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ABSTRACT

My thesis focuses on computations of stable homotopy groups of spheres, with applications
and connections to differential geometry and motivic homotopy theory. The Adams spec-
tral sequences and Toda brackets play a major role in my work. We have introduced two
methods to compute Adams differentials and solve extension problems: one is very technical
but inductive, using the algebraic Kahn-Priddy theorem; the other one is more systematic,
using a new connection between motivic homotopy theory and chromatic homotopy theory.
Combining both methods, we have computed stable stems into a larger range. As a conse-
quence, I solved the strong Kervaire invariant problem in dimension 62 and showed that the

61-sphere has a unique smooth structure, which is the last odd dimensional case.
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CHAPTER 1
INTRODUCTION

Understanding the stable homotopy groups of spheres is one of the most fundamental and
important problems in algebraic topology. It has many connections to other areas in math-
ematics: geometric topology, differential geometry, algebraic geometry, number theory and
algebraic K-theory. Despite its simple definition, which was available sixty years ago, it is
notoriously hard to compute: all known methods at any time only give a complete answer
through a range, and then reach an obstacle until a new method is introduced. More specif-
ically, to compute stable stems, one has Adams type spectral sequences converging from
algebra to homotopy; to identify the Fs-pages, one needs algebraic spectral sequences con-
verging from simpler algebra to more complicated algebra. For any spectral sequences, there
are difficulties computing differentials, and in solving all extension problems. Differences in
methods lead to trade-offs: one method may compute some types of differentials and exten-
sion problems more efficiently, but will definitely leave other types open, which perhaps are
unsolvable by that technique. To obtain complete calculations, one must be eclectic, apply-
ing and combining different methodologies. Even so, combining all known methods, there
are eventually some problems that cannot be solved. Because of this, experts in the field
tend to believe that computing the stable homotopy groups of spheres completely is a mission
that will never succeed: This is also known as Mahowald’s uncertainty principle.
Nonetheless, I devote myself to pushing forward the computations and to finding new
connections to other mathematics. I have discovered two new methods, with complementary
advantages, which allow me to successfully extend known computations into a much larger
range. A major goal in the near future, is to apply these new methods to solve the last
open case of the Kervaire invariant problem, the one in dimension 126, which is arguably
the most famous unsolved problem in stable homotopy theory. Besides the methods and
computations, I found a new connection between chromatic homotopy theory and motivic

homotopy theory.



Although complicated computations are hard to summarize, here are some theoretical

outcomes of my work:

Theorem 1.0.1 ((88)). The strong Kervaire invariant problem in dimension 62 is true: the

Kervaire invariant element 05 € wga has order 2.

Here mgo is the 62nd 2-localized stable homotopy groups of spheres. If one can further
show that 952) = 0, then it solves the only open case of the Kervaire invariant problem in
dimension 126. Another approach, which requires a much lower dimensional computation in
dimension 93, is summarized in the following unpublished technical theorem. I will sketch

the proof later.

Theorem 1.0.2. If the Toda bracket (05,2,604) in mg3 contains an element of the form

2¢1 + voa for some @1 € g3 and ¢o € mgg, then Og exists.

In particular, if the Toda bracket contains zero, then g exists.

The following theorem is joint work with Guozhen Wang.

Theorem 1.0.3 ((86)). The sphere SO has a unique smooth structure. Moreover, this is
the last odd dimensional case: only the spheres ST, S3, S° and SO have a unique smooth

structure.

The statements of Theorem 1.0.3 rely on Kervaire-Milnor’s work (45) on exotic smooth
structures and Hill-Hopkins-Ravenel’s work (30) on the Kervaire invariant problem.
The following theorem was conjectured by Isaksen and proved joint with Bogdan Gheo-

rghe and Guozhen Wang.

Theorem 1.0.4 ((27)). There is an equivalence of two triangulated categories with t-structures
at each prime p

DY(BP,BP — comod) ~ Ho"(C't — mod),



between the bounded derived category of p-completed B PxBP-comodules which are concen-
trated in even degrees, and the p-completed motivic homotopy category of cellular module

spectra over the Exo-ring spectrum C1, whose BPG L-homology has bounded Chow degree.

We actually proved a stronger version of this theorem: an equivalence of stable oo-
categories in the sense of Jacob Lurie (48). Here C7 is the cofiber of the element that corre-
sponds to Tate twist in the motivic stable homotopy groups of the p-completed spheres over
Spec C, BP is the Brown-Peterson spectrum, BPGL is its motivic analogue, and BP,BP
is the Hopf algebroid of BP-cooperations. The derived category of BPyB P-comodules is
also known as the derived category of quasi-coherent sheaves on the moduli stack of formal
groups. This connection is foundational to chromatic homotopy theory, and is due to Quillen
(70) and Goerss-Hopkins (28; 32). Our theorem further connects these to motivic homotopy
theory.

As an application, the following theorem helps compute the stable homotopy groups of

spheres:

Theorem 1.0.5 ((27)). There is an isomorphism of tri-graded spectral sequences at each
prime p: the algebraic Novikov spectral sequence that converges to the Adams-Novikov Fo-
page, and the motivic Adams spectral sequence of C'T that converges to the motivic homotopy

groups of C'T.

Theorem 1.0.5 originated from an observation of Isaksen (35) that the motivic homotopy
groups of C't are essentially algebraic. This isomorphism of spectral sequences therefore gives
a way of producing topological differentials (in the motivic Adams spectral sequence) from
purely algebraic data! An application of Theorem 1.0.5 is that, as I will explain in detail
in Subsection 1.2.2; it reproves and generalizes Miller’s theorem (54) on the correspondence
of classical Adams d, differentials and algebraic Novikov d, differentials from Miller’s case
r=2tor >3l

More details regarding the Kervaire invariant problem in dimension 62 and 126 are dis-

cussed in Section 1.1. In Section 1.2, I will give a summary of the two new methods of
3



computations of the stable homotopy groups of spheres and present the new connection be-
tween chromatic and motivic homotopy theory. The organization of the remaining chapters

of my thesis is discussed in Section 1.3.

1.1 the Kervaire invariant elements 0; and 6g

The Kervaire invariant is the most fundamental invariant of a (4n+2)-dimensional framed dif-
ferentiable manifold (or more generally PL-manifold). It is defined as the Arf invariant of the
quadratic form determined by the framing on the middle-dimensional Fo-coefficient homol-
ogy group. Using his invariant in dimension 10, Kervaire (41) constructed a 10-dimensional
PL manifold with no differential structure. It also plays a key role in Kervaire and Milnor’s
work (45) on the computations of exotic smooth structures on spheres.

The Kervaire invariant problem asks in which dimensions do there exist framed mani-
folds with nonzero Kervaire invariant. Browder (14) reduced it to a computation of stable
homotopy groups of spheres at the prime 2: it is only possible for dimensions 2+l _2 and in
that case only when the element h? in the F9-page of the Adams spectral sequence survives.
In these cases, the relevant homotopy classes in myj+1_o are called ;. Tt was known by 1984
that ¢; exists for j < 5. Recently, Hill, Hopkins and Ravenel (30) showed that ¢; does not
exist for k > 7, leaving the existence of 6g as the only open case.

Before Hill-Hopkins-Ravenel’s result, Barratt-Jones-Mahowald (8) had an inductive ap-
proach, trying to show that all 0; exist: If 0; exists, 26; = 0, and (9]2. = 0, then 6; 1 exists,
and 26; 1 = 0. This inductive approach motivates the strong Kervaire invariant problem,
which asserts that ¢; exists and has order 2. To solve the open case that g exists using this
approach, one first needs to know if 85 has order 2, which motivates Theorem 1.0.1.

In 1984, Barratt-Jones-Mahowald (7) constructed 65 using obstruction theory and the
theory of cell diagrams. In fact, they constructed a 9-cell stable complex X, with two stable
maps

f:562—>X, g:X—)SO,
4



and showed that the composition g o f is represented by 5. Although 05 is in g, the proof
only involves computations of certain Toda brackets through dimension 47. Doing further
computations, I reduced the 9-cell complex of Barratt-Jones-Mahowald to a 4-cell complex
(88) and later to a 3-cell complex (86).

However, they were not be able to show that this 65 has order 2, and therefore could
not make use of the inductive approach to deduce the existence of 5. The full statement of

Theorem 1.0.1 reproves that 05 exists.

Theorem 1.1.1 (Xu (88)). The class 63 = 0 € mgo, and therefore 05 € mgy exists and has

order 2.

If one could further show that 9% = 0, then we would know that g exists, has order 2,
and 9(2)- = 0 since 07 does not exist.

The idea of the proof of Theorem 1.1.1 is to decompose 04 as a Toda bracket of classes in
the stable homotopy groups of spheres in lower dimensions. The Adams spectral sequence
is essential to the computations of the following Toda brackets, which the proof of Theorem

1.1.1 is based on.

Theorem 1.1.2 (Xu (88)).
0y = (2,02 + K, 20,0) in w30,

0€ (04,2,0% 4+ K) in s

To prove that 952) = 0, one needs to know a Toda bracket description of 85. The only

known one is the following:

Theorem 1.1.3 (Wang - Xu (86)).

05 € (2,04,04,2) in meo.



This leads us to consider the Toda bracket (04,2,05) in mg3. This bracket is also crucial

if we use the obstruction theory approach, summarized in Theorem 1.0.2.

Figure 1.1: My proposed construction of 6g

5126 f ! g 40

The idea of the proof is to construct a 7-cell stable complex X/, and two stable maps

flost?—x ¢ x'— 3

and to use obstruction theory to show that the composition ¢’ o f’ is represented by fg. See
Figure 1.1 above.

Of course, to see if fg exists in m9¢, one can always try to compute the stable homotopy
groups of spheres up to dimension 126. If some condition similar to Theorem 1.0.2 is satisfied,
then we have a shortcut to see the existence of g with much less computation, as Barratt-
Jones-Mahowald did for #5. This project won’t be interesting at all, if one cannot provide

methods to extend the known range of computations. This is what I will describe in the
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next section.

1.2 Two methods of computing stable stems

The stemwise computations of stable homotopy groups of spheres have been pursued by many
people, by introducing different methods: Serre, Toda, Adams, May, Barratt, Mahowald,
Tangora, Bruner, Nakamura, Aubry, Ravenel, Kochman, Isaksen, others and myself. T will
focus the discussion at the prime 2, where the Kervaire invariant problem lies. Among all
spectral sequences which converge to the stable homotopy groups of spheres, the classical
Adams spectral sequence is the most effective one. My collaborators and I introduced two
new methods of computing differentials and solving extension problems in the Adams spectral
sequence, with complementary advantages.

The first method, referred to as the RP°°-method, is designed to prove a single differential
or extension left by other methods. It translates the problem in the sphere spectrum to a
sequence of problems in lower stems of truncated projective spectra inductively. If the
problem at hand is the last stemwise unsolved problem, then this method has a good chance
of solving it, using only information about lower stems. Using this method, Guozhen Wang
and I (86) proved a notoriously hard differential. As a consequence, we showed mg; = 0, and
therefore the 61-sphere has a unique smooth structure. The shortcoming is also obvious: it
took us more than 40 pages to set up the theory and do the minimal computations to prove
one differential; this method is not for systematic computations.

The second method, referred to as the motivic C7-method, is on the contrary very sys-
tematic: it produces a huge amount of differentials and extensions from purely algebraic
computations, some of which are hard to prove by other methods. Using this method, Dan
Isaksen, Guozhen Wang and I have re-computed the known range without much effort, with
only a few problems left open. The shortcoming is the universal one: the leftover problems
need to be solved by other methods.

Combining the two new methods with classical ones, we have extended stable stems from
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59 to 75, and haven’t seen the limit of our computations. It is quite plausible that we can
achieve 20 more stems and have a chance to compute the Toda bracket in mg3.

From our computations, we discovered some new phenomena in the FEs-page of the
Adams-Novikov spectral sequence. It is proved by Andrews-Miller (5) that, removing the

alpha family elements, there is a vanishing line of slope 1/5.

Observation/Theorem 1.2.1. In between the 1/5-vanishing line and a slope 1/11 line,

there is an Adams type periodicity with bidegree (t — s, s) = (20,4).

Classically, this observation is just algebraic, however, motivically, since motivic Novikov
differentials leave T-torsion behind, this observation actually gives new nontrivial periodic

families of homotopy classes, some of which were earlier discovered by Andrews (4).

1.2.1 the RP*-method

I will first explain the idea of this method, then sketch the proof of the hard differential
which took us 40 pages to prove.

The starting point is the algebraic Kahn-Priddy theorem: let SO be the sphere spec-
trum, PP be the suspension spectrum of RP*, and Ext(Y) = Ext g(H*(Y),Fg) be the

abbreviation for the Adams Fo-page for any spectrum Y. Then the homomorphism
Ext(P°) — Eat(S°)

induced by the transfer map is an epimorphism in positive stems. Due to the surjectivity, we
can pull back the elements which are involved in a differential or an extension from Ext(S°)
to Ext(Pr°).

We have the following Mahowald’s square to compute Adams differentials of PP from



differentials in the other three spectral sequences.

%m% Atiya]axrz%ss
Eat™*(Pre) Dnzq ™ (5")

algebraiktiyah—@ruch SS}m%

B, Eat™*(S™)

Mahowald’s square

Since the action of the Steenrod algebra on H*(P*) is well understood, the differentials
in the algebraic Atiyah-Hirzebruch spectral sequence are very computable through Massey
products. Since the action of the Steenrod algebra on the cohomology of the cofiber of the
transfer map is also well understood, we can compute the map Ext(P®) — Ext(SY) and
trace the elements to the F;-page of the algebraic Atiyah-Hirzebruch spectral sequence, i.e.,
the cells of P that they come from. These computations are carried out by Wang and
myself (85) in the range ¢ < 72.

The next step is the crucial step: we use a “zigzag” method to further trace the elements
through certain subquotients of Py, so the differential or extension that we are trying to
prove is in a finite cell complex with as few cells as possible. The “zigzag” process is based
on the combination of algebraic Atiyah-Hirzebruch differentials and the Adams differentials
in lower stems. The subquotients coming out of the “zigzag” process are highly dependent
on the elements we started with. The “zigzag” process is mainly for intuition: it suggests
which subquotients to consider, and which differentials or extensions to prove. However,
when presenting the proofs, we only use naturality of the spectral sequences.

Figure 1.2 below is the rough outline of how we use this method to prove a very hard

9



differential

d3(D3) = Bg3

in the 61-stem, which leads to our proof that mg; = 0, and therefore the uniqueness of smooth

structure on the sphere S01.

Figure 1.2: The “road map” for the Adams differential d3(D3) = B3

Ext(S0) Ext(x4Cn)
d3(D3) = B3 dy(h3[16]) = B1[14]
Eat(P) Ext(X)
d3(h1 h3hs[22]) = GI6] dy(h}[16)) = B1[14]
Ext(X)
EJJt(P123) Ext(Pl%f’) d4(hi[16]) _ 31[14]
d3(hihshs[22]) = GI6]|  |da(mhshs(22)) = BilA]|  |j pohs([22] s a cycle

Here P123, X, X and 21407) are certain subquotients of P. The last subquotient
>4y is a two cell complex: the 14-suspension of the cofiber of 7 € 7. The differential
d4(hi[16]) — Bi[14] in the Adams spectral sequence of 14C follows from an 7-extension
from hi to Bj in the 45-stem of the sphere spectrum. We first establish this differential,
then prove the rest one by one using naturality.

Using this method, Wang and I (87) also solved a few extensions problems in the 46 and
51-stems, which were left open by Isaksen’s previous computations (35): These are the last

unsolved 2, n and r-extensions up to the 58-stem.

1.2.2 the motivic Ct-method

Let HM), be the motivic Eilenberg-Mac Lane spectrum that represents the mod p motivic

cohomology over Spec C. Let 7 be the element that corresponds to Tate twist in the HM,-

10



completed motivic homotopy groups of spheres. Let Ct be the cofiber of 7.

A
7€ m0,-1(5" )

This method starts with Isaksen’s observation that the motivic homotopy groups of C't
are algebraic: More precisely, Isaksen (35) proved that the motivic Adams-Novikov Fo-
page of C7 is isomorphic to the classical Adams-Novikov Ey-page of the sphere spectrum.
Since the motivic Adams-Novikov spectral sequence of C'7 collapses for filtration reasons,
there is an isomorphism:

T 4 (CT) = Batly 1 p(BPs, BP.).
between the HM),-completed motivic homotopy groups of C't, and the classical Adams-
Novikov Es-page of the sphere spectrum.

For both sides of the isomorphism above, there are spectral sequences converging to them:
the motivic Adams spectral sequence of C7, and the algebraic Novikov spectral sequence.
Isaksen (35) computed the first one up to around the 60th stem. After comparing with the
computations of the second one in the same range, which was done by a computer program
made by Wang, we noticed an isomorphism of spectral sequences: isomorphic tri-graded
Ey-pages, and bijections between the differentials and extensions! This is a very surprising
discovery: the algebraic Novikov spectral sequence is purely algebraic - the differentials
can be computed by imbedding them in the cobar complex, and therefore systematically
produced by a computer program; the motivic Adams differentials are topological - they
are hard to compute in general!

During discussion, Isaksen conjectured Theorem 1.0.4, giving the theoretical reason why
this isomorphism of spectral sequences is true. It is now proved by my collaborators and
myself (27).

For the proof, we constructed a t-structure on the homotopy category of C'T-modules, such

11



that the heart associated to the t-structure consists of C7-modules whose B PG L-homology
is concentrated in Chow degree 0. We then identify this heart with the category of BP,BP-
comodules by taking BPG L-homology and forgetting its motivic weight. The version we
proved is actually in a stronger form: the equivalence is between two stable co-categories in
the sense of Lurie (48). The stronger form relies on a theorem of Lurie (48).

As an application, we proved, as stated in Theorem 1.0.5, that there is an isomorphism
of spectral sequences between the motivic Adams spectral sequence of C't, and the algebraic
Novikov spectral sequence. The idea of the proof is the following: after re-grading, the
algebraic Novikov filtration gives a sequence of subcomplexes in the cobar resolution of
BP;. Using the functor produced by Theorem 1.0.4, we identify the subquotients as motivic
Eilenberg-Mac Lane spectra smashed with C'7, compute the maps between them, and prove

they form a motivic Adams tower for C'7.

E:Et;fw(Fp, ]a—S/Ia—s—i—l) = Eg:tj?ﬁfﬁa’w(ﬂ?p, FP[T])

1%

Exti o o(BPy, BPy) Tow— s (CT)

Here Py is a sub-Hopf algebra of the dual Steenrod algebra: F,, [5%, 5%, e lifp =2, Fpléy, 62, -
if p > 2, I is the ideal (p, vy, ve,---) € BPy, and A" is the dual motivic Steenrod algebra
over Spec C.

Theorem 1.0.5 allows a generalization of Miller’s theorem (54) on the correspondence
between classical Adams do differentials and algebraic Novikov do differentials to the cases
dy for r > 3: Given any nontrivial algebraic Novikov d, differential, it corresponds to
a nontrivial motivic Adams d, differential for C'7, which can be further pulled back to
a motivic d» (r' < r) Adams differential of the bottom cell of C7. After applying the
realization functor, one get a classical Adams d,s differential for the sphere spectrum.

Another way to think of Theorem 1.0.5 is through the motivic analogue of Miller’s square:

12



Figure 1.3: Miller’s square and its motivic analogue
Bty (Fp, I*/T*H1)

Ca%an-]ﬂiler{gss \alg-Novikov SS

Ext’y" (Fp, Fp) Extgp pp(BPs, BPy)

\

xS0

Adams-Novikov SS

/

Bt pin (219, Lison! Tt

pmot mot
motivic/(}artan—@erg SS mg-N%
¥y ¥ * %k %k
Ext )0 (Fp, Fp[r]) Eatgper. ppar(BPG Ly, BPGLy/T)

m A% ymsﬁ@

W*,*CT

since both the motivic Cartan-Eilenberg and the motivic Adams-Novikov spectral sequences

collapse for filtration reasons, the other two spectral sequences are isomorphic.

1.3 Organization of my thesis

The rest of my thesis is organized as follows. In Chapter 2, I will discuss the proof of
the strong Kervaire invariant problem in dimension 62, namely Theorem 1.0.1. Chapter
2 is published as (88). In Chapter 3, I will present the RP°°-method together with the

proof of Theorem 1.0.3. Chapter 3 is joint with Guozhen Wang and is submitted (86). In
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Chapter 4, I will discuss a few extension examples that are solved by the RP°°-method.
In Chapter 5, I will discuss the computations of the algebraic Atiyah-Hirzebruch spectral
sequence through the Curtis algorithm. The output of the computer data are included as
tables in the appendix. Both Chapter 4 and 5 are joint work with Guozhen Wang. In
Chapter 6, I will discuss the proof of Theorem 1.0.5 using Theorem 1.0.4. Chapter 6 is joint

with Bogdan Gheorghe and Guozhen Wang.
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CHAPTER 2
THE STRONG KERVAIRE INVARIANT PROBLEM IN
DIMENSION 62

This chapter is published as (88).

2.1 Introduction and main results

The Kervaire invariant problem is one of the most interesting problems that relates geometric
topology and stable homotopy theory. One way of formulating it, due to Browder (14), is in
terms of the classical Adams spectral sequence (ASS) at the prime 2:

1t2,2“+1—2

For each n, the element h? € Ex survives in the ASS.

If h% survives, we denote the corresponding detecting elements in homotopy by 6, € mon+1_9S 0

and we say that ), exists. The strong Kervaire invariant problem for n is the following.

0, exists, and there exists a 6, such that 26, = 0.

It is well-known that the first three Kervaire invariant elements 61,69 and #3 can be cho-
sen to be 2,2 and o2. And they all have order 2. Mahowald and Tangora (50) showed
that 04 exists and 204 = 0 by an ASS computation. In (7), Barratt, Jones and Mahowald
showed that 05 exists by constructing a 9-cell complex and using the Peterson-Stein formula.
Recently, using equivariant homotopy technology, Hill, Hopkins and Ravenel (30) in their
marvelous paper showed that 6, does not exist for all n > 7, which left the existence of g

as the only open case.
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In (8), Barratt, Jones and Mahowald gave the following inductive approach to the strong

Kervaire invariant problem:

Theorem 2.1.1. Suppose that there exists an element 0y such that 20, = 0 and 97% = 0.

Then there exists an element 0,11 with 20,41 = 0.

In this chapter, we prove the following:
Theorem 2.1.2. 6% = 0.

Since 64 is unique and 264 = 0, we have the following corollary:
Corollary 2.1.3. 05 exists and there exists a 05 such that 205 = 0.

Remark 2.1.4. In (53), R. J. Milgram claims to show that under the same condition as
in Theorem 1.1, one has 6,2 exists. If this were true, then we would have that 6g exists.

However, Milgram’s argument fails because of a computational mistake (17).

Remark 2.1.5. Note that if one can further prove that the same 65 has the property 6’% =0,
then Theorem 1.1 will imply the open case g exists and that there exists a g such that

205 = 0.

For the case 05, Lin (46) shows that there exists a 05 such that 205 = 0 based on a
computation of the Toda bracket (4,2, 02). Based on the same Toda bracket but a different
computational result, Kochman (43) also shows that HE = 0 and hence that there exists a 05
such that 265 = 0. Recently, Isaksen (36) computed this Toda bracket using more straight-
forward arguments. His result contradicts the results of both Lin and Kochman. For more
details about where Lin and Kochman’s arguments fails, see Remark 3.4. Our proof uses
Isaksen’s computation. Since Isaksen’s computation of (4,2, 02> gives a more complicated

answer than the earlier claims, we must study several other Toda brackets to prove HE =0.
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Knowing 92 = 0, we give a second proof of the existence of 5. In (7), Barratt, Jones
and Mahowald constructed a 9-cell complex X', and maps f’ : §92 — X', ¢ : X/ — SO,
such that the composite ¢’ o ' : $92 — SO realizes a 05. We simplify this 9-cell complex X’
into a 4-cell complex X, and construct maps f : $52 — X, g : X — S¥ as indicated in the

following cell diagram. We follow Barratt, Jones and Mahowald’s notation of cell diagrams.

@@
@0 o\

A,

80 ©

Here each circle represents a cell. The number in each circle represents the dimension of

that cell. The middle 4 cells represent the cell structure of X, where the three lines without
arrow heads represent attaching maps of X. The map ¢ is an extension of 64, and the map
f is a co-extension of V2. In other words, if we restrict the map ¢ on the bottom cell of X:
gl g30 : 530 5 SV we have 4. If we pinch down the 31-skeleton of X: p: X — §61v 562
then the composite p o f : §62 — 561\ §62 i5 v 2. For more details about cell diagrams,

see (7).
Theorem 2.1.6. The composite of maps go f : 52 — SO realizes a 05.

Proof. We first show that we can form this cell diagram. For primary obstructions, we have
204 = 0 and HE = 0. For secondary obstructions, we have nfy € (2,04,2) and 0 € (64,2,04).
The latter is shown in (7). It is straightforward to check that the following two facts are

true: for ¢ < 4 the functional cohomology operations
SqZ - HYS" — H¥ 71X
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are all zero, while Sq§’2 - H959 — H31X is nonzero; the functional cohomology operation
Sq?’2 is nonzero on ng’2H 050 = H31X. Note that all cohomology is understood to have
mod 2 coefficients. As used in (7), it follows from the Peterson-Stein formula ((59),(66))
that the composite go f is detected by the secondary cohomology operation ¢5 5. Therefore

g o f realizes a 05. 0

We present the proof of Theorem 2.1.2 in Section 2.2. The proof uses several theorems
and lemmas whose proofs we postpone. We include Isaksen’s computation of (64, 2, 02) in
Section 2.3 for completeness. In Section 2.4, we discuss two more Toda brackets in the 45-
stem, namely (04,2, k) and (04,2,02 + k). The proof of the main theorem depends on the
computation of the latter bracket. We give a modified 4-fold Toda bracket for 64 in Section

2.5. We complete our proof of the main theorem by proving several lemmas in Section 2.6.

2.2 The proof of the main theorem

We will use the following Toda brackets to prove Theorem 2.1.2.
Theorem 2.2.1. (04,2,0° + k) contains 0 with indeterminacy {0, p1504}.
Theorem 2.2.2. 0y = (2,02 + K, 20,0) with zero indeterminacy.
Lemma 2.2.3. omy3 = 0.

Lemma 2.2.4. (pi504,20,0) = 0 with zero indeterminacy.

We postpone the proof of Theorem 2.2.1 to Section 2.4, the proof of Theorem 2.2.2 to
Section 2.5 and the proofs of Lemma 2.2.3 and 2.2.4 to Section 2.6. Now we present the

proof of Theorem 2.1.2.

Proof. Following Theorems 2.2.1 and 2.2.2, we have
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92 = 04(2, 0% + k, 20, o)

= the union of (0,20,0) and (p1564, 20, 0)

By Lemma 2.2.3 and Lemma 2.2.4 above, both brackets contain a single element zero.

Therefore, we have that 6’2 =0. O

If a is a surviving cycle in ASS, we use {a} to denote the set of elements in the homotopy
group that are detected by a. For elements in the Eo.-page of the ASS, we include part of
Isaksen’s chart (36).
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We do not include elements in filtration higher than 14. Those elements are detected by
the K (1)-local sphere, and are not relevant to our proof. Here we use colored lines to denote
nontrivial extensions. For example, the line between Pu and egr indicates that 2{egr} is
nontrivial and is detected by Pu. The 2, n and v-extensions are completely known in this
range with a few exceptions that are indicated by dashed lines.! But these extensions are

irrelevant to our purpose.

2.3 A Toda bracket (0,,2,0?%)

The following theorem is due to Isaksen (35). For completeness, we include the proof.
Theorem 2.3.1. (04,2, 02) contains an element of order 2 that can be detected by hohi.

Remark 2.3.2. Before presenting the proof, we mention that the indeterminacy of this
Toda bracket is well-known. Namely, it is the set {0, pj564}, where p;5 is the generator of
ImJ in w15, and is detected by h%h4. Furthermore, p15604 # 0 is detected by h%h5d0. This
is shown by Tangora in (78).

Proof. In the Adams F3-page, we have (hi, ho, h§> = hih4+h5h§ = 0 in the Adams filtration
3. Therefore, by the Moss Theorem (60), there is an element in (A4, 2, 02) that is detected
by some element of filtration at least 4. Since the nontrivial element in the indeterminacy

has filtration 7, any element in (6,2, 0%) has filtration at least 4. We have
2(04,2,0%) = (2,04,2)0” = nfy0” = 0.

Note that the indeterminacy of (2,04,2)02 is 20%m3; = 0. Therefore, any element in
(04,2, 02) has order 2.

Now consider the product v464.

V494 = <0’, v, 0>94 - <Ua v, 094> - <U> v, {ZL’}>

1. Added in proof. It is now known that all of these nontrivial extensions do in fact exist.
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Here, since 204 = 0, we can ignore the difference between v, which is by definition (v, o, 20),
and (o,v,0) = Tvy. In the Adams Fo-page, we have hohgdy = (hg, ho, x) with zero indeter-

minacy. In fact, this follows from
ha(hs, ha, x) = (hg, h3, ho)x = h3x = hihsdo.

Therefore, 140, is contained in (o, v, {x}) C {hohsdy}.
On the other side, 140y is contained in 04(2, 02, v) = (04,2, 02)v. For the indeterminacy,

note that p15604v = 0. Therefore, we actually have
v404 = (04,2, U2>I/.

Combining this with the fact that v40, is also contained in {hghsdy}, we deduce that there
exists an element in (64, 2, 02> such that v times it is detected by hohsdg, which has filtration
6. Therefore, (64,2, a2> contains an element with filtration at most 5. Furthermore, it cannot
be detected by higs, which has filtration 5, since otherwise the v multiple won’t be detected

by hohsdy. Therefore, the statement of the theorem is the only possibility left. O

Remark 2.3.3. Another way to describe the statement of this theorem is the following:
(04,2, 02> contains an order 2 element of the form 2« + /3,

where « is detected by h§h5 and [ is detected by hsdy. Note that the nontrivial 2-extension
in the 45-stem means that there exist elements o and ~, which are detected by h§h5 and
hsdg respectively, such that 4o = 2. Since v has order 8, one can choose [ to be —y = T+,

so that 2a + (3 has order 2.

Remark 2.3.4. In (47), Lin showed that this bracket contains 0. The step that rules out the
element Isaksen got is invalid. In (43), Kochman showed that this bracket contains n{gs}

or 0. His argument failed because essentially of the inconsistency of the v—extension on
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{hohsdy} and the o—extension on {h% g2}, which allowed him to eliminate the right element.

The inconsistency is discussed in (35).

2.4 More about the 45-stem

We first consider the Toda bracket (04,2, k) in mys5.
Lemma 2.4.1. (04,2, k) contains an element of order 2 that can be detected by hohi.

Proof. The Adams differential dg(hghg) = hgdg implies that in the Adams E4-page, <hi, hg, dg) =
hohf’L in the Adams filtration 4. Then by the Moss convergence theorem (60), there is an

element in (4,2, k) that is detected by hohi. From
2(04,2, k) = (2,04,2)k = s = 0,

we know that any element in (04,2, k) has order 2. The indeterminacy of (2,64,2)k is
2rkm31 = 0. Here we also used that x4 = 0, which is known for filtration reasons. In fact,
since dohi = 0 in Ext%, k6, must be detected by an element of filtration at least 7. However,
in the 44-stem of the Fyo-page, there are no elements of filtration 7 or higher. Therefore

(04,2, k) contains an element of order 2 that can be detected by hohi. a

Remark 2.4.2. The indeterminacy of this bracket is the same as that of (6y, 2,02), ie.,
{0, p1504}. In fact, 731 is generated by nfy, {n} and p31, where p3; is the generator of Im.J
in w31, and is detected by h(1)0h5. Since k4 = 0, nkfy = 0. Again for filtration reasons,

k{n} = 0 and kp3; = 0. Therefore km3; = 0. This shows that the indeterminacy of (64,2, )

is {0, p1504}.

Although both (04,2, k) and (64, 2, 02) contain an element of order 2 that can be detected
by hohi, we do not necessarily know if they have an element in common. The following
theorem confirms that they do.

Now we restate Theorem 2.2.1.
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Theorem 2.4.3. (04,2,0° + k) contains 0 with indeterminacy {0, p1504}.
We need the following lemma to prove the theorem.
Lemma 2.4.4. 027r33 = 0.

Proof. We know that 733 is generated by nns, 04, n{q}, n’ps31 and {P*hy}. Since no? =0

and vo? = 0, we only need to show that {P4h1}02:0. In fact, we have
{P*h1}o?® = npsgo =0

for filtration reasons. Here p3g is the generator of ImJ in w39, and is detected by P2h(2)z'.

Therefore, o233 = 0. O
Now we present the proof of Theorem 2.4.3.

Proof. The indeterminacy is straightforward, as in Remark 2.4.2.

Since all elements in (A4, 2, k) and (04, 2, 02) have order 2 and can be detected by hohi in
the Adams filtration 4, elements in (64, 2, o+ k) must be detected by elements of filtration
at least 5 and have order 2. To prove the theorem, we need to rule out both {w} and n{gs}.

For {w}, by Lemma 2.4.4, we have that
0 (04,2,07) = (1%,64,2)0” € m330” = 0.
Next we have that

1204, 2, ) = 04(2, K, 7).

In the Adams F4-page, we have that (hg, do, h%) = h0h4h% = 0 in the Adams filtration 4.
Then the Moss Theorem tells us that (2, &, 7]2> might contain a nontrivial element of higher
filtration, namely a combination of vk, n%p15 and {P2h;}. Note that we have that vk, = 0

and by Lemma 2.6.1 we have that n2p1504 = 0. To show that {P2h1}94 = 0, we first show
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that {Phy}0, = 0.

In fact, {Ph1}04 € (n,80,2)04 = n(80,2,04), which contains 0. This holds since
n(80,2,04) intersects n{h8h3h5}, which contains a single element zero. The indeterminacy

is nmgfy = 0. This gives that {Ph;}f4 = 0. Then we have

{P?h1}04 € 04({Ph1},2,80) = (B4, {Ph1},2)80 C myp80 = 0.

Therefore, no matter what (2, k, 772) equals, we always have that
772(94, 2, k) = (2, K, 772)94 contains 0.
The indeterminacy of 772 (04,2, k) is zero since 77294 =0 and 172/@ = 0. Then
n?(04,2, k) = 0.

Therefore,
n2(94, 2,02 + k) = 0.
Then the fact that n?{w} # 0 rules out {w}, since otherwise we would have that 12 (64, 2, 02+
k) = n*{w} #0.
For n{go}, first note that on{go} # 0 is detected by h1hzgo. We have that

(04,2,K)0 = 04(2,K,0) C Oymr2 = 0.

In fact, m99 is generated by va and n%%. We have that n?r6, = 0 and vgdy = 0 for filtration
reasons. As a remark, we can actually prove that (2, k,0) = vg by studying the cofiber of

2, but we don’t need this fact here.
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On the other side, as explained in Remark 2.3.3, (0, 2, a2> contains 2a + 8. Therefore,
(04,2, 02)0 contains 2ao + fo.

We have that 2ac € 2m59 = 0. In the Adams FE3-page, we compute directly that
(ho, hi,d(ﬁ = hydy. Then Moss’s Theorem shows that (2,64, ) contains an element that
equals to 8 plus possibly higher filtration terms. Note that o{w} = 0 by using tmf. In
fact, if o{w} # 0, the only possibility is that o{w} is detected by {egm}. This implies that
no{w} = k{u} because of the two nontrivial n-extensions. Since both n{w} and k{u} are
detected by tmf and ¢ = 0 in mtmf, mapping this relation into tmf gives a contradiction.
Besides, from tmf, we know that {dyl} detects k{q}, then the contradiction also follows from
ko = 0. See (10),(29) for example.

Then we have that
Bo € (2,04, K)o = 2(04, K, 0) C 2753 = 0.

Therefore, (6y, 2, 02)0 contains 2ao + o = 0. Note that p15040 € O4m90 = 0, the indeter-

minacy is hence zero. Then we have that
(04,2, 02)0 =0.

Therefore,

(04,2, o+ kyo = 0.

Combined with the fact that n{go}o # 0, this rules out n{g>}.

This completes the proof.

Remark 2.4.5. 02 + k is another element in 714 that deserves to be called 65.
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Remark 2.4.6. We can actually show that the bracket (2,604, 172> contains nny + v, with

indeterminacy {0,7%p31}.

2.5 A modified 4-fold Toda bracket for 6,

We have the following well-known 4-fold Toda brackets for 6. See (9),(43),(44) for example.

0y = (2,02,2,0°)
=(2,0%,0%2)
= (20,0,20,0)

= (2,07 20,0)

All of them have zero indeterminacy. This is partially discussed in (9),(43),(44). For

completeness, we include a proof here.
Lemma 2.5.1. All four Toda brackets above have zero indeterminacy.
Proof. In general, suppose a 4-fold Toda bracket (a1, a9, ag, oy) is defined, where o; € mp,.

Then its indeterminacy is contained in the union of three types of 3-fold Toda brackets:

<Oél, a, 7Tn3+n4+1>7 <Oé1, Tno4ng+1, Oé4> and <7Tn1—|—n2—|—17 ag, Oé4>.

In our case, the indeterminacy for all of them is contained in the union of the following eight

brackets:

<7T15> 2a 02>> <2> 715, 02>a <2a 027 7T15>a <2a 29, 2>a
<7T15> 207 U)? <20a 15, U>a <2U> g, 7T15>a <2a 22, U>'

We will show that they are all zero. Note that w39 = Z/2 and is generated by 64, which
is indecomposable. So for each of them, we only need to show that it does not contain 6y.

They all follow for filtration reasons.
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For (m15,2,02),(2,0%,m15), (715, 20, 0) and (20, 0, m15), the corresponding Massey prod-
ucts are all well-defined on the Adams FE3-page. Since w5 is generated by elements of
filtration at least 4, the Massey products all take values in filtration at least 5. Therefore,
by the Moss Theorem, all of them are all zero.

For (2,715, 02> and (20,715, 0), the corresponding Massey products are all well-defined
on the Adams EFy-page. Since 715 is generated by elements of filtration at least 4, the Massey
products all take values in filtration at least 6. Therefore, by the Moss Theorem, all of them
are all zero.

For (2,99, o), there are essentially two Toda brackets to check: (2, v@, o) and (2,7, o),

where 17 is detected by hacy. Both brackets have zero indeterminacy. We have that

and that

(2,0°R, o) = (2,n%,Fo) = (2,7%,0) = 0.

Here we used the fact that 26 = 0 and ko = 0.

At last, (2,m99,2) = 0, since mog9 = 0. This completes the proof. O

Now we prove a modified 4-fold Toda bracket based on the last one. Again, note that

30 = Z/2 and is generated by 6.
Theorem 2.5.2. 0y = (2,02 + K, 20,0) with zero indeterminacy.

Proof. We have (02 + k,20,0) C w9 = 0. And

(2,02 + K,20) D (2,02 + K, 2)0 3 n(0? 4+ K)o = 0.

The indeterminacy of the bracket (2,02 + k, 20) is 219 + 20715 = 0, and we have (2,02 +
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k,20) = 0. Therefore, this 4-fold Toda bracket is strictly defined, and the indeterminacy is

(2,0% + K, m15) + (2,792, 0) + (715,20, 7).

Note that (2,02 4 k,m5) = 0 for filtration reasons as in the proof of Lemma 5.1. The
other two parts of the indeterminacy follow from the indeterminacy of (2, 02,20, o), which
we know is zero. Then the theorem follows from the next lemma and the fact that 4 =

(2,02,20,0). O
Lemma 2.5.3. (2, k,20,0) = 0 with zero indeterminacy.

Proof. Again, (k,20,0) C m99 = 0. And

(2,kK,20) D (2,k,2)0 3 nrko = 0.

The indeterminacy of (2, k, 20) is zero. Therefore, this 4-fold Toda bracket is strictly defined.
Again, (2, k,m15) = 0 for filtration reasons. And the other two parts of the indeterminacy
are zero, which follows from the indeterminacy of (2, 02,20, o).

To see this bracket contains zero, we multiply by v.

(2,k,20,0)v C (2,K, (20,0,V)) = (2, K, 14).

Since in the Adams Ey-page (hg, dg, hohy) = 0 in the Adams filtration 4, there is an element
in (2, k,v4) that is detected by an element in filtration strictly higher than 4. The indeter-
minacy of this bracket is 2m33 4+ v4m15 = 4715, which also contains elements in filtration
strictly higher than 4. On the other side, 10y is detected by p in Exzt*. Therefore (2, K, 14)
does not contain v64. Then the lemma follows from the fact that w39 = Z/2 and is generated

by 64. U

Remark 2.5.4. We can show directly that (2, x,v4) = 0 with zero indeterminacy.
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2.6 A few proofs

We first prove Lemma 2.2.3 which states that omg3 = 0.

Proof. As shown in (35), w53 = Z/2®Z/2®Z/267Z/2. One set of generators can be chosen to
be elements in v{hsc1 }, v{C}, e{h§h5} and r{u} respectively. Note that 2’ detects e{h§h5}.

Then the lemma follows from vo = 0,e0 = 0 and Ko = 0. O

The following lemma is shown by Tangora in (78). We first sketch his proof, then give a

more direct proof.
Lemma 2.6.1. p1594 = 20{h%h3h5}.

Proof. Tangora first showed that p1564 # 0 and is detected by h%h5d0. We have
p1504 = p15(0, 20, 0,20) = (p15,0,20,0)20.

Then the only possibility is that (p15, 0, 20, ) is detected by h%h3h5.

We present another proof. In the Adams E3-page, we have (hs, hohs, hg> = h%h4. There-

fore, p15 is contained in (o, 20, 8). Then we have

p1584 = (0,20, 8)04
= 0(20,8,04)
= 0(80,2,04)
— o{h3hzhs}

— 20 {h3h3hs}.

For the first equation, (o,20,8)04 has no indeterminacy, hence the equality. For the last
equation, the difference between {h8h3h5} and 2{h%h3h5} contains elements of higher filtra-

tion, namely nofy in this case. The equality holds since 170294 = 0. O
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Now we prove Lemma 2.2.4 which states that (p1504, 20, 0) = 0 with zero indeterminacy.

Proof. The indeterminacy is p1504715 + 0753 = p1504715. 715 is generated by nkx and p15.

We have p%5 = 0 and k#4 = 0 both for filtration reasons. Therefore the indeterminacy is

equal to pi50sm15 = 0.
By Lemma 2.6.1, (p1504,20,0) = <20{h(2)h3h5}, 20, o) contains O’<2{h(2)h3h5}, 20, 0). Note

that <2{h(2)h3h5}, 20,0) C w53 and omg3 = 0. This completes the proof. O
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CHAPTER 3
THE RP*-METHOD AND THE 61-STEM

This chapter is joint with Guozhen Wang (86).

3.1 Introduction

In 1904, Poincaré proposed the following famous conjecture:

Conjecture 3.1.1. Let M be a closed 3-manifold. If M is simply connected, then M is

homeomorphic to the 3-sphere.

This is the celebrated Poincaré conjecture. It was proved by Perelman (65) in 2002, using
geometric analytic methods. Note that a closed 3-manifold is simply connected if and only
if it is homotopy equivalence to the 3-sphere.

This conjecture can be generalized to higher dimensions as the following question.

Question 3.1.2. Let M be a closed n-manifold. Suppose M is homotopy equivalent to S™.

Is M homeomorphic to S™?

The answer turns out to be yes for all dimensions. For n = 4, it was proved by Freedman
(24) in 1982. For m > 5, it was proved by Smale (75) in 1962, using the theory of h-
cobordisms, and by Newman (63) in 1966 and by Connell (22) in 1967. The statement
Smale proved assumes further that the n-manifold M admits a smooth structure, while the
statement Newman and Connell proved does not require such a condition.

In summary, we have the following theorem:

Theorem 3.1.3. ((75; 63; 22; 24; 65)) Any closed n-manifold that is homotopy equivalent

to S™ is homeomorphic to S™.

We can also generalize this question into the smooth category.
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Question 3.1.4. Let M be a closed n-manifold. Suppose M is homeomorphic to S™. Is M

diffeomorphic to S™7

For n = 3, the answer is yes. It is due to Moise (58) that every closed 3-manifold has
a unique smooth structure. In particular, the 3-sphere has a unique smooth structure. For
n = 4, this question is wildly open.

For higher dimensions, Milnor (56) constructed an exotic smooth structure on S’. Fur-
thermore, Kervaire and Milnor (42) showed that the answer is not true in general for n > 5.

Since the answer to Question 3.1.4 is not true in general, there come two natural questions:
Question 3.1.5. How many exotic structures are there on S™?
Question 3.1.6. For which n’s does there exist a unique smooth structure on S™?

Kervaire and Milnor reduced Question 3.1.5 to a computation of the stable homotopy
groups of spheres. In fact, Kervaire and Milnor constructed a group ©,, which is the
group of h-cobordism classes of homotopy n-spheres. The group ©,, classifies the differential
structures on S" for n > 5. This group ©,, has a subgroup @?f , which consists of homotopy
spheres that bound parallelizable manifolds. The relation between O, and 7, (the n-th

stable homotopy group of the spheres) can be summarized by the following theorem.
Theorem 3.1.7. (Kervaire-Milnor (42)) Suppose that n > 5.

1. The subgroup @Zp is cyclic, and has the following order:

1, if n is even,

b
O] = 1 or 2, if n=4k+1,

22=292k=L _1\B(k), if n=4k—1.

\

Here B(k) is the numerator of 4Bgy./k and By, is the Bernoulli number.
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2. Forn # 2 (mod 4), there is an exact sequence

0—>0% 0, ——=m,/J —=0.

Here mp,/J is the cokernel of the J-homomorphism.

3. Forn =2 (mod 4), there is an exact sequence

0—=0% ——0,—m,/T-2-7/2—~0" — 0.

Here the map ® is the Kervaire invariant.

Remark 3.1.8. In the first part of Theorem 3.1.7, the case n = 3 (mod 4) depends on the
computation of the order of the image of the J-homomorphism. The case n = 1 (mod 4)
depends on the Kervaire invariant in dimension n + 1. The computation of the image of the
J-homomorphism at 4k — 1 stems is a special case of the Adams conjecture. The proof was
completed by Mahowald (49), and the full Adams conjecture was proved by Quillen (69),
Sullivan (76), and by Becker-Gottlieb (11).

For Question 3.1.6, it is clear from Theorem 3.1.7 that, for n = 4k + 3 with £ > 1, the
smooth structure on the n-sphere is never unique. For n = 4k + 1 with k£ > 1, the answer
depends on the existence of the Kervaire invariant elements. In 2009, Hill, Hopkins and
Ravenel (30) showed that the only dimensions in which the Kervaire invariant elements exist
are 2, 6, 14, 30, 62 and possibly 126. That is, in other dimensions, the Kervaire invariant
map

in part (3) of Theorem 3.1.7 is always zero and the group @Zp_l is Z/2. Therefore, the only

odd dimensional spheres that could have a unique smooth structure are 1, 53, 5%, 513 529 61
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and S12°. Further, the cases $13 and 529 can be ruled out by May’s (52) 3-primary compu-

tation of the stable homotopy groups of spheres.

For dimension 61, we have the main theorem of this chapter.

Theorem 3.1.9. The 2-primary wg; = 0, and therefore the sphere S has a unique smooth

structure.

We postpone the proof of the first claim of Theorem 3.1.9 to Section 2, and present the

proof of the second claim now.

Proof. In (7), Barratt, Jones and Mahowald showed that the Kervaire invariant element 65
exists. The second author gave a new proof in (88). By Theorem 3.1.7, this implies that
e .

At an odd prime p, the first nontrivial element in the cokernel of J is 51, which lies in the
stem 2p? — 2p — 2. (This is proved in Section 4 of (71).) This value is 82 if p = 7. For p =3
and p = 5, the table in Appendix A3 of Ravenel’s green book (71) shows that the cokernel
of J in dimension 61 vanishes. Therefore, the cokernel of J in dimension 61 vanishes at all
odd primes.

Combining the first claim of Theorem 3.1.9 with Theorem 3.1.7, this proves the second

claim of Theorem 3.1.9. O

There is an important corollary of our theorem, regarding the Kervaire invariant element

05 € 2.

Corollary 3.1.10. The Kervaire invariant class 05 € mga is contained in the strictly defined

4-fold Toda bracket (2,04,04,2).

Proof. We first check this 4-fold Toda bracket is strictly defined. In (88), the second author

showed that HE = 0. Note that the 3-fold Toda bracket (2,6y,6,) is contained in 7g; = 0.
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Therefore, this 4-fold Toda bracket is strictly defined. In the Adams FE3 page, we have a

Massey product
(ho, Wi, b, ho) = I3,

because of the Adams differential dy(hs) = hohi. Then the theorem follows from Moss’s

Theorem (60, Theorem 1.2). O

Remark 3.1.11. When computing stable stems, it is crucial to understand Toda brackets
decompositions of multiplicatively indecomposable classes. A theorem of Joel Cohen (21)
says that any classes in the stable homotopy groups of spheres can be decomposed as a
(matric) Toda bracket starting only from the classes that correspond to the Hopf maps.
However, in practice, it is usually hard to find such a description. For the Kervaire invariant
class 65, our Corollary 3.1.10 gives the first known Toda bracket of it. Note that 64 was
known to have multiple Toda bracket decompositions using the Hopf maps.

By a theorem of Barratt, Jones and Mahowald (8), if 05 has order 2 and 9% =0, then fg
exists and has order 2. It is proved by the second author (88) that 65 has order 2. Our Toda
bracket of 05 in Corollary 3.1.10 therefore leads us to consider the Toda bracket (5,2, 6,) in
g3, which is in a much lower stem than 6g itself. Using obstruction theory as Barratt-Jones-
Mahowald did in (7), one can show that if the Toda bracket (65,2,64) contains zero, then
¢ exists. The Toda bracket of #5 in Corollary 3.1.10 has also been very helpful in ongoing

work of Isaksen and the authors of extending computations of stable stems.
For dimension 125, we have the following proposition.
Proposition 3.1.12. The sphere S125 does not have a unique smooth structure.

Proof. This proof uses the Hurewicz image of ¢tmf (the spectrum of topological modular
forms). See (10; 29) for computations of the homotopy groups of tmf.
Let {w} € m45 be the unique homotopy class detected by w in Adams filtration 9. It is

known that both & € moy and {w} are detected by tmf, that is, they map nontrivially under
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the following map:

W*SO — mytmf.

We have that ®*{w} # 0 in m9stmf. Therefore, F*H{w} # 0 in w1559 and it lies in the

cokernel of J. This shows that $12° does not have a unique smooth structure. O
Therefore, we have the following corollary.

Corollary 3.1.13. The only odd dimensional spheres with a unique smooth structure are

St 5385 and S61 .

. . . bp .
For even dimensions, since the subgroup ©,7 is always zero, we need to understand the

cokernel of the J-homomorphism.

In (57), Milnor states that up to dimension 64, the only dimensions where the n-sphere
has a unique smooth structure aren = 1,2, 3, 5,6, 12,61 and possibly n = 4. This observation
is based on the computation of 2-primary stable homotopy groups of spheres up to the 64
stem by Kochman and Mahowald (45) from 1995. Recently, Isaksen (35) discovered several
errors in Kochman and Mahowald’s computations, and he was able to give rigorous proofs
of computations through the 59 stem. One major correction is that, instead of having order
4, m5g is of order 2 and is generated by a class in the image of J. Consequently, we have the

following theorem by Isaksen:
Theorem 3.1.14. The sphere S0 has a unique smooth structure.

Proof. 1t is clear from Theorem 3.1.7 that @glé = 0. Ravenel’s computation (71) shows that
the cokernel of J in dimension 56 vanishes at odd primes. Recent computation of Isaksen

(35) shows that the cokernel of J in dimension 56 vanishes at the prime 2. Then this theorem

follows from part (2) of Theorem 3.1.7. O

The technique used by Kochman and Mahowald (45) is quite different from the classical

technique used by Barratt, Bruner, Mahowald, May and Tangora (52; 50; 9; 77; 78; 79; 15)
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through dimension 45, and the motivic technique used by Isaksen and the second author

(35; 38) through dimension 59. For more details of known techniques, see Section 2.

Based on Isaksen’s computation, we give rigorous proofs regarding mg) and mg1. Besides
the classical technique of Toda brackets, one of our proofs relies heavily on the transfer map
from the infinite real projective spectrum to the sphere spectrum. The success of this tech-

nique suggests a theoretical way to improve our understanding through a bigger range.

Combining our computations with the previous knowledge of 7y, we have another corol-

lary of the main theorem.

Corollary 3.1.15. For 5 < n < 61, the only dimensions that S™ has a unique smooth

structure are n = 5,6,12,56 and 61.

Proof. The range for n < 19 was known to Kervaire and Milnor. For even dimensions
between 20 and 60, it is straightforward to check that at p = 2, the only dimension in which
the cokernel of J vanishes is 56. Note that the Kervaire invariant 64 exists in dimension
30. In fact, Barratt, Mahowald and Tangora (9) showed that w3y is Z/2, generated by
4. Therefore, we need to consider odd primary computations in this dimension. May (52)
showed that at the prime 3, the cokernel of J in dimension 30 is Z/3, which implies that S 30
does not have a unique smooth structure. Combining with Theorems 3.1.7 and 3.1.9 and

Corollary 3.1.13, this completes the proof. O

Remark 3.1.16. Recent work of Behrens, Hill, Hopkins and Mahowald (12) shows that the

next sphere with a unique smooth structure, if exists, is in dimension at least 126.
Based on our current knowledge on s, we have the following conjecture.

Conjecture 3.1.17. For dimensions greater than /4, the only spheres with a unique smooth

structure are S°, 9, 812, 656 gnd 61
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The rest of this chapter is organized as follows.

In Section 3.2, we give a brief review of the stem-wise computation of 7, with a focus
on the prime 2. We compare the known techniques. We reduce mg; = 0 to three Adams

differentials.

From Section 3.3 to Section 3.10, we present the proof of the hardest differential d3(D3) =
Bs. In Section 3.3, we summarize the strategy of our technique and explain how we organize
the details of the proof in Sections 4 through 10. The intuition behind part of this proof is

included in Appendix II, which is Section 3.14.

We present the proof of the other two differentials in Sections 3.11 and 3.12. The targets
of these two differentials detect certain homotopy classes. We use the theory of Toda brack-

ets to show that these homotopy classes must vanish.

3.2 The stable homotopy groups of spheres

The computation of the stable homotopy groups of spheres is a long standing and very chal-
lenging problem in algebraic topology. We will first give a brief review of the history from

the stem-wise point of view, and then talk about some recent progress.

After the geometric computation of the first three stems (31; 25; 84; 67; 72), Serre (74)
did the computation of m, for n < 9 with the aid of the Serre spectral sequence and the
Eilenberg-Maclane spectra. Serre also showed that these stable groups are finite in positive
stems, so we can compute them one prime at a time. Afterwards, at each prime, Adams
(1) constructed the Adams spectral sequence whose Fo-term encodes the information that

we could obtain via primary cohomology operations. The Adams spectral sequence gives
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an upper bound on 7, and therefore determining the Adams differentials becomes a major
method in computing the stable homotopy groups. Generalizing Adams’s idea, Novikov con-

structed the Adams-Novikov spectral sequence using the complex cobordism spectrum.

There is another method using the EHP sequence, which computes the unstable homo-
topy groups inductively. Using this method, together with the Toda bracket operations,

Toda (81) succeeded to do the computation of m, for n < 19.

It turns out that the Adams-Novikov spectral sequence is more successful at odd primes
than at the prime 2. In the 1980’s, using the Adams-Novikov spectral sequence, Ravenel
(71) computed up to the 108-stem at the prime 3, and the 999-stem at the prime 5. Pre-
viously, the computation was due independently to Nakamura (62) and Tangora (80) up to

the 103-stem at the prime 3, and to Aubry (6) up to the 760-stem at the prime 5.

At the prime 2, the Adams spectral sequence is still the most efficient way. In (52), May
constructed the May spectral sequence, which converges to the E9-page of the Adams spec-
tral sequence. This works at all primes. In particular, May computed 7, for n < 28 at the
prime 2. In the 1960’s, using the Adams spectral sequence, and with the aid of the technique
of Toda brackets, Barratt, Mahowald and Tangora (9) determined the differentials in the
Adams spectral sequence up to the 45-stem. About one and a half decades later, Bruner
(15) discovered a gap in (9), and proved a new Adams differential in the 38-stem. Bruner’s
differential therefore corrected the result of w37 and m3g, and along with that corrected some

relations in the stable homotopy ring.

In 1990, based on the Atiyah-Hirzebruch spectral sequence of the Brown-Peterson spec-
trum, Kochman (43) made an algorithm and implemented it into computer programmes. In

this way, he produced a table of 7, up to the 64-stem. However, his method is not completely
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reviewed by others due to its complexity, and his result is not fully accepted by the experts.
In 1995, Kochman and Mahowald (45) made a few corrections to (43), in the range from 52
to 64. A tentative chart of the Adams spectral sequence is included in the appendix of (43)
and (45) without proofs. Note that the Adams differentials in this chart are deduced from

the stable homotopy groups, not the other way around.

For about two decades, much of our knowledge regarding m,, in the range from 45 to
64, relied on (45). Recently, by comparing the motivic Adams spectral sequence and the
classical Adams spectral sequence, Isaksen (35) gave rigorous proofs to all but one Adams
differentials up to the 59 stem. The exception was later proved by the second author (38)
based on Isaksen’s motivic computation. Along with a few corrections to some relations in
the stable homotopy ring, Isaksen proved a new Adams differential in the 57-stem, which was

not included in (45). This also corrects 75 and 757 as we used in the proof of Theorem 3.1.12.

In the range beyond the 59-stem, Isaksen (35) also proved a few differentials. The part
which Isaksen did not fully understand can be summarized in his Adams E,, chart (36),

which we include in the following page.

Note that we do not include elements in filtration higher than 16. Those elements are
detected by the K (1)-local sphere, and are not relevant to our proof. Here we use colored
lines to denote nontrivial extensions: yellow lines correspond to hidden 2-extensions, blue
lines correspond to hidden n-extensions, and brown lines correspond to hidden r-extensions.
Note that because of differentials unknown to Isaksen, the actual Fso-page beyond the 59-
stem is a subquotient of what is shown in this chart.

Now we reduce the first claim of Theorem 3.1.9, i.e., mg; = 0, to three Adams differentials.
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Proof. 1t is proven in Theorem 3.3.1 (and this is the crux of this chapter) that
d3(D3) = B3
and therefore
d3(h1D3) = h1Bs.
It is proven in Theorem 3.12.1 that
ds5(A") = h1 Bay.

It is proven in Theorem 3.11.1 that the element gz must be killed by some Adams differential.

There are no elements left in the Fxo-page of the 61-stem. O

It is clear that these differentials also settle mg.

Corollary 3.2.1. The 2-primary gy is Z/4, generated by RS,

Proof. The elements ¢ and d%l are the only elements left, and there is a hidden 2-extension
between them. The element g detects & € mgy. Therefore, the 2-primary group g is Z/4,

generated by ®°. O

3.3 Intuition and the proof of the differential d3(D;) = Bj

We have developed a general method to prove a differential in the Adams spectral sequence

of the sphere spectrum. The strategy can be summarized in three parts:

1. Using the algebraic Kahn-Priddy theorem, we pullback a differential in the Adams
spectral sequence of the sphere spectrum to one in the Adams spectral sequence of the

suspension spectrum of RP°.
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2. Using our knowledge of the cell structure of RP*° and the algebraic Atiyah-Hirzebruch
spectral sequence, we deduce the Adams differential in RP°° from one in a certain

HTFs-subquotient of RP*°.

3. Using our knowledge of the Adams spectral sequence of the sphere spectrum, and
the cell structure of this HF9-subquotient, we reduce the computation of the Adams
differential in this HFs-subquotient to that of a product (or more generally a Toda

bracket) in a lower stem of the stable homotopy groups of spheres.

Intuitively, an HIF9-subquotient of a CW complex is a subquotient to the eyes of mod 2
homology, in a sense that will be made precise in Definition 3.4.1.
The technical heart of this chapter, explained in Sections 3.3 - 3.10, is to apply this

method to prove the following theorem.
Theorem 3.3.1. We have the Adams differential: d3(D3) = Bs.

With notations to be explained, here is a “road map” of the proof.

Ext(SY) Ext(X14Cn)
Bat(P) Ext(X)
E:ct(P123) E:ct(Pl%f’) Ext(X)
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d;, RN dy ™~ _
Dj3 hi[16]
G L6] By [14]
A N T ~ -
s~ | dr >~ _
h1hahs[22] h3[16]
Glo], By[14] By [14]
N ~
d3 \\\ 1 d4 \\\ d4 > h2[16]
hihshs[22] hihshs[22]

hihshs[22] is a cycle

The first part of this “road map” describes seven Adams spectral sequences and maps
among them; the second part describes certain Adams dg or dy4 differentials in the 61-stem
of each of the spectral sequences and maps in the Adams Es-page among the sources and

targets of these differentials.

Notation 3.3.2. All spectra are localized at the prime 2. Suppose Z is a spectrum. Let
Ext(Z) denote its Adams Fo-page.

For spectra, let SY be the sphere spectrum, and Pr© be the suspension spectrum of RP°.
In general, we use P,?“Lk to denote the suspension spectrum of RP"HF / RP" 1 Recall that
we have the James periodicity for the stunted projective spectra:

o(k) pn+k -, pntktok)
XU Py _Pn+¢>(k) ’
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where ¢(k) = 2¥(F) and

-1, k=0 mod8
0, k=1
0, k=2
k 1, k=3
vik) = 5]+
0, k=4
1, k=5
0, k=6
0, k=7

For example, ¢(7) = 2(7) = 8, hence we have P1263 o~ 28P815 ~ 216P07.
The spectrum X is a quotient spectrum of Pl%f’ and X is a subspectrum of X. The
spectrum C7 is the cofiber of n € 7, and 14Cy turns out to be a subspectrum of X. The

precise definitions of the spectra X and X can be found in Definition 5.1.

For sources and targets of these differentials, we use the following way to denote the
elements in the Adams E9-page of P and its HFg-subquotients. One way to compute

Ext(Py°) is to use the algebraic Atiyah-Hirzebruch spectral sequence.

By =@, Ext(S") — Ext(P°)

Notation 3.3.3. We denote any element in Exzt(S™) to be a[n], where a € Ext(SY), and n
suggests that it comes from Ext(S™). We will abuse notation and write the same symbol a[n]
for an element of Ext(P;®) detected by the element a[n] of the Atiyah-Hirzebruch Eo page.
Thus, there is indeterminacy in the notation a[n] that is detected by Atiyah-Hirzebruch Eso
elements in lower filtration. When a[n] is the element of lowest Atiyah-Hirzebruch filtration

in the Atiyah-Hirzebruch E+ page in a given bidegree (s,t), then a[n] also is a well-defined
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element of Ext(Py®). Sometimes we will need to be precise about a particular element of
Ext(Pr°) detected by a[n]. We will use the notation a[n] to denote a particular choice,

and we must provide a definition that specifies a[n] in this case. We use this same notation

for all HF9-subquotients of P®. There won’t be any confusion on the index n since any

HIFy-subquotient contains at most one cell in each dimension.

Remark 3.3.4. In (85), we computed the Adams Eo-page of PP in the range of ¢ < 72
by the Lambda algebra. This Lambda algebra computation gives us a lot of information
on the algebraic Atiyah-Hirzebruch spectral sequence. In particular, there is a one-to-one
correspondence between the differentials in the Lambda algebra computation and differentials

in the algebraic Atiyah-Hirzebruch spectral sequence.

Remark 3.3.5. Despite the indeterminacy in Notation 3.3, there is a huge advantage of it.
Suppose f : Q — Q' is a map between two HIFo-subquotients of P>°, which is a composite
of inclusion and quotient maps. Suppose further that there exists an element a[n| which is
a generater of both Ezt%!(Q) and Ext®*(Q’) for some bidegree (s,t) (this implies both Q
and Q' have a cell in dimension n). We therefore must have that, with the right choices,
a[n] in Ext®!(Q) maps to a[n] in Ext*>!(Q’). This property follows from the naturality of

the algebraic Atiyah-Hirzebruch spectral sequence.

@ Ext(S) @ Ext(S)

el el’

Example 3.3.6. As an example, the group Ext304(X) = Z/2® Z/2@ Z/2, is generated by
h3[16], hyhshs[22] and hohghs[23], as explained in Table 6 in Section 9. The element h}[16]

is uniquely determined by our notation, since it has the lowest Atiyah-Hirzebruch filtration.
47



In fact, the 16-skeleton of X is 214077. The inclusion map specifies the element hi[16] in

Ext354(X) as the image of the element h3[16] in Ext354(s14Cn).

Ext(x1Cn)

Ext(X)

hi[16]1 h[16]

As a comparison, the element hihshs[22] in our notation does not specify a unique
element in Ext3%4(X). In fact, suppose A and B are elements in Ext354(X), which are
detected by h2[16] and hihshs[22] in the algebraic Atiyah-Hirzebruch spectral sequence of
X. The element A+ B is therefore also detected by hihshs[22]. Our notation hqhshs[22] in
Ext3%%(X) does not distinguish the elements B and A + B.

It turns out making a choice for hihghs[22] is essential to our proof. In fact, we use a
4 cell complex X?22 (see Definition 5.6) to specify such a choice. The complex X 22 i an
HTF9-subcomplex of X, and contains a cell in dimension 22, but not in dimension 16. The
group E:zt3’64(X22) = 7/2, generated by hihshs[22], as explained in Table 3.4 in Section
3.8. We denote the image of hihzhs[22] in Ext34(X?2) to be hihghs[22] in Ext304(X).

Ext(X?2) Ext(X)

h1h3h5 [22] — h1h3h5 [22]

Now, we explain the main steps of the proof for the Adams differential d3(D3) = Bj3.

1. Step 1: We establish a dj differential in the Adams spectral sequence of 214077:
dy(h[16]) = By[14].

This is stated as Theorem 3.7.1 and proved in Section 3.7.

2. Step 2: Using the inclusion map 14Cn — X , we push forward the Adams dy differ-
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ential in Step 1 to an Adams dy4 differential in X:
dy(h3[16]) = By [14].

This is stated as Theorem 3.8.1 and proved in Section 3.8.

3. Step 3: Using the inclusion map X=X , we push forward the Adams d4 differential

in Step 2 to an Adams dy differential in X:
dy(h3[16]) = By [14].

This is stated as Theorem 3.9.1 and proved in Section 3.9.

4. Step 4: We show that the chosen element hjhghs[22] (as explained in Example 3.3.6)
is a permanent cycle in the Adams spectral sequence of X. This is stated as Theorem

3.9.2 and proved in Section 3.9.

Combining with Step 3, we have an immediate Adams d4 differential in X:
dy(hyh3hs[22] + h3[16]) = B[14].

This is stated as Corollary 3.9.3.

5. Step 5: Using the quotient map P123 — X, we pull back the Adams d4 differential in

Step 4 to an Adams d3 differential in P123:
d3(h1hghs[22]) = G[6].

This is stated as Theorem 3.10.1 and proved in Section 3.10.

6. Step 6: Using the inclusion map P123 — Pp° and the transfer map P — SO we
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push forward the Adams ds differential in Step 4 to an Adams d3 differential in SY:
d3(D3) = Bs.

This is our main theorem and is proved in this section.

We have several comments before we dive into the details of the proofs.

Remark 3.3.7. Step 1 is the origin of all our differentials. It follows essentially from a
relation in the stable homotopy groups of spheres: there is a nontrivial n-extension from hi

to Bj.

Remark 3.3.8. Intuitively, the most mysterious step is Step 3.5. The intuition behind such
an argument is explained in detail in Section 3.14, which is Appendix II. But note that the
intuition is irrelevant to our proofs. For the proof, when we pull back a d4 differential, the
preimage of the source must support a dg, d3 or dy differential. To get the d3 differential as

claimed in Step 5, we rule out all other possibilities.

Remark 3.3.9. Logically, the most complicated step is Step 2. The intuition seems straight-
forward: we push forward a dy differential to get a dy differential. But note that we need to
show that the image of the target survives to the E4 page, i.e., it is not killed by a dg or dg
differential. It turns out in the corresponding bidegrees, there are 10 elements which have
the potential to support a dg or d3 differential. To rule out these possibilities, we will show in
Section 3.8 that 3.9 elements out of the 10 are permanent cycles, and the other one supports
a do differential which is irrelevant. Our way to show these elements are permanent cycles is
by showing they are permanent cycles in some HIFo-subcomplexes of X. For this purpose,

in Section 3.5, we study the cell structure of X, as well as its several HFo-subcomplexes.

Remark 3.3.10. The intuitive reason why this method works is due to the geometric and
algebraic Kahn-Priddy theorems. It is because of Step 6 that we can reduce the computation

of an Adams differential in S to one in Pre, and further to one in a lower stem of S0
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In the rest of this section, we prove Step 6.

Recall that we have the Kahn-Priddy Theorem (40), stated as follows.

Theorem 3.3.11. The transfer map Py° — SO induces a surjection on homotopy groups in

positive stems.
We also have the algebraic Kahn-Priddy Theorem due to Lin (46).

Theorem 3.3.12. The transfer map also induces a surjection:
Ext>!(P°) — Eat*THI11(50)

fort—s>0.
Now we prove Step 6.

Proof. For the purpose of the differential d3(D3) = B3, we check the two tables in the ap-
pendix of (85). See (85) for more details of the Lambda algebra notation we used here. We

rewrite Ext($1) ag Eat(55+(=9) to indicate that it is in stem £ — s.

The element Ds is in Ext36144(50) = 7/2. Checking the table for Pre, we have that

E:L't3’61+3(P1OO) =17/2, generated by (22)21 117,
Ext3’61+3(P123) — (Z/2)2, generated by (22) 21 11 7,

(23) 22 13 3.

The element 21 11 7 lies in
Ext3’39+3(50) =7/2, generated by hihshs.
Therefore, the element hjhshs[22] maps to Ds.
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The element Bz is in Ezt"0977(8Y) = Z/2. Checking the table for P, we have that

E:Et6’60+6(Pfo) — (2/2)2, generated by (6) 247111515, (200559777,
Ea:t6’60+6(P123) — (Z/2)4, generated by (6) 247111515, (200559777,

(22)359777, (23)1323577.

In the table for the transfer, we have that the element (20) 5 59 7 7 7 (with certain
choice) maps to 0. Due to the algebraic Kahn-Priddy Theorem, we must have the element

(6) 24 711 15 15 maps to Bs. The element 2 4 7 11 15 15 lies in
Ext57176(50y = 7/2  generated by G.

Therefore, the element G[6] maps to Bs.

Eat301+3(p23) Eat30143(poo) Eath61+4(50)
hyhghs[22] hyhghs[22] Ds

But600+6( p23) Ext600+6( pooy EatT00+7(50)
Gl6] Gl6] Bs

Note that in both Ext(P°) and Ext(P23), the elements hyhghs[22] and G[6] are uniquely
determined by our notation, since they have the lowest Atiyah-Hirzebruch filtrations in their
bidegrees.

In the Adams spectral sequence for SO, the element B3 survives to the E3-page: there is
no element that could kill Bg by a dg differential. Therefore, the Adams d3 differential in
P123:

d3(h1hghs([22]) = G[6]
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in Step 5 (Theorem 10.1) implies the Adams dg differential in S

d3(D3) = Bs.

3.4 HIFs-subquotients for CW spectra

In this section, we introduce the definitions of HF9-subcomplexes and HIF9-quotient com-
plexes for CW spectra. We also discuss an important HIF9-subcomplex of Pl6 in Theorem

3.4.7.

Definition 3.4.1. Let A, B, C' and D be CW spectra, ¢ and ¢ be maps
A—s B B—~C

We say that (A, 1) is an HFy-subcomplex of B, if the map 4 induces an injection on mod 2
homology. We denote an HIF9-subcomplex by an hooked arrow as above.

We say that (C,q) is an HFs-quotient complex of B, if the map ¢ induces a surjection
on mod 2 homology. We denote an HF9-quotient complex by a double headed arrow above.

When the maps involved are clear in the context, we also say A is an H[Fa-subcomplex
of B, and C'is an HFo-quotient complex of B.

Furthermore, we say D is an HIF9-subquotient of B, if D is an HF9-subcomplex of an

HTF9-quotient complex of B, or an HF»-quotient complex of an HFs-subcomplex of B.

Remark 3.4.2. Note that our definitions of HIF9-subcomplexes and HF9-quotient com-
plexes are not necessarily subcomplexes and quotient complexes on the point set level. Our
definitions should be thought as in the homological or homotopical sense. Here is a moti-
vating example of why we use these definitions. The top cell of the spectrum P13 splits off,

therefore there is a map from S3 to P13 that induces an injection on mod 2 homology. This is
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an HIF9-subcomplex in our sense. However, on the point set level, the image of the attaching

map is not a point, therefore S3 is not a subcomplex of P13 in the classical sense.

Remark 3.4.3. It follows directly from Definition 4.1 that if (A, ) is an HF9-subcomplex of
B, then the cofiber of 7 is an HF9-quotient complex of B, which we sometimes denote as B/A.

Dually, if (C, q) is an HFo-quotient complex of B, then the fiber of ¢ is an HFs-subcomplex
of B.

The following lemma is useful in constructing HF9-subquotients.

Lemma 3.4.4. Suppose (A,1) is an HF9-subcomplex of B. Let C' be the cofiber of i. Let
(D, j) be an HFy-subcomplex of C. Define E to be the homotopy pullback of D along B — C.
We have that E is an HF9-subcomplex of B. Moreover, A is an HIFy-subcomplex of E with
quotient D.

Dually, suppose (C,q) is an HF9-quotient complex of B. Let A be the fiber of q. let (F,p)
be an HFy-quotient complex of A. Define G to be the homotopy pushout of F' along A — B.

We have that G is an HF9-quotient complex of B. Moreover, C' is an HFo-quotient complex
of G with fiber F.

Proof. This follows from the short exact sequences of homology induced by the following

commutative diagrams of cofiber sequences and diagram chasing.

Ac—s F ——= 1)

| j
At B (O

A—-B- L. ¢

ol

F——G—C
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We first study the spectrum P16. For attaching maps, we abuse notation and refer to a
homotopy class by its detecting element in the Ej-page of the Atiyah-Hirzebruch spectral
sequence. We use similar notation as in the algebraic case in Notation 3.3.3. The readers
who are familiar with the notation of cell diagrams from (7) should compare with the cell
diagrams in Remark 3.4.8 for the intuition of the following Lemmas 3.4.5, 3.4.6 and Theorem
3.4.7.

Lemma 3.4.5. There is an HFo-subcomplex of P15 with a 3-cell and a 5-cell that forms
»3C.

Proof. Firstly, by the solution of the Hopf invariant one problem, the top cell of P13 splits
off. It follows that S® is an HFy-subcomplex of P13 , and therefore an HIFFa-subcomplex of
pp.

Secondly, we consider the HFo-quotient complex P15 /S 3. We claim the top cell of P15 /S 3
splits off. We prove this claim by showing the attaching map is homotopic to zero. In fact,

the following composition is trivial:
st— pl/s? — st
where the second map is the quotient map. Otherwise, we would have a nontrivial
Sqt - HY(PY/S7) — HO(P}/S7),
which we don’t. This shows that the attaching map factors through P12.

P/s?

The group 7r4(P12) is generated by n%[2] and v[1]. However, the element n?[2] is killed by 7[4]
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in the Atiyah-Hirzebruch spectral sequence of P14 /53, The element v[1] does not detect the

attaching map either, since otherwise we would have a nontrivial
Sq*: H'(PP/S%) — HO(P}/S%),

which we don’t. Therefore, the attaching map St P14 / 53 is trivial, and S° is an HFo-
subcomplex of P15 /S3.
Now we pull back S° along the quotient map P15 — P15 /S 3. We claim that we have £3C7

as an HIF9-subcomplex of P15.

S3 30— 5P

o

g3¢ Py pPp/s3

In fact, by Lemma 3.4.4, we have an HF9-subcomplex of P15 with nontrivial H3 and HO.

Since there is a nontrivial

Sq® - H(PY) — HP(PY),
we must have 23Cn as the HFy-subcomplex. O

Lemma 3.4.6. If we quotient out the HIF9-subcomplex Z?’C’n in PS, then the 6-cell splits
off. Therefore, SO is an HF9-subcomplex of P16/Z3C7].

Proof. We claim that the attaching map S° — Pl4 / 53 is trivial.
In fact, the group 7T5(P14/ S3) = 7,/2, generated by n[4]. To compute it, note that the

Eq-page of the Atiyah-Hirzebruch spectral sequence of P14/S3 is 75(SH) @75 (S2) B s (54 =
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Z/8BZ/)2, generated by v[2] and n[4]. We have the following Atiyah-Hirzebruch differentials:

v[2] =2v[1]
2v[2] —4v[1]
4] =4v[2] = n’[2)
Therefore, the element 7[4] is the only one left in the Eo-page.

Since we have

Sq? =0: HYPP) — HO(PY),

we must have

Sq? =0: HYPY/23Cn) — HO(PY/23Cm).

Therefore, the attaching map is not detected by n[4], and is trivial. This proves that S0 is
an HFy-subcomplex of P16/23C7]. O

Theorem 3.4.7. There is an HF9-subcomplex Y of P16 consisting of the 3-cell, 5-cell and

the 6-cell, which is the pullback of 56 along the quotient map P16 — P16/23C7].

230¢ Y. 56

]

30— P —= PP /X3Cy
Proof. This follows directly from Lemmas 3.4.3 and 3.4.6. O

Remark 3.4.8. The cell diagrams of the cofiber sequences in Theorem 3.4.7 are the follow-
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ing:

3.5 Some HFs-subquotients of P*

In this section, we discuss the cell structures of certain HFg-subquotients of P°. All of
them turn out to be HFo-subcomplexes of a 9 cell complex X. The existence of these HIFo-
subquotients is used extensively in the proofs in Sections 3.8, 3.9 and 3.10. For illustration
purpose, we include the cell diagrams of these HIF9-subquotients. The definition of cell
diagrams is reviewed in Section 3.13, which is Appendix I.

We define the 9 cell complex X.

Definition 3.5.1. Recall that the 15-skeleton of Pl%f’ is P1145 = 51y 815 The complex X
is defined to be the cofiber of the inclusion map S 15y Pl%f’, i.e., X fits into the cofiber

sequence

R X.

We also define the 22-skeleton of X to be X. In other words, X fits into the cofiber sequence

s p2_ . X

Now we establish the following lemmas on the cell structure of X.
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Lemma 3.5.2. There is a quotient map X — S16.

Proof. There is a quotient map P07 — S0 since the bottom cell splits off. By James peri-
odicity, this gives a quotient map Pfg’ — S16. Since the 14-skeleton of X is S14, we have a

quotient map to its cofiber Pfg’
14 23
S X — Pf¢.

Pre-composing the quotient map Pfg’ — S16 with the quotient map X —» 125’, we get the

desired quotient map X —» S16. O
Lemma 3.5.3. We have S17 as an HFy-subcomplex of)z and of X.

Proof. We claim that the top cell of the 17-skeleton of X splits off, and therefore S17 is an
HTF9-subcomplex of X and X.

The 16-skeleton of X is ©14Cn because of the nontrivial S¢?. The group T16(314Cn)
is generated by 2[16]. Note that in the Atiyah-Hirzebruch spectral sequence, the element
n?[14] is killed by n[16]. Therefore, it follows from James periodicity that the attaching map

is trivial. 0

Now we define some HFy9-subcomplexes of X. The relationships among the HFo-subcomplexes
are summarized in Remark 5.12. The reader should compare with the cell diagrams in Re-

mark 5.13 for the intuition of the following definitions.

Definition 3.5.4. We define )?2\0 to be the 20-skeleton of X, and X2V to be the fiber of the
following composition:

X0 ¥ — o g16,

Note that the composition is a quotient map, and therefore X20 is an HF9-subcomplex of

X,
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Definition 3.5.5. Quotienting out the 16-skeleton of X , we have the HF9-quotient complex
P1272 We define X22 to be the pullback of 16V along the quotient map X - P1272 Note

that by Theorem 3.4.7 and James periodicity, $16Y is an HFy-subcomplex of P1272 .

S Cp—s X2 16y
14 e 22 _ v16 p6
SHCp—— X — P2 = 316

Definition 3.5.6. We define X22 to be the fiber of the following composition:
e g )

Note that the composition is a quotient map, and therefore X22 is an HFy-subcomplex of

X2,

Definition 3.5.7. We define )?2\1 to be the 21-skeleton of)?Q\Q, and X2! to be the 21-skeleton

of X22,

Remark 3.5.8. Note that S19 is an HFg-subcomplex of X2!. In fact, the 19-skeleton of

X2 s 519y M The attaching map S18 — $14 is trivial since 74 = 0.

Definition 3.5.9. The top cell of P17 splits off due to the solution of the Hopf invariant one
problem. By James periodicity, this implies that the top cell of P1273 splits off. Therefore,
523 is an HFy-subcomplex of P1273

We define )/(E)’ to be the pullback of 523 along the quotient map X — P1263

sMop—» X238 423
SHCc X PE =x16pf
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Definition 3.5.10. We define X23 to be the fiber of the following composition:
X2 ¥ — o §16,

Note that the composition is a quotient map, and therefore X23 is an HF9-subcomplex of
X2,

Remark 3.5.11. We do not know if the top cell of X23 splits off. If not, then the attaching
map is detected by a nontrivial homotopy class in 7g. Since homotopy classes in mg have
Adams filtration at least 2, Ext(X?3) splits as a direct sum of Ezt(S™) and Ezt(S?3) in

either case.

Remark 3.5.12. We summarize in the following diagram the relationships among the HIFa-
subcomplexes defined in Definitions 3.5.4, 3.5.5, 3.5.6, 3.5.7, 3.5.9 and 3.5.10. For the name
convention, we have been using the notation X", not to be confused with the n—skeleton of
X, to indicate a kind of “n—skeleton” to the eyes of mod 2 homology, and the notation Xn
to indicate “adding” the 16-cell to X™. The cases for n = 23 do not necessarily follow this

convention, since we do not know if the top cell of X23 splits off.

XB L xBW X X

X2 xR . X

J

S9N x2le . ¥

X0 X0 . X

In Section 3.8, we need to show certain elements in Ext(X) are permanent cycles. We will

show these elements are permanent cycles in the corresponding HIF9-subcomplexes, and use
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the naturality of Adams spectral sequences and the algebraic Atiyah-Hirzebruch spectral
sequences to show they are permanent cycles in X. The intuition of finding these HIFa-
subcomplexes is due to the rearrangement of the cell diagram of X. Following the cell
diagram, one could reconstruct X layer by layer. Firstly, consider the cells in the bottom
layer: S14v §17v §19 Secondly, attach the cells in the next layer: the ones in dimension 16,
18 and 21. Lastly, attach the cells in dimension 20 and 22. Any HF9-subcomplex consists
of a collection of cells, such that for each cell contained in this collection, any cells in lower
layers that this cell is attached to are also contained in this collection. The reader should

compare this with the cell diagrams in Remark 3.5.13.

@2

N
SNZAN

"

Remark 3.5.13. For readers who are familiar with the notation of cell diagrams from (7),
we include the cell diagrams as illustrations of the HIFs-subcomplexes we defined. The

definition and some examples of cell diagrams are explained in Appendix I.
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Here the dashed lines in X23 and @ mean some possible attaching maps as explained
in Remark 3.5.11.

For the cell diagram of X , note that we have a nonzero S¢% on H 14()% ). However, sHCo
is not an HIF9-subquotient of X , we therefore do not draw the attaching map o. The non-
existence of the HFs-subquotient is due to the existence of the attaching map v2, which is

proved in the following Theorem 3.5.14.

By Remark 3.5.8, we have S19 as an HFy-subcomplex of X21. The cofiber X21/S19 is

therefore a 2 cell complex with cells in dimension 14 and 21. We have the following theorem.
Theorem 3.5.14. The complex X21/S19 is Y CV2, where CV2 is the cofiber of V2.
This theorem implies the following corollary.

Corollary 3.5.15. The complex S14CL2 is an HFy-subquotient 0fX21, X21 X2 gnd X22,

In the rest of this section, we prove Theorem 3.5.14. Note that since mg = Z/2 is
generated by v2, the complex X21/S19 is either ©14Cw2 or S v 21, Theorem 3.5.14 and
Corollary 3.5.15 will be used in several proofs in Section 3.6. However, the proofs in Section
6 do not depend on these results. In fact, if the complex X21/S19 were SV 521 the proofs
in Section 3.6 would be strictly much easier. The reader should feel free to skip the proof of
Theorem 3.5.14: knowing either case could be true is good enough for the proofs in Section
8. Since this theorem may be of other interest, we include the proof of Theorem 3.5.14 for
completeness.

To prove Theorem 3.5.14, we first consider the spectrum CPl?’, which is the suspension
spectrum of CP3. As we will explain in Example 3.13.5, the top cell does not split off and is
attached to (CP12 via 2v[2]. We have a standard quotient map P17 — (CPI?’, which is induced
by the quotient map on the space level. Then pre-composing it with the inclusion map, we
have a map

q: P16 —» (CP?.
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Recall that in Theorem 3.4.7, we showed that there exists a 3 cell complex Y, which is an

HTF9-subcomplex of P16.

Theorem 3.5.16. The composition

is trivial, therefore the composition
vy pf % cp?
maps through P56. Furthermore, the composition
S5 pS ——cp}

is nontrivial, and detected by v(2] in the Atiyah-Hirzebruch spectral sequence of (CP13.

Remark 3.5.17. We have the following commutative diagram:

vy pf %P}

"
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In other words, the cell diagrams of the composition ¥ — CP13 can be described as follows:

O )

Proof. The first claim of Theorem 3.5.16 follows from the fact that 7T3(CP13) = 0. In fact, in
the Eq-page of the Atiyah-Hirzebruch spectral sequence of CP3, there is only one candidate
that lies in the degree that converges to m3: n[2]. However, because of the attaching map in

CP12, we have an Atiyah-Hirzebruch differential
1[4] — n[2].

Therefore, 7r3((CP13) =0.

For the second claim, we first show that the composition
Soc—pb——~cp}

maps through S2. This follows from the fact that m5(CPJ) = Z/2, generated by v[2]. In

fact, because of the attaching maps in CP?, we have the Atiyah-Hirzebruch differentials

1[6] —2v[2]
2[6] —4v[2]

nl4] —=n°[2],
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which leave v[2] as the only nontrivial element in the Atiyah-Hirzebruch Eso-page that
converges to m5(CP{).

Next, we consider the following commutative diagram of cofiber sequences

2v|2
§5 2B epre P 56
| T T |
[

[
55 2. 55 Py 56

Since the composition

$°—pS —~cpP} — 56

is trivial, it maps through the quotient P56 / S% = $6. Since the map P56 — (CPf’ induces an
isomorphism on HY, so does $6 --» S6. Therefore, we can choose it to be the identity map.
To make the left square commute, we must identify the map S° — CP12 as v[2] modulo the

indeterminacy 2v(2]. Therefore, the composition
$%c—~CP? —cCP}

is nontrivial, and detected by v[2] in the Atiyah-Hirzebruch spectral sequence of CP?. O

Proof of Theorem 3.5.1j. We show that there is an attaching map 2 in X21.

Firstly, we have a quotient map
PEQ — CPEl,

which is induced by the quotient map RP1242 — (CP711 on the space level and James periodicity.
It maps through 216X since m_1(CP3 1) = 0. In fact, in the Atiyah-Hirzebruch spectral

sequence of CPEI, we have a differential

1[0] — n[=2],
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which kills the only nontrivial element n[—2] in the Ej-page.

Sl PS, »-16x
3
CP3,

Secondly, by Theorem 3.5.16, we have the following commutative diagram

Py S°
e Py CP} <52
A
§—1 id §—1

where the map v : §2 — S~! is due to the nontrivial S¢* on H_2(CP§1).

Therefore, in the cofiber of the composition
Ve—spf— 571

we have /2

map v2in X2

as an attaching map. Since this cofiber is »-15x 22, this proves the attaching

3.6 Two lemmas on Atiyah-Hirzebruch differentials

In this section, we establish two general lemmas regarding the relationship of 3-fold Toda

brackets and differentials in the Atiyah-Hirzebruch spectral sequences of certain 3 and 4 cell

complexes. As examples, we use these lemmas to prove Proposition 3.6.3 and 3.6.4, whose

statements will be used in Section 3.8.

We recall some facts from the construction of the Atiyah-Hirzebruch spectral sequence.

Let X be a complex with at most one cell in each dimension. Let X™ denote its n-skeleton.
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Not to be confused with the notation we use in the rest of this chapter, the n-skeleton
notation only applies in the next four pages.

We have the following facts about the Atiyah-Hirzebruch spectral sequence of X:

1. The Ei-page is
EP = m(Xx*/ x50,

As used in the previous two sections, we denote any element in the E1-page to be afs],
where « is an element in the stable homotopy groups of spheres, and s suggests its
Atiyah-Hirzebruch filtration. We will abuse the notation and write the same symbol

afs] for an element in 4 (X).
2. The Ej-page is

gt Im(m(X3/ X)) — my(X° JX57h)
D I (XSTTTX) (XX )

where the top map is induced by the quotient map
XS/Xs—r s XS/XS_l,
and the bottom map is induced by the attaching map in the cofiber sequence

XS/XS—I( Xs—l—r—l/Xs—l Xs—l—r—l/Xs EXS/XS—I.

3. The differential

dy: ES o gl

is defined as the following. Let a be a class in m(X*/X*™"), such that it maps to a[s] €

E5' under the projection to the top cell: X5/X57" - X5/ X571 We define d,(a[s])
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to be the composition of & with the attaching map X*/X57" — ZXS_T/XS_T_l.
St _&) XS/XS—T - ZXS—T/XS—T—l.

One can check that this is well-defined.

4. Suppose we have a nontrivial differential in the Atiyah-Hirzebruch spectral sequence

of X:

ds) sy (als1]) = Blsa],

where o € my(X%1 /X517 1) and B € me(X%2/X%271). This implies that, in the Atiyah-
Hirzebruch spectral sequence of X517 1 the element /3 [s9] is a permanent cycle. Fur-

thermore, under the attaching map S*1~1 — X171 the image of a[s1] is detected by

Blsal.

We have the following lemma to compute differentials in the Atiyah-Hirzebruch spectral

sequence of 3 cell complexes:

Lemma 3.6.1. Let T be a three cell complex with cells in dimensions t1,t9,t3, where tg <

to < t1. Suppose we have cofiber sequences

ai

Sisoyc e gh Slatloy

gtsc 2 _p 2 o 22 . ngts,

where Cf3 is the cofiber of B € my_t,—1, Cvy is the cofiber of v € w451 and B, v are
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nontrivial classes such that B -~ = 0. In other words, the cell diagram of T is the following:

Suppose the class a € my, satisfies the condition: o3 =0 in 74,14, —,—1. Then we have an

Atiyah-Hirzebruch differential:

dt; —t3(a[t1]) € (o, B,7)t3]-

If moreover - w451 C 77+ Mgty —ty N Tpgtt,—t3—1, then we have an Atiyah-Hirzebruch
differential:

dtl—tg (Oé[tl]) = <Oé, Bu 7) [t?)] :

Here the indeterminacy of (o, 8,7)[t3] is zero in the Ey, _t,-page.
Furthermore, in the latter case, if 0 € {(a, 3,7), then «a[t1] is a permanent cycle in the

Atiyah-Hirzebruch spectral sequence of T.

Proof. Following the condition a - f = 0, aft1] survives in the Atiyah-Hirzebruch spectral
sequence of X2C'5. In fact, this follows from the long exact sequence of homotopy groups

associated to the cofiber sequence

St 3205 — St

By naturality of the Atiyah-Hirzebruch spectral sequence induced by the quotient map 7" —

203, we have the differential in the Atiyah-Hirzebruch spectral sequence of T':

dty —ty([t1]) = 0.
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Now consider any class in 7,4+, (X12C8) which is detected by aft;]. We abuse the
notation to denote such a class by «[t1]. By the definition of the Toda bracket («, 3,7), the

class agy(at1]) is an element in («a, 3, 7)|[t3].

®—>I;©
v

Stotti . ytoog 22 »gts

The indeterminacy of this Toda bracket is a7y 51+, —to. From the construction of
the Atiyah-Hirzebruch spectral sequence, agy(a[t1]) is also a representative for dg, ¢, (aft1]).

The indeterminacy of the target of this differential is the image of

¢ ¢
dto—ts © Thgtty—tgt+tz+1(S2) = Tott, (BS73),

which is 7y - 7,14, —t,, since it is induced by multiplication by + map. Hence the first claim.
If -y 451 C - Ttgbts—to 1N Tyypty—15—1, then diy —¢5(aft1]) and (a, B, 7)[t3] have a
common element with the same indeterminacy. Hence the second statement.
The third statement follows directly from the second one, since the Ey, 4,4 1-page is the

E~-page for the Atiyah-Hirzebruch spectral sequence of T'. O
Lemma 3.6.2. Let U be a four cell complex with cells in dimensions t1, to, t3, t4, where
ty <tz <to <ty. Suppose we have cofiber sequences

Sts v St B 7 B ytaop 93 ygts gt

a4

eyt gh D\

as

Sts gtac sy B gt $.51 v $6t
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where Cf3 is the cofiber of B € my_t,—1, the map as : Stz 5 ¥813 v £5% s defined
component-wise by multiplication by v € Ty _¢;—1 and § € Ty, 1 map, and B3, 7y, 6 are
nontrivial classes such that 8-~y =0, -6 =0. In other words, the cell diagram of U 1is the

following:

Suppose the class o € my, satisfies the following conditions:
Loa- =01 Tyt —ty—1,
2.0 T —t3—1 SV Mg+t —ty N Mgty —t3—1
8.0 €(a,B,7) in Tgtt;—t5—1-

We then have an Atiyah-Hirzebruch differential

diy—t, (aft1]) € (e, B, )[ta].

If furthermore the following two conditions are satisfied:
4oy —y—1 =000 T4 1,1,
5. 0 Toty—ty = 0 10 Mgty —t4—1,

then we have an Atiyah-Hirzebruch differential

diy—ty(aft1]) = (@, B, 0)[ta].
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Moreover, in the latter case, if 0 € (a, 3,0), then a[t] is a permanent cycle in the Atiyah-

Hirzebruch spectral sequence of U.

Proof. We consider the following two cofiber sequences:

[S{C IS g A o

St U 1",

Both 3 cell complexes 7" and T" (with the following cell diagrams) satisfy the assumptions

in Lemma 6.1.

T/ T//

By Lemma 3.6.1, in the Atiyah-Hirzebruch spectral sequence of 7", we have a differential

dpy —t5(aft1]) = (o, B,7)[t3] = 0.

The last equality follows from condition (3). Using the naturality for the quotient map

p" U — T" we pull back a differential in the Atiyah-Hirzebruch spectral sequence of U:

dt, —t(alt]) = 0.
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By Lemma 3.6.1, in the Atiyah-Hirzebruch spectral sequence of 77, we have a differential

diy—t,(alt1]) € (e, B, )[ta].

Using the naturality of the quotient map p3 : U — T”, we pull it back to get a differential in

the Atiyah-Hirzebruch spectral sequence of U:

diy 1y (aft1]) € (e, B, )[ta].

The second and third statements follow directly from the first one, since the Toda bracket
(o, B,0) has zero indeterminacy under conditions (4) and (5), and the Ey, 4,4 1-page is the

E~-page for the Atiyah-Hirzebruch spectral sequence of U. O

Now we apply Lemma 3.6.2 to the complex X22.

In 739, consider the three homotopy classes o = on5, o/ € {hscy} such that 2 - o =
0, 0-a’ =0, and o' = o{dy}. Here we use the notation {a} to denote the set of homotopy
classes that are detected by a, where a is a surviving element in the Fso-page of the Adams
spectral sequence. One can choose o = (04,2, ¢). Moss’s theorem tells us o’ € {h5cy}. We
have

2. Oél = 2<847 2"5) = <2’94’2>€ = 7]946 =0.

The last equation follows from filtration reasons. From the proof of Lemma 6.5, we also have
o -a’ = 0. Note also that there are indeterminacies in the notation {d1} and 75, but for

our purpose, any choices work. The reader should compare with Isaksen’s computations in

(35; 36).

Proposition 3.6.3. In the Atiyah-Hirzebruch spectral sequence of X2, we have the following
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dg differentials:

ds(af22]) = 0,
ds(a[22]) = no[14],

ds(a”22]) € nPraal14),

where ¢ € 5 is detected by hsdy, such thatn- ¢ € (d/,2, 1/2>.

Proof. The complex X?22 satisfies the conditions in Lemma 3.6.2, with 8 =2 € T, Y =1 €

7 and 6 = 2 € 7.

2p)

2

2

i

© |»
2

We verify that the classes a and o satisfy conditions (1) through (5), and o' satisfy condi-

tions (1) through (3) in Lemma 3.6.2:

1. a-2 =0 in 739. This follows from 2 - 75 = 0.
o' -2 =0 in m39. This follows from our definition of o/.

o’ -2 =0 in m39. This follows from 2 - {d;} = 0.

2. a-mo Cm-myp in my1-
o - mg C -y in Ty
o -y Cp-myp in Ty

These follow from the fact that 79 is generated by nZ.

3. 0€ {a,2,n) in myq.
0€(a,2,n) in m4.

0€e (a”,2,n) in my1.
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These follow from the fact that the Cokernel of J in 74 is contained in the image of
n : w40 — 741 In fact, suppose for example (a, 2,71) does not contain 0. It therefore
must contain an element in the image of J. Therefore, mapping this Toda bracket to
the K (1)-local sphere gives a contradiction, since the class o maps to 0. The cases o

and o work the same way.

4. a-m7 =0 1in myg.
o -7 =0 in myg.

These follow from the fact that 77 is generated by ¢ and the proof of Lemma 3.6.5.
5. 12 - w40 = 0 in myg. This follows from v - w43 = 0 for filtration reasons.

For the targets of these differentials, we apply Lemma 3.6.2 by computing the following Toda
brackets

<a’ 27 V2>7 <a/7 2’ I/2>7 <a//’ 27 V2>'

For the element a = ons, we have
(o m5,2,0%) D a(ns,2,0%) = 15(2, 1%, 0) = n5{0,0%} = 0.

Note that the last equation holds because in the proof of Lemma 3.6.5 we have o215 = 0.

Therefore, by Lemma 3.6.2, we have the Atiyah-Hirzebruch differential
dg(a[22]) = 0.

For the element o’ € {h5cy}, we have

<O/a 2, V2> = <O/a 2, <77a v, 77>>

2 <O/,2,77,l/> 'n
C {hsdp} -7,
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where the last inequality follows from the following Massey product in Ezt, and Moss’s

theorem (60, Theorem 1.2).
(hsco, ho, hi, he) = hs{co, ho, b1, ha) = hsdy.

That is, there exists a class ¢ in {hsdg} in w45 such that 7 - ¢ € (o/,2,12). Therefore, by

Lemma 3.6.2, we have the Atiyah-Hirzebruch differential
ds(a'22]) = ng[14].
For the element o = o{d;}, we have
(o -{d1},2,%) D o({d1},2,v%) C o w39 C 0Praa.
The indeterminacy of the Toda bracket (o - {d;},2,1?) is
o{di} w7+ v myg = ofdi} - 77 C o w9 C nPmag.

Therefore, we have

(0-{d1},2,v) C Py

By Lemma 3.6.2, we have the Atiyah-Hirzebruch differential
ds(0”122]) C nma14].

O

We also apply Lemma 3.6.2 to the complex X20/519. Note that by Lemma 3.4.4 and
Remark 3.5.8, we have S9 as an HFy-subcomplex of X20,

In 741, we consider the homotopy class o’/ = o{hghohs}. Note that the notation
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{hghohs} has indeterminacy. Since hghghs does not support any hidden 7-extension in
the Enso-page of the Adams spectral sequence of SV, we choose a class in {hghahs} such that

its p-multiple is zero. The class o = o{hghohs} is therefore unique.

Proposition 3.6.4. In the Atiyah-Hirzebruch spectral sequence of X20/519, the element

a'120] is a permanent cycle.

Proof. The complex X20/S19 satisfies the conditions in Lemma 3.6.2, with 5’ = n € =y,

v =2¢€myand & =v € m3.

We verify that o = o{hghohs} € w41 satisfies the conditions (1) through (5) in Lemma

3.6.2:
1. o{hghohs} -2 =0 in my;. This follows from 2 - 741 = 0.

2. o{hghohs} - m C 2 - my3 in my3. This follows from the fact that w9 is generated by n?,
and that
- mqr = {0,4{P°ha}} C 2 my3.

3. 0 € (o{hghahs},n,2) in my3. This follows from o - 35 = 0 in my3. In fact, since we

chose the element in {hghohs} such that its n-multiple is zero, we have

(o - {hohahs},n,2) 2 o({hohahs},n,2) C o - 7136 = 0.

4. o{hghohs} - m5 = 0 in myg. This follows from 75 = 0.
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5. v-my3 = 0 1n myg.

We further verify that 0 € (c{hghohs},n, ) in m4. Since we chose the element in {hghohs}

such that its n-multiple is zero, we have

(o -{hohohs},n,v) 2 a({hohahs},n,v) = {hoh2hs} - (n,v,0) € {hohohs} - 12 = 0.

The last equation follows from the fact that 719 = 0. Therefore, by Lemma 3.6.2, the element

a'120] = a{hghahs}[20] is a permanent cycle in the Atiyah-Hirzebruch spectral sequence of
X2O / 519‘ 0

In the rest of this section, we prove the following relation in the stable homotopy groups

of spheres, which was used in Propositions 3.6.3 and 3.6.4.

Lemma 3.6.5.

o -39 C nPras = {0, % {g2}}.

Moreover, there is at most one nontrivial o-extension from m3g to mug, namely

o?{d1} = n*{g2}.

Proof. The group w39 is generated by classes that are detected by PQh%i, u, hot, hady, hsco
and hihshs in the Adams Ex-page. To prove this lemma, we check that for each element
in the Adams Fo-page, o annihilates one class it detects, with the possible exception of
hsdy. For the element hgdi, we show that there is a possible o-extension from hsdy to NV,
and it is equivalent to an n-extension from hjigs to N. It is now known that this nontrivial

o-extension does in fact exist, but it is irrelevant to the proofs in this chapter.
1. For P2h(2)i, we have o - {P2h(2)i} = 0 for filtration reasons.

2. For u, suppose o-{u} # 0. The only possibility is o-{u} = {dyl} for filtration reasons.

However, this cannot happen, since both {u} and {dyl} are detected by tmf, and
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o = 0 in m«tmf: mapping this relation to m«tmf gives a contradiction. Therefore,

o-{u}=0.
. For hat, one class that it detects is v{t}. It follows from v - o = 0 that o - {hot} = 0.

. For h3dy, note that there is a relation in Fxt: hzdy = hjey. Following Bruner’s

differential (15, Theorem 4.1)
d3(e1) = hit = h3n,
we have a Massey product in the Adams E4-page
(han, ha, h1) = hyey.

By Moss’s theorem (60, Theorem 1.2), we have that the Toda bracket (v{n},v,n) is

detected by hie1 = hgdy. Therefore,

U'<V{n}>’/’77> = <U>V{n}>y>'n'

By Bruner’s differential and Moss’s theorem, we have that the Toda bracket (o, v{n},v)
is detected by

h1g2 = h3er = (h3, han, ha).

Since the only element with higher filtration than hjgo that supports an n-extension

is w, to show that

o - {h3d1} = n*{ga},

we only need to show that

o ({n},v,m) # {w}-n.
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Suppose the opposite is true. Multiplying the equation by 7 gives a contradiction,

since h3d; does not support hidden n-extension while dyl does. Therefore, we have
o - {hzd1} = n*{ga}.
5. For hscg, by Moss’s theorem, o/ = (64,2, €) is detected by hscy. We have
(04,2,€) -0 =04-(2,e,0)=04-0=0.

Therefore, we have the class o/ = (04,2, €) in {hsco} such that o - o’ = 0.

6. For hihshs, it detects o = on5. Since v - n5 = 0, we have
o-ons = (v,0,v)ns = v{o,v,ns) Sv-mz =0.

Therefore, we have the class « = ony in {hihshs} such that o - a = 0.

In sum, we have o - w39 C 7727T44 = {O>772{92}}~ =

3.7 The cofiber of 7

In this section, we establish Step 1 by proving the following theorem.

Theorem 3.7.1. In the Adams spectral sequence of 214077, we have a dy differential in the
61-stem:

d4(h3[16]) = By[14].

Proof. The cofiber sequence

515 n 514 { 21407] b 516
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gives us a short exact sequence on cohomology
0—— H*(516) —p*>H*(214Cn) L Hr sy —
and therefore a long exact sequence of Ext groups
Bats—1-1(g15) M poysit(gl4 _%>Ezts,t(zl4cn) PE pptsit(S16).

From this long exact sequence, we have in Table 3.1 the Adams E» page of $14C in the 60

and 61 stems for s < 7.

Table 3.1: The Adams Fy page of £1*C in the 60 and 61 stems for s < 7

s\t —s 60 61

7 B1[14]  h3hsdy[16]

6 hgga[16]  hohaga[14]
hohsdo[16]

5 hog2[16]  hago[14]
h1g2[16]

4 hoh3[16]

3 hi1[16]

Firstly, since there is an n-extension from hi to By in SV, The class By[14] in Ext(214Cn)
detects zero in 7T60(214C7]), and therefore must be killed by some element. There are four
candidates: h2[16] in filtration 3, hohi[IG] in filtration 4, and hoga[14], h1g2[16] in filtration
5.

Secondly, the element hi[lG] in Ext(314Cn) cannot survive. Suppose it did. We would
then have qﬂ(hi[lfi]) = hi [16], where the image survives in Ext(S 16)  However, the homotopy
class detected by h3[16] in Ext(S10) maps nontrivially to a class in 70(3S ) hecause of the
same n-extension. This contradicts the exactness of the long exact sequence of homotopy
groups.

Thirdly, the element hogs[14] is a permanent cycle and therefore cannot kill Bq[14]. In

fact, the element hogo[14] is a permanent cycle in Ext(S'%). The image is(hago[14]) =
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hoga[14] must also be a permanent cycle.
At last, the kernel of the map

1 T45 — T46

is Z/8 @ Z/2, generated by an order 8 element detected by hohi and n{ga}. Since hohi
and hjgo have filtration 4 and 5, we must have two more surviving cycles in 7r61(214C'77)
with filtration strictly smaller than 6 besides hogo[14]. The only possibility is h0h§[16] and
h192[16], since we know hi[16] cannot survive.

Therefore, the only possibility to kill By[14] is hi[lG]. O

Corollary 3.7.2. The elements hohi[16], hoga[14] and h1g2[16] survive in the Adams spec-

tral sequence of SY4CH.

Proof. This follows directly from the proof of Theorem 7.1 and filtration reasons. O

3.8 The Adams spectral sequence of X

In this section, based on Theorem 3.7.1, we prove the following Theorem 3.8.1 in Step 2.

Theorem 3.8.1. In the Adams spectral sequence of )Af, we have the differential
dy(h3[16]) = B [14].

The proof of Theorem 3.8.1 is summarized as in the following Table 2.

Here the element hihshs[22] is defined to be the image of hihshs[22] in Ext(X?2). In
fact, the group Ext3’64(X22) = 7Z/2 is generated by hihshs[22] as we will show in Lemma
3.8.8. Each e represents a nontrivial element in its bidegree. But these elements are irrelevant

to our purpose.

Proof. Firstly, as we will show in Lemma 3.8.2, the Adams Es-page of X in the 60 and 61

stems for s < 7 is as claimed in Table 3.2. In particular, there are 10 elements in Adams
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Table 3.2: The Adams Fy page of X in the 60 and 61 stems for s < 7

s\t —s 60 61 status proof HTFy-subquotients used
7 Bq[14] .
[ ] [ ]
6 h3f1[20] e
[ ] [ J
[ ] [ J
5 o hoga[14] permanent cycle Lemma 8.3 XMCp
. h1g2[16] permanent cycle Lemma 8.3 XMCy
h1 f1[20] permanent cycle Lemma 8.10 X2V
hihsc[21] | permanent cycle Lemma 8.7 X2
hsdy[22] permanent cycle Lemma 8.8  X?22 and X22
4 . hohif[16]
g2[17] permanent cycle Lemma 8.4  S17
f1[21] do(f1[21]) = h3f1[20] Lemma 8.5 P
h%h3h5 [21] | permanent cycle Lemma 8.7 X2 -
hyco[22] permanent cycle Lemma 8.8  X?22 and X22
3 . hii[16] dy(h3[16]) = B1[14] -
hihshs[22] | permanent cycle Lemma 8.8  X?22 and X22

filtration 4 and 5. Secondly, by the Lemmas 3.8.3, 3.8.4, 3.8.5, 3.8.7, 3.8.8 and 3.8.10 in later

part of this section, the element By[14] in Adams filtration 7 cannot be killed by any do or dg

differentials from these 10 elements. In fact, one of these 10 elements in Adams filtration 4

supports a dg differential, and the rest are permanent cycles. Therefore, the element Bj[14]

survives to the Ey4-page of the Adams spectral sequence of X. Theorem 3.8.1 follows from

naturality of the Adams spectral sequences and Theorem 3.7.1.

O

Lemma 3.8.2. The Adams Eo page of)z in the 60 and 61 stem for s < 7 is as claimed in

Table 3.2.

Proof. Because of the cell structure of X , there exists a cofiber sequence

st x L pR2 2 ongld
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This cofiber sequence gives us a short exact sequence on cohomology
0= B(P2) L (X)L 1 (51 —0
and therefore a long exact sequence on Fxt groups
Extst(S14) % gt (X) —2 parst (P22) % EatstLiT1(ngl4),

Note that the Adams filtration of the attaching map a : P1262 — 251 i 1. In fact, in
its cofiber X , the 16-cell is attached to the 14-cell by 7, which has the Adams filtration 1.
Therefore, the boundary map in the long exact sequence on Ext groups raises the Adams
filtration by 1.

In Section 6 of (85), we explained how to obtain the Adams Es-page of P;}Jrk from our
Curtis table of P, In particular, we have the Adams Eo page of P1262 in the 60 and 61 stem
for s < 7.

To compute Ea:t()? ) from the long exact sequence on Ext groups, we also need to compute
the boundary homomorphism § : Extsvt(Pfg) — ExtsTHH1(2514) In fact, in the 61 stem
for s < 5, there is only one element hsdp[16] (with the right choices of other elements)

which maps nontrivially: 6(hsdg[16]) = hihsdg[14]. This follows from the naturality of the

boundary homomorphism induced by the inclusion map 214017 — X , and the fact that

Ext®5t16(50) =0 for s <5

Ext6’6+46(50) = Z/2, generated by hihsdy

Batst (S1) % putst(s140n) 2o Brtst (§10) — Baps L1 (ng14)

. ! |

Eatst(514) o Bttt (X) — "~ Eptst (PR) 0 Barst L1 (5914)

Note that the boundary homomorphism ¢ corresponds to differentials in the algebraic
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Atiyah-Hirzebruch spectral sequence of X. One can check, using the naturality of the al-
gebraic Atiyah-Hirzebruch spectral sequence for the quotient map P1242 - X , the other
elements (with the right choices) maps to zero under the boundary homomorphism 9.

This completes the proof. O

The following lemma is a consequence of Corollary 3.7.2 and naturality of the Adams

spectral sequence.

Lemma 3.8.3. In the Adams spectral sequence of X, the elements hoga[14], h1g2[16] and

hohi[IG] are permanent cycles.

Proof. By Corollary 3.7.2, the elements hoga[14], h192[16] and hohi[IG] are surviving cycles
in the Adams spectral sequence of 21407]. In particular, they are permanent cycles. Since

Oy is the 16-skeleton of X , by naturality for the map
sHop—s X )

these elements are also permanent cycles in the Adams spectral sequence of X. O

Lemma 3.8.4. In the Adams spectral sequence of )Z', the element go[17] is a permanent

cycle.

Proof. By Lemma 3.5.3, S17 is an HFg-subcomplex of X. Since g9 is a permanent cycle
in the Adams spectral sequence of SU, by the naturality for the inclusion map, it is also a

permanent cycle in the Adams spectral sequence of X. O

Lemma 3.8.5. In the Adams spectral sequence of )Af, we have a do differential

do(f1[21]) = h§ f1[20].

To prove Lemma 3.8.5, we need to prove the following lemma.
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Lemma 3.8.6. We have a quotient map q : P1291 — 5§20, Moreover, we have qs(f1[21]) =

hoce[20], where gy : Ext(Pfgl) — Ext(S?Y) is the induced map on the Adams Fo-page.

Proof. By James periodicity, the quotient map ¢ : P1291 — 520 maps through P22(}

21 4 21 _42 20
P19 P20 S

The cell diagram of P1291 is the following:

@0) |n

2

9

In Ext(P%), we define the element f1[21] to be the image of f1[21] in Ext(S?') under the

inclusion map i : %1 — P3l ie., f1[21] = iy(f1[21]).

Eaxt(S?h)
i
Eat(PE) 5 Eat(P2Y) -2 Bat(S20)
f1[21]
211+ | h 20
f1[21] +hyeal20] 0c2[20]

By naturality of the algebraic Atiyah-Hirzebruch spectral sequence, we have gg4( f1[21]) = 0.

Therefore, in Ext(P31), the element f1[21] + hoc2[20] maps to hoca[20] in Ext(S?0), i.e.,

G4 (f1[21] + hoc2[20]) = hoez[20].
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Now we consider the cofiber sequence associated to the map qy.

519( P1291 % P2201 _ 521 V 520 2519

Both elements f1[21] and hgca[20] map to hyf1[19] in Ext(2519). In fact, it follows from

the fact that the 21-cell is attached to the 19-cell by 7, and the 20-cell is attached to the
19-cell by 2. Note also that there is a relation h%CQ = hyf1 in Ext. Therefore, the sum

f1121] + hoeo[20] maps to 0 in Ez¢(2519), and must comes from Ext(P21) by exactness. By
19

naturality of the algebraic Atiyah-Hirzebruch spectral sequence, it must come from fq[21],
ie.,

q13(f1[21]) = f1[21] + hoca[20].

Combining with

qos(f1[21] + hoc[20]) = hoca[20],

we have

qz(f1[21]) = hoca[20].

Now we present the proof of Lemma 3.8.5.

Proof. In the Adams spectral sequence of SV, we have a differential

da(hocz) = B f1-
Now consider the following commutative diagram:

)’Z q3 P1292 q4 520

]|

21 9 ¢20

89



where ¢ is obtained from X by quotienting out its 18-skeleton, ¢4 is a quotient map that
follows essentially from Theorem 3.4.7 and James periodicity, and ¢ is an inclusion map. By

Lemma 3.8.6, the dy differential in S2V:
da(hoc2[20]) = h{ f1[20]
can be pulled back to get a dy differential in P1291:

do(f1[21]) = h{ f1[20].

This differential can be further pushed forward by ¢, and then pulled back by g3 to get the
do differential in X:

do(f1[21]) = h{ f1[20].

Note that in Ezt(X), elements of lower Atiyah-Hirzebruch filtrations, i.e., hogs[14] and

h1g2[16], have already been shown to survive by Lemma 3.8.3. O
Lemma 3.8.7. The elements hihsco[21] and h2hghs[21] are permanent cycles in Ext(X).

Proof. We consider the HFo-subcomplex X 21 Since there are only three cells in X 21 the
computation of the Adams Es page of X2! in the 61 stem for s < 5 is straightforward by

using the algebraic Atiyah-Hirzebruch spectral sequence.

Table 3.3: The Adams E5 page of X2 and S2! in the 61 stem for s < 5

s\61 — stem of X?2! 521
) hihsco[21]  hihscg[21]
hago[14] e
4 h2hshs[21]  h¥hghs[21]
f1[21]

By Theorem 3.5.14, the HFo-subcomplex X 21 fits into a cofiber sequence
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Here ¢o1 is the quotient map. We therefore have a long exact sequence of homotopy groups.

Suppose a € mg1(S21), and « lies in the kernel of the map
(n,v7) : m61(S*) — m61(S*°) @ me1(S™).

Then o must satisfy the following conditions:

We verify that the elements hjhscp[21] and h%h3h5 [21] each detect a class that satisfies the

above condition. In fact, we have that
0€n-{hfhshs}, 0 € n-{hhsco}, and v-my(S”) =0.

Therefore, by exactness of homotopy groups, in 7gq (X 21), there exist classes that map
nontrivially to mg1(S2!). Furthermore, these classes are in Adams filtration at most 5.
By naturality of the algebraic Atiyah-Hirzebruch spectral sequence, the classes detected by
hoga[14] map trivially to m61(S?1). Tt follows that hyhsco [21] and h%h3h5 [21] survive in the
Adams spectral sequence of X2!. In particular, they are permanent cycles. Since X 21 i an
HTF9-subcomplex of X , both elements are permanent cycles in the Adams spectral sequence

of X. O
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Lemma 3.8.8. The elements hydy[22], h5c[22] and hihshs[22] are permanent cycles in the

Adams spectral sequence of X.

Proof. For the element hihshs[22], we consider the HF9-subcomplex X 22 since it is defined
by the image of hqhghs[22] in Ext(X??). For the elements had;[22] and hscy[22], we use both
of the HFy-subcomplexes X 22 and )/(2\2 The reason we use different HFo-subcomplexes here
is explained in Remark 3.8.9.

Using the algebraic Atiyah-Hirzebruch spectral sequences, and their naturality for the

maps

we compute the Adams Fa-page of X22 and )?2\2 in the 61 stem for s < 5.

Table 3.4: The Adams E5 page of X22, @and S22 in the 61 stem for s < 5
s\61 — stem of X?2? X22 522
) hsdy[22] hsd1[22] hsdy[22]
hihsco[21]  hihscg[21]
haga[14]  hago[14]

h1g2[16]
4 hscol22] hscp[22] hscol22]
h2hghs[21]  h2hghs[21]
hoh3[16]
3 hihshs[22]  hihghs[22]  hihshs[22]
hi[16]
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By Definition 5.6, the complex X 22 fits into a cofiber sequence

X22 q 522 a ZX21

@ ) ————

2 ]

2D Q) |
@ |2 B

Here ¢ is the quotient map, and a is the suspension of the attaching map of the 22-cell
in X22. We have a long exact sequence of homotopy groups associated to this cofiber
sequence. Suppose «[22] is an element in 761(522). Suppose further that «[22] supports
a differential in the Atiyah-Hirzebruch spectral sequence of X22. By the construction of
the Atiyah-Hirzebruch spectral sequence, the target of the differential that «[22] supports

detects A([22]) in the homotopy groups of lower skeleton, where the map
A 161 (S?2) — mg (BX 2

is the boundary homomorphism in the long exact sequence of homotopy groups.

For the element hjhghs[22], we consider the homotopy class o = on5 € w39, which is
detected by hjhshs in the Eso-page of the Adams spectral sequence of SU. By Proposition
3.6.3, the element «[22] is a permanent cycle in the Atiyah-Hirzebruch spectral sequence of
X?22 Therefore, by exactness of the long exact sequence of homotopy groups, there exists a
homotopy class in g1 (X 22), which has Adams filtration at most 3. This implies the element
hihshs[22] survives in Ext(X 22), since it is the only element with Adams filtration at most

3. In particular, it is a permanent cycle. Therefore, its image in Ext(X), i.e., h1hghs[22], is

also a permanent cycle.
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By Definition 3.5.5, the complex X 22 fits into a cofiber sequence

2 e _gym

@ @~

St

~

@
S

/

& ®

Here ¢’ is the quotient map, and a’ is the suspension of the attaching map of the 22-cell in
)?2\2. We have a long exact sequence of homotopy groups associated to this cofiber sequence.
Suppose o/[22] is an element in 71 (S%2).

Suppose further that o/[22] supports a differential in the Atiyah-Hirzebruch spectral
sequence of )?2\2 By the construction of the Atiyah-Hirzebruch spectral sequence, the target
of the differential that o'[22] supports detects A’(a’[22]) in the homotopy groups of lower
skeleton, where the map

A/ : 7T61(S22) — 7T61(2X21).

is the boundary homomorphism in the long exact sequence of homotopy groups.

"in {hscy} € 739, such that

For the element hgcy[22], we consider a homotopy class «
2.0’ = 0. Such a class exists, since there is no 2-extension from hscy in the Eso-page
of the Adams spectral sequence of SU. By Proposition 3.6.3, we have a differential in the

Atiyah-Hirzebruch spectral sequence of X22:

ds(a/[22]) = no[14],
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where ¢ € 745 is detected by hsdg, such that n- ¢ € (o/, 2, 1/2).

We map this differential to the Atiyah-Hirzebruch spectral sequence of )?2\2 Since the 16-
skeleton of )?2\2 is 2146'77, we have a differential in the Atiyah-Hirzebruch spectral sequence
of )?2\2:

d(¢[16]) = no[14].

This implies the following differential
dg(a’[22]) = 0.

That is, o/[22] is a permanent cycle in the Atiyah-Hirzebruch spectral sequence of )?2\2
Therefore, by exactness of the long exact sequence of homotopy groups, there exists a homo-
topy class in 7T61()/(:2\2), which has Adams filtration at most 4. By naturality of the Adams
spectral sequence for the quotient map X2 _, 522 the class that detects o/[22] in Ext(@)

must map nontrivially to Ext(S%2).

—_

Ext(X?22) — Ext(52%?)

ﬂ ﬂ

T (X22) — 1, (522)
Since the element hihshs[22] is already accounted for, by filtration arguments, the only
possibility is that hsc[22] detects o/[22]. In particular, the element hscy[22] is a permanent
cycle in the Adams spectral sequence of )?2\2 Therefore, its image in Ea:t()z ) is also a
permanent cycle.
For the element hg3d;[22], we consider the homotopy class o/ = o{dy} € w39, which is
detected by hzd; in the Ex-page of the Adams spectral sequence of SO, Note that the

notation {di} has indeterminacy, but for our purpose, any class in the set {d;} works. By
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Proposition 3.6.3, we have a differential in the Atiyah-Hirzebruch spectral sequence of X 22:
ds(a"[22)) € nPraal14]

We map this differential to the Atiyah-Hirzebruch spectral sequence of X?22. Since the 16-
skeleton of X?22 ig 214077, we have some dg differentials in the Atiyah-Hirzebruch spectral

sequence of X22 that kill 1727T44[14]. This implies the following differential
dg(a’[22]) = 0.

That is, o’[22] is a permanent cycle in the Atiyah-Hirzebruch spectral sequence of )?2\2
Therefore, by exactness of the long exact sequence of homotopy groups, there exists a homo-
topy class in g1 ()?2\2), which has Adams filtration at most 5. By naturality of the Adams
spectral sequence for the quotient map X2 _, 522 the class that detects o{d1}[22] in
Ext(@) must map nontrivially to Ext(S5?2). Since the elements hyhshs[22] and hsco[22]
are already accounted for, by filtration arguments, the only possibility is hgd;[22]. In par-
ticular, the element hgdi[22] is a permanent cycle in the Adams spectral sequence of )?2\2

Therefore, its image in Ext(X) is also a permanent cycle. O

Remark 3.8.9. For the element hs5c[22], if we use the HFa-subcomplex X 22 instead of
)?2\2, it would support an Adams do differential that kills hjhsdp[14]. With the 16-cell,
hihsdo[14] is killed by hsdg[16] in the Curtis table, therefore isn’t present in the Adams Fo

page of X?22,

Lemma 3.8.10. The element hq f1]20] is a permanent cycle in the Adams spectral sequence

of)z.

Proof. We consider the HFy-subcomplex X20. Using the algebraic Atiyah-Hirzebruch spec-
tral sequence, we compute the Adams Fsy page of X20 in the 61 stem for s < 5. This

computation is straightforward: all differentials in this range follow by the multiplication by
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2 attaching maps.

Table 3.5: The Adams E5 page of X20 and 520 in the 61 stem for s < 5

s\61 — stem of x20 520

5 h1f1[20]  hq f1[20]
haga[14]

4 g2[l7] e

3 °

The complex X20 fits into a cofiber sequence

" "

X2O q 520 a 2(519 vV X18)

20—
19| \\

2

~ (&

[\)

=&

@/

@/

Here ¢” is the quotient map, X8 is the 18-skeleton of X 20, ¢/’ is suspension of the attaching

map of the 20-cell in X2Y. We have a long exact sequence of homotopy groups associated

to this cofiber sequence. Suppose ’’[20] is an element in 7g1(S2?). Suppose further that

o'""[20] supports a differential in the Atiyah-Hirzebruch spectral sequence of X 20 By the

construction of the Atiyah-Hirzebruch spectral sequence, the target of the differential that

a'120] supports detects A" (a/”[20]) in the homotopy groups of lower skeleton, where the
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map

A" 2 751 (S%2) — 761 (BX )

is the boundary homomorphism in the long exact sequence of homotopy groups.
By Lemma 3.4.4 and Remark 3.5.8, we have S19 as an HF9-subcomplex of X20. We

consider its cofiber X29/519.

X20/Sl9
For the element hq f1[20], we consider the homotopy class o/’ = o{hghahs} € 741. Be-
cause of Lemma 3.11.4, hq f1 detects c{hghohs} in the Adams E-page of SO, By Proposi-
tion 6.4, the element o/”'[20] is a permanent cycle in the Atiyah-Hirzebruch spectral sequence
of X20/519,

In the Atiyah-Hirzebruch spectral sequence of X20, we have the differential
di(a”"[20]) = 0
since the attaching map from the 20-cell to the 19-cell is multiplication by 2 and
2.0" €271y =0.

Using the fact that the 19-cell of the 19-skeleton of X2V splits off, and the naturality of the
Atiyah-Hirzebruch spectral sequences for the quotient map X20 — Xx?20 /S 19 the element
o/""[20] survives in the Atiyah-Hirzebruch spectral sequence of X2V,
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Therefore, by exactness of the long exact sequence of homotopy groups, there exists a
homotopy class in 7g1 (X 20), which has Adams filtration at most 5. By naturality of the
Adams spectral sequence for the quotient map X20 — 520, the class that detects o' [20] in

Ext(X?%) must map nontrivially to Ext(S?0).

Ext(X?0) — Eat(S?0)

ﬂ ﬂ

T (XQO) - 7T*(520)

By filtration arguments, the only possibility is hq f1]20]. In particular, the element hq f1[20]
is a permanent cycle in the Adams spectral sequence of X20. Therefore, its image in E:):t()? )

is also a permanent cycle. O

3.9 The Adams spectral sequence of X

In this section, we establish Step 3 and Step 4 by proving Theorems 3.9.1 and 3.9.2. Com-

bining them together, we have Corollary 3.9.3.

Theorem 3.9.1. In the Adams spectral sequence of X, we have the differential
dy(h3[16]) = By [14].

The following Theorem 3.9.2 is a consequence of Lemma 3.8.8.

Theorem 3.9.2. In the Adams spectral sequence of X, the chosen element h1hghs[22] is a

permanent cycle. Here h1hghs[22] is defined to be the image of h1hshs[22] in Ext(X??).

Proof. Since the map X22 < X maps through X, we have hihshs [22] in Ext()?) maps to
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hihshs[22] in Ext(X).

E:L’t3’61+3(X22) El.t3,61+3()2') E:L’t3’61+3(X)

hihshs[22] hihshg[22] —————— h1h3hs[22]
By Lemma 3.8.8, h1hshs[22] is a permanent cycle in E:Et()? ). Therefore, by naturality of
the Adams spectral sequences, hihghs[22] is also a permanent cycle in Ezt(X). a

From Theorem 3.9.1 and 3.9.2, we have the following corollary.

Corollary 3.9.3. In the Adams spectral sequence of X, we have the differential
dy(h1hshs[22] + h3[16]) = B;[14].

In the rest of this section, we prove Theorem3. 9.1. The idea is to push the d4 differential
in the Adams spectral sequence of X into that of X , and check the element Bj[14] is not

killed by an Adams dg or d3 differential.

Proof. Recall from Remark 3.5.11 that the Adams Fo page of X splits as follows:
Ext(X) = Ext(X) & Ext(5%3).

Therefore, by Lemma 3.8.2, we have the Adams Fo page of X in the 60 and 61 stems for
s < 7 in the following Table 3.6.

Note that by naturality of the Adams spectral sequences for the inclusion map XX ,
and the proof of the Theorem 3.8.1, no e’s in Adams filtration 4 and 5 can kill Bj[14].

Therefore, to prove Theorem 3.9.1, we only need to show that

do(hihshs(23]) # By[14],
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Table 3.6: The Adams Fy page of X in the 60 and 61 stems for s <7

s\t —s 60 61
7 Bq[14] e
[ ] [ J
hit[23] e
h3[23)
6 ° °
[ ] [ J
[ ] [ J
hox[23] e
[ ]
5 .
[ ] [
x[23] °
[ J
[ J
hihshs (23]
4 ° °
[ J
[ ]
[ ]
[ ]
e1(23]
hihshs[23]
3 . h[16]
hihshs[22]
hohshs[23]
2 h3hs[23]

ds(h3hshs(23]) # By [14],

d3(e1[23]) # B1[14].

For the elements h%h3h5 [23] and hgh3h5 [23], we will show that
da(h3hs[23]) = 0,

d3(hghs[23]) = 0,
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which by Leibniz’s rule implies that
dy(hijhzhs[23)) = hi - da(hhs[23]) = 0,

ds(hghshs[23]) = i) - d3(hghs[23]) = 0.

We consider the HFy-subcomplex X 23 in Definition 3.5.10. Recall that X 23 consists of two
cells in dimension 14 and 23. Since there is no primary Steenrod operation connecting them,

we have

Ext(X?) = Ext(S'") @ Ext(S).

Therefore, we have the Adams spectral sequence of X 23 in the 60 and 61 stems for s < 5 in the

following Table 3.7. In the Adams spectral sequence of X23, we have dg(hghs [23]) = 0, since

Table 3.7: The Adams E5 page of X23 in the 60 and 61 stems for s < 5
s\t —s 60 61

5 2(23]  h3hshs[23]
[ J

4 e1[23]
h3h3hs[23]

3 ° hohshs[23]

2 hahs[23]

the target lies in the zero group. If d3(hghs[23]) # 0, then we must have that ds(hshs[23]) =
x[23], since that is the only possibility. By mapping through the quotient map X 23, 523
this differential would imply that ds(hshs[23]) = z[23] in the Adams spectral sequence of
523 However, in SY, we have that d3(hshs) = 0. Contradiction! Therefore, we must have
the differential d3(hghs[23]) = 0 in the Adams spectral sequence of X 23, and therefore also
in that of X.

For the element eq[23], suppose we have d3(e1[23]) = By[l4] in the Adams spectral
sequence of X. By naturality for the quotient map X — 523, we have d3(e1[23]) = 0 in

the Adams spectral sequence of 523, since the target Bi1[14] maps to zero in the Es-page by
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naturality of the algebraic Atiyah-Hirzebruch spectral sequences. However, this contradicts

Bruner’s differential (15, Theorem 4.1) in S°:
ds(e1) = hqt.

Therefore, we must have ds(ey[23]) # B1[14], which completes the proof. O

3.10 The pull back

In this section, we prove Step 5: based on Corollary 3.9.3, we prove the following Theorem

3.10.1.

Theorem 3.10.1. In the Adams spectral sequence of P23, we have a ds differential:
d3(h1hghs[22]) = G06].

Proof. We have the Adams FEs-page of P123 from the Curtis table.

We will show in Lemma 3.10.3 that
fy(h1hghs[22]) = hihghs[22] + h3[16],

where fy : E:Bt(P123) — Ezt(X) is induced by the composition of the two quotient maps
fi1: P123 —» 125’, fo: Pl%f’ — X. By Corollary 3.9.3 that in the Adams spectral sequence of

X, we have the differential
da(hyhzhs[22] + h3[16]) = By[14],

and the naturality of the Adams spectral sequence, the element hihghs[22] in E:Bt(P123)

must support a nontrivial do, dg or dy4 differential.
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Table 3.8: The Adams FEs-page of P123 in the 60 and 61 stems for s <7
s\t —s 60 61

7 3] o
o[5] o
o[21] o
o[23] o
o[23] o
6 G|6] :
o[20] o
o[22] o
o[23] o
; .
4 ° :
3 ° :

hihshs[22]

Ext(P?3) e Ext(X)

B [14]

A

|

° |

| dy |

dy, 2<r<4, |

| h1hghs[22]
hihshg[22] ——

hj[16]

From the table of the Adams Es-page of P23, we have the following three possibilities.

1. It supports a nontrivial dg or d4 differential that kills one of the elements e[i] with
20 <@ < 23.
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2. It supports a nontrivial dy differential that kills one of the elements e[i| with ¢ = 3, 5.

3. It supports a nontrivial dg differential that kills G[6].

For (1), since these target elements map nontrivially to Ext(X), this would contradict
Theorem 3.9.1. For (2), from the Curtis table, these two elements exist in Ext(P]") for all
n > 5. In particular, they exist in E:)st(Pll?’), and map trivially to E:)st(Pl%f’) in the following

long exact sequence
.. —— Ext(P}3) — Ext(P¥) — Ext(PX) — - .

and hence trivially to Fzt(X). Since they have the same filtration as By[14], this would
contradict Theorem 3.9.1.

Therefore, (3) is the only possibility. O

Remark 3.10.2. The reason we use P123 instead of P122 is that, in the bidegree (s,t —s) =
(5,60) of the Curtis table, the element hj fo[11] is killed by a e[23]. Therefore, in Ext(P#2),
the element hy fp[11] is present, and leaves a possibility of a nontrivial Adams dy differential.

We add the 23-cell to make this go away.
We now prove Lemma 3.10.3.

Lemma 3.10.3. We have
fs(hihshs[22]) = hihghs[22] + h3[16],

where fy : E:Bt(P123) — Ext(X) is the homomorphism induced by the composition of the two
quotient maps

23 23 23
fl:Pl - 14,f21P14—»X.
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Proof. By naturality of the algebraic Atiyah-Hirzebruch spectral sequences, we have
f1g(hihghs[22]) = hyhghs[22].
We only need to show that
foy(h1h3hs[22]) = hyhghs[22) + hi[16].

Ext(X??)

g
Jou

i Ext(PZ}) ——— Ext(X)

Ext(P°) ——

hyhshs[22]

h1hahs|22 h1hahs|22
1h3h5[22] —— h1hghs[22] —— T h3[16]

Consider the cofiber sequence that defines X

st p2 Py _5gls

This gives a long exact sequence of Ext groups:
e Brt(8Y) —— Eat(PE) 2 Bat(X) 2 Bat(5515) — ..
We only need to show that the boundary map Ag satisfies
Ao(hyhghs[22] + h3[16]) = 0.

In fact, by exactness, the element hihghs[22] + hi[lG] must come from E:ct(Pl%f’) By natu-
rality of the algebraic Atiyah-Hirzebruch spectral sequence, it must comes from hyhghs[22],

i.e., we must have

fos(h1h3hs[22]) = hihghs[22) + h3[16],
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which completes the proof.

To show Ag(hyhghs[22] + hi[16]) = 0, we consider an HFg-subcomplex W of X. Since
X22 is an HF9-subcomplex of X, we define W to be the homotopy pull back of X%2 along
the quotient map fo : Pl%f’ — X. By Lemma 3.4.4, we have (W, j) as an HFy-subcomplex

of Pﬁf’ in the following commutative diagram of cofiber sequences:

515( 197 X22 a1 2515

bl

a2

sloe . p2 f2_ IR

As an illustration, the cell diagram of W is the following:

@/

We will show in the following Lemma 3.10.4 that
Ay (hahghs[22]) = hoh3[15],

where Aq is the boundary map of Ext groups associated to the cofiber sequence defining W'.
Therefore, following the commutative diagram of cofiber sequences and the definition of the

element hihghs[22], we have

Ag(hyhshs[22]) = hohi[15].
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The fact that the 16-cell in Pfj’ is attached to the 15-cell by 2 gives us
Ag(h§[16]) = hohi[15].
Therefore, we have
Ag(hyhghs[22] + h[16]) = 0,
as claimed. 0
Lemma 3.10.4. Aq(hyhghs[22]) = hoh3[15)].

Proof. We use the Lambda complex (see Section 7.1 of (68)) to compute the Fo-page of the
Adams spectral sequence in a functorial way. Recall from (68) that, for any spectrum Y,
we can construct a differential graded module Hi(Y) ® A™* over the Lambda algebra A**.

Differentials in this complex are generated by
d(x) = £i>15¢%(7) ® Ni_1

for z € H,(Y), where S¢. is the transpose of Sq’.
In our case, we abuse notation to denote the unique generator of H;(Y) by e;, for any
HTF9-subquotient of X.

By naturality of the Steenrod operations, we have nontrivial S¢* and S¢® in the coho-

mology of W.
H15(W) Sq #0 ng(W) H14(W) Sq #0 H22(W)
ME e i |= ME
H15(P123)Sq #0H19(P23) H14(P123)Sq #0H22(P23)

Moreover, in the cohomology of W, we have Sq¢lS¢2S¢* # 0 on H'. Dually, we have the
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following nontrivial operations:

Sqi(eg2) = ey,

Sq(e9) = eqo,

Sqi(ezn) =
qx(e22) = e15,

S (ea2) = en4.
By naturality, we have the following nontrivial operations in Hy(X?2):
Sqi(es) =
a4« (e22) = €21,

Sq2(ex9) = eqg,

Sq¥(egs) = e14.

We claim that in Hy(X?2) @ A** the cycle

T = €92 @ AIA7TA31 + €14 @ AM13A19A15

represents the class hyhshs[22] in Ext(X??).

In fact, we can check directly that x is a cycle:

d(ega ® MATA31) = €21 ® AgA1ATA31 + €19 ® AeA1A7A31 + e14 ® A7A1A7A3]
= €14 ® A\7TA1A7A31
= €14 ® (M13A15A11A7 + A11A17A11A7 + A7A13A11A15),
d(e14 ® A\13A19A15) = €14 ® d(A13A19A15)

= e14 ® (AM13A15A11A7 + A11A17A11A7 + A7A13A11A15).

We compute

AA7AZT = A21 A 11A7 + A13A 11715,

109



and check the Curtis table in (77) that Ext>3139 = Z/2, generated by an element with the
leading term Agi A1 A7. Since Ext33139 = 7,)2 is generated by hihshs, we conclude that x
represents the class hihshs[22] in E:)st(X22).

However, in Hy(W) ® A™* the element

T = e99 ® A\1A7A31 + e14 @ A13A19A15

is not a cycle anymore: there is one more term in d(x) due to the extra nontrivial operation

Sql(eg2) = e15.
In fact, we have that

d(z) = d(e22 ® MA7TA31 + €14 ® AM13A19A15)
= €21 ® AA1IATA3] + €19 ® AaA1A7A31 + €15 @ AgA1A7A31
+ €14 ® A7A1A7TA31 + €14 ® d(A13A19A15)
= €15 ® AgA1A7A31

= €15 ® A\14A13A1177.

Therefore, by the definition of the boundary homomorphism A : Ext(X??) — Ext(£519),
we have

Aq(z) = e15 ® A4 13 117

H*(Sl5) ® AF* H*(W) ® AF* —>H*(X22) ® AF*

Xt e
ld
€15 @ AM14A13A11A7 €15 @ A4 1371107
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We check the Curtis table in (77) that Ezt®*t45 = Z/2, generated by an element with
the leading term Ajg4A13A11A7. Since Bt At — 7Z,)2 is generated by hoh3, we conclude

that e15 ® A4 13 11 A7 represents the class hohi[IS] in Ext(2519). O

Remark 3.10.5. One can think of the boundary homomorphism in Lemma 3.10.4 as an
algebraic attaching map, and therefore its computation corresponds to a 4-fold Massey prod-

uct. In Ext(S°), we have the strictly defined 4-fold Massey product
hohiy = (h2, h1, ho, hihghs)

with zero indeterminacy. It is straightforward to check this by a Lambda algebra computa-
tion:

(hg . h1 , hy , hihs)
A3 A1 Ao A5A3

Here % means the products are zero in the Lambda algebra. Note that the leading term of

h0h§ is A\gAs\3 from the Curtis table for SU. Therefore,
hoh3 = (ha, b, ho, hih).

Then it follows from a relation in Fuxt: hohi = h0h§h5.

3.11 A homotopy relation

In this section, we prove a relation in the homotopy groups of spheres. This relation will
lead to an Adams differential that kills the element gz in the 61-stem. We will explain in
Remark 11.2 which element supports the differential that kills gz. But to prove mg; = 0, all
we need is that gz is gone. We will use certain relations in Ezt in the proofs, see (16) for

these relations.
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Theorem 3.11.1. We have the homotopy relation 77%3 = 0 in wg1. Therefore the element

gz must be killed by some Adams differential.

Using several lemmas that will be proved later in this section, we present the proof of

Theorem 3.11.1.

Proof. We first prove the second claim. By (9, Corollary 3.4.2), the permanent cycle z in the
41-stem detects the homotopy class 77%2. It follows that the element gz detects 77%3, since ¢
detects %. Therefore, if &> = 0, we must have gz killed by some Adams differential.

Now we prove the relation n&> = 0.

We have a 4-fold Toda bracket for & (61, page 43-44):
R € (k,2,n,v) with indeterminacy even multiples of %.
The indeterminacy will be killed after multiplying by n. We will prove in Lemma 3.11.3 that
(17%2, k,2) =0 in 7.

Therefore

R = nR* (K, 2,0, )
C (&2, k,2),m, V)
=(0,n,v)
= V- T58

=0

The last equation is stated as Lemma 3.11.7 that we will prove later in this section. Therefore,
we have the homotopy relation

T]E3:0 in 7g1.
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O

Remark 3.11.2. Alternatively, we can show that hq X7 must support an Adams differential,
and

da(h1X71) = g2

is the only possibility. The idea is to consider the Massey product (92, d%, hi) = hiWy + g*r
in the Adams Fy-page, and to conclude that h; W] must support a nontrivial differential as
g?r does (See Lemma 3.3.49 of (35)), since the sum is a permanent cycle by Moss’s Theorem.

Suppose that h1 X7 is a permanent cycle. We have that

hW, = Phi X,
= X1(h1, hih3, ho)

= (h1 X1, hih3, ho)
is also a permanent cycle by Moss’s Theorem. We therefore have a contradiction.
We first prove Lemma 3.11.3.
Lemma 3.11.3. We have a Toda bracket (n&?, k,2) = 0 in 756

Proof. By (35; 36),
755 = 7Z/16 and is generated by an element ps5 in Im.J.

Therefore, we have the relation

nE2f<a =0 in 7y5.

This follows from the fact that both x and & map trivially to the K(1)-local sphere. In fact,
suppose that n&2k is some multiple of ps5. Then mapping the relation to the K (1)-local

sphere tells us the multiple must be zero. Therefore, this Toda bracket is defined.
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By (35; 36),

56 = 7Z/2 and is generated by nps; in Im.J.

Therefore, we have the relation

(ne2, K, 2) = 0.

This follows similarly by mapping the Toda bracket to the K(1)-local sphere.

To prove Lemma 3.11.7, we need the following three lemmas.
Lemma 3.11.4. The product o - {hghohs} is nontrivial in 741, and is detected by hy f1.

Proof. By (50), we have the following two Adams differentials
d3(hahs) = hidy, and do(hgcg) = hihad.

Note that we have a relation hgdy = hje; in Ext. Therefore, we have a Massey product in
the Adams E4-page
(d1, h1, ho) = hohahs

and a Massey product in the Adams F3-page
(hady, hy, ho) = hica = hyf1.

Note that the second equation is a relation in Ext. Then by Moss’s Theorem (60, Theorem

1.2), we have the following Toda brackets
({d1},n,2) contains an element that is detected by hghohs,
(0{d1},n,2) contains an element that is detected by hq fj.
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Since

o{di},n,2) € {o{d1},n,2),
the product o - {hghohs} is nontrivial, and is detected by hq f7. O]
Lemma 3.11.5. We have the relation ({t},n,v) C a{hghohs} in m4.

Proof. By (15, Theorem 4.1) we have Bruner’s differential

ds(e1) = hqt.

Therefore, we have a Massey product in the Adams FEy4-page

(t,h1,ha) = hoer = hy f1.

The second equation is a relation in Ext. Therefore, by Moss’s Theorem (60), we have the
following Toda bracket:
({t},n,v) is detected by hyf1.

Note that the Toda bracket ({t},n,v) has no indeterminacy.

Combining with Lemma 3.11.4, both o{hghohs} and ({t},n,v) are detected by hqfi.
But in the same column of the Fy, page of the Adams spectral sequence, there are several
elements with higher filtration than hy fi. Therefore, to prove this lemma, we need to show

that their difference is actually zero. We prove this by multiplying by 7. First note that

n - o{hghohs} = 0.

In fact, n{hohohs} contains non-zero classes nxx = v{q} and n?{P*h;}. Both classes are
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annihilated by o. Next note that

<{t}’77’ V>77 = {t}<77> v, 77) = {t}y2 = 0.

For the last equation, by filtration arguments, the only other possibility is that {t}l/2 = k3.

(For reader’s convenience, note that x3 = ?%2.) However, mapping this relation to s (tmf)
gives a contradiction.
Since all elements of higher filtration than hqf; in the cokernel of J support non-zero

n-extensions, this proves the lemma. O
Lemma 3.11.6. We have a Toda bracket (r,{t},n) = {h1Q2} in m5g.

Proof. By (35, Table 20), (36), we have Isaksen’s differential

d3(Q2) = gt.

Therefore, combining with Bruner’s differential (15, Theorem 4.1) dg(e1) = hit, we have a

Massey product in the Adams E4-page

(g.t,h1) = h1Q2.

Note that gey = 0 in Ext. Therefore, the lemma follows from Moss’s Theorem (60, Theorem
1.2). Both sides of (g, {t},n) = {h1Q2} have the same indeterminacy that lies in the image

of J. 0
Now we prove Lemma 3.11.7.
Lemma 3.11.7. v - 758 = 0.

Proof. By (35; 36),

758 18 Z/2 @ Z/2, and generated by {h1Qs} and 77{P7h1}.
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By Lemma 3.11.5 that

({t},n,v) € o{hohohs} in myy,

and Lemma 3.11.6 that

(7, {t},n) = {MQ2} in msg,

we have that

v-{mQ2} = (% {t}, n)v
= E<{t}’ U V)
C Ro{hghohs} = 0.

The last equation follows from the relation that Ko = 0. Therefore, we have that

v-mrg = 0.

3.12 Another homotopy relation and the Adams differential
ds(A’) = hy1 By

In this section, we prove another relation in the homotopy groups of spheres. This relation
will lead to an Adams differential, which is the only possibility to kill the element hj By in

the 60-stem.

Theorem 3.12.1. We have the relation nkfy5 = 0 in mgg. Here 045 is a homotopy class
in w45 defined by Isaksen in Section 1.7 of (35), with an extra condition that it maps to zero

in wa5(tmf). This implies the Adams differential

d5(A’) = hyBy;.
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In Isaksen’s definition, 645 is a homotopy class detected by hi in the 45-stem, with
indeterminacy containing even multiples of itself and the element {w}. Our definition of 04 5
is a refinement of Isaksen’s. Since {w} has a strictly higher Adams filtration than 4 5, and
is detected by tmf, the indeterminacy of our 64 5 does not contain the element {w}.

Using several lemmas that will be proved later in this section, we present the proof of

Theorem 3.12.1.

Proof. We first prove the second claim. By (7, Theorem 3.1(i)), the permanent cycle B

detects the homotopy class s 5. We have the following relation in Ext:
h1Ba1 = doBi.

Since dy detects k, the permanent cycle hiBo1 = dyB; detects the homotopy class nky 5.
Therefore, if nkf,y 5 = 0, we must have h Ba killed by some Adams differential. By Theorem
3.1, we have that

d3(D3) = Bs, d3(h1D3) = hq1Bs.

This leaves the element A’ to be the only possibility to kill h; Bay as the source. Therefore,
we have the Adams dy differential ds(A’) = h1Boy.

Now we prove the relation nkfy 5 = 0.

Recall that there is a strictly defined 4-fold Toda bracket for x € w4 with zero indeter-
minacy:

K= (€,1,1,2).

It follows that

nk = n(e,v,n,2) € (ne,v,1n,2),

and that

nkbss € 04.5(ne, v, 1,2).
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We will show in Lemma 3.12.6 that there is a strictly defined 4-fold Toda bracket in my5:

p15 € ({Ph1},v,n,2) with indeterminacy even multiples of p15.

We will show in Lemma 3.12.7 that

p15045 =0 In meo.

Thus

0 = p15045 = Os5({ Ph1},v,1,2).
We will show in Lemma 3.12.5 that
04.5(ne+{Ph1}) =0,
and in Lemma 3.12.9 that

(04.5,{Ph1} + ne,v) =0 with zero indeterminacy in msg.

Therefore

nKba5 = nkbys + p1504s
€ Oy5(ne, v,n,2) + 04 5({Ph1},v,1,2)
= O45({Ph1} +ne,v,n,2)
C ({045, {Ph1} +ne,v),n,2)
=(0,7,2)

=2 mgo = {0, 2%3}.
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Note that the following three Toda brackets

(ne,v,m,2), ({Ph1},v,n,2), ({Ph1} +ne,v,n,2)

have the same indeterminacy: 2 - w15 = even multiples of p15, which is annihilated by 64 5.

To prove that nkfy 5 = 0, we only need to show that

nKly5 # 2R,

Note that 2&3 is detected by tm.f, while 64 5 is chosen not to be detected by tmf. Suppose
we have the relation

Nkby 5 = 2R3,

Then mapping this relation into tmf gives us 2&° = 0, which contradicts the fact that 273 is

detected in my(tmf). Therefore, we must have that
nkbys = 0.

O

Now we present the proofs of Lemmas 3.12.5, 3.12.6, 3.12.7, 3.12.9, and a few other

lemmas that will be needed for the proofs.

Lemma 3.12.2. In the Adams Ey page, we have a Massey product
hiz' = (higa. ho, Phy).
Proof. In Proposition 4.19 of (77), Tangora showed that we have a May dg differential

dg(Y) = higo.
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Here we follow Isaksen’s notation (35) for names of the elements in the May spectral sequence.
Then combining with the fact that hjz’ = Y Phy in the May Ejg page, this lemma follows

from May’s convergence theorem (51). O

Lemma 3.12.3. We have the relation

{Ph1} - {hsdo} =0 in msq.
Proof. First note that the Toda bracket

(2,04, k) is detected by hsdp.

This follows from the Adams dy differential dy(hs) = hohi and Moss’s theorem. Note that
to apply the Moss’s theorem here, we need to use the fact that 645 = 0, which is obtained

by filtration reasons.

We compute the product {Phq}(2, 04, k) next.

{Ph1}(2,04, k) = ({Ph1},2,04)k
C (k{Ph1},2,64)
= (1°F, 2, 04)
D 117 R (1,2, 04)

= 13(2,04,%) C nPms; = 0.

In other words, both {Ph1}(2, 604, k) and 0 are contained in the same Toda bracket

(PR, 2,04).
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Therefore, their difference must be contained in the indeterminacy of this Toda bracket,
which is

3_
N°K - 731 + w4 - O4.

It is clear that 7]3E -m31 C 7737r51 = (. Recall that

o4 = 7Z/2® 7Z/2 and is generated by nony and npoz in the Im.J.

Multiplying by 64, both products are zero. This is due to the fact that nn4fy = 0 (See

Lemma 4.1 in (7)) and filtration reasons. Therefore, we have achieved that

(Ph1}(2,04, ) = 0.

Then, from the fact that 2{Ph1} = 0 and filtration reasons, the product of {Phi} and
all elements in the EF5 page of higher filtration than hsdy are zero. Therefore, combining

with the fact that the Toda bracket

(2,04, k) is detected by hsdy,

we have the homotopy relation that

{Phi}-{hsdo} =0 in ms54.

]
Lemma 3.12.4. The permanent cycle hix' in the 54-stem detects the homotopy class 04.5{Phy}.
Proof. By Lemma 3.12.2 and Moss’s theorem, we have that
hiz' detects an element in the Toda bracket (02604,2, {Ph1}).
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Recall that Barratt, Mahowald and Tangora (9) showed that
h%gg detects 026’4.
We have the relation that
04(0,2,{Ph1}) C (0°04,2,{Ph1}).

Since also

04(0%, 2, {Ph1}) C 0y moq =0,

which we showed in the proof of Lemma 12.3, we have that
0 € (0%04,2,{Ph1}).

Note that one can also show directly that (¢2,2,{Phy}) = 0.

Recall that Isaksen (35) showed that hj2’ is a surviving permanent cycle, and it detects
both 136, 5 and equally nefy 5. Therefore, hyz' must detect a nontrivial homotopy class in

the indeterminacy of the Toda bracket
(0%04,2, {Ph1}).
The indeterminacy of this Toda bracket is
0204 - m1o + a5 - {Phy}.

First note that

7m0 = Z/2 and is generated by n{Phy}.
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Since no? = 0, we must have that

0294 -m10 = 0.

Next note that 2{ Ph1} = 0, and the generators of 745 can be chosen to be the following

015 € {h3}, nlga}, {hsdo}, {w}.

We have that

{w} - {Ph1} =0 for filtration reasons.

We also have that

{Ph1}-n{g2} € (n,2,80)n{g2}
= 77<2a 80, {92}>77
= 772<2> 8o, {92}>

C nmzo = 0.

Note here we use the fact that 8¢{g2} = 0. Then combining with Lemma 3.12.3 that
{Phi}-{hsdo} =0,
the only possibility is that

hiz' detects the homotopy class 64 5{Ph;}.

Lemma 3.12.5. In 754, we have a relation 04.5(ne + {Ph1}) = 0.

Proof. The element dgg? is the only element in the 54-stem of the Es page with higher

filtration than ki, It detects the homotopy class k&2, which is also detected in the Hurewicz
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image of tmf. Since 64 5 is chosen not to be detected in the Hurewicz image of tmf, and hyz’

detects both nefy 5 and {Phq}045, we must have a relation

O1.5(ne +{Ph1}) = 0.

Lemma 3.12.6. We have a strictly defined 4-fold Toda bracket

p15 € {Phi},v,n,2) in w5,

with indeterminacy 2715 given by even multiples of p15, where pi5 is a generator of the ImJ

m T5-

Proof. We first check that this 4-fold Toda bracket is strictly defined. It is clear that
(v,n,2) C 75 =0.
In the Adams FE5 page, we have that
(Phy, hg, hy) = Ph3 = hdj.
The element h%do is killed by the Adams d3 differential
d3(hgha) = hido.

Therefore,

0 € ({Phi},v,nm).

It is straightforward to check the indeterminacy of this 3-fold Toda bracket is zero. There-

fore, this 4-fold Toda bracket is strictly defined.
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We next check the indeterminacy of this 4-fold Toda bracket. The indeterminacy is

contained in the union of the following

<{Ph1}a v, 7T2>’ <{Ph1},71’5,2>, <7T13,77,2>.

Note that 75 = 0,719 = 0,713 = 0, 79 is generated by 772 and 7g is generated by V2. We
have

({Ph1},v,n?) 2 ({Ph1},v,n)n = 0.
{Ph1}~V2 cv-m9 = 0.

Therefore, the indeterminacy is 27y5.

Now we multiply this 4-fold Toda bracket by 172:

<{Ph1}>’/’77’ 2>772 = {Ph1}<V>77>2,772> = {Phl}e'

The 4-fold Toda bracket € = (v,7,2,7%) is strictly defined with zero indeterminacy. The
homotopy class {Phj}e is detected by the surviving cycle Phicg. We have a nontrivial

extension:

n*p15 € {Phico}.

Therefore, we must have that the 4-fold Toda bracket
({Ph1},v,m,2) contains pi5 or pi5—+ nk.
To eliminate the second possibility, we multiply this 4-fold Toda bracket by &. Note that

R{Ph1} C mo9 =0,
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(R, {Ph1},v) =0 with indeterminacy {0,204} in m33.

In fact, in the Adams Ey page, we have the Massey product

(g, Ph1,ho) =0 in Adams filtration 9.

The homotopy classes that survive in w33 with filtration higher than 9 are detected by the
K (1)-local sphere. Since the class & maps trivially to the K(1)-local sphere, we must have
that

(R, {Ph1},v) contains 0.

Then it is straightforward to check the indeterminacy is

R-mg+mgo - v ={0,v04}.

Now we have that

m({Ph1},v,n,2) € (R, {Ph1},v),n,2)
= ({0,104}, 7,2)
= the union of (0,7,2) and (vf4,7,2)

=2-735.

Note that 2 - 735 is detected in the K(1)-local sphere. Since the class £ maps trivially to the

K(1)-local sphere, we have that

R{({Ph1},v,n,2) = 0.

On the other hand, it is clear that

nkk # 0 and is detected by hidpg,
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and that

p15F € (8,20,0)k = 8(20,0,F) C 8mg5 = 0.

Here by Moss’s theorem, the relation
P15 € (8,20,0)
follows from the Adams differential do(hy) = h0h§ and the Massey product in the E3 page
(h3, hohs, h3) = h3hy with zero indeterminacy.
Therefore, the 4-fold Toda bracket

({Ph1},v,m,2) contains pis.

Lemma 3.12.7. We have the relation p1564.5 = 0 in mgp.

Proof. We first claim that

p1504 = 804 5.

In fact, they are both detected by the surviving cycle h%h5d0 (See Tangora (78)). However,
there is one more element w in higher filtration in the Fo, page, so the two classes might
differ by that. Since

770, =0, and n*{w} #£0,

their difference is not {w}, and hence must be zero. Note that one can also show this by

mapping the relation into tmf.
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Then we have that

p1504.5 C (8,20,0)04 5
C (804.5,20,0)

= (p1504,20,0)

= (0 with zero indeterminacy.

The last equation is proved by the second author as Lemma 2.4 in (88). O

Lemma 3.12.8. We have a Toda bracket in moq:

({Ph1} +ne,v,0) =0 with zero indeterminacy.

Proof. We consider the two brackets ({ Ph1},v,0) and (ne, v, o) one by one.

For the first bracket, in the Adams FE9 page we have the Massey product

(Phy,hg,h3) =0

with zero indeterminacy in Adams filtration 6. Since there is no surviving class in Adams
filtration 7 or higher, it contains zero. For filtration reasons and the fact that w13 = 0, the

indeterminacy of the first bracket is

{Ph1} -m1+m3-0=0.

Therefore,

({Ph1},v,0) =0 with zero indeterminacy.
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For the second bracket, we have that

<77€,I/,0'> 2€<777Va0-> g€'7T12 = 0.

Therefore, it contains 0. Again, by filtration reasons and the fact that 733 = 0, the indeter-

minacy of the second bracket is

ne-m1 +mg-o0=0.

Therefore,

(ne,v,0) = 0 with zero indeterminacy.

Summing these two relations, we have that

({Ph1} + ne,v,0) =0 with zero indeterminacy.

Lemma 3.12.9. We have a Toda bracket in msg:

(04.5,{Ph1} +ne,v) =0 with zero indeterminacy.

Proof. First, by Lemma 3.12.5, we have the relation

045 ({Ph1} +ne) = 0.

Therefore, this Toda bracket is defined.
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Recall that
the cokernel of J in mgg is Z/2, and generated by {h1Q2}.

The indeterminacy equals

045 m3+ w55 - v =0.

The relation 755 - v = 0 follows from filtration reasons. As a side remark, one can actually
prove that

{h1Q2} is indecomposable.

This can be shown by the Adams-Novikov filtration of this element. See Isaksen (35) for

details.

In (35), Isaksen showed that the permanent cycle hih3@Qo cannot be killed by ;. The
only other candidate to kill h1h3@Q2 is hil)’hG, which is obviously a permanent cycle: it detects

n*ng. Therefore,

h1h3Q2 is a surviving cycle, and detects o{hi@Q2}.
By Lemma 3.12.8, we have that

(045, {Ph1} +ne,v)o = 04 5({Ph1} + ne,v, o) = 0.

Therefore,

(04.5,{Ph1} + ne,v) does not contain {h1Q2},

and hence is 0 with zero indeterminacy. O
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3.13 Appendix I

The theory of cell diagrams is very helpful when thinking of finite CW spectra. We use them
as illustration purpose in Section 3.5. In this section, we recall the definition of cell diagrams

from (7). We also include several examples.

Definition 3.13.1. Let Z be a finite CW spectrum. Then a cell diagram for Z consists
of nodes and edges. The nodes are in 1-1 correspondence with a chosen basis of the mod
2 homology of Z, and may be labeled with symbols to indicate the dimension. When two

nodes are joined by an edge, then it is possible to form an HIFo-subquotient

Z//Z// — S’]’L vf 6m’

which is the cofiber of f with certain suspension. Here f, the attaching map, is an element
in the stable homotopy groups of spheres. For simplicity, we do not draw an edge if the
corresponding f is null.

Suppose we have two nodes labeled n and m with n < m, and there is no edge joining
them. Then there are two possibilities.

The first one is that there is an integer k, and a sequence of nodes labeled n;,0 < i < k,
with n = ng < np < --- < ng = m, and edges joining the nodes n; to the nodes n;;1. In
this case we do not assert that there is an HIF9-subquotient of the form above; this does not
imply that there is no such HIFs-subquotient.

The second one is that there is no such sequence as in the first case. In this case, there

exists an HIFa-subquotient which a wedge of spheres S™ Vv S™.
Remark 3.13.2. In (7)’s original definition, they use subquotients instead of HFa-subquotients.

Example 3.13.3. Let f be the composite of the following two maps:
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52 T g0 i ¢
—_— %’r]’

where the second map i is the inclusion of the bottom cell. Consider the cofiber of f: C'f,

which is a 3 cell complex with the following cell diagram:

®

A,

©

It is clear that the top cell of C'f splits off, since 2 can be divided by 7. So we do not have
to draw any attaching map from the cell in dimension 3 to the one in dimension 0. Note
that the cofiber of 2 is in fact an HFg-subcomplex of C'f. One could think this as the

indeterminacy of cell diagrams associated to a given CW spectrum.

Example 3.13.4. Let X| = P14. The cell diagram of X7 is the following:

—®

SN

[\]

@

As a comparison, let Xo = C2 A Cn, where C2 and Cn are the cofibers of 2 and 7. Then
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the cell diagram of Xs is the following:

—®

& @

[\)

©

We give a more interesting example.

Example 3.13.5. Consider the suspension spectrum of CP3. It consists of three cells: one
each in dimensions 2, 4 and 6. It is shown in (2) by Adams that, the secondary cohomology

operation ¥, which is associated to the relation
Sq*Sqt + S¢*Sq' S + SqtSqt = o,

is nonzero on this spectrum. In other words, there exists an attaching map between the
cells in dimension 2 and 6, which is detected by hghs in the 3-stem of the Adams F, page.
Note that hghg detects two homotopy classes: 2v, 6v. Their difference is 4v = 73, which is

divisible by n. Therefore, we have its cell diagram as the following:

2v
n

@

3.14 Appendix II

This section is about intuition.
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We summarize and explain the major ideas of how we think of the “road map” of the proof
of the differential d3(D3) = Bs, especially of Step 4. The “zigzag” part of the explanation
is crucial if one wants to generalize this method to other Adams differentials.

We try to prove an Adams d3 differential in PP°:
d3(hihghs[22]) = G[6].
The element G supports a differential (35; 36) in the Adams spectral sequence of S0.
d3(G) = Phsdy.
From the computation of the transfer map, we have that
Phydp[6] maps to Bay
It is shown in (35) that d3(Bsg) # Basy. Therefore, the only possibility is that
G[6] supports a dy differential in P16.

Checking the bidegree gives us the only element there: hsi[5]. This argument can be sum-

marized in the following diagram:
Ext(S%) ~— Eat(PP) —— Ext(P°) — Ext(SY)

Phydy[6] <— Phsdg[6] —— Phydy[6] —— B2y
A
|
|

ds3 | hyi[5]
I 1
G|6]  G[6] 1 G[6]1 Bs
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Remark 3.14.1. The above argument implies that in the Adams spectral sequence of P12 ,

we have a differential

d5(G[2]) = hil1].
This differential in the mod 2 Moore spectrum is not obtained by a zigzag.

The Curtis table shows that
hyi]5] s killed by Bj[14].

Note that the element By in Ext(S°) is a surviving cycle.

This zigzag suggests that, if the element G[6] were going to survive in the Adams spectral
sequence of P23, then it would jump the Adams filtration by 1 to the element Bi1[14] in the
Adams spectral sequence of Pl%f’ This is the first half of the intuition of Step 4: we reduce
the Adams d3 differential in Pl23 to an Adams dy differential in Pl%f’

The second half of the intuition is related to the source element hihghs[22]. The Massey
product hohi = (ho, h1, hg, h1hshs) and the nonzero Steenrod operation SqlS5¢%Sq* on the

15 dimensional class in H *(Pl%f’) suggest that we should have a differential
hihshs[22] kills hoh3[15]

in the Curtis table of PP°. However, the element h0h2[15] is killed by h2[16] in the Curtis
table because P1156 is a suspension of the mod 2 Moore spectrum. Therefore, if we remove
the 15-cell in Pﬁf’, we can “separate” the two elements hqhshs[22] and hi[16]. To do this,
we take the cofiber of the inclusion of the 15-cell to get the spectrum X, and reduce the
Adams dy differential in Pl%f’ to an Adams d, differential in X.

It is therefore clear that the n-extension from hi to Bj gives us the dy differential in X,

since the 16-cell is attached to the 14-cell by 7.
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CHAPTER 4
SOME EXTENSION PROBLEM BY THE RP*-METHOD

4.1 Introduction

The computation of the stable homotopy groups of spheres is both a fundamental and a
difficult problem in homotopy theory. Recently, using Massey products and Toda brackets,
Isaksen (35) extended the 2-primary Adams spectral sequence computations to the 59-stem,
with a few 2, 7, v-extensions unsettled.

Based on the algebraic Kahn-Priddy theorem, the authors (86) introduced a new method
to compute differentials in the Adams spectral sequence, and proved that mg; = 0. The 61-
stem result has the geometric consequence that the 61-sphere has a unique smooth structure,
and it is the last odd dimensional case. In the article (86), it took us more than 40 pages to
introduce the method and prove one Adams differential d3(D3) = B3. Here Bg and Dg are
certain elements in the 60 and 61-stem. Our notation will be consistent with (35) and (86).

In this chapter, we show that our method can also be used to solve extension problems in
the Adams spectral sequence. We establish a nontrivial 2-extension in the 51-stem, together
with a few other extensions left unsolved by Isaksen (35). As a result, we have the following

proposition.
Proposition 4.1.1. There is a nontrivial 2-extension from hohsga to gn in the 51-stem.

We'd like to point out that this is also a nontrivial 2-extension in the Adams-Novikov
spectral sequence.
Combining with Theorem 1.1 of (38), which describes the group structure of 751 up to

this 2-extension, we have the following corollary.

Corollary 4.1.2. The 2-primary w5 is Z/8 ® Z/8 ® 7./2, generated by elements that are
detected by haga, PSho and hoBs.
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Using a Toda bracket argument, Proposition 4.1.1 is deduced from the following o-

extension in the 46-stem.
Proposition 4.1.3.

1. There is a nontrivial o-extension from hgdy to N in the 46-stem.

2. There is a nontrivial n-extension from h1go to N in the 46-stem.
As a corollary, we prove a few more extensions.
Corollary 4.1.4.

1. There is a nontrivial n-extension from C' to gn in the 51-stem.
2. There is a nontrivial v-extension from hohsdy to gn in the 51-stem.

3. There is a nontrivial o-extension from h%gg to gn in the 51-stem. In particular, the

element gn detects 030,.

Remark 4.1.5. In (35), Isaksen had an argument that implies the nonexistence of the two 7-
extensions on higs and C, which is contrary to our results in Proposition 4.1.3 and Corollary
4.1.4. Isaksen’s argument fails because of neglect of the indeterminacy of a certain Massey

product in a subtle way. For more details, see Remark 4.2.3.

The proof of the o-extension in Proposition 4.1.3 is the major part of this article: we
prove it by the RP*° technique as a demonstration of the effectiveness of our method.

The rest of this chapter is organized as the following.

In Section 4.2, we deduce Proposition 4.1.1 and Corollary 4.1.4 from Proposition 4.1.3.
We also show the two statements in Proposition 4.1.3 are equivalent. In Section 4.3, we recall
a few notations from (86). We also give a brief review of how to use the RP>° technique
to prove differentials and to solve extension problems. In Section 4.4, we present the proof
of Proposition 4.1.3. In the Appendix, we prove a lemma which is used in Section 4.4. The
lemma gives a general connection that relates Toda brackets and extension problems in 2-cell

complexes.
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4.2 the 51-stem and some extensions

We first establish the following lemma.

Lemma 4.2.1. In the Adams E9 page, we have the following Massey products in the 46-stem.:
gn = (N, hi,ha) = (N, ha, h1)
Proof. By Bruner’s computation (16), there is a relation in bidegree (¢ — s, s) = (81, 15):
gnr = mN.

We have Ext1?81+15 — Z.]2 ® Z/2, generated by gnr and hiz1442. Moreover, the element
gnr is not divisible by hy, and neither of the generators is divisible by hsg.

By Tangora’s computation (77), we have a Massey product in the Adams Eo page,
m = (r,hy, h).
Therefore,
gn-r=m-N =N -(r hy,ho) = (N -r hy,ho) =r- (N, hy, ho)
with zero indeterminacy. This implies
gn = (N, hi,ha).
Because of the relation ho - N = 0 in Ext94919 — 0, we also have

gn-r:m~N:<T’h1,h2>'N:T'<h17h’27N>'
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This implies
gn = (N, hg, h1).

Based on Proposition 4.1.3, we prove part (1) of Corollary 4.1.4.

Proof. By Proposition 4.1.3, N detects the homotopy class 02{d1}. Then the Massey product
gn = (N, ha, hy)

and Moss’s theorem (60) imply that gn detects a homotopy class that is contained in the
Toda bracket

(o {dr},vm).

The indeterminacy of this Toda bracket is

n- w50 + o {d1} - w5 =1 - 70,

since 5 = 0. Shuffling this bracket, we have

<U2{d1}7 v, 7]> 2 U{dl} ' <07 v, 77) =0,

since (o,v,n) C w9 = 0.

Therefore, gn detects a homotopy class that lies in the indeterminacy, and hence is
divisible by 7.

For filtration reasons, the only other possibility is hsci;. However, Lemma 4.2.51 of (35)
states that there is no n-extension from hzcy to gn. Therefore, we must have an n-extension

from C to gn. O
Based on Proposition 4.1.3, we prove part (2) of Corollary 4.1.4.
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Proof. By Proposition 4.1.3, N detects the homotopy class 02{0[1}. Then the Massey product
gn = (N, hy, hg)

and Moss’s theorem (60) imply that gn detects a homotopy class that is contained in the
Toda bracket

(o*{d1},m,v).

The indeterminacy of this Toda bracket is
vomg + o2 {d1} w5 = v mg,
since 5 = 0. Shuffling this bracket, we have

<U2{d1}77]7 V> 20 <U{d1}77]7 V> = U{dl} ' (777 v, U) = 07

since (n,v,0) C w9 = 0.
Therefore, gn detects a homotopy class that lies in the indeterminacy, and hence is
divisible by v.

For filtration reasons, the only possibility is hohsdp, which completes the proof. O
Now we prove part (3) of Corollary 4.1.4, and Proposition 4.1.1.

Proof. Lemma 4.2.31 from Isaksen’s computation (35) states that the 2-extension from
hohsgo to gn is equivalent to the v-extension from hohsdy to gn. This proves Proposition
4.1.1.

It is clear that Proposition 4.1.1 is equivalent to part (3) of Corollary 4.1.4, since o is

detected by hsg, and 026, is detected by h%gg. (See (9; 35) for the second fact.) O

In the following Lemma 4.2.2, we show that the two statements in Proposition 4.1.3 are

equivalent.
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Lemma 4.2.2. There is a o-extension from hsdy to N if and only if there is an n-extension

from higo to N.

Proof. First note that there are relations in Fxt:

h3dy = hiey, hzer = higa.
By Bruner’s differential (15, Theorem 4.1)

ds(er) = hyt = hin,
we have Massey products in the Adams Ej4-page
hady = hier = (han, ha, h1), higa = hzeir = (h3, han, ha).

Then Moss’s theorem implies that they converge to Toda brackets

({n},v,m), (o,vin},v).

Therefore, the lemma follows from the shuffling

U'<V{n}>’/’77> :<U>V{n}>’/>'77~

We give a remark on the two n-extensions we proved.

Remark 4.2.3. In Lemma 4.2.47 and Lemma 4.2.52 of (35), Isaksen showed that there are

no n-extensions from higo to N or from C to gn. Both arguments are based the statement
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of Lemma 3.3.45 of (35), whose proof implicitly studied the following Massey product
<h%, Phihscg, C()> > Ph%h560

in the 59-stem of the Adams E3-page, which therefore converges to a Toda bracket. However,
in the Adams E3-page, the element Ph:{’h5eo is in the indeterminacy of this Massey product,

since Phihseq is present in the Es3-page (it supports a dg differential). Therefore, we have
(hi, Phihsco, co) = { Phihseq, 0}

instead. The statement of Moss’s theorem gives us the convergence of only one permanent

cycle in the Massey product, therefore, in this case, it is inconclusive.

4.3 The method and notations

In this section, we recall a few notations from (86) and set up terminology that will be used

in Section 4.4.

Notation 4.3.1. All spectra are localized at the prime 2. Suppose Z is a spectrum. Let
Ext(Z) denote its Adams Es-page.

For spectra, let SY be the sphere spectrum, and Pr© be the suspension spectrum of RP.
In general, we use P,ZZ’H‘: to denote the suspension spectrum of RP"1F / Rp—L,

Let o be a class in the stable homotopy groups of spheres. We use C'a to denote the

cofiber of a.

Definition 4.3.2. Let A, B, C' and D be CW spectra, ¢ and ¢ be maps
A~ B B—1~C

We say that (A, 1) is an HFy-subcomplex of B, if the map 4 induces an injection on mod 2
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homology. We denote an HIFo-subcomplex by a hooked arrow as above.

We say that (C, q) is an HF9-quotient complex of B, if the map ¢ induces a surjection on
mod 2 homology. We denote an HIFo-quotient complex by a double headed arrow as above.

When the maps involved are clear in the context, we also say A is an H[Fo-subcomplex
of B, and C'is an HFo-quotient complex of B.

Furthermore, we say D is an HIF9-subquotient of B, if D is an HF9-subcomplex of an

HTF9-quotient complex of B, or an HF9-quotient complex of an HIF9-subcomplex of B.

One example is that S1, 53, 57 are HF9-subcomplexes of P, due to the solution of the
Hopf invariant one problem. Another example is that 276’7] is an HIF9-subcomplex of P?.

We use the following way to denote the elements in the Adams Fs-page of Py and its
HTFy-subquotients. One way to compute Ext(Py°) is to use the algebraic Atiyah-Hirzebruch

spectral sequence.

By =@, Ext(S™) — Ext(P°)

Notation 4.3.3. We denote any element in Ext(S™) by a[n], where a € Ext(S°), and n
suggests that it comes from Ext(S™). We will abuse notation and write the same symbol a[n]
for an element of Ext(P°) detected by the element a[n] of the Atiyah-Hirzebruch E page.
Thus, there is indeterminacy in the notation a[n] that is detected by Atiyah-Hirzebruch Eso
elements in lower filtration. When a[n] is the element of lowest Atiyah-Hirzebruch filtration
in the Atiyah-Hirzebruch E+ page in a given bidegree (s,t), then a[n] also is a well-defined
element of Ext(P°).

We use similar notations for homotopy classes.

Remark 4.3.4. In (85), we computed the Adams FEs-page of P/ in the range of ¢ < 72
by the Lambda algebra. This Lambda algebra computation gives us a lot of information
on the algebraic Atiyah-Hirzebruch spectral sequence. In particular, there is a one-to-one

correspondence between the differentials in the Lambda algebra computation and the dif-
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ferentials in the algebraic Atiyah-Hirzebruch spectral sequence. From the Lambda algebra

computation, one can also read off information about Ezt(P?T*). For details, see (85).

Remark 4.3.5. Despite the indeterminacy in Notation 4.3.3, there is a huge advantage of
it. Suppose f : Q — Q' is a map between two HFy-subquotients of P>°, and there exists
an element a[n] which is a generater of both Ext*!(Q) and Exzt*!(Q’) for some bidegree
(s,t) (this implies both Q and Q" have a cell in dimension n). We must have that, with the
right choices, a[n] in Ext*!(Q) maps to a[n] in Ext>!(Q"). This property follows from the

naturality of the algebraic Atiyah-Hirzebruch spectral sequence.

@ Ext(SY) @ Ext(S)

i€l iel’

4.4 the o-extension on hsd;

In this section, we prove part (1) of Proposition 4.1.3. The proof can be summarized in the

following “road map” with 4 main steps:
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ppe / el ht[9) h - han[9] = hit[9)]
, /
/
/
/
’//
ry Py h1t[9] h1t[9]

Here the elements in the right side of the “road map” are elements in the 46-stem of the

E~ page of the Adams spectral sequences of the spectra in the corresponding positions.

1. Step 1: We show that the element ht[9] is a permanent cycle in the Adams spectral
sequence of 27077, and hence a permanent cycle in the Adams spectral sequence of

P? . This is stated as Proposition 4.3.

2. Step 2: Under the inclusion map S7 < 276’7], we show that the element h1t[9] detects

the image of o{d1}[7] in m46(X7C7). By naturality, the same statement is true, after

we further map it to 7r46(P79). This is stated as Proposition 4.6.

3. Step 3: Under the inclusion map S — P19 , we show that the element h1t[9] in

Ext(P?) detects the image of o{d;}[7] in 7T46(P?). This is stated as Proposition 4.7.

4. Step 4: Using the inclusion map P19 — Py° and the transfer map Py° — S 0 we push
forward the element h1t[9] in the E5 page of P? to the element N in the Fo, page of

S0 Since the composition

STe— p) — P S0
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is just o, we have the desired o-extension from hzd; to N in the Adams spectral

sequence for SY.

Remark 4.4.1. Step 2 is the essential step. Intuitively, it comes from the zigzag of the
following two differentials:

dz(e1) = hit

in the Adams spectral sequence of SV, and
da(e1[9]) = hieq[7) = had,[7]
in the algebraic Atiyah-Hirzebruch spectral sequence of 27017. Here
hier = hzdy

is a relation in Fzt. This zigzag suggested that we consider the fact that h1t[9] detects
o{d1}[7] in mg6(57Cy).

We start with Step 1. Proposition 4.4.3 is a consequence of the following lemma.

Lemma 4.4.2. The element hon(9] is a permanent cycle in 27017, which detects a homotopy

class that maps to v{n}[9] under the quotient map
ST — 59,
Proof. The cofiber sequence
ST tsTon Lo g9 1 g8
gives us a long exact sequence of homotopy groups

m43(87) — my3(B7Cn) L my3(5%) —L= my3(S8).
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Since hon detects v{n}, and

n-ving =0,

there is an element a in m43(X7Cn) such that psa = v{n}[9].

The element hon[9] in Ext(S?) has Adams filtration 6, therefore by naturality, if it were
not detected by hon[9] in Ext(X7Ch), it would be detected by an element with Adams
filtration at most 5.

From the same cofiber sequence, we have a short exact sequence on cohomology
00— H*(S9) —2o B*(S7Cn) e H*(ST) —— 0
and therefore a long exact sequence of Ext groups
Bt 11(58) 1 popst (5T o Bapst (57 0n) e Botst(59).

This gives us the Adams Ey page of ¥7Cn in the 42 and 43 stems for s < 6 in Table 4.1.

Table 4.1: The Adams Es page of X7Ch in the 42 and 43 stems for s < 6

S\l—s 42 43
6 hon[9]
t[7]

5 hop[9)]

had [7]
4 p[9] h3hahs[9]
3 hohahs|9]
2 hahs[9]

The element hahs[9] must support a nontrivial differential, since its image py(hohs[9])
supports a ds differential that kills hgp[9] in the Adams spectral sequence of S 9,

The elements hghohs[9] and h%h2h5 [9] survive and detect homotopy classes that map to
{hoh2hs}]9] and {h%h2h5}[9] in m43(5?). In fact, since there is no n-extension on hghahs and

h%h2h5, we can choose homotopy classes in m43(S?), which are detected by hohahs 9] and
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h%h2h5 [9] and are zero after multiplying by 7. Therefore, they have nontrivial pre-images
under the map ps« in the long exact sequence of homotopy groups. For filtration reasons, their
pre-images must be detected by hghohs[9] and h%h2h5 [9] in the Adams spectral sequence of
»7Cn.

Therefore, the only possibility left is hon[9], which completes the proof. O
We prove Proposition 4.4.3 in Step 1.

Proposition 4.4.3. The elements hon[9] and h1t[9] are permanent cycles in the Adams

spectral sequence of 27017, and hence also in that of P?.

Proof. We have a relation in Ext:

ho - hon = hqt.
Therefore, h1t[9] is product of permanent cycles. The second claim follows from the natu-
rality of the Adams spectral sequences. O

For Step 2, we first show the following lemma.

Lemma 4.4.4. The element h1t[9] is not a boundary in the Adams spectral sequences of

27Cn and P5.

Proof. The element h1t[9] is hit by a d3 differential on eq[9]

In the Adams spectral sequence of S?, we have the Bruner differential
dz(e1[9]) = hat[9].

However, the element e1[9] is not present in either Ext(%7Cn) or E:L’t(P79 ).
Therefore, by naturality, the element h1¢[9] cannot be hit by any d; differential for » <3

in the Adams spectral sequence of £7C'n and P79 )
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Table 4.2: The Adams Fy page of X7Cn and P79 in the 46 and 47 stems for s <7

Ext(X7Cn) Ext(PY)
s\t —s | 46 47 46 47
7 hit[9] ° h1t[9] °
h%x[&)] h%x[9] .
6 hox[9] o hox[9] o
. hix[8] .
5 ° ° °
[ [
4 ° ° °
[ [ J
[
3 ° hohshs[9] | @ hohshs[9]
h1hshs (8]

We have the Adams Ey page of 27(]77 and P? in the 46 and 47 stems for s < 7 in Table
4.2.
We need to rule out two candidates: hghshs[9] and hihshs|8].

In the Adams spectral sequence of S, we have a dy differential:
dy(hohshs[9]) = hi[9].

By naturality of the quotient map to SY, the element hghshs [9] cannot support a dy differ-
ential that kills h1¢[9].

For the element hjhshs[8], it is straightforward to check it is a permanent cycle in the
Adams spectral sequence of P78, and hence a permanent cycle in that of P79 . This rules out

the candidate hqhghs[8] and completes the proof. O

Remark 4.4.5. In Ext6’6+46(P?), the element hjz[8] is clearly a surviving cycle. There
are two possibilities for the other element hgz[9]: it is either killed by a dg differential from
hohshs[9], or it survives and detects {h1hghs}[7]. We will leave the reader to figure out

which way it goes.

We prove Proposition 4.4.6 in Step 2.
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Proposition 4.4.6. Under the inclusion map ST < X7Cn, the element hit[9] detects the
image of o{d1}[7] in m46(X7Cn). By naturality, the same statement is true after we further

map it to 7r46(P79).

Proof. By Lemma 4.4.2 and Proposition 4.4.3, the element hon[9] survives in the Adams
spectral sequence of £7C, and detects a homotopy class that maps to v{n}[9] under the
quotient map

»7Cn— 59,

By Lemma 4.4.4, the element h1t[9] = hg - hon[9] survives and detects the homotopy class
v - v{n}[9]. As showed in the proof of Lemma 4.2.2, the element h3d; = hje; detects an

element in the Toda bracket

(v, v{n},n).

Therefore, by Lemma 4.5.2, we have

v-v{n}[9] = (v, v{n}, n)[7] = o{d1 }[7]

in 7T46(27CT]). U
Now we prove Step 3.

Proposition 4.4.7. Under the inclusion map S* < P?, the element h1t[9] in E:L’t(Plg)

detects the image of o{d}[7] in 7r46(P19).

The idea of the proof of Proposition 4.4.6 is to make use of naturality of the Adams

filtrations.
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ST Py Py
hady[7] hit[9]

AF =5 AF =7
The homotopy class o{d;}[7] is detected by hgd;[7] in ST, which has Adams filtration
5, while its image in 7r46(P79 ) is detected by h1t[9] by Proposition 4.5, which has Adams
filtration 7. Therefore, to prove Proposition 4.6, we only need to rule out surviving cycles in

the Adams filtration 6, which also lie in the kernel of the map
9 9
P 1 P 7

in the Adams Ex page. Note that the element h3d[7] is not present in Ext(Plg ).

Proof. We have the Adams F9 page of Pf and Pp° in the 46 and 47 stems for s < 8 in Table
4.3.

There are 4 elements in Ext6’6+46(P19):
Phyhs[6], hg2[2], hix[8], hox[9].
Remark 4.5 rules out the last two candidates, since they do not lie in the kernel of the map
P} —pPd

in the Adams E, page.
In the table for the transfer map in (85), we have that the element h%QQ [2] maps to Bj.
If the image of the homotopy class o{dy }[7] were detected by h%gg [2], then we would have a

o-extension from hzd; to By in w465 0 which by Lemma 4.2.2 is equivalent to an n-extension
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Table 4.3: The Adams FE9 page of Pig and P in the 46 and 47 stems for s < 8

Ext(P}) Ext(Pe)
s\t —s | 46 A7 | 46 A7
8 Phihs[4] e | Phihs[4] e
[ J [ J
[ J [ J
7 Phihs[5] e | Ph2hs[5] e
hat[9] o | hit[9) .
h%x[Q] . o
[ J
6 Phihs[6] e | Phihgl6] hihsdo[l]
hggal2] e | hgg2l2]  hyz[9]
hix[8] o | hz[8
hox]9]
5 hihshs[8] e | hihshs[8] higa[2]
. o | h f1(6]
[ J [ ]
[ ]
4 . o | n3ns12]  hoh}[2]
. 92[3]
. AlTl
[ J
3 o | hihs[13]
[ ]
[ ]
2 hihs[14]  hohs[13]
1 hs[15]

from hyge to By in m46S°. However, the proof of Lemma 4.2.47 of (35) shows the latter is

not true.

The only candidate left is Phyjhs[6]. To rule it out, we notice there is a long hg tower in

the 46 stem of PP°: from hs[15] to Ph‘z’h5 [4]. In particular, we have

ho - Phihs[6] = Phihs[5], ho - Phihs[5] = Phihs[4].

Since

2-0{d1} =0,
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the image of the homotopy class o{d;}[7] must have order 2. Therefore, we only need to
show the element Ph%h5 [5] is not a boundary. In the following Lemma 4.8, we show that
the elements in Adams filtration 4 to 6 of Ext(P°) are all permanent cycles. This only
leaves the possibility that hohs[13] kills Ph‘;’h5 [4], but not Ph%h5 [5], and hence completes

the proof. O

Lemma 4.4.8. The elements in Adams filtration 4 to 6 of Ext(PP°) are all permanent

cycles.

Proof. There are 7 elements:

hihsdo[1], hiz[9], higal2], h1fil6], hohi[2], g2[3], fi[7)-

The spheres S1,53, 57 are HFy-subcomplexes of Pr° by the solution of the Hopf invariant
one problem. Since the elements hihsdy, g2, f1 are permanent cycles in the Adams spectral
sequence for SY, The elements hihsdo[1], h1g2[2], f1]7] are permanent cycles.

The element hj f1[6] = hq - f1[7] is therefore also a permanent cycle.

It is straightforward to show that the elements hjgo[2] and hohi [2] are permanent cycles
in the Adams spectral sequence of P12 . By naturality they are permanent cycles in that of
Pre.

For the element hjz[9], one can use the HFo-subcomplex that contains cells in dimensions
3,5, 7,9 to show it is a permanent cycle. We will leave the details to the reader. Alternatively,
since hqx[9] is divisible by hq, while the potential target Ph‘;’h5 [4] is not divisible by hq, we
have

da(h12]9]) = 0.
This will also do the job. U
Now we prove Step 4.

Lemma 4.4.9. The element h1t[9] maps to N under the transfer map.
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Proof. We check the two tables in the appendix of (85). See (85) for more details of the
Lambda algebra notation we use here. The element N is in Ezt38746(50) = 7/2. Checking

the table for PP°, we have that
ExtT 40Py = (7/2)%, generated by (5) 111245333, (9)3573577,

which means E:Bt7’7+46(Pfo ) is generated by Ph%h5 [5] and h1t[9]. Since Ph%h5 5] is divisible
by hg in Ext(P;°), while N is not divisible by hq in Eaxt(SY), Ph%h5 [5] cannot map to N
under the transfer map. By the algebraic Kahn-Priddy theorem, the other generator hyt[9]

has to map to N. O

4.5 Appendix

We use cell diagrams for the statements of the lemmas in this appendix. For the definition
of cell diagrams, see (7).

In particular, let o, 8 be classes in the stable homotopy groups of spheres such that

Ia

We denote the inclusion of the bottom cell and the quotient to the top cell maps by

e

a - =0. We denote the cofiber of o by
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and the extension and co-extension maps of 5 by

Note that while inclusion and quotient maps are uniquely determined by their cell dia-
grams, there are sets of extension and co-extension maps that correspond to the same cell
diagrams. When taking compositions, the next lemma says the set of co-extensions pre-
composing with quotient maps equal to the set of extensions post-composing with inclusion

maps.

Lemma 4.5.1. Suppose that «- = 0. Then the following two sets of maps equal:

Proof. 1t is clear that the indeterminacy of both sets of maps is given by the following

compositions:

where ¢ € Tal+|4| +1SO could be any class. Then we need to show that they contain one
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common element. We have the following diagram:

S|a| o SO i1 C(Oz) h1 S|a|+1 le
A
| !
|
I 9:
|

. I \
slol 18 £ glol 2 slal gy P2 glal+Bl+1 2, glal+1

where 71,19 are inclusions, pj,po are quotient maps. Since aff = 0, we have an extension
f: E|O‘|C(ﬁ) — SO, Since both lines are cofiber sequences, there exists a co-extension

g: Slalt+lsl+l 5 ¢ (cv) such that the diagram commutes. Therefore, we have that

i1of=gopy: ZlO"C(ﬁ) — C(a).
O

Now we prove the main lemma in this Appendix that gives a general connection that

relates Toda brackets and extension problems in 2-cell complexes.

Lemma 4.5.2. Suppose that a- =10, f-v=0. The following two sets of maps equal:

In the Atiyah-Hirzebruch notation, we have a ~y-extension in the cofiber of «:
v Bllel+1] = (v, 8, 0)[0]

Proof. 1t is clear that the indeterminacy of both sets of maps is given by the following
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compositions:

Y
O—’m
«

where ¢ € Ta|+|8| +1SO could be any class. Then we need to show that they contain one
common element. Since §-v = 0, the map v can be mapped through the cofiber of 5. Then

the first map can be decomposed as the following composition:

Then the previous lemma completes the proof. O
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CHAPTER 5
THE ALGEBRAIC ATIYAH-HIRZEBRUCH SPECTRAL
SEQUENCE OF RP>

5.1 Notations

We work at the prime 2 in this chapter. All cohomology groups are taken with coefficients
7)2.

Let A be the Steenrod algebra. For any A-module M, we will abbreviate Ext 4(M,7Z/2)
by Ext(M).

Let V' be a vector space with {v;} an ordered basis. We say that an element v = } _ a;v;
has leading term ajvy, if k is the largest number for which aj # 0.

For spectra, let SY be the sphere spectrum, and Pr© be the suspension spectrum of RP.

In general, we use P,ZZ’H‘: to denote the suspension spectrum of RPnHk / RP?L

5.2 The Curtis table

We recall the notion of Curtis table in a general setting in this section.
Let Xo — X7 — ... be a complex of vector spaces (over Fy). For each X;, let {z; ;} be

an ordered basis.

Definition 5.2.1. A Curtis table for X, associated with the basis {x; ;} consists of a list
L; for each i.

The items on the list L; are either an element x; ; for some j, or a tag of the form
T j < T;j_1 ) for some j, k.

These lists satisfy the following:
1. Each element x; ; appears in these lists exactly once.

2. For any i, j, an item of the form z; ; or a tag of the form w; ; < x;_1 j, appears in the

list L; if an only if there is a cycle in X; with leading term z; ;.
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3. If a tag of the form wx; j - r;_1 j appears in the list L;, then there is an element in

X;—1 with leading term z;_1 ; whose boundary has leading term z; ;.

Remark 5.2.2. By Theorem 5.3.3 and Corollary 5.3.4, the Curtis table exists and is unique

for a finite dimensional complex with ordered basis.

The Curtis algorithm constructs a Curtis table from a basis, and can output the full cycle
from the input of a leading term.

For example, the Curtis table in the usual sense is for the lambda algebra with the basis
of admissible monomials in lexicographic order. In (79) Tangora computed the Curtis table
for the lambda algebra up to stem 51.

Another example is the minimal resolution for the sphere spectrum. This case is indeed

trivial in the sense that there are no tags in the Curtis table.

5.3 The Curtis algorithm

The Curtis algorithm produces a Curtis table from an ordered basis. It can be described as

follows:
Algorithm 5.3.1. (Curtis)

1. For each 7, construct a list L; which contains every z; ; such that the items are ordered

with j ascending.
2. For 1 =0,1,2,... do the following:

(a) Construct a pointer p with initial value pointing to the beginning of L;.

(b) If p points to the end of L; (i.e. after the last element), stop and proceed to the

next 4.
(c) If the item pointed by p is tagged, move p to the next item and go to Step 2b.

(d) Construct a vector ¢ € Xj;. Give ¢ the initial value of the item pointed by p.
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(e) Compute the boundary b € X; 1 of c.
(f) If b =0, move p to the next item and go to Step 2b.
(g) Search the leading term y of bin L; .

(h) If y is untagged, tag y with the leading term of c. Remove the item pointed by p

and move p to the next item. Go to Step 2b.

(i) If y is tagged by z, add z to c. Go to Step 2e.

Example 5.3.2. As an example, we compute the Curtis table for the lambda algebra for

t = 3. We start with

Ly = {2}

Ly = {A1Ao}

Ly = {\}}
We next compute the boundary of Ao:

d(A2) = M Ao

We therefore remove it from Lq and tag Ay Ay with Ao. The output gives us the following:

L1 =10
Lo = {A\Ag < Ao}

Ly ={\}}

Theorem 5.3.3. (Curtis) The Curtis algorithm ends after finitely many steps when Xy is
finite dimensional. Moreover, let Yy be the graded vector space generated by those untagged
items on the L;’s. Denote by Cy the subspace of cycles in X«. There is an algorithm which
constructs a map Y; — C; and a map C; — Y; which induce an isomorphism between Yy and

the homology of Xx.
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Proof. See (79). O

Corollary 5.3.4. The Curtis table is unique for a finite dimensional complex Xy with ordered
basis. In fact, it is specified in the following way:

Let l(x) denote the leading term of x.

If there is a tag a < b, then a is the minimal element of the set {l(d(x))|l(x) = b}.

If an item a is untagged, then it is the leading term of an element with lowest leading

term in a homology class.

Proof. See (79). O

5.4 Curtis table and spectral sequences

Now suppose V is a filtered vector space with --- C F;V C F;;1V--- C V. We call an
ordered set of basis {v}} compatible if for any i there is a k; such that F;V is spanned by
{vp : k < k;}.

Let Xg — X1 — ... be a complex of filtered vector spaces such that the differentials
preserve the filtration. Then there is a spectral sequence converging to the homology of X

with the Eq-term Fj,X;/Fj,_1X;. Suppose we have compatible bases {r; ;} of X;.
Theorem 5.4.1. The Curtis table of X« consists of the following:

1. The tags of the Curtis table for (Ey,dy) of the spectral sequence, for all r > 1.

2. The untagged items from the FEso-term.

Here we label the basis of Ey as the following. In the Eq-page, we use the image of the x; j’s
as the basis, and label them by the same name. Inductively, we use Theorem 5.3.3 to label a

basis of E, by the untagged items in the Curtis table of E,_1.

Proof. We check the conditions of Definition 5.2.1. They follow directly from the definition
of the spectral sequence, the conditions for the Curtis tables of the FE)’s, and Theorem

5.3.3. 0
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Consequently, we can identify the Curtis table with the table for the differentials and
permanent cycles of the spectral sequence. For example, in the lambda algebra, we have a
filtration by the first number of an admissible sequence. The induced spectral sequence is
the algebraic EHP sequence. So the usual Curtis table can be identified with the algebraic
EHP sequence. See (18) for more details.

In practice, the Curtis table for the Fq terms is often known before hand. Then we could
skip those part of the Curtis algorithm dealing with the tags coming from the Fq term. And

we often omit this part in the output of Curtis table.

5.5 The algebraic Atiyah-Hirzebruch spectral sequence

Let X be a spectrum. There is a filtration on H*(X) by the degrees. For any n there is
a short exact sequence 0 — HZ"t1(X) — HZ"(X) — H™(X) — 0. This induces a long

exact sequence

= Ext(Z)2) @ H'(X) — Ext(HZ”(X)) — Ext(HZn+1(X)) — ...

Combining the long exact sequences for all n we get the algebraic Atiyah-Hirzebruch spectral
sequence

nExt(Z)2) ® H'(X) = Bat(H*(X))

There is another way to look at the algebraic Atiyah-Hirzebruch spectral sequence.

Let us fix a free resolution --- — F| — Fy — F9 of Fy as A-modules. For example, we
can take Fi to be the Koszul resolution, which gives the lambda algebra constructed in (13).
We can also take Fy to the the minimal resolution.

Then for X a finite CW spectrum, we can identify RHom 4(H*(X),Z/2) with the com-
plex C*(H*(X)) = Hom(H*(X) ®p, Fx,Fo) where we take the diagonal action of the
Steenrod algebra on H*(X) ®p, Fi using the Cartan formula.

The cell filtration on Hy(X) induces a filtration on H*(X)®p, F, and we can identify the
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algebraic Atiyah-Hirzebruch spectral sequence with the spectral sequence generated by this
filtration. In fact, the map H*(X)®p, Fi — H*(X) preserves these filtrations and induces a
quasi-isomorphism on each layer. So they define equivalent sequences in the derived category,

hence generate the same spectral sequence.

5.6 The Curtis algorithm in computing the algebraic

Atiyah-Hirzebruch spectral sequence

Let X be a finite CW spectrum.

Let r;‘,j € F; be a set of A-basis for the free A-module F;. Let r; ; € Hom 4(F;, Z/2) be
the dual basis.

We choose an ordered Fo-basis e; of H*(X) such that elements with lower degrees come
first. Let e € Hy(X) be the dual basis. Then the set {e] ® r;':j} is a set of A-basis
for H*(X) ®@p, Fyx. Let e @ r; j € Hom4(H*(X) ®p, Fx,Fa) be the dual basis with the
lexicographic order.

The following is a corollary of Theorem 5.4.1.
Theorem 5.6.1. The Curtis table for C*(H*(X)) = Hom A(H*(X) ®p, Fx,Fa) satisfies

1. If there is a tag a < b in the Curtis table of Hom 4(F;,Z/2), there are tags of the form

e ®a e b.

2. The table of all tags which are not contained in Case 1 is the same as the table for the

algebraic Atiyah-Hirzebruch differentials of X.

3. The items not contained in the previous cases are untagged items. They correspond to

the permanent cycles in the algebraic Atiyah-Hirzebruch spectral sequence.

Consequently, we can read off the Fao-term of the Adams spectral sequence of any trun-

cation of X.
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Theorem 5.6.2. Let X!, be the truncation of X which consists of all cells of X in dimensions
between (and including) m and n. Therefore in the Curtis table of X}, all the tags are those
tags in the Curtis table of X lying within the corresponding range. (Note there could be more

untagged items, which are just those not appearing in any tags.)

Proof. This follows from the previous theorem because the Atiyah-Hirzebruch spectral se-

quence is truncated this way. O

We present two examples. The latter one is used in our computation in (86) that the
2-primary mg1 = 0. For notation, in the Lambda algebra, we will abbreviate an element
Aij --- A, by i1...1p. In the Lambda complex of PP°, we will abbreviate an element ej ®
Aiy - Aiy, by (K)iq ... ip. The Curtis table is separated into lists labeled by (f — s,t) on the

top, in which those untagged items give a basis for Ea:ts_l’t_l(H*(Pfo)).

Example 5.6.3. As a relatively easy example, we compute Fxt?2T9(H *(P28)) using the
Curtis table of P in the Appendix.
There are only two boxes that are used in this computation: the ones labeled with (9, 3)

and (8,4). The box labeled with (9, 3) is the following:

(7)11+ (9)1

The spectrum P28 only has cells in dimensions 2 through 8. We remove the item (1) 5 3,
since it comes from the cell in dimension 1. We also remove the tag (9) 1, since it comes

from the cell in dimension 9. Therefore, the only items remaining in this box are (3) 3 3 and

(7)11.
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The box labeled with (8,4) is the following:

(1)511+« (2)61

(5) 111+« (6)21

After removing the element (1) 5 1 1, which comes from the cell in dimension 1, the
element (2) 6 1 tags nothing. We move the element (2) 6 1 from the box labeled with
(8,4) to the one labeled with (9,3). Therefore, we have the conclusion that the group

Ext?>2T9(H*(P8)) has dimension 3, generated by
(3)33, ()11, and (2)6 1.

One can even recover the names of these generators in the algebraic Atiyah-Hirzebruch
spectral sequence. See Notation 3.3 in (86) for the notation. In Ext(Z/2), the elements 3 3,
11 and 6 1 all lie in the bidegrees which contain only one nontrivial element. Therefore, we
can identify their Adams Fs-page names as h2, h% and hghs. This gives us the algebraic

Atiyah-Hirzebruch F1-page names of these generators:
h3[3], hi[7), and hohg[2).

Example 5.6.4. We present the computation of the Adams Fy page of P1262 in the 60 and
61 stem for s < 7, which is used in the proof of Lemma 8.2 in (86). The boxes that are used

in this computation have the following labels:
(59,5) for s <7, and (60,s'),(61,s) for s<8.

The spectrum P1262 consists of cells in dimensions 16 through 22.

We start with the 60 stem.
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We have Ext1’1+60(P1262) = Emt2=2+60(P1262) = 0, since the boxes labeled with (60, 2),

(59,3) and (60, 3), (59,4) becomes empty.

We have Ext3’3+60(P1262) = Z/2, generated by (19) 11 15 15 from the box labeled with
(59,5). The box labeled with (60,4) becomes empty. Since 11 15 15 € Eaxt33T4l = 7/92,

generated by co, we identify (19) 11 15 15 with its Atiyah-Hirzebruch name c2[19].

We have Ea:t4’4+60(P1262) = 7/2 ® Z/2, generated by (16) 13 13 11 7 from the box la-
beled with (59,6), and by (20) 19 7 7 7 from the box labeled with (60,5). We find their

Atiyah-Hirzebruch names g2[16] and f1[20].

We have Ext>°T00(P22) = 7/2 & Z/2, generated by (16) 111457 7 and (21) 713577
from the box labeled with (59,7). The box labeled with (60,6) becomes empty. We find

their Atiyah-Hirzebruch names hggo[16] and hieq[21].

We have Ext00T00(P22) = 7/2 ¢ 7,/2 & 72, generated by (16) 7 14 4 5 7 7 from the
box labeled with (59, 8), and by (20) 5597 7 7 and (22) 359 7 7 7 from the box labeled
with (60,7). We find their Atiyah-Hirzebruch names h%g2[16], h% f1[20] and hyz[22].

We have E:Et7’7+60(P1262) = Z/2, generated by (21) 359 3 57 7 from the box labeled
with (60,8). The box labeled with (59,9) becomes empty. We find its Atiyah-Hirzebruch

name hjy[21].

Similarly, one can compute the 61 stem. The computation is summarized in the following

Table 5.1.
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Table 5.1: The Adams E9 page of P1262 in the 60 and 61 stems for s <7

s\t —s 60 61
7 hy[21]  h3hsdo[16]
h1y[22]
6 892 [16]  hohsdy[16]
f1 [20]  Phahs[19]
hlx[22]
5 hog2[16]  h1g2[16]
hiet1[21]  hsdg[16]
hy f1[20]
hihsco[21]
hsdy[22]
4 92[16]  hohi[16]
f1[20] go[17]
f1[21]
h2hghs[21]
hsco[22]
3 cl19]  hi[16]
hyhshs[22]

5.7 The homomorphism induced by a map

Let f: X — Y be a map which induces the zero map on homology. Let Z be the cofiber of
f. Then the homology of Z can be identified with the direct sum of Hy(X) and H«(Y) as
a vector space. If x1,...,x; is an ordered basis of H.(X) and yq,...,y; is an ordered basis
of Hy(Y'), then yq,...,y;,21,...,2} is an ordered basis of Hy(Z) with certain degree shifts.
Note we do not make elements with lower degree go first here. Instead elements y; always
go before elements x; regardless of degree.

Note that in this case, there is a map of Adams spectral sequence of X and Y which
raises the Adams filtration by one, and on the F9 page it is the boundary homomorphism
for the Ext group for the exact sequence 0 — H*THX) — H*(Z) — H*(Y) — 0. We call

this the map induced by f.

Theorem 5.7.1. The Curtis table for C*(H*(Z)) = Hom gA(H*(Z) ®p, Fx,F2) from Section

b with this ordered basis satisfies
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1. All of the tags in the Curtis table for C*(H*(X)) and for C*(H*(Y)) also appear in
the Curtis table for C*(H*(Z)).

2. The remaining tags give the table for the homomorphism on the Adams Ea-page induced
by f.

3. The untagged items give basis for the kernel and cokernel of the homomorphism induced

by f.

Proof. This follows from Theorem 5.4.1 by using the filtration Y C Z, and identifying the

do-differential with the attaching map X — Y. O

So we can use the Curtis algorithm to compute the homomorphism induced by a map.
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CHAPTER 6
BP,.BP—COMODULES AND MOTIVIC C7—-MODULES

In this Chapter, we use Theorem 1.0.4 to prove Theorem 1.0.5. We refer the read the proof
of Theorem 1.0.4 to (27). This is joint work with Bogdan Gheorghe and Guozhen Wang
(27).

6.1 Introduction

Motivic homotopy theory, introduced by Voevodsky and others, is a success of applying
abstract homotopy theory to solve problems in number theory and algebraic geometry. Re-
cently, Isaksen and his collaborators start showing applications in the other way around:
using motivic Adams spectral sequence to prove nontrivial differentials and extensions in
the classical Adams spectral sequence, and in return compute classical stable homotopy
groups of spheres.

In this chapter, we prove two results in the stable motivic homotopy category over Spec C
in the second direction, which give a new method of computing stable homotopy groups of
spheres. The first result builds a connection between stable motivic homotopy category
over Spec C and the derived category of BP,BP comodules. The second result gives a
systematic way of obtaining nontrivial differentials and extensions in the Adams spectral
sequence. Using the second result, Isaksen and the second and third authors not only
significantly simplify proofs of known Adams differentials, but have also been able to extend
computations of stable homotopy groups of spheres into a larger range.

We work over Spec C in this chapter. Fix a prime p. Let H be the mod p motivic
Eilenberg-Mac Lane spectrum, which represents the mod p motivic cohomology. Let S0

be the motivic sphere spectrum, and 500 he its completion with respect to H. Let 7 €
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7T07_1(§ 0’0) be the homotopy class which corresponds to the Tate twist. Recall that
W*,*H = Fp[T],

generated by the Hurewicz image of 7. Let C't be the two cell complex - the cofiber of 7. It
is a theorem of the first author (26) that C'7 is an E ring object in the category of motivic
spectra. In particular, it is an associative algebra object in the stable co-category of motivic
spectra in the sense of Lurie (48). We denote by Ct — Mod,.;; the stable oco-category of
cellular left C'7 modules. Let BPGL be the motivic Brown-Peterson spectrum completed
with respect to H. We denote C't — M odlc’ .;; be the full subcategory whose objects are
BPG L-completed and have bounded Chow degrees in their BPG L-homology.

Let BP,BP — Comod be the Abelian category of p-completed locally bounded below
BP,BP comodules which are concentrated in even degrees. Let Db(BP*BP — Comod)
be the bounded derived category of BP,BP — Comod as a stable oco-category (See Higher
Algebra).

Our first result is the following theorem.

Theorem 6.1.1. There is an equivalence of stable co-categories with t-structures at each
prime p

DY(BP,BP — Comod) ~ Ct — Mod’

cell”

Let hDY(BP.BP — Comod) and hC't — M odge” be their homotopy categories. As a

corollary, we prove a conjecture of Isaksen.

Corollary 6.1.2. There is an equivalence of triangulated categories with t-structures at each
prime p

hDY(BP,BP — Comod) ~ hCt — Mod?

cell*

The second result is suggested by a theorem of Isaksen that 74 +«(CT) is isomorphic to
Extpp, pp(BPx, BPy), the classical Adams-Novikov FEs-page for the sphere spectrum, as
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bigraded Abelian groups. For 74 «(C7), we have the motivic Adams spectral spectral for
CT converging to it. For Extpp pp(BPs, BPs), we have the algebraic Novikov spectral

sequence for sphere converging to it. Our following theorem says that they are isomorphic.

Theorem 6.1.3. There is an isomorphism of spectral sequences at each prime p, between
the the motivic Adams spectral sequence for Ct and the algebraic Novikov spectral sequence
for the sphere spectrum. Moreover, this isomorphism preserves the multiplicative structures

which are induced by composition.

Using Theorem 6.1.3, we can produce classical Adams differentials from purely algebraic
computations, which can be computed effectively. More specifically, start with an algebraic
Novikov d, differential for the sphere spectrum for any r. It is identical to a motivic Adams
d, differential for C'7 by Theorem 6.1.3. Since C'7 is a two cell complex, with a bottom cell
in topological dimension 0, and a top cell in topological dimension 1, one can pull back the
motivic Adams d; differential for C't to a motivic Adams d,, differential with r’ < r for
SO0, Taking the realization functor from the category of motivic spectra to the category of

classical spectra, one gets a classical Adams d,, differential for the sphere spectrum.

Remark 6.1.4. In (54), Miller proved that there is a strong correspondence between clas-
sical Adams dy differentials and algebraic Novikov dg differentials. The differentials in the
Adams spectral sequences are topological, while the differentials in the algebraic Novikov
spectral sequences are algebraic - in theory, the algebraic ones can be computed explicitly by
imbedding them into the cobar complex. This result of Miller is striking, since one can get
nontrivial topological differentials from purely algebraic data. Using this technique, Miller
proved the Telescope Conjecture at chromatic level 1 at odd primes. In our method, if we
let r = 2, then we must have r’ = 2, since the motivic Adams spectral sequences start with

the Fo-page. This recovers Miller’s theorem.

Let A™°! be the mod p motivic dual Steenrod algebra. Recall that the motivic Adams
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E5 page of X is

Ext(X) = Ext o (Fplr], Hi s X).

We have the following two maps
Ext(S*0) — Ext(590) /7 — Ext(CT).

Because 7 acts trivially on Ext(C7), the Fp[r]-module generators of Ext(S%?) maps non-
trivially under the composition of the two maps above. This fact implies that the motivic
Adams differentials for SY0, whose sources and targets are not divisible by 7, can be detected

by our method.

Remark 6.1.5. Based on Theorem 6.1.3, our method produces a huge amount of differentials
and extensions from purely algebraic computations, some of which are hard to prove (and

to understand) by other methods. For example, the Adams d3 differential in the 15-stem
d3(hohy) = hodo

is known due to Toda’s unstable computations (81). As another example, the Adams dy
differential in the 38-stem

dy(h3hs) = hoz

is proved by Mahowald-Tangora (50) by an ad-hoc method using a certain finite CW spec-

trum. Moreover, in (86), the Adams d3 differential in the 61-stem
d3(D3) = B

is proved by the second and third authors using the RP°°-method, which took more than
40 pages to present all the details of the proof. All three differentials can now be proved

using our new method directly from algebraic computation, which can be obtained from an
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automated program.

Remark 6.1.6. Based on Theorem 6.1.3, ongoing work of Isaksen and the second and the
third authors also extends the known computations into a much larger range. For some
of the differentials, our method gives the only proof. For example, we have an Adams dg

differential in the 68-stem
ds(d2) = hiQs,

which implies the non-existence of the homotopy class k9 in mgs.

In Section 6.2, we use Theorem 6.1.1 to prove the isomorphism of the two spectral

sequences (Theorem 6.1.3). We postpone the proof of a technical lemma to Section 6.3.

6.2 Two isomorphic spectral sequences

The goal of this section is to prove the following theorem.

Theorem 6.2.1. There is an isomorphism of tri-graded spectral sequences: the motivic
Adams spectral sequence for Ct, which converges to the motivic homotopy groups of C't, and
the re-graded algebraic Novikov spectral sequence, which converges to the Adams-Novikov

Ey-page for sphere. More precisely, the indexes are indicated in the following diagram:

(a2

E:Ets’2w (Fp, [CL—S/IG—S+1) Exta’2w_s+a’w (Fpa IE?p [T])

P, Amot
Algebraic ﬂ'ovikov SS Motivic Adams SS
$,2w =
Extpp, pp(BPy, BPy) T2w—s,0(CT)

We first want to point out that, it was known to Isaksen (35) that the abutments of the

two spectral sequences are isomorphic.

Theorem 6.2.2. (Isaksen (36, Prop 6.2.5)) The motivic Adams-Novikov spectral sequence
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for C1 collapses for filtration reasons, and therefore we have an isomorphism
Ty, (CT) = Batly 5 p(BPy, BE).
When t is odd, we always have
Extyp pp(BP., BP,) =0,

therefore the weight of classes in 7w, _:(CT) are always integers: %

t_S,Q

To describe the two spectral sequences, we start with the E-page of the algebraic Novikov
spectral sequence, which was introduced and discussed by Novikov (64) and Miller (55).
Another good reference for this material is Ravenel’s green book (71).

The algebraic Novikov spectral sequence comes from the I-filtration on BPyx and BP,BP.
We can therefore form the associated graded EyBPyx and EgBP.BP.

Theorem 6.2.3. (Novikov (64), Miller (55)) There is a tri-graded spectral sequence with
7'7t ,t
where 1 is the [-filtration, and
dy - Ef’i’t . Ef+1’i+r’t,

converging to

it
Eatyp pp(BPx, BP:).

We can identify the E|—page of the algebraic Novikov spectral sequence as
B = Batyi (2 fp, 1 1T
1 = Lx P*( / b, / )
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In fact, recall that the dual Steenrod algebra Ay is

Fp(&1,62,- ) &l =21 —1 for p=2
A = Ap, (70,71, ) il =2p' — 1
QFp (1,62, ) &l =2p' =2 for p>2.

Let Py be the sub-Hopf algebra of A, that

Fp(f%f%,) for p=2
P*:
Fp(€1,62,- ) for p > 2.
and
Ap, (€1, 62, ) for p=2

AFP(T(),Tl,"') for p > 2.

Since EZZ’S correspond to t;’s, we have an isomorphism
BP.BP/I = EgBP.BP ®p,pp, Z/p = Px.

Therefore, by the change-of-rings isomorphism, we have the F'1 —page of the algebraic Novikov

spectral sequence as

EYY = Bty (2/p, 11T,

For the statement of the main theorem of this section, we re-grade the algebraic Novikov

spectral sequence.

Definition 6.2.4. We define the a-filtration for the algebraic Novikov spectral sequence as
a=1+s.

Remark 6.2.5. We explain the 4 filtrations in the cobar resolution for BP; as follows.
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The t-filtration is the internal degree, which is preserved by differentials. The homological
s-filtration is the number of bar’s in the cobar resolution. The ¢-filtration is the number of
v’s in the cobar resolution. And finally our new a-filtration is the sum of numbers of bar’s

and v’s in the cobar resolution.

After the re-grading, the d, differentials, which are used to raise the i-filtration by r, now
raise the a-filtration by r + 1. This is because of they also raise the s-filtration by 1. We
therefore re-name the d;-’s as d,+1’s. The re-graded algebraic Novikov spectral sequence will
therefore start with the Eo-page, instead of the F1-page.

In summary, we have the following re-graded algebraic Novikov spectral sequence.

Corollary 6.2.6. There is a tri-graded spectral sequence with
t t — _
Ey™ = EBatp (Z/p, 1°7°/197°%h),

and

dy : E}?’a’t Eﬁ—l—l,a—l—r,t’

converging to

N7
Extyp pp(BPs, BPy).

Since we an extension of Hopf algebras
Py —— Ay — Fi,
there is a Cartan-Eilenberg spectral sequence with
By = Bat, (Z/p, Exty (Z/p,Z/p)),
and

dy - Eﬁ’l’t . E7§+T,Z—T+1,t
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converging to

Ext’ N2 /p, Z/p),

where A is the mod p Steenrod algebra. Since Fy is an exterior algebra, we can identify

Extg, (Z/p,Z/p))

as a polynomial algebra which is isomorphic to BPy, and the i-filtration corresponds the
I-filtration of BPy. Therefore, we can identify the F9-page of the Cartan-Eilenberg spectral
sequence as the Eo-page of the re-graded algebraic Novikov spectral sequence with the re-
grading

a=s—+1.

In fact, the 4 spectral sequences we discussed fit into the Miller’s square (54):

Baty (Z/p, 1975 /1751
Cartan-Filenberg SS algebraic Novikov SS

Ext% (Z/p,Z/p) Eatyy pp(BP., BP,)

\Ada msss\ %\r Ovm

Remark 6.2.7. This square is not “commutative”: the x is t — a if converging from the
Adams spectral sequence, and t— s if converging from the Adams-Novikov spectral sequence.
In general, an element in the stable homotopy groups of sphere does not necessarily have the
same Adams and Adams-Novikov filtration, therefore not the same ¢-filtration. For example,

the multiplication by p map has Adams filtration 1 and Adams-Novikov filtration 0.
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Next, we discuss how to convert the re-graded algebraic Novikov spectral sequence to
the motivic Adams spectral sequence of C't, using the equivalence of triangulated categories
proved in Section 2. We show that the re-regraded algebraic Novikov tower, coming from
the a-filtration in Definition 6.2.4, corresponds to a motivic Adams tower in the sense of
Dugger-Isaksen (23).

In fact, let Cj be the cobar resolution of BP; over BP,BP, with
C§ = BP.BP ®pp, BP.BP"’ ®pp, BP;,

where BP,BP is the kernel of the counit map BP,BP — BPx.
Let {C},}m>1 be the subcomplexes of C{j with respect to the a-filtration. Namely, at

cohomological degree s, we have
C?il = BP.BP XBP, BP*BP®S XBPp, s

It is understood that I" = BPs for r < 0. Therefore, for s > m, we have C;, = Cg.

Let @7, be the quotient complex of the inclusion map

*
m—+1

im
Lo
for m > 0, and therefore has the form
QS, = BP.BP @pp, BP.BP"® @pp I™™5/1"5F1

Then we have a tower of chain complexes, or in other words, a tower in the derived category
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of BP,BP-comodules:

BP,—Cy<=—C1 =— (9 =
iQ i1 19
lqo lql qu
Qo Q1 @2
Note that each C7,, and therefore @)}, has bounded cohomological degree. It is standard
homological algebra to show that this tower in Db(BP*BP — comod) gives rise to the re-

graded algebraic Novikov spectral sequence that computes Extpp, pp(BPx, BPy).

Now we map this tower in D?(BP,BP — comod) to get a tower in Ho(C'T — mod):

Cr Xo =g X1 <5 X2 =g

lfo lf 1 lf2
Ky Ky Ko
and we show that it is indeed a motivic Adams tower for C't in the sense of Dugger-Isaksen
(23).
To fix notation, let M Hj, be the motivic spectrum that represents the mod p motivic
cohomology theory. It is shown by Hu-Kriz-Ormsby (34) and Hoyois (33) that the motivic
Eilenberg-Mac Lanc spectrum M H), is cellular.

There are two things that need to be checked:

1. Each motivic spectrum K, is C'7 smashed a wedge of suspensions of the motivic

Eilenberg-Mac Lane spectrum.

2. Each map f,, : X; — K, induces a surjection on mod p motivic cohomology. Or
equivalently, each map ¢, : X;,+1 — Xj, induces zero map on mod p motivic coho-

mology.
We will prove (1) and (2) by the following lemmas.

Lemma 6.2.8. The BPBP comodule BPBP Qpgp, Z/p corresponds to MHyNCT.
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Proof. Since MHy, , = Z/p[t] = BPGLx /I, we have MH), obtained from BPGL by

killing the v;’s inductively. Therefore,
BPGLy+MH, = BPGLy+«BPGL/I = Z/p[7][t;|i > 1].

Since all the t;’s are in Chow degree 0, the B PG L-homology of M H),, A Ct is concentrated

in Chow degree 0.

BPGLyo(MHy A C7) = 1y o(BPGL A MH, A C7)
— 1 (BPGL A MH,)/7
=m«BP ANHZJp (forgetting the motivic weight)
— BP.(HZ/p)
— BP.BP/I

— BP,BP @pp, Z/p

The third equation follows from the fact that the BPGL-homology of M Hj, is T-free. O

Lemma 6.2.9. Let N be a locally finitely generated B Py-module that is concentrated in even
degrees, and is annihilated by I. Then any comodule of the form BP BP®pgp, N corresponds

to Ct smashed a wedge of suspensions of M Hy.

Proof. Since BP,/I = 7Z/p, any finitely generated B P,-module which is annihilated by I is
a direct sum of copies of Z/p in different degrees. Therefore, N is isomorphic to a direct
sum of copies of Z/p in even degrees.

By Lemma 3.8, the comodule BP,BP ®@pp, Z/p corresponds to M Hy, A Ct. Therefore,

we have the comodule BPBP @pgp, »2ng, /p corresponds to
MH, ACT A S?0

Therefore, the comodule BPsBP®pp, N corresponds to C't smashed a wedge of suspensions
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of MH). O
Now we prove (1).

Proposition 6.2.10. The differentials in the subquotients Qy,, are all zero, and therefore Q},,
splits as a direct sum of subcomplexes which are concentrated in one cohomological degree.
Furthermore, each split subcomplex of Q, corresponds to C't smashed a wedge of suspensions

of MHy, and hence also Q},,. Therefore, each K; is CT smashed a wedge of suspensions of

MH,.

Proof. In QF,, the differentials Q3, — Q5+ 1 has the form

BP,BP ®pp, BP,BP"’ @pp, "5/ s+1

— > BP,BP ®pp, BP,BP™’ @pgp, I™5~1/m~s

and therefore are all zero due to filtration reasons. Since each I"™%/I™~5+1 gplits as a
direct sum of even suspensions of Z/p, and each BP*BP®S splits as a direct sum of even

suspensions of B Py, the complex splits into a direct sum of complexes of the form
o> 0—>Y2BP.BP®pp, L/p—>0—> -
in cohomological degree k, and therefore corresponds to

MH, A Cr A SHRIR,

To prove (2), we first prove the following lemma.

Lemma 6.2.11. Let X be a Ct-module whose BPGL-homology has bounded Chow degree.

Let Cpp,pp(X) be the corresponding complex of BPyBP-comodules. Let Cpp, (X) be its
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underlying complex as BPyx-modules. Then the mod p motivic cohomology of X can be

computed as

RHompp, (Cpp,(X),Z/p).
Proof. Since the mod p motivic cohomology is represented as the functor [—, M H,|, we have
(X, MHy) = [X, MH, A CTlor

=RHompp,pp(Cpp,p(X), BP«BP ®pp, Z/p)

= RHome*(CBP*(X)az/p)

The last equation comes from the adjunction of the derived functor of BPsBP ®gp, — and

the forgetful functor. O

We also need the following lemma, whose proof is technical, and is postponed to the

appendix.

Lemma 6.2.12. The following homomorphism induced by the inclusion I Y — I™ is zero:
Extpp, (", Z/p) — Eatpp, (I™, Z/p).

Now we prove (2).

Proposition 6.2.13. Each map gm @ X1 — Xm induces zero map on mod p motivic

cohomology.

Proof. Consider the cobar resolution Cjj. Its underlying complex over B Py splits as a direct

sum of complexes over BPy: Cjj = @ Dy > where

J
Diy:  BPi—>0—>0—>0
Dj BP.BP ®pp, BP, —4~BP,BP ®pp, BP: 0—=0

)
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Di,:  0—=BP,BP” @pp, BP. - BP,BP* @pp, BP,—=0— -

and so forth. In particular, each Df)j is a free BPs-module, and H*(DSJ.) =0 for j > 1.

m,y’

The a-filtration gives a splitting of C};, = @ D? . where
J

For example, the complex DZ2 is
0—=BP.BP @pp I3 -4 BP.BP* @pp, 12— 00—

Therefore, we have

m,0

concentrated in cohomological degree 0, and
H*(D}, ;) = BP,BP™ opp, 1™ 2/1"3

concentrated in cohomological degree j for j > 1.
Now we consider the maps

RHOTan*( * Z/p) HRHOMBP*(DZQ_LJ-,Z/]))

m,j

induced by the inclusions D} . — D}

j m—1j- For j > 1, these maps are zero, since they can

be identified as

RHompgp, (H*(Dy, ;),Z/p) — RHompp, (H*(Dy,_4 ;),Z/p),

and the maps H*(D;knj) — H*(D? ) are zero.

m—1,5
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For 7 = 0, the maps can be rewritten as
Eatgp, (I™,Z/p) — Eatgp (I, Z/p).
By Lemma 6.2.12, they are also zero. Therefore, the maps
RHompp, (Cy,, Z/p) — RHompp, (Cy,_1,Z/p)

are all zero, since they are zero on each summand of the direct sum.
Since all C}, are concentrated in bounded cohomological degrees, all X,,, have BPGL-
homology in bounded Chow degrees. Therefore, by Lemma 6.2.11, each map gn, : X1 —

Xy, induces zero map on mod p motivic cohomology. O

Combining Proposition 6.2.10 and 6.2.13, we have shown the resulting tower is a motivic

Adams tower for C't, and hence proved Theorem 6.2.1.

6.3 Proof of Lemma 6.2.12

We prove Lemma 6.2.12 in this section. The following Noetherian version is well known to

algebraists (see (73) for example). In fact, let
R = Zplx1, 29, -]

m = (p,SE1,ZE2,--')

Rt = Zp[xla‘%?a e axt]

my = (p7x17x27'” ,.Z’t)
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Then we have both the following maps
TorRt(m?Jrl, Fp) — Tor® (m, Fp)

E:Eth(m?Jrl, F,) — Extg, (my,Fp)
n+1

are zero for all n > 0 and ¢ > 1, which are induced by the inclusion map m;™" — mj. Note

that the second statement follows from the first one, since
Extp(M, k) = Homp (Torf (M, k), k)

is true for any polynomial k-algebra R’ and any module M over R'.

Therefore, to prove Lemma 6.2.12, we only need to prove the dual
Torft(mn+1, Fp) — Torf(m™, Fp)

is zero.
Take a free resolution Fe of IF), over R. Since R is free over [¢, we can also regard Fe as

a free resolution of IF), over R;. Since

7 no_
R—lz_)Rt, m'"’ =limm

we have

lim Fe ®p, mi = Fo ®pm".

Therefore, the following diagram commutes, and hence the proof of Lemma 6.2.12.

TOTRt(m?a Fp) =——= H"(Fe @g, my') H*(Fy @ m") =—— Torf(m", Fp)

| |

TorRt(m?Jrl, Fp) == H"(Fe ®p, m?+1) —— H*(Fe @ m"t1) — Torf(mn+1, Fp)
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APPENDIX A
THE ALGEBRAIC ATIYAH-HIRZEBRUCH SPECTRAL
SEQUENCE OF THE REAL PROJECTIVE SPECTRA

We use the Curtis algorithm to compute the algebraic Atiyah-Hirzebruch spectral sequence
for the real projective spectra. We take the lambda algebra for the resolution of Z/2 and use
the usual Curtis table for the sphere spectrum as input. We have carried out the computation
through stems with ¢t < 72. As a usual convention to out put the Curtis table, we abbreviate
the sequence 2 4 1 1 by *; when there are multiple 2’s consecutively, we replace them by the
same amount of dots.

Together with the algebraic Kahn-Priddy theorem (46) and known information of Ext(Z/2),
this gives the Adams Eo-page of PP° up to t —s < 61.

We also compute the transfer map. Recall that the fiber of the transfer map has one more
cell than PP° in dimension —1, and all the Sqt acts nontrivially on the class in dimension
—1. We will use Theorem 5.7.1 to identify the table for transfer with a portion of the Curtis
table for this complex.

For notation, in the Lambda algebra, we will abbreviate an element A;, ... A; by i1 ...ipn.
We will abbreviate an element e; ® A, ... A;, by (k)iq ...y, in the Lambda complex of Py°.
The symbol o means zero. The Curtis table is separated into lists labeled by (¢ — s, ) on the
top, in which the untagged items give a basis for Exts_l’t_l(H*(Pfo)).

The table for the transfer is the output of the algorithm: (We put the table for the
transfer map first since it is shorter)

In this table we only list the nontrivial items. Others either map to something with the
same name, or to the only choice comparable with the algebraic Kahn-Priddy theorem. For
example, (1) maps to 1, i.e. the inclusion of the bottom cell maps to 7. As another example,

(5) 3 maps to 5 3, which can be proved independently by the Massey product

(ho,hy,hg) = hihg.
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We do not include such items in the transfer table.

A.1 The transfer table

Table A.1: The table for the transfer map

(1) 7 53

(1)53 333
(1)6233 24333

(1) 15 13 3

(1) 13 3 1133

(3) 15 117

(2) 13 3 10 5 3

(1) 113 3 9333
(4)653 5733
(1)8333 45333
(3)8333 47333

(3) 117 777
(1)6653 35733

(5) 113 3 3577

(2) 777 4577
(1)62344111 241124333
(1)4577 23577
(3)13124111 42245333
(1)81124333 222245333
(5)13124111 62245333
(3)81124333 422245333
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1)62245333 222235733
8)3577 129333
1) 1515 13117

1

2)577

(0)

1

623441124111

2411241124333

1) 31 29 3
2)129333 936653
1)56245333 222336653
1) 293 2733
1)13577 113577
1)936653 5536653
3)1245333 5536653
3) 31 2717
2)293 2653
1)2733 256333
3)93577 573577
4)129333 573577

1

811241124333

2222222245333

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

3)13577 59777
5)1245333 6523577
1)56235733 243336653
3)811241124333(14222222245333
3) 277 2377

1)593577 3573577
4)5536653 47336653

7) 31 23 15
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22133

211133

209333

144577

359777

21117

21117

20577

713577

8129333

3593577

19777

19777

111577

183577

714577

713577

559777

209333

1736653

911777

911777

1736653

111245333

209333

12129333

1736653

10936653

111245333

95536653

56523577

455536653

15 15 15

1413117

1313117

915777
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(6)20577 13135774915777
(M 17777 915777
(5)18 3577 12113577
(3)12129333 78129333
(1)1313577 1159777
(8)209333 1159777
(2) 7144577 8359777
(6) 173665 3 8359777
(3) 1313117 7111577
(2)915777 6911777
(1)1159777 9359777
(1)8359777 45359777
(2) 78129333 83593577
(11) 2377 7111515
(8)19777 1017777
(3)1313577 9713577
(2)1159777 8559777
(4) 7144577 510113577
(2)8359777 46359777
(1)45359777 235359777
(1)83593577 453593577
(4) 14 1311 7 9111577
(1)1017777 8911777

(5) 15 15 15 9111515

(6) 1413117 71313117
(3)1017777 6915777
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2)8911 777 46911777

4)9359777 3510113577

1) 71313117 57111577

3)9111577 ST111577

3)9 111515 57111515

1)8453593577 45453593577

3)16235536653 45453593577

)
)
)
)
)
)
)
)

1)271245333 2565536653

(
(
(
(
(
(
(
(
(200559777 o
(3
(
(
(
(
(
(
(
(

271245333 51247111515

2)255536653 3646911777

1)623510113577 22459359777

4)5593573577 0

8) 57111515 0

9)47111515 28113577

3)28129333 238129333

)
)
)
)
7)18243336653 |84235359777422459359777
)
)
)
)

1)6247111515 24347111515

The Curtis table for the Adams Eo-page of P/ in the range of ¢t < 72 is the following:
x=2411
=2

A.2 The Curtis table

Table A.2: The Curtis table
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5 [\ w wW w — [\ —

> == o N , N 5 ~
g DO — DO
= ~— ~— = ~—

—_
—

DO
—_

0




(1)511++ (2)61

(5) 111+« (6)21

(8,5)

(1)4111+ (2)511

DO
[N}

0

(1)1233+ (8)111
(3)4111+ (4)511

(10, 6)

(1) *1

(11,3)
(3)53 <« (5) 7
(5) 33« (9) 3

(11,4)

(2)333+« (4)53
(3)233 <« (6)33

(11,5)
(2)1233+« (4)233
4)4111

(11,6)
(2)*1

(11,7)

(1)1*1




31233+ (5)233
(5)4111+« (6)511

(12,6)

(1)44111+ (4)1233
(3)*1+« (6)4111

(12,7)
(1)2*%1« (2)44111
(2)1% 1« (4)*1

(12,8)

(1)11*%1+ (2)2*1

(13,3)

(7) 33 « (11) 3

(11) 11 + (13) 1

DO
w

0

(4)333« (8)33

(10) 111+ (12) 11

(13,7)

(3)1*1 ¢ (5) * 1

(13,8)

(2)11%1« (4)1*1

(5)1233
(7)4111« (8)511

(14,6)
3)44111




(3)2*%1+« (4)44111

(14, 8)

(3)11%1 ¢ (4)2*1

333+« (8)53
(10) 3 3

(1)51233+ (2)6233
(6) * 1

DO

(1)344111+«+ (2)51233

(5)1*1

1) 141+« (2) 15
9

~—

61« (10) 7

(
(
(13) 21 « (14) 3
(

14) 11 « (16) 1

—_
o
e~
N

(

(1)1311« (2) 141
(2)653
(7)333« (9)53
(9)511« (10)6 1
(

13) 111+« (14)21

(1)12111+ (2)1311
(7)1233+«(9)233
(9)4111+« (10)511

04



(

—_
o
\_/

1)24333

(1)
(1)84111+«+ (2)12111
(5) 44111+ (8)1233
(7)

) *¥1 (1004111

~

—

16,7)

1)6*1«+ (2)84111
2)344111

(1)
(2)
(5)2*1+ (6)44111
(6)

6) 1%1+« (8)*1

(16, 8)
(1)51*%1+ (2)6*1
(5)11%1« (6)2*1

(1)411%1 (2)51*1

[\
ot

0

(2)24333
(3)51233+« (4)6233

(17,7)

(1)124333
(3)344111+ (451233
() 1%1 « (9) * 1

|

17,8)
(1)2344111
(6)11%1+« (8)1*1




1).4333+(2)36233

2)124333+ (424333

(1) .
(2)
(3)6*%1+ (484111
(4)344111« (10) * 1
(7)

7)2%14+ (8)44111

(

10)233 ¢ (17) 11
11)511 (12) 61

(1)1124333+« (2).4333
(2)2344111+« (9)1%1
(3)51%1« (4)6*1
(T)11%1+« (8)2*1

—
1%
\_/

18,9)
(1)12344111<«+(8)11*1
(3)411*1«+ (4)51*1

|

(18, 10)
(1)8333
312111+ (4) 1311 (19,3)
(91233« (16) 111 (1117
(11)4111«+(12)511 (3) 133 « (5) 15

(5) 77

(11) 53« (13) 7
(1)36233+«(2)8333

(13) 33 « (17) 3
(3)24333+« (56233
(3)84111+« (412111
(V44111 (12)4111

206



)1053 « (2) 117
2) 1133« (4) 133
) 653+« (6)77

10) 333 « (12) 5 3
11) 233 « (14) 3 3

9333+« (2)1053
10)1233+« (12)233

(1)45333+« (2)5733

(551233« (6)6233

(19,7)
(3124333« (5)24333
(5)344111+« (6)51233

(19, 8)
(2)1124333+« (4)124333
(3)2344111+« (6)344111

(19,9)
(2)12344111« (4)2344111
(4)411%*1

(2) * * 1

DO

(1)1%*1

(19) 1 + (21)

(20, 3)

(5) 14 1 « (6) 15

(13) 6 1 « (14) 7

(17) 21 «+ (18) 3

(18) 11 « (20) 1
(20,4)

(1)577

(3) 1133+ (5) 133
(5) 1311« (6) 14 1
(6) 653

(11) 333+ (13) 53
(13) 511« (14) 6 1
(17) 111+« (18) 21
(20,5)

(2) 9333+« (4)1133
(3)8333

(5) 12111+« (6) 1311
(11) 1233+« (13) 233
(13) 4111+« (14)511

07



(20, 6)
(2) 45333

(336233« (4)8333
(5) 84111+« (6)12111
(9944111« (12)1233
(

11) 1+ (14) 4111

—
[\)

0,7)

(3).4333+« (4)36233
(5) 6 * 1+ (6) 84111
(9)2 %1+« (10)44111
(

10) 1 %1« (12) * 1

1053 « (4) 117
653« (8) 77
12) 333« (16) 33

18) 111+« (20) 11

(3)1124333+¢ (4).4333
(5) 51 %1+« (6)6*1
(

9)11%1+« (10)2*1

(20,9)

(3) 12344111+ (5)2344111

(5)411%1« (6)51*1

(20, 10)

(1)4411%1+« (412344111

(3)**1+ (6)411%1

(20,11)

(1)2*%*1« (2)4411%1

(2)1**1 ¢ (4)**1

(20,12)

()11*¥*¥1 (2)2*%*1

DO

—_
(@)
~

21,1
1)6653
5733

(
(
(3
(3)9333+« (41053
(

)
)
)
)

7)6233+« (14)233

—
[\)

1,6)

1)47333+(2)6653

~—  —

3)45333«+ (45733

(1) (
(3) (
(6)24333+¢ (13)1233
(7) (

7)51233+(8)6233

—
[\)

1,7)
(1)245333« (2)47333
(5) 124333« (11)44111
(7)344111+ (8)51233
(

11) 1% 1« (13) * 1

08




(4)1124333+« (8)344111

(10)11%1« (12)1 %1

(21,11)

(B)1**1 (5)**1

(21,12)

(2)11**1 ¢+ (4)1**1

(7) 15

(15) 7 « (23)

[\)

(

2,

ot
N

(4) 9333

(5) 8333+« (20)111
(7)12111+ (8) 1311
(15) 4111+« (16) 511

(1)35733

(445333« (16)4111
(5)36233« (6)8333
(7)24333« (9)6233
(7) (

V84111« (812111

(22,7)
(2)245333« (14) * 1
(5).4333« (6)36233
(6)124333« (8)24333
(7)6*1+ (8) 84111

(

11)2*%1« (12) 44111

—
DN

2,8)

5)1124333+« (6).4333
6)2344111
)

7)51%1« (8)6*1

(
(
(
(

11)11%1¢ (12)2%1

(5) 12344111

(7)411%1+ (8)51*1

209



(3)4411%1

(22,11)

(3)2**1« (4)4411%1

(22,12)

(3)11**14 (4)2%*1

(23,3)
(5) 11 7
(7) 13 3 + (9) 15
(9) 77+ (21) 3
(

15) 53 « (17) 7

(23,4)
2)7T77
4 577

)
)
5) 10 53 « (6) 11 7
)
)

9) 653« (10)77

(
(
(
(6) 1133 « (8) 13 3
(
(14) 33 3 « (16) 5 3
(

15) 233« (18) 33

)
&
<&

(23,5

1)3577

(1)
(3)6653

(5) 5733+« (10) 653
(5) 9333+« (6)1053
(

14) 1233« (16) 23 3

21

I

3,6)

2)35733

(
(2)
(347333« (46653
(5)45333« (6)5733
(9)

9)51233« (10) 6233

(23,7)
(3)245333+« (4)47333
(7)124333+« (9)24333
9344111+ (10051233
(

13) 1 %1

—

23,8)
6)1124333+« (8)124333
)

(
(7)2344111+ (10)344111
(

12)11%1

o

23,9)

(1)62344111
(6)12344111+« (8)2344111
(

8)411*1

CERT)
(1)512344111+« (2)62344111

(23,11)
(1)34411%1+ (2)512344111

(5)1%*1

(23,12)

(4)11**1

)



(23) 1 + (25)

)

(
(
(
(

9) 14 1 « (10) 15
17) 6 1 < (18) 7
21) 21 « (22) 3
(24)

22) 11« (24) 1

(24,4)

(
(
(
(
(
(
(

3) 777

)
5) 577+« (19)33
7)1133« (9) 133
9) 1311 + (10) 14 1
15) 33 3 « (17) 5 3
17)51 1« (18) 6 1
21) 111+« (22)21

(24,5)

(
(
(
(
(
(
(

1)4577

2)3577

)
)
6)9333« (8)1133
7)8333+« (16)333
9)12111+« (10)131 1
15) 1233« (17)23 3

17)4111+« (18)511

21

(24,6)
(1)36653

(3)35733+« (5) 6653
(6) 45333+« (11)6233
(7)36233+« (8)8333
(9)84111+« (10)12111
(13) 44111+« (16) 1233
(

15) ¥ 1+ (18) 4111

o
g

(24,7)
(1)235733+« (2)36653
(4)245333+« (10)24333
(7).4333+« (8)36233
(9)6 %1+« (10)84111

(13) 2% 1+ (14) 44111

(

14) 1% 1« (16) * 1

(24,8)

(1)131%1+(9)124333

(7)1124333+« (8).4333
(9)51 %1« (10) 6 * 1

(

13) 11% 1« (14)2*1

(24,9)

(1)1211%1« (2)131*1
(7)12344111+ (9)2344111
(9)411%1 (10)51*1

(24,10)

1)*24333

(1)
(1)8411%1+« (2)1211*1

(5)4411%1« (8)12344111
(7)

TY*¥*1 4 (10)411%1

—_




(24,11)
1)6**1+« (2)8411%*1
2)34411%1

(1)
(2)
(5) 2% * 1+« (6)4411%*1
(6)

6) L**1 ¢ (8)**1

(24,12)
(1)51%*1« (2)6**1
(5) 11** 1« (6)2**1

(24,13)

(1)411**1« (2)51%*1

4) 777« (10) 13 3
53
105 3 +

8

)
6)
) 117

( )
(6) 577« (18)
(7 (8)
(11) 653« (12) 7 7
(22) 111« (24)1 1

(&3}

(25,5)

(2) 4577« (9)1133
(3)3577+« (17)333
(7)5733« (12)653
(7) (

7)9333<« (8)1053

[N}

[\
(@14

(25,6)

1)23577+ (89333

4)35733+(9)8333

) (®)
) 9)
)47333« (6)6653
) (8)

(
(
(5
(7)45333+« (85733
(

11)51233+« (12) 6233

(21

ot
-~

)

)

2)235733+« (8)45333

5)245333+ (6)47333

(
(
(11)344111+« (12)51233
(

15) 1% 1+ (17) * 1

(25,8)

(8)1124333
(14) 11 %1« (16) 1 * 1

(362344111

(2)*24333

(3)512344111+«+(4)62344111

(25,11)

(1)1*%24333

(3)34411%1+¢ (4512344111
() 1**1 (9)**1

(1)234411%1
(6) 11%*1« (8)1**1




(
(
(
(
(
(

5) 777« (9) 117

)
577« (13)77
11) 1311+ (12) 14 1
18) 233 + (25) 1 1
19) 511 « (20) 6 1
23) 111+« (24)21

(26,7)

3)235733+« (4)36653
6)245333

9).4333+« (10)36233

(
(
(
(100124333« (12)24333
(
(12)344111+« (18) * 1

(

)

11)6*1+« (12)84111
)
)

15) 2% 1« (16)44111

(26,8)
3)131*%1
9)1124333+« (10).4333

(
(
(102344111 (17)1*1
(11) 51 %1« (12) 6 * 1

(

15) 11 %1« (16) 2 * 1

(26,5)

(
(
(
(
(

3)4577« (6)777
43577« (8)577
11)121 11+ (12) 1311
17)1233« (24) 111

511

= =

19) 4111« (20

(26,9)
(1)81124333
(3)1211% 1+« (4)131*1
(9)12344111+« (16)11*1
(

11)411% 1+« (12) 51 * 1

(26,6)

(
(
(
(
(
(
(

2)23577« (4)4577
3)36653
5)35733« (9)5733
9)36233+« (10)8333
11)24333+«+ (13)6233
11) 84111« (12)12111

15) 44111+ (2004111

(26, 10)
(1)362344111+« (2)81124333
(3)¥24333« (5)62344111
(3)8411%1« (4)1211*1
(7)4411%1« (12)411*1

213




(26,11)
1)2%24333+¢ (2)362344111
2)1%24333+« (4)*24333

(1)
(2)
(3)6**1¢ (4)8411%1
(4)34411%1 ¢ (10) **1
(7)

T)2%¥*1 (8)4411%1

(26,12)
(1)11%24333+«+ (2)2%24333
(2)234411%1¢ (9)1**1
(3)51** 1« (4)6**1
(T)11%%1+« (8)2%*1

(27,5)
(5)3577« (9577

(7)6 653« (14) 6 5 3
(9)9333« (10) 105 3
(

18) 1233« (20)233

[\
(e

(27,

)

3)23577<«+ (5)4577

(3) (
(6)35733+« (11)8333
(7)47333+« (8)6653
(9)45333+« (10)5733
(

13) 51233+« (14) 6233

(1)1234411%1« (8)11%*1

(3)411**1 ¢ (4)51%*1

(26, 14)

(27,3)

(11) 13 3 « (13) 15
(19) 53 « (21) 7
(21) 33 « (25) 3

(27,4)

9) 105 3 « (10) 11 7
10) 11 33 « (12) 13 3

(

(10)

(13)6 53« (14) 77
(18) 33 3 « (20) 5 3
(19)

19) 233« (22)33

21

1)336653+« (4)23577
4)235733+« (1045333
)

(

(

(7)245333« (8)47333
(11)124333+« (13)24333
(

13)344111+« (14)51233

(1)6245333+« (8)245333
(10)1124333+« (12)124333
(11)2344111+ (14)344111

(27,9)
(1)4.45333++(2)6245333
(10)12344111+« (12)2344111

(27,10)
(1) ..45333+« (2)4.45333
(5)512344111+« (6)62344111

W




(27,11)
(3)1%24333+« (5)*24333
(5)34411%1+ (6)512344111

(27,12)
(2)11%24333+« (4)1%24333
(3)234411%1+ (6)34411%*1

(27,13)
(2)1234411%1« (4)234411%*1
(4)411%*1

(28,2)

(27) 1 < (29)

—
[\
(0]
w

13) 14 1 « (14) 15

21)6 1« (22) 7

25) 2 1 + (26) 3
)

~ o~ o~ o~

26) 11« (28) 1

S
o2

o
&

777« (11)117
11) 11 33 + (13) 13 3
13) 1311« (14) 14 1
)53

21) 511« (22) 61

~ o~ o~ o~ o~ o~

)
)
19) 33 3 « (21
)
)

25) 111« (26)21

[\

(28,5)

6)3577« (10)577
10) 9333« (12) 1133
12111+« (14) 1311

19) 1233« (21

(

(
(13
( )233
(

)
)
)
)

21)4111+« (22)51 1

(28,6)
5)36653« (1
7)35733« (9)6653

1)5733

11)36233+« (12)8333

(
(
(11)
(13)84111+ (14)12111
(17)44111+ (20)1233
(19)

19) 1+ (22)4111

(28,7)

2)336653+ (8)35733

~ —

(
5)235733+(6)36653
12

11) .4333+« (12)36233

13) 6 * 1« (14)84111

(
(
(
(
(17)2* 1+« (18)44111
(

) - (
) )
) )
) )

18) 1% 1« (20) * 1

(28,8)
(5) 131 * 1
(11)1124333+« (12).4333
(13) 51 %1« (14) 6 * 1

(

17) 11 %1« (18) 2 * 1

15




(28,9)

(3)81124333

(5) 1211 %1« (6) 131 *1
(11)12344111+«+ (13)2344111
(

13)411% 1+« (14)51*1

(28,10)

2)..45333

3)362344111+ (481124333

(2)

3)

(5)8411%*1+« (6)1211*1
(9)4411%1¢ (12)12344111
(

1) ¥ * 1 (14)411*1

(28,11)
(3)2%24333+« (4)362344111
(5) 6 * * 1« (6)8411%*1
(9) 2% %1« (10)4411*1
(

10) 1% %1« (12) * * 1

(28,12)

(3)11%24333+ (4)2*%24333
(5)51%* 1<« (6)6**1

(9) 11%* 1« (10)2%**1

CERE)

(3)1234411%1« (5)234411%*1
(5)411**1 ¢ (6)51**1

(28,14)

(1)4411%%1¢ (4)1234411%1
(3)¥** 1« (6)411**1

(28,15)
(D)2***1«+(2)4411**1
(2) 1% % %1 ¢ (4) % **1]

(28, 16)

(1)11***1 ¢ (2)2*%**1

8) 777+« (22)53
11) 105 3 « (12) 11 7
653« (16) 77

(
(
(15
(20) 333« (24) 33
(

)
)
)
)

26) 111+« (28)11

(29, 5)
(6)4577« (16) 6 5 3
(1)3577« (11)577
(11)9333 « (12) 105 3
(

15) 6233« (22)233

(29, 6)

(5)23577+« (13)8333
(9)47333+« (10)6653
(11) 45333+« (12) 573 3
(14)24333+« (21)1233
(15) 51233« (16) 6233

[N}
(=}




(29,7)
(3)336653+« (9)35733

(6)235733

(9)245333+« (10047333
(13) 124333+« (19)44111
(15)344111+« (16)51233
(

19) 1% 1« (21) * 1

(36245333

(12)1124333+« (16)344111
(18) 11 %1+ (20) 1 %1

(29,9)
(1)6.45333

(3)4.45333+ (4)6245333
(7) 62344111+« (14)2344111

(29, 10)
(1)4..45333« (2)6.45333
(3)...45333+« (4)4.45333

(6) 24333+« (13)12344111
(7)512344111+ (8)62344111

(29,11)
(1)...45333+« (2)4..45333
(5) 1%¥24333+« (11)4411%*1
(7)34411%1«+ (8)512344111
(

11) 1% %1« (13) * * 1

(29,12)
(4)11%24333+«+ (8)34411*1
(10) 11 %% 1« (12) 1**1

21

(3)1***1(—(5)***1

(29, 16)

(2) 11 ***1 ¢ (4)1***1

(30,2)

(15) 15

(30,3)

14) 13 3

(14)
(15) 141 « (16) 15
(23) 61 « (24) 7
(27) 8

27) 21 « (28) 3

(30,4)

NTTT« (T 77
13) 11 3 3

15) 1311 + (16) 14 1

(
(
(
(
(23)511+« (24)61
(

)
)
21) 333« (25)33
)
)

27) 111+« (28) 21

(30,5)
V4577« (10)777
)

8) 3577

(
(
(12) 9333
(15) 12111« (16) 13 1 1
(

23)4111+« (24)51 1

J



(30,6)

6)23577+« (8)4577

—_ —

7)36653« (11)6653

12) 45333

)
13)36233+« (14)8333
15)24333+« (17) 6233

)

15)84111+«+(16)12111

(30,7)
4)336653+« (10)35733
7)235733+« (8)36653

10)245333

(

(

(

(13) .4333+ (14)36233
(

(15) 6 * 1+ (16) 84111

(

)
)
14)124333« (16)24333
)
)

19)2 %1+ (2044111

(30,8)
1)6235733+« (8)235733
7)131 % 1

(
(
(13) 1124333« (14) .4333
(15)51 %1 ¢ (16) 6 * 1

(

19) 11 %1+« (20)2*1

(30,9)
1)36245333+(2)6235733

)
5)81124333
)

(
(
(7)1211%1+ (8)131*1
(

15)411% 1+« (16)51*1

21

(30, 10)

1)..35733+(2)36245333

4)..45333

7)*¥24333+«(9)62344111

)
)
5362344111+« (6)81124333
)
)

7)8411%1+ (8)1211%*1

(30,11)
2)
5)2%24333+« (6)362344111
)
)

(
(
(6)1%24333+« (8)*24333
(T)6**1¢ (8)8411*1

(

11) 2% %1« (12)4411*1

(30,12)
(5)11*%24333+« (6)2%24333
(6)234411%1

(7)51%%1« (8)6**1

(

11) 11%% 1« (12) 2% * 1

(30,13)

(5)1234411%*1
(7)411**1+ (8)51**1

(30, 14)

(3)4411%*1

(30,15)

(3)2***1 ¢ (4)4411%%1

(30, 16)

(3) 11 ***1¢ (4)2%**]

(31,1)

(31)

oo



(31,6)
1)129333+« (2) 131133
7)23577+ (9)4577

11)47333+« (12)6653
13) 45333+« (14)5733
17)51233 « (18) 6233

22

(
(
(
(
(
(22) * 1

)
)
)
)

(31,4)

1) 1413 3 « (2) 15 15
12) 577

13) 105 3 « (14) 11 7

14) 11 3 3 « (16) 13 3

22) 333« (24)53

(
(
(
(
(
(
(23) 233« (26) 33
(

)
)
)
17) 653 « (18) 77
)
)
)

28)111

(31,7)

1)1245333

)
5)336653+« (8)23577

11)245333+« (12)47333
15)124333+« (17)24333

(
(
(
(
(17)344111+« (18)51233
(

)
)
)
)

21)1*1

(31,5)
1) 131133 « (2) 1413 3

9)3577

— ~—

13) 5733 « (18) 65 3

(
(
(13)
(13)9333+« (14) 1053
(22) 1233« (24)233
(24)

24)4111

(31,8)
1)10245333+ (2)1245333
)

5)6245333

(
(
(14)1124333+(16)124333
(15)2344111+«+(18)344111
(

20)11%1

(31,9)

1)7131% 1+ (2)10245333
3)6.45333
)

(

(

(5)4.45333«+ (6)6245333
(14)12344111+(16)2344111
(

16)411%*1
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(1)581124333+« (2)7131%1 (4)11***1
(2) ..35733
(3)4..45333¢ (4)6.45333
(1) 31
(5)..45333+« (6)4.45333
(29) 3
(14) * * 1
(31,11) (1) 30 1 + (2) 31
(1)4..45333« (2)581124333 (17) 141 « (18) 15
(25) 6 1 + (26) 7
(3)....45333+ (4)4..45333 )8 ) @
(7)1%24333+«(9)*24333 (30) 11 « (32) 1
(9)34411%1+« (10)512344111
e
(1) 1311 7
(31,12) (1)2911« (2)301
(1) 777+ (19) 77
(1) ...45333 (2)4..45333 Py
(6)11*24333«+ (8)1*%24333 (15) 11 33 « (17) 13 3
(7)234411*1+(10)34411*1 (17) 1311+ (18) 141
(12)11% %1 (23) 333 « (25) 53
(25) 511 « (26) 6 1
(31,13) (29) 111+ (30) 21
6231441171
(6)1234411*1+«+(8)234411*1 (1)28111+(2)2911
(8)411**1 (10) 3577
(14) 933 3 « (16) 11 3 3
(31,14) (15) 8333 + (24) 333
(17) 12111+ (18) 1311
* *
(1)51234411%1+(2)6234411%*1 S 91988 e 55 B5E
(6) ***1 (25)4111+ (26)511
(31,15)

(1)34411%%1+ (2)51234411%1
(5) 1% **1

[\)

20



(32, 6)

(1)93577
(1)244111+« (2)28111
(2)129333
(9)36653
(11) 35733+ (13) 665 3

(14) 45333« (19) 623 3

(13)

(19)

(15) 36233+« (16) 8333

(17)84111+« (18)12111

(21) 44111+ (24)1233
1

(23) ¥ 1« (26) 4111

(32,7)

(1)22%1+ (2)244111
(6)336653

(9)235733+« (10)36653
(12) 245333+« (18)24333
(15) ..4333 « (16) 36233
(17) 6% 1+ (18) 84111

(21) 2% 1 (22) 44111

(22) 1% 1« (24) * 1

(32,8)

(1)211 %1« (2)22%1
(36235733
(9)131* 1+ (17) 124333
(15) 1124333+« (16) .4333
(17) 51 %1« (18) 6 * 1

(21) 11 %1+ (22) 2% 1

(32,9)

(1)56245333
(1)2011% 1+« (2)211%1
(3)36245333« (46235733
(7)81124333+« (16) 1124333
(9)1211% 1+« (10) 131 * 1
(15)12344111+« (17)2344111
(A7) 411% 1+« (18)51 * 1

22

(32,10)

(1)36.45333+«(2)56245333
(1) 16411%1+«(2)2011%1
(3)...35733+« (436245333
(6) .
(7)362344111+ (8)81124333

.45333+(11)62344111

(9)8411%1+« (10)1211*1
(13) 4411% 1+« (16) 12344111
(15) * * 1< (18) 411 * 1

(32,11)

(1) ...35733+« (2)36.45333
(1) 14% %1+ (2)16411*1

(4) ....45333+« (10) *24333
(7)2%24333« (8)362344111
(9) 6% %1« (10)8411%1

(13) 2% %1 ¢+ (14) 4411 *1

(14) 1% * 1+ (16) * * 1

)

(2)....45333+« (9)1%¥24333
(7)11%24333+« (8)2%24333
(9)51* %1« (10)6**1

(13) 11 %% 1« (14) 2 % * 1

(32,13)

(1) 1211 %% 1« (2) 131 % * 1
(7)1234411%1¢ (9)234411%1
(9)411%%1« (10)51%*1

(32,14)

(1)**24333

(1)8411%%1« (2)1211**1
(5)4411%%1+« (8)1234411%*1
(7) % * %14 (10)411%*1

—_



(1) 6*** 1+ (2)8411%*1
(2
5
(6) 1% * %1 ¢ (8) ***1]

(1) B1***1 4 (2)6%**1

34411%**1

)
)
Y2F¥ XK1 (6)4411%%*1
)

(B) 11 ***1 4 (6)2%**1]

(1)411%**1 ¢ (2)51***1

(1) 29 3

(3) 15 15

(15) 11 7 + (19) 15
(27) 3 3

(31) 11+« (33) 1

(33,4)

(2) 1311 7

(3) 1413 3 « (4) 15 15
(12) 777« (18) 13 3
(14) 577

(15) 10 5 3 « (16) 11 7
(19) 6 5 3 « (20) 7 7
(30) 111+« (32)11

(33,5)

(1) 13577

(3) 13113 3 « (4) 1413 3
(10) 4577 « (17) 11 3 3
(11) 3577

(15) 5733 « (20) 6 53

(15) 9333 « (16) 10 5 3

22

(33,6)

(2)93577
(3)129333« (4) 131133
(9)23577+« (16)9333
(12) 35733+« (17) 8333
(13) 47333« (14) 665 3

5733

= L T <=

(
(15) 453 3 3 + (16
(

(19) 51233+« (2006233

(33,7)

(1)936653

(3)1245333
(7336653« (11)36653
(10235733« (16) 45333
(13) 245333+« (14) 47333
(19)344111+« (20)51233
(23) 1% 1+ (25) * 1

(33,8)

(1)6336653+« (8336653

(3) 10245333+« (4) 1245333
(7)6245333+« (14)245333
(22)11%1+ (24) 1*1

(33,9)

(1)36235733+« (2)6336653
(3)7131%1+« (410245333
(5)6.45333+« (11) 131 %1

)

(7)4.45333« (8)6245333

(33,10)

(1) ..336653+« (2)36235733
(3)581124333+« (4)7131*1
()

(5)4..45333+« (6)6.45333

..35733+«+(9)81124333

(7)...45333¢ (8)4.45333
(11)512344111+ (12)62344111

[\



(2) ....35733+ (8) ...45333
(3)4..45333+« (4581124333
(5)....45333+« (6)4..45333
(11)34411% 1<« (12)512344111
(15) 1% %1« (17) * * 1

(3) ....45333+« (4)4..45333
(8)11*24333

(14) 11 ** 1+ (16) 1 ** 1

(3)6234411%1

(33,14)

(2) **24333
(3)51234411%1++ (4)6234411%1

(1) 1%%24333

— ()5
3)34411%%14 (4)51234411%1
(7) 1% %% 1 (9) ** %1

(33,16)

(1)234411%*1
(6) 11%* %1« (8) 1%**1

(33,17)

(2)411**%*1

(34,2)

(3) 31
(27) 7
(31) 3 « (35)

(2) 29 3

(3)30 1 « (4) 31
(19) 14 1 « (20) 15
(26) 5 3

(27) 61 « (28) 7
(28) 33 « (34) 1
(31) 21 « (32) 3

(1)2733
(3) 13 11 7 + (5) 15 15

(3)291 1+« (4) 301

(13) 777« (17) 11 7
(15) 577« (21) 77

(19) 13 11 « (20) 14 1
(25)333

(26) 233« (33) 11

(27) 511+ (28) 61

(31) 111+ (32)21

(1) 14577 + (4) 1311 7
(2) 13577
(3)28111+« (4)2911

(11) 4577« (14) 777
(12) 3577« (16) 577
(19) 12111« (20) 13 1 1
(25)1233+« (32) 111
(27) 4111+« (28)511

223



(1)113577« (2) 14577
(3)93577
(3)244111+« (4)28111
(4)129333

(10) 2357 7 « (12

(13) 35733 « (17

4577
5733
8333
6233
12111

(17) 3623 3 « (18
(19) 24333 « (21

(
(
(
(
(19)8411 1+« (20
(

z Z - DO =

(23) 44111+ (28)4111

(34,7)

(2)936653
(3)22%1 (4) 244111

(11) 235733+« (12) 36653
(17) ..4333 « (18) 36233
(18) 124333+« (20024333
(19) 6 %1 (20084111
(200344111« (26) *1

(23) 2% 1+ (24) 44111

(34, 8)

(1)5536653
(3)211 %1« (4) 22%1
(5)6235733
(17)1124333+« (18) .4333
(18) 2344111« (25)1*1
(19) 51 %1 + (20) 6 * 1
(23)11 %1+ (24) 2% 1

(34,9)

(356245333

(3)2011%1+ (4)211*1
(5)36245333« (6)6235733
(11) 1211 %1+ (12) 131 * 1
(17)12344111+ (24)11*1
(19)411%1+ (20)51*1

(34,10)

(2) ...336653

(3)36.45333+¢ (456245333
(3)16411%1+« (4)2011%1
(5)...35733+«(6)36245333
(9)362344111+« (10)81124333
(11) 24333+« (13) 62344111
(11) 841 1% 1+« (12)1211*1

(15) 4411% 1« (20)411%1

(34,11)

(3)....35733+¢ (4)36.45333
(3)14** 1+ (4) 16411 *1
(6)...45333

(9)2%24333+« (10)362344111
(10)1%24333+« (12) 24333
(11) 6% * 1+ (12) 8411 * 1

(12) 3441 1% 1« (18) * * 1

(15) 2% * 1 ¢+ (16) 4411 * 1

(34,12)

(3) 131 % * 1+« (4) 14 * * 1

(4) ....45333

(9)11%24333+« (10)2%24333
(10)234411%1 (17) 1 **1
(11) 51 % * 1« (12) 6 * * 1

(15) 11 % * 1« (16) 2 * * 1

(34,13)

(1)811%24333

(3) 121 1% * 1« (4) 131 % * 1
(9)1234411%1¢ (16) 11**1
(11) 41 1% %1« (12)51**1

(34,14)

(1)36234411%1¢ (2)811%24333
(3)**24333+« (5)6234411%1
(3)8411%%1« (4)1211**1

)

()4411%*1 (12)411**1

224



(34, 15)

(1)2%%24333+ (2)36234411*1
(2)1%%24333« (4)**24333

)

)
(3)6***1¢ (4)8411%*1
(4)34411%*1« (10)***1
)

(T)2%** 1+ (8)4411%*1

(34, 16)

(1)11*%24333+«+ (2)2%*24333
(2)234411%%1 ¢ (9)L***1
(3)B1*** 1« (4)6%**1

() 11 %% %1 (8)2%**1

(34,17)

(1)1234411%*1¢ (8) 11***1
(3)411***1 ¢ (4)51%**1

(34, 18)

(35,3)

(1) 27 7

(3) 29 3 « (5) 31
(19) 13 3 « (21) 15
(27) 53 « (29) 7
(29) 33 « (33) 3

(35,4)
(1) 26 5 3 « (2) 27 7
2

(5) 14 13 3 « (6) 15 15

2733 « (4) 29 3

(17) 10 5 3 « (18) 11 7
(18) 11 3 3 «+ (20) 13 3
(21) 653 < (22) 7 7
(26) 333« (28) 53
(27) 233 « (30) 33

[\)

(1) 25333« (2) 2653

(3) 13577

(5) 131133 « (6) 1413 3
(13) 3577+ (17) 577

(15) 6 6 53 < (22) 6 5 3

(17) 9333 + (18) 105 3
(26) 1233« (28) 233

(35,6)

(2)113577+«+ (4) 13577
(4)93577

(5)129333+« (6)131133
(11) 23577+« (13) 4577
(14) 35733« (
(
(
(

)

19)
(15) 47333« (16) 6653
)
)

8333

(17) 45333+« (18) 5733
(21)51233+« (22) 6233

(35,7)

(1)573577
(3936653« (6)129333
(5)1245333
(9336653« (12)23577
(12) 235733« (18) 45333
(15)245333<« (16)47333
(19) 124333« (21)
(21)344111+« (22)51233

24333

(35,8)

(2)5536653+« (4936653

(36336653

(5) 10245333« (6) 1245333
(9)6245333+« (16)245333
(18) 1124333+« (200124333
(19)2344111+ (22)344111

25



(35,9)

(1)56235733
(3)36235733« (46336653
(5)7131% 1+« (6)10245333
(7)6.45333« (13) 131 * 1
(9)4.45333« (10)6245333
(18)12344111+« (202344111

(35, 10)

(1)356245333+« (2)56235733
(3)..336653+« (436235733
(5)581124333+« (6)7131%1

(6) ...35733+« (11)81124333
(7)4..45333+« (8)6.45333

(9) ...45333+« (10)4.45333

(13) 512344111+« (14)62344111

(35,11)

(1) ....336653+ (2)356245333
(4) ...35733« (10) ...45333
(5)4..45333<« (6)581124333
(7) ...A5333+ (8)4..45333
(11) 1%24333+« (13) 24333
(13)34411%1+« (14512344111

(1)6...45333 ¢ (8) ...45333
(5) ...45333« (6)4..45333
(10)11%24333+« (12)1%24333
(11)234411% 1« (14)34411*1

(35,13)

(1) oo 453334 (2)4....45333
(5)51234411%1++ (6)6234411%1

DO

(3) 1**%24333+« (5)**24333
(5)34411%%1+«+ (6)51234411%1

(35,16)

(2)11%%24333+« (4)1%%24333
(3)234411%%1+ (6)34411%*%1

(2)1234411%*1 (4)234411**1
(4)411**%1

(35,19)

(36,2)

(35) 1 « (37)

(36, 3)

(5) 30 1 « (6) 31
(21) 14 1 « (22) 15
(29) 6 1 « (30) 7
(33)21 « (34) 3
(34) 11 + (36) 1

(36,4)

(3) 2733« (5) 293
(5) 1311 7

(5)29 11« (6) 301
(A5) 777« (19) 11 7
(19) 11 33 + (21) 13 3
(21) 1311+ (22) 14 1
(27) 333 « (29) 53
(29) 511« (30) 61
(33) 111+ (34)21
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(36,5)

(2) 25333+« (4) 2733
(3) 14577« (16) 777
(5) 28111+« (6)2911
(14) 3577+ (18) 577
(18) 9333 + (20) 1133
(21) 12111+ (22) 131 1
(27) 1233« (29) 233
(29)4111+«+ (30)511

(36,6)

(1)59777
(3)11357 7« (4) 14577
(5)93577
(5)244111+« (6)28111

(13) 36653« (19)573 3

)
(15) 3573 3 « (17)

17) 6 6 5 3

(
(
(
(19) 36233« (20) 8333
(
(

)

(21) 84111+« (22)12111

(25)44111+ (28)1233
1

(27) * 1+ (30) 4111

(36,7)

(2)573577

(5)22 %1+ (6) 244111
(10)336653« (16) 35733
(13) 235733+« (14)36653
(19) .4333+« (20)36233
(21) 6 %1+ (22) 84111

(25) 2% 1« (26) 44111

(26) 1% 1« (28) * 1

(36, 8)

(1)6523577
(3)5536653+« (5)936653
(5) 211 %1« (6) 22 %1
(76235733« (14235733
(19) 1124333+« (20).4333
(21) 51 %1+ (22) 6*1

(25) 11 %1« (26)2%1

(1)36336653+« (2)6523577
(5)56245333+« (11)6245333
(5)201 1% 1+ (6)211%*1
(7)36245333+« (8)6235733
(13) 1211 %1+ (14) 131 * 1
(19)12344111+« (21)2344111
(21)411% 1+« (22)51*1

(36,10)

(1)243336653+« (2)36336653
(4) ..336653+« (9)6.45333
(5)36.45333++ (6)56245333
(5)16411%1+«+ (6)2011%1

(7) ...35733+ (836245333
(11)362344111++ (12)81124333
(13)8411%1++ (14)1211*1
(17)4411%1+ (20)12344111

(19) ** 1+ (22) 411 %1

(2)...336653+« (8)...35733
(5)...35733+« (6)36.45333

(5) 14 % * 1 ¢ (6) 16411 * 1
(11)2%24333+« (12)362344111

(13) 6% * 1+ (14) 8411 * 1
(17) 2% * 1« (18) 4411 * 1
(18) 1 * * 1 +— (20) * * 1

(36,12)

(5) 131 % * 1« (6) 14 * * 1

(6) ....45333

(11) 11%24333+« (12)2*%24333
(13) 51 % * 1« (14) 6 * * 1

(17) 11 %% 1« (18) 2 * * 1
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(3)811%24333

(5) 1211 %% 1« (6) 131 **1

(11) 1234411%1+ (13)234411%1
(13)411%* 1« (14)51**1

(36, 14)

)
(3)36234411%14 (4)811%24333
(5) 841 1**1« (6)1211%%*1
(9)4411%%1« (12)1234411%1
(11) % * %1 ¢ (14) 411 **1

(36,15)

(3)2%%24333+ (4)36234411*1
(5) 6% ** 14 (6)8411%%*1
(9)2*** 1+ (10)4411**1

(10) 1% * %1 ¢ (12) * * * 1

(36,16)
.

3)11%%24333« (4)2*%*%24333

(5) 51*** 1« (6)6***1

(9) 11 ** %1« (10)2%**1

(36,17)

|

(3)1234411%*1 ¢ (5)234411%%*1
(B)411***1 ¢ (6)51%**1

(36,18)

(1)4411%**14 (4)1234411**1
(B) ¥ *** 1 (6)411%**1

(36,19)

(1) 2%**% 1 (2)4411%**1]

()11 ****]1 ¢ (2)2****1]
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(37,3)

(3) 277
(7) 15 15
(23)77
(31) 33 « (35) 3
(35) 11« (37) 1

(37,4)

(3) 26 53 « (4) 27 7
(6) 13117

(7) 1413 3  (8) 15 15
(19) 10 5 3 « (20) 11 7
(23) 653 « (24) 77
(28) 333« (32) 33
(34) 111« (36) 11

(3) 25333« (4) 2653

(5) 13577

(7) 131133 « (8) 1413 3
(14) 4577

(15) 3577+ (19) 577

(19) 9333 « (20) 105 3
(23) 6233 « (30) 233

(37,6)

(259777

(4)113577
(6)93577« (16)3577
(7)129333« (8) 131133
(13)23577

(17) 47333+« (18) 6653
(19) 45333+« (2005733
(22)24333« (29)1233
(23)51233« (24) 6233




(1)593577

(3)573577

(7)1245333
(11)336653 « (17) 35733
(17) 245333+« (18)47333
(21) 124333+« (27)44111
(23) 344111+« (24)51233
(27) 1 %1+ (29) * 1

(37,8)

(4)5536653

(56336653
(7)10245333<« (8) 1245333
(2001124333« (24)344111
(26) 11 %1« (28) 1*1

(356235733
(5)36235733+« (6)6336653
() 7131% 1+« (8)10245333

(11)4..45333 + (12) 6245333
(15) 62344111+ (22)2344111

(37,10)

(2)243336653

(3)356245333+« (4)56235733
(5)..336653« (6)36235733
(7)581124333+« (8) 7131*1
(9)4..45333+« (10)6.45333

(11) ...45333« (12)4.4533 3

(14) ¥24333+« (21) 12344111
(15)512344111+« (16)62344111

(37,11)

(3)...336653« (4356245333
(6)...35733

(7)4..45333+« (8)581124333
(9)...45333« (10)4..45333
(13)1%24333« (19)4411%*1
(15)34411%1« (16)512344111
(19) 1% * 1+ (21) * * 1

(3)6...45333
(7) ....45333+« (8)4..45333
(12)11%24333+« (16)34411*1

(18) 11** 1+ (20)1**1

(37, 14)

(1)4....45333« (2)6....45333

(3) o 45333+« (4)4...45333

(6) **24333« (13)1234411%1
(7)51234411%1« (8)6234411%1
(37, 15)

[C 45333+« (2)4....45333

(5) 1*%24333+« (11)4411%%*1
()34411%%1+« (8)51234411%1
(11) 1% % %1« (13) * * * 1

(4)11*%24333« (8)34411%%1
(1I0) T1**% 1« (12) 1 ***1

(37,19)

229



(37,20)

(2) 11 ****1 ¢ (4)1****1]

(38,2)

(7) 31
(23) 15
(31) 7 < (39)

(38, 3)

(6) 29 3

(7) 30 1 « (8) 31
(22) 13 3

(23) 14 1 « (24) 15
(30) 53 « (38) 1
(31) 61+« (32) 7
(35) 21 « (36) 3

(38,4)

(1)2377

(5) 2733

() 13117 « (9) 15 15
(7)2911+« (8) 301
an 777

(21) 11 3 3

(23) 1311 « (24) 14 1
(24) 653« (37) 11
(29) 333 « (
(
(

33) 33

)
)3
(31) 511+« (32) 61
(35) 111+« (36) 21

(38,5)

(4)25333

(5) 14577+ (8) 1311 7
(6) 13577
(7)28111+« (8)2911
(15) 4577+ (18) 777
(209333

(21) 8333+« (36) 111
(23) 12111+ (24) 1311
(31)4111+ (32)511

(1)144577

(3)59777

(5) 113577« (6) 14577
(793577« (17)3577

() 244111+« (8)28111
(8) 129333

(14) 23577 « (16) 457 7
(15) 36 6 53 « (19) 66 5 3
(20) 45333+« (32)4111
(21) 36233+« (22)8333
(23) 24333+« (25)6233
(23)84111+« (24)12111

(38,7)

(1)1323577« (2) 144577
(2)593577
(4)573577+«+ (8)93577
(6)936653
(7)22%1 ¢ (8) 244111

(12) 336653 « (18) 35733
(15) 235733+« (16) 36653
(18) 245333 « (30) * 1

(21) .4333+« (22) 36233
(22) 124333« (24)24333
(23) 6% 1« (24) 84111

(27) 2% 1 (28) 44111

(1)3573577
(1)71245333+« (2)1323577
(3)6523577

(5) 5536653+« (91245333
() 211%1+ (8)22%1
(9)6235733+« (16)235733
(15) 131 % 1+ (29) 1 * 1
(21)1124333« (22).4333
(23)51% 1+ (24) 6 * 1
(27)11 %1+« (28)2*1

230



(1)47336653

)

(1)56336653« (2)71245333
(3)36336653+« (4)6523577
(7)56245333« (13)6245333
(7)2011%1+ (8)211*1
(9)36245333+« (106235733
(13)81124333+ (28)11*1
(15) 1211 %1 + (16) 13 1 * 1
(23)411%1+ (24)51*1

(1)356235733+« (2)56336653

)
(3)243336653+« (4)36336653
(6) ..336653+« (11)6.45333
(7)36.45333+« (8)56245333
(7)16411% 1+« (8)2011%*1
(9) ..35733+ (10)36245333
(12) ..45333«+ (24)411*1
(13)362344111« (14)81124333
(15) 24333+« (17) 62344111

(15)8411%1+ (16) 1211 *1

(38,11)

(1) .43336653+« (2)356235733
(4) ...336653« (10)...35733
(7) ...35733« (8)36.45333

(7)14** 1+ (8)16411*1

(10) ....4 5333 « (22) * * 1
(13)2%24333+« (14)362344111
(14) 1*24333« (16) *243 33
(15) 6 * * 1+ (16) 8411 *1
(19)2** 1+ (20)4411%*1

(1)6....35 73 3 « (8)
() 131 %% 1« (8) 14** 1

..... 35733

(8) ...45333 ¢ (21) 1 ** 1

(13) 11*24333+ (14)2%*24333
(15) 51 % * 1« (16) 6 * * 1

(19) 1 1% %1+« (20)2**1

(38,13)

(1)36...45333 <+ (2)6...35733
(5)811%24333+¢ (20)11%**1
(7) 1211 %% 1« (8) 131 % * 1

(15) 41 1% %1« (16)51** 1

......... 45333+« (14) ¥ **1

)
(5)2%*%24333+« (6)36234411%1
)

(6) 1**24333+« (8 **24333
(T)6***1 (8)8411%*1
(11) 2% * %14 (12) 441 1% *1

(38,16)

(5)11*%24333+« (6)2**24333
(6)234411%%1
()B1***1 4 (8) 6***1

(11) 11 *** 1 (12) 2% **1

(38,17)

(5)1234411%%1
(A11**%1 4 (8)51***1]

(38,18)

(3)4411%**1

231



(38,19)

(B)2*** %1 ¢+ (4)4411%*%1]

(38, 20)

(B) 11 ****1 ¢ (4)2%***1]

(39,3)

(1) 23 15

(5) 277

(7) 29 3 « (9) 31
(21) 11 7

(23) 13 3 « (25) 15
(25) 77« (37) 3
(31) 53« (33) 7

(39,4)

(1) 2213 3 « (2) 23 15
(2)2377

(5) 26 5 3 < (6) 27 7
(6) 2733 « (8) 293
(9) 14 13 3 « (10) 15 15
(200577

(21) 105 3 « (22) 117
(22) 1133 « (24) 13 3
(25) 6 53 « (26) 77
(30) 333« (32) 53
(31) 233« (34) 33

)
)
)
)

(39,5)

V17777

(1) 211133 + (2) 22133
(5) 25333« (6) 2653
() 13577

(9) 1311 3 3 « (10) 14 13 3
(21) 5733 « (26) 653
(21) 9333« (22) 1053
(30) 1233+« (32)233

(39, 6)

(1)209333 <« (2) 211133
(459777

(6) 113577+« (8) 13577

(9) 129333« (10) 1311 3 3
(15) 23577« (17) 4577
(19) 47333+« (2006653
(21) 45333+« (22)5733
(26)

(25) 51233+« (26)6233

(39,7)

(1)359777
(1)8129333

(3)593577

(5) 573577« (993577
(7)936653+« (10)129333
(13) 336653« (16)23577
(19)245333« (20047333
(23)124333« (25)24333
(25)344111< (26)51233

(39,8)

(1)6936653+« (2)8129333
(2)3573577+« (4593577
(6) 5536653+« (8936653
(76336653« (14336653
(9)10245333« (10) 1245333
(22) 1124333+« (24)124333

(23)2344111+ (26)344111

(39,9)

(1)36523577+«+ (206936653
(2)47336653
(5)56235733+« (11)6235733
(736235733« (86336653
(9)7131% 1+« (10)10245333
(13)4.45333+« (14) 6245333

(22)12344111+ (24)2344111

232



(39,10)

(1)235536653+« (2)36523577
(4243336653« (9)56245333
(5)356245333+« (6)56235733
(7)..336653« (836235733
(9)581124333+« (10) 7131 *1
(11)4..45333« (12)6.45333
(13) ...45333« (14)4..4533 3

17512344111+ (18)62344111

(39,11)

(2) 43336653+« (8)..336653

(5)...336653+« (6)356245333
(9)4...4 5333 « (10)
(11) ...45333« (12)4..45333
(15) 124333 «

581124333

(17) *24333
(17)34411% 1+« (18)512344111

(39,12)

(5)6...45333

9)
(14)11%24333+«+ (16)1*24333

...... 45333+« (10)4..45333

(15)234411%1+ (18)34411*1

(39,13)

(3)6...45333
(5)4....45333« (6)6...45333
(14) 1234411%1« (16)234411%1

(2) oo, 35733
(3)4....45333« (4)6....45333
(5) coren. 45333+« (6)4...45333

(9)51234411%1+« (10)6234411%*1

(39, 15)

......... 45333+« (4)4....45333

(7)1%%24333+« (9)**24333
(9)34411%*1+ (10)51234411%*1
(13) 1 % ** 1

23

(39, 16)

(6)11*%24333+« (8)1**24333
(7)234411%%1¢ (10)34411%%*1
(12) 11 % % * 1

(39,17)

(1)6234411%%*1
(6) 123441 1%%1¢ (8)234411%%1
(8)411***1

(39,18)

(1)51234411**1+«+(2)6234411**1
(6) * * **1

(39,19)

(1)34411***1+«+(2)51234411*%*1
(5) 1% * **1

(39, 20)

(40, 2)

(39) 1 + (41)

(40, 3)

(9) 30 1 + (10) 31
(25) 14 1 « (26) 15
(33) 61+ (34) 7
(37) 21 + (38) 3
(38) 11 < (40) 1

(40, 4)

(1) 21117

(3) 2377

(7) 2733 « (9) 293

(9) 1311 7

(9) 29 1 1 « (10) 30 1
19) 777

(21) 577 « (35) 33

(23) 11 3 3 + (25) 13 3
(25) 13 1 1 « (26) 14 1
(31) 333 « (33)53

(33) 511« (34) 61

(37) 111« (38) 21

w



(40, 5)

(1)20577

217777

(6) 25333« (8) 2733
(7) 14577
(9)28111+« (10)291 1
(18) 3577

(22) 9333« (24) 1133
(23) 8333+ (32)333
(25) 12111« (26) 131 1
(31) 1233+ (33)233
(33) 4111+ (34)511

(1) 713577

(2209333

(3)144577

(5) 59777« (913577

(7)113577 « (8) 14577
(9)244111 « (10) 28111
(17) 36653

(19) 35733« (21) 6653
(22) 45333 « (27) 6233
(23) 36233 « (24)8333
(25) 84111« (26) 12111
(29) 44111+« (32)1233
(1) * 1+ (34) 4111

(2)359777+«+ (8)113577
(3) 1323577+ (4) 144577
(6)573577+« (10) 93577
(9)22 %1« (10)24411 1
(17) 235733+ (18) 36653
(20) 245333+« (26)24333
(23) .4333+« (24)36233
(25) 6% 1+« (26) 84111

(29) 2% 1+ (30)44111

(30) 1% 1 « (32) * 1

(1)3593577
(3)3573577+ (5)593577
(3) 71245333« (41323577
(5) 6523577

(7)5536653+« (9936653
(9) 211 %1« (10) 22 * 1

(17) 131 * 1+ (25) 124333
(23) 1124333« (24)..4333
(25) 51 * 1 « (26) 6 * 1

(29) 11 %1 (30) 2 %1

(40, 9)

(3)47336653+« (85536653
(3)56336653« (471245333
(5)36336653« (6)6523577
(9)201 1 %1 « (10) 21 1 * 1
(11)36245333+«+ (12) 6235733
(15) 81124333+ (24)1124333
(17) 1211 %1 « (18) 131 * 1
(23)12344111++ (25)2344111
(25) 411 %1+ (26)51*1

[CTRD))

(1)247336653
(2)235536653+« (447336653
(3)356235733+« (456336653
(5)243336653+« (6)36336653
(9)36.45333+ (10056245333
(9)164 11 %1 (10)2011*1

(11) ...35733 « (12) 36245333
(14) ...45333 « (19) 62344111
(15) 362344111« (16)81124333
(17) 8411 %1 (18) 1211 *1

(21) 44 11%1+ (24) 12344111
(23) ** 1+ (26)411%*1

(40, 11)

(3)..43336653+« (4356235733
(6) ...336653

(9) ....35733+« (10)36..45333

(9) 14 % * 1+ (10) 16 411 * 1

(12) ... 45333 « (18) *24333
(15)2%24333+« (16)362344111
(17) 6 * * 1+ (18) 84 11 * 1

(1) 2% * 1« (22)4411%*1

(22) 1% %1« (24) * * 1

(3)6...35733
(9) 13 1 * * 1 « (10) 14 * * 1

(10) ...... 45333+« (17)1%24333
(15) 11*24333+« (16)2*24333
(17) 51 % * 1+ (18) 6 * * 1

(21) 11 * %1 « (22) 2**1

[CLRE))

(1)56....45333
(3)36....45333 « (4)6.....35733
(7)811%24333++ (16)11%*24333

(9) 1211 * *1 ¢ (10) 131 * * 1
(15) 1234411%1+ (17)234411*1
(I7) 41 1**1  (18) 51 **1

234



(40, 14)

(1) 36 ...... 45333+« (2)56...45333
(3) oo 35733« (4)36...45333
(6) woveninn 45333+ (11)6234411%*1
(7)36234411%1+« (8)811*24333
(9)8411*%1 ¢ (10) 1211 * * 1

(13) 4411% %1« (16)1234411%*1
(15) * ** 1« (18) 411 * * 1

(40, 15)
(1) e 35733« (2)36 ... 45333
(S I 45333+« (10) **24333

(7)2**24333+« (8)36234411%*1
(9) 6% ** 1« (10)8411%**1

(13) 2% % * 1 ¢ (14) 4411 ** 1

(14) 1% * * 1 « (16) * * * 1

(40, 16)

(1) 13 1% ** 14 (9)1**%24333
(7)11*%24333+« (8)2**24333
(9) 51 %% %1« (10) 6 * * * 1

(13) 11 % %% 1 (14) 2 % * * 1

(40, 17)

(1) 12 11 % * %1 ¢ (2) 131 * * * 1
(7)1234411%%1+ (9)234411%*1
(9)411%*%1 4 (10)51%*%*1

(40, 18)

(1)***24333

(1) 841 1***1 ¢« (2)1211***1]
(5) 441 1***1 ¢ (8)1234411%*%*1
() ****1 ¢ (10)411***1

(40, 19)

(1) 6****1 ¢ (2)8411**%*1
(2)34411**%*1
(B) 2* *** 14 (6)4411***1

(40, 20)

(I)BL****1 ¢ (2)6****1
(B) L1 ***%1 ¢ (6)2%***1

(41, 3)

(3) 23 15

(7) 27 7 + (11) 31
(11) 15 15

(23) 11 7 « (27) 15
(27) 77 + (35) 7
(39) 11 < (41) 1

(41,4)

(2) 21117

(3) 22 13 3 + (4) 23 15
(4) 2377 « (10) 29 3
(7) 2653 « (8) 27 7
(10) 13 11 7

(11) 14 13 3 « (12) 15 15
(20) 7 77 « (26) 13 3
(22) 577 « (34) 53
(23) 10 53 « (24) 11 7
(27) 653 « (28) 77
(38) 111« (40) 11

1) 111577

19777

(2) 20577« (9) 2733
@ 17777

(3) 211133 « (4) 22133
(7) 25333 « (8) 2653
(11) 13 11 3 3 + (12) 14 13 3
(18) 457 7 + (25) 11 33
(19) 3577+ (33)333
(23) 5733« (28) 65 3
(23) 9333+« (24) 1053

(1) 714577« (2) 111577
(1)183577 « (8) 25333
(2713577« (4) 17777
(3)209333+« (4)211133
(6)59777+ (10) 13577
(11) 129333 « (12) 1311 3 3
(17) 23577 « (24) 9333
(20) 35733« (25)8333
(21) 47333« (22)6653
(23) 45333+« (24)5733
(27) 51233« (28)6233

(40, 21)

(1) 411 **%%1 ¢ (2)51%*%%x7]

r
\

DO

35



(41,7)

(1)559777+«+ (2)714577
(1) 173665 3
(3359777« (5)144577
(3)8129333
(7)573577+ (11)93577
(11) 1245333

(15) 336653+ (19)36653
(18) 235733+« (24) 45333
(21) 245333+ (22) 47333
(27) 344111+ (28)51233
(1) 1 * 1 « (33) * 1

(41, 8)

(2)3593577

(3) 6936653+« (4)8129333
(4)3573577+«+ (8573577
(9) 6336653+« (16)336653
(11) 10245333 « (12) 1245333
(15) 6245333+« (22)245333
(30) 11 %1« (32) 1%1

(41,11)

(1)1247336653
(4).43336653« (10)...336653
(7)...336653+« (8356245333

(10) ....35 733 «+ (16) ...453 3 3
(11)4...45333+« (12) 581124333
(13) ....45333 « (14) 4...4533 3

(19)34411%1+4 (200512344111
(23) 1% * 1« (25) * * 1

(41,12)

(1)6...336653 ¢ (8)...336653

(7) 6 ....45333 + (14) ....453 3 3

(1)36....35733 + (2)6...336653
(5) 6 ...... 45333« (12) ...... 45333
(7 4 ... 45333+« (8)6....45333

(41, 9)

(1)56523577
(3)36523577+« (46936653
(7)56235733+« (13)6235733
(9)36235733« (1006336653
(11) 7131 %1« (12) 102453 3 3
(13) 6 ..45333 « (19) 13 1 * 1

(15) 4 ..45333+« (16) 6245333

(41, 10)

(2)247336653
(3)235536653+« (436523577
(6)243336653+« (11)56245333
(7)356245333+« (856235733
(9)..336653+« (10036235733
(11) 581124333+« (12) 7131 *1
(12) ...35733+« (17) 81124333
(13) 4 ..45333 « (14) 6 ..4533 3

(15) ...45333 « (16) 4 ..4533 3
(19)512344111+ (20062344111

23

1) e 336653+« (2)36...35733
(4) oo 35733« (9)811%24333
(5) 4 ... 45333+« (6)6 ... 45333
(7) ceeens 45333+« (8)4...... 45333

(11) 51234411 *%1+«+(12)6234411%*1

[©) - 35733« (8) e 45333
(5) coveene 45333« (6)4....... 45333

(11)34411**1 ¢ (12)51234411%*1
(15) 1 * * * 1  (17) * * * 1

(41, 16)

(8)11**24333
(14) 11 % ** 1« (16) 1 * * * 1

(41, 17)

(3)6234411*%1

(41, 18)

(2) ***24333
(3)51234411*%1+« (4)6234411**1

(=)



(41, 19)

(1) 1**%24333
(3)34411**%1 4 (4)51234411%%1

(41, 20)

(1)234411%**1
(6) 11 %% %% 1 ¢ (8) 1%**x1

(41, 21)

(2)411*x*x1

(42,2)

(39) 3 « (43)

(42, 3)

(11) 30 1 « (12) 31
(27) 14 1 « (28) 15
(35) 6 1 + (36) 7
(36) 33 + (42) 1
(39) 21 + (40) 3

(42, 4)

(1) 11 15 15

(3) 21 11 7 + (5) 23 15
() 2377+ (9)277
(11) 13 11 7 « (13) 15 15
(11) 29 1 1 + (12) 30 1
(21) 777 « (25) 11 7
(23) 577« (29) 77
(27) 13 11 « (28) 14 1
(34) 233« (41) 11
(35) 511 « (36) 6 1
(39) 111 « (40) 2 1

(1) 10 13 11 7 + (2) 11 15 15
(2) 19777+ (4) 21117
(3)2057 7+« (6)2377
(9) 14577+ (12) 1311 7
(11) 28 111 « (12) 291 1
(19) 4577« (22) 777
(20) 3577+« (24) 577
(27) 12111« (28) 131 1
(33) 1233+« (40) 111
(35) 4111+« (36)511

DO

(42, 6)

(1) 911777+ (2) 1013117
(2) 183577+ (420577
(8) 713577« (5) 17777
(4)209333
(7)59777+«+ (11) 13577
(9) 113577 « (10) 1457 7
(11) 244111+ (12) 28111
(12) 129333

(18) 23577 + (2004577
(21) 35733« (25)5733
(25)36233« (26)8333
(27) 24333
(27) 84111
(31)44111

—(29)6233
— (28) 12111
— (36) 4111

(2)5597 77+« (4) 713577
(21736653
(4)359777+«+ (859777
(5) 1323577« (6) 144577
(6)593577+ (12)93577
(10) 936653

(11) 22 %1+ (12) 244111
(19) 235733+ (20036653
(25) ..4333 + (26)36233
(26) 124333+ (28)24333
(27) 6% 1+ (28) 84111

(28) 344111« (34) *1
(Bl)2* 1+« (32)44111

(42

(1)111245333
(3)359357 7+« (5)8129333
(5) 3573577+« (9)573577
(5) 71245333+« (6) 1323577
(7) 6523577+« (13)1245333
(9)5536653

(11) 21 1 * 1 « (12) 22 * 1

(25) 1124333« (26)..4333
(26)2344111+« (33)1%1

(27) 51 % 1 + (28) 6 * 1

(B1) 11*1+« (32) 2*1

37




(42,9)

(2)56523577

(5) 47336653« (11)6336653
(5) 56336653« (6)71245333
(7)36336653+« (806523577
(11) 20 11 % 1+ (12) 21 1 * 1

(13) 36245333+« (14) 6235733
(19) 1211 * 1 + (20) 131 * 1
(25)12344111+«+ (32)11%*1
(27) 411 %1« (28) 51 %1

(42, 10)

(3)247336653<« (6)47336653
(4)235536653+« (9)56235733
(5)356235733<« (6)56336653
(7)243336653+« (8)36336653
(11) 36 ..45333« (12) 56245333
(11) 16 411 % 1 + (12) 2011 * 1

(13) ...35733 « (14) 36245333
(17)362344111« (18)81124333
(19) 24333+ (21) 62344111
(19) 8411 %1+ (20) 1211%*1
(23)4411%1+ (28)411*1

(42, 11)

(1) .47336653+« (8243336653
(2)1247336653+« (4247336653
(5).43336653+« (6)356235733
(11) ....35 733+ (12) 36 ..4533 3

(11) 14 * * 1 + (12) 16 4 1 1 * 1
(17)2%24333« (18)362344111
(18) 124333+« (20) *24333

(19) 6 * * 1+ (20) 8411 *1
(20034411 %1« (26) **1

(23) 2% * 1« (24)4411%1

(42, 12)

(1) 11247336653+« (2)..473366653
(5)6...35733

(11) 13 1 % * 1 « (12) 14 * * 1
(17)11%24333+«+ (18)2*%24333

(18) 234411 %1+ (25) 1 **1

(19) 51 * * 1 < (20) 6 * * 1

(23) 11* %1+ (24) 2**1

(3)56....45 333
(5)36....45333+ (6)6....35733
(11) 1211 * * 1 + (12) 13 1 * * 1

(17) 1234411%1 (24) 11**1
(19) 41 1% %1 (20)51**1

(42, 14)

) 336653

(3) 36 ...... 45333+« (4)56...45333
(5) woveninn 35733« (6)36...45333

(9)36234411%1« (10)811%24333
(11) **24333 ¢« (13)6234411%1
(11) 84 11 % %1 (12) 1211 ** 1

(15) 4411 %% 14 (20)411%%*1

(42, 15)
(G J—— 35733+ (4)36 ...... 45333
(6) wovene. 45333

(9)2*%24333« (10)36234411%*1
(10) 1**24333+ (12) **24333
(11) 6 % * * 1+ (12) 84 11 * * 1

(12) 34411 % %1 + (18) * * * 1

(15) 2% * * 1« (16) 44 11 * * 1

(42, 16)

(3) 131 * x*1

(9)11*%24333+«+ (10)2**24333
(10)234411%*%1 ¢« (17) 1***1
(11) 51 % ** 1+ (12) 6 * * * 1

(15) 11 % * * 1 « (16) 2 * * * 1

(42, 17)

(1)811**%24333

(8)121 1% * %1  (4) 13 1 % * * 1
(9)1234411%*%1« (16) 11 ***1
(11) 41 1 %% %1« (12) 51 % * * 1

(42, 18)

(1)36234411*%%1+(2)811*%24333
(8)***24333« (5)6234411%*%*1

(3) 841 1***1 ¢ (4)1211%**1
(T)4411**%1 ¢ (12)411%**1

(42, 19)

(1)2**%24333+¢(2)36234411%*%*1
(2) 1**%24333+¢ (4)***%24333
(3)6****1 « (4)8411%***1

(4) 34411 **% 1« (10) * ***1
(T)2****1 4 (8)4411%**1

(42, 20)

(1)11***24333+« (2)2**%24333
(2) 234411 ***1 ¢ (9)1****1]
(B)BL****1 ¢ (4)6****1

(7) 11 ****1  (8)2****]

23

oo



(42, 21)

(1) 1234411 %*%1 4 (8)11***x*1
(B)411****1 ¢ (4)51%***1]

(42, 22)

(1) * % * % *

[CERE:))

(11) 29 3 « (13) 31
(27) 13 3 « (29) 15
(35) 53« (37) 7
(37) 33 + (41) 3

(43, 4)

(5) 22 13 3 « (6) 23 15
(9) 26 5 3 « (10) 27 7
(10) 27 3 3 + (12) 29 3
(13) 14 13 3 « (14) 15 15
(25) 10 5 3 « (26) 11 7
(26) 11 3 3 + (28) 13 3
(29) 653 « (30) 77
(34) 333 « (36) 53
(35) 233« (38)33

(43,5)

(3)111577
(3)1977 7« (5) 21117
(5) 21 11 3 3 « (6) 22 13 3
(9) 25 333 « (10) 26 5 3
(13) 13 11 3 3 « (14) 14 13 3
(21) 3577+« (25) 577
(23) 6 653« (30) 653
(25) 9333« (26) 1053
(34) 1233+« (36)233

(43, 6)

(2911777« (6) 17777
(8) 714577 « (4111577
(3)183577 « (5)20577
(5) 20 9333« (6) 21 11 33
(10) 113577 « (12) 1357 7
(13) 129333 « (14) 1311 33
(19) 23577« (21) 4577
(22) 35733« (27) 8333
(23) 47333« (24) 6653
(25) 45333« (26)5733
(29) 51233 « (30) 6233

DO

(43,7)

(1)12129333 « (4) 183577
(3)559777+« (4714577

(3) 1736653« (6)209333
(5)359777«+ (959777

(7)593577+ (13)93577

(11) 936653« (14) 129333
(17)336653 « (20)23577
(200235733« (26)45333
(23) 245333+« (24)47333
(27) 124333+ (29)24333
(29)344111+ (30)51233

[CER))

(1)10936653 « (2) 12129333
(2) 111245333« (4) 1736653
(4)3593577++ (10)573577
(5) 6936653+« (6)8129333
(6)3573577+« (8593577
(105536653« (12) 936653
(13) 10245333 « (14) 124533 3
(17) 6245333+« (24)245333
(26) 1124333+« (28)124333
(27) 2344111+« (30)344111

(43, 9)

(1) 95536653+« (2)10936653
(3)56523577« (996523577
(5)36523577+« (6)6936653
(11) 36235733+« (12) 6336653
(13) 7131 %1+ (14) 10245333
(15) 6 ..45333 « (21) 131 * 1

(17) 4 ..45333 «+ (18) 6245333
(26) 12344111+« (28)2344111

(43, 10)

(1)455536653+« (456523577
(5)235536653+« (6)36523577
(9)356245333+« (10)56235733
(11) ..336 653« (12) 36235733
(13) 581124333« (14) 7131 %1
(14) ...35733+« (19)81124333
(15) 4 ...45333 « (16) 6 ..45333

(17) ...45333 « (18) 4 ..4533 3

(21) 512344111+« (22)62344111

39



(43,11)

(3)1247336653+« (5)247336653
(6).43336653

(9)...336653+« (10)356245333
..... 35733+« (18)...45333
45333+« (16)4..45333
(19) 1%24333+« (21)*24333

(21) 34411 %1+« (22)512344111

3

[CERT))

(2)11247336653+« (4)1247336653
(3)6...336653

45333+« (16) ....45333

...... 45333+ (14)4...45333

(18) 11%24333+«+ (20)1%24333
(19)234411%1++ (22)34411%1

(43, 18)

45333+« (2)4
(5)51234411%%1« (6)6234411%%*1

45333

(43, 19)

(3)1***24333+« (5)***24333
(5)34411***1+ (6)51234411**1

&
(=}

(2)11*%**24333+« (4)1**%24333
(3)234411%**1« (6)34411%%**1

(43, 21)

(2)1234411%*%%1 4 (4)234411**%1
(4)411**%x71

(1)56....35733
(3)36...35733+« (4)6...336653
(7) 6 ...... 45333+« (14) ...... 45333
(9) 4 ...... 45333+« (10)6...45333

(18) 1234411%1++ (20)234411%1

[CERD))

@) v oS

(43, 23)

(1) 1% % % * %71

(1)356....45333 ¢ (2)56....35 733
(3) eenn 336653+« (4)36.....35733
(6) weennnn 35733+« (11)811%24333
(7) 4 oo 45333+« (8)6...... 45333
(9) oo 45333« (10) 4 ...... 45333

(13) 51234411%1++ (14)6234411%1

(43, 15)

1) o 336653+ (2)356....45333
() 35733« (10) ..o.... 45333
G0 I 45333« (8)4....... 45333

(11) 1**24333+« (13) **24333
(13) 34411 *%1+« (14)51234411%1

(43, 16)

45333

45333« (8)
(10) 11**24333+« (12)1**24333
(11) 2344 11% %1« (14)34411%**1

45333

45333+« (2)6
(10) 12344 11*%%1« (12)234411%*1

[N}
e}

4

(44, 2)

(43) 1 « (45)

(44, 3)

(13) 30 1 « (14) 31
(29) 14 1 « (30) 15
(37) 61 « (38) 7
(41) 21 + (42) 3
(42) 11 + (44) 1

(44, 4)

(3) 11 15 15

(7) 2377 « (11) 27 7
(11) 27 3 3 + (13) 29 3
(13) 13 11 7

(13) 29 11 « (14) 30 1
(23) 777 « (27) 11 7
(27) 11 3 3 + (29) 13 3
(29) 13 1 1 + (30) 14 1
(35) 333« (37) 53
(37) 511 « (38) 61
(41) 111« (42) 21




(44, 5)

(3) 10 13 11 7 + (4) 11 15 15
(4) 19777+ (8) 2377
(10) 25 3 3 3 « (12) 27 3 3
(11) 14577

(13) 28 11 1 « (14) 291 1
(22) 3577« (26) 577
(26) 9333« (28) 1133
(29) 12111 « (30) 131 1
(35) 1233« (37) 233
(37) 4111+« (38) 511

(44, 9)

(2) 95536653« (4) 111245333
(7)47336653« (12)5536653
(7)56336653« (871245333
(9)36336653« (1006523577
(13) 56245333+« (19) 6245333
(13) 20 11 % 1 « (14) 211 * 1

(15) 36245333+« (16) 6235733
(21) 1211 %1 « (22) 131 * 1

(27) 12344111+« (29)2344111
(29)411%1+ (30)51%*1

(44, 6)

(3911777« (41013117
(5) 713577

(7)144577

(11) 113577+ (12) 14577
(13) 244111+ (14) 28111
(21) 36653 « (27) 5733

(23) 35733« (25)6653

(27) 36233 « (28)8333

(29) 84111+« (30)12111
(33) 44111+« (36)1233

(35) * 1+ (38) 4111

(44, 7)

(4559777
(6)359777+« (10)59777
(7) 1323577+ (8) 144577
(13) 22 %1 + (14) 244111
(18) 336653+ (24) 35733
(21) 235733+ (22) 36653
(27) .4333« (28)36233
(29) 6 % 1« (30) 84111

(33) 2% 1+« (34)44111

(34) 1 %1 « (36) * 1

(44, 10)

(2)455536653
(6)235536653+ (847336653
(7)356235733++ (856336653
(9)243336653+« (10)363366053
(12) ...336653 « (17) 6 ..45333
(13)36 ..45333 « (14) 56245333
(13) 16411 %1 « (14) 2011 * 1

(15) ...35733 « (16) 36245333
(19)36234411 1+« (20081124333
(21) 8411 %1+ (22) 1211 *1
(25)4411%1+ (28)12344111
(27) * * 1+ (30)411%*1

(44, 11)

(3).47336653+« (6)247336653
(7) .43336653+« (8356235733
(10) ....336 6 53 + (16) ....35 73 3
(13) ....35733 ¢ (14) 36 ..45333
(13) 14 * * 1+ (14) 16 41 1 * 1
(19)2%24333+« (200362344111
(21) 6% * 1« (22) 8411 %1

(25) 2% * 1« (26)4411%*1

(26) 1% * 1« (28) * * 1

(3)111245333+« (5) 173665 3
(5)359357 7+« (11)573577
(7)3573577++ (9593577
(7) 71245333« (8) 1323577
(11) 5536653 « (13) 936653
(13) 21 1 * 1 « (14) 22 * 1

(15) 6235733+« (22)235733
(27) 1124333« (28)..4333
(29) 51 * 1 « (30) 6 * 1

(33) 11 %1« (34) 2 %1

(44, 12)

(1)6.43336653+« (5)1247336653
3011247336653+« (4) ..47336653
(7)6....35 733 « (14) .....35 73 3

(13) 13 1 % * 1 + (14) 14 * * 1

(19) 11%24333+ (20)2%24333

(21) 51 % * 1 « (22) 6 * * 1

(25) 11 % %1« (26)2**1

241



(44, 13)

(1)36...336653+« (2)6.43336653
()56 ...45333 <« (11)6....453 33

(7)36....45333 « (8)6...35733

(13) 12 11 % * 1 « (14) 13 1 * * 1

(19) 1234411%1« (21)234411%*1
(21) 411 %% 14 (22) 51 % *1

(44, 14)

(1) ....43336653« (2)36...336653
4) oo 336653+« (9)6...45333

(5) 36 ...... 45333+« (6)56...45333
..35733+« (8 36...45333
(11)36234411%1+«+ (12)811*%24333
(13) 8411 % %1« (14) 1211 **1

(17) 44 11% %1« (2001234411%*1
(19) * ** 1 (22) 411 **1

(2) e 336653 (8) .couen. 35733

(5) weeren. 357334« (6)36 ... 45333
(11) 2*%*24333+ (12)36234411%1
(13) 6 % * * 1 < (14) 84 11 * * 1

(17) 2% % * 1« (18) 4411 * * 1

(18) 1 % * * 1 « (20) * * * 1

() 131 * * * 1

(11) 11**24333+« (12)2**24333
(13) 51 ***1 ¢ (14)6***1
(A7) 1L1***1 ¢ (18)2***1

(44, 17)

(3)811**24333

() 12 1 1 % * * 1 « (6) 13 1 * * * 1

(11) 123441 1%%1+ (13)234411%%*1
(13) 411 %% %1 « (14) 5 1 * * * 1

(44, 18)

(3)36234411**1 ¢+ (4)811**%24333
(5) 841 1*** 1« (6)1211%**1

(9)4411***1 ¢ (12)1234411%**1

(11) * ** %1 « (14) 411 ***1

24

(44, 19)

(8)2***24333++ (4)36234411*%*1
(B) 6****1 ¢« (6)8411%**%*1
(9)2****1 ¢ (10)4411**%*1

(10) L * * * %1 ¢ (12) * ** * 1

(44, 20)

(8)11***%24333« (4)2***%24333
(B) BL***%1 ¢ (6)6****1
(9) 11 %% % %1« (10) 2% ***1

(44, 21)

(3)1234411**%%1« (5)234411**%1
(B)411****1 ¢ (6)51%**x%1

(44, 22)

(1)4411****1« (4)1234411***1]
() *****1 ¢ (6)411***x*]

(44, 23)

(L) 2% ***x*] ¢ (2)4411***x*x7]
(2) 1% * % ** 1 £ (4)*****

(44, 24)

(E T R () X R R |

(7) 23 15

(15) 15 15

(81) 77+ (39) 7
(39) 33 « (43) 3
(43) 11 + (45) 1

(45,4)

(6) 21 11 7

(7) 22 13 3 « (8) 23 15
(11) 26 5 3 « (12) 27 7
(14) 13 11 7

(15) 14 13 3 « (16) 15 15
(24) 777 « (38) 53
(27) 10 53 « (28) 11 7
(81) 653« (32) 77
(36) 333 « (40) 33
(42) 111« (44) 11

N}



(45,5)

(1) 131311 7

(5) 11157 7

() 19777+ (9) 2377
(6) 20577

mirrTT

(7) 21 11 3 3 + (8) 22 13 3
(11) 25 3 3 3 + (12) 26 5 3
(13) 1357 7

(15) 13 11 3 3 + (16) 14 13 3
(22) 4577+ (32) 653
(23) 3577+ (27) 577
(27) 9333 « (28) 1053
(31) 6233+ (38)233

(4

(1) 1114577 + (2) 1313 11 7
4)911777

() 714577 « (6) 11157 7
(5) 183577

(6) 713577« (8) 17777
(7) 209333« (8) 211133
(12) 113577

(14) 93577 « (24) 3577
(15) 1293 3 3 « (16) 13 11 3 3
(21) 23577 « (29) 8333
(25) 47333« (26)6653
(27) 45333« (28) 5733
(30) 24333+« (37) 1233
(31) 51233+« (32) 6233

(1) 7144577+« (2) 1114577
(3)12129333

(5) 559777+ (6)714577

(7)359777+« (9144577

(7)8129333

(15) 1245333 « (28) 45333
(19) 336653+ (25)35733
(25) 245333+ (26)47333
(29) 124333+ (35) 44111
(31) 344111+ (32)51233
(35) 1% 1« (37) * 1

(45, 8)

(3)10936653 « (4) 12129333
(6)3593577+« (10)593577
(7) 6936653+« (88129333
(8)3573577

(13) 6336653« (26)245333
(15) 10245333 « (16) 12453 3 3
(28) 1124333+« (32)344111
(34) 11 %1« (36) 1*1

(45, 9)

(3) 95536653+« (410936653
(5)56523577
(7)36523577+«+ (86936653
(11) 56235733+« (23) 131 * 1
(13) 36235733+« (14) 6336653
(15) 7131 %1 + (16) 1024 533 3
(19)4..45333+ (2006245333
(23) 62344111+ (30)2344111

[CER))

(3)455536653+« (6)56523577
(7)235536653+« (836523577
(10)243336653« (21)81124333
(11)356245333+« (12)56235733
(13) ...336653 « (14) 36235733
(15) 581124333« (16) 7131 * 1
(17) 4 ..45333 « (18) 6 ..4533 3

(19) ...45333 « (20)4.45333

(22) ¥24333+(29) 12344111
(23)51234411 1+« (24)62344111

(1)2455536653+« (4455536653
(8).43336653« (20)...45333

(11) ...336 653 + (12) 356245333
(15)4 ...45333 « (16) 581124333
(17) ....45333 « (18) 4...4533 3

(21) 124333+« (27) 4411 *1
(23)34411*%1« (24)512344111
(27) 1% * 1+ (29) * * 1

(45, 12)

(4)11247336653
(5)6...336653 <« (18) ....45333
(15) ... 45333+« (16)4..45333
(20)11%24333+« (24)34411%*1
(26) 11 % %1« (28) 1% *1

243



(45, 13)

(3)56....35 733 « (16) ...... 45333
(5)36....35733+« (6)6...336653
(1) 4 ... 45333+« (12)6....45333

(15) 623441 1%1« (22)234411%*1

(45, 14)

(2)....43336653« (13)811%24333
(3)356...45333+« (456 ....35733

(5) wvene. 336653+« (6)36...35733
(9) 4 ... 45333+« (10) 6 ...... 45333
(A1) e 45333« (12) 4 ...... 45333

(14) **24333<«+ (21)1234411%*1
(15)51234411%1+« (16)6234411%*1

(45, 15)
(3) eereenn 336653+« (4)356...45333
(6) ........35 73 3

(9) oo 45333+« (10) 4 ....... 45333

(13) 1**24333 ¢ (19)4411**1
(15) 34411**1 4 (16)51234411%*1
(19) 1% * * 1 « (21) * * * 1

(45, 16)

(3) 6w 45333
(12) 11**24333+« (16)34411%**1
(18) 11 * ** 1 ¢« (20) 1 ** *1

(45, 17)
(1) 6 oo 45333
(3) 4 covenne 453334 (4) 6 cceennenn 45333

(7)6234411**1 ¢ (14)234411%*%*1

=
s~
ot
=
d
N2

(1) 4 e 453334 (2)6 ccoennnne. 45333
(3) weerrereen 45333 (4)4 e, 45333
(6) ***24333+« (13)1234411**1
(7)51234411*%%1 ¢ (8)6234411%%*1

(45, 19)

(1) oo 45333 (2)4 e 45333
(5) 1***24333+¢ (11)4411**%*1
(7)34411**%1 ¢+ (8)51234411%**1

(11) 1 * * ** 1 « (13) * * * * ]

() IS 1) I T R |

(46,2)

(15) 31
(31) 15 <« (47)

(46, 3)

(14) 29 3

(15) 30 1 « (16) 31
(30) 13 3 « (46) 1
(31) 14 1 « (32) 15
(39) 6 1 + (40) 7
(43) 2 1 « (44) 3

(46, 4)

(1) 15 15 15

(5) 11 15 15

(7) 21 11 7 + (9) 23 15
(13) 273 3

(15) 13 11 7 « (17) 15 15
(15) 29 1 1 + (16) 30 1
(25) 777+ (33) 77
(29) 1133 « (45) 1 1
(31) 1311 « (32) 14 1
(37) 333 « (41) 33
(39) 51 1 « (40) 6 1
(43) 111« (44) 21

(46, 5)

(1) 1413 11 7 + (2) 15 15 15
(5) 10 13 11 7 + (6) 11 15 15
(6) 19777 + (8) 2111 7
(7) 2057 7 + (10) 23 7 7
(12) 2533 3

(13) 14 5 77 « (16) 13 11 7
(14) 13577 « (28) 577
(15) 28 111 « (16) 29 1 1
(23) 4577« (26) 777
(28) 9333« (44) 111
(81) 12111 + (32) 1311
(39) 4111+ (40) 511

(45, 20)

-
4)11*%%24333 8)34411**%1
(10) 11 % %% %1 « (12) 1 * * * * 1

244



(1)915777

(1)1313577

() 911777« (6) 1013 11 7
(6) 183577 « (8) 20577

() 713577« (917777

(8)209333

(11) 59777

(13) 11357 7 « (14) 14577
(15) 93577 « (25) 3577

(15) 244111« (16) 2811 1
(16) 129333 « (40) 411 1
(22) 23577 « (24) 4577

(23) 36653« (27) 6653

(29) 36233 « (30)8333

(381) 24333+« (33)6233

(31) 84111« (32)12111

(1)12113577 « (2) 1313577
(2) 7144577
(6)559777+«+ (8713577
(6) 1736653

(8359777

(9) 1323577+ (10) 144577
(12) 573577+ (16) 93577
(14) 936653 + (38) * 1

(15) 22 % 1+ (16) 24411 1
(20) 336653+« (26)35733
(23) 235733+ (24)36653
(29) .4333+«+ (30)36233
(30) 124333+ (32)24333
(31) 6 %1« (32) 84111

(35) 2% 1+« (36) 44111

(1) 78129333« (2) 12113577
(5) 111245333
(7)3593577+ (9)8129333
(9)3573577

(9) 71245333« (10) 1323577
(11) 6523577« (37) 1 %1

(13) 5536653« (17) 124533 3
(15) 21 1 * 1 « (16) 22 * 1

(17) 6235733+ (24)235733
(29) 1124333« (30)..4333
(31) 51 %1« (32) 6 *1

(35) 11 %1+ (36) 2 %1

(4)95536653

(9)47336653« (36)11*1
(9)56336653« (10)71245333
(11)36336653+« (12) 6523577
(15) 56245333+« (21) 6245333
(15) 20 11 * 1 « (16) 211 * 1
(17)36245333+« (18) 6235733
(23) 1211 %1 « (24) 131 * 1
(31)411%1+ (32)51%*1

(1)556523577

(7)247336653+ (10)47336653
(8)235536653+« (32)411%*1
(9)356235733+ (10)56336653
(11)243336653« (12)36336653
(14) ..336 653 « (19) 6 ..4533 3

(15) 36 ..45333 « (16) 56245333
(15) 16 411 % 1 « (16) 20 11 * 1

(17) ...35733 « (18) 36245333
(21)36234411 1+ (22)81124333
(23) *24333+« (25)62344111

(23) 84 11%1+ (24)1211%*1

(46, 11)

(2)2455536653

(5) ..47336653« (30) **1
(6)1247336653+« (81247336653
(9).43336653« (10)356235733
(12) ...336 653 + (18) ....3573 3

(15) ....35733 « (16) 36 ..45333
(15) 14 * * 1 « (16) 16 41 1 * 1

(21) 2*%24333+« (22)362344111
(22) 1*%24333+« (24)¥24333

(23) 6% *1 < (24)8411%1

(27) 2% * 1+« (28)4411%1

(46, 12)

(3)6.43336653+« (29) 1**1

(5)11247336653+« (6)..47336653
(9)6...35733 <« (16) ...35 733

(15) 13 1 * * 1 + (16) 14 * * 1

(21) 11%24333+ (22)2%24333

(23) 51 % %1  (24) 6 * * 1

(27) 11 % %1  (28)2* * 1
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(46, 13)

(1)411247336653+« (28) 11%*1
(3)36..336653+« (4)6.43336653
(7)56 ....45333 « (13) 6 ....45 333
(9)36....45333 <« (10)6....35 733
(15) 12 11 % * 1 « (16) 13 1 * * 1
(23) 41 1% %1+« (24) 51 % *1

(46, 14)

(3) ...A3336653+« (4)36...336653

(6) ... 336653+« (11)6.....45333
(7)36.....45333 « (8)56....45333
(9) ........35733 « (10) 36 ....453 33

(13)36234411%1++ (14)811%24333
(15) **24333« (17)6234411%*1
(15) 8411 % %1 « (16) 1211 ** 1

(46, 19)

(5) 2% **24333+« (6)36234411%*%1
(6) 1**%24333+«+ (8)***24333

(T) 6% ** %1« (8)8411%**%1

(I1) 2% * ** 1 (12) 4411 ***1

(46, 20)

(5) 11***24333« (6)2***24333
(6)234411%%**1
(T)BL****1 ¢ (8)6****]

(1) 11 ***%1 ¢ (12) 2% ** %1

(46, 21)

(5)1234411%*%*1
(T)411****1 ¢ (8)51*%**x%1]

[T
(4) oo 336653« (10) ....... 35733
(7) o 35733« (8)36...... 45333
[€10) R 45333

(13) 2*%*24333+« (14)36234411%1
(14) 1 ** 24333+« (16) **24333
(15) 6 % * * 1 < (16) 84 1 1 * * 1

(19) 2% * * 1« (20) 4411 ** 1

(1) 6 o 35733« (8) .covnnn. 35733
(7) 13 1 % * * 1

(13) 11**24333« (14)2**24333
(15) 51 % * * 1 « (16) 6 * * * 1

(19) 11 % * * 1 « (20) 2 * * * 1

......... A

1) 36 45333 2) 6 35733
(5)811**24333

(T)12 1 1% * %1 « (8) 13 1 * * * 1

(15) 411 %% * 1 « (16) 51 * * * 1

(1) weeeeineenn 357334 (2)36 ... 45333
(4) ... 45333

(5)36234411**1¢ (6)811**%24333
(7)***24333«(9)6234411%*%*1
(7)8411***1 ¢ (8 1211 ***1
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(46, 22)

(8)4411***xx1

(46, 23)

(B) 2% *¥***1 ¢ (4)4411***%]

(46, 24)

(G I 1) X Rl R |

(47, 3)

@13) 277

(15) 29 3 « (17) 31
(29) 11 7 « (45) 3
(31) 13 3 « (33) 15
(39) 53 <« (41) 7

(47, 4)

(9) 22 13 3 « (10) 23 15
(13) 26 5 3 « (14) 27 7
(14) 27 3 3 « (16) 29 3
(17) 14 13 3 « (18) 15 15
(29) 10 53 « (30) 11 7
(30) 11 3 3 + (32) 13 3
(33) 653« (34) 77
(38) 333 « (40) 53
(39) 233 « (42) 33

(=)



(2) 141311 7

(3) 131311 7

(7111577

()19 777 (9) 21117
(9) 21 11 3 3 « (10) 22 13 3
(13) 25 3 3 3 + (14) 26 5 3
(15) 13577 « (29) 577
(17) 13 11 3 3 « (18) 14 13 3
(29) 5733« (34) 653
(29) 9333« (30) 10 53
(38) 1233+« (40) 233

(20915777

(3) 111457 7 + (4) 1313 11 7
(6)911777

(T) 714577« (8) 111577

(7) 183577+ (920577
(9) 20 9333+ (10) 21 11 3 3
(12) 59777« (26) 3577
(14) 11357 7 « (16) 1357 7
(17) 12933 3 « (18) 13 11 3 3
(23) 23577« (25)4577
(27) 47333 « (28) 6653
(29) 45333 « (30)5733
(383) 51233« (34) 6233

(4

(1)1159777

(8) 7144577+« (4) 1114577
(5) 12129333+« (8) 183577
(7)559777+« (8714577

(7) 17366 53 « (10) 2093 3 3
(9)359777

(11) 593577« (25)36653
(13) 573577+ (17) 93577
(15) 936653+ (18) 12933 3
(21) 336653+ (24) 23577
(27) 245333+ (28) 47333
(31) 124333+ (33)24333
(33) 344111+ (34)51233

(1)8359777

(2) 78129333
(5)10936653 « (6) 12129333
(6)111245333« (8) 173665 3
(8)3593577

(9) 69366053+« (10)8129333
(10)3573577+« (12)593577
(14) 5536653 « (16) 936653
(15) 6336653« (22)336653
(17) 10245333 « (18) 124533 3
(30) 1124333+« (32)124333
(31) 2344111+ (34)344111

(47,9)

(1)93573577

(5) 95536653« (6)10936653
(7)56523577« (13)6523577
(9)36523577« (1006936653
(13) 56235733+« (19) 6235733
(15) 36235733+« (16) 6336653
(17) 7131 %1« (18) 10245333
(21)4.45333« (22) 6245333
(30) 12344111+« (32)2344111

(47, 10)

(2)556523577

(5) 455536653+ (856523577
(9)235536653+« (10)36523577
(12) 243336653« (17)56245333
(13) 356245333« (14)56235733
(15) ..336 653« (16) 36235733
(17)581124333« (18) 7131 *1
(19)4 ..45333« (20)6..45333

(21) ...45 333 « (22)4..45333
(25)512344111+« (26)62344111

(47,11)

(3)2455536653+« (6)455536653
(7) 1247336653+« (99247336653
(10) ..43336653 <« (16) ..33665 3
(13) ...336 653« (14) 356245333
(17)4...45333« (18) 581124333
(19) ....45333 « (20)4..45333

(23) 124333+« (25) 24333
(25)34411%1 ¢ (26)512344111
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(47,

-
N
-

(1) .455536653+« (4)2455536653
(6)11247336653+« (81247336653
(7)6...336 653 « (14) ...336 65 3

@7y ... 45333+« (18)4..45333

(22) 11%24333+«+ (24)1%24333
(23)234411%1++ (26)34411%*1

(1)5811*%24333+ (2)7131***1

@) .. .35733
(6 I R—— 45333« (4)6 .o 45333
() J—— 453334 (6) 4 .ccnn.. 45333

(9)51234411%%1+ (10)6234411%*1
(14>****1

(47, 13)

(2)411247336653
(5)56....35733 « (11) 6 ....357 3 3
(7)36....35733« (8)6...336653
(13) 4 ...... 45333+« (14)6...45333
(22) 1234411%1+« (24)234411%1
(24) 411 *%*1

(47, 14)

(4) ....43336653+« (9)56....45333
(5)356...45333+« (6)56...35733

(7) e 336653+« (8)36...35733
(11) 4 ....... 45333« (12) 6 ...... 45333
(13) o 45333« (14) 4 ...... 45333

(17) 51234411*%1+«+ (18)6234411%*1
(22) * * * 1

(47, 15)
(1) Toveenne 45333+« (8) ....... 336653
(5) .......336 653 < (6)356...453 33
(11) cornee 45333« (12) 4 ....... 45333

(15) 1 **24333+ (17) **24333
(17)34411%%1+ (18)51234411%1
(21) 1 % * * 1

(47, 16)
(1) 10 ... 45333« (2) L. 45333
(5) 6 eevree. 45333

(14) 11**24333+« (16) 1**24333
(15) 234411 % %1« (18)34411%*1
(20) 11 % ** 1

(47,17)
(1) 713 1% * *1 ¢ (2) 10 ... 45333
(3)6 .........45333

(5) 4 coveeenn 45333« (6)6 ........ 45333
(14) 1234411 %% 1« (16)234411**1
(16) 411 % * *1
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(47, 19)
(1) 4 o 45333+ (2)5811*%24333
(3) ceereiann 45333« (4) 4 ccoernnn.. 45333

(T) 1**%24333+« (9)***24333
(9)34411%**1¢ (10)51234411**1
(13) 1% * * * 1

N
~
)
=}

(€1 IS 453334 (2)4 ceerennn. 45333
(6) 11***24333+« (8)1***24333
(7)234411%%*%1 « (10)34411%*%*1
(12) 11 % * * %1

(47,21)

(1)6234411%*%1
(6) 123441 1%*%%1+ (8)234411%*%*1
(8) 411 ***x71

(47, 22)

(1)51234411***1++(2)6234411***1]
(6) * * % * * 1

N
)
8
=z

(1)34411****1 « (2)51234411%%%1
(5)1*****1

(4) 11 %% ***

(48, 2)

(47) 1 « (49)

(48, 3)

(17) 30 1 «+ (18) 31
(33) 14 1 « (34) 15
(41) 6 1 « (42) 7
(45) 21 + (46) 3
(46) 11 <+ (48) 1

Qo



(3) 15 15 15

(7) 11 15 15

(11) 237 7

(15) 27 3 3 + (17) 29 3
(17) 13 11 7 + (43) 3 3
(17) 29 1 1 + (18) 30 1
7)) 777+ (35) 77
(31) 11 33 + (33) 13 3
(33) 1311 « (34) 14 1
(39) 333 « (41) 53
(41) 511 « (42) 6 1
(45) 111 « (46) 2 1

(3) 14 13 11 7 + (4) 15 15 15

(7) 10 13 11 7 + (8) 11 15 15
(819777

(10) 17777

(14) 25 3 3 3 « (16) 27 3 3
(15) 14577 « (30) 577
(17) 28 111 « (18) 291 1
(30) 9333+ (32) 1133
(31) 8333 « (40) 333
(33) 12111 « (34) 1311
(39) 1233+« (41)233
(41) 4111 (42) 511

17111577
(3)9157 77« (5) 1313117
(3)1313577

(7) 911777« (8) 1013117
(9) 713577

(11) 144577+ (27) 3577
(13) 59777 « (17) 13577
(15) 11357 7 « (16) 1457 7
(17) 244111+« (18) 28111
(27) 35733 « (29) 6653
(30) 45333 « (35) 6233
(31) 36233« (32)8333
(33) 84111+« (34)12111
(37) 44111+« (40)1233
(39) * 1+ (42) 4111
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(48,7)

(1) 6911777+ (2) 7111577
(21159777
(3)12113577 « (4) 1313577
(4) 7144577

(8) 559777
(10)35977 7+« (16) 113577
(11) 1323577« (12) 144577
(14) 573577+ (18) 93577
(17) 22 %1+ (18) 24411 1
(25)235733+ (26)36653
(28) 245333+ (34) 24333
(31) ..4333+ (32)36233
(33) 6 %1+ (34) 84111
(B7)2*% 1+ (38) 44111

(38) 1% 1 « (40) * 1

(48,8)

(1)9359777

(2)8359777

(3) 78129333+« (412113577
(7) 111245333+« (9) 1736653
(9)359357 7+ (191245333
(11) 3573577+ (13)593577
(11) 71245333 + (12) 1323577
(15) 5536653« (17) 936653
(17) 21 1 * 1 « (18) 22 * 1

(25) 131 %1 «+ (33) 124333
(31) 1124333+« (32)..4333
(33) 51 %1« (34) 6*1

(37) 11 %1« (38) 2% 1

(48,9)

(1)45359777

(1)83593577

(2093573577

(6) 95536653« (8) 111245333
(11) 47336653+« (16) 5536653
(11) 56336653+« (12) 71245333
(13) 36336653+« (14) 6523577
(17) 20 11 % 1 + (18) 211 * 1
(19)36245333+« (20)6235733
(23)81124333+ (32)1124333
(25) 1211 %1 « (26) 131 * 1

(31) 12344111+ (33)2344111
(33)411%1« (34)51*1




(48, 10)

(3)556523577+ (9)56523577
(10)235536653« (12)47336653
(11)356235733« (12)56336653
(13) 243336653+« (14)36336653
(17)36 ..45333 « (18) 56245333
(17) 16 411 % 1 « (18) 20 1 1 * 1

(19) ...35733 <« (20)36245333
(22) ...45333« (27) 62344111
(23)362344111+« (24)81124333
(25) 84 11%1+ (26)1211%1

(29) 4411%1+4(32)12344111

(Bl) * * 1+ (34)411%*1

(48, 11)

(1)4356523577+«+ (4556523577
(7) .47336653+« (10)247336653
(11) .43336653+«+ (12)356235733
(17) ....35 733 + (18) 36 ..453 3 3

(A7) 14 * * 1« (18) 16 411 * 1

(20) ....A5 333« (26) *24333
(23)2%24333+« (24)362344111
(25) 6% * 1« (26) 8411%*1

(29) 2% * 1« (30)4411%*1

(30) 1% * 1 (32) * *1

(48,12)

(2).455536653

(5)6.43336653+« (9)1247336653
(7)11247336653+« (8).47336653
(17) 13 1 % * 1 + (18) 14 * * 1

(18) ...... 45333+« (25)1%24333

(23) 11%24333+« (24)2%24333

(25) 51 % * 1 « (26) 6 * * 1

(29) 11 % * 1 (30) 2% * 1

(48, 13)

(3411247336653« (8)11247336653
(5)36..336653+« (6)6.43336653

(11) 36 .....4 5333 « (12) 6 ....35 73 3

(15) 81 1%24333+« (24)11%24333

(17) 12 11 % * 1 « (18) 13 1 * * 1

(23) 1234411%1« (25)234411%*1

(25) 411 %% 14 (26)51%*1

(48, 14)

(1) *247336653
(1)24411% %1+ (4411247336653
(5) ....43336653 ¢« (6)36...336653
(9) 36 ...... 45333+« (10)56....45333
A1) o 35733+« (12)36....45333
14) ........ 45333+« (19)6234411%1
(15)36234411%1+« (16)811%24333
(A7) 84 11**1 « (18) 1211 ** 1

(21) 4411 % %1+ (24)1234411*1
(23) * % * 1 (26)411*%*1

(48, 15)

(1)22%* %1+« (2)24411*%*1

(6) woveninn 336653
[C) I 35733« (10) 36 ...... 45333
(12) oo 45333+« (18) **24333

(15) 2% *24333+«+ (16)36234411%1
(17) 6 % * * 1 « (18) 8411 * * 1

(1) 2% ** 1+ (22)4411*%*1

(22) 1% * % 1 « (24) * * * 1

(1) 21 1 % * %1  (2) 22 % * *1

(9) 131 * ** 1 « (17) 1**24333
(15) 11 **24333+« (16)2**24333
(17) 5 1% * * 1 « (18) 6 * * * 1

(21) 11 % % * 1+ (22) 2 % * * 1

(48,17)

(1) 56 ceennene 45333

(1) 20 1 1 ** %1 ¢ (2) 21 1 ***1

(3) 36 couennn. 45333« (4) 6 oco.... 35733
(7)811**%24333+« (16)11**24333
(9) 12 1 1 % * % 1 ¢ (10) 13 1 * * * 1

(15) 1234411%%1 ¢ (17)234411%*1
(17) 41 1% *%%1 ¢ (18) 51 % * *1

(48, 18)

(1) 36 v 453334 (2)56 e 45333
(1)164 11 % %% 1 (2)2011***1

@3) ..
() J— 45333+ (11)6234411*%*1
(7)36234411%%1+ (8)811*%%24333
(9) 8411 %% %1« (10)1211***1

(13) 4411 % %% 1 (16) 1234411%%1
(15) ¥ * % * 1 « (18) 411 * **1

.45333

35733+« (4)36 ..
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(48, 19)

(1) o 357334 (2)36 ... 45333
(1) 14 * % * %1 ¢ (2) 16411 % **1

(4) o 45333+« (10) ***24333

<+
7)2%*%*24333 8)36234411%%*1
(9) 6% ** %1 « (10)8411***1
“—
13) 2 % * * x| 14) 4411 %%*1

(14) 1 * * ** 1 « (16) * * * * 1

(48, 20)
(1) 13 1% * % % 1 ¢ (2) 14 * * * * 1
[C) I 45333 ¢ (9)1**%*24333
(T)11***24333+« (8)2***24333
(9) BL****1 ¢« (10) 6****1

(13) 11 % ** %1  (14) 2% * * * ]

(48,21)

(1) 1211 % * * %1 ¢ (2) 131 * * * * 1
(7) 123441 1%*%1¢ (9)234411*%%1
(9) 41 1% * %% 1 ¢« (10)51****1]

(1) ****24333

(1) 8411 ***%1 ¢ (2)1211***%*1
(B) 4411 ***%1 4 (8)1234411%*x1
(7) ¥ % %% %1« (10) 411 %** %1

(48, 23)

(L) B*****1 ¢ (2)8411****1]
(2)34411****7]
(B) 2*****1 ¢ (6)44a11****]

(B) 1 * **** 7 o (8)****x*

(48, 24)

(1) B 1 ** %% %1 ¢ (2)6%***x]
(B) 11 % %% % %1 ¢ (§)2%**x*x]

(48, 25)

(1) 411 *****7] ¢ (2)51*****]

(49, 3)

(11) 23 15

(15) 27 7 « (19) 31
(19) 15 15 < (43) 7
(31) 11 7 « (35) 15
(47) 11 « (49) 1

r
\

DO

(10) 21 11 7

(11) 22 13 3 « (12) 23 15
(12) 23 7 7 + (18) 29 3
(15) 26 5 3 « (16) 27 7
(18) 13 11 7 « (42) 5 3
(19) 14 13 3 « (20) 15 15
(28) 77 7 « (34) 13 3
(31) 10 53 « (32) 11 7
(35) 653« (36) 77
(46) 111« (48) 11

(1) 711 15 15

(4) 141311 7

(9) 111577

(919777

(10) 20 577 + (17) 273 3
(11) 17 777 « (41) 333
(11) 21 11 3 3 « (12) 22 13 3
(15) 25 3 3 3 + (16) 26 5 3
(19) 13 11 3 3 « (20) 14 13 3
(26) 4577« (33) 1133
(31) 5733+ (36) 653
(31) 9333+ (32) 1053

(1)1017 777

(4)915777

() 1114 57 7 « (6) 13 13 11 7
8911777

(9) 714577 « (10) 11 1567 7
(9) 183577 « (16) 2533 3
(10) 713577« (12) 17777
(11) 20 9333 « (12) 2111 3 3
(14) 59777 « (18) 1357 7
(19) 12933 3 « (20) 1311 3 3
(25)23577 «+ (32)9333
(28) 35733« (33)8333
(29) 47333« (30)6653
(31) 45333+« (32)5733
(385) 51233+« (36)6233
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(1) 9713577+ (2) 1017777
(206911777
(3115977 7+« (5) 1313577
(5) 7144577+ (6) 1114577
(7) 1212933 3 + (12) 2093 3 3
(9)5597 77+« (10) 714577
(11) 359777+ (13) 144577
(11) 8129333 « (20) 129333
(15) 573577+ (19) 93577
(23) 336653+ (27) 36653
(26) 235733+ (32) 45333
(29) 245333+ (30)47333
(35) 344111+ (36)51233
(39) 1% 1« (41) * 1

(49, 8)

(1)510113577
(1)8559777+«+ (2)9713577
(2)9359777+«+ (4) 1159777
(3)8359777+« (6)7144577
(4) 78129333+« (10) 173665 3
(7) 10936653 « (8) 12129333
(103593577« (18) 936653
(11) 6936653« (12) 8129333
(12) 3573577« (16)573577
(17) 6336653 « (24) 336653
(19) 10245333 « (20) 1245333
(23) 6245333+« (30)245333
(38) 11 %1« (40) 1 * 1

(1)46359777+« (2)510113577
(2045359777« (48359777
(2)83593577+« (9)111245333
(3)93573577« (17)5536653
(7) 95536653« (810936653
(11) 36523577+« (12) 6936653
(15) 56235733+« (21)6235733
(17) 36235733« (18) 6336653
(19) 7131 %1 « (20) 10245333
(21) 6 ..45333 « (27) 131 * 1
(23)4.45333+« (24)6245333

(49, 10)

(1)235359777++ (246359777
(1)453593577++ (895536653
(7)455536653+ (10)56523577
(11)235536653« (12)36523577
(14)243336653« (1956245333
(15) 356245333+« (16)56235733
(17) ..336653 « (18) 36235733
(19) 581124333+« (20)7131%*1
(20) ...35 733+« (25)81124333
(21) 4 ..45333 « (22)6..45333

(23) ...45333 « (24)4.45333
(27)51234411 1 (28)62344111

(49, 11)

(2)4356523577

(5) 2455536653+« (8455536653
(12) .43336653 <« (18) ..336653
(15) ...336 653+ (16) 356245333
(18) ....35 733 « (24) ....4533 3

(19)4 ...45333« (20)581124333
(21) ....45333 « (22)4..45333
(27)34411%1+« (28)512344111
(31) 1% * 1 « (33) * * 1

(49, 12)

(3) ..455536653+« (6)2455536653
(9)6...336653<« (16) ....336653
(15) 6 .....4 5333 < (22) ....453 3 3

(19) ...... 45333+« (20)4..45333

(30) 11 % %1« (32)1%*1

(49, 13)

(1) ..455536653+« (4)..455536653
(7)56....35733 « (13) 6 ....35 733
(9)36...35733+« (10)6....336653
(13) 6 ...... 45333+« (20) ...... 45333
(15) 4 ...... 45333+« (16)6...45333

(2)*247336653
(6) ...43336653« (11)56 .....453 33
(7)356...45333 ¢« (8)56....35733

) 336653+« (10)36...35733
(12) o 35733« (17)811%24333
(13) 4 ....... 45333+« (14) 6 ...... 45333
(15) oo 45333« (16) 4 ...... 45333

(19)51234411%1+ (20)6234411%*1

252



[CER )

(1)1*247336653

(G 45333« (10) ....... 336653
(7) e 336653+ (8356...45333
[€10) R 35733« (16) ........ 45333

[CE:) N 45333 (14) 4 ....... 45333

(19)34411%%1++ (20)51234411%1
(23) 1% * * 1« (25) * * * 1

(1) 6 oo 3366534 (8) connnn 336653
(3) 10 cvee. 45333« (4) L. 45333
(7) 6 oo 45333 ¢ (14) conren.. 45333
(22) 11 * ** 1 ¢ (24) 1 ** *1

(49,17)

(1) 36 e 35733« (2)6 .o.... 336653
(8) 7131 ***1 ¢ (4) 10 ... 45333
(5) 6 ceerene. 45333+« (11) 131 % * * 1
(7) 4 covre. 453334 (8)6 .. 45333
(49, 18)

(1) ceere 336653« (2)36........ 35733
(3)5811%%24333+« (4)7131***1
() R 35733+ (9)811%%24333
[ S— 453334 (6)6 .o 45333
(G0 T 45333 (8) 4 .cevnnn. 45333

(11)51234411**1+«+ (12)6234411**1

[C) T 357334 (8) cevrnrennn 45333
G I 45333« (4)5811**24333
(5) weeeereeanns 45333 ¢ (6) 4 cceeennn. 45333

(11) 34411 %% %1« (12)51234411*%*1
(15) 1% % % * 1 ¢ (17) * * * * |

45333

(3) ...
(8)11**%24333
(14) 11 % %% * 1 « (16) 1 * * * * |

.. 45333« (4)4 ...

(49, 21)

(3)6234411%*%1

(49, 22)

(2) ****24333
(3)51234411%**%1 ¢ (4)6234411%%%1

[CERES)

(1)1****24333
(3)34411****1 ¢« (4)51234411%%%1

(49, 24)

(1)234411****]
(6) 11 *****7 £ (8)1****x*

(49, 25)

(2) 411 %**xx1

(47) 3 « (51)

(50, 3)
(19) 30 1 « (20) 31
(35) 14 1 « (36) 15
(43) 6 1 < (44) 7
(44) 3 3 « (50) 1
(47) 2 1 « (48) 3

(50, 4)

(5) 15 15 15

(9) 11 15 15

(11) 21 11 7 « (13) 23 15
(13) 2377 « (17) 27 7
(19) 13 11 7 « (21) 15 15
(19) 29 1 1 + (20) 30 1
(29) 777 « (33) 11 7
BL) 577« (37)77
(35) 13 1 1 + (36) 14 1
(42) 233 « (49) 1 1
(43) 51 1 « (44) 6 1
(A7) 111« (48) 21

(2) 711 15 15

(5) 14 13 11 7 + (6) 15 15 15
(9) 10 13 11 7 + (10) 11 15 15
(10) 19777 « (12) 21 11 7
(11) 205 77 « (14) 237 7
(17) 14 5 77 « (20) 13 11 7
(19) 28 111 « (20) 29 1 1
(27) 4577+ (30) 777
(28)357 7+ (32) 577
(35) 12111 « (36) 131 1
(41) 1233+ (48) 111
(43) 4111+ (44)51 1
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(50, 6)

(1)9111577

37111577

(65) 915777

(9) 911777« (10) 10 13 11 7
(10) 18 3577 « (12) 2057 7
(11) 713577« (13) 17777
(15) 59777 « (19) 13577
(17) 11357 7 + (18) 1457 7
(19) 244111+« (20)28111
(26) 23577 « (28) 4577
(29) 35733« (33)5733
(33) 36233« (34)8333
(35) 24333« (37)6233
(35) 84111« (36)12111
(39) 44111+« (44)4111

(50, 7)

(1)8911 777+ (2)9111577
(3) 6911777+« (4) 7111577
(5) 12113577+ (6) 131357 7
(10) 559777+« (12) 713577
(12) 359777+ (16) 59777
(13) 1323577 « (14) 144577
(14) 593577+ (20093577
(19) 22 %1 + (20) 244111

(27) 235733+ (28) 36653
(33).4333+« (34)36233
(34) 124333+« (36)24333
(35) 6 % 1« (36) 84111

(36) 344111« (42) * 1

(39) 2% 1+« (40) 44111

(28559777

39359777+ (5)1159777
(5) 78129333+« (6)12113577
(11) 3593577« (13) 8129333
(13) 3573577« (17)573577
(13) 71245333 + (14) 1323577
(15) 6523577« (21) 1245333
(19) 21 1 * 1 « (20) 22 * 1

(33) 1124333+« (34)..4333
(34)2344111+« (41)1%*1

(35) 51 * 1« (36) 6 *1

(39) 11 %1 « (40) 2 * 1

(3)45359777« (5)8359777
(3)83593577+« (6)78129333
(4)93573577

(13) 47336653+« (19) 6336653
(13) 56336653+« (14) 71245333
(15) 36336653+« (16) 6523577
(19) 20 11 * 1 + (20) 211 * 1

(21) 36245333+« (22)6235733
(27) 1211 %1 + (28) 131 * 1

(383) 12344111+ (40) 11%1

(385) 411 %1+ (36)51*1

(50, 10)

(2)235359777+«+ (445359777
(2)453593577+«+ (483593577

(5) 556523577
(11)247336653« (14)47336653
(12) 235536653« (17)56235733
(13) 356235733+« (1456336653
(15) 243336653+« (16)36336653
(19)36 ..45333 « (20056245333
(19) 16411 %1+ (20)2011 %1

(21) ...35733+« (22)36245333
(25)36234411 1+« (26)81124333
(27) ¥24333+ (29)62344111

(27) 8411 %1« (28) 1211 %1
(31)4411%1+« (36)411%*1

(50, 11)

(3)4356523577+ (6)556523577
(9).47336653+« (16)243336653
(1001247336653« (12)247336653
(13) ..43336653 ¢+ (14)356235733
(19) ....35 73 3 + (20) 36 ..4 5333

(19) 14 * * 1 « (20) 16411 * 1

(25)2%24333+« (26)362344111
(26) 1 24333« (28) *24333
(27) 6 % * 1+ (28) 84 11 %1
(28)34411%1 ¢ (34) **1

(Bl) 2% %1+ (32)4411%1

(1)24356523577+«+ (44356523577
(7)6.43336653+« (14) ..43336653
(9)11247336653+« (10)..47336653
(19) 13 1 * * 1 < (20) 14 * * 1

(25) 11%24333+ (26)2%24333
(26)234411%1« (33) 1*%*1

(27) 51 * * 1+ (28) 6 * * 1

(B1) 11 % %1« (32)2%**1
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(50, 13)

(2)..455536653
(5)411247336653+« (11)6...336653
(7)36..336653+« (8)6.43336653
(13) 36 ....45333 « (14) 6 ....3573 3

(19) 12 11 % * 1 « (20) 13 1 * * 1
(25)1234411%1+« (32)11*%*1

(27) 41 1% %1« (28)51**1

(50, 14)

(3) 247336653+« (6)411247336653
(3)24411**1+« (9956...35733

(7) ....43336653« (8 36..336653
(11) 36 ...... 45333+« (12)56....45333
(13) oo 35733+« (14)36...45333
(17)36234411%1+ (18)811%24333
(19) **24333+« (21)6234411%1

(19) 841 1% %1« (20)1211**1

(23) 4411% %1« (28)411%*1

(50, 18)
[C) 336653
(3) 36 ........45333 « (4) 56 .......45 3 3 3

(3)164 1 1% %% 1 (4)2011%*%1
(e 35733+ (6)36 ......... 45333
(9)36234411*%%1+« (10)811*%24333
(11) ***24333+ (13)6234411%%1
(11) 84 1 1% %% 1« (12) 1211 ***1

(15) 4411 % %% 1« (20)411***1

(50, 19)

(3) oo 35733« (4) 36 .ccone... 45333
(B) 14 % * * %1 < (4) 16411 * **1

() N — 45333

(9) 2% **24333++ (10)36234411%%*1
(10) 1 ***24333« (12) ***24333
(11) 6 % % * %1« (12) 84 1 1% **1

(12) 34411 %% %1  (18) * * *x * 1

(15) 2 % % * % 1 « (16) 441 1% **1

(1)2%247336653+« (8)....43336653
(2)1*247336653+« (4)*247336653
(3)22***1+« (4)24411*%*1

A1) e 35733« (12) 36 ...... 45333
(17)2**24333+« (18)36234411%*1
(18) 1 ** 24333+ (20)**24333

(19) 6 % * * 1 « (20) 8411 **1

(20) 34411 %% 1« (26) ***1

(23) 2% ** 1« (24)4411*%1

(50, 16)

(1)11%247336653+« (2)2%247336653
(8) 21 1% * * 1 — (4) 22 * * * 1

(5) 6 eovree. 35733

(17) 11**24333+« (18)2**24333

(18) 23441 1% %1« (25)1%**1

(19) 51 % * * 1 « (20) 6 * * * 1

(23) 11 % * %1 « (24) 2% * * |

(50, 17)

(3)56 ... 45333

(3) 20 11 % * %1 ¢ (4) 211 * **1

(5) 36 e 45333« (6)6 ......... 35733

(11) 12 11 % * % 1+ (12) 13 1 * * * 1
(17) 1234411 %%1 (24) 11**%*1
(19) 411 %% * 1 « (20) 5 1 * * * 1

(50, 20)

(8) 131 % * * * 1 ¢ (4) 14 * * * * |

@) ..
(9)11***24333+« (10)2***24333

.45333
(10) 23441 1 %% %1 « (17) 1 *** %1

(11) 51 *** %1 ¢ (12) 6 * * * * 1

(1B) 11 * * * %1 ¢ (16) 2 * * * * 1

(1)811**%24333

(3) 12 1 1 % % % * 1 ¢« (4) 13 1 * * * * 1
(9) 123441 1**%1 ¢ (16) 11%***1
(11) 41 1 *** %1  (12) 51 % * **1

(50, 22)

(1)36234411%**1+« (2)811*%**%24333
(8) ****24333+« (5)6234411%*x1

(3) 8411 ***%1 ¢ (4)1211** x%*1

(T) 4411 %**%1 (12)411***%%1]

(50, 23)

(1) 2***%24333+¢(2)36234411**%*1

(2) 1***%24333¢ (4)****24333
(3)6**** %1 ¢ (4)8411***%*1
(4) 34411 %***1 ¢ (10) *****]

(T)2**** %1 ¢ (8)4411***%*1]
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(50, 24)

(1)11****%24333¢ (2)2****24333
(2) 234411 ****1 ¢ (9)1****%]

(51, 3)

(19) 29 3 « (21) 31
(35) 13 3 « (37) 15
(43) 53 « (45) 7
(45) 3 3 + (49) 3

(51, 4)

(13) 22 13 3 « (14) 23 15
(17) 26 5 3 + (18) 27 7
(18) 27 3 3 + (20) 29 3
(21) 14 13 3 « (22) 15 15
(33) 10 53 « (34) 11 7
(34) 11 3 3 + (36) 13 3
(37) 653« (38) 77
(42) 333 « (44) 5 3
(43) 233 « (46) 33

ot
ey
ot

(1) 9 11 15 15

(3) 711 15 15

(6) 141311 7

(7) 131311 7

(11) 11 15 7 7 + (21) 13 11 7
(11) 197 7 7 « (13) 21 11 7
(13) 21 11 3 3 + (14) 22 13 3
(17) 253 3 3 « (18) 26 5 3
(21) 13 11 3 3 « (22) 1413 3
(29) 3577+« (33) 577
(31) 6653 <« (38) 653
(33) 9333+« (34) 1053
(42) 1233« (44) 233

(31017777

(6)915777

(7) 1114577 « (8) 13 13 11 7
(10) 911777« (14) 17777
(11) 714577« (12) 111577
(11) 18 3577 « (13) 205 7 7
(13) 20 93 33 « (14) 21 11 3 3
(18) 113577 « (20) 1357 7
(21) 129333 « (22) 1311 3 3
(27) 23577« (2904577
(30) 35733« (35)8333
(381) 47333« (32)6653
(383) 45333« (34)5733
(37)51233+ (38)6233

(1)5915777
(2)8911777
(8) 9713577+« (4) 1017777
(4)6911777
(7) 7144577« (8) 1114577

(9) 12129333 « (12) 18357 7
(11) 559777+ (12) 714577
(11) 1736 6 5 3 + (14) 20 93 3 3
(13) 359777+ (17) 59777
(15) 593577+« (21) 93577
(19) 936653« (22) 129333
(25) 336653+« (28)23577
(28) 235733+« (34)45333
(31) 245333+ (32)47333
(385) 124333+ (37)24333
(37)344111+« (38)51233

(3510113577
(3)8559777+« (4)9713577
(4)9359777

(9) 10936653« (10) 12129 3 3 3
(10) 11 1245333 « (12) 1736 6 5 3
(12) 3593577+« (18) 573577
(13) 6936653+« (14) 8129333
(14)3573577« (16) 593577
(18) 5536653 < (20) 936653
(21) 10245333 « (22) 1245333
(25) 6245333+« (32)245333
(34) 1124333+« (36) 124333
(35)2344111+« (38)344111
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(51, 9)

(3)46359777+« (4510113577
(5) 93573577

(9) 95536653« (10) 10936653
(11) 56523577+« (17) 6523577
(13) 36523577+« (14) 6936653
(19)36235733+« (20)6336653
(21) 7131 %1« (22) 10245333
(23)6.45333+« (29) 131 *1
(25)4.45333+« (26)6245333
(34) 12344111+ (36)2344111

(51, 10)

|

(3)235359777+« (4)46359777
(3)453593577+« (583593577
(9)455536653+« (12)56523577
(13) 235536653+« (14)36523577
(17) 356245333« (18) 56235733
(19) .33 6653« (20)36235733
(21) 581124333« (22) 7131 *1
(22) ...35733« (27) 81124333
(23)4..45333« (24) 6..45333

(25) ...45333 <« (26)4.45333

(29) 512344111+« (30)62344111

(51,11)

(1)5556523577
(7)2455536653« (100455536653
(11) 1247336653+« (13)247336653
(17) ...336 653 «+ (18) 356245333
(20) ....35 733« (26) ....45333
(21)4...45333+« (22)581124333
(23) ....A5333 ¢« (24)4..45333

(27) 1%24333+« (29)*24333
(29)34411*1+« (30)512344111

(2)24356523577

(5) .455536653+« (8)2455536653
(100 11247336653+« (12)1247336653
(17) 6 ....45333 « (24) ....453 33

(1) ...... 45333+« (22)4...45333

(26) 11*24333+«+ (28)1*%24333
(27)234411%1+ (30)34411%*1

(51,13)

(3)..455536653+« (6).455536653
(11) 36 .....35733 + (12) 6 ....336 6 5 3
(15) 6 ...... 45333+« (22) ...... 45333
(17) 4 ... 45333+ (18)6....45333
(26) 1234411%1+ (28)234411%1

(51, 14)

(1) ...455536653+« (4)..455536653
(9)356...45333+« (10)56...35733

(1) oo 336653+« (12)36....35733
(14) oo 35733« (19)811%24333
(15) 4 ....... 45333+« (16) 6 ...... 45333
(17) o453 33 < (18) 4 ...... 45333

(21)51234411%1+ (22)6234411%*1

(51, 15)

(3)1*247336653+« (5)*247336653

(5) 1oovnnnn. 45333

(9) eenennn 336653+« (10)356....45333
(12) o 35733« (18) cov.. 45333
(15) oo 45333« (16) 4 ....... 45333

(19) 1 **24333+« (21) **24333
(21) 3441 1%%1+ (22)51234411%1

(51, 16)

(2)11%247336653+« (4)1*%247336653

(3) 6 cveen 336653
(5) 10 .oeenee. 45333+« (6) 1........ 45333
) 45333« (16) ......... 45333

(18) 11**%24333++ (20)1**24333
(19)234411 %% 1+« (22)34411%*%1

(51, 17)

(1) 56 .. 35733

(3) 36 ... 35733« (4) 6 ........ 336653
() 713 1 % * * 1 « (6) 10 ..45333
(7) 6 oo 45333« (13)131***1
(9) 4 oo 45333« (10) 6 ... 45333

(18) 123441 1% %1+ (20)234411**1

(1) 356 ... 453334« (2)56 ......... 35733
(G R 336653+« (4)36 ......... 35733
(5) 581 1*%24333+ (6)7131%*%*1

() J— 35733+ (11)811*%*24333
(7) 4 ..45333 ¢ (8)6....45333
(9) wvnne. 45333« (10) 4 oo 45333

(13)51234411%*%1« (14)6234411%%1

(51, 19)

(1) coreeeniens 336653+« (2)356 ......... 45333
(€3 I 35733 ¢ (10) ccoeennennn 45333
[ 45333+« (6)5811*%24333
[0 I 453334 (8) 4. e 45333

(11) 1% **24333« (13) ***24333
(13) 3441 1%**%1 ¢« (14)51234411*%*1
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(GR0))
(1) 6 e 45333 4 (8) ceeerenn. 45333
() R 45333 (6)4 cceerennnn 45333

(10) 11**%24333++ (12) 1***24333
(11) 234411 %*%1 ¢ (14)34411%**1

(€} T 453334 (2)4 ceevernnnn. 45333
(5) 5123441 1*%%1 ¢ (6)6234411%%*%1

(8) 1***%24333+« (5)****24333
(5)34411****1 4 (6)51234411**%*1

(51) 1 « (53)

(52, 3)

(21) 30 1 « (22) 31
(37) 14 1 + (38) 15
(45) 6 1 < (46) 7
(49) 21 + (50) 3
(50) 11+ (52) 1

(7) 15 15 15

(11) 11 15 15 « (39) 7 7
(15) 23 7 7 + (19) 27 7
(19) 27 3 3 + (21) 29 3
(21) 29 1 1 + (22) 30 1
(1) 777 « (35) 11 7
(35) 11 3 3 + (37) 13 3
(37) 1311 + (38) 14 1
(43) 333 + (45) 53
(45) 51 1 « (46) 6 1
(49) 111 « (50) 2 1

DO

(52, 5)

(2) 911 15 15

(4) 711 15 15

(7) 1413 11 7 + (8) 15 15 15
(11) 10 13 11 7 « (12) 11 15 15
(12) 19777 « (16) 237 7
(18) 25 33 3 « (20) 27 3 3
(19) 14577« (32) 777
(21) 28 111 « (22) 291 1
(30) 3577+ (34) 577
(34) 9333+ (36) 1133
(37) 12111 « (38) 131 1
(43) 1233 « (45) 233
(45) 4111« (46) 51 1

5

,6)

(1) 7131311 7
(3)9111577

(65) 7111577

(7) 915777« (9) 1313117
(7) 1313577 « (14) 205 7 7
(11) 911 777 « (12) 10 13 11 7
(13) 713577 + (21) 13577
(15) 144577 + (30) 4577
(19) 113577 « (20) 14577
(21) 244111« (22) 28111
(29) 36653« (35)5733
(31) 35733+« (33)6653
(35) 36233« (36)8333
(37)84 111+« (38) 12111
(41) 44111+« (44)1233
(43) * 1 <+ (46) 411 1

(52, 7)

(1)6915 777« (2) 71313117
(2)5915777
(3)8911 777+« (4) 9111577
(5) 6911777« (6) 7111577
(6) 1159777+« (13) 183577
(7)1211 3577 « (8) 1313577
(8) 7144577+ (29)23577
(12) 559777+ (20) 113577
(14)35977 7+« (18) 59777
(15) 1323577 « (16) 144577
(21) 22 %1+ (22) 24411 1

(26) 336653« (32)35733
(29) 235733+ (30)36653
(35) ..4333 + (36)36233
(37) 6 * 1« (38) 84111

(A1) 2% 1+« (42) 44111

(42) 1% 1 « (44) * 1




(52, 8)

(1)46911777+ (2)6915777
(4)8559777

(5) 9359777+« (11) 1212933 3
(6) 8359777+« (23)1245333
(7) 78129333+« (8) 12113577
(11) 111245333 « (13) 1736 6 5 3
(13) 3593577« (19)573577
(15) 3573577« (17)593577
(15) 71245333 « (16) 1323577
(19) 5536653« (21) 936653
(21) 21 1 % 1 « (22) 22 * 1

(23) 6235733+« (30)235733
(35) 1124333+« (36)..4333
(37) 51 %1 « (38) 6 * 1

(41) 11 %1« (42) 2 % 1

(1)3510113577

(5) 45359777+« (21)6336653
(6) 93573577« (16)3573577
(10) 95536653+« (12) 111245333
(15) 47336653 (20)5536653
(15) 56336653+« (16) 71245333
(17) 36336653« (18) 6523577
(21) 56245333+ (27) 6245333
(21) 20 11 % 1 + (22) 21 1 * 1

(23) 36245333+ (24) 6235733
(29) 1211 %1+ (30) 131 * 1

(35) 12344111+ (37)2344111
(37)411%1+« (38)51*1

(1)593573577
(4)235359777+«+ (19956235733

(4)453593577

(7)556523577+ (13)56523577
(14) 235536653« (16) 47336653
(15) 356235733« (16)56336653
(17)243336653« (18) 36336653
(20) .33 6653« (25)6.45333
(21)36..45333+« (22)56245333
(21) 16 411 % 1 « (22) 2011 * 1

(23) ...35733+« (24)36245333
(27) 362344111+« (28)81124333
(29) 8411%1+ (30)1211%*1
(33)4411%1+« (36)12344111

(35) ¥ * 1+ (38)411%*1

(52,11)

(2)5556523577

(5) 4356523577+ (81556523577
(11) . 47336653+« (14)247336653
(15) .43336653+ (16)356235733
(18) ....336 6 53 < (24) ....3573 3

(21) ....35 733« (22)36..45333

(21) 14 * * 1 « (22) 16411 * 1
(27)2%24333+« (28)362344111
(29) 6 * * 1+ (30) 8411 *1

(33) 2% %1+ (34)4411%1

(34) 1% * 1+ (36) * * 1

(52,12)

(3)24356523577+«+ (6)4356523577
(9)6.43336653+« (13) 1247336653
(11) 11247336653« (12).47336653
(15) 6 ....35 733 « (22) ....35733

(21) 13 1 % * 1 + (22) 14 * * 1
(27)11%24333+«+ (28)2%24333

(29) 51 % * 1+ (30) 6 * * 1

(33) 11 % %1« (34)2%**1

(52,13)

|

(1) . 4356523577+« (424356523577
(7)411247336653+« (12)11247336653
(9)36....336653+« (10)6.43336653
(13) 56 ....45333 < (19) 6 ....453 3 3

(15) 36 .....45333 + (16) 6 ....35 73 3

(21) 12 11 % * 1  (22) 131 * * 1

(27) 123441 1%1« (29)234411%*1

(29) 411 %%1« (30)51%**1

(52, 14)

(2)...455536653
(5)24411*%1+« (8)411247336653
(9)...433366583« (10)36...336653

12) ... 336653+« (17) 6 ...... 45333
(13) 36 ...... 45333+« (14)56....45333
(15) .......35 733 « (16) 36 .....453 3 3

(19)36234411%1++ (2)811%24333
(21) 84 11* *1 + (22) 1211 **1

(25) 44 11%*%1 ¢ (28)1234411%1
(27) ¥ ** 14 (30)411*%*1
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(52, 15)

(3)2%247336653+« (6) 247336653
()22 *** 1« (6)24411*%*1

[€10) I 336653« (16) ........ 35733

[CE:) I 35733« (14) 36 ...... 45333
(19) 2**24333+ (20)36234411%1
(21) 6% * * 1 « (22) 8411 **1

(25) 2% * %1« (26) 4411 **1

(26) 1% % * 1 « (28) * * * 1

(1) 6 ...... 43336653+ (5)1*247336653
(3)11*247336653+« (4)2*247336653
(5) 21 1 % * * 1 « (6) 22 * * * 1

(7) 6 oo 35733« (14) covo... 35733

(19) 11*%24333+« (20)2**%24333

(21) 51 % * * 1 + (22) 6 * * * 1

(25) 11 % %% 1 4 (26) 2 %% *1

(52, 17)
(1) 36 .o 3366053+« (2)6...... 43336653
(5) 56 woveeen 45333« (11) 6 wcoev... 45333
(5) 20 11 % * * 1 ¢ (6) 21 1 * * * 1

(7) 36 coueee.. 45333« (8) 6 ... 35733

(13) 12 11 % * * 1 « (14) 13 1 * * * 1
(19) 12344 11*%%1 ¢« (21)234411%%*1
(21) 411 % % %1 ¢« (22) 51 * ** 1

(1) o 43336653+« (2)36 ........ 336653
() 336653+« (9) 6 ... 45333

(5) 36 covennnn 453334 (6)56 ........ 45333
() 164 1 1% * %1 (6)201 1% **1

(G0 N 35733+ (8) 36 ........ 45333

(11)36234411%*1+« (12)811**24333
(13) 8411 % **1 <« (14) 1211 * **1

(17) 44 11**%1 ¢ (20)1234411*%*1
(19) * * * % 1 « (22) 411 % **1

[©) J— 336653 < (8) coveennnn. 35733

[ R 35733« (6)36 ... 45333
() 14 % * * % 1 « (6) 1641 1% **1

(11) 2% **24333+« (12)36234411%**1
(13) 6 % * * % 1 « (14) 841 1% * * 1

(17) 2% * ** 1 « (18)4411***1

(18) 1 * * % % 1 ¢ (20) * * * * 1

(52, 20)

(5) 13 1 % * * % 1 ¢ (6) 14 * * * * 1
(6) ..
(11) 11**%24333+«+ (12)2*%**%24333
(13) 51 % * % % 1 « (14) 6 * * * * |
(17) 11 % %% % 1 ¢ (18) 2 * * * * |

.45333

(3)811***24333

(B) 121 1 ****1 ¢ (6) 131 * ***1

(11) 12344 11*%%*1 ¢+ (13)234411**%*1
(13) 411 ****1 ¢ (14)51* **%*

(3)36234411%**1 ¢« (4)811*%**%24333
() 841 1% ***1 ¢ (6)1211** *%1

(9) 4411 ***%14 (12)1234411*%*%1
(I1) * %% %% 1 ¢ (14) 411 %% ** ]

(53, 3)

(15) 23 15 « (23) 31
(23) 15 15 « (39) 15
(47) 33 + (51) 3
(51) 11 + (53) 1

(53,4)

(14) 21 11 7 « (22) 29 3
(15) 22 13 3 « (16) 23 15
(19) 26 5 3 « (20) 27 7
(22) 13 11 7 « (38) 13 3
(23) 14 13 3 « (24) 15 15
(35) 10 53 « (36) 11 7
(39) 653 « (40) 77
(44) 333 « (48) 33
(50) 111« (52) 11

(3) 911 15 15

(5) 711 15 15

(8) 1413 11 7 + (21) 27 3 3
(13) 11 157 7 + (37) 11 3 3
(13) 19777 « (17) 2377
(15) 17777« (33) 777
(15) 21 11 3 3 « (16) 22 13 3
(19) 25 3 3 3 « (20) 26 5 3
(23) 13 11 3 3 « (24) 14 13 3
(81) 3577+ (35) 577
(35) 9333+« (36) 1053
(39) 6233+« (46) 233
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(1) 471115 15 (1)48559777

(5) 10 17 7 7 7 + (20) 25 3 3 3 (2)3510113577

(8) 915777 + (36) 9333 (5)46359777+« (6)510113577
(9)111457 7 «+ (10) 13 13 11 7 (6)453597 77« (88359777
(12) 911777+« (22) 13577 (6)83593577+« (196523577
(13) 714577« (14) 11157 7 (7) 93573577« (17)3573577
(14) 713577« (16) 1777 7 (11) 95536653« (12) 1093665 3
(15) 2093 33 « (16) 21 11 3 3 (15) 36523577« (16) 6936653
(22) 93577« (32)3577 (21) 36235733+« (22) 6336653
(23) 129333 « (24) 131133 (23)7131%1 «+ (24) 10245333
(33) 47333+« (34) 6653 (27)4.45333 < (28) 6245333
(35) 45333« (36)5733 (31) 62344111+« (38)2344111

(38) 24333+« (45)1233
(39) 51233+« (40) 6233

(53,10)
o aananarr aeananry
(5)23535977 7+ (6)46359777
(1)57111577 (5) 453593577+« (17)47336653
(3)5915777 (11) 455536653« (1456523577
(4) 8911777+« (16) 209333 (15) 235536653+« (16)36523577
(5) 9713577+« (6) 1017777 (18) 243336653
(6) 6911777+ (19959777 (19)356245333+« (20056235733
() 1159777+ (9) 1313577 (21) ..336653« (22)36235733
(9) 7144577+ (10) 1114577 (23) 581124333« (24)7131*%1
(13) 559777+ (14) 714577 (25)4..45333« (26)6.45333
(15) 359777+ (17) 144577 (27) ...45333 « (28)4.45333
(15) 8129333 « (24) 129333 (30) ¥24333+ (37) 12344111
(27) 336653« (33) 35733 (81) 512344111+« (32)62344111

(33) 245333+ (3447333
(37) 124333+ (43) 44111
(39) 344111+ (40)51233
(43) 1% 1 « (45) * 1 (3)5556523577+«+ (99556523577
(9)2455536653« (12)455536653
(16) ..43336653

(19) ...336 653 + (200356245333

(53,11)

(2)46911777« (14) 173665 3 (23)4...45333+« (24)581124333
(5)51011357 7« (16) 359777 (25) ....A5333 <« (26)4...45333
(5) 8559777+ (6)9713577 (29)1%24333+« (35)4411%*1
(6)9359777++ (81159777 (31)34411*%1+« (32)512344111
(7)835977 7+ (10) 7144577 (835) 1% %1« (37) ** 1

(8) 78129333+« (22)936653
(11) 109366 53 « (12) 121293 3 3

(53,12)
(14) 3593577« (18) 593577
(15) 6936653+« (16) 8129333 (1)4355652357 7+« (45556523577
(23) 10245333« (24) 1245333 (7) ..455536653+« (1002455536653
(36) 1124333+« (40)344111 (13)6...336 65 3
(42) 11 %1« (44) 1 * 1 (23) ... 45333+« (24)4..45333

(28) 11%24333+«+ (32)34411%*1
(34) 11 % %1« (36)1%*1
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(53, 13)

(2).4356523577

(5) ..455536653+« (8 .455536653
(11) 56 ....35733

(13) 36 ....35 733 « (14) 6 ....33 6 6 5 3
(19) 4 ...... 45333+« (20)6....45333

(23)6234411%1« (30)234411%*1

(53, 14)

(3)...455536653+« (6)..455536653

(10) ....4333665 3

(11) 356 ....45333 ¢ (12) 56 ....357 3 3
(13) o 336653+« (14 36...35733
A7) 4 ... 45333« (18) 6 ...... 45333
(19) e 45333« (20)4 ... 45333

(22) **24333+« (29)1234411%1
(23)51234411%1+ (24)6234411%*1

(1) ....455536653 « (4) ...455536653
(7) Lo 45333

........ 336653+« (12)356....45333
......... 45333« (18)4.....45333

(21) 1%%24333+« (27)4411%%*1
(23)34411%%1+« (24)51234411%1
(27) 1% * * 1 « (29) * * * 1

(53, 16)

(4)11%247336653

(5) 6 oo 336653

(7) 10 oo 45333« (8) L. 45333
(20) 11*%24333+« (24)34411%%*1

(26) 11 % **1 ¢ (28) 1% **1

(53, 17)

(3)56 ... 35733

(5) 36 e 35733« (6)6 ........ 336653
(7) 713 1% % %1 ¢ (8) 10 ......... 45333
(11) 4 e, 45333« (12) 6 .cc.v... 45333

(53, 18)

[©) 43336653

(3)356 ... 453334« (4)56 coene.. 35733
(G 336653+« (6)36......... 35733
(7)5811*%24333++ (8 7131***1
[C) R — 45333« (10) 6 ... 45333
A1) v 45333« (12) 4 ... 45333

(14) * ** 24333+« (21)1234411*%*1
(15) 51234411**1« (16)6234411%*%*1

DO

(GERT))

(G J—— 336653+« (4)356 ......... 45333
() —— 35733

(T) 4 oo 45333+« (8)5811*%24333
(9) woerennn 45333 (10) 4 ccoven.. 45333

(13) 1 ***24333« (19)4411**%1
(15) 34411 %% %1« (16)51234411%%*1

(19) 1 * * ** 1 < (21) * * ** 1

(T) oo 45333 (8) 4 ccevernnn 45333

(12) 11 ***24333+« (16)34411***1]

(18) 11 * ** %1 ¢ (20) 1% ***1

(47) 7 « (55)

(54, 3)

(23) 30 1 « (24) 31
(39) 14 1 « (40) 15
(46) 5 3 « (54) 1
(47) 6 1 + (48) 7
(51) 21 + (52) 3

(54, 4)

(9) 15 15 15 « (21) 27 7
(13) 11 15 15 « (37) 11 7
(15) 21 11 7 « (17) 23 15
(23) 13 11 7 « (25) 15 15
(23) 29 11 « (24) 30 1
(39) 13 1 1 + (40) 14 1
(40) 653 « (53) 1 1
(45) 333 « (49) 33
(47) 51 1 « (48) 6 1
(51) 111« (52) 21
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(4) 9 11 15 15

(6) 71115 15 « (36) 57 7
(9) 14 13 11 7 + (10) 15 15 15
(13) 10 13 11 7 + (14) 11 15 15
(14) 1977 7 « (16) 21 11 7
(15) 20577 « (18) 237 7
(21) 14577 « (24) 13 11 7
(23) 28 111« (24) 291 1
(31) 4577« (34) 777
(37) 8333+ (52) 111

(39) 12111 « (40) 131 1
(47) 4111 + (48) 51 1

(54, 6)

(1) 57111515

(2) 47111515

(3) 71313117

() 911157 7 + (10) 14 13 11 7
(7) 7111577 + (11) 13 13 11 7
(9)915777 « (23) 13577
(13) 911 777 « (14) 10 13 11 7
(14) 18 357 7 « (16) 2057 7
(15) 713577« (17) 17777
(21) 113577 « (22) 14577
(23) 93577« (33)3577
(23) 244111+ (24)28111
(30) 23577« (32)4577
(381) 36653« (35) 6653
(36) 45333« (48) 4111
(37) 36233« (38)8333
(39) 24333+« (41) 6233
(39) 84111« (40) 12111

(54, 8)

(1)35915777
(346911777 (46915777
(6)855977 7+« (19)593577
(7)9359777+«+ (91159777
(9) 78129333« (10) 12113577
(13) 11124533 3

(15) 3593577« (17) 8129333
(17) 71245333 « (18) 1323577
(21) 5536653 « (25) 1245333
(23) 21 1 % 1 « (24) 22 * 1

(25) 6235733+« (32)235733
(31) 131 % 1 « (45) 1 * 1

(37) 1124333« (38)..4333
(39) 51 %1 « (40) 6 * 1

(43) 11 %1« (44) 2% 1

(2) 48559777« (16)3593577
(3)3510113577« (89359777
(7)45359777« (98359777
(7)83593577+« (10) 78129333
(12) 95536653

(17) 56336653« (18) 71245333
(19)36336653+« (206523577
(23) 56245333+ (29) 6245333
(23) 20 11 %1 + (24) 211 %1

(25) 36245333+ (26)6235733
(29) 81124333+« (44)11%*1

(31) 1211 %1 «+ (32) 131 * 1

(39) 411 %1« (40)51 * 1

(54, 7)

(2)57111577
(3)6915777« (4) 71313117
(4)591577 7+ (20059777
(5) 8911777+« (6) 9111577
(7) 6911777+« (8 7111577
(9)12 113577 « (10) 131357 7
(14) 559777+ (16) 713577
(17) 1323577 « (18) 14457 7
(20) 573577+« (24) 93577
(23) 22 %1« (24) 244111

(28) 336653+ (3435733
(381) 235733+ (32)36653
(34) 245333« (46) * 1

(37) .4333+« (38)36233
(38) 124333+« (40)24333
(39) 6 * 1+ (40) 84111

(43) 2% 1+ (44) 44111

(54, 10)
(1)23510113577
(3)593573577++ (993573577
(6)23535977 7+ (845359777
(6) 453593577+« (8)83593577
(15)247336653+« (18)47336653
(16) 235536653
(17)356235733« (18) 56336653
(19) 243336653+« (20036336653
(22) ..336653« (27)6..45333
(23)36.45333« (24)56245333
(23) 16411 %1« (24)2011*1

(25) ...35 733+« (26)36245333
(28) ...45333« (40) 411 *1
(29362344111« (30081124333
(31) 24333+« (33)62344111
(31)8411%1+« (32)1211*1
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(1) 18243336653
(7)4356523577+« (10)556523577
(13) .47336653

(14) 1247336653« (16)247336653
(17) .43336653 + (18)356235733
(20) ....336 653 < (26)...35733

(23) ....35 733 < (24)36..45333

(23) 14 * * 1« (24) 16411 * 1

(26) ....45 333 (38) * *1
(29)2%24333+« (300362344111
(30) 1*24333+« (32)*24333

(B1) 6 **1 4 (32) 8411%1

(385) 2% *1 4 (36) 4411%1

(1)16 .4333 6653« (2) 18243336653
(2)43556523577

(5) 24356523577+ (84356523577
(11) 6 ..43336653

(13) 11247336653« (14) .47336653
(17) 6 ....357 33 « (24) ....35 73 3

(23) 13 1 % * 1+ (24) 14 * * 1

(24) ...... 45333+« (37)1%*1
(29)11%24333++ (30)2*%24333

(31) 51 % * 1 (32) 6 * * 1

(35) 11 % *1 4 (36) 2% *1

(54, 13)

(1) 136 ....336 653 < (2) 16 ..4333 6653
(3)..4356523577+« (6)24356523577
(9)411247336653

(11) 36 ...336 653 < (12)6..43336653
(15) 56 .....4 5333 « (21) 6 .....4 53 3 3
(17) 36 ....45333 « (18) 6 ....35 7 3 3
(21) 811%24333+« (36) 11**1

(23) 1211 % * 1  (24) 131 % * 1

(B1) 411 %% 1+ (32)51%**1

(54, 14)

(1) ..4356523577+ (4) .4356523577
(1) 1156 ....35733 « (2) 136 ....33 6 6 5 3
(7) *247336653+« (100411247336653
(7)24411%**1

(11) ... 43336653« (12) 36...33665 3

14) ....... 336653+« (19)6 ...... 45333
(15) 36 ...... 45333+« (16)56.....45333
(A7) o 35733+« (18)36...45333
(20) ........ 45333+« (32)411%%*1

(21)36234411%1+ (22)811%24333
(23) **24333« (25)6234411%1
(23) 8411 % %1+ (24)1211*%*1

(1)10....43336653 + (2) 1156 ....35 73 3
(2)....455536653
(5)2%247336653
(6)1*247336653+« (8)*247336653
(T)22 % ** 1+« (8)24411*%*1

(12) .......33 6 6 5 3 < (18) ........ 35733
(15) ..oee...35 73 3 < (16) 36 ...... 45333
(18) o 45333« (30) ***1

(21) 2% *24333+ (22)36234411%1
(22) 1 **24333+ (24) **24333
(23) 6 % * * 1 « (24)8411**1

(27) 2% ** 1+ (28)4411*%*1

(54, 16)

(1) 7 Lo, 45333+ (2)10....43336653
(3) 6 ... 43336653
(5)11*247336653+« (6)2%247336653
(T) 21 1 % * * 1 « (8) 22 * * * 1

(9) 6 oo 35733« (16) ..co..... 35733

(15) 13 1 % * * 1 ¢ (209) 1 * * * 1

(21) 11*%24333+« (22)2%*%24333

(23) 5 1% * %1 « (24) 6 * * * 1

(27) 11 % %% 1 « (28) 2% * * 1

(1)411%247336653

....45333
43336653
......... 45333

......... 35733
(13) 8 11 **%24333+« (28) 11**%*1
(15) 12 11 % * * 1 « (16) 13 1 * * * 1

(23) 41 1 %% %1« (24) 51 %% *1

......... 357334« (2)56......336 65 3

43336653+ (4)36......336653
........... 336653« (11) 6 ... 45333
.......... 45333+ (8)56......45333
(7) 164 1 1% %% 1 (8201 1% **1
() JP— 35733+ (10) 36 ... 45333
(12) cooeiennn 45333+ (24)411***1

(13)36234411%*1 ¢« (14)811*%24333
(15) * * * 24333+« (17) 623441 1%*1
(15) 84 11 % %% 1« (16) 1211 * * * 1
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[€) I 43336653+« (2)356 ......... 35733
(€ - 336653« (10) cooene.n. 35733

(G0 N 357334 (8) 36 ... 45333

(T) 14 * % ** 1 ¢ (8) 16411 * * * 1

[€10) N 45333+ (22) **x**1

(13) 2% **24333+« (14)36234411%**1
(14) 1 ** * 24333+« (16) ***24333

* 14 (16) 8411 %% *1

14 (2004411 %% %1

~ ~
=
© o
= =
[
* ¥
* %
* ¥

(54, 20)

(1) 6 ceveenene 35733 (8) coevernnenn 35733
(7) 13 1 * ¥ * %1  (8) 14 * * * * ]

(8) woveeerannnn 45333 ¢ (21) 1****1

(13) 11***24333++ (14)2*%**24333
(15) 51 % * * * 1 « (16) 6 * * * * |
(19) 11 % %% * 1 « (20) 2 * * * * |

(23) 29 3 « (25) 31
(39) 13 3 « (41) 15
(41) 77 + (53) 3
(47) 53 + (49) 7

(55, 4)

(17) 22 13 3 « (18) 23 15
(21) 26 5 3 « (22) 27 7
(22) 27 3 3 « (24) 29 3
(25) 14 13 3 « (26) 15 15
(37) 10 53 « (38) 11 7
(38) 11 3 3 + (40) 13 3
(41) 653 « (42) 77
(46) 333 « (48) 5 3
(47) 23 3 « (50) 33

(55, 5)

(5) 911 15 15 « (19) 23 7 7
(7) 71115 15 « (35) 77 7
(15) 11 15 7 7 « (25) 13 11 7
(15) 197 77 « (17) 21 11 7
(17) 21 11 3 3 + (18) 22 13 3
(21) 25333 « (22) 26 5 3
(25) 13 11 3 3 + (26) 14 13 3
(37) 5733« (42) 653
(37) 9333« (38) 1053
(46) 1233 « (48) 233

(2) 5711 15 15
(347111515 « (34)3577
(7)1017 777 « (16) 19777
(10) 915777« (18) 17777
(11) 11 14 5 77 « (12) 1313 11 7
(14) 911 777 « (23) 14577
(15) 714577 « (16) 11157 7
(15) 18 3577 « (17) 205 7 7
(17) 20 93 3 3 « (18) 21 11 3 3
(22) 113577 + (24) 13577
(25) 129333 « (26) 1311 33
(81) 23577« (33)4577
(35) 47333« (36)6653
(37) 45333+« (38)5733
(41) 51233« (42) 6233

(55, 7)

(1) 2471115 15
(8)57111577 « (5) 71313 11 7
(5) 5915777« (19) 144577
(6) 8911777« (11) 1313577
(7) 9713577+ (81017777
(8) 6911777+« (17) 713577
(11) 7144577+« (12) 1114577
(13) 12129333 « (16) 18357 7
(15) 559777+« (16) 714577
(15) 1736 6 5 3 « (18) 20 9 33 3
(17)35977 7+ (33) 36653
(21) 573577+« (25) 93577
(23) 936653+« (26) 129333
(29) 336653« (32) 23577
(35) 245333+ (36) 47333
(39) 124333+« (41)24333
(41) 344111+ (42)51233

(2)35915777+«+ (16) 559777

(4)46911777+« (10)1159777
(7)51011357 7« (12) 7144577
(7) 8559777+« (89713577
(13) 109366 53 < (14) 1212933 3
(14) 111245333 « (16) 1736 6 5 3
(17) 6936653« (18) 8129333
(18) 3573577+« (200593577
(22) 5536653« (24) 936653
(23) 6336653+« (30)336653
(25) 10245333« (26)1245333
(38) 1124333+« (40)124333
(39)2344111+ (42)344111

265



(1)13111245333 « (8) 8559777
(3)48559777+« (17)3593577
(4)3510113577 « (1008359777
(7)46359777+« (8510113577
(13) 95536653« (14) 10936653
(15) 56523577+« (21) 6523577
(17) 36523577+« (18) 6936653
(21) 56235733+« (27) 6235733
(23) 36235733+« (24) 6336653
(25) 7131 %1+ (26) 10245333
(29)4.45333+ (30)6245333
(38) 12344111+ (40)2344111

(1)1295536653 « (2) 13111245333
(2)2351011357 7+ (9045359777
(4)593573577

(7)235359777+« (8)46359777
(7)453593577+« (9983593577
(13) 455536653« (16)56523577
(17) 235536653« (18)36523577
(200243336653« (25)56245333
(21) 356245333« (22)56235733
(23) ..336653+« (24)36235733
(25) 581124333+« (26) 7131 *1
(27) 4 ..45333 « (28) 6.45333

(29) ...45333 <« (30)4.45333

(33) 512344111+« (34)62344111

11)

(1)123510113577++ (2) 1295536653
(1)16235536653

(5)5556523577

(11) 2455536653 ¢« (14) 455536653
(15) 1247336653+« (17)247336653
(18) .43336 653« (24) ..33665 3

(21) ...336 653« (22) 356245333
(25)4...45333« (26)581124333
(27) ....45333 ¢ (28)4..45333

(81) 1*24333+« (33)*24333
(33)34411*%1 4 (34)512344111

(55,12)

(1)24235359777
(1)13..47336653« (2) 16235536653
(3)4355652357 7+« (6)5556523577
(9) .455536653+« (12)2455536653
(14) 11247336653« (16) 1247336653
(15) 6 ...336 6 53 < (22) ....336 65 3

(25) ... 45333+« (26)4..45333
(30)11%24333++ (32)1%24333
(31)234411%1 <« (34)34411%*1

(55, 13)

(1)243556523577+ (443556523577
(1) 116 ..43336653 « (2)13..47336653
(7) ..455536653« (10) .455536653
(13) 56 ....35 733 « (19) 6 ....35 73 3

(15) 36 ....35 733 < (16) 6 ....33 6 6 5 3
(21) 4 ...... 45333+« (22)6...45333

(1)9411247336653+« (2)116..43336653
(2)..4356523577

(5) ...455536653+« (8)..455536653
(12) ... 43336653« (17) 56 ....453 3 3
(13)356....45333 « (14) 56 ....3573 3

15) ... 3366053+« (16)36....35733

(19) 4 ....... 45333+« (20)6 ... 45333

(21) ...
(25)51234411%1+ (26)6234411%*1

..45333+« (22) 4

(55, 15)

(1)8..1..47336653+« (2)9411247336653
(3)....455536653+« (6)...455536653
(7)1*%247336653+« (9 247336653

(9) 1o 45333« (16) ....... 336653
[CE:) I 336653+« (14)356....45333
(19) evnn 45333+« (20)4....... 45333

(23) 1**24333+ (25)**24333
(25)34411*%%1+« (26)51234411*1

(55, 16)

(1) o 455536653+« (4) ....455536653
(1)52*%247336653+« (2)8..1..47336653
(6)11%247336653+« (8)1*%247336653
(7) 6 e 336653+« (14) ........ 336653

(9) 10 ... 45333« (10) 1......... 45333

(22) 11*%24333« (24)1**24333
(23)234411%*%1« (26)34411*%*1
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......... =
5) 56 35733 11) 6 35733
......... =
7) 36 35733 8) 6 336653
< (10) 10 .........
9) 7131 ***1 10) 10 45333
13) 4 45333 14) 6 45333

(22) 123441 1%%1 <« (24)234411%%*1

(55, 18)

(1) .12%247336653« (2)36...... 43336653

() 43336653+« (9)56 .c...... 45333
(5) 356 ......... 453334« (6)56 ... 35733
(GO I 336653+« (8 36 ......... 35733
(9)5811*%24333+ (10)7131**%*1
(A1) 4 o 45333+ (12) 6 ccocve.. 45333
[CE:) N 45333+« (14) 4 .coene... 45333

(17)51234411%*%1« (18)6234411%*1

(55, 19)
(2) o 43336653« (8) coevvnnnn. 336653
() 336653+« (6)356 ......... 45333
(9) 4 oo 45333+« (10)5811**24333
(11) ceeeirnnnn 45333« (12) 4 coornnnn. 45333

(15) 1***24333 ¢« (17) ***24333
(17) 34411 %% %1« (18)51234411%**1

(55) 1 « (57)

~
ot
(<)
w

(25) 30 1 + (26) 31
(41) 14 1 « (42) 15
(49) 6 1 « (50) 7
(63) 21 + (54) 3
(54) 11 + (56) 1

(56, 4)

(11) 15 15 15 < (19) 23 15
(15) 11 15 15 « (27) 15 15
(23) 27 3 3 + (25) 29 3
(25) 29 1 1 « (26) 30 1
(87) 577 « (51) 33

(39) 11 3 3 « (41) 13 3
(41) 13 11 + (42) 14 1
(47) 333 « (49) 5 3

(49) 51 1 « (50) 6 1

(63) 111« (54) 21
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(56, 5)

(6) 911 15 15 +— (18) 21 11 7
(8) 711 15 15 — (26) 13 11 7
(11) 14 13 11 7 + (12) 15 15 15
(15) 10 13 11 7 + (16) 11 15 15
(22) 25 333 « (24) 27 3 3
(25)28 111 « (26) 291 1
(38) 9333+« (40) 11 33
(39) 8333 « (48)333

(41) 12111 « (42) 131 1
(47) 1233 « (49) 233

(49) 4111+ (50) 511

(56, 6)

(3)57111515 + (17) 19777
(4) 47111515 « (19) 17777
(7) 9111577 + (12) 1413 11 7
(9) 7111577« (17) 111577
(11) 91577 7+ (13) 1313 11 7
(15) 911 77 7 + (16) 10 13 11 7
(21) 59777 « (25) 13577
(23) 113577 « (24) 14577
(25)24 4111« (26)28111
(35) 35733« (37)6653
(38) 45333« (43)6233
(39) 36233« (40)8333
(41) 84111« (42) 12111
(45) 44111+« (48)1233
(A7) * 1+ (50) 4111

(56, 7)

(2)247111515 « (16) 911777
(457111577« (9) 1017777
(5) 6915777+« (6) 71313117
(6)5915 777+« (12) 915777
(7)8911 777+ (89111577
(9) 6911777+« (10) 7111577
(11) 12113577 « (12) 131357 7
(18) 359777+ (24) 113577
(19) 1323577« (20) 144577
(22) 573577+« (26)93577
(25) 22 %1« (26) 244111

(33) 235733+ (3436653
(36) 245333+« (42)24333
(39) ..4333 <« (40)36233

(41) 6 * 1« (42) 8411 1

(45) 2% 1« (46) 441 1 1

(46) 1 * 1 « (48) * 1




(56, 8)

(1) 1247111515 « (8) 8911777
(3)359157 77« (10)6911777
(5) 46911777+« (6)6915777
(9)9359777+« (19)8129333
(11) 78129333« (12) 12113577
(15) 111245333 « (17) 1736 6 5 3
(193573577« (21) 593577
(19) 71245333« (20) 1323577
(23) 5536653« (25) 936653
(25) 21 1 * 1 « (26) 22 * 1

(33) 131 %1+ (41) 124333

(39) 1124333« (40) ..4333

(41) 51 % 1 « (42) 6 * 1

(45) 11 %1 < (46) 2 * 1

(4) 48559777
(5)3510113577 « (9)510113577
(10)93573577

(14) 95536653« (16) 11124533 3
(19) 47336653+« (24) 5536653
(19) 56336653+« (20) 71245333

(21) 36336653 (22) 6523577
(25) 20 11 %1 (26) 211 %1

(27) 36245333+ (28)6235733
(31) 81124333+ (40)1124333
(33) 1211 %1  (34) 131 * 1

(39) 12344111+« (41)2344111
(41) 411 %1« (42) 51 * 1

(56, 10)
(3)2351011357 7+« (6)3510113577
(5) 593573577

(8235359777

(8) 453593577

(11) 556523577« (17)56523577
(18) 235536653« (20047336653
(19)356235733+« (20056336653
(21) 243336653+« (22)36336653
(25)36.45333+« (26)56245333
(25) 16411 %1« (26)2011*1

(27) ...35733+« (28) 36245333

(30) ...45333+« (35) 62344111

(31) 362344111+« (32)81124333
(33) 84 11% 1+« (34)1211%*1
(37)4411%1+« (40)12344111

(39) * * 1« (42) 411 *1

(2)123510113577« (423510113577
(3)18243336653
(9)4356523577+« (12)556523577
(15) .47336653+ (18)247336653
(19) ..43336653+ (20)356235733
(25) ....35 733« (26) 36..45333

(25) 14 * * 1 « (26) 16411 * 1

(28) ....45333 « (34) ¥24333
(31)2*%24333+« (32)362344111
(33) 6% * 1+ (34)8411%*1
(B7)2*%* 1+ (38)4411%1

(38) 1 * * 1 4 (40) * * 1

(56, 12)

(1)55556523577
(2)24235359777
(3)16..43336653« (4) 18243336653
(7)24356523577+ (10)4356523577
(13)6..43336653« (17) 1247336653
(15) 11247336653« (16) ..47336653
(25) 13 1 % * 1+ (26) 14 * * 1

(26) ...... 45333+« (33)1*24333

(31) 11%24333+« (32)2*%24333

(33) 51 % %1« (34)6**1

(B7) 11 % %1« (38)2%**1

(1)124235359777
(2243556523577

(3)136..336653+« (4)16.4333665 3

(5) .. 4356523577+« (824356523577
(11)411247336653+« (16)11247336653

(13)36...336 653 « (14)6..43336653
(19) 36 ....45333 ¢ (20)6....35 733
(23)811%24333« (32)11%24333
(25) 12 11 % * 1  (26) 131 * * 1

(31) 1234411%1+ (33)234411%1
(33)411%*1« (34)51%*1

(3)...4356523577+«+ (6).4356523577

(3)1156....35733 « (4)136...336 653
(9)24411%*%1 ¢ (12)411247336653
(13) ....43336653 < (14) 36 ...336 6 5 3
(17) 36 ...... 45333+« (18)56....45333
(19) oo 35733« (20)36...45333
(22) oo 45333« (27)6234411*1
(23)36234411%1+« (24)811%24333
(25) 841 1% %1 (26)1211**1
(29)4411%*%1 ¢ (32)1234411%1
(Bl) * ** 1 4 (34)411*%*1
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(1) ...4356523577+« (4) ..4356523577
(3)10....43336653« (4) 1156 ...35733
(7)2%247336653+« (10)*247336653
(9) 22 % * * 1 « (10) 244 11 % %1

A7) e 35733« (18) 36 ...... 45333

[C10) R 45333+« (26)**24333
(23)2%*24333+ (24)36234411%1

(25) 6 % * * 1« (26) 8411 **1

(29) 2% * * 1« (30)4411**1

(30) 1 % * * 1 ¢ (32) * * * 1

@
|

,3)

(23) 27 7 « (27) 31
(39) 11 7 « (43) 15
(43) 77« (51) 7
(65) 11 + (57) 1

(2) e 455536653

(3) 7 Loveernn. 45333+« (4)10....43336653
(5) 6 ...... 43336653+« (9)1%247336653
(7)11%247336653+« (82%247336653
(9) 21 1% * * 1+ (10) 22 * * * 1

(17) 13 1 % * * 1 « (25) 1 **24333

(23) 11**24333+« (24)2%*%24333

(25) 5 1% * * 1+ (26) 6 * * * 1

(29) 11 % * * 1 + (30) 2 % * * 1

@
|

,4)

(19) 22 13 3 « (20) 23 15
(20) 23 7 7 « (26) 29 3
(23) 26 53 « (24) 27 7
(27) 14 13 3 « (28) 15 15
(36) 777 « (42) 13 3
(38) 577« (50) 53
(39) 10 5 3 « (40) 11 7
(43) 653 « (44) 77T
(54) 111 « (56) 11

(56, 17)

(3)411%247336653+« (8)11%*247336653

(3)56 ... 3366053« (4) 7 L.o...... 45333
(5) 36 .o 336653+« (6)6 ... 43336653
(9) 201 1 %% * 1 « (10) 21 1 * * * 1

(11) 36 ovee. 45333+« (12) 6 ........35 73 3

(15) 811 *%24333++ (24)11*%24333
(17) 12 11 % * * 1 + (18) 13 1 * * * 1
(23) 123441 1%%1+ (25)234411%%1
(25) 411 % % %1 ¢ (26) 51 ***1

7

(57, 5)

(7) 9 11 15 15 « (13) 15 15 15
(9) 711 15 15 « (17) 11 15 15
(18) 20 577 + (25) 273 3
(19) 21 11 3 3 « (20) 22 13 3
(23) 25333 « (24) 265 3
(27) 13 11 3 3 « (28) 14 13 3
(34) 4577+ (41) 1133
(35) 3577« (49) 333

(39) 5733+« (44) 653

(39) 9333« (40) 10 53

(1) **247336653
(2) . 12%247336653+ (4)411*247336653

(3)356 ..o 357334« (4)56 ... 336653
(5) 43336653« (6)36 ........ 336653
(9)36 ........A5 333 « (10) 56 ........4 5 33 3
(9) 164 1 1% * %1 4 (10)20 1 1% * * 1

(11) v, 35733+ (12) 36 ......... 45333

(14) voreene 45333+ (19)6234411*%*1

(15)36234411%*%1 « (16)811**24333
(17) 8411 % ** 1« (18) 1211 * **1

(21) 4411 ***1+ (24)1234411%%*1
(23) % %% %1« (26)411%**1

(4) 57111515 « (8) 9 11 15 15
(5) 4 711 15 15 « (10) 7 11 15 15
(13) 11 14 5 77 « (14) 13 13 11 7
(17) 714577« (18) 11157 7
(17) 18 35 77 « (24) 253 3 3
(18) 713577 « (20) 17777
(19) 20 93 3 3 « (20) 21 11 3 3
(22) 59777+ (26) 13577
(27) 129333 « (28) 1311 3 3
(33) 23577« (40) 9333
(36) 35733« (41)8333
(37) 47333« (38)6653
(39) 45333« (40)5733
(43) 51233+« (44) 6233
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(57,7)

(3) 247111515 « (6) 4 7 11 15 15
(5) 57111577« (9) 9111577
(7)591577 7+ (13) 915777
(9) 9713577+« (10) 1017777
(11) 1159777 « (13) 131357 7
(13) 7144577 « (14) 11 14577
(15) 1212933 3 « (20) 20 93 3 3
(17) 559777+ (18) 714577
(19)35977 7+« (21) 144577
(23) 573577+ (27) 93577
(27) 1245333

(31) 336653+« (35) 36653
(34) 235733+« (40)45333
(37) 245333+ (38) 47333
(43) 344111+ (44)51233
(47) 1% 1 « (49) * 1

(57, 8)

(2) 1247111515 « (4) 24711 15 15
(4)359157 77« (85915777
(6)46911777

(9)8559777+ (10)9713577
(109359777« (12) 1159777
(11) 8359777« (14) 7144577
(12) 78129333 « (18) 1736 65 3
(15) 109366 53 « (16) 121293 3 3
(18) 3593577

(19) 6936653« (20)8129333
(2003573577« (24)573577
(25) 6336653+« (32)336653
(27) 10245333 « (28) 1245333
(31) 6245333+« (38)245333
(46) 11 %1 « (48) 1 * 1

(3)13111245333

(5) 48559777+« (1008559777
(9)46359777+« (100510113577
(10) 45359777+« (12)8359777
(10) 83593577+« (17) 11124533 3
(11) 93573577

(15) 95536653+« (16) 10936653
(19) 36523577+« (206936653
(23) 56235733+« (296235733
(25) 36235733+« (26)6336653
(27) 7131 %1 <+ (28) 10245333
(29)6..45333« (35) 131 *1
(31)4..45333+« (32)6245333

(1)448559777
(31295536653« (4) 13111245333
(6)59357357 7+« (12)93573577
(9)23535977 7+« (10046359777
(9)45359357 7+« (16)95536653
(15) 455536653« (18) 56523577
(19) 235536653« (20036523577
(22) 243336653« (27)56245333
(23) 356245333« (24)56235733
(25) ..336653+« (26)36235733
(27) 581124333« (28) 7131 %1
(28) ...35733+« (33)81124333
(29)4...45333 « (30)6..45333

(31) ...45333« (32)4.45333

(35) 512344111+« (36)62344111

(1)5593573577

(1)8453593577
(3)123510113577+« (4) 1295536653
(3)16235536653
(7)5556523577+« (13)556523577
(13) 2455536653+« (16)455536653
(20) ..433366053+« (26)..336653
(23)...336653 <« (24)356245333
(26) ....35733« (32) ...45333
(27)4...45333« (28) 581124333
(29) ....45333« (30)4..45333
(35)34411%1+« (36)512344111

(39) 1% * 1« (41) * * 1

(57, 12)

(1)44235359777+«+ (2)8453593577
(2)55556523577
(3)24235359777+« (518243336653
(3)13.47336653+« (4) 162355366053
(5) 43556523577+ (85556523577
(11) . 455536653« (14) 2455536653
(17) 6 ...336 6 53 « (24) ....33 6 6 5 3
(23)6....45333 « (30) ....45333

(27) v 45333+« (28)4..45333

(38) 11 % * 1 (40) 1 * * 1
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(57,13)

(1) .4235359777+« (244235359777
(2)124235359777+« (424235359777
(3)243556523577+« (6)43556523577
(3)116.43336653+« (4)13.47336653
(9) ..455536653+« (12) .455536653
(15) 56 .....35 733 « (21) 6 ....35 73 3

(17) 36 ....35 733 « (18) 6 ....33 6 6 5 3
(21) 6 ...... 45333« (28) ...... 45333

(23) 4 ...... 45333+« (24)6...45333

(55) 3 « (59)

(58, 3)

(27) 30 1 « (28) 31
(43) 14 1 « (44) 15
(51) 61 « (52) 7
(52) 33 « (58) 1
(55) 21 + (56) 3

(57, 14)

(1)112423535977 7+« (2).4235359777
(1) .43556523577+« (4243556523577
(3)9411247336653+« (4)116.43336653
(7) ...A55536653+« (10)..455536653
(14) ... 43336653 < (19) 56 ....453 3 3
(15) 356 ....45333 « (16) 56 ....357 3 3

(A7) oo 336653+« (18)36...35733
[C10) I 35733+ (25)811%24333
(21) 4 ... 45333« (22)6 ...... 45333
(23) oo 45333« (24) 4 ...... 45333

(27)51234411*%1++(28)6234411%*1

(2)...4356523577
(3)8.1..47336653+« (4)9411247336653
(5) ....455536653+« (8)...455536653

(11) Teveenee. 45333« (18) ....... 336653
(15) o 336653+« (16)356....45333
(18) v 35733« (24) co.o... 45333
(21) v 45333« (22)4....... 45333

(27) 34411 % %1+ (28)51234411%1
(1) 1% * * 1« (33) * * * 1

(9) 6 ... 336653« (16) ........ 336653

(11) 10 ..o 45333« (12) 1......... 45333
(15) 6 .........45 3 3 3 « (22) .........4 5 3 3 3

(30) 11 % * %1 4 (32)1%**1

(57,17)

(1) oo 455536653« (4) ...... 455536653
(3)36 ...... 43336653+ (4)52*%247336653
(7) 56 e 35733« (13)6 ......... 35733

(9) 36 ... 35733« (10) 6 ........ 336653
(11) 713 1 % * * 1 + (12) 10 ......... 45333
(13) 6 oo 45333+« (19) 131 % * *1

(15) 4 oo 45333« (16) 6 ......... 45333
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(58,4)

(19) 21 11 7 « (21) 23 15
(21) 23 77 « (25) 27 7
(27) 13 11 7 « (29) 15 15
(27) 29 1 1 + (28) 30 1
(B7) 777« (41) 11 7
(39) 577« (45) 77
(43) 13 11 + (44) 14 1
(50) 233 « (57) 11
(1) 511 « (52) 6 1
(55) 111 « (56) 2 1

(13) 14 13 11 7 + (14) 15 15 15
(17) 10 13 11 7 + (18) 11 15 15
(18) 19 777 « (20) 21 11 7
(19) 20 577 + (22) 2377
(25) 14 5 77 « (28) 1311 7
(27) 28 111 + (28) 291 1
(385) 4577+ (38) 777

(36) 3577« (40) 577

(43) 12111 « (44) 131 1
(49) 1233+ (56) 111

(51) 4111+« (52) 511




(58, 6)

(5) 571115 15 « (9) 9 11 15 15
(7) 713 13 11 7 « (14) 1413 11 7
(11) 7111577 « (19) 11 1567 7
(17) 911 777+ (18) 10 13 11 7
(18) 18 357 7 « (20) 2057 7
(19) 713577« (21) 17777
(23) 59777« (27) 13577
(25) 113577 « (26) 14577
(27) 244111+« (28)28111
(28) 129333

(34) 23577 « (36) 4577
(37) 35733« (41)5733
(41) 36233 « (42) 8333
(43) 24333« (45) 6233
(43) 84111« (44) 12111
(A7) 44111+« (52)4111

(58, 8)

(1) 271245333

(3) 1247111515 « (5) 24 7 11 15 15
(5) 35915777+« (95915777
(7)46911777« (86915777
(11) 9359777« (13) 1159777
(13) 78129333 « (14) 12113577
(19)3593577 « (21) 8129333
(21) 3573577+ (25)573577
(21) 71245333+« (22)1323577
(23) 6523577« (29) 1245333
(25) 5536653

(27) 21 1 * 1 « (28) 22 * 1

(41) 1124333« (42) .4333

(42) 2344111« (49) 1 %1

(43) 51 % 1« (44) 6 * 1

(A7) 11 %1 < (48) 2 * 1

(6)57111577 « (11) 101777 7
(7) 6915777+« (8 71313117
(9)89 11777+ (10) 9111577
(11) 6911777+« (12) 7111577
(13) 12113577 « (14) 131357 7
(18) 5597717+ (20) 713577
(20035977 7+ (24) 59777
(21) 1323577 « (22) 144577
(22) 593577+ (28) 93577
(26) 936653

(27) 22 % 1+ (28) 244111

(35) 235733+ (36)36653
(41) .4333« (42)36233

(42) 124333+« (44) 24333
(43) 6% 1« (44) 84111

(44) 344111 « (50) * 1

A7) 2% 1+« (48) 44111

(1) 646911777+« (4)12471115 15
(1) 183593577« (2)271245333
(6) 48559777+« (1209359777
(7)3510113577 « (11) 510113577
(11) 45359777+ (13) 8359777
(11) 83593577« (14) 78129333
(21) 47336653« (27) 6336653
(21) 56336653« (22) 71245333
(23) 36336653+« (24) 6523577
(27) 20 11 % 1 + (28) 211 * 1
(29)36245333+« (30)6235733
(35) 1211 %1 « (36) 131 * 1

(41) 12344111+ (48) 11%1

(43) 411 %1« (44)51 %1

(1)4246911 777« (2)646911777
(1)1193573577+ (2) 183593577
(2)448559777+ (83510113577
(5) 23510113577
(7)593573577+ (13)93573577
(10235359777« (12)45359777
(10453593577« (12)83593577
(19) 247336653« (22)47336653
(200235536653« (25)56235733
(21) 356235733« (22)56336653
(23) 243336653« (24)36336653
(27) 36 ..45333 « (28) 56245333
(27) 16411 %1« (28)2011*1

(29) ...35733+« (30)36245333
(33)36234411 1+« (34)81124333
(35) 24333+« (37)62344111

(35) 84 11%1+« (36) 1211*1

(39) 44 11%1+« (44)411%*1
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(1) .46911 777+« (24246911777 (2)1124235359777+ (4124235359777
(2)5593573577+ (81593573577 (2).43556523577

(4)123510113577 (5)..4356523577+ (8) .4356523577
(11) 4356523577+« (14) 556523577 (5) 1156 ....35733 « (6) 136...336653
(17) . 47336653+« (24)243336653 (11)*247336653+« (14)411247336653
(18) 1247336653+ (200247336653 (11)24411**1 + (17)56 ....35 733

(21) .43336653+« (22)356235733 (15) ....43336653 « (16)36...336653
(27) ....35 733« (28)36.45333 (19) 36 ...... 45333+« (20)56....45333

(27) 14 * * 1« (28) 16 411 * 1 (21) e 35733« (22)36....45333
(383)2%24333+« (34)362344111 (25)36234411%1+ (26)811%24333
(34) 1*24333+« (36) *24333 (27) * * 24333 ¢ (29)6234411%1

(35) 6 **1 4 (36) 84 11%1 (27) 84 11**1  (28) 1211 **1

(36) 34411 %1 « (42) **1 (B1)4411%*1 4+ (36)411%**1

(39) 2% * 1+« (40)4411%1

8,12)
(3)...4356523577+« (6)..4356523577

(1)45453593577 (5) 10 ....43336653 « (6) 1156 ....357 3 3
(3)55556523577+« (95556523577 (9)2*247336653+« (16)....43336653
(5)16 ..43336653« (6)18243336653 (10) 1247336653+« (12) *247336653
(9)24356523577+« (12)4356523577 (11) 22 % * %1 « (12) 24411 ** 1

(15) 6 ..43336653« (22).43336653 (19) oovnn 35733+« (20)36 ...... 45333
(17) 11247336653« (18).47336653 (25) 2% *24333+«+ (26)36234411*1
(27) 131 % * 1 « (28) 14 * * 1 (26) 1**24333+« (28)**24333

(33) 11%24333+« (34)2%24333 (27) 6 * % % 1 (28) 8411 ** 1

(34) 2344111« (41) 1 **1 (28) 3441 1% %1 ¢ (34) ***1

(35) 5 1% * 1« (36) 6 * * 1 (Bl) 2% * %14 (32)4411**1

(39) 11 % *1 « (40) 2 * * 1

(58, 16)

(1) ....4356523577+ (4) ...4356523577
(1)435556523577+« (455556523577 (5) 7 Loveeeenn. 45333+ (6)10....43336653
(3)124235359777+« (5)24235359777 (7) 6 ... 43336653+« (13) 1......... 45333
(5) 136 ...336 653« (6) 16 ..43336653 (9)11%247336653+« (10)2*%247336653
(7) .4356523577+« (10)24356523577 (11) 21 1 % * % 1 « (12) 22 * * * 1
(13) 411247336653+« (19)6..336653 (25) 11**24333+« (26)2**24333
(15) 36 ...336 653 « (16) 6 ..4333 665 3 (26)234411%*%1« (33)1***1
(21) 36 ....45333 « (22)6....35733 (27) 51 % ** 1« (28) 6 * * * 1
(27) 1211 % * 1 + (28) 13 1 * * 1 (B1) 11 %% %1« (32) 2%**1

(33) 1234411%1« (40)11%*1

* ok * ok
e

(27) 29 3 « (29) 31
(43) 13 3 « (45) 15
(51) 53 < (53) 7
(53) 33 « (57) 3
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(21) 22 13 3 « (22) 23 15
(25) 26 5 3 « (26) 27 7
(26) 27 3 3 + (28) 29 3
(29) 14 13 3 « (30) 15 15
(41) 10 5 3 + (42) 11 7
(42) 11 3 3 < (44) 13 3
(45) 653 « (46) 7 7
(50) 333 « (52) 53
(51) 233 « (54) 33

(59, 5)

(11) 7 11 15 15 « (19) 11 15 15
(15) 13 13 11 7 « (29) 13 11 7
(19) 19777 « (21) 21 11 7
(21) 21 11 3 3 + (22) 22 13 3
(25) 25 33 3 « (26) 26 5 3
(29) 13 11 3 3 + (30) 14 13 3
(37) 3577+« (41) 577

(39) 6 653 <« (46) 65 3

(41) 9333 « (42) 105 3
(50) 1233« (52) 233

(6) 57 11 15 15 < (10) 9 11 15 15

(7) 471115 15 « (12) 7 11 15 15
(14) 915777+ (27) 14577
(15) 11 14 5 7 7 + (16) 13 13 11 7
(18) 911 777+ (22) 17777
(19) 71457 7 « (20) 11 157 7
(19) 18 3577 « (21) 2057 7
(21) 20 93 33 « (22) 21 11 33
(26) 113577« (28) 13577
(29) 129333 « (30) 1311 33
(35) 23577« (37) 4577
(38) 35733« (43)8333
(39) 47333« (40) 6653
(41) 45333 « (42) 5733
(45) 51233 « (46) 623 3

(1) 28129333 « (8) 4711 15 15
(7)5711 1577 « (9) 71313 11 7
(10) 8911777« (23) 144577
(11) 9713577 « (12) 101777 7
(12) 6911777« (21) 713577
(15) 7144577 « (16) 11 1457 7
(17) 12129333 « (20) 18 357 7
(19) 559777+ (20) 714577
(19) 1736 6 53 « (22) 20933 3
(21) 359777+ (25) 59777
(23) 593577+ (29)93577
(27) 936653 « (30) 129333
(383) 336653+« (36)23577
(36) 235733+« (42) 45333
(39) 245333+« (40)47333
(43) 124333+« (45)24333
(45)344111+ (46)51233

(1) 26936653+« (2)28129333
(6)359157 77« (10)5915777
(8) 46911777« (16) 7144577
(11) 8559777« (12) 9713577
(17) 10936 6 53 « (18) 1212933 3
(18) 111245333 + (20) 1736 6 5 3
(2003593577« (26)573577
(21) 6936653+« (22)8129333
(22) 3573577+« (24)593577
(26) 5536653+« (28) 936653
(29) 10245333+« (30)1245333
(33) 6245333+« (40)245333
(42) 1124333+« (44)124333
(43) 2344111+« (46)344111

(1) 255536653« (2)26936653
(5) 13111245333 « (14) 8359777
(7)48559777« (12)8559777
(11) 46359777+ (12) 510113577
(17) 95536653 « (18) 1093665 3
(19)56523577+ (25) 6523577
(21)36523577+«+ (22) 6936653
(27)36235733+« (28) 6336653
(29) 7131 %1+ (30) 10245333
(31)6.45333+« (37) 131 * 1
(33)4.45333+« (34) 6245333
(42) 12344111+ (44)2344111
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(59, 10)

(2)1193573577« (993510113577
(3)448559777+ (8)48559777
(5)1295536653« (6) 13111245333
(6)23510113577

(11) 235359777« (12)46359777
(11) 453593577+« (13)83593577
(17) 455536653« (20056523577
(21) 235536653« (22)36523577
(25) 356245333« (26)56235733
(27) ..336653 « (28) 36235733
(29) 581124333+« (30) 7131 *1

(30) ...35733+« (35)81124333
(31)4..45333 « (32) 6..45333

(33) ...45333+« (34)4.45333
(37)512344111+« (38)62344111

(2 ..46911 777+« (4)448559777
(3)5593573577+« (9593573577
(3)8453593577
(5)123510113577+« (6)1295536653
(5)16 235536653« (12) 453593577
(15) 2455536653« (18)455536653
(19) 1247336653+ (21)247336653
(25) ....336653+« (26)356245333
(28) ....35733« (34) ...45333
(29)4...45333+« (30)581124333
(31) ....45333 ¢« (32)4..45333

(35) 1*24333+« (37)*24333
(37)34411*1+« (38)512344111

(2045453593577
(3)4423535977 7+« (48453593577
(5)13 .47336653« (6)16235536653
(71)43556523577+ (10)5556523577
(13) .455536653« (16) 2455536653
(18) 11247336653+« (2001247336653
(25) 6 ....45333 « (32) ....45333

(29) ...... 45333+« (30)4..45333
(34)11%24333++ (36)1*%24333
(35)234411%1+ (38)34411%*1

(59, 13)

(2)435556523577

(3)..4235359777+« (444235359777
(5) 243556523577+« (8043556523577
(5) 116 ..43336653+« (6)13.47336653
(11) ..455536 653+« (14) .45553 6653
(19) 36 ....35 733 < (20) 6 ....336 6 5 3

(23) 6 ...... 45333+« (30) ...... 45333

(25) 4 ...... 45333+« (26)6...45333
(34)1234411%1+« (36)234411%*1

(59, 14)

(3)1124235359777+« (4)..4235359777
(3).4355652357 7+ (6)243556523577
(5)9411247336653+« (6)116..43336653
(9)...455536653+« (12) ..455536653

(17) 356 ....45333 « (18) 56 ....35 73 3

(19) ... 3366053+ (20)36....35733
(22) oo 35733« (27)811%24333
(23) 4 ....... 45333+« (24) 6 ...... 45333
(25) oo 45333« (26)4 ... 45333

(29)51234411*%1++(3006234411%*1

(59, 15)

(1) ..43556523577+« (4) .43556523577
(5)8..1..47336653+« (6)9411247336653
(7) ....455536653+« (10) ...455536653
(11) 1*247336653+« (13) *247336653

(17) .......336 653 « (18) 356 ....453 3 3
(C10) I 35733 4 (26) .oun... 45333
(CE) I 45333« (24) 4 ....... 45333

(27) 1 ** 24333+« (29) **24333
(29)34411%*1+ (30)51234411%1

(60, 2)

(59) 1 « (61)

(60, 3)

(29) 30 1 «+ (30) 31
(45) 14 1 « (46) 15
(53) 61 + (54) 7
(57) 21 + (58) 3
(58) 11 + (60) 1
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(15) 15 15 15 + (23) 23 15
(23) 237 7 + (27) 27 7
(27) 27 3 3 + (29) 29 3
(29) 29 1 1 + (30) 30 1
(39) 777« (43) 11 7
(43) 11 3 3 « (45) 13 3
(45) 13 11 <« (46) 14 1
(51) 333 « (53) 53

(53) 511 « (54) 6 1

(57) 111« (58) 21

(60, 5)

|

(15) 14 13 11 7 « (16) 15 15 15
(19) 10 13 11 7 « (20) 11 15 15
(20) 19777 « (24) 2377
(26) 25 33 3 « (28) 27 3 3
(29) 28 11 1 « (30) 29 1 1
(388) 3577+« (42) 577

(42) 9333 « (44) 1133
(45) 12111 « (46) 131 1
(51) 1233« (53) 233

(53) 4111« (54) 511

(60, 6)

(7) 5711 15 15 « (11) 9 11 15 15
(11) 9111577 + (23) 17777
(13) 7111577 « (21) 11 1567 7
(15) 915777 + (17) 1313 11 7
(15) 1313577 + (22) 2057 7
(19) 911 777 + (20) 10 13 11 7
(27) 113577 « (28) 14577
(29) 244111+ (30)28111
(37) 36653« (43) 5733
(39) 35733« (41) 6653
(43) 36233 « (44) 8333
(45) 84111 « (46) 12111
(49) 44111« (52)1233
(1) * 1+ (54) 4111

(6) 2471115 15

(8) 57111577 « (16) 915777
(9) 6915777+« (10) 713 13 11 7
(11) 8911777« (12) 9111577
(13) 6911777« (14) 7111577
(14) 1159777 « (21) 183577
(15) 12113577 « (16) 1313 57 7
(200559777

(22) 359777+ (26)59777
(23) 1323577+« (24) 144577
(29)22 %1+ (30) 244111

(34) 336653+« (40)35733
(37) 235733+« (38)36653
(43) . 4333+« (44) 36233

(45) 6 % 1+ (46) 84111

(49) 2% 1+ (50) 44111

(50) 1 * 1 « (52) * 1

(60, 8)

(3) 271245333
(5) 12471115 15
(7)3591577 7+« (11)5915777
(9)46911 777+« (10)6915777

(13) 9359777« (19) 12129333
(15) 78129333 « (16) 1211357 7
(19) 111245333 + (21) 1736 6 5 3
(21) 3593577+ (27)573577
(23) 3573577+« (25)593577
(23) 71245333« (24) 1323577
(27) 5536653 « (29) 936653
(29) 21 1 * 1 « (30) 22 * 1

(31) 6235733+« (38)235733
(43) 1124333+« (44) ..4333

(45) 51 * 1 < (46) 6 * 1

(49) 11 %1 « (50) 2 * 1

(60, 9)

(2255536653

(3) 646911777+« (16) 78129333
(3) 183593577 + (4) 271245333
(13) 45359777

(14) 93573577+ (24)3573577

(18) 95536653« (20) 111245333
(23) 47336653+« (28)5536653

(23) 56336653+« (24) 71245333
(25) 36336653+« (26)6523577

(29) 56245333+« (35) 6245333

(29) 20 11 % 1 + (30) 211 * 1

(31) 36245333+ (32)6235733

(37) 1211 %1 + (38) 131 * 1

(43) 12344111+ (45)2344111

(45) 411 %1« (46) 51 * 1
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(0)}

(34246911777« (4646911777
(31193573577« (4183593577
(7)2351011357 7+« (10) 3510113577
(12) 235359777

(15) 556523577+« (21)56523577
(22) 235536653+« (24)47336653
(23) 356235733+« (24)56336653
(25) 243336653+« (26)36336653
(28) ..336653« (33)6.45333
(29)36..45333+« (30)56245333
(29) 16411 %1« (30)2011*1

(31) ...35733+« (32)36245333
(35) 362344111+« (36)81124333
(37)8411%1+ (38)1211%*1

(41) 4411%1+ (44) 12344111

(43) * * 1+ (46) 411 %1

(60, 11)

(1)623510113577

() ..46911 777+« (4)4246911777
(45593573577
(6)123510113577+« (823510113577
(7)18243336653

(13) 4356523577+ (16)556523577
(19) . 47336653+ (22)247336653
(23) .43336653+« (24)356235733
(26) ...336653 <« (32) ...35733

(29) ....35 733« (30)36.45333

(29) 14 * * 1+ (30) 16 411 * 1

(35) 2%24333+« (36)362344111

(87) 6% * 1« (38) 8411%*1

(41) 2% * 1« (42) 4411%*1

(42) 1% * 1 « (44) * * 1

(1)47453593577+ (2623510113577
(3)45453593577+ (5)8453593577
(5)55556523577

(6)24235359777

(7)16 .4333 6653« (8) 18243336653
(11) 24356523577+« (14) 4356523577
(17) 6 ..43336653+« (21) 1247336653
(19)11247336653+« (20)..47336653
(23) 6 ....357 33 « (30) .....35 733

(29) 13 1 * * 1 + (30) 14 * * 1

(35) 11*24333+ (36)2*%24333

(B7) 51 % *1 + (38)6**1

(41) 11* %1 « (42) 2% * 1

(60, 13)

(1)245453593577+ (2)47453593577
(3)435556523577+ (6)55556523577
(5) 124235359777

(7) 136 ...336 653 < (8) 16 ..4333665 3
(9).4356523577+« (12)24356523577
(15)411247336653+« (20)11247336653
(17) 36 ...336 653 < (18)6..4333665 3
(21) 56 ....45333 < (27) 6 ....453 3 3
(23)36...45333« (24)6....35733

(29) 12 11 % * 1 + (30) 131 * * 1

(35) 1234411%1« (37)234411%1
(87)411**1+ (38)51%**1

(60, 14)

(1)2435556523577+ (4435556523577
(4)1124235359777

(7) .. 4356523577+« (10).4356523577
(7)1156....35733 « (8)136...336 653

(13) 24411 *%*1+ (16)411247336653

(17) ... 43336653 « (18) 36...336653

(20) ....... 336653+« (25)6 ...... 45333
(21) 36 ...... 45333+« (22)56....45333
(23) cvenn 35733« (24)36...45333

(27)36234411%1+ (28)811%24333
(29) 84 11 % %1+ (30) 1211 **1

(33) 4411%*1 ¢ (36)1234411%1
(35) ¥ ** 14 (38)411**1

(31) 15 15 <« (47) 15
(A7) 77 « (55) 7
(55) 33 + (59) 3
(59) 11+ (61) 1

(22) 2111 7

(23) 22 13 3 « (24) 23 15
(27) 26 5 3 < (28) 27 7
(30) 13 11 7 « (46) 13 3

(31) 14 13 3 « (32) 15 15
(40) 777 « (54) 5 3
(43) 10 5 3 « (44) 11 7
(47) 653 « (48) 77
(52) 333 « (56) 33
(58) 111 « (60) 11
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(13) 7 11 15 15 « (21) 11 15 15
(16) 14 13 11 7 « (45) 11 3 3
(21) 19777 + (25) 2377
(23) 21 11 3 3 + (24) 22 13 3
(27) 25333 « (28) 26 5 3
(29) 13577

(31) 13 11 33 « (32) 1413 3
(38) 4577« (48) 653
(39) 3577+« (43) 577
(43) 9333 « (44) 105 3
(47) 6233 « (54) 23 3

(8) 571115 15
(9) 47111515

(13) 10 17 777 «+ (44) 933 3
(17) 11 14 5 7 7 « (18) 1313 11 7
(200911777

(21) 714577+ (22) 111577
(22) 713577« (24) 17777
(23) 209333 « (24) 21 11 3 3
(28) 113577

(30) 93577« (40)3577
(31) 129333 « (32) 1311 3 3
(37) 23577 « (45) 8333
(41) 47333 « (42) 6653
(43) 45333 « (44)5733
(46) 24333 « (53)1233
(47) 51233 « (48) 6233

(3)28129333

(7) 24 71115 15 « (10) 4 7 11 15 15
(9)57111577 « (17) 915777
(12) 8911777 « (32) 129333
(13) 9713577+« (14) 1017777
(14) 6911777

(15) 1159777+« (17) 131357 7
(17) 7144577 « (18) 111457 7

(21) 559777+ (22) 714577
(23) 359777+« (25) 144577
(23)8129333

(31) 1245333 « (44) 45333
(35) 336653+« (41)35733
(41) 245333+ (42) 47333
(45) 124333+« (51) 44111
(47) 344111+« (48)51233
(51) 1 * 1+ (53) * 1

(6

(1)62471115 15
(3)26936653« (428129333
(6) 1247111515« (8) 24711 15 15
(8)35915777

(10)46 911777+ (30)936653
(13) 510113577« (24) 359777
(13) 8559777« (14) 9713577
(14) 9359777« (16) 1159777
(15) 8359777« (18) 7144577
(19) 10936 6 53 « (20) 1212933 3
(22) 3593577« (26)593577
(23) 6936653« (24) 8129333
(29) 6336653« (42) 245333
(31) 10245333+« (32) 1245333
(44) 1124333« (48)344111
(50) 11 %1« (52) 1 %1

(1)51247111515 « (2) 624711 15 15
(3)255536653+« (4)26936653
(7) 13111245333 + (27) 6523577
(9)48559777

(13) 46359777+ (14510113577

(14) 45359777+ (16) 8359777
(14) 83593577

(15) 93573577+ (25)3573577
(19) 95536653+« (20) 10936653
(23) 36523577+« (24) 6936653
(27) 56235733« (39) 131 * 1

(29) 36235733+« (30) 6336653
(31) 7131 %1+ (32) 10245333
(35)4..45333+ (36)6245333
(39)62344111+ (46)2344111
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(61, 10)

(1)3646911777« (2)512471115 15
(1)1345359777

(4)1193573577

(5) 448559777+ (25)47336653
(7)1295536653« (8) 13111245333
(10593573577« (16)93573577
(13) 235359777+« (14)46359777
(13) 453593577
(19)455536653« (22)56523577
(23) 235536653+« (24)36523577
(26) 243336653+« (37)81124333
(27) 356245333« (28)56235733
(29) ..336653« (30)36235733

(31) 581124333+« (32) 7131 %1
(33)4..45333« (34)6.45333

(35) ...45333 « (36)4.45333

(38) *24333+ (45) 12344111

(39) 512344111+« (40)62344111

(61,11)

(1)1.35359777+« (2)1345359777
(4) ..46911 777+« (9)23510113577
(5)5593573577
(7)123510113577« (8) 1295536653
(7)16 235536653

(11) 5556523577+ (17) 556523577
(17) 2455536653+ (200455536653
(24) .43336653 <« (36)...45333

(27) ....336 653« (28) 356245333
(31)4...45333« (32)581124333
(33) ....A5333 « (34)4..45333
(37)1%24333 ¢« (43)4411%*1
(39)34411%1+« (40)512344111

(43) 1 * * 1 « (45) * * 1

(1) .459359777+ (8123510113577
(1)84235359777+(2)1.35359777

(4)45453593577

(5) 44235359777+ (6)8453593577
(7)24235359777+ (918243336653
(7)13 .47336653« (8)16235536653
(9)43556523577+ (12)5556523577
(15) .455536653+« (18) 2455536653
(21) 6 ...33 66 53 < (34) ....453 33

(31) ... 45333+« (32)4..45333

(36) 11%24333+ (40)34411%*1

(42) 11* %1 « (44) 1 * * 1

(61,13)

(1)555556523577

(1) 624235359777+« (2)84235359777
(2)245453593577
(5).4235359777+« (6)44235359777
(6)1242353597 77+« (824235359777
(7)243556523577« (10043556523577
(7)116 .43336653 « (8)13.47336653
(13) ..455536653+« (16) .45553 6653
(19) 56 ....35 73 3 « (32) ...... 45333

(21) 36 ....35 733 « (22)6...336653
@27 4 ... 45333+« (28)6...45333

(31) 623441 1*1+« (38)234411%*1

(62,2)

(31) 31

(62, 3)

(30) 29 3

(31) 30 1 « (32) 31
(47) 14 1 « (48) 15
(55) 6 1 + (56) 7
(59) 21 + (60) 3

(62, 4)

(17) 15 15 15 « (45) 11 7
(23) 21 11 7 « (25) 23 15
(29) 27 3 3

(31) 13 11 7 « (33) 15 15
(31) 29 11 + (32) 30 1
(A1) 777« (49) 77
(47) 13 11 + (48) 14 1
(53) 333 « (57) 33
(55) 51 1 « (56) 6 1
(59) 111 « (60) 2 1

(1) 2221117

(12) 9 11 15 15

(14) 7 11 15 15

(17) 14 13 11 7 + (18) 15 15 15
(21) 10 13 11 7 + (22) 11 15 15
(22) 19777 « (24) 21 11 7
(23) 20577 + (26) 2377
(28) 2533 3

(29) 14577 « (32) 1311 7
(30) 13577 « (44) 577

(31) 28 111 «+ (32) 2911
(39) 4577+ (42) 777

(47) 12111 + (48) 131 1
(55) 4111+ (56) 511
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(9) 571115 15
(11) 71313 11 7+ (23) 11 157 7
(13) 911 15 77 « (18) 14 13 11 7
(15) 71115 77 « (19) 1313 11 7
(21) 911 777 <+ (22) 10 13 11 7
(22) 18 357 7« (24) 2057 7
(23) 713577« (25) 17777
(24) 209333

(27) 59777

(29) 113577 « (30) 14577
(81) 93577« (41) 3577

(31) 244111+« (32)28111
(38) 23577« (40) 4577

(39) 36653« (43) 6653

(45) 36233 « (46) 8333

(47) 24333 « (49) 6233

(47) 84111« (48) 12111

7)

(1)20911777

(1) 28113577« (22)911777
(10) 57111577 < (18) 91577 7
(11) 6915777 « (12) 7131311 7
12) 5915777

(13) 8911777« (14) 9111577
(15) 6911777 « (16) 711157 7
(17) 1211357 7 « (18) 131357 7
(22) 559777+ (24) 713577
(22) 1736653

(25) 1323577 « (26) 144577
(28) 573577+ (32) 93577
(31) 22 %1+ (32) 244111

(36) 336653+« (42)35733
(39) 235733+ (40)36653
(45) .4333 « (46) 36233

(46) 124333+« (48) 24333
(47) 6% 1« (48) 84111

(1) 2 %1+ (52) 44111

(1)146 911777+ (2)20911777
(1) 238129333+« (2)28113577
(5) 271245333

(7) 1247111515 + (9) 24 7 11 15 15
(9)35915777

(11) 46911777+ (12) 6915777
(14) 8559777

(15) 9359777« (17) 1159777
(17) 78129333 « (18) 12113577
(21) 11124533 3

(23) 3593577« (25) 8129333
(25) 71245333« (26) 1323577
(29) 5536653« (33) 1245333
(1) 21 1 * 1 « (32) 22 * 1

(33) 6235733+« (40)235733
(45) 1124333« (46) ..4333

(47) 51 % 1 + (48) 6 * 1

(1) 11 %1« (52) 2% 1

(1)24347111515 « (2)238129333

(4)255536653

(5) 646911777+« (8) 1247111515
(5) 183593577« (6)271245333
(10) 48559777

(11) 3510113577« (16) 9359777
(15) 45359777+« (17) 8359777

(15) 83593577+« (18) 78129333
(20095536653

(25) 56336653+« (26)71245333
(27) 36336653+« (28) 6523577

(381) 56245333+ (37) 6245333

(31) 2011 %1 « (32) 211 *1

(33) 36245333+ (34) 6235733

(39) 1211 * 1 « (40) 131 * 1

(47) 411 %1« (48) 51 * 1
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(62, 10)

(1)1483593577

(2)3646911777

(5) 4246911777« (6)646911777
(5) 1193573577« (6)183593577
(6) 448559777

(11) 593573577« (17093573577
(14) 235359777+« (16)45359777
(14) 453593577« (16) 83593577
(23) 247336653+« (26)47336653
(24) 235536653

(25) 356235733+« (26)56336653
(27) 243336653« (28)36336653
(30) ..336653« (35)6.45333
(31)36.45333+« (32)56245333
(81) 16411 %1 + (32)2011*1

(33) ...35733+« (34)36245333
(37)362344111+« (38)81124333

(1)55593573577
(1)85453593577+(2) 13453593577
(2).459359777
(3)4745359357 7+ (4) 623510113577
(5) 45453593577+ (916235536653
(7)5555652357 7+« (13)5556523577
(9)16 ..43336653« (10) 18243336653
(13) 24356523577« (16)4356523577
(19)6..43336653

(21) 11247336653« (22)..47336653
(25)6....35733« (32) ....35733

(31) 13 1 * * 1 « (32) 14 * * 1
(37)11%24333+ (38)2%24333

(39) 51 % * 1 « (40) 6 * * 1

(43) 11 % %1 « (44) 2% * 1

(22) 1247336653+« (24)247336653
(25) .43336653+« (26)356235733
(28) ...336 653« (34) ...35733

(31) ....35 733« (32)36.45333

(31) 14 * * 1+ (32) 16411 * 1
(37)2%24333+ (38)362344111

(38) 1*24333+« (40) *24333

(39) 6 % * 1 (40) 84 11%1

(43) 2% * 1+ (44) 4411 *1

(63, 1)
(39) 24333+« (41)62344111
(39) 8411 %1« (40) 1211 * 1 (63)
(1) 13453593577+ (2) 1483593577 (62) 1
(3)623510113577
() ..469 11777+« (6)4246911777 (63,3)
(6)5593573577+« (12)593573577
(15) 4356523577+ (18)556523577 (1) 31 31
(21) .47336653 (29) 27 7

(31) 29 3 « (33) 31
(47) 13 3 « (49) 15
(55) 53 « (57) 7
(61) 11

(63, 4)

(1) 30 29 3 « (2) 31 31
(25) 22 13 3 « (26) 23 15
(29) 26 5 3 « (30) 27 7
(30) 27 3 3 « (32) 29 3
(33) 14 13 3 « (34) 15 15
(45) 10 5 3 « (46) 11 7
(46) 11 3 3 < (48) 13 3
(49) 6 5 3 « (50) 77
(54) 333 « (56) 5 3
(55) 233 « (58) 33
(60) 111
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(1) 292733 « (2) 3029 3
(2) 2221117

(13) 911 15 15 « (33) 13 11 7
(15) 7 11 15 15 « (23) 11 15 15
(23) 19777 « (25) 21 11 7
(25) 21 11 3 3 + (26) 22 13 3
(29) 25 3 3 3 « (30) 26 5 3
(31) 13577 < (45) 57 7
(33) 1311 3 3 + (34) 14 13 3
(45) 5733 « (50) 653

(45) 9333 « (46) 10 5 3
(54) 1233« (56) 233

(56) 4111

(1) 12 9 11 15 15 + (16) 7 11 15 15
(1) 14 7 11 15 15

(1) 28 253 3 3 « (2) 29 27 3 3
(10) 57 11 15 15 « (26) 17777
(11) 4 7 11 15 15

(15) 10 17 777 « (24) 1977 7
(19) 11 14 5 7 7 « (20) 13 13 11 7
(23) 714577 « (24) 11157 7
(23) 18 357 7 « (25) 20577
(25) 20 93 33 « (26) 21 11 33
(28) 59777« (42)3577
(30) 113577+« (32) 13577
(33) 129333 « (34) 131133
(39) 23577« (41) 4577
(43) 47333 « (44) 6653
(45) 45333 « (46) 5733
(49) 51233 « (50) 6233
(54) * 1

(1) 9571115 15

(1) 24209333« (2) 2825333
(5) 28129333

(11) 57111577 « (13) 71313 11 7
(13) 5915777

(14) 8911777+ (19) 131357 7
(15) 9713577 « (16) 101777 7
(16) 6911777

(19) 7144577 « (20) 111457 7
(21) 12129333 « (24) 18357 7
(23) 559777+ (24) 714577
(23) 1736653 « (26) 209333
(25)359777

(27) 593577+ (41) 36653
(29) 573577+ (33)93577
(31) 936653+« (34) 129333
(37) 336653« (40)23577
(43) 245333« (44) 47333
(47) 124333« (49) 24333
(49) 344111+ (50)51233
(53) 1 * 1

(1) 221736653 < (2) 24209333
(2146911777

(3) 62471115 15

()26 936653« (6)28129333

(10)35915777

(12) 46911777+« (18) 1159777
(15) 510113577 + (20) 7144577
(15) 8559777« (16) 9713577

(21) 10936 6 53 « (22) 1212933 3
(22) 111245333 « (24) 1736 6 5 3

(24)3593577

(25) 6936653« (26)8129333
(26) 3573577+« (28)593577

(30) 5536653« (32) 936653

(31) 6336653« (38)336653

(33) 10245333+« (34) 1245333
(46) 1124333« (48)124333

(47) 2344111+« (50)344111

(52) 11 *1
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GE))

(1)935915777
(1)148559777

(1) 21111245333« (2)22173665 3
(2)24347111515
(3)51247111515 « (4) 624711 15 15
(5) 255536653+« (6)26936653
(9) 13111245333« (16) 8559777
(11) 48559777

(12) 3510113577« (18) 8359777
(15) 46359777+« (16)510113577
(21) 95536653« (22) 10936653
(23) 56523577+ (296523577
(25) 36523577+« (26)6936653
(29) 56235733+« (35) 6235733
(31) 36235733+« (32)6336653
(33) 7131 %1+ (34) 10245333
(37)4.45333+ (38)6245333

(46) 12344111+« (48)2344111
(48) 411 *1

10)

(1)2095536653« (2)21111245333
(3)3646911777+« (4)512471115 15
(3)1345359777

(6)1193573577

(7) 448559777+« (12)48559777
(9)1295536653« (10) 13111245333
(10)23510113577«+ (17) 45359777
(15) 235359777« (16)46359777
(15) 453593577« (17)83593577
(21) 455536653+« (24)56523577
(25) 235536653+« (26)36523577
(28) 243336653+« (33)56245333
(29) 356245333« (30056235733
(31) ..336653+« (32)36235733

(33) 581124333+« (34) 7131 *1
(35)4..45333« (36)6.45333

(37) ...45333 « (38)4.45333

(41) 512344111+« (42)62344111
(46) * * 1

(1)23646911777
(1)6448559777

(1)24235536653
(3)1.3535977 7+« (4) 1345359777
(6) ..46911 777+« (8)448559777
(7)5593573577« (13)593573577
(7)8453593577+« (16)235359777
(9)123510113577 « (10) 129553665 3
(19)2455536653+« (22)455536653
(23) 1247336653+ (25)247336653
(26) ..43336653+« (32)..336653

(29) ...336 653+ (30)356245333
(383)4...45333+« (34)581124333
(35) ....A5333« (36)4..45333

(39) 124333+« (41) *24333
(41)34411%1 ¢ (42)512344111

(45) 1% * 1

(64,2)

(1) 63
(61) 3
(63) 1 + (65)

(64, 3)

(1) 62 1 « (2) 63
(33) 30 1 + (34) 31
(49) 14 1 « (50) 15
(57) 61 < (58) 7
(61) 21 + (62) 3
(62) 11 <+ (64) 1

(64,4)

(1) 2927 7

(1) 6111« (2) 621
(19) 15 15 15 < (35) 15 15
(7) 2377

(31) 27 33 + (33) 29 3
(33) 29 11 « (34) 30 1
43) 777« (51) 77
(47) 11 3 3 + (49) 13 3
(49) 13 1 1 + (50) 14 1
(55) 333 « (57) 53
(57) 511 « (58) 6 1
(61) 111« (62) 21
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(1) 60111« (2) 6111

(3) 2221117

(14) 911 15 15 « (34) 13 11 7
(19) 14 13 11 7 + (20) 15 15 15
(23) 10 13 11 7 « (24) 11 15 15
(30) 25333 « (32) 2733
(1) 14577 « (46) 57 7
(33)28 111+ (34)2911
(46) 933 3 « (48) 1133

(47) 833 3 « (56) 33 3

(49) 12111 « (50) 13 1 1
(55) 1233+ (57) 233

(57) 4111« (58) 511

(1) 11 4 7 11 15 15

(1)54 %1+ (2) 564111

(2) 9571115 15

(3)20911777

(3) 28113577

(10) 24 7 11 15 15

(12) 57111577 « (17) 1017 77 7
(13) 6915777+ (14) 713 13 11 7
(14) 5915777+ (20) 915777

(15) 8911777 + (16) 911 157 7
(17) 6911777+ (18) 7111577
(19) 1211357 7 « (20) 131357 7
(24) 559777

(26) 359777+ (32) 113577

(1)56411 1+ (2)60111

(2) 12 9 11 15 15 +— (4) 22 21 11 7
(2) 14 711 15 15

(11) 57111515 « (27) 17777
(12) 47 11 15 15

(15) 911 15 7 7 + (20) 14 13 11 7
(17) 7111577

(19) 915777 « (21) 1313 11 7
(23) 911777+ (24) 1013 11 7
(25) 713577

(27) 144577+ (43) 3577
(29) 59777« (33) 13577
(81) 113577+ (32) 14577
(33) 244111+ (34)28111
(43) 35733 « (45) 6653

(46) 45333 « (51) 6233

(47) 36233 « (48) 8333

(49) 84111« (50) 12111
(53) 44111+« (56) 1233

(55) * 1+ (58) 4111

T e
(30) 573577+« (3493577

(33) 22 %1+« (34) 244111
(41) 235733« (42) 36653
(44) 245333« (50)24333
(47) .43 33« (48) 36233
(49) 6 * 1 « (50) 84111

(63) 2% 1+ (54) 44111

(54) 1 * 1 « (56) * 1

(1)135915777

(1)25359777

(1) 531 %1 « (2) 54 * 1

(3)146 911777+« (4)20911777
(3)238129333+« (4)28113577
(7) 271245333

(11) 35915777« (18) 6911777
(13) 46911777+« (14) 6915777
(17) 9359777

(25) 3593577« (35) 1245333
(27) 3573577+« (290593577
(27) 71245333« (28) 1323577
(31) 5536653+« (33)936653
(33) 21 1 * 1 « (34) 22 * 1

(41) 131 %1 « (49) 124333

(47) 1124333« (48) ..4333
(49) 51 * 1 «+ (50) 6 * 1

(53) 11 %1+« (54) 2 %1

(9) 1247111515 « (16) 8911777

(19) 78129333+ (20) 12113577
(23) 111245333 + (25) 1736653
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(1)36247111515 + (2)25359777

(1)5211 %1« (2)531*1

(20935915777

(2148559777

(3) 24347111515« (4) 238129333

(6) 255536653

(7) 646911777+« (1446911777

(7) 183593577+« (8) 271245333

(13) 3510113577« (17) 51011357 7

(18) 93573577

(22) 95536653« (24)

(27) 47336653« (32) 5536653
)71245333

111245333

(27) 56336653« (28
(29) 36336653+« (30)6523577
(33)20 11 %1« (34)211%1

(35) 36245333+« (36)6235733
(39)81124333++ (48)1124333
(41) 1211 %1 « (42) 131 * 1

(47) 12344111+« (49)234411 1
(49) 411 %1« (50) 51 *1

(64, 10)

(1) .4347111515 « (2)3624 7111515

(1)1148559777
(1)48411 %1+ (2)5211 %1
(2)2095536653

(3)1483593577
(4)3646911777« (11)13111245333
(7)4246911 777+« (8) 646911777
(7)1193573577+« (8183593577
(11) 23510113577 « (14) 3510113577
(16) 453593577
(19556523577« (25)56523577
(26) 235536653« (28)47336653
(27) 356235733« (28)56336653
(29) 243336653« (30)36336653
(383)36.45333+« (34)56245333
(33) 16411 %1+ (34)2011*1

(35) ...35733+« (36) 36245333

(38) ...45333 <« (43) 62344111
(39)362344111+« (4081124333
(41) 8411 %1« (42) 1211 %1
(45)4411%1+ (48) 12344111

(A7) * * 1« (50) 4 11%*1

(1) 61 3

(3) 31 31

(27) 23 15

(31) 27 7 « (35) 31
(47) 11 7 « (51) 15
(59) 3 3

(63) 11 + (65) 1

(2) 29 27 7
(3) 30 29 3 « (4) 31 31

(26) 21 11 7

(27) 22 13 3 « (28) 23 15
(28) 23 7 7 + (34) 29 3
(31) 26 53 « (32) 27 7
(35) 14 13 3 «+ (36) 15 15
(44) 777 « (50) 13 3
(47) 10 5 3 « (48) 11 7
(51) 653 « (52) 77
(62) 111« (64) 11

65, 5)

(1) 272377
(3) 2927 33 « (4) 30293
(15) 9 11 15 15 « (21) 15 15 15
(17) 7 11 15 15

(25) 11157 7

(25) 19777

(26) 20 577 + (33) 273 3
(27) 21 11 3 3 « (28) 22 13 3
(31) 25333 « (32) 2653
(35) 13 11 3 3 < (36) 14 13 3
(42) 457 7 « (49) 11 3 3
(47) 5733« (52) 653
(47) 9333 « (48) 10 5 3
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(1) 10 9 15 15 15

(3) 12 9 11 15 15 + (5) 22 21 11 7
(3) 14 711 15 15

(3) 28 253 33 « (4) 2927 3 3
(12) 57 11 15 15 « (16) 9 11 15 15
(13) 4 7 11 15 15 < (18) 7 11 15 15
(21) 11 14 5 7 7 « (22) 1313 11 7
(24) 911777

(25) 714577 « (26) 11 157 7
(25) 18 35 7 7 + (32) 2533 3
(26) 713577 « (28) 17777
(27) 20 93 33 « (28) 21 11 33
(30) 59777« (34) 13577
(35) 129333 « (36) 1311 33
(41) 23577 « (48) 9333

(44) 35733 « (49) 8333

(45) 47333 « (46) 6653

(47) 45333 « (48) 5733

(51) 51233« (52) 6233

(1) 25 713577« (4) 12 9 11 15 15
(2) 1147 11 15 15 « (4) 14 7 11 15 15
(3) 9571115 15
(3)24209333« (42825333
(7) 28129333

(11) 24 711 15 15 « (14) 4 7 11 15 15
(13) 57111577+ (17) 911157 7
(15) 5915777« (21) 915777
(17) 9713577 « (18) 1017777
(19) 1159777 + (21) 1313577
(21) 7144577+« (22) 1114577
(23) 12129333 « (28) 209333
(25) 559777+« (26) 714577
(27) 359777+ (29) 144577
(27) 8129333 « (36) 129333
(81) 573577+ (35) 93577
(39) 336653+« (43) 36653
(42) 235733+ (48) 45333
(45) 245333 ¢+ (46) 47333
(51) 344111+« (52)51233
(55) 1% 1 « (57) * 1

(1) 1024711 15 15
(1)24559777« (2)25713577
(2135915777
(3)221736653 « (4) 24209333
(4)146911 777

(5) 624711 15 15

(7) 26936653« (8) 28129333
(10) 1247111515 « (12) 24 7 11 15 15
(12) 35915777« (16) 5915777
(17) 8559777+« (18) 9713577
(18) 9359777« (2001159777
(19) 8359777« (22) 7144577
(20) 78129333« (26) 1736653
(23) 10936653« (24) 12129333
(26) 3593577« (34) 936653
(27) 6936653« (28) 8129333
(28) 3573577+« (32)573577
(33) 6336653+« (40) 336653
(35) 10245333« (36) 1245333
(39) 6245333+« (46) 245333
(54) 11 %1 « (56) 1 * 1

(1)51089 11777+ (2) 1024711 15 15
(1)1020573577
(1)179359777++ (2)24559777
(3)935915777

(3)148559777
(3)21111245333« (4)221736653
(4)24347111515 « (9) 271245333
(5) 51247111515 « (6) 624711 15 15
(7) 255536653+« (826936653
(13) 48559777+« (188559777
(17) 46359777+« (18) 510113577
(18) 45359777+« (20)8359777
(18) 83593577+ (25) 111245333
(19)93573577+«+ (33)5536653
(23) 95536653+« (24) 10936653
(27) 36523577« (28) 6936653
(31) 56235733+« (37)6235733
(33) 36235733+« (34) 6336653
(35) 7131 %1« (36) 10245333
(37)6.45333« (43) 131 * 1
(39)4.45333+« (40) 6245333

(3) 63
(59) 7
(63) 3 « (67)
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(2) 61 3

(3) 62 1 + (4) 63
(35) 30 1 « (36) 31
(51) 14 1 « (52) 15
(58) 5 3

(59) 6 1 + (60) 7
(60) 3 3 + (66) 1
(63) 21 « (64) 3

(1) 27 23 15
(1) 59 3 3
(3) 29 27 7 « (5) 31 31

(3) 61 11 « (4) 62 1
(25) 11 15 15

(27) 21 11 7 « (29) 23 15
(29) 2377 « (33) 27 7
(35) 13 11 7 « (37) 15 15
(35) 29 1 1 + (36) 30 1
(45) 777 « (49) 11 7
(A7) 577« (53) 77
(51) 1311 « (52) 14 1
(57) 333

(58) 233« (65) 11
(59) 51 1 « (60) 6 1
(63) 111« (64) 21

(1) 26 21 11 7 + (2) 27 23 15
(2) 272377« (4) 29277
(3) 60111+« (4) 6111

(21) 14 13 11 7 « (22) 15 15 15
(25) 10 13 11 7 « (26) 11 15 15
(26) 19777 « (28) 21 11 7
(27) 20577 + (30) 237 7
(33) 14577 « (36) 1311 7
(35)28 111 « (36) 2911
(43) 4577 « (46) 777

(44) 357 7 + (48) 577

(51) 12111 « (52) 131 1
(57) 1233« (64) 111

(59) 4111 « (60) 51 1

(66, 6)

(1) 2519777 « (2) 2621 11 7
(2) 10 9 15 15 15
(3)564 111« (460111

(13) 57 11 15 15 « (17) 9 11 15 15
(15) 713 13 11 7 « (22) 14 13 11 7
(19) 7111577

(25) 911 777 « (26) 10 13 11 7
(26) 18 357 7 « (28) 20577
(27) 713577 « (29) 17777
(81) 59777« (35) 13577
(33) 113577 « (34) 14577
(35) 244111+« (36) 28111
(42) 23577« (44) 4577

(45) 35733« (49)5733

(49) 36233 « (50) 8333

(51) 24333« (53)6233

(51) 84111« (52) 12111

(55) 44111+« (60)4111

(1) 6 11 7 11 15 15

(3) 114 711 15 15 « (5) 14 7 11 15 15
(3)54*% 1« (4)564111

(4) 9571115 15

(5)20911777

(5) 28113577

(14) 57111577 « (19) 101777 7
(15) 6915777 + (16) 713 13 11 7
(17) 8911777+« (18) 911157 7
(19) 6911777+« (20) 711157 7
(21) 12113577 « (22) 1313577
(26) 559777+« (28) 713577
(28)359777+«+ (32)59777
(29) 1323577« (30) 144577
(30) 593577+ (36)93577
(35) 22 %1+ (36) 244111

(43) 235733+ (44) 36653
(49) ..4333 + (50) 36233

(50) 124333+ (52)24333
(1) 6% 1+ (52) 84111

(52) 344111« (58) *1

(55) 2% 1+« (56) 44111
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(66, 8)

(1) 57571115 15

(1) 128915777 « (4) 1147 11 15 15
(3135915777
(3)253597 77+« (188911777
(3) 531 %1 « (4) 54 * 1

(5) 146911777+« (6)20911777
(5) 238129333+« (6)28113577
(11) 1247111515 « (13) 24 7 11 15 15
(13) 35915777« (17) 5915777
(15) 46911777« (16) 6915777
(19)93597 77+« (21) 1159777
(21) 78129333 + (22) 12113577
(27) 3593577 « (29) 8129333
(29) 3573577+« (33)573577
(29) 71245333+ (30) 1323577
(31) 6523577« (37) 1245333
(35) 21 1 * 1 « (36) 22 * 1

(49) 1124333« (50)..4333

(50) 2344111+« (57)1%*1

(1) 51 %1 « (52) 6 * 1

(55) 11 %1« (56) 2 * 1

(1) 597

(3) 61 3 + (5) 63
(35) 29 3 « (37) 31
(51) 13 3 « (53) 15
(59) 53 « (61) 7
(61) 33 + (65) 3

(1) 58 53 « (2) 59 7

(2) 59 33 « (4) 613

(5) 30 29 3 « (6) 31 31
(29) 22 13 3 « (30) 23 15
(33) 26 53 + (34) 27 7
(34) 27 3 3 + (36) 29 3
(37) 14 13 3 « (38) 15 15
(49) 10 5 3 + (50) 11 7
(50) 11 3 3 + (52) 13 3
(53) 653« (54) 77
(58) 333 « (60) 53
(59) 233 « (62) 33

(67, 5)

(1) 57333 « (2) 5853
(3)272377 « (5)29277
(5) 29 27 3 3 « (6) 30 29 3
(6) 2221 11 7
(19) 7 11 15 15

(23) 1313 11 7

(27) 11157 7 « (37) 13 11 7
(27) 19777 « (29) 21 11 7
(29) 21 11 3 3 « (30) 22 13 3
(33) 25333 « (34) 2653
(37) 13 11 3 3 + (38) 14 13 3
(45) 357 7 « (49) 577
(47) 6 6 53 « (54) 6 5 3
(49) 9333 « (50) 10 5 3
(58) 1233+« (60)233

(2) 2519777« (4) 272377
(3) 10 9 15 15 15

(5) 12 9 11 15 15

(5) 28 25 3 3 3 < (6) 29 27 3 3
(14) 57 11 15 15 < (18) 9 11 15 15
(15) 4 7 11 15 15 < (20) 7 11 15 15
(22) 915777

(23) 11145 77 « (24) 1313 11 7
(26) 911 777« (30) 17777
(27) 714577 « (28) 111577
(27) 18 357 7 « (29) 205 7 7
(29) 20 933 3 « (30) 21 11 3 3
(34) 113577 « (36) 13577
(37) 129333 « (38) 1311 33
(43) 23577« (45) 4577

(46) 35733 « (51) 8333

(47) 47333« (48)665 3

(49) 45333 « (50) 5733

(53) 51233« (54)6233
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(1)197111577

(2) 6 11 7 11 15 15

(325713577

() 957111515 « (19) 911157 7
(5) 24 20 9333 + (6) 28 253 3 3
(9) 28129333« (16) 4711 15 15
(15) 57111577 « (17) 713 13 11 7
(19) 9713577+« (20) 1017777
(2006911777

(23) 7144577 « (24) 1114577
(25) 12129333 « (28) 18357 7
(27) 559777+ (28) 714577
(27) 1736 653 + (30) 20933 3
(29) 359777+ (33)59777
(81) 593577+ (37) 93577
(35) 936653+« (38) 129333
(41) 336653 « (44) 23577
(44) 235733« (50) 45333
(47) 245333« (48) 47333
(51) 124333+« (53)24333
(53) 344111+« (54)51233

(68, 2)

(67) 1 « (69)

(68, 3)

(5) 62 1 + (6) 63
(37) 30 1 « (38) 31
(53) 14 1 « (54) 15
(61) 61 « (62) 7
(65) 21 + (66) 3
(66) 11+ (68) 1

(68,4)

(3) 27 23 15

(3) 5933 « (5) 613
(5) 61 11 « (6) 62 1
(23) 15 15 15 + (39) 15 15
(27) 11 15 15

(31) 237 7 + (35) 27 7
(35) 27 3 3 + (37) 29 3
(37) 29 1 1 + (38) 30 1
A7) 777« (51) 11 7
(51) 11 3 3 « (53) 13 3
(53) 13 11 « (54) 14 1
(59) 333 « (61) 53
(61) 511 « (62) 6 1
(65) 111 « (66) 21

(68, 5)

(2) 57333 « (4) 5933

(3) 26 21 11 7 « (4) 27 23 15
(5) 60111« (6)6111

(7) 222111 7

(23) 14 13 11 7 « (24) 15 15 15
(27) 10 13 11 7 « (28) 11 15 15
(28) 19777 « (32) 2377
(34) 25 333 « (36) 273 3
(35) 14577+ (48) 777
(37)28 111 + (38) 2911
(46) 357 7 « (50) 57 7

(50) 9333« (52) 1133
(53) 12111 « (54) 131 1
(59) 1233+« (61)233

(61) 4111+« (62) 51 1

(1) 19 7 11 15 15

(1) 231313117

(3) 2519777 « (4) 2621117
(4) 10 9 15 15 15
(5)564 111« (6)60111

(6) 129 11 15 15 « (8) 22 21 11 7
(6) 14 7 11 15 15

(15) 57 11 15 15 « (19) 9 11 15 15
(21) 7111577

(23) 915777 + (25) 131311 7
(23) 1313577 + (30)2057 7
(27) 911 777 « (28) 1013 11 7
(29) 713577+ (37) 13577
(31) 144577 « (46) 4577
(35) 113577 « (36) 14577
(37) 244111+« (38) 28111
(45) 36653 « (51) 5733
(47) 35733 « (49)6 65 3
(51) 36233« (52) 8333
(653) 84111« (54) 12111
(57) 44111« (60) 1233
(59) * 1+ (62) 4111

(3) 59 7

(7) 31 31

(31) 23 15 « (39) 31
(55) 7 7

(63) 33 + (67) 3
(67) 11 + (69) 1
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(3) 5853 « (4) 597

(6) 29 27 7

(7) 30 29 3 + (8) 31 31
(30) 21 11 7 + (38) 29 3
(31) 22 13 3 « (32) 23 15
(35) 26 5 3 + (36) 27 7
(38) 1311 7

(39) 14 13 3 + (40) 15 15
(51) 10 5 3 « (52) 11 7
(55) 653 + (56) 77
(60) 333 + (64) 33
(66) 111« (68) 11

(1) 27 11 15 15

(3) 57333« (4) 5853

(5) 272377

(7) 292733 « (8) 3029 3
(21) 7 11 15 15

(24) 14 13 11 7 « (37) 273 3
(29) 11157 7

(29) 19777 « (33) 2377
(Bl) 17777+ (49) 777
(31) 21 11 3 3 + (32) 22 13 3
(35) 2533 3 « (36) 26 5 3
(39) 13 11 3 3 + (40) 14 13 3
(47) 3577+« (51) 577
(51) 9333« (52) 1053
(55) 6233+« (62) 233

(1) 5577

(5) 27 23 15

(5) 59 3 3

(7) 29 27 7 + (9) 31 31
(7) 6111 « (8) 62 1
(25) 15 15 15 < (37) 27 7
(29) 11 15 15

(31) 21 11 7 « (33) 23 15
(39) 13 11 7 « (41) 15 15
(39) 29 1 1 + (40) 30 1
(53) 11 3 3

(55) 13 1 1 « (56) 14 1
(56) 653 « (69) 11
(61) 333 « (65) 33
(63) 51 1 « (64) 6 1
(67) 111« (68) 21

(70,2)

(7) 63
(55) 15
(63) 7 + (71)

(6) 61 3

(7) 62 1 + (8) 63
(39) 30 1 «+ (40) 31
(54) 13 3

(55) 14 1 « (56) 15
(62) 53 + (70) 1
(63) 61 « (64) 7
(67) 21 + (68) 3

(70, 3)
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