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ty] ABSTRACT

A novel method for determination of 3-D structure in
biplane angiography, including determining the dis-
tance of a perpendicular line from the focal spots of
respective x-ray sources to respective image planes and
defining the origin of each biplane image as the point of
intersection with the perpendicular line thereto, obtain-
ing two biplane digital images at arbitrary orientations
with respect to an object, identifying at least 8 points in
both images which correspond to respective points in
the object, determining the image coordinates of the 8
or more identified object points in the respective bi-
plane images, constructing a set of linear equations in 8
unknowns based on the image coordinates of the object
points and based on the known focal spot to image plane
distances for the two biplane images; solving the linear
equations to yield the 8 unknowns, which represent the
fundamental geometric parameters of the biplane imag-
ing system; using the fundamental parameters to calcu-
late the l-dimensional positions of the object points
identifled in the biplane images; and determination of
the 3-D positions of the vessel segments between the
object points.

13 Claims, 20 Drawing Sheets
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METHOD FOR DETERMINATION OF 3.-D
STRUCTURE IN BIPLANE ANGIOGRAPHY

BACKGROUND OF THE INVENTION

1. Field of the Invention

This invention relates to a method for determining
3-dimensional structure in biplane angiography from
two biplane images obtained at arbitrary orientations
with respect to an object.

2. Discussion of Background

The development of digital imaging techniques in the
last twenty years has greatly expanded the field of radi-
ology. Digital subtraction angiography (DSA) makes
use of the digitai format of the vascular images by the
subtraction of a mask frame from an image containing
contrast-filled vessels. The result is an image in which
intervening structures and background have been re-
moved. At present, DSA images are widely used in the

s

10

diagnosis and treatment planning of most diseases of 20

vessels, including atherosclerosis, aneurysms, arteriove-
nous malformations, etc.

The digital format of DSA also lends itself well to
quantitative measurements of the vascular system.
Many researchers have developed methods using single
DSA images to quantify physical parameters such as
vessel size, the amount of narrowing (or stenosis) of a
vessel, or the rate of blood flow in a given vessel or
supplying a given tissue. The application of all such
quantitative methods is complicated by the fact that a
single projection image of the vasculature provides
little information concerning the true J-dimensional
vascular structure. Thus, the magnification of a vessel,
which is a function of its relative 3-dimensional position
between the x-ray source and the imaging plane, is
difficult to derive from a single image. In calculations of
vessel size and blood flow rate, the magnification of the
vessel enters as the first and third power, respectively.
(LE Fencil, et al, Accurate Analysis of Blood Flow and

3o

33

Stenotic Lesions by Using Sterecscopic DSA System, 40

Medical Physics, 1987, 14, p. 460, presented at AAPM,
1987). In addition, the 3-dimensional orientation of the
vessel with respect to the imaging plane is difficult or
impossible to infer from a single image. Knowledge of

the orientation of vessels is important for quantitative 43

blood flow messurement, and is also important for the
diagnosis of vessel malformations and for surgical plan-
ning.

In short, an accurate 3-dimensional (3-D) representa-
nonofmevmulummmwouldbeverymmlin
many areas of medicine.

Several methods have beea developed which derive
3-D information from two digital images. Stereoscopic
digital angiography has been used in the calculation of

50

3-D position and orientation information of vessels (LE 35

Fencil et al,, Investigative Radiology, December 1987;
and KR Hoffman et al., SPIE Medical Imaging, Vol.
767, p. 449, 1987). However, stereoscopic determination
of 3-D vessel position becomes less accurate if the orien-

tation of the vessel is close to the direction of the stereo- 60

scopic shift. Thus, the reliability of this method in deter-
mining 3-D vascular structure depends on the orienta-
tions of the vessels themselves.

Szirtes in U.S. Pat. No. 4,630,203 describes a tech-
nique for the 3-D localization of linear contours appear-
ing in two stereoscopic images. However, this method
also suffers from the limitation that the contour must
not lie in the direction of the stereoscopic shift. In addi-

63

2
tion, a scparate calibration step is required in this
method to determine the 3-D locations of the x-ray
sources relative to the imaging plane.

Several workers have developed methods to derive
3-D suructure from two radiographic images that are
obtained in exactly orthogonal directions (A. Dwata et
al., World Congress in Medical Physics and Biomedical
Engineering, 1985; and JHC Reiber et al., Digital Imag-
ing in Cardiovascular Radiology, Georg Thiem Verlag,
1983). The 3-D information obtained with these tech-
niques in binary: i.e., no gray levels remain in the recon-
structed image of tae 3-D object. Secondly, the images
must be obtained in exactly orthogonal directions,
which may be difficult to achieve in conventional bi-
plane radiography systems. Also, determination of the
positions of vestel segments which run in a direction
perpendicular to cne of the imaging planes is difficult or
impossible with these methods.

To eliminate these problems, a method has been de-
veloped that allows calculation of 3-D vascular struc-
ture from two images obtained at arbitrary orientations
(see JM Rubin et al., Investigative Radioclogy, Vol. 13,
p. 362, 1978; and SA MacKay et al, Computers and
Biomedical Research, Vol. 15, p. 455, (1982)). This
method is important, but requires a separate, somewhat
cumbersome calibration step which is executed either
before or after imaging the patient. Specifically, a cali-
bration object of known dimensions is imaged in the
same biplane configuration as is used to image the pa-
tient. Data are then collected from the images of the
calibration object, and parameters are calcuiated to
provide the 3-D positions of selected points in the vas-
cular images.

A differeat technique has been described in the field
of computer vision to determine 3-D positions of object
points from two arbitrary views without a calibration
step. This method was described in two independent
theoretical papers, (HC Longuet-Higgins, Nature, Vol.
293, p. 133, 1981; and RY Tsai, TS Huang, Technical
Report, Coordiuwd Science Laboratory, University of
Ilinois, Nov. 12, 1981). It does not appear, however,
that this approach has ever been successfully applied in
the field of radiology.

SUMMARY OF THE INVENTION

Accordingly, one object of this invention is to pro-
vide a novel method for determination of 3-D vascular
structure from two biplane images, wherein the biplane
images can be obtained at arbitrary orientations with
respect to an object.

Another object is to provide such a method which is
rapid, requires minimal additional equipment, and is
inexpensive and easy to implement in existing digital
angiographic syitems.

Yet another odject of this invention is to provide a
new and improved method for determination of 3-D
structure in biplane angiography with minimal prior
knowledge concerning the biplane imaging geometry
and using biplane images of arbitrary relative orienta-
tion. .

These and other objects are achieved according to
the present invention by providing a novel method for
determination of 3-D structure in biplane angiography,
including determining the distances of perpendicular
lines from the focal spots of respective x-ray sources to
respective image planes and defining the origin of each
biplane image as the point of intersection with the per-
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pendicular line thereto, obtaining two biplane digital
images at arbitrary orientations with respect to an ob-
ject, identifying at least 8 points in both images which
correspond to respective points in the object, determin-
ing the image coordinates of the 8 identified object
points in the respective biplane unknowns based on the
image coordinates of the object points and based on the
known focal spot to image plane distances for the two
biplane images; solving the linear equations to yield the
8 unknowns, which represent the fundamental geomet-
ric parameters of the biplane imaging system; using the
fundamental parameters to calculate the J-dimensional
positions of the object points identified in the biplane
images; and determination of the 3-D positions of the
vessel segments between the object points. Thus, the
entire 3-D structure of the vasculature is determined.

The present invention allows the determination of
compliete 3-D vascular structure from two biplane im-
ages obtained by arbitrary orieatations. This method
does not require a separate calibration step for each
imaging geometry, and requires only minimal prior
knowledge concerning the imaging system. Some of the
mathematics utilized in this technique, although inde-

pendently derived, bear strong similarity to the mathe- 14

matics in the Longuet-Higgins paper above-noted and
described hereinafter. However, the present method
represents the first successful application of this theoret-
ical method to the radiological fleld. Also described

bereinafter is the solution of several problems which 30

arise in the application of this technique to angiographic
images. In addition, this technique is extended to one
which will reconstruct the entire vasculature appearing
in the two images. Previous theoretical reports describe

a method for localizing points in 3 dimensions, but not 35

for determining entire connected vascular structures.
The technique for the complete reconstruction of

vascular structure from two biplane images according

to the invention has many advantages. First, the use of

biplane images (instead of stereo images, for example) is 40

heipful because there are many more biplane digital
systems presently installed than there are sterescopic
digital systems. Secondly, because the present tech-
nique utilizes images from biplane systems that allow

almost arbitrary positioning of the imaging projections, 43

imaging geometries may be chosen for optimal visual.
ization and reconstruction of the vessels of interest. This
is a distinct advantage over methods employing stereo-
scopic or orthogonal projections. Varying the imaging
geometry can ensure that vessel segments of interest
will oot run in a direction exactly to one
of the imaging planes, which is a problem in any 3-D
reconstruction method employing two imaging projec-

tions. Third, the high spatial and temporal resolution of ¢

DSA makes the 3-D information derived from these
images superior to information from tomographic tech-
niques such as MRI and CT, In general, the pixel size in
DSA images is smaller than that in MRI and CT images.

Also, the time to acquire DSA images is generally equal ¢

to or shorter than that required for MRI or CT images.
This is important in cardiac radiography, where moving
vessels cause blurring of the image. Fourth, the hard-
ware implementation of this method in, for example,

digital cardiac angiography equipment allows real-time 63

3-D reconstruction of moving coronary vessels, and
would be helpful in interventional procedures such as
coronary angiopiasty.

4

BRIEF DESCRIPTION OF THE DRAWINGS

A more complete appreciation of the invention and
many of the attendant advantages thereof will be
readily obtained as the same becomes better understood
by reference to the followi~g detailed description when
considered in connectic  with the accompanying draw-

ings, wherein:

FIG. 1 is a schematic block diagram illustrating an
overview of the processing steps performed according
to the invention;

FIQ. 2 is a flow chart providing an overview of pro-
cessing steps to obtain 3-D positions of object points
and the geometric imaging parameters;

FIG. 3 is a flow chart illustrating in detail the pro-
cessing steps performed in the determination of 3-D
positions of object points and of the independent geo-
metric imaging parameters;

F1G. 4 is a flow chart illustrating the processing steps
in the determination of a complete 3-D vascular struc-
ture of step 4 shown schematically in FIG. 1;

FIG. 8§ 3 a schematic perspective view illustrating the
geometry and coordinate systems of the biplane imag-
ing system;

F1G. 6 is an illustration of two coronary angiographic
images, with 8 (A-G) vessel bifurcation points selected,
as well as an example of the calculated 3-D positions of
a set of selected object points.

FIG. 7 is an illustration of the images shown in FIG.
6 with a vessel segment illustrated between two selected
bifurcations and in which corresponding centerline
points are indicated as well as an example of how the
vessel segment might appear in 3 dimensions.

FIG. 8 is a schematic block diagram of an implemen-
tation of the invention for the determination of 3-D
structure in a biplane digital angiographic system;

FIG. 9 is a schematic perspective view illustrating
one of the biplane views shown in FIG. §;

FIG. 10 is a schematic illustration of the inherent
ambiguity of object scale, if the scale of the translation
vector { is unknown;

FIGS. 11 and 12 are flow charts illustrating in more
detail the steps in determining the exact and least
squares solutions of the § vector, respectively, as shown
in FIG. 10;

FIG. 13 is a schematic diagram of one x-ray tube and
image-intensifier (1.1) TV system in the biplane imaging

FIG. 14 is a schematic disgram showing the incorpo-
ration of the apparatus utilized to determine D, D’ and
the origins of the image coordinate systems, into the
imaging system shown in FIG. 13.

F1G. 13a, 155, 164, 160 and 16c are schematic per-
spective views illustrating various geometrical parame-
ters used as variables in a computer simulation study
performed to test the feasibility and accuracy of the
method of the invention;

F1G. 17 is a table showing the results of the computer
simulation study; and

FIGS. 18 and 19 are graphs illustrating the effect of
the number of object points and angie of rotation, re-
spectively, on the average distance error in the com-
puter simulation study, respectively.
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DESCRIPTION OF THE PREFERRED
EMBODIMENTS -

Referring now to the drawings, and more particu-
larly to FIG. 1 thereof, implementation of this invention
involves five basic steps:

Step (1) Initial calibration of the origins of the image
coordinate systems uy and u'v’, and of the distance
between the x-ray source (x-ray focal spot), and the
image plane, D and D', This is accomplished using the
calibration device described in relation to FIGS. 13 and
14 hereinafter. Note that although this calibration pro-
cedure is required, it is only done once for a given imag-
ing system. It does not need to be repeated for different
imaging geometries, as long as the relative positions of
the x-ray focal spot and the image plane are maintained.
The need for calibration may be obviated altogether in
digital systems which are designed to incorporate the
present inventiow.

Step (2) Acquistion of two digital biplane images of
the object. This is accomplished using the setup illus.
trated in F1G. 8, wherein the lateral (LAT.) x-ray gen-
erator control, 122, and the AP (P) x-ray generator
control, 124, control x-ray production in x-ray tuba.
102 and 104, respectively. Images of the object (or pa-
tient), 100, are acquired by imsage intensifier-TV (L.L-
TV) systems, 106 and 108. These images are digitized by
A/D converters, 110 and 112, and are stored in the host
computer, 114,

Step (3) Referring again to FIG. 1, identification of 8
(or more) points in the object which appear in both
images, 3.1. These points may be selected manually, or
with some automated detection scheme yet to be devel-
oped. These points would likely correspond to bifurca-
tion points in the vasculature or to easily identifiable
features on the vessels. From the N selected point, N
linear equations are derived in terms of nine unknown q
values, 3.2 The resultant [Q] matrix is then solved 3.3,
followed by determination of the { vector (axis transla-
tion vector described hereinafler), 3.4, followed by
determination of the [R] matrix (rotation matrix), 3.5,
also described bereinafter. Step 3 is then completed by
determining the 3-D positions of the object points, 3.6,

Subsequently, the 8 independent parameters which
describe the biplane imaging geometry, as well as the
3.D positions of the object points, are automatically
determined. T mathematics of this step are described
in complete deta. 'ater in this document. Knowledge of
the 8 independent | «rameters allows calculation of the
3-D positions of any object points whose coordinates
can be identified in both

Step (4) Automated tracking of the vascular structure
between the bifurcation points selected in Step 3. Subse-
quent to this, the automated correlation of many points
along the vasculature in the two images, followed by
calculation of the 3-D poddomofachoftheucone-
lated points.

Step (5) Combination of the 3-D structure data of the
object obtained in Steps 3 and 4. Referring now to FIG.
8, the presentation of the entire connected vascular
structure on CRT displiays, 118 and 120, in a projection
format, from any desired orientation is possible. The
vascular structure data could also be presented on a
more advanced, true 3-D display, 116, for example a
vibrating mirror display. Other manipulations of the
3-D data, such as rotation of the vessel structure in time
on the CRT displays, 118 and 120, are possible,
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The operations of Steps 2 and 3 are shown in the flow
chart of FIG. 2 and in somewhat greater detail in the
flow chart of FIG. 3. Step 4 is diagrammed in FIG. 4.
Devices utilized for the 3-D structure display in Step §
are diagrammed in FIG. 8. Step 1 will now be described
in more detail.

Step (1) Referring to FIG. 1, the procedure and de-
vice utilized provide two types of information that are
required for performance of the method of the present
invention. First, the perpendicular distances D, D’ be-
tween the respective imaging planes and the respective
x-ray sourcs, or focal spot, are determined. (See FIG, §
which shows the geometry and coordinate systems.) D,
D’ may also be measured using a “yardstick” which is
often present on digital imaging devices. Once the dis-
tance D, D’ are determined, they usually can be kept
constant for most imaging situations and do not have to
be measured again. Secondly, the points on the imaging
planes, where a perpendicular line extending from the
x-ray focal spot to the imaging plane intersects the im-
aging plane, 3§ and 36 in FIG. §, are determined. These
points are equivalent to the origins of the coordinate
systems of the digital images. These also need be mea-
sured only once for a given imaging system. In imaging
25 systems incorporating the present invention, the con-
struction of the digital system could be designed to
ensure that the origins of the coordinate systems would
be in the center of the image matrix, and this calibration
could be eliminated.

Referring now to FIGS. 13 and 14, imaging system
utilized is an x-ray tube, 1301, and image-intensifier
(LL)>TV system 1302. The x-ray tube and the LL-TV
system are attached to the two ends of a “C-arm” appa-
ratus, 1303. The x-ray tube mount, 1304, includes mi-
crometer screws, 1308, which allow the x-ray tube to be
moved in a plane parallel to the LL-TV input plane,
1306.

The apparatus utilized to determine D, D’ and the
origins of uv and u'v’ coordinate systems is illustrated
systems is illustrated in FIG. 14. The apparatus includes
a top plate ,1401, and a bottom plate, 1402, which are
parallel to each other, A similar device has used for of
x-ray tube focal spots (see: doi eral., Medical Physics
1978; 2: 268). The distance between the two plates is
adjustable with a micrometer screw, 1403, and is indi-
cated on a ruler attached beside the micrometer screw,
1404. The top plate, made of 3 mm thick aluminum,
containg § pinholes, each 0.5 mm in diameter, 1405.
Four pinholes make a § cm square, and one pinhole is at
the center of the square. The bottom plate is made of 3
mm thick plastic, and contains 8 lead shots 1.0 mm in
diameter, 1406, Four shots make a 10 cm square, and
one shot is at the center of the square. Thus, the large
square in the bottom plate is twice the size of the small
square in the top plate. The structure holding the plates
is constructed to ensure that the centers of the top and
bottom squares lie on a line perpendicular to the plates
and that the sides of the squares on the top and bottom
plates are parallel. This alignment device is attached to
the input surface of the LI. by holding clamps. The
posidon of the pair of plates parallel to the LI input
plane can be adjusted by two micrometer screws at-
tached to the base of the apparatus, 1407.

The sliding x-ray tube mount and the apparatus are
used in a procedure that involves two steps.

(1) First, the location in the image of the origin of the
image coordinate system is determined. This origin
corresponds to the location on the L.L-TV input plane
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where a line perpendicular to the LI-TV input plane
intersects the L.L1-TV input plane. This may be accom-
plished initially by observation of fluoroscopic images
or digital images obtained with the x-ray tube operated
at approximately 80 kVp in the pulse mode. When the
initial x-ray exposure is made, the image displayed on a
CRT monitor shows five bright spots corresponding to
the x-ray beams transmitted through the flve pinholes,
and also five dark spots corresponding to the shadows
cast by the five lead shots. Since the half-value layer of
an 80 kVp x-ray beam in aluminum is approximately 3
mm, the x-ray intensity that passes through the pinholes
to form the bright spots will be approximately twice the
x-ray intensity that is responsible for the uniform back-
ground observed on the CRT monitor. On the other
hand, due to x-ray absorption of the lead spheres, the
x-ray intensity responsibie for the dark spots observed
on the CRT monitor will be only about 0.05% of the
x-ray intensity that produces the uniform background.
Therefore, the bright and dark spots can be distin-
guished clearly from the uniform background and from
each other.

The origin of the image coordinate system is deter-
mined by adjustment of either the micrometer screws at
the base of the alignment device, or the micrometer
screws in the x-ray tube mount, 30 that the bright spot
from the central pinhole is exactly superimposed on the
shadow cast by the central lead shot. The location of
superposition in the digital image matrix is the origin of
the image coordinate system. When these adjustments
are completed, the focal spot is located on the line per-
pendicular to the 1.L input plane that passes through the
element of the digital image matrix on which the central
bright and dark spots are .

The second step determines the dis-
tance between the x-ray tube focal spot and the LL
input plane, The vertical position of the top plate of the
alignment device is adjusted to match the locations of
. the four non-central bright spots to the locations of the
four non-central dark spots. When these adjustments are
completed, the distance from the focal spot to the bot-
tom plate is equal to twice the distance from the top
plate to the bottom plate. If the distance from the bot-
tom plate to the LI input piane is not negligibly small,
it can be estimated separately and added to the distance
from the focal spot to the bottom plate to yield distance
from the focal spot to the L1 input plane, D.

This device and procedure described must be applied
to both x-ray tube and LL-TV system pairs in the digital
imaging system. In this way, the distances D and D', as
well s the origins of the image coordinate systems uv
and u'v’, are determined.

In the following, and referring again to FIG. 1, is a
gmliudvc description of the processes involved in Step

After the two digital images are obtained and stored
in the image memory, 8 (or more) easily identifiable
object points appesring in both images are selected. As
an example, an operator may select points using a cursor
to specify the image coordinates of each object point.
An example of selected points in two radiographic im-
ages, is shown in F1Q. 6. The image coordinates of the
selected points are relative to the origin of the image
coordinats system, which was measured in Step 1 de-
scribed hereinabove. If more than 8 points are selected,
the mathematics in the solution of the [Q] matrix, 3.3 in
F1G. 1, are overdetermined, and a least-squares solution
(See FIG. 3, 308) is employed. This least-squares solu-
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tion reduces the effects of measurement errors in the
selected image coordinates of individual points. If the
selected points correspond to bifurcation points on the
vessels, subsequent determination of the entire vascular
structure in step 4 is easier to accomplish.

As mentioned above, a complete description of the
concepts and the mathematics behind the determination
of the 8 independent parameters from the image coordi-
nates of 8 (or more) points is provided hereinafter.
However, it is helpful to summarize the basic concepts
here. To begin, it is first observed that there exists an
inheregt redundancy in biplane imaging. Specifically,
for every chject point of unknown 3-D position there
exist 4 knovns and 3 unknowns the 4 knowns being the
image coordinates (u, v) and (u’, v") of the point appear-
ing in the two images, and the 3 unknowns being the x,
y, z coordinates of the object in 3-D space. This obser-
vation allows, one to conclude that some information
concerning the geometry of the biplane imaging system
may be gleaned from the 4 image coordinates of an
unknown object point.

Tae second observation is that, if the input quantities
drscribed in Step 1 above are known, the biplane imag-
ing system may be completely described by 8 basic

These parameters describe the rotation and
translation involved in transforming one of the imaging
views into the other. Thus, the goal of Step 3 is to deter-
mine these 8 parameters using the redundancy de-
scribed above.

If one redundancy is obtained with each object point
identified in both views, then it follows that a minimum
of 8 object points must be identified to determine the 8
besic parameters of the biplane imaging system. If more
than 8 points are identified, the 8 basic parameters are
themselves overdetermined, and may be calculated
using a least-squares method. Once the 8§ parameters are
determined, the biplane imaging system is described
completely, and the 3-D position of any object point
which appears in both views can be easily calculated.

-Next described is the method for determination of the
$ basic parameters that are determined from the known
image coordinates of 8 (or more) object points in Step 3.
In brief, the image coordinates of each object point are
first scaled using the distance between the x-ray focal
spot and the imaging plane, which was measured in
Step 1. Combinations of the scaled image coordinates of
a single point then serve as coefficients in a single linear
homogeneous equation in 9 unknowns. The 9 unknowns
are themselves combinations of the 8 basic parameters.
At least 8 object points are selected, so at least 8 linear
homogeneous equations are formulated. The matrix of
the coefficients for the 9 unknowns for all the selected
object points is referred to hereafter as the [A] matrix.
Because all of these equations are equal to zero, it is
mathematically possible to solve only for 8 unknowns
relative to the 9th. referring to FIG. his is accomplished
using an exact solution, 307, or a least squares solution,
308. Once the 8 unknowns are determined relative to
the 9th, the 8 basic parameters of the system are deter-
mined from these 8 unknowns, and the 3-D positions of
the selected object points may be easily calculated from
their image coordinates and the 8 basic parameters.

. The following is a detailed description of the tech-
niques employed according to the invention to deter-
mine 3-D positions of object points without prior
knowledge of the biplane imaging geometry.

Here is presented the detailed mathematical analysis
of the method used to determine the 3-D positions of
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eight or more object points as well as to determine the
geometry of the biplane imaging system, from two two-
dimensional (2-D) radiographic projection images made
with x-ray sources located at different positions, as in
biplane angiography.

The technique is based on the following assumptions:

(1) Different x-ray source positions-~and for the gen-
eral case, different orientations of the image recording
plane—are used for the two 2.-D images. The use of
different recording planes for the two images distin-
guishes “biplane” radiography from “stereo” radiogra-
phy, in which both images are recorded in the same
plane.

(2) The perpendicular distances from the x-ray source
positions to the recording planes of the 2-D images are
known. In genersl, these distances may be different.
The method for determining these distances is described
in Step 1 hereinabove and in relation to FIGS. 13 and
14,

(3) In each of the two 2-D images, one can determine
the point at which the line from the x-ray source per-
pendicular to the image recording plane intersects that
plane. The method of determining this point in each
respective image recording plane is described in Step |
hereinabove and in relation to FIGS. 13 and 14,

(4) Within each image plane, the orientation of two
orthogonal coordinate axes (defined by the orthogonal
vectors U and ¥ in one image and i’ and V' in the other)
may be chosen arbitrarily, but in such a way that the
vector cross products w 32 4 x v and wmd'x V' point
away from the x-ray sources.

&) Fore-choflormpoinuinthcobject.mm

corresponding
coordinates are defined hereinabove. If the images are
formed by an image intensifier (LL)TV system, for
: enmple,mcimngecoordimmmmmedwhave
been corrected for distortion, such as
distortion, where pincushion distortion is defined by
nonlinear warping of the image coordinates resulting
from a curved image recording plane, such as the
curved surface of an LI The image point coordinates
must be expressed in the same units as the distance be-
tween the source and the image recording plane; hence,
in digital imaging, the pixel dimensions of the image
must be known.

If and only if the absolute scale of the 3-D object is to
be determined, one must assume also that:

(6a) The scalar distance between the two x-ray source
positions is known;

(6b) the scalar distance between two object points
identifiable in both views is known.

First, the between the 3-D position of
any point in the object snd the 2-D coordinates of the
image of that point in the two images is formulated.

First, consider the geometry of one of the views,
shown in FIG. 9:

Let U and v represent orthogonal unit vectors that
indicate the directions of the u-axis and the v-axis, re-
spectively, of the image coordinate system chosen for
the first image. Without loss of generality, it is assumed
that the unit vector w defined by the vector cross prod-
uct wm{ X v points away from the position of the x-ray
source. The origin of the uv coordinate system, 901, is
taken to be the point at which the line from the x-ray
source perpendicular to the image recording plane in-
tersects that plane; according to assumption #3, this
image point is known,
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The coordinates of any point in the 3-D object space
can be expressed by defining an xyz coordinate such
that:

the origin of the xyz system, 902, is located at the
X-ray source position used in exposing the first image;
and the directions of the x-, y-, and z-axes are the same
as those of the u-, v-, and w-axes, respectively. Thus, the
axes of the xyz system are indicated by unit vectors x, y,
and z that point in the directions of 4, v, and W, respec-
tively.

If the 3-D coordinates of a particular object are ex-
pressed in the xyz system as (x;y1, 21), then it is easy to
show trigonometrically that the 2-D coordinates of that
point, 903, in the first image are given by

umD x/2 (Egn. l]and
ti vimD y/2, EEqn. 2]
where D is the distance between the x-ray source and
the image plane, shown in FIG. 9. In units of this dis-
tance, the image coordinates of the ith object point are
expressed by

& = wbD ‘ (Ean. 3]
- x/y
and
. m = wD (Ean. 4]
= W

respectively. Equation s 3 and 4 can be written together
in matrix notation as

(Eqn. 5]

where k is a dummy scalar variable, which the third
row of Eqn. 5 shows must equai 1/z;. Equation 5 can be
written more concisely as

Gwkx (Eqn. 6]
whete
S {Eqn. 7]
x
Gim|n
]
and
. -"q i [Eqn.!]
bm|wm
-l-

Expressions swilar to those derived above are ob-

tained from the image coordinates (u/, v/) of the ith
point in the second image. By analogy to Eqns. | and 2:
w=D's//2/ [Eqn. 9)and
vi=D'y//2/ [Eqn. 10}

where referring to FIG. 8, D’ is the distance between
the x-ray source, 37, and the image plane, 38, in the
second view, and where (x/, y/, z') are the coordinates
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of the ith object point expressed in the x'y'z’ system of
the second view. By analogy to Eqn. 6, we have

& kit {Equ. 11]
where k' is a dummy scalar variabie equal here to 1/z/ 4
and where the vectors X/ and &/ are defined as

(Equ. 12]

x{

- |y 10

and

. &
G=1n |
1

where, by analogy to Eqns. 3 and 4, the normalized
image coordinates £/ and 7/ in Eqn. 13 are given by:

(Eqn. 12}

and
1% (Eqn. 13]
Gm)n | 30
{
where, by analogy to Eqns. 3 and 4, the normalized
image coordinates §/ and 7/ in Eqn. 13 are given by: 18
Y = oD (Bqn. 14]
= x(/2f
and 40
w = D (Eqa. 15)
= yi/3f

Thus, the 2-D coordinates of the ith object point in 43

the first image are related to the 3-D position of that
point when it is expressed in the xyz system, and the 2-D
coordinates of the same object point in the second
image are related to the 3-D position of that point when

it is expressed in the x'y'z’ system. However, both sets 50

of image coordinates have not yet been related to the
3-D position of the object point when it is expressed in
a single 3-D coordinate system.

To accomplish the latter end, a single coordinate

system in which both the coordinates sssociated with 33

the two views will be Alternatives include:
(1) the xyz system; (2) the x'y'z’ system; (3) some com-
promise between (e.g., the average of) the xyz and x'y’2’
systems; or (4) a system based on an external (“labora.
tory”) frame of reference. In the following, the xyz
system is arbitrarily chosen. Clearly, the distinction
between the xyz and x'y’z’ systems is trivial, since the
distinction between the “first” and “second” views is
arbitrary. Use of a compromise system seems only to

complicate the resulting mathematical expressions, 65

whereas use of an external reference {rame requires
additional information concerning the geometrical rela-
tionships of the two views and the external frame. By

[Eqa. 13] 1
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using the xyz (or x'y’z") system as a reference frame, the

relationship between the three dimensional structure of

the object and the two images can be expressed without
concern as to how the object is positioned or oriented in
some external frame of reference.

Note that the xyz system can be transformed into the

x'y'z’ system by:

(1) transiation of the origin of the xyz system to the
location of the origin of the x'y’z’ system,

and then:

(2) rotation of the transiated xyz system rigidly so that
the unit vectors X,y, and z align with the unit vectors
£'.§', and ¥, respectively.

This sequence of operations is represented in terms of

matrix algebra by

{Eqn. 16}
X Mmoo Xt t
ynimlm mom nl=1y
& mmm o 't
where
i = the cosine of the angle between the (Eqn. 17]
kth unit vector of the x'y'7 system
and the Ah unit vector of the xyz system
and where the 3-D vector
(Eqn. 18]
L]
t.- t,

expresses, in the xyz system, the traaslation that moves
the origin of the xyz system to the origin of the x'y'z’
system, as shown in FIG. 3. Equation 16 can be written
more concisely as

o =(RKG~0) (Eqn. 19
where [R] is the 3 X 3 matrix with elements ri.. Note for
future reference that the kth row of [R] expresses the
kth unit vector of the x'y’z’ system in terms of the xyz
system, whereas the th column of [R] expresses the Iith
unit vector of the xyz system in terms of x'y’z’ system.

From Equations 11 and 19 we obtain

. [Eqn. 20}
7 ooy X tx
W |mkjm o »{=1¢y
! mmm & "

which expresses the coordinates of the ith object point
in the second image ({/ and 7)) in terms of the 3.D
position of the point in the xyz system (rather than in
the x'y’'z’ system, as before). This vector equation can be
written out and rearranged to yield the pair of scalar
equations:

(ry =i+ (r2—e32d Ny i+ (e13 =338 Ny

w1 =3é e+ (12— R32é Ruw (/13 =338 [Eqn. 2Jand
(£21 =310/ ) +(ra2 =132 0/ )yi+(r13— o337y
w(rl) = 3N Ne+ (22 =320 Ny +(r23~33nty  (Eqn. 22]

Analogous expressions for the coordinates of the ith
object point in the first image in terms of the xyz system
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are provided by Eqns. 3 and 4, which can be rewritten
as:

2j~(§Jzjm0 (Eqn. 23]and
Yi—(ndz;=0

(Eqn. 24)
Equations 21 through 24 imply:

(1) If the geometrical relationship between the two
imaging views (i.e., the elements ri;of the rigid-rotation
matrix [R)] and the elements (ty, ty, t7) of the translation
vector t) were known, and if the image coordinates (§;
7)) and (§/, ") of a particular object point (denoted by
the subscript i) were known, then Eqna. 2] through 24
would represent four consistent linear equations with
three unknowns—the three unknowns being the 3-D
coordinates of the object point, x; y; and z/—s0 one
could solve for x, y, and z; by using any three of the
equations. The remaining equation is redundant if (and
only if) the geometrical relationship between the two
views is known. Alternatively, if all but one of the ele-
ments in the matrix [R)] or the vector ¢ (which represent
the parameters of the geometrical relationship between
the two views) were known, it should be possible to use
the four equations to solve for an unknown element of
R} r { and for the object-point coordinates x;, y, and z;.

(2) If all but two of the elements in the matrix {[R] and
the vector T were known, and if the image coordinates
(&, m) and (&/, 1) of two object points were known,
then it should be possible to use the resulting eight
equations with the form of Eqns. 21 through 24 to solve
for the eight unknowns that exist in this situation: the
two unknown elements of the matrix [R] and/or the
vector t; the 3.D coordinates (xy, y1, z1) of one object
point; and the 3-D coordinates (x3, y3, z2) of the other
object point.

(3) This argument can be extended to increasing lev-
els of ignorance about the elements in the matrix [R] and
the vector t (i.e., about the relative geometry of the two
views). Each additional object point that can be iden-
tifed in both images increases the number of unknowns
by three (the unknowns being the values of x, y;, and z;
for that point) but increases the number of equations by
four, thereby allowing the possibility of determining
one more unknown element in the matrix [R] or the
vector ¥ Thus, if the matrix [R] nd the vector T contain
N independent clements and if all of these elements
were unknown, identification of N points in both images
would seem to allow determination of all of the ele-
ments in the matrix (R] and the vector Tand the 3-D
coordinates (x;, y, and z)) of all of the object points
identified in both images.

With regard to observation #3 immediately above, it
is noted that, although the rotation matrix [R] contains
9 elements, only $ of these elements are independent.
This is because any four elements of a rigid rotation
matrix [R] can be determined from the other five ele-
ments, because the rows (and columns) of R) represent
orthogonal unit vectors such that any row (or column)
is given by a vector cross-product of the other two rows
(or columns). Hence, only five of the nine elements of
[R] are independent. It is also noted that the translation
vector T contains 3 elements, all of which are indepen-
deat. Therefore, there exists a total of 8 independent
elements which must be determined in order to com-
pletely specify the geometrical relationship between the
two imaging views. Thus, observation #3 suggests that
if 8 object points were identified in both images, one can
determine the geometrical relationship between the two
imaging views, and subsequently determine the 3-D
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coordinates of those object points without having prior
information concerning the geometrical relationship
between the two views—i.e., without knowing the ele-
ments of (R] and T in advance. The matrix [R] and the
vector T would be determined by this approach also. If
more than 8 object points were identified in both im-
ages, the resulting system of equations would involve
more equations than unknowns, presumably permitting
a least-squares solution that would reduce the effects of
random errors in measurements of the image coordi-
nates (us v) and (u/, vi').

The above argument ignores the fact that when the
coordinates (x; y, z)) of the 8 object points are un-
known and some or all of the independent elements of
(R] are unknow then 16 of the 32 equations to be solved
(specifically, those that arise from Eqns. 21 and 22) are
nonlinear in their unknowns. Therefore, since non-lin-
ear systems of 32 equatidns may not uniquely determine
the values of 32 unknowns, it remains to be proven that
a minimum of 8 points will suffice. This proof is pro-
vided hereinafter.

Examination of Eqns. 21 through 24 shows that the
approach suggested above does not allow solution for
the absolute scale of the object if the source translation
distance (i.e., the magnitude of the source-translation
vectorT) is unknown. To understand the validity of this
assertion, and referring to FIG. 10, suppose that the
x-ray source translation T and the 3-D positions of at
least eight object points (x;, ¥, 2z N>8) were initially
unknown and that a set of solution values for the 3-D
positions of the object points and the elements of {R)
and Thave been obtained from the system of equations
arising from Eqns 21 through 24 evaluated with the
measured image coordinates (§, n,) and (§/, /) of each
point. Now suppose that both sides of each of the N
versions of Eqns. 21 through 24 are multiplied by any
scale factor ¢ and that this factor i grouped with the
terms (X, ¥Y» 2)) on the left sides of the equations and
with the terms (t5, tyt;) when they appear on the right
sides. From Eqas. 21 through 24 it is seen that the quan-
tities (dxs dyn dz)) and dty, bty dt;) also solve the
system of equations. Thus, in general, one can solve
only for the scaled 3-D coordinates of the object points
relative to the source translation distance, which is
expressed by the magnitude of the source translation
vector T. This inherent ambiguity of the object scale is
{llustrated in FIG. 10. The x-ray source translations
and T3 and the sizes of the objects, Hj and Hj, shown in
FIG. 10, differ by a common scale factor, but the im-
sges produced on the imaging planes 1001 and 1003, as
well as on 1002 and 1004, are identical. Therefore, it is
impossible, using only information derived from image
coordinates of object points, to determine the absolute
scale of the object. The absolute scale of the object may
be determined only if additional information is avail-
able. The additional information may be either: (i) the
scalar distance between the two x-ray source positions
(Ls., the absolute magnitude of the vector t); or (ii) the
absolute scalar distance between two object points that
are identifiable in both images. In radiological applica-
tions, the latter distance can conveniently be deter-
mined from two small radiopaque markers which serve
as object points, and which are separated by a known
absolute distance. The radiopaque markers may be af-
fixed to the surface of the patient during the imaging
process, or may be attached to an intraarterial or intra-
venous catheter appearing in both images, or may be
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imbedded in a small ruler or lucite rod and imaged with
the patient. Regardless of method by which the radi-
opaque markers are included in the images, the known
absolute distance between the markers can be utilized to
scale the magnitude of the translation vectorT. Once the
absolute magnitude of the Tis determined, as described
hereinafter, the absolute scale of the object may be
obtained.

In the method of the invention, the same translation
vector Tis assumed to be a unit vector. Therefore, one
can assume in the following that:

[T-lv (Eqa. 25]
thereby reducing the task to one of solving for the ob-
ject point positions (xy, y1, 21:. .., N&8) in units of the
translation distance |{|. Because Eqn. 25 indicates that
T'will be interpreted as a unit vector, it is hereafter writ-
ten as t rather than ©

In calcuiations described hereinafter, the absolute
magnitude of the T vector is determined from the known
absolute distance between the radiopaque markers, or
from the measured absolute distance between the x-ray
focal spots.

Next, the steps involved in the method to determine
the 3-D coordinates of 8 or more object points, as well
as the rotation matrix [R] and the translation vectorT,
from the image coordinates of the object points, are
described. To begin, and referring to FIGS. 2 and 3, it
is noted that N object points are identified in both im-
ages, as shown in 202 and 03. The two sets of image
coordinates (u, v;) and (u/, v/), of each of the N points,
where N> 8, are scaled by D or D', respectively, 203
and 308. Each set of scaled object coordinates produces
a set of four equations with the form of Eqns. 21
through 24, If any three of these are solved for x;, y;,
and z; in terms of the remaining quantities, and if these
solutions are substituted into the fourth equation, one
obtains an expression than can be written in matrix form
as:

% o Yy (nay = natd (il = n3ta) (Mg -
(nyy = rat) (Rite = MY (mate =
(Ryy = ) (M1ty = raty) (M3t =

- @

where the matrix indicated by [Q] above is a 3% 3 ma-
trix containing elements, each of whichmnonllnw
combinations of the elements of the (R] matrix and &
vector. Longuet-Higgins (Nature 1981; 293:133-13%)
madcthcob.«vadomthau(i)theJXi&muix[Q]de-
fined in Eqn. 26 above is given by

Q) ={R)(S] (Bon. 27)
wbete (S] is the skew-symmetric matrix
0 4 - (Eqa. 28)
m m| =t O [
fy =130

and (ii) the kth row of (Q] is given by the vector cross-

product tX fr, where tx is the kth row of the rotation 63

matrix ([R}—i.e., the kth unit vector of the x'y'z’ system
expressed in the xyz system.
Equation 26 can be written out as

i) Py
nuyY | w

l'y)l
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G/ddan + §/ndq12 + (§q1y +
(i§daar + (g + (s + (€3 + (ndgaz + (g3 = 0

[Egn. 29]

where g represents the element in the kth row and th
column of the matrix [Q] shown in Egn. 26. In Eqn. 29,
the quantities &, 7y, £/, and 7/ are the measured, (i.e.,
known) scaled coordinates of the ith object point in the
two images (after scaling by D or D', according to
Eqns. 3, 14, 13 and 14), whereas the quantities (qi:)
represent combinations of the unknown elements of the
rigid-rotation matrix (R] and the source translation vec-
tor t. Equation 29 is a linear equation in 9 unknown
elements qu;, described in 204 in FIG. 2. For N object
points identified in both images, there result N equations
with the form of Eqn. 29. Note that: (i) all of these
equatiom are linear with respect to the unknown quan-
tities (qus); (ii) all of the linear coefficients (shown in
pearentheses in Eqn. 29) are known from the measured,
scaled image coordinates. The linear coefficients ap-
pearing in Eqn. 29 form an N X9 matrix, which will
hereinafter be referred to as the [A] matrix, for the N
equations of the form of Eqn. 29.

Observe that all of the N equations of the form of
Eqn. 29 are equal to zero. According to this observa-
tion, it is mathematically impossible to solve for all nine
of the quterms on an absolute scale. Instead, it is possi-
ble only to solve for the values of any eight qi/* terms
relative to the a (non-zero) ninth value. Hereinafter, the
set of elements qi; will also be referred to as the §*
vector. This is possible when N, the number of object
points identified in both views, is greater than o equal to
8, and if at least 8 of the linear equations arising from the
N points are linearly independent. Thus, if N24 8 object
points be identified in both images, and if 8 of the linear
equations arising from the N object points are linearly
independent, then an exact solution, 205 and 307, of 8 of
the elements of the G® vector relative to a ninth value, is

‘(Eqn. 26]

possible. Some of the linear equations may not be lin-
50 early independent for certain highly symmetrical sets of
object point positions. (See H. C. Longuet-Higgins, in
Image Understanding 1984, S. Ullman, V. Richards, eds,
Ablex Publishing Corp, Norwood, New Jersey.) How-
ever, such highly symmetnul sets of object points are
extremely unlikely to arise in biological objects encoun-
tered in radiologic imaging, and thus eight of the linear
equations arising from image coordinates of object
points in this invention will almost always be all linearly
independent,

In reference to FIG. 11, the steps involved in the

- exact solution of eight of the elements of the 4* vector

relative to a 9th value, are shown. The transpose of the
coefficient matrix, [A}, is determined, 1102, [A7] is then
premuitiplied by [A)], which is the transpose of the [A]
matrix, 1103, and this product matrix is inverted, 1104.
Another product matrix is formed, 1108, and subse-
quently a final product matrix (Plis formed, 1106. Sub-
sequently, random guesses for the nine elements of the
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g* vector are generated using a gaussian random num-
ber generator, 1107, and the length of the random guess
X vector is normalized to unit length, 1108. The unit
length random guess vector, &, is then multiplied by the
product matrix [P], 1109, and the result is subtracted
from %, 1110. The length of the difference vector is
determined, 1111, and if the length exceeds a cutoff
value, 1112, (usually set equal to 0.001) then the length
of the difference vector is normalized to unity, 1113,
and the elements of the 4* vector are set equal to the
elements of the normalized difference vector, 1114, If
the length of the difference vector does not exceed the
cutoff value, the importance of computer roundoffl
error in the calculation of the difference vector be-
comes large, and thus another random guess at the q*
vector is generated, 1107, and steps 1108-1112 are re-
peated until the length of the resulting difference vector
exceeds the cutoff value. In this way, the correct values
of the elements of the q* vector, relative to a ninth value
or scaling factor to be calculated as described hereinaf-
ter, are determined. ’

If more than 8 object points are identified in both
images, so that the number of equations arising from N
object points is greater than 8, then a least squares solu-
tion for 8 of the elements of the 4* vector relative to a
ninth value is utilized. Referring to FIG. 12, the mathe-
matical steps involved in the least-squares solution
which is employed are as follows: the transpose of the
" (A] matrix is determined, 1202, and [A] is premultipled

by [A7}, 1203. The cigenvalues and normalized eigen--

vectors of the product matrix [ATA] are then deter-
mined, 1204, where an ith normalized eigenvector E;
and a corresponding ith cigeavalue M; are defined by:

(ATA] (B =M, (B4, (Eqa. 294]

where [ATA] is the 9X9 product matrix, and E/is a
normalized 9X 1 column eigenvector. The normalized
cigenvector corresponding to the smallest eigenvalue of
the {ATA] matrix is selected, 1208, and the elements of
the §* vector are set equal to the elements of this nor-
malized eigenvector, 1206, In this way, the correct
values of the elements of the §* vector, relative to a
ninth value or scaling factor to be calculated as de-
scribed hereinafter, are determined.

Regardless of the method utilized to determine the 4*
vector, since eight of the nine values will be expressed
relative 10 & ninth value, the solution set of §* elements
contains only eight independent values. The immediate
task is to determine the values of the elements of (R} and
i from the eight independent values of elements of §° .
After the clements of [R] and t have beea found, the 3-D
coordinates of each object point can be calculated from
any thres of Eqns. 21 through 24,

The task to determine [R] and { is begun, referring
again to FIGS. 2 and 3, by formulating the {Q®] matrix
from elements of the q* vector, 309 and 203, such that:

“”1 "
Q) m| ¢% €% ¢% |
% 1 €S

Note that Eqn. 27 indicates that:

[Eqn. 29%]
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@1Q) = BiAIRIS) (Ean. 301
= (3is)
where [§] represents the trans of [Q), etc. Note that
Eqn. 30 contains the {Q] and [Q] matrices, which are the

matrices containing the true, non-scaled q elements;
whereas Eqn. 29b contains the {Q*] matrix, the elements
of which differ from the elements of the true [Q] matrix
by some yet to be determined, constant scale factor.
The constant scale factor arises from the solution of the
relative §* vector, described hereinabove.

The second line of Eqn. 30 follows from the first
because the transpose of any rigid rotation matrix is its
inverse; thus, [R] [R]={I], where (I] is the 3 X 3 identify
matrix. From the definition of (S] in Eqn. 28, Eqn. 30
yields:

. (Eqn. 31]
0 + 6D (=txty)  (=txid
(DA = | (~txtp) (&2 +0D) (=tp)
(=t (=) ( + 1"
But, from Eqn. 25:
td el il [Eqn. 32
Substitution of Eqn. 32 into Eqn. 31 yields:
(Eqn. 33)
(U =0d) (=) (=txtd
(OHQ) = | (=txtp) (1 =11 (=t
(=txt) (=t (1=t

The trace of the product matrix [3]{Q], or, equiva-
lently, [QT)[Q], where the trace of a matrix is defined as
the sum of the matrix elements along the diagonal, is

given by:

Trace (JUQD =3~ (t2 +ty +t ) =2 {Eqn. 34|
Similarly, the trace, 312, of the product matrix
(Q*1(Q*), is given by:

Trace ([Q*)[Q*D =32~ (tr 2+ ty 4+1r I Im2e?

where c represents the constant scale factor of the (Q*]
matrix resulting from the solution of the relative q*
vector, described hereinabove. Thus, the trace of
([Q*1[Q®]) will differ from the trace of (Q][Q]) by a
factor of c¢2 Therefore, in order to normalize the
elements of the [Q*] matrix such that the magnitudes
and relative signs of the elements in the normalized
matrix are equal to the magnitudes of the elements of
the [Q] matrix, the elements of a matrix [Q**} are
computed so that:

[Q* = (o1
4 Trece (@O

This normalization, 313 and 206, assures that [Q**]
satisfles both Eqn. 34 and the system of linear equations
with the form of Eqn. 29. Thus, the matrix {Q**] must
equal =[Q); the ambiguity of sign occurs because with
each element q**i of [Q**] defined by Eqn. 35, the
matrix (= 1){Q**] with elements (— 1)(q**«) also satis-

(Eqn. 35]



4,875,165

19
fies both Eqn. 34 and the system of linear equations with
the form of Eqn. 29. However, it is noted that this un-
certainty concerning the sign of [Q] does not affect the
sign of the quadratic product, {Q**][Q**]), which is
equal to the matrix product [QJ[Q].

Having obtained the elements of [Q][Q] =[Q**][Q**)
in this way, the unit vector t (Le., the quantities ty,ty, and
t;) is determined, 318 and 207, from Eqn 33. However,
a3 in the determination of [Q], the sign of the unit vector
{ will be ambiguous, because both t and (—1) i satisfy
Eqn. 33. In the following, let t*® represent an arbitrary
choice of the sign of the clements (ty, ty t;) that satisfy
Eqn. 33. Described hereinafter is a method for resolving
the ambiguities of the signs of [Q] and t.

The analysis next addresses the remaining task of
usmg the knowledge of the magnitudes and relative
signs of the elements of [Q] and {, to determine the
matrix (R].

As noted earlier, the kth row of (Q], which we shall
denote by G, represents the vector cross product & X fx,
where 7k is the kth row of {R]. [t has been shown (Na-
ture 1981; 293:133-139) that the first row of [R] is given
by

H=@ xD+@xDxdsxD (Eqn. 36]
the second row of [R] is given by
@xd+@xHx@IxH (Eqm. 37]
and the third row of [R] is given by
=@ xh+@AxIX @ XD {Eqn. 8]

Remﬂthuboth[Q]mdimknownuthhpomuoept
{orunwmmtywithreprdtodgnofmh.thm.m
Eqns. 36 through 38, the matrix [R] can be calculated,
316-317, and 208, for each possible corhbination of
+{Q®*] and +i** , Careful consideration of Eqns. 36
through 38 shows that there are two possible solndona
fmmlmmnachncondnmwrthbotht“md
(=1)t**. In this way, one can determine four possible
combinations of [R] and {, which correspond to the two
possible signs on {*® and the two possible matrices coor-
dinates x5y, and z; for each object point with scaled
image coordinates (§,7,) snd (§/, /), a8 in 318-320 and
209. Specifically, if we substitute Eqns. 23 and 24 into
Eqn. 22, we find that

_[m-umd]
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k
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- [ (N1 = 8 nlix + (N3 = &ty + (M3 = A3k ]
1 = Gnki + (3 ~ Uﬂ#l + () = &n)

then Eqns. 32 and 24 give

ymiay (Bqu. 40}

sd

yim iy [(Eqn. 41)
We note also from Eqn. 16 that

1/ wryi(xi=t2) + 132(y7=1)) + 133(xs~to) (Eqn. 42]

It has been pointed out (Mmm 1981: 293:133-135)
that although there are four possible combinations of
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[R] and t**, only one of these combinations will make
both z;>0 and z/>0 for all of the object points. On
physical grounds, all the values of z; and z/ must be
greater than zero, because the object must lie between
the x-ray focal spot and the image plane in both views of
the biplane imaging system. Thus, uncertainity concern-
ing the combination of [R]and i actually employed in
image formation is resolved, 21 and 210, and the 3-D
coordinates of the object points (x;,y;,zei=1,...,N=38),
are determined uniquely in units of the x-ray source
translation distance T, 211 and 323.

The unit translation vector t may subsequently be
scaled to its correct, absolute value, in one of two ways.

As described previously herein, the absolute distance
between two radiopaque markers that are used as object
points may be employed, by computing the scaled dis-
tance between the calculated 3-D positions of the radi-
opaque markers, and by taking the ratio of this scaled
distance to the known absolute distance between the
markers. This ratio may then be used to scale the values
of the t vector, 322, using the relationship:

T-—L—.z
noo

wheret is the absolute translation vector. The absolute
3-D positions of the object points may then be re-cal-
culated, ntilizing the absolute translation vector.

Alternaiively, the absolute distance between the
x-ray focal spots could be directly measured, as de-
scribed previously herein, and the magnitude of the unit
t vector simply scaled }o this absolute distance. The
absolute 3-D positions of the object points can then be
re-calculated.

The method for determining complete vascular struc-
ture, or, in other words, the structure of the intevening
vasculature between the already selected object points,
the 3-D positions of which have been determined here-
inabove, is now described. This process invoives,
among other procedures, automated tracking of the
vasculature, and is shown in Step 4 in FIG. 1.

Referring now to FIG. 4, following calculation of the
8 basic parameters and the 3-D locations of the vessel
bifurcation points, the structure of the rest of the vascu-
lature is determined as follows.

First, two corresponding bifurcation points, 21, are
selected in both images by the computer. The two bifur-

(Baa. 39]

cation points correspond to two of the object points
selected in Step 3. The vessel segment between the
bifurcation points is then tracked using a vessel tracking
slgorithm already developed, 22. (KR Hoffmann et al.,
SPIE Medical Imaging, Vol. 626, p. 326, 1986). Using
points along the center of the vessel that are determined
by the tracking algorithm, a polynominal curve, gener-
ally of 1st, 2nd or 3rd order, is fitted to the center
points, 23. A point is then selected on the fitted
polynominal centerline in the first image, 24, which is a
specified distance (in pixels) from one of the selected
bifurcation points. The coordinates of this selected

e s A AW
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point, (u; v;), are utilized with the (R] matrix and T

vector, determined in Step 3, to calculate a “correspon-
dence line” in the second image, 25. The correspon-
dence line is the line in image 2 which contains the set
of all possible points in image 2 which could correspond
to the selected point in image 1, and has the following
standacd form:

]- W+

va[
o [ (m.m D= 4 -"ﬁ)(h -.n ]

A TR D= A-Tn D
. ) . ﬂ-

where T represents the kth row of the rotation matrix
{R), and £x-t represents the scalar vector product of the
kth, row of the [R] matrix with the { vector, and where
ti-El represents the scalar vector product of the kth row
of the [R] matrix with the £ vector of scaled image
coordinates.
Corresponding points in images 1 and 2 correspond to
the same point on the object. Determination of the
intersection, 26, of the correspondence line with the
fitted polynominal centerline in image 2, thus produces
the coordinates of the point in the second image, (v,
v(), which corresponds to the selected point in the first
image, (us vi). Another possible method to determine
eoordxmuoftheeonapondhgpominthnnc-
ond image incorporates the method of Szirtes, cited
carlier. This is basically an iterative method which de-

termines the corresponding point in the second image
approximations.

by successive

The image coordinates (u, v)) and (u/, v/) are then
used to calculate the 3-D position of the point on the
vessel segment, 27, that is imaged at the respective point
in image 1 and the corresponding point in image 2.
Following this, another point is selected on the center.
line in the first image, and the procedures in 24-27 are

until the end of the centerline is reached, 28,
Following this, another vessel segment image is deter-
mined from two selected bifurcation points, and the
procedures in 21-28 are repeated, until no more vessel
segment images remain, 29. In this way, the 3-D posi-
tions of the vessel segments, and thereby, the 3-D struc-
ture of the vascular tree are determined.

In Step 8 of FIG. 1 is described the display of the
resulting 3-D vascular data. Referring now to FIG. 8,
structural data may be displayed on a CRT monitor,
and may be done in any fashion preferred by the physi-
cian or technician,

An illustration of the implementation of the present
invention in a biplane radiographic system is shown in
FIG. 8. In this figure, an object (or patient) 100 is irradi-
ated from x-ray tubes 102, 104 which in combination
with respective LL-TV gystems 106, 108 perform bi-
lane imaging. Images produced by systems 106, 108
digitized by A/D converters 110, 112, respectively
and transferred to host computer 114, which performs
the processing steps above described, and described in
more detail hereinafter, to obtain & 3-D image displayed
on display 116, or on CRT displays 118 and 120, as
described herein. Biplane images, on the other hand,
from systems 106, 1G8 are displayed on CRT displays
118, 120, respectively. X-ray generator control units
120, 122 respectively control the output of x-ray tubes
102, 104 using conventional control techniques, so that
appropriate x-ray doses are transmitted through the
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object and received with sufficient intensity by the
LL-TV systems 106, 108,

The implementation of this invention will be rela-
tively easy and inexpensive. Although the mathematical
derivations outlined hereinafter in this document are
complex, the actual number of mathematical operations
utilized in this method is small. Following the selection
of 8 or more object points in both images, the calcuia-
tion of the 8 basic parameters and the 3-D locations of
the selected points requires no more than 1 second on a
VAX 11/750 computer. If this process were imple-
mented as hardware in the host computer of a digital
imaging system, the calculation time would be reduced

- to a small fraction of { second. The time required for the

subsequent determination of a complete vascular struc-
ture would be dependent upon the desired *‘fineness” or
“coarseness” of the 3-D structural information, where
“fineness” or “coarseness” is defined by the distance in
pixels along the fitted polynomial centerline in the first
image which separates the selected points on the fitted
polynomial centerline. However, even very “fine”
structures should not take more than a few minutes to
compute on a VAX 11/750, and in hardware impiemen-
tation would probably require 10 seconds or less.

No lgrge data structures other than the images them-
selves are utilized in this invention, and therefore a
computer for image processing as large as the VAX
11/750 is not required. A personal computer of respect-
able size would probably suffice. The only other equip-
ment required for the implementation of this invention,
aside from the biplane digital imaging system itself, is
the described i Step 1 hereinabove already mentioned,
if the biplane digital system is designed with this inven-
tion installed, even this apparatus would not be needed.

Finally, the application of this invention in real time
to digital images acquired at high frame rate, as in car-
diac angiography, is possible. Following the determina-
tion of the 8 parameters and the 3-D vessel structure
from two images obtained at end-diastole, for example,
the 3-D positions of the bifurcation points in the vascu-
lar tree could then be re-calculated in real time to fit the
moving bifurcation points, thus producing the moving
3.D structure of the coronary vascular tree in real time.
This particular application could be very useful in inter-
ventional procedures such as coronary angioplasty.

Computer Simulation Experiments

To demonstrate the feasibility of the method of the
invention for determining 3-D structure, computer sim-
ulation experiments have been performed, as next de-
scribed. By using a computer to generate “images” of
simulated “object points” of known 3-D position, and

- then by spplying the present method to these images,

LH)
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the accuracy of the recovered 3-D object information
has been examined.

Ip giueral, the computer simulations involved several
Sweps:

simulation step 1)—Input of basic information de-
scribing the biplane imaging setup and the geometrical
relationship between the two views. Specifically, the
input information is as follows:

(a) Image field size, set equal to 23 cm.

(b) Distances from the focal spots to the imaging
planes in the two views, D and D’. In many of the
simulations, these values were both set to 90 cm, How-
ever, some of the simulations incorporated different
values for D and D', ranging from 80 to 100 cm. These
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distances are commonly used in actual biplane angio-
graphic setups.

(c) Location of intersection of the z and z' axes of the
coordinate systems for the two views, expressed as the
ratio of the distance of the intersection from the focal
spots to the values of D and D’, 31 and 3. As shown in
FIG. 13a, the crossing of the z and z’ axes may occur at,
for example, 0.4*D in the first view, and 0.6*D’ in the
second view. For many of the simulations, the values of
sy and s3 were set at 0.5*°D and 0.5*D’, but this was
varied for some of the simulations. v

(d) Amount of “skew” between the z and 2’ axes. For
the general biplane case, the z and 2’ axes may not cross
exactly, but instead there may be some amount of skew.
(See FIG. 154) This is not generally desirable in biplane
imaging, because it reduces the “common volume™ of
the imaging system. (The common volume is that vol.
ume of the object or patient which is imaged in both
views.) Thus, a “perfect” biplane system would involve
no skew, but actual systems may often involve some
skew. Therefore, effect of varying amounts of skew in
the imaging system was examined.

(e) Amount of relative rotation, in degrees, between
the two views, sbout three orthogonal directions. As
illustrated in FIGS. 16a, 166 and 6c, it is possible to
specify an arbitrary relative rotation of the x'y’z’ coor-
dinate system by successive rotations about the x’, y'
and z’ axes. The effect of relative rotations of in each of
the three orthogonal directions was examined.

simulation step 2)—With this input information, the
simulated biplane imaging system is completely defined.
The true rotation matrix [R]owe (Which describes the
relative rotation between the two views) is determined
fromthcmfommonin(e)lbove.'rhemmhdon
vemortw(whmhducﬂbathemhﬂonbetwmthc

two x-ray sources) is determined using the input infor-
mation in (b) through e).

simulation step J) A selected number of randomly
located object points are positioned within the common
volume of the biplane system. The 3-D coordinates of
the object points are determined with a random number
generator. These true 3-D coordinates are compared
later with the final calculated 3-D coordinates of the
object points.

simulation step 4) Using only the image coordinates
in both views of the set of randomly located object
points, and the method according to the invention, a
rotation matrix (R] and a translation vector f, as well as
the 3-D positions of the object points, are calculated and
are compared with their true values determined in simu-
lation steps 2 and 3,

Pertinent results of the simulations are shown in
FIGS. 17, 18 and 19. A convenient index to indicate the
“goodness” of the results of a simulation is the average
distance between the original 3-D positions of the ob-
ject points produced by the random number generator,
and the final calculated positions of the object points.
This average distance may be calculated in either the
xyz coordinate system or the x'y'z’ coordinate system.
The Tabie in FIG. 17 shows the resuits for simulations
with fixed numbers (N=8, 9 and 15) of random object
points, for many different imaging geometries. In each
case, the average distance indicated in Table t is calcu-
lated from 100 different combinations of random object
points in a single imaging geometry.

The important general conclusions to be drawn from
the simulation results are as follows:

—
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1. On average, determination of 3-D object point
locations to within 0.1-0.001 mm is achievable.

2. Varying D,D’, s; and s had no substantial effect on
the accuracy of the calculated positions of the object
points,

3. Skews of up to 40 mm had no substantial effect on
the accuracy of the calculated positions of the object
points.

4. As is evident from FIG. 18, the accuracy of the
approach appears to improve when the number of ran-
dom points utilized is increased. The reason for this is
not presently clear, but may be related to computer
roundoff error occuring at several steps in the computa-
tional procedure. This topic remains to be investigated.

S. The accuracy of the method decreases (i.e. the
average distance increases) when there are multiple
zeroes appearing in the original rotaton matrix and
translation vector. For example, an imaging geometry
defined by a simple relative rotation about the x axis of
90°, combined with a point of intersection of the z and
z’ axes at 0.5*°D and 0.5*D’, results in the following
rotation matrix and translation vector:

10 0 0
Ri=|0 0o 10

0 ~10 0

Perhaps surprisingly, this relatively *simple” imaging
geometry results in larger errors than more complex
geometries. This appears to be due to the increased
relative importance of computer roundoff error in the
computation of matrix elements equal to exactly zero.
However, it is important to note that in actual imaging
situations, it is highly unlikely that any elements of the
rotation matrix or translation vector would be equal to
exactly zero, so this problem becomes significant only
in simulation studies. For these reasons, many of the
simulation studies were done with at least a small rota-
tion in all three orthogonal directions. This ensures that
most of the elements in the rotation matrix and the
translation vector are nonzero, and avoids this rela-
tively artificial computational problem.

6. As is evident from FIG. 19, simulation errors tend
to be larger for biplane geometries where the angle
between the two views is very small, for example in
setups where the rotations were 10°, 0°, and 0°. This is
not surprising, because the method must fail entirely
when the angle between the views is zero degrees (i.c.
when the two images are in fact obtained from exactly
the same orientation, and are identical, making it impos-
sible to derive any 3-D information). Thus, the errors in
the method should increase when the angle between the
two views becomes very smail.

7. Except {or the special cases outlines in results 5 and
6 above, the accuracy of the method does not depend on
the relative geometry of the two imaging views of the
biplane system.

Accordingly, these simulations have shown that this
method for determining 3-D structure of object points
without knowledge of the relative geometry of the two
views is feasible and is highly accurate.

Obviously, numerous modifications and variations of
the present invention are possible in light of the above
teachings. It is therefore to be understood that within

Tm [0, 45 cm, 45 cm]
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the scope of the appended claims, the invention may be

practiced otherwise than as specifically described .

herein.
What is claimed as new and desired to be secured by
Letters Patent of the United States is:
1. A method for determination of 3-D structure of an
object in biplane angxography, compnsmg
providing first and second imaging systems including
first and second x-ray sources each having a focal
spot and respective first and second x-ray sensitive
receivers each defining an image plane, said first
X-ray source arranged to transmit x-rays from its
focal spot in a first direction through said object to
the image plane of said first receiver and said sec-
ond x-ray source arranged to transmit Xx-rays from
its focal spot in a second direction arbitrarily se-
lected with respect to said first direction through
said object to the image plane of said second re-
ceiver;
determining the distances (D, D) of perpendicular
lines from the focal spot of each x-ray source to the
image plane of the respective receiver;
determining the poinis on respective image planes
where respective perpendicular lines from the re-
spective focal spots to the respective image planes
intersect the respective image planes and defining
said points on respective image planes as the ori-
gins of respective two dimensional image coordi-
nate systems (uv), (u'v’) at the respective image
planes, wherein said focal spots and the respective
image planes define respective first and second
three-dimensional coordinate systems having re-
spective z axes coincident with said perpendicular
lines (D, D) in the directions of respective image
planes, x axes parallel to respective of the image
plane axes (u, u") and y axes parallel to respective of
the image plane axes (v,v"), where the relative ge-
ometry of said first three dimensional coordinate
system with respect to said second three dimen-
sional coordinate system is defined by

T\ =(R)(Xi = <1},
where X', is the position vector of the object point (x/,
y/, z) in said second three dimensional coordinate
system, X| is the position vector of the same object point
(xi» YnZi) in said first three dimensional coordinate sys-
tem, (R] is a rotation matrix defining the rotation in
three-dimensional space between the first and second
three-dimensional coordinate systems and T expresses, in
the first coordinate system xyzZ, a unit translation vector
that moves the origin of the first coordinate system xyz
to the origin of the second coordinate system;
irradiating said object with x-rays from said x-ray
sources and producing respective first and second
mgadeﬂnedbydipnlmgedsubuedonthe
x-rays received by said first and second receivers;
determining from each of said first and second images
the image coordinates ((u, v), (W, v)) in the respec-
tve coordinate systems of N objects points, where
N8, which correspond to the same object points
in the object;
scaling the image coordinates (uy v)), (u/, v/") of said
cight points by respectively dividing said image
coordinates by the respective distances (D, D) to
obtain normalized image coordinates (&, 7)), (Ez’.
noy
consu'ucnng N linear equations, one for each object
point, containing only normalized image coordi-
nates (&, n), (¢/, m) and nine unknown elements
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(qk)), where g/ represent an unknown relative ge-
ometry between the two imaging systems in terms
of nonlinear combinations of the elements of the
translation vector (t) and the rotation matrix [R};

solving the N linear equations for eight of the qus
values relative to the ninth g4 value to produce a
matrix (Q*]; and

determining scaled three dimensional coordinate (x;,
¥, zi) of said N object points expressed in units of a
unit translation vector f from the product matrix
[Q*1TA].

2. The method according to claim 1, further compris-

ing:

defining at least two of said N object points as object
points separated by a know distance;

determining the scaled distance between said at least
two object points from the scaled three dimen-
sional coordinates xi, yi, z1; X2, y2, z2) of said at
least two object points;

determining the ratio of the scaled distance between
said at least two object points and the known sepa-
ration distance therebetween to derive a scaling
factor;

producing an absolute ¢ vector based on the quotient
of the unit t vector and said scaling factor; and

determining absolute three-dimeasional coordinates
of object points using said absolute T vector, said
rotation matrix [R] and said image coordinates ((u;,
vi) (ui’, vi0) in said image planes.

3. The method according to claim 2, further compris-

ing:
selecting plural of said N object points as bifurcation

points between tracked vessels of a vascular tree of
said object;

defining approximate centerlines of vessel segments
between said bifurcation points in each of said
biplane images;

detannining corresponding points in the two biplane
images along said centerlines; and

determining from said corrapondmg pomts, {R] and
T three dimensional positions of the points along the
vessel segments between said bifurcation points.

4. The method according to claim 3, comprising:

displaying said three dimensional positions of the
poum along the vessel between said bifurcation
points.

8. The method accordmg to claim 1, comprising:

determining the absolute distance between the focal
spots of said x-ray sources; and

multiplying the scaled three dimensional coordinates
(x» Yi 2) of said object points by the determined
absolute distance between the focal spots to obtain
absolute three-dimensional coordinates of said ob-
ject points.

6. The method according to claim 8, further compris-

ing:

selecting plural of said N object points as bifurcation
points between track vessels of a vascular tree of
said object;

defining approximate centerlines of vessel segments
between said bifurcation points in each of said
biplane images;

determining corresponding points in the two biplane
images along said centerlines; and

determining from said corresponding points, (R} and
Tthree dimensional positions of the points along the
vessel segments between said bifurcation points.
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7. The method according to claim 8, compnsmg-

dxsphymg said three dimensional ‘positions of the
points along t.he vessel between said bifurcation
points.

8. The method according toclnm l,mnhercompm- s

ing:

selectmg plural of said N object points as identifiable
corresponding points of vascular structure in said
first and second images;

tracking the approximate centerlines of the various 10
vascular segments in both images between said
identifiable corresponding points to define a com-
plete vascular tree in both images;

determining polynominal fitting functions which rep-
resent the centerlines of said various vascular seg- 1$
ments in both images;

selecting various points along the polynominal cen.
terlines in one of said

for each of the selected various points, determining
an auxilisry line which is a locus of points in the 20
mopdofnidimqalhurepmcnuthcmofall

of all the selected points of said object;

displaying of absolute three dimensional information
a3 a complete, connected vascular tree, composed
of originally identified identifiable corresponding 40
points, as well as selected points along vascular
segment centerlines,

10. The method according to claim 8, further com-

prising:

displaying the absolute three dimensional coordinates 43
of all the selected points of said object;

displaying of absolute three dimensional information
as a complete, connected vascular tree, composed
of originally identified identifiable corresponding
points, as well as selected points along vascular %0
segment centerlines.

11. A method for determination of 3-D structure of an

object in biplane angiography, comprising:

providing first and second imaging systems including
first and second x-ray sources having respective 33
and second focal spots and respective first and
second 1-ray sensitive receivers each defining an
{mage plane, said first x-ray source arranged to
transmit x-ray from its focal spot in a first direction
through said object to the image plane of said first &
receiver and said second x-ray source arranged to
transmit x-rays from its focal spot in a second direc-
tion arbitrarily selected with respect to said first
direction through said object to the image plane of
said second receiver; (1}

defining respective first and second three-dimen-
sional coordinate systems, xyz and x'y'z’, having
respective origins located at respective of said first
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and second focal spots, and having respective z
axes that are oriented toward the respective image
planes and parallel to the respective line segments
that are perpendicular to the respective image
planes and intersecting the respective focal spots,
where the relative geometry of said first three di-
mensional coordinate system with respect to said
second three dimensional coordinate system is de-
fined by

&/ wRI{T=T}

where, & is the position vector of a point (x/, y/,
z/) in saild second three dimensional coordinate
system, X; is the position vector of the same point
(X» Y& 2)) in said first three dimensional coordinate
system, [R] is a rotation matrix defining the rota-
tion in three-dimensional space between the first
and second three-dimensional coordinate systems
and f expresses, in the first coordinate system xyz,
a unit translation vector that moves the origin of
the first coordinate system xyz to the origin of the
second coordinate system;

defining respective first and second image plane coor-
dinate systems uvw and u'v'w’, with origins lo-
cated on the respective first and second image
planes along the respective z and z’' axes, and at
distance D,and D', respectively, from the origins of
xyz and x'y’z coordinate systems;

determining the distance D that separates the origin
of the uvw coordinate system from the origin of
the xyz coordinate system, and the distance D, that
separates the origin of the u'v'w’ coordinate system
from the origin of the x'y’z’ coordinate system, as
being the respective perpendicular distances be-
tween said respective x-ray focal spots and image

planes;

determining the positions on respective image plianes
where respective perpendicular lines from the re-
spective focal spots to the respective image planes
intersect the respective image planes and defining
said points of intersection on respective image
planes as the origins of the respective uvw and
w'v'w’ coordinate systems at the respective image

planes; .

irradiating ‘said object with x-rays from said. x-ray
sources and producing respective first and second
images defined by digital image data based on the
x-rays received by said first and second receivers;

determining from each of said first and second images
the image coordinates of N object points ((us vi),
(u/, v/)) in terms of the respective image coordi-
nats systems, where N > 8, which correspond to
the same object points in the object;

scaling the said first and second umge coordinates
((ni. vi), (ul’, vi)) of said N points by respective
dividing said image coordinates by the respective
disuneu (D, D") to obtain normalized image coor-
dinates (& 1) (&) 0%

constructing N linear equations, one of each object
point, containing only normalized image coordi-
nates (&, 1), (§/, £&/) and nine unknown elements
(qi), and solving for the rotation matrix [R] and
the unit translation vector {; and

determining the three-dimensional coordinates of said
N object points (x1, y1, 21; X2, Y2, 22), scaled to the
length of the translation vector from the normal-
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ized image coordinates (£, ), (§/, 7/)) the rota-
tion matrix [R] and unit translation vector t.

12. The method according to claim 11, further com-

prising:

defining at least two of said N object points as object
points separated by a know distance;

determining the scaled distance between said at least
two object points from the scaled three dimen-
sional coordinates (x1, y1, 21; X2, ¥2; ,» 22) of said at
least two object points;

determining the ration of the scaled distance between
said at least two object points and the known sepa-
ration distance therebetween to derive a scaling
factor;

producing an absolute T vector based on the quotient
of the t vector and said scaling factor; and

determining absolute three-dimensional coordinates
of object points using said absolute T vector, said
rotation matrix [R] and said image coordinates ((u;,
vi), (u/m vi;)) in said image planes.

13. The method according to claim 11, further com-

prising:

selecting plural of said N object points as identifiable
corresponding points of vascular structure in said
first and second images;
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tracking the approximate centerlines of the various
vascular segments in both images between said
identifiable corresponding points to define a com:
plete vascular tree in both images;

determining polynominal fitting functions which rep-
resent the said centerlines of said various vascular
segments in both images;

selecting various points along the said polynominal
centerlines in one of said images;

for each of the selected various points, determining
an auxiliary line which is a locus of points in the
second of said images that represents the set of all
possible points in the second image that correspond
to the selected point in the first image;

determining mathematically the intersection of the
corresponding polynominal centerlines in the sec-
ond image with the said auxiliary lines in the sec-
ond image, in order to the determine the points in
the said second image which corresponds with said
selected various points in said first image;

determining from said corresponding points, {R] and
{' the absolute three dimensional positions of the
said selected points along the vessel segments be-
tween said identifiable corresponding points.

.
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