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Abstract

In this dissertation, an exploration of nematic liquid crystal (LC) systems is conducted,
encompassing various conditions such as confinement, chirality, and colloidal interac-
tions. Employing a mean-field approach and innovative simulation techniques, the re-
search aims to unravel the intricate interplay between elasticity, confining geometries,
and computational efficiency in the realm of soft matter materials. To efficiently navigate
the vast parameter space, a rigorous framework augmented with stochastic elements is
employed.

The initial part of the dissertation delves into the fascinating realm of geometrical
frustration in LC systems. Through meticulous investigation, it unveils the emergence of
hybrid morphologies resulting from the delicate interplay between chirality and confine-
ment. Notably, the pivotal role of surface defects in stabilizing equilibrium configurations
is elucidated. Furthermore, the deformation of LC spheroids is examined, shedding light
on its profound influence on the growth and thermal stability of blue phases. Analogous
effects are observed in cylindrical and toroidal confinement, leading to the discovery of
tunable chiral ribbon-like defects.

The subsequent section of this work centers around the intriguing interaction between
liquid crystals and colloidal particles. The research uncovers the formation of stable con-
tigurations characterized by intricate defect structures at interfaces, thereby offering ex-
citing prospects for the design of stimuli-responsive emulsions. Moreover, it investigates
the assembly of nanoparticle clusters on bipolar droplets, revealing the presence of ki-
netic traps through the application of advanced simulation techniques. To simplify the
complex energy landscape, a novel simplified model is developed based on mean-field

results, providing valuable insights into the construction of the free energy surface.

xii



The final study within this dissertation focuses on the optimization of phenomenolog-
ical parameters in continuum simulations through comparisons with experimental mi-
croscopy images. The research showcases an efficient simulation methodology capable
of accurately capturing the complexities of intricate geometries and nonlinear behavior.
The integration of stochastic elements prevents configurations from becoming trapped in
local minima, while Bayesian optimization facilitates thorough exploration of the param-
eter space.

In summary, this dissertation presents a comprehensive investigation into soft mat-
ter materials, merging conventional continuum methods with molecular simulation el-
ements. It highlights the profound impact of geometric effects, particularly the role of
frustration, in engineering unique defect morphologies and driving colloidal assembly.
The findings of this research open up exciting possibilities for the design and manipula-

tion of soft matter materials, paving the way for future advancements in the field.
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Chapter 1

Introduction

Materials-based applications rely on harnessing properties that originate at the molec-
ular scale for their response at the macroscale. While functional hard materials with static
properties have been the primary focus of technological advances, soft materials offer
dynamic properties that open up unique opportunities for the fabrication of advanced
and smart materials. Among these soft materials, liquid crystals (LCs) occupy an inter-
mediate state of matter. They exhibit long-range orientational order but lack long-range
translational order, which allows them to flow relatively easily and respond to various
external stimuli such as electric fields, magnetic fields, heat, light, and mechanical forces.
The molecular anisotropy of LCs gives rise to several fascinating properties, including
birefringence, dielectric anisotropy, viscosity, elasticity, flexo- and ferroelectricity.

The discovery and development of liquid crystals have a rich historical background.
In the late 19th century, Friedrich Reinitzer, an Austrian botanist, observed that a sub-
stance derived from cholesterol exhibited peculiar optical properties as it transformed
from a solid to a cloudy liquid and eventually into a clear liquid. This substance, later
named “cholesteric liquid crystal”, was the first identified form of liquid crystal material.
Around the same time, Otto Lehmann, a German physicist, further investigated liquid
crystals and introduced the term “liquid crystal” to describe their dual liquid-like and
crystal-like nature.

In the early 20th century, liquid crystal research remained relatively dormant until
the 1960s when significant advancements were made in understanding their properties

and potential applications. It was during this period that the first practical liquid crystal



displays (LCDs) were developed. In 1968, George Heilmeier and his team at RCA Labo-
ratories demonstrated the first operational LCD, which utilized the twisted nematic (TN)
effect to control the passage of light through a liquid crystal bulk. This breakthrough
paved the way for the development of flat panel LC display devices, revolutionizing the
tield of visual technology and leading to the widespread adoption of LCD screens in tele-
visions, computer monitors, and mobile devices.

Since then, liquid crystal-based applications have expanded beyond display technol-
ogy. Researchers and engineers have recognized the unique properties and versatility
of liquid crystals, leading to the exploration of new and innovative applications. The
ability of liquid crystals to form defect structures and respond to external stimuli has
opened doors to various fields, including biosensors, self-healing materials, elastomers,
and active matter. By leveraging the defects and dynamic properties of liquid crystals,
researchers have been able to design advanced materials with programmable properties,
enabling applications in fields such as photonics, optoelectronics, and soft robotics.

To understand the behavior of liquid crystals and explore their potential applications,
the development of simulations as a tool in materials science has played a crucial role.
Simulations allow researchers to investigate and predict the behavior of materials at dif-
ferent length scales and timescales, providing insights that complement experimental ob-
servations. To delve into the molecular-level mechanisms and understand the intricate
interplay between various factors that govern the behavior of liquid crystals, researchers
can choose appropriate computational tools that resolve the relevant phenomena.

One powerful tool for investigating the role of chemical identity and molecular-level
specificity, selectivity, and precision is molecular simulations. Molecular simulations pro-
vide a detailed atomistic description of the system, allowing researchers to study the in-
teractions and dynamics of individual molecules within the liquid crystal. These simula-

tions can vary in the level of description, ranging from atomistic simulations that capture



the behavior of each atom to united atom or coarse-grained simulations that provide a
more computationally efficient representation of the system. In all of these simulations,
the anisotropy of the material is specified by means of the geometry of the LC mesogen,
enabling a comprehensive understanding of the structural and dynamic properties of lig-
uid crystals.

In this work, we adopt a mean-field approach with the central role played by Landau
theory. This theory disregards the microscopic structure of matter and instead utilizes
considerations of symmetry and smoothness of functions to predict phase transitions and
energetic penalties for distortions. The free energy is expressed in terms of order param-
eters, and the richness of phase diagrams emerges from the various ways these order
parameters can be combined to formulate the free energy functional.

Finding equilibrium configurations at this length scale requires the use of variational
calculus since the free energy function depends on the local order parameter and its
derivatives, which are themselves functions. While simple systems may allow for analyt-
ical solutions through the minimization of the free energy, the systems we are exploring
pose analytical challenges. Therefore, we employ numerical methods to resolve complex
geometries and capture non-linear behavior.

The focus of this thesis is on the effects of chirality, confinement, and inclusions in
equilibrium configurations of thermotropic nematic liquid crystals at the continuum scale.
By leveraging the advancements in simulations and computational resources, we can ac-
curately represent and explore these systems, bridging the gap between theoretical pre-
dictions and experimental observations. Through this research, we aim to gain insights
into the intricate behavior of LCs and contribute to the understanding and development
of advanced materials and devices.

Chirality refers to the inherent twist that induces molecules to spontaneously align in

a helical path. Experimentally, chirality can be controlled through the addition of a chiral



dopant to an achiral liquid crystal. Chirality can be frustrated by confinement, leading to
a competition between the elasticity of the material, and the preferred orientation at the
boundaries. In order to investigate this effect, several studies were performed. Firstly, a
computational exploration of geometrical frustration is done in which a LC is confined in
spheroids of different aspect ratios (chapter 3). The geometry imposes topological con-
straints at equilibrium, and the curvature truncates the natural development of double-
twist domains. Specifically, in the high chirality regime, the stability of Blue Phases shifts
by the effect of curvature, and the results provide a path forward to expanding the appli-
cability of defect networks with cuboidal symmetry.

Experimental realizations of these predictions are presented in chapter 4. A method
based on light scattering is developed to characterize phase transitions of LCs confined
in nanoemulsions. The results indicate that the Blue Phase-Cholesteric transition can be
suppressed by controlling the balance between chiral elasticity and surface tension. Fi-
nally, in chapter 5 we make use of non-uniform Gaussian curvature to engineer novel
morphologies of cholesteric textures. In this instance, cylindrical capillaries and toroidal
geometries are used to confine the LC, and since the curvature is comparable to the char-
acteristic dimensions of the system, it can be harnessed to mold the soft defect regions.

When considering inclusions, particles in the colloidal regime interact with the back-
ground nematic order field by alleviating local distortions. Additionally, multiple colloids
interact and self-assemble mediated by the elasticity of the LC. This is the ruling principle
for the design of metamaterials. In chapter 6 we explore the role of tilted-alignment at
the interface with the core of a nematic shell. The optical response indicates the emer-
gence of quadrupolar and dipolar symmetry. The perfluoroalkane-nematic two-phase
systems provide new opportunities to design stimuli-responsive emulsions, and plat-
forms to study the role of elastic moduli on the optical texture perceived in the visible

range.



The assembly of nematic colloids has been explored vastly, whether it happens in bulk
or using patterned surfaces. However, a versatile platform is using LC droplets that ex-
hibit surface defects. These sites offer locations that attract nanoparticles, and is the func-
tional principle of many biosensing devices. In chapter 7 we develop a new method that
allows us to unveil kinetically-trapped states when multiple nanoparticles assemble at the
poles of the LC droplet. In the past, experimental studies have presented the variability
of goemetrical packing, and previous simulations reveal that these states are metastable.
However, the conventional mean-field approach provides a deterministic view whereas
this new method involves the consideration of different assembly pathways.

Finally, in chapter 8 we present a methodology that allows future in silico explorations
to follow a guided path, based on the similarity between simulated optical textures and
those provided by experimental observations. The proof of concept is given in the form
of being able to capture the dependence of uniaxial-radial droplet transition as a function
of anchoring strength, as well as the optimization of the colloidal shape that captures the
stable assembly of non-spherical nematic inclusions.

By delving into the behavior of liquid crystals and exploring different regions of con-
figuration space, we can gain insights into their fundamental properties and their po-
tential for application in various fields. Through this research, we aim to contribute to
the understanding and development of advanced materials and devices based on liquid

crystal systems.

1.1 Outline

Chapter 2 is devoted to the fundamental and relevant background information for the
description of liquid crystalline order at the continuum scale, and the different numerical
techniques that were implemented throughout the studies in this thesis.

The following chapters stand as distinct studies, deriving from the following publica-
5



tions, either fully or partially.

e Viviana Palacio-Betancur, Julio C. Armas-Pérez, Stiven Villada-Gil, Nicholas L. Ab-
bott, Juan P. Herndndez-Ortiz, and Juan J. de Pablo, “Cuboidal liquid crystal phases
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Chapter 2

Modeling nematic liquid crystals

The ordering quality of LCs is given by the shape of its molecules, which are classified
in three categories: rod-like, disk-like and bent-core. The two first categories are the most
common and are often found in biological systems, e.g. the lipids in cell membranes
are rod-like molecules and the cholesterol is disc-like. A representation of both types is
shown in Figure 2.1 with molecules of 5CB (rod-like) and triphenylene (disc-like). The

alignment of these molecules is responsible for their optical activity.

(a) C%é (b) 2 3
o/, <
_______ >, )< P
o 7N esemnt
‘6(5 10 9 8 7 '
4-cyano-4'-pentylbyphenyl (5CB) Triphenylene

Figure 2.1: Representation of (a) a rod-like molecule of 5CB and (b) disk-like molecule of
triphenylene.

Liquid crystals can also be classified as (i) thermotropic, (ii) lyotropic or (iii) metal-
lotropic. Thermotropic liquid crystals are those whose ordering can be altered by heating
or cooling of the material. For lyotropic LCs to be observed, it is necessary to reach a
critical concentration and it depends on the length and diameter of the molecules. Met-
allotropic LCs are a mixture of inorganic and organic materials with dependence of tem-
perature. Our main interest is focused on thermotropic liquid crystals, which exist in a
specific range of temperature. Any LC system is a collection of distinct mesomorphous
phases, or mesophases, each with a specific type of ordering. The order is defined by the
uniformity of the orientation within the domain. In thermotropic LCs the phases range

from nematic to smectics as function of the temperature as shown in Figure 2.2.
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Figure 2.2: Different phases for thermotropic uniaxial liquid crystals as temperature de-
creases.

After transitioning from the isotropic state we found the nematic phase, which is char-
acterized by long range orientational order along the average molecular orientation, but
no positional order. Cholesterics are a special case of nematics in which there is also a
supermolecular structure related to a helical rotation of the director, it can be interpreted
as nematic layers stacked and the local orientation of each layer rotates respect to the
previous one. By decreasing temperature furthermore, we transition to smectic phases,
which exhibit positional and orientational molecular order, it is the phase that resembles
the most to a crystal before reaching crystallization.

Besides their relationship with temperature, LCs behavior is also influenced by the
presence of foreign substances, confinement, or applied external fields. The interaction
between the LC molecules and any surface is called anchoring and it dictates the preferred
orientation at the surface, the most common ones are homeotropic and planar anchoring.

When molecules realign to match boundary conditions, conflicting directions may
arise and the director field becomes singular at some points, thus forming defects. De-
fects vary in shape, size and location depending on the imposed boundary conditions,

9



geometry and physical properties of the material. Defects are often characterized by their
topological charge, which counts how many times the director rotates around the discon-
tinuity in multiples of = and obeys a conservation law; it is zero in a flat surface and when
enclosed in a sphere it must be 2 as required by the Poincaré-Hopf theorem [100].

The frustration, this is the competition between different influences on a physical sys-
tem, is resolved when there is balance between the elastic energy that penalizes deforma-
tions, the interface interaction that promotes a preferred orientation, and the geometry
restrictions [85]. For simplicity, the equilibrium configurations of the director field will be
called phases.

A comprehensive description of liquid crystalline behavior must be able to capture the
variations on the orientation of the molecules in a free domain as well as when confine-
ment or interaction with foreign particles forces a specific orientation. Besides the descrip-
tion of the molecular ordering, free energies penalties exist to determine the most stable
configuration of a LC system. This chapter introduces the mathematical tools needed for
the modeling of uniaxial nematic liquid crystals. First, we dedicate a section to the def-
inition of different order parameters. Then, the free energy description is presented as
the result of three different contributions: bulk, elastic, and surface free energies. A brief
description of the formation of topological defects is shown, as well as a general depiction

of nematic and cholesteric phases.

2.1 Physics of nematic phases

2.1.1 Order description

The first attempt to quantify the ordering of a LC system consisted of a scalar parame-

ter indicating the degree of isotropy. The definition comes from averaging the molecular
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orientations and measuring the angle between molecules, 0.

S=-(3cos?6 —1). 2.1)

NI =

This description is macroscopic and does not capture the minutia in the range of the
molecular scale. The next step would be to obtain information of the direction of the
molecular alignment u, thus obtaining the director fields n and n” where the latter only
arises for biaxial molecules. This is depicted in figure 2.3. Recall that for uniaxial molecules,

n is equivalent to n’.

10 9 8 7
Triphenylene

4-cyano-4'-pentylbyphenyl (5CB)

Figure 2.3: Molecular orientation for (a) uniaxial and (b) biaxial molecules. The vector u
indicates the orientation of a single molecule, and n, n’ are the director vectors.

As mentioned before, the use of liquid crystals is appealing because of the optical
particularities that arise from defects. These defects are, by definition, regions where
the molecular orientations diverge so any calculations for said region based on vectorial
descriptions is not appropriate. To circumvent this issue, the description is taken to the
next level with the formulation of a traceless and symmetric tensor, Q. It is defined by the

director field and the probability distribution function ¢, 5 ;) of molecular orientations:

Q= / nniy(n, x, f)dn — g, (2.2)

where § is the 3 X 3 identity matrix. Tensor Q may be written in terms of its eigenvalues
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in a diagonal form as follows,

Q= n- 1S (2.3)

According to this representation, tensor Q can also be written in terms of its eigenvalues
[214, 15],
Q:S(nn—§)+r}[n’n'—(n><n’)(an’)], (2.4)

where S(x) is the scalar order parameter, related to the maximum eigenvalue. The bi-
axiality n(x) is related to the other two eigenvalues. The order parameters are bounded
by S € [-1/2,1], and n € [-1/3(1 = S),1/3(1 — S)]. The eigenvectors, n and n’, define an
orthonormal basis {n, n’, (n X n)} for the LC orientation.

This definition of an order parameter allows for a continuous representation of the
molecular ordering, and a precise description of regions with defects. The Q tensor
contains all the information for an accurate thermodynamic description of the system,

whether the system is in a LC state or during the transitions between these states.

2.1.2 Free energy description

The expressions at static equilibrium that describe this type of material, typically lead
to the Helmholtz free energy taking the form of a polynomial expression in Q or in S
as originally presented by Landau in 1936 [122], and later adapted to liquid crystals by
de Gennes in 1969 [46]. Alternatives for the static description include de Maier-Saupe the-
ory [143], and the Onsager theory [177]. For the non-homogeneity of nematic phases, the
Oseen theory [179] and later reformulated by Frank [65] is very popular since it includes

different modes of deformation that carries energetic penalties. More realistic situations
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include confinement conditions, for which we present different functionals that impose a
preferred orientation of the molecules as a boundary condition.

Joining these contributions, the free energy functional is calculated as,

F(Q) = / Px[fi(Q) + fr(Q, V)] + 75 d2xfs(Q) 25)

where f is the Landau—de Gennes free energy, fr is the elastic free energy, and fs is the
surface free energy. In the following sections each contribution will be explained in more

detail.

Landau-de Gennes free energy

For the description of the bulk free energy we use a phenomenological approach that
serves to characterize the internal structure of the medium. The free energy density is
described by a truncated polynomial expansion of the tensor order parameter’s invari-

ants [46, 122, 47, 76, 229].

fi(Q) = FAMT)(QY) + 3Br(@®) + ;CHr(Q?P,

where A(T), B, and C are phenomenological coefficients, tr (M) is the trace of the matrix
M and Q? = QijQjk- The free energy density in eq. (2.6) predicts a phase transition at a

temperature that forces A to vanish. Therefore, it is assumed that A has the form,
AT)=a(T-TY, (2.6)

where 4 is positive and constant, T is the temperature and T" is a temperature close to the
NI transition temperature, TyJ.
Through this functional it is possible to study the transition from the isotropic state to

the nematic, by differentiating four different temperature regimes. At high temperatures,
13
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Figure 2.4: Free energy density of the 5CB as a function of the uniaxial order parameter
at three different temperatures: T, Tyjj, and T*. The phenomenological coefficients are:
a=0.13%x10°]/m3K,B = =1.6 x 10°] /m3, C = 3.9 x 10°] /m3, and T* = 307.15K from [41].
The squares indicate the equilibrium values of the order parameter. This diagram is valid
only for B < 0.

T > T7, there is a single minimum in the free energy that corresponds to a stable isotropic
phase; F has only one minimum at S = 0. For Ty < T < T, the isotropic phase is still

the stable state, but there is an additional local minimum in the free energy at

1

S = —% {1 +[1- 24;—2 (T - T*)l /2} , (2.7)
that corresponds to a metastable nematic phase. On the contrary, for T* < T < Tyj
the stable state is the nematic phase, while the isotropic phase is the local free energy
minimum. Finally, at T < T" there is a unique nematic stable phase. At T = Ty the two
minima are equivalent, thereby defining the NI transition. Note that this transition shows
a discontinuity in the order parameter, ergo it is a first-order transition. This is explained
by the odd-order powers of tr(Q) in the free energy functional.

The form of the free energy density in eq. (2.6) provides additional characteristics
and properties for the transitions and phases. For instance, the free energy density is

non-linear thus allowing the isotropic phase. The first term drives the NI transition. The
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inclusion of a third order term causes the NI transition to be first order. It also ensures
asymmetry with respect to Q < —-Q.

From the Doi theory [50], the free energy functional from eq. (2.4) is expressed in terms
of another set of phenomenological coefficients. The set consists on A; coefficients that
control the energy scale of the model, and an adimensional parameter U that controls the

scalar order parameter S. The free energy functional is rewritten as,

1@ = 3 (1= | @)~ Jasti @) + aati @, 28)

For a system without boundary restrictions, the order parameter is related to U through

the following expression,
8

-0 (2.9)

1 3
Shutk = 7+ 71

To transform the free energy functional from eq. (2.6) to the Doi notation in eq. (2.8) it

is necessary to apply the following equivalences,

A=A (1 - E) (2.10)
3

B=-AU (2.11)

C = AU (2.12)

Following the same analysis for the phase transition lines, values for U analogous to those

of Ty and T* can be found by assuming a unique value for A;.

Elastic energy: Frank-Oseen theory

The origin of the Frank—-Oseen theory lies on an analogy to solid elasticity. When the
director field is inhomogeneous, spatial distortions of the molecular orientations caused

by the presence of non-zero curvature that later result in a higher free energy. considers
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that all deformations are a result of three independent modes of variation of n: splay,
twist, and bend, using three elastic non-vanishing moduli, k11, k27, and k33 as illustrated

in figure 2.5.

Splay (k1) Twist (ky,) Bend (ks3)

Figure 2.5: Elastic deformation moduli. Figure adapted from [36].

The formulation of this theory in terms of the director field is,
1 2 1 2 1 2
fE = Ekll (V-I‘l) + Ekzz (n-VXn) + §k33|n><(V><n)| (2.13)

The elastic constants must be positive so the homogeneous state corresponds to a min-
imum of the elastic free energy. As mentioned before, the use of a phenomenological
formulation in terms of vector order parameters is limited to continuous variations of the
molecular orientations. The mapping from n to Q is only valid for uniaxial molecules and

results in the following expression,

_ L19Qij9Qj N L, 9Qjk 9Qj1 L Ls o 9Qk1 9Qui
2 axk 8xk 2 an 3xl 2 =Y 8xi axj

(2.14)

16



with the elastic constants L; related to the elastic moduli by,

1

)
65,1k

Lq

(k33 — k11 + 3k22) (2.15)

1
Ly = —— (k11 — k22) (2.16)
bulk
1

)
25,1k

L3

(k33 —k11) (2.17)

Additional terms might be added to eq. (2.14) in order to describe additional spatial
distortions. This is the case for saddle-splay deformations and chirality. Traditionally, the
ko4 constant, corresponding to a saddle-splay deformation, has been neglected because
its value is difficult to determine. In curved surfaces or inhomogeneous boundary condi-
tions, the presence of spatial distortion is evident and so, the saddle-splay elastic constant
must be included in the free energy [231]. The additional term is:

Ly 9Qjk 9Qji
2 Jx; oxi’

(2.18)

with Ly = kpg/ S%ul r being the elastic constant. The saddle-splay moduli, kp4, is bounded

by the following two inequalities,
—kpp < kog < min(2kqq — kop, k) (2.19)

The first measurements of the saddle-splay elasticity were done by Ondris-Crawford
et al.[175] for a confined nematic phase. One of the substantial remarks is that curvature
effects add difficulty to determine the value of k4, especially when confinement is in
the submicron scale; for supramicron droplets, a stability diagram was obtained for two
different configurations of the droplet [57] but it only provided qualitative appreciations

since combined elastic effects (e.g. saddle-splay, mixed splay-bend) were neglected due
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to lack of information.

When treating chiral materials, there is an inherent twist of the director vector of each
nematic layer caused by the enantiomeric character of the molecules, as illustrated in
tigure 2.2. The director field follows a helical fashion and completes one revolution in a
distance p, called the pitch of the material. A material with chirality will not present this
type of rotation only if the mixture is racemic. The term that describes this behavior is:

1 dQyj
§L5€ileij8—Jck' (2.20)

with €;;; being the Levi—Civita tensor, and L5 is the elastic constant related to the twist
deformation mode k> and the chirality of the system g9 = 27/pg, by Ls = 2/s2 ,q0koo.
Note that since there is only one gradient that contributes to this type of deformation, the
free energy is minimized as the twisting is more frequent.

The one-elastic constant approximation is a common consideration for systems suffi-
ciently large. Due to its simplicity (k11 = kpp = k33), it has been proven appropriate if the

geometry has no dramatic changes in curvature [176, 3].

Surface free energy

The imposition of a molecular alignement at the surface influences the behavior of the
medium so the director takes a compatible orientation that minimizes the free energy, as
illustrated in fiugre 2.6. For the homeotropic (perpendicular) anchoring, the second order

Rapini-Papoular potential is used [185]:

fs(Q) = %W (Q-Q°)?%, (2.21)

where W represents the anchoring strength and Q© is the preferred tensor order param-

eter at the surface. For degenerate-planar anchoring, the 4th order Fournier—Galatola
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potential is used [63],
14 W 2
f5(Q =5 (Q-Qu?+—(Q:Q-52), 222)

where Qij =Qjj + S(Si]'/S, Q. =pQp, pij = 6jj — vivj and v is the unit vector normal to

the surface.
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Figure 2.6: Schematic representation of different anchoring conditions for a confined
liquid crystal.

2.1.3 Topological defects

When conflicting orientations are present in a LC system, a region where the order
is destroyed and the rotational symmetry is broken. That region is called a topological
defect, or disclinations, and can also be seen as a singularity of the director field. These
defects polarize light [111] and represent regions with higher free energy that is attractive
to colloids [202, 156, 183]. It is precisely the ability of LCs to form defects by design, that
makes them attractive for technological applications.

Every system that is confined exhibits a competition between the surface orientation
and the bulk uniformity, and depending on the anchoring strength it is possible to in-
duce phase transitions [85]. With sufficiently strong anchoring, well defined defects can
be differentiated. For achiral LCs, when the anchoring is homeotropic the radial phase is

recognized by one defect centered in the bulk where the director field diverges, whether
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with the tangential anchoring the bipolar phase is observed with two diametrically op-
posed boojum defects located on the surface. As the anchoring strength decreases, the
phases are degenerated and more weakly defined phases are observed, as the twisted ra-
dial and the escaped radial (pre-radial) phases. The axial and uniaxial configurations are
observed when the anchoring is weak and thus the imposed orientation is easily modified

by the elastic forces. These phases are illustrated in figure 2.7.

OB OO

Twisted
Escaped Uniaxial Axial wiste

Radial cadial bipolar

Bipolar

Figure 2.7: Director field configurations for different phases induced by the anchoring
conditions in a droplet of nematic liquid crystals.

As chirality is introduced, two regimes define the type of defects. For low chirality,
the material is cholesteric and the director field rotates continuously. There are regions
with topological charge but not with an abrupt change of the scalar order parameter S.

Some of these anormalities are shown in figure 2.8.
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Figure 2.8: Schematic representation of three different cholesteric defects. Adapted
from [215].

For materials with high chirality, the director rotates more frequently and regions with
double twists join to form defect lines in the bulk, or disclinations. These arrays of defects

follow a cubic symmetry of the O type, seen in the body centered cubic structure and
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called Blue Phase I (BPI), and the O2 type is called Blue Phase II (BPII) seen in the simple

cubic structure.

2.2 Free energy minimization

2.21 Ginzburg-Landau relaxation

Inspired by time-dependent relaxations, the most popular method in the literature
is the Ginzburg-Landau isothermal (iso-entropic) relaxation. A detailed description of
a Finite Difference discretization of this type of relaxation is presented by Ravnik and

Zumer [201]. The evolution equation for the Q tensor follows,

Q 1 (6F)ST

where y is a rotational viscosity (or diffusion) coefficient and (-)>7 is a projector operator

that ensures the symmetric and traceless character of the operand, in this case the Volterra

derivatives from equation (??). This set of equations can be rewritten explicitly as,

%—?=V2Q+f’(Q,VQ), x€Q
°Q

ox

(2.24)
v=f’ (Q), x € 09,

where f’ contains the Volterra derivatives that have nonlinear terms such as the Landau—
de Gennes contribution and all elastic contributions except that from the L; mode. For
the boundaries, the term f” contains the Volterra derivatives for the surface potentials
and the surface projections of the elastic deformations.

This method, albeit more robust than a pure numerical minimization, often relaxes
the system into a local minimum and is unable to escape it in search of a more stable

configuration. It is befitting of systems that are far away from any transition between
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mesophases. Near a transition, the system will have at least two minima of comparable
free energy separated by a significant barrier. Once the method relaxes into one of the
minima, there is no driving force that enables the rearranging of Q in a significant way
such that the system overcomes the barrier. In this way, the use of this method becomes
cumbersome when exploring mesophases and structural transitions since there is no cer-
tainty of whether the configuration represents the most stable state. Common practice
resorts to implementing ansatz and comparisons of final free energies in order to deter-

mine the most stable structure.

2.2.2 Theoretically-informed Monte Carlo relaxation

An alternative to classical methods is inspired by implementations in the field of poly-
mer science, where a coarse grained model informs a sequence of Monte Carlo moves. In
this case, as presented in [9, 7], the continuum free energy functional defined in section
?? is calculated for each trial move and the Metropolis criteria is implemented to accept
or reject the new configuration. A similar approach was used recently by Parrinello et
al.[92]. The pioneers on stochastic sampling of orientational fields showed the first im-
plementations using the director formulation for a 2D lattice system including multiple
elastic constants and interaction with a spherical particle [77, 206].

As a first consideration, the relaxation of the Q field is constrained by the bounds set
for its eigenvalues, thus restricting its eigenvectors. In order to ensure a uniform sampling
over the 5 independent components of Q, we map the order tensor to an orthonormal

tensor basis previously introduced by Hess et al.[98],

5
Q=) a(xT, (2.25)
v=1
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where the five scalar components a,, are projections. The basis are defined by,

T' = 3/2[zz]°T, T?>=V2[xy]°T, T3=v2[xz]°7T,
T = V12(x—yy), T°=V2[yz]*".

(2.26)

Here, [A]°T is the symmetric-traceless projection operator, x, y, and z are the canonical
R3 basis, and 0jj is the Kronecker delta. In this way, the sampling will be done on the
5 coefficients of the new basis which are free to take any real value and at the end of the

MC run we can map any result back to Q-space by using the following rules,

ap | a4 ap 3
Q11=——6+— Qp=—7—, Qui=—/

V6 V2 V2 V2 (2.27)

ayp  ag as
Qpn=-—7-—F, Qu=—.

6 V2 v

Once we transfrom to a-space, the sampling is done by randomly selecting a point in

the domain x;, and then attempting to randomly displace a (x) according to,

Ay,new (X) = ay 014 (X) + Sy (C-0.5), (2.28)

where p is an integer random number from 1 to 5 that selects which component we dis-
place, C € [0,1] is a random number uniformly distributed, and o u is the maximum al-
lowed displacement. The sequence of trial moves that are accepted form a Markov chain

of configurations, each transition is accepted with probability,
Pacc (0 — n) = min [1,exp (-BAF)], (2.29)

where 71 = kpT with kg is the Boltzmann constant and T is an artificial temperature that
is not related to the real temperature of the system; AF = F(Qy) — F (Q,) is the change

in the free energy due to an alteration in the old configuration. Numerical integration is
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implemented to calculate the free energy before and after each trial move. In order to min-
imize the free energy, an annealing scheme is set in place where T is reduced periodically
and controls 6.

Although unconventional, this method has shown great potential for identifying a
great variety of mesophases under distinct conditions, and more importantly it often finds
the configuration with the lowest free energy. Given the fact that it does not make use of
the Volterra derivatives, additional terms of the free energy functional are easier to imple-
ment than with the Ginzburg-Landau relaxation method in section 2.2.1. This has been of
particular use in two cases: implementation of other elastic deformation modes, and the
complete formulation of planar degenerate anchoring. The downside to this method is
related to the artificial temperature for the annealing that seems to be system-dependent,
and the computational efficiency due to large memory requirements for systems of larger

size than 2um.

2.3 Numerical methods
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Figure 2.9: Graphical representation of the basis functions used for integration in the (a)
Finite Differences Method and (b) Finite Elements Method.

2.3.1 Finite difference discretization

The finite difference method is a numerical technique commonly used to solve partial

differential equations (PDEs) by approximating derivatives with discrete differences. It
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involves dividing the spatial and temporal domains into a grid of points and expressing
the derivatives at each point in terms of the function values at neighboring grid points.
By discretizing the domain, the continuous PDE problem is transformed into a system
of algebraic equations that can be solved using standard linear algebra techniques. The
accuracy of the solution depends on the size of the grid and the order of the finite dif-
terence approximation. The finite difference method is widely applicable and has been
successfully used to solve a variety of PDEs in various fields of science and engineering.

When applying the finite difference method to solve PDEs, the choice of appropriate
boundary conditions and initial conditions is crucial. Boundary conditions specify the
values or behavior of the solution at the boundaries of the domain, while initial condi-
tions determine the solution at the initial time or starting point. These conditions are
incorporated into the finite difference equations, allowing for an accurate approximation
of the solution throughout the domain and over the desired time interval. The choice of
boundary and initial conditions should reflect the physical problem being modeled and
ensure a well-posed mathematical formulation.

In the study of liquid crystals, an anisotropic phase of matter with properties between
those of liquids and solids, the choice of basis functions for the finite difference method
is important to accurately capture the behavior of the material. Liquid crystals exhibit
orientational order and exhibit complex director field patterns. Basis functions that can
adequately represent these patterns are needed for an effective simulation. One common
choice is to use tensor spherical harmonics as the basis functions, which allow for the de-
scription of the orientational order in terms of spherical harmonics while also capturing
the anisotropic nature of the liquid crystal. These basis functions provide a convenient
representation of the director field and enable the accurate computation of material prop-
erties and dynamics in liquid crystal systems. However, the choice of basis functions may

vary depending on the specific characteristics and symmetries of the system under study.
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2.3.2 Gaussian quadrature with Finite Element discretization

The Finite Element Method (FEM) is a numerical technique widely used to solve par-
tial differential equations (PDEs) by dividing the domain into smaller, simpler regions
called finite elements. Each finite element represents a small portion of the domain and
is defined by a set of nodes and shape functions. The basic idea of FEM is to approximate
the solution to the PDE by expressing it as a linear combination of these shape functions
within each element. The governing equations are then transformed into a set of algebraic
equations by applying the principle of weighted residuals, such as the Galerkin approach.
The Galerkin method involves multiplying the PDE by a weight function and integrating
over the domain, resulting in a set of equations that can be solved using linear algebra
techniques. The FEM provides a flexible framework for solving complex PDE problems
in various fields, including structural analysis, fluid dynamics, and electromagnetics.

The Galerkin approach is a key concept within the Finite Element Method, where
a suitable weight function is chosen to form a weighted residual. The weight function
satisfies certain properties, such as being continuous and differentiable, and is typically
selected to have similar properties as the shape functions used to approximate the solu-
tion. By multiplying the PDE by the weight function and integrating over the domain,
the resulting weighted residual is minimized to obtain a system of equations that approx-
imate the original PDE. This approach ensures that the solution satisfies the PDE in a
weak sense, meaning it holds in an integrated or averaged sense over each finite element.
The Galerkin approach is a fundamental principle in FEM and provides a systematic way
to construct the algebraic equations that approximate the PDE solution.

Gaussian quadrature is a numerical integration technique commonly used in the Fi-
nite Element Method to efficiently compute the integrals arising from the Galerkin ap-
proach. When solving PDEs using FEM, various integrals over the domain and element

boundaries need to be evaluated. Gaussian quadrature approximates these integrals by
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choosing a set of points and weights that accurately capture the integrand’s behavior. The
key idea is to approximate the integral as a weighted sum of function evaluations at these
specific points, where the weights are chosen to minimize the error. Gaussian quadrature
is particularly useful as it provides accurate results using a minimal number of evaluation
points, making it computationally efficient. The number of quadrature points used de-
pends on the order of accuracy desired, with higher-order quadrature formulas providing
more accurate results. Gaussian quadrature is widely employed in FEM to efficiently han-
dle the integration requirements and enable the solution of complex PDEs in a practical
manner.

The integration is done using Gauss-Legendre quadrature over linear and quadratic

tetrahedral elements, of the form:

N
I = / / /Tf(x, y,z)dxdydz ~ ; cmfXm, Ym,zZm), (2.30)

where T is the tetrahedral element, x, y, z are the coordinates, N is the number of Gauss
points or pivotal points, f is the function to be integrated, and c;, are the weights on each
point. For the integration we isoparametrize the elements for easier and faster calculation.

The Finite Element-based meshing allows us to capture the nuance of the geometries
to perfection and is done using third—party software provided by Argonne National Lab-

oratory [121, 109].
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Chapter 3
Cuboidal liquid crystal phases under

multiaxial geometrical frustration

3.1 Introduction

Blue phases arise spontaneously in chiral liquid crystals. they consist of networks of
defect lines that organize themselves into space filling lattices with cubic symmetry. [52]
Technological applications include low—energy consumption displays, [104] optical sen-
sors, [21, 134, 207] and photonic crystals. [59, 30, 135, 156] Blue phases (BPs) have attracted
attention for their fast response to external stimuli, [84, 242] but their narrow range of
thermal stability poses challenges to their use. Past efforts to stabilize BPs have focused
on addition of dopants to nematic phases, [33, 202, 49, 66, 82, 198, 265, 218] and little work
has been devoted to the study of geometrical confinement as a means to manipulate their
structure.

Geometrical frustration can be used to generate new families of defect configura-
tions. More specifically, one can engineer the balance between the surface and elas-
tic contributions to the free energy, [100] and favor anchoring driven transitions over
bulk morphologies. For instance, cholesteric liquid crystals (ChLCs) confined in chan-
nels form structures similar to skyrmions, [67, 68, 149, 2] and the orientation of the
cholesteric can be changed through surface functionalization. [146, 126? | Under spher-
ical confinement, BPs reproduce their lattice order and may be manipulated to take ad-

vantage of the intrinsic topology of the chiral nematics to form knots or to braid nanopar-
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ticles. [11, 267, 215, 102, 216, 146, 183, 178]

A phase diagram for micron-sized droplets of chiral LCs has been reported previously
by Martinez-Gonzalez et al. [146]. In that work, the stability of each region was deter-
mined by minimizing the total free energy using a Ginzburg-Landau relaxation from
initial ansatze configurations. A wide variety of configurations was reported, includ-
ing twisted cylinders (TC), radial spherical structures (RSS), and blue phases one (BPI)
and two (BPII). Some regions of the phase diagram correspond to the phases formed in
bulk [53, 241], and others do not.

Particle-based molecular simulations have shown that a freely suspended LC droplet
adopts a prolate geometry due to the elongated shape of the molecules [252]. The for-
mation of non-spherical droplets has also been reported in lyotropic liquid crystals [101,
246, 106, 191]. The anisotropy of these shapes induces chiral morphologies with a certain
range of stability. For instance, mechanical deformation of a BPI has been used to tune
optical response through an applied strain [35, 32], providing options for the fabrication
of low—voltage electro—optical devices. More recently, cellulose nanocrystal suspensions
have been shown to form chiral nematic tactoids, which offer the possibility to reach
greater lengths and higher aspect ratios, and can aid in separation processes for nanopar-
ticles [258, 259]. Building on these past studies, the central questions that we address
here are whether it is possible to stabilize BPs by means of an external asymmetric phys-
ical constraint, as opposed to a chemical alteration, and whether the resulting phases
undergo significant changes that may alter their optical properties.

A model chiral LC is confined into spheroids of different aspect ratios. We consider
oblate, spherical, and prolate geometries. The reference geometry is a sphere with a ra-
dius of 500 nm; its axes are stretched to obtain isochoric geometries with different aspect
ratios ¢ = c/a, where ¢ and a are the lengths of the semi-principal axes aligned with the

z and x Cartesian axes, respectively. An oblate is described by ¢ < 1, while a prolate is
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Figure 3.1: Schematic of the types of tactoids. (a) Oblate, ¢ < 1. The insert shows an
schematic of the behavior of a chiral nematic, where py is the cholesteric pitch and n is
the mean molecular orientation or director vector. (b) Sphere, ¢ = 1. The insert shows
the planar alignment of the molecules at the surface. (c) Prolate, ¢ > 1. The aspect ratio
¢ is defined by the lengths c and a which are aligned with the Cartesian directions z and
y. The cartoons next to each spheroid will be used throughout this paper to represent the
geometry.

described by ¢ > 1. Accordingly, a sphere corresponds to ¢ = 1. Figure 3.1 shows the
three type of spheroids and the orientation of the axes. The surface imposes a degenerate
planar orientation on the LC material, and the pitch pg is defined in terms of N, which
denotes the number of —turns along the major axis. Note that for all geometries the cross

section parallel to the xy-plane is a circle of radius R.

3.2 Results

The chiral liquid crystal’s nematic coherence length is &n = L1/A = 10 nm; the
elastic constant is k17 = 16 pN. The surfaces impose degenerate planar anchoring; we
consider high (W = 1 X 1073] /m?), intermediate (W = 1x 107%]/m?), and low (W = 1 x
107°]/m?) anchoring strengths. The chirality is controlled through the dimensionless pa-
rameter N = 4R /pg, indicating the number of —turns the director makes along a distance
R. In order to build consistent phase diagrams for all geometries, we calculate the pitch
necessary to keep N constant as ¢ varies. The phase diagrams are built in terms of the

inverse reduced temperature t = 9 (3 — U) /U and the chirality parameter N.

30



3.2.1 Free energy analysis

We begin by examining different contributions to the free energy functional as the
aspect ratio is changed. We restrict this analysis to the strong anchoring conditions, W =
1x1073]/m?2, and U = 2.9. Moderate and weak anchoring as well as lower temperatures
follow similar trends. The consequences of changing W, U and N are reflected the phase
diagrams, which are discussed in the following sections.

Figure 3.2 shows the total free energy as a function of the aspect ratio for different
values of N. At first sight it appears that the free energy decreases monotonically as the
aspect ratio increases; note, however, that as ¢ increases the chirality also increases. Recall
that the chiral contribution to the free energy is negative, implying that the formation of
defects stabilizes the system as L5 increases. The behavior of the total free energy in
Fig. 3.2 helps explain the effects of N: for N < 2 the dependence of the free energy on ¢
is less than when N > 3, and N = 3 serves to delineate different morphologies, where the
strong decrease of the total free energy is accompanied by a change of the nature of the

underlying defect structure.

=}

Figure 3.2: Total free energy as a function of the aspect ratio, ¢ and different chiral systems
distinguished by N. The free energy is calculated for strong anchoring conditions with
W =1x1073]/m? and U = 2.9. The cartoons in the top of the figure indicate the type of
spheroid.

Figures 3.3 and 3.4 show the different contributions to the free energy density as a
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function of ¢ for different values of N. According to Fig. 3.3, the Landau and surface free
energy densities follow the same trend when the chirality and ¢ are modified. The mono-
tonic behavior of these contributions as the chirality increases (purple arrow in Fig. 3.3)
is a consequence of the formation of defects. Note that for all cases with N < 2, where
the pitch values vary between 850 nm and 6 um, these contributions are almost con-
stant. Therefore, the system exhibits a nematic-like morphology, free of inner defects,
or a cholesteric configuration, identified by the continuous twist of the director field; i.e.
the distribution of the scalar order parameter in the bulk is uniform. For highly chiral
systems, N > 3, the defect density increases dramatically and the local nematic order
changes abruptly. The effect of ¢ (blue arrow in Fig. 3.3) translates into an increase in
the tactoid axes along the z-direction, resulting in more space for nematic defects and in-
creasing the Landau energy. The surface free energy penalties when N < 2 come from
the surface boojums. For shorter pitches, the network of disclination lines is distributed
throughout the bulk and touches the surface, forming a texture or patterns composed of
various A2 and A*! rotations of the director field, which are related to half skyrmions.
The number of regions where there are surface penalties is therefore greater. The inset
in Fig. 3.3 shows the surface area as a function of ¢. Note that the surface area is min-
imized when ¢ = 1, and even though the oblate has the maximum surface area, it also
exhibits larger patterns when compared to the prolate, contributing in a lesser manner to
the energy penalties at the surface.

The total elastic free energy and the gradients of the chiral term are shown in Fig. 3.4.
The decreasing character of this contribution is caused by the dominance of the chiral
term, quantified by the elastic constant L5. The elastic constant Ls is proportional to the
inverse pitch gp, so smaller values of the pitch contribute to a decrease in the free en-
ergy by generating elastic deformations. The chiral term is therefore more dominant in

prolates than oblates. Similar to the Landau and surface contributions, for high vales
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of N the distortions are stronger, resulting in higher contributions to the total free en-
ergy. In Fig. 3.4(Bottom) we show the contribution of the chiral elastic term normalized
by the value of L5, i.e. the effect of the pitch is removed. As ¢ increases these elastic
gradients reach a plateau. Therefore, after removing the changing value of pg, there is a
specific aspect ratio, according to the value of N, where the contribution of the elastic free
energy density does not change considerably. This behavior is an indication that freely
suspended chiral droplets would not increase their aspect ratio indefinitely, and instead
the final shape will be determined by the balance between elasticity and confinement, and

additional contributions from the surface tension.
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Figure 3.3: (a) Landau and (b) surface free energy contributions as a function of the aspect
ratio, @, for different chiralities, N, under strong anchoring conditions, W = 1 X 1073 I/ mz,
and U = 2.9. The cartoons on the top indicate the type of confining geometry. The arrows
in (a) serve as guide for increasing aspect ratio (blue) and increasing qg (purple). The
insert in (b) shows the surface area for the tactoids.
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Figure 3.4: (a) Elastic free energy and (b) chiral gradients as a function of the aspect ratio,
¢, for different chiral system distinguished by N under strong anchoring W = 1x1073] /m?
and U =2.9.

3.2.2 Phase diagrams

Three sets of diagrams are presented for ¢ = 1 (droplet), ¢ > 1 (prolate) and ¢ < 1
(oblate). The diagrams include strong anchoring conditions with W =1 X 1073] /m? and
moderate with W = 1x107#] /m?. The morphologies for weaker anchoring strengths W <
1x107#] /m? are similar to those for moderate conditions. As the geometry and anchoring
are modified, some phases persist and others rearrange, leading to an expanded family of
possible configurations. Figure 3.5 shows the phase diagram for a chiral LC in a spherical
droplet as a function of 7 and N. Strong anchoring conditions are used for Figure 3.5A,
while moderate anchoring conditions are used for Fig. 3.5B. On the right of the diagrams
we depict the characteristic morphologies corresponding to each region.

One can observe two families of phases: one dictated by the surface ordering and the
other governed by the bulk elasticity. When the surface dominates, Bipolar (B), Twisted

Bipolar (TwBs), and Radial Spherical Structures (RSS) are observed. On the other hand,
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blue phases (BPI and BPII) are observed when the bulk dominates over the surface,
thereby forming defect structures within the droplet. Surface anchoring and N serve
as the control variables for the interplay between surface and bulk free energy contri-
butions. Phase diagrams for blue phase droplets with strong anchoring conditions have
been reported by Martinez-Gonzdlez et al. [131]. The morphologies presented there coin-
cide with our results in figure 3.5A. Additionally, they introduce the idea of controlling
and expanding the stability of the blue phase through spherical confinement and corrob-
orated with experimental information. As we will show, this phenomena is not exclusive
to droplets and in turn deforming the droplet results in interesting new features in the
family of chiral tactoids.

For strong anchoring conditions, in the absence of chirality, the bipolar phase is ob-
served with its two characteristic surface boojums. With increasing chirality, the boojums
remain in the opposite poles as the director field twists inside the droplet following a
helical pathway: this phase is the TwBs. As chirality increases at low temperature, the
boojums approach each other in order to satisfy the high induced twist of the director
tield. They are not located in opposite poles and eventually merge to form one single
surface defect, which ties a knot defect similar to the Frank-Prize structure. This phase is
the RSS.

For high chirality and temperature (7 > 0), the LC morphologies are characterized by
a network of disclination lines. These are the BPs. For non-confined systems, the defect
networks form cubic lattices ( BPII with a O symmetry and BPI with Og symmetry). For
confined systems, the periodicity of the BP structures is interrupted, and the defect lines
bend and deform to conform with the geometry. We identify the BPII when the defect
lines merge in the center of the cell (blue highlights in the red morphologies in Fig. 3.5).
On the other hand, the BPI defect network is such that they don’t interact with each other

(green defect lines in Fig. 3.5). For the rest of the manuscript, BPII is shown in red and
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blue colors, while the BPI is colored in green. Although the BP defects are highly bent,
the surface structure forms a regular hexagonal pattern with penta-hepta defects com-

/2 and A*1 disclinations. These surface structures are typical of

posed of an array of A~
cholesteric phases where there is no abrupt change in the molecular orientations. The pat-
tern is better defined for a narrow interval of temperatures that coincide with the stability
region of the BPII. At lower temperatures, more regions obey the planar anchoring con-
ditions, thereby narrowing the surface pattern and presenting more red regions, where
molecules satisfy the planar anchoring conditions.

For moderate and weak anchoring conditions (Fig. 3.5B), the surface-dominated mor-
phologies are only found in the low chirality regime. For non-chiral systems, the bipolar
phase transforms into a Uniaxial (U) phase, where the two surface boojums no longer ex-
ist. Atlow chirality, the director field twists and forms a Twisted Cylinder (TC) structure.
The TC morphology can be interpreted as a stack of layers, each with a A*! disclination,
which is discussed in more detail later on. For intermediate chirality (N = 2, 3), the re-
sulting phases are precursors of fully developed BPs. At low temperatures, we find a
1—Cholesteric phase (7-Ch) that exhibits a single 7742 defect across the bulk and a trefoil
pattern on the surface. On the other hand, at higher temperatures, defects across the bulk
become unstable, leading to formation of two u-shaped defects in what we call a pre-BPI
morphology. The location and orientation of these line defects are similar to a defective
joint on a BPIL; however, the pitch values and temperature range of this morphology are
more fitting of a BPI. At high chirality we encounter BPs. While the stability region for
the BPII is not altered, once the anchoring is decreased, the BPI is now stable for a wider
interval of temperatures and chiralities. The regular periodic structure in the bulk is only
found at temperatures near the isotropic transition. The defect lines at low temperatures
show a propensity to form tangles and knotts, thus creating highly deformed lattice cells.

The prolate is formed by “pulling” two opposite poles of the droplet. The surface
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Figure 3.5: Phase diagrams with the corresponding stable morphologies for a chiral
LC droplet under (A) strong surface anchoring W = 1 X 1073]/m? and (B) moderate
anchoring W = 1 x 1074]/m? conditions. On the left we present the phase diagrams in
terms of T = 9(3 - U)/U and N, and representative configurations are shown on the right.
Bipolar, Twisted Bipolar (TwBs), Radial Spherical Structure (RSS), Blue Phase II (BPII), and
Blue Phase I (BPI) are shown for strong anchoring and Uniaxial, Twisted Cylinder (TC),
7—-Cholesteric (7-Ch), Blue Phase II (BPII) and Blue Phase I (BPI) for moderate anchoring.
Iso-surfaces of the scalar order parameter are shown in red, blue and green. Streamlines
of the director field are represented by the gray lines. The surface colormaps indicate the

orientation of the LC molecules with respect to the surface: red for parallel and blue for
perpendicular alignment.
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area and curvature are changed and the boundaries within the droplet phase diagram
move according to the value of ¢. The prolate phase diagrams are shown in Fig. 3.6 for
1.1 < ¢ < 1.5. As a general trend, the morphologies are similar to those from Fig. 3.5.

For strong anchoring conditions, Fig. 3.6A, the BPI phase is stabilized and the regions
for the TwBS and the RSS phases shrink as ¢ increases. For the TwBs, the boojums are now
located at the ends of the major axis of the spheroid and the director twists in the same
helical pathway from the spherical case. The attraction of the boojums in the RSS mor-
phology occurs in the region with higher curvature. Consequently, the surface-induced
morphologies are stable at lower temperatures. For instance, we show how the RSS mor-
phology that is observed for ¢ = 1 turns into a well defined BPI for ¢ = 1.1 under the
same conditions of 7 and N.

The destabilization of the droplet morphologies is more evident as the anchoring is
weakened, Fig. 3.6B. For low chirality, the bipolar phase becomes a uniform phase that
is oriented along the major axis, while the TwBs becomes a TC. The RSS structure is not
observed and the 7-Ch phase appears, where the trefoil pattern covers the surface with
parallel orientation domains that avoid the high-curvature regions. This phase is desta-
bilized as ¢ increases, and is replaced by a BPL

An interesting effect is observed in the region where the BPII is usually found. As
the droplet is stretched, a combination of the two BP defect structures is generated. The
tetrahedral structure of the BPII defects is kept and stretched, and long disclination lines,
characteristic of a BPI, cross the lattice along the newly opened spaces. The BP hexagonal
pattern on the surface is not altered. We call these phases hybridized BP (hBP). They are
shown using red, blue, and green colors for the defect morphologies in the figure.

An oblate is formed by pressing down on two opposite points of the droplet. The
oblate phase diagrams are shown in Fig. 3.7 for 0.5 < ¢ < 0.9. Under strong anchoring

conditions, Fig. 3.7A, the only destabilization occurs in the transition from TwBs to RSS,
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Figure 3.6: Phase diagrams with the corresponding stable morphologies for a chiral LC
prolate under (A) strong surface anchoring W = 1x 1073] /m? and (B) moderate anchoring
W = 1x1074]/m? conditions. On the left we present the phase diagrams in terms of 7 vs.
N, while representative configurations are shown on the right. Shaded regions correspond
to changes in the phase diagram with respect to ¢ = 1. Bipolar, Twisted Bipolar (TwBs),
Radial Spherical Structure (RSS), Blue Phase II (BPII), and Blue Phase I (BPI) are shown
for strong anchoring and Uniaxial, Twisted Cylinder (TC), 7—Cholesteric (7-Ch), Blue
Phase II (BPII) and Blue Phase I (BPI) for moderate (low) anchoring. Iso-surfaces of the
scalar order parameter are shown in red, blue and green. Streamlines of the director
tield are represented by the gray lines. The surface colormaps indicate the orientation of

the LC molecules with respect to the surface: red for parallel and blue for perpendicular
alignment.
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Figure 3.7: Phase diagrams that summarize stable morphologies for a chiral LC oblate
under (A) strong surface anchoring W = 1 X 1073]/m? and (B) moderate anchoring
W = 1x1074] /m? conditions. On the left we present the phase diagrams 7 vs. N, while on
the right representative configurations are highlighted for completeness. Shaded regions
correspond to changes in the phase diagram with respect to ¢ = 1. Bipolar, Twisted
Bipolar (TwBs), Radial Spherical Structure (RSS), Blue Phase II (BPII), and Blue Phase I
(BPI) are shown for strong anchoring and Uniaxial, Twisted Cylinder (TC), 7—Cholesteric
(t-Ch), Blue Phase II (BPII) and Blue Phase I (BPI) for moderate (low) anchoring. Iso-
surfaces of the scalar order parameter are shown in red, blue and green. Streamlines of
the director field are represented by the gray lines. The surface colormaps indicate the

orientation of the LC molecules with respect to the surface: red for parallel and blue for
perpendicular alignment.
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Figure 3.8: Progression of blue phases as ¢ increases for high temperature and moderate
anchoring conditions. Derived blue phases (dBP) are observed for oblates with ¢ < 0.5.
Defect lines join and form BPII structures as the geometry resembles a droplet. For ¢ > 1
the hybridization of BPs occur. The defect structure is colored in red, tetrahedral joints are
highlighted in blue and defect lines typical of BPI are colored in green. Surface patterns
are colored according to the director orientation with respect to the imposed boundary
conditions, red signifies parallel and blue is perpendicular alignment. For clarity we only
show a section of the bulk defect structure.
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when @ is lowered. The bipolar and TwBS phases show the two surface boojums aligned
with the minor axis of the geometry when ¢ < 0.7. If the sphericity is not strongly altered,
the boojums are displaced from the z-axis towards the region with higher curvature and
are not necessarily antipodal. This predisposes the TwBS to form the RSS. The BPs are
stable in the same temperature and chirality intervals than in the spherical droplet.

For moderate and weak anchoring conditions, Fig. 3.7B, the 7-Ch phase is stabilized
as a precursor of the BPI. The stable region for the BPII moves to higher chirality as ¢
decreases. The original BP morphologies are deformed to create defect structures without
an identifiable symmetry; we call these new phases derived BP (dBP). The disclination
lines cross through the oblate and touch the surface. They form hexagonal patterns of A

disclinations similar to the half-skyrmion structures observed in nanochannels.

3.2.3 Additional discussion on chiral tactoids

The are three particular phenomena that merit additional discussion: (i) the progres-
sion of BP morphologies as ¢ is modified from 0.3 to 1.5, (ii) the specifics of the Twisted
cylinder structure, and (iii) the multiple orientations of the cholesteric phases.

As can be seen in the phase diagrams, Figs. 3.5-3.7, the regions of stability are affected
by the confining geometry. However, simulations show that cholesteric morphologies
are not modified drastically by geometrical frustration. At the other end of the chirality
spectrum, we find an intriguing behavior at high temperatures. We consider tactoids
under moderate and low anchoring with N = 4,5 and 7 € [0.5,1]. In Figure 3.8, we
delineate how the BP changes from the dBP to the hBP as ¢ is increased from 0.3 to 1.5.
For oblates (¢ < 1), the formation of a BP is hindered by the narrow space along the
z-direction. This causes an interruption in the symmetry and periodicity of the defect
network, which makes it impossible to distinguish between BPII and BPI. The defects are

tubes that touch the surface of the oblate and, together, they form structures similar to
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those found in nanochannels, namely 2D skyrmions shown in [68]. As the oblate loses its
eccentricity (¢ — 0.7), the defects join and form a precursor for BPII which later develops
in a spherical geometry (droplet, ¢ = 1).

As the droplet is stretched (¢ > 1), we observe a hybridization of the blue phases. The
defect structure exhibits tetrahedral junctures typical of BPII (in blue) and long discon-
nected defect lines characteristic of BPI (in green). As the geometry starts resembling a
spindle, more BPI-like disclination lines appear, thus obtaining a heavily populated bulk.
When defects reach the boundary of the prolate, they imprint the hexagonal pattern of
surface defects characteristic of confined BPs. In practice, the heavily populated bulk im-
plies a change in the lattice parameter, which affects the color of the sample that ensues
from Bragg’s law. Simulations for prolate systems that start from the ansatz for BPI and
BPII show higher energies than the Hybrid Blue Phase identified here in MC simulations.
However, it has only been possible to observe this new morphology by starting from an

initial random orientation. This suggests that hBPs are stable but rare.

V=15

Figure 3.9: Twisted cylinder structure in (a) a droplet (¢ = 1) and (c) a prolate (¢) with
N=1land W =1x107* T/ m?. Three concentric cylindrical shells indicating different
orientations of the director field. (b) Cross section view of the director field at z = 0. The
color map indicates the molecular orientation relative to the z-axis: blue is parallel and
red is perpendicular.

Although cholesteric morphologies do not undergo severe transformations, we would
like to expand on the nature of the Twisted cylinder structure. The TC is stable in all
geometries for low chiralities and under moderate to weak surface anchoring. This phase
is a derivative of the TwBs when the director field is virtually unbounded. Notice that for

both phases, TwBs and TC, the director follows a helical trajectory. However, the crucial
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difference lies in the presence of boojums. From these features, the TC is better described
as consisting of concentric cylindrical shells with unique orientations of the director with
respect to the major axis of the geometry. The TC is shown in Fig. 3.9 for a droplet and
a prolate, illustrating how the cylindrical shells are stretched along the z-direction as ¢
increases. A cross-sectional view of the morphology shows how the outer shell follows
the surface alignment, while the director twists gradually until it is parallel to the z-axis
at the core of the geometry.

For systems with ¢ # 1, the cholesteric axis may adopt a tilt without a particular pre-
ferred angle. We discovered this behavior by realizing that out of multiple simulations,
all started from random isotropic phases, the final cholesteric morphology was oriented
in different angles with respect to the major axis.

To expand and explain this behavior, we studied systems with two chiralities N =
0.5,1 and four different aspect ratios, ¢ = 0.5, 1.1, 1.3, 1.5. We used two different initial
configurations: uniaxial and TC, both oriented at an angle 0 with respect to the z-axis.
Figure 3.10 shows the total free energy as a function of 0 for a prolate with ¢ = 1.5 for
N = 0.5 and 1. This free energy plot is representative of the other geometries. Note
that the total free energy is practically independent of the orientation of the cholesteric.
Figure 3.10 also includes the cholesteric morphologies, and shows surface orientation
contours and the director field inside the prolate. The only energetic resistance to reori-
entation of the cholesteric along a particular direction is the surface free energy; however,
the penalties from 6 = 0 to 7t/2 are of order 200 kgT, which can be neglected given the
magnitude of the elastic free energy. Although there is no difference from the energetic
point of view, there is a distortion of the TC as the cholesteric aligns with the minor axis
of the geometry. This is evidenced by the torsion of the region parallel to the surface (red
color) of the prolate as 6 approaches 7/2, similar to a lemniscate. These patterns of the

surface contours are typical of a cholesteric phase as reported in [9]. On the other hand,
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for 0 = 0, the parallel regions form a perfect ring along the equator of the geometry.
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Figure 3.10: Rotated TC in a prolate. (a) Total free energy versus inclination of the
cholesteric rotation axis for N = 0.5 and N = 1 on a prolate (¢ = 1.5) with moderate
anchoring W = 1 X 10~4J/m?. (b) Final configurations of tilted cholesterics at an angle
O respect to the z-axis. The top row shows the orientation of the molecules respect to
the surface, red indicates parallel orientation and blue is perpendicular. The bottom row
shows streamlines of the director field in the bulk of the prolate.

3.3 Conclusions

A systematic study of chiral nematics in spheroids has been carried out by resorting to
a continuum description of the free energy. Simulations were implemented by minimiz-
ing the free energy through a theoretically informed Monte Carlo relaxation and a finite
element discretization. The corresponding phase diagrams were determined in terms of
temperature and chirality for three families of spheroids under strong, moderate and low
anchoring conditions. The droplet phase diagram was consistent with those reported in
the literature. As the anchoring is weakened, some phases transform into precursors to
the BPs in the intermediate chirality regime, a feature that had not been appreciated in
the past.

Geometric frustration helps stabilize and engender new BP-like morphologies. The
main consequence on changing the geometry is the widening or narrowing of some re-

gions in the phase diagram. The high curvature on the spheroid becomes a region where

45



surface defects are most stable, and facilitates the formation of structures like the RSS.
The constriction in one dimension hinders the formation of symmetric defect networks,
and lead to structures similar to those reported for BPs confined in nanochannels. As the
spheroid takes a more spherical shape, the truncated BP transforms into a BPIIL In the
prolate shape, the bulk is highly populated by defects typical of BPI. The hybridization of
both BPs provides a new region that has a distinct optical response, and serves to stabilize

the BPs over wider ranges of temperature.
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Chapter 4
Strongly Chiral Liquid Crystals

in Nanoemulsions

Liquid crystal (LC) emulsions represent a class of confined soft matter that exhibit ex-
otic internal organizations and size-dependent properties, including responses to chemi-
cal and physical stimuli. Past studies have explored micrometer-scale LC emulsion droplets
but little is known about LC ordering within submicrometer-sized droplets. This paper
reports experiments and simulations that unmask the consequences of confinement in
nanoemulsions on strongly chiral LCs that form bulk cholesteric and blue phases (BPs).
A method based on light scattering is developed to characterize phase transitions of LCs
within the nanodroplets. For droplets with a radius to the pitch ratio (Ry/pg) as small
as 2/3, the BP-to-cholesteric transition is substantially suppressed, leading to a threefold
increase of the BP temperature interval relative to bulk behavior. Complementary sim-
ulations align with experimental findings and reveal the dominant role of chiral elastic
energy. For Ry /pg ~ 1/3, a single LC phase forms below the clearing point, with simula-
tions revealing the new configuration to contain a 7~1/2 disclination that extends across
the nanodroplet. These findings are discussed in the context of mechanisms by which
polymer networks stabilize BPs and, more broadly, for the design of nanoconfined soft
matter.

All experiments and synthesis were performed by Dr.Yu Yang and Dr. Xin Wang and

the computational studies were all developed and performed by me.
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4.1 Introduction

Nanoscale confinement can endow materials with properties that differ substantially
from those of their bulk state. [145, 103, 226] For example, the crystallization temperature
of water in nanodroplets of radius 3.2 nm is suppressed to 202 K; [145] suspensions of no-
ble metal nanoparticles possess size-dependent optical absorption spectra due to surface
plasmon resonances; [103] and the elastic moduli of polystyrene polymer films decrease
substantially below 40 nm. [226] These examples highlight how nanoscopic confinement
provides an important route for expanding the palette of materials structures and prop-
erties. Of particular relevance to the study reported in this paper, liquid crystals (LCs) are
known to be strongly influenced by confinement. [279, 26, 57] For example, confinement
of LCs can lead to changes to topological defects present in a sample, [279] alteration of
optical properties [26] and changes to the way in which LCs respond to external fields
(e.g., electric fields). [57] The majority of past studies, however, have focused on confine-
ment of LCs on the micrometer-scale with fewer studies exploring the submicrometer-
scale. [74, 90, 91, 4, 268, 245, 119, 144, 192, 80, 281, 244, 19]

The majority of past studies of LCs in submicrometer-scale confinement have involved
the use of droplets of nematic LCs. [268, 245, 119, 144, 192, 80, 281, 244, 19] These stud-
ies have reported internal LC configurations that depend on droplet size and the chem-
istry of the confining surfaces. Gupta et al. [80] observed that nematic droplets confined
within multilayered polyelectrolyte shells of poly(styrene sulfonate) and poly(allylamine
hydrochloride) changed from a bipolar configuration to a radial configuration as the di-
ameter decreased from 3um to 700 nm. An additional study by Zou et al. [281] found
that a confinement-induced bipolar-to-radial configuration transition in nematic droplets
occurred when the LC was in contact with an adsorbed layer of poly(styrenesulfonic
acid) but not poly(styrenesulfonate sodium), suggesting that the effects of confinement
are modulated by surface interactions. In contrast, Peng et al. [192] have reported that
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nematic nanodroplets confined in SiO, capsules assumed a uniform internal alignment
as the droplet diameter decreased to 200 nm, regardless of the LCs used that have ei-
ther a tangential or homeotropic anchoring with the capsules. In addition to changes
in internal structure, phase transitions from isotropic to nematic phases have been re-
ported to occur at temperatures that increase, decrease, or are invariant with nanodroplet
size. [245, 192] These conflicting observations likely arise from differences in interfacial
chemistry and/or LC elastic properties. More broadly, however, they both highlight the
opportunity that exists to tune LC properties via nanoconfinement but also pinpoint the
need for additional studies of LC nanodroplets, including investigations of the effects of
confinement on nanodroplets formed from LCs other than nematics.

Limits on the resolution of far-field optical microscopy also make studies of LC droplets
on the submicrometer-scale more challenging than larger droplets. To address this chal-
lenge, past studies have resorted to differential scanning calorimetry (DSC), [268, 119, 245]
dynamic light scattering (DLS), [245, 19] and ultrasonic studies [144] to investigate the
influence of confinement on nematic-to-isotropic phase transitions. Nevertheless, most
existing experimental methods are not effective at characterizing phase transitions be-
tween two LC phases, in particular for phases with complex supramolecular organiza-
tions. For example, DSC can be used to identify phase transitions from isotropic phases
to LC phases, but it is limited in utility when characterizing phases with similar thermal
properties such as two chiral LC phases. [5] Our preliminary efforts (discussed below)
conducted using DSC at the outset of this study were able to identify the blue phase (BP)
to isotropic phase transition in nanoemulsions (mean diameter ~ 450 nm) but not detect
the cholesteric to BP transition. Additional methods are needed to facilitate characteriza-
tion of phase transitions between chiral LCs phase in nanoconfinement.

Here we report the use of nanoemulsions to study the confinement of strongly chiral

LCs. Nanoemulsions represent a simple but attractive approach for studying the con-
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tinement of LCs on the submicrometer-scale because nanodroplets are kinetically stable
for long times. [5, 79, 237] In particular, past studies [237] have predicted that steric repul-
sion between droplets is stronger in nanoemulsions than macroemulsions, thus inhibiting
flocculation of nanoemulsions. Additionally, the high stability and large specific surface
areas of nanodroplets appear promising for applications such as sensing and drug deliv-
ery. [187] Motivated by these considerations, here we report on investigation of nanoscale
LC droplets.

The LCs used in the study reported in this paper are strongly chiral LCs that form bulk
cholesteric and BPs. [23, 184] The cholesteric phase possesses a director that twists along
the helical axis, with a 2nt twisting length called the pitch (Figure 4.1a). When chirality is
sufficiently strong, BPs appear between the cholesteric phase and the isotropic phase,
with a three-dimensional structure comprised of double twist cylinders (Figure 4.1a).
Most BPs possess a cubic lattice structure that enables Bragg reflection in the visible
spectrum. BPs have attracted attention for their potential application in photonic or
electro-optic devices. [42, 34, 87, 270] However, the disclination network that sponta-
neously forms within BPs (due to topological constraints) causes BPs to be stable over
a narrow temperature interval, a fact that has limited their utility. A number of studies
have reported strategies to enhance the thermal stability of BPs, including replacement
of the defect cores with colloids or polymers [104] and optimization of LC elastic proper-
ties. [42] It has also been reported that BPs can be supercooled into long-lived metastable
states when confined within pores of polymer networks, while the expansion of BP tem-
perature interval was not observed with heating. [173, 168]

Past theoretical and experimental studies have revealed that chiral nematic LC films
form a range of exotic structures under nanoconfinement when the film thickness is less
than the pitch. [68, 171] In contrast to ultrathin films, prior studies have not explored

nanodroplets (only micrometer-scale droplets [215, 279, 23, 146? , 210]). Inspired by the
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diversity of structures formed in nanoconfined thin films, here we report on how con-
finement in nanoscale droplets impacts the phase behavior of strongly chiral LCs. First,
we describe methods that permit the preparation of kinetically stable nanodroplets of
strongly chiral LC with identical surface chemistry and then develop a method based
on light scattering to study phase transitions between strongly chiral phases within nan-
odroplets. We sought to determine whether or not new configurations emerge in analogy
to the thin film studies reported above. [68, 171] Our approach combines both experiment
and computer simulations, with the latter used to dissect the energetics that gives rise
to the substantial effects of nanoconfinement that we discovered via experiments. We
conclude by placing our results into the context of past studies of the stabilization of BPs

within polymerized networks. [39, 83]

4.2 Results

4.2.1 Preparation of Nanoemulsions of Strongly Chiral LCs

Prior to investigating the effects of confinement on chiral LC nanodroplets, we first de-
termined the bulk phase behavior of the two LC compositions used in our study. For these
experiments, we used microdroplets and LCs with chiral dopant (5-811) concentrations of
29.9 wt% and 37.4 wt% (the pitches of the cholesteric phases formed by the LCs are pg =
330 nm and 280 nm, respectively [184]). Figure 4.1b-i shows optical micrographs of LC mi-
crodroplets with radii of about 20 ym between crossed polars in reflection mode. At 27.0
°C, the droplets prepared from both mixtures exhibit a cholesteric phase with an optical
texture that is similar to that of nematic droplets with radial configurations (Figure 4.1b,
¢, f). This arises because the apparent optic axis of the cholesteric phase with a short pitch
(po < visible wavelength) coincides with the helix axis, not the local director, such that the

optic axis appears uniformly aligned in the radial direction in the droplets [267]. When
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observed in transmission mode, however, the cholesteric phase is identified by a disclina-
tion formed along the droplet radius (Figure S1, Supporting Information), which is often
termed a radial spherical structure (RSS, the director field of the structure forms concen-
tric spherical shells with the normal in the radial direction). [215, 25] Upon heating the
droplets containing 29.9 wt% S-811 to 49.0 °C , we observed the droplets to display pink
and blue platelet domains (Figure 4.1d), a characteristic texture of BPI. Upon further heat-
ing to 52.0 °C, the droplets appeared dark, indicating a phase transition to the isotropic
phase (Figure 4.1e). Figure 4.1g shows that the cholesteric-BPI transition for droplets
containing 37.4 wt% S-811 occurred at 39.0 °C , as indicated by the appearance of green
platelet domains. The green color results from the diffraction of light from the 255 nm
lattice spacing of BPI ([110] plane). [23] Upon further heating of the microdroplets to 40.0
°C, the color of the reflected light changed from green to dark blue (Figure 4.1h), indicat-
ing a phase transition to BPII with a 150 nm lattice spacing. [23] The dark blue domains
in Figure 4.1h arise from the [100] plane of the BPII lattice. Finally, we observed the BPII-
isotropic transition at 42.5 °C (Figure 4.1i). Overall, the bulk phase behavior of LCs with
chiral dopant (5-811) concentrations of 29.9 wt% (pg = 330 nm) and 37.4 wt% (pg = 280

. 48.8+0.1°C 52.0+0.2°C . . 38.8+0.1°C
nm) are: Cholesteric BPI Isotropic, and Cholesteric —————— BPI

39.6+0.1°C 41.8+0.1°C
BPII Isotropic, respectively. These results show that a higher con-

centration of the chiral dopant lowered the clearing point of the mixture and resulted in
the appearance of BPIL

We prepared LC nanoemulsions by vortexing the mixtures described above in aque-
ous PVA and then ultrasonicating them at different power levels scale [245, 79] (see Ex-
perimental Section). Figure 4.1j and 1k show the volume-mean-radii (Ry) of nanodroplets
of the LC mixtures containing 29.9 wt% and 37.4 wt% S-811 (additional information on
the size distributions is provided in Figure S2, Supporting Information). We note that

nanoemulsions with volume-mean-radii (Ry) larger than 150 nm were prepared with
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Figure 4.1: (a) Schematic illustration of the structure of the bulk cholesteric phase and BPs.
Short rods represent the director of the LC; Cylinders represent the double twist cylinder
structures; Black lines represent the disclinations.; (b-i) Micrographs of micrometer-scale
droplets between crossed polars in reflection mode as a function of temperature for LC
droplets containing: (b-e) 29.9 wt%, (f-i) 37.4 wt% S-811. The scale bar is 20 um. (Cho:
cholesteric, Iso: isotropic). The droplets were stabilized at each temperature for 10 min;
(j-k) Volume-mean-radii (Ry) as a function of ultrasonic power for LC droplets containing
() 29.9 wt%, (k) 37.4 wt% S-811 in aqueous phase of (solid points) PVA (MW 31000 g
mol~!, 86.7-88.7% hydrolysis) or (open symbol) PVA (MW 9000~10000 g mol~!, 80 %
hydrolysis). Error bars represent standard deviations of the volume mean radii and n > 3
for each point.
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aqueous PVA (MW 31000 g mol~1, 86.7-88.7% hydrolysis), while nanoemulsions with Ry
smaller than 150 nm were prepared using aqueous PVA (MW 9000~10000 g mol =1, 80%
hydrolysis). Inspection of Figure 4.1j and 1k reveals that, independent of the composition
of the LC, the values of Ry decreased from 528+39 nm to 204+12 nm with increasing the
ultrasonic power, and further decreased to 108+5 nm when using aqueous PVA with the
lower molecular weight and smaller hydrolysis degree. The latter result is consistent with
prior observations that the interfacial tensions of aqueous-oil interfaces decorated with
PVA decrease with PVA molecular weight and hydrolysis degree. [27, 38] We note that
the smallest radii of the droplets obtained are smaller than half the pitch of the cholesteric
LC (pg/2= 140 nm for 37.4 wt% S-811 and 165 nm for 29.9 wt% S-811). The polydispersity
indices (PDI) of the nanoemulsions ranged from 0.35+0.06 to 0.15+0.01 with the general
trend that the PDI decreased with a decrease in Ry. We found that the LC nanoemulsions
were kinetically stable for more than 10 days (Figure S3, Supporting Information). We
also demonstrated that aqueous PVA with different molecular weights and hydrolysis

degrees do not influence the phase behavior of the LC in nanodroplets (see below).

4.2.2 Characterization of the Phase Behavior in the Nanoemulsions

Our initial attempts to characterize the phase behavior of the LCs in the nanodroplets
used DSC (Figure S4, Supporting Information). While DSC allowed us to identify the
clearing point (formation of isotropic phase), we were not able to identify the transition
temperature corresponding to the cholesteric-to-BP phase transition due to the smaller
latent heat of the phase transition (18+1 J mol~! for cholesteryl nonanoate) relative to
that of BP to isotropic transition (170 + 25 ] mol -1 for cholesteryl nonanoate). [240] The
scattering of light, however, has been used previously to characterize the LC-to-isotropic
phase transitions, [19, 245] and hence we sought to determine if a comparable approach

could be used to identify the transition between cholesteric and BPs within nanodroplets.
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Specifically, we measured the temperature-dependence of the intensity of light reflected
and transmitted from emulsions of nanodroplets when using crossed polars. The normal-
ized intensity i is calculated as i = (I /1, — 1)1/2, where I is the intensity measured from
optical images, I,;,;;; is the minimum measured intensity (we note that I,;;;, will change
with droplet size and measurement of reflected versus transmitted light). [19] We per-
formed these measurements upon heating to avoid potentially incorrect assignment of
equilibrium phase boundaries due to supercooling (suppression of the BP-to-cholesteric
transition temperature is commonly observed during cooling of bulk phases [173]).

Here we illustrate our light scattering method using nanodroplets with Ry = 528 + 39
nm (the error is the standard deviation of the volume mean radii, and the PDI is 0.35 +
0.06), the smallest droplets with optical textures that we could, for purposes of validation,
directly image with our microscope (see Figure S5 for experimental setup and emulsions
with larger droplets, Supporting Information). Figure 4.2a shows the intensity of light
reflected from the sample (back scattering) as a function of temperature. The intensity
(i) initially decreased with increasing temperature from 25.0°C to 39.5°C, (ii) was invari-
ant from 39.5°C to 40.5°C, (iii) decreased rapidly to near zero from 40.°C to 43.°C , and
(iv) finally changed little after 43.0°C . We interpreted the temperature-dependence of the
intensity of reflected light by simultaneously recording micrographs of the droplets (see
inset in Figure 4.2a, and Figure S5, Supporting Information). From 25.0°C to 39.5°C, the
droplets showed a cross-type texture characteristic of the cholesteric phase (see Figure 4.1
and associated text). From 39.5°C to 40.5°C , the droplets displayed green colors of BP],
and from 40.5°C to 43.0°C , the droplets displayed blue colors of BPII. At temperatures
greater than 43.0°C , the droplets were dark, indicating the formation of the isotropic
phase. By comparing the temperature-dependent reflected intensity plots and the corre-
sponding micrographs, we were able to correlate changes in the reflected intensity (from

25.0°C to 43.0°C ) with the presence of the cholesteric phase, BPs, and isotropic phase.
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We propose that several factors underlie this correlation. First, the scattered intensity
of reflected light between cross polars is proportional to the scalar order parameter of
the LC, [19] which decreases with increasing temperature and turns zero in the isotropic
phase. Accordingly, we observed the intensity of reflected light to generally decrease with
an increase in temperature. Second, Bragg reflection of light occurs in cholesteric and BPs,
and thus we observe a much higher intensity of reflected light in chiral LC phases than the
isotropic phase. A third feature was the plateau or slight increase (see also Figure S5 (b),
Supporting Information) in the intensity of reflected light from 39.5°C to 40.5°C , which
was assigned to BPI. This plateau appears to arise from two competing effects. On the
one hand, a red-shift in the peak of the reflected light intensity from BPI (relative to the
cholesteric phase which has a peak in reflection intensity in the violet region (pitch pg ~
280 nm, wavelength A ~440 nm) leads to a greater intensity of reflected light from the
halogen light source used in our microscope. On the other hand, an increase in tempera-
ture leads to a decrease in the scalar order parameter of the LC, [19] which can decrease
the intensity of light reflected from LC emulsions. Consistent with this interpretation, this
teature in BPI was not observed in the droplets containing 29.9 wt% chiral dopant (Figure
S6, Supporting Information) since the reflection wavelength of the cholesteric was at A ~
520 nm (pg ~ 330 nm), close to that of the BP. We note that as the radii of the BP droplets
decreased below Ry = 528 +39 nm, it was difficult to identify this plateau in reflected light
intensity as the reflected (back scattered) intensity was very weak (Figure S7, Supporting
Information). Finally, we observed the intensity of reflected light to increase with temper-
ature in the isotropic phase, with the increase being larger for smaller droplets (Figure S7,
Supporting Information). Prior studies have reported similar observations with isotropic
phase droplets of mesogens. [144] The dependence of scattered intensity on temperature
likely arises from changes in refractive index of the isotropic phase. Additionally, be-

cause nanoemulsions were prepared with constant volume fraction of mesogens, emul-
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sions prepared with small droplets possess a higher number density of droplets, which
leads to a more pronounced temperature dependence.

The intensity of transmitted light (forward scattering) in Figure 4.2b shows a temperature-
dependence that is distinct from the reflected light measurements (Figure 4.2a): The in-
tensity decreased gradually with increasing temperature from 25.0°C to 39.5°C , then
abruptly decreased to zero at 40.0°C , and changed little thereafter with further heating.
With reference to Figure 4.2a, it is evident that the cholesteric-to-BP phase transition un-
derlies the abrupt decrease in intensity of transmitted light at 40.0°C . This arises because
the BP is (macroscopically) optically isotropic and thus the change in polarization of the
light when scattered from the BP droplets is small. [271] This difference in optical rotatory
power likely reflects the relative orientations of the optical axes of the cholesteric phase
and BPs in the droplets, including the presence of local double or single twists (for BP
and cholesteric, respectively). Accordingly, we can readily identify the cholesteric-to-BP
transition from the temperature-dependent intensity plot in transmission mode. Overall,
the results above, when combined (measurements of the reflected and transmitted inten-
sity), provide the basis of the methodology that we use below to characterize the phase
behavior of smaller submicrometer-sized droplets that we cannot image by using optical

microscopy.

4.2.3 Size-dependent phase behavior of chiral LC in nanodroplets

Figure 4.3 shows the phase diagrams of the two strongly chiral LC mixtures measured
within nanodroplets, as established by using the above-described measurements of the
scattering of light (see Figure S6 and S7, Supporting Information). Inspection of Figure 4.3
reveals that the clearing points of the LCs do not measurably change (Table S1, Supporting
Information) when the droplet radii decrease from 20 + 2um to 200 + 14 nm. In past

studies, [23] the clearing points of BP mixtures in droplets were reported to decrease by
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Figure 4.2: Temperature dependence of the intensity of light measured in reflection (a) and
transmission (b) modes with an optical microscope. The LC droplets were prepared from
37.4 wt% S-811/MLC 2142 and possess a volume-mean-radius of 528+39 nm. The inserted
images are micrographs taken between crossed polars at the indicated temperatures and
phases. As shown in Figure S2, the droplets come from a population that is polydisperse
in size, and the actual size of the droplets imaged are shown in each image. The scale bar
is 5 um.
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0.7 £ 0.3°C as droplet radii decreased from 10um to 1um. As detailed below, this small
decrease in clearing point of the LC within micrometer-scale droplets lies within the error
bars of our measurements performed using submicrometer-scale droplets. In contrast, we
measured the clearing point to decrease by 5.2 +1.8°C for 37.4 wt% S-811 and 13.5+3.1°C
for 29.9 wt% S-811) when the droplet radii decreased from 200+14 nm to 108+6 nm. This
result reveals that confinement within droplets with radii that are smaller than the half
pitch (pg/2 =140 nm for 37.4 wt% S-811, 165 nm for 29.9 wt% S-811) has a large impact on
the LC phase stability, and provides the first hint of the formation of a new LC phase in
the highly confined environment of the nanodroplets.

Inspection of Figure 4.3 also reveals that confinement of the LC in nanodroplets with
radii (Ry from 526+34 nm to 200+14 nm) larger than half the pitch resulted in a decrease
in the temperature of the cholesteric-to-BP transition of 8.9+2.3 °C for 37.4 wt% S-811
and 11.3+2.8 °C for 29.9 wt% S-811. In contrast, the temperature of the cholesteric-to-
BP transition changes by only ~0.2°C as the micrometer droplets decreased in size from
S5um to 1.5um. [24] Our results indicate that confinement in nanodroplets with Ry that is
0.5 to 1 pitch of the chiral LC results in stabilization of the BP over the cholesteric phase.
Specifically, the temperature interval over which the confined BP is stabilized (30.6+2.3 °C
to 42.9+0.5 °C for 37.4 wt% S-811, 38.1+2.8 °C to 52.8+0.5 °C for 29.9 wt% S-811) exceeds
that of the bulk phase BP (38.8+0.1 °C to 41.8+0.1 °C for 37.4 wt% S-811, 48.8+0.1 °C
to 52.0+0.2 °C for 29.9 wt% S-811) by a factor of three as Ry decreased to 200+14 nm.
Prior studies have reported confinement to enhance supercooling of BPs [173, 168] (which
we also observed in preliminary studies with micrometer scale-droplets) but the results
reported here were obtained upon heating and thus do not reflect effects of supercooling.

A particularly interesting feature of the phase diagram in Figure 4.3 is the result ob-
tained with nanodroplets with radii (Ry =108+6 nm). A transition in the phase behavior

of LCs under confinement occurred between py/Ry of 1/3 and 2/3. Specifically, in con-
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Figure 4.3: Size-dependent phase behavior of LC droplets with chiral dopant (S-811)
concentrations of 37.4 wt% (a) or 29.9 wt% (b). Solid symbols: nanoemulsions prepared
from PVA (MW 31000 g mol~!, 86.7-88.7% hydrolysis); Open symbols: nanoemulsions
prepared from PVA (MW 9000~10000 g mol~!, 80 % hydrolysis). Red circle: BP to
isotropic phase transition; Blue square: cholesteric to BP transition; Yellow diamond: LC
to isotropic phase transition. Error bars represent standard deviations and n > 3 for each
point.
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trast to the larger nanodroplets, we observed no evidence of multiple LC phases below
the clearing temperature (the yellow diamond point in Figure 4.3). The structure of this
highly confined LC phase is discussed below in the context of numerical simulations and
we provide evidence that it arises because a single BP unit cell cannot be accommodated
in a nanodroplet with a size smaller than the pitch. Past studies of ultrathin films of chiral
LCs have also reported observations of a frustrated BP, which is called a half-skyrmion
phase. [171] Finally, we note that the same phase transition temperatures were obtained
for nanoemulsions (Ry =204+12 nm) prepared with different aqueous PVA solutions (PVA
with MW~31,000 g mol~! and 86.7-88.7% hydrolysis, or with MW 9,000~10,000 g mol 1
and 80 % hydrolysis), indicating that the molecular weight and hydrolysis degree of the
PVA does not impact the phase behaviors identified in our measurements (open symbols

in Figure 4.3a).

4.2.4 Simulations of phase diagrams and structures of chiral LC nan-

odroplets

To provide additional insight into our experimental measurements of confinement of
strongly chiral LCs within nanodroplets, we conducted computer simulations to predict
the phase behavior and LC structure within the nanodroplets as a function of temperature
and nanodroplet size (Figure 4.4). The free energy functionals used in the simulations
follow the Landau-de Gennes formalism and are written in terms of the tensor order
parameter Q. [229, 45, 7] Minimization of each free energy functional was performed
using a simulated annealing technique, as described in previous publications. [9, 253, 115]
The simulations were initialized using either a random configuration, the ansatz for BPs,
twisted cylinder (TC), or the RSS configuration. We present the results using a reduced
temperature, defined as is T* = (T — Tny)/In1, where T is temperature, Ty is clearing
point temperature, and dimensionless nanodroplet size N = 4R/pg, which represents
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how many 7t-turns the director can make along the diameter of the nanodroplet. BPI and
BPII morphologies can be identified by the type of junctions of the defects. BPI and BPII
exhibit different lattice structures, body center cubic structure for BPI, and simple cubic
structure for BPII. Because of the different lattice structures, the disclinations formed in
BPI are separated from each other, while the disclinations formed in BPII have junctions
(Figure 4.1a).

Inspection of Figure 4.4 reveals that the simulations predict a decrease in the cholesteric-
to-BP transition temperature with a decrease in droplet radii from 500 nm to 200 nm, a
result that agrees closely with our experimental measurements (solid lines in Figure 4.4)
for both LC mixture compositions. This size-dependent phase behavior predicted by the
simulations supports the conclusion of our experiments that nanoconfinement leads to
thermodynamic stabilization of BPs over the cholesteric phase within nanodroplets. For
the LC mixture with pg = 280 nm (containing 37.4 wt% S-811), the simulated structure of
the cholesteric phase for R >275 nm (N > 3.9) is the RSS (see inset in Figure 4.4), consis-
tent with our experimental observation in Figure 4.1. However, when the droplet radius
decreases below 275 nm (N < 3.9), the cholesteric phase transforms into a baseball struc-
ture (see inset in Figure 4.4). [115, 29] In contrast, the simulated structures of BPI and BPII
did not change with droplet size for droplets with radii larger than 200 nm (N > 2.9).
As shown in the insets in Figure 4.4, the simulated lattice structure in BPI and BPII form
disclinations that bend and intersect with the nanodroplet surface. Overall, the simula-
tions confirm the effects of nanoscale confinement on the stabilization of BPs, as observed
in experiments. Similar conclusions were extracted from the simulations performed us-
ing the mixture with pg = 330 nm (containing 29.9 wt% S-811), with the simulated struc-
ture transitioning from RSS to baseball structure in the cholesteric phase at R = 275 nm
(N =3.3).

Our simulations also revealed the emergence of a new configuration within nanodroplets
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Figure 4.4: Computer simulations of the phase behavior of strongly chiral LCs in nan-
odroplets for (a) pg = 280 nm (b) pg = 330 nm, as a function of reduced temperature T*
and chirality parameter N = 4R/p. Yellow stars: Radial spherical structure (RSS); Purple
circles: Baseball structure; Maroon stars: Twisted cylinder (TC); Blue squares: BPII; Red
triangles: BPI; Green diamonds: Trefoil structures; corresponding simulated structures
are inserted. Director orientations are shown as red when it is oriented perpendicular to
the surface and blue for parallel to the surface. Solid lines indicate experimental phase
transition data. Gray dash lines indicate 25 °C . Splay-bend isosurface of RSS droplets [279]:
the splay deformations (splay-bend parameter Sgg > 0.002) are shown in blue, and bend
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nation of the RSS structure.
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with R =100 nm (named as “trefoil structure”) that differs from both the BP and cholesteric
phase. In the trefoil structure, a 7~1/2 disclination extends across the droplet, dividing it
into three regions (see inset in Figure 4.4). For the LC mixture with py = 280 nm (con-
taining 37.4 wt% S-811), the simulated phase diagram in Figure 4.4a shows that only the
trefoil structure exists below the clearing point, consistent with our experimental obser-
vation. This result suggests that the single phase observed in Figure 4.3a is the trefoil
structure. Additionally, we note that the winding numbers of the defects on the droplet
surfaces are well defined by the strong planar degenerate anchoring conditions and are
consistent with the Poincaré-Hopf theorem, [162] which states that the winding numbers
of the surface defects should sum to the Euler characteristic, x, in this case y=2. For the
case of the trefoil structure, the surface shows two (—1/2) defects and three vortex with
winding numbers (+1) resulting in a total topological charge of 2. Similarly, for the cases
of BPI and BPII, the surface exhibits a collection of polygons where each vertex has a
winding number of (-1/2) and the polygon face has a winding number of +1. Specifi-
cally, a droplet of R =200 nm with py = 330 nm and at thermal parameter U =3.2 exhibits
a BPI and has eight (—1/2) defects and six (+1) vortices resulting in a total topological
charge of 2.

For the mixture with pg = 330 nm (containing 29.9 wt% S-811), the simulated phase
diagram in Figure 4.4b shows that the nanodroplets at R = 100 nm exhibit both trefoil
structure and twisted cylinder [146] (TC, see inset in Figure 4.4, which exhibits a single
twist of the director field and no defects, and can be described as a series of concentric
cylinders each with a unique director orientation) phases below the clearing point. This
observation differs from our experimental observation of a single phase and arises be-
cause the simulation does not predict the decrease in the clearing point measured in the
experiments. In the temperature interval in which the experiments identify a LC phase,

the simulation predicts stabilization of the TC phase. We speculate that the decrease in the
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clearing point of LC within nanodroplets with R = 100 nm observed in experiments might
be because that the surface anchoring changes as the droplet configuration changes from
BP to trefoil /TC structure. Additional simulations are needed to test this hypothesis. In
summary, confinement of chiral LC in the droplet at R = 100 nm leads to the emergence
of a trefoil structure or TC structure, and the relative stability of the trefoil structure or the
TC phase is dependent on the chirality of the LC mixture.

To interpret the simulations, we constructed a surface showing the difference in total
free energy between a confined BP (Fpp) versus a confined cholesteric phase (Fcy,) as a
function of N and T”. Figure 4.5a shows AF = Fcj, — Fpp for droplets with pitch pg =
280 nm. For N = 3, AF values become positive for temperatures above T* ~ -0.3, in-
dicating stabilization of the BP over the cholesteric phase. We also observed that as N
decreases, the transition temperature at which AF changes from negative to positive de-
creases, implying that the cholesteric to BP transition temperature decreases as the droplet
size decreases, consistent with the phase diagrams from the previous section.

Next, we computed and analyzed the various contributions to the free energy den-
sity difference between the BP and cholesteric phase (Af;yt01 = fcn — fBp), including the
Landau-de Gennes energy density (Af; i), the elastic energy density (Af,j,5¢ic), and the
surface energy density (Afs,,face). We note that we compared free energy density (f)
(calculated as an average over the droplet volume) instead of free energy (F) to eliminate
the influence of droplet volume. Figure 4.5b shows Af as a function of droplet size or
parameter N at a reduced temperature of T* = —0.125 and pg = 280 nm. We make three
key observations using Figure 4.5b. First, the underlying cause of the change in sign of
Af with a decrease in N (and thus stabilization of the BP for values of N less than 6) is the
behavior of the elastic energy density. As N decreases from 7 to 6, Afy 4G and Afsyrface
change by ~10 kgT/um?3 whereas Af,;,5¢; increases by 250kgT/um3. Second, for values

of N below 6, the contributions to the overall free energy density are only weakly de-
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Figure 4.5: (a) Free energy surface corresponding to AF = Fj, — Fpp as a function of the
reduced temperature T* and chirality term N = 4R /p( for droplets of LC with py =280 nm.
Contours of AF are projected onto the plane as a guide to the eye. (b) Contributions to the
free energy density (Total, Af = fcj, — fpp) as a function of the droplet size for a reduced
temperature of T* = -0.125 and pg = 280 nm under strong planar anchoring conditions
W = 1x1073Jm 2, which include Landau-de Gennes energy density (LdG), elastic energy
density (Elastic), surface energy density (Surface). Inserts show the contributions to the
elastic energy density from the chiral term (f(Ls5)) and achiral term (f(Lq)).
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pendent on size with the small changes in Af 46 and Afsyy f4c. compensating each other
as N decreases from 4 to 3. The increase in Afy ;5 is consistent with a decrease in order
within the droplet, which may reflect, in part, the increase in the fraction of the droplet
volume that contains defects. It is likely that the compensating decrease in Af,,, face 18
also a reflection of disordered LC near the droplet surface. Third, insights into the ori-
gins of the dominant role of Af,;,stic in stabilizing the BP over the cholesteric phase in
the nanodroplets can be obtained from a decomposition of the elastic energy into two
terms, represented by f(L1) and f(Ls) as shown in the inset in Figure 4.5b (see equations
(3) and (4) in Experimental Section). f(L1) and f(Ls) are both dependent on the order
parameters of the LC. Nevertheless, f(Ls) is also dependent on the pitch, while f(L1) is
an achiral term. Inspection of the inset reveals that as N decreases from 7 to 6, Af(Ls) in-
creases quickly, similar to that of Af,;,s+ic, but Af(Ly) is invariant. This observation leads
to the understanding that the chiral elastic energy dictates the emergence of a BP over
a cholesteric phase, and that the effects of confinement-induced chirality (where costly
splay elastic energy is relieved by the twist deformation [35]) are distinct for cholesteric
and BPs. Overall, we conclude that confinement results in the decrease of the chiral elas-
tic energy of BPs relative to that of the cholesteric phase, which leads to stabilization of

BPs in nanodroplets.

4.2.5 Thermal stabilization of BP film by nano-confinement of polymer

networks

Next we discuss the relevancy of our observations made using nanodroplets to polymer-
stabilized BPs. Past studies have reported that polymer networks can stabilize BPs over a
wide range of temperature. [104, 35] The mechanism [104] typically proposed is that poly-
mers accumulate within the cores of the defects and thus replace the energetically costly
volume of the defects. This reduces the energy penalty associated with the defect cores,
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making the BP stable relative to the cholesteric phase. However, recent studies [39, 83]
have shown that polymer networks formed in the isotropic state of mixtures of mesogens
can also stabilize BP upon cooling below the clearing temperature. To explore this obser-
vation further, we photopolymerized 9.6 wt% reactive monomer (RM257) in the isotropic
phase of a mixture (37.4 wt% S-811 in MLC 2142) confined between bare glass surfaces.
Figure 4.6 shows the phase diagram that we measured upon heating before and after
polymerization. Importantly, we found that the temperature interval over which BPI
was stable increased by a factor of three (from 4 K to 12 K) after polymerization (inset in
Figure 4.6 shows the platelet texture characteristic of BPI). Inspection of Figure 4.6 also re-
veals that transition temperatures were all shifted downward after polymerization. This
arises because the composition of the mixture changed as the monomer was consumed

upon polymerization.
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Figure 4.6: Phase behavior of LC mixtures (9.6 wt% RM257 in a mixture of 37.4 wt%
S-811/MLC 2142) confined into optical cells before and after photopolymerization in the
isotropic phase. Insets show the refection-mode image of BPI (at 25 °C ) after polymeriza-
tion and the SEM image of the shape and morphology of the resulting polymer networks.
Error bars represent standard deviations and n > 3.

A past study [39] has suggested that polymer networks formed in an isotropic phase
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can reorganize and diffuse to the cores of the disclinations, thus stabilizing the BP. [148]
However, our observations of enhanced stability of BP in nanodroplets (Figure 4.3a) lead
us to hypothesize that polymer networks formed in an isotropic phase may confine BPs
within submicrometer-scale domains, thus leading to stabilization of the BP. To provide
support for our hypothesis, we characterized the polymer networks formed as described
above by scanning electron microscope (SEM), which revealed pores with sizes of 250-400
nm (inset in Figure 4.6) comparable to the pitch of the LC (280 nm for 37.4 wt% S-811).
Although it is likely that the procedure used to prepare the sample for SEM changed the
pore size distribution, when we infused a LC mixture containing 37.4 wt% S-811 into a
polymer network prepared for SEM, we observed the BP was stabilized at room temper-
ature (see Figure S8, Supporting Information). This result suggests that some features of
the pores were preserved during the SEM sample preparation. Overall, we interpret our
observations to suggest that the confinement may dominate the stabilization of BP rather
than reorganization of polymers into the cores of disclinations, an interpretation that has
not received substantial past consideration in studies that aimed at understanding the

stabilization of BPs by polymer networks.

4.3 Conclusions

In summary, this paper describes a study of the phase behavior of strongly chiral LCs
in sub-micrometer droplets, a droplet size range that has not been studied extensively in
the past due to the inability of conventional optical methods to resolve internal droplet
organization at the relevant length scales and the weak enthalpies associated with tran-
sitions between LC phases. To enable the characterization of the nanoemulsion droplets,
we developed a simple optical method based on measurement of the intensity of forward
and back-scattered light (between crossed polars). The method permits characterization

of phase transitions between chiral LC phases as well as the isotropic phase and BPs.
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Our measurements revealed that the cholesteric phase to BP transition temperature de-
creased as the droplet diameter decreased into the sub-micrometer scale (larger than the
pitch). The stabilization of the BP over the cholesteric phase leads to a three-fold increase
in the BP temperature interval. Complementary computational simulations provide in-
sight into the energetics that control the measured effects of nanoconfinement on strongly
chiral LCs. The simulated phase diagrams were in good agreement with our experimen-
tal results, and a free energy analysis revealed that the chiral contribution to the elastic
energy dictates the relative stability of BPs or cholesteric phases. In addition, our results
reveal a transition in the effects of nanoconfinement between pg/Ry of 1/3 and 2/3, and
support the existence of a new exotic configuration, distinct from the bulk state, when chi-
ral LCs were frustrated in smaller nanodroplets. We further predicted using simulations
the emergence of a trefoil structure with a =12 disclination that goes across the droplet.

The findings in this study suggest a range of directions for additional inquiry. For
example, the experimental and simulation results in our manuscript enable us to obtain
the phase diagram of chiral LCs in the nanodroplets. However, additional studies are
needed to characterize the internal configurations of LCs at various droplet sizes and
temperatures, potentially using soft resonant X-ray scattering. [212] Also, our results of-
fer a fresh explanation for why polymer networks can broaden the temperature interval
of BPs. Additionally, polymerization in the isotropic phase has the potential to simplify
the preparation of PSBP, thus facilitating use in devices. Furthermore, BP LCs with en-
hanced thermal stability confined in nanodroplets may enable future applications, such
as stimuli-responsive sensors or optics based on nanoemulsions. Finally, we speculate
that the networks of disclinations formed spontaneously within BP nanodroplets have
the potential to serve as nanocarriers for the storage of molecules. When combined with
the responsive behavior of LCs, these materials may offer new directions for the design

of targeted drug delivery systems using chiral LC nanoemulsions.
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4.4 Experimental details

44.1 Materials

Nematic Liquid crystal MLC 2142 was purchased from Merck (Darmstadt, Germany).
Chiral dopant 4-(1-methylheptyloxycarbonyl)phenyl-4-hexyloxybenzoate (5-811) was pur-
chased from Jiangsu Hecheng Display Technology Co.,Ltd. Reactive mesogenic monomer
2-Methyl-1,4-phenylenebis(4-(3-(acryloyloxy)propoxy)benzoate) (RM257) was purchased
from BOC Sciences. Photoinitiator 2,2-Dimethoxy-2-phenylacetophenone (DMPAP) was
purchased from Sigma-Aldrich (St. Louis, MO). Poly(vinyl alcohol (Mowiol ®4-88, MW ~
31000 g mol~!, 86.7-88.7% hydrolysis) and Poly(vinyl alcohol) (MW 9000~10000 g mol 1,
80 % hydrolysis) were purchased from Sigma-Aldrich. Fisher’s Finest Premium Grade
glass slides and cover glass (22 X 22 mm, 0.13-0.16 mm thick) were obtained from Fisher

Scientific (Pittsburgh, PA).

4.4.2 Preparation of LC nanoemulsions

1 wt% PVA (MW~31000 g mol~1, 86.7-88.7% hydrolysis) solution (solution A), 1 wt%
PVA (MW 9000~10000 g mol~1, 80 % hydrolysis) solution (solution B), and 0.2 wt% PVA
(MW 9000~10000 g mol~1, 80 % hydrolysis) solution (solution C) were prepared in deion-
ized water (Milli-Q water with 18.2 M(Q) resistivity). LC mixtures were prepared by mix-
ing the S-811 at 37.4 wt% or 29.9 wt% in MLC 2142.

In order to prepare nanoemulsions with volume mean radii larger than 200 nm, 5 mg
of LC mixture was added to the 1995 mg of the solution A and then dispersed by vortex
mixer (Model 945415, Fisher Scientific,). Subsequently, the aqueous dispersion of droplets
was ultrasonicated (Sonic Dismembrator, Model F60, Fisher Scientific) at a selected power
for 8 min to give LC nanoemulsion.

In order to prepare nanoemulsions with the volume mean radius at 104+7 nm, 5 mg of
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LC mixture was added to the 1995 mg of solution B and then dispersed by vortex mixer.
Subsequently, the aqueous dispersion of droplets was ultrasonicated at 7 watts (RMS) for
12 min to give LC nanoemulsion.

To demonstrate that the molecular weight and hydrolysis degree of PVA do not influ-
ence the phase behavior of BP LC in nanodroplets, we also prepared nanoemulsions with
the volume mean radius at 20011 nm using solution C. 5 mg of LC mixture was added
to the 1995 mg of the solution C and then dispersed by vortex mixer. Subsequently, the
aqueous dispersion of droplets was ultrasonicated at 7 watts (RMS) for 10 min to give LC
nanoemulsion. The size distributions of nanodroplets of LCs were measured by Zetasizer

Nano 90 (Malvern Panalytical) at 25 °C .

4.4.3 Preparation of optical cells

The purchased glass slides or coverslips were cleaned by first sonicating in detergent
solution for 15 min and then rinsing the surfaces with water and ethanol. Finally, the
surfaces were dried with a stream of nitrogen gas. One glass slide and a coverslip were

spaced apart using a 20 um-thick plastic film. The cell was glued using 1-min epoxy:.

4.4.4 Temperature-dependent reflected or transmitted intensity mea-

surement

Nanoemulsions were introduced into the optical cells, and the cell was then sealed
with silicone grease to prevent evaporation. The cells were placed on a hotstage (TMS
94, Linkam Scientific), which was mounted on an optical microscope (BX60, Olympus).
Imaging was performed in transmission or reflection mode (crossed polars, white light
illumination) with temperature control at a heating rate of 0.5 °C min~!. The illumination

intensity of the light source was kept constant during the experiment. The scattered light
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intensity was measured based on a series of micrographs and analyzed by Image] soft-
ware (mean gray value). Preparation and characterization of polymer-stabilized BP films:
Photopolymerizable LC mixture was prepared by doping reactive monomer RM257 and
photoinitiator DMPAP to a mixture of MLC 2142 and S-811 (37.4 wt %) at a concentra-
tion of 9.6 wt% and 1.0 wt% respectively. The mixture, heated into the isotropic phase
(50 °C ), was wicked between two glass substrates spaced by 20 um plastic spacer. Pho-
topolymerization was carried out by exposing the sample to UV light (2 mW cm~2, 365
nm) for 10 min at 50 °C . After polymerization, the sample was cooled to 25 °C at 0.1 °C
min~! and then phase diagrams were measured by subsequent heating towards clearing
point at 0.1 °C min~!. For SEM characterization of polymer networks, the non-reacted
LCs were extracted by immersing the polymerized films in ethanol for 48 hr and dried
under a stream of nitrogen. Following the extraction, imaging of the morphology of the

polymer networks was performed by Zeiss Gemini 500 Scanning Electron Microscope.
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Chapter 5
Curvature and Confinement Effects on

Chiral Liquid Crystal Morphologies

5.1 Introduction

The role of curvature on the ordering and assembly of building blocks is fundamental
to the understanding of flexible bilayer membranes, [112, 167] viral capsids, [132, 274, 48]
spherical crystallography, [12] quasi-2D materials, [230, 160] and active matter. [55, 277]
From a 2D perspective, curvature provides subtle changes to the local order, leading to
bistability and a means to manipulate the preferred alignment through the confining ge-
ometry. [20, 160, 188] In three dimensions, confinement provides an additional parameter
with which to balance bulk elasticity and surface curvature for design of responsive ma-
terials. [176, 85, 134, 151, 260, 189]In the context of liquid crystals, orientational order
becomes frustrated and defects, regions of low order, emerge as a result of topological
constraints. [152, 172, 134, 215, 279]

Past studies have produced stable LC morphologies through geometrical confinement,
particularly for chiral liquid crystals (ChLCs) where elongated molecules collectively
break rotational symmetry and organize along a main helical path, thereby favoring twist
over splay or bending deformations. In spherical cavities, ChLCs” inherent twist con-
forms to the surface curvature and generate frustrated concentric structures such as the
Twisted Bipolar and the Radial Spherical Structure. [273, 215, 69, 25, 129, 279, 182] Highly

chiral ChLCs contain disclination lines in the bulk, and curvature can mold them into
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hybrid structures. [146, 182, 210, 272] For shells, the inner anchoring conditions gener-
ate escaped configurations, and the shell homogeneity and thickness become important
parameters to control morphology. [254, 141, 113, 44, 209, 93, 161, 170] More intricate ge-
ometries, such as droplets with handles, have been found to guide disclination lines into
knots and other non-trivial textures. [181, 239, 96, 31]

Toroidal and cylindrical confinement offer ample grounds for discovery of new phases,
as demonstrated in experiments where the ground state of a non-chiral LC is the double
twisted morphology, [118, 60, 181, 114, 108] in contrast to the uniform orientation along
the main axis of a cylindrical cavity. [99, 95, 162] Under homeotropic confinement, LCs
have been shown to exhibit spontaneous twist resulting in escaped radial configurations
induced by the curved boundaries. [56, 147] From a computational standpoint, traditional
numerical methods are generally limited by the need to formulate an ansatz (or “initial
guess”) corresponding to each geometry [114, 190], and by the scale of the discretization
needed to capture a morphology’s nuances. [257]

ChLCs offer several characteristics of interest for photonic and electro-optical devices.
They exhibit fast response times and rich optical behaviors. The characteristic length scale
of the helical trajectory, or molecular pitch, determine the equilibrium morphology of the
system. For long pitches, the material exhibits a cholesteric phase, where molecules can
twist uniformly without forming defects. For a sufficiently short pitch, defect lines form
spontaneously and self-organize into space filling lattices with cubic symmetry, leading
to the so-called Blues Phases (BPs). [52]

However versatile, BPs are only stable over a narrow range of temperature. Fur-
thermore, in the bulk they form polycrystalline domains, posing challenges to applica-
tions. [33, 49] External stimuli can help enhance and stabilize morphologies of interest.
Lithographic patterns, for example, have been successful in achieving monocrystalline

domains of BPII and BPI, where the substrate chemistry is tailored to guide the orien-
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tation of the BP unit cells. [? 127] Polymerization has also been used to enhance the
thermal stability of BPs, by setting the underlying defect network into a permanent scaf-
fold. [104, 102, 82, 211]

More recently, Negro et al. reported a detailed analysis of the patterns that appear
on the surface of chiral LC shells. These authors relied on lattice Boltzmann simulations
to identify the equilibrium morphologies of highly chiral LCs as they transition into an
ordered phase from an isotropic state. [164] Building on that work, in this study we ex-
amine how geometrical frustration in toroidal and cylindrical cavities can be manipu-
lated to preserve key characteristics of chiral nematics while introducing new geomet-
rical features that do not arise when in bulk. Specifically, curvature is used to engineer
new mesophases of ChLCs — curvature couples to defects by screening their topological
charge. Recent theoretical reports indicate that strict planar confinement of 2D ChLCs
hinders the development of double twist, leading to the formation of a novel chiral struc-
ture. [138]

In section 5.2 we outline the details of the phenomenological model adopted here, as
well as the numerical methods used to find equilibrium configurations. Section 5.3 in-
troduces our results and discussion by presenting the underlying free energy surface as
a function of chirality and cavity size. We continue by presenting phase diagrams at dif-
ferent temperatures, and a more detailed analysis of the surface patterns corresponding
to each system. In section 5.4 we provide a short summary of our findings and several

remarks about future applications of this work.

5.2 Simulation details

The toroidal and cylindrical cavities shown in Fig. 5.1 (R = 500 nm and rg € [100, 250] nm)
impose planar degenerate alignment with moderate (W = 1x 107#J/m?) to weak (W = 1x

1076 J/m?) anchoring strength onto a chiral liquid crystal with pitch p, € [100, 1000] nm.
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Figure 5.1: Schematic representation of the toroidal and cylindrical cavities used to confine
the chiral liquid crystal. The major radius of the toroid is R = 500 nm, while the radius of
the cylinder rg varies between 100250 nm. Surfaces impose degenerate planar anchoring
alignment of the chiral material.

The nematic parameter is close to the IN transition, between U = 2.7 and U = 2.9, the
regime in which BPs are stable in the bulk. The parameters for 4’-pentyl-4-cyanobiphenyl
(5CB) are used as the model system with A = 1 X 10° J/m3, L1 = 5.11 pN, and &y =
7.15 nm. The free energy minimization requires approximately 4 X 10° Monte Carlo cy-
cles. The system was quenched over five stages through T. The meshes for these simula-
tions vary in size according to the confinement size r(; on average, they are comprised of
3% 10° nodes and 2 x 10° elements for g = 100 nm, and up to 9.5 x 10° nodes and 7 x 10°

elements for rg = 250 nm.

5.3 Results

We begin our discussion by exploring the free energy contributions as a function of
chirality and confinement, shown in Fig. 5.2a. For convenience, we use the dimensionless
group 2qoro, analog to the chirality, which characterizes the natural twist in the confined
system and allows us to collapse our results onto master curves shown in gray.

At low chirality, in the cholesteric (Chol) regime, all components of the free energy are

close to zero, meaning that at equilibrium the resulting configuration is uniform and with-
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Figure 5.2: (a) Free energy contributions as a function of chirality parameter gg scaled by
torus inner radius ry. Markers indicate the radius for the toroidal cavity. The inset shows
the surface free energy contribution. Gray curves are polynomial fits of each free energy
contribution. (b) Ratio of chiral and splay elastic energies as a function of chirality gg
scaled by cavity radius rg. The inset shows the ratio between cavity radius and unit cell
size for Blue Phase II agpj as chirality gq increases.
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out defects, and the orientation of the LC at the boundary follows its curvature. For higher
chirality, the material adopts a double twist configuration that results in a cuboidal defect
network (Blue Phases, BP). Their emergence increases the Landau-de Gennes free energy,
and the confluence of double twist domains creates regions of high splay, as reflected by
the corresponding elastic contribution. At the boundary, the curvature interrupts the cu-
bic symmetry of the defect network and produces a fingerprint pattern, a collection of
half-skyrmions that will be described later in our analysis.

The ratio between chiral and splay elastic contributions serves as a proxy for the family
of morphologies that arise in these systems, illustrated in Fig. 5.2b as a function of natural
twist. Two lines serve to delineate the characteristics of the morphologies at equilibrium.
The first is [Fcp|/Fspiay = 2, and refers to the limiting energy for disclination lines to
interweave the bulk of the system. The second line is defined by the balance between the
cavity size (2rg) and the Blue Phase unit cell agp, and plays a crucial role in systems with
high chirality. For 2ry/agp < 2, confinement frustrates a fully developed BP cell, and the
disclination lines adopt helical features conforming to the geometry. In this case, since
U = 2.7, the unit cell is that of the Blue Phase II calculated as agpj; = po/1.72. The inset
in Fig. 5.2b shows the ratio 2rg/agpys as a function of inverse pitch gg, where a horizontal
line delimits the systems in which helical morphologies are favored over fully developed
Blue Phases.

The free energy analysis is consistent with the phase diagrams generated in terms of
g0 = 1/pg and 2ry, shown in Fig. 5.3 for a)U = 2.7 and b)U = 2.9 in a toroidal cavity.
Highlighted markers in the phase diagram correspond to the morphologies illustrated in
Fig. 5.3c. The first three morphologies occur at low chirality: Double Twist (DT), Twisted
Ribbon (TR), and Helical Ribbon (HR). They are best described by the alignment of the
director with respect to the major (toroidal) axis. First, the DT is a cholesteric morphol-

ogy and exhibits a continuous twist in the radial direction. At the core of the cavity, the
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Figure 5.3: Phase diagram and mesophases of a chiral liquid crystal with pitch pg = 1/7¢
confined in a toroidal cavity of diameter 2ry under moderate planar anchoring (W =
1x1074]/m?) at (a) U = 2.7 and (b) U = 2.9. (c) Morphologies corresponding to the
highlighted markers in the phase diagrams: Double Twist (DT), Twisted Ribbon (TR),

Helical Ribbon (HR), Helical Blue Phase (HBP), Blue Phase (BP).
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director is aligned with the toroidal axis such that the midline is straight. At the bound-
ary, the director is tangential to the surface and is tilted with respect to the toroidal axis.
The illustration in Fig. 5.3c shows three concentric tubes, each corresponding to regions
in which the director tilt with respect to the midline is 0° (blue), 20° (green) and 45° (red).

As chirality increases, a smooth double twist within the torus can no longer be sus-
tained, and each concentric layer of the DT buckles to form a twisted ribbon (TR). Each
ribbon retains a straight midline while isosurfaces of the order parameter exhibit saddle-
like curvature, as illustrated by the magenta ribbon with S = 0.48 in Fig. 5.3c. Additional
twisting of the order field requires widening of the ribbon, which is not attainable due
to the confining surface. Instead, the ribbon twists on itself forming two Helical Ribbons
(HR), in which the midline draws a helix in space and the saddle-like curvature of the
ribbon transitions to isosurfaces with zero mean curvature. The HR can also be described
as two interlocking torus knot with invariant T(1, q) where g is related to the ratio of
the molecular pitch and the major radius of the tori. Previous works on chiral nematic
colloids have characterized these type of knots as linkers for colloidal lattices. [243]

Lastly, we examine the region of systems with 2gorg > 1 and |Fcp|/Fspiay > 2, pop-
ulated with Blue Phase-like defects. In this regime, one can appreciate the pronounced
effects of geometrical frustration on the Helical Blue Phase (HBP). For conditions where
confinement is smaller than the unit cell of a BP, disclination lines are interwoven with
lingering features of the HR morphology. The defects are evenly spaced but do not al-
ways grow radially; instead they follow the helical midline, resulting in sections where
the defects form a double helix (drawn in blue), and are encased by two helical ribbons
(drawn in green).

Under less severe confinement (2rg/agprr > 2), a BP unit cell is fully circumscribed
by the torus, and replicated throughout the toroidal axis. In such a way, the resulting BP

morphologies adopt varying crystallographic orientations, thereby affecting the intensity
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of the Bragg reflections. In this sense, curvature hinders monocrystallinity but leads to
new surface features. For both HBP and BP, the defects are truncated by the curved sur-
face, resulting in a collection of —1/2 defects, spaced by double twist cylinders with +1
topological charge. These structures are most commonly known as half-skyrmions, or
merons, and have been observed as dark spots in microscope images. Half-skyrmions are
stable and tend to pack in hexagonal lattices; the —1/2 defects form vertices while the +1
defects become the faces of the polygon.

The sequence of transitions, critical values of |Fcy|/Fspi,y and 2qoro, and the charac-
teristics of each mesophase are identical to those for cylindrical confinement. This indi-
cates that the role of extrinsic curvature is more nuanced and its effect is not localized.
On the other hand, the role of temperature, mediated by the thermal parameter U, re-
duces the stability region of the DT structure. This becomes apparent when comparing
the phase diagrams in Fig. 5.3a-b, where the slope of |[Fc|/Fspjqy = 2 changes. At lower
temperatures, it is more favorable for defects to nucleate, requiring a lower chirality for
the double twist to transform into a chiral ribbon structure.

When packed on the surface of a droplet, “scars” are formed in the lattice and pairs
of 5-7 polygons arise. However, the effect of extrinsic curvature on the packing of half-
skyrmions is unclear. We seek to quantify the regularity of the half-skyrmion network
with the phenomenological surface parameter W, illustrated in Fig. 5.4a. For each pair
of neighboring edges j that belong to an n-gon, \P; = 0 (Nlj + sz), where Nl] are the
number of sides of each neighboring polygon. It follows that, for a regular hexagonal
network, only W exists, and its probability distribution function is a Dirac delta centered
at 4rt. The procedure to calculate W, is as follows. First, the locations wheren - v ~ 1
are extracted and grouped by clusters using the k-means algorithm. The clusters are then
compared to the original surface to confirm that the correct polygon centroids have been

identified. Using Voronoi and Delaunay triangulation, we successfully identify the edges
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Figure 5.4: (a) Schematic representation of the phenomenological surface parameter W
for a pair of polygon edges i (highlighted in red) with the surface projection from a BP
on a curved surface. The coloring of the curved surface corresponds to the orientation
of the director field with respect to the surface normal: blue denotes parallel and red
corresponds to perpendicular alignment. (b) Probability distribution of W for Blue
Phase (left, green) and Helical Blue Phase (right, blue) confined in a cylindrical cavity. (c)
Probability distribution of W;, for Blue Phases confined in a cylinder (left, purple) and a
torus (right, orange).
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of each polygon. Additionally, we compute the total topological charge to ensure mor-
phologies are in equilibrium according to the Poincaré-Hopf theorem. We then proceed to
calculate Wy, for each n-gon found, and we estimate the normalized probability function.
This systematic procedure allows us to characterize the differences between BP and HBP
morphologies, as well as the role of confinement.

From the violin plot in Fig. 5.4b, cylindrical confinement broadens the family of poly-
gons expressed on the surface of both BP and HBP. Spherical confinement of a BPII dis-
rupts the regular hexagonal lattice and 5-7 polygon pairs are formed to relieve the stress
created by the closed surface. The strict confinement of a cylindrical cavity makes it such
that 4-8 pairs of polygons also arise. The probability for W, in both morphologies is
centered around 4m, indicating that all merons are concave polygons. Additionally, the
distributions for HBP have a higher variance compared to those of the BP, meaning that
the polygons are more irregular in shape. This is a consequence of the helical ribbons
interrupting the growth of the defects, and results in the detection of triangular polygons
where sections of a ribbon separate merons.

In Fig. 5.4c, we investigate the effect of extrinsic curvature by comparing BP mor-
phologies in cylindrical and toroidal cavities. As a result of the secondary curvature, the
polygon lattice experiences additional strain and the average value of W shifts to 3.
This implies that besides the polygons being irregular, each polygon has neighbors with
different numbers of sides, leading to an amorphous lattice. Recent experimental and
computational work has revealed that these are also characteristics of the Blue Phase III,
where the authors suggest it is a fluid composed of skyrmions. [193]

We finish our discussion by exploring the stability of the Helical Ribbon morphology.
As explained above, the HR is stable for systems with low natural twist (2g¢rg < 1) and
higher thermal parameter (U = 2.9). Furthermore, the chiral elastic energy surpasses

the limit of purely cholesteric morphologies (|[Fcj,|/Fspiay > 2), with a non-negligible
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Figure 5.5: Pitch of the Helical Ribbon pyr as a function of the molecular pitch in a
cylindrical cavity under moderate anchoring conditions (W =1 X 1074]/m?). Error bars
are shown by the shaded region. Different markers correspond to the two confinement
radii at which this structure is stable. Two morphologies illustrate this structure: in
the lower right rp = 100 nm and pg = 325 nm, and in the upper left rj = 150 nm
and pg = 525 nm. The gray dashed line is the limit for pgyr = po, and the dotted line
corresponds to pgr = po + 100.
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Landau contribution. This indicates that at the center of each ribbon lies a defect core that
follows the same helical path. This can be harnessed to drive the assembly of particles
into arrays with supramolecular order, since the core of each ribbon will attract particles
in order to relieve elastic distortions. Additionally, the helical pattern is imprinted on the
surface with tangential orientation of the director, providing an alternative platform for
driven assembly of nano or micro particles. Furthermore, the optical properties of LCs
and the precise control over the ribbon pitch can be harnessed to engineer optical guides
with spiral paths. [219, 200, 195, 40, 1, 54]

To further consider potential applications of HR, we also explored how the pitch of
the HR (pygRr) is connected related to the molecular pitch (pg)? We performed addi-
tional simulations within the stable HR region for cylindrical cavities (2rp = 200 nm and
2rp = 300 nm) under moderate anchoring conditions (W = 1 X 1074 J/m?) and U = 2.9.
Fig. 5.5 shows the HR pitch as a function of molecular pitch, including two illustrative HR
structures. The pitch was measured from sections throughout the length of each cylinder,
and the error bars are represented in the shaded region. There is a linear correlation be-
tween both pitches, and the HR pitch is offset by an average of 50 nm from the molecular
pitch. The two illustrations represent the helical defect core with pyyg = 377 nm, as well

as the surface helical pattern with pyr = 614 nm.

5.4 Conclusions

A theoretical study of chiral liquid crystals confined in cylindrical and toroidal cavi-
ties has revealed the existence of new, previously unknown morphologies that arise from
the interplay between confining curvature and the inherent twist of the material. These
morphologies were generated by relying on a stochastic sampling technique expressed in
terms of the five independent components of the order tensor Q, which was mapped onto

an orthonormal basis set. These morphologies can be classified in terms of three ratios: (i)
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the natural twist, 2qgrg, which captures the two characteristic dimensions of the system
and collapses the free energy onto master curves; (ii) the elastic ratio |Fcy,|/F Splay = 2,
which demarcates the limit above which defects emerge in order to minimize the free en-
ergy; (iii) the competition between confinement and the BP cell size 2ry/agp = 2, which
determines whether a BP cell can develop or instead adopt helical features. Following
a progression of chirality, five morphologies are observed in the underlying phase dia-
grams when expressed in terms of such ratios: Double Twist, Twisted Ribbon, Helical
Ribbon, Helical Blue Phase, and Blue Phase.

An in-depth analysis of the patterns that arise on the surface of the cavities for HBP
and BP reveals polygonal lattices, in which —1/2 defects form the vertices and +1 regions
form the faces. Our analysis indicates that the HBP is amorphous, mostly due to sections
of chiral ribbons that intersect the lattice. In the case of BP, the defects resemble those
of BPII, but the geometry interrupts the cubic symmetry that leads to optical activity in
narrow ranges. Finally, we discussed how chiral ribbons, and Helical Ribbons, specifi-
cally, can serve as a platform for directed assembly. The nature of the helical defect cores
makes them a strong candidate for attracting particles, which alleviate elastic stresses,
both in the bulk and adsorbed on the surface. The pitch of the ribbon is tunable and it

follows a linear relationship with the cavity size and molecular pitch.
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Chapter 6

Reconfigurable multi-compartment
emulsion drops formed by nematic liquid
crystals and immiscible perfluorocarbon

oils

Liquid crystalline (LC) oils offer the basis of stimuli-responsive LC-in-water emul-
sions. Whereas past studies have explored the properties of single-phase LC emulsions,
few studies have focused on complex multi-compartment emulsions containing coexist-
ing isotropic and LC domains. In this paper, we report a study of multiphase emulsions
using LCs and immiscible perfluoroalkanes dispersed in water or glycerol (the latter con-
tinuous phase is used to enable characterization). We found that the nematogen 4’-pentyl-
4-biphenylcarbonitrile (5CB) anchors homeotropically (perpendicularly) and weakly at
liquid perfluorononane (F9) interfaces, consistent with smectic-layering of 5CB molecules.
The proposed role of smectic layering is supported by experiments performed with 4-
(trans-4-pentylcyclohexyl) benzonitrile (PCHS5), a nematogen that possesses a cyclohexyl
group that frustrates smectic packing and leads to tilted orientations at the F9 interface.
By employing perfluorocarbon and hydrocarbon surfactants in combination with multi-
phase 5CB and F9 emulsion droplets dispersed in a continuous water or glycerol phase,
we observe a range of emulsion droplet morphologies to form, including core-shell and

Janus structures, with internal organizations that reflect an interplay of interfacial (an-
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choring energies; F9 and glycerol) and elastic energies within the confines of the geom-
etry of the emulsion droplet. By comparing experimental observations to simulations of
the LC-perfluorocarbon droplets based on a Landau-de Gennes model of the free energy,
we place bounds on the orientation-dependent interfacial energies that underlie the inter-
nal ordering of these complex emulsions. Additionally, by forming core-shell emulsion
droplets from 5CB (shell) and perfluoroheptane (F7; cores), we demonstrate how a liquid-
to-vapor phase transition in the perfluorocarbon core can be used to actuate the droplet
and rapidly thin the nematic shell. Overall, the results reported in this paper demon-
strate that multiphase LC emulsions formed from mixtures of perfluoroalkanes and LCs
provide new opportunities to engineer hierarchical and stimuli-responsive emulsion sys-
tems.

All experiments and synthesis were performed by Dr. Xin Wang and the computa-

tional studies were all developed and performed by me.

6.1 Introduction

Liquid crystals (LCs) are a phase of matter within which the constituent molecules
exhibit long-range orientational order and high levels of mobility. [45, 110] Confinement
of LCs (e.g., to thin films, [225, 224, 217] emulsions [80, 150, 251, 95, 235, 192] and spherical
shells [62, 139, 140, 130, 215, 44]) imposes constraints on the orientational ordering of
LCs, leading to mesoscale organizations that reflect a delicate balance of contributions to
the free energy arising from orientation-dependent interfacial free energies, elastic strain
associated with deformation of LCs, and the presence of singular topological defects. [80,
150, 139, 239, 29, 228, 157, 263, 104, 72, 281, 220] The delicate balance of energetics that
controls the ordering of confined LCs have led to their use in a range of contexts, [45, 111]
including recently for chemical and biological sensing, [217, 134, 236, 107] in design of

autonomous soft matter microsystems [117, 97, 269, 233] and for templating molecular
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assemblies. [263, 262] In this manuscript, we explore how immiscible perfluorocarbons
can be used to confine LCs, including within domains of emulsion droplets with core-
shell and Janus-type morphologies, [94, 235, 166, 264, 276] in ways that are not accessible
in conventional single-phase emulsions. [80, 150, 44, 169]

Past studies have reported that a range of organizations of nematic LCs emerge within,
for example, thin shells confined between two immiscible aqueous phases as a function of
surface orientational ordering (anchoring), thickness of the shells, as well as variation in
shell thickness. [251, 62, 140, 215] Topological defects form within the LC shells, depend-
ing on the boundary conditions (anchoring) imposed by the two aqueous surfaces. The
resulting defects can organize into bipolar, triangular or tetrahedral arrangements, as doc-
umented by both experiments and numerical simulations. [62, 139, 140, 215] The explo-
ration of LC ordering within the confines of shells also extends to cholesteric and smectic
phases, leading to a rich range of shell textures and defect configurations. [251, 130, 44] In
this paper, we reveal that anchoring conditions imposed by immiscible perfluoroalkane
phases enable access to LC organizations within shells (and domains defined by Janus
morphologies) that have not previously been reported.

Whereas past studies have focused on LCs confined by aqueous phases, including
aqueous-glycerol mixtures containing surfactants, [251, 62, 139, 140, 130] we used immis-
cible perfluorocarbons to confine LCs for three reasons. First, in advance of this study,
it was not obvious to us what orientations LCs would adopt at immiscible perfluoro-
carbon interfaces. Past studies have explored the ordering of LCs at the interfaces of
solid perfluorocarbons. [225, 224, 88, 28] The anchoring (easy axis), however, largely de-
pends on the method used to prepare the surfaces. Plasma deposition of perfluorocar-
bon films induces perpendicular alignment [225, 224] while the anchoring was found
to be planar (parallel) on a surface deposited by rubbing a Teflon bar. [88, 28] In this

manuscript, we explore LC alignments at liquid perfluoroalkane interfaces using the
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nematogens 4’-pentyl-4-biphenylcarbonitrile (5CB) and 4-(trans-4-pentylcyclohexyl) ben-
zonitrile (PCH5) and isotropic perfluorocarbon oils perfluorononane (F9) and perfluoro-
heptane (F7) (Figure 6.1). We compare the behaviors of 5CB and PCHS5 in contact with F9
because 5CB is known to form smectic layering at interfaces whereas the cyclohexyl ring
of PCHS5 frustrates smectic layering. [163] This comparison thus allows us to probe the
role of smectic layering in determining the orientations of LCs at liquid perfluorocarbon

interfaces.
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Figure 6.1: Molecular structures of the nematogens (A) 4’-pentyl-4-biphenylcarbonitrile
(5CB), (B) 4-(trans-4-pentylcyclohexyl) benzonitrile (PCH5); (C) perfluorononane (F9) and
(D) perfluoroheptane (F7).

Second, we used perfluorocarbons to prepare multiphase emulsions because our ini-
tial observations revealed that they provide access to a range of LC organizations in emul-
sion droplets that have not been seen previously. In particular, as detailed below, we
found that 5CB molecules anchor weakly at perfluorocarbon interfaces and thus can be
readily reoriented by elastic strain of the LC. This yields new configurations of LCs within
shells that reflect an interplay between elastic energy, geometry of confinement and an-

choring condition. We explored and provide insight into this interplay by comparing our
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experimental observations to numerical simulations of multidomain LC droplets using a
Landau-de Gennes description of the free energy. The use of perfluorocarbons also pro-
vided an opportunity to compare the influence of perfluorocarbon versus hydrocarbon
surfactant type on emulsion droplet morphology and internal organization. [264, 275, 75]

The third reason we used perfluorocarbon oils in the experiments reported in this pa-
per was because perfluorocarbons can be readily driven through phase transitions to cre-
ate vapor-filled cavities within emulsion droplets. [116, 61, 155] We sought to determine
if such phase transitions could be used to drive rapid changes in the shapes of the LC
domains of the multiphase droplets explored in our study. As described below, we found
that it was possible to rapidly thin nematic shells (formed from a high clearing tempera-
ture nematic LC called HTW) by thermally driving liquid perfluorocarbon cores (formed
from F7) through liquid-to-vapor phase transitions. These results provide fresh ideas for
actuation of LC emulsion droplets in ways that may provide insight into the dynamic
properties of LCs in confinement. They also hint at new designs of stimuli-responsive LC

systems driven far from equilibrium.

6.2 Experimental Methods

6.2.1 Materials

The nematogens, 4’-pentyl-4-biphenylcarbonitrile (5CB, nematic phase from 22.0 °C
to 35.5 °C ) and HTW45800-000 (HTW, nematic phase from -30 °C to 101 °C ), were pur-
chased from HCCH (Jiangsu Hecheng Display Technology Co., LTD). Perfluorononane
(97%, F9), the nematogen 4-(trans-4-pentylcyclohexyl) benzonitrile (99%, PCH5, nematic
phase from 30 °C to 55 °C ), sodium dodecyl sulfate (99.0%, SDS), perfluorooctanoic acid
(96%, PFOA), trichloro(1H,1H,2H,2H-perfluorooctyl)silane (97%) and glycerol (>99.5%)
were purchased from Sigma-Aldrich (St. Louis, MO, USA). Perfluoroheptane (mixture of
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isomers, 98%, F7) was purchased from Alfa Aesar, Thermo Fisher Scientific (Tewksbury,
MA, USA). Fisher Finest Premium Grade glass slides was purchased from Fisher Scien-
tific (Pittsburgh, PA). Polyimide 2555, which was used to induce planar alignment of 5CB
when coated on glass substrates, was purchased from HD Microsystems. Purification of
water (18.2 MQ cm resistivity at 25 °C ) was performed using a Milli-Q water system
(Millipore, Bedford, MA, USA). F9 and F7 were stored and degassed by freezing at -20 °C

and -80 °C, respectively, prior to use.

6.2.2 Preparation of Optical Cells

Optical cells were assembled from two glass slides separated from each other by ~100-
300 um-thick spacers. Glass slides used for observation of 5CB droplets in F9 continuous
phases were coated with trichloro(1H,1H,2H,2H-perfluorooctyl) silane to make them flu-
orophilic; glass slides were immersed into trichloro(1H,1H,2H,2H-perfluorooctyl) silane,
subsequently rinsed with ethanol, F9 and dried with compressed air. Glass slides used
for observations of F9 droplets in 5CB phases were spin-coated with polyimide 2555 us-
ing a Laurell spin coater, baked at 250 °C ; the two glass surfaces of cells were rubbed and
assembled in an anti-parallel fashion to yield unidirectional tangential alignment of LCs

for F9 droplet dispersed in 5CB.

6.2.3 Characterization of Anchoring of Nematic 5CB at interfaces of
isotropic F9

We prepared 5CB (or PCH5) droplets in a F9 continuous phase by vortexing 20 ul

of 5CB (PCHS5) and 200 ul of F9 at 3000 rpm for 30 seconds. The resulting mixture

was injected into a 100 ym-thick silane-coated optical glass cell at elevated temperatures

(isotropic LCs), and cooled to room temperature for 5CB (or 35 °C for PCH5) for obser-
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vation. PCH5 was preheated to isotropic state above 60 °C , and remained fluidic during
the preparation process because of supercooling. To prepare F9 droplets in a 5CB-rich
continuous phase, 4 ul of F9 and 200 ul of 5CB was homogenized for 10 seconds using
a probe ultrasonicator (60 Sonic Dismembrator, Fisher Scientific) with a cold-water bath.
The resulting mixture was injected into a 100 um-thick optical cell, coated with polyimide
2555 on both surfaces to induce a uniform alignment of LCs. We injected the mixture in
isotropic state at 40 °C and cooled it to room temperature. The samples were observed

using polarized light microscopy.

6.2.4 Preparation of Emulsions using perfluorocaron and LC mixtures

To prepare droplets of F9-5CB, we added 50-100 ul 5CB and 50 ul F9 into glycerol
in the absence of surfactants (or aqueous solutions in the presence of surfactants). The
mixtures with glycerol were subsequently homogenized using the probe ultrasonicator
with a cold water bath. The mixtures with aqueous solutions were vortexed at 3000 rpm
for 30 seconds. The resulting mixtures were injected into 100 ym-thick optical cells at
room temperature. The samples were heated above the LC clearing temperature (35.5 °C)
and cooled to room temperature to equilibrate prior to making observations using optical
microscopy. We observed the formation of droplets with core-shell structure as described
below. We focused our observations on droplets between 10 and 30 micrometers (external
diameter), and 3-10 micrometers (internal).

To prepare F7-HTW droplets, we dispersed 80 ul HTW and 20 ul F7 into glycerol
by sonicating the mixture with a cold water bath. 30 ul of the resulting mixtures were
diluted into 1000 ul glycerol, subsequently injected into 300 um-thick optical cells at room
temperature and heated to vaporize the F7 cores using a Linkam LTS350 hot stage with

an accuracy of 0.1 °C..
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6.2.5 Measurements of Interfacial Tensions

The interfacial tensions were measured using the pendant drop method48 performed
with an optical tensiometer (Attension Theta T200, Biolin Scientific). Hamilton metal 22-
gauge needles (blunt point) were used. The equilibration time was 5 min for each drop.
The results presented in this paper were obtained using 5 independent measurements. An
environmental chamber heated by a fluid bath was used to control temperature. The den-
sities used to analyze the pendant drop measurements were 1.0258 g cm~> (5CB), 0.9700
g cm™3 (PCHS5) 1.2613 g cm™3 (glycerol, room temperature), 1.2522 g cm ™2 (glycerol, 35
°C)49,1.7990 g cm ™ (F9, room temperature), 1.7633 g cm ™ (F9, 35 °C )50, and 0.9982 g
cm~3 (aqueous solutions). The density of 5CB was measured to be 1.025753+0.000073 g
cm~3 using an Anton Paar DSA 5000 M density meter at 20 °C .

6.3 Results and Discussion

6.3.1 Anchoring of 5CB and PCHS5 at F9 interfaces

Many perfluoroalkanes and isotropic hydrocarbons are immiscible at low tempera-
tures, and mix above their upper consolute temperatures. [275, 73] Perfluoromethylcyclo-
hexane and hexane, for example, form two phases at 0 °C at a 1:1 volume ratio, but form
one phase at room temperature. [73] At the outset of our study, we surveyed a range of
perfluoroalkanes for the design of multi-compartment LC emulsions, including perfluo-
rohexane (F6), perfluoroheptane (F7) and perfluorononane (F9). These perfluorocarbons
form emulsions with similar morphologies, as described below, but we chose to focus on
F9 because it can be readily degassed by freezing at -20 °C . In the absence of degassing,
we found that gas bubbles were released from the oils when heating them during studies
of phase behaviors.

Unlike mixtures of perfluorocarbons and hydrocarbons described above, we found
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that the F9-5CB mixture (1:1 volume ratio) forms two phases over the temperature range
22 °C to 120 °C, which includes the temperature range of the nematic phase of 5CB (22 °C
to 34 °C). We also found that a finite amount of F9 can dissolve into 5CB, with the mixture
F9:5CB = 1:100 (volume ratio) forming a single phase above 50.5 + 3 °C . This level of mis-
cibility, although low, has the potential to change the properties (e.g., elastic constants)
of the nematic phase. It is noteworthy that the phase behavior of the FO-LC mixtures is
different with the mixtures of perfluoroarenes (e.g., hexafluorobenzene, FB) and hydro-
carbon liquid crystals (e.g., E7) due to the polarizable nature of perfluoroarenes. [260, 73]
The FB-E7 mixture (e.g., 5:100 volume ratio) forms a single nematic phase below a criti-
cal temperature and forms coexisting nematic-isotropic phases at elevated temperatures.
As described below, in the study reported in this paper, we used the largely immiscible
mixtures of F9 and 5CB to form emulsions.

Initially, we prepared emulsions using F9 and 5CB, characterized the morphologies of
the F9 or 5CB emulsion drops and inferred the orientational ordering of 5CB at F9 inter-
faces based on observation of the internal organization of the LC domains. To this end, we
examined nematic 5CB droplets dispersed in a continuous phase of F9 (Figures 6.2A-C)
as well as droplets of F9 dispersed in continuous phases of nematic 5CB (Figure 6.2D). To
make observations of 5CB droplets in F9, we emulsified 10% v/v 5CB into F9 at room
temperature, and performed experiments using films of the F9-5CB mixture confined
within optical cells with surfaces that were treated to be fluorophilic (see Experimental
Methods). Our experiments revealed that nematic phases of 5CB assume a perpendicular
(homeotropic) alignment (easy axis) at the interfaces of F9, as indicated by the so-called
radial configuration with a point defect at the center of the droplets [134, 51] (Figure 6.2A).

We also examined the influence of 5CB droplet size on LC ordering. The droplet in
Figure 6.2B with a 1.4 um radius generates four brushes under crossed polars (consistent

with a radial configuration), while the droplet in Figure 6.2C with a 0.9 ym radius gen-

96



Figure 6.2: Micrographs between parallel polars (left), crossed polars (middle), and
schematic illustrations (right) of (A-C) 5CB droplets in a continuous phase of F9 and (D) an
F9 droplet dispersed in 5CB at room temperature. (B,C) size-dependence of LC ordering
in droplets with radii of 1.4 yum and 0.9 um, respectively. (E) Single-polar, crossed-polar
micrographs and schematic illustration of a PCHS5 droplet in F9. The defect denoted by
the blue arrow is slightly tilted out of the plane. Scale bars, 10 um. The double-headed
arrows indicate the orientation of the two polarizers. The dash lines show the ordering of
5CB (director). The red dots indicate the defects.
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erates a birefringent texture that disappeared periodically during droplet rotation (incon-
sistent with a radial configuration; Figure S1). The latter result suggests that the smaller
droplet has adopted a configuration with a uniform LC orientation. Overall, these ob-
servations suggest that a decrease in 5CB droplet radius below a critical value of ~1 ym
caused a spontaneous transition from a radial to a uniform director profile within the 5CB
domain. Past studies have demonstrated that the elastic energy of a LC droplet scales
with the droplet radius (~ KR) and the surface anchoring energy scales with the square
of the droplet radius (~ WR?). [150, 95] These two contributions to the free energy lead
to the prediction that droplets with R < K/W will exhibit a director profile dominated by
elastic energy whereas larger droplets will satisfy the perpendicular anchoring and form
the radial configuration. These predictions are consistent with our experimental observa-
tions, and permit us to estimate that the anchoring coefficient W of 5CB at F9 interface is
1072 N/m, by using K of 5CB ~ 10~ N [150, 95] and a critical radius of ~ 1um.

The observation of uniform LC ordering of 5CB droplets in F9 below the critical ra-
dius of ~1 um contrasts with prior reports of 5CB droplets confined within polymeric
capsules, where a transition from bipolar (parallel anchoring) to radial configuration was
seen below a critical radius of ~400 nm. [80, 150] The transition was attributed to the
contribution that ko4 (saddle-splay elastic constant) makes to the elastic free energy. For
the F9-5CB emulsions reported in this manuscript, as noted above, a small amount of F9
dissolves into 5CB. It is possible that the dissolved F9 changes the elastic constants of the
5CB (e.g., to increase the splay and the bend constants more than the twist and the saddle-
splay constants), leading to uniform ordering of LC within droplets with radii less than 1
um. Additionally, we examined the temperature-dependence of LC ordering within the
LC droplets but observed no significant difference in director profiles between 25 °C and
34 °C (prior to the nematic to isotropic phase transition of 5CB).

We also observed a perpendicular alignment of 5CB at the F9 interface when droplets
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of F9 were dispersed in a continuous phase of nematic 5CB (Figure 6.2D). In these ex-
periments, we emulsified 2% v /v F9 into 5CB and confined films of the mixture between
two polymer-coated glass surfaces that induced unidirectional tangential alignment (no)
of nematic 5CB. The homeotropic anchoring of 5CB at the F9 droplet interface generates
a hyperbolic hedgehog defect [263, 260] accompanying the F9 droplets (Figure 6.2D). A
twist deformation can be seen near the point defect in Figure 6.2D. Both clockwise and
anticlockwise twisted structures were observed with equal probability. It is possible that
the dissolution of F9 into 5CB also plays a role in the observation of the twist in the 5CB
(potentially reducing the ratio between twist and splay elastic constants).[51, 196, 10] As
noted above, a mixture F9:5CB = 1:100 (volume ratio) forming a single phase above 50.5
+ 3 °C . Upon cooling to room temperature, however, we observed F9 droplets to phase
separate from the nematic 5CB and form dimers and chains (Fig. S2). [142]

The observation of homeotropic anchoring of 5CB at perfluoroalkane interfaces con-
trasts to observations made at interfaces of other immiscible liquids (e.g., water and glyc-
erol, for which the orientations of nematic 5CB are parallel). At least three mechanisms
have been proposed to lead to the homeotropic anchoring of 5CB at interfaces. First, at a
free surface (air interface), 5CB molecules form a highly ordered smectic-like layer, reveal-
ing that an entropic loss is compensated by enthalpic gains arising from layering of the LC
molecules. [208] Second, surfactants (e.g., sodium dodecyl sulfate and dodecyltrimethy-
lammonium bromide) can give rise to homeotropic anchoring of 5CB at aqueous inter-
faces by interdigitating with the tails of 5CB. [150, 95, 139, 130, 51] Third, interfacial dis-
ordering can give rise to weak anchoring energies, which allows the LC elastic energy or
external fields to dominate the LC orientation at the interface. [45, 51, 22, 165] Because
surfactant is absent in the experiments reported above, and because our experiments lead
us to conclude that the easy axis of 5CB is perpendicular to the interface to F9, we propose

that smectic layering is likely behind the observation of homeotropic ordering of 5CB at
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F9 interfaces. Below we explore this proposition.

To probe the possible role of the smectic layering in leading to perpendicular anchor-
ing of 5CB at the F9 interface, we examined the behavior of the nematogen PCHS5 at the
F9 interface. The molecular structure of PCHS5 differs from 5CB in that one aromatic ring
of 5CB is replaced by a cyclohexyl group on PCH5 (Figure 6.1B). PCH5 exhibits planar
anchoring (parallel to the interface) at free surfaces [163] because the non-planar config-
uration of the cyclohexyl group of PCH5 frustrates smectic-like layering. We dispersed
PCHS5 droplets into F9 films at 35 °C , where PCHS5 is a nematic LC (5 °C above the crystal-
to-nematic transition temperature). In contrast to 5CB, we observed tilted anchoring of
nematic PCH5 at the F9 interface. This is indicated by a “pre-radial” configuration of
PCHS5, with a director profile that radiates from a point defect located near the inter-
face of the nematic droplet (Figure 6.2E). [260, 51] The pre-radial configuration comprises
a point hedgehog located near the surface of the droplet with a topological charge of
N = 1; [256, 123] wealk, tilted surface anchoring (so-called weak conic anchoring) pre-
vents formation of defects on the surface of the droplet. The configuration in Figure 6.2E
is, therefore, topologically equivalent to a radial droplet. The tilted anchoring is con-
sistent with our hypothesis that the presence of the cyclohexyl group frustrates smectic
layering of PCH5. Ongoing molecular-level simulations are being performed to provide

additional insight into the ordering of PCH5 and 5CB at F9 interfaces.

6.3.2 Nematic shells with Weak Anchoring

Next we explored how nematic LCs and isotropic perfluorocarbons can be used to
design complex multi-compartment emulsions. To form multi-compartment emulsions,
we emulsified F9 and 5CB (1:2 volume ratio) mixtures in glycerol at room temperature.
Glycerol (more viscous than water) was used to slow the rate of diffusion of the emulsion

droplets to enable microscopic observations, although similar results were observed with
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water. Because F9 and 5CB are largely immiscible during emulsification at room temper-
ature, the relative volumes of the two phases varied between droplets, providing a means
to rapidly screen for possible configurations formed by the two phases.

The morphology of the multi-compartment emulsion droplets explored in this pa-
per are determined by a force balance between three interfacial tensions, [260, 275, 247]
namely the interfacial tensions of the F9-glycerol interface, yr9, the 5CB-glycerol inter-
face, y5cp, and the F9-5CB interface, yrg9_5cp. To guide our understanding of the mor-
phologies formed by these complex emulsions, we performed measurements of interfa-
cial tensions using a pendant drop tensiometer. In the absence of surfactants, yrg was
measured to be 33.0 + 0.5 mN/m; y5cp was 17.2 + 0.1 mN/m; and yr9_5cp was mea-
sured to be 13.7 + 0.1 mN/m using pendant drop method. [95, 166, 260, 275, 105] Because
YF9 > Y5CB + Yr9—5cB, wWe predicted the formation of morphologies with F9 cores and
5CB shells. [260, 275, 247]

Consistent with these predictions, we observed the formation of core-shell droplets
with 5CB shells and F9 cores. We observed three distinct internal organizations of the
nematic 5CB shells. First, when the radii of the inner F9 cores (1) were larger than 40% of
the droplet radii (R), < 0.4R, nematic shells with quadrupolar symmetry were observed
(Figure 6.3A). Interestingly, neither Saturn-ring defects [228, 78] (-1/2 disclination rings at
the equator) surrounding F9 cores nor boojums [150] (+1 point defects at interface) at 5CB-
glycerol interface were observed for the quadrupolar configuration. We hypothesized
that the relatively small energetic contribution of surface anchoring compared to elastic
strain of the LC (weak anchoring) led to the absence of defects within the 5CB shells. To
obtain anchoring energies (~ W1?) that are comparable in magnitude to the elastic energy
(~ KlI), we estimate the anchoring strength (W) at the both F9 and glycerol interfaces to
be of order of 10™° — 107® N/m, where I, the length scale, is ~ 5ym and K is ~ 10711 N.

This estimate of anchoring energy is supported by numerical simulations shown below.
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Figure 6.3: (A-C) Polarized-light micrographs (left: parallel-polars; middle: crossed-
polars) and schematic illustrations (right) showing internal organizations of double emul-
sions with nematic 5CB shells and F9 cores of various sizes. Droplets are dispersed in
glycerol. Scale bars, 10 um. The dash lines show the ordering of 5CB (director). The red
dots indicate the defects. (D) Estimated elastic free energy Fe as a function of the ratio of
core radius to droplet radius 10 ym) for droplets with dipolar and quadrupolar symme-
tries. (E) Schematic illustration shows the internal organization with strong anchoring at
both interfaces (perpendicular inner, planar outer).
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Second, for F9 cores with radius 0.4R > r > 0.3R, the 5CB shells exhibited a dipo-
lar symmetry (Figure 6.3B). The isotropic F9 inner droplets were accompanied by hy-
perbolic hedgehogs (-1 point defects). Similar to the quadrupolar symmetry, no boo-
jums were observed at the 5CB-glycerol interface with the dipolar symmetry, indicat-
ing a higher anchoring strength at the F9 interface compared to the glycerol interface.
Based on the anchoring coefficient estimated above, we inferred at the F9 interface that
Winner = 107°N/m and at glycerol interface that Wy tor = 107°N/m. Our results con-
trast to nematic 5CB shells with strong anchoring at aqueous interfaces in the presence
of surfactants, where the interfacial energy (anchoring energy) dominates the LC elastic
energy, and the shells exhibit a dipolar symmetry with two +1 defects (boojums) at the
planar interface (Figure 6.3E). [139, 130] Additionally, we note that the F9-5CB emulsions
with core-shell morphologies differ from the emulsions formed by the partially miscible
perfluorobenzene and LCs, [260] where the mixture only creates emulsion droplets with
Janus morphologies.

Third, we observed the F9 inner droplet, when r < 0.3R, to be localized to the site
of one of the defects of a 5CB droplet in a so-called bipolar configuration [80, 139, 51]
(Figure 6.3C). This configuration has been seen before in emulsions with 5CB shells and
homeotropic silica particles.68 Defect regions possess a high local free energy density and
thus they tend to attract inclusions. Similarly, we interpret our results to indicate that the
small F9 droplet replaces the strained LC at and near the defect, [263] consistent with
past numerical simulation showing that the free energy is minimized when an isotropic
sphere (r = 0.286R, where r and R are the inclusion and LC droplet sizes, respectively)
with homeotropic anchoring is located at boojums. [209]

To provide insight into the interplay of mechanical confinement and configurational
stability that underlies the above-described experiments, we compared the free ener-

gies of the LC configurations with quadrupolar and dipolar symmetries. [150, 139, 130,
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263] We formulated a simple model to evaluate the free energy of a multi-compartment
droplet. (see Figure S3 in Supplemental Material for details.) The elastic free energy Fe,
evaluated, as a function of the ratio r/R is shown in Figure 6.3D. Our simple model pre-
dicts that the configuration with dipolar symmetry is stable for small inner core sizes, that
is r/R < 0.406; and quadrupolar symmetry is stable for large cores, /R > 0.406. These
predictions agree closely with our experimental observation of a transition between con-
figurations with dipolar and quadrupolar symmetries at 7/R ~ 0.4, and they are validated

further by numerical simulations that are presented below.

6.3.3 Numerical Simulations and Estimates of Anchoring Strengths at

Nematic-Perfluorcarbon Oil Interfaces

The scaling arguments presented above provide order of magnitude estimates of the
anchoring energies of 5CB at F9 interfaces. To obtain quantitative estimates, we per-
formed numerical simulations to precisely model the detailed orientational ordering of
LCs in the confines of the morphologies of the multiphase LC droplets. We used a Landau-
de Gennes (LdG) continuum model, calculated optical textures and compared them with
experiments. [260, 278] The one elastic constant K = 4.55 pN for 5CB was used. We note
that the radii of the simulated droplets were of the order of 1 um, one order smaller than
most droplets observed in experiment. To enable comparisons between computation and
experiments, we increased the anchoring strength by one order of magnitude to keep the
ratio of anchoring energy (~ WI?) to elastic energy (~ KI) comparable in experiment and
simulation.

Figures 6.4 and 6.5 reveal that the simulations predicted configurations with quadrupo-
lar and dipolar symmetry by setting r = 1/2R and r = 1/3R, respectively, consistent
with our experimental results and thermodynamic scaling arguments (Figure 6.3). To
aid interpretation of the optical micrographs in Figure 6.3 in terms of the influence of
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anchoring strength of LC at the boundaries of the shells, we varied the anchoring coeffi-
cient W at the two interfaces, simulated the corresponding optical micrographs, and then
compared the simulated light micrographs to our experimental observations. First, we
discuss the simulations for the emulsions with quadrupolar symmetry. The use of strong
anchoring (Woyyter = 1073 N/m and 1074 N/ m) at the outer interface led to two boojums
(Figures 6.4A,B), contrary to our experimental results showing the absence of defects at
the outer interface (Figure 6.3A). When Wy ter = 10~ N/m, defects were absent at the
outer interface, in good agreement with experiments (Figures 6.4C-E). Similarly, the use
of Wipner = 1073 N/m at the inner interface lead to formation of Saturn-ring defects
surrounding the inner isotropic cores (Figures 6.4A-C), in contradiction to experimental
results. We found that Wj,,,;, = 107 N/m for the F9 interface (inner) in Figure 6.4D
leads to a defect-free configuration, and the simulated optical micrographs shows four
extinction (dark) brushes between crossed polars, in agreement with experiments. When
Winner = 1072 N/m (Figure 6.4E), the simulated optical textures are also similar to the ex-
periment. This anchoring strength, however, was found not sufficient to generate dipolar
symmetry, as described below. As noted above, the anchoring strength was increased by
one order of magnitude in simulations to capture the difference of droplet size between
experiments and simulations. The anchoring coefficients of 5CB used in the simulations,
Wouter = 1072 N/m at outer phase and Wi, ,,0r = 10~% N/m at inner interface, are thus
equivalent to the anchoring coefficients estimated from our experiments and scaling ar-
guments (Woyter = 107 N/m at outer glycerol phase and Wiy, ,er = 107> N/m at inner
F9 core).

The director profiles and polarized images of the emulsion droplets with dipolar sym-
metry were also simulated (Figure 6.5). We found simulations with Wy 0y = 10> N/m
and Wiy, ey = 1073 = 107% N/m, as shown in Figures 6.5A,B, to capture the key features

of experimental results, specifically the formation of hyperbolic hedgehog defects (Fig-
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ure 6.3B). In contrast, the use of weak anchoring coefficients (W = 10~ N/m) for both
inner and outer interfaces led to the dipolar configuration being unstable (Figure 6.5C).
The simulations also revealed that the anchoring strength of nematic 5CB at F9 interface is
one order of magnitude larger than that at glycerol interface, consistent with our scaling

arguments reported above.

6.3.4 Influence of Surfactant Type and Concentration on Morphologies

and Internal Configurations of F9-Nematic Emulsion Droplets

As mentioned in the Introduction, the use of perfluorocarbon oils provides the op-
portunity to use both perfluorocarbon and hydrocarbon surfactants to tune droplet mor-
phologies and internal organizations via preferential adsorption at interfaces of the two
domains of the droplets. [260, 275, 75] To explore this opportunity, similar to the fabri-
cation of nematic shells, F9 and 5CB (1:1-2:1 volume ratio) mixtures were dispersed into
aqueous surfactant solutions at room temperature to characterize droplet morphologies.

To guide our understanding of the influence of surfactants on droplet morphology, we
measured the interfacial tensions between aqueous phases and oils as a function of the
concentration of sodium dodecyl sulfate (SDS), and perfluorooctanoic acid (PFOA) (Fig-
ure 6.6A,B). We assume that the interfacial tension at the F9-5CB interface of the emulsion
droplets, yr9_5cp = 13.7 + 0.1 mN/m, remains unchanged in the presence of the surfac-
tants. In contrast to the surfactant-free emulsions formed by either 5CB and F9, we pre-
dicted that in the presence of surfactants (i.e., 2 mM SDS, 1 mM PFOA and 2 mM PFOA),
the droplets would all form Janus morphologies, as the three interfacial tensions satisfy
the thermodynamic criteria that Vik ~ (i it Vi k) (i #j # k =F9, 5CB, F9-5CB) are all neg-
ative. [166, 260, 275] This prediction is validated by our experiments (Figures 6.6C-E). We
also observed droplets with 5CB cores and F9 shells in 2 mM PFOA solution (Figure 6.6F),
but we concluded that this inverted core-shell structure was a metastable morphology be-

106



Figure 6.4: Effect of strength of LC anchoring on the organization of core-shell emulsions
with F9 core and 5CB shells (quadrupolar symmetry). Simulated director profiles (left)
and polarized images from side view (middle) and top-down view (right) of nematic shells
with anchoring coefficients W (N/m) = (A) 1073 (inner) and 1072 (outer), (B) 1073 (inner)
and 10~ (outer), (C) 1073 (inner) and 10> (outer), (D) 10~# (inner) and 10~ (outer),
and (E) 107 (inner) and 10~ (outer). Droplet radii in simulations: 1 ym (outer), 0.5 ym
(inner). Blue loops indicate defects.
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Figure 6.5: Anchoring strength effect on the organizations of a double emulsion with
dipolar symmetry. Simulated director profiles (left) and polarized light images (right) of
nematic shells with anchoring coefficients W (N/m) = (A) 1073 (inner) and 10~° (outer),
(B) 10~% (inner) and 10~ (outer), (C) 10~ (inner) and 10~ (outer). Droplet radii in
simulations: 2.25 ym (outer), 0.75 ym (inner).
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cause of its small population (less than 5%) and the thermodynamic analyses described
above.

Although all surfactants induced the Janus morphology, we observed that the internal
organizations depended on the surfactant type and concentration. We elucidated the in-
fluence of surfactant type and concentration on the internal organization of the 5CB com-
partments by comparing experiments to simulations. We assume the anchoring of 5CB
at the F9 interface (the inner interface) remains homeotropic in the presence of the sur-
factants; the anchoring coefficient used in the simulation was unchanged, W;;, ¢, = 1074
N/m; and, as discussed above, the anchoring coefficients used in the simulations are
one order of magnitude larger than the experiments to accommodate the smaller size of
droplets in simulations.

When we added 2 mM SDS into aqueous phase, 5CB molecules exhibited homeotropic
anchoring at the aqueous interface, confirmed by the radial configuration of nematic
single-phase droplet. In the Janus droplets, we observed no defect formation in the ne-
matic compartment (Figure 6.6C). This configuration is in a good agreement with sim-
ulations, when strong anchoring Wy ter = 1073 N/m was used at the aqueous inter-
face. Similar configurations have been seen for droplets formed by partially miscible
perfluorobenzene-E7 mixtures in 1 mM SDS solution. [260]

In contrast to 2 mM SDS, 5CB was measured to assume a planar orientation at an in-
terface to 1 mM PFOA. The nematic 5CB compartments of the Janus droplets prepared
with ImM PFOA were found to exhibit a director profile that radiates from a point defect
located at the pole (planar anchoring at the aqueous interface, Figure 6.6D). The simu-
lated textures captured the location of the defect and the brushes. Emulsions comprised
of poly(dimethylsiloxane) and 5CB in poly(vinyl alcohol) solution also form similar orga-
nizations, as reported previously. [95]

When using 2 mM PFOA, 5CB anchors homeotropically, similar to 2 mM SDS. How-
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Figure 6.6: (A,B) Interfacial tensions as a function of concentrations of the surfactants. The
insets are the molecular structures of (A) the hydrocarbon surfactant, sodium dodecyl
sulfate (SDS), and (B) the fluorocarbon surfactant, perfluorooctanoic acid (PFOA). (C-F)
Parallel-polar (first column), crossed-polar micrographs (second column), simulated di-
rector profiles (third column) and simulated polarized light micrographs (fourth column)
show surfactant-dependent morphology and organization of F9-5CB droplet emulsions
dispersed in the aqueous phases of (C) 2 mM SDS, (D) 1 mM PFOA and (E,F) 2 mM PFOA,
respectively. Scale bars, 10 um. Adopted boundary conditions in simulations: perpen-
dicular at the 5CB-F9 interface with Wiy, = 107* N/m and at the aqueous interfaces:
(C) perpendicular with Wyyte; = 1073 N/m ; (D) parallel with Wy, zer = 1074 N/m ; (E)
perpendicular with Wy ¢er = 1074 N/m.. Droplet radii in simulations: 1 ym.
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ever, the configuration of the 5CB within the Janus droplet formed with 2 mM PFOA com-
prises a director profile radiating from a point defect located at the center, which contrasts
to the 5CB compartment formed using the 2 mM SDS (Figure 6.6E). We hypothesized that
the SDS and the PFOA surfactants provide different anchoring strengths at the aqueous
interface. Numerical simulations validated the hypothesis. When Wy oy = 1074 N/m,
the locations of defects and dark brushes were in good agreement with experiments per-
formed with PFOA. We concluded that the PFOA provides an anchoring strength that is
one order of magnitude smaller than the SDS surfactant. We note that the configuration
of the LC domain within the Janus droplet is a sensitive reporter of changes in surface
anchoring energy. We end this section by noting that we observed no visible morpholog-
ical changes when heating the F9-5CB emulsions above the nematic-isotropic transition
temperature of 5CB (35.5 °C ), leading to the conclusion that the elasticity and anchoring

energy of the LC droplets have a minor impact on droplet morphology.

6.3.5 Liquid-to-Vapor Phase Transitions in the Perfluorocarbon Core of

Complex LC Emulsions

Perfluoroalkanes and nematic LCs, as described above, provide access to multicom-
partment emulsions with morphologies and internal organizations that are not accessible
using other systems. In addition, immiscible perfluorocarbons are interesting compo-
nents of emulsions because they can be driven to undergo liquid-vapor phase transitions
in emulsion systems. [116, 61, 155] In contrast, LC shells with aqueous cores are difficult
drive through reversible changes because they are generally unstable. [251, 62, 130, 215]
In the experiments reported below, we used perfluoroheptane (F7) and the nematogens
HTW to form core-shell droplets because the upper part of the nematic temperature range
of HTW (-30 °C -101 °C)) is above the boiling point of F7 (boiling point (bp) = 82 °C).

In our experiments, F7 and HTW was homogenized into glycerol to form droplets
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with core-shell morphology. Figure 6.7 shows the droplet behaviors during one heating
and cooling cycle. At50.0 °C, the F7 core was a liquid phase and the HTW shell was a ne-
matic phase (Figure 6.7A). At 90.0 °C, which is above the boiling point of F7 (82 °C), the
morphology and internal organizations of the droplet remained unchanged (Figure 6.7B),
indicating the core at this temperature was a superheated liquid phase. At 130.0 °C, the
nematic shell turned dark, corresponding to a nematic to isotropic phase transition in the
shell while the core remained in the metastable liquid state (Figure 6.7C). Remarkably,
it was not until the droplet was heated to 165 °C -170.0 °C did the F7 core rapidly va-
porize. Within a period of 0.05 s, we observed the 5CB shell to rapidly expand as the
F7 core transformed to a gas (dark micrograph under the crossed polars, Figure 6.7D).
We confirmed that the increase in the size of the core was consistent with formation of a
gas by using the ideal gas law pV = nRT, where p is atmospheric pressure (N/m?), V is
volume to be calculated (m?), 1 is the amount of substance (mol), R is the gas constant
8.31 (J mol~! K‘l), and T is the temperature (K). We calculated that the volume of the
core should expand with the liquid-to-vapor transition by a factor of 133 (factor of 5 in
diameter). We measured in our experiments that the core diameter expanded from 9.5
pym to 49.3 um in Figure 6.7, consistent with the above estimate.

We note that the F7 core was superheated by ~85 °C prior to undergoing the liquid to
vapor phase transition and that the phase transition in the nematic shell did not trigger
the liquid to vapor transition in the core. Comparable levels of superheating have been
reported in prior experiments performed with perfluorocarbons having shorter chain
lengths (i.e., perfluoropropane and perfluorobutane). [61, 155] We subsequently cooled
the HTW-F7 gas-core emulsion back to 90.0 °C , which is above the bp of F7 but below
the clearing temperature of HTW, and we observed the shell to recover its liquid crys-
talline state as evidenced by the appearance of a bright shell when viewed under crossed

polars (Figure 6.7E). We also observed defects to be present within the thin nematic shell,
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Figure 6.7: Thermal reconfiguration of multiphase LC emulsion droplets with a perfluo-
rocarbon (F7) core and nematic (HTW) shell. Parallel-polar (left), crossed-polar (middle)
micrographs and schematic illustrations (right) of a droplet with an F7 core and an HTW
shell during heating and cooling cycles; heating to (A) 50.0 °C (liquid core, nematic shell),
(B) 90.0 °C (liquid core, nematic shell), (C) 130.0 °C (liquid core, isotropic shell), (D) 170.0
°C (vapor core, isotropic shell), and upon cooling to (E) 90.0 °C (vapor core, nematic shell)
and (F) 50.0 °C (liquid core, nematic shell). The defect in (E) (red dot) is not within the
focal plane. (G) Droplet with defect evident in the nematic HTW shell. Scale bars, 10 um.
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as shown in Figures 6.7G and S4 (denoted by the blue arrow). We note that the defect
is not located at the focal plane for the shell shown in Figure 6.7E. Subsequently, we
cooled the system to 50.0 °C . After 30 min, the F7 core was observed to condense into its
liquid state and the emulsion droplet returned to its original size (Figure 6.7F). Interest-
ingly, the time scale for expansion (~0.01 s) versus contraction (~10 min) of the gaseous
core differed greatly. We hypothesize that the nematic ordering of HTW within the shell
slows the contraction process as compared to the expansion during which the HTW is
an isotropic phase. Although we observed one defect near the F7 core in both thick
and thin shells, thinning of nematic shells can potentially actuate the transform of de-
fects, [62, 139, 215] including elimination of defects if the anchoring extrapolation length
becomes larger than the shell thickness. Future studies will explore in more detail the
dynamics of these emulsions. Overall, the experiments reported above demonstrate that
LC-perfluorocarbon emulsions can be actuated reversibly via heating and cooling of the

perfluorocarbon cores through liquid-to-vapor phase transitions.

6.4 Conclusions

This paper reports the formation of complex emulsions from immiscible LCs and
isotropic perfluoroalkane oils (F9 and F7). To provide insight into the structures of the
emulsion droplets, we characterized the anchoring of two nematic LCs, 5CB and PCHS,
at interfaces of isotropic F9 phases. We found that 5CB assumes a perpendicular ori-
entation while PCHS exhibits a tilted anchoring, consistent with the role of smectic or-
dering in the perpendicular orientation assumed by 5CB. In the absence of surfactant
added to a continuous aqueous/glycerol phase, we found that F9 and 5CB form emul-
sion droplets with perfluorocarbon cores and nematic shells. Our observations reveal
that the anchoring of 5CB at the F9 interface is unusually weak, giving rise to shells of

5CB with either quadrupolar (/R > 0.4) or dipolar symmetry (r/R < 0.4), respectively,
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a conclusion that is supported by numerical simulations based on a Landau-de Gennes
free energy. By dispersing the F9-5CB emulsions into glycerol or aqueous solutions of
the surfactants SDS or PFOA, droplets with Janus morphologies were formed, with the
internal organization of the nematic domains dependent on the specific surfactant type.
Interestingly, under condition for which SDS and PFOA generate the same internal con-
tigurations of single phase LC droplets, we observed the LC domains of the multiphase
droplets to give rise to distinguishable internal organizations. This result reveals that
confinement of LCs within multiphase droplets provides new opportunities to differ-
entiate interfacial phenomena that are not distinguishable in single phase LC droplets.
We also showed that LC-perfluorocarbon emulsions provide new opportunity to create
thermally actuated and dynamically reconfigurable nematic shells by vaporizing the per-
fluorocarbon core. More broadly, the results reported in this manuscript demonstrate
that perfluoroalkane-nematic two-phase systems provide new opportunities to design
stimuli-responsive emulsions

The results reported in this paper also generate a range of unresolved questions. For
example, our results suggest that F9 dissolved in 5CB, although low in concentration, may
change the elastic constants of 5CB to impact the configurations assumed by 5CB under
confinement. Additionally, although our results support the proposal that 5CB assumes
smectic ordering at the F9 interface, additional studies are needed to fully understand the
molecular-level origins of the LC anchoring observed at liquid perfluorocarbon interfaces.
Finally, our studies reveal that the expansion and contraction of the F7 cores within HTW
shells differ greatly in dynamics. We do not yet fully understand the factors that control
these dynamics.

The results presented in this paper also revealed that the liquid F7 cores of the nematic
emulsions were superheated by ~80°C prior to transforming to a vapor phase. We envis-

age that future studies may exploit this superheated state of the perfluorocarbon core in
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a range of potentially useful way, such as in microsensors, e.g., by using the selective dis-
solution of gases in LCs. [217, 236] We also anticipate that the approach demonstrated in
this paper can be extended in future studies to other achiral and chiral LC phases, includ-
ing smectic, cholesteric and blue phases, as well as other perfluorocarbons. Additionally,
the reconfiguration of the LC compartment of the emulsion via vaporization of the per-
fluorocarbon, as demonstrated in our paper, is not limited to core-shell morphologies,
but can also be explored in symmetry-broken morphologies, such as Janus droplets. We
predict that the interplay of phase transitions between LCs and perfluorocarbon can also
be manipulated to form a range of new non-equilibrium LC organizations that reflect the

history of heating and cooling of the emulsion systems.
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Chapter 7
Topological dereliction in
liquid crystal-mediated nano-particle

assembly on spherical droplets

7.1 Introduction

Decorating liquid crystal interfaces is the functional principle of biochemical sensors
and hierarchical material design. Fundamentally, these devices rely on elastic forces to
mediate the directed-assembly of colloids, that in turn generate an interesting portfolio
of patterns and geometric arrangements with extraordinary optical properties. [157, 133,
213,70,71,199, 250, 238] The elastic forces originate at regions with low order, topological
defects, in a concerted effort to alleviate distortions of the order field. [125, 222, 255, 266,
221,71] A canonical example is the bipolar droplet, in which a liquid crystal (LC) confined
in a spherical cavity is subject to lie tangential to the surface. This restriction leads the
system to find a balance between the bulk and surface free energies and results in the
emergence of two antipodal surface defects. [? 153? , 176? ]

These morphologies are a product of a thermodynamic minimization of free energy
densities — at the bulk and surface — that balance the amount of elastic distortions with
the preferred alignment of the LC molecules at the surface [? 153? ? ? ]. In addition,
these forces mediate the assembly of nano-particles, in bulk or at the surface, because

locating the particles at the LC defects alleviate some of the natural elastic distortions of
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the nematic field [125, 222, 255, 266, 221, 71].

Using a Landau-de Gennes formalism, previous simulations from our group explored
the location and assembly of one, two and three half-submerged nano-particles on planar
LC micro—droplets. We generated the thermodynamic rational behind the assembly of
homeotropic [136] and weakly (anchoring strength ~ 107# J/m?) planar [197] anchored
particles. These studies served to delineate the nematic forces, the free energy estimate
during a defect annihilation and the penalties that occur once the particles are not located
in the global minimum. For completeness and to guide the present research, we wish
to summarize our findings for two particles: (i) the global minima configuration for two
homeotropic or weakly planar particles is to locate each particle in an opposite boojum;
(ii) there is a local minima once the two particles are located in a in single boojum; (iii) the
free energy difference between the global and local minima is around 1,000 kgT for the
homeotropic particles and order 100 kgT for the weakly planar particles; and (iv) to move
a particle from the local minima to the global minima, an extra defect around the particle
must be created. This additional defect penalizes the free energy by several hundreds of
kgT for homeotropic particles, while several tens of kgT for the weakly planar particles.

The order of the free energy differences and penalties may lead to always direct the
assembly of the particles at the antipodal boojums. Simulations with three particles [136,
197] follow that rational: two particles aggregate at one boojum and the other rests at the
opposite pole. Therefore, it is natural to think that multiple particles will agglomerate
in the boojums to minimize the free energy and one may think that the global minima
should be reached given the large values for the free energy penalization. The particle
preference for the boojums has been observed experimentally for half-submerged fluo-
rescent polystyrene (PS) nano-particles in a LC bipolar droplet [261]. However, for a con-
stant particle number, the observed configurations do not follow the permutation rules

associated with the global free energy minima. On the contrary, several configurations
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are observed for constant particle numbers, which motivates the present work. How is
it possible that particles do not assembly according to global free energy minima, giving
the fact that the free energy penalties are several kgT units? We suspect that the under-
lying feature of this degeneration of particle states is a topological dereliction, similarly
observed in glass forming systems where the multitude of diverging pathways open the
portfolio of metastable arrays [158, 159]. In addition, this phenomenon is also analog to
many self assembly processes in biological systems [280, 249].

In this paper, we aim to describe the underlying physics that drive degenerated parti-
cle packing of half-submerged nano-particles in an LC bipolar droplet. Opposite to previ-
ous reports, the location of the particles are not fixed, avoiding prdetermined particle con-
tigurations. We restrict this study to aplanar anchored droplet, with anchoring strength
W” =1x1073 ]/ m2, of size R = 250 nm and nano-particles with a size of rp = 50 nm.
Figure 7.1 shows schematically some physical details of the system of interest. The figure
includes the boojum defect arrangement of a pure bipolar droplet and the defects around
the particles. We will use homeotropic (purple) and planar (blue) anchored particles and
we will vary their number up to ten particles per droplet. To relax the free energy func-
tional without fixed particle locations, a novel Monte Carlo (MC) sampling algorithm is
presented, where a Metropolis sampling criteria for the alignment tensor [8, 6] and the

position of the particles is adopted.

7.2 Thermodynamic model and relaxation method

The LC order is described in terms of the local alignment tensor Q(x), defined as the
second moment of the molecular orientational distribution function, ¢(u,x,t), Q(x) =
f (uu — g)w(u, x, t)du, where u(x) is the ensemble average of molecular orientations. At
each configuration of the alignment tensor field, Q(x) is assigned a probability propor-

tional to the Boltzmann factor exp [-fF(Q(x))], where 5_1 = kgT, kg is the Boltzmann
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constant and T is a fluctuating artificial temperature.

The free energy functional is composed of three contributions: a short-range Landau
polynomial expansion of the invariants of Q(x) that describes the isotropic-nematic (IN)
transition, a long-range free energy density that penalizes any elastic distortions, and a

harmonic potential that imposes a preferred alignment at the interfaces. It is written as,

A
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where A sets the energy density scale, the dimensionless parameter U determines the IN
transition, L is the elastic constant related to the material elastic moduli, and W represents
the strength of the surface anchoring. Additionally, S is the scalar order parameter, and
at the interface Q is projected to the surface with normal vector v throughQ, =p-Q - p
with Q = Q + S§/3 and p = § — vv. Details of the free energy contributions can be found
in our previous works [7,9, 137, 182? ]. The material parameters define two characteristic
length scales: the nematic coherence length &N = \/L/_A and the surface extrapolation
length &g = L/W.

To thoroughly explore configuration space, we have devised a technique that incor-
porates a stochastic approach for uncovering kinetically-trapped states at the continuum
scale. This technique combines two relaxation methods: a theoretically-informed Monte
Carlo relaxation, and a traditional Ginzburg-Landau relaxation. By integrating these
methods, we can efficiently navigate relatively stable regions of configuration space while
also considering the potential feasibility of rare configurations. To implement this ap-
proach, we first identify suitable variables that facilitate our exploration of configuration
space.

The hybrid relaxation requires that the alignment field be sampled uniformly. This is
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necessary given that the eigenvalues of Q are bounded by S € [—%, 1]and n € [—%(1 —
S), +%(1 — S)]. Its corresponding eigenvectors, n and n’, define an orthonormal basis
{n,n’, (n x n")} for the LC orientations. Therefore, attempting to form Markov chains for
changes in S, 17, n or n’ would require cumbersome schemes that can break the detailed
balance. We thereby express Q in terms of an orthonormal basis that obeys its symmetric
and traceless characteristics. [98, 16, 17]

The Q tensor can then be rewritten as:

5
Q)= > ay(x, )T, (7.2)

v

where the orthonormal basis is defined by five tensors:

T = \Bp[zz]P" = V3o (51'35]'3 - (5ij/3) ,
T2 = V2[xyPT = V2 (51i52j + 521'51]') /2,
T = V2[x2’T = V2 (611-63]- + 531-51]-) /2, (7.3)

T4 = VT Gocyy) = VI (duidn; — daidy).

where x, y and z form the R3 basis, §; j is the Kronecker delta and [A]°T is the symmetric-

traceless projection operation. Because the {T”*} basis is orthonormal, it ensures that the
five scalar components a, of the alignment tensor are simple projections: a, = tr(QT"). In
this way, the a set is linearly independent and equivalent to Q in such a way that eq. 7.1
can be rewritten in terms of five independent scalars ay,.

The LC domain is discretized into a uniform mesh with M nodes. A tensor Q; is
assigned to each i-th node and the free energy functional is calculated numerically from
approximate values of a(x) and Va(x). A second-order finite difference scheme is used to

approximate gradients and to integrate the free energy functional; the mesh is selected in
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such a way that the LC characteristic length scales, £ and &g, are resolved.

The first component of our hybrid relaxation is the artificial annealing akin to the
method from our previous works. [9, 7, 182? ] In this instance, updates to the Q tensor
and the NP positions are proposed and accepted according to a Metropolis criteria [? ? ].

During the relaxation, we propose a new configuration “n" from an old configuration “o

with a probability Pprop(o — n), which is accepted according to:
Pacc(0 — n) = min [1,exp(—ﬁAF)] , (7.4)

where AF = F(Q(n)) — F(Q(0)) is the energy difference between the new and the old
configuration.
During the relaxation of the alignment tensor, a node is selected at random, in the bulk

or on the interface, and an MC move is attempted by changing a(x) according to:

aun(X) = ay,0(x) + 5u(A - 0.5), (7.5)

o_n

where “n" and “0" indicate the new and old configurations, u is chosen randomly from
1to 5 and A is a uniform random number between [0,1]. 6 u is the maximum allowed
change of 4, and it is adjusted periodically during the minimization to achieve a 30%
average acceptance rate. For each MC move, the bounds of Q are enforced. Details of the
MC relaxation can be found in our previous publications [7, 9].

The geometrical features of the NP cluster are not known a priori. Modeling these
events and assemblies requires changing the position of each NP xp along the relaxation
of Q. In the occurrence of a NP displacement, a localized Ginzburg-Landau (GL) relax-
ation is carried out in the vicinity of the new and old particle locations. The intention is
to avoid quenched configurations, and prevent premature rejection of the trial move. We

use the fact that a GL relaxation is characterized by a “quick" adjustment of the eigen-
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values of Q, aiding the relocation of the particles. After the localized GL has converged,
typically after several LC relaxation times, the “new" particle position is fixed, and the
Metropolis criteria is computed before carrying on with the next Monte Carlo cycle.

Two modes for NP relocation are proposed: a short-range and a long-range particle
relocation (see Fig. ??). The particle is subject to be half-submerged on the droplet surface,
and its position is defined by x(rp, 6y, ¢p). Therefore, a randomly selected particle, p, is

displaced over a spherical shell according to:

ep,n = 9;9’0 + 69(51 - 05),
CPp,n = pr,o + 5¢(52 -0.5),

(7.6)

H"_n

where “n" and “0" indicate the new and old particle locations and where £; and &, are
uniformly distributed random numbers between [0, 1]. Accordingly, 6y and 0 are the
maximum allowed angular displacements, fixed to be 6g ~ 0.11m and 64 ~ 0.11m. We
determined that the localized GL relaxation must be done for nodes that are inside a
sphere with a cut off radius R, from the particle. We found heuristically that R, = 1.57p
is enough to create acceptable configurations.

For the “long-range" particle displacement, attempting configurations that would oth-
erwise will not be observed, the entire range for 6 € [0, ] and ¢ € [0, 2r] are explored.

The new position is obtained randomly from the 6, and ¢, domains according to:

Opn =méy,  Gpn =27Ls, (7.7)

where &4 and &5 are uniformly distributed random numbers between [0,1]. During a
“long-range" relocation, we check for overlapping particles as well.

For completeness, recall that the Ginzburg-Landau relaxation consists on minimizing
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Figure 7.1: Schematic for the relocation of NP on the LC droplet surface.

the free energy by solving the evolution equation for Q,

ST
Q 1 [513 78)

o
where y is the LC rotational diffusion coefficient, and defines the LC relaxation time as

T = &N /L. The Volterra derivatives are defined as follows,

OF JF Jd JF

The model system employed in this study consists of a bipolar droplet with a ra-
dius of R = 250 nm, adorned with nanoparticles (NPs) of radius rp = 0.2R = 50 nm.
The material properties utilized correspond to 4’-pentyl-4-cyanobiphenyl (5CB), where
A ~1x10°J/m3and L = 5.11 pN, yielding &y = 7.15 nm. The droplet surface exhibits
strong degenerate planar anchoring characterized by a strength of W = 1 x 1073 J/m?. In
the Landau-de Gennes framework, isotropic to nematic phase transitions occur in bulk
systems at U = 8/3. For these simulations U = 5, resulting in a bulk scalar order param-
eter S = 0.76. The approximation of all order fields and their gradients is achieved using
a finite differences scheme, with uniform meshes accommodating the spheres of sizes rp.
The typical meshes employed in these simulations range from 1 -2 x 10° nodes. Artificial

annealing is performed over an average of 1 x 106 MC cycles. [7, 9].
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7.3 Results

To begin, we determine the energetic barrier associated with the assembly of two par-
ticles are partially submerged in an LC droplet surface. As previously established, the
boojums situated at the poles of the bipolar droplet represent regions of elevated elastic
energy, which attract NPs to alleviate spatial distortions of the order field. The system’s
symmetry simplifies the calculation of the free energy since it only depends on the an-
gle O between the two NPs. Through Ginzburg-Landau relaxations, we compute the free
energy contributions as one particle remains fixed on one pole, while the second particle
approaches, and the interparticle distance is the arc length OR. At 0 = 180°each particle
resides at one pole, serving as the reference state. At O = 30°, the particles have assem-
bled. Figure 7.2A illustrates the total free energy as a function of the particle separation
(0) for homeotropic and planar anchored particles.

The results presented in Fig. 7.2A for homeotropic particles align with previous com-
putational and experimental reports. [136, 197] These investigations have demonstrated
that strong homeotropic anchoring prompts the assembly of NPs at the poles of the bipo-
lar droplet. In this scenario, the LC orientation near the NP mirrors the order field at the
boojum’s center. When the NP occupies the boojum position (6 = °,180°), the defect is
substituted by the NP, minimizing the elastic energy. The energetic barrier for an NP to
transition from one pole to the other is approximately 1 x 10% kT and occurs at 6 = 90°.
This energetic cost is associated with the regeneration of one boojum at the pole, while
a half-Saturn ring defect envelops the particle at the equator (see Fig. 7.1). The same be-
havior occurs for weaker anchoring conditions, resulting in a reduced energetic barrier of
300 kpT.

In contrast to homeotropic NPs, which exhibit equivalence to hedgehog defects pos-
sessing a topological charge of +1, planar NPs with degenerate anchoring resembling an
isotropic region. They induce orientations within the plane without incurring energetic
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Figure 7.2: Free energy difference as a function of the angle 0 between two NPs on the
surface of a bipolar droplet. A) Total free energy for planar particles (blue circles) and
homeotropic particles (purple squares) with anchoring strength W = 1x 1072 J/m? (open
symbols)and W = 1x 1074 J/m? (closed symbols). B) Elastic (black) and surface (red) free
energy for planar particles with anchoring strength W = 1 x 1073 J/m? (open symbols)
and W =1 x107#J/m? (closed symbols).
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penalties for in-plane rotation.

Planar NPs with strong anchoring experience minimal penalties when moving across
the droplet’s surface, whereas weakly anchored NPs encounter an energetic barrier of ap-
proximately ~ 150 kgT. Figure 7.2B provides an analysis of the elastic and surface free
energies associated with planar NPs, offering deeper insights. The matching anchoring
strength between planar NPs and the droplet surface ensures that the NP’s presence in
various locations has minimal disruption on the order field. Irrespective of their posi-
tion relative to the boojums, the NP is consistently encapsulated by a hemisphere defect.
However, when the NP anchoring is lower, roughly one order of magnitude less than that
of the droplet surface, the NP’s presence introduces local order disturbances, akin to an
isotropic inclusion with an energetic penalty.

Based on the results from Fig. 7.2, we have established that, in general, NPs tend to
reside on the poles to minimize the global free energy. This observation supports the
notion that bipolar droplets serve as a good platform to detect the presence of colloidal
units and amplify the response up to the visible scale. With the consideration of larger
NP ensembles, we incorporate the conditions derived from experimental results [261] to
perform hybrid relaxations of the computational systems.

Simulations were set up for a bipolar droplet with N homeotropic particles on the
surface with anchoring strength W = 1x1072J/m?, and the results are reported in Fig. 7.3.
The liquid crystal (LC) system was initialized in an isotropic configuration, while the
non-overlapping random placement of the NPs was ensured across the surface. Through
the implementation of hybrid relaxation, both the development of nematic order and the
assembly of NPs were observed. To capture a diverse range of configurations and emulate
realistic scenarios, we employed 20 replicas of each system and quantified the frequency
of observed geometric arrays.

Figure 7.3A shows the free energy difference for each scenario with N nanoparticles,
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Figure 7.3: Free energy difference for homeotropic particles with W = 1 x 1072 ]/ m?
on a bipolar droplet as a function of the number of particles N. The reference values
are the minimum free energy for each N, included in the insert. Small round markers
indicate metastable configurations, while big markers represent configurations with the
maximum and minimum free energies. Labels (a)-(k) correspond to the inserts that
show the different geometrical arrays observed. The frequency of appearance for each
configuration is shown in the color bar at the bottom. The blue color corresponds to
the global minima while the red is for the maximum energy configuration. Intermediate
colors are for the configurations in between and the size of the color stripe is proportional
to the frequency.
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taking as reference the minima for each case as depicted in the inset. The baseline for the
free energy follows a linear trend with the number of NPs, consistent with the volume
displaced by the half-submerged particle and the addition of half-Saturn ring defects
when the particles assemble. Notably, for the case of N = 2, our hybrid relaxation ap-
proach confirms the previous findings [136] that each particle occupies a boojum position
at equilibrium. Moving to N = 3, a 2 : 1 distribution of particles on the poles is observed,
with the dimer stabilized by a half-Saturn ring defect. As the number of nanoparticles
increases, the pole distribution deviates from equal partitioning, followingan N -1 : 1
pattern. The most populated pole exhibits closed-packing arrangements accompanied by
a nematic defect at the junction.

We also observe that for N < 5 all configurations are non-degenerate. For these cases,
one particle rests at a boojum while the other ones show a tendency to aggregate at the
opposite pole, forming a close-packed-like structure and a new LC defect. These arrange-
ments are shown in the insets of Figure 7.3, where the green isosurfaces represent the
LC defects. Once two homeotropic particles encounter, a half Saturn ring forms between
them, as shown for N = 3 in insert (a). As more particles aggregate, the defect takes a
shape according to the particles junctures and fills the empty spaces between them.

For systems with N > 5, the sheer multitude of potential geometric arrangements pre-
vents the clusters from converging to a single conformation when allowed to assemble
from a random configuration. In fact, the free energy surface is bifurcated, and ener-
getic barriers of the orders of ~ 10 — 100 kgT that effectively separate distinct metastable
states. In light of the relaxation process employed, we aptly categorize these assemblies
as kinetically-trapped states. Notably, unlike traditional relaxation techniques employed
at the continuum scale, the formation of nanoparticle (NP) clusters is not predetermined
at the start of the simulation. Additionally, we compute the frequency with which these

clusters appear and capture their diversity, as depicted in Figure 7.3B. In this representa-
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tion, each bar’s color corresponds to the magnitude of the energy difference (AF), where
blue denotes the global minima for the given system size N, while red represents the
configuration with the maximum energy. Intermediate colors reflect the configurations in
between, and the width of each stripe signifies the frequency of occurrence, as ordered by
their appearance as denoted by the small markers in Figure 7.3A. For a more detailed ex-
ploration of the different particle arrangements associated with these kinetically-trapped
states, we provide close-up views in the Supplementary Information (SI).

Notice that for the degenerate states, the configuration of maximum free energy is that
one with a particle in one boojum and N — 1 particles in the opposite side. These particles
form hexagonal, triangular or diamond-shaped structures, as labelled and drawn in the
inserts. On the other hand, in the states of minimum energy, the particles tend to arrange
more equitably with more than 2 particles in each pole. Intermediate local minima con-
tigurations consist of redistributed arrays of particles, e.g. for N = 10 particles sort in the
following proportions: 9 : 1,8 : 2,7 : 3, where the triangular or hexagonal patterns are a
determining factor of its frequency of occurrence.

The results for homeotropic particle sets yields significant insights into the underly-
ing rationale for topological dereliction. It becomes evident that only a limited number
of particles conform to the energetic principles governing defect relaxation within the LC
system. It is important to recall that the energies associated with defect annihilation are
on the order of ~ 1000 kpT units, as illustrated in Figure 7.2. However, as the particle
count increases, elastic distortions alone cannot solely dictate the self-assembly of parti-
cles. The role of entropy becomes increasingly prominent, driving local entrapment phe-
nomena. During the minimization process, if a particle becomes “trapped" on one side
of the droplet, the energy cost of relocating it to the opposite pole amounts to approxi-
mately ~ 500 kgT. Consequently, the expanding array of particle arrangements across the

droplet surface during minimization engenders an entropic frustration that deviates from
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the global minima, resulting in different particle arrangements. Through our simulations,
we quantify the energy gaps between these arrangements, which amount to several kgT
units, rendering them impervious to particle diffusion or thermal fluctuations that would
otherwise disrupt their stability.

While our findings successfully capture the diverse range of NP arrangements on the
surface of the droplets, it is evident that not all conceivable arrays have been thoroughly
explored. For instance, when considering N = 6, an equilibrium configuration with an
even distribution of 3 : 3 NPs was not attained. Instead, the packing of 3 and 4 NPs gave
rise to hexagonal structures. Interestingly, the formation of linear NP chains at the poles,
as reported in experimental studies [261], eluded observation in our continuum simula-
tions. It is crucial to acknowledge that the computational expense associated with hybrid
relaxation renders it impractical to exhaustively explore all possible arrays. Rather, this
approach offers valuable insights into the accessibility of specific configurations. No-
tably, the global minima, representing the least frequently observed state, underscores
the roughness of the free energy landscape for large NP clusters.

Based on the insights gained from our continuum simulations, we put forth effective
potentials aimed at enhancing our exploration of the NP assembly landscape. In this
particular scenario, it is evident that the NPs experience two distinct interactions when
residing on the droplet’s surface. The first interaction is anisotropic in nature, govern-
ing their attraction towards the poles with the purpose of annihilating the boojum defect.
Subsequently, once one particle becomes adsorbed at the defect, the remaining particles
undergo a short-range interaction driven by the concerted effort to minimize the size of
the half-Saturn ring defect formed between them. To capture the essence of these inter-
actions, we devise a simplified model, leveraging Molecular Dynamics simulations and
employing enhanced sampling techniques to characterize the barriers impeding the effi-

cient packing of NPs.
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Figure 7.4: Simplified representation of the assembly of homeotropic colloids on the
surface of a bipolar droplets. a) Different geometrical packing of particles on the pole of
the droplet as the cluster size is bigger. b) Potential energy extracted from continuum
simulations, and the effective potential implemented in the molecular simulations. c) Free
energy surface as a function of cluster asphericity, as reported by PySAGES.

The simplified system comprises particles of size o, exhibiting an attractive interac-
tion with a larger particle of size 2.5¢ through a Gaussian wall potential. Additionally,
two ghost particles are strategically placed at the poles, enforcing an angular potential
interpolated from the free energy landscape depicted in Fig. 7.2A. To account for the in-
terparticle interactions, we harness the information amassed from our continuum simu-
lations. Specifically, we extract the positions of the NPs within the clusters and compute
the radial distribution function. By performing a Boltzmann inversion, we obtain an ef-
fective interparticle potential, from which we determine the depth and location necessary
to implement a Morse potential. Following this parametrization, we conduct accelerated
simulations utilizing HOOMD-blue and Adaptive Biasing Force (ABF), implemented in
PySAGES. This concerted approach allows us to efficiently explore the underlying free
energy surface and unravel the fundamental aspects of NP assembly in terms of the as-

phericity of the cluster. Results from this simplified model can be found in fig. 7.4
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We continue our exploration of NP assembly by following the hybrid relaxation of
planar NPs on a bipolar droplet. As we introduced in Fig. 7.2B, planar NPs have a reverse
effect when it comes to altering the nematic order field in the droplet. In that manner,
strongly anchored NPs (W = 1x1073 J/m?) encounter minimal penalties when displacing
across the droplet surface whereas moderately anchored NPs (W = 1 x 10~ J/m?) have

a preference to staying at the poles without annihilating the defects.
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Figure 7.5: Free energy difference for planar particles with anchoring strengths: (A) W =
1x1073 ]/ m?2 and B)W-=1 x1074 ]/ mZ2. The reference values are the minimum free energy
for each N, included in the insert. Small round markers indicate metastable configurations,
while big markers represent configurations with the maximum and minimum free energy.
For (A), the inserts show the defect structure exhibited by nanoparticles positioned on (a)
the boojum, (b) the equator and (c) a bridge defect between two nanoparticles near the
boojum. For (B), the labels (a) to (e) are assigned to the most characteristic assembly of
nanoparticles pictured in the inserts.

Figure 7.5A shows the free energy difference, the frequency of appearance and rep-
resentative particle arrangements for strongly anchored NPs W = 1 x 1073 J/m?. The
anchoring strength matches that of the LC-droplet interface, effectively freeing the par-
ticles from assembling at a predetermined site. As a consequence, the range of possible

particle arrangements becomes more limited. We observe three distinct scenarios: (i) the
133



planar particle may be located at the boojum, generating a half-shell defect (insert (a) in
Fig. 7.5(A)); (ii) the particle is located anywhere else on the surface and the defect does not
surround the complete hemisphere that is submerged but instead forms two bands that
surround the particle (insert (b) in Fig. 7.5(A)), and (iii) when two particles aggregate near
the boojum, there is a bridging defect between the two shell defects that join both parti-
cles (insert (c) in Fig. 7.5(A)). This bridge is more notorious in configurations with higher
free energy. It is worth noting that configurations with maximum free energy correspond
to scenarios where particles are dispersed throughout the droplet surface, lacking any
discernible order or clustering. Additionally, the wide variety of arrays is evidenced by
the different bands obtained in the frequency of observation in Fig. 7.5A. A detailed table
of the configurations observed and their corresponding AF are provided in the SI.

For the case of lower anchoring strength, see Fig. 7.5B, the behavior resembles that of
the homeotropic particles. Small sets of particles are found to assemble near the boojumes,
and once there, the particles form close-packed arrays. The bridge-like defect is no longer
observed. Moreover, the free energy surface bifurcates at N = 4 indicating that the onset
of entropic frustration hampers the system from finding the global free energy minima.
These observations correspond to previous findings using traditional Ginzburg-Landau
relaxations. [197] A remarkable difference, however, is that in the states of maximum en-
ergy, some particles can be found at the equator or near it. For the intermediate states,
particles form close-packed-like structures as well, and the full table of geometric arrays
can be found in the SI. The large sets become increasingly difficult to sample and differ-
entiate due to the large number of possible geometric arrays. This is evidenced in the
increasing number of metastable states, as represented in the frequency plot.

The development of a simplified MD model proved challenging for the case of planar
particles, primarily due to anomalous behaviors observed during continuum simulations.

Notably, the interparticle interactions exhibited a longer range only when the particles
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were in close proximity to the poles, resulting in the formation of the bridge defect. Con-
versely, when the particles were positioned near the equator, a distinct repulsive behavior
was observed, hindering their assembly.

Furthermore, the clusters that formed at the poles exhibited a relatively smaller size,
rendering it difficult to accumulate sufficient statistical data for precise Boltzmann inver-
sions that could faithfully reproduce the results obtained from continuum simulations.
This stood in contrast to the case of homeotropic particles, where this approach was suc-
cessfully employed. These peculiarities highlight the intricate nature of planar NP assem-
bly on bipolar droplets, necessitating further investigations and refinements to capture
the nuanced interparticle interactions and dynamics accurately.

Following our results on the assembly of homogeneous sets of nanoparticles, we con-
tinue the discussion with the assembly of mixed sets decorating the bipolar droplet. First,
we present the assembly of NP sets composed by the ratio between homeotropic and pla-
narly anchored particles Ny : Np =[2:2,2:3,3:3,3:4,4:4,4:5,5: 5] with anchoring
conditions W = 1 x 1073 J/m? and W = 1 x 107 J/m?. Figure 7.6 shows the free energy
difference, the frequency of appearance and the particle configurations at the global and
higher energy local minima.

In systems with strong anchoring conditions, W = 1 x 1073 J/m?, (Fig. 7.6(A)) bifur-
cation of the free energy landscape emerges as a result of the assembly dynamics of the
homeotropic particles. Energetically driven, these particles exhibit a strong propensity to
accumulate at the poles of the droplet, while the planar particles remain around the equa-
torial region, avoiding assembly. This intriguing behavior represents a juxtaposition of
the two assembly scenarios discussed previously, offering a pathway to engineer particle
segregation through the deliberate design of anchoring conditions.

Furthermore, the clusters formed by the homeotropic particles display intriguing hexag-

onal packing arrangements, reminiscent of the patterns observed in the homogeneous
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Figure 7.6: Free energy density difference for a heterogeneous set of particles with an-
choring strength (A) W =1 X 1073 J/m? and (B) W = 1 x 107* J/m?, as a function of the
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zoomed in the inserts where defects (green) are observed. The frequency of appearance
for each configuration is shown in the color bar at the bottom. The blue color corresponds
to the global minima while the red is for the maximum energy configuration. Intermediate
colors are for the configurations in between and the size of the color stripe indicates the
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particle sets. These kinetically trapped states, characterized by energetic barriers of ap-
proximately ~ 10 — 100 kg T, mirror the robustness and complexity exhibited in the previ-
ous cases.

When we decrease the anchoring strength of the NPs to W = 1x 1074 7/m? (Fig.7.6(B))
anotable shift in the assembly behavior occurs, hindering the clear segregation of nanopar-
ticles based on their anchoring type. Instead, both types of nanoparticles become attracted
to the pole region. In these systems, the configurations with the lowest energy exhibit
clusters where the homeotropic particles occupy the central region, while the planar par-
ticles surround them. On the other hand, systems with higher free energy showcase a
scattered distribution of planar nanoparticles across the surface of the droplet. This obser-
vation highlights the diverse array of nanoparticle clusters that can emerge under these
conditions. Furthermore, the relatively small magnitude of the free energy difference
(AF) suggests that planar particles possess higher mobility and play a significant role in
the observed topological dereliction phenomena.

Our last scenario involves varying the proportion of homeotropic to planar particles
in a set of 10 NPs, from Ny : Np =1:9to Ny : Np =9 : 1. As seen in Fig. 7.7, the ener-
getic gap between the most stable and least stable configuration varies. For systems with
a greater number of planar particles, the energetic gap is between 300 kgT and 480 kgT.
States with greater free energy involve the localization of all planar particles at one pole,
while minimum free energy is achieved by planar particles surrounding the assembled
homeotropic particles. Intermediate states often exhibit planar particles roaming around
the equator. For systems with a majority of homeotropic particles, we notice that the en-
ergetic gap is reduced and varies between 80 kgT and 200 kgT. The difference between
intermediate states is related to the multiple assemblies of the homeotropic particles at the
two boojums with planar particles surrounding them. It suggests that the homeotropic

particle shifting and rearrangement is enhanced by the presence of planar particles. A
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Figure 7.7: Free energy density difference for N = 10 varying the number ratio of
homeotropic (Ny, in purple) to planar (Np, in blue) particles, with anchoring strength
W =1x107% J/m?. Droplet inserts correspond to the states with maximum and mini-
mum free energy density states, with the defects drawn in green. Small round markers
indicate the free energy density of metastable states. The frequency of appearance for
each configuration is shown in the color bar at the bottom. The blue color corresponds to
the global minima while the red is for the maximum energy configuration. Intermediate
colors are for the configurations in between and the size of the color stripe indicates the
frequency.
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considerable increase in the free energy difference is observed for the case Ny = 9. The
behavior of homeotropic particles in the states pictured in Fig. 7.7 follow the same as-
sembles as exhibited by configurations with the minimum and maximum free energy in

Fig. 7.3.

7.4 Conclusions

In this work, we present a study on the assembly of nanoparticles, homeotropic and
planarly anchored, adsorbed on bipolar liquid crystalline droplets. The bipolar droplet
offers a precise platform to direct the NP packing, since its two anitpodal defects attract
NPs and enable the formation of closely-packed clusters of NPs. Building upon previous
studies, [137, 197, 263, 261] we present a hybrid relaxation scheme that allows to mini-
mize the LC free energy while introducing a stochastic feature that allows for the NPs to
arrange freely. We demonstrate that the multitude of pathways available for NP assembly
yields a bifurcation in the free energy landscape, thus creating kinetically-trapped states
that are more accessible than the global free energy minima when being relaxed from an
isotropic state. The energetic cost for the particles to rearrange locally to optimize their
packing is of the order of ~ 100 kgT, while the cost to traverse and achieve equipartition
between the two poles is of the order of ~ 1000 kgT. In this sense, the onset of entropic
frustration causes rare conformations to be observed, in agreement with previous experi-
mental observations.

A simplified model is also introduced with effective potentials calculated from the
continuum simulations. This approach allows us to use enhanced sampling techniques
to efficiently explore configuration space, and quantify the energetic barriers encountered
by the NPs in terms of the cluster asphericity. The results reproduce the behavior from the
continuum model in terms of variability in the shape of the clusters, as well as explore the

key parameters needed to control the NP assembly. By increasing the interparticle inter-
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action, which translated in continuum to higher anchoring strength, the metastable states
are far and fewer until only closed-packed and linearly arranged clusters are observed.

With the insights from homogeneous sets, we also present an exploration of mixed
sets of NPs. Simulations indicate that each type of particle behaves independently of the
other type, where homeotropic particles assemble at the poles and planar particles either
stay at the equator or surround the cluster.

This study encompasses different scenarios that are feasible to design and control the
assembly of NPs through LC order. Additionally, we introduce a simulation technique
that enables the computational exploration and discovery of kinetic traps at the contin-
uum scale. Albeit computationally expensive, this method is versatile and yields vast
results that can be used to parametrize simplified modes, as well as providing enough

information to involve machine learning techniques into molecular systems design.
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Chapter 8
Bayesian Optimization for parameter space

exploration

8.1 Introduction

The key for inverse design of material applications lies in the formulation of powerful
computational methods that are able to model the relevant phenomena of experimen-
tal systems. In general, mean-field simulations of LCs aim to study systems of micron-
sized dimensions while attempting to resolve events in the scale of the nematic coherence
length &, ~ 10 nm. Motivated by the disparity in length scales, several approaches have
attempted to optimize solution methods.

One approach involves non-uniform meshing, in which a finer discretization is achieved
near the defects and coarser discretization is done in the far-field. This requires a priori
knowledge of the equilibrium configuration of the system. Additionally, it does not neces-
sarily apply to confined systems, in which the balance between surface and bulk interac-
tions play a crucial role in determining the convergence of the simulation. Alternatively,
while using a uniform mesh &, simulations can start at a coarser resolution and perform
refining of the mesh as the relaxation carries on. This approach is akin to those used in
coarse-grained simulations, and have been proven to speed up calculations considerably.

Manipulating the spatial discretization to optimize the computation time is not the
only route to create efficient computational frameworks. Other strategies include hybrid

relaxation of the order field, and using optimized libraries for solving the resulting PDE.
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These approaches significantly speed up the simulations. However, they do not solve the
issue of achieving qualitative agreement with experimental observations.

One limitation lies on understanding the relationship between order field and opti-
cal signature. From the experimental side, the optical signature from Polarized Optical
Microscopy (POM) is often accompanied by vibrant colors, but it is a projection of the
three dimensional structure which leads to uncertainty when inferring the order field in
complex systems. From the simulations side, calculating the POM from an order field is
only possible under the assumption of a monochromatic plane wave and it neglects the
optical response across the entire visible spectrum.

Reaching a combination of phenomenological coefficients that yields the best approx-
imate POM comes at great computational expense. In this work we present a method-
ology informed by comparisons with experimental observations to guide the choice of
phenomenological parameters. First, we introduce an efficient relaxation method that
allows for accurate representation of complex geometries, and numerically stable to re-
solve non-linear behavior. The relaxation method is followed by a general description of
Bayesian optimization and Gaussian processes. The combination of these two achieves
good efficiency when optimizing the anchoring strength to observe a radial and bipolar
droplet. Furthermore, optimizing the shape of a nematic colloid allows for the exploration

of efficient colloidal assembly in a nematic bulk.

8.2 Numerical Methods

8.2.1 Dissipative dynamics for the Ginzburg-Landau relaxation

A typical Ginzburg-Landau relaxation (section 2.2.1) for a micrometer sized system
will most certainly yield a metastable configuration. To prevent that, we want to adopt

a non-equilibrium relaxation as presented by Tucker and Halperin [248], and explicitly
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for the GL case by Binder [18]. This formalism is a generalization to continuous fields
of the Langevin equation for velocity, where a noise source, D (x, t), is introduced as a
phenomenological representation of faster degrees of freedom not captured by Q [37].

We can rewrite our evolution equation as,

83_? = V2Q + ' (Q,VQ) + D (x, 1) (8.1)

where D is a symmetric and traceless Gaussian noise source and must satisfy the fluctuation—

dissipation theorem by holding the following,

(D (x,1)) =0,
(8.2)
(D(x,t): D (X, ) =2kpT6 (x—x) 6 (t -t

An Ito integration is performed for D, through which we impose a similar annealing
as in the MC relaxation. With this proposed relaxation we attempt to include thermal
fluctuations that help the system overcome energetic barriers that prevent the method to

find the global free energy minima.

8.2.2 Parallelized Finite Element Method implementation

For the Ginzburg-Landau relaxation we propose the use of the Galerkin method of
weighted residuals, where a variational formulation of the evolution equation is pro-
posed. The variational form is expressed in terms of basis functions 1, which transform
the problem into solving a linear system of equations A - x = b. The Ginzburg-Landau

relaxation, from section 2.2.1, can be rewritten as,

-%—?:—E-Q+D-f’+R-f”

D= / dExypy  E= / d3xVyvy  R= }{ d?xynp
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The time discretization will be done with a semi-implicit Euler scheme [43], which is
known to provide a better stability and allows for larger time steps than explicit schemes.
The first version of this method is built as a serial implementation with the help of libMesh
[109] for mesh optimization, and the SuperLU library [128] that performs a LU factor-
ization required to solve the system of equations. Although this version is numerically
robust, it is computationally inefficient due to the CPU time required to perform said
factorization.

The parallelization approach for the GL relaxation is implemented for the most critical
step of the solution process: the factorization. The software is being built using open
source libraries like libMesh [109] which has SuperLU for distributed memory built-in
for systems with less than one million degrees of freedom. It has been found that for
systems with a greater number of degrees of freedom, an iterative solver is required.
This also calls for introducing a preconditioning step into the solving process, which is

problem-dependent.

8.2.3 Bayesian optimization and Gaussian processes

The simplest way of searching through parameter space is by performing a grid search,
in which each combination of parameters can be imagined to be a point on a grid spanned
by the values each parameter can take. This approach can be extremely computationally
expensive, especially when the model includes non-linear terms. Grid search is a deter-
ministic approach, in which we consider each resulting configuration independently. A
key point to note is that often times, the free energy surface of a LC system is continuous
and well-behaved. So if instead we take a probabilistic approach to surveying parame-
ter space, this might result in using far fewer simulations to converge to a system that
compares quantitatively to experimental observations.

Bayes rule allows us to consider that if we have some prior knowledge about the error
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between the simulation results and the experimental observations, we can gather more
evidence and update the error using newly gathered evidence to find a posterior estimate of
the optimal parameters. The first hypothesis is that the validation error is a function of
the phenomenological parameters without assuming the form this function takes. We can
assume at the beginning that the error is uniformly distributed, and the approximation
of the error at each point is represented by a Gaussian processes. An alternative interpre-
tation of a Gaussian process is a fractional Brownian motion whose covariance function
follows that of the Wiener process. In it, every collection of variables is represented as a
multivariate normal distribution.

The main advantage of using a Gaussian process lies in the ability to estimate the
function and provide information about its respective uncertainty. The uncertainty infor-
mation is fundamental to Bayesian optimization, since will allow us to strike a balance
between exploration and exploitation of the parameter search. We want to explore areas
of the free energy surface that we haven’t explored yet (where the model is highly un-
certain), but we also want to exploit areas where we’re more certain that the precision is
good, because those areas are more likely to be where the best parameter combination
lies.

To determine what point to sample next, we can find the hyperparameters which max-
imize an “acquisition function”. The acquisition function is a function that when evalu-
ated at x (some combination of hyperparameters), tells us how advantageous it would
be to evaluate our expensive function at that point. That way, we can use the acquisition
function to find the next combination of hyperparameters to try.

In that sense, the procedure to implement Bayesian optimization in the context of a
Ginzburg-Landau relaxation is as follows. First, we evaluate the equilibrium configura-
tion for seed points across the optimization domain, the range of the phenomenological

coefficients of interest, and compute the similarity metric between experimental observa-
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tion and simulation results. We use these evaluations to regress a function that approxi-
mates the similarity metric across the domain and calculate the uncertainties, variances,
and standard deviations associated with the regressed function. The uncertainty is used
to estimate which point in the optimization domain is most likely to improve the similar-
ity metric. Once the next set of points is evaluated, the regressed function is updated and

the iteration continues.

8.2.4 Jones representation of polarization states

The description of the polarizing behavior of an optical field in terms of amplitudes
was one of the great contributions of the wave theory of light. The solution of the wave
equation in terms of transverse components leads to elliptically polarized light and its
degenerate linear and circular forms. However, even using the amplitude formulations,
the propagation of the optical field through several polarizing components is challenging
to simulate.

In 1941, R. Clark Jones developed a matrix calculus for addressing these problems,
in which the Jones vector allows to represent a plane wave in terms of its amplitudes
(Ax, Ay) and the phase angles (6x, 6y). In such a way, a monochromatic plane wave is
represented by the Jones vector by E=A xe'%. The total intensity I of the optical field is
given by, I = ETE, the product between the Jones vector and its complex transpose.

In this case, the polarizing components are considered to be discretized sections of
the nematic system. The components of a light beam E’ emerging from each polarizing
element | are linearly related to the incident light beam E. This is better expressed by the
product E” = JE, where ] represents the transforming factors of the polarizing element.

Ondris-Crawford et al.[176] implemented the calculation of Jones calculus for nematic
systems, in which the polarizing elements | are related to the birefringence of the LC

material and its local degree of order. As a result, each discretized layer of the system
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accumulates the phase shift, and the result is a projection of the intensity map when a
single beam of polarized light travels throughout the material. Conventionally, the result
is an optical texture that indicates the average orientation of the LC with respect to the
vertical or horizontal axis of the plane. We will use this approximation to calculate the
similarity metric between crossed polarizer images from experimental observations and

those calculated using equilibrium configurations.

8.3 Results

In this section, we first demonstrate the computational efficiency of the FEM imple-
mentation of the Ginzburg-Landau relaxation, followed by a brief discussion on the im-
plications of using stochastic integration to solve the linear system of equations. The first
proof of concept for the Bayesian Optimization technique is able to capture the influence
of anchoring strength in the equilibrium morphology of LC droplets with homeotropic
and planar anchoring. Furthermore, comparison with POM experimental images of ne-
matic colloids yields the optimal shape parameter that allows us to explore the energetic

barriers for assembly of cuboidal particles in a nematic bulk.

8.3.1 Numerical analysis

Computational efficiency is paramount to the applicability of novel relaxation tech-
niques. The efficiency of GL-pFEM is compared against other numerical methods (Finite
Differences) and relaxation techniques (artificial annealing). In order to test the robust-
ness of this method, we model a system that involves confinement and chirality. A highly
chiral LC is confined in a droplet with strong degenerate planar anchoring. At equilibir-
ium, the system exhibits Blue Phase II, a morphology characterized by the presence of a

network of defects. An illustration of the defects is included in figure 8.1.
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Figure 8.1: Computational efficiency of the parallelized FEM Ginzubrg-Landau relaxation,
compared to other conventional relaxation techniques and numerical approximations, as
a function of mesh size. Approximation error as a function of mesh resolution, and
scalability as the FEM relaxation runs in multiple processors.

The CPU time utilized by the GL-pFEM scheme is shown as a function of mesh size
discretized into quadratic tetrahedral elements. The GL-pFEM method proves to be com-
petitive with other techniques, and follows the same trend. One thing to note is that the
MC-FE relaxations were carried out with linear elements, which results in smaller mesh
sizes. The advantage of the FEM, in general, is its ability to resolve non-linear behavior
with a coarser resolution than FDM. This is evident in the case of small meshes for FD,
in which the resolution limit impedes the coarseninng of the mesh before incurring in
instabilities in the time integration scheme.

Additionally, we report the relative error in the approximation of the total free energy
as a function of mesh size. Taking the finest mesh as the true value, the FE is able to reach
equilibrium and only incur in a relative error of 4%. This provides grounds to explore
a method that adapts the mesh size as the relaxation carries on. In this sense, taking
advantage of the speed up reported for coarser meshes. Additionally, the method scales
close to linearly for a small number of processors owing to the use of optimized libraries
for performing linear algebra operations, and mesh discretization.

As we mentioned previously, the Ginzburg-Landau relaxation is prone to yield quenched
configurations. In order to circumvent this, the relaxation is solved with stochastic inte-
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gration. In this section we will demonstrate that the white noise is related to the order
of the system, and by tuning the fluctuation strength Dg, we can obtain fluctuations that

are physical and no longer connected to an artificial temperature.
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Figure 8.2: Correlation of the director field as a function of distance R for different
fluctuation strength O during the relaxation of a nematic bulk.

8.3.2 Nematic droplets: Uniaxial-Radial and Uniaxial-Bipolar transi-
tion

As proof of concept, we wish to capture the transition from uniaxial to radial configu-
ration or bipolar configuration, depending on the anchoring strength. The metric that we
are using to guide the optimization is the Feature Similarity Index Measurement (FSIM).
Through this metric, we are able to identify general domains in the POM images, instead
of comparing pixel to pixel. Additionally, this index eliminates the need to compare im-
ages that are only centered, with similar resolution, and captures rotational symmetries.

The first data point provided to the optimization is a dark image that results from a
uniaxial droplet. The range of optimization is the anchoring strength W € [10_6, 1073 ]

J/m?. The optimization converges in under 7 iterations.

8.3.3 Optimizing colloidal shape for self-assembly

In this section, we investigate the structure of topological defects at superballs im-

mersed in a bulk nematic phase and the means for particle assembly. The theoretical
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Figure 8.3: Percentage of feature similarity index measurement as a function of anchoring
strength for two droplets with homeotropic and planar anchoring conditions.

predictions are then corroborated by experiments. Furthermore, we study the forces on
the particles for different separations and orientations with respect to the nematic direc-
tor. We focus primarily on the case of colloids with strong homeotropic anchoring. In all
cases, the stability of the systems is determined by free energy calculations. The geometry
of the cuboids is defined by

x4+ y"™ 42" < R™, (8.4)

where R is the particle size and m > 0 is the shape parameter. It indicates to what extent
the particle shape is deformed from a spherical particle, i.e. m = 2. For m > 2 this
equation describes a family of convex superballs with cubic-like shapes with rounded

corners. If m — oo, the superball becomes a cube wit sharp edges.

Experimental setup

The 4-Pentyl-4’-Cyanobiphenyl (5CB) liquid crystal was purchased from Sigma—-Aldrich.
Silica cuboids with a shape parameter of m = 3.9 and a size of 1.4 ym were synthesized
according to Sugimoto et al. and Rossi et al. [205, 234, 204]. Briefly, an iron oxide cube

was used as a template, which was then coated with a layer of amorphous silica. The iron
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Figure 8.4: Schematic representation of two superballs with shape parameter m = 6.26
suspended in a nematic liquid crystal, each particle shows a specific type of anchoring:
purple for homeotropic (perpendicular) anchoring, and blue for planar (parallel) anchor-
ing. Periodic boundary conditions are applied in the x, y and z directions.

oxide core is dissolved in hydrochloric acid to create hollow silica cuboids. To induce
homeotropic anchoring, the surface of the silica particles was treated with a 3 wt% so-
lution of DMOAP (N, N-dimethyl-N-octadecyl-3-aminopropyltrimethoxysilyl chloride,
Sigma-Aldrich) in mQ-water.

To create a sample cell with homeotropic alignment surfaces, 50 ym thick X1 mm
wide X25 mm long rectangular capillaries (VitroCom) are used. The inner surface of the
capillary was functionalized by exposing it to oxygen plasma at 200 W for 30 min and
0.65 mbar pressure. The rectangular capillaries were then immediately immersed in a 3
wt% solution of DMOAP in mQ-water for 10 min, rinsed with ethanol and mQ-water 3
times and dried with nitrogen.

The liquid crystal sample cell with a planar surface anchoring was fabricated by coat-
ing two glass slides with a rubbed polyvinyl alcohol (PVA) layer. To do so, a 1% wt
solution of polyvinyl alcohol (PVA, average Mw=35k-50k, 87-89% hydrolyzed, Sigma-
Aldrich) in a mixture of ethanol and water (5: 95 %wt ethanol/water) was spin coated on
the glass slides for 30 s at 1200 rpm. After baking at 110°C for 2 hours, the coated glass

surfaces were rubbed along one direction to control the planar LC alignment. A 1% wt
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solution of silica cuboidal particles was dispersed in 5CB liquid crystal and loaded into
cells via capillary force. The experiment was performed at room temperature, where 5CB
is in the nematic phase. An Olympus BX51 and a Nikon Eclipse Ti-U optical microscopes
equipped with crossed polarizers were utilized to image the topological defects formed

in the presence of cuboidal particles and the emerging colloidal assembly.

Defect structure on a single cuboid

In order to inspect the defect structure that forms around a cuboid, different geome-
tries are studied by varying the shape parameter m. We selected a smooth progression
from spherical (m = 2) to a cubic shape (m = 66). Two geometrical parameters aid the
understanding of the evolution of the defect. Firstly, the orientation of the elastic dipole,
p, with respect to the far-field director field n, which is defined by 0 = cos™1 (ug-m). The
elastic dipole pr is determined to be a vector in the plane that contains the furthest points
of the defect. The far-field director field was calculated as the average of the director field
that lies on a sphere of radius 6R. The second parameter, a, describes the aperture of the
defect. It is calculated by the angle between the plane that contains the furthest points
of the defect and the plane that contains two opposite edges of the defect. For a sphere,
a = 0°because both planes are parallel, and for a cube, & = 66.6°. Schematics of these
descriptions can be seen in the insert of Figure 8.5a.

As expected, the shape of the particle has a strong influence on the defect structure, as
shown in Figure 8.5b. For m = 2, we obtain a Saturn ring defect consistent with previous
observations [78]. In this case, the plane containing the ring defect is perpendicular to
the far—field director which leads to a value of 6 = 90°, and the defect is contained in a
single plane so a = 0°. As m increases, the new edges of the particle induce strong elastic
deformations of the director field, thereby affecting the symmetry of the ring defect. It

starts with a slight twist of the ring until it fully evolves to form a chair-like defect. In
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Figure 8.5: (a) Geometrical parameters a and 0, as illustrated in the inserts, as a function of
the shape parameter m for a single particle with strong homeotropic anchoring. This shows
the gradual transformation of the ring defect into a chair defect. (b) Defect configurations
and simulated crossed polarizer images for three cuboidal particles. Defects are shown in
green and correspond to an isosurface of S = 0.42. The black lines illustrate the orientation
of the director field n surrounding the particle. For m = 3.92, bright field microscopy
(left bottom) and crossed polarizer (right bottom) images show the corresponding defect
structure. Scale bar is 1um.

all cases, the defect wraps around the colloid. Similar defect configurations were found
by Hung and Bale [89] for smaller cubic nanoparticles of side length 40 nm, by Beller et
al. [13] for superballs of side length 540 nm, and experimentally in a system with magnetic
interactions by Sudhakaran et al. [232]. The theoretical predictions are compared to exper-
imental micrographs using optical polarized textures. The simulated images are shown
in Figure 8.5b next to the corresponding defect configurations. For the case of m = 3.92, a

direct comparison from simulations to experiments is included.

Self-assembly of a pair of cuboids.

In order to analyze liquid crystal-mediated interactions between cuboids, the Poten-
tial of Mean Force (PMF) between two superballs, with shape parameter m = 6.26, and
side length of 500 nm and R = 250 nm, is calculated. The PMF, ¢ = F — Fj, provides a

measure of the effective difference in free energy between two states as a function of one
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or more degrees of freedom. We focus on three scenarios for assembly using the surface-
to-surface distance d, and relative orientation with respect to each other  as parameters.

In the first set of simulations, two particles, in a face-to-face orientation, are separated
in the x—direction and one of the particles is rotated with respect to the same x—axis. The
PMF values are summarized in Figure 8.6. The inset in Figure 8.6a shows how the two
cuboids exhibit chair-like defects when separated by a large distance and adopt the same
configuration as if they were single particles. As the particles approach, the PMF de-
creases abruptly independent of the orientation of the particles. This indicates that the
particles experience an attractive force that drives their assembly, and become arrested
at a critical distance. When the separation between the particles is of the same order of
magnitude as the nematic coherence length, the defects interact and rearrange to accom-
modate the distorted director field around them. The result of this is a new defect struc-
ture: T-ring defect. A similar disclination has been observed before on spherical colloids,
where a three-ring structure forms once the pair of particles are arrested [81, 244].

The PMF indicates that assembled particles are more stable when they are not per-
fectly aligned and they are oriented with f = 15°. The free energy minima results in
AF ~ 800 kgT as shown in Figure 8.6b. In the PMF curve as a function of the particle sep-
aration, the critical distance, d.,;;;., for assemble is defined as the distance where the PMF
becomes approximately flat. It is plotted in Figure 8.6c as a function of the particle orien-
tation B. The results indicate that the attractive force has a shorter range for particles that
are not perfectly aligned with each other. This is quantified by a difference of approxi-
mately 60 nm when = 45°. The inset shows the configuration for two particles with
B = 0°. The gray lines represent the orientation of the director field, which shows slight
distortions in the space between the particles. The average far-field orientation, depicted
by the pink arrow, shows how the director field is tilted with respect to the orientation of

the particles.
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Figure 8.6: Hometropic cuboids (m = 6.26) with strong anchoring conditions (W =
1%x1073 ]/ mz) immersed in a nematic LC induce the formation of defects, shown in green
as isosurfaces of S = 0.42. (a) Potential of mean force surface i) = F — F between two
particles in terms of their separation distance d and mismatching orientation with respect
to the x-axis by an angle g. The reference free energy, Fg = —1.075 x 10”kgT, is defined at
the longest separation (4 = 500 nm) for g = 0°. The inset on the left shows the schematic
for measuring d and f8, and on the right is the configuration corresponding to the T-ring
defect, where the defects are shown in green, the gray lines indicate the orientation of the
director field surrounding the particles, and the pink arrow illustrates the orientation of
the far-field. (b) PMF as a function of g for the shortest separation distance 4 ~ 4 nm. (c)
Critical distance as a function of 5. (d)-(f) POM snapshots of two cuboids as they assemble.
Scale bar is 1um. (g) Tracking of inter-particle distance as a function of time. Error bars
are represented by the shaded region. Highlighted points correspond to the snapshots in

(d)-(6).
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The critical distance for assembly, and the sharpness of the PMF for two particles is
confirmed in experimental observations (see Fig. 8.6d-g, and Movie 1 in SI), where the
interparticle distance is measured as a function of time. The particles attract each other
and become arrested in the span of 1 second. Because of the hematite core in each parti-
cle, the assembly could be caused by the magnetic forces between them. However, the
magnetic energy decays as ~ 1/r%, and considering the magnetization of hematite is
M = 2.2 x 103 A/m the cuboids experience a magnetic interaction of the order of 102
kT, which is four orders of magnitude smaller than the bulk elastic free energy.

To complete the paths for assembly, the PMF was calculated with the particles” ap-
proach from different directions. Thus, two cuboids were distanced with their main diag-
onals aligned with the x—axis, while the director field n is initially aligned with the z—-axis.
The PMF countour in Figure 8.7 is built as a function of the distance between the particles
d, measured from corner to corner, and the orientation with respect to the x—axis with the
angle .

The PMF surface is relatively flat with a maximum energetic barrier of ~ 1000kgT.
The PMF minima corresponds to particles oriented with g = 20°which is consistent with
the minima with mismatching orientations in Figure 8.6. The defects around the particles
keep their chair configuration, even when the particles are close to each other. There is no
remarkable feature in this PMF that indicates this is the optimum route for assembly, and
leads us to believe that the particles would move freely until they achieve an orientation
similar to Figure 8.5. Experimental evidence confirms that the assembly on this case is a
smooth process without any abrupt behavior, as shown in Figure 8.7b-e. The evolution of

the inter-particle distance indicates that particles hover and slowly approach each other.
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Figure 8.7: Two cuboidal particles oriented corner-to-corner with strong homeotropic
anchoring (W =1 X 1073 J/m?). Defects of isosurfaces of S = 0.42 are shown in green
and the black lines represent the director field n. (a) Potential of mean force surface as a
function of inter-particle distance d and relative d the x-axis by an angle . The reference
free energy, Fy, is defined as the energy for the largest separation distance and for = 20°,
Fog = —1.0744 x10”kgT. The inset on the top shows the schematics for the corner-to-corner
orientation and measurement of d and f, and on the bottom is the configuration of the
reference state with two superballs at d = 540 nm and g = 20°. (b)-(d) POM snapshots of
two cuboids oriented corner-to-corner as they assemble. Scale bar is 1um. (e) Tracking
of inter-particle distance as a function of time. Error bars are represented by the shaded
region. Highlighted points correspond to the snapshots in (b)-(d).
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8.4 Conclusions

In this work, we have introduced a methodology that allows us to explore parameter
space and achieve qualitative comparison between simulation results and experimental
observations. This methodology can be adapted to different numerical relaxations and
metrics that relate order fields to lab measurements. First, we developed an efficient
simulation method that represents complex geometries and makes use of stochastic in-
tegration to prevent quenched configurations. In this instance, the comparison between
simulations and experiments is done through the feature similarity between POM images.

The first demonstration of this methodology is the stability of radial and bipolar droplets
as a function of anchoring strength. This system demonstrates the fundamental balance
between bulk and surface elasticity, and produces unique optical signatures. In under 10
iterations, the new methodology is able to optimize the anchoring strength to reproduce
the radial and bipolar morphologies, when the starting point was a dark image produced
by a uniaxial droplet. The second example compares POM images of aspherical nematic
colloids. We elucidate the dependence of colloidal shape in the resulting defect structure,
which has consequences in the assembly of a pair of cuboids. Because of the geometry,
the assembly occurs in a preferred direction, in which the defect structure is offset from
the far-field.

The use of Bayesian optimization allows for a fast examination of possible combina-
tions of phenomenological parameters, such as anchoring strength and colloidal shape.
In this sense, using stochastic principles for guiding the exploration of parameter space
enhances our understanding of the LC model and opens the possibilities of inverse design

without incurring in the computational cost of training large Machine Learning models.
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Chapter 9

Future work

9.1 Hydrodynamics and Nematic Ordering

Under far-from-equilibrium conditions, the nematic order of an LC is coupled to the
hydrodynamic field. Traditionally, such systems have been modeled using the Leslie-
Ericksen (LE) [58, 124] theory and equations, where the LC is represented through a vec-
torial order field, n. Unfortunately, the LE approach is restricted to systems where the
nematic order is continuous, thereby excluding the hydrodynamics at topological defects.
To fully capture LC defects, a tensorial representation is required.

Popular formulations include the Beris-Edwards equations [14] and the Olmsted-Goldbart
formulation [174]. In this work, we adopt the Stark-Lubensky (SL) formulation for lig-
uid crystal hydrodynamics [227] that employs a general Poisson-bracket formalism for
a molecular theory of the structure and dynamics of LCs. The SL model differs from
previous formulations [174, 14, 86, 120, 194] in the values of kinetic coefficients, the clo-
sure in the equations —given by a differentiation between molecular and continuum time
scales—, and in the form of the non-linear coupling terms between the velocity and the
LC order fields. Nevertheless, the SL formulation is equivalent to the LE equations when
considering an uniaxial LC.

The molecular ordering of the nematic liquid crystal is characterized by the tensor
order parameter Q [14]. This description contains the information of the scalar order pa-
rameter S, biaxiality 1, and director fields n and n’. For an uniaxial LC, the tensor order

parameter is reduced to Q = S (nn — §/3). The material properties of the LC include the
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elastic constant L, the thermal energy scale A, and the rotational viscosity y. They define
an LC characteristic length scale & = \/L/_A, the nematic coherence length, and a charac-
teristic time scale f;c = 52)/ /L. For a full description, we refer the reader to [9, 253]. On
the other hand, a velocity gradient Vv, given by the vorticity tensor Q = (Vv - VVT) /2,
and/or the deformation tensor I' = (VV + VVT) /2 sets a characteristic velocity ve = L¢/t¢
where L is the the characteristic “flow” length scale and ¢, the characteristic “flow” time.

The ratio between the viscous and elastic time scales determines the Ericksen number,

te _ ryeoe

Er =
T L

(9.1)

where the flow length scale is assumed to be equal to the nematic coherence length. In
consequence, Er < 1, all responses are related to the elastic forces of the LC, while for
Er > 1 the dynamics involves a competition between the viscous and elastic responses.
In this work, the momentum, the constitutive and the evolution equations for the ten-
sor order parameter are written in dimensionless form and denoted by ". The factors and

dimensionless numbers of interest are listed in Table 9.1. The Poisson-bracket evolution

equation for the order parameter is given by,

DQ . 1
=X: V- —H, 9.2
Dt VT Er 6.2

where D/Dt = (8 /ot +v- @) The fourth order tensor A (Q) describes the alignment and
rotation of the molecular orientations with velocity. This leads to a coupling term between

Q and V as follows:

(Q : f) 0, 9.3)



where I/Al is the parameter related to the anisotropy of the LC molecule, and [B]°T =

(B + BT) /2 — tr (B) 6/3 is a symmetric-traceless projection operator for any tensor B. The

last term, H, is the free energy gradient with respect to Q,

(9.4)

6_ﬁ ST
6Q

-

where 6/6Q represents the functional derivative of the potential.

Table 9.1: Characteristic scales and dimensionless numbers

Quantity Symbol Factor
Ericksen number Er y&vc/L
Reynolds number Re pvcE/n2
Free energy F A&
Anchoring strength W, W) LE
Pressure p 20 /&
Viscous stress oV 20 /&
Elastic stress ok L/&2

The free energy of the nematic LC is defined within the Landau-de Gennes formal-
ism [47] with bulk and surface contributions. The bulk contribution includes a Landau
short-range density that captures the isotropic-nematic transition and a long-range den-
sity that penalizes elastic distortions from a completely ordered state. The surface contri-
bution imposes a preferred molecular orientation at the surface. The total free energy in

terms of Q is then written as,

F(Q,VQ) = / £5(Q,7Q) dx + f f5(Q) d2 ©5)

The bulk contribution contains the Landau free energy density, expressed as a polyno-

mial expansion of the Q tensor invariants [14, 50], and the Frank-Oseen elastic free energy
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[179, 65, 154]

f3(Q,VQ) = (1——)t(Q2) A+ A tr(Q2)2

.\ L 9Qij 9Qjj
2 8xk axk ’

(9.6)

where A and U are material-dependent phenomenological coefficients. The energy scale
of the model is controlled by A, while U controls the isotropic-nematic transition [14] and
the equilibrium scalar order parameter S. The elastic constant L is related to the elastic
moduli for a uniaxial LC through K = 2LS.

The interaction between the LC and a surface is described by the surface free en-
ergy. The two canonical cases are homeotropic and planar anchoring, in which the pre-
ferred molecular orientation is perpendicular or parallel to the surface with normal vec-
tor v. These two cases are modeled with the second order Rapini-Papoular potential for
homeotropic anchoring [185] or with the fourth order degenerate potential proposed by

Fournier and Galatola [64] for planar anchoring. They are defined as follows,

f5,1(Q =" @-Q.7, 9
" 2, M (6.0 52\ 0
fs1(Q) = 5~ (Q-Qu) +T(Q-Q— ) , (9.8)

where W, W” is the anchoring strength, Q; = S (vv — §/3) is the equilibrium tensor for
homeotropic anchoring, and Q 1 = p-Q-p is the tensor projection onto the surface for
planar anchoring with Q = Q + S§/3and p = § — vv.

The evolution of the order field in Eqn. (9.2) is coupled with the momentum balance.

In the SL theory, the momentum equation is given by,

Dv N ~ 79 ~ n
A VP P —[v 6E+¥ . H: N, 9.9
D p 3 ( ) (9.9)

Re
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where p is the pressure field, 6V is the viscous stress, 6E is the elastic stress, and H: A is

an additional reactive stress related to gradients of the free energy. The viscous stress &

is defined by,

&V =ptr (r) § + 2l + 3 [(Q: f) &+ tr (r) Q]
+20,[Q-F+F-Q| +5(Q: F)Q 9.10)

where 7); = n;/n> are the viscosity coefficients, related to Leslie-Ericksen parameters [47,

227]. These coefficients satisfy the Onsager relations [47] and the Parodi relation [186].

The elastic stress &F, under the one-elastic constant approximation, takes the form
aﬁ A A
¢t =-=L =¥0: V0. (9.11)
avVQ

The Landau-de Gennes stress (ﬁ: )\) vanishes as the system reaches a minimum in

the free energy (9F/dQ = 0). This stress is given by,

H:Az—%(Q:ﬁ)6+ZQ-ﬂ+%éﬂ
—(1+ﬁ) (Q:ﬁ)Q. 9.12)

In this work, we considered the LC media incompressible; therefore, the pressure field
p becomes a “Lagrangian” multiplier with no connection to the thermodynamic pressure

[180], and the continuity equation must hold,
V-v=0. (9.13)

The Q tensor is mapped onto an orthonormal tensor basis {T"} [86, 223, 203] such that

Q= Zi:l a,TH, where the coefficients a;, = tr (QT*) are projections over the tensorial
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basis. In this way, the alignment tensor Q is represented in terms of five independent
scalar components. This allows for an unbiased representation of the inherent biaxiality
of defects, and at the same time eases the computational cost by substituting slow tensor

operations with fast scalar ones.
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Chapter 10

Concluding Remarks

This thesis is focused on the formulation of new computational approaches that study
the behavior and equilibrium configurations of liquid crystalline systems. While great
advancements have been made in terms of computational efficiency and numerical ap-
proximations, several challenges remain when involving non-linear behaviors and com-
plex geometries. The central motivation of this work is the development of simulation
methods; the resulting tools serve to demonstrate the effective use of confinement and
geometry to control and design emerging morphologies and nematic-mediated assembly
of nanoparticles. Mainly, the addition of stochastic elements to classical simulation tech-
niques provides insight into the emergence of kinetic traps and a general understanding
of the role of balance between the bulk and surface elasticity of LC media.

We began (Chapters 3, 4, and 5) by probing the resulting morphologies of cholesteric
and highly chiral LCs when confined in droplets, cylinders, and toroids. In the second
part (Chapters 6 and 7), we consider the interaction of the order field with non-LC in-
clusions. Advancing the capabilities of our methods, we optimize phenomenological pa-
rameters to reproduce experimental observations (Chapter 8). Finally, we expand our
formulation by adapting the Stark-Lubensky theory into a Finite Element discretization
to account for hydrodynamic effects in anisotropic fields (Chapter 9).

The first part of this dissertation focused on probing the resulting morphologies of
confined cholesteric and highly chiral liquid crystals (LCs) in different geometries such
as droplets, cylinders, and toroids. The addition of stochastic elements to classical sim-

ulation techniques allowed for a deeper understanding of the emergence of kinetic traps
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and the role of the balance between bulk and surface elasticity in LC media. Geometric
frustration was found to play a crucial role in stabilizing and generating new morpholo-
gies, leading to the discovery of hybrid blue phases with distinct optical responses and
tunable chiral ribbon-like defects.

The second part of this thesis investigated the interaction between the LC order field
and non-LC inclusions, particularly focusing on the assembly of nanoparticles on bipo-
lar liquid crystalline droplets. A hybrid relaxation scheme incorporating stochastic fea-
tures was developed, revealing the presence of kinetically trapped states and providing
insights into the energetics and pathways of nanoparticle assembly. Simplified models
based on continuum simulations were also introduced, allowing for efficient exploration
of configuration space and the quantification of energetic barriers. Additionally, the study
explored the assembly of mixed sets of nanoparticles, highlighting the independent be-
havior of each particle type.

Furthermore, this work addressed the optimization of phenomenological parameters
through Bayesian optimization, enabling qualitative comparisons between simulation re-
sults and experimental observations. The developed methodology facilitated the explo-
ration of parameter space and provided insights into the balance between bulk and sur-
face elasticity, as well as the dependence of defect structures on colloidal shape. The use
of stochastic principles in guiding parameter exploration enhanced the understanding of
the liquid crystal model and opened possibilities for inverse design without the compu-
tational cost of training large machine learning models.

In summary, the studies presented in this dissertation attempt to study systems as
close to the experimental description without compromising computational efficiency. At
the same time, these tools provide insights into the nature of the balance between confine-
ment and elasticity in the search for system parameters that can be used to control and

design new morphologies and assembly mechanisms. This thesis has contributed to the
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tield of computational modeling of liquid crystalline systems by developing new simula-
tion approaches and exploring their applications in controlling and designing emerging

morphologies and nanoparticle assembly.
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