductivity
and Hall viscosity can be calculated from the properties that become apparent in curved
space [10, 6, 36, 27, 92]. Integer quantum Hall states in curved geometry are available in
(synthetic) photonic systems [85].

In this Letter, we will use the approach of [49, 10] to extend Girvin’s construction to inho-
mogeneous magnetic field and curved geometry. Next, we will derive several exact relations
between Hall conductivity, Hall viscosity, Berry phases, and the SSF of the holomorphic,
chiral FQH states and their PH-duals. These relations establish the PHD quantitatively
and show that properties of the PH-dual state are completely determined by the original
state. The duality is non-trivial since the calculations can be easily done before the PH-
transformation, but are difficult to do after.

Under certain assumptions, the long-wave corrections to Hall conductivity, Hall viscosity
and the SSF are determined by topological quantum numbers [36, 6, 27, 10, 11]: filling
fraction v, shift & = 25 [99], chiral central charge c— [45] , and the orbital spin variance
var(s) [29, 8]. We will explain how the topological quantum numbers transform under the
PHD and prove that the aforementioned long-wave corrections are still determined by the
(transformed) topological quantum numbers, albeit via different relations. We will check the
derived relations against the explicit computation of the corresponding quantities for Jain

states done in Son’s theory of composite fermions and find complete agreement.

3.2 FQH states in inhomogeneous background.

We start with a brief review of the construction [49, 10, 11] of a LLL FQH state in inho-
mogeneous magnetic field and on a surface with nonuniform spatial curvature. Consider a
holomorphic FQH state W, ({{}), where {{} = &7,..., &y denotes the collection of particle

coordinates. The complex coordinate & = x + iy will be used to label the particle position in
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the plane. We will assume that the magnetic field B is inhomogeneous and the background
geometry is curved. Then the unnormalized wavefunction W, ({¢}) takes the following form
49, 10]

B ({E)) = fulleh)ed Tim Q) (3.1)

where f,({£}) is holomorphic in complex coordinates &, and Q is the magnetic potential 1
defined by
AyQ=—2B, (3.2)

where Ay is the Laplace operator for the metric g;;. Throughout the Letter we will fix the
coordinates so that g;; = \/gd;;. In these coordinates (also known as the “conformal gauge”)
the Laplacian is given by Ay = \/Agazag,. When the magnetic field is homogeneous, but the

space is curved, the magnetic potential is given by

K

=y

(3.3)

where K is the Kahler potential satisfying 0,0:K = /g, and { = B~1/2 is the magnetic
length. It is of crucial importance that f,({£}) does not depend on Q or the metric |/g.
This will not be the case for PH-dual states. Such states comprise a proper subset of chiral
FQH states, i.e. FQH states with fully chiral effective edge theories 2.

The central object of interest is the logarithm of the normalization factor

2, W) = / )| f (€] X W) (3.4)

where [d¢] = d2¢ -+ d2¢y with d2¢ = dzdy, and W = Q + log V9. We assume that for
constant magnetic field and flat space, when W = —|z|?/2¢2, the state is normalized and

Z, = 1. It is not hard to see that log Z,[W] is the generating functional of the density

1. We have chosen to use the natural unitse=c=h =1

2. More precisely, we call a FQH wave function chiral if it describes a bulk FQH state which possesses a
chiral effective edge theory.
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correlation functions [10]

1 6 log Z,[W]

(v (Q)) = (Yulpu(Q)|¥y) = ﬁwy

(3.5)

where p,(() = \/Lg Z;N:’& d(C — &;) is the density operator, and N, is the number of particles
in the state ¥,. In writing (p,) we will always implicitly assume that the expectation value
is taken in the state with the filling factor v.

The second variation produces the connected two-point function [10]

(v (Q)pv(())e (v (C)) (3.6)

1 J
V()W ()
where (o, (Q)pu(C))e = (pu(O)pu(C)) = (v (O)){py(¢')). The static structure factor (SSF) is

defined as the Fourier transform (q is the dimensionless momentum)

1

su(q) = E(PV(Q)PV(_Q»Ca (3.7)

where p, = v/(2r(?) is the mean electron density in the homogeneous limit (in the bulk of
the FQH droplet).
It follows from (3.2) that in flat space, derivatives w.r.t. W and B can be traded with

each other. Going to momentum space we recover [10]

P21 8(pule) _ ¢*oll(a)

su(q) = 2 v 5B(—q) = 30H(0), (3.8)

v

where we used the Stereda formula §(p,)/6B = ol [94], and the DC Hall conductance
ol1(0) = v/2r.
We will also need to know how the electron density depends on the spatial curvature.

This dependence is captured by the function 7, (q) = 27”5 (pv)/OR [10]. In general, n,(q) has
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the following momentum expansion

v (q) = % - %qQ +0(q"), (3.9)

where the constant b is an a priori non-universal parameter. However in the LLL it is

determined by the topological quantum numbers [27]

¢
b=vs(l-35)+— 3.10

v (1= 5)+ (3.10)

where ¢ = ¢ — 12vvar(s). It is also known to control the Berry curvature on the moduli

space of higher genus surfaces [48]. Note that the kinematic Hall viscosity [3] follows from
the zero momentum limit of the curvature response 775{ /pv = nu(0) [11]. At the same time
using the expression for the scalar curvature R = —Aglog /g, and the general relation, valid

for any metric-independent operator O [10]

2 50) 2
70050

- EAQ) (Opy)e (3.11)

it is possible to show that [10]

2
/2 (9
=12 1) . 3.12
(@) = T (P la) +1) (3.12)
These relations imply
1y, S=2, [b (S=2)] ¢
= ¢+ - | — 1
svla) = 54"+ —g—a [8V+ T (3.13)

This relation, together with Eq.(3.10), was derived for the Laughlin states in [10], and
conjectured to hold for states of the form (3.1) with var(s) = 0 in [11]. We conjecture that
it holds generally for chiral FQH states.

Finally, combining (3.8) and (3.12) we establish an exact relation between Hall conduc-
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tivity and 7,(q)
Jla) 1
aff(0)  1+442/2

(any(Q) + 1) : (3.14)

Relations (3.8), (3.12) and (3.14) hold to all orders in ¢, under the assumption of the absence
of Landau level mixing and long-range interactions. Together with (3.10) these relations
imply that first 3 terms in the momentum expansion of 05{ (¢) and s,(q) are completely

determined by the topological quantum numbers.

3.3 Particle-hole transformation in inhomogeneous background.

Following Girvin [21], we define U1_,,({z}) as a state of holes at filling v, which, when viewed
as a state of electrons, has filling 1 — v. Let 21,..., 2z be the coordinates of electrons and

&1, ..., &N be the coordinates of holes. Then the PH dual state is defined as

() = | S [l ehwide, (3.15)

where U, ({{}) is given by (3.1) and Wy is the v = 1 state. The overall factor is required to
ensure that the PH-dual state is normalized to 1 in constant magnetic field and flat space.

A defining property of the PH transformation is that it is an involution

\1117(171/)({5}) = :I:\IJV({f'}) . (3.16)
Property (3.16) is ensured by the following identity. First, we define an n-particle reduced

density matrix [61]

N
(N, —n)! Z,[W]

P’lgn)(é-h 76%7517 75’2) /[dé]kpn(én-i-la 7éN,77€17"' 7571)

XUp (gt Ny €L 5 &n) - (317)
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For n =1, this density matrix is a projector to the LLL satisfying

W, ({¢}) = / a1 (e A DL (3.18)

Eq. (3.16) follows by applying PH conjugation to Wq_, and expressing the resulting con-
volution integral for Wy__,) in terms of (3.18). We make extensive use of the following

formula relating the 2-particle reduced density matrices between PH-dual states 3

1
P 6 &) = PP &i6,0) + P (L 661, 6) + 5P (65 )P (60 6)

3P e )P (€11 62) — S ()Y on(2)) — 5 (o1 (E2)) (pwlE0))

(3.19)

Integrating over position & reduces this to a simple formula relating the electron density

(in inhomogeneous background)

{pv) + (p1-v) = (p1) - (3.20)

Equations (3.19) and (3.20) reveal the PHD, and are the central results of the present Letter.

Next we will discuss the physical consequences of the duality.

3.4 Particle-hole duality.

The Hall conductivity and curvature response in the PH-dual state can be found using
(3.20). Taking a derivative w.r.t. the magnetic field B(q), and applying the Streda formula

we obtain an exact relation between the Hall conductivities

ol (@) + ot ,(q) = ofl(a). (3.21)

3. For a proof of this formula, and further discussion of the reduced density matrix, see the Supplemental
Material.
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Similarly we find

v (q) + (1 —v)m—u(q) =mq). (3.22)

These are exact relations connecting the linear response functions of PH conjugate pair
states, and hold for all LLL wave functions connected by (3.15). They are new results of the
present, Letter.

Next, we turn to the normalization factor. It follows directly from the definition of the
reduced density matrix and the reproducing formula (3.18), as well as the definition of the
generating functional (3.4) that

Zl—y
Zy

=2z = log Z1_y — log Z, = log 21, (3.23)

where we have dropped the argument of Z, for brevity. Eq.(3.23) is an ezact relation
between the generating functionals for a pair of PH-dual states. Eq.(3.23) clearly illustrates
the duality, and is a new result of the present Letter.

Assuming now that ¥, has the form (3.1), variation of log Z1_,, over W((, () is given by

%@ log 21—, = {p1) + (0v) = (p1-) + 2(p1) . (3.24)

We emphasize that since (3.24) does not have the same form as (3.5), the wavefunction
W1_, does not have the form (3.1). More precisely, we see that fi;_, has to depend on
W. In other words, the dual states couple differently to inhomogeneous magnetic field. It
appears that the condition for f,, to be independent of W has to do with the chirality of a
state 4. For instance, all conformal block trial states share this property. This complication
indicates that identity (3.23) is not sufficient to extract all of the observables in a PH-dual
state in terms of the observables in the original state, because the relationship between the

observables and variations of log Z1_,, is more complicated for ¥{_, states.

4. We speculate that this property of f, is a sufficient condition for a state to be chiral, but it is not
necessary (Jain states being a notable exception)
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Now we will derive an analogue of (3.8) for the dual states. We utilize the fact that,
by definition, the two-point density correlation function is related to the 2-particle density

matrix via

(o)) = (pu(O)6(C — ¢ + 2P (¢, ¢3¢, ).

This allows us to gain insight using the exact formula (3.19). Then the one-particle density

matrix for the v state is known in the translation-invariant limit to be [61]
1 el 9121112 1902
735 )(C; ') = pelS /AN 27 (3.25)
Using this in (3.19), we find

(P1-0(Qp1-2()e = (v (O pu({))e + w(m(()m@'))c- (3.26)

P1

Taking the Fourier transform, we find a beautiful exact relation between the projected static

structure factors 5, = s, — s; for a pair of PH-dual states °

Pvsu(q) = p1-v51-0(q) - (3.27)

This relation is another novel result of the Letter. Eq. (3.27) also follows from the relation

between the pair-correlation functions [4] for the dual states ©. We stress here that (3.27) does

not require any assumptions such as (3.1) on the wave function other than holomorphicity.
Now we are in position to relate the Hall conductivity to the SSF of the PH-dual state

2

7 (31((1) - 51—V(Q)> : (3.28)

O-{I—u<q) = 0'{{—1/<O>

The simplest way to obtain (3.28) is to use (3.21) and (3.27), and assume (3.8).

5. Levin and Son have obtained the same relation using a different set of arguments [58]

6. We thank A.C. Balram for bringing [4] to our attention
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Next we will derive an analogue of (3.12) for PH-dual states. Using (3.21), (3.22) and
(3.14) we find

_ q*/2

51-0(q) = s1(q) — qu/z(q%—y@ +1). (3.29)

Excluding s1-,(¢q) from (3.28)-(3.29) we come to a surprising conclusion — the relation be-

H

1—v

tween 01" (q) and n1_,,(q) is precisely the same as before the PH-transformation (3.14), up

to replacing v by 1 — v. In other words, Eq. (3.14) is invariant under PH transformation.

3.5 Berry curvature.

Next we turn to the dependence of the PH-dual states on parameters such as adiabatically
varying fluxes of magnetic field or the modular parameter of a torus 7. Denote any of
these parameters in complex coordinates as x and z. Berry curvature can be computed
under the assumption that the state ¥, is holomorphic in the coordinates on the parameter
space, except for the real-analytic normalization factor. The normalized states have the form
83, 8, 48]

1

Then the holomorphic component of the Berry connection is determined entirely by the

normalization factor

Ay = i{thy| 9 |thy) = %ax log 2y, (3.31)

which follows by using the identity 0;(¢y|1,) = 0 to trade derivatives of W, for derivatives
of Z,,. Thus, for such holomorphic states the Berry curvature is a Kahler form with the

Kahler potential U, = log Z,,, and is given by

Q) =

- % (005U dz A d7 . (3.32)

86



This structure is nearly preserved for the PH-dual state. A straightforward calculation
shows that the Kéhler potential is U_,, = log(Z1/2,), which is not the logarithm of the

normalization as before. Thus, in contrast to the formula (3.23), the Berry curvature obeys

Q4+ -, =9Q. (3.33)

3.6 PHD and Chern-Simons terms.

The first few terms in the long wave expansion of o (q), sy(q) and n,(q) are determined
by the topological quantum numbers, which appear as the coefficients of the Chern-Simons
terms in the effective action [6, 10, 27].

The Chern-Simons part of the effective action is given by [29, §]

Wes = | (A+sw)d(a+5w) - = / wis (3.34)
where ¢ = c— — 12vvar(s) and other coefficients are the topological quantum numbers

discussed in the introduction. We have also introduced w;, — a spatial part of the spin
connection satisfying 0jwg — dowy = %\/ER This effective action encodes the linear response
functions. Notably, the Hall conductance, shift, and the Hall viscosity, averaged over the

sample, are given by

~1
v~ "N — N,
off =, S= 2, =

c
21’ X/2 ’

Tt (3.35)

Py +

N | W
BN Pa3

where A and y are respectively the area and the Euler characteristic of the sample, N is the
number of electrons and Ny is the total magnetic flux in units of the flux quantum. When
a FQH state is constructed as a single conformal block in a conformal field theory [63, §]

¢ = c—. However, in general (and notably for Jain states) var(s) does not vanish [29].
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The action of PH-transformation on the Chern-Simons part of the effective action is
Weg + Wis” = Wi - (3.36)

This can be seen as a consequence of the formula for the Berry curvature (3.33) following

PH

the arguments of [8]. In addition to v =1 — v it implies

1—vS
SPH — 1 Y ,  var(s
—v

y Q)2
yPH — s <511(1 _SZ) —i—var(s)) . (3.37)

PH

=1—-c_, and ¢’ =

PHD also transforms the chiral central charge according to ¢
PH — 120 H ar(s)PH - Curiously, if the initial state had var(s) = 0, then var(s)T’H + 0,
unless § = 1.

These relations are in agreement with the results derived above. For example, using the
transformation laws (3.37), combined with (3.10) we can check that relations (3.21) and
(3.22) hold at the order ¢* and ¢? correspondingly.

As another example we provide an explicit formula for first two terms in the long-wave
expansion of the projected SSF of a PH-dual state

e S (339

where b is given by (3.10) and all of the topological quantum numbers are known for a large
variety of states [29]. Eq. (3.38) follows from using (3.13) in (3.27), and is another new
result of the present Letter. For example, it can be readily used to determine the projected
SSF for the v = % states, related to the Laughlin states by the PHD. Note that all of the
quantum numbers are taken from the state at filling v. We are not aware of this type of
general result in the literature.

Finally, we can ask about the values of the topological quantum numbers for a self-dual

state which satisfies €, = Q;_,,. This state has been previously discussed by Son [93] and
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is known as the PH-Pfaffian. We find that it must have v = 1/2, § = 1, ¢~ = 1/2 and

var(s) = 0.

3.7 Jain states.

We apply our relations to the PH-duals of v = % Jain states with the relevant topological

quantum numbers given by

N(N% -1
S=N+2, c—=N, vvar(s) = ( T ) (3.39)
Then the projected SSF of the PH-dual state is given by
N 4 NY42N3 —2N2 2N
5 = +.... 3.40
Spe (4) = g A3(N + 1) g (3.40)

To the best of our knowledge (3.40) is a new result.

Hall conductivity of Jain’s state at the filling factor v = mévﬁ and its PH-dual state at

the filling factor (1 —v) = 2%111 can be calculated exactly, in the large N limit using the
Dirac composite fermion theory and the results of [69]. In the regime z = ¢(2N + 1) ~ 1

[71] the result is

(4N +2)2 — 2?) <8N n 2zJ2(z))

Hi N _ J1(2)
oy (q) = 62N 1 1) : (3.41)
(4N +2)% = 22) (8N + 8 — 202
ol () = ( it7). (3.42)

647 (2N +1)3
where Jo(z) is the Bessel function. The correction to this is order O(N~%). We have also

assumed absence of long-range interactions.
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The projected SSF can also be derived exactly using Dirac composite fermion theory [93]

_ B B((4N 4 2)% — 22)Jo(2)
W) = o NEN T 1)
2((AN 4 2)2 — 22)Jy(2)
32(N +1)(2N + )4 (2)

(3.43)

51-0(q) =

(3.44)

With these expressions at hand we can check that (3.21) holds up to order N 2. Tt also
follows from (3.41)-(3.44) that (3.8) and (3.28) hold in the large N limit at leading and
sub-leading orders in N. We emphasize that these are quite non-trivial checks that probe
the relations we derived in all orders in the momentum expansion.

Long-range interactions can be included in the computation of [71], which leads to the

breakdown of relations (3.12) and (3.29) at O(q") order and of (3.14) at O(¢3) order.

3.8 Conclusion.

We have presented arguments for the particle-hole duality in the lowest Landau level. This
duality implies several exact, non-perturbative relations between the observables in the pair
of PH-dual states such as static structure factor, Hall conductivity and response of the elec-
tron density to curvature. Our results for the coefficients of the small momentum expansion
of these response functions likely do not hold for PH-dual states which are both non-chiral
(as defined in [70], see also [32]) — a notable example of such a state is the PH-Pfaffian.
However, Eq. (3.27) should be applicable to such states as well. We leave the investigation

of general non-chiral states (and in particular the PH-Pfaffian) to future work.
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CHAPTER 4
A HIGHER-SPIN THEORY OF THE MAGNETO-ROTONS

4.1 Introduction

Interacting electrons moving in two dimensions in a strong magnetic field can form nontrivial
topological states: the fractional quantum Hall liquids [95, 55]. When the lowest Landau
level is filled at certain rational filling fractions, including v = N/(2N + 1) and v = (N +
1)/(2N + 1) (the Jain’s sequences), the quantum Hall liquid is gapped, and the lowest
energy mode is a neutral mode. Girvin, MacDonald, and Platzman [22] proposed, based
on a variational ansatz that the neutral excitation has a broad minimum at ¢fp ~ 1 at
the Laughlin plateau v = 1/3. Several years later, the existence of a neutral mode was
confirmed experimentally [75]. Later experiments reveal surprising richness in the structure
of the spectrum of neutral excitations. Unexpectedly, the v = 1/3 state may have more
than one branches of excitations [34]. Furthermore, higher in the Jain sequence, i.e., for
v =2/5,3/7, etc., the lowest excitation has been found to have a dispersion with more than
one minima [41, 52]. Various theoretical approaches have been brought to the problem of
the magneto-roton [? 91, 84?7 7 ]. Currently, the most common viewpoint is based on the
composite fermion picture of the fractional quantum Hall effect, in which the neutral modes
are bound states of a composite fermion and a composite hole.

The notion of the composite fermion is tightly connected to the Halperin-Lee-Read (HLR)
field theory [33], proposed as the low-energy description of the half-filled Landau level. Re-
cently, an analysis of the particle-hole symmetry of the lowest Landau level has lead to a
revision of the HLR proposal: the low-energy degrees of freedom is now a Dirac composite
fermion coupled to a gauge field [93]. Magneto-rotons provide a rare window into the dy-
namics of a Fermi surface coupled to a gauge field, a long-standing problem of condensed
matter physics [2, 79].

None of the previous analytical approaches to the magneto-roton can deal with the non-
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Fermi liquid at v = 1/2, or even with a composite Fermi liquid with general nonzero values
of the Landau parameters. In this paper, we develop a theory of neutral excitations in the
quantum Hall liquid, reliable in the limit N — oo in the Jain’s series v = N/(2N +1), where
quantum Hall plateaux have been found to up to at least N = 10 [73]. In this theory, the
neutral excitations are viewed as quantized shape fluctuations of the Fermi surface. This
interpretation is quite different from what have been suggested so far, and is one with a
predictive power. In particular, one can relate the whole dispersion curves of the neutral
excitations to the excitation energies at zero momentum. We find that the dispersion curves
have deep magneto-roton minima at large N. Remarkably, the momenta at the magneto-
roton minima are independent of all microscopic dynamics, and are in quantitative agreement

with existing experimental data even for small N.

4.2 Quantizing the shape of the Fermi surface

To find the magneto-rotons we will first bosonize the Fermi surface. This procedure was
studied previously [31, 35, 12, 64]. Our approach relies on a commutation algebra of fluctu-
ations of the shape of the Fermi surface, first derived by Haldane [31]. Here we provide a
simple semiclassical derivation of this algebra.

We assume that the v = 1/2 state is gapless and has a Fermi surface with the Fermi
momentum pp, related to the external magnetic field B by p% = B. The Fermi liquid is
characterized by the Fermi velocity vp and the Landau’s parameters Fj,. The effective mass
is defined as my« = pp/vp; the Fermi energy scale as ep = vppp.

In the fractional quantum Hall v = N/(2N + 1) state, the composite fermions live in a
magnetic field b = B/(2N + 1), effectively forming an integer quantum Hall state. We are
interested in the regime of frequency and momentum of order N~! compared to the Fermi
energy and momentum. We now propose that all low-energy excitations can be viewed
as deformations of the Fermi surface from the circular shape, which we parameterize by a

function pp(t,x, ) that depends on time and space, and also on the direction in momentum
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Pr(0)

Dx

Figure 4.1: A deformed Fermi surface.

space 0 (py/pr = tanf) (see Fig. 4.1). Furthermore, we decompose the perturbation into

different angular momentum channels,

o0
pr(t.x,0) = pl +u(t,x,0) =l + Y un(t,x)e " (4.1)

n=—oo

In the language of Landau’s Fermi liquid theory, the state parameterized by pp(t,x,0)
corresponds to a distribution function np(¢,x) which is one inside the Fermi line and zero
outside the line.

We now derive the commutation relation between the wu,s with the following prescription.

If we define an operator F' (and similarly G) as

P / % F(x, p)np(x), (4.2)

where np(x) is the quasiparticle distribution function, then we need to impose the condition

on the commutation relation so that

6 =-if C(Z;‘Td;;’ (F, C}(x, p)np(x), (43)
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where the {F, G} is the classical Poisson bracket between F' and G,

(5 Gy 2P0 _0GOF | ;0F oG

, 44
Op; Ox;  Op; Ox; Op; Op; (44)

where we have allowed the composite fermions to be in an external magnetic field b. For
Jain’s sequences b = =B/(2N + 1). Restricting np to be of the form of the step function
(1 inside the Fermi line, 0 outside), F, G, and the right-hand side of Eq. (4.3) become
functionals of the shape of the Fermi surface, and one can easily derive the commutator of

the small perturbations u:

i(2m)? d )

[u(x,0), u(x',0)] = o7 {_”z(e)a—xz + p—F%

}[5(){ — x50 — 0] + O(u), (4.5)

where n(f) = (cos#, sin#). In terms of uy, the formula reads

m |[2bm
[Um(q>7 un(q/)] = E {Eém—i—n,o + 5m—|—n,1q4r + 6m—|—n,—1Q] (2%)2(5((1 + q,> + O<U)7

(4.6)

where ¢+ = ¢z £ igy. This commutation relation has been previously derived in Ref. [31]
by extending Tomonaga’s bosonization method to higher dimensions. Note that the algebra
depends only on the size of the Fermi surface pg, but not on any dynamic properties (Fermi

velocity, Landau’s parameters etc.).

4.3 Gauging the Fermi surface

The composite fermion is coupled to a dynamical gauge field. Fermi surface coupled to a
gauge field is a long-standing theoretical problem, and the bosonized language allows us to
partly address it.

In the bosonic description, the temporal component of the gauge field aq is coupled to

ug and the spatial components are coupled to u41. In the Dirac composite fermion theory,
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the leading term in action for a, is the Maxwell term. If the dynamical gauge field is at
infinitely strong coupling, then the coupling to external field simply imposes the constraints
ug = u+1 = 0 as the result of the equations of motion §S/da, = 0. The assumption of
strong gauge coupling should become better and better in the limit N — oo. This is due
to two reasons. Firstly, the coupling of the composite fermions to the gauge field is set at
the Fermi energy ep and momentum py, while the scales of interest for our problem are
ep/N and pp/N. This gauge coupling is relevant for contact and marginal for Coulomb
interactions. Secondly, at these low energies the Fermi surface is effectively O(NV) fermionic
species (corresponding to O(N) patches on the Fermi surface in the renormalization group
treatment [78, 87]), boosting the 't Hooft coupling by an additional factor of N. (The
argument is more complicated in the case of the HLR theory with a Chern-Simons term in
the action for ay, but the conclusion is the same).

Hamiltonian and equation of motion.—Assuming the composite fermions form a Fermi

liquid with Landau’s parameters Fj,, the Hamiltonian of the system is

o vzﬁF / dx 3 (1+ Fp)un(x)u—n(x), (4.7)

where Fj, are the Landau parameters. In the case of a marginal Fermi liquid, we may
understand by Fj, the Landau parameters evaluated at the scale of the energy gap. The
Hamiltonian (4.7) and the commutation relations (4.6) form our theory of the neutral exci-
tations in the fractional quantum Hall fluid. This theory involves an infinite number of fields
Uy, reminiscent of higher-spin relativistic field theories [19, 18].

Let us first consider zero wavenumber. Then according to Eq. (4.6) the operators u can
be divided into pairs of creation and annihilation operators (u_o, u2), (u_3,us) etc, with uy,
for n > 0 being the annihilation and with n < 0, creation operators. The frequency of the
oscillators are

(0) b

wp ! =n(l+ Fpwe, we= o (4.8)
*
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The index n can be interpreted as the spin of the excitation. For example, the contribution
of spin-n mode to the spectral density of the density operator is expected to be ¢2" at small
n, so the leading contribution to the spectral weight comes from the n = 2 mode. The
ordering in energy of the modes depend on Fj,; in the simplest scenario n = 2 is the lowest
mode. Since we ~ N71, and the cutoff of our theory is O(NY), one should expect O(N) of
these modes (provided that Fj, does not increase as a power of n).

If one puts Fj, = 0 in Eq. (4.8) one would find wﬁlo) = nwe. This can be interpreted as
the energy of creating a pair of a quasiparticle and a quasihole, separated by n Landau-level
steps. Note that the naive lowest mode with n = 1 disappears due to the coupling to the
dynamical gauge field [? ]. As far as we know, Eq. (4.8) does not have a simple interpretation
when the Landau parameters are nonzero.

To find the dispersion relation at finite wavenumber ¢ one needs to solve the linearized
equation of motion, which can be obtained by taking the the commutator with the Hamil-
tonian (4.7). In momentum space, choosing q to point along the z axis, the equation is

w = nl + Fwdun = E0 4+ Feueer + (1 + Fuug] (49)
for n > 2 and n < —2 and where by construction u4; = 0. The task of finding the spectrum
of excitations thus reduces to finding the eigenvalues of a certain tridiagonal matrix. Using

Eq. (4.8) this equation can be rewritten as

(0) (0)
2N +1 w w
= 14 n iun 1+ n

(w — w0t Yy = alp

5 L] (4.10)

n-+1

Remarkably, Eq. (4.10) determines completely the dispersion curves from their starting
points at ¢ = 0. Thus we speculate that Eq. (4.10) is valid even when the v = 1/2 state

is a non-Fermi liquid. For small ¢ the equation can be solved perturbatively over ¢q. For
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Figure 4.2: The dispersion curves for the lowest two modes for Fr = 0.35, F;, = 0 with
n > 3. The horizontal axis is (2N + 1)¢fg and the vertical axis is the energy in units of we.
The cusp at zero energy is an artifact of the infinite N limit.

example, for the n = 2 mode we find

2N +1)2
‘ CNA LT (052 + O(gh). (411)
w( ) 24(1 _w( )/w( ))
2 2 3

If the spin-2 mode is the lightest one, then its dispersion curve bends down when we go to
finite q. Equation (4.11) relates the curvature at ¢ = 0 of the lowest mode and the ratio of
the energies of the spin-3 and spin-2 modes, and is one prediction of the theory.

It is intriguing that Ref. [34] found two modes at v = 1/3. While it is tempting to
identified them with spin-2 and spin-3 excitations, it is unclear if such identification can be

made at such a low value of N, N = 1.

4.4 'The magneto-roton minima

For Nglp ~ 1 one has to solve the full system of equations, Eq. (4.9) or (4.10), to find
the dispersion curves. In Fig. 4.2 we plot a typical result. We note that the energy of the
lowest mode goes to zero at a finite momentum. We now show analytically that this always
happens at infinitely strong gauge coupling. We need to solve Eq. (4.10) with w = 0 and

the boundary conditions u; = 0 and u,, — 0 when n — oco. The solution to this recursion
97



relation, which satisfies the boundary condition u,;, — 0 when n — o0, is

tn = ff},ih(pbgq). (4.12)

The boundary condition u; = 0 requires Ji(ppq/b) = 0. The latter occurs at ¢ = z;b/pp

where z; are the zeros of the Bessel function Ji. One can write this as

b b 2
¢p=2—5 =25 = : (4.13)

Pp

for the filling fractions v = N/(2N + 1) and v = (N +1)/(2N + 1).

The fact that the energy of an excitation is exactly zero is an artifact of the strong
gauge coupling approximation, which we have argued to occur at infinite /N; when the hard
constraints on ug = u41 = 0 are relaxed, these zeros of the dispersion relation should become
minima. The values of the energy at the minima are smaller by a power of N compared
to the energy scale of the excitations at ¢ = 0 (wflo)), but are nevertheless nonzero . This
is confirmed in a more detailed treatment of the composite fermions, taking into account
the density-density Coulomb interaction [68]. On the other hand, the strict N = oo limit
of infinitely strong gauge coupling allows us to determine analytically the locations of the
minima of the dispersion curves. Here we find a surprising result that the positions of the
minima on the momentum axis do not at all depend on the parameters appearing in the
Hamiltonian 2.

We now show that the robustness of the locations of the magneto-roton minima is due

to them being determined by the commutator algebra (4.6), but not by the Hamiltonian. In

fact, at the values of ¢ set by Eq. (4.13), there exist a pair of operators, O and OT, which

1. This qualitative feature has been seen previously in an improved RPA calculations within the HLR
theory [91]

2. In Ref. [33] it was been noticed that the minima in the longitudinal conductivity o, occur when
(2N + 1)glp is near the zeros of the Bessel function J;.
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commutes with all u,, (and consequently with the Hamiltonian) to leading order in u,
- P
O = ;2(_1)% (TFq)un (4.14)

In other words, if one defines the commutator matrix Cj,,, as

[um (), u—n(d')] = Crp(27)*5(q + o) (4.15)
for m,n > 0, where
2 z 0 0
z 3 z 0
2mh 2N +1
Cmn = —5 10 z 4 z , B = 5 qlB, (4~16)
Pp
0O 0 =z 5

then at the momenta (4.13) the matrix C has a zero eigenvalue. Across these momenta, a
role of creation and annihilation operators is exchanged for one pair of operators. It is not
difficult to show that any Hamiltonian quadratic in u’s needs to have a zero eigenvalue when
such an exchange occurs.

The positions of the magneto-roton minima (4.13) and their complete independence of
the details of the Hamiltonian are the central result of this paper. In the past, model
calculations have shown that the positions of the magneto-roton minima depend very weakly
on the interactions (see, e.g., Ref. [? ]), but the fundamental reason behind this fact was not
understood.

It is worth remembering, however, that our derivation requires ¢/ < 1, which means
that z; in Eq. (4.13) should be one of the first o(N) roots of J;. However, the values found
in Eq. (4.13) seem to fit existing data quite well even for relatively large ¢¢p. Limiting

ourselves to the range explored in Ref. [52], ¢/g < 1.2, our prediction for the locations of the
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magneto-roton minima is summarized in the following table (experimental values extracted

from Ref. [52] in bracket)

v=2/5 | 0.77 (0.86)

v=3/7 | 055 (0.52) | 1.00 (1.06)

v=4/9 | 043 (0.40) | 0.78 (0.85) | 1.13 (1.25)

All these values are surprisingly close (within 15% or less) to existing experimental [52] and

in numerical [84] results, despite the smallness of N and the large values of the ¢fg under
discussion. Even for N = 1, the calculated position of the magneto-roton ¢fp = 1.28 is
in good agreement with the original estimate of Ref. [22]. We interpret the agreement as
confirming the validity of the interpetation of the low-lying neutral excitations as shape
fluctuations of the Fermi surface.

Since the locations of the magneto-roton minima depend only on the commutator algebra,
which originates from the kinematics of the Fermi surface, rather than from Hamiltonian,
we expect the minima would survive even in the non-Fermi-liquid regime of short-ranged

electron-electron interactions.

4.5 Conclusion

To summarize, the universal momenta at the magneto-roton minima (4.13), along with the
existence of multiple branches of neutral excitations, each with a distinct value of the spin
at ¢ = 0, are the main predictions of this paper. These predictions should be valid in any
system described by a Fermi surface coupled to a dynamical gauge field in a small background

magnetic field.
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CHAPTER 5
LARGE-N APPROACH TO THE QUANTUM HALL EFFECT
NEAR HALF FILLING

5.1 Introduction

An interacting two-dimensional electron gas in a strong magnetic field can form nontriv-
ial topologically ordered gapped states, the factional quantum Hall (FQH) states. The
composite fermion construction was introduced by Jain to understand strongly correlated
electron systems such as in FQH [38, 39]. While the connection between original electrons
and composite fermions is unclear, composite fermion has been employed to study fractional
quantum Hall (FQH) with tremendous success. The composite fermion construction was
used by Halperin, Lee and Read (HLR)[33] to explore the half filling state » = 1/2, which
can be thought of as the large n limit of Jain’s sequences v = ﬁ, % The HLR theory
predicts precisely the appearance of the Fermi-liquid behavior of quasi-particle near half
filling states.

However, there are still some issues related to the composite fermion model, one of them
is the particle-hole (PH) invariant of the lowest Landau level (LLL). The PH symmetry issue
was recognized theoretically [46, 56] and experimentally [40, 65]. The idea of Dirac composite
fermion proposed recently [93], can be the resolution of this question. In this model, the PH
symmetry is satisfied explicitly by the effective theory of composite fermion with 7= Berry
phase around the composite Fermi surface. The Dirac natural of the composite fermion is
strongly supported by the numerical work|[20].

In work [26], we propose a semi-classical approximation to study the low energy dynamics
of Dirac composite fermion model near half filling; we predict fairly accurate the positions of
magneto-roton minima. Motivated by the success of this approach, in this paper we expand
it to calculate the electromagnetic response of Jain’s sequences at long wavelength regime

qlp ~ ﬁ We find that the DC Hall conductivity o (q) and projected static structure
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factor (SSF') 5(¢) have universal closed forms in the absence of long-range interaction. The
results also provide precisely the topological coefficients, which can be compared with a
previous work [66]. Moreover, the results show that both states v = 5% and v = %

saturate the Haldane bound [32]

3 —1
s4 = lim 5(a) = |5 |

9—0 (¢lp)* 8 (5

where ¢ is the magnetic length and S is the Wen-Zee shift [99, 83]. This result is derived
earlier for a large number of trial states [67]. However, Jain’s sequences do not belong to
those states. The PH dual relations [66] can be checked explicitly. We also compare the final
results with recent work in HLR theory [97].

The plan of the paper is as follows. We will review the Dirac composite fermion model
in section 5.2. In this section, we provide the effective field theory action of FQH near half
filling. Using Galilean invariant, we argue the requirement of electric dipole term. In the
section (5.3), we will derive the Fermi liquid version of Dirac composite fermion. The section
(5.4) will be devoted for electromagnetic response calculation of Jain’s sequences. We will
comment on the results and compare them with HLR theory in the section 5.4.3. Appendices

will be devoted to technical details.

5.2 Dirac composite fermion model

5.2.1 Diffeomorphism invariance of LLL electron theory

In flat space, ignoring the Coulomb interaction, the action can be written as

g — / Bt (m%ﬁ 4ot D+ quTaiﬁizp) + / B (—ifxda + ijxdfx) (5.2)
2 47 8
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5.2.2  Electric dipole moment of composite fermion

The field equation of ag gives

_otw B
pCF =V = (5.3)

From which we can derive the average composite fermion density and Fermi momentum as

B k%
= — = £ 4
=
kp=VB=—, (5.5)
(B

where B is the average background magnetic field. One can show that, in the long wavelength
regime ¢l ~ W1+I and the regime of random phase approximation (RPA), one can show

that
[ a5 (1B + ol it opilo D) ~ [ g (w*fw + vaaibiw) (5.6)

where ~ means equivalent to subleading order in 1/n expansion, and

. k : k
D, =0y —iay, ag=ap+ 2—Fvivz, a; = a; — L. (5.7)
Oy VR

The derivation of equation (5.6) is left for Appendix (C). With the help of (5.6), we can

rewrite the action (5.2) as

5.0 (4% .
s:/d:c§<w th+vwaw)

1 ~ 1~ -~ k . k .
3 ~ F F
+/d xﬂ (—Ada + §AdA + EWUZB - EWE”E‘].) ) (5.8)
where we define
E; = 0;A¢ — 9pA; (5.9)
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We further define the composite fermion action as
3 5 i % PR
Sor = [ Bater = | Eug (01D +opulo'Dp) (5.10)

and the composite fermion current is defined as

38
po = 2CF 11
JCF &iu : (5 )

From the action (5.8) and the definition of composite fermion current, we receive the con-

straint equations Jé o
I E -
J
5.12
e (5.12)

Jop = vpdla'y =

as the field equation of @;. Combining equation (5.3) and (5.12), we see that composite
fermion current and density are determined totally by applied electromagnetic field. The

continuity equation drpop + 0; Jé r = 0 is fulfilled by the Bianchi identity of flu.

. YR,
The action (5.8) suggests the saddle point value of local velocity v* = ‘ BEJ as we ex-

pected. This is the velocity of a moving frame, in which electric field EZ- vanishes entirely.

Substituting the saddle point value of v to the action (5.8), we obtain

' < 2 - L L
S = /d?’yc3 @/}Tf)t@/) + UFI/JTU’DZ-@D + /d?’xi —Ada + 1AalA _ _kr E;E"). (5.13)
2 4T 2 2vpB

The electromagnetic current can be determined as the variation of the action with respect
to external potential
08

= — 14
= Sh (514
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which provides
B Lo i (B—0
p —(1 ‘|‘ 463818 ) ( 47T akdk) s

(B ) 2 By
J :—iﬂ 12 4 Oyd; — ZB(?()@Z' (? - akdk> ) (5.15)

where we define b = ¢ d;aj;, e; = 0;jag — dya;, and the definition of electric dipole moment

is given as

k
dj = —L

k .
_ I g
UFB

I :

The continuity equation d;p+ 9;J% = 0 is satisfied automatically by the explicit definition of
d; and Bianchi identities of U(1) gauge fields flu and ay. In the low energy limit, composite
fermions can be considered as quasi-particle will effective mass my = ﬁ—?, thus the dipole
moment can be rewritten as d = €2Bp X Z, in which p = my«Jop is the momentum density
of composite fermion. This relation can be realized as the electric dipole moment is perpen-
dicular to the momentum, which implies the idea of Read [81] and Zhang [101]. The picture
of the electric dipole moment of the composite fermion is employed recently by Wang and
Senthil [98] to derive the m Berry phase of composite fermion around the composite Fermi
surface. However, they obtain the local Berry phase in contrast with global Berry phase of
Dirac composite fermion model. The dipole term is suggested to be the crucial ingredient
of the LLL physics near half-filling [96, 88]. In Dirac composite fermion model, the dipole

term appears as the requirement of Galilean invariant.

5.3 Semi-classical approximation

In this section, we will derive the semi-classical formalism to calculate electromangetic re-

sponse of Dirac composite fermion model in long wavelength approximation.
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5.3.1 Boltzmann equation for Dirac composite fermion

To make analyze the equation of motion along with the boundary conditions we look at an

alternative derivation via the quantum Boltzmann equation. We consider composite fermion

. - k2 z . - . :
has finite densiry pop = 75 = {’% under backround magnetic field b. The Dirac composite
fermion of Jain’s sequences v = ﬁ and v = 27;;11 correspond to b = 27’% and b = —271'%

respectively. In the large n limit, b < k%, and long wavelength regime, ¢ < k F, we are able
to employ the Fermi-liquid formalism [69]. Under those conditions, the composite fermions
form two-dimensional Fermi-surface with radius kp. The Fermi-liquid feels the magnetic
field b(z,t) with average value b and perturbation 6b = €' d;0a;, in additional with with
electric field e; = 0;0ag — dpda;. The derivation follows closely to the bosonization of Fermi
liquid [12, 31, 78, 87]. We will assume that db(z,t) and €(x,t) are weak and slowly varying.

The low energy physics is described by distribution function
ni(t,x) = nP (k) + dny (¢, x) (5.17)
where the fermionic distribution function
nd(k) = O(kp — k) (5.18)

Using quantum Boltzmann’s equation (QBE) in collisionless limit, we have the evolution

equation for dny(t,x)

85”‘(5)—55“‘) 4 7(k).Vxdny (t, %) + &(x). Veony (£, x)
- — no
H(T(K) % b(x)).Vidn(t, x) + 7(k).&(x) (3?2‘)) —0 (5.19)

where (k) = Viey is the group velocity and e is the dispersion relation. We also consider

the perturbation of distribution function is closed to the Fermi surface (low energy modes)
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by substitution
ony (t,x) = u(l,x,t)d(kp — k) (5.20)

in which 6 is the direction of k on the Fermi surface. We can rewrite the Boltzmann equation

in term of u(6,x,1t)

0,x,t - —Ou(f,x,t
au( ?X7 )+UFﬁ9vXU(9,X,t)_U_FbGU( 7X? )

= R fig.8(x) = 0 (5.21)

where we introduced a unit vector, normal to the Fermi surface via v(k) = vpiig, we have

ou(0,x,t)
ot

ou(0,x,1t)

+ vpitg.Vxu(0,x,t) — sgn(b)we 50

— fg.e(x) = 0 (5.22)

o]

where the cyclotron frequency is defied w, = T Jop and we have ignored the term éﬁk(mk(t, X)

and (T(k) x 0b(x)).Viony(t,x) as the quantities ¢(x) and db(x) are small.We also have the

relation between JgF(x, t) and ny (¢, x)

0= [ ot (5.2)
x,t) = [ —=ni(t,x .
pCF ’ (271')2 k\bs
: d’k : d’k K
We also use the temporal gauge so that
e; = —0poay; b=>b+010as — Ogday (5.25)
We use Fourier transform
d3q iquat
u(f, x,t) = su(0, q,w)e" (5.26)
(2m)
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And also

e.¢]

uw(f,q,w) = Z uy(q, w)e'? (5.27)

n=—oo

We have the Fourier transformation of (5.22)

—iwu(l, q,w) + wvprig.qu(d, q, w)

7 8“(‘9a q,W)

—sgn(b)we 50 —ip.e(q,w) =0 (5.28)

From above equations, we can write down the recursion equation

_ ) B ) 3 3 3 3
(w +sgn(b)lwe)uy (4, w) — mwc(%qu(q, w) + Gzup—1(q,w)) + w(d16az + 6 _16az) =0
(5.29)
where we defined
day = (0ay — idag) (5.30)
daz = 5(aj +idag) (5.31)
G = 4lp (5.32)

We can now include the short range interaction simply by turning the Landau’s param-

eters on [26] :

(w +sgn(d)I(1 + Fj)we)uy (4, w) — %wc(dz(l + Fii)up1(qw) + (14 Fi_q)u—1(q,w))

+w(5l515az + 51’_15&5) =0,
(5.33)
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with the construction, F; = F'_;. The composite fermion current Jé r can be rewritten

asl

kpvp tkpvp
Jbr = 4w tu-t), Jep = — (w1 —u), (5.34)

since under the rotational symmetry of Fermi surface, the contribution from n?(k) to Jé r

vanishes identically. The composite fermion density as

_ kg
PCF = PCF + 5 U0 (5.35)

The continuity equation is nothing but the equation of motion for u

Wy — qzUpu] — qzupu_1 =0 (5.36)

5.3.2  Semi-classical calculation of the electromagnetic response

The process to calculate the electromagnetic response is straight forward as follows. Combin-
ing (5.35) and (5.34) with (5.3) and (5.12), we are able to translate the constraint equations

for Jg'F to the ones for u; B
k‘F B 0B . Eljai(SAj

%uo 47 4’ (5.37)
1 B E
- = g 5.38
QW\blwcul or’ ( )
1 B s
Dot = — 2z 5.39
or o] LT T o (5.39)

1. Note that we set F} = 0 by the default construction, parameter F} can be always absorbed to the
definition of vp.
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where we define

I T
E, = §(E1 —iF3), (5.40)
1 3
Es = §(E1 +iFE>). (5.41)

The equation of motion for ug (5.36) is satisfied automatically as the consequence of Bianchi
identity of flu. One can solve the equation of motion (5.33) associated with constraint
equations (5.37),(5.38) and (5.39) to attain a; and u, in term of 0A4,. Consequently, we
can derive JH using (5.15) and (5.16). From the outcome of J#, one can read off the

electromagnetic response polarization tensor from the definition
JH=TI"§A, (5.42)

in the linear response formalism.

5.4 Electromagnetic response of Jain’s sequences

In this section, we will calculate the electromagnetic response functions of Jain’s sequences, in
particularly the DC Hall conductivity and susceptibility as well as the SSF. From the equation
(5.33), one can argue that the electromagnetic response depends on Landau parameters Fj
which encode the detail of the low energy effective theory phenomenologically. However, we
will show that the zero frequency limit, w = 0, the DC Hall conductivity can be derived
in a closed universal form which is independent on Fj;. With more detail analysis, one
can show that the SSF is also invariant under the changing of Fj. One can read off the
topological coefficients ([66]) of the result of DC Hall conductivity and SSF. In the appearance
of Coulomb interaction [68], those conclusions need to be modified. However, one can still
show that [68] the topological coefficients are unchanged. Employing rotational symmetry,

we can take q = (q,0), thus ¢, = ¢z = %. To simplified the formulae, we introduce the
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notation

B
Q0= s=glg= =qlg2n+1), (5.43)
We b

equation (5.33) transforms to

- z

(2 +sgn(0)I(1 + F))uy(2, Q) = (1 + Fryp)upa(2,Q) + (1 + Fi1)w1(2,9))

+Q(5l7156~tz + 5l,—15é2) =0 (5.44)

5.4.1 Universal DC Hall conductivity

In the DC regime, €2 — 0, we substitute
(2, Q) = uy(z,Q2)(1 + F)) (5.45)

to the equation (5.44) and obtain

sgn(b)niin (2, 0) — %(anH(Z, 0)+

_ w
Up—1(2,0)) + TC(én,lez +0p,—1€2) = 0. (5.46)

Since all Fj are absorbed in the definition of @; and To derive DC Hall conductivity for Jain’s

sequence v = ﬁ, we substitute sgn(b) = 1, equations (5.46) for |[| > 1 are satisfied by

the ansartz

u(z,0) = F(2)J;(2) (1>0), (5.47)

u(z,0) = (-1)!'G(2)J_;(2)  (1<0), (5.48)
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where Jj(2) is the Bessel function. The equations (5.46) for [ = £1 provide

 2F(2)Jo(2)we - 2G(2)Jo(2)we
€z = —i—————, ez=—i——5 (5.49)

We apply DC electric field E1(z,0) by turn on inhomogeneous d Ay (z,0), in this case 6B = 0

and

2
~ z ~
EFi=0(1l-——= Ey = 0. 5.50
Using (5.38) and (5.39), we obtain
B E
F(z) e G(2) | (5.51)

T 271(2)2n + Dwe’ T 20(2)(2n + Dwe’

The 3 component of electromagnetic current J2(z,0) is determined from (5.15) as?

Ey—e

2 —
J%(2,0) = yp

0?!(2,0)E1 = —0}] (9) Y, (5.52)

where we can derive DC Hall conductivity easily from (5.49), (5.50) and (5.51)

((4n +2)* = 22) <8n + M)

H/y _ J1(2)
7 (@) = 647 (2n + 1) ‘ (553)

To derive DC Hall conductivity for Jain’s sequence vy, = 27;‘;;11, we substitute sgn(b) = —1,

then perform similar calculation to obtain

2 .2 _ 22J5(2)
i ((4n +2)% — 22) (Sn +8- 2L ) -
Vh 647 (2n +1)3 ' '

Providing the results (5.53) and (5.54), we derive the gradient expansion of DC Hall con-

2. g = 0 and Jpds = 0 in the DC regime
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ductivity

B = gz (14 (5 + 157 ) @087) +06®), (5.55)

T oron+1 1" 16n
Hgy— 2L (22l L) () + 0 (5.56)
T = oron 11 4 " 16(n+1)) P R '

Both results (5.55) and (5.56) satisfy the relation

o) = o (142 2t ) + 0 (5.57

up to subleading order in 1/n expansion. S, is the Wen-Zee shift for state v, which is

determined previously[66] for both Jain’s sequences v, and vy,
Syp =N “I'_ 27 Syh = —Nn ‘I— 1 (558)

The relation (5.57) can be extracted from previous work [92] for FQH using Galilean invariant
and the g-factor of non-relativistic electrons takes the value ¢ = 2. In other words, the
relation (5.57) gives us the evidence of Galilean invariant of Dirac composite fermion model.
Using results in the work [66], with some assumptions on LLL wavefunction, one can derive
the relation (5.57) easily. However, the particular wavefunctions of Jain’s sequences are
unknown. With the appearance of Coulomb interaction, one can show that [68] the DC
Hall conductivity doesn’t have the universal form and depends on both Coulomb interaction
coupling and Landau parameter Fj. However, the contribution of Coulomb interaction to

DC Hall conductivity appears at O(g®). Thus the relation (5.57) is still satisfied.

5.4.2 Static structure factor

Jain’s sequence vy = ﬁ . To calculate the susceptibility and static structure factor,

we turn on inhomogeneous scalar potential dAg(z,w). In this case B = 0, and up to
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subleading order in 1/n expansion

~ z ~
Fi=i—— A Ey = 0. 5.59
We can derive
wy = UBEEs, z 5A (5.60)
U7 7 o0 TV T Tarp2n + D) 2w Y '
02k
u_q = LB 54 & 5 Ay (5.61)

2up 0T 20520+ 1)2w,

Using 0B = 0, and (5.37), we derive the recursion relation (5.33) for [ = +1

(w+ we)uq(z,w) — %(1 + Fy)ug(z,w) +wda, =0 (5.62)
(w—we)u_1(z,w) — %(1 + Fy)u_9(z,w) + wdaz = (5.63)

From the constraint equations (5.38), (5.39) and the recursion equations (5.33), (5.62)

and (5.63) , we can formally derive da, and daz as

Sas(w, q) = é]—“({Fl}, 2 w)5Ag (5.64)

S0s(.0) = ~G({F1}, 2,w)540 (5.65)

The susceptibility can be derived from (5.15) as the variation of density with respect to

dAp up to subleading order in 1/n expansion

1 [q <]—"({FZ},Z,W) B g({Fz},ZM)) n ’Z_i(quy} (5.66)

Xy (4, w) = = - -
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We can evaluate static structure factor directly from susceptibility as

_ 1 dw )
SVp(Q) - _a %Xl/p (w + Z€Sgﬂ(&)), q)v (567)
with
B n 1

or  2n+1 QWEQB
where ¢ is an infinitesimal positive number. The integral can be done by evaluated the

residue of integrand at all positive pole of w,

Sy, = —1_ Z Res(xv,(w, q),w;) (5.69)
w;>0

By the Kohn’s theorem and the explicit calculation[68], the leading order in momentum
expansion of susceptibility is ¢*, therefore the last term in (5.66) will be canceled by the
explicit form of the first and the second term. Also from the constraint (5.37),(5.38) and
(5.39), we do not expect the pole of II**(w, q) at w = 0 and w = +w, in fact the dispersion
relation and the explicit form of response functions [68, 24] confirm this. Therefore the %
coefficient of the first and the second term cancel each other. From the recursion equation
(5.33) for Jain’s sequence vy = Jﬁ, with assumption 1+ £ > 0, the positive w poles appear
in G({F}},w, z) and negative w poles appear in F({F}},w, z). Therefore, we can write down

F({F},w,2) and G({F}},w, z) in the form
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FURY,w,2) = FOURY, 2w+ FO{FY, 2)

FAURY, 2) FO(R}.2)
DI e D DY riures e RN G
1] J

G({Fi}w, 2) = GOURY, 2w+ GV{RY,2)

(2) (0 -
+ZGZ. ({Fl},z)+z Gm (R}, 2) . (5.71)
(ww) e (w-wi)w—w)

7

with w; = i(1 + F;)we. From the above arguments, we arrive at the constraints

o (FOURY.2) = GOURY.2) = L (at)? (5.72)
WR} =) - cW({F}2) =0 (5.73)
From recursion relations (5.62), (5.63) and F; = 0, we see that FOO({F},2), FO({F}, 2)

and GO ({F},2), GO {F}, 2) can be read off directly from u; and u_1, all of them are

independent of Fj

2
FO) = —gO)(y) = _4lgkr (5.74)
21)F
Oy =Wy =
F\W(z) =GV (2) 2ipan 1 1)2 (5.75)
From analytical property of function — (w_w.)%__ (o—wy) We see that
i j
G{F} zw) {Fz} Zw) A1)
Res(—w Z Res( ,wi) = GV (2) (5.76)

w; >0
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Thus

Z Reg(w’wi) ZG(l)(z) . Res(g({Fl}’Z’w)jo)

W W

=GW(2) — G({F}}, 2,0) (5.77)

We see that G({F}}, 2,0) and F({F}}, z,0) are independent of Fj and can be calculated in

closed form similarly as the previous section. Up to subleading order in 1/n expansion, we

obtain
2
z Jo(2)
F(z,0) =G(z,0 5.78
(500 =660 = 4 GG T 2 A () (578)
Therefore,
1 23 Jo(z)
SVp(Q) ﬁl/p Z es(XVp(w7q)7wl) 8n(2n+1)2 Jl(Z) ( )
w;>0
Jain’s sequence v}, = % . We can show that the susceptibility of Jain’s sequence

vy, = % is identical to the one of Jain’s sequence v = ﬁ as follows. The recursion

equation (5.33) with sgn(b) = —1 and constraint equations (5.38), (5.39) can be solved from

the solution of he recursion equation (5.33) with sgn(b) = 1 by the substitutions

u (g, w) = —u_y(q,w), (5.80)

5az(q7W) — _50’2(Q7 U.)), (SCLZ(Q,W) — _5CLZ(Q7W> (581)

With the help of (5.15), one can show that the electron density is unchanged, since db(q,w) =

q(daz(q,w) — da,(q,w)) is invariant under substitutions (5.81). We can conclude that

va((bw) = th(Qaw) (5.82)

which is the signature of PH invariant. The equivalent between xu,(¢,w) and xu,(q,w)

can be extended to the case with Coulomb interaction [68]. The relation (5.82) is obtained
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previously using wavefunctional approach [66]. In the work [59], the authors prove this

PH invariant relation in more general cases. With no extra work, we can derive the static

structure factor of Jain’s sequence v, = _27}1111

2 Jo(2)
8(n+1)(2n +1)2 Ji(2)’

Su,(q) = (5.83)

where we used (5.82) and py,/py, =n/(n+ 1). We consider the gradient expansion of SSF

up to subleading order in 1/n expansion

suy(0) ~ ot + (g + 5y ) @t + 0N (5:84
5 @)~ "t + (4 (gtp) + O 5.85
su(0) = Slate) + (g + g ) () + 0 (5.89

where & is replaced for equivalent up to subleading in 1/n expansion.
A comment is in order. There is a well-known bound on the coefficient 4 defined as
5(q) = 54(qfg)* + ... that is valid for any LLL state [32]

81
S4 2 ——),

> (5.86)

where S is the Wen-Zee shift. The above results of SSF suggest that both Jain’s sequences

saturate the bound?

S -1
S4 = —5 >

- (5.87)

In which the shift for Jain’s sequences are provided in the equation (5.58). Moreover, the q4
and % coefficients of (5.84) and (5.85) satisfy the independent topological evaluation [66]. In
the presence of Coulomb potential, one can still calculate the static structure factor[68], the
contribution of Coulomb interaction appears at O(q7). Thus, the coefficients of ¢* and ¢°

are still universal; they are independent of both Coulomb interaction and Landau parameter

3. Which is called Haldane’s bound in the literature.
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Fy of Fermi-liquid theory of composite fermion.

5.4.8 Compare with HLR theory

We recall the HLR theory given by the Lagrangian Ref[33, 97] with an extra dipole term

, 1 Vvl 11
£ =it Dy — oD+ ST D o + 5 —ada,

(5.88)

where we define D), = 9, —iAy +iay. 1 in HLR theory is non-relativistic fermion. One can

do the substitution

I _
a, = —ay, + Ay,

to derive the new Lagrangian

!
where Du =

to obtain

e 1 -
£ =iyt Djap — %|D§w\2 +

) 1 L
£ =iy Djp — D + Sl Dy

11 1
+-—d'dd — —

1
Add' + — AdA
247 47 da+87rd’

Oy — iaﬁi. We can shift again

oy 1 W d = d - ms
Gy = ap — 5MUV, G = a; + m;

11, ., 1., 1
S ddid — —A - AdA
5 gy 40 — A+ o Ad

AT y
+ - <§mvivl(3 —b) —mu;e’ (Ej —ej) — m2’UlatU2) ;

where b = €' 82'&}, e = 8166 — 815&; in which the local velocity takes value

. i p.
€
ol = 37

B
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(5.91)

(5.92)

(5.93)



gives us

£ =i Dy — —|D’¢|2 + ——”’d~ - —Ada + oo AdA
1 ( 1 E;E(B+b) 2
e Al S AR Loy E100E 94
47T< 2m 0 —f-B 6+B2 100FE9 (5.94)

Jain’s sequence v}, = WZI . The composite fermions have average density p.r = WﬁI%’
sense residue magnetic field b = % Thus the composite fermions fill .y = n Landau
level. We can integrate out non-relativistic composite fermion, within RPA, in the same
method as in the Ref [69]. Then, we integrate out ELL to obtain the generating function of

external gauge field W[6A,]. The DC Hall conductivity and SSF can be obtained straight

forward from the generating function. We report here the results up to sub leading in large

n limit
1 n n
H 2 3
S 142 > .
oy = 55y (1 5 (ats)’) +0@) (5.95)
_ n nd  n? 7
Su,p(q) & g(qu) TR (ap)° + O(g"), (5.96)
Jain’s sequence 1) = HWTI . We can do the similar calculation with one modification,

Vef = —(n + 1) instead of n, and obtain

B = gy (1= @) + 0 (5.7
_ n+1 Ry nd  n? 0 O’
sy~ )+ (5 + ) () + O (5.99

Comparing with the results of Dirac composite fermion approach, the Hall conductivities
agree up to ¢ in gradient expansion. The static structure factors and therefore susceptibil-

ities differ at ¢*. The results of HLR calculation explicitly show that PH invariant relation
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(5.82) is violated. The coefficient 54 of state 14, disobeys the Haldane bound since

<\S—1\_n+1
8 8

5y = g (5.99)

5.5 Conclusion

We develop a the semi-classical approximation approach for Jain’s sequences near half fill-
ing. We calculate DC Hall conductivity and SSF in universal closed form. The results are
independent on phenomenological parameters, in the absence of Coulomb interaction . We
successfully reproduce the topological coefficients of Jain’s sequences in the large n limit.
The results satisfy PH symmetry in closed form. The SSF outcomes suggest that Jain’s

sequences saturate Haldane’s bound. The comparision with HLR theory is provided.
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APPENDIX A
GREEN’S FUNCTION FORMALISM OF INTEGER
QUANTUM HALL

A.1 Generating functional summary

For the reader’s convenience we list together all of the final expressions derived in the Section

IT in terms of dimensionless momentum ¢ = 5—% and for arbitrary g-factor.
g 2 T
0Sy = — | dtd“xB : Al
&~ Im / By (A1)

The generating function is given by

Gla.dsN) = > (—1)”’”%—/! ( )" (ag)"" )

n\n—n—-—w n—n'+w
n>Nn' <N

s
The vertices are given by the following relations
A= 1 g
z - _ _
Pir(q) 9v/2ml (286] <1 2) Q> ) (A.4)
(A.5)

where we have also added the dependence on the g-factor that describes the non-minimal

coupling of the electrons to the magnetic field due to the intrinsic magnetic moment. The
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polarization operator is given by

m _ig2 . A >
My = e 14 Jim Pu(q)Py(d)Glq.qs N) + 1L
4 q——q

and

2—#
2) ch/ d=q L2

A.2 Derivation of (2.50)

Summation over b subspace

(A.6)

The first step in evaluation of (2.50) is to perform the summation over the Fock space

generated by b, Al operators. This can be done easily because the b, Al operators completely

factorize from the expression for the vertices (2.37)-(2.36), because the perturbed action

does not depend on b and (a, a') commute with (b, b7). We compute the trace over the Fock

spaces (suppressing the frequency integration)

Tra7bG0V(1)G0V(1): Z (nm|G0]nm><nm]V(l)|n/m/)(n/m’\GO\n/m/ﬂn’m/\V(l)]nm)

n,n/,m,m’

= Z L ! (nm|V(1)|n/m/>(n/m/|V(1) |nm)

w—E,w - F

’
n
n,n’m,m’

The matrix elements (n'm/|V(1)|nm) factorize as

_kly KLyt
(' Vi ) = '™ VE" V3" )| (Vi )| oA
a
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because a commutes with b. In Eq. (A.9) (m|X|m/) , means that the average value of

operator X is computed in the Fock space generated by the bT. Then

Kk, kOt
(1) (1) _ 1 1 b \/»b /
TroyGoV WGV Y mmm gl e )|,
n7n/7m7m,7k’q
aty aty
x (/e V'3 fm)| (VD )| (VD )| 54,(k)5AL(0)
a
1 1 By Byt —afp T
= V2 f V2
Z w—Enw’—En/<m|€ c © c [m >)b
n7n/7m7k’q
‘W ! V)| 54, (k)sA A0
< VD] VD )| 545 ) (A10)

where in the last line we have used that |m) form a complete basis in the Fock space generated

by b.
Yoy’ =1y, (A.11)
m/

where 1j is an identity operator in the Fock space spanned by b operators. We have, thus,
established that in all of the components of the generalized polarization operator the sum-

mation over m can be done explicitly and amounts to the computation of the sum

k@b k@bT —Lzb QZbT

Z(m|e V2TeV2t e V27 ev2T |m) :%Id@em' (O]eo‘e \@e\f o \[ f o0 0)

m

L
=212 6@ (k +q). (A.12)

In the first line we replaced the summation in m with integration over the coherent states (we
explain how to do it in the Appendix A.3). In resume: for any component of the polarization
tensor summation over m can be replaced by 2 Vi3 ze %5(2)(/% + ¢). This delta function is
the manifestation of the momentum conservation - after b-summation the fully filled Landau

level looks translationally invariant.
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Frequency integral
Next we perform the trace over time and frequency
Tl"tG()V(l)Gov(l) = Z(t|G0V Gov |t>

t
= ST S () wlGolw) (wlt) (¢ [V (1w o | Gl (L8 1V )

tw t/ /
_ oit(w— W) —zt' (=) + 1 V(l) 1 V(l) "
. tw—w'—9Q) fzt’ W' = 1 (1) 1 D)
— ZWZWZ e’ (w— )W_Env (Q)—w/_En/Vn,n(Q)
n,n'

1 1 1 1
= YD bw— o — ol — o — ) — Eﬂvéﬂ?(g)mvé,g(fz’)

n,n’ w,Qw Q

_ (1) 1 1,
S I e Enw Lo

n,n oJQ

A2 dw L Mgy
Z/271' 2T w—|—Q Enw_En,vnn/( >Vn’n< )7

where we have introduced a shorthand V., for matrix elements (n|V|n’). To perform the

frequency integration we rewrite the fraction as a sum

1 I 1 1 ~1 (A13)
(WH+Q) —FEpw—E;, \(w+Q)—-FE, w—-E;)Q—(E,—E,)" '

and take only first N poles in the integral over w. This integration will project onto Hilbert

space of the first NV Landau levels. When this is done we have

1
TTtG()V(l)G()V(l) = % <Zn n' E 7/1annfnn

mn (A.14)

40 vhovi-o v -a)
Ir Ln<Na/'>N | VB B T BT
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This is the final outcome of the computation (we have suppressed the dependence on the

momentum). This computation yields (2.50).

A.3 Coherent states

In this Appendix we will describe the coherent states that will be useful for multiple calcu-
lations. Here we follow Perelomov [74], but customize the notations to agree with the main

text.

A.83.1 Heisenberg-Weyl group

We define Heisenberg-Weyl algebra via relations
[a.al]=1, [a,1]=[ 1]=0, (A.15)
an arbitrary element of the algebra is given by a linear combination
W =is-1+qa — qa, (A.16)

where s is real and ¢ is complex.
We want to exponentiate the algebra into the group. Arbitrary Heisenbrg-Weyl group

element is given by

. _ . _ 1 _
WV — oS, ean—qa _ ezseane—qae—j[an,—qa]
18 _la? ol —ga

1
A+B _ ,—35[AB],A.B

where we have used e , which is true for linear combinations of cre-

ation/annihilation operators. We also denote

D(q) = et@'—a. (A.18)
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These operators form a representation of the Heisenberg-Weyl group. Representations for
different values of s are inequivalent. For fixed value of s all representations are unitary
equivalent. So from now on we fix s and drop e*® factor.

We can freely switch between D(q) and e19T =G0 4 the cost of an exponent, that is
D(q) = e_geane_qa . (A.19)
Operators D(q) have the following multiplication rule
D(q)D(k) = M) Dk 4 ). (A.20)

This can be checked using the following simple identities

e“flal)y = flal +c)e, (A.21)

ecan(a) = fla— c)ecaJr : (A.22)

These relations can be used to prove the multiplication law. The latter can be obviously

generalized as follows

=1 M
[] Dla) = ¢ i< ™G p [ 37, ) (A.23)
=M i=1

The multiplication law implies the permutation relation

D(q)D(k) = M) D(k)D(q) . (A.24)
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A.3.2 (eneralized coherent states

Operators a, af naturally generate a Fock space H with an orthnormal basis

|n) ) (A.25)

.I.
= a_|0
Vnl

where |0) is defined via a|0) = 0. Consider an arbitrary state |¥y) € H. States of the form
D(q)|¥o) = |q) (A.26)

are generalized coherent states. One gets usual coherent states choosing |¥g) = |0). Most

of relations for coherent sates hold for any |¥). The overlap of the coherent sates is
(al#k) = D (w0 Dk~ )| %0)  [(alk) = p(k — g) (A.27)

Also we have

D(k)|q) = ¢MFD g 1 g) (A.28)

Since the Fock space H is projected D(k) acts on the g-plane by translations. Therefore an

invariant (under the action of Heisenberg-Weyl group) measure is
du(k) = Cdkydksy , with k= ki +ikg, (A.29)
where C' is arbitrary constant to be fixed momentarily. Consider an operator
A= /du(k)]k)(k\ (A.30)

We find that for any k we have [D(k), A] = 0, thus A = A1 due to Schur’s lemma. We also

can always choose C' to set A = 1. We take C' = % then resolution of identity takes form
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(this particular value of C' will be explained shortly)

™

/Mwm ~1. (A.31)

We now present some relations that are valid only for |¥g) = |0).

DI (¢)aD(q) =a+q. (A.32)
and
alk) = k|k) . (A.33)
Similarly we have
L kal Sy
k= D)) = e~ F e 0y = 3 L) (A.34)
n=0
Using the last relation we find
k|2 ]2
[(KI0)* = p(k) = ™" [(k|a)? = plq — k) = "1 (A.35)

Noticing that (A.31) is equivalent to [ du(k)p(k) = 1 we find that C' = 1 as advertised.

T

We want to be able to evaluate traces in H. In the Fock basis we have

0 = Y (l0ln) = 3 [ dutk)dula)aln)(nlk) (£10l0)

n

- / dyu(k)dpa(q) (al) (K]O]g) (A.36)

Using resolution of identity

o / dyu(g){(qlOlq) = / dy(g)e~ 1 (0jet20eta' o) (A37)
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So we have derived

A

1 .
Tr O = - /dqldqg (e*‘Q|2<0\eanean|0>) (A.38)

Consider a matrix element of D(k)

b aip) = oh (k2 +a) R

Gk, q;p) = 2T T (EID(p)lg) = e 2™ (A.39)

Inserting resolution of unity in terms |n) we find
Gk, q;p) = Z Um (k)un(q) Dmn(p) , (A.40)

m,n
where
k.m

un (k) = (n|k) = N (A.41)

G is a generating function of the matrix elements of Dy, (p). The latter are obtain expanding

(A.39) in series in k and q.

nt P e
Dym(p) =/ e 2 p"™ "Ly "(|p*), m>n (A.42)
Im! I _

Dpm(p) = Fe 2 (—p)" ng’L m(|p‘2) nz=m

(A.43)
We also find simple relations for the traces

Tr D(p) = 763 (p) (A.44)
Tr [D(p)D*I(Q)} = 6@ (p—q). (A.45)
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A.3.8 Application: Trace over b-subspace

We want to evaluate trace of a product of local operators

M
Ty, | [] Oi(as) | = / k] TT [y [/ 2] 0;09)] (A.46)
1=1 1=1
where we have introduce a shorthand notation [dk] = f\il (;f% and O;(k;) is understood

as a Fourier transform of O;(z;). Now we re-write the exponent in terms of a and b.

, Kl kLot kLpt oy KL _ _
okx _ eﬁa ol . \/ib +ﬁb _ eqa_ane_qu+qb’ (A A7)

M
where we introduced ¢ = \k/—%, so that [dk] = (%2) [dq]. We have for the exponent

, lg2
X — Da(—q)e_qTe_queqb. (A.48)

Now, we plug this back into the trace

(2)" fj JidaDu-a [15, [ e ent] o4 (A.49)

To proceed we use (A.38)

lg; % T

P ) — .

Try ”e b~ Wb il
1=1

1 ‘Q'|2 2 M + +
_l-vl / 2 | e~ IP2 01620 TT o~ ib! gaib bl |
e ple (Ole i_l_[le eti?el?"|0)
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We want to normal order the product. In order to do this we use permutation relations

M
ePb H o—@ib" aib pb’ _
1=1

M
el H AN AR D SR LT D N DI
1=1

Denoting > ; ¢; = @ and using
b o i
(0] : P H e~ Bb" @ibeP 0y = 1
1=1

we have

Try, b aib

T

_L- Zi'%ezm —4i4j /d2pe—ﬁQ€pQ‘
The latter integral is a -function

1 5Q pQ 2N Q
_ pQ .pQ _ (2) — 2R A
/dpldpze e 0\ (Q) 7T/ @ )26 .

We also use q;q; = qj - qj + 1q; A qj, where a Ab = ajby — agby. As well as

—Z|qzl2+qu qj = —Q2

1<j

then

Try He 2 o~ @ib eqib :We_i2i>jQi/\Qj/(;l;‘ oNe)
™

We have proven that
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(A.51)

(A.52)

(A.53)
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fro | Lo () [ e L1 [0 [Put-ape 0,00 120,
(A.55)

Finally using
Da(=q1)- ...+ Da(—qus) = € 2397 Dy (—qy — . — qyp) = € 22 9" Dy (—Q) (A.56)

we arrive at the trace formula

M M 2, M ' ~
| [[ 0t :”(132) / %1}1 [0 [P o) . o)

This is the generalization of the b-summation formula that was used in Appendix B to
arbitrary number of external legs. This formula is useful if one is aiming to evaluate the

generating functional to arbitrary order in external fields.

A.4 Vertices for the Dirac polarization tensor

In this Appendix we explicitly write out the vertices for the Dirac polarization tensor. These
are obtained by straightforwardly combining (2.78) with (2.90) and using (2.45), for |n/| >

In| >0

0 > 1 nl! [ ke [n/|=In] In/|=|n| ( |ke
D (F) 2 {\/ |‘n’||! (ﬂ) L\n| 2
‘2

nl-1)! [k Il =0l /= In
e[ G5 (55)7 105 |(|k%)} A2
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_ N_lnl—1 9
1 VP / [t RO\ g (1R
D M) = =5 sn) (/[ = 1)! <\/§ okl 2

nl— ) Re\ I 2
ooy (@) ()]

: (A.59)

. - "—Inl—1 2
S - Iy BRI 0 M T W
P (F) =75 [Sgn(”) (/[ = 1)! (\/5 alll 2

(I = D (FO\E g (ke
—sgn(n) W(E) Ly i (T> . (A.60)

For the case |n| > |n/| > 0, the expressions for the vertices are obtained by using (2.46)
instead of (2.45).

For the case n = 0, |n'| > 0

o (k) = iz ( ﬁ (%)|”'| I7g (@)) : (A.61)

FlDOn’(E) = —U—\/g (sgn(n’) m (%) |1
< (@)) ’ (A.62)

S / 1 AR
F%On'<k>:7§<sgn<"> = (s)

« L= (@)) , (A.63)
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For the case |n| >0, n' =0

(F) = = ( o (@)) , (A4

- v 1 AN
Tl =5 (Sg“(”) o (3)

x Ll <@)> , (A.65)

(k) = —% (Sgn(n) 0 1_ 5 (T/_k;)ln—l
<Ly (@)) ’ (A.66)

we can write down the explicit form of equation (2.89) as the summation of product of

Laguerre polynomials for each pair of indices p and v.

A.5 Evaluation of the infinite sums

In this Appendix, we again use k= (k1,0) . The components of polarization tensors can be

obtained from equation (2.89) and the explicit form of vertex operator I' ’[L)nn,(lg)

M2(Q, k) = iQI2 + iQk 1132 + Q3182 + - - - | (A.67)

where HP,H%Q and H%Q are the result of Taylor expansion of (2.89) at specific order of w and

p, - -+ represents the higher order of frequency and momentum. The explicit form of H%Q is
Z. (0.¢]
m2=l 3 (Vi vae D - (T - v+ (VN VI F I (AGS)
n=N-+1
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the first two terms come from the summation with n’ < 0 and n > 0, the last term is from

n,n’ > 0. Similarly,

32 = éf% i [4(271 + 1) (Vn+1—+vn)?—42n —1)(vn—vVn— 1)
n=N-+1

=)V - Va= 22 = (n+ (Va2 - Vi)’
— 402N —1)(VN+1+ VNP> + N(VN + 1+ VN — 1)

+H(N+D(VN+2+ VNP (A.69)
n2 -0 (Y (WA v - (VAT T v + (VE VI
TE n=N+1
(A.70)

The summations are convergent and can evaluated H%Q, H%Q and H?I)Q to obtain

2 2 2
20, ) — oN+1/2 mk%£26N +6N+1 ng SNZ+8N+1 (A7)
2T 167 UF 8
We derive similarly
n®(Q, k) = K 4 ... | (A.72)
k) =02mt .. | (A.73)
22(Q, k) = Q21122 + k21132 + - - (A.74)
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There is no k:% term in T (€2, &) and no Q2 term in T%0(€2, k), we can calculate the coefficients

(0. ¢]

m—mf —nP = (S [ v (Vi Va1

8\/_7TUF n=N+1

+(VN + VN + 1)3) .

(A.75)

The summation is convergent and is given by

o

> [VarT- v+ (V- v 1] = ~ (VN + VI F D 1203, N+ 1)

n=N+1

(A.76)
where ((s,n) is the Hurwitz (-function, which is defined as
— 1
.q) = . AT
(0= 3 Gy (A7)
As the result, we have
moo — it g2z -3t (—— N+1). (A.78)
1 L 2\/_7TUF
The coefficient H%2 can be also calculated similarly
1
2 _ St (=5 N +1). (A.79)

2 4\/—

We summarize these results in the Section 2.3.
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A.6 Evaluate the summations of non-relativistic polarization

tensor at large N limit

In this Appendix, we will show the explicit calculation of polarization tensors in the Section

2.5.1. The following Bessel function identities will come in handy

T @) T10(@) — Tt (@) 10(0) = % (A.80)
wJo@) = 3(N1+0(0) + T-140(0)) (A.81)
W) = =3 (1-u(@) + J-1-0(0)) (A.82)

The summations (2.118),(2.119) and (2.120) can be recast as

Nwe = 2Nn4we[Jn(q))?
11 _ & . cldn
I (q,w) = o + E 2@ —n2) (A.83)
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B n2we [Jp_ —Jy 2
M22(g,w) = — Nwe | 3 N [gﬂ(;ng = +1(q)]

g i n2weq [Jn—1(q) = Jpt1(0)] Jn(q)

2 _ 2
— 4 (w? — n?)

2 - q2n2wc [Jn(Q)]2

—8 — 32N7(w? — n?)
__ Nwe  Nwe g [o1(@) = @ 0 g~ 0P (@)
T o 7;1 (@2 — n?) 8y n; an(w? — n?)
25 Crtwe ()
& — 32N7(w? — n2)
_ Nwe Nwe i —4n*Jn—1(¢) Jns1(q) N 4n4Jn(q>Jn<q>}
27 2m =~ (w2 —n2) ?(w? — n2)
0 = [Jn 2 q n? Wc Jn ]2
8y 4 Z ( Z 32N 7 (w2 — n2)
2Nwe o~ 1 I <Q)J 1(9) Jn( )
11 c n—1 n+
n=
2 @PnPec [nl(g))
— 32N7(w? — n?)
: (A.84)
o0 . ) 2
R iNERwien(@) a1 (@) = Jea(@)] & iwn®we [Ja(a)]
_ iNwwe i n2Jn(q)Jn(q) B i iwn2we [Jn(q)]?
B mq 0q (w2 —n?) gn:1 47 (w? — n2)
(A.85)
where we used
0 1
& () = 5 (noa(e) — T (0)). (A.36)
i 2
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Using the identity

> (@) = (A87)
n=1
we can rewrite Hll(q, ) as
11 2Nwwe n2 Jn(q>]2
lew) =-—3 73 (A.88)
q 1 (w? —n*)
Next we need to evaluate
n (@ _ o~ [In(9)] )
(Wr-n?) 2 2 A.89
ngl (w2 _ n2) w 7;1 (w2 — n2) n;l [Jn(q)]”, ( )

7’LJ 1 1 1 1
Z n—- 2( n+ QZ In— n+ ZJn 1(9)In+1(q) (A.90)

n=1 (w

to derive the closed form of IT% (p,w). Both of the above summations can be evaluated using

the tricks in reference [91], which gives us

o~ 7 n ’ W

r; (WQJ——(Z);) - _%  Ssin(mw) (0w d) (A.91)
2
g Jn 1 nq)tl( q9) _ — 2S#(m))l]l w(@)J14w(q) (A.92)
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We therefore can derive the closed form of polarization tensor

Nw2wc Tw
m(g,w) = - (—Sm(m)Jw(Q)J—w(CI)>a
(A.93)
iNwwe, 7w 0 Jwwe Tw
M2g0) =~ D sl + 2 (1 SR,
(A.94)
wzwc W Wew
1*(q,w) = %(FWL(Q)J—W(Q))—Sﬁ(—ﬂmh—w(q)JHw(Q)
wwce 2 2WC v
0 -ula)] + L (1 FE S aula))
(A.95)

Since the closed form of polarization tensor is obtained, we can derive the large N approxi-

mation of conductivity and compare with Fermi liquid calculation.
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APPENDIX B
LOWEST LANDAU LEVEL BASIS

B.1 Lowest Landau level states

The orthonormal complete basis set of single particle wave functions in the LLL is

_ i
() = o " (B.1)

We will take £ = 1 to simplify the formulas. We have the projected annihilation field operator

N () = S
wL(Z) Tnzzoam¢m(z) Tnzzoa’m\/me 4 ) (BZ)

T

where a,, and ay, annihilate and create normalized LLL states and obey the Fermi canonical

relation

{&na djn} - 5mn 5 {d:[% din} = {dm &m} =0. (B’3>

Thus equal time anti-commutators of projected electron field operators are

1
(W} (1), 01.(22)} Z (21)ém(22) = 5™ tl-aPeiGra=2n) = (]} (B4)

Since the LLL single-particle states are not complete in the full Hilbert space {z1|za} #

62(21 — 29). In fact, {z1]22} acts as the d-function in the LLL

/ P2 F (1) {21]m) = F(za). (B.5)

where F'(z) is any function of the form F(z) = f(z)e_%|z|2 and f(z) is holomorphic. Further

/ P 2{21|22}G(52) = G(21). (B.6)
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where G(2) is any function of the form G(z) = g(Z)e_%‘Z|2 and ¢(z) is anti-holomorphic.

Finally, {z1|22} satisfies the composition rule
/d222{21|Z2}{22|23} ={alzg},  {zln}” ={zla}. (B.7)

B.2 LLL at finite number of particles

Next we assume that only N orbitals are available in the LLL. The finite N version of the

LLL é-function is
N-1

Kn(21522) = Y dm(21)m(22) (B.8)
m=0

which is known as the reproducing kernel for the Hilbert space of states spanning the LLL

(also known as the Bergman kernel), which satisfies the composition rule

Ky(z7) = / PEK (=€) K& ), (B.9)

and the reproducing formula

/ P oKy (21 22) Fy (22) = Fy(z1) (B.10)

where F\(z) is any linear combination of ¢, (z) with m running from 0 to N — 1. Similarly,

/d221GN(21)KN(Z1;Z2) = Gn(z2), (B.11)

where G y(Z) is any linear combination of ¢7,(z) with m running from 0 to N — 1.
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The normalized wave function of the v = 1 integer quantum Hall state is

Po(21) po(z2) -+ dolzn)
Uit o) = \/% ¢1(21) ¢1(z2) -+ d1(2N)
dN—_1(21) én—1(22) -+ oON_1(2N)

We define the n—particle density matrix for this state by

PO (e} (e} =

where we used the shorthand notation

{Z}:Zla"'azM {f}ZZM-I-l?"'vZN {5/}:’2?\44—1"”72?\7'

with n = N — M. It can be shown that

P Gl 60) = et [Ky(6:€))

1<ij<n

A Jlaee) e ().

(B.12)

(B.13)

(B.14)

(B.15)

For example, Pfl)(f;f’ ) = Kn(&¢), which at equal points coincides with the mean

density of the integer state (p1(£)) = Ky (§;€). Furthermore, it’s clear that

7’9 (&1.£2:€1,8) = %(KN(&; KN (E2;:&) — Kn(&: &) Kn(62:€)) .

(B.16)

On the diagonal, 73(2)(51,52;51,52) is related to the two-particle distribution function

P(2) (€1,62;61,8) = %n(z) (£1,&2), which can be expressed in terms of the pair distribution

function n(2) (£1,&2) = (p(&1)){(p(&2))g(&1, &2). Similar to the reproducing kernel, the reduced
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density matrix has the property that

ﬁwMWm&mmmmzm@» (B.17)

for any antisymmetric function Fn({¢}) = Fn(&1, ..., &n) built by linear superposition of
the N LLL orbitals. In particular, for a fermionic M — particle wave function W, it clearly

follows that

Jla PPV en e nwaie’y) = waie). (B.15)

Then defining PH conjugation by

N *
I N e T A R A (B.19)
we find
o = vy, = ()M Mg, (B.20)

Results of this Section remain true in inhomogeneous magnetic field and curvature.

B.3 PHD for the density matrix

Here we obtain a relation between the density matrices computed for different filling fractions.

Specifically

PUENIEY = iy [ (CHADGR D, )

where N, = M is the total number of particles in the state W,. It is similarly defined for

the PH-conjugate state U1_,,, with N1_,, = N — M. We start with the one-particle density
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matrix

P2 = S [l (M) e geh 1€ Do (Wi ()

(B.22)
) =P (),

(B.23)

where the second equality follows directly from the following expansion of the determinant
in the definition of the density matrix

PR (e A)) = 1+1[KN@%Z'”’fM)(“}’{g})

_ZKN fk

M g A | . (B.24)

where {g}k = {517 s fk‘—l’ §k+17 e
excluded. On the diagonal, p)

&y} ois the ordered array of coordinates with &
density (p1—p) = (p1)

(p), and (B.23) implies the duality relation for the mean

— (pv)-

Next, we consider the two-particle reduced density matrix, which can be written as a

convolution involving the (M + 2)-particle density matrix

M +2)!
PL (21,205 21, 29) = % 10 P e s 1, s NN (D)
(B.25)
We next utilize the expansion

P§M+2)(Z1,zz,{5};21,z2,{§’}): 1

Vo [KN(Z1;21)7’1(M+1)(Z2,{5};22,{5/})

- KN(Zl; 2)P MY

—Z

(22, {€}:21,{€'})

PR )P (o, () 21, 22, 4 )|

(B.26)
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Inserting this into the definition and using (B.22), we get

1
PQV(ZLZz;ZL 2) =3 [KN(21;21)73§1_>V(22; z9) — K (21; 22)7’9_)”(22; 21)

S0 [l e 16
k
22, (€} 21, 22, {€ 1) W (€. {€7D)

—%(MH)
P ViG] (B27)

In order to evaluate the sum in the second line, we use the expansion

PR o ki 2 A8 =g [Km;Z1>7>1<M)<{s};zz,{5’}k>

- KN(Z%ZQ)

({5} 21, {& k)

+ Z D7 Ky 22,5j)
J#k=1

M€y 21 A€ 0)] -

(B.28)
Plugging this in and using (B.17) gives

Pf_),,(ZLZz;ZL z9) =

1
=3 [KN(Zl; Zl)Pfl)V(Z2; z9) — K (21; Zz)Pfl_)y(Z% 1)

_ _Z /dg Kn (2156 K v (295 21) W, ({E D) W5 (29, {€' 1)
+ = Z /df KN(Zl,fk)KN(ZQ,ZQ)\IJV({f })\I/*(Zl,{f }k)

__ Z k+]+1 / d& ]KN(21,§k>KN(227 ) ({f D¥ (21, 22, {€ }] k)
k#]

(B.29)
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which can be expressed in terms of the reduced density matrix of the ¥, state as

1
PE (21, 29121, 29) = = [KN(ZD )P (29:29) — Ky (n; Zz)Pl(l_)y(Zz;m)

1-v 2 1-v
1 2¢! ! . (1) e
+5 [ FEEN (215 E) BN (225 21) Py (€15 22)
1

~3 / d2€) Ky (21; € Ky (2: 20) P (€] 21)

+/d251d2§§KN(Z1;§i)KN(Z2;5&)7352)(5/1,65;21722)] (B.30)

using the reproducing property of the kernel, and the determinant expression for the

2-particle density matrix Pf), this can be brought into the form presented in the paper.

B.4 Two-point functions of density from the generating

functional

Next we explain how to obtain connected two-point functions of density p;_, from the

generating functional log Z1_,,. Indeed, differentiating (3.23) w.r.t. W (¢’)

J

W<p1_y(é)> = (p1—v(NPp1-0(O))e + [P (¢"); p1-0(Q)] (B.31)

where we have introduced a “mixed” correlator

s 1ol = 22 gl o, ()25 V(<)

/[dZ]‘Iﬁ({ZL {ENPI{=}Aehm (<), (B.32)

which signals the failure of the formula (3.6) for PH-dual states. To evaluate this term we
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combine (B.31) together with (3.20) and (3.24) to obtain

52n Z_,

WOWE) (P1-0(Q)p1-0(C))e + 2o ()P () + [pu((); p1—1 ()]

=2(p1(O)p1(¢N)e — (p1-v(Op1-0())e = v ()i p1-0(Q)] . (B.33)

Which implies

[1o0(¢"); 1= (O] =(p1(OP1())e = (p1-0(Op1-0(¢)e = (O pv(())e - (B.34)

In this form, one can see that if the connected two-point functions were related in a
manner similar to the one-point functions (3.20) of the main text, then the mixed corre-
lator would vanish. In the translation-invariant state, we can use (3.26) to evaluate this
in momentum space, and combined with (3.27) we find a simple expression for the mixed

correlator

lpvi p1—v](@) = —2pvsy = =2p1- 151 - (B.35)

A comment is in order. There is a well-known bound on the coefficient 4 defined as
s51-v(q) = 54 + ... that is valid for any LLL state (22, 32]
S— 1‘

.a

. (B.36)

This inequality is saturated by a class of states annihilated by a certain short-range potential

[70]. Tt is easy to see that PH-dual states also saturate this inequality.

.
oll(q) ~ ﬁsm), (B.37)
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and

ol () ~ 2@;“(251@ (@), (B.38)

7

where ”~" means equality up to sub-leading in the 1/N expansion.
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APPENDIX C
DERIVATION OF EQUATION (5.6)

In this appendix, we will derive the equation (5.6) in detail. We consider the Jain’s sequences

v = %ﬂ, % . In this case the residue magnetic field felled by composite fermion is

(C.1)

The Dirac composite fermion with density pop = g will from IQH with filling fraction

vop = £(n+1/2). Consider the action
g — / d%% (1/)T Do + vt D b+ vt aiﬁi@z)) (C.2)
We can integrate out fermion field to derive the generating function
Wbay, vi] = %m / Dp D) 51 0auvil (C.3)
We separate the contributions to the generating function as in Figure C.1
Wibay, vi] = WO + w® 4w (C.4)

We can derive the first W(1) and the third WC(2) contribution easily, they are related to the

Dirac composite fermion density

W(l) = /d3xpcp5a0 (05)

WC(2) = /d?’ZEpCF(Sij(Sa@'Uj (C.6)

In order calculate I/V(2)7 we need to evaluate the loop integral of IQH system of massless

Dirac fermion. In the Ref [69], the authors develope an algebraic method to translate the
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(5(11 v;
A; WWVVQ\/\AN\M B;

Figure C.1: The generating functional to quadratic order in external fields is given by the
sum of three diagrams. The first diagram, W(l), is linear in the perturbations of the elec-
tromagnetic field and describes the constant background density of composite fermion. The
second diagram, W(2), contains the main contribution to the generating functional, A; and

B; can be either a; or v;. Finally, the third diagram, WC(Q), contains the contact terms

loop integral to the sums including Laguerre polynomials. The explicit calculation of w(2)
follows similarly as in the Ref [69] with the identical unperturbed Green’s function. We
separate W(2) as

w2 = W1(2)[5au] + WQ(Q)[W] + W?EQ)[MW vil, (C.7)

Where W1<2)[5au] is the Dirac polarization tensor of IQH system

9 1 [ d?’kdw y
Wi 5a,) = 5 / 50w, I (@, K)da (—w, —k) (C.8)

W2<2) [v;] is the result of the loop diagram with the external lines are v;

2
Wi = 5 [ i VI w10 (-, k) (©9)
W?SZ) [6a;,v;] is the result of the loop diagram with one external is da,, and the other one is
Ug

2 %k dw :
W?S )[(5CLZ',UZ‘] = /mgéau(w,k)ﬂm(w,k)vi(—w,—k) (C.10)

To simplify the calculation, we chose the reference frame in which k = (k1,0). The algebra is
tedious but straightforward, in this appendix we only quote the final results with the terms

contribute to sub-leading in large n regime. The space components of Dirac electromagnetic
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polarization tensor are

19 on+1l2 56n2 +6n+1 328 +8n+1
5 (w, k) = —iw o + iw(k10) e W E8—7r+'“7 (C.11)
3¢ 1 15¢3 3
T (w,k) = —w?—o (——,n+1) bR (St )+, (CI2
D( ) 2\/§7TUFC 9 1 16\/§7TUFC( 9 ) ( )
30 1 3lv 1
D( ) 2\/§7TUFQ 9 14\/§7T< 9 ( )

where we define the residue magnetic length ¢ = 1/4/]b|. ((s, q) is the Hurwitz ( —function

1
= C.14
n=0
For x # —1, we can check that, at large n limit
((—z,n+1) m ———(n+1/2)"*, (C.15)

r+1

where ~ means equal upto subleading order in 1/n expansion

2 2
1 2 1 1/2
Vlz(w,k):—iww“wk%( n+1)(6n 26”+ /2, .. (C.16)
87TE2UF 16mv
3 1 5 3
VW0wk)=———" (- n+1) —w?——((—2n+1
(. k) 2\/§7T€3UFC< 2 ) ﬁﬁﬁv%g( 2 )
21¢ 5
+E2w? —,n+1)4+--- C.17
b g (g 1)
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3 1

V2w k)= ———"((—=,n+1) — n+1
(w, k) 2\/%53%@( 5 ) \/—Mvg —=——= (=5 )
5 3
Y 2 S (S SEY ) ST C.18
12¢§MUFC( 5 ) (C.18)
We can define the regular term and the contact term as
Vi (w,k) = VY 4+ Vi (w,k) (C.19)
where
Vi — g3 g(—l, N +1) (C.20)
¢ 2\/§7T£3UF 2
At large n limit, applying (C.15), we obtain
1 Z] 1 1 3/2 1 ]{IF _
Z = 21
where we used
_ B on 4 1)0~2
PCF = == (Zn+ 17 47r) (C.22)
kp = \/Ampcp =020 + 1 (C.23)

Using equation (C.15), we also can show that (up to the order of gradient expanssion that

we calculated) N
V’;LLJOTm (Q7 k)

m(9,k k) = vh(? 24
The result of ¥ (w, k) is summarized as follow
3 1 3 3
12w, k) = —iw—— (==, n 4 1) + ik l———— (=2 n 4 1) + - - C.25
(k) = iy g+ 1)+ a5+ ) (€2
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1/2 1/2 2 1/2
Ell(w,k):—n+ 2/ 2t 2/ )2 ey 9303 (n +1/2) N (C.26)
2ml L 87TUF
n+1/2 (n+1/2)2  5(n+1/2)
$22(y k) = —— —w? k 2
We also separate X% (w, k) to the contact part and the regular part
S (w,k) = £ 4+ 51 (w, k) (C.28)
where
i 2n + 1 i
A= (c20
This contact part will be canceled exactly by the contact term diagram which is
Wc(tz) [da;,v;] = /d3x5iijF5aivj
d’k dw
— [ 50 pomsaw ey (-, K0 (C.30)

With the help of (C.15), up to leading and sub-leading order in 1/n expansion, we obtain

H%<wv k) ~ = vp Eg"jeg(w k) UF\/WEQOTm(w,k). (Cg]')
The relation
0j k
1% (w, k) ~ —izmg(w k), (C.32)

follows obviously from gauge invariant. Combining W(l), W2 and WC(E ) we have the result

of Dirac fermion loop integral, up to quadratic order in perturbation

d?k dQ)
An2 o7
155

W(da;,v;) ~ /dtd Xpopoagy + 2/ —d0ay(w k)H%y(w,k)dy(—w, —k) (C.33)



where
1k - k
Sy = dag + - —Lvt,  Sa; = da; — ~Lu;. (C.34)
2v F (2
Therefore we can conclude that, in RPA calculation and large n limit

. . — <~
/ d%% (Wﬁm ot D+ voai(ﬁm) ~ / d%% (@N[Dt@b + voaiDm) (C.35)

Since we obtain the same generating function W(da;,v;) as the result of integrating out the

Dirac composite fermion.
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