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Abstract

Coarse-grained (CG) modeling is a promising way to study materials with chemical detail
with a computer at minimal computational cost. Accurate and reliable CG simulation could
speed-up the research and development process for the design for pharmaceuticals, tires,
batteries, etc. Also, they offer the opportunity to test hypotheses with molecular resolution.
However, there are several issues that must first be addressed in order to make CG modeling
truly practical. Key among these is transferability and representability. In this thesis, work is
presented that addresses aspects of transferability and representability. First, an approach is
presented to calculate the sensitivity of coarse-grained models to changes in the model from
which they are derived. This sensitivity can be used to compute first order corrections to CG
interactions that extend the range over which CG models can accurately be transferred. Second,
an approach is discussed that would allow one to construct CG observables that reproduce the
observables of the model from which the CG model is derived. Then, a method to implement this
approach is presented. Third, a new class of interactions is introduced that allows CG models to
more faithfully reproduce features of the model from which it is derived. Different terms in this
class are implemented and applied to liquids at interfaces as well as a protein system. Taken
together, this work provides a way to further improve the transferability and representability of

CG models.
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Chapter 1

Introduction

The design and development of new materials is essential to the progression of technology
that we become accustomed to in the modern world. For example, new drugs are designed to
treat rare, chronic, and serious diseases, which helps improve life expectancy and quality of life
around the world.'” Likewise, advances in the materials used in tires help to improve their safety
and longevity.”®

For a long time, it was possible to discover these materials based solely on human experience
and intuition. Now, the "low hanging fruit" for this approach has largely been exhausted. This
has led to more principled experimental approaches such as combinatorial materials exploration.”
However, the search for new materials in this way is significantly more cost and labor intensive.

As a result, efforts have been made to discover and design materials computationally through
efforts such as the Materials Genome Initiative, among others.'”" Such approaches promise to
reduce the time and cost needed for the research and development of new materials. This is
possible because such an approach screens candidate materials for the desired properties without
needing to source, synthesize, and physically study materials.

To this end, computer simulation is an essential element of computational materials design.
While simulations of atoms via molecular dynamics (MD) simulation is cheaper than
experimental methods, MD is currently limited in the system sizes and times that can be studied
by computational resources. In order to circumvent these limits, simplified models called coarse-
grained (CG) models can be developed, which seek to reproduce the essential features of the

more fine-grained (FG), atomistic model with reduced computational cost.'*'®



In order for CG models to fulfill their potential as tools for materials design there are a
number of issues that need to be addressed. Three such fundamental issues addressed in this
thesis are model fidelity, transferability, and correspondence. Fidelity refers to the ability of a
CG model to reproduce the essential features (i.e., structures and distributions) of the
corresponding FG model. Transferability is the ability of a CG model to maintain fidelity at
conditions different from those that were used to parameterize it. A related problem to
transferability is sensitivity, which refers to how a model would change as conditions change.
Correspondence refers to the ability of CG observables to correspond (and reproduce) the
observables of the corresponding FG model. In the literature, this problem is often referred to as
representability.

The rest of this thesis is organized as follows: Chapter 2 provides background on MD
simulation and CG methods. Chapter 3 discusses a low-noise, computationally efficient way to
measure the sensitivity of CG models to changes in the FG model they represent. Chapters 4 and
5 discuss the correspondence between FG and CG observables as well as how to establish such
correspondences in numerically simulated models. Chapters 7 and 8 discuss the introduction of
extra terms into CG interactions to improve the structural fidelity of a given CG model. Finally,

Chapter 9 provides conclusions and discusses future directions.



Chapter 2

Molecular Dynamics and Coarse-graining Methods

2.1 Introduction
The research presented in this thesis builds upon existing knowledge of statistical
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mechanics,'” molecular dynamics (MD), and coarse-graining (CG) methods.'*'® '® While

each of these topics are large subjects, this chapter will present the basic aspects of each that are

directly drawn upon later in this thesis.

2.2 Statistical Mechanics
A classical system of n particles can be fully characterized given all the positions r" and

momenta p”. The Hamiltonian for such a system is the sum of kinetic K and potential V

contributions:
H(r"p")=K(p")+v(r"). 2.1)
The kinetic contribution is simply
N P
K(p )=Z;% 2.2)

where m. is the mass of particle i. In principle, the potential contribution can be expressed as a

many-body expansion:

V(r”):Zvl(@)+22v2(q,rj)+ZZZV3(1‘I.,F].,FI()+... ) 2.3)
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However, this is usually truncated at pairs, and the pair potential is often treated a solely a

ri],|):V2(rij).

A full partition function can be written for the system in the canonical (i.e., constant NVT) as

function of the distance between the particles: vz(ri,rj) = vz(

11

Q= mﬁjdr"dp”exp(— BH(r"p")) (2.4)

-1
where = (kBT) and k, is Boltzmann’s constant. However, the momenta can be integrated out

to give ideal gas, Maxwell-Boltzmann statistics. Thus, it is still accurate but more convenient to

use a simplified partition function:

Z2("=2,, =jdr"exp(—ﬁv(r“)) . 2.5)

With this partition function one can express the probability of a given configuration as

i)

p(r")= : (2.6)

Likewise, ensemble-averaged quantities can be expressed as the following expectation for an

arbitrary property X:

) Jar"x(r")exp(-pv (r"))
Jdr”exp(—ﬁv(r”))

(%)

. 2.7)

Some properties used in this thesis include free energy, energy, entropy, pressure, and radial

distribution functions (RDFs). For constant NVT, the Helmholtz free energy is A=—8"'InZ

NVT 2

which is related to the energy E and entropy S through A=E—TS. The energy can also be

expressed as derivative of the partition function: <E >:_(dlnzsz / dﬁ) . The entropy can
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generally be expressed as S =—k3.[ dr"p(r”)ln p(r"). The pressure P can be expressed as a

thermodynamic derivative:
dinZ dlnA,,
p:i+ﬁ—1 ALy :__ﬁ n ) (2.8)
45} dv 45} dV
N,T N,T

For a system with only pair potentials, the pressure can be written via the virial expression:

ﬁ_ﬁzz £(r),- (29)

i j>i

Finally, the RDF is expressed as

g(r):V—<5(r—rU,)> . (2.10)

The RDF is related to the potential of mean force (PMF) W(r)z—ﬁ’lln g(r) through the

reversible work theorem.

It is important to note that these equations assume a classical, atomistic system. Specifically,
these sites have no internal degrees of freedom. Thus, these expressions are not generally the
valid for any other resolution. A discussion of observable expressions for other resolutions starts

in Chapter 4.

2.3 Molecular Dynamics

In order to simulate complex systems, they must be simulated numerically. This amounts to
discretizing newton’s second law f=m-a, where f is the force, m is the mass, a is the
acceleration, and all terms are vectors containing elements for all particles. It can be turned into a

coupled system of differential equations:



—=Vv 2.11
it (2.11)
dav f

—_—=—, 2.12
& m (2.12)

where t is time, v is the velocity. A common way to do the integration is using the velocity

Verlet algorithm:

r(c+de)=x(e)+v(e)de+ale)ae’ (2.13)

v(e+de)=v(e)+(alt)+a(c+de))de (2.14)

where dt is the timestep. In order to maintain a constant NVT ensemble thermostats are used.
Frequent choices include Berendsen thermostat and the Nose-Hoover thermostat.

The pairwise, nonbonded interactions for particles are usually the sum of a short-range van
der Waals and a longer-range electrostatic interaction. The short-range interaction is usually

parameterized using the Lennard-Jones potential:

O_U 12 Gl] 6
U, (r,)=4, e (2.15)
ij ij

where € is the depth of the well, and o is the distance at which the potential crosses 0. For
computational efficiency a cutoff r_is often used. Potential shifted versions are constructed by

subtracting the value of the potential at the cutoff from the potential, which ensures continuity in



the potential at the cutoff. To ensure continuity in both the potential and the force at the cutoff, a

shifted-force version can be used:

ULSJF(rI.].)=UL](rI.j)—UU(r)+(r..—r)U”—(r) . (2.16)

c ij c

The electrostatic interactions can be evaluated using Coulomb’s law:

q4.
Ulr|=—2, 2.17
Q(“) 47r£0rij ( )

where g is the charge of particle i, and € is the permittivity of free space. In practice, this

expression is used in combination with another method such as Ewald summation or particle-
particle particle-mesh to calculate the long-range contributions. To minimize surface effects of
finite simulation boxes, periodic boundary conditions (PBC) are used in practice.

Additionally, molecular systems often have bonded, angular, and dihedral interactions.
Bonds connect adjacent sites, and bonded interactions are a function of the pair distance between
those sites. Angles are between two sets of bonds that share a common site, and the angular
interactions are a function of the arccosine of the dot product of the unit vectors of each
constituent bond. The functional form for bonded and angular potentials is frequently harmonic.
Dihedrals are defined as a series of 3 bonds where each bond has one site in common with
exactly one other bond. Dihedral interactions are a function of the arctangent of dot product of

the cross product between the central bond and one of the other bonds in the dihedral.



2.4 Coarse-graining Methods

In this thesis, coarse-graining methods is taken to refer specifically to bottom-up method,
meaning those that parameterize CG models based on higher resolution, FG data. As such, they
methods directly relate FG configurations to CG configurations through a mapping operator. In

this thesis only linear mappings or discussed. Linear mappings are of the form

R :Ml(r”)Zcﬂri , where ¢ is the mapping coefficient for FG site i to CG site 1. The only

requirement is that ) ¢ for all I. Consequently, this choice of mapping determines the mass of
q i q y pping

1

CG sites in order to maintain consistency between FG and CG momentum space. Specifically,

-1
M, :(Zcﬁ / mij 22 Common types of mappings include center of mass (COM), center of

charge (COC), and carbon-alpha (i.e., a single atomic site for a group of atoms such as an amino
acid). The expressions for mapping coefficients, CG site positions, CG site forces, and CG site
masses are presented in Table 1.1

With the structural relationship established, bottom-up CG methods seek to determine CG

interactions that reproduce the many-body PMF W(RN ):—[3*1 InZ(R"). Each of the methods

discussed below do so in different ways.



Table 2-1. Mapping coefficients, CG positions, CG forces, and CG masses for center of mass

(COM), center of charge (COC), and carbon-alpha (C-alpha) mappings.

Mapping  Mapping Coefficients  CG Force CG Mass
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2.4.1 Distribution Matching
The first, and perhaps most obvious choice for parameterize a CG model is to reproduce the
FG’s model structural distributions by targeting the mapped RDF directly. The initial guess for

the potential is the pair PMF:

U,(R)=-B"Ing,,(R), (2.18)

where g,, is a mapped RDF based on an atomistic (i.e., FG) simulation. If one were to stop here,

it would be called direct Boltzmann Inversion.*
The pair PMF neglects often-significant correlations in full PMF. So, this initial guess is

often refined in an iterative fashion:

U.,(R)=U,(R)+e,In 98 (2.19)
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where g is calculated from a CG simulation using the former CG interaction, and « is a user-

defined learning rate. The hope is that correlations neglected in prior iterations can be partially
recovered in subsequent iterations. Not surprisingly, this method is called iterative Boltzmann
Inversion (IBI).">**

Alternatively, one could minimize the difference in the CG and FG RDFs in another way. A

residual quantifying this difference is

: (2.20)

1= zk: (gi (R)-9u (Rk))z

o’(R,)

where the RDF is evaluated at discrete intervals and ¢ determines the relative importance of
errors in the RDF at that point. By minimizing this residual using Netwon’s method, one obtains
the Inverse Monte Carlo method.

Yet another way to measure the difference between the CG and FG RDFs (or other

distributions) is to use the relative entropy (RE):>?

Pro(*)

S, =] drp(r" )n—F— . (2.21)
S Ry

Minimizing the RE using gradient descent is equivalent to IBI, and minimizing the RE using
Newton’s method is equivalent to IMC.>*

2.4.2 Force Matching

Alternatively, one could try reproducing the derivative of this distribution, would is the

forces. One residual that does this is

2t=[ av||f(m(r)-mi( £,,(r")) (222)
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Since the functional forms used for the potentials in all of these methods are usually splines with
linear coefficients, these coefficients become decoupled when looking at their derivative. Thus,
this residual can be minimized directly in one step. This approach is commonly referred to as

multi-scale coarse-graining (MS-CG).D’ 29-40
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Chapter 3

Predicting the Sensitivity of Multiscale Coarse-grained Models to their Underlying Fine-

grained Model Parameters

This chapter is reprinted with permission from J. Chem. Theory Comput. 2015, 11(8), 3547-
3560.*' Copyright 2015 American Chemical Society.

3.1 Introduction

Coarse-grained (CG) models seek to capture the essential details of fine-grained (FG) models
at reduced computational cost by eliminating degrees of freedom (DOFs).'*'® '® To further
increase computational savings with CG models, it is desirable to know when one can reuse the
same CG model to describe FG models similar to the original FG model that was used to
parameterize the CG model. Unfortunately, CG models tend to have limited transferability
because eliminating DOFs leads to state point dependent effective interactions.*” ** The dual
problem to designing transferability is the determination of model sensitivity (i.e., how a CG
model would change if it were parameterized under a different set of FG interactions or at a
different state point). CG sensitivities can be used simply to determine the transferability of CG
models, but a more promising and enterprising approach is to correct CG models with the
changes predicted from the calculated sensitivities. However, for this to be practical one must
have a method of calculating sensitivities that is more computationally cost effective than
running new FG simulations to directly calculate new CG interactions at each new state point. In
this chapter, we address this need for a computationally efficient method to calculate model
sensitivities by proposing novel formulae for computationally efficient, low noise estimates of

sensitivities from single FG simulations.
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The model sensitivity of molecular systems has been extensively investigated at a single, all-

atom (AA) level of resolution. Wong and Rabitz** *

calculated changes in free energy as a
function of changes in the input Lennard-Jones (LJ) parameters in the simplest, linear response
sense of sensitivity using a finite difference (FD). Using ad hoc modifications to FDs, Rocklin et
al.*® calculated the sensitivities of binding free energies to changes in interaction parameters.
More computationally efficient methods employing single state and multistate statistical

reweighting*’*

can also be used to get estimates of the sensitivity using FDs and have been used
to find potential sensitivity to interaction cutoffs.’’ Fleishman and Brooks took a different
approach,”’ using derivatives of the partition function and thermodynamic integration to
calculate sensitivity of entropy and enthalpy via perturbation theory. Later, Wong, Thacher, and
Rabitz used careful statistical mechanical derivations to determine first and second order
sensitivity coefficients.”> These sensitivity coefficients have been used in materials design to
optimize binding free energies by changing cation interactions™ and to determine which input
parameters are most influential in determining observables.’® Recently, an expanded set of
sensitivity equations were applied to improve a classical water model’s agreement with ab initio

and experimental measures.” However, sensitivities calculated at a single level of resolution do

not address the problem of CG model transferability.

Sensitivity between models of two different resolution levels has been the subject of limited

study. Krishna et al.”” used the multiscale coarse-graining (MS-CG)**>*>3%40

methodology and
statistical reweighting over temperatures to get different CG potentials, which is a
complementary approach to the one taken in this chapter. Lu et al.’” used FDs with MS-CG to

decompose free energies into entropic and enthalpic components using sensitivity to temperature.

As an alternative, some researchers have tried to increase the transferability of CG potentials by

13



including extra independent variables. A few of these approaches included three-body

32,38 58-60

interactions, temperature dependent terms,”® > density dependent terms, or concentration
dependent terms.’’ However, while much work has been done to improve the transferability of
CG potentials, only reweighting and FD approaches have been used to probe sensitivity in

multiscale calculations.

Several systematic approaches for developing CG models could potentially be used as a
starting point for developing methods to calculate sensitivities, including relative entropy (RE),”

inverse Monte Carlo (IMC),* iterative Boltzmann inversion (IBI),”* force matching (FM),** ** 3¢

40. 6465 and the generalized Yvon-Born-Green (g-YBG) equations.’® ¢ RE minimization is a
general approach in which one aims to minimize the loss of Shannon information from the FG
model to the CG model potential.*® If RE is minimized using Newton's method,*” one obtains
IMC,** which inverts radial distribution functions (RDFs) iteratively to provide interaction
potentials — though sampling noise must be taken into account.”® Similarly, IBI inverts the RDF
iteratively and is an approximate RE minimization, just as IMC is, using a fixed-point
optimization that is simpler than Newton’s method.” Likewise, FM and g-YBG, implemented as
MS-CG, converge to the same result as RE in the limit of a complete basis set since FM
minimizes the average of the gradient squared of the relative entropy.”® Since RE converges to
the same results as IBI, IMC, FM, and g-YBG in the appropriate limits,” it is important to
consider which method is most appropriate given the limitations of the problem at hand. In the
case that sampling is incomplete at short interaction distances and there are potential issues with
basis sets to simultaneously describe the CG potential, force field, and the sensitivity of the CG

force field, the local nature of MS-CG becomes appealing. Local nature here refers to the fact

that, in MS-CG, the fit in each portion of the force field is linked linearly to fits in other portions
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through a g-YBG equation rather than through a complex, nonlinear, and nonlocal
dependence. This feature of MS-CG removes the nonlinearity found in the other global,

distribution-matching minimization methods, thus leading to a more direct, computationally

straightforward method of calculating sensitivity that is better suited to rapid prototyping.

The present work develops reweighting-free, single simulation formulae that calculate the
sensitivity of CG potentials and force fields to changes in the underlying FG interaction
parameters and state points at the level of linear response. The calculated sensitivities are used to
develop corrections to CG models that increase model accuracy when the CG potentials and
force fields are transferred alchemically across interaction parameters or thermodynamically
across state points. The accuracy of these predicted sensitivities are evaluated by comparison
with reweighted FDs, and the accuracy of the corrected, transferred potentials are compared

against potentials without any sensitivity correction.

The remainder of this chapter is structured as follows: Section 2 describes the derivation and
significance of the formulae developed in this work as well as the numerical and simulation
methods used. Section 3 shows the application of these formulae to single site methanol and
solvent-free sodium chloride systems and the resulting accuracy of the predicted sensitivities and
potentials. Section 4 provides a general discussion of those results including suggestions for

future work. Section 5 provides conclusions.

3.2 Theory and Methods
3.2.1 Sensitivity Theory

The fundamental measure of sensitivity to small changes is the derivative
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dURY Q) lim  URY;A+3)-URY;:A-52)

3.1
dA oA —0 26A G-l

Here, the sensitivity of the CG potential U(R"; 1) to a FG parameter A is calculated by
finding the difference between CG potentials obtained using modified FG parameters A+ 4. In

the above equation, R" are the CG configurational variables. This method requires the
calculation of at least two CG potentials to calculate the sensitivity. However, the range of o4 in
which this limit is approached, known as the linear regime, is not known a priori. This means
that, in fact, more than two CG potentials must be calculated to verify the meaningfulness of a
single calculated sensitivity. A second problem with this FD approach is that the random noise
and fluctuations in estimates of the CG potentials are magnified dramatically when d4 is small,
exactly where the limit is approached. For the FD approach to be feasible, therefore, one must
find a 04 that is both in the linear regime and sufficiently large to make pulling the sensitivity
signal out of sampling noise tractable, but there is no guarantee that such a 04 exists.

An alternative to the basic multi-trajectory FD (MTFD) is to use statistical reweighting to
obtain the CG potentials at different 04 values from a single FG simulation. Statistical
reweighting reuses configurations generated using a given parameterization by applying a
reweighting factor, the ratio between Boltzmann factors across parameterizations, to the results
of reanalyzing the configurations using a different parameterization. For generating CG models
using MS-CG or g-YBG, this amounts to weighting the FM residual from the reevaluated forces
by the exponential of the difference in the CG potential calculation (or inverse temperature, if
temperature is varied). The use of a single trajectory in reweighting should minimize the noise
seen at small 04, which makes this approach appear relatively promising compared to FD, but

the range of the linear regime is still not known a priori. Another problematic condition required
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for reweighting to be practical is that the original ensemble and the ensemble estimated by
reweighting must have significant overlap so that the reweighted trajectory can give reliable
averages. Furthermore, the averages are susceptible to bias when the original sample may not
provide configurations that overlap with the reweighted ensemble evenly. An example of this is
the application of reweighting to calculate averages at higher temperatures than the temperature
of an initial simulation. Since the original trajectory explores only a subvolume of the phase
space explored at higher temperatures, the reweighting procedure typically biases the resulting
potentials to over-represent behavior characteristic of lower-energy conformations. For
reweighting across interaction parameters, it is not always clear when this is a problem or how
significant the bias may be — even after the calculation is complete.

Ideally, one would like a method of calculating sensitivities in the linear regime that does not
depend on knowledge of the size of the linear regime, requires minimal computation, and is less
susceptible to bias than a reweighted finite difference (RFD). We can do so by analytically
evaluating the limit in the FD above, then using the resulting formulae to make our calculations.

Starting from the FD formula above, one arrives at the equation

dU (R 2) _ <du(r";/l)> (3.2)
RY A

dA dA

where u(r” ;PL) is the FG potential in terms of the FG coordinates r". However, this equation is

remarkably data-inefficient: it only uses one scalar value of information per sampled frame,
which is the derivative of the potential with respect to A for that frame. Fitting a many-body
function with many free parameters requires a great deal of input training data, and using only
one datum per frame of input data would require a huge number of frames to properly

parameterize the many-body sensitivity. Therefore, we apply a trick with a long history. By
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22.33,36,40, 64,6599 yhich uses more data per frame than potential matching by

analogy to FM,
matching derivatives of the potential with respect to particle positions instead of matching per-
frame potentials directly, one can also derive formulas for sensitivity matching that match the
sensitivity of the derivatives of the potential with respect to all particle positions instead of
matching the per-frame sensitivity directly. The gain in information per frame is proportional to
the number of particles, which can be quite large. The remainder of this section describes the
derivation of two such formulae, each of which results from a different approach to the problem
of representing the many-body sensitivity in a reduced space of trial functions. We propose that

the first formula be used for practical calculation of sensitivity and the second formula be used

as a theoretical diagnostic tool.

Self-Consistent Basis (SCB) Single Point Formula

In the first derivation, we find a formula by considering the sensitivity of approximations to
the many-body potential. After all, any practical CG potential will be an approximation, and we
are therefore interested in the sensitivity of approximations when we talk about the sensitivity of
CG models. A natural choice here is to look at the sensitivity of an approximate CG potential in
the same set of trial functions used to construct the CG potential; because the basis functions for
the CG potential and sensitivity are the same in this case, we call this a self-consistent basis
(SCB) single-point formula. To construct this formula, one needs to start from the FM residual

expression reweighted from A to 1+81 with the framewise weight function
exp(—ﬁu(r",}t +80)+ ﬁu(r”;/l))

JéZlexp(—ﬁ”(""a“5/1)+ﬁ”("";)“))

¢ t=1

wt(r”;/l,&u): ) (3.3)
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where N is the total number of simulation frames. Optimization of the residual with respect to

basis functions in order to obtain the reweighted FM normal equations yields*" ™

I

w,(r": 4,60 F Fg = Niiwt(r";z,&)wf, (3.4)

¢ t=1

1
N

t t

M=

Il
—_

where Fis a matrix of configurational information about the basis function values for each
particle, fis the 3N vector of the target forces, and ¢ is a vector of the unknown linear basis
function coefficients. Then, taking a derivative of both sides with respect to 04 and taking the
limit 4 —> 0 , a set of normal equations for the sensitivity emerges. Taking the limit of a long

trajectory and a complete basis set and then rearranging those normal equations, the expression

for the approximate sensitivity matching in terms of thermodynamic averages is

dA
dVu(r"; 1) B [ du(r";1) [ du(xr"; 1) ,(3.5)
' : — > > i n, _ N.
<M( i j Nco( 7 < 7 >J(M (Vu(r ,l)) VUCG(R ’/1))>R”

where <du(r”;/1) / a’/1>/1 is the Boltzmann weighted expectation value of du(r"; A1)/ d A over

the entire FG ensemble, N . is the number of CG sites in order to make the sensitivity intensive,

and M" is the mapping operator that transforms the FG forces into CG forces (See Appendix B
for derivation and details). Every term on the right can be estimated directly from simulation, so

these estimates can be calculated in a single step without iteration.

Self-Consistent Iterative (SCI) Single Point Formula
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An interesting alternative to the derivation in the previous section is to consider what the
expression would be like if one treated the sensitivity of the many-body potential directly
regardless of basis set limitations. A sensitivity estimator based on approximating the sensitivity
of a full basis set potential using a finite basis set rather than on the sensitivity of approximate
potentials using finite basis sets would provide a diagnostic for assessing the importance of
renormalized many-body effects in CG sensitivities. As before, we look for a formula in terms of
derivatives of forces instead of derivatives of potentials. Starting from the FD of the forces with
the averages in the A+ 04 ensembles written explicitly, then substituting the mapped FG forces

for the CG forces, the transformation of these ensembles to a common A ensemble leads to

dVURY2A) _ lim 1
dA oA —0 264
—Bu(x" ;A )+Bu(r";2+61) —Bu(x" ;A )+Bu(r";2—061) (36)

- M (Vu(r'; 1 82))

M (Vu(r"; A+ %))

<e—ﬁu(r”;/l)+ﬁu(r";/l+5l)> <e—ﬁu(r”;/l)+ﬂu(r";/1751)>

RN ,l

After expanding the exponentials in terms of d4 and discarding all terms higher than linear

in 04 (see Appendix A for details), one obtains

dVU(RN;/'L): I dVu(r;A) | B | du(r";2) [ du(r";A) Mf(vu(rn./l))
dA ) NG| da a |, ’ ’

CcG

RV 2

(3.7)

where N .. is the number of CG sites in order to make the sensitivity intensive. This equation is

a self-consistent iterative (SCI) single point formula because while the left hand side seems

optimistically like it could be computed in a variational approximation by performing FM on the
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right hand side, this is actually not correct. The term <du(r";l)/ dﬂ,> ,is exactly the many-

N
RY,

body function that the formula is meant to calculate, and therefore the equation must be solved

iteratively: after each variational calculation step to find the left-hand side, <du(r";l)/ dﬂ,>RN ;

must be reevaluated framewise using the integrated form of the new left hand side to generate
new target derivatives, and a new variational calculation must be run. The process repeats until
self-consistency. Note that FM calculates a potential up to an additive constant. Normally, this

constant has no physical effect, but in this case the constant is important in the nonlinear term

containing (du/ d/l—<du/dl>) . We therefore apply a configurationally independent constant

correction to the difference (du / d/l—<du / dl>) so that its average over all frames is zero. This

amounts to a single step of direct scalar matching used to seed the iterative FM calculations; the

scalar does not affect the distributions of configurations in sensitivity-corrected models.

Both the SCB and SCI single point formulae have the same first term on the right hand side,
which can be considered the naive sensitivity since it neglects any non-pairwise effects on the
CG potential and force field. Interestingly, this is what one would obtain if one reanalyzed a
trajectory using a different parameter set as in the RFDs but neglected to apply the reweighting
factor. This is in effect what was reported by Rocklin, Mobley, and Dill.** One can see that if the
second set of terms on the right hand side of both single point formulae were to be zero, this
naive sensitivity would, in fact, be the correct sensitivity. Thus, differences between the naive
sensitivity and the single point formulae reflect the importance of the correlation correction to

the naive sensitivity. Differences between the SCI and SCB equations reflect the importance of
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basis set effects in determining which correlations should be used to correct the naive sensitivity

for approximate models.

Even though these formulae both capture correlated many-body effects of the sensitivity,
they do so in different ways. In the SCI single point formula, the correction to the naive
sensitivity is like a transport term since it is the product of the mapped forces and the deviations
in du/dA ; it measures the amount the FG distributions corresponding to each CG distribution
are pushed around “underneath” the CG configuration. In the SCB single point formula, this
correction is the product of the deviation in du/dA and the deviation in the forces, making it a
covariance term that closely echoes the covariance corrections to the naive sensitivity found in

the literature for single resolution sensitivity.’> A practical difference between the two single

point formulae is that the SCB averages <du(r";/1)/ d/1> over the entire FG ensemble requiring

no iteration, while the SCI averages <du(r";/1) / d/1> conditional on the CG ensemble that needs

to be reevaluated based on the most recent estimate from the previous iteration. These
differences in averaging are consistent with the differing applications of basis sets made in the
derivation of each model. Both approaches become equivalent in the limit of a complete basis
set, but for a finite basis set the SCB formula describes a practically useful sensitivity and the
SCI formula is better used as a diagnostic for understanding the physics of renormalized many-

body effects.

3.2.2 Simulation and Fitting Details and Conditions
Molecular dynamics (MD) simulations were performed on AA methanol and 1M sodium
chloride systems in LAMMPS.”" All systems were run with a 1 fs timestep and used

nonbonded Lennard-Jones (LJ) interactions with a radial cutoff of 1.0 nm as well as particle-

22



particle particle-mesh (PPPM) electrostatic interactions. Both systems were equilibrated by
simulating them for 5 ns at constant NPT at 1 atm and 300K, setting their volume to the average
of the last 2 ns of NPT simulation, and then simulating them for at least 1 ns at constant NVT at
300K. Subsequent sampling for modified parameters were started from this equilibrated
configuration, but allowed to evolve for an additional 1 ns before sampling. The OPLS™
methanol system of 1,000 molecules was sampled for 2 ns with configurations recorded every
250 fs, consistent with other studies.* For the sodium chloride system, 20 sodium and 20
chloride ions were simulated using Joung and Cheatham's” parameterization solvated in 1,110
SPC/E’® water molecules for 20 ns with configurations recorded every 200 fs, consistent with
other studies.”” The methanol system was coarse-grained to one site per molecule using a center
of mass mapping, as in previous work.* The sodium chloride system was coarse-grained by
eliminating all water molecules to create a solvent free model.”” All CG forces, potentials, and
sensitivities were calculated using the MS-CG FM code with a nonbonded cutoff of 1.0 nm, and
sixth order spline basis functions with a resolution of 0.07 nm. CG simulations were started from
the mapped version of the final configuration for the sampling run. A total of 1,000 CG timesteps

were allowed for equilibration and randomization. Configurations were sampled every 1,000 CG
timesteps for both systems with sampling runs of 2x10°CG timesteps for CG methanol and

2x10" CG timesteps for CG solvent free sodium chloride.

Independent samples and reweighted potentials were calculated for changes to all LJ epsilon,
LJ sigma, and partial charge parameters. In units of kcal/mol for LJ epsilon, Angstroms for LJ
sigma, and e, the fundamental charge, for charge, CG potentials were calculated with positive or
negative changes in one parameter of 0.001, 0.002, 0.005, 0.010, and 0.020. Changes to the

charge of one atom type were offset by changes to the charge on an adjacent atom type in order
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to keep each molecule charge neutral. For methanol, this meant moving charges on the carbon
and the neighboring methyl hydrogens or the oxygen and the neighboring hydroxyl hydrogen for
methanol. For sodium chloride, this meant moving charges on the ions or within the water
molecule. For the graphs comparing the single point formulae to the MTFDs and RFDs, the
confidence ranges for MTFD and RFD curves were determined by integrating the 95%
confidence interval calculated for all pairs of FDs within 0.005 parameter units. Confidence
ranges for the single point formulae and the RFDs in these curves were likewise calculated by
integrating the 95% confidence interval from 5 replica simulations. The confidence range for all
of the independent trajectories corresponds to the integrated 95% confidence interval of 6
replicas using the original parameterization.

Comparing the effectiveness of these sensitivity formulae for transferring potentials requires
computing predicted potentials (i.e., original potentials plus the sensitivity with respect to a
parameter times the change in the parameter) to the CG potentials obtained from both 1)
independent trajectories using an actually modified parameter set and 2) Boltzmann reweighting
the original trajectory to the modified parameter set. The difference in these modified CG
potentials via sensitivity, via reweighting, and via independent trajectories from the CG potential
with the original parameters is quantified by integrating the absolute difference multiplied by the
RDF and divided by the range of integration. This gives a single number summary (in energy
units) of how different the variously transferred potentials are from the original potential for a
given change in parameters. In this section, the confidence ranges for each point were calculated
by propagating the uncertainty from the potentials through each of the operations in Eq. (3.9).
The uncertainty of each point of the potentials was calculated as the root mean square (RMS)

fluctuations of six independent trajectories. This uncertainty in the potential was used to
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calculate the uncertainty in the difference of the potentials at each point, combining the
uncertainties via an RMS calculation (also referred to as error propagation in quadrature). Then,
this uncertainty in the difference was scaled by the magnitude of the RDF at that point and the
normalization before combining via an RMS calculation to give the uncertainty used to calculate

the confidence ranges shown for each point.

3.3 Results

3.3.1 Numerical Finite Differences

Before the performance of the single point formulae developed in the work is evaluated, it is
worth evaluating the noise and performance of the existing numerical FD calculations. Figure 3-
1 compares the MTFD and the RFD with confidence ranges for the sensitivity of the single site
methanol CG potential to changes in the charge on the hydroxyl's hydrogen. As expected, both
estimates agree within the confidence ranges for sufficiently small changes to the charge, but the
RFD has significantly smaller confidence ranges than the MTFD, as expected because small
differences in the MTFD denominator magnify sampling noise. In fact, the RFD confidence
ranges are more than 100 times smaller than for MTFD. For the purposes of initially verifying
the precision of our single point formula, only RFD with confidence ranges will be shown since
it is expected that any predicted sensitivity that agrees with the RFD within the confidence
ranges will also agree with the MTFD. However, this is not always the case, especially when the
RFD calculations are strongly biased, so to demonstrate the accuracy of the single point
formulae, comparisons will be made to MTFD or independent trajectories (IT) later in this

chapter.
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Figure 3-1. Comparison of multi-trajectory FD (MTFD) and reweighted FD (RFD) for the
sensitivity of the MeOH CG potential to changes in the charge on the hydroxyl hydrogen (Hon).
Confidence ranges show the relative noise of each estimated sensitivity, as defined in the main

text. The RFD confidence range is so small relative to the MTFD confidence range that it is not

distinguishable from the RFD curve on this scale.

3.3.2 Single Site Methanol
Sensitivity Comparisons

The sensitivities calculated using the SCB single point formula are compared to the SCI
single point formula as well as the RFD sensitivity estimates with confidence ranges in Figure 3-
2. For LJ epsilon (Fig. 3-2a and Fig. 3-2b) and sigma (Fig. 3-2¢), the SCB and SCI estimates
superimpose, indicating that non-pair-representable many-body effects play little role in the pair-
representable part of these sensitivities. The SCB and SCI estimates for these graphs are
generally within the shown confidence range and only slightly overestimate the magnitude of the

sensitivity at short interaction pair distances. For sensitivity to charge (Fig. 3-2d), the SCI
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estimate is significantly different from either the SCB estimate or the actual RFD sensitivity.
This difference between SCB and SCI estimates indicates that significant multibody correlations
are important for charge interactions and correlations. These observations agree with and clarify
prior work that indicated that CG potentials are significantly less transferable, in the naive sense,

for charge interactions than epsilon and sigma interactions because of the significant multibody
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Figure 3-2. Comparison of methanol sensitivity estimates for different interaction

parameters between RFD, self-consistent iterative (SCI) single point, and self-consistent
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basis (SCB) single point calculations. Sensitivities are taken with respect to a) Carbon-
Carbon (C-C) LJ epsilon, b) Oxygen-Hydroxyl-Hydrogen (O-Hon) LJ epsilon, ¢) Carbon-
Oxygen (C-O) LJ sigma, and d) Hydroxyl Hydrogen (Hon) charge interaction parameters.
RFD confidence ranges are calculated as defined in the main text. The RFD confidence range

for d) is so small that it is not visible on this scale.

Predicted Potentials

As mentioned in the theory section of this chapter, potentials can be predicted using
sensitivities from either of the single point formulae using

dU(RN ;/1)

U(RN,-;L+5/1)Zu(RN;/1)+5;L — :

(3.8)
which is a simple correction to the original potential that is linear in dA. The magnitude of
change in CG interaction potential from the reference (REF) parameterization as plotted in

Figure 3-3 was calculated as

Uy (RiA+8A) U, (R:A)

e (R) - (3.9)

REF (

1 (R,
AU|= dR
24 RH—RLIRL

where g,..(R) is the radial distribution function of the reference parameterization,

U pop(R;A+06A)1s the interaction potential at a non-reference parameterization either from

FMing independent FG NVT trajectories with the modified parameterization or using Eq. (3.8)
with the sensitivity calculated using RFD, SCI, or SCB formulae. Figure 3-3 shows the

difference in potentials for different OA's from the original (04 =0) potential as described in
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Section 3.2. For the epsilon graph (Fig. 3-3a), both the SCB and SCI curves agree with the
reweighted curve for small differences — in the linear regime. It is remarkable that both the
sensitivities have the same average slope as the curve for the CG potential determined for the
new parameters with independent trajectories for changes of only 0.01 kcal/mol. For the sigma
graph (Fig. 3-3b), the reweighted curves are nonlinear, but the SCB sensitivity appears to have
the same average slope as the SCI sensitivity and the reweighted curve. The independent
trajectories curve has a similar initial slope to the single point sensitivities, but is below the
single point sensitivities for larger changes. This is somewhat expected since as perturbations
increase, systems will typically make compensating changes that result in a concave response.
For the charge graph (Fig. 3-3c), the reweighted curve shows nonlinearity, but the SCB curve is
nonetheless reasonably consistent with the reweighted curve. As expected from the sensitivity
comparisons, the SCI curve drastically overestimates the change in potential. While neither of
the single point sensitivities matches the independent trajectories for charge, neither does the
reweighted curve beyond 0.005 e, indicating significant sampling changes in response to charge
modification that may be the result of changes in complex many-body and long range effective

interactions.
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Figure 3-3. Magnitude of change in methanol CG interaction potential from OPLS

parameterization, calculated (see Eq. (3.9)) as a weighted average absolute difference in
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predicted potential from a reference potential weighted by the reference RDF, for predictions via
independent trajectories, reweighting, and the two single point sensitivities SCI and SCB.
Predictions are compared for changes in a) Carbon-Oxygen (C-O) LJ epsilon, b) Carbon-Methyl-

Hydrogen (C-Hye) LJ sigma, and ¢) Hydroxyl Hydrogen (Hon) charge interactions.

CG Simulations

Another way to assess the accuracy of these predicted potentials is to compare the RDFs
generated from CG simulations using both the actual CG potential and the potentials predicted
from both sensitivity formulae. Figure 3-4 shows the RDF for a selected set of 04 . It is clear that
any slight errors shown in Figure 3-3 for predictions across epsilon (Fig. 3-3a) and sigma (Fig. 3-
3b) value do not lead to noticeable errors in the RDFs. For predictions across charge (Fig. 3-3c)
values, the RDF from the SCB predicted potential has only minor deviations in the height of the
first peak and valley from the actual RDF. The agreement of the RDF from the SCB predicted
potential bodes well for the application of sensitivity for generating predicted potentials.
However, there is a limit to how far one can use these predicted potentials, which corresponds to
the breakdown of the first order approximation of the sensitivity outside the linear regime. Figs.
3-3d-f show that for sufficiently large changes in the FG interaction parameters, the magnitude
of the RDF peaks and valleys differ significantly from those of the RDF obtained using the
actual CG potential with the modified interaction parameters. Nonetheless, the RDFs for larger
interaction parameter changes continue to show good agreement with the location of the peaks

and valleys for the first two solvation shells.
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Figure 3—4. Radial distribution functions (RDFs) from CG methanol simulations. a) Changing
Carbon-Hydroxyl-Hydrogen (C-Hon) LJ epsilon interaction parameter by 0.020 kcal/mol. b)

Changing Carbon-Oxygen (C-O) LJ sigma interaction parameter by -0.005 A. c) Changing the
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Hydroxyl Hydrogen's charge by +0.010 e and applying neutralizing charges on the other
methanol FG sites. d) Changing Carbon-Hydroxyl-Hydrogen (C-Hon) LJ epsilon interaction
parameter by 0.040 kcal/mol. ) Changing Carbon-Oxygen (C-O) LJ sigma interaction parameter
by -0.010A. f) Changing the Hydroxyl Hydrogen's charge by +0.020 e and applying neutralizing

charges on the other methanol FG sites.

3.3.3 Solvent Free Sodium Chloride
Sensitivity Comparisons

The sensitivities calculated using the SCB single point formula are compared to SCI single
point formula and the RFD sensitivity estimates with confidence ranges in Figure 3-5. For
epsilon (Fig. 3-5a and Fig. 3-5b) and sigma (Fig. 3-5¢), the SCB and SCI sensitivities are entirely
within the shown confidence ranges. It is interesting to note that the magnitude of the SCI
sensitivity is less than the magnitude of the SCB sensitivity when they deviate in Fig. 3-5a-c at
short interaction distances, indicating that the SCB covariance correction is greater than the SCI
transport correction because of differences in the amount of sensitivity captured due to the
different basis set considerations between the two formulae. For sensitivity to charge (Fig. 3-5d),
the SCI estimate is significantly below the actual RFD sensitivity and the SCB sensitivity, which
is above the RFD confidence range for large interaction distances and below it for intermediate
interaction distances. However, both the SCB and SCI sensitivities show much better qualitative
agreement for the sensitivity to charge in the sodium chloride system than in the methanol

system, suggesting that the effects of electrostatics are more pair-representable in this system.
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Figure 3-5. Comparison of solvent free sodium chloride Na-Na, Na-Cl, and CI-Cl interaction
potential sensitivities estimated for different interaction parameters between RFD, SCI single
point, and SCB single point calculations. Sensitivities of the a) Na-Cl CG potential to the FG
Oxygen-Chloride (O-CI) LJ epsilon, b) CI-CI CG potential to the FG Oxygen-Chloride (O-CI) LJ
epsilon, ¢) Na-Cl CG potential to the Oxygen-Chloride (O-CI) LJ sigma, and d) CI-Cl CG

potential to the water Oxygen and Hydrogen charge interactions.
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Predicted Potentials

Figure 3-6 shows the difference in potentials (from Eq. (3.9)) for different OA's from the
original (04 = 0) potential as described in Section 3.2. For the epsilon graph (Fig. 3-6a), the SCB
curve agrees with the reweighted curve for small changes until the nonlinearities appear in the
reweighted curve, where bias is more of a problem. The SCB curve is also in the same range as
the independent trajectories for large changes. The SCI curve deviates from both reference
curves for sizable changes, but appears to have the same initial slope as the independent
trajectories, which is likely within the linear regime. For the sigma graph (Fig. 3-6b), the SCB
curve shows even better agreement with the reweighted curve and the average slope of the
independent trajectories curves than in Figure 3-6a. The large difference between the SCI and
SCB curves indicates the importance of CG basis set effects in capturing the correlations
important for larger changes in parameters. For the charge graph (Fig. 3-6¢), the reweighted
curve looks quite linear and shows agreement with the independent trajectories only for small
changes. The difference between the SCB and reweighted curves from the independent
trajectories may be due to underestimation of many-body charge screening effects that the
reweighted and SCB methods do not incorporate due to configurational sampling bias. The SCB
curve agrees with the reweighted curve, but both overestimate changes in the potential. The SCI
curve here seems to have the same average slope as the independent trajectories for positive and

negative changes, indicating either less bias or a cancellation of errors.
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difference in predicted potential from a reference potential weighted by the reference RDF, for
predictions via independent trajectories, reweighting, and the two single point sensitivities SCI
and SCB. Predictions of a) Uci.c; to changes in Hydrogen-Chloride (H-CIl) LJ epsilon, b) Una.ci
to changes in Oxygen-Chloride (O-Cl) LJ sigma, and c) Una,.c1 to changes in Water Hydrogen

and Oxygen charges are compared.

CG Simulations

Figure 3-7 shows the RDFs for a selected set of 04. For the sensitivity to epsilon example
the heights of the first peaks predicted from the single-point sensitivities for the Na-Na and CI-Cl
RDFs (not shown, see SI) are slightly overstructured, but the opposite is true for the Na-Cl RDF
(Fig. 3-7a). The opposing errors in the RDFs and potentials illustrate the additional problems of
fitting the three nonbonded interactions simultaneously. For the sensitivity to sigma example
(Fig. 3-7b), the RDF from the SCB predicted potential seems to be in agreement with the actual
CG RDF with only minor understructuring of the contact-ion pair. When it comes to the
sensitivity to charge (Fig. 3-7¢), it is clear that the errors in the sensitivity of the potential carried
through to the RDFs as they are all uniformly overstructured. It is not all that surprising that the
charge sensitivities from the single point formulae overstructure the ions since this amounts to an
underestimate of a many-body screening effect from waters that were coarse-grained out of the
simulation. This continues to get worse for larger changes to the charges on the water (Fig. 3-71).
The corrections to the water screening and structure are likely manifested in many-body
interactions that are beyond the range of these first order, pair-representable sensitivities.
Fortunately, the agreement between the RDFs to epsilon (Fig. 3-7d) and sigma (Fig. 3-7¢)
parameters is quite good over a larger range of parameter changes. As with the methanol system,

the heights of the RDF peaks and valley differ — only slightly so for epsilon and sigma given the
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magnitude of the parameter change — while the location of the peaks and valley agree quite well.
Thus, using the sensitivities from less highly correlated interactions such as the LJ nonbonded

interactions appears to lead to reasonable predicted CG potentials and CG RDFs.
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Figure 3-7. Radial distribution functions (RDFs) from CG sodium chloride simulations for the

Na-Cl pair distance. a) Changing Hydrogen-Sodium (H-Na) LJ epsilon interaction parameter by

0.005 kcal/mol. b) Changing Sodium-Sodium (Na-Na) LJ sigma interaction parameter by -0.005

39



A. ¢) Changing the Water Oxygen charge by -0.004 e and the Water Hydrogen by +0.002 e. d)
Changing Hydrogen-Sodium (H-Na) LJ epsilon interaction parameter by 0.040 kcal/mol. e)
Changing Sodium-Sodium (Na-Na) LJ sigma interaction parameter by -0.060 A. f) Changing the

Water Oxygen charge by -0.010 e and the Water Hydrogen by +0.005 e.

3.4 Discussion

In general, the sensitivities calculated with respect to LJ epsilon parameters show excellent
agreement with the RFD sensitivities and the CG RDFs for both the CG methanol and solvent
free sodium chloride systems. The agreement in the difference from the baseline potential in
Figure 3-3a even well outside the linear regime is particularly noteworthy. The slightly more
correlated sensitivities with respect to sigma parameters showed good agreement for the CG
methanol system, better agreement than in the sodium chloride system that is more highly
coarse-grained. However, the charge sensitivities are only qualitatively correct, reflecting the
highly complex many-body correlations due to these long range interactions. In the sodium
chloride system, this was reflected in the overstructuring of the CG ion pair RDFs, but the fact
that sensitivities to the charge on the atoms in the implicit water molecules are reasonable is
promising. Unfortunately, agreement with RFD implies that while these formulae significantly
improve on the signal to noise ratio of reweighted finite differences, in many cases they do not
address the problem of bias. This work reveals that bias in these estimators, not noise, is the next
truly difficult problem to overcome, and it will not be overcome simply with more data as we
attempted with this per-particle derivative-matching approach—bias is better dealt with by

acquiring better data” or more sophisticated estimators.*™
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One can expect that the SCB sensitivities will be the most accurate and predictive when the
relevant interaction is short range and does not involve many-body correlations as is the case for
any short range pair interaction modeling van der Waals interactions such as the Lennard-Jones
potential. In contrast, interactions that are long range and involve many-body correlations such
as charge interactions are expected to be less accurate and less predictive. While the sensitivity
of intramolecular interactions such as bonds, angles, and dihedrals were not investigated,
physical considerations suggest that these sensitivities will not be as well-behaved as those for
Lennard-Jones parameters because intra-CG-site interactions affect the CG interactions only
indirectly through multi-atom correlations, but on the other hand they should be better than the
sensitivities for charge interactions because intramolecular interactions are short ranged.
Likewise, sensitivity of state parameters such as temperature and volume as well as their
conjugate observables entropy and pressure were not investigated here, but we expect the
sensitivities to these parameters to be inaccurate because the relevant interactions are long range
and involve many-body correlations that may not be pair-representable.

One way to check these heuristics is to compare the SCB estimate to the SCI estimate for
each parameter of interest in a given system. If the SCB and SCI estimates agree as in Fig. 3-2a-c
and Fig. 3-5 a-c, then the many-body correlations that lead to the correction of the naive
sensitivity which the two formulae estimate differently are well-represented in the chosen basis
set. This means that the SCB sensitivity is more likely to be accurate and predictive. This feature
implies that these SCI and SCB formulae can be used diagnostically to evaluate hypotheses
about transferability even when they do not provide accurate linear sensitivity measurements.

However, when they do, they also provide previously infeasible checks on the precise size of the
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linear regime: in that case, this regime will be precisely the range over which the RFD and SCB
estimates agree.

The times when the SCB and SCI single point formulae differ in their sensitivity estimates
are significant because the two capture correlated many-body effects in different ways. In
particular, any significant correction to the naive sensitivity from either single point formula
indicates the presence of significant multi-body effects and correlations in the sensitivity to that
parameter. Differences between them, moreover, specifically indicate that the non-representable
many-body effects are folded into the corresponding representable force field for a given basis,
which are sensitive to the parameter under study in ways that cannot be represented within that
basis set. The difference in the estimates for the sensitivity to epsilon in the solvent free NaCl
system, but not the CG methanol system, reflects that the NaCl system is more highly coarse-
grained as expected. Also, the difference between the SCB and SCI sensitivity estimates for
charge interactions quantifies and confirms the dependence of the effective pair potential on the
significant and complex many-body correlations among long range interactions that had been
hypothesized previously in the literature.”®

Noise and modeling error can still remain problematic even when these formulae perform
without significant bias. Approaches previously used to improve force matching’s ability to deal
with these problems could also potentially be brought to bear to improve these sensitivity
calculations. For instance, regularization of these sensitivity estimators similar to Lu et al.'s
approach could improve the performance of these estimates with noisy data.””® Alternatively, it
may be that structural differences between the CG and FG models due to the use of a finite basis

set lead to prediction errors that could be ameliorated via recalculation of the input sensitivity
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derivatives, A" (qu(r";ﬂ,)/ dﬂ,)and du(r"; A1)/ d A, using statistics from CG sampling as well

as FG sampling, as in iterative FM and iterative g-YBG approaches.***

More systematic study of the differences between calculations by these two formulae may
reveal more of the character of important many-body effects in various systems. While we
focused on well-known interaction parameters here, it is possible to use these formulae to
investigate the addition of arbitrary biases to FG models to examine the effects of arbitrary
correlations on the representable correlations in a system. This could reveal interesting
experimental control parameters for fine-grained systems, e.g., in discovering manipulable fields

7% Furthermore, while we studied only

conjugate to CG tetrahedrality correlations in water.
pair-representable force fields here and considered only fixed CG basis sets, we can also use it as
a criterion for basis set quality, indicating that it could also be useful for basis set design. One
can use these formulae with arbitrarily complex CG basis sets and the comparisons between SCI
and SCB formulae in various basis sets to choose the ones that will result in the most transferable
models across a given parameter space.

Finally, the results indicate that the calculation of sensitivities to nonbonded interaction
parameters is good for generating predicted potentials, especially for sensitivities to LJ epsilon

and sigma interaction parameters. A direct extension of this work would be to calculate

thermodynamic derivatives by repeating the derivations in the theory section with A = 3, the
thermodynamic temperature. Since the formulae can only be used to calculate sensitivities to
continuous parameters, sensitivities to volume A=V could be calculated in the NPT and puPT
ensembles while sensitivities to concentration could be calculated via sensitivities to chemical

potential A = 4 in the grand-canonical uPT and uVT ensembles. Another extension of the work

would be to calculate the sensitivity of other CG properties or observables such as the RDF g(r)
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by applying a chain rule, where the sensitivity of the CG property or observable to the CG
potential would be multiplied by the sensitivity of the CG potential to FG interaction parameters
as presented in this work.

3.5 Conclusion

In this chapter, new reweighting-free formulae for the calculation of the sensitivity of CG
potentials and force fields to changes in the underlying FG models’ interaction parameters and
state point were presented that require only a single trajectory for calculation. In the results, the
SCB estimates predicted sensitivities to LJ epsilon and sigma parameters that were quantitatively
correct to within the confidence ranges from RFDs, representative of the practical state of the art.
The single point formula does not require a priori knowledge of the linear sensitivity regime for
a given parameter and can be useful in generating predicted CG potentials for other interaction
parameters, as demonstrated by the agreement of the CG RDFs from independent trajectories
with predicted potentials using this sensitivity. Of the predictive sensitivity measures examined
here, the single point methods provide the lowest noise estimates of all, providing the same
sensitivities as RFDs at reduced computational cost, with comparable bias, and without
ambiguity concerning the size of the linear regime.

Finally, beyond their purely computational significance, these results also serve to shed light
onto relatively unexplored subtleties of CG representability. Consideration of both the SCB and
SCI formulae offers a new window onto the fundamental theoretical problems of representing
transfer of CG models between state points, providing a vivid example of how the change from
FG model to FG model in the CG-representable part of the correlations may not always be the
same as the CG-representable part of the change in correlations from FG model to FG model—

even at the level of linear response. While this is sometimes mentioned in discussions of the
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foundations of coarse-graining, that subtlety is rarely investigated as a practical effect with
fundamental physical importance in its own right. However, establishing one’s foundations is
also an eminently practical thing to do. We hope this work will spur deeper investigations into
the theoretical interplays between representability and transferability, two of the most important
challenge areas in state of the art of coarse-graining and CG modeling, in addition to providing
new computational tools.
3.6 Appendix A: Derivation of the SCB single-point formula

The self-consistent basis single-point sensitivity formula describes the derivative with respect
to system parameters of variationally force matched finite-basis approximations to the true
many-body FES. The usual force-matching normal equations for a PMF approximated as a linear

combination of a set of basis functions y, with coefficients ¢, and A are

l wd dy . 1 & d
T R DR Ty 2 g B, (3.10)

=1 I=1 I I =1 I=1 /

where F, are CGed forces from sampled atomistic configurations. This is an equation valid for

sampling from a system with fixed parameter 4. In order to take the derivative of this with
respect to A, one must find a way to express the sampling density as a differentiable function of
A in this expression. One option is to assume all sampling is run at a reference A, and then
perform a weighted least-squares optimization using the reweighting factors (see Eq. (3.5) in the
main text) rather than a uniformly-weighted least-squares optimization. Using the usual

equations for weighted least squares, one gets the normal equations

1 N, N dl// dw ' 1 N, N dl//
— AL <. Lo, =—" "2 4.F (r";1), (3.11
NN 2 AR e D N,NZW(“ D2 g EEA), (D

t =1 I I I
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which are in principle valid for any 4 with samples taken with respect to any A, though of

course only practical when A is close to A, . First define

1 > dy, dy,
Gd’d,(ﬂ,,lo):Wgw(rt";l,lo)é%% and

1 1

N,

I

1 N
b () =—— wr'; A1)
d 0 NNZ 0 ;

AV =1

Yo k(i) |
dR[

Now, taking the derivative of both sides, one gets

49,, _d
ng’d,(l,lo) n :ﬁ[bd’d,(/l,/lo)—;Gd,d,(/l,/lo)fpd,fJ,

(3.12)

(3.13)

(3.14)

where A" is equal to A, but does not change with A4 in that expression. This is a force-

matching-like equation for the change in the expansion coefficients, which give the change in the

PMF when multiplied by the basis functions. The equation matches the change from the true

target forces, b,, from the predicted forces with fixed PMF, G, ,. ¢,., and adjusted sampling.

Evaluating the derivatives is easiest after re-expanding the new notation

N,

1

1 . W, W, AP
v 2 ’“‘0)ng ZdR, .

AV =1 ;@

=

d 1 N N ] . dv
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du(r’; 1) & ., d
RN (o X e

t'=1
dy " ay .
z de .[Fl(rt ,l)—deQJ%*j

d' I

IR - Ay, dF,(x';A)
+N,N;W(rf ’l’%)Z‘dR[ dA

dF,(c"50)
& Ldy, | dA

r,
tN =1 I=1 dRI (du(l’ l) Z ( ’,1;1,2/ )du(dl )J[FI(rtn;l)_zcj;lid‘ q)d',)fj

,(3.15)

which is just a weighted force matching for the newly-apparent framewise sensitivities of forces

in the parentheses, which are straightforward to calculate after force-matching first to find ¢, .

Using a finite sum with some large number of samples provides a practical calculation scheme.
Replacing the sums with ergodic averages, however, in the complete basis set limit these normal
equations correspond to equation 5, the covariance-like SCB formula described in the main text.
In a finite basis set and in the long time limit, it corresponds to the A -derivative of the g-YBG
equations.
3.7 Appendix B: Derivation of the SCI single-point formula

The self-consistent iterative single-point sensitivity formula is based on using a finite basis
set to represent the per-particle-position derivatives of the full many-body sensitivity. To derive

this, start with the definition of the many-body CG sensitivity

(3.16)

dUR";2) _ [ du(r';A)
da 7

47



take the derivative with respect to all CG particle positions

dulr;A) e,
av U(R";2) v [ drs(R-m(r)) (d/l )eﬁ( ! (3.17)
di f | dr"(S(RN—M(r"))e_ﬁ 3] ’

apply the product rule to see

e

dvRU(RN;l): [ drv,s(R"-m ) ”
di Jdr 6(RN (r )) e

_<d”(rn/l)> J dr'V 6 (RN - M(rn))e—ﬁu(r";/l)
Al ] dr"a(RN_ M(rn))eﬁu(m)

and simplify using the integration by parts formulas used by Dama et al.”to get

dVRU(RN;l) . dVru(r";;t)
. \M dA N

(3.18)

Finally, rearrangement and grouping leads to Eq. (3.7), the transport-like SCI equation in the
main text. This corresponds to the A -derivative of the g-YBG equations with a complete basis

set.
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Chapter 4

On the Representability Problem and the Physical Meaning of Coarse-grained Models

This chapter is reproduced from J. W. Wagner, J. F. Dama, A. E. P. Durumeric, and G. A.
Voth, “On the Representability Problem and the Physical Meaning of Coarse-grained Models”,
Journal of Chemical Physics, 145, 044108 (2016),”" with the permission of AIP Publishing.

4.1 Introduction

Models with a range of resolutions can be used to describe the same physical system, with
each model’s resolution providing the context to interpret its representation. For example,
coarse-grained (CG) models use fewer particles than their fine-grained (FG) counterparts to
represent the same system, while FG classical atomistic models explicitly represent each atom
(nucleus) with a single point particle.'*'® One “bottom-up” example of a CG model that relates
the FG to CG representations is the Multiscale Coarse-graining (MS-CG) method,” ***° while

another is the relative entropy approach.> "% %

In all cases, these models may claim to achieve
physical significance from comparison to experiment and this comparison is between
experimental observables and corresponding model observables. Therefore, the relationship
between each model’s observables and experimental observables must first be firmly established
in order for these models to be as meaningful as possible.

Often, however, the relationships between models and experiment can be unclear. Common
statistical mechanical results and intuitive structural relationships establish connections between
atomistic models and experiment,” *"* 7 ** > put the model’s connection to experiment
ultimately depends on the resolution of the model, as some authors have attempted to make

42,43, 96

clear. This concept of resolution-dependent interpretation has been applied to studies of

how thermodynamic observable representations may change based on resolution and
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L.,

thermodynamic ensemble, for example, by D’Adamo et al.,”® Das and Andersen,’’ and Dunn and

Noid.”” However, though this literature focuses on thermodynamic observables,’! ** *3- 3¢ 96-100
the issue of CG observable representation is more fundamental: it concerns every aspect of CG
model interpretation involving comparison with experiments or FG physics. Thus, the
recognition that CG observables are not simply analogs of their FG counterparts is fundamental
to understanding and ultimately addressing the issue of representability in coarse-graining.
This recognition is commonly overlooked or ignored in the CG modeling and simulation
literature. A more nuanced understanding is therefore needed to interpret CG models so that they
have more meaningful connections to experiment.

Often, models are parameterized using observable constraints so that they reproduce a given
experimental observable using a chosen observable expression.'™ >> > Any one experimental
observable can always be reproduced this way. However, models need to reproduce several
experimental observables simultaneously, and a model cannot reproduce several observables
simultaneously if their corresponding constraints conflict. For example, the Henderson
uniqueness theorem guarantees a unique radial distribution given a pair potential.'’’ To
reproduce any additional experimental observable such as the pressure with this fixed pair

potential, the model observable must be able to reproduce the experimental values using the

previously determined pair potential;** otherwise, the observables are incompatible. While

32, 38, 87 58-60, 102, 103

adding three-body interactions or density dependence can improve observable
compatibility tradeoffs, it is not computationally tractable to add additional interactions
indefinitely. Thus, one needs to choose the set of observable expressions carefully if the model is

to successfully reproduce all of the corresponding experimental observables simultaneously.
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Systematic coarse-graining (e.g., the multiscale coarse-graining methodology™ ** as one

such case) provides an illuminating case to investigate CG observable compatibility. In
systematic coarse-graining, a CG model of arbitrary resolution is defined in terms of a given FG

model using a mapping and an effective potential. The mapping M defines CG configuration
variables R" in terms of the FG configuration variables r" as the product of the individual CG

particle ~ mapping  operators M, for each CG particle R, , such that

N
5(M(r”)—RN)=H5(MI(r")—R1).22 Then the effective CG potential UCG(RN), i.e., the CG

I=1
configurational free energy for a specific CG configuration R" can be written in terms of the FG

: n 39
potential UFG(I' ) as

¢ el < | dr"é(M(r")—RN )e_ﬁ Uilt’) 4.1)

where ﬁ:(kBT)_l, k, is Boltzmann’s constant, and T is the temperature. The CG observable
needs to ensure that the FG ensemble average of an observable property A, (r”) in terms of the
FG potential U FG(I'”) is equal to the CG Boltzmann ensemble average of A, (RN ) in terms of

the CG potential U, (RN ) . One obvious choice that satisfies this requirement is

dr'A,(r")5(M(r")-R" ¢l
ACG(R”):<AFG(r”)>RN =J ) e(ﬁUEG(RN)) ) (42)

(see Appendix A for details). Other choices for the CG observable can also ensure that the FG
and CG ensemble averages are equal; for instance, if the CG observable were defined simply as

the constant ensemble average value of the FG observable, but no others are so immediately
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obvious albeit trivial. In particular, this choice and no other guarantees the equality of the
ensemble average between the CG and FG observables under any possible bias potential applied
to the CG degrees of freedom. In addition to ensuring the equivalence of ensemble averages, Eq.
(4.2) also implies that the CG observable for a given CG configuration is equal to the ensemble
average of all FG configurations that map to the given CG configuration. Thus, the relationship
here between FG and CG observables creates a set of compatible CG observables that can be
used to simultaneously reproduce experimental observables under a range of conditions imposed
at the CG level. As a result, all experimental observable relationships are present between CG
observables that satisfy Eq. (4.2) since Eq. (4.2) establishes a way to identify an indefinite

number of compatible CG observables. It should be noted that Eq. (4.2) is greatly simplified if

the target observable for both the FG and CG levels depends only on the CG coordinates R"
One such example is if one is interested in the structure of a large biomolecular system, then the
carbon-alpha atoms, for instance, might be a good enough choice to understand that structure of
both the FG and CG models. However, when one wishes to calculate thermodynamic and many
other structural properties, it is very rarely the case that A4z; and Acg depend on the same set of
variables.

The relationships in Eq. (4.2) also have direct implications for bottom-up CG models. In
bottom-up coarse-graining, the FG model is usually parameterized to correspond with
experiment (Figure 4-1a) or from “first principles” quantum calculations (which are presumed to
also agree with experiment, even if this is rarely the case due to inaccuracy in the “first
principles” quantum method). Then, the CG model is constructed using the mapping operator,
which establishes a strict correspondence between FG and CG model configurations. This fully

specifies the CG model given configurational expressions (e.g., radial distribution functions,
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RDFs). So, additional observable expressions incompatible with these configurational
observables cannot properly correspond with experiment (Figure 4-1b). However, Eq. (4.2)
provides a way to identify observables compatible with these configurational observables using

this strict correspondence between FG and CG models. The problem is that it is very difficult to

know an explicit form of A4 (RN ) in Eq. (4.2) beyond its formal expression appearing in that

equation.
a) b)

EXP |-, EXP [+, ---»Parameterization
“, ~ ‘\ == Mapping
': : —Intended

CG ; CG . Correspondence
: 1 —»Dubious
;' ﬁ ;' Correspondence

FG FG ¥

Figure 4—1. The relationships between experiment (EXP), fine-grained (FG), and coarse-grained
(CG) models in bottom-up CG models: a) relationship between experiment and FG models, and
b) the intended relationship between CG models and experiment. The dashed lines show
parameterization. The solid lines show intended correspondences between the models, while the
red line with a question mark indicates a dubious correspondence. The double line indicates the
strict correspondence from FG configurations to CG configurations through the mapping

operator.

On the other hand, top-down CG models do not have a strict correspondence with a specific
FG model because they are parameterized using experimental data or “bulk” FG simulations
directly. This loose correspondence between FG and top-down CG models means one might
decide to arbitrarily choose CG expressions for physical observables with a similarly loose

connection to a FG model, but even then one still needs a compatible set of CG observables in
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order for the CG model to fully correspond with experiment (see Figure 4-2a), Unfortunately, the
loose correspondence between FG and top-down CG models also means that the mapping
needed to evaluate Eq. (4.2) is not explicitly defined (Figure 4-2b). As a result, models such as
MARTINI'**'7 and mW®’ parameterized from and interpreted using incompatible observables,
do not obviously correspond to an underlying atomistic model for any real physical system. That
is, they are purely models at the CG level defined to represent certain aspects of reality.
However, the representation of observable calculations must then also be viewed a part of that

CG model but has no real connection to an expression for the observable in the underlying FG

system.
a) b)
EXP |~ EXP |*+, ---»Parameterization
\ X \ .
o~ : 1 ===»Designed
; ) Correspondence
G QCG ¥ —intended
4 Correspondence
f ? .
——Dubious
FG FG Correspondence

Figure 4-2. The relationships between experiment (EXP), fine-grained (FG), and coarse-grained
(CG) models in top-down CG models: a) the relationship between a top-down CG model and
experiment and b) the expected relationship between a FG model, a top-down CG model, and
experiment. Dashed lines show parameterization. Solid lines show intended correspondences
between the models, while the red line with a question mark indicates a dubious correspondence.
The double dashed line indicates an intuitive, designed correspondence from the FG model to the

CG model.

The present work discusses CG observable representation as an issue of model interpretation

based on the correspondence between FG models, CG models, and experiment. The strict
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correspondence in systematic, bottom-up coarse-graining between FG and CG models creates a
compatible set of CG observables given by Eq. (4.2). In some cases, these may resemble FG
observables; however, these expressions often still differ by the necessary introduction of a state-
dependent CG potential term in the CG observable.*! *> %3 969698, 100. 108.109 oy the other hand,
there may be very little resemblance in general. For instance, Eq. (4.2) can define useful CG
observables for what may appear to be purely FG quantities based on configuration variables
integrated out of the CG model. Using results from analytical systems, we discuss the validity of
previously used observable expressions, introduce new ones, and discuss implications for top-
down CG models.

The remainder of this chapter is structured as follows: Section 2 discusses the
correspondence in systematic coarse-graining between FG models, CG models, and experiment
in depth and shows how the CG versions of FG observables often change by (and necessitate) the
inclusion of extra terms. Section 3 uses analytical ideal polymer chains to demonstrate the
various issues with using incorrect but seemingly intuitive CG observables in top-down and

bottom-up CG models. Section 4 provides conclusions.

4.2 Theory

CG observables that satisfy Eq. (4.2) reproduce both experimental and FG model
observables. These CG observables are the average of all FG observable values from FG
configurations consistent with a given CG configuration. Thus the FG observable distribution
projected onto the CG model is the CG observable distribution, and consequently a CG
observable may have a very different functional form than its corresponding FG observable. FG

observables are not the same as GG observables, just as FG force fields differ from CG force
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fields.” ** " In order to maximize the benefits of Eq. (4.2), one should consider that a CG
observable’s functional form may not be the same as the form of the atomistic observable
expressions.

The similarity of FG and CG observable expressions is determined by the complexity of the
projection of the FG observable onto the CG model. A naive CG observable expression treats the
CG configuration variables as if they were FG configuration variables, as mentioned earlier
(although this is rarely the case). However, the CG observable as a function of CG configuration
variables must represent contributions from the eliminated configuration variables as well as the
naive contributions from these CG configuration variables. The failure to represent the
observable contributions from eliminated configuration variables prevents naive CG observables
from reproducing the corresponding FG observable distribution. Therefore, using naive CG
observable expressions can prevent researchers from accessing the full predictive power of CG
models.

There are three different possible relationships between FG observables and CG observables
satistying Eq. (4.2). At one extreme, the FG and CG observable expressions may be the same.
For example, the center of mass (COM) radial distribution function (RDF) from a COM CG
model is directly identifiable: The COM is one of the CG configuration variables. In special
cases like this, naive CG observables faithfully represent the entire projection of the FG
observable. At the other extreme, some CG observables expressions have no clear similarity to
the corresponding FG expression at all. For example, the magnitude of the molecular dipole of a
CG model with a single site per molecule can appear undefined: All of the FG configuration
variables traditionally associated with the FG observable have been eliminated. However, a

bottom-up expression for the magnitude of the molecular dipole satisfying Eq. (4.2) will capture
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the average behavior of these eliminated configuration variables. By construction it reproduces
the projection of the magnitude of the molecular dipole even though this observable appears to
be a purely FG quantity. In between these two extremes, there is a broad category of CG
observables whose expressions resemble the FG observable expression in part, but not entirely.
For example, all FG configuration variables contribute to the FG pressure. Therefore, the
contributions of the eliminated configuration variables must also enter into the CG observable
somehow. For pressure, neglecting contributions from eliminated configuration variables treats
the CG model as if it were a system of indivisible particles (i.e., a fully atomistically resolved
system). While a naive expression for CG pressure could be used in the construction of a CG
model, this choice is not compatible with the structural observables implied in the construction
of bottom-up CG models. Determining if an observable representation is compatible with the
system definition requires one to be aware of the model’s resolution in order to understand what
it actually represents. However, CG observables satisfying Eq. (4.2) correspond to the
appropriate resolution and reproduce experimental observables simultaneously with the
structural observables related to the system definition. In contrast, naive CG observables defined
based solely on analogy with expressions for FG observables neglect essential physics of the CG
correspondence by describing a system of possibly higher effective resolution than the CG
representation itself. Such observables are incompatible with the system definition and interfere
with meaningful model interpretation, as its connections to an actual physical system are unclear.
For example, if one uses a top-down CG model in a simulation using a CG MD software
package, then simply plugs it in to the well known virial expression for the pressure, but that
virial expression is used in terms of only the CG variables as if they were FG variables, then

when the simulation outputs “1 atm” as its system pressure this value has no clear relationship to
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the actual pressure of the real FG system that one is attempting to emulate with the top-down CG
model. Indeed, that “pressure” is a part of the CG model as well, but this is purely a part of the
overall model because the connection to the FG system such as in Eq. (4.2) has not been
followed. (The actual FG pressure could be 1000 atm, 1 atm, or 0.1 atm.) The connections
between FG and CG models afforded by the statistical mechanics inherent in Eq. (4.2) has been
lost.

However, in some instances write CG observable expressions as the sum of their FG
counterparts plus additional terms that capture contributions from eliminated variables. In the
case of thermodynamic observables, this extra part is usually directly related to the
transferability of a CG model, and therefore to the thermodynamic state-dependence of the CG
interactions — a dependence which is often ignored but is clearly a fact based on any reasonable
statistical mechanical formulation of the effective potential for a CG system. Though this
approach of defining state-dependent CG potentials may not be as fundamental as Eq. (4.2), it

31,42, 43, 56, 96-98, 100, 108, 109
s Foy 79, 90, 5 5 5 and Whel’l

has strong precedent in the literature on CG thermodynamics,
used correctly it is can often be shown to be equivalent to Eq. (4.2). An especially revealing case

is that of our previously mentioned example, i.e., pressure.43’ % The pressure, P, of a CG

configuration if taken straight from the FG virial expression would be

Pnaive(RN):&+R—N.h(RN)

B 3V dr" 43)

where p =N /V is the density and V is the system volume. In order to actually derive this

expression from thermodynamics rather than simply using it in an ad hoc fashion, one must

make the assumption that the effective CG interactions are volume-independent, so that
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Pcc,na-l-ve(R”)?idF“(RN) Lo R, (RT) (44)

dv B 3V  dRr"

where F_ is a naive coarse-grained configurational free energy defined as

FCG(RN):UCG(RN)—NkBTlogV , X"=V'°R" is the volume-scaled configuration, and

p,, =N /V is the apparent CG density. This is the naive CG observable expression defined via

direct analogy to the FG observable expression. On the other hand, one could derive an
expression valid even if the effective CG interaction were volume-dependent. Then, the
expression for pressure from thermodynamics has an extra term from the volume derivative,

which acts on both the configuration variables and the volume-dependence:

dF. (R";V N _dU_(R";V du__(R";V
Pu(R")=- CGEW ) :%Jrl;—v' (;I({N )I_ mcgv !

XN 14

. (4.5)

RN

This expression for CG pressure with a volume-dependent effective CG interaction
corresponds exactly to expressions in the literature expressed in terms of density derivatives
rather than volume derivatives.* However, it is important to note that it satisfies Eq. (4.2), and

not by accident:

P,(R")=(P, (")) = Py, 1" W)

c F B 3V dr”
RY
_ﬁ_FR_N__dUCG(Rn;V)_dUCG(RN;V)‘ (4 6)
B3V dR" dv '
RV

(see Appendix B for details). This expression makes it clear that fitting virials is not the same as

fitting pressures for each CG configuration.
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Now, consider the configurational internal energy, E, starting from the viewpoint of Eq. (4.2)
. The configurational internal energy, E(R"), defined as an average over FG configurations of

the system but for a fixed CG configuration is given by

(o),

where ZRN is the partition function of all FG configurations consistent with a given R" . Using

Eq. (4.2), one can show that the true expression for the configurational internal energy in terms
of only CG variables is

du,,(R";B)

L

(4.8)

(see Appendix C for details). This is the result one would obtain if one recognizes that the
effective CG interaction is temperature-dependent. Conveniently, it is the sum of a temperature-
dependent term and the naive CG configurational internal energy (up to the usual irrelevant

constant)

E e RY )= —%m p(R")=U_(R"). (4.9)

where p(RN )is the probability of CG configuration R" . It is important to note that this

expression applied to the FG configuration variables instead of the CG configuration variables
gives the correct FG configurational internal energy. However, it does not behave the same when

applied to CG models, where it gives the CG configurational free energy.

Likewise, the configurational entropy S . of a set of CG configurational states w,, is,

according to Eq. (4.2), the Gibbs entropy for all the corresponding states of the FG model that
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map into those CG configurational states, w__ ={r":M(r")ew,. ;, averaged over the eliminated
p g FG cG g

configuration variables:

Sa(0g,)==[ . ars(RY=m(x"))p(x")inp(x") (4.10)

FG

One can show that a CG expression for the configurational entropy integrand in terms of only
CG variables that satisfies Eq. (4.2) for any choice of state set is

du,,(R")

; 4.11
T (4.11)

Seom, (R” ) =—k,Inp, (RN ) +

where p_ (RN ) is the probability of configuration R" among the set of configurational states

o, (see Appendix D for details). Again, this is expressed as the sum of the naive CG expression

Seom saveR")==K;Inp, (RY) (4.12)

and a temperature-dependent term. As Appendix D shows clearly, the temperature dependence in
Eq. (4.11) is the complement of the temperature-dependence seen for configurational internal
energy. Such ideas go back well past Stillinger’s authoritative work on the subject’ and receive
focused attention in the relative entropy literature.*®** !

Our focus here is not on the novelty of these expressions, but rather on the firmly
establishing the principle that observable expressions in CG models often differ from the
corresponding expressions in atomistic models. Thermodynamic observables are only one

especially well-studied case, and a case where confusion about the principle is most common and

best recognized.
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In some cases, Eq. (4.2) will correspond to naive CG observable expressions; however, this is
not generally the case. For pressure, all configuration variables contribute to the FG observable
expression, as discussed above, and so observables satisfying Eq. (4.2) must represent the
contributions from all eliminated configuration variables through the additional term in Eq.(4.6).
For configurational internal energy, the naive CG configurational internal energy in Eq. (4.9)
does not indicate what portion is truly internal energy; entropic effects from eliminated
configuration variables are also included in the effective interaction. Consequently, Eq. (4.9)
returns both entropic and energetic effects for CG models. In order to separate these effects,
contributions from the eliminated configuration variables must be included using an additional
term as in Eq. (4.8). For configurational entropy, the issues are similar to those for
configurational internal energy. Since entropy is a measure of the distribution of states on phase
space, properties of the distribution beyond the average are needed to accurately describe this
observable. Consequently, all eliminated FG configuration variables make contributions to CG
entropy that are captured using an additional term such as in Eq. (4.11). This is to be expected as
configuration-dependent thermodynamics are projected onto the many-body potential of mean
force (PMF) as a result of coarse-graining > > 26 283, 363940

This has implications for the interpretation of top-down CG models as well. In top-down
coarse-graining, analogy between CG particles and groups of particles in an FG model
establishes sets of approximate structural observables, as depicted in Figure 4-2b. Any additional
CG observables such as energies and pressures must be compatible with these structural
observables if they are to reproduce both sets of experimental observables simultaneously (to say
nothing of crucial structure-pressure and structure-energy cross correlation observables). In order

to be compatible with the system definition, we showed that bottom-up CG observables
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satisfying Eq. (4.2) will include contributions from eliminated FG configurational variables.
Including these contributions leads to the introduction of extra terms at the CG level that did not
appear in the FG observable representation. Thus, top-down CG observable expressions built by
analogy to FG observables, ones that do not contain such extra terms — which is very often the
case — will generally misrepresent the underlying FG or atomistic physics for the system at hand.

Top-down CG models are fundamentally inconsistent in their relationship to the real systems
they are designed to model if they do not also take into account these facts about observable
representability, i.e., thermodynamic state-dependence of CG potentials and the other possible

complications discussed above.

4.3 Results and Discussion

In this section, simple models are used to demonstrate different aspects of CG observable
representation. The analytical ideal polymer highlights how coarse-graining even a single
intramolecular bond can lead to problems with naive CG observable expressions that can then be
corrected using expressions that satisfy Eq. (4.2). The discrepancies between naive CG
observables and the corresponding FG observables defy intuition and make it clear that the
interpretation of naive CG observables can be highly suspect. These problems do not go away
when the number of segments is increased or even when the rigid nature of the freely jointed
chain (FJC) model is relaxed. Additionally, CG observables satisfying Eq. (4.2) include
contributions from segments that are eliminated when constructing an end-to-end representation
of the polymer. The representationally consistent CG observables presented in Section 4.2 are

compared with FG observables and naive CG observables as appropriate for these models.
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The ideal polymer chain has been a cornerstone of polymer physics because it is a simple
model that displays the entropic character typical of polymers without the added complexity of

112, 113

non-bonded interactions between monomers . The FJC is an ideal polymer model where the

bond vectors between segments 7. are fixed to be length b, but rotation is unimpeded. In this

model, all configurations that simultaneously satisfy the bond length constraints are allowed and
have zero interaction energy, while all other configurations are forbidden. As a result, the
configurational internal energy is always zero and that any configurational free energy

differences must be controlled by configurational entropy. A common reduced representation

for this model is the magnitude of the end-to-end distance Rz‘zlfi , where all configuration

variables other than the position of the polymer endpoints are integrated out.
For an N segment chain on a d -dimensional lattice with steps of tb allowed in each
dimension for each segment, the distribution of the end-to-end distance in the large N limit is

given by

P;C(R;N):(Zﬂsz)_d/Z exp[z_l\i ZJ . (4.13)

The properties of this model are shown in the left column of Tables 4-1 through 4-3. The naive
effective “CG” potential Ueff(R) =—f"'In P(R) for this model (actually the naive

configurational internal energy) is not independent of B, differing from the state-independent
FG model. When the seemingly intuitive, naive expression in Eq. (4.9) is used on the CG model
(Table 4-1), the resulting internal energy is non-zero, which disagrees with intuition. Adding
contributions from eliminated configuration variables to that internal energy by satisfying Eq.

(4.2) gives Eq. (4.8), which agrees with intuition. Likewise, entropy measured using the naive
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expression in Eq. (4.12) gives zero, which violates intuition for this entropically driven model.
However, the true CG entropy expression in Eq. (4.11) satisfies Eq. (4.2) and properly
corresponds to the entropy of the FG model. The partitioning of configurational internal energy
and entropy by the naive observables incorrectly allocates all of the configurational free energy
to internal energy instead of entropy. However, the free energies corresponding to the two sets of
observables must be equal since they both describe the same CG model. As noted in Section 4.2,
the fact that the entropic and energetic contributions to the configurational free energy cannot be
correctly distinguished by the naive CG observables is common. This is why an awareness of the
model resolution is vital to determining the CG observable expressions that will correspond with

experimental observables.

Table 4-1. Properties of freely jointed chain (FJC) models for the configurational internal energy
(E) in the FG model, as well as the CG model, using both expressions for a naive CG observable
defined by direct analogy of the AA observable and the representationally consistent observable

that satisfies Eq. (4.2). The CG models are end-to-end representations of the polymer chain.

Observable/ Normal 2-segment Blurred
Model FJC Off-lattice FJC

(B(r)). 0 0 g (R=1))

s
» ) R 1 (3R R 2B\ 2zND?
Ena’l’ve(R) ﬁln[znwbz}zmazﬁ _Eln[zt_bz 1_4_1;2] x [_ P Bk (R_,)ZD

1
——In ex -
B [,z P 2Nb* 2Nb*

- N

Etrue(R) 0 0 ;_;Jr 21\11(192 <(R_I)2>
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Table 4-2. Properties of freely jointed chain (FJC) models for the entropy (S) measured in the
FG model, as well as the CG model, using both expressions for a naive CG observable defined
by direct analogy of the AA observable and the representationally consistent observable that

satisfies Eq. (4.2). The CG models are end-to-end representations of the polymer chain.

Observable/ Normal 2 segment Blurred
Model FJC Off-lattice FJC

kk 2
2 2 kz_gln[z ﬂlel(sz_%Jrzz\flfj <(R_I) >
(S(0), | |2 e R
R Vi3 1 N 2 2
_Eln[gke){p[_zw s D
Snai’ve(R) 0 0 0

k k. kk
2 [ ® TB]n[zﬂzcbZ]_?B+z;£<(R_l)z>
TT.
S (R) Mln 1 _kBR k In ﬁ 1_R_
true 2\ 2nNb* ) 2NbB R 4b’ & Bk

1 Al 2
_Eln[gke){p[_zw “onp R D

The failure of naive CG observables to reproduce FG observables and the state-dependence
acquired in the effective CG interaction is a fundamental feature of coarse-graining. To show
that this is not just unique to the lattice model examined above, a 2-segment off-lattice (OL) FJC

model will be investigated in 3-D. The distribution of the end-to-end distance is

3R R’
OL D) _
PF]C(R,Z)——4b21/1 R (4.14)

The naive effective CG potential has again acquired f-dependence that the FG model did not

have. The properties of this model are shown in the middle column of Tables 4-1 through 4-3.

This model also has zero configurational internal energy. The naive configurational internal
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energy expression does not correctly reproduce this FG value. However, the expression
satisfying Eq. (4.2) correctly reproduces the FG observable. The configurational entropy shows
the same behavior as above. These patterns hold even for more complicated models with non-

uniform FG energies and continuous end-to-end distance, which will be demonstrated below
using an elastic FJC. In this model, there is a harmonic potential u(ri)zk(ri—b)2 /2 on the

length of each segment i centered at distance b with spring constant k instead of the delta
function in the FJC with fixed-length bonds. The distribution of the end-to-end distance of a 1-
dimensional blurred FJC is given by the proportionality

N 2
P (RN )ec | LK LBk gy 4.1
N R 419

where [ is a summing index needed to consider the contribution to the probability from each
Gaussian centered at an end-to-end distance of [. The second term in the exponential reflects the
Gaussian chain aspect of this model, which allows all Gaussians centered at the FIC distance [
to have non-zero contributions to the probability of any given end-to-end distance. This model
reduces back to the FIC model described in Eq. (13) in the limit that k goes to infinity. The
naive effective CG interaction for this model still has 8 -dependence that the FG model did not
have, which comes from the FJC-like left term in the exponential. Thus, the thermodynamics are
still not properly reproduced when the naive observable expression is used for internal energy
and entropy. However, the CG observables satisfying Eq. (4.2) have no problem reproducing the
FG observable projected onto this CG representation. So, one should expect this behavior from

any model that has some FJC-like character. The harmonic potential centered at distance b is
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directly analogous to the harmonic potentials used for bonded interactions, which suggests that
this problem arises whenever bonded configuration variables are coarse-grained.

Until this point, the results have focused on the thermodynamic observables presented in Egs.
(4.3) — (4.12). The pattern of creating CG observables that correspond to the FG model’s
observables is not just one of finding corrections to thermodynamic observables. Instead, it is

illustrative of a more general aspect of this approach that can be used for any observable. Table

4-3 shows the magnitude of the average bond orientation 0=‘N’1zifi‘ for the different

polymer models, where 7. is the unit vector for bond segment i. Given only the end-to-end

distribution of the CG model, it would seem that the bond orientation is undefined in the CG
model since configuration variables used in the FG observable were eliminated to reach the CG
level of resolution. Using a naive orientation measure on the one “CG segment” gives a value of
unity since the “CG segment” is always aligned with itself. For the normal FJC and the 2-
segment off-lattice FJC, there is only one value for the magnitude of the average orientation for a
given end-to-end distance, which is represented correctly using an expression satisfying Eq. (4.2)
. In the case of the blurred FJC, there is a distribution of magnitudes for the average orientation
for a given end-to-end distance. The projection onto the CG level of resolution, however,
averages this distribution for each end-to-end distance. In both cases, statements can be made
about the magnitude of the average orientation. One could still improve the performance of the
naive CG observable by changing the number of sites to be the implied number of FG particles
instead of using the explicitly represented CG sites. This “resolution-aware” version of the naive
CG observable expression reproduces the correct value of the observable by including
information about the number of segments and the segment length. However, this observable is a

special case like the COM RDF example discussed above. This works here because the
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observable itself involves an aggregation step that directly follows the elimination of
configuration variables in mapping from the FG model to the CG model. Although the corrected
naive observable expression satisfied Eq. (4.2) here, there are cases where a multiplicative

correction to the naive observable expression is insufficient to satisfy Eq. (4.2).
The polymer radius of gyration, R;, is an example of how the correct CG observable

expression differs from the naive CG observable expression in more complicated ways. For the

FG model, the radius of gyration is given by R; =N ‘1211(Ri -R )2 , where R is the position of

bead i and R_=N ‘1EZIRI, is the COM. Using the naive CG expression for the radius of
gyration on the end-to-end CG representation of the 2-semgent off-lattice FJC gives

R¥A4 — R_Z

906 4

(4.16)

since one only knows about the effective end-to-end segment of the CG polymer. However, one
can analytically evaluate the expectation of the radius of gyration conditional on the end-to-end
distance. This is the projection of the radius of gyration from the FG model onto the CG model

and satisfies Eq. (4.2). In this case,

R =(RM) = %(sz +R?) (4.17)

9.6

As described by Eq. (4.17), the radius of gyration behaves differently than Eq. (4.16)would
suggest. While both descriptions for R; scale quadratically with end-to-end distance, Eq. (4.16)

has the wrong prefactor. Using the same sort of multiplicative scaling as above would change the

denominator from 4 to 6, but an updated version of Eq. (4.16) would still not have the same
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prefactor as Eq. (4.17) More notably, Eq. (4.17) shows that there is a non-zero R; at an end-to-

end distance of zero. This agrees with physical intuition for any FJC, but it is not captured by Eq.

(4.16). Using simple multiplicative corrections to the naive CG observable does not fix this
violation of physical intuition. Here, one can only recover the correct behavior for R; by

satisfying Eq. (4.2).

Table 4-3. Properties of freely jointed chain (FJC) models for the magnitude of the average
orientation measured in the FG model, as well as the CG model, using both a naive CG
observable defined by direct analogy of the FG observable and a resolution-aware (RES)

observable satisfying Eq. (4.2). The CG models are end-to-end representations of the polymer

chain.

Observable/ Normal — 2-segment  Blurred

Model FJC Off-lattice  FJC
. R R R
(o(r)), Vb b Vb
0..(R) 1 1 1
ORES (R) % % %

4.4 Discussion

The example systems in Section 4.3 demonstrate problems that can arise when interpreting
CG models using naive CG observable expression. In these systems, naive CG observables
incorrectly attribute the entropic part of the configurational free energy to configurational
internal energy. For the FJC, this misattribution completely changes the interpretation of the
model from being governed by entropy, as intuition suggests, to being governed by internal

energy. The fact that this problem does not go away for the blurred FJC suggests that it is a
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general phenomenon affecting any CG model where intramolecular configuration variables are
eliminated. In these systems, the expressions satisfying Eq. (4.2) were derivable because the CG
interaction potential could be written analytically; however, one does not have this luxury when
studying complex systems. Instead, one could numerically determine this additional term using a
method such as the single-point CG sensitivity formula.*' Alternatively, one could fit the entire
expression numerically since CG observables that satisfy Eq. (4.2) are guaranteed to reproduce
the projection of corresponding FG observable.

More generally, these results emphasize the importance of resolution awareness in model
interpretation. For the magnitude of the average orientation, neglecting the resolution of the CG
model by using the naive observable expression for the model leads to a nonsensical answer,
given the FG model that it is supposed to represent. The end-to-end representation could be
constructed for a polymer of any length and segment-type, but the correct interpretation of the
CG model depends on what FG model it represents. While this observable was simple enough
that only minimal consideration of the FG model was needed to satisfy Eq. (4.2) and reproduce
the FG value, this will not work in general. However, CG observables that satisfy Eq. (4.2) will
always work regardless of the observable complexity. For example, the added complexity of the
radius of gyration means that simple corrections to the naive CG observable fail to satisfy Eq.
(4.2); however, the resolution-aware CG observable that satisfies Eq. (4.2) correctly describes
the scaling and asymptotes. Satisfying Eq. (4.2) also ensures that CG observables faithfully
reproduce the complete projection of FG observables.

This observable projection approach avoids the observable incompatibility seen when using
naive CG observables. Of note, pressure has been a particularly problematic observable in the

56,98, 114

literature. Depending on what observables are used to parameterize the CG model, the
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compatibility of CG observable expressions with different model definitions may change. As a
result, we cannot for instance resolve the dispute over which pressure expression is correct for a
Debye-Huckel model effective potential since many different systems can map to each such CG

. 108, 115-118
representation.

Instead, we assert that the change in resolution from the FG model to the
CG model will determine CG observable expression compatible with the model definition.
Generally, naive CG observables not part of the model definition will be incompatible with the
model definition. However, CG observables satisfying Eq. (4.2) will always be compatible with
the model definition by construction. Additionally, these CG observables will adjust to be
compatible with different system definitions.

The observables used to parameterize top-down CG models also need to be compatible with
each other. Otherwise, the CG model will not reproduce these observables; consequently, this
model will not correspond to the intended FG system. In fact, this CG model may not correspond
to any physically realizable system. Without a way to determine if top-down CG observables are
compatible, one may not know that their CG model is unphysical.

A natural way to avoid this complexity in top-down coarse-graining is to look for maximally
transferable models, since the least state-dependent potentials imply the smallest deviation from
atomistic observable forms. This is, no doubt, part of what makes transferability such an
important consideration when building top-down models. Though naively it might seem that
non-transferable models are powerful at least at the state point they describe, the principle
embodied in Eq. (4.2) implies that non-transferable models cannot be interpreted according to
the usual atomistic-model-based observable expressions. This no doubt accounts for some of the

strong prejudices in the field against non-transferable models.
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An inability to determine if top-down CG observables are compatible using Eq. (4.2) means
that other approaches are needed. One could apply bottom-up CG observable expressions to top-
down CG models. In this case, one needs to be aware of the different model resolutions even if
the distribution of CG configurations is the same in both top-down and bottom-up CG models.
Here, the bottom-up CG observable could be the basis for parameterizing a top-down CG model.
Alternatively, one could try to correct naive CG observables to be compatible with top-down CG
model definitions. However, the radius of gyration example showed that there are limits to what
can be done using only simple corrections to naive CG observables.

Any comparison of top-down and bottom-up CG model properties is nonsensical unless care
is taken in choosing observables.®” Indeed, a top-down model fit using incompatible observables
may reproduce a given observable using a naive observable expression. However, that does not

mean that it corresponds to the intended experimental system.'®

This problem is directly
encountered when top-down CG model definitions are adjusted to reproduce additional
observables such as pressure and interfacial tension without considering the compatibility of all
model observables.'"”

Improvements in CG pressure can benefit constant NPT CG simulations. The integrated
approach developed by Das and Andersen’’ and extended by Dunn and Noid’s” iterative
refinement procedure correctly describes volume fluctuations as the observable contributions
from eliminated configuration variables are projected onto the system volume. Correct pressure
fluctuations would also be captured if these contributions were projected onto the CG
configuration variables instead of the system volume. However, most constant NPT CG

simulations currently use a barostat based on the naive CG virial instead of using an approach

like the one developed by Das and Andersen.”” From our earlier discussion, it is clear that the
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CG virial is not compatible with any bottom-up model that is coarser than the atomistic model.
Currently, the behavior of constant NPT CG models is different from the behavior of supposedly
underlying FG models. Constructing barostats using an expression for CG pressure that satisfies
Eq. (4.2) might help align the behavior of CG models under constant NPT to that of the FG
model.

Also, mixed resolution modeling can benefit from improved CG observables.”” '*' Since
observable expressions change with model resolution, the expression for the pressure of the FG
part of the system should be different from the expression for the pressure of the CG part of the
system. Failure to recognize this causes unphysical density profiles at the interface between
resolutions in adaptive resolution simulations that requires the introduction of thermodynamic

forces to counteract this apparently pressure-induced drift.'””

This problem is even worse for
adaptive resolution schemes with top-down CG models for the reasons already discussed.'*> '**

Using resolution appropriate observable expressions is an important first step towards improving

these models.

4.5 Conclusion

In this chapter, we have discussed the importance of CG observables being compatible with
the resolution of the CG model. Using Eq. (4.2) an indefinite number of compatible CG
observables can be identified. If defined correctly, these observables may also be consistent with
top-down CG model definitions. However, naive expressions for CG observables taken directly
from the FG expressions often fail to satisfy Eq. (4.2) because they neglect contributions from
eliminated CG configuration variables. These neglected contributions are sometimes captured by

terms that depend on a system’s thermodynamic state dependence, which can be used to correct
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naive CG observable expressions; this was demonstrated analytically for analytical polymer
systems. One must treat CG models differently than FG models by considering the resolution of
the CG model in its interpretation. These concepts cannot be ignored in either bottom-up or top-
down CG modeling if multiscale modeling is to generate physically meaningful predictions for

physical systems that have their origins at a FG level.

Exploring the aspects of CG observable representation discussed here can impact research
efforts in several areas. Using observable expressions that satisfy Eq. (4.2) can give new hope to
work on basis set representability.*> ¥ Additionally, CG simulations in the constant NPT
ensemble can more closely follow the evolution of the FG system using expressions for CG
pressure that correspond to the CG model’s resolution by using approaches such as the method
developed by Das and Andersen or Dunn and Noid’s extension. Further improvements to better
describe pressure fluctuations are also possible. Likewise, mixed-resolution models will need to
use a variety of properly formulated observable expressions to describe the properties of the
different resolutions present in the simulation and their interfaces so that large thermodynamic
artifacts are not generated. Perhaps most importantly, top-down CG models must be
parameterized using compatible observable expressions that are consistent with the model’s
underlying FG resolution. These top-down models can benefit from bottom-up analysis to
determine these observable expressions. In the end, the interpretation of CG models must
ultimately depend on understanding how they relate to the actual, physical FG experimental

systems they intend to describe.
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4.6 Appendix A: Derivation of Equation (4.2)
In order to make the comparison of the FG and CG ensemble averages of an observable
easier, one can insert a delta function involving a CG mapping operator into the FG observable
ensemble average expression along with an integral over all CG configurations to get
[ ar"| dr"a(M(r")—RN)AFG(r")e‘ﬁ”(r")

) [ ar"| dr”S(M(r")—RN)e_ﬂU(r")

(4)

(4.18)

which is still an average of the FG observable over all FG configuration space. To show the
equivalence of the CG observable ensemble average and Eq. (4.18)for the definition of the CG
observable given in Eq. (4.2), one substitutes Eq. (4.2) into the CG observable ensemble average,
cancels the CG Boltzmann factors, and notes the equivalence of the partition functions by
substituting Eq. (4.1) into the denominator of the CG observable ensemble average. This also

demonstrates the equivalence of FG and CG observable ensemble averages in this case.

4.7 Appendix B: Derivation of Equation (4.6)

Based on Eq. (4.2), the expression for pressure is

" du_ (r"
e
B 3V dr

> . (4.19)

One can find the difference between this expression and the CG virial expression in Eq. (3) by

rewriting this as an explicit integral

farrs{(ar) - 2 =)
P(RN):Q’L n v (4.20)
p Jdr”B(M(r”)—RN)e‘ﬁ”FG(r )
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Introducing the scaled fine-grained configuration x"= VR , this is

Javs(m (rn)‘RN)e_ﬁ”FG(r") ‘dl;p‘a/(‘m)
P(RN):th X (4.21)
B Idr"6(M(rn)_RN)e_ﬁUFG(rn)

Rearranging the last parts of the integrand, one gets
—BUFG(r")
-1 n n\_pNN de
B [dr 6(M(r )-R )70”/

p(R")= P . 4.22)
( ) B ’ Jdr”5(M(r”)—RN)e_ﬂum(r")

where now one would like to take the derivative with respect to volume outside of the integral.

To do so, notice that under a change of coordinates, the dr"d (M (r”)—RN ) portions of the

integrands above and below will change identically. Under scaling the coordinates by volume,
the change is simply a rescaling by a power of the volume, independent of configuration, which
therefore cancels out above and below. Therefore, one has

de ")

ﬁ’ljdx”6(M(x”)—XN) v

p(R")= P X 423
( ) B ' _[dx"5(M(x”)—XN)e_ﬂUFG(V1/3x") 429

Now the rest of the numerator integral, aside from the part in the derivative, is independent of

volume. The derivative could be taken out of the integral at this point, except that it makes no
sense to have a derivative constant with respect to X" outside the integral over x". Instead,
enforcing the delta function constraint turns the volume derivative constant with respect to x"

inside into a volume derivative constant with respect to X" outside the integral.
p g
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B 4 de"5(M(Xn)_ X" )e_ﬁUF”(Vl/zxn)

P avi|.,
M5 ol R e 424
And, recognizing the derivative of a logarithm,
P(RY)= %+ g % log [dx"5(M(x")-X" )e” Uil ) (4.25)
X

And finally, converting the integral back to unscaled coordinates, one requires only a few more

manipulations. First, group the volume terms:

P(RN):%+[3‘1%

pp(; -1 d
=—+4 —_
g P

lnIV‘" dr"VNS(M(r" )— R" )e‘ﬂ”m(r")
X . (4.26)
(ln A +an.dr”6(M(r")_ R" )e‘ﬁ"m(r"))

XN

Then take the volume derivative of the first term and recognize the second as the (volume-
dependent) CG force field,

:%_("[;;V)_dUCGCSEN;V)‘ :ﬁ_w _ (4.27)

xV xV

P(RY)

Thus, Eq. (4.27) shows that Eq. (4.6) satisfies Eq. (4.2) for CG pressure.

4.8 Appendix C: Derivation of Equation (4.8)
The CG configurational internal energy based on Eq. (4.2) can be expressed as the naive

expression plus a correction term as

ECG(RN): <EFG (rn )>RN - ECG,na'l‘ve(RN;ﬁ)+<EFG(rn)_ECG,na‘l‘ve(RN;ﬁ)>RN ’ (4.28)
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where the FG configurational internal energy is the FG interaction energy E (r”)z U, (r”) and

the naive CG configurational internal energy is shown in Eq. (4.9). Using the definition of the

expectation

Jara{u(e )R, ("

E, (RN ) _ <UFG (r")>RN jdr“5 (M (r”)— i )e 0] (4.29)
One can write the last portion as a derivative with respect to the inverse temperature;
—de_ﬁum(rn)
dr'§(M(r" |-R" | —————
ECG(R’V)—J e} =) ap__ (4.30)

J.drna(M(rn )_ RN )e_ﬁUFG(r")
The derivative can be taken out of the integral easily, and then one clear has a derivative of a
logarithm, giving

ECG(RN):—%ln Jars(m(r)-r" )" el (4.31)

The logarithm is clearly related to the definition of the CG potential, giving

E,.(R")= 4BV (R":5) (4.32)

g

which matches Eq. (4.8).
4.9 Appendix D: Derivation of Equation (4.11)

An expression for the CG entropy can be found from the definition of the CG entropy,
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Seel@g)==k, [, dr'p, (r")inp, (r) (4.33)

n
rrrrr

First, we split the integral into a fine-grained and coarse-grained part and then factor out the CG

probabilities to find

Seo(0)=k, jRNewde”jdr%(RN ~M(x"))p, (r")inp, (r") (4.34)

[ dr”5(RN —M(r")) p“:G (') [m 5: ((;N)) +Inp, (RN)] , (4.35)

which simplifies to

[m o, (R%)+] ars(r”-m(r) p (1) 5((;))] w36)

because the ratio of probabilities is a normalized conditional probability. In other words, this is
the entropy of the CG model’s configurational distribution plus another term accounting for the
entropy of the FG particles eliminated in the coarse-graining. This term can be rearranged like a

usual macroscopic entropy, using the conditional probabilities for concision:

e (RY )=k, [dr"8(R" = M(x"))p, (r"IRY)inp, (r"|RY)= <kB np, (r |RN)>RN (4.37)
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As usual for free and internal energy, <kBlnprG (r” |RN)> = —(UCG(RN;T)—<UFG(r” )>RN ), with

RN

the temperature dependence explicit for the sake of clarity. Thus

SCG,excess (RN ) _ % U, (RN;T)— dﬁUCiI(;lN ;T) _ dUC(;C(II;N;T) 439)

and plugging Eq. (4.38) into Eq. (4.36) then yields Eq. (4.11).
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Chapter 5

Multiscale Compatible Observable Decomposition (MS-CODE) for Coarse-grained
Observable Representation

5.1 Introduction

Atomistic simulation has been successful at both describing and predicting material
properties. Coarse-grained (CG) models allow one to simulate materials at reduced

computational cost.'*"®

This reduced cost makes it possible to study larger systems, where
emergent phenomena could be observed, than one could with a more fine-grained (FG)
simulation. However, CG models are useful for the prediction of properties if one can be sure
that the measured properties of the CG model actually correspond to atomistic and experimental
properties.

When observables are naively applied to coarse-grained models, the resulting interpretation
can be misleading. For example, the comparison of top-down CG models against bottom-up CG
models can imply that the top-down CG model better agrees with experiment.'> However, CG
models can be parameterized to fit at most two properties (e.g., radial distribution functions
(RDFs), pressure, surface tension, entropy), unless the observable expressions are compatible.gl’

"' In the case of a bottom-up CG model parameterized to reproduce a property using the

t g . 119, 126-129
atomistic observable expression,

it may get that property right, but the correct
expression for its other properties such as its RDFs may not have the same form as the atomistic
expression. Likewise, bottom-up CG models designed to reproduce RDFs or forces will have a

straightforward interpretation for its structural properties, but the correct expressions to interpret

its other properties will generally not be the usual atomistic expression.'*® To this end, some

82



researchers have noted that observable expressions should be different based on model resolution
and ensemble.”- % 1%

Mutual observable compatibility is an important characteristic for CG observables.”' It
allows CG observables to be measured simultaneously. At the very least, the CG observable
expression should ensure that its ensemble average in the CG model agree with the
corresponding FG value. Yet, the use of the naive CG pressure expression is quite common even
though it has been shown to dramatically overestimate pressure antecdotely."” *' Das and
Anderson’’ and Dunn and Noid”’ have included a system-wide, state-dependent term that
modifies CG pressure so that it yields the correct average pressure for a given volume. However,
configuration-dependent changes in pressure are still measured through the naive virial
expression. In principle, other observables developed this way would be compatible at the level

of the ensemble average.'*’

In the previous chapter,”’ we discussed a condition for obtaining configuration-level

compatibility for sets of observables. It requires that each CG observable expression A

reproduce the FG observable value A . averaged over all FG configurations r’that map to a

given CG configurationR" :

B I dr”AFG(r”)S(M(r”)—RN)e_ﬁU(rn)
) J dr”5(M(r")—RN)e_ﬁU(rn)

; (5.1)

where Uis the potential, ﬁ:(kBT)_1 , k

, 1s Boltzmann’s constant, T is temperature, and M is

the mapping operator that relates FG configurations to CG configurations.
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In this chapter, we investigated new ways of numerically determining CG observable
expressions that reproduce the corresponding FG observable distributions. Our method, called
the multiscale compatible observable decomposition (MS-CODE), is used to determine CG
observable expressions for pressure and potential. Our implementation is variational, which
means that adding additional terms is guaranteed not to make the resulting observable expression
worse. Also, it allows for the CG observable expression to take any form, not just the naive
expression.

The rest of the chapter is structured as follows: In Section 2, we derive the minimization
targets, formulate basis sets for the observables, and show how to decompose observables; In
Section 3, we present the results comparing FG observable distributions with naive and MS-
CODE CG observables for the pressure of various MeOH CG models as well as the potential of
I-site CG methanol and acetonitrile systems; In Section 4, we discuss the implications of these;

and In Section 5, we provide conclusions.

5.2 Theory and Methods
For the CG observable expression of a general, numerically simulated CG model, we choose

to define the CG observable expression O, as the sum of linearly dependent basis functions ¢,

and coefficients A :
0y (R")= X 29,(R"). (5.2)

For the purpose of generality, these basis functions can be functions of single partlices,'** pairs,

triples, density,'> order parameters,">* etc. A similar approach is used in some field theory
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models, where an observable expression is not directly tied to the interaction potential.''’ In the
rest of this section, we will consider two different minimization targets and strategies for the

parameterization of a generic expression such as Eq. (5.2).

5.2.1 Variational Minimization

First, we aim to satisfy Eq. (5.1). This requirement for CG observable expressions is directly
analogous to that for the CG force field in multiscale coarse-graining (MS-CG).*>***
Continuing the analogy with MS-CG forces, the CG observable target in Eq. (5.1) can be used to

parameterize an observable’s basis set variationally. This parameterization requires the definition
of an appropriate objective function to minimize our observable expression O,

2

5 )0, ()

xz[omjzﬁ (5.3)

where d is the dimensionality of the observable, I is the CG particle index, and N is the number
of observable values per frame. This is equivalent to minimizing the residual

N 2

ZM*(AFGJ.(r”))—OCGJ(M(r“))

I=1

1

200 ]=—1 (5.4)

where M is the mapping operator of observables, which acts the same for observables as it does
for forces. This is because the CG observable can at best reproduce the average of the FG
observable values from configurations consistent with a given CG configuration. All other
aspects of that distribution cannot be expressed as a configuration dependent term because they
are averaged out (i.e., a constant at the resolution of the CG model). These residuals can be used

for framewise observables (i.e., N=1). However, it is much more data-efficient to use the residual
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for particlewise observables given the FG observable decomposition needed to express 4. ina

particlewise manner.

5.2.2 Relative Entropy Formulations

Alternatively, one could determine the CG observable expression by minimizing the relative
25,26,

entropy, which is one “measure” of how close a model distribution is to a target distribution.

135 In terms of the CG observable distribution p,, relative to the FG observable distribution p,,

the appropriate relative entropy is

5,,= dop,,(o)n"* o) (5.5)

where ¢ is an observable value. It is not productive to further partition these distributions
conditional on CG configurations because a CG observable expression such as Eq. (5.2) can only
produce one value while there is a distribution of FG observable values; this relative entropy
would be minimized by satisfying Eq. (5.1), which is the same target as that for Eq. (5.4).

In order to minimize the relative entropy in Eq. (5.5), we must look for the place where its
derivatives with respect to the linear dependent basis coefficients A are 0. For simplicity, we will
show the update rule for gradient decent, which only requires the first derivative with respect to
A ; however, other minimization methods including those that require additional derivatives such
as Netwon’s method are possible. For gradient decent, the update rule for basis set coefficient k

from iteration i to i+11is simply

S
;tk,i+1 = lk,i _C_rel ’ (5.6)
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where { is a step size between 0 and 1 that can be a constant or iteration dependent (such as

learning rates in machine learning). Evaluating the derivative of the relative entropy with respect

to basis set coefficient k |

B ¢k(R”)a(pFG(G)J (5.7
o=0(R")

(see Appendix for details). Thus, the update rule is

S~—

) 02 [ Pelo
Risr =N, ={ 0, (R )aa[pm(c)J ) (5.8)

At the minimum in relative entropy, the basis coefficient does not change according to Eq. (5.8)
since the relative entropy derivative is 0. We can see that this is because the probability using the
current CG observable expression matches the FG value. Also, the update does not change a
basis coefficient when the corresponding basis function is zero.

When the CG observable distribution is locally shifted towards higher observable values relative

: [pm(c)

to the FG observable distribution at ¢ -o(r*), =——
pe(o)

] >0. If the basis function ¢,
Jo
O':O(RN)

corresponding to lk is negative there, then this contributes towards increasing lk; this makes
sense since increasing the contribution of @, would decrease observable values, which helps
reduce the difference between FG and CG observable distributions; the opposite is true if @, is

positive. If the rest of the derivatives where this basis function is active are positive and ¢,
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always non-positive, then lk is certainly increased. In reality, the update is much more
complicated because some observable values are likely to contribute toward increasing the value
of lk while other observable values do the opposite. Additionally, one must consider the
Boltzmann weighting inherent in the CG model in order to calculate the net contributions, which
ultimately determines how lk is changed by the update.

Based on the assumption that the mapped FG and CG configuration probabilities are

equivalent, the amount of simulation required to determine the optimal CG observable
expression can be minimized. Specifically, the FG simulation used to determine the CG
interactions can be reused to parameterize the CG observable expression. For each CG
observable iteration, the same FG observable distribution and mapped FG configurations can be
used again. This is because changing the CG observable expression does not affect the
distribution of configurations, unlike changes to the CG interactions.
The above derivation is primarily useful for the overall distribution of framewise values although
it could be used for other levels of observable granularity. This relative entropy has a different
target than the variational approach presented earlier. Here, the target is matching the overall
observable distribution, not configuration specific properties. If one successfully minimizes the
variational residual in Eq. (5.4), they should also get the observable distribution correct;
however, the converse is not necessarily true.

If we wanted a relative entropy that actually satisfy Eq. (5.1), then the probabilities need to
be conditional on a given CG configuration:

P (0 IRY)

SRreI :J. do'pFG(G|RN)1n pCG((7|RN) :

(5.9)
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In this expression, the CG probability is simply a delta function at the observable value for the
CG configuration using the current CG observable expression. In order to minimize this relative

entropy we need the derivative of the relative entropy with respect to basis set coefficient k

which is

35, [ (i yain| Pulo1M(x)
04, ‘/’k(M( ))aa PCG(GlM(I‘")) " (5.10)

(see Appendix B for details). This gives an update rule for gradient descent of

ain Pas(o1M(r"))

O L e b ]

(5.11)

G:O(r”)

There are three major differences between this expression and the one in Eq. (5.8). First, the
derivative is evaluated is at FG observable values instead of CG observable values. This will
likely yield a more stable minimization since dramatic changes in the CG observable expression
will not change the derivatives to be evaluated here as much. The second difference is that the
derivative is of the logarithm of the probability ratio instead of the ratio itself. The implications
of these differences are largely overshadowed by the final difference. Since the CG distribution
for a given CG configuration is a delta function, the CG observable expression will be minimized
when it reproduces the mode of the FG observable distribution for each CG configuration. This
is similar to Eq. Error! Reference source not found. in that it targets the conditional average of
the FG observable distribution, but Eq. Error! Reference source not found. uses the mean and

this method uses the mode.
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5.2.3 New Basis Sets

An important term in our CG observable expressions is the one-body term, which can

reproduce the correct ensemble average. An expression for the one-body term ol is
0"(RY)=F 2 (RY)=3 ¥ 2"er (R, ). (5.12)
i i I

where /l.(l) is the basis coefficient for the one-body basis function o, . This is a configuration-

independent contribution based solely on the particle type. By using a particle-wise value here,
these terms can be used for systems of different sizes or compositions directly.

The most basic configuration-dependent term in any CG-observable expression is a function
of the pair distance. While it would be possible to use an anti-symmetric (i.e., force-like)
formulation, an anti-symmetric formulation is more generally applicable for observables. By
symmetric, we mean that both particles in a pair receive observable contributions of the same
sign and magnitude. This allows the configuration-dependent terms to contribute to the net
framewise observable value. Also, it makes intuitive physical sense. For example, the tensor
virial for pressure is the trace of the cross product of the vector between the particles and the
force. Since both the vector and the force are anti-symmetric (i.e., equal and opposite), each
component-wise product is symmetric because the opposite signs cancel. A formulation for this

symmetric basis set is

0”(R)=2 1% (R")=2F 27 (R,R ), (5.13)

i I<]

where /l.(z) is the basis coefficient for the one-body basis function & . To bring out the symmetric

1

nature of the pair symmetric basis function, Eq. (5.13) can be rewritten as
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: (5.14)

o) (R") =3 3 4% (7R,

i I<]

where gi(RI'R]):ni(RU)F{U , R, is the scalar distance between CG sites I and ], and |ﬁ11’ is

the component-wise absolute value of the unit vector between CG sites [ and J. In this form,

the pair symmetric basis set is the same as the force from the usual MS-CG pair basis set, but
with the absolute value around the unit vector. With this recognition, one can easily create
symmetric versions of the usual interactions (e.g., angle, dihedral, three-body,32’ 38 density,133
order parameter'**) by applying absolute values to every unit vector. When the observable is a
scalar, the unit vector becomes one-dimensional (i.e., equal to 1). For a vector observable with
the same dimensionality as the system, the one body contribution is distributed equally across

those dimensions.

5.2.4 Observable Decompositions

In order to keep with the stricter, more data-efficient version discussed in section 5.2.A, a
particlewise decomposition is needed for atomistic observable contributions. These contributions
are then transformed according to the selected CG mapping to obtain the target values that serve
as inputs to the parameterization step. For atomistic observables with a pairwise formulation
such the pressure and the potential energy for pairwise interactions, the decomposition is
straightforward. For other situations, it can be significantly more tricky, but possible to define
such a decomposition. One convenient approximation is to decompose contributions of a many-
body observable by dividing a given contribution equally among all of the particles involved. In
other cases where the target property is a function of another observable, it may make more
sense to try decomposing the observable instead of the property. In any case, it would be possible

to use the approach discussed in section 5.2.B on the probability distribution.
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For the pressure of an atomistic system with pairwise non-bonded and bonded interactions,

the usual expression for the configuration part of the virial is

P(r"):%ifﬁxr]}, (5.15)

where fl.jF is the force between atomistic particles 7 and j. The decomposition is formulated

such that the total pressure is the sum of per-particle contributions:
P(r")=>.P(x). (5.16)
i=1

This is achieved by simply dividing the observable contribution from a pair of particles equally

between them:

P(r},):iﬁ fxr . (5.17)

i#j

Likewise, the potential energy U of an atomistic system is decomposed such that
u(r)=Xu(r) . (5.18)

where each particles observable contribution U (ri)is determined by dividing each of the

potential terms equally between each of the particles involved in the interaction:

0(5) =5 St (1,45 2t (50545 T (5 1)1 (519)

i%j i j#k 4 kel
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5.2.5 Properties of Good CG Observables

First and foremost, any CG observable should reproduce the FG ensemble average. In our
approach, this is ensured by the configuration-independent one-body terms. For a given system

volume, the approaches of Das and Anderson’' and Dunn and Noid”” achieve this same effect.

Additionally, it is desirable to describe configuration-dependent fluctuations about the
average value. In principle, one could get the same spread of the FG distribution by adding in
noise. However, we are focused on how much of the variation in FG observable value is
explained by the CG observable value. In order to differentiate between two histograms with
similar spread, we look at the time series of the FG and CG observables for the same set of
configurations. For simplicity, we quantify the correlation between these values using the

standard deviation of the difference between the FG and CG observable values:
Std(FG(t)—CG(t)). This standard deviation can be viewed as the uncaptured variation. By

comparing that value to the standard deviation of the FG observable alone, we can see if and how
much the CG observable is helping to explain the variation in the FG observable values. For MS-
CODE observable expressions, the standard deviation of the difference is guaranteed to not be
higher than that of the FG observable alone because MS-CODE is variationally minimized.
Furthermore, the inclusion of additional basis sets is guaranteed not to increase this standard
deviation for the same reason. Thus, the upper bound in terms of uncaptured variation for MS-
CODE is that of the standard deviation of the FG observable In contrast, naive observables as
well as the configuration-dependent part of Das and Anderson’s’’ and Dunn and Noid’s’’
approach have no such guarantee. As a result, they can actually lead to a less faithful description

than simply using a one-body term.
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Also, there are practical advantages to MS-CODE. The observable decomposition is general
in that the procedure discussed in the previous sub-section can be applied to any framewise
observable. Additionally, it is based on local contributions instead of system level properties,
which should improve its transferability to different size systems, systems of different
composition, and even — to a lesser extent — different state points. The local decomposition also
means that the method is data efficient because it uses N or 3N data points per frame where N is
the number of CG sites as opposed to 1 data point in the first relative entropy approach outlined
in Sec. 5.2.B or other system level approaches. The local nature of the resulting observable
contributions also makes it easier to extract physical meaning from the resulting observable

expressions.
5.2.6 Simulation and Fitting Details

Molecular dynamics (MD) simulation were performed on bulk, atomistic methanol (MeOH)
and acetonitrile using LAMMPS.”"7 All systems were run with a 1 fs time step. Each system
contained 1,000 molecules and interaction parameters were taken from the OPLS force field.”*
3¢ The nonbonded interactions were calculated using Lennard-Jones (LJ) interactions with a
radial cutoff of 1.0 nm as well as particle-particle particle-mesh (PPPM) electrostatic
interactions. Both systems were equilibrated for 5 ns under constant NPT at 1 atm and 300 K.
For subsequent constant NVT simulation, the box size was set to the average volume of the last 2

ns of constant NPT simulation. Then, the system was equilibrated for an additional 1 ns using LJ

shifted-force® interactions at constant NVT at 300K before sampling every 250 fs for 2 ns.

Two additional methanol systems were created based on the equilibrated bulk system. The
atomistic, liquid vapor methanol system was created expanding the box of equilibrated bulk

MeOH 40 A in the z-dimension without rescaling the coordinates. This system was equilibrated
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for an additional 2 ns at constant NVT at 300 K. Finally, FG frames were sampled every 250 fs
for 2 ns at constant NVT at 300K. The 8,000 molecule atomistic methanol system was created
by replicating the bulk 1,000 molecule system eight times. The system was allowed to re-
equilibrate for 1 ns before frames were sampled every 250 fs for 2ns at constant NVT at 300K.

Per-particle decompositions of pressure and potential energy were obtained using the
stress/atom and pe/atom computes in LAMMPS, respectively. Partially explicit and explicit
observable contributions are those that arise from interactions between particles that are not in
the same CG site; implicit observable contributions arise from interactions between particles that
are entirely within the same CG bead. For 1-site center of mass (COM) CG model, the explicit
contributions are those originating from nonbonded LJ and electrostatic terms. For the 2-site CG
model, the partially explicit and explicit contributions also include the bond between the atoms
in different CG beads for pressure.

All CG interactions and observable expressions were determined using the a modified
version of the MS-CG force matching (FM) code that includes the one-body and symmetric basis
functions mentioned in this chapter. All CG interactions and observables had a cutoff of 10 A.
For the CG force fields, pair interactions were fit using sixth order B-splines with a binwidth of
0.6 A. For the CG pressure expression, one-body and two-body symmetric basis sets were used
to fit the on-diagonal terms of the pressure tensor. For the CG potential expression, one-body and
two-body symmetric basis sets were used to the scalar potential energy. The two-body symmetric
interactions were fit with fourth order B-splines and a binwidth of 0.3 A. CG observable
distributions were obtained using the rerun command in LAMMPS to apply the observable fields

to the mapped trajectories.
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5.3 Results

In this section, established CG models are used to demonstrate the performance of MS-
CODE pressure and potential. Established models for methanol and acetonitrile are used so that
we can focus on the observables instead of the forces. Pressure is a chosen because it has be the
focus for much of the discussion about representability. Also, it demonstrates the ability to
parameterize a vector observable expression since we reproduce the on-diagonal terms of the
pressure tensor. From this observable, other properties such as the surface tension can be
calculated. Potential energy is chosen because it relates to thermodynamic properties that can be
used to resolve the enthalpy-entropy partitioning in the CG model. Also, it demonstrates the
ability to parameterize a scalar observable expression. Additionally, we use this as an
opportunity to explore the differences in the CG pressure expression between different mappings
for methanol: 1-site center of mass (COM), 2-site COM, and 2-site center of charge (COC).
Likewise, we compare the difference in the CG potential expression between 1-site COM
methanol and acetonitrile models. Within each subsection, we present histograms at the level of
granularity of (5.5), which serves as a validation of MS-CODE and the one-body terms in
particular. The tables of standard devations that follow give more detailed information about the
correlation between the FG and CG observable value, which is only a function of the

configuration-dependent two-body symmetric terms here.

5.3.1 Pressure of MeOH CG Models

5.3.1.1 1-site Center of Mass

Figure 5-1 shows histograms for the pressure of a 1-site COM CG model. The distribution of

pressure values for all FG contributions is shown in subpanel a. The offset of the FG distribution
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is the result of choosing a box size using non-shifted force interactions, but sampling at that box
size using shifted force interactions. The spread of FG distribution is extremely large suggesting
that there are huge fluctuations in pressure. In comparison, both the naive and the MS-CODE
pressure distributions are relatively tight. However, the MS-CODE observable correctly

reproduces the correct average pressure while the naive CG pressure is centered 5500 atm

higher.
a) b) C

031 All Contributions 034 Explicit Contributions 0751 | oiicit Contributions
1]
—FG \ \

h
g‘ . |=== Naive :‘. :2‘ " 2 \
S 0.2 B eeeene MS-CODE | "+ S 0.2 " S 0.50 A
g ; ; g ¥ i N
° n ° 0 S y
[ 0 o "y a 4
0.1 ' 01{ ' 0.25 : .
' ' LY '
L} [} ' J
0 (B "
' bR "
: 0t ,’ ¥ N ]
0.0 o . —t 00l S~ 0.00 =" —t
-5000 -4000 -3000 -2000 2000 3000 2000 3000 4000 5000 -9000 -8000 -7000 -6000 -1000 O
Framewise Configurational Virial (atm) Framewise Configurational Virial (atm) Framewise Configurational Virial (atm)

Figure 5-1. Pressure distribution histograms for 1-site center of mass (COM) MeOH models
using a) all, b) explicit, and c) implicit FG contributions for FG observable, naive CG

observable, and the MS-CODE observable expressions.

In order to determine the cause of the spread in FG pressure values, the contributions to the
pressure are divided into explicit contributions and implicit contributions as described in Sec.
II.G. Looking at subpanel b, the spread of the FG observable distribution is only slightly wider
than the MS-CODE distribution while the spread of the naive CG observable distribution is still
too narrow. Again, the MS-CODE and FG observable distributions are centered at the same
value. In looking at subpanel c, it is clear that the wider spread of the FG pressure is primarily
from implicit contributions. It makes sense that it would be difficult for any CG observable
expression to reproduce contributions from inside the CG bead; in fact, the naive CG expression

does not reproduce any of these contributions.
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To see how the pairwise CG contributions lead to this increase spread, we look at Figure 5-2.
Indeed, the implicit contributions from the MS-CODE expression are nonzero while the naive
expression (not shown) is zero everywhere. It appears that there is a net negative pressure
contribution at short distances, which suggests that there is some preferential alignment between
molecules at this distance before excluded volume contributions dominate at shorter distances. In
looking at the explicit pressure contributions from each expression in subpanel b, the naive
expression oscillates significantly more than the MS-CODE and the naive expression has very
large positive contributions at many distances. This is one explanation for why the total naive
pressure is too high. In looking at the net observable expressions in subpanel a, the shape of the
MS-CODE expression is determined by the competition between attractive implicit contributions
and primarily repulsive explicit contributions. Taken together with the fluctuating naive
expression, this suggests that the net pressure value is the result of many large contributions that
largely cancel. In light of this, it is notable that the MS-CODE distribution is as close to the FG

observable distribution as it is.
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Figure 5-2. Pairwise pressure contributions for 1-site center of mass (COM) MeOH models for
naive and MS-CODE observable expressions using a) all FG contributions as well as the b) non-

zero explicit and implicit FG contributions.

5.3.1.2 2-site Center of Mass

Moving on to a higher resolution CG model, we expect both observable distributions to look
more like the FG observable expression than they did for the lower resolution model. Figure 5-3
shows the pressure distributions for a 2-site COM MeOH model. Indeed, both the naive and MS-

CODE pressure distributions are much broader here than in Figure 5-1. The overall MS-CODE
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distribution is slightly narrower than the FG distribution. This improvement is largely because
the MS-CODE expression captures the partially explicit and explicit contributions in subpanel b
extremely well. However, the implicit contributions shown in subpanel c still have a very wide

spread that it is hard for the CG observable distributions to capture.
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Figure 5-3. Pressure distribution histograms for 2-site center of mass (COM) MeOH models
using a) all, b) partially explicit and explicit, and c) implicit FG contributions for FG observable,

naive CG observable, and the MS-CODE observable expressions.

2-site Center of Charge

An alternative mapping for 2-site MeOH is COC. The pressure distributions for this model
are shown in Figure 5-4. The broadness of both the naive and MS-CODE distributions are
intermediate between those in subpanels a and b. The naive distribution looks much more like
the other distributions both in terms of spread and center for this model than for any of the
others. If this increased similarity between the naive and MS-CODE pressure values is true for
other COC models, then COC models more directly represent pressure contributions to pressure,

which means that the magnitude of additional state-dependent term described in our previous
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work” would be lower here. This would also suggest that COC models might be more

transferable than COM model.
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Figure 5-4. Pressure distribution histogram for 2-site center of charge (COC) MeOH model
using all FG contributions for FG observable, naive CG observable, and the MS-CODE

observable expressions.

5.3.2 Potential of 1-site CG Models

5.3.2.1 Methanol

Moving on to potential, we start by looking at a 1-site COM MeOH model shown in Figure
5-5. The FG distributions are all quite narrow compared to the pressure distributions. The MS-
CODE distribution is once again centered about the same value as the FG distribution in all

subpanels. Surprisingly, the MS-CODE distribution is more narrow than the naive CG

observable in subpanels a and b.
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Figure 5-5. Potential distribution histograms for 1-site center of mass (COM) MeOH models
using a) all, b) explicit, and c) implicit FG contributions for FG observable, naive CG

observable, and the MS-CODE observable expressions.

To find out why we look at the potential contributions from each CG expression in Figure 5-
6. The MS-CODE expression is zero everywhere except for very small distances. In contrast, the
naive CG expression has features and goes to larger values starting at a larger pair distance.
Here, the naive CG potential is the potential of the MS-CG interaction. The decomposition in
panel b does not add much. Again, only the explicit contributions lead to nonzero naive CG
potential contributions. The explicit and implicit MS-CODE potential contributions largely

cancel leaving a net flat contribution for all but the shortest distances.
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Figure 5-6. Pairwise potential contributions for 1-site center of mass (COM) MeOH models for
naive and MS-CODE observable expressions using a) all FG contributions as well as the b) non-

zero explicit and implicit FG contributions.

5.3.2.2 Acetonitrile

The potential distributions for 1-site COM acetonitrile models are shown in Figure 5-7. The

FG distributions are even narrower here than it was for MeOH in Figure 5-5. This makes the
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narrowness of the MS-CODE distribution look better here by comparison to MeOH. Again, the

MS-CODE distribution is narrower than the naive distribution in subpanels a and b.
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Figure 5-7. Potential distribution histograms for 1-site center of mass (COM) acetonitrile
models using a) all, b) explicit, and c) implicit FG contributions for FG observable, naive CG

observable, and the MS-CODE observable expressions.

The potential contributions for the naive and MS-CODE CG expressions are shown in Figure
5-8. They look very similar to those in Figure 5-6. One difference is that the naive CG
expression is smoother for acetonitrile than it was for MeOH. Another difference is that the net
MS-CODE contribution is entirely positive for acetonitrile while it has a small range of negative

contributions for MeOH.
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Figure 5-8. Pairwise potential contributions for 1-site center of mass (COM) acetonitrile models
for naive and MS-CODE observable expressions using a) all FG contributions as well as the b)

non-zero explicit and implicit FG contributions.

5.3.3  Uncaptured Variation

In order to determine if the increased spread in some of the CG observable distributions is a
result of those observables capturing more configuration-dependent variation, we look at the
uncaptured variation. First we look at those values in Table 5-1 for the pressure expressions of

the different methanol models examined earlier. The uncaptured variation for both the naive and
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MS-CODE observables is the lowest for the 2-sitt COM CG model. This result implies that
pressure is better resolved in COM models than COC models. Also, the broader MS-CODE
distributions relative to the naive distributions in Figure 5-1 are indeed a reflection of the fact
that the MS-CODE pressure expression explains more of the variation in the FG pressure of 1-
site and 2-site COM CG models.

Table 5-1. Uncaptured variation for the pressure of MeOH using different center of mass (COM)

and center of charge (COC) mappings (variation measured as standard deviation). The upper

bound for MS-CODE is the variation of the FG model.

System Upper Bound Naive  MS-CODE
1-site COM  6.47(9) 6.41(5) 6.38(5)
2-site COM  6.47(9) 5.40(6) 5.38(2)
2-site COC  6.47(9) 6.19(9) 6.28(1)

In both of the potential distributions (Figures 5-5 and 5-7), the naive expression had broader
distributions than MS-CODE. In order to find out if this is because the naive expression is
actually explaining more of the variation in the FG potential, we look at the uncaptured
variations in Table 5-2. It shows that the uncaptured variation for the naive expression is actually
larger than both the MS-CODE and “upper bound” values for both MeOH and acetonitrile. This
means that the configuration-dependent variation in the naive CG potential is not correlated with
the FG potential value; in fact, it appears to be slightly anti-correlated. In contrast, the
uncaptured variation of the MS-CODE expression is slightly below or at the variational upper
bound. In this situation, the MS-CODE expression actually does a better job than the naive

expression even though the MS-CODE distribution is narrower. It is important to note that this
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has nothing to do with the one-body value; thus, the average-corrected naive e