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ABSTRACT

This thesis consists of two separate projects.

In the first project, we construct the Lafforgue variety, an affine scheme parametrizing
the simple modules of a non-commutative algebra R over any field k, provided that the cen-
ter Z(R) is finitely generated and R is finite as a Z(R)-module. Applying our construction
in the case of Hecke algebras of Bernstein components, we derive a characterization for the
irreducibility of induced representations in terms of the vanishing of a generalized discrim-
inant on the Bernstein variety. We explicitly compute the discriminant in the case of an
Iwahori-Hecke algebra of a split reductive p-adic group.

We additionally give potential applications to the Local Langlands conjecture via com-
parison of Hecke algebras on the group and Galois sides, as in the ABPS conjectures. In
particular, we construct a Bernstein variety for the Galois side of the Local Langlands cor-
respondence and conjecture that the Lafforgue varieties of the two sides are isomorphic.

In the second project, we prove that character sheaves have nilpotent singular support
in any characteristic, partially extending the work of [MV88| and [Gin89| to positive char-
acteristic. We do this by introducing a category of tame perverse sheaves and studying its

functorial properties.

vi



CHAPTER 1
THE LAFFORGUE VARIETY

1.1 Introduction

1.1.1  Summary

The category of smooth representations M(G) of a reductive p-adic group G is not semisim-
ple. Instead, there is a splitting of M(G) as a direct product of indecomposable categories

by virtue of the Bernstein decomposition theorem

M(G) = T Ms(G),
5e¢B(G)

see Theorem 1.2.20 or [BD84, Proposition 2.10], indexed by the set of connected components
B(G) of the Bernstein variety Q(G).

In particular, to each smooth irreducible representation 7 € Irr(G) we can attach uniquely
up to G-conjugation its cuspidal support sc(7) := (M, o), where M is a Levi subgroup of G
and o a supercuspidal irreducible representation of M such that = embeds in the parabolic
induction i%(a). Then, (G) parametrizes the set of conjugation classes of possible cuspidal
supports. As z']\%(a) is of finite length, Q(G) is also a finite-to-one parametrizing space for
Irr(G). We define Irr®(G) ¢ Irr(G) to be the subset of irreducible representations with
cuspidal support in 5. The splitting provided by Bernstein’s decomposition theorem induces
the partition

Ir(G)= || Ir*(G) (1.1)
5€B(G)

on the level of irreducible objects.
With the intent of studying M(G), various versions of Hecke algebras have been intro-

duced, with the property that their module category is equivalent to some subcategory of

1



M(G). The centers of Hecke algebras are isomorphic to subrings of the ring of regular func-
tions of Q(G). The study of the representation theory of p-adic reductive groups via Hecke
algebras has provided an abundance of beautiful results, see for example [IM65], [KL87],
[AMS22].

In [Laf16|, Laurent Lafforgue predicted the existence of an algebraic variety classifying
smooth irreducible representations of a p-adic reductive group with regular functions being
generated by traces over Hecke algebras.

More precisely, Lafforgue’s proposed construction works as follows. For every smooth rep-
resentation (V,7) of G we have V = J VE where K ranges over all compact open subgroups
K < G and VE denotes the subspa(fzi, of K-fixed vectors. As a consequence of Bernstein’s
admissibility theorem, if V' is also irreducible, VX is finite. Let M g (G) be the full subcate-
gory of smooth representations generated by K-fixed vectors and H (G) the Hecke algebra
of K-biinvariant locally constant compactly supported distributions on G - see subsection

2.3. We have
Mg (G) 2 M(Hk(G))

where M(H g (G)) denotes the module category of H i (G). Therefore, Irr g (G) = Irr(H g (G)).

We consider for each r € Hy (G) a function f, : Ir(H g (G)) — C defined by f.(V) =
try (7). Let Tx be the ring of functions on Irr(H i (G) ) generated by all fr, 7 € H (G), which
we call the ring of traces. The set Irr(H g (G)) can be naturally embedded in Spec(Tg ), since
any V e Irr(H g (G)) gives a geometric point via the evaluation homomorphism. Lafforgue
predicted that Irr g (G) = Irr(H g (G)) embeds as an open dense subscheme of Spec(7T).

We prove the existence of this basic object in the following more general setting: Let
R be a not necessarily commutative k-algebra over any field %, such that the center Z(R)
is finitely generated and R is finite as a Z(R)-module. Let A be any subalgebra of Z(R)
such that R is a finite A-module. An irreducible R-module will be finite as a consequence

of Schur’s lemma and the finiteness assumption. Therefore, by the same procedure we can
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define the ring of traces Tp of R over A. We define LafR/A := Spec(TR) to be the Lafforgue
variety.

The subalgebra A € Z(R), acts by a character on any simple module, and thus we get a
natural projection Lafg 4 — Spec(4).

We can now state our main theorem, where we also remove any assumptions on k. Notice

that our definition of the ring T will be more involved in the case char(k) > 0 - see subsection

3.3.

Theorem 1.1.1. Irr(R) forms the set of k-points of a dense Zariski open subscheme iLafR/A

of Lafp, 4. The projection p: Lafp, 4 — Spec(A) is finite.

The main difficulty in proving Theorem 1.1.1 is that Lafforgue’s proposed construction
of the trace ring T’ does not provide much information on its structure. What we thus need
is a framework in algebraic geometry which gives rise to a more workable definition of the
trace ring. This framework turns out to be a non-commutative generalization of the classical
Hilbert-Chow morphism.

Our strategy is as follows: we will first construct a non-commutative Hilbert scheme
for the finite A-algebra R, which is a proper A-scheme ). Next, using the trace (or the
determinant in the positive characteristic case), we construct a morphism from the Hilbert
scheme to an affine A-scheme V. The morphism () - V can then be shown to factor through
a closed subscheme of V' which is finite over Spec(A), of which the coordinate ring can be
identified with Tp in the case char(k) = 0.

We first apply our results to the question of irreducibility for a parabolically induced rep-
resentation from a cuspidal datum, a long studied subject, see for example [BZ76|, [Mul79|,
[Kat81], [KL87]. In particular, we consider the Hecke algebra Hs(G) of a Bernstein compo-

nent s € B(G), with the property that its module category M(Hs(G)) satisfies

Ms(G) = M(Hs(G)).
3



In [Sol22], it was shown that Hs is almost Morita equivalent, ie. the categories of finite-
dimensional modules are equivalent, to a twisted affine Hecke algebra Hs.
Applying Theorem 1.1.1 to the case of the Hecke algebra Hg of a Bernstein component

s € B(G) and its center Zs, we get a finite map

p: Laf/HS/Z5 - Qg

from the Lafforgue variety to the Bernstein variety. When restricted to iLafyy_ | Zq it agrees
with Bernstein’s cuspidal support map upon identifying Irr®(G) with iLafy / ZS((C).

Returning to the general case of any algebra R satisfying our condition and a central
subalgebra A, we stratify Spec(A) according to the cardinality of the fibers of p. If R =
Hs, A = Zs, the parabolic induction i%(o) from a cuspidal datum (M,o)q € Spec(Zs) is
irreducible if and only if [p~}(M, o)| = 1, ie. on the open dense stratum X of the cardinality
stratification.

If A is regular over a field k of characteristic 0 and R is also a locally free A-module, we
have another concrete description of the stratification. Fixing a central character y : A — k,
a simple R-module with central character x corresponds to an Ry = (R ®A,y k)—module. We
can then describe the stratification by studying the rank of the Jacobson radical of R, .

We mainly apply this result to the open dense stratum X. We define a notion of a
generalized discriminant dp /A which is a principal ideal of A, with the property that the
complement of its zero set in SpecA is Xj.

Induced representations are irreducible for generic cuspidal data, so they are irreducible
exactly on X. We choose a regular central subalgebra A ¢ Zs with f : Spec(Zs) - Spec(A)

finite. Using the Jacobson stratification previously described, we prove the following.

Theorem 1.1.2. Let (M,0)q be a cuspidal datum. Then, i%;/[(a) 15 irreducible if and only



if (M,0) € Xq. Outside of the singular locus Z(f), this is equivalent to

Aoy, A(f(M,)) 2 0.

We develop computational methods for generalized discriminants that work well with
explicit presentations as in Solleveld’s theorem [Sol22|. In particular, we explicitly calculate
the discriminant for the unramified Bernstein component and the Iwahori-Hecke algebra
of a split reductive p-adic group to retrieve results about irreducibility of principal series
appearing, for example, in [Kat81].

Another approach in parametrizing smooth representations of reductive groups is the
(enhanced) Local Langlands Correspondence. It asserts a natural bijection of Irr(G) in the
group side with a set ®(G) of conjugacy classes of enhanced Langlands parameters in the

Galois side. In particular, there is a partition

()= L] 93 (q),
sVeBY(G)

corresponding to (1.1) in the Galois side [AMS18|. Aubert, Moussaoui and Solleveld also
constructed a twisted affine Hecke algebra Hyv such that ®¢ (G) = Irr(Hgv ) as sets [AMS21].
They also proved many cases of the enhanced Local Langlands Correspondence by comparing
the Hecke algebras on the group side and the Galois side [AMS22]. It is believed that the two
Hecke algebras are always almost Morita equivalent, which implies the bijection. Building on
their work, we consider the weaker geometric Conjecture 1.6.4, which asserts the existence

of a commutative diagram

Last/Zs — Lastv/st

| |

Spec(Zs) —— Spec(Zyv)



We believe Conjecture 1.6.4 may help clarify proofs of known cases and is easier to establish
than the full almost Morita equivalence. With the purpose of studying the Conjecture, we lay
out a Bernstein-type theory on the Galois side. In particular, we prove that Qgv := Spec(Z4v)

parametrizes the set of equivalence classes sV, and the finite projection
LafHﬁv/st - QSV
when restricted to iLafy |, |Z (C) agrees with the cuspidal support map on the Galois side.
5 S

1.1.2  Owutline

In Section 2, we recall classical results in the structure theory and the classification of p-
adic reductive groups and the construction of the Bernstein variety. We also recall various
versions of Hecke algebras, both to amend possible confusion stemming from the existence
of multiple algebras going by that name in the literature and to make our treatment more
self-contained.

In Section 3, we define our non-commutative generalizations of the Hilbert scheme and
the Hilbert-Chow morphism. We construct the trace map and carry out the proof of Theorem
1.1.1 in the characteristic zero case. Then, we construct the determinant map to treat the
positive characteristic case. We also show the Lafforgue variety construction is independent
of the auxiliary choice of a central subalgebra A ¢ Z(R).

In Section 4, we construct the Jacobson stratification. We use it to define a notion of
equivalence of algebras based on them having isomorphic Lafforgue varieties, and to de-
rive a geometric bijection on the open dense subschemes corresponding to the irreducible
representations in such a case.

In Section 5, we define generalized discriminants and study the case of Hecke algebras

to prove Theorem 1.1.2. We prove properties of discriminants to make them more amenable



to calculation, including a generalization of the classical behavior of the discriminant in a
tower of extensions of number rings to general commutative algebras, which doesn’t seem
to appear in the literature for our case, using the generalized Riemann-Hurwitz formula. In

particular, we show the following.

Lemma 1.1.3. For a tower of extensions C'[BA such that A, B are commutative and reg-
ular, C is commutative, C is free of rank n as a B-module and B is free as an A-module,

we have that

doya=(dpra)" - Npjaldop),
where NB/A 1s the norm function.

As an application, we compute the discriminant for the case of an Iwahori-Hecke algebra
of a split reductive p-adic group.

In Section 6, we recall relevant material to the enhanced Local Langlands correspondence.
We recall results of [AMS21] and [AMS22]. We state Conjecture 1.6.4, and lay out the
Bernstein theory for the Galois side of the correspondence. We show the Conjecture implies
a weak version of enhanced Local Langlands. We also show it follows from conjecturally true

statements and in many cases known results.

1.2 The Bernstein variety and Hecke algebras

We recall the classical construction of the Bernstein variety and state the Bernstein decom-
position theorem [BD84|. We also recall various versions of Hecke algebras used to study
M(G) or Ms(@G). Following [HKP09|, we illuminate the structure of the Iwahori-Hecke al-
gebra using intertwiners. We summarize recent progress in describing Mg(G) via (twisted)

affine Hecke algebras [AMS21], [AMS22].



1.2.1  Reductive groups and their classification

Let G be a reductive algebraic group defined over a non-archimedean local field F' with ring
of integers O and uniformizer 7. We denote by k = O/7O the residue field and ¢ = |k|. Let
G = G(F') be the group of F-points. Let Fyep be a separable closure of F.

A subgroup P of G is called parabolic if G/P is compact. Then, P = MU where U is
the unipotent radical of P and M is a Levi subgroup of G. If P is also solvable, it is called

a Borel subgroup.

Definition 1.2.1. G is called quasi-split over F if G has a Borel subgroup B defined over
F.

An algebraic group T is called a torus if over Fgep it is isomorphic to Gj,. The F-rank
of T is the largest integer s such that there is an embedding G}, = T defined over F. By
definition, the Fgep-rank of T is 7. If the F-rank of T is equal to its Fgep-rank, we call T

split over F'.

Definition 1.2.2. G is called split over F', or simply G is split, if there exists a maximal

torus T € G that is split over F.

Remark 1.2.3. If G is split, then G is also quasi-split. In that case, Borel subgroups are the
manimal parabolic subgroups, and parabolic subgroups are exactly the subgroups containing a

Borel. Over Fyep, every reductive group G is split.
Split reductive groups have a simple characterization. We need the following definition.
Definition 1.2.4. A root datum is a quadruple R = (X*, ®, X, ®V) such that

o X* X. are free abelian groups of finite rank equipped with a perfect pairing (-,-) with

values in 7.

o O DV are finite subsets of X*, X equipped with a bijection v such that (a,a") =2 for
all a € P.



e For each a € ® the map sq : X* — X* defined by sq(x) := z - (x,a")a induces an

automorphism of the root datum. We also require the symmetric condition for ®V.
If for any a € ® we have that 2a ¢ ®, R is called reduced.
Let T be a maximal split over F' torus of G.

Proposition 1.2.5. Let X*(T) := Hom(T,G,;,) be the character lattice of T, X«(T) :=
Hom(Gyy,, T) be the cocharacter lattice, (G, T) ¢ X*(T) the weights of the induced T-
action on the Lie algebra g, and ®V(G,T) ¢ X«(T) the coweights. For any a € ®(G,T),

there is a unique a” € ®V(G,T) such that a(a"(x)) = 22 for any x € Gy,. Then,
R=(X*(T),®(G,T), X.(T),®"(G,T)),

equipped with the bijection v is a root datum, independent of the choice of maximal split

torus T'.

We will use the following groups associated to a root datum R.

Definition 1.2.6. Let R = (X*,®, X, ®V) be a root datum. We define the finite Weyl group
W(®) of R to be the group generated by sq for all a € ®, and W(R) = X* x W (®) to be the
extended affine Weyl group of R. We let W,g be the affine Weyl group of R.

Example 1.2.7. Let G = GLo(F) and T the split maximal torus of diagonal matrices. Then,

o X*(T) =Z2 with basis e1, ey where



X (T) = Z2 with basis f1, fo where

z 0 1 0
fi(z) = , fa(y) =
01 0 vy

O(G,T)={e1-eg,ea—e1},2V(G,T) = {f1 - fo, o - f1}.

o Leta=e1—ey. Then, av = f1 — fo. Indeed,

z 0
a(a¥(x)) =a =22

W(®) = S.

W(R) =72 x Ss.

Finite Weyl groups and affine Weyl groups are concrete examples of Coxeter groups.

Definition 1.2.8. A pair (W,S) where W is a group and S = {s1,...,sp} is a finite subset

of W s called a Cozeter group if W is generated by S and admits a presentation
W = (s1,89,...,5n €S| (si5,)") =1),

where m(i,j) € Nu{oo}, m(i,i) =1 and m(i,7) > 2. If m(i,j) = oo, then no relation is
imposed between s; and sj. The numbers m(i,j) are called the Coxeter constants of the
group.

The choice of the generators S also gives rise to an important function on W.
Definition 1.2.9. The length function l: W — N of (W, S) assigns to an element w e W the

length [(w) of the minimum expression w = 515 (w) representing w as a product of elements

i S.
10



Theorem 1.2.10. [Spr, Theorem 16.4.2] Split connected reductive groups are uniquely de-

termined by their root datum.

Quasi-split groups can be characterized by the action of I' := Gal(Fsep/F') in the Dynkin
diagram of the root datum, which is trivial in the split case.
Two algebraic groups G, H are called forms of each other if they are isomorphic over

Fsep. If v:H 5 Gis an isomorphism, we define an 1-cocycle ¢, : I' > Aut(G) defined by

¢y (0) =y0y oL,

Two isomorphic forms will give cohomologous cocycles, so forms are parametrized up to
isomorphism by the Galois cohomology group H1(F,Aut(G)). We let Inn(G) be the sub-
group of inner automorphisms of G, which is canonically isomorphic to the adjoint form

G.q=G/Z(G) of G.

Definition 1.2.11. If ¢ takes values in G,q, H is called an inner form of G.
When we also fix an isomorphism of algebraic groups v : H 5G defined over Fgep such

that im(¢~) € Guq = G/Z(G), (H,7) is called an inner twist of G.

Remark 1.2.12. Two inequivalent inner twists can have isomorphic underlying groups.
Proposition 1.2.13. [Spr, Proposition 16.4.9] Every connected reductive group is the inner
twist of a quasi-split group.

Let Z(G) denote the center of G. If G4 := G/Z(G) is the adjoint form of G, inner twists
are parametrized in a canonical way by the Galois cohomology group H1(F,G,q), if we fix

the identity element to correspond to the quasi-split form.

1.2.2  Bernstein theory

Let P = MU be a parabolic subgroup of G with Levi M, and ¢ a representation of M. We con-

sider the adjoint functors of parabolic induction and restriction z% M(M) - M(G),T% :
11



M(G) - M(M).

Definition 1.2.14. A representation o of M is called supercuspidal if r]]\v/[(a) =0 for any

proper Levi subgroup N € M.

Lemma 1.2.15. Every smooth irreducible representation w € Irr(G) can be embedded in an
mduced representation m — z'AG/_,(U) where M s a Levi subgroup of G and o is a supercuspidal

representation of M.

Proof. Let M be a minimal Levi for G such that rg (r) # 0, and o be an irreducible
quotient of rg/[ (7). By transitivity of restriction, rg () is supercuspidal and therefore o is
supercuspidal. By Frobenius reciprocity, the map ré/[ (7) - o provides us a non-trivial map

T > i%(a). By irreducibility of 7, this map is injective. O

Let Irr®(M) be the set of supercuspidal irreducible representations of M. There is an
action of the group Xp, (M) := Hom(M(F)/M(O),C) of unramified characters of M on
Irr¢(M) by twisting given by x - (M,0) = (M,x®c). Let s = [M, 0] € B(G) be the orbit of
the equivalence class of the cuspidal pair (M, o) under the action of Xy;(M). We denote by
Xnr(M, o) the finite subgroup of Xp,(M) stabilizing ¢ as an irreducible representation of
M. The quotient T := Xy (M) [/ Xpr (M, 0) 2 Irr(M) is a torus, and parametrizes cuspidal
pairs with Levi subgroup M up to M-conjugation. Up to G-conjugation, an element g € G
stabilizing a cuspidal pair has to stabilize M, therefore it is in the normalizer Ng(M). As
we have already accounted for M-conjugation, GG-conjugation becomes the natural action
of the Weyl group W (M) := Ng(M)/M. We denote by Ws < W (M) the finite subgroup

stabilizing a cuspidal pair.

Proposition 1.2.16. The algebraic variety Qs(G) = Ts/Ws parametrizes the equivalence

classes of cuspidal pairs in s.

Proof. By the discussion of the previous paragraph, equivalence classes in s are parametrized

12



by Ts up to the transitive action of Ws. {25 admits a natural structure of an algebraic variety

since it is the quotient of a torus by a finite group. m

Definition 1.2.17. Let B(G) be the set of all such orbits s for all choices of non-conjugate

Levi subgroups M < G. We define the disjoint union

QG = L 9%(G)
5e¢B(G)

to be the Bernstein variety of G.

Remark 1.2.18. Strictly speaking Q(G) is not a variety due to the infinite number of con-
nected components, but an infinite union of such. We will often refer to Qs as a Bernstein

variety, but it will be clear from context.
Proposition 1.2.16 and Definition 1.2.17 imply the following.

Theorem 1.2.19. The Bernstein variety Q(G) parametrizes the set of cuspidal pairs up to
G-congugacy for G. The map sc: Irr(G) - Q(G) sending an irreducible representation 7 to
its cuspidal support sc(m) is finite-to-one. In particular, the Bernstein variety parametrizes

Irr(G) in a finite-to-one way.

We define Irr*(G) = sc™1(2s(G)), and Ms(G) to be the full subcategory of M(G) with
set of objects {V e M(G) | JH(V) < Irr*(G)}, where JH(V) is the set of Jordan-Holder

consituents of V. We can now state the Bernstein decomposition theorem.

Theorem 1.2.20. /BD8/, Proposition 2.10] The partition

Ir(G)= || ©Ir*(G)
5e¢B(G)

induces a splitting of the abelian category

M(G) = H Ms(G).
5€B(G)
13



1.2.3 Hecke algebras

The Hecke algebra of G is the non-unital algebra H(G) of locally constant compactly sup-
ported distributions on G under convolution. For a smooth representation 7 € M(G) with
underlying vector space V; and a fixed vector v € V; we define a function f, : G - V; by
fu(g) = m(g)v. We define a functor F' : M(G) - M(H(G)) sending a smooth represen-
tation m € M(G) with vector space V' to the H(G)-module F(7) := V with action given
by F(&)v = (&, fv). A module M over a non-unital algebra R is called non-degenerate if
Ann(z) # R for all x € M.

Proposition 1.2.21. The functor F defines an equivalence of categories

M(G) 2 M(H(G)),

where M(H(G)) denotes the category of non-degenerate H(G)-modules.

Let K < G be a compact open subgroup, M g (G) the full subcategory of modules gen-

erated by K-fixed vectors, and ey the normalized constant distribution on K.

Definition 1.2.22. We define Hi (G) = e *» H * e € H(G) to be the subalgebra of K-

biinvariant distributions.
We have H(G) = Ug Hi (G).

Proposition 1.2.23. The functor F' restricts to an equivalence of categories

Mg (G) 2 M(Hk(G)).

We recall a useful lemma allowing us to represent certain abelian categories as categories

of modules over an algebra.
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Definition 1.2.24. A projective generator in an abelian category M is a projective object 11
such that the functor Fry: M — Sets defined by F1p(X) = Hom(I1, X) is faithful and preserves

direct sums.

Lemma 1.2.25. [Hym68, Theorem 1.3] Let M be an abelian category with arbitrary direct
sums that has a finitely generated projective generator I1. Let A = Endp (1) be the algebra
of endomorphisms of Il in M. Then

M =z"M(A)

the category of right A-modules.

Definition 1.2.26. We call two algebras Hyi, Ha Morita equivalent if
M(H1) 2 M(Hs).

We call Hi,Ho almost Morita equivalent if
ME(Hy) = ME(Hy).

where Mf(H) is the category of finite-dimensional modules. We denote Morita equivalence

by Hq ~ Ho and almost Morita equivalence by Hi * Hs.

Remark 1.2.27. A finitely generated projective generator is not unique and different algebras
H1,Ho produced by Lemma 1.2.25 do not need to be isomorphic. Instead, since M(H1)

M 2 M(Hs), we always have the Morita equivalence
Hi~ Ho.

Let (M,o) be a representative for s € B(G). If Ay is the maximal split torus in Z (M)
15



and M° the maximal compact open of M. Then,
olpye=01®... 00y,

with each o; irreducible and supercuspidal. We define
IMZ, := ind%MMoal,

where ind is the functor of compact induction.
Proposition 1.2.28. 117, is a finitely generated projective generator of Ms(G). In partic-
ular, if Hs := Endpq(11,), we have

Ms(G) 2 M(Hs(G)).

Proof. The first assertion is [Ber92, Theorem 23], see also [Roc02, Section 1.6]. The second
follows by Lemma 1.2.25 and the observation that by the splitting provided by the Bernstein

decomposition theorem
Endp(ITg) 2 Homa(TT, 1) = Hompg, (TG, TIE) = End pg, (T3

]

We can often get more explicit Hecke algebras via the theory of types [BK98|. Let K be

a compact open subgroup of G and p a smooth representation of K.

Definition 1.2.29. The p-spherical Hecke algebra H(G, p) of G is the algebra of compactly

supported functions

H(G,p)={f:G— End(Vj)| f(kgk") = p(k) f(9)p(K), VE, k' € K,g€G},
16



under convolution with respect to the Haar measure.
Definition 1.2.30. We define the idempotent
dzm(Vp) -1 .
(K tr(p(g™)) fgeK
0 ifge GNK.

ep(g) =

and Hy = epx H xep. If Ve M(G), we define V), =V xe, € M(Hp). For a Bernstein

component s € B(G), the pair (K, p) is called an s-type if sc(JH(V))cs == V =V,

Proposition 1.2.31. If (K, p) is an s-type, then
Hs ~ H(G, p) ~ Hp.
Proof. By |[BK98]| there is a canonical isomorphism
H(G,p) ® End(V,) = H,
which by the characterization of Morita equivalence implies
H(G, p) ~Hp.
The latter equivalence follows from [BK98, §4]. O

1.2.4 Twahori-Hecke algebras

The material in this section is based on the excellent exposition [HKP09|. Let G(F') be a
split reductive group over a non-archimedean field F' with ring of integers O, uniformizer
7, and ¢ = O/7O the cardinality of the residue field. Let T' be a maximal split torus and
B =TN a Borel. An Iwahori subgroup I ¢ G(F) is defined to be the preimage of a Borel

17



B(k) under the natural surjection G(O) - G(k). H7(G) is called the Iwahori-Hecke algebra
of G. If 5 is the unramified component of Q(G), Hs =2 H;(G).

In this subsection, we focus more concretely on the Iwahori-Hecke algebra. To ease
notation, we set H := Hj(G). We will show H admits a presentation due to Bernstein,
which essentially shows it is isomorphic to an affine Hecke algebra. To do this, we need to
define the intertwining operators, which will also be used in Section 5 for the computation
of discriminants.

We define R = C[X«(T)] = O(T) to be the group algebra of the cocharacter lattice. It
will turn out that R can be embedded in H. First, notice that by sending p € X«(7T) to
= u(m) € T(F) we get an isomorphism X, (7") 2 T'(F)/T(0O). Using this isomorphism, we
view R as a representation of 7" and thus we can consider the normalized induction zg(R)
We define M = (zg(R))] to be the module of I-fixed vectors, thus M is an H-module.
By definition, M = C.(T(O)N\G/I). Since W = T(O)N\G/I, by setting v, = lp©)Nar
we get a W-basis of M as a vector space. Thus, we can define a left R-action on M by
T vy = Py p.,, where p is the half-sum of roots of T in Lie(N).

M is therefore an (R, H)-bimodule. The next proposition is essential.

Proposition 1.2.32. [HKP09, Lemma 1.6.1] The map h — vih is an isomorphism of right
H-modules from H to M. In particular, H = Endg(M).

Remark 1.2.33. M is the projective generator of the previous subsection for the unramified

Bernstein component.

Using Proposition 1.2.32, and the left R-action on M, we get an injective morphism
0 : R - H defined by rvy = v10(r). This allows us to identify R with a subalgebra of H.
Even more, Hyy = Co(I\K/I) is the finite Hecke algebra associated to the finite Weyl group

W, and it is also a subalgebra of H.

Proposition 1.2.34. [HKP09, §1.1] The map f: R® Hy — H defined by r @ h - 0(r)h is

an somorphism of vector spaces and embeds R, Hyy as subalgebras.
18



All that is left to have a complete presentation of H is to determine how R and Hyy
interact. Using certain integrals with respect to the Haar measure, we can define an operator
I, between two suitable completions of M that satisfies I, (7¢) = s4(7)1s,(¢), see [HKP09,
Section 1.10]. After multiplying with 1 - 7=¢", we get an operator Js, = (1 - 779" )I,, ¢
Endg(M). By Proposition 1.2.32, Jg, corresponds to an element j, € H such that 7tj, =
Gamsa(i).

The Gindikin-Karpelevich formula [HKP09, Lemma 1.13.1] implies that Jg, (v1) = ¢71(1-
7o’ Yus, +(1- q_l)wavvl, thus by proposition 1.2.32 we get j, = ¢~1(1 —qa’ VTs, +(1-¢q1 )7raV
since the actions of the two elements on v agree.

Notice that /5, does not correspond to an element of H essentially because it has denom-
inators in k. We remedy this problem by considering L to be the function field of R and
then defining Hy = H ® g L. In Hj,, we can perform computations with denominators, and
we have elements i, corresponding to the intertwining operators where the previous relation

becomes
(1-¢gHre’

. -1
g =¢q T5a+ 1_7TCLV

To ease computations, we define the elements

e 1 —q_lﬁ“v

Cq = Y,
da 1—7Ta

e L.

Now we will derive the quadratic relation satisfied by i, from the quadratic relation (T, —

q)(Ts, + 1) =0. We have:

o
|

[
I

a Q(ia —Ca)

T5a+]_ = q(Za‘l'Sa(Ca))
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which gives us

i2 = casalca) (1.2)

By induction on the length of w, we get the following Lemma that will be useful in

Section 5.

Lemma 1.2.35. Let we W and Ry ={aeA|a>0,w(a) <0}. Then,

€al-qa
Iyl 1= )
wly1 agwdad—a

We can also derive the intertwining relation satisfied by the T, from the intertwining
relation i,r = $4(r)ig. Combining with the quadratic relation, we get the Bernstein presen-

tation for the Iwahori-Hecke algebra [HKP09, §1]

Proposition 1.2.36. The lwahori-Hecke algebra of G is generated over the group algebra of
the cocharacter lattice by elements Ty, = Ty~ Ts, where w = s1---sp, 15 a reduced expression

for w, and for a simple root a the element T, satisfies

(Ts, +1)(Ts,—q) =0 (1.3)
TsaTru = WSa(ﬂ)Tsa + (C] — 1)1(7_r!;ja758a(ﬂ)) . (1.4)

We can also use the intertwining elements, to determine the center of H. From the
intertwining relations, it follows that W-invariant elements of R are in the center, ie. RW ¢
Z(H). The other direction is also true by virtue of the Satake isomorphism.

Indeed, given the relation 1.2, it makes sense to define the normalized intertwining oper-

ators kq = iacgl, since then

k2 = igeiligegt = — 4 =1 (1.5)
sa(cq)cq
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Lemma 1.2.37. There exist elements ky, € H£ indexed by w e W which form a basis of Hi
as L-vector space such that ks, = ko for all simple coroots a, k. = kwkyy for all w,w’ e W
and kyl = w(l)ky. In other words, we have an isomorphism between Hi with the twisted

group algebra L{W).

Proof. We will prove that there exists a unique morphism of groups W - (H £)X given by
w ~ kyy such that ks, = kq for all simple coroots. Since the Weyl group W is the Coxeter
group defined by reflections s, and braid relations (sqs 5)m(o‘vﬁ) = 1, integers m(a, ) being
the Cartan constants associated with the root system, we only have to prove that that the
involution k. satisfies the same braid relations (kakﬁ)m(a’ﬂ) =1. If w=s5q,...5, Is an
expression of w € W as the product of simple reflections sq,, then ky, = ko ... kq,, is then an
invertible element of H i depending only on w. In particular, we will then have &,/ = Kk,
for all w,w’ € W. We know that the elements ky, so defined satisfy the commutation relation
kywl = w(l)ky. We will also prove that the elements ky, for a basis of L-vector space H i

For every w ¢ W, let HY denote the L-vector space of elements h € H£ such that
hl=w(l)h for all le L. If w =54, ...Saq, is an expression of an element w € W as a product
of simple reflections sq,, then the product kq, ...kq, is an invertible element of Hp lying in
H}. Tt follows that dim(H}’) > 1.

Next we prove that the subspaces Hi" of Hj are linearly independent. We will prove
that if ¥ e hw = 0 with hy, € HlL“ then hy, = 0 for every w € W. For this we need some
basic facts in Galois theory. We recall that L is a Galois extension of K = LW of Galois
group W. We have distinct morphisms of algebras L ®;. L - L given by x ® y — zo(y) for
each w ¢ W. This gives rise to an isomorphism of L-algebras L ®; L — LW which is in
particular an isomorphism of L-vector spaces. Concretely, for every basis [l1,...,l;, of L as
a vector space over K, the vectors (w(l;),w e W) e LW form a basis of LW. Now, for every
ie{l,...,m}, we have

0= hwli= Y w(l;)hw.

weW weW
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Since the vectors (w(l;),w € W) € LW form a basis of LW, it follows that Ay, = 0 for every
weW.

Since dimy,(H}') = |[W/|, we derive dim(HEV) =1 for all we W, and

I
weW

Now, if «, 3 are distinct simple coroots and (sa%)m(o‘vﬁ) = 1 then (k;akﬁ)m(aﬁ) € H%
therefore (kakﬁ)m(a,ﬁ) € L. We define Ué( = 1 € CX(K\G/K). Combining with the
spherical Gindikin-Karpelevich formula vg( ko = véf we have vg( (kakﬂ)m(aﬁ) = v([)( It

follows that (kakg)™(@F) = 1. C
Theorem 1.2.38 (Satake isomorphism). The center Z(H) of H is RW = O(T | W).

Proof. Since L{W) is a matrix algebra over LW its center consists of the scalar matrices,
ie. LW . Thus, the center of H is

HnLW =RV,

1.2.5 Affine Hecke algebras

The results of the previous subsection admit generalizations in the sense of providing specific
presentations for algebras that are (almost) Morita equivalent to Hecke algebras of Bernstein
components. Affine Hecke algebras have since found applications in various areas of mathe-
matics, such as knot theory, combinatorics, representations of finite groups, etc. Due to the
fact they admit a Bernstein presentation, Theorem 1.1.1 can be applied. We recommend the

exposition [Sol21].

Proposition 1.2.39. Let (W, S) be a Cozeter group, equipped with a function q: S — C such

that q(s) = q(s") if s,s" are conjugate in W. There is a unique algebra structure H(W,q) on
22



the vector space over C generated by elements Ty,,w e W such that

L Te = 17
o (Ts5—q(s))(Ts+1)=0,s€¢8,
o I \TyTs =TuTsTy-- where both sides have m(s,s") elements,

o Twywy = Ty Ty if l(wyws) = I(wy) +1(w2).
We call H(W,q) the Twahori-Hecke algebra of (W,q). If W is finite, we call H(W,q) its

finite Hecke algebra. If (W, S) is an affine Weyl group, we say H(W,q) is of affine type.

The connection with the definitions of the previous subsection is the following theorem

[IM65].

Proposition 1.2.40 (Iwahori-Matsumoto presentation). If G is a split, simply connected,
semisimple group over Qp, T' a split maximal torus, and (W, S) the affine Weyl group of the
dual root datum R(G,T)V. Let q(s) =p, VYse S. Then,

H](G) = H(W, q).

Affine Hecke algebras are a generalization of Iwahori-Hecke algebras of affine type.

Proposition 1.2.41. Let R = (X*,®, X, ®V) be an irreducible root datum with finite Weyl

group W, q e Ryq, and A\, \* : & - C be W -invariant functions such that

a’ ¢2X, = Ma) = )\*(a).

Let C[X*] be the group algebra of the character lattice, with the standard basis {0y, x €
X*} and H(W,q) the finite Hecke algebra of W.
There is a unique algebra structure on the vector space H(R,\,\*,q) := C[X*|@H(W, q)

such that the following are true.
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o C[X*],H(W,q) are embedded as subalgebras.

e foraeA,xreX

uTs, = Toabay oy = (40 = 1) g (@ @2 _ (A@-X (@)/2))

We call H(R, X\, \*,q) the affine Hecke algebra of R.
If Ma) = A(D) = X*(a) = X\*(b) for all a,b, we say H(R,\,\*,q) has equal parameters.

Remark 1.2.42. Notice that if aV ¢ 2X. or if H(R,\,\*,q) has equal parameters, the

second relation simplifies to

Qaj - QSQ(ZE)

OuTs, — Tso¥s,(z) = (@ -1) 0o —0-a

Remark 1.2.43. If R is not irreducible, let d be the number of connected components. As
noticed in [AMS21] , the proposition remains true if we substitute z = (Z1,...,Zg) in the

place of q with the obvious changes in the relations. We also call this an affine Hecke algebra

H(R, NN, 2).

Not every affine Hecke algebra is an Iwahori-Hecke algebra, but we do have a generaliza-

tion of the Iwahori-Matsumoto presentation. Let Q := {w e W(R) | {(w) = 0}. Then,
W(R) = Wyg x Q.
Proposition 1.2.44. There is a unique algebra isomorphism
H(R AN q) = H(W,q) » O

such that

o [t restricts to the identity in H(W,q).
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o For all x € Z® with (z,a¥) >0, Y a€A, it sends 0 to q(z) YTy,

For many Bernstein components s € B(G), Hs is Morita equivalent to an affine Hecke

algebra. In [Sol22|, it was proven that one slight generalization is still needed.
Definition 1.2.45. Consider the following data:
1. A root datum R = (X*,®, X, ®V) with simple roots A,
2. A finite group R acting on W(R),
8. A 2-cocycle fj: (W[W(R))2 - C, where W = W(R) x R.
4. W-invariant functions A\, \* : ® - C, such that aV ¢ 2X. = A(a) = \*(a).
5. An array of invertible elements z = (z1,...,24).
We define the twisted affine Hecke algebra to be H(R, A\, \*,Z) x C[R,].

For a choice of parameters z = (z1,...,24), we can specialize a twisted Hecke algebra.
We recall a more geometric construction that ties nicely with our perspective. Let T':=
Hom(X,C*) a complex algebraic torus. Since O(T") = C[ X], the group W acts naturally on

T.

Proposition 1.2.46. There is a unique algebra structure on the vector space
H(T, W, \, N ,2) = O(T) ® C[z,z ] © C[W(R)] ® C[R, 1]

such that

e Under the isomorphism O(T) = C[X*], the span of O(T),C[Z,z 1] and C[W(R)] is
the affine Hecke algebra H(R, A\, \*,Z).

o C[R, 4] embeds as a subalgebra.
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o ForyeR, weW(R) and x € O(T):

Ty Tols Ty = T 10 (.

If R=1, then H(T,W,\,\*1,2) is the affine Hecke algebra of R.
Proof. Similar to [AMS21, Proposition 2.2|. O
Our motivation for introducing twisted affine Hecke algebras is the next theorem [Sol22].

Theorem 1.2.47. Let G be a reductive group and s € B(G). Then, there exist parameters

A, A* and a cocycle 1 such that Hs is almost Morita equivalent to a specialization Hg of the

twisted affine Hecke algebra H(Ts, Ws, \, \*, b, 2).
The classical Satake isomorphism admits the following generalization.

Lemma 1.2.48. [AMS21, Lemma 2.3] O(T x COW s a central subalgebra of
H(T, W, \,\*,2). It equals Z(H(T,W,\,\*,1,2)) if W acts faithfully onT. For a special-
1zation H, we have

Z(H)=o(TW.

Remark 1.2.49. Since almost Morita equivalence preserves the center, combining Theorem

1.2.47 and Lemma 1.2.48, we retrieve the fact that

O(Qs(G)) 2 Z(Hs) = Z(Hs(G)).

1.3 The Lafforgue variety

The main goal of this Section is to give a proof of Theorem 1.1.1. Let R be a possibly
non-commutative A-algebra over a finitely generated commutative central k-subalgebra A

such that R is a finite A-module. Lafforgue’s original assertion concerns the case of the
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Hecke algebra H - of a reductive p-adic group G and a compact open subgroup K < G. In
particular, Lafforgue’s assertion is Theorem 1.1.1 for R=Hp, A= Z and k = C.

If M is a k-finite dimensional simple R-module, then A must act on M through a character
a: A — k. The Lafforgue variety can thus be thought of as a scheme over Spec(A). We
construct a non-commutative Hilbert scheme for the finite A-algebra R.

Assume now char(k) = 0. Then, we construct a trace map from the Hilbert scheme to
a generalized Grothendieck vector bundle. The Lafforgue variety will be defined to be the
image of that map.

We use the same strategy in positive characteristic, albeit with a twist. Due to the
elementary fact that a simple module is not determined by its traces in positive characteristic,

we construct a determinant map based on Roby’s concept of a polynomial law [Rob63].

1.3.1  Non-commutative Hilbert scheme

Let A be a commutative ring which is contained in the center of a possibly non-commutative

ring R.

Definition 1.3.1. We call the non-commutative Hilbert functor Hile/A the functor that
associates to every commutative A-algebra B the set of isomorphism classes of R ® 4 B-

modules M, which are flat as B-modules, equipped with a surjective R ® 4 B-linear map

R ®4 B - M.
Proposition 1.3.2. The functor Hile/A is representable by a proper scheme over Spec(A).

Proof. We consider R just as a finite A-module. The Quot functor Qp /A associating to every
commutative A-algebra B the set of isomorphism classes of flat B-modules M equipped with
a surjective R® 4 B-linear map m : R® 4 B - M is representable by a projective scheme over
Spec(A), by [Gro61, Théoréme 3.1] for S = Spec(A), X = Spec(A), and we set T' = Spec(B).
Since the functor Hilbp /A is a closed subfunctor of Qp /A5 it is also representable by projective

scheme over Spec(A). O
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There is a decomposition of Hilbp /A into open and closed subschemes

Hilbp 4 = || HilbdR/A (1.6)
deN

where HilbdR /A classifies R ® 4 B-linear maps m: R® 4 B - M with M being a locally free
B-module of rank d.
Since we are mainly interested in irreducible modules, it will also be useful to consider

the following functor.

Definition 1.3.3. The nested non-commutative Hilbert functor nHile/A which associates
to every commutative A-algebra B the set of isomorphism classes of pairs of R® 4 B-modules
M, N, which are flat as B-modules, equipped with surjective R® 4 B-linear maps R® 4 B -

M — N, where we also require that the latter map has a non-zero kernel.
Proposition 1.3.4. The functor nHile/A is representable by a proper scheme over Spec(A).
The proof is the same as nHilbp /A is a closed subscheme of a relative flag variety.

Proposition 1.3.5. The forgetful map
Fy :nHilbg g > Hilbg, 4

defined by Fry(M,N) := N is a proper morphism. In particular, the complement iHile/A

of the image of Fy s open.

Proof. By the fact that nHilb R/A is proper over Spec(A) and Hilb RJA 1 separated over
Spec(A), the first part follows from [Sta22, Lemma 01W6]. The second part readily follows.

O

A geometric point x € iHile/A(l;:) over a point a : A — k consists of a quotient M, of the
algebra Ry = R ® 4 k by a maximal left ideal, or in other words, M, is a simple R4-module

equipped with a generator.
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We consider the group scheme Gp /A over Spec(A) which associates to every commutative
A-algebra the group (R ®4 B)* of invertible elements of the possibly non-commutative
algebra R ® 4 B. This group scheme is smooth over Spec(A) if R is a finite locally free
A-module.

The group scheme Gp 4 acts on Hilbp, 4 relative to Spec(A). For a B-point of (M, m) €
Hilbp, 4 (B) we will denote the action of R® 4 B on M by (r,m) — e(r)m. If g € (R®4 B)*
we define the action of g on (M, m) to be g(M,m) = (M’ ,m’) where M’ = M as a B-module
equipped with the structure of R ® 4 B-module given by €/(r)m = e(g~1rg)m, and m/ = mg.

Similarly, the group scheme G R/A also acts on the nested Hilbert scheme nHilbp JA-

Proposition 1.3.6. The morphism Fpy : nHile/A - Hile/A S QR/A—equz'variant, and the

complement of its image iHile/A of Hile/A, is open and stable under the action of gR/A-

Proof. The first part follows from the definition of the action. Therefore, the imageisa Gp A

equivariant closed subscheme of Hilbp JA- The second part follows from this observation. [J

1.5.2  Trace map

Following Grothendieck, we define a generalized vector bundle Vp /A Over a commutative ring
attached to an A-module R. As a functor, Vp /A attaches to each A-algebra B the abelian
group Hom 4 (R, B) of all A-linear maps R — B. This functor is represented by the symmetric
algebra Sym 4 (R): it is the N-graded A-algebra with Sym%(R) =A, Symh(R) = R, and for
every d € N, the d-th symmetric power Symj(R) is the largest quotient of the dth fold tensor
power R® of R over A on which the symmetric group Sy acts trivially. We claim that the

morphism of functors on A-algebras:

Hom g_ 454 (Sym4 (R), B) - Homy (R, B),

29



defined as the restriction an A-algebra homomorphism = : Sym4(R) - B to the degree
1 component Symzlél(R) = R, is an isomorphism of functors. Indeed, every A-linear map
y: R — B, induces an A-linear map R®? - B® - B which factors through an A-linear map
yd : Symffl(R) — B. Tt’s not hard to check that the A-linear map z : @ gy Symj(R) - B
given by x = @ jeN y? is a homomorphism of A-algebras. It is also clear that the map y —
thus defined gives rise to an inverse of the functor x = y. We conclude that the functor Vg /A
is representable by the affine scheme Spec(Sym 4(R)) which is a generalized vector bundle
in the sense of Grothendieck.

We assume that R is a finite A-module which is equipped with a structure of a possibly

non-commutative algebra containing A in its center. We can construct the trace map

as follows. For every point (M, m) € Hile/A(B), where M is an R ® 4 B-module that is
locally free and finite as a B-module. Every r € R defines a B-linear operator of M given by
the structure of an R ® 4 B-module. Since M is a finitely generated locally free B-module,
the trace trg(r) € B is well defined. This gives rise to an A-linear map try; : R > B and
thus to a B-point of VR/A-

Since Hilb R/A 1s proper over Spec(A), whereas VR/ 4 is affine by construction, there
exists a closed subscheme Lafp; 4 of Vi 4, finite over Spec(A) such that tr factors through
a proper surjective map try, : Hile/A - LafR/A. Let iLafR/A denote the open subscheme
of Laf /A which is the complement of the closed subset that is defined as the image of the

proper map try, : nHﬂbR/A - LafR/A.

Proposition 1.3.7. Assume that A is a k-algebra where k is a field of characteristic zero.
Then the preimage tril(iLafR/A) IS iHile/A. Moreover for every geometric point | €

iLafR/A(/_f) over a: A —k, the group Gr_ acts transitively on the fiber trzl(l).
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This assertion is nothing but a reformulation of well known facts about modules over a
finite-dimensional algebra, improperly referred to as Brauer-Nesbitt’s theorem. As we want
to extend the construction of Lafforgue’s variety to the case of positive characteristic, we
will give a sketch of the proof of Proposition 1.3.8 which was given in full details in Lang’s

book [Lan02, chapter XVII Cor 3.8] to which we refer for more information.

Proposition 1.3.8 (Bourbaki). Assume that k is a field of characteristic zero and R is a
finite-dimensional k-algebra possibly non-commutative. Let M and N be k-finite dimensional
R-modules such that for all x € R, we have try(M) = trg;(N), then M and N have the same
semi-simplification. In particular if trp(z1) = trp(x9), and if My is a simple Rq-module

then Mo 1s also simple and M9 = M.

Proof. The assertion is obvious in one direction. If the quotients M7 and My of R, have the
same semi-simplification as Rq-modules then the induced linear forms trys ,trps, : Rg — k
are equal because traces only depend of semi-simplification. Conversely, Jacobson’s density
theorem [Jac45| implies the existence of projectors: if Vp,Vq,...,V}, are non-isomorphic
simple Rg-modules, there exists an element ey € R which acts as the identity on V{j and
0 on Vq,...,V,. Note that Jacobson’s density theorem is valid in any characteristic. Now
let Vj,...,V, be simple R,;-modules occurring as a simple subquotient of M; or My and
write decompositions of the semi-simplifications of My and My as M}® = Vom1 ® Uy and
M5® = Vom2 ® Uy where Uy and Uy are semi-simple modules with no occurrences of V. To
prove that M; and My have the same semi-simplification, it is enough to prove mj = mas.

This derives from the equalities
my dim(Vp) = tryy, (o) = traz, (eo) = mo dim(Vp)

as elements of k. The characteristic zero assumption is only used to guarantee that in k we

have dim(Vp) # 0. O
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The last statement of Proposition 1.3.8 implies that tlri1 (iLafp / 4) = iHilb Rr/A- 1t also
implies that if [ € iLafR/A(/%) over a : A - k, and if x1, 29 € trzl(l) are represented by
quotients M; and My of R, then M7y and My are isomorphic simple R,-modules. It follows
that there exists g € M such that grq = z9. In other words, the fiber of gR/A over a acts
transitively on the fiber of tr over [.

We recall and prove Theorem 1.1.1.

Theorem 1.1.1. Irr(R) forms the set of k-points of a dense Zariski open subscheme iLafR/A

of Lafp, 4. The projection p: Lafp, 4 — Spec(A) is finite.

Proof. By Proposition 1.3.8, the trace map tr : Hile/A — LafR/A forgets the choice of a
generator for the module M and parametrizes modules up to isomorphism. Since iLafp /A
is the complement of the image tr o F\y, modules in iLaf R/A are the ones not admitting a
proper quotient M — N, therefore they are simple.

Since Hilb R/A is proper over SpecA and Vp /A is separated and locally of finite type, p
is proper by [Sta22, Tag 0AH6|. Since Lafp /A is a closed subscheme of the affine scheme

Vi AP is affine. Therefore, p is finite. O]

Without any hypothesis on the characteristic, we have to replace the trace by the de-
terminant. Let us formalize the construction of the determinant map as an analogue of the

trace map previously defined.

1.5.8 Determinant map

Let A be a commutative ring. An A-module R gives rise to a functor R: B~ R® 4 B from
the category of A-algebras to the category of sets. We recall the definition of a polynomial
law in [Rob63]

Definition 1.3.9. A polynomial law on R is a morphism of functors f: R - A where A is

the functor B~ A®y 4 B =B.
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We denote by Pol 4(R) the set of all polynomial laws on the A-module R.

Thus, a polynomial law f on R consists of a family of set theoretical maps fg: R 4B - B
depending on B in a functorial way.

Ifry,...,rp € R®4 B form a finite sequence r of elements of R ® 4 B, then f gives rise
to a polynomial f; € B[X7,..., Xy], where X1,..., X, are free variables, such that for every

x1,...,opn € B, we have fr(x1,...,2n) = f(x171 + -+ 2prp). Indeed, if we take
X£:T1®X1+"'+rn®Xn€R®AB|:X1,,Xr],

then we set

fﬂ:: fB(XE) EB[Xlu"‘axT]7

see [Rob63, Thm 1.1]. The main point in Roby’s concept of polynomial law is that the

polynomial f; is a part of the data of f.

Definition 1.3.10. We say that the polynomial law f : R — A is homogeneous of degree
d e N if for every A-algebra B, x € B and r € R® 4 B we have fg(xr) = x4 fg(r).

We denote by PoldA(R) the set of all homogeneous polynomial laws of degree d on the
A-module R.

It’s not hard to check that the polynomial law f is homogeneous of degree d if and only
if for every finite sequence r = (71,...,r,) of elements of R ® 4 B for any A-algebra B, f; is

a homogeneous polynomial of degree d with coefficients in B, [Rob63, Prop. 1.1, p. 226|.

Example 1.3.11. A homogeneous polynomial law of degree 1 on R consists of a family of
linear forms fp: M ® 4 B - B depending functorially on B which is equivalent to the initial

linear form fq: M — A.

Now, we will generalize Grothendieck’s construction of generalized vector bundle associ-

ated to an A-module, by replacing linear forms on M by homogeneous polynomial laws of
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degree d. Let A be a commutative ring and R a A-module.

Definition 1.3.12. We define the functor SdVR/A which attaches to every A-algebra B the
set PoldB(R ®4 B) of polynomial laws on the B-module R ® B which are homogeneous of

degree d.

Example 1.3.13. Ford=1, POllB(R ®4 B) =Homp(R, B) and we have an isomorphism of

functors SlvR/A = Vrja which is represented by the affine scheme Spec(Sym 4 (R)).

The above example generalizes.

Definition 1.3.14. [Rob63, Ch. III, p. 249] We define FglR to be the d-th divided power of
the A-module M .

Proposition 1.3.15. [Rob63, Thm I11.3 p. 262, IV.1 p. 266] For every d € N, there is a

canonical isomorphism of functors PoldB(R ®qB) = HomB(FiiqR, B).
We immediately obtain the following proposition.

Proposition 1.3.16. The functor B SdVR/A(B) = PoldB(R ® 4 B) is representable by the
affine scheme Spec(Sym 4(T4R)).

Let R be a possibly non-commutative algebra containing a commutative ring A in its
center such that R is finite locally free A-module.

Every point x € HilbdR / 4(B) is represented by an (R® 4 B)-quotient module M of R® 4 B
which, as a B-module, is locally free of rank d. This gives rise to a map R® 4 B - B given
by r ~ detps(r) which is homogenous of degree d. By choosing local generators of M as
locally free B-module, we see that r ~ dety/(r) gives rise to a morphism R®y B - G,

which is homogenous of degree d and therefore a point det(z) € S4Vp / A(B).

Definition 1.3.17. We call the morphism

detp 4 : HﬂbdR/A ~ SNWpi4 (1.8)
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defined by the morphism of functors x — det(x) the determinant map.

Again, since HilbdR /A is a proper scheme over A, and SdVR/ 4 1s affine, the morphism
detp /A factors through a closed subscheme Lade /A of SdVR/ 4 which is finite over A. We
thus get a proper surjective map

det{ : Hilb%, | — Laf,

R/A /A"

Using the nested Hilbert scheme nHilbj,l13 /A 38 before, we can define open subschemes
iHilbdR /A and iLade /A 88 the complements of the images of nHilbdR /A Geometric points

T € iHilbdR / A(l%) over a: A — k correspond to R,-quotient modules of R, that are simple.

Proposition 1.3.18. We have detil(iLade/A) = iHilbdR/A. For every geometric point | €

iHilbdR/A(E) over a: A —k, the group Gr_ acts transitively on the fiber (det%)‘l(l).

Again, this assertion is nothing but a reformulation of well known facts about modules

over a finite-dimensional algebra.

Proposition 1.3.19. Let R be a possibly non-commutative finite-dimensional algebra over
a field k and M, N be R-modules which are d-dimensional k-vector spaces. Assume that
dets = dety as homogeneous polynomial of degree d on R, then M and N have isomorphic
semi-simplifications. In particular, if M is a simple R-module then N 1is also simple and

N=x~M.

Proof. The assertion is obvious in one direction. If the factors M and N of R have the
same semi-simplification then the induced homogenous forms detjs,det : R - k are equal
because the determinant only depends on the semi-simplification. Conversely, Jacobson’s
density theorem implies the existence of projectors: if V7,...,V, are non-isomorphic simple
R-modules, then there exists an element e; € R which acts as identity on V; and 0 on V; for

7 #1i. Now let Vq,...,V, be the simple R-modules occurring as a simple subfactors of M or
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N and decompose the semi-simplifications of M and N as

M** =V" @@V, and N* =V @0 V" (1.9)
If Xq,...,X, are free variables then we have the formula
m1 dim(V7) m, dim(V;.)

det s (X1€1+---+XT€7~)=X1 Xy

for the determinant of x1ej + -+ + x,e, on M and similarly for N. The equality

detps (Xieq + -+ Xpep) =dety (Xieq + -+ Xypep)

of polynomials of variables X7,..., X, implies that m; = n; for all ¢. It follows that M and

N have isomorphic semi-simplifications. O

The proof of Theorem 1.1.1 in the general case readily follows exactly as in the previous

subsection by replacing the trace map by the determinant map.

Remark 1.3.20. Notice that in this case the ring of regular functions Tr on the Lafforgue

variety is not given via the simple procedure described in the introduction anymore.

1.3.4 Dependence on the central subalgebra

If A is a commutative k-algebra contained in the center of a possibly non-commutative k-
algebra R, assuming k to be algebraically closed, then Schur’s lemma guarantees that A acts
on every finite-dimensional simple R-module through a character a : A - k. This implies
that the set of k-points of ¢Laf doesn’t depend on the choice of A. In this section, we will
prove that iLaf itself is independent of the choice of a A. This will follow from a relative

version of Schur’s lemma.
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Proposition 1.3.21. Let R be a possibly non-commutative ring containing commutative

rings A c A" in its center. The natural morphism iLafR/A/ - iLafR/A is an isomorphism.

Proof. 1t is enough to prove that the morphism ¢Hilb RJA! ~ iHilb p /A is an isomorphism. It
is enough to prove that for any A-algebra B, every morphism Spec(B) — iLafp /A can be
canonically lifted to a morphism Spec(B) — iLaf e which is the content of the following

assertion. O

Proposition 1.3.22. Let R be a possibly non-commutative ring containing commutative
rings A ¢ A’ in its center. Assume that that R is finite as an A-module. Let B be an
A-algebra and M a finite locally free A-module equipped with a structure of an (R® 4 B)-
module such that over every geometric point b € Spec(B) over a € Spec(A), My is a simple

Rg-module. Then the ring homomorphism A’ - Endg(M) factors through B.

Proof. The homomorphism R — Endg(M) is surjective as it is surjective fiberwise over
Spec(B) by the Jacobson density theorem. It follows that the image of the central subalgebra

A’ is contained in B. O

1.4 Jacobson stratification and irreducibility of induced

representations

Let R be a possibly non-commutative k-algebra such that there is a finitely generated sub-
algebra A of the center with R being finite as an A-module.

Then, by Theorem 1.1.1, the projection Laf /A~ Spec(A) is finite which implies we can
stratify Spec(A) according to the cardinality of the fiber of p. If A = Z(R), this stratification
allows us to reconstruct iLafp /A just from the data of the projection p: Lafp A~ SpecA.
We define a notion of equivalence of algebras on the level of Lafforgue varieties that will be

useful in Chapter 6. This notion of equivalence is weaker than almost Morita equivalence,
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but still implies a canonical bijection on the level of irreducible modules which is stronger in
the sense that it preserves our geometric structure.

In the case where char(k) = 0, A is regular, and R is a locally free A-module, we concretely
describe the above stratification using the rank of the Jacobson ideal. We show that if R is a
Cohen-Macaulay algebra over a Cohen-Macaulay center Z(R), we can choose an appropriate
regular subalgebra A ¢ Z(R) by Hironaka’s miracle flatness criterion [Nag62, Theorem 25.16].

This case includes all versions of unital Hecke algebras in Section 2.

1.4.1 Fquiwwalence of Lafforgue varieties

Let Ry, Ro be non-commutative algebras that are finite modules over their finitely generated

centers Z1 := Z(R1),Zo = Z(R2).
Definition 1.4.1. We call Ry, Ry Lafforgue equivalent if there is a commutative diagram

Lale/Zl %: LafRQ/ZQ

| |

Spec(Z1) —— Spec(Zo)

where the vertical arrows are the projections of Theorem 1.1.1 and the horizontal arrows are
isomorphisms.

We denote Lafforgue equivalence by Ry L Ry.

Proposition 1.4.2. If Ry, Ry are almost Morita equivalent they are also Lafforgue equiva-
lent, ie.

ngRQ = R1£R2.

Proof. Assume Ry ~ Ry. Then, for Z; = Z(R;), we have that Ry * Ry = Z; = Z».
Without loss of generality, assume A = Z1 = Zy. Then, for any commutative A-algebra
B, we have that R{ * Ry = Ry ®4 B Ry®4 B.
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Therefore,

since the definition of the (nested) non-commutative Hilbert scheme involves only finite-

dimensional modules. O

Proposition 1.4.3. If Ry L Ry then if we denote by f : Lale/Zl — LafR2/22 the upper

horizontal isomorphism in the diagram

Lale/Zl —>: LafRQ/Z2

| |

Spec(Z1) —— Spec(Zo)

then f restricts to an isomorphism f : iLale/Z1 =X iLang/Zg'

Proof. Consider the function f : Lafg 7 (C) — Z, defined by f(x) = lp~Y(p(z))|. Then,
iLaf R/ Z; is the maximal open set such that f is continuous. Since iLaf R;/Z; can be deter-

mined only from p, the result follows. n

1.4.2  Jacobson stratification

Let A be a commutative ring contained in the center of a possibly non-commutative ring R.
From now on, we will assume that R is a finite locally free A-module. We will also assume
that A contains a field k£ of characteristic zero.

For every point a : A - k(a) of Spec(A), k(a) being a field, the fibre R, = R® 4 k(a)
is a finite-dimensional k(a)-algebra. The Jacobson radical J, = rad(Rg), defined as the
intersection of all maximal left ideals of R, is a 2-sided ideal which can be characterized in

multiple ways, namely, it is the intersection of the annihilators of simple left R,-modules, or
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the maximal left (or right) nilpotent ideals, see [Lam91, 4.2,4.12]. The quotient R,/ J, is a
semi-simple k-algebra which, by the Artin-Weddenburn theorem, is isomorphic to a product
of matrix algebras Rq/Jq = [1;_; My, (D;) where My, (D;) is a matrix algebra over a skew

field D; containing k(a) in its center.

Proposition 1.4.4. The function rj,. : Spec(A) given by a dimk(a) Jo 1S upper semi-

continuous.

The assertion will follow from yet other interpretation of the Jacobson radical as the
kernel of a trace form. We recall that as R is a finite locally free A-module, for every
element r € R, the A-linear operator on R given by = + rx has a well defined trace trp / A(r).
It follows that we have a symmetric A-bilinear form on R given by Trp, Alz,y) =trp / 4(zy),
or equivalently a A-linear map Trp A R - RY. The construction of the trace form and the
bilinear form T'rp /4 commute in the obvious way with base change and for every geometric
point a : A - k(a), we have a trace form tr, : R, — k(a) and a symmetric bilinear form

T?“R/A’a on R,, or equivalently a linear form TTR/A@ :Rq — RY.

Proposition 1.4.5. For every point a: A — k(a) of Spec(A), the Jacobson radical J, is the

kernel the bilinear form Trrig.: R, — Ry.

Proof. Since J, is a nilpotent ideal, for every = € J; and y € Ry, we have try(zy) = 0.
It follows that .J, is contained in the kernel of Trp A Moreover, the Artin-Weddenburn
theorem implies that Trp A induces a non-degenerate bilinear form on R,/.J, and therefore

Jq is exactly equal to the kernel of Trp A ]

We will now construct the stratification of Spec(A) by the rank of the Jacobson ideal
using the concept of determinantal ideals. Assume that R is a locally free A-module of rank
n. Locally for the Zariski topology we may assume that R is a free A-module of rank n,
and the trace form Tr: R — RY is given by a n x n-matrix. For every positive integer i, we

define I; to be the ideal of A such that locally for the Zariski topology, I is generated by
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the minors to the order n —7 + 1 of the local matrix of Tr. We know a chain of inclusions
of ideals 0 = Iy c I c --- which induces a chain of inclusion of closed subsets Xy > X7 o -
where X; = Spec(A/I;). Over X; the complement of X;,; in X;, the rank of the Jacobson
radical is constant of value 7.

In fact, over X; the trace form Try, : R®4 Ox, -~ RY ® 4 Ox, has kernel a locally free
O x,-module J; of rank 4, and image a locally free O x,-module R x; of rank n —14. The trace
form T'r x, induces a non-degenerate symmetric bilinear form Tr X; on R x;- In particular, for
every point a: A - k(a) of Spec(A) belonging to the stratum Xj, RXi ®0y, k(a) is a semi-
simple algebra over k(a). Let a: A — @ a geometric point over a. Then R X; ®0y, W

is isomorphic to a product of matrix algebras

Ry, ®0y, k(a) = . My, (k(a))

r
=1

where n(a) = (ny,...,n,) is unordered sequence of positive integers depending only on a.
Proposition 1.4.6. The function a — n(a) is locally constant on X;.

Proof. Since R x; 1s a locally free O y,-module equipped with a structure of an associative
algebra which is fiberwise semisimple over Xj, its invertible elements define a smooth group
scheme G Ry, over X;. Its geometric fiber over a geometric point @ is isomorphic to GLjp,; x
-+ x GLp,.. Thus G Rx, is a smooth reductive group scheme whose geometric fiber over a is
isomorphic to GLy; x -+ x GLy,. A general theorem in SGA 3 on smooth reductive group
schemes implies that the function a ~ n(a) is locally constant [ABD*66, Exposé XIX,
Corollaire 2.6]. O

1.4.3 Cohen-Macaulay property

For a (twisted) affine Hecke algebra, we can choose an appropriate regular subalgebra to

apply the Jacobson stratification by using its explicit presentation. In this subsection, we
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show that the existence of such a regular subalgebra is guaranteed by a condition that

appears more often in the literature.

Proposition 1.4.7. Let R be a possibly non-commutative k-algebra and Z(R) its center.
Assume Z(R) is finitely generated and R is a finite Z(R)-module. The following properties

are equivalent

1. R is a finite Cohen-Macaulay module over its center Z(R). Z(R) is a Cohen-Macaulay

k-algebra.
2. R is a finite free A-module for a finitely generated reqular central subalgebra A € Z(R).
If Z(R) is regular, we can take A =Z(R).

Proof. (1) == (2) : Since Z(R) is finitely generated, by Noether normalization [EE95,
Theorem 13.3] we have a regular subalgebra A ¢ Z(R) such that Z(R) is a finite A-module
and therefore R is also a finite A-module. For R local, the proposition is Hironaka’s miracle
flatness criterion [Nag62, Theorem 25.16]. For A regular, a locally free module is free [Lin82,
Theorem|.

(2) = (1) : For R local, the proposition is again Hironaka’s miracle flatness. Cohen-

Macaulayness is a local property. O]

Example 1.4.8. The Hecke algebra Hs(G) of a Bernstein component s € B(G) satisfies
condition (1) [BBK18, Proposition 3.1].
1.5 Generalized discriminants

Let R be a possibly non-commutative k-algebra that is a free finite module over a finitely
generated subalgebra A of its center Z(R). We assume k to be an algebraically closed field

of characteristic 0.
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In this section, we focus on the open dense stratum X € SpecA. If the Jacobson radical
of R is trivial, X is the semisimplicity locus of R. We characterize Xy as the zero set of a
generalized discriminant ideal.

For the Hecke algebra Hs of a Bernstein component s € B(G). Then, the projection
Laf;;_l5 1Zs Spec(Zs) sends a smooth irreducible representation p to its cuspidal support
sc(p) := (M, o), defined by p - i]\G/[(cr). For a generic (M, o), the induced representation
iJC\i[(a) is irreducible. As a main application of the results in this section, we prove Theorem
1.1.2 providing a computational criterion for the irreducibility of z']%(a) outside a singular
locus.

We provide computational tools for the discriminant in cases where there is an explicit
presentation as in the case of (twisted) affine Hecke algebras. In particular, we compute the
discriminant for the Iwahori-Hecke algebra of a split reductive p-adic group, first for the case
of an adjoint group where the center is already regular, and then for the general case, where

we need to choose a regular subalgebra.

1.5.1 Definition and properties

If f: R— R'"is amap of free A-modules of rank n, the n-th exterior power A" f : A" R —
A" R" is a map of free A-modules of rank 1 [Bou89, Chapter 7, Theorem 8.1]. In the
case R’ = R, by means of the canonical isomorphism End4(A) 2 A given by the inverse
homomorphisms a - 74(z) = ax and r - r(1), we can canonically associate to f: R — R its
determinant det(f).

From now on we assume R is also an A-algebra.

Definition 1.5.1. The norm function NR/A : Endy(R) - A is the map sending an endo-
morphism f € Endy(R) to NR/A(f) :=det(f). If r € R, by associating to r the endomorphism
fr € Endg(R) given by fr(z) =rz, we also define NR/A(T’) = NR/A(fT).

We recall some elementary properties of the norm.
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Lemma 1.5.2. For the norm function NR/A we have

® Nrja(f9) = Ngya(f)Ngsa(9),
e [faceA, NR/A(a) = a™ where n is the rank of R over A.

Proof. The first part follows from multiplicativity of the determinant. For the second, a can

be identified with a scalar matrix. O

The next Lemma is less trivial than it may appear, for a proof, see [Cas86, Appendix B,

Lemma 4].

Lemma 1.5.3. If B is a commutative A-algebra that is free as an A-module and C is a

B-algebra such that C' s locally free over B, we have

In particular, if n is the rank of C' over B,

Neya(b) = (NB/A(b))n

When R’ #+ R, we can only identify A" f with an element of A after choosing bases.
Nonetheless, if R’ = RV, a basis b= {r{,...,rn} of R as an A-module uniquely determines a
dual basis b¥ of RV := Hom 4 (R, A). By the universal property of free modules, we now have

canonical identifications

/n\R;A
/n\RV ~ A
(/n\f)beEndA(A);A
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If b= Mb is another basis for R, then det(M) is an invertible element of A, and the dual

basis is given by b¥ = tMbY. Thus,
(A ), =detan-(A ) -detc'an) = aenan? (As),

Definition 1.5.4. Let Trpiy : R®4 R - A be the trace form defined by TTR/A(x,y) =
trg(xy). We consider it as a function T?“R/A : R - RY. By the preceding paragraph, all
possible choice of a basis b for R define the same element (/\” TTR/A)b up to multiplication
by A*, and therefore generate the same principal ideal dR/A-

We call dR/A the discriminant of R over A.

Remark 1.5.5. Any choice of a generator for dR/A provides us with the same reqular func-

tion on Spec(A), so we often treat dp; 4 as a function.

Remark 1.5.6. In the case of number rings, Definition 1.5.4 agrees with the classical dis-

criminant of algebraic number theory.

As we mainly use the Jacobson stratification over the open dense stratum X, our defi-

nition is motivated by the following lemma.

Lemma 1.5.7. The open stratum X in the Jacobson stratification of SpecA is the comple-

ment of the zero set V(dg)4)

Proof. Notice that the zero set is well-defined since any two elements of the discriminant are
related by an invertible element, thus the zero set does not vary. By Definition 1.5.4, the
zero set is the locus where the trace form is an isomorphism, thus the Jacobson radical is

trivial by Proposition 1.4.5. O

In the case of number fields, we have an elementary formula allowing us to compute

the discriminant of a tower of extensions in terms of the discriminants of the intermediate
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steps. As stated in the introduction, it turns out it can be generalized to our case. We recall

Lemma 1.1.3.

Lemma 1.1.3. For a tower of extensions C'[BJA such that A, B are commutative and reg-
ular, C' s commutative, C' s free of rank n as a B-module and B is free as an A-module,

we have that

doya=(dgja)" - Npjaldep),
where NB/A 1s the norm function.

Proof. Let X = SpecA,Y = SpecB,Z = SpecC and g : Z - Y and f :Y - X the maps
corresponding to inclusion.

Let Ry y be the ramification divisor for f. By reducing to the local case, f«+Ry x =
div(dg / 4). We use the relative short exact sequence of Kahler differentials, where injectivity

follows by the fact that all maps are smooth
O_’QB/A‘X’BC_’QC/A_’QC/B_’O
We take determinants in the sense of [Har77, Exercise 11.6.11], to get
det(QC/A) = det(QB/A opC)® det(QO/B).

Now by the smoothness of f,g we have det(QC/A) = We /A det(QB/A) = weyp and thus

det(QB/A o ()= g*wpy - Therefore,

WejA2Wo/B® 9 YR A-

We know that wq A = E(RZ/ x ) is the invertible sheaf corresponding to the ramification
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divisor R, /X Thus, taking associated divisors,

Ryix = Rzy +9" Ry x

We consider the pushforward by f o g to get the divisor corresponding to the discriminant.

Since g.«g* for divisors is multiplication by the degree, and fidiv(z) = div(N(z)), we get

fadiv(deyp) + fo(nRy ) x)
div(Np a(do/p)) +div((dpya)")

= div((dpja)"Npjaldo/B))

112

diU(dO/A)

112

O

Remark 1.5.8. We can also deduce Lemma 1.1.3 by repeated application of the generalized
Riemann-Hurwitz formula.

Indeed, we have

Kz-(fog)'Kx
Kz-9"f"Kx

Kz -9"(Ky - Ry x)

112

Ry x

112

112

112

Rzy +9" Ry x

and we conclude as before.
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1.5.2  Irreducibility of induced representations

In the case of the Hecke algebra Hs of a Bernstein component s € B(G), we know after
[BBK18, Proposition 3.1] that #g is a finite Cohen-Macaulay module over its center Zg
which is itself a Cohen-Macaulay algebra. We can apply the Lafforgue variety construction
for R =Hgs and A = Z5, but using Proposition 1.4.7 we can also apply it for A being a regular
algebra contained in Z5 such that Z; is a finite A-module. If A is regular, then both Hs and
Zs are finite locally free A-modules. In this case, the group scheme Gp /A is smooth acting
on the Hilbert scheme Hilbp /A5 which is a closed subscheme of Ap /A5 the familiar relative
Grassmannian scheme attached to a vector bundle.

If f:Spec(Zs) - Spec(A) is the projection corresponding to the inclusion A ¢ Z;, we
define Z(f) to be the closed subset of Spec(Zs) where f is not smooth. Let Xy be the
open dense stratum of Spec(Zs) given by the cardinality of the fiber of the projection from
the Lafforgue variety. We identify a cuspidal datum (M, o) with the corresponding point in
Spec(Zs).

We recall and prove Theorem 1.1.2.

Theorem 1.1.2. Let (M,0)q be a cuspidal datum. Then, z']\G/[(a) is irreducible if and only

if (M,0) e Xq. Outside of the singular locus Z(f), this is equivalent to

dyy,ya(f(M,0)) % 0.

Proof. By Theorem 1.1.1, we get finite projections

Lafy, 17, = Lafy, /4 N Spec(Zs) ER Spec(A)

By the definition of p, |JH(@'?4(J))| = [p~1(M, o)nilLafy /4| Since generically an induced

representation is irreducible, over X the cardinality of the fiber is 1 which proves the first
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assertion.

Let Yy be the open dense stratum of the Jacobson stratification for Spec(A), and n =
deg(f). Then, for a generic point a € Spec(A), the cardinality of f op is n, and thus the
cardinality of a point a € Spec(A) is > n with equality if and only if a € Y.

Since the fibers of f outside the singular locus have cardinality n, Lemma 1.5.7 implies

the second assertion. O

Example 1.5.9. Let H be the Iwahori-Hecke algebra of GLo(F'). By Ezample 1.2.7, the
Weyl group is W = So. By Proposition 1.2.7, H is generated over the group algebra of the

cocharacter lattice R = Clay,25] by Te =1 and an element Ty satisfying

(Ts+1)(Ts—q) =0 (1.10)

The center is RW = C[xf,:c;]*g?. A cuspidal datum in this case corresponds to a choice of
an unordered pair of complex numbers defining an unramified character of a split maximal
torus.

Let 'V be a simple H-module. The subalgebra R is abelian therefore we can choose a
common eigenvector v € V. By equation 1.11, every element h € H can be written h =
Ter1 + Tsro for r1,r9 € R. Since v is cyclic by simplicity of V', dim(V') < 2. By equation
1.10, if dim(V') = 2, then tr, (V) = q -1, and if dim(V') = 1 then Ts acts as either -1 or q.

Therefore, the trace ring is Ty = (C[xf,x;]*g? ® Clz7] ®© Clz7]. The Lafforgue variety
and the projection are therefore roughly given by the following picture.

In this case, the center RV is already reqular, and the discriminant is

dpw = (22 - gr1)* (21 - qu2)?,

which retrieves that the induction i]\G/[(Xl, X2) 1s wrreducible if and only if Xl)@l + q*. When
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Figure 1.1: Projection from the Lafforgue variety to the Bernstein variety for Iwahori repre-
sentations of GLg(F')

this is not the case, the Jordan-Holder constituents of the induction are an irreducible char-
acter and a Steinberg representation corresponding to the two other connected components

shown in Figure 1.1.

1.5.83  Discriminant of adjoint reductive groups

The center RW of the Iwahori-Hecke algebra is also the coordinate ring of 7 [ W where T
is the dual torus. In this subsection we assume G is an adjoint group, thus T is the torus
of a simply-connected group, and in this case T J W = A" where r is the rank of G. Thus,
for an adjoint group RW is regular. In this case, we can retrieve Kato’s result by computing
dp/gw -

The computation essentially will be performed in two steps, from H to R and from
R to RV, in a similar fashion to Lemma 1.1.3, which cannot be used directly since H is
non-commutative. It turns out that the discriminant behaves in a similar way nonetheless.

Let W = {w1,...,wn} and Iy,, Ky, be the intertwiners/ normalized intertwiners as we

defined them in Section 2. Then, dg JRW 18 the discriminant of the lattice {ly,7"7}; ; for

proper ;.
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Thus, we need to compute the determinant
det({tr(]wiﬂ-'ujjwkﬂ-m)}i,j,k,k[n]) = det({tT(Iwi]wkﬂ'wk(Mj)W'ul)}i,j,k,lE[n])'

We notice that for w; # wlgl the trace is zero, because elements I, for w # e permute
the generelized eigenvectors, so we have n n x n blocks. Also, we recall that setting e, =
1- q_lﬂav,da =1- 7rav, gives

€af—q
L, 1=
rw agw dgd—q

by Lemma 1.2.35.

Thus, we can simplify the calculation using the following.

Lemma 1.5.10. Let R be a commutative algebra over the commutative algebra A. Let

p,71,...,Tn € R. Then we have that

det({tr(prirj)}) = Ngja(p) - det({tr(rirj)}).

Proof. Consider a basis of generalized eigenvectors v; and let x; be the eigenvalues of p and

)\'g be the eigenvalues of r;. Then tr(pryr;) = % K,k)\i:)\i. We therefore have

tr(pr?) ... tr(prirp) AL o m AT AR

tr(prr1) ... tr(pri) 9 SRt Vil B DYV

The above product is equal to

AL AT (A M tr(r?) ... tr(rirn)
kim0 o s . [ =det(p)-

YRR V() I DYV tr(rpry) ... tr(rd)
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By Lemma 1.5.10, we get

n €af—aq
dgpw =TT T Ngrw (m) “Aprw

i=1aeRy,

Notice that we also have

n/2

H H Cat-a _ H H Cat-a _ (H eae_a)
i=1aeRy, dad-a ae® weW,aeRy dad—q acd dqd-q

so0, since this element is W-invariant and thus by Lemma 1.5.2 its norm is itself to the n-th

power, we get the general formula

oo n?/2

Ay pw = (| [ = ‘a) d (1.12)

H
/R acd dad-a R/R

We can compute the discriminant for R/RW. Indeed, it is enough to calculate the ramifi-
cation divisor of the map SpecR — SpecRW. Ramification happens when d, = 0 for some
a. Indeed, in that case, the corresponding homomorphism R — k was sg-invariant, and in
that case two sheets degenerate in one in every ramified point. Thus, d, appears with an
exponent of 1 in the ramification divisor. Pushed forward, we have that the discriminant of
the extension R/RW is (ITgep da)™ . This computation is also carried out algebraically by
Steinberg [Ste74, pp. 125-127].

Combined with the fact that d, = d—4 up to an invertible element, (1.12) shows that for

an adjoint group G' we have

Proposition 1.5.11. If G is adjoint, we have

n?/2
dH/RW:(H eae_a) )

acd
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Remark 1.5.12. Since the zero locus of dH/RW 1s exactly the locus where the induced
representation is reducible by the considerations in Section 3, for the case of an adjoint
group we retrieve Kato’s result [Kat81, Theorem 2.2]. Notice that for an adjoint group the

second condition of Kato’s theorem s always true.

1.5.4  Discriminant in the non-adjoint case

If G is not adjoint, RV is not regular anymore, so we need to restrict to some subalgebra A

that is regular. We make a canonical choice.

Definition 1.5.13. We identify the fundamental weights w1, ... ,wyn with the trace function
of the corresponding fundamental representations. Then, we consider the smallest integers
dy,...,dn such that w;.ii e RW. We define A = C[u}fl,...,wg"] c RW to be the algebra of

fundamental weights.

A is obviously regular as it is a polynomial algebra.

By the same procedure as in the previous subsection, equation 1.12 is still true upon
replacing d JRW by d R/A» SO We want to compute d RJA- Recall that R is the group algebra
of the cocharacter lattice, so alternatively, it is the function ring of the dual torus T. The
fact that RW is regular when G is adjoint comes from the fact that the dual torus would be
simply connected: indeed, in that case it is known that T J/ W is an affine space of dimension
the rank of GG, and it is given as polynomials over the trace functions corresponding to the
fundamental weights.

For the general case, we consider a simply connected cover T of T such that T =T | Z.

We define R* = k[T]. Then R* is regular and (R*)W is also regular.
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Consider the following diagram

RW (R+)W

e

We want to compute dp JA- By Lemma 1.1.3, it is enough to compute the discriminants

A

IRe R ARe (o)W A(RA)W 4
We already know dR+/(R+)W' Since T//W = Clwi,...,wn], we have

di(di-1 dn(dp—1
d(R+)W/Agw11( 1 )'“Wn (dn-1)
We also have that Npj4(dg+/g) is an invertible element. Let n = [W] as before, and [R* :
R] =r. Then if we set [R: A] = nd we have [(R') : A] = rd. By using Lemma 1.1.3 we get

the following theorem.

Proposition 1.5.14. In the general case, and for A being the algebra of fundamental weights,

we have

dn2/2 ufr
e e

Proof. By the same method as in the adjoint case,

e dn?/2
dHA:(H a_a) “dp) g
A7\ e dada R/A

By Lemma 1.1.3, writing the discriminant dp+ /A in two different ways and ignoring the
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invertible factor Np / A(dp+ / R) we have

T _ rd
Apya=peyreyw )™ dipeyw s

Combining the two equations with dp. J(ROW = (IMged da)™ gives the result. O

Example 1.5.15 (SLg case). For SLo the dual group is PGLo, and the simply connected
cover would be again SLy. This gives R* = C[a*], while R* || Zo = C[a*2]. Then (R*)W =
Clz +271] and RW = C[22 + 272] = A - this is the only simply connected group for which

L so w% generates RW .

that is correct, since wy =x +x~
It is easy now to compute directly dp+/p = SBQ,CZR+/(R+)W = (1 —x_2)2,d(R+)W/A =(1+
172)2, which gives (one can also do this directly to get the same result) dpja=(1- r~4)2

2

since x* 18 invertible.

Therefore, either by Proposition 1.5.14 or by direct computation,

— A 1 —qV \Y
dypw =(1=q "7 )2 (L-¢ ' )% (1+ 7)™

As a corollary, the induced representation is irreducible if and only if one of the three
factors is zero. The same result can be obtained from Kato’s theorem or a direct calculation

of the conditions [Sol21, pp. 1020).

1.6 Application to the Local Langlands Conjecture

Let F' be a non-archimedean local field with ring of integers O and uniformizer 7. Let
k = O/TO be the residue field and ¢ = |k|. Set G := G(F') to be the group of F-points of a
connected reductive algebraic group G. Every connected reductive group is the inner twist
of a quasi-split group [Spr, §16.4].

Let W be the Weil group of F' and I the inertia group. We denote by Wll? = Wpg x

SLo(C) the Weil-Deligne group.
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Over a separable closure Fgep of F', the group G is split, therefore by the isogeny theorem
it is classified by its root data, see Section 2. By the symmetry in the definition of a
root datum, we can define the Langlands dual group GV which corresponds via the isogeny
theorem to the dual root datum. We denote by GV := GY(C) the group of C-points. The

group W acts via its Galois action on G and GV.

Definition 1.6.1. Let G be a reductive group over F. We define LG := GY x W to be the
L-group of G.

Remark 1.6.2. IfG is F-split, the action of W is trivial, therefore we have LG := G¥YxWp.

Definition 1.6.3. A continuous group homomorphism ¢ : WJIT - L@ is called an L-parameter

for G if
1. ¢(w) e LGw for all we W
2. ¢(w) is semisimple for all we Wp
3. ¢ ‘SLQ((C): SLy(C) - LG is a homomorphism of algebraic groups.

The Local Langlands conjecture asserts the existence of a surjective, finite-to-one map
LLC :Trr(G) —» ®(G)

from the set of smooth irreducible representations of G to the set ®(G) of GV-conjugacy
classes of L-parameters for G.

This correspondence has been refined to a bijection with a set ®.(G) of enhanced L-
parameters. Corresponding to the Bernstein decomposition on the group side there is a
similar partition of ®.(G) on the Galois side in sets @gv(G).

In [Sol22], Solleveld proves the existence of an extended affine Hecke algebra Hg such
that Irr®(G) 2 Irr(Hs). In [AMS21], Aubert, Moussaoui and Solleveld construct an affine
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Hecke algebra Hgv such that @gV(G) ~ Irr(Hgv). Many cases of the Local Langlands Corre-
spondence have been established in this way by comparing the two Hecke algebras [AMS22].
In this section, we propose to compare the two Lafforgue varieties given by the Hecke

algebras of both sides.

Conjecture 1.6.4. There is a commutative diagram

Lafy, z, — Laf Hov|Zy

| |

Spec(Zs) —— Spec(Zyv)

where the horizontal arrows are isomorphisms and the vertical arrows are the finite projec-

tions of Theorem 1.1.1.

In the first subsection, we recall the definition of enhanced L-parameters and their cus-
pidality from |[AMS18, §6]. In the second subsection, we show that Q4v = Spec(Zzv) is a
Bernstein variety on the Galois side ie. it parametrizes the elements of sV in the same way
as {2 does for s (see Section 2). Finally, we compare our conjecture to other versions of

Local Langlands.

1.6.1 Enhanced L-parameters

Let G, = GV[Z(G") be the adjoint group of GV and Gy its simply connected cover.
The groups Zagv(d(W5))Z(GY)]Z(GY), Zagv(¢(WF))Z(GY)[Z(GY) can be naturally con-
sidered as subgroups of G, and we define g(;, Gy < Ggc to be their inverse images under the
quotient map Gg. —~ G} ;.

After [Art06], [AMS18|, we define
S¢ = Wo(ggb)
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Definition 1.6.5. We call a representation p of Sy an enhancement of ¢. A pair (&, p)

where ¢ is an L-parameter and p an enhancement of ¢ is called an enhanced L-parameter.

Not all enhancements are relevant for the bijective Local Langlands correspondence.
In particular, given a Langlands parameter ¢ there is a natural group homomorphism
Z(GY)WF - Z(Sg). By Schur’s Lemma, p acts by a character on the center Z(Sy), and
therefore we can define a character ¢, of Z(Gy)WF.

Let v € HY(F,G,q) be the Galois cohomology class parametrizing G’ as an inner twist of

its quasi-split form. We recall an alternate description of H(F,G,q) due to Kottwitz.

Proposition 1.6.6. [Kot8/, Proposition 6.4] There is a natural group isomorphism
K HY(F,Gaq) 2 Hom(Z(GY)VF, C).

Definition 1.6.7. [AMS18, Definition 6.7/ An L-parameter ¢ for G is called G-relevant if
for every parabolic subgroup LP < LG such that p(Wg) € LP, we have that LP comes from
a parabolic subgroup P < G defined over F'.

An enhanced L-parameter (¢,p) is called G-relevant if

k() = Cp

under the Kottwitz isomorphism.

Remark 1.6.8. If (¢, p) is a relevant enhanced L-parameter, then ¢ is a relevant L-parameter

by [AMS18, Proposition 6.8].

The group GV acts on the set of enhanced L-parameters by g- (¢, p) == (g6g~1,9p). The

action of GV preserves relevance.

Definition 1.6.9. We denote by ®c(LG) the set of equivalence classes under G -conjugation
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of enhanced L-parameters for G. We denote by ®.(G) the set of equivalence classes under

GV -conjugation of relevant enhanced L-parameters for G.

Conjecture 1.6.10 (Weak Local Langlands Conjecture). There is a bijection of sets
LLC :Trr(G) = ®.(G).

Remark 1.6.11. Even though the above is a form of bijective Local Langlands, we call it
weak because we normally require from a Local Langlands correspondence to satisfy certain

natural properties, see for example [Hail4, §5.2/, [Bor79).

To provide a notion of cuspidality for Langlands parameters, a different description of

the group Sy is helpful.

Proposition 1.6.12. We denote by Ay = WO(Zg¢(u¢)) the finite group of connected com-

ponents of the centralizer. Then, there is an isomorphism

We need the following proposition which is a basic tool in the construction of the gener-

alized Springer correspondence.

Proposition 1.6.13. [AMS18, §2] For any reductive group G, there is a natural bijection
between the set of G-conjugacy classes of pairs (u, p) and the set of pairs (CS, F) where CG is
the G-conjugacy class of a unipotent element and F an irreducible G-equivariant local system

in CS. The bijection sends a pair (Cg,]—") to any representative u and the representation of

Aq(u) on the stalk Fy.

Definition 1.6.14. Let ¢' : W — LG be a Langlands parameter. Let LM be a Levi subgroup
containing its 1mage ¢(W1’?) Then ¢ is called discrete for LM if there is no smaller Levi

containing gb(W;,), and ¢ is relevant for LM
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With these tools in place we can define cuspidality for enhanced L-parameters.

Definition 1.6.15. A G-equivariant local system is called cuspidal if it does not occur as a
constituent in an induction from another local system.

An enhanced Langlands parameter (¢, p) for LM < LG is called cuspidal if ¢ is discrete

11
and after defining uy = ¢ , 1], the pair (u¢, p) corresponds to a cuspidal local system
0 1

by applying Proposition 1.6.13 for (]¢.

Remark 1.6.16. Lusztig’s induction and restriction functors for G-equivariant sheaves pro-
vide the needed analog for parabolic induction and restriction of smooth representations. The
definition works because the complex dual group is defined over characteristic 0, therefore the

decomposition theorem for perverse sheaves is available [BBD82].

1.6.2 Bernstein theory on the Galois side

Let LM be a Levi subgroup of LG and Xy (!M) = (Zyvurp)® where I is the inertia
subgroup of the Weil group Wp. The natural action of Xp.(LM) on ®¢(M) given by
g-(¢,p) = (g6971,9p) where g acts by conjugation on the target of ¢ and on the source of p
preserves cuspidality. Let ®S(M) < ®.(M) denote the subset of cuspidal equivalence classes
of enhanced L-parameters under GV-conjugation. To an enhanced L-parameter [ = (¢, p) for
G we can attach its cuspidal support sc(l) := [(M,¢)] where LM is a minimal Levi where
[¢ is defined and [¢ € ®E(M) such that the G-equivariant local system F; corresponding to
[ under Proposition 1.6.13 occurs as a constituent in the induction of Fjc. The cuspidal
support is well-defined up to GV-conjugation [AMS18, §7].

We denote by sV the orbit of [(£M,1¢)] under the action of Xy, (£M) on the second term,

and by BY(G) the set of all possible orbits. We denote by ®¢ (G) the preimage sc™!(s")
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of ¥ under the cuspidal support map, which provides us with the partition

() || @2 (G)
sVeBY(G)

of [AMS18].

Let [ = (¢, p) be a representative for the class s¥. We denote by Xy, (MVY,1) ¢ Xy (MV)
the finite subgroup stabilizing [ up to MV-conjugacy. Then Tyv := Xy (MY)/Xpr(MV,1) =
OE(M) is an algebraic torus.

Similarly to the proof of Proposition 1.2.16, T,v parametrizes cuspidal pairs up to M-
conjugacy. We denote by Wyv € W(MV) the subgroup of the finite Weyl group stabilizing [
up to GV-conjugacy.

We recall the main theorem of [AMS21] in the notation of Section 2.
Theorem 1.6.17. There are parameters A\, \* and a specialization Hgv of the twisted affine
Hecke algebra H(Tgv, Wyv, A\, \*,Z) such that

38 = Trr(Hyv)

We can now define our analog of the Bernstein variety.

Lemma 1.6.18 (Bernstein variety on the Galois side). The algebraic variety Qgav(G) =
Tov [Wev parametrizes the equivalence classes of cuspidal pairs in sV.

The ring of reqular functions
st = O(st) = O(Tsv)Wﬁv

of the Bernstein variety is isomorphic to Z(Hgv).
The finite projection p : Lastv/st (C) » Qgv(C) of Theorem 1.1.1 restricted to iLastv/st

15 the cuspidal support map.
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Proof. For the first part, by the discussion of the previous paragraph, equivalence classes in
sV are parametrized by Tgv up to the transitive action of Wyv. As the quotient of a torus by
a finite group, {2;v admits a natural structure of an algebraic variety.

The second part follows from the explicit structure of Hyv in Theorem 1.6.17 and Lemma
1.2.48.

If I = (¢,p) is an enhanced L-parameter identified with a closed point of iLaf Hy | Zv
then p(l) € Qgv is a cuspidal support such that [ is a constituent of the induction of p(l).

Therefore, p(l) = sc(l) by uniqueness of cuspidal support. ]

1.6.3 Relations between the conjectures
We relate some known conjectures with Conjecture 1.6.4.
Proposition 1.6.19. Conjecture 1.6.4 implies Conjecture 1.6.10.

Proof. By Proposition 1.4.3, Conjecture 1.6.4 provides us with a canonical isomorphism
iL.EiLfH5 = iLastv,

which at the level of C-points provides us with a canonical bijection. O

Remark 1.6.20. Notice that by Lemma 1.6.18, the compatibility with central characters

required in [Bor79] for a Local Langlands Correspondence also follows from Conjecture 1.6.4.

Conjecture 1.6.21. For any reductive group G, it is true that
Hs < Hyv.

Proposition 1.6.22. Conjecture 1.6.21 implies Congjecture 1.6.4. In particular, Conjecture
1.6.4 is true for quasi-split classical groups and their pure inner forms, ie. symplectic groups,

(special) orthogonal groups, general (s)pin groups and unitary groups.
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Proof. By Proposition 1.4.3, the first part follows. The fact that Conjecture 1.6.21 is true

for pure inner forms of quasi-split classical groups is the content of [AMS22]. m
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CHAPTER 2
CHARACTER SHEAVES

2.1 Introduction

2.1.1  Summary

Character sheaves on a reductive group G are certain irreducible G-equivariant perverse
sheaves introduced by Lusztig as a geometrization of characters of a representation in the
series of papers [Lus85a/, [Lus85b|, [Lus85¢|, [Lus86a|, [Lus86b]. Roughly speaking, in char-
acteristic 0, we start with a local system £ with finite monodromy on a torus 7" of a Borel
subgroup B that is invariant under some element w € W, push it forward to a B-equivariant
local system on BwB, and then Lusztig’s induction functor gives a G-equivariant perverse
sheaf K5 on G. Character sheaves are the irreducible constituents of all possible K£. In
characteristic p, a condition is added to this definition, more precisely that the local system
L we start from is a Kummer local system. For the precise definitions, see [MS89, §2| or
Section 3.

In the finite field case, taking the trace of Frobenius on character sheaves retrieves the
irreducible characters, and the category generated by character sheaves behaves similarly
to the category of representations in infinite fields, where the theory of characters is not
well-defined.

Let N be the subalgebra of nilpotent elements of g. It can be embedded in g* using
the Killing form, and then we define G x N' ¢ T*G = G x g* to be the nilpotent cone. In-
dependently, Ginzburg and Mirkovic and Vilonen showed that, for k& an algebraically closed
field of characteristic zero, character sheaves are exactly the G-equivariant irreducible per-
verse sheaves whose singular support is a subvariety of the nilpotent cone [Gin89|, [MV8S|.
Ginzburg employed the Riemann-Hilbert correspondence and the classical notion of singu-

lar support for D-modules, whereas Mirkovic and Vilonen used the microlocal definition of
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singular support of constructible sheaves on varieties over characteristic 0 defined in [KS90|,
which circumvents the use of D-modules.

Beilinson generalized the notion of singular support for constructible sheaves defined over
any characteristic [Beil6]. While singular support in characteristic p enjoys similar functorial
properties to the characteristic 0 case, certain aspects needed in the proof of Mirkovic and
Vilonen, like conormality of the singular support to its base, no longer work in characteristic
p, |Beil6, Example 1.6].

In this paper, we define a category of tame perverse sheaves and study their functo-
rial properties. This notion captures most sheaves used in the construction of character
sheaves, and tame perverse sheaves behave similarly enough to the characteristic 0 case. We
then adapt Mirkovic and Vilonen’s proof to show the following, without any assumption on

char(k).

Theorem 2.1.1. Let G be a reductive group over an algebraically closed field k. Then the

singular support of a character sheaf is a subvariety of G x N.

2.1.2 QOutline

We define a general notion of tame perverse sheaves, and show that the category they form is
particularly well-behaved, using Kerz and Schmidt’s results about tameness of étale coverings
[KS10].

Upon trying to adapt the proof of Mirkovic and Vilonen to positive characteristic, we
stumble in the following problems.

First of all, Mirkovic and Vilonen use in an essential way the conormality of singular sup-
port to its base in characteristic 0, which does not remain true in characteristic p. We show
that conormality of the singular support is true for tame perverse sheaves, upon restrictions
on the ramification divisor.

Second, we need to show that certain operations of sheaves involved in the construction
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of character sheaves preserve tameness. We show preservance of tameness under various
operations, and in particular we will define a class of morphisms called tamely smooth, with
the property that the pullback under them is tame if and only if our initial perverse sheaf
was tame.

The paper is organized as follows: In Section 2, we define and study the category of tame

perverse sheaves. In Section 3, we prove Theorem 2.1.1.

2.2 Tame perverse sheaves

2.2.1 Definition of a tame perverse sheaf

Let X be a smooth variety over an algebraically closed field k. All sheaves we consider are
assumed to be either [-adic for [ # char(k), or complex.

E will denote any constant sheaf. We recall a well-known definition.

Definition 2.2.1. £ is a local system on U with finite monodromy if there exists a finite

étale covering map f:U — U such that f*L = E.
We recall the following definition.

Definition 2.2.2. Let C be a proper, connected and reqular curve of finite type over Spec(k)
and C € C an open subscheme. Every point x € C~ C defines a valuation on k(C). An étale

covering map of curves C' — C is called tame if for every x € C ~ C the valuation v, is

tamely ramified in k(C") | k(C).

We also recall one of several equivalent definitions for tameness of an étale covering in

[KS10, §4].

Definition 2.2.3. An étale covering Y — X is called tame if for every morphism C' - X

the base change Y xx C - C' is tame.

The following definitions are motivated by Definition 2.2.3.
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Definition 2.2.4. A local system L with finite monodromy will be called tame if the étale
covering f : U — U in Definition 2.2.1 can be taken to be tame. Equivalently, if the étale

covering f:U — U representing L is tame.

Definition 2.2.5. An irreducible perverse sheaf IC(U,L) on a smooth variety X is called
tame if £ is a tame local system on U. A perverse sheaf on X is called tame if all its

rreducible constituents are tame.

2.2.2  Properties

In this subsection we show properties of tameness that will be used later.

Lemma 2.2.6. The category Pervigme(X) € Perv(X) consisting of the tame perverse
sheaves and the morphisms between them is an abelian subcategory of the category of perverse

sheaves.
Proof. Trivial by checking the irreducible constituents. O]
Lemma 2.2.7. Tameness of an étale covering is stable under arbitrary base change.

Proof. Let f:Y — X be a tame étale covering and g : Z - X a morphism. Then for an

arbitrary morphism C' - Z where C' is a regular curve, we get the following diagram

Yxx Zx,C —— C

| |

Yxx 2 — 7

| |

Y —— X

It is enough to prove that the upper morphism of curves is tame. This follows by Y xx Z x»

C 2Y xx C and the tameness of Y —» X. ]

As a consequence, smooth pullbacks preserve tameness.
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Lemma 2.2.8. Let f: X =Y be a smooth morphism, and F a tame perverse sheaf on Y.

Then f*F is tame.

Proof. It is enough to prove the statement for an irreducible perverse sheaf IC(Y{, L) on
Y. Restrict Y to Yy and X to the preimage, and f will remain smooth in the restric-
tion because smoothness is preserved by arbitrary base change. Then the pullback will be
IC(f~1(Yy), f*£). But for £ there must be a tame étale covering g : U — Y such that

g*F = E. Therefore, by the diagram

since by smooth base change ¢'* f*L = f*g*L = f"*FE = E, ¢ is an étale covering trivializing

f*F. By Lemma 2.2.7, ¢’ is also tame. O

Tameness is local with respect to the tame site of [HS21].

Lemma 2.2.9. Let F be a perverse sheaf on a smooth variety X and {U;} be an étale
covering of X such that all maps p; : U; - X are tame. Then F is tame if and only if all
p; F are tame sheaves. In particular, if p:Y — X is an étale map that is a tame covering of

its image, and p*F is tame, then F is tame.

Proof. The only if direction follows directly Lemma 2.2.7. For the if direction, we use descent
and the Lemma 2.2.7 to get a tame étale covering p: U - X such that p*F is tame. Then if
g:V — U is a tame covering that trivializes p*F, po g is a tame étale covering trivializing
F.

For the second assertion, we claim that it is enough to check tameness of a sheaf after its
restriction to a Zariski open subset, and then we apply the first assertion.

Indeed, after we base change to any curve, it is enough to notice that tameness on a

curve can be checked on any open subset, which is well-known. O
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In the case of a smooth projection, we have a converse.

Lemma 2.2.10. Let Y smooth and p: X xY — X be the first projection, and F a perverse
sheaf on X. Then p*F is tame if and only if F is.

Proof. The if direction is immediate by Lemma 2.2.8. For the only if direction, we can
assume F = IC(U, £) and then we have that p*F = IC(X xU,Ox ® L) is tame. A minimal

trivialization of p*F in particular trivializes £ and thus F is also tame. O]

On a torus, tame local systems coincide with Kummer local systems. Indeed, for n € N,

let n:T — T be the n-th power isogeny n(t) = t".

Lemma 2.2.11. For a torus T, a local system L is tame if and only if it n*L 2 E for some

n coprime to p.

Proof. Let R =k[x7,... ,xt] and T = SpecR. Since n*L = F, L trivializes under the covering
the covering n : SpecR[t1,...,t;]/(t] - x1,...,t]} —x}) - SpecR, which is a standard tame
covering since (n,p) = 1. If it is tame, then it must trivialize under some tame covering, which
by the relative Abhyankar Lemma [Gro71, Expose XIII, Proposition 5.1| we can take to be
of the form f: SpecR[t1,...,t;]/(t]" — 21, ... ,tzk - 1x}.), where (n;,p) =1foralli=1,... k.
Defining n = [ n;, we see that we can write n as a composition g o f, and therefore n also

trivializes £, since n*L =g* o f*(L)=g*FE = F. O

We now show that conormality of the singular support still holds in characteristic p for

tame perverse sheaves upon conditions on the geometry of the ramification divisor.

Definition 2.2.12. Let X be a variety and D ¢ X a closed subvariety. A map f:X - X

will be a called a uniform resolution of D if
1. X is smooth and f is proper and birational.

2. f~Y(D) is a simple normal crossings divisor in X .
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3. [ is a stratified submersion on tangent spaces for the stratification D = |,y D; by

smooth strata of codimension i.

Lemma 2.2.13. Let X be a smooth variety over an algebraically closed field k. If F is a
tame perverse sheaf on X such that for every irreducible constituent 1C (U, L) we have that

D :=U U has a uniform resolution, then SS(F) is conormal to its base.

Proof. Assume without loss of generality that F := IC(U,L) is irreducible. Shrink U by

intersecting with the open locus where f is an isomorphism. Consider the diagram

) s %

b

v—L 4 x

where 7, are inclusions and ¢ is the restriction of f to f~1(U).

If D is already a simple normal crossings divisor, since SS(F) ¢ SS(51£) by |Beil6,
Theorem 1.4(ii)], the assertion follows from a combination of [Sail6, Lemma 3.3 and [KS10,
Theorem 4.4].

For the general case, we define G := jjg* £, and notice that
N2 fuf"HL 2 fuG

where the first isomorphism is true because f is an isomorphism over U, and the second by

base change. Therefore, by [Beil6, Lemma 2.2]

SS(F)cSS(HL)=85(f«G) < foS55(G),

and SS(G) is conormal since f~1(D) is a simple normal crossings divisor and g*£ is tame.
Assume SS(F) was not conormal. Then there exists z € D; and w not conormal to
D;, such that w € SS(F). Therefore, there exists v tangent to D; such that (w,v) # 0. By
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assumption, there exists v’ tangent to f~1(D;) such that (df (w),v’) # 0, and by conormality

of SS(G) we have a contradiction. O

Remark 2.2.14. For the case of character sheaves treated in this paper we need conormality
for the Bruhat stratification, which admits the Bott-Samelson resolution. The Bott-Samelson

resolution is uniform by equivariance.

Notice that, in general, pushforwards do not preserve tameness even under very strong

assumptions.

Example 2.2.15. Consider a projective wildly ramified covering of curves f: X =Y. This
decomposes as X LyxPl Ly, r= 1+ E is a tame sheaf, while p«F = f«FE is not. Notice

that p is a smooth proper map.

2.2.3  Tamely smooth morphisms

We define a refinement of smoothness that is useful for studying tameness. First, we recall

an equivalent definition for smoothness [Sta22, Tag 054L|.

Lemma 2.2.16 (Smooth maps are étale locally trivial bundles). A map f: X = Y is smooth
if an only if for every point x € X there exist Zariski open neighborhoods U,V around z, f(x)

such that f decomposes as

X < U—"5 AnxV

where T is an étale map.

Motivated by Lemma 2.2.16, we define the notion of a tamely smooth morphism. Essen-

tially, tamely smooth morphisms are tamely locally trivial bundles for the tame site defined
in [HS21].
Definition 2.2.17. A smooth morphism f : X — Y is called tamely smooth if the étale

maps 7 in Lemma 2.2.16 can be taken to be tame étale coverings of their image.
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The following properties are easy, but we include the proof for completeness.
Lemma 2.2.18. We have the following properties.
(a) Open immersions are tamely smooth.
(b) Tame smoothness is preserved by base change.
(¢c) The composition of two tamely smooth morphisms is tamely smooth.
Proof.

(a) If : U — X is an open immersion, we can just take for every u € U the neighborhoods

UcU and U ¢ X, and j becomes an isomorphism.
(b) Follows by taking base change of the diagram in Lemma 2.2.16.

(c) Let f: X - Y,g:Y - Z be tamely smooth, and consider the following diagram, where
we have taken refinements of the neighborhoods in Lemma 2.2.16 and the upper right

diagram is base change.

Then the fact that V' — W x A is tame implies that its base change is tame, and then

by the fact that the composition of tame étale coverings is tame we can conclude.
m
The next Lemma is the motivation behind the introduction of tamely smooth morphisms.

Lemma 2.2.19. Let f: X =Y be a tamely smooth morphism and F a perverse sheaf on'Y

such that f*F is tame. Then F is tame.
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Proof. Using the notation from the diagram in Lemma 2.2.16, it is enough to show the
statement for f/ due to Lemma 2.2.9 . But then if f/F = n*p*F is tame, p*F is tame by

Lemma 2.2.9 , and therefore F is tame by Lemma 2.2.10 . ]

2.3 Proof of the main theorem

We adapt Mirkovic and Vilonen’s proof, using the results of the previous Section where
needed, to prove Theorem 2.1.1. First of all, we recall the definition of character sheaves. In
particular, we recall Lusztig’s induction functor, a sheaf analogue of the induction functor for
representations, or characters. Indeed, in the finite field case, taking the trace of Frobenius
to reduce to classical characters, commutes with induction.

Let A be a connected algebraic group acting on a variety X. For any connected subgroup

B, consider the following commutative diagram.

AxX —— A/Bx X

| |

X X

given by
(CL7ZL’) # (CLB,ZL‘)

lﬁ I

For F € Dp(X), there exists a unique F € D 4(A/B x X) such that a*F = v* F.
Definition 2.3.1. The functor I’é}— = p+F is called the induction functor.

We now recall the definition of character sheaves following [MS89|. Let G be a reductive
group and fix a Borel B. Let T be a maximal torus and B =T'N for the unipotent radical.
Let W be the Weyl group of B, T and n = dimG/B. Let w € W. We consider G, = BwB and
Y = Gy. Choosing a representative w € W, there is an isomorphism Uy, x T x U = Gy, given

73



by (u,t,u’) - witu’, so we have a natural projection pr: Gy, - T defined by pr(u,t,u’) =t.
For any Kummer local system L¢ on T, we define L¢, = pr*Lle, and set Agy, =
IC(Gw,Eg’w). Ag 4y up to isomorphism does not depend on the choice of w, so we will

write Ag -

Definition 2.3.2. The irreducible constituents of the complexes K5 = Fg[A&w] where w €

W and L¢ is a Kummer local system on T fized by the w-action, are called character sheaves.

By Lemmas 2.2.11 and 2.2.8, the sheaves A¢ ,, are tame.
To prove Theorem 2.1.1, we need the equivalent of [MV88, Lemma 1.2] for characteristic
p, and then to be able to follow partially the proof of [MV88, Theorem 2.7|. For the latter

part, we will use Lemma 2.2.13 and the Bott-Samelson resolution.

Lemma 2.3.3. For F € Dg(X), we have
SS(TGF) c G- SS(F).

Proof. Let prg be the second projection from either T*(G x X)), T*(G/B x X) to T*X.

We have pra(SS(F)) = pro(SS(v*F)) = pro(SS(a* F)).

The singular support of a pullback via a smooth morphism behaves as in characteristic
0 by [Beil6, Lemma 2.2] or [Sail6] so we similarly have pro(SS(F)) =G - F.

Now, we need to prove SS(F%]—") = SS(psF) < m

But G/B is a flag variety and therefore proper, so p is proper being a base change of a

proper morphism. Therefore, we conclude by [Beil6, Lemma 2.2]. O
We are now ready to prove Theorem 2.1.1.

Proof. First, we show that Ag’w has nilpotent singular support.
Under the identification T*G = G x g, the fiber at e of the conormal bundle at the Bruhat

cell B is n. Therefore, the fiber at g of the Bruhat cell BgB is nn9n where the upper script
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denotes the adjoint action. So it is enough to prove that A¢ ,, has conormal singular support.
But Ag,w is a tame perverse sheaf constructible with respect to the Bruhat stratification,
so its irreducible constituents are supported on Bruhat cells Y;, = BwB. Choose a reduced
expression w = sy...sp. We get conormality by Lemma 2.2.13, using the Bott-Samelson
resolution

Ysl XB"'XBYSn_)Yw

(see, for example, [Lus85al).
Finally, G x N is closed and invariant for the G-actions of translation and conjugation,

thus by Lemma 2.3.3 Fg preserves nilpotency of singular support. O
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