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Abstract

Under the reproducing kernel Hilbert spaces (RKHS), we focus on the penalized least-squares of the
partially functional linear models (PFLM), whose predictor contains both functional and traditional
multivariate parts, and the multivariate part allows a divergent number of parameters. From the non-
asymptotic point of view, we study the rate-optimal upper and lower bounds of the prediction error.
An exact upper bound for the excess prediction risk is shown in a non-asymptotic form under amore
general assumption known as the effective dimension to the model, by which we also show the
prediction consistency when the number of multivariate covariates p slightly increases with the sample
size n. Our new finding implies a trade-off between the number of non-functional predictors and the
effective dimension of the kernel principal components to ensure prediction consistency in the
increasing-dimensional setting. The analysis in our proof hinges on the spectral condition of the
sandwich operator of the covariance operator and the reproducing kernel, and on sub-Gaussian and
Berstein concentration inequalities for the random elements in Hilbert space. Finally, we derive the
non-asymptotic minimax lower bound under the regularity assumption of the Kullback-Leibler
divergence of the models.

1. Introduction

Statistical analysis of functional data has become an important and challenging part in modern statistics since
the leading work Ramsay (1982) and pioneering paper Grenander (1950). Due to technological innovation, the
progress in data storage enables scientists to acquire complex data sets with the structures of curves, images, or
other data with functional structures, referred to as functional data. Functional data analysis has a wide range of
applications, including chemometrics, econometrics, and biomedical studies Ramsay and Silverman (2007),
Kokoszka and Reimherr (2017). There has been a large amount of works now focusing on many different non-
parametric aspects of functional data such as kernel ridge regressions Cai and Hall (2006), Preda (2007), Du and
Wang (2014), Reimherr et al (2018), penalized B-spline regressions Cardot et al (2003), functional principal
component regressions Yao et al (2005), local linear regressions Baillo and Grané (2009), and reader can refer to
the review paper Wang et al (2016) for more details.

Many existing works related to the estimation and prediction problems of functional data are based on the
framework of functional principal component analysis (FPCA), see Yao et al (2005), Cai and Hall (2006), Hall
and Horowitz (2007), Zhou et al (2023). However, the predictive power of FPCA-based methods is weakened
when the functional principal components cannot form an effective basis for the slope function, which often
occurs in practice. A similar phenomenon also appears in principal component regressions, see Jolliffe (1982).
An alternative method for the functional data is based on the reproducing kernel Hilbert space (RKHS)
framework, which assumes the slope function is contained in an RKHS. It is shown in Cai and Yuan (2012) that
the RKHS-based method performs better than the FPCA-based method when the slope function does not align
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well with the eigenfunctions of the covariance kernel. In fact, FPCA strongly relies on the leading principal scores
with large eigenvalues correspondingly, and the eigenfunctions for representing the slope function inevitably
lose some information for the response. From the machine learning theory point of view, the FPCA is essentially
anon-supervised method that often performs poorly in data analysis. For example, the analysis of Canadian
weather data mentioned in Cai and Yuan (2012) and the section 3 of Cui et al (2020).

In this paper, we study the partially functional linear models (FPLM) containing both functional and
multivariate parts in the predictor, which is originally considered in Shin (2009). Let X := (X},---,X, ) beap-
dimensional multivariate predictor, Y(¢) be a functional predictor, ¢ be arandom noise and Zbe the scalar
response. In our work, we consider the PFLM taking the semi-parametric form

Z=Xap + fT Y(H)Bo(t)dt + e, (1)

where the (y(#) is the slope function for functional predictor and the cxy is the regression coefficient for
multivariate predictor. The model (1) contains both parametric and non-parametric part, which belongs to
semi-parametric statistics.

We assume the predictor to be the random design where X and Y(¢) are independent. Because the intercepts
of predictor are easy to estimate by centralizing, for simplicity, we assume

EX =0and EY(¥) = 0.

Moreover, we require that the random noise ¢ has conditional zero mean and finite variance provided the
predictor X and Y. For real data, suppose that we collect data {(Z;, X;, Yi(¢), t € 7)}_, thatisii.d.
(independent and identically distributed) drawn from (Z, X, Y(2)).

In some situations, many non-functional predictors are often collected for practical data analysis, and this
increasing-dimensional setting has been considered in Aneiros et al (2015), Kong et al (2016). Moreover, our
work can also be applied to deal with divergent number of parameters. Theoretically, this setting requires
assuming that the number of scalar covariates grows with the sample size, i.e., p = p,, — 00, and the
convergence rate of the desired estimator becomes totally different from the case where the dimension of the
non-functional predictors is fixed.

Dealing with the functional data as a stochastic process is a significant challenge in functional data analysis.
Obviously, a functional covariate Y(#) has an infinite number of predictors over the time domain (observed as
discrete-time points) that are all highly correlated. The covariance function characterizes the correlation of the
functional covariate. The estimation of the slope function in functional regressions is connected to ill-posed
inverse problems. To handle the infinite-dimensionality of 3,(#), people often impose certain regularity
conditions on the hypothesized space of the slope function to ensure that the infinite-dimensional problems are
tractable as a finite-dimensional approximation solution. Notwithstanding, the convergence rate of the slope
estimators depends directly on the assumptions of the covariance operator’s eigenvalue decay and the slope
function’s restricted space. Thus, the convergence rate cannot be parametric due to the infinite-dimensionality
of the model (1).

Some recent developments in PFLM include Zhang and Lian (2019), Zhu et al (2019), Cui et al (2020).
Because of the shortcoming of the FPCA-based methods, we apply penalized least squares under the framework
of RKHS here. There are few efforts on the non-asymptotic upper and lower bounds in the existing literature.
For FPCA-based method, Brunel et al (2016) considers the adaptive estimation procedure of functional linear
models under a non-asymptotic framework; Wahl (2018) analyses the prediction error of functional principal
component regression (FPCR) and proves a non-asymptotic upper bound for the corresponding squared risk.
For the RKHS-based method, many works focus on the asymptotic results, such as Cai and Hall (2006), Cai and
Yuan (2012). Under RKHS-based kernel ridge regressions, Liu and Li (2020) recently studies the non-asymptotic
RKHS-norm error bounds (called oracle inequalities) for the plug-in KRR estimator of f; in Gaussian non-
parametric regression Y = f(X) + €, € ~ N (0, o), where f,belongs to L,. By applying the Matérn kernel

and supposing f, in a Holder space with the polynomial decay rate of eigenvalues \,, = O(#>“), Liuand Li

(2020) derives the nearly minimax optimal convergence rate (k’%)zu “' (uptoa logn factor) for L,-norm

estimation error of the estimation of derivatives using plug-in kernel ridge regression (KRR) estimator.

To analyze the PFLM, the main innovation of our work is that we provide non-asymptotic upper and lower
bounds for the excess prediction risk under the assumption of the effective dimension, which is equivalent to
assuming the eigenvalues of the sandwich operator decay (see remark 2). Tong and Ng (2018) establishes the
upper bound for the excess prediction risk for the RKHS-based slope estimator of the functional linear models,
but they do not consider the PFLM. Their result on the upper bound is a special case of our more general result
because FLM is a special case of PELM (p = 0). If we let p = 0 in the theorem 1 and suppose 0 - In0 = 0, we
obtain the same non-asymptotic upper bound for FLM as the theorem 3.6 in Tongand Ng (2018) uptoa
constant. We also derive a minimax lower bound for the excess prediction risk under a general assumption
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concerning the Kullback-Leibler divergence of the model. In Cai and Yuan (2012), the minimax lower bound is
derived for the FLM in an asymptotic sense in theorem 1, which is also a corollary of our result on the non-
asymptotic minimax lower bound when #n — o0 . See the last paragraph in section 4 for detailed derivation.
Moreover, the optimal convergence rate (both upper and lower) of the excess prediction risk of PFLM is the
same as that of FLM, which means the convergence of the functional part dominates the convergence of
the PFLM.

The specific theoretical contributions of our work are listed as

+ Asignificant contribution is that we obtain the non-asymptotic upper and lower bounds of PFLM, which have
not been well studied in the existing literature. We provide an exact non-asymptotic minimax lower bound on
the excess prediction risk in PELM. Moreover, a particular application of the proposed non-asymptotic
version of the optimal prediction upper bound is that it allows analyzing the PFLM with a divergent number of
non-functional predictors, which leads to the prediction consistency under the setting p’ log®(p) = o(n).

+ We derive the non-asymptotic upper bound of the excess prediction risk for the RKHS-based least squares
estimation in PFLM, and the obtained optimal bound we obtain is more exact than that of Cui et al (2020)
which only obtains the stochastic order of the convergence rate without the definite multiplying constants
relevant to the high probability events. Our derivation for the optimal bound does not need the inverse
Cauchy-Schwarz inequality

E(fY(t)f(t)dt>4 < C[]E(fY(t)f(t)dt)z]z, for f € I2(T)

as amoment assumption of the functional predictor. This condition is imposed in Cui et al (2020) and Cai and
Yuan (2012) to attain minimax prediction bounds for (partially) functional linear regressions. Our proof does
not directly rely on the well-known representation lemma for the smoothing splines; see Wahba (1990) and
Cucker and Smale (2001).

+ The proof for the theorem 1 is divided into three steps, and it relies on new non-trivial results. First, we prove
the difference of the functional part between the true parameter and our least squares estimate is bounded.
Second, based on the boundedness, we show the excess prediction risk contributed by the multivariate part of
the predictor is convergent at n”~ ' -rate. Finally, according to the convergence of the multivariate part, we
obtain the convergence of the prediction risk corresponding to the functional part in 7~ 1+s-rate, where 6 is
related to the effective dimension in the Assumption 6. Specifically, the novelty of the prooflies in the lemma 2,
which is a crucial lemma for the theorem 1. In the lemma 2, to show the concentration property of the random
elements in Banach space, we use the methods in functional analysis and convert the random elements in
Banach space to other relevant random elements in Hilbert space.

The outline of this paper is constructed as follows. In section 2, we provide the notations and definitions we
need and a brief introduction to the RKHS and the PFLM. Section 3 shows our main theorem about the non-
asymptotic upper bound for the excess prediction risk and two relevant corollaries. In section 4, we state the
minimax lower bound for the excess prediction risk. In section 5.1, we provide the proof of the theorem 1 in
section 3. In section 5.2, we show the proof the theorem 2 in section 4. In section 5.3 and 6, we prove the lemmas
we need for the proofs in section 5.1 and 5.2. In section 7, we summarize our conclusions and point out some
future directions for research.

2. Preliminaries

2.1. Notations and definitions
Define ||v||, == (CF_ 11/,-2 )2 to be the £,-norm of vector v € RP. Let 7 C Rbea compact set. Denote by L2(7) the
Hilbert space composed by square integrable functions on 7', whose inner product and norm are respectively
denoted by (f, g) and ||f]| forany f, g € L*(7).

Consider T'abounded linear operator from a Banach space A to a Banach space B respectively endowed with
thenorms || - ||4and || - || g. Define the operator norm of T'as

[Tllop = sup [T o[-
x€A:|x[a=1

Let T" be the adjoint of T from B to A* defined by T*(f)(x) = f(T(x)), for any f € B*. Notice the adjoint of an
operator does not change the operator norm, and thus we have || || op = || T||op-

Foramatrix E = (e;)i<ij<p € RP*P, whenwriting || E|| o, we actually view E as a bounded linear operator
from R? to R? endowed with £,-norm defined by v — Ev, which is also called the spectral norm. Let
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l|Ellso = max, <jj<ple;| be the £, -norm of the matrix Eand Ap. (E) be the largest eigenvalue of the matrix E.
Moreover, we have [|E ||op, < pl|E|| from 5.6. P23 in Page 365 of Horn and Johnson (2012).

For areal, symmetric, square integrable on the domain 7" x 7 such that fo . R2(s, t)dsdt < oo.The

nonnegative definite function R: 7 x 7 — R, is called reproducing kernel in the following. Let
Lg: L2(T) — L*(7)bean integral operator (also a bounded linear operator) defined by

Le(f)(t) = (RGs, ), (5)) = f[ R(s, O)f (s)ds.

According to the Hilbert-Schmidt theorem, there exists a set of orthonormalized eigenfunctions {1} f: k> 1}
and a sequence of eigenvalues 0 > 65> ... >0 such that

+00
R(s, 1) = Y 00k ©OUE®), Vs, 1€ T, )
k=1

see theorem 4.6.5 in Hsing and Eubank (2015) for the proof of such series representation (2).
Noticing the orthonormality of the eigenfunctions {1/} =1, we have

+00 too
L) (s) = (R(s, 1), YR (1)) = <Z O YR ()R (1), wff(t)> = S 0RPRE) (WR@®), ) = OFYR ().

i=1 i=1
In what follows, let { (A%, 1/8)} ¢ be the eigenvalue-eigenfunction pairs corresponding to the operator (or

1
the equivalent bivariate function) R. Define L}% as a operator satisfying Lz (1/F) = \/OF ¢). For two bivariate
functions R}, Ry: 7 x T — R, define

RR) G, 1) 1= (Ri(s, ), Ro(ot)) = fT R(s, 1) Ry(ut, £)dlu,

Then we have the relation Lg g, = Lg 0Lg,, where o means the composition of mappings. To show
Lg,r, = Lg,oLg,, we notice

Ly oL, ()() = fT Ri(t, $)Lg,(f)(s)ds = fT Rt s)( fT Ro(s, u)f(u)du)ds

= fT (j; Ri(t, )Ry (s, u)ds)f(u)du = Lpg, () ().

Let HS(T) be the Hilbert space of the Hilbert-Schmidt operators on L?(7") with the inner product
(A, B)y = Tr(B*A) and the norm ||A|[fs = 375 A(¢p)|? where {#, Ji> 1 is an orthonormal basis of L*(7).
The space HS(T) is a subspace of the bounded linear operators on L?(7), with the norm relations
lAllop < lAll1ss and [|AB|l1s < |Allopl Bll s

Given a reproducing kernel K, we can uniquely identify a RKHS H(K) composed by a subspace of L?(7)
satisfying K (¢, -) € H(K)foranyt € 7, which is endowed with an inner product (-, - ) g such that

f@) = (K@ ), f)x, forany fe H(K).

There is a well-known fact
Ly (IX(T)) = H(K),

i.e. the RKHS H(K) can be characterized as the range of Lé equipped with the norm || LY2(H)llx = |Ifllzcr» see
corollary 1 in Sun (2005) for details and extensions. For simplicity, let H(K) be dense in L?(7), which means Lé
is injective. The definition of Lé directly yields the compactness of Lé.

Assumption 1 Assumption on integral operator. Assuming that 7 is bounded and compact, the reproducing
kernel K € K is continuous, where K a family of continuous kernels (on the compact 7). Define « as

||LI%(H0P <k <ooforK e K. (3)

Readers can refer to Wahba (1990), Cucker and Smale (2001), Hsing and Eubank (2015) for more discussions on
RKHS.For thei.i.d. data {(Z;, X, Yi(¢), t € T)}"_,, define the empirical covariance matrix D, and the
covariance matrix D for the multivariate part of the predictor to be

1 n
D,=—=>_X;X] and D:=EXX"),
i1
where we assume the expectations of random variables XX exist. Let Apay = Amax (D) and Apin = Amin (D) be
the largest and smallest eigenvalues of the covariance matrix D. Similarly, when the expectation of Y(s) Y(¢) exists,
define the empirical covariance function C,,(s, ) and the covariance function C(s, t) for the functional part of the
predictor to be
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Cu(s, t) = lzn: Yi()Yi(t) and C(s, 1) = E(Y ()Y (1)).

i=1

Given the asymmetric, square-integrable, and non-negative definite covariance function C(s, t), define the
sandwich operator of the covariance operator Cand the reproducing kernel K by

1 1 . . . 1 1
T := LZoLcoLZ and its empirical version T, := Lz oL¢, oLz,

see Caiand Yuan (2012) for details. For simplicity of the following technique analysis, define

n n
1 ¥ 1
g, = ;E giLtY; and a, = ;E i Xi,
i=1 i=1

which are key quantities to derive the convergence rate of the desired estimator. Define the bounded linear
operators G,: [*(7) — RPand H,: R? — L*(T)by

Go(f) = S L)X VfEIXT) and Hy(@) = 25 XTa)L}Y, Y ac R
i1 i=1
Because of the compactness of operator T'and the Hilbert-Schmidt theorem on compact operator, see
theorem 11.3 in Schechter (2001), there exist a set of eigenvalue-eigenfunction pairs { (74, ¢x): k > 1} such that
the operation of T can be decomposed in the following way

o0

T(f) =Y nlf> o) v

k=1

where { @y k > 1} is orthonormal basis and {74 k > 1} decrease to 0. Define the trace of the operator
(T + M)'Tas

D) = Tr (T + AI)"'T),

which is also called the effective dimension introduced to measure the convergence rate of the functional part;
see Zhang (2005), Caponnetto and De Vito (2007).

2.2. The penalized least square for PELM

The goal of prediction given the predictor X and Y(#) is to recover the prediction: 7,(X, Y (1)) :== X'y +

fT Y () Bo(t)dt. i.e., the right side of (1) without the random noise €. To estimate the true parameter (o, 5),
the penalized least square is defined as

n 2
(& B) = argmin lz(zi—x,?a— I Yi(twu)dt) + B, @

(auB)ERM X H(K) 1 i=1

Noticing LI;( (L*(T)) = H(K), there exists fn € L*(7T)such that LI% ( fn) = (3,,. So the (4) is replaced by

n
(G f) = argmin iz Zi — Xl — (Y, Léf))2 + Ml fIP- (5)
(af)ERXIX(T) T i=1
For the Euclidean predictor X, we assume the dimension of the multivariate parameter p less than or equal to the
number of the training samples n (p < #), by which the empirical covariance matrix D,, is invertible a.s.
according to the theorem in Okamoto (1973), if the distribution of { X;}\ is absolutely continuous (with respect
to Lebesgue measure).

Assumption 2 Assumption on high-dimensions. We assume D,, and D are positive definite for the given data
with p < n.

According to the definition of the penalized least squares (&, fn), which minimize (5), the difference

A

between the penalized least squares (&, f,) and the true parameter (cx, fo) can be represented as

{j; - ﬁ) = _)\n(Tn + An1)71f0 - (Tn + Anl)ilHn(dn - (X()) + (’-1:1 + )\nI)ilgn) (6)
(&, — a9 = =D G, (f, — f) + Dy 'ay, )

where T, H,, G,,, D, g, and a,, are given in the previous section. The derivation of (6) and (7) is left to
section 5.3.1, where we use the method of the calculus of variations. Thus the existence of the minimizer of the
penalized least squares (5) becomes to find a tuple (&, f,) satisfying the equations above.

Let7),(X, Y(1)) = X' &, + fT Y (t) Bn (t)dt be the prediction rule induced by the penalized least square
estimator (&, ,@n). For a prediction rule (X, Y(?)), define the prediction risk to be
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Em) = BIZ*—nX*Y ()P,

where (Z, X", Y*(t)) is an independent copy of (Z, X, Y(#)). We measure the accuracy of the prediction 7, by the
excess prediction risk

&M, — Emy) = BN, (X*YH(1) — no(X*Y*()).
Let fy € L*(T) satisfying LI%( fo = Boand rewrite:
(X, Y (1) = XTovg + fT Y (6)(Lg £, (£)dt and #),(X, Y (£)) = XT b, + fT Y(6)(Lg ) () dt,
by which we can bound the excess prediction risk
1 R 2
&M, — Emy) = E[X*T(ao — &) + fT Y4 (Lg(fy — fn))(t)dt]
1 N 2
< 2B[X*T (og — &) + ZE[IT Y*() (L (fy — ﬁ))(f)df]
=20 — G)"BOCXT) (g — &) +2 [, BIY*OY*OILES, — FN@OLE S, — f)e)deds.

Notice the equality

2
EUT Y(t)f(t)dt] ://TXT E[Y(S)Y(t)]f(s)f(t)dsdt:fT f(t)(fTC(s, t)f(s)ds)dtz(f, Lef).

)
With the definitions above, we reformulate the upper bound for the excess prediction risk to
LA LA
E(ﬁn) - 5(770) < 2/\maderl - O‘O”% + 2<L12<(fn - fo)’ LCLIZ<(fn - f0)>
= 2Amax[|6tn — o} + 2| T3(F, — f)IP, ©

which is relatively easy to analyze.

3. The analysis and main results

3.1. The analysis
Based on the RKHS framework, more regularity assumptions are needed to ensure our main results. First,
Assumptions 3—5 are on the moment condition of data. A centered random variable X is called sub-Gaussian if

EeX < e7/2, V teR,
where the quantity * > 0 is named as the sub-Gaussian variance proxy [see Zhang and Chen 2021, denote as

1/(2k)
X ~subG(c?)]. Let || X [l = sup [%]
k>1 h

I X|lc < oo; see Buldygin and Kozachenko (2000).

be the sub-Gaussian norm, and X is sub-Gaussian if

Assumption 3. We assume { X; }5-’:1 satisfy the sub-Gaussian growth of moments condition, i.e.

max ||X]HG <M < (10)

IS
and v? := max; <<, B|Xj* < oo.

Assumption 4. Y () is abounded square integrable stochastic process: there exists M, > 0 such that
1Y Ol < Ma(as.).

Assumption 5. The random noise ¢ has conditional zero mean and finite variance: E(¢|X, Y) = 0 and
E(e?X, Y) < o?given X and Y.

Assumption 6 Assumption on effective dimensions. The effective dimension of T'satisfies
D) = tr((T + M)7'T) < cX? for constants ¢ > 0 and 0 < 6 < 1.

The sub-Gaussian data Assumption 3 has been adopted in many high-dimensional statistics references; see
Zhang and Chen (2021) for a review. We assume that Y( - ) is bounded in L* norm a.s. in the Assumption 4. The
Assumption 5 follows the general assumptions of conditional zero mean and finite variance on random noise
given the observations X and Y(#). The Assumption 6 on the effective dimension has been adopted in Tong and
Ng (2018), which reflects the convergence of eigenvalues of Lo and Li and how their eigenfunctions align. The
Assumption 6 is also equal to the common assumption on the decay rate of the eigenvalues of T'(see remark 2).
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Define a random variable £ taking values in HS(7") by
() = (T + MD) HIEY, f)LEY.

Actually, we can weaken the boundedness in Assumption 4 by assuming the Bernstein’s growth of moments
condition of £ in HS(7): there exist M, & > 0 such that

~2
Do\%bl‘zl!, for all integer I > 2. (11)

B¢ — Béls) <
Then using the lemma 6, we obtain a similar result as in the lemma 1, by which we have an analogous result for
the non-asymptotic optimal prediction error as in the theorem 1. But the condition (11) is challenging to verify,
and a similar situation is also provided for the FPCA method in H2 of Brunel et al (2016). Here, we do not offer
the complete proof under the condition (11).

Before getting to our main results, we need two important lemmas, of which the proofs are left to section 5.3
and 6. The following lemma 1 and lemma 2 can be viewed as the concentration inequalities for the operator-
valued random variables T,,, G, and H,,. The concentration inequalities for the random variable taking values in
Hilbert space, as stated in the lemmas 6 and 7 play an important role in the proofs of lemmas.

Lemma 1. Under the Assumption 4, for any &, € (0, 2e~"), with probability at least 1 — &), we have

1 2 2D\,
(T + X\, D) 2(T;, — Dllop < a log( )Bn, where ¢ == kKM, and B,, f/l\_n + nlog((Z/)él).

Lemma2||G,|lop = ||H,|lop- Under the Assumptions 1, 3 and 4, for any 6, € (0, 1), with probability at least
1 — 6y, wehave

||Gn||0p = HHﬂHOP g %’

where ¢, =: ap[v + 8M, log'/*(p/&,)] and v is constant in Assumption 3.

3.2. Main results
With all the preparations above, we can state this paper’s main result. The following theorem provides a non-
asymptotic upper bound for the excess prediction risk.

Theorem 1. Under the Assumptions 1- 6, for any &1, 83, 63, 65 € (0, 1), &, € (0, 2e7Y), let \,, := wn"i, w > 0,
Ny o= 24p [ D lop (48p [ D~ opM;* + MDlog (%) and
2 3D o )
N, = (ZHZMZ [v + 8Milog!/*(p/6:) 1 T‘) ;

suchthatforn > ng = [ max{N;, N} |, we have with probability at least1 — Y7_, &;
E@y) — Ep) < @Amax Qeacs + ¢5)2 + 2™ + (46 + ) co @) n 12 + (e + cg)w)n i, (12)

where {c;},_, are specific constants given in the proof that depend on the true parameters and the assumptions, and
can be written as

ov| D!
cs = prMs[v + 8M;log'/*(p/ 6, )]M’ 5= w,

]— log (2 / 61)

G —||f0||[cl(2c1w llog( )—i— w3 2clog(§fl)) + 1]
[Cl(chwllog (6%) + w3 [2c log (;)) + 1] oW leaﬁ)‘ and

Co = %ﬁ[q(hwllog(é) +w |2 log ) + 1] v + 8M,log!/? (é))

where c is constant in Assumption 6, and ¢ :== kM, inlemma 1.

o=l + 2+ 7= (2w + o 2

cg*

Equation (12) presents an exact upper bound of the excess perdition risk with all precise constants
determined by the regularity conditions. The first term on the right side of (12) is ascribed to the parametric part
of the PFLM. The second term is a mixed bound consisting of both the parametric and the functional part since
the prediction risk is a square function composed of both the functional and non-functional predictors. The last
term is a dominated term, which reveals that the signal strength ||fy||, the operator norm of the reproducing

7
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kernel, and the variation of functional predictor play a crucial role in the non-asymptotic upper bound of
prediction risk. Unfortunately, these assumption-dependent constants are always ignored in most references of
asymptotic analysis for functional regressions.

Remark 1. At first glance, the upper bound on the excess risk is independent of cyy. From (7),
1 (1 s 1

dn — Qg = (;Z XiXiT) ‘ (;Z<Yn le<(f;1 - f0)>Xz + ;Z EiXi))
i=1 i=1 i=1

and thus &, — o hasnorelation to ayy. We illustrate this fact by setting 5y (¢) = 0 in our model (1). Then the
PFLM degenerates to the classical linear models with a divergence number of Euclidean predictors. We have

&, — oy = (%Z?ZlXiXiT)il . (%Z?:] i X;), which is free of av.

From the proof of the theorem 1, one can obtain the non-asymptotic upper bounds of functional and the
non-functional parameters regressions below.

Corollary 1. Under the conditions in theorem 1, for n > ny we have,

N 2¢4¢6 + ¢5 >
Plllan — S——|21-) 6 13
(||a ol NG ) ; (13)
5
P(||T5(fn — W <@+ VA + %) >1-Y 6. (14)
i=1

It should be noted that we are unable to show the asymptotic normality of the non-functional parameters
&, — abecauseitisinfluenced by the functional parameter f, — f; as shownin (7). And it is difficult to derive
an analogy of the central limit theorem for the functional parameter.

The (13) and (14) in corollary 1 are useful high-probability events, which can be used to obtain the
confidence balls for cvy and f; under the distance || &, — o |*and || T2( fn — f)|I*. They are also helpful for
constructing testing statistics, and thus they conceive non-asymptotic hypothesis testing for functional
regressions, see Yang et al (2020) for the case of non-parametric regressions.

Another corollary of the theorem 1 is the excess prediction risk £(},) — £(1y) = O, (n~1+0). From the
proof, we notice the convergence rate of the prediction risk contributed by the multivariate part of the predictor
is Op(nfl), faster than the convergence rate corresponding to the functional part of the predictor, which is
Op(n~ i+9). Therefore, the convergence rate of the prediction risk of the partially functional linear model is the
same as the optimal rate for the functional linear model Cai and Yuan (2012).

Remark 2. The assumption that the eigenvalues {7 };> decayas 7. < 'k~ (r > %) is equivalent to our
assumption 6. For one direction, see the following derivation.

+oo T +00 k2 +o0 ¢’ +0oo c!
DO\ = < -y < f S —; P
’ ,; ot A kz::l i Ve I W S R W

+oo c! 1 1
ds < A\, < ni,

1

=\ -
n

0 C/ + 527‘

where s = )\,ertand Ay = wn i,
Corollary 2. Suppose the Assumptions 1-5 are satisfied. Assume the eigenvalues T decay as 1, < c'k=?" for some
¢ >0andr > % Forany §; that: 6, 63, 64, 65 € (0, 1) and &, € (0, 2e™Y), by taking \,, = wn™ T, there exists
an integer ng such that for n > ny, we have with probability at least1 — 7, ;

) — EMp) < @Amax 2eacs + ¢5)* + 26)n" + (4(e + ee)eg V@) + (e + e w)n T,
where ¢;(4 < i < 9) andnyare the same as those of the theorem 1 except replacing 0 by % and c by a constant
relevant to ¢’ andr.

A valuable and insightful application of the theorem 1 is that we can consider the situation where the number
of multivariate covariates p increases as a function of n. We need the following assumptions in the increasing

dimension background.

Assumption 7. The number of the multivariate covariates p = p, can increase as a function of 1.

8
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Assumption 8. The largest and smallest eigenvalues of D are bounded from below and above as 1 increases: there
exist positive constants m’ and M’ such that m’ < A\ (D) < Apax(D) < M’ forall nand p.

According to the definition of ¢4 < i < 9)and N(i = 1, 2) in the theorem 1 and the Assumption 8 on the
eigenvalues of D, we have the following estimation on the asymptotic order of each coefficients in the theorem 1.

ca=0(plog(p)), ¢ =0(p2), c6=O(pilog(p)), ¢ =cz=O0(),
2(146) 4(14-6)

co=0(plog’(p)), Ny = O(p*log(p)) and Ny=O(p 7 log 7 (p)).
From these orders, it implies

(2Amax (2466 + €5)2 + 2cH)n~' = O(p” log®(p)n~Y),

(4(e + cy)coST)n T = O(p? log%p)n*%)
and

(¢ + cg)*w)n~ s = O(n~1i).

—1

We write n>> f(p) when f(p)n~' — 0. Let p” log®(p)n~! — 0,i.e.n > O(p’ log®(p)), we have as n,

p—00,
prlog’(pyn 31 < O(ni 1) — 0,

from which we see the upper bound in the theorem 1 converges to 0.

To apply the theorem 1 in the increasing dimension background, except the convergence of the upper
bound, we also need the condition n > N; and n > N, satisfied as n, p — oo . Notice
n > O(p” log®(p)) > O(p*log(p)) = Ny.Ifwelet Z(ITM <7&0> %, we have n >> N, under the
condition n > O(p” log®(p)) after noticing p >> log®(p) forany € € R and the asymptotic order of
N, = O( pZUTm longm( p)). Therefore we have the following prediction consistency for the increasing
dimension situation of non-functional parameters.

Corollary 3. Under the Assumptions 1- 8, if the constant% < 0 < linthe Assumption 6 and p’ log®(p) = o(n)in
the Assumption 7, we have the consistency for the excess prediction risk:

E@),) — Emg) = 0p(1).
Remark 3. If we assume the eigenvalues 73 decayas 7. < ¢k~ (r > %) in the increasing-dimensional setting, by

applying the corollary 3 and noticing § = %, we need to further assume r < = to obtain the prediction
consistency, which means the convergence rate of eigenvalues can not be too fast. Intuitively, when p increases, r
can not be too large or equivalently, the effective dimension D(\,) < n + 2 can not be too small. It implies we
need to find a trade-off between the number of non-functional predictors and the effective dimension to get the
prediction consistency.

The prediction consistency theory has been well-established for non-parametric and high-dimensional
statistics; see Zhuang and Lederer (2018) for the recent development of general regularized maximum likelihood
estimators. However, their works mainly aim for non-parametric or high-dimensional models and do not cover
the semi-parametric case as studied in our paper.

4. Minimax lower bound

In this section, we derive a minimax lower bound for the excess prediction risk in the following theorem 2 when
p — oo . Ifpisfixed, the minimax lower bound is postponed at the end of section 6.8. To verify the optimality of
the upper bound of the prediction risk for the proposed estimator, the result on the minimax lower bound below
shows the prediction risk of our estimator achieves the theoretical lower bound caused by the intrinsic limitation
of the PFLM. Let P, g, be the probability taken over the space (Z, X, Y) where Z is generated by the true
parameter Z = X" vy + (Y, () + €. Before stating the main result, we need a regularity assumption relevant to
the Kullback-Leibler distance of the random noises.

Assumption 9. For different 3, 8, € H(K)and oy, o € RP. We assume that the Kullback-Leibler distance
between F,, g and P,, g, can be bounded by
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dPy, s,
K(Pal,ﬁllpaz,ﬂz) = Ea,,dl[log(ﬂ]) < KO'ZE[<Y’ B — 62> + XT(al - aZ)]Za

az,ﬁz

where K> > 0isa variance-dependent constant and [E,, 5, means the expectation is taken over P, 3,.

The examples of constant K2 include noises of exponential families (see Du and Wang 2014, Abramovich
and Grinshtein 2016) and noises with self-concordant log-density function (see Ostrovskii and Bach 2021). If we

assume the random noise € ~ N(0, 6°), thus the constant
K= L 15
7 20% (15)

The proofis left to section 6.7. Now we state the main theorem of this section, of which the proofis left to
section 5.2.
Theorem 2. Under the Assumptions 5 and 9 with EX = 0, suppose the eigenvalues { 7.}~ of the operator T decay

as 7, = tok=* forsomer, ty € (0, o), thenfor p € (0, %), there exists a sequence { N,,},,>1 satisfying

1 2r
1+2r 1+2r
tog N, > | (B0t Amas DODK2 Y™ (8000 A (DDK2 )™ | log2
plog2 plog2 8
such that when n > Sptk;gzz andp = O(mix) < n, theexcess prediction risk satisfies
U

__2r
S(tO + )\maX(D))ng e . 2721’1’0 + )\min(D)
22r+3n%

inf  sup P& — En,y) = (
1€ R X H(K)

s N (o, [ )
1+ JN, logN,,

where we identify the prediction rule 7j as a arbitrary estimator (&, (3) based on the training samples
{(Zi, Xi, Y)Y ,andview 1, as the true parameter (cty, Bp) € RP x H(K). We emphasize the probability P is

n

taken over the product space of training samples {(Z;, Xi, Y;) }i_, generated by 1y = (cxg, Bp).

plog2

In the existing literature, most results about the minimax bound are in the asymptotic sense, while the
constants in our result are precise and specified. Letting # — oo under the Assumption 8, the lower bound
inequality in the theorem 2 implies as N,, — oo

liminfinf sup  P(E@) — Eny) = blprizn mw) > 1 — 2p

=00 I n e RPXH(K)

for constant b’ > 0, by which we get the asymptotic minimax lower bound:

lim lim inf  sup P(&®) — &y = an~ i) = 1.
a—=0n—00 1 p cRPxH(K)

5. Proof of theorems and key Lemmas

5.1. Proof of the theorem 1
To obtain the upper bound for the excess prediction risk, we resort to (9), and then use the representation (6) and
(7). Thelemmas 1 and 3- 2 are applied to study the error bounds between the penalized least squares (&, fn) and
the true parameter (cx, fo).

. _1 1 _1 A A
Inlemma 1, when setting A, = wn 1+, we have ST == g\/)\n and

_ 1.9
D(A\y) < c(wn~170) — i = cwHO) (16)
n n
by which we have
2 2D(\,) L e [ 2
B, = + <N 2w t4+ w2 [—— |\, (17)
ny nlog(2/6)) ( ' log(2/61)

10
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Applyinglemmas 2, 3 and 5 to (7), when

n > 24p D lop (48p | D lopM;* + MP)log (%) in Lemma 5
5

we have with probability atleast 1 — 6, — 6, — 05

166, — exolla < (105 lop | Gsllop 1, = Soll + 105" llop llas |

3. peM[v + 8Mlog X (p/6)], 2 3, G €4 2 s
<= D7 Lo il + =D op——=—— = —|If, — fill + ==, (18)
Dy - I =+ 3 107 e = 1], — il +
where welet ¢, :== pxMs[v + 8M, log!/(p/ 6, )]Jand C5 = %\/;H""with ¢ = Jpov.

First, we give a crude bound for || fn — follin (18). According to (6), it gives

1w = Joll < Aa 1T+ XD~ lop 1ol + (T A+ AuD™Hlop [ Hnllop 166 — exol| + [[(T + A1), i
= Il + 12 + 13.

For the term I;, we have
L< |l
because [|(T, + A\yI)lop < AL

For the term I, using || (T, + A I)[lop < /\i, |Hp llop < % inlemma 2 and (18) we have with probability
atleast] — 6, — 64 — 05

B R 1 C2 Cs
b= | (Ty + D)™ op | Hulop [ — o] < =y~ fll +
plHnlop A f f ’ ﬁ Vi

_ czC4 ” + 0 Cs CzC4 ” _|_ by usmg A

)\n

For the term I3, we obtain with probability atleast 1 — 65 by lemma 8 and || (T;, + Ay 1)™|op < Ai

1
2wl 4+ w7

1 o B < o 40 2c
Ve log(2/61) )

L < (T4 MaD) 72 lop [T + AuD) 2, || <

where we use (17) in the last step.
Thus we canbound || f, — f||by I, Land 5

CzCs o _ 140 2c
f fill + —= + —|2qul+w 7 |[————
W = Al B log (2/61)

Cz Cy

1, = Sl < 1%l o

_ Cz Cy

||f foll + co

Cs o 1 _1+6 2c
where g = || £ + & +£<2qw e ey

1 6
Noticewhen A\, = wn™1+0 and n\, = wni+s, and we have

140 140
! 200\ 7 30D oo \ 7
Q4 < - for n > ( C2C4) "= 262M3[v 4 8M;log!/%(p/6,)1? —H oo .
T’IA w 2w

Therefore, when n > 1, we obtain with probability atleast 1 — 6, — 65 — 64 — 5
i =l <N = fill =22 ||f full < e which implies||f, — £yl < 2cs.

Second, we turn to bound || &, — oy || By (18), we have with probability atleast 1 — 6, — 63 — 6, — 5,
2¢4¢6 + €5
— &
Then we find a way to bound || T2 ( an — fy)|l- According to (6), we have
IT2CF, = I A ITHCT 4 M) Hlop Ll + 1T A XD op | Hrllop | én — exo|
+IT>(T + XD 7'g, | = B+ B> + Es.

16 — o < (19)

11
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For the term E;, we have with probability at least 1 — 6, by Inequality 2 and lemma 1
El < /\n H(T + /\nl)%(Tn + )\nI)_%HOPH(n + /\nI)_%HoP ”fOH

1 1 1
| —=— (T 4+ MDD 5Ty — T lop + 1 |—
(1t 2t~ Dl 1)
<VAllfl Cllog(i) LI
0 &)
[By 17)] < ||f0||[cl(2qcu1 +w S L)log(i ) + 1)«/)\
1

log(2/61)

= ||fo||[C1[261W1108(6£) + w2 log((%)) + 1]\/)\_11
1 1

=GN Ans (20)

where we use the Inequality 2 in the second inequality and the (17) in the last inequality and define

G = ||f0||[c1(2qwllog(§%) + w3 2clog(§])) + 1].

For the term Ej;, by applying Inequality 2 and lemma 8, we have with probability atleast 1 — 6; — 83
Es <|I(T + XD (Ty + D)2 op [[(T + AD)72(T + Mu)2 op (T + M) 2g, |

1 1 o D()\)
L 8)] < T+ ATy — Ty + 1
[Lemma(8)] o~ I¢ )2( Mop + ) 5
2
[Lemma (1)] < cllog((sl)\/BL + 1) \/‘;_3 D(\,)

- 2
[By (16)and(17)] < cl[2c1w llog((5 ) +w 2clog(£)] + 1] %\/cw‘“*e))\n = cs~/ Au»
1

3

g

where in the last inequality

2
g = [q(qu 1log( )—i—w 5t 2clog( ))—|— 1] U(J—J;T\C)

Notice we have (19) with probability atleast 1 — 6, — 65 — 64 — 05. Therefore, for the term E, we obtain with
probabilityatleast1 — Y°7_, &;, by using

(T + A\D¥(T, + MDD 2l < af 260710 —l—w‘# 2clog(2) | +1
P g gbl

in (20), |[(T,, + /\nl)—;”op < ﬁ,lemmaz and (19),

Ey <|(T + M2 (L AnD) ™2 lop 1T A+ Xa D) llop | Hrllop 15 — exo|

1/2
< [q(qu llog(é ) + w5 [2¢ log((S )) + 1] \/i\_ . rMaly + 8]\/\1/1_10g (2/8)] : 2C4Cj_+ =
1 1 n n n

172
< KMy + 8Milog 7(p/62)](2cace + ¢s) al 2qw™!log 2 + w5 |2¢ log 2 +1 1 i)
Jw O O Jnooo Jn

where in the last step we use n\,, > wand define

I€M2(2C4C6 + C5) 1 2 _1+0 2 p
el < S BLIRCIA PA ) log| = |+ w2 [2clog| = ||+ 1 + 8M,;log!/?| = |.
I [( oo 2) o Cog(él)) ](V e (2)

Thus,weboundHT%(]?n — fo)llby
IT3(f, = f)l S Er+ Ex + B3 < (¢ + c) A + —-

12
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Recall the excess prediction risk can be bounded by
EM,) — Ep) < 2Amax[|6n — ol + 2||T2(f I

based on which we further have

2 2
£, — EMo) < 2 Amax (M) + z((c7 + e + i) — Gl 4 G 4 G
Jn N n

where C; == 2 \max (2¢4¢6 + ¢5)> + 2¢4, Cy = 4(c; + cg)coand Cs := 2(¢r + ).

Finally we get the desired conclusion after we notice , ’\7 = Jwn~: % intheabove proof.

5.2.Proof of the theorem 2

The whole proof of theorem 2 is served for the condition where p has increasing number of dimension. Let M be
the smallest integer greater than byni + = and L = M*’, where constant b, will be defined in later proof. For two
binary sequences vy = (yr41, -+ »Y2r) € {0, 1 Yrand 6 = (Opsirs -+ 50an0) € {0, 1}, define

2M

By = M~ Z Gka{gok and CH:—(’YLer “YaL)-
k=M+1

Byapplying (L¢ @) ) L¢ o = () ) L Prx = (¥ px) = Ojk» wehave [la,|l; < Tand By € H(K) noticing
2

) M Lo M .
1Bollx = z Z ekL12<<Pk Z M0 Lo |l < M Z Lz o llx = 1.
k=M+1 ©  k=M+1 k=M+1

Using the lemma 10, there exist sets I' = {’yi}f\]:"O C {0, 1}tand © = {#}}, C {0, 1} M such that
(ia)y° = (0,--,0), (i) H (", /) > % forall i = j, (iila) N, > 28
(i)0° = (0,+-,0),  (iib) H(®', ') > ¥ forall i = j, (iiib) Ny > 27,
where H (0, ') isthe Hamming distance between f and #’. Define the combined parameter

= (Vv ans Ovyn>0am) € {0, 131N
The construction of I and © 1mphes that there existsaset © = {19’} c {0, 1}1 + Mguch that

(ic) 1° = (0,:+,0), (i) H(W', 9/) > == forall i = j,  (iiic) Ny > 2

L+ M

Let Py, 5, be the joint distribution on the product space of training samples {(Z;, X;, )}, generated by the
true parameter (g, 3,), where Z; = X oy + (Y;, Bo) + €i»and Py, g, be the distribution on a single sample (Z,
X, Y),where Z = X"y + (Y, By) + €.

By the independence of the training samples, for different 6, 8’ € © and vy, 7' € I', we have

log dJ‘Dg‘“’""’({(z- X, YOV ) Zlo By ol 7o X Y |
dp" i» iy Yi)ji—q dPango i> 4\

a",’)B&

Using the Assumption 9, we can bound the Kullback-Leibler distance between Py, , 3, and Py, 5,

" dPy 5,
K(p;q’,ﬁg'lpgwﬂg) = Z Eav”ﬁu’[log(#]) < rlK(,ZE[<Y, B — ﬁ9> + XT(av/ - a’y)]z

i=1 .,

< 20K E((Y, By — Bo))* + 20K BIX (ay — a)P.

Noticing (LK Dps LCLK o) = (¥ Tipy) = TiOjk, we have
E(Y, B — Bo))* = (Bo — Bo> Lc(Bo — Bo))

oo | , M 3
:<M—z > (0= O0Lipe M2 3 (0~ Hk)LCLM>

k=M+1 k=M+1
2M 2M
=M! Z (9/ — 0 < My Z (9k — 0;)?
k=M+1 k=M+1

= MﬁlTMH(a/, 0) < ™ = toMﬁzr,

13
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where the last inequality is by the eigen-decay condition. For parametric part, we have
E[XT(a'y’ - a*y)]z < Amax (D) ||Oé,),’ — Oy ||% = Amax (D)H(’Y/> ’Y)/Lz < Amax (D)/L = Amax (D)Mizr:
from which we obtain

KPP 5) < 2(to + Amax(D)) K2 M.

8(f9+ Amax DVK 2

Ifweput by = ( log2

a1
)1 "% thenforany p € (0, %),wehavebyM > boni+
Ny
LS K@ P < 2t + A (DKM < 2plog(2Y) < 2plog(25) < 2plogNj.
Y j=1 ? i

For f € © andand y € T, let the prediction rule .,y be 1, o(X, Y) := X" v, + (Y, B;). For different 0, ¢’ € ©

and v, 7" € T', when the true parameter is (e, ), the excess prediction risk for the predictionrule 77.,, 4 is
EMy ) — E,9) = BIY, Bor — Bo) + X (e — )P

=E(Y, Bo — Bo))* + 2B(Y, By — Bp) - X' (ay — )

+EX"(ay — )P
M

[ByEX=0andX L Y] =M > (0 — 0%+ (o — a))EXX () — )
k=M +1
2M
>M oy Y (0 — 00 + Ain(D) oy — oy |3
k=M + 1
= Mo H@, 0) + L AminDYH(Y, 7)
> toM—l(zM)—”% 4 L—ZAmm(D)% - %(2—2% + Amn(D)M 2.

Notice M is the smallest integer greater than byn1 + =, and to control the lower bound of last expression we
additionally set M < 2byn +.Thus

. — plog2
T+ > > — L e
bonia 2 1 n >

Therefore, we obtain the lower bound for 5(777,’9,) — &)
EMyrg) — EMyg) = 27327t + Amin(D)) (2bonia )y~

__2r
8(ty + Amax(D»ng) HE

n 1+2r,

=279t + Amin(D))
plog2

Consider the set = := {(a.,, By): 7 € I', 8 € ©}. By thelemma 9, we have

22r+3 13

inf sup P[E’(Ty) — &My = (
p plog2

T ne

>—m 1 —4p— ||
1+ JNy log Ny

8(t0 + Amax(D)Ky: ) 2+ Amma)))

From the constructionof e, € R, weseep = L = M?¥ =< ni + 2. Note that for fixed 7}, we have
sup  P{&®) — &) = -} = sup P{E(H) — E(n,) = ---}and by (iiic) we get
n,ERP X H(K) NEE | 2
lOgN& > M+1L 10g2 _ 8(t0 + )\max (D))Koz nitr 8(t0 + )\max (D))Kaz nIJZrT 0og .
plog2 plog2
We obtain the desired conclusion. O

5.3. Proofs of the key lemmas
5.3.1. The derivation of (6) and (7)
To obtain the minimizer (&, fn), we take derivative of the following F,,(cx, f) with respect to o and use variation
calculus with respect to the functional parameter f.

Recall that Z; = X[ g + (Y;, LI% fo) + €i»where {(X;, Y;, )}, are independent copies of (X, Y, €) in (1).
Thus the right side of (5) can be written as

14
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E(a, f) = lZ(XiT(Oz — ) + (Y Li(f = f)) — &) + Al fIP-

iy

Notice (&, fn) is the minimum of F, (e, f), therefore

OF, (6t f, .
%f”) = 0, from which we have

0= 5 XX] (@, — o) + (% Li(F, = f) = =)
i=1

- (%Z XX, )(an ~ao) + Z (Yo LE(E — f) X %Z eiX; = Dy — )
i=1

nizy i=1
+ Gulf, = fp) — an
thus &, — a9 = fDn’lG,,(fn —f) + D, 'a,.
Next define the function ¢,(t; o, f, §) = F,(o, f + tg), and the fact that (&, fn) minimizes F, (o, f) implies

do(t; & £, ©)

m ,» Vge LX),
=0
from which we have
zlocT(an = aw) + (% Le(h, = ) = &) (Y Leg) + Ml 9)- @)
From (21), we have
%éXiT(dn — agLiY + %é@c Li(f, - Zs LY+ Ao f, = 0. (22)

Notice L¢, f = < Z Y. (s) Y (1), f(t)> = %Z Y, f) Y, and recall that a,, := 21 &6 X

H,() = —Z 1(XToz)L2 Yand T, = L oLc, oL . Thus (22) can be reformulated as

(’1—;1 + )\nl)f;1 - Tnfo + Hn(an - aO) — & = 0,
which yields

Fo= £y =T+ MDD\ T fy — f, — (T 4 AuD) " Hy (&, — o) + (T, + AaD)lg,
=—\(T, + An1)71% — (T, + Anl)ilHn(dn — o) + (T, + )\nl)ilg,f

5.3.2. Proof of lemma 2
To show || G, llop = | Hyllop> We first prove H,, is the conjugate operator of G,,. To bound the operator norm
|G|l op> We need to bound the norm || G,, ||, defined below. Notice the operator G, can be viewed as the
average of independent sum of operators, so the concentration inequality of random variables in Hilbert space
(Corollary 5) can be used.

We first prove H, = G,,", which shows ||G, || op = [|H,llop. Forany v € RPand f € L*(7), onehas

YG.(f) = —Z Y, Li f) (VX)) = —Z(XH) LEYs f) = (Ha®): f)
1 1 1 1
Now we turn to bound |G, ||op, for 1 < j < p, define the operator G, : L*(7) — Rby
1< 1
Guj(f) = =3 (Y L ) Xijp
i=1

which can also be viewed as a random variable taking values in a Hilbert space L?(7)*=L%(T).
Notice G, = (Gp,15 -+ ,Gp,p), thus we have

2
) ) )
IG/(NIF = D 21Gui (NP < Do NGullsp AP < [ZIIGn,jllop) ILf1P,
j=1

=1 =1
which means [|G, [lop < 3>2_, | Gyjllop- Define the operator &; ;: LX(T) — Rand {: [*(T) — Rby
1 1
§i(N =Y Lg f)Xij and §(f) = (Y, Lg /) X;

1

from which we rewrite G, ; = _1&;,j» where {; j Ji_, are independent copies of &;.
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By the definition of &, after noticing the isomorphism between L?*(7)* and L*(7 ), we have
1 1
1€llop = IXLEYI < IXG1 - [[Lic[lop - 1Y) < IMaIX]

1 . . . . . .
by||L¢ [lop =  in Assumption 1. After taking expectation and using the sub-Gaussian growth of moments
condition for Xj, we have

Ele 12 1/ Blxc /40
j !lop J
. = - < - = . < .
1€ llop llc R ey < HMziliIf [ ok 1)”] &M, [[IXlle < kMaMy

Because X and Yare independent with zero mean, we have
(EE)(f) = (BY, L f) - EX; = 0, which means E€; = 0.

By using corollary 5, we have for any 6, € (0, 1), with probability atleast 1 — %,

e, | < L{Jii Bl + 813116l 10g(£)}

nis Vi \\nim wim b2

KMy + 8Milog'2(p/82)] _ alv + 8Milog!*(p/8y)]
NG Jn

Notice || G, [lop < )y [ Gajllop> thus we have the following relation for the events

kMy[v + 8M;log!/2 (p/85)] kM [v + 8M;log!/2 (p/6))]
{cnwp 2 L8 TP Y Gl > 222 o8 PrOaR,

”Gn,jHoP =

op

[By Assumptions3] <

vn 1<j<p N
from which we have
172 12
P(Gnop > kM, [v + 8M; log (P/52)]) < Zp(lGn,jHop S kM, [v + 8M, log (P/52)])
vn pst NG

VA
>

SN2 =6,

j=1

p
. 1/2 S
Therefore,P(HGnHOp < Pth[v+8AiI/lﬁlog (P/bz)]) >1-6,

5.3.3. Lemma 3
The lemma 3 shows the fact ||a, || = O, (n~2), and its proof is based on the Markov’s inequality.

Lemma 3. Under the Assumptions 3 and 5, for any 6, € (0, 1), with probability at least1 — 6,, we have
C3 .
with ¢ = Jpov.
V8, i =P

Proof. Since a,, is the average of independent sum of random vectors, the weak law of large numbers based on the
Markov’s inequality can be used to bound ||a,, |-

llanll <

Define 7y := eX and 7, == £;X;(1 < i < n), by which we rewrite a, = ~>>"_, &, Notice for i = j, we have

E(n! n;) = B(eig X[ X)) = B(g; X X;E(e1X))) = 0. And

P
E(||Inl?) = EE?|X]?) = E(|X|PEE}X)) < 02> BIX;P? < po™?,
j=1

where we use the second moment condition of X in Assumption 3. Therefore, we have

1¢ ) Bl _ po?

;Z ;i

i=1

>

n n

E(lla. ) = E[

2,2
from which we obtain the Markov’s inequality for a,: P(||a, || > t) < 2 thv .

b4 € (0, 1), we have with probability atleast 1 — &,

Therefore, we can conclude for

C3

NN

la.] < with ¢ = [pov.
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5.3.4. Lemma 4
The lemma 4 is the concentration inequality for the empirical covariance matrix D,

Lemma 4. Under the Assumption 3, for t > 0, we have

nt?
P(|D, — Dl =) < 2pexp| ———" |
| [ p? exp SN 1 3D

Proof. The L-infinity norm of D, — D isbounded by each element of the difference. Notice each entry of
D, — Distheaverage of i.i.d. sum of random variables, which means concentration inequality can be used.

Forl < j, k < p,put

dix = (D)j and  dj = (Dp)jx = ZXUsz = Zd]kl with  dj ;= X; Xk

i=1
/}-

21
E(dj ) = BOXi X)) < EIXi 20 BIX )z = EIX1P: EIX): < ( )(HX I (1 [1E1/2

2m
Qn! 'n?
l(ly)zM l S 21(11)2

Let ej; ; be the centralization of djj ;, i.e. ej ;

n n __ gn
; ki — Edji; = djt; — djx. Thus we have

Z Cjii

1<j,k<p

{”Dn*DHoo >t}: U {ld]’}cfd]kl >t}: {
1<j,k<p

@kt

By the Cauchy-Schwarz inequality and EY % < S

| Y| for k > 1, wehave

[By max; <j<, ||Xjll¢ < M; in Assumption3] <

=2M2N = %(21\43)1*2 A,

where we use the growth of sub-Gaussian moments condition of {X; }P , in the second last inequality, and the
last inequality stems from:

(k! = k) (2k — D@2k —2) - 4-3-2-1=2F-kKI2k — )(2k — 3) --- 3
2K K1k 2k — 2) - 4 -2 = kD)2 fork > 1
Usingla — b] < 2/(|a' + |b]'), we have
lefid' = 1dj; — Bdj I < 2'(1di il + [Bdj ).
Take expectation and use the Jensen’s inequality |E ]f}m-|’ < Ej ]f}c,i|’,wehave

8M;!

64M;*
E(le]kll) 2l+1E|dﬂ |l 21+1 5 !

QM2 = (aMH=2 0, (23)

For the independent random variables {ej; ;} i ;, by the Bernstein’s inequality with the growth of moments
condition (23) (see corollary 4.6 in Zhang and Chen 2021), we have

p lie” >t] < 2exp|— i = 2exp N
n TS 128M;*n + 8M?nt 8(16M; + M2t) )

Thus we conclude

n
1 n
"ZE: €ik,i
ni_y

nt?
>t < 2p?exp| ——— |,
- )\ b p( 8(16M14+Mlzt))

1<j,k<p
0
5.3.5. Lemma 5
Thelemma 5 shows we can use % [ D~ lop to bound || D; ||, from above.
Lemma 5. Under the Assumption 3, forany 6s € (0, 1), let
1 1 4 2 2p?
Nis= 249 10" o (489 1D~ o M+ MDlog( 22~ 24
5

17



10P Publishing

Phys. Scr. 98 (2023) 095216 H Zhangand X Lei

wehavewhenn > N;
1 3 1
P10 oy < 210 ) 2 1 55

Proof. The crucial point of the proof is the usage of the inequality on the norm of inverse of matrices, by which
we noticeif D, is close to D, then D, isalso closeto D1,

Notice the fact thatif A, B € RP*? areinvertibleand [|A™![|op |A — Bllop < 1,then

1A~ 15 1A = Bllop

A~ = B7Hlop < = -
L[4 op |4 = Bllop

(seelemmaE.4inSunetal2017).Let A = Dand B = D,,when || D7 !|o,[|[D — Dyllop < %,we have

D™ lop
1

1
_ _ 3 1 _
”D f— D, 1||0p < : = 5 ”D l”Op’

from which we have | D, ' [lop < [[D7lop 4+ |[D7! = D M lop < % | D! lop- Therefore, it gives

. 3 A _ 1
P05 oy < 210" p ) = (1D D = iy < 5.

Recall that we have ||A ||lo, < pl|A]j« for A € RP*P,bythelemma4witht = 1/3p [|[D7!|lop), wehave

_ 3 _ _ 1 _ 1
2107 oy > 2 10 op | < P(ID- D = Duliy = 3] < 2 10y ID = Dol > 5

< 2p?exp n
< — ‘
24p [[D~|op (48p ||D71||op]\/114 + M)

Let N, be defined in (24),as n > Nj, we get P(HDH_IHOP > % ||D‘1H0p) < 6s.

6. The auxiliary lemmas and results

Thelemma 1,lemma 8, Inequalities (1) and (2) are from the proof of Tong and Ng (2018). We provide all the
complete proofs in this section for integrity.

6.1. Proof oflemma 1
Define the random variable

€)= (T+ MDHLEY, fILEY  and &(f) = (T + NI HIRY, ALY (1<i<n).

Then &; are independent copies of €, which takes values in HS(7").
Recall we define { (7, ¢;) }>1to be the set of eigenvalue-eigenfunction pairs of the operator T,

+oo ) ) i +00 i
I€llfs = DICT + XD (LEY, @) LR Y|P < (T + AuD) 2[5, ILZ YIP Y I(LEY, ) P
k=1 k=1

1 KAM
= (T + XD 23 ILE Y] < X 2,

n

1 1 1 1
wherewe use the fact S SHLE Y, ) P = LR YR IT + Al Hlop < = and [LEY]) < L& op 1Y < M

from (3).
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Notice L,% Y can be expended to 3% (L}; Y, ¢;) ¢, wehave
2

+0o0 |[+o0 L 1 .
1€lls = YA LEY, @ (LEY, o) (T + XuI) 2
k=1 ||I1=1
too oo 1 2
= DSULRY, @ P | || D2 Lk Yy o) (T + M) 2
k=1 =1
2 1 +00 1 |
—LZY2 Lch = [|[L2 Y|P |L2Y,<p|2
” H 2m 1 ||K||lzz17_l+)\n<1< l>
+00 1 .
<KAME Y (LEY, @) 2.

=1 T

Using (8) we have

1 1
EI(LEY, @)1 = BIY, L) Pl = (Lign LeLie) = (Ton @) =,

from which we get

“+o00o
i,
E(|€lhs) < #2M3Y —— = k2MZD(\,).
=1 T+ An

Notice
E(LEY, f){LEY, §) = B(Y, L ))(Y, Lig) = B [[_ YOYO(LEN$)Lig) () dsdr

—f (f Ces, (L} f)(s)ds)(L O (0dt = (LeLi f, Lig) = (Tf, g,

from which we have E((LZ Y, f)Lg Y) = T(f). Therefore (EE)(f) = (T + \I) 3T (f).
Taking €|l < Ll and E(||€lf;) < #2M7D()\,) in the lemma 7, we have for any 6, € (0, 2¢7 1), with

T
probability atleast 1 — §;

(T 4+ A2 (T — Tlop <

L5 - Ee)
ni_;

HS

2k2M;5 log (%) 2k2M5 D(\,)log (%) )
< =+ =~ <q log(—)Bn,

1/ )\n n 1
— 2 2D(\)
where welet ¢, := kM, and B,, := i Tlog 2/ 5) " .

6.2. Lemma 7,lemma 6 and corollary 5

Thelemma 7 and lemma 6 can be seen as the Bernstein-type concentration inequalities for the random variables
taking values in a Hilbert space. In the lemma 7, we assume the random variables to be bounded with regard to
the norm in the Hilbert space, while we assume that the random variables satisfy the Bernstein’s growth of
moments condition in the lemma 6. The first lemma is based on theorem 3.3.4a in Yurinsky (2006).

Lemma 6. Let H be a Hilbert space endowed with norm ||-||u. Let {€;}i_ | be a sequence of n independent random
variables in 'H with zero mean. Assume there exist B, M > 0 such that for all integers | > 2:

Bl < Z0M% i = 1,2,

then forany 6 € (0, 1), we have

2M log (%) N 2log (%)

1 n
_Z 5,‘ = S 0.
ni= - n n
Proof. We refer readers to lemma 2 in Lv and Feng (2012) for the proof of this lemma. O

The growth of moments condition with / = 2 gives B = \/ max; <;<, B(||& i) - Then we have the following
lemma.
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Lemma 7. Let H be a Hilbert space endowed with norm ||-||q and {&;}/_, be a sequence of n independent zero-mean
random variables taking values in H. Assumethat ||{|lq < M (a.s.), thenforany § € (0, 1), with probability at
least1 — 6.

<ign

20 1og () . \/ 2 max E(|¢ ) log ()

X

H n

n

1 n
—>¢
niz1

Proof. For | > 2,onehas B(|||[) < M'2E(||&|%) < %ZIIM"Z, i = 1,2,-,nwith

B= \/maxl <i<o B(||& |} - The result follows from lemma 6. 0

Next, we consider the sub-Gaussian concentration for norm of sum of random vectors in the Hilbert space.
In order to derive concentration for the norm of sum of sub-Gaussian vectors in Hilbert space, we consider
following framework in Maurer and Pontil (2021).

Let Z = (Z4,...,Z,) beavector of independent data with values in a space H, define Z’ as an independent
copyof Z. Given a function f: H” — R, itis of interest to study the concentration inequality for
f(Z) — Ef (Z). Aspecial case is f (Z) the norm function of data. Forw € Hand k € {1,...,n} define the
substitution operator SX: H” — H" by

k
S0 (2) = (215 5Zk— 1> Ws Zkt15--5Zn)

and the centered conditional version of fas the random variable is given by

Df,Zk(Z) = f(zl)'-')zkfl) Zk) Zk+l)-~-)zn) - E[f(zlr--azkfl) Z]i) Zk+l$--~)zﬂ)]

= f(S5.(2) — E[f(S5 ()] = E[f (S5, (2)) — £(S5 ()| Zl. (25)

Here { Dy, 7, (2) };—; can be viewed as random-valued functions z € H" — Dy 7 (2).1If f (z) = >_}_ zi then
Dy 7(Z) = Zx — EZisindependent of z.

Based on the norm ||-||g, we aim to obtain a tighter and extended McDiarmid’s inequality for f (X) — Ef (X)
with stochastic bounded difference conditions concerning the structure of f. The following corollary is a tighter
sub-Gaussian concentration for the norm of sum of sub-Gaussian vectors in Hilbert space, comparing to
theorem 3 in Maurer and Pontil (2021).

Corollary 4. Suppose that { Dy, 7,(2)} ' | have zero mean defined by (25). If { Dy, 7,(z) }i_ | have finite ||-||-norm for
allz € H,wehave,Vt > 0

f(Z2) —Ef(Z) ~ subG(SsupZ ||Df,Zl(z)Hé) and P{f(2) — Ef (Z) > t}

z€H j=1

< -

ex . .

SEPN Tosup S, 1 D@ B
zeH

Proof. Let the tilted expectation Ey be By[Z] = B [Z . F% ] with the exponential weighted E‘%. The proofis
based on the entropy of arandom variable Y defined by

Y
S(Y) = Ey[Y] — logE[e'] = E[Y- e—] — logE[e"],
Ee¥

which is free of centering, i.e. S(Y — EY) = S(Y).
Suppose that EY = 0, by Jensen’s inequality we have
£

eY eY Y eY
S(Y) = Ey[log(ETY)] < logEy[E—ey] = logE[Eey "B’ ] = logEe®" — 2logHe” < logEe™, (26)

where the last inequality is also derived by Jensen’s inequality Ee¥ > ™' = 1.
The concentration inequality is by Cramer-Chernoff method with the logarithm of the MGF represented as

the integral of entropy (theorems 1 in Maurer 2012).
£ S(Y)dy
2

logE[e! BV = log Ble] = ¢ f LV >0 @7)
0
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and the subadditivity of entropy (see theorems 6 and section 3.1 in Maurer 2012)

S(f(2)) < Epz Z S(Dy,z, (Z))] where we denote S(Dy 7,(Z)) = S(Df,z(2); = 2. (28)

i=1

tFEY*
k!

If Yhas zero mean, then Ee'” = 1 + 372,
mean inequality

. Note that by Cauchy’s inequality and arithmetic-geometric

1
Elty|2k+l < (EltylzkE|tYl2k+2)l/2 < E(tzkEYZk + t2k+2Esz+2)'

E 3
Then, l;!Yl < 23'(z‘ZIEYZ + t*EY*)implies

1 1 1 1 1
1 < L y?2 2k 2k
et sl +(z 2.3 ) " Z((zk)' [(zk— TRMCT 1)!])t B

0 okpy2k
3B
=72k
where the last inequality is by the definition of || Y ||; < coand EY? < % | Y |2,
Thus (29) shows log Ee?” < 4¢2 || Y ||§ and (26) gives

<exp{t? | Y&}, (29)

S(Dy,z.(2)) < logEe?Pr.z® L 4 | Dy, z,(2) &, z€ H. (30)
Denote || Dy, 7 (2) |t = || Dy, @) |&]. — 7. Combing (27)and (28), we obtain

ogate sy [ IO [ Ly 8w, |
0 ’}/ —

4 l
:tj(; wf(Z)[Z S(YDs,2,(2)) .= z]d’y

i=1

t 4 2
[By (30)] < tfo %Ewm[z 1Dy, z.2) |I& |z—Z:|d'7

i=1

t 4 2 n n
<t %wa@)[supz ||Df,z,.<z>é]dw = ssup)” 1Dz @G - =

ze€H j=1 z€Z =1 2

which shows f(Z) — Ef (Z) ~ subG (8sup X1 || Dy, 7 (2)|6)-

zeH

Corollary 5 Hoeffding-type inequality for norm of vector. Suppose { £} | areindependent random elements
with values in a Hilbert space H s.t. max;c(m||||&;|lullc < oc. Then, with probability at least1 — §

1t - L meR 1 - L2 1
s f{\/ 2 Ble — BE P + SJ 2 el o 5>}. )

Proof. Consider the function f (z) := |37 z; — v||forany v, z; € H. From (25), we have

LS e - Ee)
ni_;

H

BLf (S (@) — f(SE@)&] = E[ Yzt G- Yozt & —v ‘ | fk] < E[I€ — &l 1€l
i=k i=k
(32)
fork = 1, 2,+-,n,whichdirectlyimplies||Df.¢, (2)|lc < [|1& — &, [l by following derivation:

||Df,gk(2)||(; = Hf(zl""’zkfl’ €k) Zk+l)---)xn) - E[f(Z],...,Zkfl, 5;@ Zk+1)~--’zn)]HG
= |[BLf (SE @) — f(S& @)Iélo
By 321 <[Blll& — & llulédlle- (33)

The conditional Jensen’s inequality and Holders inequality show for any k >

E[E[[|& — & 1€ < BIE[ — & nlé ] < B{E[||& — & 16D = B Il1& — & lnlP

/2k)
Then the definition || Y ||c = sup [ (sz:)‘lEYZk] and (33) show
>
IDre@lle < Mg — Exlllle < 2011kl (34
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Now we take v = Y| B¢, and apply corollary 4 with the first inequality in (34). Let e’ = 6 for solving t, we
have with probability atleast1 — 8, for Z := (§,...,¢,)

- E
H

f@) - Ef(2) =

S — EE)
i=1

S — EE)
i=1

< 4Jzn§k & log(1/6)
k=1

H

[By the second inequality in (34)] < 8\/2 1€ i NIE log(1/6) .
k=1

Since H is a Hilbert space, {£,}_ | are independent, and Jensen’s inequality implies

n n 2
E|>E-EBE || < \/E > (& — EE) = \/Z?:IEH& 3
i=1 H i=1 H
Then, with probability atleast 1 — §, wehave (31). O

6.3.Lemma 8
The lemma 8 shows the concentration property of (T + A, I Y2 g,

Lemma 8. Under the Assumption 5, for any 65 € (0, 1), with probability at least1 — 65, there exists
g D(An)

Proof. Define random variables { and {,}/ ) taking values in the Hilbert space L*(7) by

(T + XD 7g, || <

€= e(T+ M\D)HLEY and & = (T + M)V PLEY,

where {£;}_ | are independent copies of { and (T + )\nI)*%gn = %Z?:I &,
Noticing the random noise € has conditional zero mean given Y, we have

E¢ = B(T + \I)PLEY - E(e]Y)) = 0.

Expanding { by the basis { ¢, k > 1} of the operator T, and we have

+00 i 2 +00 1 2
E(IE?) = B| || > (e(T + XD LZY, @) ¢4 ) = E[€2 STLEY, (T + MDD ¢ ]
k=1 k=1
+00 2 —+0o0 1 2
1 LY,
=K 52 1 <L12<Y, ¢k>§0k - K 622 |< K @k>|
k=1 VTk + An k=1 Tk + An
0 (LY, o) ]2 X B(LLY, o) P £ (T,
— K |< K <‘0k>| CEEY) | € o? (|< K @k)l ) _ 0_22 < Pr (pk> = o2D(\,).
-1 Tkt A il Tk + An =1 Tkt An
Hence we have

E(|(T + AD)2g, |2 = B2 &) =

i=1

B(ld) _ 2D
n h n '

o2D(\
2

Using Markov inequality, we get P(||(T + A\, I)2g,|| > t) < ? from which we conclude with

o [DAW

JaN 0

nt

probabilityatleast 1 — &, wehave ||(T + A\,I)"2g,|| <

6.4. Two crucial inequalities
The following two inequalities play an important role in the proof of the theorem 1, which shows
(T + AuD)(T, + AuD) " lopand [[(T + AuD)=(T, + ApI)~2[|op can be bounded by [|(T + Ay~ (T, — T)lop-

2

tnequality L. (7 + AD)(T, + A1) oy < (4 T+ AD 4T, = Dy + 1)

Proof. Using the following decomposition of the operator product

BA'=B - A)B'(B—-AA'+B-AB ' +1
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withA =T, + A, Jand B = T + \,I,wehave

(T + MD(T + XD = (T = TYT + MDD (T = TYT + AD 7+ (T = T)T + ND + T
= F1 + F2 + I

For the operator F;, we have

| | 1 1 |
HFlllop < ||(T - Tn)(T+ )\nI _7||0pH(T+ AnI)_j(T - ’1—;1)||0p : )\_ = )\_ H(T"'_ /\nI)_j(Tn - T)”(z)p)
n n

where we use the fact || AB o, = ||(AB)*|lop = ||B*A*||op = || BA||op for any self-adjoint operators A and B, and
1

thebound ||(T, + A1) lop < %

For the operator Fy, applying || (T + X\, )2 ,we have

1
llop < ~

1 1 1 ;
B2ty < ICT =TT+ XDl T+ AaD)lp <~ T+ Al = Dy
Thus we obtain

(T + XaD(Ty + A T) o <

(T + AuD)~2(T, = TG, + (T + XD 3(Ty = T)[lop + 1

1
T

1
A
1 2
| —= T+ X\D (T, = D lop + 1] -

Inequality
21Ty + AD) 5T+ ADiop = ([T + AD2(T, + M) 2o <

= Tllop + 1.

Proof. Applying the fact that
|OB oy < 4B, 7€ (0, 1)

for positive operators A and B defined on Hilbert space (see lemma A.7 in Blanchard and Krdmer 2010), we have
[T+ AuD3(T 4 Aul)ellop =T+ AuDA (T 4+ M) fop

< + AD(T + AT, < (T + AD)(T = T flop + 1,

L
VA
where in the last step we use the inequality (1). O

6.5.Lemma 9
The lemma 9 is helpful in constructing the lower bound which is based on the testing multiple hypothesis.

Lemma9. Assume N > 2 and suppose there exists © = {0} such that the conditions are satisfied:

1. 2r-separated condition: d(0;, 6) > 2r > 0, VO <j<k<N,
j

//\ //\

2. Kullback-Leibler average condition: if P; < Py for 1 < Nand

N .
%Zj:IK(}7j|PO) < plogN for some 0 < p < E and P; = Py, (0 < j < N).

Then for all possible random variables 6, we have

inf sup Pp(d (B, 0) > r) > N ( 2p — 2p ) >0

7 geo 1+JN logN

Proof. We refer readers to theorem 2.5 in Tsybakov (2008) for the proof of this lemma. O

6.6. Varhsamov-Gilbert lemma
We need the Varhsamov-Gilbert lemma in the proof of the theorem 2 to construct the analogy of © in lemma 9.

Lemma10. Let H(6, 0') = ZkM L 1(6y = 0 be the Hamming distance between elements 0, 0" in {0, 1} ™. For
any integer M > 8, there exist vectors { 0° W, C {0, 1} M such that
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(@ 0° = (0,+,0), (i) H(O,0) > forall is=j, (i) N> 2%

Proof. We refer readers to page 104 in Tsybakov (2008) for the proof of this lemma. O

6.7. Derivation of the equality (15)

2
Let fi(X, Y) be the density of (X, Y) and f, (¢) = ﬁe’? be the density of & since we assume € ~ N(0, o), then
the density of P, g, can be written as

dPalm& T
T(Z) X, Y) =X, NLEZ - X'au — (Y, B),

where ytis a dominant measure on the space R x R x L2(7).
1

E2
Therefore, under the assumption of f,(¢) = We_z”z , we have

tog| 2P | log( £(Z = Xy — (Y, B1))
dPy, 5, LZ - X'ay — (Y, (2))
= L (X (V.5 — (2~ XTay — (Y, B
202

= S~ Xy — (Y, B @ — ) + (¥, i~ )

+ 2%‘2()@(011 — ) + (Y, B — B))%
Notice when the true parameter is (o}, 3;), we have Z = X'a, + (Y, B1) + &, based on which we obtain
Ea,5(Z — X'oy — (Y, B X (0q — o) + (Y, 51 — ()
=Ee(X" (a1 — o) + (Y, i — (7)) = BI(X" (a1 — ) + (Y, i — (2) - B(elX, Y)] = 0.
Thus the Kullback-Leibler distance

dPa NG 1
K(Pal,ﬂllPaz,ﬂz) = Eal,ﬁl 10g —1 = —ZE(XT(al — o) + <Y: 61 - 52>)2-
dPOébﬂz 20

6.8. Minimax rate with given Euclidean predictors

Assumption 10. For a fixed ay*€R? and different 3}, 3, € H(K). We assume that the Kullback-Leibler
distance between B, x, g and B, x 3, can be bounded by
agval

dp
K(Pas|Paip,) = Bag,s log| ———

aﬁ,;ﬁz

) g K(J'ZE(<Y) /61 - ﬁ2>)2)

where K,2 > 0isavariance-dependent constantand i, «, g, is the expectation taken over B, x 3,

Corollary 6 Minimax rate with given Euclidean predictors. Under the Assumptions 5 and 10, suppose the
eigenvalues {1z k > 1} of the operator T decay as 1, = tok=*" forsomer, ty € (0, o), then for p € (0, é), there
exists a sequence { N, },> satisfying

7142:27 ﬁ

K2 \'* !

log (N) > 8 hky2 nids, (35)
log2 p

log2
such thatwhen n > 228
81K 2

__2r

1+2r . N
inf sup P|E@) — Emy) > —- (%) pit s N [y, [ 20 )
T nyeR X HK) 2440 plog2 1+ N, log N,

where we identify the prediction rule 7j as the arbitrary estimator (&, [3) based on the training samples
{(Zi, Xi, Y)Y, andview 1, as the true parameter (o, (o) € RP x H(K). We emphasize the probability P is
taken over the product space of training samples {(Z;, Xi, Y;) Y, generated by 1y = (oo, By).

the excess prediction risk satisfies

In Caiand Yuan (2012), aasymptotically minimax lower bound is derived for the FLM in the theorem 1,
which is also a corollary of our result on the non-asymptotic and constant-specified minimax lower bound when
N, —00.
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Proof. Let M be the smallest integer greater than byn1 + 2, where b, will be defined in later proof. For a binary
sequence 0 = (Oyr1 1, +,0m) € {0, 1} M, define

2M
Bp=M7> Y akLKSDk
k=M+1
Byapplying (L¢ @), >L1§<pkK = (%5 ) Lk g = (gaj, @) = Ok, we canshow 3y € H(K), because
M

||56||1< = HM 2 Z 9kL1<<Pk||K = Z M- 191<||L SDkHK Z ||L SDkHK =1L
k=M+1 k=M+1 k=M+1

Using the lemma 10, there existaset © = {#'}Y , C {0, 1} M such that
@ 0°= -0, @) H@ 0)> forall i=j (i) N>2¥

For 1y = (g, Bo), let Py 5, be the joint distribution on the product space of training samples
{(Zi, X;, Y))}I_, generated by the true parameter (cvg, [3p), where Z; = X oty + (Y;, Bo) + €;,and Py, 5, bethe

distribution on a single sample (Z, X, Y), where Z = X o + (Y, Bo) + e.Bytheindependence of the
training samples, for fixed a,y*€R? and different 0, 8’ € ©, we have

dPn * ﬂ / *, 03,

log| === ({(Zi Xi, W) | = Zl SLovssre 7, %, 1) |
Pao*,ﬁa ¥,

Using the Assumption 9, we can bound the Kullback-Leibler distance between Py, 4 3, and Py, 4 5,

" dPa *, 08y
K( agk, By | ok, ’39) = Z an*,ﬁg/ lOg — <
i=1 dPaO*:ﬁg

KUZ]E‘(<Y> /69' - ﬂ@))z

Noticing (Légoj, LcLécpk) = (¢ Toy) = Tibjr we have
E(Y, Bo — Bo))* = (Bo — Bo LBy — Bo))

o . o .
= <M2 > Ok — 0L M2 Y (0 — Qk)LcLé<Pk>

k=M+1 k=M+1
2M
= M! Z (Gk— 01 < M1y Z (9k— 0r)?
k=M+1 k=M+1

= Mﬁl’TMH(al, 0) < v = toMﬁzr,
from which we have K (P}, o By Pt y) < tonK 2 M2

81K 2
log2

Ifwelet by == ( )1 v p*ﬁ,then forany p € (0, %),we have

N
2 K B By i) < 1onK M2 < plog (27) < plog(N).
j=1

For § € ©andafixed ay*€R?, we consider the predictionrule 7,(X, Y) = X ag*+(Y, [3y). For different
0, 0" € ©,when the true parameter is (o™, 3y), the excess prediction risk for 7, is

EMmg) — Emy) = BIX*T (ag*—ao®) + (Y*,80 — Bo)IP = E(Y*,B0 — B9))?

M M
=M Z 0 — 07 > M 'noy Z O — 0)? = M~ 'y H (O, 0)
k=M + 1 k=M +1

> M—lto(zM)—Zr% — toz—(2r+3)M—2r‘

. . . log2
Since M is the smallest integer greater than byn1 + 2, so when by fr > 1o n > 2% M < 2bgn .

7 81K 2’
Thus we obtain the lower bound for £(ny) — £(1)

2
1+2r
Emy) — Emy) > (2r+3)(2b0n142r) 2 = 4,2 GH4n 8t0K{J'2 p%ﬂ_%.
log2
For fixed ay*€RP?, consider the set = == {(ag*,0y): 0 € O}. By thelemma 9, we have
2
1+42r
inf sup P| E@) — E(ny) > t02_4(1+’)(8t0—K”2) prEn Ty | > i 1—2p— 2p .
7 pes log2 14+ JN logN
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Notice sup P{E(#) — EMmy) = -} < sup  P{EH) — &) = ---}and log(N) > loggZM,we have
N,EE 1yERP X H(K)
the desired conclusion. O

7. Conclusions and future studies

Recently, the PFLM has raised a sizable amount of challenging problems in functional data analysis. Numerous
studies focus on the asymptotic convergence rate. However, we analyze the kernel ridge estimator for the RKHS-
based PFLM and obtain the non-asymptotic upper bound for the corresponding excess prediction risk. Our
work to drive the optimal upper bound weakens the common assumptions in the existing literature on
(partially) functional linear regressions. The optimal bound reveals that the prediction consistency holds under
the setting where the number of non-functional parameters p slightly increases with the sample size n. For fixed
D> the convergence rate of the excess prediction risk attains the optimal minimax convergence rate under the
eigenvalue decay assumption of the covariance operator.

More works could be done to study the non-asymptotic upper bound for the double penalized partially
functional regressions. The penalization for the non-functional parameters could be Lasso, Elastic-net, or their
generalizations. The proposed non-asymptotic upper bound is novel and substantially beneficial. It is also of
interest to do non-asymptotic testing based on large deviation bounds for || &, — a |[?and || T( fn — f)II*. Asa
further study, PFLM analysis could also be considered for the analysis of variability of multiple trajectories
(Contreras-Reyes et al (2018)).
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