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ABSTRACT

This thesis consists of two papers studying noncommutative rings in positive characteristic
closely related to differential operators. Their abstracts are as follows:

1. Bezrukavnikov and Kaledin introduced quantizations of symplectic varieties X in pos-
itive characteristic which endow the Poisson bracket on X with the structure of a restricted
Lie algebra. We consider deformation quantization of line bundles on Lagrangian subvari-
eties Y of X to modules over such quantizations. If the ideal sheaf of Y is a restricted Lie
subalgebra of the structure sheaf of X, we show that there is a certain cohomology class
which vanishes if and only if a line bundle on Y admits a quantization.

2. For k a field of positive characteristic and X a smooth variety over k, we compute the
Hochschild cohomology of Grothendieck’s differential operators on X. The answer involves
the derived inverse limit of the Frobenius acting on the cohomology of the structure sheaf of

X.



CHAPTER 1
INTRODUCTION

This thesis studies certain almost commutative rings of positive characteristic arising in
geometry and representation theory. The body of the thesis consists of the papers [Mun22]
and [Mun23], each with their own introduction. Here, we discuss some of the ideas in common
and the motivations for the problems posed.

The essential example of these almost commutative rings is the rank one Weyl algebra
A =Tp(0,x)/(0x — 20 — 1) in characteristic p > 0. The commutation relation dx — z0 = 1
implies Of (z) — f(z)0 = % in A. If p = 0, then the Chain Rule of calculus implies %xp =
prP~1 = 0; hence, 2P is a central element of A. Symmetrically, 9P is a central element of A,
and indeed Z(A) = Fp[0P, 2P]. On the other hand, A has a multiplicative filtration {F;A};>q
generated by placing x in degree zero and 0 in degree 1; then gr A = F,,[9,z]. Under this
isomorphsm, gr Z(A) is the subring (gr A)P of pth powers, so Z(A) = (gr A)P. On the third
hand, we can consider the central quotient A = A/(xP,dP) at the ideal Z(A)y = (0P, xP)
of Z(A). The ring A acts on Fp[z]/(zP), where O acts by % and x by left-multiplication.
This action induces an isomorphism A 22 Endp, (Fp[xz]/2P); to check this, one can use that
oP~1aP~1 acts as a rank one idempotent on Fp[x]/(zP) with kernel (z). Thus, our reduced
algebra A is a matrix algebra; this is a manifestation of the Azumaya property of A.

Much of the work in this thesis consists of the interplay between three properties of the
Weyl algebra A: first, that gr(A) = Fy[7,d] is the ring of functions on A% = T*Al; second,
that Z(A) = (gr A)P; third, that A/Z(A)+ = Maty(Fp).



1.1 Quantization of symplectic varieties

1.1.1  Symplectic resolutions

Recently, symplectic resolutions have emerged as a unifying method of studying noncommu-
tative algebras in representation theory through geometry. The first example is the Springer
resolution. Let G be a semisimple algebraic group over a field k. If the characteristic of &
is sufficiently large, the nilpotent cone N' C g = g* is the target of the Springer resolution
7w : T*G/B — N. Beilinson and Bernstein famously proved a localization theorem for this
resolution when £ = C. For A a dominant regular weight of g, let Dé‘; /B be the twisted
differential operators on G/B with weight A. Then Beilinson and Bernstein’s theorem gives
an equivalence of categories between Dé / p-modules and modules over the central quotient

of Ug at A [BB81]. In particular, it is shown that I'(D}, /B) = U*g. Both D) /p and Ulg
are filtered, and their associated graded rings are the rings of functions on 7*G/B and N,
respectively. Thus, Beilinson-Bernstein localization may be understood as a quantization of
the Springer resolution 7 : T*G/B — N. It is now understood that many algebras of inter-
est in representation theory can be understood as quantizations of symplectic resolutions,
c.f. [BPW16] and references therein.

In the landmark paper [BMROS8], Bezrukavnikov, Mirkovi¢, and Rumynin proved a local-
ization theorem for crystalline differential operators Dé /B when k has large enough positive
characteristic. Instead of an equivalence of categories, one has a derived equivalence of cate-
gories, as it does not make sense to ask for A to be dominant modulo p. The key observation
is that Dé‘; /B is Azumaya over its center, as it is Zariski locally isomorphic to a Weyl alge-
bra. This motivated Bezrukavnikov and Kaledin to introduce Frobenius-split quantizations
of symplectic varieties (X,w) in characteristic p > 2 [BKO08]. These quantizations O, are

sheaves of algebras over k [[h]] equipped with a central splitting map s : (’)%- — Oy, lifting

the Frobenius to order h? 1. Bezrukavnikov and Kaledin proved that such quantizations are



fpqc locally isomorphic to central reductions of a Weyl algebra, and hence are Azumaya over
their center. They have since been applied to prove derived equivalences in both positive

and zero characteristic; c.f. [BK04b; Kal08].

1.1.2  Quantization of modules

Now fix symplectic X and a quantization Oj, of X. The question under consideration
in Chapter 2 is the following: given a coherent sheaf F on X, when does there exist a
quantization of F to a module F}, over Op7 This question has been studied over C in
several papers [Bar+16; BC19; Bar21], which work in the setting where F is the pushforward
of a vector bundle from a subvariety Y, necessarily coisotropic by Gabber’s theorem on
integrability of characteristics. In case Y is Lagrangian and F is the pushforward of a line
bundle, these methods have been applied in conjunction with the orbit method to construct
representations of real reductive groups [LY21]. Quantization of general coherent sheaves is
the subject of work in preparation by Baranovsky and Ginzburg [BG]. The algebra Oy, is
locally modelled on the Weyl algebra, so one expects conditions on the existence of F}, based
on differential-geometric invariants of F.

The work in Chapter 2 takes up the question of quantizing F in positive characteristic
when F is the pushforward of a line bundle from Lagrangian Y C X. Recall that the Weyl
algebra A = Fy,(0,x)/(0x — 20 — 1) has A/Z(A)+ = Maty(Fp); this implies that central
reductions of a quantization Fj, will be modules over a matrix algebra and hence essentially
unique up to automorphism. Hence, such quantizations can be studied by analyzing torsors

over the local automorphisms of (O, Fp,).

1.2 Differential operators with divided powers

The element 0P of the Weyl algebra A = Fp(0,z)/(0x — 20 — 1) is central essentially

because of the relation j‘l—;xm = 0 for all m > 0. A different approach to differential
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operators in positive characteristic, going back to Grothendieck’s study of de Rham and

1.d
Idz

d

crystalline cohomology, is to introduce divided powers of the differential operator .

The algebra D = Fy(x | i > 0) is the algebra of Grothendieck’s differential operators

, Zv d i
on Al = Spec Fp[x]. The algebra D is not Noetherian and its center is F,. The map A — D
defined by 0 + == has kernel (9P) since (%)p = p! <]}, dfp> = 0 in D. Generalizing our
observation that A/Z(A)+ = Maty(FFp), the image of A in D is isomorphic to Maty(Fp[zP]).
In general, for each r > 0, the centralizer of 2" in D is a matrix algebra over I, [a:pr]; hence
D is the union of matrix subalgebras. This is an example of the equivalence between modules
over Grothendieck’s differential operators Dy for and stratified sheaves on X when X = Al
[GieT5]; see §3.2.1 below for general definitions.

In Chapter 3 we study Hochschild cohomology of Grothendieck’s differential operators on
a smooth k-variety X. Let us recall here basic definitions and motivations for Hochschild co-
homology. Given an associative algebra B over a field k and a B-bimodule M, the Hochschild
complex C*(B, M) is defined to have cochain groups C"™(B, M) = Homy,(B®", M) and dif-

ferential d given by the following formula: for f € C™(B, M),

df (b1 @ba @ -+ @ bpg1) = b1 f(b2 ® -+ @ bp41)

+ Z f1 ® - @ bibit1 ® bpy1)

+ (=D (b @ @ bp)bpgr.

The Hochschild cohomology HH*(B, M) is by definition the cohomology of the Hochschild
complex C*(B, M). Gerstenhaber observed that the Hochschild complex C*(B, B) controls
deformations of the associative algebra B [Ger64]. The fundamental example is this: if one
writes down a product by * by = b1by + €u(by1, bo) where €2 = 0, the product * is associative
if and only if du = 0, that is, p is a Hochschild 2-cocycle. For a lucid introduction to such
matters, see [Sze99]; a textbook treatment is [Wit19].

4



In Chapter 3, we compute Hochschild cohomology of Dy in positive characteristic. The
strategy is to use the Morita invariance of Hochschild cohomology, which in particular implies
HH*(B) = HH*(Mat,(B)) for any n > 1. We saw above that D is a union of matrix
algebras centralizing 2P". A similar statement is true for general X, and the calculation
involves the interplay between these matrix algebras and local-to-global considerations.

As of yet, there is not a general theory of quantizations “with divided powers” in rep-
resentation theory. While HH?(Dx) controls infinitesimal flat deformations of Dy, it does
not capture certain geometric phenomena one would expect. For example, over C we have
a flat deformation of Dy of the form Diff (E)‘) for A € C and any line bundle £ on X.
This deformation corresponds to the class ¢1(£) € HC%R(X ,C) = HH?*(Dx). Differential
operators on line bundles behave differently in positive characteristic and are not controlled

by Hochschild cohomology; this will be taken up in future work.



CHAPTER 2
QUANTIZATION OF RESTRICTED LAGRANGIAN
SUBVARIETIES

2.1 Introduction

Fix a field k of characteristic p > 2, and let (X,w) be a smooth variety over k equipped
with a symplectic form. Unlike in characteristic zero, the Poisson bracket {—,—} on Ox
has a large center: it follows from the Leibniz rule that {fP, g} = 0 for all sections f,g
of Ox. Bezrukavnikov and Kaledin studied certain quantizations Oy, of the Poisson sheaf
Ox, known as Frobenius-constant quantizations, where the quantization also has a large
center [BKO08]. More precisely, the relative Frobenius map Oy, — Ox lifts to an inclusion
s : Oxr — O}, into the center of O}, inducing an isomorphism Z(0},) = Oy [[h]], where '
indicates Frobenius twist, here and throughout the paper. In fact, this map is a lift of the
p-th power map O — Op,/hP~1. The lift s : O/ — O}, makes the Poisson bracket on Ox
into a restricted Lie algebra via the p-operation

p _ SP—s(f®l)
pp—l

f (2.1)

Frobenius-constant quantizations have been used to construct derived equivalences associated
to symplectic resolutions [BK04b; Kal08|.

We consider deformation quantization of modules over Oy to modules over such Oy,. In
characteristic zero, Gabber’s celebrated integrability of characteristics theorem implies that
a coherent sheaf admitting a quantization is supported on a coisotropic subvariety [Gab81].
We specifically consider quantizing modules of the form i, £ where ¢ : Y — X is the inclusion
of a smooth Lagrangian subvariety and £ is a line bundle on Y. Since Oy, has a large center,

a quantization Ly, has associated to it its p-support W, its support in Z(0y,) = Ox [[h]]-
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When we investigate the existence of a quantization of a line bundle, the p-support will be
given data, and we will ask for conditions for a quantization with the given p-support to
exist.

The basic example of such a quantization is over differential operators. If X = T*Y,
i 1Y — X is the zero section, and O}, = Dy, is the h-crystalline differential operators on
Y, then for every formal series of closed 1-forms o € Q%/ [[h]], there is a quantization of Oy
given by the integrable h-connection V = hd + ha on Lj, = Oy [[h]]. The action of the

center Op+y [[h]] sends O € Ty to the p-curvature

VP — PV o = (0P 4 ha(9))P — hP(0P + a(9lP]))

= WP(a(0)P + 0" a(0) — a(dP))),

which is divisible by h”. The p-support Y7 is the graph of this p-curvature in T*Y’ [[A]],
which in this case is a deformation of the zero section Y/ C T*Y' which is trivial modulo hP.
The zero section of the cotangent bundle enjoys a certain compatibility with the restricted

structure.

Definition 2.1.1. A coisotropic subvariety Y C X is called restricted if its ideal sheaf is

closed under the p-operation f +— f [v],

This paper in large part explores the geometry of smooth restricted Lagrangian subva-
rieties. We will show that smooth restricted Lagrangian subvarieties are, in an appropriate
sense, locally isomorphic to the zero section of the cotangent bundle (see Theorem 2.2.10 for
the precise statement).

The methods of the Gelfand-Kazhdan formal geometry apply to analyze the existence of
quantizations. We construct a certain class o, € H?l(ifv’, Gyp,) below, depending on Y,

Y',0p
O},, and the p-support Y.



Theorem 2.1.2. Let Y C X be a smooth restricted Lagrangian subvariety, Y’ C X/ [[R]] be a
deformation of Y' C X" which is trivial modulo hP, and O}, a Frobenius-constant quantization
of X. Then there exists a line bundle L on Y and a quantization Ly of L over Oy with
p-support % if and only if

0?770’I =1.

In case the p-support deforms trivially, so that Y =Y' [[R]], we compare this class to
a certain Brauer class [(9%] € H%Z(X "[[h]], Gy) introduced by Bogdanova and Vologodsky

[BV20]. We view the assignment Op [Oi] as a positive-characteristic analog of the

noncommutative period map. We will review the construction of [Og] below in §2.3.3.

Theorem 2.1.3. Let Y C X be a smooth restricted Lagrangian subvariety and Y =Y’ [[A]]-

For all Frobenius-constant quantizations Oy, of X,
2
oyi).0, = Oy € HR(Y' L Gp).

Theorem 2.1.2 is analogous to the main theorem of [Bar+16], where in characteristic zero
a quantization of Y exists if and only if the Deligne-Fedosov class associated to the quan-
tization, also known as the noncommutative period, vanishes on Y. Indeed, our approach
is similar to and inspired by [Bar+16]. One of the new features of our approach, following
[BKO08], is that torsors over certain nonreduced group schemes replace the Harish-Chandra
torsors used in characteristic zero.

Theorem 2.1.2 describes when some line bundle on Y may be quantized. A necessary con-
dition for a particular line bundle £ to be quantized involves a certain positive-characteristic

refinement ¢ of the Chern class, which takes values in Helt(Ql

log)‘ It also depends on a

certain class p(Oy,) which classifies the first-order quantization ©y,/h?0}, (see Proposition



2.4.11). We will show in Theorem 2.4.14 that if £ admits a quantization, then

(L) = p(On)ly + ger(Ky) +[ige]

where [igw'] is a certain class describing the first nontrivial order of deformation of the p-
support. We will also show that this condition is sufficient for £ to admit a quantization if

Pic(Y') = Pic(Y") is onto (for instance, if Y7 = Y7 [[1]))).

Acknowledgments. The author thanks Victor Ginzburg for invaluable advice and con-
versations. Ekaterina Bogdanova, Roman Travkin, and Vadim Vologodsky made insightful
comments on earlier versions of this work. The author thanks the anonymous referee for
their comments and for their improvement of the statement of Theorem 2.1.3. The author

was supported by the NSF Graduate Research Fellowship DGE 1746045.

2.2 Geometry of restricted Lagrangian subvarieties

From this point forward, all Lagrangian subvarieties considered will be smooth.

2.2.1 Preliminaries on restricted structures

We begin by recalling Bezrukavnikov and Kaledin’s definition of a restricted structure on
a symplectic variety (X,w). We will also need the notion of a restricted structure on a
quantization. The notion of quantized algebra, defined below, provides a common framework

for discussing restricted structures in these contexts.

Definition 2.2.1. [BKO08, Definition 1.5] A quantized algebra A is an associative k [[h]]-
algebra equipped with a k [[h]]-linear Lie bracket {—, —} which is a derivation in each variable

and satisfies h{z,y} = vy — yx for all x,y € A.



A quantized algebra with h = 0 is a Poisson algebra over k, while a quantized algebra
which is flat over & [[h]] is an associative k [[h]]-algebra.
There is a certain universal quantized polynomial P which measures the failure of the

Frobenius to be multiplicative in a quantized algebra. It satisfies
WP (2, y) = (wy)P — aPyP

for any = and y in a quantized algebra [BK08, (1.3)].

Definition 2.2.2. A restricted structure on a quantized algebra A is an operation = [Pl

on A satisfying:
o (A {—, -1}, —[p]) is a restricted Lie algebra over k;
o Pl = h;
o (zy)lP) = apylpl o 2Plyp — pp=1200lylp) 4 P2, y) for all 2,y € A.

The first step towards the construction of a Frobenius-constant quantization is the con-
struction of a restricted structure on the Poisson sheaf Oy, which is called a restricted

structure on X.

Definition 2.2.3. Let Z/k be a smooth variety. For a vector field 9, the restricted contrac-

tion by 0 is the operation ig)] : Q?’l — 7, defined by

i

PO g o — Lg_liaa,

where Ly is the Lie derivative with respect to 0.
Let Q=1 be the de Rham complex truncated below degree 1.

Theorem 2.2.4. [BK08, Theorem 1.12] A restricted structure on a symplectic variety (X, w)

is equivalent to a choice of [n] € Hl(Q)S(l) such that dn] = w. Given |n], the restricted
10



operation sends f € Ox with Hamiltonian vector field Hy to

where 1 is a 1-form locally representing [n).

Remark 2.2.5. Even if the symplectic form is locally exact, such a class [n] need not exist,

egin the case of an abelian variety.

The key lemma about restricted contraction is on its relationship with the Cartier oper-

ator C.

Lemma 2.2.6. [BK08, Lemma 2.1] Let Z/k be a smooth variety and o a closed differential

form on Z. Then for all vector fields O,
C(i¥a) = igC(a),
where O’ is the corresponding vector field on Z'.

2.2.2  Restricted Lagrangian subvarieties

Recall from Definition 2.1.1 that a coisotropic subvariety is restricted if its ideal sheaf is

closed under the restricted operation.

Proposition 2.2.7. For a Lagrangian subvariety Y of a restricted symplectic variety (X, [n]),

the following are equivalent:
1. the ideal sheaf of Y 1is stable under the restricted operation;
2. [nly =0 in HY(Y,QS1).

Proof. The question is local, so we may assume that [n] is represented by a global 1-form

7. Let I be the ideal sheaf of Y, and let ny denote the restriction of n to Y. Since Y is
11



Lagrangian and dn = w, ny is closed. We wish to show that ny is locally exact if and only
if 11l C 1.

Theorem 2.2.4 states that for all local sections f of O, the restricted operation is given
by

el = i;@fn-

Hence fPl € I for all f € I if and only if igs]f(ny) =0 forall f € I. AsY is Lagrangian,

the set of Hamiltonian vector fields {H ¢ | f € I} spans Ty, so I Pl C I if and only if
il ny) =0

for all local vector fields 0 on Y. By Lemma 2.2.6 and the Cartier isomorphism, this is

equivalent to that ny is locally exact. O

Example 2.2.8. The canonical 1-form A on the cotangent bundle T%X gives T*X a re-
stricted structure. A section of the cotangent bundle s, : X — T™X corresponding to a
I-form « satisfies s,A = a. Hence the graph of s, is Lagrangian if and only if « is closed,

while it is restricted Lagrangian if and only if « is locally exact.

2.2.8  Local normal form

Our goal is to find a local normal form for restricted Lagrangian subvarieties. In the smooth
category, Weinstein’s tubular neighborhood theorem states that for a Lagrangian subman-
ifold L € M, every point in L has a neighborhood in M which is symplectomorphic to
a neighborhood of the zero section of the cotangent bundle of L [Wei77, Lecture 5]. We
establish in this section a kind of tubular neighborhood theorem for restricted Lagrangian
subvarieties in positive characteristic. In this setting, our neighborhood will be a neigh-
borhood in the fpqc topology, as in Bezrukavnikov and Kaledin’s version of the Darboux

theorem [BK08, Theorem 3.4].
12



Definition 2.2.9. A Frobenius-constant quantization of a restricted symplectic variety X is
a sheaf Oy, of flat k [[h]]-algebras, complete with respect to the h-adic filtration, and a map
of algebras s : Ox — O, which is k-Frobenius-linear and satisfies s(f) = f? mod hP~1,

such that with the p-operation

fP—s(f
f[m:hp__l()

on Oy, there is an isomorphism of restricted Poisson algebras O;,/hO;, = Ox.

The center of a Frobenius-constant quantization is isomorphic via s to Ox [[h]] [BKO0S,
Lemma 1.10].

The local model for a Frobenius-constant quantization of a symplectic variety of di-
mension 2n is the reduced Weyl algebra A in 2n variables, defined as follows: it is the

k [[h]]-algebra with generators z1, ...,z and y1,...,yn and relations
[, 2] = [y, y;] = o =4 =0, [y, x5] = di5h

for all 7 and j. The restricted Weyl algebra is the unique Frobenius-constant quantization

of the Frobenius neighborhood

AO:k[xla'"7xn7y17"'7yn]/(x11)a"'7%)

with restricted structure given by the 1-form

n=Y_ yidr;.
i

Bezrukavnikov and Kaledin showed that a restricted symplectic variety is locally isomor-
phic to (Spec Ag,n) x X' in the fpqc topology on X', and that every Frobenius-constant
quantization is in the same sense locally isomorphic to Aj;, [BK08, Theorem 3.4]. That is a

positive-characteristic version of Darboux’s theorem.
13



The Frobenius neighborhood (Spec Ag, ) may be thought of as a subscheme of the cotan-
gent bundle to Speck[zq, ... ,a:n]/(x]f, ..., zh). Our local model for a restricted Lagrangian

subvariety is then the zero section of this cotangent bundle, defined by the following ideal:
J=(h,y1,...,yn) C Ay, (2.2)

Now we may prove our local tubular neighborhood theorem.

Theorem 2.2.10. Let Y C X be a restricted Lagrangian subvariety, Oy, be a Frobenius-
constant quantization of X, and I be the ideal of Y in Oy. If Y C X' [[A]] is a formal
deformation of Y' C X' which is trivial modulo hP, then fpgc locally on W, there are iso-

morphisms of restricted quantized algebras Oh‘gﬁ = Ay k(A Oifv’ taking I\i;, to J ® Oi;,.

Proof. Let m denote the maximal ideal of A;. The strategy is first to put both Oj and
Y into Frobenius-local coordinates, then twist so that m maps into the maximal ideal of
the smaller Frobenius neighborhood. This is where the hypothesis on Y7 is used. Finally, a
semisimple-by-unipotent method takes the kernel of the projection Oy — Oy to J.

Let B = klz1,...,2n]/(2}, ..., 2h) with maximal ideal n. We may view B as a k[[h]]-
algebra where h = 0. Then Oy is locally isomorphic to B ®; Oy over Y/ in the fpqc
topology. Since Y'/k is smooth, the deformation Y7 s locally trivial, so we may take a
Zariski-open cover of Y which is the pullback along Speck [[h]] — Spec k of a Zariski cover
of Y. Refining this cover, we may find an fpqc cover U — Y7 such that Only = Ay, kA Oy

and Oy |y = B @) Ov- Further, since
Y Xgpec k[n)] Spec k[h]/hP = Y[h]/hP,

we may assume that this holds for U also.

14



Let Spec R be an affine open in U. The map O, — Oy induces a surjective map
v Ay Dk[[h]] R— B Sk[[h]] R,

and we wish to show that this may be twisted to a map with kernel J®thH R. Lete: B—k

be the augmentation, and let

a; = (€ @ 1)ih(x;),

bj = (e ® 1)1(y;)

for 1 < 4,7 < n. These elements of R/hR satisfy af = b‘? = 0 for all 7 and 7. Since

R/hPR — R/hR has a section, there are lifts a;, Bj such that &f, 5? € (hP) for all 7 and j.

Let R’ be an fppf R-algebra such that there are elements c;, dj € R’ satisfying

p.p _ =P
hcf—az-,

PP _
h dj = bg
There is an automorphism ¢ € Aut(Ah)(R’ ) given by

¢(x;) = x5 — a; + he;,

o(yj) = yj — bj + hd;.

The morphism ' = ¢¢ satisfies (e ® 1)(¢)'(x;)) = (e ® 1)(¢'(y;)) = 0 for all 7 and j, and
hence takes mp/ into npy.

We may now assume R = R and ¢(mp) C ng. Since ¢ is surjective, the induced
R-module map

mp/(h+m}) = np/nk

15



must be also. The kernel is a Lagrangian subspace of the symplectic vector bundle mp/(h+

m%) over Spec R. Hence Zariski locally on R there is a symplectic transformation taking

this map to the standard map, so that we may assume

Ti—r z +n%%,

2

Since the z; generate B Ok [[h]] R as an algebra, it follows that the images of x; do also.
Hence we may write ¢(y;) = g;(¥(z1), ..., ¥(zy)) for some g; € (t1,...,tn)?R[t1,. .. tn]. Tt

follows from the standard presentation of Aj that

ker¢ = (thl - gl('r17 ] 73771);3/71 - gn<x17 s 7'/1:71))

Let g; denote the reduction of g; modulo h, and consider
n
o= ZE('ZL oy 2p)dz; € Q}B/k ®y. R/hR.
i=1

B is isomorphic to the k-subalgebra of Aj, generated by the x;’s, so we may also embed it
into Ap. Since Y is coisotropic, « is closed. Since Y is restricted, ker is closed under the
restricted power. We show C(«) = 0 where C is the Cartier operator. Let L be Jacobson’s

Lie polynomial which measures the failure of the restricted operation to be additive. Then

(i — gi(x1, 2P = Liys, —gi(21, ... )

1
= =08 gi(z1,... 7n)

which reduces modulo h to iy C(a). But ker intersected with the subalgebra generated
by {z1,...,2zn} is (h), showing C(a) = 0.
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By the Cartier isomorphism for A, we conclude that there exists f € B ®;, R/hR such
that o = df, which we may lift to f € B®j, R C Ay, Bk([h]] R. As a polynomial in the z;’s,

f Poisson commutes with z; for all ¢, while by definition

{f.yi} —gi(x1,...,2n) € (h).

Further, since g; € (z1,. .. ,xn)Q, we may choose f € (z1,... ,xn)Q also. Hence conjugation
by e(f/h) for e the restricted exponential defines an automorphism of Ay, Dk[n)) LBn sending

kerv to (y1,...,Yn,h). ]

2.3 The obstruction to quantization

Let Y C X be a restricted Lagrangian subvariety.

Definition 2.3.1. A quantization of a line bundle £ on a Lagrangian subvariety Y C X is
an Op-module £;, which is flat and complete over k [[h]] such that £}, /hL}, is isomorphic to

the direct image of L.

Definition 2.3.2. The p-support of an Oj-module L}, is the support of £}, in Spec Z(O},) =
X' [[A])-

Proposition 2.3.3. Let Lj, be a quantization of a line bundle on a restricted Lagrangian
subvariety Y. Then the p-support of Ly, is a formal deformation of Y C X'. Further, this

deformation is trivial modulo hP.

Proof. Since Ly, is flat over k [[h]], its support is flat over k [[h]] also. Let I be the ideal of
Y in Oy,. For a section f' of Oy, s(f')Ly, C hLy if and only if s(f) = (f')? mod h is
in I, which occurs if and only if f’ is in the ideal of Y/. Hence, the support is a formal

deformation of Y.
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Let f be a section of the ideal of Y in Oy, and set f/ = f®1in Oys. Lift f to a section
fof Oy Then s(f') = f2—h?=1(f)P) mod h?. Now fL;, C hL}, and since Y is restricted,
f[p]ﬁh C hLj,. We conclude that s(f’)L;, € hPLj,. Thus, the support modulo AP is exactly

Y'[h] /AP, so the deformation is trivial modulo hP, as desired. O

Example 2.3.4. The p-support of a quantization of a Lagrangian subvariety need not be
Lagrangian. Consider Y = A? with coordinates 21 and z9, X = T*Y with dual coordinates
y1 and y2 to 21 and zg, and Oy = Dy, the crystalline differential operators on Y. Then the
module Oy [[h]] with h-connection hd+hx119xg_ldx2 is a quantization of Oy . The p-support
is

Y = V(b — hp(x]fxg(p_l) —a¥)) C Speck[2f, 25, 4, E).

. . : . N 2 -1 . .
This subvariety is not coisotropic since {yp , :1:11) :Eg(p ) _ x]f } is a unit.

From now on in this section, we fix a formal deformation Y’ of Y C X' which is trivial

modulo AP, and analyze the existence of a quantization of Y with p-support Y7 locally on

Y’

2.3.1 Local analysis of quantizations

Lemma 2.3.5. Let R be a flat k [[h]]-algebra and Ap = Ap @y R. There exists a left Ag-
module Mg, unique up to isomorphism, such that Mp is flat over R and Mp/hMp = AR/ J.

Further, the automorphisms of Mg are exactly the units R* of R.

Proof. Existence is certified by the module Mp = Ar/Agr(y1,...,yn). Now suppose that
Npg is another such module. By Nakayama’s Lemma, Np is a free module of rank one over

Rlzq,... ,xn]/(:z:lf, ...,axh) C Ay, Call its generator 1,; then

yily = hao;ly
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for unique a; € Rlzq,...,xp)/(2},...,2h), as R is flat over k [[h]]. Set a = Y, ajdx;. The

relations [y;,y;] = 0 imply that o is a closed 1-form. For all f € R[zq, ... ,xn]/(xlf, o xh),

Yi(f1n) = (hOy; + hay)(f)1n,
so the relation yf = ( implies that

0 = (hdy, + hay)P = hP ( D | ag—la-) = Wiy (o’ — C(a)),

1 7 1

where C is the Cartier operator. Since this holds for all i, we conclude o/ = C(a), so a is
logarithmic. If & = dg/g, then the generator g1 N of Np is annihilated by y; for all 7, and
hence sending 1;; — g1 N defines an isomorphism M}, = Nj,.

Now suppose that ¢ : Mp — Mp is an automorphism. Set
o(1) = 3 %xfl Coghn
Be{0,...,p—1}"

for some ¢g € R. The relations y; - 1 = 0 imply hcgf; = 0 for all 7. Since R is flat over
k [[h]], we conclude that cg = 0 for 8 # 0, from which it follows that ¢y € R is a unit and

w(m) = com for all m € Mp. O

2.3.2  Torsors and quantization

Theorem 2.2.10 shows that restricted Lagrangian subvarieties are locally homogeneous, and
quantizations are also locally homogeneous by Lemma 2.3.5. The question of whether YV
may be quantized will be converted into the question of whether a certain torsor lifts over a

central extension.

Definition 2.3.6. °
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e Let G be the group of automorphisms of the restricted quantized algebra Aj,. It is an

affine group scheme over k [[h]].

e The torsor of quantized coordinates P is the G-torsor on X’ [[h]] of local isomorphisms

of Op, with O x/ (1)) @k[a]) An-

This torsor of quantized coordinates appears in [BK08, Lemma 4.3].

Remark 2.3.7. In [BKO08], Bezrukavnikov and Kaledin work with the restriction of scalars of
G along k — k [[h]], which is sufficient for analyzing G-torsors over X' [[h]] associated to a
Frobenius-constant quantization. However, the p-support % may be a nontrivial deformation

of Y'; thus, we must work with schemes and torsors over k [[h]].
Definition 2.3.8. Let G ; C G be the fpqc sheaf of stabilizers of the ideal J = (h,y1,...,yn)-

Remark 2.3.9. G is not representable by a scheme of finite type over k [[h]]. Since J(h™1) =
Ap, (™), the fiber of G over k (b)) agrees with that of G, while the fiber over k [[h]] /(h)

is smaller in dimension. Nonetheless we may consider G j-torsors.

Proposition 2.3.10. Let Y C X be a Lagrangian subvariety. IfY is restricted and Y7 is
the trivial deformation modulo hP, then the G-torsor P of quantized coordinates on X'[[h]]

restricts to a Gy torsor on Y.

Proof. To show P reduces to a G j-torsor, we must exhibit a section of P/G j over Y’. Since
G = stab(J), a section of P/G is a subsheaf of A locally isomorphic to J. Thus, it
suffices to prove that the ideal Iy C Oh|57 of Y is locally isomorphic to J. This is done by

our tubular neighborhood theorem, Theorem 2.2.10. O]

Denote by P the G j-torsor on Y’ which is the restriction of 77]?, corresponding to the
restricted Lagrangian subvariety Y.

Recall from Lemma 2.3.5 that Ay, /J has a unique quantization My, = Ap/Ap(y1,- -, Yn)-
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Definition 2.3.11. Let Aut(Ay,, M},) denote the k [[h]]-group scheme of restricted quantized

automorphisms of Aj, equipped with a compatible automorphism of Mj,.

There is an embedding Gy, — Aut(A;,, M},) sending r € G, (R) to the identity on Ap
and multiplication by r on Mp. There is also a natural map Aut(Ay, M;) — G given by
forgetting the action on Mj,. The image of Aut(Ay, M}) — G is contained in G j since J is
the annihilator of My, /hMj,.

Proposition 2.3.12. If R is a flat k [[h]]-algebra, then G j(R) is contained in the image of
Aut(Ap, My,) under the map Aut(Ay, My) — G.

Proof. Let A be the subalgebra of Aj,(h~!) generated over Ay, by h=1.J:
A= k) (w1, o h Y, B Vg € AR(hT),

The algebra A is the Weyl algebra modulo the pth powers of its generators. It is an Azumaya
algebra. Since y; acts on My, by hdy,, the action of A on M}, extends to an action of A.
Under this action, Mjp, is a splitting bundle for A.

If R is a flat k[[h]]-algebra and ¢ € Gj(R), setting p(h~1y;) = =13 (y;) induces a

unique extension of ¢ to

By the Skolem-Noether theorem, the automorphism ¢ is locally induced by an automor-
phism of Mj,, which is compatible with ¢ by definition of . Hence ¢ lies in the image of
Aut(Ah, M, h)' [

By Proposition 2.3.12 and Lemma 2.3.5, the map

Aut(Ay, My) /Gy, — Gy
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is an isomorphism on flat & [[h]]-algebra points. Since Y' is flat over k [[7]], we may consider

P as a torsor over Aut(Ayp, Mp)/Gp,.

Definition 2.3.13. Let oy 0. € H? (ifv’, Gp,) be the obstruction to lifting the torsor P to
Oh

a Aut(Ay,, M},)-torsor along
1 -Gy — Aut(Ah, Mh) — Aut(Ah, Mh)/Gm — 1. (23)

Proof of Theorem 2.1.2. By Lemma 2.3.5, a quantization of a line bundle £ on Y with p-
support Y’ will be locally isomorphic to M}, over Y7 Hence, a quantization of £ induces a
lift of Py to an Aut(Ay, Mp,)-torsor of local isomorphisms with M},. Conversely, given such
a lift Py to an Aut(A;,, My,)-torsor, the associated bundle of M, will be a quantization of a
line bundle on Y. Hence, the obstruction to the existence of a quantization of a line bundle
on Y with p-support Y7 is the same as the obstruction to the existence of a lift of P 7 to an

Aut(Ayp,, Mp,)-torsor, which is 057 oy, DY definition. O
Oh

Remark 2.3.14. The presence of the hypothesis of flat k [[h]]-algebras in this §2.3.2 is neces-
sary, as the local structure of deformations is more complicated in the presence of h-torsion.
In particular, if we consider a deformation of the p-support modulo A"t the associated
G j-torsor is only guaranteed to locally lift to Aut(Ay,, M},) modulo R"~1. This corresponds
to the observation in [Bar+16, §6.3] that cohomology vanishing conditions up to degree n

only imply the existence of a deformation to order n — 1.

2.3.3  Comparison to the class of Bogdanova and Vologodsky

In this section, we analyze the obstruction o ) in the case that Y =Y [[h]] by com-
O

paring it with the extensions constructed by Bogdanova and Vologodsky in [BV20]. Their

motivation was as follows: inverting h in a Frobenius-constant quantization gives an Azu-

maya algebra O (h~1) over X’ ((h)). However, O}, is not Azumaya on X’ [[h]]. Bogdanova
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and Vologodsky show that a correction by a certain reduction of differential operators on X
extends to an Azumaya algebra on X’ [[h]] [BV20, Theorem 1]. We recall their construction
below.

Let A% be the reduced Weyl algebra on 4n variables x;,y;, Oy;, Oy;, where x; is dual to
Oz; and y; is dual to Jy,. We have a canonical inclusion Ay — A?L which sends x; — x;
and y; — y;. We also have a map Deryp(Ay) — AI;L which sends 0/0z; to 0z, and 0/0y; to
Oy;. These inclusions make A% a quotient of crystalline differential operators D Ao/k.h = A%,
with kernel generated by (&731, ey a{,’n), cutting out the zero section of the Frobenius-twisted

cotangent bundle of Ay.

Definition 2.3.15. Let G’ denote the group of restricted quantized automorphisms of A?l.
Let G denote the restriction of scalars of G along k — k[[h]], and G the restriction of

scalars of G along k — k [[h]].

The quotient D 4 Jkh = A% induces a map Ycqp : G — G Concretely, 1eqn(g) acts on
Ay = Ap/hAy, by the reduction of g mod h, while it acts on Derj.(Ag) by the induced action
on derivations. We may also view A?L as the central reduction of crystalline differential
operators along the graph of n = ), y;dz;, inducing a different G-action ¢ : G — .
Concretely, ¥(g) = @g+p—n © Yean(g), where for an exact 1-form o, o (f) = f for f € Ay
and pq(0) = 0+ «(0) for 0 € Der.(Ag). See [BV20, (3.3)].

Remark 2.3.16. The maps ¢¢qn and 9 are defined over k, not k [[h]], and are not induced by

morphisms G — G” over k [[]].
Definition 2.3.17. Let J* = (hyyts- Yns Oxyy -y Ox,y) C A?L.

Let G; denote the stabilizer of the ideal J = (h,y1,...,yn) in G.

Remark 2.3.18. Although G is not representable by a scheme over k [[h]], its restriction of

scalars Gy is a k-subscheme of G.

Lemma 2.3.19. The ideal J* is stable under hean(G.y) and ¥(G).
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Proof. Tt is clear that ¢eqn (G y) and (G ) preserve A?LJ . The normalizer N(J) C Derj,(Ap)
of J satisfies

since if 0 = ) ; f;0z,+g;0y, normalizes J, then (y;) = g; € J. Hence Gy takes {0z, ...,0z,}
into N(J) C J?, and thus J” is stable under Yean(Gy). Finally, we compute that 1(0;) =

y; € J for all ¢, and hence for any automorphism g in Gy, g*n(d,;) € J also. Thus, J? s
stable under (G ). O

Lemma 2.3.5 shows that A?l /J > has a unique quantization M }bl It is a splitting bundle
for the subalgebra A?L(h_lJl’> - A%(h_l) generated over A?L by h~1J%, as in Proposition

2.3.12. Indeed, Proposition 2.3.12 shows that we have an exact sequence
1= L Gy — Resy ") Aut(4), M]) = G, — 1, (2.4)

where here and below Res denotes restriction of scalars. Pulling back along ¢ : Gj — G[’]b
yields another extension of GG ;.

Let LGy, and LTG,, be the restriction of scalars of Gy, to k along k — k((h)) and
k — k[[h]], respectively. Since My (h~1) is a splitting bundle for the Azumaya algebra

Ap(h™1), we have an extension

1= LG — Rest ) GL(My (07 1)) GoGo1, (25)

" Rest ™) Aut(4y,(h=1))

and similarly for A?L. The main theorem of Bogdanova and Vologodsky is that there is a
lattice A C Hom(Mz, M;)(h™1) such that End(A) is stable under the action of G [BV20,
§3.3]. While they use an arbitrary splitting bundle for AI;L to construct such a lattice, we
specifically use M }bL associated to .J” to facilitate the comparison with the obstruction to

quantizing a line bundle on Y.
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Definition 2.3.20. The Bogdanova-Vologodsky class [(92] € Hgt(X ' LT Gyy,) is the Brauer
class of the Azumaya algebra End(A) X P, the associated bundle of End(A) along the

torsor of quantized coordinates P.

Remark 2.3.21. Bogdanova and Vologodsky only showed that there exists an algebra Oihz
satisfying certain properties. However, Lemma 2.3.23 shows that there is a unique reduction
of (2.5) to LTGyy, so that the Azumaya algebra End(A) on the classifying stack BG is

unique up to Morita equivalence. Hence it makes sense to speak of the class of [(92]

We now have three extensions of G ; by LT Gy, associated to Mj, M,bl, and Hom(MZ, My),
as well as the extension of G by LG, associated to A. Proposition 2.3.22 and Lemma 2.3.23
below allow us to compare the obstructions to lifting a G j-torsor along those extensions.

We need terminology for the statement of Proposition 2.3.22. Given a free k [[h]]-module
of finite rank V, let LYGL(V) and LT PGL(V) denote the restriction of scalars of GL(V)
and PGL(V) along k — k[[h]].

Proposition 2.3.22. Let H/k be a group scheme. Given a homomorphism H — LT PGL(V)
for V' a k|[h]]-module of finite rank, let [V'] denote the class of the extension

Given such homomorphisms H — LT PGL(V;) fori=1,2,
L[V =mwl
2. Vi @gap Vol = Mil[Val;
3. [Homy(V1, Va)) = V1]~ [Va).

We can apply this proposition to the projective representation [Mp] from (2.3), along

with the corresponding representation [M Z] pulled back via .
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Bogdanova and Vologodsky prove the existence of a reduction of (2.5) from LGy, to

LTGyy,. The following Lemma shows such reductions are unique:

Lemma 2.3.23. Let H be an affine group scheme over k. Let
1> LGy > K—H—1

be a central extension of H by LGyy,. If this extension reduces to an estension by LTGyy,

then that reduction is unique.

Proof. Suppose that 1 — LTG,, — K; — H — 1 are two such reductions for i = 1,2. We
have an isomorphism ¢ : Ky X+ LGm — Ko X+, LGy over H. Then ¢ restricts to

an isomorphism Ki — K9 over H if and only if the subquotient map
?:H=K/L'Gy — LGy /LGy, = Grg,,

is trivial. However, every group homomorphism from the affine group scheme H to Grg,  is

trivial, by [BV20, Corollary 6.3]. O

Proof of Theorem 2.1.3. Let og/ and o7 denote the obstructions to lifting P 7 to a torsor over
the extensions of Gy associated to [M Z] and [Hom(M }bl, Mj,)], respectively. By Proposition
9.3.22,

_ b
h—0#~0Y

Oy”[[h]],0

Now A and Hom(Mg, Mjp,) are both lattices in Hom(MZ, M3)(h~1) whose endomorphisms
are stable under Gj. Lemma 2.3.23 implies that the associated group extensions are iso-
morphic, and thus o7 is the obstruction to lifting P to a torsor over GL(A) X paL(n) G-
Since End(A) is also G-stable, this obstruction is the restriction of the obstruction to lifting

the full torsor of quantized coordaintes P to a torsor over GL(A) X pir,(p) G, which is [Og]
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Hence

o = [Of ]Iy

Now og, is the obstruction for the torsor P; to admit a lift along the pullback of
1= LTGy, — ResZ[[hH Aut(Ab : MZ) — be

viay: Gy — be. This torsor has a lift if and only if there is a module over Dy [, h|Y’[[h]]

which is locally isomorphic to

M = 4 A% (g1, Yny Oy Oy).

Since Y is restricted, [nlly = 0, so Dy 1 4lyr = Dxoplys, and the desired module is

DX,O,h’Y’/DX,O,le’(IY + Ty). Thus, 0%/ =1. ]

2.4 Restricted Chern classes

In characteristic zero, given that a quantization of a Lagrangian subvariety Y exists, a
particular line bundle £ on Y admits a quantization if and only if the Atiyah class of £
satisfies a certain equation. For instance, if the quantization is self-dual, this equation states
that L9272 @ Ky admits a flat algebraic connection [Bar+16].

In positive characteristic, flat connections admit a nontrivial invariant, their p-curvature.
The positive-characteristic version of the Atiyah class is the obstruction to the existence of
a flat connection with p-curvature zero. This will allow us to classify which line bundles on

Y admit quantizations.
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2.4.1 Restricted Atiyah algebras

Lie algebroids were introduced by Rinehart in [Rin63]. Below, we define what it means for

a Lie algebroid to have a restricted structure.

Definition 2.4.1. Let Z/k be a smooth variety over a field k of positive characteristic. A
restricted Lie algebroid on Z is a Lie algebroid 7 : A — Ty, locally free as an Oz-module,

equipped with a restricted operation x 2P| such that:

1. =[Pl makes A into a restricted Lie algebra, and the anchor map is a restricted Lie

homomorphism.

2. for f a section of Oy and x a section of A,
(Fo)lPl = Pl 4 (r(fo)P = (f)e.

The definition is essentially due to Hochschild, who considered such algebroids in con-

nection with the Galois theory of inseparable extensions [Hoc55]. See also [Rum00, §3.1].

Definition 2.4.2. A restricted Atiyah algebra on Z is a restricted Lie algebroid on Z of the
form

02072 A—=T7—-0

such that [z, f] = 7(x)(f) for all sections f of Oz and x of Tz, and for every local section
fof Oy, fW =y,

Example 2.4.3. If £ is a line bundle on Z, then DiffS!(L£), the sheaf of differential
operators on L of order at most one, is a restricted Atiyah algebra on Z with p-operation
2Pl = 2P as an operator on L. The key identity for restricted Lie algebroids is satisfied

because of Hochschild’s identity [Hoc55, Lemma 1].
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Local splittings of the anchor map A — T are called connections on A. In the case
when A = Dif f Sl(L), these are equivalent to connections on L. In the algebraic category
in characteristic zero, it may be that every connection on an Atiyah algebra has nonzero
curvature. However, restricted Atiyah algebras in positive characteristic enjoy the special
property that there are always local connections with zero curvature. This is the content of

Lemma 2.4.4 below.

Lemma 2.4.4. If A is a restricted Atiyah algebra on Z, then the anchor map 7: A — Ty

15 locally split as a map of Lie algebras.

Proof. The question is local, so we may assume that there is a O z-linear section o : Ty — A

of the anchor map 7. Let g € QQZ be the curvature of this splitting, that is,

Bz, y) = [ox,0y] — oz, y].

Sections are a torsor over Q) and the curvature of the splitting o + o for @ a 1-form is
B + da. Hence, we wish to show that § is locally exact. The Jacobi identity for A shows
that df = 0. Now we compute the image C'(f) of 5 under the Cartier operator. By Lemma

2.2.6, the Cartier operator satisfies

C(l8) = iy C(B)

for all vector fields x. For any 1-form « and vector fields z and y, we have by induction

(tha)) = (17 (| ) aladaty).
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and thus by definition of j,

p—1
(L5 iaB)(y) = D aP 1T B(a, adz(y))
=0

p—1
=Y ad? 1 o(a) ([ax, o(adiz(y))] - ofz, adjx(y)]>
j=0

p—1
=Y ad’ o (x)(o(ad x(y))) — ad’ I o (z) (0 (adF a(y)))
7=0

= [o(2)P) oy] — ([P, ).
Hence

i 8(y) = 0@, o ()] = olal?)y] = o), o(y)] + ol y
= [o(e") ~ o(2) ", oy,

Since 7 is a map of restricted Lie algebras,

[p]

so that o(zP1) — o(2)[P] is a section of O. Hence i3 is exact with primitive — (o (zPl) —

o ()P, s0 i, C(B) = 0. As z was arbitrary, C() = 0, so by the Cartier isomorphism, 3 is

locally exact.

While restricted Atiyah algebras have local integrable connections, these connections

may have nonzero p-curvature. The classification of restricted Atiyah algebras comes down

to taking p-curvature into account.

Theorem 2.4.5. Let Z/k be a smooth variety and C be the Cartier operator. Let Aty be
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the complex

a— o —Cla
Aty = {lejd (@) le}

Then restricted Atiyah algebras on Z up to isomorphism are in bijection with Hl(Z7 Aty).

Proof. We describe how to send a restricted Atiyah algebra A to a class [A] € HY(Aty).
The anchor map 7 : A — T is locally split as a map of Lie algebras. Let {U;} be a Zariski
open cover with splittings o; of 7 over U;, and let o;; = 0y — 0 € Q%]” Since the maps o;
respect the bracket, da;; = 0.
For all local vector fields z, o;(2)/P] — o;(2[P)) is central. Hence there exists v; € Q%]Z such
that
(@) = i)~ oy(alP),

The form ~; determines the restricted structure of A over U;, and must satisfy the compat-

ibility

(i =) (@) = oi(@)? = o) i (W) + o ()

= (7(2) + agj(@) P — ()" — az(alF))

= 0y (2)P + 2P Loy (w) — (),
which is equivalent to y; —v; = o, i C(cj;). This shows that {a;;,7;} is a Cech 1-cocycle
for Aty and thus defines a class in H'(Aty;). A refinement of the cover or a change of
splittings does not change the class, and thus there is a well-defined class [A] € H(Aty).

The class [A] is exactly the obstruction to the existence of a global splitting o : Ty — A

respecting the restricted structure, and hence the map sending an Atiyah algebra A to [A]
is injective. The map is surjective since the data of a Cech class {a;j,7i} allows the Atiyah

algebras Oy, @ Ty, with restricted operation

(f, )Pl = (P 4 ;(2)P, 2Py
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to be glued to a restricted Atiyah algebra on Z. O]

Remark 2.4.6. Theorem 2.4.5 is similar to the main theorem of [Hocb4], where restricted
extensions of restricted Lie algebras are classified as the ordinary Lie algebra extensions
on which a certain Cartier-type invariant vanishes. This Cartier-type invariant is exactly
the do-differential in the Friedlander-Parshall spectral sequence relating non-restricted to

restricted Lie algebra cohomology [FP86].

Remark 2.4.7. Atiyah algebras without restricted structure are classified by H! of the com-
plex Q%l = (le — QZZ — --+). This is well-known in characteristic zero [BB93, Lemma
2.1.6]. The natural maps

Atz — QY — Q7!

induce a map H!(At,) — H! (Q%l) which corresponds to forgetting the restricted structure.

For smooth Z/k, there is a well-known exact sequence of étale sheaves

dlog 1 a—d —-Cla) ;4
1— O;, Og QZ7CZ QZ/ — 0,

cf. [Mil80, Proposition 4.14]. The sequence shows that Aty is quasiisomorphic in étale topol-

ogy to the sheaf of logarithmic forms le log" Taking étale cohomology yields the sequence
- = Pic(Z') = Pic(Z) — HY(Atg) — H3(Z',Gy) — H%(Z,Gp) — - (2.6)

The map Pic(Z) — H'(Aty) is induced by sending a line bundle £ to [Dif f<Y(L)].

Remark 2.4.8. The sequence (2.6) shows that Brauer classes on Z’ which split over the
relative Frobenius Z — Z' are in bijection with H'(Aty)/Pic(Z), that is, restricted Atiyah
algebras modulo those of the form Dif fS1(L) for £ € Pic(Z). This is analogous to the
main theorem of [Hoch5], where Z replaces a height 1 inseparable extension L/k. In that

case, Pic(L) is trivial.
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Definition 2.4.9. The map Pic(Z) — H'(Aty) sending £ — [Dif f<1(L)] is the restricted
Chern class ¢ : Pic(Z) — HY(Aty).

2.4.2  Atiyah algebras and quantizations

In characteristic zero, there is an Atiyah algebra associated to a quantization and a La-
grangian subvariety which controls the Chern class of quantizable line bundles [Bar+16,
§5.3]. In the case when Y C X is restricted in positive characteristic, we will construct a

restricted Atiyah algebra.

Proposition 2.4.10. Let I C Oy, be the preimage under Oy, — Ox of the ideal of a restricted

Lagrangian subvariety Y. Then 1/12 s a restricted Atiyah algebra on Oy .

Proof. Recall J = (h,y1,...,yn) C Ayj,. There is a short exact sequence of G j-modules
0— Ap/J — J/J? = J/(h+ J?) =0,

where the first arrow is multiplying by h. By Proposition 2.3.10, if Y C X is restricted
Lagrangian, then the G-torsor of quantized coordinates restricts to a G j-torsor over Y/ =
Y’ [[h]] such that the associated bundle of the G j-representation J is I. Hence we have a

short exact sequence of sheaves
0= Oy = 1/I> = 1/(h+1%) —0.

As Ox = 0},/hOy,, the sheaf I/(h+I?) is the conormal bundle of Y in X, which is identified
under the symplectic form with the tangent bundle of Y. The induced map 7 : I/1 2,7 y
is 7: f — Hy, and makes [ /1 2 into a Lie algebroid under the Poisson bracket.

Now we show that the restricted operation —? descends to an operation on I /T2, Let

Q(x,y) be the free quantized algebra on = and y. This is the Rees algebra of the tensor
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algebra T'(x,y) with respect to the PBW filtration from the free Lie algebra on x and y.
It is homogeneous with respect to three different gradings: the grading where |h| = 1 and
|¢{| =1 for any ¢ in the free Lie algebra on x and y, grading with respect to z, and grading
with respect to y.

By [BKO08, §1.2], there is P(z,y) € Q(z,y) defined by

W=P(x,y) = (wy)P — alyP.
Its main property is that for x and y in any Frobenius-constant quantization,
(zy) [P = Pylpl 4 glplyp — pp=10lyl) o p(g q).

With respect to our three gradings, P has degree (p + 1, p, p).

By the PBW theorem, Q(x,y) has a homogeneous k-basis where every element is of the
form h¥ey - 0,, where {; are Lie monomials in z and y. Hence we may express P as a sum
of such monomials where each monomial is of degree (p + 1, p, p). But every such monomial
is either h{x,y}? or contains hx, hy, or both x and y as factors. Since I is two-sided and

{I,1} + 1Pl € I, we conclude that if a,b € I, then
(@b)lP! = aPplP) 4 oPlpp — =14yl 1 p(q,b) € I2.
Hence 12 is stable under the restricted operation. Then for @ € I and b € 12,
(a+ b)) = gl 1 plP) 4 1(a,b)

where L is Jacobson’s Lie polynomial, so since 2 C I is a Lie ideal, we conclude that —[p]
descends to I/I?, making I/I? into a restricted Lie algebra. Since Hj[cp I~ £l for all
f € Ox, the anchor map 7: I/1 2 _, Ty respects the restricted structure.
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Now we check the second axiom of restricted Lie algebroids. For f a section of Oj, and

x a section of I,

(fo)lP) = rglel o pllyp — pp=1 ¢l o) 4 p(s, ).

For z € I, 2P and h?~1O), are both contained in I?.

Now we must use Hochschild’s identity on products of the form (yz)P. Let T be the
tensor algebra on z and y, and R = ([adLy, ad%y] | i,7 > 0). Then the subalgebra of T'/R
generated by adgcy for ¢ > 0 is commutative, and so Hochschild’s identity [Hocb5, Lemma 1]
shows that

(yx)P — yPaP = adggl(y)x € T/R.

Upon taking the Rees algebra, and taking R’ = ({ad%y, ad‘%y} | i, > 0), we obtain
P(z,y) — adyy ' (y)o € R, (2.7)

where now ad is the adjoint action of the Poisson bracket. But (2.7) is homogeneous of degree
(p+1,p,p). As R is a monomial ideal, there must be an expression for P(z,y) — adggl(y)x
where each monomial is a multiple of {adgjy, ad‘%y} for some i, 5 > 0. But for such a monomial
to have total degree p + 1 and y-degree p, it must have two terms with y-degree zero, and

thus contains h2, hx, or two copies of x.

Thus, if z € I, then P(f,z) — adh,

fgl(f)x € I?. Hence for z € I/I? and f € Oy,

(fz)lPl = fPglp) +ad1};1(f)x

in I/I?, as desired.
For f € Oy, (hf)[p} — hfP, so I/I? obeys the final axiom of restricted Atiyah algebras.
O

We now aim to compute the Atiyah class of /1] 2 The algebroid I /1 2 depends only on
35



the first-order restricted quantization Oy, /h%0},, and so we expect that it can be expressed
in terms of the first-order data of O;,. We recall Bezrukavnikov and Kaledin’s classification

of first-order restricted quantizations.

Proposition 2.4.11. [BK08, Proposition 1.19] First-order restricted quantizations of X are
a torsor over Hl(X/, Q}X,log)' There is a canonical basepoint for this torsor, the first-order

quantization Oy, such that Op = (’)O_ph, inducing a bijection
p : {first-order restricted quantizations over Ox} — Helt(X/, Q% log)- (2.8)

See [BV20, §2.6] for another description of this classifying map p. In characteristic zero,
this canonical basepoint is known as the canonical quantization [BK04a, Definition 1.9].
The following lemma identifies the class of the dual restricted Atiyah algebra, which will

be used to calculate [1/1?].

Lemma 2.4.12. Given a restricted Atiyah algebra A on Z, the opposite Atiyah algebra A°P

18 restricted with the same p-operation. Further,
[A] + [A%P] = (K z),

where Kz 1s the canonical bundle.

Proof. The operation a alP! is a restricted Lie operation for the opposite Lie algebra, and

the anchor map 7P = —71 : A°? — T is compatible with the operation: for a a local section
of A,
r(a) = —r(a) = (—r(a)¥) = 7 (a) ")

The compatibility of opposite scalar multiplication and a — alP! follows from Hochschild’s

36



identity. Compute in A: for f a local section of Oy and a a local section of A,

(af)P) — alPL P = (fa + ra(f)P) — alPl pp
= (fa)lP) — fPalPl 4 (ra( )P + (fra)=Y(ra(f))
= (fra)P~Y(fa+ (ra())P + (fra)P~(ra(f)),

whereas Hochschild’s identity in the ring of differential operators gives

a(fra)’~H(f) = (fra)’"H(f)a+ ra(fra)P~H(f)
= (fra)’~H(Na+ (raf)P(1)
= (fra)’~ (Na+ (fra+7a(f))P(1)
= (fra)P " (fa+ (ra(f))P + (fra)P " (7a(f)).
Comparing our two equations shows that A is a restricted Lie algebroid. Now the proof is
the same as for Atiyah algebras in characteristic zero; see [BB93, §2.4.1]. H
Lemma 2.4.13. Let Y C X be a restricted Lagrangian subvariety and I be the ideal of Y

in Oy,. Then in H'(Aty) = Helt(Q%/,log)’

1/1% = plO)ly + ger(Ky),

where p is the classifying map (2.8).

Proof. Suppose first that O,/ h? is a self-dual first-order quantization. Let « : O,/ h? =

inh / h? be the duality isomorphism. Since a = id mod h, the following diagram induced
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by a commutes:

op— _+

h —
0 Oy (1/12yr = Ty 0
id —« id
h
0 Oy /12 U 0

Since « is an isomorphism of Poisson structures, —«a takes the Lie bracket on (I/1] 2)0p to
the bracket on I/I?. We conclude that [I/I?] = [(I/I?)°P], which by Lemma 2.4.12 shows
that [I/1%] = Lc(Ky).

In general, Helt(Q}(,l o g) acts on first-order quantizations via p as in (2.8), and acts on
Helt(Q%C lo g) = H1(Aty) via restriction along Y — X. These actions are compatible: twisting
by a étale Cech cocycle {a;} of logarithmic forms induces local automorphisms f +— f +
hai(Hy) of O/ h2, which induces automorphisms by the same formula on I/I2. This proves

the formula. O]

Now we can classify the restricted Chern classes of quantizable line bundles on Y. Recall
that infinitesimal deformations of an R-subscheme W C Z along a square-zero extension
0— 11— R — R — 0 are a torsor over HO(VV, NZ/W ®@pg I). Now suppose Y is a formal
deformation of Y/ C X’ which is trivial modulo h?. Then deformations of Y/ /hP = Y'[h]/hP
to order h? have a canonical basepoint: the trivial deformation Y”/[h]/hPTL. Hence, it makes
sense to canonically associate a normal field € HO(Y!, Ny /x) to the deformation Y’ JhPT1

of Y'/hP = Y'[1] /RP.

Theorem 2.4.14. Suppose Y C X s a restricted Lagrangian subvariety and Y’ isa formal
deformation of Y' C X' which is trivial modulo hP. Let § € HO(Y”, Ny1x1) be the normal
field defining the infinitesimal deformation W/hp+1 of the subscheme W/hp = Y'[h]/RP of
X'[h]/hP.
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If L is a line bundle on'Y admitting a quantization with p-support 177, then

(L) = p(On)ly + 5er(Ky) ~ [ige] (2.9

where Ky is the canonical bundle on'Y and [igw'] is the Atiyah class on'Y corresponding to
the 1-form igw’ on Y.
Conversely, if such a quantization exists and the restriction Pic(?) — Pic(Y") is onto,

then every line bundle L on'Y satisfying (2.9) admits a quantization.

Proof. Suppose £ admits a quantization L. Let I be the preimage of the ideal of Y in
Oj,. The map ¢ : I/1?> — Dif fSY(L) defined by a — h~la : £,/h — L£;,/h is a map of
nonrestricted Lie algebras: h~1a is a differential operator of order at most one, with principal
symbol 7(a) = Hy since [ha, f] = {a, f} for f a local section of Oy-.

Let us compute ¢(a)?! — o(alP)). We have p(a)Pl = (h1a)P = hPaP, while ¢(alPl) =

h~talPl. Hence for a € 1/12,
o(@)? — p@alP)y = nPa? — B 1alP) = B Ps(a),

where s is the splitting map of the Frobenius-constant quantization, by (2.1). By definition
of 6, the action of s(a) on £;,/hPT! is exactly hP6(s(a)). Thus ¢ is not a map of restricted
Lie algebroids.

Let A be the Atiyah algebra Dif f<Y(L£) + [igw']. It is the same underlying Lie algebroid
as Dif fS1(£), but with p-operation glPla = ool 4 i rigw’. Let of [/[2 — A be the

TIT)

map a — h~la as above. Then

(cpa(a))[p] =h"PaP + iHC/ligw/ = h"Pal —igds(a) = hPaP — 6(s(a)),
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which shows that gpa is a map of restricted Atiyah algebras. Hence by Lemma 2.4.13,

(L) = [1/17] ~ lige/) = p(O)ly + ger(Ky) — lige/]

Since quantizations of Y with p-support Y7 are equivalent to lifts of the G j-torsor Pjto a
Aut(Ay,, Mp,)-torsor, quantizations of Y are a torsor over Hl(lA/J’, Gm) = Pic(}A;’). Concretely,
the action by F € Pic(ifv’) is

]::'Ch}_)}-@o;;,ﬁh'

If Pz’c(ifv’) — Pic(Y') is onto, then the line bundles £ € Pic(Y) admitting quantizations are
closed under the action of Pic(Y’). By Cartier descent (which is encoded in the sequence
(2.6)), the difference of two line bundles descends to Y’ if and only if the difference carries a
flat connection with zero p-curvature, that is, the restricted Chern class of the two bundles
are equal. If a quantization of a line bundle on Y with p-support % exists, it follows that

L € Pic(Y) may be quantized if and only if its restricted Chern class satisfies (2.9). O

2.5 Morita equivalence of quantizations

We give a criterion for Morita equivalence of Frobenius-constant quantizations. After in-
verting h, a Frobenius-constant quantization becomes an Azumaya algebra, and thus Morita
equivalence is determined by a Brauer class. Surprisingly, a Brauer class also controls Morita
equivalence across h = 0. This application of the main result is inspired by forthcoming
work on categorical quantization in positive characteristic by E. Bogdanova, D. Kubrak, R.
Travkin, and V. Vologodsky.

Let (X, [n]) be a restricted symplectic variety as above. The symplectic form w satisfies
d[n] = w. Then the symplectic variety X~ = (X, —w) is also restricted, as —w = d[—n]. We
will give X this restricted structure.

Lemma 2.5.1. The diagonal Ax C X~ x X is a restricted Lagrangian subvariety.
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Proof. The restricted structure on X~ x X is given by the class
L@ - ote Q)

which evidently restricts to zero on Ax. O

Now suppose (9,% and O% are two Frobenius-constant quantizations of X. Then (O}L)Op
with the same Frobenius splitting map is a quantization of X —, for the restricted structure

agrees with [—n] by Theorem 2.2.4.

Lemma 2.5.2. For Oj, a Frobenius-constant quantization of X, the Bogdanova-Vologodsky

class of the quantization Ozp of X~ is [Olﬁl]*l.

Proof. Apply the canonical identification End(V)°P = End(V™*) for a vector space V' through-

out Bogdanova and Vologodsky’s construction of (’)ﬁ, and apply Proposition 2.3.22. [

Theorem 2.5.3. Let Ol]i and O]% be two Frobenius-constant quantizations of a restricted

symplectic variety X . If
1 2
(O} = [(Op)A),
then O}L and (9% are Morita equivalent over their centers.

Proof. Consider the diagonal Ay C X~ x X. It is restricted Lagrangian by Lemma 2.5.1.
The algebra ((’),ll)Op k([h)] O% is a Frobenius-constant quantization of X~ x X. The hypoth-
esis implies

(0D @ [(0})

restricts to zero on A/ [[h]] € (X’ x X’)[[h]]. By Theorems 2.1.2 and 2.1.3, there is a line
bundle £ on A x admitting a quantization to £, over (O}L)Op ®O}2L. Then L}, is the bimodule

inducing a Morita equivalence between (’)}L and (9%. [
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Remark 2.5.4. If f: (X1, [m]) — (Xa,[n2]) is a symplectomorphism such that f*[ne] = 1],
then the graph I'y C€ X x Xy is also restricted. By replacing A with ['¢, Theorem 2.5.3
generalizes to show that if O}l and O%L are Frobenius-constant quantizations of X7 and X»

and f*[((’)%)ﬁ] = [(O}L)ﬁ], then f*(’)% is Morita equivalent to O,ll.
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CHAPTER 3
HOCHSCHILD COHOMOLOGY OF DIFFERENTIAL
OPERATORS

3.1 Introduction

Algebras of polynomial differential operators are objects used throughout mathematics, sit-
ting at the interface of analysis, geometry, topology, and algebra. Over a field of characteristic
zero, the algebra of differential operators Dy on a variety X consists of operators locally

of the form ) ; f ]% e 818:; where x1,...,xy are local coordinates and f; are regular
1 n

functions on X. One can also consider differential operators over a field of positive char-
acteristic; then the definition must be modified to account for the identity (d/dz)Pz"™ = 0
in characteristic p. In this paper, we study differential operators with divided powers, for-
mulated by Grothendieck in connection with crystalline cohomology. This algebra includes
operators such as (p!)~!(d/dx)P. Precise definitions are given in §3.2.1 below.

Hochschild cohomology is a fundamental invariant of associative algebra A. As a ring,
the Hochschild cohomology HH*(A) coincides with self-extensions of the A-bimodule A.
Gerstenhaber showed that the bar complex of the A-bimodule A controls deformations of
the product on A [Ger64]. Since then, Hochschild cohomology has attracted considerable
interest due to its connection to deformations.

In this note, we prove:

Theorem (see Theorem 3.4.4). Let k be a field of postitive characteristic, X a smooth variety

over k, and Dx the ring of differential operators on X. Then there are short exact sequences
0= R'lim H" (X, 0x)!") — HE™ (D) = lm H™(X,0x)") — 0
T T

for all m > 0, where the inverse limit is taken over the sequence of relative Frobenius maps
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Fr: H*(X,0x) ) & g*(X, 0x)").

We also consider the cup product structure on HH*(Dx) in §3.6. There it is shown that
the map HH*(Dx) — lm, H™(X, (’)%)) is a map of graded rings.

Over the field C of complex numbers, it follows from work of Wodzicki that HH*(Dy) =
H}3p(X/C) for smooth affine X [Wod87]. In fact, in loc cit. Wodzicki calculates the
Hochschild homology as H Hx(Dx/c) = Hj ™~ *(X/C), reflecting that Dy ¢ is a Calabi-
Yau algebra of dimension 2dim X. One year later, Wodzicki calculated the Hochschild ho-
mology of Dx for X smooth affine over k of positive characteristic [Wod88]. He showed
that HH«(Dy) is concentrated in degree n = dim X and HHy(Dx) = Q% /BoofYy, where
B2 are the potentially exvact forms. Unlike in characteristic zero, Wodzicki’s method
does not apply to Hochschild cohomology. Our results show Dy over a field of positive
characteristic is not Calabi-Yau, as for affine X, HH*(Dyx) will have amplitude exactly
[0, 1].

If X is not affine, then Dy is not an associative algebra but rather a sheaf of such; this
makes defining an appropriate category of bimodules more difficult. Hochschild cohomology
of ringed spaces and, more generally, abelian categories has been developed by Lowen and
Van den Bergh [LV05], following earlier work by Gerstenhaber and Schack on cohomology
of diagrams of associative algebras [GS83; GS88|. Lowen and Van den Bergh showed that
if A is a sheaf of algebras on X which is locally acyclic with respect to a basis B, then the
Gerstenhaber-Schack cohomology of the diagram Apg coincides with Hochschild cohomology
of the category of A-modules [LV05, §7.3]. This paper uses Gerstenhaber and Schack’s
definition of Hochschild cohomology of a diagram (see §3.3); as Dy is quasi-coherent, our
computation thus agrees with categorical Hochschild cohomology.

We should point out that Ogus obtains very similar formulas for Ext’l‘)X(O x,0x) in

[Ogu75]. The relationship is explained in Remark 3.4.5.

Acknowledgments. The author was supported by NSF Graduate Research Fellowship
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3.2 Preliminaries

3.2.1 Differential operators

Let k& be a field. A smooth variety X over k will mean a morphism of schemes X —
Spec k which is smooth, separated, and of finite type. We recall Grothendieck’s definition of

differential operators on a smooth variety, following [BO78, §2.1].

Definition 3.2.1. [BO78, Definition 2.1] For a smooth variety X over k, let I be the ideal
of the diagonal in X x; X, thatis, I = (f®1—-1® f) C Ox ®; Ox. A k-linear map of
sheaves h : Ox — Ox is a differential operator of order m if and only if the linearization

h:Ox ®; Ox — Oy is annihilated by 1*1,

A map h is a differential operator of order m if and only if for all local sections fy, f1, ..., fm
of Ox, we have [fo, [f1, [ -, [fm,h]]]] = 0. A degree zero differential operator is O x-linear
and thus is a section of Ox. Differential operators form a filtered sheaf of rings Dx with a
map Ox — Dyx from the inclusion of degree zero differential operators. As a left or right
O x-module, the sheaf Dy is quasi-coherent.

The sheaf Dy contains differential operators “with divided powers.” For example, if
0 = d/dt is the usual derivative acting on k[t], the operator 09 is divisible by ¢!, as 09t" =
q!(Z) t"~4. Thus 51[(9(1 A (Z) t" 4 makes sense, regardless of the characteristic of k. The

following proposition states that Dy locally has a basis of such operators:

Proposition 3.2.2. [BO78, Proposition 2.6] Suppose X is a smooth variety and {z1, ... ,xn} C

['(X,Ox) such that {dx1,...,dxy} is a basis for Q}( Then as either a left or a right Ox -
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module, Dx has a basis of the form

{a£Q1)a§QQ) e a’l(lqn) | 41,492, ---,4n Z 0}

a(%’)

where 0;™*" are differential operators such that

e 90 =1 for all i;

2

e the operators {82-(1) = 0;}i*_, are derivations dual to the I1-forms {dx;};

7

. 82.((1)8.((1/) = (qzq/)8;Q+q/) for alli and q,q' > 0;

e the following commutator relations hold:

o) = (i

3.2.2  Frobenius twists and matrix subalgebras

In this section, assume that k£ has characteristic p > 0.

Consider the setting of Proposition 3.2.2. The derivations {0;}} ; do not generate the
algebra Dy over Ox. Instead, they generate an associative algebra of finite type over Oy,
centralizing the pth power of any element of Ox. To deal with rings of pth powers, we
use the standard language of Frobenius twists. For any scheme S of characteristic p, let
Fg : S — S be the absolute Frobenius morphism on S, which is the identity on |S| and acts

on functions by f — fP.
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Definition 3.2.3. The Frobenius twist X1) of X — Speck is the base change X XSpec k

(Speck, Fgpec ) of X along the absolute Frobenius of Spec k.

The Frobenius twist fits into a diagram

FTX/k

\l

Spec k —> Speck

x0 —— x

where the composition X — X (1) - X is the absolute Frobenius F 'y of X. The induced
map F?“X/k : X = XU over Speck is called the relative Frobenius. When there is no
risk of confusion, we will write F'r instead of FT’X/k. If X is a smooth variety over k,
then Fr is a homeomorphism and the induced map Fr: Oy 1) = Fr«Ox is an inclusion
making FryOx a finite free O y(1)-module of rank pdim X [BK07, 1.1.1 Lemmal]. We may
identify the image of Oy 1) in Ox with the Frobenius twist (’)gp of the sheaf Ox. We
will also write Fr" : X — X () to mean the r-fold composition of relative Frobenius maps

X - xM 5 x0),
Definition 3.2.4. The subalgebra D'y is the centralizer of (’)g?) in Dx.

Proposition 3.2.5. [Cha7/, Lemma 3.3] If X is a smooth variety over k, then the action

of Dx on Ox induces an isomorphism D' — End y () (FriOx) and Dx = J,>( Dy

Proof. The map D — End () (FriOx) is injective. For r > 1, Let 1) = (fFf o1 -

x(r)
1® fpr) C Ox ®;. Ox. Since X is of finite type, the chains of ideals I D 2D ... and

11> 7 > 1) D --- are cofinal. Hence every (9 y-linear map of FrrOx is a differential
operator, so D'y, — End X(T)(F ryOx) is surjective. Cofinality also implies every differential

(r)

operator is linear over some Oy, so Dx = Ur>0 Py O

Remark 3.2.6. The subalgebras D’y are Morita equivalent to Og?, realizing Katz’s equiva-

lence of Dx-modules with stratified sheaves on X [Gie75].
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3.3 The Gerstenhaber-Schack complex

Let k£ be any field. We now describe the Gerstenhaber-Schack complex for computing
Hochschild cohomology [GS88, (6.5)]. The construction begins with a poset J, a presheaf
of k-algebras A on J, and a presheaf of A-bimodules M. Let N(J) be the nerve of the
poset J in the sense of category theory: it is the simplicial complex with ¢-simplices the
chains 0 = (Uy < --- < U;) for Uy, ...,U; € J. Any such simplex o has a maximal element
max o = U; and a minimal element mino = Uy. Then the Gerstenhaber-Schack complex is

the double complex with cochains

CHAM) = [ C/(Amaxo), M(mino)), (3.1)
geN(J)!

where C*(—, —) = Homy(—%* —) are the usual Hochschild cochains. The horizontal dif-
ferential is the differential on simplicial cochains on N(J) with respect to the system of
local coefficients o +— C9(A(max o), M(mino)). The vertical differential is the Hochschild

differential. Then Hochschild cohomology of (A, M) is defined by
HH*(A, M) = H*(Tot C*™).

In case J is a single point, the Gerstenhaber-Schack complex coincides with the usual
Hochschild complex of an associative algebra.
We now consider the standard filtration FYC%J = 0if i < ¢ and FICH = O8I if § > 0.

The associated spectral sequence yields:
Proposition 3.3.1. Let J be a poset, A a presheaf of associative k-algebras on J, and M

a presheaf of A-bimodules. Consider the local system on N(J) with coefficients

HHI(A,M)(0) = HHI (A(max o), M(min o).
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There is first-quadrant spectral sequence with Eo-page
Ey! = H'(N(J), HH' (A, M))

converging to HH'TI (A, M).

In our situation, the algebra Dy is the union of subalgebras D',. The following Lemma

relates Hochschild cohomology of D and Dy .

Lemma 3.3.2. Let J be a poset, A a presheaf of associative k-algebras on J with a complete
filtration by subalgebras A° € Al C ... C A. Then for any presheaf of A-bimodules M,

there are short exact sequences
0— R! @HHm—l(Ar, M) = HH™(A, M) — lim HH"™ (A, M) = 0
r r

for allm > 0.

Proof. Fix an i-simplex o € N(J), and let Uy = min o, U; = maxo. Then we have A(U;) =

Ur A" (U;). Since k is a field, the maps
Homy, (A(U;)®7, M(Up)) = Homy, (A" (U;)®7, M(Up)) — Homy (A" (U, M(Up))

are surjective for all j > 0. Hence, the sequence of complexes C'%J (A", M) satisfies the

Mittag-Leffler condition on cochains and
O (A, M) = lim C™ (A", M),
T

Now the Proposition follows from [Wei95, Theorem 3.5.8]. O
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3.4 Hochschild cohomology of differential operators

For the rest of the paper, the field k is of characteristic p > 0 and X is a smooth variety
over k. As X is separated, the intersection of two affine opens is an affine open. Hence there
exists a covering of X by nonempty open affines closed under finite intersections; let 4 be
such a covering. We will compute the cohomology of the Gerstenhaber-Schack complex for
Dx with respect to the poset . Here is a sketch of the argument: we will first compute
HH*(D'y,Dyx) locally, then apply the spectral sequence of Proposition 3.3.1 to compute
HH*(D',Dx). Finally, Lemma 3.3.2 will relate HH*(D'y, Dx ) with HH*(Dx).
Given affine U, let D(U) = I'(U, D7), and similarly for D" O, etc..

Proposition 3.4.1. Let V. C U be smooth affine varieties over k. Then the inclusion
O )y = D(V) induces
HH(D"(U), D(V)) = O(V "))

and HH™(D"(U),D(V)) =0 for all m > 0.

Proof. By Propsition 3.2.5, the algebra D" (U) is the matrix ring EndO(U(T))((’)(U)). It is
well-known that Hochschild cohomology is Morita-invariant. Under the Morita equivalence
D" (U)—mod ~ O(U))—mod, the D" (U)-bimodule D(V) is sent exactly to D(V(")). This
is seen as follows: for affine U, the inclusion O(U(")) — O(U) is split as O(U"))-modules
[BKO7, 1.1.6 Proposition]. If e € D"(U) is the idempotent corresponding to the splitting,
then it is easily checked that the map eD(V)e — Endg(O(V (")) induces an isomorphism
eD(V)e = D(V 1),

Thus, it suffices to show the claim when r = 0, that is, to compute Hochschild coho-
mology of (O(U),D(V)). The claim is local, so we may assume that U has local coordi-
nates xy,...,xy such that {x; ® 1 — 1 ® x;} generate the ideal of the diagonal in U x U.
Let P — O(U) be the Koszul complex for O(U) as an O(U)-bimodule corresponding

to the regular sequence z1,...,z,. Then HH*(O(U),D(V)) is computed by the complex
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Homp17)w0(17)(Px: D(V)). Using the basis of Proposition 3.2.2, the complex above is the

tensor product over O(V') of the two-term complexes
[‘r’iai
OV){) (V)(9:) (3:2)

for 1 < i < n, where O(V)(—) means free divided power algebra. The differential (3.2) is

surjective with kernel O(V'). Now the Kiinneth formula finishes the proof. O

Remark 3.4.2. The complex constructed in the proof above coincides with the PD de Rham

complex for a free divided power algebra. See [BO78, Lemma 6.11].

Proposition 3.4.3. For a smooth variety X over k, there is an isomorphism
HH™(DY, Dx) = H™(X,0V)
for all m > 0 such that the following diagram commutes:

HHE™(DH, Dy) —= H™(X, 00

HH™D%, Dy) —>— H™(X,0)

Proof. Consider the spectral sequence of Proposition 3.3.1 for (D', Dx). By Proposition
3.4.1, for any pair V C U in 8, we have HHY(D"(U), D(V)) = O(V)") and HHI (D" (U), D(V)) =

0 for 7 > 0. Thus, the spectral sequence has Fay-page

and so collapses at Fj».
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We would like to relate N (1), the nerve in the sense of category theory, to Cech cohomol-
ogy with respect to 4l. Let N, .p, (40) be the Cech nerve of {1. As {1 is closed under intersection,
Theorem 1.4 of [AH93] implies that the map Ny, (4) — tsending (U, ..., U;) € Yt with
nonempty intersection to Uy N --- N U; induces a homotopy equivalence Ny, () — N(L0).

This map induces
(N W), 0F)) = (N, (10,0%)) = (1,01

The sheaf Ogg) is quasi-coherent on X (") and the r-fold relative Frobenius Fr" : X — X ()
(r)

is a homeomorphism, so O is acyclic for every affine open subset of X. As il consists of
affine open subsets of X and is closed under intersection, we obtain E;’O = Hi(X, Og)).

This proves the claim. O]

Theorem 3.4.4. Let k be a field of positive characteristic and X be a smooth variety over

k. Then there are short exact sequences
0 R'lim "™ 1(X,07)) = HHE™(Dy) — lm H™(X,0)) = 0
T r
for all m > 0, where the limit is taken over the sequence of relative Frobenius maps Fr :
x(r) o x(r+1),

Proof. Combine Proposition 3.4.3 with Lemma 3.3.2. m

Remark 3.4.5. In [Ogu75, (2.4), (3.6)], Ogus shows that there is an exact sequence
0 R'lim H"1(X,0()) = Extf_(Ox.,0x) = lim H™(X,0{)) =0
r r

for all m > 0. The connection with Theorem 3.4.4 is this: for any abelian category C and
object C' of C there is the Chern character chg : HH*(C) — Ext;(C,C) [LV05]. When

C = A—mod for an an associative algebra A and C' € A—mod, the characteristic morphism
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is implemented by the morphism of Hochschild complexes C*(A, A) — C*(A,End;(C)). It
may then be checked for smooth affine X that the Chern character cho( X) is an isomorphism
HH*(D(X)) — Ext%(X)(O(X),O(X)). At present, it is not clear to the author how to
implement the Chern character in [LV05] on the Gerstenhaber-Schack complex, as End;(Ox)

is not quasi-coherent.

3.5 Examples

Example 3.5.1. Let X = Al so that O(X) = k[t]. Then O(X (")) = k[”"] and the relative

Frobenius X — X1 is induced by the inclusion k[tP'] — k:[tprﬂ] Theorem 3.4.4

implies that HH(Dy1) = k,
HH'(Dy1) = R lim k().
r

and HH™(D41) = 0 when m > 1. Let us compute R lm, k[tP"]. The short exact sequence
of diagrams

0 = {K[t"' 1} — {k[t]}r — {K[t]/K[" ]} — 0

gives a medium-length exact sequence of derived inverse limits
0 — k — k[t] = lm k[t]/k['] — R'lim k[”'] — 0 — 0 — 0.
T r

Hence R! Jm, k[tP"] is identified with (1&17‘ k[t]/E[tP"])/k[t]. The space m k[t]/k[tP"] em-
beds into k [[t] as those power series which may be written as a formal sum f = Y °2 fr
for f € k[tP"]. The identification HH(D(X)) = R! lm, O(X (")) sends such a power series
f to the commutator with f, which is well-defined since every element of D(X) commutes
with some O(X (7”)). This explains S. Paul Smith’s observation from 1986 that taking the

2
commutator with the series t + tP 4+ t¥" + --- gives an outer derivation of D(A,lg) [Smi86,
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Proposition 2.4].

Example 3.5.2. Suppose that X is proper over k, so that H(X, Ox) is finite-dimensional
over k for all m > 0. Pullback by Frobenius is a semilinar endomorphism of H™(X,Ox),

and thus there is a canonical splitting

into F'r-stable subspaces where the Frobenius acts nilpotently and as an isomorphism, re-
spectively [Mum70, p. 143]. Then lm, H™(X,0x)") =~ H™(X Ox) via the projec-
tion lim H™(X,0x)\") — H™(X,0x), while R'lim H™(X,0x)") = 0. We conclude
HH™(Dx) = H{*(X,Ox) when X is proper over k.

3.6 Cup product

Gerstenhaber and Schack defined a cup product on (3.1) in terms of the cup product on
the Hochschild complex. Given simplices 7 = (Uy < --- < Up) and v = (Uy < --- < U;) in
N(J) with max7 = minv, define tUv = (Uy < --- < Uy < --- < U;). For A a presheaf of
associative algebras on J, M a presheaf of A-bimodules with compatible associative product,

a € C™(A, M), and B € C"(A, M), define

(@up)? = > ()Mm=IDamy Uy, (3.3)

o=T17Ur

where ¢ refers to structure maps of the presheaves A and M, and U on the right-hand side

is the cup product on the usual Hochschild complex [GS88, §6, p. 192].

Proposition 3.6.1. Let J be a poset, A a presheaf of associative k-algebras on J, and M

o4



a presheaf of A-bimodules with a compatible associative product. Then the spectral sequence
Ey) = HY(N(J), HH (A, M)) = HH'" (A M)

of Proposition 3.3.1 is a spectral sequence of algebras with the usual product on Fs.

Proof. Formula (3.3) makes the Gerstenhaber-Schack double complex a differential bigraded

algebra, and endows F9 with the usual product structure. O

Corollary 3.6.2. Let k be a field of positive characteristic and X be a smooth variety over

k. Then the surjection HH*(Dx) — Jm, H*(X, ng) of Theorem 3.4.4 is a map of rings.
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