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ABSTRACT

This thesis concerns the study of a new invariant bilinear form B on the space of automorphic
forms of a split reductive group G over a global field. The form B is natural from the
viewpoint of the geometric Langlands program.

First, we study a certain reductive monoid M associated to a parabolic subgroup P of G.
The monoid M is used implicitly in the study of the geometry of Drinfeld’s compactifications
of the moduli stacks Bunp and Bung. We show that M is a retract of the affine closure of
the quasi-affine variety G /U, and we relate M to the Vinberg semigroup of G.

Second, we define the invariant bilinear form B over a function field using the asymptotics
maps defined in Bezrukavnikov—Kazhdan [10] and Sakellaridis—Venkatesh [60] using the ge-
ometry of the wonderful compactification of G. We show that B is related to the miraculous
duality functor studied by Drinfeld and Gaitsgory through the functions—sheaves dictionary.
In the proof, we use the work of Schieder [62], which concerns the singularities of Drinfeld’s
compactification of Bung. We then give an alternate definition of B, which extends to num-
ber fields, using the constant term operator and the inverse of the standard intertwining
operator. The form B defines an invertible operator L from the space of compactly sup-
ported automorphic forms to a new space of “pseudo-compactly” supported automorphic
forms. We give a formula for L™1 in terms of pseudo-Eisenstein series and constant term
operators which suggests that L1 is an analog of the Aubert—Zelevinsky involution.

Lastly, we study the Radon transform as an operator R : €4 — C_ from the space of
smooth K-finite functions on F™ \ {0} with bounded support to the space of smooth K-
finite functions on F*\ {0} supported away from a neighborhood of 0, where F' is a (possibly
Archimedean) local field. When n = 2, the Radon transform coincides with the standard
intertwining operator. We prove that R is an isomorphism and provide explicit formulas for

R™1. These formulas in turn give a formula for B over a number field when G' = SL(2).

viil



CHAPTER 1
REDUCTIVE MONOID ASSOCIATED TO A PARABOLIC
SUBGROUP

1.1 Introduction

1.1.1  Motivation

Let G be a connected reductive group over a perfect field k. Let U denote the unipotent
radical of a parabolic subgroup P of G. Grosshans proved in [36] that the homogeneous
space G/U is a quasi-affine variety and the algebra of regular functions k[G/U] is finitely
generated.

In [3], Arzhantsev and Timashev consider affine embeddings of G/U and give a detailed
description of the canonical embedding G /U < Spec k|G /U] under the assumption that the
characteristic of k is 0. They establish a bijection between these affine embeddings and
certain normal algebraic monoids with group of units equal to the Levi factor M = P/U.
In particular, the canonical embedding corresponds to the monoid M defined as the closure
of M in Spec k[G/U]. This construction, which we first learned from [5], defines an affine
algebraic monoid M in any characteristic. It is not a priori clear, however, whether the
monoid M is normal in positive characteristic.

One of the goals of this chapter is to show that M is a normal algebraic monoid with
group of units M in any characteristic, and to describe the combinatorial data it corresponds

to under the classification of normal reductive monoids in [56, Theorem 5.4].

Let G/U denote the spectrum of k[G/U]. Then G/U is an affine variety of finite type,
and it plays a prominent role in the definition of Drinfeld’s compactification Bun p of the
moduli stack of P-bundles over a smooth complete curve. Drinfeld’s compactification is used
to define the geometric Eisenstein series functors in [13]. As Baranovsky observes in [5, §6],

the monoid M is used implicitly when studying the stratification of Bun p- More specifically,
1



the closed subscheme Grj\} C Grjy of the affine Grassmannian (cf. [13, §6.2], [12, §1.6]) is
just (M(0O) N M(K))/M(O) inside M(K)/M(O), where O is a complete discrete valuation
ring with field of fractions K. The relative version of Grj\% becomes ﬂ{]‘\}, the positive part
of the Hecke stack (cf. [12, §1.8]).

The stack ZHJT/! is therefore the global model for the formal arc space of the embedding
M < M, as considered in [11, §2]. We hope that studying the properties of M will provide

- +
a better understanding of 3y,

If P~ is a parabolic subgroup opposite to P, then G/U is closely related to the more
symmetrically defined variety Xp = (G/U x G/U~)/(P N P~), which is also quasi-affine.
This variety Xp is called a boundary degeneration of G in [60] (when P is not a Borel
subgroup, Xp is an intermediate degeneration), and it is a central object in the geometric
proof of Bernstein’s Second Adjointness Theorem in the theory of p-adic groups given in
[10]. We note that this proof and the space Xp are closely related to the study of geometric
constant term (and Eisenstein series) functors in [24].

The boundary degeneration X p and its affine closure X p := Spec k[X p] may be recovered
from the Vinberg semigroup corresponding to G. The Vinberg semigroup G,y is used to
define the Drinfeld-Lafforgue compactification Bung (resp. the Drinfeld-Lafforgue-Vinberg
compactification VinBung) of the moduli stack Bung in [62]. As one might expect, the
positive part 9{]4\'4 of the Hecke stack appears in the stratification of Bung (resp. VinBung),
where P ranges over all conjugacy classes of parabolic subgroups, assuming that G is split.
In this chapter we attempt to explain the relations between M, m, Xp, and Gy, in hopes

that it will elucidate the geometry underlying the aforementioned stratifications.

In [59], Sakellaridis fixes a strictly convex cone in the Q-vector space spanned by the
coweights of a split maximal torus 7" in G in order to “expand power series” on the boundary
degeneration X p, under the assumption that the characteristic of k is 0. This cone is precisely
the dual of what we call the Renner cone of M. Thus the combinatorial description of M

provides a first step towards generalizing the results of [59] to arbitrary characteristic.

2



The description of M is also of interest in the study of those local unramified automorphic
L-functions associated to certain “basic functions” on M in the spirit of [11]. Such functions
are considered in Chapter 2 in relation to the asymptotics map! and inversion of intertwining
operators. The study of M, and more generally of the intermediate boundary degenerations

Xp, is needed in Chapter 2 to generalize the results of [27], which treats the case when

G = SL(2).

1.1.2 Contents

In §1.2, we recall the classification of normal reductive monoids proved by L. Renner. Given
a reductive group and certain combinatorial data (what we call a Renner cone), we construct

the associated normal algebraic monoid.

In §1.3, we define the normal reductive monoid M associated to a parabolic subgroup
P of G. The group of units of M is the Levi factor M of P. We first give a combinatorial
definition of M following Renner’s classification. We then show in §1.3.2 that this monoid
may be realized as a retract of G—/U, the spectrum of regular functions on the quasi-affine
variety G'//U. Lastly in §1.3.3 we describe M using the Tannakian formalism. This Tannakian

description shows how M is used implicitly in [13], [12].

In §1.4, we first recall the definition of the boundary degeneration X p associated to a pair
of opposite parabolics. We show that m is a retract (and hence a closed subscheme) of
Xp := Spec k[Xp]. Using the relation between the boundary degeneration and the Vinberg
semigroup of G (i.e., the enveloping semigroup of G), we give another definition of the

reductive monoid M using the existence of a certain idempotent in the Vinberg semigroup.

1. The asymptotics map, defined in [59, 60], coincides with the dual of the Bernstein map defined in [10].



1.1.8 Conventions

Let k be a perfect field of arbitrary characteristic. All schemes considered will be k-schemes.
For a scheme S, let k[S] denote the ring of regular functions I'(S, Og).
Fix an algebraic closure k of k, and let Gal(k/k) denote its Galois group. For a k-scheme

S, let ;. denote the base change S Xgpec ), Speck, and let k[S] := I'(Sj, Og;)-

The group G. Let G be a connected reductive group over k. Let 1" denote its abstract
Cartan? and W the corresponding Weyl group. We will denote by A (resp. A) the weight
(resp. coweight) lattice of T}, which is a Gal(k/k)-module.

The semigroup of dominant coweights (resp., weights) will be denoted by Ag (resp., by
AE) The set of vertices of the Dynkin diagram of G will be denoted by I'iy; for each ¢ € I'
there corresponds a simple coroot «; and a simple root &;. We denote the non-negative
integral span of the set of positive coroots (resp. roots) by Agos (resp. /\%OS). For \,u € A
we will write that A > g if A — g € A, and similarly for ]\%OS. Let wq denote the longest
element in the Weyl group of G.

Let P be a parabolic subgroup of G. Let U be its unipotent radical and M := P/U
the Levi factor. We use P to identify the abstract Cartan of M with T" and let Wy, C W
denote the corresponding Weyl group. There is a subdiagram I'j; C I'. We will denote by
Aﬁgs c AP AJJ\F4 o AL, >M, wé\/‘[ € Wy, ete. the corresponding objects for M.

Let Rep(G) denote the abelian category of finite-dimensional G-modules. This category

admits a forgetful functor to the abelian category of k-vector spaces. We define the functor
indg : Rep(P) — Rep(G)

as in [41, §1.3.3]. For a P-module V, the induced module ind]@(V) = (k[G) @, V)T is finite-

dimensional by properness of G/P. The functor indlc;,’v is right adjoint to the restriction

2. When G is quasi-split, the abstract Cartan is defined as B/Up for a Borel subgroup B. The definition
is canonical and does not depend on the choice of Borel subgroup. When G is not quasi-split, the abstract
Cartan is defined by Galois descent from the quasi-split case.

4



functor (cf. [41, Proposition 1.3.4]). We also denote by indg the corresponding functor
Rep(M) — Rep(G), where an M-module is considered as a P-module with trivial U-action.
To a dominant weight \ € /V\g one attaches the Weyl G-module A(N), the dual Weyl module

V(\), and the irreducible Gi-module L()) of highest weight A.

1.2 Recollections on normal reductive monoids

In this section we give a brief review of the classification of normal reductive monoids (i.e.,
normal, irreducible, affine algebraic monoids whose group of units is reductive), which is
proved in [56, Theorem 5.4] by L. Renner. In [56], the base field is assumed to be algebraically
closed, but the statements easily generalize to the case of a perfect base field by Galois
descent.

To keep notation consistent with the rest of the chapter, we consider a connected reductive

group M over k. Let T denote its abstract Cartan and W), the corresponding Weyl group.

1.2.1 Renner cones

We denote by A the weight lattice of Ty, (i.e., the lattice of characters). Let AQ .= AgQ,
which is a Q-vector space with a Gal(k/k)-action.

A Renner cone is a convex rational polyhedral cone in AQ that is stable under the actions
of Wy and Gal(k/k). As the name suggests, the theorem of L. Renner shows that normal
algebraic monoids with group of invertible elements M bijectively correspond to Renner
cones generating AQ as a vector space. The correspondence is as follows:

Let M be a reductive monoid with group of units M. Fix a Borel subgroup B C M i and
a Cartan subgroup (i.e., maximal torus) 7, sub ik C B, both defined over k. This gives an iden-
tification of Tsub,l} with the abstract Cartan Tj. Consider the cone ¢ c AR corresponding

by [45] to the closure of T 1 7 in Ml?:' The pairs (T, z, B) of a Cartan subgroup contained

in a Borel subgroup are all conjugate by M (k). Since M acts on M by conjugation, C does



not depend on the choice of (7, sub, k- B). The Weyl group of M acts on Tsub,fc through the
normalizer of T , 7 in M, so C' is preserved by the action of W), on AQ. The action of
Gal(k/k) on G, induces an action on the set of pairs (T, 7, B). Since C is canonically

defined independently of the choice of (Tsub i» B), the Galois action preserves C. Therefore
C'is a Renner cone, and it is the Renner cone corresponding to M.
Let C' ¢ AQ be a Renner cone. We will construct the corresponding normal reductive

monoid M. Let us choose a Cartan subgroup (i.e., maximal torus) Ty}, of M, defined over

k. The construction of M will not depend on this choice.

1.2.2  The monoid Ty,

The characters A form a basis of k[T]. Let R’ denote the subalgebra of k[T spanned by the
characters in C'N A. The choice of a Borel B € M i containing T , 7 gives an isomorphism
Tsub,l?: = Tj.. All such Borel subgroups are conjugate by the normalizer of Tsub,]—€ in My. The

subalgebra R’ is preserved by the action of the Weyl group on 7, so it defines a corresponding

subalgebra R C k[Ty,], which does not depend on the choice of a Borel subgroup.

Since C' is Galois stable, so is the subalgebra R. Set Ty}, := Spec(RGal(E/k)).

Lemma 1.2.1. (i) Ty, s a normal algebraic variety containing Ty, as a dense open sub-
variety.

(7i) Tgu1, has a (unique) monoidal structure extending the group structure on Tyyp,-

Proof. By Galois descent, it suffices to check the statements over k, and we have k[Ty.,] =
R. The submonoid C' N A is finitely generated and generates A as a group. Moreover
the submonoid is saturated (i.e., it is the intersection of a rational cone with the lattice).
Statement (i) follows from [45, Ch. 1, Thm. 1].

To prove statement (ii), one must show that the map k[Ty,,] = k[Tsun] ® k[Tgup,] sends
the subalgebra R to R® R. This is clear because R® k has a basis consisting of characters
of Tsub,l_c' O



1.2.3 The monoid M

We will define a normal algebraic monoid M with group of units M such that the closure
of Tyyp in M equals Typ,. The monoid M will be the spectrum of a certain subalgebra A of

the algebra of regular functions on M.

The algebra A. Let A denote the algebra of all f € k[M] such that for any mq,mg € M (k)
the function

t = f(mytmo)

belongs to the algebra R defined in §1.2.2. Since all Cartan subgroups of My are M(k)-

conjugate, A does not depend on the choice of the subgroup Ty, C M.

Proposition 1.2.2. (i) A is a sub-bialgebra of the Hopf algebra k[M].
(ii) The map M — Spec A is an open embedding.
(iii) A is an integrally closed domain.
(iv) The algebra A is finitely generated.
(v) The homomorphism A — k[Tyy| that takes a function to its restriction to Tyy, is

surjective.

Proof. All statements can be checked after base change to k, so we will assume that k is
algebraically closed.

Let A’ denote the subalgebra of k[M] generated by the matrix coefficients of a finite
collection of Weyl® M-modules whose highest weights belong to C'N /v\g and generate Ag as
a semigroup. The following properties of A’ are easy to check:

a) A’ C 4;

(

(a') if k has characteristic 0 then A’ = A;

(a’") the morphism M — Spec A’ is an open embedding;
(

b) the composition A’ < A — R is surjective;

3. One can also take dual Weyl modules.



(c) the algebra A’ is finitely generated.

The proof of statement (i) in the proposition is standard. Since A’ € A C k[M], property
(a”) implies statement (ii). Statement (iii) follows from the normality of M and the normality
part of Lemma 1.2.1(i). Statement (v) follows from (b).

Let A” denote the integral closure of A’ in the function field of M. Without any assump-
tions on the characteristic of k, we claim that A = A”. By (ii)-(iii), it suffices to check that A
is contained in the localization O of A” at any codimension 1 prime. Let K denote the field
of fractions of O, which is also the field of rational functions on M. Then the normalization
map Spec A” — Spec A" induces a map f’ : Spec O — Spec A’ with f/(Spec K) ¢ M. We

wish to lift f’ to a morphism f : Spec O — Spec A. Since

we can assume that f’(Spec K) C Ty, (K). Then the existence of f follows from (b), which
says that the closure of T} in Spec A maps isomorphically onto the closure of T} in

Spec A’. Therefore A = A”, and statement (iv) now follows. O

The algebraic monoid M. Now set M := Spec A.

By Proposition 1.2.2, M is a normal affine algebraic monoid equipped with an open
embedding M < M with dense image. By part (v) of the proposition, the closed embedding
Toub, < M extends to a closed embedding Ty, < M. By construction, the Renner cone
corresponding to M is C'.

Since M is an irreducible monoid and M is an open dense subgroup, M is necessarily
the group of units of M. The classification theorem of L. Renner ([56, Theorem 5.4]) says
that every normal algebraic monoid with group of units M is isomorphic to a monoid M of

the above form.



1.3 The monoid associated to a parabolic subgroup

Let P be a parabolic subgroup of G with Levi quotient M := P/U. We will define a canonical
normal reductive monoid M with group of units M. This monoid appears implicitly in
[13, 12], and it is explicitly considered in [3, §3.3] (in characteristic 0) and in [5, §6].

We identify the abstract Cartans of G and M as follows: for a Borel subgroup By; C My,

the subgroup B := By/U C G, is a Borel subgroup, and Tj, = B/Up = By /Up,,-

1.3.1 The Renner cone of M

We first give a combinatorial definition of M using Renner’s classification, recalled in §1.2,

by specifying the Renner cone C' C AQ.

The submonoid AI()]OS. Let ApUOS C A denote the non-negative integral span of the positive
coroots of G that are not coroots of M. The submonoid AI&OS is stable under the actions of
Wy and Gal(k/k) because M is defined over k.

Let G (resp. M) denote the Langlands dual group of G (resp. M) over C. Fix a maximal
torus and a Borel subgroup containing it in the split group G. Then we may consider M as
a Levi subgroup of G. Let 1ip denote the nilpotent Lie algebra corresponding to the positive
coroots of G that are not coroots of M. Then the symmetric algebra Sym(iip) is a locally

finite M-module by the adjoint action, and its set of weights equals AI[)]OS.
Lemma 1.3.1. Let A\, X € Aj, with A <pp N. If X € AP, then X € AT,

Proof. We have a decomposition of Sym(iip) into irreducible highest weight M-modules
Ly;(7). Therefore ) is a weight in L () for some v € AT, and all the weights of Ly (v)
lie in AF&OS. Since \ € A?\} and A <p; N <y v, we deduce that \ is also a weight of Ly ().

Therefore \ € AI[)]OS. O

Lemma 1.3.2. The subset A%OS C A is equal to the intersection ofw(A%OS) for allw € Wyy.
Consequently, AICI)]OS N (—Aj\r/[) = A%OS N (—AL).
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Proof. Observe that A%OS is Wj-stable and hence contained in w(AgOS) for all w € Wyy.
To prove containment in the other direction, let A € meWM w(A%OS). Replacing A by an
element in the same W) -orbit, we may assume that A € —A;\%. By assumption A € A%OS, SO
we can write A = A{ + Ao where Ay is a linear combination of a; for ¢ € I'j; and A9 € A%OS
is a linear combination of a; for j € T\ I'ps. Note that Ag € AI[)]OS N (—AJJ\%) and A >p7 Ao.
Then wé\/‘[)\g € AI()]OS N A]"i\'/[ and wé\/‘[/\ <y wé\/‘[)\g. Lemma 1.3.1 implies that wéw)\ € AI[)]OS,

and hence \ € A?]OS. One deduces the second statement of the lemma from the first because

S —AL satisfies A <7 wA for all w € Wy,. m

Remark 1.3.3. Lemma 1.3.2 implies that ApUOS N AL = wéw (A%OS) N AL. This submonoid of

A} is denoted by A, - in [13, §6.2.2, Proposition 6.2.3].

Lemma 1.3.4. The submonoid Wy - Ag C A is dual to ApUOS, i.e.,
Wy - ]\5 ={AeA|(\p)>0forall uc ApUOS}. (1.1)

Proof. Let (ApUOS)\/ equal the r.h.s. of (1.1), which is evidently Wy -stable. If we consider an
element in (A%OS)V N AL, then it pairs with positive coroots of M to non-negative integers
since the element is M-dominant, and it pairs with all other positive coroots of G to non-
negative integers by definition of the dual. Thus (Agos)v N /V\?\} = Ag, which implies that

(A%OS)V is the union of w(Ag) for all w € Wyy. O

Corollary 1.3.5. The submonoid W - [\g is saturated in A.

The Renner cone C. Set C' C AQ to be the convex rational polyhedral cone generated
by Wy - ]\Jé. Lemma 1.3.4 implies that C is preserved by the action of Gal(k/k), and

Corollary 1.3.5 says that C N A = W, - [\ZY

Definition of M. Set M to be the normal reductive monoid with Renner cone C con-

structed in Proposition 1.2.2. We will use this notation for the rest of the chapter.
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1.3.2  Relation to G/U

In this subsection, we show (see Corollary 1.3.10) that M is isomorphic to the monoid
constructed in [3, §3.3] and [5, §6]. First we recall some facts about the homogeneous space

G/U.

A scheme S is strongly quasi-affine if the canonical map S — Speck[S] is an open
embedding and k[S] is a finitely generated k-algebra.

F. D. Grosshans proved that the quotient variety G/U is strongly quasi-affine in [36].
Recall that G /U = Spec k[G /U], where k[G/U] is the subalgebra of right U-invariant regular

functions on G.

Weights of k[G//U]. The Levi factor M := P/U acts on G/U from the right. Therefore
we can consider k[G /U] as an M-module and ask what is the set of weights® of this module

with respect to the abstract Cartan of M.
Lemma 1.3.6. The set of weights of the M-module k|G /U] equals Wy - Ag c A.

Proof. We may assume that k is algebraically closed. Choose a Borel subgroup B contained
in P (so B/U is a Borel subgroup of M) and let Ty,;, C B be a maximal torus, which we
identify with its image in M. The weights of k[G /U] are the Tg,-eigenvalues with respect
to right translations. Let k[G /U], ¥ € A, denote a weight space.
Note that k[G/U]5 is a G-module by left translation. Let B~ denote the opposite Borel
subgroup so that BN B~ = sub~ By unipotence of Up, we deduce that 7 is a weight of
k|G /U] if and only if k[G/U ] # 0. Hence we are reduced to studying the weight spaces

of k[G/U ] B. By considering the T-action by left translation, we have decompositions

KUZ\G) = €D V(N KUZ\GIY @vx

+ +
)\EAG )\EAG

4. Let V be an M-module over k. Choose a Borel subgroup By C My, and a Cartan subgroup 7y,  C
By, which is isomorphic to Ty, = Ba/Ug,,. We say that the set of weights of V' is the set of Ty, z-
eigenvalues of V @ k. This set does not depend on the choice of (1 sub.k» Bar), so it can be considered as a
subset of A, which is preserved by Wy, and Gal(k/k).
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where U acts by right translation. Since Ug P is dense in G, the restriction from G to P
gives an injection

VWY = Vi (h),

where V() is the dual Weyl M-module.

We now prove the ‘only if” direction of the lemma. Suppose that ¥ is a weight of k|G /U].
Then 5 must be a weight of Vj7(\) for some \ € AJCE. There exists w € W), such that
w(y) € /V\X/[. Since the set of weights of V() is Wy -stable, w(%) is also a weight. Hence
w(¥) <pr A Since (@, ) <0 fori€Tyr,5 € Lg\ Ty, we deduce that w(¥y) € AE This
proves the ‘only if’ direction of the lemma.

Conversely, suppose ¥ is a weight such that w(¥) € AE for some w € Wjs. Then
A := w(¥) is the highest weight in V(A\)V. Since the set of weights of an M-module is

Wy s-stable, we conclude that ¥ is a weight of k[G/U]. O

Corollary 1.3.7. For any G-module V', the weights of the M-module VU are a subset of
W - AL
Proof. Any finite dimensional G-module V' is a submodule of a direct sum of regular repre-

sentations k[G], so the weights of VU are a subset of the weights of k[G/U]. O

The closure of M in G/U. The subgroup P C G induces a closed embedding
M = PJU < G/JU, (1.2)

i.e., we embed M in G/U by the right M-action on 1 € G. Then the closure of M in G/U
has the structure of an irreducible algebraic monoid®, and the right action of M on G /U
extends to an action of this monoid on G/U. We claim that the normalization of this monoid

is isomorphic to the monoid M.

Lemma 1.3.8. The embedding (1.2) extends to a finite map M — G/U.

5. This monoid is denoted by My in [5, §6].
12



Proof. Let Ty, be a Cartan subgroup of M and embed Ty, < G /U using (1.2). Let Ty,
denote the closure of Ty, in G/U. By the classification of normal reductive monoids in [56,
Theorem 5.4], it suffices to show that the cone corresponding by [45] to Ty, is the Renner
cone C' of M.

By definition, Ty, is the spectrum of the image of the restriction map k[G/U] — k[Tyyp).
This map is equivariant with respect to right translations by Ty}, so k[Tyy},] decomposes
into weight spaces. Let 4 be a weight of k[G/U]. By left translation by G, one can find
f € k[G/U]5 such that f(1) = 1. Therefore the weights of k[Ty,},] coincide with the weights

of k[G/U], and the claim follows from Lemma 1.3.6. O

Fix a parabolic subgroup P~ C G opposite to P. For the rest of this section we will

identify M with the Levi subgroup PN P~.

Theorem 1.3.9. The composition
M — G/U — Speck[G]V >V

is an isomorphism, where U~ x U acts on k|G| by left and right translations, respectively.
Note that Spec k[G]Y * U is the affine GIT quotient of G/U by the left action of U™ C G.

Corollary 1.3.10. The (unique) map M — G /U extending the embedding (1.2) is a retract.

In particular, it 1s a closed embedding.

Proof. The fact that M is a retract of G/U follows immediately from the isomorphism in
Theorem 1.3.9. To prove that it is a closed subscheme, it suffices to show that the algebra map

k[G /U] — k[M] is surjective. The theorem implies that the subalgebra k[G]Y™ XV c k[G/U]

surjects onto k[M]. O

For the purpose of proving Theorem 1.3.9, let M = Spec k:[G]Uﬁ *U_ The actions of M
on G by left and right translations induce M-actions on M. We have a canonical M x M

equivariant map G — M.
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Lemma 1.3.11. The composition M — G — M is an open embedding.

Proof. We may check the assertion after base change to k, so we assume k is algebraically
closed. Choose Borel subgroups B C P and B~ C P~ such that Ty, :==BNB~ C M is a
maximal torus. Let

T = Spec k[G)Vs ¥ UB.

Since k[G] UB has a decomposition into dual Weyl G-modules, one deduces that k[T ] has a
basis formed by f5 for A € A, where f3(t) = A(t), t € Tyyp,. From this explicit description,
one sees that 7' is a toric variety containing Ty}, as a dense open subscheme.

Consider the composition G — M — T and let é’ C G denote the preimage of Ty, C 7.
Then the preimage of Ty, in M, which we denote ]\94 , is equal to Spec k[(OJ]U_ xU_ Observe
that BB = Up X Ty, x Up is an open affine subset contained in é Let us show that
Co; = B~ B. By definition, COJ consists of g € G such that f;\(g) # 0 for all dominant weights
A. By the Bruhat decomposition, it suffices to show that if w belongs to the normalizer of
Tsun but not to Ty, (i.e., w corresponds to a nontrivial element of W), then there exists
A with fi(w) = 0. Indeed, for a dominant regular weight A we have wA # A. Thus
the left and right T-actions on w™! f;\ do not have the same weight, which implies that
fi(w) = (™ f)(1) = 0.

Let Byy = B/U = BN M and By, = B~ /U~ = B~ N M. From the equality CO¥ =
Up X Tgup x Up we deduce that ]\94 = UB?M X Tsup X Up,, is an open dense subset of both

M and M. Using left (or right) translations by M, we deduce that the whole group M is an

open subset of M. O

The field of rational functions on M is contained in® the field of invariants k(G)Y *U.
Thus normality of G implies normality of M. Therefore Lemma 1.3.11 implies that M is a

normal reductive monoid with group of units M.

6. In fact one can show that the fraction field of k[G]Y XV is equal to k(G)Y" *U: given f € k(G)Y * Y,
consider the vector space of denominators h € k[G] such that hf € k[G]. This is a U x U~ -module, so there

must exist an invariant element h. Then hf € k[G]Y < Y.
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Proof of Theorem 1.53.9. Let T}, be a Cartan subgroup of M C G. Since M is a normal
reductive monoid with group of units M, it is determined by the closure of Ty}, in M, which

is the spectrum of the algebra
R:=Im(k[G)Y XU = k[Tyu).

By unipotence of U™, the algebra R is the image of the restriction map k[G/U] — k[Tyup)-
Therefore Spec R is the closure of Ty, in G/U. By the proof of Lemma 1.3.8, this is also the
closure of Ty, in M. Since M and M are both normal algebraic monoids with unit group
M, the classification of normal reductive monoids ([56, Theorem 5.4]) implies that the map

M — M is an isomorphism. O

1.8.8 Tannakian description of M

Let Rep(M) denote the monoidal category of finite-dimensional representations of M. Sim-
ilarly, one has the monoidal category Rep(M). Since M is schematically dense in M, the
monoidal functor

Rep(M) — Rep(M)

corresponding to M < M is fully faithful. So we can consider Rep(M) as a full subcategory
of Rep(M).
The usual Tannakian formalism describes M in terms of Rep(M). Namely, for a test

scheme S, an element of the monoid Hom(S, M) is a collection of assignments
V € Rep(M) ~» myr € Endg (V ® Og),

compatible with morphisms V| — V4 in Rep(M) and such that My, o7, = My, @My,
The multiplication in Hom(S, M) corresponds to the multiplication in Endg S (V®0g).

Our goal is to prove Proposition 1.3.13 below, which describes the subcategory Rep(M).
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Description of Rep(M). Fix a parabolic subgroup P~ C G opposite to P, and identify
the Levi subgroup PN P~ with M.

For an M-module V, we consider an element f € indg_(V) as a regular map G — V
(cf. [41, §1.3.3]) satisfying f(gma) = m~Lf(g) for all k-points g € G,m € M,@ € U~. Using

this description, evaluation at 1 in G defines an M-morphism ind]GD, (V)= V.

Lemma 1.3.12. Let V € Rep(M). Then evaluation at 1 induces an isomorphism
ind_(V)V = V. (1.3)

Proof. Since UP™ is a dense open subset of G, the map (1.3) is injective. Let v € V.
Then we can define a morphism f : Ux M x U~ = UP~™ — V by f(uma) = m™ v for
meM,uecU, aeU". Forany £ € V", the pairing (&, fluma)) = (€, m 1) extends to

UxU~ by

a regular function in k[G] Theorem 1.3.9. Therefore f extends to a U-invariant

function in indg, (V), proving surjectivity of (1.3). O

Proposition 1.3.13. Let V € Rep(M). Then the following are equivalent:
(i) V belongs to Rep(M).
(ii) The weights of V lie in Wy - Ag c A.
(iii) There exists V € Rep(G) such that V = VU,

Proof. The equivalence of (i) and (ii) follows from the definition of M. Corollary 1.3.7 proves
(ili) implies (ii). Lemma 1.3.12 shows that (i) implies (iii) by setting V = indg, (V), which

is a finite-dimensional G-module. OJ

Remark 1.3.14. Suppose that k is algebraically closed. One can deduce from Lemma 1.3.12
that V(\)Y is isomorphic to the dual Weyl M-module V;(A). By [41, Remark 11.2.11],
the subspace V(;\)U also equals the sum of the weight spaces of V(\) with weights <; A.
Dually, one sees that the sum of the weight spaces of A(\) with weights <j; A is isomorphic

to A(N)y—, which is in turn isomorphic to the Weyl M-module A7 (}).
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Remark 1.3.15. Let O be a complete discrete valuation ring with field of fractions K and
residue field k. By Proposition 1.3.13(iii) and the usual Tannakian formalism, one observes
that the closed subscheme Grﬂ C Gryy = M(K)/M(O) defined in [13, §6.2], [12, §1.6] is
equal to the subspace (M(O) N M(K))/M(O).

1.4 Relation to boundary degenerations

Let P and P~ be a pair of opposite parabolic subgroups in G. We identify the Levi subgroup
PN P~ with the Levi factor M = P/U. Let M be the normal reductive monoid with group
of units M defined in §1.3.

In this section we will show that G /U embeds as a closed subscheme in the affine closure
of the boundary degeneration defined in [10, 60, 59]. We will also describe the relation
between the boundary degeneration and the Vinberg semigroup (i.e., enveloping semigroup)
of G. This will give an alternate description of M as a subscheme of the Vinberg semigroup,

using idempotents.

1.4.1 Boundary degenerations

Define the boundary degeneration
Xp=(GxQ)/(PxP")=(G/UxG/U)/(PNP7),
M

where PN P~ acts diagonally on the right. It is known that Xp is quasi-affine (cf. [24, Propo-
sition 2.4.4]), and k[Xp]| is finitely generated by [36] and Hilbert’s theorem on invariants.

Therefore Xp is strongly quasi-affine.

Remark 1.4.1. The group G x GG acts on Xp by left translations. Suppose that k is alge-
braically closed and choose a pair B, B~ of opposite Borel subgroups contained in P, P~
respectively. Then the orbit of B~ x B acting on (1,1) € Xp is a dense open subset. There-

fore Xp is a spherical variety with respect to G x G.
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Let Xp = Spec k[Xp]. Since Xp is strongly quasi-affine, Xp is affine of finite type and
the canonical embedding Xp < Xp is open.
Note that Xp is the affine GIT quotient of G/U x G/U~ by the diagonal right M-action,

but it is not the stack quotient (cf. [65, Tag 044Q)] for the definition of quotient stacks).

Consider the map of strongly quasi-affine varieties
G/U—-Xp:gw(g,1). (1.4)

The base change of (1.4) under the smooth cover G x G — Xp gives the natural closed
embedding G x P~ < G x G. Therefore (1.4) is also a closed embedding.

The composition G/U — Xp < Xp induces a map
G/U — Xp. (1.5)

In characteristic 0, one easily deduces from [3, Proposition 5] that (1.5) is a closed embedding.
In positive characteristic, this is not a priori clear, but the following theorem shows it is still

true:

Theorem 1.4.2. The map (1.5) is a closed embedding, and the composition
G/U — Xp — Spec k[XP]U

is an isomorphism, where U C G acts on Xp by left translations in the second coordinate.

Proof. Observe that k[Xp|V = (k[G/U] @ k[G]V *U )M where M acts diagonally by right
translations. Using the inversion operator on G in the second coordinate, we get k[Xp|V =
(k[G/U] @ k[M])™ where k[M] = k[G]Y *U by Theorem 1.3.9 and M acts anti-diagonally

on the right. Since M is dense in M, the evaluation at 1 € M gives an injection

(k[G/U @ k[M)M — k[G/U).
18



On the other hand, M is the closure of M in G /U by Corollary 1.3.10. The right action of M
on G /U therefore extends to a right action of M on G/U, which corresponds to a comodule

map k[G/U] — (k[G/U] ® k[M])™. The composition
k[G/U] — (K[G/U) @ kMM — klG/U

is the identity, which proves that the composition G/U — Spec k[X p]U is an isomorphism.
It follows that the affine map (1.5) is a closed embedding. O
Corollary 1.4.3. Consider the embedding M — Xp defined as the composition of the
embeddings (1.2) and (1.4). The closure of M in Xp is isomorphic to M. The composition

M — Xp — Speck[Xp]Ui xU

s an isomorphism, where U~ x U C G x G acts on Xp by left translations.

Proof. Combine Theorems 1.3.9 and 1.4.2. [

1.4.2 Relation to Vinberg’s semigroup

Recall that k is an arbitrary perfect field.
We first give a brief review of the standard material on the Vinberg semigroup, which is
contained in [67, 58, 56].

Let Z(G) denote the center of G. Consider the group
Genn := (G X T)/Z(G),

where Z(G) maps to G x T anti-diagonally. Note that Z(Gepp) = T

The Vinberg semigroup of GG, denoted Gy, is a normal reductive k-monoid with group
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of units Gypp- The Renner cone of Gy, is by definition
MM, A9) € AR < AQ Ny —wh € APOSQ for all e Wi, 1.6
G

where /V\%OS’Q is the rational polyhedral cone generated by the positive roots of G. The
Vinberg semigroup may be constructed from the Renner cone as described in §1.2.
The canonical homomorphism of algebraic groups Gen, — Thq; := T/Z(G) extends to a

homomorphism of algebraic monoids

T Genh — Tadjv
o

where T,q; := tyq;j is the Cartan Lie algebra of the adjoint group. Let G,y denote the
[e]

non-degenerate locus of Gepy. It is known that Gepy, is smooth over T,g;.

For a parabolic P with Levi factor M, let cp € T, 4; be the point defined by the condition
that ¢;(cp) = 1 for simple roots &;, i € I'ys, and &j(cp) = 0 for all other simple roots.
Note that cp is an idempotent with respect to the monoid structure on T;g;.

Let (Geph)cp denote the fiber of @ over cp. Note that by definition of cp, the center

Z(M) is the stabilizer of T acting on cp in Tyq;.

Fix a pair of opposite parabolic subgroups P and P~ , and identify M with the Levi
subgroup P N P~. Since conjugation by M fixes Z(M), the center of M can be embedded

as a subgroup of the abstract Cartan T'. Consider the anti-diagonal map
s: Z(M))Z(G) = (Z(M)xT)]Z(G) — (GxT)/Z(G) = Gepn,

defined by s(t) = (t71,t). Observe that Z(M)/Z(G) C T/Z(G) = T,qj coincides with the
subtorus {t € Tyq; | &;(t) = 1,1 € I'pr}. Let Z(M)/Z(G) denote the closure of Z(M)/Z(G)

in Tadj’
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Lemma 1.4.4. (i) The map s extends to a homomorphism

5:Z(M)/Z(G) = Genn

of algebraic monoids.

(i1) The composition 7 0§ is the natural inclusion Z(M)/Z(G) — Tyg;-

Proof. Since we know the composition 7 o s, it suffices to prove statement (i). We may
assume that k is algebraically closed.

The weight lattice of Z(M)/Z(G) is the free abelian group AZ(M)/Z(G) with basis con-
sisting of the simple roots &; for j € I'g \ I'ps. If A= >ier nid; for n; € Z, let pr(A) :=
Zj¢FM nja;. Let C denote the Renner cone (1.6) of Guyp,, and let Cyz := C' N (A x A). Fix
a Cartan subgroup Ty, C M and identify T, with T" by choosing a Borel. The map s

lands in (Tyyp, X T)/Z(G), so we have an induced map of weights (restricted to Cy):

Cz = Az z@) : (A, A2) = pr(da — Ar).

The image of this map is the non-negative span of the simple roots @, j ¢ I'ps. Statement

(i) follows. O

Remark 1.4.5. If k is algebraically closed, then the map s we have constructed factors through
[¢]

the section Tjq; — Gepp constructed in [24, Lemma D.5.2], which depends on a choice of

Borel subgroup and maximal torus of GG. In particular, 5 always lands in the non-degenerate

locus of the Vinberg semigroup for arbitrary k.

The idempotent ep. Observe that cp lies in the submonoid Z(M)/Z(G) C T,qj. Define

the idempotent

o

ep :=5(cp) € Gepn(k),

which satisfies m(ep) = cp. In [24, Appendix C], it is shown (by passing to an algebraic
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closure k) that

P={gecGlg-ep=ep-g-ep} and P ={geG|ep-g=ep-g-ep},

and the stabilizer of the P x P~ action on ep equals P x; P~. Note that if g € PN P,

then g-ep =ep-g-ep =ep-g. It follows that M is the centralizer of ep in G.

o

Remark 1.4.6. It is known that G - ep - G is equal to the non-degenerate locus (Gepp)e,, of

the fiber (cf. [24, Corollary D.5.4]). One deduces from the above that the G x G-action on

ep induces an isomorphism’

e}

(Genh>cp'

2

Xp:=(Gx G)/(P;[P_)

Remark 1.4.7. Suppose that k is algebraically closed. By a result of M. Putcha (cf. [56,
Theorem 4.5]) for general reductive monoids, any idempotent in the non-degenerate locus
of Gepp is G(k)-conjugate to ep for some parabolic P. Moreover, the choice of P and P~

determines this idempotent in its conjugacy class.

Relating M to the Vinberg semigroup. Consider the map

G — (Genh)cp cgrrep-g-ep. (1.7)

Since U - ep = ep - U~ = {ep}, this map is U~ X U-invariant. By Theorem 1.3.9, we have

an isomorphism M = Spec k[G]Y *U. Since (Gopp)ep is affine, the map (1.7) must factor

through a map

M — ep - (Genh)cp “ep. (1'8)

Observe that ep - (Gepp)cp - €p is an irreducible algebraic monoid with identity ep. The map

(1.8) is an extension of the homomorphism of algebraic monoids M — ep - (Gepn)ep - €p

7. In fact, we learned from S. Schieder that this induces an isomorphism of affine varieties Xp = (Genh)ep -
See Lemma A.3.2.
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sending m +— m - ep = ep - m. Therefore (1.8) must also be a homomorphism of algebraic

monoids.
Theorem 1.4.8. The homomorphism (1.8) is an isomorphism of algebraic monoids.

By the definition of (1.7), we see that the image of (1.8) contains ep - G - ep. Since the

latter map is a homomorphism of monoids, we deduce that the image contains ep-G-ep-G-ep.
[¢]

By Remark 1.4.6, we have G-ep-G = (Genn ) is dense in (Gepp)ep- Multiplying on the left

and right by ep, we deduce that (1.8) has dense image. On the other hand, the restriction

of (1.8) to M is injective. It follows that M - ep is a dense subgroup of ep - (Gepp)ep - €p-

Therefore M - ep must be equal to the group of units of ep - (Gepp)ep - €p-

We show that the monoid ep - (Gepp, )cp -€p is normal and then use Renner’s classification
of normal monoids to prove the theorem.
Consider the larger algebraic monoid ep -Gy, -ep with unit ep (where we do not restrict

to a fiber). The action of Z(Guyp) =T on ep - Gy, - ep induces an isomorphism

((ep - (Genh)ep -ep) X T)/Z(M) = ep - Gepy, - €p, (1.9)

so the two aforementioned monoids are closely related.
Since ep - Gy, - ep is the closed subscheme of the Vinberg semigroup fixed by left and
right multiplications by ep, it is a retract of Gy, in the category of schemes. The retraction

is given by the formula z — ep -z - ep.

Lemma 1.4.9. Let Y and S be integral affine schemes such that Y is a retract of S (i.e.,
there exist maps Y — S and S — Y such that their composition is the identity map on 'Y ).

If S is normal then so is Y .

Proof. Since Y is a retract of S, we have an inclusion of algebras k[Y] < k[S]|. The algebra

k[S] is integrally closed, so if Y denotes the normalization of Y in its field of fractions, then

the previous inclusion factors as k[Y] < k[Y] < Ek[S]. On the other hand the map Y — S
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induces an algebra map k[S] — k[Y] which restricts to the identity on k[Y]. Localization

implies that the composition kY] — k[Y] is injective and hence an isomorphism. O
Corollary 1.4.10. The algebraic monoid ep - Gapy, - €p 1S normal.

Proof. The Vinberg semigroup is normal by definition, and we have observed that ep -Gy, -

ep is a retract of G- O

Corollary 1.4.11. The algebraic monoid ep - (Gepp)cp - €p s normal.

Proof. We deduce from (1.9) that e p-Geyy,-ep is smooth locally isomorphic to (ep-(Geph)ep -

ep) X T. It follows from Corollary 1.4.10 and ascending and descending properties of nor-

mality that ep - (Gopp)cep - €p is normal. O

Proof of Theorem 1.4.8. By Corollary 1.4.11 we know that ep - (%)CP - ep is a normal
reductive monoid with group of units M -ep. Recall from §1.2 that normal reductive monoids
are classified by their Renner cones. Since M is also a normal reductive monoid with group
of units M, to prove the theorem it suffices to check that the Renner cones of M and
ep  (Gepn)e p - ep are equal. We may assume that £ is algebraically closed.

Fix a Cartan subgroup T,;, C M C G. Identify T, with the abstract Cartan 7" by
choosing a Borel subgroup. Consider the embedding Ty}, <+ Gepp, sending ¢ + t-ep and let
Teub - ep denote the closure of the image. Set Ty, := (Tuyp, X T)/Z(G), which is a Cartan
subgroup of Gy, and let Ty, denote its closure in Gy, By definition, ep lies in Ty, so

Tiub, = Gepn factors through the homomorphism of monoids
Tsap = Tepn it —t-ep (1.10)

Let C' ¢ AQ x AQ denote the Renner cone (1.6) of Gopp,. Recall that the weights in Cy :=
C N (A xA) form a basis of k[Toy]. Let (A1, A2) € Cy. Then Ay — A\ € AR®| so it may

be considered as a regular function on T;4;. Evaluating this function at cp gives a number
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(A2 — A)(cp), which is 1 if Ay — A € /V\IX;S and 0 otherwise. By the definition of ep, one

sees that the homomorphism (1.10) corresponds to the map of weights

OZ — A : (5\1, }\2) — (/\2 — )\1)(Cp) . )\1. (1.11)

The existence of the map (1.8) implies that the image of (1.11) must land in the Renner
cone of M, which is generated by the saturated submonoid Wy - AE. On the other hand,
for \ € /v\g and w € Wjy, one sees that (w),\) — wA. Thus the image of (1.11) equals

W - AL

Therefore the Renner cones of M and ep - (Genh)cp - ep are equal, which proves the

theorem. O
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CHAPTER 2
INVARIANT BILINEAR FORM DEFINED VIA
ASYMPTOTICS

2.1 Introduction

2.1.1 The goal of this chapter

In [27], an invariant symmetric bilinear form B is defined on the space of automorphic forms
for SL(2) over any global field. The goal of this chapter is to generalize the definition of B
and the corresponding theory to any split reductive group G over a function field. The study
of B is motivated by works [25, 30] on the geometric Langlands program. There is also a

significant connection between B and the theory of Eisenstein series, as evidenced by [27].

Let G be a split reductive group over F,. Let X be a geometrically connected smooth
projective curve over a finite field Fg, and let I be the field of rational functions on X. Let
A denote the adele ring of F'.

For any place v of F', the completion of F' with respect to v will be denoted F},. Let oy
denote the ring of integers of F},, with residue field Fg,. We denote the standard maximal
compact subgroup of G(F,) by K. Set K := [, Ky; this is a maximal compact subgroup
of G(A).

We fix a field E of characteristic 0. Unless specified otherwise, all functions will take
values in F.

Let A denote the space of K-finite C*° functions on G(A)/G(F'). Let A. C A denote

the subspace of functions with compact support.

In this chapter we define and study a G(A)-invariant symmetric bilinear form B on A..
(The definition of B is given in §2.4.1.) Fix a Haar measure on G(A). The form B is defined
as an alternating sum of invariant bilinear forms B p on A, where the sum ranges over the

conjugacy classes of parabolic subgroups of G. When P = @, the form B¢ is the naive
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pairing

Braive(f1. f2) = / f@) fa()de, fifo € A
G(8)/G(F)

The definition of B p was suggested by Y. Sakellaridis in a private communication, and it uses
the local asymptotics maps constructed in [10, 60] using the geometry of the De Concini—
Procesi wonderful compactification of G. The asymptotics map is defined in the more general
setting of harmonic analysis on spherical varieties in [60]. In [10], the asymptotics map is
used to give a geometric proof of Bernstein’s theorem on second adjointness. It is also shown
([10, Theorem 7.6]) that the asymptotics map is inverse to the standard (long) intertwining
operator in the classical representation theory of p-adic groups. Using this relationship, one
sees that the computation of the asymptotics of the characteristic function of K, (cf. [59, §6])

goes back to the classical non-Archimedean Gindikin—Karpelevich formula due to [48, 50].

In order to study the form B, we consider certain subspaces Cp 4 of the space of smooth
K-finite functions on G(A)/M(F)U(A), where P = MU is a standard parabolic subgroup
with Levi subgroup M and unipotent radical U. The spaces Cp 4 may be of independent
interest as they are defined with respect to the same rational cones and support conditions as
in the definition of Arthur’s truncation operator (cf. the definition of 7p in [2, §6]). In Propo-
sition 2.5.5, we prove that the standard intertwining operator extends to an isomorphism
Rp: prﬁ_ —Cp_.

Remark 2.1.1. We only consider the function field case in this chapter, but the reader may
check that the definition of B on K-invariant automorphic forms extends to the number
field case using the Archimedean Gindikin—Karpelevich formula. We hope to define B on the
whole space A, for an arbitrary global field F' by better understanding the local Archimedean

intertwining operator in the future.

27



2.1.2  Motivation from geometric Langlands

Let us explain the motivation for the existence of B from the geometric Langlands program.
Here we assume that the field £ equals Q, for a prime ¢ coprime to the characteristic of F.
A remarkable (-adic complex on Bung x Bung. Let Bung denote the stack of G-
bundles on X. Let A : Bungy — Bung X Bung be the diagonal morphism. We have the
(-adic complex A4(Qy) on Bung x Bung.

This complex is the f-adic analog of the complex of D-modules Ajwpyy,,, which plays
a crucial role in the theory of miraculous duality on Bung, which was developed in [25,
§4.5] and [30]. Assume for the moment that X is over a ground field k& of characteristic
0. Then miraculous duality gives an equivalence between the DG category of (complexes
of) D-modules on Bung; and its Lurie dual. Very roughly, the equivalence is defined as the
functor

Ps-Idgyp,,,1 : D-mod(Bung)co — D-mod(Bung)

given by the kernel Awp,y,, (Whereas the identity functor is given by the kernel Axwpyp,,)-
The fact that this functor is an equivalence is a highly nontrivial theorem [30, Theorem
0.2.4].

The function b. Given G-bundles 3’%;,3"%; € Bung(Fy), let b(H’é,H%) denote the trace
of the geometric Frobenius acting on the x-stalk of the complex A*(@g) over the point
(3%, 3%) € (Bung x Bung)(F,). Using results of [62], we deduce a formula for b in terms
of the asymptotics maps (see Theorem A.3.12).

Relation between B and b. The quotient K\G(A)/G(F') identifies with |[Bung(Fy)|, the
set of isomorphism classes of G-bundles on X. So the function b can be considered as a
function on (G(A)/G(F)) x(G(A)/G(F)). The following theorem is one of our main results.

The proof is given in §2.4.4.

Theorem 2.1.2. Let E = Qy for ¢ coprime to the characteristic of F. Normalize the Haar
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K

measure on G(A) so that K has measure 1. Then for any f1, fo € A2, one has
B(f1. f2) =/ b(91, 92) f1(91) f2(g2)dg1dga. (2.1)
(G xG)(A)/(GxG)(F)

By non-degeneracy of the naive pairing B, ,ive, defining the bilinear form B is equivalent

to defining an operator L : A, — A such that

3(flafZ):'Bnaive([/flafZL J1, fo € Ac.

Theorem 2.1.2 implies that the miraculous duality functor Ps-Idgyy,, 1 is a D-module analog

of the operator ¢~ MBUNG [ yig the functions sheaves dictionary.

2.1.3 Analog of the Aubert—Zelevinsky involution

In §2.6.6, we define a subspace Aps.c C A of “pseudo-compactly” supported functions using
the constant term operators and the spaces Cp_ . We prove that the operator L above
sends A¢ to Apsc, and the operator L : A. — Apsc is an isomorphism (Theorem 2.6.12).
The invertibility of L may be considered as a function-theoretic analog of the main result
(Theorem 0.2.4) of [30].

Moreover, we give an explicit formula
L7 =3 ()M Eisp o CTR)(f),  f € Apsee
P

for the inverse, where Eisp, CT p denote respectively, the (pseudo-)Eisenstein operator and

constant term operator. By considering Eisp, CTp as global analogs of the parabolic in-

duction functor and Jacquet functor, respectively, in the theory of smooth representations

of a p-adic group, one can view the formula for L™1 as an analog of the formula for the

Aubert—Zelevinsky involution on the Grothendieck group of smooth representations of finite

length (see Remark 2.6.13). This involution was first defined and studied for G = GL(n)
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by Zelevsinky [70] and later for general reductive groups by Aubert [4]. On Iwahori fixed
vectors, it also corresponds to the Iwahori-Matsumoto involution (cf. [44]). There is an anal-
ogous involution for representations of a finite Chevalley group, often called the Alvis—Curtis
involution, which was studied earlier in [1, 21].

The Aubert—Zelevinsky involution can be studied at the level of complexes. Such com-
plexes were considered in [22] for representations of a finite Chevalley group. For every

smooth representation M one can form a complex
0— M — @igrg(M) == iGrG (M) = 0
P
where ig,rg denote, respectively, the parabolic induction and Jacquet functors, and the
sum in the i-th term runs over standard parabolic subgroups of corank i in G. We call this
complex the Deligne-Lusztig complex associated to M and denote it by DL(M). Aubert
showed that for an irreducible module M, the complex DL(M) has cohomology in only one
degree, which implies that the Aubert—Zelevsinky involution sends irreducible modules to

irreducible modules (up to a sign). A new proof of this result was recently given in [9] using

asymptotics maps and the geometry of the wonderful compactification of G.

2.1.4 Structure of the chapter

General remark. In the main body of the article we work with classical functions on
G(Fyp) and G(A)/G(F'). These are, however, heavily motivated by geometric definitions and
results appearing in the geometric Langlands program. We review the relevant geometry in

Appendices A.1-A.3.

The main body of the chapter.
In Section 2.2, we study the asymptotics map and its relation to the intertwining op-
erator over a local non-Archimedean field. In order to elucidate the support conditions of

various functions, we give a combinatorial description of the bounded subsets of the boundary
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degenerations of G.

In Section 2.3, we compute the asymptotics of the characteristic function of K, by re-
ducing to the non-Archimedean Gindikin—Karpelevich formula using intertwining operators
on Ky-invariants. To do so, we extend the classical Satake isomorphism to an isomorphism

between certain completed Hecke algebras.

In Section 2.4, we define the bilinear form B. After giving a geometric interpretation of

the restriction of B to AX, we prove Theorem 2.1.2.

The definition of B we give differs slightly from the definition given in [27] for G = SL(2).
In our definition, we use local asymptotics (which is essentially equivalent to local inverse

intertwining operators) and then apply a local-to-global procedure.

In Section 2.5, we provide an alternate definition of B, which directly generalizes the
one in [27]. For a parabolic subgroup P with Levi factor M, we define subspaces Cp 4 of
the space of K-finite C°° functions on G(A)/M(F)U(A). The definitions are such that the
constant term operator CT p (whose definition we recall) sends A¢ to Cp _. The intertwining
operator Rp (which is of local nature) is defined as a map € P-4+ Cp _, and we show that
Rp is an isomorphism. Let (,) denote the natural pairing between functions in €p- (when

convergent). We prove the following in §2.5.6:

Theorem 2.1.3. For any fi, fo € A¢, one has

B(f1, fo) = Y (=) ZD(RLCT p(f1), CTp-(f2)), (2.2)
P

where the sum ranges over conjugacy classes of parabolic subgroups of G.

In Section 2.6, we use Theorem 2.1.3 to define the operator L : A. — A and the subspace
Aps-c C A of “pseudo-compactly” supported functions. We show that L sends A¢ to Aps-c,

and in Theorem 2.6.12 we prove that the operator L : Ac. — Apsc is invertible. We give a
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formula (2.53) for L1, which is in fact simpler than the formula for L. This formula may
be viewed as an analog of the definition of the Aubert—Zelevinsky involution.

Appendices A.1-A.3. In Appendix A.1, we consider the global model for the formal arc
space of a group embedding into an algebraic monoid. This model was also used in [11,
§2]. We realize the global model as a substack of a symmetrized version of the Hecke stack.
We give a bound on the difference of the Harder-Narasimhan coweights of the two bundles
corresponding to a point of the Hecke stack (Lemma A.1.7). In this article, we are primarily
interested in the stack ﬂ-C]‘\} attached to the monoid M, defined as the closure of M in the
affine closure of G /U, where P is a parabolic subgroup with Levi factor M. The stack J—C& is
a graded Ran version (in the sense of [29]) of the closed substack of the Hecke stack studied
in [13] and [12, §1.8]. The Hecke stack is a twisted product of Buny; and the Beilinson—
Drinfeld (factorizable) affine Grassmannian, and it is more convenient to use the latter to
talk about factorization properties. We briefly review the relevant notation and properties of
the factorizable affine Grassmannian — we use a symmetrized version that does not explicitly

mention the Ran space.

In Appendix A.2, we review the definition of the factorization algebras on the affine
Grassmannian introduced in [14, 29] that act on geometric Eisenstein series. The main goal
of this Appendix is to highlight the connection (via Grothendieck’s functions—sheaves dictio-
nary) between certain measures (related to unramified intertwining operators) appearing in
the classical non-Archimedean Gindikin—Karpelevich formula and Gaitsgory’s factorization
algebras (see Proposition A.2.4, Lemma A.2.5). From this perspective, we point out how the
main theorem of [12] may be interpreted as a categorical or geometric version of (Langlands’

interpretation of) the Gindikin-Karpelevich formula.

In Appendix A.3, we study the compactification of the diagonal morphism of Bung using
the results of [62]. The compactification Bung we define is slightly different from the one
found in the literature. We review the definition and relevant properties of the Drinfeld—

Lafforgue-Vinberg degeneration of Bung. In particular we highlight the connection between
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the geometric Bernstein asymptotics studied in loc. cit. and Gaitsgory’s factorization algebras
to deduce that for an arbitrary parabolic subgroup, the geometric Bernstein asymptotics
corresponds to the classical asymptotics of the characteristic function of K via the functions—

sheaves dictionary.

2.1.5 Conventions

Throughout the chapter, G will be a connected split reductive group over Fy. Fix a split
torus 7 C G and a Borel B containing 7. Let W be the Weyl group of 7. Let A (resp. A)
denote the weight (resp. coweight) lattice of T'.

The monoid of dominant weights (resp., coweights) will be denoted by /\g (resp., by
AJ(E) The set of vertices of the Dynkin diagram of G will be denoted by I'z; for each i € T'z
there corresponds a simple coroot «; and a simple root ¢;. The set of coroots (resp. positive
coroots) will be denoted by @ (resp. @g) and the positive span of <I>(+; inside A by A%OS.
Let Ag (resp. @5, @5, ®() denote the simple (resp. positive, negative, all) roots of G. By
2p € A (resp. 2p € A) we will denote the sum of the positive roots (coroots) of G' and by
wq the longest element in the Weyl group of G. For A\, u € A we will write that A > p if
A —p € AP and similarly for A%OS.

We will only consider parabolic subgroups that contain T". Let P be a standard! parabolic
subgroup, i.e., P contains B. Then the Levi quotient can be canonically realized as a
subgroup M C P. We have P = MU where U is the unipotent radical of P. There
is a unique parabolic P~ such that P N P~ = M. To M there corresponds a subdiagram
I'pr C ', coroots @5 C @, and positive coroots (IJL C @5. We will denote by AJJ\F/[ S AL,
AR})S C AP 2pas € A, >y, ete. the corresponding objects for M.

Let Rep(G) denote the abelian category of finite-dimensional G-modules.

Given two G-spaces Y, Z such that the diagonal action of G on Y x Z is free, we let

1. Recall that in any conjugacy class of parabolic subgroups of G, there is exactly one standard parabolic
subgroup.
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Y x& Z denote the quotient of Y x Z by the diagonal G-action.

For a scheme or stack Y, we let D(Y) denote the DG category of bounded constructible
Q-sheaves on Y. We will use ‘sheaf’ to mean a complex of sheaves. All functors between
sheaves are derived functors. When Y is a stack over SpecF,, we assume that ¢ is coprime
to ¢. Choose a square root of ¢ in Q, once and for all. The intersection cohomology sheaves

are normalized so that they are pure of weight 0. In other words, for a smooth Fg-stack Y

of dimension n, ICy = (@g(%)[l])(@"

2.2 Local intertwining operators and asymptotics

In this section, we work over a non-Archimedean local field F,, and G is a connected split
reductive group over F,. The subscript v is only present to keep notation consistent through-
out this article — the presence of a global field is not assumed, and the characteristic of F,

is arbitrary (and possibly zero).

Let ||, denote the absolute value on Fy, let o, denote the ring of integers of Fj,, and
let g, be the cardinality of the residue field. We will use G, P, Xp, etc. to also denote the
topological groups/spaces of Fj-points of the corresponding algebraic groups or varieties,
eg., G =G(F,), P=P(F,), Xp = Xp(Fy). Let K = K, denote the standard maximal

compact subgroup of GG, and Kj; denotes the standard maximal compact subgroup of M.

In §2.2.1-2.2.3, we define the space Xp and describe how to consider bounded subsets of
G /U and Xp in terms of subsets of the lattice A. In §2.2.4-2.2.7, we review some definitions
and results from [10] to introduce the local asymptotics map Asymp p, which is “essentially
the same” as the inverse of the standard intertwining operator. We observe that Asympp is
determined by a generalized function ép on Xp. In §2.2.5-2.2.8, we give a formula for the

inverse of the intertwining operator in terms of p.
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2.2.1 Bounded sets

Let X be a quasi-affine variety over Fj (i.e., there exists a locally closed embedding of X
into a finite dimensional affine space). We say that a subset S C X(Fy) is bounded if the
following equivalent conditions are satisfied:

(i) for any regular function f € F,[X] := I'(X|, Ox), the function |f|, is bounded on S,

(ii) for any locally closed embedding (in the sense of algebraic geometry) of X into an
affine space, the image of S is bounded (with respect to the norm induced by the absolute
value on Fy),

(iii) for any open embedding (in the sense of algebraic geometry) of X into an affine
variety, the image of S is relatively compact (for the “usual” topology induced by the topology
on Fy).

Recall that an Fj-scheme X is strongly quasi-affine if the canonical morphism
X — Spec F,[X]

is an open embedding and F,[X] is a finitely generated F-algebra. For a strongly quasi-affine

variety X, in condition (iii) it suffices to consider only the open embedding X — Spec F, [X].

2.2.2  The strongly quasi-affine varieties G/U and Xp

Fix a standard parabolic subgroup P C G with Levi subgroup M and unipotent radical U.
The quotient varieties G/U and G/U~ are strongly quasi-affine by [36]. Let G/U :=
Spec Fy|G /U] and G/U~ := Spec F,,[G/U~| denote the affine closures.

We review the definition of the variety Xp introduced in [10, §2.2.1] below.

Define the boundary degeneration
Xp:=(Gx G)/(PXZP*) =(G/UxG/U")/M,
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where M acts diagonally on the right. Recall (cf. [24, Proposition 2.4.4]) that Xp is a quasi-
affine variety; let Xp := Spec F,[Xp] denote the affine closure. By [36], F,[G/U x G /U]
is finitely generated. Therefore Hilbert’s theorem on invariants implies that F,[Xp] =
Fy[G/U x G/UIM is finitely generated (i.e., Xp is strongly quasi-affine). Thus a subset

S C Xp is bounded if and only if f(S) C F is bounded for every f € F},[Xp].

2.2.3 Combinatorial setup

We give a combinatorial description of bounded subsets of Xp in Proposition 2.2.2 below.

By the Cartan decomposition, K, \M /Ky = (T'/Kp)/Wps. We have an isomorphism
ordp : T/Kp — A
sending A(z) = A®(—log,, |7|y) where A € A, z € F*. This induces an isomorphism
ordps : Kp \M/Kp — A (2.3)

By the Iwasawa decomposition, G = K - P = K - P~. Therefore (2.3) induces the
projections

ordys : G/U — K\(G/U) /Ky = Ky \M/Kyr = A3, (2.4)

and ordys : G/U™ — A]"\Z. We have a left G x G-action on Xp. Using (2.3) again, we also

define the projection
ordy 1 Xp = (K x K)\Xp = Kp/\M/Ky; = AT, (2.5)

where the first equality sends (my,mg) — mflmg when my,mo € M.
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Lemma 2.2.1. Let g1 € G/U and go € G/U~. Consider the image of (g1, g2) in Xp. Then

wilordys (g1, 92) <ar ordar(g2) — ordas(g1) <ar ordas(g1, g2)-

Proof. Let A\ = ordys(g1), Aa = ordys(g2), and 6 = ordps(g1,92). It follows from the
definitions that O(wy) € Ky (wy) LK pAa(wy) Ky, where wy, € 0y is a uniformizer.
This is equivalent to A\o(wy) € KpasrAi(wy)Kp0(wy)Kyr. The usual properties of the
(spherical) Hecke algebra imply that Ao <j; Ay + 6. Similarly, we also have \j(wy) €

Ko (wy) K pr0(wy) ~ Ky, which implies that A\; <7 Ao — w6, O

Let AQ .= Q®z A. Let AIZ)GOS’Q c AR denote the rational cone corresponding to A%OS.
We define the rational ordering g‘g by g% Aif and only if A — p € A%OS’@.

Let AE’Q c AQ .= Q®7z A denote the rational cone corresponding to AE.

We say that a subset S C AQ is bounded below (with respect to §g) if the following
equivalent conditions are satisfied:

(i) For any \ € ]\JCS, the subset A\(S) C Q is bounded below.

(i) There exists a subset Sp € AQ with compact closure in R®z A such that S C
So + ARSQ,

Define S C Ag to be bounded above if —S is bounded below.

Proposition 2.2.2. A subset S C Xp is bounded if and only if ordp;(S) C AJJ\F{[ is bounded

above.

Proof. Consider the embedding T < Xp : t +— (¢,1) and let T denote the closure of T in
Xp. Let Sp C T denote the preimage of (K x K) - S C Xp under the previous embedding.
Then S is bounded if and only if Sy is bounded in T. Note that Sy is Wj-stable, and
—ordyp(St) = Wy - ordps(S). Tt is shown in Corollary 1.4.3 that Fu[T] C F,[T] has a
basis formed by the characters in Wy - Ag. For a weight \ € AJCE and t € T, we have

—logqv|5\(t)]v — (\,ordp(t)). Therefore Sy is bounded in T if and only if —ordp(Sy) is
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bounded above. Since ordy;(S) C AL, we conclude that Wy - ordys(S) is bounded above

if and only if ordy;(S) is bounded above. O

5,Q

The rational cone AI[)]OS’Q. We introduce the rational cone A[pjo , which is used throughout

this chapter, and review some of its properties, which are proved in Chapter 1.

Let A%OS C A denote the non-negative integral span of the positive coroots of G that
are not coroots of M. The submonoid AI[)]OS is stable under the actions of Wj;. Let AI[)]OS’Q

denote the corresponding rational cone.

Remark 2.2.3. Let Xp denote an o,-model of Xp, and set Xp := SpecT'(Xp, Oxp). Then
Xp XSpec o, Spec Iy = Xp, and Xp(oy) is a K x K-stable subset of Xp(F,). The proof of

Proposition 2.2.2 shows that
Xp(0u) N Xp(Fy) Cordy (—AP@) nat),

where A%OS’Q is the dual cone of W) - AZ’Q by Lemma 1.3.4.

We recall the definition of the Langlands retraction £ : AQ — AE’Q, which goes back
to [49]. It is defined as follows: for A € AQ, let £(\) be the least element? in the set
{0 € AE’Q | A gg 0} in the sense of the g% ordering. We refer the reader to [23] for further
properties of the Langlands retraction.

Let AL’Q c AR denote the rational cone corresponding to AJJ\F/‘,.
Lemma 2.2.4. Let A € A% Then £(0) — A € APPSPn (—aT9).

Proof. Recall from [23, Proposition 2.1] that £ is piecewise linear, with linearity domains
C'y indexed by subsets J C I': Let VJL = {Ae A (@j,A) =0, j € J}. Then Cj is the
closed convex cone generated by —a;,j € J and VJJ- N AE’Q.

Suppose that A € AJD’Q lies in C'y. Then A\ — £(\) belongs to the closed convex cone

generated by —a; for j € J, and £()) € VJL by [23, Lemma 2.3]. Therefore (d;, A —£(\)) =

2. The existence of the least element is not obvious; it was proved by R. P. Langlands in [49, §4].
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aj,A\) > 0 for 5 € I'jyy N J. Since (¢;,a;) < 0 fori € I'g — J,j € J, we also have

7 M j G

di A — £(\) > 0for i € Ty — J. Hence A — £()\) € (=A@ 1 AT By Lemma 1.3.2,
G G M

we have the equality (—ApGOS’Q) N AL’Q = (—AI()JOS’@) N AJD’Q. O
Let AR .= R ®7 A and let AE’R, A%OS’R denote the real cones corresponding to Ag, A%OS.

Corollary 2.2.5. A subset S C A;\L/[’Q is bounded above if and only if there exists a compact

subset Sy C AE’R such that S is contained in the set {0 — | 0 € Sp, u € AI&OS’Q}.

Proof. Suppose S C A]—\t[’Q is bounded above. Then there exists a compact subset S C AR
such that S is contained in {# — pu | 6 € Sq, p € A%OS’Q}. Let Sy denote the closure of £(5)
in AR, Then Sy is contained in AZJR N{0—pl|beS,pue A%OS’R}, which is a compact
set. Lemma 2.2.4 implies that S is contained in {# — p | 6 € Sy, p € A%OS’Q}. The other

direction is evident. O

The closed embedding G x P~ < G x G induces a closed embedding G /U — Xp sending
g1 — (g1,1). By Corollary 1.4.3, this embedding extends to a closed embedding of affine
closures G/U < Xp. Similarly, the closed embedding G/U~ < Xp : g2 + (1, g9) extends
to a closed embedding W <+ Xp. Using these embeddings, we deduce the combinatorial

description for bounded subsets of G/U and G/U~ from Proposition 2.2.2:

Proposition 2.2.6. (i) A subset S C G/U 1is bounded if and only if there exists a finite
subset So C A such that ordys(S) C Sy + A%OS’Q.

(ii) A subset S C G/U™ is bounded if and only if there ezists a finite subset So C A such
that ordpr(S) C {0 —p |0 € Sy, ue A%OS@}.

Proof. Let g1 € G/U. Then ordys(g1) = —wéw -ordys(g1,1). Using the closed embedding

G /U — Xp, we deduce (i) from Proposition 2.2.2 and Corollary 2.2.5. For g9 € G/U ™, we
have ordy;(g2) = ordy(1, g2), so we can similarly deduce (ii) using the closed embedding

G/U_‘%XP. [l
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2.2.4  The space Cp(Xp)

We review the definitions of the space Cp(Xp) from [10] in the context of our combinatorial
setup.

Let S*(Xp) denote the space of distributions on Xp. Using our fixed choice of Haar
measures, we identify distributions and generalized functions on Xp. Given a generalized

function § € S*(Xp), one can define a map T : CZ°(G/U) — C*°(G/U™) by the formula

Te(p)(g2) = /G/U e(91)€(g1,92)dg1,  » € C(G/U), g2 € G/U. (2.6)

Let C(Xp) denote the space of K x K-finite C*° functions on Xp.
Let C,(Xp) C C(Xp) denote the subspace of functions with bounded support. Proposi-
tion 2.2.2 implies that C,(Xp) is the set of functions £ € C(Xp) such that ords(supp ) is

bounded above.

We say that a generalized function £ € S*(Xp) has essentially bounded support if the
convolution of { with any element of C2°(G) ® C2°(G) has bounded support. Let Sy (X )¢
denote the space of generalized function with essentially bounded support that are invariant

under the diagonal G-action on Xp.

2.2.5 The spaces Cp 4

Q _ ,Q
Let Ag p =My

the coroots of M. For \ € AQ, let [A\|p denote the projection of A to A(g p- We define the

i This vector space is the quotient of AQ by the subspace spanned by

map

degp : G/U = Ag p

by degp(x) = [ordps ()] p-
Let A%O?@ denote the image of A%OS’Q (equivalently A?JOS’Q) under the projection AQ

Q
AG,P'
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Let €p denote the space of K-finite C°° functions on G;/U. Let Cp . C Cp stand for the
subspace of compactly supported functions.

Let €p_ C Cp denote the set of all functions ¢ € Cp such that degp(supp ) is contained
in S+ A%O%Q for some finite subset Sy C A% p- Similarly, let Cp_ C Cp denote the set of
all ¢ € Cp such that —degp(supp ¢) is contained in Sy + A%(??Q for some finite set Sy.

One similarly defines the spaces € -+ C Cp-. We emphasize that € p- 4+ 18 defined with
respect to the cone —A%??;Q. So Cp- 4 is the set of all p € €p- such that F degp-(supp ¢)

is contained in Sy + A%O?Q for some finite set Sp.

Lemma 2.2.7. Let{ € S; (XP)G be a generalized function with essentially bounded support.

Then formula (2.6) defines a map T¢ : Cp_ — Cp- -

Proof. Let p € Cp _. Since ¢ is K-finite, there exists a compact open subgroup & " ¢ K such
that ¢ is K'-invariant. Let 0z € C2°(G) equal m times the characteristic function of
K'. Then

f/ = (5K/®1)>k£: (1®5K/)>I<§E C?(Xp)

is a smooth function with bounded support, and it suffices to show that Te/(p) = Te(p) is
well-defined and belongs to C P+

Fix go € G/U~. For any g1 € G/U, Lemma 2.2.1 gives the inequality ord;(g1) <ps
ordM(gg)—wéwordM(gl, g2). Then Corollary 2.2.5 implies that there is a finite subset Sy C A
such that if £(g1,92) # 0, then ordys(g91) C Sy + w(])\/[AgOS’Q. From this combinatorial
description, we deduce that the function sending g1 € G/U to ¢(g1)€¢' (g1, g2) is compactly
supported. Therefore T¢/(p) is well-defined.

Moreover, if Tg/(go)(gg) # 0, then there must exist g1 € G/U such that g1 € supp ¢ and

(91,92) € supp¢’ C Xp. Observe that degp-(g2) = degp(g1) + [ordar(g1,92)]p in A p.

Since ¢ has bounded support, [ordy;(supp&’)]p is contained in —A%Oi;(@ + S for a finite
set S1. By definition of Cp _, we deduce that degp-(g2) must lie in —A%O;Q + S9 for some
finite set Sg. Thus Te(p) € Cp- 4. O
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2.2.6  Intertwining operator

Define the intertwining operator Rp : C2°(G/U™) — C°°(G/U) by the formula

Rp(@@)(g):/Uw(QU)du, gea. (2.7)

Let X3, denote the space (G/U~ x G/U)/M. Any generalized function n € S*(Xp)
defines a map T), : CZ°(G/U™) — C*°(G/U) as in formula (2.6). Let np € S*(X}) denote

the generalized function such that Rp =T;),, i.e.,

/ o (gu)du = / ol )plon g2)dgr, 9 CX(G/U), g2 G (28)
U G/U~-

Define the projection
ordps 1 Xp = (K x K)\Xp = A},

by sending (mq, mo) ordM(ml_lmQ) for my,mg € M.

Lemma 2.2.8. The subset ords(suppnp) is contained in (—ApUOS’Q) N A]T/[. In particular,

ords(suppnp) is bounded above.

Proof. Suppose that (kja,ks) € suppnp for ki,k9 € K and a € T with ordp(a) € AJJ\%.
Then by definition of np, there exists u € U such that v € kaU™ for k = k;lkl.

Fix a dominant weight A € AE. Let A()\) denote the Weyl G-module with highest
weight A. This F,-vector space is the extension of scalars of a free 0,-module, and the latter
determines a K-invariant norm ||, on A(X). We give A(A)* the dual norm.

Let ¢ € A(N)* be a norm 1 weight vector of weight —wéwjx. Since —wéw}\ > —A and
all weights of A(A\)* are >c —\, we observe that ¢ is U -invariant. By orthogonality of

weight spaces, there exists a weight vector & € A(j\) of weight wéw A and norm 1 such that
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(p,€) = 1. Note that £ is automatically U-invariant. We have the inequality

0 = logg, |(u- ¢,&)l0 = () X, ordp(a)) + logg, |(k - 6,) |y < (w§’ A, ordr(a)).

Since wA >js wéw}\ for any w € W)y, and ordp(a) € A"IM, we conclude that ordp(a) €
wAP%Q for all w € Wjys. Lemma 1.3.2 implies that ordp(a) € AP5Q " Observe that
e M T U

ordys(kra, ko) = —w(])wordT(a), so we are done. ]

The following result is [10, Corollary 7.4, Proposition 7.5(a)]. We give a proof using our

combinatorial description of bounded subsets of Xp.
Proposition 2.2.9. Formula (2.7) defines an operator Rp : Cp- 4 = Cp_.

Proof. The proof is exactly the same as the proof of Lemma 2.2.7. We repeat the argument
for completeness: Let ¢ € Cp- . Fix go € G/U. For any g1 € G/U™, Lemma 2.2.1
gives the inequality ordys(g1) <ps ordps(g2) — w%ordM(gl,gg). Since ord s (suppnp) C
—AgoS’Q, the inequality implies that if £'(g1, g2) # 0, then ord;(g1) = ord s (g2)+pu for some
W E wé\/[ A%OS’Q. From this combinatorial description, we deduce that the function sending
g1 € G/U™ to v(g1)np(g1,92) is compactly supported. Therefore (2.8) is well-defined.

Moreover, if Rp(¢)(ga) # 0, then there must exist g1 € G/U~ such that g; € supp ¢

and (g1,92) € suppnp C Xp. Observe that degp(ge) = degp-(g1) + [ordps(g1,92)]p in

A% p- Lemma 2.2.8 shows that [ords(suppnp)|p is contained in —A%Oj';@. By definition

of Cp- ,, we deduce that degp(g2) must lie in —A%O?Q + Sp for some finite set Sy. Thus

Rp(p) € Cp_. O

2.2.7 Local asymptotics map

The work [10] gives a geometric proof of the second adjointness between parabolic induction
and restriction (Jacquet) functors by defining the Bernstein map B : C2°(Xp) — C2°(G). If

F, has characteristic 0, this map is the “asymptotics” map constructed in [60] in the more
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general setting of spherical varieties. The dual of B gives a map
Asympp : S*(G) — S*(Xp),

where S*(G), S*(Xp) are the spaces of distributions on G, Xp, respectively.
Fix the Haar measures on G, M, U so that K, Kj;, K N U have measure 1. Using these

measures, we identify distributions and generalized functions on G, Xp.

The Bernstein map B is G x G-equivariant, and hence so is Asympp. Therefore Asymp p

preserves K x K-finiteness, and [10, Proposition 7.1] shows that it restricts to a map

Asympp : C°(G) — C(Xp).

Let 04 € S*(G) denote the delta (generalized) function at g € G. Set

£p = Asympp(d1) € S*(Xp), (2.9)

which we consider as a generalized function on Xp. Let f1, fo € C2°(G) and set f5'(g) =

fa(g~1). Then G x G-equivariance of Asymp P,y implies that

(f1, f2) * €p = Asympp(f1 = ), (2.10)

where * denotes convolution with respect to the G x G-action on Xp (resp. the usual con-
volution on (). In particular, {p has essentially bounded support in the sense that the

convolution of {p with any element of C2°(G) has bounded support.

Note that £p depends on the choice of Haar measure on G.
We have the following relationship between the asymptotics map and the intertwining

operator:
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Theorem 2.2.10 ([10, Theorem 7.6]). Let ¢ € C°(G/U). We have an equality

p = (RpoTe)(w).

In particular, the integral defining (Rp o Tgp)(gp) converges.

The theorem is stated for the case P = B in [10], but one can check that the proof

generalizes to the case of an arbitrary parabolic subgroup.

2.2.8 Invertibility of Rp

We use Theorem 2.2.10 to show that Rp is an isomorphism in Proposition 2.2.13 below.

Let € p,— denote the smooth part of the linear dual representation G}; . Let
R}) . /épj_ — ’éP_,‘f'

denote the linear dual of the operator Rp. Using the measure on G/U determined by the
fixed Haar measures on G and U, we identify e p,— with a subspace of Cp containing Cp..
Similarly, we consider € r-+ CCp-.

Let Rp— : Cp — C P-— denote the intertwining operator with respect to the opposite

parabolic P~ (i.e., we integrate over U™ in formula (2.7)).
Lemma 2.2.11. We have an equality Rp = Rp— : Cp . — Cp—.

Proof. Let ¢, € Cp.. Then

(Fp(@).) = |

G/U

5(9) /U o(gu)dudg = /G 5(9)0(9)dg
-/ - | slaweto)dudg = (Rp-(2). ),

where all the integrals are finite. This proves the lemma. O]
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Let £p € S*(Xp) be the generalized function defined in (2.9). Note that £p € Sg(Xp)G,
so Lemma 2.2.7 defines a map T¢, : €p_ — Cp- ;. Theorem 2.2.10 has the following

reformulation:
Lemma 2.2.12. We have the equality Rp oT¢, =id on Cp _.

Proof. Let ¢ € Cp_. Since ¢ is K-finite, there exists a compact open subgroup K "'c K

such that ¢ is K’-invariant. The proof of Lemma 2.2.7 shows that
ordyy(supp Te, (9)) C S = {A+ 60— pu| A € ordp(supp p), 0 € So, p € A%OS’Q}’

where Sy C A is a finite subset depending only on K’ and not ¢. The proof of Proposi-
tion 2.2.9 shows that ords(supp Rp(T¢,())) is also contained in S. Therefore we deduce
that it suffices to prove that ¢ = Rp(T¢,(p)) for compactly supported ¢ € €p,, which is
Theorem 2.2.10. [

Proposition 2.2.13. The map Rp : Cp- , — Cp_ is an isomorphism. The inverse is

given by the formula

R (9)(g2) = /G/U e(91)ép(91,92)dg1, ¢ €Cp_, g2 € G/U™ (2.11)

Remark 2.2.14. Our proof of Proposition 2.2.13 is different from the one in [10, Proposition
7.5(b)]. This proof was suggested by V. Drinfeld.

We give a separate, self-contained proof of invertibility of ng . 65_7 L Gg _ with
explicit formulas in Corollary 2.3.7.
Proof. Lemma 2.2.12 implies that Rp has a right inverse given by (2.11). It remains to show
that Rp has a left inverse. Apply Lemma 2.2.12 to the opposite parabolic P~ to get a map
Tgpf ; GP—,— — Cp 4 such that Rp- o Tgp, = id on GP—,—- Taking the dual operators
gives an equality

Tgp_ o R};, =id (2.12)
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on Cp- . C ép,’_, Let p € eP*,c' Lemma 2.2.11 (applied to P~) implies that R}‘),(go) =
Rp(y). Define £ € S (Xp)© by

£(91,92) = Ep-(92,91)-

It follows formally from the definition of T that Tg* (Rp(p)) = Tg(Rp(go)), where
e

the map Tf : Cp— — Cp- 4 is defined by Lemma 2.2.7. Therefore (2.12) implies that

Té oRp =id on €p- .. Then the same argument as in the proof of Lemma 2.2.12 shows

that Tf oRp =idon Cp- ,, so we conclude that Rp has a left inverse. ]

2.3 Formulas on K-invariants

Let F, be an arbitrary non-Archimedean local field. We use the same notation and conven-
tions as in §2.2 (e.g., G = G(Fy), K = K, etc.).

Restricting to K-invariants, we see that the intertwining operator is essentially convolu-
tion with a measure py; on M. We compute the Satake transform of p); using the non-
Archimedean Gindikin—Karpelevich formula. We give a formula for Asympp(dg ), where §g

is the characteristic function of K, in terms of the convolution inverse of ;.

Fix the Haar measures on G, M, T', U, U™ so that K, Ky, Kp, KNU, KNU™ all have

measure 1.

2.3.1 Intertwining operator on K -invariants

Let K C G act on G/U, G/U™ on the left. Recall that K\G/U = K\G/U™ = K);\M.
The measure . Let i denote the direct image of the Haar measure on U under the
map

U—G— K\G/U = Kyu\M, (2.13)

where G = K - M - U~ by the Iwasawa decomposition. In other words, i(2) is the measure
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of UN(K-Q-U~) C U, where Q C Ky;\M. Since (2.13) is equivariant with respect to the
action of K s by conjugation, i is right K -invariant. Define pps to be the K -bi-invariant
measure on M whose pushforward to K\ M equals fi.

A formula in terms of convolution. Let R{g denote the restriction of the intertwining
operator (2.7) to C§_7+ — Gg_. Then we have the formula

R (¢)(m) = 6p(m)~" /U pum)du = 5p(m)~"! /M p(mym)ppg(ma) (2.14)

K

where ¢ € Cp5_ Lme M.

Comparing with (2.8), we see that
(Og ©1) xnp)(m,1) = ppr(m), — me M, (2.15)

where we consider pps as a K -bi-invariant function using the fixed Haar measure on M.

2.3.2  Satake isomorphism

We extend the classical Satake isomorphism to an isomorphism between certain larger alge-

bras (defined below) that are convenient for our purposes.

The completed Hecke algebra. Let H;\r/[ denote the space of K -bi-invariant measures
on M (with values in F') whose support is contained in ordJT/‘,l(A%OS’@ N AL), where AI[}OS’Q

is the rational cone defined in §2.2.3.

Remark 2.3.1. Lemma 2.2.8 and (2.15) imply that pp; belongs to HJJ\Q.

Lemma 2.3.2. (i) Suppose that ¥ is a submonoid of AX/[ such that if \ € Aj\'/[ and there
exists v € ¥ such that A <py v, then A € ¥. Then the vector space of compactly supported
K pr-bi-invariant measures on M whose support is contained in ordﬁ(E) 15 closed under the
convolution product, so the vector space becomes an algebra.

(i) If, in addition, ¥ generates a strongly convex cone and the intersection of ¥ with
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any shift of Aﬁgs 1s finite, then convolution extends, by continuity, to the space of all Ky-
bi-invariant measures on M whose support is contained in ordﬁ(E). Then this space is also

an algebra.
Proof. The lemma follows from the usual properties of the Hecke algebra. n

Lemma 1.3.1 implies that 3 = AI()]OS’Q N AX/[ satisfies the condition in Lemma 2.3.2(i),
and one observes from the definition that A§ also satisfies condition (ii). Therefore H]T/[ is

an algebra with respect to convolution.

Let Hj"t denote the space of Kp-bi-invariant measures on 7" whose support is contained
in ord%l(A%OS’Q NA). Lemma 2.3.2(ii) implies that H;f is an algebra with respect to convo-

lution. Observe that the Weyl group of M acts on H;f .

Using our fixed Haar measures, we identify locally constant functions on M (resp. T)
with locally constant measures on M (resp. T). We also fix the Haar measure on Uz N M

such that Up N K); has measure 1.

Lemma 2.3.3. The usual Satake transform extends to an isomorphism CT : HZJ\Q —

(H;C)WM gien by the formula

CT(R)(t) = S s (£) 112 /U b, (2.16)

where h € H]J\Q 18 considered as a function on M.

Here CT stands for ‘constant term’. Since the image of the Satake transform is Wj,-

invariant, (2.16) does not depend on the choice of Borel subgroup of M.

Proof. Let 1_ a7 (N denote the characteristic function of ordﬁ()\) C M for \ € A"'M. It

is known (cf. [17, §4.2]) that CT( ) does not vanish on ord}l()\'), N e AT only

10rdX41(A)
if ' <p7 A. Thus we deduce that CT is well-defined and an isomorphism from the usual

Satake isomorphism and the fact that A%OS’Q N AJJ\% satisfies Lemma 2.3.2. O]
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Remark 2.3.4. Note that the algebra H; is isomorphic to the completion of the semigroup
algebra of A%OS’Q N A at the augmentation ideal. In particular, it is a local ring, and he HJJE
is a unit if and only if A(1) # 0. We deduce that H]‘\} and (Hif YW are also complete local

rings.

2.8.8  Gindikin—Karpelevich formula

In this subsection we rewrite the non-Archimedean Gindikin—Karpelevich formula? as a
formula for CT(upr) € (HZJE)WM.
Recall that we defined 6p(m) = [det Adp;err)(m)| for m € M. Let 2pp := 2p — 2p)

be the sum of the positive roots in G that are not roots of M. For m € M, we have

Sp(m) = q;@f’P,OfdM(m))'

For A€ A, let 1 denote the characteristic function of ord%l()\) C T. Set

Azt ()

A <pPaA> 1

_ , +
€= ordz'(n) € AT

Proposition 2.3.5. We have

1—g;te®
CT(upr) = H #,
I

(2.17)

where the r.h.s. is considered as an element of (H;I)WM by Remark 2.3.4.

Proof. For the purpose of this proof, we may assume E = Q (since pps takes values in Q).
Let A € A ® C satisfy R€<5\, a) > 0 for every positive coroot a of G. Let X3 be the unramified

character T'— C* sending ¢ — ¢, Aordr () Define the function ¢ 5 on G by

O k-t n)= (063 (), ke K teT, neU(B)

3. The Gindikin—Karpelevich formula for non-Archimedean local fields is due to Langlands [48] and Mac-
Donald [50] independently, with a generalization by Casselman [18].
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where G = K - B~ by the Iwasawa decomposition. The Gindikin-Karpelevich formula for

non-Archimedean local fields [48, p. 18] implies that

I —qy
/M S (Mg (m) = /(]¢K,5\(u)du = I - ()

where the Lh.s. converges absolutely. Integrating over M = Kj;-(B~NM) using the Iwasawa

decomposition (cf. [17, Equations (5), (10)]), the Lh.s. equals [, X;\(t)éllgﬂ(t) CT(ppr,p)(t)dt.

Note that for v € A, we have [ X}\(t)(;llpﬂ(t)e’/(t)dt _ qv—<)\,u>

. Therefore equation (2.17)
holds after integrating against x; for any A € A ® C satisfying Re(\, o) > 0 for all a € CDE.

This implies the equality (2.17) of elements in (H}_ YW, O
Corollary 2.3.6. The measure pys is invertible in HJ\JFJ'

Proof. The Gindikin—Karpelevich formula (2.17) implies that CT(upz)(1) = 1, so CT(upy)
is invertible by Remark 2.3.4. The extended Satake isomorphism (2.16) then implies that

s is invertible. O

Let vy € H?\} denote the convolution inverse of 115,. We consider it as a K j;-bi-invariant

measure on M.

Corollary 2.3.7. The operator ng : e{,f_ L Ggi 15 an isomorphism. The inverse is

given by the formula

(BEY (@)m) = [ ptmim)ptmm)uag(m), 219

where p € Gg_, m e M.

Proof. Define & € Cp(Xp)K XK by &£(m, 1) = vys(m) for m € M. The fact that vy, belongs
to H& implies that ¢ indeed has bounded support. Then the r.h.s. of (2.18) equals T¢(¢p),
where T¢ : €p_ — Cp- , is defined in Lemma 2.2.7. In particular, the r.h.s. of (2.18) is

well-defined. Note that by the Iwasawa decomposition, (fg, n and Gg _ identify with the
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same space of K -invariant functions on M. Equation (2.14) expresses ng in terms of the

convolution action of p s on e{,f_ L= GIP( _. This action is compatible with the convolution
product of HJJ\Q. Thus we deduce from invertibility of s that R{g is an isomorphism with

inverse given by (2.18). O

2.3.4  Langlands’ reformulation

We will reformulate the Gindikin—Karpelevich formula in terms of Langlands’ reinterpreta-
tion of the classical Satake isomorphism.

Let G (resp. M, T') denote the Langlands dual group of G (vesp. M, T) over E. Let iip
be the Lie algebra corresponding to the roots @g — ®,7 in G, so iip is a M-module by the
adjoint action Ady,.

— A defines an isomorphism C2°(T)5X7 = E[T7], which is compatible

The map 1ord}1()\)

with the Wy -action. Recall that E[T)"WM = E[M]M  where M acts on itself by conjugation.
Let K(Rep(M)) denote the Grothendieck group of the abelian category of finite dimensional
M-modules. Give K(Rep(M)) the tensor product multiplication. Then we have an algebra

isomorphism by taking characters:

K(Rep()1)) @ Y M V] (o, V), o€ M.

Let Rep™ (M) denote the subcategory of M-modules with weights contained in ApUOS’Q.
Since 2pp € A is perpendicular to all coroots of M, we may consider it as a central cocharac-
ter of M. We have a non-negative grading of the Grothendieck group K(Rep® (M)) by the
eigenvalues of 2pp. Let K+ (Rep(M)) be the completion of K(Rep™ (M)) with respect to
the augmentation ideal of this grading. Then one sees that Ch™! o CT extends to an algebra
isomorphism

S: H]"\Z — KT (Rep(M))®E,

where & is the completed tensor product.
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Let V' € Rep(M). Consider the expression ), ¢"[Sym” V], which is a formal series in

K(Rep(M))[t]. Here t is a formal parameter (that is unrelated to the torus). It is well-known

that the inverse of this series equals

A, V) =) (=) A"V].

n

If we consider coefficients in E[t] rather than F, we have tr(o, A(t,V)) = det(Id —o - ¢, V)
for o € M(E).
Suppose that the weights of V' are contained in AI;JOS’Q —{0}. Let 7 € E*. Then the

series

S(r,V) = Z 7' [Sym" V]

is a well-defined element of the completed Grothendieck group K™ (Rep(M))®F, and it is

the inverse of A(7,V) € KT (Rep(M))®E.

The central cocharacter 2pp defines a non-negative M-module grading of iip by the
eigenspace decomposition. Let gri(iip) denote the eigenspace of Ady,(2pp) with weight
2a;, where a; is a positive integer. Then in the above language, equation (2.17) and its
multiplicative inverse have the reformulations

—1—|— 3 )/~
Algy ", &' (ip))

S(kprw) = H Agy?, gri(ip))

1 1

oy T A e (@p))
- ) HA(q;”aagri(ap))' (219

The formula for 8(s1p7,,) essentially appears in [48, p. 33].

Using the equality A(qv_lﬂ”, gri(ip)) ™ = S(qv_1+ai, gr'(itp)), we have the expansion

Ala,er(ip) _ (Z(—l)n[/\” gr' (iip)] ,qgm) (Z[Sym” g’ (iip)] 'q;nﬂw)

I
A(CIU a ,gr'(ip)) n n ( )
2.20

in KT (Rep(M))®E.
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2.3.5 Asymptotics on K-invariants

Let 0 € CZ°(G) denote the characteristic function of K. Note that Asympp(dx) =
(Og®1)x&p = (1®Ik) *p is K x K-invariant. Using (2.18) and (2.11), we deduce the

formula

Asympp(d)(m, 1) = vpr(m). (2.21)

When P = B is a Borel subgroup and F, has characteristic 0, (2.21) is proved in [59,

Theorem 6.8] in the more general setting of spherical varieties.

Remark 2.3.8. Note that vys(1) = CT(vps)(1) = 1 by the explicit formula (2.17). Thus
(2.21) implies that Asympp(dg) takes constant value 1 on the K x K orbit of (1,1) € Xp.
In the notation of Remark 2.2.3 we also see that Asympp(dg ) has support contained in

Xp(0y) since vy € HJJ\FI.

2.4 The bilinear form B

We work over the function field F' with adele ring A. Let X be the corresponding geometri-
cally connected smooth projective curve over [Fy. In this section, we define the bilinear form
B and prove Theorem 2.1.2.

In our notation, we will add a subscript v when referring to the objects or spaces defined

in §2.2 over Fy (e.g., Cp becomes Cp,, Asympp becomes Asympp,,).

2.4.1 Definition of B

Fix a Haar measure on G(A). For f{, fo € A, set

B(f1. f2) =y _(—1)ImZAD B (11, fy) (2.22)
P

where the sum ranges over standard parabolic subgroups P C G with Levi subgroup M, and

B p is a G(A)-invariant bilinear form defined in §2.4.2 below. The form B is G(A)-invariant
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since each Bp is. It will also be evident that B is symmetric. Let us note that Bp and B

slightly depend on the choice of a Haar measure on G(A).

2.4.2  Definition of Bp

Fix a standard parabolic subgroup P. Define the boundary degeneration

Xp=(Gx G)/(PJEP_)

as in §2.2.2, where Xp is now a strongly quasi-affine variety over Fq. Let Xp denote the
affine closure.

The topological space Xp(A) is isomorphic to the restricted product of Xp(F,) with
respect to the compact subspaces Xp(0,). The topological space X p(A) is isomorphic to the
restricted product of Xp(F),) with respect to Xp(oy). Recall that the topology on Xp(A) is
not the subspace topology induced from Xp(A).

We say that a function on X p(A) has bounded support if the support is relatively compact
in Xp(A). Let €(Xp(A)) denote the space of K x K-finite C°° functions on Xp(A) with
bounded support.

Note that the action of P~ x P on 1 € G and (1,1) € Xp have the same stabilizer equal
to the diagonal embedding of M. Fix the measure on Xp(A) to be the unique G(A) x G(A)-
invariant measure such that on the P~(A) x P(A)-orbit of (1,1), it coincides with the re-
striction of the chosen Haar measure on G(A) to P~ (A) - P(A).

Define Asympp : C°(G(A)) — Cp(Xp(A)) by

Asympp(® fo) = @ Asympp,, (fo) (2.23)

where f, € C2°(G(Fy)) and f, = df, is the characteristic function of K, for almost all
v. Observe that Asympp is well-defined since Asympp ,(dg,) equals 1 on Xp(o,) by Re-

mark 2.3.8. The product ®, Asympp,(fy) has bounded support in Xp(A) because the
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support of Asympp,,(df,) is contained in Xp(oy) by Remark 2.3.8.

Define the generalized function {p € S*(Xp(A)) by

&P =38Py (2.24)

where {p,, € S*(Xp(Fy)) is defined by (2.9). Equation (2.24) is well-defined because any
element of C2°(Xp(A)) is Ky-invariant for almost all v, and dg, * {p,, = Asympp,(df,)
equals 1 on Xp(0,) by Remark 2.3.8. From (2.10) we also deduce that {p has essentially
bounded support, i.e., for any f € C2°(G(A)), the convolution (f® xép=(1 ®f\/)*§p =

Asympp(f) has bounded support, where f¥(g) := f(g1).

Define a bilinear form Bp : C(G(A)) ® CX(G(A)) — E by the formula

Bp(fi,f2) == Y Asympp(fy * o)(x),  f1,fa € CZ(G(A)), (2.25)
CCEXP(F)

where fi/ (9) := fi(g~1), and * denotes convolution over G(A). The sum is finite because
Asymp p( fl\/ * fg) has bounded support, and the intersection of the discrete subset Xp(F) C
Xp(A) with a bounded subset of Xp(A) is finite.

Using (2.10), one can also write (2.25) as

Bp(fi, )= D /(GXG)(A)fl(gl)f2(g2)§P((91,g2)$)d91dg2- (2.26)

l‘EXP(F)

For g € G(A), let 64 denote the delta (generalized) function at g. Observe that
Bp(Sg * 1,09 % f2) = Bp(f1, f2), g€ G(A) (2.27)
By (G x G)(A)-equivariance of Asymp p, we have

Bp(fi*0g,, f2#0g,) = Bp(fi, f2),  g1,92 € G(F). (2.28)
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We define the bilinear form Bp : A. ® A, — E as follows. For f1, fo € A, there exist
f1, fa € C2°(G(A)) whose direct images are f1, fa. Set

Bp(f1,f2) = Bp(f1, f2), (2.29)

which does not depend on the choices of fi, fo by (2.28). The form B p is G(A)-invariant by

(2.27). Formula (2.29) was suggested by Y. Sakellaridis in a private communication.

2.4.8  Restriction of Bp to AKX

Fix the Haar measure on G(A) so that K has measure 1. Let fi, fo € C(G(A))X be left
K-invariant functions. Let g = ® g, denote the characteristic function of K on G(A).
Note that averaging dp * 61 = 01 * 0 = 0. Let f1, fo € Af denote the direct images of

f1, fo. We deduce from (2.26) that

Bp(fi1, f2) =/ f1(g1) f2(92)bp (g1, 92)dg1dgs, (2.30)
(GxG)(A)/(GxG)(F)

where bp(g1,92) = X_x,(r) Asympp(9x) (91, g2) ).
Observe that bp is obtained from Asympp(d) € Cu(Xp(A))E * K by pull-push along

the diagram
(GxG)(F)
(GxG)(A)/(GxG)F)+ (GxG)(A) x  Xp(F)— Xp(A). (2.31)
2.4.4  Geometric interpretation

As explained in [32, §1.2.3, Remark 1.2.17], we can identify® the double cosets K\G(A)/G(F)

with |Bung(Fy)|, the isomorphism classes of G-bundles on X. Let us give a geometric

4. The identification relies on the assumptions that any G-bundle F5 on X is trivial when restricted to
Spec F' and Spec o, for each place v. We know the restriction of Fg to Speco, is trivial by smoothness of
G and Lang’s theorem (any G-bundle over a finite field is trivial). The generic triviality of Fg|gpec  follows
from the Hasse principle for split reductive groups over a function field, which is proved by [37].
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interpretation of bp as a function on (Bung x Bung)(Fy).

Let Sf%;, Sf%; € Bung(FFg) be G-bundles. Fixing trivializations of S”G X x Spec(oy) for all
places v, we get lifts of fJ”G € K\G(A)/G(F) to g; € G(A)/G(F) for i = 1,2. The pre-image
of (91,92) in (G x G)(A) x(E*E)EF) X p(F) under the left arrow of (2.31) is in bijection

with the set of rational sections of the morphism

: 1 g2,0%x6
(Xp)g-é”:}% = (ng;‘(fG) X XP—>X.

Gi tional secti e (X F trict to (X Fy) fi 1
iven a rational section 5 € ( p)f%’&%( ), we can restrict to ( p)rjrlG’gfzc( v) for any place
v, which is isomorphic to Xp(Fy) by the trivializations of F, x y Spec(oy), i = 1,2. This
describes the right arrow in (2.31).

Let (X =X Fex F2). We h i hism (X =

et ( p)rféﬁ% p % ( G;; ) e have an isomorphism ( P)?é7?é(ﬂv)

Xp(0y) compatible with the aforementioned identification (Xp)g% 52, (Fy) =2 Xp(Fy).

Remark 2.3.8 implies that the support of Asympp (&g ) is contained in Xp(A)NXp(oy).
Therefore Asympp(dg) does not vanish at the image of 8 in Xp(A) only if 5 extends to a

regular section X — (Xp)g1 g2 . Such an extension is unique since Xp is separated. Thus
ava

bp(F6.T8) = D [ [ Asympp, (0, ) (5v) (2:32)
3 v
where the sum is over sections  : X — (Xp)s%v T2 that generically land in the non-
degenerate locus (Xp)gflc”gfé, and B, € Xp(Fy) is the image of 8 under the right arrow in
(2.31). The K, x Ky-orbit of 8, does not depend on the choice of trivializations.

Note that Asympp,(dg,)(Bv) = 1 if 8y € Xp(0y). Thus the product is only over those

places v that 3 sends to the degenerate locus (Xp)s% 52, ~ (Xp):}%; 52,

Remark 2.4.1. The product [[, Asympp,(0k,)(Bv) is a K-invariant function on Xp(A) N
Xp(0y). Its value does not depend on the choice of trivializations of S”G X x Spec(0y), so we

may also consider it as a function Asympp(dx)(5) of 5.
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Remark 2.4.2. Theorem A.3.16 interprets Asympp(dg)(S) as the trace of the geometric

Frobenius acting on the x-stalks of an f-adic sheaf.

Proof of Theorem 2.1.2. Let Sf%;, ff’% € Bung(Fy). Using the geometric interpretation (2.32)

and Theorem A.3.12, we get the equality

b(Fe FE) = (1) Im 20y, (5L, 52,
P

where the sum ranges over standard parabolic subgroups. The theorem now follows from

the definition of B and the formula (2.30). O

2.5 Global intertwining operators

Let P denote a standard parabolic subgroup. We define the subspaces Cp 4 of functions on
G(A)/M(F)U(A) and recall the definition of the constant term operator. We show that the
product of the local intertwining operators induces an operator Rp : C P-4 Cp_, and
we prove that Rp is invertible (Proposition 2.5.5). We prove Theorem 2.1.3 at the end of
the section.

We continue to add a subscript v to the notation of §2.2 when appropriate.

2.5.1 The spaces Cp, Cp+

Let Cp denote the space of K-finite C°° functions on G(A)/M(F)U(A). Let Cp,. C Cp

stand for the subspace of compactly supported functions.

As in §2.4.4, the quotient K/ \M(A)/M(F) identifies with |Bunys(IF4)|, the set of iso-
morphism classes of M-bundles on X. Recall that this identification uses the fact that any
M-bundle on X is generically trivial. Since we have an exact sequence

0= Hl(SpecF, U)— Hl(SpecF, P) — Hl(SpecF, M),
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we deduce that any P-bundle on X is also generically trivial. This allows us to make the
identification K\G(A)/P(F) = |Bunp(Fy)| by the decomposition G(A) = K - P(A). This
space projects to K\G(A)/M(F)U(A) = |Bunp,(Fq)|.

Let Ag p = m1(M) denote the quotient of A by the subgroup generated by the coroots
of M. It is well-known that there is a bijection degys : mo(Bunps) ~ 71 (M). Note that

A%,P =Agp®Q= A(]%/[M,M] = Ago(M)' We call the composition
Buny; — (M) — A%P
the slope map. We define the map

deg : G(A)/U(A) = AG p

by setting deg%(g) equal to the slope of the M-bundle corresponding to g € G(A). Equiv-

alently, if ¢ = (gv), gv € G(Fy), then deg%(g) = > pdegp,(gv), where degp,, is as defined
in §2.2.5.
Let A%OSI;Q denote the image of A%OS’Q under the projection AQ — A(g p- We define the

global spaces Cp 4 analogously to the definitions of the local spaces Cp 4 , in §2.2.5:

Let Cp C Cp be the set of all functions ¢ € €p such that deg%(supp ) is contained
in S+ Ag(?i;(@ for some finite subset Sy C Ag p- Similarly, let Cp_ C Cp denote the set of

all ¢ € Cp such that — deg%(supp ) is contained in Sy + AI();O?;@ for some finite set S.
One similarly defines the spaces € -+ C Cp-. We emphasize that € p- 4+ 18 defined with

respect to the cone —A%??;Q. So €p- 4 is thespace ofall ¢ € €p- such that F deg%_ (supp ¢)

is contained in Sy + A%O%Q for some finite set Sp.

Remark 2.5.1. In the case P = G, we have A%OE = 0. So we observe that C; . = €5 _ C A

is the set of functions f € A such that degg(supp f) is finite.
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2.5.2  The Harder—Narasimhan—Shatz stratification

Before discussing the constant term operator, we need to recall some reduction theory, which
we state in terms of the Harder—Narasimhan—Shatz stratification of Bun,;. This stratifica-
tion of Bunjy; was defined in [38, 63, 64] in the case M = GL(n). For any reductive M it

was defined in [52, 53, 54] and [7, 6]. We also refer the reader to [61].

Let AJD’Q denote the rational cone corresponding to the monoid AJJ\F/‘,. For A\ € A+’Q,
we follow the notation of [25, Theorem 7.4.3] and let Bung\}) C Bunj; denote® the quasi-
compact locally closed reduced substack of M-bundles with Harder—Narasimhan coweight
A. We have a map HN : |Buny;(Fq)| — A+’Q, which sends an M-bundle to its unique

Harder-Narasimhan coweight. We will also use HN to denote the composition
+
HN : G(A)/M(F)U(A) = [Buny;(Fg)| — AT2.

The map HN will be our global analog of the map ordy ,, defined in (2.4).
For A € AR, let [A]p denote the projection of A to A%,P' Then for z € G(A)/M(F)U(A),
we have [HN(z)|p = deg%(x).

Remark 2.5.2. There exists an integer /N such that the image of HN lies in %A}Cf

2.5.8 The constant term operator

We will always fix the Haar measure on U(A) so that U(A)/U(F') has measure 1.
In §2.1.1, we defined the spaces A and A. C A. The constant term operator CTp : A —

Cp is defined by the formula

CTp(f)(g) = / flgwdu,  fEA, geGA). (2.33)
U(A)/U(F)

5. In loc. cit. the stratification is defined over an algebraically closed field. To define the stratification
over F,, we first base change to F, and then note that the Harder-Narasimhan strata are defined over I, by
Galois invariance.
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In other words, CT p is the pull-push along the diagram
G(A)/G(F) «+ G(A)/P(F) —» G(A)/M(F)U(A). (2.34)

Recall from §2.2.3 what it means for a subset of AR to be bounded above (resp. below)

with respect to the partial (rational) ordering gg.

Lemma 2.5.3. Let f € A.. Then HN(supp CTp(f)) C A}\Z’Q is bounded above. Conse-

quently, CTp : A — Cp sends A. to Cp_.

Proof. If we pass to K-orbits in the diagram (2.34), then we get the Fy-points of the diagram
of stacks

Bung < Bunp — Bunj, . (2.35)

For 0 € AZJQ, let Bun(GSH) C Bung denote the open substack of G-bundles having Harder-
Narasimhan coweight S(g 0. Let f € Ac.. Then the K-orbits of its support are contained
in

U Bunge) (Fq)
0es

for a finite subset S C AE’Q. It follows from the definition of Harder-Narasimhan coweight
that the image of

Bung\) :=Bunp X Bung\/}), A€ A]—\Z’Q

Bun,

intersects Bun(GSG) only if A g% 0 (cf. [25, Theorem 7.4.3(3)]). Now by pull-push along the
diagram (2.35), we conclude that HN(supp CT p(f)) is contained in the set of A € AJJ\}Q such
that A §% 6 for some 6 € S. Therefore HN(supp CT p(f)) is bounded above.

Since [HN(z)|p = deg%(m), we deduce that deg%(supp CTp(f) c{lllp—pl|0eSuc

Agoig(@}. By definition, this means that CTp(f) € Cp _. O
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2.5.4 The operator Rp : Cp- . — Cp_

Let Z denote the space of pairs (g1,¢92), where g1 € G(A)/P~(F), go € G(A)/P(F) have
equal image in G(A)/(P~ - P)(F). We have projections from Z to G(A)/P~(F) and
G(A)/P(F).

Define Rp : Cp- 4+ — Cp to be the pull-push along the diagram
G(A)/M(F)U (A) «~ G(A)/P™(F)«+ Z = G(A)/P(F) — G(A)/M(F)U(A).
Equivalently, Rp is given by the explicit formula

Rp(p)(9) = /U(A) p(gu)du, ¢ €Cp- 1, g€ G(A). (2.36)

It is evident from the definition that Rp is G(A)-equivariant.

Proposition 2.5.4. The operator Rp : (?P_7+ — Cp is well-defined, and the image of Rp

is contained in Cp . More specifically, for ¢ € Cp- | we have
HN(supp Rp(p)) C {A —p | A € HN(supp ¢), it € A%OS’Q}.

Proof. Let (g1,92) € Z. The quotient (K x K)\Z identifies with the set of isomorphism
classes of the Fy-points of the stack Maps®(X, P~\G/P) of maps generically landing in
P~\(P~ - P)/P. By [12, Proposition 3.2], the stack Maps®(X, P~\G/P) is isomorphic to
the relative version of the open Zastava space %Bun - 1 particular, there is a map E’Bun Vs
3{]"1\'4, where 9—(3‘4 := Maps®(X, M\M /M) is the Hecke substack introduced in §A.1.5. This
map is induced from the contraction G — M. The image of g1 in K\G(A)/M(F)U ™ (A) =
|Bunj;(Fy)| defines an M-bundle 3"11\4. Similarly, the image of go in K\G(A)/M(F)U(A) =
|Bunj;(Fy)| defines 3'“]2\4. Then (g1,92) € Z maps to a point (9]1\/[,97]2\4,61\4) € G{L(Fq),

where 3/ is an M-morphism ff?\/j — ff]lw in the language of §A.1.1.
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Let A1, Ao € AL’Q be the Harder-Narasimhan coweights of & 1 ,?]2\4 respectively. Then
Remark A.1.9 implies that Ay — g € wéw A%OS’Q. The definition of C P+ implies that the set
of \] € AJD’Q for which p(g1) # 0 satisty —[A\{]p € 504_/\%‘?5]‘5@ for a finite set Sy. We deduce
that the intersection of HN(supp ) with Ao + wé\/[A%OS’Q is finite. Thus Rp(p)(g2) is an
integral over the K-orbits of G(A)/M(F)U~ (A) corresponding to the union of Bung\//}l)(ﬂ?q)
ranging over a finite set of A1, i.e.;, Rp(ip) is well-defined.

Remark A.1.9 also gives the inequality A9 S(g A1, which proves the second statement of

the proposition. It immediately follows that Rp(p) € Cp _. O

2.5.5 Invertibility of Rp

Below we will prove Proposition 2.5.5, which says that the operator Rp : C P-4+ Cp_ is
invertible. We deduce the proposition from the local results of §2.2.

Fix the Haar measure on G(A). Recall that we defined a generalized function {p on
Xp(A) by (2.24), which slightly depends on the choice of measure on G(A). The Haar
measures on G(A) and U(A) induce a G(A)-invariant measure on G(A)/U(A).

Proposition 2.5.5. The map Rp : prﬂL — Cp,_ 1is an isomorphism. The inverse is given

by the formula

R (o) (g2) = /G e, PR Me G e pEGA). @37

Proof. Let us first show that the right hand side of (2.37) is well-defined for any ¢ € Cp _
and g9 € G(A). Since ¢ is K-finite, there exists a compact open subgroup K’ = [[ K|, C K
such that ¢ is K'-invariant. Let dzs € C2°(G(A)) equal m times the characteristic

function of K. Recall that (g ® 1) * Ep = Asympp(dgr) € Cp(Xp(A)), where Asympp is
defined in §2.4.2. Thus the r.h.s. of (2.37) equals

/ ©(g1) Asympp(dg7) (g1, 92)dg1 -
G(A)/U(A)
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Let ordyy,, : Xp(Fy) — AL be the map (2.5). Proposition 2.2.2 implies that for every v

there exists a finite subset S, C A such that

ord o (supp(Asympp,,(37))) C {0 — |6 € Sy, p € A?]os,Q},

and we can take S, = {0} for almost all v by Remark 2.3.8. For g1 € G(A)/U(A), consider

the image of (g1,92) in Xp(A). Let 3"]1\/[ € Bung\zl)(Fq) (resp. 3"]2\4 € Bung\?)(ﬂ?q)) be
the image of g1 in K\G(A)/M(F)U(A) (resp. g2 in K\G(A)/M(F)U~(A)). Lemma A.1.7

implies that

— " log(av) - ordar (91, 92) <y M — Ao <Fy —wl S gy (av) - ordas (g1, 92)- (238
v v
Let S = {>,logy(qv) - M | Ay € Sy}. Suppose Asympp(dg7)(g1,g2) # 0. Then we have

M- w0+ p]0eS puewd ALY (2.39)

M€ {M+0—pul0eS pe Y (2.40)

and we emphasize that S is a finite set depending only on the stabilizer in K of ¢. From
(2.39) and the definition of ¢ € Cp _, we conclude that the r.h.s. of (2.37) is a finite integral,
which we temporarily denote T'(¢)(g2). From (2.40) we deduce that T'(¢) defines an element
in Cp- ..

It remains to show that T': Cp_ — Cp- | is inverse to Rp. Let ¢ € Cp_. Then
(2.40) implies that HN(suppT'(¢)) C {A+60 — | A € HN(suppyp), 8 € S, u € A%OS’Q}.

Proposition 2.5.4 implies in turn that
HN(supp Rp(T¢)) C{A\+60 —pu| A€ HN(suppyp), 0 € S, u € A%OS@}‘

Therefore we deduce that to show RpoT = id, it suffices to check the equality for p € Cp...
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Any such ¢ is the pushforward of an element in C2°(G(A)/U(A)), which is isomorphic to
the restricted tensor product of Cp ., over all places v. Since RpoT'is defined as a product
of local integrals, (Rp o T')(¢) = ¢ follows from Proposition 2.2.13.

Similarly, it suffices to check that T'o Rp = id on ¢ € € P This again follows from

the corresponding local statement Proposition 2.2.13. O]

2.5.6 A formula for Bp in terms of Rp

We give a formula for the bilinear form B p defined in §2.4.2 in terms of the global intertwining
operator Rp. This formula is the analog of [27, Definition 3.1.1] for a general reductive group
G.

Fix some Haar measure on G(A), and fix the Haar measure on U~ (A) such that the
measure of U~ (A) /U™ (F) equals 1. Then we get an invariant measure on G(A)/M(F)U ™ (A)

and therefore a pairing between C p-and Cp- defined by

(¢1,p2) = ©1(x)p2(z)dz. (2.41)

/G(A)/M(F)U_(A)
Lemma 2.5.3 implies that this pairing is well-defined when 1 € Cp- | and g € CTp- (Ac).

Proposition 2.5.6. For any f1, fo € A¢, one has

Bp(f1, f2) = (Rp' CTp(f1),CTp-(f2)). (2.42)

Proof. Choose f1, fo € C2°(G(A)) that pushforward to f1, fo. Then

CTp(f1)(g) = Z / (guy Vdu, g€ G(A).

veG(F
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The formula (2.37) directly gives

(Rp! o CTp)(11)(g2) = Z / L9117 )ep (g1, 92)dg1.

vEG(F

Let fi/(g) = fi(¢~1). By left G(A)-equivariance of Asympp, the right hand side of (2.42)

equals

> Asympp(fY)(7,9) f2(9)dg
G(A)/P~(F) YeG(F)/U(F)

= [ X Aswp(A)(9)e) lo)ds

G(A)/G(F) *€XP(F)

By right G(A)-equivariance of Asympp and (2.25), we conclude that the right hand side

equals Bp(f1, f2). O

Proof of Theorem 2.1.3. The theorem follows immediately from (2.22) and Proposition 2.5.6.
[

2.6 The operator L and its inverse

We first recall basic facts from the theory of Eisenstein series. Then we define the operator
L : A. — A in terms of the Eisenstein operator, the inverse of the standard intertwining
operator, and the constant term operator. Motivated by a characterization of A, due to
Harder, we define the subspace Aps.c C A of “pseudo-compactly” supported functions in
§2.6.6. We check that L sends A, to this new subspace Aps.c. Lastly, we prove that L :
Ae = Aps-c is invertible in Theorem 2.6.12 and give the formula for its inverse.

We will continue to use the notation from §2.5. In this section, we will assume that the

field of coefficients FE equals C.
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2.6.1 Constant term revisited

Recall that in Lemma 2.5.3, we showed that the constant term operator CTp : A — Cp
sends A to Cp _ for all parabolic subgroups P. The proof of [37, Theorem 1.2.1] shows that

the converse is also true:

Lemma 2.6.1. For f € A, we have f is compactly supported if and only if CTp(f) lies in

Cp_ for all standard parabolics P.

Proof. The “only if” direction is proven by Lemma 2.5.3.
Note that if f € €5 _ C A, then degg(supp f) is finite. Therefore to prove the “if”

direction, we may assume that f € A and there is a fixed § € AQ such that
deg®(supp CT —APSR 4
egp(supp CTp(f)) C ap T [0]p

for all standard parabolics P. By reduction theory, there exists a number ¢ such that any
x € G(A)/G(F) has a representative g € G(A) with (&, deg% (g)) > c for all simple roots ¢ of
G. Suppose f(g) # 0 for g € G(A) with A = deg%(g) € AQ as above. By [51, Lemma 1.2.7]
(cf. [37, Lemma 1.2.2]), there exists ¢’ such that if (¢, \) > ¢/ for all simple roots & which are
not simple roots of M for some standard parabolic P with Levi M, then CTp(f)(g9) = f(g)-
Let M be the Levi such that the simple roots of M are precisely the simple roots & of G
such that (&, \) < ¢. Then CTp(f)(9) = f(g) # 0 implies that deg%(g) = [A\]p lies in
—A%??;Q + [0] p. On the other hand the choice of M implies that A belongs in a translate of

—AJJ\}Q C —AIZD\;S’Q + A(g . We deduce that the set of all possible A is bounded above. We

(M)
also have (&, \) > ¢ for all simple roots ¢, so there are in fact only finitely many possibilities

for \. We conclude that f is compactly supported. n

For P = MU a standard parabolic, we also use the notation CT% := CTp below.

Let P; C P be standard parabolic subgroups with Levi subgroups M; C M. Then the

constant term operator CT%1 can be considered as an operator CT%1 :Cp — Cp,. We say
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that ¢ € Cp is M-cuspidal if CT%I((,D) = 0 for all standard Levi subgroups M; C M.

2.6.2 FEisenstein operator

Let P = MU be a parabolic subgroup of G. We define the Eisenstein operator® Eis p

Cp. — Ac to be the pull-push along the diagram
G(A)/M(F)U(P)(A) « G(A)/P(F) — G(A)/G(F), (2.43)
where the left arrow is proper. Explicitly,

Bisp(p)(g) = >, ¢(g7), ¢ €Cp.geCGh)
YEG(F)/P(F)

We also use the notation Eis% := Eisp for P standard.

It is well known that

<CTp(f1), 902> = Bnaive(fla EiSP(S02)) (2'44)

for f1 € A, p2 € Cp.. By this adjunction, we see that it is actually possible to define
Eisp(¢2) for any (9 such that (p1, p9) is finite for all ¢1 € CTp(A;). Lemma 2.5.3 implies

that all w9 € Cp y satisfy this condition. Thus Eisp extends to an operator

EiSP . GP)_*_ — -.A

2.6.3 Intertwining operators revisited

In this section we recall some facts about the standard intertwining operators corresponding

to elements of the Weyl group.

6. The authors of [51] call it “pseudo-Eisenstein”.
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Let P = MU and P’ = M'U’ be standard parabolic subgroups such that M’ = wMw ™!
for some w € W. Then the intertwining operator’ Ry, is an operator € p,c — Cpr defined by

the explicit formula

(Ruwp)(g) = / p(guw)du. (2.45)

U'(8)/(U" (M) U (A)w=T)

Proposition 2.6.4 below implies that if ¢ € €p, then Ry € Cp/ _. The same proposition
also implies that Ry € Cps converges absolutely for any ¢ € Cp 4.

We will use the extra notation RJ\G/_I,w = Ry, when necessary for clarity (note that the
standard parabolic P’ is determined by its Levi wM wil).

When P = MU and P’ = M'U’ are two (not necessarily standard) parabolic subgroups
containing 7 and M’ = wMw™! for w € W, we will use the notation

Rpr.py: Cpe— Cpr,

for the intertwining operator, which is defined by the same formula (2.45). We also use
Rpr.p to denote Rpr.py. So the operator Rp considered in §2.5.4 is now denoted by Rp.p-.

Let V' C Cp denote the subspace of functions ¢ € Cp such that Rp:.p,,(p) converges
absolutely. Let V' C V denote the subspace of ¢ € V such that Rpr. Rw(cp) is compactly

supported.

Proposition 2.6.2. The map Rpr.p,, Vi— Cpr . is an isomorphism. The inverse map

RJ;}-Pw : Cpr . = Cp is an integral operator.

Proof. Tt suffices to consider the case w = 1. Let ¢ € V/. Then ¢/ := Rpr.pp € Cpr e
and Rp—.pi(¢) € Cp- _ must equal Rp-.py. The operator Rp-.p : Cpy — Cp- _ is
invertible by Proposition 2.5.5, so we have (R;LP o Rp—.pr)(Rpr.py) = ¢, which proves

injectivity.

7. In [51, I1.1.6], R,, is denoted M (w, ) for a cuspidal representation 7. But we prefer to avoid multiple
uses of the letter M.
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Now take ¢' € Cpr .. Since Cps . C Cps _, we have Ryl (o) € Cpr— 4. Then ¢ :=

pP.p'—
(RP;P'—OR;}:P/—)W/) € Cp is well-defined. Moreover, Rpr.p(p) = (RP/:P/—OR;,}:P,_>(QD/) =
¢'. Hence ¢ € V', and we have shown surjectivity of Rp:.p. ]

Remark 2.6.3. The operators Rpr.p,, and R;,,l P A€ defined on larger spaces of functions,

but we will not consider the corresponding support conditions in this article.

2.6.4 The composition CT p: o Eisp

Let P = MU and P’ = M'U’ be standard parabolic subgroups of G. Let @L denote the set

of positive roots of M.

Let ¢ € Cp. be M-cuspidal. Then [51, Proposition I1.1.7] gives the formula

(CTpoEisp)(p)= Y.  (Bist, 1 oR$ ) (). (2.46)
weW (M, M)

where W(M, M) == {w € W | w™la > 0, Va € @DL, and wMw™! is a standard Levi of

M'}.

Proposition 2.6.4. Let p € Cp_y be arbitrary. Then one has

. . /
(CTproEisp)(p) = > (Bishy oR}, 0 CTAL ) () (2.47)
weW]T/[M,
where W3, = {w € W | Va € @7(4, wa > 0, Va € CBL,, wla > 0} and My =

M Nw tM'w, and every term on the right hand side converges absolutely.

Proof. See the proof of [51, Proposition I1.1.7]. ]

2.6.5 The operator L : A. — A

One has the operators
~1
CT R, Eis p—
Ac—%ep_ Hhep . 5 A
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Thus we deduce that

B(f1, f2) = Braive(Lf1, f2) (2.48)

where the operator L : A, — A is defined by

dim Z(M) 1 -1
L:= Z(—l) im Z( )Elspf oRp, , oCTp
P
and the sum ranges over the standard parabolic subgroups. Unlike the form B, the operator

L does not depend on the choice of Haar measure on G(A).

Observe that for f € A, cuspidal, we have Lf = (—1)dm Z(G)y.

Remark 2.6.5. Theorem 2.1.2 implies that the miraculous duality functor Ps-Idgyy,, 1 defined
in [25, §4.4.8] is the D-module analog of the operator ¢~ 4mBue . LK. AK _, 4K o K.

invariants via the functions—sheaves dictionary (cf. [27, §A.8.4]).

The following proposition shows the interplay between the operator L and the Eisenstein

operators.

Proposition 2.6.6. Let P be a standard parabolic subgroup. Let ¢ € Cp . be M-cuspidal.
Then

(LoEisp)(p) = (1) ZM(Eisp oR L, )(4).

Proof. Let P’ be another standard parabolic subgroup. By formula (2.46),

. —_ . . —_ . ,
(Eisp/— ORP}:P'* o CTproEisp)(p) = Z (Eis pr— ORP’l:P’* o Els%Mw,l ORJC\’V/[’U})(gp)
weW (M, M)
(2.49)

and each term on the r.h.s. converges absolutely. Let P1' C M’ be the standard parabolic

. . —1 - M’ T
subgroup with Levi wMw™", so ElSw M-l = Eis Pl One can check that

-1 —1
R P|U":P|U'~

P/:Plf o} EiSP{ — EiSP{ OR
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when either side converges absolutely (recall that R, ! is defined as a product of lo-

PP~
cal integrals by (2.37)). Let Py = wy P{*wéw C M'. Let Q = PJU’ be the standard
parabolic subgroup of G with Levi w/Mw'~1, v/ = wéw w. Then EISP/ ORPlU’ Pl =
Eis P oRP,1 U0~ o wé\/f " where wo " denotes right translation by a representative of wM /
in M'(F).

From the definition (2.45), we have

(wil o RS} ) (0)(g) = plguw)du, g€ G(A).

/(U;, UN (AU~ (A)w'—1
2

If & is a positive root of G not in M, then w'a = w(])wwd must be negative if it is a

root of M’, by definition of W (M, M"). Thus U];,U’ Nw'U~ w1 = U' nw'U~w'~! and
2

UPéU/ﬂw/Uw/_l =U'Nnuw'Uw' L. We deduce that RP’ U = wo ORMwORPQ w1

and therefore

(R;)/U/ P/U/— Ow() O RM'w)( ) R;)Q w (90)

for ¢ € Cp.. Next, observe that Eisp/— o Eisp/— = Eisg-. Thus the r.h.s. of (2.49) equals
’ 2

S (BisgoRpl ().
weW (M,M")

Note that @ depends only on w’ Mw’ ~1 and not on M. Summing over all standard parabolics

P’ we get the formula

(LoEisp)(p) = Z Z (_1)dimZ(M/) (ElSQ— ORPQ - ().
w' eW 'Bw/'~1
’Mw “leMm’

(2.50)
Fixing w’ € W, let us classify all M’ such that M’ N B~ € «'Bw'~! and w'Mw'~1 ¢ M’

The two conditions above are equivalent to requiring A 5,7 C w'’ CI)EJ and AgNuw'®yr € Ay
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Thus the inner sum in (2.50) equals

(1+ (—1))lAanw’(@g=ar)|

which vanishes unless w’ (éa — ®,/) contains no simple roots. If w’ ¢ Wy, then B ¢
w' Pw'™1, so w/@g U®jy) does not contain all the simple roots, i.e., w’(éa — d)/) contains
a simple root. Therefore in order for the sum to not vanish, w’ must be in Wj; and MNB~ C
w'Bw'~1. Hence v’ = wé\/‘[, and we have M’ = M, Q = P. Since RP:P_7wé\4 = Rp.p- by

M (F')-invariance, we get (L o Eisp)(¢) = (—1)dimZ(M)(EisP_ oR];lP_)(gp). O

For a standard parabolic P, define the “second Eisenstein” operator EiS’P :Cp_ — Aby
Bisp := Bisp- oR ],

Let AM denote the space of smooth K-finite functions on M (A)/M (F). Let LM : AM —

AM denote the operator L with respect to the reductive group M. Applying indggg, we

also let LM denote the induced operator @ p,e — Cp. Recall that LM g (—1)dim Z (M) times

the identity on M-cuspidal functions in Cp..

Corollary 2.6.7. One has the equality
LoEisp = EispoL™ : €p, — A. (2.51)
The operator L is self-adjoint with respect to By aive, S0 (2.51) gives
CTpoL =IM o CTh : A — Cp, (2.52)

where CT), : Ac — €p . is defined by CT), = R, , 0 CTp—.

Remark 2.6.8. As explained in [27, §A.11.7], equation (2.51) is an analog of the “strange”

functional equation for geometric Eisenstein series stated in [30, Theorem 4.1.2].
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Remark 2.6.9. Observe that for any f € A, we have degg(supp f)= deg%(supp Lf)cC A% a
from the definitions (i.e., L does not change the connected component of the image of the

support in Bung). As a consequence, for any ¢ € Cp on which M © converges, we have

deg 3 (supp ) = deg B (supp LM ).

2.6.6 The space Aps.. of “pseudo-compactly” supported functions

We are inspired by Lemma 2.6.1 to make the following definition.

Definition 2.6.10. Let Aps. be the space of all functions f € A such that CTp(f) € Cp 4

for all standard parabolic subgroups P C G.
Proposition 2.6.11. For any f € Ac, one has Lf € Aps_c.

Proof. Let P = MU be a standard parabolic subgroup of G. By (2.52), we have CTp(Lf) =
M(CT’P(f)) and CT'(f) € Cp 4. Remark 2.6.9 implies that LM(CT’P(f)) € Cp 4 as well.
Hence CTp(Lf) € Cpy and Lf € Apsc. O

Theorem 2.6.12. The operator L : Ac — Apsc is invertible. For f € Aps.c one has

L7y = Z 1) Z(M)(Eis p o CTp) (f). (2.53)

where the sum ranges over standard parabolic subgroups.

Proof. For f € Apsc, set L' f equal to the r.h.s. of (2.53). First we need to check that

L'f € Ac. Let P’ be another standard parabolic. Then by (2.47),

(CTpioBispoCTp)(f) = > (Bish), ,10RS 0 CTS)(/)

o
wGWM e

WhereWM7M,:{w€W]wd>0,‘v’d€<i>+, w1a>OVa€®+}1sasetof
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representatives for Wy \W/Wy;, and My = M N w M w. Summing over P, we have

CTp(L'f) = >

weW Ml\lew_ch’

. g
Z (_1)d1m Z(M) (Elstle_l ORJ(\;/Il,w o CT]C\ZI)(f).
‘Ml =Mnw I M'w

(]
wGWM M

Note that AMl is any subset of w_léj\%, NAg, while Ay, — AMl is any subset of w_l(@g —
CIDL,) NAg¢. Thus the inner sum over M vanishes unless w ™! (<i>+ — ot 147) contains no simple
roots. This only occurs if w = wé\/l ,wo and M1 = M. By considering Ml = wO Ole()w(])\/[

instead of M7, we see that

CTp(L'f)= Y (- 1)dim Z(M; )(ElsM/ oRpr. e CTarappu-)(f) - (2.54)
MicM'

where the sum is over all Levi subgroups of M’, and P{ is the standard parabolic subgroup of
G with Levi M]. Let @ = (M'NP{)U'~. Then wgw(])\/‘ﬂ@wy/wo is a standard parabolic sub-
group. Since f € Apsc, we have CTq(f) € €g 4. Observe that Eis%i ORP{:Q = Rpr.p- o

Eis™ ; when either side converges absolutely. Also note that deg(g,(supp Eis%;(CTQ f) =
1

M
deg(%,(supp(CTQ f)). From this we deduce that (Eis%: oCTg)(f) € Cpr— ;. Therefore
1 )

(RP’:P/_ O EIS%{ O CTQ)(f) < GP/v_

Consequently, CT p/(L’ flee j and L’ defines an operator Aps-c = Ac.

Now we check that L' is inverse to L. For f € Aps.e, it follows from (2.54) and the
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ensuing discussion that

W=y ¥

P p{cP’

(— 1)dunZ(M/) dlmZ(M1)(ElsP/_ oRP, pr— © Rpr.pi— 0 ElsM, OCT(M’QP’)U/ )(f)-

Observe that Eisp/_oEis]\]\ﬂ = Eis(M/mp{)U/_. Set ]\/[é = wéWM{wéW and let Pé be
the corresponding standard parabolic subgroup. Then Eis( M'NPU'- OCT( MnPHU'- =

Eis

—oCT,—. Hence
Py P}

LL'fZZ Z (—1)dim Z(M')—dim Z(M3) | (g5

Py ° CTpé*)(f)-
P} \ PicP'

The inner sum vanishes unless Pé = G. Therefore LL'f = f.

For f € A., we apply (2.52) to get

vrf=Y% Y (-pimAA0-dmZM @m0 O np 2 CTR)(),
P MyCM

where P = MU ranges over the standard parabolic subgroups, M ranges over Levi sub-

groups of M, and P; C G is the standard parabolic subgroup with Levi M7. Observe that

CT% PO CT’P = CT/(MQP*)U' Conjugating by w(])\/‘[, one sees that
1 1
, , o /
EiS(vnpyu © CT apnpry = Bisp, 0 Oy,

where P is the standard parabolic subgroup with Levi My := wy Mpr 1w0 Then

ULf=3 | 3 (~ptmAD=dmZL) ) (Eisp, 0 CTh)(f),
P, \PCP

and the inner sum vanishes unless Py = G. Therefore L'Lf = f, and we have proved that
7



L' is the inverse of L. O

Remark 2.6.13. We observe that formula (2.53) for L~! may be thought of as an analog
of the Aubert—Zelevinsky involution for smooth representatives of a p-adic group: Let F},
denote a non-Archimedean local field. For every smooth G(F},)-module M one can form a

complex

0—-M— @igrg(]\/[) == iGrE(M) =0
P
where ig,rg denote, respectively, the parabolic induction and Jacquet functors, and the
sum in the i-th term runs over standard parabolic subgroups of corank ¢ in G. We call this
complex the Deligne—Lusztig complex associated to M and denote it by DL(M). Analogous

complexes were considered in [22] for representations of a finite Chevalley group. In the

Grothendieck group, we have

[DL(M)] = Y (-1 A= dimZAD g G )]
P
where the sum ranges over standard parabolic subgroups. In fact, this defines an involution
of the Grothendieck group, which is often called the Aubert—Zelevinsky involution. If one
considers Eisp, CTp as global analogs of ig,rg, respectively, then formula (2.53) suggests
that L~! is a global analog of the Aubert-Zelevinsky involution (although L1 is no longer

an involution).

Remark 2.6.14. The main result of [30] (namely, Theorem 0.1.6) says that the stack Bung
is miraculous, i.e., the functor Ps-Idgyy,, 1 : D-mod(Bung)co — D-mod(Bung) is an equiv-
alence. This equivalence is a D-module analog of the part of Theorem 2.6.12 that says that
the operator L : AKX — AK induces an isomorphism AL — A{,g_c.

The formula (2.53) for L™! may be useful in describing the functor inverse to Ps-Idgy, o)l
(we expect that one can mimic the construction of the Deligne-Lusztig complex using the

functors Eis%lh, CT%1h defined in [31, §6]). We refer the reader to [27, Conjecture C.2.1] for
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an explicit conjecture in the case G = SL(2).
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CHAPTER 3
RADON INVERSION FORMULAS OVER LOCAL FIELDS

3.1 Introduction

3.1.1 Some notation

Let F be a local field (i.e., I is either non-Archimedean or R or C). Let G denote the
topological group GLy,(F') for an integer n > 2.

Let K be the standard maximal compact subgroup of G (i.e., if F' is non-Archimedean
then K = GL;,(0), where O C F is the ring of integers, if F = R then K = O(n), and if
F = C then K =U(n)).

We fix a field E of characteristic 0; if F' is Archimedean we assume that E equals C.
Unless otherwise specified, all functions will take values in F.

Let € denote the space of K-finite C*° functions on F" \ {0}. In §3.2.2 we define the
subspace C4 C € consisting of functions with bounded support and the subspace C_ C C

consisting of functions supported away from a neighborhood of 0.

3.1.2  Subject of this chapter

In this chapter we consider the Radon transform as an operator

RZ€+—>G_.

When F' is non-Archimedean, R is known to be an isomorphism [10]. An explicit formula
for the inverse was, however, not present in the literature. There is a ‘classical’ inversion
formula due to Cernov [20] on the space of Schwartz functions, but its relation to B! is not
obvious. We formulate and prove a simple formula for R~! in the non-Archimedean case

and relate it to Cernov’s formula.
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In the Archimedean case, the invertibility of R was a priori unclear due to the nonstan-
dard nature of the function spaces C+. We prove that R is indeed an isomorphism when F’

is Archimedean and provide formulas for R~ (here K-finiteness of € plays a crucial role).

3.1.3 Motivation

Our interest in the operator R originates from the classical theory of automorphic forms.
Let G denote the algebraic group SLg and U (resp. U™) the subgroup of strictly upper
(resp. lower) triangular matrices and 7" the maximal torus of diagonal matrices. Let B denote
the subgroup of upper triangular matrices. Then G(F)/U(F) = F?\{0} and G(F)/U~(F) =
F2\ {0}. The operator R coincides with the (local) intertwining operator Rp : € B+ —
Cp — defined in §2.2.6. The spaces C4 also coincide with Cp 4 as defined in §2.2.5

While we work only with the local field F', one also has the global analog of R defined
in Section 2.5. The global intertwining operator plays an important role in the theory of
Eisenstein series and their constant terms [16, §3.7]. The constant terms of automorphic
forms reside in the space C_(G(A)/T(F)U(A)), which makes it a natural space to study
in this setting. The results of this chapter are used to prove invertibility of the global
intertwining operator in [27]. This in turn gives explicit formulas for the bilinear form B
defined in Chapter 2 in the case G = SL(2) over any global field. These results may also be
reinterpreted as explicit formulas for the distributions {p defined in §2.2.7. In particular,
they give definitions of £p over an Archimedean local field, while {p was a priori defined
only over non-Archimedean local fields.

In the situation where F is a non-Archimedean local field, the operator R~ is essentially
the same as the ‘Bernstein map’ introduced in [10, Definition 5.3]; the precise relation be-
tween the two is explained in [10, Theorem 7.5]. The Bernstein map is also studied in [60]
(there it is called the asymptotic map) in the more general context of spherical varieties.

In the real case, the Radon transform has been studied extensively by analysts ([33], [39],

[40]) over slightly different function spaces.
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3.1.4 Structure of the chapter

In §3.2 we define the subspaces C+ C € and recall the definition of the Radon transform
over a general local field F'.

In §3.3, we consider the case when F' is non-Archimedean. We prove that R is invertible
and give a formula for R~! in Theorem 3.3.6. This is done by relating the Radon transform
to the Fourier transform (§3.3.3-3.3.5). We deduce the previously known Radon inversion
formula of Cernov [20] from Theorem 3.3.6 in §3.3.6.

We consider the real case in §3.4. The formula for R~1 is given on each K-isotypic
component of C_ in Theorem 3.4.2 in terms of convolution with a distribution on R<g.
The Mellin transform of this distribution is computed in Theorem 3.4.4. The proof of the
theorems is in §3.4.6. The invertibility of R heavily relies on the K-finiteness assumption in
the definition of €. In §3.4.7, we prove (Corollary 3.4.8) that the analog of R is not surjective
when K-finiteness is dropped from the definitions.

In §3.5, the complex case is developed in the same way as the real case. The inver-
sion formula is given in Theorem 3.5.2 and the reformulation using the Mellin transform is

Theorem 3.5.4.

3.2 Recollections on the Radon transform

3.2.1 The norm on F"

Let |-| denote the normalized absolute value on F' when F is non-Archimedean and the
usual absolute value! when F is Archimedean. For a € F*, set v(a) := —logla|. If F is
non-Archimedean log stands for log,, where g is the order of the residue field of F. If F' is
Archimedean, log is understood as the natural logarithm.

We define a norm ||-|| on F™ as follows. If F' is non-Archimedean, then ||-|| is the norm

1. If FF =R, then the normalized absolute value coincides with the usual absolute value. If F' = C, then
the normalized absolute value is the square of the usual absolute value.
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induced by the standard lattice O™ (i.e., ||z|| is the maximum of the absolute values of
the coordinates of x € F'™). If F' is Archimedean, then |-|| is induced by the standard
Euclidean/Hermitian inner product (i.e., the square root of the sum of the absolute values
squared).

For z € F™\ {0}, set v(x) := —log||z||.

3.2.2 The spaces C, C., C4

Let € denote the space of K-finite C° functions on F™ \ {0} (recall that if F' is non-
Archimedean, C'*° means locally constant). Let C. C € be the subspace of compactly
supported functions on F" \ {0}.

Given a real number N, let €< C € denote the set of all functions ¢ € € such that
(&) # 0 only if v(§) < N. Similarly, we have C>y,Cs v, and so on. Let C_ denote the
union of the subspaces C<y for all N. Let €4 denote the union of the subspaces €~y for

all N. Clearly C-.NC4 =€, and C_- +C4 = C.

3.2.3 Radon transform

Equip F' with the following Haar measure: if F' is non-Archimedean we require that mes(Q) =
1; if F'is Archimedean we use the usual Lebesgue measure. Let the measure on F' be the
product of the measures on n copies of F'. Fix the Haar measure on F'* to be d*t := |Cfft|
Let f € C4. The Radon transform Rf(,s), for £ € F™\ {0} and t € F*, is defined by

the formula

FEt) = /f 5(¢ & — t)da

where £ -z = &1 + -+ + £y and O is the delta distribution on F'. The expression for

Rf(&,t) can also be written directly as

w60 = [ f@n
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where dji¢ is the measure on the hyperplane § - x = ¢ such that dugdi = dv. We get an

operator R : €4 — C_ by setting

RI© = [ J@ne 3.)

Proposition 3.2.1. For any number N one has R(C>y) C C<_p.

Proof. Let f € C>n and £ € F \ {0} with v(§) > —N. Then £ -2 = 1 implies v(z) < N,
so f(x) = 0. Therefore Rf € C<_y. O

The natural action of G on F™ \ {0} induces a G-action on C by (g- f)(z) := f(¢~ ')

forg e G, f € Cuaxe F"\{0}. Then

R(g- f) = |det g|%(¢") 'R (3.2)

for f € C4 and g € G, where ¢! is the transpose matrix, and d = 1 if F # C and d = 2 if

F =C (i.e., |det g|? is the normalized absolute value of det g).

3.3 F non-Archimedean

In this section we consider the case when F' is a non-Archimedean local field. Let O the ring
of integers, p the maximal ideal, @ a uniformizer, and IFy the residue field of F.
The main result of this section is Theorem 3.3.6. In order to state the theorem, we must

first define a new operator Ag: €_ — €4, which is done in §3.3.2.

3.3.1 K-finmite functions

The action of G on F™ \ {0} is continuous and transitive. Since F' is non-Archimedean, K

is an open subgroup of G, and we have the following description of K-finite functions.

Lemma 3.3.1. A C* function ¢ on F"\ {0} is K-finite if and only if there ezists an open

subgroup H C K such that p(h&) = @(&) for allh € H and £ € F™ \ {0}.
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Proof. Let W denote the span of the K translates of f. By assumption W is finite dimen-
sional, and this implies that there exists a compact open subset X of F"\ {0} such that the
restriction map W — C°°(X) is injective. Any locally constant function on X is fixed by

an open subgroup of K, which proves the lemma. O

One may sometimes wish to consider the group SLy,(F') rather than GL,(F') acting on
F"\ {0}. The next lemma shows that this does not change the corresponding subspaces of

invariant functions in C.

Lemma 3.3.2. For an integer r > 0, set K, := ker(GL,(O0) — GL,(O0/p")). Then the
following properties of a function ¢ on F™\ {0} are equivalent for n > 2:

(i) ¢ is stabilized by K, N SLy,(F),

(ii) (€)= (&) for &€ € F™"\ {0} satisfying v(¢ — €) = v(€) +7,

(iii) ¢ is stabilized by K.

Proof. Suppose that ¢ is stabilized by K,NG. Take &, ¢ € F™\ {0} with v(&' —¢&) > v(&)+r.
We can find a basis v1, ..., v, of O" with v; = @ ?€)¢ and vy = (=9 (=€) Let g
send vy to vy —I—w“(’gl_’g)_“(g)vg and vy, to vy, for k > 1. Then g € K, NG and g€ = &, Thus

(&) = ¢(&). This proves (i) implies (ii). The other implications are easy. O

3.3.2  The operator Ag: C_ — C

Let Sg(F) denote the space of distributions # on F' such that for any open subgroup U C
©*, the multiplicative U-average? B has compact support and (87, 1) = 0. Note that if
(Brr, 1) = 0 for some U, then it is true for all U.

We would like to define Ag: € — €4 for § € 8 (F) by

(Agelle) = | A(E-m)o(e)dg

2. The multiplicative U-average By is defined by Sy (t) = ﬁ(U) Jo Blut)d*u.
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but we must explain the meaning of the r.h.s.

Fix ¢ € C_ and = € F" \ {0}. For any open compact subgroup A C F" let

I(A) = /A B(E - 2)p(€)dE.

Lemma 3.3.3. There exists A such that I(A') = I(A) for any A’ containing A.

Proof. Choose £y € F™ such that y-z = 1 and v(§y) = —v(x). Then F" = F¢y@® H where H
is the hyperplane {{ | -2 = 0}. Lemma 3.3.1 implies that ¢ € C_ is fixed by the homothety
actions of an open subgroup U C O*. Therefore we can replace 3 by the multiplicative
average 7. Let p' C F be a fractional ideal containing the support of ;7. Lemma 3.3.2(ii)
implies that ¢(ség + &) = (&) if s € p’ and v(€) < v(&) + i — r, where ¢ is stabilized by
the congruence subgroup K. Put a :=r —i. Let A 1= p'éy @ {€ € H | v(€) > —v(z) — a}.

Now suppose A is a subgroup containing A. Define A" = {£¢ e A/ | ¢z € pi} D A. Then
I(A) = I(A") since p’ contains the support of 8. Now A" = p’éy @ (A" N H). Thus

I(A") — I(A) = / B (s)o(séo + €)léoldsda.
EE(A\A)NH Jp?

Note that & € (A \ A) N H satisfies v(¢) < —v(z) — a and hence ¢(s&y + &) = p(£). We

conclude that I(A”) = I(A) since (B, 1) = 0. O

Put (Agyp)(z) := I(A) where A is as in Lemma 3.3.3.

Corollary 3.3.4. Let N be any number. If p € C<_p, then Agp € C>n_,, where a is an

integer depending only on 3 and the stabilizer of v in G.

Proof. We use the notation from the proof of Lemma 3.3.3. Note that the choice of a
is independent of x € F" \ {0}. It follows from our definition above and the proof of

Lemma 3.3.3 that

(ABSO)(x> = cel But)e(séo + §)|€oldsdpz,
/v<§>>fv<x>—a /p
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which is zero if v(z) < N — a. O

Thus we have defined an operator Ag: C— — Cy.

Remark 3.3.5. For ¢ € €_ we have Ag(gp) = |det g\(gT)_l(Aﬁgp) where g7 is the transpose.
In other words, the operator €_ — {measures on (F"*)*\ {0}} defined by ¢ > (Agp)dx is

equivariant with respect to the action of G.

The goal of this section is to prove the following.

Theorem 3.3.6. The operator R : €1 — C_ is an isomorphism. The inverse of R is Ag,

where B is the compactly supported distribution on I equal to

1—¢q _ _

?US — 17" = s[7").

The distributions |s — 1|~ and |s|~" are defined as in [34, Ch. 2, §2.3], i.e.,
st 1) = [ 1) = o)

for a test function f € C2°(F).

We prove Theorem 3.3.6 in §3.3.5.

Remark 3.3.7. Let 3 be as defined in Theorem 3.3.6. Then the integral of g along any

L=q" |-,

compact open subset of F' has value in Z[%]. This is not true for the distribution g

3.3.3  Fourier transform

We assume without loss of generality that E contains all roots of unity. Choose a nontrivial
additive character 1) of F' which is trivial on O but nontrivial on @~ 1O. The Haar measure
we chose for F is self-dual with respect to ¢). Note that ¢ € 8)(F). Define the Fourier
transform ¥ : € — C4 by

F = Ay.
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On the other hand, we also have an operator F’ : G4 — C_ defined by

FfE) = . f@) (=€ - ) — 1)du. (3.3)

Moreover for any number N, one observes that F(C>y) C Co_y.
Proposition 3.3.8. The operators I and F' are mutually inverse.

Proof. Proposition 3.2.1 and Corollary 3.3.4 imply that
FF(Con) CConpq and FF(Co_y) CCn_,

on functions stabilized by K, for a fixed r > 0. As a consequence, it is enough to check the
equalities FF' = id and 3’F = id on the subspace C. = €4 N C_.
Let f € Cc. Then the usual Fourier transform f is a compactly supported function on

F™. Note that ' f(¢) = f(f) — f(O) By the definition of &F, we have

T f(x) = / (F(©) — FO)b(€ - 2)de

A

for any sufficiently large open compact subgroup A C F™. Since f is compactly supported,
the usual Fourier inversion formula implies that [, f (&W(& - x)dE = f(z) if A contains the

support of f Since x is nonzero, fA Y(€-x)dé = 0 for A large enough. Therefore FF' f = f.

In the other direction, let ¢ € C.. Then Fp(z) = @(—=z) is compactly supported on F".

Again the Fourier inversion formula implies that

I
5
N
|
S
=
I
S
o
O

F'Fp(c) = / H)b(—€ - a)dr — / b (x)dz

n n
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3.8.4 Actions on C4

For any real number a, let A<, be the space of generalized functions o on F'* whose support
is contained in {t € F* | v(t) < a}. Let A_ denote the union of all A<, for all a. Then A_
becomes an algebra under convolution using the measure d*t.

We have an action of A_ on C_ defined by

(@r @) = [ altett o)t

fora e A, ¢ € €, and £ € F™ \ {0}. One similarly defines A>,, Ay, and an action of

Ay on C4. There is an isomorphism o : A<, — A>_, defined by
ofa)(t) = alt™ )"
We would like to define a multiplicative convolution action of Ay on 8 (F) by

@8 = [ awse s

fora € Ay and § € SZ(F), but we must explain the meaning of this formula as a distribution

on F. Let 8(F) denote the space of locally constant, compactly supported functions on F.

Lemma 3.3.9. Let f € 8(F) andt € F*. Then [p B(t~Ls)f(s)ds = 0 if v(t) is sufficiently

large.

Proof. Since f € 8(F), there exists an open subgroup U C O* that stabilizes f under

homotheties. Thus we can replace 3 by the multiplicative average (7, which is compactly
supported. Then [p 5(t_1s)f(s)ds = |t| fsupp By B (s)f(ts)ds. If v(t) is large enough such

that f is constant on t(supp f7), the integral vanishes since (87, 1) = 0. O
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Define the distribution & * 8 € 8(F) by putting the value at f € 8(F) to be

@epf = [ ao ([ aeoseas) e,

which is well-defined by Lemma 3.3.9 and the fact that o € A.

Remark 3.3.10. Observe that A<, * €<y C C<yiq and A>q *x C>y C Cs vy, for any
numbers a and N. Moreover if @ € A>, and § € SZ(F ) has support contained in p’, then

the support of & /3 is contained in p@te.

Remark 3.3.11. The convolution action of A4 on Sg(F) is indeed an action, i.e., a1 *(ag*f) =
(o] % ag) % B for ay,a9 € A4 and f € S;)(F) One sees this by restricting § to F*
and identifying A with the space of distributions on F* with bounded support using the

measure d*t.

Lemma 3.3.12. Leta € A, f € 8(F), and p € C_. Then

Aﬁ(a * 90) = U(a) * Aﬁ(p = Aa(oz)*ﬂ(gp)

Proof. By Corollary 3.3.4 and Remark 3.3.10, we reduce to the case where « € A_ N A4

and ¢ € C.. Consequently, a* ¢ € C.. Fix x € F"\ {0}. We have

Asfas )@ = [ se-o) [ aeeo0tas = [ o [ sle- mpte)aeit

by a change of variables. Substituting ¢ with ¢~1 in the last integral shows that Aglaxp) =

o(a) x Agp. One observes that o(a) * Agp = Aa(a)*ﬂ((p) essentially by definition. O

Remark 3.3.13. One easily checks that if « € A_ and f € C, then R(c(a) * f) = ax Rf.
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3.3.5 Relation between Radon and Fourier transforms

Note that " and R are both operators €4 — C_. Comparing formulas (3.1) and (3.3), we

deduce the formula

where f € C4 and «a(t) :=¢(—t) — 1 for t € F*.
Let 3 be the distribution defined in Theorem 3.3.6.

Lemma 3.3.14. We have an equality of distributions

B =oc(a)*.

Proof. Let f € 8(F). Then (o(a) ¢, f) = [px|t|"(¥(t) — 1) ([ f(s)(—ts)ds) d*t. This

is the value at f of the Fourier transform of [t|"~1(¢)(t) — 1) considered as a distribution on

n—1
F. Tt is well-known [34, Ch. 2, §2.5-6] that the Fourier transform of [t|"~1 is 11:(2,,1 |s|~".

Therefore we conclude that o(a) x 1 = 5. [
Observe that ¥ = Ay and Ag are both operators €. — €4. Let ¢ € C—. From
Lemmas 3.3.12 and 3.3.14, we deduce the equality

Agp = a(a) x Fp. (3.5)

Proof of Theorem 3.3.6. We deduce from (3.4) and Proposition 3.3.8 that R has a left inverse
sending ¢ € C_ to F(a x ). Lemma 3.3.12 and (3.5) together say that F(a * p) = Agep.
Applying R to (3.5) and using Remark 3.3.13, we see that RAg = F'F = id. Therefore Ap

is both left and right inverse to R. O]
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3.3.6 Comparison with Cernov’s Radon inversion formula

Let f be a Schwartz (i.e., compactly supported C°°) function on F™. Recall that the Radon
transform Rf (€, s) is a C*° function on (F™\ {0}) x F' (in particular it is defined at s = 0),
and Rf(€,5) = 0 if ||s£|| =1 is sufficiently large. The following “non-archimedean Cavalieri’s

condition” is also well-known:
Lemma 3.3.15. The integral [ Rf(&, s)ds does not depend on €.

Proof. The integral of f over F™ along a pencil of parallel hyperplanes does not depend on

the direction of the pencil. O

It was previously known ([20, Theorem 5|, [46, formula (8)]) that the following inversion

formula holds:

1 — qn—l
(1-—¢HA—-q™)

f(x) = / (IsI=", Rf (.5 + - 2))dn (3.6)
[In]=1

where z € F" \ {0} and 7 ranges over norm 1 vectors in F".
We will deduce formula (3.6) from Theorem 3.3.6. Since f is compactly supported on

F" we have f € C4 and Theorem 3.3.6 implies that

f(z) = AgRf(z) = / B 2)RF(E)dE

v(§)>N

for z € F"\ {0} and N a sufficiently large number. We can write & = ¢t~y where t € F*

and n € F" with ||n|| = 1. This gives the equality

= “hy )R )|t dnd .
s [ A R

Homogeneity of Rf implies that [t| " Rf(t"1n) = Rf(n,t). Therefore we have the formula

1 _ q’nfl

fle) = (1—¢H(1—g™)

Lo et el R tynde. (37
v(t)<=N Jn]=1
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Choose ng € F™ with v(ng) = —v(z) and ng-x = 1. Then n-x —t = (n—tng) - z. Note that
if v(t) > v(x), then translation by ¢ny preserves the unit sphere of norm 1 vectors. Moreover
smoothness of R f implies that Rf(n+tng,t) = Rf(n,t) if v(t) is sufficiently large. Therefore
the inner integral of (3.7) is zero if v(t) is sufficiently large. Thus we may integrate over all

t € F and switch the order of integration.
Lemma 3.3.16. The integral f||77||=1’77 ~xz|7"dn equals zero.

Proof. Using the G-action, we may assume that = = (1,0,...,0). Then n -z = nq, the first
coordinate of 7. One sees that f||n||:1|771\_"d77 = (1-q¢H+ fp\m|_”dm(1 —¢'™™). A

simple calculation shows that the latter expression vanishes. O

Lemmas 3.3.15 and 3.3.16 imply that f”n”:ﬂn x| [p Rf(n,t)dtdn = 0, so the |n-z|~"
term in (3.7) vanishes. After a change of variables s = ¢ — 7 - z, the formula (3.7) becomes

equal to Cernov’s formula (3.6).

3.4 F real

In this section we prove the invertibility of R when F' = R. Recall that in this case K =
O(n). The inversion formula is given in Theorem 3.4.2, and a reformulation using the Mellin
transform is given in Theorem 3.4.4. The K-finiteness of C plays a crucial role in the proofs,
so we begin by recalling the classification of the K-isotypic components of C.

The non-K-finite situation is considered in §3.4.7.

3.4.1 Spherical harmonics

Let S~ 1 denote the unit sphere centered at the origin in R”, which has a natural action by
O(n). Let €(S™1) be the space of smooth K-finite functions on S®~!. For a nonnegative

integer k, let H k¥ denote the space of harmonic polynomials on R™ of degree k.
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Theorem 3.4.1 ([39, Theorem 1.3.1], [42, Theorem 3.1, [47]). Let H*|S"~1 denote the
space of harmonic polynomials restricted to S, Then

(i) the restriction map H* — H*|S"=1 is an isomorphism,

(i) €(S"1) = Dr>0 H¥|S"1 as O(n)-representations,

(iii) the O(n)-representations H® are irreducible and not isomorphic to each other-

3.4.2  Decomposing € into K-isotypes

We have a decomposition R™ \ {0} = Ryg x S~ ! with O(n) acting on the S"~! compo-
nent. Let C(Rs() denote the space of smooth functions on R<g and define the subspaces
e:l:(R>0), GC(R>O) as in §322

Theorem 3.4.1 implies that there is a decomposition

¢ =P R ®H".
k>0

For u € @(Rsq) and Y € H¥ we define u®Y € € by (u®Y)(x) := u(|z]) - Y ().

3.4.3 Radon inversion formula

We have an isomorphism Inv : € — C4 defined by

(nv 9)(z) = [jal| "¢ (n j||2) |

Set R := Inv!oR. Consider R~ as a subgroup of diagonal matrices in GG. Then it follows
from (3.2) that Ris a K x Ry equivariant operator from C to Cq.

Let A denote the space of distributions on R~ supported on (0, 1]. Then A is an algebra
under the convolution product * induced by the multiplication operation on R . The action

of Ry on C4 induces an action of A.
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Theorem 3.4.2. The operator R : C1 — C_ is an isomorphism. For ¢ € C_(Rx() ® H*,

the inverse R~ : C_ — @ is given by the formula

R™Yp = B+ Inv(p)

where By, is the distribution on Rsq defined by

k-1 2o
Br(t) = ! e " R (1 — 42 ) (3.8)
2n+k—27rnT_1I‘(n+2k*1) dt +

The derivative % is applied in the sense of generalized functions. For A € C with Re(\) > —1,

the generalized function (1 — zf)ﬁ‘r is defined by ((1 — t)ﬁ‘r, fo(t)dt) = fol(l — ) fo(t)dt for
fo € Ce(R~g). This generalized function can be analytically continued to all A € C not equal

to a negative integer [35, §1.3.2]. We define (1 — 752)}r =1+ (1- zf)ﬁ‘r
Corollary 3.4.3. For any number N one has R_l(GS_N) CCsn-

Proof. Observe that (3. is supported on (0, 1] for all k. O

3.4.4 A formula for R in terms of convolution

For t € (—1,1), define Ay : €(S" 1) — €(S" 1) such that (A;f)(z) is the average value of
f on the (n — 2)-sphere {w € S | w-x =t}. Then A; is O(n)-equivariant, so by Schur’s
lemma it acts on H k\S”_l by a scalar ay(t). Since H k is stable under complex conjugation,
ap(t) is real valued. One observes that aj, is a smooth function on (—1,1), |az(¢)| < 1 for all
t € (—1,1), and limy_,q a;(t) = 1.

Suppose that f € G(R>0)®Hk and there exists C' > 0 and ¢ > n — 1 such that
|f(x)] < C|jz||~° for all z with ||z|| > 1. Since the intersection of S”~1 with the hyperplane

{w|w-z =t} has radius (1 — ¢2)1/2 for a unit vector z, we deduce that

Rf=opx f (3.9)
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where oy, is the measure mes(S™2)-t~"-a(t)(1 —t2)nT_3dt on the interval (0, 1) extended by
zero to the whole R~ . The convolution oy, f is well-defined because of the bound on | f(z)|,

and mes(S™2) denotes the surface area of the (n — 2)-sphere. In fact, [33, Proposition 2.11]
says that ay(t) is the scalar multiple of the Gegenbauer polynomial ClgnT_2> (t) normalized by
ap(1) =1.

The Mellin transform 9Ma;, is defined for s € C by integrating t* against oy, if Re(s) >

n — 1.

Theorem 3.4.4. The distribution «y, is invertible in A. The inverse By, is defined by (3.8).

The Mellin transforms are given by

1 g 1mm T(s+k)  T(EEE L)
mﬁk(s)_ﬁﬁak(é‘) =2 ™ I(s—n+1) p(sthtly (3.10)

Theorem 3.4.4 implies Theorem 3.4.2.

3.4.5 Relation to Fourier transform

Let 8(R™) denote the space of Schwartz functions on R and 8'(R™) the dual space of
tempered distributions on R"™. The Fourier transform is defined for an integrable function f
on R" by

FFE) = [ flx)e > dx.
Rn

This definition can be extended [66, §1.3] to the space of tempered distributions. After this
extension, F becomes an isomorphism ¥ : 8/(R") — §'(R") .
Let F : 8/(R) — 8'(R) denote the 1-dimensional Fourier transform. For f € §(R™), one

gets the Fourier transform from the Radon transform by

Ffirw) = FRf(w,1))(r) (3.11)

where F is the Fourier transform with respect to the ¢ variable, r € R, and w € S" 1 is a
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unit vector.

Lemma 3.4.5. Let f be a locally integrable function on R™ for which there exist C > 0 and
o >n—1 such that |f(x)| < Cllz||77 for all x with ||z|| > 1. Then:

(i) Rf is a locally integrable function on S"~1 x R.

(1i) Rf(w,t) is bounded for |t| > 1.

(iii) The right hand side of (3.11) is well-defined as a generalized function on R x S"~1.

() Equation (3.11) holds as an equality between generalized functions on Rq x S~ 1,

Proof. Since Rf is defined by integrating f on a hyperplane of dimension n — 1, the bound
on |f(z)| implies that Rf is well-defined on S”~1 x R. One also uses this bound and local
integrability of f to deduce that Rf is locally integrable. If w € S? ! and ¢t € R with [t| > 1,
then integrating in the radial direction on the hyperplane w - x = t, we see that |Rf(w,1)]
is bounded by a constant times fooo(r2 +¢2)79/2pn=2gp which is equal to a constant times
|t["~1=9. This proves (ii). Property (iii) follows immediately from properties (i)-(ii).

Let ¢ be a compactly supported smooth function on R” \ {0} = R x S”~ 1. Consider

f as a tempered distribution on R™. By the definition of Ff,

/ Ff(rw)e(rw)r™ tdrdw = / f(z) / go(mu)e_zmr(w'r’)rn_ldrdwdx.
R>q x 571 n Rsg x S7—1
(3.12)

Since ¢ fR>0 o(rw)e”2™rtpn=lgr is a Schwartz function on R, we deduce from the de-

composition dz = du,dt and property (ii) applied to | f| that the integral

Jor

converges. Then the Fubini-Tonelli theorem implies that (3.12) is equal to

/ // Rf (w, t)e 2T o (rw)r™ Ldrdtdw,
Ssn—1 JR R>0

which proves (iv). O
97

dxdw

F(z) / So(rw)e—%rir(w-m)rn—ldr
S




3.4.6 Proof of Theorem 3.4.4

Let Y € H¥ and define f(z) = ||z|| ™ - Y (7%;) for s € C. If n — 1 < Re(s) < n, then f is

]

locally integrable on R™ and satisfies the hypothesis of Lemma 3.4.5. Moreover by (3.9) and

homogeneity of f we see that
Rf (e, t) = sgu(t) " Rf (w) = sgu(t) " Mag(s)Y (w)
as a locally integrable function on S”~! x R. Then Lemma 3.4.5 implies that
Ff(rw) = F(sgn(t)"|t"~17%) (r)May ()Y (w).

It is well-known [35, §I1.2.3] that

(s—n—k+1)

Psen ()} =1=%) ) = ¥ 2m) = T2 ) (e

On the other hand, one can compute the Fourier transform of f directly:

Theorem 3.4.6 ([66, Theorem IV.4.1]). If 0 < Re(s) < n, then Ff(x) = v||z||*7"Y (%),

|]]

where v = i_kWS*%F(%H)/I’(S—?).

Comparing constant multiples in the two formulas for Ff above and applying Euler’s reflec-

tion formula, we have

F(n+§—s>r<s—n§k+l )F(n—l—k—Z!—l—S)
F(#)F(n —3)

May,(s) = 27171737_‘_71/271

for n — 1 < Re(s) < n. By analytic continuation, we deduce the equality for all s € C away

from poles. The duplication formula for the I'-function implies that

s+k+1
May(s) = gkt Lt ) LB (3.13)
P(s+k) 1= 41)
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as stated in Theorem 3.4.4. To finish the proof of Theorem 3.4.4, it remains to show that
(MBL) ! equals the right hand side of (3.13). By considering the Beta function we see that

F(% + 1)/F(SH€T+1) is the Mellin transform of v(t)dt, where

2 l—n—k 9 n+2k—3
(*5—)
n+2k—3

The generalized function (1 — 152)+T is defined in the paragraph after Theorem 3.4.2.
Multiplying the right hand side of (3.14) by I'(s+k)/I'(s—n+1) = (s—n+1)--- (s+k—1)
amounts to replacing v by Ly (v), where Lj, := (—% t—n+1)--- (—% -t+k—1). Observe
that Ly = tF=1(—d)n+h=1yn Therefore MBy = (May,)~!, where By is defined by (3.8).
This proves Theorem 3.4.4.

In the case n = 2, the formula (3.13) is well-known (cf. [68, Lemma 7.17], [16, Proposition

2.6.3]).

3.4.7 The non-K-finite situation

In this subsection we consider the situation where we remove K-finiteness from the defini-
tions of C4 and C_. Let @4 be the space of smooth functions on R™ \ {0} with bounded
support, and let €_ be the space of smooth functions on (R™)* \ {0} supported away from
a neighborhood of 0.

We have the operator #Z : €+ — ¢— defined by

RI(E) = /< o T

(cf. formula (3.1)). One can deduce that Z is injective from the injectivity of R : €4+ — C_.
However we will show below that Z# is not surjective, and hence not an isomorphism.
Let f € ¢'+. Define C'y = supp(f)U{0}, which is a compact subset of R". Let C ¢ denote

its convex hull.
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Let C' C R™ be a convex set containing 0. Define C* C (R™)* to be the set of £ such

that the hyperplane (£, z) = 1 is disjoint from C. By convexity,
C*={¢| (& x) <1forall z e C}.

Observe that C* is a convex set? containing 0. If C' C (R™)* is a convex set containing 0, one
similarly defines the dual C* ¢ R™. Taking duals gives mutually inverse maps between the
collection of compact convex subsets of R” containing 0 and the collection of open convex

subsets of (R™)* containing 0.

Proposition 3.4.7. The connected component of (R™)*\ supp(Z[) containing 0 is equal to

(6f)* In particular, it is convex.
Corollary 3.4.8. The operator Z : ¢+ — €— is not surjective.

Lemma 3.4.9. Let &y € (R")* \ {0}. If Zf vanishes on a neighborhood of the segment

0,&0] :=={t&n | 0 <t < 1}, then f vanishes on the half-space (g, x) > 1.

Proof. By replacing f by a compactly supported function that is equal to f outside of a
small neighborhood of 0, we may assume that f is compactly supported. There exists an
open convex neighborhood C' of [0,&] such that Zf vanishes on C. Then C' = C* is a
compact convex subset of R” and C* = C, so the integral of f along any hyperplane disjoint
from C vanishes. Therefore [40, Corollary 2.8] implies that supp f C C. Since & € C, one

sees that C' is contained in the half-space (g, z) < 1. O

We have the support function H : (R")* — R associated to C'y, which is defined by

H(E) = sup{({, =) | = € Cf}.

3. C* is called [19] the dual (polar) set of C. Note that if C is compact, then C* is open. If 0 is an
interior point of C, then C* is bounded.
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For £ # 0, the set {x | (¢, 2) = H(§)} is a supporting hyperplane of éf. The function H

uniquely determines the compact convex set C £, and (C ) =H “1(R).

Proof of Proposition 3.4.7. It is clear that H—1(R.1) is an open subset of (R")*\supp(Zf).
Note that since supp(Zf) is closed, Lemma 3.4.9 implies that if H(¢) = 1 then & €
supp(Zf). Thus (éf)* = H~Y(R1) is also closed in (R™)* \ supp(Zf). O

3.5 F complex

In this section we prove the invertibility of R when F' = C. Recall that in this case K =
U(n). The inversion formula is given in Theorem 3.5.2, and a reformulation using the Mellin
transform is given in Theorem 3.5.4. The K-finiteness of C plays a crucial role in the proofs,

so we begin by recalling the classification of the K-isotypic components of €.

3.5.1 Spherical harmonics

Let $27~1 denote unit sphere of norm 1 vectors in C" = R?", which has a natural action by
U(n). Let C(S?™1) be the space of smooth K-finite functions on $?"~ 1. For nonnegative
integers p, ¢, let HP? denote the homogeneous polynomials of degree p + ¢ on R2" that are
harmonic and satisfy

Y (A2t .. Azn) = MATY (21, .. 2)
for A€ C,(z1,...,2n) € C" =R?",

Theorem 3.5.1 ([42, Theorem 3.1], [47]). Let HP4|S?>"~1 denote the space of harmonic
polynomials restricted to S~ 1. Then
(i) C(S?—1) = D). >0 HP4|S?"=1 s U(n)-representations,

(i) the U(n)-representations HP? are irreducible and not isomorphic to each other.
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3.5.2  Decomposing € into K-isotypes

We have a decomposition C™ \ {0} = R+ x 52"~ with O(2n) (and hence U(n)) acting on
the S2"~1 component. Let @(Rsq) denote the space of smooth functions on R and define
the subspaces C4+(R<q), C.(Rsq) as in §3.2.2.

Theorem 3.5.1 implies that there is a decomposition

=P eR.g)@H.
P,4=0

For u € C(Rsp) and Y € HPY we define u®Y € C by (u®Y)(z) = u(||z]) - Y (757)-

3.5.83 Radon inversion formula

We have an isomorphism Inv : € — C4 defined by

(Inv @)(2) = ||l ~2 <||j||2)

where ¥ is coordinate-wise conjugation. Set R :=1Inv toM. Consider R< ¢ as a subgroup of
diagonal matrices in G. Then it follows from (3.2) that Risa K x R~ equivariant operator
from Cy4 to Cy.

Let A be the space of distributions on R~ supported on (0, 1] (see §3.4.3). The action

of Ry on C4 induces an action of A.

Theorem 3.5.2. The operator R : C4+ — C_ is an isomorphism. For ¢ € C_(Rsq) @ HPY,

the inverse R~ : @_ — C. is given by the formula

R_lgo = Bpq * Inv(p)
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where By q is the distribution on R defined by

1 n+m—1 d
_ . —p—q—2n+1 2\m—1
J=1
(3.15)

where m = min(p, q).

The derivative % is applied in the sense of generalized functions. The generalized function
(1— tz)j‘_ is defined by analytic continuation for A € C (see the paragraph following the
statement of Theorem 3.4.2). In particular, the regularization of %(1 — tz)’j’:*ldt at

m = 0 is equal to 6(1 — ¢t).
Corollary 3.5.3. For any number N one has R_l(GS_N) C Cop.

Proof. Observe that ) 4 is supported on (0, 1] for all p,q. n

3.5.4 A formula for R in terms of convolution

We consider the dot product on $2"~1 < C” induced by the dot product on C™. For
t € (—1,1), define A4; : €(S?"~1) = €(S?"~1) such that (A;f)(z) is the average value of f
on the (2n — 3)-sphere {w € S?"~1 | w-T = t}. Then A; is U(n)-equivariant, so by Schur’s
lemma it acts on HP+4|S?"~! by a scalar ap 4(t). One observes that ay 4 is a smooth function
n (—1,1), lapq(t)] < 1forallt € (—1,1), and limy_,7 ap 4(t) = 1.
Suppose that f € C(Rsg)® HP? and there exist C' > 0 and ¢ > n — 1 such that

|f(x)| < C||lz|| =2 for all z with ||lz|| > 1. One can deduce as in the real case that

where ap 4 is the measure mes(S27"73) - t172% . q), ((£)(1 — ¢2)"~2dt on the interval (0,1)
extended by zero to the whole R~ . The convolution «y ¢ f is well-defined due to the bound
on |f(z)], and mes(S%?"~3) denotes the surface area of the (2n — 3)-sphere. By considering
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zonal spherical functions, one can check [69, Lemma 1.2] that ap 4(t) is the scalar multiple

of the Jacobi polynomial Pﬁ;é"giqn(%? — 1) normalized by ap4(1) = 1.

The Mellin transform ey 4 is defined for s € C by integrating ¢° against ay, ¢ if Re(s) >
2n — 2.

Theorem 3.5.4. The distribution g is invertible in A. The inverse By 4 is defined by

(3.15). The Mellin transforms are given by

+p+ —p-
Mmp, ()= — L —gen TEFH TRt g
PO My, 4 (s) reto=d 1) pesle=d g 4y

Theorem 3.5.4 implies Theorem 3.5.2.

3.5.5  Relation to the Fourier transform

Let 8§(C") denote the space of Schwartz functions on C" and 8'(C") the dual space of
tempered distributions on C". The Fourier transform is defined for an integrable function f
on C" by

THO = [ fa)e Dy

This definition coincides with the one from §3.4.5 by identifying C” = R?". The Fourier

transform can be extended to an isomorphism of tempered distributions F : 8'(C") — 8/(C")

Let F: 8/(C) — 8/(C) denote the Fourier transform over C. For f € §(C™), one gets Ff

from the Radon transform by
Fflrw) = F(Rf(@,1))(r) (3.18)

where F is the Fourier transform with respect to the ¢ variable, r € C, and w € $27~ 1 ig
a unit vector. We have the following complex analog of Lemma 3.4.5, which is proved in

exactly the same way.
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Lemma 3.5.5. Let [ be a locally integrable function on C" for which there exist C > 0 and
o >n—1 such that |f(x)] < C|lz|| 727 for all x with ||z| > 1. Then:

(i) Rf is a locally integrable function on S2"~1 x C.

(ii) Rf(w,t) is bounded for |t| > 1.

(iii) The right hand side of (3.18) is well-defined as a generalized function on C x S?"~1.

() Equation (3.18) holds as an equality between generalized functions on Rsg x S21.

3.5.6  Proof of Theorem 3.5.4

Let Y € HP7 and define f(x) = ||z]|7% - Y (+%;) for s € C. If 2n — 2 < Re(s) < 2n, then f

]

is locally integrable on C™ and satisfies the hypothesis of Lemma 3.5.5. Moreover by (3.16)

and homogeneity of f we see that
Rf (1) = P20 2205 R (o) = PPE[t 2 2P0 500y, o (8)Y ()
as a locally integrable function on S2*~1 x C. Then Lemma 3.5.5 implies that

Ff(rw) = FPEP 277075 (r)May g (s)Y (w)

as generalized functions on Ry x S 2n—1,

Lemma 3.5.6. If 2n — 2 < Re(s) < 2n, then

T e G s s

Py |S =20 P4

as locally integrable functions on C.

Proof. Apply Theorem 3.4.6 for n =2, k = |p — q|, and Y (x1,29) = (z1 +ixg)P "9 if p > ¢

or Y(zy,x9) = (x1 —ix9)T P if p <gq. ]

Alternatively, we can use Theorem 3.4.6 to find that Ff(z) = 7||x||s*2nY(‘£—”), where
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v = i_p_qﬂs_”F(2n+p2+q_s)/f‘(5+g+q). Comparing the two formulas we have derived for

Ff and applying Euler’s reflection formula, we conclude that

rete=d oy ype=lbd )
T p(EB=1 4 1)

Mayp,q(s) = 7" ; (3.19)

as stated in Theorem 3.5.4. The equation holds a priori for 2n — 2 < Re(s) < 2n, and we
deduce by analytic continuation that it holds for all s € C, away from poles.

To finish the proof of Theorem 3.5.4, it remains to show that (9%3,4) " is equal to the
right hand side of (3.19). By considering the Beta function we see that I'(*5=1 — n +

1)/1“(% —n+ 1) is the Mellin transform of v(t)dt, where

2
t) = ——¢ a2l yZymed 3.20
) = T (127 (3.20)
for m = min(p, ¢). Note that if m = 0, then v(t)dt = 6(1 —t). Multiplying the right hand

side of (3.20) by F(SH;FQ)/F(SHZQ)_(]' —n+1)= Hn+m 1(8+p+q J) amounts to replacing

v by Lpq(v), where Ly 4 is the differential operator

n+m—1
gl—n-m H (—— t+p—|—q—23)

Theorem 3.5.4 is proved.
In the case n = 2, the formula (3.19) is well-known (cf. [68, Lemma 7.23], [28, Proposition

111.3.7]).
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APPENDIX A
GEOMETRIC REPRESENTATION THEORY

A.1 Substacks of the Hecke stack

To keep the notation consistent throughout this chapter, in this section M denotes an arbi-
trary connected split reductive group over a perfect field k.

We will attach to any algebraic normal irreducible monoid M with group of units M a
substack of a symmetrized version of the Hecke stack. This substack is the global model for
the formal arc space of the embedding M — M, and it was also considered in [11, §2]. We
are particularly interested in the case when M is the Levi factor of a parabolic subgroup
of G and M = M is the closure of the M-orbit of the coset U in G/U. The monoid M is
studied in detail in Chapter 1.

We recall the relation between the Hecke stack and the Beilinson—Drinfeld Grassmannian.
We use a symmetrized factorizable version of the affine Grassmannian. A detailed exposition

on the factorizable version of the affine Grassmannian over the Ran space can be found in

71].

A.1.1 Recollections on normal reductive monoids

Let M be an algebraic normal irreducible monoid with group of units M.

Fix a maximal torus 7 C M. The Renner cone C C AQ of M is the rational convex
cone corresponding by [45] to the closure of T' in M after base changing to an algebraic
closure of k. This cone is stable under the actions of Wj; and Gal(k/k). The Renner cone
is canonical and only depends on the abstract Cartan of M (which identifies with 7" after
choosing a Borel subgroup). L. Renner showed in [56, Theorem 5.4] that algebraic normal
irreducible monoids with group of units M bijectively correspond (via the Renner cone)

to convex rational polyhedral cones generating AQ as a vector space and stable under the

actions of W, and Gal(k/k).
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Since M is scheme-theoretically dense in M, the restriction functor

Rep(M) — Rep(M)

is fully faithful, so we may consider Rep(M) as a full subcategory of Rep(M).
We will consider the algebraic stack M\ M /M which sends a test scheme S to the groupoid

of pairs of M-bundles F} ,3"]2\4 on S equipped with a section
~ M x M 1 9

Such a section 83 will be called an M-morphism from 3"]2\/[ to 9’]1\/[. By the Tannakian

formalism, giving an M-morphism 3 2/ is the same as giving a collection of assignments
. v

where 6}\/4 is O g-linear, and the Pliicker relations hold. This means that for V' being the trivial
representation, ﬁ]‘\g is the identity map Og — Og, and for an M-morphism Vi ® Vo — V3,

the diagram

Byt @ )2
VieW)gp ——— (VieVa)qa

Loy

(V3)§F%J = (V3)3r]1\/[

commutes. Observe that the Pliicker relations imply that the assignments 6]‘\/4 are functorial
in V.

Observe that the fiber bundle M xM xM (3'”]1\/[ Xg 3'“?\/_,) canonically identifies with the
scheme of isomorphisms Isom(?%w, 97]1\4) over S. In other words, an M-morphism is an isomor-
phism of M-bundles. Therefore the stack M\M /M contains the open substack M\M /M,

which canonically identifies with the classifying stack BA/ = M\pt of M.
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A.1.2  Definition of FHos

Let X be a smooth projective geometrically connected curve over a field k. We consider
the mapping stack Maps(X, M\M /M) whose value on a test scheme S is the groupoid of
all maps X xS — M\M/M Such a map is said to be non-degenerate if the preimage of
M\M/M c M\M/M is a subset of X x S whose projection on S is surjective. We will
denote

s := Maps® (X, M\M /M) C Maps(X, M\M /M)

the open substack consisting of non-degenerate maps. A map X xS — M \M /M is the
datum of a pair of M-bundles 3'“]1\4,3'“]2\/[ on X x S and an M-morphism B - 3"]2\4 — 3'“]1\4
between them. In the Tannakian language, [5;; is non-degenerate if and only if for every
geometric point s — S, the restriction of /3]‘\/4 to the fiber X X s is generically an isomorphism.
The last condition is equivalent to requiring that B]‘\Q is an embedding of coherent sheaves
such that the quotient is S-flat.
Relation to the full Hecke stack. The projection M — M /[M, M| induces an inclusion
AM/[M, M) C A. Recall that C' denotes the Renner cone of M, which is a Wj-stable
convex polyhedral cone that generates AQ as a group. If M /[M, M] is not finite (i.e., M
is not semisimple), then there exists a character A € A that lies in the interior of the cone
cn A%{/[M,M]' If M is semisimple, we put A = 0 (in this case M must equal M).

Considering A as a homomorphism M — Al, the open subscheme X_l(Gm) coincides
with M C M. The closed subscheme A71(0) has the same reduced scheme structure as
(M — M)yeq-

Let Divy denote the scheme of relative effective divisors of X. The map A : M — Al

induces a map

gtCM — DiV_|_ . (Al)

More explicitly, an S-point X x S — M\M /M is sent to the preimage of M\A~1(0)/M,
which is a relative effective divisor of X x S.
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Define the stack Hecke(M)pjy, as follows: its S-points are quadruples (D, Fl ,37]2\4, Bar)
where D is a relative effective divisor on X x S, ff}w and ff?w are two M-bundles on X x S,

and () is an isomorphism of M-bundles on the restrictions

2 ~ al
Fulx xs-p = Fylx xs-p-
From this definition it is evident that we have a closed embedding of stacks
FHyr = Hecke(M)pjy, -

Remark A.1.1. The above inclusion slightly depends on the choice of X, which is used to
define (A.1). This choice goes away if we consider Ran versions of the corresponding Hecke
stacks, since a point of Hecke(M )pj,, only depends on the reduced structure Dyoq of the

divisor D.

— = -
We let h, h denote the two forgetful maps H; — Buny,;. We use the convention where

F
h is the map corresponding to 3”]1\4.

Proposition A.1.2. The morphism f}NCM — Buny; x Bunjy, is schematic, quasi-affine, and

of finite presentation.

Proof. Consider a test scheme S and a map S — Bun); x Bunj; corresponding to M-
bundles F1 ,Sf%w on X x S. Then the fiber product H M X S is isomorphic to an

Bunjs x Bunyy
open subspace of the space of sections of the map

~ M <M 4 9
x (T x Fy) = X xS
X xS

This map is affine and of finite presentation because M is, which implies that the space of

sections is representable by a scheme affine and of finite presentation over S. O

The monoid structure on M allows us to compose two M-morphisms 37]2\4 — ?]1\4 and
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3”%4 — ?]2\4 to get an M-morphism EF?W — 3'"]1\4. The composition of two non-degenerate

morphisms is non-degenerate. This defines a map

comp:ﬂtCM X g:CM%J:CM
— +—
h,Bunys, h
Remark A.1.3. The map (A.1) takes the composition of M-morphisms into the sum of
effective divisors (which is a proper map Divy x Divy — Divy). Hence Proposition A.1.6

below implies that comp is a proper map.

Lemma A.1.4. Let Fy; € Bunyy(S) for a k-scheme S. Any non-degenerate M-morphism

Bar : Far — Fp is an M-bundle automorphism.

Proof. Let V € Rep(M ). Then B}Q : Vg,, = Vg, s generically an isomorphism on geomet-
ric fibers of X x S. The same is true for det(ﬁ]‘\//[), and I'(X, Ox) = k implies that ﬁ]‘\g is an
isomorphism. Since M is the group of units of M, we conclude that 2/ is an automorphism

of ?M- O

Corollary A.1.5. Suppose there exist M -morphisms Bas ?%\/[ — 3'“]1\/[ and BE\/‘, : 3”]1\/[ — ff?w.

Then By, 6?\4 are both isomorphisms.

A.1.3 Affine Grassmannians

In this section, we explain the relation between the Hecke stack and the Beilinson—Drinfeld
affine Grassmannian. We refer the reader to [71] for a far more complete treatment of the
affine Grassmannian.

For this purpose we introduce the divisor version of the jet group M (o). For D € Div(S),

let D denote the formal completion of D in X x S (which is a formal scheme). Define
M(0)piy, ={(D,7) | D € Divy(S), v € M(D)},

which is representable by a scheme affine over Divy (cf. [71, Proposition 3.1.6]).
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We define the symmetrized version of the Beilinson-Drinfeld affine Grassmannian as

Gr piv, = Spec(k) X Hecke(M)pjy,
SOM,BunM,h
where 3'"0M € Bunj(k) is the trivial bundle.

The Hecke stack Hecke( M )pjy . can be regarded as a twisted product Bunyy x Gr M Div -

More precisely, consider the stack

12

Y ={(D,F};,7) | D € Divy, T}, € Bunyy, 5 : I, Tl

bt

®>

Then Y — Divy x Bunyy is a M(o)pjy, -torsor. Observe that the group scheme M (o)pjy,

also acts on Grjy piy, over Divy. We have a canonical isomorphism

M(0)piv,
9 X GryDivy

I

Hecke(M)pjy .,

where on the right hand side we take the fiber product Y Xpjy, Grys piy, and quotient by

the anti-diagonal action of M (0)pjy, -

Proposition A.1.6. The morphism ﬂtCM — Buny; x Divy @s proper, where ii(M maps to

— =
Bunys by either h or h.

— .

Proof. Without loss of generality we will consider the projection h : J3; — Buny,. Let
(A}}M7Div+ := Spec(k) <50 Buny H 3y, which is a closed subspace of Gt/ Div, - Choose a
uniformizer w, € 0, at a place v. Let C' C AQ denote the dual of the Renner cone of M.
Over a divisor n, - v supported at a single point, the fiber of Gr M ,Div, is equal to the union
of the orbits

M(0y) - Oy(won) C (M(0y) N M(Fy))/M (o)

for 6, € C'N A]—i\_4 satisfying (X, 6y) = ny, where A is the character chosen in §A.1.2. Since A

lies in the interior of C' N A(]%[ JIM M) there are only finitely many 6, such that (X, 6,) = n,.
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We deduce, by factorization, that Gr M Div.. 1s representable by a scheme of finite type over
Divy. It is known that Grps piy, is ind-proper over Divy (cf. [71, Remark 3.1.4]). Thus
Gr M,Div,. 1s proper over Divy. The Proposition follows by considering Hys as a twisted

product Buny, Q(E}MDWJF as explained in §A.1.3. [l

A.1.4 Slope comparisons

Let w1 (M) denote the quotient of A by the subgroup generated by coroots of M. It is
well-known that there is a bijection degys : mo(Bunps) ~ 71 (M). Note that m(M)®Q =

AQ = Ago . We call the composition

M/[M,M] (M)

BunM — 71'1(]\/[) — A%@(M)

the slope map. Its fibers are not necessary connected but have finitely many connected

components. The slope map coincides with the composition

Bun,; — BunM/[M,M] — 7TO(BunM/[M,M]) - AM/[M,M} < AgO(M)'

Following the notation of [25, Theorem 7.4.3], let Bung\}), A E AE@ denote the quasi-
compact locally closed reduced substack of M-bundles with Harder-Narasimhan coweight
A. We refer the reader to [25, §7] and [61] for statements and proofs of the main results of

reduction theory for a general reductive group.

Lemma A.1.7. Suppose ff]lw € Bun%}l)(kz), 3”]2\4 € Bung\?)(k) for A1, A € A+’Q, and there
exists an isomorphism B : ‘rf?\ﬂX*D — 3'“]1\4|X7D for a divisor D C X. At each closed point
v € D, the restriction of Bys to Fy determines a coweight Ay € A]\} = Ko \M(Fy)/Kpp -

Then

WSy de < A =20 <GS 0 A, (A.2)
v v

where ny, = dimy,(ky) is the dimension of the residue field of v.
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Proof. Consider the Harder-Narasimhan flag of 3"]1\4: this is a canonical reduction of 3"]1\4
to a (Q-bundle ffb, where () C M is the parabolic subgroup corresponding to the Harder—
Narasimhan coweight A\{. Recall that a reduction of ?]2\/[ to () is the same as a section of
the proper map ?%\4/@ = 3’“]2\4 x M M/@Q — X. The reduction "J'“b and the isomorphism £,
determine a section X — D — 3"]2\/[ /Q. By properness, this extends to a reduction 9’%2 of ?]2\/[

with an isomorphism

Bq : Folx—p = Folx—p

inducing S)s. Let L denote the Levi quotient of (), and let ?}J,.’:F%, B, denote the corre-
sponding induced objects. Then the restriction of Sj, to Spec F, for v € D determines a
coweight vy, € Az via the quotient map ) — L. Since v, and A, are both induced by B¢,
we see that vy (wwy)Ug(Fy) N Kpp (@) Ky, # 0 where @y, € 0y is a uniformizer. This
implies that 14, is contained in the convex hull of Wy, - Ay (cf. [17, p. 148]).

Let 19 € A%/[L,L] be the slope of 3"%. Then A1 — v is equal to the image of >, cpny -1y

Q

under the projection AQ AL/[L I

1= A%( L) In particular, A\ — 9 lies in the convex hull
of the Wy-orbit of > cpny - vy, s0 A1 — 19 §% > ny - A\y. By the comparison theorem
(61, Theorem 4.5.1], v §(J% A9. We have shown the second inequality in (A.2). Switching

3"]1\/[, 3"]2\/_, and considering 6&,1 proves the first inequality by symmetry. O

Corollary A.1.8. Suppose 3"]1\/[ € Bung\?)(k),??\/[ € Bung\?)(k:) for A1, Ag € AL’Q, and
there exists a non-degenerate M-morphism Bas - ff?w — ?}W. Let C c ARQ be the dual of the

Renner cone of M. Then \i — Ao belongs to the rational convex cone generated by C' and

pos,Q
AR,

Proof. Since )y is non-degenerate, there exists a divisor D C X such that S| x_p is an
isomorphism. For v € D, the coweight A, defined in Lemma A.1.7 corresponds to an element
in Kpr o, \(M(Fy) N M(Uv))/KM,u- By the classification of double orbits of M (Fy) N M (o),
the latter set identifies with C' OAL. Therefore the Wj-stable cone C' contains wéw > o ny- Ay
The corollary follows from Lemma A.1.7. O]
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A.1.5 The stack H3,

Let P be a standard parabolic subgroup of G' with Levi factor M. We recall that G/U
is quasi-affine. Let G/U denote the affine closure. We embed M — G/U by m — mU
and define M to be the closure of M in G/U. Then M is a monoid acting on G/U (see

Chapter 1).

We now specialize the above discussion of Hecke stacks to the case M = M. Let
H¥; = Maps®(X, M\M /M) (A.3)

denote the stack studied above.

Remark A.1.9. By Lemma 1.3.4, the dual of the Renner cone of M equals A%OS’Q. Therefore
if we are in the setting of Corollary A.1.8, the rational cone generated by AI[)JOS’Q and A%S’Q

is A%OS’Q, and the corollary implies that Ay — \g € A%OS’@, ie., Ao gg Al

pos,Q pos,Q . M A Pos,Q
AU _AM AG

The rational cone generated by and is wy , and Lemma A.1.7 also

implies that A\{ — Xy € w(])w A%OS’Q.

Remarks on GG. We assume for the rest of this Appendix that G has a simply connected
derived group [G,G]. The reader may refer to [61, §7] for how to remove this hypothesis,
and the relevant geometry remains the same.

The graded Ran space. Let Ag p := m1(M) denote the quotient of A by the subgroup
generated by the coroots of M. We have a natural projection A — Ag p. Let A%(?; denote
the submonoid of Ag p generated by the image of the positive coroots of G.

Any 0 € A%(?SP can be uniquely written as a sum ) nja; for j € I'g — I'js. Let x?
denote [] X (™). Define Ran(X, A%cﬁj) to be the disjoint union of X% for 6 € A%(?; Here we
are using the notation of [29], but we include 0 € Ag(ﬁ; with X0 = Spec(k). We can regard
Ran(X, A%(ﬁg) as the scheme of A%‘?;—colored divisors on X, which is a A%C:;—graded version
of the Ran space. The grading allows us to use the language of factorization algebras graded

by a monoid introduced in [29, §2], which is slightly simpler than the more general set-up
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of factorization algebras from [8] (the difference is that we can replace the Ran space with
genuine schemes).

Let us review the construction of the map ﬂ{]‘\} — Ran(X, ApGOjD), following [62, §3.1.7].

Recall from [13] that the quotient G/[P, P] is strongly quasi-affine, and let G/[P, P] denote

its affine closure. Let M/[M, M] denote the closure of M/[M,M] in G/[P, P| under the

natural embedding

M/[M, M) = P/[P,P] — G/|P, P| c G/[P, P].

The projection G/U — G/[P, P] extends to a map of affine closures G/U — G/[P, P], and
therefore the projection M — M/[M, M] extends to a map M — M/[M, M]. This induces
a map of stacks

H i, — Maps®(X, M/[M, M]/(M/[M, M])). (A.4)

Consider JV\M/[M’M] as a sub-lattice of Ay;. Then one can check that k[M/[M, M]] has a
basis consisting of the characters in the submonoid /V\ZY NAyy, /[M,M]" Since [G, G| is assumed
to be simply connected, A%cﬁg is the monoid dual to AE NnA M/[M,M]- We deduce that the
right hand side of (A.4) is isomorphic to the scheme Ran(X, A%O;). Thus (A.4) becomes a

map of stacks

3y — Ran(X,ALD).

For 0 € Alg;ﬁp, denote the preimage of the connected component X 0 Ran(X, A%(ﬁg) by
_|_

H M.XO

Remark A.1.10. We defined the map (A.4) “group-theoretically” following [62, §3.1.7]. One

can also define this map using the Tannakian formalism, which is essentially done in [13, 12].

We use the character 2pp = 2p — 2p € /V\M/[M’M] to define the map (A.1), which is

then equal to the composition

H; — Ran(X, Agfjj) — Divy,
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where the last map sends X? to the symmetric power x@oD Divy for 0] := (pp, ).
As in §A.1.3, we can express ﬂ{;e as a twisted product
+ ~ > +
:HM,XG = Buny; X GrM7

o (A.5)

where Grj\r/[ 5o = Spec(k) Xgﬂ B 5—(;(/[ X0 using the action of the jet group M (o) y())-
’ M> M > ’
%

We will always consider the twisted product with respect to the projection h.

By a partition 2 of § we mean a decomposition

0= Z n)\-/\,n)\GZ+.
AEAL—0

Let Py denote the set of all partitions of 6. For a partition A € Py, let X% := I\ X (),
This is a scheme of dimension || := 3" n,. Note that there is a natural map X% — X¥.

Let (X Q‘)disj c X% denote the open subscheme with all diagonals removed. A k-point

= (Xgl)disj is a formal sum Zve|X\ 6y - v for 0, € A%OSP, such that for each \ € Agoij,
we have ny = 7,15 — deg(v). The composition (Xm)disj — X% 5 X0 is a locally closed
embedding, and the subschemes (X m)disj for A € Py form a stratification of X  Thus we

can stratify J{JJ\F/L X0 by the substacks

2 g+ 2A
J-CM '_}CM7X9;0(X )disj'

This stack 9{;(4’% is the same as the one defined in [12, §1.8].
The diagonal X — X 0 corresponds to the trivial partition # = 1 -6, and we denote by

?{]—\2’9 (resp. Gr—]\zﬁ) the stack HT

% X (resp. the scheme GrT x X).
M, X jo (resp )

M.X0

%
Let A € Py. The stack fH?\—/j’m is fibered over (X m)disj x Bunj; with respect to h. Similar
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to §A.1.3, one can express ﬂ-C;\}’ as a twisted product

j{]—i\rjﬂ >~ Buny, x GrL’m, (A.6)

where Gri® .= art X 0 (X®)gii. To define the twisted product one considers the
M M.X0 "X disj

action of the jet group M (o) y(a|) on Gr;\}’m over X (1) The embedding

+2
Hyp = J{XL %0 (A7)

lies over the map of symmetric powers X @R 5 x2) The latter map induces a map

of jet groups M (o) vy — M(0) y2p6))- Therefore (A.7) can be thought of as a twisted

_|_

. . . +2
product of idgyy,, with the embedding Gr,;” < Gr M.XO

which is equivariant with respect
to the actions of the corresponding jet groups.
Let 2% € (X Q‘)disj(k) be a A%‘?;—colored divisor Y6, - v, and let 3"]1\/[ be a k-point of

Bunjy;. Then the fiber of J{Em over this k-point (xm, 3'"]1\/[) is isomorphic to

[TGri

where Gr?\}%’ is the closed subscheme of the affine Grassmannian Gry ,, defined in [12, §1.6].

In terms of loop and jet groups,

Gryy (k) = (M(ov) N M(Fy))/M(00) C Grag (k) = M(Fy) /M (oy).

A.1.6 Convolution products

Consider the diagram

4+ comp . + (pry,pra)
Hip—Hpy  x 3y

h,Bunys, h

Hip < Hi, (A.8)
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and recall (Remark A.1.3) that the left arrow comp is proper. Using (A.5), one sees that

comp is isomorphic to the twisted product of idgyy,, with the proper map

conv : GrT X GrL (A.9)

+
M.X1 — GrM

,X62 )XQ’

where 6 = 01 + 02 and the left hand side is the convolution Grassmannian (cf. [71, (3.1.21)]).

We give D(J{;\r/[) the structure of a monoidal category by the convolution product
F1, Fo = F1 x Fo := compy((pry, pra)* (F1 X Fa)) = compy (pri(F1) @ pri(F)),

where pry, pry : ﬂ{]‘\} X Bun,, J{L — f}C]\} are the projection maps.

)M(U)X(w

Let Sph D(G ). Define a product

+ -+
M, X0 M, X0

. Gpht + -
* SphM,X"l ®SphM7X92 — SphM,X9’

by F1 x Fg := convi(Fq X F9), which is a symmetrized version of the “external convolution

product” (cf. [71, §5.4]) for 6 = 01 + 05.
For F7 € SphX/j,X@l’ Fy € SphL’XQQ, we can form the sheaves (@g)BunM X F; on }C]J\},X(%

using (A.5). By construction, there is a canonical isomorphism

(QyXTF1) * (Q X Fo) = Qy X(Fy  Fo),

+

We remark that * commutes with Verdier duality on Sph N

The category

Sphi, == {0 F% ¢ SphY, o}

has a natural monoidal structure with respect to x: for two families {3’?} and {.’fg } the value
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of their product in SphM,X9 is

D et

0=01+05
Factorization property. For 0 = 61 + 09, let (X91 X XeQ)diSj denote the the open locus of
X0 x x02 consisting of pairs of colored divisors with disjoint supports. We have a natural
étale map (X% x XaZ)diSj — XY,

The schemes Grj& 0> 0 e Agojj factorize in the sense that there exist Cartesian diagrams

(CGrT x Grt ) ox o (xPrx XGQ)diSj ——Grt

0 0 0
M, X"1 M, X72 Xf % X2 ]\I,X
(X0 % X02) g X9

for 6 = 61 + 05.

The internal convolution (i.e., fusion) product (cf. [71, (5.4.4)])
® : D(CrjMMOx @ p(Gr} )M Ex 5 paryf)Me)x

for 6 = 01 + 09 is related to the x product as follows: Let A Gr;\rf — Gr;\;[ X0 denote the

closed embedding. Then there is a canonical isomorphism

F1 ® Fo =2 AP (AN () « A% (Fy)). (A.10)

A.2 Factorization algebras in Sph},

In this section we review some of the objects introduced in [14, 29] and their properties. For
our purposes, we only need to work with these objects at a very coarse level (e.g., in the
Grothendieck group) so we omit much of the higher categorical nuances.

Let G be a connected split reductive group over a perfect field k. Let P be a standard
parabolic subgroup of G. While the results of loc. cit. are stated only in the case P = B, we
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state them for arbitrary parabolics. The reader may check that the proofs readily generalize.
We will continue using the notation of Appendix A.1 for the monoid M, the Hecke stack,

the affine Grassmannian, and the graded Ran space.

A.2.1 Remarks on G

For simplicity, we assume throughout this Appendix that G has a simply connected derived
group [(, G, so that we may use the same construction of Bunp as in [13, 12]. The reader
may refer to [61, §7] for how to remove this hypothesis, and the basic geometry of the Zastava

space and Drinfeld’s compactification remains the same.

A.2.2 (Geometric Satake

For simplicity, we will only use the non-factorizable geometric Satake functor. Let M denote
the Langlands dual group of M over the field Qy. Observe that each 6 € ApGOjD defines a
central character of M. Let Rep(M)g denote the subcategory of M-modules with central

character 6. Then we have a t-exact (with respect to the perverse t-structures) functor

Sat}¥® : D(Rep(M)g) ® D(X) — D(GrB?X)M(o)X’

which is a special case of the factorizable geometric Satake functor Satﬁggl‘l"(ex) constructed

in [55, §6]. If we allow 6 to range over all of Agoig, then SatnXaive is monoidal with respect to
the usual tensor structure on the left hand side and the internal convolution product ® on

the Beilinson-Drinfeld Grassmannian (cf. §A.1.6) on the right hand side.

Remark A.2.1. Suppose k = 4. Fix a closed point v € |X| and let m, € Grj\—fv(IFq). As
explained in [71, §5.6], the geometric Satake functor corresponds to the classical Satake iso-

morphism 8y : Hpy, — K(Rep(M)) ® Q, by Grothendieck’s functions-sheaves dictionary:
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the trace of the geometric Frobenius at the x-fiber at m,, of SatnXaive(V ®(Qy)x) equals

8y (V] (my),

where [V] is the image of V' in the Grothendieck group K(Rep(M)). Here Hys, is the
spherical Hecke algebra of M (Fy), and 8, is Langlands’ reformulation of the classical Satake

isomorphism (cf. §2.3.4).

A.2.3 Factorization algebras

We use the language of factorization algebras graded by the monoid A%O; introduced in [29,
§2]. This is simply a particular case of the general notion of factorization algebra defined in
[3].

A A%O;—graded factorization algebra F € SphL is a family of sheaves ¥ € SphT

M, X

such that for 8 = 01 + A9, we have an isomorphism

5| =~ (F1RTF®)

(X091 x X92) 455 (X1 x X92)4;;°

of sheaves on Gr;\% 0 X X6 (X 0w X 62)disj satisfying the natural compatibilities. On the
left hand side, we are restricting along the étale map (X1 x X 92)disj — X% On the right
hand side, we restrict along the open embedding (X 0w X 02)disj — X% x X% and use the
factorization property of Grj\'/L X0 explained in §A.1.6.
Let F € Sphj\% be a commutative algebra object in the monoidal category. For 8 = 01+0s,
the multiplication map F0 5 F92 5 F9 induces, by adjunction, a map
(" &I

X0 x X02) g5 3:9|(X91 X X02)gig5°

We say that F is a commutative factorization algebra if these maps are isomorphisms for all
0 =01+ 0.
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Let I € Sph}'\'/[ be a cocommutative coalgebra object in the monoidal category. For

0 = 01 + 09, the comultiplication map F0 5 g1« 02 induces, by adjunction, a map

?0’()(91 x X02)4 _>(3H91®3?92>’(X01 ><X92)disj'

isj
We say that F is a cocommutative factorization algebra if these maps are isomorphisms for

all 0 = 01 + 0-.

A.2.4  Cocommutative factorization algebras

Let us recall the definition of the cocommutative factorization algebra Y (tip) € Sph;\% intro-

duced in [14].
For 6 € Agfﬁj, let A? Gr;\r/[’e — Gr;\}, 0 denote the closed diagonal. The A%ﬁ;—graded
M-module
ip= P i
ac®t -},
gives a complex
ipsont = (D A(Sat§ (i ©(Q)x)) € Sphy;

acdt o7},
The Lie algebra structure on tip gives a Lie algebra structure to 1, Spht with respect to the
=Py
* monoidal structure on SphL. Then

T(ip) = Caliipgys )

is the homological Chevalley complex associated to this Lie algebra, and Y(up) is a cocom-
mutative factorization algebra.

Let U(u p)sphj\% denote the universal enveloping algebra of the Lie algebra 1 PSpht,” This
is a cocommutative factorization algebra in Sph;\% with a compatible associative algebra
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structure with respect to *.

Remark A.2.2. If we consider aPSph+ [1] as a Lie superalgebra in degree —1, then
=Py

Y(itp) = Ulip gyt [1)

Restriction to strata. For 6 € ApGojD and 2 € Py a partition, let 2% € (Xm)disj(k) be a

Agoij—colored divisor Y 6, - v. Then the fiber of GrL’m — (X Ql)disj over 2% is isomorphic to
IT GIX/‘;GJ by the factorization property.
Since Y (tip) is a factorization algebra and SatnXaiVe is a monoidal functor, (A.10) implies

that the s-restriction of T(uip) to this fiber of Gr—ij\_/[’QI canonically identifies with
X Sat} " (Ca (itp)™)

where Co (1t p)ev denotes the 6,-graded piece of the Chevalley complex of the Lie algebra tip
in D(Rep(M)), and Sat}®¥¢ is the non-relative geometric Satake functor for Gr;\r/_;e;.

The *-restriction of U(u p)sph+ to the fiber [] Gr}fi canonically identifies with
M b

X Saty (U (itp) ™)

0

where U(up)? is the 0,-graded piece of the universal enveloping algebra of ip.

Koszul resolution. Let 1 denote the constant sheaf Q, on Spec(k) = GrL yo- Then 1is
. . . +
the unit in the monoidal category Sphy,.
Consider the acyclic complex 1 PSph?, —u PSph?, as a Lie superalgebra in degrees —1, 0.
The universal enveloping algebra of this Lie superalgebra is quasi-isomorphic to 1. This

resolution endows 1 with the structure of a comodule with respect to Y (tip) and of a module

with respect to U(ttp)g p+ -
PR
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A.2.5 Commutative factorization algebras

We define the commutative factorization algebra Q(iip) € Sphj\% as the Verdier dual of
T(up). (Here we use the opposite Lie algebra 1t so that (up) is still A%(?Sp—graded.)

One can also define (1) from scratch by considering

(o) =Dlipg )= D ANGaE @, ©@)x(1[2).
" . acd-o7F,
Then (ﬁ]_DSpth )V is a Lie coalgebra in Sphj\} with respect to the x monoidal structure. There
=Py

is a canonical isomorphism

ip) = C*((Fp6)):

where the right hand side is the cohomological Chevalley complex associated to this Lie
coalgebra.

Let U v(ﬁJ;)SphL denote the universal co-enveloping coalgebra of (ﬁ;’,Sph + ). This is
a commutative factorization algebra in Sphj\r/[ with a compatible coalgebra structure with
respect to *.
Restriction to strata. For 6 € ApGCED and 2 € Py a partition, let 2% € (Xm)disj(k) be a
A%(?;—Colored divisor 6, - v. Then the fiber of Gr;\rjm — (X Q[)disj over 2 is isomorphic to
I1 Gr}\tf’% :

Since Q(u15) is a factorization algebra and Satg(aive is a monoidal functor, the *-restriction

of Q(tip) to this fiber of Gr;\f{ canonically identifies with
X Saty " (C*((ip)" (1)[2)™)

where C"((ﬁ;)\/(l)[Q])ev denotes the 6,-graded piece of the cohomological Chevalley com-

plex, and Satgai"e is the non-relative geometric Satake functor for GIL’%’ )
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The *-restriction of UV (ﬁ;’)SpW to the fiber ] Gr;\}%’ canonically identifies with
M 9
X Saty (U ((iip)" (1)[2)")
v

where U ((ﬁ;)v(l)[Q])ev is the 6,-graded piece of the universal co-enveloping coalgebra.
Koszul resolution. Applying Verdier duality to the Koszul resolution in §A.2.4 gives
NS SphX/j the structure of a module with respect to (i) and of a comodule with respect
\/ ~
to U (uP)SphL'

A.2.6 FEisenstein series

Let

j:Bunp<—>]§1\1/np

denote the open embedding into Drinfeld’s compactification of Bunp.
Action on Drinfeld’s compactifications. For every 6 € A%OSP there corresponds a proper
map

 :Bunp x HT, _,— Bunp.
Bunjy, M, X

+

. —_— + . e ~
Using (A.5), we can express Bunp Xgyp,, g{M,XG as a twisted product Bunp X GerXe.

Given € € D(]_S)Tl-;lp) and ¥ € Sph;\}Xe, we can form a sheaf

e ggj eD ]§I1-I/1 x K .
( P BunM ’ 9)
We define an action of SphM,X9 on D(Bunp) by

&F > ExF =0(EXT),

which is compatible with the monoidal product x on Sphj\r/[.
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It was established in [14, Theorem 4.2] (cf. [29, Theorem 5.2.2]) that there exists a map

Jx (ICBunp) — Jx (ICBunp) *T(up)

that gives 7« (ICByn,) the structure of an T (itp)-comodule.

By [14, Theorem 6.6] (cf. [29, Theorem 5.2.4]), we have a quasi-isomorphism
]*(ICBunp) TEP) 1— ICBHI}P (A.ll)

where [J denotes the homotopy cotensor product over Y (iip) (i.e., the coBar construction),
which can be computed using the Koszul resolution of 1 from §A.2.5.
Recall that 1 is also a U(tip)-module. Thus applying the homotopy tensor product over

U(up) to (A.11), we get a quasi-isomorphism

IC = . (IC 01 ® 1=2IC5— ® 1, A.12
7 ( Bunp) 7 ( BunP)T(ﬁp) Ulip) BunPU(ﬁp) ( )

where the first quasi-isomorphism follows from the Koszul duality T(itp) = 1 ®p ) 1.

A.2.7 The factorization algebra T(ﬁp)

Let ¢ denote the composition

0 - . + .
Vo(pxidg+ ) :Bunp x H — Bunp.
W, o Buny, M.’

The maps (¢ are locally closed embeddings and their images define a stratification of Bun P
(cf. [13, §6.2], [12]).

Following [29, Proposition 6.1.3], there exists a canonically defined factorization algebra
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T(ﬁ p) equipped with the structure of a coassociative coalgebra in Sphj\} such that

(34 (ICBunp)) 2 ICRyn, B T (itp)Y.

We now describe the image of T(ﬁ p) in the Grothendieck group of Sph"]\z. Taking the
image of (A.12) in the Grothendieck group gives the equality [7«(ICpyn,)] = [IC%P *

T(up)]. For u € Ag p, let Bun’& denote the corresponding connected component consisting

of M-bundles of degree . Let Bunllﬁ, = Bunp XBun,, Bunﬁ[ We have a Cartesian square

Bun, x H x KT _, —Bup ' x HF
PBunM M, x% Bunjs M, x% P Bunj, M, x%2
idpunp ¥ compl lﬁQ
0 — 1—0
Bun/, x HT : Bun'y
P Bun,, M, X6 P
where 6§ = 61 4 0. Therefore pulling back by 0% gives
0 0 - \0
(0 (Chump) = Y W (ICH, )+ T(itp)™] (A.13)

01+02=0

in the Grothendieck group of Bunp Xgyn,, ZHL o The following result is proved in [12,
Theorem 1.12] after passing to the Grothendieck group, and it is proved in the derived

category in [14, Proposition 4.4]:

Proposition A.2.3. There exists a canonical isomorphism in D(Bunp Xgun,, ﬂ{]—&’a):

0 ~ SV —\0
L *(Icﬁl\ﬁlp) = ICBunP XU (UP)Sphj‘_/I.

Combining (A.13) and Proposition A.2.3, we deduce that

Tap)|= D 0Y(p)gh,, *Y(p)™ (A.14)
01+62=0 M
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. . _|_
in the Grothendieck group of Sphy,.

Proposition A.2.4. Suppose k = Fq. The trace of the geometric Frobenius on *-stalks of

Y(iip)? is equal to the function

(Far: Bar) € Gryp o (Fg) ¢ [T var(mo),

where my € Gr]"\zv(]Fq) C M(Fy)/M(oy) is determined by Byr, and vy, is the Ky ,-bi-

invariant measure on M(Fy) defined in §2.3.3.

Proof. Let 22 € (Xm)disj (Fy), 2 € Py, denote the image of (Fyy, Bp) under Gr;\r/[)Xe — XY
Then the fiber of 2% is isomorphic to IL, Grj\z})&;, and the point (Fys, Bjs) corresponds to the
collection {m,, € Grﬁ% (Fg)}. Since T(iip) is a factorization algebra, it suffices to consider
the case when [, is an isomorphism on X — v for a fixed closed point v, i.e., 22 =0, vis
supported at a single point v.

The trace of geometric Frobenius on *-stalks of a complex only depends on the image
of the complex in the Grothendieck group. Therefore (A.14), the discussion in §A.2.4 and
§A.2.5, and the compatibility of geometric Satake with the classical Satake transform (Re-

mark A.2.1) together imply that the trace of geometric Frobenius at the x-stalk of (Fyz, Bar)

equals
0
Sy ((Z(—l)”[/\”ﬁp]) ® (Z[Sym” up] - q;")) (mw).
n=0 n=0
Comparing with (2.20), we deduce the proposition. ]

A.2.8 Geometric proof

We prove Proposition A.2.4 above using (2.19), which is essentially the classical Gindikin—
Karpelevich formula. However, the Satake transform does not appear in the statement of
Proposition A.2.4. In this subsection we give a more direct proof of Proposition A.2.4 using

derived algebraic geometry.
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Zastava spaces. Let 259 denote the Zastava space defined in [12] corresponding to the
[
parabolic P, and let 259 denote the open Zastava space (called nggx in loc. cit.). We have
.o P0 + °©  SP# + .
amap 7y : Z° 7 — GrM,X(" Let my : 2777 — GrM,X9 denote the restriction.
Let Q(ﬁ;) denote the Verdier dual of T(ﬁ]_g) Then Q(ﬁ;) is a factorization algebra on

Sphj\“/[ with the defining equation

LH!(J!(ICBunp>> = ICBUHP X Q(alz)e

for 0 € A%O;. Using the local model of [12, §3] and the contraction principle ({12, Proposition

5.2]), one sees that there is a canonical isomorphism

O(ap)” = (r2)(IC; ). (A.15)
From this equation, factorization of Q(ﬁ];) follows from the factorization property of 2.

Lemma A.2.5. Suppose k = Fy. The trace of geometric Frobenius on *-stalks of Q(ﬁ;)‘g 15

equal to the function

(Far Bar) € Grly v (Fg) v a~ PP T uag o (mo),
v
where my, € Gr&v(lﬁ‘q) C M(Fy)/M(oy) is determined by Byr, and ppg, is the Ky ,-bi-

invariant measure on M(Fy) defined in §2.3.1.
Proof. Let 2% € (Xm)disj (Fq), & € Py, denote the image of (I, Bpr) under Gr+M 0~ X0
Then the fiber of % is isomorphic to 1L, er/‘;if, and the point (Fys, Bps) corresponds to the

collection {m, € Grjw’i]” (Fg)}. Since Q(itp) is a factorization algebra, it suffices to consider

2

the case when ), is an isomorphism on X — v for a fixed closed point v, i.e., ™ = 0, - v.
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Therefore we can restrict our attention to the central fiber

[¢] o]
32 =20 x Spec(k)
X0
where Spec(k) — X ? is the point 6, - v. Let Gr%’v denote the preimage under Grp, —
GrM/[M,MLv of the point corresponding to 6,. By [12, Proposition 2.6], there is a natural

o
identification 32 &~ Gr%v N Gryr— , such that 7OTZ corresponds to the map
Gr?}jv NGry-, = Grpy = Gray -

In other words, the central fiber of the open Zastava space is an intersection of semi-infinite
orbits in the affine Grassmannian. Recall from §2.3.1 that s, is defined as the measure
of certain semi-infinite orbits. By Grothendieck’s trace formula, we deduce that the trace

of geometric Frobenius on x-stalks of (%Z)(@g) equals the function my = ppr,(my).

(o]
7.P,0

o
Since Z7? is a smooth scheme of dimension (2pp,0), we have proved the lemma. n

By [29, Proposition 6.2.2], we have a Koszul duality

Q(ip)

At the level of Grothendieck groups, this tells us that we have an equality [Q(ﬂ};)]*[T(ﬁ p)] =
[1]. Therefore the Grothendieck function of Q(ﬁ;) is the inverse, with respect to convolution,
of the Grothendieck function of T(iip). Since VM,p is defined to be the convolution inverse

of pipry, Lemma A.2.5 implies Proposition A.2.4.

A.3 The Drinfeld-Lafforgue—Vinberg compactification

Let k be a perfect base field. In this section we review the definition and properties of

the stack VinBung introduced in [62]. In §A.3.6, we mention an alternate definition of
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VinBung in the general case when [G,G] is not simply connected. For k = Fy, we use
results from loc. cit. to compute the trace of the geometric Frobenius acting on the *-stalks
of the *-pushforward of the constant sheaf Q under the diagonal morphism A of Bung (see
Theorem A.3.12). This is done by using a certain compactification of A, which we construct

in §A.3.8.

A.3.1 The Deconcini—Procesi—Vinberg semigroup

Set Tyq; == T/Z(G), where Z(G) is the center of G. The simple roots identify T,q; with
Gl

Let Ggpp, denote the Vinberg semigroup of G, which admits a homomorphism

7 Gaph — Tadj

where T4 = (A1)|FG|. Any representation of Gy, decomposes into ones of the form

V ®@kj; where V' € Rep(G) and A € A is a weight of T, such that for all weights /i of V, the

difference A — ji belongs to the root lattice. By definition, V ® k5 € Rep(Gepp) if and only
if \—fi € /\%OS for all weights i of V.
We recall some facts whose proofs can be found in [67, §8] in the characteristic zero case
and in [58] in general. Let V() denote the irreducible G-module of highest weight \ € Ag
Following [24, Lemma D.4.2, Definition D.4.3], we let ﬁ denote the non-degenerate
locus of Ggyp,. By definition, this is the open subscheme of Gy, whose k-points are the
clements g € Gy (k) with nonzero action on V(\) ® l?c}\ for all dominant weights \ € Ag.

It is known that Gepy, is smooth over T;q;. The choice of Cartan subgroup T' C G defines

a section s : Toq; — Genp by s(t) = (t~1,t), which extends to a homomorphism of monoids

5 Tadj — Geph

[¢] e]

with image contained in Gy, (cf. [24, Lemma D.5.2]). The G x G-action on Gy}, gives an
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equality ([24, Corollary D.5.4])

e}

Genh = G- g(Taudj) -G

For a standard parabolic P with Levi subgroup M, let cp € ?dj be the point defined
by the condition that &;(cp) = 1 for simple roots ¢; contained inside M, and &;(cp) = 0
for all other simple roots.

There is a canonical T-stable stratification of de indexed by standard parabolics, with

the point cp contained in the stratum (7}q;) p corresponding to the parabolic P. In other

words,

(Taaj)p = {t € Togy | @;(t) #0,i € Tppand @(t) =0, j € Tg =T}

The T-action on cp induces an isomorphism T'/Z(M) = (T}q;) p- Define

(Tagj)sp = {t € Toqj | @i(t) #0,i €Ty}

to be the open locus of T,g4; obtained by removing all strata corresponding to parabolic

subgroups not containing P.

Example A.3.1. Let G = SL(2). Then Gy, = GL(2) and Gpp, = Mat(2), the monoid of
2 x 2 matrices. In this case T,q; = G, de = Al and 7 : Mat(2) — Al is the determinant
map. The non-degenerate locus ﬁ = Mat(2) — {0} is the open subset of nonzero matrices.
Let B equal the Borel of upper triangular matrices and identify 7" with the subgroup of
diagonal matrices in G. The section 5 corresponding to (B, T) is the map Al — Mat(2)
sending x +— ((1) 2) The idempotent ¢ equals 1 € Al and cp equals 0.

Note that the projection Toq; = T/Z(G) — T/Z(M) = Gl};m has a natural splitting
T/Z(M) — T/Z(G) corresponding to the inclusion G'Tl,;m x{1} — Gl};Gl. Set T/Z(M) :=

(AHYIMI. We have a decomposition Tha; = (T/Z(M)) x(Z(M)/Z(G)), which extends to a
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decomposition

Tagj = T/Z(M) x Z(M)/Z(G),

where Z(M)/Z(G) = (AY)Tel=Tml is the closure of Z(M)/Z(G) C Thq; in ?dj- Under the

above decomposition, the point (1,0) corresponds to cp, the stratum (T,q;) p corresponds

to T/Z(M) x{0} = GIEM! % {0}, and

(Toay)>p = T/2(M) x Z(M)JZ(G) = GIM! x (al)lF6l=ICul,

A.8.2 The stack VinBung

Following [62], the stack
VinBung € Maps(X, G\Gepn/G)

@]
is the open substack! of maps generically landing in the non-degenerate locus Gepp- For

a test scheme S, an S-point of VinBung is a datum of (3"%;,3"2 ,B), where 3%,3% are
G-bundles on X x S and

—GXxG 4 9
B:XxS =G x (T x Fo)
X xS

o
is a section over X x S that generically lands in Gy}, over every geometric point of S. We

call such a section 8 a Gyyp,-morphism 3'% — 3%;.

The map 7 induces a map

TBun © VinBung — Maps(X, T,q;) = Thq;,

where the last equality holds because X is proper and geometrically connected.

1. The definition of VinBung is deceptively similar to that of ﬂ:CM in §A.1.2. We note the differences: in
the definition of VinBung, we consider the quotient stack by G x G and not Gepp X Genn- More importantly,

the non-degenerate locus Geyy, is larger than the subgroup Genn.
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Let VinBung p (resp. VinBung >p) denote the preimage of (Tyq;)p (vesp. (Thq5)>p)

under Tgyy,. Note that VinBung > p contains the open stratum VinBung ¢

A.3.8 The Tygj-action on VinBung

In what follows, we will define a canonical action of T,q; on VinBung which is equivariant
with respect to gy, and the identity action on T;,4;.

Suppose we have an exact sequence of algebraic groups
1—-H - H—-H —1

and an action of H on a k-scheme Y. Then the stack H'\Y is an H”-torsor over the stack
H\Y: indeed, the morphism H'\Y — H\Y is obtained by base change from the H"-torsor
H'\ pt — H\ pt, where pt = Spec(k).

In particular, H” acts on H'\Y over H\Y. One can think of this action as follows. An S-
point of H\Y is an H-torsor ¥ — S equipped with an H-equivariant morphism Fg — Y.
Lifting these data to a morphism S — H’\Y is the same as specifying an H’-structure on
F 7, which is the same as specifying an H-equivariant morphism Fg — H”. The set of all
such morphisms Fg — H” is equipped with an action of H”(S) (by right translations).

Applying the discussion above to Y = Gy, and the exact sequence
1= GxG = G X Genn = Tagy X Taqj — 1

(50 H = Genp X Gephy H' = G x G, and H” = T,4; x T,q;), one gets a canonical action of
Toqj X Taq; on G\Gepp/G. We will be considering only the action of T,q; = Tog; x{1} C
Tyqj x Taqgj (which comes from the action of Gepp, on Geyp by left translations).

o

The T,gj-action on G\Gepp, /G preserves G\Gepp, /G, so it induces an action of T,q; on
VinBung C Maps(X, G\Gepn/G)-
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This action can be described explicitly as follows. A G-bundle F; on X x S is equivalent
to a Gepp-bundle Fg_on X xS together with a trivialization of the induced T} gj-bundle
m(Fq,,,)- The group T,q;(S) acts on the space of such trivializations, so T,q; acts on

VinBung by leaving the Gepy-bundle F&,  induced by F, fixed and changing the trivial-

en

ization of W(ﬂ’é h).
en

A.3.4 Fiber bundles

Fix a standard parabolic subgroup P, and consider the open locus VinBung > p lying over

(Tadj)=p = T/Z(M) x Z(M)/Z(G).

Let VinBung > psirict = oy ({1} X Z(M)/Z(G)). Since we have the splitting 7/Z(M) —
Tq; (see §A.3.1), the Tjg5-action on VinBung defined in §A.3.3 restricts to a T'/Z(M)-action

on VinBung > p. This action induces an isomorphism
VinBung > p = VinBung > ptrict X (T/Z(M)), (A.16)

i.e., VinBung > p is a trivial fiber bundle over the projection to T'/Z(M).

Note that cp is the zero element in Z(M)/Z(G). Let (Gepp)cp denote the fiber of @ over

cp. Then VinBung ¢, := ﬁﬁ&n(cla) is equal to the stack

MapsO(X, G\<Genh)CP/G>

where the superscript © denotes the open substack of maps generically landing in the non-

degenerate locus. Intersecting (A.16) with the P-locus gives

VinBung p & VinBung ¢, x(1'/Z(M)). (A.17)
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In the case P = G, the G-locus VinBung ¢ is isomorphic to Bung X Tg;.

[¢]

It is known (cf. [24, Appendix C]) that the G x G-action on §(cp) € Gy, induces an

isomorphism
Xp:=(Gx G>/<P]\X4P_) = (Genh>cp'

We learned of the following lemma from [62, Lemma 2.1.11].

Lemma A.3.2. The variety (Gepp)ep is isomorphic to Xp.

Proof. By [58, Theorem 7], the irreducible affine variety (Gopp)ep is normal. Since (Gopp)ep

o

contains the non-degenerate locus (Gepp)ep = Xp as a dense open subscheme, the extension
property of regular functions on normal varieties implies that it suffices to show that the
degenerate locus in (G )ep has codimension at least 2. This can be checked by considering
the combinatorial description of G x G-orbits in Gy, from [58, Theorem 6]. In characteristic

0, this is the same combinatorial description as in [67]. O

Lemma A.3.2 implies that VinBung (., is isomorphic to Maps®(X, G\Xp/G), where the

superscript © denotes the open locus of maps generically landing in G\Xp/G.

A.8.5 Defect stratification

Define the closed embedding M — Xp as the composition of the closed embeddings M —
G/U :m— mU and G/U — Xp : g — (g,1). From Corollary 1.4.3 we know that M — Xp

extends to a closed embedding M <+ Xp. This induces a map
Maps® (X, P\M/P~) — Maps°(X, G\Xp/G) = VinBung c,,,

where Maps®(X, P\M/P~) is the stack of maps X x S — P\M /P~ that generically land
in P\M /P~ over every geometric point of S.
Let J—C]J\r/[ = Maps®(X, M\ M /M) denote the stack introduced in §A.1.5. Recall that there
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— =
are two maps h, h : 3{]4\'4 — Bunj;. Observe that there is a canonical isomorphism

Maps®(X, P\M/P~) 2 Bunp x 9{]4\'4 X  Bunp-.
— —
Bunyy, h h,Bun,,

Thus we have a map of stacks

Bunp X U'C}\Z X Bunp- — VinBung ¢, . (A.18)
Bun, Buny,

Let Ag p = m1(M) denote the quotient of A by the subgroup generated by the coroots
of M. Recall that there is a bijection mo(Bunys) = Ag p. Let Bun/]f/‘,.7 p € Ag p denote the
corresponding connected component consisting of M-bundles of degree .

Let Bun’]é (resp. Bun>]‘3_) denote the preimage of Bunﬂ (resp. Bun%) under the projec-
tion Bunp — Bunj; (resp. Bunp- — Bunyy).

— —

For p, A € Ag p, let ’J‘CE\Z’“’A denote the preimage of Bun/”](4 X Bunﬁ/f under (h, h). One

can check using Remark A.1.9 that %]Tj” A s nonempty if and only if ;1 — A lies in the image

of AI[)]OS’Q N A under the projection A — Ag p.

Proposition A.3.3 ([62, Proposition 3.2.2]). (i) For u, A\ € Ag p, the restriction of (A.18)

to the corresponding substack

Bunllﬁ,B X 9{]\?%)‘ X Buné_ — VinBung ¢, (A.19)
un’y, Bunj,
HA

15 a locally closed embedding. Let VinBun denote the corresponding locally closed sub-

G,CP
stack.
(ii) The locally closed substacks VinBun’é’i\:P form a stratification of VinBung ¢,. In

particular, the map (A.18) is a bijection at the level of k-points.

We call the stratification above the defect stratification of VinBung ¢,. By (A.17), we
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have an identical stratification of VinBung p with strata

VinBunlsp = VinBunlsy | x(T/Z(M).

A.3.6  Remarks on the case when |G, G| is not simply connected

Note that we have not assumed that [G, G] is simply connected in this Appendix (unlike in
Appendices A.1-A.2). Without this assumption, it is possible for the image of AII}OS’Q NA
in Ag p to be larger than ApGOj’D. Then Lemma A.3.11 below shows that the G-stratum

VinBung ¢ is not necessarily dense in VinBung when [G, GG] is not simply connected.

We define a slightly different stack VinBungue. We suggest that VinBungue is the more

“philosophically correct” definition for VinBung when [G, G] is not simply connected.

Remark A.3.4. We will continue using the original stack VinBung in the rest of this chapter
(for arbitrary G) as it suffices for our purposes, but it is also possible to work directly with

VimBuntGrue everywhere.

The idea is to replace the Vinberg semigroup Gy}, which is an algebraic monoid, by its
stacky version, which is an algebraic monoidal stack?.

Let G%¢ denote the universal cover of [G, G| (as algebraic groups). Then Z(G*°) is
a finite group scheme containing ker(G*¢ — G). Since G = Z(G) - [G,G], we have an
isomorphism

G = (G5° x Z(Q))/Z(G>°), (A.20)

where Z(G®°) is embedded in G®° x Z(G) anti-diagonally. Furthermore, the following is

well-known (cf. [67, 57]):

Lemma A.3.5. The isomorphism (A.20) extends to an isomorphism of the Vinberg semi-

group Gepny, with the the GIT quotient of G2 x Z(G) by the anti-diagonal action of Z(G™°).

2. An algebraic monoidal stack Y is an algebraic stack Y with a coherently associative composition law
YxY — Y and a morphism Spec(k) — Y such that for any scheme S, the composition S — Spec(k) — Y is
a unit object of Y(.59).
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Lemma A.3.5 motivates us to define the stacky version of the Vinberg semigroup as the

quotient stack

(Genn)™ = (G5, % Z(G))/Z(G*). (A.21)

enh

This is an algebraic monoidal stack. By Lemma A.3.5, we have a canonical map
(Genh)tme - Genh <A~22>

from the stack quotient to the GIT quotient, and we see that Gepp is the coarse moduli

true

space of (Gayp)
By (A.20), we see that the homomorphism (A.22) restricts to an isomorphism of groups

G4 x 2(G™) Z(G) = Gepp» 80 we have an open embedding

Genh — (Genh)tme'

[e]

SSC ) acts freely? on the non-degenerate locus G=¢ . Thus the open substack
enh

Moreover, Z (G55

] [0}

(Genn) ™ 1= (G, % Z(G))/Z(G™)

enh

is representable by a scheme, and Lemma A.3.5 implies that (A.22) restricts to an isomor-
0] o

phism (Gopp, )¢ 22 Gpp, on non-degenerate loci.
Lemma A.3.6. The map (A.22) is an isomorphism if and only if |G, G| is simply connected.

Proof. Recall that G35 is an algebraic monoid with zero. Thus the action of ker(G™° —
(G, G]) on G is free if and only if the kernel is trivial, i.e., [G,G] is simply connected.

true cannot be repre-

Therefore if [G, G] is not simply connected, the stack quotient (Gopp)
sentable by a scheme.

In the other direction, suppose that [G,G] is simply connected. Then Z(G%¢) C Z(G)

3. The quotient Genh/Z(Genn) is the wonderful compactification of G/Z(G).
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acts freely on G2 x Z(G), so (A.22) is an isomorphism by Lemma A.3.5. O

Definition of VinBuntéue. As explained in §A.3.3, we have an action of G X G on the stack

(G oppn) ™€, where we are using the identification (A.20). Define

VinBun' = Maps®(X, G\ (Genn) ¢/ G), (A.23)

[¢]
where the superscript © denotes the locus of maps that generically land in G\Gepp, /G over

every geometric point of a test scheme S.

The map (A.22) induces a canonical map of stacks
VinBun"® — VinBung (A.24)

over Bung x Bung.

The open embedding Geyp, = (Gepn )¢ induces an open embedding

true

VinBung ¢ — VinBung,

over VinBung.
The projection GSSC x Z(G) — Z(G) induces a homomorphism of monoidal stacks
(Gop) ™ — Z(G)/Z(G5°). Note that GaPSt .= Z(G)/Z(G5°) is the stacky abelianization
of G defined in [43]. By (A.20), we also get a homomorphism of group stacks G — GaP»st.

The G x G-action on (Gegy )™ is compatible with these maps to GaPsst,

Consider the map Spec(k) — G2t corresponding to 1 € Z(G). We have Cartesian
squares
Goh — Cean)™ G x G——G I G
Spec(k) ——— Gt Spec(k) —— Gabsst

where G x G maps to G2Pst by (g1,92) — glggl. Note that G X qabst G is isomorphic to a
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semidirect product of G and G*¢. Since G2Pt is a group stack, it follows formally that

(Coan)™*/(G % G) 2 T /(G x_ €.

We can also repeat the above discussion at the coarse level: by Lemma A.3.5, we have

Genh = (GZS x Z(Q)) ) Z(G¢), where |/ denotes the GIT quotient. Thus the projec-

enh

tion to the second factor induces a homomorphism of monoids G, — Z(G) ) Z(G%°) =
Z(@)/Z([G,G]) = G/[G,G] =: G* such that the G x G-action on Gy, lies over G2P. Let
(Genn)1 denote the fiber Geyp X ab Spec(k) over 1 € GAP (k). Then it again follows formally

that

Genh/(G X G) = (Genh)l/G Géb G.

We have a group homomorphism G X (yab,st G — G X Gab G whose kernel is isomorphic

to ker(G™¢ — [G,G]). We also have a finite homomorphism of monoids G% — (Genn)1-

Thus we deduce that there is a commutative diagram

: true
VmBunG

Maps®(X, (Genn)1/(G X gabst G)) — Bung X qabst G

|

VinBung Bung X b G Bung x Bung

where the square is Cartesian, the superscript © denotes the substack of maps generically
o

landing in (Gepn)1/(G X gabst G), and the composition of the left vertical maps equals the

map (A.24). Here we have factored the map (A.24) into a “change of space” map and a

“change of group” map. The following lemma is well-known.

Lemma A.3.7. Let H be a connected reductive group, and let A C Z(H) be a finite central

subgroup. Then Bung — BunH/A is a torsor by the group stack Buny over an open and
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closed substack of BunH/A. More specifically, this substack is the union of the connected

components in wo(Bung,4) = m1(H/A) corresponding to i (H) C m1(H/A).

Proof. Let B be a Borel subgroup of H. Then Bung — Bungy and BunB/A — BunH/A
are surjective by [26]. Thus to prove the statement about the image of Bung in Bun H/A>
it suffices to consider my(Bung) — mp(Bung / 4)- This reduces to an analogous statement in
the case where H is a torus, which is straightforward.

It is a standard fact that the action of Buny on Bung defines an isomorphism between
Bunyg x Bung and the fiber product Bung Xpyn,, /A Bung. Therefore to prove that the
map from Bung to its image in Bung /A is a torsor, we must show that this map is flat.
The map is flat because it is a morphism between smooth stacks of the same dimension with

0-dimensional fibers. O]

We now consider the “change of space” map

VinBun@"® = Maps® <X, G /(G % G)) — Maps® <X, (Genn)1/ (G % G)) :

Gab,st Gab,st

(A.25)

Lemma A.3.8. Let Y1 — Yo be a finite schematic morphism of stacks. Then the induced

morphism Maps(X, Y1) — Maps(X,Yo) is also finite schematic.

Proof. Fix a test scheme S and a map Xg := X xS — Yg. Let Y denote the fiber
product Xg Xy, Y1, which is representable by a finite scheme over Xg. Then the corre-
sponding fiber product of S and Maps(X,Y;) over Maps(X,Yo) is representable by the
S-scheme Sect(Xg,Y') of sections of Y — Xg. It is well-known that since Y — Xg is affine,
Sect(Xg,Y) — S is also affine. Therefore to show that Sect(Xg,Y) — S is finite, it suffices
to show that it is proper. We use the valuative criterion of properness:

Let R be a discrete valuation ring with field of fractions K, and suppose that we have
a map Spec(R) — S and a section X := X x Spec(K) — Y over Xg. This section and

the natural map Spec(K) — Spec(R) define a section X — Y :=Y xgSpec(R). Let Zf
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denote the image of X — Ypg, and let Zp denote the scheme-theoretic closure of Zx in
YR. Extending the section X — Y to a section Xp := X X Spec(R) — Y is equivalent
to showing that the projection Zp — Xp is an isomorphism. Note that Zp is an integral
scheme (because Z is) and the map Zp — Xp is birational (because the map Zp — X
is an isomorphism). On the other hand, the map Zp — Xpg is finite since Yp — Xp is
finite. Lastly, smoothness of X implies that Xp is a regular scheme. Hence Xp is normal,
and Zp — Xp is an isomorphism. This checks the condition of the valuative criterion and

hence proves the lemma. O
Let A denote the finite abelian group scheme ker(G®¢ — [G, G]).

Corollary A.3.9. The map (A.25) is schematic and finite. More specifically, it is the

composition of an A-torsor followed by a closed embedding.

[0} [¢]

Proof. The map G35 — (Gepp)1 is finite, and the preimage of (Gepp)1 equals G256 . Then

enh

Lemma A.3.8 implies that the map (A.25) is schematic and finite. Let

d C Maps®(X, (Genn)1/(G % G))
Gab,st

denote the (scheme-theoretic) image, which is a closed substack. Take (P, 5) € Y(5) for a

test scheme S, where P is a G X cab,st G-torsor over Xg := X xS and ( is a section Xg —

[¢] o o

((Gepn)1)p over Xg such that 6|SpeC(F) « g lands in ((Gepp)1)p. Since G — (Gepn)1 18

(e}

an A-torsor, the set of sections B|SpeC(F) w5 ¢ Spec(F) xS — ((Genn)1)p lifting 8 has a
simply transitive action by A(Spec(F) x S). Since A is finite over k£ and X is geometrically
connected, we deduce that A(Spec(F') x S) = A(S). Thus the canonical A(S)-action on the
set of sections 3 : X g — (ﬁ)y lifting 3 is simply transitive. By definition of Y, a lift 3

exists after restricting along some fppf covering S’ — S. We conclude that VinBungue —Y

is an A-torsor. ]

Proposition A.3.10. The map VimBungue — VinBung is finite schematic.
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Proof. We first show that the map VmBuntme — VinBung is proper. By Lemma A.3.7,

the map Bung X abst G — Bung % b G is proper. Thus by base change, the map

Maps® (X, G /(G % G)) ~ Maps® (X, @ /(G x G>) _ VinBung
Gab,st Gab

is proper. Composing this map with (A.25), which is finite by Corollary A.3.9, we conclude
that VlnBuntrue — VinBung is proper.

Next we prove that the map VinBuntéue — VinBung is schematic. Let S be an affine
scheme. A map S — VinBung is the datum of a G X ap G-torsor P on X X .S and a
G X gab G-equivariant map P — (Gapy)1. Moreover, there is an open subset ;( C X such that

[©]
Pl o is sent to (Gepp)1- Recall that we have a surjective homomorphism G X qabst G —

X xS
G X cab G with kernel A := ker(G%® — [G,G]). Then an S’-point of the fiber product Y :=
S XVinBun o VinBuntwe parametrizes a G X qab,st G-torsor Pon X xS and a G X Gab,st G-
equivariant map 3 : P — GSb such that the G X ab G-torsor induced by P is isomorphic to
Plx « ¢, and the diagram
T szl(:h

Plx x5r — (Genn1

o o O
commutes. This implies that P| o . lands in Gbsc Since G35 — (Gepn)1 is an A-torsor,
X x
we get an isomorphism
o
(j) o =~ Pl X Gs¢ s
|X x S’ ’X xS o enh
(Gonh)l

where the r.h.s. only depends on the map S — VinBung. Thus (33, B) are determined by
their restrictions to the formal completion of (X — )O( ) x 8" in X x §’. Using twisted versions
of the affine Grassmannian, we deduce that the fiber product Y is a closed subscheme of a
projective ind-scheme over S. Since Y is of finite type, we conclude that Y is a scheme.

We have shown that VinBuntGme — VinBung is a proper schematic map. One observes
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from Lemma A.3.7 and Corollary A.3.9 that VinBuntéue — VinBung is also quasi-finite.

Therefore this map is finite schematic. m
Lemma A.3.11. The closure of the open substack VinBung ¢ in VinBung intersects the
stratum VinBun/é’f}D only if u — X\ € Achij.

Proof. The image of the proper map VinBungCue — VinBung is a closed substack containing
the G-stratum. Let P be a standard parabolic subgroup of G with Levi factor M. Let G

denote G5¢ x Z(@), and let M, P denote the preimages of M, P under the isogeny G — G.

We have the corresponding boundary degeneration Xz C éenh and its affine closure Xp.
Define the closed embedding M «— X p asin §A.3.5, and let M denote the closure of M in

X P For a place v of X, Remark A.1.9 implies that

NE(00)\(M (0,) N NI(F,)) /M (0,) = AT 0 A,

and AI;JOS’Q NAgm = A%OS since [G,G] is simply connected. Thus we deduce from the con-
struction of the defect stratification in §A.3.5 that the image of VinBungue — VinBung

intersects VinBun/é’/} if and only if p — A\ € Agojg. This implies the lemma. O]

A.3.7 The function b

Suppose k = Fg;. Let

A : Bung — Bung x Bung

denote the diagonal morphism. Given G-bundles 3%;, 3‘% € Bung(Fy), let b(.’:r'%;, 3'%) denote
the trace of the geometric Frobenius acting on the #-stalk of the complex A,(Qy) over the
point (9%,3%) € (Bung x Bung)(Fy).

Recall from §2.4.2 that Asympp(df ) is a K x K-invariant function in Cp°(Xp(A)), where

dx is the characteristic function of K on G(A). Let

p:X — (XP)grlG,g—%
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denote a section that generically lands in the non-degenerate locus (Xp) 5L, T2

Then for any v € | X|, choosing trivializations of S”G X x Spec(0y) defines an isomorphism
(XP)?%:’?%(OU) >~ Xp(0y). This defines an element 3, € Xp(F,)NXp(0y), and the K, x K-
orbit of £, does not depend on the choice of trivializations. Non-degeneracy of 8 implies that
(By) € Xp(A). We define Asympp(dg)(5) to be the value of Asympp(dg) at this adelic

point.

Theorem A.3.12. Let E = Q. We have an equality

DTG 58) = D (=D)I DS Asympp(65) (),
P g
where P ranges over the standard parabolic subgroups of G, and B ranges over the non-

degenerate sections B : X — (Xp)?é 52,

The strategy for proving Theorem A.3.12 was suggested by Drinfeld, and it consists of
compactifying the diagonal morphism of Bung. The geometry of the compactification then
reduces to a theorem of [62], and the corresponding Grothendieck functions are computed
using the facts reviewed in Appendix A.2. The proof of Theorem A.3.12 is given at the end
of §A.3.9.

A.3.8 Compactifications of the diagonal morphism of Bung

The diagonal morphism A is in general not proper, and one would like to compactify it (e.g.,
to compute *-restrictions of Ay). We first review the definition of the stack B_un/G (denoted by
Bung; in [62]), which is a compactification of the morphism Bung x BZ(G) — Bung x Bung,
which A factors through. For the purposes of this thesis, we define a slightly different stack
Bung;, which is a compactification of A when G is semisimple. When G is not semisimple,
Bung is not quite a compactification of A, but it is equally good for our purposes.

B_un/G The action of Z(Geyp) = T on Gy, induces a T-action on VinBung. Define

Bun/G = VinBung /T. There is an open embedding VinBung ¢ /T = Bung x BZ(G) —
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Bunlg. Observe that A factors as
Bung — Bung x BZ(G) — Bun/G — Bung x Bung,

where BZ(G) is the classifying stack of Z(G)-bundles. The following lemma is well-known:
Lemma A.3.13. The map Bun/G — Bung x Bung is schematic and projective®.

Proof. Let F5,F2 € Bung(S) for a test scheme S. Let Sect(Xg, (G 1 42 ) denote the
G G S enh FL.F,

S-scheme of sections for the fiber bundle (Genh)g{G 52, Xg =X xS5. Then

/
Bun X S = Sect®(Xg, (G T, A.26
@ Bungs X Bung (X5, (Genn)g, 52/ (A.20)

[©]
where the superscript © denotes the open locus of sections generically landing in (Gepp) 5L 52,

We wish to show (A.26) is a projective scheme over S.

Let A(N) denote the Weyl G-module of highest weight \ € AE. It is known from the
general theory of reductive monoids (cf. proof of Proposition 1.2.2) that there exists a finite?
map

Gent — [ [End(A(N) @ k) x Tog;, (A.27)

where the product ranges over any finite set of generators for the monoid ]\g. The image
of (A.27) satisfies the Pliicker relations (cf. [13, 12]). Therefore by considering the G-
modules det(A(N) ® ks) = det(A(N) ® kdim(A(X))X’ we see that the composition of (A.27)
with the projection to [ End(A(N) ® k;) is a finite map. By Lemma A.3.8, we can reduce
to showing that

Sect®(Xg, [[ End(A(N) & kgt g52)/T (A.28)

4. The proof shows that there exists a coherent sheaf F on the stack Bung x Bung and a closed embedding
—_
Bung — P(F).

5. In the particular case of the Vinberg semigroup, one can deduce that this map is a closed embedding
using [15, Exercises 6.1E, 6.2E].
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is representable by a projective scheme over S. Here the superscript © denotes the locus of
ically landing in [[(End(A(N) ® k5) — {0 :
maps generically landing in [[(End(A(X) ® k) — { })3%73%
For a test scheme S’ — S, an S’-point of the stack (A.28) is the data of ((F7)gr, 85)

where (F7)gr is a T-bundle over S” and g5 is an O x , g-module map

A(j\)g% C()X;L}\ — A(;\)SﬂG (%OS/

that is generically nonzero over all geometric points of S, where £ 5= (k;\)(rJrT)S/ is the
corresponding line bundle on S’. Observe that By is equivalent to an S’-fiberwise nonzero
map

W/*(/C}\) — (A(j\);;% ®A(}\)3~1G) (%OS/, (A.29)

where 7’ is the projection X x S" — S’. Set & = A(X);QG ®A(5\)5%, which is a locally free
Ox x g-module. Let m denote the projection X x .S — S, and observe that m«(€) is a perfect
complex that commutes with base change (here and elsewhere, 7, denotes the derived direct
image functor). Then by adjunction, (A.29) is equivalent to a map in the derived category
of coherent sheaves on S’

L}\ — 7T*(8) & OS’
Og

that is nonzero on every fiber of S’ (here the tensor product is derived). Applying derived
Hom(?,O¢r), this map is equivalent to a fiberwise nonzero map

Hom(m(8),09) ® Ogr — Lgl. (A.30)
Os

Since m4(€) ®pg ks lives in cohomological degrees 0,1 for any point Spec(ks) — S, we
deduce that 74(€) is locally quasi-isomorphic to a complex of locally free Og-modules living

in degrees 0, 1. Therefore Hom(m«(€), Og) lives in cohomological degrees —1,0. We conclude
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that (A.30) is equivalent to a surjection of Og/-modules

HO%om(ms(€),05) ® Og — LT1,
Og A

and HYHom(7«(€), Og) commutes with base change.

We have shown that for fixed A, the data (L/{l, B 5\) defines an S’-point of the projective

S-scheme Projg SymoS(HOfHom(W*S, Og)). By the Pliicker relations, we conclude that the

stack (A.28) is representable by a closed subscheme of a projective S-scheme.

Let Zy(G) denote the neutral connected component of the center of G. Then we have

a finite map 7/Zy(G) — T/Z(G) = T,g;5. The character lattice of T,q; corresponds to the

root lattice in A. If the Langlands dual group G does not have a simply connected derived

group, then the root lattice is not saturated in A, so T/Zy(G) # T/Z(G) in general.

Recall that k[m] is the semigroup algebra of /\%OS. Define T'/Zy(G) so that k[T'/Zy(G)]

is the semigroup algebra of A%OS’Q N A. There is a natural finite map

extending the map T/Zy(G) — Tyq;-
Bung. Consider the base change
(VinBung )=77—7 := VinBung x T/Zy(G)

T/Zy(G) Toa;

over T/Zy(G). Then T acts diagonally on (VinBung)=7-—~+, and we define

T/Z(G)

B_UHG = (VIHBUHG)W/T

Since ﬁg&n(Tadj) = VinBung ¢ = Bung x Tjqj, we see that there is an open embedding

Bung x BZy(G) — Bung. There is a natural finite map Bung — Bun’G, and we have the
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commutative diagram

Bungy —— Bung x BZy(G)—— Bung

| J

Bung x BZ(G)¢ Bun/G Bung x Bung

factoring the diagonal A. Then the composite map A : Bung — Bung x Bung is also
proper, so Bung is a “compactification” of A. This is the compactification that we will use

to prove Theorem A.3.12.

Example A.3.14. Let G = SL(2). Then Zy(G) = {1}, and the map T/Zy(G) — Tyg;
corresponds to the map Al 5 Al e €2 An S-point of Bung; is a collection (£1, Lo, 1, 5, €),

where

a) L1, L9 are rank 2 vector bundles on X x S with trivializations of their determinants,
b) [ is a line bundle on S,

(
(
(¢) p € Hom(Lo,L1)®1 is not equal to 0 on X X s for every geometric point s — S,
(d) e € [, and

(

e) the equation det 8 = €2 holds.

In comparison, an S-point of Bun/G is a collection (L1, Lo, 1, B) satisfying (a)—(c) above.

We have a Cartesian square

Bung x T Bung (A.31)

| l

Bung x(T/Zy(G)) —— Bung x BZy(G)

J

(VinBunGv)T/ZO @ Bung

where the horizontal maps are T-torsors, and the lower vertical maps are open embeddings.

Since Zy(G) is connected, T' — T'/Zy(G) is a trivial Zy(G)-bundle. Therefore the pushfor-
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ward of the constant sheaf (Qg)7 to T/Zy(G) equals <@€)T/Z0(G) ® H*(Zy(G),Qy). Thus
by smooth base change, to compute the function b it suffices to compute the trace of the

geometric Frobenius acting on the *-stalks of 7.Qp.

A.3.9 The x-extension of the constant sheaf

Let

7 Bung x(T/Zy(G)) — (VinBung)W

denote the open embedding. We want to compute the *-restriction of 7.Qy to the strata
. A AN
VmBunéP X%T/ZO(G) for p, A € Ag p.

Recall that the P-locus (T,q4;) p is isomorphic to T'/Z(M).

Lemma A.3.15. The reduced part of (Tyq;) p XT—dT/ZO(G) is isomorphic to T | Zy(M).
adj

Proof. The locally closed embedding (m) p = G'TEM | x{0} — de = (AHTcl identifies

with the spectrum of the algebra map
klaj,j € Tg) — klait i € Ty (A.32)

sending &; + &; for i € I'yy and & + 0 for j € I'q—T"js (here we consider ¢; as a character
and use the multiplicative notation). Note that k:[dj, j € T'] is the semigroup algebra of

X pos
APS.

The projection T'/Z(G) — T'/Z(G) is the spectrum of the inclusion of semigroup algebras

KIAR] s (AR A,

Therefore (T,q;)p X T/Zy(G) is the spectrum of the algebra
adj

K&, i e Tyl ' A‘%os] kAR 2 A 4], (A.33)
G
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Since the map (A.32) sends &; — 0 for j € T'g — I'py, the reduced algebra of (A.33) equals

Kla!,i e Tyl ' ](\%OS} K[APSQ A 4], (A.34)
M

Since the non-negative integral span of ]\I])\;S’@ NA and —@;, i € T is equal to the lattice

]\T/ZO(M) C A, the algebra (A.34) equals k[T/Zy(M)]. O

Recall from (A.17) that we have an isomorphism VinBung p & VinBung ¢, X(T/Z(M)).

Lemma A.3.15 implies that we have embeddings

tp : VinBung ¢, X(T/Zo(M)) — (VinBung) (A.35)

T/Zo(G)

that form a stratification as P ranges over all standard parabolic subgroups.

For p, A € Ag p, let

by . A ]
L‘]LD’ : VmBun‘&CP x(T/Zo(M)) = (VIHBUHG)W

denote the locally closed embedding defined by (A.35) and the defect stratification from
§A.3.5.
The following is proved in [62, Theorem B] in the case P = B. We give a proof using

Proposition A.2.4 at the end of this Appendix.

Theorem A.3.16. Suppose k = Fq. The trace of geometric Frobenius on x-stalks of

b (+(@p)) sends

(F&, 52, 8,1) € (VinBung ¢, x T/Zo(M))(Fg) = (1 — ¢)/F¢I= MMl Asymp p(50)(5).
(A.36)

Here we use Lemma A.3.2 to identify 3 with a section X — (Xp)f% 52, and Asymp p(dg)(B)
is defined in §A.3.7.
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Assuming Theorem A.3.16, we prove Theorem A.3.12.

Proof of Theorem A.3.12. Let Bung denote the compactification of A defined in §A.3.8.
Factor A into 7 : Bung — Bung and the proper map A : Bung — Bung x Bung. For a
sheaf J, we will use fg to denote its Grothendieck function, i.e., the trace of the geometric
Frobenius acting on the x-stalks over the Fg-points. By the Grothendieck-Lefschetz trace
formula, b(ﬂ%,ﬂ%) equals the sum of the values of fj*@g at the points of Bung(F,) lying
over (?é,?%) € (Bung x Bung)(F,).

We have the T-torsor (VinBung) @ Bung. Let

T/Zo(G

7:Bung x T/Zy(G) — (VinBung)W

denote the open embedding. Recall that T — T'/Zy(G) is a trivial Zy(G)-bundle, so the
pushforward of (Qy)7 to T/Zy(G) equals (@E)T/ZO(G) ® H*(Zo(G),Qp). The trace of the
geometric Frobenius acting on H*(Z(G), Qp) equals (1 — ¢)1(%0(G)) " Since any T-torsor

over [y is trivial, we deduce from the Cartesian square (A.31) and smooth base change that
1 42 dlmT —ITql
b(Fe, Fa) = (1) Z 1.3,

where the sum is over § € (VinBung)W(Fq) mapping to (3%,3%). From (A.35), we

have a stratification of (VinBung) by VinBung ¢, x(T'/Zo(M)), where P ranges

T/Zy(G)
over all standard parabolic subgroups. Theorem A.3.16 implies that

T'g|—IT
Fy10i3, 56 6 B,1) = (1= )"0V Asymp p (35) (9)
for p: X — (Xp)glG 52, 2 non-degenerate section and ¢ € (T7//Zy(M))(Fy). Putting it all
together, we prove the theorem. O

The remainder of this Appendix works towards setting up the proof of Theorem A.3.16,
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which is given at the end.

A.3.10 Reduction to the Hecke stack

The isomorphism

Bunp X }CL’”’ X BunP_ = VlnBuné’)&
BunM BunM

induced by (A.19) allows us to define the projection map

prM VlnBungi‘: —>9'C+"u>‘

which is smooth with equidimensional fibers.

For (5%, 9%, 8) € VinBunfyy (Fy), let

7)\ b 7)\
(Fh, T2, Bar) = pri N (B) € HCHNE).

Choosing trivializations 3’“]1\/[,3'“%4 over Spec(oy), the M-morphism (3, defines an element
(my) in the restricted product [],(M (0,) N M(F,)) with respect to the open subgroups
M (0y) C M(Fy). The M(0y) X M(0y)-orbit of m,, does not depend on the choice of trivial-

izations. One deduces from (2.21) that

Asympp, (g, ) (Bv) = v (mw), (A.37)

where vy ,, is the Ky ,-bi-invariant measure on M (F}) defined in §2.3.3. Thus the function
(A.36) reduces to a function on U-C]T/[’“’A(Fq).

On the other hand, we have a similar reduction of LA]LD’)\*( 75x(Qy)) by a modified version of
(62, Theorem 4.3.1]:

Recall from Lemma A.3.11 that LA]LJ’ (7(Qy)) = 0 unless p — X € Apos Assuming
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that p — A € A%O;, the relevant definitions and results from §A.2.7 still hold, without the

assumption that [G, G] is simply connected.

Theorem A.3.17. Let p, A € Ag p with p— X € Agﬁg. The x-restriction L'L}Lj)\* (7+(Qp)) to

the stratum VinBun’é’i‘}P x(T/Zoy(M)) is equal to

o (@R T (ap) ) R@(H)[1) = 2PN @ B (Zy(M)/20(G), Q).

+
M, XH=A

the sheaf (@K)BunM XY (iip)h e D(fHJJ\F/I’XﬂfA) using (A.5).

Here T (iip)H~ is the factorization algebra on Gr defined in §A.2.7, and we can form

The proof of Theorem A.3.17 follows the same reasoning as the proof of [62, Theorem

4.3.1], using the local models defined in loc. cit, which we now review.

A.3.11 Local models

Recall that 7 : Gep, — T,qj denotes the projection and s : T4 — Gepp is a section. Let
(Genh)>p = ﬁil((Tadj)Zp) denote the open submonoid.

Define ‘ZJP to be the scheme representing the substack

Maps®(X,U " \(Gepn)>p/P) C Bung— x VinBung >p x Bunp
- Bung ~— Bung

of maps generically landing in U™ - 5((T},q;)>p) - P Then 7 induces a map

Y” — (Togj)>p-

For 6 € Ag p, let YyPf denote the preimage of Bun]T/IH under the projection Bunp —
Bunjyy.

One can define both left and right actions of T},4; on YP in a similar way as in §A.3.3.
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Then the action of T'/Z(M) — T,q; defines an isomorphism
~ yP
gP = strict ¥ (1'/Z(M)),

where 9§ri ot = yr X Z(M)/Z(G) is the local model for VinBung > pgtrict considered in

(62, §6.1].

Let ep = s(cp) and (Gepn)>Pstrict = 7 Y {1} x Z(M)/Z(G)). By Theorem 1.4.8, we

have

ep + (Genh)>Pgstrict - €P = €p * (Genn)ep - €p = M.

The map (Genn)> Pstrict — M factors through U~ \(Gepp)> Pstrict/U. Therefore we have a

map

ﬂyi

The embedding M = ep - (Genn)ep - €p = (Genn)ep induces a section

oy : Cr (T/Z(M)) — yPo

+
Mx0 %

of my. Both my and oy are compatible with the projection
- T . T

124]3,9

The scheme is a local model for VinBung > p. We will need to consider

yPo =yl « TJZ4(@),

Tad j

which is a local model for VinBung > p X%T/ZO(G). Let (T'/Zy(G))>p and (T'/Zy(G))p

denote the base changes of the corresponding loci in 7} 4j, so that Y20 Yies over (T/Zy(G ))>p.
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By base change, we get maps

At the level of reduced schemes, Lemma A.3.15 implies that we have maps
oy P T
(GTL,Xe)red x(T/Z(M)) =2 Yed -4, (GrL’Xg)red X(T/Zo(M)).

A.8.12 Contracting action on 95;3

Fix a cocharacter vy; : Gpy — Zog(M) C T which contracts U~ to the element 1 € U™.

gPﬁ HP,H

Then vy defines a Gy,-action on that contracts onto the section oy by [62, Lemma
6.5.6].

By definition, the induced Gy,-action on (?dj)z p is via the composition Gy, 2
and the usual T-action on de. Therefore if we consider the Gy,-action on T/Zy(G) via the
composition Gy, _241/4 T and the usual T-action on T/Zg(G), we get a Gp-action on yho
and hence on 9@3 Moreover from Lemma A.3.15 we deduce that this G,,-action contracts
gi’g onto the section (GTL,X(’)red x(T/Zy(M)).

We are now ready to prove Theorem A.3.17.

Proof of Theorem A.3.17. Since the open locus VinBung > p contains the P- and G-loci, to
compute ¢4 M 7+Qy, we may restrict to VinBung > p XEW-

Let Hg’e c Y20 denote the G-locus: the preimage of T},qj under the projection to Tq;.

Set 92’9 = Hg’e X Tos (T'/Zy(G)). The T,g;5-action on Y20 induces an isomorphism

PO ~
léG = Z,P79 X Tadj,
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[©]
where 2P is the open Zastava space (see §A.2.8). Hence there is an isomorphism
-po O
G20 = 2P (1/20(G)),

Let jc : 95’9 s ‘EJP 0 denote the open embedding. Then the assertion of the theorem

reduces, as explained in [12, §3, §8], to proving that

706+(Q@0) = T(ip)" R@Q (5[~ @ B (Zo(M)/ 20(G). Qo). (A.38)
Since we are working with étale sheaves, we can work at the level of reduced schemes. Then
we can apply the contraction principle (cf. [12, §5], [62, Lemma 7.2.1]) to the Gy,-action on
92’3 defined in §A.3.12. This gives an isomorphism 73 ()G (Qp)) = Ty (36+(Qp)). At the

level of reduced schemes,
. PO 5
iy 06+ Yot = ZP (T 20(G)) = (G yoed X(T/Z0(M)

is the product of ’/OTZ and the natural projection T'/Zy(G) — T/Zy(M). Recall from (A.15)
- ° o
that there is a canonical isomorphism T (iip)? = (Wz)*(ICEPQ). Noting that Z/? is smooth

of dimension (2pp, ), we get the identification

fe) J— J—

(T2)+(@p) = T(ip)? @(Qy(3)[1]) 2P0,

1

Since Zy(M)/Zy(G) is a torus, we observe that T'/Zy(G) — T/Zy(M) is a trivial torsor.

Equation (A.38), and hence the theorem, now follows. O

Proof of Theorem A.3.16. The trace of the geometric Frobenius on H*(Gyy,, Q) equals 1—g,
and Zy(M)/Zy(G) is a product of |I'| —|T"pz| copies of Gyy,. Therefore the trace of geometric
Frobenius on H*(Zy(M)/Zy(G),Qy) equals (1 — ¢)T'¢l=Tul Theorem A.3.16 now follows
from Theorem A.3.17, Proposition A.2.4, and (A.37). O
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