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ABSTRACT

Exchangeability and sparsity are fundamental concepts in statistical modeling. The former
requires that the model or procedure satisfy a certain symmetry, either probabilistic or op-
erational in nature. On the other hand, sparsity implies that underlying features are mostly
null with a small fraction of exceptions, and can be difficult to reconcile with exchangeability
in complex data structures.

Chapter 2 discusses joint work with Professor Peter McCullagh on modeling exchangeable
random graphs. Compatible notions of exchangeability and sparsity are motivated by the
Ewens process (see, e.g. Crane (2016), Tavaré (2021)), which is exchangeable and sparse
when viewed as a sequence of distributions on a random permutation. The Permanental
Graph Model (PGM) is proposed as a generalization of the random permutation to a directed
random graph, which is characterized mathematically by its normalization constant and
degree distribution. A negative result is found, implying that no setting of parameters in
the PGM yields an exchangeable random graph process.

Chapters 3 and 4 discuss joint work with Professors Chao Gao and Peter McCullagh on
sparse signal detection. Procedures are developed to detect sparse alternatives to a global
null for matrix and sequence data with independent Gaussian errors. For a signal that is
sparse in the sense of McCullagh and Polson (2018), an identification boundary determines
the number of independent samples required in order for the signal to be identifiable in a
sparse limiting sense. There is a close relationship with the detection-boundary literature,
which studies the problem of discriminating between two distributions FO®” and Figm in the
large-sample limit.

Chapter 5 discusses joint work with Jake Soloff and Professor Will Fithian on boundary
false discovery rate (bFDR) controlling methodology. Some theory for local false discovery
rates is developed, providing a frequentist interpretation of Bayes motivated procedures
operating in a model where effect sizes of individual studies are fixed and unknown. The
local false discovery rate (lfdr) is traditionally defined as a posterior probability when effects
are random, but can be more generally interpreted as the expected proportion of nulls among
hypotheses with similar test-statistics. This concept inspires a new frequentist type 1 error
criterion, the bFDR, which describes the rate of false discoveries near the rejection threshold
and is a local analogue to the FDR concept of Benjamini and Hochberg (1995). We discuss
bFDR control under relaxed null assumptions, and demonstrate our main ideas on a dataset
of “nudges” from the behavioral psychology literature.
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CHAPTER 1
INTRODUCTION

Modern datasets in scientific fields such as genetics, behavioral psychology, and astronomy,
to name a few, often contain information regarding an aggregate of comparable problem
instances. Instead of testing a single hypothesis, the scientist may be asking thousands of
parallel questions at a time, where true signals in the data are sparse. This kind of repeated
structure is a setting where frequentists and Bayesians can find common ground, agreeing
for example, on how to answer each of the many questions in a controlled way.

Multiple hypothesis testing. For testing hypotheses Hy,..., Hy, € {0,1} based on p-
values p1,...,pm € [0,1], the FDR criterion of Benjamini and Hochberg (1995) has been
widely adopted in large scale testing problems as the notion of type 1 error in an exploratory
phase of testing, where the goal is to to reject as many hypotheses as possible while controlling
the average quality of these rejections. It is often said that controlling FDR at say, 10%,
expresses a willingness to take on 1 false discovery for every 9 true discoveries. However, this
viewpoint applies equally well to the subset of rejections near the decision threshold, whose
rate of false discoveries could be much higher than the FDR among all rejections. From a
Bayesian point of view, the local false discovery rate (lfdr, Efron et al. (2001)) relates more
directly to our willingness to trade off between making false positives and missing potential
discoveries (Sun and Cai; 2007).

Rather than maximizing the number of rejections subject to a constraint on the FDR,
a Bayesian would condition on the entire observation, rejecting hypothesis H; = 0 when
the posterior probability of H; = 0 is small, ensuring that each rejection is of high quality
based on what was seen. In contrast, a procedure controlling FDR may include arbitrarily low
quality rejections, as long as the average quality of the rejections is maintained. Despite being
intuitive to grasp, the FDR has led to the (perhaps passive) acceptance of wider implications
of the BH idea, namely that by including a few extra strong bets in our rejection set, we
become more willing to reject “free-riding” hypotheses for which the evidence is weak.

In large scale settings, one can justify individual rejections by comparison with hypotheses
for which a similar level of evidence is observed. In a Bayesian model, the evidence about a
hypothesis is summarized by the local fdr (Efron et al.; 2001),

lfdl"(t) = P(HZ =0 | D; = t).

A frequentist might be skeptical of this quantity, since if each H; is non-random, the prob-
ability definition above is vacuous. However, a more general interpretation of lfdr (Chapter
5) makes sense in the underlying frequentist model, instead of describing our epistemic un-
certainty in an imagined Bayesian model. Proposition 5.2.1 in Chapter 5 states that under
regular conditions,

FDP({H; : |ifdr(p;) — o] < em}) — a,

as em — 0, for a € range(lfdr), where 1fdr(t) := 7o/ f(t) is defined in the frequentist model
1
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= =, and average density f of the p-values. In other

in terms of the null proportion 7 :
words, the realized proportion of null hypotheses H; = 0 for which p; ~ lfdr_l(a) tends to
o as m — oo. Informally, letting ¢ = Ifdr—1(a)
- H; = 0,1fdr(p;) = i H; =0,p; =t
o AL H =0 M)~ o}y gy #Hi = 0pi > 1)
i lide(p;) ~ a} Hi i~ 1)

under mild assumptions, such as independent test statistics with continuous densities. The
above interpretation of lfdr makes no reference to a Bayes two-groups model, and is purely
an asymptotic statement about the null proportion among hypotheses with comparable test
statistics. A main claim in this thesis is that the lfdr concept is useful beyond Bayesian
multiple testing, and can be used to remedy logical inconsistencies in the FDR criterion,
such as the “free-rider” problem described above.

For a rejection set R making R rejections, its boundary FDR is defined as the marginal
rate at which the last rejection is null,

bFDR(R) = P(H ) =0),

where H(O) := 1 indicates no rejections, and H(k;) denotes the hypothesis associated with
the order statistic P(k)- This quantity is again puzzling to a frequentist at first glance, since
if each of Hy,...,Hy, € {0,1} is fixed and non-random, then how can we speak of the
probability that one of them is null? To resolve this confusion, note that the boundary FDR
is a property of the procedure R, whose last rejected hypothesis Hpg) € {0,1} is a non-
degenerate random variable. By contrast, the FDR of the procedure R is the probability
that a uniformly selected rejection is null,

FDR(R) =P(H)=0) I~ Uniform{l,..., R}. (1.1)

Viewed as a corrective to the FDR, the bFDR remains a more liberal notion of type 1 error
than the family wise error rate, and it is more robust to the free-rider problem.

In a Bayesian setting, Soloff et al. (2022) proposed a method, called the Support Line
(SL) procedure, which rejects the hypotheses corresponding to the R, smallest p-values,
where

k
Ry = argmaxg—g ., {a_ — p(k)} , Py =0. (1.2)

m

This procedure can be understood in relation to the BH procedure, as illustrated in Figure
1.1. Instead of finding the last time for which the process O‘mk —P(k) is positive, SL finds the
maximizer p(g,_ ), and rejects all hypotheses with p-values at or below P(Ry)- Whereas the
BH procedure (Benjamini and Hochberg; 1995) controls the quality of rejections on average
in the sense of (1.1), the SL procedure controls the quality of the last rejection (Soloff et al.;
2022); if p-values are independent and uniform under the null, then

bFDR(Ra) = mya,
2



where Rq = {i: p; < p(p,)} is defined by (1.2).

Ro/m  RSY/m k/m

Figure 1.1: The order statistics Pk) of the p-values are plotted on the vertical axis as a
function of the index k/m, shown by the black dots. The BH procedure, in red, finds
the largest index RBH such that P(RBH) falls below the ray of slope «; by contrast, SL
computes where the length of the purple vertical bars is maximized, which is the boundary
point (Ra/m,p(Ra)) of the supporting line of slope a.

The strict uniform assumption for the null distribution can be relaxed, while preserving
bFDR control in finite samples or in an asymptotic sense. This point is discussed further in
Sections 5.3 and 5.3.3. Connections between the boundary FDR and the lfdr are discussed
in Section 5.4.

The boundary FDR and lfdr are conceptually simple to grasp and are helpful for directing
attention to a hypothesis test at the boundary, namely the rejection for which the evidence is
weakest. In what comes next, we discuss boundary phenomena of a different nature having to
do with the more basic problem of testing the global null. The main assumption in Chapters
3 and 4 is that the signals are sparse when the alternative hypothesis is true.

Sparse signal detection. Time series data arise in a variety of contexts where the question
of interest is to determine whether and where there is a moment in time, called a changepoint,
before which the data behave differently than after. In Chapter 3, we study a hypothesis
testing problem in a stylized setting where our observation takes the form,

X =0+FEeRP",

where each Ej; N (0,1), and the mean matrix § may contain a shift in mean at some
column index. The global null scenario is that each row of 6 is a constant vector, whereas

the alternative scenario allows for s < p rows of € to be non-constant, sharing a common
3



column index t* € [n — 1] at which there is a change in mean parametrized by a signal to
noise ratio p > 0. The index t* is called the changepoint location.

Op = {9 € RP*™ : Every row in @ is a constant multiple of the all ones Vector.}

O1(p, s) = {6 € RP*™ . At most s rows share a common changepoint with signal size p.}

In the detection boundary literature (see e.g. Donoho and Jin (2004), Cai and Wu (2014)),
the information theoretic limits on distinguishing the global null from a sparse alternative
are characterized by a ‘critical signal size’. In our setting, this is the smallest signal size p
needed to distinguish an element § € ©g from § € ©1 based on the data X. The following
asymptotic regime relates the sparsity s to the dimensions of the matrix of observations,

logloglogn ~ alogp, s~ptP a>0, B e (0,1).

The critical signal size is given by a formula called the detection boundary,

p=(1=28) a<1-28
“(a, )2 = (a—(1—28))logp 1-28<a<1-43/3
PGB 2(Vi—a—+T—a—pF)%logp 1—48/3<a<1-0
p= (=) a>1-4,

which determines when it is possible to distinguish between the global null and a sparse
alternative with signal size p. Namely, p* provides a sharp characterization of the global null
testing problem in terms of asymptotic negligibility of the worst case sum of type 1 and 2
errors. A precise statement is given in terms of the minimax testing risk,

Rlprs) = podtil o | Egy(X) +6€(§)1118) Y Eg(1 — (X))
Letting p :== p*(a, 51) for a > 0 and 1 € (0,1),
1. (Lower Bound) if 1 > 8 > (1, then R(p, s) 4 0, as p — oo,
2. (Upper Bound) if 0 < 8 < (31, then R(p, s) — 0, as p — oc.

Variants of this problem are discussed in Sections 3.7 and 3.2.2, where the changepoint
location may be different between non-null rows in 6, or where the mean shift may be either
positive or negative at the changepoint location.

In Chapter 4, we consider detectability of a signal distribution that is sparse in the sense
of McCullagh and Polson (2018). The observations Y7, ..., Y, € R are drawn independently
from a convolutional model,

Yi=X;,+¢ i=1,....n



where ¢; id N(0,1), and X; id P,, a distribution whose tails behave inverse-polynomially,

P,(dz) < |a:|_(d+1)d:v, as |xr| = oo, p >0 fixed

Py(|Xi| > 2) = pla| ™+ o(p) as p—0,

for an inverse-power index d € (0,2). A consequence of the sparsity assumption is that the
marginal distribution of each Y, depends only on p and the limiting exceedance measure
H;(dz) (defined in Section 4.2),

iid .

Yi~ (1 —=plo+py, i=1,....n, (1.3)
where ¢ is the standard normal density and 1; depends only on the limiting tail behavior of
P, through H; as p — 0. Here we are abusing notation, since each Y; is only approximately
distributed according to the above two-groups model. However, the discrepancy is negligible
to first order in the sparsity rate p, as discussed in Section 4.2.3 for a typical family of
atom-and-slab distributions considered in the detection boundary literature.

This observation about the marginal density of Y; essentially reduces the signal detection
problem to estimation of the parameter p from Y7,...,Y),, assuming H is already specified!.
To this point, the natural estimator is the maximum likelihood estimate for p based on the
marginal approximation (1.3),

n

pn = argmax,ero 1 [ [ (1= p)o(¥i) + proa(¥7))
i1

If p, = 0, then either the global null is true, or there aren’t enough independent samples n
to distinguish (1.3) from pure noise. An identification boundary n = b(p), defined in Section
4.2, is a function of p that determines the number of independent samples required in order
for the event {p, > 0} to have non-trivial probability in the sparse limit as p — 0. There
is a close relationship with the detection boundary literature, regarding detectability of a
sparse signal distribution with inverse-power tails, which we discuss in Section 4.2.3.

Procedures considered in Chapters 4 and 5 are exchangeable in the sense that they do not
crucially depend on the order in which observations arise. For example, the SL procedure
calculates a rejection threshold 7, = P(Ra) based on the order statistics. Similarly, gy,
depends on the sequence (Y;) | in a way that is invariant to permuting the data. This type
of invariance is a natural restriction to place on a procedure when the statistical task at
hand doesn’t depend crucially on the order in which test statistics are observed. Section 5.4
makes connections to the optimal procedures for permutation-invariant decision problems
(Weinstein; 2021).

In simply structured data such as an independent sequence of observations, exchangeabil-
ity of the observations Y7,...,Y, and sparsity of underlying signals X1, ..., X,, are compat-

1. One may also consider jointly estimating the power-index d and sparsity rate p by maximum likelihood,
as demonstrated in Section 4.3.2 on a genomic dataset.
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ible distributional assumptions, in the sense that they do not lead to obvious inconsistencies
in the model specification. This is less true in more complex settings such as with network
data, which we discuss in Chapter 2.

Sparse exchangeable graphs. Exchangeability plays a key role in statistical modeling,
and is relatively straightfoward to define for an infinite sequence of real-valued random
variables. The two components for infinite exchangeability of a sequence of distributions
(Py) are (i) consistency, and (ii) finite exchangeability for each n. Specifying both of these
properties for graph-valued data while allowing for sparsity in the number of edges in the
graph turns out to be a non-trivial task. A consequence of the Aldous-Hoover theorem
(see e.g. Chapter 7.5 in Kallenberg (2005)) is that any node-exchangeable, subselection-
consistent sequence of distributions on graphs yields an expected number of edges that
grows quadratically in the number of nodes. When infinite node-exchangeability is defined
with respect to the subselection notion of consistency, the resulting graphs will not exhibit
the sparse behavior observed in many modern network datasets.

In Chapter 2, we consider another notion of consistency, namely, delete-and-repair con-
sistency, and it is motivated by the sense in which the infinitely exchangeable permutations
defined by the Chinese restaurant process (CRP, Aldous (1985)) are consistent. Delete-and-
repair consistency can be used to obtain a nontrivial sequence of distributions on graphs
(Py) that is sparse and exchangeable, a well known example being the Ewens permutations
(see e.g. Crane (2016)). This notion of consistency requires that to go from a graph on
vertex set [n] to the subgraph on vertex set [n— 1], the node n is deleted, and edges directing
into and out of the removed vertex are repaired, i.e. connected. In contrast, subselection
consistency requires that all edges going into and out of the deleted vertex, also are deleted.

A generalization of the CRP(a) can be defined using the a-weighted permanent,

n
per, (G) = Z iad H Gio(iy, G€ R
1=1

€Sy

where the sum runs over all permutations o : [n] — [n], and #o is the number of cycles. If
G has Boolean entries, the product [ G’Z-?U(Z-) is equal to one if ¢ is contained as a sub-graph

in G, and zero otherwise. Consider the graph distribution supported on G, C {0,1}""*" a
subset of all adjacency matrices,

Pa(G) x Ligeg,} - Pera(G) = Lgeg,) - Y o7 lipcay- (1.4)
oceSy

The sequence (Pp) coincides with the CRP(«) on permutations when Gy, is taken to be
the set of permutation matrices. Letting G, = {0,1}""*" have unrestricted support, and

parametrizing the edge density by a constant $ > 0, we obtain the Permanental Graph
Model (PGM),

PH(G) X B#Gpera(G)a G e {O’ 1}n><n
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where «, f > 0 and #G = Zz’,jgn G is the number of directed edges in GG. This distribution
is finitely exchangeable for each n, and detailed information, such as the normalization con-
stant and the degree distribution, can be calculated exactly (see Theorem 2.2.1). However,
a negative result is shown, stating that any sequence of pairs (s, 8,)5° | defines a sequence
(Py) satisfying neither subselection nor delete-and-repair consistency. Thus an exchangeable
graph process fully supported on {0, 1}""*" cannot be obtained using the finite dimensional
distributions given by the PGM.



CHAPTER 2
PERMANENTAL GRAPHS

2.1 Introduction

Two components for infinite exchangeability of a sequence of distributions (Py,) are (i) con-
sistency, and (ii) finite exchangeability for each n. From a modeling perspective, exchange-
ability is an assumption that is natural in a setting where the statistical units are labelled in
an arbitrary manner. If the process being studied is a record of the relationships (i, j) = Xj;
between ordered pairs of units (i, 7), the process X7 after label permutation has components
(1,7) — Xo(i),0(j)- As a matrix, X7 = oXo~ 1 is obtained from X by permuting rows and
columns, i.e., by conjuation by o € §j,. In this setting, finite exchangeability means that all
of the permuted matrices have the same joint distribution.

Subselection consistency is not specific to Boolean matrices, but applies to real-valued
matrices and to more general arrays. It requires that for X € {0, 1}"*" distributed according
to Pp, the top left (n — 1) x (n — 1) submatrix of X is distributed according to P,,_1. The
operation defined by deleting the last row and column of the adjacency matrix does not
rely on the fact that the entries of an adjacency matrix are boolean valued. Sampling a
sub-network according to subselection amounts to picking a subset of vertices and including
only the edges between pairs of vertices in the selected subset. The following calculation,
replicated from Crane (2018), demonstrates how edge sparsity, node-exchangeability, and
subselection-sampling are at odds with each other.

Calculation. X € {0,1}""*"™ is a simple directed graph possibly containing self-loops. X is
assumed to be “sparse”,; i.e.

ZXU —en = o(n?),
i.j

for some ¢ > 0 independent of n. Let o € &, be drawn uniformly at random, and put
Y = 0Xo~ L. In this model, we observe the top left m x m sub-matrix of Y, denoted
Y1:m,1:m, which is exchangeable according to this construction. Assume m < n, at the
order m = o(y/n). By the union bound,

Pl U y=1< > Py;=1
1,7<m 1,7<m
= m?P(Yiy =1). (exchangeability)

The event Y19 = 1 corresponds to having picked two vertices uniformly at random from the
(g‘) = n?2 possible pairs, and observing an edge between them. Hence

En £



Plugging this back into the union bound, we find that

5m2
Pl U y=1]<" =0 (m = o{v/)

.. n
1,7<m

The network we “observe” contains no edges with high probability. Put more plainly, we
observe no network at all!
O

In order to resolve the contradiction suggested by the calculation above, at least one of
sparsity, node-exchangeability, or subselection-consistency must be modified. In this note,
an alternative notion of consistency is considered, namely, delete-and-repair consistency. It is
motivated by the sense in which infinitely exchangeable permutations defined via the Chinese
restaurant process (CRP) are consistent.

The a-weighted permanent is used to generalize the probability function associated to
the partitions and permutations generated from the one parameter CRP(«) to probabilities
on general directed graphs. Prescribing a probability to a directed graph according to the
« permanent of its adjacency matrix automatically yields an exchangeable distribution with
tractable calculations for the normalization constant and degree distribution similar to that
of the Erdos-Renyi(n,p) model. The negative result we obtain is that any setting of the
parameters for the permanental graphs allows for neither delete-and-repair nor subselection
consistency. All proofs are deferred to Section 2.4.

2.2 Main Results

The a-weighted matrix permanent per,, : R"*" — R is a matrix functional defined by,

per, (G) = Z oo H G o (i)
=1

ceSy

where the sum runs over all permutations ¢ : [n] — [n], and #o is the number of cycles. If
G is Boolean, the product HGZ-’O(Z-) is equal to one if ¢ is contained as a sub-graph in G,
and zero otherwise. Thus per;(G) is the number of permutations contained as sub-graphs in
G, and per, (G) is the cycle-weighted count. The matrix permanent is recovered by setting
a = 1, whereas the determinant is obtained as per_;(G) = (—1)" det(G). In this note, the
word graph or n-graph means a simple directed graph, with no multiple edges, but possibly
containing self-loops. In other words, each n-graph is a Boolean matrix of order n.

For each n > 1, let G, C {0,1}""*" be any subset of n-graphs having the following
properties:

1. Gy, is closed under conjugation:
Jgna_l =GgpforoesS,
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2. There exists G € G,, and o € S, such that 0 C G.

Examples that we have in mind include the whole space, G, = {0, 1}"*", the permutations
Gn = Sp, permutations having no fixed points for n > 2, single-cycle permutations, equiva-
lence relations or set partitions as graphs, and so on. Condition 1 means that G, is a union
of group orbits, while condition 2 excludes trivialities such as graphs having fewer edges than
vertices.

Consider the graph distribution

Pp(G) x 1{G € Gulper,(G) = 1{G € Gu} > a#71{0 C G}, (2.1)

ocESy

which is proportional to the a-permanent restricted to G,. Assumption 2 guarantees that

Z per,(G) > 0 for all a > 0,
Gegy,

so the normalizing constant is strictly positive. Note that P, is automatically exchangeable,
because for any 7 € Sy,

W(GT) o Y #"HG

ceSy

_ Z H iror—1(j (i = 771(4) for some )

ocESy j=1

_ Z oo ! H G] o1 (#0 = #ror™ 1)

ocES,

n
= Z iid H Gi o(i)- (sum ranges over all o0 € Sy)
ocES, =

Consistency in any sense is not immediately clear. When G, is taken to be the set of
adjacency matrices corresponding to partitions (G;; =1 <= i~ j), we have

x Z a”1{c C 7},

€Sy

where 0 C 7 means the graph induced by ¢ is a subgraph of the graph induced by 7, i.e. the
cycles of the permutation ¢ coincide with the blocks of the partition 7. Further simplification
gives
#m
Po(n) o™ - #{o €Sy 0 Cr}=a" H(n] -1
j=1
10



where n; are the block sizes of 7, and #m is the number of blocks in 7. It follows from
the above formula that the sequence (P,) coincides with the CRP(«) on partitions when
Gn, is taken to be the set of adjacency matrices corresponding to partitions. When G, is
the set of permutations, similar reasoning shows that (P,) is the same as the CRP(«) for
permutations. For an introduction to the CRP for partitions and permutations, see Section
3.1 of Pitman (2006). Letting G, = {0,1}""*" have unrestricted support, and including
an additional “odds” parameter § > 0, the following collection of distributions, called the
Permanental Graph Model, is obtained.

Theorem 2.2.1 (Permanental Graph Model). Let G, = {0, 1}""*™ be the whole space, and
put

Po(G) o 7 %pery (G), (2.2)

for G € Gy, a,B > 0, where #G = ngn Gjj is the number of edges in G. Then the
normalization constant is

sulan) = 3 pera(G) = (45) (148"
Gegn

where app = ala+ 1) (a +n — 1) is the rising factorial starting at . The degree
distribution is given by

- 8
;Glj—leinom(n—l,m).

A consequence of the above proposition is that the expected number of edges in this
model grows as

Bn?
E G|~ 2.3
Z. Y1+ (2:3)
[2¥}
in the sense of ay ~ b, <= ap/b, — 1.

2.2.1 Two Notions of Consistency

Before stating the negative result, we present two notions of projection on a graph.

Definition 2.2.1. The subselection map @35 : {0, 1}(FTD)x (1) _y 19 13nxn 45 defined by
(pr (G)ij = Gij  fori,j € [n].

Definition 2.2.2. The delete-and-repair map o : {0, 1} (D> (41 5 £0 13077 s defined
by
11



i = Gij V (Gi(nJrl) N G(nJrl)j) fori,j € [TL}7 (2.4)

where V and N represent boolean “or” and “and” respectively.

Note that the definition of the delete-and-repair projection mapping is specific to matrices
with boolean valued entries, whereas the definition of the subselection projection mapping
applies equally well to matrices whose entries are real valued. In words, given a graph on
n + 1 vertices, the delete-and-repair projection (2.4) deletes all edges connecting to node
n + 1, and repairs edges for pairs of nodes (including self pairs, (v,v)) between which there
was a length 2 path going through node n + 1. These notions of projection are illustrated in
Figure 2.1.

dr

(1071,

S8

“n

|

Y

Figure 2.1: Pictured above (top) is an example of a directed graph on vertex set [4] projected
down to a directed graph on [3] according to the delete-and-repair operation (2.4), and
(bottom) the same graph projected down according to subselection.

The CRP(«) for partitions is recovered from (2.1) by setting G, equal to the set of
partition matrices, while the CRP(«) for permutations is recovered by setting G, equal to
the set of permutation matrices. It is straightforward to check that CRP(a)) on partitions
is consistent with respect to both subselection and delete-and-repair, which in this case are
equivalent due to the transitivity property of equivalence relations. However, when viewed
as a distribution on permutations, the CRP(«) is consistent only with respect to delete-and-
repair.

Corollary 2.2.1. Put G, = {Ily € {0,1}"*" : 0 € Sp}, where (Ily);; = 1 <= o(i) = j,
and B =1 1in (2.2). Then the following probabilities,
iad

Pafo) = — for o€ (2.5)
n
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define a valid probability distribution on Sp, that is delete-and-repair consistent. Here, a4 =
ala+1)---(a+n—1) is the rising factorial starting at «. The above distribution is known
as the CRP(«) for permutations.

From Corollary 2.2.1, it follows that sparsity and node-exchangeability are not mutually
exclusive properties. Indeed, the Ewens permutations described by (2.5) are delete-and-
repair consistent, node-exchangeable, and sparse, as they contain exactly n = 0(n2) edges
for each n.

To see why the CRP(«) for permutations is not subselection consistent, consider the
permutation (123). It has adjacency matrix satisfying,

01 0] .
001&[8(1]]
100

under subselection of the first two vertices. A permutation matrix must have a single “1”
in each row and column, so the adjacency matrix on the right does not correspond to a
permutation. Thus, these distributions cannot be consistent in the sense of subselection.
However, the distribution can be specified by a generative a process (CRP seating plan),
meaning that the law of total probability is satisfied; the distributions are consistent in some
sense. Indeed, a more natural notion of projection in this example is delete-and-repair, for
which we would instead obtain,

0 1
0 0
10 10

oS = O

dr
AN [O 1],

according to the formula (2.4). For a permutation o € S, 1, the delete-and-repair operation
deletes node n + 1 from its cycle, while repairing an edge from the preimage of n + 1 to the
image of n 4+ 1 under o. If n + 1 is contained in its own cycle, then the node and the cycle
are entirely removed, and no edges are repaired.

2.2.2 A Negative Result

As a graph is projected down to a smaller graph according to the boolean operation (2.4),
edges may be repaired and thus added to the graph. It follows from this observation and (2.3)
that, for the distributions (2.2) to be delete and repair consistent, it is natural to expect the
/3 parameter to be decreasing in n. One may then suspect that (2.3) is o(n?) for a delete and
repair consistent sequence (Py). But, the next result states that the PGM(ayp, 8,) defined
in (2.2), which has unrestricted support, i.e. G, = {0,1}""*" does not admit a consistent
sequence (Pp) in either sense described above, for any sequence of pairs (o, Bn).

Proposition 2.2.1. For no sequence of pairs (an, Bn)pen > 0 are the distributions

Pp(G) 5#Gperan(G) for G € Gy = {0,1}""*"
13



delete-and-repair or subselection consistent. Equivalently, the statement

Po(G) = > P, 1(G")  for any G € Gy, for alln € N (2.6)
G'EGpy1:0% (G =G

is not true, where ® is either dr (delete-and-repair) or ss (subselection).

A sketch of the proof of Proposition 2.2.1 is provided below, while the full proof is
presented in Section 2.4.

Proof sketch. When e is dr, the equation in (2.6) can be written

! #G' ¢ /
Zn+1(n+1, Bnt1) _ ZU'ESnH ap ZG’:Q@Q}(G’):G Prs1 H{o' Cc G}
zn(am, Bn) #G ZaeSn of 01{0 ca

(2.7)

One consequence is that the right hand side is constant in G € {0,1}**4. The following two
graphs,

Gy = , Ga=

_ O = O
S = O =
— O~ O
o= O O
=)
O = O =
OO~ O
_ -0 O

have the same number of edges. G contains the permutations (1234) and (12)(34). Go
contains the permutations (1234) and (123)(4). These graphs are visualized in Figure 2.2.
Hence the denominators in (2.7) are equal,

Bfgl Z of “1{o C G} = ﬁfGQ Z af “1{c C Ga}.

0ESY 0ES,

The key observation used to exhibit a contradiction is that the numerator of the right hand
side of (2.7) depends on the set of graphs which project down to G according to the delete
and repair operation (2.4). It is shown in Section 2.4 that the set of graphs in G5 which
project down to Go has greater cardinality than the corresponding set of graphs for Gj.
Upon computing the right hand side of (2.7) for G and G, it becomes clear that they are
not equal for any pair (ay, f4), (a5, 85) > 0, hence contradicting the statement (2.6). This
computation, along with the proof for subselection inconsistency, can be found in Section
2.4.

O

Note that the above proposition implies that no constant (in n) pair («, ) allows for a
consistent sequence of distributions (Py) in either sense discussed above.

14
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Figure 2.2: Graphs G7 = (1234) Vv (12)(34) V (23) and Go = (1234) v (123)(4) Vv (23) for
which the right hand sides of (2.7) are not the equal.

2.3 Discussion

We have investigated a collection of exchangeable distributions on graphs, defined via the «
permanent. Setting G, to be the set of all directed graphs allows for tractable calculations
regarding the normalizing constant and degree distribution. A negative result was obtained;
no choice of the parameters (o, 5y,) yields a consistent collection of graph distributions in the
sense of subselection or delete-and-repair. The following questions remain unaddressed: Can
we distinguish between the permanental graph model and the Erdos-Renyi(n, %) graph

as n — oo? Can we find a different delete-and-repair projective system (Gp),en (meaning
©¥(G,11) C Gyp) for which similar calculations are tractable? It would be surprising if the
only delete-and-repair consistent graphs were exchangeable partitions and permutations.
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2.4 Proofs

Proof of Theorem 2.2.1. The sum over all graphs G € G, is

wn(a, B) = Z B#G Z afto H Gi,a(i)
1=1

Gegy, o
=Y a® 3" pFC1{e c G}
o Gegn

n2
=Y o N5 N 1o c G}
o m=n gegn:#sz

anTl ~~

=(umm

n%—n 2

= O‘nﬂﬂn Z B (n m n)
m=0

= O‘nﬂﬂn(l + B)nQ—n’

where the first underbrace in the third line is due to Lemma 2.2.1, and last equality is by
the binomial formula. Hence the normalization constant is

B

n n2
m) (1+p)".

zn(a, B) = At (
Put Gie = Z?:l G, whose distribution is computed below.

P(Gre =k +1) = > Pu(G)
GeGp:Gle=k+1

_ ! 3 BFEN " a®1{0 C G}

Zn(aaﬁ) GEG:Gre=k+1 o
1
_ Yot Y gt ca
Zn(aaﬁ) e GEGH:Gre=k+1
n?—(n—(k+1))

= Zn(;,ﬁ) doaftr N g > 1{o C G}.

m=n+k GEGn:Gre=k+1,#G=m

In the last equality, we have partitioned the terms in the sum over all Gj4 = k + 1 into
groups of graphs with m edges. Clearly any graph G in the event {G14 = k + 1}, for which
o C G, has at least n + k edges (n for the permutation, k for the additional edges in the
first row), and at most n2 — (n — (k + 1)) edges (there must be exactly n — (k + 1) zeros in
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the first row). Continuing on, the above is equal to

2 (n—(k+1)) 9

- zn(;,@);“#gn 2. ™ (n;) | (n nzy—l(_n(zlz)l)>

m=n-+k

The combinatorial factor counts the number of ways to pick the additional k£ edges in the
first row, and the number of ways to pick the other m — (n+ k) edges from the n? —n—(n—1)
possibilities, since n entries are fixed due to the permutation ¢, and the remaining n — 1
entries of the first row are fixed by the (exactly) k ones in the first row. The product of
these two represents the number of graphs GG with m total edges with k + 1 in the first row,
such that ¢ C G.

Factoring out A"* and shifting the summation index, the above becomes

n%—(n—(k+1))—(n+k) 9

— zn(clv,ﬁ) zg:a#aﬁmrk (n; 1) Z g (n —n ;L(n — 1))

m=0

n?—n—(n—1)

_ 1 O‘nﬂﬁrH—k(n;l) 3 Bm(nQ—n;(n—l))

antl <%)n (1+p)"* m=0

J/

-~

:(1—|—5)"2*”*("*1) by the binomial formula

- (n k 1)6’%1 + 8" (14 gy (n)

(e

The above is the pmf of a Binom(n — 1, %) variable at k.

Proof of Lemma 2.2.1. The validity of the probabilities

#o
Py(o) = z . for o € Sy,
n

follows from the recursion

Z oo = Z ((n — o™ +a- a#‘7>

oceS) 0ES,_1

=(a+n-1) Z il

0ESL_1

Letting dr : {0, 1}(n+1)x(n+1) _y £0 11757 denote the delete-and-repair mapping defined
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by (2.4), consistency amounts to showing

Pu(o) = > Ppia(o).
o' €Spi1:0% (o)) =0
The right hand side is a sum over the n + 1 permutations ¢’ € S,, 11 that delete and repair
down to . Exactly one of these permutations has #¢’ = #0 + 1, namely the permutation
obtained by placing n + 1 in its own cycle. The other ¢’ have the same number of cycles as
.

1
S B = (a7 )
’ . N— a(n+1)T1
0'€Sp11:09(0!) =0
G, _atn.
Y(n+1)11
oo

)
Ant1

as desired. A similar calculation yields delete and repair consistency for the partitions
generated by the CRP(«).
O

Proof of Proposition 2.2.1. It must be the case that ay,, 8, > 0 in order for the probabilities
defined by

G
Pu(G) o B “per, (G)
to be valid for all G € G, = {0,1}""*". Keeping this in mind, we compute the right hand

side of (2.7) for G1 and Gbs.
The set of G’ € G5 for which cpjr(G’ ) = G (and also contain at least one permutation)
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is the inverse image (g04r)_1(G1), which is equal to

Y

Y

Y

Y
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Y
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where * means either 0 or 1. In total there are 139 graphs in G5 which delete and repair
down to G (that contain at least one permutation). Listed below are the permutations in
Sp that project down to (1234) or (12)(34),
{(12345), (12354), (12534), (15234), (1234)(5), (125)(34), (152)(34), (12)(345), (12)(354),
(12)(34)(5)}-

Going through each ¢’ in the above set in the order listed above and computing the sum

S s ca),

G'e(pf)~1(G1)

will show that in this case, the right hand side of (2.7) becomes

1
- {%(6‘5’ + 2880 4+ g3+ 82 + 2830 4+ g 4 B2 1 3830 4 383 4 12
By - (ag +aj)

+ 80+ 80+ B8+ 280 + B0+ B8 + 280 + B0 + B8 + 380 + 380 + B + B2 + D)
+as5(85 +265° + B3 + 55 + B30 + B3 + 283 + B5° + 55 + 55) + o (85 + 2685° + B5'

+ 89 + 2680 4+ I 4+ 82 + 3830 4388 + 832 4+ 82 + B30 + B8 + 280 + B30 + B8 + 237
+ B30 + 85 + 382 + 3630 + B3 + 85 + B2) + a5 (B2 + 85" + B2 + 283" + B3 + 35 + B2
+ 88+ 26 + 830) 4 288 + 452 + 6830 + 481 + 812 + 482 + 6830 + 483 + i + B0
+ 830+ 5 4 52 4 510 1 IO gl 4 g0 glL L plO L gl g10 gl 104 9l
+ 857+ B3+ B3 + B3 + B3 + B3 + 550 + B5° + B3 + 55°) + a5 (85 + B5” + B3 +265°
+ 88 52 2830 4 gl g9 4 3510 4 311 | 12 4 g8 39 g8 4 0gd 4 510 8

+ 282 + 830 + 88 + 380 + 3830 + 8y 4 a2(82 + B0 4 82 + 2830 + gL 4 B8 4 52

+ 88+ 262 + 810) + a2(82 + 2830 + BY + 82 4+ 2610 + At + 82 + 3830 + 331 4 L2
+ 80+ 80+ B8+ 28 + B0+ B8 + 280 + B0 + B8 + 380 + 3620 + B + 85 + D)
+a2(8) + 2830 + g3t 4 82+ 8RO 4 B8 4250 + 810 1 88 4 8Y) + ad (88 + 452

+ 6820 + 483 + 812 1482 16810 + 4Bt + 532 4+ 510 4 B0 4 gl 4 plY 4 R0 4 Bl

+ B30 4 gl 4 gl0 4 gl 510 gl1 oy g10 4 ogll 4 5124 594 l0 | B9

+ 850+ 530 + 83" + 830 + 83 + B3° + B3°) |
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Simplifying, the above becomes

1
B (ag+a?)

+a2(1388 + 4582 + 60820 + 3081 + 5832) + a2 (85 + 1182 + 26529 + 1682 + 3812

(12688 + 3489 + 34830 414631 + 2512 (2.8)

The set of G’ € G5 for which wgr(G/) = (2 (and also contain at least one permutation)
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is the inverse image (gpir)_l(Gg), which is equal to the set
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where * means either 0 or 1. In total there are 163 graphs in G5 which delete and repair

down to G (that contain at least one permutation). Listed below are the permutations in
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S5 that project down to (1234) or (123)(4),

{(12345), (12354), (12534), (15234), (1234)(5), (1235)(4), (1253)(4), (1523)(4), (123)(45),
(123)(4)(5)}.

Going through each ¢’ in the above set in the order listed above and computing the sum

S s ca),

G'e(pdh)~HGh)
will show that in this case, the right hand side of (2.7) becomes

1
B (aa+ad)
+ 89+ 830+ 88 1282 + 810 4 88 + 280 + 810+ 88 + 382 + 3830 4+ B3l 4+ 88 + D)
+as(82 + 2830 + gL+ 82 + 2880 4 g 4 B2 + 3830 + 388 4 512 4 Y 4 2830 4 it
+ 82 43830 438 + BR2 4 82+ 510 1+ 88 280 + 530 4+ B8+ 28Y + 820 4 88 4 382
+3830 4 gl 58 069 4 810 4 8 4 352 + 3630 + gL 4+ B8 4 89) + a5 (82 + B0
+ 55 + B3) + as (83 + 550 + 55 + 2650 + 85" + 85 + 58 + 85 + 265 + B5°) + aB (55
+482 + 6830 + 483 + 812 1 482 + 6830 + 4Bt + 812 4 BI04 gi0 4 gLt 4 Bl0 4 gD
+ 830 4 82 + 2830 + g2 4+ 50 4 g 4 g0 4 gl 4 pI0 L oplt y pl2 4 pl0 4 gl
+ 830+ 85"+ B30 + 851 + 85" + 2631 + 557 + 85 + 530 + 850 + 85° + 83 + 55°)
+a2(82 + 830 4+ 82 + 2830 + B 4 82 + 2830 4 g3 4+ 62 4 3630 4 31t 4 B2
+ 82+ 2830 + g3+ 62 + 36830 4 383 + 822 + 88 4+ 82 4+ B8 + 28) + 830 4 88
+ 282 + 530 + 88 + 389 + 3830 + gL+ 85 + 280 + 50 + 88 + 382 + 3810 + gl
+ a2+ 830 4 B8 4+ ) + 282 + B0 + 82 + 260 + Bt 4+ B8 + 8Y + B8 + 20
+ 830 + a2(82 + 2830 + 831 + 82 + 2830 + B3 4+ 82 + 3830 4+ 381 + i2 4 2
+ 830 4+ 88 + 289 + 830 + 88 4+ 282 + 20 + 88 + 382 + 3820 + s + 88 + D)
+a3 (B8 + 482 + 6810 + 4881 + 1% + 489 + 6810 + 4811 + 832 + B0+ p10 4 it
+ 830 4+ 510 4 g0 gl 50 9510 4 gl gl0 gLl IO oplly gl2 4 5l0
+ 83 4 80 gl pl0 4 gl pl0 L 9gll L gl2 59 L 510 59 510 g9

+ 530 4+ 530y |,

[amg +2830 4 gl 4 59 4010 4 gLl 59 4 3510 4 3511 4 12
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Simplifying, the above becomes

1
 B] (g +a?)

69850 + 37631 + 783%) + 0B (88 + 1262 + 29620 + 1983 + 4832 |.

a5 (1368 + 3889 + 40830 + 18831 + 381%) + af(14688 + 5080 (2.9)

Setting expressions (2.8) and (2.9) equal to each other, we have

0= a5(85 +455 + 655" +455' + 55%) +a3(65 + 505 +955° + 755" + 265%)
+ad (82 + 3630 + 3831 + i2).
Since as, 85 > 0, the right hand side of the above equality is greater than 0, a contradiction.

Next, we prove inconsistency with respect to subselection. The equation (2.6) can be
rearranged as

1Ot Onit) g#G NS (#01( c oy =S Y G C &) (2.10)
zn(am, Bn) o o G35 (GN=G

Grouping the inner summands on the right hand side according to the number of edges in
G, the right hand side is equal to

, #G+2n+1
_ #o / /
=2 it > B 2 o' ca,
o’ m=#G+1 G:p35(G")=G,#G'=m

since any G’ for which ¢55(G’) = G has at most #G +2n+1 edges (if node n+1 is connected
to itself and all other nodes), and at least #G + 1 edges for some ¢’ € S,, 11 to be contained
in G’. The above can be split into two sums,

#G+2n+1

_ #o' 2n
o Z anil Z ﬁ?T—i—l (m _ (#G + 1))
o":.0'(n+1)=n+1 m=#G+1
! #G+2n+1 o — 1
- —
oo’ (n+1)#n+1 m=#G+2

since when ¢/ (n+1) = n+1 and ¢/ C G’, there are 2n unconstrained entries in G’ which can
be either zero or one. When o/(n + 1) # n+ 1 and ¢/ C G/, there are 2n — 1 unconstrained

. / _ _
entries, because Gafl(n+1),n+1 = Gn+1,a<n+1) = 1 are fixed. In both cases, the top left

n X n submatrix is constrained to be exactly equal to G in order to have ©33(G’) = G. By
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the binomial formula, the above becomes

G+1 G+2 —
= B;E:_fr (1 + B?”Hrl)?n Z n—l—l + 6#+1+ (1 + 5n+1)2n ! Z 2:?1
o’:o'(n+1)=n+1 oo (n+1)#n+1
G+1 G+2 —
= ﬁﬁrf (1+ Brs1)? 1 (Qng1)ppy + B#Jrf (14 Bnt1)*™ "nlom41)nt1,

where in the last equality we have used Lemma 2.2.1. Combined with (2.10), we have shown

Zn41(ny1, Bnyl) ( B )#Gzanal{a C G}

Zn(@m Bn) ﬁnqtl

nﬁn—H

m . (2.11)

= B 1(1+ Bt )™ (s Dyt | st +

In particular, the above equality implies that the function f : {0,1}"*"™ — R defined by

f(G) = ( o )#G;anal{a c Gy,

BnJrl

is constant in G. Taking G1 = (12...n) and Gy = (1)(23...n), the requirement f(G1) =
f(G9) implies that oy, = oz,% for every n. Since we must have a,, > 0 for the probabilities
(2.1) to be valid, this implies that «,, = 1, so that

f(G) = < P >#GZ1{acG}.

ﬂn—i—l o

Taking G1 = (12...n) and G = (12...n) V (n), the equation f(G1) = f(G2) becomes

B \"( Bu " _
<6n+1> _(ﬂn—i—l) :ﬁn—ﬂ

is constant in n. Since ay, =1 and £, = 8 > 0, (2.11) becomes

Zn+1(1> B)
zn(1, B)

> 1{o c G} =p(1+p)*" [1 +

g

nﬁ}
1+5]’

for every G. Plugging in the formula for the normalization constant gives

B

1+p '

(1+ﬁ2”+121{ace} A1+ B) T3

Simplifying, the above implies that a necessary condition of subselection consistency is that
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for every G € {0,1}"*",

np
1+5

Zl{aCG}zl—i—

g

Since the left hand side is not constant in GG, we reach a contradiction.
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CHAPTER 3
CHANGEPOINT DETECTION BOUNDARIES

3.1 Introduction

Detecting a changepoint that occurs somewhere along a single sequence of numbers is a
problem that has been studied since at least the middle of the 20th century (Page; 1955),
and interest in its extension to multiple sequences has grown especially over the past two
decades. Some of the recent interest can be attributed to technological advances in devices
that provide measurements in the form of multidimensional data. An event of scientific
relevance may be coded within a data set as one or more changepoints along a particular
dimension of measurement.

1. Genetics. Abnormalities in an individual’s DNA copy number measurements may
reveal phenomena relating human genetics and disease. Array comparative genomic
hybridization (aCGH) is a tool used to measure abnormalities with respect to a ref-
erence sample (Shah et al.; 2007). For each individual, a sequence of fluorescence
intensities is measured; each element of the sequence corresponds to a distinct location
on the individual’s genome. The data can be represented by a p X n matrix of intensity
measurements, where n is the number of individuals, and p is the number of locations
on the genome where a measurement was made. Some regions along the genome may
exhibit similar behavior among a sub-collection of the individuals, possibly related by
common presence of a disease. It is then of interest to determine where, along the
genome location dimension p, the average intensity of the signal becomes elevated or
diminished. An approach using local fdr estimates to analyze copy number variation
(CNV) data is developed by Efron and Zhang (2011), and Higher Criticism type test
statistics for CNV analysis are developed by Jeng et al. (2013). Wang and Samworth
(2018) project each column of a CNV dataset from Bleakley and Vert (2011) in the
direction of the mean intensity change, and apply a univariate changepoint estimation
procedure to the resulting single time series.

2. Neuroscience. A “resting state scan” involves a subject whose brain at rest is imaged
for a period of time, and these data are used to understand how processes of the
brain behave in the absence of external stimuli (Aston et al.; 2012). Certain analytical
techniques require the assumption of stationarity of these measurements in time, but
the extent to which this assumption is justified is not understood precisely (Cole et al.;
2010); changepoint detection methods provide an opportunity to assess deviations from
stationarity. Functional magnetic resonance image (fMRI) is a tool used to measure
a signal at each voxel (volume pixel) at a discretized set of points in time. In this
setting, the data can be represented as a p X n matrix, where n is the number of discrete
time points, and p is the number of voxels at which a sequence of measurements was
taken. Aston and Kirch (2012) develop changepoint detection methods using ideas
from principle components analysis to detect departures from stationarity in fMRI
data.
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We formulate the high dimensional changepoint testing problem as follows. The data is
X =0+FEcRP*"

where E has independent N(0,1) entries, and § € RP*™ is a mean matrix, in which a
subset S C [p] of the rows may potentially have a single changepoint, i.e. there is an index
t* € [n — 1], before which each entry of 6;., the jt" row of 0, is constant, and after which
each entry of the row 6. is equal to a different constant, where j € S. The null hypothesis
is that none of the rows of 6 have a changepoint. Informally, the testing problem can be
written:

Hy : For each j € [p], ;. € R" is a constant vector.
Hi : s € [p] of the rows in # share a changepoint location t* € [n] with signal strength p.

For a given level of sparsity s := |S| € [p] of non-null rows, separation of the hypotheses Hy
and H7 is monotone in p. This suggests a critical level of signal strength p* for which reliably
distinguishing between H( and H; is impossible when p < p* and becomes just possible as
p exceeds p*. Liu et al. (2019) derive the formula for p* up to a multiplicative constant,
and parameterize the minimum signal strength in the alternative as a function of the true
changepoint location t*. In our formulation (3.10) of the alternative parameter space, the
signal strength is also parametrized by ¢t* in a way that yields a formula for p* that is sharp
with respect to the multiplicative constant.

In this chapter, an interplay is shown between three features of the changepoint detection
problem: the intensity of the signal change, the sparsity of the changes along the row indices
J € [p], and the unknown location of the change along the column index t* € [n — 1]. Here,
the statistical difficulty of the changepoint detection problem is formulated in terms of the
minimax testing risk,

Ripnps)=  inf |sup Byt sup Py(l—v)],
test functions ¢ | 9@, 0€01(p,s)

where Oy and 0O1(p, s) C RP*™ denote the sets of parameters satisfying the descriptions Hy
and Hy, and ¢ : RP*™ — {0, 1} is a test function that indicates whether or not to reject the
null.

A detection boundary (Donoho and Jin; 2004) is a formula that separates the parameter
space of alternatives into a detectable region (those which can be reliably distinguished
from the null) and an undetectable region (those which cannot). To derive this formula, an
asymptotic relationship is assumed between the dimensions of the data and the sparsity of
signals. For the changepoint setting, the relationship is defined by a pair (8,a) € (0,1) xR,
where for example, in Theorem 3.2.1,

logloglogn ~ alogp (3.1)
s~ pth. (3.2)
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This is the primary asymptotic regime that yields a non-trivial characterization of p*, the
critical signal size. As a function of a, 3, the critical signal size p*(a, ) is referred to as
the detection boundary throughout. The particular relationship between a, 3, n, s is inspired
by the form of the non-asymptotic critical radius derived by Liu et al. (2019), in which the
term ploglog(8n) appears as an inflated problem dimension. To obtain a tradeoff between
p and n, one can consider an asymptotic regime in which loglogn is polynomial in p, or
equivalently, logloglogn =< logp. The inflated problem dimension ploglog(8n) is described
in more detail in Section 3.1.1. One of our main results, Theorem 3.2.2, is that the critical
signal level p*(a, B) takes the form

a—=(1-26)
p 2 a<l1l-—2p3
s qola, B)% = (a—(1—28))logp 1-28<a<1-—48/3
2-side\*" 2(\/1—6L—\/1_a_ﬁ)210gp 1_45/3<a§1_5
pa_(l_ﬁ) a>1— 5’

assuming n, p, s are related via (3.1) and (3.2). The above critical radius is the asymptotic
analogue of the finite sample result of Liu et al. (2019). Notably, it provides the exact
constants in the logarithmic regime 1—25 < a < 1— [, where previously only the dependence
on p was known (Liu et al.; 2019). We note that the appearance of pg-side is similar to a
detection boundary studied by Chan et al. (2015) in a related changepoint problem. The
formulation of the changepoint in their setting involves mean vectors with at least three
piecewise constant segments, and the asymptotic calibration of p and n are linked to the
lengths of these pieces. A detailed comparison with our work is given in Section 3.3.2. The
key methodological ideas used in this chapter to prove the feasibility of the testing problem in
the detectable region are inspired by those found in Chan et al. (2015) and Liu et al. (2019).
Specifically, penalization of a Berk—Jones type statistic (Berk and Jones; 1979), together
with a construction of geometrically growing candidate changepoint locations, motivates a
test statistic that adaptively tests for a changepoint with asymptotically negligible error.
Further description of this testing procedure is given in Section 3.4.1.

In the formula pj ., the Ingster-Donoho-Jin (IDJ ) boundary is recovered by nullifying
the changepoint component of the problem, i.e. the IDJ formula, shown in (3.5) and discussed
below in Section 3.1.1, coincides with p5 . when a — 0. This formula also coincides with
the non-asymptotic result of Liu et al. (2019). A more detailed comparison is presented in
Sections 3.3.1 and 3.3.3. The connection between asymptotic and finite sample results is
elaborated upon in the following literature review.

3.1.1 Related literature in sparse signal detection

A canonical problem in sparse signal detection involves testing whether a p dimensional
Gaussian vector X ~ N(6,1p) arises from a mean ¢ = 0, or a mean 6 # 0 with signal
size |||l > p, supported on s < p coordinates. One way to characterize the difficulty of
this testing problem is to calculate the critical radius p*(p, s), a formula depending on the
dimension p and sparsity s that describes the minimal signal strength required to distinguish
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between the two scenarios,
Hy:0=0 versus Hy: |02 > p*(p,s).

Collier et al. (2017) showed that the critical radius takes the form,

* 2 _ \/ﬁ §2 \/Z_)
pips)” = {slog(ep/s2) 5 < /p- (3.3)

This result is non-asymptotic in the following sense. In terms of the sparsity and problem
dimension, the above radius gives the order of the signal size at which the testing problem
becomes solvable. In other words, ||f||2 must be at least as large as p*(p,s) in order to
guarantee the existence of a testing procedure which, with high probability, has small Type
I and II errors at a fixed dimension p, and sparsity level s. In order to obtain a well defined,
exact constant in the above formula, one specifies an asymptotic relationship between p and
s. To capture the elbow effect in s which occurs at s < /p in expression (3.3), a natural
asymptotic regime to consider is,

s~p % Be().

The asymptotic constant when § > 1/2 was first derived by Ingster (1999) and again by
Donoho and Jin (2004) in the following Bayesian version of the problem,

Ho: X; ™ N(0,1) versus Hy: X; % (1 —¢)N(0,1) +eN(u, 1), (3.4)
for j = 1,...,p, where ¢ = p*ﬁ is the expected fraction of non-null coordinates, and

1= +/2rlog p is the signal size, where r > 0 is a constant. An analysis of the testing problem
(3.4) gives the following form of the critical constant in terms of the sparsity parameter [,

e JB—3 5 <B<3/4
”5)_{(1_\/@)2 Sop<cL (3:5)

The constant r*(/3) is critical in the following sense: when r < 7*(f), no test is able to
separate the null and alternative scenarios in (3.4) with vanishing error, while when r >
r*(53), a sequence of consistent tests exists. By the Neyman—Pearson Lemma, the likelihood
ratio test achieves the smallest sum of Type I and II errors in the testing problem (3.4), and
is therefore consistent throughout the detectable region {(r, ) : r > r*(8)}. However, an
obstacle in directly implementing the likelihood ratio test is that doing so requires knowledge
of the true parameters 3, r, which are unknown when one observes only the vector X € RP.
Donoho and Jin (2004) resolved this issue by introducing a testing procedure based on Higher
Criticism (Tukey; 1989), and proved its adaptive consistency throughout the detectable
region.

Recently, the work of Collier et al. (2017) was extended by Liu et al. (2019) to the
high dimensional changepoint detection problem, in which each element in the collection
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of p observations is a sequence X;. € R". In other words, the observed data is a matrix
X € RP*"™ where each n-dimensional row may be viewed as a unit of observation. Note
that this view is in contrast with another view of the changepoint detection problem, where
each column X.; € RP constitutes a unit of observation, yielding a total of n observations.
However, we prefer to use p — oo as the limiting index in order to make direct comparisons
to existing sparse signal detection results, and to lessen the notational burden in stating the
lower bound constructions.

In the high dimensional changepoint detection problem studied by Liu et al. (2019), the
signal size of the matrix § € RP*" is defined as a normalized mean shift at the changepoint
location. This formulation results in a critical radius that can be directly compared to (3.3),

) , plog log(8n) s > y/ploglog(8n)
pr(pm,s)” = slog (—eplog;gg@n)>+loglog(8n) s < y/ploglog(8n).

The two critical radii are nearly identical when the problem dimension p in (3.3) is replaced
with the inflated problem dimension ploglog(8n) in (3.6). The additive contribution of the
loglog(8n) term in the sparse regime s < y/ploglog(8n) arises from the difficulty of the one
dimensional changepoint detection problem p = s = 1, which was determined by Gao et al.
(2020) to have critical radius,

(3.6)

p*(1,n,1)% < loglog(8n). (3.7)

The sparse high dimensional changepoint problem is at least as difficult as both the one
dimensional changepoint problem, and the sparse normal means problem with the inflated
problem dimension ploglog(8n). Combining this observation with the formulae (3.3) and
(3.7), the expression (3.6) for the critical radius appears reasonable.

In light of the relation between the finite sample analysis of Collier et al. (2017), and the
asymptotic analysis of Ingster (1999) and Donoho and Jin (2004), it is natural to ask for
the asymptotic analogue of the finite sample critical radius derived by Liu et al. (2019) in
the high dimensional sparse changepoint problem. This analysis is the contribution of the
present chapter. As in the sparse means problem, in order to calculate the sharp constant
and obtain a formula for the detection boundary, an asymptotic regime is specified. The
form ploglogn of the inflated problem dimension for the changepoint problem suggests that
a non-trivial detection boundary may arise when n and p contribute comparably to the
problem dimension, for instance with loglogn growing polynomially in p. This observation
motivates the calibration,

logloglogn ~ alogp a>0, (3.8)
s~ pl P B e (0,1).
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Another regime considered in this chapter is,

loglogn ~ alogp a >0, (3.9)
s~ plh B e (0,1].

Once either of these asymptotic settings is assumed, the goal of this chapter is to establish
the following two points.

1. Derive an expression for the critical radius of testing p*(a, 8) for each pair (a,3) of
calibration parameters. The parameter a controls the number of possible changepoint
locations and (3 controls the sparsity of true signals. The resulting formula p*(a, 3),
called the detection boundary, characterizes the minimum amount of signal required to
detect a single aligned changepoint affecting a sparse fraction of rows in X.

2. Construct an adaptive test that is able to separate the null and alternative hypotheses
whenever the signal size p exceeds the critical radius p*(a,3). The test is adaptive
in the sense that it does not require knowledge of the true parameters (p,a, 3), and
it is consistent in the sense that it has Type I and II errors tending to zero as the
dimensions p and n tend to infinity according to either (3.8) or (3.9).

3.1.2  Related literature in changepoint detection

In this work, we address the problem of detecting a single common changepoint location
across multiple data sequences. A closely related problem is that of localization, in which
the objective is to determine the location of the change, having verified that a change has
occurred. Dating back to the middle of the 20tk century, Page (1954) studied changepoint
detection for a single sequence of data. Since then, changepoint detection and localization in
a single data source has been the subject of intensive research, as surveyed in, for example,
Horvath and Rice (2014). For the single sequence problem with multiple changepoints,
Killick et al. (2012) give an approach (PELT) based on penalized likelihood and minimum
description length, while Frick et al. (2014) tackle both estimation and inference, providing
efficient algorithms (SMUCE) based on dynamic programming,.

The extension of the changepoint estimation problem to multiple data sources has been
studied since at least Horvath et al. (1999), who tested for changes in the mean in multiple
dependent sequences. In a similar setting, Bai (2010) proposed a least squares method for
estimating a change in the mean, and a method based on quasi-maximum likelihood that can
also detect a change in the variance. Fewer methods are available for changepoint estimation
in the high dimensional setting subject to a sparsity constraint on the number of sequences
exhibiting a change; examples based on CUSUM statistics include Cho and Fryzlewicz (2015)
and Wang and Samworth (2018). Zhang et al. (2010) develop a generalized likelihood ratio
test based on a chi-squared statistic from each data sequence, emphasizing detection of
rare and weak changes in the signal. Kovéacs, Li, Bithlmann and Munk (2020), Liu et al.
(2019), and Kovécs, Li, Haubner, Munk and Biithlmann (2020) provide methods using an
idea based on checking a geometrically growing grid of candidate changepoint locations, one
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which is closely related to the optimal testing procedures presented in the current chapter.
An overview of recent advances in minimax optimal changepoint detection and localization
in the high dimensional setting can be found in Verzelen et al. (2020) and Pilliat et al. (2020).

Chapter organization. The main results for the asymptotic regime (3.8) are stated in
Section 3.2.2, whereas those for the regime (3.9) are given in Section 3.3.3. Various compar-
isons are made to existing results in the signal detection literature in Section 3.3 and 3.4.2
An overview of the lower bound construction and the intuition for the test statistic used to
achieve the upper bound is given in Section 3.4. All rigorous arguments are contained in
Section 3.5, and specific technical details are deferred to Section 3.6.

Notation. For p € N, we write [p] = {1,...,p}. Given a,b € R, we write a Vb = max(a,b)
and aAb = min(a, b). For two positive sequences ay, and by, we write a,, < by, and ap, < O(by,)
to mean that there exists a constant C' > 0 independent of n such that a,, < Cb,, for all n;
moreover, ap, < b, means a, < by, and b, < ap. We overload notation by using a, ~ by,
to denote ay, /b, — 1, and X ~ F' to mean the random variable X is distributed according
to F'; the intended usage of “~” will be made clear from context. We write a, = o(by)
when limsup,,_, an/bn = 0 and a,, = w(by) when liminf,, s ay /by, = co. For a set S,
we use 1g and |S| to denote its indicator function and cardinality respectively. For a vector
v = (v1,...,09)T € R we define ||v]|? = Z?:l v%. For a matrix X € RP*" we let X
denote the jth row of X, and X.; denote the ith column of X. The notation X1 € R?

denotes the first i elements of the jth row in X. We use ¢ and ® to denote the standard
normal density and CDF, respectively, and put ® := 1 —®. The notation P and E are generic
probability and expectation operators whose distribution is determined from the context.
In the context of testing Hy vs Hjp, the notation Py, Eqy, Varg and Pq,E;, Vary refer to the
probability, expectation, and variance operators in Hy and H7 respectively. Unless otherwise
specified, log denotes the natural log. Z denotes a generic standard normal variable, whose
dimensions will be clear from context.

3.2 Detection Boundary and Minimax Testing
3.2.1 Problem setting
An observation takes the form,
X =0+FE ecRP*"
where each Ej; N (0,1), and the mean matrix # may contain a shift in mean at some

column index. The null scenario is that each row of  is a constant vector,

Oo(p,n) == {6 € RP*™ : For all j < p, there exists a p; € Rs.t. 0j; = pj forall 1 <i <n.}
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The alternative scenario allows for a fraction of rows of # to share a common index t* € [n—1],
before which the entries in the row are constant, and after which the entries are equal to
a different constant; t* is called the changepoint location. We consider two alternative
scenarios, called the one sided and two sided versions of the alternative, that lead to slightly
different formulae for the critical testing radius.

One sided changepoint. In the one-sided version of the problem, the mean shift at the
changepoint location is decreasing, i.e. the mean of the observations in a non-null row is
larger before t* than afterwards,

p

1-sid .
01 (p,n,p,s) = {9 € RP*™ . Z Lirow j has a changepoint} = S, and It* € [n—1] s.t.
=1

t*(n — t*)
n

and 0; = pujo for i > t*}, (3.10)

(1j1 — pj2) > p for j € [p] non-null, where 6;; = 1 for i < t*,

#* (n—t*)
n
definition of is the precision of the natural test statistic for testing for a mean shift

in row j when the changepoint location ¢* is known,

where the signal size is p > 0. The factor in the normalization of the signal in the

1-side
@1

t* n
1 1 n
=1 1=t*+1

This precision factor can be thought of as an effective sample size given the changepoint; the
above statistic is most powerful when ¢* is close to n/2.

Two sided changepoint. In the two-sided version of the problem, the shift in mean at
the changepoint location is no longer required to be decreasing. The parameter space is
written,

p

2-sid . .
o1 (p,n, p, s) = {0 € RPX" Z Lirow j has a changepoint} = S and 3t* € [n—1] s.t.
j=1

t* _ t*
Mmﬂ — pjo| > p for j € [p] non-null, where 6;; = p;1 for i <t

jS = [452 for ¢ > t*}. (3.11)

Since @%’Side (p,m,p,s) C 9%’Side (p,m, p, s), the minimum signal size required for the existence
of consistent tests is larger for the two sided version of the problem; it is at least as difficult
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as the one sided version of the problem.

3.2.2 Main Results

Consider the hypothesis testing problem,
Hy:0 € ©g(p,n) versus Hjy:0¢€ @%’Side(p,n,p, s). (3.12)
The minimax testing error is defined as

Riside(psn,p,8) =1inf | sup Ppy + sup Po(1-9)], (3.13)
0€0q(p,n) 96@%‘51de(p,n,p,s)

where the infimum is taken over all measurable test functions ¢ : RP*™ — {0,1} of X. The
first calibration we consider is,

logloglogn ~ alogp
s~p'h,
where 8 € (0,1) and @ > 0. Our main result is that the following formula characterizes the
limits of detection in the testing problem (3.12).

pi—(1-26) a<l1l-28

c g2 o= (= 29)logp =20 <as1-45/3

P1-side\%s : Q(Vl_a_\/l—a—ﬁ)%ogp 1-48/3<a<1-p
pa*(lfﬁ) a>1-—4.

The characterization is in the following sense.

Theorem 3.2.1 (One sided). For the one sided testing problem, put p := p} ... (a, B1) for
a>0 and B1 € (0,1).

1. (Lower Bound) If 1 > > 1, then R gige(p,m, p,s) # 0, as p — oo.
2. (Upper Bound) If 0 < B < By, then Ry_gige(p,n, p,s) — 0, as p — oo.

When g > fq, t'esting Og(p,n) versus @%"Side(p,n,p,s = plfﬁ) is harder than testing
©p(p,n) versus @%‘Slde (p,m, p,s = pl_ﬂl), since the alternative in the former testing problem
has a smaller fraction of non-null rows. Consequently, the first part of Theorem 3.2.1 states
that p]_sq.(a, B1) is a lower bound for the minimum required signal for a consistent testing
procedure to exist. When 5 < 1, a consistent testing procedure exists for testing ©¢(p,n)
versus @%‘Side(p,n,p,s = pl_ﬁ), so that the second part of Theorem 3.2.1 implies that
] side(@ B1) is an upper bound for the minimum required signal. The result has been stated
in terms of the sparsity parameter S in order to accommodate all regimes of the signal.
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Indeed, the sharp constant is the coefficient of log p in the signal when p] , is logarithmic
in p, but when pj . is polynomial in p, the corresponding constant is in the exponent of the
signal size. Before making a comparison between Theorem 3.2.1, existing results in sparse
signal detection, and the non-asymptotic rate of Liu et al. (2019), we state the analogous
detection boundary for the two sided version of the problem,

Hy:0 € Og(p,n) versus Hjy:0¢€ @%Side(p, n,p,s). (3.14)

The minimum signal size required to separate H from H7 is characterized by the following
detection boundary,

a—(1-25)
p 2 a<1-28
phaola, B)? = (a—(1—-20))logp 1-28<a<1—48/3
e 2vVI—a—I—a-P)llogp 1-43/3<a<1-7
pai(liﬁ) a>1-p.

P5_gide(@, B) is larger than p] ., (a, 3) in the first case, a < 1 — 23, corresponding to the
dense regime. The two boundaries are identical in all other cases. Put

Roside(ps pya, B) =1inf | sup Ppip+ sup Py(1 — )
0€B0(p,n) 00759 (p,n,p,s)

The following theorem is the two sided analogue of Theorem 3.2.1.

Theorem 3.2.2 (Two sided). For the two sided testing problem, put p = py .., (a,B1) for
a>0 and 1 € (0,1).

1. (Lower Bound) If 1 > > p1, then Ro_sige(p,m, p,s) #+ 0, as p — oo.
2. (Upper Bound) If 0 < B < B1, then Ro_gjge(p,n, p,s) — 0, as p — oo.

Next, we outline several connections between Theorems 3.2.1 and 3.2.2 and various results
in the signal detection literature. The detection boundary result regarding the asymptotic
regime (3.9) is motivated by the relation between Theorem 3.2.2 and the non-asymptotic
rate of Liu et al. (2019), and is stated in Section 3.3.3. The proofs of Theorem 3.2.1 and
3.2.2 are contained in Sections 3.5.1, 3.5.2, 3.5.3, and 3.5.4.

3.3 Connections to related works

3.3.1 Connection to Ingster—Donoho—Jin boundary

We note that the minimum signal size 2r*(3) log p for detection in the sparse normal means
problem studied by Ingster (1999) and Donoho and Jin (2004) is recovered by setting a = 0
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in the one-sided changepoint problem,

p2i—1 0<p
pi—side((h 6)2 = (25 - 1) logp 2 B
2(1—1=75)%logp 3 <8

The case a = 0 corresponds to the case when n does not grow with p. Then each row can
effectively be treated as a scalar (the signal size) since the number of possible changepoint
locations does not grow with p. In the p — oo limit, the critical radius in the case a = 0
coincides with that of the sparse normal means problem, and its extension to the case
g e (0 ,2) by Cai et al. (2011). The two sided counterpart to the sparse normal means
problem (3.4) is

A A A
i ~OCL Ly

| 1
Ho: X; S N(0,1) versus Hj : X; %‘(1—5)N(0,1)+e<§N(ﬂ, 1)+ =N(—p, 1)).

2
(3.15)

Setting a = 0 in the two sided detection boundary pj .. (a, 8) gives,

) i 0<B<3
pg—sidea)vﬁ) = (QB - 1) log p % <p< %
2(1—T—PB)%logp 3<pB<1,

recovering the formula given in Section 6A of Cai and Wu (2014) for the testing problem
g3.15). Note that the two detection boundaries are identical except for the case 0 < 8 <
5. The factor of 2 difference in the exponent in this case is discussed in Section 6A of
Cai and Wu (2014), where it is attributed to the symmetrization of the problem (3.15).
Inspecting the formulae for pj .;.(a, ) and p5 .4 (a,B) for general a, one sees that the
same “symmetrization” phenomenon occurs in the dense regime (a < 1 — 2/3) of the high
dimensional changepoint problem.

3.3.2  Connection to the detection boundary in Chan et al. (2015)

Chan et al. (2015) studied a version of the high dimensional changepoint problem with
multiple changepoints. In this model, the observation takes the form,

X =0+FE ecRP*"

where Ej; id N (0,1). The null hypothesis is simple, § = 0. The alternative is composite;

under the alternative, there are ¢ > 0 many disjoint intervals,

SVI(L)~_(’,(L), ()—’—6()] [n]’ kzl?"‘7q7
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over which the mean may be elevated. More precisely, each 6;; is distributed,

(k) 7(k)
Ll te S?(%k) (k) iid (k) 4
01 = ¢P) , ;7 ~Bemn(e™),  (4,k) € [p] x g,
k
0 t ¢ UZ:157(1 )

where £*) = p‘ﬁ(k) for ﬁ(k) € (0,1), and ,u(k) > 0 is the signal size. They consider the
asymptotic setting

log log (ﬁ) ~ a(¥) log p, a®) > 0. (k=1,...,9)

n

The detection boundary pik_side(a, f) for the one-sided changepoint problem appears as a
critical radius for this problem in the following sense.

k) . k k
Theorem 3.3.1 (Chan and Walther). Put u(¥) = pj_side(a( ), 3Ry,

1. (Upper bound.) Put ek) = pfﬂ(k)ﬂs(k) for some 0 < Bk <1, and 0 < k) < ﬁ(k).
Then there exists a sequence of tests with Type I and II errors tending to zero as
P — 0.

2. (Lower bound.) Put elk) = p_ﬁ(k)_‘s(k) for some 0 < BKE) <1, and §*) > 0. Then
there does not exist a sequence of tests with Type I and II errors tending to zero as
p — 00.

Comparison of problem formulations and proof technique

To lessen the notational burden, and to make a direct comparison to the problem analyzed in
this chapter, consider the case ¢ = 1. We note that in Chan et al. (2015), the “Lower bound”
of Theorem 3.3.1 is proved using a construction with ¢ = 1. Since the hardest instance of
this testing problem can be formulated in the ¢ = 1 setting, by restricting attention to this
case, no essential problem difficulties related to the form of the detection boundary are lost.

If the jth row of # is non-null, there is one contiguous region S, C [n] over which the
mean vector 0;. is elevated, i.e. 0 > 0 for t € Sy, and 0j; = 0 for t ¢ Sp. Assuming this
simplified setup, the following comparisons to the problem studied in the current chapter
can be made.

1. According to the above asymptotic regime, the length ¢,, = |S,| of this elevated region
is determined by the relation,

log log (;) ~ alogp.

n
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The calibration considered in this chapter is,

loglog(logn) ~ alogp,

and the length of the elevated region is an integer t* € [n — 1], as defined in the
parameter spaces @%‘Side and @%'Side. Essentially, the parenthesized terms n /¢, and
logn represent the number of candidate changepoint locations in the lower bound
constructions, discussed in the next point.

. In the lower bound construction for Theorem 3.3.1, the changepoint location is selected
uniformly at random from n /¢, many candidate positions in [n — ¢,]. The likelihood
ratio for this construction involves a sum of independent random variables, upon which
the authors applied the Lyapunov Central Limit Theorem. In the lower bound con-
struction for Theorem 3.2.1, a changepoint location is selected uniformly from a set of
candidate positions T C [n]. Since the elevated segment starts at index 1 and ends at
the changepoint t* € T, the resulting elevated segments (corresponding to the candi-
date changepoint locations t* € T) overlap. As a result, the likelihood ratio for this
construction involves a sum of dependent random variables. Instead of using the CLT,
we use a more direct argument similar to the proof of Theorem 2(a) in Hu et al. (2021)
to handle this case, and also some standard arguments based on bounding the second
moment of the likelihood ratio for the simple versus simple hypothesis testing problem
in the lower bound construction.

. For the upper bound proof for Theorem 3.3.1, several procedures are provided in Chan
et al. (2015). The one most similar to the procedure used to prove the upper bounds
in Theorems 3.2.1, 3.2.2, and 3.3.2, takes a maximum over a collection of Berk—Jones
statistics, each computed with respect to a candidate elevated segment in the non-null
rows of #. This maximum is then penalized by subtracting a quantity depending on
the cardinality of the grid of candidate changepoint locations. The construction of an
optimal test in the current chapter uses a geometrically growing changepoint locations
similar to those used in the optimal test for achieving the lower bound in the finite
sample detection boundary in Liu et al. (2019). The ideas from the procedures in
Chan et al. (2015) and Liu et al. (2019), and how they are combined to yield optimal
procedures for the testing problems considered in the current chapter, are detailed in
Section 3.4.1.
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3.3.3  Connection to non-asymptotic rate in Liu et al. (2019)

In Liu et al. (2019), the critical radius (3.6) is defined with respect to the 2-norm of the p
dimensional vector of mean differences at the changepoint location t* € [n],

G)(t*)(p,n,p, s) = {9 = (01,...,0p) € RP*™ : 0y = pq for some pqp € RP for all 1 <t < t*,

0t = o for some g € RP for all t* +1 <t < n,

t*(n —t*) 2o 2
11— pallo < s,/ ———Mlw — p2ll” = p7
Taking the union over all possible changepoint locations t* € [n — 1] gives the alternative
hypothesis parameter space,

n—1

O1(p,n.p,5) = () 0 (p,n.p, 5).
t*=1

The null parameter space is the same as the one considered defined in the current chapter,
©¢(p,n). The problem is to test,

Hy : 0 € Og(p,n) versus Hy:0€0O1(p,n,p,s),

for which it is shown that (3.6) is the detection boundary. Note that the signal size p in
©1(p,n, p,s) is defined with respect to the Euclidean norm of the entire vector (in RP) of
changes, as opposed to the signal size required on each individual non-null row. To obtain
a quantity comparable to the critical radius pj 4., divide expression (3.6) by s for the
minimum required signal in each non-null row,

—~

S
S log (eplogigg(Sn)) + Lo lof(Sn) s < y/ploglog(8n).

According to the calibration,

log loglogn ~ alogp,
S ~ pl_ﬁ

Y

the “sparse” case, s < y/ploglogn <= 1+ a—2(1 — ) >0, in (3.16) can be further split
into the following cases,

log (eploglogn) N loglogn _ |log (6}?”“*2(175)) a—(1-5)<0
2 s o (1-8) a—(1—B)>0.
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Then, rewriting (3.16) to include this further division, and ignoring constants, we have
a—(1-28)
9 p 2 a<l-2p3
= 9 logp 1-28<a<1-0 (3.17)
pai(liﬁ) a>1- ﬁa

which coincides with the formula pj ., (a, [5‘)2 up to the coefficient of the logp rate in the
case 1 — 20 < a <1 — 3; the one-sided requirement that the change must be decreasing is
not enforced in the non-asymptotic analysis of Liu et al. (2019). The form of the critical
testing radius (3.16) suggests that a nontrivial interaction may arise between a and § within
the detection boundary when loglogn grows polynomially in p, as discussed in Section 3.1.1.
However, in the s = 1 case, two competing terms in the non-asymptotic rate are logp and
loglog n, suggesting an asymptotic regime in which loglogn does not need to grow as fast
as polynomial in p, in order for a nontrivial interaction to arise.

Another asymptotic regime. To balance the two terms in the sum log (%) +

bgl#, a natural calibration to consider is,

loglogn ~ alogp a>0

1
swpl_ﬂ §<6§1.

Indeed, when s is a constant, the two terms are both of order logp. The corresponding

detection boundary is p3(a, 8) == /2r5(a, B) log p, where

53 3<B<j
r3(a,B) = (1-v1-B)? 3<p<1
1+a g =1

We only state the result for the one sided version of the problem, since there is no difference

in the one vs two sided detection boundaries for the sparse regime [ > % The squared

critical radius for the two sided problem in the case g < % is equal to pﬂ _%, which is directly
implied by plugging s = p1 =% and loglogn = log p into the non-asymptotic rate (3.16). Our
analysis of the exact constant gives more information than the non-asymptotic rate (3.16)
only in the case g > % For this reason, we only state the portion of the detection boundary

within the sparse regime 3 > %, below in Theorem 3.3.2. In the formula 75 (a, ), the only
case in which the boundary departs from the Ingster-Donoho—Jin boundary is when 5 = 1,
corresponding to the case in which there are a constant number of non-null rows in 6. Note
that taking @ — 0 in the expression for 75 (a, 3) recovers the Ingster-Donoho-Jin boundary,
as this limit corresponds to removing the difficulty of an unknown changepoint location from
the testing problem.
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Theorem 3.3.2. Put p:=+/2rlogp forr >0 and g € (1/2,1], and let a > 0.
1. (Lower Bound) If r < r3(a, ), then Ry gige(p,n,p,s) # 0, as p — oo.
2. (Upper Bound) If r > r3(a, ), then Ry gige(p,n, p,5) = 0, as p — oo.

Note that the detection boundary pj(a, 3) does not depend continuously on a as g — 1.

This non-intuitive result can be explained by the non-asymptotic rate (3.16). Indeed, when
loglogn  alogp

S plfﬁ
term in the limit as p — oo, and thus a has no contribution to the formula for the detection
loglogn

f < 1, we have loglogn = o(s), so there is no contribution from the additive

boundary. In contrast, when g = 1, this term becomes ~ alogp, which is non-
negligible compared to the competing term log (%) ~ logp. We note here that

taking f = s =1 gives
p5(a,1)* = 2(1 +a)logp ~ 2(log p + loglogn),

giving the minimax testing radius for the s = 1 high dimensional changepoint detection
problem, with sharp constant 2. Taking a — co when § = s =1 gives

p5(a,1)* = 2(1+a)logp ~ 2(log p + loglog n) = 2(1 + o(1)) loglog n,

for fixed n and p. Hence the sharp constant in the p = s = 1 changepoint detection problem,
as obtained in Verzelen et al. (2020), is consistent with Theorem 3.3.2. The proof of Theorem
3.3.2 is contained in Sections 3.5.5 and 3.5.6.

3.4 Overview of Calculations

To simplify the presentation while maintaining the core ideas, we only outline the upper
and lower bound proofs for the one sided changepoint problem in the asymptotic calibration
(3.8). All rigorous proofs are deferred to Section 3.5.

3.4.1 Upper bound

To derive the upper bound result of Theorem 3.2.1, it suffices to provide a testing procedure
with Type I and II error tending to zero as p — oo. If the location t* € [n — 1] of the
changepoint is known, one could compute a contrast for each row j € [p],

t* n
t*(n—1t*) [ 1 1
Vie =\ = | 22X~ = 22 Nt |- (3.18)
t=1 t=t*+1
Since Yj; ~ N(0,1) under Hy for any ¢ € [n — 1], one could then count the number of

contrasts exceeding a null quantile ®~1(¢) for some ¢ € (0,1), and compare the fraction of
large signals to the expected fraction ¢ under the null.
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P
_ 1
Spa(q) = » Zl Ly e >3-1(q)}
J:
EoSp.1(q) = q for any ¢ € [n —1].

One way to compare these quantities is to compute K (Sp,t*(q), q), where the function K :
(0,1)2 = R is defined,

1—=x
1—t’

K(z,t) :leog% + (1 —z)log

which is the KL divergence between two Bernoulli distributions with success parameters x
and t, i.e. K(x,t) = KL(Bern(xz), Bern(t)). Hence, the statistic K (S, 4+(q),q) is large when
the observed proportion differs greatly the expected proportion under the null. Different
choices of ¢ may result in larger values of K (Spﬂg* (q), q) for various settings of the parameters
(a, B), whose exact setting is assumed unknown when testing between Hy and Hj having
only observed the matrix X € RP*"™, For this reason, consider taking the supremum of the

quantity K (S 4+(q),q) over all ¢ € (0,1). This supremum is achieved at some maximizing p
value, reducing this supremum to a finite maximum (Berk and Jones; 1979),

i (q).q) = KGi/p,pia), 3.19
qesz)l’)l) (Sp.t+(9), q) nax (/P pj)) (3:19)

where Py < Py < - < p(p) are the ordered p values p; = (TJ(th*). Since the true
changepoint location t* is typically not known a priori, a first thought is to take the maximum
of (3.19) over all possible locations t* € [n— 1]. However, the elevated regions corresponding
to the changepoint locations t* and ¢* + 1 are almost completely overlapping. For each j,
the (Vi) e[n—1] are highly dependent over t* € [n — 1], leading to frequent type I errors.
A similar issue arises in the non-asymptotic analysis of the problem, where Liu et al. (2019)
overcome this obstacle by taking a restricted maximum over a grid of geometrically growing
candidate changepoint locations,

{1,2,4,... 2les2(0/2 ]y « p —1].

We adopt a similar approach in the current setting. The above grid is sufficient to obtain
the optimal rate in the critical radius, but it does not give the sharp constant. In order to
obtain the sharp constant, we use a dense and symmetric version of the above grid in order
to ensure that for any true changepoint location t* € [n — 1], there exists an element of the
grid close to t*. The grid is defined as

T o= {1+ ) LA+ ) o, [(1+ ) B9 8 | |n— (14 8) B0 3 |, |n — (14 0)°) },
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where § = m — 0. The final test statistic is a penalized maximum over this grid,
PBJp = |max sup pK(Sp(q).q)| —2log|T|. (3.20)
€T qe(0.1)

The idea of subtracting a penalization term 2 log | 7| to offset the magnitude of the maximum
scanning statistic comes from the procedure developed in Chan et al. (2015), where it serves
a similar purpose. A union bound is used to show the Type I error control,

P(PBJy > 2(2+4 ) logp) =P max  pK(Sp(q),q) > 2(2+7)logp+ 2log |T|
teT,q€(0,1)

<> P ( max pK(Sp¢(q),q) —2(2 +7)logp > 2log |T’> :
e \4c(0.1)

The concentration result in Lemma 3.6.5, along with (3.19), allows one to show that each
summand on the right hand side above is o(|7]™1), causing the bound to go to zero. Besides
the Type I error, the penalty 2log|7| does not contribute crucially to the proof of Type
I error control. We note that log|7| = p®1*+°(1) in the regime (3.8) whereas log |T| =
a(l1+o0(1))log p in the regime (3.9), and that the test statistic (3.20) is used in the proofs of
feasibility throughout the detectable region in both of these asymptotic settings.

3.4.2  Lower bound

A geometrically growing grid (similar to 7 from the upper bound) plays a key role in the
lower bound construction. The true changepoint is first selected uniformly at random from
this grid, and conditional on this selection, the rows of X are distributed iid from a mixture
distribution. Note that the cardinality of the grid 7 from the proof of the upper bound
behaves as,

logn logn
log(1+8) ~ (loglogn)~1’

T =< log15n =

since log(1l + z) < = as © — 0. Thus, the dominant behavior is determined by the factor

1+0(1
logn =< epa( ol )). This exponentially large quantity turns out to be the correct order of

the number of candidate changepoint locations in the grid for the lower bound construction.
However, computing a contrast as in (3.18) for ¢t* € T results in a collection of dependent
variables (Yjsx). To establish a limiting distribution for a sum of dependent terms involving
the variables (th*), it suffices to dampen the dependence between these variables by further
spacing out the candidate changepoint locations. In order to explain the failure of all testing
procedures in the undetectable region, this dampening needs to be done while maintaining

a(l+o(1))

the overall exponential order of e many candidate changepoint locations. This is
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accomplished by using the grid,
7" = {L10gn)°], [(logn)' ], . ., | (log m)*&oen(n~1)| 1. (3:21)

Ignoring the symmetry of the grid 7, both of the grids 7 and 7’ are (roughly) of the form
{bo, bl ... plogs "} with bases b = 1+§ and b = logn corresponding to 7 and T’ respectively.
Note that the cardinality of 7’ behaves as

logn

/
=1 = —
T O8logn loglogn’

a(l4o(1
meaning that the dominant behavior of |77| is determined by the factor logn < e (ol
The worst case testing error in (3.13) is lower bounded by the Bayes testing error of the two
point problem,

Hy s (Xj)jep) ~ 1] V00, 1) (3.22)
j=1
1 T’ p
Hy 2 (X)) jepp) ~ 7 Y1 [(1 — &)N(0, 1)) + eN(po*), In)] , (3.23)
k=1j=1

where (k) € R is the unique vector associated to the contrast (3.18). That is, (Xj., H(k)> =
Yji,, where t}, := [ (log n)¥] € T' is the k' grid element, and e = p~? is the average fraction
of non-null rows?.
Remark 3.4.1. A general framework for deriving a detection boundary in an iid testing
problem of the form,
iid iid .

Hy:Y; ~Qn wersus Hy:Y;~ (1 —ep)Qn+enGp, (i=1,...,n)
where Qy, and Gy, are distributions on R, can be found in the chapter by Cai and Wu (2014).
We note that the high dimensional changepoint problem considered here falls outside of this
setting. Indeed, in the Bayesian two-point formulation (3.22) versus (3.23), each row Xj. in
the observed matriz X € RP*™ is not a scalar random variable, and the rows (X;.)j<p are
not independent. In this fomulation, the true changepoint location k* € T’ is drawn uni-
formly from a set of candidate locations. Marginalizing over the uniformly drawn changepoint
location yields a distribution on X for which the rows (Xj:)jgp are dependent.

An optimal procedure for testing (3.22) versus (3.23) is one that thresholds the likelihood

1. In order for the realization of § drawn in H; to be supported on @%‘Si‘i‘a (p,n, p, s) with high probability,
¢ should technically be replaced with & = p~# for some slightly smaller 3 < J3, where ‘slightly smaller’ is
described more precisely in Section 3.5.1.
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ratio,

orr() = 1{7x) > 0 .

using a sequence (ap) of rejection thresholds. Thus, the detection boundary can be derived

by studying the asymptotic behavior of %(X ), where fo and fi are the densities associated
with the distributions in Hy and Hj respectively. For most cases in the argument, this
involves computing the second moment of the likelihood ratio, also known as the chi square
divergence between fy and f1, and choosing the signal size p so small that this moment is
no larger than the typical size of %(X) under the Hj. In this setting, the test ¢ g would
be powerless in detecting a deviation from the null, implying the failure of an optimal test
and thus the hardness of the testing problem.

In the case 1 —43/3 < a < 1— 3, a separate argument involving truncation is used. The
sum of type 1 and 2 errors for the likelihood ratio test is lower bounded, up to constants,
by the probability of an event that does not depend on the original rejection threshold ay,
summarized in Lemma 3.6.2. Due to the mixture form of Hj, the likelihood ratio is an
average of products, one for each candidate changepoint location,

3 1 T'|
%(X) = IT’!,;LZ“(X)’

where each Ly (X) is defined

Py [0 = &)on(X;) +edn(x; - pp®)] s
=1 J J _ Yit,—p~/2 _
B == [T on(X) (el

and ¢y, is the density of a standard normal vector in R"™. Under Hp, the dominant term in
the average is Ly, whose log is a sum of terms,

P 2
log Lj+(X) = Zlog {1 +¢ (eijtk*p /2 _ 1>} .

J=1

The terms in the sum are analyzed separately, depending on the size of each Y and the

details of this calculation can be found in Case 3 of Section 3.5.1.

tk*?

Connection to submatrix detection in Butucea and Ingster (2013)

The proof of the lower bound in Theorems 3.2.1 and 3.2.2 relies on the hardness of dis-
tinguishing between the hypotheses (3.22) and (3.23) for small enough p. As noted in the
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previous section, the likelihood ratio for this problem is of the form

Tl »

B0 = gy T [1e (P2 )].

meaning that it only relies on the matrix X via the contrasts

bk |(n — | bk Y 1 Y
thk—<Xj;,0<’“)>—\/L It - = Lka;th_m Zk it

where j = 1,...,pand k = 1,...,|T’|, and the second equality holds by definition of o(k)
(see part 1 of Lemma 3.7.1). In other words, it is sufficient to observe these contrasts in
order to perform the optimal test, | rT, for testing (3.22) against (3.23), assuming oracle
knowledge of € and p. Since the true changepoint location is drawn uniformly at random
from 77, the contrasts can be written,

Yji, = (X, 08y = (00") 4 Z;. 00y = p(oF) oW 1 (7, 00,

Letting k* ~ Unif{1,...,|T’|} denote the index of the true changepoint location, parts 2
and 3 of Lemma 3.7.1 together with the previous display imply

Jtk

v @ fp+Zz ik =k
\o()+Z ifk* £k,

since the grid 77 has base b = logn = epa(Ho(l)) in the current regime (3.8). Further, the

covariance between two contrasts Yj;, and Y, corresponding to row j is

| if = ¢
Cov(Yi,,Yir,) = (005) g0y = B
V(¥ Yite) = ¢ ) O~ "7") k41,

by Part 3 of Lemma 3.7.1. In other words, the <thk) are nearly independent Gaussians, and
under Hy, there exists some k* < |T’| for which (Yjtys ) je[p) have elevated mean p, and all
other (Y, ) jelp) k#k> are Gaussian variables that have unit variance and nearly zero mean.

Consider the matrix Y € RPXIT'| whose (j, k) entry is Yy, . By the previous observation,
the (Yj;, ) are approximately independent, and the testing problem (3.22) versus (3.23) is
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essentially testing between,

j=1
] Tl p
1 (G)jet ~ 7 22 11 (1= )N (0, Ijg) + N (peg, Iy
k=1j=1

where e} € RI7'l is the k' standard basis vector. Let I ; € 10,1} indicates whether or not
row j in Y has non-zero mean pey, i.e. I; =1 <= row j is non-null. Under Hj, there is
some rectangle

{<p:L; =1} x {k}  [p] x [|T]], (3.24)

over which the entries Yj; have elevated mean p > 0. This problem is a special case of
the submatrix detection problem studied by Butucea and Ingster (2013), in which the entire
observation is a matrix Y € RY*M of unit variance Gaussian entries. Under the null, these
entries have zero mean. Under the alternative, a submatrix (Y;;);c 4 jep has elevated mean
sij > p for (i,j) € A x B and zero mean s;; = 0 for (i,j) ¢ A x B C [N] x [M]. A and B
are constrained to be of sizes n < N and m < M respectively. In this notation, the testing
problem can be written,

Hy:sjj=0foralli=1,...,N,and j=1,..., M
Hy : 3A X B € Cpy such that s;; = 0if (i,5) ¢ A x B, and s;; > pif (4,7) € A x B,

where Cpp, is the collection of rectangles A x B C [N] x [M] satisfying |A| = n and |B| = m.
In their chapter, Butucea and Ingster have established both the rate and constant for the
minimax separation p, in a specific asymptotic regime which requires,

nlog(N/n) < mlog(M/m). (3.25)

Their main result is that, under some asymptotic requirements restricting the relative growth
of m and n, which include the condition (3.25), the minimax separation p satisfies,

2= 2(n log(N/n);—mm log(M/m)) (14 o(1). (3.26)

In our setting, the rectangles (3.24) and matrix of contrasts (Y};,) == (Y}, ) have dimensions
(n,m, N, M) := (pl_ﬁ, 1,p, epa(Ho(l))). Then condition (3.25) roughly corresponds to 1—3 =

a, but in general does not cover the range of parameters (a, 3) considered in our chapter.
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The result (3.26) then reduces to

2(pt=PBlog p + p®
g = 2 IR 514 o(1) o,

which coincides with the detection boundary in the case a =1 — £,

Plside(1 — B, 6) = 281log p.
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3.5 Proofs

Recall that @%‘Side (p,m, p,s) C @%Side (p,n, p, s) implies the two sided changepoint detection
problem is at least as difficult as the one sided version. Note that the detection boundaries
only differ when a < 1—24. Then for the lower bounds, it suffices to provide the lower bound
proof in the one sided problem for all cases, and provide the proof for the case a < 1 — 20
in the two sided problem. Similarly, for the upper bounds, it suffices to provide the upper
bound proof in the two sided problem in all cases, and the proof for the case a < 1 — 20
in the one sided problem. Throughout, we let Z denote a standard normal variable, whose
dimensions will be clear from the context.

3.5.1 Lower Bound for Theorem 3.2.1

The formula for the one sided boundary is,

pa—(1-25) a<1l-28

(@)= d @ (1 -20)logp 1-26<a<1-45/3

Plosidet® 2= o T—a— yT—a—B)2logp 1-48/3<a<1-8
pa—(1-5) a>1-4.

Put p = p] g40(a B1) for a > 0 and 81 € (0,1). We will show that if 3 > (1, then
Ri-side(P, pya, ) — 1, as p — oo. Consider the testing problem,
Ho: X;. % N(0, 1)

Hy b mounif{1, [T X | B = k2 (1= e)N(0, ) + eN(p0™), 1),

where € := p~?, T is the base b := logn =< epa(Ho(l)) grid, defined,

T = {6, [0],... [B\O%oen ™},

and 0(F) € R is the unique vector for which

i — [bE]) _
(Z.0W) = \/Lb Jn=b J)(ZLLka = 2k 4 1m)-

n

More explicitly,




By Part 2 of Lemma 3.7.1, <0(k),p9(k)> = p. Consequently, by Part 1 of Lemma 3.7.1 and
the definition of the signal in @%'Side(p,n, p,s), if the draw of 6 described in H; has more
than s ~ pl=? non-null rows, then 6 € @%‘Side(p,n,p,s). Note however that the number
of non-null rows under Hj is distributed Binomial(p,¢), which implies that the resulting
(random) instance of € RP*" is not necessarily an element of @%"Side (p,m, p,s). To remedy
this issue, note that since 8 > Bi, there exists 3 € (81, ) for which & = p B> p b
Consider the modified testing problem,

Ho: Xj. % N(0, I,)
Hy b ~ounif{l, . [T X | B = kS (1= ) N(0, L) + eN (o™, 1), (3.27)
and define the event,
Iy pe
G = ; L{row j is non-null} = Togp

Each row Xj. is non-null with probability & = p B = w(p=P) in (3.27). Thus, on the set
G, the realizations of # belong to the parameter space @%‘Side(p, n,p,s). By Chebyshev’s
inequality, it is seen that P1(G°) — 0, where Py denotes the distribution under Hy. Then
the minimax testing error can be lower bounded,

Riside(p,n,p,s) =inf | sup Py + sup Py(1 — )
bculpn) | 0O p)
> inf [Poy +P1(1 - ¥)1g]
> inf [Poy +P1(1 — )] — P1(G°) (3.28)
=1—TV(Py,P1) — P1(GY). (Neyman—Pearson)

Then since P1(G€) — 0, it suffices to show that liminfy_so(1 — TV(Pg,P1)) > ¢, for any
¢ € (0,1). To this end, the testing problem can equivalently be written,

s (X)je) ~ 77 20 11 [(1= N0, 1) + 2N (). 1))
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Let fp and f; be the densities of X corresponding to Hy and Hj. Note that,
1 —=TV(Py,Py) = /fo AfL> / foNf1 =Py (ﬁ > C> . (for any c € (0,1))
{fi=cfo} fo
Then for the rhs to tend to ¢, it suffices to show that

I P
i (X) 1.

The above convergence is implied by the condition, limsup,,_, EO(%(X )2 < 1, since by
Markov’s inequality,

o

Cases 1 and 2: a <1—45,/3

Letting Eq denote the expectation with respect to Hy, the second moment of the likelihood
ratio is

fi, ) = A
E (%00) — )

T P

_ % S E]] [1 — &4 Eexp <P(Xj:79(k)> N p2/2>}
k=1

J=1

Eo(4(X))? = 2Bo(£(X)) +1  Eg(4(X))? -1
%(X)—1‘>5)§ J 5 / - f52 .

7]

1 L _ .
=7 > Ervmiqr. i 11 [1 — &+ & Ey(exp(p( X, 0F)) — p? /2| k* = l)}
k=1 j=1

p
> T [t -2 +2 Elexp(p(po1; + 2;.,60) - p?/2))]

1
2
7] EJI<|T|j=1

where [; = 1 indicates that row j has a changepoint, and I; = 0 otherwise (/; id Bern(g)).
Now,
(1) (k)y _ 2 AEPZ0%2 4 = erp0V,00)42)—p? /2
E(exp(p(p0"I; + Z;.,0) — p=/2) = (1 — &)Ee +¢-Ee ’
= 1+ &(exp(pA(00,01) — 1)

k=] q

< 1+ &(exp(ple™ 7 P") 1),

where the last inequality follows by part 3 of Lemma 3.7.1, Z;. € R" denotes a standard
Gaussian vector, and Z denotes a standard Gaussian variable. Plugging back into the second
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moment, we have

k=1, a

Eq (%(X))Q li[ [14—8 — 1)] + ﬁz H {1—0—5‘2(e}(p(p2 Tz P — 1)} :

. o i L] _1
Since k # [ implies p?e~ 2 P < p2e~ 3" —5 0 as p — oo, we have that when k # [,

p

‘k_” a 1. a p 1 a
H |:1+€2(6Xp(p2€_ 2 Py — 1)} < [1+2§2p26_§p } < exp <2p§2p26_§p >’
j=1

where the first inequality follows from e? — 1 < 2x for 0 < x < 1, and the second inequality

1 a
follows from log(1 + z) < z for z € R. Note that 2p2p2e™ 2P 5 () as p — o0, so the right
hand side of the above tends to 1. Plugging the above back into the estimate for the second
moment, we obtain

E(m) |T|2ZH[”E =] + 201 o)

k=lj=1
’71_‘ exp(pe (e P _ 1))+ 1+o(1).

Recall |T] =< ") 1 order for the right hand side to tend to 1, it suffices for the first

term to tend to zero, i.e. exp(p§2(ep2 — 1) — pel+o)y - 0. Since p? = pT_Side(a,51)2 ~
log(1 +pa_(1_2ﬂ1)) when a # 1 — 231, we have

exp (pe2(e?” — 1) = 100 = exp (pepla (20N Ao(1) _ poll+o(1))
— exp <p(a+2(ﬂ1—6))(1+0(1)) _ pa(1+0(1))>
— 0. (8> p1)
When a = 1 — 261, we have p? = 1, so that
exp <p€—2(€p2 1) pa(1+0(1))) — exp <p€-2<€ 1) - pa(1+0(1))>
= exp (p<1—25>(1+o(1)) _ p<1—2/31)(1+o(1>)>
— 0. (B> B)
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Case 3: 1 —451/3<a<1—-p

Put z := /1 —aand y == /1 —a — 1. Then the signal p is of the form, p = (z—y)+/21og p.
The likelihood ratio test for (3.27) is defined by

arr() = 1{ B x) > 0,

for some rejection level a;, € R. Then by (3.28), the minimax testing risk for the original
testing problem is lower bounded by the testing risk of ¥ rT,

Riside(D;n, p,s) > iﬁf[ﬂ”oﬁb +P1(1— )] — o(1) = PothygT + P1(1 — b rT) — 0(1).

The likelihood ratio is of the form,

1 1 T
%(X) = W;Lk
p

Ly=[[[1-¢+ éep<Xj:’9(k)>_/’2/2].
j=1

By Lemma 3.6.2, the sum of errors from the likelihood ratio test can be lower bounded for
any ap,

_ 1.
Po(YrT = 1) + P1 (¢ rT = 0) > §P1(A3)7

where A3 = {ﬁ(X) < 3}. Now note

1

Py (A3) > Py al

> Ly <2, L < |T]
k#k*

Now by Lemma 3.6.3,
By = S L | =B | = S B |9 | = —= - (1] = 1)(1 4+ O(e— 2" (o)),
7 2z 7]

which is <14 o(1) for a > 0 as p — oco. It now follows from Markov’s inequality that
P = E Lp<2]| > (1)
— = —o(1).
! T k= 2
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Thus, to show that Pq(Aj3) is asymptotically no smaller than 1/2, it suffices to show
Py (L > |T]) — 0. (3.29)
To this end, split the indices j € [p] into four sets. Letting (); = 1{row j is non-null}, put
Lo = {j: Q; =0}
Iyi={j: Q= 1, (X5, 0%)) < \/2(1 = a)log p}
Ty ={j:Q; = 1,V2( 1.—a bgp<: 00y < 2, /210g p}
ngz{j:Qj:1<X 9 >2\/210g }
Then log Ly« = Z?:O R;, where
R; = Z log <1 +é (exp <p<Xj;, Q(k*)) — ,02/2> - 1)) : (3.30)
Jely

for 1 = 0,1,2,3, and the probability in condition (3.29) is bounded,

3
Pi(Lys > |T|) = (ZR >log|7'|>§Z]P’1 (Ri>ilog|7’|>.

1=0

The result now follows upon showing that
_ 1 ]
Py (Ri > 1 log ]T\) — 0, fori=0,1,2,3. (3.31)

For i = 0, note that any j with Q; = 0 has <Xj;,0(k*)) ~ N(0,1), so that
E1eff0 = By (B (0 | Tg) =By [[ E(1+e(er? 72— 1)) =1,
J€lo

Thus

P 1 _ Ry 1/4 1
m(&>ﬁ%wo_ ( >W|>_IW”%O (3.32)

For i = 1, note that each summand in (3.30) is no smaller than log(1+2(0—1)) =
log(l1 — &). Since there are |I'{| many summands in Ry, Markov’s inequality can be ap-
plied to the difference Ry — |T'1|log(1 — &) > 0,

4E1(Ry — |T'q|log(1 — €))
log | T| ’

1 1
P (Rl > Zlog\ﬂ) <P <R1 —|T'1|1log(1 — &) > Z—llog ]7-|) <
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since log(1 — &) < 0. Since log(1 — &) =< — as € — 0, and log | T| = p®(1+°(M) for the rhs of
the above to go to zero, it suffices to show

p—a(lJro(l)) 'I_ElRl =0 (3.33)
p—a(l—i—o(l))—B Eq|T1] — 0. (3.34)

The first expectation is

EiR; =E; Z log (1 + & <BP<X3':79(’“ N—p2/2 1>>

Jjer

ol )y _ 2
1 {Qg—l 0())</2(1—a)Tog p} 1°8 <1+5( X0 ) P/2_1))]

|
.M%

<
Il
_

AN
F\

<
I
—_

- (X 0N 20
1{Q]:1,<X],9(k*)>§\/m}gep< j: > P / :|

IN
.PﬂbE
“L

[ {p+Z<y/2(1—a)logp} el (ot-2)=r 2/2] J (Z ~ N(O71>>

<
Il
—_

since conditional on (); = 1, we have that (Xj:, H(k*)> ~ N(p,1). Directly integrating, the
above is equal to

ST a)logp—
= p§2e/’2/2/ e (z)dz
—00

5 2 2(1—a)logp—p
= pe-el / ¢(z — p)dz
= p§26p2@(\/2(1 —a)logp — 2p). (3.35)

Recall that p = /2logp - (V1 —a — /1 —a— 1) =: v2logp - (x — y). The condition
a > 1—451/3 implies

V2(1 —a)logp —2p=+/2logp- 2y — ) = \/2logp- (2\/1 —a—p; — V1 —a)

and so expression (3.35) becomes (up to log factors in p)

= p2e B(/2ogp - (v — 2w — y)) = pl A=) LB,

from which (3.33) follows, since

p—a(1—|—o(1)) EyRy = p—a(1—|—0(1))—|—1—25—2(1—a—ﬁl)—H—a _ p—Q(B—Bl) 0.
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Next, note that

p
By [Tyl =Y Pi(Q; = 1,(X;.,0%)) < /2(1—a) logp)
j=1
— ' PP(p+ Z < \/2(1 — a) log p) (Z ~ N(0,1))
Spl_B

(3.34) now follows since 3 > /31 implies
p—a(1+o(1))—3 B[y < p—a(1+o(1))+1—25 < p—a(1+o(1))+1—251 -0,

because a > 1 —401/3 > 1 — 2p;. We have now shown (3.33) and (3.34), which imply
condition (3.31) holds with ¢ = 1.

Next we check condition (3.31) for ¢ = 2. To this end, first note that each summand in
Ry is positive, because (X, G(k*)) > /2(1 — a) log p implies

p(Xj., ok p/2>p\/ (1 —a)logp p/2
2logp - (vl—a—%(\/l—a—\/l—a—ﬁl)) >0

which implies log (1 +& (exp <p<Xj;, (k")) — p2/2> - 1)) > 0. Thus Markov’s inequality
can be applied to obtain

41 R
~ log|T]

P (RQ > 11og |7'|) (3.36)

The expectation is

p *
EiRy = ZI_E [ {jeTy) log (1 +& <eP<Xj:»9(’“ /2 _ 1))}

Eq [1{3'61“2} log (1 +é <€,0~2\/W—p2/2 - 1))]

<.
I

M@

T
—_

— Byl - log (1+p°)

for some constant C' that is fixed as p — oo. Thus the polynomial dependence is determined
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by [E1|T's|, which is

Eq|To| = E121{Qj_1 2(1 — a)logp < (X;.,0%)) < 2\/2log p}

7=1
= Zp*BIP’(\/Q(l —a)logp < p+ Z < 24/2logp) (Z ~N(0,1))
j=1
< pl_B@( 2(1 —a)logp —p)
= pt=B-(v I-a—(z~y))* (up to log factors in p)

Plugging this into (3.36), we have (up to log factors in p) that

_ 1 - pl=A—(1—a=p1)
Py (R2 > Zlog|7’|) S o) —0

since (1 < B are constant in p.
Finally, we check condition (3.31) for i = 3. We have

Py (Rg > —log |T|> Py (R3 > 0)
Py (I's # @)

p

=P (| {Qj =1,(X;.,0%)) > 2 210gp}

J=1

giu-»l(@] L G0 >zm)

P
_ pl—_—(%(xfy))zj (up to log factors in p)

which tends to zero polynomially in p if the exponent 1 — § — (2 — (z — y))? < 0. This
condition is equivalent to

\V1-F4+V1i—a—+/1-—a—p <2,

since x = v/1 —a and y = /1 —a — ;. This condition is satisfied because the left hand

side is
\/1—5+\/1—a—51+ﬁ1—\/1—a—51<\/1—5+\/a<2,

o8




because 3, 81 € (0,1).
We have now shown (3.31), completing the proof of this case.

Case 4: a>1—

In this case, a slightly different testing problem is used, in which the loglogn = p® signal is
placed evenly across the first s = plfﬂl rows (recall that p2 = pa*(lfﬂl)). The lower bound
construction is

p
Hy: (Xj)j<p~ [ N0, 1)

j=1
p
Hy - k* ~ Unif{1,...,|T|}, (X )j<s|k*NHNpe VL), (Xj)jss ~ II N, 1)
j=1 Jj=s+1

The second moment is

1 2_ J1
Eo (%m) B2

T s

( Ha pe(k‘))
ZEIH (ZS(X)

g= a

|T’22HE16XP p(X. Lotk )—p2/2)|k*:l)

sp>( O(k 9(l
|7"2 Z

1 1— 5+a—(1_51)

< —ef + 1+ 0(1),
— [T
|k_l| a a o
since (#(F) 91y < ¢="2 P Now since |T| = e ( (1)), the first term is
1 1—B+a—(1-51) -
mep U _ exp (pa+(ﬂ1 B) _pa(1+0(1))> 0, By < B)

2
which gives limsup,_,, Eg <%(X )> < 1, as desired.
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3.5.2  Lower Bound for Theorem 3.2.2

For the two sided problem, consider the testing problem,

D
HO ]e[p H 0 In
Tl p .
( ]e[p} |7,| kzl 1_[1 [ (1—-2)N(0,1y) + 5 <N(p9(k’)7_]n) + N(_pg(k)jjn))} :
J

where p = p3 44.(a, 1) where @ > 0 and 81 € (0,1), & = p_B, where 8 < 1, and o(k) s
defined as in the proof for Theorem 3.2.1. Under H{, the mean vector for a non-null row is
cither pf%) or —p#*) for some k < |T|. Observe that for a vector v, € R™, whose first [b¥ |

components are equal to p1, and remaining n — Lbkj components are equal to ug, that

El(n — bk
(0%, )| = \/Lb Il - b J)Im — pal,

by the defining property of (%) (Part 1 of Lemma 3.7.1). Taking v, € {pﬁ( ,—pok } and

noting that |(6(), vu)| = p, shows that each non-null mean vector generated in Hj satisfies
—side(

the two-sided signal requirement of @% p,n,p,s). Together with the discussion on the
choice of  in Section 3.5.1, this shows that the random instance of 6 generated under Hj is
an element of @%'Side (p,m, p, s) with high probability.

Since 3 < B1, the calculation (3.28) discussed in Section 3.5.1 implies that it is enough
to show

lim E (ﬁ )2
supEg | Z=(X) | <1,

where fy and f; are the densities for Hy and Hj respectively. As discussed in the beginning
of Section 3.5, since the detection boundaries for the one sided and two sided problems are
the same except for case a < 1 — 201, it suffices to show the above second moment condition
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in this case. To this end, we compute

Bo (¢ >)2—E1f1< )

fo Jo
IR 2 X0 | (X 000)
—|T|I§1E11:[1 1—¢e+¢ 5 ( + J: )
P —p?/2 _
kI<|T]j=1

(3.37)

By definition of Hj, the rows X j. are independent conditional on the event k* = [. Thus,
the terms in the conditional expectation can be computed,

By (P50 | = 1) = (1—€)€p2/2+5'%(Eep<p9(”+zj»9( ) 4 Bepl=rt 042500 )>>

l k l k

where we have used the inequality %(ez +e 7)< /2 in the last line. A nearly identical
calculation gives

Eq(e” Pt |k*fl)§(1_€)ep 12 5 o 2e0M0 0,602 /2

Plugging these two estimates back into (3.37), we obtain

(j%(X)) IT!2 2 H[l_”g eI ((1 =)™/ 4 g o 20 0D ON)2)]

kI<| T j=1
_ 1 2 (_p*eW k)
_WZH[HE <e< ?/ 1)]
EI<|T]j=1
1 3 D gk
: W Z exp (pl—Qﬁ(epM&()ﬁ( )>2/2 - 1)) (log(l —i—l‘) < l’)
kI<|T]
1 Y 4 4 _7pa(1+o(1)
< e (PP - )+ m22€XP (pa : /2—1>>,
k=l k£l

1 a(14o0(1
where in the last inequality, we have used Part 3 of Lemma 3.7.1. Now since pte 2P (o) —
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0, we have by the inequality e — 1 < 2x for 0 < x < 1 that the above is bounded by

1 Y- 4 _1_a(1+0(1))
< e (e - ) + |T|2Zexp )

kLS ~~
? 140(1)

— exp <p1—25(ep4/2 1) - pa(1+o(1))> F1+ o).

In order for the right hand side to tend to 1, it suffices for the first term to tend to zero, i.e.

exp(p1—25(ep4/2 —1) _pa(1+o(1))) 0. Ifa < 1— 2831, we have p? ~ \/log(l + po—(1-261)),
and the first term becomes

exp(p1_28(6p4/2 _1)— pa(l—l—o(l))) < exp(p1—26+a—(1—251) _ pa(1+0(1))) 0,

since B < B. If a =1 — 20, then p2 =1, so that

exp(pl=2B(er'/2 — 1) — pe1+o(1)) = oyp(p(1=28)(1+o(1) _ ,(1=28)(1+0(1)y _

Y

since 81 < B.

3.5.3 Upper Bound for Theorem 3.2.2

Put 8 < f and p = p5_.(a, B1) as in the statement of Theorem 3.2.2. To show the second

part of Theorem 3.2.2, it suffices to show that for any 6 € @%‘Side(p, n,p,s), the Type I and
IT errors of the penalized Berk—Jones statistic tend to zero as p — oo. The test statistic in
this setting is defined,

PBJy == | max sup pK(S,(q),q)| — 2log|T],
P kTl ey P

where 7 and SpJ{(q) are defined

T = {L(1+5)0J, [+ 8) ], (L4 8) B0 B | |n = (14 8)0810 5] [ = (146)°) },

Sy = Z (V> (q/2)} (3.38)

kth

and Yj is the contrast corresponding to the corresponding to the element in the grid

tLeT,

Yip — ty(n —ty) (X

j n gyl — Xj,tk-i-l:n)u 1<j<p 1<k< |T|
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Note that in the current asymptotic setting (3.8), the cardinality of the grid is |[T| =

epa(1+0(1)). The test is performed by checking if the penalized Berk—Jones statistic exceeds

the level 2(2 + ) log p, where v > 0 is a small constant,
UpBJ(X) = 1{pBJ,>2(2+4+) log p}-

Type I error

For any 6 € ©y(p,n), we have Y;, ~ N(0,1). The maximum over ¢ > 0 is equivalent to
taking a maximum over a finite set (Berk and Jones; 1979),

. K (5,,0(0),0) = max K (i/p. oy )

where py, ; = 2@(\YMD is the two sided p value corresponding to the k" element in 7", and
Pr,(1) < < D,(p) are the ordered p values. Under the null, they are distributed as the

order statistics of p iid Uniform(0, 1) variables. Then by the union bound,

Py(PBJp > 2(2+ ) logp) < Py <k<?713|ﬁj§<ppK(j/Papk,(j)) >2(2+7)logp + 2log ITl)

p
<ITI. By (PE(i/pp1 () > 2(2+7) logp + 2log |T])
j=1

By Lemma 3.6.5, the above is bounded by

P
<|T| | (1 +9/e)e 22+ logp—2log|T] | 3 ev/2je(1-1/5)(2(2+7) log p+21log |T1)
=2

p
<|T| (1 +9/e)e™ log p—log |T| 4 6\/5]9 Z 6—%(2(24-’7) log p+21log |T1)
7=2

= |T| [(1+9/e)eVloer—log [Tl 4 ¢\/2p2c=(247) 1ogp—10g|T|] 0.

Type II error

For any 6 € @%Side(p, n, p,s), the Type II error is,

Pp(PBJp < 2(2+7)logp) =Py < max  K(S, ;(q),q) <

2(2+)logp+ 2p“<1+0(1))
k<|T|,q>0 ’

p
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since |T| = ") Then it suffices to pick £ < |T| and ¢ > 0 such that K( _p,k(q)v q) =
w(pa_1+<) in probability for some ¢ > 0, i.e.

K(S q) P
w —% 50 polynomially fast in p. (3.39)
p

Denote by t* the true changepoint location in 6 € @%Side(p,n, p,S). The Berk—Jones test
is equivalent to a threshold test (see Section 1.1 of Arias-Castro and Ying (2019)) whose
rejection region is of the form,

U {Spil®) >t} (3.40)

k<T teS

for some subset S C R and (¢7) a set of critical values.? It follows from the definition (3.38)
that if the means of the Gaussian statistics Y are increased, the power of the threshold
test increases, i.e. the Type II error decreases. Thus we assume in the following calculations
that the lower bounds on s and p in the definition (3.11) are achieved, that is,

t*(n — t*)
i1 — 2| = p
p

Z 1{rowj has a changepoint} = -
J=1

Without loss of generality, suppose that t* < n/2; by symmetry of 7, an analogous argument
can be made for t* > n/2. By Lemma 3.6.6, there exists some # := [(1+6)¥] € T for which

¥zl = |+ 2| where = (14 o(1))p. (3.41)

when j corresponds to a non-null row in 6, and p = p5 . ;.(a, B1). When j corresponds to a
null row in 6,

Y, ~ N(0,1) forall k =1,...,|T].

Throughout the following calculations, p refers to the mean satisfying (3.41).

2. The Berk—Jones statistic considered here coincides with the definition in Berk and Jones (1979), which
was introduced as an approximation to the cdf of the Beta distribution. The approximation was proposed
due to past issues in computing the Beta cdf, which can be computed using modern mathematical packages
that are now standard. The ‘exact’ Berk—Jones statistics are defined via the cdf of the Beta distribution and
are equivalent to the formulation originally considered by Berk and Jones (see Section 3 of Moscovich et al.
(2016)). The rejection region of the ‘exact’ Berk—Jones statistic can be written in the form of a threshold
test (see Section 1.1 of Arias-Castro and Ying (2019)).
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Case 1: a <1—20

a—(1-281) _
In the case a < 1 — 2031, we have p = p~ 4 Y 0. Put q = 2®(u) — 1, where
a—(1-28;)
p=(1+o(1)p=(1+o(1)p T ~ — 0. Then by (3.41), we have

p
oS, 50) = > > Po (V5] > 27 (a/2)
j=1
=1 —e)P(|Z] > p) + eP(lp+ Z| > p)
= (1 - £)20() + <(B(0) + D(2p)) — 1.
b
Varg(5, @) < 5 > P (¥l > 57 @/2)) <57,

where € := the fraction of non-null rows in #. By Chebyshev’s inequality,

15, 4(@) —EgS, (@)l < p~*logp,

with probability tending to 1. Note by the above calculation, and the Mean Value Theorem
that,

EpS, 1.(a) — q = e(2(0) + 2(2p) — 2®(p))
= (¢(0)” + ()
= O P (14 0(1))
= 9(0)p 1D TE3 (14 0(1))
= w(p~ 2 10gp),
since 81 > . Hence, by Part 1 of Lemma 3.6.7, we have
(8, 1(0).q) > 25, 1(a) — 0)?
=2(5,;:(a) —EgS, 1 (a) +EpS, 1 (a) — 0)°
= 2(EpS 1 (a) — a)? (14 op, (1)

20/ (0)22 )01 + op,(1)).

Then (3.39) follows since £ > (. )
In the case a = 1 — 2831, we have p?> = 1. Put ¢ .= 2®(1). Then by the same calculation
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in the previous case,

(@) = (1 —)2®(p) +£(P(0) + ©(2p1))

We then have
() — g = e(®(0) + B(2p) — 28(n)) 2 p~7 = w(p~/?logp),
since § < 31 = 15—“ < % By Chebyshev’s inequality,

Ei

(@) —EpS (9] < p~logp,

p

with probability tending to 1. By Part 1 of Lemma 3.6.7,
K(S, 1(a),4) = 2(EpS, () — a)*(1 + op, (1))
20 P14 op,(1)).

Now since =25 — (a — 1) > 1 — 261 — a = 0, the condition (3.39) is satisfied.

Case 2: 1 =201 <a<1-—4p/3
In this case, p = v/(a — (1 — 261))logp — co. Put ¢ :=2®(2p) — 0. We have

p
EpS, 1(a) = %Zpe (|le~€| > ‘I’_l(Q/?))
=1

= (1 =e)P(|1Z] > 2p) + eP(|pn + Z| > 2p)

= (1—¢2)20(2u) +e(P(u) + D(3u)) (3.42)
p
Var(5, (@) < > Po (V] > 871 0/2) =p 'ES, g0 (349
j=1
It follows that
Vary(S 1(q)) 1
(EpS, 1 (@)* ~ PEgS, j(a)
1
~p((1—2)2®(2u) + e(B(p) + ©(3u)))
< ! -0,

1—B—3(a—(1-2p1))(1+0(1))
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where the last inequality follows from Mill’s ratio, ®(u) > p‘%(a—(l—Qﬂl))(lJrO(l)). The
convergence to zero follows since the inequality 1 — 3 — 5(a — (1 —2631)) > 0 is implied by
the inequalities a < 1—431/3, 5 < 1, and p; < % (if p1 > %, then 0 < a < 1—4p1/3 could
not be satisfied).

There are two possibilities that determine the behavior of the term E95p7 ];(q),

20— (1-261)) 2 B~ 3(a— (1—26), (3.44)
20— (1-281)) < ~B — 5la— (1-261)). (3.45)

First suppose (3.44) holds, so that 2®(2u)(1 + o(1)) < EpS :(q) < 3®(2u)(1+ o(1)). It

p’k
2 [7]

Varg (S, (q)) S5pi(@) _
——=2 = — 0) that p’
©5, @7 0
4 on a set with probability tending to 1. Then on thls high probablhty set, by Part 2 of
Lemma 3.6.7,

then follows from Chebyshev’s inequality (since

K(S, i(a),q) =

Note by (3.42), (3.43), and (3.44) that

W/ Varg (S, 1(a) < Vap12e=(-280) (1 1 o(1)) = o(EgS, 1.(a) — a),

since by Mill’s ratio, Eggp i) —q> ed(p) = pfgf%(a7(17251))(1+0(1))7 and since

1

—5—(a—(1-28)) <—B- %(a — (1 =261))

is implied by 81 > (. Then it follows from another application of Chebyshev’s inequality
that,

(S, 7(a) — EpS, 1(q) + EgS, .(a) — 0)°

q
= (1 + op,(1)).
By Mill’s ratio, ¢ = 20 (2u) < 2p_2(a_(1_2ﬁ1))(1+0(1)), so the above becomes

9

K(S, 1 (a).9) 2 %  pla=(1=280))(1+0(1))=28—(a—(1=281))(1+0(1)) _ ,(pa—1y

since 5 < (1. (3.39) follows in this case.
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Varg(S), ;.(9))

Now suppose that (3.45) holds, so that Eegp,I%((J) =e®(u)(1+0(1)). Since —

(]Eesp,lgy(Q))Q
0, it follows that,
S (g EgS :(q)(1+ op,(1
i@ _ oS, (@)1 + oy (1)) Chebyshon
q 20(2u)
()1 + op, (1)
a 20 (20) (by (3.45))
> p—ﬁ—%(a—(1—251))(1+0(1))+2(a—(1—251))(1+o(1))(1 + op,(1)) — oo, (Mill’s ratio)
S, i) = (EpS, () (1 + 0p, (1)) = 0, (Chebyshev)

Then on a set with probability tending to 1, ¢ < p’q and %E@Sp,]}(q) <8 7];(61) < %
Then on this set, by Part 3 of Lemma 3.6.7,

K(S,5(a),9)

I/
e
T
—
QQ
SN—
@)
o

IV

N RN RN~ N~

—B—3(a—(1-261)(A+o(1)) — ,(pa-1)

v
s
Nl

)

since =3 — $(a — (1 —281)) > a— 1 is implied by a <1 —48;/3 < 1 and 8 < B;. Thus,
(3.39) also holds in this case.

Case 3: 1 —481/3<a<1—-/p

In this case, put z := /1 —a and y := /1 — a — 1. Then,

p=(N1—a—+/1—a—p1)\/2logp — o,
q = 2®(x+/2logp) — 0.
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= (1—¢)2®(x\/2logp) + ¢ <c1>((y +o(1)v/2logp) + ((y — 22)(1 + 0(1))1/2 1ogp))
— 27 (el =B el (1 4 o(1)) (y <20 -y)

< p_ﬁ_y2+0(1)7

since § < 1. Check that the variance condition is satisfied,

Varg(5,5@) 1 1
5, = g = — 0,
(EpS, ;@) ~ pEgS,;(a)  2pl=2*(1+o() 4 pl—B—y>+o(1)

since y2 =1 —a — 1 and 8 < B1. Then by Chebyshev’s inequality and Mill’s ratio,
S i@ EpS ;(q)
P = =1 op, (1) = p VOO (1 gp, (1)) — oo,

since yQ =1—a— 1 and 8 < B1. Then on a set with probability tending to 1, we have

S,k (9) s s :
e? < % and %EGSp,l}(q) < Spjg(q) < % On this set, by Part 3 of Lemma 3.6.7,

v

K(S, 1(a),9)

%Cm

T
—~
K
~—

—
=}
OS]

v
=
>
§%|
T
S

p Ao (1 4 o(1))

Y

pB=(=a=Bi)+o() (1 4 (1)) = w(p® 1),

NI RN RN~ N

since 8 < 1. (3.39) now follows.
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Case 4: a>1— /4
In this case, p2 = p®~ (1701 5 0o Put g == 2d(p/2) < e s(o(1)p =070 Then,

p
EpS, . Z (1Yl > p/2)
=1
(1 €)2®(11/2) + eP(|p + Z| > 1/2)
(1—)20(u/2) + @(—u/2) + ®(31/2))
e(1+o(1)).

Check the variance condition,

Vafo( 0i(@) . 1
(EpS, 1(0)? ~ PEgS, 1(q)

Then we have by Chebyshev’s inequality and Mill’s ratio that,

—p 11 +0(1)) = 0.

I
3
—~
—_
+
S
~
S~
—~
—_
~—
~—

> 1+op,(1
oy Or1)
— 00,
. . .. . 2 Sp;;(Q)
since a > 1 — 1. Then on a set with probability tending to 1, we have e < - 7 and

%Eggpﬁ(q) < Sp’];(q) < % On this set, by Part 3 of Lemma 3.6.7,

i 1 Sp,;;(CI)
K(Sp,];(Q),Q) > §Sp,§;<q> 08 q
o
> 1 (Eg5, 1(4)) log o= (1Fo(1))pe= (=51
) o _
= g5 (L o())p T 7 = ),

since # < 1. Now (3.39) follows.

3.5.4  Upper Bound for Theorem 3.2.1

As discussed in the beginning of Section 3.5, it suffices to show the upper bound in the case
a < 1— 201, as the upper bound for the other cases is implied by the calculation in the
previous section. It suffices to show that for any 6 € @%"Side(p,n, p,s), the Type I and II
errors of the penalized Berk—Jones statistic tend to zero as p — co. The test statistic is the
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same as for the two sided problem, except §p7 1(q) is defined in a one sided manner,

Spk =~ Z {Yjp>o-!

Since the one sided p values py, ; == ®(Y};,) are distributed as iid Uniform(0, 1) variables
under the null, the proof of the Type I error is exactly the same as in the two sided setting.
We proceed to show that the Type II error also goes to zero when a < 1 — 20.

Type II error

Suppose 6 € @%‘Side(p, n, p,s), with 8 < B as in the statement of the Theorem. It suffices to
pick k£ < |T] and g > 0 for which (3.39) is satisfied. Denote by ¢* the true changepoint loca-
tion in 6. By the discussion in Section 3.5.3 about threshold tests (see (3.40)), assume that
the lower bounds p and s on the signal size and sparsity in the definition of 9%"Side (p,m, p, )
are achieved. Without loss of generality, assume that t* < n/2. By Lemma 3.6.6, there

exists some 7 :== | (1 + 6)¥| € T for which

le} =+ Z where p = (14 o0(1))p, (3.46)

when j corresponds to a non-null row in ¢, and p = p] . ;.(a, B1). When j corresponds to a
null row in 6,

Y.

ik~ N(0,1) forall k=1,...,|T|.

Throughout the following calculation, p refers to the mean satisfying (3.46).

Case 1: a <1—20

a—(1-287) _
First suppose a < 1 — 23;. In this case, p=p~ 2 “ 0. Put qg=>(2u) — % Then

1

=(1—¢)P(Z >2u)+cP(Z > pn) — 3
a 1 & =1 1
Varg(S, 1) < 3 > Pp(Y > H(g) <p-
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Varg(S, 1.(4)) . . .
> — 0, it follows by Chebyshev’s inequality that

. p,l;
Then since W

15, ;@) — EgS r(a)] < p 1 logp,

on a set with probability tending to 1. By the Mean Value Theorem,

EpS, 1(2) — ¢ = £(®(n) — 2(2p))
=e(o(0)p + o(u))
= 50 T (14 0(1))
= w(p~ 2 logp),
since 8 < 1. Then by Part 1 of Lemma 3.6.7,
K(S 3(a),a) = 2(5, ;(a) - 0)°
=2(S, 1(9) —EpS, 1.(a) + EpS () — q)?
= 2(EpS, 1.(a) — 9)*(1 + op, (1))
= 26(0)%p 27T~ (12001 4 0p (1))
=w(p® ),

since 5 < (1. Hence, (3.39) holds. )
In the case a = 1 — 251, we have p = 1. Put ¢ .= ®(u). Then by the same calculation as
in the previous case,

Then,
EgS :(q) —q=e(®(0) — d(n) = p P =w(p~ /21
95 1(a) —q=¢e(2(0) = 2(n) Zp " =w(p 0gp),
since 8 < 1 = 1_Ta < % By Chebyshev’s inequality,

1S

i@ —EgS, 1(a)] <p~logp,

with probability tending to 1. By Part 1 of Lemma 3.6.7,

K(S, 1(a).9) = 2(EgS), 1.(a) — 0)*(1 + op, (1))
202 (1+ 0p,(1)).
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Now since =23 — (a — 1) > 1 — 201 — a = 0, the condition (3.39) is satisfied.

3.5.5 Lower Bound for Theorem 5.5.2
Recall the formula p3(a, 3) = /2r5(a, ) log p, where

B-3 p<B=<j
r3(a, )= (1-VvI=5)? §<p<1
1+a 6=1,

and the current asymptotic setting is,
loglogn ~ alogp a>0

1
§ ~ pl_ﬁ 3 < B <1,
Put p = v/2rlogp, where 0 < r < r5(a,[5) as in the statement of the theorem. We show
below that if 5 € (%, 1], then Ry gge(psm, p,s) — 1 as p — o0o. When § = 1, a different
prior on 6 is used than when 3 € (%, 1).

Cases 1 and 2: § € (3,1)

First suppose § € (%, 1). Since 0 < r < r3(a, 3), which is increasing in j3, there exists some
B € (%, ) for which 75 (a, 31) = . Consider the testing problem,

Ho: X;. % N(0, 1)

Ay X5 % (1= 2N, ) + eN(po™), 1),
where & := p_B with 8 € (B1,3), and (1) is defined as in Section 3.5.1, and the reason for
the choice 3 € (81, B) is discussed in the beginning of Section 3.5.1. Since (1) is a unit vector

(see Lemma 3.7.1), there exist unit vectors ug, ..., u, € R" such that {9(1),1@, co,up} s
an orthonormal basis for R". Then each row X. can be rewritten in this basis,

Xj = (X100 X Jus, . X u). (3.47)

Since u, 01) = 0, we have X u; iid N(0,1) under both Hy and Hy for each i = 2,...,n,
7 7: 0

and

T iid N(0,1) under Hy
J: (1-6)N(0,1)+£&N(p,1) under Hj.
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Hence only the first coordinate X;Q(l) is informative for testing between Hy and Hi, and

the remaining coordinates in (3.47) can be ignored. Finally, note that 3 > 1, and p =
V2rlogp = \/ 2r5(a, B1) log p denotes the minimal signal strength for detecting a non-null

fraction p b1 > P =B of signals. The result now follows from the lower bound for the original
Ingster-Donoho—Jin problem.

Case 3: =1

In this case, p = v2rlogp < \/2(1 + a)logp. We show that Rq_gge(p,n,p,s =1) — 1 as
p — oo. Consider the testing problem,

Ho: Xj. % N(0,I,) vs Hy:k~Unif{l,...[T]}

i ~ Unif{l,...,p}

X, | g mer N0 L) =i
g NO.In)  J#1

for j =1,...,p, where the grid T is defined,
T = {Lle, Lb2J, cee LblOglognnJ}7

with base b = logn, and the (%) are defined as in previous sections (see Lemma 3.7.1). Note
that the cardinality of this grid is |T] < blg%% = pa(1+o(1)) " according to the calibration
(3.9). It suffices to show the following two conditions,

Py (AS) = 0 (3.48)

2
lim sup E (%(X)) 1y, <1, (3.49)

p—00

for a suitable truncation event Ay, where fp and fi are the densities of X corresponding
to Hy and Hjp respectively. Indeed, if (3.48) and (3.49) hold, then by monotonicity and
Markov’s inequality,

o (%

(X) - 1’>77)<P0 ('jﬁomu ~1] > ) (€ (0,1))
B <%(X)) 14, — 2B f(X)14, + 1

— 0,
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since P1(Aj) — 0 is equivalent to Eg ‘}cl( )14, — 1. To this end, define the truncation
event,

A, = max L0 <21+ a+7)logp
for some small constant ~ satisfying

0<~vy<dr—(1+a). (3.50)

Check that (3.48) holds,

7l »p
p |T| Z Z ( max (k)].{?,:]} + ije(m)> > \/2(1 + CL—f-V) 10gp>

m<|T| J<p

ITI p |TI »p

p’T‘ZZZZP p‘g 1{z Nt ,6(m )>>\/2(1+a+'y)logp),

k=1i=1m=1j=1

=]
where Z;. id N(0,1). Since (8% 9(m)y < p="2  which is o(1/p) when k # m, the sum
can be Spht into three pieces,

1 _
<—= >, ®(Va(ltata)legp—p)
pITy =
(k,myi,5):=i,m=k
+gﬁ Z (B(\/2(1+0(1))(1+a+’y)10gp)

(km.i.j):j=i,m#k

+LT Z i)(\/Q(l—l—a—i-v)logp),

(kymii,j): 7

where we have used that <Zj:,9(m)> ~ N(0,1) for every m < |T| and j < p. Apply Mill’s
ratio to the above tail probabilities, and note that |T| < logign = pal1+o(1)) according to
the calibration (3.9), so that the above becomes bounded by

! La(1+o(1)) )~ (VIFaFy - vr)?

= p1+a(1+0(1))p

1 1+2a(1+0(1)), —(1+a+7)(1+0(1))
T plra(i+o(1)) p !

1 2(1+a(1+0(1))), —(1+a+
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since 1 +a+ v > r and 7 > 0. To check (3.49), compute the truncated second moment,

o(fl( )) 14, —E1f1<X)1Ap

Jo Jo
, T X602
—_ 4 11 —p
LSy 1)
7 k=1i=1" ~~
(%)
The term () is,
U (p0D 1y, +7; . 0Ky —p2/2
plp i=jy i,
p|T! ZZE = 14,
=1 j=1

(p—1)+ POV 08N @ pZ—p? /21

{p (9” —|—Z<\/2 (1+a+v)logp }]

<1+ L [(|T| -1 +o0(1)) + 6'02(1)(\/2(1 +a+7v)logp — 2p)]
+

L2 (VITar -2y
p1+a(1+0(1))

where in the third line, we have used Part 3 of Lemma 3.7.1 to claim p2(8{) (K)y — ¢
when [ # k, and in the last line, we have used that /1 + a + v — 24/7 < 0 is implied by the
condition (3.50). The right hand side becomes

—(14a)(1+o0(1))+2(1+a)

=1+0(1)+p 1;a—(1+a)(\/@_2 )
1t oty pr MO (1-2rf 2 )
As v — 0, the above becomes
() = 1 +o(1) _'_p72(1+a)(1+0(1))<17\%)2+O(7)

It follows from the assumption » < 1 + a that « can be chosen small enough to make the
exponent negative, yielding (x) = 14 o0(1). Plugging back into the truncated second moment

Y
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gives

2
Eo (%(X)) 14, —Elj%( )14,
Tl p

meZ”O
=1+o0(1),

as desired.

3.5.6  Upper Bound for Theorem 3.3.2

We consider the cases 5 € (1/2,1) and = 1 separately; the penalized Berk—Jones test
gives the upper bound for the former case, while a simple maximum statistic gives the upper
bound for the latter case. The tests can be combined via 1) = ¥pgj V ¥max to give an overall
test achieving the upper bound in the theorem.

First let 8 € (1/2,1). Suppose without loss of generality that r € (0,1); if » > 1, then

@%_Slde(p, n,p= /o log p, s) C @%—Slde(p’ n,p=+/2logp,s),

and thus the worst case testing error becomes smaller. Since r > r*(a, 3), there exists some
B1 > B for which 75 (a, 31) = r. Put p = \/2rlogp as in the statement of Theorem 3.3.2. To

show the upper bound, it suffices to show that for any 6 € @%‘Side (p,n, p, s), the Type I and
IT errors of the penalized Berk—Jones statistic tend to zero as p — co. Here the test statistic
is,

PBJ, := | max sup pK(S,(q),q)| — 2log|T|
P EEMgeon”

where we recall from the beginning of Section 3.5.3 that 7 and §p7 1 (q) are defined

T = {L(1+5)OJ, L1+ 6) s, [(1+8) 08146 3| | — (14 5)lo81+s 7|, Ln—(1+5)OJ},

pak - Zl{ k>(I)

and Yj is the contrast corresponding to the corresponding to the k' element in the grid
€T,

tr(in —t — — .
Yjp = %(Xj,lztk — Xjtp+1n); 1<j<p, 1ZkZ|T] (3.51)
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Note that |7] = p@1+o(1) o that 2log|T| = 2a(1 4 o(1))logp in the current asymptotic
setting (3.9). The test is performed by checking if the penalized Berk—Jones statistic exceeds
the level 2(2 + 7) log p, where v > 0 is a small constant,

UpBI(X) = 1{pBy,>2(244) log p}-

Since the one sided p values py, j == ®(Yj;) are distributed as iid Uniform(0,1) variables
under the null, the proof of the Type I error is exactly the same as in Section 3.5.3. We
proceed to show that the Type II error also goes to zero.

For any 0 € @%"Side(p, n,p, s), the Type II error is,

Py(PBJy < 2(24 ) logp) =Py <k<1|'I%E|l,);>OpK(Sp’k(Q>’ q) < (2(2+7) + 2a(1 + o(1))) logp> ,
since |T| = p+o(1))  Then it suffices to pick k < |7| and ¢ > 0 such that K( 7p’k(q), q) =
w(p_1+<) in probability for some ¢ > 0, i.e.

pK(Spk(q), q) Fo oo polynomially fast in p. (3.52)

Denote by t* the true changepoint location in §. By the discussion in Section 3.5.3 about
threshold tests (see (3.40)), assume that the lower bounds p and s on the signal size and
sparsity in the definition of @%‘Side (p,m, p, s) are achieved. Without loss of generality, suppose
t* < n/2; by symmetry of 7, an analogous argument can be made for t* > n/2. By Lemma

3.6.6, there exists some 7 := | (14 6)¥] € T for which
inC ~ N(u,1) where = (1+ o(1))p, (3.53)
when j corresponds to a non-null row in #. When j corresponds to a null row in 6,

Y ~ N(0,1) forall k =1,....|T].

Throughout the following calculations, i refers to the mean satisfying (3.53). Since r € (0, 1),
there are two cases: r € (0, 211] and r € (21;, 1). Case 3 is when g = 1, where it is shown that
as long as r > 1+ a, we have Rq_gqe(p,n, p = v/2rlogp, 1) — 0.
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Case 1: 0 <r <

NP

In this case, p = /2rlogp = /(261 — 1)logp, and 3 € (1, %] Put ¢ := ®(2u) — 0. Then,

p
S, 1.(a) = %ZPG (YJk > i’_l(Q))
=1

= (1—e)P(Z > 2u) + eP(u+ Z > 2p)

= (1-2)®(2u) +eP(n), (3.54)
p

Varg (S, 7(q)) < % Zl Po(Y > 7)) =0 'EgS, (), (3.55)
p

where we have assumed without loss of generality that e = p_ﬁ is the number of non-null
rows in 0. Apply Mill’s ratio to bound the difference EQSP k(q) —q,

EpS, i(0) — ¢ = £(® (1) — 2(2p))
_ p_ﬁ(p_%@gl_l)(uou)) — p~ 22D (+e(1)y, (3.56)

It is straightforward to check that the assumptions § < 81 and g < % imply the following
inequalities,

%(—1 —2(28; - 1)) < -8 — %(251 - 1)
%(_1_5—%(251—1)) < —6—%(251 —1).

Together with (3.54), (3.55), and (3.56), the above two inequalities imply that,

Varg(S, 1(@)) < \/p L (p2@H-D(+o(1) 4 p=F—32A-D1+o())
= o(EpS, 1.(q) — ). (3.57)

Now check that

Van(S,p0) _ 1 | N
(EoS,1(@)? ~ PEgS, (@) p(p2@8i-D)(1+0(1) L =B-3(26-1)(1+o(1)) "
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since 1 — 3 — %(261 — 1) > 0 is implied by the assumptions § < 1 and 51 < % It then
follows by Chebyshev’s inequality and (3.56) that
S i@ EgS ;(q)
y: 2
Be = ]; (1+op,(1))

_ q+ EQSZ’,;(Q) - Q(l + op, (1)

<( +p—ﬁ—%(261—1)(1+0(1)))(1 +op, (1)) < 4

— Y

on a set with probability tending to 1. Then by Part 1 of Lemma 3.6.7,
(S, 7(@) —a)?
9q
(S, i) — EpS, 1(a) +EgS, .(a) — )
9q

K(S,.(a).9) =

(EgS, .(a) — q)?

= % (1 +op,(1)),

where the last equality follows from Chebyshev’s inequality and (3.57). Then to show (3.52)
holds for k and ¢, by (3.56) it suffices to check that

(p~F=2@B1=1)(1+0(1)) _ ;;=F=2(281-1)(1+0(1)))?
b p—2@Bi=1)(1+o(D))

— OQ.

The above divergence is implied by 1 — 25 — (261 — 1) + 2(261 — 1) > 0, which in turn is
implied by the assumption 5 < .
Case 2: i <r<l1

In this case, p = +/2rlogp = (1—+/1 — B1)v/2logp, and 51 € (%, 1). Put ¢ := ®(y/2logp) —
0. Then,

E@Sp’k(q) = (1—e)P(Z > \/2logp) + cP(u+ Z > /2logp)
= (1—¢)®(y/2logp) +eP((1+ o(1))y/1 — 61\/210gp)

~(1+0(1)) 4 =B—(1=B1)(1+o(1)).

=P
Vary(S, 1(q)) 1 1
— < — = — 0
(EgSp (@) ~ PEgS, ila)  p(p=(to) 4 p=B-(1-F1)(1+o(1))) 7
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since 8 < (1. It then follows by Chebyshev’s inequality that

S . EyS ;
i@ _ Eo Zk<q)(1+01p>9(1))

p—(o(1)) 4 ,=B—(1=F1)(1-+o(1))

- ) (1+ op, (1))

— 00,
since § < 1. The same application of Chebyshev’s inequality gives
S

i@ = EgS, (@) (1 +0p, (1)) = 0 in Py.

Spy,;(Q)
q

Then on a set with probability tending to 1, we have that e < and %E@gp (g <

SpJ}(Q) < % On this set, by Part 3 of Lemma 3.6.7,

_ 1 S
K(S,1(9).9) 2 55, <>1g%
1

> 7E4S, ()
— pB-(1=81)(14o(1)).

(3.52) now follows since 3 < .

Case 3: =1

In this case, we show that if r > 14 a and p = \/2rlogp, then Ry gqe(p,n,p,1) — 0, as
p— o00. Any 0 € @%‘Slde(p, n, p, 1) has at least one non-null row. Consider the test,

kE<|Tl,j<p

Ymax(X) =1 { max Y, > \/(2+7) 10g(p|T|)} ,

where the Y}, are defined in (3.51), and v > 0 is a small constant satisfying,

V2+7) (A +a) < Vr. (3.58)
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Since each Y, ~ N(0,1) under any null parameter ¢ € ©¢(p,n), a union bound yields the
Type I error control,

Tl »
Py max Y > \/ 24+ v)log(p|T]) | < Z Z‘I) 2+7) 10g(p|T|))
_ p1+a(1+0(1))p—2+77(1+a(1+0(1)))
— 0,

since |T| = p1+o(1)) Now suppose 6 € @%"Side(p, n,p,1). The Type II error is

Py (Ymax = 0) = Py (ngﬁqm <V(2+7) log(p|Tl)> < Pp(Yjr < V(2+7)log(p|T))),

for any j < p and k < |T|. Since the max test only becomes more powerful if the means of

Y are increased, we may assume that the lower bound p on the signal size in the definition

of @%"Side (p,m, p,s = 1) is achieved. By definition of § € @%"Side(p, n,p,s = 1), there is some
non-null row in #. Denote the index of this non-null row as i € [p]. Without loss of generality,
suppose that the true changepoint location t* in 6 satisfies t* < n/2; by symmetry of the
grid, an analogous argument can be made for t* > n/2. By the second part of Lemma 3.6.6,

there exists some ¢ := | (14 0)¥| € T for which
V.o~ N (i, 1) where i = (14 o(1)p

under Py. Then the Type II error is bounded,

Pg(¢Ymax = 0) < Py (Yzl}} < \/(2 +7) log(p]TD)
=P(u+2Z </ (2+7)(1+a)logp)
=@ (V@ + )1+ a)loap — (1+0(1))y/2rlogp)

— 0,

by the assumption that v satisfies (3.58).
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3.6 Technical Lemmas

Lemma 3.6.1. Let T be the grid of geometrically growing changepoint locations with base
b,

T = {|b'], [b?],..., [bOBlosn ™|},

We abuse notation and treat b* as Lka in the statements and calculations that follow. For
each k =1,...,|T]|, recall the definition of the vector o(k) ¢ R™,

o) _ ()" e
to= e N2 .
— (m> if t > b,

Then the following are true for each k,l < |T|, and Z € R".

K (—bR) [— _
1. <Zue(k)> =/° (n ) (lebk - Zbk—i—l:n)'

2. |6 =

3. (9F) o)y < i

Proof. For the first identity, apply the definition of 9(k) to obtain,

k:)_ n—>ob b )
2= ((20) S () S

i<bk i>bk

_ (bk(nn— bk)>1/2_ bk Z Z; — (n— k) Z z,

i<bk i>bk
be(n —bk) —
- n (lebk - Zb’“rl:n) :

For the second and third results, we compute the inner product for arbitrary k,I < |T].
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Suppose k < [. Then the inner product (9(1‘5), Q(l)> is equal to,

1/2 1/2
n—b" n—t / L o =t /
nbk nb! n(n —bk) bl

Il
S
>
VR

" z 1/2
o b b
tn=b) (n(n —bF) n(n— bl))
b% [ 1 k=l _k+l 1 n — bt
_ bz k INL/2 (kL ar ey Bl kA —
p (=) =) _b e~ Wb (n—bk)(n—bl)]
a2 [L L !
on " " Lol n—bk  n—0bk
k+l
b ko aiz| o n—b o=k v
- (n=0")(n—=1")) bl(n bk) bl(n—bk) bl(n—bk)
ol _
xa n

An identical calculation gives a symmetric expression when [ < k. Putting them together
gives,

1/2
B o) lE=t [ — bRV k=
(g( ),9()>_b 2 <—Tl—bk/\l <b 7,

which yields the third claim. Taking k = [ in the first equality gives ||§%)] = 1.

Lemma 3.6.2. Consider the simple vs simple testing problem,
Hy: X ~ fo versus Hyp:X ~ fy.

The likelihood ratio test is defined ¥(x) =1 5

for some constant ¢ > 0. The sum of
{fo (x)>c}

type 1 and 2 errors is bounded below,
1
Po( = 1) +P1(y = 0) = - P1(4),

for any k > 1, where Ay, == {%(X) < k}, and Pg, Py are the probability measures associated
with fo, f1-
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Proof. The type 1 error can be lower bounded,

oty = 1) 2 ({6 = 110 4g) 2 Bo (1 - B x)1my 0, ) - =104

The type 2 error is trivially lower bounded,

_ Pi({ =0} N A)
Pi(v =0) > ; .

Summing these two inequalities gives the result. O

Lemma 3.6.3. For k # k™, we have
By (L | k) = 1+ O(e™ 2" (e,

where k* is defined in (3.27) and Lj, = H§:1 [1 —&+ é€p<Xj:’0(k)>_'02/2]

Proof. Recall that

p k* . L
L =] (1 —¢ +5eP<Xj:»9('“)>—p2/2> X | k= pF) + 2z ifQy=1
o ji 7 it Q) — 0

|k—1]
where Z ~ N(0, I,). Also by part 3 of Lemma 3.7.1, we have <9(k),9(l)> < b~ 2, which

1 a
is < b 2 if k # [, where b is related to the grid size, and in this setting is b ~ logn ~ eP .
Then for k # k*, we have

(k) g(E")y < e 3P" (3.59)

Since conditional on k*, the rows of X € RP*"™ are independent, we have

p *
Ei(Ly | K =]] (1 —e+te {(1 _ O RePZ 2 4 cRerof” >+Z,9<k>>_p2/2D |
j=1

where the expectation is now taken with respect to Z ~ N(0, I,), and Z1 ~ N(0,1). The
above is equal to

-1l

b *

(1 —e+e {(1 —¢e) 1+ eEer” (O 0 )>+,0Z1—p2/2:|) ;
j=1
where we have used that (§(%), Z) ~ N(0,1) by part 2 of Lemma 3.7.1. Using (3.59), the
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above becomes

b *
- H <1 —e+e¢ [(1 —e)-1 —|—£~ep2<9(k)’9(k )>}>

J=1

k) o)y \ P 1. a 1.a
= <1 S e )>> ~ exp (pzf?p?e*?p > =1+ O(e~ 27" (I+e(1))y

]

Lemma 3.6.4. Let P(1) - P(n) be the order statistics of n uniform(0,1) random variables.
Then

Py ~ Beta(k,n —k +1).

Proof. If Xq,..., X, ~ F are iid from a continuous CDF F'| then the density of the kth
order statistic is

n—1

fay@ =) ) - Fy

Plug in f(z) = 1{z € [0, 1]} to obtain the Beta(k,n — k 4+ 1) density. O

Lemma 3.6.5. Let P(1)s -+ P(n) be the order statistics of n > 2 many uniform(0,1) random
variables, and put K (x,t) = xlog ¥+ (1—x) log 11_7";” Then forany s >0, andj € {2,...,n},

P(nK(j/n,p@;)) > s) < ev/2je(1-1/3)s,
We also have
P(nK(1/n,py) > s) < (1+9/e)e””.
Proof. First suppose j > 2. For any A € (0,1 — 1/j], Markov’s inequality implies
]P’(nK(j/n,p(j)) > 5) < G_ASEGXP()\”KU/”,PU)))

— ¢ MEexp | Ajlog ifn + A(n —j)log (n=j)/n
P(j) L=pg)

— . . . _ . —A . _ . 3
= e (/N (1 = j/mP O IE N (1)) ).
By Lemma 3.6.4, p ;) ~ Beta(j,n — j + 1). The above becomes
(J)

_ AN =gy L) TG = A)F
=GV = g/m) ]F(j)l“(n—j—i—l) T(n(l—\)+1)

—~
—~
S
|
.
~—
—~

—_
|
>
N
_|_
—_
~—
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Note that j(1 — \) > 1 is equivalent to A < 1 — 1/j. Recall Stirling’s approximation,

Vor (T)m Vm<T(m+1)<e (@>m .
e e
Then the bound on the tail probability becomes
| (n/e)" /i
(L= =T1(" =i y/n

(501 TRy =0 - Wm—ﬁ(l—x)
(R (1-2) /(T =) |

P(nK (j/n.p() > s) < e A(/m)N (1 - j /)9

Since j > 2, we have \/‘7-1—-1 < /2, so the above is bounded by,

s N (1 A=) G = A) = DI — ) - )
<2 (j/n)M (1= j/m)N" Y T

n

= V2 RGN (=g ) e
(1= 2) = V(= ) Iy
(n(l _ )\))n(lf)\) jl =X -1
M (n — M=) =) 1
=V2-e . nAn—"n ' (j — 1)]—1 X
(= 1/ =AY D0 — )0 !
n(1-)) jl=X)—1
s GV (1 1
SV A< T R L T
_ ja-ne (L3 Y T ooy i
= V2o : (j—1> (=2 =1 1(1—)\).7'(1—/\)
xs; _ 1 VA
< Vae- AT 1(1—)\)j(_1—/\) (7h) <o
_ —As 1
= Ve e Ty

Since the above holds for A € (0,1 — j_l], let A=1— 51, so the above is,

iy = VEeae 4

as desired. When 7 = 1, we bound the tail probability by directly integrating the Beta
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density,

P(nK(1/n,py) >s) =P | log— + (n - 1)logw > s)

n—1
p 1/n<(n—1)/n> >€5)
pay \ L—ru)

n—1
1/” (n - 1)/” s n—1 1
=P >e”, (1 — > — 3.60
P() ( 1—p<1>> s 2) o
n—1
1/” (n - 1)/” s n—1 1
4P >e8 (1 — <= 3.61
(pu) ( L=rq) ) 0= 2) o

(3.60) can be bounded as follows. By monotonicity,

n—1
t/n ((n=1)/n iy 1oL N C S VU0 Lo
g (p(1) ( L =pa) ) > p(l)) ~ 2) =¥ (1/ 1/2 >p(1)) '

Since p(1) ~ Beta(1,n), and since (1 — 1/n)"~1 < 1/2 for n > 2, this probability is bounded
by,

1 _—s

1—1/n)"1 n€
P (l/n : 6_3% > p(l)) < /0 n(l—z)" tdr <e?,

_1
since (1—2)"~1 < 1. To bound (3.61), notice (1—p(1))”_1 < % is equivalent to 1— (%) <
p@1)- Then (3.61) is equal to




1
n—1
where L =1 — (1/—” . 65) . nT_l Evaluating the integral gives

T
1-2 T

/1 n(l—z)" lde = (1 - L)"

L

< =
() )

-1
Straightforward calculation will show that (Lnl) . (”T_1>n < 9/e for n > 2.
1—9 -1
Combining the bounds on (3.60) and (3.61), we obtain the desired estimate.

|-
—

]
Lemma 3.6.6. The grid T is defined

= {L(1+5)0J,L(1+5)1J,...,L(1+5>10g1+6%J,Ln—(1+5)10g1+6%J,..., Ln—(1+5)OJ},

with 6 = m — 0. For 0 e @f'Side(p,n,p, s) with true changepoint location t* < n/2,
and changepoint size p > 0 defined,

t*(n —t* .
p = %Wﬂ — 152l (see definition of @%’Slde)
there exists an element t € T with #*5 <t<tF for which

where = (1+o0(1))p, for every non-null row j. For 6 € @f'”de(p, n, p,s) with true change-

d
D2, (Z ~ N(0,1))

point location t* < n/2 and changepoint size p > 0, there exists t € T with % <t <tr
for which

tn—1t) /5 _
(X]a]-g - X],£+1TL> ~ N(/"” 1)7

n

where pp = (1 + o(1))p, for every non-null row j.

Proof. First let 6 € @%‘Side (p,n, p, s) with true changepoint location t* < n/2. The existence
of 1 satisfying %; < 1 < t* follows from the definition of the grid 7~ and the assumption

* : : tn—t) (5 -
t* < n/2. Since the normalized contrast - (Xj,l:t — Xj,t+1:n)
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of normal variables each with variance 1, it also has variance 1. Hence, it suffices to compute
its mean under the alternative parameter 6. Let j € [p| denote the index of a non-null row
in 6. Then since ¢t < t*, we have

t(n —t)

n

_ ) X N
o <X=7?“~ N Xﬂﬂm) - (Mﬂ — = (" = 1) + pja(n — t*)))

t(n — f) n— t*
n n—
f(n t

) n—t*
= 7 - p-sign(p1 — py2),
t(n — n—t* /
( S p+ 2|,

since the distribution of Z ~ N(0, 1) is symmetric. Then it suffices to show that

t(n — t — t*
lim (" L 7 (3.62)
n—00 n—t n — t*

Observe that ¢ and t* satisfy ﬁ < ti; < 1, which implies the above limit, by the choice of
5=

(,Ujl N]Z

from which it follows that

t(n —t)
Xj,f+1:n‘

n

’Xj,l:f_

Toglogn %Ogn — 0 and the assumption t* < n/2.

For 0 € @%‘Side(p, n, p, s), the same calculation as above gives

t(n t) t(n —t) n—t" /
Eg (let jt—i—ln n—1 n—t*

since p = t*<nn_ t* (1151 — pj2) for the non-null row with index j. Then the conclusion

follows from (3.62). O

Lemma 3.6.7. Let z,t € (0,1) and denote K (x,t) := xlog 3 +(1—=x)log 11:—5; The following
mequalities hold,

1. K(z,t) > 2(x —t)? for all z,t € (0,1)

(fft)Q T
2. K(x,t) > g5~ when 7 < 4.

3. K(x,t) > 231:log?f when €2 < $andx <

wh—*

Proof. The first inequality follows from Pinsker’s inequality,

~D(P||Q) > TV(P,Q)?,
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applied to P = Bern(z) and () = Bern(t). The second inequality follows from the inequality,
D(P||Q) > H*(P,Q),

together with the identity (v/z — v/)(v/T + Vt) = x — t, since

HY(P,Q) =Eq(\/P/Q — 1)
=t(Va/t—1)?+ (1 - t)(/ (1 —2)/(1—t) — 1)?
> (Vo —Vi)?
(z — 1)
(Vo + V1)?
(z — 1)
9t

> (z < 4t)

For the third inequality, using log(1—z) > —2z when x < 1/2, and the inequality log(1—t) <
—t for all t € R, we have

1—2z

(1—2z)log T (1 —z)(log(l — x) — log(1 —t))
1
1 t
—_—x(2-1).
(2-3)
Using €2 < 7, we have 0 < 2 — % < 2 < log %, so that —%x (2 — %) > —%xlog%, which

implies the result. O

3.7 Mixed Changepoint Detection Boundary

In this section, we consider another case of the high dimensional changepoint detection
problem. The goal is still to detect whether a sparse fraction of rows in X € RP*™ have a
changepoint location, but in the version studied below, the changepoint location is allowed
to differ by row. By contrast, in the previous part of this chapter, the changepoint location
is required to be the same among all non-null rows in X.

In Section 3.7.1, we state the detection boundary for the problem where the changepoint
location can be different in each non-null row of X. Recall that the global null hypothesis
is that each row of the mean matrix § = E(X) is constant, and the alternative hypothesis is
that some sparse fraction of rows in 6 have a changepoint.

More formally, the null hypothesis is again that all rows of the true mean matrix § € RP*"
are constant,

Op(p,n) = {0 € RP*™ : For all j < p, there exists a pj € Rst. 05 = p; for all i < n}
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Define the space of alternatives, ©1(p,a,r, 3), as the following set

-null ' tiln—t;
{9 c RPXM - #non-null rows j € [p] _ pB0+0(1)  where %(ﬂjl B Mj2)2 — p(a,r)

p
for non-null row j with changepoint ¢;, where 0;; = ;1 for « < t;,05; = pjo for i > tj} .

In this problem, we consider the calibration

loglogn = alogp

€= p_ﬁ

p=1+/2(1+a)rlogp = /2r(logp + loglogn),

where 8 € (0,1),7 € (0,1) and a > 0. Formally the hypothesis testing problem is
Hy:0 € 0g(p,n) versus Hy:0€ O(p,a,r,f), (3.63)

and the minimax risk is defined

R(p,a,r, ) =inf | sup Pop+  sup  Py(l—1v)].
9690(p,n) 9691(19»(177"75)

3.7.1  Main result
The goal of this section is to establish the detection boundary,

5*(a,7‘)={1+(1+a) <r_%>2 TS%’
1-(1+a)(l—+r)7 7> 7.

We may interpret the detection boundary as a phase transition in the set of triples (a,r, 8),
above which all tests are asymptotically powerless, and below which there exist tests with
asymptotically negligible error. More precisely, we will show the following.

Theorem 3.7.1. For the testing problem (3.63),
1. (Lower Bound) If 8 > B*(a,r), then R(p,a,r,3) — 1.
2. (Upper Bound) If 8 < B*(a,r), then R(p,a,r,3) — 0,

as p — 0o.

3.7.2  Proof of Theorem 3.7.1

Lower Bound

Throughout the subsequent calculations, we will ignore polylog factors (in p) for clarity, as
they behave as constants compared to the polynomial factors they multiply. Let b = logn
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and define the grid of candidate changepoints,
T i {{B1 [82),... [psn )
Define the prior 7y = dg, and m; as

0% (1- )0y + ¢ Umf{pgu), N 7p9<m>} 7

where 8F) € R” is the unique vector for which (Z,0(%)) is the normalized difference in
sample means over the constant regions defined by changepoint £, i.e.

bk (n — bk)

(Z, 9<k)> = T <lebk o 71)’“—1—1:71) ’

and p is the signal defined above. More explicitly,

1/2
o _ ) (5F) / it <o
t k 1/2
b )
~(silgs) it
Lemma (3.7.1) summarizes some useful properties of the collection (9(k))k<7'|' Lemma

(3.7.2) shows that 7y is supported on ©1(p, a,r, 3). Since the average is always less than the
supremum, the minimax testing risk is lower bounded,

R<p’ a,r, 6) 2 lef []P)m¢ +]P)7T1(]- - 1/})] Z 1 - TV(]P)T('O’]P)Tf'l)a

by the Neyman Pearson lemma. Since the total variation distance and Hellinger distance
are equivalent, it suffices to show 5 > *(a,r) implies that the Hellinger distances goes to
zero. By the tensorization property of the Hellinger distance, and the product form the null
and alternative hypotheses, this is equivalent to

H*(Py,(1—€)Py+ePy) =o(p '),

where Py :== N(0, I,), and P| = Zm N(p8¥)| I,). Define the splitting set

71

D = {I€H<1§|14%|<X gk )> 2(1+4a) logp} ;
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where we have abused notation by letting X € R" denote a generic row of the data matrix.
Then

H(Py,(1— )Py +ePy) = 1 / Vool —9)po T ep1)

—1-Ep, 1+5<Zﬂ—1>
PO

<1-Ep, 1—|—€(‘7£1D—1)
Po

2
1 P1 2 P1
——E]EP <—1D—1>+€ EP (—1D—1 ,
2- 0 \po %\ po

using the inequality /1 4+t >1+41/2 — t2 for all t € R. The above becomes

IN

2
1
< el (DY) + e’Ep, (—10 - 1)

2
1
= §€P1(DC) + 62 (EPO (ﬂ) 1D — 2P1(D) + 1)
Po
P 2
= SPl(DC) + g2 (EPO (—1) 1p — Pl(D)> .
Po

Based on the above calculation, the problem is now reduced to showing that 8 > *(a,r)
implies

peP (D) = o(1) (3.64)
P1 2
pe? (Epo <_> 1p— Pl(D)> = o(1). (3.65)

Po
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We first compute the first order term. Letting Z denote a generic standard normal vector,
we have

7
(K)
peP1(D |7"Z]P> N(poO),1,,) <I€H<1?|1%<X o) > 2(1+@)10gp>

7] |7

TZZP<P9 +7,0%)y > (1+a)logp>

| |l 1k=1
71

<p5’7_‘ Z (\T!p (I+a) 4 p=(+a)(i= Vi ) (Mills ratio)

— pe (p— 4 p-(Ha)(1=vr )+)
_ By pt A (Ha) -V}

which is o(1) so long as f > 1 — (1 +a)(1 — \/F)?F Since

L) (ro3) 21- 000 - Va2

for all r € (0, 1), for every a > 0, (see https://www.desmos. com/calculator/y850rkn7hm)
(3.64) is implied by 8 > *(a,r).

To show (3.65), we first compute the second moment of the likelihood ratio restricted to
D. First note we can write it as

Pi (X — poh))
o (3) 1= [ Ho =y -2 ZW”
k
Elementary calculations show ﬂi{—)pg()) = exp (p(X Ry — 52 2). Then the above is
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equal to

]
1
= m Z Ep, exp <P<X> Q(k)> - p2/2> 1p
k=1

7] 7]

1 1 . 1
= 7 2 7 2 / (2m) "2 exp (—;m = b1 + pla, o) ,,2/2) 1p
k=1 =1
71 7l

1 1 n 1
= 7 2 7 2 / (2m) "/ exp (—§<||as||2 —2p(2,01) + p) + pla,6%)) — p2/2) 1p
k=1 =1

1 . |
— o 2 fem e (~glal? + ol 60+ - ) 15
kJI<|T|

1 —n 1 1
var) > /(%) /% exp (—gllx = o0+ 0O) 7+ 710 + 0D - ,02> 1p
kI<|T|
1 2/9(k) (1)
- ‘7"2 Z e’ .8 >PN(p(9(k)+9(l))Jn)(D>-
k,1<|T|

We first estimate the diagonal terms. If k = [, then the corresponding summand is

2
= P00, 1,) (ﬁiﬁ%@ﬁ(m)) <V2(1+a) 10%2?)

— p2(1+a)7"]P> < Iria|%(-<2p9(k) + 7, Q(m)> < 2(1 + a) 1ng>

< pAi+a)rp (2/) + (2,00 < \/2(1 + a) logp)
2(1+a)rp ((Z, g(k)> < V2(1+a)logp(l — 2\/7_“)>

p
p2(1+a)7" r S %
p
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For a non-diagonal term k # [, the corresponding summand is

_ €P2<9(k)’9(l)>IP’ ( m6|‘2}|<f0(9(k) + 9(1)> + Z7g(m)> <2(1+a) logp)
m<

< PHOM 60 <p+ (00 + 2,00 < /201 1 a) 10gp>

= "0 90P ((2,00) < \/2(1+ @) logp(1 — V) {1+ 0(1))})
(Lemma (3.7.1) Part 3)
<14 2(p(6™ gDy, (6% <1+ 22 as z — 0)

since probabilities are always less than 1, and since k # [ implies (%), (D) < (logn)~1/2 =

p_a/ 2 whereas p is logarithmic in p. Putting the diagonal terms together with the off
diagonal terms, we have

. (P1)2 L |_71_|p2(1+a)?" + # Zk’#l(l + 20<9<k)7 0(1))) r< 21I
o \p) P~ ﬁpﬂ”“)r‘(”“)(l”ﬁy + p Ta(L+2(00,60)) >,

Using Lemma (3.7.1) Part 3 again, we have

% Z(l +2p(0%) 0y)y <142 % Zw(k)’ o0y,
71 oy T Py
gb.bfl/z

since the sum can be written as a sum of b geometric series, each summing to less than a
constant multiple of b=1/2 by Part 3 of the Lemma. Now since |T| < logn = p%, the above
says

i 2 (1420000, 00)) <1 2p. p7 2048,

Now since § —2a < —a+2(1+a)r — (14+a)(1 - 2\/r)? for all r > %, the restricted squared
likelihood ratio is

. L 21 _ p—a+2(1+a)r+1 r<
P\ pg D~ pfa+2(1+a)r—(1+a)(l—2ﬁ)2+1 r>

We have already shown that

IN e

DY) <)+ 02

9
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so that

2
Putting it all together, (3.65) becomes pe2 (]Epo (%) 1p — Pl(D)), which can be bounded

up to constants by

pe2 (pot2(+a)r L _q 4 -1 +p—(1+a)(1—\/7“)2+ r<i
~ ) pe? p—a+2(1+a)r—(1+a)(1—2\/?«)2 fl1—14p L +p—(1+a)(1—\/7~)1 > %
[ pl2B-ata(iray 4 28 4 pl=2-(+a) 1=V} r<i
B {p12ﬁa+2(1+a)r(1+a)(12\/77)2 +p28 +p1—25—(1+a)(1—ﬁ)1 r>1
pl—ZB—a+2(1+a)r +o(1) r< %1
- {pl—zﬁ—a+2(1+a)r—(1+a)(1—2ﬁ)2 Yo(l) r> le ’

since 8 > B*(a,r) implies

DO | —

B>1-(1+a)1-vi2=s (1-(1+a)-vii).

The exponent in the r < 21[ case is negative when

f>1+(1+a) (r—%),

which is the detection boundary in this case. In the r > %1 case, the exponent is negative
when
28>1—a+2(1+a)r— (1+a)(l —2vr)?
=1—a—(1+a)(l—4yr+2r)
=2 -2(14a)(1 —Vr)?
>2-2(1+a)(1 - V)i

Dividing by 2 gives the detection boundary in the r > % case. This completes the proof of

the lower bound.
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Upper Bound
Define the higher criticism statistic HCp,

—-E
HCp) = max Sg — B0 ,
q>0 /Varg(Sy)

where S is defined

p logn
Sq = Z Z 1 {maXAjt > 2(1 +a)q10gp} )
J=11=1

teT/

= M(‘lezt - X(t+1):n>2

n

T = {L(H&)OJ, LA +8) ], L1+ 8) 08148 2] [ — (14 0)B1+0 21 [ — (1+5)°J}7

A

]t: —1

for some small grid size 4 > 0, and 77 are disjoint blocks of grid points in T; specifically,
they are {7;’}[:1

a"'a2 10glogn %,

T = {0 +8°, L1 +8) ..., [(1+ )80 lo8n ]y
T3 = L1+ §)losalogmIHL ] (14 g)2lomeslosn
T3 = {[(1+ )2 0Bts BTl (14 )3 oBralogn )

and so on, so that 7 is the union 7 = | J; 7;’ , and there are < logn many blocks. Note that

1

each \7;’ | < logyy5logn = (loglog n)2 assuming § = Throughout the proof we will

loglogn®
use the notation y, == 2(1 + a)qlog p.
Type I Error
In Lemma (3.7.4), we have shown that
logn logn
Var Z 1{ma>§ Ajr > yq} | < Z Var 1{ma>§Ajt > yqt |-
=1 €T I—1 teT;

By a gaussian tail bound, the right hand side is of order (log n)p_(1+a)q = pa_(1+a)q, SO
that Varg(Sy) < p(1+a)(1_Q). Then, by definition,

logn <—p
o Si—EoSy _ 2=1 2j=1 (1{maXteT/ Ajt > yqt — Po(maxyeqs Ajy > yq))
X —F— X X .
¢>0 /Varg(S;)  ¢>0 p%(1+a)(1—Q)
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The idea is to split the sum over [ into a constant number of pieces m (independent of p),
chosen during the analysis, so that the summands in each piece are nearly independent. Then
we can use high probability bounds on the small gaussian representation terms (similar to
what we have done in the proof of Lemma (3.7.4)) so that each piece behaves as a normalized
uniform empirical process, and then estimate the error of this approximation. In this step,
we will choose m so that the error tends to zero. To this end, the above is

p
n Zle{i,i+m,i+2m,...} ijl (1 {maxteﬁ/ Ajp > yq} — Py (maxteﬁ/ Ajp > yq))
1 _
= p2(1+a)(1 q)

D
1 & Zlé{i,i+m,i+2m,...} Ej:l (1 {maxteﬁ/ At > yq} — Py (maxteﬁ/ Ajr > yq>>

< —= max T
m i q>0 m—1/2 _p§(1+a)(1—q)

(3.66)

Since the analysis for each of these pieces is identical, we only analyze the first summand
(corresponding to ¢ = 1),

S le{114m,142m,.. } 211 (1{maxte77 Ajt > yqt — Po(max,eqr Ajy > yq))

m—1/2 . ph1+a(i-0) (367

Suppose t € 7% where k € {1,1+m,1+2m,...}. The goal now is to approximate the indi-
cators in the double sum by indicators which are independent. Under H(, we can represent
Ajp as

9t

th+ Z Z ths -1

le{1,14+m,14+2m,... }\{k} seT/
where

|k—1] |E—1| |k—1|
Var(Zjes) = Cov((X;.,0W), (X;.,060) <v™77 = (logn)" 2 =p~ @ 2

(Lemma (3.7.1) Part 3)
Var(Zj) =1 — Z Z Var(Zjis),

le{1,1+m,142m,... }\{k} seT/

and for each t, the (ths)seﬁ’,le{l,ler,... N\{k} are mutually independent, and the groups
Z; }
{( ety le{1,14m,1+2m,...}
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are independent across [. Then since |77 | < loglogn, we have that

Z Z Var(Zjs) < Z (loglog n)b_@

le{1,1+m,1+2m,... }\{k} s€T/ le{1,1+m,1+2m,... \{k}
Ll

— PL- Z bz

le{1,14+m,1+2m,... \{k}

O
SPL-Y (b 2)™
1=1

<PL-b %,
since the sum is a geometric series. This calculation implies that with high probability,
m b m
max Zits| SPL-b"44/log— =PL-b" 1,
kel{l,1+m,1+2m,...} 2 2 Zjs| 3 V%
le{l,1+m,1+2m,... \{k} s€T/

since [{1,1+m,1+2m,...}| < % Thus on this high probability event, (3.67) is bounded
by

: _m
= 12 hraig) 2 Z(l{ggs , — 1>y, —PL-b" 1}
. P le{1,14+m,1+2m,... } j=1
— Po(max A;p >
O(th/ .]t yQ))
1
1 maxZ y—1> PL.-p— 71
e T o (T

le{1,14+m,142m,... } j=1

—P maxZ —1> ,
0<’5€7E yq))

where the second inequality follows since ]P’O(maxteﬁ/ Ajr > Yq) > Po(maxteﬁ/ ijt —1>yg).

Adding and subtracting the null expectation Py (maxteﬁ/ ijt - 1>y, —PL- b_%> in the
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differences gives

1 m
= 1{max —1>y,—PL-b"4} (3.68
(m~1/2 ,p%(1+a)(1—q)) Z Z ( {teT’ Ya ) (3.68)
le{1,1+m,1+2m,... } j=1
_PO(?EI%Zt_1>yq PL-b_T))
1 P m
P maXZ —1>y,—PL-b" 4 3.69
m—1/2,p%(1+a)(1—q)l Z Z( o( e Yq ) (3.69)
e{1,1+m,14+2m,... } j=1

— Py(max 22 —1>y )
o(teTl jt 7)

The first term above is equal in distribution to a normalized uniform empirical process, and
we will choose m so that the second term is negligible. The difference is

Py maXZ —1>yq—PL~b_% — Py maXZ r— 1> yqg
teT] teT/

:P<yq—PLb 4<£Ié?7l§zj lqu)

Monotonicity yields,

P( —PL-b™ 4<maxZ2t—1§yq>§]P’ U{yq—PL-b_%<Z]2t—1§yq}
t

<Y P(u-PLy <2 -1<y,). 370

Let fj; denote the density of Z2 1, which is bounded because Var(th) — 1. As a result,
each summand can be wrltten

m Y, m
Py —PL-b" 1 < Z5 — 1 <yg) = / qPL - m fit(2)dz SPL-bTL.

The above estimate with (3.70) imply that

Py maXZ —1>yq—PL-b_% — Py maXZ = 1>y, SPL-b_%,
teT/ teT]
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since |T}| < loglogn € PL. Plugging this estimate back into (3.69) gives

m

Yle{1itm12m, .} 2j—1 PL-bT 3
m—1/2 . pz(1+a) (=)

m 1
= normalized empirical process + PL - p'+% . p~@7 -p_§(1+“)(1_q).

= normalized empirical process +

From here it is clear that the condition

1
lta—"" “(1+a)(l—q)<0
4 2
is satisfied when
A(1+a) _ 4 1
>~ 2> _ (1 — —(1 1— .
m> —— _a(+a 2( + a)( q))

Hence we may choose m = 4(1;a) so that the above condition is satisfied. It now follows that

(3.66) is the sum of m many normalized empirical processes, and so grows sub polynomially,
so the test

P(X) = 1{HC, > C'y/loglog p}

has consistent Type I error for some universal constant C' > 0.

Type II error

By Lemma (3.7.5), it suffices to show that for any 6 € ©1, there exists some ¢ > 0 for which
the following two conditions hold,

Varg(Sy)
4 (3.71)
(EgSq)?
EyS, — EoS
=624 — 0%, o polynomially. (3.72)
Varg(Sg)

By independence across j € [p], we have

p logn
Varg(Sy) = Var 1i{maxA;; >y
= {teﬁ J q}
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By Lemma (3.7.6), we have

logn p logn
Z\/arg Zl{?%At>ytZ} §Z Vary <1 {%%Ajt>yq}> +o(1)

j=11=1 l
p logn
< Py [ max Ajy > yq | +0(1)

Thus, to show that (3.71) holds, it suffices to choose ¢ so that EgS, — oo. For the ;¥ row
of 6 € RP*™ if it is non-null, let t;f < n denote the true changepoint. By definition of the

grid T, there exists some fj € T for which

t*
; i 5 <t; <t (3.73)

Assume without loss of generality that t;f < §; by symmetry of the grid 7, an analagous
argument can be made for t;f > 4. Let 7;.’ denote the block of size < loglogn that contains
t~j. Then by definition of Sy,

p logn
Egsq :EQZ Z 1 {?%A it > yq}

j=1 =1

logn logn
= Z Z Pg <maX A > yq> + Z Z Py (1;11%25 Ajp > yq> . (3.74)
€

{non-null 5} (=1 {null j} I=1 !
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Note that Ajf- is distributed like (1 4 Z)% — 1, where Z ~ N(0
j

2 t}(n—t}) ( 1

tj(n — Ej) (n - t; (:ujl _ Mj?))2

n—tj
tj(n — %) . tj;(n — %)

j J
- = f1j1 = Hj2)
t5n—t5) g p
*
RN
146 n—tj

Recalling y4 = 2(1 + a)qlog p, we then have

Py mag/: Ajt >yg | =Py (Ajl?j > yq>

t€7j
>P \/1 p+Z >
- 1406 Ya

,1), and

2
pj1 — ——=(pj1(t; — ;) + pja(n — t;)))
n — tj

(by (3.73))

=P [ N(0,1)> /21 +a)qlogp — \/

For all other 7, we have the trivial bound

1—96

=P|Z>+2(1+a)logp <\/§— %gﬁ))

Py (maxAjt > yq> > Py (maXAjt > yq> .

teT/ teT/
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Since there are < logjogy, 1 (which, ignoring polylog factors in p, behaves like logn) many
blocks T, the left term in (3.74) becomes

> ) {P<Z> 2(1+a)logp<\/§— %ﬁ))

{non-null 5}

+ Z~PO<?§%§Aﬁ>yq>}
= Z {P<Z> 2(1+a)logp<\/§— %gﬁ))

{non-null 5}

+ (logn)Py (;relé% Ajy > yq> }
i 2

—(1+a _ /=8
z Z p (1+ )(\/a 1+5\[)+ X (logn)IP’o(Ajl - yq)
{non-null j} [

~(4a) (va— T VF)
> Z P I+5 +_|_pa—(1+a)q

{non-null j} [

Hence (3.74) becomes

C(lia _ 1= s 2 logn
> Z » (1+ )(\/a 1+6\f)+ +pa—(1+a)q + Z Z PO(Ajt > yq)>
{non-null j} {null 5} I=1

where t is any element of 7" (under the null, all A;; have the same distribution). Applying
the gaussian tail bound again, the above is lower bounded by

_ 2 logn
> Z p_(Ha) (\/‘3_ %T?S\/FL +pr(ta)g| Z i p(1+a)g
{non-null j} {null j} =1

2

~(14a) (Vi /2
— e |y (1+ )(ﬂ 1+5\[)+ +pa—(1+a)q +p<1 _g)pa—(lJra)q

2
A (Vi ERV), L srraiog) 4 () (i-g) _ p—B(+a)(1-0)

N =N
_, V), () -g),
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Letting 6 — 0 as 6 = the above says

1
loglogn’
EgS, > pl—ﬂ—(1+a)(\/§—\/77)i(1+0(1)) 1 pita)(l—q) (3.75)

Hence condition (3.71) has been reduced to choosing a ¢ > 0 for which the right hand side
of the above tends to infinity. We now reduce condition (3.72) to a similar condition, since
the choice of ¢ needs to satisfy both. To this end, the difference in the numerator of (3.72)
1s

logn
EQSq—]EOSq:[Eg > Zl{maXAt>yq}

{non-null j} =1

logn
+Ey Z Z 1 {maxAJt > yq}} —[EpSy
{null j} =1

logn
= Z Z [IP’@ (max Ajp > yq> Py (max Ajp > yq>]

{non-null j} =1 te7/

Under the alternative, Aj; = (pj¢ + th)Q — 1 for some 15y € R and Zj; ~ N(0,1), whereas

under the null, A = ijt — 1. Hence we have a trivial bound ]P’Qj: (maxteﬁ/ A > yq> —

Py (maxteﬁ/ Ajy > yq> > 0. For fj € 77 (the closest grid point to the true changepoint t;’f),

monotonicity, a union bound, and the gaussian tail bound give

ng_ max A > yg | —Po | max Ay >yq | > ng. (Ajfj > yq> — (loglogn)Py <Ajfj > yq>
' teT’ teT’ '

L~ (Va5 2F).

~

—PL- p (1—|—a)q

_ p—(l+a>(¢a— }fgﬁ)+

Combined with the trivial bound for all 77 not equal to 77 , the above implies the following
lower bound on the difference EySq — E¢Sq,

2 2
EgSy—EoSg 2 ) p (Vi) | s (Vi RV,

{non-null 5}
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By Lemma (3.7.4), we have

p logn
Varg(Sq) < Z Z Var ( {mz;g{Ajt > yq}> = piFa)(1-q),

j=1 =1
Together with the lower bound on EgS; — E(Sy, this gives

EgSg —EoSy - L ~(1+0)(va- \/7\[) b))

) (3.76)

Letting 6 — 0 as 0 ==
into

loglogn’ (3.75) and (3.76) translate the conditions (3.71) and (3.72)

J1=A-(+a) (VP (1+o(D) | (+a)1-a) | o
JI=B=(1+a)(ya—VP3 (o)~ (1+a)(1=0) _, oo

Taking ¢ = 1 when r > 1/4 gives the requirement 5 <1 — (1+a)(1 — \/7_“)?F Taking ¢ = 4r

when r < %1 gives the requirement 8 < 1 + (1 + a) (r — %) Hence we have shown that

B < f*(a,r) implies a consistent Type II error for the Higher Criticism statistic.

3.7.3 Technical Lemmas

Lemma 3.7.1. Put b :=logn. For each k = 1,...,|T]|, recall the definition of the vector
oF) e R,

_ (Wb_fbk))”? ift > ok,

Then the following are true for each k,l < |T|, and Z € R™.

k n— k — -
1. <Za6(k)> = cal n &) (lebk - Zbl“rl:n)'
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Proof. For the first identity, apply the definition to get,

) o 1/2 " 1/2
- () g (a2a) 5

nin
i<bk ( i>bk

_ <bk(nn— bk)>l/2- bz - 7

i<bk i>bk

bk (n — bF)

For the second and third results, we compute the inner product for arbitrary k,1 < |T|. Let
k <[ without loss of generality. Then

(k‘) (l) _ k n—~a ‘n—b B l_ k b .n—b
(o), 0) b( ) (b b)(n(

nbk nb! n—bk) bl
k I 1/2

_y b
=) (n(n —bk) n(n— bl))

b 1 1 1
_ 27 1k Cpinw1/2 | gl gkl

= ) 0 n—bk+n—bk}

k+1 r
_bz AT B et At 4 o
= (= O = O T T W =) T dn = o)

b% : n
_’2° 1k Copln1/2 (v

(== )2

S

1/2

k-l n—bl /

— 2 . .
n — bk

In general, symmetry implies

1/2
B o) lE=U [ — bRV k=
<9( ),9()>_b 2 <—n—bk/\l <b 2,

which yields the third claim. Taking k& = [ in the first equality gives ||9(k> | = 1.

Lemma 3.7.2. The prior w1 defined by

0. % (1 =)+ = Unif {0, 0TV}
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is supported on O1(p,a,r, ).

Proof. Since b is the changepoint corresponding to the mean vector pG(k), the normalized
signal is

2
o W =bh) | fn b /2 N bk /2
=7 n nbk n(n — bF)
o W =bh) | fn b s bk V2 Ué+ bk
—7 n nbk n(n — bk) nbk n(n — bk)

bn — o9 [ (n—0F\ 2 bk
=r (n )_( nbk)+z+(m)]
k

To see that the fraction of non sparse rows is p_ﬂ (HO]P’(D)? it suffices to show that

p . ;
=1 1{0;. has a changepoint } B(ltop(1)

p

By definition of the prior 71, the numerator on the left hand side is distributed Binom(p, €).
Then it is sufficient for the following equality to hold,
?:1 1{0;. has a changepoint } B

log . = —B(1 4+ op(1)) log p.

Subtracting loge = log p~ P from both sides, the above is implied by

Z?:l 1{6;. has a changepoint}

pE
= op(1). 3.77
o~ op(1) (377)

log
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By Markov’s inequality, for any ¢ > 0,

Z§:1 1{6;. has a changepoint}

log S°P_1{6;. has a changepoint}
P pe S5l =P < =170 > pd
log p pe
51
<p °=> P h h i
<p e Z (0;. has a changepoint)
j=1
= p_5 —0
This implies (3.77) and completes the proof. O

Lemma 3.7.3. Let Xq,..., X, be gaussian variables with Cov(Xi,Xj) = ¢ > 0, and
Var(X;) =1 fori <n. Then Xy,..., Xy, are jointly equal in distribution to

Wi =2Z1+Z19+ Z13+ -+ Z1p
Wo = Zo+ Zo1 + Zog + -+ -+ Zop,

Wi = 2Zn+Zn1 + Zp2 + -+ Zpp1),
where Z;j = Zj; and Z; are independent mean zero gaussians with variances
Var(Zi) =1- Z Cij
1<j<n:j#i

Var(ZZ-j) = CZ]

Proof. 1t is straightforward to verify that the W; have unit variance and the correct covari-
ances. O

Lemma 3.7.4. We have

p logn
Varg(Sq) < 2; 12; VarOU{irelf%fAjt > Yq})-
]: =

Proof. We split the sum over pairs (7, 7/) with |k — | < m and |k — ] > m, where m is to
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be chosen to make the cross term contribution negligible.

logn
Varg Z H{max Aj; > yq} Z Covo(l{maxAjt > Yq s l{maxAjS > Yq})
-1 €T k—il<m 1Ty

+ Z Covo(l{m%gcA it > Ygts l{maX Ajs > yq})-

|k—1]>m k
(3.78)
The first term on the rhs of (3.78) is of order
logn
=Y Var 1{maxAjt >y + Y, Covo(1{max Ajs > yg}, 1{max Ajs > yg})
=1 1<|k—l|<m k !
logn
< Z Var 1{maxA]t > Yq})
=1

1/2
+ ) (Varo(l{?é%szljt > yq}) Varo (1{max Aj; > yq})>
1<|k—1|<m k !
logn
< Z Var 1{maxA it > Yq})
=1

+ Z % (Varo(l{mag Ajt > yq}) + Varg(1{max A, > yq}))

1< |k—1|<m teT, seT]
logn logn

< Z Var 1{maxAjt > yqt) + m? Z Varg( l{max Aji > yq})
=1 =1
logn

Z Var l{max Ajr > yq})-
=1

It remains to show that the sum of non-adjacent cross terms with |k —[| > m are of order
no larger than the sum of diagonal terms, i.e. we want to show

logn
Z Covo(l{m%ch it > Ygts 1{maxAjs > yq}) = Z Var 1{maxA it > Yqt)
|[k—1]>m k =1

To do this, we use the gaussian representation lemma. We can write each covariance term
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Covo(l{maxtenx Ajy > Yqt, l{maxseﬁ/ Ajs > Yq}) as

=Py | maxA;; > yg, max A;g > — Py | max Aj; > Py [ max A;g > . (3.79
O<te7;€’ jt = Yq seT) js yq) 0<t€7;€/ jt yq) O(seﬁ’ js yq) ( )

Then we may write

2
Ajg=|Zjs+ Y Zjs | -1,
teT]
where by Part 3 of Lemma (3.7.1), we have
Var(Zjs,) = Cov({X ., 00), (X;..06))) = (00 0y < b= = (logn)~"2 = pa'T"
Var(Zjs) =1~ Z Var(Zjss) < 1 — (loglogn)p —all =14 o(1),

teT),

and these gaussians are all independent of each other. Since |T/| < |T/| =< loglogn, we have
that

=] k1
r{ D Zjs | S (loglogn)p™ 2 =PL-b" 7, (3.80)

teT)

where PL denotes a polylogarithmic factor in p. Then it follows that

|k—1]
max | Y Zjs| SPL-bT T

e/
sﬁte’f’

with high probability. The joint probability in the covariance term (3.79) is

k I |k I
S Py | max Aj > yq,maxZ — 1>y, —PL- b + P | max Z jts| = PL-b™
teTy, s€T/ s€T] teT]

(3.81)
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The second term can be made arbitrarily small, since (3.80) implies

o ‘Zt 77 Zits
P|max|> Zj| >PL-b" T | <P | max E
\/Var (Zteﬁ ths)

seT! seT]
< (loglogn)P (][N (0,1)| > PL),

> PL

LlteT!

which can be made arbitrarily polynomially small in p by Mills ratio. Hence we can ignore
this term, e.g. choose PL = y/2(a — (1 + a)q)(1 + 7) log p with v > 0. Now by independence
from the Gaussian representation lemma, (3.81) becomes

=
=Py [maxA;; >y, | P max 22 —1>y,—PL-b~ T
0 (te'ﬁé jt q) 0 (seﬁ’ js q

Thus the entire covariance term is

_ -
=Py | max A;; > P maXZ —-1> PL-b— 1 Py [ max A;g >y
0 <t€’7}C gt yq) i 0 (sGT Ya ) 0 (seﬁ g q)]

[ k=1
<Py |maxA; > P maxZ — 1>y, —PL-b~ 7 | —Py|max 22 — 1> ,
0 (t T it yq) I 0 (sGT Ya > 0 (sET’ yq)]

(3.82)

since A5 has more noise inside the square than does Z 2 — 1. It suffices to estimate the
bracketed difference. This difference is equal to

L]
:PO( —PL-b” T < maxZ5, —1qu>
s€T/

l
<Py U{ —PL- b_<Zj25—1§yq}

5677
_ k= 9
=) Polyg—PL-b T <Zi—1<y,
SET/
Z/ et fis(2)dz,
€T/ —PLb

where fj4(2) is the density of ijs — 1. Now since Zj is centered normal with variance going
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to 1, the density of ijs — 1 is bounded by a constant. Hence the above is bounded by
k1| -
<Y PL-bT @ =PL-b T
seT]

since |T/| =< loglogn. Using the above estimate on the bracketed difference in (3.82), we
have

|k—1]
Z Covo(l{maXAJt > Yg ts 1{maX Ajs > yq}) S Z Py (maxAjt > yq) PL-b™ 1 .
k—1[>m hoilom  \F€TK

Bounding the probability in each summand by the max of these probabilities, the above is
less than

< | max Py <maXAjt > yq> PL- Z (b_1/4)|k_l|

k<l /
=g \I€Ty k,i<log n, | k—|>m
= | max Py |maxAj >y, || PL- Z (b_1/4)|k—l|—(m+1)+(m+1)
k<logn teT!
k . k,l<logn,|k—I|>m

AN

r 7 lognoo
max Py | max A;; > b_i 1/4

!
teT, kle

k<logn teT!

< | max Py <maXAjt>yq> PL- b_i+1

since » g° (bil/ )i <1 is a geometric series. Picking m = 4 will suffice, and the above then
reads

Covp(1{max A;; > 1 maXA > < max Py | maxA; >
|klz|> 0(1{ te7! jt yq} { js yq}) K<log n (teT’ jt yq)
m

The result now follows because

logn logn
Varg | 1 maxA > = Py | max A;p > > max Py | maxA;; >
; 0 ( { gt yq}) ; 0 (teﬁ’ 7 yq) k<logmn 0 <t€7}c gt yq)

O
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Lemma 3.7.5. For consistent Type II error, it suffices to have some q > 0 for which

Val"g(Sq)
AUAC VNG (3.83)
(EpSq)?
E —E
M — 00 polynomially. (3.84)
Var(Sy)

Proof. By definition of the supremum, the Type II error is bounded as

q>0 v/ Varg(Sy)

Py (HCP < C\/loglogp) =Py (Sups— C+/loglog >

Sy — EyS,
<P, | ZL_29 < 0\/loglo
B 9<\/W © g)

> — Cy/loglo .
< \/ Varq Sq \/Varo(Sq) — /Varg(Sy) 808P

By the condition (3.84), the right hand side of the inequality inside the probability is non-
negative. Thus by monotonicity and Chebyshev’s inequality, the probability is bounded
above,

2 2
<Py - > | ——=———= —C+/loglogp S a9
( v/ Varg(Sg) v/ Varo(5g) Varg(Sg) (EGSQ)2

since condition (3.84) implies that EyS; — oo polynomially. By condition (3.83), the right

hand side tends to zero, completing the proof.
O

Lemma 3.7.6. For any 0 € O1(p,a,r, ), we have

logn logn
Vary Z 1 {maxAjt > yq} S Z Vary ( {m%z(Ajt > yq}) +o(p ).
=1

teT/!

Proof. The variance of the sum can be written as

logn
Var 1imax A >y = Covyg [ 1 maxAt>y ,21dmax Ay >y
(Erfemnon]) - 2 o (o) (e

k—i|<m LTy !
+ Covg | 1smaxA;; >yg 0,1 maxAt>y ,
|l<:—lz|;m ’ ( {ten ’ ! T/ ’ !
(3.85)
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where m is to be chosen during the analysis. By the same reasoning from the proof of Lemma
(3.7.4), the first term on the right hand side of (3.85) is of order

logn
= Z Vary ( {m%g(AJt > yq}>

It remains to show the contribution from the cross terms with |k — [| > m are of smaller
order than p~!, i.e. that

Z Covy (1 {?33{/1” > yq} 1 {E%Ajs > yq}> —o(ph). (3.86)
|[k—1|>m k !

To this end, we use the gaussian representation lemma (3.7.3). We can write the (k, )"
covariance term as

=Py | max A >y,maxA >yq | =Py | max A >y | Pp | max Ais >y, |- (3.87
9<te7;€ Jt q ST/ js q) 9<te7;€’ Jjt q 0 seT) js q ( )

By the Lemma, we may write

2
Ajs = | mjs + Zjs + Z Zits | —1

teT,

where 1155 is a mean parameter determined by 6, and

[k—1]

Var(Zjis) = Cov ((X.,00), (X, 00))) <=7

k1| *ll
Var(Z;s) =1 — Z Var(Zjts) < 1 — (loglogn)b™ =14 o(1), (I7] < loglogn)

teT]

and these gaussians are independent of each other. Now since

ZZ < (loglogn)b™ 2 =PL-b 2.
teT)

Splitting the joint probability on the event

I
maxz jts| < PL- bii ,

U
s€T] e
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the joint probability in the covariance term (3.87) is bounded by

|k—1]
< Py | max Ay > yg, max +Zig)" —1>y,—PL- b 4
0 (t T gt = Yq 72(/{75 ]8) Yq )

+ P | max Z jts| > PL- b_i

E/
SﬁteT’

By the same reasoning in the proof of Lemma (3.7.4), the second term above can be made
negligibly (polynomially) small. Thus we focus on the first term. By independence, it is
equal to

k1]
=Py | max A;; >y, | Py | max(p,;s + Z; 2—1>y PL-b™ 1
0 ( teT! gt q) 0 (8677(#33 ]S) q

Plugging this into the covariance term (3.87), the (k,1)!" covariance term is

i o]
=Py maxA;; >y Py | max(p;s + 2 —1>y,—PL-b" 4
€<t€7., Jt = Yq _9(672(]5 ]5) q

— Py <Hé%§A]s > Yq

[ k1]
<P maxAt>y Py | max(p;s + Z; 2 1>y, —PL-b” T
0 t€77€ J q _6<€T( YL jS) q

PG(;%/L]S"‘ )_1>yq>}
(st 2

;”
< Py | max l{ys ) —1>y,—PL-b" ) Py (mz}#(pﬁys + Zj3)2 —1> yq) )
</

€T/

since A;, has more noise inside the square than does (u;s + st)2 — 1, which implies the

inequality PP (maxseﬁ/ Ajs > yq> > P (maxseﬁ/(,ujs + st)2 —1> yq>. It suffices to esti-
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mate this difference. By monotonicity and a union bound, it is

=]
seT/

_ =y 5
<Pp| |J qug—PL-bT T +1< (ujs+Zjs)* <yg+1
SET’

yq+1
Z/ |k— ”Jrl fJS(Z)dZ, (388)

—PL. b_

where f;s denotes the density of (5 + Z; 3)2. It suffices to bound this density by a poly-
logarithmic factor in p. Since

Hijs Zys
(,Ujs + st)2 = Var(st) : +
,/Var(st) 1/Var(st)

2
we can bound the density of YV = ( His Zjs ) using Lemma (3.7.7), and

\/Var(Zjs) + /Var(Zjs)
use this bound to get a corresponding bound on the density f;, since Var(Z;s) — 1. This
2

:u“js

variable is noncentral chi square with noncentrality parameter and one degree of

Var(ZjS)
freedom. Hence by the Lemma, we have the bound,
3u2~
3 /5 2
fY(x> SO+ 2Var(st) ~ M]S

Since pj5 is the signal from the alternative parameter ¢ € ©1(p,a,r, ), it is on the order
of p, which is polylogarithmic in p. Hence fy is uniformly bounded by a polylogarithmic
factor. Then

File) = 4o (Va(Z3) ¥ <)

d x
=—PY < ———
dx ( - Var(st))

r=z

r=z

Plugging this bound into expression (3.88) and using |7}| < loglogn € PL, we obtain the
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bound

lk—1|
Covy | 1 { max A;; > ,1dmax A, > <SPL-b 7.
9( {teﬁ/ ! yq} {5677 " yq}>

Hence the sum over all pairs (k,) for which |k — | > m is

_l|

¥ oo (1{m o1 {mtonf) 2 5 et

|k—1|>m k ! |k—1|>m

which can be upper bounded by

<PL- > (b~ L/ 4Rl

k,l<logn,|k—l|>m
— PL. Z (b—1/4>|k—l\—(m+1)+(m+1)

kl<logmn,|k—I|>m

logn oo
<PL.bpM SNy

k=1 =0
<PpL.p— M

since Zﬁg(b_1/4)i is a geometric series. Plugging in b = p®, the above reads

a(3—m)
> Covy <1{§T€1%Ayt>yq} 1{Hg§f‘1js>yq}>§PL~p 7.
S

|[k—1|>m !

It is clear now that in order for the above to be o(p~!), we need

a(3 —m)

< -1
) )

or equivalently, m > 3 + %. Choosing m sufficiently large ensures (3.86), completing the

proof.
m

Lemma 3.7.7. The density fy j of a noncentral chi square variable with noncentrality pa-
rameter A and k degrees of freedom satisfies the bound,

3\
Fap(x) <3k + 5
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Proof. From Wikipedia, the density has the formula

X e M2()\/2)!
Z (A/2)

7!

Fae(@) = [Yyei0:(@)

1=0

where Y is distributed as a central chi square with ¢ degrees of freedom. Also from
Wikipedia, the mode of a central chi square with ¢ degrees of freedom is (¢ — 2) V 0. Hence
the above is bounded by

iLM(k:—l—QZ—Q)

<
1=0
ko —\/2 i 00 —\/2 i
e (A\/2) , e A/2 .
:ZT/(k+2@—2)+ Z Z,—(!)(k+22—2)
1=0 i=k+1
k eM2()/2)i X =M2()\/2)i
SZT{%—F Z T-Sz
1=0 i=k+1
=2
<3k+3 Y ° )1‘/2)
i= k—i—l (i =
3\ —/\/2()\/2)1'—1
< 22
k5 Z (- 1)
3\
_ 3k 22
= 3k + 5
where we have used the definition e* == >"7°, %7: O]
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CHAPTER 4
SPARSE SIGNAL IDENTIFICATION

4.1 Introduction

Consider an observation Y that is the sum of a signal X ~ P, and an independent standard
Gaussian perturbation,

Y=X+eceR, e~N(0,1). (4.1)

The family (P)) is assumed to be sparse in the sense that the signal distribution P, accu-
mulates probability mass near the origin as the rate parameter p — 0. Compared to the
problem studied in the previous chapter, the testing problem we consider in this chapter is
simpler in the sense that the observation in this model consists of independent samples from
(4.1), whereas in the changepoint problem we observe a sequence of independent random
vectors. Here, the signal X is non-null if it is non-negligibly far from zero in absolute value.
In the changepoint problem, a row of the observation matrix is non-null if its mean vector
has a changepoint.

In principle, statistical sparsity is well-defined for a sample size of n = 1, and is formulated
by McCullagh and Polson (2018) in terms of weak-convergence of the measures (P,) over
a class of functions that are 0(3:2) at the origin. In the current chapter, we connect this
definition of sparsity to the literature on hypothesis tests for the global null against sparse
alternatives (see e.g. Donoho and Jin (2004), Cai and Wu (2014), Collier et al. (2017), Li
and Fithian (2020) and references therein). For a given value of the sparsity rate p > 0,
a batch of independent samples with distribution (4.1) is distinguishable from pure noise
€1,..-,€n iid N(0,1) as n — oo, for instance using a likelihood ratio test. Conversely,
with few enough samples, the MLE for p, denoted by py,, is identically zero with non-trivial
probability even when p > 0. An identification boundary formula determines the number of
independent samples n = b(p) needed for the maximum-likelihood estimate p;, to be positive
in the sparse limit as p — 0.

Organization of the chapter. In Section 4.2, we review a probabilistic definition of
sparsity as a limiting property of a sequence of signal distributions (FP,). We next state
the definition of the identification boundary and our main result, and connect them to the
detection boundary literature for heavy-tailed signal distributions. Section 4.3 contains a
brief discussion and illustration of the MLE for estimating null probabilities on a prostate
dataset previously analyzed by Efron (2012). Appendix 4.4 contains proofs and numerical
evidence for our results.

4.2 Sparse identification boundary

The sparse limit of a sequence (P,) is characterized by a positive measure H(dz) on R\{0}
by means of weak convergence over a collection of suitably regular functions.
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Definition 4.2.1 (McCullagh and Polson (2018)). We say that a family (P,) has a sparse
limit with rate p and exceedance measure H(dx) if

1 = wlx xr o0 .
tim o) [ wie)Pofde) = | o V@) < (4.2

for every bounded continuous function w : R — R for which w(z)/x? is also bounded. If
H(dz) satisfies

/ (1— e /2VH(da) = 1, (4.3)
R\{0}

then it is called a unit exceedance measure.

The inverse-power exceedance with index d € (0, 2), defined by

dz d2od/2-1

(4.4)

satisfies the definition (4.3) of a unit exceedance measure (McCullagh and Polson; 2018).
For example, the t-distribution on d € (0, 2) degrees of freedom and scale parameter o > 0,
denoted t; (o), with probability density

d I @

o 2
fao(lx)=A4- , Ayg=——m—, (4.5)
o (02 + 22/d) 5 VidrT'(d/2)
tends to the inverse-power exceedance Hy(dx) at rate
di1
dz2 A

p= 4.5l aso—0. (4.6)

Cq

4.2.1 Marginal distribution

For a symmetric signal distribution P, tending to the unit inverse-power exceedance Hy(dx)
with index d at rate p, the marginal distribution of the convolution (4.1), denoted by m,(y) =
[ ¢(y — x)Py(dx), is conveniently expressed in terms of p and the unit-exceedance Hgy(dzx).
Letting ¢(y) denote the standard normal density, we have

moln) = 000) ([P pyfan) + [ - v Pyfan)
= o) (1= [ Ppa) + [eoshian) - e 2 py(a0) )
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p=1/4

— exact

— first

— second

L L L L
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Figure 4.1: The exact log marginal density, logm,(y) where m,(y) = [ ¢(y — x)P,(dz),
is plotted in black for the sparse Cauchy model at p = 0.5 in the left panel, along with
the first and second order approximations in blue and red, respectively. On the right plot,
log(—1logm,(y)) is plotted in black along with the corresponding sparse approximations in
blue and red when p = 0.25.

by symmetry of P,. Applying the definition of sparsity, the above is equal to

= ¢(y) (1 —p+ p/ﬂ%\{o}(cosh(my) — 1)e "2 Hy(da) + 0(p)> :

because 1 — e—%/2 and cosh(zy) — 1 are both O(xz) at the origin. Denote by (4(y) the
integral factor appearing in the above expression for the marginal density,

Gl = [ (coshlay) ~ Ve 2 ().
R\{0}

The marginal distribution of Y is thus approximately distributed according to the following
two-component mixture,

(1= p)o() + pa(y), valy) = o(y)Ca(y)- (4.7)

The derivation leading to expression (4.7) implies the approximation error is at most o(p),
point-wise in y as p — 0, but it can be substantially less in particular examples. For typical
‘atom-and-slab’ distributions considered in the detection boundary literature, our results
in Section 4.2.3 suggest that the squared Hellinger distance between the exact marginal
distribution of Y and its marginal approximation (4.7) is o(p?). Higher order approximations
can be calculated (see Section 4.4.1), but the first order approximation suffices for practical
purposes; in Figure 4.1 the first and second order approximations are compared for the sparse
Cauchy model, obtained by taking d = 1 in expression (4.5).

Definition 4.2.2. Suppose (P,) has a sparse limit with inverse-power exceedance measure
H; and rate p — 0. Let py denote the maximum likelihood estimator of the sparsity rate
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based on independent samples Y1, ...,Yy from the marginal approximation (4.7),

pn = argmaxo<,<1 | [ (1= p)o(Yi) + poa(Y7)) - (4.8)
=1

For v € (0,1], a function b~(p) is called a y-identification boundary for Hy if

lim inf Py (5 > 0) > 7,
p—0

n=by(p)

where ngn refers to the product distribution of Y1,...,Yn id (1= p)o+ piy.

For notational convenience, we write n = by(p) to denote the number of samples needed
to ensure the maximum-likelihood estimate p;, is positive with at least v > 0 probability in
the sparse limit as p — 0. Although b~(p) is a real-valued expression in what follows, this
equality can be read as n = [by(p)], so as to ensure an integer valued sample size n.

4.2.2  Main result

Consider n independent observations from the two component mixture (4.7),
id
Vi Y 8 (1= p)o+ pug. (4.9)
The identification boundary for the inverse-power family is established in the following result,
proved in Appendix 4.4.

Theorem 4.2.1. For any v > 0, the formula
(log p~1)/2

by(p) = —2I'(1 — d/2) log(1 — ) - P

is a y-identification boundary for the inverse-power exceedance H;(dz) with index d € (0,2).

The formula (logp~1)42 is critical in the sense that if n is of smaller order than this
quantity as p — 0, then no test based on n independent samples can reliably detect whether
(4.9) is the generating process, or whether the data are purely noise Y7,...,Y), id N(0,1).
We discuss this point with more detail in Section 4.4.4, where we review a bound on the
total variation distance of two product distributions in terms of the squared Hellinger dis-
tance between the corresponding one-dimensional distributions. In this sense, establishing
the identification boundary for testing between two product distributions reduces to com-
puting the Hellinger distance between the one-dimensional distributions, which we calculate

in Appendix 4.4 and summarize in the following lemma.
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Lemma 4.2.1. For d € (0,2), and v, defined below expression (4.7), there exist constants
c¢,C >0 for which

Cp
(log p—1)d/2

- dj2 < H (¢, (1= p)o + pibg) < as p — 0,

(log p~1)

where the squared Hellinger distance between two probability distributions with densities f, g
is defined HQ(f, g) = %f(\/f— \/§)2

If we are given the power-index d, we may compute the MLE (4.8) and reject when
pn > 0 to obtain an asymptotically powerful test for the global null. Type 1 error properties
of this procedure are investigated numerically in Section 4.4.5. More simply, the max-test,
implemented by comparing the maximum |Y;| to its quantiles under the global null, achieves
the information theoretic limit for detecting inverse-power families, a fact pointed out by Li
and Fithian (2020). We discuss a connection with this work in the next section.

4.2.83  Connection with detection boundaries

Li and Fithian (2020) study sparse alternatives to the global null that involve convolutions
of scale families with the standard normal distribution

7"y, B N, 1)

B v 1 - 0 PYN(0,1) + 0 (G N(0,1)), B e (0,1)

where Gy, is a scale family parameterized by a real number r > 0, and Gy, * N(0, 1) denotes
the convolution with density m(y f o(y — z)Gp(d).
The detection boundary is a formula involving the signal parameter r» and the sparsity

(n)

parameter 3, that determines whether or not it is possible to distinguish between H,,

and Hl(n) with asymptotically negligible type I and II error as n — co. When the signal
distribution is sparse with inverse-power tails, e.g. Student-t with d degrees of freedom and
scale n~", this formula is

B*(r) =1—dn, (4.10)

characterizing the global null testing problem as follows.

Corollary 4.2.1 (Li and Fithian (2020)). Let Gy, be the Student-t distribution on d € (0,2)
degrees of freedom with scale parameter o = n~" for some r € (0,1/d).

1. If B > B*(r), then for any hypothesis testing function 1 : R™ — {0, 1}, the sum of type
1 and 2 errors is bounded away from zero,

timinf Py (6(V1, ., Ya) = 1)+ P (01, -, Ya) = 0) > 0.

where Pi(n) is the distribution of (Y1,...,Yn) under H for i=0,1.
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2. If B < B*(r), then the a-level maz-test, defined
Ymax(Y1,...,Yn) =1 {m<aX\Yi| > ta\/QIOgn} , (4.11)
<N

where to, = min {t : Po(n) (maxlén |Y;| > t\/21og n) < a}, is asymptotically powerful,
1.€.

P (thpax = 1) — 1.

The following spike and slab mixture distribution is a sparse, one-dimensional analogue to

the signal distribution giving rise to H 1(n),

X ~ (1 =06+ Pty6"), Be0,1), re(0,1/d], (4.12)

where t;(c") is the Student-t distribution on d degrees of freedom with scale parameter o”.
Definition (4.2) does not distinguish between measures of the form (4.12) when g = g*(r).
All such signal distributions, parameterized by the pairs (5*(r),r) for r € (0,1/d), have the
same approximate marginal distribution (4.7) to first order in sparsity. This equivalence is
recorded in the following result.

Proposition 4.2.1. Fiz d € (0,2) and suppose r € (0,1/d]. If 5 = 5*(r), then as ¢ — 0,
the distribution of X under (4.12) has a sparse limit with rate and exceedance measure

d+1
d 2 Ay dz
P = Cy "0, Hd(dx)zcd'mw?

where the constants Ay, Cy are defined in expressions (4.4) and (4.5).

Here, the t-distribution was used in the slab component of the signal distribution (4.12)
for concreteness. Similar conclusions may be drawn for other spike-and-slab measures, where
the Student-t density is replaced by an inverse-power density whose tail decays inverse-
polynomially at the same rate.

The above result characterizes the limiting behavior of signal distributions parametrized
by points {(B*(r),r) : r € (0,1/d]} on the detection boundary, taking ¢ = n~!. The
conclusion to draw from this comparison is that each signal distribution corresponding to
a point on the detection boundary has the same sparse approximation to the marginal
distribution,

i,
Y; W (1= p)p + pibg,

where ¢4(y) = é(y) [(cosh(zy) — 1)6_372/ 2H,(dz). This observation has implications for
identifiability of the probability P(X = 0 | Y = y), the principal quantity to estimate for
identifying active sites once the global null has been rejected. In particular, non-atomic
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distributions fall into this inverse-power sparse family, which lead to the same marginal
distribution for the response variable Y; and place zero posterior mass on the event {X = 0}.
This implies the posterior probability P(X = 0 | V) is unidentifiable, and thus the only
estimable quantity is not directly interpretable as the posterior probability of a point null
hypothesis. The plug-in estimate based on the marginal approximation (4.7) and the MLE
(4.8) is discussed further in Section 4.3.

Second order approximation

Lemma 4.2.1 quantifies how close the standard normal distribution is to the first order
approximation of m,(y) = [ ¢(y — z)Py(dz). The distance between the first-order sparsity
approximation (4.7) and the exact density m,(y) is less straightforward to characterize.
Although all signal distributions of the form (4.12) with § = §*(r) tend to the inverse-power
exceedance (4.4), some lead to a marginal distribution closer to the first-order approximation
(4.7) than others. For instance, two signal distributions of the form (4.12) with different
B = B*(r) values will have different second-order approximations for the resulting marginal
distribution,

mp(y) = (1= p)o(y) + pig(y) + cpo” E=D(1 — )b (y) + o(po"2=D),

for some constant ¢ > 0 depending only on d. The above equality follows from the derivation
leading to expression (4.7) and Lemma 4.4.1 in Appendix 4.4.1. Given the above form
of the second-order approximation, the approximation (4.7) can be assessed by computing
the Hellinger distance between the first and second-order sparsity approximations. This
calculation is summarized in Proposition 4.4.1, which is stated and proven in Appendix
4.4.2.

4.3 Discussion

In this chapter, we have considered the Gaussian convolutional model where the signal
distribution has a heavy inverse-power tail. We derived first and second-order sparse ap-
proximations to the marginal density of the observation Y = X + ¢ for the model (4.12) and
quantified the closeness of these approximations via Hellinger distance. These results deter-
mine the number of independent samples required to detect a sparse inverse-power signal,
and shed light on the degree to which signal distributions within the same inverse-power
family can differ. Closely related is the detection boundary literature for heavy tailed signal
distributions, and we have outlined an explicit connection in Section 4.2.3.

4.3.1 Implications for identifiability

The sparse framework of McCullagh and Polson (2018) highlights that the identification
of atom and slab signal distributions is limited to the sparse family they belong to, which
includes non-atomic distributions. This non-identifiability has implications for modeling
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signal activity, which becomes the key question once the global null has been rejected. In
the setting studied here, we have proposed the MLE p,, for the sparsity parameter p as an
asymptotically powerful method for detecting sparse signals tending to the inverse-power
exceedance.

The estimate p, not only provides a test for the global null, but also naturally leads
to a method for assessing activity rates among sites once the global null has been rejected.
The two-groups model, popularized by Efron et al. (2001), assumes a binary latent variable
H € {0,1}, whose outcome determines the distribution from which the observation Y is
drawn,

H ~ Bernoulli(p)
Y | H~(1— H)é+ Hiy.

In this setting, the local false discovery rate is defined as the posterior probability that
H =0,
lfdr(y) == P(H = 0| Y = y) Lop (4.13)
r(y) = = =y) = : .
1—p+ pCa(y)

Note that the event H = 0 need not coincide with X = 0 in the convolutional model,
and indeed any estimate of the quantity (5.4) is conservative for the posterior probability
P(X =0|Y = y). Without the assumption 14(0) = 0 (see the ‘zero-assumption’ in Efron
(2012), Patra and Sen (2016)), the two-groups model is unidentifiable. As a result, the right
hand side of expression (5.4) has been widely accepted within the empirical Bayes community

as the principal estimand for assessing the activity at the ith site based on the observation

Y;. Our next result shows that the probability of the event {|X| < 4} is identifiable in the
1/2

sparse limit as long as § > p

Proposition 4.3.1. Let 5,e € (0,1) be fized as p — 0, and H(dz) is a unit exceedance
measure.

1. If 6 > p%*ﬂ, then
Pp(IX] <9)

lim ————— =1

p—=0 Qp(|X]| < 0)

for any two sequences (P,), (Qp) that are sparse with rate p and exceedance measure
H(dz).

2. If o < p%+ﬁ, then there exist sparse sequences (Py),(Qp) with rate p and unit ex-
ceedance H(dz) for which

P,(|X]| <

ANl A
p—0 Qp(|X| < 0)

One conclusion to draw from this result is that it is misguided to test a composite null
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Figure 4.2: We plot the estimated lfdr curves for the prostate cancer dataset with a horizontal
dashed line at the a = 0.2 cut-off. The MLE plug-in estimate is plotted in black, with
Lindsey’s method overlaid in purple.

|X| < 6 if § < p'/2. In practice, p can be estimated (e.g. using pp) and this boundary can
be assessed using the estimator for p.

4.3.2  Prostate cancer dataset

The prostate cancer dataset analyzed in this section is taken from Chapter 5 of Efron (2012).
Gene expression levels are measured at n = 6033 genomic sites on 52 cases and 50 controls.
The difference in average gene expressions is standardized, and after a pre-processing step,
the observations are treated as z-scores {Z;};' | arriving from ii.d. from the two-groups
model:

H ~ Bernoulli(p)

if H =
ZlH~d00 0 (4.14)
fi itH=1

In our analysis we will treat fy as the standard normal density, and f; as the alternative

component 1, in the first-order approximation (4.7). In Figure 5.10, we visually compare
the estimates of (5.4) based on Lindsey’s method (Lindsey (1974a), Lindsey (1974b), Efron
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(2012)) with the plug-in estimate based on the (non-zero) maximum likelihood estimates

A

(pn,d) = (0.092,1.662).

The method based on the inverse-power exceedance is more conservative in the tails, as the
estimated lfdr curve is greater than that of Lindsey’s method. At the 20% cut-off, there
are only 26 estimated lfdr values falling below o = 0.2, whereas Lindsey’s method makes
54 discoveries. The average value of the lfdr estimates among all z-scores is 0.908 = 1 — pj,
for the inverse-power method, compared to 0.929 for Lindsey’s method, which reports an
estimate of 0.932 for the null proportion.
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4.4 Proofs

Proof of Theorem 4.2.1. The log likelihood is

Zlog¢ +log (1 +p(¢qa(Yi) — 1)),

so the first and second derivatives are given by

/ n <( .)_
6) =Y T =T

" _ - _(Cd(Y;) - 1)2
Y0 = 2 T o <

The maximum is achieved at p, = 0 when ¢/(0) < 0, so that p, > 0 is equivalent to

=> (Y;)—n>0.
=1

The event Y11 (4(Y;) > n is implied by max;<,, (7(Y;) > n, so the probability can be lower
bounded,

<n

ce'i Y7 /2
max ——s— >"n
i<n |Y|d—|—1

2/2
ce'i
. -1
>P(r2n<a£<| At >n,1;y1§zx1i<§/; > \/2(1+5)10gp >

B > 0) 2 P (maxGa(4) >

v
s

for some ¢ > 0 by Lemma 4.4.2; as long as n is larger than a universal constant. Now since

(log p~1)4/?

n <
p

, we have

6}22/2 p_(1+6)
|Yi‘d+1 1{maxY§>\/2(1+(5) log p—1} = (log p—l)(d+1)/2

= w(n),

as p — 0, which implies that liminf, o P(p > 0) is lower bounded for any ¢ > 0 by

lim inf P(py, > 0) > lim inf P (maXY >1/2(1+0)log p1> (4.15)
p—0 p—0 i<n
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Since the observations are iid, we have as p — 0 (and thus n = by(p) = 00),

P <maXY <4/2(1+40)logp~ 1) ~ <1 —P(Y1 > \/2(1 +9) 1ng_1)>" (4.16)

1<n

The exceedance probability is at least

P(Yi > /201 +8)log ) = (1= (/214 0)logp™) +p [ OOMI O
ogp

> d
S O

By Lemma 4.4.2, dominated convergence implies that as p — 0 we have

o0 o0 2
1 d ~ 7y /2 C \/
/O po(y)Ca(y) {Q>W} Y p/\/m\/% d | |d+1
_Ca p
d (2(1+ 6)log p~1)4/2
Plugging this into (4.16), we have shown
. Cdnp
limsupP ( maxY; < 4/2(144)lo 1) < limsup ex (— ) .
péop (z<n \/ &r p%Op P d(2(1 4 6)log p‘l)d/2

Together with (4.15), which holds for every ¢ > 0, this implies

Cynp
li fP(pp, >0) > 1 — i = .
1};an (Pn ) plg%) exp ( d2d/2(log pl)d/2> v

]

Proof of Proposition 4.2.1. Let w : R — R be a function for which gg %) be continuous and
bounded as a function of =, and let P, denote any signal distribution of the form (4.12) with

B = p*(r). Then

dr
/w(x)Pp(dx) = (1— o7 w(0) + Ul_dr/w(x)Ad : = ? 2/d)d+1 dz
o'+ 2
d+1
:d2Ad~a/w(x)- Ca de.
Ca AT (02 4 22/d) T
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d+1
It follows that with p = d QCdAd -0, we have

-1 as .
p /w(:(:)Pp(dx) — BL0) w(x)Hg(dx) p—0

4.4.1 Second order sparsity approximation

For the convolutional model (4.1) where the signal distribution P, tends to a unit exceedance
measure H at rate p, the marginal density of YV is

mal) = 000 (1= (1= pya0) + [ coshlan) ~ e 2y ).
When (P,) is the mixture,
Py=(1 -0+l Tty(o"), re(0,1/d],

the following lemma characterizes the second order-expansion to the terms appearing in the
marginal density of Y.

Lemma 4.4.1. Let Py = (1 — o' =%)dy + o1 =%t 4(o"). Then

1-d
—g ro—gy Cq(d+1)d 2z (9
- Rpan = p pord ST o)
1—d
_ vo—gy Cq(d+1)d 2z (9
/ (cosh(xy) — D)™ 2 Py(dz) = pely) — po' d)'A_Z%yQJrO(PU (2=d),
d+1

as 0 — 0, where Cy, Ag > 0 are defined in expressions (4.4) and (4.5), and p = =~ - 0.

Proof. For the first integral,

/ (1—6_9”2/2)Pp(d:v) =gl g, / (1— e °/2). c —rde
(0-27" + I'Q/d)T
d+1
. d 2 Ad /(1_6—332/2). - Cd — dx
Ca A7 (o2 +22/d) T

2 1 1 1
:p/(l—ex/)-C’d — + dz.
(02rd + 22)% |2l 2]t



Since H, is a unit exceedance measure, the above is equal to

_ 2 ) 1 ]_
=p—p/(1—€x/)-0d - dz
[T (p2rd 4+ a2)

2r PN AN |
=p—p/(1—e‘x2/2)- Ca ((U dra]) ? — ol )d:c.

[w|d+1 (o2rd + xQ)%

dt1
Now since (02"d 4+ 22) 2 — |z|TH ~ o274 - #md_l as 0 — 0, and since

2
a1 [1—e /2 Agomd 1
because t (c") — g, we have
di1 1-d
| a2y Ca (0*'d+2%) 7 — |z|H! dp o T2 A+ 1)Cq orrg
(1—e )E 2|4+ (02 + x2)d%1 T~ vy o ;
as 0 — 0. It now follows that
1-d
dz (d+1
/(1 — e_x2/2)Pp(d:c) = p— po’(?=d) (4A+ )Ca +o(pa"? D) as o — 0.
d

The second integral is similar but we record the derivation here for completeness. By defi-
nition,
2/2 1—d o
/(Cosh(xy) —1)e™* / Py(dz) =0 " Ay /(cosh(xy) —1)- mrde.
(027 +22/d) 2

Following the above sequence of manipulations, we find that the above is equal to

cy ((02rd+x2)d$1 _ |x|d+1> "

= pCy(y) — p/(cosh(acy) - 1)6_562/2 : [+

dt1
Now using the first order Taylor expansion (02"d 4+ 22) 2 — |z|™t1 ~ ¢%'d - %md_l as

o — 0 and the fact that

gt [ o) e g™ v

72
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we have

—d
A+ 1)Cy

r(2—d)
LEDCLR 4 ofporte)

Y

/ (coshiry) — 1e"/2Py(dx) = py(y) - po" @D

as 0 — 0. O

The form of the second order sparsity approximation follows from this lemma, recorded
in the following corollary.

Corollary 4.4.1. IfY = X +¢ where X ~ (1—0'=9)§y+0' =%t 4(c7) for somer € (0,1/d],
then the marginal density of Y satisfies

1-d
r2-d) Cad? (d+1)

mp(y) = (1 = p)o(y) + pgly) + po vy . (1= 32) + o(po" )y,
dx1
as 0 — 0, where p = d CdAd ..

In Figure 4.1, the first and second order approximations are plotted on the log-scale
against the exact marginal density of Y = X + ¢ for an inverse-power signal with d = 1. For
moderate values of p, the difference from the second order approximation to the exact density
is much smaller than the difference between the first and second order approximations.
Higher order terms are straightforward to derive and bear close connections with the even-
degree Hermite polynomials, but we do not pursue them here. For practical purposes, the
first and second order sparsity expansions suffice for approximating the marginal density.

Proof of Proposition 4.3.1. For the first part, since

Bp(IX]<d) 1 Py(|X]>0)
Qp(|X] <8)  1-Qu(IX]>0)’

it suffices to show that P,(|X| > ) — 0 for any P, which is sparse at rate p and exceedance
H. Since p — 0, by Markov’s inequality;,

E (X2 A1)

Py(|X] > 6) =Pp(X2 A1 > 62) < S

where we have assumed wlog that § < 1. Now since w(z) = 2 A1 is continuous and bounded,

2 2
B0EAD _p R AVHAD Tole) ¢ 2o

1
since H(dx) is a unit exceedance measure, and § > p2 B,

136



For the second part, let G, be any sparse measure tending to H(dx) at rate p, i.e.

ot [wl@)Gyld) » [ wi)H ()

for every w € W := {w continuous, bounded, and w(z) = O(22) near the origin}. Let

Py=(1—-¢/2)0p + (¢/2)G)p
Qp =(1- 8/2)5ip%+6/2 + (8/2)Gp

where 6i puts 1/2 probability on each of p%+ﬂ/2 and _p%+5/2. For any w € W, we

p% +8/2
have

o1 [ w@)Poyye(de) = 20/2)7! [ w(@)Gayelde) » [ wio)H(do)
as p — 0. Thus P ple is sparse with rate p and exceedance H(dx). Similarly,

w(p? 1) + w(=p2 /)

p_l/w(a:)QQp/e(daz) =p ! [(1 —¢/2)- 5 + (5/2)/@0@)02,0/5(@)]

=7 ol + 27271 [ (o))

= 2p/2)7" [ w(@)Goyyelds) + of1)

— /w(m)H(dx),
so that @ p/e 18 sparse with rate p and exceedance measure H(dz). Now since § < p%JrB <
prti2,

P2p/5([_57 5]) >1- 6/2
Q2pe([=0,0]) < €/2,

so that the ratio is small,

QQp/g([_57 d]) £/2 -
Pyyo(—00) ~ 122 = °

(e<1)

137



4.4.2  Probability metric calculations

Proof of Lemma 4.2.1. Let Py denote ¢ and Pj denote (1 —p)o+ ptby. First we show a lower
bound,

2
H2(Py, Py) = Eq ( im - 1)

( \/ ¢+p¢d< ¥)— 1)
( —1>—1>2
( L+p(CaY) —1) - 1)21{@(1/)12/)1}'

Using the inequality (v/IT+¢ — 1)2 > (v/2 — 1)2(t A t2), the above is lower bounded,

> (V2= 1%pEo (G(Y) = 1) 1y (v)-13p-1)
) oY?2/2
> (V2= 1)%pEo <W - 1) Y1271y

2

where we have used Lemma 4.4.2 for the above inequality. Since p — 0, the above is

eventually greater than

) oV2/2
> (V2= 1)%pEg (16}/—1+d) Lcar)=2o71y

as p — 0. Integrating against the standard normal density gives

V2 — 1)2 eY /2
2 m > 2, | < )y
o 16 {y:Caly)=2p~1) YT

(vV2-1)?* / 1

> —d

T 16v2r a2ty v !

> (\/5_ b / —1 74y

- 16\/% (y:ev?/2y=(1+d) > 16-1) Yyt

2—1 1

> —d
- 16v2m /\/4logp_1 yltd v
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Evaluating the integral gives

2 P
H (PO,Pl) Z W, as p — 0. (4.].7)

For the upper bound, note

H2(Py, Py = Eq (V1T p(GV) -1 1)

) 2
<p +Eg ( 1+ pGq(Y) — 1) Lic,vy>1p

2
since when (;(Y) < 1, it holds that (\/1 +p(g(Y)—1) — 1) < (1—+y/T=p)% < p?. Using
the inequality (v I+ ¢ — 1)2 < ¢ A t2, the above implies

H*(Py, P1) < p* + Eo(pCa(Y D ie,iv)p-11 T Eo(pCa(Y)* e, (v)<pm1) (4.18)
By Lemma 4.4.2, the second term in (4.18) is

Y?2/2
e
PEoCa(Y)Lie (v)ysp-1y < 20Eo vIrd He(V)>p Yy
oY?2/2
< 2pEg y1l+d 1{|Y|>\/210g:p*1}’

1 Y?2/2

where the second inequality follows since on the event (3(Y) > p~', we have e >
¢;(Y) > p~!. Integrating gives
dp [ 1 p
EoC,(Y)1 <2  dy<—r 0. (419
PEOC(Y ) gy (v)>p1y < V2r J /oo Ty Y g p-1yazr 7 (4.19)
By Lemma 4.4.4, the third term in (4.18) is
Y2/2 2
2B0¢ (V)21 <Py | C+ Y]+ 1 1
p 05 {Ca(Y)<p~t} =P 0 |y [1+d {IY[>1} {Ca(Y)<p~th
For any a,b,c¢ > 0, one has (a + b+ ¢)? < 4(a® + b + ¢?), so the above is bounded by
Y2
<4p?|C? 41+ 2 By | —— -1 o (4.20)
= 0 |y|2(1+d) {Y[>1.a)<p=} | | :

N J/
-~

(%)
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Now by Lemma 4.4.5,

Ham=e = L ><p—1}m{|Y|<¢2logp—1} Lo <o n gy >vaioe 1)
Livisvaiosr T T Lyaloa s T< |y i< ValiTe Tog o Ty

-1
1J2rd lolgz) lg(;)i L— as p — 0. This implies the last term in (4.20) is bounded

where Cp =

2
ey

|y |2(1+d) (1{1s|Y\§\/2logp—1} * 1{\/2logp—1<lY|§\/2(1+cp)1ogp—1})>
/\/210gp_1 ey2/2 V2(1+cp) log p~1 ey2/2
1

(%) <

dy +

—— ———dy
y2(1+d) Ylog p 1 y2(1+d)
-1 —(14c¢p)
_ P 2 o P P
y/21 L. + \/21 (14 —1) ————
08P (2log p—1)1+d /o 08 P ( “p ) (21og p—1)1+d

pfl pf(lJrcp)
+cp-
(log p~—1)d+1/2 P (log p—1)d+1/2

IN

&=
gl sl ol
= B PN

IN

1+d
Now since p~¢% = (p~1)% = (log pfl)%, the above becomes

_ _ 1
< p~! pt-(ogp )T _ 2
~ (1ng—1)d+1/2 (logp—l)d+1/2 - (1ng—1)d/2

-1

since d + 1/2 > d/2 for any d > 0. Plugging this into (4.20) gives

-1
P < p

(log p=1)4/2 ™ (log p=1) /2

Combining this with (4.18) and (4.19) completes the proof of the upper bound. Together
with the lower bound (4.17), this completes the proof of the lemma.

PEoCa(Y ) L vy p-1y S 07+ 07

]

Proposition 4.4.1. Let r € (0,1/d] where d € (0,2) and denote by P, and Q, the first and

second order sparsity approximations to the signal distribution (1 — al_dr)éo + Jl_drtd(ar),
with densities

Fp(dy) = (1 = p+ pCa(y)) ¢(y)dy
Qpldy) = (1= p+ pCaly) + cpo™ =D (1 =) ) 6(y)dy,
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1-d
Cy(d+1)d 2
4

p and p 1s defined in Lemma 4.2.1. Then the Hellinger distance is

where ¢ ==

Hz(Ppr) —0 (p2(1+r(2—d))) 7

where O means up to multiplicative constants and poly-logarithmic factors in p~ 1.

Note that for » > 0, the squared Hellinger distance between the first and second-order
approximations is O(pz), which is smaller than that between the zero and first-order approx-
imations by a factor of p (Lemma 4.2.1).

Proof of Proposition 4.4.1. Let p, and g, denote the densities of P, and @, respectively.
The squared Hellinger distance is

2
) o [
H(Pp,@p>—E( L) 1) |

where the expectation is taken with respect to the first order approximation F,. The differ-
ence between the first and second order sparsity approximations to m(y) is

ap(y) — pply) = cpa™FD (1 —yHo(y),

so the Hellinger distance can be written

2
H2(P,,Q,) = E <\/1 y o7 Pp iy 1)

Dp
5 2
(2 (1-Y%)
5 2
o (17

Using 14+ —1~¢/2 as e — 0, the first piece (4.21) is

2
<E (paT(Q_d) log P_ll{(d(Y)gp—1}> = pt2r(2=d) (log p~ 12,
where we have used Lemma 4.4.4 to bound Y2 by the order of log p~! on the event Cly) <
p~1. On the event (y(Y) > p~! we have [Y| — oo as p — 0, so Lemma 4.4.2 implies the
second piece (4.22) is bounded

1)3+d’

<E <0r(2—d)|Y|2+d+1€—Y2/2 2+2r(2—d)(10g o

2
) Licyv)=p13 SP
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since \y|3+de_y2/2 is decreasing in |y| as |y| — oo. Thus we have shown that

H2(P,,Qp) < pP* D) (10g 7134 as p — 0,

so the claim holds up to poly-logarithmic factors in p~1.

4.4.3  Technical lemmas

Lemma 4.4.2. Let d € (0,2) and (4(y) = [(cosh(zy) — l)e*x2/2Hd(dx). Then for any
y € R with |y| larger than some universal constant, there exist ¢, C' > 0 satisfying

cel’ /2 Cev’/2
W < Caly) < [

dod/2—1
T(—d/2)"

2
As ly| — oo, we have (4(y) ~ CyV/2m - |Z?Tdfl’ where Cy =

Proof. For the lower bound, write

Caly) =2 /Ow(cosh(yfﬁ) — e "2 Hy(do)

oo [ olyz| o o—lyzl od/2—1
:2/ ete W ) a2 d Ao
0 2 I'(1—d/2)x|d+!

\ya:\ + e |yx| 2 1
— 2032 / e 2.~ g
d ( V2 |z|d ]

. . . lyz| lyz| . . log 4
A). Cr—1>¢ > 08
where Cy is defined in (4.4). Now since “5— — 1 > & is equivalent to z > o the above

is lower bounded,

e 1
e _12/2
y
C’d V2T \y|x z2 /2 1 da
1(|)§‘4 \/%|$|d+l

CyV2m 2 1
_ ZdV AT y2)2 _ S
=—5 ¢ log 4 o(x — lyl|) 2] dz.

Recognizing the integral as an expectation, the above can be rewritten,

_ Gavan ”27T63/2/2E - 1 1
- og4 9
2 [yl + 219+ {Z+1yi=t )
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where the expectation is over Z ~ N(0,1). Factoring out |y|~(@+1) gives
_ CgV2r eV’ /2 B 1 ]

- ’ log 4

2 T\ 27Tzl

y?/2
ZCd\/ﬁe E< 1 )7

“lyzso
2 |y \ |1+ z/Jy|drT {220

for any |y| > 1. If |y| — oo, then by Fatou’s Lemma,

1 1
liminf E 1 >P(Z>0)=—.
o0 ((1+Z/|y|)d+1 {Z>0}> = BZ>0)=5

It follows that for |y| larger than some universal constant,

1 1
E -1 >
<|1+Z/|y||d+1 {Z>0}) 4

which implies the lower bound,

2
ce¥ /2 CyVv2m

The upper bound is implied by Lemma 4.4.4. The asymptotic statement follows from Laplace
2
approximation and the definition of (;(y); the ratio {4(y)/(Cyv2m- ﬁ%) is plotted for three

values d = 0.5,1, 1.5 in Figure 4.3.

d=05 d=1 d=15

~

b e e

(R ——

& 5 &
\\
!

i
|
|
|
i
|
|
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!
'
'
i
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|
'
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Figure 4.3: The ratio Cay) is plotted for three values of d € {0.5,1,1.5} with a

Cav/2mev?/2 [|y|d+1

dotted horizontal line at 1, approached by all three curves as |y| gets large.

]

Lemma 4.4.3. Let d € (0,2) and (4(y) = [(cosh(zy) — 1)6_172/2Hd(dx), where Hg is the
unit exceedance measure defined by (4.4), and suppose that Y ~ N(0,1). Then there exist
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constants c1,cog > 0 such that for all x > 0 larger than some universal constant,

c1 c2
log o)1 S P(G(Y) >2) < ~log o) I/

Proof. By Lemma 4.4.2, for x larger than a universal constant, we have for some constants

c,C >0
Y?2/2 Y?2/2
ce Ce

Now note that

06Y2/2

Ty 7= \/2log(alY]441/C),

which implies that |Y| > y/2log(z/C) for large enough x, and thus

d+1 2 x
Y 211 1 —log—1].
] ]>\/ (oga:+ og(oog0)>

It follows from Mill’s ratio that

P((y(Y) >x) <P (M > :1:)

|Y|d+1

2
< 2P <Y> \/2logx+(d+1)10g (Elog%>)

1
log log w) ,

< c9 1 d+
+ X —10g T —
= Vg s p g

for some constant co > 0. Simplifying gives

2
P((q(Y) > z) < W-

For the lower bound, note that

Y?2/2 V|2
Ic;!d“ > 1 = % —log |V |91 > log(z/c), (4.23)

and the function g(y) == y2/2 — log(y®+1) is strictly increasing in y for y > v/d+ 1. Thus,
g(Y]) > log(xz/c) is implied by |Y| > y* for some y* > +/d+ 1. Now notice that for
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y* = +/2log(x/c) + (d + 1) log(c* log x), we have

o(y*) = log(z/c) + 1 10g(* log ) — T L 10g (21og(/c) + (d + 1) log(c* log 2))

d+1 1 c*logx
0
2 8 2log(z/c) + (d+ 1) log(c*log x)

= log(z/c) +
> log(x/c)

for e.g. ¢* = 3, as © — oo. It follows that the condition (4.23) is implied by the event
Y] > \/2log(z/c) + (d + 1) log(3log z). Together with Mill’s ratio, this gives

Y?2/2
P((y(Y) > 2) > P (%—dﬂ > x)

> 2P <Y > /2log(z/c) + (d + 1) log(3 log x))

>_4a 1 dt1 log log x
-exp | —logx — ,
= Jloga P g glog
for some constant ¢; > 0. Simplifying gives
C1
P((y(Y)>2) > ————,
completing the proof. O

Lemma 4.4.4. Let d € (0,2) and (4(y) = [(cosh(zy) — 1)6_$2/2Hd(d$). Then there exist
constants c¢,C' > 0 such that for any y € R,

y*/2
Caly) < C1+ [y + ’C;m Ljy>1)- (4.24)

Proof. The function (;4(y) can be upper bounded,
00 22/
Gal) =2 [ (coshlay) - De~=/2H )
0

ly| ™ 2 o0
< 2/ (|y\2:c) e_xz/sz(dCE) + 2/ ) e|y|$_$2/2Hd(d3§)
0 lyl~

1 0
:/O|y| (|y|x)2€7x2/2Hd(dx>+2 /27rey2/2/| 1¢(x— ly|)Hg(dz).
-

If |y| < 1, then = > |y|~! implies ¢(x — |y]) - |x|cll+1 < ¢(0) - Jy|%! < 1. The above then
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implies
o (W7, —a2/2 /o 1/2
Cd(y)lﬂy\gl} S Yy 0 T e Hd(dl‘) + 2V 2me Od

ly|~!
Cq <y2/ 2147205 4 2y 271'61/2>
0

IN

ly|~!
Cq <y2/ 1z + 2v 271'61/2> .
0

Evaluating the integral gives

Od _ _ Od
G (y<ry < 5 (o™ + 2vare!2) = =L (gl + 2v/2me!2) . (425)

If |y| > 1, then the above calculations give

W) € 5 - ol +2v2me /| O~ Haf)
Yy
1
Iyld+20dV met /2 /y| 1 —|y|)Wd“’

o0 d+1
d )
3 il 200/ o / oe—lyh [4[7 o

lyl

Substituting z = x — |y| = dz = dz, the above becomes

\yyd + 2027 - = Gl /OO o(2) ‘; o dz. (4.26)
[yl iy =1y 1+ 2/y]
The integral is bounded,
00 1 d+1 0 1 d+1
/y|1—|y| ) ‘1 +2/lyl de = /|y|1—|y| #e) ‘1 +2/lyl 3
_ /lyl—lyl‘1 " 1 d+1 N o
0 1—2z/lyl 2

If 1 < |y| <5, then (4.27) is bounded by a constant,

< (5 1/5)6(0)5° + =

< (lyl = lyI~(0)5* "+ + 5

N | —
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If ly| > 5, then \/4(d + 1)log|y| < |y| — |y|~!, and (4.27) can be split
lyl—ly[~* 1 1

/ (d+1)log [y] o) 1 b /Iyl—yl ! 4(2) 1 b 1

= 4 z z 4 —

0 (1—z/|y|)a+t Wdi)logly]  (L—z/ly|)d+! 2
dz + =

1
—<1—¢4<d+1>log\y|/|y\>d+1+/ e AT WIS
; 2(d+1) g <\/4 (d+1 log\y|>—|—1
1
)

T (I—/Ad+1 log\y!/ly\)d“ 2
1

< (Mill’s ratio)
(1= A+ Dloglyl/ W)™ A+ Dloglyl

Since —Vlﬁj’m is decreasing in |y| when |y| > 5, and the above is also bounded by a constant,

1 1

3
1
< + =t
(1—\/1210g5/5> V12logh = 2

It follows that (4.27) is bounded by a constant whenever |y| > 1, so that (4.26) yields the
bound

C d \/_ y2/2
CaW) 1y < 5 yl" +20gv2 ¢’ [yt 1y

for some ¢’ > 0. Combined with (4.25), we have shown

2/2

W)y <1y + a1y < 5= <|y|d +2v2 ) +2CqV2rC" [yt Ly
QCd\/ 2me d y2/2
T 9 _4 2_ Jyl* + 204v2mC" - ly |d—|—1 L1
QCE 2me d 2/
< g (1) + 20030 1y,

so the inequality (4.24) is satisfied with C' = wgf ”gm and ¢ == 2C;\/2rC’, where

=

1 3 1 1 ¢ 1
(1—%/5) T s |2 V[“"”"’WO” T3

O

Lemma 4.4.5. Let d € (0,2) and (4(y) == [(cosh(zy) — 1)6_952/2Hd(dx), and suppose p > 0
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tends to zero. Then for any y € R such that |y| > \/2logp—1,

Caly) < o' = lyl < /201 + ¢p) log(8p7Y),

(14d)log(2log p_l)

where ¢cp ~ STog p T as p — 0.
2
Proof. When |y| > +/2logp—!, we have (;(y) > S‘T;—l/ij, so that Cy(y) < p~! implies
2
ey /2 —1 .
EmlET: < p~*, or equivalently
2 2(1 +d)log |y| -1
y |1 - 5 < 2log(8p™ ).
Y
Now since 1o§2|y| is decreasing in |y| as soon as |y| exceeds a universal constant, the above
implies
1+ d)log(2logp~?
2log p
Rearranging the above inequality gives the desired result. O

4.4.4  Hellinger distance and hypothesis testing
The total variation distance between
P =@ N(0,1),
PE = @y (1= p)N(0,1) + piog)

satisfies the relationship

inf {P(”) T=1)+p" T:O}:1—Tv P pln)y
TRi—{0,1} U0 ( )L ) SUMES
where the infimum is taken over all tests T" which take as input the observations Y7,...,Y),

and return a decision to either reject or accept the global null. By the NP lemma (Neyman
and Pearson; 1933), the infimum is achieved by the likelihood ratio test,

Reject if —£2—(Y7,...,Yy,) > 1.
0

Failure of the likelihood ratio test to distinguish between Pén) and Pp(n) defines hardness in
an information theoretic sense. The Hellinger distance between two distributions P, () with
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densities p, ¢ is defined

HP.Q) =5 [/ vaP.

and the total variation distance can be expressed

TV(P,Q) = %/|p—Q|-

They have the following relationship.

Lemma 4.4.6. For the Hellinger and total variation distance defined above,
H*(P.Q) < TV(P,Q) < V2H(P,Q).

It follows that the total variation distance tends to zero if and only if the squared Hellinger
distance does as well. The total variation between two simple hypotheses characterizes the
error of the likelihood ratio test between them, and the relationship between total variation
and Hellinger distance means it is sufficient to analyze the Hellinger distance when deter-
mining whether or not this error goes to zero as the number of samples increases. Hellinger
distance is convenient to analyze for independent samples due to a tensorization property,
stated below.

Lemma 4.4.7. If P =®} | P; and Q = ®}'_Q;, then

n

H*(P,Q) =1-[](1 — H*(P;, Q).

1=1
Proofs of these two lemmas can be found in the notes by Duchi (2016). Lemma 4.4.7
implies that if Pén) and Pé”) are each product distribution as in

P vy v My

and if H?(¢, (1 — p)p +14) — 0 as p — 0 and n — oo, then

HA(RY™, P ~ 1 = exp (=nH(6, (1= p)o + ) )

By Lemma 4.2.1, this implies that the Hellinger distance tends to zero (resp. 1) depending
on the convergence to zero (resp. divergence) of the quantity

np

/2

2 _
6.0 = )6 ) =
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4.4.5 Type 1 error of the MLE p,

Recall that p;, is the maximum likelihood estimator of the sparsity rate based on independent
samples Y7, ..., Y}, from the marginal approximation (4.7),

pn = argmaxo<,<1 | [ (1= p)o(Y7) + ptba(¥)) -
=1

By the calculation in the proof of Theorem 4.2.1, the type 1 error is equivalent to

Py (pn > 0) =Py <Z Ca(Yy) > n) =Py (% > Yy > 1) ,
=1 =1

where Py denotes Y7,...,Y, ~ N(0, 1) independently. By Lemma 4.4.3, the tail behavior of
¢q(Y;) when Y; ~ N(O, 1)

1
Po((y(Y;) > 2) X ————=— as z — 0.
This fact is used to show that type 1 error of the MLE tends to zero as n — oo at an inverse
logarithmic rate, stated and proven below.

Theorem 4.4.1 (Type 1 consistency of the MLE). Let Y7,...,Y), id N(0,1), and let pp

denote the MLE (4.8) of p. Then

P(ﬁn>0)=0< . )

logn

as n — 0.

Proof. Define X; := (4(Y;) and Z; := X;-1yx <y, . where Ly, =
in the proof of Theorem 4.2.1, the type 1 error is equivalent to

P(pn > 0) = (ch ) P(X > 1),

where X = %Z?:l X;. Let Z = % 1 Z; and note that

n 773+ By the calculation

(logn)

PX>1)=PX>1,Z>1)+P(X>1,Z2<1)
<P(Z>1)+P(Z +#X).
By the union bound and Lemma 4.4.3,

(log n)4/2 1
(log n)d/2+1 logn’

<n

P(Z#X)<P (maxX > Ln) < nP(Ca(Y1) > Ln) S
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By Chebyshev,

> - = S Var(Z) n~'E(Z;)?
PZ>1)=PZ-EZ>1-EZ) < ~ - < :
( ) =B )_(1—EZ)2_(1—E21)2
We claim the first and second moments satisfy
1-E(Z) 2 ! 4.28
-E(Z1) 2 Wa (4.28)
2 n
which would imply P(Z > 1) < @, completing the proof.

Proof of (4.28). Let f denote the density of X1, and notice E(Z1) + E(X1 - 1{x,>1,1) =
[EX{ = 1. The first moment of the truncated variable Zj is thus

E(Z1) =1-EX1-1(x,~1,)

= 1—/Lioxf(a:)d:c

- </:(1 — F(a))dz + {— (1 — F(@)E) |

Since L;,, — oo, Lemma 4.4.3 implies there is some ¢; > 0 for which the above is bounded

by

S P A S
L, z(logx)d/2+1

_1 { 2 cl }OO 2c1 2c1

S ) SR T e S
L, d(log Ly)4/2 d(log n)d/2

d (log 2)/2

Proof of (4.29). The second moment is

Ly
E(Z3) = ! /O 2 f(z)dz

Ly
- Fé—fn) 2/0 2(1 — F(x))de + L2(1 — F(Ly))
1 Lil” Ln 2
= F(Ln) 2/0 x(l—F(l'))d.T—f—Q/L}/Q m(l—F(x))d$+Ln(1_F(Ln))
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By Lemma 4.4.3, there is some constant cg > 0 for which the above is bounded by

1 L1/2 ) I
"oo1)2 " cox 9 c9
< 2 Ly (1 - F(x dx+2/ ———dx+ L, -
F(Ly) /0 el (z)) LL/? x(logx)d/%—l n Ln(logLn)d/Z—i-l

L, — LY? o Ln_ om
(log Ln)d/2+1 (log Ln)d/2+1 - (logn)d+1‘

<LY? /00(1 — F(z))dz +
0

]

Numerical evidence suggests the type 1 error decays inverse-logarithmically in the sample
size, with exponent differing by power index d (Figure 4.4).

Type 1 error of the MLE, d = 0.5
P Type 1 error of the MLE, d = 1
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Figure 4.4: The type 1 error Pg(p, > 0) for sample sizes n € {27,210 211 912 9131 4nq
power index d € {1/2,1,3/2} are estimated using N = 10° many monte carlo replications.
In each replication, we check whether p, > 0 based on iid samples X1,..., X, ~ N(0,1).
The log of the error estimate of Py(p, > 0) is regressed on loglogn, and the fitted slope is
an estimate of the exponent in the poly-logarithmically decaying error probability.
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CHAPTER 5
FREQUENTIST LOCAL FALSE DISCOVERY RATES

5.1 Introduction

Suppose that we are testing a scientific hypothesis, and observe a t-statistic equal to 3.5.
How confident can we be in rejecting the corresponding null hypothesis? One way to quantify
the evidence is to calculate a p-value, say p = 0.001 if there are 50 degrees of freedom. A
common mistake is to interpret 0.001 as the probability that the null is true in light of
the data, but calculating this probability would require two other pieces of information:
the prior probability that the null is true, and the distribution of the test statistic under
the alternative. In many situations, different observers disagree about these quantities;
moreover, to speculate about them is to stipulate that the truth value of a hypothesis is a
random variable, which many scientists find unintuitive (Goodman (1999), Savage (1972)).

When analyzing many experiments at once, empirical Bayes or hierarchical Bayes meth-
ods are useful for estimating a prior distribution for effect sizes (see Efron (2019) for a recent
overview). Examples from the psychology literature include aggregate-analyses of growth
mindset interventions for academic achievement, and of ‘nudge” effects in behavioral psy-
chology (Tipton et al.; 2022). Meta-analyses such as the ones performed by Macnamara and
Burgoyne (2022) and Mertens et al. (2022a) assume exchangeability of effect sizes within a
relevant sub-area of the psychology literature. From a frequentist standpoint, this implies
a constant overall effect common to each experiment, despite variation among contexts in
which effects are studied (Gelman; 2015). From a subjective Bayesian standpoint, the ex-
changeability assumption becomes less plausible as we look further into the details of different
experiments.

Questions of relevance prevent us from accepting the results of a simple Bayesian analysis
as an accurate reflection of our subjective posterior beliefs. Nevertheless, empirical Bayes
methods are appealing from a pragmatic perspective. If we restrain ourselves from endlessly
pulling these Bayesian threads, and instead perform a simple empirical Bayes analysis, what
interpretation does the result have? In this chapter, we present a frequentist interpretation
of what we have estimated, without assuming that the parameters are exchangeable, or even
random.

Rather than attempt to calculate a subjective probability, we instead ask the question:
of all the studies in this part of the literature with t-statistics close to 3.5, what fraction
had true null hypotheses? This question makes sense to ask without Bayesian assumptions,
and can be meaningfully answered in terms of relative frequencies within a large collection
of hypotheses (see Von Mises (1964) for an entirely frequency-based theory of probability!).

1. Von Mises’ theory starts with the concept of a ‘collective’ (Von Mises; 1919), which formalizes the
notion of repeated and unrelated trials. Although unsuccessful as the starting point for a mathematical
theory of probability (Neyman; 1957), the concept gave rise to a lively discussion about the meaning of
randomness and its role in scientific discovery; see e.g. Popper (2005) (Chapter 8, section 50), Church
(1940), Wald (1939), Ville (1939), de Finetti (1938), Reichenbach (1949), Reichenbach (1971), Spielman
(1976), Lindley (1966), Dawid (1985a), Dawid (1985b), Bienvenu et al. (2009) and references therein.
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Moreover, if scientists in a given research field agree to report this number, say 10%, then
approximately 10% of the ones who report this number would make false discoveries. An
analogy can be made to calibration in forecasting (Dawid; 1982), which we discuss in Sections
5.2.3 and 5.6.

The local false discovery rate (Ifdr) is equal to a posterior probability when effects are
random, but is more generally interpreted as the expected proportion of nulls among hy-
potheses with similar test-statistics. This concept inspires a new frequentist type 1 error
criterion for evaluating multiple testing procedures, called the boundary false discovery rate
(bFDR), which is a local counterpart to the FDR. Simply put, the bEFDR of a multiple testing
procedure is the rate of false discoveries around its rejection threshold. Controlling bFDR
at 20% means that we incur no loss by making one additional false discovery for every four
additional true discoveries, whereas classical FDR control implies a different trade-off that
depends on the unknown data generating process (Soloff et al.; 2022). To illustrate these
ideas, we apply them to two real datasets: an aggregate of nudges in behavioral psychology
and a genomic dataset previously analyzed by Efron et al. (2011). We apply these concepts
to answer our original question, as presented in the context of nudge experiments aggregated
by Mertens et al. (2022a). How confident can we be in a psychology researcher’s claim about
the effect of a nudge, given that its p-value is 0.0017

5.1.1 Ezample: Mertens et al. (2022a) aggregate analysis of nudges

The concept of “nudging” is described by Thaler and Sunstein (2009) as a way of gen-
tly influencing people towards making decisions for the benefit of themselves and of their
communities without necessarily restricting their options. In an attempt to evaluate the
effectiveness of psychological nudging on human behavior, Mertens et al. (2022a) collected
data from 447 nudge experiments in the behavioral psychology literature. This aggregation
included a wide range of nudges, such as making healthy options more visible on a breakfast
menu, or adding extra text to a prompt to encourage organ donor registration. The goal of
the meta-analysis by Mertens et al. (2022a) was to analyze these nudges along with hundreds
of others to determine whether or not nudges are effective overall. The formulation of this
question and the authors’ conclusion was the subject of some debate, see e.g. Maier et al.
(2022), Mertens et al. (2022b), Szaszi et al. (2022).

To understand the degree to which false discoveries are present in the aggregated dataset,
we estimated the false discovery rate (FDR) using the Storey estimator (Storey; 2002) for
the proportion of true nulls, restricting attention to just the m = 261 many p-values falling
below the 5% two-sided significance level. This restriction is a way to work around the
publication bias present in scientific journals; although ineffective nudges may be under-
represented among published studies in the aggregated dataset, the null hypotheses whose
p-values fall within the significance region are less prone to censorship (Hung and Fithian
(2020), Jaljuli et al. (2022)).

The Storey estimator of the null proportion within the significance region is around
28%, suggesting that roughly over a quarter of results reported below the 2.5% one-sided
significance level are false discoveries. To mitigate the high rate of false claims, we ran the
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FDP([0.2, 0.27]) =0.32
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Figure 5.1: One-sided p-values from the nudge dataset falling below 0.025 are re-normalized
by a factor of 40 (the reciprocal of the 2.5% one-sided significance threshold) and plotted
in the above histogram. This pre-processing step returns the truncated observations to the
original (0,1) scale and restores validity of the p-values. The BH threshold targeting an
overall FDR of ¢ = 0.10 is around TC}BH = 0.27, below which there are 202 rejections. The
estimated FDP towards the edge of the BH set is around 32% within the interval [0.2,0.27].

Storey-adjusted BH procedure (Storey et al.; 2004) targeting a 10% FDR, yielding a more
stringent rejection threshold, as shown in Figure 5.1, below which only 202 of the p-values
fell. Upon inspecting the histogram left of the BH threshold, it is worth noting that the rate
of false discoveries varies a lot across subsets of the rejection set. As Figure 5.1 shows, the
estimated proportion of false discoveries (FDP) exceeds 10% for a subset of rejections near
the rejection threshold; the method of estimating the FDP is illustrated more explicitly in
Figure 5.2 using the plot of order statistics. The message here is that BH is overly liberal in
its last few rejections, which are of low quality as judged on the basis of the order statistics.

Continuing the thought experiment further, we could imagine shrinking a subset of re-
jections down to a single one, and asking about whether a particular nudge was effective or
not. At this point, if we consider a Bayesian model for the hypotheses,

- 1 if the ¢*® nudge has the desired effect
)0 if the ¢th nudge has no effect or backfires,

we can get an approximate answer to this question by estimating the posterior probability
that the hypothesis is null, conditional on the observation. In this model, the truth statuses
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Figure 5.2: The order statistics are plotted against their rank, and the FDP over the entire
set of rejections is estimated at 0.1 (left), whereas within the second half of the rejections the
estimate is 0.22 (right). The FDP estimate over a subset of the rejection region is obtained

via gg:g ~ mﬁg{il;}—a)’ where [a,b] C [0,0.27], V[a,b] is the number of nulls in [a,b], and

Rla,b] is the number of p-values in [a,b]. The estimate is proportional to the slope of the
secant over the subset, and increases as the subset approaches the rejection threshold.

of hypotheses are Bernoulli random variables,

iid

H; ~ Bern(1 — m), (5.1)
fo, it H; =0
pi | Hi ~ .
fl if HZ' = 1,

for i = 1,...,m where my € [0, 1] is the probability that a hypothesis is null, fy and f; are
the null and alternative densities. The local false discovery rate (lfdr, Efron et al.; 2001),
defined

7o fo(t)
f) -

is a fundamental quantity in the Bayesian hypothesis testing paradigm, characterizing op-
timal rejection regions under various conditions (see, e.g. Sun and Cai (2007), Xie et al.
(2011), and Heller and Rosset (2021)).

Since Ifdr(t) is a posterior probability, its meaning appears to hinge on the Bayesian
assumption (5.1). The ii.d. assumption implies that effects are identically distributed,
but do we really believe, for example, that the breakfast and organ donation nudges are
drawn from a common ‘nudge distribution’? Regardless of whether we are willing to affirm
exchangeability of nudge effects, we noticed a subset of low-quality BH rejections in the
nudge data just by examining the plot of order statistics (Figure 5.2). From a frequentist
perspective, evaluating the effectiveness of individual nudges remains a relevant question. If

Ifdr(t) =P(H; =0 |p; =t) = f=mofo+ (1—mo)f1, (5.2)
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we were to view the truth status of each hypothesis as fixed and non-random, then lfdr is
identically zero or one. As demonstrated with the Mertens et al. (2022a) dataset, local false
discovery rates can still be estimated, but their precise meaning in the absence of assumption
(5.1) remains to be made clear.

Organization of the chapter. In Section 5.2 we state a definition of the lfdr, offering
epistemic and decision theoretic interpretations within the frequentist model. In Section
5.3, we define an error criterion for multiple testing called the boundary false discovery rate
(bFDR) and describe a method that provably controls its bFDR in the frequentist model.
In Section 5.4, we discuss connections between the lfdr at the rejection threshold and the
bFDR of the procedure. In Section 5.5, we illustrate some of the ideas in this chapter on
two real datasets. Section 5.6 concludes the chapter with a brief discussion, and Section 5.7
contains all proofs not provided in the exposition.

FDR bFDR Ifdr clfdr
false boundary local false compound local false
discovery rate FDR discovery rate discovery rate

P(Hy=0) | P(Hp =0) | 7ofot)/f(t) | P(Hpy=0|{p1,- .-, pm})

Table 5.1: The abbreviations FDR, bFDR, 1fdr, and clfdr are displayed in the above table
with their mathematical definitions in the bottom row. Here the compound lfdr is defined
for the k™ smallest p-value P(k) and is equivalent (up to a random permutation) to the clfdr

definition given in Section 5.4 (See Proposition 5.4.1).

5.2 A frequentist local false discovery rate

Let Hy,...,Hy € {0,1} be fixed, and suppose each p-value is independently distributed
according to a probability measure on [0, 1],
ind P(Z) for i —
P~ ori=1,...,m. (5.3)
A typical instance of this setup is for H; = 0 to indicate that P is within a certain class
of probability measures, for instance the uniform distribution or the set of super-uniform
distributions on [0, 1]. We impose no formal restrictions on the relationship between H; and
P(i), since our goal in this section is to provide an interpretation for the local fdr while being
agnostic to the model specification.
The local false discovery rate (lfdr) at a point ¢ in the sample space is defined as the

probability, conditional on some p-value having been realized at ¢, that the hypothesis cor-
responding to that p-value is null,

Ifdr(t) =P(H; =0| py =t for some J € [m]). (5.4)
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The hypothesis Hj corresponds to an observation at ¢, and lfdr(¢) models our uncertainty
about whether or not this hypothesis is null. If each P() has a Lebesgue continuous density
f (@) on [0, 1], then by independence, on the event that J exists, it is unique. Otherwise if
multiple p-values are realized at ¢, then p; may be understood as a uniform draw from the
set of p-values tied at t. Here the randomness in the index J, representing which p-value is
realized at ¢, substitutes for the random truth value of each Hj.

At first glance, one might be concerned about conditioning on the event that a continuous
random variable is exactly equal to a point, since this is a zero probability occurrence. The
conditional probability can be understood as a limit of probabilities,

Ifdr(t) = li_l%IP’(HJ =0|ps € N:(t) for some J € [m]),
9

for a collection of neighborhoods N¢(t) shrinking to {t} as ¢ — 0. If each p; has a continuous
density on [0, 1], then the manner in which the neighborhood N¢(t) shrinks to {t} is arbitrary,
always yielding the same limit. If there are multiple p-values in N.(t), we interpret the
selected py in (5.4) as a uniform draw from among them. In the ¢ — 0 limit, the conditional
probability is proportional to the ratio between the average null density and the overall
average density of the p-values.

Theorem 5.2.1. Fiz Hy,...,Hy, € {0,1} and suppose p1,...,pm are generated indepen-
dently from (5.3). If each P has a continuous density f() on [0, 1], we have

Ifdr(t) = ﬁ(}fO(t) (5.5)

where fo = mLﬁO Zi:HZ:O f(i) and f = % y f(i) are the null average and overall average

densities, and 7o = % Yoit1(1— Hy) is the proportion of nulls. If (H;,p;)" | are generated
independently from the two-groups model (5.1), then

_ mofolt)
(1) = "0,

where [ = myfo+ (1 —m) f1 is the marginal density of each observation.

Definition (5.4) recovers the Bayes lfdr within the two-groups model. It is non-trivial
in the frequentist model because by conditioning on ¢ being in the set of observations, and
not on the observations themselves, there is still uncertainty that can be measured on the
basis of the order statistics. For example, the hypotheses corresponding to the smallest few
p-values are a random subset of hypotheses, even if the effects are fixed.

Sun and Cai (2007) showed formally that 1fdr is the right quantity to look at for deciding
whether or not to reject a hypothesis in the i.i.d. Bayes model. This conclusion continues
to hold in the frequentist model, where optimality is defined with respect to a weighted
combination of type 1 and 2 errors, a claim that we formalize in the next section.
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5.2.1 A compound decisions perspective

Consider data p = (py,...,pm) drawn independently from model (5.3) with fixed effects
H = (Hy,...,Hy) €{0,1}"", where each P has a density f(i). In this setting, a multiple
testing procedure can be represented by a set of decisions d(p) = (01(p), ..., dm(p)) € {0, 1}
with compound loss,

m
L(H,0) = - S U(H;,5)), (5.6)
i=1
for some non-negative function ¢ : {0,1}2 — R.. Robbins (1951) was the first to formulate
the compound decision problem and observe that if the decision rule is separable, i.e. ¢;(p) =
0(p;) for some function d : [0, 1] — {0, 1}, then the compound risk could be understood as the
Bayes risk for a single problem instance drawn uniformly at random. In the current setting,
this insight is instantiated by letting (Hy,py) € {0,1} x R, where I ~ Uniform{1,...,m},
and rewriting the compound risk as an expectation with respect to the index I,

EL(H,5) = EL(Hy,0(pg)). (5.7)

Equation (5.7) is a form of “the fundamental theorem of compound decisions” (Zhang; 2003)
and connects the compound decision problem to Bayes optimality theory, the key observation
being that (Hy,py) is drawn from a two-groups model:

Hyp ~ Bern(1 — 7p),

pI|HI:hN{JiO ?fh_o (58)
fi fh=1

where fy = mLO Zi:Hi:O f(i) and f = le Ei:Hizl f(i) denote the average null and alter-
native densities. Although the fixed effects model (5.3) allows for m potentially different
distributions, applying equation (5.7) brings us back to a two-groups model, where many
different densities have been aggregated into fy and f;. This reduction is the natural next
step to take in the development of compound decision theory for hypothesis testing (Yeku-
tieli and Weinstein; 2019). We call (5.8) the oracle two-groups model to emphasize that it
depends on unknown parameters such as f; and mg, and that it holds in the frequentist
setting where the truth status of each hypothesis is fixed.

This reformulation of the compound risk shows that minimizing the average case loss
(5.6) is equivalent to achieving the Bayes risk in the oracle two-groups model. Taking the
component-wise loss to be £y (H;, 0;) == 1{Hi=1a5z‘:0}+)"1{Hi=075i=1}’ we obtain the weighted
misclassification risk,

EL)\(H,d) =EL\(Hy,o(pr)) =P(Hr = 1,0(py) = 0) + A-P(H; = 0,0(py) = 1),

for a parameter A > 0 specifying the relative cost in making a type I error compared to
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a type II error. The smallest risk among all separable rules is attained by the Bayes rule,
which is characterized by the local false discovery rate within this univariate model,

o fo(t)
ft)

where f = 7gfop + (1 — 7g)f1 is the average density of the observations. Yekutieli and
Weinstein (2019) applied this theory to the present context, noting that the procedure

1 if Udr(p;) <
0 (py) = 1 r(].%) - 1A (5.10)
0 otherwise,

P(H =0[p;=1)= (5.9)

optimizes a trade-off between marginal false discovery /non-discovery rates that is equivalent
to minimizing the weighted misclassification risk.

In light of the decision rule (5.10), it is tempting to take the value of lfdr at an observed
test-statistic p; as a measure of our confidence in the jth hypothesis being null. However, as
H; € {0,1} is non-random, lfdr(p;) is no longer interpretable as a posterior probability,

Ifdr(p;) # P(H; = 0| p;) € {0,1}.

To develop a more intuitive justification of viewing lfdr(p;) as a measure of confidence about
whether or not a hypothesis is null, we first look more closely at the meaning of lfdr(¢) for
a fixed input ¢: in a sequence of independent realizations of the vector (py, ..., pm), the lfdr
at t is the long-run proportion of realizations where some entry was realized near ¢, that the
corresponding hypothesis was null.

The frequentist ‘parallel-universe’ interpretation of lfdr is admittedly a stretch of imagi-
nation, relying on conceptual replicates of the entire multiple testing experiment which are
structurally identical yet in some sense, independent; further, the utility of this interpreta-
tion in making inferences about an underlying probability structure is not clear if we only
observe a single multiple testing experiment (Dawid; 1985b). In the next section, we iden-
tify conditions under which the value lfdr(¢) may be more simply understood as the local
frequency of nulls near ¢ within a single multiple testing experiment,

#{i: Hi=0,p; = t}

lide(1) = Gip et}

5.2.2  Local frequency of nulls

Although the reduction to an oracle two-groups model is useful for seeing why the Ilfdr is a
fundamental quantity for testing many fixed effects, it is not necessary to reference a Bayes
two-groups model at all in order to make sense of the lfdr. It can be understood on its own
as the marginal FDR in an interval shrinking to a point. Subset versions of the FDP and
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mFDR are defined

FDP(A) = %, mFDR(A) E;Eﬁ;

where V(A) .= #{i: H;=0,p; € A} and R(A) = #{i : p; € A} for a subset A C [0,1], and
the interval pFDR is defined

pFDR([s,t]) = E (FDP([s,t]) | p; € [s, ] for some 7).

Under various conditions, the interval versions of pFDR and mFDR tend to lfdr as the
interval shrinks to a point.

Theorem 5.2.2. Suppose p; ~ p) forvo=1,....m. If each P9 has a continuous density
£ then for each t € 0,1),

. mo.fo(t)
1 FDR([t — e,t]) = ——=.
lim mFDR([t — ¢, 1]) 0
If we further assume that (p;)i" are independent, then for each t € (0,1)
. mofo(t)
1 FDR([t — ¢,t]) = ———=. 5.11
lim pFDR([t — ¢, 1]) 0 (5.11)

In the absence of the continuous density assumption, i.e. if some P has an atom at t, then

: ~ moPo({t})
é1;11%H1FDR([75 —e,t]) = N

where Py = mio Zi:HZ-:O PO gnd P = % i P are the average null and overall average
probability measures.

Equation (5.11) suggests the following interpretation of the formula for the lfdr: it is
roughly equal to the proportion of null hypotheses whose p-values fell near t. Other concep-
tions of the lfdr such as (5.9) and (5.4) require us to envision independent replications of the
entire multiple testing experiment, conditioning on those in which a selected test-statistic
is realized near a point. The interpretation in the current section demands less from our
imagination, making reference to a single collection of hypotheses and their test statistics.

As the compound decision theory demonstrates, lfdr converts p-values to the scale for
trading off type 1 and 2 errors, leading to procedures of the form:

Reject H; = 0 if Iifdr(p;) < o, «a € (0,1). (5.12)

In large samples, the least promising rejection has lfdr(p;) ~ a. What does it mean to say
there is a lfdr(p;) ~ « chance that H; = 0 when effects are fixed? Equation (5.11) illuminates
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another function of 1fdr, which is to provide calibrated forecasts?.

To illustrate the idea, suppose the local weatherman predicts a 35% chance of rain tomor-
row. How confident can we be that it will rain? If we attempt to decide for ourselves what
the “true” probability is, we will quickly find ourselves in a thicket of questions about what
we should condition on: our own state of knowledge, the position and momentum of every
particle in the atmosphere, and so on. A simpler, and less assumption-laden answer to this
question is to evaluate the weatherman’s track record: in the past, when he has predicted a
35% chance of rain, how frequently has it actually rained? In our case, we may reframe the
question as: among the instances in which Ifdr(p;) &~ «, how often was the corresponding
hypothesis null?

5.2.83 Ifdr is calibrated

Given access to the lfdr function, we could process the p-values by applying lfdr to each
observation, resulting in lfdr(p;) for ¢ = 1,...,m. In large samples, this procedure has the
following property: approximately an « proportion of the p-values with 1fdr(p;) &~ « are true
nulls,

i H; = 0, 1fdr(p;) ~

a #{Z .Z ) r(pZ) O[} (513>

#{i : ifdr(p;) = o}
Our next result formalizes this intuition, establishing that the difference between the left
and right hand sides of expression (5.13) tends to zero in probability under mild regularity
conditions.

Proposition 5.2.1. Suppose p; ~ f(i) are independently generated for i = 1,...,m where
H =0= f(i) is the Uniform(0,1) distribution, f is decreasing and differentiable, and
em — 0 is a sequence for which moem — co. If (f 1) (Fo/a) > 0 is bounded away from
zero, then

FDP({i <m: |Udr(p;) — of < em}) B aasm— 00,

for any o € range(lfdr).

It is straightforward to show that an analagous result holds in the Bayes model, and a
short proof of strong consistency in the fixed-effects model can be found in Appendix 5.7,
which may be of interest in online settings where one is concerned about the possibility
of deviations occurring infinitely often within a single sequence of realizations (H;,p;):° ;.
Proposition 5.2.1 is related to a general calibration theorem in Dawid (1982), who studied
calibration of probability forecasts based on previous outcomes until the current point in
time. In our setting, the outcomes Hy, Hy,--- € {0,1} are non-random and unobserved.

2. see e.g. Dawid (1982), Dawid (1985a), Dawid and Vovk (1999), Gneiting et al. (2007), Gupta et al.
(2020) and references therein for various notions of calibration.
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To accommodate this setup, we say that a function g : [0,1] — [0, 1] provides calibrated null
probabilities if

P(H;y=0|g(py) =« for some J € [m]) = «, (5.14)

for any a € range(g), where, if there are ties among values of g(p;) at «, then g(py) is defined
as a uniform draw from among them. The following result connects definition (5.4) of the
Ifdr to the concept of calibration in forecasting.

Proposition 5.2.2. Suppose p; ~ f(i) are independent for i =1,...,m, and each f(i) 1S a
continuous density. Then lfdr : [0,1] — [0, 1] provides calibrated null probabilities, i.e.

P(Hy=0|1lfdr(py) = a for some J € [m]) = a,
for any o € range(lfdr).

Using lfdr is not the only way to calibrate; for example, forecasting with the constant
function g = 7 is also valid in the sense of (5.14). However, lfdr-based methods are sharp,
in the sense that any function providing calibrated null probabilities is equivalent to the
Ifdr but conditioned on coarser information. This establishes 1fdr as the finest calibration
function, a result that follows directly from Proposition 1 of Gupta et al. (2020).

Proposition 5.2.3 (Corollary of Proposition 1 in Gupta et al. (2020)). Suppose p1,...,pm

are generated independently from the model (5.3) where each f(i) is a continuous density. If
g:10,1] = [0,1] is calibrated in the sense of (5.14), then

g(t) = E(ifdr(ps) | pr € A¢) 1 ~ Uniform{l,...,m}
for some subset Ay C [0, 1].

In finite samples, we cannot estimate lfdr perfectly. For p-values, it is commonly assumed
in the multiple testing literature that a smaller value of p; indicates more evidence against
H; =0 (see, e.g. Genovese and Wasserman (2004) and Strimmer (2008)), which is encoded
in the current setting by the following monotonicity assumption.

H; = 1 implies that f(i) is decreasing. (MA)

This assumption reduces the downstream multiple testing problem to choosing a threshold
7 based on p1,...,pm, and rejecting H; = 0 when p; < 7. In the next section, we discuss
the type 1 error of a rejection threshold 7 in terms of the rate of false discoveries at the
threshold, which we call the boundary false discovery rate.

5.3 Multiple testing: FDR at the boundary

To evaluate multiple testing procedures, it is natural to ask whether all the rejections are
individually defensible, not just whether the list of all rejections is defensible as a whole.
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In a Bayesian model, this question can naturally be formulated in terms of the maximum
a posteriori null probability over all the rejections. Soloff et al. (2022) define the max-lfdr
for a multiple testing procedure as the expectation of this maximum, thereby evaluating a
procedure R = {i : reject H; = 0} according to its least promising rejection,

max-lfdr(R) = E |max P(H; =0 | p;)
1€ER

In a frequentist analysis under the fixed effects model (5.3), however, it is less obvious how
to formalize what we mean by the “least promising rejection.” In particular, because the null
probability for each hypothesis is either one or zero, the maximum is always one whenever
we make any false rejections at all.

Instead, consider the null event for the hypothesis associated with the largest p-value
within the rejection region, and denote by H € {0,1} the hypothesis corresponding to

Pk)» the k™ smallest p-value. For a procedure R whose rejection region [0, 7] contains the

R smallest p-values, the boundary false discovery rate (bFDR) is defined as the probability
that the last rejection is a false discovery,

bFDR(R) := P(H g =0), (5.15)

where H, (0) = 1 indicates the event where no rejections are made. In the case of discrete
p-value distributions (Section 5.3.3), ties among p-values at the boundary point {7} are
understood to be broken uniformly at random. The boundary FDR recovers the max-1fdr
within a Bayes two-groups model when the alternative density is decreasing, and avoids a
trivial reduction to the FWER when the hypotheses are fixed.

Definition (5.15) is at first glance puzzling; if the hypotheses Hy,..., Hy, € {0,1} are
fixed to begin with, then how can we speak of the probability that one of them is null? The
reason is that we are not asking about a fixed hypothesis, but a random one depending on
the data. H, (R) i the hypothesis corresponding to P(R)> which depends on the particular
realization of order statistics.

5.3.1 Comparison with FDR

By comparison, the usual FDR measures the null probability of a uniformly selected rejection:
FDR(R) =P(H)=0), [~ Uniform{l,..., R}.

Under Assumption (MA), the boundary rejection has the greatest null probability of any
rejection. As a result, the boundary FDR is larger than the FDR. While one might therefore
be tempted to conclude that bFDR control is an inherently more conservative goal than FDR
control, in practice this may or may not be the case, because we should use a larger numerical
threshold when controlling the bFDR than when controlling the FDR. For example, an
analyst who equates A = 4 type II errors with a single type I error would want to control
bFDR at level 1/(1 + \) = 0.2. The same analyst would not be satisfied with a method
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Figure 5.3: Left: order statistics plot for p-values generated with m = 500,79 = 0.5
where null p-values (red) are i.i.d. Uniform(0,1) and alternative p-values (blue) are i.i.d.
Beta(0.05,1). Right: order statistics plot for p-values generated with m = 500,79 = 0.25
where alternative p-values are i.i.d. Beta(0.8,1).

whose FDR is 0.2, since the cost of the false discoveries would on average exactly cancel
out the benefits of the true discoveries, yielding no net benefit relative to a trivial procedure
that never rejects anything.? Instead, such an analyst would always aim to control FDR at
some level smaller than 0.2, for example 0.1 so that they achieve some net benefit from the
experiment. As a result, no sensible analyst would ever be interested in bFDR control and
FDR control at the same level. Since bFDR control and FDR control would never be carried
out at the same level, it is unclear which is more conservative in any given case.

A synthetic example is shown in Figure 5.3, where there is a bigger difference between
the FDR and the boundary FDR when the non-null signal distribution is more concentrated
near the origin. In the right panel of this example, where the null and non-null p-values
are similarly distributed, the bFDR and FDR are also quite similar, as the rate of nulls is
more or less constant throughout the interval [0,0.1]. The bFDR and FDR estimates for the
interval [0,¢] are plotted for ¢t between 0 and 1 in Figure 5.4 for the same experiment with a
larger sample size.

Figure 5.5 displays the plot of order statistics from the nudge data, where the FDR is
estimated at 10%, while the estimated boundary FDR is above 50%. In other words, the last
BH rejection is estimated to be more likely null than non-null. An analyst who equates 1 false
positive with 9 missed discoveries would not find that last rejection worthwhile to follow up
on. Instead, the analyst could control the rate of false discoveries among additional rejections,

3. To illustrate this point, consider the weighted classification risk from Section 5.2.1, which can be
redefined (up to additive and multiplicative constants) as

La(H,8) =V — (R-V),

where V' is the number of false positives among the R discoveries. A procedure targeting a false discovery
rate V/R = 1/(1 + \) achieves the same loss as a trivial procedure that simply sets V' = R = 0.
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Figure 5.4: The FDR and bFDR of the interval [0,¢] are estimated for ¢ €
{1/20,2/20,...,19/20}. Left: FDR and bFDR curves for p-values generated with m =
10°, 7o = 0.5 where null p-values are i.i.d. Uniform(0, 1) and alternative p-values are i.i.d.
Beta(0.05, 1). Right: FDR and bFDR curves for p-values generated with m = 105, 79 = 0.25
where alternative p-values are i.i.d. Beta(0.8,1).

using the observed data to estimate the null probability of these potential discoveries. In
the next section, we describe a method that provably controls its bFDR when the p-values
are independent and uniform under the null.

5.3.2  Controlling the boundary FDR

Within the i.i.d. Bayes model, Soloff et al. (2022) proposed the Support Line (SL) method
for controlling the max-lfdr under a monotonicity constraint. The procedure run at level a
rejects the R, smallest p-values, where

ak
Ry = argmax {— —p } . pn = 0. (5.16)
“ k=0,....m m (k) ©)

In the frequentist model, SL satisfies a bound on its boundary FDR under mild conditions.

Theorem 5.3.1 (Corollary of Lemma 2 in Soloff et al. (2022)). If p1,...,pm are independent
and H; = 0 implies p; ~ Uniform(0, 1), then

bFDR(Rq) = moa,
where Ra = {i:pj < p(g,)} is defined by (5.16).
Proof of Theorem 5.3.1. The event {H(Ra) = 0} can be written as a disjoint union,
o

{Hp,) =0 = | {pry) =pi} = P(Hp,) =0 = > Plpr,) =pi)=mo: .
i:H;=0 i:H;=0
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Figure 5.5: The left plot illustrates the Storey-adjusted BH procedure targeting FDR at level
10% on the one sided p-values from the Mertens et al. (2022a) dataset. The right plot shows
the estimate of the boundary FDR of the Storey-BH rejection set, which is proportional to
the slope of a line supporting the plot at the largest p-value within the rejection region.

The last equality follows from Lemma 2 of Soloff et al. (2022), which states that for any
configuration of py,...,pm_1, the probability that a null p-value p,, achieves the optimum
in (5.16) is equal to . O

Remark 5.3.1. An alternative proof of the fact “H; = 0 = P(p(Ra) = p;) = 5 can be
found in Appendiz 5.7, the technical key for which is a telescoping sum argument. The claim
that the BH procedure controls its FDR can also be understood from this perspective and a
proof is provided in Appendiz 5.7.

Under Assumption (MA), the rejection most likely to be null is the last one H, (Ra): and
thus the null probability for each element the rejection set R, is controlled, in the sense that
for any K < R, which is a function of Py,

< Z P(rank(p;) = Ra) = ]P’(H(Ra) =0) = T,

where the inequality follows from Lemma 5.7.3 and the assumption that nulls are independent
and uniformly distributed. The monotonicity assumption holds for example when the p-
values are computed for one or two-sided tests in a Gaussian sequence model.

Remark 5.3.2. In the Bayesian two-groups model, the maz-Ifdr coincides with the boundary
FDR when the alternative density is decreasing. In the frequentist model, the analogous
assumption is (MA), which ensures that the boundary FDR coincides the with null probability
for the least promising rejection. Without this assumption, it is not necessarily the case that
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the least promising rejection occurs at the boundary, as it may occur within the interior of
the rejection set.

For example, if the null p-values are uniformly distributed and the alternative p-values are
distributed according to a common density with exactly one mode at T/2 for some T € (0, 1),
then the bFDR of the procedure: “reject H; = 0 when p; < 77, corresponds to the rejection
made closest to 7/2 € (0,7), which may not be the largest p-value in the rejection region
0, 7].

If it was known that the alternative density is not monotone, then it would not make
sense to only consider procedures of the form ‘“reject H; = 0 when p; < 77 for thresholds
7 € [0,1]. In this work however, we only consider such procedures, as (MA) is a natural
shape constraint for the probability density function of a p-value corresponding to a false null
hypothesis.

Generalizing beyond the uniform null assumption, a sufficient condition for conservative
boundary FDR control in Theorem 5.3.1 is for each null density to be bounded,

Hi=0= fO#) <1 foralltel0a] (5.17)

This condition is distinct from requiring the nulls be super-uniformly distributed, an as-
sumption commonly made in the multiple testing literature which is insufficient for SL to
control its boundary FDR*. However, a typical example in which super-uniformly distributed
p-values arise is one-sided Gaussian location testing,

XZ'NN(QZ',l), izl,...,m

where H; = 0 = 6; < 0. In this case, the probability density function for p; = 1 — ®(X;)
satisfies (5.17) under the null, for any o < 1/2. This observation extends to one-parameter
exponential families with continuous densities.

Proposition 5.3.1. Let (gg)ger denote an exponential family of continuous distributions
on R with densities

96(2) = exp(0z — A(0))go(2), 0,z €R,

with corresponding cdfs (Gg). For one-sided testing of the hypotheses H; : 0; < 0, let
o* =1 — Gy (Eg,Z) be the upper quantile of the mean under 0y. Then the null density of
the one-sided p-value p =1 — Gy (Z) is bounded by 1 on [0,a™], for all § < 6.

5.3.8  Discrete-uniform null distribution

Other common settings in which super-uniformly distributed p-values arise are in permu-
tation testing and variable selection (see, e.g. Barber and Candés (2015), Edgington and

4. Failure of bFDR control for the SL procedure under the super-uniform null assumption is shown to be
possible in Appendix 5.7.
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Onghena (2007), Nair and Janson (2023) and references therein), where null p-values are dis-

1 2 L1
1

tributed uniformly over a grid {Z? T for some positive integer L. The p-values

can be converted to continuous random variables by taking

p; ~ Uniform (E—leé) , t=1,....m
when p; = % for some ¢ € {1,...,L}. Running SL on the randomized p-values (p;) yields
exact bFDR control, but the rejection set also depends on the particular realization of the
transformation p; — p;. The results that follow in this section are asymptotic, and regard the
boundary FDR of the SL procedure run directly on the discrete p-values. If either L — oo
with m fixed, or m — oo with L fixed, then the boundary FDR is controlled asymptotically
(Theorems 5.3.2 and 5.3.3). Things are less clear when m/L converges to a constant. In
this case, numerical evidence (see Appendix 5.7, Figure 5.12) suggests the bFDR guarantee
may be violated even as m, L get large, with L ~ 2m. Lemma 5.3.1 sheds some light on the
interplay between m and L and is important for proving our next result.

Theorem 5.3.2. Let py,...,pm be independently drawn from the fized effects model (5.3)

where H; = 0 implies p; ~ Uniform {%, % cee %, 1}, and each P has the same support.

For any fized a € [0,1] and m, we have
TTL2
bFDR(Ra) < To + O (T) 5

as L — oo.

The proof of Theorem 5.3.2 is similar to that of Theorem 5.3.1, both of which start by
splitting the boundary FDR into a symmetric contribution from each null,

bFDR(Rq) = moP(rank(py,) = R),

breaking ties uniformly at random, and assuming without loss of generality that H,, = 0.
As L — oo, the probability that py, is the realized boundary rejection is asymptotically no
larger than a/m.

Lemma 5.3.1. Let py,...,pm—1 € [0,1] be deterministic (non-random) variables, and sup-
L—

pose that py, ~ Uniform{%, %, cee le 1}. Then as L — oo,
P(rank(py,) = R) < % +0 (%) ;

as L — oo, where rank(py,) = #{i : p; < pm} is the rank of py, among the full list
P1,---,Pm, breaking ties at random.

The assumption that L — oo in the previous lemma is needed to rule out small cases
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where it is possible for the inequality to be violated by a factor of 2.5 Our next result
characterizes the boundary FDR of the SL, procedure as m — oo, keeping L fixed.

Theorem 5.3.3. Let p1,...,pm be drawn independently from the fixed effects model (5.3),

1 2 L1
1

where H; = 0 implies p; ~ Uniform {f, Toeeos . Suppose as m — oo that the average

probability mass function f converges to a limiting pmf f*, supported on {%, %, cee %, 1},

and that ﬂml — 7y € (0,1). Further assume that there is a unique mazimizer £* of the
population objective,

14
(* = argmax az f*(k/L) — /L
(=0,....L =
Then for fixed L, we have
: 0

Remark 5.3.3. It follows as a corollary of Theorem 5.3.3 that bFDR(Rq) < mya asymptot-
ically (as m — oo, keeping L fized) because £* must occur at an ¢ < L for which the discrete
difference sequence is non-negative,

af*(¢*/L) — 1/L >0,

which implies that % < mpa.

5.4 Compound local false discovery rate

The SL procedure can be understood as estimating the lfdr,

Tfdr(t) = ——,

rejecting H; = 0 when ﬁd\r(pz) < «, where fm is Grenander’s estimator for a decreasing
density f (Grenander (1956), Strimmer (2008)). This procedure approximates a simple rule
in the oracle two-groups model (Section 5.2.1):

Reject H; = 0 if lfdr(p;) < T,

which is simple in the sense that the it decision depends only on p;. Suppose now that
the ™ decision is allowed to depend on all entries of p in a symmetric way. Formally, the

5. A counterexample is obtained in Appendix 5.7 by setting pi,...,pm—_1 to specific values for which

P(p(ry = pm) > 22 when L = 9,m = 6,0 = 1/2.
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decision rule d(p) == (61(p), ..., 0m(p)) is is permutation invariant (PI) if

dx(p) = 0(pr) for any m € Sy,
where Sy, is the set of permutations on [m], and vy = (vw(l), e ,vw(m)) denotes the vector
v € R™ permuted by 7. The SL procedure is permutation invariant, and a Storey-modified
version approaches the best simple rule in an i.i.d. Bayes two-groups model with decreasing
alternative density (Soloff et al.; 2022).

In the frequentist model, the best PI rule depends on the underlying densities f (1), o f (
in a complex way, and can be quite different from the best simple rule when the number of
tests is small. When there are many independent test statistics (e.g. m > 1000), the best
PI rule for minimizing a weighted classification risk is roughly equivalent to the best simple
rule under regularity conditions, a claim we formalize in the next section.

m)

5.4.1 A compound decisions perspective

Weinstein (2021) details a general framework for analyzing permutation-invariant decision
problems, recasting the aggregated risk function as a Bayes risk. The best rule in the induced
Bayesian model determines the functional form of the best compound decision rule, subject
to the PI constraint. The argument for the weighted classification risk in the current setting
goes as follows.

For fixed Hy,..., Hy € {0,1}, a random permutation induces an exchangeable Bayesian

two-groups model (H;, p;)i,, where

7 ~ Uniform(Sy,)

ﬁ[::H7ﬁ 53:])%

The weighted classification risk of a PI rule in this model coincides with its frequentist
compound risk, yielding an instance of the fundamental theorem of compound decisions
(Zhang; 2003),

ELx(H,5(p)) = EL\(H,5(p)),

from which it follows that the best PI decision rule is given by

67 (p) = 1{ledri(p)§1%\}7 clfdr;(u) =P(H; =0 | p = u), (5.18)

where u € [0, 1]™. More explicitly, the compound local false discovery rate (clfdr) is equal
to

s B ZWESm:HW(i):O H;nzl f(ﬂ(]))(pj) 1
C rz<p) - Zﬂgsm H;n:1 f(W(J))(p]) , t=1,...,Mm
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and is compound in the sense that clfdr(p;) = clfdr;(p) depends on all entries in p. This
quantity was first identified by Weinstein (2021) as the optimal thresholding statistic for min-
imizing a PI loss function. Our next result gives an interpretation of clfdr in the frequentist
model.

Proposition 5.4.1. If p1,...,pm are independently generated from the fized effects model
(5.3), then for any K that is a function of the order statistics,

P(Hgy =01pay, - Pamy) = clfdr(pg)),
where clfdr(p(g)) = clfdr;(p) on the event {p; = p(f)}

In words, the compound lfdr for the K th smallest p-value is equal to the probability that
its hypothesis is null, conditional on observing just the order statistics, i.e. the data without
order. Given the true densities, the clfdr can typically only be computed in small problems
(e.g. m < 20), but can be approximated in larger problems (e.g. m ~ 1000) using a method
for approximating the permanent of a matrix with positive entries (McCullagh; 2014).

The compound lfdr provides an alternative to the lfdr (5.5) for assigning a confidence
score to each of the observed p-values, and matches the oracle restricted to PI decision rules.
By contrast, the simple lfdr matches the oracle restricted to a separable rule, and is recovered
in this model by conditioning on just one observation,

Ifdr(p;)) =P(H; =0 |p;), i=1,....,m.

Under sufficiently regular conditions, the best simple decisions are asymptotically efficient
(Greenshtein and Ritov; 2009), coinciding with the best permutation-invariant decisions.

Proposition 5.4.2 (Corollary of Theorem 3.1 in Greenshtein and Ritov (2009)). Suppose
p-values are drawn independently from the fized effects model (5.3) with continuous densities

f(’) = fo when H; = 0 and f(’) = f1 when H; = 1. If 20 — 75 € (0,1) as m — oo,
and Var (%(pﬂ) V Var <%(p2)> < oo when py ~ fo and py ~ f1, then we have for each
i=1,2,...

clfdr;(p) P

T T

1fdr(p;)

as m — Q.

The variance condition in the above result holds for instance when fy is continuous
uniform and f; is the Beta(a,b) density with a,b € (1/2,2). Figure 5.6 shows a scatter
plot comparing the compound 1fdrS to the simple lfdr for several realizations of m = 1000

6. Since the expression for the compound lfdr involves a sum over all permutations, it is hard to compute
for problems with m larger than ten or so. In these plots, the clfdr is approximated numerically by iteratively
dividing the matrix M € R™*™ of density evaluations M;; == f () (pj) by its row and column sums to obtain
a doubly stochastic matrix (Sinkhorn and Knopp; 1967), and applying a deterministic asymptotic formula
for the permanent of a doubly stochastic matrix (McCullagh; 2014).
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Figure 5.6: For each of 5 realizations of pq, ..., pm, with m = 1000, 79 = 0.8, fg = 1[0,1]

and either f; = Beta(1/4,1) (left) or f; = Beta(1,50) (right), the clfdr(p) is approximated

numerically and the points (1fdr(p;), clfdr;(p)) are plotted with the diagonal y = x shown as
a dashed line.

p-values with 7y = 0.8, uniform nulls, and a common alternative, either f; = Beta(1/4,1)
(left) or f1 = Beta(1,50) (right).

5.4.2  Connection with boundary FDR

As a local analogue to the frequentist FDR, the boundary FDR bears a close connection
to the concept of lfdr and the definition presented in Section 5.2. In the frequentist model,

both the lfdr and the boundary FDR can be understood as the expectation of a random
coordinate of clfdr(p).

Proposition 5.4.3. Suppose that t € {p1,...,pm} for independent and continuously dis-

tributed p-values drawn from the fized effects model (5.3). If J € [m] denotes the index for
which py =t, then

ifdr(t) = E (clfdr(py) | t € {p1,---,Pm}) -

where clfdr(py) = clfdr;(p) on the event {J =i}. If R is a function of the order statistics,
bFDR(R) = E (clfdr(p( R))) ,

where R = {i : p; < p(p)}, and clidr(pg)) = clidr;(p) on the event {p gy = p;}-

For the SL, set, the bFDR agrees asymptotically with lfdr at the threshold 7, = P(Ry)>
which concentrates around a population threshold 7 that is the solution to lfdr(73) = ma.
Lemmas 5.7.5 and 5.7.6 show that the difference 7, —7, scales as m~1/3 with high probability,
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up to a log factor in m. Under some additional regularity conditions, this implies that lfdr(7,)
converges in probability to the boundary FDR for the SL, procedure at the same rate.

Theorem 5.4.1. Suppose (p;) are generated mdependently from the fized effects model (5.3),

where each P\ has a continuous density f ) that is uniform when H; = 0, and that f
has a unique solution 7, to the equation f(rk) = a~ Y. If f is decreasing, and for some
constants 6,.J > 0 we have J < |f'(t)] < J~L for all t with |t — 74| < e, where ¢ =

1/3
<%> / m~Y31og(2m/8), then for a constant C > 0 depending on o, J and 0,

P (\lfdr(%a) — bFDR(Rq)| > Cm~1/3 log(m/5)> <

where Ry = {i : p; < P(R } is the SLq rejection set defined by (5.16).
Remark 5.4.1. The non-standard rate m~1/3 can be understood by balancing the mean and
variance of the objective near T as follows. The procedure (5.16) is equivalent to computing,

To = argmax Uy, (t)
t€[0,1]

Up (t) = Fp(t) — Frn (7)) — a7 (t = 1)

where Fyy, is the empirical cdf of the p-values. Parametrizing t — 7, = m~%h for some
h,a > 0, the mean and standard deviation of Up,(t) are approzimately

(73] ., —2a;2 a (it —13) —afl
———(t— = —m~ ““h7, ———=2=m 2 h.
2 ( Ta) m
The objective Uy, (t) is positive with non-negligible probability when the second term is of
larger order than the first, the tipping point occurring when a = 1/3. Fizing h > 0 and
a = 1/3, the random process m2/3Um(t) converges to a Brownian motion with parabolic
drift,

m2/3Um(t) d |f/(7—0‘)|h2+N(O h/a),

the mazimizer of which is characterized by a known distribution (Chernoff; 1964). A more
detailed derivation is supplied in Lemmas 5.7.5 and 5.7.6, stated and proved in Appendix
5.7.

5.5 Applications

We illustrate some of the key ideas from this chapter on two real datasets. We first continue
our analysis of the aggregate nudge data from Section 5.1.1, and then compare some methods
for estimating local fdr on a gene-expression microarray dataset for prostate cancer taken
from Chapter 6 of Efron (2012).
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5.5.1 Mertens et al. (2022a) nudge meta-analysis

In one of the studies from the Mertens et al. (2022a) dataset, parents were split into two
groups and shown a menu from which each parent would select one of two breakfast options
for their child. The first group was shown a menu with the healthy option displayed in large
font in the center of the menu. A less healthy breakfast option was only shown in a footnote,
illustrated in Figure 5.7. The second group saw the same menu but with the placement
of the two options flipped. The researchers then recorded the proportion of parents within

CHILDREN'S BREAKFAST MENU

Today we are serving the following for your child’s
breakfast” (all of these items will be served):

 Half Banana

« Stonyfield French Vanilla Low-Fat Yogurt (6 0z)
© General Mills Multigrain Cheerios (1 cup)

© Skim Milk (1/2 pint)

* Water (6 0z)

*An alternative breakfast array consisting of Welch’s Fruit Snacks (Mixed
. e‘ Fruit) (0.9 oz), Kellogg's Pop Tarts Frosted Strawberry Mini Crisps (0.81 oz),
A\, ~ ~ Kellogg’s Froot Loops (1 cup), Whole Milk (1/2 pint), and Kool Aid Jammers
ﬂ ) mm (Orange) (6 0z) is available upon request. Ask your server.

88

Figure 5.7: A breakfast menu from the Loeb et al. (2017) study with the healthy option set
as default.

each group that selected the healthy option, and found that the first group was 79% more
likely to choose the healthy option, with a large and positive t-statistic (¢ = 6.2, Loeb et al.
(2017)), indicating that the researcher’s nudge was effective.

Another study in the Mertens et al. (2022a) meta-analysis supplied data collected by
researchers from the NHS Organ Donor Registry in the U.K. who hoped to devise nudges
that could increase the number of organ donors. Drivers were split into groups and, after
having their license renewed online, were prompted to become organ donors. One group was
shown a panel which simply offered the option to join, while another group was shown the
same panel, but with an additional image of smiling organ donors and extra text suggesting
that organ donation is a social norm. These two prompts are displayed in Figure 5.8.

The researchers measured the proportion in each group that joined the organ donor
registry, and found that drivers in the group that saw the second panel in Figure 5.8 were
slightly less likely to join, with an estimated decrease of 5% in the sign-up rate relative to
the control group, and a corresponding t-statistic of —1.7. With a negative t-statistic, there
is no evidence to suggest that the additional image promoted organ donor registration. By
contrast, the nudge in the same organ donation study that used another nudge based on a
concept of reciprocity produced a much stronger effect. The reciprocity nudge increased the
sign-up rate by 35% relative to the control group, with an associated t-statistic of 13.1.
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Service Service

Thank you. Thank you.

Please join the NHS Organ Donor Register. Please join the NHS Organ Donor Register.

Every day thousands of people who
see this page decide to register.

or find out mota or find out more.

[\‘ i
,l‘ ‘
Figure 5.8: The original prompt from the organ donation study by Sallis et al. (2018) is

shown on the left and the ‘social-norm’ nudge on the right.

The organ donation nudges and the breakfast nudge are just a few examples that demon-
strate the heterogeneity in context and effectiveness of the nudges analyzed in the Mertens
et al. (2022a) dataset. In classical meta-analysis, the studies to be aggregated typically con-
tain estimates of a common effect. For instance, Peto (1996) was interested in estimating
the effect of the drug tamoxifen on survival rates among breast cancer patients using data
from trials conducted in Europe and North America for different lengths of the treatment,
ranging from two to five to ten years. In this setting, the effect of the drug tamoxifen is
assumed to be constant across locations. It is reasonable to aggregate the evidence with the
hope to determine whether tamoxifen is effective, and to quantify the overall effect of each
treatment. These estimates might then be used to inform prescriptions for the duration of
tamoxifen treatment on future breast cancer patients.

Estimation of the overall effect is a well-defined statistical task, but the estimand is not
meaningful in the nudge setting. What does it mean to aggregate a breakfast nudge with
an organ donation nudge, and what use is there for an estimate of their average effect?
Some of the nudges worked, some of them didn’t and some of them may well have backfired;
scientifically interesting departures from the global null can be consistent with a negligible
overall effect (Szaszi et al.; 2022). Instead of estimating the average effect of all nudges being
studied in this area of the psychology literature, we might rather ask which of the nudges
worked.

Mertens et al. (2022a) compiled data from 447 nudge experiments and estimated a pos-
itive overall nudge effect, deemed statistically significant. Maier et al. (2022) responded
saying there was “no evidence for nudging after adjusting for publication bias”. In the exam-
ples presented above, evidence for the effectiveness of particular nudges ranged widely. For
instance, the reciprocity nudge in the organ donation study had a t-statistic of 13.1, whereas
the social norm nudge was insignificant. The breakfast nudge was moderately significant,
with a t-statistic near 6. Instead of asking whether nudges are effective on average, we ought
to focus on identifying the promising ones with some control over our type 1 error. Test
statistics as large as 13 and 6 clearly indicate evidence of an effect, but it is less clear what
to make of other studies in the nudge dataset with t-statistics around, say 3 or 4. In the
next section, we estimate a scale of statistical significance tailored to assessing nudge effects,
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Figure 5.9: A plot is shown of the estimated local false discovery rate for the nudge data.
Dashed horizontal lines indicate common cut-offs for the estimated lfdr, and the correspond-
ing one sided p-value cut-offs are roughly 0.00024, 0.00063, and 0.0020 (see also Table 5.2).
Black dots indicate the observed (un-adjusted) p-values and their estimated lfdr values.

based on estimates of the lfdr using the Mertens et al. (2022a) dataset.

Which nudges were effective?

We estimate a more stringent threshold, forty times smaller than the standard 0.025 one-
sided p-value cut-off, at which approximately 10% of the findings in this sub-area of the
psychology literature with p-values near 0.025/40 are false positives. To target a 5% false
discovery rate near the rejection threshold, the standard p-value cut-off should instead be
reduced by a factor of about a hundred. For a 20% false discovery rate at the margin, we
find that the cut-off should be reduced by a factor of about twelve, which roughly agrees
with a more general proposal to reduce the cut-off from 0.05 to 0.005 (see e.g. Greenwald
et al. (1996) and Benjamin et al. (2018)). The estimated cut-offs are summarized in Table
5.2.

Ifdr cut-off 0.05 0.10 0.20 0.30
one sided p-value cut-off | 2.44 x 107% | 6.25 x 1074 | 2.04 x 1073 | 3.70 x 1073

Table 5.2: Estimated significance cut-offs for one-sided p-values in the nudge literature based
on the Mertens et al. (2022a) dataset. See also the plot in Figure 5.9.

To estimate these significance thresholds for the nudge publications, we first estimate
the base rate of nulls being published in this area of the literature at the 5% two-sided
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significance level. As explained in Section 5.1.1, restricting our attention to one-sided p-
values below 2.5% is a way to work around the issue of publication bias, since these nulls
are less likely to be censored by journals adhering to the classical 5% significance cut-off. If
the null p-values are super-uniformly distributed, then those falling below the significance
cut-off are super-uniform over the interval (0,0.025), and thus multiplying each p-value by
40 restores validity.

After this adjustment, we treat the scaled p-values as a fresh dataset of p-values. Using
Storey’s method, a conservative approximation to the rate of false discoveries among sig-
nificant studies is roughly 28%. Incorporating this estimate of the null proportion, the SL
procedure targeting 10% boundary FDR yields a rejection threshold of 6.25 x 10~%. Run-
ning the SL procedure implicitly estimates the lfdr at each observed p-value, based on the
Grenander estimator. These estimates are plotted in Figure 5.9 for the nudge data.

5.5.2 Prostate cancer dataset

The prostate cancer dataset, taken from Chapter 6 of Efron (2012), is a case-control study
with gene-activity levels measured for 52 cases and 50 controls at 6033 genomic sites. At
each site, a difference is computed between the average gene expression levels for cases and
controls. In the analysis by Efron (2012), the goal is to identify a subset of the genes relevant
towards understanding prostate cancer. The difference at the ith genetic site is divided by
a pooled standard error to obtain a t-score T;, and these are transformed into z-scores via
Z; = ®1(1— Fy(T;)), where F is the Student-t cdf. After this pre-processing step, the (Z;)
are viewed as independent draws from a two-groups model,

H ~ Bernoulli(1 — mg)

if H =
z1g~ 00 X (5.19)
fi it H=1,

where the ‘zero-assumption’ f1(0) = 0 is made to ensure identifiability of the model.

Remark 5.5.1. The ‘zero assumption’ made by Efron is necessary for identifiability of the
two-groups model (Patra and Sen; 2016), but the event H; = 0 in the two groups model (5.19)
doesn’t have a clear connection with the event 8; = 0 in convolutional model Z; = 6; +¢;, the
latter of which may occur with zero probability when 6; is random. In the identified model,
the estimand P(H; = 0 | Z;) is typically larger than the posterior probability P(6; =0 | Z;).

In Figure 5.10, we plot the estimates of the local fdr based on Grenander’s method
and Lindsey’s method (Lindsey (1974a), Lindsey (1974b), Efron (2012)). Lindsey’s method
estimates g = 0.998 using maximum likelihood, as well as the null distribution,

fo = N(0.0026, 59 = 1.09).

Although this differs a little from the theoretical N (0, 1) null, in order to make a com-
parison with the Grenander procedure, which takes as input the two-sided p-values p; =
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Figure 5.10: Estimated lfdr curves are plotted for the z-scores in the prostate cancer dataset.
The Grenander estimate is plotted in black, with Lindsey’s method overlaid in purple. Both
curves are truncated below 1 since the estimand (5.4) is a probability.

2(1 = ®(]|Z;])), we use the theoretical N(0,1) null when fitting Lindsey’s method. To obtain
the black curve in Figure 5.10, we transformed the p-values back to z-scores and plotted them
against the reciprocal of the Grenander estimator evaluated at the corresponding p-value.

Running the BH procedure at levels a = 0.01,0.02,0.05,0.10 on the two-sided p-values
yields 2, 13, 21, and 60 rejections. The average lfdr estimate based on Grenander or Lindsey’s
method among these rejections are displayed in Table 5.3.

The smallest fitted lfdr values based on the Grenander procedure tend to be larger than
the smallest of Lindsey’s estimates. Among the 106 rejections in the BH(0.2) set, the fitted
Ifdr values based on the Grenander procedure range from 0.007 to 0.485 with an average of
0.203, and for Lindsey’s method from 0.001 to 0.421 with an average of 0.199. We also run
the SL procedure at the same levels, and record the maximum estimated lfdr values within
this set in the Table 5.4.

One strategy to mitigate the high rate of false discoveries at the edge of the BH set is to
run the procedure at a range of levels, lowering the tuning parameter a until the estimated
rate near the boundary falls below the targeted level. Based on the tables above, another
rough approach could be to simply run an FDR procedure (e.g. BH) at level /2 to target
bFDR at level «, but this approximation only appears reasonable in a small range of values,
e.g. between a = 0.01 and 0.05 for the prostate data. If the goal is to control the rate of
false discoveries at level e near the decision point, then we recommend directly running the
SL procedure, which has the same computational cost as a single run of the BH procedure
as well as a provable guarantee.
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Average lfdr estimate within the BH(«) set
«  #BH rejections Grenander Lindsey

0.01 2 0.013 0.003
0.02 13 0.024 0.020
0.05 21 0.043 0.035
0.10 60 0.099 0.109

Table 5.3: Comparison between the average estimate of lfdr using either Strimmer (2008)
(column 3) or Efron et al. (2011) (column 4). The average is computed among rejections
made by the BH(«) procedure run at levels a € {0.01,0.02,0.05,0.10}.

Maximum 1fdr estimate within the SL(«) set

a  #SL rejections  Grenander Lindsey

0.01 1 0.007 0.001
0.02 4 0.019 0.013
0.05 12 0.024 0.035
0.10 49 0.100 0.167
0.20 20 0.118 0.167

Table 5.4: Comparison between the maximum estimate of lfdr using either Strimmer (2008)
(column 3) or Efron et al. (2011) (column 4). The maximum lfdr estimate is reported among
rejections made by the BH(«) procedure run at levels a € {0.01,0.02,0.05,0.10}.

5.6 Discussion

5.6.1 Calibration of p-values

We return to the question posed at the start of this chapter: on average, of all the studies in
this literature with p-values close to 0.001, for what fraction was the null hypothesis actually
true? We have argued in Section 5.2.3 to answer this question by evaluating the local false
discovery rate at ¢ = 0.001. When m = 1, i.e. there is one fixed hypothesis to test, the
formula (5.5) for the lfdr at any ¢ € [0, 1] reduces to either 0 or 1, reflecting the difficulty
in making posterior inferences based on a single observation. Not much can be done in this
case without specifying a subjective prior probability on the truth status of the hypothesis.
As Theorem 5.2.2 and Proposition 5.2.1 demonstrate, when there are many hypotheses to
test, 1fdr is the local frequency of nulls in a small neighborhood of the sample space,

#{i: H; = 0,1fdr(p;) = a}
#{i: Udr(p;) = a}

a =
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The value lfdr(p;) thus forecasts the proportion of hypotheses that are null with p-values near
p; in the large sample limit. In the next section, we compare two approaches to calibration
on the nudge data from Section 5.5.1; the first is based on the SL procedure, and the second
is a conservative approach proposed by Sellke et al. (2001).

Comparison with Sellke et al. (2001) on nudge data

We stated in Section 5.5 for the nudge data that by reporting statistical significance on the
scale of the Ifdr (as opposed to the p-value), researchers claiming a certain false positive prob-
ability will collectively achieve the rate they claim. For instance, a researcher who publishes
a result with one sided p-value near 0.002 implicitly reports a value of 1fdr(0.002) ~ 20%, ac-
cording to our estimates based on the meta-analysis data collected by Mertens et al. (2022a).
In other words, about 20% of researchers who observed nearby p-values make false discover-
ies. For studies with p-values ten times as small as this, we estimate fewer than 5% of them
to be false discoveries (see Table 5.2).

The p-value is often misinterpreted as a posterior probability that the tested hypothesis
is null (Goodman; 1999); however, the actual numeric value of the observed p; can differ
substantially from the proportion of p-values near p; that correspond to true null hypotheses
(Sellke et al.; 2001). We have claimed in Theorem 5.2.2 that the latter is close to the local
false discovery rate at p; when there are many independent tests, and a numerical illustration
of this difference can be found in Section 2 of Sellke et al. (2001). In their chapter, the authors
proposed to combat this misinterpretation by introducing a method for calibration, which is
to compute

B(p;) = —ep;log(p;),

for p; < 1/e =~ 0.368, and interpret this number as a lower bound on the Bayes factor for
H; = 0 against H; = 1. Multiplying this value by the prior odds gives a lower bound on the
posterior odds when H; = 1 = p; ~ Beta(, 1) for any prior on £ € (0, 1],

Ifdr(p; ) 70
Il VNS )
T Tde(py) = D)

11—’

which can be converted to a lower bound on 1lfdr(p;). Plugging in our estimate 7y ~ 0.28
from Section 5.5.1 gives an estimated lower bound on the local false discovery rate at various
p-value cut-offs. Four of these estimates are displayed in Table 5.5.

5.6.2  Multiple testing with Ifdr

Exact guarantees like the ones in Theorem 5.3.1 and in Theorem 1 of Benjamini and Hochberg
(1995) are useful to have in finite samples, where we don’t know if we’ve done a good job
estimating the signal distribution based on the few non-nulls distinguishable from the bulk
of the data. However, the prioritization of exact FDR guarantees has led attention away
from the wider implications of the BH idea, namely that by including a few extra strong bets
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one sided p-value cut-off 244 x107% 625 x107% | 2.04 x 1073 [ 3.70 x 1073
Ifdr cut-off 0.05 0.10 0.20 0.30
Sellke et al. (2001) lower bound | 0.045 0.09 0.17 0.23

Table 5.5: Entries in this table compare the Grenander estimate of the lfdr with the lower
bound from Sellke et al. (2001). The value in each entry of the first row is obtained by running
SL on the adjusted p-values at level a/7y for a = 0.05,0.10,0.20,0.30, and recording the
rejection threshold on the scale of the original (un-adjusted) p-values.

in our rejection set, we become more willing to reject hypotheses for which the evidence is
weak. Average case guarantees let bad bets in through the cracks, and it is easy to recognize
that the lowest quality bets are made near the rejection threshold, so why make them in the
first place? SL also satisfies an exact bound, but its true merit comes from the fact that it
is consistent with what an oracle would do’. An oracle would not choose to control FDR;
they would minimize a combination of type 1 and 2 errors, and we have argued that lfdr is
the right tool for converting p-values to the appropriate scale for making this trade-off.

There is room to extend the ideas in this chapter to multiple testing problems where more
information is observed. Namely, it may be worthwhile to modify procedures that account
for additional structure such as covariate information and dependence (e.g. Barber and
Candeés (2015), Lei and Fithian (2018), Fithian and Lei (2022)) to control the rate of false
discoveries among their least promising rejections. The local fdr concept will be important
in developing such extensions of frequentist FDR methods.

5.7 Proofs
Proof of Theorem 5.2.1. For the first part, the Ifdr is a limit of posterior probabilities

lfdr(t) = lir%IP’(HJ =0] |pj —t| < e for some J € [m])
E—

P(H; =0,|py —t| < ¢ for some J € [m])
P(|py — t| < e for some J € [m])

= lim

(5.20)

The event in the numerator can be written as a union,

{Hj=0,|pj —t| < e for some J € [m]} = U {lpj —t| <e}.
jHJZO

7. an oracle without knowledge of 7
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By independence,

(U ty-d<a)=1-2( N n-1>2)

J:H;=0 J:H;=0
=1- [ P(p;—tl>e)
J:H;=0
—1- ] (1 - (F(j)(t o) - POt — 5)))
=1- T (1-22r9),
]HJZO
for some &1,...,&m € [t —e,t+¢€] by the mean value theorem. Now letting ¢ — 0, since each

f () is continuous,

I1 (1 _ ng(j)(gj)) ~ exp (=2moe fo(t))

where fo(t) = mio > H;=0 FU)(t) is the average null density. The above implies
P( U {lp; =t < 6}) ~ 2moefo(t) ase— 0.
]HJZO

An identical argument will show

P e ) ~ 2mef(o) a0,

j=1
where f(t) = % 2721 £ )(t) is the average density. Dividing these two expressions gives

lim P(Hy=0,|py —t| <e¢ for some J € [m]) lim 2moe fo(t)  mofo(t)
e—0 P(lpy — t| < e for some J € [m]) Ce50 2mef(t)  f(t)

Now suppose that the test statistics are generated from the independently from the two-
groups model (5.1). The lfdr is a limit of posterior probabilities,

P (UT:1{H]' =0,|p; -t < 8})
Ifdr(¢t) = lim

(5.21)
=0 P (Ul -t <<}
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Since the pairs (H s pj) are independent across j = 1,...,m, the numerator is equal to

m m
U{Hj=0lpj—tl<et | =1-J] 0 =P(H; = 0,|p; — 1] <¢))
j=1

J=1

H 1 —mo(Fo(t +¢) — Fy(t —¢€)))

—_

(1= mo(Fplt +€) — Fylt — )™
(L= 20"

for some £ € (t — e,t + ) by the mean value theorem. As e — 0,

(1 —=mo-22/0(£))™ ~ exp (=mmg - 2fp(£))) ~ 1 — 2mmoe fo ()

since fp is continuous and £ — t as € — 0. It follows that

m
U{Hj =0,p; —t| <e} | ~2mmpefo(t) ase— 0.
j=1

An identical argument shows

UAlpj —tl < e} | ~2mef(p),
j=1

which implies that the ratio (5.21) tends to ﬂ%@gt), as desired. O

Proof of Proposition 5.2.1. Let Sy, = {t € [0,1] : [lfdr(t) — o| < &}, and define the count
variables

No:=#{i € Hy:p; € Sm}, Ni=#{i€Hi:p; € Sm}

To show that % — a — 0 in probability, it is equivalent to show that

N0+N

Ny Ny + N P
— =1 0, d —/——F7——-1 0 5.22
EN, LN an E(Ng + V1) — as m — 0o, (5.22)

since the ratio of expectations & (E(NO) — lfdr(lfdrfl(a)) = «. By Chebyshev’s inequality,

N0+N1)
we have for any fixed § > 0,

< Var(Ng) _ mpem
EN -1 = (ENp)262 — 2
0 (ENp) (moem)

(5.23)
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because H; = 0 implies P(lfdr(p;) € a £ &) < ey, as m — 00, since

a—em < o <a-+ce¢ <:>f1<;><p'<fl(;)
") T " a/mg—em/) =" T a/To+em/)

where we have assumed f is decreasing and (f~1)(%y/a) > 0. The right hand side of (5.23)
tends to zero since mgey, — oo. Similarly,

(' No + Ny _1‘>5> < Var(N0+N12)2 _ m5m2 < 1 N
E(Ng + Np) (E(Ng + N1))4d (mem,) mMoEm,
from which (5.22) follows. O

Proposition 5.7.1. Suppose p; ~ f(i) are independently generated for i = 1,...,m where
H, =0= f(i) is the Uniform(0,1) distribution, f is decreasing and differentiable, and
em — 0 is a sequence for which ep, 2 m61+6 for some constant § > 0. If (f~H(7g/a) > 0
is bounded away from zero, then for any o in the range of lfdr : [0, 1] — [0, 1],

FDP ({i : [ifdr(p;) — a| < em}) =5 o as m — oo.

Proof of Proposition 5.7.1. By the reasoning in the proof of Theorem 5.2.1, it suffices to
show

N, Nyg+ N
0 —130, and 0+ M

VTl 1 2% 0 asm — oo, 5.24
]ENO ]E(N()—i-Nl) ( )

Let Sy, == {t € [0,1] : |ifdr(¢) — o] < e, }. The first convergence is equivalent to
1

1y, —P(p; € 8 >—>0, almost surel 5.25
mo€mi§0<{%€5m} (pi € Sm) ¥ (5:25)

since ENgy =< mgep,. Since i € Hy = p; ~ Uniform(0, 1), the variance of each summand is

Lep, P(p; € S 1
Var ( {pzesm}) — (pl 7;1) - - )

The sum of variances is

<1 =1
E < E — < 0.
m2e e
mo=1 "0 mo=1""0

Since 1 (pi€Sm} —P(p; € Sim) has mean zero, Kolmogorov’s strong law implies the convergence
(5.25). The second convergence in (5.24) is proved similarly. O

Proof of Proposition 5.2.2. Let Ifdr—(a) := {t : lfdr(t) = a}. The argument in the first
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part of the proof for Theorem 5.2.1 implies the left hand side of (5.14) is equivalent to

P(Hy =0 | py € lfdr—(a) for some J € [m]) ~ :
Zz’:l P <m1ntglfdr—1(a) ’pi —t[ < 5)

as € — 0. If ifdr—1(a) is contiguous subset, then

>iH;=0 P <mint€1fdr_1 (a) lpi —t] < 5) B > i H,=0 f{telfdrl(a)ig} FOt)dt
Zz 1 P (mmtelfdr—l |pz | < 5) Egl f{telfdrfl(a):ts} f(l) (t)dt

an) f{telfdr_l(a)ig} fo(t)dt
f{telfdr_l(a)ig}f(t)dt '

Since ¢ € Ifdr~!(a) implies 7o fo(t) = af(t), the conditional probability tends to a as & — 0.
[

Proof of Corollary 5.2.3. Let g~ Y(a) == {t : g(t) = a}. If g is calibrated, then
a=P(H;=0|g(py) =« for some J € [m])

Zi:HiZO (mlntEg_l ’pz - t’ < 5)
z&wmmtegwr —f<

as ¢ — 0, since the p-values are independent and continuously distributed. It follows that
for a uniformly distributed index I ~ Uniform{1, ..., m},

Sty Blming -1y Ipi — 1 < €)
P(H; = 0| glpy) = o) = lim S0 ~a
e=0 i P(minye - 1(a)| i —t] <e)

By Proposition 1 of Gupta et al. (2020), there exists some function h for which
g(t) =P (Hy=0]h(py) = h(t)), tel0,1].
By the tower property,
P(Hr =0 | h(pr) = h(t)) = B(H; = 0| pr € k™' (h(t)))
so the result follows with A :== {s € [0,1] : h(s) = h(t)}. O
Proof of Theorem 5.2.2. The conditional expectation is equal to

E(FDP([t —e,1]) - 1{pi€[t76,t] for some z})
P(p; € [t — ¢, ] for some 1)

pFDR([t — ¢, 1)) =
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Observe that

FDP([t —&,t]) - 1{p,‘€[t75,t] for some i} < 1{pi€[t75,t] and H;=0 for some i}
FDP([t -5 t]) : 1{pi€[t75,t] for some i} 2 1{pi€[t75,t] and H;=0 for exactly one i}"

It follows from continuity of the densities that the numerator and denominator are

E(FDP([t —¢,t]) - 1{pi€[t75,t] for some z}) ~ emy fo(t)

P(p; € [t — ¢,t] for some i) ~ emf(t),

so their ratio tends to lfdr(¢) as ¢ — 0. The same argument shows that the mFDR tends to
the lfdr as € — 0 when all p-values are continuously distributed. When there is an atom at
t, the mFDR tends to

B Hi—Opclt-ed))  moPy({t)
wEDR( =) = —F ot e t—cdp mP{1))

Proof of Theorem 5.3.1. Suppose without loss of generality that H,, = 0. Then since the
nulls are exchangeable, this probability is

as ¢ — 0. O

P(H(g,) = 0) = mmP(p(R,) = pm)-

Let q(1) < o < U(m—1) denote the order statistics of py,...,pm—1, and note that pp,
achieves the maximum in (5.16) as the (k + 1) order statistic if (k) < Pm < q(j41) and

a(k+1) a(j+1) aj
oo | (S v [ {0

for k € {0,...,m — 1}, where ¢/ = 0. Rearranging the above inequalities gives the range
(0)

Y

in which py, achieves the maximum as the (k + 1) order statistic,

a. % — . V a. % — . — g
j:kJrnll,..}im—l m 1) ':I%,_?_{,k m q(5) ml’

This range is non-empty when A = %k — (k) exceeds each of Agiq,..., A1 as well as

ak

Q(/{)<Pm<ﬁ—

max;—g . m—14; — 5, and has length Ay — (max;—p41,. m—14;)V(max;—g 1 Aj— ).
The sum of lengths of the non-empty ranges is telescoping and equal to =, as illustrated in

Figure 5.11. [

Proof of BH guarantee. Letting I ~ Uniform{1,..., R} where R is the number of BH(«)
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Figure 5.11: Each length of the interval range in which py, achieves the maximum in (5.16)

is indicated by a vertical green bar, and the sum of these lengths is .

rejections, and letting Hy, = 0 without loss of generality, the FDR of the BH procedure is

P(H(I) == 0) == moP(p(I) == pm)

R
1
= moE = Z P(p(r) = pm | p—m)l{pmSP(R)} ’

where p_,, = (p1, ..., Pm—1). We claim that

IP)(pm = P(k) ’ p—m) = q(k) — 9(k-1) for k < R,
where q(1) <. < (m—1) are the order statistics of the entries in p_p,. This holds because
the event {p,, = p(k)} is equivalent to {py, € (q(k_1>,q(k))}, which has probability g —

q(k—1) under the assumption py, ~ Uniform(0, 1) independently from p_,,. We also claim
that

aR
Pp(r) = Pm | P—m)Lip<pipy} = (H - q(R—l)) Ypm<pim b

188



since on the event 1 {Pm<p(r)} the integer R is a function of p_,y,, and

aRR alR
P(R) =Pm <= P(R-1) <Pm S = <= 4(R-1) <Pm <

Summing the gaps gives a telescoping sum,

1 R
IP><H(I) =0) = moE [E : (Q(l) + (Q(Q) - Q(l)) + -+ % — q(R—l))} = @a.

m

Proof of Lemma 5.3.1. By the law of total probability,

L
P(rank(py,) = R) = Z% -P(rank(pm) = R | pm = ¢/L)
f 1

1
—Z Haal/ =/} T

where ny = #{i <m : p; = {/L}, and we have used explicit notation 74(py,) to denote the
threshold 7, as a function of py,,

k
Ta(pm) = argmax {a_ — p<k,)}

P(k) m

SIE

m

L
- argmax {&—-#{i <m:p; <{/L} —é},
¢=0,....L

treating p1, ..., pm—1 as non-random elements of the grid {1/L,..., L/L}. Define

L
Ay :a—Ng—f (=1,....L

where Ny = #{i <m :p; <{/L}, and let ¢* := argmax Ay. We claim that
/

L
Ta(l/L) =l/L <= Ay > |:Ag* — a—} V max Ay, (5.26)
m kE>{

which follows from the same argument as in the alternative proof of Theorem 5.3.1 in Ap-
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pendix 5.7. The claim implies
1

Wra@/n=0/1} " 557

P(rank(py,) =

IN

== ~
M= "< M

. 1{Ag> {Ag* —%} Vmaxgsp Ak}'

- < pm—1- If p; < pj; are among these

Without loss of generality, suppose that p; < pg < -
p-values and both A, 1, Ap 1, satisfy the rhs of (5. 26) then as L — oo, it follows from the

definition of Ay that as L grows,
Ay — Ay =1 forall but a fixed number of £ € (Lp;, Lp;).
Thus for the distinct values ¢* =: {1 < 9 < --- < (. for which the rhs of (5.26) holds, we
Ay,,, = 1for all but a fixed number of winners ¢;, the number of which is

must have Ay, —
less than m. Therefore

1
P(rank(pm,) = R) < i3 ; 1{A£>{AZ*——}Vman>f Ak}
al

1 _
(m ZA Aip1) + A = Ape+—

as L — oo.
Proof of Theorem 5.3.3. By symmetry of the nulls,

P(H g,y = 0) = moP(rank(pm) = R).
By the argument in Theorem 5.3.2, the probability that p,, is the R™ smallest p-value

(breaking ties uniformly at random) is
1

L
1
P(rank(py,) = R) =E | ) 1 '
(ran (pm) ) L; {A€>[Ag;§l—aL/m \/man>gAj} ng—l—l 5

where ny = #{i <m :p; = ¢/L} and Ay are defined

L
Ap=22N,—0, t=0,... L

m
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with Ny = Zi:l ng and £y, = argmax Ay. As m — oo, we have the following convergence
¢=0,....L
in probability,

L

Ty D D, %

Since the maximizer of oL Zi:o f*(k/L)—{is unique, we have £, = ¢* with high probability
as m — oo, and

L
I p
mf*(f*/L) ) gzl 1{Ag> [Aﬁ;n—aL/m} Vmax;~y Aj} - ny + 1 — 1{£*>0}7

from which it follows that

mg L 1 WS

-7 . TAVIAR 1 —_ — YV
mf*((*/L) L mf*(e"/L) Ezzl {Ag>[A%—aL/m Vmax s Aj} ng + 1 - Lf*(¢*/L)’
when £* > 0, and zero otherwise. ]

Proof of Theorem 5.4.1. Lemma 5.7.5 implies that for m large enough, we have with prob-
ability > 1 — ¢ that

o — 75 < = C'm /3 log(2m/5), (5.27)

for some constant C’ > 0 depending on «,J and §. Since f is decreasing on (0, 7,5 + ) and
has derivative greater than —J ! over the interval (15, T 4 €), the above inequality implies

fG) > f) =T le=at —Jle

It follows that

Ifdr(74) = WP < mpa + Cm~ /3 log(m/9d),
f(Ta)
for another constant C' > 0 depending on «, J and ¢. The other direction follows similarly
from Lemma 5.7.6. ]

Proof of Proposition 5.4.1. Put q == (p(l), . ,p(m)) and HY = (H(l), o ,H(m)), and let

o ~ Uniform(S, ), HY = HY, q=qo.
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Since (H?,q) is equal in distribution to (H, p),

clfdr;(q) = P(H{ = 0| g) = P(H?_, o =0la. (5.28)

By exchangeability of the pairs (H;,p;)i~, we have
clfdr(ur) = clfdry(u), for any permutation = € Sy, and u € [0, 1]™.
On the event {p( K) = p; }, this property implies that

clfdr;(p) = clfdrg (q)
= clfdry ) (q)
= P(flg(m =09
=P(Hj =0]q) (by (5.28))
=P(H) =01 pays - Pm))-

Proof of Theorem 5.4.2. Supposing without loss of generality that H; = 0 and Hy = 1,

o 70fo(pi)
clfdr(p) = mofo(pi) +71f1(pi) - X3

where X is a likelihood ratio,
_ ZJESm:J(i)ZZ H;ne[m]\{z} f(g(]))(p])
> esmo(i)y=1 iemmp gy U (1))

for testing between the following two hypotheses:

XZ‘Z

Hypg : We observe a random permutation of p_; when H; =1

Hyp; : We observe a random permutation of p_; when H; = 0.

A simpler testing problem is:

— ~ iid _ _ iid
Hypg : D1, Dmg ~ fo, and (Pmg+1--->Pm—1) ~ f1
1 id "
I ~ 11 ~ o~ ~ 11
Hypl : m_O Z [(Pl:mg)—é ~ va and (pfapmo-f—la s »pm—l) ~ fl] )
=1

since Hypg, Hyp; can be obtained from I-/I\y/po, I:I\y/po by adding a random permutation. If
H; =0 (resp. H; = 1), then the distribution of Xj is as if the data were generated by Hyp;
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(resp. Hypg). The likelihood ratio of ﬁy\pi to ﬁy\p;o has variance

M) = vy (1
Varo< Zf0< >)—m0v 0<f0(p1))—>0

by assumption, where Varg denotes the variance operation when P/Iﬁ)o holds. It follows from
Lemma 5.7.1 that

2
Ep—1(X; —1)? <K ( Z;;(pe) 1) — 0.

A symmetric argument yields

2

_ 1 m— lfO
Ef,—o(X; — 1)? <E Z Epg )—1] =0,
€:m0

under the condition that Var (}CO( 2)) when Ho = 1. Here we are abusing notation by
writing the index ¢ from mg to m — 1, to denote summing over the mj; — 1 many p-values

drawn from fi in the scenario described by I—T};;l It now follows from Chebyshev’s inequality
that

Var (%(m)) V Var (%(m))

1
P(]Xi—1]>€)§—2- — 0,
€ mg A mq
as m — 00, since 0 < limy,— o0 ﬂml < 1. ]

Lemma 5.7.1 (Greenshtein and Ritov (2009)). Consider two pairs of distributions, {Gg, G1}
and {Gq, G1}, such that the ﬁrst pair represents a weaker experiment in the sense that there
is a Markov kernel K, and G;(-) = [ K(y,-) )dG;(y),i = 1,2. Then

dG4 4G4
oot (i) <art <£> |

for any convex function 1.

5.7.1 bFDR of SL under relazed null assumptions

The result in Theorem 5.3.1 holds under the relaxed condition on each null density,

Hi=0= fO@) <1 forallte0,al
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This holds for p-values computed in the Gaussian one-sided location testing problem, but
holds more generally for one-sided testing of a hypothesis § < 6y within an exponential
family. Without loss of generality we assume 6y = 0 in the following result, from which
Proposition 5.3.1 follows by recentering the parameter §' = 6 — 6.

Lemma 5.7.2. For an exponential family (gg) of continuous distributions with densities
given by

9p(2) = exp(0z — A(0))go(2),

with cdfs (Gg), the condition Gal(l —a) > EgZ implies the density of the one-sided p-value
p=1—Gy(Z) is bounded by 1 over the interval [0, a.

Proof. When Z ~ gy, the density of p=1— Fy(Z) is

GPolr <) = 2G5 1 - 1)

At 0 = 0, the above ratio is equal to 1. When 6 < 0, the log density has a positive derivative
in 6 when

d 90 [ ~—1 _ -1
0 log%(GO (1—=t)| =G, (1—-t)—Eg(Z) >0
which is true for all ¢ < o when Gal(l —a) > Eg(2). O

Counterexample to the super-uniform assumption

The SL guarantee may break down when the nulls are super-uniformly distributed instead
of Uniform(0, 1) distributed, as illustrated by the following example.

Counterexample. Let m =2, H] =0, and Hy = 1, with py ~ f(l) defined

1 1
7 0<st=<g
fOH =03 Lat<]
1 3<t<l,

and pg = 21{ It is straightforward to verify that f ) is super-uniform, i.e.

/ FW(s)ds <t foranyt e [0,1].

The event P(Ry) = P1 is equivalent to

({Pl sz}ﬁ{m—%<(p2—Oé)A0})U({p1 >p2}ﬂ{p1—oz< (pg—%)/\()}).
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Plugging in o = 5 and py = § gives
Hip,) =0 <= pp,)=p < p1€(1/4,1/2),

which occurs with probability % X zll % >G5 = zll O

Counterexample to the discrete-uniform assumption

The SL guarantee breaks down in the setting where each null p-value is uniformly distributed
on the grid {%, %, ceey %, 1}.

Counterezample. Let m = 6, L =9, = 1/2, and the alternative p-values are

p1=p2=1/L
pi=i/L i=234.

ey %, 1} is the last SL(«) rejection is

Y

Then the probability that p,, ~ Uniform{

=
o

M=
e~ =

P(p(ry) = Pm) = P(p(r,) = Pm | pm = €/L)

~
I
[t

1 1
2.1 B L
L pra)=t/L} ng+1’

)

M=

where ny = #{i < m : p; = (/L} for ¢ = 1,...,L. It is straightforward to check that

1{P(Ra):5/L} =1for ¢ =1,2,3,4, so that the above evaluates to

/11 1 1 2%
Ppip = pm) =~ (2 4=+ =+ =) =0.204> 0.167 = =2
(P(5) = Pm) 9<3+2+2+2> m

]

Numerical evidence suggests that the boundary FDR of the SL set can be violated above
a even as the grid size 1/L — 0. A counterexample is illustrated in Figure 5.12, where
m, L — oo with L/m = 1.8, and the alternative p-values are fixed at the left end of the grid.

5.7.2 Technical Lemmas

Lemma 5.7.3. Suppose p; ~ f(i) independently for i = 1,...,m, and each density f(i)
is non-increasing. Let R; denote the rank of p; among p1,...,pm, where R; = 1 when
p; = minj—1__,pj. Then for any p; ~ Uniform(0,1), the conditional pmf of R; is non-
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bFDR for discrete nulls

0.6-
0:05_ ____________________________________________________
()]
LL
o)
Mo
— =0.9,a0=0.5
m
0.4-
10 100 1000 10000

sample size m (log scale)

Figure 5.12: The simulation setting is 79 = 0.9, a« = 0.5, and L = 1.8m, and the

non-nulls are fixed along the grid {%,%,,%} The sample size ranges from m €

{10, 50, 100, 500, 1000, 5000, 104}. The bFDR of the SL procedure is estimated using N = 10°
Monte Carlo samples.
decreasing,
P<Ri:j | Pm) SP(Ri:j+1 ’ Pm)a J=1...,m—-1
where Py, is the empirical distribution of p1,...,pm.

Proof. For j < m, let [j] € {1,...,m} denote the anti-rank of j, i.e. the index for which
R[j] = 7, or equivalently, Plj) = P(j)- By the tower property, it suffices to show that for any
j<m-—1,

P(R; =j|Gj) <P(R;=3j+1]Gj), (5.29)

where G; denotes the sigma field generated by the order statistics and all anti-ranks besides
1, 7+ 1],

Gj = o(Fm, {1, [mI\{], 7 +11}).

If i ¢ {[5],[j + 1]}, then both sides of (5.29) are equal to zero and the inequality is satisfied.
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Now suppose {[j], [ + 1]} = {i, k} for some 1 < k < m. Then

P(R; =5 | G;) o fD o) P gy [T 1Y

te{i.k}
P(R; =j+116) o< fD )Py T £
e {i,k}
where the constant of proportionality is the same in both cases,
C = ! :
(PO FP W) + FO W) B @) i FO w0
Since f() = 1y 1), the ratio of conditional probabilities is

PR =j195) _ f(k)(p(j—i—l))
P(Ri=j+11G5)  f®(pg)

since f (k) is non-increasing. Multiplying both sides of the above inequality by P(R; = j+1 |
G;) and taking expectation with respect to the conditional distribution given Fj, completes
the proof. n

Lemma 5.7.4. Let 7} be a solution to f(75) = a~ b and 7o is the rejection threshold of the
SL(«) procedure (5.16). If 7o > Ty + €, then there exists an index k > 1 for which

ak me
P(i*+k) ST;—FE and k:>?

where i* = max{i : p;) < 74} and i* =0 if no such i exists.

Proof. Let k be the index for which 7, = P The first inequality can be written

(i*+k)°

* kg

-1 R
m m (p(i*+/f)

_Té) > 07

which holds because Fy,(t) — a1 Fy(t) is maximized at t = Pl iy Since 7o > 7, + €, the
above inequality implies k> e O

Lemma 5.7.5. Let 7} and 7o be defined as in Lemma 5.7.4, let 6 > 0 and suppose fis
decreasing on |7, 7% + a] and that there exists some J > 0 for which J < |f'(t)| < J~1 for

1/3
all t with |t — 1| < e, where € = (%) / m~1/31og(2m/8). Thend

P(7o > T +¢€) <6,

8. In Appendix 5.7.3, we show a simulation in which the average density is decreasing (0, 7, + a) (but not
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for any m > C(a, J,9), a constant depending only on o, J and §.

Proof of Lemma 5.7.5. Applying Lemma 5.7.4 with ¢ defined as above, we have

ak
P(7q > 74+ €) kz IP’( k) <T;+E>
>’I7’LE

— > P(Npy>=k)+ Y. P(Ng>k), (5.30)

1 1

%<kgmssgm k>msa0gm
where ¢* is defined in Lemma 5.7.4, and Ny is the number of p-values between 7. and
To + ‘;‘f, distributed Generalized-Binomial with sample size m and average success proba-

blhty F(rk+ ak/m) — F(1}),
Ne =D Vpse(rsmsrab/myy = ENg = m(F(r5 + ak/m) = F(r3),
=1

where F = % Sty F() s the average cdf of the p-values. Note that since F/ = f, we have
by the mean value theorem that

ENy, = m(F (15 + ak/m) — F(1})) = mf(£) - —,

for some & € (72,7 + ak/m). By the monotonicity assumption, f(¢) < f(r) = a~!
implies we have EN;. < k. Consider the corresponding Binomial random variable, N o~
Binomial(m, F(7 + ak/m) — F(7)). Since EN), = EN}, < k, it follows from Theorem 5 in
Hoeffding (1956) that

]P’(Nkzk)glP’<Nk2k>:]P<Nk>ENk Ef\[)
k

To bound the probability on the right hand side, we use the following bounds on the expec-
tation ENy, = m(F (73 + ak/m) — F(1})),

«
~ Jme2
EN, < k+ 22— Jake (5.31)
EN, > ¢ (5.32)

20z

Before proving inequalities (5.31) and (5.32), we show how they can be used to complete the
proof. When 22 < | < ™ lo?gm, the upper bound (5.31) gives Eﬁk <k+ J@EQ —Jae- 5=

on the entire unit interval) where the estimate 7, tends to 7 at the m~1/3 rate. Namely, the assumption

that f be decreasing over the entire unit interval is not necessary for the threshold based on the Grenander
estimator to be accurate in large samples.
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which implies

ko > ~ k
PNy >EN, — | <P[N, > EN;- ———— |.
EN ke — Jme

Now since ﬁ > 1+ z, the rhs of the above is

~ ~ Jme2 1 ~ Jme2 2
< > . < . .
_P(Nk_]ENk <1+ o ))_exp( 3 EN, ( oF ) >,

where the last inequality follows from a Binomial tail bound, recorded in Lemma 5.7.7. Now
using k < melaﬂ and applying the lower bound (5.32), we obtain

1 me Jas \?
< exp . .
3 2a \2 logm

mg <k< melogm

Simplifying, we have shown that when ,

aJ?med )
24log2m )

Plugging in the formula for ¢, the above inequality implies that the first piece of (5.30) is
bounded,

P(Nk 2k> < exp (—

> P(Ny > k) < mexp (—log(2m/d)) = /2. (5.33)

me me logm
a <k< a

When k > 25 lggm, the upper bound (5.31) gives

_ 2 2
IEngk—l—Jn;g —Jakg:k<1+‘];r;: —Jas) gk<1—%),

for m large enough, since ng <0 <logm> Again using = > 1 + =, this upper bound
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on EN, . implies

)
) (by Lemma 5.7.7)

< exp (—% : ;n—of : (%) 2) (by (5.32))

Since § < 1, the above implies that the second piece of (5.30) is bounded,

Z P(N;. > k) < mexp (—10g3(2m/6)) <4/2.

me logm
@

k>

Together with (5.33), we have shown

P(ia >1a+e) < Y PNy >k) <4
k>e

It remains to verify (5.31) and (5.32). To show (5.31), note that for any ¢ € [75, 75 + €], the
mean value theorem gives

ft) = flra) < =J(t —15)

since f' < —J on [7%, 7% 4+ ¢€]. Since f is decreasing on [, 7% + a], this implies

f(t) s{

(X)) —=J(t—71r) Th<t<7ti+e
(th) — Je Th+e<t<Ti+a.

k|

200



Thus the expectation can be bounded,

T4te
Ta +€ 7‘24»04]{3 B
<m/ J(t —75)dt +m F(5) — Jedt
T4te
| a_k_w—mﬂﬂﬁ_ ak _
Jme> Jme?
Syl — Jake + Jme® =k + me — Jake,
which shows (5.31). For (5.32), note that the mean value theorem and the condition f’ >
—J Yon [7, 7% 4 €] imply that f(t) > f(r2) — J~ Lt — 1) for any t € [7}, 7 + ¢]. Thus
we have

- Tato _
EN; = m/ f(t)dt
T

> [ () - ) a

2
— e By T
_m€f<7—0£) 2J
me  me2  me
_———>
o 2J — 2a’

since for m larger than some constant C'(«, J,0) > 0, we have T/(S > 24a?/.J°, which

is equivalent to the last inequality above. O

A high probability lower bound can be shown under an extended monotonicity constraint
of f over the interval (0,7%), as described in the next lemma.

Lemma 5.7.6. Let § > 0. Suppose f is decreasing on the interval (0, 7%) and that there exists

. : s \V3 13
some J > 0 for which |f'(t)| > J for allt with |t—7}| < e, where e = (a_ﬂ> m~Y3log(2m/s).
Then

for any m > C(a, J,9), a constant depending only on o, J and §.

Proof. Define i* as in Lemma 5.7.4. If 7, < 74 — ¢, then there exists some 0 < k& < ¢* for
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which 7o = Pl —k) and thus

a(t™ — k) ai*

p(l*—]{i) — m S p(l*) — E and p(l*—k‘) < 7'; — E.

Since P(iv) < 1%, it follows that the probability can be bounded,

P(fa <7)i—¢)<P (6 {p(i*_k) < (rg‘; - %) A (T — 5)} n{i* > k})

k=0
<P U {p(i*_k) < Té; - E} N {Z* > k’} (534)
0<k<me
« ok "
+P U Pli*—k) = Ta — o N{" >k} . (5.35)
k>1e

For (5.34), note that

m
Pr—k) STa == Ne =3 Ly cfr—emg)y S K
j=1

since if at least i* — k of the p-values fall below 75 — ¢, and exactly i* of the p-values are
below 7, then at most k of the p-values fall in the interval [7; — e, 75]. Since the p-values
are independent, we again have N; ~ Generalized-Binomial with sample size m and average
success probability F(7) — F(7} —¢). By the mean value theorem, for some £ € [7/ — ¢, 77%],
we have

ENe = m(F() — F(r3 — €)) = mf(§)e = mf(r3)e > k,

since f is decreasing on (0,77), f(7) = o™, and k < B It follows from Theorem 5 in
Hoeffding (1956) that

]P)(p(i*—k) < TZ; - 6,i* > k) < P(Ns < k) < P(NE < k‘), (536>

where N. ~ Binomial(m, F(7) — F(r* — ¢)). Further note that for any t € [r — ¢, 7], the

mean value theorem and the condition f’ < —J on [1} — &, 7/5] imply

Fra) =) = ()8 —t) < —J(r5 — 1),
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which further implies the following lower bound on the mean,

EN. =m f(t)dt
Ta—€
To

> [°fr) I -

TE—€

T 2
=i — M r g2t = e T (5.37)
2 T;Z € - 2

It follows that (5.36) is bounded,

P<N€§k):P<NESEN5' i )

EN.
k
<P | N: <EN; .
me (6439
7<1+T)
N N 1 me
S]:P)(N&S]EN&']__'_%)' (kgj)

Now since 1% <1—2z/2for z € [0,1], and since Lo‘f < 1 for m larger than a constant, the
above is bounded

2
"EN. - (@) ) (Lemma 5.7.7)

since (5.37) implies E]vg > 2 Plugging the definition of e, we have shown

aJ?me

]P(Ne < k) <exp (_4—83> = exp <—10g3(2m/5)> < i

om’

so by the union bound, (5.34) is no larger than /2.
For (5.35), similar to the first step in the analysis of (5.34), we have the implication

« m’

m
« ok o
P S 70~ Ne = D L ek <
j=1
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We have N, ~ Generalized-Binomial with sample size m and average success probability

F (7‘;) F(rk — —) because the p-values are independent. By the mean value theorem,

for some £ € |1} — a—k , Tor], we have

EN; = mf(€) 2% >k,

since f is decreasing on (0, 7) and f(7¥) = a~!. It thus follows from Theorem 5 in Hoeffding
(1956) that

k ~
P (p(i*—k) <Th— %,i* > k) <P(N, <k) <P(N, <k),

where N}, ~ Binomial (m, F(tk) - F (Té - %)) For any t € |15 — €, 74], the mean value
theorem gives

faa) = f(t) < =J (15 — 1)

since f/ < —J on [} — ¢, 7%]. Since f is decreasing on (0, 7), this implies

i) > fE+J(E—t) mr—e<t<T}
f(rd) + Je t<T1h—e.

Thus EN i is bounded below,

*

~ TOC —
ENk =m " f(t)dt
Th—2"
Th—E TS
:m/ dt+m/ F(t)dt (k> )
a—€

v

7-_5
m/ fTa —l—Jsdt—l—m/ fra)+ J(ry —t)dt

T

[0}

sz

:k—l—Jak:é—mJa +
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Simplifying, we have shown

- Je2
EN, > k + Jake — 225
Jak
>k + Jake — 298¢ (me < ak)
:k(1+%). (5.38)

Now since HLx <1—2/2 for z € [0, 1], and since % <1 for m larger than a constant, we

have

_ _ _
(N, < k) < r < ENj ]ENk)

since (5.38) together with & > 2= imply EN, 1 > <. Plugging in the definition of €, we have
shown

aJ?me

yr 3) = exp <—10g3(2m/5)> < 0

om’

P(N: < k) < exp (—

so by the union bound, (5.35) is no larger than §/2. Since we’ve now shown that both terms
(5.34) and (5.35) are below ¢/2, the proof is complete. O

Lemma 5.7.7. Let X ~ Binomial(n,p). Then for any 0 < 6 < 1/2, we have

1
P(X > np(1+6)) < exp (—gnp52) :

Proof. By Markov’s inequality, for any ¢t > 0 we have

Bt (1—p+pe)" t
P(X 2 mp(1+6)) < o = S i <oxp (rp(e’ = 1) = tnp(1 +9))

Letting ¢ = log(1 4 §), we have

P(X > np(1 +6)) < PO (1+0)log(1+))
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Now since (1 +d)log(1+9) > + %52 for any 6§ € (0,1/2), we obtain the result. O

5.7.8  Simulation

Theorem 5.4.1 only requires the assumption that the average density f is decreasing over
(0, 7o +a), and the simulation described in Figure 5.13 checks empirically that f need not be
decreasing over the entire unit interval in order for 7, to closely approximate the population
threshold 7.

3.0

3.5

log difference

4.0

1 2 3 4 5 6
log sample size

Figure 5.13: For each sample size m € {10k :k=1,...,6}, we draw m p-values from the
Beta(0.5,0.5) distribution, whose density tends to infinity at 0 and 1. We compute 7, at
level o = 0.1 for N = 10* Monte Carlo trials to estimate the expected difference E|7, — 7]
for each m. The logged estimates of the error against the log of the sample size. The slope
is roughly —1/3, which matches the theoretical prediction of Theorem 5.4.1, as lfdr in this
setting is a continuous function. The logged absolute differences (vertical axis) are plotted
against the log sample size (horizontal axis). The least squares estimate for the slope is
By € —0.348 + 2(0.0084) = (—0.365, —0.331)

5.8 Point process formulation

By viewing the set of observations as a realization from a Poisson point process, the lfdr can
be meaningfully evaluated at an order statistic. By discarding the labels in our conditioning,
we essentially fix the rank of the p-value at which lfdr is evaluated, rather than the index.

Theorem 5.8.1. Let n; id Poisson(1) and p;; ~ f(i) independently for j = 1,...,n; and
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Figure 5.14: For m € {16,32,64,...,2048}, and mj = 6 non-nulls, the ratio ]Eipégﬁ—m is
estimated for k = 1,2, 3,4 based on N = 105 monte carlo samples and plotted against the log
sample size. The nulls are drawn U(0, 1) and alternatives from the Beta(1/4,1) distribution.
Blue triangles represent 90% confidence intervals for the true ratio.

i=1,...,m. If each f(i) is a continuous density on [0, 1], then
lfdl”(p(k)) ZP(H(k) =0 | Pn), k= 1,...,TL (539)
where Py < o0 S Py are the order statistics of the total n = > ;" n; samples, and

H(1>, e ,H(n> are the corresponding hypotheses9.

Proof. For each i, the set of p-values drawn from f (9) is a Poisson process with intensity f (i),
and the union over i of these sets is a Poisson process with intensity mf. An equivalent way
to draw the set of observations is to first draw n ~ Poisson(m), and conditional on n, draw
the p-values iid from the oracle two-groups model,

];NI]- | n id Bernoulli(1 — ), j=1,...,n

= fo H;=0

pi | Hi,m ~ JiO - independently.
J J f H 1
1 Hj=1,

9. We assume each H; € {0,1} is fixed and for each n; > 0, the H;; corresponding to p;; is set equal to
H;.
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By the Superposition Theorem (Kingman; 1992) the resulting set has

{(ﬁu),ﬁu)), oo (ﬁ(n)7ﬁ(n))} 9 {(H(1)7p(1))7'"7<H(n)7p(n))}' (5.40)
The result holds conditional on n, which can be deduced from P,
Ifdr(p()) = P(Hgy = 0| Pp,n) =P(Hg,y =0 Pp),
where the first equality follows from (5.40) and the Marking Theorem (Kingman; 1992). O

In our original model (5.3) with a single realization from each P () a substantial difference
between 1fdr(p()) and P(H ;) = 0 | Pp) is possible without regularity assumptions. This
occurs for instance when 7 is small and each alternative distribution is a dirac measure
on a distinct point. In such a scenario, the set of observations would appear dissimilar to
a realization from the Poissonized model, where on average e 1m; of the atoms are not
represented. However, the two become close in mean if each distribution has a well-behaved
density and the sample size gets large, as illustrated in Figure 5.14 for a Beta alternative.
If we instead assume the fixed effects model (5.3), where H; = 0 = p; ~ Uniform(0, 1)
and each alternative has a continuous density, then (5.39) no longer holds exactly, but is
still approximately true in large samples under sparsity assumptions as demonstrated by
Theorem 5.8.2, stated and proved below.

Theorem 5.8.2. Suppose each p; is independently drawn from the fized effects model (5.3),
with H; = 0 = p; ~ Uniform(0,1) and H; = 1 = p; ~ f1 satisfying SUDse (0,1) 1 (t) < B and
supported on the unit interval, with 7y > 2/3. Then for any K € [m] determined by Py,

0 m

for some universal constant C' > 0.

Theorem 5.8.2 implies that the null probability for the hypothesis corresponding to the
K™ smallest observation is essentially determined by P(K) s the fraction of non-nulls de-
creases, so long as K is measurable with respect to the order statistics.

Proof of Theorem 5.8.2. On the event { K = k}, we have by exchangeability of the nulls,
P(H(yy = 0| Pn) = moP(p1 = py | Pm),
where we have assumed wlog that H; = 0. By the definition of conditional probability,

ZO’ES :0(1)=k HiGHl h (p(a(l)))
P = Pp) = =
(1 P(k) | Fim) >oeSy, LLien, 1 (p(a(i)))

(5.41)
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Let A denote the numerator in the above expression. The denominator can be split into two
pieces,

oI Aeeay) =D D 11 Aeay) + Y. Do 1] Alwey)
c€S i€H, Jj€Ho o:0(j)=ki€H1 JjE€H1 0:0(j)=k1€H1

= moA—i-mlfl(p(k)) Z H f].(p((f(i)))v
o:0(2)=kieH1\{2}

where we have assumed wlog that Ho = 1. Letting B := 20:0—(2):k Hie?—tl\{2} fl(p(U(i)))7
plugging the above expression into the denominator of (5.41) yields

moA g
P(H =0|Pp)= - . .
(H(gy =01 Pm) moA+myfilpg)B T+ T f (py) - B

To analyze the ratio %, note that

B= Y I Alkwey) =motm -0t S T Ailee)

o:0(2)=kicH1\{2} Sc|m]\{k} i€S
\S|=m1—1
A= > 1] ey = mo—Dmat D ] Alee),
o:o(1)=kicH SC[?\n}\{k} ieS
S|=my

since for each summand in B, the null indices can be re-ordered mg! ways without affecting
the product, and the non-null indices can be re-ordered in (mq — 1)! ways without affecting
the product (since o(2) = k is fixed). Similar reasoning gives the combinatorial factor for A.
Dividing the two formulas yields the following expression for the ratio

>oscim)\{k} Hies f1(pg))

B _my « _ ISl=ma-l .

A my o Yscpmpr) Hies f1(p@)
|S]=ma

The summation in the denominator can be written

1
> ] ) = p— > > gy =D [T Aee) + 1T Aea)
Sc[m]\{k}i€S L scim)\ (k) jese ics icS
S=m Sl=mi—1

where S¢ means the complement of S in [m]\{k}, and division by m; discounts the repeated
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summands. Since on the right hand side |S¢| = my, it simplifies to

1
= Z—? >, I Awe |1+ o > (filpg) = 1)
Scim]\{k}ieS jese
|S|=m1—1

Then the ratio simplifies to

>_SCim \{k}HzeSfl( )mOZ]eSC(fl( ) —1)

B |S|=mi—1
—~1+ , (5.42)
A >oscim)\{k} Lics f1(p@))
|S|=m1—1
when the rhs is close to one.
Note that the average within the numerator is upper bounded
1
—Zflp] sm—2f<pj)<—B+—Zf1pj> (5.43)
jGSC ]:1 jEHo
and lower bounded,
S NHy 1
el L S iy
]ESC JeSNHo
mgo — mq 1
> - S Al (5.41)
c J
mg |S ﬂ%0|j65007{0
For any subset T' C Hg, Hoeffding’s inequality implies
202
P> AW —ITI-EAU)| > | < 2exp “mEE )
jeT
where U ~ Uniform(0, 1). Since Ef;(U) = [ f1(u)du = 1, the above inequality implies

=

U il Zflp] z‘x—l <2 > <Wéo>eXp<—€2%22>

TCH:|T|Zmo—my Jjer
myg 22
<2my exp | — 5 |
mo — mq moB

where we have used mg —m1 > mg/2, which follows from the assumption 7y > 2/3. Equiva-
lently, we have shown that with probability > 1 — 9, it holds simultaneously over all subsets
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T C Hy satisfying |T| > mg — m; that,

mg log 2m1 - ml)/é)

‘T‘ Zfl p]

9
et 2(mo —myq)

o 2my mg!
2(mg — ml & 5 (mg—mq)lmq!

Y EI——
2mo—ml 5\5  (mp — m1)!(my — 1)!

I
sy

B

mi— —2 m i
0—
B 1
2m0—m1 Z Og<5 m1—1—2>

<B momq 10g(2m02/5)'
2(mp —mq)

Now because mg — mp = mg — (m —mg) = 2mg —m = m(27g — 1) > m(4/3 — 1) = m/3,
the above is bounded by

< B\/9m1 log(2m0/5) < B\/5- mi log(2m0/5)'
m

2m

Together with (5.44) and (5.43), this implies that with probability > 1 — §, the following
bound holds for every S C [m] with |S¢| > mg —mq

5mq log(2mg/d) my \/Sml log(2mg/9)
Zflpj—l <—B+B\/ —B< + - )

jese m mo

Combining this with expression (5.42), it holds on this high probability event that

oo )

which implies that

04 L f1 (b)) (1 41

2 5m1 log(2m0/5)
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for some constant C' > 0. O

5.9 7y adjustment

5.9.1 Estimating my
Consider the Storey estimator for the proportion of true null hypotheses (Storey; 2002),

ﬁA::1+#{i3pi>)\}
0 E

Ae (0,1).

The Storey-modified SL procedure was defined in Soloff et al. (2022) as follows:

k
R) = argmax AC; = P(k) ( - (5.45)
kZO p(k)g)\ 71-()Tn

scanning only over p-values falling below a deterministic threshold A. The boundary FDR
of the Storey-modified procedure is controlled below «, a result we state and prove below.

Theorem 5.9.1. Suppose that p1,...,pm are generated independently from (5.3) and that
H; = 0 implies p; ~ Uniform(0,1). Then the Storey-modified procedure (5.45) satisfies

bFDR(R) < a,
where R) = {i: p; < p(Rg\Y)}'
Proof of Theorem 5.9.1. By exchangeability of the nulls,
bFDR(Ré) = P(H(Ré) =0) = mOP@(RB\J = Pm),

where we have assumed H,, = 0 without loss of generality. Letting p_,;, = (p1, ..., Pm—1),
we claim that

(e
Flewmy =pm [ 7)< o Homeny (5.46)

where F = J(l{pmg)\},pfm) is the sigma field generated by 1{pm§>\} and p_.,. To see this,
define pzf\ = p;/A for i =1,...,m, and note that Ré is equivalent to

o'k .
Ré = argmax {— —pf‘k)} ,om) = #{i:p; <A}

k=0,...,mA mA

A2

A
! am , 7§ are measurable with respect to F, Lemma 2 of Soloff et al.

where o/ := F%—. Since m
g m
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(2022) implies (5.46). Marginalizing over F on both sides of (5.46), we obtain

P(p(Ré) :pm) < % -E (Tl)\ |pm < /\> ]P(pm < /\)
0
a(l—N) E( m(l — F(\)) >’

" m(l—F(\) L+ #{<m:p; >\

where F = % S F (7) is the average cdf of the p-values. Since X +— W is a convex
function, Theorem 3 in Hoeffding (1956) implies

E( m(1 — F(\) )§E<M>:1—F()\)m,

1+ #{i<m:p; > A} 1+Y

where Y ~ Binomial(m — 1,1 — F'()\)), and the last equality follows by direct calculation.
Applying this bound to what we have shown above,

am(l —A) )\
bFDR(R)) < Ty (1—F\)™) <a,

since Tp(1 —A) <1—F(A)and 1 — F(\)™ < 1.

5.9.2  An adaptive my adjustment

A different method for estimating mg was proposed by Benjamini and Hochberg (2000). It
is adaptive in the sense that it doesn’t require specification of a tuning parameter A, and
proceeds as follows:

1. Caleulate S; == (1 —p;)/(m+1—1).
2. Starting with ¢ = 1, proceed to larger ¢ as long as S; > S;_1.

3. Stop the first time S; < .5;_1 and use

g = min { H . (5.47)

The intuition for this estimate is that

m(l—pg) 1 &
Sim— gy = 25T )
1— Fm(p(z)) ( ) m z:zl {pist}

which is inversely proportional to the Storey estimate using \ = PG)- As 7 increases, we would
expect a less conservative estimate of mg, and S; < S;_1 provides a convenient stopping
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Figure 5.15: For m € {20,... 219} and 7y = 0.75, the boundary FDR = IP’(H(R) = 0) for
the mg-adjusted procedures (5.45) (blue) and (5.48) (red) are estimated based on N = 10°
Monte Carlo samples and plotted against the logg sample size (first row). The boundary
FNR = IP’(H( Rt+1) = 1) is estimated similarly and plotted in the second row for the same
two procedures. The nulls are drawn Uniform(0,1) and alternatives from the Beta(a, 1)
distribution, where a € {0.25,0.5,0.75}.

criterion that is consistent with this monotonicity assumption. To incorporate (5.47) into
the SL procedure, we may compute

ak
R, ¢ = argmax { — —p } : (5.48)
“ k=0,...m (10 (k)

and reject the smallest R, g most significant hypotheses. Numerical evidence (Figure 5.15)
suggests that the procedure R, g = {i :p; < P(R, S)} controls its bFDR below «, and is

slightly more conservative than the Storey-modified procedure with A = %

The following figure shows a numerical experiment comparing the boundary FDR and
FNR for the mg-adjusted versions of SL(aw = 0.5) based on expressions (5.45) and (5.48).
For each Monte Carlo run of the multiple testing experiment, we check whether the last
rejection H( R) is null, and whether the next hypothesis H( R+1) is non-null, and plot the

empirical proportions among N = 10° Monte Carlo runs. The bFDR for the procedure
(5.48) is slightly smaller than the Storey-adjusted procedure, and both are controlled below
the nominal level v = 1/2.
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5.10 Grouped hypotheses

In the case where p-values are grouped by a covariate z; € {1,..., K}, where for any value
of Xy,

H; = 0 = p; ~ Uniform(0, 1),

we could separately run the SL procedure on each group,

ak
Ry 1 = argmax — — P1,(k)
k=0,...,n1 m

ak
Rq i = argmax {— _pK,(k)} ,
kZO,...JLK m
where Pk (i) for © = 1,...,ny are the ordered p-values with covariate equal to k, and nj =

#{i:x; = k}. In other words, we calibrate K thresholds
%k,a ::plﬁ(Ra,k)’ kZl,...,K

and reject hypotheses whose p-values fall below their group threshold. Then the boundary
FDR is controlled within each group according to Theorem 5.3.1. The probability that a
randomly selected boundary rejection from among the K groups is a weighted combination
of the boundary FDR within each group,

Ro) = 0);

K

g

bFDR(Rq) = —

2

where R is the union of rejection sets within each group. According to Theorem 5.3.1,

the group-wise boundary FDR is controlled at mga when the p-values are independent and
Uniform(0, 1) distributed under the null,

K
52 p ~03 s =

#{i:H;=0,2,=k} .

where 7 1, = T

is the null proportion within group K.
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