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ABSTRACT

This thesis studies the average area ratio and minimal surface entropy of hyperbolic
manifolds.

On closed hyperbolic manifolds of dimension n > 3, we review the definition of the
average area ratio of a metric h whose scalar curvature is bounded below by —n(n — 1)
in comparison to the hyperbolic metric hg. We prove that it reaches its local minimum
value of one at hg, which solves a localized version of Gromov’s conjecture.

Furthermore, in the case of odd n, assuming h is a metric with sectional curvature
no greater than —1, we introduce the concept of minimal surface entropy of h, which
quantifies the number of surface subgroups. It achieves its minimum value if and only if
the metric is hyperbolic.

Additionally, we explore the relationship between the average area ratio and the nor-
malized total scalar curvature for hyperbolic n-manifolds. We also discuss its connection

to the minimal surface entropy when n is odd.
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CHAPTER 1
INTRODUCTION

One of the fundamental problems in geometry is to construct minimal surfaces in
Riemannian manifolds. Fortunately, we have seen many significant developments in
recent years. The Almgren-Pitts min-max theory [2], [52], established in the 1980s, aims
to find a smooth closed embedded minimal hypersurface in every closed manifold M1
of dimension 3 < n 4+ 1 < 6 (Schoen-Simon [56] improved this to 3 < n+1 < 7).
This theory has proven to be a powerful tool in the past few years. Marques-Neves [47]
and Song [63| solved Yau'’s conjecture [70] regarding the existence of infinitely many
closed embedded minimal hypersurfaces in a closed manifold M™ 1 of dimension 3 <
n+1 < 7. Li [40] investigated the higher dimensional case for generic metrics, where
the minimal hypersurfaces exhibit optimal regularity. Furthermore, using the Weyl law
for the volume spectrum (Liokumovich-Marques-Neves [41]), Irie-Marques-Neves [29],
and Marques-Neves-Song [49] discussed the density and equidistribution properties of
these hypersurfaces, respectively, when M ntl admits a generic metric. On the other
hand, Zhou [71]| proved the Multiplicity One Conjecture raised by Marques-Neves [46].
Combined with [48], it implies the existence of minimal hypersurfaces with any Morse
index for generic metrics.

Meanwhile, the ambient metric affects the minimal surfaces in various ways, including
their existence, distribution, and asymptotic behavior. In particular, our motivation for
exploring manifolds with strictly negative curvature stems from the fact that it enables
the study of minimal surfaces from both a variational and dynamical standpoint.

On a closed negatively curved manifold M, a helpful dynamical fact is that the unit
tangent bundle admits a one-dimensional foliation whose leaves are orbits of the geodesic
flow. Let h and hg be a pair of Riemannian metrics on M. The comparisons of the

geometric objects associated with h and hg have been studied extensively. For instance,
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the geodesic stretch I,,(h/hg) measures the stretching of the metric h relative to the
reference metric hg and the measure p. Comparisons related to 1,,(h/hg) were discussed
by Knieper [36]. Another example is the volume entropy, which can be expressed using

the following form as shown by Manning [44] and Margulis [45].

Eyy(h) = Lhm In #{lengthy,(v) < L : ~v isz closed geodesic in (M, h)}
— 00

Besson-Courtois-Gallot [7] showed that the locally symmetric metric, which refers to
metrics on closed hyperbolic manifolds, complex hyperbolic manifolds, quaternionic hy-
perbolic manifolds, and the Cayley plane, achieves the minimum value among all metrics
on M with the same volume. It is natural to explore the extent to which one-dimensional

objects (geodesics) can be expanded and applied to two-dimensional scenarios (minimal

surfaces).

1.1 Definitions

1.1.1 Awverage Area Ratio

Gromov discussed an attractive two-dimensional analogue in his work [19]. A two-
dimensional foliation of GroM is formed by a family of stable minimal surfaces of M.
In particular, let hg denote the hyperbolic metric. In this case, there exists a canonical
foliation of Gro M whose leaves are totally geodesic planes. Gromov introduced the av-
erage area ratio Areap(h/hg), which, similar in essence to the geodesic stretch, measures
the “stretching” of the area of leaves on GroM of the metric h relative to the hyperbolic
metric hg under the map F.

Let (M, hg) be a closed hyperbolic manifold of dimension n > 3, and let (N, g) be a

closed Riemannian manifold of the same dimension. Suppose that F': (N, g) — (M, hg)



is a smooth map with degree d > 0. The average area ratio of F' is as follows.

. de>_1(D5))
A ) = / ) areag (( iy
ear(9/ho) = | mez_j lim ; g

where Ds is a subset of the totally geodesic disc of H" which is tangential to P at x,
Ds has an area equal to §, and py,, stands for the unit volume measure on Gro(M) with
respect to the metric induced by hg. We refer to Chapter 2 for a more detailed definition.

When n = 3 and the scalar curvature of N satisfies R; > —6, Gromov proved the

following inequality using stability [19].

Areap(g/ho) =

Wl

The proof indicates that if equality holds, then (N, g) should be hyperbolic. However,
it means the inequality is not sharp, and therefore, Gromov conjectured that the lower
bound could be replaced by d. Moreover, the higher dimensional case might share the

same property.

Conjecture 1.1.1 (Gromov, [19]). Let (M, hgy) be a closed hyperbolic manifold of di-
mension n > 3, and let N be a closed n-manifold with Riemannian metric g, and its
scalar curvature satisfies Ry > —n(n —1). F': N — M is a smooth map with degree
d > 0. We have

Areap(g/hg) > d.

The equality holds if and only if F' is a local isometry.

Most recently, Lowe-Neves [43| verified the special case where n = 3 and F' is a local

diffeomorphism.



1.1.2  Minimal Surface Entropy

Calegari-Marques-Neves [11] introduced the concept of the minimal surface entropy,
denoted as E(h), which is based on the construction of surface subgroups by Kahn-
Markovic [33]. This concept is further supported by the equidistribution property of
PSL(2,R)-action on the space of minimal laminations, which was initially proposed by
Ratner [53] and Shah [59], and recently formalized by Labourie [38]. The value of E(h)
serves as a measurement for the number of essential minimal surfaces of M with respect
to h, thus shifting attention from a one-dimensional entity (volume entropy) to an object
of dimension two.

Let H™ denote the hyperbolic n-space, where n > 3. In the Poincaré ball model, the
asymptotic boundary dooH™ can be considered as the (n — 1)-unit sphere S%1. Let
M = H"/m1(M) be a closed orientable n-manifold (n > 3) that admits a hyperbolic
metric hg, A closed surface immersed in M with genus at least 2 is said to be essential
if the immersion is mq-injective, and the image of its fundamental group in 71 (M) is
called a surface subgroup. Let S(M, g) denote the set of surface subgroups of genus at
most g up to conjugacy, and let the subset S(M, g,¢) C S(M, g) consist of the conjugacy
classes whose limit sets are (1+ ¢€)-quasicircles (i.e., images of round circles under (14 ¢)-
quasiconformal maps on S%1). Moreover, Se(M) = gL>J25’(M,g,e). Suppose h is an

arbitrary Riemannian metric on M. For any II € S(M, g), we set
areay, (I1) = inf{area; (X) : ¥ € I1}.

Then the minimal surface entropy with respect to h is defined as follows.

E(h) = lim lim inf 7 t2rean(D) S dn(l = 1) : T € S(M)}

1.1.1
e—0 L—oo LlnL ( )

According to Calegari-Marques-Neves [11], when n = 3, and among metrics with sec-
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tional curvature less than or equal to —1, E(h) attains its minimum value at the hyper-
bolic metric hg, and E(hg) = 2. On the other hand, Lowe-Neves [43] showed that when
n = 3, E(h) is maximized at hg among all metrics with scalar curvature greater than or

equal to —6.

1.2 Results and Ideas

In this section, we state the main results and provide a brief introduction to the ideas.
The detailed proofs are presented in subsequent sections. Additionally, the organization

of the thesis is outlined in this section.

1.2.1 Awerage Area Ratio

In this thesis, we investigate Gromov’s conjecture from two perspectives in Theorem
1.2.1 and Theorem 1.2.3. First, if n > 3 and F' : N — M is a diffeomorphism, it

simplifies to the following scenario.

Theorem 1.2.1 (Jiang, [31]). Let (M, hg) be a closed hyperbolic manifold of dimension
n > 3. There exists a small neighborhood U of hy in the metric space of M, such that

for any Riemannian metric h € U on M with R, > —n(n — 1), we have

Areapg(h/hg) > 1.

The equality holds if and only if h = hyg.

Such a neighborhood is “cylindrical”, that is, if A € U, then any metric A’ in the
conformal class of h with R;, > —n(n — 1) also belongs to U. This theorem provides a
solution to a local version of Gromov’s conjecture concerning diffeomorphisms.

We now brief present the idea of the proof, which can be divided into two parts.

Suppose h is an arbitrary metric conformal to a metric b with constant scalar curvature.

5



In that case, the assumption Rj, > —n(n — 1) provides estimates of the conformal factor,
and thus the area of any surface attains the minimum at A in the conformal class.
The second part considers the metrics set on M with constant scalar curvature —n(n—

1). We define a functional A from the space of Riemannian metrics on M to R as follows.

A(h) = Ry () [A”1d[}, ! (2, P) dpap,.

/(x,P)EGTQM

The theorem is equivalent to show that A attains a local maximum at hg. It is not hard
to check that hg is a critical point of A. Next, in order to evaluate A”(hg), we compare
it with the second variation of the normalized total scalar curvature (or normalized

FEinstein-Hilbert functional)

E(h) = (voly (M))*~! /M Ry, Vi,

and apply the estimates in [7].

Notice that unlike £, the functional A is not invariant under diffeomorphisms; there-
fore, we need to use the decomposition of space of symmetric tensors [6] and discuss the
signs of A”(hg) on the conformal deformation, diffeomorphism part, and the transverse-
traceless part, respectively.

Besides, let (N, gg) be another closed hyperbolic manifold of the same dimension n,

the theorem leads to the following corollary.

Corollary 1.2.2. There exists a small neighborhood U of gg in the metric space of N,
such that for any metric g € U with Ry > —n(n — 1), and for any local diffeomorphism
F:(N,g) — (M, hg) with degree d > 0, we have

Areap(g/hg) > d.



The equality holds if and only if F' is a local isometry between g and hy, i.e., g = F*(hg).

Proof. Since F' is a local diffeomorphism,

Areap(g/hg) = d Arearq(g/F" (ho))-

F*(hg) is a hyperbolic metric on N, so it’s isometric to gy due to Mostow rigidity. Thus

we obtain from the previous theorem the following inequality.

Areap(g/ho) = d Areagq(g/g0) = d.

]

On the other hand, when the dimension n = 3, we establish a more general result
applicable to any smooth maps near the diffeomorphisms between homeomorphic 3-

manifolds, regardless of whether it is a diffeomorphism or not.

Theorem 1.2.3 (Jiang, [31]). Let (M, hg) and (N, go) be closed hyperbolic 3-manifolds.
If 1 (M) = 71 (N), then there exists a small neighborhood U of gy in the C%-topology,
such that for any metric g € U with Ry > —6, and for any smooth map F : (N,g) —

(M, hg) with positive degree, we have

degF =1 and Areap(g/hg) > 1.

In this case, the inverse of a closed surface S C M via F' is not necessarily homotopic
to S. So we need to compare the areas of surfaces with respect to the induced metric of
g in different homotopic classes, this is hard in general. Fortunately, if there is a minimal
surface with suitable curvature conditions, we can find a global area-minimizing surface.
To see this, we prove a key lemma adapting Uhlenbeck’s method in [66], and when

combined with Lemma 5.1.2 in Section 5.1.1, it generalizes to all dimensions n > 3.
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Lemma 1.2.4 (Uniqueness of minimal surface). Let (M, h) be a closed n-manifold with
strictly negative sectional curvature, and let X be a minimal surface in (M,h) whose
fundamental group injectively includes in w1 (M), the norm squared of the second funda-
mental form of ¥ with respect to h, denoted by ]A\z, and the sectional curvature K of
(M, h) satisfy that

|A|%oo(2) < —2sup K.

Let M be the cover of M with (M) = 71(X). Then % is the unique closed minimal

surface in M of any type.

The rest of the proof follows from the comparison of areay, (71(¥)) and areay, (1 (>))
in [43].

In a different situation, suppose that m1(/N) is isomorphic to an index d subgroup
G < m1(M). Let M denote the covering space of M with 71 (M) = G and let p : M — M
denote the covering map, the hyperbolic metric on M is still represented by hg. We have

the following corollary.

Corollary 1.2.5. There exists a small neighborhood U of gy in the C2-topology, such

that for any metric g € U with Ry > —6, and for any smooth map F : (N, g) — (M, ho)

satisfying Fym(N) < psm (M) with positive degree, we have
degFF =d and Areap(g/hg) > d.

Proof. Since Fymi(N) < pemi(M), F can be lifted to a smooth map F : N — M, so

that po F = F. Applying Theorem 1.2.3 to F', we have

degF =1 and Areap(g/ho) > 1.



Thus,
deg F'=d and Areap(g/hg) = dAreaz(g/ho) > d.

1.2.2  Minimal Surface Entropy

When the dimension of M is an odd number, Hamenstadt [22] verified the existence
of surface subgroups and constructed an essential surface ¥ which is sufficiently well-
distributed and (1 + €)-quasigeodesic (in other words, the geodesics on the surface with
respect to intrinsic distance are (1 + e, €)-quasigeodesics in M). Based on this result,
we expand the definition of minimal surface entropy to encompass a broader range of

scenarios.

Theorem 1.2.6 (Jiang, [30]). Let (M, hg) be a closed hyperbolic manifold whose dimen-
stonn > 3 is odd, and let h be another metric on M with sectional curvature less than

or equal to —1, then

E(h) > E(hg) = 2.
The equality holds if and only if h is isometric to hy.

The strategy of the proof is summarized as follows. The lower and upper bounds
of the cardinality of S(M,g,€) (¢ > 0) follow easily from Hamenstddt [22] and Kahn-
Markovic [33], respectively. The challenge of showing F(hg) = 2 is the following. The
argument by Schoen-Yau [57] and Sacks-Uhlenbeck [55] says for any surface subgroup
I1; € S(M, g;, %), there exists an immersed minimal surface .S; in M with finitely many
branch points, such that it minimizes the area in the corresponding homotopy class up
to conjugacy. The appearance of branch points is the primary distinction from the case
of dimension three. The strategy to rule out branch points is to consider a sequence of

area-minimizing surfaces mod 2 in H", denoted by D;, such that 8-cD; = 9s0S;, where
9



S; is the lift of S; to H™. Dj is free of branch points by Almgren [3], and some arguments
in geometric measure theory indicate that D; converges smoothly to a totally geodesic
disc in H". Thus |A\%OO (D;) 0, and Lemma 1.2.4 (a universal cover version) implies
that D; is identical to S;. As a result, ‘A’%OO(SZ-) — 0 (when n = 3, this was prove by
Seppi [58]), which leads to E(hg) = 2.

For metric h with Kj; < —1, now we briefly describe the main obstacle to proving
the rigidity. Due to Ratner [53] or Shah [59], the closure of the projection of a totally
geodesic disc of H" to M is either the whole manifold M or a finite union of closed totally
geodesic proper submanifolds of M. When n > 3, it is impossible to find a dense orbit
using the “dense or isolated” argument in [11]. To deal with this issue, we can use the
observation by Mozes-Shah [50] or Lee-Oh [39], which says that any infinite sequence of
properly immersed totally geodesic submanifolds either becomes dense in M, or it has a
subsequence contained in a higher dimensional proper totally geodesic submanifold, and
our result follows by induction.

Furthermore, using the equidistribution property formalized by Labourie [38], we
extend Theorem 1.2 of [43] to encompass odd dimensions greater than or equal to 3.
This theorem establishes a link between minimal surface entropy and the average area

ratio.

Theorem 1.2.7 (Jiang, [31]). Let (M, hg) be a closed hyperbolic manifold of an odd

dimension n > 3. For any Riemannian metric h on M,
Arearg(h/ho)E(h) = E(hg) = 2,

the equality holds if and only if h = chqy for some constant ¢ > 0.

10



1.3 Organization

The thesis is organized as follows:

First, in Chapter 2, we introduce the notations and definitions that are used through-
out the thesis.

In Chapter 3, we establish the equidistribution property for closed hyperbolic mani-
folds with odd dimensions. We also derive the formula for the average area ratio, which
will be used in Section 4.2 and Chapters 5 and 6.

Chapter 4 discusses the average area ratio from a dimensional perspective. Specifi-
cally, in Section 4.1, we restrict the maps to diffeomorphisms and consider all dimensions
greater than or equal to three. We provide the proof for Theorem 1.2.1 in this context.
Then, in Section 4.2, we analyze a broader scenario of the maps but only focus on three-
dimensional manifolds. We prove Theorem 1.2.3 in this specific case. In Section 4.3,
we expand the definition of average area ratio (where k = 2) to average k-volume ratio,
where 2 < k < n—1. We also explore the negatively curved Einstein manifolds to which
we can extend the result.

Chapter 5 contains a discussion of the minimal surface entropy for different types
of manifolds. In Section 5.1, we focus on the case where the dimension of a closed
hyperbolic manifold is an odd number. We compute the minimal surface entropy of
the hyperbolic metric and provide the proof for Theorem 1.2.6. Additionally, we explore
certain findings in other locally symmetric manifolds in Section 5.2 and cusped hyperbolic
three-manifolds in Section 5.3.

Finally, Chapter 6 examines the relationship between average area ratio and minimal

surface entropy. We present the proof of Theorem 1.2.7.

11



CHAPTER 2
PRELIMINARIES

This chapter contains the notations and definitions that are utilized in the subsequent

chapters.

2.1 Gromov’s Average Area Ratio

In this section, we provide a more detailed explanation of the definition of the average
area ratio.

Let (M, hg) be a closed hyperbolic manifold of dimension n > 3, and let (N, g)
be another closed Riemannian manifold of the same dimension. Suppose that F :
(N, g) — (M, hg) is a smooth map. For any (z, L) in the Grassmannian bundle Gry(N),
|A2F(z, L)) g denotes the Jacobian of dF, at plane L. Take an arbitrary regular value
y e M of F, for (y, P) € Gro(M), we let

2l Py 1 ' 2.1.1
| |9 (y ) :rGFZl(y) ‘AQF(Z" (de)il(P)‘g ( )

This definition ( [43]) is equivalent to Gromov’s definition ( [19]):

92 -1 _ . areay((dF;)"1(Dy))
zeF~1(y)

where Dy is a subset of the totally geodesic disc D C H" which is tangential to P at x,
and Dg has area equal to 9.

The average area ratio of F' is defined in [19] by

Aveap(g/ho) = | IA2F )Yy, P) dpy,, (2.1.2)
(y,P)eGra(M)

12



where (15, stands for the unit volume measure on Gro(M) with respect to the metric

induced by hy.

2.2 Normalized Total Scalar Curvature

In this section, we introduce the normalized total scalar curvature and calculate its
second variation. The second variation is an important tool in proving Theorem 1.2.1.
We refer to Section 4.1 for more details.

Let (M, hg) be a closed hyperbolic manifold of dimension n > 3, and let M be
the space of Riemannian metrics on M. The total scalar curvature (or Einstein-Hilbert
functional) € : M — R is

E(h) = /M Ry, dVj,.

It is a Riemannian functional in the sense that it’s invariant under diffeomorphisms, but

it’s not scale-invariant. To resolve this issue, we consider

(h) = (vol, (M)~} /M Ry, dVj,.

This is called the normalized total scalar curvature (or normalized Finstein-Hilbert func-

tional) of M. Under conformal deformations, the first variation of £ is

-2
n VOlh(M)T%_l/ <Rh —][ Rh th, l>h th
M M

2n

It equals zero provided that (M, h) has constant scalar curvature. Assuming Ry, is

constant, we can simplify the full variation to

2_q

1
g/(h) = VOlh(M)n / <_Rh - Rich, l>h th
M

n

13



Thus, a metric h is critical if and only if (M, h) is Einstein. In particular, the hyperbolic
metric hg is a critical point for £. Furthermore, since £ is scale-invariant, from now on

we may assume that for hy = hg + tl,

d 1
/M %h:o( deth()(ht)) thO = B /M trholdvho =0.

Taking this into account, we obtain the second variation of £ at hg as follows.

2 d? e
E" (ho)(1,1) =volp, (M)~ 1/M Sz lt=0Bn, = 2(n = 1) g li=o(y/detpg (b)) (2.2.1)

d d
+ 2@&:03}% Eh:o(\/ detp, (ht)) AV,

Substituting the formulas

d? 1 1 T
@ detho(ht) = (Z(trhtl)z - Etrht(l2)) dethg(ht)>

d :

ERht = _Aht (trhtl) + 5}21tl - <RZCht, l>ht7
d . 1 1. 1. * 1 o
%Rlcht = —§Ahtl + §chht(l) + §Z(chht) — Rmy, « 1 — 05, (dp,1) — §Vht(trhtl),

where (Rmy, *1);; = Rikjmlkm, we obtain that

2 1
" (ho)(1,1) =volp, (M)n /M<5Ah°l + Rmpy * 1+ 6, (3p,1)

n—1

T

1
(trhol)ho - E(Aho (trhol>>h0 + ((5}210l)h0 ) l>h0 dvho'

According to Ebin’s Slice Theorem (see [15]), for any h € M lying in a small neighbor-
hood of hg, there exist ¢ € Diff(M), f € C°°(M), and a transverse-traceless tensor lp,

i.e., Op(Irr) = 0 and try, (Ipp) = 0, such that ¢*h = hg + fho + lpp. Then we can

14



simplify the second variation.

(n—1)(n—2)
2

2

E"(ho)(fho, fho) = — voly, (M)n /M<Ahof—nf, Fohg @iy (2.2.2)

And we also get

2 1
E" (ho)(lpr. lpr) = vol (M)n =1 [ (A lp + Rmpy * b, lpr) g Vi (2:2.3)
M 2
Thus,

E(h) = E(¢*h) = E(ho + fho + I77)

= E(hg) + E"(ho)(fho, fho) + E" (ho)(Ip, lpT) + higher order variations.

Taking the estimates of (2.2.2) and (2.2.3) into consideration, we can use this expansion
to discuss the local behavior of £. In particular, as discussed in [7], £ reaches a local

maximum at hq, and there exists C' > 0, so that for any metric A in a small neighborhood

of hg in M,

2 _ .
E(hg) — E(h) > Cd(h, ho)?, where d(h, hg) = ¢6Dlifllcff(M)|¢*h — hol (g ng)-

The inequality is sharp unless h and hg are isometric via some ¢ € Diff(M).

2.3 Equidistribution

Suppose that the hyperbolic manifold M has an odd dimension n > 3. According to
the construction by Hamenstadt [22], for any small number ¢ > 0, there is an essential
surface ¥¢ in M which is sufficiently well-distributed and (1 + €)-quasigeodesic (i.e. the

geodesics on the surface with respect to intrinsic distance are (1 + €, €)-quasigeodesics
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in M). Additionally, as discussed later in Section 5.1.2, ¥ determines an (1 + O(e))-
quasiconformal map on S7!, and thus associated with an element in Se(M).
Furthermore, let G(M, g,€) denote the subset of S(M, g,¢€) consisting of homotopy
classes of finite covers of ¥ that have genus at most ¢g. It has cardinality comparable
to ¢29. Moreover, let S; denote the minimal representative of an element in G (M, g;, %),
then it is homotopic to an (1+ %)—quasigeodesic surface ;. From Lemma 4.3 of [11], for

any continuous function f on M, the unit Radon measure induced by integration over

S; satisfies

1
lim —/S'ZfdAhO :V(f)7

i—o0 areay, (S;)
where the limiting measure v is positive on any non-empty open set of M.

Notice that the measure v is not necessarily identified with the unit Radon measure
on M induced by integration over M, the latter measure is denoted by u. However, in
order to prove Theorem 1.2.3 and Theorem 1.2.7, we need to find a sequence of minimal
surfaces whose Radon measures defined above converge to p. To solve this problem, we
introduce Labourie’s construction [38] in Chapter 3. And we stress that both methods

of Hamenstédt and Labourie require that M has an odd dimension.
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CHAPTER 3
EQUIDISTRIBUTION PROPERTY

In this chapter, we extend the notations of laminations and associated properties
for hyperbolic 3-manifolds (see Labourie 38| and Lowe-Neves [43]) to the higher, odd-
dimensional case. The purpose of this section is to deduce the average area ratio formula

in Lemma 3.3.1, as an important tool in the proofs of Theorem 1.2.3 and Theorem 1.2.7.

3.1 Laminations and Laminar Measures

Let M = H"/m (M) be a closed hyperbolic manifold of dimension n > 3. And
let F(H", ¢) be the space of conformal minimal immersions ® : H2 — H", such that
®(9soH?) is an (1 + €)-quasicircle. As discussed in Section 5.1.1, when € is sufficiently
small, ®(H?) is a stable embedded disc in H"”. The space F(H",¢) equips with the

topology of uniform convergence on compact sets, and we take
F (M, €)= F(H",e)/mi (M)

with the quotient topology. The space F (M, ¢€) together with the action of PSL(2,R) by

pre-composition
Ry : F(M,€) — F(M,e), Ry(¢)=¢oy !, VyePSL(2R) (3.1.1)

is called the conformal minimal lamination of M. A laminar measure on F (M, €) stands
for a probability measure which is invariant under the PSL(2, R)-action defined as above.
The space F(M,e¢) is sequentially compact, but the space of laminar measures is not
necessarily weakly compact. In light of that, we consider a continuous map from F (M, ¢)

to the frame bundle F'(M) of M, the latter space is compact, so the space of probability
17



measures on F'(M) is compact in weak-* topology.

Firstly we define a map from F (M, €) to the 2-vector bundle Fo(M) on M consisting
of (z,v1,v2) € M X Sy M x SyM, where S;M denotes the unit sphere in the tangent
space to M at x. Let {e1,es} be an orthonormal basis of H2, and for any ¢ € F(M,e),

let ¢*(hg) = C’;th, where C’; > ( denotes the conformal factor between the hyperbolic

d
metric on H? and the pull-back metric of hg by ¢. Let e1(¢) = gbc(vel) and e3(¢) =
¢
d
%62). We define the following continuous map.
¢

Q: F(M,e) = Fy(M), Q) = (6(i), e1(¢), ea(d)).

Furthermore, it induces a map from F(M,e¢) to the frame bundle F(M) by parallel

transport:

And define the projection
P:F(M)— Fy(M), P(x,e1,ea, - ,en) = (x,e1,€3).

We consider the subspace F(H™,0) C F(H",¢), it contains isometric immersions
o0 : H2 — H" whose images are totally geodesic discs in H™. Conversely, each totally
geodesic disc is uniquely determined by ¢(i), and tangent vectors eq(¢), ea(¢). Let
Qo : F(M,0) — Fy(M) be the restriction of 2 to F(M,0), it’s therefore a bijection.
Using (3.1.1), We can define the PSL(2, R)-action on F(M) as follows.

Ry: F(M)— F(M), Ry(z)=Q0Ry0Qy'0P(z), VyePSL(2,R).
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This definition coincides with the homogeneous action of PSL(2,R) on F'(M). Following

the discussion of Lemma 3.2 of [43|, we conclude the following result.

Proposition 3.1.1. Given any sequence of laminar measures p; on F(M, %), the se-
quence of induced measures Qup; on F(M) converges weakly to a probability measure v,

then v is invariant under the homogeneous action of PSL(2,R).

Let G < PSL(2,R) be a Fuchsian subgroup, then H? /G is a closed hyperbolic surface
with genus > 2 whose fundamental domain is represented by U. And let ¢ € F(M,¢)
equivariant with respect to a representation IT of G in 71 (M) < SO(n,1). The image of
¢(H?) in M is a closed minimal surface in M whose fundamental group is TI. We define

a laminar measure associated with ¢ as follows.

1

o) = vol(U)

/U f(@odn(r), Vi € COUF(M,e), (3.1.2)

where 1 denotes the bi-invariant measure on PSL(2, R).

3.2 Equidistribution

In this section, we assume the dimension of M is odd. Adapting the methods of

Proposition 6.1 of [43] and Theorem 5.7 in [38], we prove the following result.

Proposition 3.2.1. For any i € N, there is a lamination ¢; in F(M, %) equivariant
with respect to a representation of a Fuchsian group G; < PSL(2,R) in w1 (M), such

that ﬁ*é@‘ converges to the Lebesque measure fiq, on F(M) as i — oo.

Sketch of the proof. Let T be the space of tripods X = (21, x9,x3), where x1, 9,13 €
OscH™. Each element X determines an ideal triangle A(X) in H™. Let b(X) be the
barycenter of A(X). Denote by (e1(X),ea(X)) the orthonormal basis of A(X), and

denote by (e3(X,--+,en(X)) the orthonormal basis of the normal bundle of A(X) in
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H". Thus, each tripod X determines a point (b(X),e1(X),--- ,en(X)) in F(H"), which
represents the frame bundle of H".

Consider the closed manifold M = H" /7 (M). Let X be the corresponding point of
Xin 7 := T /m1(M), and let F(X) be the point in the frame bundle F/(M) corresponding
to (b(X),e1(X), -, en(X)) in F(H").

A quintuple (X,Y,[y,l2,13) is called a triconnected pair of tripods (Definition 10.1.1
of [32]) if X, Y € T and Iy, 9,3 are three distinct homotopy classes of paths connecting
X to Y. The space of triconnected pair of tripods is denoted by 77 . Let 7! and 2 be

the forgetting maps from 77T to T
(XY 0l 03) — X, w2 (X, Y1, g, l3) = Y
Moreover, let 7! and 72 be the corresponding maps from 77 to F (M)
L (XY 0,00, 03) = F(X), 72 (X,Y,1,19,13) = F(Y).

In addition, there is a weighted measure y, g on 77T as defined in Definition 11.2.3
of [32]. Tf (X,Y,ly,ls,13) is in the support of pe g, then the ideal triangles determined
by X and Y can be glued to an (e, R)-almost closing pair of pants (see Definition 9.1.1
of [32]). Moreover, it follows from the mixing property that for fixed €, as R — oo,
F*ﬂe,R and ﬁ*#e,R both converge to the Lebesgue measure pif,, on F(M).

Arguing like Theorem 5.7 of [38], we can choose a sequence R; — 00 as j — 0o, and
a sequence of measures p jl R’ Then we approximate each p % R; by another weighted
measure v; supported in finitely many pleated pair of pants le, e ,Pij , which can
be glued together to get essential surfaces X1 ,E;Mj in M. When j is sufficiently
large and for each 1 < k < Mj, Eé‘? is (14 %)—quasigeodesic, and the projection from

Z? to the unique minimal surface S f homotopic to Eé‘? is (1+ %)—bi—Lipschitz and it has
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distance uniformly bounded by O(%) For this reason, we can further approximate v;

MA
by a weighted measure supported in S} U---us i 7. Sj]? is obtained by a lamination
925? e F(M, %), in fact, it’s the image of qﬁf(Hz) in M, and thus associated with the

laminar measure & gl We have the following lemma.
J

Lemma 3.2.2. For any j € N, there exist a finite sequence of laminations ¢L,- - - ,gbj-wj
in ]-'(M,%), and (9]1.,'-- ,Gj e (0,1) with 0]1 + -+ Gj 7 =1, such that each gb;?

is equivariant with respect to a representation of a Fuchsian group in w1 (M), and the

laminar measure
M;
k
1 =D 070
k=1 7
satisfies that ﬁ*uj converges to the Lebesque measure fife, on F(M) as j — oo.

Next, for 2 <1 <n — 1, we define

P :={F(P) C F(M), where P is a [-dimensional closed totally geodesic

submanifold of M}.

Then P : 72621731 contains at most countably many candidates. Therefore, we can find
a decreasing sequence of tubular neighborhoods {B.} C F(M), so that for any k € N,
By, covers P and it satisfies p(B*) < 27281 and u,(9B;) = 0. In consequence of
previous lemma, after passing to a subsequence, we have Q1 j(Br) < 22k, Additionally,
as argued in Lemma 6.2 of [43], we can find a subsequence {j; }, and ¢; € {qﬁli, cee ¢fji }
such that Q«(d4,)(By,) < 27k,

As a result of Proposition 3.1.1, as i — oo, 5*5@. converges weakly to a probability
measure v on F'(M). v is invariant under the homogeneous action of PSL(2,R), and it

satisfies that

v(By) <27 (3.2.1)
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To finish the proof, we need the following lemma.

Lemma 3.2.3. v = pyep.

Proof. According to the ergodic decomposition theorem ( [26]), v can be expressed by
a linear combination of the ergodic measures for PSL(2, R)-action on F'(M). Moreover,
Ratner’s measure classification theorem (see [53| or [59]) says that any ergodic PSL(2, R)-

invariant measure on F'(M) is either an invariant probability measure supported on a

finite union of {P,} C P, or it is identical to pf.p. Thus, we can write v as

V= a1fLeh T Q2Upy + -+ + Ap_11P, ;>

where aj +ag +---+ap—1 = 1 and pp, represents an ergodic measure supported on Py,

2<1<n-—1 By(321),forall k €N,

ag + -+ 4 an_1 = agpipy(By) + -+ an_1pip,_ (By) < v(By) <277,

So
a1:1—a2—--~—an_1>1—2_k, Vk € N.
We must have a1 = 1, and therefore v = pjp. [
Proposition 3.2.1 follows immediately from the lemma. O]

3.3 Average Area Ratio Formula

Lemma 3.3.1 (average area ratio formula). Let (N, g) be a closed Riemannian manifold

that also has odd dimension n, and let F' be a smooth map that takes (N, g) to (M, hy).

1
'

Fori € N, we pick a lamination ¢; € F(M, =) equivariant with respect to a representation

of G; < PSL(2,R) in m (M), and it satisfies Proposition 3.2.1. Let S; be the image of
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Oi (HQ) in M. Then we have

~ areag(F1(S;
Areap(g/ho) = ZE)HOIO 47iég~ — (l)Z))'
7

Proof. Recall that |[A2F |;1 is a function defined almost everywhere on Gro(M). Since

|A2F|4 can be regarded as a smooth function on F(M) by
|A2F|g F(M) =R, (z,e1,e9-- ,en) — \A2F|g(x,span(el,eg)),

based on the definition (2.1.1), |[A2F ];1 is also seen as a function defined almost every-

where on F'(M). Thus, Proposition 3.2.1 implies that
Areap(g/ho) = pep(|A*F|, 1) = igrgoﬁ*%(l/@ﬂg_l)-

In light of the definition of laminar measure dy, in (3.1.2), we have

Quby, (|A2F| T / [AZF| 1 0 Q(¢7 0 7)dio(7),

N vol

where Uj is the fundamental domain of PSL(2,R)/G;. Set x = (7). Since the hyperbolic
surface H2/G; has area equal to 4m(g; — 1), where g; > 2 denotes the genus. The above

expression also can be written as

1

Dudy, (A2F] ) = —1) / s, Il 6100, () T ()

4 (g; —

’A2F|g yaTy )
-1 / (¥))

Apo (),

where Ci2 > 0 denotes the conformal factor between the hyperbolic metric on H?2 /G

and the pull-back metric of hy by ¢;, namely ¢ (hg) = OZZhH2 /Gy Since the Gaussian
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curvature on S; has the form —1 — %]A|2(x), we have

On the other hand, the co-area formula yields that

[N 0TS0 (0) = areag(F1 (),

Combining these formulas, we have

areag(F~1(S;))

areag(F~1(S;))
dm(g; — 1) '

4r(g; — 1)

. _ 1
< Dy (INFIGY < (14 5|4l oo s,)

Since |A|%OO s) 0 as ¢ — oo (see Section 5.1.1), the lemma follows immediately from

the squeeze theorem. O
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CHAPTER 4
AVERAGE AREA RATIO

In this chapter, we assess the average area ratio of closed hyperbolic manifolds. First,
we begin by considering the general case, including manifolds with any dimension greater

than or equal to three.

4.1 General Dimensions

Throughout this section, we can choose the dimension of M to be any integer n > 3.
The proof of Theorem 1.2.1 separates into two parts. If & is an arbitrary metric conformal
to a metric h with constant scalar curvature, we compare their average area ratios in
Theorem 4.1.1. And if h is a metric with constant scalar curvature different from hg, we

make use of the evaluations of normalized Einstein-Hilbert functional in [7].

4.1.1  Conformal Deformations

Firstly, given a metric h on M, we look at the conformal class of h. Since M admits a
hyperbolic metric, every conformal class [h] must be scalar negative, i.e., it has a metric
with negative scalar curvature. And according to the Yamabe problem, after rescaling,
there exists a unique metric i € [h] with constant scalar curvature ¢ < 0. In Theorem

1.2.1, we assume that ¢ > —n(n —1). Set b/ = —¢—
—n(n—1)

h, so Ry = —n(n — 1), and for

any surface or 2-dimensional subset S in M, we have

areag,(S) = ﬁareah(kg) < areaj (5).
Therefore, to prove the theorem, we may assume that R; = —n(n — 1).
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Theorem 4.1.1. Suppose the scalar curvature Ry, > —n(n — 1), then we have
Arearg(h/ho) > Arearg(h/hg). (4.1.1)
Furthermore, for any surface subgroup 11 € S¢(M),
areay,(I1) > areay, (11), (4.1.2)

and as an immediate result,

E(h) < E(h). (4.1.3)

Each of the above equalities holds if and only if h = h.

Proof. Set h = ¢2?h. The conformal factor ¢ satisfies that

e*’ Ry, = Ry, — 2(n — 1)Ap¢ — (n — 2)(n — 1)|dg|?

=—n(n—1)=2(n—1)As6 — (n — 2)(n — 1)|dg|>.
Let ¢ppin = xrreuj\r} ¢(z), we obtain Ay ¢y, > 0, and it yields that
—n(n — 1)62¢mm < 2Pmin Ry < —n(n —1). (4.1.4)

Thus, for any subset Dy of a totally geodesic disc in H" with hyperbolic area equal to

0, we have

e2Pmin >1 = areay(Dgs) = / 20 dAj > areay (Dy).
Ds

The inequality (4.1.1) follows from the definition of the average area ratio (2.1.2).
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In addition, it also shows that for any surface S € M,
_ 2¢ _ _
areay, (S) = / e“? dAy, > areaj ().
S

Thus we conclude (4.1.2), and the comparison of entropy (4.1.3) is a direct corollary of
the definition (1.1.1).

Moreover, if any equality in the theorem holds, the inequality 4.1.4 implies that
R}, = —n(n — 1), due to the uniqueness of the solution to Yamabe problem, h must be

identical to h. O

4.1.2  Definition of Functional A

Let M be the space of all Riemannian metrics on M, and let Mp be the subset
consisting of metrics with constant scalar curvature —n(n — 1). From the previous
section, it remains to consider metrics in Mp.

Define a functional A from the space of Riemannian metrics on M to R as follows.

A(h) = / Ryy(x) [A21d[; (2, P) dyup,
(x,P)eGroM

Ds(P
6—0 J(2,P)eGroM 0

= lim R x][ detj, (h dAy,, duy,,,
3 e prcGrant n(z) D5(P)\/ ho (M Ds(P)) ARy din

where Dg(P) is a subset of the totally geodesic disc in H'" that is tangential to P at x,

and Dg(P) has hyperbolic area equal to 4, [th, 1S the unit volume measure on GroM
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with respect to the metric induced by hy. Notice that the metric h € M g satisfies

A(h) = —n(n—1) / A2LA[ (e, P) dpy,
(x,P)eGroM

— Atho) [ %1 . P) .
(x,P)eGroM

Therefore, from the definition of the average area ratio (2.1.2), to deduce that if A is in

a small neighborhood of hg in Mg, then

Avearg(t/10) = | IA21d]; Y 2, P) dpgy > 1,
(z,P)eGroM

we only need to show that A attains a local maximum at hy.

4.1.83  Proof of Theorem 1.2.1

To see this, we’ll discuss the first and second variations of A in detail. Before start,
we notice that the functional A is scale-invariant, so it suffices to assume vol, (M) = 1,
and the symmetric tensor [ = h — hq satisfies [;, trp ldVy, = 0. Let hy = hg + tl, we

rewrite A(hy) as

Alhy) = / i) o o) Vi,

where
ap,(xr) = lim ][ dety, (hy dVy, duvy, .
@) =B f e T V0 BtlDge) Vg
Then we have
d d d
%.A(ht) = MaRht aht—FRht%&ht thO' (4.1.5)
In addition,
d .
7B, = = (trp, 1) + 0ji 1 = (Ricp,, D, (4.1.6)
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where Ay, is the rough Laplacian with negative eigenvalues, and 5}2” is the double diver-

gence operator. In particular, when ¢ = 0, applying the Stokes’ theorem, we have

d .
/M EHZO Rht Ay thO = /M —<R20h0, l>h0 thO =(n-1) /M tl"hol thO.

On the other hand, since

d 1
E\/detho(htll)&(p)) = itrht”DJ(P) \/detho(ht‘D(g(P))’

let A1, -+, An be the eigenvalues of the matrix [ at point x € M with respect to hq, we

obtain by computation that

d| . 1 ][
S lt=00p, = A5
dt " 602 JpeGroM, JDys(P)

_12ighitA 1 (-1 YN

2 () 2 (2)

= —trp I.
n ho

trho”Dg(P) dAhOthO

It follows that for any symmetric 2-tensor [,

1
A'(hg) 1= (n—-1) /M trp,l dVy, —n(n — 1)5 /M trp,l dVp, =0,

thus hg is a critical point of A.
Now we proceed to compute the second variation at £ = 0. Note that A is an analogue

of the normalized total scalar curvature &, it’s easier to compare their second variations
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using the computation in Section 2.2. Based on (4.1.5) and (2.2.1),

A (ho)(1,1) = £" (ho) (1, 1)
2

d? d
_ /M —nln = 1) Slizo an, + 200 — 1)-Llimo(y/detyy () AV,
d d
+ /M 2E|t:ORht<E|t=0(aht —y/detp, (he)) dVy,
B d? 1 5 1 5
=/, —n(n — 1)@&:0 ap, +2(n — 1)(Z(trh0l) — §trh0(l )) dVh,

1 1
2
+ 2 /M ( — Aho (trhol) + 5h0l + (n — 1)trh0l)(ﬁ — §)trh0lth0.

Next, using

(4.1.7)

d? 1 1
@\/detho(ht\pa(m) = (Z(trht”D(g(P))2 - §trht(”2p5(p)))\/detho(ht|D5(P))a

we estimate the first term on the right-hand side of (4.1.7).

d2
—n(n—1) / ﬁ‘tzo apy AV,

1 / ][ ][ Yttey 1 p1)?2
= n— 1m T
5%0 zeM JPeGroM, JDs(P) 4 hot1Ds(P)

1
Qtrho (HD )dAhOdl/hOthO
Sici 1 +4))% = 3 (A7 + A%
= n(” - 1) n
M (2)

1 n
Y
:—n(n—l)/ 1(5i M)~ 5 A ZthO
M

(2)

1 n
= /M 2(trh0l)2 + §t1"h0 (l2) thO'

AV,
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Combining (4.1.7) and (4.1.8), we have

A" (ho) (1, 1) =€ (o) (1, 1) — /M il 2ty (12) dVi, (4.1.9)

n—2

(n—2)2 n—2
- /M on (trhol)2 + T|Vh0(trh0l)\2 + 5,%0ltrhol dVp,-

n
To simplify this quadratic form, we decompose [ into three parts. Applying the

decomposition of space of symmetric tensors for a compact Einstein manifold other than

the standard sphere (Theorem 4.60 of [6]), we have
Ty, M = C*°(M) - ho @ Ty, (D (M) (hg)) © TTh,,

where C°°(M)-hg represents the conformal deformations of hq, Diff(M)(hg) is the action
of the diffeomorphism group on hg, and 17T}, = ker tr, N ker oy, stands for the set of
transverse-traceless tensors. Let h € Mp, and let | = h — hg, it decomposes into
l = fho+1p +lpr, where fhy € C°°(M) - ho, Ip € Tj,(Diff(M)(hg)), and Ipp € TT,,.

The second variation of A has the form

A" (ho)(1,1)
=A"(ho)(lp + lpr,Ip + ) + A" (ho) (fho, Ip) + A" (ho)(Ip, fho)
+ A"(ho)(fho, lpr) + A" (ho) (I, fho) + A" (ho)(fho, fho)

<A"(ho)(Ip + 177 Ip +l77) + Col fhol g (asng) U E2 (1)

By Theorem 4.1.1, to check that A reaches a local maximum at hg on Mp, it remains
to analyze the sign of A”(hg)(Ip + lp7,lp + lpr) and estimate ‘th‘Hl(M ho)- To see

these, we prove the following lemmas.

Lemma 4.1.2. There exists a constant C' > 0, such that in the decomposition of [,
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Ip € T (Dif(M)(hg)) and lpp € TTy, satisfy

A" (ho)((Ip + lrp Ip +lrr) < =CUlrrl3p oy pgy T 1X T2(0s00):

where Lxhy =1p.

Lemma 4.1.3. There exists a constant ¢ > 0, such that the following statement is true.
For any € > 0, we can find a C%-neighborhood Ue.r of hg on Mg, so that for any

h €U g, fho € C°(M) - hg in the decomposition of | = h — hy satisfies

|fh0|H1(M,ho) = CE|Z|H1(M,ho)‘

Proof of Lemma 4.1.2.

A" (ho)((Ip + lpr,Ip + l77) (4.1.10)

=A"(ho)(lpp, lrr) + A" (ho)((Ip, 1p) + A" (ho)(Up, lrr) + A" (ho)(lr7, ID).

To find an upper bound of the first term, we use the estimate in Lemma 2.9 of |7|. There

exists a constant C'7 > 0, such that

1
E"(ho)(lpr, lpp) = /M<§AholTT + Rmpg # I, leT) hg AV < _Cl|lTT|%]1(M7hO)~

And thus, substituting the above inequality and trj, lpr = dplrr = 0 into (4.1.9), we

obtain

n—2

A"(ho)(Irr, lp7) = E" (ho) (77, IPT) — /M tho (1) dVig (4.1.11)

< _01|ZTT|12L]1(M,hO)-
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To deal with the remaining terms of (4.1.10), we apply the diffeomorphism invariance

property of £, which says
E"(ho)(Ip,-) = €"(ho) (-, 1p) = 0. (4.1.12)
Moreover, for any ¢ € Diff(M),
Ryepy = Rpg = —n(n—1) = R} -lp =0, (4.1.13)

Therefore, the second variations comparison (4.1.7), in company with (4.1.8), says that

n— 2

A//(h())((lD, Ip) = /M(trholD)2 — trp, (l%) thO' (4.1.14)

Since Ip € Tj, (Diff(M)(hg)), it can be expressed by the Lie derivative of the metric hy
in the direction X. And using Helmholtz-Hodge decomposition, X decomposes further
into X' = Vj, r+Y, where r is a scalar function, and Y is a vector field with divy, Y = 0.
By computation,

trholD = QAhOT + Qdivhoy = 2Ah0r. (4.1.15)

In addition,

2 2 2
Dl72(00 1) =12V he" + Z(Vz'Yj + VY1200 (4.1.16)
2¥}
2 12 2
=4V 2201, T Z(Vz’Yj +ViYilT2(0s )
[2¥}

+ 4UVior D (Vi + VYD) 2 -
i.j
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where the second term is in the form

D (VY5 + VYl Ta g
]

= [ YT SV (VY0P 4 29,9, Y,
M i]
:/ A(divy, Y)? + > =2V,Y;V,Y + (V,Y)) + (V,Y5)?
M i

— OV Y, VY + 2V,YV,Y; Vi,

= [ VYA VY (V) (V)
i#]
FY;ViV,Y; — ViV, VY 4 YV VY, — YV,V,; dV,

- /M D Yi(ViViYi = BiygYy) + iV VY — B

13Yi) + (ViYy)? + (V,Y7)
i7#]

(4.1.17)

+YiVV,Y; — Yi(V, VY + R, + YiVVY; = YV VY + RL Y dVi,

jii ijj =
= [ Y YA+ Y? -2V Y,V + (VY))2 + (VY02 + Y2 + Y,
" i j jriVity ity Jti i J “Vho
i#]
2
=4(n — 1>|Y|L2(M,h0) + | Z(VZY] - ijiH%Q(MJL())’
i.j
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and the last term of (4.1.16) vanishes, since

UVhr D (ViYj + VYD) £2(0 ko) (4.1.18)
ij
:4/ 2 Z Vv, V,rV,;Y; + Z VZ‘VJ'T(VZ'YJ' + VjYi) thO
M i#]
:4/ 23V ViV = > (VirV,; VY + VrV,V,Y;) dV,
M i#]
=4 /M 23V VY = > (Vir(V VY5 + ijiiyi) +Vr(V;ViYi + RY;)) dVi,
i i#j
:4/ 20, rdivy, Y =) (V;VirV;Yj + V,;VrV,Y;)
M i#]
+) (ViVirV;Y, + V,VirViY) + ) VirY + VY dvy,
i#j i#j

:S(n - 1)<Vh0r, Y>L2(M,h,0) = O

Substituting (4.1.15)-(4.1.18) into (4.1.14), then applying Bochner’s formula, we obtain

n—2 2 2 2
S @ = a9 v,
2%
n—2

= 5 (/M 4Ric(vh07’, Vho’f’) thO —4(n — 1)’Y’%2(M,h0)
2
=12V = VY Taar )
2]

<-2(n—-1)(n— 2)|X‘%2(M,h0)'

Furthermore, after eliminating some terms using (4.1.12), (4.1.13) and trp Iy = 0, we
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get
n—2

Al/(hO)(lDa lrT) = — /M<ZD7ZTT>h’0 tho =0, (4.1.20)

it vanishes because of the L2-orthogonality between T (Diff(M)(hg)) and TT},,. Simi-

larly, the traceless-transverse property of I simplifies (4.1.9 to

n—2

A" (ho)(lrr.lp) = — /M<ZTTa ID)hg AVhy = 0. (4.1.21)

Substituting (4.1.11), (4.1.19), (4.1.20) and (4.1.21) into (4.1.10), we complete the

proof.

Proof of Lemma 4.1.53. Since h € M p, we have

1
oth—Rhoz/O Ry - Lt

it leads to

1
(Rh, ey (F10)) 20 pg) = —/0 ((Rhgst1 — Bhy) - Ltvng (F10)) p2(ar pg) 4t (4.1.22)

On the left-hand side, we have R;LO = R;LO - (fhg) as analyzed earlier, and it follows
from (4.1.6) that

(Rhg - L trng (Fho))ng (4.1.23)

= /M<—Ah0 (trpy (fho)) + 5%0(fh0) + (n = Dtry, (fho), trag (o)) by AV,
= [ 0= DIV 2+ 0P = DIV,

>(n — 1)|fh0|%{1(M,ho)'
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On the other hand, the right-hand side of (4.1.22) can be estimated using the continuity
of h — trpl, h — (-, '>L2(M py = Vil and h — 6l For any e > 0, after shrinking

the neighborhood of hy in Mp, we have

1
—/0 (Rhgtr = Bhg) - L ttng (FR0)) p2(as gy 4t < €l = holc2 |l g oag ngy | Fhol i (0 )
(4.1.24)
Therefore, taken (4.1.23) and (4.1.24) into account, (4.1.22) leads to the result.
]

To end this section, we discuss the equality condition of Theorem 1.2.1. There exists
t € (0,1), such that
Alho)"(1,1) | A" (ho +t1)(1,1,1)

A(h) = A(hg) + =202 + - .

Following the same procedure to compute A" (hg) and discuss the continuity near hy,

we can see that A" (hg + t)(1,1,1) = O(]l|

?11(M,h0))' Thus, from the above lemmas,

there exists C’ > 0,

A(h) < Alhg) = C'(|fho + 12 gy + X s ngy) + O = ol )

From the computation of (4.1.19) and its derivative, we can see that as h — hy,

|X’L2(M,h0) and ‘ZD‘Hl(M,hO) decay at the same rate, so the norm \fh(ﬁ—lTT@p(M’hO) +

| X |%2( Mhg) ™ C"|h— hoﬁql (M.ho)" Consequently, the following expansion holds for met-

ric h in a small neighborhood of hg with R, > —n(n — 1).

Arearq(h/hg) > 14 C""'(|fho + lTT@p(M’hO) + ’X|2L2(M,h0)> +O(lh — hUﬁIl(M,ho))'

where C” > 0. Note that Areaq(h/hg) = 1 requires that fhg = lpp = X = 0, and thus
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4.2 Dimension Three

In this section, we discuss the proof of Theorem 1.2.3. First of all, the fact that
deg FF = 1 follows from Corollary 0.3 of [67] and the geometrization theorem for 3-
manifolds. Next, it’s easy to see, the induced map Fi : m1(IN) — w1 (M) is surjective,
since otherwise, it factors through a d-fold covering space of M with d > 1, and thus
deg F' > d > 1, violating the degree one observation. In addition, 71 (M) is a Hopfian
group (for example, see 15.13 of [27]), so the surjectivity of Fi can be upgraded to be
an isomorphism, which makes F' a homotopy equivalence between N and M due to
Whitehead’s theorem. Furthermore, the Mostow rigidity theorem indicates that F' is
homotopic to an isometry. For this reason, we can simplify the conditions of Theorem

1.2.3 as follows.

4.2.1 A Simpler Version of Theorem 1.2.3

Theorem 1.4°. Let (M, hg) be a closed hyperbolic 3-manifold. There exists a small
neighborhood U of hgy in the C2-topology, such that for all Riemannian metric h € U
with Ry > —6, and for any smooth map F : (M,h) — (M, hg) with positive degree, it

has deg F' =1 and it is homotopic to the identity, we have

Areap(h/hg) > 1.

Moreover, the equality holds if and only iof F' is an isometry between h and hy.

Let S; be the minimal surface in M with respect to hg defined in Lemma 3.3.1. The
inverse F~1(S;) is also a closed surface in M, but note that F~1(S;) is not necessarily

homotopic to S;. In fact, we can only find the following relation of their genus. The
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Gromov norms of S; and F~1(S;) satisfies that
-1
| deg F[[S;]] < [[F72(Sg)]l-

Here deg F' = 1. And for any closed surface S with genus ¢(S5), ||S|| = %ﬁv)_l), where
vy is a fixed number representing the supreme area of geodesic 2-simplices in HZ. As an
immediate result, we have g(F~1(S;)) > g(S;).

To compare the areas of surfaces with respect to the induced metric of A in different
homotopic classes, we hope to find a global area-minimizing surface. In general, the
existence and the topology of such a surface are complicated. But if there is a minimal
surface with suitable curvature conditions, then adapting Uhlenbeck’s method in [66],
we can check the uniqueness of a closed minimal surface of any type, which is the key

point of the proof.

4.2.2  Proof of Theorem 1.4’

For each i € N, let M; be the covering space of M such that w1 (M;) = m1(S;). Let
Fj; be the corresponding lift of F' that maps Fi_l(Mi) ~ M; to M;. The lift of S; in
M; still has fundamental group 7 (S;), so we denote it by S; as well. By assumption,
F is homotopic to identity, thus there is a continuous map H : M x [0,1] — M with
H(z,0) = z and H(z,1) = F(x) for any x € M. Since M is compact, the length of
the path of H between z and F(z) is uniformly bounded by a constant C' > 0. Now
let H; be the lift of H that connects F; to the identity map on M;. For all y € M;,
the length of the path between y and Fz(y) is therefore uniformly bounded by the same
constant C. So F; is proper, meaning F{l(Si) is a closed set, and therefore it is a
k-fold cover of F~1(S;) for some finite number k. If k > 1, the image of F Z-_l(SZ-) under

F; is either a closed surface with Euler characteristic equal to kx(S;), and therefore
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having genus kg(S;) —k+ 1 > ¢(5;), or it is a union of at least two surfaces with genus
> ¢(S;). However, both cases are impossible because the image cannot be identified
with S; € M;. We must have k = 1. Consequently, the covering map from F[l(SZ‘) to
F~1(S;) is one-to-one.

On the other hand, the classical result [57] verifies the existence of area-minimizing
surface ¥; C (M, h) in the homotopy class of S;. And based on Theorem 4.3 of [42],
there exist a C2-neighborhood Uy of kg and Ny € N, so that when i € Uy and i > Ny,
¥; is the unique minimal surface in (M, h) homotopic to S;. Furthermore, let D; (€2;) be
the lifts of .S; (¥;, respectively) in B3. These discs D; and Q; are asymptotic and at a
uniformly bounded Hausdorff distance to each other, as h — hg, {2; converges uniformly
on compact sets to D; in C%®. Therefore, replacing Uy by a smaller subset or replacing
Ng by a larger integer if necessary, we can assume that if h € Uy and ¢ > Ny, then there
exists a smooth map f; on D; with |f;|s2.a < 1, such that €; can be represented by a
graph of f; over D;. More precisely, Let n; be the unit normal vector field of D;, then

we have the following diffeomorphism.
F;: D; — Q;, Fj(x) = cosh(f;(x))x + sinh(f;(z))n;(z).

Notice that the minimal disc €2; has mean curvature equal to zero with respect to h,
so the mean curvature Hy, (€2;) with respect to hy has a uniform bound determined by

the perturbation of k and Vh. Since h is C2-close to hg, we have
‘HhO(QZ’”CO,a - O(’h — h0|c2>, V’L Z NO. (421)

According to the Schauder estimates for elliptic PDE, there exists a constant ¢y > 0,
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such that for any ¢ > Ny,

[filgz.a < co(filzee + [Hpy ()] co.a)- (4.2.2)

Besides, for ¢ > Ny, suppose the principle curvature of D; with respect to hq satisfies

that sup |\(D;)|ze < 1. Uhlenbeck ( [66]) shows that H3 is foliated by a sequence of
>Ny

equidistant discs relative to D;. We denote by D] the disc with a fix distance r to D;,

it has mean curvature
2(1 — A(D;)?) tanh r
1 — A(D;)2tanh?r

Hy,(D}) =

Let R;r and R, be the supremum and infimum of 7 such that €2; meets D}, and the
_|_

intersections points are x;", x, , respectively. Since R;‘,Ri_ — 0 as h — hg, we may

assuine

1 1
cosh? R;r " cosh? Ri_

>

Y

N —

.. d d .
mln{%(tanh 7’)|7,:R2L, a(tanh r)\T:Ri_} = min{

then we have
RY, 4 R, _
[ Hpo ()| oo = max{|Hp, (D; " (7)), [Hpo (D; " (7))}
> 2(1 — |\(D;)|30) max{| tanh R;"|, | tanh R; |}

> (1= |MD;)[3 o) max{| R, |} |}.

_l’_ —
Since €2;, described by the graph f;, is bounded between DZRi and DZRi , the above result

indicates the existence of a uniform constant ¢; > 0, such that

|fil oo < c1|Hpo ()| oo, Vi 2 Np. (4.2.3)
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Combining (4.2.1)-(4.2.3), we obtain
|filc2.a = O(|h — hol2), Vi>Ny.
And therefore, the principal curvatures of ¥; with respect to hg and h satisfy that

Abo (Z0)[Fo0 = O(Jh = holZa), Vi > Ny,

— a(E)[Fe = [Ang(Z0)[Fo0 + O(h = holge) = O(|h — holge),  Vi> No.
Clearly, the sectional curvature of (M, h) has the property
|Kplpee = =1+ O(|h — hol2), Vi > No.

Thus, we can find U C Uy and N > Ny, such that if h € U and ¢ > N, then the principal

curvatures of ¥; with respect to h and the sectional curvature of (M, h) satisfy that
2
[An(Zi)|T 0 < —sup K.

In the lemma below, we apply Uhlenbeck’s method [66], as well as the comparison result
associated with Riccati equations, to prove that 3J; is the unique closed minimal surface

in (M;, h), thus minimizing the area among all closed surfaces.

Lemma 4.2.1. Let ¥ be a minimal surface in (M, h) whose fundamental group injectively
includes in w1 (M), the principal curvatures of ¥ with respect to h, denoted by £X, and

the sectional curvature K of (M, h) satisfy that
IAD) 2 < —sup K. (4.2.4)

Let M be the cover of M with m (M) = 71(X). Then % is the unique closed minimal
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surface in M.

Proof. Denote the supreme of the sectional curvature on (M, h) by — k2, where k > 0.
Let f(x) be the distance function from a fixed point in M \ ¥ to z € . By (4.2.4), for

any X € T,

k

sz(X,X) = Hess f(X, X) — A(X, X)(f) > m

— k> 0. (4.2.5)

It turns out that f is a convex function, thus, there’s only one critical point that attains
the minimum. As a result, exp |y, maps injectively from the normal bundle N to M.

Furthermore, we show that exp |y is a diffeomorphism, and thus M is foliated by
a family of surfaces {¥;},cr, where 3, is the surface at the fixed distance r to 3.
To see this, we introduce some notations beforehand. For x € 3, choose an oriented,
orthonormal basis {e1, e} for T,X, and a unit vector e3 for N;X.. Then we obtain an
orthonormal frame by applying parallel transport along exp | yx. Since ¥ is a minimal
surface, the principal curvatures satisfy that Ay = —Xo := A, we assume A\ > 0 in the
following computation. Let V;(r) = v’(r)e;(r) be the Jacobi field along exp(res), where
i = 1,2, it satisfies that v*(0) = 1, (v*)"(0) = A\; = £\

On the other hand, let ¥ be a minimal surface in M with respect to an ambient metric
I of constant sectional curvature —k2, and its principal curvature satisfies that A = \.
We do not require the existence of ¥, it’s only used for comparison in the computation.
Similar to the notations defined above, let €1, --- ,€3 be the corresponding frame on M
with respect to h, and let V;(r) = @ (r)g;(r) be the Jacobi field along exp(re3) which

shares the same initial data with V;(r). Since A\ < k, we have

Asinh kr

7 (r) = cosh kr + ’

>0, =12
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From

(Ui)// = —R(eg,ei,ei,eg)yi > k2 = (@i)//

and the initial data, the graph of v' lies above that of o, thus above the horizontal
axis. The non-vanishing Jacobi fields ensure that the induced metric on ;. in (M, h) is
nonsingular for all » € R. In addition, we've seen that exp |y : N¥ — M is injective,
and therefore also bijective, so it is a diffeomorphism and M admits a foliation structure.

Next, let \;(r) (i = 1,2) be the principal curvatures on %, and denote by \;(r) (i =
1,2) the principal curvatures of the r-equidistant surface to ¥ with respect to h. Notice

that each \;(r) satisfies the Riccati equation
)‘;(T) = )\%(’I") + R(637 €4, €45 63)(T)'

Then it follows from the comparison theorem associated with Riccati equations (for

instance, see Theorem 3.1 of [68]) that

N =k ktanh(kr) + A
k + Atanh(kr)

N =k ktanh(kr) — A
k — X tanh(kr)

> 0,

It follows from )2 < k2 that

(k2 — \?) tanh(kr)
k2 — A2 tanh?(kr)

A(r) 4+ Ao(r) > 2k > 0.

Therefore, for any r € R, ¥, is strictly mean convex with respect to the metric induced
by h.
Finally, we prove the uniqueness. Assume that ¥ is another closed minimal surface in

(M ,h), and let R4 and R_ be the supremum and infimum of r such that ¥/ intersects 3,
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respectively, then Ry and R_ are both finite. However, due to the maximum principle,
¥/ cannot be tangential to any strictly mean convex slice 3, with r # 0. Therefore, we

must have ¥/ € ¥y = Z. ]

Now we finish the proof of Theorem 1.2.3. From the previous lemma, when i € N is
sufficiently large, >; is the area-minimizer among all closed surfaces in Mi with respect

to the induced metric of h, it yields that

areay, (F~1(S;)) = areah(FZ-_l(Si)) > areay,(2;).

Combining it with the area comparison in Theorem 5.1 of [43], we have

Aveap(h/h) = lim “ERETIS)) g - area (%)

> 1.
i—oo  4m(g; — 1) i—oo 4m(g; — 1) —

Moreover, when the equality holds, it follows from the equality of Theorem 5.1 of [43|

that h = F*(hg), F' is an isometry between h and hy.

4.3 Generalization of Average K-volume Ratio on Einstein

Manifolds

In this section, we explore other Einstein manifolds and attempt to extend Theorem
1.2.1 not only to a wider variety of manifolds but also to include the average k-volume

ratio where 2 < k <n — 1.

4.3.1 FEinstein Manifolds of Negative Curvature

Let (M, hg) be a closed Einstein manifold of dimension n > 3 satisfying

Ricp, = —Aho,
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where the A > 0 is a constant. The average area ratio of the map Id : (M, h) — (M, hg)

is defined as follows.

Volfiy (h/hg) = / lim YO ((Ds(P)

dpipy, 4.3.1
(,P)EGry, (M) 0—0 5 Hho (4.3.1)

where Dg(P) is a subset of the totally geodesic k-dimensional subspace in the universal
cover of (M, hy), and it is tangential to P at z, and Dg(P) has volume equal to § with
respect to hg. Additionally, up, is the unit volume measure on GrypM with respect to
the metric induced by hg.

Likewise, we aim to find a neighborhood U of hg in the metric space of M. In this
neighborhood, for any Riemannian metric h € U defined on M where Rj, > —n\, we
expect the inequality

Volf (h/hg) > 1 (4.3.2)

to hold. The proof for the conformal deformations follows directly from Section 4.1.1.
In this section, it suffices to consider the metrics with constant scalar curvature equal to

—nA. To accomplish this, we define the functional AF as follows.

AR(R) =(—1)'5 lim Ry ()5 Y (Ds(P))
6—0J(z,P)eGriM )
k

k
=(-1)'"2 lim R xQ][ det), (h dvy, duy, .
(—1) Ly S n(z) D5(P)\/ ho (Pl Ds(P)) Vg dting

dpin,

In particular, the metric h with constant scalar curvature equal to —nA satisfies

AR (R) = —(n))? lim voluDsP) g,
00 J(x,P)eGri,M 0

= AF¥(hg) lim Mdﬂho'
0—0 J(z,P)eGri,M o

Therefore, to deduce (4.3.2), we only need to show that A" attains a local maximum at
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ho.
Assume voly, (M) = 1, and the symmetric tensor [ = h — hy satisfies IiY; trp l dVp, =

0. Let hy = hg + tl, we rewrite A¥(hy) as

ARy = (1) / i) af (@) vy,

where

k .
ay (r) = lim ][ dety, (ht dVvy, duvy, .
ht( ) 50 PeGryM, JDy(P) \/ ho( ’D(;(P)) ho%¥hy

Then we have

d . Lk [ k. d ) d
A () = (1)1 /M2(dtRht)Rht o+ R, Sk, AV, (4.3.3)

By (4.1.6), when t = 0, applying the Stokes’ theorem, we rewrite the first term as follows.

k. d k— k k_ )
/ (dt|t 0 ltp,) il a;iodvho:g(—n/\)? 1/M—<Rwh0,l>hodvh0

2
LN S A/ try, 1dV)
2 p Mo

Furthermore, let A1, -+, A\, be the eigenvalues of the matrix [ at point z € M with

respect to hg, we obtain by computation that

d .1
Ehzo alflt = lim =

trh l|D th dl/h
§—0 2 PeGroM, ][D(;(P) 0 6 0 0

1 Diy <y (Aig o Ay _ 1 (Zj) PEPY
2 () 2 ()
k

= %trhol.
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It follows that for any symmetric 2-tensor [,

_k k_q.k k
(Ak)/(ho) . l = (—1)1 2( n)\)2 (EA/M trholthO — n)\% /M trholdvh0> = 0’

thus hg is a critical point of A¥.

Then, to estimate the second variation, we specifically focus on the case where the
2-tensor [pp is traceless-transverse. As discussed previously, we compare the second
variation of AF with that of the normalized total scalar curvature. To simplify the

calculation, we write the normalized total scalar curvature as the following form.
1-k kE_1 5
E(h) = (=1)"2volp(M)n Ri dVy,.
M
By computation, we have

(AR (ho) (g, I — 5”(h0)(lTT, ITT)

_k k k d?
=(-1)! 2(—n/\)2/ dt2|t oay, — dt2|t 0 v/ det(ht) dVp,.
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For the first term on the right-hand side,

d? k
/M @hzo ap, AV,

. 1 9 1 2
= /:neM ]ieGrkMx ]€75(P) 1ol lD5(P))” = 5o Uy () Vg Wing Vg
1 2 1/\2 2
:/ Zz’1<-~-<ik 1N oA )7 - 70‘@'1 +'”+)‘ik) v,
M () ’
D+ ()
- k—1) T (k=2
/ <k42) (> M)? — 1 S A
M ()

— /M 412((/;—_ 11))-(trh0lTT)2 _ ’“Z””MZ—’:)Q)H%(J%T) AV,

avy,

0

- /M 4n(n — 1) trh(] (ZTT) thO

Combining the two inequalities above, we obtain

k k(n — k)

(A (ho)(lpp, bpr) = E" (h) (lpp, lpp) — () i =1) /M trho(l%T) dVp,- (4.3.4)

Notice that when k£ = 2 and A = n — 1, the formula coincides with (4.1.11).

If the closed Einstein manifold M satisfies £ (ho)(lp,lpr) < 0 for any traceless-
transverse tensor [, then it is said to be stable with respect to the normalized total scalar
curvature. In this case, based on the aforementioned inequality, (A" (hg)(Ipr, Ipy) is
negative for non-zero 7.

Concerning the second variation of AF with respect to the other components of the
symmetric 2-tensor [ (specifically, fhy € C*°(M) - hg and Ip € Tj, (Diff(M)(hy))), we
expect it to be constrained by a small value, which, in turn, ensures that AF attains a
local maximum.

However, (4.3.4) only provides a negative upper bound of (A¥)" (ho)(Ipp, lpp) by the

L%-norm of lpp. In order to replicate the proof of Lemma 4.1.3, we need a negative upper
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bound in terms of the Hl-norm of lpp. Fortunately, if the sectional curvature of M is
negative everywhere, then according to the proof of Lemma 2.15 in [7], £ (ho)(I7T, I7T)
is bounded from above by —C|lTT|?.{1( M o)’ As a result, the theorem remains valid. In
particular, this condition is satisfied by locally symmetric spaces of rank one, and we

provide a detailed discussion of this case in the following section.

4.3.2  Locally Symmetric Manifolds of Negative Curvature

In the section, we prove that the result is valid for closed locally symmetric manifolds
of negative curvature, whose universal covers are symmetric spaces of rank one. These
manifolds include hyperbolic manifolds, complex hyperbolic manifolds, quaternionic hy-
perbolic manifolds, and the Cayley plane. For the convenience of the readers, we present

the theorem in the following restated form.

Theorem 4.3.1. Let (M, hg) be a closed locally symmetric space of rank one. There
exists a small neighborhood U of hg in the metric space of M, such that for any Rie-
mannian metric h € U on M with Ry, > Ry, and for any 2 < k < n — 1, the average

k-volume ratio defined in (4.3.1) satisfies the inequality
Vol¥ (h/hg) > 1.

The equality holds if and only if h = hg.

Let’s consider the complex hyperbolic case as an example. Suppose we have a closed
manifold (M, hy) with a complex hyperbolic structure, where the dimension is denoted
by n = 2m and m > 2. Denote by J the complex structure. In H{¥, for each v € TiH™,
the plane spanned by v and Jov has constant curvature —4, and the set of all planes with
constant curvature —1 containing v has dimension equal to 2m — 2 = n — 2. Thus, in

this case, the Einstein constant A = n + 2, and R, = —n(n + 2).
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Notice that the result of [7] is also applicable to the other locally symmetric spaces

of rank one. Consequently, there exists a constant C' > 0, such that

E"(ho)(lpr, lpr) < —C|ZTT|%(1(M7;LO)-
Thus, according to (4.3.4), and using try,lpp = dp, 77 = 0, we obtain
k k(n—Fk
(AR (ho) (Ipp, pr) = E" (ho)(lpr, ) — (n(n +2))2 Mo k) /M 0 () AV
< _C|ZTT’12T-[1(M’}LO)-

Finally, we can continue the discussion by considering the other components of the
symmetric 2-tensor [, namely fhy € C°°(M) - hg and Ip € Ty, (Diff(M)(hy)), using the

same argument as before. Consequently, the result can be derived.
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CHAPTER 5
MINIMAL SURFACE ENTROPY

In this chapter, we shift our focus to the second concept, namely the minimal surface
entropy. Our first objective is to expand upon the findings in the three-dimensional

study in [11] and apply them to all odd dimensions equal to or greater than three.

5.1 Odd-dimensional Hyperbolic Manifolds

Suppose that (M, hg) is a closed hyperbolic manifold with an odd dimension n > 3.
The goal of this section is to prove Theorem 1.2.6. First, we present an outline of the
proof.

Suppose that IT € S¢(M), and let S be the essential minimal surface of M in the
homotopy class II so that area(S) = area(Il). In Section 5.1.1, we show that when e is
sufficiently small, S is free of branch points. Furthermore, the second fundamental form

satisfies the following condition:
2
|A‘L°°(S) = 0¢(1). (5.1.1)

Next, in Section 5.1.2, we calculate the minimal surface entropy E(hq). Finally, the

inequality and rigidity are proven in a subsequent section, Section 5.1.3.

5.1.1 FEstimates of Second Fundamental Form

In this Section, we prove the equation (5.1.1). More specifically, Let M = H"/T" be a
closed hyperbolic manifold with dimension n > 4. Since n is odd, the smallest dimension
is 5. From the argument by Schoen-Yau [57| and Sacks-Uhlenbeck [55], for any surface

subgroup II < I, there exists an immersed minimal surface S in M with finitely many
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branch points, such that it minimizes the area in the corresponding homotopy class up
to conjugacy. The appearance of branch points is the primary distinction from the case

of dimension three. So the key point of (5.1.1) is to rule out branch points.

Trap of Convex Hull

First of all, we need to argue that the convex hull of I lies in a bounded region. In [58|,
Seppi proved that for any minimal disc D € H? asymptotic to a (1 + €)-quasicircle 7,
every point x in D lies on a geodesic segment « that is orthogonal at the endpoints
to planes Py and P_, such that the convex hull of v is bounded between P and P-_.
Additionally, the length of o goes to zero uniformly in = as e approaches zero. In the
following lemma, we construct the bound of the convex hull of II while the ambient

manifold has dimension at least 4.

Lemma 5.1.1. Given I1 € S¢(M) and let v be the limit set of 1. Then the convex hull
of v is contained in a tube, which converges in Hausdorff distance as € goes to zero, the

limit 1s either empty, or it is contained in a totally geodesic disc.

Proof. Since v is an (14¢)-quasicircle, we can find ¢ = 0(1) and a round circle ¢ € S,
such that the e’-neighborhood of ¢ in S%!, denoted by N, contains . Any round circle
in ON bounds a unique totally geodesic disc in H", and thus there is a tube T" C H"
homeomorphic to D? x S"—3 asymptotic to ON. Notice that as € goes to zero, the limit
of T is either empty, or it is contained in a totally geodesic disc. In addition, T"is convex,

so the convex hull of v is bounded in T. O

Uniqueness of Minimal Surfaces

Lemma 5.1.2. Let D be a minimal surface in H" asymptotic to v C Sgo_l, where vy is

the limit set of a surface subgroup of M. If the norm squared of the second fundamental
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form of D satisfies that \A[%OO(D) < 2, then
(a) D is an embedded disc,
(b) If D is the lift of a closed surface in M, then v = Oxo D is a quasicircle,

(c) Assume that 7y is a quasicircle, then D is the unique minimal surface with OseD = 7y

of all types.

The proof is similar to that of Uhlenbeck’s argument [66], but we need to be careful

about the noncompactness of D, so it’s worth providing the proof here.

Proof. First, (a) can be shown by finding a horosphere S that touches D at a single
point, and suppose J,0S = y, namely S is centered at y. Notice that H" is foliated
by horospheres centered at y, and since the principal curvatures of D restricted to any
normal direction are less than that of the horospheres, the distance from a fixed point in
H™ \ D to the points on D is a convex function, so there’s only one critical point which
attains the minimum. This is impossible when the intersection of D with an extrinsic
ball is an annulus or it has self-intersections, so it forces D to be an embedded disc.
Furthermore, we can also prove that exp |y p is a diffeomorphism from ND to H",
and therefore H" \ D is foliated by a family of hypersurfaces {H"},~g, where H" is
the hypersurface at the fixed distance r to D. To see this, we need some notations
beforehand. For x € D, choose an oriented, orthonormal basis {eq,eo} for T, D, and
an orthonormal basis {es,-- ,e,} for NyD. Then we obtain an orthonormal frame by
applying the parallel transport along exp |yp. Since D is a minimal surface, for any
3 < j <, let \j = (Alej, ep),e5), then we have A\j11 = —Ajo2 1= ;. We assume
Aj > 0 in the following computation. Moreover, for any 3 < j < n and i # j, let
Vii(r) = vt (r)e;(r) be the Jacobi field along exp(re;). When 1 <4 <2, it satisfies that

J

v}(O) =1, (vé-)'(O) = Ajii(z) = £Aj(x). And when 3 <i <n, i # j, we take v;-(()) =0,
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(coshr £ Ajsinhr)e;(r) if 1 <i<2

sinh re; (r) if3<i<mnandi#j

So the induced metric on H" is

(coshr + Aj(x) sinh )2
(coshr — Aj(x) sinh r)2

gj(z,r) = sinh? r

sinh? r

It is nonsingular for any 7 > 0 since Aj(x) < 1. In addition, we've seen that exp |y p :
ND — H" is a bijection because of the convexity of the distance function, thus it is a
diffeomorphism and H" admits a foliation structure.

Additionally, assume that D is the lift of a closed surface S C M. Since the induced
metric on S is conformally equivalent to a hyperbolic metric gp,,,, the induced metric on
D c H" is also conformally equivalent to a hyperbolic metric, we still denote it by Ihyp-
Because A; < 1, by [66], the induced metric on H" is quasi-isometrically equivalent to

the metric

cosh? r Ghyp
s 2
sinh Tf(n—3)x(n—3)
The quasi-isometry F': H'" — H" extends to a quasiconformal map f : Sgofl — Sgofl.

It means that ~ is the image of a round circle mapped by f, so equivalently, it is a

quasicircle. This proves (b).
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Next, to prove (c), we denote by Aj;(x,r) the principal curvature of H". Then

tanhr 4+ \;(z)
i) 1+ Xj(x) tanhr -
tanhr — \;(x)
s — J
j2(2:) 1 — X\j(z) tanhr’
1 : L,
)\ji(%?"):tanhr>0, V3<i<n and ¢ #j.

Ajo(x,7) is the only one that is possibly non-positive. The assumption \;(z) < 1 yields

that

2(1 - )\g(x)) tanhr
1-— )\JQ(x) tanh? r
tanh? r — 2\j(x)tanhr +1 1 — Aj(z)tanhr
(1 = Aj(x)tanhr) tanhr tanh r ’

Y

At (x,7) + Nja(z,r) =

Ajo(, 1) + Aji(z, 1) =

where 3 < i < n and i # j. Therefore, for any r > 0, H" is strictly two-convex.
Furthermore, when r > tanh—1 M&%, we have 7 > tanh 1 |)\j\Loo(D) forall 3 <j <
n, then all the principal curvatures of H" are positive, thus H" is strictly convex and it
bounds inside the convex hull of ~.

Now let D’ be any other minimal surface with d,oD’ = 7, and let R > 0 be the
supremum of r such that D’ intersects H". From [4], D’ lies in the convex hull of ~y, then
R cannot exceed the finite number tanh ™! %@. If the supremum is attained on D’,
then D’ is tangent to the two-convex hypersurface H R, which contradicts the maximum
principle.

Otherwise, if the supremum R is not attained. We can take a sequence x; e D'n
H™(#) | such that r(z}) — R as i — oco. For each 2, there exists an isometry T;

of H" sending x; to the origin. In the meantime, since 7 is a quasicircle, there is a

quasiconformal map ¢; on Sgo_l that maps a round circle to T;(vy). And since the convex
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hull of T;(~y) contains the origin, there exist three distinct points z,y,z on the round
circle, so that ¢;(x), ¢;(y), ¢;(z) are at a uniformly positive distance from one another,
it then follows from the compactness theorem of quasiconformal maps that after passing
to a subsequence, ¢; converges uniformly to a quasiconformal map, and T;(7y) converges
to a quasicircle v in Hausdorff topology (see, for instance, page 25 in [35]). Moreover,
after passing to a subsequence, T;(D’) converges as varifolds to DL, with 0o D5 = Voo-
We can further assume that 7T;(D) converges to Doo With 0soDoo = Yoo (since the points
x;, which are the normal projections of x; to D, are mapped into a compact region
by T;, we can take further isometries sending T;(z;) to the origin and repeat the same
procedure). Standard compactness theorem implies that 7;(D) converges graphically,
thus the limit Do is still an embedded minimal surface with |A|2, < 2. Denote by
H_ the hypersurface at the fixed distance r to Do, then {HL },~¢ foliates H" \ Dso.
Moreover, DL is tangent to the two-convex hypersurface Hé%, but this violates the

maximum principle.

Absence of Branch Points

From now on, we consider a sequence II; € S(M,g;, %), and let S; be a minimal
surface in the homotopy class TI; such that area(S;) = area(Il;). We denote by ~; the
limit set of II;.

Let D; C H" be the area-minimizing surface mod 2 with 0 D; = ;. Then due to
Theorem 3 of [3], D; is free of branch points. Moreover, after applying an isometry in
I'som(H™) and passing to a subsequence, 7; converges to a round circle v in Hausdorff

topology. From Corollary 2.5 in [5], for any R > 0, there exists a constant C'p depending
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only on n and R, such that
area(D; N Br(0)) < Cr Vi > 1. (5.1.2)

It follows that D; converges as varifolds to V', which is also area-minimizing mod 2 (see
34.5 and 42.7 in [61]). By Lemma 5.1.1, V' is either empty or contained in the totally
geodesic disc D with J,D = 7.

Furthermore, Alexander duality indicates that there exists a (n — 2)-dimensional
submanifold K" C H", such that the boundary 0K lies in the complement of a tubular
neighborhood of v in Sgo_l, and it is linked with every ~; for large enough i. So every
D; intersects K. Additionally, according to Lemma 5.1.1, there exists a radius Ry > 0,
such that

C(y)NK C BRO(O), Vi >> 1, (5.1.3)

where C(7;) represents the convex hull of ;. For any R > Ry and any point z; €
D;NBR,(0), we have Bp_p,(7;) C Br(0). Then (5.1.3), together with the monotonicity

formula in [5], produces a uniform constant cp_p, > 0, such that
area(D; N BR(0)) > cr—_R,- (5.1.4)

It implies that V' is non-empty. Thus by constancy theorem (41.1 in [61]), V' is a positive
multiple of D. And since V is area-minimizing mod 2, the multiplicity has to be one.
Moreover, Allard regularity theorem (see [1], or Theorem 1.1 in [69] for an easy
version) indicates that the convergence is smooth on compact sets, and we obtain that
|A|%?§c( Dy 0. Finally, from Lemma 5.1.2, whenever i is sufficiently large, the lift of

S; must coincide with D;, so we finish the proof of (5.1.1).
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5.1.2  Entropy of Hyperbolic Metrics

Let s(M, g) denote the cardinality of S(M, g), and s(M, g,¢€) denote the cardinality

of the subset S(M,g,¢) C S(M,g). We prove the following inequality in this section.

(019)29 < 3(M797€> < S(M7 g) < <029)2g' (515)

Upper Bound of (5.1.5)

When n = 3, Kahn-Markovic [33] found an upper bound of s(M, g). Their method
also applies to the case of n > 3. We only need the following fact.

Let M be a closed hyperbolic manifold of dimension n > 3, and let Sy denote a
closed surface of genus g. For any mi-injective immersion f : Sy — M, there exist a
hyperbolic structure on Sy and a homotopy of f that is pleated with respect to this
structure, we still denote it by f (see 8.10 in [64] for Thurston’s original proof for n = 3,
and Lemma 3.6 in [10] for the generalization of all dimensions). Furthermore, s(M, g)
can be estimated by counting the number of homotopy classes of the pleated immersions.
As shown in [33], there exists a constant ¢y depending only on the injectivity radius of
M, so that

S(Mv g) < (029)29'

Lower Bound of (5.1.5)

Suppose that M has an odd dimension n > 3. According to [22], for any small number
¢ > 0, there is an essential surface in M which is sufficiently well-distributed and (1+¢’)-
quasigeodesic, namely, the geodesics on the surface with respect to intrinsic distance are
(1 + ¢, ¢)-quasigeodesics in M. This determines a quasi-isometry that embeds H?2 into

H"™, whose boundary extends to a quasisymmetry fq : Séo — Sgo_l. Pick two discs
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D1,Dy ¢ S%1 with 9D = 0Dy = SL and Dy U Dy = S2,. By [65], f1 extends
to quasiconformal maps from D; into Sgo*l, t = 1,2, so there exists a quasiconformal
extension fo : Sgo — Sgo_l. Repeating this process, we can find a quasiconformal
extension f,_ 1 : Sgo_l — Sgo_l. Moreover, it has dilatation 1+ ¢, where € depends on n
and €/, and € — 0 as ¢ — 0. For this reason, we denote this essential surface by Y¢. So
for any € > 0, we can choose a sufficiently small € to build an essential surface ¥¢ C M
associated with an element in S¢(M). Let G(M,g,¢) denote the subset of S(M,g,¢)
consisting of homotopy classes of finite covers of ¥¢ that have genus at most g. Counting
the commensurability classes in G(M, g, €) and using Miiller-Puchta’s formula (see [33]),

we obtain the following lower bound when ¢ is large.
s(M,g,€) > #G(M,g,€) > (c19),

where c1 is a constant that depends only on M and e.

Moreover, let S; denote the minimal representative in the homotopy class II; €
G(M, g;, %), then it is homotopic to a (1 + %)-quasigeodesic surface ;. Assume that
(i, v; represent the Radon measures induced by integration over .S; and X3;, respectively.

From Lemma 4.3 of [11], we have
lim p; = lim v; =: v, (5.1.6)
1— 00 1— 00
Furthermore, following the argument on page 16 in [11], we conclude that the measure
v is positive on any non-empty open set of M. The proof makes use of the property
that 3; is nearly equidistributed in M (see Section 7 of [22]), and the estimates hold for

all odd ambient dimensions. This measure v plays an important role in the proof of the

rigidity in Section 5.1.3.
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Computation of Entropy

We prove E(hg) = 2 first. Given n > 0, for all sufficiently small €, and sufficiently
large L which only depend on 7, we conclude from (5.1.1) that for I € S¢(M), if it
has area(Il) < 4w(L — 1), then IT € S(M,|(14n)L],e). On the other hand, I €
S(M, (1 —mn)L],e€) implies that area(Il) < 47(L — 1). Then consequently,

o ns(M, (1 =n)L],¢)
— <
A T
< _ .
< liminfln #{areay,(I1) < 4n(L —1) : 1T € Se(M)}
L300 LInL
. Ins(M,[(1+n)L],¢)
<
< ln int LinL

<2(1+mn).

It follows directly that E(hg) = 2.

5.1.3 Inequality and Ruigidity

The key fact to show the rigidity is the following, which is an extension of Theorem

5.1 in [11] to higher dimensional ambient manifolds.

Theorem 5.1.3. Assume M 1is defined as above. Let S; be the essential surface immersed
in M that minimizes the area of a surface subgroup Il; < T in G(M, g;, %) with respect
to the hyperbolic metric hg. And let X; be the essential surface (possibly with branch

points) homotopic to S; that minimizes area with respect to the metric h. Then

Z .
lim sup &< )
imo  area(S;)

<1 (5.1.7)

If the equality holds, then h is hyperbolic and isometric to hy.
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Proof of Theorem 5.1.3

Let’s prove the inequality first. >3; may have isolated branch points when n > 4,
we denote by P; the locus of branch points, and by dl-j the order of each branch point

pi; € ;. Then a generalized Gauss-Bonnet theorem in [18] states that

1
(K12 + 1)dAy, — 5/

avea () = dr(g; ~ 1) + |
S\ P

Al2dA, — 272y d; . (5.1.8
P, |Al“d Ay, Z i;- (5.1.8)

J

On the other hand, we have shown in Section 5.1.1 that S; has no branch points and
satisfies that |A|200(S.) — 0 as i — o0, so for sufficiently large i, area(S;) ~ 4w (g; — 1),
and thus inequality (5.1.7) follows.

Now suppose the equality (5.1.7) holds, it yields that

: 1 1 o
lim ————~ | (= (Kig+ 1)+ 5|AP +21) d; 6y, )dA, =0
300 areay, (%;) /Ez( (K2 + )+2’ "+ W; ij pzj») h =Y,

where 5pij (#) = 6(x — pj;) and 6(z) is the Dirac delta function.

Let € be the set of all round circles in S7!, and define

L ={y €€ :3¢; € Fi(¢;, R;),e; — 0, Rj — 00, such that

after passing to subsequence, A(@Hm;l) converges to v},
in which

1
Fi(e,R)={¢ €T / i (—(Kio+1)+5 AP +2r Y d; dg )dA), < €}, (5.1.9)
9(Z:)NBR(0) 2 ; !

where Gi; is a branch point with order dij7 the locus of branch points in 3; is denoted by
Q;, and 9 represents the Dirac delta function. It’s not hard to see that .Z is closed and

[-invariant. Due to Lemma 5.2 in [60], almost every element in % has a dense I'-orbit.
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And for the elements in the subset . C €, we prove the following lemma.

Lemma 5.1.4. There is a round circle v € £, such that I'y is dense in €. Additionally,
it deduces a stronger result that £ = €. Therefore, by [60], almost every round circle

m L has a dense I'-orbit.

Proof. Theorem 6.1 of [11| proved the following fact using the measure v defined in
(5.1.6).

For any n-dimensional compact subset K of H'", there exists v € .Z, such that (%)

the unique totally geodesic disc D(v) in H" bounded by ~ intersects K.

Now suppose by contradiction that £ has no element with a dense I'-orbit in %.
According to Shah’s result [59], for each v € €, the projection of the I™-orbit of D(v) is
either dense in M, or it is dense in a finite union of closed totally geodesic submanifolds
in M of codimensions 1 < k < n — 2. So for v € .Z, such submanifolds are proper. If
the number of elements v € .Z so that the corresponding D(~) intersects A were finite,
where A denotes the fundamental domain of M, then the union of D(y) for all v € &
would meet A in a finite subset. Therefore, there should have been a compact subset
K C A never intersecting any D(7), but this case can be excluded by (*).

It turns out that A meets infinitely many D(v) for v € £. By assumption, none
of such elements v have dense I-orbits in %, and thus the closures of the projections
of these D(y)’s in M are infinitely many proper totally geodesic submanifolds, the set
of such manifolds is denoted by &. For any 1 < k < n — 2, let the subset &) C &
consist of all totally geodesic submanifolds of codimensions k, and let .2}, represent the
collection of all v € £ whose corresponding projection of D(7) in M is dense in at least

one of the submanifolds in ..
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Lemma 5.1.5. All the elements in & are contained in a finite union of proper subman-

ifolds of M.

Let’s consider an example first.

Example 5.1.6. When n = 5, since & = %1 U P9 U H3 has infinitely many candidates,

we have the following cases.

(1)

If 71 were infinite, then these totally geodesic submanifolds of codimension 1 would
be obviously maximal. By Corollary 1.5 of [50] (or Theorem 1.7(1) of [39]), any infi-
nite sequence of maximal properly immersed totally geodesic submanifolds becomes
dense in M. Thus, we could pick an infinite sequence {v;} in .£7, and then the limit
of T'y; should have been dense in %. Since .Z is closed and I'-invariant, we conclude

that £ = €, violating our assumption. It yields that £?; must be finite.

Suppose further that &7 is infinite. If &5 contained infinitely many maximal sub-
manifolds of M, then the argument in (1) could apply. So we only need to consider
the situation where all but finitely many elements in &9 are non-maximal, denoted
by Pp, Py, ---. By Corollary 1.5 of [50] (or Theorem 14.1(3) of [39]), since the limit
of P; doesn’t become dense in M, any infinite subsequence of {F;} must have a
further infinite subsequence {P;;} contained in a proper totally geodesic submani-
fold ?j C M of higher dimension, so ?j must have codimension 1. All elements of
{P;;} are maximal submanifolds of P;, thus the limit of the sequence is dense in
Fj. Accordingly, there is a sequence {Vj,i} in %, such that the closure of zlgélo m
contains all circles in % that lie in 800%; ~ 53, where %; is a lift of ?j in HP°.
It’s worth noting that almost every element among these circles has a dense orbit
in (%o%; (Lemma 5.2, [60]). Then because of the closedness and I'-invariance of .Z,
there exists 7; € £, so that the projection of D(¥;) in M is dense in Fj. In other

words, we have 7; € £} and ]_Dj € A.
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Notice that &2 is a finite set, we can only extract finitely many subsequences
{P1i} - {Fi C {F} to build Pq,---,P; € 2, the number of the remain-
ing elements in &9 is finite. We see that &1 U &5 is contained in a finite union of

proper submanifolds.

(3) If P, Py are both finite, then &3 must be infinite. It suffices to assume that all
but finitely many candidates in &3 are non-maximal, and they are denoted by {P;}.
According to [50] or [39], any infinite subsequence has a further subsequence which

is contained in a totally geodesic submanifold of codimension 1 or 2.

Pick a subsequence {P;;} of {F;}, so that the elements are contained in a sub-
manifold P of the maximal codimension 1 < m; < 2. Then as i — oo, Py
becomes dense in P1, because otherwise, the argument in [50] or [39] yields a further
infinite subsequence lying in a proper submanifold of Py, but it violates the assump-
tion that Pj attains the maximal codimension. Similarly, the density ensures that

?1 S gzml C XU H.

Furthermore, if the number of candidates in {P;} intersecting (M \ Py) is finite, we
deduce that & can be represented by a finite union of submanifolds. Otherwise, we
continue to extract an infinite subsequence { Py ;} of {P;} meeting M \ Py, which is
contained in a proper submanifold Py C M of the maximal codimension 1 < mg <
my < 2. Similarly, the maximality makes the limit of P ; dense in P, and therefore

Fg € @mg C P U Hy.

Finally, since &2 U &5 is finite, we can only find finitely many closures Pq, Po,
— I —
.-+, Py, and the number of elements in { P;} intersecting M \ ( .Ule) is finite. Thus,
j:

& is contained in a finite union of proper submanifolds.

The same method applies to any ambient dimensions, so similarly, we prove by in-

duction that for each 1 < k < n — 2, ngzj is contained in a finite union of proper
J<
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submanifolds of M, this implies Lemma 5.1.5.

Now we complete the proof of Lemma 5.1.4. By Lemma 5.1.5, all elements in & lie
in a finite union of proper submanifolds of M. So there must be a non-empty compact
set K in A C H" away from the fundamental domain of this union, it means that K is
disjoint from all D(v) with v € £, but this contradicts (x). Therefore, £ contains an
element with a dense I'-orbit, and . = % follows from the closedness and I'-invariance
of Z.

O

Fix a round circle v € Z that has a dense I'-orbit, v can be represented by
Z.lirgoA(@Hmi_l), where ¢; € Fj(¢;, R;), as i — oo, we have ¢, — 0 and R; — 0.
Let D;,€); be the lifts of S;,%; to B™ preserved by gszZgbZ_l We have proved in Sec-
tion 5.1.1 that after passing to a subsequence, D; converges to the totally geodesic disc

D = D(v). Moreover, it follows from (5.1.9) that

Zlirgo QB (0) (- (Ki2+1)+ %|A‘2 + QW;dij(Sqij)dAh = 0.
Since K19 < —1, we obtain that
lim (— (K2 +1)+ 1\Ay?)dAh =0, (5.1.10)
i=00./Q,NBp, (0) 2
and
o QNBp, (0) zj: P A = O

Recall that @); represents the set of branch points in €2;, the latter equation implies that

#{Q; N Br,(0)} -0 asi— oo. (5.1.11)
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So for large enough 4, €2; has no branch points inside Bg, (0).

Lemma 5.1.7. There exists a connected component Q? C €);, so that Q? is a disc and

it converges smoothly to a totally geodesic hyperbolic disc €2 with 0,2 = 7.

Proof. We can explore the convex hulls in the same way as in Section 3 of [11], then
Proposition 2.5.4 in [8] and the Morse lemma give rise to a uniform constant Ry > 0, so

that
dp (Ch(A(iTL;0; 1), Chy (A(ei1L;0; 1)) < Ry,

where C}, and C},, represent the convex hull with respect to metrics h and hg, respec-

tively. Moreover, [11] also proves that
Q; C Cp(A(giILip; b, (5.1.12)

Let H] be the hypersurface in H" with the fixed distance r to D;. By the proof of

1413 00 (D,
Lemma 5.1.2, when r > tanh™! L#(DZ), HY is strictly convex and it bounds inside the

convex hull of A(gbiHiqbi_l), SO

2
‘A’LOO(Di)

g (Chy (A(¢i11;¢5 1), D;) < tanh ™ 5

Combining these estimates, we conclude that the Hausdorff distance between D; and €;
is uniformly bounded. So there exists R > 0, for ¢ >> 1 and generic r > R, {2; intersects
By(0) by a union of circles. Then we can slightly perturb R; so that {; N B RZ.(O) is a
union of circles.

Let Q? be a component of €; N B, (0) that intersects Bg(0), by (5.1.11), for suf-
ficiently large 1, Q? is free of branch points, so it is embedded in B". We claim that
it is a disc. Otherwise, if Q? were an annulus, then we could find a larger ball B R;(O)

with some R, > R; whose boundary met tangentially with QU at some point. However,
0) () Yy g y )
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the convexity of 0B/ (0) and the minimality of Q? contradict the maximum principle.
Therefore, Q? is a disc provided that 7 is large enough. Furthermore, The small total

curvature estimates based on (5.1.10) imply that

timsup{| K1a(r) + 1] + g A()? : = € 0} = 0. (5.1.13)
i—00

From the standard compactness theorem for minimal surfaces with a uniform bound on

the second fundamental form, after passing to a subsequence, Q? converges smoothly

to a minimal disc Q in (B",h). Moreover, (2 is totally geodesic and it has sectional

curvature equal to —1.

It remains to show that 0,2 = 7. Take a sequence x; € Q? that converges to x € €,
and take y; € A(gzﬁiHingi_l). Let «; be the geodesic arc in (B", h) connecting z; to y;,
and let 3; be the geodesic arc in §2; connecting z; to y;. Due to (5.1.12) and Proposition
2.5.4 in [8], we can find a uniform number r > 0, such that f; is contained in the r-
neighborhood of «;. Additionally, since € is totally geodesic, both «; and [5; converge
to the same geodesic arc in €2 that connects x to some y € 05o€2. Then y; converges to
y on Sgo_l. As a consequence, 02 C 7, since 0§ is a circle, it coincides with ~.

]

As defined in Section 5 of [11], TE(M) and Té(]\/[) denote the projections of the
circle bundles of D and €2 to the unit tangent bundles of M with respect to hg and
h, respectively. Since Tb(M ) is dense in the unit tangent bundle T1M(hq), then via
the homeomorphism from T1M (hg) to T'M(h) that maps geodesics to geodesics [20],
we obtain that Tflz(M) is dense in TYM(h). Thus for any (z,v) € T'M(h), there is a
sequence {¥;(Q)};, ¥; € T', converging to a totally geodesic hyperbolic disc Q) in
(B™, h), whose projection in M contains a geodesic passing through z with direction wv.

According to the ergodicity of the 2-frame flows on the negatively curved manifolds of
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arbitrary odd dimensions (Section 4 in [9]), the set of totally geodesic hyperbolic discs
is dense in Gro(M).
Therefore, if the equality (5.1.7) holds, then (M, h) is hyperbolic, and it is isometric

to (M, hg) due to the Mostow rigidity theorem.

Proof of Rigidity

First of all, if the metric h has sectional curvature less than or equal to —1, then
IT € S(M,|L],e) implies that areay(II) < 47w (L — 1) because of the generalized Gauss
equation (5.1.8), thus, E(h) > 2 = E(hyg).

Next, suppose E(h) = 2. Assume that there exists n > 0, such that for all L > 0 and
all increasing sequence {k;} C N, the condition IT € G(M, [(1 +n)L], k%) must produce

that areay, (II) < 4w(L —1). As a result,

n#G(M, [(1+n)L], )

= >2(1+mn),

E(h) > lim inf
(h) = lim in. IInL

which violates the assumption. Therefore, there exists an increasing sequence {k;} C N,
a sequence of integers {g;} and II; € G(M, g;, kl), so that
(2

areap (II;) > 4w ((1 — %)gZ —1).

Let X; and S; be the minimal surfaces that minimize the area in the homotopy class
I1; with respect to metrics h and hgq, respectively. Then from the inequality above and
Theorem 5.1.3,

‘ : dr((1—1yg, —1
1> lim Supw > lim inf%(zl) > lim inf m(( z)gl )

=1.
i—soo  area(S;) i—oo  area(S; i—00 Am(g; — 1)

The equality holds if and only if h is hyperbolic, and thus it is isometric to hg.
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5.2 Locally Symmetric Manifolds of Negative Curvature

In this section, we extend Theorem 1.2.6 to locally symmetric spaces of rank one

apart from real hyperbolic manifolds.

5.2.1 Definition of Entropy

Let M be a closed 2n (4n,16)-dimensional complex hyperbolic manifold (quater-
nionic hyperbolic manifold, Cayley plane, respectively), where n > 2. Then its sectional
curvature is between —4 and —1. In the Siegel domain model of H (Hﬁ,H% o), its
boundary is identified with the one point compactification of the Heisenberg group. A
totally geodesic disc in H% (H%,HQC a) with constant sectional curvature —1 is called
totally real and is isometric to H2, whose boundary is a real circle.

A K-quasiconformal map on 0HP = §2—1 (OHp; = Sdn—1, 8H2C’a = S12) is defined
as in Section 1.1.1 with respect to Carnot-Carathéodory metric (see [37]). In particular,
for quaternionic hyperbolic spaces and the Cayley plane, [51]| points out that any quasi-
conformal maps are actually conformal. Then the quasi-real circles are real circles, and
each of them determines a unique totally geodesic totally real disc. Therefore, if the man-
ifold M admits quaternionic hyperbolic or Cayley metric, then S(M,g) = S(M,g,0),
and let S(M) = gg2S (M, g). For any metric h on M, the corresponding minimal surface

entropy is redefined as

. In#H{areay (IT) < 4n(L —1) : 1T € S(M)}
E(h) = lim it LinL ‘

Besides, if M admits a complex hyperbolic metric, we still adopt the definition in (1.1.1).

Then the main theorem related to the locally symmetric spaces is stated as follows.

Theorem 5.2.1. Let (M, hg) be a closed locally symmetric space of rank one. And let

h be another metric on M. If the sectional curvature of h is pointwise less than or equal
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to that of the locally symmetric metric, then

E(h) > E(ho) = 2,

If the equality holds, then h is isometric to hy.

5.2.2  Entropy of Locally Symmetric Metric

Hamenstadt [22| proved the existence of the surface subgroup of cocompact lattice
in any simple rank one Lie group of noncompact type distinct from SO(2m,1). From
the perspective of geometry, let M be any closed locally symmetric space except an
even-dimensional real hyperbolic manifold, then for sufficiently small €, there exists an
essential surface ¢ C M, which is (1 + 0¢(1))-quasigeodesic. As argued in Section 5.1.2,
it is associated with a surface subgroup in S(M, g, ¢€) for the complex hyperbolic case,
or S(M,g) for the quaternionic hyperbolic and Cayley case. Moreover, s(M, g, €) (or
s(M, g)) is also bounded below by (c¢1¢)29. On the other hand, since the power of the
upper bound of s(M, g) in Section 5.1.2 only depends on the topology of closed surfaces,
the upper bound (co g)29 also holds after modifying the coefficient cs.

Firstly, if (M, hg) is quaternionic hyperbolic or Cayley hyperbolic, it’s not hard to
show E(hg) = 2 based on the above estimates.

If (M, hg) is complex hyperbolic, however, it requires more discussion on the second
fundamental form as in Section 5.1.1. Lemma 5.1.1 is still true because of the following
fact. Let v be the image of a real circle by an (1 + €)-quasiconformal map on Sgg‘_l.
Then there exist € = o¢(1) and a real circle ¢ C Sgg_l, such that the ¢’-neighborhood
of ¢ in Sgg}_l, denoted by N, contains 7. Any real circle in N bounds a totally
geodesic totally real disc in H, then there is a hypersurface T' C Hg homeomorphic to

D? x §2n=3 asymptotic to N, the diameter of T' converges to zero on compact sets as
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€ goes to zero. Moreover, two of the principal curvatures of T are zero, the others are
at least m > 0, where r(z) is the Euclidean radius of 7" centered at x, therefore
the convex hull of 7 lies in 7. Regarding the proof of Lemma 5.1.2, since all principal
curvatures of the equidistant hypersurfaces satisfy the Riccati equations, the comparison
theorem associated with Riccati equations (see [17]) ensures the two-convexity of each
hypersurface. Moreover, the compactness theorem of the quasiconformal maps on the
Heisenberg group can be found in [37]. So Lemma 5.1.2 extends easily to the complex
hyperbolic case. Likewise, since the manifold has pinched sectional curvature between
—4 and —1, there are analogues of the inequalities (5.1.2) and (5.1.4) (see [5]). Let
S C M be a surface that minimizes the area in its homotopy class contained in Se¢(M).
Then the convergence of area-minimizing surfaces mod 2 and the uniqueness indicate
the absence of branch points on S, as well as the property that |A\%oo (5) 0ase—0.

Following the computation in Section 5.1.2, we deduce that E(hg) = 2 for the complex

hyperbolic case.

5.2.3  Proof of Rigidity

Let h be a metric on M with sectional curvature less than or equal to that of the
symmetric metric, then it follows from the generalized Gauss equation that E(h) > 2.

To deduce the rigidity of Theorem 5.2.1, the key idea is to apply the hyperbolic
rank rigidity theorem established by Hamenstédt in [21]. Suppose that N is a closed
manifold whose sectional curvature is less than or equal to —1. The hyperbolic rank
at v € TIN is the dimension of the space generated by all parallel transports .J along
geodesic vy, = exp(tv) such that J(t) L ~,(t) and J(t),~,(t) span a plane of sectional
curvature —1. The hyperbolic rank of N is the minimum of hyperbolic rank at all
v € T'N. Hamenstidt’s theorem states that if such manifold N has hyperbolic rank at

least 1, then it must be locally symmetric, namely a compact quotient of Hp, H¢, Hiy

72



or H%a.

Therefore, It suffices to check that the hyperbolic rank of M is positive. Since the
technic in [11] proving (%), Shah’s density lemma in [60], as well as the equidistribution
theorem by Mozes and Shah [50] all apply to locally symmetric spaces, an analogue of
Lemma 5.1.4 can be deduced in the same way. Furthermore, repeating the same proof
of Lemma 5.1.7, we obtain a totally geodesic disc 2 in (B™, h) of section curvature —1,
whose limit set has a dense I-orbit on the set of all real circles in S, where m is the
dimension of M. This result in tandem with Gromov’s geodesic rigidity theorem [20]
implies that every geodesic along v € T1M is contained in a closed totally geodesic
submanifold of dimension 2 < k < n and with sectional curvature —1. Therefore (M, h)
has a positive hyperbolic rank, and finally the rigidity result of Theorem 5.2.1 follows

from Hamenstdadt’s hyperbolic rank rigidity theorem mentioned above.

5.3 Hyperbolic Three-manifolds of Finite Volume

In this section, we compute the minimal surface entropy corresponding to the non-
compact hyperbolic 3-manifolds of finite volume that have a finite number of cusps.
Suppose (M, hg) is a hyperbolic 3-manifold with &k cusps, where k& > 1, then M can
be realized by the interior of a compact hyperbolic manifold whose boundary consists
of k flat tori, we also denote the compact manifold with boundary by M. As before,
a closed surface immersed in M is essential if the immersion is 7j-injective. Addition-
ally, a noncompact surface (or a compact surface with boundary) is said to be essential
if the immersion is mq-injective and 7i-injective relative to the boundary. By Lemma
2.1 in [24], any 7 injective noncomapct surface with genus at least 2 is also essential.
When S C M is an essential surface, the image of 71(S) in 7w (M) is called a surface
subgroup. Let S;(M, g) denote the set of surface subgroups up to conjugacy so that the
corresponding surfaces have genus at most g and at most j simple closed curves on the
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boundary counting multiplicity, and let S;(M, g,€) C S;(M, g) consist of the conjugacy

classes whose limit sets are (1 + €)-quasicircles. Moreover,
Si(M,e) = U S;(M .
]( 7€> 922 j( 7976)

Given an arbitrary Riemannian metric h on M, we define the minimal surface entropy

of h on M.

Ej(h) = lim lim inf In #{areap(IT) < dm(L —1) : T € 5;(M, )}

e—0 L—oo LlnL

(5.3.1)

The statement of the theorem is the following.

Theorem 5.3.1. Let M be a hyperbolic 3-manifolds with k cusps, then for any j € N>,

we have

Ej(hg) = 2.

Remark 5.3.2. To evaluate the entropy of M with respect to other metrics, we need
further evidence concerning the existence of surfaces with the least area. However, this
remains an open problem.

Nevertheless, when the metric is asymptotically cusped, we can ensure the existence of
such surfaces. Currently, in collaboration with Franco Vargas Pallete, we are working on
the minimal surface entropy in this scenario, and comparing it to that of the hyperbolic

metric.

5.8.1 FExistence of Minimal Surfaces

We've seen that for closed hyperbolic manifolds, the works of Schoen-Yau [57] and
Sacks-Uhlenbeck [55] indicate that every surface subgroup produces a least-area surface

in the homotopy class. However, the argument fails to hold for some noncompact am-
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bient 3-manifolds (see Example 6.1 in [25]). In this section, we only list the existence
results for hyperbolic 3-manifolds with finitely many cusps. First, it was stated by Hass-
Rubinstein-Wang [24] and Ruberman [54] that in a cusped hyperbolic 3-manifold, any
noncompact essential surface with genus at least 2 can be homotoped to a least-area sur-
face. Then in [13]| and [14], Collin-Hauswirth-Mazet-Rosenberg proved the existence of
closed essential minimal surfaces embedded in such manifolds. Later on, Huang-Wang
addressed the question for immersed essential surfaces in [28], they showed that any
immersed essential surface in a cusped hyperbolic 3-manifold with genus at least 2 can
be homotoped into an area-minimizer. Therefore, the minimal surface entropy (5.3.1)
of cusped hyperbolic 3-manifolds (M, hg) can be approximated by counting the least-
area surfaces up to homotopy, and we’ll estimate the upper bound and lower bound of

#5;(M, g, €) associated with hy and prove the theorem.

5.3.2  Upper Bound

Counting Closed Minimal Surfaces

For any closed surface S with genus ¢ and mj-injective immersion f : S — M that
determines a surface subgroup in Sy(M, g,¢), there exist a hyperbolic structure on S
and a homotopy of f that is pleated with respect to this structure, we still denote it by
f (see 8.10 in [64] or Lemma 3.6 in [10]). Additionally, let S = f(S). When ¢ is small
enough, S has no accidental parabolics, hence the systole length of S, denoted by sl(S5),
is simply twice the injectivity radius 1(S) of S. Let s be the systole of M, since f does
not increase the length of closed geodesics, we have

21(S) = sl(S) > sl(M) =s > 0.
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Then we say that S is §-thick, thus from Lemma 2.1 of [33], there exists k = k(s) > 0

and a triangulation 7 on S, such that
(1) each edge of 7 is a geodesic arc of length at most g,
(2) 7 has at most kg vertices and edges,

(3) the degree of each vertex is at most k.

The set of all triangulations on S with genus ¢ satisfying (2) and (3) is denoted by

T (k,g). As shown in [33], there exists a constant ¢ depending only on k, so that

#T (k, g) < (cg)™. (5.3.2)

Furthermore, We claim that #S(M, g, €) can be estimated by counting the number of
homotopy classes of the pleated immersions. Let fi and f9 be two pleated maps of genus
g surfaces S1 and Ss, respectively. Suppose that the triangulations 7(S57) and 7(S2) are
equivalent, i.e., there is a homeomorphism h : S; — Sa, such that h(7(S7)) = 7(S2). We
say that fi; and fo are homotopic if fi is homotopic to f9 o h in M. Moreover, since M
has finite volume, it is covered by finitely many balls of radius 1%, say B1,---,Bp. We
assume that for any vertex v C 7(S7), the points fi(v) and fo(h(v)) of M are contained
in the same ball B;. Then the distance between f1(v) and fa(h(v)) is at most 5. Given
another vertex v’ € 7(S7). Let e1, eg be the edges connecting f1(v) and f1(v'), fa(h(v))
and fo(h(v')), respectively, the lengths are at most g- And let sy, 5,7 be the segments
connecting f1(v) and fo(h(v)), f1(v") and fo(h(v')), respectively, the lengths are at most

%. So we get a closed curve

vi=eUsyUeagUs,y with length(y) < = < si(M).

N »

We notice that v cannot shrink homotopically to a closed geodesic /, since otherwise,
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it gives rise to a smaller systole length of M. As a result, v must bound a disc, in other

words, any two segments of M with the same endpoints with length less than w

must
be homotopic. And therefore, repeating this argument for any pair of vertices of 7(S51),
We conclude that fi and fo are homotopic.

Let So(M, g) be the subset of Sy(M,g) that includes surfaces of fixed genus g. For
any 7 € T (k,g) satisfying (1)-(3), any vertex v; € 7 is mapped to a ball B; with m
possibilities. For vy # vq that bounds an edge e with v1. By (1), the length of e is at
most g. And since the balls covering M have radius {5, there is a finite number M > 0,
such that vo can be mapped to at most N options of the balls. Therefore, it follows from

(2) that
#S50(M, g) < mNFI~ 14T (K, g). (5.3.3)

Finally, combining (5.3.2) and (5.3.3), we can find ¢ > 0, such that
g ~
#S0(M,g) <Y #S0(M, i) < (cag)™. (5.3.4)
1=2

Counting noncompact minimal surfaces

Next, we estimate #S5;(M, g, €) for j > 1. For sufficiently small ¢, let S be a minimal
surface corresponding to an element in S;(M, g, €) \ So(M, g,¢€), where g > 2 and j > 1,
then S can be seen as a compact surface with j boundary curves counting multiplicity,
each of which is a simple closed curve C' in one of the tori T}, the homotopy class of
C' can be identified with a slope in Q U {oco}. Due to [24], for each g, there is a finite
number N(g) > 0, such that for each boundary torus, the number of slopes that can be
realized by boundary curves of immersed essential surfaces in M with genus at most g is
bounded from above by N(g). Moreover, N(g) grows at most quadratically in g. Cutting
off each boundary curve of S and filling it with a disc, we obtain a closed surface in M

associated with an element in Sy(M, g, €) up to homotopy. As a result, #S;(M, g, ¢€) is
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bounded by a constant depending on k, 7 and e. More precisely,
J _ -
#S1(M, g,€) <3 (kN(9))'#So(M. g, ¢) < (chg)?I T2,
1=0

where ¢}, > 0 depends only on M and €, and the last inequality follows from (5.3.4).

5.3.3 Lower Bound

Recently, Kahn-Wright [34] proved that when M = H?3/T is noncompact with finite
volume, for any sufficiently small ¢ > 0, there exists (1 + €)-quasi-Fuchsian surface
subgroups of I'. And the construction gives rise to an essential surface ¢, which is also
sufficiently well-distributed and (1 + €)-quasigeodesic. So as defined in the compact case,
we let G(M,g,¢€) be the subset of Sy(M,g,€) consisting of homotopy classes of finite

covers of ¢ with genus at most g, then we also have
#Sj(M, g,€) > #So(M, g,€) > #G(M,g,€) > (c19), Vj €N
where ¢1 > 0 depends only on M and e.

5.8.4  Proof of Theorem

If a surface subgroup IT < IT" has i < j cusps, then from [18],
1 D)
area(Il) = 4w(g — 1) + 2mi — 5 |A|“dA.

Since it is proved in Section 5.1.1 that |A|> = 0¢(1), and i < j is uniformly bounded,
then for any n > 0, the following conclusions still hold for sufficiently large L and
sufficiently small e. For II € S;(M,e), if it satisfies area(Il) < 4m(L — 1), then we

have IT € S;(M, (1 +7n)L],e). On the other hand, if IT € S;(M, [(1 —n)L],¢€), then
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area(Il) < 4n(|(1 —n)L|—1)+27j < 4n(L—1). Therefore, using the previous estimates,

we have

s hlS(M, I_(l — 77)LJ,€>
)<
BN Ty
< _ .

< liminfln #{areay,(I1) < 4nx(L — 1) : 11 € S(M)}
L—00 LinL

< liminflnS(M’ [(1+n)L],€) < liminf 2[(L+n)L| +25+2
L—oo LlnL L—oc0 L

=2(1+n),

the last inequality uses the fact that j is a fixed integer. It follows that E;(hg) = 2.
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CHAPTER 6
RELATIONSHIP BETWEEN AVERAGE AREA RATIO AND
MINIMAL SURFACE ENTROPY

In this last chapter, we examine the relationship between average area ratio and
minimal surface entropy and prove Theorem 1.2.7. Furthermore, we note that all the

proofs below also work for the other closed locally symmetric spaces.

6.1 Proof of Inequality

The proof follows directly from [43], but for readers’ convenience, it is stated as
follows.

We let
a = lim —areah(Hi)
i—oo 4m(g; — 1)

For any 6 > 0, we can take ¢ sufficiently large, such that

L) (IL;)

< a+0.
1—+00 47r(gi - 1) “

Let Hf be the k-cover of Il;. Since II; has genus g; > 2,
Ar(gf —1) > kdn(g; — 1),

then the least area surface in the homotopy class of Hf with respect to h satisfies that

Ik 1. I,
lim % < lim kaLh(l) = lim M(z) < a4+, (6.1.1)
i—o0 dm(gh — 1) ~imoo kdm(g; — 1) i—oo dm(g; — 1)

p —

According to Miiller-Puchta’s formula (see [33]), there exists a constant ¢; that depends
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only on M and i, such that the following is true when g; is large.

1 k
Z) > (cigF)?9i .

s(M, gF,

Define Lf in the following way

k
./ 1
(L} 1) = (a+ Oytn(el 1) — i Lo L
1

Combining (6.1.2) with (6.1.1), we have that

#{arcay, (1) < 4r(LF — 1) : T € Sy (M)} > (cigh),

Therefore, by (6.1.3),

In #{areay, (I1) < 4 (LF — 1) : L € Sy (M)
2 ~
E(h) = lim liminf !
i—00 k—oo Lf In LZ.“

ky\2gF

c:q” i

> lim lim inf%
i—00 k—00 Lf lnLi-€

2
a+d

Since ¢ is an arbitrarily small positive number, we conclude that

6.2 Proof of Rigidity
If Arearq(h/hg)E(h) = 2, then (6.1.4) yields that

lim 2eanli) _
i—oo areay,(S;)

81

(6.1.2)

(6.1.3)

(6.2.1)



To make use of this equality, we run the mean curvature flow in (B", h) with initial
condition D;, which is the lift of S; in H", then we estimate the decay rate of the
area. First of all, we need to review and establish some tools for complete, noncompact
surfaces moving by mean curvature. The classical short-time existence theorem for
compact manifolds moving by mean curvature is well-known [23|. However, the general
theory for complete, noncompact manifolds has not been established in the literature.
There are only several essential contributions in some special cases: Ecker-Huisken [16]
proved the codimension one case in which only a local Lipschitz condition on the initial
hypersurface was required. For higher codimensions, Chau-Chen-He [12] discussed the
case of nonparametric mean curvature flow for flat metrics. The result related to our

case is listed as follows.

Lemma 6.2.1. There exist T > 0 and C > 0 depending only on M, so that for suffi-
ciently large i € N, we can find a solution D;(t) to the mean curvature flow in (M, h)
with initial condition D;(0) = D;, where 0 <t < T. Additionally, the mean curvature

of Di(t) and its derivative are both bounded uniformly by C.

Proof. Notice that after passing to a subsequence, D; converges smoothly on compact
sets to a disc D, and each of them is a cover of a compact surface in M. Take x € D, the
standard theory indicates that there is a number 7y > 0, such that for any k£ € N, we
can find a solution Df (t) to the mean curvature flow with initial condition B(x, k)N D;,
where 0 < ¢t < Ty. Since T depends only on the second fundamental form of D, in
particular, it’s independent of ¢ and k.

Next, in order to apply the Arzela-Ascoli theorem and estimate the mean curvature of
D;(t) and its derivative for any small time ¢, we need the following preparation. Claim

that for any 6 > 0, and any spacetime Xik = (xf:,t) of Df(t), there exists an open
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neighborhood Uik of X Zk , so that the Guassian density ratio

o(DF (), xF r) = / L exp (- M) dH2(y)
e yeDk(t—r?) 4mr? 472
satisfies that
k k k ok
O(D; (1), X;',r) <1446, VO<r<dX;,Up). (6.2.2)

If this wasn’t true for some integers ¢ and k, then we could pick a sequence A\; — oo as
J — 00, and

O(Dy, (Df (t) = X[),0,A5r) > 1+,

where Dy denotes the parabolic dilation Dy (y,t) = (Ay, \*t). Since the second funda-

2

mental form satisfies |A|Loo(’_]) (DE(t))—XF)
A\ T

. k k
—0as j — o0, DAj(Di (t) — X[°) converges
smoothly to a disc DZ]? whose second fundamental form vanishes. However, the inequality
above implies that

lim ©(DF,0,\;r) > 1,

j—o0
which contradicts the topology of Df.
We've seen that (6.2.2) holds, so due to the local regularity theorem in [69], there
is a uniform constant C{j that is independent of 7 and k, so that at any spacetime
XF=(zF0),

[AP(XF)d(xF, Uf) < Cp. (6.2.3)

Therefore, Arzela-Ascoli theorem (see page 1494 of [69]) implies the short-time existence
of the mean curvature flow with noncompact initial condition D;(0) = D; on time interval
[0,Tp]. Moreover, the interior estimate (6.2.3) validates the condition of the maximum
principle ( [16], Theorem 4.3). Arguing like Theorem 4.4 of [16], we can find 7" > 0 and

C > 0 that make the lemma hold.
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Next, following the method of Lemma 6.5 in [43], we prove a similar result for the

case of the higher codimensions.

Lemma 6.2.2.

1
lim —/ |H),[2dA;, =0,
D,

i—oo areay(D;) Jp,

where Hy, denotes the mean curvature of each disc D; in (M, h).

Proof. Suppose by contradiction that there exists ¢ > 0, such that after passing to a

subsequence, and for ¢ € N large enough,

1 2
Hp|*dA 2e. 24
area,(D;) /DA [Hl h > € (6:24)

(2

Under the mean curvature flow, the mean curvature satisfies the following evolution

equation on the time interval ¢ € [0, 7] (see [62]).

V%|Hh(t)|2 =A[Hy, (8)|2 = 2V Hy ()% + 4CATF (), Hyy(8)) p ((An) 1o (5), Hy (D) g

o+ 2(Rn) it (O}, (0 (B ) (O H, (D) F (1),
where Hj,(t), Ap(t) and F;(t) represent the mean curvature, second fundamental form,
and the immersion F;(t) : D;(t) — M, respectively.
Using the result of Lemma 6.2.1, we can pick a uniform constant C'{ > 0, such that

for all sufficiently large ¢ € N, and for any ¢ € [0, 7],

Dy (0)2dA, > —Crareay (Dy(t)) > —Charcap(Dy),
dt Jp,(t)

the latter inequality follows from the fact

d 1 d ‘
aareah(Di(t)) =3 /Di(t) tr<£hjk" hFY dA, = —/ 0 |H),(t)]2dAy, < 0.

%
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We can choose T < min{Cil, T}, by assumption (6.2.4), for any ¢ € N and ¢ € [0,T1],
/ \H, (£)|2d Ay, > eareay (D;) > e areay,(D;(t)).

Then we obtain

d

arcay(Di(1)) = - / o [OP A, < —carean(Di().

%

Thus, for any sufficiently large ¢ € N,

areay, (I1;) < areay,(D;(t)) < e~“Tareay, (D;) _ Tt
areay,(D;) — areay(D;) —  areay(D;) ’
which violates (6.2.1). O

Furthermore, arguing like Lemma 5.1.4 of Section 5.1.3, we deduce the following
result from Lemma 6.2.2. For any round circle ¢ C 0xH", it has a dense 71 (M )-orbit in
OsoH™. In addition, ¢ can be represented by il_iglo/\((biﬂiqbi_l), where ¢; € w1 (M), and
A(qbiHigﬁ;l) represents the limit set of ngiHi(b;l. Redefine D; by the lifts of S; to H"

preserved by qﬁiﬂmi_l. It has the property that

lim |Hp|?dA, =0, R; — oco.
i=00./D;"BR,(0)

Note that after passing to a subsequence, D; converges to the totally geodesic disc
D(c) C H" that is asymptotic to c¢. Therefore, the mean curvature Hj, vanishes on D(c),
namely, D(c) is a minimal disc of B" with respect to the metric h. And since ¢ is chosen
arbitrarily, every totally geodesic disc of H"” must be minimal for A.

We apply the result below for surfaces in 3-manifolds, the proof can be found in [43].

Lemma 6.2.3. Every totally geodesic disc in H> is minimal with respect to another
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metric h if and only if for any geodesic v C H3, the following function is a constant

o Bl (2 (8,7 ()

Because of the ergodicity of the geodesic flow in (M, hg), we can choose a geodesic
~v of M whose orbit is dense in the unit tangent bundle. Let 4 be the lift of v to H". ¥
must be contained in a hyperbolic 3-ball B ~ H3. Applying the previous lemma to the

geodesic 4 and ambient manifold B, we conclude that
_1 N/ ~/
£ 1l gl 2l (7). 5'(0)
is constant. So the projection v in M also satisfies that
-3 / /
Es B 2R (7 (0,7 ()

is constant. Thus due to the density, there is a constant ¢ > 0, such that for any vector

field X of the unit tangent bundle of M,
_1 _1
\h\h(]?h(X,X):cho(X,X) = \h\hOQh:cho.

As a result, h coincides with a multiple of h.
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