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ABSTRACT

This thesis consists of two papers studying noncommutative rings in positive characteristic

closely related to differential operators. Their abstracts are as follows:

1. Bezrukavnikov and Kaledin introduced quantizations of symplectic varieties X in pos-

itive characteristic which endow the Poisson bracket on X with the structure of a restricted

Lie algebra. We consider deformation quantization of line bundles on Lagrangian subvari-

eties Y of X to modules over such quantizations. If the ideal sheaf of Y is a restricted Lie

subalgebra of the structure sheaf of X, we show that there is a certain cohomology class

which vanishes if and only if a line bundle on Y admits a quantization.

2. For k a field of positive characteristic and X a smooth variety over k, we compute the

Hochschild cohomology of Grothendieck’s differential operators on X. The answer involves

the derived inverse limit of the Frobenius acting on the cohomology of the structure sheaf of

X.
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CHAPTER 1

INTRODUCTION

This thesis studies certain almost commutative rings of positive characteristic arising in

geometry and representation theory. The body of the thesis consists of the papers [Mun22]

and [Mun23], each with their own introduction. Here, we discuss some of the ideas in common

and the motivations for the problems posed.

The essential example of these almost commutative rings is the rank one Weyl algebra

A = Fp⟨∂, x⟩/(∂x− x∂ − 1) in characteristic p > 0. The commutation relation ∂x− x∂ = 1

implies ∂f(x)−f(x)∂ =
df(x)
dx in A. If p = 0, then the Chain Rule of calculus implies d

dxx
p =

pxp−1 = 0; hence, xp is a central element of A. Symmetrically, ∂p is a central element of A,

and indeed Z(A) = Fp[∂p, xp]. On the other hand, A has a multiplicative filtration {FiA}i≥0

generated by placing x in degree zero and ∂ in degree 1; then grA ∼= Fp[∂̄, x̄]. Under this

isomorphsm, grZ(A) is the subring (grA)p of pth powers, so Z(A) ∼= (grA)p. On the third

hand, we can consider the central quotient Ā = A/(xp, ∂p) at the ideal Z(A)+ = (∂p, xp)

of Z(A). The ring Ā acts on Fp[x]/(xp), where ∂ acts by d
dx and x by left-multiplication.

This action induces an isomorphism Ā ∼= EndFp(Fp[x]/x
p); to check this, one can use that

∂p−1xp−1 acts as a rank one idempotent on Fp[x]/(xp) with kernel (x). Thus, our reduced

algebra Ā is a matrix algebra; this is a manifestation of the Azumaya property of A.

Much of the work in this thesis consists of the interplay between three properties of the

Weyl algebra A: first, that gr(A) ∼= Fp[x, ∂] is the ring of functions on A2 ∼= T ∗A1; second,

that Z(A) ∼= (grA)p; third, that A/Z(A)+ ∼= Matp(Fp).
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1.1 Quantization of symplectic varieties

1.1.1 Symplectic resolutions

Recently, symplectic resolutions have emerged as a unifying method of studying noncommu-

tative algebras in representation theory through geometry. The first example is the Springer

resolution. Let G be a semisimple algebraic group over a field k. If the characteristic of k

is sufficiently large, the nilpotent cone N ⊆ g ∼= g∗ is the target of the Springer resolution

π : T ∗G/B → N . Beilinson and Bernstein famously proved a localization theorem for this

resolution when k = C. For λ a dominant regular weight of g, let Dλ
G/B

be the twisted

differential operators on G/B with weight λ. Then Beilinson and Bernstein’s theorem gives

an equivalence of categories between Dλ
G/B

-modules and modules over the central quotient

of Ug at λ [BB81]. In particular, it is shown that Γ(Dλ
G/B

) ∼= Uλg. Both Dλ
G/B

and Uλg

are filtered, and their associated graded rings are the rings of functions on T ∗G/B and N ,

respectively. Thus, Beilinson-Bernstein localization may be understood as a quantization of

the Springer resolution π : T ∗G/B → N . It is now understood that many algebras of inter-

est in representation theory can be understood as quantizations of symplectic resolutions,

c.f. [BPW16] and references therein.

In the landmark paper [BMR08], Bezrukavnikov, Mirković, and Rumynin proved a local-

ization theorem for crystalline differential operators Dλ
G/B

when k has large enough positive

characteristic. Instead of an equivalence of categories, one has a derived equivalence of cate-

gories, as it does not make sense to ask for λ to be dominant modulo p. The key observation

is that Dλ
G/B

is Azumaya over its center, as it is Zariski locally isomorphic to a Weyl alge-

bra. This motivated Bezrukavnikov and Kaledin to introduce Frobenius-split quantizations

of symplectic varieties (X,ω) in characteristic p > 2 [BK08]. These quantizations Oh are

sheaves of algebras over k [[h]] equipped with a central splitting map s : Op
X → Oh lifting

the Frobenius to order hp−1. Bezrukavnikov and Kaledin proved that such quantizations are
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fpqc locally isomorphic to central reductions of a Weyl algebra, and hence are Azumaya over

their center. They have since been applied to prove derived equivalences in both positive

and zero characteristic; c.f. [BK04b; Kal08].

1.1.2 Quantization of modules

Now fix symplectic X and a quantization Oh of X. The question under consideration

in Chapter 2 is the following: given a coherent sheaf F on X, when does there exist a

quantization of F to a module Fh over Oh? This question has been studied over C in

several papers [Bar+16; BC19; Bar21], which work in the setting where F is the pushforward

of a vector bundle from a subvariety Y , necessarily coisotropic by Gabber’s theorem on

integrability of characteristics. In case Y is Lagrangian and F is the pushforward of a line

bundle, these methods have been applied in conjunction with the orbit method to construct

representations of real reductive groups [LY21]. Quantization of general coherent sheaves is

the subject of work in preparation by Baranovsky and Ginzburg [BG]. The algebra Oh is

locally modelled on the Weyl algebra, so one expects conditions on the existence of Fh based

on differential-geometric invariants of F .

The work in Chapter 2 takes up the question of quantizing F in positive characteristic

when F is the pushforward of a line bundle from Lagrangian Y ⊂ X. Recall that the Weyl

algebra A = Fp⟨∂, x⟩/(∂x − x∂ − 1) has A/Z(A)+ ∼= Matp(Fp); this implies that central

reductions of a quantization Fh will be modules over a matrix algebra and hence essentially

unique up to automorphism. Hence, such quantizations can be studied by analyzing torsors

over the local automorphisms of (Oh,Fh).

1.2 Differential operators with divided powers

The element ∂p of the Weyl algebra A = Fp⟨∂, x⟩/(∂x − x∂ − 1) is central essentially

because of the relation dp

dxpx
m = 0 for all m ≥ 0. A different approach to differential

3



operators in positive characteristic, going back to Grothendieck’s study of de Rham and

crystalline cohomology, is to introduce divided powers 1
i!

di

dxi
of the differential operator d

dx .

The algebra D = Fp⟨x, 1i!
di

dxi
| i ≥ 0⟩ is the algebra of Grothendieck’s differential operators

on A1 = SpecFp[x]. The algebra D is not Noetherian and its center is Fp. The map A→ D

defined by ∂ 7→ d
dx has kernel (∂p) since

(
d
dx

)p
= p!

(
1
p!

dp

dxp

)
= 0 in D. Generalizing our

observation that A/Z(A)+ ∼= Matp(Fp), the image of A in D is isomorphic toMatp(Fp[xp]).

In general, for each r ≥ 0, the centralizer of xp
r
in D is a matrix algebra over Fp[xp

r
]; hence

D is the union of matrix subalgebras. This is an example of the equivalence between modules

over Grothendieck’s differential operators DX for and stratified sheaves on X when X = A1

[Gie75]; see §3.2.1 below for general definitions.

In Chapter 3 we study Hochschild cohomology of Grothendieck’s differential operators on

a smooth k-variety X. Let us recall here basic definitions and motivations for Hochschild co-

homology. Given an associative algebra B over a field k and a B-bimoduleM , the Hochschild

complex C∗(B,M) is defined to have cochain groups Cn(B,M) = Homk(B
⊗n,M) and dif-

ferential d given by the following formula: for f ∈ Cn(B,M),

df(b1 ⊗ b2 ⊗ · · · ⊗ bn+1) = b1f(b2 ⊗ · · · ⊗ bn+1)

+
n∑

i=1

(−1)if(b1 ⊗ · · · ⊗ bibi+1 ⊗ bn+1)

+ (−1)n+1f(b1 ⊗ · · · ⊗ bn)bn+1.

The Hochschild cohomology HH∗(B,M) is by definition the cohomology of the Hochschild

complex C∗(B,M). Gerstenhaber observed that the Hochschild complex C∗(B,B) controls

deformations of the associative algebra B [Ger64]. The fundamental example is this: if one

writes down a product b1 ∗ b2 = b1b2 + ϵµ(b1, b2) where ϵ
2 = 0, the product ∗ is associative

if and only if dµ = 0, that is, µ is a Hochschild 2-cocycle. For a lucid introduction to such

matters, see [Sze99]; a textbook treatment is [Wit19].
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In Chapter 3, we compute Hochschild cohomology of DX in positive characteristic. The

strategy is to use the Morita invariance of Hochschild cohomology, which in particular implies

HH∗(B) ∼= HH∗(Matn(B)) for any n ≥ 1. We saw above that D is a union of matrix

algebras centralizing xp
r
. A similar statement is true for general X, and the calculation

involves the interplay between these matrix algebras and local-to-global considerations.

As of yet, there is not a general theory of quantizations “with divided powers” in rep-

resentation theory. While HH2(DX) controls infinitesimal flat deformations of DX , it does

not capture certain geometric phenomena one would expect. For example, over C we have

a flat deformation of DX of the form Diff(Lλ) for λ ∈ C and any line bundle L on X.

This deformation corresponds to the class c1(L) ∈ H2
dR(X,C) ∼= HH2(DX). Differential

operators on line bundles behave differently in positive characteristic and are not controlled

by Hochschild cohomology; this will be taken up in future work.
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CHAPTER 2

QUANTIZATION OF RESTRICTED LAGRANGIAN

SUBVARIETIES

2.1 Introduction

Fix a field k of characteristic p > 2, and let (X,ω) be a smooth variety over k equipped

with a symplectic form. Unlike in characteristic zero, the Poisson bracket {−,−} on OX

has a large center: it follows from the Leibniz rule that {fp, g} = 0 for all sections f, g

of OX . Bezrukavnikov and Kaledin studied certain quantizations Oh of the Poisson sheaf

OX , known as Frobenius-constant quantizations, where the quantization also has a large

center [BK08]. More precisely, the relative Frobenius map OX ′ → OX lifts to an inclusion

s : OX ′ → Oh into the center of Oh, inducing an isomorphism Z(Oh)
∼= OX ′ [[h]], where ′

indicates Frobenius twist, here and throughout the paper. In fact, this map is a lift of the

p-th power map O′X → Oh/h
p−1. The lift s : OX ′ → Oh makes the Poisson bracket on OX

into a restricted Lie algebra via the p-operation

f [p] =
fp − s(f ⊗ 1)

hp−1
. (2.1)

Frobenius-constant quantizations have been used to construct derived equivalences associated

to symplectic resolutions [BK04b; Kal08].

We consider deformation quantization of modules over OX to modules over such Oh. In

characteristic zero, Gabber’s celebrated integrability of characteristics theorem implies that

a coherent sheaf admitting a quantization is supported on a coisotropic subvariety [Gab81].

We specifically consider quantizing modules of the form i∗L where i : Y → X is the inclusion

of a smooth Lagrangian subvariety and L is a line bundle on Y . Since Oh has a large center,

a quantization Lh has associated to it its p-support Ỹ ′, its support in Z(Oh)
∼= OX ′ [[h]].
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When we investigate the existence of a quantization of a line bundle, the p-support will be

given data, and we will ask for conditions for a quantization with the given p-support to

exist.

The basic example of such a quantization is over differential operators. If X = T ∗Y ,

i : Y → X is the zero section, and Oh = DY,h is the h-crystalline differential operators on

Y , then for every formal series of closed 1-forms α ∈ Ω1
Y [[h]], there is a quantization of OY

given by the integrable h-connection ∇ = hd + hα on Lh = OY [[h]]. The action of the

center OT ∗Y [[h]] sends ∂ ∈ TY to the p-curvature

∇p
∂ − h

p−1∇∂[p] = (h∂[p] + hα(∂))p − hp(∂[p] + α(∂[p]))

= hp(α(∂)p + ∂p−1α(∂)− α(∂[p])),

which is divisible by hp. The p-support Ỹ ′ is the graph of this p-curvature in T ∗Y ′ [[h]],

which in this case is a deformation of the zero section Y ′ ⊆ T ∗Y ′ which is trivial modulo hp.

The zero section of the cotangent bundle enjoys a certain compatibility with the restricted

structure.

Definition 2.1.1. A coisotropic subvariety Y ⊆ X is called restricted if its ideal sheaf is

closed under the p-operation f 7→ f [p].

This paper in large part explores the geometry of smooth restricted Lagrangian subva-

rieties. We will show that smooth restricted Lagrangian subvarieties are, in an appropriate

sense, locally isomorphic to the zero section of the cotangent bundle (see Theorem 2.2.10 for

the precise statement).

The methods of the Gelfand-Kazhdan formal geometry apply to analyze the existence of

quantizations. We construct a certain class o
Ỹ ′,Oh

∈ H2
fl(Ỹ

′,Gm) below, depending on Y ,

Oh, and the p-support Ỹ ′.

7



Theorem 2.1.2. Let Y ⊆ X be a smooth restricted Lagrangian subvariety, Ỹ ′ ⊆ X ′ [[h]] be a

deformation of Y ′ ⊆ X ′ which is trivial modulo hp, and Oh a Frobenius-constant quantization

of X. Then there exists a line bundle L on Y and a quantization Lh of L over Oh with

p-support Ỹ ′ if and only if

o
Ỹ ′,Oh

= 1.

In case the p-support deforms trivially, so that Ỹ ′ = Y ′ [[h]], we compare this class to

a certain Brauer class [O♯
h] ∈ H

2
fl(X

′ [[h]] ,Gm) introduced by Bogdanova and Vologodsky

[BV20]. We view the assignment Oh 7→ [O♯
h] as a positive-characteristic analog of the

noncommutative period map. We will review the construction of [O♯
h] below in §2.3.3.

Theorem 2.1.3. Let Y ⊆ X be a smooth restricted Lagrangian subvariety and Ỹ ′ = Y ′ [[h]].

For all Frobenius-constant quantizations Oh of X,

oY ′[[h]],Oh
= [O♯

h]Y ′ ∈ H2
fl(Y

′, L+Gm).

Theorem 2.1.2 is analogous to the main theorem of [Bar+16], where in characteristic zero

a quantization of Y exists if and only if the Deligne-Fedosov class associated to the quan-

tization, also known as the noncommutative period, vanishes on Y . Indeed, our approach

is similar to and inspired by [Bar+16]. One of the new features of our approach, following

[BK08], is that torsors over certain nonreduced group schemes replace the Harish-Chandra

torsors used in characteristic zero.

Theorem 2.1.2 describes when some line bundle on Y may be quantized. A necessary con-

dition for a particular line bundle L to be quantized involves a certain positive-characteristic

refinement cr of the Chern class, which takes values in H1
ét(Ω

1
log). It also depends on a

certain class ρ(Oh) which classifies the first-order quantization Oh/h
2Oh (see Proposition

8



2.4.11). We will show in Theorem 2.4.14 that if L admits a quantization, then

cr(L) = ρ(Oh)|Y +
1

2
cr(KY ) + [iθω

′],

where [iθω
′] is a certain class describing the first nontrivial order of deformation of the p-

support. We will also show that this condition is sufficient for L to admit a quantization if

Pic(Ỹ ′)→ Pic(Y ′) is onto (for instance, if Ỹ ′ = Y ′ [[h]])).

Acknowledgments. The author thanks Victor Ginzburg for invaluable advice and con-

versations. Ekaterina Bogdanova, Roman Travkin, and Vadim Vologodsky made insightful

comments on earlier versions of this work. The author thanks the anonymous referee for

their comments and for their improvement of the statement of Theorem 2.1.3. The author

was supported by the NSF Graduate Research Fellowship DGE 1746045.

2.2 Geometry of restricted Lagrangian subvarieties

From this point forward, all Lagrangian subvarieties considered will be smooth.

2.2.1 Preliminaries on restricted structures

We begin by recalling Bezrukavnikov and Kaledin’s definition of a restricted structure on

a symplectic variety (X,ω). We will also need the notion of a restricted structure on a

quantization. The notion of quantized algebra, defined below, provides a common framework

for discussing restricted structures in these contexts.

Definition 2.2.1. [BK08, Definition 1.5] A quantized algebra A is an associative k [[h]]-

algebra equipped with a k [[h]]-linear Lie bracket {−,−} which is a derivation in each variable

and satisfies h{x, y} = xy − yx for all x, y ∈ A.
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A quantized algebra with h = 0 is a Poisson algebra over k, while a quantized algebra

which is flat over k [[h]] is an associative k [[h]]-algebra.

There is a certain universal quantized polynomial P which measures the failure of the

Frobenius to be multiplicative in a quantized algebra. It satisfies

hp−1P (x, y) = (xy)p − xpyp

for any x and y in a quantized algebra [BK08, (1.3)].

Definition 2.2.2. A restricted structure on a quantized algebra A is an operation x 7→ x[p]

on A satisfying:

� ⟨A, {−,−},−[p]⟩ is a restricted Lie algebra over k;

� h[p] = h;

� (xy)[p] = xpy[p] + x[p]yp − hp−1x[p]y[p] + P (x, y) for all x, y ∈ A.

The first step towards the construction of a Frobenius-constant quantization is the con-

struction of a restricted structure on the Poisson sheaf OX , which is called a restricted

structure on X.

Definition 2.2.3. Let Z/k be a smooth variety. For a vector field ∂, the restricted contrac-

tion by ∂ is the operation i
[p]
∂ : Ω∗+1

Z → Ω∗Z defined by

i
[p]
∂ : α 7→ i∂[p]α− L

p−1
∂ i∂α,

where L∂ is the Lie derivative with respect to ∂.

Let Ω≤1 be the de Rham complex truncated below degree 1.

Theorem 2.2.4. [BK08, Theorem 1.12] A restricted structure on a symplectic variety (X,ω)

is equivalent to a choice of [η] ∈ H1(Ω≤1X ) such that d[η] = ω. Given [η], the restricted

10



operation sends f ∈ OX with Hamiltonian vector field Hf to

f [p] = i
[p]
Hf
η,

where η is a 1-form locally representing [η].

Remark 2.2.5. Even if the symplectic form is locally exact, such a class [η] need not exist,

eġin the case of an abelian variety.

The key lemma about restricted contraction is on its relationship with the Cartier oper-

ator C.

Lemma 2.2.6. [BK08, Lemma 2.1] Let Z/k be a smooth variety and α a closed differential

form on Z. Then for all vector fields ∂,

C(i
[p]
∂ α) = i∂′C(α),

where ∂′ is the corresponding vector field on Z ′.

2.2.2 Restricted Lagrangian subvarieties

Recall from Definition 2.1.1 that a coisotropic subvariety is restricted if its ideal sheaf is

closed under the restricted operation.

Proposition 2.2.7. For a Lagrangian subvariety Y of a restricted symplectic variety (X, [η]),

the following are equivalent:

1. the ideal sheaf of Y is stable under the restricted operation;

2. [η]Y = 0 in H1(Y,Ω≤1).

Proof. The question is local, so we may assume that [η] is represented by a global 1-form

η. Let I be the ideal sheaf of Y , and let ηY denote the restriction of η to Y . Since Y is

11



Lagrangian and dη = ω, ηY is closed. We wish to show that ηY is locally exact if and only

if I [p] ⊆ I.

Theorem 2.2.4 states that for all local sections f of OX , the restricted operation is given

by

f [p] = i
[p]
Hf
η.

Hence f [p] ∈ I for all f ∈ I if and only if i
[p]
Hf

(ηY ) = 0 for all f ∈ I. As Y is Lagrangian,

the set of Hamiltonian vector fields {Hf | f ∈ I} spans TY , so I [p] ⊆ I if and only if

i
[p]
∂ (ηY ) = 0

for all local vector fields ∂ on Y . By Lemma 2.2.6 and the Cartier isomorphism, this is

equivalent to that ηY is locally exact.

Example 2.2.8. The canonical 1-form λ on the cotangent bundle T ∗X gives T ∗X a re-

stricted structure. A section of the cotangent bundle sα : X → T ∗X corresponding to a

1-form α satisfies s∗αλ = α. Hence the graph of sα is Lagrangian if and only if α is closed,

while it is restricted Lagrangian if and only if α is locally exact.

2.2.3 Local normal form

Our goal is to find a local normal form for restricted Lagrangian subvarieties. In the smooth

category, Weinstein’s tubular neighborhood theorem states that for a Lagrangian subman-

ifold L ⊆ M , every point in L has a neighborhood in M which is symplectomorphic to

a neighborhood of the zero section of the cotangent bundle of L [Wei77, Lecture 5]. We

establish in this section a kind of tubular neighborhood theorem for restricted Lagrangian

subvarieties in positive characteristic. In this setting, our neighborhood will be a neigh-

borhood in the fpqc topology, as in Bezrukavnikov and Kaledin’s version of the Darboux

theorem [BK08, Theorem 3.4].

12



Definition 2.2.9. A Frobenius-constant quantization of a restricted symplectic variety X is

a sheaf Oh of flat k [[h]]-algebras, complete with respect to the h-adic filtration, and a map

of algebras s : OX → Oh which is k-Frobenius-linear and satisfies s(f) ∼= fp mod hp−1,

such that with the p-operation

f [p] =
fp − s(f)
hp−1

on Oh, there is an isomorphism of restricted Poisson algebras Oh/hOh
∼= OX .

The center of a Frobenius-constant quantization is isomorphic via s to OX ′ [[h]] [BK08,

Lemma 1.10].

The local model for a Frobenius-constant quantization of a symplectic variety of di-

mension 2n is the reduced Weyl algebra Ah in 2n variables, defined as follows: it is the

k [[h]]-algebra with generators x1, . . . , xn and y1, . . . , yn and relations

[xi, xj ] = [yi, yj ] = x
p
i = y

p
i = 0, [yi, xj ] = δijh

for all i and j. The restricted Weyl algebra is the unique Frobenius-constant quantization

of the Frobenius neighborhood

A0 = k[x1, . . . , xn, y1, . . . , yn]/(x
p
1, . . . , y

p
n)

with restricted structure given by the 1-form

η =
∑
i

yidxi.

Bezrukavnikov and Kaledin showed that a restricted symplectic variety is locally isomor-

phic to (SpecA0, η) × X ′ in the fpqc topology on X ′, and that every Frobenius-constant

quantization is in the same sense locally isomorphic to Ah [BK08, Theorem 3.4]. That is a

positive-characteristic version of Darboux’s theorem.
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The Frobenius neighborhood (SpecA0, η) may be thought of as a subscheme of the cotan-

gent bundle to Spec k[x1, . . . , xn]/(x
p
1, . . . , x

p
n). Our local model for a restricted Lagrangian

subvariety is then the zero section of this cotangent bundle, defined by the following ideal:

J = (h, y1, . . . , yn) ⊆ Ah. (2.2)

Now we may prove our local tubular neighborhood theorem.

Theorem 2.2.10. Let Y ⊆ X be a restricted Lagrangian subvariety, Oh be a Frobenius-

constant quantization of X, and I be the ideal of Y in Oh. If Ỹ ′ ⊆ X ′ [[h]] is a formal

deformation of Y ′ ⊆ X ′ which is trivial modulo hp, then fpqc locally on Ỹ ′, there are iso-

morphisms of restricted quantized algebras Oh|Ỹ ′
∼= Ah ⊗k[[h]] OỸ ′ taking I|Ỹ ′ to J ⊗OỸ ′.

Proof. Let m denote the maximal ideal of Ah. The strategy is first to put both Oh and

Y into Frobenius-local coordinates, then twist so that m maps into the maximal ideal of

the smaller Frobenius neighborhood. This is where the hypothesis on Ỹ ′ is used. Finally, a

semisimple-by-unipotent method takes the kernel of the projection Oh → OY to J .

Let B = k[z1, . . . , zn]/(z
p
1 , . . . , z

p
n) with maximal ideal n. We may view B as a k [[h]]-

algebra where h = 0. Then OY is locally isomorphic to B ⊗k OY ′ over Y ′ in the fpqc

topology. Since Y ′/k is smooth, the deformation Ỹ ′ is locally trivial, so we may take a

Zariski-open cover of Ỹ ′ which is the pullback along Spec k [[h]]→ Spec k of a Zariski cover

of Y ′. Refining this cover, we may find an fpqc cover U → Ỹ ′ such that Oh|U ∼= Ah⊗k[[h]]OU

and OY |U ∼= B ⊗k[[h]] OU . Further, since

Ỹ ′ ×Spec k[[h]] Spec k[h]/h
p ∼= Y [h]/hp,

we may assume that this holds for U also.
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Let SpecR be an affine open in U . The map Oh → OY induces a surjective map

ψ : Ah ⊗k[[h]] R→ B ⊗k[[h]] R,

and we wish to show that this may be twisted to a map with kernel J⊗k[[h]]R. Let ϵ : B → k

be the augmentation, and let

ai = (ϵ⊗ 1)ψ(xi),

bj = (ϵ⊗ 1)ψ(yj)

for 1 ≤ i, j ≤ n. These elements of R/hR satisfy a
p
i = b

p
j = 0 for all i and j. Since

R/hpR → R/hR has a section, there are lifts ãi, b̃j such that ã
p
i , b̃

p
j ∈ (hp) for all i and j.

Let R′ be an fppf R-algebra such that there are elements ci, dj ∈ R′ satisfying

hpc
p
i = ã

p
i ,

hpd
p
j = b̃

p
j .

There is an automorphism ϕ ∈ Aut(Ah)(R
′) given by

ϕ(xi) = xi − ai + hci,

ϕ(yj) = yj − bj + hdj .

The morphism ψ′ = ψϕ satisfies (ϵ ⊗ 1)(ψ′(xi)) = (ϵ ⊗ 1)(ψ′(yj)) = 0 for all i and j, and

hence takes mR′ into nR′ .

We may now assume R′ = R and ψ(mR) ⊆ nR. Since ψ is surjective, the induced

R-module map

mR/(h+m2
R)→ nR/n

2
R
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must be also. The kernel is a Lagrangian subspace of the symplectic vector bundle mR/(h+

m2
R) over SpecR. Hence Zariski locally on R there is a symplectic transformation taking

this map to the standard map, so that we may assume

xi 7→ zi + n2R,

yi 7→ 0 + n2R.

Since the zi generate B ⊗k[[h]] R as an algebra, it follows that the images of xi do also.

Hence we may write ψ(yi) = gi(ψ(x1), . . . , ψ(xn)) for some gi ∈ (t1, . . . , tn)
2R[t1, . . . , tn]. It

follows from the standard presentation of Ah that

kerψ = (h, y1 − g1(x1, . . . , xn), yn − gn(x1, . . . , xn)).

Let gi denote the reduction of gi modulo h, and consider

α =
n∑

i=1

gi(z1, . . . , zn)dzi ∈ Ω1
B/k ⊗k R/hR.

B is isomorphic to the k-subalgebra of Ah generated by the xi’s, so we may also embed it

into Ah. Since Y is coisotropic, α is closed. Since Y is restricted, kerψ is closed under the

restricted power. We show C(α) = 0 where C is the Cartier operator. Let L be Jacobson’s

Lie polynomial which measures the failure of the restricted operation to be additive. Then

(yi − gi(x1, . . . , xn))[p] = L(yi,−gi(x1, . . . , xn))

= −∂p−1xi gi(x1, . . . , xn)

which reduces modulo h to i∂xi
C(α). But kerψ intersected with the subalgebra generated

by {x1, . . . , xn} is (h), showing C(α) = 0.
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By the Cartier isomorphism for A0, we conclude that there exists f ∈ B ⊗k R/hR such

that α = df , which we may lift to f ∈ B ⊗k R ⊆ Ah ⊗k[[h]] R. As a polynomial in the xi’s,

f Poisson commutes with xi for all i, while by definition

{f, yi} − gi(x1, . . . , xn) ∈ (h).

Further, since gi ∈ (x1, . . . , xn)
2, we may choose f ∈ (x1, . . . , xn)

2 also. Hence conjugation

by e(f/h) for e the restricted exponential defines an automorphism of Ah⊗k[[h]]Rh sending

kerψ to (y1, . . . , yn, h).

2.3 The obstruction to quantization

Let Y ⊆ X be a restricted Lagrangian subvariety.

Definition 2.3.1. A quantization of a line bundle L on a Lagrangian subvariety Y ⊆ X is

an Oh-module Lh which is flat and complete over k [[h]] such that Lh/hLh is isomorphic to

the direct image of L.

Definition 2.3.2. The p-support of an Oh-module Lh is the support of Lh in SpecZ(Oh) =

X ′ [[h]].

Proposition 2.3.3. Let Lh be a quantization of a line bundle on a restricted Lagrangian

subvariety Y . Then the p-support of Lh is a formal deformation of Y ′ ⊆ X ′. Further, this

deformation is trivial modulo hp.

Proof. Since Lh is flat over k [[h]], its support is flat over k [[h]] also. Let I be the ideal of

Y in Oh. For a section f ′ of OX ′ , s(f ′)Lh ⊆ hLh if and only if s(f ′) ≡ (f ′)p mod h is

in I, which occurs if and only if f ′ is in the ideal of Y ′. Hence, the support is a formal

deformation of Y ′.
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Let f be a section of the ideal of Y in OX , and set f ′ = f ⊗ 1 in OX ′ . Lift f to a section

f̃ of Oh. Then s(f
′) ≡ f̃p−hp−1(f̃)[p] mod hp. Now f̃Lh ⊆ hLh, and since Y is restricted,

f̃ [p]Lh ⊆ hLh. We conclude that s(f ′)Lh ⊆ hpLh. Thus, the support modulo hp is exactly

Y ′[h]/hp, so the deformation is trivial modulo hp, as desired.

Example 2.3.4. The p-support of a quantization of a Lagrangian subvariety need not be

Lagrangian. Consider Y = A2 with coordinates x1 and x2, X = T ∗Y with dual coordinates

y1 and y2 to x1 and x2, and Oh = DY,h the crystalline differential operators on Y . Then the

module OY [[h]] with h-connection hd+hx
p
1x

p−1
2 dx2 is a quantization of OY . The p-support

is

Ỹ ′ = V (y
p
1, y

p
2 − h

p(x
p2

1 x
p(p−1)
2 − xp1)) ⊆ Spec k[x

p
1, x

p
2, y

p
1, y

p
2].

This subvariety is not coisotropic since {yp1, x
p2

1 x
p(p−1)
2 − xp1} is a unit.

From now on in this section, we fix a formal deformation Ỹ ′ of Y ′ ⊆ X ′ which is trivial

modulo hp, and analyze the existence of a quantization of Y with p-support Ỹ ′ locally on

Ỹ ′.

2.3.1 Local analysis of quantizations

Lemma 2.3.5. Let R be a flat k [[h]]-algebra and AR = Ah⊗k[[h]]R. There exists a left AR-

module MR, unique up to isomorphism, such that MR is flat over R and MR/hMR
∼= AR/J .

Further, the automorphisms of MR are exactly the units R× of R.

Proof. Existence is certified by the module MR = AR/AR(y1, . . . , yn). Now suppose that

NR is another such module. By Nakayama’s Lemma, NR is a free module of rank one over

R[x1, . . . , xn]/(x
p
1, . . . , x

p
n) ⊆ Ah. Call its generator 1N ; then

yi1N = hαi1N
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for unique αi ∈ R[x1, . . . , xn]/(x
p
1, . . . , x

p
n), as R is flat over k [[h]]. Set α =

∑
i αidxi. The

relations [yi, yj ] = 0 imply that α is a closed 1-form. For all f ∈ R[x1, . . . , xn]/(x
p
1, . . . , x

p
n),

yi(f1N ) = (h∂xi + hαi)(f)1N ,

so the relation y
p
i = 0 implies that

0 = (h∂xi + hαi)
p = hp

(
α
p
i + ∂

p−1
xi αi

)
= hpi∂′xi

(α′ − C(α)),

where C is the Cartier operator. Since this holds for all i, we conclude α′ = C(α), so α is

logarithmic. If α = dg/g, then the generator g−11N of NR is annihilated by yi for all i, and

hence sending 1M → g−11N defines an isomorphism Mh
∼= Nh.

Now suppose that φ :MR →MR is an automorphism. Set

φ(1) =
∑

β∈{0,...,p−1}n
cβx

β1
1 · · ·x

βn
n

for some cβ ∈ R. The relations yi · 1 = 0 imply hcββi = 0 for all i. Since R is flat over

k [[h]], we conclude that cβ = 0 for β ̸= 0, from which it follows that c0 ∈ R is a unit and

φ(m) = c0m for all m ∈MR.

2.3.2 Torsors and quantization

Theorem 2.2.10 shows that restricted Lagrangian subvarieties are locally homogeneous, and

quantizations are also locally homogeneous by Lemma 2.3.5. The question of whether Y

may be quantized will be converted into the question of whether a certain torsor lifts over a

central extension.

Definition 2.3.6. ˙
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� Let G be the group of automorphisms of the restricted quantized algebra Ah. It is an

affine group scheme over k [[h]].

� The torsor of quantized coordinates P is the G-torsor on X ′ [[h]] of local isomorphisms

of Oh with OX ′[[h]] ⊗k[[h]] Ah.

This torsor of quantized coordinates appears in [BK08, Lemma 4.3].

Remark 2.3.7. In [BK08], Bezrukavnikov and Kaledin work with the restriction of scalars of

G along k → k [[h]], which is sufficient for analyzing G-torsors over X ′ [[h]] associated to a

Frobenius-constant quantization. However, the p-support Ỹ ′ may be a nontrivial deformation

of Y ′; thus, we must work with schemes and torsors over k [[h]].

Definition 2.3.8. LetGJ ⊆ G be the fpqc sheaf of stabilizers of the ideal J = (h, y1, . . . , yn).

Remark 2.3.9. GJ is not representable by a scheme of finite type over k [[h]]. Since J(h−1) =

Ah(h
−1), the fiber of GJ over k ((h)) agrees with that of G, while the fiber over k [[h]] /(h)

is smaller in dimension. Nonetheless we may consider GJ -torsors.

Proposition 2.3.10. Let Y ⊆ X be a Lagrangian subvariety. If Y is restricted and Ỹ ′ is

the trivial deformation modulo hp, then the G-torsor P of quantized coordinates on X ′ [[h]]

restricts to a GJ torsor on Ỹ ′.

Proof. To show P reduces to a GJ -torsor, we must exhibit a section of P/GJ over Ỹ ′. Since

GJ = stab(J), a section of P/GJ is a subsheaf of Ah locally isomorphic to J . Thus, it

suffices to prove that the ideal IY ⊆ Oh|Ỹ ′ of Y is locally isomorphic to J . This is done by

our tubular neighborhood theorem, Theorem 2.2.10.

Denote by PJ the GJ -torsor on Ỹ
′ which is the restriction of P|

Ỹ ′ corresponding to the

restricted Lagrangian subvariety Y .

Recall from Lemma 2.3.5 that Ah/J has a unique quantizationMh = Ah/Ah(y1, . . . , yn).
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Definition 2.3.11. Let Aut(Ah,Mh) denote the k [[h]]-group scheme of restricted quantized

automorphisms of Ah equipped with a compatible automorphism of Mh.

There is an embedding Gm → Aut(Ah,Mh) sending r ∈ Gm(R) to the identity on AR

and multiplication by r on MR. There is also a natural map Aut(Ah,Mh) → G given by

forgetting the action on Mh. The image of Aut(Ah,Mh)→ G is contained in GJ since J is

the annihilator of Mh/hMh.

Proposition 2.3.12. If R is a flat k [[h]]-algebra, then GJ (R) is contained in the image of

Aut(Ah,Mh) under the map Aut(Ah,Mh)→ GJ .

Proof. Let Ã be the subalgebra of Ah(h
−1) generated over Ah by h−1J :

Ã = k [[h]] ⟨x1, . . . , xn, h−1y1, . . . , h−1yn⟩ ⊆ Ah(h
−1).

The algebra Ã is the Weyl algebra modulo the pth powers of its generators. It is an Azumaya

algebra. Since yi acts on Mh by h∂xi , the action of A on Mh extends to an action of Ã.

Under this action, Mh is a splitting bundle for Ã.

If R is a flat k [[h]]-algebra and φ ∈ GJ (R), setting φ̃(h−1yi) = h−1φ̃(yi) induces a

unique extension of φ to

φ̃ : Ã⊗k[[h]] R→ Ã⊗k[[h]] R.

By the Skolem-Noether theorem, the automorphism φ̃ is locally induced by an automor-

phism of Mh, which is compatible with φ by definition of φ̃. Hence φ lies in the image of

Aut(Ah,Mh).

By Proposition 2.3.12 and Lemma 2.3.5, the map

Aut(Ah,Mh)/Gm → GJ
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is an isomorphism on flat k [[h]]-algebra points. Since Ỹ ′ is flat over k [[h]], we may consider

PJ as a torsor over Aut(Ah,Mh)/Gm.

Definition 2.3.13. Let o
Ỹ ′,Oh

∈ H2(Ỹ ′,Gm) be the obstruction to lifting the torsor PJ to

a Aut(Ah,Mh)-torsor along

1→ Gm → Aut(Ah,Mh)→ Aut(Ah,Mh)/Gm → 1. (2.3)

Proof of Theorem 2.1.2. By Lemma 2.3.5, a quantization of a line bundle L on Y with p-

support Ỹ ′ will be locally isomorphic to Mh over Ỹ ′. Hence, a quantization of L induces a

lift of PJ to an Aut(Ah,Mh)-torsor of local isomorphisms with Mh. Conversely, given such

a lift P̃J to an Aut(Ah,Mh)-torsor, the associated bundle of Mh will be a quantization of a

line bundle on Y . Hence, the obstruction to the existence of a quantization of a line bundle

on Y with p-support Ỹ ′ is the same as the obstruction to the existence of a lift of PJ to an

Aut(Ah,Mh)-torsor, which is o
Ỹ ′,Oh

by definition.

Remark 2.3.14. The presence of the hypothesis of flat k [[h]]-algebras in this §2.3.2 is neces-

sary, as the local structure of deformations is more complicated in the presence of h-torsion.

In particular, if we consider a deformation of the p-support modulo hn+1, the associated

GJ -torsor is only guaranteed to locally lift to Aut(Ah,Mh) modulo hn−1. This corresponds

to the observation in [Bar+16, §6.3] that cohomology vanishing conditions up to degree n

only imply the existence of a deformation to order n− 1.

2.3.3 Comparison to the class of Bogdanova and Vologodsky

In this section, we analyze the obstruction o
Ỹ ′,Oh

in the case that Ỹ ′ = Y ′ [[h]] by com-

paring it with the extensions constructed by Bogdanova and Vologodsky in [BV20]. Their

motivation was as follows: inverting h in a Frobenius-constant quantization gives an Azu-

maya algebra Oh(h
−1) over X ′ ((h)). However, Oh is not Azumaya on X ′ [[h]]. Bogdanova
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and Vologodsky show that a correction by a certain reduction of differential operators on X

extends to an Azumaya algebra on X ′ [[h]] [BV20, Theorem 1]. We recall their construction

below.

Let A♭
h be the reduced Weyl algebra on 4n variables xi, yi, ∂xi , ∂yi , where xi is dual to

∂xi and yi is dual to ∂yi . We have a canonical inclusion A0 → A♭
h which sends xi 7→ xi

and yi 7→ yi. We also have a map Derk(A0) → A♭
h which sends ∂/∂xi to ∂xi and ∂/∂yi to

∂yi . These inclusions make A♭
h a quotient of crystalline differential operators DA0/k,h

→ A♭
h,

with kernel generated by (∂
p
x1 , . . . , ∂

p
yn), cutting out the zero section of the Frobenius-twisted

cotangent bundle of A0.

Definition 2.3.15. Let G♭ denote the group of restricted quantized automorphisms of A♭
h.

Let G♭ denote the restriction of scalars of G♭ along k → k [[h]], and G the restriction of

scalars of G along k → k [[h]].

The quotient DA0/k,h
→ A♭

h induces a map ψcan : G→ G♭. Concretely, ψcan(g) acts on

A0 = Ah/hAh by the reduction of g mod h, while it acts on Derk(A0) by the induced action

on derivations. We may also view A♭
h as the central reduction of crystalline differential

operators along the graph of η =
∑

i yidxi, inducing a different G-action ψ : G → G♭.

Concretely, ψ(g) = φg∗η−η ◦ ψcan(g), where for an exact 1-form α, φα(f) = f for f ∈ A0

and φα(∂) = ∂ + α(∂) for ∂ ∈ Derk(A0). See [BV20, (3.3)].

Remark 2.3.16. The maps ψcan and ψ are defined over k, not k [[h]], and are not induced by

morphisms G→ G♭ over k [[h]].

Definition 2.3.17. Let J♭ = (h, y1, . . . , yn, ∂x1 , . . . , ∂xn) ⊆ A♭
h.

Let GJ denote the stabilizer of the ideal J = (h, y1, . . . , yn) in G.

Remark 2.3.18. Although GJ is not representable by a scheme over k [[h]], its restriction of

scalars GJ is a k-subscheme of G.

Lemma 2.3.19. The ideal J♭ is stable under ψcan(GJ ) and ψ(GJ ).
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Proof. It is clear that ψcan(GJ ) and ψ(Gj) preserve A
♭
hJ . The normalizer N(J) ⊆ Derk(A0)

of J satisfies

N(J) = A0{∂x1 , . . . , ∂xn}+ J ·Derk(A0),

since if ∂ =
∑

i fi∂xi+gi∂yi normalizes J , then ∂(yi) = gi ∈ J . HenceGJ takes {∂x1 , . . . , ∂xn}

into N(J) ⊆ J♭, and thus J♭ is stable under ψcan(GJ ). Finally, we compute that η(∂xi) =

yi ∈ J for all i, and hence for any automorphism g in GJ , g
∗η(∂xi) ∈ J also. Thus, J♭ is

stable under ψ(GJ ).

Lemma 2.3.5 shows that A♭
h/J

♭ has a unique quantization M ♭
h. It is a splitting bundle

for the subalgebra A♭
h⟨h
−1J♭⟩ ⊆ A♭

h(h
−1) generated over A♭

h by h−1J♭, as in Proposition

2.3.12. Indeed, Proposition 2.3.12 shows that we have an exact sequence

1→ L+Gm → Res
k[[h]]
k Aut(A♭

h,M
♭
h)→ G♭

J♭ → 1, (2.4)

where here and below Res denotes restriction of scalars. Pulling back along ψ : GJ → G♭
J♭

yields another extension of GJ .

Let LGm and L+Gm be the restriction of scalars of Gm to k along k → k ((h)) and

k → k [[h]], respectively. Since Mh(h
−1) is a splitting bundle for the Azumaya algebra

Ah(h
−1), we have an extension

1→ LGm → Res
k((h))
k GL(Mh(h

−1))×
Res

k((h))
k Aut(Ah(h−1))

G→ G→ 1, (2.5)

and similarly for A♭
h. The main theorem of Bogdanova and Vologodsky is that there is a

lattice Λ ⊆ Hom(M ♭
h,Mh)(h

−1) such that End(Λ) is stable under the action of G [BV20,

§3.3]. While they use an arbitrary splitting bundle for A♭
h to construct such a lattice, we

specifically use M ♭
h associated to J♭ to facilitate the comparison with the obstruction to

quantizing a line bundle on Y .
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Definition 2.3.20. The Bogdanova-Vologodsky class [O♯
h] ∈ H

2
ét(X

′, L+Gm) is the Brauer

class of the Azumaya algebra End(Λ) ×G P , the associated bundle of End(Λ) along the

torsor of quantized coordinates P .

Remark 2.3.21. Bogdanova and Vologodsky only showed that there exists an algebra O♯
h

satisfying certain properties. However, Lemma 2.3.23 shows that there is a unique reduction

of (2.5) to L+Gm, so that the Azumaya algebra End(Λ) on the classifying stack BG is

unique up to Morita equivalence. Hence it makes sense to speak of the class of [O♯
h].

We now have three extensions ofGJ by L+Gm associated toMh,M
♭
h, andHom(M ♭

h,Mh),

as well as the extension of G by L+Gm associated to Λ. Proposition 2.3.22 and Lemma 2.3.23

below allow us to compare the obstructions to lifting a GJ -torsor along those extensions.

We need terminology for the statement of Proposition 2.3.22. Given a free k [[h]]-module

of finite rank V , let L+GL(V ) and L+PGL(V ) denote the restriction of scalars of GL(V )

and PGL(V ) along k → k [[h]].

Proposition 2.3.22. Let H/k be a group scheme. Given a homomorphism H → L+PGL(V )

for V a k [[h]]-module of finite rank, let [V ] denote the class of the extension

1→ L+Gm → L+GL(V )×L+PGL(V ) G→ G→ 1.

Given such homomorphisms H → L+PGL(Vi) for i = 1, 2,

1. [V ∗1 ] = [V1]
−1;

2. [V1 ⊗k[[h]] V2] = [V1][V2];

3. [Homk[[h]](V1, V2)] = [V1]
−1[V2].

We can apply this proposition to the projective representation [Mh] from (2.3), along

with the corresponding representation [M ♭
h] pulled back via ψ.
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Bogdanova and Vologodsky prove the existence of a reduction of (2.5) from LGm to

L+Gm. The following Lemma shows such reductions are unique:

Lemma 2.3.23. Let H be an affine group scheme over k. Let

1→ LGm → K̃ → H → 1

be a central extension of H by LGm. If this extension reduces to an extension by L+Gm,

then that reduction is unique.

Proof. Suppose that 1 → L+Gm → Ki → H → 1 are two such reductions for i = 1, 2. We

have an isomorphism φ : K1 ×L+Gm
LGm → K2 ×L+Gm

LGm over H. Then φ restricts to

an isomorphism K1 → K2 over H if and only if the subquotient map

φ : H = K1/L
+Gm → LGm/L

+Gm = GrGm

is trivial. However, every group homomorphism from the affine group scheme H to GrGm
is

trivial, by [BV20, Corollary 6.3].

Proof of Theorem 2.1.3. Let o♭Y and o# denote the obstructions to lifting PJ to a torsor over

the extensions of GJ associated to [M ♭
h] and [Hom(M ♭

h,Mh)], respectively. By Proposition

2.3.22,

oY ′[[h]],Oh
= o# · o♭Y .

Now Λ and Hom(M ♭
h,Mh) are both lattices in Hom(M ♭

h,Mh)(h
−1) whose endomorphisms

are stable under GJ . Lemma 2.3.23 implies that the associated group extensions are iso-

morphic, and thus o# is the obstruction to lifting PJ to a torsor over GL(Λ)×PGL(Λ) GJ .

Since End(Λ) is also G-stable, this obstruction is the restriction of the obstruction to lifting

the full torsor of quantized coordaintes P to a torsor over GL(Λ)×PGL(Λ)G, which is [O♯
h].
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Hence

o# = [O♯
h]|Y ′ .

Now o♭Y is the obstruction for the torsor PJ to admit a lift along the pullback of

1→ L+Gm → Res
k[[h]]
k Aut(A♭

h,M
♭
h)→ G♭

J♭

via ψ : GJ → G♭
J♭ . This torsor has a lift if and only if there is a module over DX,[η],h|Y ′[[h]]

which is locally isomorphic to

M ♭
h = A♭

h/A
♭
h(y1, . . . , yn, ∂x1 , . . . , ∂xn).

Since Y is restricted, [η]|Y = 0, so DX,[η],h|Y ′ = DX,0,h|Y ′ , and the desired module is

DX,0,h|Y ′/DX,0,h|Y ′(IY + TY ). Thus, o
♭
Y = 1.

2.4 Restricted Chern classes

In characteristic zero, given that a quantization of a Lagrangian subvariety Y exists, a

particular line bundle L on Y admits a quantization if and only if the Atiyah class of L

satisfies a certain equation. For instance, if the quantization is self-dual, this equation states

that L⊗−2 ⊗KY admits a flat algebraic connection [Bar+16].

In positive characteristic, flat connections admit a nontrivial invariant, their p-curvature.

The positive-characteristic version of the Atiyah class is the obstruction to the existence of

a flat connection with p-curvature zero. This will allow us to classify which line bundles on

Y admit quantizations.
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2.4.1 Restricted Atiyah algebras

Lie algebroids were introduced by Rinehart in [Rin63]. Below, we define what it means for

a Lie algebroid to have a restricted structure.

Definition 2.4.1. Let Z/k be a smooth variety over a field k of positive characteristic. A

restricted Lie algebroid on Z is a Lie algebroid τ : A → TZ , locally free as an OZ -module,

equipped with a restricted operation x 7→ x[p] such that:

1. −[p] makes A into a restricted Lie algebra, and the anchor map is a restricted Lie

homomorphism.

2. for f a section of OZ and x a section of A,

(fx)[p] = fpx[p] + (τ(fx))p−1(f)x.

The definition is essentially due to Hochschild, who considered such algebroids in con-

nection with the Galois theory of inseparable extensions [Hoc55]. See also [Rum00, §3.1].

Definition 2.4.2. A restricted Atiyah algebra on Z is a restricted Lie algebroid on Z of the

form

0→ OZ → A→ TZ → 0

such that [x, f ] = τ(x)(f) for all sections f of OZ and x of TZ , and for every local section

f of OZ , f
[p] = fp.

Example 2.4.3. If L is a line bundle on Z, then Diff≤1(L), the sheaf of differential

operators on L of order at most one, is a restricted Atiyah algebra on Z with p-operation

x[p] = xp as an operator on L. The key identity for restricted Lie algebroids is satisfied

because of Hochschild’s identity [Hoc55, Lemma 1].
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Local splittings of the anchor map A → TZ are called connections on A. In the case

when A = Diff≤1(L), these are equivalent to connections on L. In the algebraic category

in characteristic zero, it may be that every connection on an Atiyah algebra has nonzero

curvature. However, restricted Atiyah algebras in positive characteristic enjoy the special

property that there are always local connections with zero curvature. This is the content of

Lemma 2.4.4 below.

Lemma 2.4.4. If A is a restricted Atiyah algebra on Z, then the anchor map τ : A → TZ

is locally split as a map of Lie algebras.

Proof. The question is local, so we may assume that there is a OZ -linear section σ : TZ → A

of the anchor map τ . Let β ∈ Ω2
Z be the curvature of this splitting, that is,

β(x, y) = [σx, σy]− σ[x, y].

Sections are a torsor over Ω1
Z , and the curvature of the splitting σ + α for α a 1-form is

β + dα. Hence, we wish to show that β is locally exact. The Jacobi identity for A shows

that dβ = 0. Now we compute the image C(β) of β under the Cartier operator. By Lemma

2.2.6, the Cartier operator satisfies

C(i
[p]
x β) = ix′C(β)

for all vector fields x. For any 1-form α and vector fields x and y, we have by induction

(Lixα)(y) =
i∑

j=0

(−1)j
(
i

j

)
xi−jα(adjx(y)),
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and thus by definition of β,

(L
p−1
x ixβ)(y) =

p−1∑
j=0

xp−1−jβ(x, adjx(y))

=

p−1∑
j=0

adp−1−jσ(x)
(
[σx, σ(adjx(y))]− σ[x, adjx(y)]

)

=

p−1∑
j=0

adp−jσ(x)(σ(adjx(y)))− adp−j−1σ(x)(σ(adj+1x(y)))

= [σ(x)[p], σy]− σ([x[p], y]).

Hence

i
[p]
x β(y) = [σ(x[p]), σ(y)]− σ[x[p], y]− [σ(x)[p], σ(y)] + σ[x[p], y]

= [σ(x[p])− σ(x)[p], σy].

Since τ is a map of restricted Lie algebras,

τ(σ(x[p])− σ(x)[p]) = 0,

so that σ(x[p])− σ(x)[p] is a section of OZ . Hence i
[p]
x β is exact with primitive −(σ(x[p])−

σ(x)[p]), so ixC(β) = 0. As x was arbitrary, C(β) = 0, so by the Cartier isomorphism, β is

locally exact.

While restricted Atiyah algebras have local integrable connections, these connections

may have nonzero p-curvature. The classification of restricted Atiyah algebras comes down

to taking p-curvature into account.

Theorem 2.4.5. Let Z/k be a smooth variety and C be the Cartier operator. Let AtZ be
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the complex

AtZ =

{
Ω1
Z,cl

α 7→ α′ − C(α)
- Ω1

Z ′

}
.

Then restricted Atiyah algebras on Z up to isomorphism are in bijection with H1(Z,AtZ).

Proof. We describe how to send a restricted Atiyah algebra A to a class [A] ∈ H1(AtZ).

The anchor map τ : A → TZ is locally split as a map of Lie algebras. Let {Ui} be a Zariski

open cover with splittings σi of τ over Ui, and let αij = σi − σj ∈ Ω1
Uij

. Since the maps σi

respect the bracket, dαij = 0.

For all local vector fields x, σi(x)
[p]−σi(x[p]) is central. Hence there exists γi ∈ Ω1

Ui
such

that

γi(x)
p = σi(x)

[p] − σi(x[p]).

The form γi determines the restricted structure of A over Ui, and must satisfy the compat-

ibility

(γi − γj)p(x) = σi(x)
[p] − σj(x)[p] − σi(x[p]) + σj(x

[p])

= (σj(x) + αij(x))
[p] − σj(x)[p] − αij(x[p])

= αij(x)
p + xp−1αij(x)− αij(x[p]),

which is equivalent to γi − γj = α′ij −C(αij). This shows that {αij , γi} is a Čech 1-cocycle

for AtZ and thus defines a class in H1(AtZ). A refinement of the cover or a change of

splittings does not change the class, and thus there is a well-defined class [A] ∈ H1(AtZ).

The class [A] is exactly the obstruction to the existence of a global splitting σ : TZ → A

respecting the restricted structure, and hence the map sending an Atiyah algebra A to [A]

is injective. The map is surjective since the data of a Čech class {αij , γi} allows the Atiyah

algebras OUi
⊕ TUi

with restricted operation

(f, x)[p] = (fp + γi(x)
p, x[p])
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to be glued to a restricted Atiyah algebra on Z.

Remark 2.4.6. Theorem 2.4.5 is similar to the main theorem of [Hoc54], where restricted

extensions of restricted Lie algebras are classified as the ordinary Lie algebra extensions

on which a certain Cartier-type invariant vanishes. This Cartier-type invariant is exactly

the d2-differential in the Friedlander-Parshall spectral sequence relating non-restricted to

restricted Lie algebra cohomology [FP86].

Remark 2.4.7. Atiyah algebras without restricted structure are classified by H1 of the com-

plex Ω≥1Z = (Ω1
Z → Ω2

Z → · · · ). This is well-known in characteristic zero [BB93, Lemma

2.1.6]. The natural maps

AtZ → Ω1
Z → Ω≥1Z

induce a map H1(Atz)→ H1(Ω≥1Z ) which corresponds to forgetting the restricted structure.

For smooth Z/k, there is a well-known exact sequence of étale sheaves

1→ O×
Z ′ - O×Z

dlog
- Ω1

Z,cl
α 7→ α′ − C(α)

- Ω1
Z ′ → 0,

cf. [Mil80, Proposition 4.14]. The sequence shows that AtZ is quasiisomorphic in étale topol-

ogy to the sheaf of logarithmic forms Ω1
Z,log. Taking étale cohomology yields the sequence

· · · → Pic(Z ′)→ Pic(Z)→ H1(AtZ)→ H2
ét(Z

′,Gm)→ H2
ét(Z,Gm)→ · · · (2.6)

The map Pic(Z)→ H1(AtZ) is induced by sending a line bundle L to [Diff≤1(L)].

Remark 2.4.8. The sequence (2.6) shows that Brauer classes on Z ′ which split over the

relative Frobenius Z → Z ′ are in bijection with H1(AtZ)/P ic(Z), that is, restricted Atiyah

algebras modulo those of the form Diff≤1(L) for L ∈ Pic(Z). This is analogous to the

main theorem of [Hoc55], where Z replaces a height 1 inseparable extension L/k. In that

case, Pic(L) is trivial.
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Definition 2.4.9. The map Pic(Z)→ H1(AtZ) sending L 7→ [Diff≤1(L)] is the restricted

Chern class cr : Pic(Z)→ H1(AtZ).

2.4.2 Atiyah algebras and quantizations

In characteristic zero, there is an Atiyah algebra associated to a quantization and a La-

grangian subvariety which controls the Chern class of quantizable line bundles [Bar+16,

§5.3]. In the case when Y ⊆ X is restricted in positive characteristic, we will construct a

restricted Atiyah algebra.

Proposition 2.4.10. Let I ⊆ Oh be the preimage under Oh → OX of the ideal of a restricted

Lagrangian subvariety Y . Then I/I2 is a restricted Atiyah algebra on OY .

Proof. Recall J = (h, y1, . . . , yn) ⊆ Ah. There is a short exact sequence of GJ -modules

0→ Ah/J → J/J2 → J/(h+ J2)→ 0,

where the first arrow is multiplying by h. By Proposition 2.3.10, if Y ⊆ X is restricted

Lagrangian, then the G-torsor of quantized coordinates restricts to a GJ -torsor over Ỹ
′ =

Y ′ [[h]] such that the associated bundle of the GJ -representation J is I. Hence we have a

short exact sequence of sheaves

0→ OY → I/I2 → I/(h+ I2)→ 0.

As OX = Oh/hOh, the sheaf I/(h+I
2) is the conormal bundle of Y in X, which is identified

under the symplectic form with the tangent bundle of Y . The induced map τ : I/I2 → TY

is τ : f 7→ Hf , and makes I/I2 into a Lie algebroid under the Poisson bracket.

Now we show that the restricted operation −[p] descends to an operation on I/I2. Let

Q(x, y) be the free quantized algebra on x and y. This is the Rees algebra of the tensor
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algebra T (x, y) with respect to the PBW filtration from the free Lie algebra on x and y.

It is homogeneous with respect to three different gradings: the grading where |h| = 1 and

|ℓ| = 1 for any ℓ in the free Lie algebra on x and y, grading with respect to x, and grading

with respect to y.

By [BK08, §1.2], there is P (x, y) ∈ Q(x, y) defined by

hp−1P (x, y) = (xy)p − xpyp.

Its main property is that for x and y in any Frobenius-constant quantization,

(xy)[p] = xpy[p] + x[p]yp − hp−1x[p]y[p] + P (x, y).

With respect to our three gradings, P has degree (p+ 1, p, p).

By the PBW theorem, Q(x, y) has a homogeneous k-basis where every element is of the

form hkℓ1 · · · ℓm where ℓj are Lie monomials in x and y. Hence we may express P as a sum

of such monomials where each monomial is of degree (p+ 1, p, p). But every such monomial

is either h{x, y}p or contains hx, hy, or both x and y as factors. Since I is two-sided and

{I, I}+ I [p] ⊆ I, we conclude that if a, b ∈ I, then

(ab)[p] = apb[p] + a[p]bp − hp−1a[p]b[p] + P (a, b) ∈ I2.

Hence I2 is stable under the restricted operation. Then for a ∈ I and b ∈ I2,

(a+ b)[p] = a[p] + b[p] + L(a, b)

where L is Jacobson’s Lie polynomial, so since I2 ⊆ I is a Lie ideal, we conclude that −[p]

descends to I/I2, making I/I2 into a restricted Lie algebra. Since H
[p]
f = Hf [p] for all

f ∈ OX , the anchor map τ : I/I2 → TY respects the restricted structure.
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Now we check the second axiom of restricted Lie algebroids. For f a section of Oh and

x a section of I,

(fx)[p] = fpx[p] + f [p]xp − hp−1f [p]x[p] + P (x, y).

For x ∈ I, xp and hp−1Oh are both contained in I2.

Now we must use Hochschild’s identity on products of the form (yx)p. Let T be the

tensor algebra on x and y, and R = ([adixy, ad
j
xy] | i, j ≥ 0). Then the subalgebra of T/R

generated by adixy for i ≥ 0 is commutative, and so Hochschild’s identity [Hoc55, Lemma 1]

shows that

(yx)p − ypxp = ad
p−1
yx (y)x ∈ T/R.

Upon taking the Rees algebra, and taking R′ = ({adixy, ad
j
xy} | i, j ≥ 0), we obtain

P (x, y)− adp−1yx (y)x ∈ R′, (2.7)

where now ad is the adjoint action of the Poisson bracket. But (2.7) is homogeneous of degree

(p+1, p, p). As R′ is a monomial ideal, there must be an expression for P (x, y)− adp−1yx (y)x

where each monomial is a multiple of {adixy, ad
j
xy} for some i, j ≥ 0. But for such a monomial

to have total degree p + 1 and y-degree p, it must have two terms with y-degree zero, and

thus contains h2, hx, or two copies of x.

Thus, if x ∈ I, then P (f, x)− adp−1fx (f)x ∈ I2. Hence for x ∈ I/I2 and f ∈ OY ,

(fx)[p] = fpx[p] + ad
p−1
fx (f)x

in I/I2, as desired.

For f ∈ Oh, (hf)
[p] = hfp, so I/I2 obeys the final axiom of restricted Atiyah algebras.

We now aim to compute the Atiyah class of I/I2. The algebroid I/I2 depends only on
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the first-order restricted quantization Oh/h
2Oh, and so we expect that it can be expressed

in terms of the first-order data of Oh. We recall Bezrukavnikov and Kaledin’s classification

of first-order restricted quantizations.

Proposition 2.4.11. [BK08, Proposition 1.19] First-order restricted quantizations of X are

a torsor over H1(X ′,Ω1
X,log). There is a canonical basepoint for this torsor, the first-order

quantization Oh such that Oh
∼= Oop

−h, inducing a bijection

ρ : {first-order restricted quantizations over OX} → H1
ét(X

′,Ω1
X,log). (2.8)

See [BV20, §2.6] for another description of this classifying map ρ. In characteristic zero,

this canonical basepoint is known as the canonical quantization [BK04a, Definition 1.9].

The following lemma identifies the class of the dual restricted Atiyah algebra, which will

be used to calculate [I/I2].

Lemma 2.4.12. Given a restricted Atiyah algebra A on Z, the opposite Atiyah algebra Aop

is restricted with the same p-operation. Further,

[A] + [Aop] = cr(KZ),

where KZ is the canonical bundle.

Proof. The operation a 7→ a[p] is a restricted Lie operation for the opposite Lie algebra, and

the anchor map τop = −τ : Aop → TZ is compatible with the operation: for a a local section

of A,

τop(a[p]) = −τ(a)[p] = (−τ(a))[p] = τop(a)[p].

The compatibility of opposite scalar multiplication and a 7→ a[p] follows from Hochschild’s
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identity. Compute in A: for f a local section of OZ and a a local section of A,

(af)[p] − a[p]fp = (fa+ τa(f))[p] − a[p]fp

= (fa)[p] − fpa[p] + (τa(f))p + (fτa)p−1(τa(f))

= (fτa)p−1(f)a+ (τa(f))p + (fτa)p−1(τa(f)),

whereas Hochschild’s identity in the ring of differential operators gives

a(fτa)p−1(f) = (fτa)p−1(f)a+ τa(fτa)p−1(f)

= (fτa)p−1(f)a+ (τaf)p(1)

= (fτa)p−1(f)a+ (fτa+ τa(f))p(1)

= (fτa)p−1(f)a+ (τa(f))p + (fτa)p−1(τa(f)).

Comparing our two equations shows that Aop is a restricted Lie algebroid. Now the proof is

the same as for Atiyah algebras in characteristic zero; see [BB93, §2.4.1].

Lemma 2.4.13. Let Y ⊆ X be a restricted Lagrangian subvariety and I be the ideal of Y

in Oh. Then in H1(AtY ) = H1
ét(Ω

1
Y,log),

[I/I2] = ρ(Oh)|Y +
1

2
cr(KY ),

where ρ is the classifying map (2.8).

Proof. Suppose first that Oh/h
2 is a self-dual first-order quantization. Let α : Oh/h

2 →

Oop
−h/h

2 be the duality isomorphism. Since α ≡ id mod h, the following diagram induced
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by α commutes:

0 - OY
h
- (I/I2)op

τop = −τ
- TY - 0

0 - OY

id

? h
- I/I2

−α
?

τ
- Ty

id

?
- 0

.

Since α is an isomorphism of Poisson structures, −α takes the Lie bracket on (I/I2)op to

the bracket on I/I2. We conclude that [I/I2] = [(I/I2)op], which by Lemma 2.4.12 shows

that [I/I2] = 1
2cr(KY ).

In general, H1
ét(Ω

1
X,log) acts on first-order quantizations via ρ as in (2.8), and acts on

H1
ét(Ω

1
Y,log) = H1(AtY ) via restriction along Y → X. These actions are compatible: twisting

by a étale Čech cocycle {αi} of logarithmic forms induces local automorphisms f 7→ f +

hαi(Hf ) of Oh/h
2, which induces automorphisms by the same formula on I/I2. This proves

the formula.

Now we can classify the restricted Chern classes of quantizable line bundles on Y . Recall

that infinitesimal deformations of an R-subscheme W ⊆ Z along a square-zero extension

0 → I → R′ → R → 0 are a torsor over H0(W,NZ/W ⊗R I). Now suppose Ỹ ′ is a formal

deformation of Y ′ ⊆ X ′ which is trivial modulo hp. Then deformations of Ỹ ′/hp = Y ′[h]/hp

to order hp have a canonical basepoint: the trivial deformation Y ′[h]/hp+1. Hence, it makes

sense to canonically associate a normal field θ ∈ H0(Y ′, NY ′/X ′) to the deformation Ỹ ′/hp+1

of Ỹ ′/hp = Y ′[h]/hp.

Theorem 2.4.14. Suppose Y ⊆ X is a restricted Lagrangian subvariety and Ỹ ′ is a formal

deformation of Y ′ ⊆ X ′ which is trivial modulo hp. Let θ ∈ H0(Y ′, NY ′/X ′) be the normal

field defining the infinitesimal deformation Ỹ ′/hp+1 of the subscheme Ỹ ′/hp = Y ′[h]/hp of

X ′[h]/hp.
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If L is a line bundle on Y admitting a quantization with p-support Ỹ ′, then

cr(L) = ρ(Oh)|Y +
1

2
cr(KY )− [iθω

′], (2.9)

where KY is the canonical bundle on Y and [iθω
′] is the Atiyah class on Y corresponding to

the 1-form iθω
′ on Y ′.

Conversely, if such a quantization exists and the restriction Pic(Ỹ ′)→ Pic(Y ′) is onto,

then every line bundle L on Y satisfying (2.9) admits a quantization.

Proof. Suppose L admits a quantization Lh. Let I be the preimage of the ideal of Y in

Oh. The map φ : I/I2 → Diff≤1(L) defined by a 7→ h−1a : Lh/h → Lh/h is a map of

nonrestricted Lie algebras: h−1a is a differential operator of order at most one, with principal

symbol τ(a) = Ha since [h−1a, f ] = {a, f} for f a local section of OY .

Let us compute φ(a)[p] − φ(a[p]). We have φ(a)[p] = (h−1a)p = h−pap, while φ(a[p]) =

h−1a[p]. Hence for a ∈ I/I2,

φ(a)[p] − φ(a[p]) = h−pap − h−1a[p] = h−ps(a),

where s is the splitting map of the Frobenius-constant quantization, by (2.1). By definition

of θ, the action of s(a) on Lh/hp+1 is exactly hpθ(s(a)). Thus φ is not a map of restricted

Lie algebroids.

Let A be the Atiyah algebra Diff≤1(L)+ [iθω
′]. It is the same underlying Lie algebroid

as Diff≤1(L), but with p-operation x[p]A = x[p] + i(τx)′iθω
′. Let φθ : I/I2 → A be the

map a 7→ h−1a as above. Then

(φθ(a))[p] = h−pap + iH ′
a
iθω
′ = h−pap − iθds(a) = h−pap − θ(s(a)),
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which shows that φθ is a map of restricted Atiyah algebras. Hence by Lemma 2.4.13,

cr(L) = [I/I2]− [iθω
′] = ρ(Oh)|Y +

1

2
cr(KY )− [iθω

′].

Since quantizations of Y with p-support Ỹ ′ are equivalent to lifts of theGJ -torsor PJ to a

Aut(Ah,Mh)-torsor, quantizations of Y are a torsor overH1(Ỹ ′,Gm) = Pic(Ỹ ′). Concretely,

the action by F ∈ Pic(Ỹ ′) is

F : Lh 7→ F ⊗O
Ỹ ′
Lh.

If Pic(Ỹ ′)→ Pic(Y ′) is onto, then the line bundles L ∈ Pic(Y ) admitting quantizations are

closed under the action of Pic(Y ′). By Cartier descent (which is encoded in the sequence

(2.6)), the difference of two line bundles descends to Y ′ if and only if the difference carries a

flat connection with zero p-curvature, that is, the restricted Chern class of the two bundles

are equal. If a quantization of a line bundle on Y with p-support Ỹ ′ exists, it follows that

L ∈ Pic(Y ) may be quantized if and only if its restricted Chern class satisfies (2.9).

2.5 Morita equivalence of quantizations

We give a criterion for Morita equivalence of Frobenius-constant quantizations. After in-

verting h, a Frobenius-constant quantization becomes an Azumaya algebra, and thus Morita

equivalence is determined by a Brauer class. Surprisingly, a Brauer class also controls Morita

equivalence across h = 0. This application of the main result is inspired by forthcoming

work on categorical quantization in positive characteristic by E. Bogdanova, D. Kubrak, R.

Travkin, and V. Vologodsky.

Let (X, [η]) be a restricted symplectic variety as above. The symplectic form ω satisfies

d[η] = ω. Then the symplectic variety X− = (X,−ω) is also restricted, as −ω = d[−η]. We

will give X− this restricted structure.

Lemma 2.5.1. The diagonal ∆X ⊆ X− ×X is a restricted Lagrangian subvariety.
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Proof. The restricted structure on X− ×X is given by the class

1⊗ [η]− [η]⊗ 1 ∈ H1(Ω≤1),

which evidently restricts to zero on ∆X .

Now suppose O1
h and O2

h are two Frobenius-constant quantizations of X. Then (O1
h)

op

with the same Frobenius splitting map is a quantization of X−, for the restricted structure

agrees with [−η] by Theorem 2.2.4.

Lemma 2.5.2. For Oh a Frobenius-constant quantization of X, the Bogdanova-Vologodsky

class of the quantization Oop
h of X− is [O♯

h]
−1.

Proof. Apply the canonical identification End(V )op = End(V ∗) for a vector space V through-

out Bogdanova and Vologodsky’s construction of O♯
h, and apply Proposition 2.3.22.

Theorem 2.5.3. Let O1
h and O2

h be two Frobenius-constant quantizations of a restricted

symplectic variety X. If

[(O1
h)

♯] = [(O2
h)

♯],

then O1
h and O2

h are Morita equivalent over their centers.

Proof. Consider the diagonal ∆X ⊆ X− ×X. It is restricted Lagrangian by Lemma 2.5.1.

The algebra (O1
h)

op⊗k[[h]]O2
h is a Frobenius-constant quantization of X−×X. The hypoth-

esis implies

[(O2
h)

♯]−1 ⊗ [(O1
h)

♯]

restricts to zero on ∆X ′ [[h]] ⊆ (X ′ ×X ′) [[h]]. By Theorems 2.1.2 and 2.1.3, there is a line

bundle L on ∆X admitting a quantization to Lh over (O1
h)

op⊗O2
h. Then Lh is the bimodule

inducing a Morita equivalence between O1
h and O2

h.
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Remark 2.5.4. If f : (X1, [η1])→ (X2, [η2]) is a symplectomorphism such that f∗[η2] = [η1],

then the graph Γf ⊆ X−1 × X2 is also restricted. By replacing ∆ with Γf , Theorem 2.5.3

generalizes to show that if O1
h and O2

h are Frobenius-constant quantizations of X1 and X2

and f∗[(O2
h)

♯] = [(O1
h)

♯], then f∗O2
h is Morita equivalent to O1

h.
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CHAPTER 3

HOCHSCHILD COHOMOLOGY OF DIFFERENTIAL

OPERATORS

3.1 Introduction

Algebras of polynomial differential operators are objects used throughout mathematics, sit-

ting at the interface of analysis, geometry, topology, and algebra. Over a field of characteristic

zero, the algebra of differential operators DX on a variety X consists of operators locally

of the form
∑

I fI
∂i1

∂i1x1
· · · ∂in

∂inxn
where x1, . . . , xn are local coordinates and fI are regular

functions on X. One can also consider differential operators over a field of positive char-

acteristic; then the definition must be modified to account for the identity (d/dx)pxn = 0

in characteristic p. In this paper, we study differential operators with divided powers, for-

mulated by Grothendieck in connection with crystalline cohomology. This algebra includes

operators such as (p!)−1(d/dx)p. Precise definitions are given in §3.2.1 below.

Hochschild cohomology is a fundamental invariant of associative algebra A. As a ring,

the Hochschild cohomology HH∗(A) coincides with self-extensions of the A-bimodule A.

Gerstenhaber showed that the bar complex of the A-bimodule A controls deformations of

the product on A [Ger64]. Since then, Hochschild cohomology has attracted considerable

interest due to its connection to deformations.

In this note, we prove:

Theorem (see Theorem 3.4.4). Let k be a field of postitive characteristic, X a smooth variety

over k, and DX the ring of differential operators on X. Then there are short exact sequences

0→ R1 lim←−
r
Hm−1(X,OX)(r) → HHm(DX)→ lim←−

r
Hm(X,OX)(r) → 0

for all m ≥ 0, where the inverse limit is taken over the sequence of relative Frobenius maps
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Fr : H∗(X,OX)(r+1) → H∗(X,OX)(r).

We also consider the cup product structure on HH∗(DX) in §3.6. There it is shown that

the map HH∗(DX)→ lim←−r
Hm(X,O(r)

X ) is a map of graded rings.

Over the field C of complex numbers, it follows from work of Wodzicki that HH∗(DX) ∼=

H∗dR(X/C) for smooth affine X [Wod87]. In fact, in loc cit. Wodzicki calculates the

Hochschild homology as HH∗(DX/C) ∼= H2 dimX−∗
dR (X/C), reflecting that DX/C is a Calabi-

Yau algebra of dimension 2 dimX. One year later, Wodzicki calculated the Hochschild ho-

mology of DX for X smooth affine over k of positive characteristic [Wod88]. He showed

that HH∗(DX) is concentrated in degree n = dimX and HHn(DX) = Ωn
X/B∞Ωn

X , where

B∞Ωn
X are the potentially exact forms. Unlike in characteristic zero, Wodzicki’s method

does not apply to Hochschild cohomology. Our results show DX over a field of positive

characteristic is not Calabi-Yau, as for affine X, HH∗(DX) will have amplitude exactly

[0, 1].

If X is not affine, then DX is not an associative algebra but rather a sheaf of such; this

makes defining an appropriate category of bimodules more difficult. Hochschild cohomology

of ringed spaces and, more generally, abelian categories has been developed by Lowen and

Van den Bergh [LV05], following earlier work by Gerstenhaber and Schack on cohomology

of diagrams of associative algebras [GS83; GS88]. Lowen and Van den Bergh showed that

if A is a sheaf of algebras on X which is locally acyclic with respect to a basis B, then the

Gerstenhaber-Schack cohomology of the diagram AB coincides with Hochschild cohomology

of the category of A-modules [LV05, §7.3]. This paper uses Gerstenhaber and Schack’s

definition of Hochschild cohomology of a diagram (see §3.3); as DX is quasi-coherent, our

computation thus agrees with categorical Hochschild cohomology.

We should point out that Ogus obtains very similar formulas for Ext∗DX
(OX ,OX) in

[Ogu75]. The relationship is explained in Remark 3.4.5.

Acknowledgments. The author was supported by NSF Graduate Research Fellowship
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DGE 1746045. The author thanks Luc Illusie for pointing out the paper [Ogu75] and Tim

Porter for the reference [AH93].

3.2 Preliminaries

3.2.1 Differential operators

Let k be a field. A smooth variety X over k will mean a morphism of schemes X →

Spec k which is smooth, separated, and of finite type. We recall Grothendieck’s definition of

differential operators on a smooth variety, following [BO78, §2.1].

Definition 3.2.1. [BO78, Definition 2.1] For a smooth variety X over k, let I be the ideal

of the diagonal in X ×k X, that is, I = ⟨f ⊗ 1 − 1 ⊗ f⟩ ⊆ OX ⊗k OX . A k-linear map of

sheaves h : OX → OX is a differential operator of order m if and only if the linearization

h : OX ⊗k OX → OX is annihilated by Im+1.

A map h is a differential operator of orderm if and only if for all local sections f0, f1, . . . , fm

of OX , we have [f0, [f1, [. . . , [fm, h]]]] = 0. A degree zero differential operator is OX -linear

and thus is a section of OX . Differential operators form a filtered sheaf of rings DX with a

map OX → DX from the inclusion of degree zero differential operators. As a left or right

OX -module, the sheaf DX is quasi-coherent.

The sheaf DX contains differential operators “with divided powers.” For example, if

∂ = d/dt is the usual derivative acting on k[t], the operator ∂q is divisible by q!, as ∂qtn =

q!
(n
q

)
tn−q. Thus 1

q!∂
q : tn 7→

(n
q

)
tn−q makes sense, regardless of the characteristic of k. The

following proposition states that DX locally has a basis of such operators:

Proposition 3.2.2. [BO78, Proposition 2.6] Suppose X is a smooth variety and {x1, . . . , xn} ⊆

Γ(X,OX) such that {dx1, . . . , dxn} is a basis for Ω1
X . Then as either a left or a right OX -
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module, DX has a basis of the form

{∂(q1)1 ∂
(q2)
2 · · · ∂(qn)n | q1, q2, . . . , qn ≥ 0}

where ∂
(qi)
i are differential operators such that

� ∂
(0)
i = 1 for all i;

� the operators {∂(1)i = ∂i}ni=1 are derivations dual to the 1-forms {dxi};

� ∂
(q)
i ∂

(q′)
i =

(q+q′
q

)
∂
(q+q′)
i for all i and q, q′ ≥ 0;

� the following commutator relations hold:

[∂
(qi)
i , ∂

(qj)
j ] = 0, [∂

(qi)
i , xj ] =


0 i ̸= j

∂
(qi−1)
i i = j.

We should think of ∂
(q)
i as 1

q!(d/dxi)
q, and indeed the commutator relations imply

∂
(q)
i (xni ) =

(n
q

)
x
n−q
i .

3.2.2 Frobenius twists and matrix subalgebras

In this section, assume that k has characteristic p > 0.

Consider the setting of Proposition 3.2.2. The derivations {∂i}ni=1 do not generate the

algebra DX over OX . Instead, they generate an associative algebra of finite type over OX ,

centralizing the pth power of any element of OX . To deal with rings of pth powers, we

use the standard language of Frobenius twists. For any scheme S of characteristic p, let

FS : S → S be the absolute Frobenius morphism on S, which is the identity on |S| and acts

on functions by f 7→ fp.
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Definition 3.2.3. The Frobenius twist X(1) of X → Spec k is the base change X ×Spec k

(Spec k, FSpec k) of X along the absolute Frobenius of Spec k.

The Frobenius twist fits into a diagram

X X(1) X

Spec k Spec k

FrX/k

FSpec k

where the composition X → X(1) → X is the absolute Frobenius FX of X. The induced

map FrX/k : X → X(1) over Spec k is called the relative Frobenius. When there is no

risk of confusion, we will write Fr instead of FrX/k. If X is a smooth variety over k,

then Fr is a homeomorphism and the induced map Fr : OX(1) → Fr∗OX is an inclusion

making Fr∗OX a finite free OX(1)-module of rank pdimX [BK07, 1.1.1 Lemma]. We may

identify the image of OX(1) in OX with the Frobenius twist O(1)
X of the sheaf OX . We

will also write Frr : X → X(r) to mean the r-fold composition of relative Frobenius maps

X → X(1) → · · · → X(r).

Definition 3.2.4. The subalgebra Dr
X is the centralizer of O(r)

X in DX .

Proposition 3.2.5. [Cha74, Lemma 3.3] If X is a smooth variety over k, then the action

of DX on OX induces an isomorphism Dr
X → EndX(r)(Fr

r
∗OX) and DX =

⋃
r≥0Dr

X .

Proof. The map Dr
X → EndX(r)(Fr

r
∗OX) is injective. For r ≥ 1, Let I(r) = ⟨fpr ⊗ 1 −

1 ⊗ fp
r⟩ ⊆ OX ⊗k OX . Since X is of finite type, the chains of ideals I ⊇ I2 ⊇ · · · and

I ⊇ I(1) ⊇ I(2) ⊇ · · · are cofinal. Hence every OX(r)-linear map of Frr∗OX is a differential

operator, so Dr
X → EndX(r)(Fr

r
∗OX) is surjective. Cofinality also implies every differential

operator is linear over some O(r)
X , so DX =

⋃
r≥0Dr

X .

Remark 3.2.6. The subalgebras Dr
X are Morita equivalent to O(r)

X , realizing Katz’s equiva-

lence of DX -modules with stratified sheaves on X [Gie75].
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3.3 The Gerstenhaber-Schack complex

Let k be any field. We now describe the Gerstenhaber-Schack complex for computing

Hochschild cohomology [GS88, (6.5)]. The construction begins with a poset J , a presheaf

of k-algebras A on J , and a presheaf of A-bimodules M. Let N(J) be the nerve of the

poset J in the sense of category theory: it is the simplicial complex with i-simplices the

chains σ = (U0 < · · · < Ui) for U0, . . . , Ui ∈ J . Any such simplex σ has a maximal element

maxσ = Ui and a minimal element minσ = U0. Then the Gerstenhaber-Schack complex is

the double complex with cochains

Ci,j(A,M) =
∏

σ∈N(J)i

Cj(A(maxσ),M(minσ)), (3.1)

where C∗(−,−) = Homk(−⊗∗,−) are the usual Hochschild cochains. The horizontal dif-

ferential is the differential on simplicial cochains on N(J) with respect to the system of

local coefficients σ 7→ Cj(A(maxσ),M(minσ)). The vertical differential is the Hochschild

differential. Then Hochschild cohomology of (A,M) is defined by

HH∗(A,M) = H∗(TotC∗,∗).

In case J is a single point, the Gerstenhaber-Schack complex coincides with the usual

Hochschild complex of an associative algebra.

We now consider the standard filtration F ℓCi,j = 0 if i < ℓ and F ℓCi,j = Ci,j if i ≥ ℓ.

The associated spectral sequence yields:

Proposition 3.3.1. Let J be a poset, A a presheaf of associative k-algebras on J , and M

a presheaf of A-bimodules. Consider the local system on N(J) with coefficients

HHj(A,M)(σ) = HHj(A(maxσ),M(minσ)).
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There is first-quadrant spectral sequence with E2-page

E
i,j
2 = Hi(N(J), HHj(A,M))

converging to HHi+j(A,M).

In our situation, the algebra DX is the union of subalgebras Dr
X . The following Lemma

relates Hochschild cohomology of Dr
X and DX .

Lemma 3.3.2. Let J be a poset, A a presheaf of associative k-algebras on J with a complete

filtration by subalgebras A0 ⊆ A1 ⊆ · · · ⊆ A. Then for any presheaf of A-bimodules M,

there are short exact sequences

0→ R1 lim←−
r
HHm−1(Ar,M)→ HHm(A,M)→ lim←−

r
HHm(A,M)→ 0

for all m ≥ 0.

Proof. Fix an i-simplex σ ∈ N(J), and let U0 = minσ, Ui = maxσ. Then we have A(Ui) =

∪rAr(Ui). Since k is a field, the maps

Homk(A(Ui)⊗j ,M(U0))→ Homk(Ar+1(Ui)
⊗j ,M(U0))→ Homk(Ar(Ui)

⊗j ,M(U0))

are surjective for all j ≥ 0. Hence, the sequence of complexes Ci,j(Ar,M) satisfies the

Mittag-Leffler condition on cochains and

Ci,j(A,M) = lim←−
r
Ci,j(Ar,M).

Now the Proposition follows from [Wei95, Theorem 3.5.8].
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3.4 Hochschild cohomology of differential operators

For the rest of the paper, the field k is of characteristic p > 0 and X is a smooth variety

over k. As X is separated, the intersection of two affine opens is an affine open. Hence there

exists a covering of X by nonempty open affines closed under finite intersections; let U be

such a covering. We will compute the cohomology of the Gerstenhaber-Schack complex for

DX with respect to the poset U. Here is a sketch of the argument: we will first compute

HH∗(Dr
X ,DX) locally, then apply the spectral sequence of Proposition 3.3.1 to compute

HH∗(Dr
X ,DX). Finally, Lemma 3.3.2 will relate HH∗(Dr

X ,DX) with HH∗(DX).

Given affine U , let D(U) = Γ(U,DU ), and similarly for Dr,O, etc..

Proposition 3.4.1. Let V ⊆ U be smooth affine varieties over k. Then the inclusion

O(V (r))→ D(V ) induces

HH0(Dr(U),D(V )) ∼= O(V (r))

and HHm(Dr(U),D(V )) = 0 for all m > 0.

Proof. By Propsition 3.2.5, the algebra Dr(U) is the matrix ring EndO(U (r))(O(U)). It is

well-known that Hochschild cohomology is Morita-invariant. Under the Morita equivalence

Dr(U)−mod ≃ O(U (r))−mod, the Dr(U)-bimodule D(V ) is sent exactly to D(V (r)). This

is seen as follows: for affine U , the inclusion O(U (r)) → O(U) is split as O(U (r))-modules

[BK07, 1.1.6 Proposition]. If e ∈ Dr(U) is the idempotent corresponding to the splitting,

then it is easily checked that the map eD(V )e → Endk(O(V (r))) induces an isomorphism

eD(V )e ∼= D(V (r)).

Thus, it suffices to show the claim when r = 0, that is, to compute Hochschild coho-

mology of (O(U),D(V )). The claim is local, so we may assume that U has local coordi-

nates x1, . . . , xn such that {xi ⊗ 1 − 1 ⊗ xi} generate the ideal of the diagonal in U × U .

Let P∗ → O(U) be the Koszul complex for O(U) as an O(U)-bimodule corresponding

to the regular sequence x1, . . . , xn. Then HH∗(O(U),D(V )) is computed by the complex
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HomO(U)⊗O(U)(P∗,D(V )). Using the basis of Proposition 3.2.2, the complex above is the

tensor product over O(V ) of the two-term complexes

O(V )⟨∂i⟩ O(V )⟨∂i⟩
[xi,−]

(3.2)

for 1 ≤ i ≤ n, where O(V )⟨−⟩ means free divided power algebra. The differential (3.2) is

surjective with kernel O(V ). Now the Künneth formula finishes the proof.

Remark 3.4.2. The complex constructed in the proof above coincides with the PD de Rham

complex for a free divided power algebra. See [BO78, Lemma 6.11].

Proposition 3.4.3. For a smooth variety X over k, there is an isomorphism

HHm(Dr
X ,DX) ∼= Hm(X,O(r)

X )

for all m ≥ 0 such that the following diagram commutes:

HHm(Dr+1
X ,DX) Hm(X,O(r+1)

X )

HHm(Dr
X ,DX) Hm(X,O(r)

X )

∼

Fr

∼

Proof. Consider the spectral sequence of Proposition 3.3.1 for (Dr
X ,DX). By Proposition

3.4.1, for any pair V ⊆ U in U, we haveHH0(Dr(U),D(V )) = O(V )(r) andHHj(Dr(U),D(V )) =

0 for j > 0. Thus, the spectral sequence has E2-page

E
ij
2 =


Hi(N(U),O(r)

X ) j = 0

0 j > 0,

and so collapses at E2.
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We would like to relate N(U), the nerve in the sense of category theory, to Čech cohomol-

ogy with respect to U. LetNČech(U) be the Čech nerve of U. As U is closed under intersection,

Theorem 1.4 of [AH93] implies that the mapNČech(U)→ U sending (U0, . . . , Ui) ∈ Ui+1 with

nonempty intersection to U0 ∩ · · · ∩ Ui induces a homotopy equivalence NČech(U)→ N(U).

This map induces

Hi(N(U),O(r)
X ) ∼= Hi(NČech(U),O

(r)
X ) = Ȟi(U,O(r)

X ).

The sheaf O(r)
X is quasi-coherent on X(r) and the r-fold relative Frobenius Frr : X → X(r)

is a homeomorphism, so O(r)
X is acyclic for every affine open subset of X. As U consists of

affine open subsets of X and is closed under intersection, we obtain E
i,0
2 = Hi(X,O(r)

X ).

This proves the claim.

Theorem 3.4.4. Let k be a field of positive characteristic and X be a smooth variety over

k. Then there are short exact sequences

0→ R1 lim←−
r
Hm−1(X,O(r)

X )→ HHm(DX)→ lim←−
r
Hm(X,O(r)

X )→ 0

for all m ≥ 0, where the limit is taken over the sequence of relative Frobenius maps Fr :

X(r) → X(r+1).

Proof. Combine Proposition 3.4.3 with Lemma 3.3.2.

Remark 3.4.5. In [Ogu75, (2.4), (3.6)], Ogus shows that there is an exact sequence

0→ R1 lim←−
r
Hm−1(X,O(r)

X )→ ExtmDX
(OX ,OX)→ lim←−

r
Hm(X,O(r)

X )→ 0

for all m ≥ 0. The connection with Theorem 3.4.4 is this: for any abelian category C and

object C of C there is the Chern character chC : HH∗(C) → Ext∗C(C,C) [LV05]. When

C = A−mod for an an associative algebra A and C ∈ A−mod, the characteristic morphism
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is implemented by the morphism of Hochschild complexes C∗(A,A)→ C∗(A,Endk(C)). It

may then be checked for smooth affine X that the Chern character chO(X) is an isomorphism

HH∗(D(X)) → Ext∗D(X)
(O(X),O(X)). At present, it is not clear to the author how to

implement the Chern character in [LV05] on the Gerstenhaber-Schack complex, as Endk(OX)

is not quasi-coherent.

3.5 Examples

Example 3.5.1. Let X = A1
k, so that O(X) = k[t]. Then O(X(r)) = k[tp

r
] and the relative

Frobenius X(r) → X(r+1) is induced by the inclusion k[tp
r
] → k[tp

r+1
]. Theorem 3.4.4

implies that HH0(DA1) = k,

HH1(DA1) ∼= R1 lim←−
r
k[tp

r
],

and HHm(DA1) = 0 when m > 1. Let us compute R1 lim←−r
k[tp

r
]. The short exact sequence

of diagrams

0→ {k[tp
r
]}r → {k[t]}r → {k[t]/k[tp

r
]}r → 0

gives a medium-length exact sequence of derived inverse limits

0→ k → k[t]→ lim←−
r
k[t]/k[tp

r
]→ R1 lim←−

r
k[tp

r
]→ 0→ 0→ 0.

Hence R1 lim←−r
k[tp

r
] is identified with (lim←−r

k[t]/k[tp
r
])/k[t]. The space lim←−r

k[t]/k[tp
r
] em-

beds into k [[t]] as those power series which may be written as a formal sum f =
∑∞

r=0 fr

for fr ∈ k[tp
r
]. The identification HH1(D(X)) ∼= R1 lim←−r

O(X(r)) sends such a power series

f to the commutator with f , which is well-defined since every element of D(X) commutes

with some O(X(r)). This explains S. Paul Smith’s observation from 1986 that taking the

commutator with the series t + tp + tp
2
+ · · · gives an outer derivation of D(A1

k) [Smi86,
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Proposition 2.4].

Example 3.5.2. Suppose that X is proper over k, so that Hm(X,OX) is finite-dimensional

over k for all m ≥ 0. Pullback by Frobenius is a semilinar endomorphism of Hm(X,OX),

and thus there is a canonical splitting

Hm(X,OX) = Hm
n (X,OX)⊕Hm

s (X,OX)

into Fr-stable subspaces where the Frobenius acts nilpotently and as an isomorphism, re-

spectively [Mum70, p. 143]. Then lim←−r
Hm(X,OX)(r) ∼= Hm

s (X,OX) via the projec-

tion lim←−r
Hm(X,OX)(r) → Hm(X,OX), while R1 lim←−r

Hm(X,OX)(r) = 0. We conclude

HHm(DX) ∼= Hm
s (X,OX) when X is proper over k.

3.6 Cup product

Gerstenhaber and Schack defined a cup product on (3.1) in terms of the cup product on

the Hochschild complex. Given simplices τ = (U0 < · · · < Uℓ) and ν = (Uℓ < · · · < Ui) in

N(J) with max τ = min ν, define τ ∪ ν = (U0 < · · · < Uℓ < · · · < Ui). For A a presheaf of

associative algebras on J ,M a presheaf of A-bimodules with compatible associative product,

α ∈ Cm(A,M), and β ∈ Cn(A,M), define

(α ∪ β)σ =
∑

σ=τ∪ν
(−1)|ν|(m−|τ |)ατφA ∪ φMβν , (3.3)

where φ refers to structure maps of the presheaves A andM, and ∪ on the right-hand side

is the cup product on the usual Hochschild complex [GS88, §6, p. 192].

Proposition 3.6.1. Let J be a poset, A a presheaf of associative k-algebras on J , and M
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a presheaf of A-bimodules with a compatible associative product. Then the spectral sequence

E
i,j
2 = Hi(N(J), HHj(A,M)) =⇒ HHi+j(A,M)

of Proposition 3.3.1 is a spectral sequence of algebras with the usual product on E2.

Proof. Formula (3.3) makes the Gerstenhaber-Schack double complex a differential bigraded

algebra, and endows E2 with the usual product structure.

Corollary 3.6.2. Let k be a field of positive characteristic and X be a smooth variety over

k. Then the surjection HH∗(DX)→ lim←−r
H∗(X,O(r)

X ) of Theorem 3.4.4 is a map of rings.
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