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2 
tion. a separate calibration step is required in this 

MEI'HOD FOR DETERMINATION OF 3-D method to determine the 3-D locations of the x-ray 
STRUCTURE IN BIPLANE ANGIOGRAPHY sources relative to the imaging plane. 

Several workers have developed methods to derive 
BACKGROUND OF THE INVENTION 5 3-D suucture from two radiographic images that are 

I. Field of the Invention obtained in exactly orthogonal directions (A. Dwata et 
This invention relates to a method for determinin1 al. World Congress in Medical Physics and Biomedical 

3-dimcmional structure in biplane anposraphy from Ensmeering, 1985; and JHC Reiber et al., Digital Imag-
two biplane images obtained at arbitrary orientations Ing in CardioYOSCUlar Radio/O<[Y, Georg Thiem Verlag, 
with respect to an object. 10 1983). The 3-D information obtained with these tech-

2. Dilcusaion of Background niqua in binary: Le., no gray levels remain in the recon-
Tbe development or disital !masing techniques in the atruc:ted Image of t:Oe 3-D object. Secondly, the images 

last twenty years has greatly expanded the field of rad!· muat be obtainoo in exactly orthogonal directions, 
ology. Disital subtraction anpography (DSA) makes which may be difficult to achieve in conventional bi-
use of the digiuJ format of the vucular imqes by the 1' plane radlograr,ny systems. Also, determination of the 
subtraction of a mask frame from an image containin1 positions of ves.,ei segments which run in a direction 
~ontrut:filled vesacls. The result is an image in which perpendicular to cne of the imaging planes is difficult or 
intcrVe.mng structures and background have been re- impoui'ble with these methods. 
moved. _At present. DSA imqes are widely med in the To eUmin•te these problems, a method has been dc-
diaanom and treatment planmn1 of !DOit dilCUel of 20 veloped that allows calculation of 3-D vascular struc-
vesaela. lncludin,1 •theroecleroeia, aneurysma, arteriove- ture from two images obtained at arbitrary orientations 
nous mall~uons. etc. (see JM Rubin et al., Investigative Radiology, Vol. 13, 

Th~ ~lltal format of DSA also lenda itself' well to p. 362, 1978; and SA MacK.ay et al., Computers and 
quant1tat1ve measurements of the vucular system. 2.S Bk>medlcal Research. Vol. 15, p. 455, (1982)). This 
Many ~hen have developed methods Illini single method ii important, but requires a separate, somewhat 
DSA ~ to quantity physical panmeten ~ • cumbenome calibration step which is executed either 
vesacl me. the amount of narrowing (or. stenoeaa) of a before or after !masinl the patient. Specifically, a cali-
vesacl.. or the _rate o_f blood now ID a pven veael or bradon object of known dimensions is imaged in the 
supplym1 a pven tmue. The application of all lllCh . . 
quantitative methods ii complicated by the raci that 1 30 same biplane conflsuration u II used to ~&e the pa-
single projection imap of the vucu1ature provides dent. Data are then collected from the unagcs of the 
little information concernini the true J.dlmenaional Cllibradon object, ~ parameten are. cal~ulated to 
vucular structure. Thus. CM mt1P1iftratioa of a veuel, provide the 3-0 poutiom or selected points 111 the vas-
which la a tunction of ita reladve ~ polition cular imqes. . . . 
between the 1-ray source IDd the imqiq plane, la JS A diff'erent technique baa been descnbed 111 the field 
difflcult to derive from a single imqe. ID calculldona of of computer vision to determine J.D positions of object 
veael size IDd blood flow rate, the mapiftcatioa of the points from two arbitrary views without a calibration 
vessel enten a the ftnt IDd third power. respecdvely, step, Thia method WM. described ~ ~o independent 
(LE Fencil. et al, Accurate A.nalysia of Blood Flow IDd theoredca1 papers. (HC Longuet•Hiums, Nature, Vol. 
Steootic Laiom by Usin1 Stermpic DSA System, 40 293, p. 133, 1981; IDd RY Tsai. TS Huan&, Technical 
Medical Physics, 1987, 14, p. 460, pracnted at A.A.PM. lleport, Coordinated Science Laboratory, University of 
1987). In addition. the~ orientation of the 11llnoia, Nov. 12, 1981). It does not appear, however, 
vesael with respect to the !masinl plane ii difficult or that this approach hu ever been successfully applied in 
impouible to infer from a single imqe. Knowledge of the fteld of radlolo1Y, 
the orientation of veucll ii ~portan~ for quantitative 45 SUMMARY OF THE INVENTION 
blood now mcuurement. and II also unportant ror the 
dialD()lil of vesacl mallormationa and for sursical plan• Accordingly, one object of this invention is to pro-
nin1. vide a novel method for determination of 3-D vascular 

In short, an accurate 3-dimemional (3-0) representa- structure rrom two biplane images. wherein the biplane 
tion of the vucular IU'UCtUnl would be very uaeful in ,o lmqa can be obtained at arbitrary orientations with 
many areu or medicine. · respect to an object. 

Several methods have been developed which derive Another object ii to provide such a method which is 
3-D information rrom two diptal imqes. Stermpic rapid. requires minimal additional equipment, and is 
digital angiosraphy hu been med ID the calcu1adoa of mapemive url euy to implement in existin& di&ital 
3-D polition IDd orientadoa information of vesaela (LB ss angiosraphic s)'luema. 
Fencil et al., Invesdpdve Radiolo1Y, December 1987; Yet another oi,,ject of this invention is to provide a 
and Kll Hoffman et al. SPIE Medical Imqin1, VoL new IDd improv~ method for determination of 3-D 
767, p. 449, 1987). However, atermpic determmadon structure ID biplane angiosraphy with minimal prior 
or J.D veael position becomes les11ccurate ilthe orien- knowled1e concernin1 the biplane imaging geometry 
talion of the vesael ii cloee to the dinM;tion of the stereo- 60 IDd uain1 biplane images of arbitrary relative orienta-
scopic shift. Thus. the reliability of this method ID deter· tion. 
m.inin1 3-D vucular structure depends on the orienta- Tbele and other objects are achieved according to 
tiona of the veucll themselves. the present invention by providing a novel method for 

Szirtes in U.S. Pat. No. 4,630,l03 describes a tech• determination of 3-D structure in biplane angiography, 
nique for the 3-0 localization of linear contours appear- 65 includin1 determining the distances of perpendicular 
in& in two stereolCOpic images. However, thil method lines froio the focal spots of respective x-ray sources to 
also suffers from the limitation that the contour must respective image planes and defining the origin of each 
not lie in the direction or the stereoscopic shift. In addi· biplane imaae as the point of intersection with the per-
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4 
pendicular line thereto, obwning two biplane digital 
images at arbitrary orientations with respect to an ob- BRIEF DESCRIPTION OF THE ORA WINGS 

ject, identifying at least 8 points in both images which A more complete appreciation of the invention and 
correspond to respective points in the object, detcrmin- many of the attendant advantages thereof will be 
ing the image coordinates of the 8 identified object ' readily obtained as the same becomes better understood 
points in the respective biplane unknowns based on the by reference to the followl-,g detailed description when 
imaac coordinates of the object points and based on the considered in connectk. t111th the accompanying draw-
~own ~ocal spot to, imaac ~lane ~ca for ~ two inp, wherein: 
biplane unaacs; ~lVllll the lmear equations to yield the 

10 
· FIG. l ii a schematic block diagram illustrating an 

s. unknowns, which represent the fundamental gcomet• overview of the proccssin1 steps performed according 
nc panmctcn of the biplane lmaainl system; Illini the to the Invention; 
t'undamental panmetcn to calculate th• 3-dimemional 
poaitiona of the object points ldentifted In the biplane ~G. 2 II I now c~ provid~~ an overvi~w of ~ro-
imagcs; and determination of the 3-0 poaitions of the cesam1 steps to _o~tatn ,3-0 pos1t1ons of obJect points 
vessel segments between the object points. Thus, the 15 and the aeomctnc unagmg parameters; 
entire 3-0 structure of the vuculature is determined. FIG. 3 is I now chart illustrating in detail the pro-

The present invention allows the determination of ccssin1 steps performed in the determination of J-D 
complete 3-0 vucular structure from two biplane Im- poaitions of object points and of the independent geo-
aacs obtained by arbitrary orientations. Thia method 20 metric ima1PJ11 parameters; 
does not require I separate cah'brldoa step for each FIG. 4111 Dow chart illustratina the processing steps 
iml1PJ11 aec,metry, and requires only miaima1 prior In the determination of a complete 3-0 vascular struc-
knowledge conc:ernin1 the i.mqln1 system. Some of the ture of step 4 shown schematically in FIO. 1; 
mathcmatica utilized In thia technique, althoup lade- FIG. 5 :s a schematic penpcctive view illustrating the 
pendently derived, bear IU'ODI similarity to the mathe- 25 1eometry and coordinate systems of the biplane imag-
matics In the Lonauet•Hlgim peper above-noted and ln1 system; 
described hereinafter. However, the praeat method FIG. 6 ii an illustration of two coronary anliographic 
~ts the tint succcatul ~llcadon ofthia ~rec- lmalCI, with a (A-0) vcsael bifurcation points selected, 
1cal method to the radiolop:al f1eld. Allo described u well u an example of the calculated 3-0 positions of 
hereinafter ii the solution of several problems which 30 1 Mt or selected object points. 
~ in the application of this tee~ to aasiosraphic FIG. 7 ii aa illuattation or the imaaes shown in FIG. 
~es. ~ addition, thia technique II extended to one 6 with I vcsae1 sqment illustrated between two selected 
which will recomtnJct the entire vuculatun appcarin1 bifurcadona and in which corresponding centerlin 
In the two lmaaes. Previous theoredcal reports delcribe e 

1 method for locallzins poinca in 3 dimenlionl, but not 35 poinca are lndicat~ u well ~ an cxamp~e of how the 
for dcterminiq entire CODDeCted vucular strudU1"eL veael sqment mipt appear ID 3 dimensions. 

The technique for the complete reconatrucdoa of FIG. I ii I achemadc block dia,ram of.an implemen-
vucular structure from two biplane 1mqa accordinl tadon or ,the ~vention ~or the .~tion of 3-D 
to the Invention bu many ldvaatqa. First, the u,e of structure ID I biplane di11tal an11oaraphic system; 
biplane imqa (imtead of stereo !mases, for aample) ii 40 FIG. t ii I IC~tic pen~ve view illustrating 
helpful became there are many more biplane dllital one or the biplane V1CW1 shown ID FIO. 5; 
l)'lteml praeatly imtalled than there are steracopic FIG. 10 ii I tchem•tic illuatration of the inherent 
dilital S}'ltCml. Scc:oadly, became the praeat tech• ambipity of object IC&le, if the scale of the translation 
nique utilizes imaaea from biplane systema that allow vector i ii unknown; 
almost arbitrary positionln1 of the lmaainl projectiom, 45 FIGS. 11 and U are now charts illuatrating in more 
iml1PJ11 acomctrics may be chOICD for optimal visual- detail the steps in dcterminina the exact and least 
iz.ation and reconstruction of the vesaela of Interest. Thia squares solutions of the q vector, respectively, as shown 
ii I distinct advaatap over metboda employin1 stereo- la FIG. 10; 
scopic or onhoaonal projectiona. Varyin1 the lmaainl ,o FIG. 13 ii a schematic dia,ram of one x-ray tube and 
aeomeuy can emun that v-1 sqmeatl of iatereat imap-lntenaifter (I.I.) TV system in the biplane imaging 
will ao,t l'UD la I direction euctly perpendicular to one system; 
of the ~• planel, which ii I problem In any 3-D FIG. 14 ii I schemadc dla,ram showing the incorpo-
reconauucuon method employia1 two imapa1 P!°jec• radon of the apparat\11 utilized to determine D, D' and 
dons. Third, the hip spatial IDd temporal reaoluuon of s, the orip of the !masc coordinate systems, into the 
DSA makes the 3-0 lnformadoa derived from thele lmaainl ayatem shown In FIG 13 
lmqa superior to lnformadoa from tomosraphic tech- . • . 
mqua auch u Mlll IDd CT, la pnera1. the piul size ID FIG. 15G, 15b, Ha, 16b ~ 16c are sc~cmauc per-
DSA 1mqa ii smaller than that In MlU IDd CT Ima,-. spective views illustratin1 vanous aeo~ctn~ parame-
Allo, the time to acquire DSA 1mqa ii pmerally equal ten uaed u variables in I computer sunulatlon study 
to or ahoner than that required for M1lI or CT Ima,-. 60 

performed to tat the feasibility and accuracy of the 
Thia is Important In cardiac ndiosraphy, where movini method of the Invention; 
veaels c:auae blurrin1 of the lmap. Fourth. the bard· FIG. 17111 table showin1 the results of the computer 
ware implementation of thia method In, for example, simulation study; and 
dilital cardiac ansioaraphy equipment allows real-time 65 FIGS. 11 and 1' are araphs illustrating the effect of 
3-0 reconstruction of movin1 coronary veuels, and the number of object points and angle of rotation. re-
would be helpful in lntcrventional procedures such u spcctively, on the average distance error in the com-
coronary anaiopluty, puter simulation study, respectively. 
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DESCRIPTION OF THE PREFERRED 
EMBODIMENTS 

The operations of Steps 2 and 3 are shown in the t1ow 
chart of FIG. 2 and in somewhat greater detail in the 
flow chart of FIG. 3. Step 4 is diagrammed in FlG. 4. 

Referring now to the drawings, and more particu• Devices utilized for the 3-D structure display in Step 5 
larly to FIG. 1 thereof, implementation ofthis invention , are diagrammed in FIG. 8. Step 1 will now be described 
involves five basic steps: in more detail. 

Step (1) Initial calibration of the ori&im of the image Step (1) Referring to FIG. 1, the procedure and de-. 
coordinate systema uy and u'v', and of the distance vice utilized provide two types of information that are 
between the x-ray source (x-ray focal spot). and the required for performance of the method of the present 
ima&e plane, D and D'. This is accomplished usina tlie 10 invention. First. the perpendicular distances D, D' be-
calibration device described in relation to FIGS. 13 and tween the respective ima&ina planes and the respective 
14 hereinafter. Note that althoup this calibration pro- 1-ray 10urce, or focal apot, are determined. (See FIG. 5 
cedure is required, It is only done once for a &iven imaa• w~h 1howt the geometry and CO?,rdlnate •~!tern~.)~• 
ing system. It does not need to be repeated for difTerent D may allo be m~ur~ us~g a y~dstick which_ 1s 
imaging geometries, as long as the relative positions of 1, often pr~t on digital ~ging devtces. Once the dis-
the x-ray focal spot and the image plane are maintained. tance D, D are ~e~~ th~y usually can be kept 
The need for calibration may be obviated altogether in constant for mos~ unaging s1tuat1ons _and do not_hav~ to 
digital systems which are designed to incorporate the be mcuured agam. Scco~dly, th~ po111u o~ the imaging 
present inventioi.. planes, where a ~die~ line ex~end111g from ~he 

Step (2) Acquistioa of two di,ital biplane imaaes of 20 l•ray focal spot to the _unaging plane 111te~u the 1m-
the object. This is accomplished usina the setup Wua- a~a plane, 35 and 36 ID FIG. 5'. ~ detenruned. 1:hese 
trated ia FIG. 8, wherein the lateral (LAT.) x-ray aen• po1Dts are equi~~t ~ the onams of the coordmate 
erator control, 1ll, and the AP (P) x-ray aenerator systems of the di11tal ~ae:1- ~ese also need ~ m~a-
control. 124, control x-ray produc:tioa in x-ray tubes, sured only once for. a 11ven unagina_ syst~. In unagmg 

. 2' systema incorporauna the present 111vent1on, the con-
1.01 and 104, res~vely. Imaaes of the ~bject (or pa• structioa of the di,ital system could be designed to 
ttent), 100, are acquired by ~ lntemitler• TV (I.L• emure that the ori&im of the coordinate systems would 
TV) systems, 106 and 108. These unaaes are diaftized by be In the center of the image matrix. and this calibration 
AID converters, 110 and lll, and are stored in the host could be elim1n•ted 
computer, l14. . , . 30 R.eferriD1 now to FIOS. 13 and 14, imaging system 

Step (3) Ref~• apm to FIO. 1, Identification of 8 utilized is aa x-ray tube, 1301, and imaae-intensifier 
~or more) p01Dtl ID !;he object which appear in both (LL)-TV system 1302. The x-ray tube and the I.1.-TV 
~es, 3.1. These potnts may be ae1ected manually, or system are attached to the two ends of a "C-arm" appa-
wtth some aut~ detection scheme yet to be devel· ratua, 1303. The x-ray tube mount, 1304, includes mi-
~ped. ~- polDtl would likely c.uuespond to bifurca. 35 crometer acrews, 1305, which allow the x-ray tube to be 
ttoa po1Dts ID the vuculature or to euily Identifiable moved In a plane parallel to the I.I.-TV input plane, 
features 011 the vesaele. From the N selected point, N 1306. 
linear equations are derived in tenm of nine WWIOW1l q The apparatue utilized to determine D, D' and the 
values, 3.l The resU;1tan_t [Q] matrix is then solved 3.3, ori&im of uv and u'v' coordinate systems is illustrated 
f~llowed by ~ of lhe C vector (uie tranala- 40 systema is illustrated in FIO. 14. The apparatus includes 
t1on v~ described hereinafter), 3.4, followed by a top plate ,1401, and a bottom plate, 1402, which are 
d~oa of ~e [R] matrix (rotadoa matrix), 3.5, parallel to each other, A similar device has used for of 
a.1ao d~bed hereinafte:·. Step 3 is then completed by 1-ray tube focal spots (see: doi eral., Medical Physics 
determUW11 the 3-D poauom or the object points, ~-6. 1975; 2: 268), The distance between the two plates is 

Su~uently, the ~ ~ependent parameters which 45 edjustable with a micrometer screw, 1403, and is indi-
descnbe the biplane unagina leomctr)', u well u the cated 011 a ruler atteched beside the micrometer screw, 
3-D positions of the object points, are automatically 1404; The top plate, made of 3 mm thick aluminum, 
determined. Tu. mathematics of this step are detcribed contains 5 pinholes, each 0.5 mm in diameter, 1405. 
in complete detk later in this documat. ICnowledae of Pour pinhol• mau a 5 cm square. and one pinhole is at 
the a independent .,'Rmeten allowt calculation of the ,o the center of the square. The bottom plate is made of 3 
3-D positions of any oujcct points wboee coordinate■ mm thick plut:ic, and contains 5 lead shots 1.0 mm in 
can be Identified in both imapL . diameter, 1406. Four shots make a 10 cm square, and 

Step (4) Automated tracldna of the vucular ltr1JCtul'e one shot le at the center of the square. Thus, the large 
between the bifurcation points selected in Step 3. Suble- square in the bottom plate is twice the size of the small 
quent to this, the automated correlation of many points 55 square in the top plate. The structure holding the plates 
aloa1 the vuculature in the two imaaea. followed by la CODIUUCted to emure that the centen of the top and 
calculadon or the 3-D position■ of each of these cone- bottom squares lie oa a line perpendicular to the plates 
lated points. and that the side■ of the squares on the top and bottom 

Step (5) Combination of the 3-D ltr\1CtU1'e data of the plates are parallel. Thia alignment device is attached to 
objeci obtained In Steps 3 and 4. R.eferrina now to FIO. 60 the input surface of the I.I. by holding clamps. The 
8, the presentation of the entire con.aected vucular position of the pair of plates parallel to the 1.1. input 
structure on CRT displays, 111 and 120, in a projection plane can be edjuated by two micrometer screws at-
format, from any desired orientation is pouible. The tached to the bue of the apparatus, 1407. 
vascular structure data could allo be presented on a The slidina 1-ray tube mount and the apparatus are 
more edvanced, true 3-D display, 116, for example a 6$ used in a procedure that Involves two steps. 
vibrarina mirror display. Other manipulations of the (1) First, the location in the image of the origin of the 
3-D data, such u rotation of the vessel structure in time imaae coordinate system is determined. This origin 
on the CRT displays, 111 and 120, are possible. corresponds to the location on the 1.1.-TV input plane 
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where a line perpendicular to the 1.1.-TV input plane tion reduces the effects of measurement errors in the 
intersects the l.Ll-TV input plane. This may be accom- selected image coordinates of individual points. If the 
plished initially by observation of fluoroscopic images selected points correspond to bifurcation points on the 
or digital images obtained with the x-ray tube operated vessels, subsequent determination of the entire vascular 
at approximately 80 kVp in the pulse mode. When the 5 structure in step 4 is easier to accomplish. 
initial x-ray exposure is made. the image displayed on a ~ mentioned above, a complete description of the 
CRT monitor shows five bright spots corresponding to concepts and the mathematics behind the determination 
the x-ray beams trammitted through the five pinholes, or the 8 independent panmeten from the image coordi-
and also five dark spots correspondin1 to the shadows nates or 8 (or more) points is provided hereinafter. 
cast by the five lead shots. Since the halC-value layer or (0 However, it is helpful to summarize the basic concepts 
an 80 kVp x-ray beam in aluminum ii approximately 3 here. T.i bqin, it is tint observed that there exists an 
mm. the x-ray intensity that paues through the pinholes inherent redundancy in biplane imaging. Specifically, 
to form the bright spots will be approximately twice the for eveey o1'ject point or unknown 3-0 position there 
x-ray intensity that ii responsible for the uniform back• exist 4 knOV.l\"11 and 3 unknowns the .4 knowns being the 
ground observed on the CRT monitor. On the other 15 image coordhi.,ta (u, v) and (u', v') of the point appear-
band, due to x-ray absorption or the lead spheres. the in1 in the two ~ges. and the 3 unknowns being the x, 
x-ray intensity responsible for the dark spots observed y, z coordinates of the object in 3-0 space. This obscr-
on the CRT monitor will be only about 0.05% of the vation allo~ one to conclude that some information 
x-ray intensity that produces the uniform background. concemin1 the geometry of the biplane imaging system 
Therefore, the btight and dark spots can be distin• 20 may be 1leaned from the 4 image coordinates of an 
guished clearly from the uniform bacqround and from unlcnowo object point. 
each other. Tne second observation is that, if the input quantities 

The origin of the image coordinate system ii deter• dt.scribed in Step 1 above are known. the biplane imag-
mined by adjustment of either the micrometer screwa at in1 symm may be completely described by 8 basic 
the bue of the · allsnment device, or the micrometer 1' panmeten. These panmeterl describe the rotation and 
screws in the x-ray tube mount, 10 that the bright spot tramlation involved in transformin1 one of the imaging 
from the central pinhole la euctly superimpoaed on the views into the other. Thus, the soal of Step 3 is to deter-
shadow cut by the central lead shot. The location or mine these 8 panmeten 1Jlin1 the redundancy de-
superposition in the digital image matm la the origin or scribed above. 
the imap coordinate system. When these adjustments JO It one redundancy ii obtained with each object point 
are completed, the focal spot ii located on the line pet• ldentifted In both views, then it follows that a minimum 
pendicular to the I.L Input plane that paues through the or I object po_ints must be identified to determine the 8 
element or the digital imap matm on which the central buic puameten or the biplane imaging system. If more 
bright and dark spota are IUperimpoled. • than I points are Identified, the 8 buic pan.meters are 

The second step determiDel the perpeodicular dJ.. 35 tbemlelvea overdetermined, IIDd may be calculated 
tance between the x-ray tube focal spot and the LL mini a leut-squara method. Once the 8 pan.meters are 
input plane. The venical position or the top plate of the determined, the biplane imaging symm is described 
alisnment device ii adjusted to macch the locadona of completely, and the 3-0 polition of any object point 

. the fout non-central bright spota to the locadona or the which appears in both views can be easily calculated. 
four non<entral dark spots. When these adjustments are -40 · Nat dacnoed ii the method for determination of the 
completed, the diatance from the focal spoc to the bot· I buic panmeter1 that are determined from the known 
tom plate is equal to twice the distance from the top image coordinates ors (or more) object points in Step 3. 
plate to the bottom plate. It the dilcance from the bot• In brief, the image coordinates of each object point are 
tom plate to the LL Input plane la not nqllp'bly small, ftnt scaled 1Jlin1 the distance between the x-ray focal 
it can be estimated separately and added to the diatuce 45 spot and the imagin1 plane, which wu measured in 
from the focal spot to the bottom plate to yield distance Step L Combinations of the sc:aled image coordinates of 
from the focal spot to the LL Input plane, 0. a sinpe point then serve u coefficients in a single linear 

Thia device and procedure described must be applied homogeneous equation in 9 unknowns. The 9 unknowns 
to both x-ray tube and LL• TV l}'1tem pain in the digital are themlelvea combinations of the 8 baaic parameters. 
lmagin11yatem. In thia way, the diatlncea O and D', u 50 At !alt I object points are selected, so at least 8 linear 
well aa the origim or the imap coordinate l}'lteml uv homogeneous equations are formulated. The matrix of 
and u'v', are determined. the coefficients for the 9 unknowns for all the selected 

In the followins. and reCerrin1 apin to FIG. 1. ii a object points ii referred to hereafter u the [A] matrix. 
qualitative delcriptioa of the proceuea involved in Step Became all or these equations are equal to zero, it is 
3. 55 mathematically pcmaole to solve only for 8 unknowns 

Altltt the two disital lmagea are obtained and stored relative to the 9th. referring to FIG. his is accomplished 
in the imap memory, I (or more) euily ldendftable \llin1 an euct solution, 3f1'7, or a least squares solution, 
object points appearm1 in both lmapa are lelected. ~ 30I. Once the 8 unknowns are determined relative to 
an example, an operator may select points uain1 a cunor the 9th, the I buic panmeten or the system are deter-
to specify the imap coordinates or each object point. 60 mined from these 8 unknowns. and the 3-0 positions of 
All uample of selected points in two ndlosrapluc Im• the aelected object points may be euily calculated from 
aaa, ii shown in FIG. 6. The image coordinates or the their image coordinates and the 8 basic parameters. 
selected points are relative to the origin of the image The following ii a detailed description of the tech-
coordinate system, which wu measured in Step 1 de- niques employed accordin1 to the invention to deter-
scribed hereinabove. It more than 8 points are selected, 65 mine 3-0 positions of object points without prior 
the mathematics In the solution of the [Q] matrix. 3.3 In knowledge of the biplane imaging geometry. 
FIG. l, are overdetermined, and a leut-1quares solution Here is presented the detailed mathematical analysis 
(See FIO. 3, 308) ii employed. Thia least-squares solu• of the method used to determine the 3-0 positions of 
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eight or more object points u well u to determine the The coordinates of any point in the 3-D object space 
geometry of the biplane imaging system. from two two- can be expressed by defining an xyz coordinate such 
dimensional (2-D) radiographic projection images made that: 
with x-ray sources located at different positions, as in the origin of the xyz system. 90l, is located at the 
biplane angiography. 5 x-ray source position used in exposing the first image; 

The technique is based on the following assumptions: and the directions of the x-, y-, and z-axes arc the same 
(1) Different x-ray source positiom-and for the gen- u those of the u-, v-, and w-ucs, respectively. Thus, the 

cral case. different orientations of the imap rccordin1 axes of the xyz system are indicated by unit vectors i, y, 
plane-are used for the two 2-D imqes. The use of and i that point in the directions of Ii, v, and w, rcspcc-
differcnt rccordin1 planes for the two images distin• 10 tively. 
guiahes "biplane" radiocraphy from "stereo" radiogra- If the 3-D coordinates of a particular object arc cx-
phy, in which both imapa are recorded in the same presaed in the xyz system u (XtYt, z1), then it is easy to 
plane. ahow tri1onometrically that the 2-D coordinates of that 

(2) The pefl)Clldicular diat.ances trom the x-ray source point, 903, In the tint ima1e are given by 
positions to the recordin1 planes of the 2-D images are U 
known. In general, these distances may be different. 111 •D 1'//1./ ~ llud 
The method for determining these distances is described ti v1•D YV'l.i. L.Eqn. 2] 
in Step 1 hereinabove and in relation to FIOS. 13 and where D la the diatance between the x-ray source and 
14. the imap plane, shown in FIO. 9. In units of this di.1-

(3) In each or the two 2-D !maps, one can determine 20 tance, the imap coordinates or the ith object point are 
the point at which the line from the x-ray source per- expresaed by 
pendicu1ar to the imap recording plane lntcnect1 that 
plane. The method of determining this point in each 
respective imap recordin1 plane ii described In Step l 
herein.above and In relation to FIOS. 13 and 14. 2' 

(4) Within each imap plane, the orientation of two 
orthogonal coordinate w:a (defined by the orthogonal 
vccton u and v in 01M1 imap and u' and v' In the other) 
may be choeen arbitrarily, but In auch a way that the 
vector Cr011 products w 32 u x v and W--u'x v' point 30 
away from the x-ray sources. 

(5) For each of a or more pointa In the object, oae can 
determine the COi I aponding !map point coordinates in 
both 2-D imqes, when, c:orreapoudh.g I.map point 
coordbwes are defined hereinabove. If the Images are 35 
formed by an Image lntemifter (LL)-TV 1ystem, ror 
example. the imap coordbwes are uaumed to have 
been co~ for diatonioa, such u "plncuahion" 
distonioa. where pinculhion distortion la defined by 

Cl • •11D 

. 'II • ,,ID 

- ,,1,. 

[Eqn. 3] 

[Eqn. 4] 

respectively. Equation• 3 ind 4 can be written together 
In matrix notation u 

[Eqn. 5] 

nonlinear warping of the imap coordinates resultin1 '40 . . . 
from a curved !map recording plane, such u the where k ii a dummy scalar variable, which the third 
curved surface or an LL The image point coordbwes ro".' or 'Eqn. 5 sho'? must equal 1/z,. Equation 5 can be 
must be expnmed In the same unita u the distance be- wntten more COilCllely u 
tween the source and the imap recordin1 plane; hence, 
in disital imagina, the pixel dimemiona or the Image 45 
must be known. 

If and only it the ablolute scale or the 3-D object la to 
be determined, one muac uaume also that: 

(6a) The ICalar diatance between the two x-ray 10urce 
politiom ii known; ,0 

( 6b) the ICalar distance between two object pointa 
identifiable In both views ii known. 

F'im, the re1adomhip between the 3-0 position or 
any point In the object ad the 2-D coord1natel or the 
imqe oC tha& point In the two lmqes la rormulated. 55 

Am. consider the pomeuy or oae or the viewa. 
shown In FIO. 9: 

Let Ii and v repraent orthogonal unit vecton that 

Cl• hi (Eqn. 6] 

[Eqn. 7] 

111d 

[Eqn. 81 

indicate the directiom o( the 11-uia and the v-uia, re- Bxpreuiom wdlar to thoae derived above are ob­
spcctively, of the I.map coordinate aystem chOleil for 60 tained from the imap coordinates (ui', vi') of the ith 
the first imaae. Wilh?11t 1011 of generality, it ii uawned point In the second imaae. By analogy to Eqns. I and 2: 
that the unit vector w detlned by the vector crou prod• 
uct w • ia x v polnu away from the poaition or the x-ray 
,ource. The origin of the uv coordinate aystem, 901, la 
ta.ken to be the point at which the line from the x-ray 65 
,ource perpendicular to the image recording plane In­
tersects that plane; accordin1 to uaumption II 3, this 
image point is known . 

• 

u/•D'a//1/ [Eqn. 9]and 

v/•D"y//Zi' [Eqn. 10] 
where referrin1 to FIO. 5, D' is the dutance between 
the x-ray source, 37, and the image plane, 38, in the 
second view, and where (xi', y/, z;') are the coordinates 
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of the ith object point expressed in the x'y'z' system of 
the second view. By analogy to Eqn. 6, we have 

Cl •k'il [Eqn. 11) 
where k' is a dummy scalar vatiable equal here to 1/z/ 5 
and where the vectors "x/ and el are defined as 

[Eqn.12) 

12 
using the xyz (or x'y'z') system as a reference frame, the 
relationship between the three dimensional structure of 
the object and the two images can be expressed without 
concern as to how the object is positioned or oriented in 
some extemal frame of reference. 

Note that the xyz system can be transformed into the 
x'y'z' system by: 
(1) translation of the origin of the xyz system to the 

location of the orisin of the x'y'z' system, 
10 and then: 

and 

(2) rotation of the translated xyz system rigidly so that 
the unit vectors i,y, and i align with the unit vectors 
i',y', and i', respectively. 

[Eqa. 13) This sequence of operations is represented in terms of 
15 matri"t algebra by 

where, by analol)' to Eqns. 3 and 4, the normalized 
ima1e coordinates el and TJl In Eqn. 13 are pven by: 20 

(Eqn. 12) 

25 

and 

whcrl 

,., - tbe C0liM ol tbe IIIIM between the 

ttb 111111 vec:u,r o( the :cf( l)'llem 

111d tbe i\11 llllit V9C10r ol tbe xp system 

[Eqn. 16} 

[Eqn. 17] 

~-[;]. 
[Eqn. 13) and where the 3-D vector 

JO 

where, by ana!OI)' to Eqns. 3 and 4, the no_rmalized 
i.maae coordinates C/ and TJl In Eqn. 13 are pven br, 

35 

[Eqn. 18} 

Cl • •IID' 
- 11,(/1( 

[Eqa. 141 aprmes, In the xyz system, the translation that moves 
the orisin of the xyz system to the origin of the x'y'z' 
system, 11 shown In FIG. S. Equation 16 can be written 

111d 40 more concllely u · 

'II • •IID' 

- '''" 
[Eqn. 1') 

Thua, the 2-D coordinates of the Ith object point In 4' 
the f\nt ima1e are related to the 3-D position of that 
point when it is expressed In the xyz l}'ltem, and the 2-D 
coordinates of the same object point in the 1ee0nd 
ima1e are related to the 3-D polition of that point when 
it is apreued in the x'y'r l)'liem. However, both 1et1 50 
of i.map coordinates have not yet been related to the 
3-D polidon of the ·object point when It la apreued In 
a sina}e 3-0 coordinate system. 

li'•!Rl<fi-1') (Eqn. 19 
where [R] la the 3 X 3 matrix with elements r1c1. Note for 
future reference that the kth row of [R] expresses the 
kth unit vector of the x'y'z' system in terms of the xyz 
system, whereu the 1h column of [R] expresses the Ith 
unit vector o( the xyz system in terms of x'y'z' system. 

From Equations 11 and 19 we obtain 

[Eqn. 20] 

To acc:ompliah the latter end. a sina}e coordinate 
system In which both the coordinatet mociaaed with 55 
the two views will be apn11ed. Alternadva Include: which apreues the coordinates of the ith object point 
(1) the xyz system; (2) the x'y'r syscem; (3) IOIDe com. In the second i.maae eel and- TJ,') in terms of the 3-D 
proame between (e.s,. the averap oO the xyz and x'y'r ~ ,or the point In the xyz system (rath~ than in 
syscema; or (4) a system bued on an external ('"labor&- the x y'z system, u before). This vector equation can be 
tory") frame of reference. ID the followina, the xyz 60 written out and rearn.naed to yield the pair of scalar 
system ii arbitrarily choeen. Clearly, the dlatinction equadona: 
between the xyz and x'y'z' systems la trivial. since the 
distinction between the "ftnt" and "second" views la 
arbitrary. Use of a compromise system seam only to 
complicate the resultina mathematical expreaions, 6.5 
whereas use of an external reference frame requires 
additional Information concemln1 the 1eometrical rela• 
tlonshlpa of the two views and the external frame. By 

(rt 1-'l1Cl)ll/+(r11-rnC/)y1+(r13-r33C/)z1 
•1,11-'31Cl't•+(r11- R32C/)c■ +(rll- r33(l)1, 

(1'l1-rl18/)11+(ru-r32 'fllY1+(ru-r1J'fllz1 

[Eqn. 2]and 

•<,11-ri1"1/)1.+(ru-rn'fllt,+(r13-r»"fllt, [Eqn. 221 
Analoaous e.xprnaiona for the coordinates of the ith 
object point In the tlnt lma1e in terms of the xyz system 
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14 
are provided by Eqns. 3 and 4, which can be rewritten 
as: 

coordinates of those object points without having prior 
information concerning the geometrical relationship 
between the two vicws-i.e., without knowing the ele-

x;-<ei)zi•O [Eqa. 23Jand ments of (R] and tin advance. The matrix [R] and the 
Yi-(T1.<zi•O [Eqa. 241 ~ vectorTwould be determined by this approach also. If 

Equation., 21 through 24 imply: more than 8 o~ject points were id~tified in ~th im-
(1) If the geometrical relationship between the two ages, the n:sutang system of equanons would m~o!ve 

imaging views (Le., the elements rk!ofthc riai,d-rotstion more equations~ unknowns, presumably permmmg 
matrix (R] and the elements (t t,. t,) of the translation a least-squares solution that would reduce the effects of 
vector t) were known, and if the image coordinates m, to random errors in measurements of the image coordi-
Tlt) and (Cl, '10 of a particular object point (denoted by nata (111, v1) and (ul, vl), 
the subtcrlpt I) were known, then Eqna. 21 through 24 The above argument lanorn the fact that when the 
would represent four conaiatent linear equationa with coordinatea (11, YI, z,) of the 8 object points arc un-
three unknowns-the three unknowns being the 3-D known and some or all of the independent elements of 
coordinates of the object point, xt. y,, and Zr-SO one 15 (R] are unknow then 16 of the 32 equations to be solved 
could solve for xt, y1, and Zl by using any three of the (specifically, those that arise from Eqns. 21 and 22) are 
equations. The remaining equation is redundant if (and nonlinear in their unknowns. Therefore, since non-lin-
only ii) the geometrical relationship between the two ear systems of 32 equatimis may not uniquely determine 
views is known. Alternatively, if all but one of the cle- the values of 32 unknowns, it remains to be proven that 
ments in the matrix (R] or the vector i (which rcpraent 20 a minimum of 8 points will suffice. This proof is pro-
the parameters of the geometrical relationship between vided hereinafter. 
the two views~ were known, it should be pouible to use Enmination of Eqns. 21 through 24 shows that the 
the f<?ur equations ~ solve _ror an unknown element of approach sugsested above does not allow solution for 
R] rt and for the objeet-pomt coordinates :11, y1, and zt. the ablolute scale of the object if the source translation 

(2) If all but two of the elements in the matrix (R] and 2' distance (Le. the mapitude of the source-translation 
the vector r w,ere known, and _if the image coordinates veccori,) ii •own. To understand the validity of this 
(E1, TJt~ and (Et, T)t') of ~ object points were kno~ uaertion, and referrin1 to FIG. 10, suppose that the 
then ~t sho~d be pouible to uae the resultin1 eight 1-ray source translation r and the 3-D positions of at 
equan~ wtth the form of~ 21. ~al;i 24 to solve 

30 
least eight object points (Xi, y1, zr. N> 8) were initially 

for the ctght unknowna that emt m,this situation: the unknown and that a set of solution values for the 3-D 
two ~wn elements of the matnx (R] and/or the politioaa of the object points and the elements of [R] 
v~r t; the 3-D coordinates (11, Yt, z1) of one object andTbave been obtained from the system of equations 
po~t; ~ the 3-D coordinates (x2, y2, z2) of the other ariain1 Crom Eqns 21 through 24 evaluated with the 

ob~ ~m~t can be extended to increuing lev- 35 mcaured Image coordinates (C1, "JI) and W, T)l) of each 
el.a of isnonnce about the elements in the matrix (R] and point. Now suppote that both sides of ~~ of the N 
the vector f (Le., about the relative geometry of the two venions of Eqm. 21 thro~gh 24 ~ multiplied ~Y any 
views). Each additional object point that can be Iden- scale factor ♦ and that this r~tor ii arouped :,-nth the 
tifed in both images increases the number of unknowns terms (:11, y1, Zi) on the left sides of the equaoons and 
by three (the unknowns beins the values of Xi, y1, and 11 40 with the terms (t.i, t,t,) when th!Y. appear on the right 
for that point) but increues the number of equadona by Iida. From Eqna. 21 through 24 1t II seen that the quan-
four, thereby allowing the pouibility of determininl dtiel (♦:11, '1Jy1, ♦zt) and .pt~, ♦t,. .pt,) also solve the 
one more unknown element in the matrix (R] or the sys&em of equationa. Thus, m aeneral, one can solve 
vector 'C Thus, if the matrix (R] nd the vector t contain only for the scaled 3-D coo~ o~ the object pain~ 
N independent clements and if all of these elements 45 relative to the source translation distance, which 1s 
were unknown, Identification ofN points in both imaaa upresaed by the mapitude or the source translation 
would seem to allow determination of all of the ele- vector"£: This inherent ambiguity of the object scale is 
ments in the matrix (R] and the vector-rand the J-D illustrated in ~G. 10. The ~-n.y source translations Ti 
coordinatea (:11, y 1, and Zi) of all of the object points and li and the mes of the objects, HI and H2, shown m 
identified in both imqa. ,o FIG. 10, differ by a common scale factor, but the im-

Wlth reprd to oblervation 13 immect;..tely above, It a.- produced on the Imaging planes 1001 and 1003, as 
is noted thai, although the rotation matrix (R] coataim well u on 100l and 1004, are identical. Therefore, it is 
9 clements. only S of these elements are Independent. lmpollible, Illini only information derived from image 
This ii became any four elements of a rip! rotation coordinaies of object points, to determine the absolute 
matrix (R] can be determined f'rom the other ftve eJe. 55 scale of the object. The ablolute scale of the object may 
ments. becaUle the rows (and columm) of R] repreaent be determined only It additional information is avail-
orthoaonal unit vecton such that any row (or column) able. The additional information may be either: (i) the 
is af ven by a vector cro.-product of the other two rows scalar distance between the two 1-ray source positions 
(or columm). Hence, only ftve of the nine elements of (Le., the abeolute ma,nitude of the vectort); or (ii) the 
(R] are independent. It ii also noted that the translation 60 ablolute scalar distance between two object points that 
vector T contaim 3 elements, all of which are indepen• are ld&ntiflable in both images. In radioloai,cal applica-
denL Therefore, there uists a total of 8 Independent dons, the latter distance can conveniently be deter-
elements which must be determined in order to com• mined from two small radiopaque markers which serve 
pletely specify the geometrical relationship between the u object points, and which arc separated by a known 
two imaging views. Thus, oblervation 13 sugests that 65 ablolute distance. The radiopaque marken may be af-
if 8 object points were Identified in both images, one can fixed to the surface of the patient during the imaging 
determine the aeometrical relationship between the two process, or may be attached to an intraarterial or intra-
imaging views, and subsequently determine the 3-D venous catheter appearing in both images, or may be 
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16 
imbedded in a small ruler or lucite rod and imaged with 
the patient. Regardless of method by which the radi- (C/C.-)qu + m''IJ.-)qn +<Wm+ (Eqn. Z9J 
opaque markers are included in the images, the known 
absolute distance between the markers can be utilized to ('1Ji'EU921 + ('IJl'IJ;)ru + <11l)112J + CC;)q31 + ('IJ1)q32 + (1Jq33 = o 

scale the magnitude of the translation vector 1: Once the 5 
absolute magnitude of the tis determined, as described where qk/ represents the element in the kth row and th 
hereinafter, the absolute scale of the object may be column of the matrix [Q] shown in Eqn. 26. In Eqn. 29, 
obtained. the quantities E,, 111, El, and TJl are the measured, (i.e .. 

In the method of the invention, the same translation known) scaled coordinates of the ith object point in the 
vector Tis assumed to be a unit vector. Therefore, one 10 two images (after scaling by D or D', according to 
can assume in the following that: Eqns. 3, 14, 13 and 14), whereas the quantities (qk1) 

represent combinations of the unknown elements of the 
fi- t, [Eqa. 25) ri&id-rotation matrix [R] and the source translation vec-

thereby reducina the task to one of solvina for the ob- tor t Equation 29 ls a linear equation in 9 unknown 
ject point positions (x1, Yt, z1: ... , N il:i 8) in units of the 15 elements qk/, described in 204 in FIG. 2. For N object 
translation distance I ti. Because Eqn. 25 indicates that points identified in both images, there result N equations 
twill be interpreted u a unit vector, it is hereafter writ• with .the form of Eqn. 29. Note that: (i) all of these 
ten u £ rather than L equations are linear with respect to the unknown quan-

ln calculations described hereinafter, the ablolute tides (qk/); (ii) all of the linear coefficients (shown in 
mqnitude of the tvector is determined from the known 20 parentheses in Eqn. 29) are known from the measured, 
ablolute distance between the nldiopaque markers, or scaled imaae coordinates. The linear coefficients ap-
from the meuured ablolute distance between the x-ray pearina in Eqn. 2' form an Nx9 matrix, which will 
focal spots. hereinafter be referred to u the [A) matrix, for the N 

Next. the ltepl involved in the method to determine equatiom of the form of Eqn. 29. 
the 3-D coordinates or 8 or more object poinu, u well 2' Oblerve that all or the N equations of the form of 
u the rotation matrix [R) ud the tnm1ation vectort Eqn. 29 are equal to zero. Accordlna to this obserV!l-
from the !map coordinates or the object poinu, are tioD, it is mathematically lmpouible to solve for all nine 
described. To beam, and referrina to FIGS. 2 and 3, It or the q.tJtenm on an absolute scale. Instead, it is possi-
is noted wt N object points are ldentifted in both Im• ble only to solve for the values of any eight qkt' terms 
aaes, u shown In l02 ud 03. The two sets of !map 30 relative to the a (non-zero) ninth value. Hereinafter, the 
coordinates (11/, v,) and (ul, vi), or each or the N poinu, set or elements qk/ will also be referred to as the q• 
where N>S. are scaled by D or D', respectively, 203 vector. This is posaible when N, the number of object 
and 305. Each Mt of scaled object coordinates produces points Identified in both views, is areater than o equal to 
a set or four equations with the form or Eqna. 21 8, ud II at leut 8 of the linear equations arisina from the 
throuah 24. It any three or thae are solved for 1" y1, 35 N points are linearly independent. Thus, if N24 8 object 
and ZI in terma or the remainina quantities, ud II thae points be ldentifted in both imaaes, and if 8 of the linear 
solutiom are substituted Into the fourth equatioa, one equatiom arisina t'rom the N object points are linearly 
obtains an expraaion than can be written in matrix form Independent, then an euct solution, 205 and 307, of 8 of 
u: the elements of the q• vector relative to a ninth value, is 

[C/ 'II •rw,-,u,. (rut, - rut..> (,,a,_. - rut,> 

;}· 
·[Eqa. 26) 

(rut, - ,ut,> (rut, - rut..> (,Ul.1 - 'lll,) 

(1))11 - ,nt,> (1)11, - 1))1..) (,nl.1 - "lll1) 

- [QI 

where the matrix Indicated by [Q] above is a 3 X 3 ma- pouible. Some of the linear equations may not be lin­
ttix containina clemenu, each or which are ~ 50 early Independent for certain hiahly symmetrical sets of 
combinations of the clements or the [R] matrix and t object point politiona. (See H. c. Lonauet-Higiins, in 
vector. Loupet-Hlginl (Nature 1981; 293:133-135) Ima,, Un.d.nran.dlnr 1984, s. Ullman, v. Richards, eds, 
made _the oblervatiom ~~ (i) the 3X3 matrix [Q] de- Ablex Publishina Corp, Norwood. New Jersey.) How-
tlned ID Eqn. 26 above II pven by ever, such hiahly symmetrical seu of object points are 

[QJ•~J(Sl [Bqa. 27] 55 utremely willbly to arise in bioloaical objects encoun-
wbere [SJ is the skew-symmetric matrix tered in nldiolo&ic imapia, and thus eiaht of the linear 

equadom arisina t'rom !map coordinates of object 

[

o ,, -,,] 
(SI - -,, 0 '• 

,, -, .. 0 

[Eqa. 21) 
points in this invention will almost always be all linearly 
Independent. 

60 Ill reference to FIO. 11, the stepS involved in the 
euct solution of eiaht or the_ elements of the q• vector 
relative to a 9th value, are shown. The transpose of the 
coefflcient matrix, [A], is determined, 1102. [A 71 is then 

and (h') the le.th row or [Q] is &iven by the vector crou- premultiplied by [A], which is the transpose of the (A] 
product i X tt, where tt is the kth row of the rotation 65 matrix, 1103, and this product matrix is inverted, 1104. 
matrix [R]-i.e., the kth unit vector or the x'y'z' system Another product matrix is formed, 1105, and subse-
expressed in the xyz system. quently a final product matrix [P]is formed, 1106. Sub-

Equation 26 can be written out u sequently, random auesses for the nine elements of the 
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q • vector are gencnted using a pussian random num-
ber genentor, 1107, and the length of the random guess 

[Q](Q) - [li[l][R][S) 

- (!'][S) 

18 

(Eqn. 30J 
x· vector is normalized to unit length, 1108. The unit 
length random guess vector, i, is then multiplied by the 

prod~ matrix [P], 1109, and the ~ult is sub~ S where [~ represents the trans~ of [Q], etc. Note that 
from x, 1110. The length of the difference vector II Eqn. 30 contains the [Q] and [Q] matrices, which are the 
determined, 1111, and if the lensth exceeds • cutoff matrices containini the true. non-scaled q elements; 
value, 1112, (usually set equal to 0.001) then the lensth whereu Eqn. 29b contains the [Q•] matrix, the elements 
of the difference vector is normalized to unity, 1113, 10 of which differ from the clements of the true [Q] matrix 
and the elements of the c.\* vector are set equal to the by some yet to be determined, constant scale factor. 
clements of the normalized difference vector, 1114. Ir The conatant scale factor arises from the solution of the 
the lensth of the difference vector does not exceed the relative q• vector, described hercinabove. 
cutoff value, the importance of computer roundoff The second line of Eqn. 30 follows from the first 
error in the calculation of the difference vector be- is because the transpose of any rigid rotation matrix is its 
comes large, and thus another random guess at the cj• inverse; thus, [ll] [R] • [I], where [I] is the 3 X 3 identify 
vector is genented. 1107, and steps 110l-11U are re- matrix. From the definition of [S] in Eqn. 28, Eqn. 30 
pealed until the lensth of the rcsultin1 difference vector yields: 
exceeds the cutoff value. In this way, the correct values 
of the elements of the q• vector, relative to a ninth value 20 
or scalin1 factor to be calculated u dacn'bed hereinal­
ter, are determined. 

If more than I object points are Identified ID both 
images, so that the number of equationa arilin1 from N 
object points la sreater than 8, then a leut lqU&l'a solu- 2!1 

(-1:,1,) 

tion for 8 of the clements of the 4• vector relative to • But, from Eqn. 2!1: 
ninth value la utilized. Referrln1 to FIO. U. the mathe­
matical stepl Involved ID the leut-tquara solution 

which is employed are u followi: the trampoee of the 30 Substitution of Eqn. 32 into Eqn. 31 yields: 
[A] matrix is determined, 1201, and [A] ii premuldpled 
by [Arl, 1203. The eisenvalues and normalized eisen• · 
vectors of the product maw (ATA] are then deter· 
mined, U04, where an Ith normalized ei1envec:tor Et 
and a correspondln1 Ith eisenvalue Mi are deftned by: 35 

[Eqa. 29a) 

[

(I - 1.2) (-1,.11) (-1,.1,) ] 

~ • (-1,.11) (I - 112) (-1,z,) , 

(-1,.1,) (-1:,1,) (I - 1,2) 

(Eqn. 31) 

(Eqn. 32} 

(Eqn. 331 

The trace of the product matrix [~[Q], or, equiva­
whcre [ATA] ii the 9X9 product matrix, and Ei ii a lently, [Q7][Q], where the trace ofa matrix is _defined~ 
normalized 9X 1 column eisenvector. The normalized 40 the sum of the matrix elements alon1 the diagonal, IS 

eigenvector correspondin1 to the smallat eisenvalue of &fven by: 
the [ATA] matrix la selected, 1205, and the elements of 
the q• vector are set equal to the elements of this nor• T..- C[~RQD•J-<1•

2+1,1+1,ti-2 (Eqn. J.4) 

maliud eisenvector, 1206. In this way, the correct Similar! the trace, 312, of the product matrix 
values of the elements of the 4• vector, relative to • 4S [,..•]rQ.1]' ii &fven by· 
ninth value or scalin1 factor to be calculated u de- ~ L • • 

scribed bercinafter, are determ.iDed. Trace c[Q•J[Q•D•Jcl-(1r 1+r, 1+,,>i~ 2-2c 2 

Rc~esa of the method utilized to deiermine the 4• where c represents the constant scale factor of th_c [Q*] 
vector, sance eisht of the nine valuea wW be uprmed matrix resultlni from the solution of the rclauve q• 
relative to a ninth value, the 10ludoa let of 4• elements SO vector described hereinabove. Thus, the trace of 
con~ only ei~t independent values. The Immediate ([Q•][Q•D wW differ from the trace of (Q][Q)) by a 
task II to determine the valua of the elements of [R] and factor of c2, Therefore, in order to normailze the 
i from the eisht independent values of elements of q• · elements of the [Q•] matrix such that the magnitudes 
After the elements or [R] and i have been found, the 3-0 and relative sip of the elements in the normalized 
coordinates of each object point can be caJculated from 55 matrix are equal to the mapitudes of the elements of 
any three of Eqm. n throup 24. the [Q] matrix, the elements of a matrix [Q .. ] are 

The tuk to determine [R] and f ii belUD, ref'errin1 computed 10 that: 
again to FIGS. 2 and 3, by Cormulatin1 the [Q•] matrix 
from elements of the q• vector, 309 and 205, such that: 

Note that Eqn. 27 indicates that: 

60 
(Eqn. 35) 

[Eqa. 2'Jb) Thia normalization, 313 and 206, assures that [Q••] 
aatiafla both Eqn. 3-4 and the system of linear equations 

65 with the form of Eqn. 29. Thus, the matrix [Q••] must 
equal ±[Q]; the ambiluity of sip occun because with 
each element qnk/ of [Q••] defined by Eqn. 35, the 
matrix (- l)[Q••] with elements (- lXq .. kl) also satis-
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fies both Eqn. 34 and the system of linear equations with [R] and t••, only one of these combinations will make 
the form of Eqn. 29. However, it is noted that this un- both z;>0 and z/ >0 for all of the object points. On 
certainty concerning the sign of [Q] does not affect the physical grounds, all the values of z; and z;' must be 
sign of the quadratic prod11£t, [Q••][Q••], which is greater than zero, because the object must lie between 
equal to the matrix product [QJ[QJ. 5 the x-ray focal spot and the image plane in both views oi 

Having obtained the elements of [~[QJ•[Q••][Q••] the biplane imaging system. Thus, unccrtainity concern-
in this way, the unit vector i (i.e.. the quantities t.i,t,. and ins the combination of [R]and t actually employed in 
tr) is determined, 315 and 1.07, from Eqn 33. However, imap formation is resolved, 21 and 210, and the 3-D 
as in the determination of[Q], the si~ofthe unit vector coordinates of the object points (Xi",y;,z,-:i=-1, ••. ,N~ 8). 
£ will be ambiguous, because both t and (-1) t satisfy 10 are determined uniquely in units of the x-ray source 
Eqn. 33. In the followins. let t .. represent an arbitrary translation distance 1; 211 and 323. 
choice of the sip or the elements (t., t,. t,) that satiafy The unit translation vector t may subsequently be 
Eqn. 33. Described hereinafter la a method for resolvin1 scaled to Its correct, abtolute value. in one of two ways. 
the ambipities of the signs or [Q] and t Al described previously herein, the absolute distance 

The analysis next addresses the remainins task of 15 between two radiopaque markers that arc used as object 
usina the knowledae of the mqnitudes and relative points may be employed, by computing the scaled dis-
signs of the clements of [Q] and ~ to determine the tance between the calculated 3-D positions of the radi-
matrix [k). opaque markers, and by taking the ratio of this scaled 

Al noted earlier, the kth row of [QJ, which we shall diatance to the known absolute distance between the 
denote by Qk, represents the vector cr011 product lxh, 20 marlten. Thia ratio may then be used to scale the values 
where ik ia the kth row of [R]. It hu been shown (Na- or the £ vector, 322, usina the relationship: 
ture 1981; 293:D3-135) that the first row of[R] la pven 
by 

[Eqa.36) 15 
where 'T la the abtolute tramlation vector. The absolute 

the second row of [R] la siven by 3-0 polidom or the object points may then be re-cal­
culated, 'ltilizinl the abtolute translation vector. 

ri•(cuxi)+(i1jxi)x(l(ixi) [l!.qa. J7] Altem..dvely, the abtolute distance between the 
30 l•ray focal spots could be directly measured, as de-

and the third row or CR] la siven by scribed previoualy herein. and the mqnitude of the unit 

rJ•(lljxi}+(l(ixi)x(i&xi) [l!.qa. JI) i vector simply scaled to this absolute distance. The 
abtolute 3-0 politiom ot the object points can then be 

Recall that both [QJ IDd tare mown at this point w:epc re-caJculated. 
for uncertainity with reprd to lip or each: thus, Crom 35 The method for determinins complete vascular struc-
Eqna. 36 throup JS, the matrix [R] CAD be c:aJcvlated, ture, or, in other words; the structure of the intcvening 
316-317, IDd 201, for each poaible comblnadon of vucu1acure between~ already selected obj~t points. 
±[Q••J and ±i ... Careful comideration of Bqm. 36 ~ 3-D ~tiom or whi~h have ~ detc~ed here-
throup 38 shows that there are two pout"ble 10lutiom inabove, 11 now described. This process_ involves, 
for [R] and that each ia C0llliatent with both i•• and 40 amons other p~ures,. automat~ tracking of the 
(- l)i ... In this way, one CAD determine roar pouible vucu.lature, and II shown ID Step ~ ID FIG. 1: 
comblnatiom of [R) and i, which correspo...l to the two Rderrlns now to FIG. 4, followma _calculanon of the 
poaible sips on, .. and the two poaible matric:cs coor- I. buic ~ and the 3-D locanons of the vessel 
dinatel "'-Y" and II for each object point with ICaled biturcauon pom~ the structure of the rest of the vascu-
imqe coordinates (ei,'IJ,) and W, 1J/), u in 311-320 and 45 lature ia determined u f'?llo~ . . 
209. Specifically if we substitute Eqns. 23 and 24 into F°ll'lt, ~o co~ndina bifurcation points, 21._ are 
Eqn. 22., we find that selected ID both ~aes by the computer. The two b1fur-

then Eqna. 32 and 24 sive 

We note ailo from Eqn. 16 that 

[l!.qa. J9l 

cation points correspond to two of the object points 
[l!qa. 401 aelected in Step 3. The vesael sepnent between the 

bitmcadon points ia then tracked usina a vessel trac~ng 
60 alaorithm already developed. 2l. (KR Hoffmann et al .. 

[Eqa. 411 SPIE Medical lmasina, Vol. 626, p. 326, 1986). Using 
pbinta &Iona the center of the vesael that are determined 
by the tncldn1 alaorithm, a polynominal curve, gener­
ally or 1st, 2nd or 3rd order, is fitted to the center 

65 points, 23. A point is then selected on the fitted 

It baa been pointed out (Naturw 1981: 293:133-135) 
that althouah there are four pouible combinations of 

polynominal centerline in the fint imaae, 24, which is a 
specified distance (in pixels) from one of the selected 
bifurcation points. The coordinates of this selected 
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point. (u;, v;), are utilized with the [R] matrix and T 
vector, determined in Step 3, to calculate a "correspon­
dence line" in the second ima1e, 25. The correspon­
dence line is the line in image 2 which contains the set 
of all possible points in ima&e 2 which could conespond 
to the selected point in image 1. and hu the following 
st.andatd form: 

object and received with sufficient intensity by the 
I.L-TV systems 106, 108. 

The implementation of this invention will be rela­
tively easy and inexpensive. Although the mathematical 

5 derivations outlined hereinafter in this document are 
complex, the actual number of mathematical operations 
utilized in this method is small. Followin1 the selection 
of 8 or more object points in both images, the calcula­
tion of the 8 buic parametcn and the 3-0 locations of 

10 the selected points requires no more than 1 second on a 
VAX 11n,o computer. If thll process were imple­
mented u hardware In the host computer of a di&ital 

[ 
(,Ii -ri<'1 , 1) - (1\ • lo<~ , 1) ] ima&inl system, the calculation time would be reduced 

r, vi · Cx>i • 6 - Vi · lWi · 6 ' . to a small fraction ol 1 second. The time required for the 
l5 subeequent determination of a complete vascular struc-

where r,1: represents the lcth row of the rotation matrix ture would be dependent upon the desired "fineness" or 
[R), and rk-i represents the scalar vector product of the .. coanencsa" of the 3-0 structural information, where 
kth, row of the [R] matrix with the t vector, and where "flnenesa" or .. coarsenesa" is defined by the distance in 
~k-~ represents the scalar vector product or the lcth row pixels alon1 the fitted polynomial centerline in the first 
of the [R] matrix with the ti vector of IClled !map 20 !map which separatea the selected points on the fitted 
coordinates. polynomial centerline. However, even very "fine" 

Correspondin1 points in !maps 1 and 2 correspond to strucnJreS should not take more than a few minutes to 
~ ~ point on the object. Determination or the compute on a VAX 11n,o. and in hardware implemen-
mtenec:Uoa, ~ of the ~ line with the 

25 
talion would probably require 10 seconds or less. 

fitted pol>'.'°°minal center~ !11 !map 2, thus prodUCC;' No ~P data structures other than the images them-
the coo~ of the pomt ID the ~ ~ (u, lelves are utilized In this Invention, and therefore a 
~,'), which correspooJI to ~ lelected pomt m the ~ computer for 1map proccsaini u tarp u the VAX 
unqe, (~ v,). Another pcaable method. to determine 11n,o la not required. A personal computer of respect• 
the~ of the conespondill1 pomt In the~- able size would probably sufflc:e. The only other equip-
ond unaae. mcorpora&el the method or Sziriel, cited 30 ment required for the implementation of this invention, 
~- Thia it buically ID lteradve method which de- uide from the biplane diptal imagin1 system itself, is 
termiDel the corrapondin1 point In the IOCOad !map the delcrlbed brStep 1 hereinabove already mentioned, 
by succaaive apprmimatiom. ii•'-- w..•--- di 'tal · .. ..-= .... ~ 'th ... ,. · The imap coordhwel (111, vi) and (u/, vl) are then .... v,.,..... 11 aysiem 11 ....... ....,.. wt .,,.... mven-
Uled to calculate the 3-D p0lidoa of the point Oil the 35 doll lmialled, even ~ ~ ~uld_ not. be n~ed. 
vesael sqment, n, tha& la imapd at the respective point ~y, the app~ or~ 1Dvcnuon m r~ ume 
in imap 1 and the correspondiaa point In !map 2. to ,dipal !maps acquired at hip ~ rate, as m ~-
Followini this, another point la lelec:ted 011 the center• diac &npolf&Phy, la pouible. Followm1 the detenmna-
line in the first imap, and the procedures In 24-'Z7 are tion of~ I ~ and the ~-0 ~essel strueture 
repeaied. 11ntil the end of the centerline la reached, 21. 40 from two unaps obtained at end-diastole, for example, 
Followina this, another vesael aqment !map ia deter· the 3-0 politiom or the bifurcation points in the vascu-
lDUICd f'rom two selected bifllrcadon points, and the lar tree could then be re-calculated in real time to fit the 
procedures in n-21 are repealed. until no more vaael movin1 bifurcation points, thus producin1 _the mo':ing 
sqmcnt imqea remain, 29 In thla way the 3-0 poa- 3-D structure or the coronary vucular tree ID real t1D1e. 
tioDI of the vesael seamenU: and thereby' the 3-0 ltnM:• 45 Thia particular application could be very useful in inter-
ture of the vucular tree are determined'. vcntional procedures sw::h u coronary anpoplasty. 

In Step S or FI0. 1 ii described the display of the Computer Simulation Experiments 
resultin1 3-0 vucular data. Rct'errln1 now to FI0. I, 
suuctural data may be displayed on a CRT monitor To demonltrate t.~ fd.libility of the method of the 
and may be doae In any fuhion preferred by the ph~ 50 Invention !or determinm13-0 structure, computer sim-
ciao or tecbnici•n IJ1adon aperimcnts have been performed. u next de-

An illlllttatioa ol the Implementation o! the present scribed. By lllin1 a computer to acnerate "ima1es" of 
invention In a biplane rtdiopapbic syaicm ii shown In simulated "object points" of known 3-0 position, and 
FI0. I. In thla ftpn, an object (or padent) 100 la lmdi- • tha by applyln1 the present method to these images, 
ated f'rom 1-ray tuba 102, UM which In combiDadon 55 the ICCUnlCY or the recovered 3-0 object information 
with respective LL-TV 1ya&ema l06, lOI perform bi- baa becn-e11mined. 
plw in>taln1 Imaps produced by 1ystem1 106, lOI ht ;_...a-al. the computer simulatiom involved several 
are disitized by AID conveners 110, 112, respectively ~ 
and tnnaferred to bolt computer 114, which perf'onm simulation step l}-Input of buic information de-
the proccsain1 steps above delcribed. and dacn'bed In 60 scribin1 the biplane imaalnl setup and the 1eometrical 
more detail hereinafter, to obtain a 3-0 !map displayed relationahip between the two views. Specifically, the 
on display 116, or on CRT displays 111 and 120; u Input information is u follows: 
described herein. Biplane !maps, on the other hand. (a) Imqe field size, set equal to 23 cm. 
from IYlteml 106, 108 are displayed on CRT displays (b) Distances from the focal spots to the imaging 
111, 1.20, respectively. X-ray acnerator control units 65 planes In the two views, 0 and 0'. In many of the 
UO, 122 respectively control the output ol x-ray tuba simulations, these vtlues were both set to 90 cm. How-
101, 104 usin1 conventional control techniques, 10 that ever, some of the simulations incorporated different 
appropriate x-ray doteS are transmitted lhrous}l the values for 0 and 0', ran&in1 from 80 to 100 cm. These 

• 
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distances are commonly used in actual biplane angio- 1. On average, determination of 3-D object point 
graphic setups. locations to within 0. 1--0.00 I mm is achievable. 

(c) Location of intersection of the z and z' axes of the 2. Varying D,D', s1 and s2 had no substantial effect on 
coordinate systema for the two views, expressed as the the accuracy of the calculated positions of the object 
ratio of the distance of the intersection from the focal , points. 
spots to the values of D and D', St and s2. As shown in 3. Skews of up to 40 mm had no substantial effect on 
FIG. 15a. the crossing of the z and z' axes may occur at, the accuracy of the calculated positions of the object 
for example, 0.4•D in the first view, and 0.6•D' in the points. 
second view. For many of the simulations, the values of 4. Al is evident from FIG. 18, the accuracy of the 
St and Sl were set at o.s•o and o.s•o·, but this WU 10 approach appears to improve when the number of ran• 
varied for some of the simulationa. dom points utilized is increased. The reason for this is 

(d) Amount of "auw" between the z and z' ues. For not preaently clear, but may be related to computer 
the 1eneral biplane cue, the z and z' ues may not cr011 roundoff error occurin1 at several steps in the computa• 
exactly, but instead there may be some amount of skew. tional procedure. This topic remains to be investigated. 
(See FIG. 15b.) This is not generally desirable in biplane 15 5. The accuracy of the method decreases (i.e. the 
imaain1, because it reduces the .. common volume" of average distance increases) when there are multiple 
the imaainl system. (The common volume is that vol• zeroes appearin1 in the oriainal rotation matrix and 
ume of the object or patient which ii imaaed in both translation vector. For example, an imaging geometry 
views.) Thus, a .. perfect" biplane system would involve defined by a simple relative rotation about the x axis of 
no skew, but ICtU&l systema may often involve some 20 90", combined with a point of intersection of the z and 
skew. Therefore, effect of varyin1 amounts of skew in z' axes at o.s•o and 0.5•D', results in the following 
the imaainl system wu eumined. rotation matrix and translation vector: 

(e) Amount of relative rotation, in dqreea, between 
the two views, about three orthoaonal directiona. Al 
illuatrated in FIGS. 16a, 16b and 6c, It la pouible to 25 

specify an arbitrary relative rotation of the 1.'y'z' coor• 
duwe system by successive rotadom about the 1.', y' 
and z' axes. The effect of relative rotadom of in each of 
the three orthoaonal directions wu eumlned. 30 

simulation step 2}-Wlth this input information, the 

[R) - [001.0 ~ ~-0 ] 
-1.0 0 

simulated biplane iJnaaing aymm la completely defined. Perbapl 1urprisinaly, this relatively ''simple" imaging 
The true rotation matrix CR]- (which dacn'bca the pometry results in larpr errors than more complex 
relative rotation between the two views) la determined geometries. Thia appeara to be due to the increased 
from the information in (e) above. The tn1e tramladoo 35 relative Importance of computer roundoff error in the 
Vector r_ (which dacribea the tnmlatio1l between the computation of matrix elements equal to exactly zero. 
two 1.-ray 10urccs) is determined using the Input infer- However, It la important to note that in actual imaging 
mation in (b) through e). lituatiom, It la highly unlikely that any elements of the 

simulation step 3) A selected number of randomly rotation matrix. or translation vector would be equal to 
located object points are p0litioaed within t.lle common 40 euctly zero, so this problem becomes significant only 
volume of the biplane ayatem. The 3-D coordlDates of in simulation ltlldies. For these reasons, many of the 
the object points are determined with a random number simulation studies were done with at least a small rota-
sencrator'· These true 3-D coordlDates are compared don in all three orthoaonal directiona. This ensures that 
later with the final calculated 3-D coordinates of the !DOit of the elements in the rotation matrix and the 
object points. 45 translation vector are nonzero, and avoids this rela-

simulation step 4) Usina only the imaae coordinates lively artificial computational problem. 
in both views of the set of randomly located object 6. Al ia evident from FIG. 19, simulation errors tend 
polnta, and the method according to the invention. a to be larger for biplane 1eometries where the angle 
rotation matrix [R] and a tnmlatioa vector t u well II between the two views la very small, for example in 
the 3-D politiona of the object points, are calculated and 50 11tup1 where the rotati0111 were 10•, o•, and o•. This is 
are compared with their true values determined in limu• DOt surprising, becauae the method must fail entire! y 
lation stepl land 3. when the anale between the views is zero de&rees (i.e. 

Pertinent results of the limuladom are shown in when the two images are in fact obtained from exactly 
FIOS. 17, 11 and lt. A coavenieat Inda to Indicate the the ume orientation, and are identical, makln11 it impos-
.. l()Odoea" of the rsalta or a limvladoll la the average 55 sible to derive any 3-D information). Thus, the errors in 

• diltaDce between the original 3-D polidom or the ob- the method should increue when the anale between the 
ject points produced by the raadom number pneratOr, two views bocomel very amaJl 
and the final calcu1aied polidom of the object polnta. 7. E.i.cept for the special cues outlines in results 5 and 
Thia average dimDce may be calculated ID either the 6 above, the accuracy of the method does not depend on 
i.yz coordinate l)'ltem or the x'y'r/ coordinate system. 60 the relative pometry of the two imaging views of the 
The Table in FIO. 17 shows the results for simulations biplane system. 
with fixed numbers (N•S. 9 and 15) of random object Accordinaly, these simulations have shown that this 
points, for many different imaging aeometries. In each method for determinin11 3-D structure of object points 
cue, the avera1e distance Indicated in Table l is calcu• without knowledae of the relative 1eometry of the two 
lated from 100 different combinations of random object 65 views is feasible and is hiahly accurate. 
points in a sinale imaging 1eometry. Obviously, numerous modifications and variations of 

The important 1eneral conclusions to be drawn from the present invention are possible in light of the above 
the simulation results are u follows: teachinp. It is therefore to be understood that within 
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the scope of the appended claims, the invention may be 
practiced otherwise than as specifically described . 
herein. 

What is claimed as new and desired to be secured by 
Letters Patent of the United States is: 

1. A method for determination of 3-0 structure of an 
object in biplane angiography, comprising: 

5 

providins lint and second imaging systems including 
first and second x-ray sources each having a focal 
spot and respective first and second x-ray sensitive 10 
receivers each definins an imase plane, said lint 
x-ray source arranged to transmit x-rays from its 
focal spot in a tint direction through said object to 
the ima&e plane of said first receiver and said sec­
ond x-ray source arransed to transmit x-rays from l.5 
its focal spot in a second direction arbitrarily se­
lected with respect to said first direction through 
said object to the image plane of said second re­
ceiver; 

determinini the distances (D, D') of perpendicular 20 
lines from the focal spot of each x-ray source to the 
imase plane of the respective receiver; 

determinins the points on respective imqe planes 
where respective perpendicular lines from the re­
spective focal spots to the respective imqe planes 

25 intenect the respective imqe planes and definini 
said points on respective ima&e planes u the ori• 
gins of respective two dimensional imqe coordi­
nate systems (uv), (u'v') at the respective image 
planes. wherein said focal spots and the respective 
imase planes define respective tint and second 30 

three-dimensional coordinate symma havins re­
spective z axes coincident with said perpendicular 
lines (D, D') in the directiom of respective imqe 
planes. x axes parallel to respective of the imqe 
plane axes (u, u') and y ues parallel to respective of 35 

the imase plane u.a (v,v'), where the relative se­
omeuy of said tint three dimensional coordinate 
system with respect to said second three dimen• 
sional coordinate system is defined by 

40 
1,· •CRJu,- -7'>, 

where xi', is the position vector of the object point (x/, 
y ,·. Z;') in said second three dimensional coordinate 
~ystem, i'1 is the position vector of the same object point 
(x;, y,.zi) in said tint three dimensional coordinate sys- 45 
tem, (R] is a rotation matrix definin1 the rotation in 
tbree-dimemional space between the tint and second 
three-dimensional coordinate systems and T expresses, in 
the tint coordinate system xyz, a unit tnmlation vector 
that moves the oripn of the fint coordinate system xyz 50 
to the oripn of the second coordinate system; 

i.rndiatins said object with x-rays from said x-ray 
sources and producin1 respective tint and second 
imqes defined by diaital imqe data bued on the 
x-rays received by said tint and second recciven; .5.5 

determinin1 from each of said fint and leCODd imqes 
the imqe coordinates ((u, v), (u', v')) in the respec• 
tive coordinate aystema or N objecu points, where 
Ni:: a, which correspond to the same object points 
in the object; 60 

sca.lin1 the imaae coordinates (Uit v1), (u/, vi') of said 
eight points by respectively dividin1 said imase 
coordinates by the respective distances (D, D') to 
obtain normalized imase coordinates (Et, TJt), (El, 
11()); 65 

construcrins N linear equations, one for each object 
point, containing only normalized imase coordi­
nates (E1, 111), (El, 111) and nine unknown elements 

(GkJ), where Gk/ represent an unknown relative ge­
ometry between the two imaging systems in terms 
of nonlinear combinations of the elements of the 
translation vector (t) and the rotation matrix [R]; 

solving the N linear equations for eight of the qkJ 

values relative to the ninth Gk/ value to produce a 
matrix [Q•]; and 

determining scaled three dimensional coordinate (x;, 
y,, Z;) of said N object poinu expressed in units of a 
unit translation vector t from the product matrix 
[Q•]7tA•]. 

2. The method according to claim 1, further compris­
ins: 

definins at least two of said N object points as object 
points separated by a know distance; 

determining the scaled distance between said at least 
two object points from the scaled three dimen­
sional coordinates x1, YI, z1; x1, Yl, z1) of said at 
least two object points; 

determinini the ratio of the scaled distance between 
said at least two object points and the known sepa­
ration distance therebetween to derive a scaling 
factor; 

producini an absolute f vector based on the quotient 
of the unit t vect0r and said scalins factor; and 

determinini absolute three-dimension.al coordinates 
of object points using said absolute t vector, said 
rotation matrix (R) and said imase coordinates ((u;, 
v1), (ui', vi')) in said image planes. 

3. The method accordin1 to claim l, further compris­
ins: 

selectini plural of said N object points u bifurcation 
pointa between tracked vesaela of a vascular tree of 
said object; 

deffnin1 approximate centerlines of vessel segmenu 
between said bifurcation points in each of said 
biplane imases: 

determinini correspondins points in the two biplane 
imaaes alons said centerlines; and 

determinini from said correspondins poinu, (R) and 
1" three dimensional positions of the points along the 
veuel sesments between said bifurcation points. 

4. The method accordin& to claim 3, comprising: 
displayini said three dimensional positions of the 

points alons the vessel between said bifurcation 
points. . 

5. The method accordins to claim 1, comprising: 
determinini the absolute distance between the focal 

spots of said x-ray sources; and 
multiplyln1 the scaled three dimensional coordinates 

(Xi. Yi, Zi) of said object points by the determined 
ablolute distance between the focal spots to obtain 
ablolute three-dimensional coordinates of said ob­
ject points. 

6. The method accordina to claim 5, further compris­
inir, 

selectin1 plural of said N object points u bifurcation 
points between track vessels of a vascular tree of 
said object; 

definini approximate centerlines of vessel segmenu 
between said bifurcation points in each of said 
biplane imases; 

determinini correspondin& points in the two biplane 
imascs alons said centerlines; and 

determinins from said corresponding points, (R] and 
tthree dimensional positions of the points along the 
vessel segments between said bifurcation points. 
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7. The method according to claim !I, comprising: 
displaying said three dimensional positions of the 

points alon1 the vessel between said bifurcation 
points. 

I. The method accordin1 to claim 1, further compris- 5 
ing: 

selectin1 plural of said N object points u Identifiable 
correspondina points of vucular structure ID said 
lint and second imqes; 

tnckina the approximate centerlines or the varioua 10 
vucu1ar seamcnts ID both imaaa between said 
Identifiable correspoadina points to deftne a com• 
plete vucular trn ID both !maps; 

determinina polynominal ftttina f'ullctiona which rep­
resent the centerlines of said varioua vucular sea• 15 
ments in both imaaes; 

selectin1 varioua points alon1 the polynominal cen­
terlines in one of said !maps; 

for each or the selected various points, determinina 
an auillary line which ii a locu or points ID the 20 
second or said imqa that repraents the let or all 
poaible points ID the second imap that correspond 
to the selected point ID the ftnt imap; 

determinina m1!hem1dcally the lntenection of the 
correspondin1 polynominal centerlinea ID the MC• 15 
oad imap with the amillary llnel ID the leCODd 
!map, ID order to the determine the points ID the . 
uid second imap which correspoada with said 
selected various points ID said ftnt imap; 

determinins from said correspondina points, [ll] and 30 
f the ablolute three dimemiona1 pocidom of the 
said Mlected points a1ona the v...i aeaments be­
cween said Identifiable c:orrespondin1 pointa. 

,. The method accordiD1 to claim I, further c:ompril-- " dilplayin1 the ablolute three dimemional coordiDatea 
of all the selected points or said object; 

diaplayin1 or ablolute three dimemional IDt'ormadoa 
11 a complete, connected vucu1ar tree, compoeed 
or oriainally ldentifted Identifiable conespoodin1 '40 
points, II well II selected points alOlll vucu1ar 
,qmcmt centerllnea. 

10. The method accordiD1 to claim I, tmther com­
prising: 

diaplayin1 the ablolute three dimemional coordiDatea 45 
of all the selected points or said object; 

diaplayina of ablolute three dlmemiona1 information 
11 a complete, connecied vucu1ar tree, compoeed 
or oriainally ldentifted Identifiable correspoGdln1 
points, II well II Nlected points alonl vucu1ar 50 
,qmcmt centerlinel. 

tL A method for determiDadon or 3-0 atncture or an 
object ID biplane anposraphy, compriamg: 

providm1 ftnt and teCODd lmqina l}'lteml 1Dcludln1 
ftnt and MCODd x-ray IOUl'cel havln1 respective 55 
and leCODd focal apotl and reapective ftnt and 
MCODd x-ray MD1itive receivers each deflnin1 Ill 
imaae plane, said ftnt z-ray IOVCO arranpd to 
tnmmit x-ray from its focal spot ID a ftnt direction 
throup said object to the !map plane or said ftnt 60 
receiver and said leCODd z-ray 10urce arranpd to 
trammit x-rays from Its focal spot ID a second direc· 
doll arbitrarily selected with respect to said ftnt 
direc:tion throuah said object to the imap plane or 
said second receiver; 65 

deflninl respective ftnt and second three-dimen­
sional coordinate systems, xyz and x'y'z', havin1 
respective orip11 located at respective or said flrst 

and second focal spots, and having respective z 
axes that are oriented toward the respective image 
planes and parallel to the respective line segments 
that are perpendicular to the respective image 
planes and intersecting the respective focal spots, 
where the relative aeometry of said fmt three di­
memional coordinate system with respect to said 
second three dimensional coordinate system is de­
fined by 

1/•[Rl<ti-ii 

where, r; Is the poaition vector of a point (xl, yl, 
zl) In said second three dimensional coordinate 
system. it ia the position vector of the same point 
(Xi. y1, ZJ) In said tint three dimensional coordinate 
system. (ll] ii I rotation matrix defining the rota­
tion In three-dimensional space between the fint 
and second three-dimensional coordinate systems 
and t apreues, ID the ftrst coordinate system xyz, 
1 unit tnmlation vector that moves the origin of 
the ftnt coordinate system xyz to the origin of the 
aecond coordinate system; 

deftn1q respective ftnt and second ima1e plane coor­
dlmte lystema uvw and u'v'w', with origins lo­
cated on the respective first and second image 
plllles &10111 the respective z and z' axes, and at 
distance D,and D', respectively, from the origins of 
zyz and z'y'z coordinate systems; 

determinina the diatance D that separates the origin 
or the uvw coordinate system from the origin of 
the zyz coordinate System, and the distance D, that 
tepa'ltel the orlaiD of the u'v'w' coordinate system 
from the orialn or the z'y'z' coordinate system. as 
beiDc the respective perpendicular distances be­
tween said respective x-ray focal spots and image 
planes; 

determinin1 the pocitions Oil respective image planes 
where respective perpendicular lines from the re­
spective focal spots to the respective image planes 
lntenect the respective imap planes and defining 
said points or lntenec:tion on respective image 
plllles u the orip or the respective uvw and 
v.'v'w' coordinate aystema at the respective image 
planes; 

imldladn1 'said object with x-rays from said x-ray 
l0Ul'CCI and producina respective tint and second 
!maps deftned by diaital imqe data based on the 
s-rays received by said flnt and second receivers; 

determinin1 from each or said flrst and second images 
the !map coordiDatea of N object points ((u,, v,), 
(u/, v/)) ID cerma or the respective ima1e coordi­
nate lysteml, where N >I. which correspond to 
the ume object polnu ID the object; 

1Ca11D1 the said ftnt and second image coordinates 
((ui, vi), (ui', vi')) of said N points by respective 
dividln1 said imap coordinates by the respective 
diltancel (D, D') to obtain normalized image coor­
dinatel ((b ,,,>, <Cl, ,,,'); 

comtructina N linear equationa, one or each object 
point, contalnina only normalized image coordi­
llltel (C1, 'Ii), (Cl, CJ') and nine unknown elements 
(qAJ). and solvln1 for the rotation matrix [ll) · and 
the unit translation vector ~ and 

determinin1 the three-dimensional coordinates of said 
N object points (xi, YI, zi; x2, Y2, z2), scaled to the 
lenath of the translation vector from the normal-
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izcd image coordinates ((e;, TJt), (~;'. TJt')) the rota­
tion matrix [R] and unit translation vector i. 

1.2. The method according to claim 11, further com­
prising: 

defining at least two of said N object poin~ as object 5 
points separated by a know distance; 

determining the scaled distance between said at least 
two object points from the scaled three dimen­
sional coordinates (x1, YI, zi; x2, y2;, z2) of said at 
least two object points; 10 

determining the ration of the scaled distance between 
said at least two object points and the known sepa­
ration distance thcrebetween to derive a scaling 
factor; 

producing an absolute tvector based on the quotient 15 
of the f vector and said scaling factor; and 

determining absolute three-dimensional coordinates 
of object points usin1 said absolute r vector, said 
rotation matrix [R] and said ima1e coordinates ((u1, 
vi), (u/m vil)) in said image planes. 20 

13. The method accordin1 to claim 11, further com­
prising: 

selecting plural of said N object points as identifiable 
corresponding points of vascular structure in said 
tint and second ima1cs; 25 

30 

35 

40 

60 

65 

tracking the approximate centerlines of the various 
vascular segments in both images between said 
identifiable corresponding points to define a com~ 
plete vascular tree in both images; 

determining polynominal fitting functions which rep­
resent the said centerlines of said various vascular 
segments in both images; 

selecting various points along the said polynominal 
centerlines in one of said images; 

for each of the selected various points, determining 
an auxiliary line which is a locus of points in the 
second of said images that represents the set of all 
possible points in the second image that correspond 
to the selected point in the first image; 

determining mathematically the intersection of the 
corresponding polynominal centerlines in the sec­
ond image with the said auxiliary lines in the sec­
ond imase. in order to the determine the points in 
the said second image which corresponds with said 
selected various points in said first image; 

dctcrminin1 from said corresponding points, [R] and 
r the absolute three dimensional positions of the 
said selected points alon1 the vessel segments be­
tween said identifiable corresponding points. 

• • • • • 
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