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ABSTRACT

Understanding why high-dimensional estimators can generalize beyond finite training samples is
a fundamental problem in statistical learning theory. The traditional intuition, as suggested by
Occam’s razor, is that models with low complexity tend to generalize better. We can often find
simple models that explain the training data well if the high-dimensional data distribution has
some hidden low-dimensional structure (for example, sparse linear regression and low-rank matrix
recovery). However, contrary to our traditional intuition, complex models which interpolate noisy
training labels can also enjoy good generalization in some settings. This phenomenon, which we
call "interpolation learning," has significantly challenged our theoretical foundation of statistical
learning. In this thesis, we present a novel Moreau envelope generalization theory to establish the
concentration of measure in high dimensions. Since our result can precisely quantify the role of
model complexity in generalization error, we can establish strong consistency results even though
the norm of the high-dimensional interpolants that we consider diverges. In addition to proving
sharp non-asymptotic bounds for interpolants in various contexts, we also recover versions of clas-
sical results from the compressed sensing and high-dimensional statistics literature. Applications
of our theory include kernel ridge regression, max-margin classification, phase retrieval, matrix

sensing, and some simple neural networks.
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CHAPTER 1
INTRODUCTION

High-dimensional models are ubiquitous in modern statistics and machine learning applications.
In atmospheric and climate sciences, measurements can be taken on a fine grid of extended spatial
fields, leading to a massive collection of complex features in relatively short time horizons. In
financial exchanges, millions of different instruments are traded every single day. Similar situa-
tions can be found in other areas, such as genetics and neuroscience, where the large number of
predictors requires a model to have many more parameters than the number of training samples.
When the number of features is small, embedding them in a higher dimensional space can allow
us to learn non-linear relationships. We can understand classical machine learning algorithms such
as boosting and kernel regression this way. Nowadays, machine learning models are growing in-
creasingly high-dimensional. A state-of-the-art neural network architecture for speech recognition,
natural language processing, or computer vision can contain more than billions of parameters.
When we fit a high-dimensional model on samples, the goal is usually to reveal some truth
about the population distribution or to be able to make good predictions on future unseen data
points. Statistical learning theory provides a rigorous mathematical framework to reason about
generalization. In the statistical learning framework, a model is a function that maps an in-
stance to some prediction, and we specify a class of models to choose from (also known as con-
cept/hypothesis class). In most of this thesis, we will consider hypothesis classes parameterized
by a high dimensional vector. Also, we have a loss function that measures the quality of the model
output on a single instance. Given independent and identically distributed samples from some un-
known distribution, we hope to find a model in the hypothesis class that is nearly optimal in terms
of the expected loss with respect to the unknown population. When we have the prior knowledge
that the population distribution comes from some fixed parametric family and we wish to estimate
the parameters, then we can pick the loss to be the log-likelihood function, and a generalization

guarantee will also be a bound on estimation error (in terms of KL divergence). More generally,
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if we only care about average prediction error on a new sample, then only very mild assumptions
on the data distribution are required. We just need to specify how to measure the accuracy of a
prediction.

In high-dimensional settings, it is usually possible to perfectly minimize the loss function on
training samples. However, if a model fits too closely to noisy training data, it can memorize noise
patterns that do not exist in the population distribution. As a result, overfitting will hurt the gen-
eralization performance at test time. To avoid overfitting, classical learning theory suggests that
we should constrain the complexity of the learned model. We have a rich mathematical under-
standing of why regularization helps. There is a long history of literature showing that the class of
low-complexity models enjoys uniform convergence (also known as "concentration of measure"
or "uniform law of large numbers"). Roughly speaking, uniform convergence refers to the phe-
nomenon that uniformly over a class of models, the training error and population error will be
close to each other. As a result, minimizing the training error in a constrained class of models is
approximately the same as minimizing the test error. In addition, the complexity of a class of mod-
els can be precisely measured by quantities such as VC-subgraph dimension [52], fat-shattering
dimension [1], covering numbers [52] and Rademacher complexity [3]. By balancing the approx-
imation error from choosing a low-complexity class with the generalization error from uniform
convergence, we can find the optimal amount of regularization and derive some quantitative gen-
eralization bound for regularized estimators without making any parametric assumptions on the
population distribution.

On the other hand, the empirical success of deep neural networks has remarkably escaped the
curse of overfitting. It is common to train a neural network without explicit regularization so
that it can exactly interpolate the training data. An interpolating over-parameterized model will
generally have very high model complexity. Yet, in practice, it still generalizes decently well
[11, 48, 76]. One may argue that there is very little noise in applications like image classification,

so interpolation is sensible. However, the thought-provoking experiment from Belkin et al. [10]



shows that interpolating classifiers can generalize well even if we randomly flip some percentages
of the training labels. Though the training error stays at zero across different noise levels, the test
error of interpolating predictors will miraculously adapt and remain close to the optimal error as
we vary how much noise we add. The observation that complex high-dimensional models can
also generalize to the population raises a fundamental question to the machine learning theory:
can the concentration of measure capture learning in these modern settings? What are the proper
theoretical tools to understand the generalization of high-complexity models that are becoming
increasingly popular in practice?

In this thesis, we attempt to bridge the gap between our traditional understanding of learning
with the mysterious success of high-dimensional interpolants. Building on the intuitions from
classical learning theory, we develop a more refined uniform convergence technique to establish
generalization in high-dimensional settings. In addition to showing that it is powerful enough to
explain interpolation learning, we demonstrate our theoretical framework’s versatility by applying
it to analyze regularized estimators in various interesting settings, such as sparse linear regression,
high-dimensional generalized linear model, matrix sensing, and phase retrieval.

In Chapter 2, we begin the study of interpolants by analyzing the test error of kernel ridge
regression (KRR). Using the well-known omniscient risk estimate, we control the test error of
kernel ridge interpolant by the error of the optimally balanced estimators and a multiplicative
factor that measures the cost of interpolation. Direct analysis of the cost of interpolation reveals
the necessary and sufficient condition for which the kernel ridge interpolant is asymptotically as
good as the optimally balanced estimators. We then apply this result to establish benign overfitting
in kernel ridge regression and recover the multiple descent phenomenon for inner-product kernels
in a polynomial regime. In addition to directly analyzing the cost of interpolation, we provide
another perspective to understand benign overfitting based on uniform convergence in Section 2.4.
We show that the size of the RKHS norm is sufficient to explain generalization.

In Chapter 3, we consider the problem of linear regression with Gaussian features. We use the



Gaussian Minimax Theorem (GMT) to prove the same uniform convergence guarantee in Chapter 2
known as the optimistic rate for any linear predictors. Doing so allows us to move beyond ridge
regression and analyze the minimal norm interpolant for any norm. Choosing the /1 norm gives us a
novel benign overfitting result for basis pursuit. In addition to understanding interpolants, we apply
our theory to recover some classical statistical guarantees for ridge and LASSO regression under
random designs. We also provide a high-probability version of the precise error for Ordinary Least
Squares (OLS) with isotropic features in the proportional regime. Finally, we apply our theory to
analyze the minimum nuclear norm estimator in matrix sensing in Section 3.6.

In Chapter 4, we introduce the Moreau envelope generalization theory, which generalizes the
result in linear regression to any generalized linear loss. If we have a globally Lipschitz loss, then
our Moreau envelope theory can be translated to the classical Rademacher complexity bound (but
without the loose multiplicative factor of 2). Examples of a globally Lipschitz loss include the
absolute loss, the Huber loss, and the log-likelihood function for Logistic regression and Binomial
GLM. More generally, even if the loss function is neither Lipschitz nor convex, we show that
as long as the loss’s square root is Lipschitz, we can establish a uniform convergence guarantee
with an optimistic rate. As an example, we consider the problem of linear classification with the
squared hinge loss, which corresponds to soft and hard margin Support Vector Machines (SVM),
and show that the same argument as in Chapter 3 can be used to establish benign overfitting in linear
classification. In Section 4.2, we introduce a general technique to compute the norm of the minimal
norm interpolant and provide a lower bound that suggests our uniform convergence bound should
always be asymptotically tight. Another application of this result is ReLU regression and phase
retrieval, in which the loss is not even differentiable. Moreover, we extend our result in Chapter 4
to allow the loss function to have some non-linear component. This flexibility will enable us to
establish a norm-based generalization bound for two-layer neural networks with weight-sharing in
the first layer.

Finally, we discuss some empirical and theoretical evidence of universality and conjecture that



it should be possible to relax the Gaussian feature assumption in our Moreau envelope generaliza-
tion theory. We numerically check the validity of our theory for discrete, asymmetric, and heavy-
tailed feature distributions. We also briefly discuss some theoretical advances based on random
matrix theory and the Lindeberg principle. With the broad applicability of uniform convergence
in understanding high dimensional interpolants and regularized estimator, our results suggest a
promising research direction for the theoretical foundation of deep learning. Moreover, our results
demonstrate that the concentration of measure phenomenon remains a fundamental principle in

statistical learning.



CHAPTER 2
KERNEL RIDGE REGRESSION

Kernel Ridge Regression (KRR) is a class of flexible and non-linear machine learning models. A

kernel K : X x X — R is a symmetric and positive semi-definite function:
(A) Vo,2' € X, K(z,2) = K(2/,2)

B) VneN, xq,...,xn, € X, 1, ..., ¢, € R, it holds that

1

2.

n
1=1 )=
In the above, X is an abstract input space. For example, X can be taken to be R and com-
monly used kernels include: i) polynomial kernel K (z,2') = (1 + y{x, 2’ >)l, i1) Laplacian kernel
K(v,2") = exp (—y|lz — 2’||1), and iii) Gaussian kernel K (v,2) = exp (—y|z — 2’||3). But X
can also be a low-dimensional manifold, the space of probability distributions, the space of strings,
or the set of nodes in a graph. Kernels can be defined on these non-Euclidean spaces too [9, 31, 34].

Given (21,¥1), .., (Tn,yn) € X x R sampled independently from some unknown joint distri-

bution D, we can define a predictor f5 : X — R for any ridge parameter 6 > 0 by
J5(w) = K(Dn,2)" (K (Dn, Dy) +00n) 'Y (2.2)
where K (D, z) € R", K(Dy, D) € R"™"™ Y € R" are given by
[K(Dyp,x)); = K(z,2), [K(Dn,Dp)lij=K(zi,z;), [Y]i=uy. (2.3)

We will assume that D is given by 2 ~ p and y = f*(z) + £ for some distribution p over X,
f*: X = Rand & ~ N(0, 02). It is then natural to find the expectation of the test error of fj

defined as E(, ) .p[(f5(z) — y)?] with respect to the randomness of training data.
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Though the setting for KRR is very generic, we can understand it as ordinary ridge regression.

By Mercer’s theorem [45], the kernel admits the decomposition
K(z,2') = Nii(w)(a) (2.4)
)

where ¢; : X — R satisfies Ez~p[¢;(z)¢j(x)] = 1if i = j and O otherwise. For example, if
X = {z1,...,xps} has finite cardinality ), then (2.4) can be found by the spectral decomposition
of the matrix K (X, X) € RM*M given by [K (X, X)l;j = K(x;,7;). When p is the uniform
distribution over the sphere in R? or the boolean hypercube {—1, 1}, then {¢;} can be taken to
be the spherical harmonics or the Fourier-Walsh (parity) basis. In the case that K is the Gaussian
kernel or polynomial kernel, the {);} has closed-form expression in terms of the modified Bessel
function or the Gamma function [46].

Therefore, instead of viewing the feature x as an element of X', we can consider the potentially
infinite-dimensional real-valued vector ¢ (z) = (v/A1¢1(x), /Aada(z), ...) and denote the design

matrix ¥ = [1)(z1), ¥ (z2),...]T. Then we can understand (2.2) as
fo(w) = w(@) U (WOT 4 51) Y = {ws, d(@)) (2.5)

where ws = \IJT(\IJ\IJT + (5[n)_1Y is simply the ridge regression estimate with respect to the data

set (U,Y"). As the eigenfunctions {¢; } forms a complete basis, we can expand

7

f(@) = Do wioile) = 32 =vile) = (" v(@) 26)

where we denote w;‘ = v;/v/\;. In general, the RKHS norm of a function f defined by f(z) =

(w,(x)) is given by || f]|c = [lwl]2.



2.1 Omniscient Risk Estimator

Many prior works (for example, see Canatar et al. [17], Hastie et al. [28], Jacot et al. [30], Loureiro
et al. [39], Mel and Ganguli [42], Richards et al. [55], Simon et al. [60], Wu and Xu [75]) have

shown that in high dimensional settings, it holds that

we,; ~ w; (2.7)

where ks is the effective regularization defined in (2.8) below. Rigorous version of (2.7) can
be proved using random matrix theory, while non-rigorous proofs based on methods in statistical
physics (such as replica and cavity methods) also exist. We will adopt the eigenlearning framework
[60] in this section. We note that although the proofs in this section are based on an non-rigorous
result, all the theoretical proofs starting from Section 3 will be completely rigorous. As we will
see, the simplicity of the eigenlearning equations can provide a good first step for an intuitive
understanding of interpolation in high dimensions.

In the eigenlearning framework, the effective regularization ~; is defined by

A )
+ —=n. 2.8
; )‘i + Kg K§ " (2.8)
Using x5, we can define
A n
L, s= L = —————. 2.9
’L,(S )‘Z ‘I‘ Ku(; 1) n— ZZ EZQ,(; ( )
Then the population and training error of fs are given by
292 2 0
E(fs) =E&s Z(l —L;5)v; +o and  Ey(f5) = Wg(fzs)- (2.10)
i é

In the above, the v; are defined in (2.6) and ¢ is the variance of £ in the population distribution

D, which is also the Bayes error in the problem. Finally, the expected RKHS norm is given by the



following formula:

o _ E(f5) Ai Aiv;
Ellfslk === G +3 vt @.11)

1 1

We see from above that equation (2.7) can provide a complete description of the stochastic system
defined by f5 for any 0 > 0.

2.2 Cost of Interpolation

In this section, we want to understand the test error of the kernel ridgeless regression £(fp). In

particular, how does it compare to the optimally balanced estimator?

Theorem 1. Let 6* = arg ming> £(f5) be the optimal ridge parameter. It holds that

E00” < E(fo) < E0E(f5+). (2.12)

Proof. The first inequality is straightforward from the definition. To prove the second, observe that

2

Elfy) = inf & (Z(l — L)%} + 02>

> inf 1—L; 5) %02 + 02
= 520 ( 1,5) i TO

(3
= (1= L;0)*0} +0”
i

where we use the fact that (1 — EM)Q decreases as x5 decreases, and x5 decreases as 0 decreases.

The proof concludes by observing > (1 — Ei,o)QvZZ + 02 = E(fy)/&. O

In many settings of interest, we have £(fsx) — o2 and so the factor &) is actually tight and

E(fo) = Eo€(f5+). Note that it is not always true that £(fy) — o2 and so £y measures the "cost of

interpolation” relative to the optimal balance. Next, we will analyze the multiplicative factor &.

9



For convenience, we will sort the eigenvalues A1 > Ao > ... and denote the effective ranks [7] of
the tail of the eigenvalues as

2
o\ WY
DY L (k)™ (2.13)

Alt1 Sk A2

Tk

Proposition 2. For any k such that k < n and n < Ry, it holds that

E\ 2 n\ !
& < (1 _ E) (1 _ R_k> : (2.14)

All remaining proofs in this chapter can be found in Appendix C. Proposition 2 suggests if there
exists a sequence & = o(n) such that R;. = w(n), then &y — 1 and so the ridgeless interpolant is
asymptotically as good as the optimally ridge estimator. This is also one of the key conditions for
benign overfitting in linear regression (Bartlett et al. [7]). Next, let’s try to get lower bound on &.

-1
Since &y = <1 - % > E%o) , it suffices to lower bound % > EZZO'

Proposition 3. Fix any b > 0. If there exists k < n such that n < k + bry, then let k be the first

such integer. Otherwise, pick k = n. It holds that

1 5 1 E\? n b \2k
- 2> — _(1-2) =, [—) =3%. ,
n;£270—max{(5+1)2 (1 n) Rk’(b+1) n} (215)

Our lower bound is also heavily inspired by the lower bound of Theorem 4 in Bartlett et al.
[7], though our proof technique is completely different and much simpler since we rely on the
eigenlearning equations. In order for & to converge to 1, it must be the case that % > £220 — 0.

Using the lower bound above, we identify the necessary and sufficient condition.

Corollary 4. For any n € N, let ky, be the first integer k < n such thatn < k + rj.. Then &y — 1

if and only if
lim — =0 and lim — =0. (2.16)

n—o0 N n—00 Rk‘n

10



Next, we provide some examples of eigenvalues {)\;} where the ridgeless estimator is asymp-

totically as good as the optimally-tuned ridge estimator.

Example 1 (Junk features from Zhou et al. [77]).

1 ifi <dg
Ai = % ifdg+1<i<dg+dy

0 ifi >dg+dj.

In this case, it is routine to check Ry, = dj by choosing k = dg and so letting dg = o(n) and

dj = w(n), Proposition 2 shows that £y — 1.

Example 2 (Slow eigendecay from Bartlett et al. [7]).

N =i tlog™ i forsome a > 0.

In this case, we can estimate

1 1
>N > / dr = —
eyt k+1 xlog®x (@ —1)log®*(k+1)

o0 1 1
ZAZ =7 1/ 5o dv = _ 2a—1
+ xlog®® x (k+1)(2a — 1) log (k)

and so

B> (k+1)(20 — 1) log>*~ (k)

=0 (klogk).
S a2y O oeh)

Then choosing k = \/12@, we have k = o(n) and Rj. = w(n) because
Ay _ @(logl/2 n).
n

In the following examples, we show that (2.16) does not hold and so overfitting is not benign.

11



However, we still have tempered overfitting [40] in the sense that £( f) does not diverge as n —

Q.

Example 3 (Isotropic features in the proportional regime).

1 ifi<d
A = for d=~n and v > 1.

0 otherwise

In this case, it is easy to check that rj, = d — k and so k + r, = d > n and ky, = n. Therefore,
the first condition in (2.16) cannot hold because ky/n = 1. On the other hand, we also have
Ry = d — k and plugging in k = 0 to Proposition 2, we obtain

fo<(1-0)" - L

The above upper bound is tight when [* = 0 because E(fs+) = o2 can be obtained with infinite
regularization and it is well-known that in the proportional regime (for example, see Hastie et al.

[28] and Zhou et al. [78]), we have

. _ 2 7
i £ =
Example 4 (Power law decay from Mallinar et al. [40]).

N =1 % forsome a > 1.

In this case, we can estimate

! . *d A . *d -
(a—=1)(k+1)a1 /k+1 s Z t /k: v (a —1)ko—1

>k
1  oa D /OO ) 1
= dr < A< Ydr =
(2a — 1)(k + )21 /M —§ N O T

12



and so

-1
E+1 1 STk E+1\¢ 1
k a—1"7 k — k a—1
2(a—1) . 20—-1 _
< k ) 200 — 1 <%§(k—|—1) 200 — 1

kE+1 (a—1)2 — k (a—1)2

The above implies Rj, = ©(k). Therefore, since ky, < n, it must be the case that n/Rj, = Q(1),

which violates the second condition in (2.16).

In fact, it is shown that &y — « for the power law decay in Mallinar et al. [40]. Observe that
a=limg_, 1+ / The next proposition shows that the relationship & < 1 + / 7 actually
holds more generally. We first state the finite-sample result and then apply it to obtain the desired

asymptotic version.

Proposition 5. Suppose there exists m, M > 0 such that m < ri./k < M for k > |7 fMJ Then

it holds that

-1
& < 4 <1+;M _ %> . (2.17)

If {\;} does not change with n and limy,_, . r1./k = a > 0, then

lim & < 4 (1 + l) . (2.18)
(6%

n—oo

An implication of Proposition 5 is that as long as lim_, .. 7. /k > 0, then overfitting is tem-
pered. The next proposition shows that the converse is actually true as well: if lim_, . 7./k = 0,

then £(fy) — oo as n — 0.

Proposition 6. For any k > n + ry, it holds that

2
Tk
—Zﬁzo—k( k_n) . (2.19)

13



Therefore, if {\;} does not change with n and limy,_, .o r1./k = 0, then, then it holds that

lim & = oo.
n—0o0

Example S (Exponential decay).

_ =1
Ao=¢e .

In this case, we can estimate
> k
Zki §/ e Ydr=e"
i>k k

and so . < e and ri. [k — 0. Proposition 6 implies that overfitting is catastrophic in this case.

Finally, we can summarize the above results into the trichotomy theorem below in terms of the
effective rank 7. We note that the more general cases where {);} are allowed to change with n

can be analyzed using the finite-sample results in Proposition 2, 3, 5, 6 and Corollary 4.

Theorem 7. Suppose that {\;} does not change with n and the optimally tuned ridge regression

is consistent: E(fs+) — 02, then

(i) iflimy,_,. 7. /k = oo, then overfitting is benign:

lim &£(fy) = o? (2.20)

n— 00
(ii) iflimg_,oo 71/k € (0,00), then overfitting is tempered:

2 .
o° < nlgréo E(fo) < o0 (2.21)

(ii) if limy_ o 71./k = O, then overfitting is catastrophic:

lim &(fp) = oo. (2.22)

n—oo

14



2.3 Optimal Ridge

In this section, we give bounds on the test error £( f«) of the optimally-tuned ridge regression. We

first state the general result and then discuss the applications to special cases.
Theorem 8. Fix any | € NU {co} and k < n/2. For any k' < n, it holds that

(Xisk M) (Zz‘gz %)

— (2.23)

1+e€
Efyr) € ——— |0°+ D v+
1_6_F i>l

where ¢ is defined as
2/3

2

2

2> <X
=\ 2

o

T
(Z»j”z‘) , (2.24)

If we ignore the complicated multiplicative factor in (2.23), then the bound

(Xisk i) (Zigz 3—2)
n—=k

E(fsx) < irllf o+ ZU? +
>l

can be interpreted using uniform convergence. The term o2+ D ois viQ is the level of training error
2

that we wish to achieve and ), , K—Z is the RKHS norm sufficient to achieve this error. To see this,
— (2

2
i i — Vi oy, 1 ) v; . ..

we can simply pick f = >, ﬁwl. The — (> ix M) (zz‘gl TZ) term is the generalization

error one can usually obtain with Rademacher complexity. We use k here to handle situations

where there are o(n) diverging eigenvalues. In the case that || f*||x < oo, we can simply take

[ = oco. When f* has infinite RKHS norm, we can send [ — oo as n — oo and consistency is still

: 2
possible because ) ;- ; vi — 0.

1+e€
1—e—

in the examples below, there usually exists a choice of k' = o(n) such that € is small. From (2.24),

Next, we analyze the multiplicative factor by choosing k' appropriately. As we will see

K/
n

it is clear that the precise finite-sample rate will depend on the spectrum through the /> . ./ /\?

15



term. If the spectrum has very fast decay, then we can pick &’ to be small and the finite-sample
rate can approach the parametric rate of O(n_l). In the case when both the norm of the features
>~; Ai and the RKHS norm || /*||x are bounded, then the choice of &’ = ©(y/n) will imply that €

is at most the order of o(n~1/2).

Agnostic rate. Suppose that ) _; \; < oo, it must be the case that \; = o(i 1) and

S 2o 3 :(kl)

i>k' i>k

2
Assuming that o2 is constant and 3 K—Z is finite, we can take k' = ©(y/n) and obtain from (2.24)

o)) e

Choosing | = oo and k = 0, we see that £(fg«) — o2 at the agnostic rate of O(n"1/2) as n — oo

o (5%

n

E(f5e) < (1 +0 (n_1/2>> o+ (2.25)

Fast rate. If we assume that \; = i~ %, then we can get faster finite-sample rate. In particular, we

know that ) . ;. )‘1'2 — ©(k~(22=1)) then we can balance

Yoo of¥ 1
P U (K)20/3-1/3,1/3

1

and so we should set k' = na+1. Plugging in, we see that both ¢ and &’ /n are of order O(rfl%CY ).
As o — o0, we see that the finite-sample rate approaches the parametric rate of O(n_l).

If we assume that \; = e, then we can get even faster finite-sample rate. We know Y oisk )‘12 =

16



©(e~2F) then we can balance

k/ k/ e—2k’/3
S te=0(—+" .
- +e€ n + 173

Then choosing k' = ©(logn), we see that both ¢ and &’ /n are of order at most O (10%)

2.4 Uniform Convergence

In Section 2.2 and 2.3, we analyze the test error of the ridgeless interpolant £( fj) by first bounding
£(fo)

the cost of interpolation £F5e) in terms of the spectrum {);}, and then analyzing the test error of

the optimal ridge £ ( f5+). In this section, we consider a more traditional approach. We first consider

the difference! between the test error and the training error VE(fs) — v/Eu([s) uniformly over
all ridge parameter 6 > 0. Then, we will control the generalization gap using the complexity of
the model as measured by RKHS norm. Finally, we will analyze the RKHS norm of the ridgeless
interpolant E|| fo HQK and use it to recover the same consistency results.

Using equations (2.10) and (2.11), we can show the following uniform convergence result.

Theorem 9. For any § > 0 and k € N such that (k/n)? +2(k/n) < 1. Let € = \/(k2? + 2kn) /n2,

then it holds that

2

>isk MEN 5l
n

(
(1= e)*E(f5) < | VEnr(f5) + \/ (2.26)

As mentioned earlier, the term %(ZD 1 ADE| f5 H/2c corresponds to the generalization error and
can be viewed as a bound on the Rademacher complexity of norm-constrained linear predictors.
The choice of k allows us to only depend on ;. A;, which can be significantly smaller than

> A; when there are a small number of very large eigenvalues. In addition, equation (2.26)

1. The reason why we consider the difference of the square roots will be clear in Section 4.
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precisely quantifies the bias-variance tradeoff in tuning the ridge parameter. Smaller § leads to a
smaller training error /& (f5) but requires a higher RKHS norm E|| f5”/2c- In the extreme case
0 = 0, the training error is exactly O and the RKHS norm needs to be very high in order to
interpolate all the noisy training labels. Such a small bias and high variance situation will typically
lead to sub-optimal asymptotic test error. However, under the benign overfitting condition such

as (2.16), it can be shown the minimal norm required to achieve zero training error is just large

enough so that the generalization error in (2.26) can exactly match the Bayes error o2 asn goes to
infinity. In particular, we have the following norm bound on the ridgeless interpolant.
Proposition 10. For any | € NU {oco} and k € N such that R, > n, it holds that
2 -1 2 2
v n n (0% + > 507)
Elfolz <) £+ (1— —) i Ry (2.27)
K= Ai Ry, Disk Ni

1<l
As n grows, the first term is usually a lower order term compared to the second term (which
scales linearly with n). If n/ Ry, — 0 and [ is chosen so that ) ", ; v? — 0, then indeed

2 ) E 2

disk i n

Plugging the norm bound in Proposition 10 to Theorem 9, we immediately have the following

bound on the test error of the interpolating KRR solution.

Corollary 11. For any | € NU {oo} and k € N such that (k/n)? + 2(k/n) < 1 and Ry, > n. Let

¢ = \/ (k% 4 2kn) /n?, then it holds that

(1—e)%&(fo) <

(Xisk ) (Zigl %) X (

n

-1
n 2 Z 2

We note that (2.28) is quite similar to (2.23) with the main difference in the multiplicative

factors. This is expected due to Theorem 1 and we can recover a version of Corollary 11 using
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Proposition 2 and Theorem 8 as well. We see that £( fy) — o2 if the following conditions hold:
(A) Y02 < oo

(B) there exists a sequence kj;, such that

lim Zizka N 0, lim “® =0, lim —— =0. (2.29)

n—o00 n n—oo n n—00 Rk
n

The first condition is very mild because it is weaker than requiring the label to have bounded

second moment: o2 + >, vzz — E[y?] < oo. The condition %Zw k, Ni — 0 is also very mild
because usually » *, \; = E[K(z,2)] = 1 < co. From Corollary 4, we also know that the last two

conditions in (2.29) are necessary.

2.5 Example: Inner-Product Kernels in Polynomial Regime

In this section, we consider kernel ridge regression in the setting studied in Ghorbani et al. [24],
Mei et al. [41] and Misiakiewicz [47]. Let’s take p to be the uniformly distribution over the sphere
in R or the boolean hypercube. Denote V;_1 to be the subspace of all polynomials of degree
< I —1and B(d,l) = ©4(d") to be the dimension of the subspace V; of degree-I polynomials
orthogonal to V<;_1. Let {Yks}kzo,se[B(d7k)] be the polynomial basis with respect to D (e.g.

spherical harmonics or parity functions). Expand the target function in this basis:

f*(l') = Z Z Uksyks(x)'

k=0 sc[B(d,k)]

Inner-Product Kernel Decomposition. Consider kernels of the form K (x,z') = hy((z,2")/d),

then it admits the eigendecompositon in the polynomial basis:

s h
K(ZL‘, :L‘/) - Z Z ,l;d(s’(k; YkS(l‘)Yks (ZE,)
k=0 se

[B(d;k)]
19



Interestingly, the eigenvalues of /K with respect to D has a block diagonal structure. The block

diagonal structure is a consequence of the rotation-invariance of the distribution p.

Covariance Splitting. Consider the regime n = d’ where [ is not an integer. Choose k in

Corollary 11 to include the first | /| blocks. Then

L] L]
k=Y Bdk=0[Y d|=06 (dUJ> = o(n). (2.30)
k=0 k=0

Moreover, denote P 1y to be the projection onto V. 1] and P 1] to be the projection onto its

complement. Then we have

2

Yks _ *|2
Z Z )| k) B, ) =IP<iy e

k=0se[B
Z S =Py IR

k>1] s€[B(d.k)]

We can compute

DY

k>|1) s€[B(d.k)]

= Y paph

k> 1]

( :

and so

)\ 2 2
R <Zk> 2 se[B( Bd(fifk)) ) (Zk>u | Md,k(h))
k= 5= .
h frd k()
2 k>l Zse[B(d,k)] (Md(’flfk)) ) Yk 11] Blan 231

_ (S par(h))”
T Yks(i) Hak(h)?

As a result, if we have
1P 412 - (S 1) k(D))

n

— 0, (2.32)
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then applying Corollary 11, we have shown that

limsup £(fo) — 0% < | Py /412 (233)

n—oo

In Ghorbani et al. [24] and Mei et al. [41], it is shown that the above is not just an upper bound.
In fact, it holds that lim,, o £(fo) — 0% = || P )/ |2 and so the application of our Collary 4 is

in fact tight in this case.
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CHAPTER 3
LINEAR REGRESSION IN GAUSSIAN SPACE

Linear regression is a fundamental model in statistics and machine learning. This chapter studies
the generalization theory for linear regression with Gaussian features. As we will see in Sec-
tion 3.1, the Gaussian feature assumption will be helpful for us to establish uniform convergence
not just for predictors on the ridge path (Theorem 9), but for any linear predictor. The generality
of our result can allow us to study predictors that do not necessarily have a closed-form expres-
sion and therefore cannot be analyzed directly like in Chapter 2 (for example, ¢; or nuclear norm
regularization). In addition, since the uniform convergence approach does not require the data
distribution to be well-specified, we can extend the results in the previous section to more general
settings. From now on, we will let the data distribution be a Gaussian multi-index model. We

assume the data distribution D is given by:

(A) d-dimensional Gaussian features with arbitrary mean and covariance: 2 ~ N (p, X)

(B) a generic multi-index model: there exists a low-dimensional projection W = [w], ..., wZ] €

RY*% 3 random variable § ~ D¢ independent of x (not necessarily Gaussian), and an un-

known link function g : RF+1 — R such that

*

ni = (wi,z), y=gn, &) (3.1

Since g is not even required to be continuous, our assumption on y is quite general. The multi-
index model (3.1) includes well-specified linear regression by setting D¢ to be any distribution
with zero mean and bounded second moment, £ = 1 and g(n, &) = n + . It also allows nonlin-
ear trends and heteroskedasticity by changing the definition of g. For example, it is possible that
y = g({w*,x)) is a deterministic function of x but with an unknown and nonlinear function g.

Even though a linear model is misspecified in this case and cannot achieve zero population error,
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it is still interesting to ask whether we can achieve the best population error for a linear predictor
asymptotically. More generally, we can even allow g to be a neural network as long as the num-
ber of hidden units k in the first layer is small relative to the sample size n and D satisfies the
hypercontractivity assumption (C) below. It can be challenging to find consistent estimates for the
parameters wy, ..., w;, but we are only concerned with finding a linear model with good prediction
error L(w, b). Note that the feature vector x can also have arbitrary mean and covariance, so the
only real restriction on D is the Gaussianity of x. In Chapter 5, we will see that sometimes the
Gaussian feature assumption is unnecessary, so our theory holds more generally. This is a special
case of a general phenomenon known as universalityl.

Given a training set {(x;,%;)};_; sampled independently from D, we consider the square loss
and define the training and test error to be

n

L(wvb) = %Z«QU,ZB» +b_yi)27 L(wvb) :E(x,y)ND[(<w’x> +b_y>2]' (3.2)
i=1

We will consider loss functions other than the square loss in the next chapter.

3.1 Optimistic Rate

Our result in this section is a special case of the Moreau envelope theory introduced in Chapter 4,

which requires a mild technical assumption known as hypercontractivity:

(C) There exists a universal constant 7 > 0 such that uniformly over all (w, b) € R% x R, it holds

that
B((w,2) +b— )9S _
E[((w,z) +b—y)?1/2 ~

(3.3)

The assumption (3.3) is verified with an explicit choice of 7 in Appendix B.1. We note that the

power of 8 is not crucial here and can be replaced by any power greater than 2. As in Section 2.4,

1. However, we also prove that universality can fail in some misspecified settings (see the discussion in section 5.2
for more details)
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we control the generalization gap defined by the difference of the square roots. Theorem 12 below

is a special case of case (ii) in Theorem 36 in Chapter 4 and the proof can be found in Appendix E.

Theorem 12. Assume (A), (B), and (C) holds and denote () = I — W(WTZW)_ll/VTZ. For
any 6 € (0,1), let Cy : R — [0, 0] be a continuous function such that with probability at least

1 —d/4 over x ~ N (0,%), uniformly over all w € R,
(Qu,z) < Cs(w). (3.4)

Then with probability at least 1 — 0, it holds uniformly over all (w,b) € R% x R that

2
(1 —¢) L(w,b) < (wﬁ(w,b) + \/%W) (3.5)

where ¢ — O <T\/klog(n/k21+log(1/5)).

Compared to Theorem 9, Theorem 12 requires the Gaussianity of z in assumption (A), but it
can be proven rigorously and applied to misspecified models of the form in assumption (B). Recall
that we assume y = f*(z) + £ in Chapter 2 and we expand f* = > v;¢;, and this assumption
is crucial for obtaining a closed-form expression such as equation (2.10). More importantly, our
\/% term plays the role of Rademacher complexity in classical uniform convergence guaran-

tees [3]. In our context, the average Rademacher complexity is given by the following:

Definition 1. Given a positive semi-definite matrix 3. and sample size n € N, the Rademacher

complexity of a hypothesis class H is given by

1 n
n 2 o)

Rn(H) = Ex17...,xnwj\/(0 ¥) [ Sup ] . (3.6)

s~Unif({1}") LheH

Rademacher complexity measures the ability of H to fit random Rademacher noise (£1) on an

average training set sampled from the ground truth distribution. For more background, see for ex-
24



ample the work of Bartlett and Mendelson [3], Bartlett et al. [5], Srebro et al. [63 ] and Wainwright
[73].

A closely related geometric complexity measure is the Gaussian width [see, e.g., 3, 71]. The

following definitions match the notation of Koehler et al. [33].

Definition 2. The Gaussian width and the radius of a set S C RY are

W(S) ==Egn0,1, sup [{s, H)| and rad(S) := sup [|s]2.
ses seS

We also define the notation

W (S) := W(21/29)
to represent the Gaussian width with respect to covariance matrix ..

As it turns out, when the hypothesis class H is linear, the Rademacher complexity is actually

equivalent to Gaussian width (up to a scaling of 1/+/n).

Proposition 13. Let IC be an arbitrary subset of RY and consider H = {z — (w,x) : w € K}.

Then, for any positive semi-definite matrix Y., it holds that

_ Wx(K)
T

Rn(H) (3.7

Proof. Observe that for xq,...,x;, ~ N(0,X) independent of s ~ Unif({£1}"), we have that

|
|

1 _
=Eq (0,1, {ffé% \<w7 %ﬁ“ﬂ” =2y (). O
25

% S sixg ~ N <0, %E) The rest just follows from definitions:

n

1
Rn(H) = Eq, . opn(0,3) | SUP | > si(w, ;)
s~Unif({£1}7)" Lwek |75

1 n
=Ky anN(03) | SUP [{W, - > sirg)
s~Unif({£1}") LweK i=1



If we let - = QTXQ, then it is clear from definition that Cj is just a high probability version
of the Gaussian width Wy, (which is equivalent to Rademacher complexity after rescaling). If
we consider Ridge regression and the minimal /o norm interpolator, then we can approximately
choose Cj to be

Cs(w) = |wll2 - E[|QT x| (3.8)

by applying Cauchy-Schwarz inequality and standard concentration argument for the norm of
HQTOCHQ. We can view () as a (potentially oblique) projection onto the subspace orthogonal to
»t/ Qwi‘, ey »l/ sz. Indeed, if we denote the corresponding orthogonal projection matrix as P,
then it is clear that () = »~1/2pyl/2 1 other words, @ first applies the linear map 22 10
a predictor w, orthogonalizes ©1/2w with respect to X1/ QwT, Ll QwZ and finally applies the

inverse linear map »-1/2

. Since the trace of a covariance matrix is equal to the sum of its eigen-
values, ]EHQTxH% = Tr(QTXQ) and the projection Q effectively set some eigenvalues to 0, we
can view E|| Q7 z||5 essentially as the term /> i=k A in equation (2.26) of Theorem 9 and so our
equation (3.5) can recover a similar uniform convergence guarantee. In fact, equation (3.5) holds
not just for predictors on the ridge path. It holds for any predictors in the entire R As we will

see in section 3.3, 3.5 and 3.6, other choices of C's might be more appropriate depending on the

application. For an arbitrary norm || - || with dual norm || - ||+, we can pick
Cs(w) = ||w] - ENQ" 2]+ (3.9)

In the application to LASSO regression in section 3.3, we will pick || - || to be the ¢; norm. In
the application to matrix sensing in section 3.6, we will pick || - || to be the nuclear norm. The
corresponding dual norms are the /~, norm and the spectral norm, respectively. In Section 4.2,
we will show that we can always obtain sharp asymptotic risk bound for empirical risk minimizer

(ERM) in a convex set by choose C based on local Gaussian width.
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3.2 Minimal Norm Interpolation

Now that we have proved the uniform convergence guarantee (Theorem 12), it remains to analyze
the complexity of the minimal norm interpolant. In this section, we use the Gaussian comparison
inequality to prove an analog of Proposition 10 in Chapter 2. We first introduce the notion of

effective ranks, which is the same as the definition in equation (2.13) of the previous chapter.

Definition 3 (Bartlett et al. [7]). The effective ranks of a covariance matrix 3. are

The effective ranks are related to the concentration of the /9 norm of a Gaussian vector with
covariance X.. In fact, both definitions of effective ranks can be derived by applying Bernstein’s
inequality to ||z||?/E||z||? (for example, see Lemma 64 in the Appendix). For more on these
notions of effective rank, see Bartlett et al. [7] and Koehler et al. [33]. We are now ready to state

the norm bound for the minimal /5 norm interpolant.

Theorem 14. Assume that (A) and (B) holds. Let () be the same as in Theorem 12 and =

QTXQ. Fixany (w?,b?) € R4 such thar Qu* = 0 and suppose for some p € (0,1), it holds that

L(w,b%) < (1 + p)L(w*, b). (3.10)
Then with probability at least 1 — 6, for some € S p + log (l) S T . T
it holds that
. nL(wt, b
min  [lulls < [l + (14 )y [ 2R G.11)
(w,b)ERIHL: L ¢ (w,b)=0 Tr(X-+)

The proof of Theorem 14 is the same as Theorem 38 in Chapter 4 and can be found in Ap-

pendix E.3. In the following paragraph, we give an intuitive explanation of the norm bound (3.11).
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As mentioned earlier, () is a projection matrix and so >t = QTx2Q only retains the compo-
nents of X that correspond to the tail of its eigenvalues. In Theorem 14, it is implicitly assumed
that R(X1) is large with respect to the sample size n and this condition effectively ensures that

QTxl, ey QTxn are approximately orthogonal. Therefore, we have

QT ||? if i =
(2, QQT ;) = (QTx;,QTxj) ~

0 otherwise.

To prove an upper bound on the minimal norm required to interpolate, we can fix any (wﬁ, bﬁ) and

consider

n T

.

wr wh + E (yi — (W, ) — bﬁ)%
i=1 HQ xl”

because (w, z;) + b~ y;. By the near orthogonality again, we have

" (s — (wh oz — b2 ot
2 i H2 (yi — (W zy) —b°) 4o nL(w? b)
wilo =~ ||w + E ~ ||lw 4 — 17

which is essentially our bound (3.11) with € ~ 0.

If we assume a well-specified model: y = (w*,z) + & with € ~ N(0, o%), then we can choose
w? = w* and then L(w#, b?) = 0. More generally, we can choose wf, b = arg miny, , L(w, b).
The condition Qu? = 0 can always be satisfied because L((1 — Q)w,b) < L(w,b) for all (w,b) €
RAHL by Jensen’s inequality. Condition (3.10) can also be easily checked because we just need
concentration of the empirical loss at a single non-random parameter. If Hwﬁ ||2 is too large for our
bound (3.11), then it might be beneficial to approximately minimize L(w,b) with a smaller norm
(as in the case of Proposition 10). As we see in Chapter 2, the {/n/ Tr(X1) factor in the norm
bound (3.11) conveniently cancels with the complexity term in equation (3.5). Since Theorem 14
applies to misspecified data distributions as well, we can combine it with Theorem 12 to establish

benign overfitting for any Gaussian multi-index setting.
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Corollary 15. Assume that (A), (B), and (C) holds. Let Q = I — W(WTSW)"'WTS and o+ =
QTxQ. Fix any (wﬂ, bﬁ) e R such that Qwﬁ = 0. Consider the minimal norm interpolator

W, b = arg min(wb)i(w’b)zo ||w||2. Then with probability at least 1 — 0, for some

p§7’\/klog(n/k)+log(1/5)+log(1/5) L—l— 1 +§ n

" ViR

it holds that

R TEJ_
L) < (14 p) | /T, 58) + ]l 20

(3.12)

The proof can be found in Appendix D.1. Using Corollary 15, we can establish the consistency
of the minimal /5 norm interpolant in the following sense. Suppose there exists a sequence of dis-
tributions? Dy, satisfying assumptions (A), (B) and (C) and the Bayes error 0'7% = inf,,  Lp, (w, D)
converges to some limit o2 e R . Define Eﬁ the same way as in Corollary 15 and assume there

exists a sequence (wﬁl, bgl) such that an% = 0 and

Tr(SL
Lp, (wh,bh) = 0% and [lwh]> M(Zh) g (3.13)
n
In addition, assume that
k
50 and ——— —0, (3.14)
n R(Z7)

then Corollary 15 suggests that Lp,_(ty, bn) — o2 in probability.

Finally, we note that our analysis can show something more than the consistency of the minimal
{5 norm interpolant. In fact, any predictor on the ridge path with norm larger than ||wf||o (or with
regularization parameter sufficiently close to 0) can enjoy the same generalization guarantee as the

minimal norm interpolant, which explains the flatness of the generalization curve as opposed to the

2. We need the feature dimension d > n in order to interpolate so the distribution D might change as n increases.
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classical U-shaped curve (for example, see Figure 5.3 in Chapter 5). In other words, once we fit
all of the signals, it does not matter how much noise is fitted, and all near-interpolators can achieve

consistency at the same time.

Corollary 16. In the same setting as Corollary 15, it also holds with probability at least 1 — ) that

for any R between |09 and ||w*||s, the constrained risk minimizer

~

Wp,bp:= argmin L(w,b) (3.15)
(w,b):[wll2<R
has the generalization bound
n 2
. Tr(X
Dliog,br) < (14 9) { /L0t 89+t B ) (.16)

Corollary 16 is a consequence of Lemma 65 in the Appendix, which holds more generally.
Using the same techniques in this section, we can also establish benign overfitting result for the
minimal ¢1 norm interpolant (for example, see Koehler et al. [33]), but the {1 norm bound there
is not always tight. Tighter analysis for the minimal /1 norm interpolant and more generally the
minimal ¢, norm interpolant can be found in Wang et al. [74] and Donhauser et al. [21], and their

proof techniques still depend on a result similar to our Theorem 12.

3.3 Optimally Regularized Estimators

In the last section, we show that the minimal norm interpolant is consistent when conditions (3.13)
and (3.14) hold. However, as we see in the Examples 3, 4 and 5 in Chapter 2, the condition
n/R(X1T) — 0 does not always hold and is not necessary for the consistency of the optimally-
tuned ridge regression. We only need this condition if we want the minimal norm interpolant to be
as good as the optimal ridge. The following result, which is a corollary of Theorem 12, extends

the analysis of optimal ridge to using any norm as a regularizer.
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Corollary 17. Assume that (A), (B), and (C) holds and let Q = I — W (WTSW)~'WTS. Fix an

arbitrary norm || - || and any (w®,b%) € RYTL. There exists \* > 0 such that if we consider the

s, byx = arg min \/ L(w, b) + X*||w], (3.17)
(w,b)

regularized estimator

3

it holds with probability at least 1 — ) that

~ wﬁ 2
(1= Ly bye) < (x/uwﬂ,bﬂw (EIIQTSU||*+ sup \|QU\|E\/21Og(16/5)> %)

[v]<1
where € is the same as in Theorem 12.

As before, suppose there exists a sequence of distributions Dy, satisfying assumptions (A), (B)

and (C) and the Bayes error 0 := inf,, , Lp,, (w,b) converges to some limit 0% € Ry. In order

for the regularized estimator (1y«. by« ) to be consistent in the sense that Ly (y«, byx) — 02,we
g A*5 U Dy \WA*, U)X

see that we only need a sequence (wg, bgl) such that

whlEIQE el Iwhllswpy<a IQuells,

v ’ v

f

Lpn(wn,bgl) -2 — 0 (3.18)

and kp/n — 0.

Note that in the definition of (wy«, b A+ ), we add the regularization term to the square root of
the training loss. In the context of ¢ regularization, this is known as the square-root LASSO
in the literature. In our applications, the quantity sup,| <1 [|Qul|y is usually dominated by the
expected norm E||QT z||«. The conditions in (3.18) are relatively mild: as long as the dimension-
free quantity ||w?||E||QT z||+ is small relative to \/n, then we can achieve small population error.
This is property of the data distribution D that makes it suitable to use the norm || - || as a regularizer
and we typically do not expect consistency in a high dimensional problem unless there is some
latent low-dimensional structure. Moreover, the proof of Corollary 17 suggests that we can choose

A* to be any high probability bound of || Q7 z||«. In practice, even though the matrix @ is unknown,
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we can use a potentially more conservative estimate % > i1 |z« as a surrogate for A*.

Ridge Regression. Specializing Corollary 17 to the Euclidean norm, observe that

E[QTalls < \/EIQTx(3 = /Tx(z 1)

1/2
sup [ Qully = S5 < /Tr(2h)

vll2<1

and so in the context of ridge regression, we can simplify the generalization bound as

2
) Tr(X+)
1 — ) L(trs. bys) < | /L(wh, bt 1 2102(16/0 f
(1= Ly bye) < |/ L(wh,b8) + (14 V/210g(16/0) ) w1 —
Therefore, the conditions
Tr(oL k
Lp, (wh,bh) = o, [lwh] %”)—m, ?”—m (3.19)

are indeed sufficient for the consistency of optimally-tuned ridge regression. Compared with con-
ditions (3.13) and (3.14), we no longer need n/R(X+) — 0. However, from Corollary 16, having
that condition means we no longer need to tune the ridge parameter \: any sufficiently small A will

lead to consistency.

Slow Rate under Bounded /; Norm. Specializing Corollary 17 to the £1 norm, observe that

EJ|Q” 2]l < \/2 log(2d) max £
1
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by standard argument (for example, Lemma 66 in the appendix) and so in the context of LASSO

regression, then we can simplify the generalization bound as

2
(1= €)L(thys, by) < <\/L(wﬂ, b)) + \/8 max Ez%‘ : ||wﬂ||1\/10g(2d) + log(16/5)>

n

If we denote 02 = inf,, , L(w,b) and let w?, b be the minimizer of population loss, then the above
result implies the convergence rate of o ||w?||; 1/ ~2- log ) 4 |lw ﬂ||2 log log(d) (52 , which is also known

as the "slow" rate of LASSO. Moreover, if wh is k-sparse, then we can bound

[w?lly < kllw|

k2 1og(d)

and so under these assumptions, the LASSO slow rate guarantee becomes 0||wjj | co +

w2, - K log( ) This analysis works for all predictors w* of bounded ¢1-norm, and it is minimax
optimal over this class, but when we assume that w™* is k-sparse it is generally suboptimal and in
particular does not give exact recovery when o = (0. We now explain how our theory recovers the

correct behavior in the sparse and well-conditioned setting commonly studied in the sparse linear

regression literature.

Performance under Sparsity. We show how to recover well-known results from compressed
sensing and high-dimensional statistics about sparse linear regression with Gaussian designs. In
particular, we prove a performance guarantee for the LASSO when the covariance matrix is well-
conditioned, as previously analyzed by Raskutti et al. [53], or more generally satisfies a version of
the compatability condition [67]. We start with the following well-known lemma commonly used

in the analysis of the LASSO (see, e.g. Vershynin [71])

33



Lemma 18. Suppose wh is k-sparse, i.e. supported on coordinate set S C [d] with |S| < k. Every

w with ||wl|; < ||w?||y satisfies
l(w—whgell < fl(w—whs]- (3.20)

The above lemma shows that the vector w — wF lies in the covex cone

C(S) == {u:flugellr < lluglli},

where S is the support of w?. Now we can state the version of the compatibility condition [67]
we use; the compatibility condition is a weakening of the restricted eigenvalue condition [12, 53],
and the compatibility condition is known to be a sufficient and almost necessary condition for the

LASSO to perform exact recovery from O(k log d) samples in the Gaussian random design setting

[32].

Definition 4 (Compatibility Condition; see Van De Geer and Biihlmann [67]). For a positive

semidefinite matrix ¥ € R and set S C [d), we say X has S-restricted {1 -eigenvalue

e S ()
TS = sl

We say the S-compatibility condition holds if the S-restricted (1-eigenvalue is nonzero.
Combine Lemma 18 and the compatibility condition, we obtain the following:

Theorem 19. Under assumptions (A), (B) and (C), let €,(Q) be the same as in Theorem 12 and

denote ¥+ = QTYQ. Let 02 = miny, , L(w, b) and wh, b = arg miny, , L(w, b). Suppose that
1. whisa k-sparse vector with support S C [d]

2. the covariance matrix . satisfies the S-compatibility condition
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3. the number of samples n satisfies

32 max; L

n

Then for any € < 1, it holds with probability at least 1 — § that for all (w, b) satisfying ||w|; <

|w?||1 and L(w,b) < (1+ € )02, we have

(3.21)

9 9 ,  max; 2 8klog(16d/0)
L(w,b) —0“ < 1040 (6 +¢€ + o S)Zg - :
In particular, when o = 0 we have that |w — w!||s, = 0, and so if . is positive definite then we

have w = w* (exact recovery).

To interpret the above bound, observe that when we consider the regularized ERM ’LZJ,ZA) =
Arg MmN, bt <[k L(w,b), we know that L(w,b) < L(w¥,b*) and so we can choose ¢ =
O(1/+/n) based on concentration of L(w#, b?). As a result, we have e+ ¢ = O(7+/k/n+02/\/n)
and the last term, assuming X is well-conditioned, is O(c2k log(d /&) /n), which is the well-known
minimax rate for sparse linear regression (e.g., Rigollet and Hiitter [56]). The above analysis is not
very careful in terms of constant factors; later we show how to get sharp constants in the isotropic
and well-specified setting. Also, we show how to get rid of the € + ¢ term on the right hand side

under stronger assumptions.

From now on, we will assume that the distribution D is given by
r~N(©0.T), E~N(0,0%), y=(wz)+¢ (3.22)

and we ignore the bias term b for simplicity. We denote X € R™*? ag the design matrix and
Y € R" as the vector of responses. We define the empirical and population loss L(w) and L(w)
the same way as in (3.2) with b = 0. In this case, the Bayes error is o2 and the minimizer of the

population loss is w*.

35



The model (3.22) has been studied in many prior works because it is the starting point for the
analysis of linear regression and it is often possible to use the structure y = (w*, z) + £ to directly
compute most quantities of interest. Note that the model (3.22) clearly satisfies the Gaussian
multi-index assumptions (A) and (B). Theorem 59 in the appendix shows that it also satisfies the
hypercontractivity assumption (C) and so all of our results in this chapter so far can be applied. In
the following sections, we will use our uniform convergence framework to recover results proven
in the setting of (3.22).

First, we state a version of Theorem 12 that uses a slightly different definition of Cj.

Theorem 20. Under the model assumption in (3.22), let F : R% — [0, 0] be a continuous function

such that for x ~ N(0,X), with probability at least 1 — &', it holds uniformly over all w € R< that
(w—w*, z) < F(w). (3.23)

For any § > 0, assume n > 1961og(12/9). Then there exists 1 < 14 w such that with

probability at least 1 — 2(8' + §), it holds uniformly over all w € RY that

2
L(w) < (1+Bp) ( L(w) + F\%)) . (3.24)

We omit the proof here because it is very similar to the proof of Theorem 12 and can be found

in Zhou et al. [78]. Due to some small difference3

in the proof strategy, we no longer need to
introduce the projection matrix () and the hypercontractivity constant 7. As a result, Theorem 20

is easier to use in our applications later.

3. The difference between Theorem 12 and Theorem 20 is that the proof of Theorem 12 first conditions on both
Xwy,...,Xw; and £ and then uses VC theory to establish low-dimensional concentration, whereas Theorem 20 only
needs to condition on £ because it can exploit the linear structure of (3.22) in y.
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3.4 Improved Finite-Sample Rate

When we consider the empirical risk minimizer in a set /C and the set K has low complexity, the
optimal rate for the population loss goes at a “parametric rate” of 1/n, faster than a 1/4/n rate, as
in the case of ordinary least squares when d is fairly small compared to n. At first glance, it may
appear impossible to get faster than a 1/4/n rate from the main optimistic rates bound because of
the presence of the 31 = O( \/W) term. As we will show, one can actually get fast/optimal
rates from this theorem, but there is a different sense in which the 1/4/n is unavoidable: this rate
is actually the best we can hope for if we are only allowed to use certain summary statistics of
the predictor. Nevertheless, it is still possible to obtain fast/optimal rates for the empirical risk
minimizer by a black-box application of Theorem 20. The strategy we use is to bound the error
|lw — w*[|5; in the empirical metric by using a direct and very simple argument based on the KKT
condition, and then apply Theorem 20 to bound the error in the population metric. The general idea
of analyzing the population loss by going through the empirical metric is very common in statistics

and learning theory (e.g. Mendelson [43], Bartlett and Mendelson [4], Lecué and Mendelson [35]).

Theorem 21. Let K be a closed convex set in RY containing w* and suppose 6' > 0,p > 0 are
such that with probability at least 1 — &' over the randomness of x ~ N (0, ), uniformly over all

w € K we have

(w—w*,z) < ||lw—w"||g\/p- (3.25)

Suppose that i = argminy,cx L(w) and p/n < 0.999, then for all n > C'log(2/) for some

absolute constant C' > 0, it holds with probability at least 1 — (§ + &') that

L) —o® < (14 7)0?-

33

) (3.26)

where T = T(p,n, ) is upper bounded by an absolute constant and satisfies T(p,n,0) — 1 in any

Jjoint limit [p +log(2/9)]/n — 0,n — oo.
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The details of the proof can be found in the appendix, where it is obtained as a special case of
a more general result (Theorem 68). To illustrate the application of this result, we show how it is

used in the analysis of Ordinary Least Squares estimator g = (X7 X)~1XTY.

Corollary 22. Under the model assumptions (4.2) with d < n and assuming a sufficiently large n,

it holds with probability at least 1 — § that

2
L(wors) — 0 < o <\/g +24/ w> (3.27)

Theorem 21 can be applied in a very similar way to analyze other models in the low complexity
regime, for example the LASSO when the sparsity level is small, which we illustrate below. Pro-
vided the /1-eigenvalue ¢ and maximum diagonal entry of ¥ are constants, we recover the sharp
O(c2k1og(d)/n) minimax rate for sparse linear regression (which is sharp provided k& < d; see,
e.g., [56]). This recovers the guarantee for the LASSO in the Gaussian random design setting given
by combining the result of Raskutti et al. [53] with the appropriate analysis of LASSO in the fixed

design setting [e.g. 12, 67].

Corollary 23. Applying Theorem 21 with KK = {||w||1 < ||w*||1} the rescaled (1-ball and under

the sparsity and compatability condition assumptions of (19), we have with probability at least

1 — 6 that the LASSO solution

Wpasso = argmin  L(w)

wifJwll1<[lw|l1

satisfies
max; Eii 0'2143 10g(16d/5)

L(i — 0?2 < : 3.28
(Wpasso) —o° S o, 9)? - (3.28)
provided n is sufficiently large that
max; Zii ) 8k 10g(16d/5) < 0.999.
$(%, ) n
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Comparing Corollary 23 to Theorem 19, we see that we indeed get rid of the € + ¢ term in the

upper bound of equation (3.21).

3.5 Precise Asymptotics with Isotropic Features

In this section, we consider the isotropic setting with > = [; in (3.22) and we study the propor-
tional limit regime where d/n — v € (0,00). This is a well-studied regime because the asymp-
totic results in random matrix theory such as the Marchenko-Pastur law are directly applicable. In
contrast to the consistency results that we prove in the previous sections, even optimally regular-
ized estimators tend to be inconsistent in these settings. However, we show that we can still use
uniform convergence to recover the precise asymptotics of various estimators such as OLS, min-
imal norm interpolant and LASSO. Importantly, the precise asymptotics are derived from novel
non-asymptotic results implied by Theorem 20. Finally, we discuss the limitation of uniform con-

vergence to obtain sharp finite-sample rate in section 3.5.3.

3.5.1 Empirical Risk Minimizer

First, we consider a high-dimensional setting when d is smaller than n. For example, when d =
n/2, the ordinary least squares estimator wgr,g is the unique minimizer of the training error, but
it does not interpolate the training data and so the uniform convergence of interpolators analysis
cannot be applied. As it turns out, our Theorem 20 is enough to tightly characterize the excess risk
of worg. If we write z = Y20 with H ~ N (0, 1), then by the Cauchy-Schwarz inequality, it
holds that

(w* —w, z) < [[Hllg w* —wlls.

Using standard concentration inequalities and L(w) — 02 = ||w — w* H%, we can choose

Flw) = (\/& + QW) W/ L(w) — o2, (3.29)
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Theorem 24. Under the model assumptions in (3.22), let v = d/n < 1. There exists some

e < <log(i6/6)>1/ 2

~Y

such that for all sufficiently large n, with probability 1 — ¢ it holds uniformly

forallw € RY that

waw#,/% < ey/L(w) + ﬁ(%—ﬂ)ﬂi(w). (3.30)

For the empirical risk minimizer Wo1,g = (XTX)*lXTY, the right hand side of (3.30) is ap-

proximately zero because we also have

L(worg) < 02(1 —7) + o2ey/1 — 7. (3.31)

Therefore, we obtain the following generalization bound:

o’ < g2 (M) v . (3.32)

L B _
(WoLs) — 1= -

We have a relatively complicated expression in (3.30) because our choice of /' according to
(3.29) depends on the excess risk L(w) — 02, and so after applying (3.24) we need to solve a
quadratic equation. All quantities in (3.30) are well-defined because L > 0 and the eﬁ(w) term
inside the last square root ensures that with high probability it is positive. If we think of ¢ as
zero for simplicity, then our uniform convergence guarantee (3.30) predicts that the excess risk

L(w) — o2 of a predictor with training error L(w) cannot be larger than

2
1 vL(w) N L(w) .2
1—7 1—7 1—7

The minimal error is approximately o2 (1—7) and so all near empirical risk minimizer should enjoy

an excess risk of o2 %, which agrees with the exact expectation formula in Hastie et al. [28]; see

their discussion for additional references. Since our approach also gives us a lower bound for free
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(by solving the quadratic equation), Theorem 24 is enough to show that L(wy,g) converges to

0'2% in probability. We see that even though the empirical risk minimizer is not consistent, our
uniform convergence approach can still provide an accurate understanding of the excess risk, and
our bound for OLS is tight at least for the leading term.

Moreover, the O(n_l/ 4) rate of (3.32) comes from the fact that we need to take the square
root of € in the last term of (3.30); it is not too difficult to see that this is sub-optimal for OLS.
In fact, in Theorem 30, we explicitly calculate the variance of L(w(y,g) and show that in the
proportional scaling regime (e.g., v = 0.5), the right amount of deviation is of order O(n_l/ 2). In
the fixed-d regime, the convergence rate can be accelerated to the more familiar rate of O(n_l).
In Theorem 31, we show how to use a more direct approach to obtain high probability bounds
that match these variance calculations. Surprisingly, we can also show that the O(nil/ 4) rate is
generally unavoidable for any uniform convergence analysis that only considers the size of f/(w)
Our analysis is tight in the sense that there are estimators whose training error is indistinguishable
from w@y,g, but whose convergence rate is provably slower than Q(n_l/ 4). For readers interested
in the tightest rate of convergence, more details can be found in Section 3.5.3.

For the case d > n, the OLS estimator is no longer defined, and instead we study the perfor-
mance of the minimum-norm interpolator of the data. Together with the previous result, we show

that the optimistic-rate bound can capture the behavior of the pseudoinverse estimator @0 = X 7Y

on both sides of the double descent curve.

Theorem 25. Under the model assumptions in (4.2) with v = d/n > 1 and > = 1, there exists

~

< (log(18/9) 1/2 . e . .
€ — such that with probability at least 1 — 0, the following holds uniformly over all

w such that L(w) = 0:

) - [0+ ol + (1= ey ) ' B]

| w2\ o2
<2l Q—Q (IPE I i P AN
Y Y Y
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We prove that Theorem 25 captures the asymptotic behavior of the minimum-norm interpolator
in Theorem 26 below by combining the generalization bound with a norm calculation, recovering
the asymptotic formula for this setting computed by Hastie et al. [28] using random matrix theory

techniques.

Theorem 26. Under the model assumptions in (4.2) with v = d/n > 1 and ¥ = 1, there exists

~Y

1/2
€< (W) / such that with probability at least 1 — ¢, it holds that

2 2
: 2 [|w*[5 o
m < (1+ + . 3.34
w:thunzYHwH2 - ( 6) ( ( .

Y v—1

Thus, by Theorem 25, we have

3.35
w3 o ) o3 o (-3
<e + + [Jw* |24 € +
¥ v—1 v v—1

where 10 is the minimal-ly norm interpolator. If we fix o2, ~ and ||w*||2, then as n — oo

in probability. (3.36)

1
L(w) — (1 - ;) Hw*l\% + o2

Similar to the application in the last section, we also have a lower order O(n_l/ 4) term. It
is suboptimal, and we suspect that this is unavoidable for any uniform convergence analysis that
only considers the typical size of |[w||. Nonetheless, this bound recovers the leading term, and the

lower-order term is negligible if we only care about the difference with o2.

3.5.2 LASSO

A well-known application of the Gaussian Minmax Theorem is to the sharp analysis of the LASSO

in the setting where the covariates are isotropic and Gaussian (see, e.g., Stojnic [64], Amelunxen
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et al. [2]). Our optimistic rates bound Theorem 20 recovers a corresponding generalization bound
for all predictors w with ||w]||; < ||w*||1, which when specialized to the constrained ERM (i.e. the

LASSO solution) recovers these results.

Theorem 27. Using the notation of Theorem 24, we have with probability at least 1 — J that for

1,

\/ L(w) — 02 — ,/% < e\/L(w) + ﬁ (% - 02> + eL(w) (3.37)

provided v + 2¢/\/n < 1, where

all w with ||wl||; < ||w*

1
K= {u: |w* +ully <|w*|i} and yzzﬁ.wuc’msn—l)?

Observe that if o = 0 and L(w) = 0 then we get exact recovery provided 7+ 2¢/y/n < 1 which
is sharp up to the constant in the confidence term (see, e.g., Amelunxen et al. [2], Chandrasekaran

2, i.e. the number of observations

et al. [19]). Informally, exact recovery occurs when n > w
exceeds the statistical dimension. Moreover, we can consider the asymptotic setting where o =
o(1) and the proportional scaling limit where v converges to constant. In this case, it is known

(equation 40(a) of Thrampoulidis et al. [65]) that we have L(i}, 4550)/0> — 1 — 7, so the right

hand side converges to zero and we have

1 gl
L B R
—sL(Wrasso) T

Thus we recover the characterization of the performance of LASSO in this regime [65, 64]. It is
possible, as in the OLS setting, to also derive non-asymptotic bounds on [:(ﬁ; LASSO) and therefore

obtain non-asymptotic bounds on the performance of the LASSO; we omit the details.

Remark 28. The Gaussian width of the tangent cone K has been sharply characterized in previous

work [e.g. 19, 2]. In particular, from the work of Amelunxen et al. [2] we know that if w* is k-
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sparse,

w=W(K NS" 1 < W(cone(K') N S"1) < \/du(s/d)

where

$(p) = int {pu RNy S T>2e-u2/2du} ,

70

as well as a corresponding lower bound which characterizes w.

3.5.3 Sharp Rate for OLS

We now zero in on the question of sharp rates for Ordinary Least Squares. Unlike all of the pre-
vious sections, in this section we will use tools beyond uniform convergence in order to precisely
compute second order terms in the generalization gap. Surprisingly, even though we can match
the high probability bound with an exact calculation up to first order term, the existence of certain

near-ERM can prevent us from recovering the correct variance term:

Theorem 29. Under the model assumptions, fix v = d/n to be some value in (0, 1) and pick any
¢ > 0. Then there exists another absolute constant ¢ > 0 such that for all sufficiently large n, with

probability at least 1 — 0, there exists a w € R? such that

2
. . o
L(w) — L(worg) < c¢- VL (3.38)
but the population error satisfies
N / 02
L(w) ~ Lidors) = ¢ - 77 (3.39)
n

If we know that L(w) = L(iorg), then it is necessarily the case that w = o and as we
will see, we can get the tightest possible convergence rates. On the other hand, it is not difficult to

see that nL(igrg)/o? follows a chi-squared distribution with n — d degrees of freedom, and by
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the variance formula of chi-squared distributions, we have

201(1—7)

Var(L(dors)) = p

Consequently, L(ior,g) can in fact deviate from EL(org) = o2(1—~) by the order of 02//n. If
we only know that L(w) is within the normal range of L(1gy,g), then the above theorem says that
the sub-optimal rate of O(n_l/ 4) that we show is actually tight and unavoidable. We can show a
similar negative result for the fixed d regime that the convergence cannot be faster than O(n_l/ 2),

22 ~ o2 as the empirical metric instead

but as we can see from the last section, using ||w — w*
is enough to recover the parameteric rate O(1/n). This argument fails for the proportional limit

regime because the smallest eigenvalue of Sis (1— \/7)2 and so we can only get the larger quantity

2 v
(1=v7)?

Finally, we show how to prove the tight finite sample rate using more direct methods. In fact,

which fails to capture the first order behavior of o2 2~

1—-

o

we can use the higher order moments of the inverse Wishart distribution [72] to obtain the exact
closed-form expressions for both the mean and variance of L(wqy,g) with any finite value of n and

d.

Theorem 30. Under the model assumptions in (4.2) with d < n, consider the ordinary least square

estimator worg = (XTX)"YXTY . It holds that

-1
EL(wors) = 02%
Z‘ - dn— 1) (3.40)
Var(L(w =2
Hence as d/n — #, it holds that
o2 n 2y
EL(worg) — and — Var(L(worg)) — (3.41)
1- o (1-9)3
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If d is held constant, as n — oo, we have

2

nE[L(dors) — 0% = 0d and o Var(L(iors)) — 2d. (3.42)
g

We can also show a matching high probability version based on the Gaussian minimax theorem:

Theorem 31. Under the model assumptions in (4.2) with d < n, consider the ordinary least
square estimator wors = (XTX)"'XTY and denote v = d/n. Assume that v < 0.999, then

with probability at least 1 — 6, it holds that

2
. o ~v1og(36/4
L(wors) — 1 — 502\/—51 )

The full proof can be found in the appendix. As we can see from above, the variance of

L(wor,g) is of order O(1/4/n) when d is proportional to n, and of order O(1/n) when d is fixed.
In both cases, the expectation is close to o2 /(1—7). Theorem 31 shows exactly this and interpolates
the two regimes: when ~ is of constant order, then we recover the O(1/4/n) rate, but when d is

fixed, v = O(1/n) and so we can accelerate the convergence rate to O(1/n).

3.6 Matrix Sensing

We now consider the problem of matrix sensing: given random matrices A1, ..., A, (with i.i.d.
standard Gaussian entries) and independent linear measurements 1, ..., Y, givenby y; = (A4;, X ™)+
¢&; where &; is independent of A;, and E¢ = 0 and E€2 = o2, we hope to reconstruct the matrix
X* e RI1xd2 with sample size n < dydo. We will assume X ™ has low rank r. In this setting,
since the measurement matrices have i.i.d. standard Gaussian entries, the test error is the same as

the estimation error:

L(X) = E((4, X) - y)® = E({A, X — X*))> + o

—E|X - X*|% + 02
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Classical approach to this problem is finding the minimum nuclear norm solution:

~

X = arg min | X |- (3.43)
X eRM*2:(A; X )=y

Gunasekar et al. [26] also shows that gradient descent converges to the minimal nuclear norm
solution in matrix factorization problems. It is well known that having low nuclear norm can
ensure generalization [23, 62] and minimizing the nuclear norm ensures reconstruction [18, 54].
However, if the noise level o is high, then even the minimal nuclear norm solution X can have large
nuclear norm. Since our Theorem 12 and 20 can be adapted to different norms as regularizer, our
uniform convergence guarantee can be directly applied. It remains to analyze the minimal nuclear
norm required to interpolate the measurements y. For simplicity, we assume £ to be Gaussian in

the proof of Theorem 32 below, but we can easily relax it to be sub-Gaussian or sub-exponential.

log(32/4)

Theorem 32. Suppose that dids > n, then there exists some € < + dﬁig such that

with probability at least 1 — ¢, it holds that

na2

min Xl < |1 X |« + (1 +€ .
e X < X+ (1 0y [

(3.44)

The proof can be found in Appendix D.5. Without loss of generality, we will assume dy < do
from now on because otherwise we can take the transpose of A and X. Similar to assuming
n/R(X+) — 0 in linear regression, we implicitly assume that n/djdy — 0 in matrix sensing.
Such scaling is necessary for benign overfitting because of the lower bound on the test error for
any interpolant (for example, Proposition 4.3 of Zhou et al. [77]). We want to point out that the
norm calculation above does not take advantage of the fact that X™* has low rank, and it is possible
that we can further improve this estimate. The rank of X™* is only used in Theorem 33 below,

in which we plug in our norm estimate in Theorem 32 to Theorem 20 and then uses the fact that
X < VPl X -
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Theorem 33. Fix any § € (0,1). There exist constants c1,co,c3 > 0 such that if didy > cin,

dy > cady, n > cgr(dy + da), then with probability at least 1 — ¢ that

X - X*|3 dy +d dy +d d 2
I 2||F§7”(1+ 2) ,  fridi+dy) A Oy G o (345)
X% n no X e dy — didy ) || X*|%,
* (|2
From Theorem 33, we see that when the signal to noise ratio ”)i# is bounded away from
IX—X*|%

zero, then we obtain consistency — 0 if the following conditions hold:

[1X*|%
(A) r(dq +dg) = o(n)
(B) dydy = w(n)

(C) dy/dy — {0, 00}

This can happen for example when r = O(1),d; = @(nl/ ) dy = @(nz/ 3). As discussed earlier,
the second condition is necessary for benign overfitting, and the first consistency condition should
be necessary even for regularized estimators. The third condition requires the ground truth matrix

X™ to be very tall or very short. It is sufficient for consistency but may not be necessary.
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CHAPTER 4
MOREAU ENVELOPE GENERALIZATION THEORY

In this chapter, we consider a more general setting than linear regression that allows the loss func-
tion to be a general linear objective. Given any continuous loss function f : R x ) — R and
i.i.d. sample pairs (z;, y;) from some data distribution D over R? x ), we can learn a linear model
(10, b) by minimizing the empirical loss L # with the goal of achieving small population loss L s

n

LS flw, ) by), Lp(w,h) =By plf((w,a) + b))l @)

n 4
i=1

A

Ly(w,b) =

In the above, ) is an abstract space for the labels. We will let )) = R for regression problems and
Y = {—1,1} for binary classification. The setting that we consider in Chapter 3 corresponds to

choosing f(4,y) = (§ — y)2. We make the same assumptions on D as in Chapter 3:

(A) d-dimensional Gaussian features with arbitrary mean and covariance: 2 ~ N (p, X2)

(B) a generic multi-index model: there exist a low-dimensional projection W = [w], ..., w,’;] €

R*F_ a random variable § ~ D¢ independent of x (not necessarily Gaussian), and an un-

known link function g : RE+L Y such that

*

n; = <wi7‘r>7 y:9(7717777ka§) (42)

Since the link function g is not required to be continuous, the label y can be binary. We can
define the projection matrix () and C5 the same way as in Theorem 12. Our generalization theory

crucially depends on the Moreau envelope, defined as follows.

Definition 5. The Moreau envelope of a function f : R x YV — R associated with smoothing
parameter \ € R is defined as

Fa@,y) =inf f(uy) + Au—5)°. (4.3)
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The Moreau envelope is usually viewed as a smooth approximation to the original function f;
its minimizer is known as the proximal operator. It plays an important role in convex analysis (see
e.g. [8, 15, 57]), but is also useful and well-defined when f is nonconvex.

Stated informally, the core of our Moreau envelope theory is the following inequality: with

high probability, it holds uniformly over all (w, b) and A > 0 that

Ly, (w,b) < Ef(w b) + /\C‘S(n w)? 4.4)

Traditionally, the technique of uniform convergence controls the difference L ¢ — L f» Whereas
(4.4) controls the difference between L 7 and the smaller quality Ly . However, as we will see
in Section 4.1, one can usually obtain some approximation error bound between L and Ly, for
any choice of A depending on the smoothness properties of f. As we can see in the definition
(4.3), a larger choice of \ leads to a smaller approximation error while the upper bound in (4.4)
becomes larger. Therefore, equation (4.4) can automatically imply a relationship between L and
L y for different choice of f by choosing A appropriately to balance the approximation error and
generalization error.

As a first example, we consider the square loss f(7,%) = (§ — y)?. It can be easily checked

that the Moreau envelope is exactly proportional to itself:

P@,y) = inf (uw—y)* + Mu—§)* = - f(5.9) (4.5)

L. Multiplying H)‘ on both hand sides of (4.4) and choosing A = nlj(w?)

andso Ly, = Cs(w)?

o 1+)\

to minimizes the upper bound yields a generalization of our Theorem 12:

Ly(w,b) < ﬂq( b)+ (1 +)\)%w)2

- (Vi + [T
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4.1 Lower Bounds on Moreau Envelope

In this section, we study the relationship between Ly and L, for general loss function f. We first

introduce the standard definition of Lipschitz and smooth functions.

Definition 6. A function f : R — R is M-Lipschitz if for all x,y in R,
[f (@) = f(y)] < M|z —yl.
Definition 7. A twice differentiable function f : R — R is H-smooth if for all x in R
|f" (@) < H.

It is well-known that non-negative and smooth functions are square-root Lipschitz (for exam-

ple, Lemma 2.1 in Srebro et al. [63]).

Proposition 34. For a H-smooth and non-negative function f : R — R, it holds that

1f/(t)] < V2Hf(t) and ‘%\/f(w' < \/g (4.6)

Therefore, \/ [ is \/ H /2-Lipschitz.

Proof. Since f is H-smooth and non-negative, by Taylor’s theorem, for any s,¢ € R, we have

where @ € [min(s,t), max(s,t)]. Setting s = ¢ — # yields the desired bound. The second

inequality follows by the chain rule. [
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If the loss function f is Lipschitz or smooth (or square-root Lipschitz more generally), we can

have the following lower bound on the Moreau envelope.

Proposition 35. If for each y € Y, f : R x Y — R is M-Lipschitz with respect to the first

argument, then for any \ > 0, it holds that

X R M2
F@y) < A,y) + o

4.7)

Ifforeachy € Y, f : R x Y — R is non-negative and /f is \/H-Lipschitz with respect to the

first argument, then for any A > 0, it holds that

A H
A

f(@,y) < @, y).

Proof. If f is Lipschitz, then

F@.y) = inf fluy) + Au—3)°
> inf f(.y) = Mu—g|+ Au — 9)°

= f(g,y) + inf Mu+ M?>
u
oo M?
=9 - v
If \/f is Lipschitz, then by Lemma 75 in Appendix E

IA,y) = mf flu,y) + Au - 9)?

> inf (VTG0 — V=), + A )
)+ M)

—inf sup —N|u — 9> +
it s A= ey
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nM?_ . minimize the

Plugging in the bound (4.7) into equation (4.4) and choosing A\ =

Cs(w)?
upper bound, we obtain
- Cs(w)?  M?
L(w,b) < Lp(w,b) + A sw)”
e e 9 (4.9)
A 6 w
.. . . . nHLf( b)
Plugging in the bound (4.8) into equation (4.4) and choosing A = W to minimize

the upper bound, we obtain

2
HHLf(w b+ + )2

2 (4.10)
(\/Lf w, b) + 14/ HC’5 >

Note that the term 1/ %10)2 can be interpreted as Rademacher complexity. In comparison to
the standard symmetrization and contraction argument [3], our equation (4.9) remove the factor of
two and can be shown to be tight [79]. In comparison to the optimistic rate in Srebro et al. [63],
our more refined bound (4.10) avoids the hidden constant and logarithmic factor.

We are now ready to state our formal result. As in Theorem 12, we will make two additional

mild technical assumptions:

(C) hypercontractivity: there exists a universal constant 7 > 0 such that uniformly over all

(w,b) € R? x R, it holds that

411/4
Elf(w,2) + b)Y _ wi)
E[f({w,z) +b,y)]
(D) the class of functions on R* x Y defined below has VC dimension at most h:
{(z,y) = 1{f((w,z) +b,y) >t} : (w,b,t) € R¥ x R x R}. (4.12)
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We note that the class of functions in assumption (D) is defined on RF x Y instead of R? x V.
Therefore, h is completely independent of the dimension d and can typically be chosen to be O(k).

We state the formal result below.

Theorem 36. Assume that (A), (B), (C), and (D) holds, and let Q = I — W(WTsw)~ 1wy,
Forany § € (0,1), let Cy : R — [0, 00| be a continuous function such that with probability at

least 1 — 0/4 over x ~ N (0,%), uniformly over all w € RY,
(Qu, ) < Cy(w). (4.13)

Then it holds that

(i) if for each y € Y, f is M-Lipschitz with respect to the first argument, then with probability

at least 1 — 0, it holds that uniformly over all (w, b) € RY x R, we have

2
(1—e€) Lp(w,b) < Lp(w,b)+ M Csw)? (4.14)

n

(ii) if for each y € Y, f is non-negative and /f is \/H-Lipschitz with respect to the first

argument, then with probability at least 1—9, it holds that uniformly over all (w, b) € RIXR,

(1—¢) Ly(w,b) < («/wab \/Hqs ) (4.15)

where ¢ = O (T \/hlog(n/hzl—i—log(l/é)).

we have

4.2 Upper Bounds on Training Error

We note that we only requires f to be Lipschitz or square-root Lipschitz in Section 4.1. In par-
ticular, f does not need to be convex or differentiable. This observation will be useful for our

applications in Section 4.4 and 4.5. On the other hand, we will show in this section that if f is
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assumed to be convex, then our moreau envelope theory is always asymptotically tight with an
appropriate choice of Cj. This is because if we interpret equation (4.4) as a lower bound on the
training error, then a matching upper bound also holds. Finally, we show how to use this upper
bound on the training error to derive bounds on the norm of the minimal norm interpolant.

Given a data distribution D satisfying assumptions (A) and (B), we can define a distribution D

over (i, 7) € RFt1 x Y by
F=| " | ~NO), E~De and  §=gW i+ (WTEW) 23,6 4.16)

and we define a mapping ¢ : RE — RAHL by

WTsw)~Y2w sy
d(w) = . 4.17)
I=2Qu||

We will show that for any w € R%, the distribution of f((w, ) + b, y) with (,y) ~ D is the same
as f((¢p(w), &) + wl p + b, ) with (Z, ) ~ D. Therefore, we can understand D as an equivalent
low-dimensional distribution for which the concentration of measure can be easily established
using assumption (C) and (D).

We note that y only depends on x through W7z and for any w € R, we have

wlz wTu wI'Sw wlsWw

~ N ,
wTs wTy Wlisw wlisw

and so by the conditional distribution of multivariate Gaussian, it is straightforward to check that

wa | Whe =y~ N (0!t o sw i Tsw) =2 = W), [512Qul3) .
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As a result, we can write WXz = WLy + (WTSW)Y2z,.,. and

wle = wlp 4w SWWTsw) 2, + [ SV2Qullpdr

= wh i+ ($(w), 7).

Indeed, the joint distribution of (w” jz + (¢(w), Z), §) is the same as ((w, z), y). We are now ready

to state the upper bound for training error.

Theorem 37. Under assumptions (A) and (B), let f : R x ) — R be convex with respect to the
first argument for any y € ). Fix K C ]Rd, B C R to be any bounded convex sets. Suppose that T
is such that with probability at least 1 — 6 /2 over x ~ N (0,X) and (Z;,9;);"_, sampled i.i.d. from
D defined in (4.16), it holds that

: 1 - . T A 2
(o Sup n;h(@(w%wsz p+0,5i) — ~(Qu, ) (4.18)

Then with probability at least 1 — 0, it holds that

in  Le(w,b) <. 4.19
(w,br)nell%xB f(w )T ( )

We explain why Theorem 37 suggests the tightness of our Moreau envelope theory (4.4) below.

Note that the first term in equation (4.18) only depends1 on w through ¢(w) and we can write it as

BN 7 A
min max. — 'ZI),‘% + w —|—b’~‘ _
(0.0)0(K)xBAZ0 1 ;J‘W )+l b gy) = -

21 (420
welgz%w@w,@] (4.20)

It is obvious that for w € KC

(Qu,x) < max (Qu',z) ~ &

=C 4.21
 weK:p(w)=¢(w) <¢(w)) ( )

/
w/eic:qrsr(%:aw)@w @)

1. Using ¢(w), we can recover w’ X WW. We can assume y lies in the span of W by increasing k by 1 and letting
* —1
Wiy = X7
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by the concentration of Lipschitz functions (we ignore the confidence term ¢ in C5 for now). Then

by (4.4), it should hold uniformly over all (w,b) € K x B that

. AC (¢ (w))?
Lg(w,b) > Iilg())([/f)\(w,b) - #

On the other hand, equation (4.20) only involves minimization over a low-dimensional space and

it implicitly suggests a concentration assumption: if we consider the constrained ERM

W,b= argmin if(w,b),
(w,b)ekxB

then Theorem 37 implies

A

Lf(uﬁ,?)) = min ﬁf(w,b) <7

(w,b)exB
~ (m,b)g(nIC)xBrilzag EfA((0, ) + w4 b,5) = MDY
< max B (00), ) + w4 ) — 2CDS
-y Lo - 2EEE
Hence, we have shown (informally) that
i AC((w))?

Ly(i,b) ~ max Ly, (,b) — (4.22)

n
which explains the tightness of our moreau envelope theory (4.4). In the following settings:

@ f(5,y) = (§ —y)* withy € R,

(i) f(7.y) = (1 —gy)3 withy € {-1,1},
it can be shown that fy, = %4—1 and so the maximization in (4.22) can be solved exactly. In
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particular, by Lemma 75, we have
; — C(e())\?
Lg(w,b) ~ ( L(w,b) — —) (4.23)

and so if (4, b) is an interpolant: L plw, b) ~ 0, then we should have asymptotically

Ly (i, b) ~ Clo@)” (4.24)
The choice of C'in (4.21) is known as Local Gaussian Width. In fact, all of the results in section 3.5
can be understood by this calculation (e.g., see Example 4 of Zhou et al. [78]). Finally, we note
that Theorem 37 is also useful for computing the minimal norm required to achieve zero training
error. In particular, we can let K = {w € R? : |jw|| < B} and we can find the minimal B such
that we can choose 7 = 0 in (4.18). This argument is used in the proof of Theorem 14 in Chapter 3

and Theorem 38 in the next section.

4.3 Linear Classification with SVM

In this section, we consider binary classification with the squared hinge loss. As mentioned in the

previous section, we can use Theorem 37 to obtain a norm bound for the max-margin classifier.

Theorem 38. Under assumptions (A) and (B), let f : R x )Y — R be the squared hinge loss
f(g,y) = (1 — gjy)%L with Y = {—1,1}. Let Q be the same as in Theorem 36 and >+ = QT Q.

Fix any (w?, b%) € R4 such that Qu* = 0 and for some p € (0,1), it holds that

Ly(w?, b*) < (14 p)Ly(w?, b7). (4.25)

Then with probability at least 1 — 6, for some € < p + log (%) (\/Lﬁ + R%El) + % + ﬁ),

it holds that
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_ f nLy (wh, b¥)
in Jwll2 < w2 + (L + | = (4.26)
(w,b)ERIH1LL 1 (w,b)=0 Tr(X-+)

Combining the above norm bound with Theorem 36, we can follow the same lines of proof of

Corollary 15 and 16 to show the following:

Corollary 39. Under assumptions (A), (B) and (C) with Y = {—1,1} and f(7,y) = (1 — gjy)i,
denote W € R>K py W = [wi, ..., wi] and let @ = I —W(WTSW) "W, Let o+ = QT2Q

and fix any (wﬁ, bﬁ) e R such that Qwjj = 0. Then with probability at least 1 — 0, for some

klog(n/k) + log(1/6) 1 1 k n
pgf\/ - + log (1/6) \/ﬁ+—R<EL)+n+—R(EL) ;

it holds that for any SVM solution of the form ,b = arg min,, j, f)f (w,b) + A|w||3 such that

]2 > [lw?

9, we have

“ 1
L) < (14 ) | /Ll ) + | B ) (427)

Experimental results on SVM can be found in Figure 5.8 of Chapter 5.1. As theory predicts,

the generalization curve looks very similar to linear regression with the square loss.

4.4 Applications to Non-Convex Problems

Moreover, we show that our Theorem 36 can be applied to not only linear regression and max-
margin classification. Since we only need +/f to be Lipschitz, for any 1-Lipschitz function o :

R — R, we can consider
@) f(§,y) = (0(5) — y)* when Y = R
(i) f(9,y) = (1= o(§)y); when Y = {~1,1}.
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We can interpret the above loss function f as learning a neural network with a single hidden

unit. Common choices of 1-Lipschitz and non-linear o include

(i) sigmoid activation: o(y) = ﬁ or hyperbolic tangent activation: o () = tanhy

(ii) any Leaky ReLU activation with |«o| < 1:

T ifxz>0
a(y) =
ar ifz <0.

Indeed, Theorem 36 can be straightforwardly applied to these situations and can be useful if we
consider optimally regularized estimators. However, we typically do not expect benign overfitting
under these loss functions f for the following simple reason (which is also pointed out in [59]):
interpolating with f(7},y) = (o (3j) —y)? is the same as interpolating with f (4, y) = (§j— o1 (y))?
when o is invertible (as in the case of sigmoid, hyperbolic tangent and Leaky ReLLU activations
with o > 0), and so we can apply our square loss theory to the distribution over (z, o~ 1(y)). In
general, the predictor that minimizes the population loss (o ((w, z) 4+ b) — y)? is going to be
different to the minimizer of E((w,z) + b — o~ 1(y))2.

In contrast, the situation with o(3) = max{y, 0} is still interesting because o is not invertible,
and this setting is known as ReLLU regression. In order to be able to interpolate, we must have
y > 0. If y > 0 with probability 1, then o(J) = y is the same as § = y and we are back to
the square loss case. However, if there is some probability mass at y = 0, then the minimal norm
interpolant can be very different. Interestingly, even though the loss function f (7, y) = (o(§) —y)?
is 1 square-root Lipschitz, the minimal norm interpolant will typically be inconsistent under this

choice of f. As it turns out, the more appropriate loss is

f(g,y) = (4.28)



Even though the above choice of f is non-convex and so Theorem 37 cannot be directly applied, it
is still possible to compute the minimal norm required to interpolate the data. The loss (4.28) shows
up naturally in our norm calculation (e.g., Lemma 82 in the Appendix) by applying CGMT to the
quantity min,.vicn] o((w,z;))=y; | W[l2. Another reason why the loss (4.28) is natural is because
it also satisfies the relationship f) = HLA f while ensuring f(y,y) = 0 is equivalent to o(9) = y
for any y > 0. We state the norm bound below, which is completely analogous to Theorem 38.
Moreover, since the loss defined in (4.28) is also 1 square-root Lipschitz, it can be combined with

Theorem 36 to establish benign overfitting for ReLLU regression just like Corollary 39.

Theorem 40. Under assumptions (A) and (B), let f : R x Y — R be the loss defined in (4.28)
with Y = R>(. Let () be the same as in Theorem 36 and v1 = QT2Q. Fix any (wﬁ, bﬂ) € Ri+1

such that Qu* = 0 and for some p € (0,1), it holds that

Ly(w o) < (1 + p)Lp(w?, bF). (4.29)
Then with probability at least 1 — 6, for some € < p + log (%) (\/Lﬁ + \/ﬁ + % + ﬁ),
it holds that
_ § an(wﬁ, b?)
min [wlle < lwifla + X+ — a7 (4.30)
(w,b)ERHLL £ (w,b)=0 Tr(2+)

Another example of non-invertible activation is o(y) = |¢|. This is related to the problem of
phase retrieval. For the problem of phase retrieval, the correct loss should be f(7,y) = (|y| —
y)2 because we can check that it satisfies the relationship f, = 1%\ f. Even though the norm
calculation is not as simple as the case of ReL.U regression, it should be possible to show benign

overfitting results for the phase retrieval problem as well.
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4.5 Single Index Model

Finally, we show that our results can be extended to a even more general setting than (4.1), and
the more general result can allow us to establish uniform convergence bound for two-layer neural
networks with weight sharing. Suppose that we have a parameter space © C RP and a continuous
mapping w from 6 € O to a linear predictor w(f) € RY. Given a function f : R x Y x © — R
that is continuous with respect to the first and third argument and i.i.d. sample pairs (z;, y;) drawn
from distribution D, we can define the training and population error to be
1 n
L(O) =~ > f((w(0), i), i, 0) and  L(O) = E[f((w(®),2),9,0)]. (43D)
1=1
We make the same assumptions (A) and (B) on D. Assumptions (C) and (D) can be naturally

extended to the following:

(E) there exists a universal constant 7 > 0 such that uniformly over all § € ©, it holds that

E[f((w(6), ), y, 0)*]/4
Ef(w(0).2),5.0)] (4.32)

(F) bounded VC dimensions: the class of functions on RFF1 % ) defined by
{(z,y) = 1{f((w,z) +b,y,0) >t} : (w,b,t,0) e RFFI x R x R x ©} (4.33)

has VC dimension at most A.
Now we can state the extension of Theorem 36.

Theorem 41. Suppose that assumptions (A), (B), (E) and (F) hold. Denote W & RAxK by W =
[w], ..., wy] and let Q = I — WWITSW) " YWTS. Forany 6 € (0,1), let Cs : R — [0, 00] be a

continuous function such that with probability at least 1 — § /4 over x ~ N (0, X), uniformly over
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all € ©,
(Qu(0), ) < Cs(w(0)). (4.34)

Then it holds that

(i) if foreach 0 € © andy € Y, f is My-Lipschitz with respect to the first argument and My is
continuous in 0, then with probability at least 1 — 0, it holds that uniformly over all § € ©,

we have
Cs(w(0))?

n

(1—€)L(0) < L(0) + My (4.35)

(ii) if for each 0 € © and y € ), f is non-negative and \/f is \/ Hy-Lipschitz with respect to
the first argument, and Hy is continuous in 6, then with probability at least 1 — 9, it holds

that uniformly over all 6 € ©, we have

2
(1—¢)L(H) < (N/ﬁ(e) + \/M) (4.36)

where ¢ = O <T\/ hlog(n/hglﬂog(l/a)).

Single-Index Neural Network. In this example, we consider two-layer neural networks with
weight sharing in the first layer. More precisely, we have = (w, a,b) € RE2N where N is the
number of hidden units. Let o(z) = max(z,0) be the ReLU activation function. The hypothesis

given by 6 is
N
ho(z) = ajo((w,z) — b;)
=1

In the context of regression, we can consider the square loss and f is given by

f((w, z),y,0) := (hy(z) —y)* (4.37)
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and in the context of classification, we can consider the squared hinge loss and f is given by

F((w, ), y,0) == (1 — hg(z)y)3. (4.38)

The above f is well-defined because hy depends on x only through (w, z). If we write § = (w, x),

then we have

N 2 N 2
F@y.0) = | > aio(G—b)—y or  f(@y.0)= 1= aio(i—b)y
i=1 1=1
+

Without loss of generality, we can assume that b1 < ... < by, then it is easy to see that Vf is

Max, e[y ‘Z‘gzl a;| Lipschitz. Applying Theorem 41, we obtain the following corollary.

Corollary 42. Fix an arbitrary norm ||-|| and consider f as defined in (4.37) or (4.38). Assume that
the data distribution D satisfy (A), (B), and (E). Without loss of generality, we further assume that
b; are sorted, then with probability at least 1 — ¢, it holds that uniformly over all = (w,a,b) €

RA+2N , we have

maje ) | S0 ai 11Qul (Bl +¢)

(1—€)L(0) < L(0) + N0

(4.39)

where € is the same as in Theorem 41 with h = O((k+ N)log(k+ N)) and the norm concentration

termis e = O (SUP||u||§1 Hu||2\/log(1/5)>.

The above theorem says given a network hy(x) = Zi\il a;jo((w,z) — b;), after sorting the

bi’s, a good complexity measure to look at is max e[y ‘Zgzl aj| - ||Qw]|| and equation (4.39)

precisely quantify how the complexity of a network controls generalization.
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CHAPTER 5
UNIVERSALITY

In this chapter, we discuss the extent to which the Gaussian feature assumption made in Chapter 3
and 4 can be relaxed. As we see in Chapter 2, the proof of Proposition 9, which is an important
special case of our optimistic rate theory Theorem 12 and Theorem 36 in Chapter 3 and 4, only
depends on the omniscient risk estimator introduced in Section 2.1. Rigorous version of the om-
niscient risk estimator can be proved using random matrix theory while assuming x = »1/2; and
z has 1.1.d. coordinates with zero mean, unit variance, and bounded 12th absolute central moment
(for example, see Wu and Xu [75] and Hastie et al. [28]). In similar settings, it is possible to
directly establish the universality of Gaussian Minimax Theorem with Lindeberg’s method [27].
In addition, even though the eigenfunctions for kernel ridge regression are nearly always not in-
dependent, many works have suggested that its asymptotic test error should only depend on the
spectrum and we can usually define an equivalent Gaussian model. This is known as the Gaussian
equivalence conjecture and has been rigorously proven in the context of inner product kernels and
random features model (for example, Hu and Lu [29]).

In Section 5.1, we provide empirical evidence that our generalization theory Theorem 36 should
continue to hold when z = $1/22 and z has ii.d. coordinates even though the coordinate distri-
bution is not necessarily Gaussian. However, in section 5.2, we show that there is a relatively
simple setting where the coordinates of = are dependent (but uncorrelated), and universality fails

in a meaningful way.

5.1 Numerical Experiments

Feature Distribution. In this section, the marginal distribution of = is always given by z =
1/ 2, where 7 is a random vector with i.i.d. coordinates that have mean 0 and variance 1. The

coordinate distributions of z that we consider in the simulations include:
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— Weibull

—— Log Normal
— Laplace

— t-distribution
— Gaussian

Uniform

-2 -1 2 3

Figure 5.1: Probability density plot for coordinate distributions of z.

* standard Gaussian distribution with density p(z) = ——e ,

* uniform distribution over [—\/g, \/§],

o . . _ Lz
* Laplace distribution with density p(z) = %e 5 and scale parameter b = ——.

S

We also consider discrete distributions:

* Rademacher distribution with equal chance of being —1 or 1,

-1
* Poisson distribution with rate parameter 1 and probability mass function Pr(Z = k) = e—kr (we

take z = Z — 1 to center the mean),
and heavy-tailed distributions:

e Student’s t-distribution

— t-distribution with 5 degrees of freedom has density p(Z) = 423
3\/57T(1+%)
— It has variance % and so we let z = \/gé It is symmetric, unbounded and has finite fourth

moment. However, moments of order 5 or higher do not exist.
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¢ Weibull distribution

— Weibull distribution with scale parameter A = 1 and shape parameter £ = 0.5 has density

p(2 22

-Vz
) = 6271{520}. It has mean 2 and variance 20 and so we take z =

3

* Log-Normal distribution

— the distribution of eZ , where Z follows the standard Gaussian distribution. It has mean \/E

eZ—\/e
ve(e—1)

and variance e(e — 1), and so we can choose z =

Covariance Matrix and Scaling. For simplicity, we choose ¥ to be diagonal and consider
* Isotropic features > = I in the proportional scaling (n = 300, d = 350)

* Junk features in the over-parameterized scaling (n = 300, d = 3000)

1 ifh=1,23
Yk =

0.05%2 otherwise
 Non-benign features in the over-parameterized scaling (n = 300, d = 3000)

1 ifk=1,2,3
Yk =
1

2 otherwise

As we see in Example 1 of Chapter 2, the junk features setting is known to satisfy the benign
overfitting conditions [7, 77], by which the minimal ¢9-norm interpolator is consistent. In contrast,
our Example 4 in Chapter 2 also shows that overfitting is not benign in the second case, but our

theory from section 3.3 shows that the optimally-tuned ridge regression can be consistent.
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5.1.1 Linear Regression

We fit linear models to minimize the square loss with /1 and {9 penalty. For simplicity, we ignore
the intercept term in this section, but we will consider models with intercept in the context of linear

classification. We can obtain many data distributions by combining the different options below:

Conditional Distribution of y. Let

w* = (15,0, ...,0)

&~ N(0,0.5)
and consider

* a well-specified linear model:

y=(w",z)+§
* a mis-specified model:

y= (w",x) + |r1| cosxy + x3-&
—— ——— —— o
linear signal  non-linear term  heteroscedasticity

The second model does not satisfy the classical assumptions for linear regression because the
Bayes predictor

Ely|z] = (w*, z) + |71| - coszo

is non-linear and the variance of the residual also depends on x3. Even though statistical inference

can be challenging for models like this, we can hope to learn a model that competes with the

optimal linear predictor (which is not necessarily the same as w™) in terms of prediction error.
Though our theory is restricted to Gaussian features, we conjecture that it can be extended to a

more general class of distributions and we use numerical simulations to confirm our conjecture.
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Ridge Regression

1. Isotropic features: similar to the choice of F' in equation (3.29) in Chapter 3, we can choose

C5 by the simple Cauchy-Schwarz bound
(Qu,z) < |Qulz - 2]l ~ Vd|Qull

resulting in the following bound

2
Lg(w) < (1+0(1)) (\/if(w) + \/g- ||Qw||2) 5.

2. Junk and non-benign features: similar to the analysis in section 3.2, we can choose C5 by

(Qu,z) < [lwllz - QT ||z ~ [Jw]|2y/Tr(2L)

resulting in the following bound

2

- (DL
Ly < (14 o) [ /L) + oy o 52)

In all of the experiments, we use a constant close to 1 to replace the 1 + o(1) factor in our

generalization bounds. Note that (5.2) can be interpreted in terms of Rademacher complexity:

J

n

- T1yeeeyp~D [ Z
s~Unif({£1}"™) L||li=1

SB.\/TI(SL)

The last inequality holds generally for any distribution with E, _p[zzT] = ¥ by Cauchy-

1 n
= " si(w, Q)
n “

=1

T
5;Q" x;

SRl

s~Unif({£1}7) Lllw[2<B

Schwarz inequality. In our examples, z = 321/27 and z is scaled to satisfy E[ZZT] = [;. Therefore,
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we will use equation (5.1) and (5.2) even for non-Gaussian data.

LASSO Regression Similar to the case of ridge regression, we use the analogy to Rademacher
complexity to extend our theory to the ¢1 case. Since we can no longer bound the /~, norm of a sum
using the Cauchy-Schwarz inequality, it is easier to directly work with the empirical Rademacher

complexity (which also should be similar to the expected Rademacher complexity in the settings

.

that we consider)

lwlly
n

n
T
> " 5iQ"
i=1

B unif({£1}7) [
and we can estimate the expected norm by

n

oo

for a large value of B and s1, ..., s g sampled independently from Unif({£1}"). In our implemen-
tation, s1, ..., sg are fresh samples each time the risk bound is computed. To summarize, we use

the following expression for the calculation of risk bound:

1. Isotropic features:

1 B n 2
Ly(w)+1Qulh- > 1> sk (5.3)
k=11li=1 00
2. Junk and non-benign features:
1 B n 2
. T
Ly(w) + Jlwlly - — > Z%ZQ T (5.4)
k=11li=1 00

which are analogous to (5.1) and (5.2).

We note that it is important to use the Rademacher complexity to extend to non-Gaussian

70



features in the ¢ case, rather than a bound similar to % Empirically, the latter is too
small to provide a valid upper bound on the test loss. This is because ||z||~ is deterministic
for distributions like the Rademacher distribution, while the random signs in the definition of
Rademacher complexity allows a tail behavior more similar to Gaussian and so we can regain a
log factor in the norm component.

For both ridge and LASSO regression, risk curves measured in the square loss are shown in
three figures corresponding to the different data covariances. Within each figure, there are 16
subplots corresponding to the different combinations of one of the eight feature distributions and
label generating process (well-specified vs mis-specified) as defined at the beginning of the section.

Similar to the situation in the rest of the experiments, the training error is close to 0 with suf-
ficiently small regularization, and the confidence bands are wider with heavy-tailed distributions.
Also, the null risk and the Bayes risk are different across different feature distributions when there
is model misspecification (see the calculation in the appendix for more details).

The plots for isotropic, junk and non-benign features in the ridge regression setting can be
found in figures 5.2, 5.3 and 5.4, respectively. Generally speaking, the experiments confirm the
tightness and wide applicability of our generalization guarantees. The specific feature distribution

and model misspecification do not seem to affect the shape of test error curve.

* Figure 5.2: Ridge regression with isotropic data (n = 300,d = 350). As proved by the-
orem 26, the risk bound (5.1) follows the test error curve closely. This is true even in the
non-Gaussian and mis-specified settings. Note that we do not have benign-overfitting be-
cause we are in the proportional scaling regime with d close to n, and the population risk of
the minimal-/9 norm interpolator is even worse than the null-risk (more significantly so with
misspecification). The optimally-tuned ridge regression has risk better than the null risk,
but it is still far from the Bayes risk because the consistency result of optimally-tuned ridge

regression assumes Tr(3)/n — 0.

* Figure 5.3: Ridge regression with junk features (n = 300,d = 3000). In the junk features
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setting, as predicted in Theorem 16, the test error curve is essentially flat once the regular-
ization is small enough to fit the signal, and we get nearly optimal population risk as long as
we do not over-regularize the predictor. The test error curve can be expected to be more flat
with increasing d. This phenomenon is also consistent across different feature distributions
and label generating processes. Our bound (5.2) closely tracks the performance of ridge

regression along the entire regularization path.

* Figure 5.4: Ridge regression with non-benign features (n = 300,d = 3000). In the non-
benign features setting, as proved by Corollary 17, the optimally-tuned ridge regression
achieves nearly optimal prediction risk. Our risk bound is tight up to the point up to the
point where the test error starts to increase. As expected, the minimal norm interpolator fails
to achieve consistency even though we are in the overparameterized regime. Once again, the

distribution and model misspecification has no effect on the shape of the test error curve.

The plots for isotropic, junk, and non-benign features in the LASSO regression setting can be
found in figures 5.5, 5.6 and 5.7. The risk bounds in the ¢ case are not as tight as in the /9 case
because they are only expected to be tight in certain parts of the entire regularization path. Similar

results and experiments were obtained by Wang et al. [74], Donhauser et al. [21].

* Figure 5.5: LASSO regression with isotropic data (n = 300,d = 350). Contrary to the
inconsistency of optimally-tuned ridge regression in this setting, the regularized LASSO
estimator can achieve nearly optimal population risk thanks to sparsity. The risk bound (5.3)
appears to be valid and sufficient for the consistency of optimal LASSO in the distributions
that we consider, though it is not very tight for interpolation. Recall that the minimal-/1
norm interpolator suffers from an exponentially slow convergence rate when d = n® [74]
and observe that the population risk of the minimal-¢1 norm interpolator is again worse than

the null-risk.

* Figure 5.6: LASSO regression with junk features (n = 300,d = 3000). Similar to the
72



isotropic setting, the regularized LASSO can achieve nearly optimal prediction risk and the
risk bound (D.17) is sufficient to explain this phenomenon. Once again, the data distribution
and model misspecification appear to have no effect on the shape of the test error curve.
It is theoretically possible to use a nearly identical risk bound to show the consistency of
minimal-/1 norm interpolator when n is large and d is super-exponential in n [33], but as we
can see, n = 300 and d = 3000 is not quite large enough yet. On the other hand, overfitting
is more benign than what theory predicts, suggesting a better analysis may yield a weaker

condition required for consistency.

Figure 5.7: LASSO regression with non-benign features (n = 300, d = 3000). Though the
population risk and the associated risk bound of regularized LASSO can be quite close to the
Bayes risk, overfitting with minimal-¢; norm interpolator does not appear to be benign (and
there is no existing theoretical result suggesting that consistency is possible with a larger
n or d). In particular, its /1 norm increases much more quickly than the junk-features case.
Though the (D.17) is not tight throughout the entire regularization path, it is still a valid upper

bound on the test error across different feature distributions and label generating processes.

5.1.2 Linear Classification

Similarly, we fit linear models to minimize the squared hinge loss with /5 and /1 penalty. We can

consider the same feature distributions and data covariance structure as in the preceding section.

For faster computation (because margin classifiers can be slower to compute than regressors), we

take £ = 1, and n = 100,d = 120 in the proportional scaling and n = 100,d = 2000 in the

overparameterized scaling. The label y is generated by the following model:

n=(w*z)+0*, Pr(y=1|z)=1-Pr(y=—1|z)=g(n)
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Figure 5.2: Ridge regression with isotropic data (n = 300, d = 350).
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Figure 5.3: Ridge regression with junk features (n = 300, d = 3000).
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Figure 5.4: Ridge regression with non-benign features (n = 300, d = 3000).
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Figure 5.5: LASSO regression with isotropic data (n = 300, d = 350).
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Figure 5.6: LASSO regression with junk features (n = 300, d = 3000).
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Figure 5.7: LASSO regression with non-benign features (n = 300, d = 3000).
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where g : R — [0, 1] is the logistic link function. Since we use the squared hinge loss for learning
(which is not the negative log-likelihood function), the linear model that we learn is not necessarily
well-calibrated and so this can also be considered as a misspecified setting. Therefore, we will only
consider one label generating process in the classification context. Finally, by our Moreau envelope
theory, we can use completely the same risk bounds for /9 and ¢ margin classifiers.

The plots for /9 and /1 margin classifiers can be found in Figures 5.8 and 5.9. Each figure
contain three subplots, and each subplot corresponds to one of the data covariance and contains the

risk curves measured in squared hinge loss for the eight feature distributions.

¢o-Margin Classifiers. As in the regression case, overfitting is not benign when the features
are isotropic and the population risk of /o max-margin classifier can be worse than the null risk.
The risk bounds tightly control the test errors across different feature distributions. The difference
between risk bound and the actual test error is larger when the feature distribution is heavy-tailed,
but the confidence interval is also wider due to the relatively small sample size.

In the junk feature setting, the under-regularized part of the regularization path is essentially
flat for all feature distributions. Overall, the experimental result is very similar to 5.3, as predicted
by our theory in Section 4.3. The non-benign case is also similar to 5.4 except that the U-shape

curve is quite narrower near the optimal amount of regularization.

¢1-Margin Classifiers. In each of the subplots, the risk bound is tight only up to a certain point
before the /1 norm starts to increase quite a lot, leading to loose bound near interpolation. How-
ever, the risk bound is tight enough to establish consistency of optimally-tuned predictor in the
junk and non-benign features setting. Again, the population risk of /1 max-margin classifier can
be worse than the null risk even in the junk features setting. Observe that different distributions
do not seem to change the shape of generalization curve, and there is an interesting multiple de-
scent phenomenon in the non-benign feature case, which has already been discovered in previous

literature [20, 37, 38].
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Figure 5.8: {5 margin classification: isotropic, junk and non-benign features.

81



Isotropic + I1 max-margin, n=100, d=120
Gaussian Uniform Rademacher Poisson
16— Population risk 164 Population risk 14 —— Population risk 164 Population risk
Empirical risk ; Empirica risk Empirica risk Empirical risk
14 { = Risk bound 14 = Risk bound i 14 = Risk bound 14 { == Risk bound
Bayes risk = Bayes risk Bayes risk Bayes risk
12 12 - 12 12

2 2 0 4 2 2 0
log regularization parameter log regularization parameter
StudentT Weibull LogNos

Laplace mal

— Population risk —— Population risk —— Population risk —— Population risk :
e Empirical risk e Empirical risk Empirical risk f Empirical risk
14 - Riskbound - 14 - Risk bound 251 - Risk bound 251 - Risk bound

Bayes risk -e=: Bayes risk / Bayes risk Bayes risk

0
on parameter log regularization parameter log regularization parameter log regularization parameter

log regulari

Junk feature + 11 max-margin, n=100, d=2000

Gaussian Uniform Rademacher Poisson
s 35 T s ¥ 35 -
— Population risk — Population risk — Papulation risk — Population risk
30 Empirical risk 30 Empirical risk 30 Empirical risk 10 Empirical risk
Risk bound Risk bound Risk bound Risk bound
Bayes risk Bayes risk Bayes risk Bayes risk
25 ; 25 ¢ 25 .
20 20 20
15 15 15
10 10 10
05 05 [H]
00 00 - 00 0o
H ] - -10 -15 5 0 - -lo 15 5 5 0 - -1o -15
log regularization parameter Iog regularization parameter log regularization parameter
Laplace studentT
35 35
— Papulation risk — Population risk —— Papulation risk —— Population risk
20 Empirical risk 20 Empirical risk 5 Empirical risk 5 Empirical risk
. Risk bound . ~ Risk bound Risk bound Risk bound
Bayes risk o=+ Bayes risk Bayes risk o= Bayes risk
25 25 i 4 4
20 3 3
15
2 / 2
10
1 1
0s y
N\
00 0 = 0
H [] Bt 15 5 0 - -1 15 5 s 15 5 0 -10 15
og regularization paramater Iog regularization parameter og regularization paramater
Non-benign + I1 max-margin, n=100, d=2000
‘Gaussian Uniform Rademacher Poisson
— Population risk —— Population risk i —— Population risk i —— Population risk
25 Empirical risk 25 } Empirical risk 25 Empirical risk 25 Empirical risk

Risk bound
Bayes risk

Risk bound
Bayes risk

Risk bound
Bayes risk

Risk bound
Bayes risk

20 |
15 i
10
05
00 00 -
0 5 -10 15 5 ] -5 5 0 -5 -10 -15
Iog regularization parameter log regularization parameter Iog regularization paramater
StudentT Weibull
- 20 : 40
— Population risk — Population risk | — Population risk — Population risk
25 Empirical risk 25 | Empirical risk 35 | Empirical risk 15 Empiricai risk
Risk bound i - Risk bound Risk bound § Risk bound
Bayes risk Bayes risk 30 - Bayes risk 20 Bayes risk

log regularization parameter log regularization parameter

Figure 5.9: {1 margin classification: isotropic, junk and non-benign features.
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5.2 Provable Failure of Universality

In this section, we discuss an example where universality provably fails. The counterexample in
this section is motivated by example 2 of Shamir [59]. For non-Gaussian features, it is possible
to introduce strong dependence between the tail and the leading component of = while ensuring
that they are uncorrelated. The dependence will prevent the norm of the tail from concentrating
around its mean. In contrast, for Gaussian features with matching covariance, the two components
must be independent. So the norm of the tail will concentrate — such discrepancy results in an
over-optimistic bound for non-Gaussian data. In particular, we will assume the data distribution D

over (x,y) is given by:

(A) = (2|, x|g—}) where zj, ~ N(0,X);,) and there exists a function / : R* — R such that

T\ = h(x‘k) -z with z~N (0, E|d—k> independent of zy, (5.5)

(B) there exists a function g : RF*1 5 R such that

where § ~ D is independent of x (but not necessarily Gaussian).

By the independence between z and x|, we can easily see that x;, and x|;_j, are uncorrelated.

Moreover, the covariance matrix of T gk is
T 2
Elz)g—p%)q_p) = Bll()p)"] - Bjg—k (5.7)
which is just a re-scaling of ;. and therefore has the same effective rank as R(Z|d_ k)
Optimistic rate. Even though the feature x in D is non-Gaussian, its tail T\ is Gaussian con-

ditioned on the low-dimensional component |- Therefore, our proof technique is still applicable
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after a conditioning step, and we can handle the low-dimensional part with VC theory as before.
However, it turns out that the uniform convergence bound for 1 square-root Lipschitz loss is no
longer valid. Instead, we have to re-weight the loss by h(x;lk)Q More precisely, the application of
our Gaussian comparison techniques shows the following:

Theorem 43. Consider dataset (X,Y') drawn i.i.d. from the data distribution D according to (A)
and (B), and fix any f : R x Y — R such that \/f is 1-Lipschitz for any y € Y. Fix any § > 0

and suppose there exists e5 < 1 and Cs : R*™F — [0, oo] such that

(i) with probability at least 1 — /2 over (X,Y) and G ~ N (0, I,), it holds uniformly over all

wy, € R¥ and ||w|d—/fHZ|d—k € R>q that

5.f({w, z), y)]

I~ 1 e
I 1 VR Gi,yi) > (1—¢5)E
Z 5 F (W), i)+ (xz\k)”w|d—k||2|d—k in¥i) > (1—€5)Ep Ay

n = hizy)
(ii) with probability at least 1 — 0/2 over zq_j, ~ N(0, X|g—k)» it holds uniformly over all
wig— € RIF that

(Wa—t> 2d—k) < Cs(w)a—) (5.8)

then with probability at least 1 — 0, it holds uniformly over all w € R< that

" Cs(wig 1)\
(1-&)E |- 2f(<w,x>,y)] < (EZﬁf«w,mww%) . 69)
1

h(z)i,) n = hizg)

The first assumption is mild because we only require uniform convergence over a low-dimensional
concept class. Low-dimensional concentration can typically be verified using hypercontractivity
and VC argument like in Chapter 4. The choice of Cj is defined similarly. The only difference is
that we need to upper bound (w|;_, 24—, instead of (w|q_y, *|q_y), Which is helpful because
the norm of Zd—k will usually concentrate while the norm of Tiq—k does not. Though the above

generalization bound applies to any 1 square-root Lipschitz function, we will focus on the square
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loss because this section’s primary goal is constructing a counterexample to universality.

Computing the minimum norm. Next, we will compute the minimal norm to achieve zero

training error for linear regression.

Theorem 44. Under assumptions (A) and (B), fix any w|*k € R* and suppose for some p € (0,1),

it holds with probability at least 1 — §/8

n (= (Wi \ — (Wi, 2\ 2
%Z(y h(wl-Tk) |k> <(1+p)E <—y h(;;) 'k> . (5.10)

i=1

Then with probability at least 1 — 0, for some € < p + log (%) (\/Lﬁ + \/R(;dk) + R(ETd—k)>’

y—(whap) 2
h(z k)

Tr(%)4-r)

it holds that

nlk

(5.11)

: 2 * (12
min lwllz < flwpllz + (1 +¢)
wERL:VI, (w,x;)=y; 2 k112

It is easy to see that the w™ that minimizes the population weighted square loss satisfy w‘* P

0, and so we can let w;, to be the minimizer. Again, the first assumption is mild because we only

*
|k

require concentration at one single hypothesis.

Benign overfitting. Consider the minimal norm interpolant 1 = arg min,, pd. x,,—y llwl|2 and

2
* —in Y- <w’x>
FEnE ( h(zy) )

define
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Similar to Corollary 39 in Chapter 4, plugging in Theorem 44 to the uniform convergence guarantee

Theorem 43, we have (ignoring lower order terms)

A2
1 o Tr(Eg_p) - [lo]l3
E ((w,z)y —y)°| <
h($|k)2 n
Te(D, 1) - |lw*]|2
o DCaw) WTlly g
n

Therefore, if we choose k = 1 and E| d_1= ﬁfd—l with n < d, then it holds that

1

E h(x|k>2(<w,x> —y)2] — L* (5.12)

which recovers the result of Shamir [59].

Breaking Uniform Convergence. Finally, we explain why this is a counterexample to univer-
sality. If we pretend that the features are Gaussian, then since we choose E\d— i to be benign, our

theory in Chapter 4 predicts that

ing[((w,:v) —y)?] < E[((w,z) — y)]

[0]3 - Ellzg 13

< (14 o()——
— (14 (1) 15 - ElA(x)5)?] Tr(2|d—k).
n
Therefore, for sufficiently large n, it must be the case that
2
i Ef({w, ) — )] < inf Eh(r,)?] -2 <%‘|‘;)>) . 519

However, this cannot be always true when y and h(x| ;) are dependent. For example, let’s consider

the case where & = 1, 1 ~ N(0, 1), and & only depends on x; through |z1|. We consider the case
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where y = h(|z1|)2. Then
Ez1y] =0 and Elzjy_yy] = E[h(|z1])*2] = 0

and so

inf E[((w, z) — y)*] = E[y*] = E[A(|21])"]. (5.14)
On the other hand, we can also check

E[MEﬁP}ZEuﬂzo and E[%%ﬁ%}:Ehukao

2
. Y- <wv l‘> _
1{1ufE <—h($|k) ) =FE

Then equation (5.13) predicts that E[i(|z1])*] < E[A(]x1|)?], but this is impossible because

and so

= E[h(|1])%]. (5.15)

E[h(|e1])"] = E[A(|21])*)* = Var(h(|z1])?) > 0

as long as h(|x1|) is not degenerate. For example, we can take h(|z|) = 1+ ||. In general, h(|z|)?
can follow any non-negative distribution by choosing v/h to the inverse CDF and so we can make

(5.13) arbitrarily loose.
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CHAPTER 6
CONCLUSION

In this thesis, we study the statistical learning theory for models with high complexity, with partic-
ular emphasis on understanding the generalization error of high-dimensional interpolants in non-
realizable settings. A theoretical understanding of machine learning is instrumental — it can pro-
vide a tool to predict the generalization performance and guide the design of better algorithms and
model selection procedures in practice; it also allows us to understand, on a fundamental level,
what properties of the data distribution are essential to the success of machine learning.

As we can see in our applications in Chapter 2, 3 and 4, even though the norm of the in-
terpolants that we consider can diverge as the sample size goes to infinity, we are still able to
establish strong consistency results through a uniform convergence argument. We accomplish this
by proving uniform convergence bounds with the optimal dependence on model complexity. Our
theory provides a unifying perspective on benign overfitting and optimal regularization in statisti-
cal learning, and it has many benefits from a technical point of view — it is non-asymptotic and
does not require any particular scaling between the sample size and feature dimension; it requires
very mild assumptions and can handle any Gaussian multi-index setting; it does not depend on
any specific training algorithm and can be easily adapted to different loss functions (for example,
max-margin classification, phase retrieval, and ReLLU regression) and complexity measures (for
example, /1, {9 and nuclear norm). Nevertheless, this generalization theory crucially depends on
the assumption that the features are Gaussian. In Chapter 5, we see that we should be able to
significantly relax this assumption, at least in some settings of kernel ridge regression and random
feature regression, as well as the setting where the feature vector is a linear transformation of in-
dependent variables. However, as we see in section 5.2, universality can fail unexpectedly. It is an
important open question to understand when we can safely assume the features are Gaussian.

There are many potential exciting extensions to our results in Chapter 4. For example, we

consider the applications of our Moreau envelope generalization theory to Lipschitz or square-root
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Lipschitz loss functions. However, if we use the log link in many generalized linear models, the
loss function is neither Lipschitz nor square-root Lipschitz globally. In these situations, some other
properties of the loss function (such as convexity) might allow us to prove sharp generalization
bound for regularized estimators. In addition, we have ignored the optimization concerns in most of
this thesis. When we consider convex losses such as the square loss or the squared hinge loss, many
first-order methods (such as gradient descent with or without momentum and stochasticity) will
converge to the minimal norm interpolant. However, the optimization landscape for non-convex
losses is more complicated. In these situations, even though the uniform convergence bounds can
still be applied, we need to take the training dynamics into account as well. Finally, we can only
prove generalization bound for single-index neural networks in section 4.5. It would be interesting
to establish a similar result for arbitrary neural networks. Finding the right complexity measure
and the optimal dependence in uniform convergence bounds will be a significant breakthrough in

our mathematical understanding of deep learning.
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APPENDIX A
GAUSSIAN MINIMAX THEOREM

In this appendix, we introduce some key technical tools and useful lemmas.

Gaussian Minmax Theorem. The following result is Theorem 3 of Thrampoulidis et al. [66],
known as the Convex Gaussian Minmax Theorem or CGMT (see also Theorem 1 in the same
reference). As explained there, it is a consequence of the main result of Gordon [25], known
as Gordon’s Theorem or the Gaussian Minmax Theorem. Despite the name, convexity is only

required for one of the theorem’s conclusions.

Theorem 45 (Convex Gaussian Minmax Theorem; [66, 25]). Let Z : n X d be a matrix with i.i.d.
N(0,1) entries and suppose G ~ N(0,1,) and H ~ N(0,1;) are independent of Z and each
other. Let Sy, Sy be compact sets and 1) : Sy, X Sy — R be an arbitrary continuous function.

Define the Primary Optimization (PO) problem

¢(Z) := min max (u, Zw) + ¥ (w, u) (A.1)
WESy UESy

and the Auxiliary Optimization (AO) problem

o(G, H) :== min max ||w|[2(G,u) + ||ul|o(H, w) + ¥ (w, u). (A.2)
wWESy uES.

w UEOy

Under these assumptions, Pr(®(Z) < ¢) < 2Pr(¢(G, H) < ¢) forany c € R.
Furthermore, if we suppose that Sy,, Sy, are convex sets and 1)(w, u) is convex in w and concave

in u, then Pr(®(Z) > ¢) <2Pr(¢p(G, H) > ¢).

In other words, the first conclusion says that high probability lower bounds on the auxiliary
optimization ¢(G, H) imply high probability lower bounds on the primary optimization ®(7).
Importantly, this direction holds without any convexity assumptions. Under the additional con-
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vexity assumptions, the second conclusion gives a similar comparison of high probability upper
bounds.

In our analysis, we need a slightly more general statement of the Gaussian Minmax Theorem
than 45: we need the minmax formulation to include additional variables which only affect the
deterministic term in the minmax problem. It’s straightforward to prove this result by repeating the
argument in Thrampoulidis et al. [66]; below we give an alternative proof which reduces to 45, by
introducing extremely small extra dimensions to contain the extra variables. Intuitively, this works
because the statement of the GMT allows for arbitrary continuous functions v, with no dependence

on their quantitative smoothness.

Theorem 46 (Variant of GMT). Let Z : n x d be a matrix with i.i.d. N'(0,1) entries and suppose
G ~ N(0,1,) and H ~ N(0,1,;) are independent of Z and each other. Let Sy, Sty be compact
sets in R x RY and R™ x R respectively, and let ¢ : Sy x Sy — R be an arbitrary continuous

function. Define the Primary Optimization (PO) problem

PO = e i, 1 7+ ), () .

and the Auxiliary Optimization (AO) problem

OGH) = min  max wlo(G,u)+ fulla(H,w) + 6w, w), (). (Ad)
(w,w"eSw (u,u)eSy

Under these assumptions, Pr(®(Z) < ¢) < 2Pr(¢(G, H) < ¢) forany c € R.

Proof. Lete € (0, 1) be arbitrary and
Swe = {(w,ew) : (w,w') € Sy}, Su.e = {(u, eu) : (u,u) € Sy}

Define ¢e((w,w'), (u,u’)) == P((w, 2w'), (u, Lu')) so that if W = (w, ew’) and U = (u, eu’),
then 1e(W, U) = ¥((w,w'), (u,u')). We also define Sy, = {w € R? : 3w’ s.t. (w,w') € Sy}
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The other sets S,,/, Sy and S, are defined similarly. Itis clear that Sy, Sy, Su, Sy, Sw,e and Sy
are all still compact in their respective topology, and ). is continuous for every ¢ > 0.

Let Z' : (n+n') x (d + d’) be a matrix with i.i.d. N(0,1) entries such that the top left n x d
matrix is Z. Similarly, we define G’ to be a (n+n')-dimensional Gaussian vector with independent
coordinates such that the first n coordinates are GG, and H' to be a (d+ d )-dimensional Gaussian
vector with independent coordinates such that the first d coordinates are H. Next, consider the

augmented PO and AO:

O.(7) = Wrélérvlv Urgg;e(U, Z'W) + 1he(W,U) s

0e(G',H'):= min  max [W|(G",U) + |Ullo(H', W) + ve(W,U)
WESWEUESU7E

It is clear that for a small value of ¢, the augmented problem will be close to the original problem.

More precisely, for every (w,w’) € Sy, and (u,u’) € Sy

|{(w, ew’), Z’(u, w')) —{(w, Zu)|
= [e((0,w"), Z'(u,0)) + €((w,0), Z'(0,4)) + €2((0,w"), Z'(0,u'))| (A.6)

< €(R(Sw) + R(Sy))(R(Su) + RSy )IZllop = €Al Z ]| op

where A := (R(Sw) + R(S,))(R(Su) + R(S,/)) is deterministic and does not depend on e.

Similarly, it is routine to check

lwll2{G,u) = wll2((G", (u, en)) — (G, (0,)))

lullo (H, w) = [lull2(H, (w, ew’)) — e(H', (0, "))

so by the triangle inequality and Cauchy-Schwarz inequality, we have

“|<wv Ewl)||2<G/a (uv eul» - ||w||2<G> u”
(A7)

< eR(Sy )G 2(R(Su) + €R(Sy)) + eR(Sw)IG"[|2R(Sy) < €AllG |2
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and

[l (u, ea)|2{H', (w, ew')) — [[ull2{H, w)]

(A.8)
< eR(Sy )| H'[l2(R(Sw) + €R(Syy)) + eR(Su) [ H'[2R(Syy) < €A H'|2
From (A.6), it follows that
|Pe(Z) = (Z)| < €Al Z | op. (A.9)
Similarly, from (A.7) and (A.8), it follows that
|0e(G", H') — ¢(G, H)| < eA(||G"[l2 + | H'[|2)- (A.10)

Approximating the original PO and AO by (A.5) allows us to directly apply the Gaussian

Minmax Theorem. For any ¢ € R, we have

Pr(®(Z) < ¢) < Pr(®c(Z2") < c+/e) + Pr(eA|| 2| op > Vo)
< 2Pr(e(G H') < ¢+ /) + Pr(eAl| 2|l op > V/e)
<2Pr(¢(G', H') < ¢+ 2v/e) + 2Pr (cA(|G||2 + || H'||2) > Ve)
+ Pr(eA| Z'||op > V/e)

< 2Pr(¢p(G, H') < ¢+ 2y/€) +2Pr <HG,H2 > 2A\/_)

1
2Pr ( ||H' Pr( ||Z
r2pe (1 > )+ P (12 > 17 )

where we used (A.9) in the first inequality, 45 in the second inequality, and (A.10) in the last

inequality. This holds for arbitrary € > 0 and taking the limit ¢ — 0 shows the result, because
the CDF is right continuous [22] and the remaining terms go to zero by standard concentration

inequalities (see Lemma 52 and Theorem 53 below). [
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Truncation Lemmas. Theorem 46 requires Syjr and Sg7 to be compact. However, we can usually

get around the compactness requirement by a truncation argument in our applications.

Lemma 47. Let f : RY — R be an arbitrary function and S = {z € R? : ||z||o < r}, then for
any set IC, it holds that

lim sup f(w)= sup f(w). (A.11)
"0 weknsd wek

If f is a random function, then for any t € R

Pr <sup flw) > t) = lim Pr ( sup f(w) > t) : (A.12)

wek 7o \weknsd
Proof. We consider two cases:
1. Suppose that sup,,cx f(w) = oo. Then for any M > 0, there exists x;; € K such that

f(xpr) > M. Hence for any r > ||z ][5, it holds that

sup f(w) > M = liminf sup f(w)>M
wekNSY " weknsd

As the choice of M is arbitrary, we have limy o0 sup,, - x-~gd f (w) = oo as desired.
2. Suppose that sup,,cx f(w) = M < oo. Then for any € > 0, there exists z. € K such that

f(xze) > M — €. Hence for any r > ||z¢||5, it holds that

sup  f(w) > M —e = liminf sup f(w)>M —e¢
wekNSY " weknsd

As the choice of ¢ is arbitrary, we have lim inf, o0 sup,, - x-ngd f (w) > M. On the other

hand, it must be the case (by definition of supremum) that

sup  f(w) < M = limsup sup f(w)<M
weknSd =00 weknsd
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Consequently, the limit of sup,, . x-~ga f(w) exists and equals M.

Finally, by the fact that the supremum is increasing in r and the continuity of probability measure,

we have

Pr( sup f(w) >t | =Pr| lim sup f(w)>t
(zy0-1) e )

wek "0 weknsd

=Pr U ﬂ sup  f(w) >t

reN R>rwek () S}%

= lim Pr ﬂ sup  f(w) >t

reo R>r welCﬂS%
= lim Pr( sup f(w)> t) . O]
reo (wGICﬂSﬁl

Lemma 48. Let IKC be a compact set and f, g be continuous real-valued functions on R, Then it

holds that

lim sup inf Af(w)+ g(w)= sup  g(w). (A.13)
IO ek 0SA<T wek: f(w)>0

If f and g are random functions, then for any t € R

Pr sup gw)>t)] = lim Pr(sup inf Af(w)+ g(w zt). (A.14)
(weK:f(w)ZO () ) r—reo wek 0<A<r (w) (w)

Proof. We consider two cases:
1. The limiting problem is infeasible: Yw € K, f(w) < 0. Then by compactness and the

continuity of f, there exists ;1 < 0 such that for all w €

fw) <p = sup inf Af(w)+g(w) <rp+ sup g(w).
wek 0<A<r wek
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By compactness and the continuity of ¢ again, we have sup,,cx g(w) < oo and so

li inf  \f(w)+ = —
i sup it fw) + g(w) = —o0

as desired.

. The limiting problem is feasible: Jwgy € I, f(wg) > 0. In this case, let
wyr =argmax inf Af(w)+ g(w
= argma i Af() + ()

= argérllcax re f(W)Lp<or +9(w)

be an arbitrary maximizer for each r. Note that a maximizer necessarily exists in C by

compactness of C and the continuity of f and g. By compactness of K again, the sequence

{wy} at positive integer values of 7 has a subsequential limit: 3r,, — 0o and ws, € K such

that wy,, — Weo.

For the sake of contradiction, assume that f(w~) < 0, then by continuity, there exists p < 0

such that for all sufficiently large n

flwp,) <p = sup inf Af(w)+g(w) =rn- f(wp,) + g(wr,) < rpp+ sup g(w)
welk 0SALZr, wek

which is unbounded from below as n — oo. On the other hand, we have

inf A + >
5}1611]% ot f(w) + g(w) > g(wp)

and so we have reached a contradiction; thus f(wso) > 0. Observe that

sup giilérn M(w) +g(w) =rn - f(wry,) L f 0, <0} T 9(wry) < glwr,)
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and so by continuity of g

limsup sup inf Af(w)+ g(w) < g(weo) < sup g(w).
n—oo ek 0SALry, welkl: f(w)>0

The liminf direction follows immediately from the definition, and so the limit exists and

equals supy,cc. f(w)>0 9(w). We can conclude that

lim sup inf Af(w)+ g(w) = sup g(w)
=00 e jc 0<ALy welkl: f(w)>0

because it is a monotonic sequence.

Finally, by the fact that the supremum is decreasing in r and the continuity of probability

measure, we have
Pr sup  g(w) >t| =Pr ( lim sup inf Af(w)+g(w) > t)
(welC:f(w)ZO I ek 0SA<r

=Pr(n inf A + >t
r( Tfji%oguigr f(w) + g(w) > )

o ' >t
i P (s i, M+ o) >1)

Concentration of Lipschitz functions. Recall that a function f : R — R is L-Lipschitz with
respect to the norm ||-|| if it holds for all z,y € R" that |f(z) — f(y)| < L|jz — y||. We use the

concentration of Lipschitz functions of a Gaussian.
Theorem 49 (van Handel [68], Theorem 3.25). If f is L-Lipschitz with respect to the Euclidean
norm and Z ~ N (0, I,), then

Pr(|f(2) ~Ef(Z)] > t) < 2e7 /21, (A.15)
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We also use a similar result for functions of a uniformly spherical vector (see Theorem 5.1.4
and Exercise 5.1.12 of Vershynin [71]); we cite a result with sharp constant factor from Ledoux

[36].

Theorem 50 (Spherical concentration; Ledoux [36]). If f is L-Lipschitz with respect to the Eu-
clidean norm and Z ~ Uni(S" ') where S"™1 = {u € R"™ : ||u|| = 1} is the unit sphere,

Uni (S”_l) is the uniform measure on the sphere, and n > 3, then
Pr(|f(Z) — Ef(Z)] > t) < 2¢~(n=2)%/2L% (A.16)

The following lemma says that a o(n)-dimensional subspace cannot align with a random spher-

ically symmetric vector.

Lemma 51. Suppose that S is a fixed subspace of dimension d in R" with n > 4, Pg is the
orthogonal projection onto S, and V' is a spherically symmetric random vector (i.e. V/||V |2 is
uniform on the sphere). Then

WPsVil2 /a7 + 9+ /log@/8) /. (A.17)

V]2

with probability at least 1 — §. Conditional on this inequality holding, we therefore have uniformly

forall s € S that

(5.V)] = Its, PsV)| < Iisll2llPsV ll2 < [lsll2lIVlla (Vd/n +2¢/10g(2/8)/m)) . (A.18)

Proof. This is trivial if d > n, since the left-hand side is at most 1. Thus assume without loss of
generality that d < n. By symmetry, it suffices to fix S to be the span of basis vectors eq,...,eg4
and to bound || PgV'||2 for V' a uniformly random chosen vector from the unit sphere in R”. Recall
that for any coordinate 7, we have I[‘EVZ.2 = 1/n by symmetry among the coordinates and the fact

that ||V||% = 1 almost surely. The function v > || Pgv||2 is a 1-Lipschitz function and E|| PgV||o <
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\/E|[PsV |3 = \/d/n, so by Theorem 50 above

IPsV 2 < V/d/n+ /210g(2/6)/(n — 2))

with probability at least 1 — §. Using n > 4 gives the result. [

The concentration of the Euclidean norm of a Gaussian vector follows from Theorem 49; we

state it explicitly below.

Lemma 52. Suppose that Z ~ N (0, I,). Then
Pr(|[|Z]l2 — v/n| > t) < ge= /4, (A.19)

Proof. First we recall the standard fact (see e.g. Chandrasekaran et al. [19]) that

n

n—1<
\/_ T vn+1

<E[Z]l2 < vn.
Because the norm is 1-Lipschitz, it follows from Theorem 49 that
_42

Pr(||Zlla — E[1Z]l2| = t) < 2e7/?

SO

Pr(|||Z]l2 — V| > t+1) < 27172,

Now using that (t — 1)2 > ¢2/2 — 1 shows

Pr([[1Z]l2 — v/| > t) < 2e”(C/27D/2 < ge=t/8 O
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Wishart Concentration. Let oy, (A) denote the minimum singular value of an arbitrary matrix
A, and omax the maximum singular value. We use || A||op = omax(A) to denote the operator norm

of matrix A.

Theorem 53 (Vershynin [70], Corollary 5.35). Letn, N € N. Let A € RN*™ pe q random matrix
with entries i.i.d. N'(0,1). Then for any t > 0, it holds with probability at least 1 — 2 exp(—t*/2)
that

VN — Vn—t< min(A) < omax(A) < VN + Vn 4+t (A.20)
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APPENDIX B
VC THEORY AND HYPERCONTRACTIVITY

Recall the following definition of VC-dimension from Shalev-Shwartz and Ben-David [58].

Definition 8. Let H be a class of functions from X to {0,1} and let C = {cq,...,c;} C X. The
restriction of H to C' is

Ho = {(h(c1), ... h(cm)) - h € HY.

A hypothesis class H shatters a finite set C C X if |[Ho| = 21Cl. The VC-dimension of H is the
maximal size of a set that can be shattered by H. If H can shatter sets of arbitrary large size, we

say ‘H has infinite VC-dimension.

Also, we have the following well-known result for the class of nonhomogenous halfspaces in
RY (Theorem 9.3 of Shalev-Shwartz and Ben-David [58]), and the result on VC-dimension of the

union of two hypothesis classes (Lemma 3.2.3 of Blumer et al. [14]):
Theorem 54. The class {x — sign((w,z) +b) : w € R% b € R} has VC-dimension d + 1.

Theorem 55. Let H a hypothesis classes of finite VC-dimension d > 1. Let Ho := {max(hq, ho) :
hi,ho € H} and Hg := {min(hy, ho) : h1, ho € H}. Then, both the VC-dimension of Ho and the
VC-dimension of Hs are O(d).

The VC dimension of neural networks is also well understood (equation 2 of Bartlett et al. [6]):

Theorem 56. The VC-dimension of a neural network with piecewise linear activation function, W

parameters, and L layers has VC-dimension O(W Llog W).

Using Theorem 54, 55, and 56, we can verify the VC dimension assumptions made in Chapter 3
and 4. For example, the VC dimension for the square loss and the squared hinge loss is analyzed in
Appendix E.2 and E.3 of Zhou et al. [79]. We can easily establish low-dimensional concentration

due to the following result:
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Theorem 57 (Vapnik [69], Special case of Assertion 4 in Chapter 7.8; see also Theorem 7.6).

Suppose that the loss function | : Z x © — R satisfies
(i) for every 0 € ©, the function (-, 0) is measurable with respect to the first argument
(ii) the class of functions {z — 1{l(z,0) >t} : (0,t) € © x R} has VC-dimension at most h

and the distribution D over Z satisfies for every 6 € ©

E.pll(z, 0)1/4
E.ol(0)] =" (B-D

then for any n > h, with probability at least 1 — § over the choice of (21, ..., zn) ~ D", it holds

uniformly over all 0 € O that

%il(ziﬁ) . (1 - 87_\/h(log(2n/h) F1)+ 10g(12/5)) E. ol=0]. B2

‘ n
=1

The assumption (B.1) is standard (indeed, this is the setting primarily focused on in [69]) and
is sometimes referred to as hypercontractivity or norm equivalence in the literature; a variant of the
result holds with 4 replaced by 1+e¢. In many settings of interest, this can be directly checked using
the fact that x is Gaussian (for instance, see section B.1 and B.2 below). Of course, our general
result can be applied without this assumption, by using low-dimensional concentration under an
alternative assumption: Vapnik [69], Panchenko [50, 51], Mendelson [44] have further discussion
and alternative results; in particular, Assertion 3 of Vapnik [69, Chapter 7.8] gives a bound based
on a fourth-moment assumption, and Panchenko [51, Theorem 3] gives one based on a version of

Rademacher complexity.
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B.1 Square Loss

The following theorem is the Gaussian space analogue of Theorem 9.21 in O’Donnell [49] and can
be proved using the same argument by Theorem 11.23 and replacing the Fourier basis on {—1, 1}"

with the Hermite polynomials on R".

Theorem 58 (O’Donnell [49]). Let | : RY = R be a polynomial of degree at most k. Then for

any q > 2, it holds that

E, 0.0l f )Y < (g = DYPE, pro,rp £ ()12, (B.3)

We will now check the hypercontractivity assumption (C) when both the mean and standard

deviation of y is a polynomial of 7y, ..., ;.

Theorem 59. Suppose that in (4.2), we have

y=mm,....0) +s(n,...,n%) - €

where m, s are both polynomials of degree at most | and & has finite eighth moment, then

E[((w,z) + b — y)%]"/® [€8]1/8
Bl <oy =% J_< KP”) By

Proof. By triangular inequality in the ¢, space and independence between x and §

E[((w,z) + b — )88 <E[((w,2) + b —m(n1, ... ;)5S + El(s(n, . mp) - €518

= E[((w, z) + b — m(n1, .. ) 5]YE + Els(n, .., ) 81/8 - E[¢B]/8

Since (w, x),n1, ..., n;. are jointly Gaussian, we can apply Theorem 58 and upper bound the above
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VT (E(Gw, ) +b = mlm, o) 22 + Bls(ny, o) 212 - B[S

811/8

<V7 (%) (BI((w.2) + b= mnn, )2 o+ Els o))/ - BN
811/8

<V7 (%) VE -\ JE[(Gw,2) + b= mn, )] + Els(nr, o)) - EJE2

where we use E[¢8]1/8 > E[¢2]1/2 in the second inequality and /a + v/b < \/2(a + b) in the last

inequality. The desired conclusion follows by observing

E[((w,2) + b —y)*] = E[((w, z) + b — m(n1, ... ng))?] + E[s(n1, ... 71.)?] - E[€?]

because x and £ are independent. 0

Remark 60. The assumption that & has finite eighth moment can be significantly relaxed because
there is a version of Theorem 57 in Vapnik [69] that replaces the exponent of 4 by 1 4+ €. How-
ever, allowing heavier tails of £ comes at the cost of a larger constant in front of T or a slower

convergence rate with respect to n in the low-dimensional concentration term.

B.2 Squared Hinge Loss

For illustration, we show how to check hypercontractivity (C) for the squared hinge loss under
some example generative assumptions on y. In the first and simpler example, suppose that there is

an arbitrary constant 7 > 0 such that
min{Pr(y =1|z),Priy=—-1|2)} >n

almost surely. This assumption is satisfied, for example, if the data is generated by an arbitrary

function of 71, ..., n; combined with Random Classification Noise (see e.g. Blum et al. [13]), i.e.
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the label is flipped with some probability. Then if § = (w, z) + b is the prediction, we have
Emax(0, 1~ y3)* > nE(1+[g])* > n(1 +E[5?)).
and on the other hand we always have
Emax(0,1 - yi)® <E(1+ [9])® < 251+ E[]) < 2901+ E[g7") < 2'%(1 + E[3*)*

where the second-to-last inequality follows from the fact that ¢ is marginally Gaussian and using

standard formula for the moments of a Gaussian. It follows that

E[max(0, 1 — y7)%]'/8 o4
E[max(0,1 —y§)2]1/2 = /1

which verifies (4.11) in this setting.
We now consider a more general situation and show that if there is a non-negligible portion of
x’s such that that y is noisy, hypercontractivity is still guaranteed to hold. Let A,, be the event that

min{Pr(y =1 | z),Pr(y = —1]| )} > n. Then

Emax(0, 1 — yi)? > E[1(A,) max(0,1 — y§)?] > nE[L(A,)(1 + [9])?]

> nQ(Pr(Ay))E[(L + [3])7]

where () is defined below. In the last step, we considered the worst case event A77 for given Pr(An),
which corresponds to chopping the tails off of ¢; considering this example, we see the inequality

holds where where @ : (0, 1] — (0, 1] is an explicit function

[ |$|e’z2/2dx ff@px%’ﬁmd:p
2 ’ Ver

Q(p) := min i (B.5)

and z is defined such that Pr,_ g 1) [lg] > zp] = p. Repeating the argument above yields the
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following result:

Theorem 61. Suppose that under (4.2), there exists 1 > 0 such that p; := Pr(min{Pr(y = 1 |

x),Pr(y = —1]x)} >n) > 0. Then for any w,b we have that for § = (w,z) + b,

E[max(0, 1 — y)3]1/8 4
E[max(0,1 — y:&)2]1/2 — VnQ(py)

For another example, if y follows a logistic regression model Ely | 2] = tanh(Sw] - ) with
normalization (w7}, Xw]) = 1, then by Theorem 61 with e.g. n = 1/2, we verify (4.11) with 7
a constant depending only on 3. The result also holds for more general models like Ely | =] =

tanh(f(nq,...,n;)) as long as f is not always very large.
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APPENDIX C
PROOFS FOR SECTION 2

C.1 Proofs for Section 2.2

Lemma 62. For any k € N, it holds that

no\ D oisk N k+r
moz(l—R—k)% and lioZ)\k+1< - —-1]).

Moreover, for any k < n, it holds that

1
ko < <1 — E) —Zbk Ai
n

n

Proof. Observe the following Cauchy-Schwarz inequality:

2 2
\
doai|l =0 o VA + ko)
‘ ; i TR0
>k i>k
< [ 2 ) [ n + o)
— . AZ —’_/{0 . 1 1
i>k >k
< [ ) (S n + mo)
- ; /\i + KQ L

i>k

=n Z)\ZZ—FKJ()Z)\Z'

>k 1>k

Rearranging in terms of x( proves the first inequality. Moreover, it holds that

Ai Ai
D Ip RO)
= A + Ko = A + Ko

k)‘lHl + Zi>k Ai
T A+l TR0 Agg1 t Ko
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which can be rearranged to the second lower bound. Finally, observe that

Ai D isk i
— T ey 2R
" zi:)\i—l—/io_ + Ko

and rearranging concludes the proof of the last inequality.

Lemma 63. For any 6 > 0 and any k € N such that k < n, it holds that

0 o oy < Zizk N HO
n = 0= n—k
Proof. Observe that
o A o Ai 0
— <Y O — <k ) S —
K§ - AN +Ks  Kg iR ks

and the proof concludes by plugging in (2.8) and some rearrangement.

Proposition 2. For any k such that k < n and n < Ry, it holds that

k*2 n -1
<(1-Z% 1—— ) .
as<(1-7) (-5)

Proof. By definition, we have

Rearranging, we get

(C.3)

(2.14)



At the same time, observe that

K§ Ai
= * (C.4)

Plugging in 6 = 0 and Lemma 62, we have

(im0 R

Proposition 3. Fix any b > 0. If there exists k < n such that n < k + bry, then let k be the first

such integer. Otherwise, pick k = n. It holds that
1 N> n [ b
- £ = (1) = (=
Z ma”‘{(bm?( n) Rk’(bﬂ)
Proof. Observe that for any k < n

ZEZO = ()\i):m)Q

<A

Sinn A

()\ + Zz>k‘kA )

2
E} . (2.15)
n

Without loss of generality, sort the eigenvalues in descending order. Then pick the first &' < n
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such that Ay < bzéi’“lﬂi,Ai and set A = Az . By the choice of A, we have

1 1 A2
Liy> . Zizk 5 (C.5)
Ry

which can be rearranged to the first part of the desired inequality. Moreover, we know that for any
k < k' < n, we have Afg1 > b% and so by the second part of Lemma 62, we have

Zi>k Ai
n —

Ko < 3

1
< gAsz-

Therefore, we have

P M)
Zi:ﬁi’o 2 Z <)‘k +/<60>

k=i ) (C.6)
b

>E(— ) .

= (753)

and we are done with the case when there exists such &’. Finally, if there is no such &', then by the

same reasoning, we have

and we are done. O]

Proposition 5. Suppose there exists m, M > 0 such that m < ri./k < M for k > |7 f |. Then

it holds that
TS A
1+M n

- )

& < 4< 2.17)

116



If {\;} does not change with n and limy,_, . r1./k = a > 0, then

) 1

lim & <4 (1 + —) . (2.18)

n—00 o
Proof. Let k be the largest integer such that \j, > xq. Then it holds that
1 2 _ 1 2
- ;Zﬁi,o = Ezﬁi,() - Ly
) 7

_ Ko Ai
n Z ()\Z' + Kuo)Q
! (C.7)

v

K Ai
n ; (A + Ko)?

K0 M 2iskAi o 1 mk
n 4/{(2) )‘k} 4 n

n
1+

It remains to lower bound k and verify that k& > | |. By construction, it holds that ;1 <

kg. Also, by Lemma 62 we know that

1 Tk/ / Mk/ /
1

Choosing k' = | 1 ~7)» then the above become

/

/ /
Since the \; are sorted, it must be the case that
k:>k:’=>l<:zl+nM—1 (C.8)

and so we have




Taking the inverse concludes the proof of the first part. Finally, suppose that lim;._, . 7./k = «,
then fix any € € (0, «), there exists N such that Vk > N, a — € < r;./k < « + €. Then for

n > (14 2a)(N + 1), we can choose m = o — e and M = « + € because

n n n
> —-1>——=1>N.
L1—i-MJ_1+Z\/[ 14+ 2a -

Applying the non-asymptotic result and sending n — 0o, we obtain

1
lim & < 4-—+2T€
n—oo o — €
Finally, we conclude the proof by sending ¢ — 0. [
Proposition 6. For any k > n + ry, it holds that
1252 >0 (- Tk ] (2.19)
n W= k—n/) '

Therefore, if {\;} does not change with n and limy._, . r1./k = 0, then, then it holds that

lim &) = oo.
n—00

Proof. By Cauchy-Schwarz, we have

A
(P
Ai Ai
D RO
Pyt A + Ko et A + Ko

Zi>k>‘i Ai 2
= CND D) e
i<k N
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By Lemma 62, we have kg > A1 (% — 1). Combine with above, we obtain

n<7’kk

Rearranging gives us

1 2 1 >‘2' 2 n "L 2
— = 2 > > (71—
nzi:ﬁl’o_nz:()\wwﬂo) _k< k—n

i<k

For any € > 0, choose k = (1 + €)n, we get

Therefore, if 7. = o(k), then

| - £
ng%onz 1—|—e

However, since the choice of ¢ is arbitrary, then we can send ¢ — 0. The desired conclusion follows

by&o=(1-1522)) 0
Theorem 7. Suppose that {\;} does not change with n and the optimally tuned ridge regression

is consistent: E(fs+) — 02, then

(i) iflimy_, . 7./ k = oo, then overfitting is benign:

lim &(fg) = o? (2.20)

n—o0
(ii) iflimy,_, 7. /k € (0,00), then overfitting is tempered:

2 .
o° < nlgréo E(fo) < o0 (2.21)
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(ii) iflimy_ oo 71/k = 0, then overfitting is catastrophic:

lim &(fp) = (2.22)

n—oo

Proof. First, assume that r,/k — oo. For any € > 0, we can pick k& = en in Proposition 2 and

1 1 k!

obtain the following:

Since we have
2
YN <M1 YN = Ry >y,
>k i>k

we can send n — oo and k/ Ry, < k/rj — 0. Therefore, it holds that

&0 < (1—e)?2
Since the choice of ¢ > 0 can be made arbitrarily small, we have the desired conclusion. On the
other hand, suppose that . /k is bounded, then there exists M > 0 such that 7, < kM for all k. If
we let b = 1/(3M), then for all £ < n/2, it holds that
14+bM < 2n

— <n.

k4 br < k(1+0bM) < 5 S

Then we can apply Theorem 3 to show that

_Z 10_21+3M)

and so lim,,—y~, &y > 1. Finally, (ii) and (iii) follows from Theorem 1, Proposition 5 and 6. ]
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C.2 Proofs for Section 2.3 and 2.4

Theorem 8. Fix any | € NU {co} and k < n/2. For any k' < n, it holds that

(Xisk M) (Zigl %)

1+
5(f5*)§—, 24 i+ p— (2.23)
l—e— i>l
where € is defined as
2\ 2/3
: 1/3
2 Z i<l 1)}\_z i 1! )\2
€= —;5 i —Zﬁf d . (2.24)

Proof. For any k < n, it holds that

2
RsAi Y] 2
(1—L; 5207 = ks Y —200 & L7y
Z 2 v ;(Al+/{5)2>\ Z t

) >l

i<l >l
o+ Zz>k Ai Uz'2 2
n—k Z )\_Z + Z Y
i<l i>1
v2 A Uzz
Zz<l )\—Z (Zz>k Z) Zz<l by
BV k 2
n " >l

and for any &' < n

l} ) (L)Q < k_/+ Yisk A < k_/+”2i>k’)‘%
n i >\Z+K’(5 n 6

nKs n
To balance the two terms, we choose 4 such that

1/3
2n22>k' )‘ Zl<l Ai

Ly = § = 0_2/3 TL(TL T k) Zi>k/ )\?
52 n—=k

2
V4
Di<l n
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and so using k£ < n/2, we have

2/3

Zz<l /\l T4/ Zz>k’ )‘ Zz<l A < 2
= 0.
The proof concludes by plugging into the definition of £( fs+). ]

Theorem 9. Forany § > 0 and k € N such that (k/n)? 4+ 2(k/n) < 1. Let e = \/(k? + 2kn)/n2,

then it holds that

n

2
0 e < VET . \/<zi>kAz->Euf5||;% | 026

Proof. Applying equation (2.10) and (2.8), we can write the difference

(\/E(fa) - \/€tr(f5)>2 = <1 — i)25(f5)

nKg§

2
1 Ai E(fs)
= n (; i —I—/-ig) n

We can do covariance splitting by

(;Aiizé)Q- 2; -

Zk Ait+ i>k

—|— 2kn +
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where in the last inequality we use (2.8) and Cauchy-Schwarz, and so by (2.11)

(Ve ~ vVeulin) < ey 4 (Sl sr A (1smy,

. 2
i>k (i + ) i>k
K + 2kn E| f5lli(Cisk M)
< —=—&(fs) + Kosivk
n n
then using /= +y < /& + /Y

2 n 92 ‘ i
\/5(f5) - \/5tr(f5) < \/%5066) + E”f(SHIC(ZZ>k)\ )

n

2 .
< \/1{52_'_—2m5(f6) + \/E”fd”/c(ZDk )‘z).

Tl2 n

Re-arranging concludes the proof. [

Proposition 10. For any | € NU {oco} and k € N such that R, > n, it holds that

1 2 2

n n(o +Z~>lv-)

E| follz < —+<L~—> izt (2.27)
; A Ry, D isk i

Proof. When 6 = 0, it holds that

)\2

no_ 9 .
S_O_H_Zﬁi Z)\ + Ko )\+Z/<0)

(N + ko) — A2

B Z (\; + k)2
Ai
- (ZZ: (A + Fdo)2>

123



by applying (2.9) and (2.8). Therefore, the first term in (2.11) can be simplified as

E(fo) 3 Ai o (3;(1 = Li)*v7 +0?) Ai
n S (Ni+ho)? n — (Ai + £p)?
_y (= Lif p o2
. Ko Ko

2

KQ 2 o
e _— _|_ R
; (N +50)2 " Ko

by the definition in (2.10) and (2.9). Plugging in, we arrive at

2 2
0 (C.10)

) (Y
EHfOHIC = Z /\i‘;/i() + li_()
i

To handle situations where f* is not in the RKHS, observe that for any /, we have

and so

EHfoII;c<Z—+— F+Y 7. (C.11)

1<l >0

The proof concludes by plugging in Lemma 62.
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APPENDIX D
PROOFS FOR SECTION 3

D.1 Proofs for Section 3.2

We will make use of the following standard concentration result.

Lemma 64. For any covariance matrix %, it holds that with probability at least 1 — 6,

CI=2H|S _ log(4/9)

D.1
)~ VR (D.1)
and
ISH|3 < log(4/6) Tr(2?). (D:2)
Therefore, provided that R(X) > log(4/68)?, it holds that

ISH] )2< TH(s?)
—_— log(4/6 . D.3
() 0T ®-3

Proof. Because we are considering /5 norm and H is standard Gaussian, without loss of generality
we can assume that X is diagonal and we denote the diagonals of > as A1, ..., A\;. By the sub-

exponential Bernstein inequality [71, Corollary 2.8.3], we have with probability at least 1 — §/2

< [los(4/0)  log(4/5) _ log(4/d)
~\V RE) r(X) T R(D)

where the last inequality uses that R(X) < 7(X)2, shown in Lemma 5 of Bartlett et al. [7]. Using

i=1 252

TI"(E) (HZ2 o 1)

I=Y2H|3 ‘

the sub-exponential Bernstein inequality again, we show with probability at least 1 — §/2

IS H||3
Tr(X%2)

log(4/9) |, log(4/9)
~VORER) (22
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From Lemma 5 of Bartlett et al. [7], we know that the effective ranks are at least 1. This implies
ISH|3 < log(4/6) Tr(S?).
Provided that R(X) > log(4/6)2, we have

ISY2H(3 > - Te(z)

N | —

in which case it holds that
2
1512 |3

Tr(%2)

log(4/9) )

Corollary 15. Assume that (A), (B), and (C) holds. Let Q = I — W(WTsW) " 'WTS and o+ =
QTZQ. Fix any (w“, bﬁ) e R such that Qwlj = 0. Consider the minimal norm interpolator
w, b= arg min (

w,b): (1,6)=0 ||w||2. Then with probability at least 1 — 9, for some

klog(n/k) + log(1/9) 1 1 k n
prT\/ +log(1/6) | =+ ——=+ -+~ |,
n Vn R(Z1L) n R(%)
it holds that )
Tr(X4)

L, b) < (1+ p) | \/L(w?, b8) + [|w?[|a

(3.12)

Proof. By Lemma 64, there exists some constant C' > 0 such that with probability at least 1 — /8

(Qu,z) < wllz - Q7|2
1/2
log(32/6)

R(XL)

<Jw|2-{1+C Tr(x1)

and so we can choose Cj to be the above upper bound in Theorem 12. It holds that with probability
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~ ~

at least 1 — §/2, uniformly over all (i, b) such that L (i, b) = 0, we have

log(32/9) ||zZJ||%Tr(El)‘

L by <(1-e t|14C
R(z1) "

Moreover, we apply Theorem 14 to show with probability at least 1 — §/2

an(wﬁ,bﬁ)

ol < [lwh 1+¢
]2 < [J[w*]]2 + (1 +¢€) (o)

then by a union bound, we have with probability at least 1 — ¢, it holds that

(1+¢€)2 (1+01°g§z2/5
L, b) < — |2 \/ + 4/ Ly (wh, bF)

Flatness of generalization curve. Next, we prove a general lemma that shows any constrained
ERM with a sufficiently small regularization can enjoy the same generalization guarantee as the
minimal norm interpolator under the benign overfitting conditions. Note that we only require v/ f
to be convex below and so this result can be applied to linear classification with the squared hinge

loss as well as linear regression with the square loss in Chapter 3.

Lemma 65. Suppose that \/f is convex and there exists a convex function C : RY — R such that

forany (w,b) € RA+1

2
(1—6)Lf<w,b)g< ﬁf(w,b)+0%)) .

Let (0, V) € R™Y be any interpolator: f((w',z;) + V., y;) = 0 forall i € [n]. Then for

any (w,b) € R and any R between C(w) and C(w'), consider the constrained empirical risk
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minimizer of the form

wg,bp = ar min L w, b).
R g(w,b):Cl(w)SR f( )

It holds that

- w 2 w/2
(1—€)Lf(wR,bR)§maX{< Lf(w,b)+c\(/ﬁ)) < )} (D.4)

n

Proof. For any R between C'(w) and C(w'), we can write
R=(1-0a)C(w)+aC(w)

for some o € [0,1]. If we define wy, := (1 — a)w + aw’ and b, := (1 — a)b + ab/, then by
convexity, we have

C(wa) < (1 —a)C(w) +aC(w') = R

A

and by definition, we have L f(wp,bR) < L¢(wa,ba). In addition, by the convexity of \/f and

Jensen’s inequality, we have

Lp(wasb) = D F({uasi) + by i)
i=1
%Z\/ 1—Oé w xl) +b)+a(<w,,$i>+b/),yi)2
% <1—Oz\/f (w, z3) + b,y;) +04\/f ((w’ $z>+b/yz)>2
=1
1 & ;

= =3 (- a2 f((w, ) + boy) = (1 — ) Lp(w,b)

1=1

3
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and so

= OLy(wr.br) < \/Lp(wp.bp) + C(;v;)
< (1—a)\/Ly(w.b) +
= 1-a) (Vg + &
Smax{\/m+

Taking the square on both hand side concludes the proof.

(1—a)C(w) + aC(w')

o
)R

D.2 Proofs for Section 3.3

Corollary 17. Assume that (A), (B), and (C) holds and let Q = I — W(WTSW)~1WTS. Fix an

arbitrary norm || - || and any (w?,b?) € R¥L There exists \* > 0 such that if we consider the

Wyx,bys = arg miil) \/ L(w, b) + X||w]|, (3.17)

(w,

regularized estimator
it holds with probability at least 1 — § that

2
. il
(1 = )L (s, bye) < ( L(wh ) + (EHQTwH* + sup |Qullny/? 1og<16/6>> @)
[v][<1
where ¢ is the same as in Theorem 12.
Proof. Since we can write

1QT x|« = sup (v, QTx'/2H)
llv]|<1
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with H ~ N (0, 1;) and we can use Cauchy-Schwarz inequality to show that

sup (v, QTSV2H) — sup (v, QTRY2H')
Jvl<1 Joll<1

< sup (v, QTSV2H) — (v,QTSY2H") = sup (2V2Qu, H — H')
o<1 o<1

< sup [Qulls- |H - H'lla,
lvl<1

by concentration of Lipschitz function (Lemma 49), it holds with probability at least 1 — ¢/8 that

1Q x|+ < ENQ x|+ + ”st |Qu||=\/210g(16/4).
v||<1

Using the definition of dual norm, we have

(Qu, ) < |w]|Q" |
< [l (EHQTxH* + sup HQszx/Qlog(lﬁ/5))

[ol[<1

and we can choose C§5 to be the above upper bound in Theorem 12. Applying Theorem 12, we

show that
E|lQT ] 210g(16/0) i
1—6Lw,l§ < ﬁw,é + | /= 1 sup ||Qu —— | ||lw
(1 —e)L(w,d) ( (1, b) ( NG anng 1> " )H H>
2
- E|QT x|+ 21log(16/9)
< L(wt b8) + | /=" 4 sup ||Qu 2T
( (w#, %) ( o s el =

Suppose that L(wf, b) < (1 4 p)L(w?, b), then it follows that

2
e _1+p E||QT x| 21log(16/9)
L(w,b) < L{wt b)) + | —="= 4 su v =1 NI
(i) H( (wh, ) ( T s Qulsy 7B )

Next, we prove a standard expectation bound and concentration inequality for the /~, norm of
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Gaussian vectors.

Lemma 66. For any covariance matrix Y., consider z ~ N (0,X). Then it holds that

Ellzfloc < \/2 log(2d) max X (D.5)

and with probability at least 1 — ), we have

|2]|o0 < \/210g(2d/5) mZaXZ“-. (D.6)

In addition, it holds that

sup |jv]|y =, /max ;. (D.7)
[olli<1 ¢

Proof. By Jensen’s inequality, for any A > 0, it holds that

AElzlbe < gMlElle <

Zew]

)
S QZEGA% — 226A22i7j/2 S 2d6)\2 max; 2@/2

2 2

and so rearranging gives

log(2d) " )\maxi Zii

E <
2o < 255 :

Optimizing over \ proves the first desired bound. To show the high probability bound, we can use

a union bound and the standard Gaussian tail bound Pr(|Z| > t) < 2¢~t*/2 to show that

Pr(flz][oc > 1) < ZPI"<|ZZ| > 1) < 22@_t2/22ii
é i

< 2d6_t2/2 max; 2j;

and setting 0 = 92de—t*/2max; Yii| we have t = V2 max; 3;; log(2d/5). Finally, for A =
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la1, ..., ag], we show that

max ||Av|lo = max (u, Av)
[o]l1<1 [olli<1[Jull2<1
= max [|ATuls = max max]aiTu|
[ull2<1 [ull2<1
= max max |aZTu| = max ||a;||2 = , /max(AT A);;. O
i full2<1 { )

Lemma 18. Suppose w' is k-sparse, i.e. supported on coordinate set S C [d] with | S| < k. Every

w with ||w||y < ||w?||; satisfies
(w — wh)gellr < [l(w —w?)s]s. (3.20)
Proof. Note that over this set, we have
l(w — w?)gell = wgell = lwll = wslly < [wly — [wslh
< l(w* = wg)ll1 = I|(w — whslh

where the first inequality uses ||w||; < ||w||; and the second inequality follows by the triangle

inequality. [

Theorem 19. Under assumptions (A), (B) and (C), let €,() be the same as in Theorem 12 and

denote >+ = Q1'SQ. Let 02 = min,, j, L(w,b) and w? b = arg miny, , L(w, b). Suppose that
1. wh is a k-sparse vector with support S C [d]
2. the covariance matrix ¥ satisfies the S-compatibility condition
3. the number of samples n satisfies

32 max; X3
n> % - klog(16d/8) and € <1/2
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Then for any € < 1, it holds with probability at least 1 — ¢ that for all (w,b) satisfying ||wl||1 <

|w?||1 and L(w,b) < (1+ € )02, we have

(3.21)

L(w,b) — 02 < 10402 <6+ sl 8k10g(16d/5)> ‘

¢(3, 8)? n
In particular, when o = 0 we have that |w — w!||s, = 0, and so if . is positive definite then we

have w = w* (exact recovery).

Proof. Note that L(w, b) = E[((w, z) + b — 3)?] is a quadratic function in both w and b with

put +35 p

pl 1

V2L(w,b) =2

Since the second-order Taylor expansion is exact for quadratic functions, if we let 02 = miny, , L(w, b)

and wf, b¥ = arg miny, , L(w, b), it must be the case that
L(w,b) = 02 + (w — wH) T (upT + ) (w — wb) + 2(b — b)) (, w — wh) + (b — b9)?
= 0%+ flw — % + (o w = w) +0 = )%

By Lemma 18, Lemma 66, the compatibility condition, and a union bound, it holds for x ~

N (0, ) that with probability at least 1 — §/8

(Qu,z) = (Q(w — w?),z) = (w — v, QTx)

< Jlw — w1 |QT 200

< 2|(w - wﬁ)slh\/? log(16d/8) max (D.8)
2

K2 w — wfls
T 4ES)

\/8 log(16d/5) max X3
(3

and so we can apply Theorem 12 with Cs(w) equal to the right hand side of (D.8). Therefore, we
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have shown that

N 1/2)10y — wt
(1—¢€) L(w,b) < L(w,b) + k g!l(ué SZ)U b \/810g(1§d/6) max Zij_i

ZJ_
oI+ + W\/gklog (16d/5) m?zXlS) )

For the simplicity of notation, we denote

L
_ /L(w,b)—JQ, . /1—1—5’7 8k log(16d/0) max; 2z
1—e¢ (1—€n &%, 9)2

then we have shown

IN

0% + 2% < (a0 + bx)?.

Solving this quadratic equation, the above becomes

5 (ab—l— Vb2 +a? — 1)
and so using the inequality /= +y < /= + ,/y and the AM-GM inequality, we can show

<ab—|— W)

2 <a2b2+b2+a —1+2abm>
<a2b2 02 a? -1+ 2%+ 2ab\/ﬁ>
(a2b2 + 0%+ a? — 1+ 2ab* + a®V? + a® — 1)
o (

(1+ 2a + 2a%)p? +2(a2—1)>.

Therefore, if ¢ < 2 and b2 (which is guaranteed by the assumption), then x2 < 5202(172 +

IN
[\

134



a? — 1) and we are done. O

Remark 67 (Generalization Bound for Larger Cones). For simplicity, in the above analysis we

gave a generalization bound for predictors w satisfying |w||1 < ||w*||1, or more generally ||(w —

w*)gellr < (w — w*)gll1, which covers the case of the LASSO with oracle regularization com-

monly considered in the literature (see, e.g., Vershynin [71]). In situations where adaptivity to the
unknown value of ||w*||1 is important, the relevant predictor w may only be guaranteed to satisfy
the weaker bound ||(w — w*) gc||1 < C||(w —w*)g||1 for some C' > 1 and the analogous version
of the compatibility condition/restricted eigenvalue condition over this cone is assumed (see, e.g.
Bickel et al. [12], Van De Geer and Biihlmann [67], Rigollet and Hiitter [56], Wainwright [73]);

adopting the analysis to predictors in this larger cone is straightforward and we omit the details.

D.3 Proofs for Section 3.4

Lemma 68. Under the assumptions of Theorem 20 and with the definition of 31 there, with prob-

ability at least 1 — 4(5 + &)

2
L(d) < 0? + (14 26)) ( oF(0)/v/7 + F(w)/ﬁ)

~

where W is any empirical risk minimizer over a closed convex set K containing w*, i.e. L(w) =

ming i L(w).

Proof. Write X = 7 $1/2 with Z a matrix of i.i.d. Gaussians, and observe
LT, «1/2 * 1 1/2 « 1 *

Note that conditional on &, Z7¢ is just a standard Gaussian N (0, [|€[31;). So with probability at
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least 1 — ¢’ (recalling the defining property of the complexity functional F') we have
%<ZT5, S2(w —w*)) < @F(w)- (D.9)
Observe that
Vo L(w) = %kuy ~ Xuw| = —%XT(Y  Xuw) = —%(XTg + XTX (w* — w))
so from the KKT condition (w* — &, V., L()) > 0 we have
(w* — b, XT&) + (w* —w, XT X (w* —w)) <0
so rearranging gives the first inequality, and using (D.9) gives the second inequality in

< T x o < B p

By Theorem 20 (defining F'(w) = oo outside of K), for all w € K

Jw* = wllg < (14 By) [Ilw* = wllg, + Fw)/vn]

and so for w we have

lw* = dlls < (1+ By) [Ilw* = dllg, + F()/v/n]

< (46 J%B<m+Fww¢4

and using the fact that the norm ||¢||2 concentrates about o/ by Lemma 52 and recalling the
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definition of 31, we have

2

hw* — ]l < (1-+28) < oF(@)/n + F(w)/\/ﬁ>

Finally, recalling that L(i) = o2 + |Jw — d)HQE gives the bound as claimed. O

Theorem 21. Let K be a closed convex set in RY containing w* and suppose 6' > 0,p > 0 are
such that with probability at least 1 — &' over the randomness of x ~ N (0, ), uniformly over all
w € K we have

(w—w*z) < ||lw—w"||g/p- (3.25)

Suppose that i = argming,cx L(w) and p/n < 0.999, then for all n. > C'log(2/6) for some

absolute constant C' > 0, it holds with probability at least 1 — (6 + ¢') that

L) —o? < (1+7)o?- (3.26)

3 I

where T = 7(p,n, d) is upper bounded by an absolute constant and satisfies T(p,n,0) — 1 in any

joint limit [p + log(2/0)]/n — 0,n — oc.

Proof. Defining p := \/p/n and Theorem 68 gives

o = alls < (4 200" (o (o) v+ P va)
= (1+ 28012 (Voplw = v + pllw — w5

hence

(1— (1 +260)Y%p)|w — w*[|s; < (1 + 2812 oplw — wH]y

which is equivalent to
(1+281)op
(1= (14261)1/2p)2

lw —w|ly; <

and this in turn is equivalent to the final result. 0
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Corollary 22. Under the model assumptions (4.2) with d < n and assuming a sufficiently large n,

it holds with probability at least 1 — § that

L(tors) — <\/7 2,/ 36/ %) ) (3.27)

Proof. Recall from the proof of Theorem 24 that with probability at least 1 — 6’ we have

(w—w*, z) (\/_+2\/W> H21/2 H2

where 8" = §/9 so the result follows from Theorem 21 with K = R, O]

Corollary 23. Applying Theorem 21 with K = {||w||1 < ||w*||1} the rescaled (1-ball and under
the sparsity and compatability condition assumptions of (19), we have with probability at least

1 — 6 that the LASSO solution

Wrasso = argmin  L(w)
w:|wl| <[lw*[|y

satisfies

Y o2klog(16d/6)
Ll 9 max; N
(Wpasso) —o0° S ONGE

(3.28)

n
provided n is sufficiently large that
max; Zii 8k 10g(16d/5) < 0.999
$(%, )2 -

Proof. Recall from the proof of Theorem 19, more specially (D.8), that with probability at least
1—-4/8

(w—w" z) < [lw—w]z]o

2]{31/2 .
<2f(w —w gl llzfloo < o )Hw—w 1> mz.aX\/QZulOg(lﬁd/@'
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so the result follows from Theorem 21. ]

D.4 Proofs for Section 3.5

The following training error bounds are standard, which we include for completeness.

Lemma 69. Under the model assumptions in (4.2) with d < n, consider the ordinary least square

estimator worg = (X1 X)L XTY. With probability at least 1 — 6, it holds that

L (Wors) (\/ +24/ log 4/5 ) (D.10)

Similarly, with probability at least 1 — 6, it holds that

c<o (\/g+2\/@> (D.11)

Proof. By our model assumptions, we can write worg = w* + (XTX)_lXTﬁ, and so Y —

|wors — w

Xiors = (I — X(XTX)71XT)¢. Since (I — X(XTX)~1XT) is almost surely an idempotent
matrix with rank n — d, it follows that the distribution of
nL(dors) _ 1 .1 Ty —1xT
REEOLS) — €T - X(XT X)X,
is a Chi-square distribution with n — d degrees of freedom. By the same reasoning, the distribution
of

~ 2
n|wors —wls 1 B

g

is a Chi-square distribution with d degrees of freedom. By Lemma 52, with probability at least

1 — 9, it holds that

g L(wors) < Vn — d + 2/log(4/9).
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Similarly, we have

n
0 iors — w* g < vV + 2/ 108 (8/3).
Rearranging the terms conclude the proof. 0

Theorem 24. Under the model assumptions in (3.22), let v = d/n < 1. There exists some

log(36/0) \ 1/2 . . . . .
eS|/ such that for all sufficiently large n, with probability 1 — ¢ it holds uniformly

Y

forallw € RY that

waw#,/% < ey/L(w) + ﬁ(%—ﬂ)ﬂi(w). (3.30)

For the empirical risk minimizer Wo1,g = (XTX)*lXTY, the right hand side of (3.30) is ap-

proximately zero because we also have

L(worg) < 02(1 —7) + o2ey/1 — 7. (3.31)
Therefore, we obtain the following generalization bound:

2 1/4
L(iors) — — > <o’ (M) : (3.32)

1-— n

Proof. By Lemma 52, we can pick

Fw) = (Vi +2y/log@/5)) |52 (w* - w)
= (\/C_Z—FQ\/W) \/ L(w) — o2

2

Let & = 6/9 and replace 6 by §/3 in Theorem 20, plug in the estimates from Lemma 69 using

log(36/9)

confidence level §/9, then by a union bound with y = % and € = , we have

\/ L(worg) < oy/1— v+ 20€ (D.12)
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and the bound (3.24) becomes

L(w) < (1 + 14e) (\/%_’_ (v + 2€)4/ L(w) — 02>2 .

We can simplify this by expanding the square

(1+14€) 1 L(w) < L(w) + (V7 + 26)*(L(w) — o) + 2(y/7 + 26)\/ﬁ(w)\/L(w) -
Rearranging, we arrive at

(14 1467 = (V7 + 262 (L{w) — 0?)

< L(w) — (14 14e) " Lo? + 2(/7 + 26)\/ L(w)/ L(w) — o2

Note that this is a quadratic equation in terms of v/ L(w) — o2

(L(w) — 02) =2 (V7 + 29y \/7 1 1497

(14 14¢)~1 \/‘ + 2¢)2 + 14e — (V7 + 26) '

We can complete the square, which leads to the following

. 2
L) o2 W2V IW)

(1+14e)=1 — (/7 + 2¢)?

(w) 2
- (V7 + 2¢)2

(14 14e)~1

= (1+ 14671 — (/7 + 2¢)2 ((1 + 14e)~

»—lbw

Observe that (1 + 14€) ™1 — (,/7 +2¢€)2 =1 — v — O(e) and so

al (V7 + 2¢) NGl
-5 = (1+ 14e)=1 — (/7 + 2¢)2 = 1_7+0(€)-

We can handle the other terms similarly. Plugging in (D.12) concludes the proof.
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Lemma 70. Let w*, w be arbitrary vectors with w* # 0, let V be the (one-dimensional) span of

w*, and let Py be the orthogonal projection onto V. Then for any vector z,

2
(l[wl]3 + [lw*][5 — [lw — w*|3)

(w—w* z) < [lw—wz- |Pyz|a+ |lzll24| w]3 - )
4”“’ ||2

Proof. Observe that by expanding the square, we have
lw — w* |13 = [lw]]3 + [lw*||5 — 2(Pyw, w®)
and so rearranging gives the Parallelogram identity
lll3 + ™[5 = llw — w[[3 = 2(Pyw, w).
Taking absolute value of both sides and using that Py w and w™ are colinear gives
w3+ w* 13 = [lw — w*H%’ = 2| Pywllzfwl2-

Combining this with the Pythagorean Theorem, we find

2
w3 + [w*]|3 = jw - w*n%\>

1Py Lw]F = llwlF — | Prwl = w3 -
v 2|w]|

Thus, applying the Cauchy-Schwarz inequality

(w—w*, 2y = (Py(w—w"),z) + (PyLw, )

< (Py(w—w®),z) + | Pyrwllzzll2
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and plugging in the identity for || Py, wl|2 gives

2
(wll3 + [lw*]|5 — [lw — w*3)
4w 3

(w—w,z) < (w—w", Pya) + [z]ay| w3 -

2
(l[wll3 + [lw*][5 — [lw — w*|3)
4flw*3

<l —w*llz - 1Py allz + llzll2y| w3 -

which is the desired inequality. 0

Lemma 71. Under the assumptions of Theorem 20 with v = d/n > 1 and the further assump-

log(18/4)

tion that the data has isotropic covariance > = 1, there exists € < such that with

probability at least 1 — 0§, we have

2
2 *]2 (122
- wi|5 + ||lw —|lw—w
w13+ < (14 0) | 2w+ -y g - Lel2t o~ o= wtl))
Alwl3
Proof. Observe that % ~ N(0, 1) and so by a standard Gaussian tail bound, Lemma 52 and a

union bound, with probability at least 1 — 4, it holds that

w*(w*)T (w*, )|
1Pl = | g, ™ Tl = V2RO

and ||z]|2 < Vd + 24/log(6/9).

Combining Lemma 70 with Theorem 20 and another union bound gives

1
v

A 2log(18/d
< L) + o — w2
2
7, o) [, o (el el = e = w[3)
TR Y -T2y I T | .
" " 13
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Using the fact that ||w — w*||o < \/Hw — w*||3 + 0% and d > n, we have

1
log(18/0) 1 21og(18/4) 3
(”2 T) (le‘v " )V”w_w”%"?

2
- (lwll3 + [lw*]|3 = [lw — w=||3)
<\ L(w) + /7 - | lw]lf = 2 - 2

4llw*3

To simplify, there exists ¢ < w such that

2
1 Ji (ool + w13 = flw = w[3)
eVl = w3 0 < Ew) + 7| llel - 2 . 2

4w 3
and rearranging concludes the proof. 0

The generalization bound from Lemma 71 holds for all w; we now show what happens when

we specialize it to interpolators.

Theorem 25. Under the model assumptions in (4.2) with v = d/n > 1 and ¥ = 1, there exists
1/2
€< <w> / such that with probability at least 1 — 0, the following holds uniformly over all

w such that L(w) = 0:

2w) = |+l + (1 g ) 11

| N
<2fju*|ls (1 - —) oll ~ T 3eful
Y Y Y

Proof. By Lemma 71, there exists some € < w such that with probability at least 1 — 4,

(3.33)
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for all w such that L(w) = 0 it holds that

lw — w3 + o

2
(wll3 + llw* 13 — llw — w*[13)
4llw*3
(lwl3 + lw*113)* = 2(llwl3 + [w* 3w — w* |13 + [lw — w*|i3
4llw*3

< (146 (HwH% -

= (146 (HwH% -

Rearranging, we have

Jw — w3 + o2
(14 €)y

2 2 2 2\2 2 2 2 4
< Afwf3 - fwll® = (lwlly + lw*l12)7 + 2([wlz + [[w*lZ) [w — w5 = [lw — w3

2
4wz -

Grouping the terms with [|w — w* H%, we see that

o2

(1+e€)y

w14 4Hw*’|% 9 2 *2 %12 Allw* 2
Jw—w*|ls + | 7—== —2([[wllz + [[w™][3) ] - lw —w[[3 + 4[|w™[|5 -
(1+¢€)y

2 2 2 2\2
< Aflwfiz - flwll® = (lwllz + l[w”[2)

which is equivalent to

2
o= =2 (ol + (1= g ) 1B - = w13

a2

2 2,2 9
+([lwllz = [Jw*[15)" + 4[jw™||5 - At < 0.
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To complete the square, we compute

2 2
2 o
2 2 2 272 2
(HWHQ + <1 B ) Hw*Hz) — ([wllz = lw*[|3)* — 4[lw™||3 -
2

(1+e€)y (1+¢)y
_ 4 4 ! 1 w2l 12 — 4112 . 2
(o ~ ) 4 (1 g ) Nl — a1 T

_4”21)*”2 _(1 _ 1 Hw||2 . Hw*”% _ o
a 2 (14+€)y 2 (14 e)y (1+¢€)y

1 2 o Jlw*ll3 o2
1+e— —> w5 + €||lwl|y — - —
S (H 2+ ellwllz = — N

2 2
where in the last step we use (1 + 6)2 > 1 and # > 0'7

I R N (o el ,
(Lw——)\mm+4wb— (=Y ez - < 3¢l
Y Y Y Y

and so we can conclude that

2
%112 2 * (12
_ _ 1 —
Mw w3 Dmm+< (LHW>WH4
| O
< 2" @—Q fof2 = P02} 9% sz,
Y Y Y

as desired. O]

p
<4lw*|3

. To simplify, it is routine to check

that

Theorem 26. Under the model assumptions in (4.2) with v = d/n > 1 and ¥ = 1, there exists

1/2
€< (W) / such that with probability at least 1 — 6, it holds that

Y

%12 2
min ||w||§g(1+e)<”“’ l2 , o ) (3.34)
w: =Y

Xw= ¥ v—1
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ThMS, by Theorem 25, we have
/y ry —

3.35
o3 o ) o3 o (-3
<e + + [[w* |24 ] € +
vy v—1 vy v—1

where 1 is the minimal-Uy norm interpolator. If we fix o2, ~ and ||w*||2, then as n — oo

in probability. (3.36)

1
L(w) — (1 — ;) [w*|3 + o

Proof. The proof strategy here follows the same lines as in Theorem 2 of Koehler et al. [33], but
handles the w* term more carefully. First, we introduce the Lagrangian and apply a change of

variable
min_|jw||? = minmax (A, Xw — V) + ||Jw||?
Xw=Y wo\
= minmax (\, Xw =€) + [|w + w*||?
w

To apply CGMT (Theorem 45), we need a double truncation argument. For any 7, ¢ > 0, introduce

the following problem:

()= min  max (A Xw— &)+ [Jw+w*||%. (D.13)
Jwtw*|2<2t [|A <r

We also introduce

®(t)= min  max(\ Xw — &) + ||lw+ w*|?
|wtw*|[2<2t A

(D.14)
=  min Jw + w*|)?
Xw=¢
[wtw*||? <2t

and claim that ®,.(¢) — ®(t) as r — oo. By definition, ®,(t) < ®4(¢) for r < s. We consider two
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cases:

1.

®(t) = oo, i.e. the minimization problem defining ®(¢) is infeasible. In this case, we know
that for all |jw + w*||? < 2t

| Xw — &[]2 > 0.

By compactness, there exists p1 = (X, &) > 0 (in particular, independent of ) such that
[ Xw —¢&ll2 = p.
Therefore, considering A along the direction of Xw — & shows that

O,.(t) = min max (A, Xw — &) + ||w +w*||? > ru
[[wtw*|2<2¢ |All2<r

s0 @,.(t) — oo as r — oo.

Otherwise ®(t) < oo, i.e. the minimization problem defining ®(¢) is feasible. In this case,
we can let w(r) be an arbitrary minimizer achieving the objective ®,.(¢) for each r > 0 by
compactness. By compactness again, the sequence {w(r)} 2 at positive integer values of
r has a subsequential limit w(oo) such that ||w(oco) + w*|| < 2¢. Equivalently, there exists

an increasing sequence r, such that limy, oo w(ry) = w(o0).

Suppose for the sake of contradiction that Xw(co) # &, then by continuity, there exists

p > 0 and a sufficiently small € > 0 such that for all ||w — w(c0)|l2 < €
[ Xw—¢&ll2 = g
This implies that for sufficiently large n, we have

[ Xw(rn) —&ll2 = p
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and by the same argument as in the previous case

O, (1) = max (A, Xw(rp) — &) + lw(ry) +w*||? > ru
[All2<r

so @, — oo, but this is impossible since ®(t) < ®(¢) < oco. By contradiction, it must be
the case that Xw(oo) = . By taking A = 0 in the definition of ®,.(¢), we have
Pr, (1) = [[w(rn) + w*|%.

By continuity, we show that

i (0 2l [lo(ra) + 0" * = a(oc) + w2 > 200

Since @, (t) < ®(t), the limit of & () exists and equals ®(¢). We can conclude that

limy 00 ®r(t) = ®(t) because P, (t) is an increasing function of r.

In both cases, we have ®,.(t) — ®(t) as r — oo. The auxiliary problem corresponding to ®,.(t) is

St)=  min  max [AIH,w)+ 0l G X~ & + w2 ©15)
lw+w*||2<2t [[Al]2<r

which is upper bounded by

()=  min  max [|A|[(H,w) + |w|[(G,\) — (X, &) + |Jw + w*|?
lwtw*||2<2t A

(D.16)

min Jw + w*||%.
(Hw)+[|Glw]—£[<0
Jlw-+w*||? <2t

Applying CGMT and the fact that ®,(¢) monotonically increases to ®(¢) almost surely, we can
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conclude

Pr (X%my w]? > t]f) — Pr(®(t) > t]€) = Pr (Tlggo O,p(t) > tyg)
< lim Pr(®(t) > t[¢)

< 2-TlgrgOPr(¢r(t) >t¢€)

§2-Pr(gz5(t)>t|§):2-Pr< ||w+w*||2>t|§>

min
(H,w)+[|G|lw||—£[[<0

By tower law, we have shown that

Pr( min_||wl|? >t> <2-Pr min Jw+w*||? >t ] .
Xw=Y |G llwll—=¢€l|<(H,w)

® (o kT
To upper bound the minimum, we consider w of the form aw* + SPH where P = [ — wH gf”% .

For the simplicity of notation, define

e:m@@@amp:ﬁQwE@@

By a union bound, the following collection of events occurs with probability at least 1 — §/2:

1. By Lemma 51, it holds that
(€, G| < plléll - 1G]

2. By Lemma 52, it holds that
(I—eovn <[] < (1+e)avn

(1 - Vi < G < (1+ e}V
(%}—Jﬁswws<i3+ﬂﬁ
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3. By standard Gaussian tail bound, it holds that

[(H,w")| < [[w"lev/n

The above bounds imply that

|Gl = €I* = I1GIwl® + lIEN* = 2llw]{G, €)
< (14 PGP [lw]* + 11€]1%)

< (14 p) (L +)*n(|[w] + 0®).

By orthogonality, observe that
lw|[* = o|lw?||* + 57| PH]|?

(H,w) = o(H,w*) + B| PH|?,

and so to ensure that | G||w| — || < (H,w), we can choose /3 such that

(L+ )21+ )y n(@? w2 + 82| PHI? + 02) + aljw*|lev/n < 8| PH]?.

Note that it suffices to have

(1+ )21+ 26y /(a2 w2 + 52| PH||? + 0?) < 5| PH|?

>|<||2 02
+

1 (1+p)~H1+2¢)

2 [|w

< B2||PH|?
(1+p)~1(1 + 2¢)

— «

—2lIlPH|? —2llPH|? 4
n n

Again, by orthogonality, we have
lw +w*|? = (1 + a)?[lw*|* + 57| PH|?
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and so

min lw + w*||?
G lw|| =&l <(H w)
< o +min (1 + a)?Jw*|? + o2 [
< ~ 2
(1+p)~1(1 420 2PHE _y e (1+p)-1(1+ 20 2IPHP )
_ o’ . w2
N — _o||PH|? o o ||PHI?2
(1+p) L1 +20 2128 1 (14 p)-1(1 4 202 IHE

Finally, we can plug in the high probability lower bound for || P H ||y/n and the proof is complete

after some routine calculations. O]

Theorem 27. Using the notation of Theorem 24, we have with probability at least 1 — § that for

all w with ||w]|1 < ||w*]1,

\/ L(w) — 02 — ,/% < ey/L(w) + ﬁ (% —02> + eL(w) (3.37)

provided vy + 2¢//n < 1, where

1
K'={u:|w*+uly < |[w*|1} and ~:=— WK ns" 12
n
Proof. We use that for K’ := {u : ||w* + ul|; < [Jw*[]1}
<UJ* - ’LU,[L'> < ||u}>k - w” sSup <U,.’L’>
uek/nsn—1

where S™~! is the unit sphere. Recall that w := W (K’ N S"~1) denotes the Gaussian width

1/2
of the intersection of the tangent cone K’ with the unit sphere. Let ¢ = © <w> as in
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Theorem 24, then with this notation Theorem 20 gives

2
o = wlf < (14 ) (VEw) + " - wla(e +20/vA)
~ 2
< (1 + 14e) ( L(w) + [[w* — w||a(w + 26)/\/ﬁ> :
This is a quadratic equation in ||w* — w||o which is of exactly the same form as the quadratic
equation that arose in the analysis of Ordinary Least Squares (proof of Theorem 24), if we define

o= w? /n. So solving the quadratic equation in the exact same way, we find that under the

assumption v + 2¢/+/n < 1 that

‘\/L(w) — 02— \/% < ey/L(w) + ﬁ (fi—wi — 02> + eL(w). (D.17)

]

Theorem 29. Under the model assumptions, fix v = d/n to be some value in (0, 1) and pick any
¢ > 0. Then there exists another absolute constant ¢ > 0 such that for all sufficiently large n, with

probability at least 1 — 0, there exists a w € RY such that

2
A A~ ~ 0-
L(w) — L(worg) < c¢- 7 (3.38)
but the population error satisfies
N / 02
L(w) — L{iors) = ¢ - ~77. (3.39)
n

Proof. Consider the following estimator:

W = w* + a(Worg — w*)

= w4+ a(XTX)IxTe
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Then the training error is

i 1 1
Eu) = Y~ Xual? =~ e — 0X (X7 X)~ x|
~ %H (1= x(x"x) " xT) g4 (1 - a)x(xTx) L xTg 2
1 1
= (1= XXX €l 4 (1 - (X)X T P
= Lidors) + (1= )’ |doLs — v’

With probability at least 1 — 9, it holds that

2
. 9 log(4/d
lbors w7l < o (ﬁ+ 2 %)

which can again be upper bounded by, for example, 452+ for a sufficiently large n. Therefore, we

can let
2

g
C._
NG

Py
a= ——.
4’}/ n1/4

So if we define ¢/ = 2, / 07, then the excess error of w,, satisfies

(1-— 04)24027 =

and it suffices to pick

L(wg) — 0% = | SY2(wq — w*)||?

2 1/2/ ~ 2
= 2|2 (woLg — w¥)|

C/
> (1 - L(w .
> ( + n1/4> (woLs)

The last inequality follows from the fact that L(iorg) > o2. O
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Theorem 30. Under the model assumptions in (4.2) with d < n, consider the ordinary least square

estimator worg = (XT X))~ XTY . It holds that

n—1
n—d-—1

) B din—1)
Var(L(worg)) = 20 (n—d—1)2(n—d—3)

EL(ibors) = 0

Hence as d/n — #, it holds that

p

. 2y
EL(@oLs) = 7

n N
and g Var(L(wors)) —

If d is held constant, as n — oo, we have

2
nE[L(dors) — 0% = o%d and  Var(L(iors)) —+ 2d.
g

Proof. Write X = 7 21/2 and recall that
2
. . 2 —
L(bors) — 0” = |[worLs — w'||5; = HZW(XTX) 1XT§H2
S AVAN AR AR S
First, we compute the expectation. By the tower law, we have

EL(dorg) — 02 = E [E [5TZ(ZTZ)—2ZT5 | Z”
=?ETe((ZT2)7h

— o2 Tr(E [(ZTZ)—l})

Proposition 2.1 of von Rosen [72] shows that

BT = g
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and so

d n—1
EL (i — 02 402 = o2 .
(oLs) = o +0n—d—1 Un—d—l

To compute the variance, by the law of total variance, we have

Var(L(wors)) = Var(L(dors) — 0%)

= EVar(¢T2(27 2)7227¢ | 2) + Var(E(¢T 2(27 2) 227 ¢ | 2))

By the variance formula of Gaussian quadratic form, we have
Var(¢' 2(z72)7227¢ | 2) = 20* Tv((27 2)?)

Proposition 2.1 of von Rosen [72] shows that

E(Z2°2)7) = o e 1)(71 —a—3)

and so
20%d(n — 1)
(n—d)(n—d—1)(n—d—3)

EVar(¢T2(zT2)22%¢| 7) =
To compute the second term, observe that
Var(E(¢T 2(272)722%¢| 7)) = o* Var(Tx((2T 2)71))

— o4 Var(vec(Iy) vec((zT 2)™1))

= otvec(1y)T Var(vec((Z1 Z)~1))vec(I,)
Proposition 2.1 of von Rosen [72] shows that

Ly et Tigleiwe)(e] ®e]) vee(Ig)vee(I)"
Vartvee(Z1 2) 1) = (e s D= d=3) T 2 D d— 12— d =)
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and so

% Var(®(eL 22T 2)227¢ | 7))

2d 2d2
—dn—d—1)n—-d-3)  (n—dn—d—12(n—d—3)
2d(n —1)
T (n—d(n—d—-1)2%2(n—d—-3)

Finally, we have shown that

din—1)

Var(L(dorg)) = 20 (n—d—-12n—-d-3)

Theorem 31. Under the model assumptions in (4.2) with d < n, consider the ordinary least
square estimator wors = (XTX) ' XTY and denote v = d/n. Assume that v < 0.999, then

with probability at least 1 — 0, it holds that

2
. o ~v1og(36/9)
Lliows) - 7 S oy TR,

Proof. We are interested in the excess risk:

L(twors) — 0* = |52 (wors — v = 1(2T2)~ 2T¢|%.
Notice that
(27 2)" 27| = (2727 22%€) (27 2)™ (27 2)7°2")
and we have the following equality:

ﬂXZszJb::mﬁx—Hsz-+2@%@
= mgxmvin [v]|2 + 2(v, Zu) + 2(u, b).
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We can plug in (ZTZ )_1/ 27T¢ into b. The b term may seem a bit complicated, but the key
observation is that conditioned on Z, the distribution of (Z72)"1/22T¢ ~ N(0,0%1)) ac-
tually does not depend on Z, and so they are independent. Therefore, we can condition on
b= (ZTZ )_1/ 2z T§ and the law of Z remains unchanged. To apply Theorem 45, we need use a

truncation argument. Define the truncated problem as

®, = max min |[v]|> + 2(v, Zu) + 2(u, b), (D.18)

[ul|l<r v
then by Theorem 47, we have

Pr (L(quLS) — o2 >t (2T z)" 27T = b>

:Pr(hm o, >t) < lim Pr(®, > 1).

r—00 7—00

Given u, the minimizer v = — Zu satisfies ||v|| < r||Z|| and so for any M > 0, we have

Pr(®, >t) <Pr| max min |jv||® + 2(v, Zu) 4+ 2(u,b) >t | + Pr(||Z]| > M)
lull<r [[oll<rM

<2Pr| max min ||v]|? + 2[jo||(H, u) + 2||u| (G, v) + 2(u,b) > ¢
lul| <r Jol|<rM

+Pr(| 2] = M)

=2Pr | max min_|Jol® + 2|lol| ((H,u) — | G][[ul)) +2(u,b) > ¢
Juf| <r [lo]|<rM

+Pr([[2]] = M)

by Gaussian minimax theorem. On the event that ||G|| > || H ||, the minimizer is

ol = IGI[[ull = (H,w) = (|G| = [|H]])]Ju] > 0.
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At the same time, we have ||v|| < r(||G|| + ||H||) and so

[ull<r

Pr(®, > 1) <2Pr (max 2(u,b) = ((H,u) = | Gl[|ul)* > ¢, |G| > ||H||>
+2Pr(|G]] < |H[) + 2Pr(|GI + [|H[| = M) + Pr(]|Z]] = M).

As the max over {u : ||u]| < r} is always smaller than the overall max, taking M — oo, we have
2
Pr (&, > 1) <2Pr (mgx 2(u, b) = (|Gl[|ull = (H,u))” >, |G| > ||HH> +2Pr([|Gl < [|H1])

Observe that any u can be decomposed into two parts: one part spanned by b and the other part
in the orthogonal complement of b. Formally, we write v = ab + k where (k,b) = 0, and the

problem becomes

2
max  2allb||* = (|G| - \/a2|b]|2 + ||k||? — (H. & —aH,b>.
a€R, (kb)=0 ol (“ | \/ ]2 + [|k[|> = (H, k) — «(H,b)

T
Define P = I; — % On the event that |G| > || H]||, the quantity inside the square is always

positive and so we want to choose the direction of k that make (H, k) as large as possible:

2
max 2a||b||? — min G| - +/a?||b]|2 + ||k||? = (H, k —aH,b)
1ax 1611 ) O(H | \/ 16 + [[E[|* = (H, k) — (H, b)

2
= 20|[b]|2 = [ min |G - \/a2|b||2 + ||k||2 — k) —a(H, b
max 2c/|b| <<k,b§ G| \/ I &l (H, k) (H,b)

2
— b 2 — 1 Gl - 2 b — — H,b )
= max 2a/|b]| (m>1n G| - /o= H2 + 52 BIIPHI — of )

2
=max 20/b|* — (!al : HbH\/HGH2 — [|PH|? — a(H, b>)
acR

\(H,b>|>2 _ 162
o]l <\/||G||2— [PH|? - |(H,b>|>2

Il

< 20l — 2lbl12 GlI2 — \PHI2 —
< max 2a/[b| — o7|b] \/|| 1# = |1PH]
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By the tower law, we have shown that

SN o]
Pr ( L(iorg) — 02 > 1

t

<epr(l6l < i)+ 2pn (fiel? - e - < Vgl > i

IV ||H||)

:2Pr(||G||§||H|| or /IGI2 ~ || PH|? - KHbH

For the simplicity of notation, denote

log(32/9)

n

By a union bound, with probability at least 1 — §/2, the following occurs:

1. by Lemma 52 and the fact that b ~ N (0, O'Zfd), it holds that
1G] = n(1 - ¢)?

IPH|? <n(yA+6? and b2 < o%n(y/7 +¢)?

2. As UL (0, 1), by standard Gaussian concentration, it holds that

ol

|(H, )]
2]

< ey/n

Therefore, for sufficiently large n, we have |G| > || H|| and we can pick t by setting

Vit = \/n(l—e)Q—n(ﬁ+e)2—e\/ﬁ
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and so with probability at least 1 — §, we have

o?(\ /7 +€)?
5-
<\/(1—e)2—(ﬂ+6)2—6>

L(torg) — 0% <

It is then routine to check the desired bound. O]

D.5 Proofs for Section 3.6

Theorem 32. Suppose that dids > n, then there exists some € < log(?f/ ) + dﬁlz such that
with probability at least 1 — 0, it holds that
X < X+ (1 )y (.44
min € . .
viell (A X)=y di V dy

Proof. Without loss of generality, we will assume that d; < do. We will vectorize the measurement
matrices and estimator Ay, ..., A, X € R¥%2 as a1 . a,, € RU% and define ||z]|« = || X+

Denote A = [ay, ..., an]T € R %% We define the primary problem ® by

e X1 = in o]
€nf, (44,4 )= =
= (D.19)
= minsup (A, Az — §) + [|z[|x := .
x
A

Next, we define the truncation problem by

@, ;= min sup (\, Az — &) + ||z]|« (D.20)

z]l2<r A
s:= min sup (A Azx —&) + ||z« (D.21)

[z]l2<r || A|l2<s
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The corresponding auxiliary problems are
Ups = min sup [[A[[2(H, z) + [[z[|2(G, A) = (A, &) + [|z]l+
[zll2<7 || A|l2<s

= min sup A((H,x)+ |[|Gllz]l2 —&]l2) + ||=]|«
[zl2<r 0<A<s

and the limit as s — oo and then the limit as r — oo

U, = min ||| %
[z([2<r
|Glz]l2—€lle<—(H )

= min || ]| -
1Gllzll2=Ell2<—=(H,x)

(D.22)

(D.23)

(D.24)

By the same argument used in the proof of Theorem 26, it holds that Pr(® > t) < 2Pr(¥ > ¢)

and so it suffices to analyze the auxiliary problem. We will pick z of the form x = —aH for some

a > 0, which needs to satisfy a||H||3 > ||aG||H||2 — |2 By a union bound, the following events

occur simultaneously with probability at least 1 — 0 /2:

1. by Lemma 52, it holds that

1Gl2 < v/n +24/log(32/6)
@ < v+ 2+/10g(32/6)

|Hlly < /drds +24/10g(32/0)

2. Condition on &, we have (G, €) ~ AN(0,1) and so by standard Gaussian tail bound

|
Pr(|Z] > t) < 2e1°/2

\ﬁyﬁﬂ < /210g(16/5)
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Then we can use AM-GM inequality to show for sufficiently large n

|G| H|j2 — €3

=®|| GBI HI3 + (1€ — 20| H]|2(G, €)

2
1 ) 1 5
<na?|H |3 <1+2\/%) +1€l” + 2vmal Aol 2E)

log(32/4 21 16/0
<na?|[H|3 <1+1o Log(32/0) >>+(1+ 21og16/0) >)Hs||%
n n
and it suffices to let

log(32/d 2log(16/d
o?||H|3 > no®||H|3 (1 +10 %) + <1 + %) (2

Rearranging the above inequality, we can choose

1/2

1410 w no?

2 2
log(32/9) Tog(32/9) I3

and since H as a matrix can have at most rank dy, by Cauchy-Schwarz inequality on the singular

values of H, we have || H||« < +/dy||H]||2 and

dy(no? no?
2]l = al|H |« < ay/di|H|2 < (1+¢€) di(no?) _ (1+e)—
dyds do

for some € < log(32/6)
~ n

n
+d1d2'
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Theorem 33. Fix any § € (0,1). There exist constants c1,co,c3 > 0 such that if didy > cin,

dy > cady, n > cgr(dy + da), then with probability at least 1 — ¢ that

v Y2 2
IX = X“F _rdi+dy) | [r(di+dy) o +< h ”) d (3.45)

1% n no X e dy  didy | || X*|%

Proof. Note that (A, X*) ~ N (0, || X* ||%) and so by the standard Gaussian tail bound Pr(|Z| >

t) < 9¢—t"/ 2, Theorem 53 and a union bound, it holds with probability at least 1 — /8 that

(A, X*)| < /2108(32/0)| X *|
1Allop < V/di + /da + 1/210g(32/5).

Therefore, we can choose F' in Theorem 20 by

(X =X A) < Allop I X 15 + [{A, X))

< (Vi + V3 + /2108(32]6) ) X + v/2108(32/8)|| X" p == F(X).

Applying Theorem 20, we have

F(X)?

o° + | X = X¥|p = L(X) < (1+ f1) "

Moreover, since X* has rank r and so || X ||« < /7| X™*|| p, we use Theorem 32 to show

[ 162
~ no
X[l < VPIXF]lp + (1 +€) e

To control F'(X), observe that

(Va1 + Vo + /2108(32/8) ) V/FIX |+ v/2108(32/0) | X" |

< (2v/rldi + o) + (1 + V) V2 10g(32/9) ) X"
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and so we have

F<X>§<2 rditda) gy M) 1 X7

dq 2log(32/6)
+ (1—1— d_2+“d—2> (1+€)o.

The desired conclusion follows by plugging in the above estimates and some rearrangements. [
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APPENDIX E
PROOFS FOR SECTION 4

In this appendix, we will first prove Theorem 41, which immediately implies Theorem 36 as a

special case, and then Theorem 37 and its applications.

Notation. We consider the general setting introduced in Section 4.5. Following the tradition in

statistics, we denote X = (x1, ..., x,)! € R?*d

as the design matrix. In the proof section, we
slightly abuse the notation of 7; to mean Xw; and £ to mean the n-dimensional random vector
whose i-th component satisfies y; = g(n1,i, .-, N4, &) We will write X = Z¥Y/2 where Z is a
random matrix with i.i.d. standard normal entries if ;1 = 0.

Throughout this section, we can first assume ; = 0 in Assumption (A) without loss of gener-

ality because if we define fRxYxO =R by

F(@,9,0) = (g + (w(0), 1), y,0), (E.)

then by definition, it holds that

f((w(9)7$>ay79) = f((w(é’),x - ﬂ)?yve)

and so we can apply the theory on f first and then translate to the problem on f. Similarly, we
can also assume 1/ 2wf, ey »l/ 2w;‘; are orthonormal without loss of generality. This is because
we can denote W € RPF by W = [w, ..., w}] and let W = W(WTSW)~1/2, By definition, it
holds that WXSW = I and so the columns of W = [@], ..., w}] satisfy 21/2@, s 21/2151’; are

orthonormal. If we define g : RFFL 5 R by

G1,  Me €) = g([01, -or ) WTSWNY2 1T €, (E.2)
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then y = §(z1 W, €) and so we can apply the theory on §.

E.1 Proof of Theorem 41

Lemma 72. Fix any integer k < d and any k vectors w7, ..., w}. in RY such that El/Qwik, s Zl/QwZ

are orthonormal. Denoting
k
P=I; =) (2Puf)(Eu)T, (E3)

the distribution of X conditional on Xw] = 11, ..., Xw;:, = 1), is the same as that of

k
S ni(Swh)T + 2PsY2, (E.4)
1=1
Proof. We can write X = Z2Y2. The key observation is that Z P, ZEl/Qwi", - ZEl/QwZ are

independent. To see why this is the case, we can vectorize each term:

vec(Z P) P® Iy
vec(Z51/2w¥) =2l @ 1,
= vec(Z)
vec(Zx !/ 2w =2 ® I,

From the above representation, we see that the joint distribution is multivariate Gaussian and the

covariance matrix is

P®I, P®I,

SV2unT @ 1 SV2un)T @ 1
( e i) @ = diag (P ® I, In, ..., I)

=2 @ 1, | \(&VPu)T @ 1,
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Therefore, the distribution of Z P remains unchanged after conditioning on Z xt/ 2wf, A »t/ 2w}';,

and we can write

k
Z =73 (V2= 2T | + 2P

=1
k
= Z ni(zl/wa)T + ZP.
The proof is concluded by the fact that X = 7 »1/2, [

The above lemma allows us to ignore the multi-index model (B) and simply treat y as deter-
ministic by a conditioning argument, while preserving the Gaussianity of the design matrix. Next,
we will write the generalization problem as a Primary Optimization problem in Gaussian Mini-
max Theorem (see Theorem 46 in Appendix A). For generality, we will let /' be any deterministic

function and then choose it in the end.

Lemma 73. Fix an arbitrary set © C RP and let F' : © — R be any deterministic and continuous
function. Consider dataset (X,Y") drawn i.i.d. from the data distribution D according to (A) and
(B) with i = 0 and orthonormal El/QwT, . El/Qw}z. Then conditioned on Xwi = 0y, ..., Xwj, =

N, and &, if we define

o= sup inf (A, Zuw) + 9, 0, A 01, s ) (E.S5)
(w,u,0)ERIXR™ x© €
w=PX1/2w(0)

where P is defined in (E.3) and 1) is a deterministic and continuous function given by

1 n
D, 0, A1, €) = F(0) = —~ > Fuig(mgs i i), 0)
il (E.6)
> niSwh)’ | w(o) - u),
=1
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then it holds that for any t € R, we have

Pr (Sup F(0) — L(#) >t ‘ n, ...,nk,f) =Pr(® >1t). (E.7)
SIS

Proof. By introducing a variable u = Xw(f), we have

sup F(0) — L(8) = sup F(9) — ~ > f({w(®), 2:),51,0)
0O 0O n3

n

1
0O ucRn AER" n ; v
Conditioned on Xw] = 11, ..., Xwy, = n;, and £, the above is only random in X' by our multi-index

model assumption on y. By Lemma 72, the above is equal in law to

n

k
1
sup  inf (), E 77-(Z]w>~k)T#—ZPEl/2 w(@)—u)+F(9)——E f(uis i, 0)
0cO,ucRn AR" i1 e "= o

— sup inf <A,(ZP21/2)w(9)>+¢<u,9,A\m,-..,nk,£)
9O, ucRn AER™

= sup infn (N, Zw) +(u, 0, X |01y .oy, §)
(w,u,0)eRIx R x @ AER
w=PX1/2(0)

=o.

The function ) is continuous because we require F), f and w to be continuous in the definitions. [J

Next, we are ready to apply Gaussian Minimax Theorem. Although the domains in (E.5) are

not compact, we can use the truncation lemmas 47 and 48 in Appendix A.

Lemma 74. In the same setting as Lemma 73, define the auxiliary problem as

n

1
U= sup F) — — flui,y;,0) (E.8)
(u,0)€R" %O ) "; ( )

(HPEY20(0))2 | PEY20(0) lo G+ 1 (w(0) Sui ) —ul|
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then for any t € R, it holds that

Pr (Sup F(0) — L(6) > t) < 2Pr(¥ > t). (E.9)
ek

where the randomness in the second probability is taken over G, H,ny, ...,n;, and &.

Proof. Denote Sy = {(w, u,0) € RIXR"x O : w = PYY/2w(6) and ||Jwl|a+||ul2+]|0]]2 < r}.
The set Sy is bounded by definition and closed by the continuity of w. Hence, it is compact. Next,

we denote the truncated problems:

®, ;=  sup inf (A, Zw) + ¥(u, 0, \|n1, ..., np:, €) (E.10)
(w,u,0)eS, AER™

®p 5= sup inf (A, Zw) +¥(u, 0, X |01, ..o, Mg, ). (E.11)
(wu0)es, IM2<s

By definition, we have @, < @, ¢ and so
Pr(®, > t) < Pr(®ps > t).

The corresponding auxiliary problems are

‘IJ’I”,S = sup IIlf ||)\||2<H7w> + ||wH2<G7 )\>+¢(Ua‘97)\|7717777kaf)
(w,u,0)€S, IAl2<s
k
= sup inf [[\[Jo(H, w) + (A, wll2G 4+ ni(w(6), Swl) —u)
(w,u,0)ES, [All2<s i=1
T
+F(0) -~ > Fui g i i), 0)
1=1

k
= supinf A | (How)— [lw]aG+ Y nitw(0), Sw) - u

(w,u,0)eS, VSASS ; Z Z 9
n

+ F(0) - %Zf(uzvg(mﬂ', s Mk i i), 0)

1=1



and the limit of s — oo:

n

U, = sup F(Q)__ f(u'ag(nl,'v'-'vnk'ag')70)
' (w,u,0)ES, " ; Z Z o

(H w22 G+5 it (0),Swp) =

By definition, it holds that W,» < W and so
Pr(¥, >t) < Pr(¥ >1t).
Thus, it holds that

Pr(® > t) = lim Pr(®, > 1) by Lemma 47

r—00

< lim lim Pr(®,s > t)
r—00 $—00

<2 lim lim Pr(V,s>1t) by Theorem 46

r—00 §—00

=2 lim Pr(¥, >1) by Lemma 48

r—00
< 2Pr(V >1t).
The proof concludes by applying Lemma 73 and the tower law.
The following two simple lemmas will be useful to analyze the auxiliary problem.

Lemma 75. For a,b, H > 0, we have

sup —Aa + Lb = (Vb - \/Ha)%r.

A>0 H+ )\

Proof. Observe that

A H
SN+ —Sb=b— inf Aa+———b
T T Ao T H
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Define f(A\) = Aa + Hiﬂb, then

f/(A)za—i«) — (H+)?<

(H+ X2~ a
<— —\/@—H§A§\/§—H
a a

Since we require A > 0, we only need to consider whether 4/ % —H>0 <<= b> Ha. If

Hb

b < Ha, the infimum is attained at A = 0. Otherwise, the infimum is attained at \* = \/% — H,
at which point

f(X\*) =2V Hba — Ha.
Plugging in, we see that the expression is equivalent to (\/l_) —VH a)?F in both cases. 0
Lemma 76. For a,b > 0, we have

sup —Aa — é = —V4ab

A>0 A

Proof. Define f(\) = —Aa — %, then
b b 9

and so in the domain A > 0, the optimum is attained at A* = /b/a at which point f(\*) =

—2vVab. [
We are now ready to analyze the auxiliary problem.

Lemma 77. In the same setting as in Lemma 73, assume that for every § > (

(A) Cs : RY — [0, 0] is a continuous function such that with probability at least 1 — §/4 over

H ~ N(0, 1), uniformly over all w € R%, we have that

(SY2PH w) < Cgw) (E.12)
172



(B) €5 is a positive real number such that with probability at least 1 — 6 /4 over {(Z;,7;)}i;

drawn i.i.d. from D, it holds uniformly over all 0 € © that

where the distribution D over (Z,7) is given by

T~ N0, Ipi), E~De §=g(@1,.., T, 6)
and the mapping ¢ : RE — RFHL jg defined as

d(w) = ((w, Zw?), .., (w, Twi), [|PEY 2w]9)T.

Then the following is true:

(i) suppose for some choice of My that is continuous in 0, it holds for every y € Y and 0 € O,
f is My-Lipschitz with respect to the first argument, then with probability at least 1 — 9,

uniformly over all 6 € ©, we have

n

L(0) < (1 +¢5) (i(e) + M, M) . (E.14)

(ii) suppose for some choice of Hy that is continuous in 0, it holds for everyy € Y and 0 € O,
f is non-negative and \/f is /Hy-Lipschitz with respect to the first argument, then with

probability at least 1 — ¢, uniformly over all 0 € ©, we have

2
L(6) < (1 +¢5) (\/ﬁ(@) + \/w> . (E.15)

Proof. First, let’s simplify the auxiliary problem (E.8). Changing variables to subtract the quantity
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G; HPEl/Qw(Q) H2 + Zle (w(0), Xw;y)m; ; from each of the former u;, we have that

1 n
U= sup F)—— E flu
(uﬁ)ER"X@ n i=1 '

k
PZI/Q H2+Z; 2wl>nlzay170
[ull2<(H,PEY?w(6))

and separating the optimization problem in u and 6, we obtain

U = sup F(0)
0cO

1
- — inf Us;

Jull2<(H, SN o) "=

k
| PE200)|), + D2 (w(O), Ty i vis0
=1

Next, we will lower bound the infimum term by weak duality to obtain upper bound on V:

k
inf e H + ), % i, 0
ugﬁ%n Z; f|w 9 ZZ; wl )1 i Yi
lulla<(H,PE2w(9)) * -
= inf, sup Al - (=12 PH, w(6))?)
c n
k
+Zf Ug 21/2 H2+Z Zwl nlzaym‘g
1=1 =1
> sup —A<21/2PH,w(¢9))2
A>0
n k
+uien]1£" Zf u; + G H2+Z Ewl 77117%79 "’)‘HUH%
=1 =1
= sup —A(EI/QPH,w(O))Q
A>0
n k
TLZ inf f|u;+Gj Q)H2+Z Zwl nl1ay2a9 +)\U
n k
—sup —ASV2PH,w0)2+ 3 i | G P21/2w(e)H + 5 (w(B), i vir 0
A=0 i=1 S
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Suppose that for every y € Y and 6 € O, f is Mpy-Lipschitz with respect to the first argument,
then by the same argument in the proof of equation (4.7), the above can be further lower bounded

by the following quantity:

k
nM? &
sup —A(Zl/zPH,w( 2_ 0 —i—Zf Z (0), Sw; nlz—i-”PZI/Q )HQGi,yi,G
A>0
On the other hand, suppose that for every y € ) and 6 € ©, f is non-negative and /[ is v/ Hy-
Lipschitz with respect to the first argument, then by the same argument in the proof of equation

(4.8), the above can be further lower bounded by:

k
)\ n
“AN2Y2ph 2 Swi -+ || pxl/2 o
s MEVEPH W)+ gy 135S | ot wf)m+ [ PE2u0) |, Givyin 6

Notice that if we write 7; = (11, ..., 04, G;), then (Z;, ;) are independent with distribution

exactly equal to D. Moreover, we have

(S, o i || PEY206) | G | = F6000),50,5i.0)
=1

and it is easy to see that the joint distribution of ((¢(w(#)), &), y) with (&,y) ~ D is exactly the

same as ((w(0), x),y) with (x,y) ~ D. As a result, we have that

By our assumption (E.12), (E.13) and a union bound, we have with probability at least 1 — §/2
(SY2PH, w(®))] < Cy(w(6)

n k
IS Sty Supy+ || P2 i), G
=1

=1

> L(6).
T 1l4es <9)
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Therefore, if f is My-Lipschitz, then by by Lemma 76, we have

2 M2 1
U < sup F(0) — sup _)\C(g(w(ﬁ)) -4 L(9)
9cO A>0 n 4\ 1 + €5
2
= sup F(0) + \/Mgcé(w(e)) _ !
0cO n 1+ €5

2
Consequently, by taking F'(0) = 1 66L(9) My w and Lemma 74, we have shown

that with probability at least 1 — §, we have

£ 1 « 9))2
sup F(0) — L) <0 = L(6) < L(0) + My Cs(w(0))
If \/f is / Hy-Lipschitz, then by Lemma 75
0))? A 1
U < sup F(#) — sup — )\C(;(w( )) H L(9)
e A>0 g+ A1+ 65
/ HyCs(
= sup F \/T

e

2
7
Consequently, by taking F'(0) = < /ﬂ@s _ /HeC(sglw(G)) > and Lemma 74, we have shown
+

that with probability at least 1 — §, we have

sup F(0) — L() < 0.
ek

Rearranging, either we have

/ /He(]a <0 L) < (1+6)H905§1W(9))2
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or we have

2
| L(0) _ [HyCs(w(0))? L(9) HyCs(w(6))? ;
1+es : (Sn =0 = ( 1+e; %) < L(6)

2
= L(9)§<1+€5)< L(0) + M) .

In either case, the desired bound holds. O

Finally, we are ready to prove Theorem 41, which is restated below for convenience.

Theorem 41. Suppose that assumptions (A), (B), (E) and (F) hold. Denote W & RA*k by W =
[w], ..., wy] and let Q = I — W WTsw) = 'WTs. Forany§ € (0,1), let C5 : R% — [0, 00] be a
continuous function such that with probability at least 1 — § /4 over x ~ N (0, %), uniformly over

all € ©,
(Qu(0), ) < Cs(w(0)). (4.34)

Then it holds that

(i) if foreach 0 € © andy € Y, [ is My-Lipschitz with respect to the first argument and My is
continuous in 0, then with probability at least 1 — 6, it holds that uniformly over all 6 € O,

we have
Cs(w(0))?

(1—€)L(A) < L(0) + My p

(4.35)

(ii) if for each € © andy € Y, f is non-negative and +/f is \/Hy-Lipschitz with respect to
the first argument, and Hy is continuous in 6, then with probability at least 1 — 0, it holds

that uniformly over all 6 € ©, we have

2
(1—e)L(H) < (x/ﬁ(e) + \/M) (4.36)

where ¢ = O (T\/ hlog(n/hglﬂog(l/é)),
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Proof. 'We apply the reduction argument at the beginning of the appendix. Given D that satisfies
assumptions (A) and (B), we define [@7, ..., 0] = W = I/V(V[/'TEI/V)_V2 and f,§ as in (E.1)
and (E.2). For {(x;,y;)};_; sampled independently from D, we observe that the joint distribution

of (x; — u,y;) can also be described by D’ as follows:
(A) =~ N(0,%)
(B) y = g(n, .., M, &) where 1; = (x, ;).

Indeed, we can check that

Yy = g(xTW7 5)

= g((z — ) TWWTEW)V2 + 1 Tw,¢)

£(6) = > Fl(w(®).3i = p).i.0)
L(0) = Epe F((w(0). 1) .0

and D’ satisfies assumptions (A) and (B) with ¢ = 0 and orthonormal i/ 2121?, e i/ 2117? and falls
into the setting in Lemma 73. We see that f being Lipschitz or square-root Lipschitz is equivalent
to f being Lipschitz or square-root Lipschitz. It remains to check assumptions (E.12) and (E.13)

and then apply Lemma 77. Observe that

w-1/2pyl/2 _ s—1/2 (]d _ 21/2WWT21/2) $l/2
—I—Wwwls=1-wwlsw) twls (E.16)
=@

and so X1/2P = QTZl/Q.
178



To check that (E.12) holds, observe that (21/2 PH, w) has the same distribution as (Qw, z). To

check that (E.13) holds, we will apply Theorem 57. Note that the joint distribution of ({¢(w(0)), Z), )

with (%,) ~ D is exactly the same as ((w(6), ), y) with (z,y) ~ D’ and so

Eslf(0w®).2).5. 0" Bplf(w(©) 2), 5,04 Eplf((w(®),=),y, 0/

Exlf((¢(w(8)). ). y.6)] Ep[f((w(0),2),y,0)] Ep[f((w(0), z),y,0)]

Therefore, the assumption (E) is equivalent to the condition in Theorem 57. Note that {(x, y) —
1{f({(p(w(0)),z),y,0) >t} : (A,t) € © x R} is a subclass of {(z,y) — 1{f((w,z) +b,y,0) >
t}: (w,b,t,0) € RFH1 x R x R x ©}. Therefore, by assumption (F), we can apply Theorem 57
and (E.13) holds. L]

E.2 Proof of Theorem 37

Lemma 78. Consider f : R x Y x © — R and dataset (X,Y) drawn i.i.d. from the data
distribution D according to (A) and (B) with i = 0 and orthonormal El/%ﬁ, ey El/QwZ. Define
the random quantity VU over x ~ N (0, %) and (Z;,9;) drawn i.i.d. from the surrogate distribution

D in Lemma 77 by

Wis b S Sl (6w(0), 5, 5i.0). (E17)

1
inf A Xw(d) — u) + = Ly, 0
e 2, 05000+ 15 0

(E.18)

1
= inf A, Xw(0) —u) + — oy
)\Seu]lgn Ge@l’%eRn< w(0) — u) n 2221 f(ui, i, 0)
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then it holds that for any t € R, we have

Pr (inf L(6) > t) < 2Pr(¥ > t). (E.19)

0cO

Proof. By introducing a variable v = Xw(#) and our assumption (E.18), we have

n

. A . 1
jnf L(6) = inf ~ ;f«w(@),xi%yiﬁ)

1 n
f N u— Xw(d)) + = i Yir 0
ee@uzlteR”,\Sengn< ! ) n;f(uz 0
n

1
— £ (u— Xw(®) + - i 0
Sup ot (= Xw(®)) -2 (i yin)

By Lemma 72, conditioned on Xwj =11, ..., X w}‘; = 1;. and &, the above is equal in law to

n

k
1
sup inf (N u-— ZW(E@U;)T—i-ZPZl/? w(9)>+52f(uiayia9)

AcRn 0€0,ucR” Pt

= sup inf —(\, ZPEI/QUJ(Q» —(u, 0, X | n1, -, g, §)
AeR" 0€O,ucR"

——inf  sup (N ZPSY20(0)) + (w0, A 01, ey gy €)
AER” g ueRrn

= — infn sup <>\, Zw) +¢(u,9,/\’771,-~77]k7§)
ACR™ (1,u,0)eRIXR" x O
w=Px2w(0)

=—0

where 1 is defined as

¢<U,‘9,>\|771>- 7771435 —U)

N.Mw

—_

n
_Z u7,7 771,2'7"'777k,ia§i)79)‘

3
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Denote the compact set S, = {(w,u,0) € R x R" x © : w = PYY2w(6) and |jw|)y +

|lul|2 + [|0]]2 < r}. Next, we consider the truncated problems:

®p = inf  sup (A, Zw) +P(u, 0, A |01, 0, §) (E21)
AER™ (4 u,0)€S,

q)r,s = lnf sup <)\7 ZUJ) +w(u797)"7717"'777k7£>' (E22)
[Al[2<s (w,u,0)eS,

The corresponding auxiliary problems are

Upoi= inf  sup [N|o(H w) + wl|2(G, ) + 9w 0N g ) (E23)
[Al2<5s (w,u,0)€S,

U= inf - sup  [[Al2(H, w) + [[wl[2(G, A) + 9 (u, 0, A | 11,0, €). (E24)
AER™ (w,u,0)ES,
We can simplify
k 1
U= it osup  [NatHw) + (A Glllls + 3 (w(®), Sl o)
SR wup)es, ; ”z; o
k 1
> supnf [No{H,w) + (0 Gllwla + S (w(®), Sul)y 15, 5,9)
(w,u,&)eSr)‘eRn Z n; o
n
> sup i A [ (Hw) = ||Glulls + 3 (w(6), Sw)n — u Z (i 03,0
(w,u,0)eS, A=0 i 5 1
1
= sSup - f(u'ag(nl,'a"'777]{7'75')79)
(w,u,0)€Sy nlzzl ' ' e
(Hw)>|| G lwllo+35y (w(0).Zu)ymi—u|
1
= — inf — u;, sy &0), 0
(wah)eS, 0 Zzzlf( i 9(771,2 Nk,i &), 0)

(102 |Gl + 2y w(0) 20 -
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Therefore, we can define the limit as r — oo

n

1
V= inf 1 oy
(U,G)IED]R”x@ n ; f(uz,yl, )
[c1Ps 2w+ (S m(Ew’F)T)w(Q)_uH L PE20(0))
= ' 1/2 o
(U €>1€n[£n><@ n Zz_; uZ + Z Zwl nl Z + ||PZ ( )||2G17y170)
lully <(H,PZ2w(6))
1 n
= f -~ . 9
(UH)leanx@ anUZ w(#)), Z:),yi,0)
[ull<(z,Qu(8))

where we write Z; = (114, .., N4, G;) and © = — »1/2H because PEY/? = £1/2(). Finally, we

conclude the proof by showing that

Pr (inf L(0) >t ‘ n, ...,nk,§> =Pr(—® > t) =Pr(® < —t)

e
< lim Pr(®, < —t) since & > P,
r—00
= lim lim Pr(®,s < —t) by Lemma 47

T—)OO §—00

<2 lim lim Pr(¥,, < —t) by Theorem 46

r—00 §—00

<2 lim Pr(¥, < —t) since ¥, s > U,

r—00

=2Pr(N:{¥, < —t})

<2Pr(¥ >1t) by Lemma 47. O

Theorem 37. Under assumptions (A) and (B), let f : R x Y — R be convex with respect to the
first argument for any y € ). Fix K C ]Rd, B C R to be any bounded convex sets. Suppose that T

is such that with probability at least 1 — 6 /2 over x ~ N (0,X) and (Z;,;);"_, sampled i.i.d. from
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D defined in (4.16), it holds that

(w, bI)nel%xB»o an,\ ) 3i) b, i) - <Qw’$>2 (418)

Then with probability at least 1 — 0, it holds that

in  Lp(w,b) <. 4.19
s IO ST @19

Proof. As in the proof of Theorem 41, we can assume without loss of generality that 4 = 0 and
Zl/Qwi‘, s 21/2107; are orthonormal, and we can apply Lemma 78. Let § = (w, b) and © = K x B.

Define w(f) = wand f' : R x Y x © by f(4,v,6) = f(§ + b, y) and we can check

n

1
inf sup (A, Xw —u +_§: u; + b, y;
(w,b,U)EKxBxRTL )\Gﬁfn < > n gt f( 7 yz)
n (E.25)
inf (A X )+ 1 E F(u; +b,y;)
= su in CXw —u) 4+ — » »
)\6]15" (w,b,u) XX BXR™ n — i Yi

because IC x B x R" is convex and f is convex with respect to the first argument and we can apply

the minimax theorem [61]. Then by applying Lemma 78 to f, it suffices to analyze

v = inf W E) 4D,
(uwb)eR”xleBan i T Ti) i)

[[ully<(Qu,z)

A
= inf inf su ( ul|y — (Qu, x 2) +
5 P p= ([l — (Qu, z)

fui + (d(w), Z;) + b, ;)

S|

1

2

Flu + (p(w), &) + b,g;)  E26)

S|

A 2
= inf sup inf — ([|ul|5 — (Quw,z +
. ),CXB»%UGW(H 13— (Qu,2)?) 1

(wb)exBrx>0 N ni— u; €R

= inf  sup Zf,\ ), i) +b,7;) — <Qwal’>2

(w,b)eXxB )\>0 n
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where in the third inequality we use the convexity of f and the minimax theorem [61] again. [

E.3 Proofs for Section 4.3 and 4.4

First, we show norm bounds for the minimal /5 norm interpolant and the max-margin classifier by
applying Theorem 37 to the square loss and the squared hinge loss. Finally, we will use similar
arguments to calculate the minmimal norm required to interpolate for phase retrieval and ReLU

regression. We will use the following lemmas.

Lemma 79. Suppose that a,b > 0. Then if a/b > 1, we have

A B 2
Ha—Ab]—(f—VE),

max
A>0

and if a/b < 1 then

a—/\b] =0.

max |:

A>0 [14+ A

Proof. Observe that the objective can be rewritten as

1
g(\) .—a—1+>\a—)\b

and the derivative of this expression with respect to A is

Foay 1
g()\)—ma—b.

Therefore the unique critical point of g on the domain (—1,00) is at 1 + A\ = y/a/b. This is the
global maximum of g on this domain because g goes to —oo as A — —1 and as A — oo. At this

point, we have that

gA) =a—Vab— (Va/b—1b=a+b—2Vab= (vVa— Vb)>.
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If a/b > 1 this is the global maximum on [0, c0). Otherwise, the maximum is at the boundary at

A= 0. ]

Lemma 80. For any y,e € R, it holds that if y € R, then
(y—@+€)° =(y—9)7*—2y— e+, (E.27)
and ify € {—1,1}, then
(L—y@+e)t < (1—yi)i —2(1 —yj)re+ e (E.28)

Proof. The first equality is straightforward to check. For the second inequality, we claim that

(I=y@+e)+ <[(1—yy)+ — eyl

Indeed, if 1 — y(y + €) < 0, then there is nothing to prove. Otherwise, by monotonicity of x — |z|
and © — x4, it is clear that [(1 — y9)+ —ey| > (1 — yy) — ey = (1 — y(§ + €))+. Taking the

square of both hand sides concludes the proof. [

Lemma 81. Consider ) = I — Zle w; (w;‘)TZ where Zl/QwT, s Zl/sz are orthonormal and
we let R be the orthogonal projection matrix onto the image of Q. Then it holds that rank(R) =
d — k and

RYw; =0 foranyi=1,.. k.

Moreover, we have QR = R and R(Q) = @), and so

L _(,_k n -1 1
Tr(RZR) ~ < o R(QTEQ)) Tr(QTEQ)
_n <1 k__m )‘2 n
R(REZR) ~ \' n R@QT2Q)) R@QTZQ)
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Proof. 1t is obvious that rank(R) = rank(Q) and by the rank-nullity theorem, it suffices to show

the nullity of () is k. To this end, we observe that

k
Qu=0 = 2 V21302 20T | 820 =0
=1
k
= 1= V2w @ 2T | 212w =0
i=1

= 2y e span{El/Qw{, s 21/211);;}

<= w € span{wy, ..., wy}.

It is also straightforward to verify that Q% = Q and QTEw;‘ =0forz=1,...,k. Forany v € RY,

Ru lies in the image of () and so there exists w such that Rv = QQw. Then we can check that

ol RYw! = (Ru, Sw?)

= (Qu, Sw}) = (w, QT Tw}) =0
and

(QR)v = Q(Rv)
= Q(Qu) = Q*w
= Qw = Rv.

Since the choice of v is arbitrary, it must be the case that R w} = 0 and QR = R. For any

v E ]Rd, we can check

(RQ)v = R(Qu) = Qu

by the definition of orthogonal projection. Therefore, it must be the case that RQ) = (). Finally,
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we use R = QR = RQT to show that

Tr(RER) = Tr(RQTSQR) = Tr(QTSQR)
= Tr(Q"SQ) - H(Q"=Q(I - R))
> Tr(QT2Q) — /TH(QTEQ)) Tr((I — R)?)

— TH(QT5Q) (1 - L)

R(QT=Q)

— Tr(QT2Q) <1 - S N m>

and

Tr((RSR)?) = Tr(SRER)
= Tr(SQRQTSQRQT)
= Tr((RQTSQ)R(QTSQR))
< Tr((RQTEQ)(QTSQR)) = Tr((QTQ)*R)
< Tr((QT2Q)?).

Rearranging concludes the proof. 0

We will prove Theorem 38. The proof for theorem 14 is exactly the same.

Theorem 38. Under assumptions (A) and (B), let f : R x Y — R be the squared hinge loss
fly,y) =1 - g)y)i with Y = {—1,1}. Let Q be the same as in Theorem 36 and .+ = QTXQ.

Fix any (w?,b%) € R such that Qu® = 0 and for some p € (0, 1), it holds that

Ly(wh,0F) < (14 p)Lp(wh, bF). (4.25)

1 1 k n
Vit VRED Tt R(EL)>’

Then with probability at least 1 — 6, for some ¢ < p + log (%) (
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it holds that

_ f an(wlj, b?)
min Jwll2 < w2 + (1 + | — (4.26)
(w,b)ERTHL:L ¢ (w,b)=0 Tr(X-+)
. . # nL(wh,bt)
Proof. Tt suffices to show that for the desired choice of B = ||w?||o 4 (1 +€){/ —=1—, we have

Tr(2h)

in Lp(w,bf) =
Wﬂ23 plw, b7)

To this end, we will apply Theorem 37. For the squared hinge loss (as well as the square loss), it

holds that f) = /\LH f and so we want

min max
Jwlz<B A0 A+1

Zf ) + 8,30 | — 2 (Qu2)?

By Lemma 79, it suffices to find a w such that ||w|s < B and

n

%Ejf«¢w&fﬁ+4w%w+bt%)§

1=1

(Quw, z)2. (E.29)

S|

To this end, we let R to the orthogonal projection matrix onto the image of () and consider

w of the form w* + ozH]];” I

(W], ..., W] = W =wwWTsw)=1/2 and 21/21211‘, . 21/2121}; are orthonormal by construction.

. Note that Lemma 81 can be applied here because we can consider

It is easy to check that [ — WWI'Y = I — W(WTSW)~IWTS = Q. Then we check that

QRr N Rz
Rzl [|Rz(]2

Qu = Qu' + o and (Qu,x) = af|Rx||s.

Since RYW = 0, we have

o) WTsw WL sw?
w _— g
1/2 o212 Rz
||ZJ Qw||2 TRz
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and so
1/2
(Bw), &) = ((wh), &) + A= Rellzg
T

Moreover, we can assume 4 to be in the span of ST. Then we have (w, u1) = (wf, ;). Next, we

use Lemma 80 to show

=1
1 i ) a2H21/2Rx”2 1 ~
- ﬂ ﬁ ﬁ 2 - 2
<5 2 U 20+ (0 85+ = (0D
ol|ZY2Re|ly (1<~ - , —
—QW glzzlyl\/f(<¢<w )’xl> + <w ,IU> —|—b ’yl)xl7k+1 .

Since Qu! = 0 and g; only depends on T 1, T4 j» We have y}\/f((¢(wﬂ), ) 4 (wh, ) + 08, ;)

is independent of ; ;. 1 and so % S y}-\/f((gb(wﬁ), i) + (wh, 1) + b%, §;)%; 41 has the same

distribution as

% Zf((ﬁb(wﬁ),i,} + (wﬁ,,u) + bﬁ,ﬂz) 'N(Ov 1)'
1=1

Moreover, we have Rz ~ N(0, RSR) and X/2Rz ~ N(0,%1/2REREY/?2), and it is easy to

check that
Tr(SY2RERSY?) = Tr((RSR)?).

By a union bound, the following occur together with probability at least 1 — § /2 for some absolute

constant C' > 0:

1. Using the first part of Lemma 64, we have

Rl > Te(RSR) (1 _CM>
R(RZR)

1. If not, we can simply increase k by 1 and let wy_ | = .
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2. Using the last part of Lemma 64, requiring R(RXR) > log(32/6)?

[SV2Re 2 SRy
e = 1RO (Reg)

3. Using subexponential Bernstein’s inequality (Theorem 2.8.1 of Vershynin [71]), requiring
= Q(log(1/9)),
Z Z; k;+1

4. Using standard Gaussian tail bound Pr(|Z| > t) < 26_t2/ 2 we have

S FU () 83) G )+ 85, 500
=1

<J %Zf((cb(wﬁ),fﬁ -l )+ ) 4 2o832/0)
=1

n

5. By assumption, it holds that
=7 F{ow), 35) + (wh, ) + b7, §;) < (1+ p)Lp(wh, b,

Therefore, we can use AM-GM inequality to show that

T ) i 1 i i H21/2RxH2

oot ) + 0100 <33 (G030 + ) + 207
ISV2Rafy |1 y ;. [210g(32/9)
el w2 (I + V) T

. (1 21og 32/5 ) L )b )

210g(32/0) \ Tr((RER)?)
+ C'log(32/96) <2~|— " > T (AR o2
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and it suffices to pick « such that

(1 + 2log(32/9) logf2/5)> (1+ ,O)Lf(wﬂ, b¥) + C'log(32/6) (2 + 210g§i32/(5)) Tl;féélg)z)QZ

<2 T(BER) [ log(32/9)
- n R(RER) ]

Rearranging, we can set

(1+ w) (1+p)

n

an(wﬁ, bt)

Clog(32/6 21og(32/9) n  Tr(RER)
1— —Rg(;g%Z/R)) — C'log(32/9) <2 4/ 2los(32/ ) T

2 _

Note that ||wl||2 < ||w!|2 4+ a. The proof concludes by applying Lemma 81 to replace RXR with
=t m

Theorem 40. Under assumptions (A) and (B), let f : R x ) — R be the loss defined in (4.28)
with Y = R>(. Let () be the same as in Theorem 36 and v1 = QTSQ. Fix any (wﬁ, bﬂ) € Rdt+l

such that Qu* = 0 and for some p € (0,1), it holds that

Ly(w® 0%) < (14 p)Lp(w?, bF). (4.29)

Then with probability at least 1 — 6, for some ¢ < p + log (%) ( = + \/ﬁ + % + R(gl))’

it holds that

<

. § an(wh,bﬁ)
min |lwll2 < w2 + (14 €)y| ——=—- (4.30)

(w,b) ERHLL 4 (w,b) =0 Tr(24)
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Proof. Let I = {i € [n] : y; > 0} and observe that

min Jw||2 = min w2
weR? weR?
Vi€ [n],o((w,a;)+bh)=y; Viel (w,z;)+bi=y;
Vig I (w,a;)+b <0
n
=min,sup > Nif(w, i) + 8~ 9) + w2
weR?  \eR™ ]
VigIA>0 "=

=min sup (A Z8Y %0+ (OF + (w, )T - y) + [|w2
weR?  \eR™
Vi I,\>0
Note that if we condition on ZZl/2wT =N, ... ZEl/2w;‘; = ;. and &, then both y and I are
non-random. Without loss of generality, we can assume that i/ wa, - i/ Qw;; are orthonormal
because otherwise we can define W = W(WTEW)*l/ 2 and conditioning on Z S22 s the

same as conditioning on Z >1/2V. Then by Lemma 72, the above quantity has the same distribu-

tion as

k

= min sup (), ZPY2w) + (Y (w, Swfyn; + (0 + (w, )T = y) + [wll2. (E.30)
weR®  \cR" -_
Vit I \>0 =1

Observe that the minimax problem is convex in w and linear in A. Moreover, the set {\ € R" :
Vi ¢ I,\; > 0} is convex. Therefore, by the same truncation argument and CGMT, we can

consider the auxiliary problem

k
U= min  sup (A (w,Sw])n; + | PSY2w]56 + (0F + (w, )T - y)
Vig I, \;>0 (E.31)

+ M2 H, PEY2w) + [Jwl|o
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and it holds that Pr(® > ¢) < 2Pr(¥ > t). If we define

(G—y)? if y>0
f(y,y) = (E.32)
0(3})2 if y=0

then by Lemma 82, we have

k
sup (A fw, Dufyn + [PE2wlaG + (F + w, i) = y) + Mo (H, PEHw)
vigT a0 oL
k
=sup A | (H.PEVRw) o sup (a3 (w, S+ [PEVRwlaG o+ (8 4w, i)T - )
)\ZO ue i=1
HU||2 1
Vi¢I,u;>0

k

n
=sup A CH,PYY 2wy + |37 D o Swf)g + 1PV 209G+ 6+ (w, 1), g
Z i=1 \i=1

Therefore, we have shown

U = min llw]|2
weRY:

1/2
(S £ (ks S0+ PSY 20 Gt bt i) ) < (P 20)

Note that Lemma 83 is the analog of Lemma 80 for ReLU regression. The rest of the proof is

completely the same as proving equation (E.29) in Theorem 38 and so we omit the details. [
The following two lemmas are used in the proof of Theorem 40.

Lemma 82. For any v € R" and I C [n), it holds that

sup (u,v) = Z vlz

u€R™:||ul|2=1 ; ey
Vid Lu;>0 i€l ori¢l:v;>0
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Proof. Observe that

sup (u,v) = sup Zuivi—i- Z u;v; + Z u;v;

u€ER™: |Jul|2=1 u€R™[Jull2=1 ;7 i T0:>0 it T0:<0
Vi T u;>0 Vi T u;>0 iglivi> igluis

< sup Z Ujv;

u€R™:[[ul]2=1 iclori¢I:v;>0

1/2 1/2
ST D SIERT) B D S
ug};l’lqzllzzgl i€l origl:v;>0 i€l ori¢l:v;>0

1/2

IN

2. wu

i€l orig¢l:v;>0

and this upper bound is attainable by setting u; = v; fori € I ori ¢ I : v; > 0 and O otherwise

and then scale it to have unit /5 norm. [

Lemma 83. Define

. y—y if y>0
f(@,y) = (E.33)
o(g) if y=0
then for any 1, vy, €

F+ey) < f(@,y) + €+ 2f (9,y)
Proof. If y > 0, then
Fa+ey)=G+e—y)?2=G-y>+e+2(5—y)
= f(@,y) + €+ 2¢f (5, y).

If y = 0, first observe that

o(j+e) < |o(g) +el.

Indeed, if j+¢ < 0, then there is nothing to prove. Otherwise, the proof follows by the monotonicty
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of x — |z| and o. Therefore, we can check

f@+ey) =o(j+e)?
< (0(9) + €)% = o (§)? + € + 2ea(y)

= f(5,y) + €+ 2¢f" (3, ).
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APPENDIX F
PROOFS FOR SECTION 5

F.1 Experimental Details

Linear Regression. Since we are considering quite high-dimensional settings and we need many
repeated experiments for different regularization strengths, we generally want to avoid drawing a
large test set to estimate the prediction error when it is possible. In the case of square loss, we can

always write the population loss as
. ~ 112
Lp(w) = Ly(w) + [lw = w5,

where w is the optimal linear predictor satisfying the first order condition:

Therefore, we have L¢(w) = E[(y — (w™, 2))?] = o2. To determine the optimal linear predictor

in the mis-specified case, we want to set

Y = Efzy]
= E[z((w*, z) + |a1| - cos z9)]

= Yw* + E[zq - |x1|]E[cos xa]e1 + E[|z1[|E[x2 cos xo]eo

and so

W = w* + E[z - |21]]E[cos z2]S ey + K[| [|E[zg cos 29] S Les.
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At the same time, it is routine to check that the optimal error is given by
Ly(@) = E[y?] — (E[zy], S~ 'E[zy)).
It remains to compute the null risk

E[y*) = E[((w*, @) + |21 - cos w3 + x3¢)7]
= E[((w*, z) + |1] - cos 29)?] + B3302
— (w*, Sw*) + E[2?]E[cos® z] + 2E[(w*, z)(|z1| - cos z9)] + L3302
= (w*, Xw*) + E[z?]E[cos? z9] 4+ Y330>

+ 2 (E[zq - |21]|E[cos zo]w] + E[|x1||E[zg cos zo]w?)
and

(Elry], 5 Elry]) = (S + Ellry]| cos(z)a], w* + 5 ElJz | cos(a)al)
= (Sw*, w*) + 2(w*, E[|x1| cos(x9)z])

+ (B[Jx1| cos(wg)z], ST E[a1 | cos(xg)al).
Therefore, we have
Ly(w) = E[22|E[cos® 9] + X3302 — B[z - |21]]*E[cos x2]221_11 — E[|21|]%E[z2 Cos(xg)]222_21

It remains to compute quantities like E[|x|], E[z - |z|], E[cos ], E[x cos x] for each of the eight
feature distributions. Since they are one dimensional quantities, we can afford to draw a very large

number of samples to estimate them.
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Linear Classification. When the feature distribution is Gaussian, we can estimate
Ly(w,b) = E [max(0, 1 — y((w, z) +b))?

without drawing a new high-dimensional dataset from D. First, we can write x = »1/2;. Note
that conditioning on 7 is the same as conditioning on (w*, z) = (S 2w*, 2) ~ N (0, ||w* ||2E) and

the conditional distribution of z is

_ )
> 5 S120% 4 P2
[l
1/20%) (21209 T . Y .
where P = T — & Il]\zl(”‘ﬁQ w)” and so the conditional distribution of (w,z) +bis
s

_ Rk
w2 (=512 p) Y
lw* |13

2 *
=b+ <U)’Tu;)(n —b*) + (PElﬂU}, z)~ N <ﬂ(77>7 U2>
[Jw*[|5;
where p(n) = b+ <T|UQ’UE*QHU2;> (n—b*) and
Z * 2
w
by

Since z is independent of y conditioned on 7, we have that

L(w,b) =E [E [max(o, 1 — y((w,z) +b))?| n”

—E [g(n) -max(0,1 = u(n) = 0) + (1 = g(m)) - max(0, 1 + () + 02)?

We can then estimate the population error by drawing samples from a two-dimensional distri-
bution. In addition, the linear predictor that minimizes the population squared hinge loss generally
does not have a simple closed-form expression, but we can run SGD on the population objective
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in order to find the optimal linear predictor w, b. For simplicity, we choose

w* = (5,0,...,0) and b* =3.

In this case, we can simplify the optimization problem to an one-dimensional problem by observing

that w; = 0 for ¢ # 1. Indeed, we can check the first order condition holds

0

8wi

L(w, b) = —2E [y max (0,1 — y({(w, x) + B))xz]

= —2E [y max(0,1 — y(wyz1 + 5))} Elz;] =0

because y is independent of x; with i # 1. Therefore, we can just generate {x; 1,%;} from D and
perform one-pass SGD (theorem 6.1 of Bubeck [16]) to find w1, b. In the experiments, we find

choosing the initial step size to be 0.1 works well.

F.2 Proofs for Section 5.2

By assumption (A), we can write ;1 = h(z;) - 2|1d/sz7 where z; ~ N (0, I;_;.). We will
denote the matrix Z = [zq, ..., zn]T € Rx(d—k), Following the notation in section 5.2, we will
also write X = [X, X|4_] where X, € R"*F and Xig—i € R"<(4=k) " The proofs in this

section closely follows the proof of Theorem 41.

Theorem 43. Consider dataset (X,Y') drawn i.i.d. from the data distribution D according to (A)
and (B), and fix any f : R x Y — R such that \/f is 1-Lipschitz for any y € Y. Fix any § > 0

and suppose there exists e5 < 1 and Cy : RIF [0, o] such that

(i) with probability at least 1 — §/2 over (X,Y) and G ~ N (0, I,), it holds uniformly over all
Wk, € R” and ||w|d*k||2|d7k S RZO that

n

1 1
il N Nh(zs G > (1 eE
”;h(xik)ﬂ((wlk’xllkH (llwa—plls, ,Ginvi) > (1—cs)Ep

1
h(x—k)Qf«w’ ), y)]
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(ii) with probability at least 1 — §/2 over gk ~ N(0, Z|d—k)’ it holds uniformly over all
w‘d_k € Rd_k that

(Wa—> 20—k < Cs(wig—) (5.8)

then with probability at least 1 — 0, it holds uniformly over all w € RY that

n Cs(wig 1)\ >
(1-€)E h(%')zf“wﬁ ] (%Zh zf wx)%)Jr%) . (59

i=1 Z|ki

Proof. Note that

1/2
(Wig—t> Tija—r) = Plzgr) - (wjg—p E‘d/_kzz?

and so forany f : R x ) X RF R, we can write

1 n
¢ .= sup F(’LU) - Zf(<w7$2>ayzaxz|k)
weR i
1 n
= sup Fw) -~ D FCwpe @) + bl yi, k)
weR? ueR™ i=1
u:ZE?cl/Ekw‘d_k
1/2 1
= sup inf (A Z8 07wy — ) + Flw) -~ D P 1) + M), vi, 7).
weR ueR" AER™ n i—1

By the same truncation argument used in Lemma 74, it suffices to consider the auxiliary problem:

. 1/2 1/2
U= sup inf [[A[l2(H, E|G{_kw|d—k> + <G’|E|d/_kw|d—kﬂ2 —u,\)
weRd yeR”™ AER
1 n
+F(w) = D Fwp @) + hlgp) i, vis v,
i=1

1/2 1/2
= sup inf >\<<H,2 ZpWd—k) — HGHE - wd—k||2—UH )
weRY, ueR”)‘>0 =k | =k | 2

T
_EZ w\k? ilk +h< z|k‘)u27y27 @‘k)
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Therefore, it holds that

T
V= sup _EZ w|k’ ilk +h( Z|k)ul7yl7 z|k)
weR? ueR™ i=1

1/2 1/2
<H’E\d/—kw|d—k>2HGHZ|c{_kw|d—kH2*UH2

1 n
= sup F(w)— — inf Wi, Tip.) + h(2; )W, Vi 1) -
welgd (w) n JeR™ Zf(< |k z|k> ( z\k) i Yi z|k:)

(HX \d/ L Wd— k) >HG”Z‘d L Wd— kll2— UH

Next, we analyze the infimum term:

n

n
inf D FCwpge i) + bl i )

1/2 1/2
(H 0 2 |G w2

n
. 1/2
= nf, > F W migp) + hlag) (uz + ||E|a{_kw\d—k”2Gi>  Yis T )
i=1

1/2
lull2< (22 o)

1 2
= inf sup )\(HUH — (H, |d/_kw|d—k>2)

wER
& 1/2
+ > Fwy ) + bl (uz + |!E|d_kw\d_k|\2Gi)  Yis Ty ;)
i=1
1/2
>sup inf A(Jull® — (H, 5% w0_1)%)
A>0u€
& 1/2
+ > F(wpg, ) + Rl (uz + H2|d_kw\d—kH2Gz’)  Yis Tik)
i=1
1/2 2
=sup —A(H, X" w _p)
A>0 jd—k "=k
= 1/2 A
. 2
+ ;uli%%f((wm,%ﬁ i+ 182w a- g l|20(@k) Gis yis i) + h(x”k)Q“i'

Now suppose that f takes the form f(y, vy, x| k) = ( W) f (9,y) for some 1 square-root Lipschitz

f and by a union bound, it holds with probability at least 1 — 9 that
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1/2
(2w ) < Colwyg_p)?

n
> e F(Gwpe, zipp) + ||Z|d pWd—rll2h(@i ) Gio yi) = (1 — e5)E
1=1

§I>—‘

then the above becomes

n
1/2
sup =\ 0% H owyy_ ;)2 +
>0 d—Fk ld—k Z

>sup —A(X 1/2 H, w k> +
A0 =k A+ 1 by,

A
> sup —A\C + 2 (1—enE
Sup = 5(wig—k) g on

>n (\J (1 — 65)E

where we apply Lemma 75 in the last step. Then if we take

2
) Cs(w _
F(w) = (\l (1 - €e)E h(a:1|k)2f<<w’x>’y) - %)
4

then we have ¥ < (. To summarize, we have shown

(J (1—¢€5)E

which implies

1

ot (wa)0)




and we are done. ]

Theorem 44. Under assumptions (A) and (B), fix any w|*k € R* and suppose for some p € (0,1),

it holds with probability at least 1 — §/8

n 2 . w*’x 2
Z(yz Ul W) <(1+p)-E (—y }f( [k |k>> . (5.10)

i—1 Zlk) 1)
. L. _ < 1) 1 1 n
Then with probability at least 1 — 0, for some € < p + log (3 <\/ﬁ + \/R(E|d,k) + Sad) |’
it holds that
* 2
y_<w|k’x\k>
2 * 12 " ( h<x|k)
min w5 < ||w |5+ (1 +€) (5.11)
wERL:VI, (w,x;)=y; 2 k112 Tr<2|dfk)
Proof. Fix any w|*k e R¥, we observe that
: 2 : 2 2
min Jwllz = min Jwell2 + llwjg—l
wERLVi (w,z;)=y; ? WERLV, (W o) (W] 4o T d— o) =i k12 ld—k12
2 : 2
< il + min a1
U}‘d_kER :

Vi (W) dfor T d— k) =Yi = (W] T o)

Therefore, it is enough analyze

d = ” Zneilréd_h [w)g—gll2

Vi (W) g %] a— k) =i — (Wi )

= w I]:leiﬂgdfk. [w)g—gll2-

Vi <w\d ko2 |d— kzz> W
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By introducing the Lagrangian, we have

n — {(w* . >
. 1/2 Yi <w|k7’xl‘k
® = min max Nl 2wy, zi) — + ||lwig_rll2
U)|d,k€Rd_k AER™ — (J ( |d—k |d—k> <1 h(gj’[,‘k) |d—Fk
n - * ) >
. 1/2 Yi <w|]€7‘rl|k
= min max (\,ZX T wg1) — Y N + ||lwig_z|l2-
s 0 e (e ik

Similarly, the above is only random in Z after conditioning on X |kw|*k and ¢ and the distribution
of Z remains unchanged after conditioning because of the independence. By the same truncation

argument as before and CGMT, it suffices to consider the auxiliary problem:

i Ao (H, =12 "~ /2 oG i~ Wl i)
wd_r:é%d_kgé%\ l2(H, |d_kw|d—k>+; i| 1242 wia—kll2Gi — h(p)
+ lwjg—rll2
1/2 1/2 vi — (W i) ]
= min max ||Allo | (H, %77 wig_g) + 124 g wja—kll2Gi —
wjg_ERITF ACR™ a—k"1 i=1 k"] Z h(xi“c)
+ lwig—rll2

and so we can define

U= " I:eiﬂ%d—k- [w)g—gll2-

2
1/2 yz_<w*kle|k;> 1/2
$ i1 <Z|C{kw|d—k|2Gi_h(mi|k) §<—E|d/,kH,w|d—k>

1/2

H
To upper bound V¥, we consider W)g_g of the form —« ”21%_ i 0’ then we just need
|d—kT 112
2
1Z1q-H 2 Yi = (W] Tifk) 91al/2 L2
> e 1/2 Gi—— < o7|[% )2 Hll2-
T\ 22 A2 (i)
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By a union bound, the following occur together with probability at least 1 — d/2 for some absolute

constant C' > 0:

1. Using the first part of Lemma 64, we have

log(32/5)
R(X|q_1)

1/2

1=,

H|3 > Te(S4_p) (1 -C

2. Using the last part of Lemma 64, requiring R(Xq_1,) 2 log(32/6)?

2
=0k Hl3 Te(Xi5_)
— < Clog(32/)) —=—
1= H I3 Tr(3)q-4)

3. Using subexponential Bernstein’s inequality (Theorem 2.8.1 of Vershynin [71]), requiring
n = Q(log(1/9)),

1n
=y Gi<2
n

i=1

4. Using standard Gaussian tail bound Pr(|Z| > t) < 92e~t*/ 2, we have

1 <& Gi(yi_<w|*kvxi|k>> 1 — yi_<w\*k7xi|k> ? /21og(32/0)
ﬁizzl M) ‘S ﬁz( h(@jy,) ) n

=1

5. By assumption, it holds that

L ga (Vi W)\ ? y = (wiop)\ 2
HZ< h(z;.) ) <(+p)E ( () )

i=1
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Then we use the above and the AM-GM inequality to show that

2

12": Bkl Y- (W i)
1=1 \d—k‘ 2
S H2 y— (W) \ 2
- ol 1d/2k ”2+(1+p)-]E - k2|
||2‘d_kHH% (@)
[ 2
a2 | (y_<w|*k:’x|k>) 210g(32/9)
1202 H 2 hle) n
2
210g(32/6)\ o M)
<
< C'log(32/5) <2+ - Sy

210g(32/0) y = (whzp)\
(1282 ) B | —
n h(z,)

After some rearrangements, it is easy to see that we can choose

2108(32/0) y—(wfore) ) ?
2 (1 L gT> (1+p) B | (S
o = .
_ o toe(32/0) 2log(32/9) n Tr(Xg—¢)
1 C\/m C'log(32/0) (2 + o ) A )

and the proof is complete.
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