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Abstract
Under the reproducing kernelHilbert spaces (RKHS), we focus on the penalized least-squares of the
partially functional linearmodels (PFLM), whose predictor contains both functional and traditional
multivariate parts, and themultivariate part allows a divergent number of parameters. From the non-
asymptotic point of view, we study the rate-optimal upper and lower bounds of the prediction error.
An exact upper bound for the excess prediction risk is shown in a non-asymptotic formunder amore
general assumption known as the effective dimension to themodel, bywhichwe also show the
prediction consistencywhen the number ofmultivariate covariates p slightly increases with the sample
size n. Our newfinding implies a trade-off between the number of non-functional predictors and the
effective dimension of the kernel principal components to ensure prediction consistency in the
increasing-dimensional setting. The analysis in our proof hinges on the spectral condition of the
sandwich operator of the covariance operator and the reproducing kernel, and on sub-Gaussian and
Berstein concentration inequalities for the random elements inHilbert space. Finally, we derive the
non-asymptoticminimax lower bound under the regularity assumption of the Kullback-Leibler
divergence of themodels.

1. Introduction

Statistical analysis of functional data has become an important and challenging part inmodern statistics since
the leadingworkRamsay (1982) and pioneering paperGrenander (1950). Due to technological innovation, the
progress in data storage enables scientists to acquire complex data sets with the structures of curves, images, or
other data with functional structures, referred to as functional data. Functional data analysis has awide range of
applications, including chemometrics, econometrics, and biomedical studies Ramsay and Silverman (2007),
Kokoszka andReimherr (2017). There has been a large amount of works now focusing onmany different non-
parametric aspects of functional data such as kernel ridge regressions Cai andHall (2006), Preda (2007), Du and
Wang (2014), Reimherr et al (2018), penalized B-spline regressions Cardot et al (2003), functional principal
component regressions Yao et al (2005), local linear regressions Baíllo andGrané (2009), and reader can refer to
the review paperWang et al (2016) formore details.

Many existing works related to the estimation and prediction problems of functional data are based on the
framework of functional principal component analysis (FPCA), see Yao et al (2005), Cai andHall (2006), Hall
andHorowitz (2007), Zhou et al (2023). However, the predictive power of FPCA-basedmethods is weakened
when the functional principal components cannot form an effective basis for the slope function, which often
occurs in practice. A similar phenomenon also appears in principal component regressions, see Jolliffe (1982).
An alternativemethod for the functional data is based on the reproducing kernelHilbert space (RKHS)
framework, which assumes the slope function is contained in anRKHS. It is shown inCai andYuan (2012) that
the RKHS-basedmethod performs better than the FPCA-basedmethodwhen the slope function does not align
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well with the eigenfunctions of the covariance kernel. In fact, FPCA strongly relies on the leading principal scores
with large eigenvalues correspondingly, and the eigenfunctions for representing the slope function inevitably
lose some information for the response. From themachine learning theory point of view, the FPCA is essentially
a non-supervisedmethod that often performs poorly in data analysis. For example, the analysis of Canadian
weather datamentioned inCai andYuan (2012) and the section 3 of Cui et al (2020).

In this paper, we study the partially functional linearmodels (FPLM) containing both functional and
multivariate parts in the predictor, which is originally considered in Shin (2009). Let ≔ ( )X X X, , p

T
1 be a p-

dimensionalmultivariate predictor,Y(t) be a functional predictor, ε be a randomnoise andZ be the scalar
response. In ourwork, we consider the PFLM taking the semi-parametric form

( ) ( ) ( )XZ Y t t td , 1T
0 0

òa b e= + +

where theβ0(t) is the slope function for functional predictor and theα0 is the regression coefficient for
multivariate predictor. Themodel (1) contains both parametric and non-parametric part, which belongs to
semi-parametric statistics.

We assume the predictor to be the randomdesignwhereX andY(t) are independent. Because the intercepts
of predictor are easy to estimate by centralizing, for simplicity, we assume

  ( )X Y t0 and 0.= =

Moreover, we require that the randomnoise ε has conditional zeromean and finite variance provided the
predictorX andY. For real data, suppose that we collect data {( ( ) )}XZ Y t t, , ,i i i i

n
1Î = that is i.i.d.

(independent and identically distributed) drawn from (Z,X,Y(t)).
In some situations,many non-functional predictors are often collected for practical data analysis, and this

increasing-dimensional setting has been considered inAneiros et al (2015), Kong et al (2016).Moreover, our
work can also be applied to deal with divergent number of parameters. Theoretically, this setting requires
assuming that the number of scalar covariates growswith the sample size, i.e., p= pn→∞ , and the
convergence rate of the desired estimator becomes totally different from the casewhere the dimension of the
non-functional predictors isfixed.

Dealing with the functional data as a stochastic process is a significant challenge in functional data analysis.
Obviously, a functional covariateY(t) has an infinite number of predictors over the time domain (observed as
discrete-time points) that are all highly correlated. The covariance function characterizes the correlation of the
functional covariate. The estimation of the slope function in functional regressions is connected to ill-posed
inverse problems. To handle the infinite-dimensionality ofβ0(t), people often impose certain regularity
conditions on the hypothesized space of the slope function to ensure that the infinite-dimensional problems are
tractable as afinite-dimensional approximation solution.Notwithstanding, the convergence rate of the slope
estimators depends directly on the assumptions of the covariance operator’s eigenvalue decay and the slope
function’s restricted space. Thus, the convergence rate cannot be parametric due to the infinite-dimensionality
of themodel (1).

Some recent developments in PFLM include Zhang and Lian (2019), Zhu et al (2019), Cui et al (2020).
Because of the shortcoming of the FPCA-basedmethods, we apply penalized least squares under the framework
of RKHShere. There are few efforts on the non-asymptotic upper and lower bounds in the existing literature.
For FPCA-basedmethod, Brunel et al (2016) considers the adaptive estimation procedure of functional linear
models under a non-asymptotic framework;Wahl (2018) analyses the prediction error of functional principal
component regression (FPCR) and proves a non-asymptotic upper bound for the corresponding squared risk.
For the RKHS-basedmethod,manyworks focus on the asymptotic results, such asCai andHall (2006), Cai and
Yuan (2012). Under RKHS-based kernel ridge regressions, Liu and Li (2020) recently studies the non-asymptotic
RKHS-norm error bounds (called oracle inequalities) for the plug-in KRR estimator of f0 inGaussian non-
parametric regression ( ) ( )Y f X N, 0,0

2e e s= + ~ , where f0 belongs to L2. By applying theMatérn kernel
and supposing f0 in aHölder space with the polynomial decay rate of eigenvaluesλn=O(n−2 a), Liu and Li

(2020) derives the nearlyminimax optimal convergence rate ( )n

n

log
a

a2 1+ (up to a nlog factor) for L2-norm

estimation error of the estimation of derivatives using plug-in kernel ridge regression (KRR) estimator.
To analyze the PFLM, themain innovation of ourwork is that we provide non-asymptotic upper and lower

bounds for the excess prediction risk under the assumption of the effective dimension, which is equivalent to
assuming the eigenvalues of the sandwich operator decay (see remark 2). Tong andNg (2018) establishes the
upper bound for the excess prediction risk for the RKHS-based slope estimator of the functional linearmodels,
but they do not consider the PFLM. Their result on the upper bound is a special case of ourmore general result
because FLM is a special case of PFLM (p= 0). If we let p= 0 in the theorem1 and suppose ·0 ln 0 0= , we
obtain the same non-asymptotic upper bound for FLMas the theorem 3.6 in Tong andNg (2018)up to a
constant.We also derive aminimax lower bound for the excess prediction risk under a general assumption
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concerning theKullback-Leibler divergence of themodel. InCai andYuan (2012), theminimax lower bound is
derived for the FLM in an asymptotic sense in theorem1,which is also a corollary of our result on the non-
asymptoticminimax lower boundwhen n→∞ . See the last paragraph in section 4 for detailed derivation.
Moreover, the optimal convergence rate (both upper and lower) of the excess prediction risk of PFLM is the
same as that of FLM,whichmeans the convergence of the functional part dominates the convergence of
the PFLM.

The specific theoretical contributions of ourwork are listed as

• A significant contribution is that we obtain the non-asymptotic upper and lower bounds of PFLM,which have
not beenwell studied in the existing literature.We provide an exact non-asymptoticminimax lower bound on
the excess prediction risk in PFLM.Moreover, a particular application of the proposed non-asymptotic
version of the optimal prediction upper bound is that it allows analyzing the PFLMwith a divergent number of
non-functional predictors, which leads to the prediction consistency under the setting ( ) ( )p p o nlog7 6 = .

• Wederive the non-asymptotic upper bound of the excess prediction risk for the RKHS-based least squares
estimation in PFLM, and the obtained optimal boundwe obtain ismore exact than that of Cui et al (2020)
which only obtains the stochastic order of the convergence ratewithout the definitemultiplying constants
relevant to the high probability events. Our derivation for the optimal bound does not need the inverse
Cauchy-Schwarz inequality

  ⎡
⎣

⎤
⎦( ) ( )( ) ( ) ( ) ( ) ( )Y t f t dt C Y t f t dt f L, for

4 2 2
2 ò ò Î

as amoment assumption of the functional predictor. This condition is imposed inCui et al (2020) andCai and
Yuan (2012) to attainminimax prediction bounds for (partially) functional linear regressions. Our proof does
not directly rely on thewell-known representation lemma for the smoothing splines; seeWahba (1990) and
Cucker and Smale (2001).

• The proof for the theorem 1 is divided into three steps, and it relies on newnon-trivial results. First, we prove
the difference of the functional part between the true parameter and our least squares estimate is bounded.
Second, based on the boundedness, we show the excess prediction risk contributed by themultivariate part of
the predictor is convergent at n−1-rate. Finally, according to the convergence of themultivariate part, we
obtain the convergence of the prediction risk corresponding to the functional part in n

1
1- q+ -rate, where θ is

related to the effective dimension in theAssumption 6. Specifically, the novelty of the proof lies in the lemma2,
which is a crucial lemma for the theorem 1. In the lemma 2, to show the concentration property of the random
elements in Banach space, we use themethods in functional analysis and convert the random elements in
Banach space to other relevant random elements inHilbert space.

The outline of this paper is constructed as follows. In section 2, we provide the notations and definitionswe
need and a brief introduction to the RKHS and the PFLM. Section 3 shows ourmain theorem about the non-
asymptotic upper bound for the excess prediction risk and two relevant corollaries. In section 4, we state the
minimax lower bound for the excess prediction risk. In section 5.1, we provide the proof of the theorem1 in
section 3. In section 5.2, we show the proof the theorem 2 in section 4. In section 5.3 and 6, we prove the lemmas
we need for the proofs in section 5.1 and 5.2. In section 7, we summarize our conclusions and point out some
future directions for research.

2. Preliminaries

2.1. Notations and definitions
Define ≔ ( )v vi

p
i2 1
2 1

2  å = to be theℓ2-normof vector v pÎ . Let  Ì be a compact set. Denote by ( )L2  the
Hilbert space composed by square integrable functions on  , whose inner product and norm are respectively
denoted by 〈f, g〉 and ∥f∥ for any ( )f g L, 2 Î .

ConsiderT a bounded linear operator from aBanach spaceA to a Banach spaceB respectively endowedwith
the norms ∥ · ∥A and ∥ · ∥B. Define the operator normofT as

≔ ( )T T xsup .
x A x

Bop
: 1A

   
 Î =

LetT* be the adjoint ofT fromB* toA* defined byT*( f )(x)≔ f (T(x)), for any f ä B*. Notice the adjoint of an
operator does not change the operator norm, and thuswe have ∥T*∥op= ∥T∥op.

For amatrix  ( )E eij i j p
p p

1 ,= Î ´ , whenwriting ∥E∥op, we actually view E as a bounded linear operator
from p to p endowedwithℓ2-normdefined by va Ev, which is also called the spectral norm. Let
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 ≔ ∣ ∣E emax i j p ij1 , ¥ be theℓ∞-normof thematrix E and ( )Emaxl be the largest eigenvalue of thematrix E.
Moreover, we have E p Eop   ¥ from5.6. P23 in Page 365 ofHorn and Johnson (2012).

For a real, symmetric, square integrable on the domain  ´ such that ( )R s t s t, d d2
 ò < ¥
´

. The

nonnegative definite function R:  ´  , is called reproducing kernel in the following. Let
( ) ( )L L L:R

2 2  be an integral operator (also a bounded linear operator) defined by

( )( ) ≔ ( ) ( ) ( ) ( )L f t R s t f s R s t f s s, , , d .R
òá ñ =

According to theHilbert-Schmidt theorem, there exists a set of orthonormalized eigenfunctions { }k: 1k
Ry

and a sequence of eigenvalues   0R R
1 2 q q > such that

( ) ( ) ( ) ( )R s t s t s t, , , , 2
k

k
R

k
R

k
R

1

å q y y= " Î
=

+¥

see theorem4.6.5 inHsing andEubank (2015) for the proof of such series representation (2).
Noticing the orthonormality of the eigenfunctions { }k

R
k 1y , we have

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )L s R s t t s t t s t t s, , , , .R k
R

k
R

i
i
R

i
R

i
R

k
R

i
i
R

i
R

i
R

k
R

k
R

k
R

1 1
å åy y q y y y q y y y q y= á ñ = = á ñ =
=

+¥

=

+¥

Inwhat follows, let {( )},k
R

k
R

k 1q y be the eigenvalue-eigenfunction pairs corresponding to the operator (or

the equivalent bivariate function)R. Define LR

1
2 as a operator satisfying ( )L .R k

R
k
R

k
R

1
2 y q y= For two bivariate

functions R R, :1 2  ´  , define

( )( ) ≔ ( ·) (· ) ( ) ( )R R s t R s R t R s u R u t u, , , , , , d .1 2 1 2 1 2
òá ñ =

Thenwe have the relation ◦L L LR R R R1 2 1 2
= , where ◦means the composition ofmappings. To show

◦L L LR R R R1 2 1 2
= , we notice

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

◦ ( )( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

L L f t R t s L f s s R t s R s u f u u s

R t s R s u s f u u L f t

, d , , d d

, , d d .

R R R

R R

1 1 2

1 2

1 2 2

1 2

  

 

ò ò ò

ò ò

= =

= =

Let ( )HS  be theHilbert space of theHilbert-Schmidt operators on ( )L2  with the inner product
*≔ ( )A B B A, TrHá ñ and the norm ( )A Ak kHS

2
1

2   f= å =
+¥ where { }k k 1f is an orthonormal basis of ( )L2  .

The space ( )HS  is a subspace of the bounded linear operators on ( )L2  , with the norm relations
∥A∥op� ∥A∥HS and ∥AB∥HS� ∥A∥op∥B∥HS.

Given a reproducing kernelK, we can uniquely identify a RKHS ( )K composed by a subspace of ( )L2 
satisfying ( ·) ( )K t K, Î for any t Î , which is endowedwith an inner product 〈·, · 〉K such that

( ) ( ·) ( )f t K t f f K, , , for any .K = á ñ Î

There is awell-known fact

( ( )) ( )L L K ,K
2

1
2  =

i.e. the RKHS ( )K can be characterized as the range of LK

1
2 equippedwith the norm ( ) ( )L f fK K L

1 2
2    = , see

corollary 1 in Sun (2005) for details and extensions. For simplicity, let ( )K be dense in ( )L2  , whichmeans LK

1
2

is injective. The definition of LK

1
2 directly yields the compactness of LK

1
2 .

Assumption 1Assumption on integral operator.Assuming that  is bounded and compact, the reproducing
kernel K Î is continuous, where  a family of continuous kernels (on the compact  ). Defineκ as

 ( )L Kfor . 3K op
1
2  k < ¥ Î

Readers can refer toWahba (1990), Cucker and Smale (2001), Hsing and Eubank (2015) formore discussions on
RKHS.For the i.i.d. data {( ( ) )}XZ Y t t, , ,i i i i

n
1Î = , define the empirical covariancematrixDn and the

covariancematrixD for themultivariate part of the predictor to be

≔ ≔ ( )X X XXD
n

D
1

and ,n
i

n

i i
T T

1
å
=

wherewe assume the expectations of random variablesXXT exist. Let ≔ ( )Dmax maxl l and ≔ ( )Dmin minl l be
the largest and smallest eigenvalues of the covariancematrixD. Similarly, when the expectation ofY(s)Y(t) exists,
define the empirical covariance functionCn(s, t) and the covariance functionC(s, t) for the functional part of the
predictor to be

4
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( ) ≔ ( ) ( ) ( ) ≔ ( ( ) ( ))C s t
n

Y s Y t C s t Y s Y t,
1

and , .n
i

n

i i
1

å
=

Given the asymmetric, square-integrable, and non-negative definite covariance functionC(s, t), define the
sandwich operator of the covariance operatorC and the reproducing kernelK by

≔ ◦ ◦ ≔ ◦ ◦T L L L T L L Land its empirical version ,K C K n K C Kn

1
2

1
2

1
2

1
2

see Cai andYuan (2012) for details. For simplicity of the following technique analysis, define

≔ ≔ Xg L Y aand ,n n
i

n

i K i n n
i

n

i i
1

1

1

1

1
2å åe e

= =

which are key quantities to derive the convergence rate of the desired estimator. Define the bounded linear
operators ( )G L:n

p2   and  ( )H L:n
p 2  by

( ) ≔ ( ) ( ) ≔ ( )X XG f
n

Y L f f L H
n

L Y
1

, , and
1

, .n
i

n

i K i n
i

n

i
T

K i
p

1

2

1

1
2

1
2å åa a aá ñ " Î " Î

= =

Because of the compactness of operatorT and theHilbert-Schmidt theoremon compact operator, see
theorem11.3 in Schechter (2001), there exist a set of eigenvalue-eigenfunction pairs {(τk,jk): k� 1} such that
the operation ofT can be decomposed in the followingway

( )T f f , ,
k

k k k
1

å t j j= á ñ
=

¥

where {jk: k� 1} is orthonormal basis and {τk: k� 1} decrease to 0.Define the trace of the operator
( )T I T1l+ - as

( ) ≔ (( ) )D T I TTr ,1l l+ -

which is also called the effective dimension introduced tomeasure the convergence rate of the functional part;
see Zhang (2005), Caponnetto andDeVito (2007).

2.2. The penalized least square for PFLM
The goal of prediction given the predictorX andY(t) is to recover the prediction: ( ( )) ≔X XY t, T

0 0ah +
( ) ( )Y t t td .0ò b i.e., the right side of (1)without the randomnoise ε. To estimate the true parameter (α0,β0),

the penalized least square is defined as


⎛
⎝

⎞
⎠

( ˆ ˆ ) ≔ ( ) ( ) ( )
( ) ( )

X
n

Z Y t t t, argmin
1

d . 4n n
K i

n

i i
T

i n K
, 1

2
2

p

 
 òåa ab b l b- - +

a b Î ´ =

Noticing ( ( )) ( )L L KK
2

1
2  = , there exists ˆ ( )f Ln

2 Î such that ( ˆ ) ˆL fK n n

1
2 b= . So the (4) is replaced by


( ˆ ˆ ) ≔ ( ) ( )

( ) ( )
Xf

n
Z Y L f f, argmin

1
, . 5n n

f L i

n

i i
T

i K n
, 1

2 2

p 2

1
2  


åa a l- - á ñ +

a Î ´ =

For the Euclidean predictorX, we assume the dimension of themultivariate parameter p less than or equal to the
number of the training samples n (p� n), bywhich the empirical covariancematrixDn is invertible a.s.
according to the theorem inOkamoto (1973), if the distribution of { }Xi i

n
1= is absolutely continuous (with respect

to Lebesguemeasure).

Assumption 2Assumption on high-dimensions.WeassumeDn andD are positive definite for the given data
with p n.

According to the definition of the penalized least squares ( ˆ ˆ )f,n na , whichminimize (5), the difference
between the penalized least squares ( ˆ ˆ )f,n na and the true parameter (α0, f0) can be represented as

{ ˆ ( ) ( ) ( ˆ ) ( ) ( )f f T I f T I H T I g , 6n n n n n n n n n n n0
1

0
1

0
1a al l l l- = - + - + - + +- - -

{ ˆ ( ˆ ) ( )D G f f D a , 7n n n n n n0
1

0
1a a- = - - +- -

whereTn,Hn,Gn,Dn, gn and an are given in the previous section. The derivation of (6) and (7) is left to
section 5.3.1, wherewe use themethod of the calculus of variations. Thus the existence of theminimizer of the
penalized least squares (5) becomes tofind a tuple ( ˆ ˆ )f,n na satisfying the equations above.

Let ˆ ( ( )) ≔ ˆ ( ) ˆ ( )X XY t Y t t t, dn
T

n nòah b+ be the prediction rule induced by the penalized least square

estimator ( ˆ ˆ ),n na b . For a prediction rule η(X,Y(t)), define the prediction risk to be

5
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* * *( ) ≔ [ ( ( ))]XZ Y t, ,2 h h-

where (Z*,X*,Y*(t)) is an independent copy of (Z,X,Y(t)).Wemeasure the accuracy of the prediction ˆnh by the
excess prediction risk

* * * *( ˆ ) ( ) [ ˆ ( ( )) ( ( ))]X XY t Y t, , .n n0 0
2 h h h h- = -

Let ( )f L0
2 Î satisfying L fK 0 0

1
2 b= and rewrite:

( ( )) ≔ ( )( )( ) ˆ ( ( )) ≔ ˆ ( )( ˆ )( )X X X XY t Y t L f t t Y t Y t L f t t, d and , d ,T
K n

T
n K n0 0 0

1
2

1
2

 ò òa ah h+ +

bywhichwe can bound the excess prediction risk

* *

* *

* * * *



  

 

⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦

∬

(ˆ ) ( ) ( ˆ ) ( )( ( ˆ ))( )

[ ( ˆ )] ( )( ( ˆ ))( )

( ˆ ) ( )( ˆ ) [ ( ) ( )]( ( ˆ ))( )( ( ˆ ))( )

X

X

X X

Y t L f f t t

Y t L f f t t

Y t Y s L f f t L f f s t s

d

2 2 d

2 2 d d .

n
T

n K n

T
n K n

n
T T

n K n K n

0 0 0

2

0
2

0

2

0 0 0 0

1
2

1
2

1
2

1
2

 




 

ò

ò

a a

a a

a a a a

h h- = - + -

- + -

= - - + - -
´

Notice the equality

 ⎡
⎣

⎤
⎦

⎛
⎝

⎞
⎠

∬( ) ( ) [ ( ) ( )] ( ) ( ) ( ) ( ) ( )

( )

Y t f t t Y s Y t f s f t s t f t C s t f s s t f L fd d d , d d , .

8

C

2

    ò ò ò= = = á ñ
´

With the definitions above, we reformulate the upper bound for the excess prediction risk to

( ˆ ) ( ) ˆ ( ˆ ) ( ˆ )

ˆ ( ˆ ) ( )

L f f L L f f

T f f

2 2 ,

2 2 , 9

n n K n C K n

n n

0 max 0 2
2

0 0

max 0 2
2

0
2

1
2

1
2

1
2

 

   

  a a

a a

h h l

l

- - + á - - ñ

= - + -

which is relatively easy to analyze.

3. The analysis andmain results

3.1. The analysis
Based on the RKHS framework,more regularity assumptions are needed to ensure ourmain results. First,
Assumptions 3–5 are on themoment condition of data. A centered random variableX is called sub-Gaussian if

  e e t, ,tX t 22 2 " Îs

where the quantityσ2> 0 is named as the sub-Gaussian variance proxy [see Zhang andChen 2021, denote as

X∼ subG(σ2)]. Let


⎡⎣ ⎤⎦( ) !!

( )
X supG

k

X

k

k

1
2 1

1 2k2

  =
-

be the sub-Gaussian norm, andX is sub-Gaussian if

X ;G  < ¥ see Buldygin andKozachenko (2000).

Assumption 3.Weassume { }Xj j
p

1= satisfy the sub-Gaussian growth ofmoments condition, i.e.


 

( )X Mmax 10
j p

j G
1

1  < ¥

and  ≔ ∣ ∣v Xmax j p j
2

1
2 < ¥.

Assumption 4. ( )Y t is a bounded square integrable stochastic process: there exists M 02 > such that
(·) ( )Y ML 22   (a.s.).

Assumption 5.The randomnoise εhas conditional zeromean and finite variance: ( ∣ )X Y, 0e = and
( ∣ )X Y,2 2e s< given X andY.

Assumption 6Assumption on effective dimensions.The effective dimension ofT satisfies

 ( ) ≔ (( ) )D T I T c ctr for constants 0 and 0 1.1l l l q+ > <q- -

The sub-Gaussian data Assumption 3 has been adopted inmany high-dimensional statistics references; see
Zhang andChen (2021) for a review.We assume thatY( · ) is bounded in L2 norm a.s. in theAssumption 4. The
Assumption 5 follows the general assumptions of conditional zeromean and finite variance on randomnoise
given the observationsX andY(t). TheAssumption 6 on the effective dimension has been adopted in Tong and
Ng (2018), which reflects the convergence of eigenvalues of LC and LK and how their eigenfunctions align. The
Assumption 6 is also equal to the common assumption on the decay rate of the eigenvalues ofT (see remark 2).
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Define a randomvariable ξ taking values in ( )HS  by

( ) ≔ ( )f T I L Y f L Y, .n K K
1
2

1
2

1
2x l+ á ñ-

Actually, we canweaken the boundedness in Assumption 4 by assuming the Bernstein’s growth ofmoments
condition of ξ in ( )HS  : there exist ˜ ˜M , 0n > such that

   ( ) ( ) ˜
˜ ! ( )D M

l l
2

, for all integer 2. 11l n l
HS

2
2 x x

l
n- -

Then using the lemma 6, we obtain a similar result as in the lemma 1, bywhichwe have an analogous result for
the non-asymptotic optimal prediction error as in the theorem 1. But the condition (11) is challenging to verify,
and a similar situation is also provided for the FPCAmethod inH2 of Brunel et al (2016). Here, we do not offer
the complete proof under the condition (11).

Before getting to ourmain results, we need two important lemmas, of which the proofs are left to section 5.3
and 6. The following lemma 1 and lemma 2 can be viewed as the concentration inequalities for the operator-
valued randomvariablesTn,Gn andHn. The concentration inequalities for the random variable taking values in
Hilbert space, as stated in the lemmas 6 and 7 play an important role in the proofs of lemmas.

Lemma1.Under the Assumption 4, for any ( )e0, 21
1d Î - , with probability at least 1 1d- , we have

 ( )( ) ( ) ≔ ≔ ( )
( )

T I T T c B c M Blog , where and .n n n n
c

n

D

nop 1
2

1 2
2 2

log 2n

n1
2

1

1

1
 l k+ - +

d l
l

d
-

Lemma2 G Hn nop op   = .Under the Assumptions 1, 3 and 4, for any ( )0, 12d Î , with probability at least
1 2d- , we have

G H ,n n
c

nop op
2   =

where ≕ [ ( )]c c p v M p8 log2 1 1
1 2

2d+ and v is constant in Assumption 3.

3.2.Main results
With all the preparations above, we can state this paper’smain result. The following theoremprovides a non-
asymptotic upper bound for the excess prediction risk.

Theorem1.Under the Assumptions 1- 6, for any ( ), , , 0, 11 3 4 5d d d d Î , ( )e0, 22
1d Î - , let ≔ n , 0n

1
1l w w >- q+ ,

( )≔ ( )N p D p D M M24 48 log
p

1
1

op
1

op 1
4

1
2 2 2

5
    +

d
- - and

( )[ ( )]N M v M p2 8 log ,
D

2
2

2
2

1
1 2

2
2 3

2

1
op

1
 k d= +

w

q
q-
+

such that for  ≔ ⌈ { }⌉n n N Nmax ,0 1 2 , we havewith probability at least 1 i i1
5 d- å =

( ˆ ) ( ) ( ( ) ) ( ( ) ) ( ( ) ) ( )c c c c n c c c n c c n2 2 2 4 2 , 12n 0 max 4 6 5
2

9
2 1

7 8 9 7 8
22

2 2
1

1 h h l w w- + + + + + +- - -q
q q

+
+ +

where { }ci i 4
9
= are specific constants given in the proof that depend on the true parameters and the assumptions, and

can bewritten as

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

( )

( )

( ) ( )
( ) ( )

( ) ( ) ( )

≔ [ ( )]

≔

≔

≔

≔

( )

( )

( )

c p M v M p c

c f c

c f c c c

c c c c and

c c c c v M

8 log , ,

2

2 log 2 log 1

2 log 2 log 1 .

2 log 2 log 1 8 log

D p v D

c c c

c

M c c c p

4 2 1
1 2

2
3

2 5
3

2

6 0 1
1 2

log 2

7 0 1 1
1 2 2

8 1 1
1 2 2

2

9
2

1 1
1 2 2

1
1 2

1
op

1
op

4

2 5

3

1
2

1

1

1
2

1

1

1
2

1

1
2

3

2 4 6 5

1

1
2

1 2

 

 

   
k d

w w

w w

w w

w w

+ =

+ + +

+ +

+ +

+ + +

s

d

w
s
d d

d d

d d
s w

d

k
w d d d

- -

- -

- -

+ - -

q

q

q
q

q

- -

+

+

+ - +

+

where c is constant in Assumption 6, and ≔c M1 2k in lemma 1.

Equation (12) presents an exact upper bound of the excess perdition risk with all precise constants
determined by the regularity conditions. Thefirst termon the right side of (12) is ascribed to the parametric part
of the PFLM. The second term is amixed bound consisting of both the parametric and the functional part since
the prediction risk is a square function composed of both the functional and non-functional predictors. The last
term is a dominated term,which reveals that the signal strength ||f0||, the operator normof the reproducing
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kernel, and the variation of functional predictor play a crucial role in the non-asymptotic upper bound of
prediction risk. Unfortunately, these assumption-dependent constants are always ignored inmost references of
asymptotic analysis for functional regressions.

Remark 1.Atfirst glance, the upper bound on the excess risk is independent of 0a . From (7),

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

ˆ · ( ˆ )X X X X
n n

Y L f f
n

1 1
,

1
,n

i

n

i i
T

i

n

i K n i
i

n

i i0
1

1

1
0

1

1
2å å åa a e- = á - ñ +

=

-

= =

and thus ˆ n 0a a- has no relation to 0a .We illustrate this fact by setting ( )t 00b = in ourmodel (1). Then the
PFLMdegenerates to the classical linearmodels with a divergence number of Euclidean predictors.We have

( )ˆ · ( )X X X ,n n i
n

i i
T

n i
n

i i0
1

1

1 1
1a a e- = å å=

-
= which is free of 0a .

From the proof of the theorem 1, one can obtain the non-asymptotic upper bounds of functional and the
non-functional parameters regressions below.

Corollary 1.Under the conditions in theorem 1, for n n0> we have,

 ⎛
⎝

⎞
⎠

ˆ ( )P
c c c

n

2
1 , 13n

i
i0 2

4 6 5

2

5

  åa a d-
+

-
=

 ⎛
⎝

⎞
⎠

( ˆ ) ( ) ( )P T f f c c
c

n
1 . 14n n

i
i0 7 8

9

1

5
1
2  ål d- + + -

=

It should be noted thatwe are unable to show the asymptotic normality of the non-functional parameters
ˆ n 0a a- because it is influenced by the functional parameter f̂ fn 0- as shown in (7). And it is difficult to derive
an analogy of the central limit theorem for the functional parameter.

The (13) and (14) in corollary 1 are useful high-probability events, which can be used to obtain the
confidence balls forα0 and f0 under the distance ˆ n 0

2 a a- and ( ˆ )T f fn 0
21

2 - . They are also helpful for
constructing testing statistics, and thus they conceive non-asymptotic hypothesis testing for functional
regressions, see Yang et al (2020) for the case of non-parametric regressions.

Another corollary of the theorem 1 is the excess prediction risk ( ˆ ) ( ) ( )O nn p0
1

1 h h- = - q+ . From the
proof, we notice the convergence rate of the prediction risk contributed by themultivariate part of the predictor
isOp(n

−1), faster than the convergence rate corresponding to the functional part of the predictor, which is
( )O np

1
1- q+ . Therefore, the convergence rate of the prediction risk of the partially functional linearmodel is the

same as the optimal rate for the functional linearmodel Cai andYuan (2012).

Remark 2.The assumption that the eigenvalues { }k k 1t decay as  ( )c k rk
r2 1

2
t ¢ >- is equivalent to our

assumption 6. For one direction, see the following derivation.

 



( )D
c k

c k

c

c k

c

c t
t

c

c s
s n

d

d ,

n
k

k

k n k

r

r
n k n

r
n

r

n r n

1 1

2

2
1

2 0 2

0 2
r r r

1
2

1
2

1
1 2

ò

ò

å å ål
t

t l l l l

l l

=
+

¢
¢ +

=
¢

¢ +
¢

¢ +

=
¢

¢ +

=

+¥

=

+¥ -

-
=

+¥ +¥

-
+¥

-
+

where s tn
r

1
2l= and nn

r
r

2
1 2l w= - + .

Corollary 2. Suppose the Assumptions 1–5 are satisfied. Assume the eigenvalues kt decay as  c kk
r2t ¢ - for some

c 0¢ > and r 1

2
> . For any id that: ( ), , , 0, 11 3 4 5d d d d Î and ( )e0, 22

1d Î - , by taking nn
r

r
2

1 2l w= - + , there exists

an integern0 such that for n n0> , we have with probability at least 1 i i1
5 d- å =

( ˆ ) ( ) ( ( ) ) ( ( ) ) ( ( ) )c c c c n c c c n c c n2 2 2 4 2 ,n 0 max 4 6 5
2

9
2 1

7 8 9 7 8
2r

r
r

r
1 4
2 4

2
1 2 h h l w w- + + + + + +- - -+

+ +

where  ( )c i4 9i andn0 are the same as those of the theorem 1 except replacing θ by
r

1

2
and c by a constant

relevant to c¢ and r.

Avaluable and insightful application of the theorem1 is that we can consider the situationwhere the number
ofmultivariate covariates p increases as a function of n.We need the following assumptions in the increasing
dimension background.

Assumption 7.The number of themultivariate covariates p pn= can increase as a function of n.

8

Phys. Scr. 98 (2023) 095216 HZhang andXLei



Assumption 8.The largest and smallest eigenvalues ofD are bounded frombelow and above as n increases: there
exist positive constants m¢ and M¢ such that ( ) ( )m D D Mmin maxl l¢ < < < ¢ for all n and p.

According to the definition of ci(4� i� 9) andNi(i= 1, 2) in the theorem1 and the Assumption 8 on the
eigenvalues ofD, we have the following estimation on the asymptotic order of each coefficients in the theorem1.

( ( )) ( ) ( ( )) ( )

( ( )) ( ( )) ( ( ))
( ) ( )

c O p p c O p c O p p c c O

c O p p N O p p N O p p

log , , log , 1 ,

log , log and log .

4 5 6 7 8

9
3

1
2

2

1
2

3
2

7
2

2 1 4 1

= = = = =

= = =
q

q
q

q
+ +

From these orders, it implies

( ( ) ) ( ( ) )c c c c n O p p n2 2 2 log ,max 4 6 5
2

9
2 1 7 6 1l + + =- -

( ( ) ) ( ( ) )c c c n O p p n4 log7 8 9
32

2 2
7
2

2
2 2w+ =- -q

q
q
q

+
+

+
+

and

( ( ) ) ( )c c n O n2 .7 8
2 1

1
1

1w+ =- -q q+ +

Wewrite n? f (p)when f (p)n−1→ 0. Let ( )p p nlog 07 6 1 - , i.e. ( ( ))n O p plog7 6 , we have as n,
p→∞ ,

( ) ( )p p n O nlog 0,37
2

2
2 2

1
2

2
2 2 - -q

q
q
q

+
+

+
+

fromwhichwe see the upper bound in the theorem 1 converges to 0.
To apply the theorem1 in the increasing dimension background, except the convergence of the upper

bound, we also need the condition n>N1 and n>N2 satisfied as n, p→∞ . Notice

( ( )) ( ( ))n O p p O p p Nlog log7 6 2
1  = . If we let ( ) 72 1 2

5
q<  >q

q
+ , we have n?N2 under the

condition ( ( ))n O p plog7 6 after noticing ( )p plog e for any e Î and the asymptotic order of

( ( ))
( ) ( )

N O p plog2
2 1 4 1

=
q

q
q

q
+ +

. Thereforewe have the following prediction consistency for the increasing
dimension situation of non-functional parameters.

Corollary 3.Under the Assumptions 1- 8, if the constant  12

5
q< in the Assumption 6 and ( ) ( )p p o nlog7 6 = in

the Assumption 7, we have the consistency for the excess prediction risk:

( ˆ ) ( ) ( )o 1 .n p0 h h- =

Remark 3. If we assume the eigenvalues kt decay as  ( )c k rk
r2 1

2
t ¢ >- in the increasing-dimensional setting, by

applying the corollary 3 and noticing
r

1

2
q = , we need to further assume r 5

4
< to obtain the prediction

consistency, whichmeans the convergence rate of eigenvalues can not be too fast. Intuitively, when p increases, r
can not be too large or equivalently, the effective dimension ( )D nn r

1
1 2l + can not be too small. It implies we

need tofind a trade-off between the number of non-functional predictors and the effective dimension to get the
prediction consistency.

The prediction consistency theory has beenwell-established for non-parametric and high-dimensional
statistics; see Zhuang and Lederer (2018) for the recent development of general regularizedmaximum likelihood
estimators. However, their worksmainly aim for non-parametric or high-dimensionalmodels and do not cover
the semi-parametric case as studied in our paper.

4.Minimax lower bound

In this section, we derive aminimax lower bound for the excess prediction risk in the following theorem2when
p→∞ . If p isfixed, theminimax lower bound is postponed at the end of section 6.8. To verify the optimality of
the upper bound of the prediction risk for the proposed estimator, the result on theminimax lower bound below
shows the prediction risk of our estimator achieves the theoretical lower bound caused by the intrinsic limitation
of the PFLM. Let P ,0 0a b be the probability taken over the space (Z,X,Y)whereZ is generated by the true
parameterZ= XTα0+ 〈Y,β0〉+ ε. Before stating themain result, we need a regularity assumption relevant to
theKullback-Leibler distance of the randomnoises.

Assumption 9. For different ( )K,1 2 b b Î and , p
1 2a a Î .We assume that theKullback-Leibler distance

between P ,1 1a b and P ,2 2a b can be bounded by
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  ⎜ ⎟
⎛

⎝
⎜

⎛

⎝

⎞

⎠

⎞

⎠
⎟( ∣ ) [ ( )]XK P P

P

P
K Ylog

d

d
, ,T

, , ,
,

,
1 2 1 2

2
1 1 2 2 1 1

1 1

2 2

2 a ab b= á - ñ + -a a a
a

a
b b b

b

b
s

where K 02 >s is a variance-dependent constant and  ,1 1a b means the expectation is taken over P ,1 1a b .

The examples of constant K 2s include noises of exponential families (seeDu andWang 2014, Abramovich
andGrinshtein 2016) and noises with self-concordant log-density function (seeOstrovskii and Bach 2021). If we
assume the randomnoise ε∼N(0,σ2), thus the constant

( )K
1

2
. 15

2
2

s
=s

The proof is left to section 6.7.Nowwe state themain theoremof this section, of which the proof is left to
section 5.2.

Theorem2.Under the Assumptions 5 and 9with X 0= , suppose the eigenvalues { }k k 1t of the operatorT decay

as t kk
r

0
2t = - for some ( )r t, 0,0 Î ¥ , then for ( )0, 1

8
r Î , there exists a sequence { }Nn n 1 satisfying

 ⎜ ⎟ ⎜ ⎟
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤

⎦
⎥

( ( )) ( ( ))
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t D K
n

t D K
nlog

8

log 2

8

log 2

log 2

8
n

0 max 0 max
r

r

r
r

r
r

2

1
1 2

1
1 2

2

2
1 2

2
1 2

l
r

l
r

+
+

+s s
+

+

+

+

such that when n
t K

log 2

8 0 2

r

s
and ( )p O n n

r
r

2
1 2= <+ , the excess prediction risk satisfies







⎜ ⎟

⎜ ⎟
⎛

⎝
⎜

⎛
⎝

⎞
⎠

⎞

⎠
⎟

⎛

⎝

⎞

⎠

( ˜) ( ) ( ( )) · ( )
˜ ( )

P
t D K t D

n

N

N N

inf sup
8

log 2

2

2

1
1 4

4

log
,

K

r

r

n

n n

0
0 max

2
0 min

2 3p

r
r

r
r

0

2

2
1 2

2
1 2

 


h h
l
r

l

r
r

-
+ +

+
- -

h h

s

Î ´

- -

+

+

+

where we identify the prediction rule h̃ as a arbitrary estimator ( ˜ ˜ ),a b based on the training samples
{( )}XZ Y, ,i i i i

n
1= ,and view 0h as the true parameter ( ) ( )K, p

0 0 a b Î ´ .We emphasize the probabilityP is
taken over the product space of training samples {( )}XZ Y, ,i i i i

n
1= generated by ( ),0 0 0ah b= .

In the existing literature,most results about theminimax bound are in the asymptotic sense, while the
constants in our result are precise and specified. Letting n→∞ under theAssumption 8, the lower bound
inequality in the theorem2 implies asNn→∞

 


( ( ˜) ( ) )
˜ ( )

P b nlim inf inf sup 1 2
n K

0
p

r
r

r
r

0

2
1 2

2
1 2 


h h r r- ¢ -

h h¥ Î ´

-+ +

for constant b 0¢ > , by whichwe get the asymptoticminimax lower bound:




( ( ˜) ( ) )
˜ ( )

P anlim lim inf sup 1.
a n K0

0
p

r
r

0

2
1 2 


h h- =

h h ¥ Î ´

- +

5. Proof of theorems and key Lemmas

5.1. Proof of the theorem1
To obtain the upper bound for the excess prediction risk, we resort to (9), and then use the representation (6) and
(7). The lemmas 1 and 3- 2 are applied to study the error bounds between the penalized least squares ( ˆ ˆ )f,n na and
the true parameter (α0, f0).

In lemma 1, when setting nn
1

1l w= - q+ , we have n
n n
1 n n1

1 l< = =l
w

l
w

- q+ and

( ) ( ) ( )( )D

n

c n

n
c n c , 16n

n
1

1
1 1

1
l w

w w l= =
q

q q
- -

- - - +q
q

+
+

bywhichwe have
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⎛

⎝

⎞

⎠

( )
( ) ( )

( )B
c

n

D

n
c

c2 2

log 2
2

2

log 2
17n

n

n
n

1

1
1

1

1

1
2

l
l
d

w w
d

l= + +- - q+

and n nn 1l w w=
q
q+ .
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Applying lemmas 2, 3 and 5 to (7), when

( )( )n p D p D M M24 48 log in Lemma 5
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For the termE1, we havewith probability at least 1− δ1 by Inequality 2 and lemma 1
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Recall the excess prediction risk can be bounded by
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where the last inequality is by the eigen-decay condition. For parametric part, we have
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Consider the setΞ≔ {(αγ,βθ): γä Γ, θ äΘ}. By the lemma 9, we have
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From the construction of pa Îg , we see p L M nr2 r
r

2
1 2= = + . Note that forfixed h̃, we have
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Weobtain the desired conclusion. ,

5.3. Proofs of the key lemmas
5.3.1. The derivation of (6) and (7)
To obtain theminimizer ( ˆ ˆ )f,n na , we take derivative of the following Fn(α, f )with respect toα and use variation
calculuswith respect to the functional parameter f.

Recall that XZ Y L f,i i
T

i K i0 0

1
2a e= + á ñ + , where {( )}X Y, ,i i i i

n
1e = are independent copies of (X,Y, ε) in (1).

Thus the right side of (5) can bewritten as
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( ) ≔ ( ( ) ( ) )XF f
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Y L f f f,
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Notice ( ˆ ˆ )f,n na is theminimumof Fn(α, f ), therefore
( ˆ ˆ )
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a
¶

¶
fromwhichwe have
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1

0
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Next define the functionjn(t;α, f, g)≔ Fn(α, f+ tg), and the fact that ( ˆ ˆ )f,n na minimizes Fn(α, f ) implies
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fromwhichwe have
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From (21), we have
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5.3.2. Proof of lemma 2
To show ∥Gn∥op= ∥Hn∥op, we first proveHn is the conjugate operator ofGn. To bound the operator norm
∥Gn∥op, we need to bound the norm ∥Gn,j∥op defined below.Notice the operatorGn,j can be viewed as the
average of independent sumof operators, so the concentration inequality of randomvariables inHilbert space
(Corollary 5) can be used.

Wefirst proveHn=Gn
*, which shows ∥Gn∥op= ∥Hn∥op. For any pg Î and ( )f L2 Î , one has

( ) ( ) ( ) ( )X XG f
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Nowwe turn to bound ∥Gn∥op, for 1� j� p, define the operator ( )G L:n j,
2  by

( ) ≔G f
n

Y L f X
1

, ,n j
i

n

i K i j,
1

,
1
2åá ñ

=

which can also be viewed as a random variable taking values in aHilbert space *( ) ( )L L2 2 = .
NoticeGn= (Gn,1,L ,Gn,p), thus we have
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whichmeans G Gn j
p

n jop 1 , op   å = . Define the operator ( )L:i j,
2 x and ( )L:j

2 x by

( ) ≔ ( ) ≔f Y L f X f Y L f X, and , ,i j i K i j j K j, ,
1
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fromwhichwe rewrite Gn j n i
n

i j,
1

1 ,x= å = , where { }i j i
n

, 1x = are independent copies of ξj.
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By the definition of ξj, after noticing the isomorphismbetween *( )L2  and ( )L2  , we have

 ∣ ∣ · · ∣ ∣X L Y X L Y M Xj j K j K jop op 2
1
2

1
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by LK op

1
2  k= in Assumption 1. After taking expectation and using the sub-Gaussian growth ofmoments

condition forXj, we have







 

⎡

⎣
⎢

⎤

⎦
⎥

⎡
⎣⎢

⎤
⎦⎥( )!!

∣ ∣
( )!!

∣ ∣
( ) ( )

k
M

X

k
M X M Msup

2 1
sup

2 1
.j G

k

j
k k

k

j
k k

j Gop
1

op
2 1 2

2
1

2 1 2

2 2 1  
 

 x
x

k k k=
- -

=

BecauseX andY are independent with zeromean, we have

   ( )( ) ·f Y L f X, 0, which means 0.j i K j j

1
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By using corollary 5, we have for any δ2 ä (0, 1), with probability at least 1
p
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n jop 1 , op   å = , thuswe have the following relation for the events
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5.3.3. Lemma 3
The lemma 3 shows the fact ( )a O nn p

1
2  = - , and its proof is based on theMarkov’s inequality.

Lemma3.Under the Assumptions 3 and 5, for any ( )0, 14d Î , with probability at least 1 4d- , we have

 ≔a
c

n
c p vwith .n

3

4
3 

d
s

Proof. Since an is the average of independent sumof randomvectors, theweak law of large numbers based on the
Markov’s inequality can be used to bound an .

Define ≔ Xh e and  ≔ ( )X i n1i i ih e , bywhichwe rewrite an n i
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wherewe use the secondmoment condition of X in Assumption 3. Therefore, we have
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fromwhichwe obtain theMarkov’s inequality for an:  ( )P a t .n
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Therefore, we can conclude for
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,
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5.3.4. Lemma 4
The lemma 4 is the concentration inequality for the empirical covariancematrixDn.

Lemma4.Under the Assumption 3, for t 0> , we have
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Proof.The L-infinity normof D Dn - is bounded by each element of the difference. Notice each entry of
D Dn - is the average of i.i.d. sumof randomvariables, whichmeans concentration inequality can be used.
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By theCauchy-Schwarz inequality and   ( )!
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wherewe use the growth of sub-Gaussianmoments condition of { }Xj j
p

1= in the second last inequality, and the
last inequality stems from:
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Using ∣ ∣ (∣ ∣ ∣ ∣ )a b a b2l l l l- + , we have
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Take expectation and use the Jensen’s inequality   ∣ ∣ ∣ ∣d djk i
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For the independent randomvariables { }ejk i
n

i
n

, 1= , by the Bernstein’s inequality with the growth ofmoments
condition (23) (see corollary 4.6 in Zhang andChen 2021), we have
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5.3.5. Lemma 5
The lemma 5 showswe can use D3

2
1

op - to bound Dn
1

op - from above.

Lemma5.Under the Assumption 3, for any ( )0, 15d Î , let
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we havewhen n N1>
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Proof.The crucial point of the proof is the usage of the inequality on the normof inverse ofmatrices, bywhich
we notice ifDn is close toD, then Dn

1- is also close to D 1- .

Notice the fact that if A B, p pÎ ´ are invertible and A A B 11
op op   - <- , then

A B
A A B

A A B1
.1 1

op

1
op
2

op

1
op op

 
   
   

-
-

- -
- -

-

-
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LetN1 be defined in (24), as n N1> , we get  ( )P D Dn
1

op
3

2
1

op 5    d- - .
,

6. The auxiliary lemmas and results

The lemma 1, lemma 8, Inequalities (1) and (2) are from the proof of Tong andNg (2018).We provide all the
complete proofs in this section for integrity.

6.1. Proof of lemma1
Define the randomvariable

 ( ) ≔ ( ) ( ) ≔ ( ) ( )f T I L Y f L Y f T I L Y f L Y i n, and , 1 .n K K i n K i K i
1
2

1
2

1
2

1
2

1
2

1
2x l x l+ á ñ + á ñ- -

Then ξi are independent copies of ξ, which takes values in ( )HS  .
Recall we define {( )},k k k 1t j to be the set of eigenvalue-eigenfunction pairs of the operatorT,





( ) ( ) ∣ ∣

( )

T I L Y L Y T I L Y L Y

T I L Y
M

, ,

,

k
n K k K n K

k
K k

n K
n

HS
2

1

2
op
2 2

1

2

op
2 4

4
2
4

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

       

   

å åx l j l j

l
k
l

= + á ñ + á ñ

= +

=

+¥
- -

=

+¥

-

whereweuse the fact ∣ ∣L Y L Y,k K k K1
2 2

1
2

1
2 jå á ñ ==

+¥ , ( )T In op
1

n

1
2 l+

l
- and  L Y L Y MK K op 2

1
2

1
2      k

from (3).
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Notice L YK

1
2 can be expended to L Y ,l K l l1

1
2 j jå á ñ=

+¥ , we have
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k
K k

l
K l n l
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K l

l l n
K l

HS
2

1 1

2

1

2

1

2

2

1

2

2

1

2

2
2
2

1

2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

 

   

å å

å å

å å

å

x j j l j

j j l j

t l
j j

t l
j

k
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j
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=
+
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+
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+
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=
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=

+¥
-

=
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Using (8)wehave
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1
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1
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fromwhichwe get
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fromwhichwe have ( ) ( )L Y f L Y T f,K K

1
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1
2á ñ = . Therefore ( )( ) ( ) ( )f T I T f .n

1
2x l= + -

Taking  M
H

n

2
2
2

 x k
l

and  ( ) ( )M D nH
2 2

2
2 x k l in the lemma 7, we have for any δ1ä (0, 2e−1), with

probability at least 1− δ1
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wherewe let c1≔ κM2 and ≔ ( )
( )

Bn
c
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D

n

2 2

log 2n
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1
+

l
l

d
.

,

6.2. Lemma7, lemma6 and corollary 5
The lemma 7 and lemma 6 can be seen as the Bernstein-type concentration inequalities for the random variables
taking values in aHilbert space. In the lemma 7, we assume the randomvariables to be boundedwith regard to
the norm in theHilbert space, while we assume that the randomvariables satisfy the Bernstein’s growth of
moments condition in the lemma 6. Thefirst lemma is based on theorem3.3.4a in Yurinsky (2006).

Lemma6. Let be aHilbert space endowedwith norm · H  . Let { }i i
n

1x = be a sequence of n independent random
variables inwith zeromean. Assume there exist B M, 0> such that for all integers l 2:

 ( ) !l M i n, 1, 2, , ,i
l B l
H 2

2
2

  x =-

then for any ( )0, 1d Î , we have

 
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

( ) ( )
P

n

M

n n
B

1 2 log 2 log
.

i

n

i
1 H

2 2

å x d+d d

=

Proof.We refer readers to lemma 2 in Lv and Feng (2012) for the proof of this lemma. ,

The growth ofmoments conditionwith l= 2 gives   ( )B max i n i1 H
2 x= . Thenwe have the following

lemma.
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Lemma7. Let be aHilbert space endowedwith norm · H  and { }i i
n

1x = be a sequence ofn independent zero-mean
random variables taking values in. Assume that  MH x (a.s.), then for any ( )0, 1d Î , with probability at
least 1 d- .



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1 2 log 2 max log

i
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i n

i

1 H

2

1
H
2 2 

å x
x

+d d

=

Proof. For l 2> , one has   ( ) ( ) !M l M i n, 1, 2, ,i
l l

i
B l

H
2

H
2

2
2

2

    x x < =- - with

  ( )B max i n i1 H
2 x= . The result follows from lemma 6. ,

Next, we consider the sub-Gaussian concentration for normof sumof random vectors in theHilbert space.
In order to derive concentration for the normof sumof sub-Gaussian vectors inHilbert space, we consider
following framework inMaurer and Pontil (2021).

Let ( )Z Z Z, , n1= ¼ be a vector of independent datawith values in a spaceH, define Z¢ as an independent
copy ofZ. Given a function f : Hn  , it is of interest to study the concentration inequality for

( ) ( )f Z f Z- . A special case is f (Z) the norm function of data. ForwäHand k ä {1,K,n} define the
substitution operator S : H Hw

k n n by

( ) ( )S z z z w z z, , , , , ,w
k

k k n1 1 1= ¼ ¼- +

and the centered conditional version of f as the randomvariable is given by



 

( ) ( ) [ ( )]

( ( )) [ ( ( ))] [ ( ( )) ( ( ))∣ ] ( )

D z f z z Z z z f z z Z z z

f S z f S z f S z f S z Z
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Z
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Z
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Z
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Z
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, 1 1 1 1 1 1k

k k k k

º ¼ ¼ - ¼ ¢ ¼
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- + - +
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Here { ( )}D zf Z k
n

, 1k = can be viewed as random-valued functions ( )z D zHn
f Z, k

Î . If ( )f z zi
n

i1= å = then
( )D Z Z Zf Z k k, k

= - is independent of z.
Based on the norm · G  , we aim to obtain a tighter and extendedMcDiarmid’s inequality for ( ) ( )f X f X-

with stochastic bounded difference conditions concerning the structure of f. The following corollary is a tighter
sub-Gaussian concentration for the normof sumof sub-Gaussian vectors inHilbert space, comparing to
theorem3 inMaurer and Pontil (2021).

Corollary 4. Suppose that { ( )}D zf Z i
n

, 1i = have zeromean defined by (25). If { ( )}D zf Z i
n

, 1i = have finite · G  -norm for
all z HÎ , we have, t 0"
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Proof. Let the tilted expectation Y be  
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[ ] ·Z ZY
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Y= with the exponential weighted

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Y . The proof is

based on the entropy of a random variableY defined by
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e
elog log ,Y

Y
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Y
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which is free of centering, i.e. ( ) ( )S Y Y S Y- = .
Suppose that Y 0= , by Jensen’s inequality we have
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Y Y Y2 2= = = -

where the last inequality is also derived by Jensen’s inequality   e e 1.Y Y =
The concentration inequality is byCramer-Chernoffmethodwith the logarithmof theMGF represented as

the integral of entropy (theorems 1 inMaurer 2012).

 [ ] [ ] ( ) ( )( )e e t
S Y d

tlog log , 0 27t Y Y tY
t

0 2ò
g g
g

= = " >-
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and the subadditivity of entropy (see theorems 6 and section 3.1 inMaurer 2012)

  ⎡
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Corollary 5Hoeffding-type inequality for normof vector. Suppose { }i i
n

1x = are independent random elements
with values in aHilbert space H s.t. [ ]maxi n i GH  x < ¥Î . Then, with probability at least 1 d-
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The conditional Jensen’s inequality andHölders inequality show for any k 1
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Nowwe take v i
n

i1 x= å = and apply corollary 4with thefirst inequality in (34). Let et d= for solving t, we
havewith probability at least 1 d- , for ≔ ( )Z , , n1x x¼
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Since H is aHilbert space, { }i i
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1x = are independent, and Jensen’s inequality implies
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Then, with probability at least 1 d- , we have (31). ,

6.3. Lemma8
The lemma 8 shows the concentration property of ( )T I gn n

1
2l+ - .

Lemma8.Under the Assumption 5, for any ( )0, 13d Î , with probability at least 1 3d- , there exists
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Noticing the randomnoise ε has conditional zeromean givenY, we have
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=
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Hencewe have

 


( ( ) ) ( ) ( ) ( )
T I g

n n

D

n

1
.n n

i

n

i
n2

1

2
2 2

1
2   

 
ål x

x s l
+ = =-

=

UsingMarkov inequality, we get  ( ( ) ) ( )P T I g tn n
D

nt
n1

2
2

2 l+ s l- fromwhichwe concludewith

probability at least 1 3d- , we have ( ) ( )T I gn n
D

n
n1

2

3
 l+ s

d
l- .

,

6.4. Two crucial inequalities
The following two inequalities play an important role in the proof of the theorem 1,which shows
( )( )T I T In n n

1
op l l+ + - and ( ) ( )T I T In n n op

1
2

1
2 l l+ + - can be bounded by ( ) ( )T I T Tn n op

1
2 l+ -- .

Inequality 1.  ( )( )( ) ( ) ( )T I T T T I T T 1n n n n n
1

op
1

op

2

n

1
2   l l l+ + + - +

l
- - .

Proof.Using the following decomposition of the operator product

( ) ( ) ( )BA B A B B A A B A B I1 1 1 1= - - + - +- - - -
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with A T In nl= + and B T Inl= + , we have

( )( ) ( )( ) ( )( ) ( )( )
≕

T I T T T T T I T T T I T T T I I
F F I.

n n n n n n n n n n
1 1 1 1

1 2

l l l l l+ + = - + - + + - + +
+ +

- - - -

For the operator F1, we have

 ( )( ) ( ) ( ) · ( ) ( )F T T T I T I T T T I T T
1 1

,n n n n
n n

n n1 op op op op
21

2
1
2

1
2       l l

l l
l- + + - = + -- - -

wherewe use the fact * * *( )AB AB B A BAop op op op       = = = for any self-adjoint operatorsA andB, and

the bound ( )T In n
1

op
1

n
 l+

l
- .

For the operator F2, applying ( )T In op
1

n

1
2 l+

l
- , we have

 ( )( ) ( ) ( ) ( )F T T T I T I T I T T
1

.n n n
n

n n2 op op op op
1
2

1
2

1
2       l l

l
l- + + + -- - -

Thuswe obtain



 ⎜ ⎟
⎛
⎝

⎞
⎠

( )( ) ( ) ( ) ( ) ( )

( ) ( )

T I T T T I T T T I T T
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1 1
1

1
1 .

n n n
n

n n
n

n n

n
n n

1
op op

2
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2

1
2

1
2

1
2

     

 

l l
l

l
l

l

l
l

+ + + - + + - +

+ - +
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-
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Inequality
2. ( ) ( ) ( ) ( ) ( ) ( )T I T I T I T I T I T T 1n n n n n n n nop op

1
op

n

1
2

1
2

1
2

1
2

1
2     l l l l l+ + = + + + - +

l
- - - .

Proof.Applying the fact that

 ( )A B AB , 0, 1op op    g Îg g g

for positive operatorsA andB defined onHilbert space (see lemmaA.7 in Blanchard andKrämer 2010), we have

 

( ) ( ) ( ) ( )

( )( ) ( ) ( )

T I T I T I T I

T I T T T I T T
1

1,

n n n n n n

n n n
n

n n

op op

1
op op

1
2

1
2

1
2

1
2

1
2

1
2

   

   

l l l l

l l
l

l

+ + = + +

+ + + - +

- -

- -

where in the last stepwe use the inequality (1). ,

6.5. Lemma9
The lemma 9 is helpful in constructing the lower boundwhich is based on the testingmultiple hypothesis.

Lemma9.Assume N 2 and suppose there exists { }i i
N

0qQ = = such that the conditions are satisfied:

1. r2 -separated condition:   ( )d r j k N, 2 0, 0j kq q > " < ,

2. Kullback-Leibler average condition: if P Pj 0 for  j N1 and

  ( ∣ ) ( )K P P N P P j Nlog for some 0 and 0 .
N j

N
j j

1

1 0
1

8 jå r r< < = q=

Then for all possible random variables q̃, we have

  ⎜ ⎟
⎛

⎝

⎞

⎠
( ( ˜ ) )

˜
P d r

N

N N
inf sup ,

1
1 2

2

log
0.q q r

r
+

- - >
q q

q
ÎQ

Proof.We refer readers to theorem 2.5 in Tsybakov (2008) for the proof of this lemma. ,

6.6. Varhsamov-Gilbert lemma
Weneed theVarhsamov-Gilbert lemma in the proof of the theorem2 to construct the analogy ofΘ in lemma 9.

Lemma10. Let ( ) ( )H , 1k
M

k k1q q q q¢ = å ¹ ¢= be theHamming distance between elements ,q q¢ in { }0, 1 M . For

any integer M 8, there exist vectors { } { }0, 1i
i
N M

0q Ì= such that
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( ) ( ) ( ) ( ) ( )H i j Ni 0, ,0 , ii , for all , iii 2 .i j M0
8

M
8q q q= > ¹

Proof.We refer readers to page 104 in Tsybakov (2008) for the proof of this lemma. ,

6.7.Derivation of the equality (15)

Let f1(X,Y) be the density of (X,Y) and ( )f e2
1

2

2

2 2e =
s p

- e
s be the density of ε sincewe assume ε∼N(0,σ2), then

the density of P ,1 1a b can bewritten as

( ) ( ) ( )X X X
P

Z Y f Y f Z Y
d

d
, , , , ,T,

1 2 1 1
1 1 a
m

b= - - á ñ
a b

whereμ is a dominantmeasure on the space   ( )Lp 2 ´ ´ .

Therefore, under the assumption of ( )f e2
1

2

2

2 2e =
s p

- e
s , we have
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⎞

⎠
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X

X X
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X
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f Z Y

f Z Y

Z Y Z Y

Z Y Y

Y

log
d

d
log

,

,

1

2
, ,

1
, ,

1

2
, .

T

T

T T

T T

T

,

,

2 1 1

2 2 2

2 2 2
2

1 1
2

2 1 1 1 2 1 2

2 1 2 1 2
2

1 1

2 2

a
a

a a

a a a

a a

b
b

s
b b

s
b b b

s
b b

=
- - á ñ

- - á ñ

= - - á ñ - - - á ñ

= - - á ñ - + á - ñ

+ - + á - ñ

a

a

b

b

Notice when the true parameter is (α1,β1), we haveZ= XTα1+ 〈Y,β1〉+ ε, based onwhichwe obtain



  

( )( ( ) )
( ( ) ) [( ( ) ) · ( ∣ )]

X X

X X X

Z Y Y

Y Y Y

, ,

, , , 0.
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T T

, 1 1 1 2 1 2

1 2 1 2 1 2 1 2

1 1
a a a

a a a a

b b b

e b b b b e

- - á ñ - + á - ñ

= - + á - ñ = - + á - ñ =
a b

Thus theKullback-Leibler distance

 ⎜ ⎟
⎛

⎝
⎜

⎛

⎝

⎞

⎠

⎞

⎠
⎟( ∣ ) ( ( ) )XK P P
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, .T
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2 1 2 1 2

2
1 1 2 2 1 1

1 1
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a a
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a
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b b b

b

b

,

6.8.Minimax ratewith given Euclidean predictors

Assumption 10. For afixed * p
0a Î and different ( )K,1 2 b b Î .We assume that theKullback-Leibler

distance between *P ,0 1a b and *P ,0 2a b can be bounded by

* * *
*

*
  ⎜ ⎟

⎛

⎝

⎞

⎠
( ∣ ) ≔ ( )K P P

P

P
K Ylog

d

d
, ,, , ,

,

,
1 2

2
0 1 0 2 0 1

0 1

0 2

2 b bá - ña a a
a

a
b b b

b

b
s

where K 02 >s is a variance-dependent constant and * ,0 1a b is the expectation taken over *P ,0 1a b .

Corollary 6Minimax ratewith given Euclidean predictors.Under the Assumptions 5 and 10, suppose the
eigenvalues { }k: 1kt of the operatorT decay as t kk

r
0

2t = - for some ( )r t, 0,0 Î ¥ , then for ( )0, 1

8
r Î , there

exists a sequence { }Nn n 1 satisfying

 ⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( ) ( )N
t K

nlog
8

log 2
, 35n

0

r
r r

r

2
1 2 2

1
1 2

1
1 2

r
s

- + +

+

such that when n
t K

log 2

8 0 2

r

s
, the excess prediction risk satisfies

 


⎜ ⎟⎜ ⎟
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⎝
⎜

⎛
⎝

⎞
⎠

⎞
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⎝
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( ˜) ( )

˜ ( )
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t t K
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N
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inf sup

2

8

log 2 1
1 2

2

log
,

K
r

n

n n
0

0
4 1

0

p

r
r

r
r

0

2

2
1 2

2
1 2 


h h

r
r

r
-

+
- -

h h

s

Î ´
+

-
-

+

+

where we identify the prediction rule h̃ as the arbitrary estimator ( ˜ ˜ ),a b based on the training samples
{( )}XZ Y, ,i i i i

n
1= , and view 0h as the true parameter ( ) ( )K, p

0 0 a b Î ´ .We emphasize the probability P is
taken over the product space of training samples {( )}XZ Y, ,i i i i

n
1= generated by ( ),0 0 0ah b= .

InCai andYuan (2012), a asymptoticallyminimax lower bound is derived for the FLM in the theorem 1,
which is also a corollary of our result on the non-asymptotic and constant-specifiedminimax lower boundwhen
Nn→∞ .
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Proof. LetM be the smallest integer greater than b n0 r
1

1 2+ , where b0 will be defined in later proof. For a binary
sequence ( ) { }, , 0, 1M M

M
1 2q q q= Î+ , define

M L .
k M

M

k K k
1

2
1
2

1
2åb q j=q

-

= +

By applying L L L, , ,K j K kK j K kK j k jk

1
2

1
2j j j j j j dá ñ = á ñ = á ñ = , we can show ( )Kb Îq , because
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k K k K
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2
21

2

1
2

1
2

1
2       å å åb q j q j j= = =q
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Using the lemma 10, there exist a set { } { }0, 1i
i
N M

0qQ = Ì= such that

( ) ( ) ( ) ( ) ( )H i j Ni 0, ,0 , ii , for all , iii 2 .i j M0
8

M
8q q q= > ¹

For ( ),0 0 0ah b= , let Pn
,0 0a b be the joint distribution on the product space of training samples

{( )}XZ Y, ,i i i i
n

1= generated by the true parameter ( ),0 0a b , where XZ Y ,i i
T

i i0 0a b e= + á ñ + , and P ,0 0a b be the
distribution on a single sample ( )XZ Y, , , where XZ Y ,T

0 0a b e= + á ñ + . By the independence of the
training samples, forfixed * p

0a Î and different ,q q¢ Î Q, we have
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Using the Assumption 9, we can bound theKullback-Leibler distance between *
Pn

,0a bq¢
and *

Pn
,0a bq
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Noticing L L L T, ,K j C K k j k k jk
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For q Î Q and afixed * p
0a Î , we consider the prediction rule *( ) ≔X XY Y, ,T

0ah b+á ñq q . For different
,q q¢ Î Q, when the true parameter is *( ),0a bq , the excess prediction risk for hq¢ is
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Thuswe obtain the lower bound for ( ) ( ) h h-q q¢
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For fixed * p
0a Î , consider the set *≔ {( ) }, :0a b qX Î Qq . By the lemma 9, we have
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Notice   


{ (˜ ) ( ) } { (˜ ) ( ) }
( )

P Psup sup
K

0 0
p

0 0

    


h h h h- -
h hÎX Î ´

and ( )N Mlog
log 2

8
, we have

the desired conclusion. ,

7. Conclusions and future studies

Recently, the PFLMhas raised a sizable amount of challenging problems in functional data analysis. Numerous
studies focus on the asymptotic convergence rate. However, we analyze the kernel ridge estimator for the RKHS-
based PFLMandobtain the non-asymptotic upper bound for the corresponding excess prediction risk. Our
work to drive the optimal upper boundweakens the common assumptions in the existing literature on
(partially) functional linear regressions. The optimal bound reveals that the prediction consistency holds under
the settingwhere the number of non-functional parameters p slightly increases with the sample size n. For fixed
p, the convergence rate of the excess prediction risk attains the optimalminimax convergence rate under the
eigenvalue decay assumption of the covariance operator.

Moreworks could be done to study the non-asymptotic upper bound for the double penalized partially
functional regressions. The penalization for the non-functional parameters could be Lasso, Elastic-net, or their
generalizations. The proposed non-asymptotic upper bound is novel and substantially beneficial. It is also of
interest to do non-asymptotic testing based on large deviation bounds for ˆ n 0

2 a a- and ( ˆ )T f fn 0
21

2 - . As a
further study, PFLManalysis could also be considered for the analysis of variability ofmultiple trajectories
(Contreras-Reyes et al (2018)).
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