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ABSTRACT

Block copolymers have emerged as a compelling candidate for nanoscale fabrication. In the

context of lithographic fabrication, attention has focused on the ability to control the self-

assembly and orientation of the nanodomains. However, assembling the block copolymers

into defect-free structures can be difficult. We know defect-free structures have a low free-

energy in equilibrium, but defects still occur in experiments. This shows that the defects are

occurring due to the kinetics and dynamics of the block copolymers. In this thesis, I explore

two methods to reduce defects via the Hole-Shrink experiments and shear, and the first

steps of a dynamic model to reduce defects in chemoepitaxy was developed. In the second

chapter, the graphoepitaxial assembly of cylinder-forming block copolymers assembled into

holes is investigated through theoretically informed coarse grained Monte Carlo simulations

(TICG MC). The aim is to identify conditions leading to assembly of cylinders that span

the entire thickness of the holes, thereby enabling applications in lithography. Three hole

geometries are considered, including cylinders, elliptical cylinders, and capsule-shaped holes.

Four distinct morphologies of cylinder forming poly(styrene-b-methyl methacrylate) (PS-b-

PMMA) block copolymers are observed in cylinders and elliptical holes, including cylinders,

spheres, partial cylinders, and wall-bound cylinders. Additional morphologies are observed

in capsule shaped holes. PMMA cylinders that extend through the entire hole are found

with PMMA-wetting surfaces; a weak wetting condition is needed on the bottom of the hole

and a strong wetting condition is necessary on the sides of the hole. Simulated are also used

to explore the morphologies that arise when holes are overfilled, or when PMMA homopoly-

mers are added in blends with copolymers. We find that overfilling can alter considerably

the morphological behavior of copolymers in cylinders and, for blends; we find that when the

homopolymer concentration is ¿10%, the range of conditions for formation of PMMA cylin-

ders that extend through the entire hole is increased. In general, results from simulations

(TICG) are shown to be comparable to those of self-consistent (SCFT) calculations, except

for conditions where fluctuations become important. In the third chapter, non-equilibrium

xiii



simulations of lamellae forming block copolymers are investigated by means of Theoretically

Informed Coarse Grain Brownian dynamics simulations and Dissipative Particle Dynamics.

Three lamellar orientations are subjected to steady shear, which differ in the direction of

the microstructure with respect to the shear plane. The stable orientations are identified as

a function of shear rate. It is found that for Brownian dynamics simulations the transition

from parallel to perpendicular does not occur; however, by including local conservation of

momentum, the lamellae exhibit this transition. The velocity profiles, stresses, and angles

of the blocks in the system were analyzed to yield insights into why parallel orientations are

less stable at higher shear rates.

In the fourth and fifth chapter, a model is developed for polymer entanglements in ho-

mopolymers and block copolymers. One possible approach relies on using slip springs. How-

ever, to inform these coarse grained models of block copolymers, the entanglements should be

elucidated. Experiments do not provide the molecular data, so microscopic models are useful

tools to study the molecular data. In this work, we study such issue using a Kremer-Grest

model as it represents a ”microscopic model”. This model can be used to obtain the topolog-

ical constraints of the polymer to inform coarse grained simulations. Defect annihilation of

block copolymer nanodomains have been studied recently, and these studies have shown that

there is a large kinetic barrier for defect annihilation. These studies has been performed with

soft unentangled block copolymers, but in the experimental system, these block copolymers

may be entangled. The entanglement effects of block copolymers are studied here using a

slip spring model, which was previously developed for homopolymer melts. In this article, a

comparison between the soft, slip spring model and a Lennard-Jones polymer is performed.

The Lennard-Jones polymer is examined using the Z1 analysis, where it is shown that the

topological constraints are increased at the interface of the unlike blocks for shorter chains,

but for longer chains the constraints decrease at the interface. For the slip spring model,

there is always a decrease of slip springs at the interface; when comparing the two models,

we observe that large molecular soft chains mimic the Lennard-Jones polymers in both the
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topological constraints, but not the orientation of the chains near the interface.
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CHAPTER 1

INTRODUCTION

Block copolymers are macromolecules which consist of two distinct polymer blocks connected

by a covalent bond. These block copolymers exhibit microphase separation into structures

on the order of 10 to 100 nanometers[3]. These macromolecules separate due to entropic

(volume fractions) and enthalpic (chemical incompatibility) interactions, where the chemical

incompatibility is characterized by the Flory-Huggins parameter χ, and the microphase

separation is characterized by the degree of polymerization (N) and the volume fraction

(f)[4]. In general, when the block copolymers phase separate into ordered microstructures

of spheres, cylinders, bicontinuous or lamellar structures, they are composed of molten and

solid states[4], with periodic microdomains of size 5 to 100 nm. This is called microphase

separation. If there was not a covalent bond between the polymer blocks, the polymers would

macrophase separate [5], similar to the separation between oil and vinegar. The chemical

incompatibility of the block is enhanced with decreasing the temperature. At equilibrium,

diblock copolymers exhibit three major morphologies, namely lamellae, hexagonally packed

cylinders, and spheres in a body centered-cubic lattice. These self-assembled structures

may be globally ordered by shear flow [6–12], chemical patterns [13–16], graphoepitaxy, and

solvent annealing [17, 18].

When modeling block copolymers, the challenge is to accurately sum the competing terms

of the interaction energy and the chain stretching entropy. Early theoretical work modeling

block copolymers has been done by Self-Consistent Field Theory (SCFT), which models the

block copolymer as a Gaussian chain[19–21]. Particle based models such as the Kremer-Grest

model[22], TICG model[16, 23–29], and DPD models[30–32] have been extended to block

copolymers to accurately predict the equilibrium and non-equilibrium properties. Block

copolymers have emerged as a compelling candidate for nanoscale fabrication. The self-

assembly of block copolymers can be directed by surface patterns, thereby creating templates

for synthesis of organic and inorganic structures such as nanowires [33–35], quantum dots [36,
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37], magnetic storage media [38], and silicon capacitors [39]. In the context of lithographic

fabrication, attention has focused on the ability to control the self-assembly and orientation of

the nanodomains [16]. However, assembling the block copolymers into defect-free structures

can be difficult. We know defect-free structures have a low free-energy in equilibrium[40],

but defects still occur in experiments[41]. This shows that the defects are occurring due to

the kinetics and dynamics of the block copolymers[42, 43]. Recently, Hur et al. [44] showed

that there are large kinetic barriers for direct self assembly, and chemical patterns reduce

this kinetic barrier.

In the Hole-shrink simulations, the block polymer is used to reduce the lateral dimensions

of the hole, and the question that arises is under which conditions will perfect cylinders be

formed. I use simulations to identify the conditions that lead to perfect cylinder formation

in so-called “contact-hole graphoepitaxy or Hole-shrink”. The aim is to control the assem-

bly of a block copolymer under cylindrical confinement, leading to formation of cylindrical

morphologies that span the entire height of the domain. The material in the inner cylinder

can then be removed selectively, thereby shrinking the original cavity or hole by as much as

a factor of four [45]. Several recent reports have explored the morphologies that arise for a

variety of materials[45–50]. Most studies, however, have only reported top-down SEM im-

ages of the resulting morphologies, and the precise three-dimensional nature of the assembly

is not known.

The model is extended to Brownian dynamics and the Dissipative Particle Dynamics

thermostat to examine its behavior under non-equilibrium molecular conditions, namely

shear flow, using Lees-Edwards Boundary Conditions [51]. We examine the differences that

arise when conservation of local momentum is enforced through DPD thermostats, and when

Brownian dynamics approaches are employed.

The chains inside the nanodomains the specific blocks can become entangled. The

entanglement effects on chain dynamics has been studied both theoretically [22, 23] and

experimentally[52, 53]. These topological constraints hinder the self assembly of block
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copolymers for nanoscale fabrication[42]. Coarse grained soft polymer models are one way to

explore these issues due to the ability to simulate long times and large length scales. How-

ever, models have not yet been developed to study the kinetics and dynamics of directed self

assembly for large molecular weight block copolymers[54].

Here, I implement a particle-based, mean-field-theory-influenced block copolymer model

to examine unentangled and entangled lamellae forming block copolymers equilibrium and

in holes in a substrate (so-called Hole-Shrink experiments). I use Brownian dynamics, the

Dissipative Particle Dynamics thermostat, and Monte Carlo simulations to solve the particle-

based model. In the Hole-Shrink simulations, I compare my results to the Self-Consistent

Field Theory of block copolymers (Chapter 1), and to examine the block copolymers in equi-

librium, I use the Kremer-Grest model[55] as a base line (Chapter 3). The main objectives of

this thesis are to understand the fundamentals of the Hole-Shrink process, the development

of a state-of-the-art model for the dynamics of multi-chain simulations of homopolymers and

block copolymers, and extending the state-of-the-art model of entangled homopolymers to

block copolymers.
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CHAPTER 2

GRAPHOEPITAXIAL ASSEMBLY OF CYLINDER FORMING

BLOCK COPOLYMERS IN CYLINDRICAL HOLES.

The graphoepitaxial assembly of cylinder-forming block copolymers assembled into holes is

investigated through theoretically informed coarse grained Monte Carlo simulations (TICG

MC) and self-consistent field theory calculations (SCFT). The aim is to identify conditions

leading to assembly of cylinders that span the entire thickness of the holes, thereby enabling

applications in lithography. Three major hole geometries are considered, including cylin-

ders, elliptical cylinders, and capsule-shaped holes. Four distinct morphologies of cylinder

forming poly(styrene-b-methyl-methacrylate) (PS-b-PMMA) block copolymers are observed

in cylinders and elliptical holes (cylinders, spheres, partial cylinders, and wall-bound cylin-

ders). Many different morphologies are observed in capsule-shaped holes. PMMA cylinders

that extend through the entire hole are found with PMMA-wetting surfaces; a weak wetting

condition is needed on the bottom of the hole and a strong wetting condition is neces-

sary on the sides of the hole. Overfilled holes are also simulated to explore the different

morphologies that arise between the ideal cylindrical case and the overfilled case. PMMA

homopolymers were also added in blends with copolymers under cylindrical confinement;

when the homopolymer concentration is larger than 10%, the range of conditions for forma-

tion of PMMA cylinders that extend through the entire hole is increased. In general, it is

found that results of simulations (TICG) and theoretical (SCFT) calculations are consistent

with each other, which is discussed in the supplementary information. However, the SCFT

calculations are less sensitive to surface interactions than MC simulations for the conditions

explored in this work.
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2.1 Introduction

The ability of block copolymers to assemble into ordered morphologies has been studied

extensively, both in the bulk[3, 4] and in thin films[33–37]. For a variety of applications,

it is of interest to generate defect-free ordered structures; this can be achieved through

graphoepitaxy,chemical epitaxy[13–16, 56], and posts[57, 58]. In the area of semiconduc-

tor device manufacturing, recent efforts have focused on the use of block polymers in hole

shrinking processes, in which thin interconnects are created by filling a relatively wide hole

with a cylinder-forming polymeric material, whose characteristic dimensions are consider-

ably smaller than those of the confining hole. The material in the inner cylinder can then be

removed selectively, thereby shrinking the original cavity or hole by as much as a factor of

four [45]. In design of so-called “hole-shrinking” or “contact-hole graphoepitaxy” processes,

the central question thus becomes identifying the conditions leading to formation of ideal

cylinders that span the entire thickness of the confining hole. In this work, we use simulations

to identify such conditions.

Graphoepitaxy relies on topography to guide the assembly of block copolymers. This

technique was developed over the last decade by several research groups. Segalman et al.

[59–62] used primarily poly(styrene-b-2vinyl pyridine) (PS-b-P2VP) sphere forming block

copolymers. Work by Cheng et al.[63, 64] also considered poly(styrene-b-ferrocenylsilane)

(PS-b-PFS) sphere-forming diblock copolymers. One important outcome of that work was
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to show that defects in the confining walls can have a pronounced influence in the resulting

morphology, and give rise to defective micro-domains[65].

Lamellar-forming poly(styrene-b-(ethyl-alt-propylene) (PS-b-PEP) block copolymers were

also assembled in trenches under preferential wetting of the PS [66, 67]. Monolayers of

horizontally oriented cylinders were assembled by Hammond et al. [68] using PS-b-P2VP

over a PS wetting substrate. Good assembly was observed in trenches of up to three

micrometers[69]. More recently, the assembly of vertically oriented cylinders of poly(styrene-

b-methyl methacrylate) (PS-b-PMMA) by graphoepitaxy has been explored in several pa-

pers [45–50]. Vertically aligned cylinders are found to behave similarly to PS-b-PFS spheres,

where the width and height of the trenches control the orientation, and where a neutral

wall gives rise to the best assembly. Most experimental studies to date, however, have

only reported top-down SEM images of the resulting morphologies, and the precise three-

dimensional nature of the assembly is not known.

Directed assembly with inhomogeneous walls can also enable alignment of lamellae form-

ing block copolymers of PS-b-PMMA[70]. In particular, a neutral bottom surface and a

preferential side-wall interaction are known to produce vertically oriented domains. A sim-

ilar approach was used to investigate the assembly of block copolymers in cylindrical pores

by Shin et al.[71].

Theoretical and computational studies of graphoepitaxial assembly of block copolymers

have generally relied in self-consistent field theory (SCFT) and Monte Carlo simulations.

Past studies considered lamellae-forming [20, 72] and cylinder-forming materials[73, 74, 74–

76]. In this work, we present a systematic computational study of the morphologies that

arise in hole-shrinking applications. We consider the particular case of cylinder-forming PS-

b-PMMA block copolymers, and we examine the effect of the confinement geometry and

wetting characteristics on assembly. It is found that cylinder formation through the entire

hole is difficult in perfect cylindrical geometries; however, when the holes are slightly de-

formed, the range of parameters for the formation of full cylinders is increased. Extending
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the lateral dimensions beyond ellipses to capsule-shaped geometries produces “U” and “W”

shaped morphologies. Addition of homopolymers improves the assembly process, and over-

filling of the holes can under some circumstances also lead to a PMMA cylinders that extend

through the entire hole.

2.2 Model and Methods

2.2.1 Monte Carlo

The model used for the block copolymers was the model developed by Helfand [77], which

includes the chain connectivity, incompatibility of the polymer blocks, and the compress-

ibility. The chains are Gaussian in nature which are discretized into N beads connected by

springs. The bonded Hamiltonian can be written as the following,

Hb(ri(s))

kBT
=

3

2

∑
i<j

(rij
b

)2
Bij (2.1)

where the position of the sth bead on the ith chain is ri(s), the sum runs over all beads

(Nn) (where n is the number of chains), Bij is either unity if there is a bond linking the

beads or zero otherwise, b2 = R2
e/(N − 1), Re is the average end to end distance of the

polymer chains. The non-bonded interactions includes the Flory-Huggins parameter (χN),

which controls the incompatibility between monomers and the compressibility (κN), where

non-bonded Hamiltonian is the following equation,

Hnb[ϕA, ϕB ]

kBT
=

√
N

∫
V

dr

R3
e
[χNϕAϕB +

κN

2
(1− ϕA − ϕB)

2] (2.2)

kB is the Boltzmann constant, n is the number of chains, ϕK is the normalized local densities

of type A or B beads, ρ0 is the normalized density, and
√
N = ρ0R

3
e/N is the number of

chains per unit chain volume, which can be extracted from experiments. In cases where
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there is an interaction between the substrate and the polymer, e.g, graphoeptiaxial assembly

of block copolymers, the following substrate potential is given by,

US (r, K)

kBT
= f (x, y,K)

ΛK

ds
exp

−z2

2d2s
. (2.3)

where, z is the distance normal to the surface, and ds is the decay length of the potential.

The strength of the interaction is controlled by ΛKN , and K is either a monomer of type A

or B; the parameter is found from comparing the surface free energies of the components[78].

The function f(x, y,K) has an absolute value of one, and it can change the sign depending

on K and x, y. For example, if a bead of type B is in a position where a chemical pattern is

preferential to A, then the sign of f(x, y,K) is positive, and ΛA = −ΛB . Thus the surface

contribution to the energy is

HS(r, K) =
nN∑
i=1

US (r, K) . (2.4)

The total Hamiltonian is given by the sum of all the components:

H(ri(s)) = Hb(ri(s)) +Hnb[ϕA, ϕB ] +HS(r, K). (2.5)

This model has been widely used in bulk studies of copolymers[25, 79], for polymer dynamics[24,

80], and for thin films[16, 26–29, 56, 81, 82]. In our own work the model is implemented

in Monte Carlo or Langevin dynamics simulations. In Monte Carlo simulations, each bead

is randomly displaced, on average, once every Monte Carlo step; the trial positions of the

bead’s or group of bead’s are accepted with probability pacc = min[1, exp−∆U
kBT ], where ∆U

is the change in the non-bonded, substrate, and bonded potential energies for the trial move.

Representative Monte Carlo moves include single displacements, translations, switch moves,

and reptation moves; additional details can be found in Detchevery et al. [26] and Baschnagel

et al. [83]. The simulations presented here are carried out in the NVT ensemble, and a grid
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based method is used to calculate the local energies[26].

2.2.2 Self-Consisten Field Theory

The self-consistent field theory (SCFT) simulations were performed with the model as de-

scribed by Matsen[19, 20]. However, the saddle point field equations were solved via an Euler

update scheme, while the diffusion equation was solved with a pseudo-spectral method [21].

The SCFT simulations were three dimensional, with sine basis functions used for the bound-

ary conditions, as described by Hur, et al [73]. The wall potential was the same function used

as in the Monte Carlo simulations, as opposed to the wall potential used by Matsen[20]. The

total free energy of the system is given as follows

F [ϕA,ωA,ϕB ,ωB ,ϕB ,ξ]
nkBT ≡ − lnQ[ωA, ωB ]

+V −1
∫
dr[χNϕA(r)ϕB(r)−

USN(ϕA(r)− ϕB(r))− ωA(r)ϕA(r)− ωB(r)ϕB(r)−

ξ(r)(ϕ0(r)− ϕA(r)− ϕB(r))]

(2.6)

where

Q[ωA, ωB ] ≡
∫
drP [rα; 0, 1] exp [

∫ f
0 dsωA(rα(s))−

∫ 1
f dsωB(rα(s))] (2.7)

Q is the partition function of a polymer in external fields ωA and ωB , ξ(r) Lagrange-multiplier

field, P is the probability of a Gaussian chain, f is the fraction of the A block, ϕ0 is the total

density of the system, and ϕA and ϕB are the monomer densities. Additional definitions for

these variables are given by Matsen[20].

2.2.3 Parameters

Our simulations consider a 24K-b-47K poly(methyl methacrylate)-b-polystyrene block copolymer[45,

46]. This corresponds to
√
N = 116, χNMC = 26, χNSCFT = 21.32[25], ds = 0.15 and
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κN = 35. We choose N = 33 for the Monte Carlo simulations, but for both methods,

f = 0.33. The natural periodicity L0 = 1.78 for MC and 1.55 for SCFT.

2.3 Results

2.3.1 Monte Carlo Simulations

The first geometry considered here consists of a cylindrical hole, similar to that used in the

experiments by Yi et al. and Seino et al. [45, 46]. Specifically, the radius (rc) is set to 40 nm,

and the height (Lz) of the hole is set to 60 nm. The interaction between the substrate and

PMMA (block A) on the sides of the cylinder is denoted by Λs, and the interaction between

the bottom of the cylindrical hole and PMMA is denoted by Λb. The top surface of the

cylindrical hole is considered to be neutral to PMMA and PS. In this article, we have only

explored the PMMA wetting condition because it produces smaller PMMA cylinders[84, 85].

We begin by focusing on a ratio of the diameter (D) to the natural periodicity (L0) of

D/L0 = 2, which in experiments corresponds to the optimal conditions for the formation o

PMMA cylinders[45]. The simulation is set up as seen in Figure 2.1a. The values of Λb and

Λs are varied from 0.2 to 2.2, and results are shown in Figure 2.2c. At low values of Λb and

all values of Λs, PMMA cylinders that extend through the entire hole are observed (Figure

2.2a), which will be referred to as “full” cylinders. For higher values, only partial PMMA

cylinders are formed (Figure 2.2b), which we referred to as “partial” cylinders. As the value

of D/L0 increases, full cylinders appear in a smaller range of parameters, as can be seen in

Figures 2.2d-f. The height of the hole (Lz and Figure 2.1c) is also an important variable.

The images in Figure 2.3a and b show an increase in the range of parameters leading to full

cylinders when the height is increased by 0.4 Re (18 nm) at the larger values of D/L0 = 2.28

or 2.44.

Experiments have used a wet-development process to remove the PMMA from the hole;

from this information, it is believed that the PMMA cylinders do not extend through the
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entire hole. According to Seino et al.[45], some PS remains at the bottom after the wet-

development process. If the partial cylinders were etched as in Seino et al.’s experiments[45],

PS at the bottom of the hole would interfere with the subsequent lithographic steps and

pattern transfer. Our findings are consistent with these observations, if we consider that the

upper right of the phase diagram in Figure 2.2c corresponds to the polymer/wall interactions

used in past experiments.

Figure 2.1: Image a) shows the set up of the cylindrical hole, b) shows the minor (α) and
major axis(β) of the cylindrical or elliptical hole, and c) shows the height of the film (Lz)
and an example morphology of a PMMA cylinder that extends through the entire hole. In
image b), the red is PMMA and the blue is PS, and the green is the interface between block

A and B(Φ = ϕA−ϕB
ϕA+ϕB

= 0) in images b) and c).

Figure 2.2: Image a) is an example morphology of a cylinder that extends through the entire
hole, and image b) is an example morphology of a partial cylinder. The green is the interface

between block A and B(Φ = ϕA−ϕB
ϕA+ϕB

= 0). Morphologies observed for a PS-b-PMMA cylinder

forming block copolymer with the height of the hole of 60 nm and values of c)D/L0=2.0 d)
D/L0=2.12 e) D/L0=2.28 f)D/L0=2.44. Red squares are partial cylinders.

Eventually, however, the range of parameters for full cylinders becomes small (see Figure

2.4a) when D/L0 deviates significantly from 2 (see, for example, results for D/L0 = 2.61).

Overall, we find that three morphologies can appear as the strength of the interactions is

varied: full cylinders, partial cylinders, and spheres (Figure 2.4e). To obtain a full cylinder,
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Figure 2.3: Morphologies observed for a PS-b-PMMA cylinder forming block copolymer with
the height of the hole of 78 nm and values of a) D/L0=2.28b) D/L0=2.44. Red squares are
partial cylinders (Figure 2.2b) and green diamonds are full cylinders (Figure 2.2a).

Λb must be weak and Λs must be strong; partial cylinders are formed with a large value

of Λb and Λs. At low to moderate values of Λs, spherical morphologies are observed. Full

cylinders occur when the interaction with the side wall is strong because there is a larger

density of chains near the side wall and, therefore, less PMMA in the middle of the hole.

This combination of interactions mimics the effect of lower values of D/L0. With lower

values of the wall/polymer interaction and larger values of D/L0, the PMMA block wants

to form a doughnut shape consisting of a cylinder that connects with itself; however, the

diameter of the cylindrical hole is not large enough to permit formation of a full doughnut, so

a sphere is formed in its place. When the strength of the wall/polymer interaction increases

at the bottom and the side of the hole there is not enough PMMA in the middle of the hole

to form a full cylinder, therefore, partial cylinders appear instead (which correspond to the

upper right-hand corner of the phase diagrams). The smallest concentration of PMMA in the

middle of the hole forms partial cylinders, and as the concentration increases, full cylinders

are formed; finally, the largest amount of PMMA is the sphere morphology because the

polymer wants to form a doughnut, as mentioned before.

It is also of interest to consider assembly in elliptical cylinders; as discussed below, such

deformations can change the block copolymer morphology and lead to desirable results. Pa-

rameters α (minor axis) and β (major axis) (Figure 2.1) describe the shape of an ellipse

according to (x
2

α2 + y2

β2
= 1). Here we consider 1%, 5%, and 10% deformations from an ideal

cylinder. The 10% deformation corresponds to α = 0.90rc and β = 1.1111rc; note that a

constant volume is maintained for all deformations when comparing to the original cylindri-
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cal hole. In the remainder of this section, the deformations considered here are denoted as

E99 for 1%, E95 for 5%, and E90 for 10%. Figures 2.5b-d show several representative config-

urations. A value of D/L0=2.63 was chosen due to the fact that the number of full cylinders

in the phase diagram were small. Four morphologies are observed in elliptical holes: partial

cylinders, full cylinders, spheres, and wall-bound cylinders (Figure 2.4f). The three ellipti-

cal geometries exhibit the same general trends described earlier for ideal cylindrical holes.

However, in addition to the spherical morphologies, wall-bound cylinders are also observed.

The range of parameters where partial cylinders exist in the phase diagram increases for all

three elliptical geometries; however, the range of parameters for full cylinder formation is

slightly increased in the E90 case. The resulting morphologies are shown in Figure 2.6. Less

PMMA wets the walls, allowing for the full cylinder to be formed. As the walls are deformed,

some of the PMMA chains are stretched; for the E90 case, the chains have an end-to-end

distance of 0.38Re on a section of the walls (section b in Figure 2.7), which is larger than

the bulk value of 0.33Re. The stretching of the chains occurs near the ellipse surface, due to

the smaller curvature of the minor axis. PMMA chains have a bulk-like end-to-end distance

at the surface of the major axis (Section a of Figure 2.7) due to the higher curvature of

the walls. The bulk-like allow more PS to approach the walls at lower values of Λs because

the PMMA chains are taking up less volume near the walls. This can be seen in the top

down image in Figure 2.7. The PMMA full cylinder can now be formed because the same

amount of PMMA can be located in the center of the hole as in the cases with lower D/L0

values. When Λb increases and a low value of Λs is maintained, the PMMA creates cylinders

around the edges which connect to the middle PMMA cylinder, where the morphologies are

no longer distinct.

Yi et al.[46, 47] observed multiple cylinders when the holes were elongated; to address

these observations, here we use two semi-circles attached to a rectangle to create what we

call a “capsule-shaped” geometry. The longest length is Ly and the height of the rectangle is

a; a representative configuration is provided in Figure 2.5e. We use Ly = 2rm+a to examine
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Figure 2.4: Morphologies observed for a PS-b-PMMA cylinder forming block copolymer with
the geometries a) C and D/L0 = 2.61, b) E99, c) E95, d) E90. Black circles are spheres
(image e), red squares are partial cylinders (Figure 2.2b), green diamonds are full cylinders
(Figure 2.2a), and blue triangles are wall-bound cylinders (image f). The green in image e)

and f) is the interface between block A and B(Φ = ϕA−ϕB
ϕA+ϕB

= 0). The value of D/L0 is 2.61

for the cylindrical hole.

Figure 2.5: Snap shots of top down views for a) C, b) E99, c) E95, d) E90, e) Capsule-shape.
Red is PMMA and Blue is PS.

how the morphology changes as a is increased, where rm = 30nm is the radius of the semi-

circles; a value Lz = 50nm is used for the depth of the hole. In Figure 2.8, the morphologies

start from a single partial cylinder and end with a “U” shaped PMMA domain. The latter

domains are fairly stable; however, they do change in size (Λs = 1.4 and Λb = 0.8), as a

increases. The U-shape morphology dominates the phase diagram, largely because there is

more space in the middle of the domain for this morphology to form. Figures 2.8e and f

show that, for values above Λb = 1.6 and below Λs = 0.2, one can even form an “H”-shape

domain.

The morphologies that extend to the bottom of the surface do not correspond to two

distinct cylinders; the two domains are always connected, as can be seen in Figure 2.9 e and

f. When a is increased, wall-connecting cylinders do appear, but when the capsule-shaped

geometry shows two circles on the top-down image, wall-bound cylinders do not appear.

When the holes are elongated even further, we see the formation of a different morphology.

As seen in Figures 2.9e-g, one section of the U-shape becomes larger and eventually breaks
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Figure 2.6: Comparison of interface between block A and block B (Φ = ϕA−ϕB
ϕA+ϕB

= 0) C, E99,

E95, E90. All images have Λb = 0.4 and Λs range from 1.6 to 2.2. A slice of the interface
near the wall is removed for clarity. Figures were generated using an Open-Source Scientific
Visualization Software, Mayavi2[1]. The value of D/L0 is 2.61 for the cylindrical hole.

into a W-shape.

Recent experiments have also shown that, after annealing, the prepatterns are not per-

fectly filled by the block copolymers, and that overfilling is common. To examine the conse-

quences of overfilling, we used a periodic box in x and y above the cylindrical hole. A hard

top surface is used in the z direction instead of a free surface due to the fact that the MC

model used here is a space filling model. The strength of the wall/polymer interaction above

the hole is the same as in the bottom of the hole, and the values of the wall/polymer inter-

action were varied from 0.2 to 2.2 as before. A few values of the wall/polymer interactions

were selected to illustrate important trends and morphologies, as seen in Figure 2.10. The

images in Figures 2.10a-c correspond to the full cylinder, sphere, and partial cylinder cases,

respectively, investigated in the cylindrical hole earlier. Overfilling leads to morphologies

that exhibit a different trend to that observed earlier. Full cylinders are seen when Λs is

large and Λb small, and when Λs and Λb are large, spheres appear (Figure 2.10c). At inter-

mediate strengths of the wall/polymer interaction, morphologies similar to those in Figure

2.10b are observed. With overfilling, the interaction of the PMMA with the wall above the

hole (and more PS outside of the hole) leads to a different phase diagram. As can be seen
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Figure 2.7: Image of a top down view of E90 with a Λb = 0.2 and Λs = 2.2, to show the
areas with different end-to-end distances in the wetting layer. Section a has an end-to-end
distance of 0.33Re, while section b has an end-to-end distance of 0.38Re. The legend plots

Φ = ϕA−ϕB
ϕA+ϕB

, where A is PMMA and B is PS.

Figure 2.8: Comparison of interface between block A and block B (Φ = ϕA−ϕB
ϕA+ϕB

= 0) for

increasing Ly = 2rm+a to show the transition between one and two holes. a) Ly = 2rm+a =
80.92nm, b) Ly = 89.62nm, c) Ly = 98.32nm , d) Ly = 107.02nm, e)Ly = 106.98nm, and
f)Ly = 115.68nm. Images a-d have Λs = 1.4 and Λb = 0.8, and images e and f have
Λs = 0.2 and Λb = 1.6. A slice of the interface near the wall is removed for clarity Figures
were generated using an Open-Source Scientific Visualization Software, Mayavi2[1].

in the Figure, when the PS diffuses out of the hole, it creates a layer of PMMA at the top

of the hole at higher wall/polymer strengths.

It is well known that homopolymers can be used to alter domain spacing. Figure 2.11

shows the phase diagram that arises when different amounts of PMMA homopolymer are

added to the system in a cylindrical hole. The homopolymers have a chain length of N = 12.

The homopolymers were described according to details provided in Stoykovich et al [13].

hWen the homopolymer concentration is 5%, there are fewer full cylinders and more par-

tial cylinders. The phase boundaries between partial cylinders and spheres are not as well
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Figure 2.9: Comparison of interface between block A and block B (Φ = ϕA−ϕB
ϕA+ϕB

= 0) for

increasing Ly to show the transition between two and three cylinders. a) Ly = 2rm + a =
108.76nm, b) Ly = 110.50nm , c) Ly = 112.24nm, d) Ly = 113.98nm e) Ly = 115.72nm
where, f) Ly = 124.42nm, and g) Ly = 133.12nm. All images have Λs = 1.4 and Λb = 0.8.
A slice of the interface near the wall is removed for clarity. Figures were generated using an
Open-Source Scientific Visualization Software, Mayavi2[1].

defined as in 2.4a. For 10% and 20% homopolymers, the range of parameters for partial cylin-

ders increases; however, with 20% homopolymers, the range of parameters for full cylinders

also increases. The homopolymers are equally spread through the PMMA domains. If one

compares the images from the pure block copolymer case and the binary blend, the mor-

phologies are quite different. The homopolymer swells the morphology in the middle of the

hole (homopolymers relieve the stress in the system), and at the specific diameter studied

here, different structures are formed because there is less PS in the hole.

Lastly, we also examined the critical dimensions and deformation of the PMMA domains.

The radius of the PMMA domain in experiments by Seino et al. [45] was between 20 and 22

nm; however, our simulations of the cylindrical hole yield an average radius of 25 nm for a

partial cylinder. The difference between the experiments and the simulations is small, but

could be due to the precise nature of the wetting conditions (which are not precisely known

in experiments), and to small deviations from a perfectly cylindrical hole geometry. In Yi, et

al.[47], the deviation of the PMMA domains (how much the PMMA cylinders deviate from

the average placement) of the capsule-shaped hole was calculated, and the authors found that

there is more deviation in the larger direction. In the simulations, the same calculations were

performed with partial cylinders for 31 different seeds, but only the top 10% of the PMMA

hole. The center of mass of the PMMA blocks were tracked throughout the simulation, and

the standard deviation was evaluated through the probability that the center of mass of

17



the chains be displaced away from the center of the hole (or from the center of the capsule-

shaped geometry). For the cylindrical hole, the standard deviation was 0.1 nm in the x and y

directions (geometry seen in 2.1). The capsule-shaped hole had a standard deviation of 0.12

nm and 0.18 nm for two PMMA domains, and of 0.13 nm and 0.2 nm for PMMA domains

for the smaller and larger direction, respectively. While the values of the simulations are

much smaller than the values reported in experiments, the same general trends are observed

here. The discrepancies between the simulations and experimental values comes from the

hole is not perfect in experiments (top down and through the substrate), non-perfect wetting

conditions, imperfect etching, polydispersity, and the mesa wetting the PMMA block. These

simulations have perfect conditions for each of these cases and no overfilling, showing that

if one were able to alleviate all those issues the deviation would be minimal.

Figure 2.10: The images present cross sections of the center of the cylindrical hole and the
box on top of the hole. Image a) has the polymer/wall interactions of of Λs = 1.8 and
Λb = 0.2, b) has the polymer/wall interactions of Λs = 0.2 and Λb = 0.6, and c) has the
polymer/wall interactions of Λs = 1.6 and Λb = 1.0. The cylindrical hole has a value of
D/L0 = 2.61

2.3.2 Self-Consistent Field Theory

We also explore the use of SCFT on the equivalent geometry and parameters as those used in

MC simulations, except χN was rescaled as proposed in the literature[25]. For cases where

the MC indicate formation of full cylinders (Figures 2.12d and e), SCFT (Figures 2.12a and

b) exhibits a ring of PMMA around a PS cylinder (a donut shape). The difference remains

when examining the partial cylinder. Contrary to the results of MC simulations, SCFT

morphologies do not change as much as the MC simulations when Λs and Λb are varied.

The discrepancies between SCFT and MC results are two fold. First, a value of χNSCFT =

21.3 was used; it is known that near the order-disorder transition SCFT model used here is
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Figure 2.11: Morphologies observed for a) 5% homopolymers b) 10% homopolymers, and
c)20% homopolymers. Black circles are spheres (Figure 2.4e), red squares are partial cylin-
ders (Figure 2.2b), green diamonds are full cylinders (Figure 2.2a). These simulations are
cylindrical holes with a value of D/L0 is 2.61.

not correct. For large values of χN SCFT reproduces experimental data, but at the lower

values of χN presented here, fluctuation effects become important. However, when the

molecular weight of the block copolymer reaches infinity (no fluctuations), the SCFT and

MC results will be the same. Since the MC results here are at an experimentally relevent

density[25], the only difference between the models should be the fluctuations. Second, SCFT

is known to be inaccurate near phase transitions. When the MC simulations show a phase

transition while changing Λs and Λb, the SCFT results do not. In Figure 2.12, there are no

partial cylinders and full cylinders for the diameter used in these simulations; however, if
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the diameter is reduced, the SCFT does show partial cylinders and full cylinders as well as

in the MC simulations. The donut shape is seen in the MC simulations when the diameter

of the hole is increased. It’s hypothesized that the fluctuations in the MC model cause the

donut structures in SCFT to collapse to the sphere; however, if the hole is large enough,

the fluctuations aren’t strong enough to collapse to the sphere. Lastly, there are major dif-

ferences between the SCFT and MC when comparing the values of D/L0. As the values of

D/L0 decreases, it can be seen that the SCFT simulations show a sphere or donut shape

where the MC simulations show full cylinders. This difference is due to the fluctuations in

the MC simulations stabilize the sphere to a full cylinder.

Finally, we note here that the computational time for an individual MC simulation run is

approximately 24 hours on a single processor with 100,000 MC steps. An individual SCFT

run requires 48 hours to observe a morphology and 96 hours to reliably converge to the

minimum free energy to an residual of 108.

Figure 2.12: SCFT for a) Λb = 0.2, b) Λb = 0.4, c) Λb = 0.6. For all images, Λs = 1.6.
These compare to MC images for the same Λb and Λs. Image a compares to d, image b
compares to e, and image c compares to f. Figures were generated using an Open-Source
Scientific Visualization Software, Mayavi2[1].

2.4 Conclusions

Monte Carlo simulations using the Theoretically Informed Coarse Grained (TICG) model

have been used to explore the behavior of cylinder-forming copolymers confined in hole
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Figure 2.13: SCFT (top) and MC (bottom) images for different values of D/L0. The images
on the left are D/L0=2.61 and on the right D/L0=1.83. Figures were generated using an
Open-Source Scientific Visualization Software, Mayavi2[1].

geometries. Specifically, we considered cylindrical holes, elliptical holes, and capsule-shaped

geometries. For cylindrical holes, an increase of the height of the hole allows the system to

form full cylinders at over a relatively wide range of surface-polymer interactions (low values

of Λs and Λb). Near D/L0 = 2.0 our results are consistent with available experiments for

string interactions between the polymer and bottom and side walls of the holes. However as

D/L0 is increased, the morphology of the system is dominated by spheres. Partial cylinders

appear for strong wall polymer interactions. By deforming the hole to an ellipse, it becomes

possible to form full cylinders over a wider range of conditions than in perfectly cylindrical

holes.

Deforming the cylinders into a capsule-shaped geometries, however, results in the PMMA

cylinder becoming wider and eventually breaking into a U-shape morphology. The morpholo-

gies in the capsule-shaped geometry are relatively stable to elongation of the capsule-shaped

geometry. At higher values of Λb and smaller values Λs, full cylinders can be formed; how-

ever, U-shape domains tend to dominate the phase diagram. As the length of the capsules

increases, the U-shape evolves into a W-shape. The same trend discussed above for the

U-shape can be seen in the W-shape. Addition of homopolymers, at concentrations in the

vicinity of 20%, also increases the range of conditions over which full cylinders are observed.

Latypov, et al.[86] showed, using the Monte Carlo model in this work, provide similar

results, however, at low values of PMMA volume fraction, an unstable morphology was ob-

served. The article studed the optimization of the confinement hole for the DSA process,
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using SCFT. Iwama, et al.[87] used SCFT to examine critical dimensions, volume fractions,

wetting conditions, and the effect of homopolymers on the assembly of the block copolymers

in the confined holes. Further work by the same group[84, 88–92], explore cylindrical confine-

ment in more detail using SCFT. The SCFT results are similar to the calculations showed in

the supplementary information, as well as connecting cylinders in the capsule-shaped case.

Fukawatase, et al.[93] used the Ohta-Kawasaki (OK) model for the hole shrink simulations,

and showed reasonable accuracy when compared to SCFT. The results showed that with a

neutral bottom surface, there was a defect-free window. We conclude this work by saying

the past theoretical studies of copolymer morphology in cylinders have been carried out

using SCFT/OK are largely consistent with the results presented here, except in regions

were fluctuations are expected to be important. The results shown here illustrate that the

fluctuations are important to understand the hole shrink problem.
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CHAPTER 3

NON-EQUILIBRIUM SIMULATIONS OF LAMELLAE

FORMING BLOCK COPOLYMERS UNDER STEADY SHEAR:

A COMPARISON OF DISSIPATIVE PARTICLE DYNAMICS

AND BROWNIAN DYNAMICS

Non-equilibrium simulations of lamellae forming block copolymers are investigated by means

of Theoretically Informed Coarse Grain Brownian dynamics simulations and Dissipative Par-

ticle Dynamics. Three lamellar orientations are subjected to steady shear, which differ in

the direction of the microstructure with respect to the shear plane. The stable orientations

are identified as a function of shear rate. It is found that for Brownian dynamics simula-

tions the transition from parallel to perpendicular does not occur; however, by including

local conservation of momentum, the lamellae exhibit this transition. The velocity profiles,

stresses, and angles of the blocks in the system were analyzed to yield insights into why

parallel orientations are less stable at higher shear rates.
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3.1 Introduction

At equilibrium, diblock copolymers exhibit three major morphologies, namely lamellae,

hexagonally packed cylinders, and spheres in a body centered-cubic lattice. These self-

assembled structures may be globally ordered by shear flow [6–12], chemical patterns [13–16],

graphoepitaxy, and solvent annealing [17, 18]. The lamellar structures and their response

to steady shear flow are the focus of this paper. Figure 3.1 shows three distinct lamellar

orientations that are subjected to shear; these are labeled parallel(∥), perpendicular(⊥), and

transverse (T ), according to the normal of the lamellae with respect to the direction of the

shear plane. The lamellae normals are parallel to the velocity gradient, the vorticity, and

the flow direction, respectively.

Figure 3.1: Schematic representation of lamellae: (a) parallel (∥), (b) perpendicular (⊥),
and (c) transverse (T ) orientations. Figures were generated using an Open-Source Scientific
Visualization Software, Mayavi2[1].

Depending on frequency and strain, the application of an oscillatory flow to copolymer

melts or solutions just below the order-disorder transition (ODT) results in stable ∥ and

⊥ orientations. Initially, Koppi et al. [94, 95], found that the perpendicular morphology

was obtained at high frequencies and elevated temperatures, and the parallel morphology

was observed otherwise; their experiments were conducted on a poly(ethylene-propylene)-

b-poly(ethyl ethylene) (PEE-b-PEP) block copolymer. The transition from the parallel

morphology to the perpendicular morphology was also seen at higher frequencies, but the

reverse was not found. For polystyrene-b-polyisoprene (PS-b-PI), Patel et al. [96] and

Riise et al. [97] obtained the parallel orientation at high frequencies and the perpendicular

orientation at low frequencies. Gupta et al. [98], showed that at high frequencies the parallel

morphology is stable and at lower frequencies the perpendicular morphology is stable for a
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PS-b-PI lamellae forming block copolymer. Leist et al. [99] found two transitions from

∥→⊥→∥ as the oscillatory frequency was lowered. Leist et al. [99] showed that the shear

rate can be mapped directly onto the oscillatory shear. The flip back to parallel at higher

shear rates is in contradiction with the theoretical work of Fredrickson [100]; lack of a double

flip in theory has been attributed to wall flow interactions in the experiments [101]. The

reviews by Chen et al. [102], and Hamley [103] provide an extensive discussion of the

morphologies observed in experiments. In general, the deformation of the block copolymer

comes from large amplitude oscillatory shear (LAOS), where the oscillatory frequency governs

the reorientation of the lamellar structures [7, 94–97].

Several theoretical studies have considered the effect of steady shear on lamellar forming

block copolymers in the bulk [30–32, 100, 101]. Fredrickson [100] performed a study using a

mean field theory block copolymer model with a simple stochastic model of the dynamics,

and showed that near the ODT at low shear stress the parallel morphology is stable, and at

higher shear stress the perpendicular morphology is stable. The study did not examine the

actual transition between the parallel orientation and the perpendicular orientation. Rychkov

[101] used non-equilibrium molecular dynamics using a Lennard-Jones (LJ) polymer model

and SLLOD equations of motion for planar Couette shear flow, and found that sphere and

cylinder forming block copolymers in solution change morphology to the parallel lamellar

orientation at low shear rates and to the perpendicular lamellar orientation at higher shear

rates. Cui et al. [104] used self-consistent field theory with the lattice Boltzmann method

to find the stable orientations for a symmetric block copolymer. At low shear frequencies

a parallel orientation was observed, and at higher frequencies a perpendicular morphology

was seen. Note that their initial state was only a totally disordered state.

Guo et al. [30] studied lamellae-forming block copolymers using short chains of LJ parti-

cles with a dissipative particle dynamics (DPD) thermostat using the reverse non-equilibrium

algorithm of Müller-Plathe (MP) to induce a shear velocity profile. The transitions from

T →∥ and T →⊥ were observed; at low shear rates, the parallel morphology was stable,
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and at higher shear rates the perpendicular morphology was stable. Later, Guo [31] used

a similar model to study the transition from ∥→⊥; the kinetic mechanism was found to

be through an undulation instability, partial breakup of monodomains, domain rotation,

and recombination coupled to defect migration and annihilation. Liu et al. [32], used the

standard DPD model of short block copolymers developed by Groot et al. [105–107]. They

described a mechanism in which lamellar layers are distorted, and then evolve to the per-

pendicular orientation. The article also shows chevron instabilities in the strong segregation

limit and sinusoidal instabilities in the weak segregation regimes for different values of the

Flory-Huggins parameter (χN). Fraser et al. [108] used the same block copolymer DPD

model to look at the stability of ∥ and ⊥. It was found that ∥ has higher internal energy and

a larger entropy production than ⊥, and concluded that ⊥ should be more stable at higher

shear rates. Ĺısal and Brennan [109] performed a similar study to that of Fraser et al., and

found that there is also a metastable diagonal lamellar morphology. These articles employed

a DPD thermostat because it is believed that hydrodynamic interactions can play a role in

the mechanisms behind morphological transitions under non-equilibrium conditions [30, 31].

A review of simulation techniques for shearing polymer melts or solutions can be found in

Rychkov [101].

The motivation for the present study is twofold: first, we aim to extend a coarse grained

formalism for description of block copolymer assembly that has been particularly helpful

under equilibrium to non-equilibrium situations. Eventually, we would like to investigate

the dynamics of copolymer assembly on chemical nanopatterns [42, 110, 111]. Note that

past reports on equilibrium Monte Carlo simulations using the model considered here have

shown good agreement with experiments; [16, 25–29, 56, 81, 82] there is reason to expect that

such agreement will continue in out-of-equilibrium situations. Second, we seek to investigate

the behavior of copolymer lamellae under shear and determine the source of the discrepancies

between the predictions of different theoretical approaches.

Specifically, in this work, we implement a particle-based theoretically informed block
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copolymer model[16, 25–29, 56, 81, 82] with Brownian dynamics and the Dissipative Particle

Dynamics thermostat to examine its behavior under non-equilibrium molecular conditions,

namely shear flow, using Lees-Edwards Boundary Conditions [51]. We examine the differ-

ences that arise when conservation of local momentum is enforced through DPD thermostats,

and when Brownian dynamics approaches are employed.

3.2 Methods and Model

The coarse-grained model employed in this work has been described in the literature [16,

25–29, 56, 81, 82]; it takes into account the main characteristics of copolymers, including

chain connectivity, compressibility, and the incompatibility of the monomers. Each chain

is discretized into N beads; the position of the sth bead on the ith chain in denoted by

ri(s). The total Hamiltonian can be written as the sum of bonded contributions (Hb) and

non-bonded contributions (Hnb):

H(ri(s)) = Hb(ri(s)) +Hnb[ϕA, ϕB ] (3.1)

where Hb(ri(s)) is given by

Hb(ri(s))

kBT
=

3

2

∑
i<j

(rij
b

)2
Bij (3.2)

and Hnb is given by

Hnb

kBT
=

√
N

∫
V

dr

R3
e
χNϕAϕB +

κN

2
(ϕA + ϕB)

2] (3.3)

the sum in Equation 3.4 runs over all beads (Nn) (where n is the number of chains and N

is the number of beads per chain), Bij is either unity if there is a bond linking the beads or

zero otherwise, ϕK(r) is the normalized local density of type A or B beads, ρ0 is the number
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density of the beads, V is the volume, and
√
N is the number of chains per unit chain volume,

which can be extracted from experiments. The interdigitation number is defined by
√
N =

ρ0R
3
e/N [26], where Re is the average end-to-end distance, and b2 = R2

e/(N−1). Essentially,

N controls the strength of the fluctuations; it can be estimated from the molecular weight

and melt density determined from experiments [78]. The strength of non-bonded interactions

between a homopolymer of type A with a homopolymer of type B is determined by the

Flory-Huggins parameter (χ), and κ ensures that there is a continuous density throughout

the system (a description for the choice of κ is given in Pike et al. [25]).

By defining a density cloud (ω(r)) around each particle’s position, one can compute the

beads’ local densities ϕK . The integral in Equation 3.4 can therefore be written as a sum of

pairwise interactions between beads,

Uij =

√
N

R3
e

[κN + χN(1− δKK)]

∫
V
ω(r− ri)ω(r− rj)dr (3.4)

where K is either type A or B. The density cloud decays to zero after a cutoff distance rint,

which allows for each bead to have a sufficient number of interactions with neighbors, as

determined in Detcheverry et al. and Pike et al. [25, 26]. Spherical step-like functions are

used to determine the interactions, so the beads can be thought of as soft spheres where the

pair-wise interaction energy is proportional to the overlapping volume of the density clouds.

The density clouds are normalized to unity, so ω(r) = Cω̃(r) where ω̃(r) = 1 if r <= rint,

ω̃(r) = 0 if r >= rint, and C is a normalization constant. Following Pike et al., in our

simulations each bead interacts on average with 14 beads.

The model described above can be implemented using Brownian dynamics; the evolution

of the particles is described by

γ
dri
dt

= fbi (t) + fnbi + ζi(t) (3.5)

where ri is the position vector of bead i, γ is the friction coefficient, fbi and fnbi are the
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bonded and non-bonded forces on particle i, respectively, given by f = −∇U , and ζ is a

Gaussian random vector with zero mean, unit variance, and ⟨ζ2⟩ = 2γkBT . In the limit

of the non-bonded interactions going to zero, the Brownian dynamics equation gives use

to the Rouse model. A discussion of this implementation in equilibrium can be found in

Ramı́rez-Hernández et al. [112].

The Brownian dynamics approach outlined above does not conserve momentum. Groot et

al. [105, 106] used a DPD thermostat for block copolymers and showed that hydrodynamics

plays an important role in the kinetics of microphase separation of hexagonally packed cylin-

ders. Furthermore, previous theoretical work has shown that DPD reproduces the transition

∥→⊥. More generally, several reports have highlighted the importance of DPD thermostats

in non-equilibrium flows [30, 31, 113]. The DPD model consists of the summation of conser-

vative forces (FC), noise (FR), and dissipative forces (or friction) (FD). The conservative

forces for this paper are derived from the forces from the Hamiltonian in Equation 1. The

random forces and dissipative forces on each particle, respectively, are given by

FR
i = σ

∑
i<j ω

R(rij)r̂ijζij/
√
δt,

FD
i = −γ

∑
i<j ω

D(rij)(vij · rij)r̂ij

(3.6)

where ζij is a random vector with zero mean and unit variance for a pair of particles (i, j),

vij = vi − vj , and rij is the vector between two beads. The weight function is given by

[ωR]2 = ωD =


(1− r/rint), r < rint

0, r ≥ rint

(3.7)

which is common in the DPD literature and σ =
√

2γkBT . As discussed in the literature,

DPD gives the correct hydrodynamics [114, 115]. To evolve the beads in time, a modified
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Velocity-Verlet algorithm is used according to

ri(t+ δt) = ri(t) + δtvi(t) +
1
2δt

2fi(t)

ṽi(t+ δt) = vi(t) +
1
2δtfi(t)

fi(t+ δt) = fi(ri(t+ δt)), ṽi(t+ δt))

vi(t+ δt) = ṽi(t+ δt) + 1
2δt(fi(t) + fi(t+ δt))

(3.8)

where δt is the time step, vi is the velocity of bead i, ṽi is the half-step velocity of the bead,

and fi is the sum of the conservative forces, random forces, and dissipative forces. A value

of δt=0.01 is used for the simulations.

Common methods for including shear in simulations include the approach of Müller-

Plathe [116] or the use of Lees-Edwards (LE) periodic boundary conditions [51]. Here we

used LE periodic boundary conditions, where the boundary conditions dictate an average

velocity gradient or shear rate. The gradient of the velocity profile is γ̇ = dvx/drz. Figure 3.2

provides a schematic representation of the algorithm is shown. For the Brownian Dynamics

case, the positions are updated by adding an external flow-field in the x direction,

f
drag
i,x = ¯̇γγ

(
ri,z(t)− Lz

2

)
(3.9)

where ¯̇γ = VD/Lz is the average shear rate and VD/2 is the velocity at the top of the

simulation box, γ̇ = ∂vx
∂z is the local shear rate, Lz is the height of the simulation box in the

z direction, and the total force on particle i is are now fi = fbi + fnbi + f
drag
i,x . In what follows

this method will be referred to as Brownian Dynamics Flow (BDF).

For the DPD thermostat, LE periodic boundary conditions were used to shear the block

copolymers as follows. When a bead crosses the boundary in the z direction, the velocities
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Figure 3.2: Schematic representation of the Lees-Edwards Periodic Boundary conditions. a)
is a representation of how the system is implemented and b) is the final velocity profile.
Figures were generated using an Open-Source Scientific Visualization Software, Mayavi2[1].

are updated in the x direction, but the y and z velocities remain the same:

vi,x(t) = vi,x(t)± VD
(3.10)

where the positive sign is used when the beads cross in the negative z direction, and the

negative sign is used when the beads cross in the positive z direction. This method is simply

referred to as DPDT. An important difference between the methods used here is that in

BDF a linear velocity profile is enforced, whereas in DPDT the velocity profile is induced by

the LE periodic boundary conditions, and may not be linear.

Parameters: A 10K-b-10K polystyrene-b-polyisoprene near the ODT as in Bates et al.

and Leist et. al [99, 117] block copolymer was modeled. This corresponds to
√
N = 58,

χN = 15, and κN = 15. We choose N = 32. The relaxation times (τ = R2
e/D) are

τBDF = 77.485 R2
e/D0 and τDPDT = 87.98 R2

e/D0, where D0 = kBT/γ = 1 where γ is

the friction coefficient; and σ = 3.0. It should be noted that in contrast to models with

steep excluded volume interactions, the friction comes from the thermostat (i.e. the soft
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non-bonded interactions do not generate significant friction). The prediction of the Rouse

model’s relaxation time is τRouse = 88R2
e/D0 in a disordered state.

3.3 Results and Discussion

When evolving the system with BDF, we started with three different lamellar configurations,

namely parallel(∥), perpendicular(⊥), and transverse (T ), as seen in Figure 3.1. We per-

formed simulations by increasing the shear rate for each of the three initial configurations.

If the initial configuration was T , and the shear rate was turned on, the final stable config-

uration was ∥. At intermediate shear rates diagonal lamellae were found to be stable. At

high shear rates, ⊥ was found to be stable, as seen in 3.3 b and c. This is in agreement with

experiments where the stable orientations under the influence of increasing shear rate are ∥

and then ⊥. However, for an initial configuration ∥ or ⊥, increasing the shear rate did not

change the lamellar orientations. This is in contradiction with theoretical and experimental

results that show a transition ∥→⊥ at high shear rates. For the initial configuration of

T , lamellae undergo a quick disordering transition, then a long reordering phase for both

perpendicular and parallel orientations, where the disordered state can be seen in Figure

3.3d.

Next, the system was evolved with DPDT and the Velocity-Verlet algorithm from the

same initial configurations. T is qualitatively similar to that obtained with BDF, where the

stable configurations are a sinusoidal ∥ (Figure 3.3a) and ⊥ (Figure 3.4e). Since the block

copolymers are in the weak segregation limit, they exhibit a sinusoidal final configuration,

as in Liu et al. [32]. The mechanisms of formation, however, are slightly different. The

reordering of the lamellar microstructures happens along the mechanism proposed in Ĺısal,

illustrated in Figure 3.4, where the lamella break up and then reform. Major differences come

in the changes in ∥. At low shear rates the parallel morphology is maintained. However,

at intermediate shear rates, a diagonal lamellar orientation is stable. The diagonal state

is assumed to be a metastable state [31, 32]. The mechanism for the transition ∥→⊥ is
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Figure 3.3: Final simulation snapshots of the initial configuration of T . a) a sinusoidal ’∥’
using DPDT at Wi = ¯̇γτ = 0.70 b)∥ using BDF at Wi = 6.119, and c) ⊥ using DPDT and
BDF (qualitatively similar results). d) A snapshot of T at Wi=6.119 after 1000 timesteps
after shearing. Arrows represent shearing in the x direction. Figures were generated using
an Open-Source Scientific Visualization Software, Mayavi2[1].

qualitatively similar to that observed in DPD studies with both the reverse non-equilibrium

algorithm and Lees-Edwards algorithms [30–32, 108, 109]. Fluctuations in ∥ eventually force

the lamellae to break up and, through a long reorientation process, the lamellae form the

final structures seen in Figure 3.4.

An interesting result is found in the velocity profiles along the gradient for BDF and

DPDT. When examining the velocity profiles for ⊥ and ∥, there is a ‘dip’ in the velocity

profile. For ⊥, the velocity profile is linear, as in Guo and coworkers [30]. In our implemen-

tation, the velocity profile for ∥ has ‘dips’ in it, localized at the interface between block A

and block B. What this means is that the ends of the polymer chains are moving faster than

the middle of the chain when compared to the linear velocity profile. This can be further

explained by looking at different values of χN and the stress throughout the simulation box.

Two simulations were run at lower temperatures and a larger molecular weight to ensure

the lamellae remain ∥. The initial configurations of these simulations were lamellae in the
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Figure 3.4: The mechanism for DPDT with ∥ as the initial configuration. a) 20,000 timesteps,
b) 35,000 timesteps, c) 40,000 timesteps, d) 50,000 timesteps, e) final configuration (70,000
timesteps) at Wi=31.67, and for systems with lengths Lx = Ly = Lz = 4L0. Arrows
represent shearing in the x direction. Figures were generated using an Open-Source Scientific
Visualization Software, Mayavi2[1].

Figure 3.5: Velocity profiles throughout the simulation box for lengths Lx = Ly = Lz = 4L0
in DPDT simulations.

parallel direction, with Wi = ¯̇γτ = 56.18. The velocity profile exhibits larger ‘dips’ at larger

values of χN , as seen in Figure 3.5. In Figure 3.6, a smaller box is used at the same shear

rate with normalized length in the z direction, to accentuate the ‘dips’ for different values

of χN . When heating the system, the ∥ begin the transition to the diagonal lamellae, which

is expected for this shear rate. If we examine xx, yy, zz, and xz components of the stress

(σxx,σyy,σzz,σxz), we can see one reason why the flip from ∥→⊥ occurs. The local stresses
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Figure 3.6: Velocity profiles throughout the simulation box for lengths Lx = Ly = Lz = 2L0
and normalized in the z direction to accentuate the ‘dips’. The dotted lines refer to the
interfaces for DPDT.

are calculated from the following expression

σαβ
kBT

=
∑
i

δ(r− ri)δαβ +
∑
j>i

rij,αfij,β

∫ 1

0
dsδ(r− ri − srij) (3.11)

where fij,β is the force between bead i and j from the thermostat, bonded, and non-bonded

potential; α, β ∈ {x, y, z}; the global stress is σαβ =
∫
V drσαβ(r)/V and the pressure is

Tr(σ)/3.

In Figure 3.7a, we show plots of the xx, yy, and zz components of the stress near the

interface with DPD. As expected, in the absence of shear, the local stress normal to the

the interfaces in a lamella forming melt is constant, and the tangential stresses exhibit both

a minimum and a maximum [25, 118, 119]. When increasing the shear rate to Wi=56.18

(Figure 3.7b), distinc minima in σxz arise at the interface. Although one would initially

expect the σxz profile to be constant throughout the simulation box, in the Appendix we

present simple continuum mechanics arguments to justify the observation of the oscillations.

There is tumbling motion in the block copolymers due to a correlation of the x and z velocity

components; such motion is apparent in the velocity vector fields shown in Figure 3.8. When

Wi → 0, the oscillations in σxz/¯̇γ vanish (this is discussed in the Appendix). The magnitude
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Figure 3.7: Stress plots for a) σxx,σyy,σzz at the interface 0.225 z/LZ without shear b)σxz
and ρ⟨vxvz⟩ for Wi=56.18 c)σxz for increasing shear rates from Wi=56.18 to Wi=280.89.
The interfaces are at 0, 0.225, 0.445, and 0.75 for this system

of the oscillations decreases as we decrease the Wi number. A slower moving block copolymer

would have a smaller gradient in the velocity profile, which can be seen in the velocity profiles.

If we compare the stress plots of the parallel lamellae to the perpendicular lamellae, we can

see that the stresses are constant throughout the simulation box (data not shown). This is

in agreement with Chen et al., who pointed out that the polymers are being stretched and

have an external stress; to relax, the block copolymers flip to the perpendicular orientation.

Finally, the angles between the block copolymer blocks were analyzed. The vector for
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each block was calculated from the covalent bond between blocks A and B to the center of

mass of each block. As expected, 80% of the angles were between 150 and 180 degrees. This

is consistent with results for sheared homopolymers in solution, where the polymers align

with the velocity profile [120, 121].

Figure 3.8: Velocity vector field for Wi=56.18. The legend from cream to blue corresponds
to the magnitude of the velocity vectors (the average velocity gradient has been subtracted

vi = vi − ¯̇γγ
(
ri,z(t)− Lz

2

)
), green planes show the interfaces between A and B blocks, and

black lines represent several stream lines (calculated according to [1]). a) Full simulation
box of ⊥ lamellae as in Figure 3.7 and b) expanded view of the top of the simulation box.

To examine the oscillations in σxz, one should look at the conservation of momentum.

The Navier-Stokes equation is as follows:

ρ
∂v

∂t
+ ρv · ∇v = ∇ · σ + f (3.12)
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where p is the momentum, v(r) is the velocity field, ρ is the constant mass density, σ = −pI+

π is the stress tensor, and f are the body forces. In our case ∂v
∂t = 0 because of steady state

and f = 0 because the flow is driven by boundary conditions. The hydrodynamic velocity

field ⟨v⟩ it is obtained averaging over a sufficiently large volume element or a sufficiently long

time interval, so thermal fluctuations are averaged out. If we look at a microscopic velocity

field, as in our simulations, one can average Equation 12.

ρ⟨v · ∇v⟩ = ρ⟨vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

⟩ = ∂

∂z
⟨σzx⟩ (3.13)

or

∂

∂z

(
⟨σzx⟩ − ρ⟨vxvy⟩

)
= ρ⟨1

2
vx

∂v2x
∂x

+ vx
∂vy
∂y

− vx
∂vz
∂z

⟩ (3.14)

To linear order in velocity, the shear stress, ⟨σzx⟩, is independent of the spatial coordinate,

z. If one extrapolates the simulation to vanishing shear rate, ¯̇γ → 0, and plots ⟨σzx⟩/¯̇γ, where

¯̇γ is the spatially averaged shear rate, this quantity should become constant. One can also

define a local viscosity, η(z), from

⟨σzx⟩
¯̇γ

= η(z)
1
¯̇γ

∂vx
∂z

(3.15)

This implies that the shear stress is independent from z in the limit ¯̇γ → 0, and that the

spatial dependencies of the local viscosity and the velocity gradient cancel. However, for

higher shear rates, there are corrections according to Equation 3.14, which are correlations

between different velocity directions. In equilibrium, ⟨vivj⟩ =
kBT
m δij ; therefore corrections

have to be induced by the shear and this observation is compatible with the effect being

second-order in v.

If we examine the right-hand side of Equation 3.14, the term proportional to
∂⟨v2x⟩
∂x is

independent from the spatial position because ⟨v2x⟩ = kBT/m is establishing the equilib-

rium value from the thermostat. Second, both vy and any spatial dependence along the

y-directions are small for lamellae oriented with the normal in the z direction and flow
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in x-direction. Lastly, we argue that the correlation induced by the shear flow gives rise

to a tumbling motion of the blocks. This tumbling motion has been observed in isolated

macromolecules in shear flow and in single molecules tethered to surface. Given the soft

interactions which suppress both static local fluid-like correlations, i.e., packing, as well as

any entanglement effects, this tumbling motions also occurs in polymer brushes [122]. This

rotational motion gives rise to a perturbation of the velocity field that is approximately pro-

portional to ey × r and, in this case, the term ∂vz/∂z vanishes. Canceling these terms and

integrating Equation 3.14 gives the following:

⟨σzx⟩ ≈ ρ⟨vxvz⟩+ const (3.16)

The result of Equation 16 is exactly what is seen in Figure 3.7b.

Lastly, we note that Noguchi and Gompper [123] have shown that for the DPD thermostat

to provide local equilibrium conditions in steady shear, ¯̇γrcut ≪
√
kBT/m, must be satisfied.

Using the cut off distance from our calculations, we find that according to the requirement,

the highest Wi number should be 6.42. Our simulations for the transition from ∥→⊥ are

carried out at Wi=29.0 to 31.67. To examine that we do not have large fluctuations in the

thermostat, we calculated kBT (z), for Wi=56.18 and Wi=280.89. Both of these values are

much larger than the Wi number used for the transition from ∥→⊥. In Figure 3.9, there are

oscillations in kBT , and there is a correlation with the velocity profiles. Lower values of the

velocity at the interface and larger velocities in the middle of the block. Even at these high

shear rates, the oscillations are about one to two percent of the average or less. Moreover,

the oscillations become larger at higher shear rates. At a Wi=31.67, the temperature of the

system is 1.014; therefore, we believe the thermostat works properly in these simulations for

the transition from ∥→⊥.
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Figure 3.9: The local distributions of kBT versus the z-direction. The interfaces are at 0.9,
1.8, and 2.7 Re.

3.4 Conclusions

The transitions from T →∥ and T →⊥ were captured with both BDF and DPDT. The

transition from ∥→⊥ in the BDF case does not occur, which is in contradiction to litera-

ture reports, both experimental and theoretical. With the enforcement of conservation of

momentum through the DPD thermostat, the transition from ∥→⊥ does occur.

The key differences between our calculations and previous DPD simulations [32, 108, 109]

reside in the densities of the system, the interaction between like and unlike beads, the length

of the molecules, and the level of discretization. With respect to the densities, the
√
N used

in previous DPD studies is equivalent to 0.3, while the
√
N used in these simulations is

58; this means the systems in the present paper are about 193 times more dense and are

experimentally relevant. The discretization of the chains (N) was at most 10 for past DPD

studies, and it is 32 for the simulations reported here. This level of coarse-graining may have

prevented previous studies from observing the tumbling motion because it relies on thermal

fluctuations of the molecular conformations. Five beads per block may not be sufficient to

adequately capture fluctuations of the molecular shape. The Theoretically Informed Course

Grained model also uses the Hamiltonian from Helfand [77], in contrast to a repulsive term

for non-bonded forces employed in previous DPD studies. Guo [30, 31], for example, used

an amphiphilic model consisting of only four beads per chain, which would be coarse grained
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on a level too large for our purposes. Also, Guo et al. adopted a LJ model.

The Theoretically Informed Coarse Grained model gives useful insights into the reasons

why the flip from ∥→⊥ occurs. When shearing ∥ at a low temperature, the stresses along

the interface are larger than the stresses in the middle of the lamellae. These results show

that the ‘dips’ in the velocity profile for ∥ are not artifacts and explain why the beads

are moving faster or slower: i.e. it shows why ∥ is not stable at higher shear rates. It is

also hypothesized that the inclusion of the local conservation of momentum allows for the

transition ∥→⊥. Finally, we note that the simulations presented here are for unentangled

block copolymers near the Order Disorder Transition and Rouse chains. In the future, we

plan to explore the flip with entangled block copolymers, for example in the PEP-b-PEE

block copolymers of Chen et al. [102].
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CHAPTER 4

A MULTICHAIN POLYMER SLIP-SPRING MODEL WITH

FLUCTUATING NUMBER OF ENTANGLEMENTS

Coarse grained simulation approaches represent a powerful tool to predict the equilibrium

and far-from-equilibrium behavior of multicomponent polymer systems. However, most of

those approaches relay on soft intermolecular interactions, thus the local non-crossability

is violated and dynamical phenomena associated to topological constraints is not captured.

Sip-spring models are capable to reincorporate the effect of those topological interactions at

a low computational cost. In this work, we extend our previously introduced multichain slip-

spring model such that it, correctly, incorporates the effect of the fluctuating environment in

which a polymer segment is immersed. We use this modified version to obtain the equation

of state associated to the slip-springs and compare it to an analytical expression deduced by

Chappa et al. The behavior of the model is also explored for the case where polymer melts

are confined into thin films. The inhomogeneous distribution of polymer segments, and the

corresponding inhomogeneities of density fluctuations, are reflected on the spatial slip-spring

distribution.

4.1 Introduction

Coarse-grained approaches are a powerful methodology for modeling the behavior of soft

condensed matter systems. These approaches allow to explore the wide spectrum of spatial

and temporal scales associated with the collective behavior of such soft materials. In partic-

ular, self-assembly processes operate at scales that are prohibitively long for a fully atomistic

description, thus coarse-grained modeling can provide insights into the physical principles

behind of such self-organization. By coarsening the description of a system, the number of

degrees of freedom is reduced and finer details ignored. At same time, effective interactions

between the surviving interacting sites become soft, i.e. the interaction energy between two
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interacting sites remains finite in the limit r → 0, where r is the distance between two

coarse-grained (CG) particles. Therefore, by ignoring the finer details regarding the local

non-crossability between molecules, faster equilibration of systems with mesoscopic, or even

macroscopic, length scales can be achieved. Kinetic and dynamical processes can also be

studied by using these approaches, and the agreement with experimental observations high-

lights how powerful these simulation approaches are. However, there are systems for which

those non-crossability microscopic details have consequences at large scale, specifically, high

molecular weight polymer melts and concentrated solutions. For those cases, topological

constraints play a very important role regarding the mechanical properties and dynamics of

such a systems. Therefore, phenomenological top-down approaches that reincorporate the

effect of those topological interactions with low computational cost are highly valued, as such

approaches would allow to explore the large time and length scale dynamics and kinetics of

complex macromolecular systems and their processes, i. e. hierarchical self-organization in-

and out-equilibrium.

Among the different attempts to reincorporate such topological constraints at a coarse

grained level, there are some that propose to use explicit entanglements at the two-molecule

level. In particular, we have recently reported a new simulation approach able to describe

the linear and non-linear rheology of entangled polymer melts[124]. This approach relies

on a many-chain representation, and introduces the topological effects that arise from the

non-crossability of molecules through effective fluctuating interactions, mediated by slip-

springs (SS), between neighboring pairs of macromolecules. The total number of slip-springs

is not constant but, instead, it is controlled through a chemical potential that determines

the average molecular weight between entanglements. Our results were shown to be in

quantitative agreement with experimental data, and suggest that the proposed formalism

may also be used to describe the dynamics of inhomogeneous systems, such as composites

and block copolymers. We also made a connection between our model and the single-chain

mean-field models. The reported results are highly encouraging, as our approach and the
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single-chain formalisms could be integrated to perform systematic coarse-graining.

As encouraging as our previous results are, however, there was a strong assumption re-

garding the process of creation and destruction of entanglements between a given pair of

molecules, namely, the local environment around a specific polymer segment was consid-

ered non-fluctuating. Such assumption is valid in single-chain descriptions but it is not in

particle-based simulation approaches. The consequences of such assumption are minor for

homogeneous systems, as the homopolymer melts considered in our previous report. But

such a fluctuations should be taken into account to describe inhomogeneous systems, such

as phase segregated block copolymers or thin films. In this work, we extend our previous

model such that it incorporates the effect of the fluctuating environment in which a polymer

segment is immersed. We use this new version to obtain the equation of state associated to

the slip-springs and compare it to an analytical expression deduced by Chappa et al. We

also explore inhomogeneous systems where confinement and phase segregation take place.

4.2 Model and Simulation Approach

The general details of our “Theoretically Informed Entanglement Polymer Simulations,” or

TIEPOS approach, have been described in our previous report. Here we provide with a

short summary of the model and approach, highlighting the important differences. Let’s

consider a A-B polymer blend composed by Nc = nA+nB macromolecules in a volume V at

temperature T . The polymers are represented by the discretized Gaussian chain model and

each macromolecule is composed of Nα beads, α ∈ [1, Nc]. The system configurations are

defined by giving the coordinates of all polymer segments {ri(s)} at different times, where

ri(s) is the position of the sth bead in the ith chain. The intra-molecular interactions are

given by βHb = 3
2

∑Nc
i=1

∑Ni−1
s=1 [ri(s + 1) − ri(s)]

2/b2, where b2 is the mean squared bond

length of an ideal chain, β−1 = kBT , and kB is the Boltzmann constant. Generalizations to

more complex situations, including blends of polymers with different bond lengths or chain

stiffness, are straightforward. The inter-molecular interactions are expressed as a functional
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of the local densities ϕA,B(r):

βHnb = ρ

∫
V
dr

[
χϕAϕB +

κ

2
(ϕA + ϕB)

2
]
, (4.1)

where ρ is the bead number density. The repulsion between unlike monomers, quantified

by the Flory-Huggins parameter χ, is represented by the first term in the functional. A

finite melt compressibility is prescribed by the second term, which corresponds to Helfand’s

quadratic approximation, where the parameter κ is related to the inverse isothermal com-

pressibility. By regularizing the scalar density fields, ϕα(r), employing a density cloud w(r)

associated with each interacting segment of the polymer chains, it is possible to transform

the field-based description in Eq. 4.1 into a particle-based representation with a pairwise

interaction potential, βHnb =
∑

i<j U(rij), where the sum runs over all polymer segments in

the system. These intra- and inter-molecular interactions are soft, thus entangled dynamics

are not captured and we resort to slip-springs to represent such topological interactions.

The entanglements are represented by effective fluctuating interactions, mediated by slip-

springs (SS). The SS consists of two anchoring units that move along different chain contours,

and connect the respective polymer segments via a spring: βuss = 3
2 [Rk − Rnk ]

2/b2ss,

where Rk denotates the position of the kth anchoring unit and nk denotes its partner. bss

characterizes the strength of the spring and is chosen as bss = b. The SS can only hop

between polymer beads, and only one SS occupies a given segment. The total number of

SS fluctuates and their number is controlled by a chemical potential µ, thus defining the

average number of entanglements per chain, ⟨Z⟩. To initialize the SS configuration, for each

SS pair, a polymer bead is randomly chosen and the first anchoring unit attached to that

segment. Then, a nearby segment is chosen to place the partner anchoring unit, in such a

way as to generate a Boltzmann distribution of links.

The time evolution of system configuration is performed by using a hybrid scheme, where

polymer configurations are updated via dynamic simulations during a short time interval, τss,
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and SS configurations are updated via Monte Carlo moves at the end of such time interval.

We note here, that the slip-springs can be updated in a variety of ways, more generally, one

could use a stochastic variable, τ̂ss, with an arbitrary probability distribution Ψ(τ̂ss), and

use this function to generate a set of τ̂ss’s and update slip-springs after these different waiting

times. Here, we have opted for the simplest possible scheme, with Ψ(τ̂ss) = δ(τ̂ss − τss) as

this choice provides good agreement with experiments. In this work, for simplicity, we adopt

a Brownian dynamics approach to evolve polymer segments. Thus, the time evolution of

configuration {rj} is governed by

γ
drj(t)

dt
= f bj (t) + f nbj (t) + f ssj (t) + ξj(t), (4.2)

where f bj and f nbj are the intra- and intermolecular forces acting on polymer segment j,

and f ssj is the force associated with the slip-springs. ξj represents the stochastic influence

of the coarse-grained microscopic degrees of freedom and satisfies the fluctuation-dissipation

relation: ⟨ξiα(t1)ξjβ(t2)⟩ = 2γkBTδijδαβδ(t1− t2), where α, β = x, y, z, and γ is the friction

coefficient.

During the SS configuration update, one performs Nss(t) + 2Nc attempts to update all

SS present at that time t, Nss(t), as well as to create new SS at chain ends. For each

attempt, an existing SS is selected with probability PSS , or a chain-end is chosen randomly

with probability Pch = 1− PSS . Then, one of the following MC moves is attempted:

1 A hopping move, which involves the transfer of one end of a slip-spring from one polymer

segment to a neighboring one, along the same polymer. We propose to move in one

or the other direction along the chain with equal probability. This move is accepted

with probability p = min(1, e−β∆uss), where ∆uss is the difference on the slip-spring

energy between the trial and old configuration.

2 A creation move creates a new slip-spring pair by adding a new ring to a randomly selected

unoccupied chain end. The location of the ring’s partner is selected from all M un-
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occupied polymer beads within a radius Rc with probability e−βuss(rj)/W , where W =∑M
k=1 e

−βuss(rk). This move is accepted with probability p = min
(
1, PSS

Pch

Nc
2(Nss+1)

β−1
e W

)
.

3 A destruction move involves deletion of an existing slip-spring pair if one of the rings

reaches the chain end, and moves out of the contour with probability 1/2. This move

is accepted with probability p = min
(
1, Pch

PSS

2Nss
Nc βeW−1

)
. Here, W = e−βuss(r1) +∑M

k=2 e
−βuss(rk), where r1 is the bond length associated to the slip-spring to be de-

stroyed.

where βe = e−βµ. Thus, the value of the chemical potential dictates the average number

of slip-springs per chain. Note that the main relaxation mechanisms of entangled polymers

are incorporated naturally in this approach: contour length fluctuations, reptation, and

constraint release.

The important point to highlight here is the following: In our many chain model, at

each instant of time there is a fluctuating discrete number of possible neighbors to anchor

the other end of a slip-spring, also the microstates associated to those neighboring beads

change from one time to another. All these microscopic details are encoded in W , which

is, therefore, a fluctuating quantity. Note that if there were not fluctuations in the local

environment, as in the case of single-chain models, then W will be a constant, let’s say

Wo, and could be adsorbed into βe, thus renormalizing the SS chemical potential, i. e. µ′ =

µ+β−1 lnWo. In our previous report we assumed the latter was the case, but this assumption

it is not satisfied in our particle-based description of the polymer systems, which naturally

includes fluctuations. Strictly speaking that assumption leads to incorrect sampling of the

grand canonical ensemble associated to the slip-springs. However, the consequences of such

assumption are minor for homogeneous systems, as the homopolymer melts considered in our

previous report. But, it could have important consequences on inhomogeneous systems such

as phase segregated block copolymers, thin films or solutions. The current implementation of

the model correctly incorporates such microscopic fluctuations, and thus, W is a fluctuating

scalar field, both in space as time.
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4.3 Results

4.3.1 Homogeneous Systems

In this section we will explore the consequences of incorporating a fluctuating W into our

multichain description of homopolymers, as indicated in the Methods section. We will com-

pare the results with the scheme presented in our previous report. Note that W depends

on particle density ρ, the higher number density is the less fluctuating W would be. In

our previous report W was assumed to be a constant and plays no role on the acceptance

probabilities, therefore, it is expected that the average number of slip-spring per chain ⟨Z⟩

would be insensible to changes in particle density in that scheme. On the other hand, the

correct set of acceptance rules in this work, contain W on them, thus number density will

affect the resulting ⟨Z⟩.

Thus, we fix the value of the chemical potential in both schemes and vary the polymer

bead density. It is important to remark that the chemical potential in both schemes has

not the same numerical value. Figure 4.1 shows ⟨Z⟩ as a function of density ρ. Indeed,

our previous acceptance rules give a number of slip-springs per chain that do not depend

on the bead density for large enough values (green dashed curve). However, the new set of

acceptance rules gives place to a monotonic dependence on ρ. In fact, for relatively small

densities, a linear dependence is found, which agrees with predictions and simulation results

reported in Ref.[125] for a similar model as the one presented in here. One key difference

between the model in Ref. [125] and ours, is that a single segment can be occupied by

any number of SS, even with the same SS-coupled bead. In our case only one SS can be

attached to a given polymer segment. Interestingly, the curve ⟨Z⟩ vs ρ, departs from a linear

relationship for large densities. An explanation of this behavior can be obtained by taking

a look into the analytical prediction for the SS equation of state derived in Ref.[125], which

reads:

⟨Z⟩ = ρ

βeNc
(NcN − 3)

∫
dr g (r) e−βuss(r), (4.3)
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where g (r) is the slip-spring pair correlation function, which only includes pairs of segments

that can be connected by a slip-spring. Note, in particular, that if the melt’s microscopic

structure does not depends on density, i.e. if g(r) is not affected by changing ρ, then for fixed

chemical potential, ⟨Z⟩ grows linearly with ρ. However, if by changing ρ there is a change on

the slip-spring pair correlation function, then a non-linear dependence should be expected.

We computed the slip-spring pair correlation function for different particle densities. In

Figure 4.2 we show g(r) for two extreme cases: ρ = 400/R3
e and ρ = 8000/R3

e. As can

be seen, the local microscopic structure has a strong dependence on the particle density,

therefore affecting the number of SS per chain, inducing a non-linear dependence on density.

Then, we keep number density fixed at a given value (ρ = 1798R3
e) and explore how ⟨Z⟩

is affected by the chemical potential. As reported in Figure 4.3, a monotonic dependence

on the chemical potential is obtained. Again the growth of ⟨Z⟩ with µ agrees with that

expected by Eq. 4.3. However, in this case too, a linear relationship was reported in Ref.

[125]. The origin of this discrepancy between both approaches relies on one key difference:

first, as mentioned above, in our approach each polymer bead can be occupied by only one

slip-spring (“fermionic” case), whereas in Ref. [125] there is not restriction on the number

of SS on a bead (“bosonic” model). Now, at a fixed density, the incorporation of slip-springs

has not effect on the microscopic structure of the melt, even for large values of SS chemical

potential (see Figure 4.4). Therefore, as the chemical potential is increased, the number of

available unoccupied beads decreases given place to a slower growth of ⟨Z⟩ with µ. Whereas

in model of Ref. [125] any number of SS on a single bead is permitted, thus increasing µ

leads to more SS that can be accommodated between any neighboring pair of segments.

We conclude this section by comparing the analytical equation of state obtained for the

many-chain system (Eq. 4.3) with that predicted by the single-chain theory of Schieber et
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al. In the latter theory, for discrete chains, the equation of state reads:

⟨Z⟩ = N

βsce + 1
, (4.4)

where βsce = e−βµsc , the superscript “sc” refers to the single-chain prediction, and, βsce is

chosen to be equal to the average number of beads between entanglements, Ne. Thus, for

weakly entangled melts, this equation of state can be approximated by ⟨Z⟩ ≈ N
βsce

. On the

other, for large systems Eq. 4.3 can be approximated by

⟨Z⟩ = N

βe
⟨W(ρ)⟩ , (4.5)

where

⟨W(ρ)⟩ =
∫

dr ρ g (r) e−βuss(r), (4.6)

is the average of the Rosenbluth factor defined in the creation-destruction rules described

above. In the case of homogeneous systems ⟨W(ρ)⟩ is independent of space and time. Thus,

for weakly entangled homopolymers in bulk, we can identify βsce = βe ⟨W(ρ)⟩−1, i.e. the

chemical potentials are related by µsc = µ + kBT ln ⟨W(ρ)⟩. To corroborate this approxi-

mated relationship, first we plot the data in Figure 4.3 in terms of βe = exp(−βµ). This

is shown in main panel of Figure 4.5. As can be seen a very similar dependence of ⟨Z⟩ on

βe is obtained (see Figure 2 in Ref. [1]), but the latter having quite different numerical

values. Then, we use the time average of W sampled during the simulations, Ŵ , and plot

⟨Z⟩ vs µ + kBT ln Ŵ , the resulting curve is presented in the inset of Figure 4.5 along with

the equation of state predicted by the single-chain theory, Eq. 4.4. As can be seen, the

simulations follows the analytical predictions, even for systems with small βsce . Therefore,

for homogeneous systems the results presented in Ref. [1] are very good approximations to

the results obtained using the correct creation-destruction rules reported in here. However,

in inhomogeneous systems the spatiotemporal character of W(r, t;µ) will affect the creation-
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destruction rules locally, allowing for inhomogeneous entanglement distribution, as expected

for example, in phase segregated block copolymers.

4.4 Conclusions

In this report we have extended our previous multichain slip-spring model with fluctuating

number of entanglements such that it now correctly, incorporates the effect of the fluctuating

environment in which a polymer segment is immersed. We have used this modified version

to obtain the equation of state associated to the slip-springs and compare it to an analytical

expression deduced previously. The formalism was used to study the effect of confinement

into thin films, where segment density profiles and chain configurations are modified by the

confinement. These inhomogeneities are reflected on the spatial distribution of slip-springs.
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Figure 4.1: Average number of entanglements per chain, ⟨Z⟩, as a function of ρ. Green circles are obtained
using the previous acceptance rules for the creation-destruction processes, while black circles are simulation
results obtained by using the correct rules described on the text. Chemical potential differ in numerical value
in both cases, but the rest of physical parameters are the same as those used in Ref. [1]. The red curve is a
linear fit to the small density data.
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Figure 4.2: Slip-spring pair correlation function g(r) for two different number densities, as indicated on
the labels.
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CHAPTER 5

A DETAILED EXAMINATION OF THE TOPOLOGICAL

CONSTRAINTS OF LAMELLAE FORMING BLOCK

COPOLYMERS.

Polymer materials, which can be examined with coarse grained models, should able to cap-

ture the physics associated with polymer entanglements. One of possible successful approach

relies on using slip springs. However, to inform these coarse grained models of block copoly-

mers, the entanglements should be elucidated. Experiments do not provide the molecular

data, so microscopic models are useful tools to study the molecular data. In this work, we

study such issue using a Kremer-Grest model as it represents a ”microscopic model”. This

model can be used to obtain the topological constraints of the polymer to inform coarse

grained simulations. Defect annihilation of block copolymer nanodomains have been studied

recently, and these studies have shown that there is a large kinetic barrier for defect an-

nihilation. These studies has been performed with soft unentangled block copolymers, but

in the experimental system, these block copolymers may be entangled. The entanglement

effects of block copolymers are studied here using a slip spring model, which was previously

developed for homopolymer melts. In this article, a comparison between the soft, slip spring

model and a Lennard-Jones polymer is performed. The Lennard-Jones polymer is examined

using the Z1 analysis, where it is shown that the topological constraints are increased at the

interface of the unlike blocks for shorter chains, but for longer chains the constraints decrease

at the interface. For the slip spring model, there is always a decrease of slip springs at the

interface; when comparing the two models, we observe that large molecular soft chains mimic

the Lennard-Jones polymers in both the topological constraints, but not the orientation of

the chains near the interface.
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5.1 Introduction

Block copolymers have emerged as a compelling candidate for nanoscale fabrication. The self-

assembly of block copolymers can be directed by surface patterns, thereby creating templates

for synthesis of organic and inorganic structures such as nanowires [33–35], quantum dots [36,

37], magnetic storage media [38], and silicon capacitors [39]. In the context of lithographic

fabrication, attention has focused on the ability to control the self-assembly and orientation of

the nanodomains [16]. However, assembling the block copolymers into defect-free structures

can be difficult. We know defect-free structures have a low free-energy in equilibrium[40],

but defects still occur in experiments[41]. This shows that the defects are occurring due to

the kinetics and dynamics of the block copolymers[42, 43]. Recently, Hur et al. [44] showed

that there are large kinetic barriers for direct self assembly, and chemical patterns reduce

this kinetic barrier.

Uneyama and Masubuchi [126] use a Slip-Spring model with many chains that was ex-

tended from the Slip-Link model[127], and these simulations reproduced the bead depen-

dence in the transition from the Rouse regime and entangled dynamics. This approach was

extended by Langelothet al. [128], but with the DPD thermostat and DPD force field. Re-

cently, Nikoubashmanet al.[129–131] have used the Theoretically Informed Coarse Grained

(TICG) model [26] with slip springs in non equilibrium simulations of cylinder and lamellae

forming block copolymers in thin films. The simulations of entangled block copolymers have

followed the scaling laws of the tube models, and for non-equilibrium simulations. Similar

to previous work, the DPD thermostat where the total number of slip springs fluctuate and

a specific chemical potential that is chosen a posteriori.

The soft coarse grained polymers need to reproduce the local physics of real polymer to

be applied to the kinetics defect annihilation. The Lennard-Jones polymer model is a great

first step for comparing the soft model to a real polymer. There has been a few simulations

of block copolymers using the Kremer-Grest model[55], but most have only examined short

chains[132]. Murat et al.[22], show that in the strong segregation limit the chain stretching
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lowers the entanglement density. However, recently Sethuraman et al. [133] show an increase

of the entanglement density using packing arguments by Kavassalis and Noolandi[134]. This

analysis was performed with Self-Consistent-Field Theory, Monte Carlo simulations, and

the Kremer-Grest model. The analysis was performed for chains of length N = 100, while

Muratet al.[22], explored chains up to N = 400 (where there are 85 beads in between the

entanglements).

Here, we confirm our TICG simulations are identical to the single-chain theory. A com-

parison between the soft model and the Kremer-Grest model is performed to ensure the TICG

model reproduces the physics of real polymers. The information from these comparisons will

allow the model to be used to study the kinetics of defect annihilation.

5.2 Methods and Model

5.2.1 Kremer-Grest Model

We simulated bead spring model with the so-called Kremer-Grest model[55], and we also

used the model for symmetric block copolymers[22]. We use this model because the model

handles entanglements naturally, so we can capture the topological constraints in the multi-

chain model. Following literature[55], we set the parameters, rc = 21/6σij , ϵAA = ϵBB = ϵ,

and ϵAB/ϵ = 1 + ϵ, σAA = σBB = σAB = σ, where the values of σ = ϵ = kBT = 1.0. This

produces a density of 0.85. These simulations were initiated with the HOOMD molecular

dynamics package, where a simple Gaussian potential, Vguass(r) = ϵexp[−0.5( rσ )
2], with

the same parameters as the 12:6 Lennard-Jones potential, but a cut off of rc = 3.0. The

simulation next ran the Martyna-Tobia-Klein equations of motion for NPT to orient the

chains into lamella for 10 million time steps. After Gaussian relaxation into lamella with the

Gaussian potential, the 12:6 LJ potential is turned on and run in the NVE ensemble with a

0.01 limit. After the NVE run, the NPT ensemble is run for 10 million time steps, and then

a final 10 million time steps with the Nose-Hoover thermostat. We used N = 100, 200, 400
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and ϵ = 1.5 and 2.0. For the rest of the article, we will refer to this model as FENE chains.

5.2.2 Theoretically Informed Entangled Polymer Simulation

In this article, we use the Theoretically Informed Entangled Polymer Simulation approach

with an implementation of the slip springs (SS) similar to Ramirez et al.[23]. Equilibrium and

non-equilibrium simulations have been performed with the Theoretically Informed Coarse

grained model with block copolymer and homopolymers[23, 24]. The coarse-grained model

employed in this work has been described in the literature [16, 25–29, 56, 81]; it takes into

account the main characteristics of copolymers, including chain connectivity, compressibility,

and the incompatibility of the monomers. Each chain is discretized intoN beads; the position

of the sth bead on the ith chain in denoted by ri(s). The total Hamiltonian can be written

as the sum of bonded contributions,Hb and non-bonded contributions,Hnb:

H(ri(s)) = Hb(ri(s)) +Hnb[ϕA, ϕB ] (5.1)

where Hb(ri(s)) is given by

Hb(ri(s))

kBT
=

3

2

∑
i<j

(rij
b

)2
Bij (5.2)

and Hnb is given by

Hnb

kBT
=

√
N

∫
V

dr

R3
e
[χNϕAϕB +

κN

2
(ϕA + ϕB)

2] (5.3)

the sum in Equation 5.3 runs over all beads (Nn) (where n is the number of chains and N

is the number of beads per chain), Bij is either unity if there is a bond linking the beads

or zero otherwise, ϕK(r) is the normalized local density of type A or B beads, V is the

volume, and
√
N is the number of chains per unit chain volume, which can be extracted

from experiments. The interdigitation number is defined by
√
N = ρ0R

3
e/N [26], where Re
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is the average end-to-end distance, and b2 = R2
e/(N − 1), where ρ0 is the number density of

the beads. Essentially, N controls the strength of the fluctuations; it can be estimated from

the molecular weight and melt density determined from experiments [78]. The strength of

non-bonded interactions between a homopolymer of type A with a homopolymer of type B

is determined by the Flory-Huggins parameter,χ, and κ ensures that there is a continuous

density throughout the system (a description for the choice of κ is given in Pike et al. [25]).

By defining a density cloud ω(r) around each particle’s position, one can compute the

beads’ local densities ϕK . The integral in Equation 5.4 can therefore be written as a sum of

pairwise interactions between beads,

Uij =

√
N

R3
e

[κN + χN(1− δKK ′)]

∫
V
ω(r− ri)ω(r− rj)dr (5.4)

where K is either type A or B. The density cloud decays to zero after a cutoff distance rint,

which allows for each bead to have a sufficient number of interactions with neighbors, as

determined in Detcheverry et al. and Pike et al. [25, 26]. Spherical step-like functions are

used to determine the interactions, so the beads can be thought of as soft spheres where the

pair-wise interaction energy is proportional to the overlapping volume of the density clouds.

The density clouds are normalized to unity, so ω(r) = Cω̃(r) where ω̃(r) = 1 if r <= rint,

ω̃(r) = 0 if r >= rint, and C is a normalization constant. Following Pike et al., in our

simulations each bead interacts on average with 14 beads.

Since TICG uses soft particles, chains are allowed to cross, and the topological constraints

(entanglements) are not present. We can use slip-springs to mimic entanglements in the

system. The Slip-Links (or springs) are used to capture entanglement dynamics in both single

chain and multi-chain model with success. In the multi-chain case the idea is to connect

two chain segments on a different chains via elastic potential. This represent topological

constraints that chain pose on each other. Slip-Springs are allowed to relax dynamically.

The Slip-Springs can slide along the chain backbone, can be destroyed and renewed at the
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chain ends. There are few Slip-Spring implementations different in details. We follow the

approach by Chappa et al.[125] and compare the results to the single chain results by Schieber

[135].

The slip springs are updated by cycling through each polymer chain, and then cy-

cle through each slip spring and either update or create a slip spring with probability

( 1
Nce

+ 1
Nssc

). Nce is the number of chain ends and Nssc is the number of slip springs

on the chain. The slip springs can jump to either neighboring beads with a probability of

min(1,exp(−Uss/KBT )), where Uss is the potential energy of the slip springs. The springs

can be created on the chain ends with a probability min(1,ξ = exp(µ/kBT )). If a slip spring

jumps off of the polymer chain it’s destroyed with probability of min(1,1ξ ). The slip springs

update via Monte Carlo moves, which is the same as previous work [23, 125]. The Slip-Springs

do not occupy the same bead which is in accordance to the Slip-Link model[124, 135]. Since

the simulations consist of soft block copolymers, there is a density gap near the interface of A

and B chains. Here we used the implementation in Chappa et al.[125] to ensure we properly

account for the density gap. Lastly, when simulating block copolymers, we assume that the

slip springs treat each block copolymer block identically. The details of implementation and

theory are in Ramirez et al. [124].

5.3 Results and Discussion

Figure 5.1: a) is the set up of the Kremer-Grest polymers, where n is the vector normal to
the interface, and the center of the red lamellae is at z=0. b) is the definition of ∆S for the
statistical segment length. A value of ∆S = 5 means the there is a distance of 5 beads from
the selected bead.

We prepare the systems in an initial lamellae configuration with the normal in the ’z’

60



Figure 5.2: Spatial anisotropy of chains and contour position dependent anisotropy of chains.
The anisotropy is parallel or perpendicular to the interface. Here, N100 is a FENE polymer
with 100 beads per chain of N = 100.

direction. The length of the box in the z direction is denoted, Lz and s is the contour of the

chain from 0 to 1. The setup can be seen in Figure 5.1 We denote the bead coordinates of

the chain as r
(i)
j=1,N (t) at specific times. We also know the interface normal (n). To resolve

the spatial anisotropy of the chains with respect to the interface normal, we use the tensor:

R(z) =
⟨
Pi
j(t)P

i
j(t)δ(nr

i
j − z)

⟩
t,i,j

(5.5)

where Pi
j(t) is the secant vector connecting bead j with the center of the chain. The

relevant values of R are the parallel and perpendicular components,

R2
∥ = nn : R(z) (5.6)

R2
⊥ =

1

2
(1− nn) : R(z) (5.7)

The results shown in Figure 5.2 show that there is a change in the physical structure of the

chains near the interface. The values of R2
⊥ (in the direction of n) and R2

∥ (parallel to n)
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Figure 5.3: A 2D contour plot of the entanglement density for the contour of the chain (s)
and through the lamella(Lz) for N = 100. The interface is at 0.25 and -0.25 z/Lz. Yellow
in the contour map is strongly entangled while blue is weakly entangled.

show there is an anisotropy of the chains parallel and perpendicular to the interface due to

the differing slopes near the interface.

The FENE chains were analyzed using the Z1 algorithm[136], through space and contour

of the chain. The Z1 algorithm analyzes topological constraints (called kinks), which are

where the polymers entangle. In Figure 5.4 and 5.3 shows a contour plot of the entanglements

on the contour of the chain and along the lamellae. When the plot is more yellow, there

are more entanglements on that specific part of the chain and in space. In Figure 5.5, we

show the folded entanglement density through the lamella. For N = 100 (Figure 5.3), there

is a peak of entanglements at the interface, which is consistent with results in ref [133].

However, when the chains become longer (N = 400), the density of entanglements decrease

at the interface in Figure 5.5, where the entanglement density was averaged over the contour

of the chain. This effect appears because as the chains become longer the chains in the

middle of the lamellae are able to entangle more than the N = 100 due to the number of

entanglements per chain. For N = 100, the kinks only exist in the middle of the chain,

which happens to be near the interface. The longer chains can entangle at different contours
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Figure 5.4: A 2D contour plot of the entanglement density for the contour of the chain (s)
and through the lamella(Lz) for N = 400.The interface is at 0.25 and -0.25 z/Lz (white
lines). Yellow in the contour map is strongly entangled while blue is weakly entangled.

of the chain, hence not localized at the interface. This effect is similar to homopolymers

near a surface where the number of entanglements is proportional to the density of the

monomers[137, 138]. This result can be directly seen in Figures 5.6 and 5.8 when the ratio

between the entanglements and the bead number density is plotted in space and contour

of the chain. The entanglements causing the local maximum close to the interface are thus

close to centers of chains and do not predominantly stem from the dangling ends.

Our model was compared to DSM (Discrete Slip-Link Model) [135]. As seen in Figure

5.9, the multi-chain model gives the same predicted results as DSM for homopolymers. The

parameters of the system are N = 128, κN = 50, χN = 0, (βe)eff = 4, dt=1/100, and time

steps before the slip springs are updatedτss=100, fraction of A beadsfA=0.5, N=32. When

the simulations are performed with lamellae forming block copolymers (χN = 37)[26], we see

the same predictions as homompolymers. These simulations are for ξ = 0.015 = exp(µ/kBT )

which can be mapped to an effective chemical potential by (βe)
−1
eff = exp(µ/kBT ) − ln <

W (µ) >= zeff , which is in correspondence with the analytical predictions by Schieber[135].

The value of ξ corresponds to (βe)eff = 4. Here, µ is defined from Chappaet al. [125] and
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Figure 5.5: The entanglement density through the lamella for N = 400. The interface is at
0.25 and -0.25, and z is the z-coordinate normalized by L.

W =
∑

exp(Uss/kBT ) where the sum is over all possible empty beads around a specific

bead. We vary (βe)eff (Figure 5.10) in our multi-chain simulations, and we see χN has

little to no effect when comparing to the single chain theory.

For the soft chains, we perform similar simulations with varying entanglement densities.

Here we use two different densities, N = 58 and 128. For the N = 58, we use the number

of slip springs per chain, < Z > −1 = 5.4 and 7.1, corresponds to ξ = 0.009 and 0.015. For

N = 128 we use ξ = 0.009 or < Z > −1 = 11.1. We then plot the density of the slip springs

and the monomers for all three cases. This can be seen in Figure 5.11 and 5.12. We then

extend the number of beads to N = 64 for N = 128 and ξ = 0.009. The values of χ = 1.15,

κ = 1.56, and b =
√

1/31 were held constant while changing the value of N . Figure 5.13

show the density of the slip springs, and due to the larger χN for N = 64 the maximum is

larger and the minimum is smaller. In the density of the slip springs for N = 64, are much

closer to the the densities of the FENE chains in Figure 5.5 (< Z > −1 = 4.8).

Instead of changing the molecular weight, as before, we now change the discretization.

We use N = 128 with N = 128 and N = 64 (b =
√

1/N − 1). As seen in Figure 5.15, the

more discretization, the results become closer to the longer FENE chains. At a N = 128,

we see the results of the entanglement density from the slip spring model closely resemble

entanglement density with the FENE chains. Lastly, the ratio of the density of the slip
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Figure 5.6: The ratio of the entanglement density and the bead number density. Yellow in
the contour map is strongly entangled while blue is weakly entangled. The interface is at
0.25 and -0.25.

springs is plotted to the density of the monomers in Figure 5.14. If the ratio was unity, it

would imply that the slip springs are not affected by the local density, which is not the case

in our simulations[125].

We then measure the local statistical segment length of the chains to observe how the

chains orient near the interface. We measure the distance between multiple beads apart,

∆S. The definition of ∆S is shown visually in Figure 5.1, which is the distance of ∆S beads

away from the selected bead. This analysis shows the chains orient normal to the interface

as seen in Figure 5.16 and 5.17. There is a small dip due the density dip at the interface,

and there is an increase in the statistical segment length increases when the beads are about

8σ from the interface. The chains orient normal to the interface due to this increase, and

this plot is in qualitative agreement with the entanglement density. The results here shows,

in more detail, the same results as Muratet al. [22], where the stiffness or orientation normal

to the interface is creating the decrease of entanglements.

Since the local statistical segment length is important to the entanglements of the FENE

chains, we calculated the packing of the chains in the TICG model. The same analysis for

the FENE chains was performed on the TICG model with N = 32 and N = 64 as seen in

Figure 5.18. In Figure 5.18, we see a peak of the local statistical segment length for many

65



-0.4 -0.2 0 0.2 0.4
z/L

0.7

0.8

0.9

1

1.1

1.2

φ(
en

ta
n

g
le

m
en

ts
)

Figure 5.7: The entanglement density through the lamella for N = 100. The interface is at
-0.25 and 0.25, and z is the z-coordinate normalized by L.

different values of ∆S, which does not occur with the FENE chains. For chains of N = 64

and higher, we see the same increase at the interface as the N = 32 case.

If we plot the same 2D plot as in Figure 5.3, we obtain Figure 5.19 for N = 32. These 2D

plots count the number of Slip Springs that jump on to a specific contour of the chain and in

space. For the shorter chains, the ends of the chains appear to be entangling more than the

middle of the chain (or interface). For the longer chains, the results of N = 32andN = 128

are similar. This effect is due to many slip springs being created and/or destroyed only at the

chain ends, which creates more entanglements at the end of the chains. However, Performing

and average of the slip springs in space shows there is a decrease of the slip spring density

at the interface, and the dip is greater for larger discretization (Figure 5.15).

5.4 Conclusions

Initially, we examined the Kremer-Grest model of block copolymers. We see similar results

as ref [133], but show that the entanglement density is not as simple as reported due to the

chain orientation near the interface. When exploring longer chain lengths, we found that the

chains become oriented normal to the interface and there are less entanglements present in

the middle of the chain. We have extended the slip spring model[124] to block copolymers
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Figure 5.8: The ratio of the entanglement density and the bead number density. Yellow in
the contour map is strongly entangled while blue is weakly entangled. The interface is at
-0.25 and 0.25.

and found the slip springs follow the single chain model [2] and Chappa et al.. [125]. We

compared our model to the Kremer-Grest model for block copolymers and measured their

entanglement density with the Z1 algorithm. These results are consistent with the soft slip

spring model. Since the TICG model is soft and has a low compressibility we do not capture

all of the physics of the FENE chains, but we do capture the essential features for longer

chains. With the TICG model we will now be able to simulate much longer times for the

dynamics and kinetics of entangled block copolymers, specifically in Directed Self Assembly

applications.
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Figure 5.9: The probability of finding and a chain with a specific number of entanglements
(Nss =< Z − 1 >). The black plot is the TICG simulation and the distribution from single
chain theory[2] is the red plot.

Figure 5.10: The number of slip springs in a simulation (Nss =< Z − 1 >) with different
values of χN .
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monomer density (blue) for N = 128, N = 32, and χ = 37. The black dashed lines are the
interface between the two blocks.
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Figure 5.12: Density of slip springs for N = 128 (black),N = 58 (red), and N = 58 (green).
Here N = 32, and the black dashed lines are the interface between the two blocks.
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Figure 5.13: Density of slip springs for
√
N = 128 for N = 32 (black) and N = 64 (red).

Here, b =
√

(1/31). The black dashed lines are the interface between the two blocks.

Figure 5.14: The values of ϕ(ss)/ϕ(z) for N = 32 (black) and N = 64 (green). Here,
b =

√
(1/31). The black dashed lines are the interface between the two blocks.
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Figure 5.15: The values of ϕ(ss) for N = 128 (black) and N = 64 (red). Here, b =√
1/(N − 1). The black dashed lines are the interface between the two blocks.
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Figure 5.16: The value of the statistical segment length for the FENE chain model. The
value of b is calculated from the distances of two beads on a chain that is ∆s apart. N = 400
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Figure 5.17: The value of the statistical segment length for the FENE chain model. The
value of b is calculated from the distances of two beads on a chain that is ∆s apart. N = 100
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Figure 5.18: The value of the statistical segment length for the TICG. The value of b is
calculated from the distances of two beads on a chain that is ∆s apart. For N = 32, the
interfaces are at Lz = 0, 0.9, 1.8, and 2.7.

Figure 5.19: Distribution of slip springs in space (z) and on the contour of the chain (s),
N = 32. The more red in the plots means the polymer is more entangled, and the more blue
of the plot the less entangled the polymer is.
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Figure 5.20: Distribution of slip springs in space (z) and on the contour of the chain (s),
N = 128. The more red in the plots means the polymer is more entangled, and the more
blue of the plot the less entangled the polymer is.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

In this work, the Theoretically Informed Coarse Grained model has shown the ability to

predict and reproduce experiments in the so-called Hole-Shrink experiments. The extension

of the model to dynamics have shown that it captures both entangled and rouse dynamics.

In non-equilibrium simulations the model correctly predicts the phase diagram for lamellae

forming block copolymers under shear and predicts the reason the flip in orientations is due

to the tumbling motion of specific blocks. When the TICG model included entanglements

via slip springs for block copolymers and homopolymers, the model follows the single chain

model and the Kremer-Grest model. To ensure our model correctly account for density

fluctuations, the Rosenbluth method was implemented for the slip spring model. Using the

Rosenbluth method, the slip spring model correctly reproduces the Kremer-Grest model for

block copolymers qualitatively.

For the Hole-Shrink experiment the next steps include, PS wetting walls, three dimen-

sional structures that mimic the actual holes in experiments, and more advanced geometries

(such as T- or L-shaped holes) will be performed using the knowledge gained in this article

to increase the window of the desired structures. Similar work, such as the critical dimen-

sions and displacement of the PMMA holes; homopolymer addition of both PMMA and PS;

and SCFT calculations will be analyzed, as in this article. The overfilled case has a large

parameter space and should be studied extensively with the addition of three dimensional

geometries.

Future work with the slip-spring model should be a study of entangled block copolymers

under steady shear examining the lamellar morphologies. The stress and velocity profiles

need to be explored as well, as in ref [24]. An implementation of different (βe)eff values for

each block also needs to be explored, and this will include a detailed comparison with FENE

chains as well. Lastly, once the model has been explored for non equilibrium simulations,

the model needs to explore the dynamics and kinetics of Directed Self Assembly of entangled
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polymers.
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