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The scientist does not study nature because it is useful to do so. He studies it because he

takes pleasure in it, and he takes pleasure in it because it is beautiful. If nature were not

beautiful it would not be worth knowing, and life would not be worth living.

- Henri Poincaré
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2.1 Geometry of the flow chambers. (a-b) The “standard chamber” consists of
a 3D-printed frame and acrylic faces. (c-d) The “windowed chamber”, made of
acrylics, has four additional windows to measure vortex ring properties by particle
image velocimetry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Components of the experimental chamber. (a) A silicone rubber (“flap”)
with a hole of diameter Dp is attached on the top face to minimize excess flow
into/out of the chamber. (b)An acrylic, cylindrical piston is inserted through
the hole. (c) A 3D-printed “holster” is magnetically attached to each truncated
surface of the chamber. An acrylic sheet with an orifice or a 3D-printed helical
mask is bolted to the holster. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Controlled generation of vortex rings (a) Generated vortex rings are visu-
alized by bubbles. (b) An actuating signal (gray) and realized motion of the
piston are plotted against the phase. The curve is obtained by averaging the
encoder output in a phase-locked manner. Lp is the commanded stroke length.
(c) Commanded (gray) and realized (blue) velocity profiles are plotted against
the phase. The shade represents the standard deviation of the collected velocity
profiles (n = 8). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.4 A schematic of the PIV experiments using the standard chamber and
the windowed chamber. The standard chamber is primarily used to character-
ize a blob of turbulence, whereas, the windowed chamber is used to characterize
the incoming vortex rings. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.5 A schematic of the 3D PTV experiments. A Nd:YDF, pulsed laser and two
cylindrical lenses are used to create an illuminated region in the chamber. Four
cameras track the O(105) particles every frame that are used to reconstruct an
Eulerian velocity field. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.6 The 3D PTV setup (left) A Nd:YDF, pulsed laser and two cylindrical lenses are
used to create an illuminated region in the chamber. (Middle) The 3D-printed,
standard chamber is fixed in a water tank. (Right) Multiple (up to four) high-
speed cameras are mounted on the mobile cart. . . . . . . . . . . . . . . . . . . 13
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3.1 Generation of turbulence using vortex rings and their resistance to
confinement. (a) We envisage colliding vortex rings creates turbulence at a
target location far from boundaries with a controlled injection rate of energy.
(b) A vortex ring and its atmosphere is visualized by bubbles. (c) Streamlines
of a vortex ring in the co-moving frame. (d) A photograph of the experimental
chamber. The scale bar represents 100mm. (e-f) Voriticty resists confinement.
(e) A head-on collision of two identical vortex rings (blue) generates numerous
secondary rings after reconnections occur (red). The left panel shows the result
of a Gross-Pitaevskii simulation, whereas the right panel shows the experiment,
visualized by bubbles. The scale bar represents 30mm along the semi-major axis
of the red ellipse. The red ellipse is a projection of a circle. (f) A collision of four
identical vortex rings results in two vortex loops after reconnections (red). The
scale bar is the same as (e). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Two phases emerge as eight vortex rings repeatedly collide: coherent
reconnections and a confined state of turbulence. (a) Coherent vortex
reconnections of eight vortex rings (blue) result in six secondary rings (red), visu-
alzied by 3D Lagrangian trajectories. The color represents the radial component
of instantaneous Lagrangian speed, d = (U⃗Lag · r̂)/|U⃗Lag|. (Vring/Rring, f) =
(20Hz, 0.2Hz). (b-c) Time-averaged energy/enstrophy on the central slice shows
the passage of vortex rings as they enter, reconnect and leave the central re-
gion. (d) Spatially-averaged energy and enstrophy on the central plane. The
inset figures show the 3D Lagrangian trajectories before and after the recon-
nections. (e) Lagrangian trajectories around a turbulent blob display uniform,
nearly isotropic outflow from the core. (Vring/Rring, f) = (20Hz, 5Hz) (f-g) Time-
averaged energy/enstrophy shows an isolated region with high energy/enstrophy.
(h) Spatially-averaged energy and enstrophy shows the state to be steady. The
error bands in (d) and (h) represent SEM (n=5 and 25cycles respectively). . . . 20
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3.3 Turbulent flow statistics and energy balance in a turbulent blob. (a)
Yellow: the mean flow energy ⟨Ui⟩t⟨Ui⟩t/2. Blue: the mean turbulent energy
⟨uiui⟩t/2. (b) Radial profile of the dissipation rate on the central plane reveals
an homogeneous region up to R = Rblob ≈

√
6Rring, and a tail that decays

with ∼ r−4. The profile collapses for rings with different radii. (Piston stroke
ratio, piston effective stroke velocity, frequency)=(L/D, veff in mm/s, f in Hz)-
circle (1.5, 196, 5), up-pointing triangle (2.0, 418, 5), down-pointing triangle (3.0,
443, 5), square (3.0, 443, 7), diamond (3.5, 318, 5), plus (3.5, 594, 5), diagonal
cross (3.5, 594, 7), star (3.5, 594, 8). (c) Dissipated power in the sphere of ra-
dius Rblob linearly scales with the power injected into the blob by vortex rings.
Data are presented as mean +/-SEM (n=12). (d) Planes display the measure-
ment regions of 2D PIV (i = 1, 2) performed at three levels of magnification.
(e) Turbulence lengthscales with respect to the relevant geometries (blob radius
Rblob, ring radius Rring, and core diameter a). (f) Rescaled one-dimensional

spectra are computed in the homogeneous region (r ≤ Rblob). (ϵ0 = 6.0 × 104

mm2/s3, ν = 1.004mm2/s, Reλ = 200). The gray master curve is taken from
[142] (Reλ ≈ 600) as a reference. The attenuated signal due to PIV is addressed
by hollow data points. (g) Rescaled second-order structure functions of the same
data as (f) are shown with a reference curve from [142] (Reλ ≈ 600). . . . . . . 23

3.4 Vring/(Rringf) governs the transition from coherent reconnections to
turbulence. (a) The integral length scale L is proportional to the radius of
the injected vortex ring Rring. (b) Dissipation rate ϵ0 inside the turbulent core is

proportional to the power injected by vortex ring ∝ V 2
ringf . The x-error bar repre-

sents SEM(n=5), and the y-error bar represents SD of a time series of dissipation
rate (n=500).(c) Phase-averaged enstrophy flux through a sphere with radius of
1.9Rblob captures outgoing enstrophy below the transition (red, f = 1Hz), and its
absence above the transition (blue, f = 6 Hz) for rings with Vring/Rring = 20Hz.
The data are presented as phase-locked average +/- SEM (red: n=2, blue: n=10).
(d) The scaled escaping enstrophy per cycle decreases as the injection frequency
increases, indicating a transition to a blob. The orange band corresponds to <5%.
(e) Formation of a turbulent blob depends on Vring/Rring. Scaled time-averaged
enstrophy fields show agreements with the transition frequencies expected from
our theory and measurements on the enstrophy flux. The orange band repre-
sents the frequencies that the escaping enstrophy becomes 0-5% of the values at
f = 1Hz. The data are presented as mean +/- SEM (n=3). . . . . . . . . . . . . 25
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3.5 Repeated collision of helical rings transfers helicity to turbulence in
a controlled fashion. (a) Helical masks generate helical rings. Handedness

is defined by the relative orientation of linear impulse I⃗ring to angular impulse

A⃗ring, and is tuned from antiparallel (blue) to parallel (red). (b) Helicity is
transferred from helical rings to a blob of turbulence. Different configurations
allow injection of helicity with different handedness. The five configurations of
the measurements are illustrated in the insets. (Net heliciy per cycle, net angular
impulse per cycle) = (8Hring, 0) [Red: 8 Right], (0, 0) [Green: 4 Right + 4 Left],
(0, 0) [Yellow: 4 Right + 4 Left], (0, 0) [Black: 8 Planar], (−8Hring, 0) [Blue: 8
Left]. A vortex ring of (Vring/Rring, f) = (40Hz, 5Hz)) was used, and the graph
shows the helicity integrated over a sphere of radius 60 mm≈ Rblob. The shade
represents the standard error of the mean. . . . . . . . . . . . . . . . . . . . . . 27

3.6 (a) A vortex ring (b) Streamline pattern of a vortex ring in the comoving frame 28
3.7 Streamlines of the two canonical models of a vortex ring in the co-

moving frame. (a) Thin-cored model (Rring/a = 60) (b)Hill’s spherical vortex.
The color indicates the value of a streamfunction, and the isocontours at every
∆ψ/ψmax = 0.5 are shown. (a) and (b) have the same circulation. . . . . . . . . 33

3.8 Energy partition of Norbury’s vortex rings (ω(σ) ∝ σ) [124]. (a) Shape of
vortex atmosphere with Norbury’s shape parameter αNorbury ∈ (0,

√
2]. Ωring is

the volume of each vortex ring. (b) Relative contribution of energy outside the
vortex atmosphere Kadded, energy of the rectilinear motion of the fluids inside
the vortex atmosphere Krect, and energy of the internal motion Kint are plotted
against Norbury’s shape parameter αNorbury. . . . . . . . . . . . . . . . . . . . 34

3.9 Production of a vortex ring. A slug of fluid is extruded through an orifice.
The boundary layer at the edge of the orifice separates, and rolls up to form a
vortex ring. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.10 A velocity program factor P = ⟨V 2
p ⟩/⟨Vp⟩2 characterizes a temporal pro-

file of piston velocity Vp. a
′ is equal to 4⟨Vp⟩/t′. Here are the values of the

velocity program factor of simple signals with the same stroke length. (a) A step
function: P = 1 (b) A triangular function: P = 4/3 (c) A parabolic function:
P = 6/5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.11 Accessible slug parameter space is spanned by the non-dimensional
stroke length and the effective stroke velocity. The upper bound of the
accessible space is set by maximum acceleration of the piston, and the curve
for (amax, Do, P ) = (1.6 × 104mm/s2, 25.6mm, 1.0) is shown. The lower bound
(white lines) depends on the frequency of the oscillatory motion. The heat map
represents the maximum frequency that a vortex ring can be generated in our
experiment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.12 Experimental constraint on the phase space: The piston must move by a
stroke length L faster than the forcing period 1/f , limiting the accessible phase

space: veff ≥ (PfD) LD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
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3.13 PIV/PTV measurements on vortex ring properties. (a) We conducted 3D
PTV with the standard chamber and 2D PIV with the windowed chamber. For
the former, we obtained a flow field on the plane of interest by interpolation. (b)
We then compute the vorticity field by ∇ × u⃗. (c) Taking a center of voriticity
identified each core position at instant of time. (d) By computing

∫
C u⃗ · dℓ,

we measure circulation. (e-f) We measure the instantaneous velocity and radius
based on the extracted trajectories in (c). . . . . . . . . . . . . . . . . . . . . . 41

3.14 Measured circulation Γ, translational velocity V , and radius R of the
generated vortex rings are plotted in the phase space spanned by for-
mation number L/D and effective piston velocity veff . (a-c) Γ, V , and
R of vortex rings generated at the top orifices are shown. (d-f) Γ, V , and R of
vortex rings generated at the bottom orifices are shown. (g-i) Difference of each
quantity between the top and the bottom orifices are shown. The solid black lines
define the experimentally accessible phase space (f = 0.2Hz). . . . . . . . . . . . 43

3.15 Scaling laws of vortex ring radius Rring, velocity Vring, and circulation
Γring on the formation number L∗ The values of the vortex rings generated
by submerging jets through a nozzle are shown as a reference, and are consistent
with the measurements of the vortex ring collider. (a) Non-dimensionalized radius

shows R∗ ∼ L
1/3
∗ , reflecting the conservation of mass. (b) Non-dimensionalized

velocity of a vortex ring monotoniously increases with L∗, and plateaus out above
L∗ = 3. (c)Non-dimensionalized circulation agrees with the slug model (circula-

tion matching) Γ∗ = 0.5L∗ below L∗ = 2 but agrees better with Γ∗ ∝ L
1/3
∗ at

high L∗. The error bars in (a-c) represent SEM (n=12 for (a) and n=5 for (b-c)). 45
3.16 Characterization of a vortex ring in the experiments reveals its simi-

larity to Hill’s spherical vortex.(a) A velocity and vorticity field of a typical
vortex ring in the comoving frame, obtained by PIV (b) Streamfunction and
isocontours (∆ψ = 5 × 103mm3/s) (c) Normalized circulation along the closed
streamlines in the vortex atmosphere is plotted against the normalized stream-
function. (d) Voticity distribution at z=0 (e) Axial velocity profile in the plane
z=0. The top right plot indicates the location of the measurement in the phase
space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.17 Kinetic energy enclosed in the vortex atmosphere is consistent with the
formula of Hill’s spherical vortex. The kinetic energies inside vortex atmo-
sphere, predicted by the thin-cored and Hill’s spherical vortex models(Box 3.6.1)
with measured radius and circulation, quantitatively agree with the measurements
by 2D PIV. We compute Kring = cK(Γring, Rring) with Rring/a = 3, α = 2.04 for
the thin-cored model and Asph = 4/3Rring for Hill’s spherical vortex model (see
Box 2). For both models, c = Kring/K = 0.77 is used. The error bars represent
SEM (n=12). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.18 Helical masks generate vortex rings with nonzero helicity. (Left) A left-
handed mask (Middle) A right-handed mask (Right) A planar mask as a reference.
The cartoons illustrate the height profiles of the orifices. Scale bar: 25.6mm. . . 49

xii



3.19 The experimental setup and computational scheme to measure the
inviscid invariants carried by a planar/vortex ring are shown. A planar
or helical vortex is generated in the chamber by lifting the piston with one orifice
open while the remaining is closed. The inviscid invariants in Box 3.6.1 are
computed over a moving control volume that encloses vortex atmosphere. Any
contribution to the integral from the region outside the measurement domain is
considered zero. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.20 Extracted 3D velocity and vorticity fields are used to compute inviscid
invariants such as helicity. (a) A (left-handed) helical vortex ring propa-
gates in the measurement domain. The color maps represent the one-component
vorticity (ωz, ωx, and ωy) fields on the three cross-sections in the measurement
domain. Streamlines of the projected velocity field in the co-moving frame reveal
the vortex atmosphere. (b) Helicity density u⃗ · ω⃗ illustrates the negative helicity
concentrated along the vortex tubes. Integrating this field over the co-moving
control volume yields the helicity of the helcial vortex ring. (c) The orientations
of the three cross-sections with respect to the measured domain are shown. . . 52

3.21 Measured inviscid invariants of a planar, and helical vortex rings qual-
itatively agree with simulations. (Left column: Hill’s spherical vortex

ring with a swirl. Right column: Experiment). d⃗ is a unit vector that de-
notes the traveling direction of a vortex. (a) Linear impulse (b) Linear momentum
(c) Energy (d) Angular impulse (e) Angular momentum (f) Helicity. . . . . . . . 54

3.22 Coarse-graining a velocity field attenuates helicity. (a) Scaled helicity
with a coarse-grained field collapses to a line. (d) Data collapse of the relative
helicity when plotted against the voxel pitch scaled with a twist-to-helicity ratio
and a core radius. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
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3.25 Mean flow structure and the octahedral symmetry. There are nine planes
of reflection. (a) A diagonal plane cuts through four rings oriented on the faces
of an octahedron. (b) Six diagonal planes of reflection are shown. (c) A horizon-
tal plane is oriented between the rings. (d)Three horizontal planes of reflection
are shown. (e)The mean flow on the diagonal plane shows the influx from the
diagonal directions due to the vortex rings, accompanied by weak outflux in the
horizontal and vertical directions. (f) The mean flow on the horizontal plane
exhibits a divergent nature. (g-h) A schematic of the flow directions is shown on
the diagonal/horizontal plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.26 The fluctuating velocity field contains the majority of energy and en-
strophy inside a turbulent blob.(a-c) Energy (density) fields of a 3D PTV
measurement (a)Temporally-averaged energy (b)Mean flow energy (c)Temporally-
averaged fluctuating energy (d-k) Energy and enstrophy fields of a 2D PIV mea-
surement on the central slice (d)Temporally-averaged energy (e)Mean flow energy
(f)Temporally-averaged fluctuating energy (g) Average energy (density) at dis-
tance r away from the center of the energy (h)Temporally-averaged enstrophy
(i)Mean flow enstrophy (j)Temporally-averaged fluctuating enstrophy (k) Aver-
age enstrophy (density) at distance r away from the center of the enstrophy. . . 65

3.27 Formation of a turbulent blob visualized via the Q-criterion. (a) First
set of vortex rings (b) First set of rings colliding with each other as the second set
arrives. (c) Outgoing vortices interact with incoming ones. (d) Third set arrives.
A large vortex loop spontaneously forms via vortex reconnections. (e) Incoming
trajectories are affected by the induced flow. (f) Between t = 3T − 9T , small
vortices continue to proliferate in the central region. (g) At t ≈ 15T , the system
reaches an equilibrium. (h) This vortical structure persists as long as vortex rings
are fed. The average radius of the rings is 8 mm. . . . . . . . . . . . . . . . . . 68

3.28 Fluctuations inside the turbulent blob are phase-independent regard-
less of the choice of the mean flow between time-averaged flow and the
phase-locked flow. (a-b) Two domains are considered to examine statistics
of a fluctuating velocity field: a region within a turbulent core r < Rblob and
a spherical region containing the turbulent core and its ambient surroundings
r < 3Rblob. (c) Probability distribution functions (PDF) of the two fluctuating
velocities for (L/D, veff , f)=(2., 200mm/s, 4Hz) with Rblob =32mm show no dif-
ference between how the fluctuations are defined. (d) The fluctuations outside the
turbulent blob depend on the phase because the vortex rings appear at specific
phase in this domain r ∈ (Rblob, 3Rblob], giving rise to the difference between the
PDFs of the fluctuations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
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3.29 Inhomogeneity and anisotropy of velocity fluctuations ui = Ui − ⟨Ui⟩t
(a-b) Two domains are considered to examine statistics of a fluctuating velocity
field: a region within a turbulent core r < Rblob and a spherical region containing
the turbulent core and its ambient surroundings. (c-d) Probability distribution
functions (PDF) of fluctuating velocities for (L/D, veff , f)=(2.0, 200mm/s, 4Hz)
with Rblob = 32mm are shown for the two domains, indicating isotropy inside
the core and increase of anisotropy as the region includes its surroundings. (e-f)
Ratios between the two second moments of the velocity PDFs. . . . . . . . . . . 72

3.30 Isotropy, homogeneity, and phase-dependence of fluctuating velocity
fields ui = Ui − ⟨Ui⟩t. Probability distribution functions (PDFs) of ui over
spherical domains of various radii r show high isotropy, indicated by overlap of
three colors ux, uy, uz. The changes in the shape of the PDFs over various r
reflect the inhomogeneity of fluctuations. Small changes over the phase across
different r indicates that the fluctuation is almost independent of the phase. The
data is obtained by a 3D PTV experiment for (L/D, veff , f)=(2., 200mm/s, 4Hz)
with a recording time of 10s = 40 cycles. The range of the velocity vectors is
roughly the propagation speed of the injected vortex ring Vring. . . . . . . . . . 73

3.31 Guide to the computation of the energy spectrum and the structure
function without applying Taylor’s frozen turbulence hypothesis. 1.
Extract a velocity field via cross-correlation of the adjacent images, or directly
tracking the particles in 3D. 2. Decompose the velocity field into the mean flow
and the fluctuations (Reynolds decomposition) 3. Compute a local turbulent
energy spectrum or a structure function inside the region of interest. For the
former, windowing combats against undesired effects (aliasing and spectral leak-
age) of DFT for the Fourier analysis, and bumping accounts for the attenuation
of the signal by windowing. The attenuation of the magnitude by windowing is
exaggerated for this illustration. . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.32 Direct computation of three- and one-dimensional energy spectra: E(κ)
and Eii(κ1). (a) Three- and one-dimensional energy spectra of DNS isotropic,
homogeneous turbulence with a periodic boundary condition were computed by
Eq. 3.38 and 3.44. (b) Energy spectra of a 2D velocity field embedded in the
3D volume are consistent with the underlying truth if the velocity statistics on
the 2D slice is a representative sample of the population. For both (a) and
(b), the data are presented as mean +/-SEM where the mean is calculated as

E(κ) = (1/Vshell/annulus)
∫ κ+∆κ
κ E(κ⃗′) · |J |dκ′ for the three-dimensional spectra.

In 3D, Vshell(κ) = (4π/3)[(κ+∆κ)3 − κ3] and |J | = 4πκ′2. In 2D, Vannulus(κ) =
π[(κ + ∆κ)2 − κ2] and |J | = 2πκ′. For E11or22(κ1), the averaging is performed
along x̂2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
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3.33 Effects of domain truncation and gaussian noise on the energy spec-
trum (a)Domain truncation- the loss of periodicity leads to overestimate the
spectral contribution at high wavenumber due to aliasing and spectral leakage.
(b) Gaussian noise- The noise becomes dominant at high wavenumber, depending
on the signal-to-noise ratio. The power at high wavenumber depends on the Jaco-
bian and the wavenumber dependence of noise. When the latter can be ignored,
the dependence becomes κ2 for 3D DFT and κ for 2D DFT. . . . . . . . . . . . 85

3.34 Windowing mitigates spectral leakage originated from the domain trun-
cation.(a) Amplitude of the rectangle, hamming, and flattop windows are shown.
Multiplying the rectangle window to the true velocity field results in a truncated
velocity field with width L0. (b) The Fourier transforms of the considered window
functions reveal the degree of spectral leakage. The rectangular window has high
spectral resolution but a low dynamic range (strong leakage), whereas the flattop
window has the opposite character. The hamming window has an intermediate
characteristics. (c) Effect of truncating a velocity field with no windowing (d)
Applying the hamming window to the truncated velocity field mitigates the leak-
age due to the domain truncation. The shown spectral density is bumped by a
correction factor ζ. (e) Same as (d) but with the flattop window. . . . . . . . . 87

3.35 Energy spectrum of a velocity field extracted by performing PIV on
synthetic data (a) Given images with highly seeded particles and zero noise, the
pyramid algorithm (orange) [155] yields a more resolved energy spectrum than
the standard cross-correlational algorithm (WIDIM, green). (b)PIV operation
is comparable to box filtering with its kernel size as same as the interrogation
windowW . The energy spectrum of the PIV-generated field (algorithm: pyramid)
deviates from the ground truth above κ = π/W . . . . . . . . . . . . . . . . . . . 89

3.36 3D energy spectra of velocity fields obtained by 3D PTV and 2D PIV.
The blue cubes or square on the right represent the domain that the DFT is
conducted (Eq. 3.38). The turbulent core (r = Rblob) is represented by the purple
sphere. The error bands represent the standard deviation of the shell-average of

E(κ) = (1/Vshell)
∫ κ+∆κ
κ E(κ⃗′) · 4πκ′2dκ′ where Vshell(κ) = (4π/3)[(κ+∆κ)3−κ3]. 92

3.37 Model radial distribution of energy E , enstrophy Z, and dissipation
rate ϵ. (a) Radial distribution function (blue) and scaled cummulative function
p(r)(orange) of energy/enstrophy/dissipation rate are shown for a case Rblob =√
6Rring and (Lbox/2)/Rblob = 7. (b)Dependence of p on the blob radius Rblob

and the system size Lbox is shown. . . . . . . . . . . . . . . . . . . . . . . . . . 95
3.38 Typical turbulent length scales (Kolmogorov, Taylor, integral length

scales- η, λg,L) and PIV parameters for the experiments to estimate
dissipation rate. The view spatially resolves turbulent motions at small scales
where dissipation takes place. The heat map shows the local dissipation rate
computed using the rate-of-strain tensor. . . . . . . . . . . . . . . . . . . . . . 97
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3.39 Effect of median filtering PIV-extracted velocity fields inside a tur-
bulent core. (a, b) Probability distribution function of velocity components
Ux and Uy (combined) on the lin-lin, and log-lin scales. (c, d) Compensated
one-dimensional energy spectrum on the lin-lin, and lin-log scales. (e, f) Com-
pensated structure functions on the lin-lin, and lin-log scales. (g, h) Effect of a
median filter on the three methods used to estimate dissipation rate is shown on
the lin-lin and log-log scales. The dissipation rate is estimated via the rate-of-
strain tensor ϵsij , energy spectrum ϵE11

, and structure function ϵDLL
. The error

bands in (g-h) represent SD of tempo-spatial averaging (n=50 frames). . . . . . 100
3.40 Dissipated vs injected power inside the chamber. (a)To compute the

dissipation rate, three velocity fields are used: a raw PIV-extracted field, and two
median-filtered fields. (b-d) Median-filtering the velocity fields attenuates the
local dissipation rate ϵsij (x⃗) = 2νsij(x⃗)sij(x⃗). (e) Dissipated vs injected power
inside the chamber is plotted for the three methods to estimate the dissipation rate
using the raw velocity field: ϵsij uses the rate-of-strain tensor. ϵE11

is obtained
by fitting the energy spectrum to the Kolmogorov spectrum. ϵDLL

is obtained by
fitting the second-order structure function to Kolmogorov’s 2/3 law. (f) Same as
(e) but with a median-filtered velocity field (Kernel size: 5.6η × 5.6η). (g) Same
as (e) but with another medial-filtered velocity field (Kernel size: 9.3η × 9.3η).
Data in (e-g) are presented as mean +/-SEM (n=12). . . . . . . . . . . . . . . 103

3.41 Spatial distribution of dissipation rate inside a homogeneous, isotropic,
turbulent core reveals a web-like structure of localized, dissipative re-
gion. (Reλ = 270, Vring/Rring = 42Hz, f = 7Hz) (a) Local dissipation rate
ϵeij (x⃗, t) (b) The dissipation rate at a fixed point exhibits an intermittent behav-
ior. (c) Probability distribution function of ϵeij (x⃗, t). Kolmogorov, Taylor and
integral length scales of the displayed flow are 0.047mm, 3.0mm and 25.0 mm
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

3.42 Tempo-spatial distribution of dissipation rate inside a homogeneous,
isotropic, turbulent core (a) Spatial average of dissipation rate inside the
core. (b/c)Snapshot of local dissipation rate ϵsij at the maximum/minimum. (d)
Dependence on the forcing frequency. (e) Spatio-temporal average of dissipation
rate against the forcing frequency is plotted. The data are presented as mean
+/- SD (n=500). (f) Probability distribution function of dissipation rate inside
the central region of our tank for a variety of forcing frequencies. . . . . . . . . . 107
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3.43 Enstrophy flux through a sphere with radius R = 1.2Rblob reveals the
influx always outweighs the outflux throughout a cycle when a turbu-
lent blob is formed. (a)Enstrophy averaged over a measured volume (Green)
and the (net) enstrophy flux show the arrival of the vortex rings (Θ = 0.25) and
the ejection event Θ = 0.31. The vortex rings are fired at f = 0.2Hz. (b) The
same as (a) but at f = 4Hz at which a turbulent blob is formed. The error
bands represent the standard deviation of the phase-locked average (n=2 for (a)
and n=8 for (b)). (c-d) Normal mass current on the sphere is shown using the
Mollweide projection. (e-f) Normal enstrophy current on the sphere is shown
using the Mollweide projection. . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

3.44 The second-order moments of the time-averaged enstrophy distribu-
tion categorizes the flows into the non-blob and blob states. (a)The
logarithmic, time-averaged enstrophy shows the formation of a turbulent blob at
high forcing frequency. The corresponding second-order moments decrease as the
ejection of enstrophy via secondary vortex structures becomes weak. (b)Images
of thelogarithmic, time-averaged enstrophy are plotted on the ν02 − ν20 plane.
Blob patterns are clustered in the bottom left region. (c) The same plot as (b)
but colored by ν02 + ν20. (d) ν02 + ν20 categorizes the flows into two groups.
The separation is described by a linear relation f ∼ Vring/Rring, and is consistent
with the transitional frequencies obtained from the enstrophy flux. The error
bars represent SD (n=3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

3.45 Varying the radii of the injected vortex rings tunes the size of the tur-
bulent blobs. (a) Scaled radial distribution of the time-averaged energy density
(⟨UiUi⟩t/2)/E0 for three turbulent blobs are plotted against radial distance r. R
are the radii of the injected vortex rings, and E0 is the average energy density
inside the core. (b) (⟨UiUi⟩t/2)/E0 vs non-dimensionalized radial distance r/R.
(c) Corresponding spatial distributions of the time-averaged energy densities are
shown. For (a) and (b), the error bands represent the SD of the annular average. 115

3.46 Comparison between the turbulent blobs generated by the planar and
helical vortex rings. (a, b) Temporally averaged helicity fields of the non-
helical and helical turbulent blobs respectively (c, d) Temporally averaged energy
fields of the non-helical and helical turbulent blobs (e, f) Temporally averaged
enstrophy fields of the non-helical and helical turbulent blobs. . . . . . . . . . . 117

3.47 Coarse-graining a helical, turbulent velocity field leads to underesti-
mate total helicity. (a) A 2D slice of a 3D helical, turbulent velocity field
(b) Coarse-graining effect on helicity. H0 and Hcg represent total helicity in the
simulation domain of the original and coarse-grained velocity fields respectively.
The x-axis is the voxel pitch scaled by the transverse Taylor microscale λg. . . . 119

3.48 Gross-Pitaevskii simulation demonstrates the geometric rule of the
symmetric vortex ring collisions. When vortex rings are initially set on
the faces of the platonic solids, the region bounded by the planes that the sec-
ondary rings live forms the dual solids, preserving the symmetry of the vortex
structures before and after the collision. . . . . . . . . . . . . . . . . . . . . . . 122
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4.1 Geometry of the flow chamber. (a) Schematic of the experimental chamber
is shown. (b) The experimental chamber consists of a 3D-printed frame and
six acrylic faces. The scale bar represents 100 mm. (c) A 3D-printed “holster”
is magnetically attached to each truncated surface of the chamber. A circular,
acrylic plate with an orifice may be attached to enable generation of a vortex ring
at each site. (d) Alternatively, a circular plate is attached to confine the flow in
the chamber. The scale bars in (c) and (d) represent 50 mm. . . . . . . . . . . . 130

4.2 Three methods of actuation to generate turbulence in a flow chamber:
(a) A single oscillating grid (b) Double oscillating grids (c) Repeated collision of
vortex rings. (d-e) An circular, acrylic grid with square meshes is used to set
up flows in the experiments. (f) Two identical grids are bolted together with
a separation distance lsep of 210 mm for the experiments involving the double
oscillating grids. (g) Both single and double grids are driven by a sinusoidal
signal in a closed chamber. The blue curve show the measured amplitude. (h)
To create vortex rings, an acrylic, cylindrical piston used to withdraw fluid into
the chamber through circular orifices. (i) A sawtooth profile is used to generate
vortex rings repeatedly. The scale bars in (e), (f), and (h) represent 40 mm. . . 132

4.3 A customized triggering scheme is applied to capture the slowing-down
dynamics. (a)We decrease a frame rate of a high speed camera as the dynamics
slows down. (b) The lines indicate the timings when we trigger the camera to take
an image. For clarity, we show only 1% of the triggers. Within each separation,
we trigger the high speed camera a hundred times. . . . . . . . . . . . . . . . . 135

4.4 Averaging sufficiently many samples results in a converged, time-varying
mean flow for each setup. The mean-flow energy during the decay shows the
convergence as more samples are put into averaging for each seup: (a) a single
oscillating grid, (b) double oscillating grids, (c) a turbulent blob. (d-f) Energy
spectra of the mean flow field for each setup also display the convergence. (d) A
single oscillating grid. (e) Double oscillating grids. (f) A turbulent blob. . . . . 137

4.5 The structure of a fluctuating energy field coarsens as it decays. The
top row shows the schematic of the mean flow structure of the three methods
to initiate turbulence. The heat maps display the snapshots of the fluctuating
energy field at t=0.5, 3, 60, and 600 sec. At approximately 800-1000s, the flow
becomes dominated by thermal convection. The intensity is scaled by the mean
value at each instant of time. (Left) A single oscillating grid (Middle) Double
oscillating grids (Right) A turbulent blob. . . . . . . . . . . . . . . . . . . . . . 139
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4.6 Growth of integral lengths scale dictates the decay exponent of tur-
bulent kinetic energy. (a) Turbulent kinetic energy density on the measured
plane for a turbulent blob and double oscillating grids. The former shows two de-
cay regimes, while the latter follows a single power law with exponent -2. a virtual
origins are -0.85 s and 1.72 s respectively. (b) The integral length scale ℓ(t) grows
with a power law from approximately the blob radius (Rblob/(Lbox/2) ≈ 0.3) un-
til saturation. Saturation coincides with the point when energy exhibits faster
decay. In contrast, the integral length scale remains constant during decay of
turbulence initiated by double oscillating grids. . . . . . . . . . . . . . . . . . . 141

4.7 Energy spectrum of a turbulent blob exhibits turbulent nature during
the entirety of decay. (a) Time evolution of 3D energy spectrum of the turbu-
lence initiated by vortex ring collisions at different times. (b) Rescaled spectra
of (a) are plotted along side the master curvea [142]. (c) Energy spectra of tur-
bulence initiated by double oscillating grids. (d) Rescaled spectra of (c). Data
points that contain artifacts from PIV are faintly shown. See Sect. 3.10. . . . . 143

4.8 Comparison of dissipation rate calculated by the (1) derivative (2)
spectral and (3) direct methods. (a) Double oscillating grids. (b) A turbu-
lent blob. The faint, blue data points represent random fluctuations of turbulent
energy and not dissipation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

4.9 Integral length scale, defined as L(t) = q3/2(t)/ϵE11
(t) exhibits the scaling

consistent with the observed decay law: n = 2(nL − 1). (a) The integral
length scale L grows and saturates for a turbulent blob. On contrary, it takes a
constant value for double oscillating grids. (b) Non-dimensional dissipation rate
ϵ0 is plotted. The different exponents of ℓ(t) ∝ (t − t0)

nℓ and L(t) ∝ (t − t0)
nL

indicates that ϵ0 depends on time, equivalently the Reynolds number. . . . . . . 146
4.10 The zeroth law with a time-varying integral length scale results in two

decay regimes. We perform a simulation of Eq. 4.11 with an experimental
initial condition with a prescribed integral length scale. (a) Total energy in
the simulation volume shows the existence of two regimes with distinct decay
exponents, 2(nℓ − 1) and −2. (b) A prescribed function of the integral length
scale is plotted. nℓ. The simulation was performed with ϵ0 = 1.0 and ∆t = 0.01. 147

4.11 Decay of turbulence initiated by a single oscillating grid (a) Turbulent
kinetic energy vs reduced time. (t0 = −0.63 s) (b) Integral length scale vs time.
(c) Dimensionless dissipation rate ϵ0 vs time. (d) Time evolution of the 3D
energy spectrum. (e) Time evolution of the rescaled 3D energy spectrum. (f)
Dissipation rate vs time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

4.12 Description of two views used for measurement of a propagating front.
(a) A wide view is used to examine the isotropy of the front. (b) A narrow view
is used for efficient data collection to assess the effect of the Reynolds number on
the front. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
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4.13 Propagation of energy within a spherical turbulent burst. (L/D, veff , f)
= (2.1, 213 mm/s, 5 Hz)(a-c) Snapshots of ensemble-averaged turbulent energy
field at different time are shown. The last set of vortex rings arrive at t = 1.4s.
(d) A kymograph of scaled turbulent energy represents the expansion of the blob.
(e) Time-evolution of average turbulent energy on the plane of measurement is
shown. Each scale bar represents 50mm. . . . . . . . . . . . . . . . . . . . . . . 155

4.14 Propagation of enstrophy within a spherical turbulent burst. (L/D, veff , f)
= (2.1, 213 mm/s, 5 Hz)(a-c) Snapshots of ensemble-averaged turbulent energy
field at different time are shown. The last set of vortex rings arrive at t = 1.4s.
(d) A kymograph of scaled turbulent energy represents the expansion of the blob.
(e) Time-evolution of average turbulent energy on the plane of measurement is
shown. Each scale bar represents 50mm. . . . . . . . . . . . . . . . . . . . . . . 156

4.15 Propagation of energy within a spherical turbulent burst. (L/D, veff , f)
= (2.1, 213 mm/s, 5 Hz)(a-c) Snapshots of ensemble-averaged turbulent energy
field at different time are shown. The last set of vortex rings arrive at t = 1.4s.
(d) A kymograph of scaled turbulent energy represents the expansion of the blob.
(e) Time-evolution of average turbulent energy on the plane of measurement is
shown. Each scale bar represents 50mm. . . . . . . . . . . . . . . . . . . . . . . 157

4.16 Propagation of enstrophy within a spherical turbulent burst. (L/D, veff , f)
= (2.1, 213 mm/s, 5 Hz)(a-c) Snapshots of ensemble-averaged turbulent energy
field at different time are shown. The last set of vortex rings arrive at t = 1.4s.
(d) A kymograph of scaled turbulent energy represents the expansion of the blob.
(e) Time-evolution of average turbulent energy on the plane of measurement is
shown. Each scale bar represents 50mm. . . . . . . . . . . . . . . . . . . . . . . 157

4.17 The shape of a radially propagating turbulent front is independent of
Reynolds number from 2,600-17,400. The vertical error bars indicate the
standard deviation, and the horizontal error bars represent the bin width where
the mean is computed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

C.1 Our proposed algorithm to extract virtual origin robustly measures the
true exponents. We generate samples that obey a power law (n = −2) with
Gaussian noise scaled by its magnitude. xsignal = xtrue(1+noise). The noise level
is characterized by a standard deviation of the normal distribution. (a) A sample
with a low noise level. (b) A sample with a high noise level. (c) Deviation of
the estimated decay law from the ground truth shows that the robustness of the
algorithm even at a high noise level. For each noise level, 50 samples were studied.179
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ABSTRACT

Turbulence is hard to control. A plethora of experimental methods have been developed to

generate this elusive state of matter, leading to fundamental insights into its statistical and

structural features as well as its onset. In all cases, however, the material boundaries of the

experimental apparatus pose a challenge for understanding what the turbulence has been

fed, and how it would freely evolve.

Here, we build and control a confined state of turbulence using elemental building blocks

– vortex rings. We create a stationary and isolated blob of turbulence in a quiescent envi-

ronment, initiated and sustained solely by vortex rings. We assemble a full picture of its

three-dimensional structure, onset, energy budget and tunability. The incoming vortex rings

can be endowed with conserved quantities, such as helicity, which can then be controllably

transferred to the turbulent state.

When the injection of vortex rings stops, a spherical front that separates the turbulent re-

gion from the quiescent surroundings propagates in the chamber, and the turbulence decays.

By using a simple low-order closure model, we construct a spatially-extended description of

the turbulence propagation, and compare its predictions of energy profile and non-diffusive

dynamics with data.

The turbulent blob, which can be measured in its entirety and is free to evolve in isola-

tion, offers a playground for fundamental studies on inhomogeneous turbulence, response of

turbulence to a periodic drive, and the role of conserved quantities in turbulence decay and

cascading process.
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CHAPTER 1

INTRODUCTION: A VOYAGE THROUGH TURBULENCE

Active control of turbulence has long been sought for decades. A plethora of methods have

been developed to constantly stir fluids in containers, such as boxes and pipes; however,

a little is known about how to manipulate this ephemeral phase of flow using flow alone.

Can turbulence be confined and held in place as an isolated cloud in a tank? Being able

to create such a state, far from boundaries, would enable us to ‘play’ with turbulence in

a controlled manner and to tackle questions about the nature of turbulence as a material

phase that have been difficult to address using traditional experimental methods: what

happens at the interface between turbulent and non-turbulent regions?; how are the inviscid

conserved quantities (energy, impulse, angular impulse and helicity [117]) transported across

the turbulent/non-turbulent interface, and what are their global budgets?; how does a cloud

of turbulence expand and decay without the walls?

Manipulating this out-of-equilibrium state of matter is not as simple as with conventional

states of matter. To fill in the gap, this thesis addresses an approach to position, localize,

and tailor its properties. Moreover, the resulting confined turbulence provides a unique

playground to study its intrinsic properties of turbulence such as how turbulence fills a

quiescent space. With the recent experimental, theoretical, and numerical advances, it is a

ripe time to revisit turbulence from fresh angles and with modern apparatuses.

1.1 A very brief history of turbulence and a modern outlook

In this section we introduce a brief history of turbulence research. As one of the oldest and

considerably most important open problems in physics and mathematics, the literature on

this topic is vast [9, 10, 55, 140, 121, 164, 163, 97]. It is not the scope of this thesis to cover

the historical endeavor of the field; however, tracing it will clarify what this thesis aims to
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achieve.

[32] offers a view that turbulence research has had three movements: statistical, struc-

tural, and deterministic. In all movements, a common starting ground is a continuum de-

scription of a fluid with its governing equation known as the Navier-Stokes equation

ρ
[
∂tui + uj∂jui

]
= −∂ip+ ν∂j∂jui + fi (1.1)

where ui is a velocity field, p is pressure, ρ is mass density, ν is kinematic viscosity, and fi

is a body force. While the NS equation was already accepted as the correct formulation of

turbulent flow in late 19th Century, it did not take long for scientists to realize that direct

analysis of the NS equation would not result in understanding of turbulence. The nonlinear

advective term gives rise to motions across scales by coupling different spatial modes. To

fully capture this nonlinear transfer, one needs infinitely many recursion relations to close

the dynamics, known as the closure problem or the problem of the hierarchy. This intrinsic

difficulty geared the pioneers, such as L.F. Richardson, G.I. Taylor, G.K. Batchelor, and A.

Kolmogorov, to formulate a statistical theory of turbulence. The central idea is the energy

cascade, meaning that large eddies break down into smaller ones as famously summarized in

L.F. Richardson’s verse:

Big whorls have little whorls
Which feed on their velocity,
And little whorls have lesser whorls
And so on to viscosity in the molecular sense.

It was later argued that this cascade process results in homogeneous, isotropic statistics

of small-scale motions with a universal form, leading to Kolmogorov’s 1941 paper [84]. The

implication in their theory is that this energy cascade is a Hamiltonian process. In other

words, there exists a regime where energy is transferred from one scale to the other without

friction. In this ‘inertial’ subrange, the dimensional analysis and the above hypotheses result
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in the so-called five-third law of the energy spectral function E(κ):

E(κ) = Cϵ2/3κ−5/3 (1.2)

where ϵ is the average dissipation rate per unit mass, κ is a wavenumber, and C is the

Kolmogorov constant, approximately to 1.5a[166]. This celebrated result is a hallmark pre-

diction of turbulence which has stood the test of numerous experiments and simulations.

However, their hypotheses were found inaccurate especially at a high Reynolds number due

to the incomplete similarity at the large scales. This led to Kolmogorov’s refined similarity

hypothesis, resulting in the inclusion of the intermittency exponent β to the energy spectrum

function:

E(κ) = C ′ϵ2/3κ−5/3(κL)−β (1.3)

where L is the integral scale of the turbulent motions. The intermittency exponent β is,

however, relatively small (O(10−3) [135]) so the K41 result still remains consistent with

numerous experimental and numerical tests [142].

The structural movement is motivated by the observations that relatively stable struc-

tures, commonly called “coherent structures” exist at the onset or in fully developed turbu-

lence. The speculation that there is a specific path ways that lead to turbulence has possibly

started in the identification of Tollmien–Schlicting waves in 1948 [154, 32]. This movement

still persists today [3], and gave a birth to a trend of identifying coherent structures us-

ing principal orthogonal decomposition (POD) [68, 138] and other machine-learning-based

techniques [25]. However, there are gaps in understanding how these coherent structures

give rise to turbulent motions. The authors of [135] conclude that the statistical movements

a. Historically, we refer the coefficient of the 1D energy spectrum as the Kolmogrov constant. i.e. E11 =
C1ϵ

2/3κ−5/3. With the assumption of isotropy, C = (55/18)C1.
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produced “structureless theory having little power of conceptulization” while the structural

movements produced “structures without theory.”

The deterministic movement highlights the work of Lorentz on deterministic chaos [105],

and may go back to Poincore’s work on nonlinear differential equations [132]. The traditional

deterministic approach such as the bifurcation theory, however, has given only superficial

answers about how turbulence arises from the NS equation. An exciting advancement in

recent years is the successful application of statistical mechanics to demonstrate that the

onset of turbulence, in case of a Taylor-Couette flow and a pipe flow, belongs to the direct

percolation universality class [157, 99, 133, 160].

In reality, research contains aspects from more than one movement listed above. For

example, the direct numerical simulations (DNS) or large eddy simulations (LES) contains

aspects of both deterministic and statistical movements, and a computational approach

became a pillar of turbulence research to probe the intermittency and ever high Reynolds

number flows that is not accessible to experiments. Conversely, available experimental meth-

ods and a computational capability strongly influence the formulation of the movements. A

modern fluid mechanics research involves an array of techniques to measure quantities such

as density, velocity, and pressure both locally and globally. For Osborne Reynolds, dye vi-

sualization revealed intermittent formation of puffs and slugs in a pipe flow at the onset of

turbulence. The hot-wire anemometry enabled quantitative measurement of turbulent fluc-

tuations for at a high precision, providing a means to test the statistical theory of turbulence.

The acoustic Doppler velocimetry paved a non-intrusive method to measure a 3D vector at

the point of interest. Starting in 90s, particle image velocimetry (PIV) and their cousins

(stereo-PIV, tomo-PIV, micro-PIV, etc.) have become a dominant approach in experimen-

tal fluid mechanics [186] mostly because it is non-intrusive, and provides an instantaneous

velocity field in a full view. In the last decade, the PIV technique has made a significant

progress toward volumetric and high-speed measurements. Significant development of soft-
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ware and hardware underwent in parallel to measure all three components of velocity fields

using multiple high-speed cameras. In the year of this thesis is being written (2023), there

exists much know-how to perform PIV on various flows [136]. Together with Particle Track-

ing Velocimetry (PTV), a technique that tracks individual particles instead of using image

correlation like PIV, we have reached a stage where we can acquire a wealth of high-fidelity

data of complex flows with a faster turnaround [22].

1.2 Scope of this thesis

Chapter 2 provides a comprehensive overview of the experimental system and techniques

employed throughout this study. The author was responsible for the design, installation, and

maintenance of the high-fidelity 2D/3D velocimetry station. In Chapter 3, we delve into the

methodology for generating self-confining turbulence using vortex rings as the fundamental

building blocks. Vortex rings can be endowed with conserved quantities such as energy

and helicity that characterizes knottedness of a vortical structure. We show how vortex

rings controls the properties of the resulting turbulence from length scales of motions and

turbulent intenstiy. We assemble a full picture by examining of three-dimensional structure,

onset, energy budget, and tunability.

Chapter 4 is divided into two sections that investigate the decay of turbulence, and

propagation of the isolated spherical turbulent burst in a quiescent fluid. In the first section,

we explore the decay of the isolated turbulence blob as the injection of vortex rings is ceased.

By employing a novel experimental technique that allows us to capture the complete decay

process, we demonstrate that the flow remains turbulent despite a significant decay in its

kinetic energy, spanning five orders of magnitude. Furthermore, we observe two distinct

decay regimes characterized by different power laws. To provide further context, we examine

alternative methods for generating turbulence that decays with a single power law, and offer

insights into the relationship between these findings and the growth of the integral length
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scale.

In the second section, we study the enhanced diffusive properties of turbulence by exam-

ining how the isolated turbulent burst spread in the flow chamber. Through our analysis,

we reveal that that the region of turbulence spreads out self-similarly. We compare the mea-

sured shape of the front with measurements in quantum turbulence [161], and investigate its

dependence on Reynolds number. We demonstrate that the observed dynamics of decay and

propagation can be effectively captured by a simple reaction-diffusion equation incorporating

eddy diffusivity.
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CHAPTER 2

APPARATUS AND METHODS

In this section we describe the experimental flow chamber geometry, the flow actuation and

our imaging methods.

2.1 Flow chambers

CW Laser Sheet

High-Speed Camera

Turbulent Blob

PC

a b
a c db

standard windowed

Figure 2.1: Geometry of the flow chambers. (a-b) The “standard chamber” consists of
a 3D-printed frame and acrylic faces. (c-d) The “windowed chamber”, made of acrylics, has
four additional windows to measure vortex ring properties by particle image velocimetry.

Our experiments were performed in either of the two flow chambers depicted in Figure 2.1.

Both chambers have the geometry of a cube with corners truncated by triangular plates, each

containing an orifice through which vortex rings are generated. The linear dimension of the

cube is L = 351mm in both cases. The chambers differ in their method of construction and

their optical accessibility.

The chamber hereby referred to as the ‘standard chamber’ consists of a 3D-printed frame

onto which acrylic sheets are bolted, whereas the ’windowed chamber’ was assembled by

gluing acrylic sheets together and features four windows inserted long the vertical edges of

the cube. These windows allow ‘edge-on’ visualization of the flow, typically by laser sheet

in a diagonal plane which contains the axis along which the vortex rings travel.
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For both chambers, the top plate of the chamber contains a circular hole with diameter

of 200mm. An additional acrylic sheet with a hole of diameter Dp is bolted on top face of

the chamber, through which a piston is inserted. This allows forcing with different size of the

piston. The piston is an acrylic cylinder with diameter Dp, and is attached to the actuator

by stainless steel threads. Additionally, we attach a silicone rubber on the top face to reduce

any excess flow dragged by the motion of the piston. At each truncated triangular plate, we

magnetically attach a holster bolted with a 1/16in acrylic sheet with a hole of diameter Do,

through which a vortex ring is generated. In this study, we use two primary settings of Dp

and Do as summarized in Table 2.1.

Unlike the standard chamber, the windowed chamber is fully made of acrylic and calking

materials. The other difference is that it does not have holsters at the triangular plates,

instead a circular acrylic piece with a hole of diameter Dp is bolted to the plate directly.

2.2 Actuation

The flow is set up by translating a piston by a linear motor (STA2510S, Copley Controls

Corp).. When the piston is actuated impulsively in the vertical direction, it pulls a slug of

fluid through each orifice into the flow chamber. This creates a vortex ring at each orifice.

The actuation velocity is programmable, and controlled by a National Instrumental in-

strument DAQ board. A typical signal is shown in Figure 2.3(b) as a dotted line. As the

piston lifts up every cycle, some volume of fluid is drawn into the chamber through the

orifices at the triangular plates, creating a set of vortex rings. The properties of the rings

are described in Section 3.6. For periodic forcing, we program the motor to slowly move the

piston back to its starting position.
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c

Figure 2.2: Components of the experimental chamber. (a) A silicone rubber (“flap”)
with a hole of diameter Dp is attached on the top face to minimize excess flow into/out of
the chamber. (b)An acrylic, cylindrical piston is inserted through the hole. (c) A 3D-printed
“holster” is magnetically attached to each truncated surface of the chamber. An acrylic
sheet with an orifice or a 3D-printed helical mask is bolted to the holster.

2.3 PIV experiments

We suspend fluorescent particles (fluorescent red, d = 100µm, ρ = 0.995g/cm3, Cospheric

LLC) in water. To prepare the solution, we add 0.7g of sodium dodecyl sulfate (Sigma-

Aldrich) to 500mL of DI water. We then add 4g of fluorescent red particles while the

solution is stirred. The solution is then injected into the chamber. We create a laser sheet

with either a CW (DPSS laser (λ =532nm, ≤ 500mW), Beijing Viasho Technology Co.,

Ltd)., or an Nd:YLF pulsed laser (λ = 526.5nm, Photonics Industries International, Inc).

and a cylindrical lens to fluoresce the particles at the peak emission wavelength of 630nm.

We image the particles using a high-speed camera (Phantom v2512, VEO640L, or VEO4k

990L Vision Research) at adequate frame rate, ranging from 250 to 2000Hz. To suppress the
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Figure 2.3: Controlled generation of vortex rings (a) Generated vortex rings are visual-
ized by bubbles. (b) An actuating signal (gray) and realized motion of the piston are plotted
against the phase. The curve is obtained by averaging the encoder output in a phase-locked
manner. Lp is the commanded stroke length. (c) Commanded (gray) and realized (blue)
velocity profiles are plotted against the phase. The shade represents the standard deviation
of the collected velocity profiles (n = 8).

background originated from the laser sheet, we use a high-pass filter to eliminate the light

below λ = 540nm. The frame rate and the interrogation window size are chosen so that a

“quarter rule” is always satisfied for the fastest motion. The general rule of thumb is to use

the frame rate such that the majority of particles move about 1-5 pixels per frame [136].

We conduct PIV experiments with both chambers (standard and windowed). The stan-

dard chamber is primarily used to investigate the turbulent nature of the flow ( Figure 2.4).

The windowed chamber is used to study the properties of vortex rings, and the view is

provided by the rectangular windows.

We extract velocity fields using either the LaVision “DaVis” PIV software package or

the PIVLab [171] package on MATLAB. Both packages are based on a standard cross-

correlation algorithm with window deformation (WIDIM) [148]. In addition, DaVis offers a

multi-frame pyramid algorithm [155] that we use for turbulent flows. The performance of

these two algorithms is discussed in Sect.3.10.
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Laser sheet

Camera

Figure 2.4: A schematic of the PIV experiments using the standard chamber and
the windowed chamber. The standard chamber is primarily used to characterize a blob
of turbulence, whereas, the windowed chamber is used to characterize the incoming vortex
rings.

2.4 3D PTV experiments

We perform 3D PTV with three or four high-speed cameras (Phantom VEO640L, Vision

Research) in the setup depicted in Figure 2.5). Each camera is equipped with a Scheimpflug

adaptor to correct the focus as the lens is tilted with respect to the imaging plane. The

same band-pass filter as described in the PIV section is used to eliminate the background

illumination. Two cylindrical lenses are used to expand the beam from an Nd:YLF pulsed

laser (λ = 526.5nm) to create an illuminated volume as opposed to a plane. We use the same

fluorescent particles as described above.

We extract velocity fields using the LaVision “Shake-the-box” package [150]. The 3D

PTV experiments include a two-step calibration procedure. The first step uses a static target

to create mapping functions between the each camera view and the real 3D space. The second

step self-consistently refines the mapping functions using particle images. Details of the

method can be found in [150]. The maximum volume for the measurement is approximately

200mm x 120mm x 100mm (width x height x depth). In this volume, O(105) particles are
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Laser + Optics

Cameras

Timing box

Figure 2.5: A schematic of the 3D PTV experiments. A Nd:YDF, pulsed laser and
two cylindrical lenses are used to create an illuminated region in the chamber. Four cameras
track the O(105) particles every frame that are used to reconstruct an Eulerian velocity field.

Name Lbox (mm) Dp (mm) Do (mm) Box Type
Setting 1 351.0 160.0 25.6 Standard chamber
Setting 2 351.0 57.0 12.8 Standard chamber
Setting 3 351.0 160.0 25.6 Windowed chamber

Table 2.1: Dimensions of the chamber used in this paper

registered after successful calibrations, and 50− 80% are recognized as tracks.
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Figure 2.6: The 3D PTV setup (left) A Nd:YDF, pulsed laser and two cylindrical lenses
are used to create an illuminated region in the chamber. (Middle) The 3D-printed, standard
chamber is fixed in a water tank. (Right) Multiple (up to four) high-speed cameras are
mounted on the mobile cart.
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CHAPTER 3

CREATION OF AN ISOLATED BLOB OF TURBULENCE

Turbulence is hard to control. Many experimental methods have been developed to generate

this elusive state of matter, leading to fundamental insights into its statistical and structural

features as well as its onset. In all cases, however, the material boundaries of the experimental

apparatus pose a challenge for understanding what the turbulence has been fed, and how it

would freely evolve. Here, we build and control a confined state of turbulence using elemental

building blocks – vortex rings. We create a stationary and isolated blob of turbulence in a

quiescent environment, initiated and sustained solely by vortex rings. We assemble a full

picture of its three-dimensional structure, onset, energy budget and tunability. The incoming

vortex rings can be endowed with conserved quantities, such as helicity, which can then be

controllably transferred to the turbulent state. This ‘one eddy at a time’ approach paves

the way for sculpting turbulent flows much as a state of matter, ‘printing’ it at a targeted

position, localizing it, and ultimately harnessing it.

3.1 What is turbulence made of?

Vorticity, which measures the local rotation rate of a fluid, is the building block of flow. In its

absence, any fine structure in an incompressible flow decays rapidly with distance from ma-

terial boundaries. Conversely, injection of vorticity can power complex bulk flows [175, 184],

the quintessential example being the iconic multi-scale liveliness of turbulence. Canonical

methods of generating turbulence rely on the spontaneous shedding of vorticity from bound-

aries [163, 3, 38, 195, 1, 2, 142, 170], be it of pipes [139, 123, 54, 70], grids [72, 82, 40, 21], or

spinning plates [50, 181, 94]. This makes it hard to control, or have detailed knowledge of,

the fabric of the injected vorticity. It also often couples the turbulence to boundaries, posing

a challenge to study its unconstrained evolution. Yet, our most basic models of turbulence
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are cast in terms of vorticity alone, with no reference to walls.

Knowing the structure of the vorticity that feeds turbulence is fundamental to a full un-

derstanding of turbulence because it determines the inviscid invariants including the amount

of energy, helicity, linear impulse, and angular impulse that are injected into the turbu-

lence. The balance of the latter two invariants, for example, might lead to different types

of turbulence in the large scales [89], and have been proposed to rule the decay of turbu-

lence [48, 47, 144, 96]. To make it possible to address these fundamental questions, we set

out to build and sustain an isolated region of turbulence far away from boundaries, while

controlling the injection of inviscid conserved quantities and fully observing its free evolution.

Vortex loops are a natural candidate to this end. A vortex ring is readily generated by

impulsively drawing water through an orifice in a tank (Figure 3.1b). Seeding the water

with bubbles reveals the coherent motion of the ring as it travels across the tank carrying its

‘atmosphere’ as it propagates (Figure 3.1c). Such a ring can, in an ideal fluid, travel infinitely

far away from the boundaries. In real fluids, vortex rings eventually decay via viscous

processes, or break down due to instabilities [42, 174, 98]. Nonetheless, they coherently

carry their vorticity, and associated inviscid invariants, far from the boundaries that gave

rise to them.

We set out to combine vortex loops like LEGO blocks, firing them together to ‘print’ a

stationary region of turbulence in the center of our tank (Figure 3.1a). As demonstrated in

iconic vortex collision experiments [126, 102, 113], recently revisited as a minimal means to

understand the inertial cascade in real space [24, 112, 113, 128], two vortex rings fired together

can multiply into a series of smaller rings, giving rise to turbulence. Figure 3.1e shows a

version of this experiment using a pair of vortices created by drawing fluid into our tank

through opposing orifices (Figure 3.1d). The rings, visualized using bubbles, approach each

other, stretch and recombine into smaller, outwardly propagating rings. While this example

demonstrates the tendency of colliding rings to produce turbulence, it also highlights the
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tendency of colliding vortices to divide and redirect, escaping confinement. The situation is

unchanged in the case of four vortices (Figure 3.1f) or eight (Figure 3.2a-d). This generic

behavior of vortices colliding, reconnecting, and escaping challenges the idea that a blob of

turbulence can be printed and confined at a target position.

3.2 Self-confining turbulence

In a näıve attempt to hold the escaping vorticity in place, we fired subsequent sets of eight

vortex rings at repeating intervals so that the outgoing vortices would interact with the

in-going vortices. To image the flow we use a combination of Particle Imaging Velocimetry

(PIV), seeded bubble tracking, and 3D Particle Tracking Velocimetry (PTV). At a low fre-

quency (f = 0.2Hz), we observe a simple repetition of the single-shot reconnection dynamics

(Figure 3.2a-d); coherent vorticity comes in and leaves. However, when the frequency is suf-

ficiently high to enable the outgoing vortex rings to interact with the incoming rings, a novel

state with a remarkably different vorticity distribution emerges (Figure 3.2e-g, f = 4Hz).

In this new state, vorticity is confined, and is evenly distributed within an approximately

spherical region. The flow inside the blob is in stark contrast to its surroundings which remain

relatively quiescent. The blob is sustained as long as the vortex rings are injected. Both

energy and enstrophy averaged over the measured plane indicate the comparative steadiness

of the state (Figure 3.2h) with weak dependence on the periodic forcing.

In Figure 3.3a we show a Reynolds decomposition of this complex flow into mean and

fluctuating components: Ui = ⟨Ui⟩ + ui. The blue cloud represents the average energy

associated with the fluctuations and occupies the central region alone, whereas the yellow

clouds represent the mean flow energy, associated with the paths along which the vortex rings

are fed. We find that the flow inside the blob is dominated by fluctuations (⟨u2⟩/⟨U⟩2 ≈

101.5 − 103) whereas the flow outside the blob is dominated by coherent flow. Furthermore,

the velocity fluctuations inside the blob are only weakly dependent of the forcing phase,
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Figure 3.1: Generation of turbulence using vortex rings and their resistance to
confinement. (a) We envisage colliding vortex rings creates turbulence at a target location
far from boundaries with a controlled injection rate of energy. (b) A vortex ring and its
atmosphere is visualized by bubbles. (c) Streamlines of a vortex ring in the co-moving
frame. (d) A photograph of the experimental chamber. The scale bar represents 100mm.
(e-f) Voriticty resists confinement. (e) A head-on collision of two identical vortex rings (blue)
generates numerous secondary rings after reconnections occur (red). The left panel shows
the result of a Gross-Pitaevskii simulation, whereas the right panel shows the experiment,
visualized by bubbles. The scale bar represents 30mm along the semi-major axis of the red
ellipse. The red ellipse is a projection of a circle. (f) A collision of four identical vortex rings
results in two vortex loops after reconnections (red). The scale bar is the same as (e).
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whereas the coherent flow outside the blob is phase-dependent, reflecting the laminar motion

of the vortex rings. The temporally-and-radially averaged profiles of both fluctuating energy

and enstrophy are approximately constant up to a radius Rblob, and decay rapidly for r >

Rblob approximately as r−4. The local dissipation rate ϵsij (r) = 2ν⟨sijsij⟩ also possesses

the same radial profile as energy and enstrophy (Figure 3.3b) where sij = (∂jui + ∂iuj)/2.

To investigate the character of the flow inside the blob, we compute the fluctuating energy

spectrum and the second-order structure function. PIV measurements are inherently limited

at small scales by image resolution and at large scales by the finite field of view. To span the

full range of scales in our turbulent flow, we performed 2D PIV measurements at three levels

of magnification (Figure 3.3d, spatial resolutions: ∆x = 0.5, 1.3, 2.4 mm≈ 2.4η, 6.2η, 11.4η)

and stitched the results together by taking into account the spectral leakage and low-pass

filtering effects of PIV. With 3D PTV, we measure a one-dimensional energy spectrum on

the slice that cuts the middle of the turbulent blob with a spatial resolution of ∆x = 3.0

mm = 14.4η. In addition, the resulting 4D velocity field offers a direct computation of a

three-dimensional energy spectrum without the assumption of isotropy (See Sect. 3.9.2). The

resulting one-dimensional energy spectrum E11(κ1) and the second-order structure function

DLL of the fluctuating component of the flow are shown in Figure 3.3e-f. Our measurements

at the three levels of magnification agree where their ranges of validity overlap. The rescaled

spectrum is in agreement with the universal curve obtained by grid turbulence and turbulent

boundary layer experiments [142]. Similarly, the second-order longitudinal structure function

when rescaled by the 2/3 power law in the inertial sub-range is consistent with that of

homogeneous isotropic turbulence.

Our spectra and structure function support the notion that the flow inside the blob is

turbulent and therefore that its statistical properties can be captured by a dissipation rate

ϵ0 and an integral scale L [84, 85], together with the fluid viscosity ν. The value of ϵ0 is

notoriously challenging to measure [49, 193]. It can be inferred from the local strain rate
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measurements, from fitting the measured spectrum to the universal curve, or by fitting the

peak value in the scaled second order structure function [49]. As discussed in Sect. 3.11.2,

we find all three methods are in agreement when computed on our median-filtered, spatio-

temporally resolved velocity fields. The corresponding value of the Kolmogorov length η =

(ν3/ϵ0)
1/4 is shown in Figure 3.3e. A measurement of the turbulent r.m.s. velocity u′ =√

⟨uiui⟩/3 in turn provides the estimate of the integral length scale L = u′3/ϵ0.

3.3 Turbulent length scales within a blob

How are the properties of this turbulent blob controlled by the incoming vortex rings? As

shown in Figure 3.3e, we find the value of the integral length-scale to be close to that of the

blob diameter 2Rblob, suggesting both blob radius and integral length-scales are determined

by the largest scale in the incoming vortex rings. This observation is supported by repetitions

of our experiment in which we varied frequency of injection of the incoming vortex rings

and found no change in either L or Rblob. A repetition of our experiment in which the

incoming vortex ring radius was halved, resulted instead in a halving of both L or Rblob

(See Sect. 3.14.1).

The smallest (Kolmogorov) length-scale of the turbulent blob η (Figure 3.3e) has by

contrast little relation to the vortex ring radius, and is instead strongly affected by the

incoming vortex ring energy and frequency of injection. This is consistent with the notion

that at the smallest length-scales turbulence ‘forgets’ about the large-scale forcing that gave

rise to it and the velocity field depends only on energy flux ϵ0 and viscosity ν. We thus turn

our attention to the balance of energy in our system.

Because the flow is at dynamical equilibrium, the dissipated power must match the power

injected by the vortex rings. If we neglect any residual dissipation due to the mean flow, the
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Figure 3.2: Two phases emerge as eight vortex rings repeatedly collide: coher-
ent reconnections and a confined state of turbulence. (a) Coherent vortex recon-
nections of eight vortex rings (blue) result in six secondary rings (red), visualzied by 3D
Lagrangian trajectories. The color represents the radial component of instantaneous La-
grangian speed, d = (U⃗Lag·r̂)/|U⃗Lag|. (Vring/Rring, f) = (20Hz, 0.2Hz). (b-c) Time-averaged
energy/enstrophy on the central slice shows the passage of vortex rings as they enter, re-
connect and leave the central region. (d) Spatially-averaged energy and enstrophy on the
central plane. The inset figures show the 3D Lagrangian trajectories before and after the
reconnections. (e) Lagrangian trajectories around a turbulent blob display uniform, nearly
isotropic outflow from the core. (Vring/Rring, f) = (20Hz, 5Hz) (f-g) Time-averaged en-
ergy/enstrophy shows an isolated region with high energy/enstrophy. (h) Spatially-averaged
energy and enstrophy shows the state to be steady. The error bands in (d) and (h) represent
SEM (n=5 and 25cycles respectively). 20



energy balance is

4πρ

∫
ϵ(r)r2dr ≈ 8Kringf, (3.1)

where ϵ(r) = ϵ0 if r ≤ Rblob, ϵ0(Rblob/r)
4 otherwise. Kring is the kinetic energy inside the

vortex atmosphere of any one of the incoming vortices.

When integrated over all space, the L.H.S. evaluates to 16/3πϵ0R
3
blob = 4/3πϵ0R

3
eff ,

whereas if integrated up to Rblob we have 4/3πϵ0R
3
blob. The R.H.S. requires knowledge of

Kring. When there is a vortex ring in a flow, the energy over all space K is generally the

sum of the energy inside the vortex atmosphere Kring and the energy of the added mass

associated with the potential flow that surrounds the atmosphere Kadded. Kring can be

further decomposed into the translational kinetic energy of the vortex atmosphere Krect =

4/3πR3
atmosphereV

2
ring, and the energy associated with the rotational motion within the vortex

atmosphere Kint. While the exact partitioning varies by the vortex model, the variation for

Kring is small (<3.3%) for realistic vortex ring models. We directly measured the energy of

our vortex rings, and found Kring = (2.0 ± 0.4)Krect similar to 23/14Krect ≈ 1.6Krect of

Hill’s spherical vortex (see Sect. 3.6.3).

In Figure 3.3c we compare the measured dissipated vs injected power for a collection of

blobs that are created by altering ring size, speed, and frequency of injection. The dissipated

power scales linearly with the injected power, with a slope of approximately 1. A more gran-

ular accounting, e.g. including only the energy contained within the vortex ring atmosphere

and computing ϵ0 only within Rblob, yields a linear relationship with lower proportionality

constants: 1 (total energy, total turbulent dissipation), 0.68 (energy within the incoming

vortex ring atmospheres, turbulent dissipation within a sphere of radius Reff ,) and 0.33 (en-

ergy within the incoming vortex ring atmospheres, turbulent dissipation within a sphere of

radius Rblob).

Crucially, increasing the velocity or frequency of injection increases the rate of energy
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dissipation while keeping the integral length-scale fixed, thereby increasing the separation

of scales L/η. Thus ring radius and energy injection provide independent control knobs for

producing turbulence of a desired intensity localized to a given region.

The picture is in stark contrast to the single-collision experiment (Figure 3.2a) in which

vortices come in, reconnect, and go out. At these low forcing frequencies the conversion

from coherent vortex motion to turbulence is far less efficient. Even though in practice

reconnections trigger energy loss within the outgoing vortices, in the limit of a single coherent

collision with large separation of scales, the fraction of advected energy can be in principle

100%.

3.4 Transition from coherent reconnections to turbulence

What governs the transition to a blob state? The most basic criterion is suggested by

geometry: the outgoing rings will collide with the incoming rings for f ≳ Vring/Rring. A

visualization of coherent vorticity in our flow using the Q criterion supports this hypothesis.

A completely different conceptual approach is to seek to ‘match’ the incoming vortex ‘eddies’

to the turbulent state. A central idea in a turbulent cascade is that energy from each

scale ℓ is transported to the next in a time τℓ ∼ (ℓ2/ϵ0)
1/3. If we demand that the time

between incoming vortices 1/f match the timescale for the largest eddy to transfer energy

down the cascade we have 1/f > τL. For our fully developed turbulent blob we have

L ∝ Rring (Figure 3.4a, α0 = 2.17 ± 0.13) and ϵ0 ∝ V 2
ringf (Figure 3.4b, α1 = 0.35 ± 0.02)

with proportionality constants determined in experiment. We then obtain a criterion for

transition: fc = (α1/α0)Vring/Rring with the proportionality constant determined by the

independent measurements of L(Rring) and ϵ0(Vring) in the fully developed turbulent state.

Figure 3.4e shows the time-averaged enstrophy field for experiments in which we varied

both f and Vring/Rring. The transitional range predicted by matching vortex arrival inter-

vals with the largest eddy turnover time is shown by the blue band for comparison. The
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Figure 3.3: Turbulent flow statistics and energy balance in a turbulent blob. (a)
Yellow: the mean flow energy ⟨Ui⟩t⟨Ui⟩t/2. Blue: the mean turbulent energy ⟨uiui⟩t/2.
(b) Radial profile of the dissipation rate on the central plane reveals an homogeneous re-
gion up to R = Rblob ≈

√
6Rring, and a tail that decays with ∼ r−4. The profile col-

lapses for rings with different radii. (Piston stroke ratio, piston effective stroke velocity,
frequency)=(L/D, veff in mm/s, f in Hz)- circle (1.5, 196, 5), up-pointing triangle (2.0, 418,
5), down-pointing triangle (3.0, 443, 5), square (3.0, 443, 7), diamond (3.5, 318, 5), plus (3.5,
594, 5), diagonal cross (3.5, 594, 7), star (3.5, 594, 8). (c) Dissipated power in the sphere
of radius Rblob linearly scales with the power injected into the blob by vortex rings. Data
are presented as mean +/-SEM (n=12). (d) Planes display the measurement regions of 2D
PIV (i = 1, 2) performed at three levels of magnification. (e) Turbulence lengthscales with
respect to the relevant geometries (blob radius Rblob, ring radius Rring, and core diameter a).
(f) Rescaled one-dimensional spectra are computed in the homogeneous region (r ≤ Rblob).
(ϵ0 = 6.0 × 104 mm2/s3, ν = 1.004mm2/s, Reλ = 200). The gray master curve is taken
from [142] (Reλ ≈ 600) as a reference. The attenuated signal due to PIV is addressed by
hollow data points. (g) Rescaled second-order structure functions of the same data as (f)
are shown with a reference curve from [142] (Reλ ≈ 600).
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relationship between fc and Vring/Rring, consistent with predictions, is qualitatively visible

from the change in shape as frequency is increased. A second criterion to classify whether a

given flow is in a blob state is to compute the enstrophy flux through a sphere that encloses

the blob (Figure 3.4c). For the barotropic, incompressible fluids the integrated enstrophy

flux is given by

ΦZ(t) =

∫
∂V

Ω2UinidS, (3.2)

where Ωi = ϵijk∂jUk is vorticity. The phase-averaged (integrated) flux ⟨ΦZ⟩n is shown

in Figure 3.4c for an experiment with f < fc (red) and one with f > fc (blue). The

red curve shows a trough (influx > outflux), followed by a crest (influx < outflux) as the

secondary rings transport enstrophy away from the considered volume. The blue curve, by

contrast, shows little to no outflux. As f is increased for a given Vring/Rring, the escaping

enstrophy per cycle (shaded green region in Figure 3.4c) smoothly decreases as the frequency

is increased (Figure 3.4d.). This corresponds to the suppression of coherent reconnections

and development of turbulence. Placing a threshold (<5% relative to the values at f = 1Hz)

on the escaping enstrophy reveals that the transitional frequency depends on Vring/Rring in a

linear fashion (Figure 3.4e, orange band). The upper limit of the orange band in Figure 3.4e

lies within 10-20% of the predicted transition frequency.

For f > fc, the energy and enstrophy are completely transferred to the blob, in sharp

contrast to the single shot experiment (f ≪ fc) in which neither are left behind nor in fact

penetrate the central region. By contrast, the mass associated with the vortex atmospheres

must flow in and out in equal amounts and cannot be left behind. We find it interesting

that the blob state can occur in the first place given this fact. Our work raises the question

of whether vortex ring trains are in some sense optimally suited to confining and ‘feeding’

turbulence. What types of flow ‘input’ lead to a maximally localized blob states vs delocalized

states in which the necessary outward advection destabilizes confinement?
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Figure 3.4: Vring/(Rringf) governs the transition from coherent reconnections to
turbulence. (a) The integral length scale L is proportional to the radius of the injected
vortex ring Rring. (b) Dissipation rate ϵ0 inside the turbulent core is proportional to the

power injected by vortex ring ∝ V 2
ringf . The x-error bar represents SEM(n=5), and the

y-error bar represents SD of a time series of dissipation rate (n=500).(c) Phase-averaged
enstrophy flux through a sphere with radius of 1.9Rblob captures outgoing enstrophy below
the transition (red, f = 1Hz), and its absence above the transition (blue, f = 6 Hz) for rings
with Vring/Rring = 20Hz. The data are presented as phase-locked average +/- SEM (red:
n=2, blue: n=10). (d) The scaled escaping enstrophy per cycle decreases as the injection
frequency increases, indicating a transition to a blob. The orange band corresponds to
<5%. (e) Formation of a turbulent blob depends on Vring/Rring. Scaled time-averaged
enstrophy fields show agreements with the transition frequencies expected from our theory
and measurements on the enstrophy flux. The orange band represents the frequencies that
the escaping enstrophy becomes 0-5% of the values at f = 1Hz. The data are presented as
mean +/- SEM (n=3).
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3.5 Controlled injection of inviscid invariants

Finally, we explore the tunability of our turbulent blob through control of the vortex rings.

The ring radius Rring tunes the integral scale L and the blob radius Rblob. Meanwhile,

the energy balance sets the smallest scale of turbulence (Kolmogorov scale η) as it leads

to ϵ0 = α21V
2
ringf ∼ Γ2ringf/R

2
ring. Hence, the separation of scales is given by L/η ∼

(Γring/ν)
3/4(Rringf/Vring)

1/4, consistent with the usual relation L/η ∼ Re
3/4
L ∼ (u′L/ν)3/4

for general turbulence [134]. Notice that it is expressed solely by the variables of the injecting

vortex rings and thus can be completely controlled by tuning their properties.

Can our approach to building a turbulent blob be harnessed to endow the turbulence

with additional properties? Beyond energy, natural candidates include the inviscid invari-

ants of impulse, angular impulse and helicity. To test this possibility we replaced the circular

orifices in the corners of our tank with 3D-printed masks with helical rims. As discussed in

Sect. 3.6.3, we found this method produces helical vortex rings that carry both angular im-

pulse and helicity. Colliding these helical rings can in turn produce blobs with finite helicity

(Sect 3.14.2). In Figure 3.5 we show measurements of the total helicity in a blob created by

colliding helical vortex loops in combinations that inject a total helicity of +8Hring, −8Hring

and 0Hring, while injecting zero angular impulse and zero linear impulse. Although the vor-

ticity field is not completely resolved (See Sect. 3.6.3), clearly the answer is affirmative.

3.6 Vortex rings

In this section, we dissect vortex rings generated in our experimental chamber in a following

order. First, we review general properties of vortex rings, referring to their canonical theories.

Then, we consider the experimental conditions to generate a vortex ring in our chamber

that gives a rise to the accessible parameter space. Finally, we present our measurements

using 2D PIV and 3D PTV, comparing to the theories and the results obtained by different
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Figure 3.5: Repeated collision of helical rings transfers helicity to turbulence in
a controlled fashion. (a) Helical masks generate helical rings. Handedness is defined by

the relative orientation of linear impulse I⃗ring to angular impulse A⃗ring, and is tuned from
antiparallel (blue) to parallel (red). (b) Helicity is transferred from helical rings to a blob
of turbulence. Different configurations allow injection of helicity with different handedness.
The five configurations of the measurements are illustrated in the insets. (Net heliciy per
cycle, net angular impulse per cycle) = (8Hring, 0) [Red: 8 Right], (0, 0) [Green: 4 Right +
4 Left], (0, 0) [Yellow: 4 Right + 4 Left], (0, 0) [Black: 8 Planar], (−8Hring, 0) [Blue: 8 Left].
A vortex ring of (Vring/Rring, f) = (40Hz, 5Hz)) was used, and the graph shows the helicity
integrated over a sphere of radius 60 mm≈ Rblob. The shade represents the standard error
of the mean. 27



experimental systems.

3.6.1 Anatomy of injected vortex loops

a ba b

Figure 3.6: (a) A vortex ring (b) Streamline pattern of a vortex ring in the comoving frame

The vortex loops we generate in our experiment all share a similar anatomy to the ring

depicted in Figure 3.6. The vorticity is concentrated in a finite region with the topology of a

torus and a geometry somewhere between a thin ring and a sphere. The precise distribution

of vorticity varies as a function of time under the action of advection and viscous diffusion.

At each moment in time the vortex loop propagates under its self-induced velocity field,

which can be obtained from the vorticity field by Biot-Savart inversion.

The resulting flow is naturally sub-divided into an advected ‘atmosphere’ and a surround-

ing potential flow that is matched to the atmosphere at its surface. The latter is most easily

identified by plotting the flow streamlines in the co-moving frame of reference ( Figure 3.6b).

While the vorticity distribution provides a complete specification of a vortex loop, much

additional insight can be gained by comparing its instantaneous structure to canonical ana-

lytic stationary solutions for vortex loops in inviscid fluids, computing their inviscid invari-

ants (Impulse I, Angular Impulse A, Helicity H, Energy E, and circulation Γ (see Box 1),
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and rationalizing their values in terms of the ‘atmospheric’ flow structure.

Several analytical models have been developed for vortex loops [95, 77, 124]. Canonical

examples include vortex loops on the thin toroidal ring end of the geometric spectrum and

Hill’s spherical vortex on the more spherical end. A single-parameter family of solution due

to Norbury conveniently interpolates between the two [124]. See Box 2 for a comparison of

the corresponding integral invariants.
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Box 1: Inviscid invariants

The inviscid invariants are important to characterize a vortex ring besides its velocity

field [145, 5]. We may interpret that a vortex ring houses these invariants except energy

inside its atmosphere. For what fraction of energy is housed inside the atomopshere,

see Box 3.

Circulation :Γ =

∫
Σ
ω(z, σ)dσdz (3.3)

Linear Impulse :I⃗ =
1

2
ρ

∫
Ω
x⃗× ω⃗dV (3.4)

= ρ

∫
Ω
u⃗dV +

1

2
ρ

∫
Σ
x⃗× (n̂× u⃗)dA (3.5)

= πρ

∫
Σ
ωσ2dσdz (axisymmetric) (3.6)

Energy :K =
1

2
ρ

∫
u⃗ · u⃗dV (3.7)

= πρ

∫
Σ
ψωdσdz (axisymmetric) (3.8)

Angular impulse :A⃗ =
1

3
ρ

∫
Ω
x⃗× (x⃗× ω⃗)dV (3.9)

= ρ

∫
Ω
x⃗× u⃗dV +

∫
Σ

[
1

2
r2(n̂× u⃗)− 1

6
r2x⃗(ω⃗ · n̂)

]
dS (3.10)

Helicity :H =

∫
Ω
u⃗ · ω⃗dV (3.11)

Here Ω and Σ refer to the volume and cross-sectional area of the vortex atmosphere.

ψ is a corresponding streamfunction.

While planar (axisymmetric) vortex loops carry non-zero impulse, energy and circula-

tion, non-planar (azimuthally varying) geometries are required to carry, in addition, angular

impulse and helicity. Canonical models of nonplanar rings include thin cored helical vortex

rings [151] and the generalization of Hill’s spherical vortex to include swirl [117, 116] each

of which carries finite angular impulse and helicity. Box 2 includes a computation of the

inviscid invariants for these canonical flows.
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Physical intuition for the values of the inviscid invariants of vortex loops can be readily

obtained by examining their co-moving atmosphere. Circulation is given by integrating the

velocity along any loop that passes along the axis of symmetry and otherwise is exterior to

the vortex atmosphere. It represents the topological charge or ‘strength’ of the loop. The

impulse I (Box 1,2) is given by the product of translational velocity of the atmosphere Vring,

multiplied by the sum of the mass enclosed in the atmosphere m = ρΩatmosphere and the

added mass m′ of the potential flow past the atmosphere (m/2 for a spherical atmosphere):

I = (m +m′)Vring. The energy E is similarly given by the kinetic energy of the potential

flow past the atmosphere 1
2m

′V 2
ring, the kinetic energy associated with the translation of the

atmosphere 1
2mV

2
ring and an additional contribution from the rotational energy within the

atmosphere, which is vortex model dependent, but nonetheless proportional to V 2
ring. Similar

arguments can be constructed for the angular impulse.

Helicity by contrast, is most intuitively understood in terms of the topology and geometry

of the vorticity field. The value of helicity is given by the average circulation weighted linking

number between vortex tube pairs [117]. In practice, for thin cored helical rings, the effects

of viscosity drive the value towards the Γ2Wr, where Wr is the writhe of the vortex loop

center line.
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Box 2: Canonical vortex ring models and their properties

Below we summarize the properties of two canonical axisymmetric vortex rings with a

finite cross-section: the thin-cored model and Hill’s spherical vortex. In general, incom-

pressibility and the axisymmetry reduce the problem of identifying steadily translating

solutions to solving a Poisson equation for the stream function ψ(z, σ), ∇2ψ = −ω.

The result is

ψ(z, σ) =
1

2π

∫
Σ
σ

1
2

[(
2

q
− k

)
K1(q)−

2

q
K2(q)

]
ω(z′, σ′)dz′dσ′, (3.12)

where q =
[
4rσ/

(
(z − z′)2 + (σ − σ′)2

)]
, and Σ is the cross-section of the ring. K1(q)

and K2(q) are the first and the second kind of the elliptic integrals [95, 5]. The

thin-cored model [95] assumes ω = const. inside the core with radius a ≪ Rring.

The nature of the core such as the medium can be specified by additional coef-

ficients α and β [95, 61, 168, 4]. As for Hill’s vortex ring with its speed Vring,

it assumes ω(z, σ) = −15Vring/(2A
2
sph)σ within its vortex atmosphere with radius

Asph. To make a meaningful comparison with the thin-cored model, we choose

Rring =
∫
Σ ωσdS/

∫
Σ ωdS as the radius of the vortex instead of Asph

a. Table 3.1

summarizes the assumptions of the models, and their integral properties.

a. This choice of Rring is arbitrary but the other candidates are sufficiently close to the first moment
of vorticity 0.75Asph. In the comoving frame, the velocity becomes zero at 1/

√
2Asph ≈ 0.71Asph away

from the center. The square-root of the second moment is equal to
√
3/5Asph ≈ 0.77Asph.
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Box 2 (Cont’d): Canonical vortex ring models and their properties

Table 3.1: Summary of the canonical vortex models: thin-cored model and

Hill’s spherical vortex

Quantity Thin-cored model Hill’s spherical vortex

ω(z, σ)


const., ∥σ −Rring∥ ≤ a

0 otherwise


15Vring/(2A

2
sph)σ, σ ≤ Asph

0 otherwise

Rring Rring
3
4Asph

Γring πωa2 5AsphVring = 20
3 RringVring

Iring ≈ πρΓringR
2
ring

2π
5 ρΓringA

2
sph = 32π

45 ρΓringR
2
ring

Kring
1
2ρΓ

2
ringRring

[
ln

8Rring
a − α

]
2π
35ρΓ

2
ringAsph = 8π

105ρΓ
2
ringRring

Asph, Hring 0 0

Vring
Γring

4πRring

[
ln

8Rring
a − β

]
Γring
5Asph

= 3
20

Γring
Rring

a b

Figure 3.7: Streamlines of the two canonical models of a vortex ring in

the co-moving frame. (a) Thin-cored model (Rring/a = 60) (b)Hill’s spherical

vortex. The color indicates the value of a streamfunction, and the isocontours at

every ∆ψ/ψmax = 0.5 are shown. (a) and (b) have the same circulation.

33



Box 3: Energy distributions from the atmospheric point of view

The energy of a vortex ring may significantly vary depending on the distribution of

vorticity within the vortex atmosphere. The atmospheric view provides a simplified

view on the inviscid invariants. For example, the impulse of a vortex ring can be

readily shown as the sum of the momentum of a fluid within the vortex atmosphere

and its added mass in inviscid, incompressible flows [4]: Iring = (m +m′)Vring. How

is the energy partitioned from the atmospheric point of view?

As a subject of the study, we consider a family of vortex rings that satisfy ω ∝ σ. It

can be parameterized by αNorbury = Σ/(πR2
ring) where Σ is the cross-sectional area

of the ring [124] and αNorbury ∈ (0,
√
2]. This family smoothly interpolates from a

vortex loop with zero cross-sectional area to Hill’s spherical vortex. See their vortex

atmospheres in Figure 3.8c.
a

b

c

Figure 3.8: Energy partition of Norbury’s vortex rings (ω(σ) ∝ σ) [124]. (a)

Shape of vortex atmosphere with Norbury’s shape parameter αNorbury ∈ (0,
√
2]. Ωring

is the volume of each vortex ring. (b) Relative contribution of energy outside the

vortex atmosphere Kadded, energy of the rectilinear motion of the fluids inside the

vortex atmosphere Krect, and energy of the internal motion Kint are plotted against

Norbury’s shape parameter αNorbury.
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Box 3 (Cont’d): Energy distributions from the atmospheric point of view

In general, the energy of a vortex ring can be partitioned as

K = Kadded︸ ︷︷ ︸
Motion outside VA

+ Krect︸ ︷︷ ︸
Rectilinear motion of VA

+ Kint︸︷︷︸
Internal motion inside VA

(3.13)

= Kadded +Kring. (3.14)

The energy outside the atmosphere is given by Kadded = 1
2MijUiUj where Mij is the

added mass tensor of the fluid with the same boundary as the vortex atmosphere.

This is because the flow outside the vortex atmosphere in the co-moving frame is

identical to the flow of a rigid body in a stream Ui in the absolute frame. Hence, we

conclude that the vortex atmosphere encloses 1−Kadded/K of the energy of the

entire flow. Inside the atmosphere, the motion consists of the rectilinear motion and

the swirling motion. The exact partition among these modes vary, depending on the

vorticity distribution as shown in Figure 3.8b. Noticeably, the energy inside the

atmosphere remains nearly the same for vortex rings with αNorbuary > 0.2 that

resemble the rings generated in our experiments(αNorbury = 0.8− 1.0).

For a spherical vortex, Kadded = 1
4MsphV

2
sph and Ksph = 15

14MsphV
2
sph where the

mass of the vortex atmosphere is equal to Msph = 4
3πρA

3
sph. We find

Kadded : Krect : Kint = 7 : 14 : 9, meaning that 76.6% of the entire energy is enclosed

inside the vortex atmosphere.

3.6.2 Production of vortex rings

We generate vortex rings by impulsively drawing fluid through an orifice. This is a common

approach in both natural settings (e.g. dolphin rings, volcanic eruption vortex rings) as well

as laboratory settings where it has been studied extensively [61, 46, 4]. Sketched in Figure 3.9,
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the injection of a ‘slug’ of fluid into otherwise quiescent fluid, is followed by the conversion

of this slug into a vortex ring that propagates away from the orifice. This conversion comes

about through a subtle combination of inertial and viscous dynamics, including boundary

layer separation, vortex sheet roll-up and viscous entrainment [61, 46, 4].

Orifice

Slug of displaced fluid

Figure 3.9: Production of a vortex ring. A slug of fluid is extruded through an orifice.
The boundary layer at the edge of the orifice separates, and rolls up to form a vortex ring.

A natural starting point to characterize the injection process, is to consider a cylinder

of fluid with velocity Vslug, diameter of an orifice Do, and length Lslug = VslugTactuation

where Tactuation is the time during which the fluid is actuated. In addition we have the fluid

density ρ, and kinematic viscosity ν. From these we end up with dimensionless parameters:

L∗ =
VslugTactuation

Do
, Reslug =

VslugDo

ν
, (3.15)

L∗ = Lslug/Dslug is known as the ‘formation number’ of a vortex ring [61, 62, 168] and is

known to be a critical parameter that separates regimes in which coherent vortex rings are

ejected and a regime in which a ring with a trailing jet is instead produced. Additional

parameters such as the opening angle of the orifice and a velocity program factor P =

⟨V 2
p ⟩/⟨Vp⟩2 that captures the temporal dependence of the fluid injection, can also play a

significant role.

In our setup, in which we draw fluid at the top of the setup which in turn draws fluid

through N (typically 8) orifices at the corners of our cubic flow chamber, the length of the
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cylindrical slugs and their velocity program factor must be derived from the diameter, stroke

length and velocity program of the piston at the top of the chamber.

Relationship between L∗ and piston control parameters

If divided evenly between the slugs emerging from the N (typically 8) orifices, the volume of

fluid drawn by the piston π
(
Dpiston

2

)2
Lpiston and its flux give:

Vslug =
1

N

(
Dp
Do

)2

Vp , L∗ ≡ L

D
=

1

N

(
Dp
Do

)2 Lp
Do

There is however an asymmetry between top and bottom orifices in our tank due to the fact

that the piston draws in fluid at the top of the tank. This results in V
top
slug = Vslug(1− δ) and

V bottom
slug = Vslug(1 + δ), with δ, which can be tuned by a combination of L∗ and v, in the

range of ∼0-0.3 in our experiments.

Impulse of a slug with a velocity program

The injection of a slug of fluid will, in general, occur at velocity Vslug(t) that varies during

the slug injection process. This can occur either because of experimental limitations on

acceleration, or by design, in an attempt to optimally transfer impulse and energy from the

slug to a vortex ring. For example, Glezer [62] showed that different temporal signals with

the same L∗ = L/D generate vortex rings with different properties.

To account for this time variation, it is useful to consider the impulse Islug that represents

the momentum or impulse of an isolated slug of fluid, decoupled from the surrounding fluida.

a. In general the injection of a slug into a surrounding fluid will result in an impulse that includes
contributions from the pressure at the walls exterior to the orifice as well as the added mass. Nonetheless
Islug represents a useful characterization of the injection process.
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The integrated momentum flux gives:

Islug =

∫ T

0
Vslug

(
ρπ

(
Dslug

2

)2

Vslug(t)

)
dt = ρπ

(
Dslug

2

)2

⟨V 2
slug⟩tT (3.16)

=
π

4
ρD2

slugLslugP ⟨Vslug⟩t =
π

4
NL∗ · ρD3

slugveff . (3.17)

where P = ⟨V 2
p ⟩t/⟨Vp⟩2t ≥ 1 and veff ≡ P ⟨Vp⟩t. Figure 3.10 shows some examples of velocity

programs and their associated program factor P .

a b c

Figure 3.10: A velocity program factor P = ⟨V 2
p ⟩/⟨Vp⟩2 characterizes a temporal

profile of piston velocity Vp. a
′ is equal to 4⟨Vp⟩/t′. Here are the values of the velocity

program factor of simple signals with the same stroke length. (a) A step function: P = 1
(b) A triangular function: P = 4/3 (c) A parabolic function: P = 6/5.

Accessible slug parameter space

Figure 3.11 illustrates the accessible/useful slug parameter space.

An empirical bound on ring formation (gray shaded areas at low and high L
D ) is given

by 0.5 ≲ L
D ≲ 4.0. On the lower end, no ring formation is observed, on the upper end a jet

trails the vortex ring. These empirical bounds are close to those found in [168, 61].

veff is limited, on the upper end by the maximum acceleration amax that the piston can

attain (upper curved boundary). This follows veff ≤ P
2 (amaxD)

1
2

(
L
D

)1
2
.

On the lower end, veff is limited by the requirement that the stroke time must be less

than a forcing period (white, frequency dependent, lines): veff ≥ (PfD) LD .

To characterize the generated vortex rings under different experimental conditions (L/D, veff),
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Figure 3.11: Accessible slug parameter space is spanned by the non-dimensional
stroke length and the effective stroke velocity. The upper bound of the accessible
space is set by maximum acceleration of the piston, and the curve for (amax, Do, P ) =
(1.6 × 104mm/s2, 25.6mm, 1.0) is shown. The lower bound (white lines) depends on the
frequency of the oscillatory motion. The heat map represents the maximum frequency that
a vortex ring can be generated in our experiment.

Figure 3.12: Experimental constraint on the phase space: The piston must move by
a stroke length L faster than the forcing period 1/f , limiting the accessible phase space:

veff ≥ (PfD) LD .
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we use f = 0.2Hz or 1Hz. We hereby assume that the same rings are generated at a higher

frequency.

3.6.3 Characterization of vortex rings and data collapse

The vortex rings we produce are the fundamental building block of the turbulence we create.

We take a three-pronged approach to characterize their properties:

1. We perform PIV measurements in a custom tank with side-windows (CW laser sheet,

PIV Lab) to efficiently span the accessible phase space

2. We performed PIV measurements of single vortices created in a custom tank with

side-windows by leaving only one orifice open (CW laser sheet, LaVision - DaVis)

3. We performed 3D PTV measurements (Pulsed laser, STB) of the 3D dynamics and

structure of individual vortex rings created in the 3D-printed, standard chamber leaving

only one orifice open.

Parameter space

To assemble a basic characterization of the sets of vortex rings produced when the we actuate

the piston in our tank, we create sets of 8 vortex rings with varying Lpiston/Dpiston in the

box with small windows illustrated in Figure2.1c-d. We illuminate a plane on which half of

the vortex rings travel towards the center of the chamber, and track them until they collide.

We performed PIV measurements on the emerging vortices using a CW laser and processed

the images with PIV Lab ( Figure 3.13a). A typical snapshot is shown in Figure 3.13b. Four

vortex dipoles can be clearly seen, corresponding to cross sections of four of the eight vortex

rings.

The core position at an instant of time is then determined by taking a center of the

vorticity field over a region that includes the core. Repeating this process for all the cores
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until the vortex rings collide, we extracted their trajectories ( Figure 3.13c). The vortex

ring radius and the translational speed is measured by tracking the core positions. The

circulation of each ring is then computed from the extracted velocity field via Γ =
∫
C u⃗ · d⃗l

( Figure 3.13d). A sample integration contour is used in Figure 3.13c. By dividing the

distance between the core positions at distant frames by the time it took, we obtain the

instantaneous velocity of each core ( Figure 3.13e). We extracted the radius by computing

the distance between the instantaneous core locations ( Figure 3.13f).

3D PTV

2D PIV
Integration  
contour

slice

a b

c

d

e

f

Figure 3.13: PIV/PTV measurements on vortex ring properties. (a) We conducted
3D PTV with the standard chamber and 2D PIV with the windowed chamber. For the
former, we obtained a flow field on the plane of interest by interpolation. (b) We then
compute the vorticity field by ∇ × u⃗. (c) Taking a center of voriticity identified each core
position at instant of time. (d) By computing

∫
C u⃗ · dℓ, we measure circulation. (e-f) We

measure the instantaneous velocity and radius based on the extracted trajectories in (c).

Figure 3.14 shows circulation, translational velocity, and diameter of vortices produced

from the top (a-c) and bottom (d-f) orifices, and their differences (g-i). Vortex rings are

successfully generated when L/D > 0.5, and remain isolated structures for L/D ≲ 4. We
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observe that rings are accompanied by a trailing jet when L/D > 4 as reported by several

authors [61].

The asymmetry of forcing can cause the rings from the top orifices to have different

properties then the ones emerging from the bottom orifices. We find asymmetries of at most

∼17% ∼30%, and ∼10% in Γ, V , and D respectively. The information in Figure 3.14 enabled

choices of actuation parameters that kept asymmetries below ∼ 5% for experimental runs

presented in the main text. In particular cases, by further detailed characterization, this can

be reduced to ∼ 0% as in the case of the data presented in Figure 2 of the main text. In the

parameter space, this data set corresponds to (L/D, veff) = (2.0, 200mm/s).

Non-dimensionalization and relation to literature

To compare our vortex production with the literature on vortex production by slug injection,

we extracted non-dimensionalized relationships between Rring, Γring, Vring and L/D(= L∗)

from [168, 61, 4] and compared them to our measured values.

[4] adopts the following list of variables to characterize vortices produced by an orifice

of a tube:

Rring, a, h, l,Ωatmosphere, Vring,Γring,Γc, Iring (3.18)

where Rring is the radius of the vortex ring, a the radius of the vortex core, h, l the lengths

of the semi-axes of the vortex atmosphere, Vring the self-induced velocity of the vortex

ring, Γring the total circulation, Γc the circulation around the vortex core, Ωatmosphere the

volume of the vortex atmosphere and Iring the impulse of the vortex ring. They are non-
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d e f

g h i

Figure 3.14: Measured circulation Γ, translational velocity V , and radius R of
the generated vortex rings are plotted in the phase space spanned by formation
number L/D and effective piston velocity veff . (a-c) Γ, V , and R of vortex rings
generated at the top orifices are shown. (d-f) Γ, V , and R of vortex rings generated at the
bottom orifices are shown. (g-i) Difference of each quantity between the top and the bottom
orifices are shown. The solid black lines define the experimentally accessible phase space
(f = 0.2Hz).
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dimensionalized as:

R∗ =
Rring

Do
, a∗ =

a

Do
, h∗ =

h

Do
, l∗ =

l

Do
,Ω∗ =

Ωring

D3
o
, (3.19)

Γ∗ =
Γring
DoVslug

,Γc∗ =
Γc

DoVslug
, V∗ =

Vring
Vslug

, I∗ =
Iring

ρD3
oVslug

. (3.20)

Figure 3.15a-c displays the non-dimensionalized radius R∗, velocity V∗, and circulation

Γ∗ against the formation number L∗ along with literature values from [61, 168, 4]. The non-

dimensionalization of our data-points assumes zero top-bottom asymmetry and we included

our program factor for the slug velocity. Our re-scaled radii, velocities and circulations

for both top and bottom sets of vortex rings, are consistent with literature values obtained

ejecting individual slugs from tubular vortex ring generators. This supports our experimental

strategy of using a single piston to actuate slugs through N orifices.

We note that our agreement with literature values is within the range of agreement

between different published experiments. These relatively small variations emerge naturally

from differences in the location of the measurement (distance from the orifice), the orifice

geometry and actuation program which result in vortices with slightly different atmosphere

shape as well as varying levels of entrainment. For example, the vortices studied in Sullivan

et al. [168] are more ellipsoidal than [4] and our measurements (an eccentricity of 0.60

compared to our 0.15-0.40) and travel somewhat faster.

In addition to the comparison with literature values, also shown in Figure 3.15a-c are

gray lines that represent the scalings predicted by different matching criteria between slug

and ring properties. In the case of the vortex radius ( Figure 3.15a), matching the mass of

the slug and the mass of the vortex atmosphere predicts R∗ ∝ L1/3 In the case of V∗(L∗) and

Γ∗(L∗) we show three different possible scalings, each of which may be dominant in different

ranges of L∗: (i) matching the circulation of a vortex with the circulation of an isolated slug

gives (Γ∗ ∝ L∗, V∗ ∝ L
2/3
∗ ). (ii) matching the impulse of the slug with the impulse of a
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thin-cored vortex ring gives (Γ∗ ∝ L
1/3
∗ V∗ ∝ lnL∗)), V∗ ∝ L

2/3
∗ ) (iii) matching the impulse

of the slug with the impulse of Hill’s spherical vortex model gives (Γ∗ ∝ L
1/3
∗ , V∗ ∝ const.)

Formation of a 
secondary vortex ring

a cb

(Thin-cored model) (Hill's spherical vortex)

Figure 3.15: Scaling laws of vortex ring radius Rring, velocity Vring, and circulation
Γring on the formation number L∗ The values of the vortex rings generated by submerging
jets through a nozzle are shown as a reference, and are consistent with the measurements

of the vortex ring collider. (a) Non-dimensionalized radius shows R∗ ∼ L
1/3
∗ , reflecting

the conservation of mass. (b) Non-dimensionalized velocity of a vortex ring monotoniously
increases with L∗, and plateaus out above L∗ = 3. (c)Non-dimensionalized circulation agrees
with the slug model (circulation matching) Γ∗ = 0.5L∗ below L∗ = 2 but agrees better with

Γ∗ ∝ L
1/3
∗ at high L∗. The error bars in (a-c) represent SEM (n=12 for (a) and n=5 for

(b-c)).

Individual vortex ring structure and properties - 2D

As discussed in Box 3 above, an accurate measurement of the vortex energy requires precise

knowledge of the vorticity distribution within the vortex atmosphere. To characterize the

detailed structure of our vortices, we covered seven out of the eight orifices and performed

PIV measurements on single vortex rings as they traversed the experimental chamber.

An instantaneous vorticity field can be obtained by the direct differentiation of the ve-

locity field. Noise in a velocity field becomes amplified by differentiation. Thus we averaged

the vorticity field over neighboring frames assuming that the field was steady during the

recording. For incompressible, axisymemtric flows, the streamline function can be computed
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by ψ(σ, z) =
∫ B
A σ(uzdσ − uσdz) in cylindrical coordinates. Choosing the reference point A

at a different location only shifts the stream function by some constant.

The vorticity distribution of a typical vortex ring generated in the windowed chamber is

shown in Figure3.16 (d). It is in good agreement with a a Gaussian distribution, as well as

with the empirical formula found by Akhmetov [5] for the traditional vortex ring generator

(vortex ring gun):

ω(z∗, σ∗) =
ωmaxσ∗

cosh

[
c1
(
z2∗ + (σ∗ − 1)2

)1
2

] ; z∗ =
z

Rring
, σ∗ =

σ

Rring
(3.21)

where c1 = 11.7 for a vortex ring gun [5].

When compared to the canonical Lamb-Oseen and Hill vortices, the distribution of vor-

ticity can be clearly seen to be much closer to a diffuse spherical vortex than a concentrated

Lamb-Oseen vortex.

For a planar vortex ring, such 2D PIV measurements are sufficient to further compute

its inviscid invariants listed in Eq. 3.18. The important quantities are radius Rring, velocity

Vring, circulation Γring, vorticity distribution ω(z, σ), impulse I⃗ring, and energy inside the

vortex atmosphere Kring. For example, in the case of a vortex ring in Figure 3.16, we

find |I⃗ring| = 3.7 × 10−3kg·m/s compared to |IKelvin| = 5.0 × 10−3kg·m/s=1.3|I⃗ring|, and

|I⃗sph| = 3.5 × 10−3kg·m/s=0.95|I⃗ring|. For energy, we find Kring = 0.42mJ compared to

Kring,Kelvin = 1.0mJ = 2.4Kring and Kring,sph = 0.34mJ = 0.83Kring. Figure 3.17 compares

Kring between our measurements and the predictions (Kring,Kelvin and Kring,sph) for various

vortex rings generated by different experimental protocols. For the predicted values, we used

the measured radius Rring, circulation Γring, and the ratio Kring/K = 0.77 (see Box 3) for

the expressions in Box 2. The result shows that Hill’s spherical vortex model underestimates

the energy by < 30% and the thin-cored model frequently overestimates the value over 50%

in the range of vortex rings we used to create a turbulent state. This intermediate behavior
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Kelvin's vortex ring

Hill's spherical vortex
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c d e

Figure 3.16: Characterization of a vortex ring in the experiments reveals its
similarity to Hill’s spherical vortex.(a) A velocity and vorticity field of a typical
vortex ring in the comoving frame, obtained by PIV (b) Streamfunction and isocontours
(∆ψ = 5× 103mm3/s) (c) Normalized circulation along the closed streamlines in the vortex
atmosphere is plotted against the normalized streamfunction. (d) Voticity distribution at
z=0 (e) Axial velocity profile in the plane z=0. The top right plot indicates the location of
the measurement in the phase space.
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Figure 3.17: Kinetic energy enclosed in the vortex atmosphere is consistent with
the formula of Hill’s spherical vortex. The kinetic energies inside vortex atmosphere,
predicted by the thin-cored and Hill’s spherical vortex models(Box 3.6.1) with measured
radius and circulation, quantitatively agree with the measurements by 2D PIV. We compute
Kring = cK(Γring, Rring) with Rring/a = 3, α = 2.04 for the thin-cored model and Asph =
4/3Rring for Hill’s spherical vortex model (see Box 2). For both models, c = Kring/K = 0.77
is used. The error bars represent SEM (n=12).

is consistent with our measurement on the vorticity distribution in Figure 3.16c.

48



Three dimensional structure and properties of circular and helical vortex rings

Axisymmetric vortex rings carry energy, linear impulse, and circulation. For a vortex loop to

also carry angular impulse and helicity, a departure from axisymmetry and mirror symmetry

is required. A particularly simple vortex geometry that breaks both these symmetries is

that of vortex loops with helical cores. Readily tunable by tuning the pitch and amplitude

of the helical core, helical vortices provide an ideal vehicle for transmitting all of the inviscid

invariants.

Figure 3.18: Helical masks generate vortex rings with nonzero helicity. (Left) A
left-handed mask (Middle) A right-handed mask (Right) A planar mask as a reference. The
cartoons illustrate the height profiles of the orifices. Scale bar: 25.6mm.

To create helical vortex loops in our setup, we designed and 3D-printed nozzles whose

boundary is helical, as shown in Figure 3.18 and replaced the circular orifices of our tank

with these. The helical apertures were designed to have the same mean radius as the planar

circular apertures they replaced, and the same stroke length and velocity profile (L/D =

1.5, veff = 50mm/s) was used for the impulsive actuation. We found that helical vortex rings

were readily produced at the orifices.

To study the properties of the vortex rings produced through these nozzles, which to the

best of our knowledge is a novel approach, we then blocked seven out of the eight orifices

in our setup and generated individual helical vortices. We then measured the resulting flow

using 3D PTV (LaVision, Shake-the-box) in the central region of the tank as illustrated in
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Vortex ring, 

Vortex atmosphere

Control volume,

217 mm
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Helical / planar mask

Figure 3.19: The experimental setup and computational scheme to measure the
inviscid invariants carried by a planar/vortex ring are shown. A planar or helical
vortex is generated in the chamber by lifting the piston with one orifice open while the
remaining is closed. The inviscid invariants in Box 3.6.1 are computed over a moving control
volume that encloses vortex atmosphere. Any contribution to the integral from the region
outside the measurement domain is considered zero.
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Figure 3.19.

We performed three sets of experiments: the first in which we produced circular vortex

rings, and the second and third in which we produced left and right handed helices. The

handedness is determined by the respective orientation of the angular impulse to the linear

impulse: it is right-handed if they point in the same direction, and is left-handed if they

point to the opposite directions.

Figure 3.20 shows a typical measured vorticity field on three cross-sections (the field

is median filtered with a kernel size of 3 × 3 px2). Despite the limited spatial resolution,

the measurement captures the essential features of the vortex structure within the vortex

atmosphere. Given these 3D velocity and 3D vorticity fields, all inviscid invariants are

accessible by direct numerical computation. Figure 3.20(b) shows, for example, the helicity

density u⃗ · ω⃗ on the same cross-sections.

To extract the total value of each inviscid invariant (listed in 3.6.1) from our volumetric

flow data, we track the position of the vortices by computing the center of mass of the

energy. We then define a control volume that co-moves with the vortex and has a radius

approximately twice the ring radius. Finally, we compute the inviscid invariants (listed in

3.6.1) within the control volume. Figure 3.21 summarizes this computation scheme and the

results are shown in the right column of Figure 3.21.

The restriction of the computation to the control volume is adopted to eliminate contri-

butions of spurious vorticity outside the vortex bubble. These fluctuations can significantly

skew the values of the invariants because they contribute in proportion to their distance. For

example, consider the linear impulse I⃗ = 1/2 · ρ
∫
V x⃗ × ω⃗dV . Given the sparse and uneven

distribution of spurious vorticity fluctuations, their effect does not average to zero even if

the integral is performed over the entire measurement domain in our experiment. We note

that the chosen radius of the control volume (≈ 2Rring) encloses the vortex bubble in its

entirety and was verified to coincide with the local convergence of the computed values of
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Figure 3.20: Extracted 3D velocity and vorticity fields are used to compute in-
viscid invariants such as helicity. (a) A (left-handed) helical vortex ring propagates in
the measurement domain. The color maps represent the one-component vorticity (ωz, ωx,
and ωy) fields on the three cross-sections in the measurement domain. Streamlines of the
projected velocity field in the co-moving frame reveal the vortex atmosphere. (b) Helicity
density u⃗ · ω⃗ illustrates the negative helicity concentrated along the vortex tubes. Integrating
this field over the co-moving control volume yields the helicity of the helcial vortex ring. (c)
The orientations of the three cross-sections with respect to the measured domain are shown.
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the inviscid invariants.

In addition to the inviscid invariants listed in Box 3.6.1, we also present linear momentum

P⃗ = ρ
∫
V u⃗dV and angular momentum L⃗ = ρ

∫
V x⃗ × u⃗dV (where V denotes the co-moving

control volume) as a supplement. Note that linear momentum is not a well-defined quantity

in this context because the surface integral in Eq. 3.5 depends on the shape of the surface.

Similarly, the angular momentum is not well-defined because it is generally a divergent

integral in unbounded flow. The difference between these momenta and the corresponding

impulses are the surface terms in Eq. 3.5 and 3.10. These are not obvious a priori, and

depend on the shape of the surface.

The inviscid vortex solution known as ‘Hill’s spherical vortex with swirl’ [117] provides

a basis for comparison with vortex models. This flow is a solution of the incompressible

Navier-Stokes equation with nonzero angular momentum and helicity due to the swirling

motion inside the vortex atmosphere.

The velocity field is given by

u⃗ = (ur, uθ, uϕ) =

(
1

r2 sin θ
∂θψ,−

1

r sin θ
∂rψ,

kΞ

r sin θ

)

where the (Stokes) stream function ψ is identical to Hill’s spherical vortex

ψ =


−3

4Vringr
2

(
1− r2

A2
sph

)
sin2 θ, r ≤ Asph

1
2Vringr

2

(
1−

A3
sph

r3

)
sin2 θ, r > Asph

and

Ξ =


−3

2Vring
J3/2(kAsph)

J5/2(kAsph)

[(
Asph
r

)3
2 J5/2(kAsph)

J3/2(kAsph)
− 1

]
r2 sin2 θ, r ≤ Asph

1
2Vring

(
1−

A3
sph

r3

)
r2 sin2 θ, r > Asph

encodes for the azimuthal motion with a real parameter k. Here, J3/2 and J5/2 are the
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Figure 3.21: Measured inviscid invariants of a planar, and helical vortex rings
qualitatively agree with simulations. (Left column: Hill’s spherical vortex ring

with a swirl. Right column: Experiment). d⃗ is a unit vector that denotes the traveling
direction of a vortex. (a) Linear impulse (b) Linear momentum (c) Energy (d) Angular
impulse (e) Angular momentum (f) Helicity.
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Bessel function of the first kind.

The left column of Figure 3.19 shows the result of computing what we would have mea-

sured if such a vortex had swept through our measurement volume, i.e.

1. We define a synthetic measurement box with the same aspect ratio of the experimental

measurement domain.

2. Synthetically place Hill’s vortex with (or without) a swirl (k = ±1, or 0) at a se-

quence of locations as if it were propagating at Vsph along a simlar trajectory to the

experimentally measured vortex.

3. Compute the inviscid invariants as we did for the experimental data.

Comparison of the experimental data to Hill’s spherical vortex with a swirl intends to

contextualize how inviscid invariants would be measured in practice, and does not provide

one-to-one comparison between the experimental data and a simulation using a vortex ring

with the same helical profile.

As can be seen in Figure 3.21, the experimental results compare well with the resulting

trends, albeit with considerable scatter and some systematic deviations. Despite being lim-

ited by spatial resolution, our results provide a direct experimental quantification of all the

inviscid invariants carried by a helical vortex ring for the first time. The non-zero angular

impulse and helicity clearly demonstrate the effectiveness of our helical masks in producing

vortex rings that carry helicity and angular impulse. The helical vortex loop as an isolated

carrier of inviscid invariants provides a unique opportunity to control and shape turbulence

with desired cocktails of inviscid invariants. In section 3.14.2 we present the result of this

injection.
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Estimation of the effect of coarse-graining on the measurement of helicity in

isolated helical vortex rings

In Figure 5 of the main text and in and 3.21, we presented the direct measurement of helicity

H =
∫
V u⃗ · ω⃗dV over a domain that encloses a turbulent blob and a helical vortex ring. In

both cases, the velocity and vorticity fields were not completely resolved, likely affecting the

value of the measured helicity. In this section, we study how coarse-graining a velocity field

affects the resulting helicity. We consider two test cases: models for helicity-carrying isolated

vortices and DNS data for helical turbulence.

Coarse-grainined

a b

Figure 3.22: Coarse-graining a velocity field attenuates helicity. (a) Scaled helicity
with a coarse-grained field collapses to a line. (d) Data collapse of the relative helicity when
plotted against the voxel pitch scaled with a twist-to-helicity ratio and a core radius.

We generate analytical expressions for flow fields of a helical vortex tube whose vorticity

field lines are organized around its center line. The implemented methodology has been

developed by Hridesh Kedia, and the detailed description can be found in [151] SI, Eq.43-

44. This construction enables us to tune the writhe of the center-line, the twisting of the

field-lines, and the core size independently. The vorticity distribution inside the core is

approximately Gaussian. The construction is based on a complex scalar potential ψ =

zm1 /Q(z1, z
∗
1 , z2, z

∗
2) where (z1, z2) are coordinates on S

3. m controls the number of windings
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of the field-lines, and Q(z1, z
∗
1 , z2, z

∗
2) encodes the center-line. The velocity field is given by:

u⃗ =
a′2

4π

(
exp

(
−1− χ′2

a′2χ′

)
∇η′ + 1

2i
∇ log (

Q(z1, z
∗
1 , z2, z

∗
2)

Q∗(z1, z∗1 , z2, z
∗
2)
)

)
(3.22)

where η′ = log (ψ/ψ∗)/(2π) ∈ [0, 2π), and a′ is a clipping length scale. To mimic the

three-fold helical vortex generated in the experiment, we used

Q(z1, z
∗
1 , z2, z

∗
2) =

Rminor

Rmajor
z31 + z2;

z1 =
2Rmajor(x+ iy)

(R2
major + x2 + y2 + z2)

z2 =
2Rmajorz + i(x2 + y2 + z2 −R2

major)

(R2
major + x2 + y2 + z2)

where Rmajor, and Rminor represent the major and minor radius of the helical ring re-

spectively. Rmajor/Rminor = 4 was chosen to be consistent with the center line of the

experimental helical ring.

To mimic a flow field that is obtained by 3D PTV, we coarse-grained a spatially resolved

flow field, then computed the helicity. The coarse-graining procedure is a combination of

convolution with a box kernel, followed by undersampling (See insets in Figure 3.22ab).

Coarse-graining a velocity field indeed attenuates the measured helicity as shown in Fig-

ure 3.22a for helical rings with various core size set by χ′ ∈ [0.9, 0.99]. These curves collapse

onto a line when plotted against the voxel size scaled by each core size ( Figure 3.22a).

We find that coarse-graining generally reduces the computed value of helicity. The re-

duction is greater for a helical vortex ring with a higher amount of twist within the corec

Tw = (H/Γ2−Wr) where Wr is the writhe of the center-line. Unlike the writhe, twisting is

b. We coarse-grained a velocity field even though the inset figures show an example using a vorticity field.
To compute the helicity in Figure 3.22, a vorticity was derived from the coarse-grained velocity field.

c. A more twisted helical vortex ring was generated by increasing m ∈ [1, 5].
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local winding of the vorticity field-lines; hence, it is more susceptible to the coarse-graining.

We find a data collapse as we scaled the voxel pitch ∆x to (∆x/a)(Γ2Tw/H) ( Figure 3.22b).

In reality, helicity tends to writhe [151], and a case with a low twist-to-helicity ratio is more

common in nature. Under moderate coarse-graining when a segment of a vortex core is repre-

sented by more than 23=8 voxels, the attenuation of helicity is linear in ∆x/a. An equivalent

amount of attenuation for data in both Figure 5 of the main text and Figure 3.21, would be

approximately 10% since (∆x/a)(Γ2Tw/H) is estimated to be less than (∆x/a) ≈ 0.3.
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Summary of experimental runs

Figure 3.23 shows the measurements performed to characterize a single vortex ring, and a

helical ring.

2D PIV, 0.8< Δx ≤ 2.1 mm/px

3D PTV, Δx > 2.1mm/px

, planar

, planar

, planar

, helical

Figure 3.23: Summary of measurements performed to characterized vortex rings
in the parameter space spanned by effective piston velocity veff and formation
number L/D.
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3.7 Vortex ring collisions - Summary of experimental runs

As described in the main text, firing together sets of eight vortices in our setup at repeated

intervals, results, at sufficiently high frequencies, in the formation of an isolated blob of

turbulence, surrounded by quiescent fluid.

To characterize the physics of the turbulent blob state, we performed a number of exper-

iments in which we fired sets of vortex rings together while varying ring speeds, radii and the

interval between sets. We then measured the ensuing dynamics using 2D PIV at different

magnifications, as well as 3D PTV. Figure 3.24 summarizes the experimental runs. A version

of this figure, with specific points highlighted is reproduced as an inset in SI figures to make

it clear which datasets went into making each derived plot.
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a

b

Δx ≤ 0.8mm/px

Δx > 2.1mm/px 0.8< Δx ≤ 2.1 mm/px

2D PIV

3D PTV

Δx ≤ 0.8mm/px

Δx > 2.1mm/px 0.8< Δx ≤ 2.1 mm/px

2D PIV

3D PTV

helical

planar

planar

planar

planar

Figure 3.24: Summary of measurements to study confined turbulence involving
different techniques (2D PIV and 3D PTV) on various experimental configura-
tions. Altering the size of the piston diameter Dp and the orifice diameter Do enables to
vary the size of a turbulent region formed by the vortex ring collisions. Numerous PIV mea-
surements with different resolutions allow us to investigate turbulent statistics thoroughly.
(a/b) This setting enables to create a turbulent region with Rblob ≈ 60/30mm. We investi-
gate the transfer of mass, energy, and enstrophy using a small blob because it can be fully
contained in the measurement volume.
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3.8 Anatomy of a turbulent blob

In this section we examine the structure of a turbulent blob via Reynolds decomposition

Ui(x⃗, t) = ⟨Ui⟩t(x⃗) + ui(x⃗, t).

3.8.1 Structure of the mean flow

The (temporally averaged) mean flow reveals the strong inflow at the spots where the vortex

rings arrive, and nearly uniform outflow elsewhere ( Figure 3.25e-f). Such a mean flow acts

to cage the injected energy and enstrophy inside the turbulent core with small ejection. This

corroborates with a simple picture that energy and enstrophy are supplied by vortex rings,

getting dissipated mostly inside the blob, and a small fraction of them leaves.

Inspecting two planes would be sufficient to explain the mean flow of our experiments

because of the octahedral symmetry in the vorticity field. The corresponding point group

is Oh in the Schönflies notation, and has two kinds of reflection operations σv, and σh. σv

corresponds to a reflection about the plane that cuts four out of eight rings into halves (

Figure 3.25a). σh corresponds to a reflection about the plane on which no rings are present

( Figure 3.25b). There are six σh and three σv in Oh as illustrated in Figure 3.25a-b. Figure

3.25c-d show the measured, mean flow field on each plane. The σv plane exhibits the strong

inflow in the diagonal directions due to the vortex rings, accompanied by outflow in the ±x′

and ±y′ directions. Meanwhile, the σh plane contains a source at the center.

In a simplified case, one can infer the strength of the outflow solely by the symmetry. The

6+3=9 reflection planes uniformly split the space. On the σv plane, there are four incoming

directions (diagonal) and four outgoing directions (horizontal and vertical) ( Figure 3.25g).

The σh plane is divergent ( Figure 3.25h). Because of incompresibility, the sum of the

incoming and outgoing flows must be zero. There are 4× 6 = 24 directions of the inflow and

4 × 6 + 8 × 3 = 48 directions of the outflow. If one assumes the strength of the outflow on

both planes to be the same, we expect that the outflow speed is a half of the inflow speed.
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450mm/s

a b c d

e 40mm f

g h

Figure 3.25: Mean flow structure and the octahedral symmetry. There are nine
planes of reflection. (a) A diagonal plane cuts through four rings oriented on the faces of an
octahedron. (b) Six diagonal planes of reflection are shown. (c) A horizontal plane is oriented
between the rings. (d)Three horizontal planes of reflection are shown. (e)The mean flow
on the diagonal plane shows the influx from the diagonal directions due to the vortex rings,
accompanied by weak outflux in the horizontal and vertical directions. (f) The mean flow
on the horizontal plane exhibits a divergent nature. (g-h) A schematic of the flow directions
is shown on the diagonal/horizontal plane.
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3.8.2 Fluctuating flow

We shall see that the fluctuation dominates inside the blob compared to the mean flow. The

Reynolds decomposition yields

1

2
⟨UiUi⟩t =

1

2
⟨Ui⟩t⟨Ui⟩t +

1

2
⟨uiui⟩t

if the fluctuation has a zero mean ⟨ui⟩t = 0. We will examine this assumption in a later

section. As for enstrophy, if the voriticity of the fluctuating field ω⃗ = ∇× u⃗ has zero mean,

the temporally-averaged enstrophy is given by

⟨ΩiΩi⟩t = ΩiΩi + ⟨ωiωi⟩t; Ωi = ϵijk∂j⟨Uk⟩t.

Figure 3.26a-f, and h-j show the energy and enstrophy in the raw, (temporally-averaged)

mean, and fluctuating velocity fields of a turbulent blob obtained by 3D PTV and 2D PIV.

The fluctuating field contains the majority of both energy and enstrophy inside a turbulent

blob. Averaging the energy and enstrophy density over angle yields Figure 3.26g and k

respectively, revealing that the fluctuating energy is approximately 20 times greater than

the mean flow energy at the center of the blob. The exact ratio may largely vary from 10 to

1000, depending on the experimental conditions (L∗, veff , f,Dp, and Do). Outside the blob

(r > Rblob), both energy and enstrophy decay as r−4. The same dependency is observed for

the local dissipation rate ϵ(r) = 2ν⟨sijsij⟩tθ (Figure 3b).

3.8.3 Breakdown of the vortex loops that feed the blob

In this section we examine the evolution of the vortex loops that feed the turbulent blob

using the Q-criterion. By analyzing these structures, we gain a deeper understanding on

how the incoming vortices are absorbed by the turbulent flow. The dataset corresponds to
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Mean flow FluctuationRawa b c

d e f

h i j

g

k

Figure 3.26: The fluctuating velocity field contains the majority of energy and
enstrophy inside a turbulent blob.(a-c) Energy (density) fields of a 3D PTV measure-
ment (a)Temporally-averaged energy (b)Mean flow energy (c)Temporally-averaged fluctu-
ating energy (d-k) Energy and enstrophy fields of a 2D PIV measurement on the central
slice (d)Temporally-averaged energy (e)Mean flow energy (f)Temporally-averaged fluctuat-
ing energy (g) Average energy (density) at distance r away from the center of the energy
(h)Temporally-averaged enstrophy (i)Mean flow enstrophy (j)Temporally-averaged fluctuat-
ing enstrophy (k) Average enstrophy (density) at distance r away from the center of the
enstrophy.
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(Vring/Rring, f , method) = (20Hz, 4Hz, 3D PTV) in Figure 3.24b.

The Q-value of a flow field is defined as [76]:

Q =
1

2
(ΩQ,ijΩQ,ji − SijSji)

where Sij and ΩQ,ij are the symmetric and anti-symmetric parts of the velocity gradient

tensor ∂jUi respectively. Note that the symbol ΩQ,ij should not be confused with that used

for vorticity of the total flow Ωi = ϵijk∂jUk. The Q-criterion is used to identify coherent

vortical structures in flows [52]. Connected regions with positive values of Q are interpreted

as vortices while negative values are associated with shear.

We compute the Q-value by first calculating the velocity gradient tensor from the 3D

PTV measurements. To eliminate spurious velocity vectors, we apply a median-filter with

a kernel size of 3px × 3px. We then plot the values of Q(x⃗, t) that are greater than 50 s−2

with weighted opacity. The regions with values above 600 s−2 are assigned with the same

color and maximum opacity. This visualization - shown in Figure 3.27a-f and SI Video 12

- readily reveals the presence of coherent vortices of different strengths at every instant of

time. The region outside the turbulent blob is quiescent with a low value of |Q|. Hence, the

lower threshold. The opacity quasi-linearly scales with Q so that regions with a high value

of Q are always visible.

We find that the Q-criterion highlights effectively the position and structure of the in-

coming vortex loops, providing valuable insight into how both the trajectories of the incom-

ing vortex loops and the character of the collisions between them change as the number

of collisions increases from the start of the experiment. As illustrated in figure 3.27a-b,

the first collision is typical of a collision between coherent viscous vortices [127, 102, 113].

Canonically[79, 80, 178], when two viscous vortex tubes approach and collide, they get

flattened, and form two anti-parallel vortex sheets. They form fine vortex structures called

‘bridges’ and ‘threads’ in the transverse direction. We observe the flattening behavior clearly;
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however, due to the limited spatial resolution of our measurement, we see only hints of the

finer structures.

As the second set arrives ( Figure 3.27b) the first set can be seen to have reconnected and

be on its way out of the central region. The first and second set then collide. A proliferation

of small vortices can then be seen in the collision region resulting from the reconnections

between incoming and outgoing vortices. After 5-9 cycles, the incoming vortices can be

seen to distort and alter their trajectory on approach as a result of interaction with the

fully-formed turbulent blob. The breakdown of incoming vortices is now no longer easily

traceable to reconnections between incoming vortices. After 10-15 sets of rings have reached

the central region, the system reaches a steady state (a turbulent blob).
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t=0.2T

First set of rings

t=1.0T

First and second sets of rings

t=1.7T

Outgoing vortices  
interact with incoming ones.

t=2.2T

Third set of rings

t=3.2T

Incoming trajectories  
are affected by the flow.

t=9.2T

Small 
vortices

After 5-9 cycles,  
small vortices prolifirate.

t=15.0T

A turbulent blob

After 10-15 cycles,  
the system reaches a steady state.

t=30.2T

The state remains steady  
as long as vortex rings are fed.

a b

c d

e f

g h

Figure 3.27: Formation of a turbulent blob visualized via the Q-criterion. (a) First
set of vortex rings (b) First set of rings colliding with each other as the second set arrives.
(c) Outgoing vortices interact with incoming ones. (d) Third set arrives. A large vortex loop
spontaneously forms via vortex reconnections. (e) Incoming trajectories are affected by the
induced flow. (f) Between t = 3T − 9T , small vortices continue to proliferate in the central
region. (g) At t ≈ 15T , the system reaches an equilibrium. (h) This vortical structure
persists as long as vortex rings are fed. The average radius of the rings is 8 mm.
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3.9 Turbulent statistics

In this section we discuss the velocity fluctuations in our turbulent blob. We first examine the

raw fluctuating velocity spectra, addressing inhomogeneity and anisotropy of the measured

fluctuating velocity field in sections 3.9.1 and 3.9.2. Section 3.10-3.10.4 discusses how we

compute the spectra and the structure functions from PIV and PTV measurements. Section

3.10.7 discusses how we computed these functions using only the regions inside the blob.

The authors find it pedagogical to summarize the methods to compute 3D and 1D tur-

bulent energy spectra and structure functions from experimental data. As PIV and PTV

became an important method to study fluid mechanics, the authors hope that this section

serves as a guide. The methods are standard but we explicitly discuss issues of computing the

spectra from experimentally obtained 2D/3D fields without using Taylor’s hypothesis. For

the turbulent blob, the mean field inside the blob is substantially smaller than the fluctuating

field, making Taylor’s hypothesis inapplicable.

3.9.1 Definition of velocity fluctuations

There is a subtlety in defining the fluctuation of the flow because the mean flow may in

principle depend on the phase with respect to the oscillatory motion. This may favor the

use of a phase-averaged flow ⟨Ui⟩n(r⃗),Θ) as a mean flow over a time-averaged flow ⟨Ui⟩t(r⃗).

For the definition of the phase-locked (or phase-averaged) velocity ⟨Ui⟩n(r⃗,Θ), see Section

A.

Consider two spherical domains with a radius r = Rblob and r = 3Rblob ( Figure 3.28a-

b). We find that both definitions of the fluctuating velocity have the same distribution inside

the core, reflecting zero mean velocity throughout a cycle( Figure 3.28c). The difference of

these two conventions are evident as we inspect the distribution inside the second domain

that includes the ambient surrounding in addition to the turbulent core ( Figure 3.28d). The

overpopulation at high velocity for Ui − ⟨Ui⟩t is caused by ignoring the phase-dependence
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of the vortex ring locations. In summary, the (fluctuating) velocity statistics inside the

turbulent core does not depend on the phase. All turbulent analyses presented in this paper

use the time-averaged flow as a mean flow.

a b

c d
nn

Figure 3.28: Fluctuations inside the turbulent blob are phase-independent re-
gardless of the choice of the mean flow between time-averaged flow and the
phase-locked flow. (a-b) Two domains are considered to examine statistics of a fluctuat-
ing velocity field: a region within a turbulent core r < Rblob and a spherical region containing
the turbulent core and its ambient surroundings r < 3Rblob. (c) Probability distribution
functions (PDF) of the two fluctuating velocities for (L/D, veff , f)=(2., 200mm/s, 4Hz) with
Rblob =32mm show no difference between how the fluctuations are defined. (d) The fluctu-
ations outside the turbulent blob depend on the phase because the vortex rings appear at
specific phase in this domain r ∈ (Rblob, 3Rblob], giving rise to the difference between the
PDFs of the fluctuations.
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3.9.2 Inhomogeneity and isotropy of the flow

The flow induced by vortex ring collision at f > fc is clearly inhomogeneous and anisotropic

as it consists of a turbulent core and a mean flow structure originated from the vortex rings (

Figure 3a). However, the turbulent flows inside the core r ≤ Rblob is isotropic and homoge-

neous. The anisotropy and inhomogeneity grows as the domain of consideration includes its

surroundings. Consider two spherical domains with a radius r = Rblob and r = 3Rblob each

( Figure 3.29a and b). Now we examine the statistics of all three components of a fluctuat-

ing velocity field of a turbulent blob, obtained by a 3D PTV experiment(L/D, veff , f)=(2.,

200mm/s, 4Hz), Rblob = 32mm, recorded volume: 200mm × 108mm × 123mm, duration:

10s = 40 cycles). The probability distribution functions (PDFs) of the fluctuating velocity

field inside the turbulent core ( Figure 3.29c) shows almost no anisotropy. Quantitatively,

the isotropy can be assessed by comparing the standard deviations for each component

σui/σuj (i ̸= j). Figure 3.29e indeed shows high isotropy inside the turbulent core as well as

inside the larger domain ( Figure 3.29f); however, the flucutations are inhomogeneous.

The velocity PDFs over multiple spherical domains with radius r at different phases are

shown in Figure 3.30. One first finds that the statistics does not depend on the phase, and

the flow is nearly isotropic in all of the considered domains. The fluctuations are nearly

Gaussian inside the core r ≤ Rblob. The skewness is -0.1 and kurtosis is 4.0 for all velocity

components within r ≤ Rblob, compared to 0 and 3 if the fluctuations were Gaussian. The

PDF is altered as the considered domain grows in size, including the ambient, less turbulent

regions. This is reflected by a growing peak at ui = Ui−⟨Ui⟩t = 0 in Figure 3.30 as r/Rblob

increases.
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Gaussian

c d

e f

a b

Figure 3.29: Inhomogeneity and anisotropy of velocity fluctuations ui = Ui − ⟨Ui⟩t
(a-b) Two domains are considered to examine statistics of a fluctuating velocity field: a
region within a turbulent core r < Rblob and a spherical region containing the turbulent core
and its ambient surroundings. (c-d) Probability distribution functions (PDF) of fluctuating
velocities for (L/D, veff , f)=(2.0, 200mm/s, 4Hz) with Rblob = 32mm are shown for the two
domains, indicating isotropy inside the core and increase of anisotropy as the region includes
its surroundings. (e-f) Ratios between the two second moments of the velocity PDFs.
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Quantity Setting 1 Setting 2
Rblob 50− 60mm 30− 40mm
Rring 13− 18mm 7− 9mm
Vring 100− 800mm/s 50− 400mm/s

Γring 0.1− 1× 105mm2/s 0.3− 4× 104mm2/s

Γring/ν 1− 6× 104 0.3− 4× 104

ϵ0 4× 105 − 4× 106mm2/s3 1× 104 − 1× 105mm2/s3

η =
(
ν3
ϵ0

)1
4

0.02− 0.04mm 0.06− 0.1mm

λ 1− 5mm 1− 5mm

L = u′3
ϵ0

100− 120mm 60− 80mm

Reλ = u′λ
ν 50− 300 50− 200

u′ =
√

1
3⟨uiui⟩ 50− 250mm/s 25− 150mm/s

Table 3.2: Vortex ring metrics and turbulence statistics inside the blob for
the two experimental settings- Setting 1, 2: (Dp, Do) = (160.0mm, 25.6mm),
(57.0mm, 12.8mm). The listed dissipation rates ϵ0 are values based on the rate-of-strain
tensor.

3.9.3 Turbulent statistics and vortex ring metrics

Table 3.2 summarizes the turbulent statistics and the vortex ring metrics that were measured

in the two settings (See Table 2.1).
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3.10 Computation of energy spectra and structure function from

experimental real space velocimetry data

The fluctuating energy spectra and structure functions are an essential component of canon-

ical characterizations of turbulent flows. For a homogeneous isotropic turbulence, the three-

dimensional energy spectrum E(κ), one-dimensional energy spectrum E11(κ1) and the struc-

ture functions Dij = ⟨δuiδuj⟩ contain equivalent information about the fluctuating velocity

field. However, the computation of each is differently affected by experimental considerations

such as the dimensionality of the velocity data (e.g. point measurements with anemometers

or laser doppler velocimetry vs spatially resolved PIV/PTV measurements) and experimental

limitation (e.g. the extent of the measurement area, resolution, noise level).

In the case of spatially resolved velocimetry, a natural approach to measuring the fluctu-

ation energy spectrum is Fourier analysis; however, aperiodicity, discreteness, and finiteness

of experimental data can give rise to artifacts. In this context, the real-space velocity (differ-

ence) correlation function Dij is sometimes preferred as a measure of turbulent fluctuations

because it is less susceptible to measurement artifacts as illustrated later in this section.

We begin this section by reviewing the definitions of each fluctuation-characterizing func-

tion, before studying the effects of experimental noise, finite window size and finite resolution

on each measurement.

3.10.1 Definitions and relations of energy spectra

Consider the fluctuating component of a turbulent velocity field ui(x) in a domain V . The

velocity two-point correlation tensor Rij is defined as:

Rij(r) = ⟨ui(x+ r)uj(x)⟩. (3.23)
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2D PIV

3D PTV

Mean flow Fluctuation

windowing

bumping

Nyquist  
wavenumber

Interrogation window size

Image/volume size

Pixel/voxel size 
of a velocity field

-dimensional energy spectrum Structure function

(Section VII, E)

(Section VII, E)

(Section VII, A-C) (Section VII, A, E)

Figure 3.31: Guide to the computation of the energy spectrum and the structure
function without applying Taylor’s frozen turbulence hypothesis. 1. Extract a
velocity field via cross-correlation of the adjacent images, or directly tracking the particles
in 3D. 2. Decompose the velocity field into the mean flow and the fluctuations (Reynolds
decomposition) 3. Compute a local turbulent energy spectrum or a structure function inside
the region of interest. For the former, windowing combats against undesired effects (alias-
ing and spectral leakage) of DFT for the Fourier analysis, and bumping accounts for the
attenuation of the signal by windowing. The attenuation of the magnitude by windowing is
exaggerated for this illustration.
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Its Fourier transform is the velocity spectrum tensor Φij :

Φij(κ) ≡
1

(2π)3

∫∫∫ ∞

−∞
Rij(r)e

−iκ·rdr. (3.24)

The one-dimensional energy spectra Eij are considered when three-dimensional Fourier

transformation is not available, and are defined as twice the one-dimensional Fourier trans-

form of the two-point correlation tensor:

Eij(κ1) ≡ 2 · 1

2π

∫ ∞

−∞
Rij(r1ê1)e

−iκ1r1dr1. (3.25)

Eq. 3.24 and 3.25 are expressed interms of the two-point correlation function; however,

they can be alternatively expressed using the Fourier transform of a turbulent velocity field,

ũi(κ) = (1/2π)
∫
ui(x) exp (−iκ · x)dx, via the Wiener-Khinchin theorem. Eq. 3.24 be-

comes:

Φij(κ) = ⟨ũi(κ)ũ∗j (κ)⟩. (3.26)

The definitions of the velocity spectrum and the one-dimensional energy spectrum func-

tions in terms of the two-point correlation functions (Eq. 3.24 and 3.25) are well suited

to theoretical considerations of random processes. This is because the process may have

characteristic two-point correlation functions. Such methods have provided a means to com-

pute the spectra from the point-wise measurements historically. A further discussion on

the two equivalent representations of the energy spectrum can be found in Chapter 11 of

[23](p.285-288, 3rd ed.).

With the assumption of isotropy, the energy spectrum function E(κ) can be obtained by
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stripping off the angular information from Φii.

E(κ) =
1

2

∫∫∫ ∞

−∞
Φii(κ)δ(|κ| − κ)dκ (3.27)

As for Eq. 3.25, let us denote the one-dimensional Fourier transform operator along the

direction x̂i as Fxi . The one-dimensional spectra Eij are then:

Eij(κ1) = 2

∫ ∞

−∞

〈
Fx1 [ui(x)]Fx1 [uj(x)]

∗〉
x2,x3

δ(κ′1 − κ1)dκ
′
1 (3.28)

= 2

∫ ∞

−∞

〈[
1

2π

∫ ∞

−∞
ui(x)e

−iκ′1x1dx1

] [
1

2π

∫ ∞

−∞
uj(x)e

iκ′1x1dx1

]〉
x2,x3

δ(κ′1 − κ1)dκ
′
1.

(3.29)

For an isotropic fluctuating field, Rij can be expressed in terms of two scalar functions:

Rij(r) = u′2
(
g(r)δij + [f(r)− g(r)]

xixj

r2

)
. (3.30)

Here, f(r) and g(r) are longitudinal and transverse two-point correlation functions respec-

tively:

f(r) =
⟨u∥(x)u∥(x+ r)⟩

⟨u2∥⟩
(3.31)

g(r) =
⟨u⊥(x)u⊥(x+ r)⟩

⟨u2⊥⟩
(3.32)

where, u∥ is the velocity component parallel to the displacement vector r. With homogeneity

and isotropy, the diagonal elements of Eij can be expressed using f(r) and g(r):

E11(κ1) =
2

π
⟨u21⟩

∫ ∞

0
f(r1) cos (κ1r1)dr1 (3.33)

E22(κ1) = E33(κ1) =
2

π
⟨u22⟩

∫ ∞

0
g(r1) cos (κ1r1)dr1. (3.34)
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The (three-dimensional) energy spectrum E(κ) can be expressed by using the one-dimensional

energy spectra as E(κ) = −κ
2
d
dκEii(κ).

3.10.2 Energy spectrum computation by Fourier analysis

If presented with spatially resolved velocity field snapshots that are sampled on a uniform

grid, the Fourier transform of the velocity is replaced by the discrete Fourier transform:

ŭi(κ) =
N−1∑
n=0

ui(xn)e
−iκ·xn

To derive an expression for the energy spectrum E(k) in terms of ŭi(κ), we consider the

average kinetic energy:

k = ⟨1
2
ui(x)ui(x)⟩ =

∫ ∞

0
E(κ)dκ.

On a discretized velocity field this becomes:

k =
1

2N

N−1∑
n=0

ui(xn)ui(xn) (3.35)

=
1

2N2

N−1∑
n=0

ŭi(κn)ŭ
∗
i (κn) ∵ Parseval’s theorem (3.36)

≈ 1

2N2∆κ1...∆κd

Nr−1∑
n=0

⟨ŭi(κn)ŭ∗i (κn)⟩κθ,κϕ |J(κn)|∆κ ∵ isotropy (3.37)

where κn = 2πn/N and |J(κn)| = 4πκ2 (d = 3) or 2πκ (d = 2) where d is the dimension

of the dataset. For example, d = 2 for a 2D slice of a velocity field embedded in 3D

flow (2D PIV) or for a purely 2D flow. The approximation in Eq. 3.37 originates from

the transformation of κn from the Cartesian basis to the spherical basis. The discreteness

of κn and the rectangular spatial domain also contributes to this approximation. ∆κ =√
∆κ21 + ...+∆κ2d is the wavenumber spacing in the spherical coordinate system, and Nr =
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⌊max (|κn|)/∆κ⌋.

If one has access to only two components of the 3D velocity field, which is typical for PIV

experiments based on a single camera and a laser-sheet, one must further multiply Eq. 3.37

by 3/2 (appealing to isotropy).

From this we can read off:

E(κ) ≈ 1

N2∆κ1...∆κd

|J |
2
⟨ŭi(κ)ŭ∗i (κ)⟩κθ,κϕ (3.38)

To derive the one-dimensional energy spectrum Eij(κ1), we consider the average of

ui(x)uj(x):

⟨ui(x)uj(x)⟩ =
1

2

∫ ∞

−∞
Eij(κ1)dκ1. (3.39)

Let us denote the one-dimensional discrete Fourier transform operator along the direction

x̂i as F̆xi :

F̆x1 [uj(xn)] =
N1−1∑
n=0

uj(xn)e
−iκ1x1,n

where N1 is the number of samples along the x̂1. Note that the exponent is −iκ1x1,n when

i = 1 and not the sum κixi,n.
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On a discretized velocity field Eq. 3.39 becomes:

⟨ui(x)uj(x)⟩ =
1

N1...Nd

N1−1∑
n1=0

...

Nd−1∑
nd=0

ui(xn)uj(xn) (3.40)

=
1

N1

1

N1...Nd

N1−1∑
n1=0

...

Nd−1∑
nd=0

F̆x1 [ui(xn)]F̆
∗
x1 [uj(xn)] ∵ Parseval’s theorem

(3.41)

=

N1−1∑
n1=0

 1

N2
1∆κ1

1

N2...Nd

N2−1∑
n2=0

...

Nd−1∑
nd=0

F̆x1 [ui(xn)]F̆
∗
x1 [uj(xn)]

∆κ1. (3.42)

From this we can read off:

Eij(κ1) ≈
2

N2
1∆κ1

1

N2...Nd

N2−1∑
n2=0

...

Nd−1∑
nd=0

F̆x1 [ui(xn)]F̆
∗
x1 [uj(xn)] (3.43)

=
2

N2
1∆κ1

⟨F̆x1 [ui(xn)]F̆
∗
x1 [uj(xn)]⟩x2,...,xd . (3.44)

Figure 3.32a displays the three- and one-dimensional energy spectra computed by Eq.

3.38 and 3.44 for DNS data of isotropic, homogeneous turbulence obtained from Johns Hop-

kins Turbulence Database (JHTD) [100, 130]. In the inertial subrange, they agree with

the Kolmogorov spectra (E(κ) = Cϵ2/3κ−5/3, and E11(κ1) = C1ϵ
2/3κ

−5/3
1 ) using the re-

ported dissipation rate ϵ=0.103 a.u.d and the Kolmogorov constants C = 1.6[111] and

C1 = 0.52[166]). For the transverse, one-dimensional energy spectra E22(κ1) and E33(κ1),

the coefficient becomes 4C1/3, assuming isotropy[134].

Figure 3.32b displays the three- and one-dimensional energy spectra from a 2D slice of

the same 3D HIT field as Figure 3.32a. It can be seen that the spectrum computed from the

2D slice approximates well the spectrum computed from 3D data. The slight jaggedness in

Figure 3.32b can be reduced by averaging successive velocity snapshots.

d. The value can be found in the documentation of the forced isotropic turbulence data set.
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a b 2D slice3D

Figure 3.32: Direct computation of three- and one-dimensional energy spectra:
E(κ) and Eii(κ1). (a) Three- and one-dimensional energy spectra of DNS isotropic, ho-
mogeneous turbulence with a periodic boundary condition were computed by Eq. 3.38 and
3.44. (b) Energy spectra of a 2D velocity field embedded in the 3D volume are consis-
tent with the underlying truth if the velocity statistics on the 2D slice is a representative
sample of the population. For both (a) and (b), the data are presented as mean +/-SEM

where the mean is calculated as E(κ) = (1/Vshell/annulus)
∫ κ+∆κ
κ E(κ⃗′) · |J |dκ′ for the three-

dimensional spectra. In 3D, Vshell(κ) = (4π/3)[(κ + ∆κ)3 − κ3] and |J | = 4πκ′2. In 2D,
Vannulus(κ) = π[(κ+∆κ)2−κ2] and |J | = 2πκ′. For E11or22(κ1), the averaging is performed
along x̂2.
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In the case of the DNS data from a periodic box, in which all turbulent scales are well-

resolved, the spectra computed using Eq. 3.38 shown in Figure 3.32 are in excellent agreement

with what we expect from the continuum theory of HIT.

In the case of experimental data in which the resolution is limited on both ends (the

voxel/pixel spacing at the low end and the imaging region size at the high end), a number of

artifacts can affect the estimation of E(κ). We discuss these, and simple methods to correct

their effects in the following sections using E(κ) as an example. All considerations apply

equally to Eij(κ1).

Despite these potential artifacts, obtaining spatially resolved data using PIV/PTV and

computing the spectrum via the Fourier method has several advantages over canonical meth-

ods used in many classical turbulent fluctuation measurements that are based on the point-

wise hot-wire anemometry and Laser Doppler velocimetry measurements:

1. One can directly compute the energy spectrum from a single velocity field snapshot.

2. This method does not require Taylor’s frozen turbulence hypothesis, and can be applied

to flows without a strong mean flow.

3. An instantaneous planar velocity field is sufficient to acquire the energy spectrum if

the field is isotropic. (Figure 3.32b)

4. This method is more efficient than computing the two-point velocity correlation func-

tion Rij thanks to Fast Fourier Transform (FFT). The temporal complexity to compute

Rij is O(n
2), whereas FFT takes O(n log n), offering a faster turnaround.

3.10.3 Effect of domain truncation and noise

Experimentally obtained velocity fields are in general truncated, and contain noise. In this

subsection we elucidate the effect of the domain truncation and noise on the energy spectrum
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by truncating and adding noise to the same DNS data as used in Figure 3.32, computing

spectra of the modified data and comparing the resulting spectrum to the original.

Figure 3.33 shows the 3D energy spectrum obtained by truncating the domain and com-

puting E(κ) using Equation 3.38. The spectrum agrees with the one computed in the full

domain at low wave-numbers but differs at high wavenumbers. This can be rationalized by

considering the effect of a discrete Fourier transform on a finite domain. For an instantaneous

velocity field ui(x⃗n), the truncated velocity field is given by utruncatedi (x⃗n) = ui(x⃗n)G(x⃗n)

where G(x⃗n) = 1 inside the (measured) domain, and 0 otherwise. Its discrete Fourier

transform is then given by the convolution of ŭi(κ⃗n) with Ğ(κ⃗n). For example, consider

ui(xn) = sin(κ0x) and a rectangular window with length ℓ ̸= 2mπ/κ0 (m ∈ Z). The power

spectrum of the DFT ŭi(κ⃗n) has a broad peak centered at κ = κ0 and non-zero values in

its neighborhood (‘leakage’). This is a consequence of the convolution with Ğ(xn) that is a

sinc function in the Fourier space.

The degree of the leakage in the Fourier space depends on both the signal and the

window function. Hence it is important to study how the expected spectrum is affected

by a rectangular window. In the case of a turbulent energy spectrum, the ‘leakage’ leads

to overestimation at high wavenumber ( Figure 3.33a). Note that in Figure 3.32a-b, the

spectral leakage does not occur because the considered velocity field comes from a periodic

DNS simulation and the entire domain was included.

To investigate the effect of the noise on the energy spectrum, we add Gaussian noise

with its magnitude scaled by the speed at each position unoisei (x⃗) = ui(x⃗)(1 + f(µ =

0, σ)) where f(µ, σ) is drawn from a Gaussin distribution. Figure 3.33b shows that the

noise dominates above a certain wavenumber that depends on the signal-to-noise ratio

(SNR≡Var[ui]/Var[uif(0, σ)]). The exponent depends on the dimension of performed DFT,

and the wavenumber-dependence of noise. When the latter can be ignored, the dependence

becomes κ2 for 3D DFT and κ for 2D DFT.
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Gaussian pixel noiseba Domain truncation

Figure 3.33: Effects of domain truncation and gaussian noise on the energy spec-
trum (a)Domain truncation- the loss of periodicity leads to overestimate the spectral con-
tribution at high wavenumber due to aliasing and spectral leakage. (b) Gaussian noise- The
noise becomes dominant at high wavenumber, depending on the signal-to-noise ratio. The
power at high wavenumber depends on the Jacobian and the wavenumber dependence of
noise. When the latter can be ignored, the dependence becomes κ2 for 3D DFT and κ for
2D DFT.

In summary, the spectral leakage and noise lead to the overestimation of the spectral

density at high wavenumber as shown by the light blue curve in Figure 3.31. For example,

[56, 8] report an energy spectrum with this trait. Improving the image qualities and using

the appropriate PIV parameters (‘quarter rule’[136]) may reduce the noise[186]. In the next

section, we shall see that a procedure called ‘windowing’ mitigates the spectral leakage.

3.10.4 Windowing and bumping

Removing the spectral leakage is not possible because the inverse of a convolution operator

does not exist; however, a process called ‘windowing’ can mitigate the leakage by enforcing

periodicity to the signal. The truncated velocity fields are first multiplied by the window

function before taking the Fourier transform. The optimal choice of the window function de-

pends on the underlying spectrum. In general, wideband windows are suited for signals with
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a high dynamic range like the turbulent energy spectrum but offer less sensitivity, whereas

the narrowband windows such as a rectangular window have a low dynamic range but high

sensitivity. The dynamic range and sensitivity cannot both be maximized simultaneously.

Therefore, it is critical to test the effect of different windows on the expected spectrum

to make an informed decision. Figure 3.34a-b shows rectangular (narrowband), hamming

(intermediate), flattop (wideband) windows in the real and Fourier space. The wider the

main lobe becomes, the broader a peak becomes in the Fourier space. The decay rate of

the side lobe peaks determines the strength of the leakage. When we compute the energy

spectrum of the windowed velocity field, we multiply the spectrum computed using Eq. 3.38

by the correction factor ζ (bumping) to compensate for the loss of the signal (velocity) by

windowing.

ζ =

∫
V ui(x⃗)ui(x⃗)dx⃗∫

V w
2(x⃗)ui(x⃗)ui(x⃗)dx⃗

(3.45)

Here, w(x⃗) is a window function. Figure3.34(c-e) shows the energy spectra with no window,

a flattop, and a hamming window respectively. The flattop window enables to resolve the

dissipation range thanks to its high dynamic range.

3.10.5 PIV algorithm and its nature as a low-pass filter

In this section, we demonstrate that it is possible to obtain an energy spectrum that is

consistent with the ground truth via a ‘synthetic PIV’ measurement that mimics ideal PIV

conditions. The observed deviations can be explained by considering spectral leakage, and

noise ( Figure 3.33). We further compare the effects of the PIV interrogation window size to

a low pass filter[191], and find that the effects of PIV interrogation window size are similar

to those of box filtering.

To assess the spectrum of the PIV-generated velocity fields, we created synthetic images
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Figure 3.34: Windowing mitigates spectral leakage originated from the domain
truncation.(a) Amplitude of the rectangle, hamming, and flattop windows are shown. Mul-
tiplying the rectangle window to the true velocity field results in a truncated velocity field
with width L0. (b) The Fourier transforms of the considered window functions reveal the
degree of spectral leakage. The rectangular window has high spectral resolution but a low
dynamic range (strong leakage), whereas the flattop window has the opposite character. The
hamming window has an intermediate characteristics. (c) Effect of truncating a velocity field
with no windowing (d) Applying the hamming window to the truncated velocity field miti-
gates the leakage due to the domain truncation. The shown spectral density is bumped by
a correction factor ζ. (e) Same as (d) but with the flattop window.

87



of particles advected by a turbulent field from JHTD data. The field is resolved spatially

and temporarily with a periodic boundary condition. With the optimized images and PIV

settings (0.012 particle-per-pixel (ppp), L=2048px, total number of particles per image: 5×

104, initial interrogation window size: 32px, final interrogation window size W = 4η=4px),

it is indeed possible to extract the accurate three-dimensional energy spectrum from the

PIV-generated field ( Figure 3.35a). In terms of the image quality, we find that images with

high seeding density (greater than 0.01 ppp) is critical. The temporal spacing between the

adjacent frames should be less than 0.5 Kolmogorov time scales. As for the PIV settings,

the smallest interrogation window in the multi-pass algorithm should be comparable to the

Kolmogorov length scale. Further discussion on the required criteria to resolve a turbulent

field can be found in [186, 136].

We tested two PIV algorithms (1. window deformation iterative multi-grid (WIDIM) [149]

2. Pyramid algorithm [155]), and observed that the pyramid algorithm extracts the small-

scale motion better than the WIDIM; the pyramid algorithm extends the band of accurate

measurement by 50% in the wavenumber space, compared to WIDIM ( Figure 3.35a). The

obtained spectra are in agreement with the reference up to the detection limit.

Any interrogation-based PIV acts as a low-pass filter on the true velocity field [191]. This

is because the fundamental operation of PIV is peak finding of a cross-correlation map inside

the interrogation windows. It assigns essentially an average displacement vector inside the

interrogation window. Hence, the dimension of the interrogation window (Wx×Wypx
2) sets

the smallest motion PIV could detect. This effect could be modeled by a Wx×Wy box filter

( Figure 3.35b). The actual PIV operation is more complex than box filtering; however,

we find that the spectra of the PIV-generated fields are similar to that of the box-filtered

field. If not compensated for, this effect could lead turbulence studies using PIV to report

a narrower inertial subrange than the truth. Understanding this effect is therefore critical

to correctly estimate the κ dependence on the energy spectrum. The same low-pass filtering
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is expected for 3D PTV if the Eulerian field is reconstructed by binning the Lagrangian

velocities into voxels.

Figure 3.35b suggests that the any motion smaller than the interrogation is not resolved

by PIV. Based on this result, we conclude that the energy spectrum above κ ≈ π/W is

significantly underestimated. In Figure 3f and Figure 3.31, unfilled markers indicate the

underestimation due to this effect of PIV.

bSynthetic PIVa Synthetic PIV vs Box filter

PIV

2048WIDIM

=64a.u.W

=16a.u.W =4a.u.W

Figure 3.35: Energy spectrum of a velocity field extracted by performing PIV on
synthetic data (a) Given images with highly seeded particles and zero noise, the pyramid
algorithm (orange) [155] yields a more resolved energy spectrum than the standard cross-
correlational algorithm (WIDIM, green). (b)PIV operation is comparable to box filtering
with its kernel size as same as the interrogation window W . The energy spectrum of the
PIV-generated field (algorithm: pyramid) deviates from the ground truth above κ = π/W .

3.10.6 Computation of structure function

The (second-order) structure function Dij possesses equivalent information as the one-

dimensional, energy spectra. With homogeneity and isotropy, it is defined as

Dij(r) = ⟨δuiδuj⟩ (3.46)
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with δui(x⃗, r⃗) = ui(x⃗ + r⃗) − ui(x). The longitudinal, structure function is related to the

one-dimensional, longitudinal energy spectrum. For example, D11(rê1) = 2
∫∞
0 E11(κ1)[1−

cos (κ1r)]dκ1.

We compute δui at every possible point on the 2D velocity field of a set of snapshots,

then take an average over time and space. The number of available samples δui with a

separation distance r depends on its position x⃗. Take a square velocity field as an example.

The number of available samples with r =(diagonal distance of the square) is much more

limited than small r. To ensure the same statistical weight at every r, we randomly sample

m pairs for each r to compute Dij(r). We also make sure that each snapshot is statistically

independent by only considering the snapshots that are temporally separated by integral

time scale τL = L/u′.

By definition, the structure function does not face the undesired effects in the spectral

space as explained in the previous sections. It is, however, susceptible to the low-pass

character of the PIV operation. Hence, we apply the same criteria as the energy spectrum,

and consider that the structure function values at a scale below r ≈ 2W are significantly

underestimated. In Figure 3g and Figure 3.31, unfilled markers indicate the underestimation

due to PIV.

3.10.7 Energy spectrum over a region of interest

Eq. 3.38 and 3.44 provide means to compute the energy spectrum over a region of interest

(ROI). The observable band [κmin, κmax] is limited by the sampling frequency of the data

and the size of the ROI. These local energy spectra do not necessarily match a part of the

energy spectra of the entire flow. To match these two spectra, it is necessary for the turbulent

field to be homogeneous.

In the case of inhomogeneous turbulence, the global energy spectra represent a mixture

of different statistical states, and deviate from the results of HIT. In our experiments, the
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flow induced by the repeated collisions of vortex rings consists of a homogeneous, isotropic

turbulent core and comparatively quiescent surroundings. Therefore, we present the local

energy spectrum over a rectangular (or cuboidal for 3D PTV) region of the homogeneous,

turbulent core in Figure 3f.

3.10.8 3D energy spectrum derived from 3D PTV data

We report the energy spectrum of a fluctuating velocity field measured by 3D PTV. The ex-

traction of all three components of velocity vectors enables the computation of the spectrum

directly via Eq. 3.38. Figure 3.36 shows the energy spectrum of the central region of our

turbulent blob. The temporal average of the spectrum is shown here as the turbulence inside

the blob is statistically steady with weak dependence on the phase of forcing. We compare

it to the corresponding spectrum from [142] by converting their 1D energy spectrum to

E(κ) via E(κ) = 1
2κ

3 d
dκ

(
1
κ
dE11(κ)
dκ

)
. All energy spectra with three Reλ exhibit the Kol-

mogorov scaling in the inertial subrange. Furthermore, the rescaled spectra obtained by 3D

PTV and 2D PIV are consistent with the universal function reported in [142]. As discussed

in the main text, both 3D PTV and 2D PIV are limited by the image resolution and the

finite field of view. The size of the interrogation window determines the upper bound of

the valid region of the spectrum (κη ≤ πη/W ). If the integral scale were greater than the

field of view, the spectrum could not resolve the energy containing range. This can be seen

with the curve of (Reλ = 300, 3D PTV) in Figure 3.36. The same effect is observed for

(Reλ = 228, 2D PIV) since the domain of analysis was restricted to the inner part of the

energetic region(r ≤ Rblob).

We note that the geometry of the velocity field obtained by 3D PTV is in general a cuboid

and not a cube, reflecting the differences between sensor dimensions and resolution and the

maximum depth that 3D PTV accurately measures. A difference in the length of the data in

each dimension affects the quality of DFT. This is because three sinc functions with different
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Figure 3.36: 3D energy spectra of velocity fields obtained by 3D PTV and
2D PIV. The blue cubes or square on the right represent the domain that the DFT
is conducted (Eq. 3.38). The turbulent core (r = Rblob) is represented by the pur-
ple sphere. The error bands represent the standard deviation of the shell-average of

E(κ) = (1/Vshell)
∫ κ+∆κ
κ E(κ⃗′) · 4πκ′2dκ′ where Vshell(κ) = (4π/3)[(κ+∆κ)3 − κ3].

frequencies are convoluted in κ space. If left uncorrected, this results in a wavy behavior

of the energy spectrum at high κ. To mitigate this effect, we pad the velocity field with to

make the shape of the array cubic before taking the DFT. Zero-padding simply extends the

signal, and interpolates it in the wavenumber domain; however, cubing the array allows the

spectral leakage to occur at the same frequencies along all the three directions, making the

spectrum more readily interpretable.
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3.11 Energy balance

In this section we examine the energy balance of a turbulent blob in detail. We shall quantify

how much dissipation occurs inside the blob, and identify its relation with the injected power.

The kinetic energy E = 1
2UiUi of a viscous flow obeys:

(∂t + Ui∂i)E + ∂iTi = 2νSijSij (3.47)

where Sij = 1
2(∂jUi + ∂iUj) is the rate-of-strain tensor, and Ti = Uip/ρ − 2νUjSij is the

energy flux [134]. The Reynolds decomposition Ui = ⟨Ui⟩t + ui yields

(∂t + ⟨Ui⟩t∂i)⟨E ⟩t + ∂i(uiE + ⟨Ti⟩t) = −ϵ− ϵ (3.48)

where ϵ = 2ν⟨SijSij⟩s with Sij =
1
2(∂j⟨Ui⟩t + ∂i⟨Uj⟩t) is the mean rate of strain. Eq. 3.48

reveals the decomposition of the energy dissipation in the mean and the fluctuating flows.

In the case of a turbulent blob, the mean flow consists of eight vortex rings that repeatedly

travel towards the center (See Figure 3a in the main text). On the σh plane, the enstrophy

measurements ( Figure 3.26f) indicate ϵ/ϵ = ω2/Ω
2
= O(102). Below we assume ϵ ≪ ϵ

anywhere in the system.

3.11.1 Partition of dissipation in a turbulent blob

The energy dissipation within a domain V that encloses a blob is

D(r/Rblob) = ρ

∫
V
ϵ(r⃗)dV (3.49)

where ϵ(r⃗) ≡ 2ν⟨sijsij⟩t is a spatially varying dissipation rate. The radial profile of the

local dissipation rate (or enstrophy density equivalently) shows that ϵ(r⃗) depends only on

the radial distance, is constant up to a radius Rblob, and decays approximately as ϵ(r) ∝ r−4
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for r ≥ Rblob.

ϵ(r) =


ϵ0 (r < Rblob)

ϵ0(
Rblob
r )4 (r ≥ Rblob)

(3.50)

It is useful to compute the dissipation within a sphere of radius r for a turbulent blob with

this profile. The fraction of energy dissipation inside the sphere to the total is

p(r/Rblob) =



1
4

(
r

Rblob

)3
(r < Rblob)

1− 3Rblob
4r (r ≥ Rblob).

(3.51)

If we include a cutoff in the considered integral because the chamber size is finite, the

expression becomes

p(r/Rblob, (Lbox/2)/Rblob) =



1
4

(
r

Rblob

)3
(1− 3Rblob

2Lbox
)−1 (r < Rblob)

(1− 3Rblob
4r )(1− 3Rblob

2Lbox
)−1 (Rblob ≤ r ≤ Lbox

2 ).

(3.52)

Note that fraction of energy inside the blob to the whole depends not only the blob radius

but also its respective size to the system. The same function applies to the amount of energy

and enstrophy inside the sphere with radius r.

Figure 3.37(a) shows the model function (Eq. 3.50) and the scaled cummulative function

p (Eq. 3.52)for Rblob =
√
6R. The value of Rblob with respect to the ring radius R

is taken from the experimental data ( Figure 3b). There is a geometrical interpretation

of Rblob =
√
6Rring. The symmetrical configuration of the eight vortex rings defines an
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octahedron as explained in Sect3.15. Since the vortex atmosphere is ellipsoidal, the majority

of the energy is housed inside a sphere as large as the circumscribed sphere of the octahedron

which has a radius of
√
6Rring. One can also imagine a polyhedron such that eight spheres

with radius Rring fused together on each face of an octahedron. The radius of such a

circumscribed sphere is (1+
√
2)Rring ≈ 2.41Rring, sufficiently close to

√
6Rring ≈ 2.45Rring.

a b

Figure 3.37: Model radial distribution of energy E , enstrophy Z, and dissipa-
tion rate ϵ. (a) Radial distribution function (blue) and scaled cummulative function
p(r)(orange) of energy/enstrophy/dissipation rate are shown for a case Rblob =

√
6Rring

and (Lbox/2)/Rblob = 7. (b)Dependence of p on the blob radius Rblob and the system size
Lbox is shown.

The total dissipation is

Dtot =
16

3
πρϵ0R

3
blob =

4

3
πρϵ0R

3
eff (3.53)

where Reff = 4
1
3Rblob ≈ 1.59Rblob is the effective radius of the blob. The dissipation within

a sphere of radius r is given by

D(r/Rblob) = p(r/Rblob)Dtot. (3.54)
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3.11.2 Estimation of dissipation rate from PIV data

Measuring the dissipation rate in turbulence robustly using PIV remains a challenging en-

davor [49]. Multiple methods have been proposed, including direct computation from the

rate-of-strain tensor to fitting measured correlations to the structure function; all methods,

however, they are often susceptible to the choice of interrogation window size and measure-

ment noise. Ref [49] investigated five methods to estimate the dissipation rate from PIV data

of zero-mean, gaseous turbulence: (1) Direct method via the rate-of-strain tensor (2) A large

eddy method with subgrid scale modeling (3) A method based on the scaling ϵ0 = Au
′3
L (4)

Fitting the energy spectrum to the Kolmogorov spectrum (5) Fitting the n-th order structure

function to (ϵ0r)
n/3. The conclusion reached in Ref [49] is that the method of fitting to the

the second-order structure function yields the most reliable estimate.

In this section we present the results of three methods to compute the dissipation rate

on our data:

1. The direct method via the rate-of-strain tensor.

2. Fitting the energy spectrum to the Kolmogorov spectrum.

3. Fitting the second order structure function to (ϵ0r)
2/3.

To estimate the dissipation rate we acquired 2D PIV data with high magnification. The

relevant dimensions of the experiments are shown in Figure 3.38, together with a typical

snapshot of a local dissipation rate, obtained from the direct method. The data is then

median-filtered (see below) and the dissipation rates estimated as follows:

1. For the direct method, we compute

ϵsij = 6ν⟨(∂1u1)2 + (∂2u2)
2 + (∂2u1)(∂1u2)⟩, (3.55)

assuming the isotropy [69].
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4096 camera pixels = 512 PIV pixels  
= typically 50 ~ 60 mm
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Figure 3.38: Typical turbulent length scales (Kolmogorov, Taylor, integral length
scales- η, λg,L) and PIV parameters for the experiments to estimate dissipation
rate. The view spatially resolves turbulent motions at small scales where dissipation takes
place. The heat map shows the local dissipation rate computed using the rate-of-strain
tensor.
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2. For the spectral method, we fit the one-dimensional energy spectrum E11(κ1) to

C1ϵ
2/3κ

−5/3
1 with C1 = 0.52 [166]. We then identify numerically the plateau of

the compensated energy spectrum [E11/(C1κ
−5/3
1 )]3/2.

3. For the structure function method, we fit the longitudinal second-order structure func-

tion DLL(r) = ⟨δu2⟩/⟨u2i ⟩ to C2(ϵDLL
r)2/3 where δu(x⃗, r) = ui(x⃗ + rx̂i)− ui(x⃗), and

C2 = 2.1 [142]. We then identify numerically the plateau of the compensated structure

function 1/r(DLL/C2)
3/2.

Effect of median-filtering on estimation of dissipation rate

Prior to computing the dissipation rate, the PIV-extracted field is convolved with a median

filter (with a kernel size of 3 × 3 or 5 × 5 px2) to mitigate the effects of spurious velocity

vectors. Median-filtering replaces a local velocity vector with a median vector in the kernel.

This both removes spurious PIV vectors but also has the effect of blurring the velocity field (

Figure 3.39a). Figure 3.39 shows the results of all three estimation methods as a function of

the median filter window, illustrating the effects of median filtering. The data corresponds

to (Vring/Rring, f) = (40Hz, 7Hz) on Figure 3.24a.

Most spurious vectors are removed after applying the smallest filter possible (3× 3 PIV

pixels). This effect is clearly visible in the compensated energy spectrum (See Figure 3.39b).

Median-filtering with a larger kernel however, also blurs the velocity field. This in turn affects

all correlations, but most strongly short-range correlations. The effect on the dissipation rate

estimate obtained by each of the three methods is shown explicitly in Figure 3.39g-h. The

direct method ϵsij is most susceptible out of the three because it is based on the velocity

gradient. The energy function method ϵE11
is more robust than the direct method as long as

the inertial subrange is visible ( Figure 3.39b) (though median-filtering with a large kernel

clips the inertial subrange). The structure function method ϵDLL
also has the same problem;

however, the estimated value drops more slowly than ϵE11
as the kernel size increases (See
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Figure 3.39b and d). In all methods, the estimated dissipation rate drops significantly when

the kernel size is comparable to the Taylor microscale which is equal to 3 mm in Figure 3.39g-

h.

Out of the three proposed methods to estimate dissipation rate, the structure function

method is found to be least affected by median-filtering. As can be seen Figure 3.39g-h,

applying a large kernel may remove the noise more effectively but blurs the field more,

leading to underestimate dissipation rate. In the Figure 3b-c, f-g and 4a-b, we report the

results based on the velocity fields that are median-filtered with the smallest kernel (3 × 3

px2). Filtering with a larger kernel has the predominant effect of blurring the field. With

the chosen (3×3 px2) median filter, the three methods of energy dissipation estimation yield

similar values of the dissipation rate.
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Figure 3.39: Effect of median filtering PIV-extracted velocity fields inside a tur-
bulent core. (a, b) Probability distribution function of velocity components Ux and Uy
(combined) on the lin-lin, and log-lin scales. (c, d) Compensated one-dimensional energy
spectrum on the lin-lin, and lin-log scales. (e, f) Compensated structure functions on the
lin-lin, and lin-log scales. (g, h) Effect of a median filter on the three methods used to
estimate dissipation rate is shown on the lin-lin and log-log scales. The dissipation rate is
estimated via the rate-of-strain tensor ϵsij , energy spectrum ϵE11

, and structure function
ϵDLL

. The error bands in (g-h) represent SD of tempo-spatial averaging (n=50 frames).
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3.11.3 Partition of injected energy

The energy balance over a domain V that encloses a blob is

I ≈ 8Kringf (3.56)

because we expect only the energy within the vortex atmosphere is fed to sustain the blob.

If there is only one vortex ring in a flow, the ratio of energy enclosed within the atmosphere

to the total c = Kring/K is completely determined by the shape of the vortex atmosphere

(see Box 3), and remains nearly the same c ≈ 77% for the ellipsoidal atmosphere. For the

two canonical vortex ring models, the injected power I is given by

I =


4cρΓ2ringRringf

[
ln

8Rring
a − α

]
(thin-cored vortex ring)

64π
105 cρΓ

2
ringRringf (Hill’s spherical vortex).

(3.57)

The coefficient represents the difference between the models. The generated vortex rings in

this study has coefficients between these two models( Figure 3.17); however, it depends on

the experimental conditions (L∗, veff , Do, Dp). Thus we directly measure the energy of the

injected vortex rings from 2D PIV data shown in Figure 3.23.

3.11.4 Balance of energy injection and dissipation

We first turn our attention to the total energy balance (Dtot vs Itot = I/c) in the cham-

ber. Regardless of the methods to estimate the dissipation rate, the total dissipated power

monotonically increases with the injected power over almost two decades ( Figure 3.40e-g).

The method using the rate-of-strain tensor tends to overestimate the dissipation, compared

to the methods involving the energy spectrum and the structure function. This is consis-

tent with [49] as the noise in the measured velocity field contributes to this overestimation.

Removing the noise with a median filter ( Figure 3.40a-c) leads the estimates by all three

101



methods to agree with each other( Figure 3.40d-f). This gives us more confidence that the

filtered velocity field gives the more accurate estimate of the dissipation rate than the raw

field. There, the dissipated power is indeed proportional to the injected power. We find

Dtot/Itot = 1.07± 0.09 (3px × 3px(=5.6η× 5.6η)), 0.64± 0.05(5px × 5px=9.3η× 9.3η) for

the median-filtered fields. The attenuation with a larger kernel is expected as it blurs the

velocity field more.

As discussed in the main text, the far-field contribution in Itot should be neglected to

assess the energy balance of the blob. The ratio

D( r
Rblob

)

I
=

Dtot

Itot

p( r
Rblob

)

c
(3.58)

represents how much injected power via vortex rings is dissipated as a function of a (scaled)

radius. In a sense, this gives a conversion rate from coherent vortex motion to turbulence in

terms of energy. Considering Dtot
Itot ≈ 1, the power associated to the vortex ring atmosphere

is completely dissipated within a sphere of radius r = 3
4(1−c)Rblob ≈ 3.3Rblob with c = 0.77.

Of which, 33% is dissipated up to r = Rblob and 68% is dissipated up to r = Reff = 4
1
3Rblob.

3.11.5 Dissipation rate according to the energy balance

Equating the dissipation D(r/Rblob) (Eq. 3.54) with the injected power I (Eq. 3.57) gives

an expression about the dissipation rate inside the turbulent blob in terms of the properties

of the vortex rings: ϵ0 ∝ Γ2ringf/R
2
ring ∝ V 2

ringf (Figure 4b). With Rblob =
√
6Rring, ϵ0

becomes

ϵ0 =


c(log (8Rring/a)−α)

8
√
6πp

Γ2
ringf

R2
ring

(thin-cored vortex ring)

2c
105

√
6p

Γ2ringf

R2
ring

(Hill’s spherical vortex).

(3.59)
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Figure 3.40: Dissipated vs injected power inside the chamber. (a)To compute the
dissipation rate, three velocity fields are used: a raw PIV-extracted field, and two median-
filtered fields. (b-d) Median-filtering the velocity fields attenuates the local dissipation rate
ϵsij (x⃗) = 2νsij(x⃗)sij(x⃗). (e) Dissipated vs injected power inside the chamber is plotted for
the three methods to estimate the dissipation rate using the raw velocity field: ϵsij uses the
rate-of-strain tensor. ϵE11

is obtained by fitting the energy spectrum to the Kolmogorov
spectrum. ϵDLL

is obtained by fitting the second-order structure function to Kolmogorov’s
2/3 law. (f) Same as (e) but with a median-filtered velocity field (Kernel size: 5.6η × 5.6η).
(g) Same as (e) but with another medial-filtered velocity field (Kernel size: 9.3η × 9.3η).
Data in (e-g) are presented as mean +/-SEM (n=12).
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The prefactor of Eq. 3.59 differs by the model of a vortex ring and p(r/Rblob). Here is a quick

calculation of the prefactor for r/Rblob = 2 ⇔ p = 5/8 (unbounded) and c = 0.77. For the

thin-cored model, we shall use Rring/a = 3 as observed in the experiments, and α = 2.04 [61]

for a viscous core. The prefactors of the thin-cored model and Hill’s spherical vortex model

are 0.02 and 0.01 respectively. This relationship is consistent with ϵ0 = α21V
2
ringf in the

Figure 4b.
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3.12 Tempo-spatial distribution of the local dissipation rate

The tempo-spatial variation of the energy dissipation rate is a quantity of great interest in

turbulence [86, 125, 107, 108, 115, 58]. In this section, we present the tempo-spatial distri-

bution of ϵsij (x⃗, t) in our turbulent blob. As discussed in Section 3.11.2, the local dissipation

rate ϵsij (x⃗, t) is derived from a rate-of-strain tensor of a median-filtered velocity field (kernel

size of 3× 3px2, equivalent to 6η× 6η). The spatial average of ϵsij (x⃗, t) yields a similar total

dissipation rate as estimated by the second order structure factor and energy spectrum. The

data set we present is from the experimental runs (Vring/Rring, f , method)=(42Hz, 2-7Hz,

2D PIV) on Figure 3.24a.

3.12.1 In a fully turbulent blob

We first focus on the dissipation rate inside the fully developed turbulent core (Reλ = 270,

Vring/Rring = 42Hz, f = 7Hz). In this regime, turbulence is very weakly dependent on

the phase of forcing. As can be seen from Figure 3.41a and SI Video 13, the spatially

resolved measurements reveal threads of highly dissipative regions throughout the turbulent

region. The thickness of the threads is approximately 20η which coincides with a peak of the

dissipation spectrum
∫∞
0 κ2E(κ)dκ [134]. These filaments are dynamic. Figure 3.41b shows

the value of the dissipation rate at a fixed point in space, which exhibits an intermittent

behavior.

The probability distribution of the dissipation rate clearly reveals its highly uneven distri-

bution. The average dissipation rate ⟨ϵ(x⃗, t)⟩st is overwhelmingly determined by the regions

with high dissipation. Classically, Kolmogorov and Obukov predicted a lognormal distri-

bution, which was later criticized, leading to produce the β-model [58] and multifractal

models [108]; however, no consensus has been reached regarding the structure of dissipation

rate and origin of intermittency. Our measurement provides a spatially resolved picture of

local dissipation rate, and reveals a dynamic collection of filaments with a fractal nature.
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Figure 3.41: Spatial distribution of dissipation rate inside a homogeneous,
isotropic, turbulent core reveals a web-like structure of localized, dissipative
region. (Reλ = 270, Vring/Rring = 42Hz, f = 7Hz) (a) Local dissipation rate ϵeij (x⃗, t)
(b) The dissipation rate at a fixed point exhibits an intermittent behavior. (c) Probability
distribution function of ϵeij (x⃗, t). Kolmogorov, Taylor and integral length scales of the dis-
played flow are 0.047mm, 3.0mm and 25.0 mm respectively.
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3.12.2 As the forcing frequency is varied

(c)(b)

(enstrophy flux) (theory)

frequency

log-log

intermittency

a

b

c

d

e

f

Figure 3.42: Tempo-spatial distribution of dissipation rate inside a homoge-
neous, isotropic, turbulent core (a) Spatial average of dissipation rate inside the core.
(b/c)Snapshot of local dissipation rate ϵsij at the maximum/minimum. (d) Dependence on
the forcing frequency. (e) Spatio-temporal average of dissipation rate against the forcing
frequency is plotted. The data are presented as mean +/- SD (n=500). (f) Probability
distribution function of dissipation rate inside the central region of our tank for a variety of
forcing frequencies.

Figure 3.42a shows the time evolution of dissipation rate averaged over a region inside

the core above the transition frequency fc. A weak dependence on the forcing frequency

can be seen. Figure 3.42b-c show spatially resolved measurements ϵsij (x⃗) taken at a local

maximum and minimum of the spatially averaged dissipation rate. SI Videow 13 shows that
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the magnitude periodically varies; however, it retains a qualitatively similar structure at

both moments in time.

Below the transition frequency, as localized vortex reconnections come to dominate the

strain field, the phase dependence of the spatially averaged dissipation rate ( Figure 3.42d)

becomes more pronounced.

Above the transition frequency, on the other hand, the phase dependence of dissipation

rate is washed out. In this regime, a turbulent blob is formed and the dissipation rate is

proportional to the injection frequency, indicating that the viscous dissipation in turbulence

matches the energy delivered by vortex rings. The same web-like structure is observed inside

the turbulent blobs at different Taylor Reynolds numbers Reλ. However, at a higher Reλ,

the flow becomes more intermittent, as reflected by the increased area fraction with a high

dissipation rate ( Figure 3.42f). Here, the probability distribution of the flow below the

transition frequecy is also shown as a reference.

3.12.3 Note regarding periodic drives on turbulence

The response of turbulence to temporal forcing has gained significant interest in the last

few decades because many turbulent flows are subject to temporal modulation. Examples

include geographical flows set up by the periodical heating of the sun, and the pulsatile blood

flow through arteries. Refs [30, 180, 182, 183, 90] have considered an energy injection rate

of the form I = I0[1 + e sin (2πft)] with a small modulation amplitude (e < 1). They have

found the enhancement of turbulent dissipation rate when the modulation frequency matches

the inverse of a large eddy turnover time τL, which characterizes the energy transport time

down the cascade[182].

The transition frequency, above which a turbulent blob is formed, that we predicted

by either geometric arguments or matching the incoming energy to the large eddy turnover

time (blue curve on the main text Figure 4) corresponds to the ‘resonant frequency’ at which
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energy is dissipated at the maximum efficiency in a turbulent state in these studies.

A crucial difference between previous studies aimed at probing a resonant response to

modulated forcing and our experiment, is the functional form of the forcing. In previous

experiments a turbulent state with an intrinsic large eddy turnover time is probed at a range

of modulation frequencies tuning over a dissipation ‘resonance’. In our experiment, the

modulation frequency is strongly coupled to the average injection rate of energy (I0(f) =

K0f where K0 is related to the total energy delivered by vortex rings), which in turn dictates

the large eddy turnover time. The temporal forcing in our experiment is therefore always

near-resonant.
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3.13 Enstrophy flux

As the vortex injection frequency is increased for fixed Vring/Rring we observe a transition

from a reconnection-and-escape dynamic in which most of the enstrophy leaves with the

outgoing vortices to a blob state in which little to none of the injected enstrophy escapes

the blob. As illustrated in Figure 4 of the main text we examined this transition by plotting

the time averaged enstrophy in a cross section perpendicular to the incoming rings, as well

as by integrating the enstrophy outflux.

In this section we show the enstrophy flux data in greater detail and summarize a simple

image-moment approach to quantifying the visual information contained in the enstrophy

cross section images (not discussed in the main text).

3.13.1 Enstrophy and mass flux through a sphere enclosing a turbulent blob

The enstrophy balance is

∂t

∫
V
Ω2dV = 2

∫
V
Ωi(∂iUj)ΩjdV −

∮
∂V

Ω2UinidS + ν

∫
V
∂j∂jΩ

2dV − 2ν

∫
V
(∂jΩj)

2dV

in a 3D incompressible, viscous fluid. The enstrophy is not conserved due to vortex stretching

and viscous dissipation.

To examine the confinement of enstrophy, we consider its normal flux J⃗Ω2 · n̂ = Ω2U⃗ · n̂

through a sphere with radius R > Rblob. In the case that coherent reconnections are

dominant reactions (f < fc), the enstrophy flux exhibits the inflow due to the eight incoming

vortex rings, followed by outflow by the six outgoing vortex rings at a later phase ( Figure

3.43a and e). The mass flux also captures the inflow/outflow due to the mass transported by

the incoming/outgoing vortex rings ( Figure 3.43c). The crucial difference is that the mass

is always balanced, whereas the enstrophy is not. Integrating the enstrophy flux over the

surface and cycles gives the net amount of (escaping) enstrophy at each phase as shown by
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Figure 3.43: Enstrophy flux through a sphere with radius R = 1.2Rblob reveals the
influx always outweighs the outflux throughout a cycle when a turbulent blob is
formed. (a)Enstrophy averaged over a measured volume (Green) and the (net) enstrophy
flux show the arrival of the vortex rings (Θ = 0.25) and the ejection event Θ = 0.31. The
vortex rings are fired at f = 0.2Hz. (b) The same as (a) but at f = 4Hz at which a turbulent
blob is formed. The error bands represent the standard deviation of the phase-locked average
(n=2 for (a) and n=8 for (b)). (c-d) Normal mass current on the sphere is shown using the
Mollweide projection. (e-f) Normal enstrophy current on the sphere is shown using the
Mollweide projection.
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a yellow curve in Figure 3.43(a). The positive value corresponds to the enstrophy escaping

from the considered sphere. On the other hand, the integrated enstrophy flux remains always

negative throughout a cycle in the state of the turbulent blob ( Figure 3.43b). The enstrophy

flux depicts that the inflow always outweighs the outflow, and the latter is more uniform

than the case of the coherent reconnections( Figure 3.43f). Because the mass outflow cannot

be zero due to incompressibility ( Figure 3.43d), a small amount of enstrophy leaves the

sphere. Nevertheless, the amount of enstrophy outflow remains smaller than the inflow.

3.13.2 Categorization of the flows using the time-averaged enstrophy

distibution

To translate the visible transition from reconnection-and-escape to confinement dynamics,

we performed a simple image moment analysis as detailed below.

For a 2D image with intensity Iimg(x, y), the (raw) moment of order (i, j) is defined as

mij =
∑
x

∑
y

xiyjIimg(x, y). (3.60)

The moments sequence for an image uniquely determines an image of finite size; however,

they are not invariant under translation. On the other hand, the central moments

µij =
∑
x

∑
y

(xi − x)(yj − y)Iimg(x, y). (3.61)

are translationally invariant by construction. The moments of inertia is analogous to the

second-order image moments (i = j = 1) when I(x, y) is replaced by a mass distribution

ρ(x, y, z) of an object. Different images may have different second-order moments in the

same way as the different objects may have different moments of inertia. To account for the
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total intensity, the normalized central moments are also used.

νij =
µij

µ
(1+(i+j)/2)
00

(3.62)

We characterized the distribution of the time-averaged enstrophy of various collision exper-

iments by the sum of the second-order moments ν02 + ν20. This quantity is invariant with

respect to translation, scale, and rotation, and is also known as one of Hu invariants [71].

Figure 3.44a-c shows that the cross-like pattern takes a higher value than the blob pattern.

This reflects the elongated distribution of the cross-like pattern created by the secondary

rings. Figure 3.44d plots our measurements on the parameter space, colored by ν02 + ν20.

Once the blob state is reached, the enstrophy distribution remains roughly the same. Hence,

it tends to approach a fixed value if the blob radius were held constant. Strictly speaking,

the normalized, second-order image moments take a higher value for a larger blob. As the

blob size scales with the ring radius, Figure 3.44 was constructed by using only the rings

with a certain radius Rring = 18±2mm. This image analysis is consistent with the the linear

trend.
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a b c

d

Figure 3.44: The second-order moments of the time-averaged enstrophy distribu-
tion categorizes the flows into the non-blob and blob states. (a)The logarithmic,
time-averaged enstrophy shows the formation of a turbulent blob at high forcing frequency.
The corresponding second-order moments decrease as the ejection of enstrophy via secondary
vortex structures becomes weak. (b)Images of thelogarithmic, time-averaged enstrophy are
plotted on the ν02 − ν20 plane. Blob patterns are clustered in the bottom left region. (c)
The same plot as (b) but colored by ν02 + ν20. (d) ν02 + ν20 categorizes the flows into two
groups. The separation is described by a linear relation f ∼ Vring/Rring, and is consistent
with the transitional frequencies obtained from the enstrophy flux. The error bars represent
SD (n=3).
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3.14 Tuning the properties of the blob

3.14.1 Blob size

In the main text, we state that the integral scale of the turbulent is proportional to the

radius of the vortex ring, and is comparable to the diameter of the blob Rblob. One can alter

the size of the blob by using vortex rings with a different diameter. Figure 3.45 demonstrates

the formation of the turbulent blobs of three different sizes using the rings of radius Rring =

11.0− 17.7mm.
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Figure 3.45: Varying the radii of the injected vortex rings tunes the size of
the turbulent blobs. (a) Scaled radial distribution of the time-averaged energy den-
sity (⟨UiUi⟩t/2)/E0 for three turbulent blobs are plotted against radial distance r. R are
the radii of the injected vortex rings, and E0 is the average energy density inside the core.
(b) (⟨UiUi⟩t/2)/E0 vs non-dimensionalized radial distance r/R. (c) Corresponding spatial
distributions of the time-averaged energy densities are shown. For (a) and (b), the error
bands represent the SD of the annular average.
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3.14.2 Injection of angular momentum and helicity using helical rings

The use of a helical masks instead of a circular hole mask ( Figure 3.18) enables us to inject

helical vortex rings with the additional non-zero inviscid invariants of angular impulse A⃗

and helicity H. There are 22 unique configurations to replace eight planar masks with either

right-handed and left-handed masks at the vertices of a cube. The permutations include

combinations with non-zero net helicity but zero angular impulse, zero helicity but non-zero

angular impulse, non-zero angular impulse and helicity, and zero angular impulse and zero

helicity.

As reported in Figure 5 of the main text we performed experiments in which we injected

four distinct configurations, all with zero net angular impulse. These include:

1. Eight right-handed masks (H = 8|Hring|),

2. Four right-handed and four left-handed masks I & II (H = 0),

3. Eight left-handed masks H = −8|Hring|.

We produced the vortex rings with (L/D, veff , f)= (2.0, 418mm/s, 5Hz) and (Dp, Do
e)=(160mm,

25.6mm). We found that this protocol generates turbulent blobs for all the configurations

of helical masks listed above.

We compute the local helicity density by directly computing U⃗(x⃗, t) ·Ω⃗(x⃗, t). The velocity

field U⃗(x⃗, t), measured by 3D PTV, is convoluted with a median filter (kernel size: 3px ×3px

≈ 3η× 3η). The vorticity field Ω⃗(x⃗, t) is then calculated using the central difference method

with the second order accuracy.

Figure 3.46 shows typical temporally averaged helicity, energy, and enstrophy fields on a

slice that cuts through turbulent blobs generated by either planar and helical vortex rings.

The turbulent blobs generated by firing together helical vortex rings are 30% larger than the

blob generated by planar rings. These two blobs are created by the same driving parameters

e. Do refers to the mean radius in the case of the helical masks.
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A turbulent blob made of
planar vortex rings
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Figure 3.46: Comparison between the turbulent blobs generated by the planar
and helical vortex rings. (a, b) Temporally averaged helicity fields of the non-helical and
helical turbulent blobs respectively (c, d) Temporally averaged energy fields of the non-helical
and helical turbulent blobs (e, f) Temporally averaged enstrophy fields of the non-helical and
helical turbulent blobs.
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(L/D, veff , f) = (2.0, 418mm/s, 5Hz); however, the helical rings are almost twice as slow as

the planar rings. The ranges of the color bars in Figure 3.46 are different between the planar

and helical blobs for this reason.

With the planar vortex rings, the generated turbulent blob contains both positive and

negative helicity ( Figure 3.46 a), which becomes nearly zero after integrating over the sphere.

Injecting only the left-handed vortex rings result in a turbulent blob with predominantly

negative helicity inside ( Figure 3.46b). The use of the helical rings creates a larger blob of

turbulence as shown in the temporally averaged energy ( Figure 3.46 c-d) and enstrophy (

Figure 3.46e-f). It also exhibits the pronounced shell-like distribution in the helicity field,

depicting that helicity does not penetrate the core of the blob as effectively as the enstrophy

and energy.

Integrating the 3D helicity field over a sphere of radius 60mm in the a phase-locked

manner results in the results reported in Figure 5 of the main text. Figure 5 (main text)

shows that the different configurations of the helical masks controllably deliver helicity to

a turbulent blob. We compare the integrated helicity inside the spherical domain to the

estimated value of the injected helicity 8|Hring| discussed in section 3.6.3.

The result of this comparison shows that 42-81% of the injected helicity is transferred to

the spherical domain of the turbulent blob.

Estimation of the effect of corase graining on the measurement of helicity in

the turbulent blob

To explore how an under-resolved velocity field and affect the measurement of helicity in the

blob, we inspect a DNS dataset with helical forcing ( Figure 3.47a). The dataset is ‘turb-

hel’ on the Smart-Turb database at the University of Rome, Tor Vergataf. In 3D helical

f. We hereby acknowledge Professor Luca Biferale and Dr. Fabio Bonaccorso for conducting DNS simu-
lation of helical turbulence and making it available to us through the Smart-Turb database.
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turbulence, there is evidence that helicity cascades down to small scales[7], and substantial

amount of helicity is stored in a large scale. This suggests an attenuation of the measured

helicity of ∼10% of the original value by coarse-graining ( Figure 3.47c) when the voxel pitch

is 1.1 times the transverse Taylor microscale. In our experiment of a helical turbulent blob,

the voxel pitch is estimated as 1-2 λg. Hence, we estimate 10-20% attenuation of the helicity

in the Figure 5 due to our under-resolved measurements.

a b

Figure 3.47: Coarse-graining a helical, turbulent velocity field leads to underes-
timate total helicity. (a) A 2D slice of a 3D helical, turbulent velocity field (b) Coarse-
graining effect on helicity. H0 and Hcg represent total helicity in the simulation domain
of the original and coarse-grained velocity fields respectively. The x-axis is the voxel pitch
scaled by the transverse Taylor microscale λg.
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3.15 Gross-Pitaevskii Simulation

In this section we report the result of our simulations of symmetric collisions of multiple

quantum vortex rings using the Gross-Pitaevskii equation (GPE, Eq. 3.63). In all configu-

rations we tested, we observe that reconnection events take place, and the secondary rings

propagate away from the center of the collisions.

We simulate the dynamics of the quantum vortex rings through the Gross-Pitaevskii

equation (GPE), a model equation that describes the time evolution of the superfluid wave-

function ψ(xi) =
√
ρ(xi) exp [iϕ(xi)] where ρ and ϕ are the spatially varying density and

phase. The GPE is given by

dψ

dt
= − i

2

(
∇2 − |ψ|2

)
ψ. (3.63)

The wavefunction can be mapped to classical hydrodynamic fluid velocity and density by

the Madelung transform: u⃗ = ∇ϕ, ρ = |ψ|2. The GPE is useful to study vortex dynamics as

vortex reconnections occur without divergencies in physical quantities, and the topological

dynamics was shown to be comparable to real viscous fluids [83].

All simulations were performed using a grid size of 0.5ξ (ξ: healing length) and time step

∆t=0.02 with periodic boundary conditions unless otherwise stated.

3.15.1 Symmetric collisions of vortex rings

We study collisions between vortex rings that are configured in a symmetrical fashion. For

simplicity, we restrict ourselves to use only a circular ring with a fixed circulation and a

radius. We associate a configuration to a polyhedron by the following rules. 1. Consider a

plane Pi that the i-th ring is embedded at an instant of time. 2. The bounded region by the

n planes is the polyhedron associated to the configuration of the rings. By this construction,

the initial configuration of our experiment corresponds to an octahedron.
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We conducted GPE simulations of the symmetrical collisions that correspond to the

platonic solids(a tetrahedron, a cube, an octahedron, a dodecahedron, and a icosahedron).

They are the most symmetrical configurations for 4, 6, 8, 12, and 20 rings respectively.

This is understood by counting the number of symmetry operations for the corresponding

point groups. A tetrahedron belongs to Td. A cube and an octahedron belong to Oh. A

dodecahedron and an icosahedron belong to Ih in the Schönflies notation. The result is

summarized in Figure 3.48.

Two observations are made: (1)The secondary rings always travel away from the center

of the collision. (2)The polyhedron corresponding to the configuration of the secondary

rings is dual to the initial polyhedron. All adjacent vortex lines during the collision are

anti-parallel so the reconnections occur at every possible site that correspond to the vertices

of the initial configuration. A symmetric collision of four rings (a tetrahedron) results in four

secondary rings (a flipped tetrahedron). A symmetric collision of six rings (a cube) result

in eight secondary rings (an octahedron). The propagating directions of the secondary rings

are given by the normal vectors of the faces (of the dual polyhedron). The pattern extends

to all platonic solid configurations. In our experiment (the octahedral configuration), we

observe six secondary rings (a cube) after the reconnection events via bubbles and Lagrangian

trajectories (see SI Video3).
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Figure 3.48: Gross-Pitaevskii simulation demonstrates the geometric rule of the
symmetric vortex ring collisions. When vortex rings are initially set on the faces of the
platonic solids, the region bounded by the planes that the secondary rings live forms the
dual solids, preserving the symmetry of the vortex structures before and after the collision.
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3.16 Conclusions

We have discovered that a collection of vortex rings periodically fired together leads to a

self-confining turbulent blob. This bottom-up approach to turbulence provides unique design

principles to position, localize and control turbulence as a state of flow. In the canonical

picture of the Richardson cascade, injection and dissipation go hand in hand at dynamical

equilibrium. Nevertheless, their connection often remains elusive due to the uncontrolled

injection and evolution of vortical structures. The use of coherent, controllable vortex rings

overcomes this issue, enabling us to inject fully controlled arbitrary ratios of inviscid con-

served quantities. Enabled by the self-confinement effect we discovered, our experiment pro-

vides a unique control of injection and dissipation in turbulence. The turbulent blob, which

can be measured in its entirety and is free to evolve in isolation, offers a playground for funda-

mental studies on inhomogeneous turbulence such as decay of turbulence without interference

from boundaries, response of turbulence to a periodic drive [30, 180, 182, 183, 90, 104, 43],

and the role of inviscid invariants such as helicity [87, 6] and angular impulse [144, 47] in tur-

bulence. The steadiness of the turbulent blob makes it an interesting alternative to boundary

layers [192, 20, 188, 34, 45] to assess transfer at the turbulent/non-turbulent interface. Our

work demonstrates how turbulence can be treated as a state of matter that can be controlled

and manipulated coherently.
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CHAPTER 4

DECAY AND PROPAGATION OF TURBULENCE

When a turbulent patch is produced locally, it spreads and decays. Our isolated blob of

turbulence provides an opportunity to directly investigate this process with minimal inter-

ference from mean flow. In this chapter, we first present how the turbulent blob decays. By

comparing to the decay of turbulence set up in the same chamber by a different method, we

experimentally demonstrate how the large-scale motion of the turbulence governs the energy

decay law. Second, we characterize how turbulence spreads. We compare our findings to a

transport equation of turbulent kinetic energy [36].

4.1 Decay of turbulence

4.1.1 Background

The way in which turbulence decays to a quiescent or laminar state is of fundamental im-

portance from both scientific and industrial interests. Being able to kill turbulence enables

efficient transport of fluids in a pipe, and improves aerodynamic control of an object in the

air or an ocean. Nevertheless, it remains a challenge even to predict the rate of turbulence

decay from the NS equations [106]. Our current understanding is based on the studies of ho-

mogeneous, isotropic turbulence (HIT) due to its theoretical simplicity. Deducing the decay

rate of turbulent kinetic energy requires further assumptions [59]. In most cases, the aver-

age kinetic energy density q(t) = (1/2)⟨ui(x, t)ui(x, t)⟩s, or equivalently, the total energy

Q(t) =
∫
q(x, t)dx, is predicted to decay in a power law with respect to time:

q(t) =
1

2
⟨uiui⟩s = Cq(t− t0)

n (4.1)
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where t0 is a virtual origin, and Cq is a constant. The predicted decay exponent n ranges

typically from -1 to -2.5 depending on the assumptions. Is any of the proposed theory correct?

The decay exponent, reported in experiments and simulations, comes with a large variation

from -1 to -2 [129]. Furthermore, there is a little evidence that connects the observed decay

law and the fulfillment of the corresponding theoretical assumption. This variation of the

reported exponents suggest that the exponent depends on many factors such as the Reynolds

number, initial conditions, boundary effects, determination of a virtual origin, ranges of data

used to fit a power law, and simulation parameters.

To summarize, past experimental and numerical results strongly suggest that turbulence

decay is not universal, yet what determines the decay law remains unknown.

4.1.2 Review of previous studies about the decay law

It is instructive to summarize particular theoretical predictions for energy decay exponent n

before we proceed.

Case I: n = −1 (Self-similar decay- high Re limit)

The first case we review is the self-similar decay of the homogeneous, isotropic turbulence

(HIT) decays in the absence of boundary effects. The result is derived from the von Kármán-

Howarth equation for the time-evolution of the longitudinal velocity correlation function.

The required assumption is that the velocity correlation function evolves in a self-similar

manner. That is, the distribution of the eddies remains self-similar. With proper scaling in

space and time, turbulence at a time t1 becomes statistically indistinguishable at a differ-

ent time t2. This decay law is, therefore, considered applicable to turbulence in the large

Reynolds number limit. The derivation can be found in [103, 15, 13, 59]. In experiments, the

reported exponent at the highest available Reynolds number O(106), using grid turbulence,

is −1.18 ± 0.02 [159]. As of today, no clear n = −1 decay law has been observed in either

experiments and simulations.
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Case II: n = −10/7 ≈ 1.43 (Kolmogorov’s decay law)

Instead of imposing self-similarity on the correlation function, another approach is to enforce

a constraint in the large-scale motion of the turbulent motions. This is motivated from

Taylor-expanding the energy spectrum function near the wavenumber origin [48, 129]

E(κ, t) =
IBS(t)

4π
κ2 +

IL(t)

24π
κ4 +O(κ6), (4.2)

The integrals in Eq. 4.2 are

IBS(t) =

∫
⟨u(x+ r, t) · u(x, t)⟩dr = 8πu′2

∫ ∞

0
r2f(r, t)dr, (4.3)

IL(t) =

∫
r2⟨u(x+ r, t) · u(x, t)⟩dr = 8πu′2

∫ ∞

0
r4f(r, t)dr (4.4)

where f(r, t) is a longitudinal correlation function f(r, t) = ⟨u∥(x, t)u∥(x+ r, t)⟩/(u′2) with

u∥(x, t) = u(x, t) · r/r. These integrals IBS and IL are known as the Birkhoff-Saffman

[19, 144] and Loitsiansky [134, 48] integrals. Historically, Loitsiansky reached the integral

IL from the Kármán-Howarth equation while he considered an invariant of decay. With the

assumption that IBS = 0 and IL = const., the decay exponent becomes n = −10/7. Inde-

pendently, Kolmogorov reached the same conclusion, thus this prediction is sometimes called

Kolmogorov’s decay law. The assumed constancy of the Loitsiansky integral was, however,

found to be incorrect by Saffmann in 1967 [143, 144], and Chasnov showed that IL diverges

with a certain initial condition using large eddy simulations in 1993 [33]. Nevertheless, some

modern literature [159, 190] still refer to Kolmogorov’s decay law as a benchmark.

Case III: n = −6/5 = −1.2 (Saffman’s decay law)

Since the constancy of Loitsiansky’s integral was questioned, Saffman argued that the con-

stancy of IBS yields a decay exponent of n = −6/5. This decay law is in good agreement

with the decay of grid turbulence [159, 89, 118, 39]. Nevertheless, it should be noted that

the range in which the delay law is observed is restricted due to physical limitations of the
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facilitiesa. The applicability of Saffman’s decay law to general turbulence, however, remains

a question. In fact, one can formulate the integral of the form

I2m(t) ∝= u′2
∫ ∞

0
r2mf(r, t)dr,

whose constancy results in the decay law of n = −(4m+ 2)/(2m+ 3) for m ≥ 1. Saffman’s

and Loitsiansky’s integrals correspond to m = 1, and m = 2, respectively.

There is a wealth of literature that discusses the Kolmogorov’s and Saffman’s decay laws.

The reason that led many to believe such invariants of decay exist is that the Saffman’s and

Loitsiansky’s integrals can be written as

IBS(t) =
1

V
⟨
∫
V
[udV ]2⟩, (4.5)

IL(t) =
1

V
⟨
∫
V
[x× udV ]2⟩ (4.6)

where V is some large volume embedded in turbulence. These forms suggest that IBS and IL

are respectively, the measure of linear momentum and angular momentumb in a fluid. More

detailed discussion on these integrals can be found in [48, 47]. Once the Loitsiansky integral

was proved not to be an invariant of decay, the constancy of Saffman’s integral was also

downgraded to a conjecture [129]. More importantly, it fails to predict the physics behind

the large variation of the observed decay laws. This formulation does not answer why some

integrals are more preserved than the others.

Case IV: n = −2

Barenblatt et al. [11], and Chen & Goldenfeld [36] considered a phenomenological model of

a. In grid turbulence, (the longest distance where a measurement is taken) / (mesh size) is at most 101.5.

b. The idea to interpret the Loitsiansky integral as a measure of angular momentum in a fluid was first
coined by Landau [96]. In 2009, Davidson revised this interpretation; however, the connection between the
Loitsiansky integral and the angular momentum remains valid.
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the form:

∂tq(x, t) = ∇ ·
(
κq(x, t)∇q(x, t)

)
− ϵ(x, t) (4.7)

where κq is a q-dependent diffusion constant and ϵ is a local dissipation rate. We adopt

the so-called zeroth law of turbulence: “the energy injection rate at large scales equals the

dissipation rate at small scales” [129]. We näıvely extend the zeroth law so that a local

dissipation rate takes the form of

ϵ(x, t) = ϵ0
q3/2(x, t)

ℓ(t)
. (4.8)

ℓ(t) is a longitudinal integral scale of turbulence, defined as

ℓ(t) =
3π

4

1

q(t)

∫ ∞

0

E(κ)

κ
dκ. (4.9)

The coefficient ϵ0 is approximately 0.5 at a high reynolds number (Reλ > 50 [166, 179]),

increases by a factor of 2.5 when Reλ becomes 10. With dimensional analysis, Eq. 4.7

becomes

∂tq(x, t) = ℓ(t)∇ ·
(
q1/2(x, t)∇q(x, t)

)
− ϵ0

q3/2(x, t)

ℓ(t)
(4.10)

=
2

3
ℓ(t)∇2q3/2(x, t)− ϵ0

q3/2(x, t)

ℓ(t)
. (4.11)

If ℓ = const., the decay law becomes n = −2 in the limit t → ∞. This decay law

is observed for turbulence generated by an oscillating grid in helium II for more than two

decades [162]. Not to mention that the experimentally observed decay law is significantly

different from both Kolmogorov’s and Saffman’s decay laws.

With all the necessary topics covered, we now describe how the isolated blob of turbulence
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spreads and decays.

4.1.3 Experimental methods

We generate three kinds of turbulence by (1) oscillating a grid, (2) oscillating double grids,

and (3) colliding vortex rings. We measure decaying velocity fields using 2D PIV as explained

in Sect. 2.3. In doing so, we adopt a novel technique that allows the measurement spanning

five orders of magnitude in time as described below.

Flow chamber and actuation

All experiments are performed in the chamber described in Sect.2. A schematic and pho-

tograph of the chamber are reproduced in Figure 4.1a and b respectively. By swapping

the acrylic plates attached at the corner, we can leave the chamber either open or closed

(Figure 4.1c-d).

As mentioned at the beginning of this section, we, by three distinct methods, generate

turbulence in our flow chamber: A single oscillating grid, double oscillating grids, and a

turbulent blob.

1. A single oscillating grid (SOG): We oscillate an acrylic grid with a sinusoidal drive

(Figure 4.2a). This method is known to create a turbulent front in a pipe for superfluid

[162]. The grid is prepared by laser-cutting an acrylic plate with thickness of 1/4”

=12.7mm into a circular shape with a diameter of Dgrid = 200 mm (Figure 4.2d).

The mesh size M is 12.5 mm (Figure 4.2e). Because we drive the grid near the upper

surface of the chamber, it generates a downward mean flow, making it challenging to

observe fluctuations without subtracting the mean flow.

2. Double oscillating grids (DOG): We oscillate double grids connected together by alu-

minium rods (Figure 4.2b). This method creates a region with small mean flow unlike
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Figure 4.1: Geometry of the flow chamber. (a) Schematic of the experimental chamber
is shown. (b) The experimental chamber consists of a 3D-printed frame and six acrylic faces.
The scale bar represents 100 mm. (c) A 3D-printed “holster” is magnetically attached to
each truncated surface of the chamber. A circular, acrylic plate with an orifice may be
attached to enable generation of a vortex ring at each site. (d) Alternatively, a circular plate
is attached to confine the flow in the chamber. The scale bars in (c) and (d) represent 50
mm.
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Component Length (mm)
Width of an experimental chamber, Lbox 351.0
Hole diameter of a box, Dbox 210.0
Diameter of a circular grid, Dgrid 200.0
Mesh size, M 12.5
Thickness of a grid 9.3
Separation length between the grids, lsep 210.0
Diameter of a piston, Dp 56.7
Diameter of an orifice, Do 12.8

Table 4.1: Dimensions of the chamber and grids used in this paper

the SOG. These two grids are separated by 210 mm (Figure 4.2f).

3. A turbulent blob: We repeatedly collide vortex rings in the chamber (Figure 4.2c).

When vortex rings are fired at a sufficiently high rate, this method creates a steady,

isolated blob of turbulence, sitting in a quiescent environment [110]. Vortex rings are

created by lifting an acrylic piston (Dp = 12.7mm, Figure 4.2h)through the upper

surface of the chamber, which withdraws fluid through circular apertures, allowing

boundary layers to roll up.

As in the experiments performed in Chapter 3, we use an electric linear actuator (STA2510S,

Copley Controls Corp) to drive either the grid or the piston. Using the same data acquisi-

tion board (PCI-6251, National Instruments), we command either a sawtooth or a sinusoidal

function. Figure 4.2g-h show an average profile of the realized output.

The physical dimensions of the grids and the chamber are described in Table 4.1.

Table 4.2 summarizes the conditions of the experiments on the decay of turbulence.

Logarithmic triggering: method of capturing decaying dynamics

Measuring the entirety of turbulence decay is challenging because temporal and spatial scales

in turbulent flows drastically change during the process. To overcome this difficulty, we take

images with a decreasing frame rate while turbulence decays. We design the timings of image
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Figure 4.2: Three methods of actuation to generate turbulence in a flow chamber:
(a) A single oscillating grid (b) Double oscillating grids (c) Repeated collision of vortex rings.
(d-e) An circular, acrylic grid with square meshes is used to set up flows in the experiments.
(f) Two identical grids are bolted together with a separation distance lsep of 210 mm for
the experiments involving the double oscillating grids. (g) Both single and double grids
are driven by a sinusoidal signal in a closed chamber. The blue curve show the measured
amplitude. (h) To create vortex rings, an acrylic, cylindrical piston used to withdraw fluid
into the chamber through circular orifices. (i) A sawtooth profile is used to generate vortex
rings repeatedly. The scale bars in (e), (f), and (h) represent 40 mm.
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Method (No. of runs) Forcing protocol ReL = u′ℓ/ν Reλ = u′λ/ν
Single oscillating grid y(t) = A sin (2πft) 5,304 95

(N = 10) (A, f)=(18mm, 5Hz)
Double oscillating grids y(t) = A sin (2πft) 10,100 185

(N = 10) (A, f)=(18mm, 5Hz)
Repeated collision of Sawtooth, duty cycle of 20% 15,400 203
vortex rings (N = 21) (A, f)=(11.2mm, 5Hz)

Table 4.2: Summary of the decay experiments. The integral, and Taylor Reynolds
numbers are the values at before we switch off forcing. See Sect. A for the definitions of the
symbols.

acquisitions such that a root-mean-square displacement of tracer particles remain constant.

After an initial transient period, it is widely believed that turbulent kinetic energy decays

as a power law, meaning

q = c(t− t0)
n

for t > t0 with an energy decay exponent n ≤ −1 and a virtual origin t0[129, 59]. If the

energy decays with a single power law, the interval ∆(t), required to preserve a root-mean-

square displacement d, is obtained by solving

∫ t+∆(t)

t
Urms(t

′)dt′ = d.

This results in

∆(t) =


(t− t0) exp

(
d√
2c

− 1
)

(m = 0 ⇔ n = −2),

(t− t0)

[(
1 + md√

2c
1

(t−t0)m
) 1

m − 1

]
(m ̸= 0 ⇔ n ̸= −2),

(4.12)

where m = n/2 + 1. In the case of n = −2, logarithmic spacing is optimal to capture the

decay as log∆(t) ∼ log t for t≫ t0. Figure 4.3a-b illustrate the progression of the frame rate

adopted to measure the entirety of decay in our experiments. The adopted scheme lasts for

1050 seconds (= 17.5 minutes) after the actuation stops, and consists of three parts. First we

133



trigger the camera at a constant frame rate for approximately a second. The exact duration

of this part depends on the choice of a virtual origin t0, and the initial RMS velocity. The

subsequent triggering timings are determined by following Eq. 4.12 for n = −2. Once the

frame rate reaches the minimal available value of the timing box, fmin, as illustrated by a

dashed line in Figure 4.3a, we adopt fmin as the frame rate.

The choice of n does not bias toward a specific decay law. The average displacement

between adjacent frames may be either accelerated or decelerated, yet PIV can output ac-

curate velocity field as long as the average displacement is in its dynamic range, specifically

between the noise floor (< 1px) and a half of the interrogation window size, W/2 = 16px.

There are two ultimate cases that this logarithmic triggering fails. The first case is when

the |n| is too small with respect to the (magnitude of the) true decay exponent |ntrue|. In

this case, the displacement is simply too large for the PIV algorithm fails to find correlation

between the adjacent images. The second case is when the |n| is too large. In this case,

the average displacement becomes lower than the noise floor. These limiting cases are easily

detectable. We took a self-consistent approach in finding a reasonable choice of n and d that

enables the average displacement to fit within the dynamic range of PIV throughout the

decaying process. We also report that we obtained the quantitatively similar results with a

different choice of n, ranging from -1 to -3 with an adequate choice of d as reported in this

thesis.
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Figure 4.3: A customized triggering scheme is applied to capture the slowing-down
dynamics. (a)We decrease a frame rate of a high speed camera as the dynamics slows down.
(b) The lines indicate the timings when we trigger the camera to take an image. For clarity,
we show only 1% of the triggers. Within each separation, we trigger the high speed camera
a hundred times.

4.1.4 Decay of fluctuating energy

In this section, we describe the measurements of the energy decay as well as the evolution of

integral scale. The turbulence generated by double oscillating grids serves as our reference

to classical results. The central region between the connected grids has near zero mean flow.

We first define the fluctuations, then present the results of energy and integral lengthscales.

Technical aspects such as the determination of a virtual origin are discussed in Sect. C

Definition of velocity fluctuations

For steady turbulent flows, such as a pipe flow or von Kármán flow, that are forced by steady

actuation, it is common to define a mean flow as a temporal average. Our experiments invite

two additional definitions because (a) we force periodically and (b) we consider free evolution

of turbulence. We thus define a mean flow via (a) phase average and (b) ensemble average.
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1. Temporal average (for steady turbulence):

⟨Ui⟩t(xj) = 1
T

∫ T
0 Ui(xj , t)dt

2. Phase average (for periodic forced turbulence with a period τ):

⟨Ui⟩n(xj ,Θ) = T
τ

∫ τ
0 Ui(xj , t)δ[(t mod T )−Θ]dt

3. Ensemble average (for evolving turbulence):

⟨Ui⟩(xj , t) = 1
N

∑N
n=1 U

(n)
i (xj , t)dt

Here Θ is a phase with respect to periodic forcing, and U
(n)
i refers to the velocity field of

the n-th sample. To study the decay dynamics, we define fluctuating velocity using the

ensemble-averaged flow.

ui(xj , t) = Ui(xj , t)− ⟨Ui⟩(xj , t). (4.13)

By averaging a sufficient number of samples, the ensemble-averaged flow effectively elimi-

nates the fluctuations observed across different runs, leading to a converged flow (Figure 4.4a-

c). Figure 4.4d-f) are energy spectra of the ensemble-averaged flow, showing the convergence

in the Fourier space.
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Figure 4.4: Averaging sufficiently many samples results in a converged, time-
varying mean flow for each setup. The mean-flow energy during the decay shows the
convergence as more samples are put into averaging for each seup: (a) a single oscillating
grid, (b) double oscillating grids, (c) a turbulent blob. (d-f) Energy spectra of the mean
flow field for each setup also display the convergence. (d) A single oscillating grid. (e) Double
oscillating grids. (f) A turbulent blob.
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4.1.5 Overview of turbulence decay measurements

In Figure 4.5) we show the time-evolution of the fluctuating energy for the three forcing

methods (SOG, DOG, and a turbulent blob). During the recording of 1050 seconds, the

energy decays over five orders of magnitudes. Figure 4.5) shows the fluctuating energy field

scaled by its average value at each instant of time.

While the drive is still turned on, the flow develops into unique mean flow structure

illustrated in the top row of Figure 4.5). After a few seconds of a transient period, featureless

turbulence is established. In all cases, the fluctuating fields coarsen over time. A wide range

of spatial scales at t = 3s is gone by the end (t = 600s) where only a few large-wavelength

modes are dominant. Kolmogorov and integral length scales, respectively η(t) = (ν5/ϵ(t))1/4

and ℓ(t), describe the scale of the smallest and largest eddy. As seen in Figure 4.5), both

length scales grow over time. In absence of boundaries, the separation of scales is expected

to close as ℓ/η ∝ Re3/4 ∼ t(n+1) if n ̸= −1. Different growth rates of these scales manifest

the coarsening behavior in Figure 4.5).

In our experiments, the integral length scale is capped by the size of the chamber. As

the flow continues to decay, the motions in small scales get dissipated more, leaving only a

few large vortices in the chamber. The last remaining vortex continues to decay, and the

flow is eventually dominated by the convection rolls, driven by heat provided from the laser

illumination.

In case of the single oscillating grid, the strong mean flow leads to require a long time

for the flow to completely develop into turbulence. Thus, we first examine the results of the

double oscillating grids and a turbulent blob.

4.1.6 Integral scale controls turbulence decay

Figure [? ]a plots the decay of turbulent kinetic energy for the double oscillating grid and

the turbulent blob. The measurements show the attenuation of energy over five orders of
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Figure 4.5: The structure of a fluctuating energy field coarsens as it decays. The
top row shows the schematic of the mean flow structure of the three methods to initiate
turbulence. The heat maps display the snapshots of the fluctuating energy field at t=0.5,
3, 60, and 600 sec. At approximately 800-1000s, the flow becomes dominated by thermal
convection. The intensity is scaled by the mean value at each instant of time. (Left) A
single oscillating grid (Middle) Double oscillating grids (Right) A turbulent blob.
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magnitudes. In terms of root-mean-square velocity, it is initially around 100mm/s, dropping

to 0.2 mm/s. To human eyes, it requires a patience to even notice the flow. Figure 4.6a

shows highlights the two distinct decay behaviors for these methods to generate turbulence.

The double oscillating grid exhibits the decay law of n = −2. This is the same decay

law observed in a pipe filled with He II [162]. This decay law is understood with an integral

length scale ℓ being constant throughout the decay 4.1.3, and our calculation validates this

assumption (Figure 4.6b, orange).

There exists two regimes of decay for a turbulent blob, which is understood via growth

of the integral scale. In the early times, it decays closer to t−1.3, and later closer to t−2. It

is impossible to express the measurement with a single power law by varying a virtual origin

(See Sect. C for our approach to determine a virtual origin). What gives rise to two power

laws? After inspecting the evolution of the integral length scale, the timing of the saturation

coincides with the moment that the decay law switches. When turbulence is confined within

the blob, the integral length scale is at most the radius of the blob. How does the integral

length scale grow as the turbulence spreads, and fills the entire chamber? Two scenarios are

possible. Eddies within the blob get stretched as the blob expands. In this case, the integral

length scale is expected to be as large as the size of the box once turbulence fills the chamber

at t − t0 = 0.5s. The second case is that eddies are simply advected as the blob expands,

keeping ℓ fixed? According to Figure 4.6b (green), we conclude that the latter takes place.

The spreading of the turbulence in chamber has little effect on the growth of the integral

scale. As soon as the integral scale saturates, the decay law approaches to n = −2.

The logarithmic recording technique reveals that the energy continues to decay over a

thousand of seconds with the exponent expected with turbulent dissipation. This poses a

question how flow at a low Reynolds number, Re= O(101), exhibits a turbulent character,

which we focus in the next section.
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Figure 4.6: Growth of integral lengths scale dictates the decay exponent of tur-
bulent kinetic energy. (a) Turbulent kinetic energy density on the measured plane for a
turbulent blob and double oscillating grids. The former shows two decay regimes, while the
latter follows a single power law with exponent -2. a virtual origins are -0.85 s and 1.72 s
respectively. (b) The integral length scale ℓ(t) grows with a power law from approximately
the blob radius (Rblob/(Lbox/2) ≈ 0.3) until saturation. Saturation coincides with the point
when energy exhibits faster decay. In contrast, the integral length scale remains constant
during decay of turbulence initiated by double oscillating grids.
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4.1.7 The Enduring Turbulence: Evolution of spectra and dissipation rate

At the final stage of decay, observed turbulence exhibits a simplified spatial structure charac-

terized by the presence of a large vortex occupying a chamber. During this period, one might

assume that the flow is no longer turbulent. Instead, viscous dissipation ϵviscous ∝ νU2/L2

takes place, as opposed to turbulent dissipation ϵ ∝ U3/L. Does the flow remain turbulent

throughout decay?

To investigate this, we analyze the energy spectrum. Figure 4.7a illustrates the spectrum

at different instants of time. Faintly plotted data points indicate regions affected by spectral

leakage and attenuation caused by PIV. For detailed information on how we determine the

valid spectrum region, we refer to Sect. 3.10. Initially, the spectra conform to Kolmogorov’s

five-thirds law, but the inertial subrange gradually diminishes over time. However, even

during the final stage of decay (Figure4.7b), the spectra align with the master curve derived

from a compilation of grid turbulence and boundary layer experiments [142]. The reduced

inertial subrange indicates the transition into the dissipation range for the rescaled spectrum.

This trend is also evident in the decay of turbulence initiated by the double oscillating grids

(Figure 4.7a-b).

To rescale the spectra to the master curve, an estimation of the dissipation rate ϵ(t) is

required. However, the methods outlined in Sect. 3.11.2 are not applicable for estimating

ϵ(t), except for the direct method. This is because these methods rely on identifying the

inertial subrange either in the energy spectrum or the structure function. In this study, we

employed three alternative methods to estimate the dissipation rate, which are summarized

as follows.

1. Derivative method: Compute the finite difference of the average fluctuating energy

with respect to time, d⟨q(x, t)⟩s/dt.

a. [142] plots a collection of 1D energy spectra from numerous experiments. Here we multiplied the
referenced spectrum by 55/18 to compare it to our 3D spectra [134].
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Figure 4.7: Energy spectrum of a turbulent blob exhibits turbulent nature during
the entirety of decay. (a) Time evolution of 3D energy spectrum of the turbulence
initiated by vortex ring collisions at different times. (b) Rescaled spectra of (a) are plotted
along side the master curvea [142]. (c) Energy spectra of turbulence initiated by double
oscillating grids. (d) Rescaled spectra of (c). Data points that contain artifacts from PIV
are faintly shown. See Sect. 3.10.
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2. Spectral method: Perform fitting to the rescaled one-dimensional energy spectrum to

the master curve. We only fit the part of the spectrum that does not contain artifacts

by PIV.

3. Direct method: Compute ϵsij = 2ν⟨sijsij⟩s where sij = (1/2)(∂jui + ∂iuj). This

method assumes isotropy, and requires the data to be spatially resolved.

In both cases of turbulent blob and double oscillating grids, the three methods show agree-

ment in their estimations of the dissipation rate up until the middle of the measurement

period, after which the direct method starts to deviate from the other methods (see Fig-

ure 4.8a-b). This deviation suggests that the direct method underestimates the average

dissipation rate. This underestimation is likely due to the fact that in the late phase of

decay, dissipation predominantly occurs near the wall as a result of the presence of a large

vortex. The direct method, limited in its view, fails to accurately capture the true average

dissipation rate.

On the other hand, both the derivative and spectral methods consistently agree through-

out the decay process. The slight deviation observed in the last few data points can be

attributed to the point where turbulence ceases to exist and thermal convection becomes

dominant in the flow chamber.

We are now interested in understanding how the integral scale evolves throughout the de-

cay process. The agreement between ϵE11
and the measured dissipation rate, d⟨q(x, t)⟩s/dt,

strongly suggests that turbulent dissipation occurs throughout the decay. By employing

dimensional analysis, we define the alternative integral length scale L as follows:

L(t) = ⟨q(x, t)⟩3/2s

ϵE11
(t)

. (4.14)

While one might consider defining L(t) by substituting ϵE11
(t) with |dq/dt|, this approach
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The piston stops. The last set of vortex rings arrives.

Figure 4.8: Comparison of dissipation rate calculated by the (1) derivative (2)
spectral and (3) direct methods. (a)Double oscillating grids. (b) A turbulent blob. The
faint, blue data points represent random fluctuations of turbulent energy and not dissipation.

to determining the integral scale ℓ would be circular. To avoid this circularity, we utilize

the dissipation rate obtained through the spectral method. We find that the integral scale

L exhibits a different growth exponent compared to the longitudinal integral scale ℓ(t) ∝

(t− t0)
0.15 (see Figure 4.9a). This discrepancy can be attributed to the weak dependence of

the non-dimensional dissipation rate ϵ0 on the Reynolds number. It can be shown that ϵ0 is

equal to the ratio of the two integral scales, i.e., ϵ0 = ℓ/L. By computing the ratio of these

integral scales, we observe that ϵ0 fluctuates between 0.5 and 2.2, which is consistent with

values reported in the literature (0.5 < ϵ0 < 1.5 for 50 > Reλ > 5) [165, 179].

To summarize, the rescaled energy spectrum support the view that flow is turbulent

throughout decay. With the dissipation rate required to scale the spectra, the growth rate of

the integral length scale is consistent with the decay exponent of turbulent energy. Figure 4.9

shows the evolution of total energy Q(t) by numerically solving Eq. 4.11 in 3D with a time

varying integral length scale and ϵ0 = 1.0. We employed the initial condition from a 3D

PTV measurement of a turbulent blob, and chose the Neumann boundary condition. The

result exhibits two decay regimes as observed in experiments.
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Turbulent blob
Double oscillating grids

Figure 4.9: Integral length scale, defined as L(t) = q3/2(t)/ϵE11
(t) exhibits the scaling

consistent with the observed decay law: n = 2(nL − 1). (a) The integral length scale
L grows and saturates for a turbulent blob. On contrary, it takes a constant value for double
oscillating grids. (b) Non-dimensional dissipation rate ϵ0 is plotted. The different exponents
of ℓ(t) ∝ (t− t0)

nℓ and L(t) ∝ (t− t0)
nL indicates that ϵ0 depends on time, equivalently the

Reynolds number.
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Figure 4.10: The zeroth law with a time-varying integral length scale results in
two decay regimes. We perform a simulation of Eq. 4.11 with an experimental initial
condition with a prescribed integral length scale. (a) Total energy in the simulation volume
shows the existence of two regimes with distinct decay exponents, 2(nℓ − 1) and −2. (b) A
prescribed function of the integral length scale is plotted. nℓ. The simulation was performed
with ϵ0 = 1.0 and ∆t = 0.01.
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4.1.8 Turbulence Initiated by a Single Oscillating Grid

Turbulence that is initiated by a single oscillating grid is distinct from the explored cases in

two ways. First, it is dominated by a mean flow. Second, the flow is strongly anisotropic.

These features lead to take a longer time for featureless turbulence to be established. This

transient period is observed across the quantities we have introduced to characterize the

decay (See Figure 4.11a-f). The turbulent kinetic energy is not described by a single power

law but it asymptotically reaches to the t−2 decay. The longitudinal integral length scale

ℓ(t) is near the saturation when the forcing stops. The presented picture still remains true:

the integral length scale controls the decay of turbulent energy.

Single oscillating grid
Double oscillating grids
Turbulent blob

a

b

Contains  
PIV artifacts

The piston stops.

The piston 
stops.

The front of a blob 
reaches the wall.

The last set 
of vortex 
rings collides.

The piston stops.

The piston 
stops.

c

d

e
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Figure 4.11: Decay of turbulence initiated by a single oscillating grid (a) Turbulent
kinetic energy vs reduced time. (t0 = −0.63 s) (b) Integral length scale vs time. (c)
Dimensionless dissipation rate ϵ0 vs time. (d) Time evolution of the 3D energy spectrum.
(e) Time evolution of the rescaled 3D energy spectrum. (f) Dissipation rate vs time.
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4.1.9 Conclusions

We investigated the decay of turbulence inside a confined box using three different turbulence

generation methods: a single oscillating grid (SOG), double oscillating grids (DOG), and

repeated collision of vortex rings (a turbulent blob). We observed that both SOG and DOG

exhibited an energy decay characterized by a power law of t−2, consistent with findings from

quantum turbulence [162]. The turbulent blob showed two distinct decay regimes with power

laws of t−1.3 and t−2, respectively. The transition between these regimes coincided with the

saturation of the integral length scale. Numerical simulations of a model with a time-varying

integral length scale supported our experimental observations. Overall, our results suggest

that the integral length scale plays a crucial role in controlling the decay of turbulence inside

the box.

Once turbulence becomes fully developed in a closed chamber, its length scales (integral,

Taylor, and Kolmogorov scales) grow but at different rates, leading to close the separation

of scales. In our experiments, it is found that the flow holds to possess turbulent character

even after 800 seconds, and the energy drops close to six orders of magnitudes during this

period. It is the first time when the t−2 decay is observed in water. Previous confirmation

of this decay law took place in the closed pipe filled with He II. In both cases, this decay

mode requires the saturation of integral length scale. By starting with the isolated blob of

turbulence, we manage to engineer the integral length scale to be smaller than the value

of saturation which is found to be about 30% of the chamber dimension. Then turbulence

decays with two power laws. The first regime corresponds to the period when the integral

length scale grows, and the decay law is expressed by n = 2(nℓ − 1). The second regime

corresponds to the saturation of the integral scale, resulting in the t−2 decay. The model

equation in Eq. 4.11 captures how the decay law dynamically changes as the integral length

scale saturates.

Our findings confirm the validity of the zeroth law of turbulence throughout the decay
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process, even at low Reynolds numbers around O(101). This law states that, in dynamical

equilibrium, the energy injection rate at large scales matches the dissipation rate at small

scales. We observed that this law holds true even when the system is decaying, which is

out of a statistical equilibrium. Our results align with previous studies where variations in

the decay law were observed due to factors like limited domain size and uncontrolled growth

of the integral length scale. Overall, our experiments, simulations, and theoretical analysis

support the idea that manipulating the integral length scale offers control over the decay

behavior of turbulence.
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4.2 Propagation of turbulence

The study of turbulence blob in a quiescent fluid provides a unique opportunity to explore

its spreading characteristics. In the presence of mean flow advection often hinders the in-

trinsic diffusivity of turbulence, making it challenging to separate transport from the mean

flow. For a turbulent blob, mean flow is substantially smaller than the turbulence within the

core. Although a pioneering investigation [161] using superfluids showcased the enhanced

diffusivity of turbulence in a quiescent region, no experiments have been conducted to ex-

amine the intrinsic diffusivity of classical turbulence. In this section, we present findings on

the spreading behavior of a spherical region of turbulence within its quiescent surroundings,

marking the first investigation of its kind in classical turbulence. Our results demonstrate

that the propagation of turbulence follows similar scaling laws observed in reference [161],

yet with a distinctive long-tail shape instead of a sharp front.

4.2.1 Review of previous studies

The problem of turbulent mixing was initially considered by Richardson, which led to G.I.

Taylor’s formulation of shear-augmented diffusivity [169]. Prior to this, Kolmogorov provided

a phenomenological argument in [84] for how eddies enhance diffusivity and introduced

ℓq1/2 as the effective diffusivity in turbulent flows, also known as eddy diffusivity. The key

idea is that large eddies play a crucial role in turbulent transport, making the diffusivity

proportional to the product of the integral scale and the characteristic velocity scale.

In our study, we consider a model (Eq. 4.11) that incorporates the concept of eddy

diffusivity. Barenblatt et al.[11] and Chen & Goldenfeld [36] independently investigated the

same model in the context of a turbulent burst in a pipe. Chen and Goldenfeld demonstrated

that an initial turbulent burst develops into a sharp front, later found consistent with the

experiments using superfluid [161]. In our study, we define h(t) as the position of the

turbulent front that separates the region with finite energy from the rest. We assume ℓ(t) =
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αh(t), where α is a dimensionless constant to be determined through experiments. By

treating the dissipative term as small (ϵ0 ≪ 1), we employ perturbation theory to derive

first-order asymptotic solutions:

Total turbulent energy Q(t) ∼ t
− ϵ0

15α2

Front position h(t) → ξ0Q
1/5t2/5 ∼ t

2
5−

ϵ0
75α2

Turbulent energy density q(r, t) → Q

h3

(
1

10α

)2

ξ50

[
1−

( r
h

)2]2
+
∼ t

−6
5−

2ϵ0
75α2

[
1−

( r
h

)2]2
+

Turbulent enstrophy density ω2(r, t) ∼ t
−11

5 − 2ϵ0
75α2

[
1−

( r
h

)2]3
+
. (4.15)

Here “+“ is a cutoff defined as g+ ≡ g ·Θ(g) where Θ is the Heaviside function. We kindly

acknowledge Minhui Zhu and Nigel Goldenfeld for performing the calculations. Details of

the calculation can be found in Appendix B.

4.2.2 Experimental methods

In this study, we examine the spreading behavior of a turbulent blob within a quiescent fluid.

To generate an isolated turbulent blob, we repeatedly collide vortex rings, as described in

[110]. Once the vortex rings are no longer fed, the turbulent blob expands naturally. By

varying the size and intensity of the injected vortex rings, we manipulate the characteristics

of the turbulent blob.

To capture the dynamics of the spreading process, we employ two-dimensional Particle

Image Velocimetry (PIV) with two different views: a “wide” view and a “narrow” view,

as illustrated in Figure 4.12a-b. Initially, we analyze the measurements obtained from the

widest view to investigate how turbulence spreads in a quiescent fluid. After confirming

that the qualitative results are consistent, we proceed to collect additional data using the

narrow view, effectively increasing the Reynolds number of the turbulent flow. Table 4.3

provides a comprehensive summary of the experimental conditions employed in this study.
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In the table, the integral length scale is estimated using the empirical relation α0Rring with

α0 = 2.17± 0.13.

Wide view Narrow view

a b

Figure 4.12: Description of two views used for measurement of a propagating
front. (a) A wide view is used to examine the isotropy of the front. (b) A narrow view is
used for efficient data collection to assess the effect of the Reynolds number on the front.

Lp Vp L/D veff f u′ L = α0Rring Re=u′L/ν Number
(mm) (mm/s) (mm/s) (Hz) (mm/s) (mm) of runs

(Wide view)

11.2 247 2.1 213 5 288 26.3 7.6× 103 10
(Narrow view)

11.2 105 2.1 102 5 52 26.3 1.4× 103 7

11.2 247 2.1 213 5 288 26.3 7.6× 103 9

11.2 413 2.1 363 5 401 26.3 1.1× 104 7

11.2 710 2.1 420 5 450 26.3 1.2× 104 7

15.3 708 2.9 513 5 615 28.3 1.7× 104 7

Table 4.3: Experimental summary of front propagation of freely expanding tur-
bulence.
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4.2.3 Propagation of a turbulent front

In a steady state, a turbulent blob remains confined and adjusts its dissipation rate and

size to the injected vortex structure. However, once the injection of vortex rings ceases,

the turbulent blob freely expands, as depicted in Figure 4.13a-c. To analyze the expansion

process comprehensively, we compute the radial distribution of turbulent energy density at

each frame and present it in the form of a kymograph (Figure 4.13d). Similarly, the enstrophy

within the blob expands in tandem with the energy (Figure 4.14a-d). In each kymograph,

we plot either energy or enstrophy that is scaled by the value at the origin. This way, the

kymograph easily addresses how each quantity is spreading.

To evaluate the spreading dynamics, we examine the radial profiles of energy and en-

strophy at different times (Figure 4.13a and Figure 4.16a). To track spreading, we identify

the contour where the relative energy (or enstrophy) drops to a certain threshold. In Fig-

ure 4.13d and Figure 4.14d we show two contours hp that correspond to the threshold values

p of 0.5 and 0.1. Motivated from the self-similar solution of Eq. 4.11, we define the apparent

front position as h(t) = hp/
√
1−√

p. This mapping translates the contour obtained by

thresholding to the position of the front if shape of the front is consistent with the form

in Eq. 4.15. An alternative mapping using second moment is possible but only differs by a

constant.

By scaling the radial distance using the apparent front position h(t) or the expected

scaling law (t − t0)
2/5 of h(t), the profiles collapse. The observed front exhibits a long tail

(Figure 4.15b), which resembles the mean-field solution observed in quantum turbulence.

This highlights the background flow outside the blob. Similarly, the enstrophy front exhibits

a shape consistent with the mean-field solution, albeit with a tail (Figure 4.16b). Because

the background flow is laminar, this tail of the enstorophy front is less pronounced than the

energetic front.

Furthermore, we analyze the attenuation of energy and enstrophy density at the origin
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as they spread (Figure 4.13e and Figure 4.14e). Although the exact exponents are difficult

to determine with a limited range, the observed evolution is consistent with the mean-field

predictions. The fitted power-law exponents for the front position h(t) and energy density

q(r = 0, t) are consistent with the mean-field expectations (See Sect 4.1.3), with nh = 0.38

and nq = −1.3, respectively, compared to the mean-field predictions of nh = 2/5 and

nq = −6/5.

Finally, we investigate the dependency of the spreading behavior on Reynolds number.

By controlling the injected power feeding to the blob and varying the Reynolds number at

the beginning, we find that the shape of the turbulent front remains independent of Reynolds

number within the range of 2600 to 174,000 (Figure 4.17).

t=1.5s t=2.5s t=4.0sa b c

d e

Figure 4.13: Propagation of energy within a spherical turbulent burst. (L/D, veff , f)
= (2.1, 213 mm/s, 5 Hz)(a-c) Snapshots of ensemble-averaged turbulent energy field at
different time are shown. The last set of vortex rings arrive at t = 1.4s. (d) A kymograph of
scaled turbulent energy represents the expansion of the blob. (e) Time-evolution of average
turbulent energy on the plane of measurement is shown. Each scale bar represents 50mm.
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Figure 4.14: Propagation of enstrophy within a spherical turbulent burst.
(L/D, veff , f) = (2.1, 213 mm/s, 5 Hz)(a-c) Snapshots of ensemble-averaged turbulent en-
ergy field at different time are shown. The last set of vortex rings arrive at t = 1.4s. (d)
A kymograph of scaled turbulent energy represents the expansion of the blob. (e) Time-
evolution of average turbulent energy on the plane of measurement is shown. Each scale bar
represents 50mm.
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Figure 4.15: Propagation of energy within a spherical turbulent burst. (L/D, veff , f)
= (2.1, 213 mm/s, 5 Hz)(a-c) Snapshots of ensemble-averaged turbulent energy field at
different time are shown. The last set of vortex rings arrive at t = 1.4s. (d) A kymograph of
scaled turbulent energy represents the expansion of the blob. (e) Time-evolution of average
turbulent energy on the plane of measurement is shown. Each scale bar represents 50mm.

ba

Figure 4.16: Propagation of enstrophy within a spherical turbulent burst.
(L/D, veff , f) = (2.1, 213 mm/s, 5 Hz)(a-c) Snapshots of ensemble-averaged turbulent en-
ergy field at different time are shown. The last set of vortex rings arrive at t = 1.4s. (d)
A kymograph of scaled turbulent energy represents the expansion of the blob. (e) Time-
evolution of average turbulent energy on the plane of measurement is shown. Each scale bar
represents 50mm.
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Figure 4.17: The shape of a radially propagating turbulent front is independent
of Reynolds number from 2,600-17,400. The vertical error bars indicate the standard
deviation, and the horizontal error bars represent the bin width where the mean is computed.

4.2.4 Conclusions

We have investigated how an isolated, spherical turbulent burst spreads in a quiescent fluid.

We initialize the confined turbulence by repeatedly colliding vortex rings. Once the turbu-

lence is fully established after 50 collision cycles, we let the blob freely expand while it decays

simultaneously. Our findings are summarized as follows.

1. Energy and enstrophy spread with a profile with a tail unlike the observed sharp front

in quantum turbulence [161]. The measured profiles in our experiment agrees with the

predicted sharp profile until r/h < 0.75 with a tail due to the background.

2. Both turbulent energy and enstrophy spread self-similarly.

3. Fitting the h(t) and the energy density at origin q(r = 0, t) with same virtual origin

yields h(t) ∝ (t − t0)
0.38 and q(r = 0, t) ∝ (t − t0)

−1.3. These exponents are in a

closer agreement with the mean-field predictions of the eddy diffusivity model (nh =
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2/5 = 0.4, nq(r=0) = −6/5 = −1.2) than simple diffusion (nh = 1/2 = 0.5, nq(r=0) =

−3/2 = −1.5). For the latter, we refer the characteristic length such as the standard

deviation or full width at half maximum (FWHM) grows as (t− t0)
1/2.

4. No dependence on Reynolds number, in the range between 2600 and 17400, is found

in how turbulence spreads.

The findings are consistent with the mean-field solution of Eq. 4.11 that incorporates

eddy diffusivity. Although the dissipative term is found to be dominant, the proposed

model encapsulates the diffusive dynamics as it predicts the consistent exponents of the

front position h(t) and the energy density at the center of the spherical turbulent burst

q(r = 0, t). However, the observed profile of energy and enstrophy both exhibit a tail

that is not explained by the model. Preliminary simulations using observed profile as an

initial condition show that the tail persists for a substantial time before it approaches the

asymptotic form. Moreover, allowing the integral time scale ℓ(t) to vary in time, as seen

in experiments, affects the stability of the solution. Future work includes unveiling (1)

the source of the tail and (2) duration until the profile reaches the asymptotic form and

(3) how the asymptotic form is affected by temporally varying integral scale. Overall, this

experiment addresses the novelty in directly probing the transport property of turbulence.

While the model with simple diffusion is possible, the formulation with the eddy diffusion is

consistent with the observed dynamics of spreading with physically interpretable diffusivity

of turbulence.
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CHAPTER 5

CONCLUSIONS AND OUTLOOK

In this work, we have developed a novel approach to generate an isolated region of turbulence

far away from the boundaries. We have thoroughly examined the behavior of turbulence

within the blob and investigated its decay process. The following highlights and outlook

summarize our key findings:

5.1 Key findings

Turbulence

1. Successful creation of a sustained, isolated blob of turbulence away from boundaries.

2. Controlled injection of inviscid invariants to turbulence using vortex rings.

3. Transition from coherent vortex reconnections to turbulence and development of a

theory.

4. Direct measurement of a 3D turbulent energy spectrum without relying on Taylor’s

frozen turbulence hypothesis.

5. Observation of enduring turbulence throughout the decay process.

6. Identification of two decay laws and their relationship to the saturation of the integral

length scale.

7. Direct measurement of the diffusive properties of turbulence in water.

Vortex rings

1. Creation of a helical vortex ring using a helical orifice.
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2. Comprehensive characterization of inviscid invariants carried by a vortex ring using

3D PTV.

3. Data collapse of vortex ring properties (radius, circulation, and traveling speed).

4. Observation of symmetrical collision of eight identical vortex rings.

5. Discovery of duality in symmetrical collisions of identical vortex rings.

Techniques

1. Construction of a mobile 2D/3D velocimetry setup with multiple high-speed cameras,

a pulsed laser, and a chiller, enabling various experimental configurations.

2. Development of an optimal triggering scheme for measuring turbulence decay over

extended durations.

3. Establishment of a data infrastructure for efficient experiment management, data pro-

cessing, storage, and transfer.

4. Release of a comprehensive Python library called tflow for 2D and 3D velocimetry anal-

ysis, including energy spectra, structure functions, and turbulence length scales. The li-

brary is available to the public, and is hosted at Github: https://github.com/tmatsuzawa/tflow.

5. Development of a visualization technique for Lagrangian dynamics using 3D rendering

software.

6. Construction of experimental chambers and actuating mechanisms for producing the

presented experimental outcomes.
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5.2 Outlook

As final remarks, we offer avenues for further investigation and ask questions beyond the

scope of this thesis.

Confined turbulence

1. How does energy transfer occur at the turbulent-non-turbulent interface (TNTI)?

2. How does turbulence respond to a periodic drive?

3. Can we create two blobs of turbulence with different intensities and connect them with

a pipe to observe thermal-like transport?

4. Can alternative symmetrical configurations be used to confine turbulence? For exam-

ple, can platonic configurations with different numbers of entrances and exits effectively

confine the flow?- Icosahedral and tetrahedral configurations are next promising as they

produce less number of vortex rings after collisions.

5. Can turbulence be confined with significant angular impulse? Are there optimal strate-

gies for achieving this confinement?

6. Can the presented approach be extended to confine plasma?

Helical turbulence

1. How does helicity alter energy spectra in classical turbulence? What are the potential

variations in the energy spectrum?- Our preliminary measurement yields E(κ) ∼ κ−5/3

andH(κ) ∼ κ−8/3. With the ability to tune helicity in the blob, one can systematically

investigate the effect of helicity on turbulence.

2. How abundant is helical turbulence in nature?

Batchelor turbulence- turbulence with significant angular impulse
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1. Can one create turbulence with significant angular impulse?- Eq. 4.2 suggests that

turbulence with significant angular impulse leads to alter its integral scale from E(κ) ∼

κ2 to ∼ κ4 near origin. Answering this question has a potential to control the integral

length scale at will.

2. How does turbulence with significant angular impulse decay?

3. Does turbulence possess a memory?- In the concluding stage of our decay experiments,

the majority of recorded footage reveals the presence of a prominent clockwise-rotating

vortex. Interestingly, when we introduce the opposite angular impulse, the chirality

of the final vortex is influenced. This observation challenges Kolmogorov’s hypothesis,

which suggests the loss of such memory as eddies cascade down. By leveraging a

turbulent blob, we have the opportunity to investigate the point at which turbulence

relinquishes information by tracking the behavior of inviscid invariants.

Helical vortex rings

1. How do inviscid invariants of a helical vortex ring evolve?

2. What is the stability of a helical ring? How does it maintain its structure over time?

Techniques

1. Can we develop a physically consistent deconvolution operator, using a data-driven and

self-consistent approach, to address artifacts in PIV-extracted flows such as blurring

and spectral leakage?
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APPENDIX A

SYMBOLS AND CONVENTIONS

Here we summarize the symbols and conventions used in this thesis.

For a vector field Ui(xj , t),

⟨Ui⟩(xj , t) =
∫
f(xj , t)Ui(xj , t)dxjdt (A.1)

refers to an ensemble average with the probability function f(xj , t). In experiments, f(xj , t)

is unknown a priori. Instead of ensemble averaging, we frequently perform temporal averag-

ing of Ui(xj , t):

⟨Ui⟩t(xj) =
1

τ

∫ τ

0
Ui(xj , t)dt. (A.2)

The ensemble averaging and the temporal averaging are said to be identical for a statistically

stationary system (ergodicity).

The spatial average is denoted by a subscript s.

⟨Ui⟩s(t) =
1

V

∫
V
Ui(xj , t)dV (A.3)

Similarly, the average over a polar angle is denoted by θ.

⟨Ui⟩θ(r, ϕ, t) =
1

2π

∫ 2π

0
Ui(r, θ, ϕ, t)rdθ (A.4)

To study the phase dependence of the flow, we use the following notion to denote the phase

Θ ∈ [0, 1) throughout the paper.

t = nT +Θ (A.5)
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Here, n ∈ Z is a number of cycles, and T is a forcing period. The phase-locked (or phase-

averaged) quantity is denoted by a subscript n, and is given by

⟨Ui⟩n(xj ,Θ) =
T

τ

∫ τ

0
Ui(xj , t)δ[(t mod T )−Θ]dt (A.6)

for τ mod T = 0. These averaging procedures can be combined. For example, we presented

the energy averaged over space and cycles (Eq. A.3 and A.6) in Figure 3.2d.

1

2
⟨UiUi⟩sn(Θ) =

T

τ

1

V

∫ τ

0

∫
V

1

2
Ui(xj , t)Ui(xj , t)δ[(t mod T )−Θ]dV dt (A.7)

Table A.1: Nomenclature

Basics

p Pressure

Re Reynolds number, Re = (u′L)/ν

t Time, t = (n+Θ)T ;n ∈ Z

Ui The i-th component of a velocity field

ui The i-th component of a fluctuating velocity field

or a velocity field in a general context

u′ Strewamwise, root-mean square fluctuating velocity, u′ = (1/d)
√∑d

i=0 u
2
i

Ωi The i-th component of a vorticity field Ω⃗ = ∇× U⃗

ωi The i-th component of a vorticity of a fluctuating velocity field

or vorticity in a generic context, ω⃗ = ∇× u⃗

Θ Phase with respect to a forcing period, Θ ∈ [0, 1)

ρ Density of a fluid

ν Kinematic viscosity

x, y, z Cartesian coordinates
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Table A.1: Nomenclature (cont’d)

σ, φ, z Cylindrical coordinates

r, θ, ϕ Spherical coordinates

κ⃗, κi Wavenumber

δ Kronecker delta

Symbols

⟨A⟩ Ensemble average of A

⟨A⟩n Phase-locked average of A(t) (Average over cycles with frequency f),

⟨A⟩n(Θ) = 1
fT

∫ T
0 A(t)δ((ft−Θ) mod 1))dt

⟨A⟩s Spatial average of A(xi), ⟨A⟩s = 1
V

∫
V A(xi)dV

⟨A⟩t Temporal average of A(t), ⟨A⟩t = 1
T

∫ T
0 A(t)dT

⟨A⟩ϕ Azimuthal average of A(r, θ, ϕ) in spherical coordinates,

⟨A⟩ϕ = 1
2π

∫ 2π
0 A(r, θ, ϕ)r2 sin θdϕ

⟨A⟩θ Polar average of A(r, θ, ϕ) in spherical coordinates,

⟨A⟩θ = 1
π

∫ π
0 A(r, θ, ϕ)r2 sin θdθ

ŭi Discrete Fourier transform of a fluctuating velocity field ui

ũi Continuous Fourier transform of a fluctuating velocity field ui

Chapter 2: Apparatus and Methods

f Forcing frequency

veff Effective velocity of a piston, veff = P ⟨Vp⟩

Do Diameter of an orifice in the experimental setup

Dp Diameter of a piston in the experimental setup

Lp Stroke length
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Table A.1: Nomenclature (cont’d)

Lbox Length of the experimental chamber

N Number of orifices in the experiments

Rp Radius of a piston; Rp = Dp/2

T Forcing period, T = 1/f

Vp Velocity of a piston

Chapter 3: Creation of an isolated blob of turbulence

Section 3.6: Vortex rings (Inviscid invariants)

A⃗ or Ai Angular impulse over an entire space

H Helicity over an entire space

I⃗ or Ii Hydrodynamic impulse over an entire space

K Kinetic energy over an entire space

L⃗ Angular momentum

P⃗ , Pi Linear momentum

Γ Circulation

Section 3.6: Vortex rings and

(Canonical modelsNorbury’s family of vortex rings)

a Radius of a vortex core

c Proportionality constant related to energy partition of a vortex ring,

Katmosphere = cKring

c1 Parameter related to vorticity distribution of experimental vortex rings

Eq. 3.21

Asph Radius of Hill’s spherical vortex
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Table A.1: Nomenclature (cont’d)

Hring Helicity of a vortex ring/loop

Iring Hydrodynamic impulse of a vortex ring

Kring Kinetic energy inside the vortex atmosphere with a presence of a vortex ring:

Kring = cK

Rring Radius of a vortex ring (radial distance to the first moment of vorticity)

Vring Self-induced velocity of a vortex ring

Γring Circulation of a vortex ring

Ωring Volume of a vortex atmosphere

α Constant in a vortex ring model

β Constant in a vortex ring model

ψ Streamfunction

K1 The first kind of the elliptic integrals

K2 The second kind of the elliptic integrals

αNorbury Shape parameter of a vortex family in [124]

Kadded Kinetic energy outside the vortex atmosphere with a presence of a vortex

ring

Krect Kinetic energy associated to a rectilinear motion of a vortex ring

Kint Kinetic energy associated to a internal motion of a vortex ring

Kψ Kinetic energy inside a volume bounded by an isocontour of a

streamfunction ψ

Mij Added mass tensor

Section 3.6: Vortex rings (Production and measurement)

d⃗ Unit vector of propagation of a vortex ring
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Table A.1: Nomenclature (cont’d)

h Semi-major radius of a vortex ring

l Semi-minor radius of a vortex ring

L∗, L/D Formation number

Kexp Kinetic energy inside the vortex atmosphere, measured by the PIV

experiments

P Velocity program factor, P = ⟨V 2
p ⟩t/⟨Vp⟩2t

Rslug Reynolds number of a slug of fluid

Vslug Velocity of a slug of fluid

Γc Circulation of a vortex ring within a core

Section 3.6: Vortex rings (Helicity attenuation)

a′ Clipping length

Rmajor Semi-major length of a twisted vortex loop

Rminor Semi-minor length of a twisted vortex loop

Tw Twist of a vortex loop

Wr Writhe of a vortex loop

ψ Complex scalar function to construct a twisted vortex loop

χ Parameter associated to a core size of a vortex loop

Section 3.8-3.9: Turbulent blob and Turbulent statistics

k Turbulent kinetic energy, k = 1
2⟨uiui⟩

u′ Characteristic fluctuating speed, u′ =
√
uiui/N ; i = 1−N

C Kolmogorov constant related to E(κ), E(κ) = Cϵ
2/3
0 κ−5/3 in the inertial

subrange
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Table A.1: Nomenclature (cont’d)

C1 Kolmogorov constant related to E11(κ), E11(r) = C1ϵ
2/3
0 κ

−5/3
1 in the inertial

subrange

C2 Kolmogorov constant related to DLL(r), DLL(r) = C2(ϵ0r)
2/3 in the inertial

subrange

E0 Average kinetic energy inside a turbulent blob

E Kinetic energy per unit mass E = UiUi/2

L Large eddy turnover time, L = u′3/ϵ0

Rblob Radius of a turbulent blob

Reff Effective radius of a turbulent blob, Reff = 41/3Rblob

δu Difference of fluctuating velocity between two positions,

δui = ui(x⃗+ r⃗)− ui(x⃗)

ϵ Dissipation rate

ϵ0 Dissipation rate inside a homogeneous turbulent blob

η Kolmogorov length scale η = (ν
3

ϵ0
)
1
4

λ Transverse Taylor microscale

Ωi The i-th component of vorticity of a temporally averaged flow ⟨Uj⟩t

Section 3.10: Energy spectrum and structure function

f(r) longitudinal velocity correlation function

g(r) transverse velocity correlation function

k Average fluctuating kinetic energy

klocal Average fluctuating kinetic energy in the measurement domain

w(xi) Window function

Dij Second-order structure function
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Table A.1: Nomenclature (cont’d)

DLL Second-order longitudinal structure function

Eij(κ1) One-dimensional turbulent energy spectrum along x1

E(κ) Turbulent energy spectrum

Fxi Fourier operator along the direction x̂i

J Jacobian

Rij Velocity two-point correlation function

Wx Interrogation window size along the x direction

Wy Interrogation window size along the y direction

ζ Correction factor due to windowing

κθ Polar component of a wavenumber vector

κϕ Azimuthal component of a wavenumber vector

κNy Nyquist wavenumber

κr Radial component of a wavenumber vector, κr =
√
κiκi

Φij Velocity spectrum tensor

Section 3.11-12: Energy balance of a blob and dissipation rate

p(r/Rblob) Fraction of dissipation (energy, or enstrophy) inside a sphere of radius r to

the total Eq. 3.51

sij Rate-of-strain tensor of a fluctuating velocity, sij =
1
2(∂j⟨ui⟩+ ∂i⟨uj⟩)

D Dissipated power, D = ρ
∫
V ϵ(r⃗)dV

Dtot Total dissipated power inside the experimental chamber

I Injected power, I = 8Kringf

Itot Total injected power inside the experimental chamber

Sij Rate-of-strain tensor, Sij =
1
2(∂jUi + ∂iUj)
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Table A.1: Nomenclature (cont’d)

Sij Rate-of-strain tensor of mean flow, Sij =
1
2(∂j⟨Ui⟩+ ∂i⟨Uj⟩)

ϵsij Dissipation rate that is computed via a rate-of-strain tensor sij

ϵDLL
Dissipation rate that is computed via a second-order structure function

ϵE11
Dissipation rate that is computed via a one-dimensional energy spectrum

τL Large eddy turnover time, τL = L/u′

Section 3.13: Enstrophy flux and confinement transition

fc Transitional forcing frequency from coherent vortex reconnections to

formation of a turbulent blob

mij Image moment of order (i, j) (Eq. 3.60)

J⃗m Mass current J⃗m = ρU⃗

J⃗Ω2 Enstrophy current, J⃗Ω2 = Ω2U⃗

α0 Parameter 0 in Figure 3.4; L = α0Rring

α1 Parameter 1 in Figure 3.4; ϵ0 = α1V
2
ringf

νij Second-order image moments

Iimg Intensity distribution of an image

Φm Integrated mass flux

ΦZ Integrated enstrophy flux

Section 3.14: Tuning the properties of the blob

E0 Average energy density inside the blob (r < Rblob

h Helicity density, h = UiΩi

H0 Total helicity

Hcg Helicity of a coarse-grained velocity field
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Table A.1: Nomenclature (cont’d)

Hring Helicity that is endowed within a helical vortex ring

Section 3.15: Gross-Pitaevskii simulation

Ψ Wavefunction

Φ Phase

ρ Density

ξ Healing length

Chapter 4: Decay and propagation

ℓ longitudinal integral length scale (Eq. 4.9)

L integral length scale;

n Exponent of turbulent kinetic energy

nℓ Exponent of a longitudinal integral length scale

nL Exponent of an integral length scale

q Turbulent kinetic energy; q = uiui/2 ∝ (t− t0)
n

t0 Virtual origin

∆ Temporal interval of customized triggering

ϵ0 Dimensionless dissipation rate; ϵ = ϵ0q
3/2/ℓ

κq Coefficient of diffusion for turbulent kinetic energy
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APPENDIX B

LONG-TIME ASYMPTOTICS OF A SPHERICAL

TURBULENT BURST

Here we derive the asymptotic solutions of a propagating spherical turbulent front in d

dimensions. We hereby acknowledge Minhui Zhu and Nigel Goldenfeld for performing the

calculations. In the Section 4.2.3, we compare our experimental measurements with their

predictions.

We begin with the model equation about turbulent energy density q(x, t) = uiui/2.

∂tq(x, t) = ∇ · ℓ(t)q1/2(x, t)∇q(x, t)− ϵ0
q3/2

ℓ
. (B.1)

Define h(t) as the location of turbulence propagation front from the original. The turbu-

lence is contained in the region specifed by r ≤ h(t). Assume ℓ(t) = αh(t) where α is a

dimensionless constant to be determined by experiment. Now Eq. B.1 is reduced to

∂tq = αh(t)∇ · q1/2∇q − ϵ0
q3/2

αh(t)
. (B.2)

Assuming spherical symmetry in d-dimensional space, Eq. B.2 is further reduced to

∂tq = αh(t)

[
d− 1

r

√
q ∂rq +

(∂rq)
2

2
√
q

+
√
q ∂2r q

]
− ϵ0

q3/2

αh(t)
(B.3)

In addition, we define the total energy of turbulence Q(t) as

Q(t) ≡
∫
ddr⃗ q(r⃗, t) =

∫ h(t)

0
Sd q(r, t) r

d−1dr, whereSd =
2πd/2

Γ(d/2)
(B.4)

At t = 0, we adopt the initial conditions h(0) = a and Q(0) = Qa. The dimensional analysis
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yields

q(r, t) =
Qθa
tθd

f

(
r

Q
θ/2
a tθ

,
a

Q
θ/2
a tθ

, α, ϵ0

)
(B.5)

h(t) = Q
θ/2
a tθfh

(
a

Q
θ/2
a tθ

, α, ϵ0

)
(B.6)

where θ ≡ 2/(d+ 2).

To find the long-time asymptotics of the equation, we consider Eq. B.2 as a perturbation

theory, and assume ϵ0 ≪ 1.

In the unperturbed case, where ϵ0 = 0, the total energy is conserved:

dQ

dt
= 0, Q(t) = Qa (B.7)

The unperturbed equation is

∂tq0 = αh0(t)

[
d− 1

r

√
q0 ∂rq0 +

(∂rq0)
2

2
√
q0

+
√
q0 ∂

2
r q0

]
. (B.8)

Consider a following initial profile:

q0(r, 0) ∝
[
1−

(r
a

)2]2
+

(B.9)

where ”+” is a cutoff defined as we find the zeroth order solution as g+ ≡ g ·Θ(g). Θ is the

Heaviside function. The solution is

q0(r, t) =
Qa

hd0

(
θ

4α

)2

ξ
2/θ
0

[
1−

(
r

h0

)2
]2
+

=
Qa

SdIdh
d
0

[
1−

(
r

h0

)2
]2
+

h0(t) =
(
ξ
1/θ
0 Q

1/2
a t+ a1/θ

)θ
(B.10)
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where ξ0 is a dimensionless coefficient defined such that h0(t) → ξ0Q
θ/2
a tθ as t→ +∞:

ξ0 =
[
4θ−1(SdId)

−1/2α
]θ

(B.11)

where Id =
8

d(d+2)(d+4)
.

Now we turn our attention to the dissipative case (ϵ0 > 0). Assume that the system

evolves adiabatically. That is, the solutions remain in the same functional forms except the

constant Qa. With this assumption, Qa is replaced with a time-dependent function Q(t),

leading to

q(r, t) =
Q(t)

hd

(
θ

4α

)2

ξ
2/θ
0

[
1−

(
r

h(t)

)2
]2
+

h(t) =
[
ξ
1/θ
0 (Q(t))1/2 t+ a1/θ

]θ
. (B.12)

Integrating both sides of Eq. B.2 over the space yields

dQ

dt
= − ϵ0

αh

∫
q3/2ddr

= − 3θ

2(d+ 6)

ϵ0
α2

ξ
1/θ
0 Q3/2

ξ
1/θ
0 Q1/2t+ a1/θ

(B.13)

where we plug in the adiabatic forms Eq. B.12 for h(t) and q(t). As t→ +∞, Eq. B.13 takes

the asymptotic form of

dQ

dt
= − 3θ

2(d+ 6)

ϵ0
α2

Q

t
⇒ Q→ Q0

(
t

t0

)− 3θ
2(d+6)

ϵ0
α2 ∼ t

− 3θ
2(d+6)

ϵ0
α2 (B.14)
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Subsequently, the front position h(t) and energy density function q(r, t) are given by

h(t) → ξ0Q
θ/2tθ ∼ t

θ− 3θ2

4(d+6)
ϵ0
α2

q(r, t) → Q

hd

(
θ

4α

)2

ξ
2/θ
0

[
1−

( r
h

)2]2
+
∼ t

−dθ− 3θ2

2(d+6)
ϵ0
α2

[
1−

( r
h

)2]2
+
. (B.15)

The predictions for the d = 3 are explicitly shown in Sect. 4.2.1.
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APPENDIX C

DETERMINATION OF VIRTUAL ORIGIN

In this section we address how we determine a virtual origin of a function that decays with

a power law. Consider a quantity x = A(t − t0)
n. The inaccurate estimation of virtual

origin t0 underestimates or overestimates the exponent n. To remove any subjective bias,

we determine t0 with the following procedure.

1. Guess n.

2. Perform weighted linear regression on x1/n(t) in the domain [ta, tb] where the power

law is expected. The weight is proportional to log t/ta.

3. Read off the x-intercept test0 .

4. Compute a cost function. The cost function is the coefficient of variance RSS
N−1 ·

1
Mean of the sample, x1/n

over the first half of the measurement after the quantity starts

decaying.

5. Repeat 2-5 for a different set of the exponent n and the fitting domain [ta, tb].

6. Determine t0 and n by finding the minimum of the cost function.

To assess the robustness of the algorithm, we test with synthetic data sets. Each data set

consists of 50 samples of a signal with a single power law (n = −2) and the Gaussian noise

scaled by the signal. That is, the noise is equal to xscale × N (µ = 0, σ). Figure C.1a-b

display the two samples with different noise levels (σ = 0.1 and 0.4). With the proposed

algorithm, Figure C.1c displays that the proposed algorithm accurately extracts the correct

power law as long as the noise level is low. The experimental data is estimated to have the

noise level of σ = 0.1− 0.2.
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a

c

b
 Ground truth

Figure C.1: Our proposed algorithm to extract virtual origin robustly measures
the true exponents. We generate samples that obey a power law (n = −2) with Gaussian
noise scaled by its magnitude. xsignal = xtrue(1 + noise). The noise level is characterized by
a standard deviation of the normal distribution. (a) A sample with a low noise level. (b) A
sample with a high noise level. (c) Deviation of the estimated decay law from the ground
truth shows that the robustness of the algorithm even at a high noise level. For each noise
level, 50 samples were studied.
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