THE UNIVERSITY OF CHICAGO

LOCAL AND COVARIANT FLOW RELATIONS FOR OPE COEFFICIENTS IN
LORENTZIAN SPACETIMES

A DISSERTATION SUBMITTED TO
THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES
IN CANDIDACY FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

DEPARTMENT OF PHYSICS

BY
MARK GORDON KLEHFOTH

CHICAGO, ILLINOIS
JUNE 2023



Copyright () 2023 by Mark Gordon Klehfoth
All Rights Reserved



To my parents, John and Kristal.



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . e v
ACKNOWLEDGMENTS . . . . . . e vi
ABSTRACT . . . e vii
1 INTRODUCTION TO THE OPE AND FLOW RELATIONS FOR OPE COEFFI-
CIENTS . . . e 1
2 OVERVIEW OF RESULTS AND ORGANIZATION OF THESIS . . . ... ... 21
Notation and conventions . . . . . . . . . .. ..o 31
3 KLEIN-GORDON THEORY AND LOCAL WICK FIELDS . . ... ... .. .. 34
3.1 Wick algebra and state space: axioms and existence of Wick polynomials . . 35
3.2 Uniqueness of Wick monomials . . . . .. .. ... .. ... ... ...... 48
4 KLEIN-GORDON OPE COEFFICIENTS . . .. ... ... ... .. ....... 59
4.1 Local Hadamard normal-ordered OPE coefficients . . . . . . .. ... .. .. 59
4.2  OPE coefficients for a general definition of Wick monomials . . . . . . . .. 73
4.3 OPE coefficients of (unextended) time-ordered products . . .. .. ... .. 81
5 FLOW RELATIONS FOR OPE COEFFICIENTS IN FLAT EUCLIDEAN SPACE 87
5.1 Vacuum normal ordering without an infrared cutoff (m? >0) ... ... .. 88
5.2 Hadamard normal ordering with an infrared cutoft . . . ... .. ... ... 93
6 FLOW RELATIONS FOR OPE COEFFICIENTS IN MINKOWSKI SPACETIME 106
7 FLOW RELATIONS FOR OPE COEFFICIENTS IN CURVED SPACETIME . . 122
A EXISTENCE OF HADAMARD PARAMETRIX SATISFYING THE CONSERVA-
TION CONSTRAINT . . . . . e 137
B PROOFS FOR SECTION 4.2 . . . . . . . . .. . 139
C CONSTRUCTION OF a~,~y, FOR LORENTZ-COVARIANCE-RESTORING
TERMS . . . . e 147
D CURVATURE EXPANSION OF Q¢ . . . . . . oo o 160
E CONSTRUCTION OF COVARIANCE-RESTORING COUNTERTERMS BASED
ON GENERAL ASSOCIATIVITY CONDITIONS . . . . . ... .. ... ... ... 164
REFERENCES . . . . . . . e 172

v



LIST OF FIGURES

4.1 Directed graphs representing the three perfect matchings in eq. (4.22)



ACKNOWLEDGMENTS

My research advisor, Bob Wald, for his guidance, collaboration, and support during the

completion of the research for this thesis.

Stefan Hollands, for many helpful conversations regarding the thesis research and, espe-
cially, for suggesting that a cohomological argument might be used to prove the existence of

Lorentz-restoring terms for the flow relations.

Members of my Thesis Committee, Daniel Holz, Stephan Meyer, and Dam Son, for their
service. Members of the Relativity Group, especially Gautam Satishchandran, Kris Mack-

ewicz, and Daine Danielson, for stimulating discussions and general camaraderie.

Rolf Schimmrigk, for his enthusiastic teaching and mentorship as my undergraduate re-
search advisor at Indiana University South Bend and, for his friendship and encouragement
while I have been a graduate student at the University of Chicago. His passion and persis-

tence have been a source of personal inspiration.

My parents, John and Kristal, and sisters, Elizabeth and Annie, for their unconditional

love and support, which has made many things possible that otherwise would not have been,

including this thesis.

Rui, I am glad you are in my life. I love you too.

National Science Foundation, for support through the Graduate Research Fellowship
Program under Grant Nos. DGE-1144082 and DGE-1746045.

vi



ABSTRACT

The singular properties of quantum fields have posed an intransigent obstruction to formu-
lating a mathematically well-defined theory of interacting quantum fields at nonzero coupling
in (3 + 1)-spacetime dimensions. To date, a systematic renormalization of the unavoidable
“ultraviolet” divergences produced by pointwise products of quantum fields has only been
achieved order-by-order in perturbation theory. In the coincidence limit, the behavior of
products of quantum fields is characterized by the coefficients of their operator product ex-
pansion (OPE). For Euclidean quantum field theories, Holland and Hollands have shown
operator product expansion (OPE) coefficients satisfy “flow equations™ For interaction pa-
rameter A, the partial derivative of any OPE coefficient with respect to A is given by an
integral over Euclidean space of a sum of products of other OPE coefficients. These Eu-
clidean flow equations were proven to hold order-by-order in perturbation theory, but they
are well defined non-perturbatively and, thus, provide a possible route towards giving a
non-perturbative construction of the interacting field theory. In this thesis, we generalize
these results for flat Euclidean space to curved Lorentzian spacetimes in the context of the
solvable “toy model” of massive Klein-Gordon scalar field theory, with m? viewed as the
“self-interaction parameter”. Even in Minkowski spacetime, a serious difficulty arises from
the fact that all integrals must be taken over a compact spacetime region to ensure con-
vergence but any integration cutoff necessarily breaks Lorentz covariance. We show how
covariant flow relations can be obtained by adding compensating “counterterms” in a man-
ner similar to that of the Epstein-Glaser renormalization scheme. We also show how to
eliminate dependence on the “infrared-cutoff scale” L, thereby yielding flow relations com-
patible with almost homogeneous scaling of the fields. In curved spacetime, the spacetime
integration will cause the OPE coefficients to depend non-locally on the spacetime metric,
in violation of the requirement that quantum fields should depend locally and covariantly on
the metric. We show how this potentially serious difficulty can be overcome by replacing the
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metric with a suitable local polynomial approximation about the OPE expansion point. We
thereby obtain local and covariant flow relations for the OPE coefficients of Klein-Gordon
theory in curved Lorentzian spacetimes. As a byproduct of our analysis, we prove the field
redefinition freedom in the Wick fields (i.e. monomials of the scalar field and its covariant
derivatives) can be characterized by the freedom to add a smooth, covariant, and symmet-
ric function Fy(x1,...,zy;2) to the identity OPE coefficients, Cé...qs(ﬁla ..., Tp; 2), for the
elementary n-point products. We thereby obtain an explicit construction of any renormal-
ization prescription for the nonlinear Wick fields in terms of the OPE coefficients C£ &
The ambiguities inherent in our procedure for modifying the flow relations are shown to be
in precise correspondence with the field redefinition freedom of the Klein-Gordon OPE coef-
ficients. In an appendix, we develop an algorithm for constructing local and covariant flow

relations beyond our “toy model” based on the associativity properties of OPE coefficients.

We illustrate our method by applying it to the flow relations of A¢4—theory.
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CHAPTER 1
INTRODUCTION TO THE OPE AND FLOW RELATIONS FOR
OPE COEFFICIENTS

The primary objectives of this chapter are to introduce the operator product expansion
(OPE), provide some informal motivation for the existence (and functional form) of the
flow relations for the OPE coefficients, and to briefly summarize some of the rigorous re-
sults for the flow relations that have already been established in Euclidean quantum field
theories. We begin with a discussion of the distributional properties of quantum fields and
the inherent difficulties these properties present for defining nonlinear field observables and
nonlinear dynamics (i.e. “interactions”). We then define the OPE and describe how the OPE
coefficients could be used to non-perturbatively analyze (and remove) the short-distance
“ultraviolet” divergences that arise in integrals involving the (unrenormalized) expectation
values of time-ordered products. Generalizing an approach sketched by Wilson in [1] (see
Remark 3 below), we obtain the basic structure of the flow relations for the OPE coefficients.
We conclude this chapter by comparing our informally-obtained relations to those that have
been rigorously-derived in Euclidean quantum field theories. A reader who is well-acquainted
with the distributional nature of quantum fields, the non-integrable divergences that arise in
(position-space) perturbation theory, and the operator product expansion may wish to skip

ahead to the discussion of the Euclidean flow relations found at the end of this chapter.
x % x Singular quantum fields * % %

Suppressing any spinorial /tensorial indices, denote an arbitrary local quantum field by
the symbol ® and a quantum state by (-)y. Disregarding the practical limitations of ex-
perimental measurements, one might anticipate that an expectation value of ® at spacetime

event x,

(@) , (1.1)
1



would correspond to an elementary physical observable!, provided it is real-valued?. For
a renormalizable quantum field theory, there exists a wide class of quantum states and a
large (countably-infinite) set of quantum fields such that the quantity denoted by (1.1) is
mathematically well-defined as a C'°°-smooth function of z.

However, if the spacetime is modeled as a continuum3, then there is a sense in which
quantum fields are inherently more “singular” (in their spacetime dependence) than their
classical counterparts. The first indication of this fact is that the “fluctuations” of a quantum

field at any event x are always divergent:

Var[®(z)]y = ((2)®(x))g — (®(2))y ((2))g ~ o0, (1.2)

even when the expected value (1.1) is finite*. The fact that all quantum states exhibit
infinite field fAluctuations implies® that there cannot exist renormalizable “eigenstates” cor-
responding to ® evaluated at event x. According to the standard postulates of quantum
mechanics, immediately subsequent to the measurement of a physical observable the quan-
tum state describing a physical system “collapses” to the eigenspace associated with the
measured observable. Since no normalizable state belongs to the eigenspace correspond-

ing to “® evaluated at event x”, a measurement of the quantum field at a sharply-defined

1. Of course, it is not possible to take repeated measurements at a single event in spacetime. However,
measurements could be taken at distinct events each with the same local spacetime structure.

2. i.e., assuming @ is defined as a Hermitian “quadratic form”.

3. If spacetime is modeled as a discrete lattice, divergent fluctuations are avoided at the expense of
explicitly breaking (continuous) spacetime isometries.

4. As articulated in the influential paper [2], the divergent fluctuations of non-interacting quantum fields
can be inferred from the canonical equal-time commutation relations.

5. Here we use Dirac bra-ket notation for the quantum field and states: Suppose there exists a self-adjoint
operator ®(z) with dense invariant domain on a Hilbert space. Further suppose there exist normalized
cigenstates, |®.. (2)), corresponding to this operator: i.e., (Pey (2)|Pey.(z)) = 1 and ®(z) |Pey. (2)) =
Doy () |Pov.(2)). From these assumptions and (1.2), we immediately obtain a contradiction:

00 > Dy (7)Pey. () = Pey () Pery. () (Pev. (7) | Pov. (7)) = <(I)CV(CU)|&)($)&)($)|(I)CV($)> ~ 00 § (1.3)



spacetime event is theoretically incompatible with the standard postulates of quantum me-
chanics. This is a close analogue of the well-known fact that eigenstates of the position
operator for a non-relativistic particle are non-normalizable® and, thus, are not physically

realizable. Nevertheless, in close analogy to the non-relativistic case’

, one can construct a
physically-sensible quantum observable by “smearing” the field over a finite (but possibly

“very small”) spacetime region®. The smeared field observable is often written informally as

B(f) = / dP f(z)(x), (1.4)

with f denoting a compactly-supported “bump function”. In contrast to the fluctuations of
the pointwise field ®(z), the fluctuations of the smeared field observable are finite-valued in
any physically-reasonable state. If f is real-valued and normalized such that [ dPz flz) =1,
then the smeared field (1.4) may be interpreted as a weighted average of the quantum field
over the spacetime region in which f is nonzero!?.

Although smeared fields ®(f) are satisfactory quantum observables, the singular nature
of quantum fields does create difficulties in defining nonlinear observables and nonlinear
dynamics that are not present for quantum systems with countable degrees of freedom.

Because the quantity (1.1) is finite-valued in any physically-reasonable state, the divergent

fluctuations in (1.2) arise from the expectation value of the pointwise product ®(x)®(x).

6. More precisely, the inner product between position eigenstates, (Z|@') = 6(Z—2"), diverges when & = &'.

7. The analogy between (1.4) and the non-relativistic case is that, for bump function 1 on R3, |[¢) =
J d*zy(Z) |Z) is a normalizable state even though the individual position eigenstates |Z) are not.

8. The microlocal spectrum condition [15, see eqs. 22-23 for definition] implies it is possible to define a
quantum field at a sharp “position in space” by smearing only in a timelike direction. For the very special
case of the linear field observable for a non-interacting theory, it is also possible to define the field at a
sharp “moment in time” by smearing in (all) spacelike directions. Of course, the latter is required to define
equal-time commutation relations.

9. In cases where the quantum field is tensor-valued, ® = &4 it is smeared with a test function
element of its dual space, faped..., S0 that the smeared field (1.4) is always a scalar quantity.

10. From a practical standpoint, the weighted average of the field is a decidedly more realistic observable
than ®(z) even in classical field theory, since the actual resolving abilities of any physical detector will be
limited and non-uniform in spacetime.



This is a special case of the general “n-point functions”

(©1(21)P2(22) - - Pn(wn))y , (1.5)
which characterize the correlations between n quantum fields @1, ..., ®,, evaluated at events
x1,...,Tn, respectively. The discussion of the previous paragraph implies that, in general,

the quantities (1.5) are only mathematically and physically meaningful when the quantum
fields have been smeared with bump functions fi(z1), ..., fn(zp). Viewed as maps from
bump functions to numbers (i.e., as “functionals”), the expectation values (1.5) are linear (as
suggested by the informal integral notation (1.4) for the smeared fields) and suitably contin-
wous!! and, thus, are mathematically well-defined as distributions. The fact that quantum
fields are represented by distributions, which are inherently linear objects in general, is the
ultimate origin of all “short-distance”/“ultraviolet” divergences that arise when expressions
involving quantum fields are naively manipulated as if they were ordinary functions.

It is worth emphasizing that the n-point distributions (1.5) and their “time-ordered”
counterparts contain, in principle, all the types of predictions that are relevant for modern
particle physics experiments, including the probability amplitudes (i.e. “S-matrix elements”)
that are used to compute decay rates and scattering cross sections. Moreover, in spite
of the challenges posed by the singularities of (1.5) at coinciding spacetime events, the
strong correlations implied by the n-point distributions between fields at small “spacelike”
separations are intimately related to some of the most interesting and phenomologically-
important predictions of quantum field theory in curved spacetimes [4, see Section 2.2| : In
particular, the black-body radiation predicted in the Hawking effect ultimately originates
from quantum correlations between “closely-separated” fields located on opposite sides of a
black hole event horizon. The spatial correlations in the n-point distributions also provide a

natural explanation for the temperature fluctuations observed in the power spectrum of the

11. For a precise definition of “continuity” of a distribution, see [3, Definition 2.1.1].

4



cosmic microwave background radiation and imply a mechanism for “structure-formation”
in our universe: When amplified by the exponential expansion of an “inflationary” epoch,
quantum correlations between fields separated by very short-distances in the early universe
will seed the kind of density perturbations that are required for the formation of large-scale

structures like galaxies and galaxy clusters in our present universe.
* * % Nonlinear dynamics * * %

In (3+1)-spacetime dimensions, the singular nature of quantum fields has thus far ob-
structed serious attempts to formulate a mathematically well-defined theory of interacting
quantum fields, i.e., a theory where the elementary quantum fields satisfy nonlinear equa-
tions of motion. The kinds of interacting quantum field theories that constitute the Standard
Model of particle physics are Yang-Mills gauge theories, and proving the existence of a non-
trivial Yang-Mills theory (with a “mass gap”) in 4-dimensions remains a famous unsolved
problem with a sizable bounty [6]. Consequently, in spite of their physical importance, it is
not known how to satisfactorily define—much less construct—the n-point distributions, eq.
(1.5), in (3 + 1)-spacetime dimensions except for quantum field theories whose elementary
fields satisfy linear equations of motion, i.e., for “non-interacting” quantum fields. To the
extent that deviations from linear dynamics are “small”, the effects of interactions have been
quantified (with incredible success) using perturbation theory.

In the standard perturbative approach, it is the “time-ordered” version!? of the n-point

distributions denoted by,

(T{P1(71)Po(x2) - Pplzn)})y (1.6)

that are typically analyzed rather than the ordinary n-point distributions (1.5). In perturba-

tion theory, the expectation values for these time-ordered products of the interacting theory

12. See Section 4.3 for the definition of “time-ordering”.
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are approximated by a formal power series in the theory’s “interaction parameter(s)”. For
concreteness and simplicity, we will discuss a scalar field theory with a quartic potential and

interaction parameter A,
L ab L 9 2 1.4
L=—59"VadVio — 5(m” +ER)P™ — 1AG (1.7)
Classically, this Lagrangian corresponds to the nonlinear equation of motion:
1
(—gabvavb +m? 53(33)) o) + 3:26%(x) = 0, (1.8)

with g, denoting the spacetime metric, m the mass, £ a curvature coupling parameter,
and R the Ricci scalar. For this model, the n-point time-ordered products involving the
elementary field observable ¢, e.g., are supposed to be approximated by a power series of

the form:

N
(T {(x1) - d(zn) g = (T {o(x1) - do(zn) g, + D Dy (@1, o), (19)

k=1

where ¢ denotes a non-interacting field satisfying the linear Klein-Gordon equation (i.e.
eq. (1.8) with A = 0), ¥( denotes a quantum state of the non-interacting theory, and Dy, .
denote M-independent distributions that depend on both the quantum state ¥y and the
perturbative order k. Even for the simplest of quantum states in flat spacetime, it was
highly nontrivial to develop a renormalization program that allowed the distributions, like
Dy, ., that appear in perturbation theory to be constructed and given a physical inter-
pretation. Typically, calculations of physical observables in quantum field theory are still
carried out to only relatively low (single-digit) orders in perturbation theory. Nevertheless,
many of these low-order calculations have resulted in (by far) the most precise agreements

between theoretical prediction and experimental measurement that have yet been achieved



in empirical science.

At an early stage in the development of renormalized perturbation theory, it was ex-
pected /hoped that a power series like (1.9) might converge to a well-defined distribution as
N — oo for at least some nonzero range of values for the interaction parameter A. In which
case, perturbation theory would, in principle, provide a means to define (rather than just
approximate) interacting quantum field theories. However, by now, it is generally believed
that this kind of infinite series would not converge even when spacetime is flat and the fields

are in their vacuum state, (- ) 13 Thus, it is anticipated that the n-point distributions of

vac
an interacting theory (and their time-ordered counterparts) cannot—even in principle—be
obtained by summing all (N — oo) orders in perturbation theory, and it is expected that

perturbation theory only approximately describes the behavior of interacting quantum fields

in the limit the strength of the interaction tends toward zero.

Remark 1. In one dimension, the Lagrangian (1.7) reduces to that of an anharmonic oscilla-
tor. The quartic anharmonic oscillator’s ground state correlation functions are known to be
non-analytic at A = 0, and their standard perturbative series are divergent. Of course, this
does not present any obstacle whatsoever to the formulation of the quantum theory of the
quartic anharmonic oscillator: In contrast to the (34 1)-spacetime field theory case, the cor-
relation functions of the anharmonic oscillator are non-singular and there is no inherent ob-

struction to defining nonlinear operators, like the theory’s Hamiltonian, non-perturbatively.

For the purpose of motivating our application of the operator product expansion and
the general form of the flow relations for the OPE coefficients, it is useful to examine the
complications that arise when attempting to naively “turn on” the interaction parameter
A for the scalar field theory with quartic potential (1.7) in the very special case that the

quantum fields are in the flat spacetime vacuum state. Naive manipulation of the formal

13. A simplistic, but suggestive, argument was given by Dyson in the context of QED [5]. For a scalar
field with self-interaction potential A¢* /4!, his reasoning implies the vacuum expectation values should not
be analytic at A\ = 0, since there does not exist a ground state for A\ < 0, which corresponds to a potential
that is unbounded from below.



functional integral expressions for the vacuum expectation values would suggest!4,

T (@1 )+ Bulan) e =" [ AP (T {6 ) @a(er) - Ban)}) (10

vac

where the integral is taken over all of D-dimensional Minkowski spacetime. The quotations
around the equality sign are intended to indicate this expression cannot be taken literally
since the integral on the right-hand side does not actually converge. Nevertheless, the heuris-
tic suggested by the informal relation (1.10) is that changes to the interaction parameter’s
magnitude are induced by “inserting” the interaction operator ((;54 /4! in this case) and inte-
grating over spacetime. This simple idea is complicated by several inconvenient facts:

Firstly, on account of the distributional nature of quantum fields described previously,
it must first be specified what is meant by expressions involving nonlinear fields like ¢4,
since nonlinear fields cannot be defined by taking pointwise products of the linear field. In
particular, we note ¢*(y) # é(y)d(y)d(y)d(y). Defining nonlinear fields is a non-trivial task
already in the non-interacting limit A = 0 : Indeed, Chapter 3 of this thesis is dedicated
to a review of the renormalized Wick monomials and the characterization of their inherent
renormalization ambiguities in generic (globally-hyperbolic) spacetimes. To make sense of
(1.10) as a system of non-perturbative differential equations in the interaction parameter A,
nonlinear fields would need to be defined and their renormalization ambiguities understood
for nonzero values of \.

Secondly, as discussed in Section 4.3 of this thesis, time-ordering defines (1.6) as distribu-
tions only when all spacetime events are not coinciding, x; # x; for all 7, j = 1,...,n. When
any two spacetime events are coincident, the expectation value of time-ordered products
(1.6) generically possess non-integrable divergences. Hence, the integrand on the right-hand

side of (1.10) will generally fail to be locally integrablel® if event y coincides with any one

14. For example, see the derivation given in Section 5.1, starting around eq. (5.6).

15. This is a (non-perturbative) position-space analogue of the “ultraviolet divergences” that appear in

8



716 ot any fixed A-

of z1,...,x,. Provided these isolated divergences are of finite “severity
value, it should always be possible to renormalize the integrand of (1.10) to render it locally
integrable. However, the severity of divergences in the integrand of (1.10) are related to the
dimension of the quantum fields, which are known to depend on the value of the interac-
tion parameter(s). Thus, the renormalization scheme would generally also depend on \ in a
potentially-complicated way. Moreover, this renormalization procedure would generally not
be unique and, thus, would not unambiguously determine the right-hand side of (1.10). Since
(1.10) form an infinite set of coupled equations—each one requiring a A-dependent renor-
malization—it is not at all obvious that the ambiguities in these equations could be fixed by
only a finite number of physical measurements as is the case in the standard perturbative
treatment of A¢*-theory.

Thirdly, the integral is unbounded and generally does not converge as y — oo even for

the massive theory, m? > 0.

Remark 2. The first two complications described in the preceding paragraphs simplify con-
siderably (but remain nontrivial) in perturbation theory. Formal differentiation of the power
series (1.9) and the formula (1.10) suggest the k-th order distribution Dy, 1 will, e.g., involve

a term of the form:

ik

el (41)F

[ty ato (T {ebton) - sbwsnten) ool }) (111)

vac

in (3+1)-spacetime dimensions. Here (). . denotes the vacuum state of the non-interacting

vac

(Klein-Gordon) field. There is a unique prescription17 for defining “Wick powers” like d)%

such that their vacuum expectation value vanishes: i.e., <gbé> = 0. If the Wick powers

vac

momentum-space perturbation theory.

16. This can be made precise using the concept of a “scaling degree”; see the discussion preceding eq. (4.5)
and Footnote 1 of Section 4.1.

17. This prescription corresponds to replacing H(z1,z2) with (¢(x1)¢(z2)),,. in formula (3.28).

vac



are defined in this canonical way, then the only ambiguities present in (1.11) arise from the
renormalization of the time-ordered products for the non-interacting Klein-Gordon theory!®.
If the time-ordered products are locally and covariantly defined and satisfy!® the properties-
postulated in [7], then it follows the only ambiguities that arise in the renormalization of

(1.11) are inherited from the ambiguities in the time-ordered products involving just ¢61 :

T {ébn)-- dbm)} (1.12)

Once the renormalization prescriptions for (1.12) with k£ < p have been fixed, the prescription

for defining (1.12) with k& = p is uniquely determined up to a “contact-term” of the form,

com T + 1™ (99 6)o(y1) + cam?$F (y1) + C3¢3(y1)] (Y1, -5 Yk)s (1.13)

where cq, c1, c9, c3 are arbitrary, dimensionless, real-valued, spacetime-independent numbers.
Aside from the term proportional to the identity element I, every term appearing in (1.13)
is of the same form as a term that appears in the Lagrangian (1.7). It can be shown that
making different choices for ¢, c1, c2, c3 is (perturbatively) equivalent to shifting the physical

parameters appearing in the original Lagrangian (1.7) by certain A-dependent functions,
L= L= foNm* + (L4 fi0) " 0udyé +m® (1+ f2(N) ¢* + fs(N)g',  (L.14)

prior to differentiating (1.9) and (1.10) with respect to A. Note functions f1, fa, f3, f4 vanish

at A =0.

18. See Section 4.3 for further discussion.

19. In fact, the smoothness and analyticity axioms of [7] are not satisfied by the prescription where
<¢§>vaC = 0, since the vacuum 2-point function is not smooth in m? at m? = 0; see also the discussion
surrounding eq. (5.2). To simplify the discussion here, this subtlety will be ignored within the context of
Remark 2.

10



x x % Operator product expansion and informal flow relations for OPE coefficients % * %

In spite of the incredible successes of renormalized perturbation theory, there are impor-
tant quantum field phenomena that cannot be analyzed perturbatively: e.g., it is expected
that the observed hadronic “confinement” of quarks and gluons manifests non-perturbatively
in the theory of quantum chromodynamics. As discussed previously, the renormalization
required to define nonlinear fields and time-ordered products poses a serious technical and
conceptual obstacle to defining interacting quantum field theories non-perturbatively. Be-
cause the need for renormalization ultimately arises from the singular behavior of products
of quantum fields as two or more of their spacetime events approach coincidence, the opera-
tor product expansion is an indispensable tool for the systematic analysis of these inherent
difficulties: A quantum field theory is said to possess an operator product expansion if, in
any physically-acceptable state ¥, the expectation value of any product of local quantum

field observables can be approximated near event z as

(@, (1) @, (wn)) g ~ Y CF) a0 201 2) (R (L15)
B

Here A; ..., Ay, B label the renormalized field observables of the theory (see e.g. (3.4)), and
the sum over B extends over all observables. The coefficients C’El_._ A, (1,...,xp;2z) of this
expansion are ordinary c-valued distributions that are independent of the state ¥ (within the
class of allowed states). The “~” in eq. (1.15) denotes that this relation holds asymptotically
in the coincidence limit x1,...,x, — 2; a precise statement of this asymptotic relationship
will be given in formula (4.2)) below. The OPE was initially postulated by Wilson in [1] and
it is expected to exist for any renormalizable local quantum field theory under very general
assumptions [8-14].

Since the 1-point functions (P 5(z))y are smooth, the OPE implies the “singular behavior”

of the (n > 2)-point distributions (1.5) as z1,...,x, — 2z is entirely contained in the

11



distributional coefficients CZ---ATL (x1,...,xp;2z). Although the B-sum contains infinitely-
many terms, there are typically only finitely-many singular OPE coefficients for any fixed
set of Aq,..., Ap, with the coefficients becoming less singular (or approaching zero faster)
as the dimension of the field ® g increases.

As discussed in Section 4.3, the OPE exists also for the expectation values of (un-
renormalized) time-ordered products, eq. (1.6). Assuming the OPE exists when the interac-
tion parameters are nonzero, it naturally suggests a relatively simple algorithm for remov-
ing the non-integrable divergences appearing in informal expressions involving time-ordered
products like eq. (1.10), thereby bypassing the second major issue discussed under eq. (1.10).
In particular, for any ® 4 and spacetime dimension D, the OPE of <T{<z§4(y)<I)A(x)}>q, is ex-
pected to contain only finitely-many terms that are non-integrable at y = x. Supposing the
OPE coefficients satisfy the scaling degree axiom?® of [15], see eq. (4.5), these non-integrable

terms are,

(T{6*(n)®a@)})

~ Z Cg{¢4A}(y, z;z) (Po(x)) g + locally-integrable terms, (1.16)
[C1<[A]+[¢*]-D

v

where [A] denotes the dimension of the field ® 4 as defined in [15, Eq. 10]; see also Footnote
25. Here we have elected to expand about z = x. Suppose the non-integrable divergences
that occur in (T {gb4(y)<I>A1(x1) e CI)An(In)}>\Il at y = z; for each ¢ € {1,...,n} are of the

same form as (1.16), i.e., suppose that as y — x; with all other z-spacetime events held

20. This property has been proven to hold order-by-order in perturbation theory [10].
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fixed?!:

<T {¢4(y)<1>A1(w1) % @An(xn)}%
- 2 Chigtay W ei o) (T{@a,(21) - @) -+ a, (on)}) g+ (L17)
[C1<[A]+[¢*]-D

+ terms locally integrable at y = x;.

This implies that, unlike the informal expression (1.10), the following expression should be

free of any (local) non-integrable divergences,

<T{(I)A1 1) o (T }>\I/ -

~ [Py [<{ DO, (1) g ()} + (118)

v

- Z Z C:?{&Ai}(%xi? i) (T{ P4, (21) -+ Po(w;) - q’An(l’n)}Nf] )
=1 [C)<[A]+]64] D
and, thus, it effectively bypasses the second major difficulty discussed directly after eq. (1.10).
We emphasize that the summation over each [C] is finite and the dimensions of the fields
may depend on A. Here we have generalized (1.10) from the vacuum state (-),. in flat

Minkowski spacetime to any state (-)y in curved spacetime satisfying the OPE relations
(1.15).

By introducing an infrared cutoff, the integral in (1.18) could now be made to converge.
In which case, provided our assumptions held for A > 0, the right-hand side of (1.18)
would be mathematically well-defined non-perturbatively. However, in order for formula
(1.18) to be useful for obtaining the expectation values (T {® 4, (z1)-- P4 (mn)}>\p of the

interacting theory, one would first need to know the explicit form of the OPE coefficients,

21. This assumption is a stronger version of the “associativity” properties that are known to hold (pertur-
batively) for the OPE coefficients [10]; see also the two paragraphs preceding Theorem 3 in Section 4.1.
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Cg{¢4Ai}(y,xi;xi), appearing in formula (1.18) for A > 0. Unfortunately, as with the n-
point distributions themselves, it is only known how to calculate the OPE coefficients to
finite order in perturbation theory.

Although formula (1.18) cannot be solved for the time-ordered expectation values without
knowing the OPE coefficients, we can use formula (1.18) to obtain relations for the OPE
coefficients themselves: By applying the operator product expansion (1.15) to both sides of

(1.18) and equating the coefficients of (®g(z))y for each B, we obtain®?

a 14 7
50%141...14”}@1,'--7$n;2) ~
1
an dD?/vg(y) [CJE{AY..A”}(%L---,iUn;Z)‘i‘ (1.19)

n
- Z Z Cg{&Ai}(y, L5 xi)Cﬁ{Al...C...An}(ﬂcL TR 2) |
=1 [C]<[A]+[¢*)-D
as all events, x1,...,zn, approach an event 2. Here g = det g, denotes the determinant
of the metric tensor. These relations are entirely “self-contained” in the sense that they
involve only the OPE coefficients and, in particular, do not contain any state-dependent
expectation values. If a suitable integration cutoff could be introduced, then these formulas
should be entirely mathematically well-defined. The existence and uniqueness of solutions
to an infinite system of differential equations like (1.19) is not presently known. However,
since (1.19) are first-order in A, it is conceivable that solutions are uniquely determined by
specifying (all) the OPE coefficients C’zl? (Aya,) A2 single value of A. For A\ = 0, the theory
is non-interacting and the OPE coefficients can be directly constructed: see Chapter 4 for
explicit formulas. Therefore, by taking the known values for the OPE coefficients at A = 0
as the “initial conditions” for the differential equations (1.19), one might then attempt to

compute the non-perturbative OPE coefficients for the interacting theory, A > 0, by solving

22. The formula (1.19) is obtained by assuming there exists a state ¥ and a renormalization prescription
for the quantum fields such that 9y (P (2))y = 0 for all B.

14



the equations.

Presuming they exist, the solutions to (1.19) for the time-ordered OPE coefficients
01]?{ Ap An}(xl’ ..., xp;z) should then be useful for determining the expectation values for
the time-ordered products (T'{® 4, (z1) - P4, (xn)}>\p at A > 0, recalling the heuristic
formula (1.18).  However, it is far from obvious how to actually construct time-ordered
expectation values from knowledge of just the OPE coefficients (and the time-ordered ex-
pectation values at A = 0), since physical quantum states must satisfy additional nontrivial
requirements like “positivity” conditions, <(I>’f4( e, (f )>\I, > ( for all 4 (and all test func-
tions f), and they must satisfy the OPE relations, formula (1.15), for all composite fields
Aq,..., Ay and at all spacetime events z € M. The highly-nontrivial task of constructing

quantum states from the OPE coefficients will not be considered further in this thesis.

Remark 3. The preceding informal derivation of the formula (1.10) for 9y (T {® 4, (21) - - -
Dy, (xn)}>\p essentially generalizes an approach sketched by Wilson in the first OPE paper

[1, Section V. Mass Terms: Generalities]

A general perturbation formula can be set up to describe [relevant, marginal,
and irrelevant| interactions. To avoid innumerable complications of perturbation
theory to all orders one writes only a first-order formula giving the change in any
local (Heisenberg) field Oy, (z) when any coupling constant is changed. That is,
if {\;} are the set of coupling constants associated with the interactions £;, one

obtains a formula for 0O, (x)/0\;. The usual (unrenormalized) formula is

6087;\(21') _ Z’/y[On(l’),ﬁi(y)]ret’

where [ ] means the retarded commutator? (yy < x). This formula has to be

corrected both for nonadiabatic effects (when physical particle masses vary with

23. For © # vy, the retarded commutator can be expressed in terms of the time-ordered product:
[On (), Li(y)];ey = T{Li(y)On(2)} — Li(y)On(x).
15



A;) and for ultraviolet singularities at x = y. The nonadiabatic efects are easily
accounted for and will not be considered here. The ultraviolet singularities can be
analyzed using the operator-product expansion for the commutator [Oy,(x), £;(y)]

and the singular terms can then be removed by subtraction.

In the very next line, Wilson anticipates the passage from formulas like (1.10) to (perturba-
tive) flow relations for the OPE coefficients:
One can then show® that operator product expansions continue to hold in the
presence of the perturbation and obtain formulas for derivatives of expansion

functions such as dC,(z)/0\;. These formulas will not be quoted here.

a. This paragraph summarizes a very complex analysis.
The footnote denoted by “a” in the preceding quotation is Footnote 27 in Wilson’s paper.
To my knowledge, explicit formulas like (1.19) for the flow relations did not appear in any

of Wilson’s publicly-accessible work.

In the preceding discussion, we described how the OPE coefficients may be used to extract
(and remove) the non-integrable divergences of the time-ordered n-point distributions, which
was the second issue described below eq. (1.10). Since the OPE coefficients contain more
general information about the distributional properties of the quantum fields, they should
also be relevant to the first issue described below eq. (1.10) : viz., defining nonlinear quantum
fields at nonzero coupling. In standard approaches to defining and constructing quantum
fields in Euclidean space and Minkowski spacetime, the existence of a unique vacuum state
plays an essential role. However, in the formulation of quantum field theory in a curved
Lorentzian spacetime, Hollands and Wald have previously argued [15,16]| that OPEs must
play a role of similar importance. In a general, curved Lorentzian spacetime there is no
notion of Poincare invariance and no preferred vacuum state, so properties of the quantum
field normally formulated in terms of vacuum expectation values in Minkowski spacetime

must now be formulated in terms of OPE coefficients. Hollands and Wald have argued
16



that the key relations satisfied by the quantum field observables can be expressed via the
OPE, so that, in essence, a quantum field theory in curved spacetime may be viewed as
being specified by providing all of its OPE coeflicients Cfflm A, Thus, it is of considerable
interest to determine the OPE coefficients of an interacting quantum field theory. It would be
especially of interest to determine the OPE coefficients of an interacting theory by methods
that do not rely on perturbation theory, since this would have the potential for providing a
non-perturbative definition of the interacting theory.

The third issue identified below eq. (1.10) regarding the “infrared” divergence of the
unbounded spacetime integral is, of course, also present in the naive flow relation (1.19) for
the OPE coefficients. As we will describe, the need to integrate the OPE coefficients over a
compact spacetime region introduces major complications in Lorentzian spacetimes. Since
the resolution of these difficulties is the primary objective of this thesis, discussion of the
integration cutoff and its associated issues is deferred until the overview chapter, Chapter 2.

The informal manipulations that led to the flow relations (1.19) for the OPE coeflicients
were based on a crude heuristic and are entirely non-rigorous. Nevertheless, mathematically
well-defined flow equations for the OPE coefficients with essentially the same structure as
(1.19) have been rigorously derived for a variety of interacting quantum field theories on
manifolds with Euclidean-signature metrics. We turn next to a summary of these Euclidean

results.
* * * Mathematically well-defined flow equations for Euclidean QFTs * * x

For the case of a Euclidean quantum field theory with power-counting renormalizable self
interactions, Hollands has argued [17] that the OPE coefficients must satisfy a “flow” relation
under changes of the coupling parameters. Such flow equations have been proven to hold
order-by-order in perturbation theory for several interacting models, including A¢*-theory
[18,19], Yang-Mills gauge theories [20], and CFTs with strictly marginal interactions [17].

In particular, Holland and Hollands have proven [17, Theorem 1] that, by making use of
17



the freedom to redefine the quantum field observables, the OPE coefficients of A¢*-theory
in D = 4 dimensional (flat) Euclidean space satisfy the following?* flow equations to any

(finite) perturbative order in A,

0

1
5051...14”(351,-.-»%%2) == | <Ld4y {CﬁﬁAlmAn(y,xl,...,xn;z)—l— (1.20)
Y2

n
=1 [C)<[A{]

- Z CglmAn(wl, e X z)CﬁlO(y, 2; 2)
[C]<[B]

Here ) is the renormalized coupling parameter; L is a positive constant with units of length;
;1\1-0 indicates the replacement of the label A; with the label C'; and [A] denotes the dimension
of the renormalized field ® 4 as defined in [15, Eq. 10]25. For the spatial integral over y, it is
understood that the integration is initially done over the region bounded by € < |y — z;| and
e < |y — z| < L, the subtractions appearing in the integrand are performed, and the limit as
€ — 07 is then taken. Holland and Hollands have shown that all ultraviolet divergences that

26, so the e = 0T

may arise in individual terms as e — 07 precisely cancel between terms
limit is well-defined without any additional regulators or renormalization.

To compare the flow equations (1.20) for Euclidean )\gb4—theory to the informal Lorentzian
relations (1.19) obtained above, we first note that ¢g(y) = 1 in flat spacetime. In D = 4
spacetime dimensions and to any finite order in perturbation theory, we also note that [¢4] =

4 so the sum over [C] < [4;]+[¢%]— D in the Lorentzian relations (1.19) reduces to [C] < [4;].

Therefore, apart from the integration cutoff (and the “~” symbol), the first two lines of the

24. In [17-19], Holland and Hollands set the expansion point z = x,,. We prefer to define the coefficients
more symmetrically in x1, ..., x, by using an independent expansion point z.

25. To any finite perturbative order, the dimension defined in [15, Eq. 10] coincides with the standard
“engineering dimension” given in our “Notation and conventions” at the end of Chapter 2.

26. For comparison to the terminology that will be used in Chapter 2, note the cancellation of non-
integrable divergences at y = x; (for ¢ = 1,...,n) is equivalent to the statement that the integrand of (1.20)
is uniquely “extendable” as a distribution to the “partial diagonals” involving y and any single x;-point.

18



Holland and Hollands flow equations (1.20) for A¢*-theory are (perturbatively) equivalent
to the “Wick rotated”?” flat spacetime limit of the informal Lorentzian flow relations (1.19).
Terms in the third line of the Euclidean flow equations (1.20) are related to the specific
renormalization scheme?® used in [18,19] and contain no non-integrable divergences for |y —
z| < L.

Although the flow equations (1.20) were rigorously derived in a perturbative setting,
these equations make sense mathematically for any value of A under very general model-
independent assumptions—specifically, if the OPE coefficients satisfy the “associativity” and
“scaling degree” axioms postulated in [15]. Thus, it seems reasonable to assume that eq. (1.20)
would hold for the OPE coefficients of the non-perturbative theory. That is, if it were possible
to integrate eq. (1.20) from A = 0 (where the field is free and the OPE coefficients may be
computed directly) up to some nonzero A, we would obtain a non-perturbative construction
of the interacting OPE coefficients. As mentioned before, it is not known if there exist
solutions to an infinite system of ordinary differential equations like (1.20). Nevertheless,
flow relations like eq. (1.20) have the potential to provide a new approach to the formulation

of interacting quantum field theory, and may be of considerable “practical” use as well.

Remark 4. For some (or all) values of the coupling parameter, there may exist nontrivial
solutions to the flow relations that do not satisfy the OPE relation (1.15) for some (or all)
physically-reasonable states. For example, the explicit formulas for the OPE coefficients of
massive non-interacting Klein-Gordon fields can be shown to satisfy flow relations, eq. (2.1),
with respect the mass squared parameter, m?2, for both positive and negative values of m?.

2

However, the OPE (1.15) cannot hold for the Klein-Gordon vacuum state when m* < 0

for the simple reason that no vacuum exists when m? < 0. For pure A¢*-theory??, it has

27. Under a Wick rotation, the volume element picks up a factor of —i. Note the Euclidean OPE coefficients
are symmetric so “time ordering” does not affect them.

28. For massive fields satisfying the BPHZ renormalization conditions, the terms in the third line ensure
the integral converges in the limit the cutoff is removed, L — oo.

29. Here “pure” means there are no self-couplings besides the quartic term and no couplings between ¢
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been proven under certain assumptions [21] that the non-perturbative lattice-regularized

730 i the continuum limit for all nonzero values of the

Schwinger functions are “Gaussian
renormalized interaction parameter A. This result is sometimes referred to as the quantum
“triviality” of A¢*-theory3!. Hence, for any nonzero \, solutions to the flow relations (1.20)
clearly would not correspond to the OPE coefficients of the renormalized A¢*-vacuum that is
obtained by this lattice-based construction: cf. eq. (1.20) with the form of the flow relations,
eq. (2.1), for the non-interacting OPE coefficients. Regardless of the non-perturbative status
of A\¢p*-theory, we emphasize that, as mentioned previously, flow equations have also been

obtained for “asymptotically free” Yang-Mills gauge theories that are expected [6] to have

non-Gaussian vacua at finite nonzero coupling.

and other quantum fields.

30. i.e., the Schwinger n-point functions, (¢(x1)---@(x,)), vanish for n odd and for n even are given
in terms of the 2-point function, (@(x;)é(x;)), by the usual Wick combinatorial formulas, eq. (5.5), for a
non-interacting theory. Gaussian states are also known as “quasifree states” with vanishing 1-point function.

31. It is not entirely obvious [22, see Section 8: Is Destructive Field Theory Possible?] whether lattice-based
results should be considered decisive evidence for determining existence of nontrivially-interacting quantum
field theories in the continuum.
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CHAPTER 2
OVERVIEW OF RESULTS AND ORGANIZATION OF THESIS

The OPE flow relations (1.20) and their generalization to other interacting theories apply
for the case of flat Euclidean space. Recently, Frob [23] has generalized these relations to
quantum fields on curved Riemannian spaces, without, however, imposing the condition
that the OPE coefficients be locally and covariantly defined. Since the physical world is
Lorentzian, it would be of interest to generalize the flow relations to Lorentzian spacetimes.
Furthermore, the requirement that the OPE coefficients be locally and covariantly defined
in curved spacetime is the natural generalization of the requirement of Poincaré invariance
in Minkowski spacetime [15] and it thereby provides an important requirement on the flow
relations. Thus, it is of interest to determine if the flow relations can be formulated for
Lorentzian spacetimes in a local and covariant manner.

There are two major obstacles to generalizing flow relations such as eq. (1.20) to the
Lorentzian case: (i) In the Euclidean case, the infrared cutoff, L, appearing in the flow rela-
tions (1.20) is fully compatible with rotational invariance, and the resulting flow relations are
automatically Euclidean invariant. However, in Minkowski spacetime, no bounded region of
spacetime can be invariant under Lorentz boosts. Thus, in Minkowski spacetime, either the
corresponding integral must be taken over an unbounded region—resulting in serious prob-
lems with convergence of the integral in Minkowski spacetime as well as with the definition
of the OPE coefficients throughout the region in the generalization to curved spacetime—or
the corresponding integral will not be Lorentz invariant, leading to flow relations that are
not Poincaré invariant. (ii) There is a fundamental difficulty with obtaining local and co-
variant results by performing an integral over a spacetime region. If the curved spacetime
flow relations take a form similar to eq. (1.20) where the integral is performed over some
neighborhood U, of z € M, this integral would depend on the spacetime metric in all of

U,, not just in an arbitrarily small neighborhood of z. Thus, for a flow relation of the form
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of eq. (1.20) with an integral performed over a finite spacetime region Uy, the flow of OPE
coefficients will necessarily depend non-locally on the metric.

The purpose of this thesis is to show how the above difficulties can be overcome, thereby
showing that local and covariant OPE flow relations can be defined in curved Lorentzian
spacetimes. We will also show how to modify the flow relations so as to eliminate any
dependence on the infrared cutoff scale L. We will restrict consideration in this thesis to
the “toy model” of massive, non-minimally-coupled Klein-Gordon theory, with m? and the
curvature coupling parameter, &, viewed as interaction parameters. Of course, this model is
a free field for all values of the parameters. Nevertheless, we may treat m? and € as coupling
constants in an interaction Lagrangian, in parallel with the treatment of A in eq. (1.20).
The resulting flow relations have a form that is very similar in its essential features to
that of a nonlinearly interacting theory, so this toy model provides a good testing ground for
confronting the issues needed to generalize the flow relations to curved Lorentzian spacetimes.
For this toy model, in Euclidean space of any dimension D > 2, the direct analog of eq. (1.20)
above is the following flow relation in m? for the coefficients! € ¢(:c1, ..., Tp; Z) appearing

in the OPE of the n-point product of linear field observables, (¢(x1) - - ¢(2n))y :

0

1
I S — o D 1 .
@m20¢m¢(az1,...,xn,z) = 2/|y—z|2§L2d yc¢2¢,,,¢(y,$1,--->ﬂfn7z) (2.1)

Note that in this case the y-integral yields a well-defined distribution in (z1,...,zy) with
no need for an ultraviolet cutoff e. Our goal is to obtain an analogous flow relation in the
Lorentzian case.

The first issue we must address is the “type” of products of fields that must be considered
in order for the OPE coefficients to satisfy flow relations. In the Euclidean case, there

is a unique notion of the n-point (correlation = Green’s = Schwinger) distributions and their

1. As we shall see in Section 4.2, all other OPE coeflicients are determined by Cqu---¢(x1a cey T Z), SO it
suffices to consider only the flow relations for these coefficients.
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corresponding OPE coefficients. However, in the Lorentzian case, one can consider Wightman
products, time-ordered products, retarded products, etc. Any of these products could be
put on the left side of eq. (1.15) and used to define OPE coefficients. The resulting OPE
coefficients will possess distinct singular behavior (i.e., “wavefront sets”), and it is not obvious,
a priori2, which—if any—of these Lorentzian objects are viable candidates for satisfying
flow relations. Our analysis of this issue in Chapter 5 reveals that the Green’s function
properties of the n-point distributions play an essential role in the derivation of flow relations.
Consequently, as we discuss in Chapter 6, the usual Wightman n-point OPE coefficients as
written in eq. (1.15) are not suitable candidates for satisfying flow relations in the Lorentzian
case. On the other hand, time-ordered products do possess the requisite Green’s function
properties for flow relations®. The Lorentzian flow relations we shall obtain will thus apply
to the OPE coefficients arising from the asymptotic expansion of the time ordered products
(T{® 4, (1) Dy, (xn)}>qj rather than the Wightman products (® 4, (21)---® 4, (xn)>\11

However, working with time-ordered products has the potential to lead to significant
additional complications, since time-ordered products possess substantial additional renor-
malization ambiguities beyond those associated with the definition of Wick powers and their
corresponding Wightman functions. Time-ordered products of n field observables are well de-
fined by naive time ordering only when no two points in the n-point distribution coincide, i.e.,
away from all “diagonals.” We denote this well defined, “unextended” time-ordered product
by To{®4,(x1)--- P4, (vn)}. Any procedure for extending 7p to any of the diagonals (i.e.
renormalization) is generally non-unique and, therefore, must unavoidably introduce new
ambiguities proportional to §-distributions (i.e. “contact terms”). This will result in corre-
sponding ambiguities on the diagonals of the OPE coefficients defined using time-ordered

products. Thus, if we formulate the flow relations in terms of these OPE coefficients, it might

2. the heuristic analysis of the previous chapter notwithstanding

3. Retarded and advanced products also satisfy the Green’s function properties.
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appear that we will have to deal with substantial additional renormalization ambiguities on
the diagonals.

Fortunately, however, we find that this is not the case. In the OPE, eq. (1.15), we may
keep all of the z; distinct, so that the unextended time ordered products and corresponding
OPE coefficients are well defined. However, flow relations such as eq. (1.20) involve an
integration over a variable y, so we cannot avoid the coincidence of y with the various z;.
Thus, it might appear that the flow relations require us to evaluate the OPE coefficients at
points where they are not defined. However, the integrand of the OPE flow relations contains
a very special combination of OPE coefficients that has sufficiently mild divergences (i.e.,
“low scaling degrees”) on the “partial diagonals” involving only y and one other spacetime
point?. Consequently, the integrand can be uniquely extended to these—and typically only
these—partial diagonals, and the flow relations are well defined for the unextended time-
ordered products T(y. Thus, no new renormalization ambiguities arise beyond those occurring
for the Wick monomials in the flow relations of the OPE coefficients of unextended time
ordered products.

We now explain how the two major obstacles described above to obtaining Lorentzian
flow relations are overcome. The first obstacle originates from the fact that no bounded
neighborhood of z in Minkowski spacetime can be invariant under Lorentz boosts. To ensure
that the integrals appearing in the flow relations are well defined and convergent, we intro-
duce into the integrand a smooth function® y(y — z; L) such that y = 1 in a coordinate ball
of radius L and y = 0 outside a coordinate ball of radius 2L. The presence of x ensures that
the integral extends over only a compact spacetime region, but it also necessarily breaks the

Lorentz covariance of the flow relations. Nevertheless, we prove in Chapter 6 that Lorentz

4. see also Footnote 26 of Chapter 1

5. It is preferable to work with a smooth function x rather than a step function as in (1.20) and (2.1)
since in the Lorentzian case the singular behavior of a step function will overlap the singular behavior of the
OPE coefficients in the integrand.
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covariance can be restored in Minkowski spacetime—to any desired “scaling degree”™—by sub-
tracting off finitely many terms in the flow relations with a compensating failure of Lorentz
invariance. For the OPE coefficients O%o (66} this results in a Minkowski spacetime flow
relation of the form,

0 1

o2 CJIﬂO{¢...¢}(ZE17 Ce Xy )~ — 5 /dDy Xy — 2 L) leﬂo{&(b._.qb}(y, iy, Tpy2)+

C

where a¢ are spacetime constant tensors which depend on y. As described in Appendix C,
the existence of such a¢ is guaranteed by the same kind of cohomological argument [24] that
ensures the Lorentz-covariance of the Epstein-Glaser renormalization scheme. In Appendix
C, we also obtain a recursive construction® of the coefficients ac[x] required for the Lorentz-
covariant flow relations (2.2) in Minkowski spacetime, in parallel with the analysis given
in [25,26] of the covariance-restoring Epstein-Glaser counterterms.

The flow relations (2.2) are Lorentz covariant. However, they contain an infrared cutoff
scale L and the presence of L in this formula will spoil the required almost homogeneous
scaling of C%O{¢~«~¢}(Il’ ..., Tp; z) under the scalings gg5 — A 2¢ap, m°> — A2m? of the
metric and the mass. This issue also arises for the Euclidean flow relation eq. (2.1). Thus,
we must further modify these flow relations so as to eliminate its L dependence up to any
desired scaling degree. This can be accomplished in the following manner. As shown in
Section 5.2, the partial derivative with respect to L of the right side of the Euclidean flow

relation eq. (2.1) is of the form,

% ths of (2.1)] ~ %:50(L)Cg__¢<x1, T 2), (2.3)

6. The inductive formula for ac is given in eq. (C.44) with B"” given by eq. (6.30).

25



where 8¢ = B,...4,, denote tensors that are computed from the OPE coefficients and depend
on the infrared length scale L. If the divergences in S (L) were integrable in a neighborhood
containing L = 0, then the problematic L-dependence of the Euclidean flow relation (2.1)

could be removed by simply subtracting the definite integral,
C L / /
ZO¢"'¢(I1""’x”;2)/O dL B (L), (2.4)
C

from the right-hand side of (2.1). However, the divergences in S (L) are not, in general,
integrable. Nevertheless, we show that, for any finite field dimension [C], all divergences
in fc(L) as L — 07 can be expressed as a finite linear combination of terms proportional
to L—A log)V L for positive integers A, N. Such non-integrable terms are in the kernel of
differential operators of the form (1 4 A_lLaL)N +1 and these differential operators simply
act like the identity operator on any L-independent terms. Making use of these facts, we
construct a linear differential operator £][L] which, when applied to the right-hand side of
(2.1), effectively removes the L-dependent terms which lead to non-integrabilities in S (L),
while perfectly preserving all of its L-independent behavior. Once the operator £[L] has
been applied to the right-hand side of (2.1), any remaining L-dependence is guaranteed to
be integrable and, thus, can be eliminated via simple subtraction of a definite integral as
described above. In the Euclidean case, this yields the following L-independent flow relations

for OPE coefficients defined by Hadamard normal ordering;:

0

1
o2 C’¢ ST T 2) > — §£[L]/dDyx(y,z; L) Cé%mqﬁ(y,xl,...,a:n;z)—l—

—Zbc C’¢ ¢:1:1,...,:cn;z), (2.5)

with £[L] given by eq. (5.33) and the explicit dependence of by on the OPE coefficients
given in formula (5.48) of Theorem 6. (For comparison with the Euclidean flow relations

(1.20) and (2.1), one should take y to be a step function cutoff, x(y,z) = 0(L 2|y — z|?).)
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In the Minkowski case, the flow relations for the case where the Wick powers are defined by

Hadamard normal ordering” become (see Theorem 7)

0 i
Wcéo{qs...gb} (@1, .., 2n;2) ~ D) / dDZU L[LIx(y, 2 L)C{Fo{qﬁ%"-(b}(y’ L1, Tns2) +
C

where ¢ is given by formula (6.29). The ambiguities in the choice of ¢ correspond to the
inherent renormalization ambiguities in the OPE coefficients of Hadamard normal-ordered
Wick monomials.

The second major obstacle to obtaining Lorentzian flow relations arises in curved space-
times as a result of the nonlocal dependence on the metric caused by integrating over a
region of finite size. We overcome this obstacle by replacing the true spacetime metric, g,
with its Taylor polynomial, g/gz;/')’ in Riemannian normal coordinates about z, carried to suf-
ficiently high order, NV, to achieve equivalence in the flow relations up to the desired scaling
degree. This replacement is made prior to evaluating the spacetime integral, so the resulting
flow relations will be suitably “local” in the sense that they depend only on finitely-many
derivatives of the metric evaluated at the event z. However, we still need to introduce a
cutoff function, y, with an associated length scale L and, thus, these local flow relations will
fail to be covariant on account of the presence of y and fail to scale almost homogeneously
due to the presence of L. Nevertheless, we can again introduce compensating local countert-

erms to render the flow relation covariant and we can construct an operator £ to eliminate

the dependence on L to any desired asymptotic scaling degree. In any Riemannian normal

7. A similar formula holds for the case of a general definition of Wick powers, with the only difference
being the presence of additional terms containing factors of the smooth functions Fj that parameterize the
field-redefinition freedom of Wick fields.
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coordinate system with origin at z, the resulting flow relations take the form,

3 .

D, ./ .0
__/RDd y70 L T0{¢2¢ (b}(y)'rlv"'?xnvo)—'—

—,

where the OPE coefficients on all lines and the counterterm coefficients ¢ are functionals
of the polynomial metric g/(g). All dependence of ¢ on the polynomial metric at event z
can be expressed entirely in terms of totally-symmetric covariant derivatives of the Riemann
curvature tensor. The explicit form of co is given in terms of the OPE coefficients in
formula (7.37). Overall, the key new aspects of the curved spacetime flow relations (2.7) are
the replacement of the metric by a polynomial approximation and the presence of additional
counterterms involving the curvature.

Finally, we note that our derivations of the flow relations for flat Euclidean space given in
Chapter 5, the flow relations for Minkowski spacetime given in Chapter 6, and the flow rela-
tions for general curved Lorentzian spacetimes given in Chapter 7 were based upon formulas
for OPE coefficients that we obtained explicitly in Chapter 4. However, for nonlinear models,
such explicit non-perturbative formulas for the OPE coefficients are not available. However,
in Appendix E, we show that for the integrals which appear in the flow relations, one can
derive covariance-restoring counterterms using only the associativity property of OPE coef-
ficients, without explicit knowledge of the coefficients. When specialized to Klein-Gordon

theory, this general algorithm reproduces the results we derived in Chapters 6-7. When

applied to A¢*-theory in a curved Lorentzian spacetime (M, g,p), the algorithm developed
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in Appendix E yields

0 .p .
8)\CTO{A1 .An}(x17 Tn; 0) ~

1 I~y —,
-5 d*y\/ =g (y) x(y,0; L) C’z%{&Al,,,An}(y,xl,...,xn;O)+

-,

C . C 0 .

_[ ]Z Cﬁ{w} y,0:0) — Z ]c%{AlmAn}(xl,...,xn;(ﬂ, (2.8)
B

where the [D]-sum in the third line and the [C] > [B] sum in the final line are carried out
to sufficiently-large but finite field dimensions®. The form of the counterterm coefficients
cg is given in Appendix E for flat Minkowski spacetime. It would be natural to associate
the inherent local and covariant ambiguities in cg with the field-redefinition freedom of

Aé*-theory, but we have not investigated this issue?.

% x x Organization of this document * % x

The structure of this thesis is as follows. In Chapter 3, we review the theory of a free
Klein-Gordon field on a curved Lorentzian spacetime. The ambiguities in the definition of ar-
bitrary Wick monomials ® 4 = V¢ - Vg, ¢ (where o; denote spacetime multi-indices) is
fully analyzed. The precise form of the “mixing matrix” le describing allowed field redefini-
tions is given in Theorem 1, and it is shown in Proposition 1 that the field redefinition freedom
is fully characterized by a sequence of smooth, real-valued functions Fy,(x1,...,xy;2) that

are symmetric in (z1,...,2p).

8. The coefficient Cg) (43 = Cffi involving a single field factor is given by the geometric factors that
appear in an ordinary Taylor expansion (see eq. (E.25)).

9. This analysis would require an understanding of what field-redefinition freedom is allowed for the non-
perturbative interacting theory. Note also that we have not attempted to eliminate the L-dependence of
the flow relations (2.8). The techniques described in Section 5.2 can be used to eliminate the L-dependence
of (2.8) to any finite order in perturbation theory, but it is not obvious how to remove the L-dependence
non-perturbatively.
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In Chapter 4, we show that the Klein-Gordon field admits an OPE of the form eq. (1.15)
for Hadamard states W. In Theorem 2, we obtain an explicit formula for the OPE coeffi-
cients for the case where Wick monomials are defined by Hadamard normal ordering. For
a general prescription for Wick monomials, we show that the OPE coefficients C’Elm A, for
products of general Wick monomials are completely determined by the OPE coefficients
c! e of the identity operator, I, for the n-point products of the linear field observable,
¢(x1) -+ - ¢(zp). Furthermore, C'qlﬁm(ﬁ(xl, ..., Tp; z) is uniquely determined by the coefficients
Cémgb with smaller n up to the addition of the function Fy,(x1,...,xn; 2) appearing in Propo-
sition 1. The existence and properties of the OPE for a general definition of Wick monomials
is summarized in Theorem 4. An inductive construction of the Wick monomials in terms
of ¢! i is given in Proposition 5. As discussed in Section 4.3, all these statements carry
over to the OPE for unextended time-ordered products, since the formulas for their OPE
coefficients may be obtained in a simple and direct manner from the formulas for Cflm A,

In Chapter 5, we derive the flow relations for the OPE coefficients of the Euclidean
version of the Klein-Gordon field. The modification of the flow relations needed to remove
the L-dependence is given in Section 5.2.

In Chapter 6, we analyze the flow relations for the OPE coefficients of the Klein-Gordon
field in Minkowski spacetime. The counterterms in the flow relations needed to restore
Lorentz covariance are obtained, with the technical details given in Appendix C.

The generalization to curved spacetimes is given in Chapter 7. To any specified scal-
ing degree, we replace the spacetime metric by a Taylor approximation in a Riemannian
normal coordinate system defined relative to the expansion point z. We then show that
suitable counterterms can be introduced to yield local and covariant flow relations that are
independent of L.

Finally, although our analysis in this thesis is restricted to the toy model of the free

Klein-Gordon field, we show in Appendix E that our construction of the covariance-restoring

30



counterterms requires only the associativity property of the OPE coefficients and thus should
be applicable to nonlinearly interacting theories. The algorithm for constructing countert-
erms given in Appendix E reproduces the results we derived in Chapters 6-7 when applied to
Klein-Gordon theory. When applied to A¢*-theory in Lorentzian spacetime (M, g,p), we ob-
tain the local and covariant Lorentzian analogue (2.8) of the Holland and Hollands Euclidean

flow relations (1.20).

Notation and conventions:  We use letters from the beginning of the Latin alphabet
to denote abstract indices and our spacetime geometry conventions coincide with those of
[27]. Tensors are often abbreviated with multi-indices chosen from the beginning of the
Greek alphabet («, 3,7,...)—e.g., we denote a tensor Tal"'a”bln_bm of type (n,m) simply
as T 3 In combinatorial formulas involving abstract multi-indices, we use the obvious
analogues of the standard multi-index conventions: e.g., for 7% = T "% we have |a| = n
and o! = |a|l. When coordinate components of a tensor are needed, we denote ordinary
spacetime indices with letters from the middle of the Greek alphabet (u,v,k,p,...) but
continue to denote multi-indices with (a, 3,7,...). Throughout, N denotes the natural
numbers (positive integers, excluding 0) and Ny = {0} UN. We use “smooth” to mean
infinitely differentiable, i.e. C'°°, and the “Taylor coefficients of f evaluated at z” will refer to
theset, Vo, -+ Vo, f(z1,...,2n)|zy,..0n=2, Of covariant derivatives of a multivariate smooth
function f evaluated at z without the numerical factor 1/(aq!---ay!). The set of smooth
functions of compact support is denoted by Cg® and the dual space of distributions is denoted
by D' : C3° — R.

Some notation in the thesis may not always be redefined with each use. For the conve-
nience of the reader, we include here a list of frequently-employed non-standard symbols and

their definitions or, in cases where the definition is too lengthy, we reference the equation

where the symbol is defined.
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field notation
Dy the differentiated scalar field monomial, V¢V, - - Va,®
@f{ monomial, (Vo ¢ Va,0) g, defined via “Hadamard normal

ordering”, see eq. (3.28)

Zf field redefinition “mixing matrix” defined in eq. (3.38)
[Alg the number of ¢-factors appearing in ® 4 (i.e., p, in this case)
[Alv the number of covariant derivatives acting on ¢ in ® 4 (i.e., >0 |oy],

in this case)

A “engineering dimension” of ® 4 given by (rational) number
A

(D/2 =1)x[Alg + [Aly

C’fl_”An OPE coefficients defined in relation (1.15)
(C H)ﬁ1 A, OPE coefficients defined in relation (4.1) for Hadamard
normal-ordered fields
C’% (ArAn) OPE coefficients of unextended time-ordered products defined in

eq. (4.53)

(C H)?O (AyAp) Hadamard normal-ordered version of CJT% (A An)

differential operators, parametrices and Greens functions

K Klein-Gordon operator, K = _gabvavb +m?4+¢ER

H Hadamard parametrix defined in eq. (3.26)

Hp Feynman parametrix, Hp = H — iA2Y gee also Footnote 10 in
Section 4.3

A causal propagator, A = Aadv _ Aret

A2V Aret advanced and retarded, resp., Greens function of K

£ operator defined in eq. (5.33) in terms of infrared length scale L and

0/0L
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dpg(z)

/CCl,xg,...,:Cn

SB(z, 2)

Z*M

NT75

~0

Q

geometric notation

the spacetime dimension, i.e.,
#(spatial dimensions) + #(temporal dimensions)
covariant volume element, d”z\/—g(x), on spacetime (M, g,p)

abbreviation for /

XN

dpg(x1)dpg(x2) - - - dpg(n)
M
bi-tensor defined with respect to the geodesic distance function in
eq. (3.58)
zero section of the cotangent bundle T* M
future/past lightcone of the cotangent space T M
boundary of future/past lightcone of cotangent space T M

equivalence relation defined below eq. (3.13) for

(z1,k1), (x, ko) € T*M

asymptotic equivalence relations

asymptotic equivalence to scaling degree ¢ for merger tree 7, defined
in the paragraph surrounding eq. (4.2)

shorthand for “~7 57 when 7 is the trivial merger tree, i.e., all
spacetime points merge at the same rate to z

asymptotic equivalence for all § and 7, defined in the paragraph

surrounding eq. (4.2)
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CHAPTER 3
KLEIN-GORDON THEORY AND LOCAL WICK FIELDS

The theory of a Klein-Gordon scalar field on a D-dimensional spacetime (M, g,;) with mass
m and curvature coupling ¢ is given by the action,

Sia == /. aPav/ 9@ [1"@) Vbl Vilo) + (m + €R(@) P0)] . @)

The equation of motion arising from this action is
K¢=0, (3.2)
where the Klein-Gordon operator K is given by
K = —¢™V,V, +m? +¢R. (3.3)

To guarantee well-defined dynamics and to avoid causal pathologies, we will restrict con-
sideration throughout to globally-hyperbolic spacetimes, (M, g,;). Any globally-hyperbolic
spacetime admits unique advanced, A2V and retarded, A™', Green’s distributions of the
Klein-Gordon operator, K [28].

In this chapter, we consider the quantum field theory of the Klein-Gordon field. Our
main concern is the ambiguities in the definition of arbitrary Wick monomials, i.e., quantum

field observables of the form

by =Va 6 Vo, b (3.4)

Here ; denotes an abstract multi-index, i.e., a; = a;1...q; | where each q; ; is a spacetime
b
index. Thus, ® 4 corresponds to a tensor constructed from p-factors of ¢, with |a;|-number

of derivatives on the ¢-th factor. The ambiguities in &4 will give rise to corresponding
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ambiguities in the n-point distributions,

as well as the n-point distributions for the un-extended time-ordered products. This will, in
turn, give rise to corresponding ambiguities in the OPE coefficients. The main result of this
chapter will be to obtain a simple characterization of the ambiguities in the definition of Wick
monomials which will be extremely useful for characterizing the corresponding ambiguities
in the OPE coefficients derived in the next section.

In Section 3.1, we review the construction of the abstract algebral containing Wick
polynomials and the requirements (“axioms”) imposed on the Wick monomials. The known
uniqueness theorem for Wick monomials implied by these axioms (see Theorem 1) is then

reformulated in Section 3.2 in terms of a choice of smooth functions Fj, (see Proposition 1).

3.1 Wick algebra and state space: axioms and existence of Wick

polynomials

In this section, we review the definition of the algebra of observables W(M, g,;) for the Klein-
Gordon field and the axioms that determine the Wick monomials—up to the uniqueness
discussed in the following section. Our discussion closely follows [7] which built on the
earlier work of [31-34].

The construction of W(M, g,;) begins with the standard CCR (canonical commutation
relation) algebra A(M, g,;) generated by observables that are linear in ¢. To define A, we
start with the free x-algebra A(y generated by the identity I and the fundamental (smeared)

field ¢(f) with f € Cg°(M). We then factor Ag by all of the relations we wish to impose.

1. The algebraic approach to quantum field theory was initiated in [29]. A comprehensive review may be
found in [30, Chapter III].
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To do so, we let Z C Ag be the two-sided ideal consisting of all elements in Ag that contain

at least one factor that can be put into any of the following forms:

i) ¢(crfi +caf2) — c19(f1) — c26(f2), with ¢1, ¢ € C
i) o(f)* — o(f)
iii) ¢(K f), with the Klein-Gordon operator K given by eq. (3.3).

) G(/1)6(f2) — SU)O(f1) — iAf1, f2), where A[M, gqp) denotes the advanced minus
retarded Green’s distribution for K[g,p, m?,&] on M

The algebra A is then defined to be the free algebra factored by this ideal,

Thus, the CCR algebra effectively incorporates (i) the distributional nature of quantum fields,
(ii) the Hermiticity of real-valued fields, (iii) the Klein-Gordon field equation, and (iv) the
canonical commutation relations. It contains all elements that are finite linear combinations
of products of the (smeared) fundamental field. Quantum states of the CCR algebra are
then just linear maps (- )y : A(M, g4p) — C which are normalized, (I)g = 1, and positive,
(A*A)y > 0 for all A € A.

The first step towards enlarging A(M, g,) to the full algebra of observables W(M, ¢,)

is to define the normal-ordered product relative to a state (- )y by the formula

o) oUn) e =Y O T (otots)y  TT o). (37)
P (i,j)€P ke{l,...n}\P
where the P are sets containing disjoint, ordered pairs taken from {1,...,n} such that
i < j, and |P| denotes the number of pairs in P. Note that normal-ordered elements
(3.7) of A are symmetric under interchange of test functions, i.e., : ¢(f1)- - o(fn) v=:
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o( fw(l)) o fﬂ(n)) .y for any permutation m. Products of normal-ordered elements also

satisfy the following important identity (“Wick’s theorem”),

Lo(f1) - o(fn) tw o O(fnt1) o (fntm) (3.8)
- > H < e 11 U e,
p<min(n,m) (i,j)€P, ke{l,...n}\Pp

where P, denote a set containing p disjoint, ordered pairs (7,7) such that ¢ € {1,2,...,n}
and j € {n+1,n+2,...,n+m}. Noting that : ¢(f) :g= ¢(f), it follows from this identity
that normal-ordered elements, in fact, comprise a basis of the CCR algebra in the sense that
any element of A(M, g,p) can be expressed via (3.8) as a linear combination of terms of the
form (3.7) (see (B.18) for an explicit formula).

It is useful to view : ¢(f1) -+ - &(fn) :w as mapping t,, = f(l Rfo®:- -®fn) into A(M, gup)-

We write

Wi(tn) =: o(f1) - d(fn) :w 59)
= /XnM dﬂg(CEl) . d,ug(l‘n) : gb(:vl) e gb(;pn) U tn(xl, - ,Jin),

where dug(x) = dD:E\/—g(x). Similarly, denote by wu,;, = f(n+1 ® frn42 @+ ® fner)
another symmetrized tensor product of smooth test functions. In this notation, we may

write eq. (3.8) as

Wi (tn) Wi (um) = Z W tm—2k(tn ®k um), (3.10)

k<min(n,m)
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where we define, for n,m > k,

(tn ®p um ) (1, - - Tpym—2k) = (3.11)

nlm!

T . | ey (ot

x Y [tn(yluIUSw-'ay2k—1ax7r(1)ax7r(2)v"'7x7r(n—k)) X
welly

X um(yQa Ya, .- Yok, xw(n—k—‘rl)? s 7x7r(n+m—2k))} } )

where we abbreviate,

L= dugon)disglum) 3.12
yroyok XM

and where IT;. denotes any permutation of {1, ..., n+m—2k} such that 7(1) < 7(2) < --- <
mn—k)andt(n—k+1)<nm(n—k+2) < - <m(n+m—2k). Note (3.11) is symmetric
in (z1,22,..., Ty 1m_2k)-

We now require ¥ to be a Hadamard state, i.e a state whose two-point distribution

Uo(f1, f2) = (6(f1)o(f2))y has a wavefront set of the form:
WEF([Vo] = {(x1>k13$2ak2) € xH(T*M\Z*M)|(z1, k1) ~ (29, —ks), k1 € V;{} (3.13)

Here Z*M denotes the zero section of the cotangent bundle 7*M and V= denotes the
boundary of the future/past lightcone of z. The relation (21, k1) ~ (x9, ko) is satisfied iff
and x9 can be joined by a null-geodesic with respect to which the covectors k1 and k9 are

cotangent and coparallel. In any convex normal neighborhood, the two-point distribution of
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a Hadamard state takes the form?:

U(zy,z2)
[‘7(9317 x9) + 2107 (T (x1) — T(x9)) + (0+>2]D/2—1

Vo(z1,29) = + (3.14)

+ V(1,29 log [5_20(1‘1, r2) + 2007 (T(x1) — T(x2)) + (0+)2] + Wy(z1,22),

where T' is any local time function; o is the (signed) squared geodesic distance® between
points z1 and w9; ¢ is an arbitrary length scale; and U, V' and Wy are smooth symmetric
functions. If D is odd, then V = 0. Moreover, U and V' are independent of the Hadamard
state U and are locally and covariantly determined by the Hadamard recursion relations?®. It
is known that there exist Hadamard states on A(M, g,p) for any globally-hyperbolic space-
time (M, gup)-

Thus far, we have merely rewritten the product rules of A(M, g,p) in terms of normal-
ordered products. The enlargement of the algebra A(M, g,;) to the desired algebra W(M, g,)
is accomplished by recognizing that for Hadamard states, eq. (3.11) makes sense not merely
when t,, and u,, are products of test functions but also when they are distributions of the
following type: Denote by Vj, (M, g,p) the set of all elements of the (product) cotangent

bundle x"T*M that are entirely contained within either the future or past lightcones,

Vn(M, gap) = {(z1, k1329, ka; .. s znkn) € x"T*M | (k; € V;Z.L,W en)or (kj eV, ,Vien)}
(3.15)

Let &'(x™M, g,p) denote the space of compactly-supported symmetric distributions Dj(x" M)

2. For states of the CCR algebra A, the equivalence of the microlocal spectral version (3.13) of the
Hadamard condition and the position-space version (3.14) was established by Radzikowski in [35, Theorem
5.1].

3. i.e., o is equal to twice the “Synge bi-scalar /world function”.

4. More precisely, all of the derivatives of U and V at coincidence x7; = x5 are uniquely as well as locally
and covariantly determined by the fact that KWy = smooth, with the Klein-Gordon operator K, see eq. (3.3),
acting on either spacetime variable.
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whose wavefront sets do not intersect Vy, (M, g,p),
E'(X"M, ggp) = {t € Dy(x"M) |n € N and WF(t) NV (gap, M) = 0} . (3.16)

Then formula (3.11) is well defined whenever ¢,, and u,, are distributions in & [7, Theo-
rem 2.1]. This means that we can extend the algebra A(M, g,;) to an algebra W(M, g,p)
generated by quantities of the form W (ty) for all ¢, € &', with product rule given by
eq. (3.10). An example of such a distribution in & is t,, = f(21)d(z1,...,2n). By eq. (3.9),
W (tp,) corresponds to : ¢" g (f). Thus, W(M, g,p) includes elements corresponding to the
normal-ordered powers of the field. More generally, it includes all normal-ordered monomi-
als, : Va0V, ¢ iy (f417), where the «; denote multi-spacetime-indices and f@17%n
denotes a test tensor field. For notational convenience, we will typically suppress the multi-
indices of f*1"n and write : Vo, ¢ -V, ¢ 1y (f), with it always being understood that
f is a tensor field dual to the tensor : Vo, ¢ - Vq,, ¢ :y. Note that all Hadamard states on
A(M, g,p) can be naturally extended to states on W(M, g,;). Furthermore, it can be shown
that the only continuous states on W(M, g,;) are Hadamard states [36].

The above construction of W(M, g,) made use of a choice of Hadamard state W. How-
ever, it is not difficult to show that, as an abstract algebra, W(M, g,p) does not depend on
the choice of W |7, see Lemma 2.1]. Nevertheless, normal-ordered quantities such as : ¢" :y
do depend on the choice of ¥ for any n > 1, i.e., : ¢" 1qgu#: ¢" 1y if ¥/ # U. Which quantity
should represent the true field observable ¢" and other Wick monomials? In fact, when
n > 1,:¢" g for any choice of Hadamard state ¥ is not a suitable candidate to represent
@" since it does not satisfy the requirement of being locally and covariantly defined. Fol-
lowing |7, 37|, we determine the Wick monomials by imposing the requirements (“axioms”)
on their definition. Existence of a definition of Wick monomials satisfying these axioms can
then be proven. We will consider the allowed freedom (i.e., non-uniqueness) in the definition

of the Wick monomials in the next section.
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The following are our axioms® for Wick monomials:

W1 Local and covariant The Wick monomials are required to be “local and covariant”
in the following sense. Let (M, g,5) and (M’, g/ ;) denote two globally-hyperbolic spacetimes.
Suppose ¥ : M — M’ is an isometric embedding (i.e., g, = w*g& p» Where ¢* denotes the
pullback by ) that also is causality-preserving: i.e., 1 (z1),v(x9) € M’ is connected by a
causal curve only if 21, x5 € M is connected by a causal curve. Then, as shown in [7, Lemma
3.1], there is a canonical injective unital *-homomorphism ay, : W(M, ggp) = W(M', gl ).
We demand that the definition of any Wick monomial ® 4(f) = (Vo ¢ - Va,®)(f) be such
that, under this homomorphism, we have a, [P 4(f)] = ®4(¢«f), where f is a test tensor

field on M dual to ® 4 and ¥y f is the push-forward of f via .

W2 Smoothness and joint smoothness For any Wick monomial 4 and for any
Hadamard state (-)y, we require that WE[(®4)g] = 0, ie., that (®4(z))y is smooth.
Furthermore, we require that this quantity be jointly smooth in z, the spacetime metric,
and the parameters m? and &. To define this notion, we must first allow m? and & to have
spacetime dependence. We then consider one parameter variations g,p(s1), m2(32), and
&(s3) in a compact spacetime region R, such that (M, g,;(s1)) is globally hyperbolic for all
s1. As shown in |7, Lemma 4.1|, we may naturally identify the algebra W associated with
(9ap(51), m%(52),€(s3)) with the algebra associated with (g,45(0), m2(0),£(0)) by identifying
these algebras on a Cauchy surface lying outside the future of R. Consequently, we may
identify a Hadamard state (-)g on the algebra for (g4;(0), m(0),£(0)) with a Hadamard
state on the algebra associated with (ggp(s1), m%(s2),&(s3)). For any Hadamard state (- )y,

for any Wick monomial ®, and for any family (g, (s1), m?(s2),&(s3)) as above, we require

that (®4[gap(s1), m*(s2),€(s3)](x)) g be jointly smooth in (z,s1, 52, 53).

5. These axioms differ from the ones originally given in [7] in that the Leibniz rule W4 and the conservation
of stress-energy W8 have been added as in [37]. In addition, the analytic dependence condition of [7,37] has
been replaced by the joint smoothness condition of [38,39].
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W3 Commutator The commutator of any Wick monomial ® 4 = V4,0 Vg, ¢ with

the fundamental field ¢ is given by,

[(Vay¢- - Va,®)(f1), o(f2)]

=1

where A = A2V _ A€t i the advanced minus retarded Green’s function, Va,; ¢ denotes the
omission of the V,¢ factor and for the multi-index a = ajag -- “Q|q|, We use the notation

T —
o = a|a‘a|a|_1 e ay-

W4 Leibniz rule Any Wick monomial ® 4 = V¢ - - Vg, ¢ must satisfy the Leibniz rule

in the sense that

(Vay @+ Va,8) (=Vaf) = (VaVay)¢ - Va,o) (f) + -+ (Vay @+ (VaVa,)o) (f).
(3.18)

Here, the left-hand side of this equation is the distributional derivative of ® 4, whereas
the right-hand side is what one would obtain by applying the Leibniz rule to the classical

expression ® 4 = Vq,0--- Vg, 0.

W5 Hermiticity All Wick monomials are required to be Hermitian in the sense that,

(Va1¢' o Van¢)(f)* = (Voz1¢' o Van¢)(7)' (3‘19>

W6 Symmetry Any Wick monomial is required to be symmetric under interchange of

the fields—i.e.,
(Varay @ Var @) () = (Var 6+ Var d)(f), (3.20)
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for all permutations 7 of {1,...,n}.

W7 Scaling  For A > 0, let oy : W(M, A" 2gp, N>m2, &) — W(M, gop, m?, €) be the canon-
ical *-isomorphism defined in [7, Lemma 4.2]. The “scaling dimension” d4 of any local,

covariant field ® 4 is defined to be the smallest real number § such that

lim APy [@ 4N 2gqp, 02m2, €]] (1) = 0, (3.21)
A—=0T
for all (gup, m?,€). The factor of AP accounts for the fact that the volume element scales as
dpry—2 9= AP djig. We require the Wick monomial ® 4 to have scaling dimension,

(D —-2)

dy = 7 X #(factors of ¢) + #(derivatives) + 2 x #(factors of m?) +

+ 2 x #(factors of curvature) + #(“up” indices) — #(“down” indices). (3.22)

For example, (V46V}, V0) has two factors of ¢, three derivatives, and three “down” indices,
and thus has scaling dimension D —2. As another example, gabRCdVdRqﬁ has scaling dimen-
sion D/2 + 3, because it has one factor of ¢, one derivative, two factors of curvature (each
“R” counting as a curvature factor), two “up” indices, and three “down” indices. Whereas
any “R’ denoting a scalar or tensor constructed from the Riemann curvature tensor (and
its covariant derivatives) counts as a “curvature factor”, note the spacetime metric does not
count as a “curvature factor” for the purposes of formula (3.22). We further require that ® 4
scale homogeneously up to logarithms: i.e., there must exist finite N such that,

aN

d(log \)N [A(D_dA)"A [‘I’A[A_29abv A2m2,€] (f)} =0. (3.23)
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W8 Conservation of stress-energy The stress-energy tensor, Ty, (f) € W(M, g,p), is

given by

Ty = (1= 26)(Tad¥y) + (26 - 3 ) (V707 c0) + (3.24)

+2§gab(¢vcvc¢> —28(oVa Vo) + <§Gab - %m2gab) ¢27

where G, = Ry — %gabR is the Einstein tensor. We require that T}, is divergence free,

0=Top(=Vf) = =(VoKo)(f), (3.25)

where K = K [gab,mQ,f] is the Klein-Gordon operator, eq. (3.3), and the second equality
in (3.25) follows straightforwardly from differentiating (3.24) and using the Leibniz and

symmetry axioms.

Remark 5. Note that even in flat spacetime where G = 0, the stress-energy tensor (3.24)
has nontrivial dependence on the curvature coupling £&. However, the conservation con-
straint (3.25) is independent of £ in any region with vanishing Ricci scalar curvature, since

K[ggp, m?, € = 0] = K[gyp, m?, €] at any spacetime point z where R(z) = 0.

If we wished to define Wick monomials by normal ordering with respect to a Hadamard
state, we would have to choose a Hadamard state W(M, g,;) for each globally hyperbolic
spacetime (M, g,;). However, as we have already mentioned above, it can be shown |7, see
Section 3] that no choice of W(M, g,;) can give rise to a prescription for Wick monomials
that satisfies the local and covariant condition, W1. Nevertheless, a construction of Wick
monomials satisfying all of our requirements W1-W8 can be given by normal ordering with
respect to a locally and covariantly constructed Hadamard parametrix, H(z1,x9), rather

than a Hadamard state. We define H(x1,x9) in a sufficiently small neighborhood of the
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diagonal x1 = z9 by,

U(x1,x2)

H(x1,22) = ,
[o(x1,22) + 2i0F (T (1) — T(xg)) + (07)?]

57T+ (3.26)

+ Va1, 29) log [ 20(21,29) + 200+ (T(21) = T(w2) + (0)?]

where the quantities appearing in this equation are defined as in eq. (3.14). Thus, H(x1,x2)
differs from the two-point function of any Hadamard state, ¥, by a state-dependent, smooth,
symmetric function Wy (x1,x2). We refer to H(zq,z9) as a “parametrix” because, although
it does not satisfy the Klein-Gordon equation in either variable, its failure to satisfy the
Klein-Gordon equation is smooth. We define the normal-ordered product of field operators

with respect to H by,

@) den) g =y (DI ] Hway) [ olan), (3.27)

P (i,j)eP ke{l,..n}\P
i.e., by the same formula as in eq. (3.7) but with the two-point function, <gb(xz)¢(x3)>\p, of a
state, ¥, replaced by the Hadamard parametrix H(z;, z;). Note that the Hadamard normal-
ordered elements satisfy Wick’s theorem (3.10) with, again, <gb(xl)¢(x])>qj replaced by

H(zj,zj)ineq. (3.11). Using H, we define the Wick monomial corresponding to Vo, ¢ - - - Vi, ¢

by,
()= (Voy Van,0) (/)
= /y ) o) ), (29)
with t,,.1[f] given by,
i [f. 21, ) = @) DA TSy ), (32)
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where we define [A]y = Y1 |a;| and the abbreviation fy,m,---,l‘n is defined as in (3.12) and
our “Notation and conventions” in Chapter 2. In contrast to normal ordering defined with
respect to a Hadamard state, the prescription (3.28) for @ given by normal ordering with
respect to the locally and covariantly constructed Hadamard parametrix eq. (3.26) satisfies
requirement W1. It also satisfies [37] requirements W2-W7 for Wick monomials®.

However, the failure of H to be an exact solution of the Klein-Gordon wave equation

implies this prescription generally does not satisfy requirement W8,

(VodK o) g (f) = / Aptg () ()" Ky H (1, 59) 1 ey 7 0. (3.30)

Odd dimensions are an exception: For D odd, formula (3.26) contains only half-integer
powers of o(x1,x2), so it follows that for U(xz1, x9) smooth, H(z1,z2) is a parametrix of the

Klein-Gordon equation only if,

Ky H (21, 29)| 0. (3.31)

1,X2=Y

Furthermore, it can be shown [40, Lemma 2.1] that,

D

mvéy) [K.’L'QH(IL )]

VZ()xl)szH(xL@”xl,m:y = (3.32)

T1,02=Y"°

so (3.31) implies the left-hand side of (3.30) does, in fact, vanish and, thus, W8 is satisfied
in all odd dimensions.
In even dimensions, however, Ky, H(x1, 22)|2 z9—y yields a curvature scalar which is non-

vanishing in general spacetimes and, thus, normal-ordering with respect to the parametrix

6. The proof in [37] used an analytic dependence assumption in place of the joint smoothness condition
of [38] that we have used here in our formulation of W2. In order to prove that W2 holds for the Hadamard
normal ordered prescription, we would need to show that the Hadamard normal ordered n-point functions,
(: ¢(z1) -+~ d(zy) 1)y, are jointly smooth in the required sense. We do not anticipate any difficulties in
proving this but, as far as we are aware, a proof has not been given in the literature.
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(3.26) fails to produce Wick fields satisfying the conservation axiom W8. Nevertheless, we
prove in Appendix A that for D > 2, there exists a smooth symmetric function Q(x1,x2)

which is locally and covariantly defined for 1 = z9 such that
vz(;xl)szH(x1»$2)|x1#€2=y = _Vz()xl)KﬁzQ(fla 372)’x1,$2:y (3.33)
Furthermore, @) is smooth in (m2, €) and scales as,
QN gap, Nom?, €] = XP2)Qgqp, m?, ], (3.34)

in a sufficiently small neighborhood of z1,x9 = y. Therefore, normal-ordering instead with

respect to the new Hadamard parametrix,
H =H+Q, (3.35)

will give a construction of Wick fields satisfying the axioms W1-W8.
It will be understood below that, unless otherwise stated, we are always normal-ordering

with respect to a Hadamard parametrix H which is smooth in (mQ, €), satisfies
VI Ky H (w1, 29) 0y gy = O, (3.36)
and scales homogeneously up to logarithms,
AP HN g NomP €] = Hlgap, m®, €]+ Vigay,m?® €] log A2 (3.37)

(Recall V=0 for D odd, so H scales exactly homogeneously in odd spacetime dimensions.)
Thus, for any D > 2, Hadamard normal ordering yields a prescription for defining Wick

monomials that satisfies W1-W8. For D = 2, no such @ exists, and condition W8 cannot
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be satisfied by any prescription that satisfies W1-W7 [37, see Subsection 3.2|. However,
Hadamard normal ordering satisfies W1-W7.
We turn our attention now to the characterization of the non-uniqueness of prescriptions

satisfying W1-W8 (or W1-W7 for D = 2).

3.2 Uniqueness of Wick monomials

In the previous section, we imposed conditions W1-W8 on the definition of Wick mono-
mials and gave a prescription based on “Hadamard normal-ordering” which satisfies these
requirements (or requirements W1-W7 for D = 2). This prescription is not unique. In this
section, we will show that the difference between any two prescriptions ¢ 4 and d 4 for Wick
monomials satisfying W1-W8 (or W1-W7 for D = 2) are described by a “mixing matrix” Z

such that

Dy(z) =) Z4(2)2p(2). (3.38)
B

Theorem 1 below explicitly gives the general form of Z which, thereby, characterizes the
freedom to modify any prescription, such as the Hadamard prescription of the previous
section.

It will be convenient to use the following notation for Zf . An arbitrary Wick monomial
is of the form ® 4 = Vg, ¢ - Vg, ¢ and thus is characterized by the multi-indices a1, ..., ap.

For 514 = m and op =Vpg ¢--- V@ng, we represent ZE as
818
2B =200 (3.39)
Each multi-index, «, is itself a product of spacetime indices, o = aq - - - ()o|; SO We may, in
turn, write Z as a spacetime tensor field

Zﬁl...ﬁq _ Z{bl’l"'bl,lﬂl\}"'{bk,l"'bkv\ﬁﬂ}
aq-ap {a1,1"'01,\a1\}"'{an,l"'an,lap\}
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In this notation, we enclose the spacetime indices corresponding to any given multi-index with
a curly bracket. If any multi-index is “empty™—i.e., if any factor of ¢ in the corresponding
Wick monomial has no derivatives acting on it, then we insert a “{0}” as a place-holder. If
q is zero, it is understood ®p = I and we simply write “I” in the superscripts of (3.39) and
(3.40) as in examples (3.41)-(3.43) below. Similarly, when p = 0, it is understood ®,4 = I
and we write “/” in the subscripts of (3.39) and (3.40).

As an example to illustrate this notation, it will follow from the theorem below that the
difference between any two prescriptions for Wick monomials that are quadratic in ¢ will be

given by a multiple of the identity element, I. In our notation, this would be expressed as

(Var0Vard)(@) = Y Z8E(@)(V5,0V53,6)(2) + Zhyay (@)1, (3.41)
B1,582
where Zﬁ}ﬁ% = 5?01[155 i) and 55 is the Kronecker delta for the multi-indices defined by §5 =1

if the multi-indices o and 3 coincide and zero otherwise. As particular examples of (3.41),

we have
(VadViVed) (@) = (VadViVed) (@) + Z{4y ey (@)1 (3.42)

whereas
(6VaVyo)(x) = (6Va Vo) () + Zfo}{ab} (z)1. (3.43)

With this notation established, we may state our main result in the following theorem.
Let [A]4 = p and [B]y = ¢ denote the number of factors of ¢ in dy = m and

Pp=Vg o V@q@ respectively.

Theorem 1. The Wick mizing matriz Zf defined in (3.38) is nonzero only when [B]y <

[A]g, i.e. ¢ <p, and is given in terms of Zil by,

Zvh (p)(sﬂl gzl (3.44)

q (al Yoy anrl"'ap)’
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where (g) denotes the binomial coefficient. Furthermore, we have Z} =1 and 261;1 = 0.
For p > 2, each qu---ap is a real-valued, smooth tensor field of type (0,>°0_, |oy|) that is

symmetric under permutation © of multi-indices,

I _ =l
and is of the form,
ZA{I = Zfl[gaba Rabeds - - - » V(el---ven)Rabcd($)7 m27 6] (3'46)

where the right side is a jointly smooth function of its arguments with polynomial dependence
onm?, Rypeq, and finitely many (totally-symmetric) covariant derivatives of Rypeq. The Zﬁ
scale as,

2114[)\_2ng7 )\27712, 5] = )\dAZﬁ [gab7 m27 6}7 (347)

recalling the definition (3.22) of the scaling dimension dy. Furthermore, the tensor fields

Zi satisfy the Leibniz condition,

vzl (@)= 2] (x) + 21

ai---op {ba tag--ay aj{bag}--ap

(@) + o+ 20y (@), (348)

«

where {ba} = bajag - - - 0)q fora=ay--- IINE In addition, on account of WS, for D > 2,

the tensor fields Z{rb}{ac} and Z{Ib}{o} must satisfy,
9" 2y 100y = (M + ER) Z{py - (3.49)

Conversely, if {Pp(x)|B = B1--- Bylqen, are any Wick monomials satisfying W1-W§ (or
W1-W7 for D = 2) and Zﬁ satisfy all of the above conditions of this theorem, then the

new prescription {5A\A = a1 aplpen, defined by eq. (3.38) will also satisfy W1-W§ (or
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W1-W7 for D = 2). Consequently, the inverse mizing matriz (Z_l)ﬁ satisfies the same

properties as Z ff .

Sketch of Proof. The proof follows |7, Proof of Theorem 5.1], with the main difference being
that they did not consider Wick powers involving derivatives and did not impose requirement
W4. The key first step is to note that if, inductively, the prescription for Wick monomials
involving ¢-factors of ¢ has been fixed for all ¢ < p, then the prescription for any Wick
monomial with p-factors of ¢ is uniquely determined by the commutator condition W3 up to
the addition of a multiple of the identity /. In our notation, this c-number multiple is denoted
by chw-ap' In particular, eq. (3.41) holds for p = 2. We then can prove eq. (3.44) for general
p by induction. By condition W6, Zgn---ap must be totally symmetric in its multi-indices.
By condition W1, Zél,,,ap must be local and covariant, and thus must be constructed from
the metric and the Riemann tensor and its derivatives as well as from m? and €. By the
arguments of [38,39] the joint smoothness requirement, W2, and the scaling requirement,
W7, imply polynomial dependence7 on m2, Rypeq, and finitely many derivatives of R, pqq-
The remaining properties of Zél_,_ap follow directly from the axioms. The verification of the

converse is straightforward. m

Remark 6. The fact that Zg[l,,, a, has polynomial dependence on m?, Rypeq, and finitely many
of its derivatives and must have the scaling behavior stated in the theorem puts significant
constraints on Zéy--ap' In particular, (3.47) can hold non-trivially only if p(D —2)/2 is even.
Hence, Zél,,,ap = 0 when p is odd and D # 2 + 4k for integer k. Furthermore, if D is odd,

then we also have Zél,,,ap = 0 whenever p = 2 + 4k.

Remark 7. For the purpose of proving Theorem 3 in Section 4.2, it is useful to note the Wick

7. The corresponding result was obtained in [7, Theorem 5.1] by imposing an additional analytic variation
requirement, which we do not impose here.
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mixing matrices ZE satisfy the following recursion relation, for any r < g,

—1
Zohn — (p ) (q) 5oL .. g Parn P (3.50)

r)\r (a1 Q(ry1)Qp)

This identity is immediately established by plugging the expression (3.44) for Z f into both

O (2)-0)

We now prove the following result that will enable us to characterize in a simple and

sides of (3.50) and noting,

direct manner the freedom in the prescription for defining Wick monomials specified by
Theorem 1. This new characterization will be very useful for characterizing the freedom of

the OPE coefficients for products of Wick monomials.

Proposition 1. For eachn > 2, there exists a smooth, real-valued function Fy(x1,. .., Tn; 2)
on some neighborhood of X" T M containing (z,...,2) such that Fy, is symmetric in (x1,...,xn)

and such that the coefficients Zél,,,an of eq. (3.44) are given by,
2l o (2) = AV S v/ L N T | (3.52)
Furthermore, F,, satisfy,

[Vgxll) . V&in)v(z)pn(xl, ey T z)] =0. (3.53)

s T1yeeey =%

Sketch of proof. Let x be in a normal neighborhood of z € M and let o(z, z) denote the

(signed) squared geodesic distance between z and x. Let

ooz, 2) = %V((f)a(x, 2). (3.54)
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Note that in flat spacetime, in global inertial coordinates, we have

ot(x,z) = —(at — 21). (3.55)

Let f : M — R be smooth at z. Then the covariant Taylor expansion of f at z is given

by [41, see “Addendum to chapter 4: derivation of covariant Taylor expansions”|

(_1)k a a
f(l’) NZ k! val"'vakf(mﬂx:za I(JZ,Z)”'O' k(l’,Z), (356>
B :

where the meaning of this equation is that if the sum on the right side is taken from k& = 0 to
k = N, then its difference with the right side in any coordinates vanishes to order (z — z)N .
Note that 0% --- g% = gla1... Jak), so only the totally-symmetric part of f’s covariant

derivatives contribute non-trivially to (3.56). We may write this equation more compactly

as,

f@)~ Y Vaf@)],_.5"(x,2) (3.57)
B
where the sum ranges over all multi-indices § and we have written,

-,

S{bl.”bm'}(l’; Z) — |B|' o 1(13, Z) e O-b|/3\(x’ z), (3.58)

Note that in flat spacetime in global inertial coordinates, we have
1
Slure} (g 2) = E@m — 2HY (gt — o) (3.59)

Applying the operator V((f) to both sides of (3.56) and evaluating at z = z should yield the

trivial identity, ng) f(z)= V((j) f(2). This will be the case, in general, if and only if,

S VP, 2)e=a V) = 0, (3.60)
18<]a]
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when applied to any smooth scalar field8. It follows that if the multivariable series,
B1Bn

were to converge to a smooth function of (x1,...,x,;2), then this function would satisfy
eq. (3.52) by construction. However, there is no reason why the series (3.62) need converge.
Nevertheless, it is always possible to modify the series (3.62) away from zy,...,z, = 2
so as to render it convergent and C°°, while preserving the desired identity (3.52). To
see this, fix z, choose a tetrad at z, and let U, C M be a convex normal neighborhood
of z. In Riemannian normal coordinates z# centered at z and based on this tetrad, the

(non-convergent) series (3.62) takes the form,
So 2k, (O)at (3.63)
Bi+Bn

with 2@ = z#1 ... 2#18]. By Borel’s Lemma [3, see Corollary 1.3.4], every power series is the
Taylor series of some smooth function, so we may always construct Fj, € C’OO(Xn]RD ) such
that,

ai,1 a1,k Qn,kp, Z1,...,Zn=0

=zl 13(0), (3.64)

{(al,l"'al,k )}"'{(an,l"'an,kn
1

where we note the equality of mixed partials and the index symmetry of the terms which

8. Of course, for any finite |a|, this identity could (with substantial computational labor) alternatively be
directly derived from the values of the differentiated geodesic distance function o(x, z) at coincidence = = z.
In global inertial coordinates in flat spacetime, the identity (3.60) holds if and only if,

VW S8 (2 2) | per = 05, (3.61)

since covariant derivatives commute in this case. Note the identity (3.61) can be directly verified using
formula (3.59) for S# in flat spacetime. However, in curved spacetime, the left-hand side of (3.60) receives
non-trivial contributions which depend on the curvature tensor from |5| < |a .
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contribute non-trivially to (3.63). Without loss of generality, we may assume that the support
of F, is contained in x"U, since, if necessary, we may multiply it by smooth function
X(T1,. .., T 6) which is equal to unity in a neighborhood of the origin and has support
in x"U,. However, in any RNC system, the ordinary partial derivatives of a scalar field
evaluated at the origin coincide with the totally-symmetrized covariant derivatives of the

scalar field evaluated at the origin®. It follows then from the identity (3.60) that, in fact,

-,

V&iﬁl) . Véﬂ”)Fn(xla ey )| ~ = Zél_,,an(()). (3.66)

xl,...,l‘nzo

Thus, we have obtained a function £}, satisfying (3.52) in a neighborhood of one fixed event
z. However, by choosing a smooth set of tetrad vector fields and using them to define RNC
systems at each event, F}, satisfying (3.52) can be defined as a smooth function of z for any
event z € M, noting that Zél._,an(z) is smooth in z by Theorem 1.

Although this construction of Fj, will depend on z (and the arbitrarily-chosen tetrad
vector fields) away from total coincidence, the “germ” of Fj, at x1,...,z, = z is independent

of z in the sense of (3.53). To prove eq. (3.53) we use the fact that

v [V B 2]

— :((Vgé)l} A V((Xxn”)) 4o+ (Vgil) .. V(zn) })) Fn(xb T Z):| +

{ban T1yeey T =2

+ [V v By, ,:cn;z)] , (3.67)

T,y T =2

which follows from the ordinary Leibniz rule and the commutativity of derivatives with

respect to different variables. The Leibniz condition, eq. (3.48), on Zér"an then implies

9. In any RNC system, it can be deduced from the geodesic equation for geodesics passing through the
origin that
Dy -0 F“V) (z)|,—5 =0, (3.65)

On™ K

with I'}, denoting the Christoffel symbols. For scalar fields evaluated at the origin, the equivalence between
partial derivatives and totally-symmetrized covariant derivatives can then be inductively established for all
n using (3.65).
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that the first line of eq. (3.67) is equal to the second line, so the final line must vanish
identically. This establishes the result (3.53) for 8 = {b}. The general case, |5| > 1 follows

via induction. L]

Remark 8. By Remark 6 below Theorem 1, F}, and all its derivatives on the total diagonal
are greatly constrained by the Wick axioms and will vanish identically unless n(D — 2)/2

is even. In particular, Vgﬁl) e Vgi”)Fn(xl, o Zn; 2)|aq,... . en=> vanish when n is odd and

D +# 2 + 4k for integer k, and when D is odd and n = 2 + 4k.

Remark 9. Only the germ of Fy,(z1,...,2n; z) on the total diagonal is relevant to (3.52) and
(3.53). Hence, if F}, and F}, have the same germ on the total diagonal, they are equivalent as
far as Proposition 1 is concerned. Note that Fj, is not locally and covariantly defined away
from the total diagonal on account of the coordinate system and cutoff function used in its

construction. However, F}, and its derivatives on the total diagonal are local and covariant.

Remark 10. The property (3.53) implies the germ of Fy,(z1,...,zy; 2) on the total diagonal
is independent of its right-most point, z. By the previous remark, Fy,(x1,...,xp; 2) is, there-
fore, equivalent to, e.g., Fp(z1,...,xpn; 1) or Fp(x1,...,zn;xy). Therefore, it is possible to
write Fj, as functions of only n-spacetime points rather than (n + 1)-points. However, in
anticipation of the role they will play in the Wick OPE coefficients of Section 4.2, it is more
convenient to write Fj, symmetrically with respect to xy,...,z, as we have done here by

using the auxiliary point, z.

Remark 11. A notable consequence of Proposition 1 is that all prescriptions for construct-
ing the quadratic Wick fields may be obtained by normal-ordering with respect to some
Hadamard parametrix. Suppose H is any Hadamard parametrix such that the prescription
for Wick monomials satisfies axioms W1-W8 (or W1-W7 for D = 2). Then by the above

proposition, any other prescription will satisfy

(Var0Vag®)(2) = (Va, 0Vayd) 11 (2) + VEIVED By, 295 2) ) ogms . (3.68)
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This prescription for general quadratic Wick monomials can be reproduced by Hadamard

normal ordering with respect to the new Hadamard parametrix

1 1
H(zy,x9) = H(x1,32) + §F2(961,$2; x1) + §F2(9617 T9; x2) (3.69)

This result is special to the quadratic fields. Prescriptions for the higher-order Wick mono-

mials are generally not equivalent to Hadamard normal ordering.

Thus, we have shown that the ambiguities between any two definitions of the Wick
monomials is completely characterized by a sequence of functions {Fy(x1,...,2n;2)}n>2.
As described in the previous section, normal ordering (see eq. (3.28)) with respect to a
Hadamard parametrix satisfying (3.36) provides an explicit construction of the Wick mono-
mials compatible with axioms W1-W8 (or W1-W7 in D = 2). Our results, therefore, imply

any Hadamard normal-ordered monomial @g may be expressed as
H B 4 p
o =S 2505 =Y (1) (V00 Vo Vs -V Fomds - (30)
B

q=0

where ®p corresponds to a Wick monomial defined via any renormalization prescription

satisfying the axioms, and we have introduced the shorthand

The right-most equality in (3.70) follows directly from plugging (3.52) of Proposition 1 into
the expression (3.44) for ZE in Theorem 1. Of course, (3.70) can be inverted to express any

monomial ® 4 in a general Wick prescription in terms of Hadamard normal-ordered fields

oy=) (27 Hheh. (3.72)
B
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Note that Theorem 1 and Proposition 1 apply also to (Z_l)ﬁ and (Z_l){q. We can obtain
expressions for (Z_l)j{l in terms of the functions Fy,(z1, ..., xn; 2) by using ZC(Z_l)ICZE{ =
(52 together with the expression for Zg in terms of F, implied by egs. (3.44) and (3.52).

For A # I, this yields

n—2
2 Vo == 2 (1) Wy o+ Ve Pt (373)
k=0

where we recall the shorthand (3.71) for the Taylor coefficients of Fj, at z. This relation
I

-, For example, we have

allows one to recursively solve for (Z71)

(Z_l)é1a2 = _[Valva2F2] (374)
4
—1\7
(Z )a1a2a3a4 = _[va1va2va3va4F4] + (2) [V(alanFﬂ[vasvaz;)FQ]‘ (3-75)
In this way, (3.72) provides a construction of the Wick monomials in any prescription sat-
isfying the axioms in terms of Fj, and the Hadamard normal-ordered monomials defined

in (3.28). In the next chapter, we will see that the corresponding ambiguities in the OPE

coefficients for products of Wick fields can be expressed in a simple way in terms of Fj,.
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CHAPTER 4
KLEIN-GORDON OPE COEFFICIENTS

A renormalization prescription for the Wick monomials uniquely determines the Wightman
products of Wick fields as well as the unextended time-ordered products. In Section 4.1,
we obtain the explicit form of the OPE coefficients of the n-point Wightman distributions
involving Wick monomials defined via a local Hadamard normal-ordering procedure (see
Theorem 2). In Section 4.2, we then give the general form of the (Wightman) OPE coeffi-
cients corresponding to any prescription for the Wick monomials satisfying axioms W1-W§
in terms of the smooth functions Fj, appearing in the Wick monomial uniqueness theorem
(see Theorem 4). In Section 4.3, we show that the OPE coefficients for unextended time-
ordered products are given by the same expressions as for the Wightman products with the
substitution H — Hp, where H is a locally constructed Hadamard distribution and Hp is

a locally-constructed Feynman distribution (see Proposition 6).

4.1 Local Hadamard normal-ordered OPE coefficients

In this section, we show that products of Wick monomials defined by local Hadamard normal
ordering admit an operator product expansion (OPE), i.e., we will show that for any Wick
monomials @i, cee @gn defined via the local Hadamard normal ordering prescription (see

eq. (3.28)) and in any Hadamard state ¥ we have,

(@ (a1) - q>§n<xn)>q} ~ %(CH)EI,,.AR(% ) <q>g(2>>qj, (4.1)

where the B-sum runs over all Wick monomials. In Theorem 2 below, we will also obtain

explicit expressions for the local and covariant OPE coefficients, (C' H)ﬁl 4 - For products
n

involving more than two Hadamard normal-ordered monomials (i.e. n > 2), the OPE coeffi-

cients of (4.1) are found to satisfy important relations called “associativity” conditions which
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are especially useful for analyzing the OPE for Wick monomials ® 4 that are not defined via
Hadamard normal ordering. In the next section, we will then show that a general definition
of Wick monomials ® 4 also satisfy an OPE, and we will characterize how the freedom in
the choice of the definition of Wick monomials affects its OPE coefficients C’Elm A,

The asymptotic equivalence relation “~” used in the definition of the OPE (4.1) was
precisely formulated in a local and covariant manner in [15] by introducing a family of
asymptotic equivalence relations “~7 57 which are parameterized by a positive real number
0 and a “merger tree” 7. We introduce here the details relevant for our analysis and refer
the reader to [15] for the precise definition of ~7 5 and for further discussion. Merger trees
classify the different ways in which the limit xq,...,z, — 2z may be taken. For instance,
when n = 3, one possible merger tree would correspond to taking all three points (z1, 9, x3)
together to z at the “same rate”, while another possible merger tree would correspond to
having two of the points, e.g. 1 and z9, approach each other “faster” than all three points
(1, z9,x3) approach z. For a given merger tree, 7, the positive number ¢ in “~r s indicates
how rapidly the difference between both sides of the equivalence relation goes to zero as the
spacetime points approach z at their various rates. Altogether, the equivalence relation “~"

in (4.1) means that, for every 7 and § > 0, there exists a real number A such that,

<<I>gl(x1) e Cl)gn(xn)>\ll ~T S Z (C’H)ﬁlmAn(arl, ey T ) <(I>Ig(z)>qj . (4.2)
[B]<A(T9)

where we define the “engineering dimension” of ¢ p,

@5 =181 = 22 x (8], + 181y, (43)

with [B]4 and [B]y denoting, respectively, the number of factors of ¢ in ® g and the number
of covariant derivatives acting on the ¢ factors in ®p (e.g., for &g = (Vg d--- Vﬁp@, we
have [B], = p and [Bly = 32i_; |Bil).

60



The rate at which a distribution either diverges or converges to zero in the limit all its
spacetime points merge to z at the same rate (i.e. for the trivial merger tree) is known as

its “scaling degree at z"1.

By convention, positive scaling degrees indicate divergence and
negative scaling degrees imply convergence: For example, the geometric factors S B (x; z) have
scaling degree —|f| at z, while the Hadamard parametrix H has scaling degree D — 2. As

we will see, the engineering dimension [A] of a Wick field ® 4 is related to the scaling degree

of the coefficient C’fl 4 as follows?:

1

[A] = 58dz Clig(r1,72:2)] (4.4)

Moreover, we will find the scaling degree of all Wick OPE coefficients are bounded from
above by:
sd [CF L a ] < [A 4+ [An] - B] (4.5)

The key result needed to show the existence of an OPE for Hadamard normal-ordered

Wick monomials is that, in any Hadamard state ¥, the distribution,

hn7\p<l’1,...,l’n> = <: ¢($1)¢([En) :H>\II (46)

is, in fact, a smooth function® of (1,...,xyn). It then follows immediately from the definition,

1. The “scaling degree” was introduced by Steinmann in the context of Minkowski spacetime [42, Section
5]. See [32] for further discussion in the context of curved manifolds.

2. If the scaling degree varies for different background geometries, then [A] is equal to the supremum of
the right-hand side with respect to (M, gap). If @4 is tensor-valued, then the maximum scaling degree of the
tensor components is used.

3. It was proven in [36, Lemma III.1] that (4.6) is smooth if and only if ¥ is Hadamard and the truncated
n-point functions of ¥ are smooth. However, Sanders later proved that all Hadamard states have smooth
truncated n-point functions [43, Proposition 3.1.14| and, therefore, (4.6) is smooth for all Hadamard ¥ and
only Hadamard V.

61



eq. (3.28), of the Hadamard normal-ordered Wick power ¢'%;(2) that we have,

<¢%(z)>\p =hpw(z,...,2) (4.7)

i.e., the expectation value of the Wick power ¢%; evaluated at z is the total coincidence value

at z of the smooth function hy(z1,...,zy,). More generally, we have,
(Vard Vo) (2)y = Vi - Ve by glon, o), . (48)

The simplest example of an OPE is the one for the two point function (¢(x1)¢(z2))y.
From the definition eq. (3.27) of Hadamard normal ordering, we have for z1 and z9 in a

common convex normal neighborhood,

P(x1)p(w2) =: ¢(x1)p(w2) i +H (1, 72)] (4.9)

We now take the expectation value of this equation in an arbitrary Hadamard state ¥. Since
(: ¢(x1)¢(z2) :pr)g is smooth, we may take its covariant Taylor expansion (see eq. (3.57)
above) for x1 and z9 in a normal neighborhood of some arbitrarily chosen point z, thereby

obtaining asymptotic relations? that hold in the coincidence limit,

Coan)o) my~ Y. SN2 e VIV P hy g ey a0,
|B1]+B2]<d
(4.10)

using the fact that

SO (213 2)S (93 2) ~5 0, for [By] + [Ba] > 6. (4.11)

4. For n = 2, we omit the 7 symbol since there is only one possible merger tree in this case.
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Substituting expression (4.10) into eq. (4.9) and using eq. (4.8), we find that for any Hadamard

state U, we have,

(p(z)d(za))g ~5 Y SPV (w13 2) 872 (w95 2) ((V 3,0V 5,0) 11 (2) ) + H (1, 22) (I -
|B1|+]B2]<0

(4.12)

Noting this holds for all 6 > 0, this equation takes the form of an OPE, from which we can
read off the OPE coefficients,

(Cr)h(a1,m2;2) = H(x1,29) (4.13)

(Vlﬁ PV sy ?)

(CH)¢,¢

(x1, 29; 2) = SPL(21; 2)552) (295 2), (4.14)

where we have symmetrized over 1 and fo on the right side of the last expression since
(V 3PV, ¢) g is symmetric in $; and 9, so only the symmetric part of this OPE coefficient
contributes. All other OPE coefficients of the form C’f(b vanish. Given the scaling degree of

S% and H stated above, we indeed find (as anticipated in formula (4.4)),

1

6] = s [(Cil (1,22 2)] = 5(D —2) (4.15)

and (as anticipated in formula (4.5)) the scaling degree of (C' H)g » at 2 is found to be bounded
from above by [¢] + [¢] — [B] with the non-trivial coefficients saturating the bound.

In order to illustrate how more general OPEs are obtained for Hadamard normal-ordered
monomials and to understand the patterns that emerge in the structure of the general
OPE coefficients, it is instructive to consider another simple example, namely n = 2 and

@gl, QDEQ = <b%{. Wick’s theorem (3.10) implies that for x1,x9 in a common convex normal
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neighborhood, we have

(oh(@)of(w2)) = (: dla))é(e1)o(w2)o(x2) ) + (4.16)

+4H (21, 22) (: ¢(21)d(22) 1)y + 2H (21, 22) H (21, 79).

Again, all of the “totally normal-ordered” quantities appearing on the right-hand side are
smooth functions. Therefore, we may covariantly Taylor expand these terms about x1,z9 =
z, to obtain

<¢%1(561)¢%{(I2)>\P ~5

S S0 (ay;2) 8% (w15 2) 8% (wg; 2) S (wa; 2) ((V 5,6V 5,6V 5,6V 3,0 1 (2) ) +
B1,52,83,84

+4H (11, 29) Y SV (w15 2)8%) (w95 2) (V 5, 0V 3,0) 11 (2) ) + (4.17)
B1,52

+2H (z1, 29) H (71, 22) (I) g,

where the respective sums run over » ; |f;| < 0. Thus, the nonvanishing OPE coefficients

are,

(CH)§2¢2 (21,95 2) (4.18)
(

SV (213 2)5% (215 2) S (w95 2) S0 (295 2) O = (V5,6V5,6V 5,6V 5,0) 1

= 4 4501 (215 2)5%) (w9; 2) H (w1, 22) o = (V3,0V5,0) 1

2H (w1, w2) H (w1, 72) ol =1
\

Thus, we see that all of the nonvanishing OPE coefficients are given by products of the
Hadamard parametrix H(xq,z9) and the geometrical factors SB (x; z) defined by eq. (3.58).

The existence of an OPE for an arbitrary product of n Hadamard normal-ordered Wick
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monomials,

<(V04(1,1)¢ T va(1,k1)¢)H<x1> o (va(n,1)¢ T va(n,kn)gb)H(xn)>\IJ ’ (419)

can be established by paralleling the derivation used in the above examples. As in the
definition of the engineering dimension, eq. (4.3), we denote the number of factors of ¢ that
appear in a Wick monomial ® 4 by [® 4] 4. Thus, for the factor Q)Hi = (Va(u)(b e Va(i’ki)qﬁ)H
in eq. (4.19), we have [Cbi](b = k;. We denote by K the total number of factors of ¢ appearing

in the expression (4.19),

K=Yk (4.20)

We write the quantity (4.19) in terms of products of H and normal ordered products of ¢’s.
We then obtain an OPE for (4.19) by Taylor expanding the normal-ordered products of ¢’s.
It follows that the general OPE coefficients are given by products of H(x1,x9), Sh (x;z) and
their derivatives. It also can be seen that the only fields q)g = (V51¢V52¢- X V5m¢) H
for which (CH)ﬁ1 4, ¢an be non-vanishing are such that [(I)ng = m takes the values
m=K K—-2K—4,... and m > 0.

In order to explain the combinatorics of the formula for the general OPE coefficients in
terms of H(x1,x3), Sh (x; z) and their derivatives, it is useful to introduce a uniform notation
for all the multi-indices relevant for (C' H)lzl A, by pairing each §; multi-index with a “0”
and write @g = (Vﬁ(o,l)gbvﬁ(w)qﬁ- o Vﬁ(o,m) ¢) - The multi-indices relevant for (CH)El---A

n

then comprise the set of ordered pairs,

S=1{(0,1),(0,2),...,(0,m), (1,1),(1,2), ..., (L k),...... (n,1), (1,2) ..., (n, kn)}
(4.21)

This set has (m + K)-elements, which is an even number whenever (C H)]j1 4. 1s nonvan-
n

ishing. In order to describe the combinations of 5% (z,,) and H (zy, 2,,) and their derivatives
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that appear in the formula for (CH)EI---An’ we follow [19, see Section 4.1] by employing the
notion of “perfect matchings™ for elements of S. By definition, the set, M(S), of perfect
matchings is the set of all partitions of § into subsets each of which contains precisely two
elements. Each pair of distinct elements of S is of the form {(v,i), (w,7)}. It is conve-
nient to require that these pairs be ordered so that v < w. (When v = w, we may require
¢ < j, but the matrix elements of the matrix N defined below will vanish in that case,
so the ordering is irrelevant.) Since S has (m + K)-elements it follows that M(S) has
m+K-1)Ml=m+K—-1)(m+ K —-3)(m+ K —25)---1 elements when m + K is even.
Thus, for example, if S = {(0,1), (1,1),(1,2),(2,1)} corresponding to n = 2, K = 3, and

m = 1, then M(S) consists of the three partitions:

M(S) = {{(0,1),(1,1); (1,2), (2, )}, {(0,1), (1,2); (1, 1), (2, 1)}, {(0,1), (2, 1); (1, 1), (1,2)} },
(4.22)

which are diagrammed in the following figure.

(0,1) (1,1) (1,2) (2,1) (0,1) (1,1) (1,2) (2,1)

SNV

(0,1) (1,1) (1,2) (2,1)

N

Figure 4.1: Directed graphs representing the three perfect matchings in (4.22). Arrow direc-
tion points from a vertex (v,7) € S toward a vertex (w,j) € S such that v < w and i < j.

5. The terminology is borrowed from graph theory: The elements of S can be viewed as labeling the
vertices of a graph. (See e.g. Figure 4.1 below). An arrow connecting two vertices of this graph corresponds
then to a pairing between two elements of S. A “perfect matching” is achieved when every vertex is connected
to exactly one arrow and there are no loops (connecting a vertex to itself): i.e., every element of S is paired
with precisely one other element of S.
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It is useful to combine the relevant multi-index derivatives of S5 (z,) and H(zy, 7)) into

a single (K +m) x (K + m) matrix A as follows,

(

N(v,i)(w,j) = V&x(Z?j)Sﬁi(xw; 2) v=0,w#0 (4.23)

0 otherwise

\

The hafnian of N is defined by [44]

haf N = Z H N(v,i)(w,j)v (4.24)
MeM(S) {(vyi),(w,j)}eM

where the sum is taken over the (m+ K — 1)!! perfect matchings, M, of the set S, eq. (4.21),
and the product is taken over all ordered pairs {(v,i), (w,j)} occurring in M. With these
definitions, the existence of an OPE for Hadamard normal-ordered products and the general

formula for the OPE coefficients may now be stated as the following theorem:

Theorem 2. For Hadamard normal-ordered fields <I>Hi, there exists an OPE of the form
eq. (4.1), with local and covariant OPE coefficients (CH)El_._An(xl,...,xn;z). The OPE
coefficients (CH)ﬁl---An can be nonvanishing only when m = [(I)g]qb takes the values m =
K, K—2K—4,... and m > 0, where K is given by eq. (4.20). Furthermore, the OPE

COGHZCZ'QTLtS are Bl’plZCZtly given by
AlmAn 15---54n, m| ) .

with hat N given by eq. (4.24) and they satisfy the scaling degree properties (4.4) and (4.5),

saturating the bound whenever (4.25) is nonzero.

A formal proof of the existence of an OPE for scalar field theories with renormalizable

interactions on any globally-hyperbolic spacetime was given (to any finite order in perturba-
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tion theory) in [10, Theorem 1]. Since at zeroth-order the quantum fields in [10] were defined
via Hadamard normal ordering, this result encompasses the case considered here. For the
case of flat spacetime, we have V&x)SB(x; z) = ﬁ@&aj)(m—z)ﬂ and our formula (4.25) for the
Hadamard normal-ordered OPE coefficients corresponds® to the formula given in [19, Sec-
tion 4.1] for the vacuum normal-ordered (flat) Euclidean OPE coefficients after replacing H
with the Euclidean Green’s function G (see eq. (5.3) below). The scaling degree properties

stated in the theorem follow immediately from eq. (4.25) and the scaling behavior of the

Hadamard parametrix and the geometric factors S° (x; 2).

Remark 12. In the Euclidean case considered in [19, Section 4.1|, Gg(z1,x2) is symmetric
in (z1,22) so the ordering of (z1,z2) is irrelevant. However, in the Lorentzian case, the
anti-symmetric part of H is proportional to the causal propagator, iA = iA2dV — jATet,

modulo C*°(M x M), so the ordering of the events matters.

Remark 13. For B = I, we have m = 0, so we have (CH)II41"'An =0if K is odd. If K is

even, then since v = 0 does not arise on the right side of eq. (4.25) when m = 0, we may

(2w
(

replace N(v,z‘)(w,j) by ngz’)i) Va w?j)H(xv, Ty), SO (CH)£1-~-An is given by

(Cr)lyn, (@1 oniz) = D [T V& v e, e, (4.26)
MeM(S) {(vyi),(w,j) €M

ie., (C H){41 A, is a sum of products of derivatives of H’s. As in the specific examples with
B = I given in formulas (4.13) and (4.18) above, it is observed that the right-hand side
of the general formula (4.26) does not explicitly depend on the expansion point z. We will
sometimes emphasize this independence by omitting z in the notation for the identity OPE

coeflicients, writing <CH)II41"'An = (CH){‘lr"An (X1,...,2n).

Remark 14. At the other extreme, when m = K, then if any product on the right side of

eq. (4.25) contained a factor with both v # 0 and w # 0, then it would also have to contain

6. There is a discrepancy of a factor of 1/m! between our formula (4.25) and the formula given in [19].
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a factor with v = w = 0 and thus would vanish. Thus, for m = K, the only elements of
M(S) which may contribute nontrivially to (4.25) are those such that v = 0 and w # 0,
and the OPE coefficients (C' H)E1 4, are given by a sum of terms composed of products of

derivatives of $7’s. Explicitly, this formula is,

n k;
B Ly 3.5) (-
(C)E a1 i 2) = symg [[ [ V), %069 (2 2), (4.27)
i=1j=1
where p(i,7) = j + Zé_:ll kq and the symmetrization over the S-multi-indices (already seen

in examples (4.14) and (4.18)) is here denoted using “symg” as follows,

1
Symﬁgﬂl . GPm = g(B1 ... gBm) = — Z §Pa1) ... §Pa(m), (4.28)
(o

where o sums over the permutations of {1,...,m}.

For 0 < m < K, the OPE coefficient (CH)ﬁy--An will be a sum of terms involving
products of derivatives of both H’s and $%’s. In fact, the formula for (C’H)ﬁ1 4, in this
case satisfies very useful recursion relations in terms of a sum of products of OPE coefficients
of smaller K. An example of this structure can be seen from eqs. (4.13), (4.14), and (4.18)

where, by inspection, we see that

Vg, &V, ¢ V3,0V, 0
Co)ps "2 w1 i 2) = 4O wyam ) Ol (o). (429)

To state the general result, let S4 be the set of the K multi-index labels of the CI>H1,
...,@Izn fields, ie., Sy = {(1,1),...,(n,kn)}. (Sy differs from S by not including the
labels {(0,1),...,(0,m)} associated with multi-indices of the operator (DIB{) Let p be an

integer with 0 < p < m. Partition S4 into two subsets P, P», such that P contains p

elements and P, contains (K — p) elements, i.e., P; and P» are complements of each other

K

p) possible ordered partitions of this sort.) For any

with respect to the set Sy. (There are (
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such partition, we define,

Py = IT Veu,¢ (4.30)
(ivj)epl

VE II Veu,¢ (4.31)
(ij)EP2

For any 4 such that there exists no (7,5) € Pp, then we set ® 5, = I and, similarly, for any
i such that there are no (i, j) € P, we have ® 4» = I. Our result on the Hadamard OPE

coefficients (CH)Er"An with 0 < m < K is the following:

Proposition 2. For 0 < m < K, the Hadamard normal-ordered OPE coefficients (4.25) of

Theorem 2 satisty,

(Cr)5 o (@1, oy 2) = (4.32)
-1

m (Vg, ¢V, ¢) (Vg ¢ V5,0)

(p) > (CH>A/1/,6?%A;1 o (961,---,1‘71;2)(CH)AY..SIEZ) (1, n; 2)
{Pl,PQ}EPp(SA)

Here p is any integer with 0 < p < m and the sum is taken over the (Ip() -ordered partitions
Pp(S4) into subsets, P; and P, containing p and K —p elements, respectively. The fields @E

and @%, were defined with respect to the partition by eqgs. (4.30) and (4.31), respectively.

Proof. From the explicit expression for the Hadamard normal-ordered OPE coefficients (4.25)

given in Theorem 2, it can be seen directly that (4.32) is equivalent, for any 0 < p < m and
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0 <m < K, to the relation

> II  Neaws
MEM(S) {(vi).(w.j)}eM

= Z Z H Nwi)w.j) | X (4.33)

{P1;P}ePp(Sa) \ [M1eM[P1]{(v,i),(w,j)}eM;

> II  Meows| ¢

_MQEMZ[PQ] {(’U,i),(ﬂ),j)}EMg

with M1 = M(P; U {(0,1),...,(0,p)}) and Mg = M(P, U {(0,p+1),...,(0,m)}). To
prove this relation, we note that the first line of eq. (4.33) instructs us to take the product

of the matrix elements 'M(U,i)( over a perfect matching of S and then sum over all perfect

w,j)
matchings. By eq. (4.23), in order for any perfect matching to contribute nontrivially, any
element of the form (0, ) must be matched with an element of S4. Fix any integer p
with 0 < p < m. For a given perfect matching that contributes nontrivially to eq. (4.33),
the elements of Sy that are paired with (0,1),...,(0,p) define a subset, P;, of S4 with p
elements. Let Py =S4\ P so that { P}, P»} is a partition of S4 into subsets of p and K —p
elements, respectively. When we sum over all perfect matchings, we may first sum over all
perfect matchings that respect these partitions. That sum yields the term in large curly

braces on the second and third lines of eq. (4.33). It then remains to sum over all partitions

{P1, Po} € Pyp(S4), which yields eq. (4.33). O
Remark 15. An important case is m = p for which relation (4.32) of Proposition 2 reduces

to,

(Cr) 5 n (@1, 2) (4.34)

= X O ) Cally (@)
{P17P2}€PM(SA)
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This implies that every Hadamard normal-ordered OPE coefficient can be expressed as a
sum of products of OPE coefficients with m = 0 of the form (4.26) and OPE coefficients
with m = K’ of the form (4.27). In the second line of (4.34), we note the OPE coefficients

with B = [ are independent of z; see also Remark 13 above.

While eq. (4.32) was derived here using the particular form (4.25) of the Hadamard
normal-ordered coefficients, we will show, in the next section, these identities for the Hadamard
normal-ordered OPE coefficients and the field redefinition relations for Wick fields obtained
in Section 3.2 can be used to prove relation (4.32) holds also for the OPE coefficients corre-
sponding to completely general constructions of the Wick fields; that is, we will show that
(4.32) continues to be a valid formula even when the H-subscripts are removed.

Above, we have given explicit formulas for all of the OPE coefficients occurring for prod-
ucts of Wick monomials of the Klein-Gordon field defined by Hadamard normal ordering.
There is an important associativity property satisfied by these OPE coefficients, which will
be seen in the next section to hold for general prescriptions for Wick monomials and, in-
deed, is expected to hold for general interacting theories [10]. As already mentioned at the
beginning of this section, for an OPE involving n > 2 spacetime points x;, we have different
possible “merger trees,” i.e., different possible rates at which the different x;’s may approach
z. For example, for an OPE involving three spacetime points (z1, x9, x3), we could let 1 and
x9, approach each other faster than the remaining point, x3. In this case, one might expect
that the OPE and its coefficients could be alternatively computed by first expanding the
expectation value in 7 and x9 about an auxiliary point 2’ and, subsequently, expanding 2’
and x3 about z. For this to be self-consistent, the OPE coefficients obtained via this iterated
expansion should be asymptotically equivalent (for this merger tree) to the original OPE
coefficients. For general merger trees, this implies that OPE coeflicients involving n > 2
spacetime points must factorize into a sum of products of OPE coefficients involving fewer

spacetime points. This property is referred to as “associativity.”
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The associativity conditions corresponding to the most general possible merger trees may
be found in [15, Section 3|. For our purposes, it will be useful to have an explicit formula for
the following merger trees: Consider the set of K = kj + k9 + - - - + ky, spacelike-separated

spacetime points,

{l‘(l’l), c. ’x(lvkl)’ x(?,l)’ .. ’x(2,k2)7 . ,I(ml), ce 7m(n,kn)} . (435)

Let 7 denote any merger tree where, for alli € {1,...,n}, the k;-spacetime points T(i1)s - B0 k)
approach each other faster than the remaining points in (4.35). Supposing a Wick field is
located at each one of these spacetime points, the associativity condition for this class of

merger trees is,

—

B -

C g Cn = . B .
Z (OH)Al A (x1;21>"'(OH)A A (mnazn)(CH)Cl...C (217"'727%2)7
(171) (Lkl) (nvl) (n,k)n) n
C1,...,Chp
where we have introduced the shorthand #; = T(i 1) L0 ky) Here the Cq,...,Cy-sums
are carried out to sufficiently high, but finite, [C;] for all i. The associativity condition and
other properties of the OPE coefficients were established in [10, Section 4]|. We state this

result in the following theorem:

Theorem 3. The OPEFE coefficients (CH)ﬁl---An satisfy (4.36) and the more general associa-

tivity conditions of [10,15].

4.2 OPE coefficients for a general definition of Wick monomials

We are now in a position to obtain the expression for the coefficients that arise in the OPE
expansion of products of Wick monomials defined using an arbitrary prescription for Wick
monomials that satisfies the axioms of Section 3.1. Let Q)g denote the Hadamard normal-
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ordered prescription for Wick monomials and let ® 4 be an arbitrary prescription. The key
equations (3.70) and (3.72) relating @g and ®4 via Z and its inverse, respectively, were
obtained in Section 3.2.

To obtain an OPE for (® 4, (z1)--- Py, (mn)>\p for our arbitrary prescription for Wick

monomials, we now use eq. (3.72) to write

(@A, (z1)--- Py, (ﬂfn)>\1, (4.37)

=2 RE e G ) (0l o ),

It should be noted that the sums in the second line include only a finite number of terms
because (Z_l)A = 0 unless [C] < [A]. Next, we use the OPE, eq. (4.1), for the Hadamard

normal-ordered Wick monomials, with OPE coefficients given by eq. (4.25) to obtain

(D g, (x1)--- @ ~Yy - Z A1 (1) (275 (@n) % (4.38)
C1

7’L

| CmR o, i) (¥ (2)

Co

Finally, we use eq. (3.70) to write <Cl>g (z)>\p in terms of one-point Wick monomials in the

prescription that we are using,

(®4,(x1)--- @ Z Z A1 (z1) (Z*l)gz(xn)x (4.39)

Ci
X Z(CH)Cgcn(xlaaxnaz)
Co

Y Z6,(2) <(I)B<Z)>\11]
B

This provides an OPE expansion for (® 4, (x1)---®4, (xn)>\11, from which we can read off
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the OPE coeflicients

S 2B |3 Y E ) ) (E N @) CE e (@ ni2)
CO 01 Cn

Expressions for the Hadamard normal-ordered coefficients (C H)g(l’cn were given in terms
of $% and H by eq. (4.25) of Theorem 2. The mixing matrix ZE was given in terms of F}, via
eq. (3.44) of Theorem 1 and (3.52) of Proposition 1. As described in Section 3.2, (Z_l)g can
also be expressed in terms of F}, using eq. (3.44) and eq. (3.73). Thus, as desired, eq. (4.40)
yields a formula for the OPE coefficients Cﬁ}l._. A, in terms of a Hadamard parametrix H,
the geometric factors SP, and the smooth functions Fj, (which characterize the difference

between ® 4 and @5{)

Theorem 4. For any prescription for the Wick monomials {®4|A = a1 -+ an}pen, com-
patible with axioms W1-WS$, there ezists an OPE in the sense of (4.2) with local and covari-
ant defined OPFE coefficients 051---1% (T1,...,2n; 2) given by (4.40). These OPE coefficients
satisfy (4.36) (with the H-subscripts removed) as well as the general associativity conditions
of [10,15]. The coefficients are also compatible with the scaling degree properties (4.4) and
(4.5).

Sketch of proof. See Appendix B. O

Equation (4.40) provides a complete characterization of the OPE coefficients for an arbi-
trary prescription for Wick monomials and, thus, achieves the primary goal of this section.
However, there are important properties of the general Wick coefficients which are not im-
mediately apparent from (4.40) but will be extremely useful for our analysis of the flow
relations in future chapters as well as for illuminating the general qualitative structure of

the Wick coefficients. In particular, as we will show, the special form of the Wick mix-
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ing matrices (3.38) and the factorization properties (4.32) of the Hadamard normal-ordered
products together imply knowledge of just the C(é ¢—coefﬁcients is sufficient for one to de-
termine all other Wick OPE coefficients. This property of the Wick coefficients will greatly
reduce the number of independent flow relations we must consider in future chapters. More-
over, the relative simplicity of the C’é (b—coefﬁcients permits us to obtain an explicit formula
for these elementary coefficients in terms of H and F},, thereby generalizing the Hadamard
normal-ordered formula (4.26) to arbitrary prescriptions.

We now outline the steps that allow us to obtain an arbitrary OPE coefficient C’ﬁ’)lm A, in
terms of SP and OPE coefficients of the form € g We will then give an explicit formula (see
eq. (4.48)) for Cé é in terms of the Hadamard parametrix H and the functions F,. Finally,
we obtain in Proposition 5 an explicit (inductive) construction for the Wick monomials in
terms of the OPE coefficients C’é.__qb.

We first note that eq. (4.40) implies that Cgl---An = 0 whenever m > K for m = [B]y,
since this property holds for (C' H>§1 A, and the mixing matrices ZE and (Z_l)ﬁ never
increase the number of powers of ¢ appearing in any Wick monomial. For the case m = K,
the only terms in ZE and (Z’l)lz that can contribute nontrivially to eq. (4.40) are 5E .

Thus, for m = K we obtain,

B B
CB o @1 ami2) = (Ci)B g (@1, i 2)

k;
= symg ﬁ H Vgazz?j)sﬁp(i’j)(xi; z), (4.41)
i=1j=1
with p(i,j7) = j + 22;11 kq and symg defined as in (4.28). Thus, for m = K the OPE
coefficients for a general prescription are the same as for the Hadamard normal ordered
prescription, and depend only on the geometrical factors S8,
Next, we show that the OPE coefficients C’Elm A, such that 0 < m < K are determined

by OPE coefficients with B = I together with OPE coefficients of the form eq. (4.41). More
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precisely,

B
CAl---An(xb cey T )

- Z Cﬁ’l"'A;m(xl’ Ce X 3)0{4'1’,4;; (T1,...,Tn), (4.42)
{P1,P2}€Pm(Sa)

with the notation as in Proposition 2. Since we have [A}]4 + --- + [A],]4 = m = [B], the
coefficients C AL (1,...,2n; 2) are of the form (4.41). Thus, (4.42) expresses a general
OPE coefﬁcient with 0 < m < K in terms of OPE coefficients with B = I. Formula (4.42)

is a special case of the following proposition when p = m.

Proposition 3. For 0 < p < m < K, the OPE coefficients given by (4.40) satisfy the
same formula (4.32) as derived in Proposition 2 for the Hadamard normal-ordered OPE

coefficients. i.e., formula (4.32) remains a valid formula when the H-subscripts are removed.
Sketch of proof. See Appendix B. n

The following proposition shows that any Wick OPE coefficient C’Elm A, (X1,...,xn;2)
is ultimately fixed by OPE coefficients of the form qus ¢(a71, ) for [Chly < [Ai]g = K.
When combined with the previous proposition, this implies all Wick OPE coefficients may

be obtained from a finite number of OPE coefficients of the form Cé e

Proposition 4. The Wick OPE coefficients (4.40) satisfy,

CEy-'A»n,(:Ul’ <oy In; Z)

— 1 “ e . n kn TR
= lim o lim Vo Vot [CB @1, i) + (4.43)
Ci (=~ Cn (= . .
- Z Z O¢}.¢<yl§$l)"'C¢...¢(ynaxn)cgl...cn<1717"-7xn72)] ’
[Cr]<[A4] [Cn]<[An]

[Cilg<[A1]lg  [Cnle<[Anls

where we define the shorthand vy; = Yy Y(i k) and denote k; = [Ai]¢.
7



Proof. See Appendix B. n

Remark 16. Recall the definition (4.3) of [C] = (D —2)/2 x [C], + [C]y. Hence, for a fixed
[A], there are only finitely-many [C], and [C]y such that [C] < [A] and, thus, the C-sums
in (4.43) are all finite sums. Note also [C] < [4] iff

D -2

[Clv < —5

x ([Alp = [Cly) + [Alv, (4.44)

where the right-hand side is non-negative for [C]; < [A], and reduces to [A]y when D = 2.

The preceding proposition enables us to inductively compute all OPE coefficients using
only the OPE coefficients C’g L 8S input. To observe this, first note that, for these elementary
OPE coefficients,

O('%al¢)(van¢) (l‘17 s A Z> = Vg‘J:ll) U v&an)ofqﬁ(l‘l) coy In; Z)’ (445)

and, thus, knowledge of C’g ” implies knowledge of C'(Bva1 )V ) for all a;. Hence, by
assumption, we begin with knowledge of all OPE coefficients Cfflm A, such that [4;], =1
and [4;]y < oo for ¢ € {1,...,n}. Noting the bounds on the Cj-sums, we may, therefore,
immediately use formula (4.43) to calculate any C’Elm 4, such that, for all 7, [Aj]g <2 and
[Aj]ly < oo. Of course, this, in turn, provides enough data to compute any coefficient such
that [A;]y < 3 and [A4;]y < oo and, in this way, we may obtain any OPE coefficient Cz]‘i"An

from formula (4.43) starting from knowledge of just C’(g e

Remark 17. For any finite [4;], and [A;]y, we emphasize that the coefficient CEIMAH can be
computed from (4.43) with only a finite number of iterations. In particular, it is not required
that we compute all [4;]y < oo for a given [A;], before incrementing to [Af]4 = [A;], + 1.
By inequality (4.44), computing C’Elm 4, for any [A]y and [A;]y only requires knowledge
of coefficients Cgl“'cn such that [Cj]y < [Ai]y and [Cily < (D —2)/2 x [Ai]g + [Ai]v.
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Taken together, the above results allow us to express an arbitrary Wick OPE coefficient
Cﬁ}r" A, in terms” of the OPE coefficients C’é é and pure geometrical factors S8, Finally,
we give an explicit formula for C’é & To see how this formula is obtained, consider first the

simplest case of Cq‘i & We have,

(V OV 1y D)
V1,72
~ H(wy, )+ Y [Voy Vo Pl SO (1:2)572) (29; 2)
V1,72
S H(x1,$2)+F2($1,:U2;2), (4.46)

where in the last line, we used the fact that the series,

Y (Vg Vap Bl SV (215 2)872) (29 2), (4.47)
V1,72

is simply the covariant Taylor expansion of the smooth function Fs(x1,x9;2). Proceeding in

a similar manner and recalling formulas (4.40) and (4.41), we obtain the general formula,

Cé...¢($1,~-->$n;z) ~ Fp(xy, ... op2) + (4.48)
[n/2]
+ Z Z H(z )) T H(xﬂ(2k71)7 Iﬂ'(Qk))F(ank)(l‘ﬂ@kJrl)? < r(n)s z),
k=1 7T
where the 7, sums over the permutations of {1,...,n} such that n(1) < 7(2),7(3) <

w(4), -, m(2k—1) <7w(2k); 7(1) <7(3) < --- <7w(2k —1); and 7(2k + 1) < w(2k +2) <
- < 7(n). Formula (4.48) generalizes the normal-ordered formula (4.26) obtained in the

previous section to arbitrary prescriptions for the Wick monomials.

7. The only method we have provided for computing coefficients of the form 01141,__ 4, from C’é o 18 via
formula (4.43) of Proposition 4. However, coefficients Cfl"‘An for B # I may be computed from C’ém(ﬁ either

via formula (4.43) or, alternatively, by plugging the values of C .., back into formula (4.32) of Proposition
3.

79



Formula (4.48) now implies the full renormalization freedom for the Wick fields may be
expressed entirely in terms of the identity coefficients {C’QIS ¢(;1:1, ..., Zn; 2) }p>2 and, thus,
the set of these coefficients uniquely determines a prescription for the Wick fields {® 4|A =
a1+ apfpen,- To see this, note eq. (4.48) implies C’é;(b is itself a Hadamard parametrix H =
H + F5 (in accordance with Remark 11). If we choose to normal order instead with respect
to the parametrix H , l.e. use (Pg in formula (3.72) rather than (Pg , then the preceding
manipulations would again yield formula (4.48) for qub 4 but now with all H’s replaced
by H = Cé & Since this formula depends only on Fj<, and OPE coefficients of the form
Cémgb’ it may be iteratively inverted to express Fj, purely in terms of C’ém(b(xl, e TR 2)
for £ < n. The claim is then an immediate consequence of Proposition 1 and the Wick
uniqueness theorem (Theorem 1).

Using identities (3.44) and (3.73), our expression for Fj, in terms of the OPE coefficients
allows us to similarly express (Z_l)’g purely in terms of Cé...gb(ffl» oo T z) for k<n. A
Wick monomial ® 4 in any prescription satisfying axioms W1-W8 can, thus, be expressed
via P4 = Z[B]S[A](Z_l)ﬁq)g in terms of just {C’é_._(b(m’l, .5 ¥n; 2) by<( 4] and products of
the linear field observable ¢, noting that the normal-ordered Wick fields @g are themselves
defined in (3.28) with respect to only products of the linear field observable ¢ and the OPE

coefficient H = Cé & An explicit inductive formula for ® 4 expressed purely in terms of ¢,

I
cl.

& and the geometric factors S8 is obtained in the following proposition.

Proposition 5. For the OPE coefficients Oéwﬁ given by the formula (4.48), the monomial
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® 4 in any prescription satisfying axioms WI1-WS§ satisfies:

(Va0 Va,0)(f) =

[ @) V5D G o) o) - (449)
Z, L] ey Xy

Z Z Cé.“¢(:c7r(m+1), o Tr(n)i 2) Sﬁl(xﬂu); z) - ~Sﬂm(x7r(m); z) (Vg ¢+ Vg 6)(2)
B<tay "

where 1y, denotes the set of all permutations of {1,...,n} such that 7(1) < w(2) < --- <

m(m) and m1(m +1) < w(m +2) < --- < w(n), and the abbreviation [, .

1s defined as

in (3.12) and our “Notation and conventions” in Chapter 2.

Proof. See Appendix B. O

4.3 OPE coefficients of (unextended) time-ordered products

As we shall see in Chapter 6, the flow relations for OPE coefficients that we shall ob-
tain in Lorentzian spacetimes will involve expansions of time-ordered products—rather than
ordinary products—of Wick monomials. Away from the diagonals®, the “unextended time-

ordered product” of Wick monomials is defined by

Tof®a, (@1) - g, (2n)} = Papy (@p(1) - Pap, (TP@m)); (4.50)

where P is a permutation of {1,...,n} such that zp;) & J™(zp(js1)), where J= de-
notes the causal past. In other words, To{® 4, (x1) - P4, ()} re-orders the product
D4, (z1) - P4, (zn) by the “time” at which the Wick monomial is being evaluated. The

right side of eq. (4.50) yields a well-defined (algebra-valued) distribution on the product

8. The “diagonals” are the subset of the product manifold, {(x1,...2,) € x"M| x; = z; for any 7,5 € {1,...,n}}.
Thus, “away from the diagonals” means when all points are distinct.
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manifold x™M minus all of the diagonals.
Renormalization theory is primarily concerned with the “extension of To{® 4, (z1) - - ® 4, (
to the diagonals™ i.e., obtaining (algebra-valued) distributions T{® 4, (z1) --- ® 4, (2n)} that

are well-defined on all of x"™M, including the diagonals and defined such that,

T{® 4, (w1) - P, (xn)} = To{Pa, (21) -~ Py, (2n)}, (4.51)

away from all diagonals. In curved spacetime, it has been proven [37,45| that there exist “ex-
tensions” of (4.50) that are compatible with a list of axioms that generalize those stated here
(W1-W8) for Wick powers?. However, generally, there are additional “contact term” ambigui-
ties in these extensions, corresponding to the freedom to add finitely-many “d-function-type”
terms on the diagonals. Although these ambiguities can be fully characterized [37], they
greatly complicate the analysis of time-ordered products. For the integral in Lorentzian flow
relations such as eq. (2.2) to be well-defined, it is necessary that the unextended time-ordered
products be extended to, at least, all partial diagonals involving the integration variable, y.
Fortunately, as we shall see in Chapter 6, the unextended time-ordered-products will satisfy
flow relations where the extension to the requisite partial diagonals is unambiguous and,
thus, independent of contact terms. Therefore, we will only ever need to consider the OPE
of unextended time-ordered-products and the field redefinition freedom of its coefficients,
and we may thereby bypass all of the usual complications of renormalization theory.

It is clear that the unextended time-ordered products satisfy OPE relations of the form,

<TO{CI)A1(I1)(DA7L(‘T’N)}>\I/ Z TO{Al A } IL‘l,...,I’n;Z) <(PB<Z)>\I/7 (452)

9. The proof in [37,45] used an analytic dependence assumption in place of W2 (see Footnote 6 in Section
3.1).
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where

B . B .
CTO{Al...An}(xla coy In; Z) = CAP(I)AP(TL) (xp(]_)a ce 7xP(n)’ Z)v (453)

with the permutations P as defined in (4.50). It is understood that eq. (4.52) holds only on
x™ M minus all of the diagonals. As described in the following proposition, the explicit form
of the time-ordered OPE coefficients (4.53) is readily obtained from our previously-stated
expressions for the Wick OPE coefficients in terms of a Hadamard parametrix H, the geo-
metrical quantities Sh , and the smooth functions Fj, that characterize the difference between
the Hadamard normal-ordering prescription for Wick monomials and the prescription being

used.

Proposition 6. For any fixed prescription for the Wick monomials, the time-ordered OPE
coefficients (4.53) are simply obtained from the formula for Cflm A, (x1,...,2p;2) by in-

dividually time-ordering all Hadamard parametrices: i.e., replacing every occurrence of H

with its corresponding Feynman parametrix!0,

Hp(x1,72) = H(wy, 09) — iA Y (21, 29), (4.55)

with A24Y denoting the advanced Green’s function.

Proof. By applying the definition of time-ordering (4.53) to the formula (4.40) for the general

10. The precise asymptotic behavior of the distribution kernel for Hp is obtained by replacing the “ie-
prescription” in the expression (3.26) for H with the usual Feynman prescription: i.e., making the following
substitution,

[2i0" (T(21) — T(z2)) + (07)?] — 0T (4.54)
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Wick OPE coefficients, it is straightforwardly shown that we have

B
C’T

0{A1-~-An}<x1""’x”;z) ~ (4.56)

;Zco Z Z DS @) ()T @) Ca e, ey @ mns2) |
0 n

where we use the notation (OH)% (ArAn) for the OPE coefficients of the unextended
time-ordered products (4.53) when the Wick fields are defined via a Hadamard normal-
ordering prescription, ® 4 = @g . It then follows from the factorization property (4.34) of

the Hadamard normal-ordered OPE coefficients that we have

(OH)gg{Cl...Cn}(xla ey T 2) (4.57)

= Z (CH>T(?{A/1...A/TL}(Q;17"'7x71;Z)(CH)é“O{A/I/...A%}(xlv'"7xn)‘
{Pl,PQ}E'Pm(S)

The first factor in each product is unaffected by time-ordering because they depend only on

symmetric combinations of S -factors, i.e., we have

(CH)TO{A/ }(xla"'7$n7 ) (CH) A/ (xla"'axn;z)7 (458)

where the explicit form of the right-hand side is given by (4.27). Finally, recalling (4.26), we

have

Cottyageay =Ty > TI - VeV @)
PeM(S) {(vyi),(w,j)}eP

PeM(S) {(v/i),(w.j)yeP

where the second line follows from the fact that tensor products of ordinary c-number dis-

tributions commute. Altogether, we conclude the time-ordering map acts non-trivially only
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on the Hadamard parametrices and in the way specified by the proposition. We note, when
x1 # x9, the time-ordered Hadamard parametrix To{ H(z1,x2)} is equivalent to the Feyn-

man parametrix (4.55). O

Remark 18. Although To{ H (z1,z2)} is a priori only defined away from x1 = w9, its extension
to its diagonal x; = x9 uniquely yields the Feynman parametrix (4.55), because the scaling
degree of To{H} is D — 2 which is less than that of the Dirac delta distribution (and all of
its distributional derivatives) and, thus, there do not exist any possible “contact terms” with

the correct scaling degree.

As examples, from eqs. (4.13) and (4.18), we see that for the Hadamard normal-ordering

prescription, we have,

(CH) o0y (01,725 2) = Hp (w1, 72) (4.60)
<CH)§0{¢2¢2}(x1’x2; z) = Hp(x1,29)Hp(x1, x9). (4.61)

The wavefront set calculus implies H? is a well-defined distribution on (a convex nor-
mal neighborhood of) the product manifold M x M and, thus, the ordinary OPE coeffi-
cient (C H)é2 42 is similarly well-defined. However, the pointwise product of the Feynman
parametrix, H%, is only well-defined as a distribution on the product manifold minus the di-

agonal so the time-ordered coefficient (C'gy) } is thus only well-defined as a distribution

I
To{¢??
for z1 # x9.

The advanced Green’s function scales almost homogeneously and, thus, Hp defined via
(4.55) will scale almost homogeneously if and only if H is compatible with axiom W7. Note

(4.55) is symmetric in its spacetime variables and solves the inhomogeneous Klein-Gordon

equation with “d-source” up to a smooth remainder,

KHp(xy,29) = —id(x1,29) mod C(M x M) (4.62)
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Any bi-distribution satisfying (4.62) is referred to as a parametrix of a fundamental solution
for the differential operator K. If H(x1,x2) is any Hadamard parametrix (of the homoge-
neous Klein-Gordon equation) in D > 2 satisfying the conservation constraint (3.36), then
the Feynman parametrix defined via (4.55) will then necessarily satisfy,

VI Ky Hp(wy, 29) + V6 (a1, xg)] —0. (4.63)

T1,T9=2

Conversely, for any Feynman parametrix satisfying (4.63), the corresponding Hadamard

parametrix, H = Hp + iA2Y il satisfy the conservation constraint (3.36).
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CHAPTER 5
FLOW RELATIONS FOR OPE COEFFICIENTS IN FLAT
EUCLIDEAN SPACE

In this chapter, we obtain flow equations in m? for the Wick OPE coefficients in flat Eu-
clidean space. We initially focus our attention on the flow relation for C’é & since our analysis
of the preceding chapter implies the flow relations for all other Wick OPE coefficients can be
readily obtained after the flow relation for C(ZIS é is known. We begin in Section 5.1 by deriving
flow relations for the case where the Euclidean Green’s function Gg(z1,x9) is used to define
a Hadamard normal-ordering prescription, so (C’G)(]]j ¢<IL‘1,$2;Z> = Gg(r1,29). These flow
equations (see eq. (5.9) below) are the direct analogues of the Holland and Hollands flow
equations (1.20) for Klein-Gordon theory in the limit as the infrared cutoff L is removed,
ie., L — +o0o. Note that Hadamard normal-ordering with respect to Gg(x1,x3) corre-
sponds to ordinary normal ordering with respect to the Euclidean vacuum state. However,
Gg(z1,29;m?) does not have smooth dependence in m? at m? = 0, so it is not acceptable

to use it in a Hadamard normal-ordering prescription that is valid in an open interval in m?

2 2

containing m*~ = 0. Nevertheless, it can be used outside any open interval in m* containing
m? =0, and it is convenient to begin our consideration of flow relations with it because the
flow relation analysis is much simpler when a Green’s function (rather than a parametrix) is
used in the Hadamard normal-ordering prescription.

We turn then in Section 5.2 to the derivation of Euclidean flow relations for the case of
a Euclidean-invariant parametrix that has smooth dependence on m? for all m2, including
m? = 0. To avoid infrared divergences, this requires introducing a cutoff function in the
integral over all space appearing in the flow relation. The cutoff function can be chosen
to be Euclidean invariant, so it will not spoil the Euclidean invariance of the flow relations.

However, it will unavoidably spoil the scaling behavior of the flow relations. Nevertheless, we

develop an algorithm for modifying the flow relations which restores proper scaling behavior
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to any desired scaling degree. We show any ambiguities in our algorithm are in a 1-1
correspondence with the ambiguities of Euclidean OPE coefficients for Hadamard normal-

ordered Wick fields (see Theorem 6).

5.1 Vacuum normal ordering without an infrared cutoff (m? > 0)

The Riemannian version of quantum field theory in curved spacetime has been formulated
by [46] in close parallel with the axiomatic formulation for the Lorentzian case given in Sec-
tion 3.1. An analogue of the “Hadamard normal-ordering” prescription for defining Wick
monomials can then be given by choosing a local and covariant Green’s parametrix for the
(now elliptic) Klein-Gordon operator. OPE coefficients for the Euclidean Wick OPE coeffi-
cients can then be obtained in parallel with the Lorentzian case away from the diagonals!.
In this chapter, we will be concerned only with the case of flat, Euclidean space (R, 8,).

In this case, there is a unique Green’s function, Gg(z1, 3; m2), for the operator,
— ab 2
K = —-0"0,0, + m~, (5.1)

such that G vanishes as |r; — x9| — oo. It would be extremely convenient to use this
Green’s function in a Hadamard normal-ordering prescription for Wick monomials. Indeed,
since this Green’s function is the vacuum 2-point function of the Euclidean quantum field

theory,
(0(21)¢(22))vac = Gple1,v2), (5.2)

it follows that Hadamard normal ordering with respect to GG E(wl,xg;mQ) corresponds to
ordinary normal ordering with respect to the Euclidean vacuum state. However, as previously

mentioned, Gg(x1, zo; m2) does not have smooth dependence on m? at m2 = 0. Thus, it is

1. Defining products of Euclidean Wick fields on diagonals generally requires renormalization analogous
to extending the Lorentzian unextended time-ordered products to their diagonals and, thus, is subject to
additional contact-term renormalization ambiguities. See also Footnote 3.
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not acceptable to use it in a Hadamard normal-ordering prescription that is valid in an open

interval in m?2

containing m2 = 0, since the corresponding Wick monomials defined in this
way will not have the required smooth dependence on m?2. In order to obtain an acceptable
prescription that includes the case m? = 0, we therefore must use a Green’s function (or
parametrix) for K that has smooth dependence on m?2. Nevertheless, there are significant
simplifications in the derivation of the flow relations for Gg(z1, x3; m2). Therefore, we will
proceed by first obtaining flow relations for normal ordering with respect to G g(z1, £9; m?)
for m2 > 0, and then derive flow relations for normal ordering with respect to a parametrix
that is smooth in m?.

Although we shall not need to make use of its explicit form, we note that for m2 > 0,

Gp(z1,x9;m?) is given explicitly by,

de eip~Ax
Gg(Az; 2 :/

m(D—2)/2
- (2m)D/2 (’Ax‘Z)(D*Z)/Zl K(p-2)/2 (m\/m) : (5.3)

where Ar = 1 — r9 and K, (D—2)/2 is a modified Bessel function of the second kind [47, see

Subsection 10.25 for definition of K, (z) and Subsection 10.30 for its limiting form at the
origin|. It should be noted that Gg(x1, zo; m2) is symmetric in 1 and x9. The wavefront

set of G is the same as the wavefront set of a (two-variable) J-function,

WF[Gg] = WF[J] (5.4)

= {(xl, k;xo, —k) € X2(T*RD\Z*RD)|x1 =29,k € T*RD\Z*RD} .

In particular, Gg is smooth in x1 and x9 for Ax # 0. Furthermore, it follows from the

form of its wavefront set that, when smeared in one of its variables with any test function
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f, Gg(z1, f; m2) is smooth? in 1. In other words, as a Schwartz kernel, Gg(x1,29) defines
a continuous linear map from CSO(RD ) into C°(RP). It follows from the explicit formula
(5.3) that Gg(x1, f;m?) is smooth in m2 for m? > 0.

For Wick monomials defined by normal ordering with respect to G, the Euclidean OPE
coefficients are given, away from their diagonals®, by formula (4.25) with the replacement
H — Gpg. In particular, for the OPE coefficient (CG)é"fb with n factors of ¢, we have

(CG>{¢'"¢ = 0 when n is odd, whereas when n is even, we have,

(C@pp(@1, - v2n) =Y Gp(r1) Tr@) - CE(@r(n_1)s Tr(n)); (5.5)

where the 7 sums over all permutations such that 7(1) < 7(3) < -+ < 7(n — 1) and
(1) < m(2),7(3) < w(4),...,m(n — 1) < w(n). As discussed in Section 4.2, the Wick OPE
coefficients for any prescription are determined by the values of the Cé ¢—Coefﬁcients.

We first motivate the form of the flow equations for (Cg)é » following Hollands [17].
Since the OPE coefficients (Cg)é 8 defined by normal ordering are just n-point “Schwinger

functions,” they are formally given by the functional integral,

(CQpalr o) = [ dile] o) olan), (5.6

with measure,

1

dulie] =Dl exp (~Sicaldu B”]) (5.7)

2. This is established by a straightforward application of [3, Theorem 8.2.12]. In fact, as explained in the
next chapter, this property holds for any translation invariant bi-distribution.

3. Whereas the wavefront set calculus implies the pointwise products of any Lorentzian Hadamard
parametrix H appearing in formula (4.25) are guaranteed to be well-defined as distributions, the correspond-
ing pointwise products of Gg are generally ill-defined as distributions on diagonals, since the wavefront set
(5.4) of G is identical to the wavefront set of the two-variable Dirac delta function. In this respect, Gg is
more analogous to a Feynman parametrix Hp rather than to H; see also the discussion following eq. (4.61).
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Formal differentiation of eq. (5.6) with respect to m? yields,

0

5 OOt = =5 [P [ an @t otan 69

This suggests that we should have the flow relation

0

1

That this flow equation, eq. (5.9), does indeed hold will be seen to be a consequence of the

following lemma:

Lemma 1. The Fuclidean Green’s function G satisfies the flow relation

0

WGE(%:@;WLQ) = — /RD dPy G p(y, x1;m?)G gy, v2;m?). (5.10)

Proof. We note first that, by a trivial calculation, the commutator of the differential opera-

tors K = —9%9,; + m? and 0,2 is given by,

[K,0,2] =—1 (5.11)
Thus, in particular, we have,
K, G m?) = ~Gply,mim?) + ~s Ky Gy, :m?
ym E(y’x7m>_ E\Y,T;mMm W Y Eyuxam)
0
om
= —Gply, z;m?), (5.12)

where we used the Green’s function property, K,Gg(y, z;m?) = 0y, x), to get the second

line and we used the fact that the d-function has no m?2 dependence to get the last line. As
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already noted, the wavefront set of GE(y,x;mQ) (and, hence, of 8m2GE(y,m;m2)) is such
that if we smear in x, we obtain a smooth function of y and, on account of the explicit
formula (5.3), a smooth function of m? for m? > 0. Therefore, for any test functions f; and

fo, we have

0

0
WGE(f17f27m2):/RDdDy(s(y’fl)WGE(yuf%mz)

0
WGE(y,fg;m2)

19)
= /]RD d”y Gply. f1; m2)KyWGE(?Ja fo;m?)

:/RD dPy [KyGE(y>f1;m2)

B _/RD 4%y Gpy, fim*)Gp(y, faim?). (5.13)

Here, in going to the third line, we integrated by parts twice, invoking the fall-off behavior?

of Gg as y — oo. Equation (5.13) is just the smeared form of eq. (5.10). O
As an immediate consequence of this lemma, we have

Theorem 5. The flow relation (5.9) holds for OPE coefficients (C(;)é._.d)(a:l, ..., Tp) COTTE-

sponding to Fuclidean vacuum normal-ordered Wick fields.

Proof. To obtain the flow equation (5.9), we apply 0,2 to eq. (5.5), and use eq. (5.10)

together with the fact that <OG>£S2¢~-~¢ = 0 when n is odd and, when n is even,

(Ce)lag (v 710 0)

= Z 2GE(y7 ‘rﬂ'(l))GE<y7 $W(2))GE<I7T(3)7 x’ﬂ'(4)) T GE<:U7T(77,—1)7 xw(n))a (514>

where the m-sum runs over the same permutations as in (5.5). Equation (5.9) then follows

by inspection. O

4. We have restricted to the case m? > 0 here, but it is worth noting that for m? = 0, the fall-off of G
is too slow to justify the integration by parts.
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5.2 Hadamard normal ordering with an infrared cutoff

We turn now to the modifications to the Euclidean flow relations that arise when we consider
the OPE coefficients corresponding to a Hadamard normal-ordering prescription using a
Euclidean invariant Hadamard parametrix, Hg(x1, z9; m2), that varies smoothly with m?2

for all m?2, including m? = 0. That is, H F is required to satisfy,
(0% + m?) Hp (w1, m9;m?) = 6(21,22) + hpp(21, 79;m?), (5.15)

where hp(z1,x9; m2) is smooth in all of its variables and symmetric in (z1,z9). Clearly, the
choice of Hg is not unique, but any two such parametrices must differ from each other by
addition of a smooth, Euclidean-invariant function, w(x, z9; m2). If we now try to repeat
the calculation of eq. (5.13) to obtain a flow relation for Hp, we will pick up extra terms
involving h. In addition, Hg will not, in general, vanish as |1 — x9| — 00, so we will not
be able to carry out the integration by parts of the third line of eq. (5.13) in the preceding
section. We can deal with the latter problem in the following manner by introducing a cutoff

function x(z1,x3). We take x to be Euclidean invariant by choosing it to be of the form,

Vr,wo; L) = ¢ (L 20(w1,02)) (5.16)

where o(z1,x9) is the squared geodesic distance between 1 and xg, L is an arbitrary length
scale, and ((s) is a smooth function that is equal to one for |s| < 1 and vanishes for |s| > 2.
Let z be an arbitrary point in RP and let B, denote the ball of radius L centered about z.

Then for x1,x9 € B, we have the identity,

0

— Hp(z1,79;m%) = /RD dPyx(y, 2 L) d(y, x1)

Hgl(y, v9;m?). (5.17)
om

Om?
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Starting with this equation, we can now carry out all the steps of eq. (5.13) including the
integration by parts, although we now pick up additional terms where derivatives act on Y.

The final result is,

0
— Hp(x1, 79;m?) = —/ dPyx(y; 2 L) Hp(y, x1;m?) Hp (y, w9 m?) +
om RD
D AW .. p ooy O 2
+/I%Dd ya/i X(ya 2 L) [8(y)HE(y,x1,m )amQHE(y7x27m )+ (518)
0
2\ QM 2
- HE(y7$17m )a(y) amQHE(yax2am ):| +

0
+/ dPyx(y, = L) [HE(y,x1;m2)—2hE(y,w2;m2) +
RD om

0
— hp(y, x1;m?) WHE(ZJ,H?Q;WQ)} :

The first term on the right side corresponds to the final line of eq. (5.13). The second and
third lines contain the terms where derivatives from the integration by parts act on y, and
the fourth and fifth lines contain the terms arising from the fact that Hp is a parametrix
rather than a Green’s function.

Equation (5.18) is unsatisfactory as a flow equation since terms below the first line contain
the unknown quantities 0, 2 Hp and 0,,2hp. Nevertheless, the second through fifth lines
must be smooth in (1, x9;m?) for 21, x9 € B,. To see this, we note that Hg(y,x) can be

8}}0 X(y, z) is nonvanishing only for y ¢ B, so the

singular only when y = z. However,
second and third lines are smooth for x1,x9 € B,. Since h is smooth in all of its variables
and y is of compact support in y, the fourth and fifth lines must be smooth for all x1, x9.
Recall from its definition (5.15) that Hg is only uniquely determined up to the addition of a

smooth function, so we have some freedom to redefine Hr. Thus, a possible way of dealing

with the problematic terms in the second through fifth lines of eq. (5.18) would to simply
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drop these terms from the flow relations, leaving only the first line®,

0
WHE(SCm:z;mQ) ~§ —/RD dPy x(y; z; LYHg (y, x1; m?)Hg (y, x9; m?). (5.19)

In other words, one might attempt to use the freedom in the choice of Hr to work with
flow relation (5.19) rather than (5.18). Indeed, this is a simple analog of the procedure used
in [19, Section V| to deal with the infrared difficulties in their Euclidean flow relations for A¢*-
theory. Note that since (CH>£5¢ = Hp and (C’H)é%d)(y,xl,xg;z) =2Hg(y,21)Hp(y, z2),
we see that (5.19) is equivalent to relation (2.1) discussed in Chapter 2 for the special case
of n =2, with y is chosen to be a sharp step function instead of a smooth function.
However, for Klein-Gordon theory, the flow relation (2.1) would give rise to OPE coef-
ficients that are incompatible with the scaling axiom W7. Namely, in order to satisfy this
axiom, Hpg must have scaling behavior given by eq. (3.37) under the simultaneous rescaling
(845, m?) = (A"20,, A2m?). Here we are working in a fixed global inertial coordinate system
defined with respect to metric d,,. Hence, with the coordinate basis held fixed, rescaling
the metric d,, — A"20,;, is equivalent to rescaling the metric coordinate components as
A~Dab

Oy — )\_Zéw, and the volume element as d” y — y. However, under the rescaling

(O, APy, m?) — (A28, A~ PaPy, \2m?), (5.20)
we find the quantity
O(z1,29;2;m%; L) = — /RD dPy x(y; z L) Hg(y, x1;m?) Hp (y, x9; m?), (5.21)

appearing on the right side of (2.1) does not scale almost homogeneously for any fixed power

5. Since only the asymptotic behavior of the parametrix is relevant for the OPE coefficients, we have
replaced the equality symbol in (5.18) with the weaker relation “~s” which implies both sides are asymptot-
ically equivalent to an arbitrary scaling degree 9.
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of A on account of the fact that—due to the presence of the length scale L—yx scales as

X[)‘_Qéuu](ﬁ,x% L)=¢ ((/\L)_2U[5W]($1,952)> ) (5.22)

rather than homogeneously. It follows that eq. (2.1) is incompatible with the scaling behavior
(3.37) of Hg, and any prescription for defining Wick monomials based on its solutions would
fail to satisfy axiom W7.

Although , as defined in (5.21), does not scale almost homogeneously under (5.20), it
does transform almost homogeneously with an overall factor of AP=4 under the simultaneous
rescaling

(O, APy, m% L) = (A "20,, A" PPy, N2m? A71L), (5.23)

since

X[)\725w/](x17 r2; )‘71L) = X[(S,UJ/]('IL w9; L). (5.24)

It follows that we will obtain a satisfactory flow relation if we can replace the flow relation

(5.19), i.c.,

0
WHE($175U2;m2) ~s Qx1, w95 2;m%; L), (5.25)

with the modified flow relation

0

—HE(Z'l,ZCQ;mQ) ~ @5(3:1,1'2;2;7%2;[/). (5.26)
Om?

where §~25(x1, T9; 23 m2; L) satisfies the following two properties:

1. 5(5 is an Euclidean-invariant distribution, symmetric in (21, x3), and depending smoothly
on m? such that for any (z1,z2) € B, the distribution Q differs from Q by at most a
smooth function in (x1,z9) which scales almost homogeneously under (5.23) with an

overall factor of ANP—4).
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2. To scaling degree 9,

9 Qs z mm® L) s 0. (5.27)

Given the previously-described scaling behavior of €2, the first property implies (25 is required

D—4) However,

to scale almost homogeneously under (5.23) with an overall factor of A
since the second property requires SNI(; to be independent of L up to asymptotic degree 9,
it follows immediately that @5 must, in fact, scale almost homogeneously under just (5.20)
up to asymptotic degree . Note we make no demand that 625 be independent of L at
asymptotic orders higher than the chosen ¢ since this is not relevant to the OPE coefficients.
Together, the two properties above therefore formalize the notion that 55 must contain the
same L-independent distributional behavior in (x1,z2) as {2 and simultaneously scale almost
homogeneously with respect to (5.20) up to any arbitrary, but fixed, asymptotic degree. In
odd spacetime dimensions, any ﬁ(; satisfying the two properties described below eq. (5.26)
is necessarily unique up to scaling degree §. In even spacetime dimensions, any two KNZ(;
satisfying the described properties may differ, to asymptotic degree §, by only a smooth
function of the form, m(D*4)f(m20(m1,x2)). Our task is now to find ﬁg(l’l,LEQ; 2 m?; L)

satisfying the above two properties.

Since L enters {2 only through the cutoff function y, it follows that,

0
O (1, 9; 2;m%; L) = —/RD dPy 8—Lx(y;zs LYHp(y,x1;m?)Hp(y,x9;m?).  (5.28)

From the definition of the cutoff function (5.16), we observe 97, x(y; z; L) = 0 for any y € B..
However, since Hg(y, x) is singular only when y = x, it follows immediately that (5.28) is, in
fact, a smooth function of (21, z9) in the neighborhood B, containing z. If the L-dependence
of the smooth function of (x1,z9) appearing on the right side of eq. (5.28) were integrable
in L on the interval [0, L], we could obtain the desired Q5 by simply subtracting fOL of the

right side of eq. (5.28) from €. However, the right side of eq. (5.28) is not integrable in L
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on the interval [0, L]. Nevertheless, the singular behavior in L of the right side of eq. (5.28)
can be characterized as follows.

The quantity Q scales almost homogeneously with an overall factor of AP~% under the
simultaneous rescaling (5.23). It follows that the quantities

359161)3%2) 39(9:1, x9; 2; L) , (5.29)
oL T1,L9=2

appearing in the Taylor expansion of 0Q/0L scale almost homogeneously with an overall
factor of A\L=3+D) with T' = |y1| + |72/, under (m?%, L) — (A2m2, A\~1L) with the metric
components and volume element held fixed. The smoothness of € in m?2 then implies that any
divergent dependence of (5.29) on L (as L — 07) is expressible as a finite linear combination

of terms of the form,
L2 1ogN L, for integer A < (D —3+7T') and N € Nj. (5.30)

For A > 1, this gives rise to non-integrable divergences in L in any neighborhood of L = 0.
Our procedure for eliminating these non-integrable terms is to apply a differential operator
L£]L] to © that annihilates these terms but leaves the L-independent parts of € untouched.
The remaining L dependence can then be eliminated by following the strategy indicated in
the previous paragraph.

The desired operator £[L] is constructed as follows. Define first the family of differential

operators,

N N
NS (1 + A—lLi) LA /. SN #0,N eN. (5.31)

oL d(log L)YN 7

These operators are designed so as to act trivially on L-independent terms and annihilate

terms of the form (5.30) with the same A-value and lower N-values. When acting on a term
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of the form (5.30) with a different A-value, the operator Eg leaves the leading L-behavior

unchanged in the sense of eq. (5.42) below. We define also the operators,

N

N
L =] (1 - k:_lLlogLa%) =11 (1 - k_llogL@) : (5.32)

whose definition is unambiguous because the commutator between every k-factor vanishes.
The Eév operator is designed to annihilate terms of the form (5.30) with A = 0 and lower
N-values. When E(])V acts on a term of the form (5.30) with A # 0, it produces terms of the
same form and A-value (but generally increases the N-value). We define £[L] by
D—4+6
e=cy [ <X, (5.33)
A=1

for any N > 2. Note that [EN,ﬁg,/] = 0 for any A, A’ # 0, so the order of composition
between these operators does not matter. However, [ﬁév , EJX;A()] = 0, so the order of com-
position for L'év relative to the other operators ﬁg £0 does matter. Note that (5.33) scales
almost homogeneously with an overall factor of A% under L — A~1L since it is composed of
operators (5.31) and (5.32) with this property. By expanding out the product of operators

in (5.33), note also that £[L] can be rewritten in the general form,

N(D-3+68) N

aA
el =1+ LA log" L——, 5.34
L] Azﬂ nX%Cn,A 0g" LR (5.34)

6. The product over La-operators with different A-values is needed to account for the dependence of the
Wick OPE coefficients on the dimensionful parameter m?. In a theory without dimensionful parameters,
we could eliminate the L-dependence of a flow relation by simply using the operator £ = LA with A
corresponding to the conformal scaling dimension of the flow relation. (Note that A would generally depend
on the renormalized coupling parameter in an interacting theory.)
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where ¢, A are L-independent numerical coefficients. Hence,

N(D-3+68) N A
(L0 2 L) — Q(2q, 29; 2, L) = LA log" L——Q(x1, 79 2; L).
(L], w5 25 L) — Q(z1, w232 L) Az:ﬂ nz:%Cn,A 0g" Lrx Qw1 7212 L)

(5.35)

Recalling 07} is smooth in (ml,xg,m2) in a neighborhood containing z € RP. it follows
the right-hand side of (5.35) is also smooth in (z7, 22, m?) because every term involves at

least one L-derivative of . Every term on the right-hand side of (5.35) clearly scales almost

homogeneously with an overall factor of AD-4),
We now define @5 by
~ 1 g
Q(S(l'l,l'Q;Z; L) ES[L]Q(IL;CQ,Z,L) - Z Wb’)/l'YQ(L)(xl _Z>’Yl<x2 _Z)fmu
Ivil+[r2l<0
(5.36)
where
i 0 b pan) 0 oo /
b3y (L) = b5y + / dL {a% D5, a0 (LIL (1, 29; 2, L)) , (5.37)
0 T1,T9=2
where b9y172 corresponds to the inherent ambiguities in our prescription discussed underneath

eq. (5.48) below. That b%m(L) is well defined is a consequence of the following proposition:

Proposition 7. For any N > 2, the L-dependent (Euclidean-covariant) tensors,

8%1)5%2)3 (L5[L1Q(z1, w95 25 L)) : (5.38)
oL T1,X0=2

are integrable in L on a finite interval containing L =0 for any |y1| + |y2| <0

Proof. 1t is useful to first commute J;7, past the operator £s5[L] in (5.38). To do this, we
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note,
ANA+ NN oy A>0
oL = (A+1) , (5.39)
(DN MogM (L)LY, A =0
and, therefore,

D—3+96
opeoclog™(L) [ [ £X | or. (5.40)
A=1

Plugging this back into (5.38) and noting the smoothness of 972 in (x1,x3), we obtain,

D—3+6
formula (5.38) o log™ (L) H £X[L] {3%1)3%2)29(371,:62; z; L) . (541)
oL _
A=1 r1,L9=2
Noting that
0 A=A N >N
LN (L2 10gN 1) = , (5.42)

O(L2logV L) A'#£A N >0

we see that, for any N’ > N and all I’ < §, all non-integrable terms of the form (5.30) are
annihilated by the string of operators ﬁ{vlﬁé\ﬂ e 5%—3—1—5) appearing in (5.29), and that any
integrable terms of the form (5.30) remain integrable after application of E{V ,Lév L £€\g_3 +o):
Noting that Hg contains at most one power of the logarithm and €2 depends quadratically
on Hp, we conclude the right-hand side of (5.41) and, thus, the Taylor coefficients (5.38)

must be integrable on an interval containing L = 0 for any N > 2 as we desired to show. [

Remark 19. By the same reasoning as in (5.28), it follows that £Q[x] = Q[£x]. For any
cutoff function y of the form (5.16), it follows from (5.34) that £x is also a smooth cutoff
function. Hence, Proposition 7 implies £ acts as a map from the set of cutoff functions of
the form (5.16) to the set of cutoff functions such that, to scaling degree 0, the asymptotic
expansion of d7,(Q[Lx]) diverges, at worst, logarithmically as L — 0T,

H

1o are independent of z and rotational

Note the translational symmetry of €2 implies b
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symmetry of 2 implies bﬁ{w are composed of products of the Euclidean metric’ and, thus,

vanish unless |y1], |y2| are even. Recalling the definition (5.21) of © and the fact that
(CH)((b%ﬂd)avﬁ) (z1,39;2) = (21 — 2)" (w2 — 2)72/(71!72!), we note that the Qg defined in
(5.36) is identical to the right-hand side of the L-independent flow relation (2.5) claimed in
Chapter 2 for the special case that n = 2. i.e., bg in formula (2.5) is given explicitly by
(5.37) for [C]4 = 2 and vanishes otherwise.

The required L-independence (5.27) of € is verified by differentiating (5.36),

0 ~
o (@1, 222, L)
_ 0 LILIO o [ 1 9 bH (1, " V2
_8_L[ (L2, w935 2, L)] — Z Wa_L 7172( Wz — 2)" (22 — 2)
Iml+ly2l<d
1
~5 Y Tl (z1 — 2)TH(zg — 2) 2 x (5.43)
Iv1l+[r2|<0
< |[Hol 2 et =] - 2w
oL T1,09=2 oL
~5 0,

where in going to the third line we have used the smoothness of 9y, (£2) in (x1, x9) to Taylor
expand the first term in the second line around x1,z9 = 2. The final line then follows

from the definition (5.37) of b

79 and the fundamental theorem of calculus. Thus, our

construction (5.36) of ﬁg complies with the required properties.

7. Note that  is invariant under the full orthogonal group including improper rotations. Although the
Levi-Civita symbols €, ..., are invariant under proper rotations, the Euclidean metric is the only tensor
invariant under all R € O(D).
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It is worth noting that, using the formulas for the Hadamard-normal ordered coefficients

(CH>é52¢¢(ya$1a r9;2) = 2HE(y, v1) HE(y, v2) (5.44)
208 Hpg(y, =)0 Hpgly, 2) ke =2
(CH)¢2( 71¢ 3%(;5)(3/72 Z) ' (5.45)
0 otherwise
(CH)EZJW%M) (1,29;2) = 71!172!@1 — Z)(%(@ _ 2)72) (5.46)

the flow relation (5.26) can be written equivalently as,

d 1
55 (Cr)go (1,725 2) ~6 — 5 /dDyS[L]X(y, 2 L)(CH) g (95 21, 22; 2) +
Z bc )(Cr) ¢¢(~T173?27 2), (5.47)
[C]<6+2
where, for L > 0,
b (L) = o0, — L LdL’ Py-2 (o1 L) (Cp)t - 5.48
o) =bc—3 | g (S, 2 1)) (Cr)gac(y: 2 2)- (5.48)

The only ambiguities in our construction arise from a limited choice for the value of the
L-independent b%—tensors when [C]g = 2. We have bOC = 0 unless [C]gy = 2. The
b% are required to depend smoothly on (8., m2) and scale exactly homogeneously under
((5W,m2) — ()\_26uy,)\2m2) with an overall factor of A(P=4)_ This implies that b% must
vanish identically when D is odd. In even spacetime dimensions, these ambiguities cor-
respond to the freedom to choose the Taylor coefficients of a smooth, Euclidean-invariant
function which depends smoothly on (5W,m2) and scales exactly homogeneously under
Oy m?) — (A28, A2m?) with an overall factor of ADP=4) " For any fixed cutoff func-
tion x and any choice of Euclidean-invariant Hadamard parametrix H g which scales almost

homogeneously, one can choose b2 . such that OPE coefficients obtained via Hadamard

Y172
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normal ordering satisfy (5.47). Conversely, for any fixed y and admissible choice of b7172’
one can find an Hp such that the Hadamard-normal-ordered OPE coefficients satisfy (5.47).
Hence, the ambiguity in our construction of the L-independent flow relation (5.47) is in a

1-1 correspondence with the inherent freedom to choose a Hadamard parametrix for defining

normal-ordered Wick fields compatible with axioms W1-WS8.

Remark 20. In flat space and all dimensions D > 2, we note the conservation axiom W8
places no constraints on the ambiguities in Hg and, thus, does not require any further
modifications to the flow relation (5.47). In particular, although Hg is not an exact Greens
function of the Euclidean Klein-Gordon operator (5.1), it does automatically satisfy the

Euclidean version of the conservation constraint (4.63):

V;(Lxl)hE@la 19) |21 w9=2 = [V,Etxl)szHE(xl>$2) - Vftxl)(s(l"la 2) =0, (5.49)

I, 9=z

where we recall the smooth function hp was defined via (5.15). Because Hp is required

to be invariant under the inhomogeneous orthogonal group, V,&xl)h £(21,292) |2y 29=> must

be invariant under rotations about the point z. However, since there does not exist a
(1)

rotationally-invariant D-vector, we conclude V ;" hg (21, 22)|z;,2,=> identically vanishes in

flat Euclidean space for any dimension, including D = 2.

By the same reasoning used in the proof of Theorem 5, the flow relation (5.47) for (C H)é "

straightforwardly implies flow relations for (C H)é ¢ 2 expressed in the following theorem:

Theorem 6. For any Hadamard parametriz satisfying (5.47), the corresponding Hadamard

normal-ordered coefficients (C’H)é¢ satisfy the flow relation:

0 1
o3 (Chglatsoansz) = 5 [ APy SN 5 DN C) 0t i) +

—Zbc ) (Cy)S op(T1s s Tns 2), (5.50)

104



where bg(L) is again given by (5.48) with the same constraints on b% as stated below (5.48).

Finally, the results of Section 4.2 can be used to obtain the flow relations for C’é & for

an arbitrary prescription for Wick monomials satisfying W1-W8. We obtain

0 1
—Zbc C¢ $ (x1,...,xn; 2) + “Fj-terms”,
where

1 (L )
be(L) = bn bl — 3 /0 aL' [ Py (S5 L) Claglzi2), (552

and “Fj-terms” denotes terms that contain at least one factor of Fj, (for £ < n). By the
discussion in Section 4.2 below eq. (4.48), F}j can, in turn, be written purely in terms of
OPE coefficients of the form C’¢ ¢(x1, ..., xj; z) such that ¢ < j. In this way, all terms on
the right-hand side of (5.51) are expressible entirely in terms of OPE coefficients and the
cutoff function y, and (5.51) yields the flow relation for the OPE coefficients corresponding
to an arbitrary prescription for the Wick fields compatible with the axioms W1-WS8. Note,
in contrast to bg(L) given in (5.48), here bo(L) can be nonzero when [Cly # 2 since,

for prescriptions not corresponding to normal ordering, clL, s generally nonzero when

¢?C
[Cly # 2.
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CHAPTER 6
FLOW RELATIONS FOR OPE COEFFICIENTS IN
MINKOWSKI SPACETIME

We turn, now, to the derivation of flow relations for OPE coefficients in Minkowski spacetime
(RP n,;). As can be seen from the derivation of the Euclidean flow relations in the preceding
chapter, it is essential that the two-point OPE coefficient for which we are obtaining a flow
relation be a Green’s parametrix for the wave equation. Consequently, we do not believe
it is possible to obtain a flow relation for the Lorentzian C’é y since it does not have this
property. However, as we shall show, a flow relation for C’%O (¢} A be obtained, where Tj
denotes the unextended time-ordered-product.

In the Minkowski case, if we choose Oij;o (66} to be the exact Feynman propagator for
m?2 > 0, the spacetime integral that would appear in the flow relation will not converge, so
we would need to introduce a cutoff function even in this case. Therefore, in contrast to the
Euclidean case, there is no advantage in initially working with the exact Feynman propagator
as compared with a Poincaré-invariant Feynman parametrix that is smooth at m2 =0. As
we shall see, a new difficulty arises from a cutoff in the Minkowski case in that there does
not exist a nontrivial function of compact support that is Lorentz invariant. Consequently,
in the Minkowski case, the introduction of a cutoff spoils the Poincaré invariance of the
flow relations. Nevertheless, we shall show that counterterms can be introduced into the
flow relations so as to restore Poincaré invariance. The presence of the cutoff function
in the flow relations also spoils their scaling behavior. However, this can be fixed using
the same procedure as developed for the Euclidean flow relations. Thus, we will, in the
end, obtain entirely satisfactory flow relations for the OPE coefficients of unextended time-
ordered-products in Minkowski spacetime (see Theorem 7). These flow relations will be
unique up to modifications of the counterterms that correspond to the ambiguities in the

definitions of the Wick monomials themselves.
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The requirement W1 that the Wick monomials be locally and covariantly defined implies
that, in Minkowski spacetime, the Wick monomials must be Poincaré covariant [15]. Thus,
in a Hadamard normal-ordering prescription, we must use a Poincaré-invariant Hadamard
parametrix. Since, in this chapter, we will want to include the case m? = 0, we will not use
the usual choice (¢(x1)¢(x2))vac—which fails to be smooth in m? at m? = 0—but rather
will take H (z1,z9;m?) to be given by eq. (3.26), with ¢ fixed (i.e., independent of m?).

The starting point for our derivation of Euclidean flow relations in the preceding chap-
ter was the preliminary flow-like equation (5.18) for the Fuclidean Hadamard parametrix
Hg(x1,x9; m2). The key ingredients that went into the derivation of this equation were (i)
that Hg is a fundamental solution (5.15) of the Klein-Gordon operator up to smooth re-
mainder and (ii) for any test function f, Hg(y, f) is smooth in y. In Minkowski spacetime,
the OPE coefficient (CH)é(p = H(z1,z2) will not be a Green’s parametrix, i.e., it will satisfy
le(CH)é(b(xl, x9) = smooth rather than le(CH)é¢(x1, x9) = (0(x1, x2) +smooth). Con-
sequently, the analog of condition (i) will not be satisfied and we cannot expect to obtain
flow relations for the ordinary OPE coefficients. However, condition (i) does hold for the

Feynman parametrix Hp (21, 22;m?) given by eq. (4.55). Such a parametrix satisfies,
(—1"0a0p + m?) Hp (w1, w9;m?) = —id (w1, x9) + h(z1, 19 m?), (6.1)

where h is a smooth function of its arguments. As with the Euclidean parametrix, any
two Feynman parametrices Hp and H % satisfying (6.1) can differ by a Poincaré invariant
smooth function of (x1,x3). Since (CH)§O{¢¢} = Hp(x1,x9), it might be expected that flow
relations will hold for the OPE coefficients of time-ordered products!. As we shall see below,
flow relations do indeed hold for the OPE coefficients of time-ordered products.

Condition (ii) also holds for Hp(z1,x9; m?). Indeed, for any translation invariant dis-

1. Indeed, this also could be anticipated from the fact that a Wick rotation from Euclidean space to
Minkowski spacetime will take the Euclidean Green’s function Gg to the Feynman propagator Gp.
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tribution D(x1,x2) on RP x RP and any test function f on RY, we have that D(zq, f) is
smooth in x1. Namely, if we define new variables X1 = z; + 9 and X9 = x1 — w9, then,
by translation invariance, D cannot depend on X7, so the elements of its wavefront set must
be of the form (X71,0; X, K9) with K9 # 0. Therefore, in terms of the original variables
(x1,x3), the elements of WF[D] must be of the form (z1, ky;x9, —k1) with k1 # 0. The
wavefront set calculus rules then immediately imply that D(zq, f) is smooth for any test

function f.

Remark 21. Since the unextended time-ordered products are only defined away from all
diagonals, applying the Klein-Gordon operator to (C’H)éo (66} = To{H(x1,x9)} will yield
a distribution that is a priori only defined when x1 # x9 and, thus, the OPE coefficient
(C H)éo (66} is itself not actually a Green’s function satisfying (6.1). Nevertheless, as dis-
cussed in Remark 18 below Theorem 6, the extension of To{ H(z1,x2)} to 1 = x9 is uniquely
given by the Feynman parametrix Hp = H — iA2Y Hence, whenever we need to use the
identity (6.1) in what follows below, we may, without introducing any new ambiguities, first
extend (C' H)éo (66} to its diagonal 7 = x9 and then subsequently apply the Green’s func-
tion identity (6.1) for the Feynman parametrix. As we will see, this is sufficient to derive
all the flow relations for the time-ordered Wick OPE coefficients of the form CJI,D (60} As
discussed in Chapter 2 and Section 4.3, unique extensions of the OPE coefficients appearing
inside the integral on the right-hand side of the flow relations are only possible, in general,
to the “partial diagonals”, where the integration variable y coincides with only a single x;-
spacetime variable, so we will continue to write all OPE coefficients appearing in the flow
relations with the unextended time-ordering symbol Ty rather than 7', with the understand-
ing that (unique) extensions to the appropriate partial diagonals with y are necessary for
evaluating the y-integral. See Remark 23 below Theorem 7 for further discussion regarding

the extension of the OPE coefficients appearing in the Minkowski flow relations.
Since conditions (i) and (ii) hold for Hp, we can directly parallel the derivation of the
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key preliminary Euclidean flow-like equation (6.2) for Hp to obtain a flow-like relation
for Hp(x1,x9;m?) by introducing a cutoff function x(y, z; L) defined such that xy = 1 for
y in some compact neighborhood, Bi, of z and y = 0 outside of some larger compact
neighborhood, B, of z. We again denote by L the arbitrary length scale which is required

to define a spacetime cutoff. Then, for x1,x9 € By, we similarly obtain,

0 .
53 QHF(x1,x2;m2)=—2/ dPyx(y; 2 L) Hp(y, x1;m*) Hp(y, 79 m?) +
m By
0
+z‘/ dPy ol \(y; % L) {8” Hp(y, 21;m*) =5 Hp(y, x2;m?) + (6.2)
B2\ By ) om
0
2o 9
- HF(:U,ILTTL )a(y) amQHF(y7x27m )] +
[ Do 9 9
+%/ A7y x(y; z; L) |Hp(y, v1;m") =—h(y, xo;m?) +
Bo om
0
= bl i)
m

where h is defined via eq. (6.1). Note that the factor of @(Ly)x(y; z; L) appearing in the second
line has support only on Bo\Bj because we require x(y; z; L) = 1 for y € B;. Note also that
eq. (6.2) is identical to (5.18) modulo the substitutions Hg — iHp and hg — ih.

As in the Euclidean formula (5.18), the fourth and fifth lines are automatically smooth
on account of the smoothness of A and the compact-support of x. Similarly, in the second
and third lines, the differentiated cutoff function G/Sy) X(y; z; L) is only nonzero when y €
Bo\B; and thus vanishes when y = x1,x9 if 21,29 € B;. However, whereas the Euclidean
parametrix Hpg(y,z) is singular only when y = z, the singular support of the Feynman
parametrix Hp(y, z) includes all (y, x) such that y and = can be connected by a null geodesic.
Thus, the integrand in the second and third lines of (6.2) will be singular even for y € B\ B
whenever y is lightlike separated from either or both (z1,2z9). Therefore, it is not at all
obvious that the integral will yield a smooth function. However, since the partial m?2-

derivative does not alter the wavefront set of Hp, the terms in the second and third lines of
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(6.2) will be smooth if and only if the quantity,

@[X>HF]($1,$2;Z;m2)E/B\B dD?J@;(Ly)X(?J;Z;L)HF(?J,$1;m2)3@)HF(y,$2;m2)7 (6.3)
2 1

is smooth. The following proposition establishes smoothness of this quantity:

Proposition 8. For x1,z9 € Bi(z), the quantity © defined by (6.3) is a C°° function of

(z1,22).

Proof. A generalized function is smooth if and only if its wavefront set is the empty set. We
show the wavefront set of the generalized function (6.3) is contained in the empty set when
x1,x2 € Bi(z) and, thus, ©(z1,x9;z) must be smooth. Note first the wavefront set of a

Feynman parametrix is,

WF[Hf] = WF[d]U {($1,/€1;$27k2) e x2(T*RP\Z*RP) | 21 # w9, (x1, k1) ~ (x9, ko),

k1 € th if 21 € JT (29), k1 € V;l ifzy € Jf(xg)}, (6.4)

where we recall the notation: Vf denotes, respectively the boundary of the future/past
lightcone at z; (x,k) ~ (y,p) iff points x and y may be joined by a null geodesic v such
that £ and p are cotangent and coparallel to v; and Z *RD denotes the zero section of the
cotangent bundle T*RP. Recall the wavefront set of the d-distribution was given in (5.4).
We write B = Byo\B;i. Theorem 8.2.14 of 3] immediately implies the wavefront set of the

bi-distribution (6.3) is bounded by the union of three sets,

WF[O] C (WF'[Hp] o WF[HF]) U(WFg[HE] x (B) x {0}) U ((B) x {0} x WFg[HF]).
(6.5)
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Here the notation is defined as follows: For any u € D’ (RD x RD ),

WF'[u] = {(z,k;y,p) | (z, k;y, —p) € WF[u]} (6.6)

WEglu| = {(z, k) | (z, k;y,0) € WF|[u] for some y €B}. (6.7)
For any u,v € D'(RP x RP), the composition of wavefront sets WF’[u] and WF[v] goes as,

WF'[u] o WF[v] = {(xl,kl;:zg,k:g) | (y, p; 21, k1) € WEF'[u] and (y, p; 29, ko) € WF[v],

for somme (y,p) € (B x RD\{O})} . (6.8)
The form of the Feynman wavefront set (6.4) immediately implies that?,
WFgz[HE] C 0, (6.9)

so nontrivial contributions to the right-hand side of (6.5) could only potentially come from
the set WF'[Hp] o WF[Hp]. We show now this set is empty. Note, for y € B, we have
(y,p;r1,k1) € WF/[Hp] and (y,p;x9,ko) € WF[HE| only if all three spacetime points
(y,x1,x2) reside on the same null geodesic. Furthermore, when z1,z9 € By, then any y € B
must be either to the future or to the past of both z1 and x9. Consider first the case where
y is to the future of z1: By (6.4), (y,p;x1,k1) € WF'[HE] only if p € V,,~. However, when
y is to the future of o, then (y, p;x9, ko) € WF[Hp| only if p € Vy+. Since V" N Vy+ c 0,
it follows that, when y is to the future of both points, there are no nontrivial elements in

(6.8). In the case where y lies instead to the past of both points, one arrives at the same

2. In fact, eq. (6.9) would hold if Hr was replaced with any bi-distribution whose wavefront set contains
only covectors such that ky = —ky. Hence, by the discussion above, it holds also for all translationally-
invariant bi-distributions.
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conclusions only with the roles of Vy+ and Vy_ swapped. Therefore, when z1,x9 € By,

WF'[Hp] o WF[HE] C 0, (6.10)

and, thus, (6.5) implies,
WF[©] C 0, (6.11)
which is what we sought to show. O]

Remark 22. The proof of Proposition 8 would not go through if the Feynman parametrix,
Hp, was replaced by parametrices for the advanced, G 4, or retarded, G, Green’s functions.
In particular, one finds, WF’[GA/R] o WF|G 4 /] = WF[G 4 /gl respectively, so (6.10) would
no longer hold. Note also, despite its apparent similarity to ©, Proposition 8 does not apply
to the integral on the first line of (6.2) which is not a smooth function in (z1,z2). In
particular, for the result of Proposition 8, it was critical that y ¢ B;; otherwise, it would be
possible for y to simultaneously lie to the past of one point and to the future of the other,
while being an element of both (y,p;x1,k1) € WF'[Hp] and (y,p; z9, ko) € WF[HF], in
which case, WF'[Hp] o WF[HE] = WF[Hp| # 0 and (6.10) no longer holds.

Since the second through fifth lines of (6.2) are smooth, we may attempt to drop these

terms and replace that flow relation with

0

—— Hp(x1, 9;m?) = Qp (w1, 9 23m; L) (6.12)
Om?2

= —i/B dPy x(y; z; L)Hp (y, x1; m?)Hp(y, 29; m?).
2

As in the Euclidean case, this replacement will lead to difficulties with scaling behavior under
(Nab, M) = (A "20p, A2m?). (As previously mentioned, in a fixed global inertial coordinate
system, this is equivalent to rescaling (1, dPy,m?) — ()fzmw, APaPy A2m?2).) If this
were the only difficulty with (6.12), it could be dealt with in the same manner as in the
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Euclidean case. However, a potentially much more serious difficulty arises from the fact that
(6.12) fails to be Poincaré-invariant since there do not exist Lorentz-invariant functions of

compact support3,

X(Ay, Az) # x(y, 2). (6.13)

Hence, for a Lorentzian metric, naively dropping the second through fifth lines of (6.2) would
necessarily violate the locality and covariance axiom W1, since this axiom implies Poincaré
invariance in the case of flat spacetime.

It follows from the smoothness of the second through fifth lines of (6.2) for all z1,x9 €
B1(z) that the failure of (6.12) to be Poincaré-invariant on its own must then be given by
a smooth function of (z1,x9). More precisely, for any z1,z9 € Bi(z) and any Poincaré

transformation P such that Pzq, Pro € B1(Pz), the quantity
QM(P$1,PI2;PZ>—QM(ZELCL’Q;Z) (614>

is smooth in (x1,29). Therefore, in parallel with our restoration of desired scaling behavior
in the Euclidean case, we will restore Poincaré invariance to the flow relation (6.12) if we can
replace 2, on the right-hand side of that equation with a distribution Q M, which satisfies

the following two properties:

1. For (x1,x9) € Bi(z2),

Qpp (w1, w95 25m% L) (6.15)
1
— 2
= Qe o zm* L) — Y ()@ —2) T (@2 - 2) 7,
Y172
71+ [r2]<0
where a4, = ayyy, are constant tensors that scale almost homogeneously under

3. Note the function used in Euclidean space, ¢ (L_Qa(y,z)), is Lorentz invariant but not compactly-
supported in Minkowski spacetime, since o(y, z) is zero on the boundary of the entire lightcone of point
zZ.
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(Nap, M2, L) = (AN 20,5, A2m?2, A1 L) with an overall factor of A(P—4).

2. To asymptotic degree 9, Q M, 1s asymptotically Poincaré-invariant with respect to

(1,9, 2). That is, for any Poincaré transformation P such that (Pz1, Px9) € By (Pz),

Qpr5(Pry, Prg; Pzym?; L) ~5 Qpp 5(a1, w95 23m% L), (6.16)

Note it is not required that Q M,s be Poincaré-invariant at asymptotic degrees higher than
0. Any two Q M,s satistying these properties may differ, to scaling degree 9, by at most a

quantity of the form L(D_4)f(m2a(x1,xg),L_2a(x1,x2)), where f is a smooth bi-variate

/

Y17p 10 (6.15) is necessarily of

function. Thus, the difference between any two a4, and a

the form,

trins = oy = LO= VO 0@ 2 L 20 (wr)| o (67)

If we can find a distribution € M,s satisfying the above two properties, then the flow

relation

9
om?

Hp (21, 29;m%) ~5 Qo g(a1, w95 2;m%; L), (6.18)
will be Poincaré invariant. This flow relation still fails to scale almost homogeneously with
respect to the metric and m2 due to the dependence of Q M,s on L. However, the unwanted
L-dependence can then be eliminated by the same procedure as used in the Euclidean case
treated in Section 5.2. Thus, we will be able to obtain satisfactory flow relation if we can find
a distribution € M,¢ satistying the above two properties. We turn now to the construction
of the tensors a,~, in the definition (6.16) of Q5 such that © M,s is Poincaré invariant to
scaling degree ¢ in the sense of (6.16).

Although we cannot choose the cutoff function x(y, z) to be Lorentz invariant, we can

require that it be invariant under a simultaneous translation of (y, z). In particular, we can
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choose a global inertial coordinate system on Minkowski spacetime and take y to be given
by

Xy, z; L th) = ¢ <L_2 (v + 2tuty) (y — 2)H(y — Z)”) : (6.19)

where t# is proportional to the unit time vector field of these coordinates but is required to
remain unit normalized with respect to the metric components under the rescaling 7, —
>\_277W, i.e., under this rescaling, it is required that ¢, — A_ltu. As in the Euclidean
case, ¢ is a test function and ((s) = 1 if |[s| < 1 and ((z) = 0 if |s| > 2. Note that
Nuv + 2tuty is a Riemannian metric with components diag(+1,...,+1) in the chosen global
inertial coordinates, so (6.19) is supported on a D-dimensional coordinate ball of radius 2L.
Equation (6.19) is manifestly translationally invariant under a simultaneous translation of
(y,2). It is also invariant under pure spatial rotations (y, z) — (Ry, Rz) since (R™1t), = t,
but it is not invariant under Lorentz boosts. Note also the cutoff (6.19) is invariant under
the rescaling (145, L) — (A~ 214, A1 L) with the coordinate basis held fixed.

For any translationally-invariant y and any Poincaré transformation P composed of an

arbitrary Lorentz transformation A together with an arbitrary translation, it follows that,
Qpr(Pzq, Pro; Pz) = Qpr(Axy, Axg; Az). (6.20)

Plugging this into (6.16) and using the definition (6.15) of Qyy, it follows that €, will be

Poincaré-invariant to the required scaling degree if and only if a,~, can be found such that,

Qpr(Awy, Azg; Az) — Qpp(1, 295 2) (6.21)
1 ,y/ ,y/ ,y/ ,y/
~ D 71!72!(“"1 =) Mg — 2) (A AT =T 8 ey,
[Y1[+]y2|<o

/

’ 1
where Ao‘la = Aulu1 A Mu with the convention Ao‘la = 1 if || = 0. Since the first

|al

line of (6.21) has been shown to be smooth in (z1,z2), it is asymptotic to its Taylor series.
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Hence, Taylor expanding the first line and equating the coefficients of (z1 — 2)71(z9 — 2)72

appearing on both lines, we see that a,~, must satisfy

[8%1)3%2) [QM(Axl, Axzo; Az) — Qpp(xy, wo; z)] ] = (A%HA%W — 571715’7272> yrt

T1,T9=2%

(6.22)

If Qs were itself a smooth function of (z1, x9), then we could trivially satisfy (6.22) by setting
(1o €qual to the Taylor coefficients of (21, x9; 2) evaluated at x1, x9 = z. However, Qy;
is fundamentally distributional, so it is far from obvious that there exist A-independent a,~,
satisfying (6.22).

In Appendix C we show that (6.22) can always be solved and we obtain explicit solutions.
First, we use a cohomological argument to prove existence of solutions a,~, to (6.22). We
then obtain the explicit solutions for a,~, in the cases of rank r = 1,2, where r = |y1|+|y2|.

The r = 1 solutions are

U0} = Hop{up = / dPy 0y, 0) Hp (5, 0) Hp (4, 0). (6.23)

and the r = 2 solutions are?

o - 1 - =
a,uHF(yv O)GI/HF(Z/7 0) - Bnﬂl/aUHF(ya O>80HF<Z/7 O) )

oy =i [ o0
(6.24)

4. In egs. (6.24) and (6.25), it is understood that the subtraction inside the integrand must be performed
prior to evaluating the integral, since the individual terms in the integrand contain non-integrable divergences
at y = 0, i.e., the integrand is well-defined as a distribution in 3 only when y # 0, but its definition can be
uniquely extended to include the origin.
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and

) H0} = HoH{ ()} (6.25)

. . , L » ,
= —Z/dDy x(y,0) {HF(y,O)auauHF(y,O) - EUWHF(y, 0)0*Hp(y, 0)

Finally, we obtain the recursive solution (C.44) for a,~, for all 7 > 2.

With the above solution for a,~,, we obtain QM,(S satisfying (6.15) and (6.16). We
thereby obtain the Poincaré-invariant flow relation (6.18). However, as in the Euclidean case,
the flow relation (6.18) is not compatible with the scaling behavior of the Wick monomials
required by the scaling axiom W7. Nevertheless, as in the Euclidean case, we can obtain
a flow relation that remains compatible with Poincaré invariance and satisfies the desired
scaling behavior by replacing Q2 M,s on the right side of (6.18) with

Ly e s )~ Y (D - M -2, (620

C
el 7172
Y172
Ivil+lyel<é

where £ was defined by (5.33) and

L 21) () O 5
(D) = [l [a&”a%f)@ (260 (g, 72 L')] . (6.27)

The distribution (6.26) is Poincaré-invariant and is asymptotically independent of L up to
scaling degree §. Moreover, the distribution (6.26) differs from Qp; by a smooth function
of (x1,x9). Hence, the distribution (6.26) can be used in a flow relation for the Feynman
parametrix C’%O (66} = H - which is compatible with all Wick axioms. Recalling the definition

(6.15) of 237 and the explicit formulas (5.44)-(5.46) for the OPE coefficients, the flow relation
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with (6.26) on the right-hand side can be written in the form:

a .
W(CH)”{FO{W}(Q“’@;Z) ~o T %/dDZJS[L]X(y;Z; L)(CH)ITO{¢2¢¢}(3/,$17$2; z) +
B Z CC(CH)%{@}(ZULQ;Z), (6.28)
[C]<56+2

where cc = 0 unless [C]y = 2, in which case it is given by

co(L) = L[Ljac(L) + (6.29)

& o [i .
- [Far, {; [Py 0 02 (€ ey 02:) + £l o (L)

for L > 0. The tensors a¢ are also zero unless [C]y, = 2, in which case, they are inductively

defined via (C.44) in terms of

(B)c =i [ dPyyoin.0)(Con o (:6:0) (6.30)

Note, by writing the y-integral in (6.28), we have implicitly (uniquely) extended the OPE

coefficient (Cp) x1,x9;2) = 2Hp(y, 21) Hp(y, x2) to the partial diagonals y = z1

Ty{6200t (¥
and y = x9 as justified in Remark 21 above.

The inductive solution (C.44) determines a¢ up to Lorentz-invariant tensors of the correct
rank which scale with an overall factor of A(P~4) under (Naps M2, L) = (A2, A2m2 \72L)
and depend smoothly on (7,5, m?). Although the inherent ambiguities in ac may depend on
L, the £-operator and L-integral terms in (6.29) ensure that only the L-independent parts
of a¢ can contribute non-trivially to c¢c. Therefore, the only ambiguity in ¢ corresponds
to the choice of an L-independent tensor in a¢ that scales with an overall factor of AD—4)
under (745, m2) = (A"2104p, A>m?). In odd dimensions, there are no tensors that scale in this

way and depend smoothly on (7., mQ), so a¢ is unique. In even dimensions, this ambiguity

corresponds to freedom to choose the Taylor coefficients of a Poincaré-invariant smooth
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function in (xl,arg,m2). We note also, as discussed in Remark 20, that the conservation
constraint (3.36) is automatically satisfied in flat spacetime.

The flow relation (6.28) for the (unextended) time-ordered OPE coefficient (C' H)ilfo (66} is
the Minkowski spacetime analogue of the Euclidean flow relation (5.47) for the ordinary OPE
coefficient (C' H)é & In both cases, the inherent ambiguity in the flow relation corresponds to a
smooth function that is invariant under the respective isometry group. By Theorem 6, formu-
las for the (unextended) time-ordered OPE coefficients, CJI?O Ay An} = TO{CEIW A, ) for any
given Wick prescription are obtained from formulas for the corresponding non-time-ordered
OPE coefficients, C’El_._ A, by simply replacing all occurrences of the Hadamard parametrix
H with its corresponding Feynman parametrix Hp = H(z1, z2) —z'AadV(xl, x9). Hence, from
the explicit formulas for the Hadamard normal-ordered OPE coefficients (see (5.5) and (5.14))

and the flow relation (6.28), we immediately obtain the following theorem giving the flow

relations for the (unextended) time-ordered OPE coefficients (C' H){Fo (66} (X1, .., xn; 2).

Theorem 7. For any Hadamard parametriz satisfying (6.28), the corresponding OPE coef-

ficients (C’H)éo{asmd)} satisfy:

a .
W(OH)éﬂo{gb...(b}(xl, T 2) R _% / dDZ/ L[LIx(y, 7 L) (CH)§O{¢2¢...¢} (¥, 21, ..+, n; 2)
=D coD)Cm Gy (X155 703 2), (6.31)

C

where cc is given by formula (6.29) with the same ambiguities arising from ac.

Note that the inherent ambiguities in these flow relations are in 1-1 correspondence with
the freedom to choose a Hadamard parametrix whose corresponding Hadamard normal-

ordered Wick fields are compatible with axioms W1-WS.

Remark 23. As emphasized in Section 4.3, the extension of To{®4, (21) - P4, (7n)} to
algebra-valued distributions defined on the diagonals generally introduces additional “contact-

term” ambiguities proportional to d-distributions (and their distributional derivatives). How-
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ever, the scaling degree of 6(x1,...,xy) is (n — 1) - D, whereas by Theorem 4 the scaling
degree of the coefficients C§0{¢---¢} (1,...,2n; z) appearing in the flow relation (6.31) is
n- (D —2)/2. Since (n — 1)D is strictly greater than n(D —2)/2 for n > 2 and D > 2, it
follows that there do not exist contact terms with scaling degree less than or equal to the
scaling degree of C%O (60} By the axioms for time-ordered products in [7,37], this implies
that the extension of the Cirb (66} coefficients to the diagonals is unique and, therefore, it
so happens that we could replace Ty with 7" in formula (6.31) without introducing additional
contact term ambiguities. Note, however, that this does not occur for the general unextended
time-ordered Wick coefficients C’ZBiO {Ag-Ay,) BOT) in general, for the coefficients appearing in

the flow relations (1.20) of A¢*-theory.

Relation (6.31) of Theorem 7 applies to the time-ordered OPE coefficients for the Hadamard
normal-ordered Wick fields. However, following the steps outlined below Theorem 6 of the
preceding chapter, one may straightforwardly obtain flow relations for the time-ordered OPE
coefficients corresponding to any prescription for the Wick fields satisfying axioms W1-W8.
These relations will similarly take the same general form as the Hadamard normal-ordered
relation (6.31) except there will be additional terms containing factors of Fj, (with k& < n)
as in relation (5.51) above.

Finally, we note that our derivation of the flow relation (6.31) for general n relied heav-
ily on our knowledge of the explicit expressions for the time-ordered OPE coefficients of
Hadamard normal-ordered Wick fields, since this knowledge enabled us to obtain (6.31)
from the flow relation (6.28) for n = 2 via inspection. However, if the OPE coefficients with
n > 2 had not been related in a simple, known manner to the n = 2 OPE coefficients, we
would not have been able to construct covariance-restoring terms for the n > 2 case using
the techniques described in this chapter. In Appendix E, we develop a general method for
constructing covariance-restoring counterterms based on the model-independent associativ-

ity conditions that can be applied to the n > 2 case and show that this general algorithm
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reproduces the results claimed here.
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CHAPTER 7
FLOW RELATIONS FOR OPE COEFFICIENTS IN CURVED
SPACETIME

In this chapter, we obtain flow relations for the unextended time-ordered Wick OPE coeffi-
cients in general globally-hyperbolic Lorentzian spacetimes (M, g,;) in any dimension D > 2.
As in the preceding Minkowski chapter, we focus attention initially to the flow relation for
the time-ordered OPE coefficient (CH)§0{¢¢} = Hp(z1,x9;m?;€), since the flow relations
for other time-ordered Wick OPE coefficients may be straightforwardly obtained once the
flow relation for (C’H)éo{gw} is known.

In curved spacetime, any Feynman parametrix H p used for the construction of (C H)gﬂo (66}
is required to be locally and covariantly defined and have (jointly) smooth dependence on
the coupling parameters (mz,f). As already noted in Proposition 6, the relation between

Hp and a Hadamard parametrix H (see (3.26)) is given by
Hp (w1, 02) = H(wy,22) = iA™(21, 1), (7.1)

with A2V denoting the advanced Green’s function. Since the forms of H and H r depend
on the squared geodesic distance function o(xy, x2), these parametrices are well defined only
in convex normal neighborhoods. The Feynman parametrix is a fundamental solution to the

Klein-Gordon equation
(—gabvavb +m?+ ER)Hp(x1,x3; m2; ) ~ —id(x1,x9) + smooth terms. (7.2)

Furthermore, in curved spacetime, the wavefront set of Hp continues to be of the form!

(21, k;x9,—k) [35]. In particular, when smeared in either of its spacetime variables with a

1. Replacing R with M in the Minkowski formula (6.4) gives the explicit wavefront set of Hp in a curved
spacetime.
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test function f of sufficiently small compact support, Hp(y, f) is a smooth function in y
within a convex normal neighborhood of the support of f.

The above properties of Hp were all that were needed to obtain the initial flow relation
(6.12) in Minkowski spacetime, so we can parallel these steps to derive a similar flow relation
in any any globally-hyperbolic curved spacetime (M, g,). To do so, let U, C M be a
convex normal neighborhood of the point z € M. It is convenient to work in a Riemannian
normal coordinate (RNC) system about z. A RNC system is constructed by introducing an

orthonormal basis (i.e., “tetrad”) for T, M,

{(eﬂ)a e T.M|p€{0,....D—1} and goy(e,)(en)’ = n,w} . (7.3)

The tetrad allows us to identify T>M with RP. We then use the exponential map—which
maps v¢ € T, M into the point in M lying at unit affine parameter along the geodesic
determined by (z, v%)—to provide a diffeomorphism between U, and a neighborhood U of the
origin of RY. This correspondence provides coordinates 2 on U,. We denote by t# the RNC
components of the timelike vector at z that is proportional to (eg)* but required to remain
unit-normalized with respect to the metric components under the rescaling g, — )\_zg,u,/,
i.e., under this rescaling, it is required that ¢, — )\*ltﬂ. Let ¢ € C§°(R) again denote a test
function that is equal to one for |s| < 1 and vanishes for |s| > 2. We then define a cutoff

function on U, by,

X[gw/, s L](y; 6) = (L_2 (9/11/(6) + 2t,ut1/> y”?f) ) (7.4)

where L is chosen such that the coordinate ball of radius 2L lies within U,. Here y* denotes
the RNC values of y and we have denoted z by its RNC value 0. Note that the cutoff function
(7.4) is invariant under the simultaneous rescaling (gqp, L) — (A~ 2g4p, A~ L) with the RNC

coordinate basis held fixed.
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With these definitions and constructions, we can now straightforwardly generalize the

derivation of (6.12) to curved spacetime. We obtain

0

5 Hplguwl(x1,22) = Qclgu, ty, L (21, v2; 0) + terms smooth in (x1, z3), (7.5)
om

where

QC[gﬂIht/,Lu L](f17f276>

=—i /RD dPy/=g(y) Xlguw- tu, L(y; 0) He (9] (y, /1) HE g (v, f2). (7.6)

In curved spacetime, the parameter ¢ enters the Klein-Gordon equation in a nontrivial man-
ner and we also seek a flow equation in &. Using the fact that the commutator of the

differential operator d¢ = 0/0¢ with the Klein-Gordon operator (3.3) is given by
[K,0¢] = —RI. (7.7)

we can similarly derive the é-flow equation

0

a_fHF [gpw] (1, 22; ) (7.8)

A —i /RD dPy\/=g(y)x(y, 2) R(y) Hp g (y, 21; €) Hr g (y, 93 €) + smooth.

Note that the integral in the second line vanishes unless the scalar curvature is nonzero. Since
the analysis of the flow relations (7.5) and (7.8) are essentially identical, in the following we
will focus attention on only the m?-flow relation (7.5), it being understood that (7.8) can be
analyzed in a completely parallel manner, with the minor differences described in Remark
24 below Theorem 8.

If we attempt to drop the smooth terms and use (7.5) as our flow equation we will
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encounter three major difficulties: (i) Since the quantity Q¢ is defined in (7.6) by an integral
over a finite spacetime region, {2 depends nonlocally on the metric, which is not compatible
with axiom W1. (ii) On account of the presence of the cutoff function y, {2 is not covariantly
defined, which also is not compatible with axiom W1. (iii) On account of the cutoff scale
L present in x, the scaling dependence of the OPE coefficients will not be compatible with
axiom W7. As we shall now show, these difficulties can be overcome by suitably modifying
the flow relation (7.5). Specifically, difficulty (i) can be overcome by replacing (7.6) with
a similar expression involving the Taylor coefficients of the metric in an expansion about
z rather than the metric itself. Difficulty (ii) then can be overcome by a generalization of
the procedure used to restore Lorentz invariance in Minkowski spacetime. Finally, difficulty
(iii) can be overcome by the same procedure as used for the Euclidean and Minkowski flow

relations. We now discuss, in turn, these difficulties and their resolutions.

(i) Locality. As already indicated above, the key idea needed to convert (7.6) into an
expression that depends only on the metric in an arbitrarily small neighborhood of z is to
replace the metric by its Taylor approximation about z, carried to sufficiently high order.
To scaling degree ¢, the RNC components of the metric are asymptotically equivalent to its

Taylor polynomial about the origin,

8kgw/(x)

0x%1 - - - Qx%%k
=0

N
N 1
gl“/(x> ~0 gl(w)(a:) = E ngl L
k=0

1

N 1 .
R/“/“p(o)xﬁxp - EVURMUK,O(O)ZEKJQZPZEU S R

provided that we take N > §. As indicated by the second line of (7.9), the Taylor coefficients
are expressible entirely in terms of the Riemann curvature tensor and its totally-symmetric

covariant derivatives evaluated at the origin?. For sufficiently large 2#, the Taylor polynomial

2. This follows from a close relative [48, see Lemma 2.1] of the “Thomas replacement theorem” [49].
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(N

gW)(x) need not define a Lorentz metric. However, we can choose L sufficiently small that
| ggl\,[) — Nuv| < 1 within a coordinate ball of radius 2L, so that ggl\,[)(x) is a Lorentz metric
wherever x is nonvanishing.

To proceed, we perform an expansion of Qc/(guv,tu, L] about g, = 7 as a power
series in the (symmetrized) covariant derivatives of the Riemann curvature tensor. This
curvature expansion as well as the precise bound on the scaling degree of its non-smooth
terms is derived in Appendix D. This expansion also will be needed for our construction of

covariance-restoring counterterms below. The expansion takes the form3

QC[gMVatﬂvL](flaf2;6) ~5 (710)
S+D—4 k—2 D,
= - Pj
Z Z {'u k- 2} [W,uu; tpn L](fla f2a 0) |:RIU,VI€[);(01-~-J]') (0)] + smooth terms,
k=0 py j=0

where “smooth” refers to the behavior in z1 and o prior to smearing (cf. formula (7.14) of

Proposition 9 below). Here we have defined,

8PQ()[9/SV ,t'u, ](flaf27 )

_'{ O }
(Qp) peeOp—2 [Uuz/,tm ](flaf27 ) @poRupr( ) . OPk—2 R

’

k
9;(11/) =Nuv

(7.11)

pvkp;(o1-og—2) (0)

where ggf,) denotes the kth-order polynomial metric (7.9) computed from g, and P =

ZJ —o pj- In (7.10) the pj-sum runs over all non-negative integers pj, = (po, - - -, py—2) such
that

2po +3p1 + -+ kpg_o) = k- (7.12)

Note (7.11) are tensor-valued distributions defined on a neighborhood of the origin in flat

Minkowski spacetime, (Ny, 7). Hence, all of the curvature dependence of the explicit terms

3. To avoid overly cumbersome notation involving multiple subscripts on spacetime indices, we have
implicitly re-used some Greek letters in (7.10), but the intended summations should be clear from context.
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in the curvature expansion (7.10) for Q¢ comes through a finite product of curvature tensors
evaluated at the origin. Note the derivatives in (7.11) with respect to curvature tensors are
well-defined because the smeared distribution (2 is a smooth function of the metric and the

()

polynomial metric g, is a smooth function of finitely-many curvature tensors evaluated at

the origin:
(k)N — (K)o R 0. V.- R ) vV, ..V R 0 7.13
Juv (:C) Juv [37 y Nuw ,uwcp( )7 o MV”P( >’ e V(o Ok—2) ‘Wﬂp( )] ( ) )

)

The result needed to effectively replace g, with gfff in (7.6) is given in the following

proposition:

Proposition 9. Let Hp be a local and covariant Feynman parametriz which scales almost
homogeneously with an overall factor of AP=2) ynder (guy,mQ) — ()\_2guy,)\2m2) and
which depends smoothly on m?. Let Q¢ be given by (7.6). Then for all N > 6 + D — 4, we

have
Qcolguw, tu, Ll(x1, z9; 6) ~§ Qc[gl(f,y),tu, Ll(x1,x9; 6) + terms smooth in (x1,x9). (7.14)

Proof. The proposition can be deduced from the curvature expansion (7.10) for Q¢ as follows:
Note the maximum number of covariant derivatives of R, appearing in the curvature
expansion (7.10) is § + D — 6. Consider first the special case that g, = gl(f;) for arbitrary,

but finite, integer P. We want to determine the smallest integer N < P such that the relation

N)

(7.14) of the proposition holds. Since both g,,, and gfw are themselves polynomial metrics

of the form (7.9), it follows immediately that their respective polynomial approximations,

gl(ﬁy) lguv] and gl(ﬁy) [gl(f;[)], are identical for any £ < N and, thus, all the coefficients (7.11)

of the curvature expansion computed from their respective polynomial approximations are

identical so long as the number of covariant derivatives in gff,y) is at least  + D — 6 (i.e., if

N —2>§+ D —6). Since their respective curvature expansions (7.10) are thus identical
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for N > § + D — 4, this then implies the claimed relation (7.14) holds for the special case
that g, = gl(f;). To extend the proof of relation (7.14) to arbitrary smooth metrics g, we
use the fact [45, see proof of Theorem 4.1] that it is always possible to define a 1-parameter
family of metrics hyy(z;p) which depend smoothly on p in a neighborhood of p = 0 and
such that: i) For any fixed p # 0, hyy(x;p) is a polynomial metric of finite order and ii)
hyuy(z;p = 0) = guy. The proposition has already been established for A, (z; p) when p # 0
since these are polynomial metrics, so compatibility with the smoothness axiom W2 then

implies the proposition must hold also for p = 0. n

Our provisional proposal is to replace (7.5) with

0

N -,
WHF[QMV](mlaxZ) ~0 QC[Q;(LI/)>tua L]<x1ax2; 0)7 (715)

where N > 6 + D — 4. The distribution Qc[g%\,{),tﬂ, L] appearing on the right-hand side

of (7.15) is manifestly local with respect to the original spacetime (M, g,p), since the only
dependence of gl(fj) on the spacetime curvature comes through a finite number of local
curvature tensors evaluated at z (see (7.9)). Thus, the flow equation (7.15) is now local in

the spacetime metric. However, it fails to be covariant. We turn now to making a further

modification of (7.15) to restore covariance.

(ii) Covariance. The distribution Qc[gg;]), tu, L] appearing in (7.15) fails to be covariant
because the cutoff function, x, depends upon a choice of the unit timelike co-vector ¢, at z,
which is not determined by the metric. However, any two normalized timelike co-vectors ¢,
and tit at z are related via a restricted Lorentz transformation A € cl ,

/ —1

Lt = (A1), (7.16)
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Thus, in order to obtain a covariant flow relation, we seek to modify the flow relations by
the addition of smooth locally-constructed “counterterms” that compensate for the failure of

)

Qc[gl(f,y ,tu, L] to be invariant under Lorentz transformations of ¢,,.
The dependence of Qc[g/(f;]), tu, L] on Lorentz transformations of ¢, is quantified by the

distribution,

Qc[gg),tu,L](m,xQ;@; AT (7.17)

= Qg (A, L) (21, 29; 0) — Qclg's) s ty, Ll (w1, 29: 0)
(N

=i [ [alol s LA 0) ~ ol s L 0] o w0 Bl (0, 2)
Y

where fy = [y dPyy/—gW)(y). By the same arguments as given for quantity Qp; in

Minkowski spacetime (see eq. (C.3)), the quantity Q) has smooth dependence on (x1,z2). In
Minkowski spacetime, the Taylor coefficients, Q,(A™1) = 8%61)6%2)QM@1, x93 2 A7) |21, 29=2)
of Qps(x1, z9; z; A1) were shown to satisfy (C.9). The existence of the desired counterterms
in the flow relations was then established by cohomological arguments. However, in curved
spacetime, the Taylor coefficients of Q¢ do not satisfy (C.9) for the simple reason that the
curved metric gff,y) given by (7.9) is not invariant under Lorentz transformations.

Nevertheless, we can use the curvature expansion (7.10) for Qc[g,%]),tu,[/] and con-

sider the behavior under Lorentz transformations of the coefficients (Qﬁ){“"'gk—2} v, ty, L

appearing in that expansion (see (7.11)). We write

(Qﬁ)’y[numt,ua L, A_l] = (Qﬁ)v[n/w, (A_lt)uv L] - (Qﬁ)’y[numt,ua L]7 (7-18)

where we use the multi-index notation v = {u---0p_9}. For notational convenience, we

will suppress the p-subscripts in the following and write the left side of (7.18) simply as Q7.
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Since @7 is smooth, its asymptotic behavior is determined by its Taylor coefficients,

QM (M) = 3%1)5%2)@7(171, w9;0; A1) (7.19)

x1,22=0

The crucial point is that the Taylor coefficients (7.19) depend only on 7,,,, not the spacetime
(V)

metric g;,,’—all of the dependence on the spacetime metric in the curvature expansion (7.10)

appears in the curvature factors, not in (Qﬁ). Consequently, we obtain,

Q’YS’YI’YQ (A1Ag) — Q%%w (A1)

= [af Va2 [ (s Aoty (1, 20:0) — 3 [(Art) (o1, 205 0)] |

x1,22=0

= (A, |95 05 |0 [(Aat)ul (A Mo A i 0) — B[l (A Y1, A s 0)|

x1,22=0

" Yo Y5
= (Al)vgyé(/\l)vl H(A1)qy 2@ 37%(/\2% (7.20)

where the second equality follows from the identity:

Dlgp, (A, L1, 22:0) = (AT 07 [gf) 1, L)(Aay, Awgs0),  (7.21)

where we have used the fact that HF[(Ag)L]X)](Ay, Az)=Hp [glgj,}[)](y, x), with

(Ag)i) (@) = Ay Ay 2 g (A L), (7.22)

Equation (7.20) is a close analogue of the equation (C.9). Writing Q-(A) = (Qﬁ)%7172 (A),

we see that (7.20) corresponds to the cohomological identity

Qe (M) + D(A1)Qc(A2) — Qe(A1A2) =0, (7.23)
see (C.14). By the same arguments as given in Proposition 10 of Appendix C, it follows that
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there exist tensors @ = (aj)734,, such that
Qc() = (D(A) - T)a. (7.24)

We now can restore covariance to the curved spacetime flow equations in close parallel
with the procedure we used to restore Lorentz covariance to the Minkowski flow equations.

Let @ = (aj3)734,, denote the solutions to (7.24). Let

0+D—4

Aryyyg = Z ZZ Rp )33 ( 6 By 1y2s (7.25)
2

with the p" = (pg,p1,---,Pr_9) sum running over (7.12). Here we have abbreviated the

product of curvature tensors appearing in the curvature expansion by writing

., — - 1P
(Rp){uwfp;(almo] H[ uvkp;(oy - a])(o) J’ (7'26>

Now replace Qc[gfg),tu, Li(z1, zo; 0) in (7.15) with

~ N N
QC[g;(Ll/)7tuaL]<xlax2;0) (727)
N > 1
= QC[g,ELl/)at/ML](xlaxQ;O) - Z | | ’71'72[g,£Ll/)7tpaL]xg/ﬂx’2m)
Y172
Ivil+[r2l<o

Then, to scaling degree 4, QC is independent of the choice of unit-normalized timelike ¢,
and differs from Q¢ by a smooth function of (1, z2) with the same scaling behavior as Q.

Thus, the flow relation

0 ~ (N -
oz HElow)(e1.22) ~5 Qclafn . L) (a1, 22:0). (7.28)

is both local and covariant in the metric. However, it does not have the required scaling be-
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havior, so we will make a further modification to this flow relation in the “scaling” paragraph
below.
Finally, we note that we can obtain a recursive formula for a by the same procedure as

in the Minkowski case discussed in Appendix C. Define
B" = (B™) "5, = =207, [x = y"07], (7.29)
with 9737172 [x = ylror) x| denoting the Taylor coefficients of the smooth function,
OB [x =yl 9P\ (a1, 29; 0). (7.30)

(Smoothness of (7.30) in (z1,x9) is guaranteed by the fact that aé)y)x(y,ﬁ) vanishes in a
neighborhood of y = 6) Then for any infinitesimal restricted Lorentz transformation Ay, we
have

Qc(Ag) = —0,pB™ + O(6%). (7.31)

The analysis of Appendix C then implies that

k
1
a= Z —E; —]L,{pB”erél.Z Mg trija | | (7.32)
j=1 J 1<g<n
70

with the notation defined in Appendix C, where we have lowered all indices on the tensors
so that all tensors in (7.32) are of type (0, |y1]| + [v2| + |13]). As explained in Appendix
C, equation (7.32) determines higher rank coefficients (a;)73,,4, inductively in terms of
the equations for the lowest nontrivial ranks with a given symmetry. When p" = 0, the

coefficients (aﬁ)w’ww coincide with those appearing in the Minkowski flow relations: i.e.,

(@) 9172 = @yiy9. Whose rank r = [y1] + 72| = 0,1,2 cases were stated explicitly in the

appendix. When p # 0, the explicit lower-rank cases can be straightforwardly obtained
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using the methods of the appendix. For this purpose, it is worth noting the (az)73+ 4,
coefficients have the same symmetries as the Minkowski coefficients a, -, in the lower multi-
indices (and their respective spacetime indices yq = {p1 - pip}, v2 = {v1---vq}). However,
the symmetries of the upper spacetime indices in <aﬁ)737172 are dictated by the curvature
tensors (7.26).

Under the rescaling
(N> APy, m?, L) = N2, A PdPy, 2m2 2711, (7.33)

the inductive solutions (7.32) for (aﬁk)w’7172 will scale in the manner required for Q¢ to

have the same scaling behavior as Q.

(iii) Scaling The flow equation (7.28) is local and covariant and scales almost homoge-
neously with the correct power of A under (g, m2, L) — (>‘_29qu A2m2 A~LL). However,
on account of the nontrivial L dependence, we do not have the required almost homogeneous
scaling under (guu, m2) — (/\_ZQMV, A2m?2). This is the same difficulty as occurred in the
Euclidean and Minkowski cases, and it can be overcome by further modifying the flow rela-

tion in the same manner as for those cases. Specifically, we replace the flow relation (7.28)

with
9 3 3 1 (v1_.72)
52 HFlou](21, 22) ~5 £[L[Qc (21, 22;0: L) —‘ |z|:| W%ML)% xy”, (7.34)
71 |+|y2|<o

where £ was defined by (5.33) and where, for L > 0,

(L) =D (RP),(0) [’3[13](&]3)73%72(13) + (7.35)
k pi

L
+ /0 dr’ [Q%%’Yz [x = op(2lL]x)] - oL (S[L/](aﬁ)%MVz(Ll))H
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The flow relation (7.34) is local and covariant and has the proper scaling under (g, m?) —
()\_qu,,, )\2m2).
Using the definition (7.27) of Q¢ and the relations (5.44)-(5.46), we may rewrite (7.34)

in terms of the OPE coefficients:

9 )
omz CH >§o{¢¢} (21,223 0)

~§ ——/\/ y,() L (OH)T {¢2¢¢}(y,$17$270)+ (736)

- > [g,SV),tM, LNCH)G, g (21, 72:0),
[C]<6+2

where N > § + D — 4. Here we have

N\ (0 L ; 0 / /
cc = %:%;(RP)V(O) lz[L](aﬁ)Wc(m - /O ey (2[E1ap) (1)) +
i or Lo, [0 -
N (3171%)7(6)/0 L /yaL/ (S[L] (y,O L)) OT0{¢20}(?J70§0)] ® , (7.37)

uv =TNuv

with the k and pj, sums taken as in the curvature expansion (7.10) and we have abbreviated

J,y = dPy\/—g®(y) and,

(3]3}%) O RyvwpO Ryvkpo - OPF 2R (7.38)

{p-op—2} = pvkp;(o1og_2)°

It is required that (aﬁ)VC = 0 unless [C]g = 2. For [C], = 2, the tensors (aﬁ)vc are given

via the inductive formula (7.32) with,

T / 0y 00 ) oF (0. 0: L) (C)hy ooy (0. 5:0)

KP\Y
(Bﬁk) c=1
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Formula (7.32) determines (aﬁ)vc up to Lorentz-invariant tensors that depend smoothly on
(v, m?,€) and that scale with the same overall factor of \ as Qz, under the rescaling (7.33).
As in the Minkowski case, the £-operator and L-integral terms in (7.37) ensure that only
the L-independent terms in (aﬁ)vc can contribute to c¢o. Therefore, the only ambiguity
in co corresponds to the choice of an L-independent Lorentz-invariant tensor in (ap~)7C
that scales with the same overall factor of A as Qg under (nuy,mQ) — ()\*QUMV,)\QmQ).
In odd dimensions, there are no tensors that scale in this way and depend smoothly on
(M m?) so (aﬁ)vc is unique and, thus, ¢o has no ambiguities. In even dimensions, (aﬁ)Vc

is not unique and this yields the freedom in ¢ to choose a local and covariant smooth
function in (21, z2, g((ljbv), m?2, €). In curved spacetime, compatibility with the Leibniz axiom
W4 places additional constraints on the allowed choices of ¢ and, in even dimensional curved
spacetimes with D > 2, there is an additional constraint coming from the conservation axiom
WS8. These constraints can always be (non-uniquely) satisfied and, for ¢ satisfying these
conditions, the remaining ambiguities in (7.36) are in 1-1 correspondence with the freedom to
choose a Hadamard parametrix whose corresponding Hadamard normal-ordered Wick fields
are compatible with axioms W1-WS.

By the same reasoning that led to Theorems 6 and 7, the flow relation eq. (7.36) to-
gether with the explicit formulas for the unextended time-ordered OPE coefficients of the

Hadamard normal-ordered Wick fields imply flow relations for (C H)é:0 (¢g)r B expressed

by the following theorem:

Theorem 8. For any construction of the Wick monomials by Hadamard normal ordering,
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we have

0 S
- 2(CH)T0{<15 ¢}(a:1, ooy xp; 0) &

__/dD \/ ,%0 L ( H)§0{¢2¢¢}(y7$1,7$n,6)+

-,

- Z CC[Q/JZ/ s L](CH)T0{¢...¢}(ZUL o2 0), (7.40)

with co defined in (7.37).

As was the case in the flat spacetime case, the ambiguities in these flow relations are in 1-
1 correspondence with the freedom to choose H. The flow relations for general prescriptions
for the Wick fields may straightforwardly obtained from (7.40) in the manner discussed below

Theorem 6.

Remark 24. The derivation of L-independent local and covariant flow relations with respect
to the curvature-coupling parameter £ proceeds essentially identically as the one presented

2

here for m#. The ¢ flow relations are of the same form as (7.40) with the substitutions

m2 — ¢ and dpP y — aP yR(y). Of course, locality requires the Ricci scalar curvature,
R, must be computed using the polynomial metric gff;” rather than g,,,. Note also § is

dimensionless and the Ricci scalar curvature scales as R[)\_Qg/%])] = AzR[g/g]lY)] so the & flow

relations scale with an overall extra power of A2 relative to the m? flow relations.
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APPENDIX A
EXISTENCE OF HADAMARD PARAMETRIX SATISFYING
THE CONSERVATION CONSTRAINT

In this appendix, we prove that there exists Q(x1, x2) satisfying (3.33) for D > 2. Abbreviate
Qo(y) = Q(y,y) and

Qul) = [VEVV2 Qar, 20) . (A1)
L1,22=Y
It is straightforward to show that
1 1

Vi KayQe1,29)| 21,00my =~V Qo+ 5V0Q% + 3(m? +ERVIQo,  (A2)

with Q%, = gaanb. Hence, the conservation condition (3.33) is equivalent to:

a 1 a Lo D (y)

=ViQpa + 5ViQ% + S (m” + LRV Qo = _mvb Ky H(21,22)]5) 3y s (A3)

where we have used (3.32). Eq. (A.3) is solved (non-uniquely) for D > 2 by setting Qo(y) = 0

and

D
Qap(y) = “p2 _ g 9ab [KxQ‘H(wl?IQ)LI;LxQ:y' (A4)

To see that there exists a smooth function @Q(z1, z9) with these properties, we first note
one can always obtain a smooth function f(x1,z9;y) with arbitrarily-specified covariant
derivatives evaluated at x1,x9 = y, by the construction described in the proof of Proposition

1. Thus, we may arrange that f(y,y;y) = 0 and

D
while requiring f and its derivatives at x1, 29 = y to depend smoothly on (m2, €) and scale
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almost homogeneously. Moreover, this construction implies
VEVVEIVY f(a1 a9 9)ley gmy = 0, for all [B] >0, (A.6)
and, thus, the “germ” of f at x1,x9 = y is independent of y. Hence, we may construct a

y-independent smooth bi-variate @ satisfying (3.33) and (3.34) which depends symmetrically

on (x1,x9) via:

Q(z1,29) = %f(ILxQ;CUl) + %f(m,:m;xz)- (A7)
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APPENDIX B
PROOFS FOR SECTION 4.2

We collect here proofs to the theorem and propositions contained in Section 4.2

Sketch of proof for Theorem 4. The manipulations leading to (4.40) establish OPEs are
preserved under field redefinitions, so the existence of the OPE for general Wick prescriptions
follows from the existence of an OPE for Hadamard normal-ordered Wick fields (see Theorem
2 in Section 4.1). Moreover, the scaling degree of the OPE coefficients are unaffected by the
field redefinitions. We now argue the associativity conditions are also preserved under field
redefinitions. For notational simplicity, we give the argument for an OPE involving three
spacetime points with the merger tree 7 corresponding to x1 and x9 approaching each other
faster than z3. The argument can then be straightforwardly generalized to n-point OPEs

with arbitrary merger trees. From (4.40), we have,

O£1A2A3(1’1,[L'2,£E3;Z) (B]_)

—1\C —1,C —1\C C
~ Y 28 (=E ) e)E D)@ DS @) (Cm) oy, (21,09, 5 2).
Co,....C3

The associativity condition for Hadamard normal-ordered OPE coefficients implies the co-

efficient in the second line can be expanded as

C
(CH)C$C203 (z1, 79, 73; 2)

D C
~16 D (Cr)gle, (1,22 2)(C) T 0, (2 35 2) (B.2)
Dy
—1\D D C
= > D25, ENE TR E | (Ca)eis, @ w2 (Cm) o, (2 w3:2),
Di1,.Dy L E
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where, in going to the final line, we have used the identity:
E —1\D D
> Z5,(NE R () = apk. (B.3)
E
Plugging (B.3) back into (B.2) and rearranging summations, we find then,

B

~re | O ZBEE e E P @) (Cr)ee, (w1, 2212 |
E

By (4.40), this is equivalent to,
B E B
C% apay (1,02, 23;2) ~7 5 > O ay (1,222 ) OB 4, (2 3 2). (B.5)
E

All other associativity conditions, including (4.36), for general prescriptions of the Wick
powers may similarly be established using the corresponding associativity conditions for

Hadamard normal-ordered OPE coefficients and the identity (B.3). O]

Sketch of proof for Proposition 3. The proof makes use of the relationship (4.40) be-
tween the general Wick OPE coefficients and the Hadamard normal-ordered coefficients, the
identity (4.32) for the Hadamard OPE coefficients established in Proposition 2, and the re-

cursion relation (3.50) satisfied by the mixing matrix ZE By (4.40) and (4.32), we have for
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any p < m = [Bl,

_1.C _ n
CRoa = > |EHEE Y x (B.6)
Cq,...,Cp
(Vay V8 V)@ Vg d)
X Z Z ( ) .,%(CH)Cij}C{l P (Cy )C” pg}} k
[P PP (Se) k2m - y
(a)

Now, inserting the recursion relation (3.50) for the mixing matrix,

E\ /m\ !
2B _ gh- 5m:<)()
Y1k Y1k P D

into the underbraced factor immediately yields:

B . sBp ZPwr1)Pm
5(71 O ZV(pH)'"’Yk)’ (B.7)

" (VoY 3,8) LBy~ , o (Vi ® Vs
(a) = <p) (CH) e 10/ p ngﬁ) o (CH)C{’--(@;? . (B.3)
Plugging this back into (B.6) gives,
B m -1 5(p+1)...5m
CAl"'An = » Z ZCO X (B9>

~1,C —1\Cy, (Vyy &-Vyp9)
X Z (Z 1)141 o (Z l)in Z (CH)CEWICA w (CH)C// .l
C1,.,Cn {P1,P2}ePy(Sc)

N J/

(b)
Recalling the definition of P,(S) above eq. (4.30), one may use the recursion relation (3.50)

for the inverse mixing matrices in a similar manner (as with 25 in the (a)-term above)

Y1k
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to rewrite the underbraced term:

c! 07/1 (Vo &V d) RN C//
(b) = Z 514/1"'514/1 (CH)C{YIC';L " (£ 1)14/1/"'(2 )A” (CH)C// .o

{P1,P2}EPp(Sa)
(B.10)

where we note that the sum in (B.10) is now taken over elements of Py(S,4) rather than

Pp(Sc). Finally, inserting this back into (B.9) yields,

-1
o I <m) > [(C )(Av/”j, Vr?) (B.11)
P (P PyePy(Sa)

e B Bm
<Y @Y E NGOG |
eyl ' "
which, by eqs. (4.41) and (4.40), is equivalent to formula (4.32) with the H-subscripts

removed. O

Proof of Proposition 4. The proof of (4.43) is based on the associativity conditions (4.36)
and the behavior of the Wick OPE coefficients Cg--gb(xlv ..., Zp;z) on the total diagonal
when [B]y = n. As established in Theorem 4, the associativity conditions hold for general
prescriptions for the Wick powers. In particular, for the class of merger trees 7 such that

y; — x; at a faster rate than x; — 2z, we have, cf. formula (4.36),

CH @ i 2) ~75 Z C S5 - C$?¢(z7n;xn)051...cn<x1,-.-,xn;z),

1)7n

(B.12)

with the summations carried to a sufficiently high, but finite, order. As we shall see, for our
purposes, it is sufficient to include only [C;] < [4;] for all i.

We note the OPE coefficients ng ¢(37i3 ;) vanish unless [Cjly < k; = [Aj]4 for all i. Tt
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is useful to rearrange (B.12), putting all terms such that [C;] = k; for all 7 on one side:

S > )OS s ) CE o (10 2)
[C1lg=[A1]ls  [Cn]=[Anls
~7o Ch (- Gns 2) + (B.13)
- > D C&.(ﬁ(lﬁ;m)‘~'C$7¢(37n;xn)CgBl...gn(x1,.--,xn;Z).

[Ci]g<[A1ly  [Cnlp<[An]s

We now note the limiting behavior of the coefficients:

lim CF (50) = (B.14)

The second case follows from the fact that ng ¢(372~; x;) has negative scaling degree when

[C;] > ki by (4.5). The first case follows from the fact that, when [C;], = k;, the C$Z¢(gjl, x;)

are given by geometric factors (4.41) and these factors satisfy:

- 1 jg=0
lim S”(y;x) = , (B.15)

Yy—x
0 |6>0

because limy V?y)a(y; x) = 0. Evaluating the proposed limit of (B.13), using (B.14), we

then find:
Cﬁfl...dykn(ml’ ey T 2)
— lim --- lim [Cﬁ_.d)(gjl, T ?) (B.16)
Y111 Un—Tn
Cr (- Cn (= . .
- Z Z C¢.?.¢(y1;$1)"'C¢...¢(yn7l’n)Cgl...Cn(m?---7xn72)] -
[C1]<[A4] [Cn]<[An]

[Cilg<[A1]lg  [Cnle<[Anls
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This establishes formula (4.43) for the OPE coefficients involving products of Wick powers

with no derivatives. To obtain the general case, apply the derivative operator V 1 1) Vg, e

to both sides of relation (B.13) and take the limits ¢; — x; for all 7, using the identity:

: i, (yzk ) C;
lim Z Vg)éy( 11) vOé(Z k; C¢ ¢(3/m xz)ccl...c....cn(zl, ey T 2)

Yi—;
(2 Z[ i ]¢

which follows, in turn, from the identity (3.60) for the covariant derivative acting on any
scalar field.

Note, in our derivation, no assumption has been made about the rate x1, ..., x, approach
each other in (B.12), so the resulting formula (4.43) is valid under arbitrary merger trees for

these points. O

Proof of Proposition 5. Using Wick’s theorem (3.8), we find:

o(z1)p(w2) - p(n) (B.18)
[n/2]
= > D H(p1) To@)  H@p@k-1) Toar) * 0(To(akr1) - O Eo(m) -

k=0 Ok

where o}, runs over the same permutations as in formula (4.48). Putting all terms on the

right-hand side and smearing with the test distribution ¢, 11 € &'(x (n+1) pp, Gap) defined in
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eq. (3.29) then yields:

- / Foroms(z oz, o) VEY o VE) | Gag) - plam) + (B.19)
Z3L] y-ee9my
1n/2)

= Y Y H(wo1): %o (2) - H(@o(2k-1) To(2k)) X
k=0 Ok

% Sﬁ2k+l(xa(2k+1); Z) e Sﬁn(xg(n); (Vg @ Vg, 0 m(2) |

with implied summations over 5 multi-indices. Note only finitely-many terms contribute non-
trivially to the sum. In writing (B.19), we have used the definition (3.28) of the Hadamard
normal-ordered Wick fields. We may now use formula (3.70) to write (Vg é---Vg &)y
in terms of (Vg,¢---Vg ¢) and the smooth functions Fy<;,. Plugging this into (B.19),
one can then use the explicit expression (4.48) for the Wick OPE coefficients C’é o to write
(B.19) as:

_ / forang(z uy L a) VS V) | g(a) - plan) + (B.20)
2,7 ey Ty

- Z Z C(j{mqﬁ(xﬂ'(m—i—l)?""Iﬂ'(n);z)X

m<n rwell,,

x SO (2 4)i2) - SO ()3 2) (Vg6 Vg, 8)(2) |

with II,, and defined as in (4.49). Note again there are implied finite sums over
Z,T] ey Ty

£ multi-indices. Note the m = n term in the sum yields:

—5(2,21, -, 2) VISP (21 2) - V) P (21 2) (V3,6 Vg 6) = (Vo - - Vand),
(B.21)
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using the identity (3.60). Moving this term to the left-hand side of (B.20), then gives the

equation (4.49) we sought to show. O
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APPENDIX C
CONSTRUCTION OF a,,,, FOR
LORENTZ-COVARIANCE-RESTORING TERMS

The goal of this appendix is construct A-independent @ = a,~, such that (6.22) holds
for any choice of cutoff function x, i.e., to construct @ such that Q,; defined via (6.15) is
Lorentz-invariant. Our strategy will be to solve (6.22) inductively for infinitesimal Lorentz

transformations,

1

which generate the restricted Lorentz group. Here 0y, = H[Kp] parameterize an arbitrary
infinitesimal transformation and [ denote the Lorentz generators. Restoring indices, the

generators are given explicitly by,
5Py, = oppilagfl (C.2)
in the vector representation. We define
Qnr(w1,w2; 2 A7) = Qp(Awy, Awg; Az) — Qpp (a1, 293 2), (C.3)
and we denote the Taylor coefficients which appear on the left-hand side of (6.22) by
QU™ = QA7) = AV Qur (i 2 Aoy s (C4)

Thus, @ is a spacetime tensor of the same rank r = |y1| + |y1| as a. Translation invariance

implies Q(A™1) is independent of z. With this notation, the set of equations (6.22) that we
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wish to solve for a can be written as,
Q) = (D) -Ta, (C.5)

where D(A) denotes the representation of the Lorentz group on tensors of rank r. The kernel
of the operator D(A) —1I is comprised of Lorentz-invariant tensors, so (C.5) determines a up
to the addition of a Lorentz-invariant tensor of rank 7.

For the purposes of showing existence of a solution, a, to (C.5), it is useful to have a
manifestly smooth expression for the function Q (1, x2; z; A~1) defined in (C.3). From the

definition (6.12) of Q,;, we have,

Qpy (A1, Awgi Az) = —i / Py (y, A2) Hp(y, Aw1) Hp(y, Azs)
_ / Py \(Ay, A2) He(Ay, Axy) Hp(Ay, Azs)

= —i/dDy'x(Ay',AZ) Hp(y',z1)Hp (Y, x2). (C.6)

Here, the second equality was obtained by making a change of integration variables y —
y' = A1y and the final equality follows from the Lorentz invariance of H . Plugging (C.6)
into (C.3) yields,

Qurlay, w2 A71) = —i/dDy [X(Ay, Az) — x(y, 2)] Hp(y, 1) Hp (y, v2). (C.7)

Since for arbitrary, fixed A, we have x(Ay, Az) — x(y, z) = 0 when y is sufficiently close to z,

it follows from Proposition 8 that Q(z1,x2; z; A™1) is smooth in (27, z2) when these points
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are sufficiently close to z. Evaluating the Taylor coefficients of (C.7) yields,

Qa4 = (=)D [ 4Py [3(4,0) = x(w.0)] % Hp (.00 Hp (01 0),

(C.8)

where the translation symmetry has been used to put z at the origin. Note (), are mani-
festly invariant under interchange of multi-indices Q~,+y = Q9+, and symmetric within their
respective spacetime indices Q{/ﬂ'"ﬂmw}{Vl'“%ﬁ = Q{(Ml“'um|)}{(V1'“V|72\)}' The following
proposition establishes the existence of a satisfying (C.5) by the same type of cohomology
argument as used to prove the existence of counterterms in Epstein-Glaser renormaliza-

tion [24] :

Proposition 10. For any translation-invariant cutoff function x and any restricted Lorentz
transformation A, the tensors Q(A_l) defined in (C.8) are always of the form (C.5) for some
A-independent tensors a, which are uniquely determined modulo Lorentz-invariant temsors

of rank r = || + |72|.

Proof. Using the explicit formula (C.8), we find:

Q172 (A1A2) — Qryyyp (A1)

= ()i [ aPy [z A7 0) — x(A7 0, 0)] o Hi(y, 00 Hp (0.0

/

— (A7) (AT 2, (—1) O FnlEheD;

< [ aPy [z 0) - w0 0 Hp (o 00 1 )

= (A1), (A1), Qo (A2). (©9)

In going to the first equality, we note (AlAg)_l = Ay 1Al_l. The second equality follows
from a change of integration variables y — v/ = Al_ly, noting the parametrix is Lorentz

invariant and det A; = 1 so dPy/ = dPy.
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Given (C.9), eq. (C.5) can now be established via the following cohomological argument:
Denote the restricted Lorentz group £1 = SO™(1,D — 1) and denote by C”(L’l) the set of
all tensors T' = T, (A1, ..., Ay) which depend continuously on A. For each n > 0, we define

the “coboundary operator” d" : C" (L) — C’”‘Ll(ﬁl) by?,

(d"T)(A1, . Aps1) = (“D)TIT(Ay, L Ay) + D(A)T(Ag, . Apyip))+ (C.10)

+ Y (DPT(AL Ay A AR A 1) Agira) - M)
k=1

For any T € C’”(El), it follows from the definition (C.10) via a straightforward computation

that we have

n+1 n _
A v = 0. .
(" o d"T)(Ay,..., Apya) =0 (C.11)

Hence, for any T such that,
d"T =0, (C.12)

it follows immediately from (C.11) that (C.12) is satisfied by,
T =d" 18, (C.13)

for tensor S = S(Ay,...,A,—1) with the same rank as T'. If the only solutions to (C.12)
are of the form (C.13), then it is said that the “n-th cohomology group”, H”(ﬁl) = kerd"/
imd" 1, is empty. It has been proven [50, Subsection 5.C] that the first cohomology group

Hl(ﬁl) is empty. However, by eq. (C.9), we have

0= (d'Q)(A1,A2) = Q(A1) + D(A1)Q(A2) — Q(A1Ay), (C.14)

0 1
1. In cohomology theory, C™ are known as the group of “n-cochains”. The sequence, C° 4o 4

2
c? , generated by the coboundary operators d™ is called a “cochain complex”.
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Therefore, the only tensors satisfying (C.14) are of the form
Q(A) = (d’a)(A) = (D(A) - Da. (C.15)

Thus, for @ given by (C.8), there exists a solution a to (C.5). O

Although Proposition 10 establishes existence of a, we wish to obtain an explicit solution
for a in order to write the flow relations in an explicit form. In the remainder of this appendix,
we derive an explicit solution for a for ranks » = 0, 1,2 and then obtain an inductive solution
for a for r > 2. Our analysis closely follows the approach taken by |26, Subsection 3.3| in
the context of the Epstein-Glaser renormalization scheme, while generalizing to arbitrary
spacetime dimension.

For r = 0, D(A) = 1 and thus (C.15) implies Qg (o} = 0 for any Lorentz-invariant scalar
ag0}{0}- For r =1, we have Q{M}{O} = Q{O}{M}, so there is only a single independent Q(A).

The dependence of @ on A comes entirely through the cutoff function y. Since we have
1 = - 1 -
X(Ay 1y 0) = x(y.0) = —§0mp(l“p)“uy”9ux(y, 0) + O(6%) (C.16)

it follows from (C.8) that at leading order in # we have

1 K
Qo1 (Ag) = —595,0(3 DIYE (C.17)
where
(B™) iy 10y = i1") 7o, / dPy 720 x(y,0) 0 Hp(y, 0) Hp (3, 0). (C.18)

Note that (B"7) {u}{0} is independent of ,. On the other hand, for = 1, to leading order
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in 0y, the right-hand side of (C.5) is simply,
(D(Ag) —I)a = —%Oﬁpl“pa. (C.19)
Hence, for r = 1, to leading order in 6, equation (C.5) is equivalent to,
Orpl™Pa = b, B"P. (C.20)
eq. (C.20) will hold for all infinitesimal 6, if and only if,
I"Pa = B"P (C.21)

for all k,p=0,1,...,D — 1. Contracting this equation with I;, and using the identity?

Lepl™ = —2(D — 1)1, (C.22)
we obtain the explicit solution
_ _ 1 Bﬁp
UoHuy = U0} = ~a0p =1y e B o)
=i [ aPyo (0. Hi (0. 0)H(0.0), (C.23)

where we have used (C.2) and (C.18) to obtain the second line.

We proceed now to r = 2. There are two independent @ tensors of rank two and they are

both symmetric in their spacetime indices: Q{M}{V} = Q{(u}{u)} and Q{uu}{()} = Q{O}{,uu} =

2. The left-hand side of (C.22) is the quadratic Casimir operator of the Lie algebra of the homogeneous
Lorentz group.
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Q{0}{(uw)}- For r =2 and infinitesimal A = Ay, one now finds (C.5) takes the form
("PoI+1xI1")a = B"". (C.24)

Here (B"?)¢,y1y and (B")¢ 0101 = (B™) 034} are defined by a rank 2 generalization
of (C.18); the general formula for B for arbitrary rank is given in equation (C.31) below.
Applying the operator (l,ip RQI+I® l,.ip) to both sides of (C.24) and contracting over the

Kk, p indices yields,
—4(D—=1)a+2(lsp @1")a = (lyp @ I + 1 Qlsp) B™. (C.25)

Using the explicit expression (C.2) for [ it is easily seen that for any rank two tensor
T =T,y we have

((Urp @) 1), =2 (80 (T) 1y — To) (C.26)

where tr(T') = n#*"T},,. Note that the trace is a Lorentz scalar, so this term is automatically

Lorentz invariant. Substituting (C.26) into (C.25) and symmetrizing over (u, ), we obtain

1 R,
W)} = 4D ((lﬁp ®1+1®lkp)B p){(m}{m)} (C.27)

. —, —. -, 1 - .
=i [ @y x(0) | 00 HE(0,0) ~ 0l OO HE (0. )].

where all derivatives are taken with respect to the spacetime point y. Similarly, we find,

A () Ho} = Ho}{(uv)}
1
) ((

. . » L , ,
= —Z/dDy x(y,0) [HF(@/,O)%@VHF(%O) - Bnul/HF<ya 0)0*Hp(y,0)

(C.28)

lip ® T+ 1@ Lip) B™) (61 i)

Thus, we have explicitly solved for a for all ranks r < 2.
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We turn now to the derivation of an inductive solution to (C.5) for » > 2. For infinitesimal

A = Ay and to leading order in 6, eq. (C.5) now yields
L"a = B"P, (C.29)
where
LY=(1l"eI® - N+(II"I®--- )+ +(I®---1Ix1"), (C.30)
and

(B"P) (C.31)

{1ty Hv v} =

22'(_1)(|’71‘+|’Y2|) /dDy y[/iap]x(y, 6)au1 T a,uhﬂHF(% 6)81/1 T au‘,yﬂHF(ya 6)7

with all derivatives taken with respect to y. As in the r = 1,2 cases, we solve (C.29) by
applying the operator L, to both sides and contracting the s, p-indices. We begin by noting

that the operator we obtain on the left-hand side,
Ly, L™, (C.32)
contains two types of terms: There are r terms of the form,
I® - QIQIpl"PRI®---@I=-2D-1)I® -1, (C.33)

where we used (C.22). Similarly, using (C.26), the remaining r(r — 1) terms in (C.32) are of
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the form,

IQ - I® Iy ®I---1I® | 1P @1 @1 =2(myp,trij — Tiy), (C.34)
i-th slot J-th slot

where tr;; and T;; denote, respectively, the trace over the ¢, j-th spacetime indices and the

transposition of the i, j-th indices, i.e., for any tensor T" we have

(trijT),ul'“ur = T]“"”ij---uw (TijT),ul“',Ur = Tﬂl'“ﬂi/ﬁj'“ﬁ;ﬂi“'ﬂr’ (C.35)

Altogether, therefore, we have

Lipl™ = =2r(D — DI+4 > (ggpstrij — Tij), (C.36)
1<j<r

where I = I®7. Hence, multiplying both sides of (C.29) by Ly, and contracting the &, p-

indices yields,

2r(D—Na+4 Y Tija=-Le,B™+4 Y nutrja. (C.37)
1<j<n 1<j<n

Now, the trace of (C.29) yields
iy (Liha) =LY, (tryja) = try; B, (C.38)

where we have inserted a subscript (r) on ]LZf)) to indicate the rank of the operator (C.30)

being considered. Thus, tr;;a satisfies an equation of the same form as (C.29) but for the

lower rank ' = r — 2 and with B/ = tr;; B"P. For example, this implies the trace of the

155



r = 3 tensor a {u1p2} {1} with respect to its two p-spacetime indices is given by:

1 K
nmma{ulw}{m} - _mnmmaﬁpB p){ﬂl,@}{l’l}’ (C.39)

which is obtained by replacing (B"?) gy, ) with n#1#2(B"F) y in the r = 1 solution

{rp2H{m
(C.23) for a (0} }- Thus, since we are obtaining solutions inductively in r and have already
obtained explicit solutions for 7 = 1,2, we may treat tr;;a in (C.37) as “known.”

Thus, it remains only to extract a from the combination of components of a appearing
on the left side of (C.37). To do so, we note that the sum over all transpositions commutes
with any permutation. A standard result in the representation theory of finite-dimensional

groups implies the set of all elements that commute with the group algebra of the symmetric

group S, is spanned by a complete set of orthogonal (idempotent) elements E;,
EE; =6;E , D E =1L (C.40)

where k denotes the number of partitions of . Hence, we may expand the sum over trans-

positions appearing in (C.37),
k

Z TZ] = ZCiEiv (041)
i<j<r i=1

for some real-valued coefficients c;. Applying the operator E; to both sides of (C.37) and

using the orthogonality property (C.40), we obtain then,

(2r(D = 1) +4¢j) Eja =E;j | —LypB* +4 Y nuutrija | (C.42)
1<j<n

We abbreviate the numerical coefficients,
5]' = QT(D - 1) + 4Cj. (C.43)
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For any j such that ¢; = 0, eq. (C.42) places no constraint on the corresponding E;a
and, thus, this particular Eja must automatically be composed of an Lorentz-invariant
combination of the metric and totally-antisymmetric D-dimensional tensor densities (i.e.
“Levi-Civita symbols” €;...;;,,). For all j such that ¢; # 0, we may divide (C.42) through by

¢; and use the completeness relation (C.40) to obtain the inductive solution,

k
1
a = Z ,CTEJ —L,{pBI{p—l—él-Z nﬂmjtrija , (C.44)
j=1 J 1<g<n
¢;j#0

modulo arbitrary Lorentz-invariant tensors which may be identified with the value of the

sum over the terms which are unconstrained by (C.42):

k
Z Eja = Lorentz invariant tensor of rank r. (C.45)

j=1
&=0

All quantities appearing in our inductive solution (C.44) for @ have been explicitly defined
here except for the numerical coefficients ¢; and the idempotent elements E; which may be
constructed via standard methods from the representation theory of the symmetric group
(see |26, see “Appendix A: Representation of the symmetric groups”’| and references therein).

Note that the inductive solution, eq. (C.44), with B" defined via
1
Q(Ag) = —50kp B + O(0), (C.46)

holds for any tensors Q(A) satisfying (C.5) not just those defined? via (C.4).

3. In particular, the solution (C.44) for a holds when @ corresponds to the A-dependent coefficients of
the contact terms,
(Qayoon,) O (AN T § (21, .. ), (C.47)

that quantify the failure of the Epstein-Glaser renormalized (i.e. “extended”) time-ordered products,
T{®4,(x1) - P4, (2,)}, to be Lorentz covariant [26]. Hence, there is a close analogy between the countert-
erms required to restore Lorentz covariance in Epstein-Glaser renormalization and our “counterterms” for
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Remark 25. In the case where either || = 0 or [y2]| = 0, the tensor a, , is totally symmetric
in its spacetime indices and a closed-form solution to the induction equation (C.44) can be
obtained (see the solution to the analogous problem in Epstein-Glaser renormalization given

in [25, Section 3|).

Remark 26. When r < 2, the inductive solution (C.44) to eq. (C.5) reproduces the explicit
solutions we obtained above. The r = 0,1 cases are trivial. To verify the r = 2 case, note
the symmetric group S9 contains two elements: the identity I and the transposition T1g. It

is easily checked, in this case, that the idempotent decomposition (C.41) is satisfied by,
Tio=S—A, (C.48)

where S2 = S and A2 = A denote, respectively, the projector onto the symmetric part and
the anti-symmetric part of any tensor of rank 2. Note these projectors are “orthogonal” in the
sense that, for any tensor T' of rank 2, S(AT') = 0 = A(ST'). Moreover, they are “complete”
in the sense that S + A = 1. Therefore, since they satisfy all the requisite properties, we
may identify these projectors with the idempotents (C.40) for » = 2. Denoting E; = S and
Eo = A, we simply read off the coefficients ¢; = 1 and ¢9 = —1 by comparing (C.48) with
(C.41). Hence, the formula (C.43) gives ¢; = 4D and ¢o = 4(D — 2) in this case. Plugging

these into the general formula (C.44) immediately yields: for D # 2,

1 D
“=7ip (S + mA> (lsp ® I+ 1 @ lip) B + dnyy ptr1za, (C.49)

which is the most general rank 2 solution to (C.5). For D = 2, we have ¢ = 0, so the general
formula (C.44) yields (C.49) without the anti-symmetric term: note, in D = 2, any anti-

symmetric tensor of type (0,2) is proportional to the Levi-Civita symbol €, and, thus, is

the flow relations. The primary difference is that our counterterms are not proportional to (differentiated)
o-functions and, in the particular case of the flow relation for (C’H)ITD (66} = Hp, they are actually smooth

functions of the spacetime variables, see egs. (6.18) and (6.15).
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automatically invariant under restricted Lorentz transformations. For our application in any
dimension, only the symmetric part of a is of interest. Note also the trace of any rank two
tensor is a Lorentz scalar. Hence, (C.49) is consistent with the results given in eqs. (C.27)

and (C.28) above, i.e.,

1
Sa = —ES (lep ® I + 1 ®lyp) B + Lorentz-invariant tensor. (C.50)
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APPENDIX D
CURVATURE EXPANSION OF Q¢

In this appendix, we derive the curvature expansion, eq. (7.10), for . The derivation
closely follows the approach of [45, Proof of Theorem 4.1] with modifications to account
for the non-local metric dependence of (3¢ and its dependence on ;. Let g, denote the
components of the metric in RNC centered at z € M. Let S) : RP — RP denote the
map corresponding to re-scaling the Riemannian normal coordinates z# +— Ax#. We note
S\ leaves the origin invariant and it is a diffeomorphism for A € (0, 1]. Consider now the

smooth 1-parameter family of smooth metrics defined via,

hyw (23 A) = )‘_Q(SXQ)W(@ = guv(Az). (D.1)

Note that h;;(A) smoothly interpolates between the flat spacetime metric, 7., at A = 0
and the original curved metric, g,y, at A = 1.

For any Feynman parametrix compatible with the joint smoothness axiom W2, the quan-
tity,

Qg (V). tys, LI (f1, f2:0), (D.2)

defined via (7.6) is smooth in A. Hence, by Taylor’s theorem with remainder, for any non-

negative integer n, we have

S 1| dF -
QC[QNV’tN7L](f1’f2;O):kZOH WQC[huy( )t/h ](fl f27 ) )\_0+Rn(f17f2;0)7
(D.3)
where the Taylor remainder is given by
Lo 1 1 n d(TH—l)
Ru(f1, f2;:0) = m/o dA(1 = X) ch[huu( st L)(f1, f2; 0). (D.4)
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We now show that, modulo smooth terms, the remainder (D.4) is of scaling degree (n —
D +5) and, thus, the non-smooth behavior of Q¢ is entirely contained (up to scaling degree

9) in the finite k-sum of (D.3) for n > § + D — 4. We have

where the first equality follows directly from the definition (7.6) of Q- and the second

equality follows from the definition (D.1) of Ay,
(Ssh) (3 A) = /\_Z(S;k o S39) () = SZ(S:AQ)W(@ = SzhuV($§ SA). (D.6)

On the other hand, since x(y,0;sL) — x(y,0; L) vanishes in a neighborhood of the origin,
Yy = 0, it follows from the same wavefront set arguments used in Proposition 8 that for any

s € (0, 1], we have
Qclhuv(N), ty, L] = Qo [huw(A), ty, sL] 4 smooth terms. (D.7)
Plugging (D.7) into (D.5) yields,
(S2Qc P (N, ty, L)) = Qcls2huw(s)), sty, sL] 4 smooth terms. (D.8)
Plugging this back into the remainder (D.4), we find modulo smooth terms,

. . 1 1 . d(TL—I—l) .
(SSRn)<f17f270) = E/O d>\<1 _)\> d)\(n+1)QC[82h,LLV(S)\>7St,LL7SL](fl?va()) (D9>

ey L [ n | 00D 2 0
=g E/O d)\(l —/\) WQC[S hNV<Q)73t,u>$L](f1af2;O) o

However, from the almost homogeneous scaling behavior of the Feynman parametrix and
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its smoothness in m? together with the invariance of the cutoff function (7.4) under the
simultaneous rescaling (guv,t,, L) — (SQgW, sty,sL), it follows that for any ¢ € [0,1], we

have
Q¢ [52hyuw(q), st sL)(f1, f2:0) = O (s<—D+4)) . (D.10)
Consequently, we find modulo smooth terms
(S5 Rn)(f1, f2;0) = O(s( =D (D.11)

which implies that the scaling degree of any non-smooth contributions to Ry (f1, f2; 6) must
be at least n +5 — D.

Thus, we have shown that

0—D+4 1 [ a*
Qc[gul/ytpaLKfoQ;O) ~4 Z E WQC[A_Z(S:k\g)MVat/ML](flva;O) + smooth.
k=0 A=0

(D.12)

We now rewrite (D.12) in the form of the claimed curvature expansion (7.10) for the special
case that the metric has polynomial dependence on the coordinates, g,, = g/(f;). Since we

have
A2(S5g) i) () (D.13)

P -, -, -,
= 98 127 M N Ryanp (), NV o By (0), . A g+ Vg R (0)
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it follows that

Qe (S50 s L = Q0 X R0, XV 0,V R (0), 1, L.

(D.14)

For any smooth function of the form f = f(A2ag, Naq,..., AP

ap_g), a straightforward

cey

application of the multi-variate chain rule yields,

dkf

a(p0+"'+p(k—2))f(a0’ )
|,

) L a(p_g)
E k!ap0~~~ocp(k 2) (
0 (k—2) oPoqy - - - OPk—2

040,...,04(13_2):0

(D.15)

Using this formula to evaluate the terms in the k-sum of (D.12) then yields the claimed
curvature expansion (7.10). The result can then be extended to general smooth g, via

compatibility with axiom W2, using the same argument as in the proof of Proposition 9.
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APPENDIX E
CONSTRUCTION OF COVARIANCE-RESTORING
COUNTERTERMS BASED ON GENERAL ASSOCIATIVITY
CONDITIONS

The purpose of this appendix is to develop an algorithm for constructing covariance-restoring
counterterms without relying on explicit formulas for the OPE coeflicients or any other spe-
cial model-dependent properties. This algorithm is based on the general associativity prop-
erties of OPE coefficients and, thus, should be applicable to flow relations for any renormal-
izable Lorentzian quantum field theory. At the end of the appendix, we show this algorithm
reproduces the counterterms derived in Chapter 6 for the Klein-Gordon OPE coefficients
C%O (60} and we will use the algorithm to generate counterterms for the flow relations of
A¢*-theory. For simplicity, we give a derivation for Lorentz-covariance restoring countert-
erms in flat spacetime; however, the derivation can be generalized to curved spacetimes using
the approach developed in Chapter 7.

Consider a theory arising from a Lagrangian with a self-interaction term (®y,, where ¢
denotes the coupling parameter. (Note that for power-counting renormalizable theories, the
dimension of ®y, must be less than or equal to the spacetime dimension.) For example, for
Ap*-theory we have ¢ = X and Oy = ¢* /41, Consider the OPE coefficients arising from
products ® 4, (21) ... P4, (zn), where the fields ® 4, are of arbitrary tensorial (or spinorial)
type. We assume that the Lorentzian OPE coefficients C’TB; (AL An) have been found to
satisfy a flow relation of the form

o 5 .
a_CCTO{Alvm,An}(xl"“’xﬂ;Z) %—Z/dDyX(y,Z, L) ng{VAl...An}(yvxla"'7:CTL;Z)+

+ covariance-restoring counterterms, (E.1)
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where x(y, z; L) is a suitable translationally-invariant cutoff function (see (6.19)) and the
quantity Q%{VAl---A }(y, Z1,...,%p;2) is given in terms of OPE coefficients by a formula of

the general form

B
QTO{VAl...An}(y,LL"l, ey 2)
B

_Z Z C'%{VAZ.}(?J,m;xi)CJ%{AlmECmAn}(xl,...,xn;z)+
=L (<A V)-D

C . B .
- Z CTO{AI...AH}(:UL'"7xnaz)CT0{VC}<y7zvz)7
[Cl<[B]-[V]+D

where D denotes the spacetime dimension. For Klein-Gordon theory (( = m? and Dy =
$?/2), eq. (E.2) corresponds to the flow relation (2.2) for the Wick OPE coefficient Czlﬂo{(b._.w
(where only the second line of eq. (E.2) contributes in this case). For 4-dimensional \¢*-
theory (¢ = X and &y = ¢?/4!), eq. (E.2) corresponds to the Wick-rotated integrand of the
Euclidean Holland and Hollands flow equation (1.20). For 4-dimensional Yang-Mills gauge
theories, eq. (E.2) coincides with the Wick-rotated integrand of the Euclidean flow relations
given in |20, Theorem 4]. Thus, eq. (E.2) encompasses all of these cases. Our aim is to
explicitly obtain the covariance restoring counterterms in eq. (E.1).

Note that the individual terms in the sum for Q? are well-defined as distribu-

0V AL-An}

tions in spacetime variables y, x1, ..., z, only away from all diagonals, i.e., where none of the
spacetime events coincide. However, assuming the OPE coefficients satisfy the associativity
and scaling axioms postulated in [15], then the scaling degree of QTO (VA A} OB a0y partial
diagonal involving y and one other spacetime event z; is guaranteed to be strictly less than
the spacetime dimension D. It follows then that Q?O (VA A, GO be uniquely extended to
a distribution on these partial diagonals involving y, so the integral in (E.1) is well defined

(even though individual terms in Q:lﬁo (VAAn) generally contain non-integrable divergences

165



at y=ux; fori=1,...,n).
The failure of the integral in (E.1) by itself to be covariant under Lorentz transformation

A is characterized by the nonvanishing of the quantity

Since x(y, z; L) = 1 in an open neighborhood of z, if the spacetime events z; are sufficiently

near to z, then we have
X(Ax;, Az; L) = x(x;, 2; L), foralli=1,...,n. (E.4)

It then follows that the integrand in (E.3) vanishes as y approaches the partial diagonals

y = x; # r;j. Consequently, unlike the integral in (E.1), the expression (E.3) is well defined
T . . B

for each of the individual terms in the sum defining QTO (VAL-An} Note the y-dependence

of QTO (VA A,) B8 isolated within terms of the form

CTvDy--D,) (E5)

. . . B
Specifically, the y-dependence of second line of (E.2) appears in C’TO (VA A} The y-
dependence of the third line of (E.2) appears in C’%; (VA} Finally, the y-dependence of
the fourth line of (E.2) appears in Cg) ey It follows that the non-covariance of (E.3) is

quantified by integrals of the form:

- i/dDy [X(Ay, Az; L) — x(y, 2; L) Cj%{vpl...pn}(%xl: T 2).

Our task is now to show that the non-covariance of these terms can be compensated by

counterterms and thereby to construct the “covariance-restoring counterterms” for the flow
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relation (E.1).
The integrand of (E.6) is nonvanishing only when y lies outside an open neighborhood
of z. The associativity condition (see eq. (4.36)) implies that, for any merger tree 7 such

that x1,..., 2, approach an auxiliary point 2’ faster than 2’ and y approach z, we have

L AY2? ) /.

(E.7)

where both sides are viewed as distributions in (y, 21, ..., n, 2’) but with the left-hand side

having trivial dependence on the auxiliary point z’. Plugging (E.7) into (E.6) yields,

E
TTO{D1~-~Dn}(x1’ s T 25 A) ~TS (E.8)

_ZZO’%‘;{Dan}(xla>$nvz/)\/y[X(Ay7AZ)_X(y7z)] C]%{VC}(ya Z/;Z)a
C

where 77 denotes any merger tree with (x1,...,7,) approaching 2’ faster than 2’ ap-
proaches z. Here fy = f dp y and we suppress the L-dependence of y for notational conve-
nience. Assuming the OPE coefficient CX];C satisfies the general microlocal spectrum con-
dition stated in [15], then all elements (y, k1, 2’, k2, 2, k3) € (T*M)3 in the wavefront set of
CJ% ey (y,2'; 2) will be such that k; = —k9 and k3 = 0. It follows then from a straightfor-
ward application of [3, Theorem 8.2.12| that the dependence of (E.8) on (2/,2) is, in fact,

smooth and, thus, we may set 2/ = z :
E o ~ E —1\~C .
TTO{DI...Dn}(xlw-wxnaZvA) ~ ;QTO{VC’}(A >CT0{D1---DH}(I1="’>xnvz)’ (E9)

where Q%O{VC}M_I) is given by

Q%{VC}(A—I) = —z’/dDy [X(Ay,ﬁ; L) —x(y,0; L) Cﬁ{vc}(y,ﬁ; 0), (E.10)



where translation invariance was used to set z = 0. Thus, Qij e (A~1) is independent of
spacetime point z. Note that no assumption has been made on how quickly events x1,...,xy
approach z relative to each other, so (E.9) is valid for all merger trees involving the events
x1,...,Tn. Hence, we simply use the notation “~” that was introduced in the paragraph
surrounding eq. (4.2).

We now show that (E.10) satisfies a cohomological identity that enables us to obtain the

desired counterterms. Let A; and A9 be Lorentz transformations. Then we have

Q%){VC’} (A1A2) - Q%@{V(J} (Al)

= —i/ [X(Ag_lf\flyﬁ; L) = X(A719,0:1)| CF 104 (4,:0)
)

z// [X L) —x(y,0; L)] TO{VC}(Aw 0; 0)
Yy
Z// X831y 0 L) = (v, 0 1)] 3 DEM)DEWNTHCR 1y (4, 5:0)
y A,B
= DE(AI)DC( )QTO{VB}(A2) (E-H)
AB

)

where the second equality follows from a change of integration variables y — 3/ = Al_ly and
third equality follows from the Lorentz covariance of the OPE coefficients (where we recall
that @y, is a Lorentz scalar). Here we have abbreviated fy = [ d”y. Denoting Q = QTO ey

and suppressing field indices, eq. (E.11) is equivalent to:

0= (d'Q)(A1,A2) = Q(A1) + D(A1)Q(A2) — Q(A1Ag), (E.12)

which is the cohomological identity (C.14). As established in Proposition 10, this identity

implies there exists a = a?o ey such that:

Q(A) = (d"a)(A) = (D(A) — Da. (E.13)
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For tensor-valued! @, the results of Appendix C imply the a can be inductively constructed

(modulo Lorentz-invariant tensors) from

k

1
j=1 " 1<j<n
¢j#0
with
B = (B*) yen = 2i/dDy y"0P)x(y,0) CF, vy (v, 0: 0). (E.15)

By reasoning analogous to the arguments of Chapter 6, we obtain counterterms that

ensure the Lorentz-covariance of the flow relation (E.1) by making the following substitution

. E : B .
in every appearance of OTO{VD1~~Dn} m QTO{VA1~-An}’

1
E E . E C .
CTO{VD1"'Dn} - CTO{VDlen}(y’ L1y, Tni %) — v % aTo{VC’}CTO{Dl---Dn}<I1’ s 2),

(E.16)

where we have written

-,

Y = /dDy X(y,ﬁ; 0) (E.17)

It is understood the C-sum in (E.16) is carried to sufficiently-large field dimension [C] to
achieve whatever asymptotic precision is desired from the flow relation. The substitution
rule (E.16) is the key result of this appendix. We now illustrate it by applying it to the cases
of the massive Klein-Gordon field and 4-dimensional A¢*-theory.

For the case of the flow relations for CJIb (66} obtained in this thesis for the massive
Klein-Gordon field, we have &y, = q§2/2, ¢ =m?2, and (E.2) reduces to:

1
Qgﬂo{(¢2/2)¢...¢} (Y, 21, Tn; 2) = §C§O{¢2¢...¢}(y, T1,. .., %Tn; 2). (E.18)

1. A formula analogous to (E.14) can be obtained using the methods of Appendix C when @ is spinor-
valued (see also [26, Section 4]).
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Our algorithm instructs us to make the substitution (E.16) in Qiffo{( Plugging the

¢?/2)pd}
result of this substitution into (E.1) yields the flow relation:

0 i
WC%O{¢¢}<x17 <oy I Z) ~ - §/dDy X(y7 Z3 L) C§0{¢2¢¢}(y7$17 ey I ’Z) +

- EC: aé“o{(¢2/2)0}0%{141~-u4n}(Il’ ey Tp; 2) (E.19)

where aé,o (62/2)C) is given recursively by (E.14) with

¢?/2
(B“p)éo{@z/g)c} Zi/dDyy[“f)”]x(y,ﬁ) C§0{¢20}(y,5; 0). (E.20)

Comparing (E.19) with (6.31) of Theorem 7 and (E.20) with (6.30), we find that the sub-
stitution (E.16) reproduces the covariance-restoring counterterms obtained in Chapter 6 for
the flow relations of the Klein-Gordon OPE coefficients C. .
To{o-o}

For A\¢*-theory, we have Dy = ot /4! and ¢ = A. Our algorithm instructs us to make the

. - . B .
following substitutions in the formula (E.2) for QTO{(¢4/4!)A1--~AH}'

B B .

1 B C
Ry Z aT0{¢4C}CTO{A1"'An}(:E1’ ey Tp; 2)
C

Clytotat = Cryftan W7 2) - % % Ty giD) T (@05 2) (E-22)
Chvorcy = Crygoscy W %2) - %a§0{¢40}, (E.23)

where a% (40 is given inductively by (E.14) in terms of
B oy =2 [ Pya I (0,0) CF 10y (0,5:0) (E.24)

Note that the OPE coefficient CJ%{A} = C’E appearing on the right side of (E.22) is zero
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unless [A] 4 = [B]g = m and, in this case, it is given by

1

ST 0D (g — )P gD (g )P, (E.25)

Cf(w;2) =
where A =aq---ay and B = (7 - - - B, Making the substitutions (E.21)-(E.23) in

QB

To{(64 /A1) Ap- Ay} and plugging this back into the flow relation (E.1), we obtain

0

B )
a_)\CTO{Al"'An}(xl’ ey Inyg Z) ~
i d*y x(y, z; L) le? {¢4A1~-~An}(y’ Tl,...,xn;2)+ (E.26)
- Z Z [ Tofotagy 905 %)+
1[CI<
D . B .
_ v Z GTO{¢4D}CTO{AZ}(xza Z)] OTO{AIECAA”}(.T]_, .y T, Z) +
[D]
[ Z Totoicy (¥:%2) Z aTg{&C}} Tof Ay Ay (TLs -5 Tns 2) |

[C’>B]

The generalization of this relation to curved spacetime was already given in eq. (2.8).
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