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ABSTRACT

In this thesis, we study dispersive equations with several moving potentials, a.k.a. charge
transfer Hamiltonians. We mainly focus on two models: the Schédinger equation and the
wave equation. We prove linear estimates and analyze nonlinear models based on them.

In Chapter 1, we briefly survey the historical backgrounds and motivation for the main
results in this thesis.

Then, in Chapter 2, we prove Strichartz estimates for scattering states of the scalar
charge transfer models in R3. More precisely, we study the time-dependent charge transfer

Hamiltonian

H(t) = —%A+Z{/3(z—6jt) (0.0.1)
j=1

with rapidly decaying smooth potentials V;(x), say, exponentially decaying and a set of

mutually non-parallel constant velocities v;. We prove Strichartz estimates for the evolution
1
gatw + H(t)y = 0. (0.0.2)

Based on the idea of the proof of Strichartz estimates which follows [22, 51], we also show
the energy of the whole evolution is bounded independent of time without using the phase
space method, for example, in [27]. One can easily generalize our argument to R" for n > 3.
We also discuss the extension of above results to matrix charge transfer models in R3.
Next, in Chapter 3, we prove Strichartz estimates (both regular and reversed) for a

scattering state to the wave equation with a charge transfer Hamiltonian in R3:

m
Opu — Au + Z Vi(z—0t)u=0 (0.0.3)
j=1

where V;(x)’s are rapidly decaying smooth potentials and {17]} is a set of distinct constant
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velocities such that

7] <1,1<i<m. (0.0.4)

The energy estimate and the local energy decay of a scattering state are also established.
In order to study nonlinear multisoltion systems, we will present the inhomogeneous gener-
alizations of Strichartz estimates. As an application of our results, we show that scattering
states indeed scatter to solutions to the free wave equation.

In Chapter 4, we study the endpoint reversed Strichartz estimates along general time-
like trajectories for wave equations in R3. We also discuss some applications of the reversed
Strichartz estimates and the structure formula of wave operators to the wave equation with
one potential. These techniques are useful to analyze the stability problem of traveling
solitons.

In Chapter 5, lastly, we construct multisoliton solutions to the defocusing energy critical

wave equation with potentials in R3

m
Opu — Au + Z Vi (z—vjt) u+ u’ =0 (0.0.5)

j=1
based on regular and reversed Strichartz estimates developed in Chapter 3 for wave equations
with charge transfer Hamiltonians. We also show the asymptotic stability of multisoliton
solutions. The multisoliton structures with both stable and unstable solitons are covered.
Since each soliton decays slowly with rate @, the interactions among the solitons are strong.

Some reversed Strichartz estimates and local decay estimates for the charge transfer model

are established to handle strong interactions.
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CHAPTER 1
INTRODUCTION

1.1 Background

This thesis consists of various results on dispersive equations with multiple moving potentials.
Roughly speaking, dispersion means that when no boundary is present, waves of different
wavelengths travel at different phase speeds: long wavelength components propagate faster
than short ones. This is the reason why over time dispersive waves spread out in space as
they evolve in time, while conserving some form of energy. The main focus will be Schodinger
equations and wave equations. In this section, to set up and motivate later results in this
thesis. we discuss three subjects: dispersive estimates, Strichartz estimates and smoothing

effects.

1.1.1  Free linear Schrodinger equations

First of all, we consider the free Schrodinger equation in R™:
i0tu + Au =0 (1.1.1)
with initial data

u(0) = f.

The dispersive estimate for the free linear Schrédinger equation is the following estimate
from L1 to L

lu()llgee < CIEIT2 [ fll 1 (1.1.2)



With the trivial conservation of L2 norm of the solution and interpolation, we get

lu(®)ll o gy < C [#/D/T 1) 114 g (1.1.3)

for 1 < ¢ <2.

The dispersive estimates can be understood as the consequence of the conservation of L2
norm of the solution and the dispersion effects. Heuristically, the constant L? mass spreads
on a region of volume comparable with ¢"*. This statement can be made more precise by
calculating the Schrodinger evolution of a wave packet which is localized near position xg
with frequency is localized near ;. The dispersive estimate for the linear free Schrodinger
can be directly derived from the explicit formula for the solution. Or one might conclude the
dispersive estimate from rescaling argument used to derive the fundamental solution. But
in order to be consist with the later sections, we will derive the dispersive estimate from the

view of oscillatory integrals.

1.1.2  Stationary and non-stationary phase.

Following [46], we consider oscillatory integrals of the form

I = / MO a(e) de, (1.1.4)

with a compactly supported function a € C§° and smooth real-valued phase ¢ € C*°. In
order to estimate the decay of oscillatory integrals, we list the results of stationary and

non-stationary phase.

Lemma 1.1.1 (Non-stationary phase). If Vo # 0 on supp(a) then the integral (1.1.4) decays

as

/ e (g) d&’ <CON, a, AN, A o0,

2



for arbitrary N > 1.

Lemma 1.1.2 (Stationary phase). If Vo(&y) = 0 for some &y € supp(a), V¢ # 0 away from
&o, and the Hessian of ¢ at the stationary point &y is nondegenerate, i.e., det D2¢(§0) # 0,

then for all A > 1

/ e (g) ds‘ < O(N, a, p)A"/2

To connect to our dispersive estimates, we apply the above lemmas to concrete examples.
We investigate the Fourier transform of du = ¢do where o is the surface measure of a

hypersurface M in R"™ and ¢ is compactly supported and smooth. Denote the unit vector

normal to M at z € M by N(z).

Corollary 1.1.3. Let £ = \v where v € S" 1 and X\ > 1. If v is not parallel to N(x) for
any x € supp(¢) the i = O()\_k) as A — oo for any positive integer k. Assume that M has

nonvanishing Gaussian curvature on supp(¢). Then
(&) < O, M)W~ D2

for all X > 1 and all v. This is optimal if v belongs to the normal bundle of M on supp(¢).

Another corollary which is useful to analyze the decay of the linear wave equation is the

following:

Corollary 1.1.4. One has the representation

—

Toni(@) = eTlwy (|2]) + e Wlw_(a)), || >1,

where w4 are smooth and satisfy

Fwi(r)| < C’kr_(”_l)/2_k, Vr>1




and all kK > 1.

We apply the above Corollary 1.1.3 to the linear Schrodinger equation. Consider the

linear Schrodinger equation
1
Opu + 22—Axu =0, ulg=og = f. (1.1.5)
™

Then
u(w,t) = / U feyde = (fu) (a.1) (1.1.6)

where y is the measure in R”t! defined by the integral

L me e = [ nie lePi (1.17)

Rnt+1 Rn

for all h € CO(R™1). Now if we assume supp(f) € B(0,1), by the above corollary, we have
lu()ll g < CIIT2 £l 1 -

The general case can be obtained by a simple rescaling argument. One can find details on

this point in next section on Strichartz estimates.

1.1.3  Free linear wave equations.

We briefly discuss the free linear wave equation

Ou = Opu — Au = h, ulj— = f, Owuli=0 = g.

For the linear wave equation, with Littlewood-Paley decomposition, it is crucial to derive

the dispersive estimate for the evolution eV -4,



Lemma 1.1.5. For f € S satisfying supp(f) C {1 < |¢] < 2}, we have

s

< Oh|—(n=1)/2 S
o <CH 1l 1> 1.

There is also some sort of physical interpretation of this phenomenon. The conservation

of L? norm and the solution concentrates in a shell of constant thickness around the light

cone in odd dimension. For even dimension, the solution tends to concentrate along the light

cone. Thus, the energy spreads over a volume of size "~ 1.

1.1.4 Linear Schrodinger operator with stationary potentials.

To analyze the dispersive estimate of linear dispersive equations with potentials, we consider

the dispersive estimates the flows
ei\/ﬁtPc, eitHPc, where , H=—-A+V.

on R", where P, is the projection onto the continuous spectrum of H. V is a real-valued
potential that is assumed to satisfy some decay condition at infinity. This decay is typically
expressed in terms of the point-wise decay |V (z)|<C < z >—P, for all # € R™ and for some
B > 0. We use the notation < x >= (1 + |x]2)% Occasionally, we will use an integrability
condition V' € LP(R™) (or a weighted variant of it) instead of a point-wise condition. These

decay conditions will also be such that H is asymptotically complete:
L*R") = Ly, (R™) @ L . (R™)

where the spaces on the right-hand side refer to the span of all eigenfunctions, and the
absolutely continuous subspace, respectively.

For the results and historical progress of this topic, one can find details and reference



from [53].

1.1.5 Strichartz estimates

We mainly focus the Schodinger equation. The idea for the wave equations is similar.

Roughly speaking, Strichartz estimates can be regarded as smoothing effects in L spaces.
For example, when we consider the Schrodinger equation, compared with trivial conservation
of L? norm of the solution, in Strichartz estimates one gains space integrability from ¢ = 2
to ¢ > 2, but one looses time integrability from p = oo to p < oco. It is very easy to see,
that if we take a function ¢ € L? but ¢ ¢ L1 for ¢ > 2. Then we take the initial data
f= et g as the initial data for the free linear Schrodinger equation, then we can see that
at t =, e~itoA f & LY. So without integration/ average on time, there is no hope to get LZ
estimate for all the time for general L? initial data. From the discussion here, we know that
under the dispersion phenomenon, the solution tends to spread out in the space, as least in
time-average sense, therefore we obtain higher integrability.

Mainly following [46], we can present a argument based the TT* argument due to Ginibre
and Velo in a series of papers. First we present general Strichartz estimates for the linear

Schrodinger equation. We still consider the linear Schrodinger equation
1
Ou +i—Agu=h, ult=g = f. (1.1.8)
2
Definition. We call a pair (p, ¢) Schrodinger-admissible if and only if
n o n
-4+ —-—== 1.1.9
223 (119)

and if 2 < ¢ < oo with (p, q) # (2, 00).

Theorem 1.1.6. Let h be a space-time Schwartz function in n + 1 dimensions and f a



spacial Schwartz function, let u(z,t) solve equation (1.1.8). Then

lull g ey < € (nfuL; T ||h||Lg/Lgf(RnH)) , (1.1.10)

where (p,q) and (a,b) are Schrodinger-admissible with a > 2 and p > 2. Finally, these
estimates localize it time: if on the left-hand side u is restricted to some time interval I 5 0

then on the right-hand side h can be restricted to I.

Remark. The estimate (1.1.10) is scaling invariant, so the pairs (p,q) and (a,b) must be
Schrodinger-admissible.
Remark. The requirement ¢ > 2 is technical. The results of endpoint of Strichartz esti-
mates, ¢ = 2 and n > 3, can not be obtained by T*T argument, they are verified by finer
interpolations with results from non-endpoint cases. One can find details in [37] .

Under stronger conditions on h and f, it is easy to solve equation (1.1.8) by means of

Duhamel’s formula,

. t
u(t) :e—zAt/Qﬂf+/ S_ZA(t_S)/Qﬂ-h(s)dS. (1.1.11)
0

Now we are ready to proceed the proof of Theorem 1.1.6.

Proof. (Sketch) First of all, we assume h = 0 and let U(t) denote the propagator which
means U(t)f is the solution of equation (1.1.8) as (1.1.11). By the dispersive estimate, we
have

1) fll paqeny < C DA T=1/) 171l o' (1.1.12)

)

for 1 < ¢’ < 2. By the T'T* argument, we have the following three estimates are equivalent:

1A g ety < CllflIz2

|U*Fll 2 < CIIF|
7

/ /
LY L§ (RH)”



. 2
|UoU FHL%’L?;(R"“) <C ”FHLf’Lg’(R”“) :

We know

U'F = /_O:O U(—s)F(s)ds,

and hence we also get

(U o U*)F(t) = / T U= ) F(s)ds.

—0o0

Then applying the norm and the estimate (1.1.12), we have

L§

I(U 0 USF(#) g < C/OO 1t (/D=1 ps)| L ds.

Then by the Schrédinger-admissible relation,

SO

Next applying fractional integration over time, one has

* 2
|UoU F”Lng(R"“) <C “FHLf/Lg/(RnH) :

We are done with h = 0. Now suppose f = 0, then we can write

t 0
u(t) = /0 Ut —s)F(s)ds = / X[jo<s<t)U(t = 8)F(s)ds.

—0o0

By similar steps to the above, we get

Jull g < CIFl Ly g

8



Clearly,

o
Ju®)llzg < [ U~ 5)F(s)dsl gy ds.
o

then

oo
lullggrs < €[ 10— 5)F(s)ds] gy ds

—0oQ

(e.¢]
< 0 1RGNz ds = 1Pl
—00

Finally, by duality and interpolation,

Jull g < Ol
for any Schrodinger-admissible pairs (a,b) and (p, q) with a > 2 and ¢ > 2. The result about
time localization follows from the solution formula (1.1.11). O

Similarly, for wave equations, with dispersive estimates above, TT™* argument and the
Christ-Kiselev lemma, we have the general Strichartz estimates for linear wave equations.

We just state the results here.

Definition. A pair (p, q) is called wave-admissible if p, ¢ > 2 and

Theorem 1.1.7. Let u be a solution to the wave equation
Oru — Au = h, uli=o = ([, 9),

where (f, g) € HY x HY™! and h € L?/Lg’;. Then we have the following a-priori estimate:



lollzpis < € (IO gy + 100y gy gy

provided (p,q) and (a.b) are wave-admissible and with v, they satisfy the scaling condition

Remark. Due the singularity of the vertex of the double light cone, as above, when we do
Strichartz estimates for wave equations, we need to apply the Littlewood-Paley decompos-

tion. We do estimate for each piece and then with certain rules to sum up them.

1.1.6  Smoothing effects

In this subsection, we introduce the notation of the smoothness of an operator in Kato’s
sense. And with the help of Kato’s smoothness, we derive Strichartz estimates for the
solutions of Schrodinger equations with potentials decaying with the rate |:c|_2_6 at spacial
infinity. From a more abstract view, we can apply Kato’s smoothing to the multiplication
operator |V|% relative to H and H( to relate Lng estimates for the semigroup e~ #Ho to
the corresponding estimates for e " with H = Hy + V.

We first introduce some basic definitions.

Definition. An unbounded (linear) operator A between Banach spaces B and C'is a (linear)
map A : D(A) — C where D(A) C B. And A is called closed if its graph is closed and
densely defined if D(A) is dense in B.

We will consider closed and densely defined operators. We recall that with a abstract
Hilbert space H( we will focus on L? later on), for a self-adjoint operator H , we can define
the resolvent of it as Ry (u) = (H — ) ™1, A closed operator A is called H-smooth in sense
of Kato if and only if for each ¢ € H and € # 0, Ry (A +i€)¢ € D(A) for almost all A € R

10



and moreover, we have

1 o0 ) .
1A% = = <||ARH(/\ +ie)d| + | ARy (A — ze)gb||2> d\ < 0o, (1.1.13)
= 7€> —00

Remark. Since A is closed, it suffices to check formula (1.1.13) for a dense subset of ¢.

Remark. By the uniform boundedness principle, it is enough to check for each ¢,

1

2/ (IARKO+ 1617 + | ARg O~ i0)0]) )

—00

is bounded by a constant independent of e.

In order the apply the notation of H-smoothness, we have several equivalent conditions

to (1.1.13). Some of them are easier to check and apply in practice.

Theorem 1.1.8. Let A be a closed operator and let H be a self-adjoint operator. Then the
following are equivalent:
(0) A is H-smooth.
(1) For all ¢ € H, e" ™ ¢ € D(A) for almost all t and
1 o0

. 2
c] = sup — HAG_ZHtng dt < co.
loll=1 27 —o0

(2) D(H) C D(A) and with Eq as the spectral family for H, we have

AE(a,b)o|?
I6]|=1,—co<a<b<oo 10— al
(3) ,
| E(a,b]A*¢|]

€3 = sup
|¢||=1,6€ D(A*),—co<a<b<oo b —al

11



(4)

! sup (A%, [Rpz () — Ryg()] A*6)| < oc.

Cp — —
2 || 6| =1,6€ D(A*) ugR

(5)

1 2
sup [ R (1) A" S| < .

5 = —
T lléll=1,6€D(A*),ugR

(6) D(H) C D(A) and

1
c6=— sup [[ARg(1)e|* Syl < .

T llol=1.n¢R
(7) D(H) C D(A) and
1
cr=— s (ARl + ARy (1)0]) |Su] < oo.
T lgll=1,n¢R

Moreover, if any of ¢; is finite, then all ¢;’s are finite and they all equal ||A||%I

Now we are ready to apply Kato’s smoothing in our problem. Following [50], we consider
a self-adjoint operator Hy on L2(R™) with domain D(Hp). Let e "0 he the associated

unitary semigroup, which is a solution operator to the Schrodinger equation
i0pu — Hou =0, uli—g = ug.

In our concrete example, Hy = —A, H = —A + V. We denote by Ry(z) the resolvent of
Hp. Let A and B be a pair of bounded operators on L2(R™) and consider a self-adjoint
operator H = Hy + B*A with domain D(H). The corresponding semigroup is e H and

the resolvent is R(z). Clearly, we have for 3z # 0, we have

R(z) = Ry(z) — Ro(2)B*AR(2). (1.1.14)

12



Also e #H and e~ Ho are related by Duhamel’s formula

. . t .
eTHH g = e oy z/ e_Z(t_s)HOB*Ae_ZSHuods (1.1.15)
0

which holds for any ug € L*(R™). From the Theorem 1.1.8 above, we know for a self-adjoint

operator H, an operator I is called H-smooth if for any f € D(H), we have

_itH -
[re 1] o < OGSz (1.1.16)
or using another formula, we have
oup TRy O )1, < Cot) 1z (1.1.17)

We call Cp(H) the smoothing bound of T' with respect to H. Let © C R and let Eq be
a spectral projection of H associated to a set Q. We say I' is H-smooth on Q if I'Eq is

H-smooth. If we denote the corresponding smoothing bound to be Cp(ﬁ] , ), we have

sup Hmwuwy” < Cr(H, Q) |If]l 2 (1.1.18)
esoxen !l H L3L3 Lz

Now with above notations, we have the main result of this section.

Theorem 1.1.9 ([50]). Let Hy and H = Hy + B*A as above. We assume that B is Hy-
smooth with a smoothing bound Cg(Hy) and that for some Q2 C R, the operator A is H-
smooth on Q with the smoothing bound C' 4(H,2). We also assume that the unitary semigroup

e~ MHo gatisfies the estimate

< Cry luoll 2 (1.1.19)

—itHy ’
€ u
H Moy =

for some q € (2,00] and r € [1,00]. Then the semigroup e~ gssociated with H = Hy +
13



B* A, restricted to the spectral set 2, also verifies the estimate (1.1.19) ,

He—z’tHEQuO’

sapr < CaCB(Ho)CA(H, Q) [|uoll 12

t~x

Proof. (Sketch) With the help of the Duhamel formula (1.1.15), we have

. . t .
e—thuO _ e—thouO + Z/ G_z(t_S)HOB*Ae_ZSHUOdS.
0

Plug in LgL; norm and the projection, we have

+

t .
/ 6—z(t—s)HoB*Ae—stEQuOds
Lirr
t L

0

He—itHoEQuO‘

IN

t ‘
Cry lluoll 72 + H/ ¢t t=5) Ho p* pe=18H By ds
v 0

L{Ly,

If we write the Duhamel term as
- . t )
D=K (Ae_ZSH Eu0> - / e~ i(t=s)Ho p* po=isH g0 ds.
0

with the help of the Chirst-Kiselev lemma, we have

‘AeiiSHEQuO‘

1Dl 2oy < M 22((0,00):22) — La([0,00);8) 1212

So next, we estimate the norm of K,

m .
KF|rqr, = e~ t=8)Ho p* (&) ds
LiL
x 0

Liry,

. m .
6—th0 / GZSHOB*F<S)d8
0

LiLy,

< Oy,

m .
/ ¢"sHo B* F(s)ds
0

Ly

14

(1.1.20)

Liry

(1.1.21)

(1.1.22)

(1.1.23)

(1.1.24)



To estimate Hfooo eiSHOB*F(s)ds’ 12

xT

, we use duality

00
/ e *HoB* F(s)ds
0

0o
= sup </ eZSHOB*F(s)ds,¢>
L3 ¢l z=1 /O

= sup /000 ds <F(s), Be—i3H0¢>

91l =1

IFllzrs sup ||BesHog)
ol 2=1

< Cp(Ho) IFl 215 162

IN

L212

by the smoothness of B with respect to Hy. Thus the operator K(t,s) = e~i(t=s)Ho p* g

bounded from L?([0, 00) : L2) — L4([0,00); L"). Finally, we need to estimate “Ae’iSHEQuo‘

Note that A is H-smooth on 2, so we have

)’Ae_iSH.EQuO’

2z S Ca(H, Q) |luoll 2 -

With all estimates above, we finally have

He—z’tHEQuO‘

apr S O CB(Ho)CA(H, Q) [luoll 2 -

t~x

We are done.

(1.1.25)

O

In our concrete example, we apply the above theorem with Hy = —A and H = Hy+V (z).

We assume the the potential V' satisfies
V()] < Oy (1+[af*) 7'

with some constants Cy, and € > 0.

(1.1.26)

Remark. The decay assumption (1.1.26) helps us rule out the positive singular continuous

15
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spectrum and positive eigenvalues. Actually, it also guarantees the absence of the singular

continuous spectrum. See [50] for details.

Remark. By Weyl’s criterion, the essential spectrum of H is [0, 00). It might be possible, we
have negative eigenvalues for H. So it is natural to project all our data orthogonal to the
eigenfunctions associated with negative eigenvalues. Therefore, we use spectral projection P

of H corresponding to [0, 00).

We know in our concrete example,

He_itHOUO‘

<C Y v PA 27
pogy S Clollzz, i) #(

for all ug € L?(R™). We factor V as
V=B*A, B=|V|2, A=|V|Zsgn(V).

Apply our Theorem 1.1.9, then we have the following theorem.

Theorem 1.1.10 ([50]). Let V' be a potential as above. In addition, we impose the condition
that the point A = 0 in the spectrum of the operator H = —A + 'V is neither an eigenvalue
nor a resonance. Then if P is the spectral projection of H corresponding to the interval
[0,00), we have

1 1

: 2
He—thPUO‘ < C HuOHL% ) v((]7707 n)? n > 37 5 = n(§ - _)7

Liry, r
All the details on verifying the conditions in Theorem 1.1.9 can be found in [50].

Remark. Notice that the above theorem can not give Keel-Tao endpoint results since we use

the Christ-Kiselev lemma which requires ¢ > 2.
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1.1.7 Time-dependent potentials

There are extra difficulties when dealing with time-dependent potentials. For example, given
a general time-dependent potential V' (x,t), it is not clear how to introduce an analog of bound
states and a spectral projection. The evolution might not satisfy group properties any more,
so TT* argument always fails. The time-dependent potential might also result in the growth
of certain norms of the solutions, see the book by Bourgain [9]. In this thesis, we focus on

the charge transfer Hamiltonian in R3:
m
H(t)=-A+> V;(z—1jt), (1.1.27)
j=1

which appears naturally in the study of nonlinear multisoliton system, see Rodnianski-Schlag-

Soffer [52] for the Schrédinger model. For the wave model, due relativistic effects, we consider
m
Opu—Au+ Y Vi(z—0jt)u=0, [5]<1,1<i<m. (1.1.28)
j=1

These models are of crucial importance to analyze the stabilty of multi-soliton states. In

this thesis, we will also present the multisoliton system based on the wave model.

1.2 Outline of the Thesis

In this thesis we study the local dispersive decays, Strichartz estimates and their applications.
The main results have all appeared in research articles [11, 12, 13, 14, 15].
In Chapter 2, we prove Strichartz estimates for scattering states of the scalar charge

transfer models in R3:

%@¢+H@¢:O (1.2.1)

17



where

H(t) = —%A+Zvj(x—z7jt) (1.2.2)
j=1

with rapidly decaying smooth potentials V;(x), say, exponentially decaying and a set of
mutually non-parallel constant velocities v;. Based on the idea of the proof of Strichartz
estimates which follows [22, 51], we also show the energy of the whole evolution is bounded
independent of time without using the phase space method, for example, in [27]. One can
easily generalize our argument to R™ for n > 3. Finally, in the last section, we discuss the
extension of above results to matrix charge transfer models in R3. Restricting to the case

m = 2, we formulate the main result in the this chapter.
Definition 1.2.1. Let U(t,0)yg = ¢ (¢, ) the solution of equation (3.1.3). We say that g
or v (z,t) is asymptotically orthogonal to the bound states of Hy and Hy if
1Py (H1) U(t,0)¢oll g2 + [Py (Ha, ) U(t, 0)tol[ 2 — 0, t — oo. (1.2.3)
Here
Py (Hy, 1) == g (t) ' Py (Ha) gg (1), V1,

and g is the Gallilei transformation to reduce the moving potential to the stationary case.

We also call ¢ a scattering state.

Theorem 1.2.2. Sppose 1 is a scattering state. Then for a Schrodinger admission pair
(p,q) inR3, i.e.,
2 3 3
-+ -=C (1.2.4)
poq 2

and if 2 < q < oo with (p,q) # (2,00), we have

[0l gpre < Clivollzz - (1.2.5)

18



Theorem 1.2.3. For iy € H', we have

1,00l g1 < Cllvbol g1 - (1.2.6)

This chapter is based on the work in [11]. The proof is based on the idea in Rodnianski-
Schlag discussed above that the local decay estimates imply Strichartz estimates. In order to
handle the moving potential, we need some weighted decay estimates with time-dependent
weight.

In Chapter 3, Chapter 4 and Chapter 5, we turn our attention to wave equations.

In Chapter 3, we prove Strichartz estimates (both regular and reversed) for a scattering

state to the wave equation with a charge transfer Hamiltonian in R3:

m
8ttu—Au+ZVj (m—th)u:O.
j=1
The energy estimate and the local energy decay of a scattering state are also established.
In order to study nonlinear multisoltion systems, we will present the inhomogeneous gener-
alizations of Strichartz estimates. As an application of our results, we show that scattering
states indeed scatter to solutions to the free wave equation.

The study of Schrodinger equations with a charge transfer Hamiltonian can be found
in Rodnianski-Schlag-Soffer [51], Cai [10], Chen [11] and Deng-Soffer-Yao [23]. For the
Schrodinger model, there is no need to require |#;| < 1. In Rodnianski-Schlag-Soffer [51],
the authors proved the dispersive estimates for both the scalar and matrix Schrodinger
charge transfer models. They introduced Galilei transformations to interchange stationary
frames with respect to different potentials. Basically, they applied a bootstrap argument via
a semi-classical propagation lemma for low frequencies and Kato’s smoothing estimate for
high frequencies. With careful analysis of wave operators, the authors also obtain the results

on the asymptotic completeness. Their works inspired the subsequent development in Cai
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[10] where the L' — L dispersive estimate is proved. Later on, by Chen [11], Strichartz
estimates for both the scalar and matrix Schrodinger charge transfer models were presented
based on a time-dependent local decay estimate and the endpoint Strichartz estimate for
the free equations. Alternatively, Strichartz estimates can be obtained by analysis of wave

operators, see Deng-Soffer-Yao [23].

Compared with Schrédinger equations, wave equations have some natural difficulties, for
example the evolution of bound states of wave equations leads to exponential growth as we
pointed out above, meanwhile the evolution of bound states of Schrodinger equations are
merely multiplied by oscillating factors. The structure of wave operators in the wave equation
setting is not clear either. Moreover, the endpoint Strichartz estimate for free equations, an
important tool used in the paper [11], also fails for free wave equations in R3. Last but
not least, Lorentz transformations are space-time rotations, therefore one can not hope to
succeed by the approach used with Schrodinger equations based on Galilei transformations.
Galilei transformations are bounded in any LP space, but it is not clear under Lorentz
transformations whether the energy with respect to the new frame stays comparable to the
energy in the original frame.

In Chapters 3, 4, 5, to resolve the above issues, we develop the endpoint reversed
Strichartz estimates along time-like trajectories and the energy comparison with respect
different Lorentz frames.

Here are the main results from [14].

Definition 1.2.4. Let

Opu — Au+ Vi(x)u + Vo(z — vt)u = 0, (1.2.7)

with initial data

u(z,0) = g(z), u(z,0) = f(x). (1.2.8)

20



If u also satisfies

12y (1) u(t)ll g2 — 0, || Py (Ho) up (t)|| 2, = 0 t," = o0, (1.2.9)

we call it a scattering state.

Theorem 1.2.5. Suppose u is a scattering state. For p > 2 and (p,q) satisfying

1 1 3
5=t 1.2.10
2. p g ( )
we have
lull 220,00y, 22) S Ngll L2 + 1 f 1l - (1.2.11)

Secondly, one has the energy estimate:

Theorem 1.2.6. Suppose u is a scattering state. Then we have

sup (IVu(®) 2 + (@)l 2) S lollzz + 151 1 (1.212)

Even more importantly, we obtain the endpoint reversed Strichartz estimates for u.

Theorem 1.2.7. Suppose u is a scattering state. Then

o0 2
sup [ Jute. 02 at 5 (ol + 171 (12,13
z€R3JO0
and
00 B ) 9
sup [ Juto -+ a0t 5 (lall 2 + 1) (1:2.14)
zeR3J0

In Chapter 4, we develop reversed Strichartz estimates along time-like trajectories in more
details. We also discuss the energy comparison with respect to different Lorentz frames in

more details, in particular, we show Agmon’s estimates based on wave equations. We also
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develop a unified way to pass estimates for the free equation to the perturbed case based on
the structure formula of wave operator developed by Beceanu and Schlag. Here we formulate

main results from [12].

Definition 1.2.8 (Admissible trajectories). A trajectory ?(t) € R3 is said to be admissible

if Y(t) is C* and there exists 0 < ¢ < 1 such ‘37’(25)‘ <l<1forteR.

Consider the solution to the free wave equation (Hy = —A),

sin (tv/—A) tsin ((t — s) vV=A)
) = — )¢y cos (tV/—A +/ F(s)d 1.2.15
ulet) = = A eos (VER) g+ | ) (1.2.15)
and let ?(t) € R3 be an admissible trajectory. Setting
S ._ Ya
u(x,t) ==u (a: +Y(), t) , (1.2.16)
we estimate
2
sup / ‘us(x, t)’ dt (1.2.17)
reR3

in terms of the initial energy and various norms of F'. The idea behind these estimates is that
the fundamental solution of the free wave equation is supported on the light cone. Along a

time-like curve, the propagation will only meet the light cone once.

Theorem 1.2.9. Let Y (t) be an admissible trajectory. We have

Hus(x,t)‘

< . .
soezz S M2 gl + VPl (12.18)

If Y (t) does not change the direction, then

Hus(w, t)‘

< .
szz S W2+ ol + 171y 2 o (1.2.19)

where d is the direction of Y (t).
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Let Z(t) be another admissible trajectory, we have the same estimates above with F
replaced by
FS(x,t) = F (93 v Z(t), t) . (1.2.20)

Remark 1.2.10. If Y (t) = Z(t), one can obtain

o

< ~ FSH . 1.2.21
poogp S Mllzz + ol + | i (1:221)

The other extreme exponents are L for t and L5 for x. To be more precise, we have the

following endpoint estimates.

Theorem 1.2.11. Let ?(t) be an admissible trajectory. First of all, for the standard case,

one has

II"LLIILg:zL?o S M2 + llgllgn + ||F||Lg,2Loo : (1.2.22)
x L

Consider the estimates along the trajectory }7(25), one has

S
t H < L+ ||F . 1.2.23
[0 oo © W12+l +1FI (1:2.23)

z Ig

Let Z(t) be another admussible trajectory, we have the same estimates above with F' replaced
by
FS(a,t) = F <x+}7(t),t). (1.2.24)

We can extend the above estimates to wave equations with perturbed Hamiltonian,
H=-A+V (1.2.25)

by the structure formulas for wave operators developed in [5, 7], for the potential V' such
that

H=—-A+V (1.2.26)
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by the structure formulas for wave operators developed in [5, 7], for the potential V' such
that

VeBYnI? (1.2.27)

where

<00 (1.2.28)

B = AV IS 2% gy ot oy (V)]
keZ

and H admits neither eigenfunctions nor resonances at 0. Recall that 1 is a resonance
at 0 if it is a distributional solution of the equation Hv¥ = 0 which belongs to the space

L2 ((2)"dzx) == {f: (x)77 f € L?} for any o > 5, but not for o = 1.

Theorem 1.2.12. Let Y (t) be an admissible trajectory. Suppose
H=-A+V (1.2.29)

admits neither eigenfunctions nor resonances at 0. Set

sin <t\/ﬁ >
T

P.f + cos (tﬁ) P.g + /()t sin ((t\;ﬁs) \/ﬁ)

u(z, t) = P.F(s)ds (1.2.30)

and

WSz, t) =u (x +Y (1), t) ) (1.2.31)

where P, 1is the projection onto the continuous spectrum of H.
Then

e

Lo Sz + gl g+ 1F s (12:32)
x 't

If Y (t) does not change the direction, then

o

< .
e S Wz gl + 11 g2 (1.2.33)
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where d is the direction of Y (t).
Let Z(t) be another admissible trajectory, we have the same estimates above with F

replaced by
FS'(2,8) = F (x v Z0), t) . (1.2.34)

We also have the perturbed version of the second endpoint reversed space-time estimates.

Theorem 1.2.13. Let ?(t) be an admissible trajectory. Suppose
H=-A+V (1.2.35)

admits neither eigenfunctions nor resonances at 0. Set

sin (t\/ﬁ >
T

t sin ((t—s) \/ﬁ)
VH

(1) = Pef +cos (1vV~H) Pag + /0 P.F(s)ds  (1.2.36)

and

uS(,1) = u (x+?(t),t), (1.2.37)

where P, is the projection onto the continuous spectrum of H. First of all, for the standard

case, one has

||”LL||Lg,2L?o Sz + gl + HFIIngLOO : (1.2.38)
z L

Consider the estimates along the trajectory Y(t), one has

o

[f 2 + gl g + (1] 1S, (1.2.39)

T t

<
L8 ~

Let Z(t) be another admissible trajectory, we have the same estimates above with F replaced

by
FS(a,t) = F (g; +Z(), t) . (1.2.40)



In Chapter 5, we apply the linear estimates from the previous chapters to our nonlin-
ear model: the multisoliton structure to the defocusing energy critical wave equation with
potentials in R3:

m
8ttu—Au+ZVj (x—ﬁjt)u+u5 = 0. (1.2.41)
j=1

To the author’s knowledge, this model is the first one to produce multisoliton structures
for wave equations in R3. Unlike Klein-Gordon equations and wave equations in higher
dimensions, see Cote-Munoz [22], Cote-Martel [19], Jendrej [30, 31], Martel-Merle [44], in
our case, the static solutions to the associated elliptic equations decay slowly like (a:)_l. It
is of crucial importance to understand the multisoliton structure in order to establish the
soliton resolution. In fact, if we remove the potentials and replace the positive sign in front of
the nonlinearity by the negative sign, the equation becomes the well-known focusing energy
critical wave equation. Duyckaerts, Jia, Kenig and Merle establish the soliton resolution
(along a well-chosen time sequence) in [24, 25]. But to construct the multisoliton in this
case is open. For higher dimensions cases, Martel and Merle construct the multisoliton in
dimension higher than 5 by the energy method in [44]. They point out that the slow decay of
the ground state is the obstruction to obtain a multisoliton in R3. Although the structure of
our model is different from the pure-power nonlinear equation, the construction in this paper
illustrates that we can overcome the slow decay. But the zero eigenfunctions and resonances
for the linearized operator from the pure-power nonlinear equation near each soliton will be
the challenge for the linear theory. Another interesting point is that unlike the constructions
in Cote-Munoz [22], Cote-Martel [19], Jendrej [30, 31|, Martel-Merle [44] which choose the
initial data based on the Brouwer’s fixed point theorem, in this paper, we construct the
initial data for the unstable soliton case based on the Banach’s fixed point theorem.

Here we formulate the main results from [15].
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Let W;-)j be the stable static state to

. . . A\ D
—AWT 4+ VI (@) W+ (W;’J) —0 (1.2.42)

By a stable state, we mean that the linearized operator
v, v 4
~A+ V7 (2)+5 <Wj3> (1.2.43)

has no eigenvalues nor zero resonance.

Set

Wi(x) = W (m;jlpvj (:r;)) . (1.2.44)

We also need the Hamiltonian structure of wave equations to discuss scattering. In general,

we can write a general wave equation as
Oppu — Au = F(u, t) (1.2.45)

with initial data

u(z,0) = f(x), u(z,0) = g(x). (1.2.46)

Also consider the homogeneous free wave equation,
Oppug — Aug =0 (1.2.47)

with initial data

ug(2,0) = fo(x), (uo) (x,0) = go(x). (1.2.48)
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We reformulate the wave equation as a Hamiltonian system,

u 0 1 -A 0 U 0

Ot — = . (1.2.49)
Oru -1 0 0 1 Oru F(u)
Setting
u 0 1 -A 0 0
U:= ,J = , Hp == and F(U) := ,
oru -1 0 0 1 F(u,t)
(1.2.50)
we can rewrite the free wave equation as
Uy— JHpUy =0, (1.2.51)
oo = | 7 (1.2.52)
90
and the nonlinear wave equation as
U— JHpU = F(U), (1.2.53)
f
Ulo] = : (1.2.54)
g
The solution of the free wave equation is given by
Uy = e 7P (0] (1.2.55)
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In the following, we write

t
m

Ult] = (w,ue)', W[t = | YW, (z—ajt), 0 Y Wj (x—jt) | . (1.2.56)
j=1 j=1

With the preparations and notations above, we can formulate our main theorems:

Theorem 1.2.14. There exists a solution u to

m
Ot — Au+ >V (x = Tjt)u+u’ =0, (1.2.57)
j=1
such that
i (U1 = Wl g1, 2 = 0. (1.2.58)

Moreover, we have the decay rate

Ut = Wt g1y 12 (1.2.59)

<
Vi
as t — o0o.

Next we have the asymptotic stability of the multisoliton structure.

Theorem 1.2.15. Suppose that 0 < € < 1 s small enough and 1 <K tg is large enough. Let

u solve
m
Optu — Au+ YV (x = Tjt) u+u’ = 0. (1.2.60)
j=1
Suppose at t = tg,
1UTto] = Wltolll g1 g2 < € (1.2.61)

Then there exist free data

Upl0] = (fo,90)' € H' x L? (1.2.62)
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such that

HU[t] Wit - e“HFUO[o]HHle2 =0

In other words, the error u(t) — Z;”Zl W; (ZE — th) scatters to the free wave.

1.2.1 Notation

“A:= B” or “B =: A” is the definition of A by means of the expression B. We use the
notation (z) = (1+ |x|2)% The bracket (-,-) denotes the distributional pairing and the
scalar product in the spaces L2, L? x L? . For positive quantities a and b, we write a < b
for a < Cb where C' is some prescribed constant. Also a ~ b for a < b and b < a. We denote
Bpr(z) the open ball of centered at x with radius R in R3. We also denote by y a standard
C° cut-off function, that is x(z) = 1 for |z| <1, x(x) =0 for |z| > 2 and 0 < x(z) < 1 for

1< |z <2
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CHAPTER 2
STRICHARTZ ESTIMATES FOR CHARGE TRANSFER
MODELS

2.1 Introduction

In this chapter, following the work of [51, 10], charge transfer models for Schrodinger equa-

tions in R? will be considered. We study the time-dependent charge transfer Hamiltonian

H(t) = —%A+Zvj(:c—6jt) (2.1.1)
j=1

with rapidly decaying smooth potentials V](x), say, exponentially decaying and a set of

mutually non-parallel constant velocities v;. Strichartz estimates for the evolution
1
~Op + H(t) =0 (2.1.2)

associated with a charge transfer Hamiltonian H(t) will be proved.
The starting point is the well-known LP estimates for the free Schrodinger equation

(Hy = —%A) on R" :

; (i1
] et e [V (2.1.3)

L, 1
WhereQSpgoo,erp, 1.
To analyze the dispersive estimate of linear Schrodinger equations with potentials, we

consider the dispersive estimates of the Schrodinger flow

tp, H= —%A +V (2.1.4)
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on R", where P. is the projection onto the continuous spectrum of H. For Schrodinger
equations with potentials, there may be bound states, i.e., L? eigenfunctions of H. Under

tH  such bound states are merely multiplied by oscillating factors and thus

the evolution e’
do not disperse. So we need to project away any bound state. V is a real-valued potential
that is assumed to satisfy some decay condition at infinity. This decay is typically expressed
in terms of the point-wise decay |V (z)|<C <ZL‘>_ﬂ, for all x € R" and for some 5 > 0. We
use the notation (z) = (1+ \x|2)% Occasionally, we will use an integrability condition

V e LP(R") (or a weighted variant of it) instead of a point-wise condition. These decay

conditions will also be such that H is asymptotically complete:
L*R") = Ly, (R @ Lg .. (R™)

where the spaces on the right-hand side refer to the span of all eigenfunctions, and the
absolutely continuous subspace, respectively.
The dispersive estimate for the linear Schrodinger equations with potentials, which we

will be most concerned with is of the form

sup |t ‘ eMPf||  <Clfllpy, Ve Ly®R)NLI(RY). (2.1.5)
t£0 x *
Interpolating with the L? bound ‘ eitHPCf’ 12 < C| fllz2, we get

1 1
77%)

eitH Pcf ’

sup [f]"
t£0

where 1 < p < 2.

L SCIflp VP IX®)NIZRY),  (210)

It is well-known that via a T7*T argument the dispersive estimate (2.1.5) gives rise to the

class of Strichartz estimates
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eitH Pcf

|

for all % + % = 4. The endpoint ¢ = 2 holds for n > 3 but it is not captured by this

S Mz (2.1.7)

LIp

approach, see [37].

Roughly speaking, Strichartz estimates can be regarded as smoothing effects in L, spaces.
For example, when we consider the free Schrédinger equation, compared with the trivial con-
servation of the L2 norm of the solution, in Strichartz estimates one gains space integrability
from p = 2 to p > 2, if one chooses to loses time integrability from ¢ = oo to ¢ < co. In
other words, we gain space integrability in the integral sense. To be more precise, we can
take a function ¢ € L? with ¢ ¢ LY for p > 2. If we take f = eitOAg as the initial data
for the free linear Schrodinger equation, then we can see that at t = ), e~ itoA f ¢ LY. So
without integration or averaging in time, there is no hope to get L estimates for all times for
general L? initial data. Strichartz estimates are crucial for the study of long-time behavior
of associated nonlinear models.

For the results and historical progress of dispersive estimates and smoothing effects of
Schrodinger operators, one can find further details and references in [53].

There are extra difficulties for Schrodinger equations with time-dependent potentials. For
example, given a general time-dependent potential V (x,t), it is not clear how to introduce
an analog of bound states and the spectral projection. And the evolution of equation might
not satisfy group properties any more. In this chapter, we focus on a particular case of
time-dependent potentials, i.e. the charge transfer models in R3.

Firstly, we consider the scalar model in the following sense:

Definition 2.1.1. By a charge transfer model we mean a Schrodinger equation
1 1 =
SO — S A+ > Vil — vty =0, (2.1.8)
j=1
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Wli=0 = o, = € R>.

where U;’s are distinct vectors in R3 , and the real potentials V}. are such that for every
1<k<m
1) V}. is time-independent and decays exponentially (or has compact support)

2) 0 is neither an eigenvalue nor a resonance of the operators
1
H;. = —§A+Vk(9c). (2.1.9)

Recall that v is a resonance at 0 if it is a distributional solution of the equation H}1) =0
which belongs to the space {f : (z)™7 f € L2} for any o > %, but not for o = 0.
To simplify our argument, we discuss when m = 2 case with V] is stationary and V5

moves along e_1> with the unit speed. It is easy to see our arguments work for general cases.

Remark. The assumptions are always assumed when we want to prove dispersive estimate
and Strichartz estimates, e.g, [35, 53, 55, 51, 10]. The decay required of the potentials is not

optimal but merely for convenience.

An indispensable tool in the study of charge transfer models are the Galilei transforma-
tions
g,(t) = ei@temﬁe_i(ﬁﬁt)'ﬁ, (2.1.10)
cf. [27, 10, 51|, where p' = —iV. They are the quantum analogues of the classical Galilei
transforms
r=r—ti—y, prp—71. (2.1.11)

To see this, we take a Schwartz function f such that f and f are centered around the origin,

—

then gz, (t)f is centered around ¢¥ + y, and gy, (t)f is centered around . The Galilei
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transformations have a very important conjugacy property:

it A it A
giy(t)e"2 = e"2g5,(0). (2.1.12)
Moreover, notice that with H = —%A + V, then
Y(t) = gy (0) e gy (010, g5,(t) " =Ygz _, (1), (2.1.13)
solves
1 1 .
O — A+ V (= 17— y) =0, Ulimg = o, (2.1.14)

Another important property of the Galilei transformations is that gmy(t) are isometries in

all LP spaces. Finally, in our case, as discussed above, we always assume y = 0. To simplify

our notations, we write g;(t) := g5 (t) and notice that gz t)~1 = g_¢ (1)
We recall some consequences from [51, 10]. Again, we consider
1 1 .
JOo = A+ Vig + Vo (- —tei) ¥ = 0, Pli=o = Yo, (2.1.15)
with V1 and V5 decaying rapidly. Let wy, ..., wy, and uq, ..., up be the normalized bound
states of H1 and Hy associated to the negative eigenvalues Aq, ..., A\, and pq, ..., pp re-

spectively (notice that by our assumptions, 0 is not an eigenvalue).

Following the notations in [51], we denote by Py, (H1) and P}, (H2) the projections onto
the the bound states of Hy and Ha, respectively, and let P.(H;) = Id — Py (H;), i = 1,2.
To be more explicit, we have

m 4
Py, (Hy) = Z ,wi)wi, Py (Hg) = Z uj>uj. (2.1.16)
i=1 j=1

It is well-known, from the standard case with stationary potentials that we need to project
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away from bound states as we discussed at the very beginning. Here following [51], we recall

the analogous condition in our case.

Definition 2.1.2. Let U(t,0)1g = ¥ (t, x) be the solution of equation (2.1.15). We say that

g or ¥ (z,t) is asymptotically orthogonal to the bound states of Hy and Hs if
1Py () UL 0)oll g2 + | Py (Ha, £) U(E 0ol p2 — 0, ¢ — oo, (2.1.17)

Here

Py (Ha,t) = gg; (t) 1Py (Ho) g (1), V.

It is clear that all 4 that satisfy (2.1.17) form a closed subspace of L? (R™). We call elements
in this subspace scattering states at ¢ = 0 and denote the subspace by Hg(0). We name Hg(0)

as scattering space at t = 0. With H,(0), we define Ps(0) to be the projection onto Hg(0).

Remark. The subspace above coincides with the space of scattering states for the charge
transfer problem which appears in Graf’s asymptotic completeness result [27]. We will see

more details in Section 2.2.

We now formulate our main results.

Theorem 2.1.3 (Strichartz estimates). Consider the charge transfer model as in Definition
2.1.1 with two potentials in R3 as above. Suppose the initial data vy € L? (RS) S asymp-
totically orthogonal to the bound states of Hy and Ho in the sense of Definition 2.1.2. Then

for(t,z) = U(t,0)Yg and a Schridinger admissible pair (p,q) in R3, ie.,

2 3 3
- t-=3 2.1.18
with 2 < g < 00, p > 2, we have
191 22 (0,00), 2y < C %0l 2 - (2.1.19)
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We also have the boundedness of the energy.

Theorem 2.1.4. Let iy € H1 (R3) and Y(t,x) = U(t,0)¢g be a solution to (2.1.15) with

the initial data 1. Then

iuﬂgllU(tO)%IIm < Cloll g - (2.1.20)
S

The chapter is organized as follows: In Section 2.2, we will recall some results from
[51, 10]. Then in Section 2.3, we establish Strichartz estimates for the evolution that is not
associated to the bound states of H; for the scalar charge transfer model. In Section 2.4, we
will show the energy of the whole evolution is bounded independently of time. Finally, we

will generalize our arguments to non-selfadjoint matrix cases in Section 2.5.

2.2 Preliminaries

In this section, we formulate the important results from [51, 10] which are crucial for later
sections.
First of all, if the evolution is asymptotically orthogonal to the bound states of Hy and

Hy , we can actually get a decay rate for
15 (H1) U(t,0)boll g2 + 1Py (Ha, 1) U(t, 0)pol 2 — 0.

2.2.1 ([51], Proposition 3.1). Let ¢ (t,x) be a solution to (2.1.15) which is asymptotically
orthogonal to the bound states of Hy and Hoy in the sense of Definition 2.1.2. Then we have

the decay rate that

1Py (H1) U(t,0)¢0| 12 + || Py (Ha, ) U(t, 000l 12 < e [l 2 (2.2.1)

for some o > 0.
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As pointed out above, i)y € L? such that the asymptotically orthogonal condition 2.1.17
are satisfied, they form a subspace Hs(0)CL?. We can do a more general time-dependent
construction. Denote the evolution starting from 7 to ¢ by U(t, 7). Similar as our original

construction there is a subspace Hg(7) C L? such that for ¢ € Hy(7),
1Py (H1) U(t, 7)¢ [l 2 + [|1Py (H2,8) U(t, 7)bl[ 2 = 0.
Similarly as above, we can also obtain a decay rate that for some a > 0,
|Py (HO) UG 2+ 1Py (o, ) Ut m) 2 S e ]2, & € Hals).

It is crucial to notice an important property of Hg (7).

Lemma 2.2.2. Denote Ps(T) to be the projection onto Hs(T). Then far arbitrary s, 7 € R,
Ps(s)U(s, ) = U(s, T)Ps(T). (2.2.2)
Proof. Notice that for ¢ € Hgs(7), then U(s, 7)) € Hg(s). Since

1Py (H1) UL, $)U (s, T) | g2 + 1Py (H2,8) U (L, $)U(s, 7))l 2

= ||Py (H) U(t, 7)) g2 + | Py (H2,t) U(t, 7)Y 2 — 0

as t — oo by the definition of Hg(7). Then again by the definition of Hg(s), it is clear
U(s, 7)Y € Hg(s). Conversely, by symmetry, for ¢» € Hg(s), then U(7,s) € Hg(7). There-

fore, we have the scattering spaces are invariant under the flow U(s, 1),

Hg(s) =U(s,7)Hs(T). (2.2.3)
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Let ¢ € L?, then U(s,7)Ps(7)¢ € Hs(s) by construction. Then

U(s,T)Ps(T)9 = (1= Ps(s))U(s,7)Ps(T)9 + Ps(s)U(s, 7)Ps(1)¢

= Ps(s)U(s,7)Ps(T)0.

Similarly,
PS(S>U<S7 7—)¢ - PS<S)U(S= T>PS(T)¢'
Hence
Ps(s)U(s,7) = Ul(s, 7)Ps(1),
as claimed. O

If the evolution is asymptotically orthogonal to the bound states, one also have the usual

L1 — L™ dispersive estimate.

Theorem 2.2.3 ([51],[10]). Consider the charge transfer model as in Definition 2.1.1 with
two potentials as above. Assume 1//1, ‘//5 er! (R™). Then for any initial data 1y € L (R™),
which 1s asymptotically orthogonal to the bound states of Hy and Ho in the sense of Definition

2.1.2, one has the decay estimate

1U(E, 0)dboll oo S 16172 4ol - (2.2.4)

A similar estimate holds for any number of potentials.

Note that since the potentials depend on time, Strichartz estimates do not follow from
the dispersive estimate and TT* argument.
With the decay estimate (2.2.4), we obtain the asymptotic completeness of the charge

transfer Hamiltonian:
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Theorem 2.2.4 ([51, 10]). Let wy, ..., wy and uy, ..., uy be the normalized bound states
of H1 and Ho associated to the negative eigenvalues \1, ..., Am and p1, ..., pp. Then for
any initial data vy € L2 (R™), the solution ¢ (t,z) = U(t,0) of the charge transfer model,

equation (2.1.15), can be written in the form

m

14
, - N
W(t) = U0 = 3 Ave oy + 3 Bue 5% oo (uy + ¢ 300 + BE) (2.2
r=1 s=1

with some choice of the constants Ay, Bs and the function ¢g. The remainder term R(t)

satisfies the estimate,

IR()]I L2 — 0, t — £o0. (2.2.6)

With the asymptotic completeness of the charge transfer Hamiltonian, we can construct
a time-dependent decomposition of L? with scattering states and analogous of bound states
associated with Hy and Hs. The construction should be similar as [27, 56]. Following the
notations in [51, 27], with the proof of Theorem 2.2.4, we know the existence of the following

wave operators in L% for s € R,

—( T —iHo(t—s)

Qg (s) tlggo U(s,t)e "0 (2.2.7)

Q) (s) = tlirn U(s, t)e M1t=5)p, (H)) (2.2.8)

Qg (s) = lim U(s,)ge; (1) e U)P, (Hy) g (1) (2:2.9)

where limits are taken as strong operator topology. From [51], the ranges of the above

operators has the following relation:
L? = Ran(); (s) © RanQ] (s) ® Ranf2, (s). (2.2.10)

Naturally the above constructions will introduce a time-dependent decomposition of L? and
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one can observe that

Ran{y (1) = Hs(7).

We introduce projections P;(7) to the projection onto the range of €2 (7), i = 1,2. Clearly.
RanQ] (7) and Ranf), () are analogous as the spans bound states associated with H; and
Hj respectively. Notice that by construction, one can find a basis for ;°(7), i = 1,2. With
our notations above, wy, ..., wy and uq, ..., ugbe the normalized bound states of H; and
Hy associated to the negative eigenvalues A1, ..., Ay, and pq, ..., pyp respectively. Then
{w; ; = Ql_(T)wi}?i1 is a basis for Ran€ (7). Similarly, {u;, = Q5 (T)gs (T)Uj}?il is a
basis for Ran{2, (7). By asymptotic completeness and intuition, as 7 — oo, Q (T)w; —
w; and Q5 (T)g(T)uj — gg (T)’luj. Actually, following [51], one can actually extract a

convergent rate. We focus on{d; (7)w; — w; and for the other case, we just need to apply

the same argument after applying a Galilei transformation.

2.2.5. For some a > 0

197 (T)w; — wi| ;2 S e 7. (2.2.11)

Proof. For 1 < i < m, with Duhamel’s formula
. t .
U(s, t)e =)y, — w; + z/ U(s,t)Va (- — éi7) e i)y, dr.
S
It suffices to estimate the L2 norm of
oo .
/ Uls,t)Va (- — é17) e M =5)y, dr. (2.2.12)
S

By Agmon’s estimate,

AN

(0] .
/ U(s,t)Va (- —e1T) e~ MN(T=5)y, dr
S

(o]
/ Vo (- —éjr)w;dr
s 12

e, (2.2.13)

L2

AN
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Therefore

aT

197 (Nw —w;| 2 S e,

as claimed. O

2.3 Strichartz Estimates

In this section, we prove Strichartz estimates for charge transfer models. The ideas will be
based on methods in [22, 51]. Certainly, we need to project away from the bound states
of Hy and the moving bound states associated to Ho(t). We will show certain weighted
estimates for the evolution of states in the scattering space defined in [51] and in the sense
of Definition 2.1.2.

Now we formulate the following two estimates when our initial state is in the scattering

space. The first one is:

Lemma 2.3.1. For o > % and t >t

& — 20) U (¢, tg) Palto){x — 1)~ ||y < C—

. (2.3.1)
(t —t0)2

for all x¢g and x1.

Here 2 — 2 means the norm as an operator from L2 to L? and Py defined as the
projection onto the scattering space as above in sense of Definition 2.1.2. Also as usual,

1
(z) = ( 2|2 + 1)2. The second weighted estimate we want to show is the following:

Lemma 2.3.2. Foro > %

/OOO [(z —=(t)) ™ U(tatO)PS(tO)UHi% dt <C HUH%Q (2.3.2)
for all z(t) € C ([0, oo),R?’).
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Heuristically, we can see the above two estimates hold for the evolution of a free Schrédinger
equation since a free particle moves towards infinity. The weights just play roles like indi-
cator functions of certain finite regions. Then surely, as time evolves, the particle will leave
any of those regions. So we have the decay of the wave function. In our case, the state in
the scattering space will just move asymptotically like a free particle, so we should expect
the above result. The second estimate is a variant of the above heuristics adjusted to our
model since we have moving potentials.

Before we prove Lemma 2.3.1 and Lemma 2.3.2, we show how to derive Strichartz esti-

mates for the charge transfer model based on them.

Proof of Theorem 2.1.3. Let ¢ (t) = U(t,0)1y and by our assumption we have Ps(0)yg = 1.

Rewrite the charge transfer model as

W+ 5 Y = Vi + V(- 1610,

Now we apply the endpoint Strichartz estimate [37] for the free Schrodinger equation, we

get for a Schrodinger admissible pair (p, ¢) in R3, one has

t y Lz

4022 (0,00), 22y < C VAt + Val- = téi )| o g>+W0||Lg

Since our potentials decay fast, we can pick m large (in particular m > %) such that by

Holder’s inequality we have,

[S1[e

[0700)7 LI

< [Vl oy + IVa(- —ted)y|
L?( 5) L%([O,oo),Lx>

) < Oy [[@) Yl 2 (0,00), 22)

[Va(- — t€3)¢||L% ({0700))%?) < Oy ||z - t63>_m¢|{Lf([0,m),L%)
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Now by our above two claimed estimates Lemma 2.3.1 and Lemma 2.3.2, we have
H<x>_m¢HL§([(},oo),L%) <C ||¢0||L2 )

|(z — te—i>_m7/’HL§([O,oo),L%) < Yol g2 -

Then combine all estimates above, we get

1z (0,00, 28) < C ™" Ul 20,000, 22) + C I = 1007 0l 210,001, 22) < € W02

Therefore, we have the desired Strichartz estimate

191122 (j0,00), z2) < € 1Yol 2

as claimed. n

In the next section, we will show as a byproduct of Strichartz estimates, (2.1.19), we can

get the energy boundedness of the whole evolution of the charge transfer model.

2.3.1 Proof of lemmas 2.3.1 and 2.3.2

To rigorously show Lemmas 2.3.1 and 2.3.2 are consistent with our heuristics, we consider
the free evolution first. We claim that the first estimate (2.3.1) holds for the free Schrodinger

equation.

Lemma 2.3.3. Foro > %

<C— (2.3.3)

for all zg and x1 in R3.
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A
Proof. Let s =t — tg, then if |s| < 1, clearly by |le'2° <1 and o > 0, we can get the

2—2

desired result.
If |[s| > 1, we apply the dispersive estimate for the free evolution. Then by Young’s
inequality we get

H(m — x0>_aei%(t_t0)<x —x1)" 7 e

2
9232 S @77z 1—00

So the desired estimate holds. O
Also the second estimate (2.3.2) holds for the free Schrodinger evolution by the endpoint
Strichartz estimate, estimate (2.1.7).

Lemma 2.3.4. For o > %

> —o it |7 2
/0 (@~ w7 3 2 0 C . (2.3.4)
Proof. By Holder’s inequality, we have
LA A
H(w —a(t)° e“L?u‘ > < ‘ eltTu‘ s

Then by the endpoint Strichartz estimate in R3, [37], we have

it A
eztzu’

<’ .
oz < Ol

Therefore, we can conclude

/0 H<I—l’(t>>_0 eit%u‘

2 2
12 dt < C HuHL2 .
The Lemma is proved. O
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Now we show Lemmas 2.3.1 and 2.3.2 by a bootstrap argument similar to the one in [51].
As usual, the constant C' varies from line to line.

First of all, we note the following simple facts: Since Ps(tg)u satisfies following estimates,
forp>2andt >t

1Py (HL) U(t, t0) Ps(to)|| p2 pp S e~ WP,

and

1Py (Ha, t) U (t, to) Ps(to) |l 2y pp < e PO

Then surely,

[z — 20) =7 Py (Hy) U(t, to) Ps(to){z — 21) 7|50 < C%,
(t —10)>

||z — w0) =7 Py (Ha, t) U(t, to) Ps(to){x — 21) "7 ||,y < C%-
{t —10)>

For the second weighted estimate, with some p > 2,
(e = w()) =7 Py (HL) U2, to) Ps(to)ul 2 S e flull 2,

(e = ()= Py (Ho, ) Ut 10) Ps(to)ul] o S e P flull .

So

o0
| =20y B0 U )Pty S Ll

and

o0
| e =77 Ry (2.0 Ut t0)Puttohe 5 .
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By the Duhamel formula, we write

t
Ut to)Ps(ty) = 22010 p(1g) +i / ei2AEV, U (s, 1) Py(to) ds

to
t
+@/‘J%A“—@vgp-“ﬁﬂxsﬁoﬂgaoym, (2.3.5)
to
and let
Ut tg) = F +iL + iG (2.3.6)

Surely, there is no problem with the free piece F' as we discussed above by Lemmas 2.3.3

and 2.3.4.

Now fix T" large enough and apply Gronwall’s equality. Then we can find a large constant

C(T') such that

[(z — 20) O U(t, to) Ps(to){x — 21) "7 ||5_,5 < C(T )—1 3 (2.3.7)
{t —to)2
T —0 2 2 2
/0 [(z — =(t)) U(t:tO)Ps(tO)uHL% dt < C(T) [[ull72 (2.3.8)

hold for tg <t <T.
Next we imitate the bootstrap process in [51] and [22]. Fix a large constant A to be
determined later. We also assume T — tg > A. As in [51], for ¢ < T we consider the

decomposition of interval [tg,t] = [tg, o + A] U [tg + A, t — AJU [t — A, t]. Set

tQ—I—A )
AU (s, tg) Py (to) ds

t—A
Lo = / GZ%A(t_S)VlU(S, to)Ps(tg) ds
t

t
@:/ A=)V, U (s, 10) Ps(to) ds
t—A
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to+A 1A
Glzi/ BV — 56\ U (s, t0) Ps(tg) ds
t

t—A
GQ=/’ BV (. 56 )U (s, to) P (tg) d
t

i1

t
G3 _ /t AGZQA(tS)VQ(' — S@E)U(S,t())PS(tO) ds.

First, we bound L. With Lemma 2.3.3, we have

H (x — o) 7 L1(z — x1>_a||2_>2

to+A 1 B
SC/t () JU(S,to)PS(t0)<I—:L‘1>_UH2_>2dS

o (t—s)? )
fo+ 1 1
< C(A) 3 = ds
/to (t —5)2 (s —t0)2
< C(A);g-
{t —to)?

Here we just emphasize that the constant in above estimate does not depend on 7'. Notice
that GG1 can be bounded similarly as above.

For the second part, with Lemma 2.3.4,

g — 2
[ =) Laul
T to+A 3 2
< C/ (/ <t — 8>7§ H<(1:>*U U(S,to)Ps(tO)uHL2 d3> dt
0 to 2
< C |[(@) =7 Uls, 10) P(to)ul 2 1 04 4), 22)

< C(A) [lull7

Also GG1 can be bounded similarly.
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Next, we analyze Lg. With Lemma 2.3.3 and the bootstrap assumption (3.4.10),

H<$ —x0)” 7 La{x — $1>_0H2_>2
t—A
< c/ L 2 1) Uts.t0) Puto) =) |

to+A (t — s)
t—A
< C(T)/ ! ! 5 ds
to+A (t — s)2 (s — )2
3

< CO(T)A™2 (t —tg) "2

[\Gl[dV]

for an absolute constant C.

For the other estimate, with Lemma 2.3.4 and bootstrap assumption (3.4.11), we conclude

that

T T [ (t-A X 2
/O ||<x—x(t)>_0L2u||i%dt < O/O (/ (t—s>_2H(m)_aU(s,to)PS(to)uHLgds) dt

to+A

< h(A) |[(z)"7 U(s,t0) Ps(to “HL2 ((0,T), L2)

IN

h(A)C2(T) ullF 2
where
h(A) <A™

by Young’s inequality applied to the convolution

1A
/ (t = 5)72 |[(2) 7 Us, to) Palto)ul| 2 ds.
to+A ’

So when A is large, we recapture our bootstrap argument conditions, i.e., h(A)C?(T) will
be a small portion of C(T') provided A is large enough. Similar estimates hold for Gs.
It remains to analyze L3 and G3. We will expand U again. And the following two

versions of weighted estimates for Schrodinger equations with rapidly decaying potentials

49



will be used.

Lemma 2.3.5. For o > %, and Hj; = —%A + V;, where Vj satisfies the decay assumption

for our charge transfer Hamiltonian, then we have

1

. —o iH;(t—tp) ) _ -0
H(m xg) eI TP (Hy) (- ) H2_>2 < O<t - to)% (2.3.9)
and
00 . 2
/0 H@ o) P, (1) u’ A< C s (2.3.10)

where P, (Hj) is the projection onto the continuous spectrum of H;.

Proof. These two estimates follow from the boundedness of wave operators [55] and Lemma
2.3.3 and Lemma 2.3.4. Or one can apply the dispersive estimate and Strichartz estimates

for perturbed Schrodinger equations. n

Now we analyze

t )
Ly = / GZ%A(t_S)VlU(S, to)PS(to) ds.
t—A

Splitting L3 with respect to the spectrum of Hy, one has

t .
Ly — [Aé%WﬂmaﬁmU@mwwww

t .
+lAé%W@%%WﬁW&W%%MS

= L3+ L3y

Surely, there is no problem with L3 ; by the discussion at the very beginning of this section P, (H1) U(s, to) Ps
decays exponentially.

For L3 ., we use the ideas from [51] to decompose our evolution into low velocity and
high velocity pieces. For the low velocity piece, we directly use a commutator argument,

non-stationary phase and the fact the supports of V; and V5 become almost disjoint. For
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the high velocity part, we use a version of the Kato smoothing estimate.

Expanding U with respect to Hy, we can write

. t
Ult, tg) = e~ Hilt=t0) 4 / e M=)V, (. — s61)U (s, tg) ds.

to

Then we can write
t
Loe = [ BRI (H) U to) Plto) ds
t—A

t . .
= [ SR () I i) ds

t s )
+i / / VAP, (Hy) e =Ty (. — 760U (7, 9) Ps(to) drds.
—A Jig

Consider the decomposition

L3, = I +iK,
too .
I= / ) A=)y B (Hy) e HH1(5=t0) py(10) ds,
t—

S .
K = / At=s vl/ Po (Hy) e M=V, (- 767U (1, t0) Ps () drds.
to

There is no problem with I by similar arguments for the free case with Lemma 2.3.5.

Next, we decompose K further as follows:
K=J+5+7Z,
t ) .
s= [ A [T R () eI UGt Pat) drds,
t—A t
t 1 s—B )
z= [ S [ () I U ) Plto) drds,
t—A to+B
t S . .
J = / / G2AE=3)y, B (Hy) e HI=T Vo (. — 763U (7, to) Py (to) drds.
t—AJs—B
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For S, a similar argument as for L1 implies

[{z = 20) 7Sz — x1>_0||2—>2

t 1 to+tB 4 By B
: O/’f—A (t— )2 /to (s— )8 [(x) =7 U(s, ) Ps(to)(w — 1) 7|5,y drds

t to+B 1 1 1
< C(B)/ / 3 3 dsdr
t—A Jtg (t—s)2 (s—T1)2 (s —tp)

< C(A,B)—.
(t — o)

—_ Nl

[\[J¢)

As usual, the constant C' does not depend on T

For the second piece, we also have

T o2
/0 @ = a(t) =7 S 2 at

T t 3 to+B 5 9
< 0/0 </t_A (t — 8>_2/t (s = 1) 2 |[(x) "7 U(s. to) Ps(to)ul| 2 des> dt

B 0
S CB)A (@) Uls, ) Pl 121 10+ B). 22)

2
S C(A, B) [Jul[72 -
Next, for Z, following a similar argument to L9, we obtain

[{@ = 20) "7 Z(z — 1) "[5_,9

t 1 s—B 1 . ,
< /t—A (t — s>3 o5 /to+B (s — r>% [(@)=7 U(r,t0) Ps(to) fw — 21) ™7 |5, d7

t s—B 1 1 1
sey [ ] L drds
t—A Jtg+B <t — 3)? <3 — 7'>§ <7' — t0>§

< C(T)AB™2 (t —tg) "2 .
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For the second estimate,

T 2
/0 ||<m —z(t))™ 7 ZUHL?C dt

r t 3 [s—B 3 . 2
S/O </t—A<t_8> 2/150+B (s —=7)72 |(2) U(T,to)Ps(to)uHL%des> dt

< W(B)YA (@)™ U t0) Po(to)ul| 720 1. 12,

< W(B)ACH(T) ||ul|7

where as before,

nB) < B

Therefore, when we pick B large enough, we have satisfied all the conditions for the bootstrap

argument.

Finally, we analyze J:
s= [ [ AR () O i U t0) Pl drds.
We decompose the integral into low and high frequency parts:

JL = / / TV P (151 < M) e T P (Hy) Va (- — 761U (7, 10) P (to) drds,

t S . .
sa= [ [ IR (52 2 O R (1) Vil — ed)Ur, t0) Pt s,

where F' (|p] < M) and F (|p] > M) denote smooth projections onto frequencies [p] < M

and |p] > M respectively.

To analyze the low frequency part, we observe that for arbitrary € > 0,

y _3
/ (—1e1) 2dr <e
s—B

23



provided s is large enough.

Set Vi (x) = Va(z) ()7, then we look at the following quantity,

|viF (91 < ayem26=8vg (1)

K(x,n)a(n)dn
RS

L2_‘ 2

where
K(xz,n) = Vl(x)/ e—i%(3—7)52+i§($+ré1)x <%> ‘72?7<§ . n)e—im—él de.

Observe that

K (z,n)| < Coyp ()N (rer) ™ ()~ V.

This decay result follows from the following two facts:

Integration by parts with

ci2bTer _ <E> el2éTer.
)

e
and the decay estimate:
DG E—m sV, gl s m
So we can conclude that for any N > 0,
HVlF(\ﬂ < Mye (DAY (- 751)H2_>2 < Cy(rer) ™.
By some similar calculations in [27], we conclude

|viF (< anye =D p () v (= re)||, < O () N
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But in our particular situation, one can do easy calculations based on Duhamel formula,

o~ i(s=T)H1 _ —i(s—7)Ho _ i/se i(s— T)HOV o~ i(r="7)Hy 4,
T

F(lp) < Mye =P (H) VS (- — &)
= F (|l < M) e s Hoyg (- rey)

—@'/ F(p < M)e i~ Hoy, =it Hiyg (. _ 1) dr.

/ F(lp] < M) e " s—MHoy == Hyo (- 76y dr
= [ (7 < Ay T ()

/ —is=H o vy F (1) < M) e Dy (7)) dr,

/ CF (18 < M) e i Hoy - Hyg (_ra) dy

L2

g/ VIF (|pt < M) e =N Hyg (- Teq)‘LQ dr

\ [ e i, P (1 < ] 0T (i) ar|
T L

Notice from construction, 0 < s — 7 < B,

[ et F (1 < aje eI (i) ar

B
< 2 |ve
LS Ve
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By Gronwall’s inequality, with the fact 0 < s — 7 < B, one has

/:B HVlF (Ip] < M) el p, (Hy) V5 (- — T€1>H2—>2

5 B
SeP / (cN,M (re)) ™ + o HVQUHLQ) dr (23.11)
s—B

(&

S
e

Se+

[

S

provided M is large enough.

Therefore, for Jj,

[ = 20) 7T (= 21) |5
t $ 3 3 3
< o) /t_A/S_B (=)~ (s — )73 (1) "3 dsdr
3 [t s 3 3
< con) <t—t0>_2/t_A /S_B (t— )3 (rey) 3 dsdr

< eCC(T) (t ) ?

So when A, B is large, we conclude that the coefficient satisfies the bootstrap conditions.

For the second part,

& = 2(@) = Jzuol| 20,12

t B ; P o
<C /t_A ds /s—B (t—s) 2 (—Tep) 2 H(x —71e1) U(T, to)Ps(to)UOH

< CO(TVWA H<—Tal>—%H o 10 t0)Pelto)uoll oo.7),12)

< CO(T)VAe |lug| 2.

L2(s—B

Again, we know when € is small, we recapture the bootstrap conditions.
Finally, we need to check J. . We will use the following version of the Kato smoothing

o6



estimate, or we can apply a variant of Kato’s smoothing estimate from [51].

Lemma 2.3.6 ([41]). For o > %, we have

Lo vt <

2—>2

we also have

[l st s e

We will use Lemma 2.3.6, but for the sake of completeness, we formulate the result from

[51].

Lemma ([51]). Let H = —%A +V, Vs < 00, set h(t) = e~ "Hapy, then for all T > 1

and o > 0, we have

e
ap [ / Pt < ConT (1+ V) ol 2

zoeR™ —ap|*)

Consider

2—2

/:_B HVlF (191 > M) e =TI B (Hy) V(- - TeE)H dr

g/ H[VLF(W2M)]e_iHl(S_T)PC(Hl)VQ(-—Te_i)H dr
s—B 2—2

1
2

S .
by b ([ o e e n v - e, ar )
<_B 2—2

By Young’s inequality [51, 10],

1

1V, F (Ip] > M)]|la—ya S e

o7



Also note that

BTV =) Y+ ()2

and

flortes], <1

22 ™

So for the first estimate, with bootstrap assumption (3.4.10), we get

H (x —20) 7 T (v — $1>_UH2_>2

t 3
<o)t - o)} /t_A (t— s

w

S .
x/ HVlF(]ﬂ > M) e =T p () Vg (- — Teq)H drds
s—B

2—

3 [t 3 1
<O (- tg) /t_A (t—5) "4 (M1 + M IVB(1+VE))

[\[oV]

< C(TYABM ™2 {t — t)~
For the other estimate,
[ = 2()™" Jrvoll z2(0.1).12)

S ‘

/;A (t—s)"2 /:B (M—l +M™2(B + \/E)) [z — 7e1)~7U (7, t0) Ps(to)uo |

L2(0,T)
1
S C(T)BM™2 |lugl| g2 -

So we can pick M large, then the coefficient satisfies the bootstrap condition again.
To sum up, when we pick A, B and M large enough independent of T, if we have for
t € [to, T]

H(x —x0) “U(t, tg)Ps(x — xl)_UH2_>2 <C(T)———~

o8



we can improve it to

| — 20}~ Ut t0) Pofx — 1)l < 2O(T)— :
{t —to)

rolco
—
~
~~
o
g
roleo

Therefore, we can make for t € [ty, T,

[(z = 20) U, t0) Ps(x — x1) 7|55 < C,
for some constant independent of T'. So we conclude

|(z = 20) ~U(t, to) Ps(x — x1>*0“2ﬁ2 <C

holds for arbitrary ¢ which shows Lemma 2.3.1.

For the second part we proceed analogously. Indeed, if we suppose
T 2 2 2
| e =) vttt el e < cAy iy,
then we can improve the estimate to
T — 2 2 1 o 2
; [z = ()7 Ut to) Psul| 2 dt < Cllull 2 + 5C5(T) [lullyz -
So we can obtain a bound for
T
s 2 2
| e =)= vt Py de < C i
which is independent of T". Therefore, we can send T" to oo above. Finally, we obtain
> —0 2 2
[ =2 0) 7 Ut t0) P < C

29



which establishes Lemma 2.3.2.

Remark 2.3.7. With Theorem 4.7.1, one can show Lemma 2.3.1 easily as the free case. Set
s =t —tg, first, if |s| < 1, clearly by ||U(t,to)]lo_so < 1 and the integrability condition in
RB, e o> %, we can get the desired result. If |s| > 1, we apply the dispersive estimate for

the free motion, by Young’s inequality we get

& = 20) U (¢ t0) Pa(to) (x — 1) ||y S [[ (@)™ |[ 72 U (£, t0) Pelto) o0 -

and from Theorem 4.7.1,
_3
1U(t, t0) Ps(to)ll1 00 S [t — ol 2.

But we proved Lemma 2.3.1 together with Lemma 2.3.2, since the dispersive estimate might

not be available in other contexts.

2.4 Boundedness of the Energy

In this section, we use Strichartz estimates to show that the energy of the whole evolution of
the charge transfer model is bounded independently of time. The asymptotic completeness
of the Hamiltonian shown in [51] will be used. We will still consider the model with two

potentials as in the previous section.

Proof of Theorem 2.1.4. From Theorem 2.2.4, we can write the evolution as: for some ¢ €

2 (89),

m l
. . LA
Ut,0)0 = Y Ape”rlu, + 3" Boe sty (tyws + e "2 ¢ + R(t) (2.4.1)

r=1 s=1

where g is the Galilei transformation. It is trivial to see the part associated with bound
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states and moving bound states,
m . é .
Z Ape= Pty Z Bse_mstg_e—f(t)us (2.4.2)

'[‘:]_ S:].

has bounded energy. Indeed, to be more precise, we have

m I m 14
_.)\T‘ —1 S
D Apem w3 " Bse Mg (thus| S lwellg oz + ) lusll g ol z2 -
r=1 s=1 Hl r=1 s=1
So it suffices to consider
LA
Y(t) == U(t,0)¢0 = e "2 ¢ + R(t) (2.4.3)

where

IR()]| 12 — 0, t — £o0.

In other words, we might assume

Rewrite the equation,

A
i+ 5 = Vi + Va(- — te]). (24.4)

We can differentiate the equation (2.4.4) and set
v =0y ¥ =: Y,
then v satisfies

v + Av — Viv = Vo(- — tél)v = 01 Vi + O Va(- — teq)v. (2.4.5)
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Again, it suffices to consider 9 is in the scattering space. Since other components are easily

to be bounded. To see this, we look at

4 A
(v, wr)p2 = — <€ﬂt7¢o + R(t), 8x1wr>L2 :

By the asymptotic completeness result, we know
|R(t)||;2 — 0, t = £o0.

In particular, we know

1B z2 < €,

SO
[(R(2), 02y wr) 2] S IRO) 12 S [IWoll 2
since from Agmon’s estimate, 0, wy is still exponentially decaying.

Notice that

e_it%gh Oy W —0,t—> 0
0> xr1Wwr L2 ) )

since we can approximate ¢g by ¢, € L2N L' in L? and then by the dispersive estimate for

the free equation

_iA 1
300, S iy lullr
£

A similar discussion holds for ug, we can conclude that
1Py (H1) v(t)|| 2 + 1Py (Ha, ) v(t)[| 2 — 0, ¢ — o0,
and

1Py (H1) v(t)l| g2 + [Py (Ha, 1) v(®)l| 2 S [0l 2.
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By the above argument, we can actually conclude that v is asymptotically orthogonal to the
bound states of H; and moving bound states associated to Ha(t). We can in fact obtain an

explicit rate of decay for the term
1Py (H1) v(t)l[ 2 + [ B (Ha, 1) ()] 2

goes to 0, but it is enough for our purposes to know that it is just bounded by ||| ;1.

Then by Proposition 2.2.5,
11 = Ps(t)o()ll 2 < llvboll g1 -
Therefore, it is sufficient to estimate
[1Ps(t)o(t)]| 2
and hence, without loss of generality, we assume
Ps(t)v(t).

We do a similar argument as the proof for Strichartz estimates, Theorem 2.1.3.

Setting F'(x,t) = 01 Vi + 01 Va(- — té])1, we can write (2.4.5) in the form
: A .
vy + SV = Viv+ Vo(- — tél)v + F(x,t).
By the endpoint Strichartz estimate for the free Schrdinger equation, we obtain

lllgrpg < ClIViv+Va(- —téi)o+ FI| 6
L2132
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Viv+Va(-—tei)v+ FI| ¢ < [Viv| 6 +[[Va(-—tei)vll 6 +[IFl 6,
L2L2 L2L3 L2L3 L2L2

V]| f S Cv [[(2) ™" vl| 22 -
Vo (- — teﬁ)vHLgLE < Oy (o —tei)™™ vl p2ps -

So it suffices to estimate

[z = (@)™ vf| 22

for 2(t) a smooth curve in R3.

By Duhamel’s formula,

v(t) = Uy + iU + iUs.

Certainly, it is easy to bound U; as Lemmas 2.3.3 and 2.3.4.
Next we bound Us. We again apply Holder’s inequality and the endpoint Strichartz

estimate,

t t.
(x — x(t))_m/ 2209 p(z, ) ds < ‘ / eZ%A(t*S)F(:U, s)ds
to L%L% to L?Lg
< IFl -
L2132

It remains to bound

t
/ eZ%A(t*S) (V1 + Va(- — séq)) v(s) ds
0

L212

Rewrite

v(s) = Ul(s,0)vg +i/05 U(s,7)F(x,7)dr
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By our assumption:

v(s) = Ps(s)U(s,0)vg + ¢ /08 Ps(s)U(s,7)F(z,7)dr.

By Lemma 2.3.1, Lemma 2.3.2, we have

t
(x — x(t))_m/ eZ%A(t_S) (Vi + Va(- — s€1)) Ps(s)U(s, 0)vg ds
0 L212

S @ But o], , + ||t = 1) o) 0|y
S lvollzz -
Also, we can get
. S
(z — z(t)™" / 29 (V1 1 V(- — sé7)) / Py(s)U(s,7)F(z,7) drds
0 0 L?L2
_3

So we have shown that

— «
[vllgprg < ClViv+Va(- —tei)v + FHL2 o S [[ollp2 + {2)™ Fllg2pz + ”FHL,%L§

t~T

for any Schrédinger admissible pair (p, ).
Plugging in F' = 01V + 01Va(- — teq )i, it is easy to estimate

“F F < .
)™ Fll p2p2 + i IILngN|I¢o||L2

tHxT
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For the second piece, we use

[ Vie + O Va(- —teD)vll ¢ < Vil s + 01Vl —teD)vll 6
LL3 L2L3 L2L3
< —m <
H<91V1¢HL%L§ < Cy|[(z) ?ﬂHLng S ol g2
. —té < —te\Tm < )
101 Va( elW“Lng < Cy|[(z —téq) ¢||L§L§ S ol 2

For the first piece, by Holder’s inequality, we have

1) (O1Vig + O Va(- — te) )l 2 < vl .

Then applying the endpoint Strichart estimate to ¢/ by Theorem 2.1.3, we get

[{2)® (01V1e) + 01 Vol — teD) )l para S Wl p2re S ol 2 -
tHx t-x T

So in particular, we infer that

[0l poozz < llvollz2 + Yol 22 = 1Yol g - (2.4.6)

The same argument applies to all other partial derivatives of ¥). So we can conclude that

sup |00 g1 S llvboll g - (2.4.7)
teR

The theorem is proved O
By a simple inductive argument, we obtain the following corollary:

Corollary 2.4.1. For ¢y € HF (R3) where k 1s a non-negative integer, then

sup 1T, 0)0ll e < Cllvboll v - (2.4.8)
€
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Remark. As a concluding remark, we notice that we proved the boundedness of the energy
based on Strichartz estimates and the asymptotic completeness of the Hamiltonian. In [27],
Graf proved the asymptotic completeness based on the boundedness of the energy. So, we
can see, modulo some technical assumptions on the spectrum of the Schrdinger operator, the
boundedness of the energy is equivalent to the asymptotic completeness of the Hamiltonian.
Also note that the asymptotic completeness can be also proved by the dispersive estimate

as in [51].

2.5 Matrix Charge Transfer Models

In this section, we extend our above results to matrix charge transfer models in R3 similarly
as the work in [51]. For the sake of completeness, we start from the basic definitions following

[51).

Definition 2.5.1. By a matrix charge transfer model we mean a system

1 -

where 0;(t, z) = (}v}‘z - a?) t+2x - vj +v; with aj,7; € R and o # 0. Furthermore, we
require that each
1 1.2

W

1
j 38—

D=

2 .

satisfies the admissible conditions (Definition2.5.2) and stability condition (Definition 2.5.3)
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defined below.

Here we give the definitions of stability condition and admissible conditions for a matrix
Hamiltonian A = B + V where

1
—sA + 0 u -w
B — 2 a V=

with ¢ > 0 and U, W are of real-valued.

Definition 2.5.2. Let A = B + V as above with V exponentially decaying. We call the

operator A on H := L2 (R3) x L2 (Rg) admissible provided the following hold:

L. spec(A) C R and spec(A) N (—p, ) = {wyg : 0 < £ < M}, where wg = 0 and all w; are
distinct eigenvalues. There are no eigenvalues in specess(A).

2. For 1 < 0 < M, Ly = ker (A—wp)? = ker (A—wy) and ker (A) C ker (Az) =
ker (A3) =: Lg. Moreover, these spaces are finite-dimensional.

3. The ranges Ran (A — wy), for 1 < ¢ < M and Ran (AQ) are closed.

4. The spaces Ly are spanned by exponentially decreasing functions in H (say, with
bound e~0ll),

5. All these assumptions hold as well for the adjoint A*. We denote the corresponding
(generalized) eigenspaces by Lj.

6. The points +u are not resonances of A.
Remark. For detailed definition of resonance here, one can find it in [51] Remark 7.10.

Following the above admissible conditions for A, we have can define analogous projections

onto continuous spectrum and point spectrum following [51] Lemma 7.3.

Lemma ([51], Lemma 7.3). There a direct sum decomposition

M 1

M
H = Z Lj + Z L;
=1 =1
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1
The decomposition is invariant under A. Let P. denote the projection onto (Z]]Vil L;")
and set Py = Id — P.. Notice that here P. is not an orthogonal projection. It is easy to see

AP. = P.A, and there exist numbers ¢ij such that

Py=> " ¢jeij (fy), VfeH

i,]
where ¢; and ; are exponentially decreasing functions.

Definition 2.5.3. For A satisfying the admissible conditions, we say A satisfies the stability
condition if

itA
su e P, H < 00.
PteR H sy

In order the study the matrix charge transfer model, we need the vector-valued Galilei

transformation similarly as in the scalar case:

Gs (1) ¥1 _ 95,y ()1 |

(5 iy (t)%

where g, (t) is the scalar version Galilei transformation. In contrast to the scalar case, the

conjugated transformation now involves a modulation M(t). We cite Lemma 8.2 in [51].

Lemma ([51], Lemma 8.2). Let & € R and let

1 1.2

with real-valued U and W. Moreover, let T € R3, 0(t, ) = (\17\2 + 042) t+2x-v+7v,y €R,

and define
AN U(—a) =W ()
H{(t) := o
e =W (—at) LA 12 —U(-—t)
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Let S(0) = Id, S(t) denote the propagator of the system
1
Z@S(t) + H(t)S(t) = 0.

Finally, let

M(t) = Maq(t) =

ww(t)
0 e 2

where w(t) = a®t +~. Then we have the following relation
S(t) = Ga(t) T M(1)~1eTHAM(0)G0).

For matrix charge transfer models, the analysis should be similar to the scalar case except
that we have to modify the asymptotic orthogonality condition. Recall that as we remarked
above, it is not necessary to use the asymptotic completeness results. In the scalar case, the
asymptotic orthogonality condition is sufficient for us. In the matrix case, the asymptotic
orthogonality condition is replaced by the definition of “scattering states” in Definition 8.3
in [51] which is similar to the scattering space in the sense of Definition 2.1.2 for the scalar

case.

Definition 2.5.4. Let U(t)ig = ¢(t, ), we call that ¢ a scattering state relative to H; if

HPb (Hj,t) U(t)%‘

L2—>O, t — o0.

Here
Py (Hj,t) == G, (8) " M) Py (Hj) M;(£)Gy, (¢)

with M;i(t) = Mo, (1).

By the discussion in Section 8.3 in [51], if 1/;0 a scattering state relative to each H;, we
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have the rate of convergence similar to the scalar case,

|P i uy|| ,+ | Py U@ |, S et

for some a > 0.
With all the preparations above, we now can formulate our Strichartz estimates for matrix

charge transfer models.

Theorem 2.5.5. Consider the matriz charge transfer model as in Definition 2.5.1. We
denote J(t) = U(t, O)JO and assume 1/70 is a scattering state relative to each Hj in sense of

Definition 2.5.4. Then for a Schridinger admissible pair (p,q) in R3, i.e.,

2 3 3
242 =CZ 2.5.1
PR (2.5.1)
with 2 < g < oo, p > 2, we have
; < OH ) ‘ . 2.5.2
Ui (oo, 2y = “ 110l 252

for some finite constant C'.

As in the scalar case, the proof Theorem 2.5.5 is based on certain weighted estimates
which rely on a bootstrap argument. Since the proof is basically identical as with the scalar
case, we do not carry out the details. We only discuss it briefly. Recall that in our proof,
there are several important ingredients: dispersive estimates for stationary potentials, the
boundedness of wave operators, the Kato smoothing estimate. All of them hold for the
matrix case. For the dispersive estimates for stationary potentials, one can find details in
[21, 51, 26]; for the boundedness of wave operators, the results are discussed in [21]; the
Kato smoothing estimates can be obtained as for the scalar case in [51]. Hence with the

remark at the beginning of the second section, and all the proofs above, we can conclude
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that Strichartz estimates hold for the matrix case.

Remark. With the dispersive estimate for matrix transfer models and the results on scattering
states, we can follow the proof in [51] to prove the asymptotic completeness for matrix charge

transfer Hamiltonians.

Similar to the scalar case, we also have the energy estimate.

Theorem 2.5.6. For JO e Hl = H! (R3) x H1 (RS), we have

sup 02,0} [, < Cllvollza (253

Corollary 2.5.7. For 150 e HF .= HF (Rg) x HF (R3) where k 1s a non-negative integer,
then we have

sup 1U(t,0)t0ll4x < C lltbollayn - (2.5.4)
S
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CHAPTER 3
STRICHARTZ ESTIMATES FOR WAVE EQUATIONS WITH
CHARGE TRANSFER HAMILTONIANS

3.1 Introduction

In this chapter, we study wave equations with charge transfer Hamiltonians in R3. To be
more precise, consider the wave equation with the time-dependent charge transfer Hamilto-
nian

Huy_—A+§Ew(x—@ﬂ (3.1.1)
j=1

where V;(z)’s are rapidly decaying smooth potentials and {17}} is a set of distinct constant
velocities such that

7] <1, 1<i<m. (3.1.2)

Due to the nature of our problem, we focus on initial data in the energy space. We will
prove Strichartz estimates, energy estimates, the local energy decay and the boundedness of

the total energy for a scattering state to the wave equation

Oyp + H(t)yp = 0 (3.1.3)
2

associated with a charge transfer Hamiltonian H(¢). Throughout, we use Oyu = %‘—,

2 .
up 1= a%u, A= Z?:l ﬁ and occasionally, [J := —0y + A.

3.1.1 Historical background

In this subsection, we briefly discuss some background of Strichartz estimates, reversed

Strichartz estimates.
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Our starting point is the free wave equation (Hy = —A) on R3
Oppu — Au =0 (3.1.4)
with initial data

u(z,0) = g(z), ue(z,0) = f(x). (3.1.5)

We can write down u explicitly,

u = %f + cos (tﬁ) g. (3.1.6)

Then for p > % and (p, q) satisfying

3 1 3
——S:—+—, 3.1.7
5 b g (3.1.7)
one has
lullgpra S Mlgll s + 1171 grs-r- (3.1.8)

Strichartz estimates (4.1.7), which are stated precisely in Theorem 4.2.1, are estimates of
solutions in terms of space-time integrability properties. The non-endpoint estimates for
the wave equations can be found in Ginibre-Velo [28]. Keel-Tao [37] also obtained sharp
Strichartz estimates for the free wave equation in R™, n > 4 and everything except the
endpoint in R3. See Keel-Tao [37] and Tao’s book [54] for more details on the subject’s
background and the history.

In R3, there is no hope to obtain such an estimate with the L%Lgo norm, the so-called
endpoint Strichartz estimate for free wave equations, cf. Klainerman-Machedon [38] and
Machihara-Nakamura-Nakanishi-Ozawa [42]. But if we reverse the order of space-time in-

tegration, one can obtain a version of reversed Strichartz estimates from the Morawetz
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estimate, cf. Theorem 4.2.3:

sin (t\/—A) <
=) , 3.1.9
‘ cos (t\/—A> gHLM < llgll g ) (3.1.10)

These types of estimates are extended to inhomogeneous cases and perturbed Hamiltonians
in Beceanu-Goldberg [3]. In Section 4.2 and Section 3.3, we will rely crucially on these

estimates and their generalizations.

Consider a linear wave equation with a real-valued stationary potential in R3,

H=-A+V, (3.1.11)
Opu+ Hu = Oppu — Au+ Vu = 0, (3.1.12)
u(z,0) = g(z), u(z,0) = f(x). (3.1.13)

One substantial difference between the perturbed Hamiltonian H = —A + V and the free
Laplacian —A is the possible existence of eigenvalues and bound states, i.e., L2 eigenfunc-
tions of H. For the class of short-range potentials we consider in this chapter, the essential
spectrum of H is [0, 00) and the point spectrum may include a countable number of eigenval-
ues in a bounded subset of the real axis that is discrete away from zero. We further assume
that zero is a regular point of the spectrum of H. Under our hypotheses H only has pure ab-
solutely continuous spectrum on [0, 00) and a finite number of negative eigenvalues. It is very
crucial to notice that if £ < 0 is a negative eigenvalue, the associated eigenfunction responds
| o (1)
to the wave equation propagators by scalar multiplication by cos (t\/E) or 1 both
of which will grow exponentially since v'E is purely imaginary. Thus, dispersi\i estimates

and Strichartz estimates for H must include a projection P. onto the continuous spectrum
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in order to get away from this situation.

The problem of dispersive decay and Strichartz estimates for the wave equation with a
potential has received much attention in recent years, see the papers by Beceanu-Goldberg

3], Krieger-Schlag [39] and the survey by Schlag [53] for further details and references.
The Strichartz estimates in this case are in the form:

sin <t\/ﬁ )

o Pel + cos (VH) Peg| S gl + 1l (3.1.14)

IPLd

with 2 < p, % = % + %. One also has the endpoint reversed Strichartz estimates:

sin (+VH)
Bl eos(WH) Pog| Sl + ol (3115)
LXL?

see Theorem 4.2.4.

There are extra difficulties when dealing with time-dependent potentials. For example,
given a general time-dependent potential V(x,t), it is not clear how to introduce an analog
of bound states and a spectral projection. The evolution might not satisfy group properties
any more. It might also result in the growth of certain norms of the solutions, see the book

by Bourgain [9]. In this chapter, we focus on the charge transfer Hamiltonian (3.1.1) in R3:
m

H(t)=-A+> V;(z—1jt), (3.1.16)
j=1

which appears naturally in the study of nonlinear multisoliton system, see Rodnianski-Schlag-

Soffer [52] for the Schrodinger model. For the wave model,

m
Opu—Au+ Y Vj(z—Tjt)u=0, [§|<1,1<i<m, (3.1.17)
j=1
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in this chapter, we prove Strichartz estimates, energy estimates, the local energy decay which
are essential to analyze the stability of multi-soliton states. In Chen [15], relying on this
linear model, we construct a multisoliton structure to the defocusing energy critical wave

equation with potentials in R3:

m
8ttu—Au+ZVj (x—ﬁjt)u+u5 = 0. (3.1.18)
j=1

We also analyze the asymptotic stability of the multisoliton. Since each bubble in the multi-
solion structure decays slowly like é, the interactions among each bubble are very strong.
Our linear theory and reversed Strichartz estimaes play a pivotal rule in the construction.

And it turns out that this model is the first multisoliton structure for wave equations in R3.

The study of Schrodinger equations with a charge transfer Hamiltonian can be found
in Rodnianski-Schlag-Soffer [51], Cai [10], Chen [11] and Deng-Soffer-Yao [23]. For the
Schrodinger model, there is no need to require |0;| < 1. In Rodnianski-Schlag-Soffer [51],
the authors proved the dispersive estimates for both the scalar and matrix Schrodinger
charge transfer models. They introduced Galilei transformations to interchange stationary
frames with respect to different potentials. Basically, they applied a bootstrap argument via
a semi-classical propagation lemma for low frequencies and Kato’s smoothing estimate for
high frequencies. With careful analysis of wave operators, the authors also obtain the results
on the asymptotic completeness. Their works inspired the subsequent development in Cai
[10] where the L' — L™ dispersive estimate is proved. Later on, by Chen [11], Strichartz
estimates for both the scalar and matrix Schrodinger charge transfer models were presented
based on a time-dependent local decay estimate and the endpoint Strichartz estimate for
the free equations. Alternatively, Strichartz estimates can be obtained by analysis of wave

operators, see Deng-Soffer-Yao [23].

Compared with Schrodinger equations, wave equations have some natural difficulties, for
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example the evolution of bound states of wave equations leads to exponential growth as we
pointed out above, meanwhile the evolution of bound states of Schrodinger equations are
merely multiplied by oscillating factors. The structure of wave operators in the wave equation
setting is not clear either. Moreover, the endpoint Strichartz estimate for free equations, an
important tool used in the paper [11], also fails for free wave equations in R3. Last but
not least, Lorentz transformations are space-time rotations, therefore one can not hope to
succeed by the approach used with Schrodinger equations based on Galilei transformations.
Galilei transformations are bounded in any LP space, but it is not clear under Lorentz
transformations whether the energy with respect to the new frame stays comparable to the
energy in the original frame. To the author’s knowledge, for wave equations with even
just one potential moving along a space-like line, Strichartz estimates, scattering, and the
asymptotic decomposition of the evolution are new. We refer to [12] for more information

on wave equations with one moving potential.

3.1.2 Charge transfer model and main results

Before we give the precise definition of our model, it is necessary to introduce Lorentz
transformations. Given a vector ji € R3, there is a Lorentz transformation L (j7) acting on
(z,t) € R3T! such that it makes the moving frame (x — fit,t) stationary. We can use a
4 x 4 matrix B(ji) to represent the transformation L (ji). Moreover, for the given vector

i = (ji1, po, 13) € R3, there is a 3 x 4 matrix M (i) such that
(v — jit)" = M (fi) (x,0)", (3.1.19)

where the superscript 1" denotes the transpose of a vector.

With the preparations above, we can set up our model. We consider the scalar charge

transfer model for wave equations in the following sense:
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Definition 3.1.1. By a wave equation with a charge transfer Hamiltonian we mean a wave
equation

m
Ot — Au+ Y Vi (z — Tjt) u =0, (3.1.20)
j=1

U‘t:O =9, atu’t:() = fv VIS ]Rga

where ﬁj’s are distinet vectors in R3 with
] <1,1<i<m. (3.1.21)

and the real potentials Vi are such that V1 <7 <m
1) Vj is time-independent and decays with rate (z)~“ with o > 3

2) 0 is neither an eigenvalue nor a resonance of the operators
Hj = -A+V; (S (7)) z) , (3.1.22)

where S (vj) z = M () B! (¥;) (x, 0.

Recall that v is a resonance at 0 if it is a distributional solution of the equation Hj1) = 0
which belongs to the space L2 ((:L‘>_J dm) = {f () 7 f € L2} for any o > %, but not for
o1,

Remark. The construction of S (17]) is clear from the change between different frames under
Lorentz transformations. In our concrete problem below (5.3.7), S (173) can be written down
explicitly.

To simplify our argument, throughout this chapter, we discuss the wave equation with a
charge transfer Hamiltonian in the sense of Definition 5.3.1 with m = 2, a stationary /] and

a V5 moving along €] with speed |v] < 1, i.e., the velocity is

7= (v,0,0). (3.1.23)
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Under this setting, by Definition 5.3.1,

Hi = —A+ Vi(2), (3.1.24)

and
Ho=—-A+1V, (\/ 1-— |U|2$1,J}2,x3) . (3.1.25)

It is easy to see that our arguments work for m > 2.

An indispensable tool we need to study the charge transfer model is the Lorentz trans-
formation. Throughout this chapter, we apply Lorentz transformations L with respect to
a moving frame with speed |v| < 1 along the z; direction. After we apply the Lorentz

transformation L, under the new coordinates, V5 is stationary meanwhile /] will be moving.
Writing down the Lorentz transformation L explicitly, we have

(

t' = (t —vay)
/
) =y (v —t)
(3.1.26)
Th = 9
Th = x3
with
1
I — (3.1.27)
1= Jof?
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We can also write down the inverse transformation of the above:

(

t = (t' + o))

/ /
1 =7y (27 + vt
1= (a0t (3.1.28)

.752:3:’2

:Egzxg
\

Under the Lorentz transformation L, if we use the subscript L to denote a function with

respect to the new coordinate (:c’ A ), we have

ur, (q:'l, xé,xé,t’) =u (fy (1:/1 + vt/) ,xlg, xé,fy (t/ + vx’l)) (3.1.29)

and
u(r,t) = ur, (v (v1 — vt) ,22,23,7 (t — vr1)). (3.1.30)
Let wy, ..., wy and my, ..., my be the normalized bound states of H and H9 associated
with the negative eigenvalues —\2, ..., —)\,Qn and —,u%, cee —p% respectively (notice that

by our assumptions, 0 is not an eigenvalue). In other words, we assume

Hyw; = = w;, w; € L2, \; > 0. (3.1.31)

Hom,; = —/Lzzmi, m; € LQ, i > 0. (3.1.32)

We denote by P, (Hy) and P, (H2) the projections on the the bound states of Hy and Ha,

respectively, and let P. (H;) = Id — P, (H;), i = 1,2. To be more explicit, we have

m L
Py(Hy) =Y (wj)wi, Py(Hy) =Y (-.mj)m;. (3.1.33)
1=1 7=1
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In order to study the equation with time-dependent potentials, we need to introduce a
suitable projection. Again, with Lorentz transformations L associated with the moving

potential Va(z — vt), we use the subscript L to denote a function under the new frame
(!, 1),

Definition 3.1.2 (Scattering states). Let

Opu — Au+ Vi(x)u + Vo(z — vt)u = 0, (3.1.34)

with initial data
u(z,0) = g(z), ue(z,0) = f(x). (3.1.35)

If u also satisfies
12y (1) u(t)ll g2 — 0, || Py (Ho) up (t')|| 2, = 0 £, — o0, (3.1.36)

we call it a scattering state.

Remark 3.1.3. Clearly, the set of (g, f) € H1 (]R?’) x L2 (R?’) which produces a scattering
state forms a subspace of H1 (]R?’) x L2 (]Rg). We will see a detailed discussion on this

subspace later on in Section 3.6.

Remark 3.1.4. Notice that in order to perform Lorentz transformations, one needs the
existence of global solutions. The existence and the uniqueness of global solutions to wave

equatioans with more general time-dependent potentials are presented by contraction argu-

ments in [12].

With the above preparations, we state our main results. First of all, we have Strichartz

estimates:
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Theorem 3.1.5 (Strichartz estimates). Suppose u is a scattering state in the sense of Def-

miation 5.5.2 which solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u =0 (3.1.37)

with initial data

u(z,0) = g(z), u(z,0) = f(x). (3.1.38)

Then for p > 2 and (p,q) satisfying

1 1 3
5= -1 3.1.39
25y ( )
we have
lull ze 0,00y, z2) S 11 L2 + [lgll - (3.1.40)

The above theorem is extended to the inhomogeneous case in Section 3.6.

As in [42], if we all the norm to be inhomogeneous with respect to the radial and angular

variables, one can recover the endpoint Strichartz estimate:

Theorem 3.1.6 (Endpoint Strichartz estimate). Let |v| < 1. Suppose u is a scattering state

in the sense of Definition 5.3.2 which solves

Opu — Au+ Vi(x)u + Vo(z —vt)u =0 (3.1.41)
with initial data
u(z,0) = g(z), w(x,0) = f(x). (3.1.42)
Then for 1 < p < oo,
2000y, zie22) S 17122 + gl (3.1.43)
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Next, one has the energy estimate:

Theorem 3.1.7 (Energy estimate). Suppose u is a scattering state in the sense of Definition

5.5.2 which solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u =0 (3.1.44)
with initial data
u(z,0) = g(z), u(z,0) = f(x). (3.1.45)
Then we have
Sup IVulp2 + lue@ll2) S I1fllg2 + gl - (3.1.46)

Associated with the energy estimate, we also have the local energy decay:

Theorem 3.1.8 (Local energy decay). Suppose u is a scattering state in the sense of Defi-

nition 5.3.2 which solves
Opu — Au+ Vi(x)u+ Vo(z —vt)u =0 (3.1.47)

with initial data

u(z,0) = g(z), uw(x,0) = f(x). (3.1.48)

Then for Ye > 0, |u| < 1, we have

| 1o = wth =2 (Vul + )|

Lo S g2 + lgll g

t,x
Even more importantly, we obtain the endpoint reversed Strichartz estimates for u.

Theorem 3.1.9 (Endpoint reversed Strichartz estimate). Suppose u is a scattering state in

the sense of Definition 5.3.2 which solves

Opu — Au+ Vi(x)u + Vo(z —vt)u =0 (3.1.49)
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with initial data

u(z,0) = g(z), ue(z,0) = f(x). (3.1.50)
Then
sup [ fute 0 de S (172 + ol ) (3151
x€R3JO0
and
sup [ fute -+ ot 02t S (172 + ol ) (3.152)
zeR3J0

With the endpoint estimate along (x 4 vt, t), one can derive the boundedness of the total

energy. We denote the total energy of the system as
E(t) = / IV eul? + [0pu)? + Vi [ul? + Va(z — vt) [uf? de. (3.1.53)

Corollary 3.1.10 (Boundedness of the total energy). Suppose u is a scattering state in the

sense of Definition 5.3.2 which solves

Opu — Au+ Vi(x)u + Vo(z —vt)u =0 (3.1.54)
with initial data
u(z,0) = g(z), ue(z,0) = f(x). (3.1.55)
Assume
Va1 < oo, (3.1.56)

then E(t) is bounded by the initial enerqy independently of t,

sup E(t) S 19 Nl 2 (3.1.57)
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3.1.3 Main ideas

Here we briefly discuss the main ideas in our analysis and sketch our proofs. We follow the
philosophy from Rodnianski-Schlag [50] that local decay estimates imply Strichartz estimates.
The main stream of ideas is that the endpoint Strichartz estimate implies weighted estimates,
based on which we can derive Strichartz estimates, energy estimates, the local energy decay,

and the boundedness of the total energy.

An essential step to approach wave equations with moving potentials is to understand
the change of energy under Lorentz transformations. In subsection 4.3, we show that the
energy along a space-like slanted line stays comparable to the energy of the initial data. This
in particular implies that under Lorentz transformations, the initial energy with respect to
the new frame is comparable to the initial energy of the original frame. As a byproduct, we
can also obtain Agmon’s estimates for the decay of eigenfunctions. The arguments hold for

all dimensions and even for wave equations with time-dependent potentials, cf. [12].

In order to handle time-dependent potentials, we need a time-dependent weight in the

local decay estimate, see Chen [11]. More precisely, we will show that for |v| < 1,

1

/R/R3 W“z(xv t)dzdt 5 ||(g, NI, o (3.1.58)

and

1
/R/R3 (x — vt>O‘U2($’t) dwdt 5 1I(9. f>”12fll><L2 : (3.1.59)

We notice that for a > 3,

1
// u?(z,t) dedt < sup /uQ(x,t)dt (3.1.60)
R J/R3 R

<x>o¢ z€R3

and

1 2 2
—u(x,t)dedt S sup / u“(x +vt, t)dt 3.1.61
[ g e s [ 2o ot (3.1.61)
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which are in the form of endpoint reversed Strichartz estimates. But we also need to integrate
over a time-like slanted line. These are carefully analyzed in Section 3.3. Intuitively, the
reversed Strichartz estimates are based on the fact that the fundamental solutions of the
wave equation in R3 is supported on the light cone. For fixed z, the propagation will only
meet the light cone once. Meanwhile, away from the light cone, the solution decays fast. We
note that a time-like slanted line will also only intersect the light cone only once, hence we
should have the same endpoint estimate along it. Our analysis crucially relies on these types
of estimates. Many estimates in Section 3.3 also hold for more general trajectories provided

that their speeds are strictly less than 1.

After performing the Lorentz transformation L, we have
uy, (mll, xé,mg,t/) =u (7 (xll + vt/) ,xlg,xé,'y (t/ + vmll)) (3.1.62)

and

w(z,t) =up, (v (x1 —vt),x9, 23,7 (t —vxy)). (3.1.63)

It is crucial to notice that from the expressions above, the standard endpoint Strichartz
estimate for u is equivalent to the endpoint Strichartz estimate along a slanted line for up,
and vice versa. It is important to note that with the above fact, we can always apply Lorentz
transformations to exchange different frames if we consider several endpoint Strichartz esti-

mates together.

Based on the observations above, we apply a bootstrap procedure for the case with two
potentials. Let

u® (z,t) = u(z + vt, b).

For a scattering state in the sense of Definition 5.3.2, we show that the bootstrap assumptions

with big constants C (1) and Co(T),
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T 2
sup, [ futa.)2de < o) (112 + ol ) (3.1.64)

z€R3
and
T 2 2
sup [ [u¥ )| e < o) (1812 + ol ) (3.1.65)
x€R3 /0
imply
T 5 _ 1 9
sup [ futw )t < (ot 5010 (112 + ol ) (3.1.66)
x€R3 J0
and
T 2 ~ 1 2
sup /O oS (@)t < (02+§c2<T>) (17112 + gl )~ (3.1.67)
xe

Then we can conclude

T 2
sup [ fute. ) de < € (172 + ol ) (3169
z€R3 /0
and
T 2 2
sup [ [ (@) e < € (1512 + ol ) (3.1.69)
zeR3 /0

for some constants C'; and C9 independent of T" by the bootstrap argument. Therefore, as
we pointed out above, we obtain two local decay estimates (3.1.58) and (3.1.59). To run the
bootstrap argument, we use the fact that the distance between Vj and Vo becomes larger
and larger and both potentials are of short-range. Therefore, for different regions in R3,
the evolution will be dominated by different Hamiltonians. To make this intuition precise,
in Section 3.4, we apply a partition of unity to carry out the decomposition into channels.
For each channel, we use Duhamel’s formula to compare the evolution to the associated
dominating Hamiltonian. For every dominating Hamiltonian, both of the endpoint estimates
hold. In each Duhamel expansion, based on the fact that V; and V5 move far away from

each other, it suffices to consider the endpoint estimates of the following integrals,
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ka(x,t) = /Ot_A o ((i;ﬁ@ﬁ) P.F ds. (3.1.70)

and

ki(x, t) :=ky(z + vt t).

From Section 3.3, we have

t—A sin <(t - s)ﬁ)

ksl orgam = | ) L nrds
L LF[AT)
S %<HFHL3€L?+HF”L§’1L3> (3.1.71)
and
¥ 0 Ler2aT] 3 (”F”Léig - ||F||Lm> . (3.1.72)

Therefore for A > 0 large but independent of T', this term can be absorbed to the left-hand
side to improve our bootstrap assumptions.

From (3.1.58) and (3.1.59), Strichartz estimates follow from the general scheme intro-

duced in Rodnianski-Schlag [50, 40].

Organization

The chapter is organized as follows: In Section 4.2, we discuss some preliminary results for
the free wave equation and the wave equation with a stationary potential. We will also
analyze the change of the energy under Lorentz transformations. In Section 3.3, estimates
of homogeneous and inhomogeneous forms of wave equations along time-like slanted lines
will be discussed. In Section 3.4 and Section 3.5, we show Strichartz estimates, energy

estimates, the local energy decay and the boundedness of the total energy for a scattering
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state to the wave equation with a charge transfer Hamiltonian. In order to consider nonlinear
applications, in Section 3.6 we discuss inhomogeneous Strichartz estimates and local decay
estimates. Finally, in Section 4.6, we confirm that a scattering state indeed scatters to a

solution to the free wave equation.

3.2 Preliminaries
In this section, we present some preliminary results on wave equations to prepare further

discussions in later sections. Throughout, we will only consider equations in R3.

3.2.1 Strichartz estimates and local energy decay

We start with the regular Strichartz estimates for free wave equations.

Consider the free wave equation,

Oppu — Au = F (3.2.1)

with initial data

u(z,0) = g(z), u(z,0) = f(x). (3.2.2)

We can write down the solution using the Fourier transform:

sin - t sin —38)V—
u = %f + cos <t\/I> g +/0 ((t\/%\/_A) F(s)ds. (3.2.3)

It obeys the energy inequality,

t
Eplt) = / ()2 + [Vu(t)]? dz < / 2+ Vgl da +/ / F(s)[2 duds. (3.2.4)
R3 R3 0 JR3
We also have the well-known dispersive estimates for the free wave equation (Hg = —A) on
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sin (t\/—A) 1
— S IV 7 (3.2.5)
\/1 Loo(RS) ‘t| Ll(RB)
1
Hcos <t\/ —A) gHLOO(R3) < i HAQHLl(R?’) : (3.2.6)

Notice that the estimate (4.1.6) is slightly different from the estimates commonly in the
literature. For example, in Krieger-Schlag [39], one needs the L' norm of D2%g instead of
Ag. One can find a detailed proof in [12] based on an idea similar to the endpoint reversed
Strichartz estimate.

Strichartz estimates can be derived abstractly from these dispersive inequalities and the
energy inequality. The following theorem is standard. One can find a detailed proof in, for

example, Keel-Tao [37].

Theorem 3.2.1 (Strichartz estimate). Suppose
8ﬁu —Au=F (3.2.7)

with initial data

u(z,0) = g(z), u(z,0) = f(x). (3.2.8)

Then for p, a > %, (p,q), (a,b) satisfying

3 1 3
-—s=—-+- 3.2.9
5 P (3.2.9)
3 1 3
o= 8S=—4 = 2.1
2 ° a + b (3:2.10)
we have
HUHLng 5 Hg“HS + ||fHHsfl + ”FHL‘;/LZI (3211)
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+ L =1, = 1.

a

S

+

S =
S

where

The endpoint (p,q) = (2,00) can be recovered for radial functions in Klainerman-
Machedon [38] for the homogeneous case and Jia-Liu-Schlag-Xu [34] for the inhomogeneous
case. The endpoint estimate can also be obtained when a small amount of smoothing (either
in the Sobolev sense, or in relaxing the integrability) is applied to the angular variable, by

Machihara-Nakamura-Nakanishi-Ozawa [42].

Theorem 3.2.2 ([42]). For any 1 < p < 0o, suppose u solves the free wave equation

8ttu —Au=0 (3.2.12)
with initial data
u(z,0) = g(x), ur(x,0) = f(z). (3.2.13)
Then
lull 2oz, < C@) (1022 + gl ) (3.2.14)

The regular Strichartz estimates fail at the endpoint. But if one switches the order
of space-time integration, it is possible to estimate the solution using the fact that the
solution decays quickly away from the light cone. Therefore, we introduce reversed Strichartz
estimates. Since we will only use the endpoint reversed Stricharz estimate, we will restrict
our focus to that case. The detailed proof for free equations is presented for the sake of

completeness.

Theorem 3.2.3 (Endpoint reversed Strichartz estimate). Suppose

8ttu —Au=F (3.2.15)

with initial data

u(z,0) = g(x), ur(x,0) = f(z). (3.2.16)
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Then

lull poor2 S W fllL2 + [lgll g + HFHL%JLQ, (3.2.17)
@ L
and for T >0,
[ell oo p2p0.7) < 1l g2 + gl o + 1FI 5 : (3.2.18)
Lz Lt [OaT] L H L%’IL%[O,T]

Proof. Writing down u explicitly, we have

sin — tsin ((t — s)v/—
u= @?\/A_A)f + cos (tﬁ) g +/0 ((t&m) F(s)ds. (3.2.19)

We will analyze each term separately. By symmetry, we may assume that ¢t > 0.

For the first term,

sin (tV=A8) 1
Tf = Int |x_y|:tf(3/)0'(dy)- (3.2.20)

So in polar coordinates,

—Sin\(;\_/_;_A)f ; < /OOO (/Sf(x+rw)rdw)2dr
< (/OOO/Sf(x—i—rw)QTdedr) (/SQ dw)
S lIF1I2 -
Therefore,
—Sinfj\_/—;_A)f o SIlg2 (3:2.21)
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For the second term,

0 2
- / (/zg T+ rw dw—l—rarg(:v—krw)d) dr
0 S
o0
/ /2 (x + rw) dw) dr—i—/ / (0rg (z + rw) dw)? r? dr
0 S
0
(/ g(x+rw) dwdr) (/ dw)
0 S2 S2
0
(/ / Org (x +rw) dwr2d7’> </ dw)
0 S2

< 1Vol7s,

fos (3

AN

AN

where for the last inequality, we applied Hardy’s inequality

-1
1217 ]|, S gl (3.2.22)
Therefore,
Hcos <t\/—A> oepr SIVallp2. (3.2.23)
x
For the third term,
tsin ((t — s)v—A t 1
/ sin (( s) )F(s) ds — / / F(y, s) o (dy) ds
0 V—A L2 0 J|z—y|=t—s lz -y 2
1
= ——F(y,t— |z —yl|) dy
|,’E—y|<t |$ - yl L?
S [Pl =l i
S s / 1P D)l do
z€R3 ‘
< | F
Sl IILg 1

3
where we applied Minkowski’s inequality in the third line. Here L2 is the Lorentz space.
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In the last inequality, we apply the following fact:

sup/ Ih@)l dx = sup/ de. (3.2.24)
y€ER3 R3

R3 |z —y] JER3 ||

Then for fixed y, we apply Holder’s inequality for Lorentz spaces, see Theorem 3.5 in O’Neil

[48],
h(x — h(z — 1
e |RE L el g, B229)
R3S |7 2| g Tl g3 L2
Notice that
[h(z =yl 3, =) 3. (3.2.26)
L% L%
Therefore,
h
sup/ Ih@)l dzx < ||h|| (3.2.27)
y€R3 Rs |'T |
Hence
tsin ((t — s)vV—A
/ sin (£~ 5) )F(s)ds S 5, (3.2.28)
0 V-4 Loor? L3 1}

We also notice that for T" > 0,

with

F(s)ds

/t sin ((t — s)vV—=A)
0 V-A

1
L2[0.7] ja—y|<t 1T Y L2[0.7]

0<t—|z—y|l<T,

whence

/t sin ((t — s)v—A) F(s) ds
0

VA

1
/ L =ty dy
\x—y|<t [z =y

‘ ‘HF Y, )HLQOT]d?/

L2(0,7T) - ' L2[0,7)

N

S IFN 3, :
L3 L30T
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Therefore,

F(s)ds SIEN 8, : (3.2.29)

20712
L2[0.T) L Li0.T]

/ sin ((t — s)v—A)
0 V-A

The theorem is proved. O

The above results from Theorem 4.2.1 and Theorem 4.2.3 can be generalized to wave
equations with real stationary potentials.
Denote

H=-A+V, (3.2.30)

where the potential V' satisfies the assumption in Definition 5.3.1.

Consider the wave equation with potential in R3:

Opu — Au+Vu=0 (3.2.31)

with initial data

u(z,0) = g(z), w(x,0) = f(x). (3.2.32)

One can write down the solution to it explicitly:

U= o Ej_\/_) f +cos (t\/_) (3.2.33)

Let P, be the projection onto the point spectrum of H, P. = I — P} be the projection onto
the continuous spectrum of H.

With the above setting, we formulate the results from [3].

Theorem 3.2.4 (Strichartz and reversed Strichartz estimates). Suppose H has neither

eigenvalues nor resonances at zero. Then for all0 < s <1, p > %, and (p,q) satisfying

3
Sos=-42 (3.2.34)



we have

sin <t\/ﬁ>

-~ 7 < . .
i Fel eos (W) Peg| Sl 1o (3.2.35)

rrLd

For the endpoint reversed Strichartz estimate, we have

sin (t\/ﬁ )

i Ped - cos (WH) Peg S £z + llgl g, (3.2.36)

LPL?

/t sin <(t — s)\/ﬁ>
0

P.F(s)ds < ||F , 3.2.37
\/ﬁ Cc ( ) , ~ || || §’1L% ( )
Lo Ly
and for T > 0,
tsin ((t— s)VH
<< ) ) P.F(s)ds S||F] 3 : (3.2.38)
0 vH ‘ ~ T 2
LS L2[0,T] o

One can find detailed arguments and more estimates in [3]. The above theorem can
also be established by passing the estimates for free wave equations in Theorem 4.2.1 and
Theorem 4.2.3 to the perturbed case via the structure of wave operators. This general

strategy is discussed in detail in [12].

Remark 3.2.5. In [3], the above theorem is shown for potentials V with a finite global Kato

norm. The Kato space K 1is the Banach space of measures with the property that
V()|

Vil = dz. 3.2.39
Wi = s, [ 1o (3:2:39

They consider the space of potentials V' which are taken in the Kato norm closure of the set

of bounded, compactly supported functions, which is denoted by Kq. Note that from estimate
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3
(3.2.27), L2 C K |

Next, we formulate one fundamental mechanism of wave equations: local energy decay.

It suffices to consider the half-wave operator.

Theorem 3.2.6 (Local energy decay). Ve > 0, one has

|+ lan72meetv=2y

1z, e Iflzg. (32.40)

See Corollary 3.2.11 for a more general formulation with time-dependent weight. A
detailed proof can be found in the appendices in [12].
The following Christ-Kiselev Lemma is important in our derivation of Strichartz esti-

mates.

Lemma 3.2.7 (Christ-Kiselev). Let X, Y be two Banach spaces and let T be a bounded
linear operator from Ls (R+; X) to L7 (R+; Y), such that

Tf(t) = /OOO K(t,s)f(s)ds. (3.2.41)

Then the operator
_ t
Ty = / K (t,5)(s) ds (3.2.42)
0

1s bounded from L? (R+; X) to L7 (R+; Y) provided B < v, and the
|7[ < e im (3.2.43)

with

C(B,) = (1 - zi‘é) o (3.2.44)
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3.2.2  Lorentz Transformations and Energy

In this chapter, Lorentz transformations will be important for us to reduce some estimates to
stationary cases. In order to approach our problem from the viewpoint of Lorentz transfor-
mations, the first natural step is to understand the change of energy under Lorentz transfor-
mations. In this subsection, we show that under Lorentz transformations, the energy stays
comparable to that of the initial data. Recall that after we apply the Lorentz transformation,

for function u, under the new coordinates, we denote
uy, (x’l, xé,xé,t/) =u (7 (m'l + vt/) , b, xg, v (t/ + vxll)) . (3.2.45)

Now let u be a solution to some wave equation and set ¢ = 0. We notice that in order to
show under Lorentz transformations, the energy stays comparable to that of the initial data

up to an absolute constant, it suffices to prove

/ Vot (21, 22, 73, v21) [ + |Opu (21, 29, 23, va1 )| do

:/]qu (1,29, 23,0)|% + [Oru (21, 29, 23, 0)|? da. (3.2.46)

provided |v| < 1.
Throughout this subsection, we will assume all functions are smooth and decay fast. We
will obtain estimates independent of the additional smoothness assumption. It is easy to

pass the estimates to general cases with a density argument.

Remark 3.2.8. One can observe that all discussions in this section hold for R™. We choose
n = 3 since we will only consider the charge transfer model in R in later parts of this

chapter.

In this subsection, a more general situation is analyzed. We consider wave equations with
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time-dependent potentials

Opu — Au+ V(z,t)u =0 (3.2.47)
under some uniform decay conditions

V(@ p21)] S ﬁ (3.2.48)

uniformly for 0 < |u| < 1. These in particular apply to wave equations with moving

potentials with speed strictly less than 1. For example,
V(z,t) =V(x —vt) (3.2.49)

with

V()] < # (3.2.50)

Theorem 3.2.9. Let |v| < 1. Suppose

Opu — Au+V(z,t)u=0 (3.2.51)
and
Ve pm)| S g (3:252)
(z)

uniformly with respect to 0 < |u| < 1. Then

/ Vau (21, v9, 23, v21) [ + |Opu (21, w2, 23, vary )| da

:/]qu (xl,:cz,:cg,O)\Q + |Oru (xl,xg,:cg,O)\Qda:, (3.2.53)

where the implicit constant depends on v and V.
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Proof. Up to performing a Lorentz transformation or a change of variable, it suffices to show

/ Vot (21, 22, 73, v71) ] + |Opu (21, 29, 23, va1 )| do

S/|VxU(3?17$2,$3,0)|2+latU($1,$2,$3,0)|2diU-

Set

El(’u):/|qu<$1,$27173,/,bx1)|2d$,

EQ(,U):/‘atu(xlax27$3muxl)|2dx‘

(3.2.54)

(3.2.55)

(3.2.56)

In the following computations, for a function f(z,t), we use the short-hand notation

[ao= | traza o) de
R?’

Then
dF,
v 2 | 11Vau (21, 22,73, p1) Vaur (w1, v, 23, pry) dv
= Q/xlvxuvxut dx
and
dF»
v 2/331(9tu (21,72, 23, pr1) Oppu (21, T2, 3, piwy) dz

= Q/xlatuattudx.

Integration by parts in (3.2.57) gives

an
dp
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(3.2.57)

(3.2.58)

(3.2.59)



And using the fact that u solves the wave equation implies

E
% = Q/xlatu -Audr — 2/x16tu -Vudz. (3.2.60)
1

Consider the following integral appearing as the last term in (3.2.59),

/$1ax1Ut ug dx. (3.2.61)

Integration by parts in z, one has

/xl&clut-utdas = —/|ut|2d:v—/a:18x1ut-ut da:—u/xlut-utt dx.

Therefore,

1 dE
/xlﬁxlut cupdr = —3 / lug)? do — %d—i (3.2.62)

Combining identities (3.2.59), (3.2.60) and (3.2.62) together, we have

2
/ /,[/ /
B+ (1= ) By = H ),
where
H(p) = —2/895115 cup dr — Z/xlﬁtu Vudx + ,u/ |ut|2 dx. (3.2.63)

By Cauchy-Schwarz and Hardy’s inequality,

[H()| S Ex(p) + Ea(p),

and hence

! 2 /
By 0+ (115 ) B2 0] a0+ Bal) (3:2.64)
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Setting

one has
By = B0+ (1- ) Bo() — nato
and
B3| S E1(0) + Bap) + nBa() S Br() + Ea(p)
by (3.2.64).

Since 0 < p < 1,

2
Bl + 2 S B )+ (1= ) B2 ) = By (32,69
Es()| S Es(1). (3.2.66)

Applying Gronwall’s inequality,
E1(p) + E2(p) < E3(p) < e'E3(0) S E1(0) + E2(0). (3.2.67)

Therefore, by the definitions of Eq(u) and E(u), we have

/ Vyu (21, w9, 23, v21) % + |Opu (21, 22, 23, va1 )| da

5/|qu(x1,x2,x3,0)|2+latu(xl,xg,x3,0)|2dx

The theorem is proved. O

Remark 3.2.10. The above theorem can be also obtained by local energy conservation and

the control of the energy flux. And this approach will only require the potential to decay with
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rate (z) 2. See [12] for more details.

Applying Theorem 5.3.6 in the setting of Theorem 4.8.2, we obtain a more general for-

mulation of the local energy decay estimate.

Corollary 3.2.11. Ve > 0 |fi| < 1, one has

1 .
|+ lz— =2 ectV=Ay]

1z, e Iflzg. (3:2.68)

As a by product of Theorem 5.3.6, we obtain Agmon’s estimates [1] for the decay of

eigenfunctions associated with negative eigenvalues. One can find a detailed proof in [12].

3.3 Estimates along Slanted Lines

In order to obtain reversed Strichartz estimates for wave equations with moving potentials,
we need to understand the analogous estimates along slanted lines. With the results from
subsection 4.3, we first consider the estimates along slanted lines for free wave equations.
For the free evolution, the results can be obtained by explicit calculations with the Kirchhoff
formula or the Fourier transforms, for example see the calculations in [12]. In this section,
we will approach those estimates with a viewpoint of Lorentz transformations. The reason

is that this approach will be more consistent with our construction later on.

3.3.1 Free wave equations

First of all, we will consider

Oppu — Au = 0, (3.3.1)

with initial data

u(z,0) = g, ut(z,0) = f(x). (3.3.2)
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We can write
sin (t\/ —A)
V&

By our preliminary discussions in Theorem 4.2.3, we know

u(z,t) =

f + cos (t\/j) g. (3.3.3)

lull o2 S 1 fllz2 + Vol L2 - (3.3.4)
x x x

We consider an analogous estimate to (3.3.4) along slanted lines. To be more concrete,

we integrate u? along slanted lines

(x 4+ vt, t) = (1 + vt, x9, 3, t) (3.3.5)
Denote
wS (2, t) = u(z + vt, 1), (3.3.6)
we estimate
S
. 3.3.7
Hu ’ LeL? ( )

Lemma 3.3.1. Let [v| < 1 and suppose u solves

8ttu —Au=0 (3.3.8)
with initial data
u(0) = g, ut(0) = f. (3.3.9)
Then
S
[ ez 17022+ gl (3.3.10)

Proof. Recall that performing the Lorentz transformation with respect to v, in the new
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frame, one has
uy, (x’l, :Elz,x%,t/) =u (7 (xll + vt/) ,xlz,xg,y (t/ + vx’l)) (3.3.11)

and

Byprug, — Agug, = 0. (3.3.12)

Notice that from (3.3.11), to estimate the LgOL% norm of
u® = u(z +vt, t), (3.3.13)

is equivalent to integrating of uy along t' up to a multiplication of an absolute constant only
depending on v and 7.

Therefore, by the endpoint reversed Strichartz estimate for uy, we have

[+

Leor? S llurllpgerz S 10ur ) 2 + lurO)ll o S WFllL2 + gl g (3.3.14)

where in the last inequality, we apply Theorem 5.3.6 with V' = 0. [

3.3.2  Wave equations with stationary potentials

In this subsection, we consider the perturbed Hamiltonian,
H=-A+YV, (3.3.15)
and the wave equation with potential,

Oopu+ Hu =10 (3.3.16)
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with initial data

u(z,0) = g, u(x,0) = f.

The results in this section can always be obtained by the related estimates for the free case
via the structure formula of wave operators, cf. [12]. But in order to make our exposition
self-contained, we will prove all estimates independent of the structure formula.

For simplicity, from now on till the end of this section, we will assume g = 0. For the

other case, the analysis is similar with L2 norm replaced by H! norm.

Theorem 3.3.2. Let |[v| < 1 and set

u(zr,t) = ——==P.f. (3.3.17)

Denote
Oz, t) = u(x + vt, t) (3.3.18)

then
( u

Proof. By Duhamel’s formula, we write

pr S 1Pz S 152 (3.3.19)

w(at) = sm( Pcf /sm ((t—ys) A)Vsingjﬁ\/ﬁ)

= A+ B (3.3.20)

P.f ds,

Now consider the estimate along slanted lines. The estimate for A is known from the free

evolution, Lemma 3.3.1. For the second term, we use the explicit representation of the free

ATAN
Set

F(s)ds (3.3.21)




along slanted lines. First of all, by our preliminary results, Theorem 4.2.3,

1Dl por2 S NEN 54 - (3.3.22)
* L2 L}

For the estimate along slanted lines, by Kirchhoft’s formula, we know

D5(x,t) := D(x + vt, t) / /| _FWS) oy s (3.3.23)

ot —y|=t— s‘x"i‘vt_y‘

and

F
L |z+vt—y|=t—s ’x+vt_y’ 12
t
F t—uy,t—
ly| <t i L2
< / [Pz =yt =ly+oi)]
R3 ’y+Ut| L%
< / \F(x—y,t—lervtl)\dy |
3 2 2
R VY2 T3 12
t

where in the third line, we use a change of variable and for the last inequality and reduce
the norm of y to the norm of the component of y orthogonal to the direction of the motion.

Finally,

ot | F(z—y,t — |y +vt])] 2
/ Fla—yt—|y+ot]) , </ Li 4
R3 R3

) 2 Y o / 2 2 Y
Y5 T Y3 L% Y5 + Y3

For fixed y, if we apply a change of variable of ¢ here, the Jacobian is bounded by 1 — |v|

(3.3.25)
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and 1+ |v|, so

Flr—y,t—|y+ ot 2 Flx—y,- 2
/" 1E( | DHLtdy < L/'!I HL
R? VY3 + 3 RS\ 3 + v}
S ||FHL1 L L2 (3326)

where Z7 denotes the subspace orthogonal to 21 (more generally, the subspace orthogonal to
the direction of the motion). Here L?! is the Lorentz norm and the last inequality follows

from Holder’s inequality of Lorentz spaces. Therefore,

10|, 2 S IFI gy g2 (3.3.27)
x 1721
By a similar discussion as the estimate (3.2.29), we also have for T' > 0,
|p serzom S Wy 220 (3.3.28)
With estimate (3.3.27), we know for u”(x,t) := u(x + vt, t),
sin (t )
‘ W o2 S N Pefllpe + VTPcf
L}, LAL2
sin (Nﬁ)
< |P + |V ——2FP,
IPefllp2 + 1V 1 el cf
LeL
S IPAllge + VI, 20 1Peflz2 (3.3.29)
17 xq

SR ATER

where in the third line, we use the endpoint reversed Strichartz estimate of the wave equation

with potentials as Theorem 4.2.4.

109



Therefore,

H“”LgoLtZ S ”PCf“L% S HfHLQZE (3.3.30)
o5z 5 1Pz 5 U1 (3331)
as claimed. 0

As a byproduct, we have the following inhomogeneous estimates from (3.3.27) and (3.3.28).

Corollary 3.3.3. For |v| < 1 we have

_Fly,s)
o(dy)ds SUIEN G 2000, (3.3.32)
|z+vt—y|=t—s |:l? + vt —y| [002 LflﬁlLﬁ L
T 't
and for T > 0,
_Fly.s)
o(dy)ds SIF| 21 : (3.3.33)
|z+vt—y|=t—s ]:L’ + vt —y| Lo L2(0.T] L:%:leAl L7[0,T)

From the discussion above, we can also obtain the following truncated versions of inho-

mogeneous estimates which are crucial in our later bootstrap arguments.

Corollary 3.3.4. Suppose A > 0 and |v| < 1, then

t=Agin ((t — s)vV/—A
sup / (E=)V=8) py = TIFlL . (3.3.34)
e 7o VoA L[4.00)
and for T > 0,
t=Asin ((t — s)vV—A) 1
sup / Fds S—=\F|l;172 : (3.3.35)
T 0 vV—A L? A7) A Ly L (0,7
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Similarly,

1
sup S < IFlpyps

t—A F
/ / W) s
|z+ut—y|=t—s |35 + vt —y|

and for T"> 0

t—A
F
/ / _Fly.s) o (dy)ds
|e+vt—y|=t— s|x+vt—y|

Proof. By a similar discussion above with Kirchhoff ’s formula,

L7[A,00)

sup

L2[AT)

F(s)ds

/tA sin ((t — s)v/—A)
0 VAN

L2[A,0) |

S LLZVHIEAR

Flx —y,t—
/ (x =yt —lyl) dy
A<y|<t |

F(r —y,t—y|)llr2
5/ [|F'( =YDl 3 "
A<ly|

|yl

~ Z ”FHL%@

Therefore,

/t—A sin ((t — s)v—A) F(s) ds
0

1
< =

LPL2[A,00)

With the same argument as (3.3.28), we also have

/t—A sin ((t — s)vV—=A) F(s) ds
0

VA

) NAHFHLU;?()T}
L7 [AT]

Similarly to the way we derive estimates (3.3.32) and (3.3.33), one obtains

=4 _Fly,s)

o(dy)ds
r+ut—y|=t—s |33+Ut_y|

S 1Pl e

| LPL2[A,00)

111

(3.3.36)

(3.3.37)

L}[A,00)

(3.3.38)

(3.3.39)

(3.3.40)

(3.3.41)



=4 _ Fly,s)

o(dy)ds
T+ut—y|=t—s \:c—i—’ut—y\

1
< 1 HFHL%L?[O,T} . (3.3.42)
LPLZ[AT]

We are done. O

Next, we consider estimates in inhomogeneous forms for the perturbed evolution along
slanted lines. In the following proofs, essentially, we pass the effects caused by the integration
along slanted lines to the free evolution by Duhamel expansion and use the standard case
for the perturbed evolution.

Define

k(1) = /Ot - (<t\;ﬁs)\/ﬁ> P.F(s)ds. (3.3.43)

Then from the endpoint reversed Strichartz estimate, Theorem 4.2.4, we have

Ikl porz SIFN 5, - (3:3.44)
v L2 L}
Theorem 3.3.5. Let |v| < 1 and suppose H = —A + V' has neither resonances nor eigen-
functions at 0. Define
k3 (2,t) = k(z + vt, t). (3.3.45)
Then we have
k SIENy p2ape HIFIN 3, (3.3.46)
‘ LeL? Ly Lz L L2
and for T > 0,
F 3.3.47
150 e a0y S WPy 2200y + 1 [T (3.3.47)

where 1 is the subspace orthogonal to to €].
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Proof. By Duhamel’s formula, we write

sin <(t — s)\/ﬁ)

g REe) = —=x BRI
sin ((t — m)v/— sin ( (m — s)VH
B /: ((t \/__A)\/_A)V ( f) ) s
Therefore,
sin —s)VH sin — s)/—
/Ot ((t\/ﬁ) H>Pchs _ /t ((t\/_)A\/_A)F(s)ds
sin ((t — m)v/— sin ((m — s)VH
// t\/—_i\/_A)V <( \/ﬁ) H>PCF(8)dmds,

Denote

R(z,t) == /O t /S *sin (¢ \—/%M) o <(m _ SWE) P.F(s) dmds (3.3.49)

VH
and

R(z,t) := R(z + vt, t). (3.3.50)

Then
k H H , 3.3.51
‘ LeL? ™ LPL? LPL? ( )

where

F
D3 (x,t) = D(x + vt, 1) / / _FWS) s (3.3.52)
|z+ut—y|=t—s |x+vt —

From Corollary 3.3.3, we know

|»

LOOLQ ~ HFHLI L L2 (3353)
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To estimate

PeF(s)dkds|| (3.3.54)
L

s (0 K)VR) s ((k—s)vH)
I e v

we notice that with an exchange of the order of integration,

sin ((# — _ sin — s)WVH
R(z,t) = /Ot /St ((t\/%\/_A) Vv <(k\/y) H) P.F(s) dkds

B Esin ((t — k)vV-A47) kvsin<(k—s)\/ﬁ)
e wd V et

P.F(s)ds | dk.  (3.3.55)

Then applying our estimate for the free evolution estimate in the inhomogeneous case, Corol-

lary 3.3.3, we have

g t sin ((t - s)VH)
R (m,t)‘ < /v P.F(s)ds
H LeL? 0 VH ¢ oo
L 1213
< gl Gl A0 P (33.56)
Vv 2.1 / P.F(s)ds 3.3.56
~ LL L2 [T ¢
A " 1L}
<|F
SIF §,1Lg

where in the third inequality, we use the endpoint reversed Strichartz estimate (3.3.44).

Therefore, we conclude that

Hks‘ LoeL? S H S‘ LoeL? H S‘ Loe L2
o o o Ly
5 F 21,9+ ||F| 3 . 3.3.57
H ||[9101 [9?1 [? ” “ 3,1 ? ( )
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When we restrict to [0, 7], as above, we can obtain

The lemma is proved.

(3.3.58)

F
LOOL2 OT] ~ || ||L1 L2 ILQ[OT + ” “L% 1L2[O’T]

O

To prepare our bootstrap arguments in the later section, similarly to the free case, we

also consider the truncated versions of the above estimates

By the same method we used to estimate

/tsm <(t_s>\/ﬁ>PF( )d (3.3.59)
; N - F'(s)ds 3.

along slanted lines, we obtain the following:

Corollary 3.3.6. For |v| <1 and A > 0, suppose H = —A +V has neither resonances nor

eigenfunctions at 0. Let

t—A sin ((t - s)\/ﬁ>
kg(- t) = P.F(s)ds. 3.3.60
acn = [ () (3:3.60
Then
1
Wkl peor2iac0) S (HFHLng + ||| 4 ?) , (3.3.61)
and for T >0,
1
Weall oo rzramy < 5 (1F N L2 rzpom + ||FH 31 . (3.3.62)
* ’ 27 L2[0,T)
Define
(3.3.63)

K3 (2,1) = kg (o + vt 1).
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then

i)

1
S—|IIF F . 3.3.64
L213A00) ¥ A (” I3t HL%L?) 3300

and for T >0,

e

1
S—1|IF] 3 +||F|| 7172 . (3.3.65)
L%OL% [A,T) A ( Lg’lLQ [0,7] Ly Li[0.T]

t )

Finally, in order to handle moving potentials, we consider some estimates with inhomo-
geneous terms along slanted lines:
Setting
F3(x,t) = F (z + vt,t) (3.3.66)

we have the following results.

Lemma 3.3.7. Let A >0 and |fi| < 1, |v| < 1. Suppose

t=Asin ((t — 5)vV—A
Da(z,t) = / sin ({t ) )F(s) ds, (3.3.67)
0 V—A
DS (1) = ga(w + fit,1). (3.3.68)
We have
Ly Ls
||DA(x’t)||LgOL?[A7OO) S 1 HF ‘ 2975 (3.3.69)
1
DS (x, t ’ < HFS‘ 3.
H Az, 1) Lo I2[Ac0) ~ A iz (3.3.70)
and for T > 0,
Ly -s
||DA($7t)||L§oL%[A’T] S A HF ) L2, (3.3.71)
1
DS t’ <—HFS‘ . 3.72
H A, 1) Lo r2AT] © A LLL20T] (3.3.72)
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Proof. We know explicitly,

Dyl t) = /0 - /| FW5) s (3.3.73)

x—y|=t—s |z —yl

Taking z = y — sv, we have

t—A I

Date.t)| = )y

|r—y|=t—s [z —y|

t—A S

EEACL)E

|r—z—vs|=t—s ’m_z_vs‘

t—A FS(z —vs —m,s)

S / / dmds (3.3.74)
m|=t—s ’m‘
- ‘Fs(x—v(t—\m])—m,t—\m])
< / / dmds
m|=t—s Im|

<%/‘Fs(x—v(t—|m|)—m,t—|m|) dm

In the third line above, we apply a change of variable m = x — z — vs and in the fifth line,
we again apply a change of variable v |m| + m = h with bounded Jabobian.

Therefore, if we set ¢ = v (t — |m|) +m, we have

DG Nang S 5 [F5@ 0.5 da
S ZHF ‘L%L% (3.3.75)

The estimate for HDj(m, t)‘ is the same as we did for Corollary 3.3.4. Hence we obtain

LPL?

<3l

L LA S A (3.3.76)

S
| D5y e
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The the same as above, when we restrict to [0, 7], one has

1
1D Ol pgorzian S 5 |[F ) o)’ (3.3.77)
DY (x,t <= H 3.
H Az, t) LeeL2AT] 01’ (3.3.78)
The lemma is proved. O

The above lemma can also be established by a duality argument. For the sake of com-

pleteness, we sketch the argument here. We only focus on

2l

DA, t)”LooL? [AT] ~ S L%L?'

Testing a function H(z,t) € LLL?, one has

! ! A F(y, s)
/ / H(xz,t)D 4(x,t) dtde = / / H(x,t)/ / o (dy) dsdtdz
R3JA R3 JA |z—y|=t—s |z — y|
TfA )
:/ / / o (dzx) dtdsdy
R3 J0 s+A J|z—y|=t—s |:(: -z U3|
TfA )
= / / / o (dzx) dtdsdy.
R3 JO +A J|z—y|=t—s |5E z = US|

Then it suffices to show

/ / _HAWY o (dx)dt
s+A J|x—y|=t— s|$_z_vs|

But with an almost identical argument as Corollary 3.3.4, the estimate (3.3.79) indeed holds,

LgoLg[O,T—A]

and therefore, our desired estimate holds too.
By [3] or applying the structure formula of wave operators, with the calculations in
the proof of Lemma 3.3.7, Corollary 3.3.6 and Theorems 3.3.2, 3.3.5, we have the perturbed

version of the estimates (3.3.69) and (3.3.70). We omit the details here since the calculations
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are more or less identical.

Theorem 3.3.8. For || < 1,|v| < 1 and A > 0, suppose H = —A + V' has neither

resonances nor eigenfunctions at 0. Define

ka(x,t) = /Ot_A o <(t\;ﬁ$)\/ﬁ> P.F(s)ds

K (2, t) = kg (z + fit,t) .

We have

e L N
Ly Ly L? L}

31 ;
L2"L?

1
lea(z, )l poor21a,00) S 5 (HFS‘

N

7]

|
ki) a9
H il t) L30L2[A,00) A(

LLL?

and for T >0,

kA t)ll oo L2147y S % (HFS‘ 2T H

U

AN

+ HF

e

LR L2[AT) LLL200,T]

(3.3.80)

(3.3.81)

(3.3.82)

(3.3.83)

(3.3.84)

(3.3.85)

By careful analysis and more complicated computations, one can extend all the results

above to the linear Klein-Gordon equation, cf. [13].

3.4 Endpoint Reversed Strichartz Estimates

In this section, we show the endpoint reversed Strichartz estimates for the wave equation

with charge transfer Hamiltonian. More precisely, we consider

Opu — Au+ Vi(x)u+ Vo(z —vt)u =0
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with initial data

u(x,0) = g(x), ug(x,0) = f(x).

Throughout this section, for simplicity, we furthermore assume V; is compactly supported.
With a little bit more careful analysis, one can easily obtain the same results for general
case, see Remark 3.4.6.

Recall that after we apply the associated Lorentz transformation L, under the new coor-

dinate, we denote
ug, (27, 25,25, ') = u (v (2] +ot') b, 25,y (¢ +vah)), (3.4.2)
and with the inverse transformation L1
u(z,t) =up, (v (x —vt) ,x9, 23,7 (t —vry)). (3.4.3)

Under the above setting, we state the main result of this section.

Theorem 3.4.1. Let |v| < 1. Suppose u is a scattering state in the sense of Definition 5.5.2

and solves
Opu — Au+ Vi(x)u+ Vo(z —vt)u =0 (3.4.4)
with initial data
w(@,0) = g(x), u(z,0) = f(z). (3.4.5)
Then
sup [ luGa, 02 de S (172 + ol ) (3.46)
r€R3 /0
Furthermore, if we denote
wd(z,t) == u(z + vt b), (3.4.7)
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then

0 S 2 2
sup [ JuS )t 5 (L2 + gl ) (3.43)
r€R3 J0

To show Theorem 3.4.1, we will apply a bootstrap process and decomposition into chan-
nels in the spirit of [51]. If there are no bound states, the bootstrap arguments simply work
for the entire evolution. But in the presence of bound states, a more careful analysis is
necessary. We will construct a truncated evolution and show that the estimates we obtain

are independent of the truncation. Finally, we pass our estimates to the entire evolution.

3.4.1 Bootstrap argument

We set up the bootstrap argument and prove the initial assumptions for the bootstrap
argument hold for big T" with some positive constants.

By Duhamel’s formula,

U($,t)=%Jv_‘_cos(tm)g_/otsin((

t— $)VA)
VA

(V1 + Va(- — wvs)) u(s) ds.
(3.4.9)
By Gronwall’s inequality, the endpoint reversed Strichartz estimates and the estimate along

slanted lines for the free evolution, we have the following estimates as bootstrap assumptions.

Lemma 3.4.2. For T > 0 large, there exist constants C1(T') and Co(T) such that

T 2
sup [ futent)2de < o(1) (]2 + ol ) (3.410)
z€R3 J0
and if we denote
uS(z,t) = u(z + vt, t),
then
T g 2 2
sup [ [uS (w0 de < o) (1512 + gl ) (3.4.11)
zeR3 J0
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Proof. To establish the bootstrap assumptions, we first notice that by the expression (3.4.9)

and Gronwall inequality, we have

2
LIVt 0+ 100 do < M (1l +lall ) - (342

Clearly, estimates (3.4.10) and (3.4.11) hold for 7" = 0. Next, we note that for arbitrary

Ty > 0, from Theorem 4.2.3,

T 5 2
sup, [ a0t 5 (17152 + ol )

T€R3

To 9 Toy ¢ 2

+C(Tp) sup/ |u(z, t)|” dt + Sup/ )u (x,t)‘ dt | (3.4.13)
r€R3 J0 reR3 /0

where C(T}) can be computed explicitly, see Theorem 4.2.3 and duality argument as Lemma

3.3.7:

1 N
C’(TO) = sup / |V1|dy+/A . /‘V2|dy1dy1
2R3 J|z—y|<Ty |Z‘ - y| [91—21|<Th

We can perform a similar estimate for sup,cp3 fOT 0 ‘uS (x, t)‘ dt.

Therefore, for Ty small enough,

To 5 2
sup [ fute 0 de < OTo) (1112 + lgln) (3.4.14)
zeR3 JO0
1o S 2 2
sup [ [uSa ) ar < @) (17152 + Lol ) (3.4.15)
z€R3 JO0

Iterating the above construction with the energy growth estimate (3.4.12), we can obtain

that for 7" > 0 large, there exists constant C(7), Co(T") such that

T 2
sup [ fute, 0 de < (1) (1752 + ol ) (3.416)
z€R3 /0
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T g 2 2
sup [ JuS (. )|"dt < Co() (112 + gl ) (3417
zcR3 J0

as claimed. O

Based on estimates (3.4.10), (3.4.11), we will run a bootstrap argument to improve these
two estimate and reduce to estimates with constants independent of 7.

We also have a perturbed version of Lemma 3.4.2 with the same constants in estimates
(3.4.10) and (3.4.11) up to multiplication of a constant only depending on the potentials.
Let

Hi=—A+V;i=1,2

and P, (H;) to be the projection onto the continuous spectrum of H;.

Lemma 3.4.3. For T > 0 large, there exist constants C1(T) and Co(T) such that

T 2
sup [ Pttyute 0 de <y, @) (Il + lolln) + (3:438)
zeR3 J0

T 9 )
sm>/ 1P (Hy) g e, 0 dt <y (T (161112 + ol 1) (3.4.19)
z€R3 /0

Remark 3.4.4. By symmetry, with C1(T) and Co(T'), we also have with T > 0,

0 2
sup [ fute. )2 de < Co(1) (112 + ol ) (3.4.20)
z€R3 /=T
and
0 4 2 2
sup [ JuS ()] dt < Co) (112 + gl ) (3.421)
xeR3J =T

3.4.2 Bound states

Before we start the bootstrap analysis, it is necessary to understand the evolution of bound

states.
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In the following, for simplicity, we assume H; — A + V;, i = 1,2 has only one negative

eigenvalue. With A > 0, p > 0,
Hiw = —\?w, Hom = —u2m. (3.4.22)

w and m decay exponentially by Agmon’s estimate. The analysis can be easily adapted to
the most general situation.
Set U(t, s) as evolution from s to ¢ associated to the initial velocity and formally, we use

U(t, s) to denote the evolution associated the other initial data.

Suppose u(z,t) is a scattering state. We decompose the evolution as following,

w(x,t) = U(t,0)f + U(t,0)g = a(t)w(x) + b (y(t — ve1)) my (x,t) + r(z, t) (3.4.23)

where

mv(l‘,t) =m (7 (Il - Ut) 71;271'3) :

With our decomposition, we know

Pe(H\)r=r (3.4.24)

and

P.(Hy)rp =y, (3.4.25)

where the Lorentz transformation L makes V5 stationary.

Surely, since u(z,t) is asymptotically orthogonal to the bound states of Hy and Ha, it
forces a(t) to go 0 and b(t) go to 0. Following the above construction, we do some preliminary
calculations.

Plugging the evolution (5.2.135) into the equation (5.3.13) and taking inner product with
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w, we get

i(t) — N2a(t) + a(t) (Vo (z — vt) w, w)

+ (Vo (z = 0t) (b (y(t = var)) my (2,1) + r(z,1)) ,w) = 0.

One can write

i(t) — Na(t) + a(t)e(t) + h(t) = 0,

where

c(t) == (Vo (x — vt) w, w)

and

h(t) := (Va (& = t) (b (y(t = vr1)) my (2,1) +7(2,1)) , w) -

Since w is exponentially localized by Agmon’s estimate, we know

le(t)] S et

(3.4.26)

(3.4.27)

(3.4.28)

(3.4.29)

(3.4.30)

The existence of the solution to the ODE (4.5.17) is clear. We study the long-time behavior

of the solution. Write the equation as

a(t) — Na(t) = — [a(t)e(t) + h(1)] |

and denote

N(t) == —[a(t)c(t) + h(t)]
Then
6)\t t
at) = - |a0) + %a(m + % /0 N (s) ds} +R@)
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where

IR(t)] < e P, (3.4.34)
for some positive constant 8 > 0. Therefore, the stability condition forces

a(0) + %d(O) + = /OOO e M N(s)ds = 0. (3.4.35)

Then under the stability condition (5.2.145),

a(t) = e M {a(O) - % /OOO e—ASN(s)ds] + % /OOO e AM=3IN () ds. (3.4.36)

We notice that in order to estimate a(t) and b(t), we need a non-local term

/OO e MN(s)ds, (3.4.37)
0

and in all estimates, a global estimate for

16 (3¢ — vr1)) mo (,2) + (2, ) oo 210,00 (3.4.38)

is involved. But for the general charge transfer model, a-priori, we do not have any global
estimates. Therefore, we will consider a truncated version of the above construction restricted
to interval t € [0, T] for large positive 7. Then one can run the bootstrap procedure for our
truncated evolution.

For t € [0, T, we construct the following truncated version of the evolution:
up(e,t) = U(t,0)f + U(t,0)g = ap(Hyw(@) + by (1(t — ve1)) my (2,8) + (e, 1). - (3.4.39)
For ap(t), we analyze the same ODE for a(t) again but restricted to [0,7] and instead of
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the stability condition

1 1 [
a(0) + —a(0) + —/ e MN(s)ds =0 (3.4.40)
A A Jo
we impose the condition that
1. 1 r —As
ar(0) + XaT(O) + X e "’N(s)ds =0. (3.4.41)
0

The same construction can be applied to bp.

Lemma 3.4.5. From the construction above, we have the following estimates: for 0 < A <

T,
1
larllpooo, ) S (C(A, A) + mCl(T)) (HfHLz + HgHHl) , (3.4.42)
1
forlpon S (CAN +2a@) (Ml +lsln) . G443
1
[CE VRS IARS (C(A,u) + M—AC1(T)) <||fHL2 + HgIIH1> : (3.4.44)
and
1
167l Lo, S (C<A,u) + MCI(T)) <||f||L2 + ||g||H1> . (3.4.45)

Proof. First of all, by the bootstrap assumption (3.4.18),

b7 (1t = ver)) mo (2.8) + 10(8, Ol oo 21077 < C1T) (g2 + llgll ) - (3.4.46)
For ap(t), we know that

ip(t) — Nap(t) + ap(t) (Va (& — vt) w, w)

+ (Vo (z — vt) (bp (y(t —vxy)) my (z,t) + rp(z, b)), w) = 0.  (3.4.47)
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We obtain

— e_M l l tef)\s $)ds
CLT(t> =5 CLT(O) + /\CLT(O) + )\/() N( )d ] —I—R(t) (3.4.48)
where
R S e, (3.4.49)

With notations introduced above, we consider the truncated version of the stability condition,

T
ar(0) + %dT(O) + %/0 e N (s)ds = 0. (3.4.50)
So
At LI LT e
ap(t)=e [aT(O) + 5/0 e “N(s)ds| + ﬁ/o e S|N(s) ds. (3.4.51)
where
N(t) = —[ap(t)c(t) + h(t)] (3.4.52)
with
e(t)] S el (3.4.53)
h(t) := (Vo (z — vt) [bp(t — vey)my (z,t) + rp(x, b)), w) . (3.4.54)

For 0 < A <« T fixed, we can always bound the L° norm of ap on the interval [0, A] by
Gronwall’s inequality. Therefore, it suffices to estimate the L°° norm of ap from A to T.
Note that |c(t)] < et for A large, one can always absorb the effects from fgaT(t)c(t) dt
into the left-hand side. Hence it reduces to estimate the L] norm of h(t) restricted to [A, T).

Consider the integral

T T
[ ol = [ 10 @ = ot b (o = ver)) m o)+ (e 0)] )]
A A
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Clearly,

T
[;|vacr—zw)wT<v@——vxn>ww<x¢>+rT@andts

T 3/ .7 3
(/ ](bT(’y(t—vxl))mv(:v,t)—|—7“T(a:,t))|2dt> (/ |V2(x—vt)|2dt> .
A

A
T 3
<</ |V2(-—vt)|2dt> ,w> <
A

By the preliminary calculations above, we can estimate the L° norm of ap(t),

Note that

(3.4.55)

| =

1 T
lozlzeipm 5 CAN (Il + ol ) +5 [, 1m0l a

S AN (112 + ligl )

L
AA

s (ctan+ o) (1l + ol

1
2

T
/ ](bT(y(t—vxl))mv(x,t)+rT(x,t))|2dt> (3.4.56)

A

Similarly, for the L! norm of ap(t),

1
lorlm < (€N + 15610 (Il + o). (3.4.57)

After applying a Lorentz transformation, we have analogous estimates for bp(t):

1
wmwmﬂsﬁwmoWﬁqaﬂmmp+wMg, (3.4.58)

< 1
[brllzior S (€A 1)+ 7T <\|fHL2 + !\9!\31) : (3.4.59)
The lemma is proved. O
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In the following subsections, we will show estimates with constants independent of T,

T 2
sup [ fur(e. )2 dt < €1 (1£] 2 + ol ) (3.460)
reR3 /0

T 4 2 2
sup [ [ a0t < o (1l + lgln) (3.461)
z€R3 /0

Then we know our construction of up has estimates independent of T. As T — oo, the
stability condition (5.2.145) will be recovered from

T
ap(0) + iaT(O) + %/0 e N (s)ds = 0. (3.4.62)

and

1T e
ap(t) = e M [aT(O)—i-ﬁ/O e M N (s)ds +ﬁ/ 6_/\|t_S|N(S) ds. (3.4.63)

0

Therefore, from the estimates for up, we can obtain the desired estimates for a scattering

state u(x,t),

sup [ Ju(w 0% at < €4 (17152 + lollgn ) (3.4.64)
z€R3 JO0
o0 s 2 2
sup [ w0t < o (Il + gl ) (3.465)
z€R3JO0

Therefore in the remaining part of this section, we will analyze the bootstrap process for

up(z,t) carefully.

3.4.8 Decomposition into channels

Following the notations above, for t € [0, T], consider

UT(J:7 t) = U(t7 O)f + U<t7 0)9 = aT(t)w<x> + by (fy(t - le)) My (xv t) + TT(J:7 t)'
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There exist constants C1(T") and Cy(T") such that

T 2
sup [ fup(a, ) de < a(r) (1112 -+ ol ) (3.4.66)
z€R3 /0
and
T 2 2
sup / (o, 0)] e < CoT) (12 + llgll )~ (3.4.67)
z€R3 /0
We run our bootstrap argument for up(x,t). Notice that since V;, ¢ = 1,2 is a short-

range potential and Vo(x — vt) moves away from V7, intuitively, u(z,t) will have different
dominant behaviors in different regions in R3. To make this heuristic rigorous, we perform a
decomposition of channels based on it. For some fixed small § > 0, we introduce a partition

of unity associated with the sets
Bsi(0) = {z : |z| < ot} Bgi(tv) ={z : | — (tv,0,0)| < it} (3.4.68)

and

R3\ (B (0) U By (tv)) . (3.4.69)

To be more precisely, let y1(z,t) be a smooth cutoff function such that
x1(z,t) =1, Vo € Bg(0),  xi(z,t) =0, Vo € R3\ Bosi(0). (3.4.70)
One might assume ¢t > ¢ for some large t3. We also define
xo(z,t) = xi(z —vt,t),  x3=1-—x1— X2 (3.4.71)

Note that we only consider the estimates for large ¢, so one might also assume the support
of x1(z,t) contains the support of V; (z) and support of xo(x,t) contains the support of
Vo (- — vt).
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With the partition above, we rewrite the evolution as

UT(m7 t) = Xl(ma t)uT<x7 t) + XQ(‘T’ t)uT(‘T’ t) + X3(£L‘, t)uT(x> t)' (3472)

We will discuss x;(z, t)up(x,t), i = 1,2, 3, separately.

Based on Duhamel’s formula, we will compare u to different evolution groups on different

“channels”.
For
Xz, thup(z, t), (3.4.73)
we will compare it to
Wit f + Wi(t)g (3.4.74)
where
in (tvH
Wi(t) == sin (tVH) (3.4.75)
VH
As to
x2(z, tyup(z, ), (3.4.76)
it will be compared to
Wa(t)f + Wa(t)g (3.4.77)

where Wy (¢, s) denotes the evolution associated with the Hamiltonian —A + Vo (z — vt) and
initial velocity f. starting from s to t. And formally, W (t,s) is used to denote the evolution
associated with ¢ from s to t. Here the dot in Wy is not the time derivative but simply a
notation. These evolution can be obtained from the entries of the solution map if we write
the wave equation dgu — Au + Vo(z — vt)u = 0 using the Hamiltonian structure. We also

use the short-hand notation Wa(t) and Wa(t) to denote the evolution starting at s = 0.
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Finally

is compared with

Wo(t) f + Wol(t)g
where
sin (tv=A)
Wy(t) := T

To be more explicit, we write

Xl(xﬂt)uT<x7t) = Xl(x7t)Wl(t)f+X1($7t)Wl(t)g

t
—Xl(x,t)/o Wit — s)Va(- — sv)up(s) ds,

xo(@, hup(z,t) = xo(z, )Walt)f + xa(z, t)Wa(t)g

¢
—X2(337t)/0 Wa(t, s)Viur(s) ds

and

X3<x7t)uT<xvt) = X3(Qf,t)W0(t)f+X3($,t)W0(t)g

(3.4.78)

(3.4.79)

(3.4.80)

(3.4.81)

(3.4.82)

t
s ) /O Wolt — ) (Vi + Va(- — vs))up(s)ds.  (3.4.83)
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3.4.4 Analysis of the three channels

We will use the notations

ur(z,t) = ap(tyw(z) + by (Yt —vr1)) my (2, 1) +rp(2,t)
= ap(t)w(z) +urq (v,1) (3.4.84)

= by (4t = v1)) mo (2,1) + up (e, b).

Note that
Pe(Hy) (ur,1) = ur) (3.4.85)

and

P.(Hs) (ura), = (ur2), - (3.4.86)

The free channel and the channel associated with Hy are easy to analyze with the endpoint
reversed Strichartz estimate and results for estimates along slanted lines, Theorems 4.2.3,

4.2.4, 3.3.2 and Lemma 3.3.1.

Analysis of x1(z, t)ur(x,t):

We consider

xi(z, up(z,t) = xi(z, OWi(t)f + xi(z, t)Wi(t)g

t
—x1(z, 1) /0 Wi (t — s)Va(- — sv)up(s) ds. (3.4.87)

Given B fixed and 0 < B < T, one can always bound the integrals restricted to [0, B],

B B )
| ateourteop [ ] d
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by a prescribed constant by Gronwall’s inequality as Lemma 3.4.2. Therefore, it suffices to

consider the integrals over [B,T]. If we fixed 0 < A <« T large, one can always find a big

constant B such that A < (Uljgf)B. Then when we consider the integrals from B to T', by

the finite speed of propagation and the fact that V5 is compactly supported, we can further

reduce

iz, ur(e, ) = xa(e, OWi(t)f + xa(z, OWi(t)g
t—A
—x1(z, 1) ; Wit — s)Va(- — sv)up(s) ds. (3.4.88)

For s >t — A, the center of V5 is of distance at least |(t — A) v| away from the center of the
support of x1. Meanwhile, t—s is at most A. So the effects caused by Wy (t—s)Va(-—sv)up(s)
will not influence the points in the support of x;.

First, we consider the endpoint reversed Strichartz estimate (3.4.10),

T 9 T . 2
| @ nura@ofa < [ W@ rm) £+ oo )

T t—A 2
; /0 X t) [ Wit = )P (Hy) Val- = sv)ur (s) ds
< (1l + gl )
B t 2
+ [ haten) [ Wi = 9P () Vol = soyur(s) ds| at
T t—A 2
—l—/B x1(z,t) ; Wi(t = s)Pe (Hy) Va(- — sv)up(s) ds
< (Ul + o)+ B (I£12 + gl )
T t—A 2
+/B ale,t) J o Wit =s)Fe (Hy) Va(- = sv)ur(s) ds
< (Uil + o)+ ) (1712 + gl )

1 2
+5Co(T) (11112 + llgll 1)
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In the above calculations, for the second inequality, we applied the endpoint Strichartz

estimate for perturbed wave equations, cf. Theorem 4.2.4:

T . 2 2
A (e OWA () P (H) £ + 1 (e, )W ()P (H) 9|t S (1 g2+ gl )

For the third inequality, we used the fact that B is a fixed big constant, one can always find

C(B) independent of T' to ensure the inequality holds as we did in Lemma 3.4.3:

I

For the last inequality, we used the bootstrap assumption (3.4.11) and the results from the

2

t 2
xalet) [ Wit =s)Pe () Val = so)ur(s)ds|dt < 0(8) (172 + ol

section on estimates along slanted lines, Theorem 3.3.8 and Corollary 3.3.6. By Theorem

3.3.8,
T —A 2 1 , T )
/B aale.t) [ W= )P (H) Val- = sojur(s) ds dtﬁEHVQHLlsup/o up(8)[2 dt
Tz
1 9
S 20o(T) (7112 + llgll 1) -

Therefore,

T
[ bt durate o s (Cor e+ geam) (I +lal) - Gaso

For the remaining piece, by estimates (3.4.42), (3.4.43) and Agmon’s estimate,

T
[ e ar@u@Pa s (cian + am) (e + o)’ a9
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Therefore, with estimates (3.4.89) and (3.4.90), for the endpoint reversed estimate, we obtain

C1(T) < Co + C(A, B) + %@(T) (3.4.91)

in the first channel. So for A large, in this channel, we have the condition for the bootstrap
argument.

Next we consider the estimate along the slanted line (x + vt, t).

Denoting

(e, t) = xa (@ + ot g« + vt ), (3.4.92)

we want to estimate

T 9 T 2
/ X1 (2 + vt, tyup (x4 vt, t)|" dt = / ]ug 1 (2, t)’ dt. (3.4.93)
0 0 ’
Furthermore, we introduce

D (2,t) := Dy (z 4 vt, t) (3.4.94)

where
Di(z,t) := x1(x, )W (t)P. (Hy) f + x1(=, Zf)Wl (t)P.(Hy) g; (3.4.95)
kf (2,1) = Ky (z + vt t) (3.4.96)

where

t

ki(x,t) = Xl(:v,t)/o Wit — s)P. (Hy) Va(- — sv)up(s) ds; (3.4.97)
E{ (z,t) := By (z + vt, 1) (3.4.98)
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where
t—A
Eqi(x,t) := x1(x,t) ; Wit — s)P.(Hyp) Va(- — sv)up(s) ds. (3.4.99)

Then we can conclude

T

| sl
T1

0

T 2 B 2 T 2
dt < / ‘Df‘ dt+/ ’kﬂ dt+/ ‘Eﬂ dt
0 0 B
2 2
S (I + gl n) "+ CB) (112 + llgll )

1 2
+5Co(T) (£l + llgll ) (3.4.100)

similar to the analysis of estimate (3.4.89) via Theorems 3.3.2, 3.3.8 and Corollary 3.3.6.

For the piece with bound states, by estimate (3.4.43) and Agmon’s estimate,

/O ' Ix1(z + vt, ap()w(z + vt)|? dt (3.4.101)

1 2
< i .
S (O<A,A> +5 Aqm) (17112 + Nl )~
Therefore, with estimates (3.4.100) and (3.4.101), we obtain

Co(T) < Co+ C(A, B) + %Cg(T) (3.4.102)

in the first channel. So for A large, in this channel, we obtain the desired reduction for the

bootstrap argument.
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Analysis of xo(z, t)ur(x,t):

Now we consider the most delicate channel which is the channel associated to the moving

potential.

Xo(@, hup(z,t) = xo(z,)Walt)f + xa(x, t)Wa(t)g

t
—X2(56',t)/0 Wo(t, s)Viup(s) ds.

Again, by the finite speed of propagation, it suffices to consider

Xo(@ hup(z,t) = xa(z, )Wa(t)f + xolz, ) Wa(t)g
—A
—x2(z,) A Wo(t, s)Viup(s) ds.

Note that with the Lorentz transformation associated with Vo(z — vt), we have

(ur)p, (2, 7, 2, t') = ur (v (a7 + ot') a2,y (¢ + vah))

and

up(x,t) = (up)p, (v (21 — vt), 29, 23,7 (t —v21)).

(3.4.103)

(3.4.104)

(3.4.105)

(3.4.106)

The endpoint reversed Strichartz estimate (3.4.10) for this channel is equivalent to the esti-

mate along the slanted line (z — vt, t) under the new frame. Meanwhile, the estimate along

the slanted line (x +vt,t), see (3.4.11), for this channel is equivalent to the endpoint reversed

Strichartz estimate with respect to the new frame.

Denote g and fto denote the initial data with respect to this new frame under which V5

is stationary and V7 is moving. We use WQL (t) and WQL (t) to denote the evolutions associated

to f and ¢ respectively in the new frame. By construction, in the new frame, WQL(t) is the
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sine evolution with respect to Hy. By Theorem 5.3.6, we know

Denote

where

where

where

(1702 + 1300 ) = (17122 + Nl )

DQS(x, t) := Do (z — vt,t)

Do(x,t) := WE(t)Pe (Ha) [ + W (t)Pe (H2) G;

kég(x, t) := ko (x — vt,t)
t
ko (2, 1) = /0 WLt — $) P (Ha) Vi (s)up(s) ds:

E5 (x,t) := By (x — vt, 1)

t—A

Es(z,t) = W (t — ) P. (Ho) Vi (s)up(s) ds.

0
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(3.4.108)

(3.4.109)

(3.4.110)

(3.4.111)

(3.4.112)

(3.4.113)



With the estimates along the slanted line (z — vt, t) for W2L(t), Theorem 3.3.2, we know

T T
| batetura@ola = [ (o), 6= o) o @ - )| d

T 2 B 2 T )
/ D3| dt+/ 5| dt+/ B3|t
0 0 B
2 2
< (g2 + gl ) +CB) (IF g2 + gl )
1 2
7 (|‘V1UTHL}EL%[O7T]> (3.4.114)

2 2
S (Il +lgllgn)” +CB) (112 + gl )

AN

1 2
+5 (o7l cz0m)

2 2

S (Il + gl ) +CB) (17152 + gl )

1 2
+5C0D) (Ifllg2 + gl )

by the bootstrap assumption (3.4.10), Theorem 3.3.8 and Corollary 3.3.6. For the third
inequality, we also use the fact A is a fixed big constant, we can always find C'(A) independent
of T' to ensure the inequality holds.

For the piece with bound states, by estimate (3.4.44) and Agmon’s estimate, one has

T
/0 Ix2(z, )by (7(t — vay)) my (z,1)|? dt (3.4.115)

1 2
< i .
N(aAm+Mqa00wp+mMg
Hence in this channel, with estimates (3.4.114) and (3.4.115),

C1(T) < Co + C(A, B) + %clm. (3.4.116)

So for A large, in this channel, we achieve the condition for the bootstrap argument.

Now we analyze the estimate along (z + vt,t). The argument here is similar to the
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analysis for the first channel.

Denote

U%Q(SB, t) := xo(x + vt t)up o(x + vt t). (3.4.117)

Then

T 2 T 2
/0 ‘u%Q(:c,t)‘ dt < /0 ‘(UT’Q)L<£C,t)‘ dt
T T T
< / \Dg(x,t)Ith—l—/ |k2(m,t)|2dt+/ | By, t)|% dt
0 ) 0 0 )
S (Il + gl )"+ CB) (1152 + llgll )
1 2
+5 (il 2207 (3.4.118)
2 2
S (Il + gl )"+ CB) (171152 + llgll )

2
#5011 (11152 + ol )

with the bootstrap assumption (3.4.10) and Corollary 3.3.6.
For the remaining piece with bound states, by a similar argument to estimate (3.4.90),

we have

/OT e+ ot0) (b (3 (1= 02) = vy ) ) mo @+ 0t.) ‘2dt

1 2
< - .
s (ctam+ 5am) (Il + ol )" G
Therefore, in this channel, we obtain
1
Co(T) S Cy+ C(A,B) + —=C(T). (3.4.120)

A

For A large, in this channel, we recapture the condition for the bootstrap argument.

142



Analysis of xs(z, t)ur(x,t):

Finally, we consider the free channel y3(z,t)up(z,t). In this channel, we can estimate all
pieces together since the dominant evolution is the free ones.

We know

xs(@, up(z,t) = xg(x, OWolt)f + x3(z, t)Wo(t)g

t
—Xg(x,t)/o Wolt — ) (Vi + Va(- — vs)) up(s) ds. (3.4.121)

By the finite speed of propagation as above, it suffices to consider

x3(a, hup(z,t) = xs(z, OWo(t)f + x3(x, t)Wo(t)g
t—A
—x3(z,t) ; Wo(t —s) (V1 + Va(- — vs)) up(s) ds.(3.4.122)

Consider the endpoint reversed Strichartz estimate,

T 9 T . 2
/O s, up(e )Pt S /O s OWo(0)f + x(, ) Wo(t)g|
2

T t—A
+/ x3(z,t) Wo(t — s)Viup(s)ds| dt (3.4.123)
0

0

2

T t—A
+/ x3(z,t) Wo(t — s)Va(- — sv)up(s) ds| dt
0

0

2 2
S (I7lg2 +llgllgn)™+ CB) (112 + gl 1)

1 2
5 (C1(T) + Co(T)) (HfHLz + HgHgl)

For the last inequality, we apply the bootstrap assumptions (3.4.10) and (3.4.11).

1

C1(T) S Cy+C(A,B) + 1

(C1(T) + C(T)). (3.4.124)
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So for A large, in this channel, we obtain the condition for bootstrap argument.

Next we consider the estimate along slanted line (x + vt, ).

Denote
ud(z,t) = x3(x + vt, tyup(z + vt, t), (3.4.125)
U%S(x, t) :==ur3(z +vt,t) (3.4.126)
where
ur3(w,t) == x3(z, )Wo(t) f + x3(z, ) Wo(t)g; (3.4.127)
kS (,1) := k3 (z + vt, 1) (3.4.128)
where
t
k3(x,t) = Xg(x,t)/ Wo(t —s) (V1 4+ Va(- — sv)) up(s) ds; (3.4.129)
0
ES (x,t) := B3 (z + vt, t) (3.4.130)
where
t—A
E3(z,t) :== x3(z,1) Wo(t = 5) (Vi + Va(- — sv)) up(s) ds. (3.4.131)
0
Then

/OT(qﬁ(x,t))th < /OT 0 (. 0) dt+/OB‘kgq(x,t)]zdwr/BT‘E?,S(x,t)fdt
S (|f||L2 Flgll )+ (1712 + gl )

(@) + o) (1112 + ol ) (3.4.132)
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Therefore, we obtain
1
Co(T) SCop+C(A,B) + 1 (C1(T) + Co(T)) (3.4.133)
along the free channel. So for A large, we recapture the condition for the bootstrap argument.

3.4.5 Conclusion

Finally, by the results from the analysis of three channels above, we conclude

C(T) < Cy+ %Cl(T) + %OQ(T) + C(A, B) (3.4.134)
Co(T) S Cy + %Cl(T) + %OQ(T) + C(A, B) (3.4.135)

where C'1(T) is the constant appearing for the bootstrap assumption (3.4.10) for the endpoint
reversed Strichartz estimate and Co(7') is the constant for the bootstrap assumption (3.4.11)
for the estimate along (x + vt, t).

We apply the bootstrap argument for these two estimates simultaneously. We conclude

that C1(T") and Cy(T") are independent of 7. In other words, one has

T 2
sup / jug (z, )P dt < C (Hf|!L2+ Hg||H1) (3.4.136)
reR3 /0

T 4 2 2
sup [ [ a0t < o (1l + lgln) (34137
reR3 /0

Finally, as we discussed above, passing T' to oo, we will recover those two estimates for a

scattering state u(z,t):

> 2
sup [ fute ) dt 5 (17152 + ol ) (34139
zeR3 /0
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and

00 g 2 2
s [ St e (1512 + Dol )
zeR3 /0

(3.4.139)

Remark 3.4.6. In the above analysis, we assumed V| and Vo are compactly supported. With

more careful calculations, it is easy to extend the above results to V1 and Vo decay as we

assume in the Definition 5.5.1. In this case, instead of vanishing, the smallness conditions

3

5,1
of our bootstrap procedure are from the smallness of tails of Vi and Vo in Lglg and L2 in the

estimates for the following terms

t
X1 /t—A Wi (t — s)Va(- — sv)up(s)ds,

t
[ W= 9Viur(s)ds

and

t
XS/ Wo(t — s) (V1 + Va(- — vs)) up(s) ds.
t—A

To demonstrate, we compute a concrete example below.

‘x:O

t
/ Wo(t — s)Va(- — sv)up(s)ds
-4 A7)

/| L Vay — vt — ly))ur((t - 1)) dy

yl<a Yl

L2[B,T)

A2
< | =
~ (<A>a> Sl;p ”UTHLg[QT]

1
S A Sl;p ”UT”Lg[QT] :

All other terms can be estimated by a similar way.
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3.5 Strichartz Estimates and Energy Bound

We know from the introduction that weighted estimates play important roles in building
Strichartz estimates. In this section, we establish weighted estimates for a scattering state
to the wave equation with charge transfer Hamiltonian. Just for the sake of convenience, we
will restate our main theorems in this section.

Throughout this subsection, we will use the short-hand notation
YL =LY ([0,00), LE) . (3.5.1)

Corollary 3.5.1. Let |v| < 1. Suppose u is a scattering state in the sense of Definition

5.53.2 and that it solves

Opu — Au+ Vi(x)u + Vo(z —vt)u =0 (3.5.2)
with initial data
w(,0) = g(z), w(x,0) = f(z) (3.5.3)
Then for a > 3,
L. [, et dede s (1612 + ol ) (354
R+R3Wux7)xwfm 9l f1 9.
and
L. L oty dedt < (1612 + ol ) (35.5)
R+ JR3 (z — vt)® ’ ~ L H! o

Proof. The two weighted estimates above follow easily from Theorem 3.4.1.
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For the first one,

/R+/Rs 2, t) dedt < (/Ru)d“")“;p/wﬁ(%t)dt

2
S (1122 + gl 1) (3.5.6)

by the endpoint reversed Strichartz estimate (3.4.6) for .

For the second one, one has

1 2
— t)dzdt < t,t) dydt
foo Jos Tt tanie 5 [ [ gt
(/ dy)sup/ ‘ug(xt)fdt
R ()" r JRY ’

2
< (Il + gl ) (3.5.7)

A

by our estimate (3.4.8) along the slanted line (z + vt, t).

We are done. O

Theorem 3.5.2. Let |v| < 1. Suppose u is a scattering state in the sense of Definition 5.5.2
which solves

Opu — Au+ Vi(x)u + Vo(z —vt)u =0 (3.5.8)

with initial data

u(z,0) = g(z), u(z,0) = f(x). (3.5.9)

Then for p > 2, and (p,q) satisfying

1 1 3
5=-t-— 3.5.10
2 p ¢ ( )
we have
lull e (j0,00), £8) S I Fll L2 + 119l g (3.5.11)
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Proof. Following [40], we set A = v/—A and notice that
JAfllg2 = Il VS € € (RP).
For real-valued u = (uq,ug) € H = H! (R3) x L2 (R3), we write
U = Auq + ius.

From (3.5.12), we know

1N 2 > [l(u1, u2)ll3 -

We also notice that u solves (3.5.8) if and only if
U := Au+i0iu

satisfies
10U = AU + Viu + Vo (z — vt) u,

U(0) = Ag +if € L* <R3>.

By Duhamel’s formula,

, t
U(t) = e™uU(0) —i /O e )4 (Viu(s) + Vo (- — vs) u(s)) ds.

Let P := A™1R, then from Strichartz estimates for the free evolution,

HP&“‘U(O)(

SO gz -

L~

(3.5.12)

(3.5.13)

(3.5.14)

(3.5.15)

(3.5.16)

(3.5.17)

(3.5.18)

(3.5.19)

Writing Vi = V3Vy, Vo = V5V , since Vp and V5 decay like (z)~ with a > 3, we can

make V3 and V5 satisfy the weight condition in Theorem 4.8.2. Also V42, V62 decay with rate
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(x)~“. By the Christ-Kiselev lemma, cf. Lemma 4.2.7, it suffices to bound

m .
HP/ 6_2<t_5)AV3V4u(s) ds , (3.5.20)
0 s
and
w .
HP/ eil(t*S)AVg,Vﬁﬁ—vs)u(s) ds . (3.5.21)
0 LyLg
It is clear that
X i(t-s)A
HP/O o ilt=s V3Vyu(s) ds . < ||K||L§$—>LfL% ||V4u||L§$’ (3.5.22)
t ’ ’
where
w .
(KF)(t) = P / i)y, () ds. (3.5.23)
0
Similarly,
Y —i(t—s)A =
—1(l—S
HP/O e Vilis( —vsu(s)ds|| < HK‘ s ey Vele —u0ulpy (3529
t L :
where
~ m .
(RF) (1) =P / =AY (. u) F(s) ds. (3.5.25)
0
We need to estimate
1602 pps s ||K] e (3.5.26)
Testing against F' € L%I, clearly,
. m .
KF|pppg < |[Pemit / isAyap(s)ds| 3.5.27
I Fliprg < [P e | [ e MVar 0| (35.27)
HI?F’ < HPe_itAH /OO eiSAV5(- —vs)F(s)ds|| . (3.5.28)
rrg = L2IPLY 2
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The first factors on the right-hand side of (3.5.27) and (3.5.28) is bounded by Strichartz

estimates for the free evolution. Consider the second factors, by duality, it suffices to show

HVg,e*itAgzﬁ‘

< 2 3
i, Sl Vo el (»%)

HV5(9§ —vt)e

< 2 3

which holds by Theorem 4.8.2 and Corollary 3.2.11.

Hence

w .
/ AV F(s) ds
0 L2

SIFlg2 .

m .
/ e AVE (- — vs)F(s)ds
0 L2

SIFl gz

Therefore, indeed, we have

K < <
1Kl pns < O 1Kl pppg <

and from (3.5.22), it follows that

w .
HP/ e =) Ayay,u(s) ds
0

<
=~ HV4UHLt2’x,

t~T

HP /OO e =AYV (- — vs)uls) ds
0

< Vel — viull 2.
rrd @

By estimates (3.5.4) and (3.5.5) from Corollary 3.5.1,

1
9 2
Wiy, < ([, [, ot 0 dad)” S 18l + ol

1
1 3
[Ve(z — Ut)UHLth S </R+ /]R3 T —on)® |U(1‘7t)|2 dxdt) Sz + Mgl g
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(3.5.30)

(3.5.31)

(3.5.32)

(3.5.33)

(3.5.34)

(3.5.35)

(3.5.36)

(3.5.37)



They follows that

OO .
HP / eIV ds| SNz + gl (3.5.38)
0 f q
> 1 (t A
HP/O e =AYV (- — vs)u(s) ds Sz gl (3.5.39)
tx

Therefore, by estimates (3.5.19), (3.5.38) and (3.5.39), for p > 2, and

1 N
2 p q
we have
el 22 10,00y, 22) S Ifllz2 + gl - (3.5.40)
as claimed. n

Taking the case p = ¢ in the regular Strichartz estimate (3.5.11) and interpolating it
with the endpoint reversed Strichartz estimate (3.4.6), we obtain more reversed Strichartz

estimates.

Corollary 3.5.3. Let |v| < 1. Suppose u is a scattering state in the sense of Definition

5.3.2 which solves

Opu — Au+ Vi(x)u + Vo(z —vt)u =0 (3.5.41)

with initial data
Then for (p,q) satisfying

1 1 3

—=—+ - 3.5.43

5= 275 ( )
with

2<p<8, (3.5.44)



we have

el g (s, L20,00)) S 1122 + 91l g1 (3.5.45)

Theorem 3.5.4. Let |v| < 1. Suppose u is a scattering state in the sense of Definition 5.5.2

which solves

Opu — Au+ Vi(z)u + Va(z — vt)u = 0 (3.5.46)
with initial data
u(z,0) = g(x), u(x,0) = f(z). (3.5.47)
Then we have
Sup (IVu@)llz2 + llue@®l2) SN 2 + gl g1 (3.5.48)

Proof. The proof is similar to Theorem 3.5.2. We still use the notations from the above
proof of Theorem 3.5.2.
Set

U := Au + idu, (3.5.49)

then by Duhamel’s formula,
. t
(Kﬂ=%ﬂAU®)—i/)EWF*M(%u®)+V§Q—U@u@Dd& (3.5.50)
0

It suffices to estimate the L? norm of U(t).

From the energy estimate for the free evolution,

sup
t>0

JMUmﬂ‘ < UO)] 2 (3.5.51)

2 NV
LI

Writing V1 = V3Vy, Vo = V55 as above, it suffices to bound

: (3.5.52)
L3

sup
t>0

m .
/ e_l(t_S)AV3V4u(S) ds
0
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and

w .
sup / e =AY Vs (- — vs)u(s) ds| . (3.5.53)
t>0 0 L%
It is clear that
T ilt=s)A
—i(t—s < o .0.
?;Ig /O e V3Vyu(s) ds i ||K||L%L:%—>Lt L2 ||V4u||Lt2,x’ (3.5.54)
where
m .
(KF)(t) := / e~ =) AV F(s) ds. (3.5.55)
0
Similarly,

/OO e_i(t_s)AVg)V(;(- —wvs)u(s)ds
0

Ve(x — vt)u
w%_H\ Voo = vtyul 2p2

L212—L°L2
(3.5.56)
where
o~ m .
(KF) (t) ::/0 e_Z(t_S)AV5(~ —wvs)F(s)ds. (3.5.57)
We need to estimate
[SIPYPE0SPH 3 P (3.5.58)
Testing against F' € L% ([O, 00), L%), clearly,
itA > isA
—1 1S
|KFll g2 < He HLQ%LM /0 AVF(s)ds)| (3.5.59)
~ .tA m . A
KF‘ < H —i H / isAVL(- —vs)F(s)ds| . 3.5.60
H rerz = II° 2oz ||y © 5(- —vs)F(s)ds 12 ( )

The first factors on the right-hand side of (3.5.59) and (3.5.60) is bounded by the energy
estimates for the free evolution. The second factors are estimated in the same manner as for

(3.5.27) and (3.5.28).
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Therefore, we have

<C
L2L2—L°L2 —

K

”K”L%L%—>
and from (3.5.54),

sup
t>0

m .
/ e_l(t_S)AV3V4u(s) ds
0

<
S Wl

sup
t>0

/ eii(t*S)AV5V6(' —vs)u(s) ds
0 L2

< WVt — vi)ul 2

From Corollary 3.5.1,

Walggoe 5 ([, [ e

1
2
() |2dxdt) Sl g2 + Nl 1

1
1 2

They imply
m .
sup | [ eI Vius) ds|| Sl + gl
t>0 [1J0 L2
m .
sup | [ AV~ vsyuls)ds| S 1z + ol

x

Therefore, with estimates (3.5.51), (3.5.66) and (3.5.67), we have

Sup (IVu@lig2 + llue@®llz2) S NAlg2 + gl -

as claimed.

Similarly, one can also obtain the local energy decay estimate:

(3.5.61)

(3.5.62)

(3.5.63)

(3.5.64)

(3.5.65)

(3.5.66)

(3.5.67)

(3.5.68)

Theorem 3.5.5. Let [v] < 1. Suppose u is a scattering state in the sense of Definition 5.5.2
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which solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u =0 (3.5.69)

with initial data

u(z,0) = g(z), ue(z,0) = f(x). (3.5.70)

Then for Ve > 0, |u| < 1, we have

|+ 1o = et 27 (9l + )|

S - 5.71
ooy 2y S 12 gl @571

Proof. The proof is the same as above with the energy estimate for the free wave equation

replaced by the local energy decay estimate for the free wave equation.

1 .
|+ fo = pupy=2me V4|

S ’ 3.5.72
L2(]0,00), L2) € HfHL% ( )

The claim follows easily. [l

Finally, we consider the boundedness of the total energy. We denote the total energy by
E(t) = / IV oul? + [0pu)? + Vi [u]? + Va(z — vt) [uf? dz. (3.5.73)

Corollary 3.5.6. Let |v| < 1 and suppose u is a scattering state in the sense of Definition

5.53.2 and solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u =0 (3.5.74)
with initial data
u(,0) = g(x), u(x,0) = f(z). (3.5.75)
Assume
||VV2||L1 < 00, (3.5.76)
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then E(t) is bounded by the initial energy independently of t,

ig%)E() ||<g f)||H1><L2

Proof. We might assume u is smooth. Taking time derivative of E(t), with the fact u solves
Opu — Au+ Vi(x)u + Vo(z — vt)u = 0, (3.5.77)

one obtains

O E(t) / O Va(x — vt) [uf? (z, t)d / O Va(x ’ Sx,t) ’ dx (3.5.78)

by a simple change of variable.

Note that

0}
| eEwia < [T [ e |\ S(0,0) [ daat
0

— 0.V H 3.5.79
S (g, f)HHlez
For arbitrary ¢ € R, we have
2
B() - BO) < [ 0EO]d S 16 DIy, 1 (35.80)
which implies
sup () < (9, 3, 1o (3.5.81)

t>0

as claimed.
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To finish this section, we prove a version of endpoint Strichartz estimate which is inho-

mogeneous with respect to angular and radial variables.

]

Theorem 3.5.7. Let |v| < 1. Suppose u is a scattering state in the sense of Definition 5.5.2

which solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u =0

with initial data

u(x,0) = g(x), ug(x,0) = f(x).

Then for 1 < p < oo,

||u||Lf([O,oo),L$OL£) S ||fHL2 + HQHHl

Proof. First of all, we consider a auxiliary function given by

v(z,t) = %]‘ + cos (tﬁ)
+/°° sin ((t — s) V=A)
0

N

sin(ty/—A)

Since in R? ey is a positive operator, we know

and it follows

We need to estimate the Strichartz norm of

(IViu(s)] + [Va (- = vs) u(s)]) ds.
158

/OO sin ((t — s) vV=A)
0 VvV-A

(IViu(s)| + V2 (- — vs) u(s)]) ds.

(3.5.82)

(3.5.83)

(3.5.84)

(3.5.85)

(3.5.86)

(3.5.87)

(3.5.88)



Clearly,

(IViu(s)] + V2 (- —vs) u(s)]) ds (3.5.89)

/OO sin ((t— s) M)
0 VAN
=P [ I (V)] + [V = vs) ) s

So now we can follow the same scheme as before to consider the following two estimates

oo
HP / e~ =) A 1 u(s)| ds : (3.5.90)
0 L2Lee Ll
m .
HP / e~ =) A 1 , (— vs)u(s)| ds . (3.5.91)
0 L2Le L,
As above, we write V| = V3Vy, Vo = V5V . It is clear that
* ilt-s)A
P [T o) as IRl popeepn IVaulz o (3592)
0 L2[ <P t,x t t,x
t—r Hw
where
m .
(KF) () = P / e~ =) A 11 P(s) ds. (3.5.93)
0
Similarly,
P —it=s)A |y, (. - d .<HK‘ Ve(z — vt ,
Ir [ Vot as] SR ey Wete = g,
(3.5.94)
where
~ OO .
(KF) (t):= P / e~ AVL (. _ys)F(s) ds. (3.5.95)
0
We need to estimate
HK‘|L?,$_>L%L?OL£7 K‘ L§7$—>L%L;2°L£' (3.5.96)
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2
[

Testing against F' € L7 ., clearly,

< —itAH 5
|KFllppg < HP@ (3.5.97)

m .
/ ¢S AVaF(s) ds
0

L2 12LLk, 12

Hf{F‘ (3.5.98)

< [[pe4]
rrg — L2

/OO e AVs (- — vs)F(s) ds
0

—L2Le Lk, 12
The first factors on the right-hand side of (3.5.97) and (3.5.98) is bounded by the endpoint
Strichartz estimates for the free evolution. For the second factors, we can bound them as

previous proofs.

Therefore, indeed, we have

< K < 5.
”K”L?JHL?L?’LZ‘? <G ’K‘ L2, —LLeLl ~ (3.5.99)
and from (3.5.92), it follows that
w .
HP / eI A (5| ds < Vil (3.5.100)
0 L7LeoLl, b
w .
HP/ e~ =94 v, (- — vs)u(s)| ds < Vel — vtyul| 12 (3.5.101)
0 L7LeeLl, b
They follows that
X i(t—s)A
P 7o o) as < Ufllzz + ol (3.5.10)
0 L2LLh,
X it—s)A
P [T oo as S+ gl (35103
0 L2Lee Lt

r
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Therefore,

tsin ((t—s)vV—A
/ o ,/—S) ) (Viu(s) + Va (- —vs) u(s)) ds
0 2 L2LeeLl,
O gin ((t —s)vV—A
S / ol ,/—S) ) (Viu(s)| + [Va (- — vs) u(s)|) ds
0 -2 L2LeeLl,
S Il e + Mgl g
And hence
||u||L%([O7oo),L79°L£,) S ||f||L2 + ||9||H1
as claimed.

3.6 Inhomogeneous Estimates

(3.5.104)

(3.5.105)

When we consider nonlinear applications, it is useful to have estimates for inhomogeneous

equations. Again, for simplicity we consider the case of two potentials.

3.6.1 Scattering states

We start with revisiting scattering states.

Recall that if u solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u =0

and u satisfies

17y (H1) u(®)ll 2 — 0,

’Pb (HQ) uL(t/)HLQ/ —0 t,t/ — 00,

then we call it a scattering state.
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Clearly, the set of (g, f) € H1 (R3) x L2 (R3) which produce a scattering state forms a
subspace of H! (Rg) x L2 (RS) In order to study this more precisely, we reformulate the

wave equation as a Hamiltonian system,

u 0 1 —A+Vi(z)+ Vo(z —vt) 0 u
) - 1e) + Vol = i) —0.  (363)
Oru -1 0 0 1 Oru
Setting
U 0 1
U= = , (3.6.4)
8tu -1 0

H(t) = : (3.6.5)

and defining
P (U) =, (3.6.6)

we can rewrite the wave equation with charge transfer Hamiltonian as

U—JHt)U =0, (3.6.7)
voy=| 7 |. (3.6.8)
f

With the above notations, we define the solution operator starting from 7 to t as S(¢,7). In
particular, one can write

U(t) = S(t,0)U(0). (3.6.9)

As pointed out above, the set of (g, f) € H! (R3) x L2 (R3) which produce a scattering
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state in the sense of Definition 5.3.2 forms a subspace
Ho(0)CH! (R3> x 12 <R3> .

We can do a more general time-dependent construction. One considers the evolution from 7

to t, i.e., S(t,7). Similar as our original construction there is a subspace
Hy(r)CH! (R3> x L2 <R3>
such that for ® € Hg(7),

17 (Hy) S(t, 7) @l g2 — 0, —0t,t' 500, (3.6.10)

Py (Ha) (S(,7)@) (1)

2
Lx,

It is important to notice a fundamental property of Hs(T).

Lemma 3.6.1. Denote Ps(7) as the projection onto Hs(7). Then Vs, 7 € R,
Py(s)S(s,7) = S(s,7)Ps(7). (3.6.11)
Proof. Notice that for ® € H(7), then S(s,7)P € Hs(s). Since
17y (H1) S(t,5)S (s, 7) @l 12 = (|15 (H1) S, 7) @l 12 = 0, (3.6.12)

| Py (H2) (S, 9)S(s5,1)@) 1, ()

2= HPb (H) (S(,7)®), (1) 20 (36.13)

as t, ¥ — oo by the definition of Hs(7). Then again by the definition of Hs(s), it is clear
S(s, 7)® € Hs(s). Conversely, by symmetry, for & € Hs(s), then S(7,s)P € Hg(7). There-

fore, we have that the scattering spaces are invariant under the flow S(s, 1),

Hs(s) = S(s, 7)Hs(T). (3.6.14)
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Let ® € H! (R3) x L2 (R?’), then S(s, 7)Ps(7)® € Hs(s) by construction. So

S(s,T)Ps(1)® = (1 — Ps(s)) S(s,7)Ps(7)® + Ps(s)S(s,7)Ps(1)P

—  Py(5)S(s,7) Py (). (3.6.15)
Similarly,
Py(s)S(s, 7)® = Py(s)S(s, 7) Ps()®. (3.6.16)
Hence
Py(s)S(s,7) = S(s,7) Ps(7), (3.6.17)
as claimed. O

For wave equations, it is always necessary to exchange the scalar formulation and the
Hamiltonian formulation. Here we introduce some notations which are useful in our later
analysis. We define Pg(7) via the Hamiltonian formulation above. Now consider a scalar
function v(z,t) € C (R, H1 (Rg)) nc (R, L? (]R?’))7 it can give the data (v, v¢) for the

charge transfer model. We define
PP (r)v = PLPy(7) (v, v1), (3.6.18)

where Pj is the projection onto the first component as in (3.6.6). For a vector-valued function

v=| " |em (R3) x L? (R?),
Ut

Py (r)V = PPy () V, (3.6.19)

Given data (g, f) € H 1 (R?’) x L2 (R3), formally, we can define the evolution from 7 to
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t associated with f as

Ut,7)f (3.6.20)

and the evolution associated with ¢ as
Ult,7)g. (3.6.21)

Here U is just a formal notation.

Finally, we consider two special cases.

Setting g = 0, then the set of f € L2 (]R3) such that (0, f) € Hs(7) forms a subspace
of L? (R3). We use L2 (1) to denote this subspace and let PL(7) to be the associated
projection.

Setting f = 0, then the set of g € H! (]R3) such that (g, 0) € Hs(7) forms a subspace
of H! (R3). We use H} (1) to denote this subspace and let PH (1) to be the associated

projection.

3.6.2  Inhomogeneous local decay estimate and Strichartz estimates

Throughout this subsection, we will use the short-hand notation

YL =LY ([0,00), LE) . (3.6.22)
Let u solve
Opu — Au+ Vi(x)u + Vo(z —vt)u =0 (3.6.23)
with initial data
u(z,0) = g(v), u(x,0) = f(x). (3.6.24)
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Denote the evolution as

u(zx,t) = U(t,0)f + U(t,0)g. (3.6.25)

From the endpoint reversed Strichartz estimate, Theorem 3.4.1, with the notations in-

troduced above, we know

oo
sup /
T JO

s [ (78 0w’

Furthermore, we have the following corollary as particular situations:

2 2
P 0yute,0)|dt S (17152 + lgll 1) (3.6.26)

and
2

2
at S (12 + gl 1) (3.6.27)

Corollary 3.6.2. For the evolution U(t,7) and the projections PS (t), PE(r) defined above,

one has

(0.9]
sup/
xz JO

sup /0 . ' (PSUtt.m) f)S

T

P US| de=sw [Tl npbos s I, (Gozs)

2 %0 9
dt=swp [ S nPEOS i S (3629
r JO

where U denotes the integration along the slanted line (x + vt, t).
Proof. This is just the particular cases of what we have discussed above. ]
By Corollary 3.6.2, we have the weighted estimates for the inhomogeneous evolution.

Lemma 3.6.3. For a > 3, with U(t,7) and projections ng (t), PSL(T) defined above, we

have

o

t
(z)"2 /0 PS (W) U(t, 7)H(7)dr

-3 t VPL(r)H(7) dr
() /0 U EF |

, (3.6.30)
L212
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o t
(z)"2 /0 U(t,7)PL(r)H(7) dr

SIH® L2 (3.6.31)
L212 Ot

S

w7t [ (P wuen) B

o t
()% / US(t,7)PL(r)H(r) dr
0 L7L2

L212 7
(3.6.32)

o t
(x —ovt)” 2 /O Ul(t, T)PSL(T)H(T) dr

5 HH(t)HLlLQ . (3633)
L212 Lo

Proof. By the definition of projections, we have

t
z)" 3 S T)H(T)dT
a4 /0 PS () U(t, ) H(r) d

o t
(x)~2 /0 Ult, T)PSL(T)H(T) dr

Y
L}L3

(@)73 /O "us (t,7)PE(T)H(r) dr (@)73 /O t (P§ (Ut T))S H(r)dr

L{L3 LiL3

Applying Minkowski’s inequality and Corollary 3.6.2, we have

A

(z) = /O () PE) H () dr (z) =0 /0 t U PEEE)| dr

LiL3 LiL3

A

(z) =0 /0 h U PEEH()| dr

LiL3

N

[ loenrteme)
0

< IHOl

.
LPL?

and similarly,

N

t
(x — vt>_a/0 U(t,T)PSL(T)H(T) dr

| [vsenrtone)

5 ||H(t)||L%L% :

9 T
L712 LeL

The lemma is proved. O
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With the preparations above, we are ready to proceed to the analysis of inhomoge-
neous Strichartz estimates. As one can observe from previous sections on the homogeneous
Strichartz estimates that it suffices to establish certain local decay estimates.

Now we set

Oppu — Au+ Vi(x)u+ Vo(z —vt)u = F (3.6.34)

with initial data

u(z,0) = g(x), u(z,0) = f(x) (3.6.35)

Lemma 3.6.4. Suppose u solves
Opu — Au+ Vi(x)u+ Vo(z —vt)u = F (3.6.36)

with initial data

u(z,0) = g(z), u(z,0) = f(x). (3.6.37)

Then for o > 3 |v| < 1, we have

()72 PE (1)

<
12(000), 22) 5 1V9zz + 172 +1F Nz go.00), 22) (3.6.38)

and

H(x - Ut>_% PSS (t) u)

<
12([0,00), 12) ~ IVl + 12 + 11 L1 o,00), £2) (3.6.39)

Proof. By Duhamel’s formula, we write

u(x,t) = U(t,0)f + U(t,0)g + /Ot Ul(t,s)F(s)ds. (3.6.40)
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S _ pS - s
PS (Hu(z,t) = PS(1) (U(t,O) f+U(t,O)g> + /O PS (1) U(t, 5)F(s) ds

_ t
= PO (1) (U(t, 0)f +U(t, O)g) + / U(t, s)PE(s)F(s)ds. (3.6.41)
0
Applying the weighted norms, for the homogeneous part, we know

|@ PR ) (U 0)f + U(t.0)g)]

120 S IVallzz + 1z (3.6.42)
t -

and

oo SVl +I1flzz - (3.6.43)
t~x

H(x — )" PS (1) (U(t, 0)f + Ut 0)g> ‘

For the inhomogeneous part, by our discussion above, one has

t
@ [ U)PHOFE)as| S IFl. (3.6.44)
0 L3212 b
and
t
(x — vt) ™ / U(t, s)PE(s)F(s)ds SF|l g2 (3.6.45)
0 L?L2 e
Therefore, one can conclude that
[ 22 @l oy 2y S 1902 1 0eg + 1P oy, 2 (3:6:46)
[z = et F PE @ |y o) S 190l + Ui + 1F sy oy 2y (364D
The lemma is proved. O

With the decay estimate Lemma 3.6.4, we can establish Strichartz estimates using almost

identical procedures as for the homogeneous Strichartz estimates.
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Theorem 3.6.5. Let [v| < 1 and suppose u solves

Opu — Au+ Vi(z)u+ Vo(z — vt)u = F (3.6.48)
with initial data
u(z,0) = g(z), ue(z,0) = f(x). (3.6.49)
Then for p, p > 2, and
1 1 31 1 3
=4I - =4= 3.6.50
2 p q¢2 p g ( )

we have

S < . _ .

where ', ¢ are Holder conjugate of p, q.

Proof. The proof is almost identical to the one for Theorem 3.5.2. But we need some

preliminary calculations. By Lemma 3.6.1, we know
Ps(s)S(s,7) = S(s,7)Ps(7). (3.6.52)
Differentiating (3.6.52) with respect to s and then setting both 7 = s = ¢, we have
Ps(t) = —JH(t)Ps(t) + Ps(t)JH(t). (3.6.53)
Just as we discussed about projections, we write

Opu — Au+ Vi(x)u+ Vo(z —vt)u = F (3.6.54)
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as a system:

5 u B 0 1 A+ Vi(x) + Va(z —ovt) 0 u B 0
t oru -1 0 0 1 Oru F(t)

(3.6.55)

Then

Py(1)0) uwo| P 0 1 —A+Vi(z) +Va(z —vt) 0 _p) 0

By ~10 0 1 F(t)

(3.6.56)

which is

Ps(t)U(t) — Ps(t)JH(t) = Ps(t)F(t). (3.6.57)

By equations (3.6.52) and (3.6.57), one has

% (Py()U (1)) — JH()Ps()U (1) = Py(t)F(t). (3.6.58)

Hence returning to our scalar setting, we have

Ot (PSS (t) u) +(=A+Vi(2) + Va(z — vt)) PS (t)u = PS (t) F(1). (3.6.59)

Now we are ready to proceed to the Strichartz estimates argument similar to the case in
Theorem 3.5.2.
Again, following [40], setting A = v/—A and taking

U(t) = APS (t)u(t) + 0y (PS () u(t))
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then U satisfies
iU = AU + Vi PS (t) u(t) + Va (z — vt) PS (t) u(t) + PS (t) F, (3.6.60)
By Duhamel’s formula,

, t
U(t) = e"AU(0)—i /0 eI (VP (s)uls) + Va (- = vs) PE () uls) + PS (s) F(s)) ds.

(3.6.61)
Let P := A71R, then from Strichartz estimates for the free evolution,
| Pet4u(0)|| S 0Oz, (3.6.62)
and
t
/ e~ =) APS (5) F(s) ds L SIE (3.6.63)
0 ’rl v e

As in the proof of Theorem 3.5.2, writing V] = V3Vy, Vo = V5Vj , it suffices to bound

m .
HP / e~ =) Ay, PS () u(s) ds , (3.6.64)
0 LPLY
and
m .

HP/ e_l(t_S)AVg,V(;(- —vs)PS (s) u(s)ds : (3.6.65)

0 r’ri

In the same manner as we did in the proof of Theorem 3.5.2, one has

OO .
HP / e~ t=) A5, PS (s) u(s) ds < HV4PSS (1) u‘ - (3.6.66)
0 s LiL3
oo .
P/ e_l(t_S)AV5V6(- —vs)PS () u(s) ds < HV(;(QC — vt)PS (t)u‘ 5 o (3.6.67)
0 L LiLy
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By estimates (3.6.38) and (3.6.39) from Lemma 3.6.4,

IvarS @[, S 19902 + 112 + 1 Fl gz (3.6.68)
t~x
|Vet@ — o) PS @u| , , S 1952 + 17152+ 1Fl e (3.6.69)
t - x

Therefore, by the same argument as for the homogeneous Strichartz estimates, we have

S < . _ ~
1P ) wlzp( ey, zg) S M1+ Mol 0Py ) iVespoompagy (3070

as claimed. n

From the discussions above, we can also conclude the endpoint reversed Strichartz esti-

mate.

Theorem 3.6.6. Let |v| < 1 and suppose u solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u = F (3.6.71)
with initial data
w(,0) = g(z), u(z,0) = f(z). (3.6.72)
Then we have
o0 S 2 2
sup [ [PS @ul e S (1052 + ol g + 1P 53 0., 22 ) (36.73)
T 0 t ) s g

Taking the case p = ¢ in the regular Strichartz estimate and interpolating it with the

endpoint reversed Strichartz estimate (3.6.73), we obtain more reversed Strichartz estimates.
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Corollary 3.6.7. Let |v| < 1 and suppose u solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u = F (3.6.74)

with initial data

Then for
2<p, p<8 (3.6.75)
and
1 1 31 1 3
=4S =242 3.6.76
2 p q¢2 p g ( )
we have
S < . - _
125 @y a9, gy & 1912 + s+ 1F g (k.27 (0.00) )z o). 22 PO

where ', ¢ are Holder conjugate of p, q.

We also have the endpoint Strichartz estimate with norm inhomogeneous with respect to

radial and angular variables

Theorem 3.6.8. Let [v| < 1 and suppose u solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u = F (3.6.78)

with initial data

u(z,0) = g(z), w(x,0) = f(x). (3.6.79)
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Then for 1 < p < oo, we have
128 (6) ull o 0,00y, z022) < 1122 + 19l g1+ 1F N 2t 0.0 22)- (3.6.80)

3.6.3 Reversed endpoint Strichartz estimates with inhomogeneous terms in

revered norms

In some nonlinear applications, the interactions among potentials and solitons are strong
which cause the inhomogeneous terms is not in L%L?B. So to finish this section, we discuss
the reversed endpoint Strichartz estimates with inhomogeneous terms in revered norms. We
need a slightly different formulation. As we did in the homogeneous, we recall the definition

of scattering states in inhomogeneous setting.

Definition 3.6.9. (scattering states) Let

Oy — Au+ Vi(x)u+ Vo(z — vt)u = F, (3.6.81)

with initial data
u(z,0) = g(x), u(x,0) = f(z). (3.6.82)

If u also satisfies
| Py (Hl)u(t)HL% — 0, HPb (HQ)U,L(t/)HLQI -0 t,t' = oo, (3.6.83)

we call it a scattering state.

Set the space [

31
I= {G(x, terd L\ Ly, LE i) L%x} (3.6.84)
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for the strong interactions terms.

Theorem 3.6.10. Let |v| < 1. Suppose u is a scattering state in the sense of Definition

3.6.9 which solves

Opu — Au+ Vi(x)u+ Vo(z —vt)u = F (3.6.85)
with initial data
u(z,0) = g(z), u(z,0) = f(x). (3.6.86)
Then
1
00 9 2
(Sup / |u(z, 1)] dt) S A2 + llgll g + 1F 7 (3.6.87)
x€R3 J0
and
1
00 5 2
sup / u(z +ot, )7 dt ) S fllp2 + lgllgn +I1F0- (3.6.88)
r€R3 /0

One can replace F' in the above estimates by FS.

These estimates can be proved by the same ideas as the homogeneous case. Here we
briefly sketch the arguments since many steps are identical as the homogeneous case.
First of all, we need the energy comparison. By similar arguments as we did as the

homogeneous case, one has the following comparison results.

Theorem 3.6.11. Let |v| < 1. Suppose
Opu — Au+V(z,t)u = F(z,t) (3.6.89)

and

1
Vi, pe1)| S —3 (3.6.90)

(z)?
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for 0 <|u| < 1. Then

/ Vou (21, v9, 23, v21) % + |Opu (21, 22, 23, vary )| da

§/|VxU($1,$2,$3,0)|2+ |Oyu (a1, w9, 23, 0)[* da (3.6.91)

+//‘W@ﬁﬁwﬁ
R JR3

and

/]qu (1,22, 23,0)|? + |0pu (21, 29, 23,0)|% dz

S/qu (21, 9, 23, v21)* + S (21, w9, w3, va1) > dw (3.6.92)

+// |F(z,t)|? dedt
R JR3

where the implicit constant depends on v and V.

From the theorem above, we know initial energy with respect to different frames stays
comparable up to || F| 12, For a detailed proof, please see [12].

Next, from Section 3.3, we have all necessary reversed type estimates. So one has all the
basic tools to run the bootstrap arguments as in the homogeneous case. We just need to
understand the evolution of bound states more carefully. Nothing changes substantially but
with one more inhomogeneous term in the ODE.

Let u(x,t) be a scattering state. Following the notations from 3.4.2, we decompose the

evolution as following,

u(z,t) = alt)w(z) + b (y(t —vxy)) my (z,t) + r(x,t) (3.6.93)
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where

my(x,t) = m(y (z1 —vt), 22, 3).

With our decomposition, we know

P.(Hy)r=r (3.6.94)

and

Pe(Hy)rp =1y (3.6.95)

where the Lorentz transformation L makes V5 stationary.
Plugging the evolution (3.6.93) into the equation (5.3.13) and taking inner product with

w, we get

i(t) — Na(t) + a(t) (Vo (z — vt) w, w)

+ (Vo (x —vt) (b(y(t —vxy)) my (z,t) + r(x,t)),w) = (F,w). (3.6.96)

One can write

i(t) — Na(t) + a(t)e(t) + h(t) + hi(t) =0, (3.6.97)
where
c(t) == (Vo (x — vt) w,w) , (3.6.98)
hy (t) = (F,w) (3.6.99)
and
h(t) := (Vo (z — vt) (b(y(t — vxy)) my (x,t) + 7(z,t)) , W) . (3.6.100)

The existence of the solution to the ODE (3.6.97) is clear. We study the long-time behavior

of the solution. Write the equation as
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and denote
N(t) := —la(t)e(t) + h(t) + b1 ()]
Then
a(t) = %M a(0) + %a(m + % /0 "N (s ds} +R(t)
where
R(t) S e,

for some positive constant > 0. Therefore, the stability condition forces

1, 1 [ B
a(O)+Xa(0)—|—X/O e M N(s)ds = 0.

Then under the stability condition (3.6.105),

a(t) = e M {a(O) + % /O - eASN(s)ds] + % / Ooe*W*SlN(s) ds.

0

As in the homogeneous case, we just need to estimate the non-local term,

o
/ e N (s) ds.
0

(3.6.101)

(3.6.102)

(3.6.103)

(3.6.104)

(3.6.105)

(3.6.106)

(3.6.107)

The same idea as the homogeneous case, for ¢ € [0, T, we construct the following truncated

version of the evolution:

up(x,t) == ap(t)w(x) + bp (y(t —vay)) my (z,t) + rp(x, t).

(3.6.108)

For ap(t), we analyze the same ODE for a(t) again but restricted to [0,7] and instead of
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the stability condition
1 o0
a(0) + —a(0) + —/ e_)‘sN(s) ds =0 (3.6.109)
0

we impose the condition that

1 1 (T
ar(0) + XaT(O) + X/ e M N(s)ds = 0. (3.6.110)
0

The same construction can be applied to bp.

In current setting, we only estimate the L? norms of ap and byp.

Lemma 3.6.12. From the construction above, we have the following estimates: for 0 <

ALT,
1
laz |l poofo.1 < (C(A, N+ 17C1(T )) (1712 + gl + 1) (3.6.111)
1
laz |l r2p0,77 < (C(A,/\) +15CU(T )) (||f||L2 + gl g + ||FHI> (3.6.112)
[CALTESIARS (C(A ) + M_ACI( )) (||f||L2 + gl g + ||F||.r), (3.6.113)
and
167l 20,77 S (C(A )+ “—ACH( )) <||f||L2 + gl g + ||F||1)- (3.6.114)

Proof. First of all, as in the homogeneous case, by the bootstrap assumption,

b7 (3(t = ve)) m (o, 0) + 17, ) o 2029 < CLT) (11152 + g+ 1F7)
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For ap(t), we know that

ap(t) — Nap(t) + ap(t) (Va (z — vt) w, w)

+ (Vo (z — vt) (b (4(t —vxy)) my (z,t) + rp(x, b)) ,w) = (w, F) (3.6.115)

We obtain
6)\t 1 1 t \
ap(t) = 5 ar(0) + XaT(O) + X/ e sN(s)ds} + R(t) (3.6.116)
0
where
IRt Se ™, (3.6.117)

With notations introduced above, we consider the truncated version of the stability condition,

1. 1 T —As _
ar(0) + XGT(O) + X/O e "’N(s)ds =0. (3.6.118)
So
I I
ap(t) = e M [aT(O) + ﬁ/o e N (s)ds| + ﬁ/o e M=sI N (s) ds. (3.6.119)
where
N(t) = —[ap(t)c(t) + h(t) + hq(t)] (3.6.120)
with
le(t)] < e hy(t) = (w, F) (3.6.121)
h(t) == (Vo (z — vt) [bp(t — vzy)my (x,t) + rp(z,t)], w) . (3.6.122)

For 0 < A < T fixed, we can always bound the L° norm of ap on the interval [0, A] by
Gronwall’s inequality. Therefore, it suffices to estimate the L°° norm of ap from A to T.
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Note that |c(t)| < e~ for A large, one can always absorb the effects from fgaT(t)c(t) dt
into the left-hand side. Hence it reduces to estimate the L} norm of h(t) restricted to [A, T
and the L? norm of hy(t).

From the computations in 3.4.2, we have

T
[, ol de s caan (151 + ol + 171) (3.6.123)
r !
-%X%j<[;\@Tﬂﬂt—vfﬂ)ﬂw($i)+TT@%ﬂﬂ2W>

Clearly,

T T
| @R s [ 1Fels 3.6.124)
0 0

We can estimate the L norm of ap(t),

lorlzmpoz) S CCAN) (1122 + llgll g + 1717

++XA!MMﬁ+X<A!m@H> (3.6.125)

(AN (Ifll g2+ gl + 1717 )

L1
ANA

< (ctan+ e (1l + ol + 1717).

A

D=

T
L/!@TW@—UmDmm@J%HTQJDFﬁ>

A

Similarly, for the L? norm of ap(t),

1
lorlzzn < (AN + £z0@) (Ml + ol + 1F1). 3o
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After applying a Lorentz transformation, we have analogous estimates for bp(t):

1
AP (cm,m - M—Aolm) (112 + gl g + 11 ) (3.6.127)
1
b7l 2101 S (C(A,M) T m01<T>) (112 + gl g + 1117 ) (3.6.128)
The lemma is proved. O

With the preparations above, we can run the bootstrap argument and channel decompo-

sition as in the homogeneous case.

Proof of Theorem 3.6.10. As in the homogeneous case, let x1(x,t) be a smooth cutoff func-

tion such that

xi(z,t) =1, Vo € Byy(0),  xaw,t) =0, Vo € R?\Byz(0). (3.6.129)

One might assume t > t( for some large tg. We also define

x2(z,t) = x1(z —ot,t),  x3=1-x1— X2 (3.6.130)

Note that we only consider the estimates for large ¢, so one might also assume the support
of x1(z,t) contains the support of V; (z) and support of xo(x,t) contains the support of
Va (- — ut).

With the partition above, we rewrite the evolution as

ur(z,t) = x1(x, t)up(z, t) + xo(z, up(z, t) + x3(z, t)up(z, t). (3.6.131)

We will discuss x;(z, t)up(z,t), i = 1,2, 3, separately. We only analyze x1(z,t)up(x,t) here
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since other pieces are can be done in the same manner in the homogeneous case. T

X1(@, up(z,t) = x1(z, OWi(t)f + x1(a, )Wi(t)g

t
) /0 Wit — 5)Va(- — s)up(s) ds

t
+x1(z,t) /O Wi (t — s)F(s)ds.

We will use the notations

ur(@,t) = artw(z) + by (v(t —vr1)) my (2,1) +rr(z,t)

= ar(t)w(z) +urq (2,t)

= by (3(t = va1)) mo (1) + up (e, t).

Note that
P.(Hy) (upy) = ury

and
P (Hy) (ur2)p = (ur2) -

As in the homogeneous case, we can further reduce to

xi(@ ur(z,t) = x1(z, )Wi(t)f + xi(z, )Wi(t)g
—A
—x1(z,t) ; Wi(t — s)Va(- — sv)up(s) ds

t
+X1($7t)/0 Wi(t —s)F(s)ds.
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(3.6.133)

(3.6.134)

(3.6.135)

(3.6.136)



First, we consider the endpoint reversed Strichartz estimate,

T 2
/0 1 (2 By (o ) de

Therefore,

A

AN

A\

' x1(z, )W (t) P (Hy) f + x1(z, YW1 (t) P (Hy) g "t
I \
T
<,
T
J
(17152 + ol + 1717)°
B
)

T t—A
+ / v t) [ Wit — )P (H) Va(- — sv)up(s) ds
B 0

2
dt

t—A
x1(w,t) ; Wi (t — s)Pe (Hy) Va(- — sv)ugp(s) ds

2

t
Xl(%t)Xl(x,t)/O Wi(t —s)P:.(Hy) F(s)ds| dt

2
dt

¢
X1($at>/() Wi (t — s)Pe (Hy) Vo(- — sv)up(s) ds

2

2 2
(£ 2 + gl ga + 1F )"+ CB) (Ifll2 + gl g1 + 11l )
2

T t—A
+/ x1(z,t) Wi (t — s)P.(Hy) Va(- — sv)up(s)ds| dt
B 0

2 2
(11122 + gl g + 1E07) "+ CB) (Il 2 + Nl g + 17 )

1 2
+5Co(T) (I g2 + Nl + 1F1l7)

T 9 1 2
[ e ourateof s (co+ o+ 36 ) (1l + ol +171)°

(3.6.137)

For the remaining piece, by Lemma 3.6.12

T
| e der@ura < (caan+ 356@) (152 + ol +1715)

(3.6.138)

Therefore, with estimates (3.6.137) and (3.6.138), for the endpoint reversed estimate, we
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obtain

C1(T) < Co+ C(A, B) + %C’Q(T) (3.6.139)

in the first channel. So for A large, in this channel, we have the condition for the bootstrap
argument.

Next we consider the estimate along the slanted line (z + vt, t).

Denoting

u% 1(@,t) = xq (@ + vt t)up g (v + vt t), (3.6.140)

we want to estimate

T T )
/ 1 (& + ot gy ( + ot D)2 dt :/ 1.0t (3.6.141)
0 0 ’
Furthermore, we introduce
DY (z,t) := Dy (z 4 vt, t) (3.6.142)
where
Dy(z,t) == x1(x, )W (t) P (H1) f + x1 (2, ) W1 (t) Pe (Hy) g; (3.6.143)
k{ (x,t) = ky (z + vt t) (3.6.144)
where
t
B, 1) = xa (1) / Wit — 5) P (Hy) V(- — sv)up(s) ds: (3.6.145)
0
E{ (x,t) := By (x + vt, 1) (3.6.146)
where
t—A
Eqi(x,t) := x1(z,t) Wit — s)P.(Hy) Va(- — sv)up(s) ds. (3.6.147)
0
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t
Eo(x,t) := Xl(m,t)/o Wi (t — s)P.(Hy) F(s)up(s) ds.
Then we can conclude
2 T 2 B 2 T 2 T 2
dt < / D} dt+/ k| dt+/ |7 dt+/ B3|t
0 0 B 0
2 2
S (Il + gl ga + 1F1;) "+ CB) (112 + gl g1 + 171l )

1 2
+302(T) (Ill2 + lll g +1Fr) (3.6.148)

N

For the piece with bound states, by Lemma 3.6.12 and Agmon’s estimate,

/OT Ix1(z + vt, ap()w(z + vt)|? dt (3.6.149)

1 2
S (ctan + 5501@) (171 + gl + 171

Therefore, with estimates (3.6.148) and (3.6.149), we obtain

Co(T) < Co+ C(A, B) + %CQ(T) (3.6.150)

in the first channel. So for A large, in this channel, we obtain the desired reduction for the
bootstrap argument.
The other two channels can be analyzed by the same steps as above. Therefore, after

passing T' to oo, we can conclude that

D=

oo
<sup/0 \u(x,t)|2dt> Sz + gl g +IFN (3.6.151)

r€R3
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and

00 2
sup [ Jute+ ot 02 de ) 150 z2 + gl g+ IF (3.6.152)
x€R3 JO

The same arguments work for F' replaced by FS.

We are done. N

3.6.4 Reversed type local decay estimates

To handle the strong interactions of solitons and potentials, in this subsection we establish
some reversed type local decay estimates. These estimates are also important to handle

multisoliton structures as in [15].

Theorem 3.6.13. Let |v| < 1. Suppose u is a scattering state in the sense of Definition

3.6.9 which solves

Opu — Au+ Vi(z)u+ Vo(z —vt)u = F (3.6.153)
with initial data
u(z,0) = g(x), ur(x,0) = f(z). (3.6.154)
Then
[P a4 S Ifllgz + gl + 1 (3.6.155)

5,1 2,1
L2 LN L}UleA’l L

-3
[ ut + vt p)| 4, Sz + gl + 1. (3:6.156)
L2 LtooﬂL}CIL2’1L°°

z] 1
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Here the space D 1is
3.1
D= {G(x,t) €LY L?QL;IL%;L;?OQL%L%}. (3.6.157)
Again, one can replace F' by FS in the above estimates. We can also replace the space D by

3
Dy = {G(x,t) eLI'L] Lz, LA L} ﬂLtLQ} (3.6.158)

This theorem can be proved by the same way as Theorem 3.6.10 provided we have the
energy comparison and the related reversed type estimates for the free wave equations and
perturbed equations.

We start with the free equation again. We set

sin (t \/_ )

up(z,t) = A ——~f +cos (t\/_) (3.6.159)

and

F(s) ds. (3.6.160)

Theorem 3.6.14. Let |v| < 1. Then first of all, for the standard case, one has

Jurl oo S 1fllz2 + ol (3.6.161)

i particular,

[P ur] 4, S 1 fllge + gl (36.16)

L7 LOOﬂL 21L

Also for the inhomogeneous term,

7] 5.

- SIFI s, - (3.6.163)
L2 LOOﬂLl L2 L% L3 Lge
1
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We can also estimate these pieces along slanted lines and obtain

S
HUF‘ 182750 S Al 2 + Nl g (3.6.164)
-3,9
() u H ; S A2 + gl g (3.6.165)
H F L2 1L§°ﬂL3161Lg\1 ; L H
and
H<x>_3DSH 3.1 or o STl 2170 (3.6.166)
LY Lo (L) L2 L 2 Lz Lt

We can replace the L{® norm of F by the Ltl norm. Also one can replace F in the above

estimates by FS.

Proof. We will only prove (4.4.35). (4.4.67) is a consequence of estimate (4.4.35) after
applying Hg”lder’s inequality. (3.6.165) and (3.6.164) follow from estimate (4.4.35) after
performing a Lorentz transformation and energy comparison as in Section 3.3. For the
inhomogeneous estimates, we do the same arguments as in Section 3.3 with L% replaced by

L. For example,

t—s)vV—A t 1
/ sin (( s) )F(s) ds = / / F(y, s)o (dy)ds
0 V—A Lge 0 J|z—y|=t—s |z — | L
1
= / Pyt —lr—yl) dy
|lz—y|<t |z —yl L5
S [ e IP ==l
S sup/ ||F Y, 0l e dy (3.6.167)
rER3 |z —
< IF g,
L2 L
Therefore,
IDllpgorse SIFN 3, (3.6.168)
L} L
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and (4.4.63) follows after applying Holder’s inequality. On the other hand,

F(s)ds

/O sin ((t - S)\/_A) F(y,s)o (dy)ds

VA

r—y|=t—s |z —yl

Lge &
S eIl
S NFN s, - (3.6.169)
2 1
T Ly
Hence,
IDllpgerge SIFI 3,1 - (3.6.170)
Ll
z Ly
So as claimed in the statement, one can replace the L7° norm for F' by the Ltl norm.
Now we prove (4.4.35). Consider ¢t > 0 and define
in (tv/—A
Tf = Mf (3.6.171)
Ve
then
X gin (tv—A
T*F = / MF@) dt, (3.6.172)
0 vV—=A
and
X gin (ty/—A) sin (sv/—A
TT*F = / sin ) sin 5 )F(s) ds (3.6.173)
o VB /A
1 [ [cos((t—s)vV=A) cos((t+s)V=A)
= —/ — F(s)ds.
2 Jo —A —A
We compute the kernel of
h\/
s ( / K(z,y,h)F(y) dy. (3.6.174)
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By straightforward computations, one has

cos (h\/—A) 1 h sin (s\/—A) 0 sin (s\/—A)
= — ———%ds :/ ———~ds. (3.6.175)
-A -A o VvV-A h VvV—=A
By the explicit kernel of Sin(sﬁA), we know that
|x+y| |z —yl > h
K(x,y,h) = . (3.6.176)
0 v —y| <h
Notice that in R3, ﬁ e L3>, so
o0 t—s)vV—A
/ 0s (=) V=R) ) ) as <|IF o, (3.6.177)
0 -4 L8250 L3"L}
by Young’s inequality for convolution. It follows that
sin (t\/—A)
||Tf||L36672L§o = Tf . S I fllge - (3.6.178)
L8%Ls
We are done. O

By the same arguments in Section 3.3, we can extend all the above estimates to perturbed

cases. Define

sin <t\/ﬁ>
ug(z,t) = Tpcf + cos (tﬁ) P.g, (3.6.179)
and
t sin ((t - 5)\/?)
k(1) :—/0 NG P.F(s)ds. (3.6.180)
Theorem 3.6.15. Let |v| < 1 and suppose H = —A + V' has neither resonances nor
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eigenfunctions at 0. Then first of all, for the standard case, one has

lurl s g S 1F11z2 + gl (3.6.181)

i particular,

[P un] 4, S 1l + lgll (36.18)

L7’ LN LL, 21L

Also for the inhomogeneous term,

H 3kH SIF 5, - (3.6.183)
L2’ LN\ LL L2 Lge L2 L
Tl

We can also estimate these pieces along slanted lines and obtain

|

i 5.

16200 S g2 + gl g1 (3.6.184)

or o S Az + llall s (3.6.185)

LQ’LOOQL (L Ly
and
7]

SNy p20 00 - (3.6.186)
T17 2

L2 L°° ﬂLzlLﬁ LY

We can replace the L® norm of F' by the L% norm. Also one can replace F in the above

estimates by FS.

By identical discussions to Section 3.3 with L% replaced by L°, we have all the estimates
for D4 and k4, the truncated version of D and k, with factor % So we have all the
necessary ingredients for our bootstrap process. With the decomposition of channels and all

the estimates above, we can conclude Theorem 3.6.13. We omit the details since they are

identical as the proof for Theorem 3.6.10.
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3.7 Scattering

In this section, we show some applications of the results in this chapter. We will study the
long-time behaviors for a scattering state in the sense of Definition 5.3.2.

Following the notations from above section, we will still use the short-hand notation
PLd =LV (j0,00), LY) . (3.7.1)
In general, we can write a general wave equation as
Opu — Au = F(u,t) (3.7.2)

with initial data

u(z,0) = g(z), u(z,0) = f(x). (3.7.3)

Also consider the homogeneous free wave equation,
Oppug — Aug = 0 (3.7.4)

with initial data

up(,0) = go(x), (uo)¢ (x,0) = fo(x). (3.7.5)

For scattering states, we consider the following question: given data (g, f) € H! x L2 and a
corresponding solution u € H1 x L? to the perturbed problem Cu = F(u,t) with initial data
(9, f) € H' x L?, can we find data (gq, fo) € H' x L? such that the solution ug € H' x L?

to the corresponding homogeneous problem dyug — Aug = 0, (g, fo) € H1 x L2 is such that

[u(t) — w0 g1y 2 = 0, t— 00 (3.7.6)
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To do this, as we discuss about projections, we reformulate the wave equation as a Hamil-

tonian system,

u 0 1 -A 0 u 0
Ot — = . (3.7.7)
Oru -1 0 0 1 Oru F(u)
Setting
u 0 1 —A 0 0
U .= ,J = , Hp = and F(U) := ,
Oru -1 0 0 1 F(u,t)
(3.7.8)
we can rewrite the free wave equation as
Uy— JHpUy =0, (3.7.9)
volo] = | 7 (3.7.10)
fo
and the perturbed wave equation as
U—JHpU = F(U), (3.7.11)
g
Ul0] = . (3.7.12)
S
The solution of the free wave equation is given by
Uy = e HF (0], (3.7.13)

on the other hand, by Duhamel’s formula, the solution to the perturbed wave equation is
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given by
4
Ult] = e/1rujo) + / l=HEF (U(s) ds. (3.7.14)
0

We consider the charge transfer model,
Onu — Au+ Vi(x)u + Vo(z —vt)u =0 (3.7.15)

for which
F(u,t) = — (Vi(z)u + Va(z — vt)u) (3.7.16)

Theorem 3.7.1. Suppose u is a scattering state in the sense of Definition 5.3.2 which solves
Opu — Au+ Vi(x)u + Vo(z — vt)u = 0. (3.7.17)

Write
U= (u,u)t € OO ([o, o0); Hl) x OV ([0, o0); L2) , (3.7.18)

with, initial data U[0] = (g, f) € H' x L2. Then there exist free data
Uol0] = (g0, fo)' € H* x L?

such that

HU[t] - e'f”“’FUO[O]HHle2 =0 (3.7.19)

as t — 00.

Proof. We will still use the formulation in Theorem 3.5.2. We set A = v/—A and notice that

JASfllg2 = I fll g VS € € (RP). (3.7.20)
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For real-valued u = (uy,ug) € H = H1 (RS) x L2 (Rg), we write
U = Auq + ius.

We know

1Ull 2 = [ (ug, u2)ll3 -

We also notice that u solves (5.2.93) if and only if
U:= Au+i0u

satisfies
10U = AU + Viu + Vo (z — vt) u,

U(0) = Ag+if € L <R3).

By Duhamel’s formula, for fixed T'

. T
U(T) = e TAU(0) — i /0 e HT=9)A (Viu(s) + Va (- — vs) u(s)) ds.

Applying the free evolution backwards, we obtain

| T
e TAU(T) = U(0) —i /0 A (Viu(s) + Va (- — vs) u(s)) ds.

Letting T' go to oo, we define

Up(0) :=U(0) — 4 /OOO A (Viu(s) + Va (- — vs) u(s)) ds
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(3.7.22)

(3.7.23)

(3.7.24)

(3.7.25)

(3.7.26)

(3.7.27)

(3.7.28)



By construction, we just need to show Uy[0] is well-defined in L2, then automatically,

HU(t) - e“AUo(O)H ) (3.7.29)

L2

It suffices to show

/OOO e (Viu(s) + Va (- — vs) u(s)) ds € L. (3.7.30)

Then following the argument as in the proof of Theorem 3.5.2, we write V| = V3Vy, Vo =
V5 V.

We consider

Oo .
/O S AVEVu(s) ds . <Kz Lz IVaulzz - (3.7.31)
where
m .
(K1 F) (t) := / AV F(s) ds. (3.7.32)
0
Similarly,
OO . A ~
1S
‘ /0 AV = vs)uls) | < HKleaﬁLg V(e = vtyullp . (3.7.33)
where
~ OO .
<K1F> (t) = /0 5 AV (. — vs)F(s) ds. (3.7.34)

By the same argument in the proof of Theorem 5.3.4, one has

< (. (3.7.35)

K|

1Ktllig, oz = Cu [0l
) T T

Therefore
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H/ooo P AVsVo (- — vsu(s) ds

m .
/ AV Vau(s) ds
0

<
= \|V4U\|Lt2’x,

x

|, St — vl

xT

By estimates (3.5.4) and (3.5.5) from Corollary 3.5.1,

1
9 2
Wiy, < ([, [, gy tote 0 dade)” S 18l + ol

1
2
Wate —vouliy, < ( [, [ oy b dect ) 5 Ufl52 + Dol

We conclude
m .
/ A (Viu(s) + Va (- — vs) u(s)) ds € L?
0
with

S A2 + llgll g

/OO A (Viu(s) + Va (- — vs) u(s)) ds
0 12

So

Define
(90, Jo) := (A7'RUY(0), ST (0)) .

By construction, notice that
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(3.7.36)

(3.7.37)

(3.7.38)

(3.7.39)

(3.7.40)

(3.7.41)

(3.7.42)

(3.7.43)

(3.7.44)



and
_ tJHp H 4
HU[t] e Up[0] g — 0. (3.7.45)

We are done. O

The above theorem confirms that scattering states indeed scatter to free waves.
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CHAPTER 4
WAVE EQUATIONS WITH MOVING POTENTIALS

4.1 Introduction

Our starting point is the free wave equation (Hy = —A) on R3

O — Au =10 (4.1.1)
with initial data
u(z,0) = g(x), up(z,0) = (). (4.1.2)
We can write down u explicitly,
sin (t\/ —A)
w= = f cos (VA g 413
=/ g (4.1.3)
It obeys the energy inequality,
Be(t) = [ om0 + [Vu()? do s [ 152+ |Vol da (4.1.4)
We also have the well-known dispersive estimates for the free wave equation (Hp = —A) on
R3:
sin (tv/=A) 1
— =1 S PIESE (4.1.5)
v Lo(R3)
1
[eos (+v=5) o] gy = 77 128902 m0)- (4.16)

For the sake of completeness, the proofs of estimates (4.1.5) and (4.1.6) are provided in details
in Appendix A. (Notice that the estimate (4.1.6) is slightly different from the estimates

commonly used in the literature, such as Krieger-Schlag [39] where one needs the L' norm
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of D2g instead of Ag).

Strichartz estimates can be derived abstractly from these dispersive inequalities and the

energy inequality. With some appropriate (p, ¢, s), one has

ol 2 za < Nl + 17 g (4.1.7)

The non-endpoint estimates for the wave equations can be found in Ginibre-Velo [28].
Keel-Tao [37] also obtained sharp Strichartz estimates for the free wave equation in R, n > 4
and everything except the endpoint in R3. See Keel-Tao [37] and Tao’s book [54] for more

details on the subject’s background and the history.

In R3, there is no hope to obtain such an estimate with the L%Lgo norm, the so-called
endpoint Strichartz estimate for free wave equations, cf. Klainerman-Machedon [38] and
Machihara-Nakamura-Nakanishi-Ozawa [42]. But if we reverse the order of space-time in-
tegration, one can obtain a version of reversed Strichartz estimates from the Morawetz

estimate, cf. Theorem 4.2.3:

sin (tv/—A)

v=a !

(4.1.8)

CoS <t\/I> g‘

<l p2es)

< .
2 pr S 19l
LI

These types of estimates are extended to inhomogeneous cases and perturbed Hamiltonian in
Beceanu-Goldberg [3]. In Section 4.4, we will study these estimates and their generalizations
intensively. We will also study the other extreme case with the norm Lthoo as in Beceanu-

Goldberg [3]:

sin (1v/ 1)

5 !

S zege) s [eos (V=R) g o S Mol ingesy.  (419)
Tz

LS L®

These two estimates can be combined together to remedy the failure of the regular endpoint
Strichartz estimate.
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Next, we consider a linear wave equations with a real-valued stationary potential,

H=-A+YV, (4.1.10)
Opu+ Hu = 0pu — Au+ Vu =0, (4.1.11)
u(z,0) = g(z), ue(z,0) = f(x). (4.1.12)

Explicitly, we have
sin (t\/ﬁ)
u=——=""="1Ff+4 cos (t\/ﬁ) . 4.1.13
Niii f g ( )

For the class of short-range potentials we consider in this chapter, under our hypotheses
H only has pure absolutely continuous spectrum on [0, c0) and a finite number of negative
eigenvalues. It is very crucial to notice that if there is a negative eigenvalue £ < 0, the
associated eigenfunction responds to the wave equation propagators with a scalar factor by
coS (t\/E) or Sin(t—;ﬁE), both of which will grow exponentially since v'E is purely imaginary.
Thus, Strichartz eitimates for H must include a projection P, onto the continuous spectrum

in order to get away from this situation.

The problem of dispersive decay and Strichartz estimates for the wave equation with a
potential has received much attention in recent years, see the papers by Beceanu-Goldberg
3], Krieger-Schlag [39] and the survey by Schlag [53] for further details and references.

The Strichartz estimates in this case are in the form:

sin (t\/ﬁ >
vVH

Pef +cos (WH) Pegl| S gl + /1l 2 (4.1.14)
Pre
t+x
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with 2 < p, % = % + %. One also has the endpoint reversed Strichartz estimates:

sin (t\/ﬁ )

i Pl eos (WH) Pegl - Sl gl (4015)

LeL?

see Theorem 4.2.4. For the other extreme case, we have

sin (h/ﬁ)

— g Pef o cos (WH) Pug <N Fl g2 + llgl . (4.1.16)

LS L
In Section 4.2 and Section 4.4, we will systematically pass the estimates for free equations
to the perturbed case via the structure formula of wave operators. This strategy also works
in many other contexts provided that the free solution operators commute with certain

symmetries.

For wave equations in R3, there are several difficulties. For example, the failure of the
L%Lgo estimate and the weakness of decay power % in dispersive estimates. The reversed
Strichartz estimates might circumvent these difficulties. Reversed Strichartz estimates along
time-like trajectories play an important role in the analysis of wave equations of moving
potentials. For example, in [14], we used some preliminary versions of these estimates to
show Strichartz estimates for wave equations with charge transfer Hamiltonian.

There are extra difficulties when dealing with time-dependent potentials. For example,
given a general time-dependent potential V' (z,t), it is not clear how to introduce an analog
of bound states and a spectral projection. The evolution might not satisfy group properties
any more. It might also result in the growth of certain norms of the solutions, see Bourgain’s
book [9].

The second part of this chapter, we apply the endpoint reversed Strichartz estimates
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along trajectories to study the wave equation with one moving potential:
O — Au+ V. (:c—m))u:o (4.1.17)

which appears naturally in the study of stability problems of traveling solitons. We impose

that the trajectories are asymptotic to straight lines as in [27].

For Schrodinger equations with moving potentials, one can find references and progress,
for example in Beceanu-Soffer [8], Rodnianski-Schlag-Soffer [51]. Compared with Schrédinger
equations, wave equations have some natural difficulties, for example the evolution of bound
states of wave equations leads to exponential growth meanwhile the evolution of bound states
of Schrodinger equations are merely multiplied by oscillating factors. We also notice that
Lorentz transformations are space-time rotations, therefore one can not hope to succeed
by the approach used with Schrodinger equations based on Galilei transformations. The
geometry becomes much more complicated in the wave equation context. A crucial step
to study wave equations with moving potentials is to understand the change of the energy
under Lorentz transformations. In Chen [14], we obtained that the energy stays comparable
under Lorentz transformations. In this chapter, we study this by a different approach based
on local energy conservation which requires less decay of the potential. As a byproduct,
we also obtain Agmon’s estimates for the decay of eigenfunctions associated to negatives

eigenvalues of H.

4.1.1  Main results

Definition 4.1.1 (Admissible trajectories). A trajectory 37(75) € R3 is said to be admissible

if Y(t) is C* and there exists 0 < ¢ < 1 such ‘?’(t)‘ <l<1forteR.
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Consider the solution to the free wave equation (Hy = —A),

sin (t\/j)
VA

u(z,t) = J + cos (tﬁ) g+ /t sin (t — ) V-4 F(s)ds (4.1.18)

0 V-A

and let ?(t) € R3 be an admissible trajectory. Setting

wS(z,t) =u (a: +Y (1), t> , (4.1.19)
we estimate
IS 2
sup / ‘u (x,t)’ dt (4.1.20)
z€eR3

in terms of the initial energy and various norms of F'. The idea behind these estimates is that
the fundamental solution of the free wave equation is supported on the light cone. Along a

time-like curve, the propagation will only meet the light cone once.

Theorem 4.1.2. Let Y (t) be an admissible trajectory. We have

Hus(x, t)‘

poopz < Ml +lgll g+ 1F g2 (4.1.21)
x 't

If Y (t) does not change the direction, then

o

< .
oz Sz gl + 11 g2 (4.1.22)

where d is the direction of Y (t).
Let Z(t) be another admissible trajectory, we have the same estimates above with F

replaced by
FS(a,t) = F (x +Z(), t> . (4.1.23)
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Remark 4.1.3. If Y (t) = Z(t), one can obtain

o

< n+ || . 4.1.24
sz S I ze + gl + | i (4.1.24)

The other extreme exponents are L°° for t and LS for x. To be more precise, we have the

following endpoint estimates.

Theorem 4.1.4. Let }7(25) be an admissible trajectory. First of all, for the standard case,

one has

HUHngL?)fiHfHL2*-HgHHq-+!H7HLg2LK). (4.1.25)
z Ly

Consider the estimates along the trajectory }7(25), one has

o

£l 2 + llgll o + HFHWL%Ll : (4.1.26)

T t

<
L85 ~

Let Z(t) be another admissible trajectory, we have the same estimates above with F' replaced
by
F%LQ:F@+Y@ﬂ. (4.1.27)

We can extend the above estimates to wave equations with perturbed Hamiltonian,
H=-A+V (4.1.28)

by the structure formulas for wave operators developed in [5, 7], for the potential V' such

that

H=-A+V (4.1.29)

by the structure formulas for wave operators developed in [5, 7], for the potential V' such
that

VeBYnL? (4.1.30)
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where

L <oor (4.1.31)

B = VI 2 i arr @V @)
keZ

and H admits neither eigenfunctions nor resonances at 0. Recall that 1 is a resonance
at 0 if it is a distributional solution of the equation Hiy = 0 which belongs to the space

L? ((x)~%dx) == {f: (x)~7 f € L*} for any ¢ > %, but not for o = %

Theorem 4.1.5. Let }7(75) be an admissible trajectory. Suppose
H=-A+V (4.1.32)

admits neither eigenfunctions nor resonances at 0. Set

sin (t\/ﬁ >
T

t sin ((t—s) \/ﬁ)
VH

(1) = Pef +cos (tv/~H) Pag + /0 PF(s)ds  (4.1.33)

and

uS(,1) = u (x LY ), t) , (4.1.34)

where P, is the projection onto the continuous spectrum of H.
Then

e

< . .
ez S M2 gl + 1Pl (41.35)

If Y (t) does not change the direction, then

i

< .
sz S W2+ ol + 171y 2o (4.1.36)

where d is the direction of Y (t).

Let Z(t) be another admissible trajectory, we have the same estimates above with F
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replaced by
FS(a,t) = F (1: +Z(), t> . (4.1.37)

We also have the perturbed version of the second endpoint reversed space-time estimates.

Theorem 4.1.6. Let ?(t) be an admissible trajectory. Suppose
H=-A+V (4.1.38)

admits neither eigenfunctions nor resonances at 0. Set

sin (t\/ﬁ >
vVH

u(z,t) =

Pof + cos (+/=H) Pog + [ gl Geboi) PF(s)ds  (4.1.39)

0 vVH

and

uS(z, t):=u (a: +Y (1), t> , (4.1.40)

where P, is the projection onto the continuous spectrum of H. First of all, for the standard

case, one has

IIuHngLgo Sz + gl + HF”L%?LOO : (4.1.41)
z Ly

Consider the estimates along the trajectory }7(25), one has

o

1fll 2 + llgll g + HFHVi/l’% L (4.1.42)

T t

<
L8 ™

Let Z(t) be another admissible trajectory, we have the same estimates above with F' replaced
by
FS(a,t) = F (m L Z0), t> . (4.1.43)

We will rely on the structure formula of the wave operators by Beceanu-Schlalg [7].

Although one can obtain similar results without using the structure formula, see [14], the
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goal of our exposition is the illustrate a general strategy that one can pass the estimates for
the free evolution to the perturbed one via the structure formula provided there are some
symmetries of the free solution operators.

As applications of the above estimates, we study both regular and reversed Strichartz
estimates for scattering states to a wave equation with a moving potential with the trajectory

asymptotically like a straight line. Suppose }7(15) € R3 is a trajectory such that there exist

i €R3
Y(t)—fit| S 077, 8> 1.
Consider
Opu — Au+V (x — ?(t)) u=0 (4.1.44)
with initial data
u(z,0) = g(z), ug(z,0) = f(x). (4.1.45)

An indispensable tool we need to study wave equations with moving potentials is the
Lorentz transformations. Without loss of generality, we assume /i is along e_f. We apply the
Lorentz transformation L with respect to a moving frame with speed |u| < 1 along the 1

direction. Writing down the Lorentz transformation explicitly, we have

;

t' = (t - pay)

rh = (z1 — pt)
1 1— MK

! (4.1.46)
zh = 9

Th = 23

\

with
1

(4.1.47)



We can also write down the inverse transformation of the above:

(

t =~ (t' + o))

xy = (2] + pt') (4148
Ty = w’Q

:Egzxg

\

Under the Lorentz transformation L, if we use the subscript L to denote a function with

respect to the new coordinate (:c’ t ), we have

ur, (q:'l, xé,xg,t') =u (fy (1:’1 + ,ut/) ,xlg, xé,fy (t/ + ux’l)) (4.1.49)
and
u(z,t) = ur, (v (x1 — pt) , w9, 23,7 (t —vpz)) . (4.1.50)

In order to study the equation with time-dependent potentials, we need to introduce a

suitable projection. Let

H = _A+V <\/ - ‘M’25E1,$2,l’3> .

Let my, ..., my be the normalized bound states of H associated to the negative eigen-
values —\2, ..., —/\2w respectively (notice that by our assumptions, 0 is not an eigenvalue).

In other words, we assume

Hm; = —)\%mi, m; € L2, A > 0. (4.1.51)

We denote by P, the projections on the the bound states of H and let P. = Id — P,. To be
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more explicit, we have
14
sz Z<,m]>m] (4.1.52)
j=1

With Lorentz transformations L associated to the moving frame (x — fit,t), we use the

subscript L to denote a function under the new frame (m/ t )

Definition 4.1.7. Let

Byt — Au+ V (m - ?(t)) w=0 (4.1.53)
with initial data
If u also satisfies
[ Pyur(t)][f2, =0 t,t" — oo, (4.1.55)

we call it a scattering state.

Theorem 4.1.8 (Strichartz estimates). Suppose u is a scattering state in the sense of Def-

inition 5.3.2 which solves the equation (4.1.44). Then for p > 2 and (p, q) satisfying

1 1 3
5=-t-, 4.1.56
2 p g ( )
we have
lull 22 0,00y, 22) S 11 L2+ [lgll - (4.1.57)

The above theorem can be extended to the inhomogeneous case, see for example [14].

Secondly, one has the energy estimate:

Theorem 4.1.9 (Energy estimate). Suppose u is a scattering state in the sense of Definition

5.3.2 which solves the equation (4.1.44). Then we have

sup (Va2 + lue®ll2) S N F 2 + gl g (4.1.58)
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We also obtain the endpoint reversed Strichartz estimates for u.

Theorem 4.1.10. Let ﬁ(t) be an admissible trajectory. Suppose u is a scattering state in

the sense of Definition 5.3.2 which solves the equation (4.1.44). Then

o0 2
sup [ futent)Bae S (112 + ol i) (4.150
z€R3 J0
and
(0. ¢] . 2 2
sup [ uta+E0.0[ at 5 (1112 + loll) (4.1.60)
z€R3 JO

With the endpoint estimate along <x + ?(t), t), one can derive the boundedness of the

total energy. We denote the total energy of the system as
Ey(t) = / Vaul? + |0pu)? + V (:v - ?(t)) |2 dz. (4.1.61)

Corollary 4.1.11. Suppose u is a Scattering state in the sense of Definition 5.3.2 which

solves the equation (4.1.44). Assume
IVVI1 < o0, (4.1.62)

then Ey/(t) is bounded by the initial energy independently of t,

2
iEEEV(t) S g Dl g2 - (4.1.63)

Organization

The chapter is organized as follows: In Section 4.2, we discuss some preliminary results for
the free wave equation and the wave equation with a stationary potential. In Section 4.3,

we will analyze the change of the energy under Lorentz transformations. Agmon’s estimates
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are also presented as a consequence of our comparison results. In Section 4.4, the endpoint
reversed Strichartz estimates of homogeneous and inhomogeneous forms are derived along
admissible trajectories. In Section 4.5, we show Strichartz estimates, energy estimates, the
local energy decay and the boundedness of the total energy for a scattering state to the
wave equation with a moving potential. Finally, in Section 4.6, we confirm that a scattering
state indeed scatters to a solution to the free wave equation and also obtain a version of the
asymptotic completeness description of the wave equations with one moving potential. In
appendices, for the sake of completeness, we show the dispersive estimates for wave equations
in R? based on the idea of reversed Strichartz estimates, the local energy decay of free wave
equations and the global existence of solutions to the wave equation with a time-dependent
potential. A Fourier analytic proof of the endpoint reversed Strichartz estimates is also

presented.

4.2 Preliminaries

4.2.1 Strichartz estimates and the endpoint reversed Strichartz estimates

We start with Strichartz estimates for free wave equations. Strichartz estimates can be
derived abstractly from these dispersive inequalities and the energy inequality. The following

theorem is standard. One can find a detailed proof in, for example, Keel-Tao [37].

Theorem 4.2.1 (Strichartz estimates). Suppose

Opu — Au = F (4.2.1)

with initial data

u(z,0) = g(z), u(z,0) = f(x). (4.2.2)
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Then for p, a > %, (p,q), (a,b) satisfying

;_S:}ﬁg (4.2.3)
g_szé+% (4.2.4)
we have
Julpzg S ol + 05 o + 1F (4.2.5)
where%%—%:l, %—i—%zl.
The endpoint (p,q) = (2,00) can be recovered for radial functions in Klainerman-

Machedon [38] for the homogeneous case and Jia-Liu-Schlag-Xu [34] for the inhomogeneous
case. The endpoint estimate can also be obtained when a small amount of smoothing (either
in the Sobolev sense, or in relaxing the integrability) is applied to the angular variable, see

Machihara-Nakamura-Nakanishi-Ozawa [42].

Theorem 4.2.2 ([42]). For any 1 < p < 00, suppose u solves the free wave equation

8ttu —Au=0 (4.2.6)
with initial data
u(w,0) = g(x), ui(#,0) = f(x). (4.2.7)
Then
lull 2oz, < CW) (112 + gl ) (42.8)

The regular Strichartz estimates fail at the endpoint. But if one switches the order
of space-time integration, it is possible to estimate the solution using the fact that the
solution decays quickly away from the light cone. Therefore, we introduce reversed Strichartz

estimates. Since we will only use the endpoint reversed Stricharz estimate, we will restrict
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our focus to that case.

Theorem 4.2.3 (Endpoint reversed Strichartz estimates). Suppose

Oopu—Au=F (4.2.9)
with initial data
u(z,0) = g(z), w(x,0) = f(x). (4.2.10)
Then
HUHLngiSHfHL24-H9HH1+-HFHL%JL2 (4.2.11)
z Ly
and
HUHngL?>§SHfHL2%-H9HH1+-HFHLg2 N (4.2.12)
x t

See Section 4.4 for the detailed proof. For (4.2.11), one can find an alternative proof
based on the Fourier transform in Appendix D.

The above results from Theorem 4.2.1 and Theorem 4.2.3 can be generalized to the wave
equation with a real stationary potentials.

For the perturbed Hamiltonian,

H=-A+V, (4.2.13)

with V' < (2)™ for o > 3, consider the wave equation with potential in R3:

onu —Au+Vu=0 (4.2.14)

with initial data

u(z,0) = g(z), ue(z,0) = f(x). (4.2.15)
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One can write down the solution to it explicitly:

u:wf—l—cos(t\/ﬁ)g.

(4.2.16)

Let P, be the projection onto the point spectrum of H, P. = I — P} be the projection onto

the continuous spectrum of H.

With the above setting, we formulate the results from [3].

Theorem 4.2.4 (Strichartz and reversed Strichartz estimates). Consider the perturbed

Hamiltonian H = —A +V in R3. Suppose H has neither eigenvalues nor resonance at

zero. Then for all0 <s<1,p> %, and (p, q) satisfying

3 1 N
- — 8§ = — J—
2 P q
we have
sin (t\/ﬁ>
———L P +cos((VH) Peg| S llgllge + 11
VvH
Lrri

For the endpoint of reversed Strichartz estimates, we have

sin (tx/ﬁ)

— g Pel eos (WH) Pegll - S l2 + gl

LPL?

/t sin <(t - s)\/ﬁ)
0

P.F < ||F .
\/ﬁ c (S)ds N|| ” %’1L2

T t

LPL?
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(4.2.18)

(4.2.19)

(4.2.20)



One also has

sin (tm)

————LPf + cos (tVH) Peg Sz + llgl - (4.2.21)
VH 62
Ly“L§°
t sin ((t — 3)\/ﬁ>
P.F(s)ds SIFI 6, - (4.2.22
/O vVH ‘ 6,279 5’72 7 )
Ly° L

One can find detailed arguments and more estimates in [3]. We will apply the structure

of the wave operators to show the above theorem in Section 4.4.

4.2.2  Structure formulas of wave operators and their applications

Next, we discuss structure formulas of wave operators. Again consider

For wave operators, we define
Wt =s— lim *HctA (4.2.24)
t—00
We know
Wt (=A)=HWT (4.2.25)
and
(W+)* = s— lim ¢tHoe=tH p_ (4.2.26)
t—00

By Beceanu and Schlag [7], suppose that

VeBTNnL? (4.2.27)
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where

B = SV 2% x e arey V@), < oo (4.2.28)
keZ
we have a structure formula for W1 and (I/VJF)>k
Theorem 4.2.5 ([7]). Assume H = —A +V admits neither eigenfunction nor resonances
at 0. Then for both W and (W+)*, we have for f € L2,
Wf(x)=f(z)+ /82 /]1%3 g(x,y,w)f (Swr +vy) dydw, (4.2.29)
for some g(x,y,w) such that
/ / llg(z,y,w)|| [0 dydw < o0 (4.2.30)
S? JR3 r
and where
St =1 — (22 - w)w. (4.2.31)

is the reflection by the plane orthogonal to w. Here W is either of W or (W+)*

The structure formula (4.2.29) in Theorem 4.2.5 is very powerful. One can easily pass
many estimates from the free case to the perturbed case provided the solution operators of
the free problem commute with certain symmetries. Here we illustrate this idea by a concrete

computation based on Theorem 4.2.2.

Theorem 4.2.6. Assume H = —A + V' admits neither eigenfunction nor resonances at 0.

Setting
sin t\/H>
H _ (
wll = — 2 Pef + cos (t\/H) P.g, (4.2.32)

then for any 1 < p < oo, one has

H“HH rprers, <€) (Hf”L2 + HgHH1) (4.2.33)
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Proof. 1t suffices to consider

By construction,

Denoting

we have

1Pefllz2 = (1Al L2

Setting

_ sin (tﬂ) b

NN

by Theorem 4.2.5, it is sufficient to consider the boundedness of
G —|—/ / g(x,y, 7)G (Srz +y) dydr.
S? JRR3
Clearly, by Theorem 4.2.2,

HGHLngoLfJ S HhHLQ = HPcfHLQ'

Next, by Minkowski’s inequality,

H/SQ /R:s g(z,y,7)G (Srzx +y) dydr

L2Le L,

S [, [ Vot m)G (S + )l ey
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(4.2.34)

(4.2.35)

(4.2.36)

(4.2.37)

(4.2.38)

(4.2.39)

(4.2.40)

(4.2.41)

(4.2.42)



o,y 7)G (Sr2+ )l p2p0er, S 0oy e G (Sra+ 9l p2ppepp. (4:243)

Since reflections with respect to a fixed plane and translations commute with the solution of

a free wave equation, we obtain

sin (tﬂ)

G(STx+y): m

h(Srx+1y). (4.2.44)
Therefore,
G (Srz +9)l p2peorp S 1A (ST +y) g2 S (1Al p2 = [[Pefll 2 (4.2.45)

It follows

“G+/ / g(z,y, 7)G (Srx + y) dydr
S2 JR3

< (1 w [ [ lotey Dl dydT) 1Pe g2 S 17l
S2 JR3 z

Then we conclude

H“HH r2reern, = 6 V) <||f||L2 + ||g||H1) : (4.2.47)
as claimed. .

One can do similar arguments to obtain many other estimates for the perturbed wave
equations, for example the local energy decay estimate, the energy estimate and many
weighted estimates.

The following Christ-Kiselev Lemma is important in our derivation of Strichartz esti-

martes.

Lemma 4.2.7 (Christ-Kiselev). Let X, Y be two Banach spaces and let T be a bounded
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linear operator from L? (R+; X) to L7 (R+; Y), such that

Tf(t) = /0 T K8 f(s) ds. (4.2.48)

Then the operator
. t
Tf— / K(t, s)f(s) ds (4.2.49)
0

18 bounded from L? (R+; X) to L7 (R+; Y) provided B < v, and the
|7[ < e im (4.2.50)

with

C(B,) = (1 - zi‘é) o (4.2.51)

4.3 Lorentz Transformations and Energy

When we consider wave equations with moving potentials, Lorentz transformations will be
important for us to reduce some estimates to stationary cases. In order to approach our
problem from the viewpoint of Lorentz transformations as in [14], the first natural step is to
understand the change of energy under Lorentz transformations.

Indeed, in [14], we shown that under Lorentz transformations, the energy stays compa-
rable to that of the initial data. The method in [14] is based on integration by parts. Here
we present an alternative approach based on the local energy conservation which is more
natural and requires less decay of the potential. We notice that the method in [14] can be
viewed as the differential version of the argument here.

Throughout this section, we perform Lorentz transformations with respect to a moving
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frame with speed |v| < 1, say, along the 1 direction, i.e., the velocity is
Y = (v,0,0). (4.3.1)

Recall that after we apply the Lorentz transformation, for function w, under the new coor-

dinates, we denote
uy, (x’l, xé,xé,t/) =u (7 (:z:’l + vt') , b, xé, v (t/ + lel)) . (4.3.2)

Now let u be a solution to some wave equation and set ¢ = 0. We notice that in order to
show under Lorentz transformations, the energy stays comparable to that of the initial data,

up to an absolute constant it suffices to prove

/ (Vo (a1, 29, 23, v2) |2 + |0 (21, 79, 03, v21) 2 da

~ / |V zu (a:l,xg,xg,(])\2 + |Oru (a:l,xg,xg,O)\zdx. (4.3.3)
Throughout this section, we will assume all functions are smooth and decay fast. We will

obtain estimates independent of the additional smoothness assumption. It is easy to pass

the estimates to general cases with a density argument.

Remark 4.3.1. One can observe that all discussions in this section hold for R™.

4.3.1 FEnergy comparison

In this section, a more general situation is analyzed. We consider wave equations with
time-dependent potentials

Oppu — Au+ V(x, t)u =0 (4.3.4)
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(4.3.5)

uniformly for 0 < |u| < 1. These in particular apply to wave equations with moving

potentials with speed strictly less than 1. For example, if the potential is of the from

V(z,t) =V (x —vt)

with

Vi) < —

(z)?

then it is transparent that

V@, py)| = V(@ — vpay)| < ﬁ

Homogeneous comparison

Suppose
Opu — Au+ V(z, t)u =0,

then it is clear that

0 = w(Ou—V(t)u)

2 2
= —0O (W% + |u;| > + div (Vuug) — V(x, t)uuy.
Lemma 4.3.2. Let |v| < 1. Suppose

Opu — Au+ V(z,t)u =0
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(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

(4.3.11)



and
1
V(. pz1)] S e (4.3.12)

uniformly for 0 < |u| < 1. Then for arbitrary R > 0, there exists some constant M(v) > 1

depending on v such that

/II i )R|V:cu (x1, 29, 23, vx1) |2 + |Opu (1, 22, 23, va1 )| da
xT|> v

< / |V u (xl,xg,x3,0)|2 + |Oru (9:1,:52,3:3,0)|2dx, (4.3.13)
|z|>R

where the implicit constant depends on v, V.

Proof. Denote

2w k) = [ [V (@, )| s 2, 2, 3, a2 i (4.3.14)
|z[>M (1) R, 21>0

TJ(r] (U,/L7R) :/ ’V(I’,/Ll’l)‘ ’ut (‘eranS?/JJIl)lex' (4315)
|x‘>M(lu‘)R7ml>0

EY (u,p, R) = / Vo (21, 29, 23, p1)|? + |Opu (1, 29, 73, pvy )| da,
|x|>M(p)R, 21>0
(4.3.16)
where
1
M(p) = . (4.3.17)
1— |l
One observes that if
1
Vi )| § (43.18)
(z)
uniformly with respect to 0 < |u| < 1, by Hardy’s inequality,
LY (u, i, R) + T (u, 1, R) S EY (.1, R). (4.3.19)
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With these notations, we need to show
EY (u,v,R) S EY (u,0,R). (4.3.20)

For fixed R > 0, we construct two regions as follows:

LE with equation
2 2 3 2
and Lp with equation
2 2 3 2
r]+a5+a3 < (R—t)°, —oo<t<0,21 <0. (4.3.22)

Denote the region bounded by ([O, 00) x R? x [0, oo)) \LE and the plane (x1, x9, x3,vx1) by
Y+ and use Y~ to denote the region bounded by ((—o0,0] x R? x (—o0, 0]) \L}p and the
plane (r1,x9, 3, vr1).

By symmetry, it suffices to analyze Y. We apply the space-time divergence theorem to

2 2
<Vuut,— <_|u;| + —|u;| )) (4.3.23)

in region Y. We denote the top of Y by Y; , the bottom as Yg and the lateral boundary
as YLJF. We should notice Yg actually is {z1 > 0} N (R3\BR(O)).

The unit outward-pointing normal vector on the plane (z1, z9, z3,vr]) is

1
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The outward-pointing normal vector on the bottom of Y is

(0,0,0,—1).

From (5.3.42), one obtains

- ) e el
211 )yt [U 1 it ( 2 2
1

= — Vu—n xuzda—f—/ V(x, t)uus dxdt,
Wi Yf| (z)utl (2, t)uuy

Y+

where ny (z) is a vector of norm 1.

Note that

/ |V(x,t)uut|dmdt,§/ V(. )] (ul? + o) dad
Y+ Y+

Hence we can conclude

ud® |l
—v0g uut + <T+ ; dx
</ Jug|? n Jua | d:v+/ IV (z,1)] (Iu!2+\ut|2> dzdt.
~ Yg 2 2 Y+ ’

Consider the integral

[ Vet (e + ) deat,
Y+

by a change of variable and Fubini’s Theorem, it follows

v
/ |V (z,t)] <]u\2 + |ut]2> dxdt = / <LZ (u, p, R) + T_g (u, 1, R)) du
Y+ 0

AN

v
/0 EY (u, 41, R) dp.
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2 2
dx+/ fud™ | Jual™)
Y-‘r 2 2

B

(4.3.25)

(4.3.26)

(4.3.27)

(4.3.28)

(4.3.29)

(4.3.30)



Note that with |v| < 1 and the AM-GM inequality, we obtain

which implies

2 2 2 2
(1- |UD/ |ut] . uel™ 4 < / |ut] i lual ™ .
v+ 1)y 2 2 Ty 2 2

v
+/ EY (u,p, R) dp
0

With our notations, we have

Y +1 v

By Gronwall’s inequality with respect to v, one obtains
EY (u,v,R) < EY (u,0, R)

provided |v| < 1.

By construction, we have
/| MR 0|qu (x1, 9, 23, vx1) |2 + |Opu (21, 29, 23, va1)|* da
x|> V), 1>

5/ |V (21, 9, 23,0)* + [Opu (v1, 9, 3,0) [ da
|z|>R,x1>0
A similar argument for Y gives

/| MR <0\VxU(961,3?2,x3,W1)!2+\(9tU(I1,SC2,9€3,U$1)|2dSC
z|>MW)R, x1<

,S/ |V pu (21, v9, 23, 0)|* + [dpu (21, 9, 23, 0)|* da.
|z|>R, 1<0
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(4.3.31)

(4.3.32)

(4.3.33)

(4.3.34)

(4.3.35)

(4.3.36)



Hence, we get

/|| i )R|qu (x1, 29, 23, vx1) | + |Opu (1, 22, 23, va1 )| da
xT|> v

N / Vot (21,29, 23,0)° + [0pu (21, 79, 73,0)|* dx (4.3.37)
|z|>R

as claimed. O

Lemma 4.3.3. Let |v| < 1. Suppose

Oppu — Au+ V(x,t)u =0 (4.3.38)
and
1
V(o) S — (4.3.39)
(z)

uniformly for 0 < |u| < 1. Then for arbitrary R > 0, there exists some constant My (v) < 1

depending v such that
/ Vo (w1, 32, 23,0)[% + |0pu (21, w2, 23,0) [ dar (4.3.40)
|z|>R
N / Vou (21,29, 23,v21)| + [Opu (21, 22, 23, v21) | da,
|z|>M7(v)R

where the implicit constant depends on v, V.

Proof. Denote

LE (u, 1, B) = /| ot eV @I 2 ) Pae (@3
x 1(pu) R,z

Tf (u, p, R) = / \V (z, px1)| |ue (21, 2, 23, pacy)|? da. (4.3.42)
|x|>Mi (1) R, 21>0
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EJLF (u, p, R) = /
|£TJ|>M1(ILL)R,:L’1>O
where
My () = —

() = ——
L+ |l

One observes that if
1
(z)

uniformly with respect to 0 < |u| < 1, by Hardy’s inequality,

LY (u, i, R) + TF (u, 1, R) < BY (u, 11, R).

With these notations, we need to show
EL (u,0,R) < EE (u,v, R).

For fixed R > 0, we construct two regions as follows:

C’E with equation

x%+m%—|—x§§(R—t)2, 0<t<R, 21>0

and C'p with equation

2242t a3 <(R+1)?, —R<t<0,21<0.

Vot (21,22, 73, pa1) |* + |Opu (21, w2, 73, pay ) | dz,

(4.3.43)

(4.3.44)

(4.3.45)

(4.3.46)

(4.3.47)

(4.3.48)

(4.3.49)

Denote the region bounded by ([0, c0) x R2 x [0, 00)) \CE and the plane (z1,z9,x3,v21)

by KT and use K~ to denote the region ((—o0,0] x R? x (—00,0]) \Cp and the plane
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(21,29, 23, v27).

By symmetry, it suffices to analyze K. We again apply the space-time divergence

2 2
<Vuut, - (% + Iu%l» (4.3.50)

in region K as above. We denote the top of KT by K;S, the bottom as Kg and the lateral

theorem to

boundary as KZF. The unit outward-pointing normal vector on the plane (x1,x9,x3,vz1) is
1
— (—v,0,0,1). (4.3.51)
v2 +1
The outward-pointing normal vector on the bottom of KT is

(0,0,0,—1). (4.3.52)

One obtains from (5.3.42),

1 |ut|2 |u$|2
_ 0 - — 4+ —
T . [v 7y WUt < 5 5

1 2 / 2 2
< —— Vu — n(x)u|” do + Vi(z,t)| ( |u]” + |u dxdt, (4.3.53
< =33 Jr Vel o+ [ W0l (W + o) ot (1359

where n(x) is a vector of norm 1.

Note that

/ V()| dadt < / V()] (Rl + ) i (4.3.54)
Kt K+

Hence we can conclude

2 2 2 2
—t+—]dr S —— —v0. + | ——+— d
/ ( : 5 TS /02 : VO ULt 5 5 X

+/ Vi t)| (juf? + ) dadt. (4.3.55)
K+
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Again, consider the integral

[ W0l (1 + fuf?) dode, (4.3.56)

by a change of variable and Fubini’s Theorem, it follows

v
/K V@) (Jul + ) dedt = /0 (L% (wo s B) + T (u, 0 R) ) dp

v
< / EL (u, 1, R) dp. (4.3.57)
0

Hence we can conclude

IR A PR ey T
K 2 2 Vo? 41 K4 2 2

+ [ EL(upR) du (4.3.58)

In other words,

1+ ||

EY (u,0,R) £ ——

[
(E_|L_ (u,v, R) +/ E_I; (u, p, R) du) . (4.3.59)
0
With Gronwall’s inequality again, it implies

EL (u,0,R) < EX (u,v, R) (4.3.60)

Therefore,

2 2 2 2
/ T C P 5/ fud™ Tl ™Y (4.3.61)
ot 2 2 K+ 2 2
B T
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By construction and a similar argument applied to K, we obtain precisely
/ Vo (21, 22, 23,0)[% + |Opu (21, w2, 23,0)[ dar
|z|>R
S / Vo (1,22, 23, v21)|* + [Opu (21, 22, 23, v21)|* dor,
|z|>Mi(v)R
as claimed.
Theorem 4.3.4. Let |v| < 1. Suppose

Oppu — Au+ V(x,t)u =0

and

1
|V(I‘,/J$1)‘ 5 9

(z)
for 0 <|u| < 1. Then

/|VIU($1,$2,$3,W1)|2 + |0 (1, 9, w3, vy )| da

~ / |V (21, 29, 23,0) % + [dpu (21, 29, 3,0)|* de,

where the implicit constant depends on v and V.

Proof. We first show

/ Vou (21, v9, 23, v21) % + |Opu (21, 22, 23, vary )| da

5/!VxU($171?2,56370)|2+|3tU($1,172,$370)|2d$-
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(4.3.63)

(4.3.64)

(4.3.65)

(4.3.66)



This follows from Lemma 4.3.2 which implies for R > 0,

/ Vo (1,22, 23, v21)* + |Opu (21, 22, 23, v21)|* do
o[> M (0)R
5/ Vot (21,29, 23,0)° + [0pu (21, 79, 73,0)|* dx (4.3.67)
|z|>R

5/IVxU(x1,x2,x3,0)!2+\9tU($1,x2,x3,0)!2d37

with an implicit constant independent of R. By the monotone convergence theorem, letting

R — 0, we get

2
/|VxU(3?1,$2,$3,v$1)\2+|5tU(93173?2,933,21961)| dx

5/!qu (21,22, 23,0)|* + |Opu (21, 22, 23, 0)|? da. (4.3.68)
Next, we establish the converse inequality. By Lemma 4.3.3, for R > 0,

/ Vo (1,22, 23,0)* + [Opu (21, 22, 73, 0)|* da

|z|>R

S / Vou (21, 9, 23,v21)|* + |Opu (21, 29, 23, v71)|* dov (4.3.69)
|z|>M7(v)R

§/|VxU(931>$27£B3,v£'31)|2+|3tU($1,$2,$3,v$1)|2d$- (4.3.70)

with an implicit constant independent of R. Letting R — 0, from the dominated convergence

theorem, it follows that

/ Vo (21, 22, 23,0)|* + [9pu (21, 29, 73, 0)|* dx (4.3.71)

S/!VxU(7$17$2,333,W$1)|2+WtU(’val,@w&70931)\26133-
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Hence, we conclude

/ Vau (v, 29, 73, yvr1) [ + |Opu (o1, w9, w3, yoar )| da

~ / |Vyu (21, v9, 23,0)|% + [dpu (21, v9, 23,0)|* da.

The theorem is proved.

Inhomogeneous comparison

In nonlinear applications, we also need to handle inhomogeneous equations.

briefly discuss the energy comparison.
Suppose
Opu — Au+ V(z,t)yu = F,

then it is clear that

Fuy = w (Ou—V(t)u)

2 2

2 2
= —0 (M + M) + div (Vuug) — V(x, t)uuy.

We apply the space-time divergence theorem to

2 2
(W’_ (rug . \u;«| ))

then one has the following comparison as in the homogeneous case.

Lemma 4.3.5. Let |v| < 1. Suppose

Opu — Au+ V(z, t)u = F(x,t)
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(4.3.72)

So here we

(4.3.73)

(4.3.74)

(4.3.75)

(4.3.76)



and
1
V(z, pz1)| S @2 (4.3.77)

uniformly for 0 < |u| < 1. Then for arbitrary R > 0, there exists some constant M(v) > 1

depending on v such that

/II i )R|V:cu (x1, 29, 23, vx1) |2 + |Opu (1, 22, 23, va1 )| da
xT|> v

< / |Vu (z1, 29, 23, O)]2 + |0 (x1, w9, x3, O)]2 dx (4.3.78)
|z|>R

+// |F(x,1)|? dadt,
R JR3

where the implicit constant depends on v, V.

Proof. By the identical arguments as Lemma 4.3.2, denote

LY (w k) = [ 1V (1) s (21, 29, 23, )2 di (4.3.79)
|x|>M ()R, x1>0
1Y (. R) = | V (e, ) g (21, 2, 23, ) 2. (43.80)
||>M ()R, 21>0
EY (u, 1, R) = / Vot (21,29, 23, pr1)|* + |Opu (21, w2, 23, pay)|? da,
|x|>M(p)R, x1>0
(4.3.81)
where
1
M) = ———. 4.3.82
=17 (43.82)
By Hardy’s inequality,
LY (u, 1, R) + TV (u, 1, R) < EY (u, p, R) (4.3.83)
+ y oy =+ y oy ~ 4+ y Ky . c-
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With these notations, we need to show
EY (u,v,R) S EY (u,0,R). (4.3.84)

Using the same notations as the proof of Lemma 4.3.2, we apply the space-time divergence

2 2
(Vuut, — (% + W%)) (4.3.85)

in region Y *. From (4.3.74), one obtains

theorem to

1 |ut|2 |U:c|2 / |U1t|2 |Uac|2
— 0 — + dzr + + d
] /T [U v WUt ( ) 5 T . 5 5 xT

- Vu—ny(x)u|® do + Vix, t)uus dedt + Fuy dxdt, (4.3.86
2v/2 /Y; | pieyal” do Y+ (e EJuug v+ ( )

where ny(x) is a vector of norm 1.

Note that

/ IV (2, g dadt < / V. 0)| (juf® + fuf?) dadt. (4.3.87)
Y+ Y+

Hence we can conclude

2 2
1
—/ — 00z uug + Juel” + Jual® dx
v? + 1)yt 2 2

2 2
< / futl ™ | Juel +/ V()] (Jul? + o) dads (4.3.88)
YB+ 2 2 Y+

+ /Y (19O + fuf?) d (4.3.89)
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We know that

v
Wt (1o + o) dode = [ (2 B+ T e )

N

v
/O EY (u, 1, R) dp. (4.3.90)

So as we did in the proof of Lemma 4.3.2; one has

A=) [ (1wl
Va2 T2

[ (bt

Yg 2 2
v

+/ ES{ (u, p, R) dp (4.3.91)
0

+ / |F(z, 1)) dedt
Y+

With our notations, we have

Vo2 +1 v
EY (u,v R)Nm(EQ(U,O,RH/R/RB\F(x,m?dxdw/o EY (u, p, R) du).

(4.3.92)
By Gronwall’s inequality with respect to v, one obtains
EY (u,v,R) < EY (u,0,R) + // F(x,t)|? dadt (4.3.93)
provided |v| < 1.
By construction, we have
/ Vou (21,39, w3, v21)[* + 0w (w1, 29, w3, v31)* dar
|z|>M(v)R,21>0
< / Vou (z1, 79, 23,0)° + |0pu (21, 79, 23,0)[ dx (4.3.94)
|1‘|>R x1>0

// (z,t)|? dadt.
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So by the same steps as in Lemma 4.3.2, we get

/|| i )R|qu (x1, 29, 23, vx1) | + |Opu (1, 22, 23, va1 )| da
xT|> v

N / Vot (21,29, 23,0)° + [0pu (21, 79, 73,0)|* dx (4.3.95)
|z|>R

+// (2, 1) |2 davdt
R JR3

as claimed. n
In the same manner, one has the estimate from the other side. We omit the proof.

Lemma 4.3.6. Let |v| < 1. Suppose
Opu — Au+ V(z, t)u = F(x,t) (4.3.96)

and

1
V(, pe)l S — (4.3.97)

(w)?
uniformly for 0 < |u| < 1. Then for arbitrary R > 0, there exists some constant My (v) < 1

depending v such that

/| R!VxU($1,x2,$3,0)|2+\3tU($1,fB2,333,0)|2d$ (4.3.98)
x|>

S / Vot (21, 29, 73, v21) | + |Opu (21, 29, 23, va1)|? da
o> My (o) R

+// |F(x,1)|? dadt,
R JR3

where the implicit constant depends on v, V.

By a limiting argument similar to the homogeneous case, one has the following comparison

with the inhomogeneous term.
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Theorem 4.3.7. Let |v| < 1. Suppose
Opu — Au+ V(z,t)u = F(z,t)

and

1
|V(I‘,/J$1)‘ 5 9

(z)
for 0 <|u| < 1. Then

/ |V ou (21, v9, 23, v21) % + |Opu (21, 22, 23, vary )| da

S/IVIU($1,IE2,$3,0)|2+|atU(961,$2,$3,0)|2d17

/ / (x,t )|? dzdt

and

/]qu (1,29, 23,0)|? + |0pu (21, 29, 23,0)|% dz

S/qu (x1, 9, 23, v51)|? + |8pu (21, 29, 3, v21)|? do

/ / (z,1)|? dzdt

where the implicit constant depends on v and V.

(4.3.99)

(4.3.100)

(4.3.101)

(4.3.102)

From the theorem above, we know initial energy with respect to different frames stays

comparable up to || F| 2,
X

240



4.8.2  Agmon’s estimates via wave equations

As a by product of Theorem 5.3.6, we show Agmon’s estimates [1] for the decay of eigen-

functions associated with negative eigenvalues of
H=-A+V. (4.3.103)
Again, we restrict our attention to the class of potentials satisfying the assumption

V(z)] < Cy (1 + :c2> . Vo e R, (4.3.104)

As in Remark 4.3.1, all arguments and discussions are valid for z € R™.

Theorem 4.3.8 (Agmon). Let V satisfy the assumption (5.0.3). Suppose ¢ € W22
—Ap+Vé=E¢p, E<O0. (4.3.105)

Then Yo € [0,2y/—E)
/R ) 7l |p(2)? da ~ /R ) 6(z)|? du, (4.3.106)

with tmplicit constants depending on o, V.

Furthermore, if V € wk (R3) where k > % and for 0 <i <k,
. -1
‘VZV(JU)’ <Oy, (1 + :1:2) (4.3.107)

then

p(a)] S ezl (4.3.108)
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Proof. Tt suffices to show Va € [0,2v/—F)

/ il |p(2) 2 da :/ 6(2)|? dz, Vj = 1,2,3.
R3 R3

Without loss of generality, we pick 7 = 1.

With Theorem 5.3.6, we know if ug + Hu = 0, then with |v]| < 1

/|Var:u(le‘1,96‘27$z),,W1)|2 + O (yay, wo, w3, vr1)|? da

2/|qu (xl,xg,x3,0)|2 + |Oru (ml,xg,x3,0)|2dx. (4.3.109)

We can rewrite the above result using half-wave operator eit\/ﬁ, for f € L? then

/

. 2
e“’tVHf‘t ) da;:/|f|2 da. (4.3.110)
:xl

We pick f = ¢ satisfying

—Ap+Vop=FE¢p, E<O, (4.3.111)
then
2
/e—vzﬂ\/jw'? d _/ €—UI1V—E¢) dx g/’¢|2 dx. (4.3.112)
With v replaced by —v, we obtain
2
/evx12\/j|¢|2 dr = / ‘G—Ul'l\/—ng)‘ dx :/|¢|2 dzx. (43113)
Therefore,
/emﬁm 62 do ~ / 6|2 da. (4.3.114)

Fixed an a € [0,2v/—F), we can find |v| € [0,1) such that a = |2vy/=E|, then it follows
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that

[etlof? do= [ jof d.

Therefore the estimate (4.3.106) is proved.

Next we move to (4.3.108). Since
A+ Vd=Ed E <0,

then

[Ivotas+ [ViePar—E [ 1o
[ vt as < Vi [10f s

Differentiating the equation, for any multi-index [
“A (a%) + 9P (Vo) = BBy

we can conclude

/]v(a%)]zdxg/aﬂ (Vo) 8¢ da.

By induction, we obtain

/‘V <6%>‘2d‘” = ||V||w6|,oo/|¢|2dx.

(4.3.115)

(4.3.116)

(4.3.117)

(4.3.118)

(4.3.119)

(4.3.120)

(4.3.121)

Let ¢ be a smooth bump-cutoff function such that ¢ = 1 in B;(0) and 1) = 0 in R3\ By(0).

We localize our estimate,

/ (—Ad(x) + V(a) Ba)d?(x — y) du = E / ()2 92(x — ) d.
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Integrating by parts, we know

[ (~20() + Vo) bla)a - y) ds
— [VIs@P v - g)da (43123
+ [ V6@ v -y ds

+2 [ Vo(@)dla)vta - y)Vols - ) de

Therefore, by the Cauchy-Schwarz inequality,

/ V@) 22c —y)de < E / ()2 02 (@ — ) de
+/V\¢(a:)\2w2(a:—y) da (4.3.124)
2 / (@) Vil — ) da.

It follows,
sup / V()2 de < (|V]|poe + 1+ |E\)/ 6()? de. (4.3.125)
yeR3 J|z—y|<1 lz—y|<2
Inductively as above, we have
2
sup / ’v (a%)’ dr S (IVIlypisiee + 1+ |E]) / 6(2)|2 dr.  (4.3.126)
yeR3 J]z—y|<1 lz—y|<2
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Finally by Sobolev’s embedding theorem,

sup  sup |o(z)> < Z sup/ ‘<0ﬁ¢>‘ dx
yEeR? [z—y|<1 B<kyeR3 /|z—y|<1
5/ |6(z)|? dx (4.3.127)
lz—y|<2
s el [ el o) do
lz—y|<2
< ol / 6(2)? da
< eyl
Hence,
sup |o(y)| < e 2 (4.3.128)
yeR3
as claimed. n

4.4 Endpoint Reversed Strichartz Estimates

In [14], we analyzed the endpoint reversed Strichartz estimates along slanted lines for both
homogeneous and inhomogeneous cases. Intuitively, the reversed Strichartz estimates along
slanted lines are based on the fact that the fundamental solutions of the wave equation in
R3 is supported on the light cone. For fixed x, the propagation will only meet the light
cone once. Here we further note that for a general smooth trajectory with velocity strictly
less than 1, it will also only intersect the light cone once. In this section, we will study the
reversed Strichartz estimates along general trajectories in several different settings.

Recall that a trajectory Y (t) € R3 is called an admissible trajectory if Y (¢) is C! and

there exists 0 < ¢ < 1 such ‘?(t)’ <l <1forteR.
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4.4.1 Free wave equations

In this subsection, we set

u(m,t):%Jq_cos(tm)g_i_/otsin((

I s)VA)
VA

F(s)ds (4.4.1)

and

uS(x, t):==u (:c +Y (1), t> : (4.4.2)

Theorem 4.4.1. Let )7(1?) be an admissible trajectory. First of all, for the standard case,

one has

Il ggerz S 1752+ ol +1F 5, (143)
z Ly

Consider the estimates along the trajectory ?(t), one has

i

Leor? S Il zz + gl g +1F 2 (4.4.4)

If Y (t) does not change the direction, then

o

< .
zp S 152 + gl + 1F Ny e (4.4.5)

where d is the direction of Y (t).
Let Z(t) be another admissible trajectory, we have the same estimates above with F

replaced by
FS(a,t) = F (g; +Z(), t) . (4.4.6)

Proof. For the first term,

B sin (tM) 1
uy(z,t) = Tf iy |x_y|:tf(3/) o (dy). (4.4.7)
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So in polar coordinates,

2 00 ~ 9
<
20,00) "~ /0 (/gf (“Y<T>+m>rdw> dr. (4.4.8)

Up to translation, it suffices to estimate when x = 0, so we consider

[ ([0 ) o

By Cauchy-Schwarz, one has

/ (/f +mrdw> drs (/ /f? ) +1w)) Tdedr) (/82dw). (4.4.9)

Performing the change of variable that
(rw) — o' =Y ) +rw (4.4.10)

we compare the Jacobian of this change variable with the Jacobian of the regular polar
coordinate:

(r,w) =z =rw. (4.4.11)

It is equivalent to show the change of variable
z—= =Y (lz]) +2 (4.4.12)

has a Jacobian which is bounded from above and below.

Letting Y (|z]) = (V1 (|z]), Ya (|2]), Y3 (Jz|)), we compute the Jocobian and obtain
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o &l & g
/ / /
op =~ 1ty e Yo (D3 Ya(eD i =1+ R (4.4.13)

Then it reduced to show that R has an operator norm less than 1 uniformly with respect to

x.
Setting _Zx) = (ﬂ z3 ﬁ), we notice that V¢ € R3,

|z fa]” ||

-

€ReT| = €7 (al) @ diw)é”

d
= (Ve &) (dlo).€)
<[V ()| || 112 (4.4.14)

S [V ()| 6.

Y’ (|x|)’ < ¢ <1, R(x) has an operator norm less than ¢. Hence the Jacobian % is

Since

bounded from above and below uniformly. Therefore the Jacobian of the change of variable
(rw) =o' =Y ) +rw (4.4.15)

is comparable with the Jacobian of
(rw)—z=rw (4.4.16)

which is r2 uniformly.
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So we can conclude that

([ o0 seorias) < fucap o

Sz (4.4.17)
A similar argument holds for
ug(x,t) = cos (tv—A) g. (4.4.18)
Therefore
S S
[ ez + S e 1912 + il (44.19)
In particular,
ol ooz + luall oo 2 < 112 + gl (4.4.20)

as claimed.

Next, we consider the inhomogenous case,

D(,t) = /Ot sin ({t — 5)v-4) F(s) ds. (4.4.21)

- —
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For the standard case, we consider

tsin ((t —s)vV—A t 1
/ sin (( s) >F(s) ds = / / Fl(y, s)o (dy)ds
0 V-A 12 0 J|z—y|=t—s |z =y 12
t t
1
= Pyt =l —yl) dy
|lz—y|<t |z — | r?
S e e =l
S sup 1 (y D)l 2 dy
r€R3 |z —y|
< ||F .
S IF] J%JL%
Therefore, indeed,
<
IPlere 1P g, (1422)

Actually, we have

D < ||F 1 <p<oo.
IDlizry SIFY s, 1 S0 < 00

Now we consider the estimate along an admissible trajectory ?(t) € R3.

We first notice that from the above discussion or the argument in Appendix D,

(4.4.23)

is a bounded operator from L2 to LgOL%. Also the operator T

TS .= (Tf)S = AN 4.4.24
Ferh = (=t (1424

is a bounded operator from L2 to L3°L2.
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Writing down the inhomogeneous evolution explicitly, one has

tsin ((t — s)vV/—A ¢ 1
/ Sin (( S) )F(S> ds _ / / F(y, S)O’(dy) ds
0 vV—A 12 0 J|z—y|=t—s |z -y 12
t t
1
S / ——F(y,t — |z —y|) dy (4.4.25)
|lz—y|<t |z — 9 12
Therefore,
1
sup / ——Fyt—|z—yl])dy|| < sup t— |z —y|)|dy
zeR3 ||/ |z—y|<t ] L2 zeR3 |z —y| L2
X gin ((t — s)vV—A
< sup / o (( ) ) |F(s)| ds
zeR3 (/0 v—A L?
< sup ||R (TT*\/ —A |F|) H . (4.4.26)
zeR3 L
Hence we know
sup HDS (x +v(t),t)‘ < sup H?R (TST*\/_|F|>‘
zeR3 t
< |v=aF| (2t (
NH Fl@ 0],
Fl .. ) 4.4.27
17l (1.4.27

If the trajectory does not change the direction, we can obtain an estimate which does not
require v/ —AF by a similar argument to the estimates along slanted lines in [14]. Without

loss of generality, we assume the direction of the trajectory is along z;. Then

F(ys)
S(x,t) //%LY ‘ N o (dy)ds (4.4.28)
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and

t F
D% (x, ) = % ) o (dy) ds
L2 Y
; 0 (x+Y(t)—y‘=t—8 r + Y Z/‘
L
_ !/ Pla+YW—yt—ly , (4.4.29)
lyl<t v L
Flz—yt—|y+Y(t))
< / . dy
RS y+70) 2
t
< -
3 2 2
R m 2

where in the third line, we used a change of variable and for the last inequality and reduce
the norm of y to the norm of the component of y orthogonal to the direction of the motion.

Finally,

/ F@—%t—@+iWﬂ%w </“F@%tb+ywﬂ)ﬂd (4.4.30)
R3 R?

VY3 + 93 2 VY3 + 93

For fixed y, if we apply a change of variable of ¢ here, the Jacobian is bounded by 1 — |/

and 1+ [v/], so

F(x — — F(x
/ I1F(x—y,t \y+vt!)HLgd _ / 1F(z =y, HLz
Yy
R3 R3

\ V3 + v} VY3 + 3

L1L L2

2

[Fal (4.4.31)

where Z7 denotes the subspace orthogonal to 21 (more generally, the subspace orthogonal to

the direction of the motion). Here L1 is the Lorentz norm and the last inequality follows
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from Holder’s inequality of Lorentz spaces. Therefore,

|27

< ||F . 4.4.32
LgoL% ~ ” ||L%1L;\’11L% ( )

as claimed.
Finally, we consider the estimate with the source term F' along an admissible trajectory.

This follows from a duality or the same argument as in [14]. So we conclude that

!
HDS‘ S H 7S i (4.4.33)
x 1
and
S S’
D ( < HF 4.4.34
H Leer? ™~ L} L2 L} ( )
provided ?(t) moves along x7.
The theorem is proved. O

Remark 4.4.2. We notice that from Sobolev’s embedding,

. 3

Wl — Lol
Therefore indeed, the estimates along general curves requires slightly more reqularity than
the standard cases.

We have the other endpoint version of reversed space-time estimates.

Theorem 4.4.3. Let )7(15) be an admissible trajectory. First of all, for the standard case,

one has

Il gz e S WALz + ol +1F) g, (4.4.35)
z by
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Consider the estimates along the trajectory ?(t), one has

o

[f 2+ llgll g + HFHWl’%Ll : (4.4.36)

T t

<
L82rse ~

Let Z(t) be another admissible trajectory, we have the same estimates above with F replaced

by
FS(a,t) = F (x +Z(b), t) . (4.4.37)

Remark 4.4.4. From the embedding of Lorentz spaces, from

Il g2 e S WPz + Mol F g (4.4.38)
one has
gz S Uflze + ol 171 g (4.4.39)
similarly,
[0 o S 01122+ Nl + 17180, (4.4.40)

Proof. Consider t > 0 and define

 sin (tv/=A)
Tf = Tf (4.4.41)
then
w 0 sin (tﬂ)
T°F = /0 —m F(t)dt, (4.4.42)
and

s [0 sin (t\/—A) sin (5\/—A)
TT"F —/0 VA = F(s)ds (4.4.43)
1 % (cos ((t—s)vV=A) cos((t+s)vV-A)
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We compute the kernel of

MF = K(z,y,h)F(y)dy.
R3

By straightforward computations, one has

COS (h\/—A) 1 h sin (s\/—A) /OO sin (s\/—A) J
= — — 2 ds = ———~ds.
—A —A 0 V=A h V-A
By the explicit kernel of Sin(sng), we know that

ﬁ [z —yl=h
K(z,y,h) = 4 :
0 |z —y| <h
Notice that in R?, ﬁ e L3>, so
0 [cos ((t—s)vV—A
‘/ ( &=y ))F<s>ds SIPI g,
0 162100 LY7L}

by Young’s inequality for convolution. It follows that

sin (tv/=A)

Va3 ’

Sfllz2-
LY?ree

IS 52,00 =

Now we consider the shifted version:

sin (tv/—A) f) °

S _ S _
Tf_(Tf)_< m
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(4.4.45)

(4.4.46)

(4.4.47)

(4.4.48)

(4.4.49)



From the computations above, the kernel of

75 <TS>* (4.4.50)
can be written as two parts
K (x FY (), y+ Y(s),t — s) T K (x FY (), y+ Y (s),t + s) . (4.4.51)
By (4.4.46), we have
1 T+ Y(t) - s — s
K (o4 P05 Pt o) = |G |70~ vz
0 ‘x+}7(t)— <y+Y(s)> <|t— s
(4.4.52)
For |z + Y (t) — (y+Y(s))’ >t —s,
e+ V() = (y+ V()| 2o =yl - [F) = V(s)]
>l —y|l =Lt —s| (4.4.53)
> o=yl = C|o+ V() = (y+Y(9)]
Therefore,
|z —y| < ’33 —Y(t) - <y - }7(3)) ‘ (4.4.54)
provided
‘x +Y(t) - (y + ?(s)) ’ >t —s. (4.4.55)
Hence

(4.4.56)
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For the second kernel, by similar computations, one has

1 ‘x+}7(t)— y+ Y (s) )zt+s
K (93 LY (t),y+Y(s),t+ S> = ’m+Y(t)—(y+Y(s))‘ ( >
0 ‘x+?(t)—<y+}7(s)>)<t—l—s
(4.4.57)
If ‘x—i—?( ) — (y—i—?(s))‘ >1+s,
2+ V(1) — (y+ 7)) | 2 o -yl - [T - V(s)]
>l —y|l =Lt —s| (4.4.58)
> |z —y| = L]t + 5]
> 2~y —E‘x+§7(t) - (yﬂ?(s))(
Hence
o~y < ‘x+}7(t) - (y+?(s))( (4.4.59)
provided
‘x+}7(t) - <y+}7(s)>‘ >t+s. (4.4.60)
Therefore,
. , 1
K(z+Y),y+Y(s)t < . 4.4.61
R O [ (14.61)
By estimates (4.4.56) and (4.4.61), we conclude that
. 1
75 (15 F’ ‘ </ F(y, )1 d 4.4.62
|7 (7%) Fl | o £ [ g 1F g dy (4.4.62)
and
*
75 (175 F‘ < |IF(y, - . 4.4,
|7 (7)) F| gz S 1700 Mse,, (4.4.63)
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Therefore,

(2.1) T/ sin (t\/ —A) F
ul gj7 pr— ey
VvV=A
satisfies
| @0 02,0 = [ @+ V0,0 02,0 S 171152
) ngL?o ) Lg’QLtOO ~ L

By a similar argument, we have that
ug(x,t) = cos (t\/—A) g

satisfies

- Huzs(x—l—?(t),t)‘

S
|5 @0 62,
z Ly

For the inhomogeneous case, we again consider

Dz, 1) = /0 Poin (L= )V=R) b

VA

For the standard case, as above,

tsin ((t — s)vV—A) 1
F(s)ds 5 / F(y,- 2 dy,
‘/0 v O I i AR
S0

tsin ((t — s)v—A

sm(( °) )Fs ds < ||F] s
~ 2

0 V—A 82 LR" LS

Two sum three pieces up, we conclude that

IIUIILgaL?o S Il e + llgllgn + ||F||Lg,2LOO
Ly

Lg’2L§° S ”9”H1 .

(4.4.64)

(4.4.65)

(4.4.66)

(4.4.67)

(4.4.68)

(4.4.69)

(4.4.70)

(4.4.71)

For (4.4.36), it follows from estimates (4.4.65), (4.4.67) and (4.4.63) with the same argument
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for (4.4.4). Therefore,

o

< . F
S WAz + Mgl g + 1 ”Wl’%Ll

672 o)
LS2Ls 13

as claimed. O

4.4.2  Perturbed wave equations.

Finally, we extend all of our estimates to the perturbed Hamiltonian. In [14], we relied on
Duhamel expansion of the perturbed evolution, the estimates along trajectories for free ones
and the standard estimates for the perturbed ones. Here we present an alternative approach
based on the structure formula of the wave operators as in Section 4.2. We only present the
standard cases and other estimates can be obtained similarly.

In this section, we suppose

H=-A+V (4.4.72)
such that
VeB'nrL?
where
B ={v|Y 2% Hx{mquﬂ]}(x)V(x)‘ L, <00
keZ

and H admits neither eigenfunctions nor resonances at 0. Set

sin <t\/ﬁ >
VH

P.f + cos (tﬁ) P.g + /01f sin ((t\;ﬁs) \/ﬁ>

u(z,t) = P.F(s)ds (4.4.73)

and

uS(z,t) = u (x +Y (1), t) ) (4.4.74)

where P, is the projection onto the continuous spectrum of H.
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Theorem 4.4.5. Let }7(15) be an admassible trajectory. First of all, for the standard endpoint

reversed Strichartz estimates, we have

lu(, )l ooz S I/l + gl g + ||F||L%,1L2 : (4.4.75)

T t

Consider the estimates along the trajectory ?(t), one has

e

< . .
sz S Mz gl + 1Pl (4.4.76)

If Y (t) does not change the direction, then

i

< .
sz S W2+ ol + 171y 2o (4.4.77)

where d is the direction of Y (t).
Let 2(15) be another admissible trajectory, we have the same estimates above with F

replaced by

Proof. 1t suffices to consider

sin (+VH )
i P.f. (4.4.78)
By construction, )
sin (tv/'H sin (tv/—A) \
I _ +7 Y =) +
NG Po=W Nay (w*)". (4.4.79)
sin (+VH) sin (tv/=A)
—wt +)*
NG Pf=W Na (W*)" Pef. (4.4.80)
Denoting
h=(W"%)" Pf, (4.4.81)



we have

| Pefllp2 = |l L2 (4.4.82)
Setting
in (tv/—A
o Intv-a), (1.4.83)
VA

by Theorem 4.2.5, it is sufficient to consider the boundedness of
G —i—/ / g9(x,y, 7)G (Srx +y) dydr. (4.4.84)
S? JIR3
Clearly, by the endpoint reversed Strichartz estimate for the free case,
Gl ooz < (1Pl L2 = 1 Pefll 2 (4.4.85)
Next, by Minkowski’s inequality,

/S2 /R3 g(z,y, 7)G (Srx +y) dydr

S [, [ Mol n)G (S + )l g

Loor? (4.4.86)

9,5 7)G (S + )l o2 S lole,y 7)o |G (Sra ) poegp (4487)

Since reflections with respect to a fixed plane and translations commute with the solution of

a free wave equation, we obtain

sin (tv/—A
Therefore,
G (Sz2 + )l poor2 S 1A (S7a +y) 2 S Al g2 = [[Pefl 2 (4.4.89)
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It follows

HG + /S2 /]R3 g(x,y, 7)G (Srx +y) dydr L5012 (4.4.90)

5<1+// ||g(x,y,7)||LoodydT) 1Pefllze S Il e
S2 JR3 z

Then we conclude
sin (Nﬁ)
VvH

P.f Sl g2, (4.4.91)
LPL?

as claimed. O]
For the other endpoint revered type estimate, we have

Theorem 4.4.6. Let )7(15) be an admissible trajectory. First of all, for the standard case,

one has

IIUIIngL?o Sz + gl + ||F||Lg,2LOO : (4.4.92)
z L

Consider the estimates along the trajectory ?(t), one has

i

[f 2 + gl g + (1] L6 (4.4.93)

T t

<
LY?re ~

Let Z(t) be another admissible trajectory, we have the same estimates above with F' replaced
by
FS(x,t) = F (:zc +Z(b), t> . (4.4.94)

4.4.8 Wave equations with moving potentials

Finally in this section, we consider the wave equation

Oppu —Au+V(x—jit)u=0 (4.4.95)
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u(z,0) = g(z), u(z,0) = f(x). (4.4.96)

Again without of loss of generality, we assume /i is along €] and /i < 1. Recall that associated

to this model, we define

H=-A+V (\/1— |ﬁ]2x1,x2,x3>. (4.4.97)

Let my, ..., my be the normalized bound states of H associated to the negative eigenval-
ues —A\2, ..., _)\121; respectively (notice that by our assumptions, 0 is not an eigenvalue). We
denote by P, the projections on the the bound states of H , respectively, and let P = Id— P,

Performing a Lorentz transformation L with respect to the moving frame (x — fit, t), we

have
8t/t/uL + Huy, =0, (4498)
up(@,0) = §(a'), (up); (@',0) = f(x) (4.4.99)
and
12 + gl o = W1l p2 + 13l - (4.4.100)
We can write
w
ur, (2/,¢) = Zai(t')mi(x/) +rp (1), (4.4.101)
=1
such that
PCTL =TrL- (4.4.102)

Return to our original coordinate, we have a decomposition for u that
w

u(w,t) =Y a; (y(t —vry)) (my),, (x,) + 7 (2, 1) (4.4.103)
=1
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where

(mi),, (2, t) = my (v (z1 — pt) w2, 23) . (4.4.104)

Theorem 4.4.7. Let ?(t) € R3 be an admissible trajectory. With the notations from above,

we have
[ g  150z2 + sl (1.4.105)
wn particular,
/OOO /Rs ;0””2(“) dedt S || fll g2 + Mgl - (4.4.106)

<a: - }7(15)>

Proof. Notice that if )7(15) is an admissible trajectory in our original frame (z,t), then if we

perform a Lorentz transformation L(/i), in the new frame, the trajectory ?(t) can be written

as Z(t') with ‘Z’(t’)

< ¢ (A,Z) < 1. In other words, in the new coordinate, the trajectory

is still admissible. Then for fixed z € R3,

2 2
/ rs(ac,t)‘ dt < sup / rfl(x/,t/) dt’, (4.4.107)
z'€R3
where
g (@ ) =g (24 20,1 (4.4.108)
By construction and Theorem 5.3.6,
NN, < 7 ~ 2 2
sup [ o @)t S (1752 + 13l 1)~ = (1112 + llgll 1) (4.4.109)
r'€R3
and hence
1751 S Wz + Dl (4.4.110)
T 't
The theorem is proved. O
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4.5 Strichartz Estimates and Energy Estimates

In this section, we establish Strichartz estimates and energy estimates for scattering states

to the wave equation

Opu — Au+V <$ — ?(t)) u=0, (4.5.1)
u(l'? O) = g(l’), ut(xa 0) = f(.%‘)

with

V() -t S 077, 8> 1, | < 1. (4.5.2)

To simplify the problem, we assume

H=-A+V <\/ 1— \ﬁ|2x1,$2,x3> (4.5.3)

only has one bound state m such that
Hm = —X>m, A > 0. (4.5.4)

One can observe that our arguments work for the general case.

We start with reversed Strichartz estimates.

Theorem 4.5.1. Let fz(t) be an admissible trajectory and u be a scattering in the sense of
Definition 5.3.2. Then for
uS(x,t) = u (x R, t) (4.5.5)

one has

|0 < 1fll2 + lal . (15.6)

L L2(0,00)
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In particular, it implies for o > 3,

o0
1
/0 /R () dudt S || 2 + gl - (45.7)

<x - ﬁ(t)>
Proof. First of all, we need to understand the evolution of bound states. Writing the equation

as

Onu— Au+V (z — pt)u= [V (x —fit) =V (:L‘ + ?(t))] u. (4.5.8)

Recall that we assume i is along x1. Suppose u(x,t) is a scattering state. As in (4.4.103),

we decompose the evolution as following,

u(z,t) = a(y(t — pxy)) my (@, t) +r(z,t) (4.5.9)
where
my(z,t) =m (v (1 — pt), x9, 23) (4.5.10)
and
PC (H) r, =rr,. (4.5.11)

Performing the Lorentz transformation L with respect to the moving frame (z — jit,t), we

have
ur (2", ) =a (') m (') + rp (@, ¢), (4.5.12)
and
Oppur, + Hup, = —M(l”, t’)uL (4.5.13)
where
M) = — [v (x—pt) -V (:g + ?(t))} . (4.5.14)

When wu is a scattering state in the sense Definition 5.3.2, the scattering condition forces a(t)
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to go 0.
Plugging the evolution (4.5.12) into the equation (4.5.13) and taking inner product with
m, we get

i(t') — XN2a(t') + a(t’) (Mm,m) + (Mrg,m) =0 (4.5.15)

Notice that

(4.5.16)

One can write

a(t') — N2a(t") + a(t)e(t') + h(t") = 0, (4.5.17)
c(t') := (Mm,m) (4.5.18)

and
h(t') = (Mrp,m) . (4.5.19)

Since w is exponentially localized by Agmon’s estimate, we know
le(t)] S e bl b > 0. (4.5.20)

The existence of the solution to the ODE (4.5.17) is clear. We study the long-time behavior

of the solution. Write the equation as

a(t') — Na(t') = — [a(t)e(t) + n(t)] (4.5.21)

and denote

Nt') == [a(t)e(') + h(t")] . (4.5.22)

Then
+ R(t) (4.5.23)




where

R S e, (4.5.24)
for some positive constant ¢ > 0. Therefore, the stability condition forces
L. L[> —As
a(0) + —a(0) + — e “N(s)ds = 0. (4.5.25)
A A Jo
Then under the stability condition (5.2.145),
/ A L[ - L[
a(t’) = e M |a(0) + —/ e MN(s)ds| + —/ e AM=sIN(s) ds. (4.5.26)
2X Jo 2 Jo

By Young’s inequality, to estimate all LP norms of a(t'), it suffices to estimate the L' norm
of h(t'), see [14].

By Cauchy-Schwarz and Theorem 4.4.7 |

o0
/O ((Mr,m)ldt S el oz S I1Fz2 + gl g

Therefore,

la®)l zojo,00) Sp 1 F1l22 + N9l ga- (4.5.27)

Given h(t) an admissible trajectory, set

B(x,t) = a(y(t — pay)) my (x,t), (4.5.28)
BS(z,t) = B (x LR, t) . (4.5.29)

By Agmon’s estimate, see Theorem 4.3.8, and the L' norm estimate for h(t'), we have

| BS(.1) S 1z + gl (4.5.30)

L LF[0,00)
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By Theorem 4.4.7, we also know

HTS(QZ, t)‘

< - 4.5.31
Lzt S W12 + gl (45:31)

Therefore, one has

o

< - 4.5.32
Lz2iomey S M52+ ol (45:32)

We notice that this in particular implies

o
1
A AJ___WM@ﬂMﬁﬁmm+wmy (4.5.33)

<x - ﬁ(t)>

The theorem is proved. O

Next, we show Strichartz estimates following [50, 40, 14]. In the following, we use the
short-hand notation

YL =LY ([0,00), LE) . (4.5.34)

Theorem 4.5.2. Suppose u is a scattering state in the sense of Definition of 5.3.2 which
solves

é%u—Au+V<x—?@>u:O (4.5.35)

with initial data

u(z,0) = g(z), u(x,0) = f(x). (4.5.36)

Then for p > 2, and (p,q) satisfying
— -4+ = (4.5.37)

we have
lullzpzs < 17152 + lgll . (4.5.38)
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Proof. Following [40], we set A = v/—A and notice that
JAfllg2 = Il VS € € (RP).
For real-valued u = (uq,ug) € H = H! (R3) x L2 (R3), we write
U = Auq + ius.

From (4.5.39), we know

1N 2 > [l(u1, u2)ll3 -

We also notice that u solves (4.5.35) if and only if
U:=Au+i0u

satisfies
iU = AU +V (m _ }7(25)) u,

U(0) = Ag +if € L* <R3>.

By Duhamel’s formula,

U(t) = e AU(0) — i / ity ( - ?(s)) u(s) ds.

0

Let P := A™1R, then from Strichartz estimates for the free evolution,

SOz -

o~

HP&“‘U(O)(
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(4.5.39)

(4.5.40)

(4.5.41)

(4.5.42)

(4.5.43)

(4.5.44)

(4.5.45)

(4.5.46)



Writing V' = V1 V5 and with the Christ-Kiselev lemma, Lemma 4.2.7, it suffices to bound

HP/OOO e~ it=5) Ay, ( _ )7(3)> u(s)ds (4.5.47)

Irrd

We only need to analyze

P ’(H)AVV(—? ) d <Hf<( V< _y ) (
where
~ o0 . —
(KF) (t):= P / e~it=5) Ay, ( - Y(s)) F(s) ds. (4.5.48)
0
To show H}N( ‘ 12 ppe is bounded, we test it against F' € L%,x, clearly,
ta b
~ itA * isA >
KF‘ < HP —i ‘ / isAy, (~—Y )F d 4.5.49
H rre S sy €07 (5)) Fls)ds)) (4.5.49)

The first factor on the right-hand side of (4.5.49) is bounded by Strichartz estimates for the

free evolution. Consider the second factor, by duality, it is sufficient to show

i (= F) e

< 2 3
2, ~ I8l p2, Vo € L (R ) : (4.5.50)

By our assumption,

P —at| s 6, 8> 1 < 1

Therefore, it reduces to show
1 .
|+ 1o — a2 e™g| Sl vo e L2 (RP). (45.51)
t.x

Notice that this is a consequence of that the energy of the free wave equation stays com-
parable under Lorentz transformations, Theorem 5.3.6. To show estimate (4.5.51), one can
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apply the Lorentz transformation L. In the new frame (m’ A ), then we can use the standard
local energy decay for free wave equations, estimate (4.8.12) in Appendix B. Finally after
applying an inverse transformation back to the original frame, we obtain (4.5.51).

From estimate (4.5.51), one does have

i (-Tm) el

1z, Sl0lze. (45.52)

Therefore, indeed,

f?( < 4.5.53
H L}, —IPLE ( )
Hence
S . — —
HP/ e~ Ht=5) Ay, v, ( — Y(s)) u(s) ds < HV2 (x — Y(s)) u’ , (4.5.54)
0 rd Liw
By our estimate (4.5.7),
1
. 2
Volo-Y)u|, ${ [ ] 7wl ol dedt) S0+ ol
H L%x R+ JR3 <:L‘ N Y(t)>a L Hl
(4.5.55)
Therefore,
o0 i A o
HP/ e~ i(t=5) Vi Vo < - Y(s)) u(s) ds , S llpe + llgll g (4.5.56)
0 L
Hence one can conclude
lullprg S 12 + N9l g (4.5.57)
as we claimed. O]

The energy estimates can be established in a similar manner.
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Theorem 4.5.3. Suppose u is a Scattering state in the sense of Definition of 5.3.2 which

solves

Ottu—AUA—V(x—?(t))u:O

with initial data

u(x,0) = g(x), ut(x,0) = f(z).

Then we have

sup (IVu@®llze + lue@®liz2) S N flz2 + gl -
S

Proof. Again, we set A = +/—A and notice that
1Az = Ifll o, ¥ € € (RP).
For real-valued u = (uy,ug) € H = H1 (R3) x L2 (Rg), we write
U = Auq + ius.

and we know

U2 = [[(u1, u2)ll3 -

We also notice that u solves the original equation if and only if
U := Au + i0iu

satisfies

iU = AU +V (x — ?(t)) ul

U0) = Ag+if € L2 (R3).
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(4.5.58)

(4.5.59)

(4.5.60)

(4.5.61)

(4.5.62)

(4.5.63)

(4.5.64)

(4.5.65)

(4.5.66)



By Duhamel’s formula,

U@p:é“U«»-@AfaﬂF@A(v<-?@0u@»(m. (4.5.67)

From the energy estimate for the free evolution,

memH<qW@h$ (4.5.68)

su

teR

Writing V' = Vj Vs, it suffices to bound

sup (4.5.69)

teR

/OOO e_i(t_S)Aleg ( - ?(3)) u(s) ds

L3

This is can be bounded in a same manner as Theorem 4.5.2.

It is clear that

(0. ¢]
—Wﬂmvv(—? ) d <HK( Lf(—?t))
| e (= V) a8y gy Ve (o= 7 0)
(4.5.70)
where
~ o0 . —
(KF) (1) ::/ e~ it=5) Ay, ( —Y(s)) F(s)ds. (4.5.71)
0
We need to estimate
fé‘ . 4.5.72
H L2L2—L3°L2 ( )
Testing against F' € L%L%, clearly,
~ itA > isA -
KF‘ <H —i H / isAy, (-—Y >F d 4.5.73
H ez = sz fy ¢ (s)) Fls)ds) | (4:5.73)

The first factors on the right-hand side of (5.2.19) is bounded by the energy estimates for
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the free evolution. Consider the second factor, by duality, it suffices to show

HVl (x — ?(t)) e~ it4

popa Sollzz, o € 17 (R?). (45.74)

From our discussions Theorem 4.5.2, we know

[vi (== Y) e—itAquLQLQ <ol (4.5.75)

Hence

/000 e Ay ( — ?(s)) F(s)ds L

Therefore, indeed, we have

Sl - (4.5.76)

<C 4.5.77
L2L2—L°L2 — ( )

%

and

0o N o
sup / e~ it=9) Ay v ( - Y(s)) u(s)ds|| S HV2 ( — Y(s)) u’ , - (4.5.78)
ter I1/0 L2 Lis
By the weighted estimate (4.5.7),
1
p)
¥ 2
e (=ve) ol s | [ /}R Y T
(4.5.79)
It implies
0o .
sup | [ e 9, (- V(o)) uls)ds| S 12 + ol o (4.5.80)
teR 11J0 L2
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Therefore, by estimates (4.5.68) and (4.5.80), we have

sup (IVu@®llz2 + lue@®lz2) S W f e + lgll g (4.5.81)

as claimed. O

To finish this section, we show one important application of Theorem 4.5.1.
We denote

Ey(t) = /RS Voul? + [0puf + V (x - ?(t)) lu? da. (4.5.82)

Corollary 4.5.4. Suppose u is a scattering state in the sense of Definition of 5.3.2 which

solves
A — Au+V(z =Y (t)u=0 (4.5.83)
with initial data
u(z,0) = g(z), w(x,0) = f(x). (4.5.84)
Assume
HVV||L1 < 00, (4.5.85)

then Ey (t) is bounded by the initial energy independently of t,

2
sup By (1) S 109, Dl 2 (4.5.86)

Proof. We might assume u is smooth. Taking the time derivative of Ey (t) and by the fact

that u solves equation, we obtain

Va 2 Y4 S 2
Oy (1) = /R OV (@ =Y O) fule, D dz = ~V'(t) [ 9,V (y) ‘u (y,t)‘ dy.  (4.5.87)

R3
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by a simple change of variable.

Note that

/OOO OBy (t)| dt S /OOO /Rg |8yV(y)| ‘Us(y)fdydt,

2
S
S eVl [ (4.5.88)
2
S g D%, s
where in the last inequality, we applied Theorem 4.5.1.
Therefore, for arbitrary ¢ € R, we have
(0]
2
Ey(t) - By (0) < /O By @Oldt S N1g I % o (4.5.89)
which implies
2
sup Eyv(t) S 19 Dy e (4.5.90)
We are done. O]

With endpoint Strichartz estimates along smooth trajectories, we can also derive inho-

mogenenous Strichartz estimates. One can find a detailed argument in [14].

4.6 Scattering and Asymptotic Completeness

In this section, we show some applications of the results in this chapter. We will study the
long-time behaviors for a scattering state in the sense of Definition 5.3.2.

Following the notations from above section, we will still use the short-hand notation

LPLY =LY ([0,00), LY) . (4.6.1)
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We reformulate the wave equation as a Hamiltonian system,

U =JE'(U) (4.6.2)

where J is a skew symmetric matrix and E’(U) is the Frechet derivative of the conserved

quantity. Setting

u
U:= , (4.6.3)
O
0 1
J = , (4.6.4)
-1 0
-A 0
Hp := : (4.6.5)
0 1
we can rewrite the free wave equation as
Uy — JHpUy =0, (4.6.6)
volo] = | % (4.6.7)
Jo

The solution of the free wave equation is given by
Uy = €tJHFU0[0]. (4.6.8)

Theorem 4.6.1. Suppose u is a Scattering state in the sense of Definition of 5.3.2 which
solves

Oppu — Au+V(z—Y(t)u=0 (4.6.9)
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with initial data

u(z,0) = g(z), u(x,0) = f(x). (4.6.10)

Write
U= (u,u)t € 0 ([o, 0): H1> x (0 ([o, o0); L2> , (4.6.11)

with, initial data U[0] = (g, f) € H' x L2. Then there exist free data
Uol0] = (g0, fo)' € H x L?

such that

HU[t] - et‘]HFUO[O]HHl 20 (4.6.12)
X

as t — o0o.

Proof. We will still use the formulation in Theorem (4.5.38). We set A = +/—A and notice

that
[Afll 2 = 1 fllgn s VfEC™ <R3) : (4.6.13)

For real-valued u = (uy,ug) € H = H1 (R3) x L2 (Rg), we write
U = Auq + iuo. (4.6.14)

We know

Ul 2 = [I(u1, u2)ll3 - (4.6.15)

We also notice that u solves (4.6.9) if and only if

U := Au+i0iu (4.6.16)
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satisfies

iU = AU +V (:c . ?(t)) u,
U(0) = Ag +if € L* (R?’) .

By Duhamel’s formula, for fixed T°

U(T) = ¢ TAU(0) — ¢ /O ! i) (v ( —?(s)) u(s)) ds.

Applying the free evolution backwards, we obtain
. T -
e~ TAY(T) = U(0) — i / eisA (v ( —Y(s)) u(s)> ds.
0
Letting T go to oo, we define

Up(0) := U(0) — z'/ooo eisA (v ( - ?(s)) u(s)) ds

(4.6.17)

(4.6.18)

(4.6.19)

(4.6.20)

(4.6.21)

By construction, we just need to show Uy[0] is well-defined in L2, then automatically,

HU(t) - eitAUO(O)( 0.

L2

It suffices to show

/000 eisA <V ( — ?(S)) u(s)) ds € L?.

Then following the argument as in the proof of Theorem 4.5.2, we write V =

We consider

/OOO LT ( - ?(s)) u(s) ds
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(4.6.23)
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where

—

(KF) (t) == /oo eisAyy ( - Y(s)) F(s)ds. (4.6.25)

0

By the same argument in the proof of Theorem 4.5.3, one has
||K||Lg’ﬁL% <C. (4.6.26)

Therefore

(4.6.27)

By estimate (4.5.7),

/OOO AV Vg ( — ?(s)) u(s) ds

<Jra(o-vio)

9 -
L% Lt,m

1

1 P
S ———a [l )" dxedt | S| fllpz + gl g
L?,z (/I‘%‘*‘ /]1%3 <x — Y(t)>a L i

HV2 (x — ?(t)) u’

(4.6.28)
We conclude
/OOO eis4 (V < — ?(s)) u(s)> ds € L?
with
‘/Ooo A (V (= V() uls)) ds Ly Sl gl (4.6.29)
So
Up(0) := U(0) — i /O T gisA (v ( - ?(s)) u(s)) ds (4.6.30)
is well-defined in L? and
HU(t) - eitAUo(O)‘ L0 (4.6.31)
Define
(90, fo) = (A*lawo(m, %UO(O)) . (4.6.32)
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By construction, notice that

Ult] = (A—la%U(t), %U(t)) (4.6.33)

and
HU[t] — MHEg 0] H;‘prz (4.6.34)
We are done. O

To finish this section, we show the asymptotic completeness for the wave equation with
the potential moving along a straight line.

Consider the wave equation
Opu — Au+ V(e — jit)u=0 (4.6.35)

with initial data

u(z,0) = g(z), w(x,0) = f(x). (4.6.36)

Without loss of generality, we still that assume « is along e7.

Let mq, ..., my be the normalized bound states of

H=-A+V <\/1 — |u|x1,x2,x3> (4.6.37)

associated with eigenvalues —)\%, cee —)\%U respectively with A\; > 0,7=1,...,w. Setting
0 1
A = , (4.6.38)
—H 0
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then the point spectrum of A is

w
op = [ {xN} (4.6.39)
=1
and the continuous spectrum is
oc =1(—00,00). (4.6.40)
Setting
.
Ef = ! i=1,...w, (4.6.41)
j:)\imi

we know Ezi are eigenvectors of Ay with (4.6.4) with eigenvalues +);. One can define the

associated Riesz projection

Py (H):= (-, JET)E;F (4.6.42)
onto EZjE One can check
U
Pi+ (H) = (FAju(t) + dpul(t), m;) . (4.6.43)
8tu

From the standard asymptotic completeness results, if we write

U= AU (4.6.44)
where as (5.0.19),
u
U= : (4.6.45)
Oru
and
9
Ulo] = (4.6.46)
f



then one can decompose the evolution as
w
Ut) =Y (U[0], JE; +) N EE + HrU[0] + R() (4.6.47)
1=1
where e/F7[0] is the free evolution with initial data Up[0] and
IR g1y 2 — 0, t — o0 (4.6.48)

With notations above, we can obtain a similar decomposition as (4.6.47) when the potential

is moving.

Corollary 4.6.2. Suppose H admits no eigenfunction nor resonances at zero. Let u solve
Oppu — Au+ V(x — fit)u = 0. (4.6.49)

Write
U= (u,u)t € CY <[O, o0); H1> x CY ([0, 00); L2> : (4.6.50)

with, initial data U[0] = (g, f) € H' x L2. Then there exist free data

Uol0] = (g0, fo)' € H' x L?

such that with v = ——L—
aST
w
Ut) = aj e BE (@ 1) 4 PTG [0] + R(1) (4.6.51)
=1
where

Eij,:u (2,0) = B (v (21 — pt) , w2, w3)
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and

IR g1y g2 — 0, t — o0, (4.6.52)

Proof. Applying a Lorentz transformation such that under the new frame (x’ ! ), V' is sta-

tionary, by the standard asymptotic completeness decomposition, one can write

w
Up («/,1') = Y (UL0), JE; =) N EF (o) + Ry, (o)1) (4.6.53)
=1
where again, we used subscript L to denote the function under the new frame.

Clearly, by the above decomposition (4.6.53),

Py(H)Rp (/1) =0. (4.6.54)
Then in the original frame,
w
Ut) = Z %iei)‘ﬂ(t*”xl)Ei%u (x,t) + R (x,t). (4.6.55)
1=1
where
aj+ = (UL[0], JE; £) . (4.6.56)

By construction, R(z,t) satisfies the conditions in Theorem 5.3.7. Hence
R(z,t) = P UH 0] + R(t) (4.6.57)
where e FU[0] is the free evolution with initial data Up[0] and

IR g1y p2 — 0, t — o0, (4.6.58)
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Therefore, finally, we can write

w
Ut) =Y aj 20 BE (@ 1) 4 HPT[0] + R(1) (4.6.59)
=1
with
By, (x.t) = B (v(x1 — ut)  w2,3)
and
IR g1y g2 — 0, t — o0, (4.6.60)
The theorem is proved. O

Remark 4.6.3. As a final remark, we point out that there is no hope to establish an elegant
asymptotic completeness if the potential is not moving along a straight line. If there is a
perturbation from that case, the interaction among bound states becomes complicated. Basi-
cally, the mechanism is that if the evolution of one bound state is activated, say the bound
state with the highest energy, then it will not only cause exponential growth with highest rate
for itself but also make the evolution of other bound states grow exponentially. Meanwhile,

if we have a scattering state, the evolution of bound states is controllable.

4.7 Appendix A

For the sake of completeness, in this appendix, we provide the proof of dispersive estimates
for the free wave equation in R3 based on the idea of reversed Strichartz estimates.
Consider

utp — Au=0=0u (4.7.1)

with initial data

u(0) =g, u(0) = f. (4.7.2)
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One can write down u explicitly,

u = %]‘" + cos (tﬁ) g. (4.7.3)

Theorem 4.7.1. In R3, suppose f € L2, Vf € L' and g € L?, Ag € L'. Then one has the

following estimates:

WmVA A < Loy, (1.7.4)
AVASYAN oo |t| x
1
”cos (t\/ —A) 9| foe < I ”AQHL}C : (4.7.5)

Remark. Note that the second estimate is slightly different from the estimates commonly
used in the literature. For example, in Krieger-Schlag [39] one needs the L' norm of D?g

instead of Ag.

Proof. First of all, we consider

sin (tv/~5)
— = T (4.7.6)
In R3, one has
sin(fV-A) 1 f(y) dy. (4.7.7)

VA ATt Jjp gy
Without loss of generality, we assume ¢ > 0.

Multiplying ¢ and integrating, we obtain

0 3 t, /_A (0.9}
/ t—sm( )f dt < / |f(x+ rw)|7“2 dwdr
0 VA 0 Js2
ST (4.7.8)
Therefore,
in (tv/—A
AR < (4.79)
VA e T
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Notice that, from the above estimate, we also have

° sin (s\/—A)
———fds|| S Ifll- 4.7.10
/t M LOO |t| || ||L ( )
Replacing f with Af, it implies that
“Asin (3\/_—A) fds|| < H IAFl L - (4.7.11)
LOO

On the other hand,

/Ooo‘tcos<t\/z>f‘dt < /OOO/SQ‘Tf(xWLTw)dw—l—TQarf(x—i—rw) dodr

< ISl (4.7.12)

where in the last inequality, we applied integration by parts in r in the first term of the RHS

of the first line.

Therefore,
‘ t cos (tv—A) o) S|V f||L1 (4.7.13)
Hence
o0 1
‘ / cos (S\/_—A) fds| <1Vl (4.7.14)
t e It e
Finally, we check
t/
smf/j f= / cos \/—A> fds, (4.7.15)
and
o
Ccos <t\/ —A) g= / VvV —Asin (sV—A) gds. (4.7.16)
t
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Let f, g, h be any test functions. Define

g—cos<t\/_ / MSm(\/_)gds

and

Bf - sin t\/ f / cos

It is easy to check that A, B are independent of t.

For A, one observes that

<cos (tﬁ) g, h> 50

and
/OO sin (S\/_>
t

V& 1"

& It\

LOO
Therefore,

(Ag, h) = 0, t — oo.

Since A is independent of ¢, one concludes that

(Ag, h) =0
for any pair of test functions and hence
A=0
Similarly, we get
B=0

fds.

Ifllzy -

(4.7.17)

(4.7.18)

(4.7.19)

(4.7.20)

(4.7.21)

(4.7.22)

(4.7.23)

(4.7.24)

Therefore by our calculations above, we can obtain the dispersive estimates for the free wave
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equation,

sin (t\/—A) o
—f = / cos (sV—A) fds
Vo] I VAR CEVREL W
1
SRS (4.7.25)
and
o0
cos ([tvV—A)g = V—Asin (svV—A) gds
L3 t Lee
1
S il 1Agllp1 - (4.7.26)
The theorem is proved. O

4.8 Appendix B

We derive the local energy decay estimate for the free wave equation by the Fourier method.
Recall the coarea formula: for a a real-valued Lipschitz function u and a L! function ¢

then

/R gl |Vu(a) dr = /R / oy Y (4.8.1)

where ¢ is the surface measure.

Lemma 4.8.1. For F' € C§°, ¢ smooth and non-degenerate,i.c. |Vé(x)| # 0, one has

ei)\qb(x) 2)dzd\ = (27)" F(:U) ol
/R/n Flz) dvd) = (27) /{¢:0} T o) (4.8.2)

Proof. From (4.8.1),

/R / M P (a) ded) = /R /R N /{ ] vigg)lda(x)dyd)\. (4.8.3)
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Denote f{¢ y) |ng£( ))| do(z) = g(y), then

// eirblz dMA:t//ZM ) dyd\

~ (2m)} /}R 3(\) dA

= (2m)"g(0)
F(x)
= do(x). (4.8.4)
/{M} Vo)
We are done. ]
It suffices to consider the half wave evolution,
VAT (4.8.5)

Theorem 4.8.2 (Local energy decay). Let x > 0 be a smooth cut-off function such that x

has compact support. Then

|x(@)e 2, Sl (4.8.6)

Proof. Consider

f Ll

itV=A f’ z)dedt = /R <e“mf,x(x)6itmf>mdt
_ /R<eit|§|f(§)>[eitlflf(g)} *X(5)>L2dt (4.8.7)
_ /]R / ) / g (¢ — ) F(€) F (n) dndéat.

Applying Lemma 4.8.1 with ¢ (§,7n) = |£] — |n|, the surface {¢ = 0} becomes {|{| = |n|} and
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IV¢| = v/2. Tt follows that

IS

VB[ (@) (o) dut :té|mx@—nwﬁaﬂmda

A 2 a 2
s [ rwe=nl|lfef +[fwf] e
|€1=In]

R 2
< v (& — dod
s [ lrel [ el
R 2
S swlr @l [ 7@ (188)
¢ R™
< |f(2)]? da.
RTZ
It reduces to show that
K@w=/’ (€ — )| do (4.8.9)
1€|=In]

is bounded uniformly in £. Since y (§) decays fast, we have

RGN

and

G

1
where as usual, (§) = (1 + \§]2> ‘.
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Note that

K() = / |77| E—mn)| do (4.8.10)

= / | do
I(—¢|= \SI

S Qld
/C &l=[¢l,I¢I<1 Qo

+ V(¢ d
/|€—§|=|€|,C|>1‘X() i
S Cn)

which is uniformly bounded in ¢ and only depends on n.

Therefore, we can conclude

|x(@)e o Sl (48.11)
t,x

We are done. 0
With dyadic decomposition and weights, one has a global version of the above result:

Corollary 4.8.3. Ve > 0, one has

|+ jap2ce

1z, e Iflzg. (48.12)

Proof. Let x(x) from Theorem 4.8.2 be a smooth version of 1 Bi1(0): the indicator function of
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the unit ball. It follows that

)
= 2‘725 Hx(x) (eitmf> <2jt, ij>
) (701 (7))

/@)

J
<23 |1l

in

<272

Notice that

(1+ ]a:\)*%*6 ~ 22_j(%+6)x (Q_jx)

then with our computations above, we can conclude that

Z 2_j(%+6)x (Q_j:v> eitmf

Jj=0

and hence

|+ a2 etV=2y

The corollary is proved.

4.9 Appendix C

L3

< flzz.

< .
1z, e Mg

(4.8.13)

(4.8.14)

(4.8.15)

(4.8.16)

In this appendix, we discuss the global existence of solutions to the wave equation with time-

dependent potentials. Lorentz transformations are important tools in our analysis. Lorentz

transformations are rotations of space-time, therefore, a priori, one needs to show the global

existence of solutions to wave equations with time-dependent potentials.

Theorem 4.9.1. Assume V(z,t) € LY. Then for each (g, f) € H1 (Rg) x L2 (]R?’) , there
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is a unique solution (u, ut) € C (R, H1 (R?’)) x C (R, L2 (Rg)) to

Opu — Au+ V(z,t)u =0 (4.9.1)
with initial data

u(z,0) = g, Qu(x,0) = f. (4.9.2)

Proof. By Duhamel’s formula, we might write the solution as

sin (tv/—A Esin ((t — s)v—A
u:%qucos(t\/I)gqt/o (tm )

V(-, s)u(s) ds. (4.9.3)
Starting from the local existence, we try to construct the solution in
X=C ([0, 7], H! <R3)> x C ([0, T), L2 <R3>> (4.9.4)

with 7" < 1. One can view u as the fixed-point of the map

_ sin (tvV=A) tsin ((t — s)V=A)
S(h)(t) = Tf + cos (tﬂ) g —i—/o A V(-,s)h(s)ds. (4.9.5)
Let
sin (tM)
= —m f 4+ cos (tx/I) g R (4.9.6)
We will show when 7T is small enough, S will be a contraction map in Bx (0, R).
Clearly,
sin (tv/— tsin ((t — s) v/ —
IS(h)(®)] 5 < %f + cos (tm) g X+ /O ((t\/%\/_A) V(- $)h(s)ds .
(4.9.7)
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By direct calculations,

< T2V () ()]l 2
L3

/t sin ((t — s) vV=A)
0 V-A

STV (0RO 2,
H}

and

STV ) hO z2-

Esin ((t —s)v/—
O </0 (t—9)v=4) V(- 8)h(s) ds)

V—A 1
Therefore, we can pick T’ ||V||L§o < %, we have
sin (¢v/ 1
EOIGIE= (¢— Lf +cos (tV=2)g| +3lnllx-
X

Hence, S maps By (0, R) into itself.

Next we show S is a contraction. The calculations are straightforward.

tsin ((t —s)v—
I5(m — ) < H [ BN o)~ ot s

X

The the same arguments as above give

IS(ht ~ Ba)(D)llx < 51— B2)(E)x

Therefore, by fixed point theorem, there is u € X such that

u = 5(u),
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(4.9.12)
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in other words, there exist u € C' ([O, 7], H! (R?’)) x C ([0, T), L? (R?’)) such that

sin (tv/—A tsin ((t —s)v/—A
u:%f%—cos(t\/I)gjt/o (tm )

V(-, s)u(s) ds. (4.9.15)

We notice that the choice of T is independent of the size of the initial data. Then
we can repeat the above argument with (u(7),0;u(T)) as initial condition to construct
the solution from 7' to 27. Iterating this process, one can easily construct the solution
(u, ug) € C (R, HY (R?)) x C (R, L? (R3)).

Finally, we notice the uniqueness of the solution follows from Gronwall’s inequality. Sup-

pose one has two solutions u; and ug to our equation with the same data, then
t
o =l ) < [ (= 5) s = ] () . (4.9.16)
Applying Gronwall’s inequality over [0, 7], we obtain
lur — ual[x =0, (4.9.17)

which means u; = ug on [0,7]. Then by the same iteration argument as above, we can

conclude that in C' (]R, H1 (R3)) x C' (R, L? (R3))
Uulp = ug. (4918)
Therefore, one obtains the uniqueness.

The theorem is proved. O

In our setting, V(x,t) =V (x — ?(t)) satisfies the assumption of Theorem 4.9.1, there-

fore we have the global existence and uniqueness.

Corollary 4.9.2. For each (g, f) € H' (]R3) x L2 (RS) , there is a unique global solution
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(u, up) € C (R, H1 (]R?’)) x C (]R, L2 (R3)) to the wave equation
O — Au+ V. (m - ?(t)) w=0 (4.9.19)

with initial data

u(z,0) = g, Qu(x,0) = f. (4.9.20)

Remark. The above theorem also applies to the charge transfer model in [14]:

m m
attu—AquZZVUj (Ji—ﬁjt)uzo.

i=1j=1
4.10 Appendix D

In this appendix, we present an alternative approach to the homogeneous endpoint reversed

Strichartz estimates based on the Fourier transformation.

We only consider % f= % it/C f— 2 ;I f. We can further reduce to con-
sider
PRIAVESTA
4.10.1

With Fourier transform and polar coordinates & = Aw, we have

it/ —A 00 2Tt ) R
¢ F o= / / 26—62”M(W'$)A2f(Aw)dwdA
S

VA
_ 627T’it)\ X1 ()\) 627Ti)\(w-l‘))\f ()\(U) dw | d)\
A s [,

= / TG (1, \)d\ (4.10.2)
R
where
G(2,\) = X[0,00) () /S , 2@ )\ £ (Aw) dw. (4.10.3)
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By Plancherel’s Theorem, we know for fixed x,

eitm
NEN

f

2
G2(r,\) = (X[OOO)(A) / 2627Ti)\(w-:v>)\f()\w)dw)
’ S

S oo™ [, 32 [F 0] o

itV=a ||? 50
egf . | [t oel
s [|Fe©f a
- [t
Therefore,
iy Dy S
as desired.

Remark. The two dimension version was obtained in [49] and is mentioned in [6]:

RINEIN f‘

= IG @ N2

L

<
Ler? ™~
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CHAPTER 5
MULTISOLITONS FOR THE DEFOCUSING ENERGY
CRITICAL WAVE EQUATION WITH POTENTIALS

In this chapter, we consider multisoliton structures to the defocusing energy critical wave

equation with potentials in R3:

m
Opu — Au—l—ZVj (x—ﬁjt)u+u5 =0, (5.0.1)
j=1
where V;(z)’s are rapidly decaying smooth potentials and {17]} is a set of distinct constant
velocities such that

7 <1,1<i<m. (5.0.2)

Based on both regular and reversed Strichartz estimates developed in Chen [13] for wave
equations with charge transfer Hamiltonians, we construct purely multi-soliton solutions and

establish the asymptotic stability of the multisoliton solutions.

To the author’s knowledge, this model is the first one to produce multisoliton structures
for wave equations in R3. Unlike Klein-Gordon equations and wave equations in higher
dimensions, see Cote-Munoz [20], Cote-Martel [19], Jendrej [30, 31], Martel-Merle [44], in
our case, the static solutions to the associated elliptic equations decay slowly like (a:)fl. It
is of crucial importance to understand the multisoliton structure in order to establish the
soliton resolution. In fact, if we remove the potentials and replace the positive sign in front of
the nonlinearity by the negative sign, the equation becomes the well-known focusing energy
critical wave equation. Duyckaerts, Jia, Kenig and Merle establish the soliton resolution
(along a well-chosen time sequence) in [24, 25]. But to construct the multisoliton in this
case is open. For higher dimensions cases, Martel and Merle construct the multisoliton in

dimension higher than 5 by the energy method in [44]. They point out that the slow decay
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of the ground state is the obstruction to obtain a multisoliton in R3. Although the structure
of our model is different from the pure-power nonlinear equation, the construction in this
chapter illustrates that we can overcome the slow decay. But the zero eigenfunctions and
resonances for the linearized operator from the pure-power nonlinear equation near each
soliton will be the challenge for the linear theory. Another interesting point is that unlike
the constructions in Cote-Munioz [20], Cote-Martel [19], Jendrej [30, 31], Martel-Merle [44]
which choose the initial data based on the Brouwer’s fixed point theorem, in this chapter,
we construct the initial data for the unstable soliton case based on the Banach’s fixed point

theorem.

Returning to our model, the intuition is that for each potential, it will trap some profile
provided that V; has large negative part. With the defocusing structure, the potentials and
the nonlinearity will produce stable solitons. They can also form excited solitons that is
the excited states to associated elliptic equations. In this chapter, we will construct the
multisoliton structures with stable solitons and unstable solitons. Notice that one needs

more delicate analysis in order to handle the unstable solitons in Section 5.2.
Throughout the chapter, we assume that

1
Vi(z)| £ m, 3> 3. (5.0.3)

Before we formulate the main theorems, we recall Lorentz transformations along the = axis
since one can deform a rotation to reduce the general cases to this specific one. More precisely,
for the moving frame, (z —ot), there is a unique rotation p, so that after rotating, in the new

frame (21, 29, 23), the vector ¥ is along z1, i.e. the moving frame becomes (z; — |v] €1, 29, 23) .
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Then we apply the Lorentz transformation along €7 with velocity v. Define

v —ldy 00
—|dly ¥y 0 O
Ay = i 7 (5.0.4)
0 0 10
0 0 01
where
1
e (5.0.5)
y1- o
Then we consider the the following change of variables:
¢ 100 0 t
! 0 1
Ll =4, . (5.0.6)
$/2 0 Pv T2
:L‘é 0 3

In our model, applying the above transformation, in the new frame (x/ t ) , the moving

potential V; (3: — ﬁjt) becomes

% (\/1 — \ﬁj]%’l,xg,xg) =V (mvj:r;/> (5.0.7)

Setting

Vi) =V (mvjx/> , (5.0.8)

then we consider the Schrodinger operator

~A+ VY (x) (5.0.9)
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Let W;-}j be the stable static state to

. . . A\ D
—AW VI (@) W+ (W;’J) —0. (5.0.10)

Note that

’Uj AN Uj -1 )
Wj («') = Wj (mvj Pu; (z— vﬂf)) :
By a stable state, we mean that the linearized operator

) N4
~A+ V7 (1) +5 (W;-)J> (5.0.11)
has no eigenvalues nor zero resonance. For detailed definitions, see Section 5.1 and the
Appendix on the linear theory.
Set

Wi(z) =W} <m;j1pvj (a:)) . (5.0.12)

It is crucial to notice that

1
Wi(x)| ~ — 5.0.13
which causes the interactions among different solitons in our construction are very strong.

For more detailed discussions on the existence and decay estimates, see Section 5.1.

We also need the Hamiltonian structure of wave equations to discuss scattering. In

general, we can write a general wave equation as
Opu — Au = F(u,t) (5.0.14)

with initial data

u(z,0) = f(x), ur(x,0) = g(z). (5.0.15)
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Also consider the homogeneous free wave equation,

Opug — Aug =0 (5.0.16)

with initial data

uo(w,0) = fo(x), (uo) (x,0) = go(x). (5.0.17)

We reformulate the wave equation as a Hamiltonian system,

u 0 1 -A 0 u 0
Ot — = . (5.0.18)
Oru -1 0 0 1 Oru F(u)
Setting
u 0 1 -A 0 0
U:= ,J = , Hp == and F(U) := ,
oru -1 0 0 1 F(u,t)
(5.0.19)
we can rewrite the free wave equation as
Uy— JHpUy =0, (5.0.20)
oo = | 7 (5.0.21)
90
and the nonlinear wave equation as
U— JHpU = F(U), (5.0.22)
f
Ulo0] = . (5.0.23)
g



The solution of the free wave equation is given by

Uy = e HFU,[0]. (5.0.24)
In the following, we write
t
m m
Ult] = (u,up)', Wl = | D Wy (x—0jt), 0 Y W (z—Tjt) | (5.0.25)
j=1 j=1

With the preparations and notations above, we can formulate our main theorems with stable

solitons:

Theorem 5.0.1 (Existence of purely multi-soliton solutions). In R3, there exists a solution

u to
m
Onu — Au + Z VJ (:U — Q_fjt) u + u’ = 0, (5.0.26)
j=1
such that
Tim U1~ WAl 1,2 =0 (50.27)
Moreover, we have the decay rate
< 1
1Tt =Wt g1y 2 S 7 (5.0.28)

as t — oo.
Next we have the asymptotic stability of the multisoliton structure.

Theorem 5.0.2 (Asymptotic stability of the multisoliton). Suppose that 0 < € < 1 is small

enough and 1 < tqy s large enough. Let u solve

m
Opu — Au + Z V; (m — 17jt) u+u’ =0, zeR3. (5.0.29)
j=1
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Suppose at t = tg,

1UTto] = Wlto)ll g1 g2 < € (5.0.30)
Then there exists free data
Uol0] = (fo,90)" € H' x L? (5.0.31)
such that
HU[t] W] - etJHFUO[O]HHleQ 0.1 — oo, (5.0.32)

In other words, the error u(t) — E;-”Zl W (z — U;t) scatters to a free wave.

Here we briefly discuss strong interactions among these solitons. For simplicity, we con-

sider the case when m = 2 as in Section 5.2. Around near two solitons, we define
h(t) = u(t) — Wi (x) — Wy (x — 9it) . (5.0.33)
We consider the equation for h. Plugging everything in the equation, we have

Byth — A+ hP + (v1 () + 5W{*(x)) h+ (V2 (@ — 0t) + 5Wi (2 — Ut)) h+ a(z, H)h

= Fi(z,t) + Fa(z,t) + F(x,t) + N(h,z,t)
(5.0.34)

with

a(x,t) = 20W(x)Wy (z — Tt) + 30WE(x) W2 (x — §t) + 20W1 (z)W3 (x — dt)  (5.0.35)

Fy(x,t) = 5Wi(2)Ws (z — 5t) + Vi (2)Wa(z — 5t) (5.0.36)
Fo(x,t) = 5W (2)We (& — 0t) + Wi (x)Va(z — 0t) (5.0.37)
F(x,t) = 10W3 (2)W3 (z — 0t) + 10WE (2)W3 (x — 5t) (5.0.38)
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and N (h,z,t) is quadratic or higher in h. For more details, see Section 5.2. We notice that
F(z,t) is easy to handle but Fy, F» ¢ L%L% . One can not simply apply the energy estimate
and Strichartz estimates directly. F and Fy precisely show that due to the slow decay rate
of the solitons, see Section 5.1, some terms in the nonlinear interactions decay slowly. To
overcome these terms, we need the local energy decay and reversed Strichartz estimates with
inhomogeneous terms in the reversed norm. Moreover, due to the failure of the endpoint
Strichartz estimate in R3, to handle the quadratic term of A in the nonlinearity, one also
needs the endpoint reversed Strichartz estimate and revered type local decay estimates. It

is also novel in the nonradial setting.

All the above results can be extended to the multisoliton construction with unstable
excited solitons, see Section 5.2. The linear model still plays a pivotal role. It is interesting to
compare our method which based on linear estimates with the constructions of multisolitons
by nonlinear techniques developed in for example, in Martel [43], Merle [45], Cote-Munoz
[20], Cote-Martel [19], Jendrej [30, 31], Martel-Merle [44]. First of all, our linear model can
be used to analyze the stability of the multisoliton structure. Secondly the scattering state
we construct in this chapter is based on the Banach’s fixed point theorem other than the
Brouwer’s fixed-point theorem. On the other hand, when we need to deal with the purely-
soliton solution with unstable solitons, we also need the weak convergence technique which

is commonly used in the nonlinear method.

Organization

The chapter is organized as follows: In Section 5.1, we list some existence and decay results
on the solutions to elliptic equations. In Section 5.2, we establish the main theorems in this
chapter. The constructions with unstable solitons will be shown. Finally, in the Appendix,
we briefly recall the linear theory that we need in this chapter based on results from Chen

[14, 12]. We also discuss the scattering behavior of the nonlinear equation.
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5.1 Preliminaries: Static States

In order to construct the multisoliton solution to the equation

m
8ttu—Au+ZVj (m—ﬁjt)u+u5 =0, (5.1.1)
j=1

we first have to understand the soliton trapped by each potential separately.

Performing a Lorentz transformation, it suffices to understand the model elliptic equation:
—Au+Vu+u’ =0. (5.1.2)

Definition 5.1.1 (Stability of a static solution). A solution W to the equation (5.1.2) is

called a stable solution if the linearized opearator
Ly = —-A+V +5w? (5.1.3)

has no eigenvalues nor zero resonance.

We follow Jia-Liu-Xu [33] and Jia-Liu-Schlag-Xu [34]. Define the energy functional

. Vul?  Vu?  ub
J(u) ‘_/R?’ 5 + 5 + 6(x,t)dx. (5.1.4)

In general when the negative part V' of the potential is large, one can expect that there is
a unique positive ground state, which is the global minimizer of energy functional and has
negative energy. In addition, there can be a number of “excited states” with higher energies
(see Appendix A of [33] for more details). It is well known the ground state is asymptotically
stable at least when V' decays fast. However the dynamics around the excited states can be
very complicated even in perturbative regime (even with radial data), involving stable and

unstable manifolds. It arises some difficulties to take these unstable excited states as the
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solitons in our construction.

Here we list some important results regarding the elliptic equation from [33, 34].

Lemma 5.1.2. Consider J as a functional defined in Hl(]R3). If the operator —A —V has
negative eigenvalues then there exists a global minimizer @Q > 0 with J(Q) < 0. If —A =V

has no negative eigenvalues, then the only steady state solution u € Hl(Rg) to equation

(5.1.2) isu=0.

Theorem 5.1.3. Fix > 2. Define
Y :={V € C(R?) : V is radial and sup(1 + |z|)?|V(z)| < co}. (5.1.5)
X

ForV in a dense open set 2 C 'Y, there are only finitely many radial steady states to equation

(5.1.2).

Theorem 5.1.4. Let V € Y. For any ¢ € R, there exists a unique radial solution u. €

HY(BE) for anyr >0 to

—Au+V(z)u+u’ =0, in R3\{0}, (5.1.6)
with
o) - S| = o), ws el > (5.L7)
u(z) — —| = o(~—), x| — oo. 1.
|z| |z|
If ue € HY(R?), then u. € CYR?) and
—Aue + Vue + ug =0in R>. (5.1.8)

If we take the ground states as the solitons, we notice that the optimal decay rate is @
Even if one can assume that V(z) decays very fast, there is no hope to improve the decay

rate for the ground state.
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Lemma 5.1.5. Let R, 51 be sufficiently large. There exist €, § > 0, such that if

sup |z|Pt[b(z)] < 6, (5.1.9)
reBY
then any solution u to
—Au+b(z)u+u’ =0, z € BY (5.1.10)
with ulgp, > 1 satisfies
()| > ﬁ for « € BY. (5.1.11)
x

Naively one might expect excited states to be unstable, since they change sign. However

in general this may not be the case, as seen from the following theorem.

Theorem 5.1.6. There exists an open set O € Y such that for any V € O, there exists an

excited state ¢ to equation (5.1.2) which is stable.

5.2 The Construction and Stability of Multisolitons

In this section, we prove the main results of this chapter. For simplicity, we discuss the case
when m = 2:

Ay — Au+ Vi(x)u+ Vo (x — Gt)u+u’ = 0 (5.2.1)

and v is along the x1 direction.
We start with an energy estimate based on the local energy decay for the free wave
equation, c.f. the Appendices of [12]. This lemma is particularly useful to handle strong

interaction terms, see Remark 5.2.2.

Lemma 5.2.1. Consider

Opu —Au=H (5.2.2)
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with initial data

u(0) = f, uwt(0) = g.

Then for any € > 0 and |U] < 1, one has

sup (V)2 + a0 z2) Se ol + 161 + @3+ @),

and

2
Lt,x

sup (V02 + ) 2) Se loll 2 + 1 + |G = o)< o)
Proof. we set A =+/—A and notice that
JAfll 2 = 1l g1 VF € € (BF).
For real-valued u = (uq,ug) € H = H! (R3) x L2 (]R?’), we write
U = Auq + iuo.

and then

10Ul 2 > [l(u1, u2) 3 -

We also notice that u solves the original equation if and only if
U:= Au+i0wu

satisfies

iU = AU + H,

U(0) = Af +ig € L* <R3> .
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(5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)

(5.2.7)

(5.2.8)

(5.2.9)

(5.2.10)

(5.2.11)



By Duhamel’s formula,

. Lt
U(t) = *U(0) — @/ e_l(t_S)AH(s) ds.
0

(5.2.12)

We will only prove the first estimate (5.2.4). The second one (5.2.5) follows the same way

with the the standard local energy decay replaced by the local energy decay developed in

14, 12].

From the energy estimate for the free evolution,

eitAU(O) H

sup
teR

SOz -

9 Y
LCE

It suffices to bound

sup
teR

/O e it=5)A =3¢ ((x)§+6H(s)> ds

L3

Denote

()2 H(s) = N.

It is clear that

/OO ei(t=5)A (x)_%_6 N(s)ds
0

<||&] v
poerz 1 lpr2—15o12 IMIzzrz

where

(f(F) (1) = /0 T mit=)A ()€ p(s) ds.

We need to estimate

%

L2L2—L5°12 "
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(5.2.13)

(5.2.14)

(5.2.15)

(5.2.16)

(5.2.17)

(5.2.18)



Testing against F' € L%L%, clearly,

HIN(F‘ (5.2.19)

—z’tAH

/ A ()¢ p(s) ds

0

L2 = He 12— [%°L2
t Lz t Lz L2

The first factors on the right-hand side of (5.2.19) is bounded by the energy estimate for the

free evolution. Consider the second factor, by duality, it suffices to show

H <x>—%—e e_itA(b‘

<llolz . vo € L7 (B?), (5.2.20)

L212 "™

which is local energy decay.

For estimate (5.2.5), we apply

H (x — Utf%_ﬁ e_itA¢)

2o S 19llp2, Vo € L? (R3) (5.2.21)
tHx

in the appendices in [12] or Corollary 2.10 in [14].

Hence
oo A 1
/ A ()3 P(s)ds| < I Fllpape . (5.2.22)
0 L2 b
Therefore, indeed, we have
K| <C 5.2.23
H L2L2—L°L2 — ( )
and
00 ) 1
sup / e =) A()TI T  N(s)ds| < N2 (5.2.24)
teR 11J0 L2 b

Therefore, we have

sup (IV (1) |2 + (9l 2) ol g2 + 1171 o + || ()= H ) (5:2.25)

2
Lt,x
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and

1
sup (I1Va(t) 2 + et z2) £ Nollge + 171 + |G = o) 2+ H )

as claimed
Remark 5.2.2. As a concrete example, we set

1 1

HO =

which 1s one of the interaction terms in the nonlinear model.

We want to solve

8ttu—Au =H

Taking 1 < n < V], consider

<1’>1+26 1
=@3<@8<x—mﬁd£

Splitting integral into three pieces:

x [
pl<nt (@) (@—ot)? "~

. 8 — oS T S
e—dt|<nt  (x)° (x— ) (t) (t)

/Iw—UtIZWt, alznt (@)® (z—ot)°

Therefore

/ <ZE>2+26 1 dx<i
R () (w—wt)?
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(5.2.26)

(5.2.27)

(5.2.28)

(5.2.29)

(5.2.30)

(5.2.31)

(5.2.32)

(5.2.33)



Clearly

|+ m)

o0 1 2
S (/0 W) < . (5.2.34)

o0 - 2+2¢ %
lu)l g1y 2 = (/t (/R3 < <>:c>8 ; —117t>2 d:p) dt) < Ltl (5.2.36)

We point out that for this H(t) as the inhomogeneous term, the trivial energy estimate fails

If we consider the case that

then

since H(t) ¢ L%L%.

5.2.1 Stable solitons

Later on, throughout this section, we will use the short-hand notation:
LYLE = LP ([ty, 00), LE). (5.2.37)

where t( is the large time which only depends on prescribed constants from Theorem 5.0.2.

We first prove Theorem 5.0.2. Setting
h(t) :=u(t) — Wy (z) — Wy (x — 0t) , (5.2.38)

it is well-known that we just need to show that h is bounded in Strichartz norms, see Chen

[14] or Theorem 5.3.7 in the Appendix.
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Proof of Theorem 5.0.2. By construction, we have

Outh = A+ 17 + (Vi(@) + 5Wi(@) ) h+ (Vo (o = ) + 5W3 (x = 30) ) b+ ale, )

= F1(z,t) + Fa(z,t) + F(x,t) + N(h,z,t)
(5.2.39)

with

a(x,t) == 20W5 (2)Wa (z — 0t) 4+ 30WE(2)W2 (z — Tt) + 20W (z)W3 (z — 0t)  (5.2.40)

Fy(x,t) == 5Wi(x)Wa (x — 0t) + Vi (2)Wa(z — 0t) (5.2.41)
Fy(x,t) := 5Wy (2)We (x — 0t) + Wy (2)Va(z — 0t) (5.2.42)
F(x,t) == 10W3 (2)W2 (& — 0t) + 10WE(2)Ws (z — 0t) (5.2.43)

N(h,a,t) == (10W13(:c) + 30W2(2)Wa (¢ — Tt) + 300, (2)W2 (x — ) + 10W3 (2 — Ut)) h2
+ (10WR () + 3W3 (2) W (& — ) + 1003 (2 — i) ) & (5.2.44)

+ (5Wi(z) + 5Ws (z — 5t)) h*
Furthermore, we denote
My (h,x,t) == My 1(h, 2, t) + My o(h, z,t) + My 3(h, 2, t) + My 4(h, z,1) (5.2.45)
where

My 1 (hya,t) := 10W3 (x)h?, My o(h,x,t) == 30WE (x)We (x — 0t) h? (5.2.46)
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and
My g(h,2,t) := 30Wy (z) Wy (x — Tt) h%, My 4(h, z,t) == 10W3 (z — ot)h>. (5.2.47)
Also we use the notation:
Ms(h, ,t) := <1OW12 () + 3W1 (2)Ws (2 — Bt) + 10WE (z — m)) B3, (5.2.48)

Ms(h, x,t) == (5W1(x) + 5Ws (x — 0t)) h? (5.2.49)

Consider the iteration scheme

Orthiv1 — Ahjyq + (Vl (x) + 5W14($)> hit1 + <V2 (w — it) + 5Wy (x — 1775)) hit1

= Fy(x,t) + Fy(x, t) + F(x,t) + N(hj, 2, t) — a(x,t)h; — h?. (5.2.50)
Define the Strichartz norm of h as

IPllsri =~ sup 1112 (10,009, £2). (5.2.51)
§:I§+a,p:3,4,5

For a function G(z,t), we use the notation:
G (z,t) = Gz + ot t). (5.2.52)
As in the Appendix, for fixed ¢y > 0 small, define the strong interactions spaces I as

I = {G(m Derd'n? (M LE, L2 13, such that H(x)

, < oo} . (5.2.53)
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and local decay space D as

31
D= {(@—3 G(x,t) € Li" LY ﬂL}JlLiA’llLtoo} . (5.2.54)
Define
1
= 7+ ‘ 2.
IGIl; nmx{H@> ch%,qu%LgL?nG%éJ@}, (5.2.55)
and
-3 -3
WMD:mw{Wm Gmwhaﬁi?,@>c4£%w} (5.2.56)
T T t

Using the notations before, by estimate (5.3.28) in Theorem 5.3.5 from the linear theory in

the Appendix, we have

1
o0 P
2
sup (/ |hiy1(z,t)] dt) S A2 + gl g+ 1E N g2
zeR3 \Jig v

h? (5.2.57)

+lates il + 17,
+ ||]W2(hiam7t)”Lt1Lg2C + ||M3(hi7$at>||Lt1L:%

+ | Mya(his 2, )| a2 + [ Mya(his e )| 12
|30 (s )| + [y (1)

S
+ | Fylly + HFz HI

Applying Holder’s inequality and Strichartz estimates, we can estimate

la(z, Ohill 1z S HaHLng 1hill 13 10, (5.2.58)
¢ Lz
1Ma(his )l iz S Wil ps s, (5.2.59)
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1M3(his )l e S Wil pape,

and

Hﬂ4ig(h¢,x,t)HL%L%7 HA4L3(h@,I,t)HL%L% S hill page.

For the strong-interaction terms, we notice that

M0 5, S |W@n
L2 L2

2
T

h:
Lz%’lLtoo || zHLgoL%

S hillp hill o2 -

(5.2.60)

(5.2.61)

(5.2.62)

In the same manner, we can estimate all other norms in the definition of I and conclude that

[ 1 (R )| < Whillp 1Pl oo 2

Similarly,
S

s
hi 5

]

|38 10| <

~J ’

D‘ LeL?

Therefore, we know that

o0 2
2
sup ([ isate. 0 de)” S0+ lallgs + 1
zeR3 \Jto *

S

1

hy

+lasllp il o 2 + ||| |

LXL?

5 S
+ 1Rill sri + 11Rill Gerri *—||f?1H1'4—"f72 HI
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(5.2.64)
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Similarly, by estimate (5.3.29) from in Theorem 5.3.5, one has

o0 3
sup (/ |h¢+1($+17t,t)|2dt> SN2 + gl g + 1F za g2
zeR3 \Jtgy L

S

i

iy

F1Rilp il o 2 + |

»

LeL?

)
+ Willsers + Wil Zers + I Fill + || FS| - (5.266)

For the local decay, by the estimates (5.3.30) and (5.3.31) from Theorem 5.3.5, we conclude

that

5
1hi1 (e, Ollp S lgllpz + 171 g+ 1Rillseri + 1Pl 5o
S

1

hy

+1Rillp il oz + |

D ‘ LeL?

S
IR+ |||+ 1Pz

. 5
lhiv1(z+ 0 ) p S llallpe + 1 g + il seri + [1Rill g4
s

1

hy

+ 1Rl Al o2 + |

D ‘ LXL?

S
1B+ || B+ 1Py s

(5.2.67)

(5.2.68)

Following the argument in Section 5 from [14] and in the Appendix, using the reversed

Strichartz estimates to derive regular Strichartz estimates, one has

5
1hiv1llgrs + sup Ihivtll gy 2 Slallpe + 1F g + il gers + 1Rill $ei
Z10

S

7

n

+lhsllp il o 2 + || |

IR+ | B+ 1Py s
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By the computations in Remark 5.2.2, we can choose t( large enough, so that

<€ (5.2.70)

1
o i3--n)
||F||Lt1([t0,oo>,Lg)+H<“’> Fy+ I L3([to,00), L2)

where € is the small constant appearing in the contraction.
First we show that h;, 1 is bounded in all Strichartz norms and the energy norm.

Define the space S as

]

“SHD < oo} (5.2.71)

5= {lullsir Tl g ol e Jullp.

Ler?’
By the iteration scheme:

Orthiv1 — Ahjyq + (Vl (z) + 5Wfl(9€)> hit1 + <V2 (w = it) + 5Wy (x — Ut)) hit1

= Fi(z,t) + Fy(z,t) + F(x,t) + N(hj, z,t) — a(z, )h; — k2. (5.2.72)

7

with data

(hi(to), Othi(to)) = (f,9) (5.2.73)
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Then

[Rit1 = hjsallg S mllhi = hjll 50 (5.2.74)
+ (Ihallp + [5] p) [|7i = thLgOL?

+<’h? D+Hh3g D)’hs_ i

L

LeL?

2l s R ) = el s

L§L4> 1hi = sl a2

5 g) [ = Bl 15 10

Let h_1 = 0. We have

Bytho — Ahg + (Vl () + 5W14(9:)> ho + <V2 (z — i) + 5Wi (z — ﬁt)) ho

= Fi(x,t) + Fo(x,t) + F(x,t). (5.2.75)
with
(ho(to), Otho(to)) = (f, ) (5.2.76)
such that
I D gy g2 <€ (5.2.77)

Then by our Strichartz estimates from Theorem 5.3.3, Theorem 5.3.5 and Theorem 5.3.4,

one has

[hollg < e< 1. (5.2.78)

By induction, suppose that
7]l g < 2 < 1. (5.2.79)
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By similar computations to the above, we can conclude that

g1 = holls < IRl 5 0 (5.2.80)

(Il Woslogesz = 51 5] )

(20, 1

T

T

(0, 1

T h? Ltgé ”thLnglco>

2 3 4 5
S lhills + 175l + il + 18115 + [125]]s
<C (2776 1 462 + 8¢ + 16€* + 32€5>

<C <2n + 4e + 862 + 1663 + 32€4> €.

One just needs to pick € small and 7 small such that

1
C (n+de+ 82 1665 + 32¢) < . (5.2.81)
n = |a(z,t)|| s 5\ . (5.2.82)
L <[t0700) LE)

Note that

Hzowf<x)w2 (@ — 6t) + 30W2(2)W2 (z — 5t) + 20W4 (2)W3 (x — ) H ;

(5.2.83)
can be made sufficiently small provided % is large enough. Therefore
la(z, )| 5 5 (5.2.84)
Ly ([to,OOLL%)
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can be made arbitrarily small provided ¢ is large.

Therefore, by induction, we have
|hjrlg < 2e (5.2.85)

Next we show that the above construction gives a contraction. By almost the same compu-

tations as above,

1hiv1 = hills S nllhi = hi-allps 10 (5.2.86)

+ (I1hillp + l1hi-1llp) i = hi-1ll poo 2

wa )|

+ [ {2 s +)h§_1‘ 5
L2LY

ny =i

i hi—l

+ (el ]

LeL?

) 1hi = il g3 pis
(e 4 *’hg—l‘ﬁﬁ) i = hiall g

+ | ||nd

5 g) 1hi = hiall 5 1o

1
. |hi — hi—1]|g -

Therefore by the Banach fixed-point theorem, there exists a unique solution to

Byth — A + b + (v1 () + 5W{*(a:)> h+ (VQ (@ — 0t) + 5Wi (2 — 17t)> h+ a(z, H)h

= Fi(x,t) + Fo(z,t) + F(x,t) + N(h,z,t)
(5.2.87)

such that
HhHS < 2e. (5.2.88)
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Hence by Theorem 5.3.7,
u(t) — Wi (xz) — W (x — 0t) (5.2.89)

scatters to free wave. O

Remark 5.2.3. The quadratic term can also be handled by estimate (5.3.26) from Theorem
5.3.3.

Secondly, we show the existence of the purely multi-soliton solution. We solve the equa-

tion for h backwards from infinity.

Proof of Theorem 5.0.1. Again, we consider
h(t) = u(t) — Wy (x) — Wy (x — 0t , (5.2.90)
then

Ouh — A+ 15 + (v1<:c) + 5Wf(x)) h+ (V2 (@ — 0t) + 5Wi (2 — ﬁt)) h
=: Fy(z,t) + Fo(x,t) + F(x,t) + N(h,z,t) — a(x, t)h (5.2.91)

=: F(h,x,t) (5.2.92)
and
Oth — Ah =: G(h, z,t), (5.2.93)
IR g1y g2 — 0, t = oo,

As the beginning of this section, we set A = v/—A and notice that h solves (5.2.93) if and
only if
H := Ah + i0th (5.2.94)
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satisfies

i0 H = AH + G(h, 1), (5.2.95)
H(t) =0, t —» o0 (5.2.96)

in the sense of L2 norm.

By Duhamel’s formula, for fixed T’

. t .
H(t) = EDAR(T) / e U=)4G(h, -, 5) ds. (5.2.97)
T

Letting 7" go to oo, we know H(T') — 0, so

H(t) = z'/oo e l=5)AG (b, -, s) ds. (5.2.98)
t

By construction, we just need to show H(t) is well-defined in L2, then automatically,

u(t) — Wy (x) — Wa (x — ot) Y (5.2.99)

||H1><L

It suffices to show

H(t) =i / e t=8)AG (b, s) ds € L?, (5.2.100)
t

is well-defined. We show the existence of such a solution for t > ¢y provided tg is large
enough. This can be done by a similar contraction argument to the previous proof.

Indeed, we consider

Opthiv1 — Ahjpy + <V1 (x) + 5Wfl(l")> hiv1+ <V2 (& — 5t) + 5Wy (z — 1775)) hit1
(5.2.101)
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Again setting h_q1 = 0, then by Duhamel’s formula and the equation (5.2.100), we have

ho(x,t) = /tOO U(t,s) (Fi(-,t) + Fa(-,8) + F(+,)) ds

= /oo U(t,s)F(h_1,-,s)ds. (5.2.102)
t

Then by estimates (5.3.25) and (5.3.29) from Theorem 5.3.5, one has

1
00 D)
2 S
su ho(z,t)|7dt ) < |F 1 + || F + HF ‘
xelgi% (/tl ’ 0( )’ ) H HLt [tl’oo)L% H 1HItl 2 Itl

1
< (5.2.103)
3]

and

S 2
L2
sup ([ noto+ 0P de)” 1, sz + IR, + |5

z€R3 1 Iy

1

S —= 5.2.104
N (5.2.104)

where Iy, is the space obtained by restricting space I given by (5.2.53) onto [t1, 00).

Then by the argument in Lemma 5.2.1 and Remark 5.2.2, we write

Ouho — Ahg = — (Vl(x) + 5W{1(x>) ho + (Vg (x — Tt) + 5Wi (z - 17t)> ho
+ Fy(z,t) + Fy(x,t) + F(x,t)

=D (h_1,2,t) (5.2.105)

and then conclude that

1
1ho(O g1y 2 S NS (5.2.106)
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It follows that

Iolls,, <

1
Vi

where S, is the space given by (5.2.71) restricted onto onto [t1,00).

(5.2.107)

Next, we can run the contraction argument as the proof Theorem 5.0.2. We consider the

iteration give by the following formula.

o0
bisalent) = [ UGt sPhe ) ds.

Then by the same computations as (5.2.74) restricted onto [t1,00), one has

Hh¢+1 - hj+1H5t1 S th - thLf[tLoo)L}cO

+ (Wnallpy, + 1Al o, ) 19 = 1l e 20, o

u

+

For all t; such that

hy

Dy,

S
gl

Dt1>

3
h;

he —

7

3

L2 [t1,00)L9

4

L [t1,00)L4

3],
Lg[tla

9
J

LgoLtQ [tl,OO)

(5.2.108)

(5.2.109)

) 1B = il 32 00 228
) 1B = 1l 242, o0y 222

OO>L§> 1 = sl s oy so-

(5.2.110)

where tg and € are constants depend on prescribed constants as in the proof of Theorem

5.0.2.

We can conclude that

lhi = holls, <
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1
1hiv1 = hills, < 3 1hi = hialls,,

Therefore by the Banach fixed-point theorem, there exists a unique solution to

h(z,t) = /tOO U(t,s)F(h,-,s)ds

such that

1
1RO g1y 2 S 7

Therefore, we conclude that if we write

Ult] = (u,wp)', W] = (Wy () — Wa (z — Tt), 8 (Wy (z) — Wa (z — o))"

there exists a solution u to
Ay — Au+Vy () u+ Va (2 — 0t) u+u’ =0,

such that

Jim U1 = Wtll g1, g2 =0

Moreover, we have the decay rate

N0 = Witlll g2 & 7

as t — co. We are done.

5.2.2 Unstable solitons

(5.2.112)

(5.2.113)

(5.2.114)

(5.2.115)

(5.2.116)

(5.2.117)

(5.2.118)

To finish this section, we discuss the case that we have some unstable solitons. From the

discussion above, the linear model still plays a pivotal role. But in this case, the analysis is
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much more involved due to the unstable structure. Consider
Ay — Au+ Vi(x)u+ Vo (¢ — Gt)u+u’ = 0 (5.2.119)
and

h=u(t) — Q1 (x) — Qg (x — t) . (5.2.120)

where both (01 and (9 are unstable. For simplicity, suppose that
Lo, = —A+V; +5Q1 (5.2.121)
has one negative eigenvalue and zero is neither an eigenvalue nor resonance. Also suppose
Lo, = —A+ VY +5(Q8)* (5.2.122)

has one negative eigenvalue and zero is neither an eigenvalue nor resonance.

With A >0, >0,
Lg,w= —\w, Lg,m = —u’m. (5.2.123)

w and m decay exponentially by Agmon’s estimate, see [1, 12]. The analysis can be easily
adapted to the most general situation.

Set

Q] = (Q1 (z) — Qa (w — ), 3 (Q1 (x) = Q2 (v — 7)))". (5.2.124)

Theorem 5.2.4. Suppose that 0 < € < 1 is small enough and 1 < tg s large enough. There
is a codimension 1+ 1 smooth manifold M € H (]RS) x L2 (R3) around the € neighborhood

around Q[tg] such that if u € M solve

A — Au+ Vi(x)u+ Vo (x — 0t)u+u’ = 0, (5.2.125)
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and

1UTto] = Qltolll g1, 2 < e (5.2.126)
Then there exists free data
Uol0] = (fo,90)" € H' x L? (5.2.127)
such that
HU[t] — Q] - etJHFUO[O]HHleQ 50, t— oo, (5.2.128)

In other words, the error u(t) — Q1 (x) — Qo (x — Ut) scatters to the free wave.

Proof. As in the stable case, by construction, we have

Ouh — A+ 1%+ (Vi(@) +5Q1(@) ) A+ (Va (o = ) + 5Q4 ( = 5)) b+ alz, )b

= F1(z,t) + Fa(z,t) + F(x,t) + N(h, 2, 1)
(5.2.129)

Again, we consider the evolution starting from ¢y where t is large enough and only depends
on prescribed constants. When dealing with unstable solitons, we need to make sure the
evolution under the iteration is a scattering in each iterated step. So we need to modify the
data after each iteration.

As in the stable case, we consider the iteration:

Outhisy — Ahigy + (Vi(e) +5Q1 () hiy + (Va (o — ) + 5Q8 (2 — 1)) b

= Fy(x.t) + Fy(x,t) + F(x,t) + N(hj, z,t) — a(z, t)h; — h? (5.2.130)

7

and

h_1=0. (5.2.131)
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Denote

Vi = Vi(a) + 5Q7 (v),
D(h;, x,t) = N(hj, z,t) — a(x,t)h; — h?

and

F(hj,x,t) = Fy(z,t) + Fo(x,t) + F(x,t) + D(h;, z,t).
Decompose h; into three pieces:

hi(x,t) = a;j(t)w(x) + b (Y(t —va1)) my (2,t) +ri(z, t)
where

mv(x7t) =m (fy (.731 - ﬁt) 71’2,(133) .

We notice that

Pe(Hy)ri =1

and

Pe(Ha) (i) = (1),

where the Lorentz transformation L makes Vo stationary.

Under the iteration, for the initial data, we impose that for ¢ > 1.

a(ty) = a;(to) = ag(to),

b <mt0> = b; (Wt()) = by (WM)

and

r(z,to) = ri (v, t9) = 7o (7, o) -
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(5.2.132)

(5.2.133)

(5.2.134)

(5.2.135)

(5.2.136)

(5.2.137)

(5.2.138)

(5.2.139)

(5.2.140)
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We first analyze the behavior of the bound states as in [14]. Plugging the evolution (5.2.135)

into the equation (5.2.130) and taking inner product with w, we get

i(t) = Nay(t) + (Va (& = 0t) by, w) = (F(hy, x,t), w)

Denote
N;(t) := (F(hj,z,t),w) — (Vo (x — Ut) hj,w) . (5.2.142)
Then
e)\t 1 1 t A\
a;(t) = — |a;(0) + —a;(0) + —/ e “N;(s) ds} + R(t) (5.2.143)
2 A A Jig
where
IR(t)| < e P, (5.2.144)

for some positive constant § > 0. Therefore, the stability condition from scattering condi-

tions in the sense of Definition 5.3.2 forces

1 1 [
ai(to) —I— Xdi(to) + X/t B_ASNZ'(S) dS = O. (5.2.145)
0

So as the discussion in [14], given a(tg), there is a unique a(tg) such that the stability
condition (5.2.145) is satisfied. Similar results hold for b () up to performing a Lorentz
transformation. These stability conditions will ensure that h; is a scattering state. Therefore,
we can employ the estimates from Theorem 5.3.3, Theorem 5.3.4 and Theorem 5.3.5 as in
the proof of Theorem 5.0.2.

Consider the iteration for a;(tg),

oo

ai+1(to) — aj11(to) = —/t e (Nig1(s) = Nja(s)) ds. (5.2.146)
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Note that

|Nit1(s) = Njp1(s)| S (Vo (z — 6t) (hip1 — hjs1) ,w)]

+[(D(hy, 2, 1) = D(hj, z,t), w)|. (5.2.147)

Then for 1 < p < 2, by Minkowski’s inequality and Holder’s inequality;,

[[{Va (z = at) (Riv1 — Pjt1) s |HLp lr0,00)
S (V2 @ = 58) (hisr = hjn) [z o0y )|
1
<— th+1 j+1||L§oL§[t0’oo) . (5.2.148)

To estimate the difference between D(h;, z,t) and D(h;, x,t), we do the same computations

as in the stable solitons case, see (5.2.74),

|(D(hj, z,t) — D(hj,z,1), < i = hjllg - (5.2.149)

>|Lp [to,00

Then combine (5.2.148) and (5.2.149) together, one has

1
- 1
|ai1(to) — aj11(to)] S e Mo (/t |Nij1(s) = Nj1(s)| dS)
0

1
< e Ao (@ [Riy1 = byl g+ || hi — hj”s) (5.2.150)

Similarly,

bit1 ( 1— |2t0) bjt1 (\/ 1- |U|2t0)
1
Wuto <<_ th+1 J+1HS + ||h — hs H ) (5.2.151)
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with

1ho(to)ll g1y p2 < € (5.2.152)

Then by our Strichartz estimates

[holls S € < 1. (5.2.153)

Next we consider the estimate in our iteration scheme as (5.2.74), (5.2.80) and (5.2.86). It

suffices to estimate:

[hig1 = Pjst|| g < |@ig1(to) — @jsi(to)]

+ b1 (\/ 1- |Ul2to> —bit1 <\/ 1— |U|2t0>
1
+ 7 ki =kl (5.2.154)

Therefore as the stable case, (5.2.80) and (5.2.86), we haves
1
i1 = hillg < 5 lhi = hi-alls (5.2.155)
and

|ai1(t0) — ajy1(to)] +

. . 1

bit1 (\/ 1- |U|2t0> —bjt1 (\/ 1- |U|2to>‘ <3 |hi = Rl g
(5.2.156)

Therefore by the Banach fixed-point theorem, there exist h, a(tg) and b (\/ 1-— |U|2t0) such

that

[[h; = hllg — 0, (5.2.157)
|a;(to) — alto)] — 0, (5.2.158)

and

b; (\/1— |v|2t0) —b<\/1— \vy%)’ -0 (5.2.159)
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as ¢ — 00.
Moreover,

L. L[ —As
a(ty) + —a(tg) + ~ e "N(s)ds=0
A N i

where

N(t) :=(F(h,z,t),w) — (Vg (x — Ut) h,w) ,

the same condition holds for b(t).

It follows that h is scattering state and satisfies

Ouh — A+ (Vi) + 54 () ) b+ (Vo (v = 51) + 5Q3 (x — 7))

= Fi(z,t) + Fy(x,t) + F(x,t) + N(h, 2, t) — a(z, t)h — k>,

and

1hlls < e

Hence

u(t) = Q1 () — Q2 (z — vt)

scatters to free wave.

Remark 5.2.5. We can also consider the most general case. Suppose that

Lo, = A+ Vi +5Q1

(5.2.160)

(5.2.161)

(5.2.162)

(5.2.163)

(5.2.164)

(5.2.165)

has k1 negative eigenvalues and zero is neither an eigenvalue nor resonance. Also suppose

Lo, =-A+Vy +5 (@Qy)*

has ko negative eigenvalues and zero is neither an eigenvalue nor resonance.
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Then by similar arguments as above, we can obtain the general conditional stability re-
sults: Suppose that 0 < € < 1 is small enough and 1 < tg is large enough. There is a

codimension ki + ko smooth manifold M € H (R3) x L2 (R?’) around the € meighborhood

around Q[tg] such that if u € M solve
A — Au+ Vi(x)u+ Va (x — Gt)u+u’ = 0, (5.2.167)

and

1UTto] — Qltolll g1 2 < € (5.2.168)

Then there exists free data

Uo[0] = (fo,90)" € H' x L? (5.2.169)

such that
|v1n - Qi - el

gz 0, t = oo. (5.2.170)
In other words, the error u(t) — Q1 (x) — Qo (x — Ut) scatters to the free wave.

We also have the existence of the purely-soliton solution with unstable excited states.

Theorem 5.2.6. In R3, there exists a solution u to
A — A+ Vi(x)u+ Vo (z — 0t)u+u® =0 (5.2.171)

such that

T (U1 = Q1,2 = 0.

In order to deal with bound states, here we need more complicated arguments. We will
follow an idea based on the weak convergence from Merle [45] and Martel [43] which are also
used in many other constructions of multisoltions, for example in [44, 30, 31, 20, 19].

Proof. We still take tg large enough as before. Taking a sequence t,, — oco. Consider the
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equation for h:

Ouh — Ah+ 10+ (Vi) +5Q1() ) b+ (Va (@ — ) + 5Q4 (x — 1))

= Fi(x,t) + Fo(z,t) + F(x,t) + N(h,z,t) + a(z,t)h (5.2.172)

We can construct a scattering state hy, to equation (5.2.172) as in the proof of Theorem 5.2.4

such that
1
1hn @)l gy 2 S Vi (5.2.173)
Moreover, by the estimates (5.3.28) and (5.3.29), we have
1
(/tn ) < Ly ! (5.2.174)
sup hp(x,t dt) S —+ —, 2.
2R3 p | TL( )’ \/ﬁ 7
and
1
(/tn| ( P (5.2.175)
sup hpn(z + Ut t t) S —+ —. 2.
vers \Jt Vin Vi

Furthermore, by a similar argument to the proof of Theorem 5.0.1, Lemma 5.2.1 and Remark

5.2.2, we can conclude that

1 1
hn ()| ¢ < — 4+ —. 5.2.176
In g2 S =+ 7 (52,176
Notice that over [tg, tp],
1 1 1

hn(t)]| S—+—=5— 5.2.177
|| n( >||H1><L2 ~ \/% P \/E ( )

with a constant independent of n.

Then up to passing to a subsequence

hn(tg) — hg € H' x L? (5.2.178)
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weakly. Let h be a solution of the equation (5.2.172) with hg as the initial data at t = t.
By the weak continuity of the flow, for example in [2, 30, 33], one can obtain that h exists

on the time interval from [tg, 00) and for ¢ € [tg, 00),
hn(t) = h(t) € H' x L. (5.2.179)
Then passing to the weak limit in (5.2.177), one has

[ (t) (5.2.180)

1
HHle2 S %

Therefore, we conclude that if we write

Ult] = (ww)", Qlt] = (Q1 (2) — Qa2 (x — ), 9 (Q1 (x) = Q2 (x —71)))",  (5.2.181)

there exists a solution u to

B — Au+ Vi (2)u+ Vo (z — 0t)u+ud = 0, (5.2.182)
such that
Jim U]~ Q) 1,2 — 0. (5.2.183)

Moreover, we have the decay rate

U1 - QU 2 S % (5.2.184)

We are done. O

Remark 5.2.7. As in Remark 5.2.5, the above construction holds for the general case.

339



5.3 Appendix: Linear Theory

In this Appendix, we recall the results from Chen [14] on wave equations with a charge
transfer Hamiltonian in R3. In order to handle the strong interaction of solitons in our
nonlinear application, we also need some refined version of inhomogeneous reversed Strichartz

estimates.

5.3.1 Charge transfer model

Before we give the precise definition of our model, it is necessary to introduce Lorentz
transformations. Given a vector ji € R3, there is a Lorentz transformation L (j7) acting on
(z,t) € R3T! such that it makes the moving frame (x — fit,t) stationary. We can use a
4 x 4 matrix B(ji) to represent the transformation L (fi). Moreover, for the given vector

—

= (p1, 2, pi3) € R3, there is a 3 x 4 matrix M (f7) such that
(w— jit)" = M (fi) (z,0)", (5.3.1)

where the superscript 1" denotes the transpose of a vector.
With the preparations above, we can set up our model. We consider the scalar charge

transfer model for wave equations in the following sense:

Definition 5.3.1. By a wave equation with a charge transfer Hamiltonian we mean a wave
equation

m
Oy — A+ "V (x— Tjt) u =0, (5.3.2)
j=1

u‘t:O = fa atu‘t:() =g, T &€ R?)?

where ﬁj’s are distinct vectors in R3 with

5| <1,1<i<m. (5.3.3)
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and the real potentials V; are such that V1 <j <m
1) V; is time-independent and decays with rate (z)~“ with a > 3

2) 0 is neither an eigenvalue nor a resonance of the operators
Hj=-A+V;(S(7j)x), (5.3.4)

where S (173) r=M (17]) B! (27]) (z, O)T.

Recall that v is a resonance at 0 if it is a distributional solution of the equation Hy1) = 0
which belongs to the space L2 ((z)7da) :={f: (x) 7 f€ L2} for any o > %, but not for
o1
Remark. The construction of S ('17]) is clear from the change between different frames under
Lorentz transformations. In our concrete problem below (5.3.7), S (273) can be written down
explicitly.

To be consistent with our nonlinear application, throughout this section, we discuss the
wave equation with a charge transfer Hamiltonian in the sense of Definition 5.3.1 with m = 2,

a stationary Vi and a Vo moving along €] with speed lv| < 1, i.e., the velocity is
7= (v,0,0). (5.3.5)
Under this setting, by Definition 5.3.1,
Hy=-A+Vq(z), (5.3.6)

and
Ho = —A+Vy <\/1 - |U\2x1,x2,a;3) : (5.3.7)

An indispensable tool we need to study the charge transfer model is the Lorentz trans-

formation. Again, we apply Lorentz transformations L with respect to a moving frame with
341



speed |v| < 1 along the x1 direction. After we apply the Lorentz transformation L, under

the new coordinates, Vo is stationary meanwhile Vi will be moving.

Writing down the Lorentz transformation L explicitly, we have

with

(

th =7 (t —vxq)

zh =7 (z1 — vt)

\
1
T = .
1— o]

We can also write down the inverse transformation of the above:

(

\

t =7 (' +v))
Tl =" (x’l +Ut’)
x2:$’2

:chzxg

(5.3.8)

(5.3.9)

(5.3.10)

Under the Lorentz transformation L, if we use the subscript L to denote a function with

respect to the new coordinate (x/ A ), we have

uy, (x'l,xé,xé,t’) =u (7 (x'l + vt') ,xé,xé,y (t' + vx’l))

and

u(r,t) = ur, (v (r1 — vt) 22, 23,7 (t — vr1)).
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5.3.2 Strichartz estimates

With the above preparations, we recall some important results from Chen [14]. Adapting
the linear model to our nonlinear setting, we consider the following problem.

Suppose u solves
Opu — Au+ Vi(x)u+ Vo(x —dt)u = F + F| + Fy (5.3.13)

with initial data

u(z,0) = f(z), u(x,0) = g(x). (5.3.14)

Let wy, ..., wy and myq, ..., my be the normalized bound states of H1 and Hy associated
with the negative eigenvalues —\2, ..., —)\%1 and —,u%, ceey —u% respectively (notice that

by our assumptions, 0 is not an eigenvalue). In other words, we assume

Hyw; = —)\Z-zwi, w; € L2, A > 0. (5.3.15)

Hom; = —pzmy;, m; € L2, p; > 0. (5.3.16)

We denote by Py, (H1) and Py (Hs) the projections on the the bound states of H; and Ha,

respectively, and let P. (H;) = Id — P, (H;), i = 1,2. To be more explicit, we have

m /
Py(Hy) =Y (wj)w;, Py(Hy) =Y (-.mj)m;. (5.3.17)
i=1 j=1
In order to study the equation with time-dependent potentials, we need to introduce a
suitable projection. Again, with Lorentz transformations L associated with the moving
potential Vo(x — #t), we use the subscript L to denote a function under the new frame
(x' Y )
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Definition 5.3.2 (Scattering states). Let

Opu — Au+ Vi(x)u+ Vo(x — 0t)u = F + F| + Fy, (5.3.18)
with initial data
u(z,0) = f(x), u(z,0) = g(x). (5.3.19)
If u also satisfies
12y (1) u(t)ll g2 — 0, || Py (Ho) up (t)|| 2, — 0 £, — o0, (5.3.20)
we call it a scattering state.
Define the space I as
I= {G(a: t) € L2’ L? ﬂL L% such that H(;E) < oo} (5.3.21)

for the strong interactions terms where 77 is the subspace orthogonal to the x1 direction

Define
G|, = max H z G Mite! . 5.3.22
I1G 1l { () I HLglclL%IlL% I |!L§,1L%} (5.3.22)
Also recall that for a function G(z,t), we use the notation:
(5.3.23)

GO (x,t) = Gz + Tt t).

First of all, we have Strichartz estimates:

Theorem 5.3.3. Suppose u is a scattering state in the sense of Definition 5.53.2. Then for

p > 2 and (p,q) satisfying
3
(5.3.24)

q

N | —
= | =
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we have

||u||Lf([O,oo),L%) S ||9||L2 + ||f||H1 + HFHL,}L%

+IFLl + HFQSHI (5.3.25)

and

ol 210.00), £2022) < N2 + 17 g + 1 F a2

+ [ Fllp + HFQS (5.3.26)

;-

Secondly, one has the energy estimate:

Theorem 5.3.4. Suppose u is a scattering state in the sense of Definition 5.3.2, then we

have

sup (IVu@llze + llus @)l z2) < llgllpe + 1 £z + 1F L2
S

+ 1Pl + ”FQSHI (5.3.27)

Even more importantly, we obtain the endpoint reversed Strichartz estimates for u.

Theorem 5.3.5. Suppose u is a scattering state in the sense of Definition 5.3.2, then

1
o0 2
2
sop ([T lute, 0 dt)” S ol + 1510 + 1y
zeR3 \JO *

+ 1Pl + HFZSHI (5.3.28)
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and

00 3
sup ([ o+ .0 dt) " < ol + 171 g+ 13

r€R3
+ 1R+ |7 (5.3.29)
Moreover, one has
@ Bl Slglpz + 1A g + 1 F N1
H L%’lL?oﬂL}tlL;’IlL?O L H Lth
+1IFlp, + HFQSHD1 (5.3.30)
() P ute+ )| S lgllg2 + 17+ 1F g
+IRlp, + |7 (5.3.31)
1
where
31
Dy = {G(x,t) c L2 LtlﬂL;ILgthlﬂL%Lg} (5.3.32)
and
G ‘= max |G , |G 1.1, ||G : 5.3.33
|| ||D1 {H ||L§71L% “ ||L3181L§\11L% ” ||L%L%} ( )
One can replace Dy by
3
Dy = {G(w,t) € L%’lLfoﬂLilL%lLfo ﬂLng} (5.3.34)
and
Gl p, := max< ||G|| 3 NGl 21,005 |Gl 7272 ¢ - (5.3.35)
Do L%,ngo LalvlLﬁLt Lth
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5.8.3  Energy comparison

Next, we recall the energy comparison for wave equations with respect to different Lorentz
frames.

Following Chen [12, 14], we consider wave equations with time-dependent potentials
opu — Au+V(z,t)u=F (5.3.36)

with

1
V(z, pr) S —5 (5.3.37)

2
(z)
uniformly for 0 < |u| < 1. These in particular apply to wave equations with moving

potentials with speed strictly less than 1. For example, if the potential is of the form

V(z,t) =V (z —0t) (5.3.38)
with
1
Viz)| S —5 5.3.39
VIS o (5339
then it is transparent that
. 1
V(z, p1)| = |V (z — tpz1)| S —- (5.3.40)

(z)”

We sketch the argument in [12], suppose

Opu — Au+ V(z,t)u = F, (5.3.41)
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then it is clear that

Fu; = w (Ou—V(t)u)

2 2
= —0 (M + M) + div (Vuug) — V(z, t)uuy.

2 2

We apply the space-time divergence theorem to

(5.3.42)

(5.3.43)

then one has the following comparison with the inhomogeneous term, see Chen [12].

Theorem 5.3.6. Let |v| < 1. Suppose
Opu — Au+ V(z, t)u = F(x,t)

for 0 <|u| < 1. Then

/\qu(xl,xg,:c3,va:1)\2 + |Oru (331,1’2,903,11951)]2 dx

< / (Vou (21, 22, 73, 0)[% + |8y (21, 79, 03, 0)[2 da

+//TW@ﬁFMﬁ
R JR3
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and

/ Vau (21,22, 73,0)|? + [dpu (21, 72, 73,0)| dx

,S/!qu (x1, w9, 23, v21)|* + |Bpu (21, 29, 3, v21)|? do

/ / (z,t)|? dudt

where the implicit constant depends on v and V.

(5.3.47)

From the theorem above, we know that the initial energy with respect to different frames

stays comparable up to HFHL? .
T

5.3.4 Scattering

In this subsection, we discuss the scattering behavior of the solution to the nonlinear equation

for h:

Byth — Ah + K5 + (Vl(a:) + 5W14(:v)) h+ <v2 (z — o) + 5Wi (z — Ut)) h

= Fy(z,t) + Fo(x,t) + F(x,t) + N(h,z,t) + a(z, t)h.

We show that if A is bounded in the S norm where

[

lullp

<=0}

= {”uHStri’ lull grrsepe s lull o2 Ler?’

and
._ 3 2’ 21700
D.-{(w) G(x,t) € Li L§® | |L LﬁLt },

then h scatters to a free wave.

We will use the notations from the introduction.
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Theorem 5.3.7. Suppose that h is a solution to (5.3.48) such that

|h]lg < oo,

1
()2t P

()2 By

< 00,

2 2
Lt,x Lt,z

Write
fﬂﬂ:(mhgtecoﬁaaw,yﬁ><COQQ0@;LQ,

with, initial data H[0] = (f,g)! € H' x L2. Then there exists free data
Hol0] = (fo,90)" € H' x L7

such that

‘MM—&MWMMGlpﬁo
X

as t — o0o.

Proof. We set A = v/—A and notice that
JAfllg2 = I fll g VS € € (RP).
For real-valued u = (uy,us) € H = H! (R?’) x L2 (Rg), we write
U := Auj + iusg.

We know

WU 2 = [|(u1,u2) |4 -

We also notice that h solves (5.3.48) if and only if

H = Ah +i0¢h
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satisfies

iy H = AH — hP — (vm) + 5W;1(a;)) h— (v2 (x — Tt) + 5Wi (x - m)) h
+ Fy(z,t) + Fy(x,t) + F(z,t) + N(h,z,t) — a(z, t)h

=: AH + D(h, z,t). (5.3.58)

and

H[0] = Af +ig € L? (R3) . (5.3.59)

By Duhamel’s formula, for fixed T'
. T
H[T) = ¢TAH[0] - z/ e {T=9)4 (D(h, ., 5)) ds. (5.3.60)
0
Applying the free evolution backwards, we obtain
. T
—ITAR(T] = H[0] - i / ¢S4 (D(h, -, s)) ds. (5.3.61)
0
Letting T go to oo, we define
m .
Hyl0] := H[0] — z/ A (D(h,-,s)) ds (5.3.62)
0
By construction, we just need to show Hy[0] is well-defined in L?, then automatically,

HH[t] - et”fFHO[O]HL2 0. (5.3.63)

It suffices to show

/Oo A (D(h,-,s)) ds € L? (5.3.64)
0

as t — o0o.
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Recall that

D(h,-s) = — <V1(x) + 5W14(x)> h— (\/2 (x — Ts) + 5Wi (x — 175)) h

+ Fi(z,s) + Fy(x,s) + F(z,s) + N(h,z,s) — a(z, s)h. (5.3.65)
We also recall the precise expression of N:

N(h,a,t) == (10W13(x) + 30W2(2) Wy (z — Tt) + 30Wy (2) W2 (z — 6t) + 10W(z — 17t)> h2
+ (10W12(a:) + 3 (2)Wa (x — 5t) + 10W2 (2 — m)) B3 (5.3.66)

+ (5W1 () + 5Wo (z — §t)) b,
Furthermore, we have

M (h,z,t) == <1OW13(95) + 30WE (2)Wo (& — 0t) + 30W; (2)W2 (x — §t) + 10Ws (z — m)) h?

(5.3.67)
and
My 1 (h,z,t) = 10W; (2)h?, My o(h, x,t) = 30WE(2)Wy (x — Tt) h (5.3.68)
My 3(h, x,t) = 30W () W3 (x — Tt) b2, My 4(h, 2, t) = 10W3 (x — Gt)h>. (5.3.69)
Also we use the notation:
Mo(h, 1) == <1OW12(x) + 3 (2)Wa (x — ) + 10W2 (2 — 17t)> K3, (5.3.70)
Ms(h, z,t) == (5Wi(x) 4+ 5Wa (z — 6t)) h* (5.3.71)

We estimate each piece separately. By the identical argument as Lemma 5.2.1, we have

/oo JisA <<V1 (z) + 5W14(93)> h) ),

0

S hllpeerz2 S Pl - (5.3.72)
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2 Lz,
. 1
| et as| <@,
0 L2 Lt,:r

o
isA S S 2
My g(h, 1)) d <Hh‘ h”<h
|7t otz as| < 8] 5], < 1003
And by trivial energy estimate for the free evolution:
18 <
| e as) <Pl

e < |BlI2
S Il 0 S BN

/0"" pisA <h5) s )

m .
/ 54 (a(z, s)h) ds|| < a1y
0 L2 b

oo,
/ A (Myp(hyz,1) ds| S [|Mya(h,t)]| 10
0 L2 b

m .
| oA Ot ) ds| S M0l
0 L *

m .
| e Ottty as| S 1000l
0 L *

Applying Holder’s inequality and Strichartz estimates, we can estimate

o
[ o) a5 a0l
0 L -

la(z, )l L1z S IIGIILng 1Al g5 z10 < Nnlls

t T
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2
o S Al peop2 1Pl p < 1Rlls

(5.3.73)

(5.3.74)

(5.3.75)

(5.3.76)

(5.3.77)

(5.3.78)

(5.3.79)

(5.3.80)

(5.3.81)

(5.3.82)

(5.3.83)

(5.3.84)

(5.3.85)



and

HMI,Q(haxvt)HLtlL% )

Therefore,

And hence

We are done.

||M2(h,a:,t)||L%L% S ”h”Lf’L}f S ||h||S>

HMg(h,x,t)HL%L% S ”hHLj}L%? S ||h||S>

0

| o) s

}M1,3(h,93,7f)HLtlL% S IAllpagee S Nkl -

n H<x>%+€ F2S‘

1
S (R4
s () 1L,:2,x

5
I Elprp2 + Alls + 1A -
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2
Lt,x

(5.3.86)

(5.3.87)

(5.3.88)

(5.3.89)

(5.3.90)



[10]
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