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LIST OF FIGURES

Comparison of methods for denoising Poisson data for the “Bursts” test
function. Panel (a) shows the (unscaled) test function. The violin plots
in (b) and (c) show distributions of MISE for each method over 100 dat-
sets, with smaller values indicating better performance. Panel (b) is for
simulations with a (min,max) intensity of (0.01,3), and panel (c) is for
simulations with a (min,max) intensity of (1/8,8). The dashed green line
indicates the median MISE for smash. . . . . . ... ... ... .. ...
[llustration of the potential for smash to identify peaks in ChIP-seq
data. The data are ChIP-seq for the transcription factor YY7 in cell line
GM12878 collected by the ENCODE (Encyclopedia Of DNA Elements)
project, from a region of length 217(% 131k) base pairs from chromosome
1 (hgl9 chr1:880001-1011072). Panel (a) shows counts (summed across
two replicate experiments). Due to over-plotting, darker regions of the
plot correspond to higher concentrations of data points. Panel (b) shows
the estimated intensity function from smash (black solid line) and location
of peaks called by MACS (red markers beneath the estimated intensity).

ROC curves and areas under the curves for ChIP-seqg-based simulations
under the Negative Binomial generation scheme. For each of the 117
regions, one null case was simulated in which an effect is absent in the
4 samples, and one non-null case was simulated in which an effect was
present in the 4 samples. Methods being compared include Multiseq,
edgeR, DESeq and DESeq2. All window-based approaches used 300bp
windows, which is close to the width of the effect being simulated. Panels
(a), (b) and (c) show results when the region sizes are 2!1bp, 213bp and
25bp respectively. . . ...
ROC curves and areas under the curves for ChIP-seqg-based simulations
under the Beta Binomial generation scheme. For each of the 117 regions,
one null case was simulated in which an effect is absent in the 4 samples,
and one non-null case was simulated in which an effect was present in the
4 samples. Methods being compared include Multiseq, edgeR, DESeq and
DESeq2. All window-based approaches used 300bp windows, which close
to the width of the effect being simulated. Panels (a), (b) and (c) show
results when the region sizes are 21pp, 213bp and 2Ybp respectively. . .
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ROC curves and areas under the curves for DNase-seq-based simulations
under the Negative Binomial generation scheme, where the simulated ef-
fect is estimated from raw data using bayesthr. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-null
case was simulated in which an effect was present. Methods being com-
pared include Multiseq, WaveQTL, and DESeq with various choices of
window sizes. Panels (a), (b), (c), (d) and (e) show results when the
sample sizes are 4, 6, 10, 30 and 70 respectively. . . . . . . . .. ... ..
ROC curves and areas under the curves for DNase-seq-based simulations
under the Beta Binomial generation scheme, where the simulated effect is
estimated from raw data using bayesthr. For each of the 578 regions, one
null case was simulated in which an effect is absent, and one non-null case
was simulated in which an effect was present. Methods being compared
include Multiseq, WaveQTL, and DESeq with various choices of window
sizes. Panels (a), (b), (c), (d) and (e) show results when the sample sizes
are 4, 6, 10, 30 and 70 respectively. . . . . . . ... ...
An illustration where Multiseq is applied to the RNA-seq data for the
OAS1 gene in 69 Yoruba individuals from the International HapMap
project. 3 individuals had missing genotype information for the SNP of
interest (rs10774671) and were removed. Top three plots show the average
sequencing profiles for the three different genotype classes, normalized by
their sequencing depth. The bottom plot shows the estimated effect size
using Multiseq (solid black), as well as the posterior standard deviations
(dotted green). The red bar in the bottom plot indicates the region where
the splicing junction was discovered by Pickrell et al. (2010). In all four
plots, the vertical dotted blue lines mark the boundary where a segment
of the gene was excluded (see main text) for easier visualization. . . . . .
An example where Multiseq was applied to ChIP-seq-based simulations
under the Beta Binomial simulation scheme corresponding to one of the
MACS peaks. The three plots show results for region sizes of 2 bp, 213bp
and 2%bp respectively. For each region size, 100 independent datasets
were generated. In each of the plots, the black line corresponds to the
true simulated effect size, while the red line corresponds to the average
Multiseq estimate. Note that the results for all region sizes are zoomed
in to the same resolution for easier visual comparison. . . . . . . . . . ..
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ROC curves and areas under the curves for ChIP-seqg-based simulations
under the Negative Binomial generation scheme. For each of the 117
regions, one null case was simulated in which an effect is absent in the
4 samples, and one non-null case was simulated in which an effect was
present in the 4 samples. Methods being compared include Multiseq,
HMM-seq with and without the sparse prior, edgeR, DESeq and DESeq?2.
All window-based approaches used 300bp windows, which close to the
width of the effect being simulated. Panels (a), (b) and (c) show results
when the region sizes are 21bp, 213bp and 2'2bp respectively. . . . . . .
ROC curves and areas under the curves for ChIP-seqg-based simulations
under the Beta Binomial generation scheme. For each of the 117 regions,
one null case was simulated in which an effect is absent in the 4 samples,
and one non-null case was simulated in which an effect was present in the
4 samples. Methods being compared include Multiseq, HMM-seq with
and without the sparse prior, edgeR, DESeq and DESeq2. All window-
based approaches used 300bp windows, which close to the width of the
effect being simulated. Panels (a), (b) and (c¢) show results when the
region sizes are 21 bp, 213bp and 215bp respectively. . . .. .. ... ..
ROC curves and areas under the curves for DNase-seq-based simulations
under the Negative Binomial generation scheme, where the simulated ef-
fect is estimated from raw data using bayesthr. For each of the 578 re-
gions, one null case was simulated in which an effect is absent, and one
non-null case was simulated in which an effect was present. Methods be-
ing compared include Multiseq, WaveQTL, HMM-seq with and without
the sparse prior, and DESeq with various choices of window sizes. Panels
(a), (b), (c¢), (d) and (e) show results when the sample sizes are 4, 6, 10,
30 and 70 respectively. . . . .. ..o
ROC curves and areas under the curves for DNase-seq-based simulations
under the Beta Binomial generation scheme, where the simulated effect
is estimated from raw data using bayesthr. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-
null case was simulated in which an effect was present. Methods being
compared include Multiseq, WaveQTL, HMM-seq with and without the
sparse prior, and DESeq with various choices of window sizes. Panels (a),
(b), (¢), (d) and (e) show results when the sample sizes are 4, 6, 10, 30
and 70 respectively. . . . . . ...
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3.11
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3.13
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Average DNase-seq profiles for two examples TFs, grouped according to
different total ChIP-seq reads. Panel (a) shows the average profiles for
BATF, where the first plot corresponds to the forward strand, and the
second plot corresponds to the reverse strand. Panel (b) shows the average
profiles for CTCF, where the first plot corresponds to the forward strand,
and the second plot corresponds to the reverse strand. In all four plots, the
black lines correspond to the average DNase-seq profile for samples with
total ChIP-seq reads above the 99-th percentile; the red lines correspond
to the average DNase-seq profile for samples with total ChIP-seq reads
between the 90-th and the 99-th percentile; the green lines correspond
to the average DNase-seq profile for samples with total ChIP-seq reads
below the 90-th percentile. . . . . . . . . .. ... ... L.
AuROCs from the Multiseq-based inference procedure for BATF-S356.
Panel (a) shows the auROCs when Multiseq is trained on DNase-seq
data from contiguous 1024bp windows within a region of length 16384bp
around the start of the motif instance. Panel (b) shows the auROCs
when Multiseq is trained on DNase-seq data from different regions sizes
(2%bp-2Mbp). L
AuROCs corresponding to the Multiseg-based inference procedure (black),
CENTIPEDE (red) and msCentipede (green) for NFE2-S92. Here all
three methods achieve nearly “perfect” auROCs, where the largest au-
ROC across all region sizes is greater than 0.995. Other TF-PWM pairs
showing this kind of pattern (possibly excluding CENTIPEDE) include
E2F4-S753, E2F4-S754, ELK1-S88, ELK1-S89, ELK1-S90, ELK1-S841,
ERRA-S661, ERRA-S662, ETS1-S99, ETS1-S100, ETS1-S101, IRF3-S147,
IRF4-S148, MAX-S325, NRF1-S194 and SREBP2-S342.. . . . . . .. ..
AuROCs corresponding to the Multiseq-based inference procedure (black),
CENTIPEDE (red) and msCentipede (green) for BATF-S356. Here the
Multiseg-based inference procedure outperforms both CENTIPEDE and
msCentipede. Other TF-PWM pairs showing this kind of pattern in-
clude BHLHE40-S311, CEBPB-5357, EBF-S79, EGR1-S4, ERRA-S838,
NFATC1-S186, NFATC1-S187, NFATC1-S188, NFKB-5189, NFKB-5190,
RFX5-5240, REX5-5241 and RFX5-S825 and ZNF143-543. . . . . . . ..

vii

64
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3.17

4.1

4.2

AuROCs corresponding to the Multiseq-based inference procedure (black),
CENTIPEDE (red) and msCentipede (green) for RUNX3-5250. Here
msCentipede outperforms the Multiseqg-based procedure for smaller re-
gion sizes, but the latter outperforms the former overall (using maximum
auROC across all region sizes) when larger region sizes are taken into ac-
count. The Multiseq-based procedure outperforms CENTIPEDE for all
window sizes. Other TF-PWM pairs showing this kind of pattern include
ELF1-S81, ELF1-S82, PU1-S123, SRFV0416101-S159 and SRFV0416101-

AuROCs corresponding to the Multiseg-based inference procedure (black),
CENTIPEDE (red) and msCentipede (green) for PAX5C20-S200. Here
msCentipede performs the Multiseq-based inference procedure. Other
TF-PWM pairs showing this kind of pattern include MAFK-S383 and
MAFK-S384. . . . . . .
AuROCs corresponding to the Multiseg-based inference procedure (black),
CENTIPEDE (red) and msCentipede (green) for CTCF-S2. Here the
maximum auROC across all regions for both the Multiseq-based infer-
ence procedure and msCentipede are nearly identical (< 0.003 difference).
Both methods outperform CENTIPEDE. Other TF-PWM pairs showing
this kind of pattern include GABP-S116. . . . . . . . .. ... ... ...

Estimates of ¢ for one particular run of the simulation. The four plots
correspond to the four distinct cluster means being simulated from. Black
lines indicate the true cluster means; red lines indicate the estimates from
Cluster-seq; green lines indicate the estimates from the basic GoM model.
Cluster-seq is able to estimate the true ¢ much more accurately than the
basic GoM model. . . . . ..o
Results from running the basic GoM model and Cluster-seq on RNA-seq
data from gene OAS1 with K = 3. Panel (a) shows the estimated cluster
means; top plot in panel (a) corresponds to estimates from the basic
GoM model, and bottom plot in panel (a) corresponds to estimates from
Cluster-seq. Panel (b) shows the admixture plots; top plot in panel (b)
corresponds to cluster memberships for the basic GoM model, and bottom
plot in panel (b) corresponds to cluster memberships for Cluster-seq. We
see that Cluster-seq not only gives a better visualization of the cluster
means, but is also able to separate the samples into the three genotype
classes much more accurately than the basoc GoM model. . . . . . . ..
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4.3

4.4

4.5

4.6

Pairwise correlation heatmaps for both the basic GoM model (panel (a))
and Cluster-seq (panel (b)), with K = 3. Each grid on the heatmap
denotes the between sample correlation of the cluster memberships ,
color-coded according to the amount of correlation. A hierarchical clus-
tering of the correlations further reveals (dis)similarities between samples.
The samples for Cluster-seq are categorized according to their genotype
classes much more accurately than using the basic GoM model. . . . . .
Correlation plots between cluster memberships estimated using the basic
GoM model (K = 3) and genotype classes for each SNP located within
and near gene OASI. The three plots correspond to the three clusters.
For each cluster, the SNP most significantly associated with the cluster
memberships is colored in blue, while the location of rs10774671 is marked
by the vertical dashed red line. We observe that the most significantly
associated SNP is rs10774671 only for the green cluster, but not for the

other two, and is in fact no where near to the physical location of rs10774671. 84

Correlation plots between cluster memberships estimated using Cluster-
seq (K = 3) and genotype classes for each SNP located within and near
gene OAS1. The three plots correspond to the three clusters. For each
cluster, the SNP most significantly associated with the cluster member-
ships is colored in blue, while the location of rs10774671 is marked by the
vertical dashed red line. We observe that the most significantly associated
SNP is rs10774671 for all three clusters. . . . . . .. .. ... ... ...
Results from running Cluster-seq on RNA-seq data from gene RPS13 with
K = 3. Top plot shows the estimated cluster means, while middle plot
shows the corresponding admixture plot. For this gene, we also label the
samples which belong almost exclusively to the blue cluster using their
individual IDs (middle plot). Same individuals are labeled using the same
color. Bottom plot shows the membership proportions represented as line
graphs, where the samples within each tissue are ordered ascendingly by
their normalized total expression. We note that the red cluster corre-
sponds to intronic reads, while the blue cluster has no expression at the
last two exons, revealing possible alternative splicing patterns. Further-
more, the individuals belonging almost entirely to the blue cluster may
have certain genetic variants associated with this cluster. . . . . . . . ..
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4.7

4.8

5.1

Results from running Cluster-seq on RNA-seq data from gene PSAP with
K = 4. Top plot shows the estimated cluster means, while middle plot
shows the corresponding admixture plot. Bottom plot shows the mem-
bership proportions represented as line graphs, where the samples within
each tissue are ordered ascendingly by their normalized total expression.
We note that the green cluster corresponds to intronic reads, while the
other clusters show no expression in the last few exons of the gene, reveal-
ing possible alternative splicing patterns. The presence of intronic reads
between the two exons located about 5500bp-9500bp away from the tran-
scription start site captures intronic retention. Certain individuals belong
almost entirely to the blue cluster, while others show remarkably high
membership in the green cluster. . . . . . . ... .. ... ... ... ..
Results from running Cluster-seq on RNA-seq data from gene GPX3 with
K = 3. Top plot shows the estimated cluster means, while middle plot
shows the corresponding admixture plot. Bottom plot shows the mem-
bership proportions represented as line graphs, where the samples within
each tissue are ordered ascendingly by their normalized total expression.
We note that the green cluster corresponds to intronic reads, while the
blue cluster shows expression only in the last exon. Certain individuals
belong almost entirely to the green cluster. Samples from Heart shows
interesting variation in the proportion of membership to the blue cluster.

Comparison of accuracy (MISE) of estimated mean curves for data simu-
lated with homoskedastic Gaussian errors. The figure shows violin plots
of MISEs for (from bottom to top) smash, smash with homoskedastic as-
sumption, TI-thresholding with homoskedastic assumption, Ebayesthresh
with homoskedastic assumption, and smash with known true variance.
Colors highlight certain features of a method: yellow for methods that
assume homoskedastic variance; dark purple for methods that are pro-
vided the true variance; magenta for the default smash method that esti-
mates both mean and variance. Smaller MISE implies better performance;
dashed green line indicates the median MISE for smash. smash outper-
forms both TI-thresholding and Ebayesthresh, and smash with estimated
variance performs nearly as well as with true variance. . . . . .. .. ..
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Comparison of accuracy (MISE) of estimated mean curves, for data sim-
ulated with heteroskedastic Gaussian errors. Panels (a) and (c¢) show
violin plots of MISEs for various methods on two sets of mean-variance
functions, shown as mean 42 standard deviations in panels (b) and (d).
In (a) and (c) TI-based methods are shown in red, while other colors are
as in Figure 5.1. Dashed green line indicates smash median MISE. . . . .
The mean function m(x) £2 standard deviations s(z) used in simulations
comparing smash and MFVB. These functions correspond to mean and
standard deviation functions (A) in Figure 5 from Menictas and Wand
(2015). . .
Results from fitting smash to the motorcycle acceleration data discussed
in Silverman (1985). The figure shows the estimate mean curve (solid
black line) with +2 the estimated standard deviation curve (dashed red

The six intensity functions used in the Poisson simulations, which are
rescaled to achieve the desired (min,max) intensities in the simulations. .
ROC curves and areas under the curves for DNase-seq-based simulations
under the Negative Binomial generation scheme, where the simulated ef-
fect is estimated from raw data using multiseq. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-null
case was simulated in which an effect was present. Methods being com-
pared include Multiseq, WaveQTL, HMM-seq with and without the sparse
prior, and DESeq with various choices of window sizes. Panels (a), (b),
(c), (d) and (e) show results when the sample sizes are 4, 6, 10, 30 and
70 respectively. . . . ..o
ROC curves and areas under the curves for DNase-seq-based simulations
under the Beta Binomial generation scheme, where the simulated effect
is estimated from raw data using multiseq. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-
null case was simulated in which an effect was present. Methods being
compared include Multiseq, WaveQTL, HMM-seq with and without the
sparse prior, and DESeq with various choices of window sizes. Panels (a),
(b), (c), (d) and (e) show results when the sample sizes are 4, 6, 10, 30
and 70 respectively. . . . . . ..o
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A4

A5

A6

AT

A8

A9

Results from running the basic GoM model and Cluster-seq on RNA-seq
data from gene OAS! with K = 2. Panel (a) shows the estimated cluster
means; top plot in panel (a) corresponds to estimates from the basic
GoM model, and bottom plot in panel (a) corresponds to estimates from
Cluster-seq. Panel (b) shows the admixture plots; top plot in panel (b)
corresponds to cluster memberships for the basic GoM model, and bottom
plot in panel (b) corresponds to cluster memberships for Cluster-seq.
Results from running the basic GoM model and Cluster-seq on RNA-seq
data from gene OAS1 with K = 4. Panel (a) shows the estimated cluster
means; top plot in panel (a) corresponds to estimates from the basic
GoM model, and bottom plot in panel (a) corresponds to estimates from
Cluster-seq. Panel (b) shows the admixture plots; top plot in panel (b)
corresponds to cluster memberships for the basic GoM model, and bottom
plot in panel (b) corresponds to cluster memberships for Cluster-seq.
Pairwise correlation heatmaps for both the basic GoM model (panel (a))
and Cluster-seq (panel (b)), K = 2. Each grid on the heatmap denotes
the between sample correlation of the cluster memberships 7, color-coded
according to the amount of correlation. A hierarchical clustering of the
correlations further reveals (dis)similarities between samples. . . . . . . .
Pairwise correlation heatmaps for both the basic GoM model (panel (a))
and Cluster-seq (panel (b)), K = 4. Each grid on the heatmap denotes
the between sample correlation of the cluster memberships 7, color-coded
according to the amount of correlation. A hierarchical clustering of the
correlations further reveals (dis)similarities between samples. . . . . . . .
Correlation plots between cluster memberships estimated using the basic
GoM model (K = 2) and genotype classes for each SNP located within
and near gene OASI. The three plots correspond to the three clusters.
For each cluster, the SNP most significantly associated with the cluster
memberships is colored in blue, while the location of rs10774671 is marked
by the vertical dashed red line. . . . . . .. ... .. ... ... .. ...
Correlation plots between cluster memberships estimated using Cluster-
seq (K = 2) and genotype classes for each SNP located within and near
gene OAS1. The three plots correspond to the three clusters. For each
cluster, the SNP most significantly associated with the cluster member-
ships is colored in blue, while the location of rs10774671 is marked by the
vertical dashed red line. . . . . . .. ... oo
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A.10 Correlation plots between cluster memberships estimated using the basic
GoM model (K = 4) and genotype classes for each SNP located within
and near gene OASI. The three plots correspond to the three clusters.
For each cluster, the SNP most significantly associated with the cluster
memberships is colored in blue, while the location of rs10774671 is marked
by the vertical dashed red line. . . . . . .. ... .. ... ... .....

A.11 Correlation plots between cluster memberships estimated using Cluster-
seq (K = 4) and genotype classes for each SNP located within and near
gene OAS1. The three plots correspond to the three clusters. For each
cluster, the SNP most significantly associated with the cluster member-
ships is colored in blue, while the location of rs10774671 is marked by the
vertical dashed red line. . . . . .. .. ... ... ... ..

A.12 Results from running Cluster-seq on RNA-seq data from gene RPL5 with
K = 2,3,4 and 5, corresponding to panels (a), (b), (¢) and (d) respec-
tively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.

A.13 Results from running Cluster-seq on RNA-seq data from gene RPL2/
with K = 2,3,4 and 5, corresponding to panels (a), (b), (c¢) and (d)
respectively. Top plot in each panel shows the estimated cluster means,
while bottom plot in each panel shows the corresponding admixture plot.

A.14 Results from running Cluster-seq on RNA-seq data from gene GPX3 with
K = 2,3,4 and 5, corresponding to panels (a), (b), (¢) and (d) respec-
tively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.

A.15 Results from running Cluster-seq on RNA-seq data from gene HSP90AB1
with K = 2,3,4 and 5, corresponding to panels (a), (b), (c¢) and (d)
respectively. Top plot in each panel shows the estimated cluster means,
while bottom plot in each panel shows the corresponding admixture plot.

A.16 Results from running Cluster-seq on RNA-seq data from gene RPSI12
with K = 2,3,4 and 5, corresponding to panels (a), (b), (¢) and (d)
respectively. Top plot in each panel shows the estimated cluster means,
while bottom plot in each panel shows the corresponding admixture plot.

A.17 Results from running Cluster-seq on RNA-seq data from gene PSAP with
K = 2,3,4 and 5, corresponding to panels (a), (b), (c) and (d) respec-
tively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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A.18 Results from running Cluster-seq on RNA-seq data from gene RPLP2
with K = 2,3,4 and 5, corresponding to panels (a), (b), (¢) and (d)
respectively. Top plot in each panel shows the estimated cluster means,
while bottom plot in each panel shows the corresponding admixture plot.

A.19 Results from running Cluster-seq on RNA-seq data from gene RPS13
with K = 2,3,4 and 5, corresponding to panels (a), (b), (c¢) and (d)
respectively. Top plot in each panel shows the estimated cluster means,
while bottom plot in each panel shows the corresponding admixture plot.

A.20 Results from running Cluster-seq on RNA-seq data from gene FTH1 with
K = 2,3,4 and 5, corresponding to panels (a), (b), (c) and (d) respec-
tively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.

A.21 Results from running Cluster-seq on RNA-seq data from gene RPLP1
with K = 2,3,4 and 5, corresponding to panels (a), (b), (c¢) and (d)
respectively. Top plot in each panel shows the estimated cluster means,
while bottom plot in each panel shows the corresponding admixture plot.
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ABSTRACT

In this dissertation, we focus on the problem of analyzing data from high-throughput
sequencing experiments. With the emergence of more capable hardware and more
efficient software, these sequencing data provide information at an unprecedented
resolution. However, statistical methods developed for such data rarely tackle the
data at such high resolutions, and often make approximations that only hold under
certain conditions.

We propose a model-based approach to dealing with such data, starting from a
single sample. By taking into account the inherent structure present in such data, our
model can accurately capture important genomic regions. We also present the model
in such a way that makes it easily extensible to more complicated and biologically
interesting scenarios.

Building upon the single-sample model, we then turn to the statistical question
of detecting differences between multiple samples. Such questions often arise in the
context of expression data, where much emphasis has been put on the problem of
detecting differential expression between two groups. By extending the framework
for a single sample to incorporate additional group covariates, our model provides
a systematic approach to estimating and testing for such differences. We then ap-
ply our method to several empirical datasets, and discuss the potential for further
applications to other biological tasks.

We also seek to address a different statistical question, where the goal here is
to perform exploratory analysis to uncover hidden structure within the data. We

incorporate the single-sample framework into a commonly used clustering scheme,

xXviil



and show that our enhanced clustering approach is superior to the original clustering
approach in many ways. We then apply our clustering method to a few empirical
datasets and discuss our findings.

Finally, we apply the shrinkage procedure used within the single-sample model
to tackle a completely different statistical issue: nonparametric regression with het-
eroskedastic Gaussian noise. We propose an algorithm that accurately recovers both
the mean and variance functions given a single set of observations, and demonstrate

its advantages over state-of-the art methods through extensive simulation studies.
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CHAPTER 1
INTRODUCTION

The advent of high-throughput next generation sequencing (NGS) data has revolu-
tionized the way scientists think about genomic data. Previously unfeasible research
questions are now the focus of biologists and statisticians worldwide, and the amount
of information cataloged so far has been tremendous. Even so, researchers have yet
to take full advantage of the full depth of information provided by NGS data. In this
dissertation, we aim to provide a model-based framework for analyzing NGS data at
the single base resolution, and attempt to tackle a variety of biological problems by

extending this framework in multiple directions.

1.1 Background

We first give a very brief overview of NGS technology and the data produced by
such technology, ignoring certain details for brevity. In its current form, NGS refers
to post-Sanger technology for sequencing DNA fragments. However, there exists a
variety of sequencing experiments aimed at answering different biological questions.
Here we list three of the most common sequencing experiments discussed later in

this dissertation, although they are by no means comprehensive:

1. RNA sequencing, or RNA-seq (e.g. Wang et al. (2009)). In molecular biology,
gene expression is the most fundamental quantitative measure of the proteins
synthesized by the gene, and also the most widely-used quantity for determin-

ing the observable traits of an organism. Transcription is the process by which
1



messenger RNA (mRNA) is produced using DNA as the base template, before
being translated into proteins. RNA-seq measures the amount of mRNA tran-
scribed from a region of DNA corresponding to a particular gene, and hence is
often used to study differences in gene expression (differential expression) be-
tween groups of samples using methods such as edgeR (Robinson et al. (2010))
and DESeq (Anders and Huber (2010)).

. Chromatin Immunoprecipitation sequencing, or ChIP-seq (e.g. Robertson et al.
(2007)). To better understand the mechanisms underlying gene expression and
the associated regulatory processes, much work has been focused on a particular
class of proteins that directly control the transcription process. These proteins,
aptly named transcription factors (TFs), bind to specific sites on the genome,
and one of the main goals of methods developed for ChIP-seq data (e.g. Zhang
et al. (2008)) is to find the location of these binding sites. ChIP-seq experiments
can also be used to identify sites where histones are modified, and locating
histone modification sites is an important step in understanding the epigenetic

factors that affect gene expression.

. DNase I hypersensitive sites sequencing, or DNase-seq (e.g. Song and Crawford
(2010)). While ChIP-seq experiments target specific TF binding sites or histone
modification sites, DNase-seq experiments serve to understand gene regulation
from another angle. Regions where regulatory processes occur (such as TF
binding sites or histone modification sites) typically affect chromatin structure
by opening up the originally condensed portions of the chromatin. DNase I is

an endonuclease that targets these accessible portions of the chromatin, also
2



known as DNase I hypersensitive sites (DHSs), and thus acts as a surrogate
for locating regulatory regions. DNase-seq experiments use DNase I to target
DHSs, and methods (e.g. Pique-Regi et al. (2011)) have been developed for

quantifying the location of these regions.

Although we have listed three seemingly different types of sequencing experiments,
the process of sequencing is actually identical for all types of sequencing experiments,
as the inputs to the sequencing machines are always DNA fragments. The key differ-
ence between different sequencing experiments is thus how the DNA fragments are
generated. In RNA-seq, transcribed mRNA sequences are targeted using special en-
zymes, before being reverse transcribed to complementary DNA (cDNA) sequences.
These cDNA sequences are then fragmented and then amplified through polymerase
chain reaction (PCR) before being sequenced. In ChIP-seq, DNA fragments bound
by TFs are sheared from the rest of the DNA sequences and extracted from the rest
of the cell debris using immunoprecipitation. The DNA fragments are then unlinked
from the bound TFs, then amplified using PCR and subsequently sequenced. In
DNase-seq, nuclei from cells are lightly digested using DNase I and the cleaved DNA
fragments at DHSs are extracted. The DNA framents are then amplified using PCR
before being supplied to sequencing machines.

Having obtained the DNA fragments from any given sequencing experiment, the
main purpose of the sequencing machines is to determine the exact nucleotide se-
quence of the DNA fragments. For the most widely used Illumina sequencing plat-
forms, this is typically done by using an independent pool of fluorescently labeled
nucleotide fragments. This way, one can determine the sequence reads for each DNA

3



fragment by recording the colors of the nucleotides that pair complementarily with
the nucleotides on the DNA fragment. Current technology allows for simultaneous
parallel sequencing of a massive number of DNA fragments to greatly speed up the
process.

Given the sequence information for the DNA fragments, the next step is to align
these fragments to a reference genome. While there will be differences between the
reference genome and the genomes of the individuals from which the DNA fragments
originated from, the fragments are typically long enough (>30 base pairs) for rela-
tively accurate alignment. After passing through various quality control steps and
other bioinformatics pipelines, we can eventually obtain counts at each base of the
genome, which is simply the total number of DNA fragments mapped to that loca-
tion. For the rest of this dissertation however, we will use Y}, to denote the number
of fragments whose first nucleotide maps to location b. Note that this differs from
the more commonly-used “coverage”, which is the number of fragments that cover
base b. As will be expounded upon in Chapter 2, this procedure limits the amount

of correlation between adjacent locations when modeling the sequencing counts.

1.2 Previous related work

Although NGS technology provides data at an unprecedented resolution, traditional
methodologies rarely exploit the structure of the data at this resolution. For example,
previously mentioned methods for detecting differences in gene expression such as
edgeR and DESeq aggregate RNA-seq counts within each gene and perform statistical

tests for differential expression at the gene level; methods aimed at detecting “peaks”
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in ChIP-seq data, such as MACS (Zhang et al. (2008)) and GEM (Guo et al. (2012)),
use sliding windows and DNA sequences respectively, ignoring the counts at the
base pair resolution for the most part. Although these methods have proven to be
extremely useful so far, our goal is to uncover more intricate structure by making
use of counts at each base.

More recently, several approaches have been proposed that attempt to answer bi-
ological questions at the base pair resolution. Frazee et al. (2014) tests for differential
expression at each base by first estimating differences between samples using a linear
model, and then modelling the presence or absence of differential expression using
a Hidden Markov Model. Shim and Stephens (2015) tests for association between a
covariate of interest and sequencing counts from multiple samples by exploiting the
spatial structure of sequencing profiles from each sample. Specifically, they transform
the matrix of counts using wavelets, and then model the relationship between the
transformed data and the covariate of interest using a linear model. Lee and Mor-
ris (2016) uses a similar wavelet transformation on the matrix of sequencing counts
and can model more complicated types of association in the transformed space, but
uses a computationally expensive Markov Chain Monte Carlo (MCMC) algorithm
to estimate parameters of the model. Fusi and Listgarten (2016) also exploits the
spatial structure present in the sequencing profiles, but models the structure using
Gaussian Processes instead of wavelet transformations. Wavelet transformations are
also used in Liu and Song (2016), where the wavelet decompositions of ribosomal se-
quencing counts at different scales are regressed on neighboring codon features using

a regularized linear regression, with the goal of predicting ribosome profiles.



While these recent methods do target at the base pair resolution, they are not
easily extensible. For example, Frazee et al. (2014) and Liu and Song (2016) de-
velop context-specific approaches for testing differential expression and prediction of
ribosomal profiles respectively, but do not directly model the sequencing counts in a
manner applicable to other problems. On the other hand, while Shim and Stephens
(2015), Lee and Morris (2016) and Fusi and Listgarten (2016) do indeed model the
sequencing counts directly, they make use of Gaussian models. In practice, sequenc-
ing counts are typically very low (with a lot of 0’s), and sequencing experiments
often have small sample sizes. These two factors may substantially lower the power
of models relying on Gaussian assumptions, and can be problematic for certain sce-

narios.

1.3 Dissertation outline

In Sections 1.1 and 1.2 we have provided the background behind NGS data and some
of the methodologies developed to analyze such data. We also discussed some of the
shortcomings of these methods, and now propose a flexible framework for modeling
NGS data at the base pair resolution.

In Chapter 2 we start off by modeling the sequencing counts for a single sample.
We justify a Poisson model for the counts at each base pair, and frame this in the
context of nonparametric Poisson regression. While there have been various meth-
ods developed specifically for this problem, we propose a novel Bayesian multiscale
framework that is adaptive and provides more accurate estimates of the underlying

Poisson intensities compared to state-of-the art methodologies, as desmonstrated in
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the simulation studies that follow. We also show the potential for our approach to
analyze ChIP-seq data using a sample ChIP-seq dataset. By modeling the sequenc-
ing counts for a single sample in this manner, extensions to multiple samples and
other biological problems of interest will be made much simpler.

In Chapter 3 we extend the one sample model to include multiple samples. In
this situation the primary interest lie in detecting associations with a covariate of
interest and estimating differences between groups. We extend the framework in-
troduced in Chapter 2 to model the relationship between multiple samples and a
covariate of interest using a Poisson Generalized Linear Model (GLM). We conduct
simulation studies to demonstrate its superiority over both Shim and Stephens (2015)
and methods targeted at gene-level resolution data such as edgeR and DFESeq. We
then apply our method on a sample dataset to demonstrate its utility, and explore
potential alternatives to our method. Finally, we highlight the potential application
of our method in inferring TF binding sites, which is another area of active research.

In Chapter 4 we extend the one sample model in another direction. In this case,
we are interested in grouping together samples based solely on their sequencing pro-
files. We include the one-sample multiscale model as part of a grade-of-membership
clustering approach, which is an extension of traditional clustering methods which
allows each sample to “belong” to more than one cluster. We then demonstrate the
advantages of including the multiscale model through a simple simulation study as
well as an example RNA-seq dataset, before applying it to RNA-seq data from a
well known study and highlighting some of the interesting structures we discovered.

This particular application demonstrates the considerable potential of our cluster-



ing method, which could more generally serve as a convenient tool for exploratory
analysis before narrowing down on promising patterns and structures.

In Chapter 5 we extend the one sample model described in Chapter 2 in a com-
pletely different direction. Specifically, we apply the same shrinkage procedure used
in Chapter 2 to nonparametric Gaussian regression. Unlike most methods targeted
at this problem that deal with homoskedastic data, we show that the same shrinkage
procedure allows our method to accurately denoise Gaussian observations with fluc-
tuating variances. We demonstrate the superiority of our method over competing
methods through an extensive simulation study, and apply it to a sample dataset to
illustrate its uses.

Finally, we note that most of our methods and analyses are available on GitHub,
allowing one to easily reproduce and extend upon the results presented in this dis-

sertations. More details can be found Appendix A.11.



CHAPTER 2
MODELING THE SEQUENCING PROFILE FROM A
SINGLE SAMPLE!

2.1 Overview

Suppose, initially, that we have the sequencing reads from a single biological sample,
where the number of reads at base pair (bp) b is given by Y}. As discussed in Section
1.1, the sequencing reads are generated by mapping sequenced DNA fragments to the
reference genome (although we use only the first base of any DNA fragment). As such,
we can consider the observations as being generated from a multinomial experiment,
where the total number of “trials” refers to the number of DNA fragments n, and
each “category” corresponds to a base pair b, with the categorical probability p
being the probability that (the first base of) each DNA fragment maps to the said
base pair. Note the number of DNA fragments is typically very large (107 or more for
a genome-wide experiment), while the categorical probabilities are correspondingly
extremely small. Furthermore, the covariance between any two Y} and Yb’ is given
by —npbpg, which is negligible for small p, and pg. These facts allow one to readily
approximate the multinomial setup by an inhomogeneous Poisson Process, where the
Poisson intensities are directly proportional to the multinomial probabilities (with
the constant of proportionality being n). In fact, in certain scenarios it might be
appropriate to model the total number of DNA fragments n as random and coming

from a Poisson distribution, in which case the counts at each base exactly follow a

1. Parts of this chapter are included in a preprint https://arxiv.org/abs/1605.07787.
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Poisson distribution. See Marioni et al. (2008) for a more detailed discussion.

Specifically, given a region of length B, we model the sequencing reads as

Y, ~Poi(\y), (b=1,...,B). (2.1)

with the Y}’s independent. The Poisson intensities Ay are of interest, as regions with A
values larger than background noise (which is low on average) typically indicate some
sort of biological activity in that region, with the sequenced DNA fragments being
more likely to come from these regions. For example, larger A values in ChIP-seq
is usually an indication of a transcription factor binding site or histone modification
site, while a similar observation in DNase-seq implies higher chromatin accessibility.
The goal is thus to estimate the \p’s as accurately as possible.

Estimating the \’s as in (2.1), also known as nonparametric regression or signal
de-noising, is a widely studied problem. Here we make the assumption that the A\y’s
are spatially-structured. By “spatially-structured” we mean that \; will often be
similar to Ay for small |b — b'|, though we do not rule out occasional abrupt changes
in \p. Wavelet-based and similar multi-scale methods have been popular approaches
to tackle this problem. For example, variance stabilizing transforms together with
normal approximations have been used in Donoho (1993) and Fryzlewicz and Nason
(2001), by noting that the variance of a Poisson count is equal to its mean. Kolaczyk
(1996) derived suitable thresholds achieving optimal asymptotic properties in the
context of wavelet transformations, similar to the thresholds in the i.i.d. Gaussian
case. Multiscale analysis using recursive dyadic partitions within a Bayesian frame-

work has also been developed by Kolaczyk (1999) and Timmermann and Nowak
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(1999) making use of a particular form of likelihood factorization.

Here, we introduce a new method smash (SMoothing by Adaptive Shrinkage) to
perform the de-noising task. While smash is similar to Kolaczyk (1999) and Timmer-
mann and Nowak (1999) in that it makes use of the same likelihood factorization,
we improve upon the conjugate Beta priors by using a highly adaptive shrinkage
procedure ash (Adaptive SHrinkage; see Stephens (2016)) in its stead. To explain
smash in greater detail, first recall the following elementary distributional result: if

Y7, Y5 are independent, with Y; ~ Poi();) then

Y1+ Yo ~ Poi()\l + )\2) (2.2)

Yi|(Y1 + Y2) ~ Bin(Y1 + Y2, A\1/(A1 + A2)). (2.3)

To extend this to T" = 4, introduce the notation v;.; to denote, for any vector v,

the sum Zgzz v¢. Then

Y1:4 ~ Poi(A1.4) (2.4)
Y1:2[Y1:4 ~ Bin(Y1.4, A1:2/A1:4) (2.5)
Y1[Y1:2 ~ Bin(Y1:2, A1/A1:2) (2.6)
Y3[Y3:4 ~ Bin(Y3.4, A3/A3:4). (2.7)

Together these models are exactly equivalent to Y; ~ Poi()\j), and they decompose
the overall distribution Y7, ..., Y} into parts involving aspects of the data at increas-

ing resolution: (2.4) represents the coarsest resolution (the sum of all data points),
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whereas (2.6) and (2.7) represent the finest resolution, with (2.5) in between. Further,
this representation suggests a reparametrization, from A = (A1, A9, A3, Ag) to A1y
plus the binomial parameters p = (A1.2/A1.4, A1/A 1.2, A\3/A3.4), where p; controls
lower-resolution changes in the mean vector A and po, p3 control higher resolution
changes. This idea extends naturally to B = 27 for any integer .J, reparametrizing
A into its sum A;.p and a vector p of B — 1 binomial probabilities that capture fea-
tures of A at different resolutions. This can be thought of as an analogue of the Haar
wavelet transform of A for Poisson data. For a detailed description of the likelihood
factorization, see Appendix A.1. While Appendix A.1 uses a double index notation,
as is standard in the wavelet literature, we use a single index here for notational
simplicity.

Note that, in this reparametrization, p; = 0.5Vj corresponds to the case of a
constant mean vector, and values of p; far from 0.5 correspond to large changes
in p (at some scale). Thus estimating a spatially-structured A can be achieved
by shrinkage estimation of p, with shrinkage towards p; = 0.5. Both Kolaczyk
(1999) and Timmermann and Nowak (1999) use purpose-built Bayesian models to
achieve this shrinkage, by introducing a prior distribution on elements of p that is a
mixture of a point mass at 0.5 (creating shrinkage toward 0.5) and one or more (fixed
number of) Beta distributions. Here we take a different approach, reparametrizing
aj = log(p;/(1 — p;)), and then using an adaptive shrinkage method ash (Stephens
(2016)) to shrink a; towards 0. The main purpose of the reparametrization will
be more readily apparent later, when we deal with multiple samples. For now, it

serves as a convenient tool for us to approximate the logit-transformed likelihood by
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a Gaussian likelihood, which is the default likelihood in the ash software.

In practice it is important to group the «;’s by their resolution level before
shrinking, so that a different distribution ¢ is estimated for each resolution. This is
the usual way that EB approaches are applied in this context (e.g. Johnstone and
Silverman (2005)) and indeed is crucial because the underlying distribution g will
vary with resolution (because smoothness of A will vary with resolution).

To explain briefly the shrinkage procedure in ash, we note that it was originally
intended as a flexible Empirical Bayes (EB) procedure for estimating quantities 8 =

(81, .., Bn) from noisy estimates B = (,5’1, o Bn) and their corresponding standard

errors § = (81,...,8y). In its simplest form it assumes the hierarchical model
Bjls;~g() (2.8)
A . )
Bj1Bj,8j ~ N(Bj, 55), (2.9)

where the distribution g is modelled using a mixture of zero-centered normal distri-

butions. That is,

K
g9() =Y T N(50,07), (2.10)
k=0
where the mixture weights 7, ..., 7 are non-negative and sum to 1, and N (-; , 02)

denotes the density of a normal distribution with mean p and variance o2. A key
idea, which substantially simplifies inference, is to take oq, ..., ok to be a fixed grid
of values ranging from very small (e.g. o9 = 0, in which case g includes a point
mass at 0) to very large. Estimating g then boils down to estimating the mixture

weights 7, which is done by maximum likelihood. Maximizing this likelihood is a
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convex optimization problem, and can be performed very efficiently using interior
point methods (Koenker and Mizera (2014)), or more simply (though less efficiently
for large problems) using an accelerated EM algorithm (Varadhan (2014)).

Given an estimate g for g, the conditional distributions p(3; | B,g,g) are ana-
lytically tractable, and the posterior mean E(f; | B, 3, g) provides a shrinkage point
estimate for ;.

The representation (2.10) provides a flexible family of unimodal and symmetric
distributions g. Specifically, with a sufficiently large and dense grid of o, ..., o the
distribution ¢ in (2.10) can arbitrarily accurately approximate any scale mixture of
normals. This family includes, as a special case, many distributions used in shrink-
age estimation, such as the “spike and slab”, double-exponential (Laplace), and ¢
distributions (Clyde and George (2000); Johnstone and Silverman (2005)). In this
sense ash is more flexible than previous EB approaches. Furthermore, in many ways
this more flexible approach actually simplifies inference, because the only parameters
to be estimated are the mixture proportions (the variances are fixed).

Stephens (2016) also introduces various embellishments that are implemented in
the ashr package, including generalizing the normal likelihood to a t likelihood, and
dropping the symmetric constraint on g by replacing the mixture of normals with
a more flexible (though less smooth) mixture of uniforms. We do not use these
embellishments here.

Hence, to apply ash the main ingredients we need are estimates &; and their
corresponding standard errors s; for each j, assuming a Gaussian likelihood. This

involves estimating the log-odds ratio a; = log(p;/(1 — p;)), and its standard error,
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which is a well-studied problem (e.g. Gart and Zweifel (1967)). The main challenge
is in dealing satisfactorily with cases where the maximum likelihood estimator for
aj is infinite. We use estimates based on results from Gart and Zweifel (1967); see
Appendix A.1.1 for details on the choice of the estimator and its standard error.

As a last step, we need to estimate A. The simplest way to to achieve this
is to estimate a; by its posterior mean, as output by ash, and then reverse the
reparametrization (2.4)-(2.7). The resulting estimate of )¢ is the exponential of the
posterior mean for log()\¢) (because each log(\¢) is a linear combination of a;’s).
Alternatively we can estimate )\, by approximating its posterior mean using the
Delta method; see Appendix A.1.2 for details. Both methods are implemented in
smash; for the results here we use the latter method to be more comparable with
previous approaches that estimate A on the raw scale rather than log scale.

Note that we actually use a translation invariant (TI) version of the above pro-

cedure; see Appendix A.2 for motivation and details on this procedure.

2.2 Simulation results

Here we apply smash to both simulated and real data to assess its performance.
For simulated data, we compared smash with six other methods, but we focus here
on the comparisons with the best-performing other methods, which are Haar-Fisz
(HF) (Fryzlewicz and Nason (2004)) and BMSM (Kolaczyk (1999)). Results for

other methods are given in Appendix A.1.3. The performance of each method is
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determined through the mean integrated squared error (MISE), which is defined as:

R
MISE = Z

r=1

10000 « 7 (1) = j1)?

i
n 2
i=1H;

(2.11)

which is simply the standard MSE rescaled to produce more comparable numbers.
Here R is the number of runs in each simulation (100 in our study) and n is the
sample size (1024 in our study).

Note that BMSM, like smash, is an EB method, but with a less flexible prior
distribution on the multiscale coefficients. The HF method involves first performing
a transformation on the Poisson counts, and applying Gaussian wavelet methods
to the transformed data. There are many choices for Gaussian wavelet methods,
and performance depends on these choices, with different choices being optimal for
different data sets. The settings we used here for HF are documented in Appendix
A.1.3, and were chosen by us to optimize (average) performance through moderately
extensive experimentation on a range of simulations.

To compare the methods we simulated data from several different test functions
from Timmermann and Nowak (1999), Fryzlewicz and Nason (2004) and Besbeas
et al. (2004). We varied the minimum and maximum intensity of each test function,
using (min,max) intensities of (0.01,3), (1/8,8) and (1/128,128). For each test func-
tion and intensity level we simulated 100 datasets, each with 7" = 1024 data points.
We focus on results for the first two intensity settings, which have smaller average
intensities. These settings produce smaller average counts, making them more chal-

lenging, and also more representative of the kinds of genomic application that we
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consider below. Complete results are included in Appendix A.1.3.

In summary, smash outperformed both HF and BMSM in the majority of sim-
ulations, with the gain in accuracy being strongest for the more challenging lower-
intensity scenarios. A typical result is shown in Figure 2.1. Among the other two
methods, BMSM is the more consistent performer. HF, with the settings used here,
performs quite variably, being worse than the other methods in most scenarios, but
occasionally performing the best (specifically for the Angles, Bursts and Spikes test
functions, with (min,max) intensity (1/128,128)). As noted above, the HF transform
can be used with many settings, so results here should be viewed only as a guide to
potential performance.

One disadvantage of the HF transform is that, to achieve translation invariance,
the transform has to be done explicitly for each shift of the data: the tricks usually
used to do this efficiently (Coifman and Donoho (1995)) do not work here. Thus,
making HF fully translation invariant increases computation by a factor of T', rather
than the factor of log(T") for the other methods. Here we follow advice in Fryzlewicz
and Nason (2004) to reduce the computational burden by averaging over 50 shifts of
the data rather than T'. Even so, HF was substantially slower than the other meth-
ods. A direct comparison of computational efficiency between smash and BMSM
is difficult, as they are coded in different programming environments. Nevertheless,
similarities between the two methods suggest that they should have similar compu-
tational cost. Both smash and BMSM took, typically, less than a second per dataset

in our simulations.
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Figure 2.1: Comparison of methods for denoising Poisson data for the “Bursts” test function. Panel (a) shows the
(unscaled) test function. The violin plots in (b) and (c) show distributions of MISE for each method over 100 datsets,
with smaller values indicating better performance. Panel (b) is for simulations with a (min,max) intensity of (0.01,3),
and panel (c) is for simulations with a (min,max) intensity of (1/8,8). The dashed green line indicates the median
MISE for smash.
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2.3 Case study: detecting peaks in ChIP-seq data

We apply smash to a small example ChIP-seq dataset. As noted above, in ChIP-
seq data the Poisson intensity at base b is related to the strength of the binding of
the transcription factor near b. As such, identifying peaks in the intensity functions
can help discover regions where binding occurs, which is an important component
of understanding gene regulation. Consequently there are many methods published
for “peak detection” in ChIP-seq data (Wilbanks and Facciotti (2010)). Our goal
here is to briefly outline how smash could provide an alternative approach to the
analysis of ChIP-seq data. The idea is simply to estimate the underlying intensity
function, and then identify “peaks” as regions where the estimated intensity exceeds
some threshold.

The resulting estimated intensity from smash is shown in Figure 2.2b, overlaid on
peaks called by the popular peak calling software MACS (Zhang et al. (2008)). The
locations with the strongest smash intensity estimates corresponds to peaks found
by MACS. However, the intensity estimate also suggests the presence of several
additional weaker peaks not identified by MACS.

The reliable calling of peaks in ChIP-seq data is a multi-faceted problem, and a
full assessment lies outside the scope of this discussion. Nonetheless, these results
suggest that this approach could be worth pursuing. One nice feature of our multi-
scale Poisson approach is that it deals well with a range of intensity functions, and
could perform well even in settings where peaks are broad and/or not especially well
defined. In contrast, the performance of different peak-finding algorithms is often

reported to be quite sensitive to the “kinds” of peak that are present, so an algorithm
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that performs well in one setting may perform poorly in another.
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Figure 2.2: Illustration of the potential for smash to identify peaks in ChIP-seq data. The data are ChIP-seq for
the transcription factor YY7 in cell line GM12878 collected by the ENCODE (Encyclopedia Of DNA Elements)
project, from a region of length 217(~ 131k) base pairs from chromosome 1 (hgl9 chr1:880001-1011072). Panel (a)
shows counts (summed across two replicate experiments). Due to over-plotting, darker regions of the plot correspond
to higher concentrations of data points. Panel (b) shows the estimated intensity function from smash (black solid
line) and location of peaks called by MACS (red markers beneath the estimated intensity).
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CHAPTER 3
ESTIMATING DIFFERENCES BETWEEN MULTIPLE
SAMPLES!

3.1 Overview

While estimating sequencing profile for a single sample is an interesting problem
in itself, a fundamental goal in biological applications is to infer differences between
groups of samples. For example, detecting differential expression between groups has
been an important goal in genomics for many years, and remains an area of active
research today. While such studies are typically conducted using gene-level data
(from both traditional microarrays and modern NGS platforms), the availability of
NGS data allows one to potentially infer differences at much finer resolutions than
a gene-level analysis. Nevertheless, estimating and testing for differences between
groups at the single-base resolution remains a challenging task, mostly due to the
small number of counts associated with such types of data (and the cost of obtaining
higher read counts). Extending the idea of a multiscale representation from smash,
we present a model-based approach to infer differences between sequencing profiles
for multiple groups of samples.

Specifically, suppose we have sequencing data Yib=1,... B,i=1,..m mea
sured over a region of length B for m samples. In addition, associated with each

sample is a covariate ¢, which can be categorical (e.g. control vs treatment) or

1. Work in this chapter is developed in collaboration with Heejung Shim.
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quantitative (e.g. genotype information). We then extend (2.1) to become

Y ~ Poi(\)

log(\)) = pf+ B’ + v} (3.1)

where pi denotes the intercept and 3’ the slope as in a standard Poisson Generalized
Linear Model (GLM). We make the assumption that both yf and 3y are spatially-
structured. Note that an additional random effect vg is added to model any extra-
Poisson biological variation. Our primary interest lies in estimating (3}, which is the
difference between the two groups if ¢ is categorical with two levels, or the effect of
a unit change in g on log(\) if g is quantitative.

Motivated by the multiscale idea outlined in 2.1, we apply the same reparametriza-
tion described in 2.1 to the observations in each sample to obtain aé- for each sample

7, and model the data in the multiscale space instead:

Yig ~ Poi(\p) (3.2)
Yf;(B/2)|Yf;B ~ Bin(Y{ p,logit ™" (a5)) (3:3)
(3.4)

Yh lYp 1.5 ~ Bin(Y(p_y).plogit™ (afp)) (3.5)
log(\l.g) = p1+ Py’ +uj (3.6)

of = pj+Big +ul  (j=2....B) (3.7)

where p; and (; represent the intercept and slope respectively in the multiscale
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space, and u; is the random effect in the multiscale space. Note that the model
(3.2)-(3.7) is identical to (3.1), while also being a mixed effects logistic model, thus
making it easy to fit.

In order to apply the shrinkage procedure ash, we need to obtain estimates and
standard errors for both pu = (uy,...,up) and 8 = (54, ..., Bg), similar to the uni-
variate case (where we applied ash to the a;’s directly). While fitting a mixed effects
logistic model to (3.2)-(3.7) does provide the desired quantities, there are three major

modifications we have make for this procedure to work in practice:

1. If g is a two-level categorical variable (the more commonly seen scenario),
we modify &; and se(d;) as described in Appendix A.1.1, and estimates and
standard errors for yi; and 3; can be computed analytically from d&; and se(a;)
when assuming an asymptotic Gaussian likelihood (see Appendix A.3.2 for
details). Otherwise, if g is quantitative, we simply add pseudocounts to the

Binomial successes and failures whenever they are 0 and fit a logistic model.

2. While the most natural way to impose shrinkage is to apply ash separately to
p and G (for each scale) i.e. set independent priors for these two quantities,
the likelihoods for p; and f; do not necessarily factorize for any j, thereby
inducing dependence in the posterior quantities, which is problematic when
reconstructing py and f7. As such, we reparametrize the pairs (p;, 3;) as

described in Appendix A.3.1 so that the posteriors are independent.

3. Fitting a mixed effects model is in general much slower than a fixed effects

model, and even more so for logistic regression. As such, we make an approx-
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imation by fitting a quasibinomial model instead (see McCullagh and Nelder

(1989)), capturing the random effect by an overdispersion factor.

With these modifications we can then apply ash to obtain posterior means and vari-
ances for the y;’s and f;’s. Estimating py and f; from p; and §; is conceptually
similar to estimating A, from «; as in Chapter 2, albeit with differences in the approx-
imations used. Full details for the reconstruction procedure are given in Appendix
A.3.3-A.3.5 for various different scenarios.

In practice, the implementation of our method outlined above, which we call
Multiseq, involves two additional features which greatly enhances the efficiency and

accuracy of the method:

1. As with the univariate case (involving only 1 sample), we actually apply the TI
version of the multiscale transform to each sample, as this improves estimation

accuracy of both pp and 3y over the non-TT version.

2. An alternative to fitting the logistic model (3.2)-(3.7) is to approximate this
by a running a Weighted Least Squares (WLS) regression instead, replacing
the Binomial errors by Gaussian errors. This is conceptually very similar to
truncating the iterative algorithm used to fit the logistic model at the first
iteration, greatly enhancing computational speed without significant loss in
accuracy. Details for implementing the WLS approach can be found in Ap-
pendix A.3.6.

An additional practical concern to note is that different samples in the same

sequencing experiment can have different sequencing depths, which we define here
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as the total number of reads mapped. This means that the total number of DNA
fragments sequenced for each sample can be different, so that possible differences
detected by Multiseq can in fact be due to sequencing depth, rather than actual

biological mechanisms. In this case, we model the sequencing reads as

Ybi ~ Bin(si,)\z)
log(\f) = u§ + BP9+ v) (3.8)

where s’ is the sequencing depth for sample 7. Correspondingly, we modify (3.2)-(3.7)

to become

Yip ~ Bin(s',\jp) (3.9)
Yip/oVip ~ Bin(Yip,logit™"(az)) (3.10)
(3.11)

Yp_1lY(p-1)p ~ Bin(Y{z_1).p logit " (ap)) (3.12)
logit(AM.g) = w1+ Py’ +uj (3.13)
0‘§' = #j+ﬁjgi+U§ (j=2,..,B) (3.14)

, using the same implementation that fits (3.7) for the corresponding logistic models.

In addition to producing posterior estimates of the effect ﬂjq, we can also perform
a significance test for any given region. Specifically, we wish to test Hy: 87 = 0Vb
against Hy: Jbs.t. 8P # 0. Since Multiseq models the effects using a multiscale

transformation, we use the multiscale parameters 3; instead, where 3; is assumed to
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be a mixture of a point mass and several Gaussians in ash. By defining W? to be the
mixture proportion for the point mass component for 3;, the equivalent formulation
in multiscale space is Hy: 7T9 = 1Vy, and Hy: 3j s.t. 7T9 # 1. To test this null

hypothesis, we use the likelihood ratio statistic

P(D|#°

A(D) = % (3.15)
where the “data” D is represented in multiscale space as Bj and se(Bj) (with a Gaus-
sian approximation for the distribution of Bj), and 70 are the maximum likelihood
estimates for the null mixture proportions w0, As with smash, we apply ash to the
Bj’s and se(Bj)’s in the same scale to obtain a likelihood ratio statistic for that scale,
and then multiply the likelihood ratio statistics across scales to obtain A(D), making
use of the assumption that the 3;’s are independent across scales.

In practice, we have made several approximations in computing the likelihood
A(D), and the estimates #0 are computed by maximizing a pseudo-likelihood rather
than the true likelihood (Stephens (2016)). Hence, it is inadvisable to approximate
—2log(A) using a x? distribution. Instead, we can assess the significance of the

likelihood ratio statistic by using its empirical distribution under the null, as is done

in Shim and Stephens (2015).

3.2 Simulation results

To assess the performance of Multiseq, we run it on both simulated and real se-

quencing data. For simulated data, we compare Multiseq mostly against methods
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designed to detect differences at the gene level rather than at the base pair level,
which we call “window-based” methods. In our simulation studies, window-based
methods consist of edgeR, DESeq and DESeq2 (Love et al. (2014)). To apply these
window-based methods in practice, we partition the regions into bins and aggregate
the counts in each bin, before using the aggregated counts as inputs. To make the
simulations realistic, we make use of sequencing data from two different projects to
set up two different schemes. For data generated from the DNase-seq experiment,
we also compare Multiseq to Wave@QTL (Shim and Stephens (2015)). WaveQTL is
not included for data generated from the ChIP-seq experiment because the Gaussian

approximations used makes it unsuitable for such small sample sizes.

1. For the first scheme, we use publicly available ChIP-seq data (hgl9) available
as part of the ENCODE project. The reads measure binding of transcription
factor YY1 in two cell lines: GM12878, a lymphoblastoid cell line (LCL), and
Hlhesc, which are embryonic stem cells. There are two replicates for each cell
line, resulting in a total of 4 samples. In our simulations, we also simulate
data for 4 samples, with two samples in each of the two groups. To start
off, we ran MACS on non-overlapping regions of 2%bp. We then selected
regions which had peak(s) present in either of the cell lines, as determined by
MACS. The location of this peak will be where we simulate an “effect” 37
(difference between groups) for the corresponding region. In particular, we
used a constant two-fold (relatively weak and thus hard to detect) difference
at the peak location, with no difference in the mean profiles for the two groups
elsewhere. Data were simulated for regions of varying lengths (211bp7 213hp and
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215bp), where the smaller regions are simply truncated versions of the largest
region (215bp), while still keeping the site of interest within the region. The
baseline mean profile yy will be generated based on two different procedures,
as outlined below. 117 regions were eventually chosen, with varying intensities

for the original peaks detected by MACS.

2. For the second scheme, we use DNase-seq data from Pique-Regi et al. (2011),
which was originally intended to identify dsQTLs. The data consist of reads
from 70 HapMap Yoruba LCLs. In our simulations, we simulate data for
varying sample sizes (4, 6, 10, 30 and 70) in two different groups, with an equal
number of samples in each group. 578 regions of length 1024bp were chosen
based on the analysis scheme in Shim and Stephens (2015), which targeted sites
with the highest DNase I sensitivity. Shim and Stephens (2015) considered
different region lengths in greater detail, so we do not consider the effect of
region size for this simulation scheme. The “effect” By for each region was
generated by using the effect size estimate from running Multiseq on all 70
samples, where the covariate g is the genotype at the most strongly associated
genetic variant for that region. We also generate an additional 3j using the
smoothing procedure bayesthr from the R package wavethresh, and include
results below. As with the first scheme, the baseline mean profile 7 will again

be generated using the two procedures we will now describe.

For each of the two simulations schemes described (which are based on two different
datasets with different shapes for the effect), we further explore two different data

generation procedures, so as to test the robustness of Multiseq as well as the window-
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based approaches:

1. A Negative Binomial generation process. This data generation process is based
exactly on the model (3.2)-(3.7) that we start off from. Hence, this acts as
more of a sanity check to make sure that Multiseq behaves as we expect. To
generate reads, both a baseline signal y§ and an effect size signal 8} are needed.
In the simulations for the ChIP-seq data, the baseline signal uy for each of the
117 regions was generated by running Multiseq on the original data from that
region, using the original cell lines as group indicators. We then generated a
null case and an alternative case for each region. The 4 samples in the null

case were all simulated according to
Vi ~ NB(eM, v) (3.16)

for some pre-specified dispersion parameter v, where v is parametrized such
that Var(}%") = et + ve?. In the alternative case, two of the samples were
simulated according to (3.16), while the other two samples were simulated
according to

Yy ~ NB(eM % v) (3.17)

. As noted previously, 68 is everywhere 1 except for the site where a peak was
detected by MACs, where it takes the value 2. For the DNase-seq data, we
again generate a null case and an alternative case for each of the 578 regions. All
samples (which can vary in number) in the null case were simulated according

to (3.16), where the baseline signal py is taken to be the baseline estimate from
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running Multiseq on all 70 samples in the original data, and the covariate g is
the genotype at the most strongly associated genetic variant for that region.
For the alternative cases, half the samples were simulated according to (3.16),
and the other half according to (3.17), where the effect 3} is generated in the

procedure described above.

. A Beta Binomial thinning process. For this procedure, our goal is to produce
more realistic simulations that can test the robustness of Multiseq, where the
data do not necessarily follow the generative process (3.1). In the simulations
for the ChIP-seq data, we first pool the reads from all 4 samples in the original
data. Given the pooled reads at each base b, denoted by ?b, we generate the Ybi
by sampling from Bin(ffb, pé), where pé is the Binomial “success” probability.
To introduce sample-specific variation into the simulation scheme, we further
sample pé from a Beta distribution characterized by its mean and dispersion
parameter. Again, a null case and an alternative case were generated for each
of the 117 regions. For the null cases, we set E(p%)) = 1/4, so that each sample
is the same on average. For the alternative cases, we set E(pé) = 1/4 for
i=1,..,4and b ¢ S, where S is the site where we simulated an artificial effect
as described above. We then set E(p%)) = 1/3,b € S for the two samples in
one of the groups, and E(pé) = 1/6,b € S for the other two samples. This
is done to ensure that the two groups differ by a factor of two (on average)
at the site of interest, and no difference (on average) everywhere else, while
enforcing the constraint Z?:l pé = 1Vb. In practice, we switch the direction

of the effect at random i.e. a logg difference of either 1 or -1. This is done to
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ensure that the overall read count is relatively constant across the 4 samples.
The simulations for the DNase-seq data follows a similar procedure. We again
pool the reads from all 70 samples in the original data to obtain 171,, and then
generate the reads for each sample in the simulated dataset by sampling from
Bin(Y}, pé), where pz is itself generated from a Beta distribution. A null case
and an alternative case are generated for each of the 578 regions. For the null
cases, we set E(p%)) = 1/70. For the alternative cases, we set E(pé) so that
the log difference (on average) between the two groups is exactly the effect 3y
estimated using Multiseq or bayesthr (see above), subject to the constraint that
>y p}; = 15 b, where m € {4,6,10,30,70} is the desired sample size in the

simulations.

For convenience, we will refer pairings of the data sources and the generation pro-
cesses as ChIP-NB (ChIP-seq data with the Negative Binomial generation scheme),
ChIP-BB (ChIP-seq data with the Beta Binomial generation scheme), DNase-NB
(DNase-seq data with the Negative Binomial generation scheme) and DNase-BB
(DNase-seq data with the Beta Binomial generation scheme) respectively.

We now present results for all of the simulation schemes described above. Since
the actual presence or absence of an effect is known for each region in a simulation
scheme, we assess the performance of the methods based on area under the receiver
operating characteristic (auROC) curve, with a higher auROC indicating better per-
formance. To obtain the auROCs, what we need is a ranking based on some form
of statistic for any given method. For Multiseq, the log-likelihood ratio statistic in
(3.15) provides a ranking, with higher values indicating more evidence against the
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null. A similar log-likelihood ratio statistic can be used for Wave@QTL (see Shim and
Stephens (2015) for more details). For window-based approaches, a p-value testing
for differences between groups is provided for each bin within a region. We then
use the minimum p-value across all bins within each region as the statistic for that
region, with a smaller p-value indicating more evidence against the null.

Figures 3.1 and 3.2 show the receiver operating characteristic (ROC) curves for
ChIP-NB and ChIP-BB respectively, while Figures 3.3 and 3.4 show results for ChIP-
NB and ChIP-BB using only bayesthr to estimate the effect sizes. Results using
Multiseq to estimate the effect sizes are mostly similar, and can be found in Appendix
A.5. Note that the window-based methods for ChIP-NB and ChIP-BB all use a
constant window size of 300bp, as the sites where effects were generated were all
around 300bp. On the other hand, we used window sizes of 100, 300 and 1024 bp for
DNase-NB and DNase-BB, as different choices of window sizes can lead to different
results due to the irregular nature of the effects generated under these simulation
schemes. To avoid clutter, we show results only for DESeq for DNase-NB and DNase-

BB. Results for DESeq2 and edgeR are quite similar.
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Figure 3.1: ROC curves and areas under the curves for ChIP-seq-based simulations under the Negative Binomial
generation scheme. For each of the 117 regions, one null case was simulated in which an effect is absent in the
4 samples, and one non-null case was simulated in which an effect was present in the 4 samples. Methods being
compared include Multiseq, edgeR, DESeq and DESeq2. All window-based approaches used 300bp windows, which
is close to the width of the effect being simulated. Panels (a), (b) and (c) show results when the region sizes are
211bp, 213bp and 21°bp respectively.
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Figure 3.2: ROC curves and areas under the curves for ChIP-seq-based simulations under the Beta Binomial gener-
ation scheme. For each of the 117 regions, one null case was simulated in which an effect is absent in the 4 samples,
and one non-null case was simulated in which an effect was present in the 4 samples. Methods being compared
include Multiseq, edgeR, DESeq and DESeq2. All window-based approaches used 300bp windows, which close to the
width of the effect being simulated. Panels (a), (b) and (c) show results when the region sizes are 2'bp, 213bp and
215bp respectively.
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Figure 3.3: ROC curves and areas under the curves for DNase-seq-based simulations under the Negative Binomial
generation scheme, where the simulated effect is estimated from raw data using bayesthr. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-null case was simulated in which an effect was
present. Methods being compared include Multiseq, Wave@QTL, and DESeq with various choices of window sizes.
Panels (a), (b), (¢), (d) and (e) show results when the sample sizes are 4, 6, 10, 30 and 70 respectively.
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Figure 3.4: ROC curves and areas under the curves for DNase-seq-based simulations under the Beta Binomial
generation scheme, where the simulated effect is estimated from raw data using bayesthr. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-null case was simulated in which an effect was
present. Methods being compared include Multiseq, Wave@QTL, and DESeq with various choices of window sizes.
Panels (a), (b), (¢), (d) and (e) show results when the sample sizes are 4, 6, 10, 30 and 70 respectively.
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For ChIP-NB and ChIP-BB, we see that Multiseq solidly outperforms window-
based methods for moderate region sizes of 21bp and 213bp, with 211bp being more
favorable for Multiseq. When the region size is 21%bp however, Multiseq outperforms
window-based methods for ChIP-NB, but not ChIP-BB. The general pattern is that
while the performance of all the methods decrease with increasing region size, Mul-
tiseq is the most severely impacted, while window-based methods are less influenced
thus. We also note that the relative performance gain of Multiseq over window-based
methods is greater for ChIP-NB than ChIP-BB in general. These behaviors will be
explored more in Section 3.4, although we note here that the relatively poor perfor-
mance of Multiseq for ChIP-BB when the region size is 21%bp can be circumvented
in practice. For one, this particular scenario rarely resembles what actual sequencing
data looks like, and even if certain isolated regions do indeed look like this, we can
avoid this issue by running the method on multiple regions across the entire genome
to learn model parameters. More importantly, it is also worth remembering that the
window size chosen for the window-based methods almost exactly matches the width
of the effects being simulated; in practice, it is difficult to know the exact window
size to choose, and the appropriate window size likely varies along the genome. As
such, the excellent overall performance of Multiseq despite the simulation schemes
being favorable to window-based methods is reassuring.

DNase-NB and DNase-BB, on the other hand, are inherently less favorable to
window-based methods. Although we used a variety of different window sizes for
window based methods, the nature of the estimated effects used to generate the

reads renders any single window size ineffective, and this behavior likely holds for
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actual sequencing data. The inability of window-based methods to adapt to the data
is reflected in the auROCs, where Multiseq substantially outperforms window-based
methods in all scenarios, even more so for larger sample sizes. We also note that
Multiseq also outperforms WaveQTL, particularly for small sample sizes, as the latter
method is not suited to small sample sizes in the first place. Overall, the relative
performance of the methods are similar between DNase-NB and DNase-BB, with all
methods performing better for larger sample sizes, as is expected.

These simulations studies serve to demonstrate the advantages of using multi-
scale methods, particularly Multiseq, over window-based methods when used to find
differences between two groups. In practice, real effect sizes are more like the ones in
DNase-NB and DNase-BB than ChIP-NB or ChIP-BB, so that we expect Multiseq
to have much more power when testing for non-zero effects, when compared with
approaches that were originally designed to test for differences for units much larger

than base pairs (e.g. genes).

3.3 Case study: Application to RNA-seq data for gene
OAS1

While we have focused our applications and simulations on sequencing data that
aim to understand gene regulation (ChIP-seq and DNase-seq) so far, RNA-seq is a
powerful alternative to the traditional microarrays for measuring gene expression,
possibly revealing genetic aspects of certain diseases that are not directly observ-
able. In Chapter 4 we will attempt to cluster samples via RNA-seq measurements,

potentially establishing complex relationships between different subgroups. Here we
39



set up a precursor to the clustering analysis by first running Multiseq on the same
dataset that will be used in Section 4.3.

Specifically, we apply Multiseq to RNA-seq data from a well known study (Pick-
rell et al. (2010)). In that study, RNA-seq reads were obtained from lymphoblas-
toid cell lines (LCLs) derived from a population of 69 Yoruba individuals that were
studied as part of the International HapMap project. In particular, one of the find-
ings in Pickrell et al. (2010) was the mechanisms through which a splicing QTL
(sQTL) rs10774671 affects the expression level in a portion of the OAS1 gene (hgl9
chr12:113344582-113371027), a gene that controls the synthesis of a family of proteins
that are involved in innate antiviral response.

To run Multiseq, the counts matrix Y consists of RNA-seq reads from 66 of the 69
individuals which did not have missing genotype information. The covariate g is the
genotype for each individual at SNP rs10774671, encoded as a quantitative variable
with values 0, 1 or 2. Figure 3.5 shows the raw data as well as the effect estimated
from Multiseq. For clarity of presentation, part of the intronic region between the
third and fourth exon has been removed from the plot as indicated by the dotted
blue vertical line, since they add no new information. The raw data shows obvious
linear trends as we move from the major to the minor homozygote, which justifies
our use of genotype information as a quantitative covariate. The estimated effect
size agrees well with the results reported in Pickrell et al. (2010), where rs10774671
affects expression level in the intronic region between the fifth and the sixth exon, as
well as the sixth exon itself. In particular, we can also observe the splicing junction

that was absent from public databases at the time which the study in Pickrell et al.
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(2010) was conducted.

While this is a simple illustration of the potential uses of Multiseq, a formal
analysis of differential chromatin accessibility (measured by ATAC-seq data in this
case) between control and treatment conditions using Multiseq can be found in Shim
et al. (in preparation). This illustration also serves to show that Multiseq can be
used as an initial exploratory tool in clustering analysis to determine the regions
that are interesting enough to run clustering methods on, although the usefulness of
Multiseq in this context would be limited by its inclusion of a single covariate in the

model.
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Figure 3.5: An illustration where Multiseq is applied to the RN A-seq data for the OAS1 gene in 69 Yoruba individuals
from the International HapMap project. 3 individuals had missing genotype information for the SNP of interest
(rs10774671) and were removed. Top three plots show the average sequencing profiles for the three different genotype
classes, normalized by their sequencing depth. The bottom plot shows the estimated effect size using Multiseq (solid
black), as well as the posterior standard deviations (dotted green). The red bar in the bottom plot indicates the
region where the splicing junction was discovered by Pickrell et al. (2010). In all four plots, the vertical dotted blue
lines mark the boundary where a segment of the gene was excluded (see main text) for easier visualization.
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3.4 An alternative model to estimate effect sizes

While the simulations conducted in Section 3.2 show that Multiseq performs reason-
ably well on a wide range of simulated data, one caveat we noted is that Multiseq
tends to perform worse than window-based approaches when the data is simulated
from a Beta Binomial scheme from the ChIP-seq experiment, when the region size
is large (e.g. 215bp). Figure 3.6 shows an example of how the Multiseq estimates
change when we increase the region size for a particular set of simulations on a sin-
gle region from the Beta-Binomial ChIP-seq simulations described in Section 3.2.
Since we only focus on one non-null region where an effect is actually present, 100
independent runs were simulated to obtain an average effect estimate.

While the reason for this behavior is not immediately obvious, we believe that

there are two factors contributing to this:

1. The data simulated under the Beta Binomial procedure tend to exhibit larger
extra-Poisson variation than the data simulated under the Negative Binomial
scheme (and in fact, larger than the values estimated from the raw data as
well). For example, the dispersion parameter (according to a Negative Bino-
mial model) estimated by edgeR for simulated data from ChIP-BB is about
twice the value estimated for data simulated from ChIP-NB. At the same time,
because it is not immediately clear what the true baseline under the Beta Bino-
mial scheme is, it could be highly irregular and thus not really “spatially struc-
tured”. These two factors combined makes it much harder to estimate both the
baseline as well as the effect, which is not very strong in the first place (only a

two-fold difference). On the other hand, the data generated under the Negative
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Figure 3.6: An example where Multiseq was applied to ChIP-seq-based simulations under the Beta Binomial sim-
ulation scheme corresponding to one of the MACS peaks. The three plots show results for region sizes of 2'1bp,
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estimate. Note that the results for all region sizes are zoomed in to the same resolution for easier visual comparison.
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Binomial model follows the generative model for Multiseq and has compara-
tively smaller extra-Poisson variation, hence Multiseq performs substantially

better than window-based approaches in this case.

. Not only is the effect weak, it is also “sparse” in the sense that the effect is ev-
erywhere zero (on the log scale) except for a small site, which is tiny (=~ 300bp)
compared to the length of the entire region (&~ 33000bp). Since the shrinkage
procedure in Multiseq works independently for each scale, information from
other scales are not taken into account. One can intuitively think of the sparse
and weak effect being distributed across all the scales, so that each scale will
contain very little information about the presence of the effect by itself. This
translates to the ash hyperparameters 7 being estimated as having nearly all
the mass on the null component, resulting in posterior estimates that often fail

to pick up the effect.

Since window-based approaches use windows of the same size as the site where the

effect is generated, they have a much easier time picking up the true effect, hence

outperforming Multiseq in this particular scenario. While a combination of the two

above-mentioned factors hinders the performance of Multiseq, we speculate that it

would rarely be a problem in practice. First, actual sequencing data do not often

exhibit such sparse and weak effects in large regions, and typically posses smaller

extra-Poisson variations than the Beta Binomial scheme outlined above, making it

significantly easier for Multiseq to pick up the effect. Second, the way Multiseq is

intended to be used when applying it genome-wide is to estimate the ash hyperpa-

rameters from a number of regions, and use the estimated hyperparameters when
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applying the method to other regions in the genome. This would greatly reduce
the time Multiseq takes to estimate the hyperparameters, compared to estimating
these hyperparameteres separately for each region. Furthermore, by estimating the
hyperparameters from a multitude of regions, we expect the posterior estimates to
be much less affected by regions that possess only a single weak effect. Of course,
the downside to this practice would be that hyperparameters for any single region
would not be estimated as accurately, so that the final call for how Multiseq is used
should be made by the user.

Even though we speculate that this issue is mostly conceptual and of little import
in practice, we seek to build upon Multiseq and explore alternative methods in the
event that one might indeed be interested in finding a single weak effect in an isolated
region of the genome. In particular, we wish to capture the “sparsity” effect using a
chain-like structure. A natural model that arises often in practice is a Markov Chain,
which is indeed what we propose. To be explicit, suppose we again have sequencing
reads Ybl from multiple samples on the same region, as well as an associated covariate

g. We formulate the model initially as in (3.1):
Yy ~ Poi()})

log()\g) = pp+ Bbogi + vg (3.18)

where the parameters have the same meaning as they do in (3.1). However, instead
of assuming both py and 87 to be spatially structured, we assume only sy to be

spatially structured, but that ﬁg is “sparse”, meaning that the effect of ¢ is present
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in only small portions of the region. This gives rise to a “step-like” structure to
By, which we model by a Markov Chain. In particular, given the type of effects we
assume, we use a special form of Markov Chain where we place constraints on the
transition probabilities of Bg . Intuitively, if a certain base shows no effect from g,
we would expect neighboring base pairs to show no effect as well. Similarly, base
pairs in a region with an effect will tend to have similar effect sizes. Motivated by
this idea, we consider a discretized version of a continuous-time Markov chain. For

states z1, ..., x, the transition probabilities are given by:

l—qg+qm, k=3
P(Bpp1 = wpl By = w5) = | (3.19)
qrmy; k#j

where the parameter ¢ € [0, 1] represents a “jump probability”, and the parameter
vector m = (m,...,Tg) is a probability vector representing the stationary distri-
bution of the Markov chain. One can immediately see the connection between the
above formulation and that of a continuous-time Markov chain: instead of an expo-
nential holding time in the continuous version, we have a discrete holding time with
a Geometric(p) distribution. Furthermore, once the chain jumps, it jumps according
to a transition probability matrix independent of the jump time. In this case, the

embedded transition probability matrix A is given by

Ajk:ﬂ'k j,k:xl,...,xK (3.20)

In words, at each step b the chain either stays in the current state with probability
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1 — g, or jumps with probability ¢. If a jump occurs, then 3 118 drawn according
to the distribution 7. In the context of a “sparse” effect discussed earlier, we expect
the vector 7 to have most of its mass on the state corresponding to 0 (i.e. no effect),
so that 8 = 0 for most b. Not only does this formulation have a naturally appealing
interpretation in our application, but it also has a computational advantage, namely
that the forwards-backwards algorithm becomes O(K) rather than O(K?).

While it would be ideal to jointly estimate py and 37, in practice it is far simpler
and likely more efficient to first estimate py, and then estimate 3 treating uy as
known. As such, our method, which we call HMM-seq, first estimates the posterior
means of ug using Multiseq. Given the posterior means /lg, the emission probabilities
are given by

- ﬂg+ﬁg (19+8°)
P(Yy = yliy, By) =

" (3.21)

ie. Yylap, 8y ~ Pois(eﬂngBg ). Hence, the emission probabilities can be computed
explicitly, and need not be estimated. In practice, we use the Negative Binomial dis-
tribution as an overdispersed Poisson distribution, and include an addition dispersion
parameter v, which we estimate using edgeR.

Our goal is thus to estimate the unknown parameters 7 and ¢, given the emission
probabilities (3.21) and the observations Ybi. We estimate these unknown quantities
via maximum likelihood, as is common practice. Since the effects we are interested in
can be really sparse, we include the option to add a prior component to the expected

complete-data log-likelihood, and maximize the pseudo-likelihood instead. Various
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details for implementing HMM-seq can be found in Appendices A.4.1-A.4.2.

Given the MLEs of ¢ and 7, denoted by ¢ and 7, we can compute the marginal
posterior distribution of 87, P(8) = x1|Y, ¢, 7). An effect size can then be estimated
using any of the following three commonly-seen quantities, depending on the actual

size and sparsity of the effect(s):

1. The posterior mean E(B{|Y,q,7) = > i 2, P(8) = x|Y, ¢, 7). This minimizes
the Lo distance between any estimate and the true effect, and is probably the

best in general, as effects can vary in strength and shape.

2. The posterior mode argmaxP(8) = x1|Y,¢,7),b = 1,..., B. This maximizes
T,
the expected number of correct individual states, and is suitable when the

actual effect appears discrete.

3. The most likely state sequence argmax P(8{ = vqy,...,3] = zpilY,q,7)
T JoyeerT

among all sequences. While this 15: popﬁ,{car optimality criterion in many ap-

plications and might be a possible candidate with which we can test for the

presence of an effect, it probably is not the most suitable quantity for actually

estimating effect sizes. The Viterbi algorithm for computing the most likely

state sequence is described in e.g. Rabiner (1989).

As with Multiseq, we can use HMM-seq to perform significance testing in addi-
tion to estimating effect sizes. Specifically, we wish to test Ho: 8y = 0Vb vs Hy:
Jb s.t. By # 0. We use the log-likelihood ratio

P(Y|°,8° =0,0)
P(Y |0, 3, 7)
49

(3.22)

Ampvim(Y) =



where Y is the matrix of sequencing counts, 1° is the estimated baseline, ,éo is the
estimated effect using one of the quantities above, and 7 is the estimated dispersion

parameter. Note that

P(Y 3%, 8°=0,7) = HHf (Yy: . 5 = 0.7) (3.23)
P(Y|a%,B8%0) = HHf Sy TNCNY (3.24)
t b

where f is the probability mass function for the Negative Binomial distribution.
Since the parameters are not estimated by maximum likelihood, we cannot guar-
antee an asymptotic 2 distribution for —2log(Amnn), if the asymptotics even hold
in the first place. Instead, the empirical distribution for the statistics will have to be
computed via numerical procedures such as permutation, similar to the procedures
used for Multiseq. Quantities such as p-values can then be obtained to quantify the

amount of evidence against Hy.

3.4.1 Simulation results

To assess the performance of HMM-seq, we run the method on the exact same sets
of simulations presented in Section 3.2. To obtain auROCs for HMM-seq, we use
the likelihood ratio statistics from (3.22) to rank the significance of the regions, with
a higher likelihood ratio indicating more evidence of an effect being present in the
associated region. Figures 3.7-3.10 show the same ROCs as in Figures 3.1-3.4, but
with two extra ROCs for the results from HMM-seq, both with and without the
“sparse” prior.
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Figure 3.7: ROC curves and areas under the curves for ChIP-seq-based simulations under the Negative Binomial
For each of the 117 regions, one null case was simulated in which an effect is absent in the
4 samples, and one non-null case was simulated in which an effect was present in the 4 samples. Methods being
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based approaches used 300bp windows, which close to the width of the effect being simulated. Panels (a), (b) and
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Figure 3.8: ROC curves and areas under the curves for ChIP-seq-based simulations under the Beta Binomial genera-
tion scheme. For each of the 117 regions, one null case was simulated in which an effect is absent in the 4 samples, and
one non-null case was simulated in which an effect was present in the 4 samples. Methods being compared include
Multiseq, HMM-seq with and without the sparse prior, edgeR, DESeq and DESeq2. All window-based approaches
used 300bp windows, which close to the width of the effect being simulated. Panels (a), (b) and (c) show results

when the region sizes are 211bp, 213bp and 215bp respectively.
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Figure 3.9: ROC curves and areas under the curves for DNase-seq-based simulations under the Negative Binomial
generation scheme, where the simulated effect is estimated from raw data using bayesthr. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-null case was simulated in which an effect was
present. Methods being compared include Multiseq, WaveQTL, HMM-seq with and without the sparse prior, and
DESeq with various choices of window sizes. Panels (a), (b), (c), (d) and (e) show results when the sample sizes are
4, 6, 10, 30 and 70 respectively.
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Figure 3.10: ROC curves and areas under the curves for DNase-seq-based simulations under the Beta Binomial
generation scheme, where the simulated effect is estimated from raw data using bayesthr. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-null case was simulated in which an effect was
present. Methods being compared include Multiseq, WaveQTL, HMM-seq with and without the sparse prior, and
DESeq with various choices of window sizes. Panels (a), (b), (c), (d) and (e) show results when the sample sizes are
4, 6, 10, 30 and 70 respectively.
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Results for ChIP-NB indicate that HMM-seq performs remarkably well, outper-
forming Multiseq as well as window-based methods for all region sizes, with the gain
in performance greatest for 2'°bp. In ChIP-BB however, HMM-seq is on par with
Multiseq for region sizes 21 bp and 213bp, whilst underperforming substantially for
2151 p when no prior is added. When a “sparse” prior is added however, HMM-seq
outperforms all other methods by a significant margin for all three sample sizes.

For both sets of DNase-seq simulations, HMM-seq with no prior slightly outper-
forms Multiseq for small sample sizes, and on par with the latter for larger sample
sizes. If a “sparse” prior is added however, HMM-seq performs slightly worse than
Multiseq in general, but still substantially better than the window-based approaches.

From these results we conclude that HMM-seq does indeed achieve superior per-
formance compared to Multiseq for the ChIP-seq simulations (where the effect is
weak and sparse), which is what we set out to achieve. Its overall performance is
also satisfactory, almost always outperforming window-based approaches and being
on par with Multiseq on average, albeit with considerable variation in performance.
Nevertheless, we note that the performance of HMM-seq is heavily influenced by two
factors: 1) the accuracy for which the baseline yj is estimated, and 2) the shape of
the effect 3p.

The first point is illustrated by results from ChIP-BB, where we see that HMM-seq
does not actually perform as well as either Multiseq or the window-based approaches
when the region size is 215bp. As explained previously, this particular scenario poses
considerable challenges for Multiseq when estimating both the baseline and the effect,

and errors in estimating py are exacerbated in the estimation of 8 via HMM-seq.
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While adding a “sparse” prior as described 3.4 alleviates this issue substantially,
introducing such a prior in general can be detrimental when the effect size is not
actually “sparse”, as the DNase-seq simulations show. On the other hand, for smaller
region sizes in ChIP-BB and all simulations in ChIP-NB, Multiseq is able to estimate
py pretty accurately, resulting in the excellent performance of HMM-seq in these
scenarios.

The second factor as mentioned above is demonstrated by results from DNase-
NB and DNase-BB. Because the true effects used in the simulations are actually
estimated from the raw data, they can be highly irregular in nature, making a Markov
Chain less of a suitable model for the effect size 8. In fact, we see that Multiseq
performs substantially better than HMM-seq when the true effects were actually
estimated using Multiseq (Appendix A.5), and performs nearly as well as the latter
when the true effects were estimated using bayesthr.

As such, Multiseq is overall a more robust method than HMM-seq in terms of es-
timating effect sizes, being worse than the latter on occasions where the true effect is
weak and sparse. Efficiency-wise, Multiseq is computationally faster than HMM-seq
(excluding the Multiseq step, which has to be run in the first place), especially for
large regions. Hence, we will use the multiscale methods Multiseq and smash in tack-
ling other interesting problems (3.5 and 4), keeping HMM-seq as a complementary

tool.
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3.5 Application: inferring transcription factor binding

from chromatin accessibility data

One primary goal in genomics is a better understanding of the human regulatory
system, in particular non-coding genomic sequences that regulates gene expression.
Transcription factors (TFs) are of particular interest because they directly control
transcription (as the name implies) by binding to specific locations on the genome.
As mentioned in Section 1.1, ChIP-seq experiments have been widely used to locate
TF binding sites, and can be regarded as the gold standard sequencing experiment
for this task. However, each ChIP-seq experiment profiles only one TF, so the costs
of conducting these experiments can be prohibitive when one wishes to find TF
binding sites in general. On the other hand, sequencing experiments such as DNase-
seq or FAIRE-seq (formaldehyde-assisted isolation of regulatory elements) measure
chromatin accessibility and thus correlate with TF binding. Based on this line of rea-
soning, methods such as CENTIPEDE (Pique-Regi et al. (2011)) and msCentipede
(Raj et al. (2015)) make use of data from assays measuring chromatin accessibility -
as well as external sources of information - to infer TF binding.

At its core, this is essentially a classification problem, where we wish to classify
a site as being bound or not based on a variety of features (of which chromatin
accessibility data is a prominent one). Both CENTIPEDE and msCentipede are
unsupervised approaches to the problem, where actual ChIP-seq measurements are
not given. Here, we take a supervised approach to the problem, making use of

available ChIP-seq data in addition to chromatin accessibility data to infer binding at
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new locations. Using this supervised approach, our main goal is to better understand
the relationship between ChIP-seq and DNase-seq data. A simple Bayesian model

for computing the posterior probability odds at a new site is

P(B=1|D,T) P(D|B=1,T)P(B=1|T) -
P(B=0/D,T) P(D|B=0,T)P(B=0|T) (3.25)

where T' is the training data (both DNase-seq and ChIP-seq measurements), B = 0
or 1 indicates no binding and binding respectively at the new site, and D represents
chromatin accessibility data at the new site. Here P(B = 1) and its complement
can be computed empirically from the available ChIP-seq data. In practice however,
various peak calling algorithms produce different results, and it is difficult to decide
on a single best algorithm for deciding if binding actually occurs. Instead, we use the
total number of ChIP-seq reads at any particular site as a surrogate for determining
TF binding. This particular measure is also much more informative than a binary
“bind” or “no bind” condition.
We thus modify (3.25) to become

P(D|C = ¢,T)P(C|T)
P(D|T)

P(C =¢D,T) = (3.26)

where C' represents total ChIP-seq reads at the new site. Here our goal is to determine
the posterior distribution for the number of total ChIP-seq reads at a new site. We
estimate the prior P(C|T) using its empirical distribution from the ChIP-seq data

in T'. For the likelihood component, we make the standard assumption of a Poisson
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distribution on the DNase-seq reads D:

Abe AP
P(D|C =¢,T) = [[ P(DyIC = e, T) =[] Tb’c
b b

(3.27)

where S‘b,c is the estimated Poisson intensity for DNase-seq measurements at base
b when the total ChIP-seq reads is ¢. To bring Multiseq into the framework and
estimate the rate Ay ., we first visualize what A;, .. looks like for different values of c.
Figure 3.11 shows the average DNase-seq read profiles for two example TFs, BATF
and CTCF, when total ChIP-seq reads is low, medium or high. Note that DNase-seq
data is strand-specific, so there are two plots for each TF, one for each strand. Here
sites marked as “low” is defined to have total ChIP-seq reads less than the 90-th
percentile; sites marked as “medium” falls in the 90-th to 99-th percentile; sites
marked as “high” have total reads above the 99-th percentile.

We can clearly see that there is a monotonic positive relationship between average
DNase-seq reads and total ChIP-seq reads: the higher the total ChIP-seq reads, the
higher the intensity for the corresponding DNase-seq profile. This relationship can
be captured well by the Multiseq model as described in (3.2). Specifically, we run
Multiseq on the DNase-seq data in 7', with each site being a sample. The covariate
in the Multiseq model will be the vector of total ChIP-seq reads C' that are in the
training set T'. Multiseq will output the posterior means of iy and Bg Using these
quantities, we can compute the desired quantity of interest S‘b,c = iy + Bg ¢, which is
the posterior mean of the Poisson intensity at base b when total ChIP-seq reads is c.

Putting this in (3.27) allows us to compute the posterior probabilities P(C' = ¢|D, T).
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Figure 3.11: Average DNase-seq profiles for two examples TFs, grouped according to different total ChIP-seq reads.
Panel (a) shows the average profiles for BATF, where the first plot corresponds to the forward strand, and the
second plot corresponds to the reverse strand. Panel (b) shows the average profiles for CTCF, where the first plot
corresponds to the forward strand, and the second plot corresponds to the reverse strand. In all four plots, the black
lines correspond to the average DNase-seq profile for samples with total ChIP-seq reads above the 99-th percentile;
the red lines correspond to the average DNase-seq profile for samples with total ChIP-seq reads between the 90-th
and the 99-th percentile; the green lines correspond to the average DNase-seq profile for samples with total ChIP-seq
reads below the 90-th percentile.
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(3.26) gives us the posterior distribution for the total ChIP-seq reads C' at any new
site, which is very informative of binding, possibly more so than a binary outcome as
determined by a peak calling algorithm (since none is guaranteed to be perfect). If,
however, a binary outcome of binding vs no binding is indeed desired, an appropriate
threshold H on C' can be computed using any or several of the available peak calling
algorithms. Finding the posterior probability of binding P(B = 1|D,T) given H as

well as the posterior distribution for C' is then a trivial task.

3.5.1 Case study: inferring binding for the GM12878 cell line

To assess the performance of our method, we compare it against CENTIPDE and
msCentipede on DNase-seq and ChIP-seq data obtained from the GM12878 lym-
phoblastoid cell line. We follow closely the analysis routine described in Raj et al.
(2015), using data kindly provided by A. Raj. Total ChIP-seq reads in 400bp win-
dows centered at the 42 motif instances were derived from experiments conducted
as part of the ENCODE project, while DNase-seq reads in a 214hp window centered
at the same motif instances were obtained from a study conducted at the University
of Washington (Hesselberth et al. (2009)). As an initial filtering step, we removed
sites which had mappability issues, as well as sites for which the position-weight
matrix (PWM) scores were less than 10, following the procedure outlined in Raj
et al. (2015). For our method, we split the data into a 80% training set and and a
20% test set, where the training set (including both DNase-seq and ChIP-seq mea-
surements) is used to infer the parameters A6 and the test set is used to assess

accuracy of our method, as described below. For CENTIPEDE and msCentipede,
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we run them on the DNase-seq data from all sites with PWM scores greater than
13 to learn model parameters, instead of from just the training set, as they are un-
supervised approaches. For the results to be consistent, we evaluate the accuracy of
these two methods on just the 20% test set. We also provide PWM scores to both
CENTIPEDE and msCentipede as additional input features.

To evaluate the accuracy of all three methods, we use the auROC as the perfor-
mance metric. To compute the auROC, a gold standard set of bound and unbound
sites for a given TF were generated using the peak calling algorithm MACS at a 1%
FDR cutoff. Specifically, bound sites were ones that lay within a ChlP-seq peak as
defined by MACS, while unbound sites were ones that did not lie within any ChIP-
seq peaks, and had fewer total reads than the median amount over all the sites for
that TF. Given the “true” binding labels on each of the sites in the 20% test set, an
auROC can be computed based on the rankings induced by the posterior probability
of binding estimated by all three methods.

Since there is a huge number of putative binding sites for any given TF-PWM pair,
we first determine the ideal region for DNase-seq data on which to train Multiseq.
Because different PWM models can be associated with the same TF, we will use
the naming convention (name of TF)-(ID of PWM model) for each TF-PWM pair.
Figure 3.12a plots the auROCs for BATF-S356 for sliding windows of 1024bp across
a region of length 16384bp, centered on the start of the motif instance. Figure 3.12b
plots the auROCs for BATF-S356 with varying region sizes all centered on the start
of the motif instance. From these two figures we can conclude that 1) the region

that provides the strongest signal for TF binding comprises of bases immediately
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surrounding the first base of the motif, with decaying strength further out, and 2)
the region size that correlates best with TF binding is less than 1024bp. Other TF-
PWM pairs have the same trends, so these observations hold in general. As such,
we run Multiseq on DNase-seq data consisting of x base pairs surrounding the start
of the motif for each TF-PWM pair, where x € {64, 128,256, 512,1024}.

While there are many TF-PWM pairs, many of them result in the same relative
performance of Multiseq, CENTIPEDE and msCentipede. Hence, we show figures
that can succinctly summarize the main patterns we found, and record the auROCs
for each TF-PWM pair as a table in Appendix A.6. Figures 3.13-3.17 outline the
main patterns in decreasing frequency of occurrence.

Overall, we conclude that using Multiseq as a supervised approach to inferring
binding is superior to both of the unsupervised approaches CENTIPEDE and ms-
Centipede for this dataset. It consistently outperforms CENTIPEDE, and under-
performs in relation to msCentipede only for a couple of TF-PWM pairs. However,
we recognize the shortcoming of our approach in that it still requires some ChIP-seq
data to train on, which limits its use in practice. On the other hand, through this
data analysis we have discovered interesting relationships between total ChIP-seq
counts and DNase-seq data. In particular, the optimal window size for DNase-seq
data to learn from is typically between 512-1024bp, but both CENTIPEDE and
msCentipede often has lower auROCs when trained on DNase-seq data with these
window sizes, compared to when they are trained on smaller windows. This suggests
that both CENTIPEDE and msCentipede are not making optimal use of all available

DNase-seq data, and that there is still much room for improvement.
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Figure 3.12: AuROCs from the Multiseg-based inference procedure for BATF-S356. Panel (a) shows the auROCs
when Multiseq is trained on DNase-seq data from contiguous 1024bp windows within a region of length 16384bp
around the start of the motif instance. Panel (b) shows the auROCs when Multiseq is trained on DNase-seq data
from different regions sizes (26bp-214bp).
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Figure 3.13: AuROCS corresponding to the Multiseq-based inference procedure (black), CENTIPEDE (red) and ms-
Centipede (green) for NFE2-S92. Here all three methods achieve nearly “perfect” auROCs, where the largest auROC
across all region sizes is greater than 0.995. Other TF-PWM pairs showing this kind of pattern (possibly excluding
CENTIPEDE) include E2F4-S753, E2F4-S754, ELK1-S88, ELK1-S89, ELK1-S90, ELK1-S841, ERRA-S661, ERRA-
S662, ETS1-S99, ETS1-S100, ETS1-S101, IRF3-S147, IRF4-S148, MAX-S325, NRF1-S194 and SREBP2-S342.
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Figure 3.14: AuROCs corresponding to the Multiseg-based inference procedure (black), CENTIPEDE (red) and
msCentipede (green) for BATF-S356. Here the Multiseg-based inference procedure outperforms both CENTIPEDE
and msCentipede. Other TF-PWM pairs showing this kind of pattern include BHLHE40-S311, CEBPB-S357, EBF-
S79, EGR1-S4, ERRA-S838, NFAT(C1-S186, NFATC1-S187, NFATC1-S188, NFKB-S189, NFKB-S190, RFX5-S240,
RFX5-5241 and RFX5-S825 and ZNF143-S43.
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Figure 3.15: AuROCs corresponding to the Multiseg-based inference procedure (black), CENTIPEDE (red) and
msCentipede (green) for RUNX3-S250. Here msCentipede outperforms the Multiseg-based procedure for smaller
region sizes, but the latter outperforms the former overall (using maximum auROC across all region sizes) when
larger region sizes are taken into account. The Multiseg-based procedure outperforms CENTIPEDE for all window
sizes. Other TF-PWM pairs showing this kind of pattern include ELF1-S81, ELF1-S82, PU1-5S123, SRFV0416101-
S159 and SRFV0416101-S160.
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Figure 3.16: AuROCs corresponding to the Multiseg-based inference procedure (black), CENTIPEDE (red) and
msCentipede (green) for PAX5C20-S200. Here msCentipede performs the Multiseg-based inference procedure. Other
TF-PWM pairs showing this kind of pattern include MAFK-S383 and MAFK-S384.
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Figure 3.17: AuROCs corresponding to the Multiseg-based inference procedure (black), CENTIPEDE (red) and
msCentipede (green) for CTCF-S2. Here the maximum auROC across all regions for both the Multiseg-based infer-
ence procedure and msCentipede are nearly identical (< 0.003 difference). Both methods outperform CENTIPEDE.
Other TF-PWM pairs showing this kind of pattern include GABP-S116.
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CHAPTER 4
CLUSTERING SEQUENCING DATA USING A
SMOOTHED GRADE OF MEMBERSHIP MODEL

4.1 Overview

Clustering techniques have often been used in the analysis of genetic data as a pow-
erful exploratory tool. In particular, the STRUCTURE model in Pritchard et al.
(2000) (also known as the grade-of-membership/admixture/latent Dirichlet alloca-
tion/topic model) was proposed as a “soft” clustering method for genotype data to
infer population structure. In this type of clustering, each sample can have partial
membership in each cluster, potentially revealing complex relationships between the
samples of interest. Other clustering tools such as k-means and hierarchical cluster-
ing have also been used in the analysis of micro-array data, to cluster both genes
and samples, as well as sequencing data. A review of these methods can be found in
Jiang et al. (2004). More recently a similar grade-of-membership (GoM) model was
proposed by Dey et al. (2016) to cluster samples from RNA-seq data, motivated by
the argument that each sample could exhibit behavior from a variety of different cell
types, potentially revealing similarities and dissimilarities between different samples.

Motivated by the results from the GoM models in both Pritchard et al. (2000) and
Dey et al. (2016), we propose an extension of the latter model to analyze sequencing
data at the base pair resolution (RNA-seq reads were summed up within genes, or
other “units” e.g. transcripts, exons, in Dey et al. (2016)). The goal of such a

model is to capture clusters at a finer scale compared to gene-level analysis. For
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example, certain samples might share similar expression patterns for a portion of a
gene, but reveal different patterns in another portion of the same gene. One possible
explanation for this might be variations in splicing patterns, and new clusters could
potentially reveal transcripts not previously found.

One main issue with applying the GoM model directly is the low number of reads
at each base in typical sequencing data. For a substantial fraction of the samples and
genes, there could be as few as zero counts in more than 70% of the bases. The low
signal-to-noise ratio means that the standard GoM model might return estimates of
distinct cluster centers that are, in fact, very similar to each other. Indeed, results
in Sections 4.2 and 4.3 will illustrate this point, as we compare the standard GoM
model to ours.

To model the low read count when analyzing sequencing data at the base pair res-
olution, we make the assumption that the cluster centers are “spatially-structured”,
and hence induce some form of “smoothing” when estimating the cluster centers by
making use of the multiscale framework described in Chapter 2 (also see Shim and
Stephens (2015), Xing and Stephens (2016)). To be precise, we add an additional
smoothing step during each update of the EM algorithm for the GoM model by run-
ning smash on the estimated cluster centers. As we will see in Sections 4.2 and 4.3,
this additional step greatly improves the accuracy of the model when compared to
the standard GoM model.

For easier conceptual understanding, we first describe the basic GoM model (with-
out smoothing) in terms of a generative model, which (given the cluster profiles) can

be specified as
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1. For the j-th DNA fragment (for which we only consider the first nucleotide)
in sample i, first choose cluster Z;; according to P(Z;; = k|m) = m;;,, where

Yumik=1fork=1,.. K.

2. Given Z;;, choose the base R;; it maps to according to P(R;; = b|Z;;, ®) =

O7,;.b> where >y pp, = 1.

Given this generative model, the likelihood P(D|¢, ) is given by
P(Rlg,m) = [IT]>D P(Rij|Zi; =k, ¢)P(Zij = klm)

}/i
< 111 (Z P(Rjj = blZij = k, $)P(Zi; = k\w))
i b \k

where }/Z'b = Z] I{Rij:b}

Y
= HH(Z%W%) (4.1)
i b \k

For notational convenience, we have moved the sample indicator ¢ to the subscript
here instead of the superscript as in the multiscale models. Note that (4.1) re-
expresses the likelihood in terms of the sum of the reads at a given base pair, Yj,
which is sufficient for the information contained in the actual data R;;. Alternatively,

this model can be expressed as

(Yi1, ..., Yip) ~ Multinomial(Y;., pj1, ..., pig)

where Yi.:= Y Yip, pip = D Tipdr (4.2)
b K
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which is exactly the model (2) presented in Dey et al. (2016). Fitting the model
(4.2) requires us to estimate the quantities @ = {mx}ic(1  my)kef1,.. Kk} and @ =
{orbtreq,.. .k pef1,..,By. We choose estimates for 7 and ¢ that maximize the
likelihood (4.1), using an EM algorithm described in Appendix A.7. Following the
derivations in Appendix A.7, the parameter updates in the M step for a standard

GoM model are given by

o,
XYoo | 200w
7_(_(154‘1) o Zk/ Wik/(’bk/b (4 3)
Zk - Zb/ }/;b/ )
oy,
Zi Y, | — ik kb __
(t+1) S T4
Py = : (4.4)

H0,0)
2y Yay W

K Tt Crelp!

As noted above, the standard GoM model does not perform well when applied
directly to sequencing data, so we add a “smoothing” step at each iteration of the

EM algorithm. Specifically, we modify the M step as follows:

Note that the 7 updates remain unchanged. For the ¢ updates, the function f
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consists of the following steps:

1. Rescale the term inside f, which we call qbzb. Note that the qbzb’s were defined
originally to be multinomial probabilities, and hence lie between 0 and 1. Since
the smoothing procedure smash was originally designed to smooth Poisson
counts, the magnitude of ¢, should be close to those of actual sequencing

read counts. To that end, we multiply {¢7;, }p—1... B by

(t) . (t)

90 ..

ck =i > b Yib ”“ka(t) / >_; mik for each k, giving us ¢}
Zk/ ﬂ-ik‘/d)k‘lb

2. Apply smash to ¢y for each k, resulting in the smoothed cluster means ¢7;.

3. Normalize ¢7, so that » 3 7, = 1. This gives us the actual updated parameters

t+1
o .

We iterate this procedure till “convergence” to obtain estimates 7« and (;B Note that
these are not exact maximum likeliood estimates, as the smoothing step changes
the likelihood function we are trying to maximize at each iteration. As such, there
is no guarantee that the algorithm actually converges, especially not in terms of
the likelihood function. Nevertheless, we define approximate numerical convergence
in terms of the parameters w and ¢, so that the algorithm terminates when the
difference between successive parameter updates is smaller than some pre-specified
tolerance. Through simulations and data analyses in the following sections, we will
show that despite the heuristic nature of our approach, which we call Cluster-seq, we
substantially improve upon the estimates from the basic GoM model, concluding that
Cluster-seq has considerable potential when used to perform exploratory clustering

for sequencing data at the base pair resolution.
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4.2 Simulation results

We compare the basic GoM model with Cluster-seq via a very simple simulation
study, which is intended to be a proof-of-concept. More interesting results can be
found in Sections 4.3 and 4.4.

For this simulation study, we simulate data according to the generative model
corresponding to the likelihood (4.1). Specifically, we set K = 4, n = 20 and
B =1024. For each sample 7, the membership proportions are given by m;p+ = 0.7
where P(k* = k) = 1/4,k = 1,2,3,4 and 7;;, = 0.1,k # k™. For each cluster
k, the (unnormalized) cluster means are given by Ay, = 1,b € 51, Agp = 10,0 €
So, A3p = 3,b € S3, Agp = 5,b € Sy, and Ay, = 0.1,b ¢ Sp.Vk = 1,...,4, where
S = {100, 101, ...,200}, S7 = {300,301, ...,400}, S1 = {500,501, ...,600}, and S7 =
{700,701, ...,800}. The A\zp’s as defined thus are indeed “spatially-structured”. The
®rp’s can then be obtained by normalizing the A\;’s, and are plotted in Figure 4.1.

To compare the performance of the two methods, we compute MSE(7, 7w) and
MSE(¢, qZ;) averaged over 100 independently simulated datasets as the two assess-
ment metrics. The MSE values, together with their associated standard deviations
in parenthesis, are shown in Table 4.1 below. Here we see that the MSEs for the
cluster means ¢ are much smaller for Cluster-seq than their GoM counterparts with-
out smoothing. The improved accuracy for Cluster-seq is illustrated in Figure 4.1,
where we also plot the estimated ¢j; values on top of the true profiles for the two
methods for one simulated run. In turn, this improves the accuracy with which the
membership proportions 7 are estimated, as reflected by the MSEs for 7 in Table
4.1.
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s
Cluster-seq 1.652x10~7 (1.898x10~7) 0.0138 (0.0054)
Basic GoM model 1.610x107% (2.418x10™7) 0.0462 (0.0313)

Table 4.1: Comparison of accuracy (MSE) of basic GoM model and Cluster-seq on a simple simulation scheme
over 100 independent runs. Numbers in parantheses indicate the standard deviations for the MSEs in each case.
Cluster-seq outperforms the basic GoM model in estimating both 7 and ¢.

While this is only a simple simulation study, it nevertheless demonstrates the
immediate advantages of Cluster-seq over a standard GoM model when used to
cluster sequencing data at the base pair resolution. Next, we will run Cluster-seq on
sequencing data from two well known studies to highlight its potential for revealing

complex structure amongst different biological samples.
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Figure 4.1: Estimates of ¢ for one particular run of the simulation. The four plots correspond to the four distinct
cluster means being simulated from. Black lines indicate the true cluster means; red lines indicate the estimates from
Cluster-seq; green lines indicate the estimates from the basic GoM model. Cluster-seq is able to estimate the true ¢
much more accurately than the basic GoM model.
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4.3 Case study: analysis of RNA-seq data for gene OAS1

In Section 3.3 we applied Multiseq to RNA-seq counts for gene OAS1 and located dif-
ferences between genotype classes for rs10774671, matching the findings from Pickrell
et al. (2010). Here, we remove the genotype labels on the samples and attempt to
discover the same structural differences by running Cluster-seq on the raw RNA-seq
data.

Depending on the the type of generic variant in question, choosing the number
of clusters K requires some contextual knowledge. Since many genetic variants are
SNPs however, K = 3 is a reasonable first choice if we are indeed looking for differ-
ences induced by a genetic variant. Figure 4.2a shows the cluster means estimated
by both Cluster-seq and the basic GoM model. Note that we estimated the cluster
means using reads spanning the last three exons to better highlight the structures
revealed by our method, although we expect similar results had we used data from
the entire gene. Figure 4.2b shows the corresponding admixture plots for the two
methods, where the genotype labels are added to better visualize the cluster struc-
tures. Admixture plots are commonly used in the field of population genetics to
reveal population structure (e.g. Pritchard et al. (2000)) by using barplot repre-
sentations of the membership proportions 7 across samples ¢, and are an extremely

useful tool for summarizing the results from GoM models.
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Figure 4.2: Results from running the basic GoM model and Cluster-seq on RNA-seq data from gene OASI with
K = 3. Panel (a) shows the estimated cluster means; top plot in panel (a) corresponds to estimates from the basic
GoM model, and bottom plot in panel (a) corresponds to estimates from Cluster-seq. Panel (b) shows the admixture
plots; top plot in panel (b) corresponds to cluster memberships for the basic GoM model, and bottom plot in panel
(b) corresponds to cluster memberships for Cluster-seq. We see that Cluster-seq not only gives a better visualization
of the cluster means, but is also able to separate the samples into the three genotype classes much more accurately
than the basoc GoM model.
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From Figure 4.2a it is clear that Cluster-seq does a better job at finding the
cluster centers. While the “green” clusters in both approaches pick up the splice
junction proposed in Pickrell et al. (2010), the one in the basic GoM model overlaps
with the “red” and “blue” clusters at all three exons, making biological inference less
tractable. Furthermore, the “red” and “blue” clusters in the basic GoM model are
nearly identical and non-identifiable. This is reflected in the admixture plot for the
basic GoM model as shown Figure 4.2b. Although there is decreasing membership in
the “green” cluster as we move from the minor homozygotes to the heterozygotes to
the major homozygotes, the plot also reveals considerable variation in membership
proportions among samples within the same genotype class, making it difficult to
observe similarities between samples. In contrast, the three clusters estimated by
Cluster-seq are immediately distinguishable from one another, with the green and
blue clusters capturing the variation in expression between genotype classes result-
ing from the sQTL. Figure 4.2b shows that the three genotype classes are clearly
separated via the membership proportions estimated by Cluster-seq, which is highly
encouraging given that we did not use the genotype labels in running Cluster-seq.

To further explore how well the samples group by genotype class given the esti-
mates from both clustering approaches, Figure 4.3 plots the correlation heatmaps for
each pair of samples, where the correlations are computed based on the membership
proportions 7r. Dendrograms derived from hierarchical clustering of the membership
proportions are also plotted along the left and top of the heatmaps for better vi-
sualization. We observe that Cluster-seq achieves impressive categorization of the

samples by genotype class, while such separation is absent using estimates derived
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from the basic GoM model.
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Figure 4.3: Pairwise correlation heatmaps for both the basic GoM model (panel (a)) and Cluster-seq (panel (b)),
with K = 3. Each grid on the heatmap denotes the between sample correlation of the cluster memberships 7,
color-coded according to the amount of correlation. A hierarchical clustering of the correlations further reveals
(dis)similarities between samples. The samples for Cluster-seq are categorized according to their genotype classes
much more accurately than using the basic GoM model.
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In practice, such clustering approaches are extremely helpful when the true ge-
netic variant (sQTL in this case) associated with the estimated clusters is unknown.
In this case, we perform a simple association analysis between SNPs and the esti-
mated clusters from Cluster-seq; Figures 4.4 and 4.5 plot the correlation between
cluster memberships for each estimated cluster mean and genoptype labels for each
SNP within gene OAS1, for the basic GoM model and Cluster-seq respectively. In
the correlation plots, the vertical red dashed line denotes rs10774671, and the blue
dot represents the most highly correlated SNP with that cluster. We observe that
the most associated SNP for each cluster center estimated using Cluster-seq is indeed
rs10774671, confirming the effect of the sQTL on gene expression at this portion of
the gene. On the other hand, the SNPs associated with the “red” and “blue” clusters
estimated using the basic GoM model are not rs10774671, and indeed, quite far from
rs10774671. These results suggest overall that Cluster-seq has the potential to be a

more effective dimension clustering tool than the basic GoM model.
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Figure 4.4: Correlation plots between cluster memberships estimated using the basic GoM model (K = 3) and
genotype classes for each SNP located within and near gene OAS1. The three plots correspond to the three clusters.
For each cluster, the SNP most significantly associated with the cluster memberships is colored in blue, while the
location of rs10774671 is marked by the vertical dashed red line. We observe that the most significantly associated
SNP is rs10774671 only for the green cluster, but not for the other two, and is in fact no where near to the physical
location of rs10774671.
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Figure 4.5: Correlation plots between cluster memberships estimated using Cluster-seq (K = 3) and genotype classes
for each SNP located within and near gene OASI. The three plots correspond to the three clusters. For each cluster,
the SNP most significantly associated with the cluster memberships is colored in blue, while the location of rs10774671
is marked by the vertical dashed red line. We observe that the most significantly associated SNP is rs10774671 for
all three clusters.
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Of course, one might also wish try out different values of K to see if other un-
derlying patterns can be revealed. For K = 2 and K = 4, figures of cluster means,
admixture proportions, correlation heatmaps as well as association analyses can be
found in Appendix A.8. The qualitative conclusions are mostly similar to K = 3,
with Cluster-seq being more reliable than the basic GoM model when looking for
underlying patterns in this dataset. One additional finding for K = 4 is that the
most associated SNPs with the “red” and “cyan” clusters estimated by Cluster-seq
are no longer rs10774671. On the other hand, the membership proportion in the
“cyan” cluster is virtually identical for all the samples, making it somewhat of a “re-
dundant” cluster, resulting in rs10774671 not being the most associated SNP. This
in turn weakens the association between certain SNPs and the other clusters such as
the “red” cluster. As such, it is not yet clear if this finding has much biological sig-
nificance when K = 4. Choosing the number of clusters K in Cluster-seq is therefore

an interesting but challenging direction for future work.

4.4 Case study: analysis of RN A-seq data from GTEX

project

Having established the potential of Cluster-seq in Sections 4.3, we now apply it to
RNA-seq data from the GTEx (Genotype-Tissue Expression) project. Specifically,
version 6 of the GTEx project collected RNA-seq data from tissue cells in 551 indi-
viduals, with up to 54 different tissue types for each individual. Dey et al. (2016)
explored the relationship between samples from different tissues types by running a

GoM model on gene-level expression (as measured by RNA-seq counts), and sum-
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marized their findings elegantly using an admixture plot. This is shown in Figure 1
of Dey et al. (2016).

Due to storage limit however, we are not able to obtain raw RNA-seq reads
for the entire GTEx project, and have to choose a subset of tissues and genes to
focus on. As such, we downloaded data for 8 of the 9 tissues (Adipose, Artery,
Heart, Lung, Muscle, Nerve, Skin and Thyroid) from the GTEx pilot study GTEx
Consortium (2015), which appear to be the most interesting tissues for an initial
analysis. Whole Blood was excluded from the analysis because it was a partial outlier
(see GTEx Consortium (2015)), showing much fewer transcribed regions and much
more heterogeneity in gene expression as compared to the other tissues. Furthermore,
in an attempt to capture structural variations between expression profiles, we focus
our attention on the 21 genes that have the highest average expression levels.

Having already demonstrated the advantages of Cluster-seq over the basic GoM
model in Sections 4.2 and 4.3, we will show results only for Cluster-seq here. To ex-
plore different possible structural relationships between samples, we run Cluster-seq
with K = 2,3,4,5. Figures 4.6-4.8 show the estimated cluster means and correspond-
ing admixture plots for three representative genes RPS18 (hgl9 chr11:17095938-
17099220), PSAP (hgl9 chr10:73576054-73611082) and GPX3 (hg19 chr5:150399998-
150408554), using K = 3,4, 3 respectively. Note that we only show plots correspond-
ing to the smallest values of K which reveal sufficient structure in the data. Plots
for all the genes using all values of K are shown in Appendix A.9.

While these figures reveal many interesting structures and intricate relationships

between samples and tissues, we highlight some of the more important observations
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Figure 4.6: Results from running Cluster-seq on RNA-seq data from gene RPS13 with K = 3. Top plot shows the
estimated cluster means, while middle plot shows the corresponding admixture plot. For this gene, we also label
the samples which belong almost exclusively to the blue cluster using their individual IDs (middle plot). Same
individuals are labeled using the same color. Bottom plot shows the membership proportions represented as line
graphs, where the samples within each tissue are ordered ascendingly by their normalized total expression. We note
that the red cluster corresponds to intronic reads, while the blue cluster has no expression at the last two exons,
revealing possible alternative splicing patterns. Furthermore, the individuals belonging almost entirely to the blue
cluster may have certain genetic variants associated with this cluster.
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Figure 4.7: Results from running Cluster-seq on RNA-seq data from gene PSAP with K = 4. Top plot shows
the estimated cluster means, while middle plot shows the corresponding admixture plot. Bottom plot shows the
membership proportions represented as line graphs, where the samples within each tissue are ordered ascendingly
by their normalized total expression. We note that the green cluster corresponds to intronic reads, while the other
clusters show no expression in the last few exons of the gene, revealing possible alternative splicing patterns. The
presence of intronic reads between the two exons located about 5500bp-9500bp away from the transcription start
site captures intronic retention. Certain individuals belong almost entirely to the blue cluster, while others show
remarkably high membership in the green cluster.
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Figure 4.8: Results from running Cluster-seq on RNA-seq data from gene GPX3 with K = 3. Top plot shows
the estimated cluster means, while middle plot shows the corresponding admixture plot. Bottom plot shows the
membership proportions represented as line graphs, where the samples within each tissue are ordered ascendingly by
their normalized total expression. We note that the green cluster corresponds to intronic reads, while the blue cluster
shows expression only in the last exon. Certain individuals belong almost entirely to the green cluster. Samples from
Heart shows interesting variation in the proportion of membership to the blue cluster.
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here.

As we might expect, cluster membership proportions tend to show heterogene-
ity between tissues (although the difference can be subtle between some tis-
sues). This is true for 14 out of the 21 genes analyzed, including genes RPS13,
PSAP and GPX3 shown in Figures 4.6-4.8, demonstrating that different tis-
sues can vary at the transcriptional level despite the (nearly) identical DNA

between cells from different tissues.

Although different tissues tend to have varying membership proportions, ex-
pression profiles for some tissues are more similar at certain genes compared to
others. At gene GPX3 (Figure 4.8) for example, Lung and Muscle show similar
expression profiles, but Heart is quite different from these two tissues. At gene
RPS13 (Figure 4.6) however, Heart and Muscle are much more similar to each
other, with Lung being different from both these tissues. This goes to show
that seemingly unrelated tissues can be similar to one another at one gene, yet
completely different at another. More careful analysis of such patterns may

reveal more about the underlying regulatory mechanisms for the various tissue

types.

Different values of K also reveal different types of structure. In particular, we
note that all tissues appear very similar for gene RPS13 when run with K = 2,
but show obvious differences when run with K = 3,4 or 5 (see Figure ??7). The
reason is because Cluster-seq with K = 2 has too few clusters to account for

reads in the intronic regions, focusing instead on the (possibly more obvious)
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structural differences in the exonic regions. As such, it is always useful in such
types of analysis to explore different resolutions with which to analyze the
data, which could reveal structures that might otherwise be hidden. A more
systematic approach to choosing the value of K is desirable, and is a possible

direction for future work.

Looking at the expression profiles rather than gene-level expression allows
us to better understand the patterns arising from different biological mech-
anisms. For example, differences between tissues for genes GPX3 and RPS13
are mainly due to variations in read intensity across (almost) all the intronic
regions, possibly implying the presence of tissue-specific splicing mechanisms.
On the other hand, differences between tissues for gene PSAP are mostly at

the exonic regions,.

Individual specific effects are quite apparent for many of the tissues in this
analysis. Samples from the same individual may share similar membership
proportions across tissues, and belong almost exclusively to one or two clusters.
As an example, subject IDs are color-labeled in Figure 4.6. We observe in this
particular example that the last two exons in gene RPS18 are not transcribed
for the labeled individuals. However, these individual specific effects may not
apply to all tissues. In RPS13 for example, no sample in Nerve belongs almost
entirely to the blue cluster, even though samples from the same individual
in other tissues exhibit such behavior. Furthermore, these particular samples
also tend to be either among the most or among the least expressed samples

within each tissue, as shown by the bottom plots in Figures 4.6 and 4.8. As an
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additional step, combining genotype information for these individuals with the
estimated membership proportions may reveal a great deal about the genetic
variants associated with the splicing mechanisms revealed by the clusters, such
as the sQTL described in Section 4.3, although a quick analysis of cis-SNPs

for RPS13 failed to capture any single SNP responsible for such behavior.

e Membership proportions can also vary in a systematic manner within each
tissue. In Heart for example, Figures 4.6 and 4.7 both reveal that membership
proportions for one cluster can have a positive correlation with normalized
expression and thus grow with increasing expression. Correspondingly the
membership proportions for another cluster would have a negative correlation

with normalized expression and thus decrease with increasing expression.

While the preliminary results we presented here have already revealed a great
deal about the structure underlying the data and their biological implications, there
is potential for future work to uncover much more. Most notably, having the raw
sequencing data for all available tissues and genes will be the first step in answering
the many questions that remain. For example, we speculate that the structural sim-
ilarities between related tissues (eg. different brain tissues) will be more evident for
a much larger proportion of genes when compared with unrelated tissues. Running
Cluster-seq on all 54 tissues with different choices of K will likely reveal more fine
level structures, particularly among related tissues. Including all genes will also add
another dimension to the picture by possibly revealing structural relationships be-
tween genes, in addition to tissues. Other possibilities for future exploration includes

biological interpretation of the results we have presented here by using gene anno-
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tation information, or finding associated genetic variants by making use of genotype

labels for SNPs near/within each gene.
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CHAPTER 5
DENOISING SIGNALS WITH HETEROSKEDASTIC
GAUSSIAN ERRORS!

5.1 Overview

In Chapter 2 we have seen the shrinkage procedure ash being applied to the task
of denoising Poisson signals. In general, shrinkage and sparsity play a key role in
many areas of modern statistics, including, for example, high-dimensional regression
(Tibshirani (1996)), covariance or precision matrix estimation (Bickel and Levina
(2008)), multiple testing (Efron (2004)) and signal denoising (Donoho and Johnstone
(1994, 1995)). One attractive way to achieve shrinkage and sparsity is via Bayesian
or Empirical Bayes (EB) methods (e.g.Efron and Tibshirani (2002); Johnstone and
Silverman (2005); Clyde and George (2000); Daniels and Kass (2001)). However, such
Bayesian methods are usually perceived to require context-specific implementations,
and this overhead can limit their use in practice. In this chapter our goal is to
demonstrate the flexibility, efficacy, and convenience of ash by applying it to another
signal denoising problem, specifically for Gaussian observations with heteroskedastic
€ITors.

As with the well studied problem of signal denoising under a homoskedastic Gaus-

sian assumption, we consider estimating a spatially-structured mean g = (u1, ..., pp)
and also the corresponding spatially-structured variance o = (0%, e ,0%)), from

1. Parts of this chapter are included in a preprint https://arxiv.org/abs/1605.07787.
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observations Y = (Y7,...,Yp), where t = 1,...,T indexes location in a one-

dimensional space, such as time. Specifically, suppose we have
Y=p+e (5.1)

where € ~ N7(0, D) with D the diagonal matrix with diagonal entries (o2, . ,O'%).
We consider, in turn, the problems of estimating g when o is known; estimating o
when p is known; and finally the typical case of estimating u and o when both are

unknown.

Estimating p with o known

We first transform the data using a multi-scale transformation, specifically a
discrete wavelet transform. This involves pre-multiplying Y by an orthogonal T'x T’
matrix W that depends on the wavelet basis chosen. Pre-multiplying (5.1) by W
yields

WY =Wp+ We (5.2)

which we write

Y = i +é (5.3)

where € ~ Np(0, WDW').

Next we use ash to obtain (posterior mean) shrinkage estimates fu for fi, which
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we then reverse transform to estimates for u:

fi=W . (5.4)

Applying ash requires only point estimates for the elements of 1, and correspond-

ing standard errors, which we obtain from the marginals of (5.3):

ST _ 9
where
T
2 27172
wj = ZO’t th (56)
t=1

Thus to obtain ﬁ we apply ash to the estimates Bj = }7] with standard errors
8; = w;. (In practice it is important to group the wavelet-transformed observations
ffj by their resolution level before shrinking; see note below.)

In focusing on the marginals (5.5) we are ignoring correlations among the ffj, and
this is the primary simplification here. We are not alone in making this simplification;
see Silverman (1999) for example.

The above outlines the basic strategy, but there are some important additional

detalils:

1. Rather than use a single wavelet transform, we use the “non-decimated” (trans-
lation invariant) wavelet transform (Appendix A.2), which averages results over
all T possible rotations of the data (effectively treating the observations as com-

ing from a circle, rather than a line). Although not always necessary, this is
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a standard trick to reduce artifacts that can occur near discontinuities in the

underlying signal (eg. Coifman and Donoho (1995)).

2. The non-decimated wavelet transform yields T" wavelet coefficients (transformed
values of Y') at each of J = logy(T") resolution levels. We apply ash separately
to the T" wavelet coefficients at each resolution level, so that a different distri-
bution g for the (fi;) is estimated for each resolution. This is the usual way
that EB approaches are applied in this context (e.g. Johnstone and Silverman
(2005)) and indeed is crucial because the underlying distribution g will vary

with resolution (because smoothness of p will vary with resolution).

3. Although we have presented the wavelet transform as a matrix multiplication,
which is an o(T2) operation, in practice both the wavelet transform and the
inverse transform are implemented using efficient algorithms (Beylkin (1992);
Coifman and Donoho (1995)), implemented in the wavethresh package (Nason

(2013)), taking only O(T logy T') operations.

Estimating o with pu known

To estimate the variance o we apply wavelet shrinkage methods to the squared
deviations from the mean, similar to the strategies of Delouille et al. (2004) and Cai

and Wang (2008). Specifically, define
7z} = (Yy — y)* (5.7)
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and note that E(ZE) = at2, so estimating o is now a mean estimation problem.
We tackle this using the mean estimation procedure above, effectively treating the
wavelet-transformed values (W Z2); (where Z2 = (Z12, ,Z%)) as Gaussian when
really they are linear combinations of X% random variables. This requires an estimate
of the variance of Zf: we use %Zf, which is an unbiased estimator of the variance.
(If 2% ~ 02)(%, then E(Z%) = 30%, and V(Z2) = 20%))

Despite the approximations made here, we have found this procedure to work well
in practice in most cases, perhaps with a tendency to oversmooth quickly-varying

variance functions.

Estimating p and o jointly

We iterate the above procedures to deal with the (typical) case where both mean

2

and variance are unknown. To initialize we estimate the variance o* using

A

O =

2 (=Y + (= ¥ ?) (58)

where Yy =Y, and Yy, = Y] (equivalent to putting the observations on a circle).
Then we iterate:

1. Estimate p as if o2 is known (with the value obtained from the previous step).

2. Estimate o2 as if p is known (with the value obtained by the previous step);

return to 1.

We cannot guarantee that this procedure will converge, but in our simulations we

99



found that two iterations of steps 1-2 reliably yielded accurate results (so the full

procedure consists of initialize + Steps 1-2-1-2).

5.2 Simulation results

As with the Poisson case, we conducted extensive simulation studies to compare the
performance of smash with existing approaches. In particular, this set of simulations
were conducted within a Dynamical Statistical Comparison

(DSC; https://github.com/stephens999/dscr) framework, which was designed to fa-
cilitate large-scale comparisons between statistical methods. The DSC framework for
the set of simulations conducted in this section is contained in the GitHub repository
dscr-smash (https://github.com/zrxing/dscr-smash). For more detailed descriptions
of what the repository does, instructions on reproducing the results in this section,
as well as guidelines for extending the simulation study under the DSC framework,
refer to README.md within the repository.

We focus initially on the homoskedastic case, modelling our simulation study
after Antoniadis et al. (2001). Specifically we used many of the same test functions,
a variety of signal lengths (7), and two different signal to noise ratios (SNRs). We
compare smash with Translation Invariant (TI) thresholding (Coifman and Donoho
(1995)), which was one of the best-performing methods in Antoniadis et al. (2001),
and with the Empirical Bayes shrinkage procedure Ebayesthresh (Johnstone and
Silverman (2005)). All methods were applied using the Symmlet8 wavelet basis
(Daubechies (1992)).

Figure 5.1 compares the mean integrated squared errors (MISEs) of the meth-
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ods for the “Spikes” mean function, with SNR=3 and 7'=1024. We applied smash

in three ways, the first (smash) estimating the variance function allowing for het-
eroskedasticity, the second (smash-homo) estimating the variance assuming homoskedas-
ticity and the third(smash true variance) using the true variance function , which
could be viewed as a “gold standard”. All three versions of smash outperform both
EbayesThresh and TI-thresholding. The different smash versions perform similarly,
demonstrating that in this case there is little cost in allowing for heteroskedastic-
ity when the truth is homoskedastic. We obtained similar results for other mean
functions, SNRs and sample sizes (see Appendix A.10.2).

Turning to heteroskedastic errors, we again compare smash with EbayesThresh
(which assumes homoskedastic variance) and TI-thresh. For TI-thresh we considered
three different ways of estimating the heteroskedastic variance: RMAD (Gao (1997)),
the smash estimated variance, and the true variance. (TI-thresh with homoskedastic
variance performed very poorly; see Appendix A.10.2.) Figure 5.2 shows results for
two sets of test functions: the “Spikes” mean function with the “Clipped Blocks”
variance function and the “Corner” mean function with “Doppler” variance function,
both with SNR=3 and T' = 1024.

To summarize the main patterns in Figure 5.2:
1. smash outperforms all TI-thresh variants (including TI with the true variance).

2. smash performs almost as well when estimating the variance as when given the

true variance.

3. Allowing for heteroskedasticity within smash can substantially improve accu-
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Figure 5.1: Comparison of accuracy (MISE) of estimated mean curves for data simulated with homoskedastic Gaus-
sian errors. The figure shows violin plots of MISEs for (from bottom to top) smash, smash with homoskedastic
assumption, TI-thresholding with homoskedastic assumption, Ebayesthresh with homoskedastic assumption, and
smash with known true variance. Colors highlight certain features of a method: yellow for methods that assume
homoskedastic variance; dark purple for methods that are provided the true variance; magenta for the default smash
method that estimates both mean and variance. Smaller MISE implies better performance; dashed green line in-
dicates the median MISE for smash. smash outperforms both TI-thresholding and Ebayesthresh, and smash with
estimated variance performs nearly as well as with true variance.
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racy of mean estimation (compare smash with smash-homo and EbayesThresh).

4. TI-thresh performs considerably better when used with the smash variance

estimate than with the RMAD variance estimate.

These main patterns hold for a variety of different mean and variance functions,
SNRs, and sample sizes (see Appendix A.10.2). Some variance functions are harder
to estimate than others (e.g. the “Bumps” function), and in these cases providing
methods the true variance can greatly increase accuracy compared with estimating
the variance. As might be expected, the gain in allowing for heteroskedastic variance

tends to be greatest when the variance functions are more volatile.
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Figure 5.2: Comparison of accuracy (MISE) of estimated mean curves, for data simulated with heteroskedastic
Gaussian errors. Panels (a) and (c¢) show violin plots of MISEs for various methods on two sets of mean-variance
functions, shown as mean +2 standard deviations in panels (b) and (d). In (a) and (c) TI-based methods are shown
in red, while other colors are as in Figure 5.1. Dashed green line indicates smash median MISE.
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One unusual feature of smash is that it performs joint mean and variance esti-
mation. Indeed, we found no existing R packages for doing this. The only work
we have found on wavelet-based variance estimation is Cai and Wang (2008), which
applied a wavelet thresholding approach to first order differences. Previous related
non-wavelet-based work includes Fan and Yao (1998), which estimates the variance
by smoothing the squared residuals using local polynomial smoothing, Brown and
Levine (2007), which uses difference-based kernel estimators, and Menictas and Wand
(2015), which introduces a Mean Field Variational Bayes (MFVB) method for both
mean and variance estimation. In no case could we find publicly-available soft-
ware implementations of these methods. However, we did receive code implementing
MFVB by email from M. Menictas, which we use in our comparisons here.

The MFVB method is based on penalized splines, and so is not well suited to
many standard test functions in the wavelet literature, which often contain “spiky”
local features not well captured by splines. Hence, we compared smash and MFVB
on some smoother mean and variance (standard deviation) functions, specifically
scenario A in Figure 5 from Menictas and Wand (2015) (Figure 5.3), using scripts
kindly provided by M. Menictas.

We simulated data under two different scenarios:

1. We generated T' = 500 independent (X¢,Y;) pairs, with X; ~ Uniform(0,1),
and Yi| Xy = xp ~ N(m(xy), s(x¢)?) where m(-) and s(-) denote the mean and
standard deviation functions (Figure 5.3). We measured performance by the
MSE evaluated at 201 equally spaced points on (X5, Xmaz) for both the
mean and the standard deviation.
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2. We generated 7' = 1024 independent (X¢, Y;) pairs, with the X;’s (deterministi-
cally) equally spaced on (0,1), and Y| Xy as above. Performance is measured by

MSE evaluated at the 1024 X}’s for both the mean and the standard deviation.

v_
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Figure 5.3: The mean function m(z) £2 standard deviations s(z) used in simulations comparing smash and MFVB.
These functions correspond to mean and standard deviation functions (A) in Figure 5 from Menictas and Wand
(2015).

The first scenario presents some issues for smash because the number of data
points is not a power of two, nor are the points equally-spaced. To deal with the
first issue, following standard ideas in the wavelet literature, we first mirrored the
data about the right edge and extract the first o llog>(27)) sample points, so that the
number of data points in the new “dataset” is a power of two, and the mean curve

is continuous at the right edge of the original data. To further ensure that the input
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to smash is periodic, we reflected the new dataset about its right edge and used this
as the final input. To deal with the second issue we follow the common practice of
treating the observations as if they were evenly spaced (see Sardy et al. (1999) for
discussion). To estimate the original mean and variance functions, we extract the
first T' points from the smash estimated mean and variance. To evaluate MSE at the
201 equally spaced points (Scenario 1) we use simple linear interpolation between
the estimated points.

Table 5.1 shows mean MSEs over 100 independent runs for each scenario. Despite
the fact that these simulation scenarios — particularly Scenario 1 — seem better suited
to MFVB than smash, smash performs comparably or better than MFVB for both

mean and variance estimation in both Scenarios.

Scenario 1 Scenario 2
MSE (for mean) MSE (for sd) MSE (for mean) MSE (for sd)
MFVB 0.0330 0.0199 0.0172 0.0085
smash 0.0334 0.0187 0.0158 0.0065

Table 5.1: Comparison of accuracy (MSE) of smash and MFVB for two simulation scenarios. True mean and sd
functions are shown in Figure 5.3. In Scenario 1 the data are not equally spaced and not a power of 2; here smash is
comparable to MFVB in mean estimation and more accurate for sd estimation. In Scenario 2 the data are equally
spaced and a power of 2; here smash outperforms MFVB in both mean and sd estimation.

5.3 Case study: motorcycle acceleration data

To further illustrate the heteroskedastic Gaussian version of smash, we apply it to
the motorcycle acceleration dataset from Silverman (1985). The data consist of 133
observations measuring head acceleration in a simulated motorcycle accident that

is used to test crash helmets. The dependent variable is acceleration (in g), and
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Figure 5.4: Results from fitting smash to the motorcycle acceleration data discussed in Silverman (1985). The figure
shows the estimate mean curve (solid black line) with +2 the estimated standard deviation curve (dashed red line).

the independent variable is time (in ms). To deal with repeated measurements, we
take the median of the measurements for acceleration for any given time value. As
with the procedure used when comparing smash against MFVB, we treat the data
as if they are equally spaced although they are not. The fitted mean and variance
curves (Figure 5.4) provide a visually appealing fit to the data, and were achieved
without hand tuning of any parameters. This contrasts with results in Delouille et al.
(2004) — which also uses a wavelet-based approach for heteroskedastic variance, but
accounts for the unequal spacing of the data — which required the ad hoc removal of

high-resolution wavelet coefficients to produce a visual appealing fit.
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CHAPTER 6
CONCLUSION

In this dissertation we have proposed a fully model-based approach to deal with NGS
data. While such high throughput sequencing technology has been around for more
than a decade, statistical methods that actually tackle such massive data at high
resolutions have only emerged in the very recent years. Even so, these methods are
mostly developed with specific questions in mind, or make approximations that hold
only under certain conditions. On the other hand, our approach circumvents these
issues by first modeling the sequencing counts for a single sample, exploiting the
spatial structure of sequencing data. Chapter 2 describes the multiscale framework
and an adaptive shrinkage scheme designed for data with such spatial structure, as
well as the potential biological uses for the multiscale framework even with just one
sample.

With the basic model at hand, it can be adapted to answer more challenging
and intriguing biological questions. In Chapter 3, we considered the question of
estimating differences between groups of samples at the base pair resolution. While
there exists several methods designed for this task, the assumptions underlying these
methods often render them unsuitable for small sample sizes with extremely low
counts. By incorporating the multiscale model into a GLM framework, our approach
is able to handle this task satisfactorily. Furthermore, the same method can also be
used to test for association with a quantitative covariate, and we have shown how
this can be used to perform supervised learning of TF binding sites.

Chapter 4 extends the multiscale model in a different direction. By integrating it
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into a grade-of-membership clustering scheme, our approach can be used as a pow-
erful exploratory tool for learning about the intricate structures underlying massive
biological datasets without having to incorporate any external information. This is
particularly useful not only for finding patterns where specific biological inquiries
might miss, but also for framing biological hypotheses in the first place. While we
have applied our method to data from just the GTEx project, it has tremendous
potential for uncovering patterns in massive amounts of NGS data that is available
in many other existing projects.

Overall, we have demonstrated that our multiscale framework is extremely flex-
ible and accurate, especially for small sample sizes and low counts. While we have
applied our method to several datasets available from different projects and drawn
interesting conclusions based on the results of the analyses, we believe that the frame-
work developed in this dissertation can be applied to broader settings where many

unanswered questions still remain.
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APPENDIX A
SUPPLEMENTARY MATERIAL

A.1 Poisson denoising using smash

We formally present the likelihood factorization in the smash model for Poisson

denoising. First, we summarize the data in a recursive manner by defining;:

ij = Yk (Al)

for k=1,..,T, with T = 2‘]7 and

Yie = Yjp12k + Yig1 2641 (A.2)

for resolution 5 =0, ..., J — 1 and location k£ =0, ..., 2J — 1. Hence, we are summing
more blocks of observations as we move to coarser levels.

This recursive scheme leads to:

(k+1)27—7
Yig= >, Y (A.3)
I=k27-7+1
for j=0,...,J and k=0,...,27 — 1.
Similarly, define the following:
[k = K (A.4)
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for k=1,...,T, and

Wik = Hj1,2k T Hj412k+1 (A.5)

for j=0,...,J —1and k = 0,..,27 —1, and

i = log(ptj41.2%) — log(tj41 2k+1) (A.6)

for s =0,...,J —1land [ =0,...,2/ — 1. The a’s defined this way are analogous to
the (true) Haar wavelet coefficients for Gaussian signals.

Using this recursive representation, the likelihood for a factorizes into a product
of likelihoods, where « is the vector of all the ag’s. See Kolaczyk (1999)Kolaczyk

(1999) for example. Specifically,

L@]Y) = P(Y|a) (A7)
J—-127-1
= P(Yoolroo) [ TI POYG41.261Yk i) (A.8)
J=0 k=0
J—127-1
= L(poolYo0) [T 11 LlojklYit1.2m Yik)- (A.9)
7=0 k=0

Note that Ypo|ppo ~ Pois(ugp). For any given j, k, Yy, is a sum of two independent
Poisson random variables, and is itself a Poisson random variable. Hence
1 _ Mj+1,2k)

Y Y., o ~ Bin(Y.., — =
1,28 Yk Qi (Y e o
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A.1.1 FEstimates and standard errors for o;

Each a; is a ratio of the form log(u.p/pc:q) Whose maximum likelihood estimate
(MLE) is log(Yy.p/ Ye.q)- The main challenge here is that the MLE is not well behaved
when either the numerator or denominator of Y,.;/Y,.; is 0. To deal with this, when
either is 0 we use Tukey’s modification Gart and Zweifel (1967). Specifically, letting
S denote Y, F denote Y,.; and N =S + F (corresponding to thinking of these as

successes and failures in a binomial experiment, given Y,.; + Y..q), we use

log{(S +0.5)/(F+05)}-05 S=0
a =13 log{S/F} S=1,2,.,N-1 (A.10)
log{(S+0.5)/(F+05)}+05 S=N

se(@) = \/ V(@) - y0aan? {vaa) - | (A1)

where

V?’(‘S‘):N;l(siﬁFL) S—0,..N (A12)
V(&) = V3(a) {1 - % + V?éo‘) } (A.13)

The square of the standard error in (A.11) corresponds to V** from p. 182 of Gart
and Zweifel (1967), and is chosen because it is less biased for the true variance of &
(when N is small) as compared to the asymptotic variance of the MLE (see Gart and
Zweifel (1967)). The other two variance estimators from Gart and Zweifel (1967),

V1++ and VT, were also considered in simulations and gave similar results, but V**
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was chosen for its simple form.

A.1.2  Signal reconstruction

The first step to reconstructing the signal is to find the posterior means of p;p =

% and gy, = % (for j =0,....,J —1and k =0,....,27 —1). Specifically,

for each 7 and k, we require

ek
e ik
E(gjp) = E (—1 " e—%‘k> : (A.15)

Given the posterior means and variances for ajp from ash, we can approximate

(A.14)-(A.15) using the Delta method. First, define

flz) = (A.16)
and consider the Taylor expansion of f(x) about f(E(z)):
1) ~ 1@ + FEE) - B+ 2D g2 a)

where

flz) = ﬁ (A.18)
f(x) = % (A.19)
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Thus
E(pji) = f(E(ayy)) + Var(ajy), (A.20)

N f (_E2(O{jk:))

" (E(ajk))
2

E(qj) = f(=E(aj)) Var(ajp), (A.21)

which can be computed by plugging in F(a) and Var(«) from ash.

Finally, we approximate the posterior mean for p; by noting that pp can be
written as a product of the p’s and ¢’s for any b = 1,2,..., B. Specifically, let
{c1,...,cz} be the binary representation of b — 1, and d, = Z;nzl cj2m*j for j =

1,...,J — 1. Then

o l—c1 1—cy 1—cy c1 C2 cy
b = HO0Poo  P1,ay ~Py-1,d;_19009,d,9T-1,d;_, (A.22)

where we usually estimate pgg by D> _;Y; (see Kolaczyk (1999)). Using the indepen-

dence of the p’s and ¢’s from different scales, we have:

E (1) = nooE(po0)' " E(py,a))' 2 E(py 1.4, )

“E(q00)* Eq1,q,)? - E(qg-1,a,_,) (A.23)

We can also approximate the posterior variance of py. (This allows creation of

an approximate credible interval by making a normal approximation.) From (A.22)
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we have:

2 2 1 21— 2 \1- 2 1-
E(uy) = ngoE(ge) " EM q) 2 EWT_14,_) 7

2
E(q50) E(q7.4,)2 - E(qF 1.4, ) (A.24)

z \2
To compute this we again use the Delta method (with f(z) = (ﬁ?) ) to obtain:

2

B ~ (1B + TE Vartag) ) 4
(F(Ba))Var(az) (2.25)
B ~ (£ Bla) + L) z(af’f”ww(ajk))z +
(F(B(a)Var(ag). (A.20)

Finally we combine (A.23) and (A.24) to find Var(uyp).

A.1.3  Simulation results

The results from the simulation study for Poisson noise are shown in the following
tables. For reference, we first plot the intensity functions used in the simulation
studies in Figure A.1. Each of the six tables (A.1-A.6) presents results for the cor-
responding mean functions, and includes results for all three (min,max) intensity
levels ((0.01,3), (1/8,8), (1/128,128)). As mentioned in the main text, we also ex-
plored several options for the Gaussian de-noising stage of the HF algorithm, and
include the results in the following tables. Specifically, we considered four different

options for HF (all with 50 external cyclespins):
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1. Hybrid of (1) Greedy tree de-noising (Baraniuk (1999)) and (2) wavelet thresh-
olding using “leave-half-out” crossvalidation (e.g. Nason (1995)). jo = 3 (de-
fault), and the noise level was estimated from the data. This corresponds to
H:CV+BT CS in Fryzlewicz and Nason (2004). Note that the algorithm does

not always converge for this option, resulting in NA values in the tables below.

2. Wavelet thresholding using the universal threshold (Donoho and Johnstone
(1994)). jo = 3 (default), and the noise level was estimated from the data.

This corresponds to Fx<xU CS in Fryzlewicz and Nason (2004).

. Wavelet thresholding using the universal threshold for the non-decimated wavelet
transform. Results averaged over jo = 4,5,6,7, and the noise level was esti-

mated from the data.

Wavelet thresholding using the universal threshold for the non-decimated wavelet
transform. Results averaged over jo = 4,5,6,7, and the noise level was set to
be 1 (which is the asymptotic variance under the Fisz transform). This is the
option for which we included the results in the main text, as it had the best

overall performance.
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Intensity function — Bursts
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Figure A.1: The six intensity functions used in the Poisson simulations, which are rescaled to achieve the desired
(min,max) intensities in the simulations.

124



(0.01,3) (1/8,8) (1/128,128)

SMASH 690.01  329.26 48.87
BMSM 1007.34  397.79 41.88
BMMIM  930.08 436.54 368.36
Haar-Fisz (1) 8194.60 NA 184.81
Haar-Fisz (2) 8074.05  408.32 158.68
Haar-Fisz (3) 5904.98  317.12 73.00
Haar-Fisz (4)  722.19  287.44 18.06
Anscombe 1329.87  388.59 18.17
Haar thresholds  803.89  326.11 120.02
L1 penalty 3085.65 2209.67 1516.78

Table A.1: Comparison of methods for denoising Poisson data for the “Spikes” test function for 3 different (min,max)
intensities ((0.01,3), (1/8,8), (1/128,128)). Performance is measured using MISE over 100 independent datasets, with
smaller values indicating better performance. Values colored in red indicates the smallest MISE amongst all methods
(excluding Haar-Fisz (1-3)) for a given (min, max) intensity.

(0.01,3) (1/88) (1/128,128)

SMASH  145.26 68.47 10.25
BMSM  147.40 73.87 10.49
BMMIM  245.89 100.17 71.26
Haar-Fisz (1) NA  91.86 25.23
Haar-Fisz (2) 1020.76 78.84 12.22
Haar-Fisz (3) 614.95 125.78 11.29
Haar-Fisz (4)  314.41 122.79 9.08
Anscombe  419.04 146.64 9.50
Haar thresholds  264.38 162.16 89.37
L1_penalty  655.82 284.75 2979.23

Table A.2: Comparison of methods for denoising Poisson data for the “Angles” test function for 3 different (min,max)
intensities ((0.01,3), (1/8,8), (1/128,128)). Performance is measured using MISE over 100 independent datasets, with
smaller values indicating better performance. Values colored in red indicates the smallest MISE amongst all methods
(excluding Haar-Fisz (1-3)) for a given (min, max) intensity.
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(0.01,3) (1/8,8) (1/128,128)

SMASH 81.41 43.21 7.21
BMSM 85.29 44.22 7.35
BMMIM  205.09 81.49 11.22
Haar-Fisz (1)  135.42 62.01 8.10
Haar-Fisz (2)  105.72  61.66 6.29
Haar-Fisz (3)  273.97 104.99 9.98
Haar-Fisz (4)  274.26  105.47 9.23
Anscombe  372.06 128.43 9.10
Haar thresholds  226.27 143.01 85.74
L1 _penalty  385.47 71.17 8.68

Table A.3: Comparison of methods for denoising Poisson data for the “Heavisine” test function for 3 different
(min,max) intensities ((0.01,3), (1/8,8), (1/128,128)). Performance is measured using MISE over 100 independent
datasets, with smaller values indicating better performance. Values colored in red indicates the smallest MISE
amongst all methods (excluding Haar-Fisz (1-3)) for a given (min, max) intensity.

(0.01,3) (1/88) (1/128,128)

SMASH  487.34  234.35 33.11
BMSM  706.04 301.86 34.42
BMMIM  654.11  290.91 531.79
Haar-Fisz (1) 6870.35 NA 157.15
Haar-Fisz (2) 6807.29  384.56 149.23
Haar-Fisz (3) 5619.13  318.57 94.20
Haar-Fisz (4) 618.39  299.39 25.20
Anscombe  869.16  343.15 26.03
Haar thresholds  540.58  271.16 107.44
L1_penalty 1836.73 1280.16 719.59

Table A.4: Comparison of methods for denoising Poisson data for the “Bursts” test function for 3 different (min,max)
intensities ((0.01,3), (1/8,8), (1/128,128)). Performance is measured using MISE over 100 independent datasets, with
smaller values indicating better performance. Values colored in red indicates the smallest MISE amongst all methods
(excluding Haar-Fisz (1-3)) for a given (min, max) intensity.
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(0.01,3) (1/8,8) (1/128,128)

SMASH 307.80 137.28 6.82
BMSM  355.15 143.09 6.91
BMMIM  472.24 205.20 150.03
Haar-Fisz (1) NA 141.71 31.23
Haar-Fisz (2) 879.20 316.44 26.71
Haar-Fisz (3)  741.49 389.79 48.41
Haar-Fisz (4)  632.21  338.55 29.72
Anscombe  804.70 384.46 28.94
Haar thresholds  467.64 228.14 82.99
Ll_penalty 1021.58 627.67 1961.42

Table A.5: Comparison of methods for denoising Poisson data for the “Clipped Blocks” test function for 3 different
(min,max) intensities ((0.01,3), (1/8,8), (1/128,128)). Performance is measured using MISE over 100 independent
datasets, with smaller values indicating better performance. Values colored in red indicates the smallest MISE
amongst all methods (excluding Haar-Fisz (1-3)) for a given (min, max) intensity.

(0.01,3) (1/88) (1/128,128)

SMASH 2597.46 1194.62 141.21
BMSM 4036.77 1889.94 171.07
BMMIM  3440.75 2226.20 291.22
Haar-Fisz (1) 9515.68 NA 187.6
Haar-Fisz (2) 9249.05 1288.30 130.19
Haar-Fisz (3) 6286.05 1756.08 248.28
Haar-Fisz (4) 3113.37 1658.74 184.66
Anscombe 4038.42 2241.74 195.75
Haar thresholds 3517.89 1652.55 173.72
L1_penalty 4705.77 3676.42 1774.51

Table A.6: Comparison of methods for denoising Poisson data for the “Bumps” test function for 3 different (min,max)
intensities ((0.01,3), (1/8,8), (1/128,128)). Performance is measured using MISE over 100 independent datasets, with
smaller values indicating better performance. Values colored in red indicates the smallest MISE amongst all methods
(excluding Haar-Fisz (1-3)) for a given (min, max) intensity.
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A.2 Translation invariance for multiscale methods smash

and Multiseq

It is common in multi-scale analysis to perform analyses over all B (or T, using
notation for the Gaussian version of smash) circulant shifts of the data, because this
is known to consistently improve accuracy. (The b-th circulant shift of the signal Y’
is created from Y by moving the first B — b elements of Y b positions to the right
and then putting the last b elements of Y in the first b locations.)

To implement this in practice, we begin by computing the « coefficients, and their
corresponding standard errors, for all B circulant shifts of the data. This is done
efficiently (in O(logy B) operations), using ideas from Coifman and Donoho (1995).
Details are as in Kolaczyk (1999); indeed our software implementation benefitted
from MATLAB code provided by Kolaczyk (1999) for the TI table construction,
which we ported to C++ and integrated with R using Repp (Eddelbuettel et al.
(2011)).

This yields a table of « coefficients, with B coefficients at each of logg(B) reso-
lution levels, and a corresponding table of standard errors. As in the Gaussian case
we then apply ash separately to the B coefficients at each resolution level, to obtain
a posterior mean and posterior variance for each a. We then use the methods above
to compute quantities of interest averaged over all B shifts of the data. For example,

our final estimate of the mean signal is given by

1 B b)
=3 il (A.27)
b=1
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(b)

where fi; " denotes the posterior mean of iy computed from the b-th circulant shift
of the data. Again, using ideas from Coifman and Donoho (1995) this averaging can

be done in O(logy B) operations.
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A.3 Estimating effect sizes using Multiseq

A.3.1 Reparametrization of i and (3

One major problem with shrinking p and 8 separately is that the likelihood for
the two cannot be factorized, so that the posterior distributions of y and £ will
not be independent. One solution might be to center the covariate g, which would
allow the likelihood to be factorized if this was a linear regression model. In our
case, this would reduce the covariance between g and [, but most likely not to
zero. To get around the problem, we make use of the idea presented in Wakefield
(2009). Specifically, let i (se(f1)) and § (se(3)) be the MLEs (and their standard
errors) of u and f respectively, as in a standard logistic regression. We then have

(asymptotically)

-1

Ioo [
NG 00 fo1 (A.28)

Y

B Ipr Inq

= =

where I is the Fisher’s information matrix for the MLEs. Hence

I

) =) — A.29
sel) ool — I3, 429
se(B) = |—1Too_ (A.30)

Iool11 — I3
P o1
cov(fi, ) = —————— (A.31)
Iooli1 — 13
(A.32)
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Now, by defining

I cov(ji, B)

ES )

=u+—0=u— —f3

H H I 862( )

. o Ioi s . cov(fn,f) -

=t f=— g 5
Too se=(5)

we have that

(A.33)

(A.34)

(A.35)

so that we can write P(2*, B|u*, 8) as P(i*|*) x P(3]8) (at least asymptotically).

We can then set independent shrinkage priors for p* and S in order to obtain inde-

pendent posterior estimates for the two parameters. The posterior for the multi-scale

coefficients i can be easily obtained by

p=p"+8

_Inn

where v = Too"

(A.36)

A.3.2 Computing ji andB and their standard errors from & and

se(@)

We derive analytic forms for the estimates and standard errors of p and § when g is

a two-group categorical variable. Specifically, assume that we have groups labelled

0 and 1. WLOG, set group 0 to be the baseline, so that = o and g = ol — a0,
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Using the procedure outlined in Appendix A.1.1, we obtain estimates and standard
errors for o and al. As described in Section 3.1, we approximate the likelihood for

o and ol by a Gaussian likelihood, so that

Lot ah) = ¢(af; a8, V(ah)  (i=0,1) (A.37)
Hence,

Liw ) = ¢(a’;a%v(a")) (A.38)

LB B) = o(B;a" —a% v(a') + V(")) (A.39)

In practice, since we wish to obtain the likelihood for p* instead of u, we have that

L3 °) = 0l i+ T4,V () + (V) (A40)
00 00

A.3.8  Estimating the baseline py

Estimating the baseline in Multiseq is extremely similar to estimating the mean in

smash. As a first step, we need to find the posterior means and variances of

log(pji) = log <m) (A.41)
o Hijk
log(qj) = log (—1 ~ e_Mjk) (A.42)
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Note that ash returns the posterior means and variances of ,u;k and S, which are
independent due to the reparametrization step performed in A.3.1. Hence, it is trivial

to see that

E(pjr) = E(wjy) +vE(Bjk) (A.43)

Var(uj) = Var(,u;‘fk) + 72Var(ﬁjk) (A.44)

We then follow the steps outlined in A.1.2 to compute E(log(p;i)), Var(log(p;i)),
E(log(gj)) and Var(log(g;i)), with the only difference being that we need to redefine
f(z) as log(i%) to compute the posterior means, and as (log(i%))2 to compute
the posterior variances. Finally, computing E(uy) and Var(uy) from E(log(p;i)),

Var(log(pj)), E(log(g;r)) and Var(log(g;i)) is identical to how it is done in A.1.2.

A.3.4 Estimating the effect By when g is a two-group categorical

variable

We consider estimating the effect size when g is a two-group categorical variable. To

start off, define

G) _ _e*
1+ %k
_a(%)
G)_ €/
Gy = 5 (A.46)
14+e Yk
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where aﬁ) = pj and aﬁ) = Wik + Bj. To estimate 687 we need to compute the

posterior means and variances of

(1) (ks v B
D — (1) (Wi tjkBjk)
log L log ( Lhe ™ ) = log < Lhe ™7 77 (A.47)

1+ e~ WiktBik) 14 e‘(ﬂ;k“’(l""ﬁk)ﬂjk)

(1 . * 4. ﬁ
a4y, 1+ etik 1+ elakTIikosk
1 L | =log | ————— | =1 A4
B o8 < ; ) °8 (1 + etk (H75k) Bjk (A.48)

Here we make use of Taylor approximations again. Specifically, we first consider a
random variable X and an arbitrary real-valued function g(). To compute E(g(X)),

note that

9(X) = g(E(X)) + ¢ (B(X))(X — E(X)) + M(X —E(X))*  (A49)
so that
Var(X) (A.50)
Now define

f(x) =log(1l + e") (A.51)
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and consider the second order Taylor approximations to f(x) around —u* and p*:

£~ Fe®) + i)t )+ ) (g2

2
Fla) & £) + £ ) — )+ 0 iy
where
fe) = 1oy
() = At en)?

(A.52)

(A.53)

(A.54)

(A.55)

Replacing the dummy variable x above by the corresponding terms for the different

cases (—(1* +18), —(u* + (1+7)B), (u* +7B) or (1 + (1+7)8)) gives us

o (=)
log ( o | 75— 5 (L )” =) (AS6)
pjk
(1) 1", %
q; 1)
log (j(_k> ~ = f (W) Bk — zjk B0 =) (ABT)

h’Q
>~ O
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Using the independence of p* and 3, we have

M
E <1og (%)) ~  E(f'(~15p)E(Bjk)

Pjk
(+ 7jk:2)2 - V?k)E(f,,(_M;fk))E(ﬁjzk) (A.58)
5 (1og (%)) ~ BP0 B ()
T g2, (A.59)
£ (10g2 (%)) ~ B P EE)
:

L2 a2
+<< "”Y]ki P)/jk) E({f//(_lu;k)}%E(B;lk)

(491> = Vi) E(F (=50 £ (=15 ) E(B3) (A.60)
)) ~ E({f,(ﬂjk)}Q)E(BJQk)

Lty )2 — o2 )2
P T )

(1491 = V) B i) £ (5 ) E(BY,) - (A61)

=
~—

(0)

(
E log2 9
4

>

While ash returns the estimates of E (u}"k) and F(Bj}), we can approximate the

quantitios E(f'(~5)), B (w5). B (—5)), B0, EQS (—15)12),

B (Y2, B (i)Y, EQS" ) YD), B (i) £ () amd EC (50 £ G25)

by making use of (A.50). By noting that the posterior distribution for /3 is a Gaussian

mixture, we can compute E(ﬁ;‘?k), k = 2,3,4 exactly without having to use (A.50).
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Specifically, suppose that
B~ Y miN(®;.07) (A.62)
Then
= mE(N]) (A.63)
7
for any nonnegative integer h, where N; ~ N(0;, o; 2). Given that

E(N?) = 63 + 36,02 (A.64)

E(N}) = 0} + 60207 + 307 (A.65)

we can then easily compute F(83) and E(8%). Combining all these allows us to
(approximately) compute the quantities in (A.58)-(A.61), and hence the posterior
means and variances of the quantities in (A.47) and (A.48).

Finally, by observing that 5 = %‘é and making use of the representation in (A.22)

for each of )\é,i = 1,2, we have

1 c1 p(l)l_CQ p<(]1)11_dcj
].,d ) —
log(By) = log ()\(1)0)\80) + log ( )1702 + ... +log —(0)17;} :
P14, J-1,dj_q
(1)ey (L)ez (L)ey
900 N,dy 9y-1d;_4
| | o+l _ A.66
Hlog | “foyer | Flos | "y | T T log | g, (A.66)
900 9,d, 97-1.d; 4
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so that the posterior mean and variance of log(8}) can be easily computed using
the posterior means and variances of (A.47) and (A.48) and using the fact that the

terms in (A.66) are independent.

A.3.5 Estimating the effect By when g is a quantitative variable

We consider estimating the effect size when ¢ is a quantitative variable. The proce-

dure for this scenario is almost identical to that in A.3.4, and is in fact algebraically
(1) (1)

simpler. We first define log (%) and log (%) as in (A.47) and (A.48). Next we
D 4k

define f(z) as in (A.51). However, we only consider the first order Taylor expansion

around —p* and p*, the reason being that higher order terms are difficult to compute

under the linearity assumption in (3.2). Hence, the approximations are given by

fl@) ~ f(=) + f1(—p*) (@ + 1) (A.67)
fl@) = f(u") + f () (@ — p") (A.68)

where
@) =1 few (A.69)
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which gives us

ey
log | <5 | ~ f/(—u%)8; (A.70)
(0) kIR
Pji
i)
log % ~ — (15 B (A.71)
ik
and thus
E (log (ij—i)) ~ B(f'(=151))E(Bji) (A.72)
E <log (Zj—’;)) ~ —BE(f (151 E(Bjr) (A.73)
E <1og2 (%)) E{f (—5) ) EB5,) (A.74)
E <1og2 (Z—Z)) ~ E{f (W)Y EB3,) (A.75)

As with the case when g is a two-group categorical variable, all the necessary quan-
tities in (A.72)-(A.75) can be approximated using (A.50), allowing us to compute
the posterior means and variances of (A.47) and (A.48). Computing log(/y) is then

exactly the same as in A.3.4.

A.3.6 Weighted Least Squares

As discussed in Section 3, while estimates and standard errors for p;; and B can

be computed analytically where g is a two-group categorical variable, we have to run
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the full iterative procedure when fitting a logistic model for the case when g is a
quantitative covariate. As such, computation can be slow, considering that we have
to fit the model for each j and each k. Here we consider an alternative approach to
compute the estimates and standard errors for p 3, and §, by using an approximate
model instead. Specifically, instead of fitting (3.2), we approximate the likelihoods of
oz;. ;. using Gaussian likelihoods (for each i) as described in Appendix A.1.1. By using

Gaussian likelihoods instead of Binomial likelihoods, the model in (3.2) becomes
O{Zyk = wjk + Bjrg’ + uzk + 6;‘145 (A.76)

where olé.k are the observations for ¢ = 1,...,m, p i is the intercept, ﬁjk is the
coefficient for covariate g, u"y ;. are iid N (0, (U§z))2) across i, and ej- ;- are independent
N(0, (0'3- k)Q) across ¢, independent of u; .- Since we have standard errors for dé. 1y We

can simply substitute aj- . by 6;- P se(dé- ;). This model can then be reformulated

as

d;k‘ = [ T 5jkgz + gé'k: (A.77)
~7 ~7 . u ~7
where a;.k, {1, and By are as above, and e}k are independent N (0, (05,2)2 + (O’;-k)Q)

across i. As such, we can fit (A.77) using a weighted least squares (WLS) approach
with the form of heteroskedasticity known. The only unknown parameter in the

(u)

weights is T which will have to be estimated in order to choose the right weights
for (A.77).

The standard procedure for fitting a logistic model is to use a iterative weighted
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least squares approach. Although we have motivated (A.77) from anther point of
view, fitting the model (A.77) using a standard WLS approach is actually (almost)
equivalent to truncating the iterative procedure after the first step in the case of a
logistic model. Thus, this presents another link between the two models (3.2) and
(A.77), and provides good justification for approximating the former model using
the latter.

Although the alternative model (A.77) was motivated by the goal of computa-
tional efficiency, we note that it has another conceptual advantage over the logistic
model (3.2), in the case where sequencing depths might be different for each sample.
In our quasibinomial implementation, the success (and failure) counts for samples
in the same group will be pooled together (since each Bernoulli count is assumed to
be i.i.d.). This could then lead to the information from that sample overwhelming
the information from all the rest of the samples, which might bias the parameter
estimates if that sample happens to be different from the rest. The WLS approach
(A.77) weighs each sample according to its associated uncertainty instead, which is
a better alternative.

To actually fit (A.77) and obtain estimates and standard errors for p and
(dropping the scale and location subscripts for convenience), we seek to minimize

the weighted sum of square differences:
20422 2
> wi(67 — p - Bai) (A.78)
)
For notational convenience, the index ¢ for sample has been moved to be the subscript
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for the following derivations. Here, ideally it should be the case that w; = (05 +

1
63)_2. By taking partial derivatives w.r.t. u and 3 and setting them to 0, we have:

> wi (i —p—Bg;) =0 (A.79)
1
20:(62 — = Bag:) =0 A.80
sz 9i(&; — p— Bg;) (A.80)
)
After some algebra, we obtain the following WLS estimates:

S w9 — gw)

B s = - (A.81)
> 9w (9 — gw)
. S w? (& — B n.si)
fwrs = =——=— : (A.82)
> w;
From these we can also derive the standard errors for the estimates:
Var (w; &y
se(Bwrs) = i%) (A.83)
> i w)
(g —aw) )
N Wy Igwwilg; — g N
se(Awrs) = Z : 5 W= W Var(w;d;) (A.84)
=\ X;wi X, g9wi(g; — gw)

and also

S w?(g; — gw)Var(w;é;)

S w? Yo w? (g — gw)? — gwse*(Bwrs)  (A.85)

Cov(fw s, BwLs) =
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to be used in the reparametrization as in the previous section. Further define

1 R . .
RSE = m_9 Z wi2<04i —HWLS — 6WLSQZ')2 (A.86)
)

as the residual standard error. Note that if w; was exactly (05 + 572-2)_%, the value
of RSFE would be 1. However, 05 is unknown, and hence must be estimated in some
way.

To estimate oy, we start off by fitting the model with no random effect (i.e.
02 = 0). Note that we can simply substitute Var(w;d;) in (A.83)-(A.85) with its
estimate, RSE?, when fitting the model. In this case, the value of RSE would be
an indication of the presence of the random effect. If the additional sample specific
random effect were absent, then the value of RSE would be close to 1. Assuming that
our assumptions hold however, RSFE would be different from 1, and would provide
some information on the amount of “overdispersion” present. Hence, consider the
“dispersion factor” defined by \ = min{1, RSEZ}. This is because U% + 622 > &22, SO
we do not allow for “underdispersion”.

To avoid heavy computation, we only seek to find a crude estimate for 03. For the
model with no random effect, the “dispersion factor” \is a multiplier on 62, whereas
the model in (A.77) captures over-dispersion using an additive effect. Nevertheless,
the total amount of variation in the data is the same regardless of the model we fit,

SO we set

Z(&% +02) = Z r (A.87)



to solve for o2. This results in

A—1
62 = > o7 (A.88)

[N

With the estimate in hand, we can then fit (A.77) with weights w; = ((72-2 +62)72.
Provided that we have a moderate number of observations as well as a moderate
number of binomial counts in each observation, the value of RSE we get from this
fit should be close to 1, indicating that we have a decent fit. Given the estimates

of 4 and B, we can then estimate the baseline signal and the effect as outlined in

A.3.3-A.3.5.
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A.4 Estimating effect sizes using HMM-seq

A.4.1 EM updates to estimate m and q

Since multiscale methods will not be mentioned for Appendices A.4.1-A.4.2, we drop
the superscript o on the effect size 3 to avoid clutter.

The marginal likelihood for the HMM model proposed in Section 3.4 is given by

P(Ylg,w) = Y P(Y|B)P(B|Z,m)P(Z|q)
all .2
B
= > 75, f(Y1|51) H (g7, Zp +
BB 2oL b=

(1-q)(1- Zb)f{ﬂb 8, S (YslBp)  (A.89)

where Y are the observed sequencing reads, (3 is the effect size as described in (3.18)
and the hidden variable in a HMM model, Z is latent variable indicating if a jump
took place, and ¢ and 7 are parameters of interest. Here f(Y|3) is the Poisson
p.m.f. as defined in (3.21), or the Negative Binomial p.m.f. when overdispersion is
taken into account. To compute the MLE estimates for ¢ and & given the likelihood
(A.89), we use an EM algorithm. To derive the updates for the EM algorithm, we

start off by computing the expected complete-data log-likelihood under the current
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parameter estimates at iteration ¢:

Q(q, 7T|q(t), 7r(t))
Eg 71y 46 x0108(P(8, 2. Y |q. 7))

ZZlog (8,2,Y|q,m)P(B|1Z,q=x") Y)P(Z|¢=x) v))

Zlog )P = z;l¢", 7 v) +

Zzlog (g7 P(Bp—1 = 21, By = 212 = 1,¢D7 D, ¥)P(Z, = 1]g0x 1), v) +
b=2 1,j

Iz log(l = q)P(By—1 = i, By = j1Zy = 0,4V =), ¥) P(2, = 0[¢= "), ¥)] (A.90)

Hence, we wish to find the parameters ¢ and 7 that maximize the quantity (A.90),
with some additional constraints and possible priors for the parameters, to solve for
the M step of the EM algorithm. Specifically, with the prior added in, we wish to

solve for

B
argmaxz log( 7Tj )+ Z{Z[Z log(qﬂj)flgtjl(i,j) 4
R b=2 i jAi
(). (t) "
&-1(t) (i, 1) (log(grr;) ———1 q

+ log(1 —
T IR e R B

S (A — 1) log(m;) + (o — 1) log(q) + (6 — 1) log(1 — q)
J
st.wl1=0,q€(0,1) (A.91)
where 1\7(j) := P(8, = 2;¢®,x®,¥), & G, ))P(By_y = i, B = jldD=®), V),
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and A, a, 0 are the hyperparameters for the priors. Note that we have used conjugate
priors here, i.e. Beta distribution for ¢ and Dirichlet distribution for 7, so that
analytical updates can be derived.

Solving for (A.91) results in the updates

01 41— &) B flg?l(i7i)
(B-=1)+(a—1)+(0-1)
(t), . B o . . @O @y

N G) 2o (O 6 1 (0, 0) + —— &y 21 (4, ) + (A — 1)
ﬂ](.tﬂ) _ 1 b=2\Zui#j Sh—1 1—q() g7 b1 J (A93)

1+(B-1)=> Zj mfg},l(]?]) + (k=1 A — K)

q(t-i-].) - 11—

(A.92)

Details for computing the quantities v and £ needed in the EM updates is described

in Appendix A.4.2.

A.4.2  Forward-Backward algorithm to compute v, and &,

To compute the quantities v and £ described in Appendix A.4.1, we make use of
the Forward-Backward algorithm. Specifically, we first compute the forward and

backward variables defined by

ay(k) = P(Y1,... Y, By = zplq,7) (A.94)

wy(k) = PYpy1,-., YB|By = g, q,7) (A.95)

The algorithm for computing these are exactly as described in Rabiner (1989). How-

ever, while a standard HMM has free parameters for each transition and emission
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probability, these probabilities have special forms in HMM-seq, given in (3.19) and
(3.21) respectively. Most notably, the special form of the transition probability ma-
trix allows the Forward-Backward algorithm to be computed in O(K) time rather
than O(K?2) (keeping B fixed), where K is the number of hidden states.

Once we have obtained the forward and backward variables, v and & can be

computed by

(k) = P(By) =xg|Y,q, )
_ ap(k)wy(k) A96
Dk () (k) e
&, k) = P8y =4, 8y = 2Y.q,7)
B ap(J) ((1 — Ly + qu) P(Yp1188, 1 = wp)wpy1 (k) (A.97)
>y ey (i) ((1 — )iz + QWk) P(Yp1B7, 1 = zp)wps1 (k) |
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A.5 Supplementary simulation results for Multiseq and

HMM-seq

We present simulation results for DNase-NB and DNase-BB when the simulated
effect size was estimated from the original data using Multiseq. Overall, the main
patterns are similar to the results when the effect size was estimated using bayesthr,
with performance for all the methods increasing with sample size. However, there

are a few notable differences:

1. The differences between Multiseq and window-based methods are much smaller
in general for all sample sizes. This is most likely because the effect sizes
estimated using bayesthr tend to be be much narrower (often between 10bp
and 50bp in length) than their counterparts estimated using Multiseq, which
generates effect sizes that are broader (often between 100bp and 500bp in
length). Note that most window-based approaches will not run properly when
using bin sizes much smaller than 100bp, hence we use 100bp as the smallest
possible bin size for window-based methods. Hence, window-based methods
can pick up effects estimated using Multiseg much more easily than effects

estimated using bayesthr, resulting in their improved performance.

2. WaveQTL underperforms by a substantial margin for small sample sizes, when
compared to the other methods. While the reason for this is not entirely
known, the shape of the effects estimated using Multiseq is the most likely

factor influencing the performance of Wave@TL in this case.

3. HMM-seq performs substantially worse for sample sizes 30 and 70. One possible
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explanation is that effects estimated from Multiseq are much broader (as noted
above) and much weaker than effects estimated from bayesthr, often being less
than a 1.5-fold change. HMM-seq was not designed to pick up broad and weak
effects well, while also being extremely sensitive to the baseline estimate from
Multiseq for this kind of simulations. Hence, increased sample sizes do not
increase power for HMM-seq as much when compared to other methods. This

is also one of the main reasons for the non-robustness of HMM-seq.

150



Sensitivity

Sensitivity

Figure A.2: ROC curves and areas under the curves for DNase-seq-based simulations under the Negative Binomial
generation scheme, where the simulated effect is estimated from raw data using multiseq. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-null case was simulated in which an effect was
present. Methods being compared include Multiseq, WaveQTL, HMM-seq with and without the sparse prior, and
DESeq with various choices of window sizes. Panels (a), (b), (c), (d) and (e) show results when the sample sizes are
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Figure A.3: ROC curves and areas under the curves for DNase-seq-based simulations under the Beta Binomial
generation scheme, where the simulated effect is estimated from raw data using multiseq. For each of the 578 regions,
one null case was simulated in which an effect is absent, and one non-null case was simulated in which an effect was
present. Methods being compared include Multiseq, WaveQTL, HMM-seq with and without the sparse prior, and
DESeq with various choices of window sizes. Panels (a), (b), (c), (d) and (e) show results when the sample sizes are




A.6 Supplementary results for inferring TF binding using
Multiseq-based inference, CENTIPEDE and

msCentipede

Table A.7: Comparison of accuracy in inferring binding sites using Multiseq-based inference, CENTIPEDE and
msCentipede respectively. 43 TF-PWM pairs were considered. Performance is measured using auROCs for region
sizes of 64bp, 128bp, 256bp, 512bp and 1024bp. For each TF-PWM pair, value(s) colored in red correspond to the
largest auROC(s) across all region sizes, where tied values between methods will all be highlighted in red. In the
case of ties within the same method, only one value will be highlighted.

TF Region size auROC
Multiseq CENTIPEDE msCentipede

Batf-S356 64 0.961 0.879 0.947
128 0.984 0.921 0.963

256 0.991 0.945 0.952

012 0.980 0.964 0.949

1024 0.977 0.879 0.951

Bhlhe40-S311 64 0.902 0.773 0.897
128 0.933 0.838 0.929

256 0.948 0.884 0.930

512 0.951 0.909 0.926

1024 0.947 0.643 0.910

Cebpb-5357 64 0.978 0.895 0.972
128 0.992 0.952 0.986

256 0.996 0.977 0.989

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

012 0.992 0.981 0.980

1024 0.988 0.978 0.971

Ctcf-52 64 0.884 0.856 0.892

128 0.901 0.862 0.906

256 0.903 0.840 0.900

512 0.898 0.840 0.896

1024 0.888 0.847 0.887

E2f4-S753 64 1.000 0.947 0.998
128 0.996 0.959 0.993

256 1.000 1.000 1.000

512 1.000 1.000 1.000

1024 1.000 1.000 1.000

E2f4-S754 64 0.999 0.998 0.998
128 0.999 1.000 0.999

256 1.000 1.000 1.000

512 1.000 1.000 1.000

1024 0.999 0.999 0.999

Ebf-S79 64 0.815 0.716 0.764

128 0.857 0.769 0.812

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

256 0.873 0.807 0.814
012 0.882 0.829 0.815
1024 0.883 0.843 0.805
Egr1-S4 64 0.893 0.825 0.885
128 0.918 0.867 0.913
256 0.931 0.891 0.917
512 0.935 0.535 0.922
1024 0.943 0.536 0.912
Elf1-S81 64 0.921 0.874 0.929
128 0.937 0.902 0.939
256 0.942 0.915 0.933
012 0.950 0.914 0.926
1024 0.951 0.689 0.929
Elf1-S82 64 0.909 0.862 0.927
128 0.921 0.889 0.933
256 0.933 0.900 0.928
012 0.939 0.904 0.915
1024 0.943 0.630 0.905
Elk1-S841 64 0.993 0.987 0.993

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

128 0.996 0.994 0.995
256 0.996 0.996 0.996
012 0.996 0.997 0.996
1024 0.994 0.800 0.996
Elk1-S88 64 0.997 0.991 0.997
128 0.998 0.994 0.998
256 0.999 0.997 0.998
012 0.998 0.998 0.998
1024 0.997 0.838 0.998
Elk1-S89 64 0.998 0.991 0.998
128 0.999 0.996 0.999
256 1.000 0.998 0.999
512 0.999 0.999 0.999
1024 0.999 0.815 0.999
Elk1-S90 64 1.000 1.000 1.000
128 1.000 1.000 1.000
256 1.000 1.000 1.000
512 1.000 0.966 1.000
1024 1.000 0.900 1.000

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

Erra-S661 64 0.969 0.906 0.961
128 0.990 0.910 0.973
256 0.998 0.992 0.998
512 0.998 0.998 0.998
1024 0.996 0.996 0.983
Erra-S662 64 0.973 0.940 0.977
128 0.998 0.974 0.994
256 0.999 0.988 0.990
512 0.999 0.999 0.996
1024 0.998 0.998 0.997
Erra-S838 64 0.962 0.857 0.973
128 0.995 0.941 0.991
256 0.998 0.986 0.990
512 0.995 0.984 0.966
1024 0.984 0.967 0.952
Ets1-5100 64 0.999 0.996 0.999
128 1.000 0.999 1.000
256 0.999 0.998 1.000
512 0.999 0.999 0.999

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

1024 0.999 0.903 0.999
Ets1-S101 64 1.000 1.000 1.000
128 1.000 1.000 1.000
256 1.000 1.000 1.000
512 1.000 1.000 1.000
1024 1.000 0.600 1.000
Ets1-S99 64 1.000 1.000 1.000
128 1.000 1.000 1.000
256 1.000 1.000 1.000
512 1.000 1.000 1.000
1024 1.000 0.952 0.999
Gabp-5116 64 0.970 0.956 0.973
128 0.977 0.965 0.979
256 0.981 0.971 0.980
012 0.982 0.971 0.974
1024 0.980 0.775 0.972
Irf3-S147 64 1.000 1.000 1.000
128 1.000 1.000 1.000
256 1.000 1.000 1.000

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

012 1.000 1.000 1.000
1024 1.000 1.000 1.000
Irf4-S148 64 0.986 0.957 0.980
128 0.991 0.994 0.993
256 0.995 0.994 0.998
012 0.995 0.992 0.990
1024 0.991 0.880 0.992
Mafk-S383 64 0.613 0.603 0.696
128 0.633 0.605 0.685
256 0.648 0.614 0.644
512 0.641 0.639 0.640
1024 0.641 0.646 0.628
Mafk-S384 64 0.638 0.615 0.545
128 0.656 0.638 0.678
256 0.668 0.640 0.666
512 0.669 0.649 0.661
1024 0.663 0.653 0.637
Max-S325 64 0.989 0.989 0.989
128 0.999 0.987 0.997

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

256 1.000 0.993 0.996
012 1.000 0.999 0.998
1024 0.999 0.995 0.998
Nfatc1-S186 64 0.940 0.819 0.930
128 0.967 0.907 0.960
256 0.983 0.960 0.979
512 0.989 0.973 0.981
1024 0.989 0.974 0.961
Nfatcl-S187 64 0.958 0.895 0.953
128 0.974 0.940 0.979
256 0.993 0.957 0.979
012 0.993 0.979 0.983
1024 0.990 0.967 0.978
Nfatc1-S188 64 0.983 0.871 0.974
128 0.987 0.941 0.991
256 0.993 0.963 0.962
012 0.992 0.976 0.967
1024 0.992 0.974 0.959
Nfe2-5392 64 1.000 0.999 1.000

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

128 1.000 0.999 1.000
256 1.000 0.999 1.000
512 1.000 0.999 1.000
1024 1.000 0.997 1.000
Nfkb-S189 64 0.969 0.932 0.964
128 0.981 0.946 0.976
256 0.985 0.965 0.977
512 0.986 0.972 0.978
1024 0.985 0.753 0.972
Nfkb-S190 64 0.978 0.979 0.983
128 0.991 0.986 0.991
256 0.995 0.990 0.988
512 0.996 0.990 0.985
1024 0.992 0.814 0.981
Nrf1-S194 64 0.993 0.993 0.994
128 0.995 0.995 0.995
256 0.997 0.994 0.996
512 0.997 0.774 0.994
1024 0.997 0.767 0.997

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

Pax5c¢20-5200 64 0.809 0.741 0.870
128 0.849 0.789 0.889

256 0.864 0.824 0.873

512 0.869 0.845 0.846

1024 0.869 0.650 0.827

Pul-S123 64 0.770 0.703 0.810
128 0.806 0.721 0.829

256 0.831 0.749 0.821

512 0.841 0.766 0.790

1024 0.834 0.666 0.772

Rfx5-5240 64 0.990 0.984 0.982
128 0.988 0.986 0.983

256 0.986 0.986 0.985

512 0.990 0.984 0.979

1024 0.987 0.916 0.983

Rfx5-5241 64 0.974 0.972 0.971
128 0.971 0.975 0.973

256 0.975 0.975 0.970

512 0.977 0.968 0.969

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

1024 0.973 0.862 0.973

Rfx5-S825 64 0.974 0.972 0.971
128 0.971 0.975 0.973

256 0.975 0.975 0.970

512 0.977 0.968 0.969

1024 0.973 0.862 0.973

Runx3-5250 64 0.849 0.778 0.865
128 0.872 0.824 0.880

256 0.892 0.852 0.877

512 0.903 0.868 0.871

1024 0.909 0.578 0.861

Srebp2-5342 64 1.000 1.000 1.000
128 1.000 1.000 1.000

256 1.000 1.000 1.000

012 1.000 1.000 1.000

1024 1.000 1.000 1.000

SrfV0416101-S159 64 0.834 0.657 0.847
128 0.869 0.728 0.851

256 0.895 0.790 0.840

Continued on next page
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Table A.7 — continued from previous page

TF Region size auROC
Multiseq CENTIPEDE msCentipede

512 0.898 0.827 0.836

1024 0.899 0.844 0.808

SrfvV0416101-S160 64 0.788 0.652 0.841
128 0.835 0.693 0.864

256 0.866 0.765 0.850

012 0.869 0.799 0.804

1024 0.863 0.812 0.780

Znf143-543 64 0.967 0.837 0.962
128 0.972 0.934 0.971

256 0.976 0.953 0.954

012 0.977 0.961 0.944

1024 0.976 0.729 0.936
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A.7 EM updates for Cluster-seq

To maximize the likelihood (4.1), we make use of an EM algorithm. Specifically,
we first compute the expected complete-data log-likelihood given the parameters at

- ' (t) (t),
iteration ¢, m ;" and ¢

Qm, p|m"), 1)
E71p 20 g0 (l0g(P(Z, Rlm, ¢)))

= Y P(z|R,x" ¢ 1og(P(R, Z|7, ¢))

A
= Y3312 = kIR 7D, D) log(myy) +
7 J k

P(Zij = kIR, 7", ¢"))log(y g, (A.98)
Hence, we need to compute

argmax y_ > Y P(Z;; = kR, 7", o) [log(my) + log(¢k, ;)]
™Gk

s.t. Zﬂ-ik = 1, Z¢kb =1 (A99)
k b
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Solving (A.99) gives us the parameter updates for the M step:

(t+1) Zj:read j€sample i P(Zij = k[R, 77(t)> ¢(t))

kT > iy
OMG)
¢
2p Yib (Zk—(t)kb/)
k’
= A.100
>y Yiv ( )
¢(t+1) . > Zj:read j€base b,sample i P(Zij = k|R77T vd) )
w Zz Zj:read j€Esample ¢ P(Zij = k|R7 77( ¢(t))
el
Zz b > ¢
/T
= ¥ T (A.101)

(t)¢(t)
Zi Zb’ }/’ib’ —W
Zk Z'k/ d)k/b/

This procedure is iterated until convergence, from whence we have the maximum

likelihood estimators for 7 and ¢.

A.8 Supplementary plots from running Cluster-seq on

RNA-seq data for gene OAS1, with K =2 and K =4
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Figure A.4: Results from running the basic GoM model and Cluster-seq on RNA-seq data from gene OAS1 with
K = 2. Panel (a) shows the estimated cluster means; top plot in panel (a) corresponds to estimates from the basic
GoM model, and bottom plot in panel (a) corresponds to estimates from Cluster-seq. Panel (b) shows the admixture
plots; top plot in panel (b) corresponds to cluster memberships for the basic GoM model, and bottom plot in panel
(b) corresponds to cluster memberships for Cluster-seq.
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Figure A.5: Results from running the basic GoM model and Cluster-seq on RNA-seq data from gene OAS! with
K = 4. Panel (a) shows the estimated cluster means; top plot in panel (a) corresponds to estimates from the basic
GoM model, and bottom plot in panel (a) corresponds to estimates from Cluster-seq. Panel (b) shows the admixture
plots; top plot in panel (b) corresponds to cluster memberships for the basic GoM model, and bottom plot in panel
(b) corresponds to cluster memberships for Cluster-seq.
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Figure A.6: Pairwise correlation heatmaps for both the basic GoM model (panel (a)) and Cluster-seq (panel (b)),
K = 2. Each grid on the heatmap denotes the between sample correlation of the cluster memberships 7, color-coded
according to the amount of correlation. A hierarchical clustering of the correlations further reveals (dis)similarities
between samples.
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Figure A.7: Pairwise correlation heatmaps for both the basic GoM model (panel (a)) and Cluster-seq (panel (b)),
K = 4. Each grid on the heatmap denotes the between sample correlation of the cluster memberships 7, color-coded
according to the amount of correlation. A hierarchical clustering of the correlations further reveals (dis)similarities
between samples.
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Figure A.8: Correlation plots between cluster memberships estimated using the basic GoM model (K = 2) and
genotype classes for each SNP located within and near gene OAS1. The three plots correspond to the three clusters.
For each cluster, the SNP most significantly associated with the cluster memberships is colored in blue, while the
location of rs10774671 is marked by the vertical dashed red line.
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Figure A.9: Correlation plots between cluster memberships estimated using Cluster-seq (K = 2) and genotype

classes for each SNP located within and near gene OASI. The three plots correspond to the three clusters. For each
cluster, the SNP most significantly associated with the cluster memberships is colored in blue, while the location of
rs10774671 is marked by the vertical dashed red line.
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Figure A.10: Correlation plots between cluster memberships estimated using the basic GoM model (K = 4) and
genotype classes for each SNP located within and near gene OAS1. The three plots correspond to the three clusters.
For each cluster, the SNP most significantly associated with the cluster memberships is colored in blue, while the
location of rs10774671 is marked by the vertical dashed red line.
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Figure A.11: Correlation plots between cluster memberships estimated using Cluster-seq (K = 4) and genotype
classes for each SNP located within and near gene OASI. The three plots correspond to the three clusters. For each
cluster, the SNP most significantly associated with the cluster memberships is colored in blue, while the location of
rs10774671 is marked by the vertical dashed red line.
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A.9 Supplementary plots from running Cluster-seq on

RNA-seq data for the GTEx project
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Figure A.12: Results from running Cluster-seq on RNA-seq data from gene RPL5 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.13: Results from running Cluster-seq on RNA-seq data from gene RPL2j with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.14: Results from running Cluster-seq on RNA-seq data from gene GPX8 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.15: Results from running Cluster-seq on RNA-seq data from gene HSP90AB1 with K = 2,3,4 and 5,
corresponding to panels (a), (b), (¢) and (d) respectively. Top plot in each panel shows the estimated cluster means,
while bottom plot in each panel shows the corresponding admixture plot.
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Figure A.16: Results from running Cluster-seq on RNA-seq data from gene RPS12 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.17: Results from running Cluster-seq on RNA-seq data from gene PSAP with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.18: Results from running Cluster-seq on RNA-seq data from gene RPLP2 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.19: Results from running Cluster-seq on RNA-seq data from gene RPS13 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.20: Results from running Cluster-seq on RNA-seq data from gene FTHI with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.21: Results from running Cluster-seq on RNA-seq data from gene RPLP1 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.22: Results from running Cluster-seq on RNA-seq data from gene OAZ1 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while

bottom plot
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in each panel shows the corresponding admixture plot.
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Figure A.23: Results from running Cluster-seq on RNA-seq data from gene FEF2 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.24: Results from running Cluster-seq on RNA-seq data from gene RPS16 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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Figure A.25: Results from running Cluster-seq on RNA-seq data from gene RPS11 with K = 2,3,4 and 5, corre-
sponding to panels (a), (b), (c) and (d) respectively. Top plot in each panel shows the estimated cluster means, while
bottom plot in each panel shows the corresponding admixture plot.
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A.10 Gaussian denoising with heteroskedastic errors using

smash

A.10.1 Variance estimation for Gaussian denoising

With Z as defined in (5.7), we apply the wavelet transform W to Z 2, and obtain the
wavelet coefficients § = W Z?2. Note that E(8) = (v), where v = Wo?. We treat

the likelihood for ~ as if it were independent, resulting in
J T—-1
L(v1&) = [T TT P@jrlrie)- (A.102)

=0 k=0

The likelihoods L(v;;]d;1) are not normal, but we approximate the likelihood by a
normal likelihood through matching the moments of a normal distribution to the

distribution P(d;|7v;1). That is,

A

P@jklvir) = N(vjk: V(9;1)) (A.103)
so that
L(vjkldjk) = &(d5: vjk, V(djk)) (A.104)

where ¢ is the normal density function, and V(d;;,) is the variance of the empirical
wavelet coefficients. Since these variances are unknown, we estimate them from

the data and then proceed to treat them as known. More specifically, since Zy ~
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N(0, ag), we have that

E(Z;l) R~ 3(7§1

V(Z}) ~ 20} (A.105)

and so we simply use %Zf as an unbiased estimator for V(Zf). It then follows
that V(éj ) is given by ZzT:l %Z;le2k,l7 and is unbiased for V(d;;). These will be
the inputs to ash, which then produces shrunk estimates in the form of posterior
means for the corresponding parameters. Although this works well in most cases,
there are variance functions for which the above procedure tends to overshrink the
wavelet coefficients at the finer levels. This is likely because the distribution of the
wavelet coefficients is extremely skewed, especially when the true coefficients are
small (at coarser levels the distributions are much less skewed since we are dealing
a linear combination of a large number of data points). One way around this issue
is to employ a procedure that jointly shrinks the coefficients v and their variance
estimates (implemented in the jash option in our software). The final estimate of the

variance function is obtained from the posterior means via the average basis inverse

across all the shifts.

A.10.2 Simulation results

As noted in Section 5.2, we performed an extensive simulation study for Gaussian
errors using a variety of test functions (7 mean functions and 5 variance functions,

including constant variance), signal-to-noise ratios (SNR = 1 and 3) and sample sizes
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(T = 256,512,1024). For details of where the results are saved and what information
they contain, refer to README.md from the ashwave repo

(https://github.com/stephenslab/ashwave). In particular, we include an RShiny app
as an interactive way to present the results for 7' = 1024, the code for which can
be found in the dscr-smash repo (https://github.com/zrxing/dscr-smash). For more
detailed descriptions of what the repository does, instructions on reproducing the
results in Section 5.2, as well as guidelines for extending the simulation study under
the DSC framework refer to the README.md file from the repo. In particular,
users can view the boxplots of MISEs for the methods and test functions they are
interested in by checking the appropriate boxes. For more details on the RShiny
display refer to graphs.Rmd in the dscr-smash repo. For reference, the mean and
variance functions used in the simulation studies are shown below in Figures A.26

and A.27.
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Figure A.26: The seven mean functions used in the Gaussian simulations, all scaled to be between 0.2 and 0.8.
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Variance function — Constant

S

—

©

@

©

Q

<

g

o~

N

o |

i T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

(a)
Variance function — Doppler

e

-

©

®

©o

Q

o

o

(3]

N

S

e T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

00 02 04 06 08 1.0

00 02 04 06 08 10

Variance function — Triple Exponential

0.0 0.2 0.4 0.6 0.8 1.0

Variance function — Bumps

W

0.0 0.2 0.4 0.6 0.8 1.0

(d)

Variance function — Clipped Blocks

00 02 04 06 08 1.0

Figure A.27: The five variance functions used in the Gaussian simulations, which are rescaled in the simulations to

achieve the desired signal to noise ratios.
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In addition to the performance of the various methods, we also provide code in
the ashwave repo (https://github.com/stephenslab/ashwave) generating a table that
provide additional details for each method used, including the associated software,
variance assumption, wavelet basis, shrinkage procedure used, and other relevant

information.

209



A.11 GitHub repositories

Results and code for smash simulations and figures/tables in Xing and Stephens

(2016) - https://github.com/stephenslab/smash-paper

Dynamical Statistical Comparison framework for conducting simulations for

the Gaussian version of smash - https://github.com/zrxing/dscr-smash
R package for smash - https://github.com/stephenslab/smashr
R package for Multiseq - https://github.com/stephenslab/multiseq

Using Multiseq to infer TF binding, and comparison of Multiseq-based inference

with CENTIPEDE and msCentipede - https://github.com/zrxing/multiseq_analysis

R code, simulation results and analysis results for Cluster-seq -

https://github.com /zrxing/sequence_clustering
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