THE UNIVERSITY OF CHICAGO

QUANTITATIVE HOMOGENIZATION FOR HAMILTON-JACOBI EQUATIONS

A DISSERTATION SUBMITTED TO
THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES
IN CANDIDACY FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

DEPARTMENT OF MATHEMATICS

BY
WILLIAM COOPERMAN

CHICAGO, ILLINOIS
JUNE 2023



Copyright () 2023 by William Cooperman
All Rights Reserved



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . s v
ACKNOWLEDGMENTS . . . . . . . e vi
ABSTRACT . . . e vii
1 INTRODUCTION . . . . . e 1
2 FAST PERIODIC HOMOGENIZATION FOR CONVEX HAMILTONIANS . . . 3
2.1 Introduction . . . . . . .. Lo 3
2.2 Prior work . . . ... 4
2.3 Subadditive convergence . . . . . . ... 5
2.4 Homogenization via the metric problem . . . . . . .. .. ... .. ... ... 9
25 Thecased=2 . ... . . . . 11

3 SLOW PERIODIC HOMOGENIZATION FOR NONCONVEX HAMILTONTANS 15
3.1 Imtroduction . . . . . . . .. 15
3.2 Examples of slow homogenization . . . . .. .. ... ... .. ........ 17
3.2.1 An example in two dimensions . . . . . ... ... L 18

3.2.2  An example in three and higher dimensions . . . ... ... ... .. 23

4 STOCHASTIC HOMOGENIZATION FOR THE G EQUATION . ... ... .. 28
4.1 Introduction . . . . . . . . L 28
4.1.1 Priorwork . . . . ..o 30

4.1.2 Assumptions. . . . . . . . ... 31

4.1.3 Structure of the paper . . . . . . . . . .. ... ... .. ... 32

4.1.4 Notation . . . . . . . . . . e 32

4.1.5 Acknowledgements . . . . . ... .. L 33

4.2 Percolation estimates . . . . . . . ... Lo L 33
4.3 The metric problem . . . . . . . . ... 37
4.3.1 Controllability . . . . . .. .. ... o 38

4.3.2 Random fluctuations in first passage time . . . . ... ... ... .. 43

4.3.3 Nonrandom scaling bias . . . . . .. .. .. ... . L. 49

4.3.4 A shape theorem . . . . . .. ... ... o 60

4.4 Proofs of the main results . . . . .. ... ... .. 0oL 63
4.4.1 Homogenization of solutions . . . . . . . ... ... ... 63

4.4.2  Continuity of the effective Hamiltonian . . . . . . . . .. .. ... .. 64

5 THE RANDOM G EQUATION WITH NONZERO DIVERGENCE . . . . . . .. 66
5.1 Introduction . . . . . . . . L 66
5.1.1 How quantitative is Theorem 5.1.17 . . . . . . . . ... ... ... .. 67

5.1.2 Priorwork . . . . . .. 68



5.1.3 Definitions, assumptions, and conventions . . . ... ... ... ... 69

5.1.4  Acknowledgment . . . .. .. ... Lo 71

5.2 Local waiting time estimates . . . . . . . . . . ... L L L 71
5.2.1 The incompressible case . . . . . . . . . ... ... 0. 71
5.2.2 The compressible case . . . . . . .. ... .. o 79

5.3 Global waiting time estimates . . . . . . ... ... oo 82
5.4 Random fluctuations in first-passage time . . . . . . . . . .. ... ... 85
5.5 Nonrandom scaling bias . . . . . . . . ... Lo 88
5.6 Homogenization . . . . . . . . . ... 91
5.6.1 Thereachableset . . . . . ... ... ... L L. 92
5.6.2 Solutions of the G equation . . . .. ... ... ... ... ...... 94
BIBLIOGRAPHY . . . . . e 96

v



4.1

5.1

5.2

LIST OF FIGURES

An example of our controlled path from z to y; cubes corresponding to closed
sites are shaded . . . . . . . ... 42

Parts of the reachable set R(0), the cube Q g, and boundaries Sg, D, Lg, and

PR e 76
An example of our controlled path from x to y; cubes corresponding to closed
sites are shaded . . . . . . . .. 85



ACKNOWLEDGMENTS

[ am very grateful to Charles Smart, my advisor, for his guidance and patience over the
past four years. I would also like to warmly thank Luis Silvestre, my second advisor, for his
constant help, advice and generosity with his time.

I have been very fortunate to have many excellent teachers here in Chicago, including
Panagiotis Souganidis, Maryanthe Malliaris, Victor Ginzburg, André Neves, and Danny
Calegari.

During my undergraduate years, I was extraordinarily lucky to have learned from John
Mackey, Po-Shen Loh, Ryan O’Donnell, William Hrusa, Ernest Schimmerling, Boris Bukh,
and Giovanni Leoni, whose classes convinced me to study analysis.

I would also like to thank my friends and fellow students, including Ahmed Bou-Rabee,
Stephen Yearwood, Nixia Chen, Sehyun Ji, Nikiforos Mimikos-Stamatopoulos, Joshua
Mundinger, Rosemary Elliott Smith, Thomas Hameister and others for their support.

My deepest thanks are to my parents, Irene and Lenny, and to Marie.

vi



ABSTRACT

Hamilton—Jacobi equations form a broad class of first-order partial differential equations.
Some such equations model physical phenomena, such as the evolution of a system of particles
according to classical mechanics, or the combustion of a flammable gas. On the other hand,
any Hamilton—Jacobi equation can be viewed as the evolution of the value function of a
two-player differential game. When obtaining sharp quantitative estimates, the viewpoint of
differential games (or, in the convex setting, optimal control) is central to our approach.

This thesis is primarily concerned with the homogenization, or large-scale behavior, of
such equations when the underlying environment exhibits small-scale structure, which we
model by either periodicity or randomness.

In the periodic setting, we investigate the homogenization rate, which we prove depends
on the convexity (or lack thereof) of the Hamiltonian. In the random setting, we focus on
the G equation, a convex but noncoercive equation which models combustion. In general,
noncoercive equations (and even coercive nonconvex equations in a stationary ergodic envi-
roment) may not homogenize. However, the G equation is coercive in expectation, which we
show is sufficent to analyze the large-scale structure of solutions.

In the case of the G equation, our quantitative approach allows us to prove new qualitative
results, such as the continuous dependence of the effective Hamiltonian on the law of the

environment, and stochastic homogenization when the environment is compressible.
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CHAPTER 1
INTRODUCTION

Let d > 2. Given a function H: R? x R? — R which is called the Hamiltonian, and some
Lipschitz initial data ug: RY — R, we are interested in the large-scale behavior of the initial-

value problem

Dyu(t,x) + H(z, Dyu(t,z)) =0 in Ryg x R4 1)
1.1

u(0,z) = ug(z) in RY.

We typically interpret (1.1) in the sense of viscosity solutions, since u(t, -) may not remain
everywhere differentiable, even for smooth initial data.

There are several interesting special cases.

Ezample 1 (Classical mechanics). Let H(z,p) = V(z) + %]p|2, where V: RY — R. The
characteristics of (1.1) form the trajectories of a unit mass in d-dimensional space, evolving

according to classical mechanics, where V' denotes the potential energy.

Ezample 2 (Front propagation). Let H(z,p) := a(z)|p|, where a: R? — (0, 00). The sublevel
sets of u(t, -) evolve as front propagation, where the speed of the front in the normal direction

at position z € R? is given by a(z).

Ezample 3 (The G equation). Generalizing Example 2, let H(x,p) := b(x)-p+a(x)|p|, where
b: R% — RY. The sublevel sets of u(t,-) evolve as front propagation, while simultaneously
being advected with velocity b. The analysis is significantly more complicated when the
“wind speed” |b(z)| is greater than the expansion speed a(z) of the front; in this case the
equation is noncoercive. In the random setting, this case is the focus of Chapter 4 and

Chapter 5.

To study the large-scale behavior of the equation, we typically replace the Hamiltonian
in (1.1) with H (g, ~), where € > 0 is small. With this convenient rescaling, we can hope

that the corresponding solutions u¢ converge, as ¢ — 07, to the solution % of some effective
1



equation

Dyii(t, z) + H(Dyu(t, z)) = 0 in Ry x R? 1)
1.2

u(0, ) = ug(x) in RY.
corresponding to some effective Hamiltonian H : R — R, which should be determined by
the microscopic Hamiltonian H.

If we indeed have the convergence u® — @, then we say that the problem (1.1) homogenizes
to (1.2). As we will see, the effective problem is not a simple average of the microscopic
problem, and in fact some properties of the microscopic problem (for instance, isotropy of
H(z,p) in p for each z) do not persist in the effective problem.

Our primary interest in this thesis is to establish quantitative rates at which u® converges
to u. Each chapter is self-contained, and involves different assumptions on H. In Chapter 2,
we prove fast homogenization the case where H (z, p) is periodic in x and convex and coercive
in p. In Chapter 3, we drop the convexity assumption and construct examples that homoge-
nize slowly. In Chapters 4 and 5, we consider the G equation, where H(x,p) = b(x) - p + |p|

for some random b: R% — Rd, which is convex in p but not coercive.



CHAPTER 2
FAST PERIODIC HOMOGENIZATION FOR CONVEX
HAMILTONIANS

2.1 Introduction

Let the Hamiltonian H: R? x RY — R be continuous, Zd—periodic in the first variable, x,
and coercive in the second variable, p. We assume that the coercivity is uniform in z; that
is,

liminf inf H(z,p) = +o0.
[p|—00 zeR?

Let up: R? — R be continuous. Our goal is to study, as ¢ — 07, the behavior of the unique

viscosity solution u®: R>q X R? — R to the initial-value problem

Dyt (t,x) + H(L, Dyuf(t,2)) = 0 in Rug x R? o)
2.1

u®(0,x) = ug(x) in RY.

Lions—Papanicolaou—Varadhan [33] proved that u® — @ locally uniformly as ¢ — 0, where

u: R>p x R% — R is the solution to the effective problem

Dyii(t, z) + H(Dyu(t, z)) = 0 in Rvg x R? 22)
2.2

u(0,x) = ug(x) in RY.

Here, H: R% — R is called the effective Hamiltonian; we define H(p) as the unique constant
such that the cell problem

H(z,p+ Dyvp) = H(p) (2.3)

has some Zd—periodic continuous viscosity solution vp: RY — R, called a corrector.



Our main result is the following rate of convergence, under additional assumptions on H

and wuy.

Theorem 1. If H is convez in p and ug is Lipschitz, then there is a constant C'(H, Lip(ug)) >

0 such that, for allt > 0 and x € Rd,
uf(t, ) — a(t,z)| < Celog(C' +te1).

Additionally, in the case of dimension d = 2, we provide a new proof of a result of

Mitake—Tran—Yu.

Theorem 2 (Mitake-Tran-Yu [30]). If d = 2, H is convez in p, and uq is Lipschitz, then

there is a constant C' = C(H, Lip(ug)) > 0 such that, for allt > 0 and z € RY,
|u®(t, ) — u(t,x)| < Ce.

The proofs exploit the control formulation of the initial value problem (2.1), which reduces
homogenization to a question about convergence of a subadditive function. In both the d = 2
and d > 3 case, results of Alexander [1] [2] apply to quantify the convergence.

Two months after we posted this article, Hung Tran and Yifeng Yu pointed out that,
by replacing Step 1 in our proof of Lemma 7 with Lemma 2 of Burago [6], one obtains the
optimal O(e) rate in all dimensions. In fact, this key lemma is exactly the Hobby—Rice

theorem [24], proved in 1965.

2.2 Prior work

After Lions-Papanicolaou—Varadhan proved qualitative homogenization, there have been

two main quantitative results. Under the assumptions that uq is Lipschitz and H is locally

Lipschitz, Capuzzo-Dolcetta—Ishii [11] proved a rate of 0(51/3), using the perturbed test
4



function method with approximate correctors. Under the additional assumption that H is
convex in p, Mitake-Tran—Yu [30] proved a rate of O(¢) in dimension d = 2 and a rate of
O(e1/2) in dimensions d > 3 using weak KAM theory.

From the definition (2.3) of H, we can heuristically hope for the expansion

ut(t,x) = alt, z) + evp g 2)(€ T),
which suggests a rate of O(¢). However, the correctors are not unique, u is not C! but only
Lipschitz, and a continuous selection p — v}, of correctors (let alone a Lipschitz selection)
does not exist in general (see section 5 of [30] for an example). The assumptions on the
initial data and the Hamiltonian help by giving additional structure to the problem, in the

form of the control formulation.

2.3 Subadditive convergence

We begin by presenting a result of Alexander. In this section, we let 2 C RY denote an

open convex cone. First, we make a few definitions.

Definition 4. A function f: Qnzh - R> has approzimate geodesics if there is a constant
K > 0 such that, for every z € QN ZY, there are X0, X1y, Ty € QN ZN with xg = 0,

Ty =12, Tip1 — v €8 |Tip1 — x| < K, and

|fog — ) = [z —xj) — flzj —x)| < K

forall i <j <k.

Definition 5. A function f: QNZY — R> is subadditive if f(z+y) < f(z) + f(y) for all

x,yEQﬂZN.



Definition 6. A function f: Q2N N — R>( has linear growth if there is a constant K > 1

such that K 1|z| — K < f(z) < K|z| + K for all z € QN Z.
Theorem 3 (Alexander [1]). If f: QN ZN — Rsq is subadditive, has linear growth, and
has approximate geodesics, then there is a constant C > 0 such that, for all x € QN ZN,

|f(z) — lim n~'f(nz)] < Clog(C + |z).

n—oo

Proof. Without loss of generality, we assume K > 2. Define f: QN QN - R by

F(x) = lim n~"f([na]),

n—oo

where [-] denotes coordinate-wise rounding to integers. Then f is also subadditive with
linear growth. From the scaling, it is immediate that ¢f(z) = f(tx) for all t > 0. From
subadditivity of f, we see that f < f.

For the rest of the argument, we let C' > 1 > ¢ > 0 be constants which depend only on
K and N and may differ from line to line.

For each 2 € QN QY, define f. to be a supporting affine functional of f at x, chosen
consistently so that f;, = f, for all £ > 0. We think of f..(v) as the amount of progress that

a step v makes in the direction x. Given x € QN QN , define the set of “good” increments

Qo= {veQnz | f(v) ~ 5K < F,(v) < F(a)

We think of f(v) — f,(v) as the amount of inefficiency in the increment v on a path toward
z, so a good increment is one which has inefficiency at most 5K2. The second part of the
inequality means that good increments don’t “overshoot” in the direction of x, which implies
(from linear growth) that good increments have length at most C/|z|.

Step 1. We show that if z € QN QN with |z| > C, then there is a € [¢, 1] such that o

6



lies in the convex hull of (),.. Let n € N be large enough so that

I f(na) = F(o)] < 1.

Let xqg,21,...,xm be an approximate geodesic for nx. We iteratively define a subsequence
yp = xj, by letting jo = 0 and, as long as j, < m, we define jp 1 € 7 +1,...,m] to be

maximal such that yp 1 — yr € Q4. By linear growth of f and f, we have

Folwjen =) =5K? < K2+ K —5K% < f(aj —aj) S K2+ K < KTIC- K < f(2),

as long as C' was chosen large enough, so j;. + 1 is admissible and therefore the subsequence
exists, and we let p € N be the index where j, = m. If £ is such that jz,; < m and
7m(%’k+1+1 —zj,) > f(x), then the fact that |z| > C, linear growth, and the approximate

geodesic property yields
FWpsr — ) > (K z| — K) — (K% + 2K).

Choosing C' large enough and summing over k (using the approximate geodesic property
again) shows that there are O(n) many such k.

On the other hand, let ¢ be the number of k such that j; | < m and
9 =
f(@j 41 —25) = 5K > fo(w) 41— xj,)
For such k, we have

Folybsr —uk) < fupsr —yp) — 52+ 2(K2 + K) < f(yr1 — wp) — K2



Linearity of f, and the approximate geodesic property shows that
Fe(na) = nf(z) < f(nz) + pK — (K7,

so the choice of n implies that (K2 — pK < n and therefore ¢ < %[n + %p. All together, we

have shown that p < Cn. We conclude this step by noting that

3

1 p
—Z Yk — Yk—1)

and n < p < Cn (the first part of the inequality follows from applying f, to both sides of

the equation).
Step 2. We show that if z € QN QY, || > C, t > 1, and tz € ZV, then there is a

ze QN ZYN with |z| < Cl|z| and

f(te) - T(tz) < f(z) - T(2) + Ct.

Using the previous step, write tx = z + > j' 1 v, where |z| < Clz|, f(2) < f.(2) + C,
v € Q, and m < Ct. Indeed, for some « € [c, 1] we first write
N+1

ar =Y pivj,
1=1

where v; € @z and p; > 0, >, p; = 1. Note that the sum only requires N + 1 terms by

Caratheodory’s theorem on convex hulls, since we are working in RY. To decompose tx, we

write
N+1 N+1
tr = Z (ta~tp; — [ta " p;|)v; + Z lta " p;|v; =t 2 + (tz — 2),
i=1 i=1



so z satisfies the required properties. By subadditivity of f and linearity of f,,
Ftz) < f(2) + Z fvg)

9+ Y (Talon) +5K2)

k=1
= f(2) + fa(tz — 2) + 5CK?t

< f(2) + fplte — 2) + Ct.

Finally, we write f(tx) = f,(2) + f,(tx — z) and subtract from both sides of the inequality

above to get

fltr) — f(tz) < f(2) — f(z) + Ct,

where we used the fact that f(z) < f.(z) + C.

Step 3. For some large M > 1, the previous step yields

ap  f@)-F@) < s fl)—F@)+OM
|z|<ME+HLC |z|<MEC

We conclude by induction on k. O

2.4 Homogenization via the metric problem

Let C' > 1> ¢ > 0 denote constants which depend on H and Lip(ug) and may differ from
line to line. If a € R, then replacing H by H — a replaces solutions u® by u® + ta, so we
lose no generality in assuming that H(z,0) < —1 for all € R% Tt is well-known (see,
e.g. Theorem 1.34 from [35]) that the solutions u® are Lipschitz, with bound Lip(v®) < C
independent of €. In particular, only the values of H(z,p) for |p| < C are needed to solve the

initial-value problem (2.1). Therefore, we lose no generality in assuming that H(z,p) = |p|?



for |p| > C. We write L(x,v) to denote the Lagrangian

L(z,v) := sup p-v — H(z,p),

peRd
which we use to define the metric
t
mitey)i= it [ LG(9.9/(9) ds (2.4
yel'(t,x,y) Jo

where T'(t, 2, y) is the set of paths v € W1(]0,#); R?) with v(0) = = and y(t) = y. We also

define the homogeneous metric

1

m(t,z,y) := lim n~"m(nt,nz,ny). (2.5)

n—oo

Given a path v € I'(t,x,y), we refer to fg L(v(s),7'(s)) ds as the cost of . Noting that
the assumption on H implies that L(z,v) = |v|?> for || > C, it is a standard fact that a

minimizer vy € I'(¢, z,y) exists for the infimum in equation (2.4) which satisfies
Lip(y) < C+ Ct Yz —y|. (2.6)
The optimal control formulation of (2.1) is
Cty) = inf  ug(z) +em(e Mt e e, e y). (2.7)
lz—y|<Ct

Define the cone Q := {(t,2) € R>g x R? | |z| < Ct}. For any (t,y — z) € Q, we have

im(t, x,y) —m([t], [2], ly])| < C,

10



where [-] denotes coordinate-wise rounding to integers in a way that stays inside 2. By
Z%-periodicity,

m([t], ], [y]) = m([t],0, [y] — [z]).

The Lipschitz estimate (2.6) for minimizers shows that f(¢,z) := m(t,0, ) has approximate
geodesics. Indeed, we find an approximate geodesic by chopping up a minimizing path, and
the Lipschitz estimate (2.6) shows that the pieces lie in 2. Since L(x,v) > 1 forall x,v € R,
it is clear that f has linear growth (when restricted to 2) and is subadditive and nonnegative.

We finish by applying Alexander’s theorem, which yields

lem(e e te, e ly) —m(t, x,y) < Celog(C+ e+ —y)),

for all (¢, z,y) with (¢,y — x) € Q. The main result follows.

2.5 The case d =2

In this section, we assume d = 2. Rather than working with approximate geodesics as before,
it will be more convenient to work directly with the minimizers for the metric m. We follow
the same method as Alexander [2], who proved an analogous result in the context of Bernoulli

percolation. We first show that m is approximately superadditive.
Lemma 7. If (t,z) € QN ZITL then 2m(t,0,z) < m(2t,2z) + C.

Proof. Let v € I'(2t,0,2z) be a minimizing path.
Step 1. We show that we can form a path from 0 to x as the concatenation of at most
4 non-overlapping segments of . Let 41, 72: [0,¢] — R be the first and second halves of ~

respectively, given by

11



and

72 (s) =t + ) = (D)

respectively. Then v!(t) +42(t) = 2z, so v} (t) = = — y and 42(t) = = + y for some y € R?.
By a linear transformation of R x R2, we lose no generality in assuming that z = 0 and

y = (A,0) for some A > 0. Consider the paths

ntis (s, (s) + (4,0))

and

s (5,72(5),

s0'(0) = (0,4,0), n'() = (£,0,0), n*(0) = (0,0,0), and 7/°(t) = (t, 4,0).
For k € {1,2} and c € [0, t], we define the cyclic shift

nF(c+s) —nk(c) ifc+s<t

ﬁk(S —(t—c))+ nk(t) — nk(c) otherwise.

We claim that some cyclic shifts of 771 and 772 intersect. Indeed, we can cyclically shift either
path so that it is contained in the half-space H* := {z € R? | £ -(0,0,1) > 0}. The claim
then follows from continuity, starting with n* in H~ and 52 in H*, and cyclically shifting
them into HT and H ™~ respectively, as we will now explain in detail.

Indeed, suppose that the cyclic shifts 771’01 and 772702 do not intersect for any ¢y, co € [0, ].
Then form the map ¢®:°2: [0,#] — S*, where S* is the unit circle (identified in C = R? for

concreteness) by

S () = P ( e (s) — 122 (s) ) |

[nher(s) — n*e2(s)|
where P(x,y,z) := (y,z) denotes projection onto the last two coordinates. Since the de-

nominator is always nonzero, shifting ¢; and co continuously produces a homotopy. As a

12



homotopy invariant, the winding number of ©“1°“2 is constant with respect to ¢q, ca. Choosing
¢ := argmaxn®(c)- (0,0,1) and ¢9 := argminn?(c) - (0,0,1)
C C

ensures 11 (s) € H~ and n>2(s) € HT for all 5. Since (nh1(s) — n?2(s)) - (0,0,1) < 0,

c1, —ims/t

the map 1“2 is homotopic to s +— e , which has winding number —1/2. On the other

hand, choosing

¢1 := arg min 771(0) -(0,0,1) and ¢9 := arg maan(c) -(0,0,1)
C C

C1, ims/t

makes 12 homotopic to s — e , which has winding number 1/2, a contradiction.
Finally, we form a new path following (a cyclic shift of) 7% from (0,0, 0) to the point of
intersection, and following n! the rest of the way to (¢,0,0).
To summarize, we found a path from 0 to x which is composed of a segment of a cyclic
shift of v! and a segment of a cyclic shift of 42, so the segments don’t overlap. Since we
took cyclic shifts, this equates to at most 4 segments from ~.

Step 2. Use Step 1 to find an approximate geodesic with subsequence

0 = (tg, xq), (t1,21), ..., (tg, xg) = (2t,2x)

for m along ~, such that there are indices iy, ...,i4 with Z%:l(tik — i1, Tjy, — Tjp 1) =
(t,x). Rearranging the indices, we find a path 7 € I'(2t,0,2x) with 5(¢) = z and cost at

most C' more than the cost of 7. The conclusion follows. m

The previous lemma and subadditivity show that

m(2t,0,2z) < 2m(t,0,z) < m(2t,0,2z) + C

13



for all (t,x) € QN Z¥*1. Then m(t,0,2) — C < 27F(m(2Ft,0,2F2) — C) for all k € N by

induction, so letting k — oo shows

im(t,z,y) —m(t,z,y) < C

for all (¢,2) € QN Z4H1, so the same holds for all (,2) € Q since m is Lipschitz. The result

in dimension d = 2 follows.

14



CHAPTER 3
SLOW PERIODIC HOMOGENIZATION FOR NONCONVEX
HAMILTONIANS

3.1 Introduction

Since Lions—Papanicolaou—Varadhan |[33] proved periodic homogenization for coercive
Hamilton-Jacobi equations, quantifying the rate of convergence has been a well-known
open problem in both periodic and random settings. In a periodic environment, without
additional structural assumptions on the Hamiltonian, the best known result so far is the
0(51/ 3) rate, proven by Capuzzo-DolcettaIshii [11], which was also the first quantitive
bound. On the other hand, when the Hamiltonian is convex in the momentum variable,
the optimal rate of O(g) can be deduced from the optimal control formulation and an
argument of Burago [6], who proved a corresponding rate for homogenization of Z%-periodic
metrics on RY. It is therefore natural to ask whether, in the absence of convexity, the O(e)
rate still holds. Indeed, Ziliotto’s [37] example of stochastic non-homogenization (see also
Feldman—Souganidis [21]) suggests that saddle points of the Hamiltonian may play a key
role in slowing down periodic homogenization.

We answer this question in the negative by constructing examples which homogenize at
a rate of @(51/2). In dimensions d > 3, the example can even be constructed so that the
effective Hamiltonian is convex.

Suppose that the Hamiltonian H : R? x R? — R is locally Lipschitz, Zd—periodic in the

first variable, x € ]Rd, and uniformly coercive in the second variable, p € ]Rd; that is,

liminf inf H(z,p) = +o0.
|00 zeR4
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The microscopic problem at scale € > 0 is the initial-value problem

Dyl (t,x) + H(e 'z, Dyuf(t,z)) = 0 for t > 0 and z € RY,
(3.1)

uf(0,z) = ug(x) for z € RY,

where the initial data ug is Lipschitz.
Lions-Papanicolaou-Varadhan [33] proved that there is an effective Hamiltonian H : R? —
R, uniquely determined by H, such that u* — @ uniformly on compact sets, where @ solves

the effective problem

Dyii(t,z) + H(Dyu(t,z)) =0  fort >0 and z € RY,
(3.2)

u(0,z) = ug(z) for = € R%.

Under these general assumptions, the only known quantitative upper bound on the
rate of homogenization is due to Capuzzo-Dolcetta—Ishii [11|, who proved that [u® —

aHLOO([O,T]XRd> = 0(51/3> for T > 0.

Theorem 4. There exists a locally Lipschitz Hamiltonian H : R x RY — R, Zd—periodic
in the first variable and uniformly coercive in the second variable, along with initial data

ug € C’O’l(Rd), such that, for sufficiently small ¢,
ce1? < uf(1,0) < Cet/?

where u® is the solution to the microscopic problem (3.1). If d > 3, then, furthermore, H

can be chosen so that H is convexz.
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3.2 Examples of slow homogenization

To construct the examples, we first recall some facts from the theory of differential games.
For a more thorough treatment, see Isaacs [25] and Evans-Souganidis [18].
Let A,B C R be compact sets. We consider a differential game between two players

named I and II. The game has a score, which I tries to minimize and II tries to maximize.

Definition 8. A control for I (resp. II) is a measurable function a: R>g — A (resp.

b: R>9 — B). We write C4,Cp to denote the set of controls for I and II respectively.

Definition 9. A strategy for I is a function a: Cg — C4 with the nonanticipative property:
if t > 0 and by, b9 € Cpg with by(s) = ba(s) for almost all s € [0,¢], then a(by)(s) = a(b2)(s)
for almost all s € [0,¢] also. We write S4 to denote the set of strategies for I, and define the

set of strategies Sp for II correspondingly.

A differential game is specified by the sets A, B, some Lipschitz initial data vy € C%1 (Rd),
a running cost R € L¥(R?% x A x B), and a transition function f € L¥(R?% x A x B;R%)
which is Carathéodory, i.e. f(z,a,b) is continuous in a, b for fixed =, and measurable in x for
fixed a,b. The game is based on the evolution of the state, o: R>o — R, Given a strategy
a, a control b, and a starting state x, the state evolves to satisfy the ordinary differential

equation

o(t) = f(o(t),a®)(t),b(t))  fort >0,
(3.3)

o(0) ==z at t = 0.
Sometimes, we will write o(t) = o (¢, a, b) to emphasize the dependence on « and b.
Given ¢ > 0 and = € R?, the upper value of the game starting at x after time ¢ is defined
by

t
+ = inf su o(s),a(b)(s s)) ds +ug(o(t)). .
wta) = nt o [ R(E),00)(6).06)) ds-+ (o 0) (34)

The upper value of the game (see Evans—Souganidis [[18], Theorem 4.1] and Lions [28])
17



is the viscosity solution of the initial-value problem

Dy (t,z) + HY (z, Dyu™ (t,2)) =0 for t > 0 and z € RY,

(3.5)
u™ (0, 1) = ug(z) for z € RY,
where the upper Hamiltonian H: R x R? — R is given by
H(z,p) := —minmax R(x,a,b) + p - f(z,a,b). (3.6)

acA beB

It is worth noting that, by interchanging the order of the players, we can similarly define

the lower value of the game by

t
u (t,x):= sup inf /0 R(o(s),a(s),B(a)(s)) ds 4+ ug(o(t)), (3.7)

BESRE aeCy

which solves a similar initial-value problem corresponding to the lower Hamiltonian

H™ (z,p) := —maxmin R(x,a,b) + p- f(x,a,b). (3.8)
beB acA

In all of our examples, the Isaacs condition HT = H~ will be satisfied and therefore the

upper and lower values of the game coincide. For brevity, we put H := H— = H™.

3.2.1 An example in two dimensions

Let p: R/Z — [0, 1] be smooth such that ¢(0) = 1, and p(z) = 0if || > Wlo We take d = 2
and A = B1(0), the closed unit ball centered at the origin, and B = [0, 1] x {0}. Define the
running cost by

R(z,a,b) := 100 (1 — o (z3) — ¢ (xQ + %)) +100]al?, (3.9)
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the transition function by

f(z,a,b) :==2a+b (gp (x9) — ¢ (mg + —)) , (3.10)

and the initial data by

ug(z) := min{|zq], 1}.

Although it’s unnecessary for the proof, we note that the Isaacs condition

Ha = —1mi Raab : 7ab:_ .Ra7b : 7ab
(,p) = —minmax R(z,a,b) + p- f(z,a,b) = —maxmin R(z,a,b) + p- f(z,a,b)

is satisfied, so the upper and lower values of this game coincide.

Intuitively, the microscopic environment consists of horizontal “highways” at every height
in §Z. Outside of the highways, the running cost is punishingly large, so I'is forced to spend
most of the time inside the highways. Outside the highways, II’s control has no affect on
the state. Inside highways at height in £Z, II has the option to push the state in the +e;
direction, and inside highways at height in ¢ (Z + %), IT has the option to push the state in
the —eq direction. IT’s control has no effect on the running cost, and I is heavily penalized
for pushing the state in any direction. If I wants to stay close to the origin (where the
terminal cost is lowest), then one strategy is to enter a highway and wait until IT pushes
the state a distance of £1/2 from the origin. Then, I can switch to a highway that leads
back to the origin, and repeat. By the same reasoning, IT can force I to switch highways at

least e~ 1/2 many times, or else I risks paying a terminal cost of at least gl/2

. Each highway
switch adds running cost proportional to € to the total, so the error terms balance.

Now, we prove the d = 2 case of Theorem 4.

Proof. We use the differential game characterization (3.4) of u®. For the upper bound, we

construct a strategy a: Cg — C4 for I piecewise as follows.
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1. At the beginning of this step, suppose that the strategy has already been constructed

up to time ¢; > 0 and o(t;,,b) € [-5, 5] x {0}. Given b € Cp, let
tis1 := min{t > 0 | ug(o(t, ar,, b)) > '/?},

where

a(t) for t < s,

0 for ¢t > s.

From the structure of f and g, we deduce that o(t;11,a¢,,b) = (e1/2,0). Set a(b)(t) :=

ati(b) (t) for t < t;yq.
2. Write t; 49 := t;11 + 7 and set a(b)(t) := (0,1) for ;41 <t <t;y9.

3. We deduce that o(t;19,a,b) € [51/2 - %,81/2 + i] x {5}. Now, set
tiyg == min{t > 0 | ug(o(t, at,_,,0)) <0}

and set a(b)(t) := ay;,,(b)(t) for t; 19 <t < t;43. Asin the first step, we deduce that
o(tirs, a,b) = (0, %)

4. Write t;44 == t;43 + % and set a(b)(t) := (0,—1) for t; ;3 <t <t 4.

5. We deduce that o(t;y4,a,b) € [—5, 5] x {0}. Now, go back to step 1 and repeat, but

starting at time ¢;, 4 instead of time ¢;.

The construction maintains the invariant that o(t,a,b) € [O, %} X [—%,51/2 —f-% , 80 we
ensure that the terminal cost is at most ug(o(1)) < e1/2 + 7< 2e1/2,

1/2 " For any ¢ =

It remains to show that the running cost given by « is at most Ce
0,1,2,..., we claim
Lit1 1
/ R(e “o(t),a(b)(t),b(t)) dt < 50e.
t
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Indeed, an interval created in step 2 or step 4 above satisfies this bound, as ¢;,.1 — t; = zif
and R < 200 everywhere. On the other hand, intervals created in step 1 or step 3 above
have running cost 0, since o(t) € R x 5Z for all ¢ in the interval.

We have shown that each step adds at most 50¢ to the running cost. On the other hand,

1/2

every interval created by step 1 or step 3 runs for time at least £'/4, so there can be at most

~1/2

€ such intervals in [0, 1]. We conclude that the total running cost is at most 502, so

C = 50 satisfies the claim.

1/2

Next, we turn to the lower bound u®(1,0) > ce*/%. Given a strategy a: Cg — Cy, we

construct the following control for II.

bt (1,0) if ug(o(t, a, b)) < 2e1/2 or o(t,a,b) - fle Lo(t, o, b),0,b) > 0,
t) =

0 otherwise.

We claim that this control yields a value of at least cel/2. Indeed, consider the set of times
E:={te0,1] | Re  o(t,a,b),0,0) > 1}.
First, note that

/1 R(=Lo(t, a,b), a(b) (), b(t)) dt > |E, (3.11)
0

where |E| denotes the Lebesgue measure. On the other hand, let Uy := {t € [0,1] \ F |
(e lo(t,a,b)y) > 0} and U— := [0,1]\ (FUU4). In the set of times Uy (resp. U-), II
can control the state to push in the +eq (resp. —eq) direction with magnitude at least 0.99.

There are two cases.

1. Suppose that there exist 0 < tg < t; < 1 such that |[tg,t1] N U_| > 6¢Y/2 and
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[to, t1] N U4 | = 0. Then either

/tl R(o(t, a,b),a(b)(t), b)) dt > eV/2,
t

0

in which case we conclude, or we have ug(o(t1,«,b)) > 361/2, because I has a to-
tal effect of less than % on the state over the interval [tg,t1]. If ¢ is such that
ug(o(t, o, b)) > 2e1/2, then by definition of b we have o(t, a, b)- f(e Lo (t, o, b),0,b) > 0,
so the control of II never pushes the state toward smaller values of ug. So, either

u(o(1, o, b)) > 2e1/2 or I1 spends
1
/ R(o(t, o, b), a(b)(£),b(t)) dt > /2,
4

and in either case we conclude. We note that if |[tg, t1]NUs| > 6e1/2 and |[tg, t1]NU-| =

0, then we conclude by the same argument.

. Otherwise, we may assume by (3.11) that |E| < e!/2, so |U3 UUs| > 1 — e!/2. Take
t—eU_ and ty € Uy. Since |o(t—, o, b)g —o(t4,0,b)9| > € (% - %) (using the fact
N

that ¢ is supported in (—ﬁ, ﬁ;)), we conclude that [[t—,t+]NE| > £ and therefore

/ ’ R(o(t,a,b),a(b)(t),b(t)) dt >
t_

ot ™

On the other hand, since the hypotheses of the previous case do not apply, we have

to,t1] N U— # 0 and [ty,t1] N U (0 whenever t; — ty > 651/2. So, there are at least
[to, t1] 0 + 0

~1/2
3 6/ — 1 many such disjoint intervals in [0, 1], and we conclude that

<5_1/2 ) c1/2
. —1) >
6 — 35
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1

o7 and therefore

as long as ¢ <

1 21/2
/ R(o(t,a,b), a(b)(£),b(t)) dt > .
0

In any of the cases, ¢ = % satisfies the claim. O

3.2.2  An example in three and higher dimensions

Next, we show that if d > 3, we can construct an example where the effective Hamiltonian
H is convex. Without loss of generality, let d = 3. Inspired by the example of Hedlund [23],

let

3
L=Jt+2°
=1

where 1 := R x {0} x {0}, f2 :== {0} x R x {1}, and £3 := {1} x {1} x R, and for
i€ {1,2,3} let @;: R3/Z% — [0, 1] be smooth such that @;(z) = 1 for = € ¢; and @;(x) = 0

if dist(z, £;) > 1g5- Write ¢ == @1 + @2 + 93 and & := (1, 92, ¥3).
Let A = B(0) and B = [0, 1]3. Define the running cost by

R(z,a,b) := 100 (1 —p(x)— ¢ (a: + %)) +100]al, (3.12)

and the transition function by

f(z,a,b) ::2<1+99 (gp(x)+¢<x+%))>a+b® ((ﬁ(x)—(ﬁ(ﬂ%)), (3.13)

where we write % to denote the vector (%, %, %) and ® to denote the pointwise product, i.e.

T Oy = (T1Y1,T2Y2, T3Y3)-
As before, the Isaacs condition is satisfied and therefore the upper and lower values of

the game coincide. This environment is very similar to the previous example, except that
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now the highways go in every coordinate direction +e;. We take advantage of the fact that
this is possible in three dimensions while ensuring that each highway is far away from any
other highway. The running cost is nearly identical to the previous example, except that
the penalty for I is 100|a| instead of 100|a|?. The transition function is slightly different;
IT’s controls work similarly, but I is now able to move faster inside the highways and slower
outside.

Now, we prove the d > 3 case of Theorem 4.

Proof. Using the same initial data ug(z) := min{|z1],1}, the argument for the £!/2 rate is
identical to the previous example, so we omit it. To show that H is convex, we find, for
each p € R? and \ > 0, bounds for the long-time corrector v”, defined as the solution to the

initial-value problem

DwP(t,x) + H(x, DyoP(t,x)) =0 for t > 0 and = € R?, (314
3.14

vP(0,2) =p-x for = € R2.

Then, using the fact that H(p) = — lims o t_lvp(t, 0), we obtain a formula for H.

First, for v € R we claim that
H(ve;) = h(vy) := max{0, 400|~| — 200}.
Indeed, we immediately have the lower bound
1% (t,x) > géiﬁt(100|a| +200va - e;) = th(y),

which follows from considering the constant 0 control for IT and ignoring the space-dependent
part of the running cost.

On the other hand, to obtain the upper bound, I can use the following strategy: imme-
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diately move the state (in constant time) into ¢; +Z3, if v < 0, or into ¢; + % + 73 otherwise.
For the rest of time, use the constant strategy a = —(sgn~y)min (2,|y|) ¢;. Computing the

result of the game with this strategy shows that
V1% (tx) < C+ miﬁt(100|a| +200va - ;) = C' + th(7).
ac

We have shown that H(ve;) = h(7y), and h(y) is convex. To conclude, we will show that,
for each p € ]Rd,
3 —
1ax H(pie;)-

ﬁ(p)zi :

The inequality H(p) > H(p;e;) follows immediately from using the strategy outlined above
for i € {1,2,3}.
For the other inequality, let a: Cgp — C4 be a strategy for the initial data p - x and

starting state 0. Suppose for contradiction that for all ¢ > 0 large, we have

t
sup / R(U(S7 a, b)a Oé(b)(S), b(S)) ds +p- O-(tv a, b) < -t Hl??iX h(pl) — ct,
beCp /0 =1

for some small ¢ > 0. We claim that this cannot hold even for the constant control b = 0.
First, we note that the terminal cost can be interpreted as a kind of running cost, in the

sense that

t
p-o(t,a,b) = /O p- F(o(s,a,b),a(b)(s), b(s)) ds.

since the starting state is 0(0) = 0. Let E := {t > 0 | R(o(t,,0),0,0) > 99}. Then if
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teE,

J(s) = R(a(s,a,b), a(b)(s),0(s)) +p- fla(s, @, b), a(b)(s), b(s))

> 99 + min [100|a| + 4a - p]
acA
1
>99 — —h
> =g Ipl)
> 99 — \5/—3 m?éf hp;) — 4(V3 — 1)
1=

V3 3
> 95 — o Wax h(p;),

where we use the fact that I can only move at much slower the speed away from the highways.
On the other hand, we say that an interval [tg,?1] stays close to a highway if there is a
line ¢ in £ such that, for every s € [tg,t1], the line ¢ is the closest line in £ to o(s,,b). In

any such interval [ty, 1], we have

11 3
) ds = ol = (1 to) mic ),
0 i

where the first term accounts for the (constant-sized) movement in the direction orthogonal
to ¢, and the second term accounts for the movement in the direction parallel to /.

Write U := [0,¢]\ E. Given tg,t1 € U, we write t( ~ tq iff [tg, 1] stays close to a highway.
Let I, I, ..., I, denote the equivalence classes of U/ ~, ordered by the usual order on R.
We claim that n < 40t. Indeed, [max [;, minI;, ;] C F, and min I; | — max [; > 4%, since
the distance ﬂlm neighborhoods of highways are at least distance % apart, and the speed

limit in F is at most 8.
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Putting everything together, we write

t
/0 R(o(s,,b), a(b)(s),b(s)) +p- flo(s,a,b), a(b)(s),b(s)) ds

min Il max [ min [ 41
:/ ds+z / )ds+/ J(s) ds
0 min I max [;

+ / e J(s) ds + / L) ds

min I, max I,
3min [
> —% m?éf h(p;) 4 95(min I )
1=

V3(min 741 — max I;)
50

V3(t —maxI,) 3

0 i)

3 3 .
+ z —|p[ = [1;] I%fljlxh(pi) - max h(p;) + 95(min [;41 — max [;)

where the sum telescopes and we use the fact that

1 \/g 3
< s - I ) .
2l = 5 (95 + (1 50 ) r?:‘%‘fih(pzo
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CHAPTER 4
STOCHASTIC HOMOGENIZATION FOR THE G EQUATION

4.1 Introduction

We consider the behavior, as ¢ — 0T, of the family {ue}.~q of solutions to the G equation,

Dy (t, ) — |Dyul (t,z)| + V(e z) - Dpuf(t,2) =0 in Ryg x R? 1)
4.1

u= (0, ) = ugp(x) in R?,

where d > 2, V € Cl’l(Rd;Rd) is a divergence-free vector field and ug: RY — R? is Lips-
chitz. The level sets of u model a flame front which expands at unit speed in the normal
direction while being advected by V', which models the wind velocity. When compared with
homogenization of other Hamilton—Jacobi equations, the main difficulty with the G equation
is that, since we do not assume that ||V ||z < 1, the equation may not be coercive. On the
other hand, if E[V] = 0, then the equation is still “coercive on average”, so we can recover
some large-scale controllability.

Cardaliaguet—Souganidis [13| proved, under the assumption that the environment V' is
stationary ergodic, that the equation homogenizes; i.e. we have the locally uniform conver-
gence of solutions u* — w as ¢ — 0 almost surely, where « is the solution to the effective
equation

Dyu(t,z) = H(Dyu(t, x)) in Rsg x R?
(4.2)

(0, z) = ug(x) in RY,
and H: R 5 Ris a degree 1 positively homogeneous coercive function, called the effective
Hamiltonian.
Under the purely qualitative ergodicity assumption, there is no hope of proving a rate at

which u® converges to @. In this paper, we make the stronger assumption that V' has unit
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range of dependence, which is a continuous analogue of i.i.d. Using this more quantitative
assumption, we classify regions as “good” if the controllability estimate from Cardaliaguet—
Souganidis holds locally, in a quantitative sense. Then, we use percolation estimates to
construct paths which stay inside the good regions. Our main result is the following rate of

homogenization.

Theorem 5. Let P be a probability measure on C’l’l(Rd;Rd) which has unit range of de-
pendence and is RO-translation invariant. Assume that divV =0 and [VIlci1 < L almost
surely for some L > 0. Then there are constants C(d,L) > 1 > ¢(d, L) > 0 and a random

variable Ty, with E[exp(clog?’/2 Ty)] < C, such that
[ (t,2) = a(t, )] < Cllugllcon (t2)"/? log? (1)

for allt > €Ty and |z| < t.

Note that, in particular, the bound on Tj implies E[T}] < C2" for all n € N. In the
interest of completeness, we record the almost-sure version of the rate of homogenization,

which follows immediately from Theorem 5 and the Borel-Cantelli lemma.

Corollary 10. Under the same assumptions as Theorem 5, there is a constant C(d, L) > 0

such that, for all T > 0,

(¢ —u(t
ey sy L) L)

=0t (t,2)€[0,T)x By (Tg)l/2 log3(e=17)

< Cllug| con

almost surely.

As an application of the quantitative rate, we prove that the effective Hamiltonian de-
pends continuously on the law of the environment. We first recall the definition of the

Lévy—Prokhorov metric, which quantifies weak convergence of probability measures.

29



Definition 11. The Lévy-Prokhorov metric 7: P(€2) x P(§2) — R> on probability mea-

sures (i, V is given by
m(p,v) :=inf{e > 0| w(A) < v(A+ B:)+¢ and v(A) < p(A+ Be)+¢ for all Borel A C Q},

where B denotes the ball in ) of radius e centered at 0.

Theorem 6. Let P,P* be probability measures on C’l’l(Rd;Rd) which are R%-translation
invariant, have unit range of dependence, and satisfy divV =0 and ||[V| o101 < L, P-almost
surely and P*-almost surely. Let H" and H be the effective Hamiltonians for P* and P

respectively. Assume that m(P,P*) < e. Then
Hp) —H' ()| < lple"log? ™.

In particular, the effective Hamiltonian H is a weakly-star continuous function of the law P
of the environment, where the topology on H is given by uniform convergence on compact

sets.

4.1.1  Prior work

Since Lions-Papanicolau—Varadhan [33] proved qualitative homogenization of coercive
Hamilton—Jacobi equations in a periodic environment, there has been a rich body of work
(see Tran [35]) studying homogenization of Hamilton—Jacobi equations in both periodic and
stochastic environments.

In a periodic environment, when the Hamiltonian is coercive, Capuzzo-Dolcetta—Ishii [11]
gave the first proof of a quantitative rate 0(61/ 3) of homogenization. Although the G equa-
tion may not be coercive when ||V||fec > 1, it has a particularly simple optimal control
formulation, making it an ideal first candidate to study homogenization of noncoercive equa-

tions. Cardaliaguet—Nolen—Souganidis [12] proved homogenization, along with a quantitative
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rate 0(51/3), for the G equation in a periodic environment.

In a stochastic environment, the situation is more complicated. An example of Zil-
iotto |37] shows that there exist coercive Hamiltonians and stationary ergodic environments
in which homogenization does not hold. Feldman—Souganidis 21| generalized this example
by showing that for any Hamiltonian with a strict saddle point, there exists a stationary
ergodic environment in which homogenization does not hold. On the other hand, when
the Hamiltonian is coercive and convex, Souganidis [34] proved that homogenization holds
in a stationary ergodic environment. Later, under the stronger assumption that the envi-
ronment has finite range of dependence, Armstrong—Cardaliaguet—Souganidis [3] proved a
quantitative rate of homogenization when the Hamiltonian is coercive and level-set convex.

In the case of the G equation, Nolen—Novikov [32] used a geometric argument in dimen-
sion d = 2 to prove qualitative homogenization when the environment is stationary ergodic
and satisfies an additional integrability condition. Later, Cardaliaguet—Souganidis [13] im-
proved this result to qualitative homogenization in a stationary ergodic environment for all
dimensions d > 2, without assuming the integrability condition. In the case where the vec-
tor field V = V(¢,x) depends on time as well as space, Burago-Ivanov—Novikov |7| proved
homogenization using a completely different, mostly deterministic argument.

In this paper, we combine ideas from [3| and [13] with percolation theory techniques to
find a quantitative rate of homogenization for the G equation, under the stronger finite range

of dependence assumption.

4.1.2  Assumptions

We now explicitly specify the assumptions in Theorems 5 and 6. Let P be a probability
measure over () := CLI(RERY) with d > 2. We write V: Q — Q to denote the identity
random variable, so V' has distribution P. We assume that, P-almost surely, V is divergence-

free and ||V 1,1 < L, where L > 0 is a deterministic constant. Given A C RY, we write
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G(A) to denote the o-algebra generated by V restricted to A. That is, G(A) is the smallest
o-algebra for which the random variables V (z) are measurable for every x € A. We assume
that P has unit range of dependence, which means that if A, B C R% with dist(A, B) > 1,
then the o-algebras G(A) and G(B) are independent. We also assume that P is R%-translation
invariant, which means that V(- + x) has the same distribution as V' for any z € R?. Note
that this assumption is not much different than 7% translation invariance for our purposes;
we can simply add a random vector in [0, 1]d to go from Z%-invariance to full ]Rd—invariance,
which will not have an effect on our results. Finally, we assume that E[V] = 0 (this is the

same as E[V(0)] = 0 by R%translation invariance).

4.1.8  Structure of the paper

In Section 4.2, we collect some estimates from percolation theory. The bulk of the paper is
Section 4.3, in which we prove homogenization of the metric problem, which we later ap-
ply via the optimal control formulation. Section 4.3 has three main parts. First, we prove a
controllability estimate for the metric problem, using results of Cardaliaguet—Souganidis [13]
and percolation estimates from Section 4.2. With the controllability estimate in hand, we
split the difference between the microscopic and macroscopic metric problems into two pieces;
the random fluctuations and the nonrandom scaling bias. We handle the first using a mar-
tingale argument originally due to Kesten [26], and the second with an argument adapted
from Alexander [1|. Finally, we apply our estimates for the metric problem in Section 4.4 to

deduce our main results.

4.1.4 Notation

Throughout the paper, C > 1 > ¢ > 0 will denote constants which may depend on the
dimension d and the bound L on ||V||51,1, but may vary from line to line. We write B; :=

{ € R | |z| < r} for the Euclidean ball of radius r centered at the origin. We write cl(-)
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(resp. int(-)) to denote the closure (resp. interior) of a subset of some topological space. The
Euclidean distance between two subsets E, F C R? is given by dist(FE, F) := inf{|z — y| |

(z,y) € U x V}. The Hausdorff distance between two subsets E, F C R is given by
distg(E,F) :=inf{e >0|V CU+ B and U CV + B.}.
For a random variable X, we use the subscript X, to denote the value of X at w € €.
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4.2 Percolation estimates

In this section, we prove a few well-known estimates from supercritical percolation theory,
but with a finite range of dependence assumption. This context is similar to the usual one,
where the environment is i.i.d., except that the underlying probability space lacks a product
structure.

Let d > 2 and let G: Z¢ — {0,1} be a random function on Z¢ which has finite range
Cdep > 0 of dependence, which means that the o-algebras induced by the values of G on
sets that are Euclidean distance at least Cgg;, apart are independent. We assume that G is
Z%-translation invariant, i.e., G(- + v) has the same distribution as G(-) for all v € Z?. The
function G models site percolation, where a site x is open if G(x) = 1 and closed otherwise.

We put edges on Z% between nearest neighbors in the (> metric. We write dist(-,-)
to indicate the graph distance, and refer to maximal connected components on which G is

constant as clusters. Clusters composed of open (resp. closed) sites are called open (resp.
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closed) clusters. Let p := P[G(0) = 1] be the probability that a site is open (which is the
same for every site, by Z%translation invariance). We write Qp(z) C Z% to denote the

axis-aligned cube of side length 2R centered at z.

Lemma 4.2.1. Let S C Z% be a finite set. Define the closed sites connected to S by
closed(S) := {x c 74 | there is a path of closed sites from x to a site in S} .
For any € > 0 there is po(d, Cgep,€) < 1 and C(d, Cgep,€) > 0 such that if p > pg then
P [| closed(S)| > €| S| + 6] < Cexp(—=C~14)

for every 6 > 0.
Note in particular that = € closed(S) implies that x is a closed site.

Proof. Let T C 7% be a finite set of n vertices. If T C closed(S), then every site in T is

closed and every cluster in T' contains a point in S. For fixed n, the number of sets T" which

|S|+2n

satisfy the latter condition is at most (3d +1) (we can encode a spanning tree of T

with an alphabet of 3% + 1 letters). For a fixed set T', we see that

d
Plevery site in T is closed] < (1 — p) {”’/(QOdep) J

Y

since we can choose at least Ln / (2C’dep)dJ sites in 7" which are far enough to be independent.

From the union bound, we have

Ste2m )y [n/(2Caep)”|

P[there is a set T C closed(S) with n vertices] < (3¢ + 1)

(1-
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Now let n := [¢]|S]| + ¢] and choose (1 — pg) small enough so that

(1 — pg)™/ Caep) (30 4 1) 4

and

d 2
(1 — po)/2Caen)" (39 £ 1)" <1
and the claim follows. O

The next lemma has nothing to do with the percolation environment; it is simply a
property of the graph structure of Z%. It follows from a topological property of R known as
unicoherence (see Kuratowski [27] or Dugundji [17]). In order to state the lemma, we need
to define the boundary of a subset of £ C Z%. Because Z% is discrete, there are two choices

for our definition.
Definition 4.2.2. The inner (resp. outer) boundary of E, denoted 0~ E (resp. 1 E), is the
set

0 E:={zecE|dist(z,Z'\ E) =1}  (resp. 0" E := {z € Z?\ E | dist(z, E) = 1}).

Lemma 4.2.3. Let Qp be any cube of side length 2R and let € C Qp be a connected sel.
Let ® C Qp\ € be a connected component of Qp\ €. Then the inner (resp. outer) boundary

of ® is connected.

Proof. This is part (i) of Lemma 2.1 from Deuschel-Pisztora [16]. The proof is a standard

application of Urysohn’s lemma. O

The next lemma shows that, with high probability, there is a large open cluster which is

near every site.
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Lemma 4.2.4. Let n, R > 0 and consider Qpr, a cube of side length 2R. Let E), be the
event that there exists an open cluster € C Qg such that every connected component of
QR+n \ € which intersects Qg is of size at most n. Then there are constants po(d, Cgep) < 1

and C = C(d, Cgep) > 0 such that if p > po then
P[E,] > 1 — CR? exp(—C_ln(d_l)/d).

Proof. Fixn, R > 0 as in the statement. Work in the event that every closed cluster in Qg ,,
has size less than C~1p(d=1/d where ¢ = C(d) comes from the isoperimetric constant
(chosen later in the proof). By Lemma 4.2.1 (applied to each site in Qpy,, individually,
with (say) e = 1), this event has probability at least 1 — CR% exp(—C~1n(d=1)/d),

Let € be the largest open cluster (breaking ties arbitrarily) in Qpy,. Aslong as C' > 1,
it follows from the isoperimetric inequality that there is an open path between opposite faces
of Opin, 0 |€|>2(R+n)+1>n.

Let © be any connected component of Q. \ € which intersects Q. The inner boundary
of ® is composed of two kinds of sites: (i) those bordering € and (ii) those in the inner
boundary of Qp.,,. The sites of type (i) are all closed (by definition of €). We claim that
there are no sites of type (ii). Indeed, if there was a site of type (ii) then we could follow the
inner boundary of ® (it is connected by Lemma 4.2.3) from the inner boundary of Qp.,, to

(d=1)/d of type (i) (and

a site in Qp, which would yield a path of length more than n > n
hence closed) sites, contradicting our assumption.
Since the inner boundary of ® is connected and composed entirely of closed sites, it

d-1)/d Tpe isoperimetric inequality then shows that either ® or

has size less than C~1n(
QRrin \ D has size at most n. Since € C Qp,,, \ D and |€] > n, it follows that D] < n as

desired. []
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4.3 The metric problem

We now shift our focus to the metric problem associated with the G equation, which comes
from the optimal control formulation. As we will see, homogenization of solutions to the G
equation is implied by convergence of the associated metric to its large-scale limit.

Given t > 0 and a measurable function a: [0,t] — By, define the controlled path

X2 [0,1] = R? to be the solution to the initial-value problem

X& =a+ V(XY

(4.3)
XX(0) = a.
As in Barles [5], for each 2 € RY, define the reachable set at time t by
Ri(z) = {y € R? | Ta: [0,1] — By such that X2(t) = y}. (4.4)

Note that this definition still makes sense for ¢ < 0, if we interpret [0, ] as [t,0] and treat
the initial-value problem as a terminal-value problem. Equivalently, if ¢ < 0 then we define
R¢(x) as the reachable set at time |¢| for the negated vector field —V. For convenience, we

also define the sets

Ry ()= |J Rs(x)

0<s<t

for ¢ > 0 and

Rf(z) = |J Rs(x)

t<s<0

for t < 0. Define the first passage time

O(z,y) :=1inf{t > 0|y € Re(z)}. (4.5)
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Finally, if £ C R? is a set, we define

and we do the same for Rt_ and R;".

4.3.1  Controllability

First, we import a few results from Cardaliaguet-Souganidis [13|, which hold in the more

general ergodic setting.

Lemma 4.3.1 (Cardaliaguet—Souganidis [13], Lemma 4.2). There is a deterministic constant

B = B(d) > 0 such that Ry(x) > B|t| (and hence the same holds for R, (z) and R} (2)).
Theorem 4.3.1 (Cardaliaguet—Souganidis [13|, Theorem 4.1). For every ¢ > 0, there is a
random variable 0 < T'(e) < oo such that

O(z,y) <T(e)+elz|+ (1 +¢)|z — vyl for all v,y € RY

holds almost surely.

For our quantitative purposes, we would like to have a version of Theorem 4.3.1 where the
distribution of the error term 7'(¢) has exponential tail bounds. Our strategy is to partition
space into cubes where a controllability estimate holds nearby with high probability. Then,

using the percolation estimates, we can construct paths which mostly stay in these cubes.

Lemma 4.3.2. For each 0 < p < 1 there is C = C(d,p, L) € N such that

P| sup O(z,y)<C| >0p.
x,yEB\/a
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Proof. By Theorem 4.3.1, the statement of the lemma holds when C'is also allowed to depend
on the distribution of V', since T'(¢) is almost surely finite. We claim that we can remove
this dependence. Indeed, if not, then there would be some sequence {IP;,}, < of probability

measures which satisfy the same assumptions as P, as well as

Pp [E(n)] <p,

where E(C') is the event that 6(x,y) < C for all z,y € B g Write 0(z,y) to denote the
first-passage time where the control « is constrained to lie in 81/2 instead of By as in the
definition (4.4) of the reachable set. Similarly, define E(C) to be the event that 6(z,y) < C

for all z,y € B\/&, noting that

A(E(C)) C int(B(C)),

where cl(-) and int(-) denote the closure and interior respectively, taken in the space
Cl(Rd; Rd). Taking a subsequence (not relabelled for brevity), we find a probability mea-
sure Poo, which satisfies all the same assumptions as P, such that Py[p, A Px|By, in the

space of probability measures on C’l(BR; Rd) for every R > 0. Then, for any C' > 0,

1> p > limsup P, [E(C)] = Poo[E(C)],

n—oo

which violates Theorem 4.3.1 (noting that Theorem 4.3.1 holds just as well for 6 as for 0 by

a change of variables). O

Lemma 4.3.3. For each 0 < p < 1, there ezists a constant C' = C(d,p, L) > 0 such that the
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function G: Z% — {0,1}, defined by

1 O(x,y) <C llx,ye B
o (v.9) < C for all 2,y € B_/(v)

0 otherwise,
is Z%-translation invariant with finite range of dependence Caep = Clep(d,p, L) > 0 and
P[G(0) = 1] > p.
In other words, GG is an environment in which all of our percolation estimates apply.

Proof. By Lemma 4.3.2, there is C' > 0 such that P[G(0) = 1] > p. The Z%translation
invariance of G follows from that of P. Finite range of dependence follows from the fact

that the value of G(v) depends only on controlled paths starting in B\/g(v) which run

for time at most C. Since ||V < L, these paths stay inside of B\/ﬁ+(L+1)C(U>’ SO
Clep = 2(vVd+ (L +1)C) + 1 satisfies the claim. O

Definition 4.3.4. To translate between Z¢ and ]Rd, for each set £ C Z% we introduce the
“solidification”
Ld(F) := E + 117
soli = ——, =
22
We are now in a position to prove our improved controllability estimate. We refer to

clusters as before, using the same notion of adjacency. We write Wx := solid(QR)

Theorem 4.3.2. There is a constant C = C(d, L) > 0 such that, for each R > 1, the “extra
waiting time”

E(R) == sup H(z,y) — (C+Clz—yl)
z,yeWg

satisfies

P[E(R) > n] < CR%exp(—C~'n).

Proof. We partition RY into cubes of side length 1, centered at points in Z%.  Given
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Lemma 4.3.3, there is a constant C' = C(d,p, L) > 0 such that P[G(v) = 1] > p for some
p > po(d, Cgep, €), where ¢ = 1. For v € Z%, we say that the site v is open if Gv) =1
and closed otherwise. We say that a point z € RY lies near an open site if there is some
open v € Z% such that z € solid({v}). Let S = [R] and z,y € Wg. For convenience, we
will prove that P[E(R) > Cn] < C R exp(—C~'n); this easily implies the original claim by
changing C' to C2.

Step 1. We show that we can assume without loss of generality that x and y lie in the
same open cluster, by which we mean that there is an open cluster € such that z, y € solid().
Indeed, suppose they lie in different open clusters. Then by Lemma 4.2.4, we have an open

cluster € C Q5+nd’ which depends on the environment, such that

P |every connected © C Qg 4 \ € which intersects Qg satisfies |D| < nd]

> 1— CS%exp(—C~Ind 1.

Working in this event, let D be the connected component of Qg 4\ € whose solidification
solid(®) contains z. Then Lemma 4.3.1, along with the fact that R, (x) is connected, shows
that R, (z)\solid(®D) # 0 if Blt|* > n? and t > 0. Since the controlled paths are continuous,
there is some ¢ < n8~ Y441 such that there is some z € R, () Nsolid(<). Since the loss in
probability and travel time can be controlled by enlarging ', we may as well assume that x
was z to begin with. Repeating the same argument for y (except running time backwards,
so t < 0 and we use Rzr(y) instead) shows that we may assume that z and y lie in the same
open cluster, €.

Step 2. To show that 0(z,y) — Clz — y| < Cn, we will build a “skeleton” of points
T = 20,21,...,2; = y which all lie near open sites and satisfy |z; 1 — x;| < v/d for each
0 <7 < k. Then, by connecting the points with paths given by Lemma 4.3.3, we can build

a controlled path of length at most C'k which follows the skeleton. It remains to show that
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n ;

Figure 4.1: An example of our controlled path from z to y; cubes corresponding to closed
sites are shaded

we can build such a skeleton with k£ < C(|x — y| +n). Let
A= {v e 7% solid({v}) Ny # 0}

be the set of centers of cubes which intersect the line segment connecting x and y. Note
that |A] < 2%(1 4 |z — y|). By Lemma 4.2.1, we can choose £ = 1 to work in the event that
closed(A) < |A] + n.

Our strategy is to go from z to y in a straight line, taking necessary detours around
closed clusters. We use Lemma 4.2.1 to bound the total length of our detour.

We can build the skeleton iteratively. Start with xg = x, and assume we have built the
skeleton up to x;, for i« > 0. We maintain the invariant that, at the end of each step, z;
lies on the line segment Ty, and it is closer to y than any other x; which lies on Ty with

0 < j <i. There are three cases.

1. If |y — ;| < V/d, define 2;,1 := y and finish.
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2. If z:=x; + \/Eﬁ lies near an open site, define x;, 1 := z and continue to the next

step.

3. Otherwise, let = be the point on Z;Z which lies near an open site and is closest to z.
Then x also lies near a closed site, which is part of some connected component § of
Qg \ €. By Lemma 4.2.3, the outer boundary of § is connected. Since = € Ty, we
see that 07§ C closed(A). Besides, since every vertex in Z% has degree 34 _ 1, we
have |07 F| < 3d|0’&'|. So, let p1,...,pp € Z® be a path along the outer boundary
of §, where solid({p1}) > = and p; € A is a point on the outer boundary of § which
maximizes py- (y —z). Finally, we extend our path by setting x; 1 := 7 and ;4 11 =
pj for each 1 < j </, and set x;, p o to be a point on the line segment Ty which lies

in solid({py}).

It remains to analyze the length of this skeleton by looking at each of the three cases.
The first case happens at most once, so it can be ignored. The second case reduces the

distance |z; — y| by v/d and the third case does not increase the distance |z; — y|, so there

[z—y|

Vd
adds ¢ + 2 points, where ¢ < |0TF|. Since we finish an instance of the third case at a point

can be at most points in the skeleton coming from the second case. The third case

as close to y as possible on the segment Ty, we never witness the same cluster § twice in

different instances of the third case. Therefore the third case adds at most

Clclosed(A)| < C(JA| +n) < C(|lz —y| +n)

points to our skeleton. O

4.3.2  Random fluctuations in first passage time

Next, we consider how much 6(0,y) deviates from its expectation. Our proof will fol-

low roughly the same path as the proof of Proposition 4.1 from Armstrong-Cardaliaguet—
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Souganidis [3], with some modifications which are made possible by the controllability esti-
mate.
To get started, we introduce a “guaranteed” version of first passage time. For any p > 0,

define the p-guaranteed reachable set recursively by

R, (x) ift<p
RY (2) ==

R, (Rtp_p(l‘)) U (Rtp_p(:v) + B1)  otherwise.

The p-guaranteed reachable set is similar to the reachable set, except that we enforce expan-
sion at a rate of at least 1/p in a certain discrete sense. We similarly define the p-guaranteed
first passage time

0P (z,y) = min{t >0 | y € R} (z)}.

Note that the p-guaranteed first passage time coincides with the usual first passage time
if we have sufficient control on the extra waiting time € (from Theorem 4.3.2) in a suitable
domain.

Fix some y € R? and define the random variable {z} >0 DY
z; =E[07(0,y) | 7],

where Fy is the o-algebra generated by the environment V' (z) restricted to the p-guaranteed
reachable set Rtp (0). In other words, F; is the smallest o-algebra so that the functions
V(x)]lxeRf(O) are Fy-measurable for every z € R%. Since RY(0) are increasing sets, {Fthi>0
is a filtration, so {th}tzo is a martingale.

We first show that Zf depends mostly on the shape of Rtp(O), without regard for the

values of V inside Rf (0). In order to condition on the approximate shape of the reachable

44



set, for any £ C R? we introduce the discretization
disc(FE) :={z € d-1/2zd | B(z,1) N E # 0}.
Lemma 4.3.5. For any t > 0, we have
lmax(Z{,t) — f(t, disc(R}(0)))| < 3p,
where we define f(t,S), for any t > 0 and any finite set S C d’1/2Zd, by
F(t,S) ==t +E[0°(S,y)] .
Proof. Fix some t > 0. Using the speed limit L + 1 for controlled paths, we see that
RP(0) € B(0,1+ [L+1+p 1t)
almost surely. Define the set of possible discretized reachable sets at time t by
Oy = {s cdV?zinB (o, [L+1+ p—lw)} . (4.6)

For any S € Ct, the event that disc(R}(0)) = S is Fi-measurable, so we have

lmax (Zf,t) — f (¢, disc(R}(0)))]

= > max (|E (070, 9) — £(t: ) L gige(me(0y)=s | 7]
SeCy

= £ 9)1)

Fix some S € Cy. If B(y,2)NS # (), then y € Rgp(S), so 0°(0,y) <t+3pand t < f(t,S5) <
t + 3p and the conclusion holds.
Otherwise, define the set £ := S+ B(0,2). Note that Rf(0) C E and dist(RY(0),0E) >
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1. Using the definition of the p-guaranteed reachable set,
0°(0,0F) + 6P (OE,y) — p < 0P(0,y) < 6P(0,0F) + 6P (OF, y). (4.7)
Using the definitions of S and FE,
t <6P(0,0F) <t -+ 3p.

On the other hand, the term 6°(0E,y) is G(R®\ E)-measurable. Taking the conditional

expectation of (4.7), we have
t—p+E[0P(OE,y)] < ZF <t+3p+E[0(OF,y)).
To finish, we use the definition of the p-guaranteed reachable set to find that
0<0°(S,y) — 6P (OFE,y) < 2p.

Combining the previous two displays yields the conclusion of the lemma. O

Next, we show that our approximation for Z{, given by f(t,disc(Rf(0))), has bounded

increments.

Lemma 4.3.6. Let t,s > 0. Then
£t dise(RY(0))) — f(s. disc(RE(O)))| < 20+ [t — s|(Lp+ p+2)

Proof. Without loss of generality, assume s < t. Let Cs and Cy be as defined in (4.6). We
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need to prove that

Do > (LAY = F(s, A Lgise(ro(0))=a, Laisc(RE(0)) =4, < 20+ [t = s|(Lp+ p+2).
AgeCy AreCy

So, fix any Ag € Cs and A; € Cy such that
P [disc(R5(0)) = Ag and disc(R7(0)) = Ai] > 0.
The speed limit for controlled paths shows that Ag C Ay and
dist (A, A)) <2+ |t — s|[L+1+p 1],

where dist 7 denotes the Hausdorff distance. Using the definition of the p-guaranteed reach-

able set, this yields
0°(Ar,y) < 0°(As,y) < 0°(Ary) +p (24t —sI[L+1+p71).

The conclusion of the lemma follows from the definition of f. O

Now we put these lemmas together and apply Azuma’s inequality to {Zf }4>0> choosing

p carefully to balance competing error terms.

Proposition 4.3.7. There is a constant C' = C(d, L) > 0 such that, if y1,y2 € R and
A>C+ COlyr — yolY? log? [y1 — val,

then

o A141/2
PllO(y1,y2) — E[0(y1,92)]| > A] < Cexp <&> .

ly1 — yo2|1/4

Proof. By R-translation invariance, we assume without loss of generality that y; = 0; let
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Y = 1Y2-

Note that 0(0,y) = 0°(0,y) as long as O(u,v) < pif |[u —v| < 1, for all |ul,|v] <
[(L+1+pY][p~Yyl] (a ball of this radius contains the p-guaranteed reachable set at
time [p~!y|]). By Lemma 4.3.5 and Lemma 4.3.6, the martingale {Zf}tzo has bounded

increments of

Zt — Zs| < (pL + p+2)[t — s| + 8p.

Also, th = 0(0,y) for all t > p|y|. Apply the union bound with Theorem 4.3.2 and Azuma’s

inequality to the sequence {Zﬁ}0<n<(p—1|yﬂ to see that

P160,y) — E[6”(0,9)]| > A] < P[0(0,y) # 6°(0,)] + P[|6(0,y) — E[07(0,y)]| > A]

d
<Cl(L+1+p ) yl] exp(-C1p)

) _Cfl/\Q
" “pQ@L+p+m+@m2wle>’

as long as p > 2C. Choosing p = /\1/2|y|_1/4 yields the bound

(4.8)

_—141/2
Mwam—mwmmn>ﬂsompﬁﬁiﬁrﬁ7

as long as A > C|y|1/2 log? |y| (we absorb all the polynomials into the exponential by changing
the constant appropriately). It remains to replace E[#”(0,y)] in (4.8) with E[0(0,y)]. Indeed,

we can bound

E[0(0,y)] = E [0°(0,) | E,] - P[Ey] + E [0(0,y) | Ep] - (1 —P[Ep))

= E[0(0,1)] + O (plyl(1 = PIE]) + (ply) exp(~C1p)) . (49)

where E, denotes the event that 6(0,y) = 67(0,y) and the last part of the last line comes

from the controllability bound in Theorem 4.3.2. Since p > C'log |y|, we can ensure that the
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error term in (4.9) is at most %/\ and can therefore be absorbed into the constant. O

4.3.83 Nonrandom scaling bias

Given the controllability estimate in Theorem 4.3.2, we can apply Fekete’s lemma [19] to

extract a limit, for every v € Rd, of

We are now interested in bounding the nonrandom scaling bias, given by
]E[Q(Oa U)] - a(v)a

for v € R?. The controllability estimate implies that E[0(0, )] —E[0(0, 2)] < C'if |y — 2| < 1,
so we lose nothing by assuming that v € Z¢.

First, we find some initial sublinear bound for the nonrandom scaling bias. Then, we
follow an argument of Alexander [1] to improve the bound so it matches the estimate (up to
a log-factor) for the random fluctuations from Proposition 4.3.7. We need the initial bound
to estimate the region where we apply the controllability bound in the later argument.

Since A(z,y) is subadditive, we know that E[0(0,v)] > E[0(v)]. We are looking for a
bound of the form

E[0(0,v)] < E[0(v)] + error(|v]).

Our strategy will be to take a controlled path from 0 to v, chop it into pieces, and rearrange
the pieces into a new path which stays close to the line connecting 0 to v. If the random
fluctuations are small, the rearranged path will not take much more time than the original

path. In this way, we show that

E[6(0, nv)] + E[0(0, mv)] = E[6(0, (n + m)v)]
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for n,m € N, which will give us the desired bound.

First, we need a lemma about the rearrangement which is purely combinatorial; we
include a proof based on a nearly identical result from Matousek [29], proven originally by
Grinberg [22].

We note that the arguments of this section can be simplified considerably via a curve-
cutting lemma used by Tran—Yu [36] to achieve the optimal rate of convergence for periodic
homogenization of convex Hamilton—Jacobi equations. The simplified version is contained
in a future work [14]. Notably, this simplification also improves the bound in Theorem 5 by

a factor of log(e~t).

Lemma 4.3.8. Let vq,...v, € By be vectors lying in the unit ball By C RY with Yo v =

nx. Then there is a permutation o: {1,...,n} — {1,...,n} such that 25:1 Vo (i) — kx| <
2d for every 1 < k <n.
Proof. We say that a set {vq,...,v,} of vectors is good if there are coefficients aq,...,an
such that «; € [0, 1], with
n
Z ajv; = (n—d)x
=1
and
n
Z a; =n—d.
1=1
Note that our original set of vectors is good, and that if a set of vectors is good then
n
Z v; —nz| < 2d.
1=1
To prove the lemma, it is enough to show that if n > d then there is i such that {vq,...,v,}\

{v; } is also good (then we build ¢ by putting o(n) = i and proceeding recursively). Consider
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the following system of equations in n unknowns xy,...,Tn:

n
invi:(n—d—l)x, in:n—d—l.
1=1 )

Note that x; = a;(n —d — 1)/(n — d) shows that there is a solution with x; € [0, 1] for all .
Since there are d + 1 equations, we can modify x1,...,xy, so that all but n — d — 1 of them
are either 0 or 1. If none of the x; were 0, then n —d — 1 of them would 1, so we would have
S>oiqx; >n—d—1, a contradiction. To conclude, we take ¢ such that z; = 0 and now the

remaining x; witness the fact that {vy,...,vp} \ {v;} is good. O

Next, we apply Lemma 4.3.8 together with the fluctuation bound in Proposition 4.3.7 to

show that E[0(0, -)] is approximately additive.
Lemma 4.3.9. There is a constant C = C(d, L) > 0 such that for anyn,m € N and v € RY
with |v] > 2, we have

E[0(0, (n + m)v)] < E[0(0, nv)] + E[0(0, mv)] < E[0(0, (n + m)v)] + C|v|?/3 log? |v.

Proof. Let E denote the event that

1. |6(z,y) — El6(z,y)]| < Clv|*310g? u| for all z,y € B(0,C(n + m)v) with |z —y| <
C|v|?/3, and

2. 16(0, (n + m)v) — E[O(0, (n +m)v)]| < Clo|Y%1og? |v|.

If we choose C' large enough, Proposition 4.3.7 implies that £ has probability at least % In
particular, F is nonempty, so work in some fixed environment V in E. Let ~: [0,0(0, (n +
m)v)] = R? be a controlled path from 0 to (n + m)v. By chopping ~ into pieces of length

|2/3

at most |v|“/?, we find a sequence of points 0 = zq, z1, ...,z = (n+ m)v with k < C’]v|1/3
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which lie in Z% with .

> 0(xi—1,2;) <600, (n+m)v) + Ck.
=1

Using the definition of E, we conclude that

k
S E0(zi1, ;)] < E[B(0, (n+ m)v)] + Clv]*3log? [v].
=1

Using Z%-translation invariance and rearranging using Lemma 4.3.8, we assume that |z; —

%(n +m)v| < Cv|?/3. So, letting p := |nk/(n +m)|, we have

p
E[6(0, nv)] + E[9(0, mv) Z ri—ya) + Ol + Z O(ai—1,2;)
=1 i=p+1

< E[9(0, (n + m)v)] + C|v|[*/?1og? v,

where the first inequality comes from considering the path that goes from 0 to x;, takes a

detour to nv, then continues from xy, to y. ]

We finish by using Lemma 4.3.9 and subadditivity to bound the nonrandom scaling bias.

Proposition 4.3.10. There is a constant C = C(d, L) > 0 such that |E[0(0,v)] — 0(v)| <
C|v|?/310g2 |v| for all [v] > 2.

Proof. Using Lemma 4.3.9, we note that E[8(0,v)] + C|v|?/31og? |v] is superadditive in v.

Since C|v|%/31og? |u| is strictly sublinear in |v|, we conclude that
E[6(0,v)] + Clo/log? [o] > Tim n~! (E[@(O, nv)] + Clnv|>/310g? |m\) —B(v),

and the conclusion follows. O

Now that we have some initial sublinear bound on the scaling bias, we will follow Alexan-

der’s [1] argument to show that E[6(0,v)] satisfies the convex hull approximation property
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(defined below) with exponent % The argument is a bit different in our setting because
(i) the controllability estimate only holds with high probability (not almost surely) and (ii)
we do not have access to the van den Berg—Kesten inequality, so we replace it with the
finite range of dependence assumption together with the controllability estimate. The speed
limit L + 1 on controlled paths provides the necessary locality to apply the finite range of
depencence assumption.

Let f: Z% — R be a nonnegative subadditive function with sublinear growth; that is,
there is some constant > 0 such that f(x) < r|z| (in practice we will set f(z) := E[0(0, z)]).
Define f: R 5 R by
F(w) == lim 0L f([nal).

n—oo

where [-] denotes coordinate-wise rounding to integers. Then f is positively homogeneous
and convex, so we define f,. to be a supporting affine functional to f at x, chosen consistently
so that f, = fo, for all @ > 0. We can think of f,(v) as representing the progress that an
increment v makes in the direction of z. Since f is positively homogenous, we have 735(0) =0
and f(x) = f(x).

In the following, ¢: (1,00) — R is a positive nondecreasing function (in practice we will

set p(z) := log® z).

Definition 4.3.11. We say that f satisfies the general approximation property with expo-
nent v > 0 and correction factor ¢ if there are constants C, M > 0 such that if |z| > M

then

f@) < f(2) < f(2) + Cla]"(|]).

Next, we define the set of “good” increments toward = by

Ga(v,p,C.K) 1= {v € Q'] |o] < Klal, F»(0) < F(a), f(v) < Folv) + ClaPe(la) }
(4.10)
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where C, K > 0. The conditions in (4.10) say that good increments are not too much
larger than |z|, do not overshoot in the direction of x, and are not too wasteful along the
way (we can think of f(v) — f,(v) as the inefficiency in a step v towards z). If we could
write every x as the sum of a bounded number of good increments, this would imply the
general approximation property. Unfortunately, this is not so easy to accomplish. Instead,
we approximate nxz by O(n)-many good increments for some large n; this is the content
of the next definitions. In the proofs, we will need to apply the controllability estimate
along a path from 0 to nz, so we need some upper bound on n. The sublinear bound in

Proposition 4.3.10 allows us to bound n by some power of |z|, so we can apply controllability.

Definition 4.3.12. A sequence vg,vy,...,vny is a Ggz(v, ¢, C, K)-skeleton if v; —v;_1 €

Gy(v,¢,C K) for all 1 <i <m.

Definition 4.3.13. A function f satisfies the skeleton approximation property with expo-
nent ¥ > 0 and correction factor ¢ if there are constants M,C, K > 0 and a > 1 such
that, for every z € Q% with |z| > M, there exists n > 1 and a Gy (v, p, C, K)-skeleton

0 =wvg,v1,...,vm = nx of length m < an.

As we will see, the skeleton approximation property is more convenient to verify. The
following theorem of Alexander [1| provides a link between the skeleton and general approx-

imation properties.

Theorem 4.3.3 (Alexander [1]). Suppose that f: Z% — R is a nonnegative subadditive
function and there is a constant r > 1 such that f(x) < r|z| for all z € 7% If f satisfies
the skeleton approximation property with exponent v > 0 and correction factor ¢, then f

satisfies the general approximation property with the same exponent and correction factor.

Proof. Step 1. We show that if z € Q% with |z| > C, then there is o € [¢, 1] such that az

lies in the convex hull of G,.. Let n € N be large enough so that



Let xg,x1,...,xm be an Gy-skeleton for nz. Then

3

1m
—Z (T — 1)

and n < m < Cn, where the first part of the inequality follows from applying 7m to both
sides of the equation.

Step 2. We show that if z € Q7, || > K,t> 1, and tzx € 7%, then there is a 2 € Z¢ with
f(tx)— f(tr) < f(2)— f(2) +tC|z|"¢(|z|). Using the previous step, write tz = 2+ Y 1" 1 v,

where |z| < C|z|, f(2) < fu(2) + C, v € Gz, and m < Ct. Indeed, for some a € [c, 1] we

first write
d+1

ar =) pii,
1=1

where v; € G, and p; > 0, > . p; = 1. Note that the sum only requires d 4+ 1 terms by

Caratheodory’s theorem on convex hulls, since we are working in RY. To decompose tx, we

write
d+1 d+1
tx = Z(toflpi - [ta_lpij)'vi + ZLta_lpiJvi =z + (tr — 2),
=1 i=1

so z satisfies the required properties. By subadditivity of f and linearity of f,,

Finally, we write f(tx) = f,(2) + f,(tx — z) and subtract from both sides of the inequality

above to get

f(ta) = f(te) < f(2) = f(2) + Ct,
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where we used the fact that f(z) < f.(z) + C.

Step 3. For some large M > 1 (and possibly enlarged K), the previous step yields

sup  f(x) = f(z) < sup  flz) = f(a) + CMlz]"o(|z])
|z|<MKE+HLK |z|<MFK

< sup  f(z) = flz) + C(MY = Dz p(|2]),
x| <MFK

where we made C' larger in the second line to account for the change in constant. By

induction on k, we conclude that
f(x) = f(z) < Clal’o(|z]).

]

It remains to verify that f(x) := E[0(0, z)] satisfies the skeleton approximation property.

Proposition 4.3.14. The function f(x) := E[0(0,x)] satisfies the skeleton approximation

property with exponent v = % and correction factor p(z) = log® |z|.

Proof. Given a skeleton {v;}y<;<y,, we define its error to be

m—1

err ({v;}gcicm) = > max (0,E[0(v;, v;41)] — 0(v;, vi41)) .
=0

measuring how much faster a controlled path can traverse the skeleton than expected.
Given n € N, we say that a skeleton {v;}y<;<,, is n-reasonable if, for every s > 0 and
1<i<j<m,ifs<|v;—vj_1],|v; —vj_1] < 2s and there are at least 7 — 1 other indices

i <k < jsuch that if s < |v —vp_q1| < 2s, then

(L+1)(Elv; —vi—1| + Elvj; —vj_1]) + 1 < |v; — vy
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This definition means that legs of a reasonable skeleton contribute terms to the error which
are independent random variables, as long as they are of the same scale and far enough
apart.

Step 1. We show that, with probability which tends to 1 as |x| — oo, there is n € N
such that every n-reasonable G;-skeleton has small error. Let {Uz'}()gigm be an n-reasonable
Gg-skeleton. Then partition the indices 1,2, ..., m into O(log |z|) buckets numbered starting

at 0, where the 7th bucket is given by
By ={j|2" < |vj—vj_1| <2F1}.

Within a single bucket, indices which are at least 7 apart (in sorted order) contribute inde-
pendent terms to the error, so splitting the bucket into 7 sub-buckets containing indepen-
dent terms, exponentiating the random fluctuation bound from Proposition 4.3.7, and using

Markov’s inequality yields

P Z max (0, E[0(vj, vj41)] — 0(vj,vj41)) > Cm77|x|1/2 log? |z|
JEB;

< 77((7 exp(—CilClog2 ‘xD)m

for some constant C' > 0 and any ¢ > 1. Summing over the buckets, we get

m
P Z max (0,E[0(vj, vj41)] — 0(vj,vj41)) > Cmn|x|1/2 log? |z|
j=1

m
< nlog |z| (C exp(—C~ "¢ log? le))

< Cexp(—CC_lmlog2 |z]), (4.11)

where the last inequality holds as long as |z| is sufficiently large.

Estimate (4.11) holds for a particular skeleton {v; }g<;<,,. Since there are at most C|z|%™
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many G-skeletons of length m, we can set ( large enough to sum over all G, skeletons and

get

’1/2

P [every n-reasonable Gy-skeleton of length m has error at most Cm|z|"/? log? |z|

> 1 — Cexp(—C~log? |z]).

Here we make a note to choose M large enough so that C’exp(—C’_1 log? M) < %

Step 2. Choose n € N such that %f(nx) — f(z) < 1. In view of Proposition 4.3.10, we
can ensure that n < C|z|?. Note that there always exists a G-skeleton from 0 to nz, since
sufficiently short increments are in GG,. The challenge is to find a G -skeleton without too
many vertices.

We show that, with probability which tends to 1 as |z| — oo, there exists a reasonable
G y-skeleton of length m < n from 0 to nz. Proposition 4.3.7 applied to 6(0, nx) shows that

P[0(0,nz) — E[#(0,nz)] > n] <

9

W =

as long as M (and therefore |z|) is large enough. Similarly, we can choose M large enough

to ensure that

P [5 (2(L + DE[B(0, nz)]) > ]m\1/4] <

Wl =

By the union bound, there is some w € €2 such that
0,(0,nz) <E[A(0,nx)] +n

and

Eu(2(L + DE[G(0,nz))) < ||/* (4.12)
and so that for every m > 1, every Gj-skeleton of length m has error no more than
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Cmlz|Y2log? |z].
We now build a Gz-skeleton greedily from 7: [0, 6,,(0, nz)] — R%, the shortest controlled
path from 0 to nz with respect to this particular w. Let vy := 0 and g := 0. Given v;,t; for

1 > 0, define
tiv1 = min (0,0, nx),sup{t > t; | (v(t) —v; + B1) NGz # 0}).

Then, define v; 1 to be any point in (y(t;11) + B1) N (G + v;). Continue until v; 1 = nz,
and set m := 14 + 1 in this case.

We claim that the skeleton vy, ..., vy, is n-reasonable for some constant n = n(d, L) > 0.
Indeed, suppose not. Then there would be some s > 0 and indices ig < i1 < --- < iy such
that s < [vj; , —v;;| < 2sforall 0 < j <nand |vj, —vj| < Cs+1, where C(d, L) > 0 is
a constant; for example we could take C' = 4(L + 1) sup,—1 E[6(0,v)], which depends only

on d and L by Theorem 4.3.2. Since we chose the skeleton greedily, we can be sure that
L. —1y.11/2
52 §‘UZ+1 vi| > C7 x|, (4.13)

where we may have to enlarge the constant C' > 0. Define 7 to be the path which follows ~
from 0 to v(t;,), then follows a shortest controlled path from ~(z;,) to fy(tin), then follows ~y

the rest of the way to nz. The controllability bound (4.12) implies that
length(3) < length(y) — n(L 4+ 1) "ts+ Cs+ 1 + \x|1/4.

From (4.13) we see that length(7) is strictly smaller than length(~y) if n > 4C(L + 1) (here
we make a note to choose C, M > 1). This contradicts the fact that v is a shortest path, so

we conclude that the skeleton is n-reasonable.
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Now we use the error bound for reasonable skeletons to see that
1/2 3
ert ({vi}1<j<m) < Omla] log? |2,

and so using the fact that v is a shortest path we see that

m—1
S Elf (01, vi1)] < (0, 02) + m(d + |o]/4) + Cmla] /2 log? |2

1=

< E[0,(0, nz)] + n + m(4 + |z|V/4) + Cmlz|/?10g? |x]. (4.14)
On the other hand, we can split the indices 0,1,2,...,m — 1 into two groups: define
L:=A{0<i<m||vip1 — vl +Vd > Klz| or fy(vig1 —vi) +rVd > f(x)},

and let S :={0,...,m — 1} \ L. We think of S as the indices of short increments and L as

the indices of long increments. Note that every index i € S of a short increment satisfies
Elfio (03, vi1)] = Folvig1 = vi) = Cla]'Zlog? [a] — O(1).

So summing over i € S and choosing C' > 0 large enough relative to the bound (4.14) shows
that we can ensure |S| < 7. On the other hand, the linear growth of f shows that there are

at most C|z|~10,(0,nz) < Cn long increments, so m = O(n) as desired. O

4.3.4 A shape theorem

To conclude the section, we put together our bounds on random and nonrandom error to get
a quantitative shape theorem for the metric problem. Define the large-scale reachable set at
time ¢ by

Spi={z e RY|0(z) < t}.
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Theorem 4.3.4. Let V: RY — R? be a random divergence-free vector field with unit range
of dependence and ||V |1 < L almost surely. Then there are constants C(d, L) > 1 >

c(d, L) > 0 such that, for allt >0,

_—141/2
P [dist 1 (Re(0),S) > Ct1 /2 10g3 t + A] < Cexp <C_A> |

(174

where disty denotes the Hausdorff distance. Furthermore, there is a random variable Ty,
with

E[exp(clog3/2 Ty)] < o0,

such that
<C

dist g (Re(z), = + St)
Sup /2753
(t,x)€[0,T]x By T4/ “log”T

for all T > Ty.

Proof. For the first claim, let ¢ > 0. Apply Theorem 4.3.2 to B(L+1)t+1 and Proposition 4.3.7
to every z € Z4N B(r41); and use the union bound to see that as long as A > Ct1/210g% t

we have

(4.15)

- _—141/2
P V2 € Birpay: 1000,2) — E[B(0,2)]| > A| < Cexp (C—A> |

t1/4

where we absorbed polynomials into the exponential by enlarging the constant C'. Note also

that Theorem 4.3.2 implies that if 0 < r < s, then

(4.16)

P [Ry(0) ¢ Rs(0) + By] < Coxp (‘C_—Wz> .

t1/4

This bounds the random error. On the other hand, Proposition 4.3.14 and Theorem 4.3.3
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combine to show that
0 < E[0(0,2)] — 0(z) < Clz|"?10g? |2, (4.17)

which bounds the nonrandom error. The estimates (4.15) and (4.17) say that, with high
probability, the first passage time 6(0,z) from 0 to any point x is close to the large-scale
average 0(x). Furthermore, the estimate (4.16) says that once a controlled path reaches z,
the reachable set stays close to x for all later times (the controllability estimate guarantees
the existance of controlled paths in the form of short loops). Unwrapping the definition of
Hausdorff distance yields the first claim.

For the second claim, apply the first claim to every (¢, z) € (ZN[0,T]) x (Z%N By) and

the union bound to conclude that

o Ae141/2

P| sup disty(Re(z),x+St) > CTY210g3 T+ \| < CT exp 01—2 :
teZN[0,T)] TY
t€ZNBy

Next, apply the controllability estimate in Bp to see that the same holds for all (¢,x) €

[0,T] x By, by enlarging the constant C. Plugging in A = cT/? log® T shows that

dist
P sup ® H(Zz;@)’f +St) >(C| < Cexp(—C_1 logg/2 T),
e TxBy  TY%1log3T
and the conclusion follows. O
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4.4 Proofs of the main results

4.4.1 Homogenization of solutions

Now that we have a quantitative shape theorem for the metric problem, we use the control
formulation to extract a rate of convergence for solutions of the G equation to the large-scale
limit. Let ug € CO1(R?%) and let @: Ry x RY — R be a solution to the effective problem (4.2),

where the effective Hamiltonian is given by

—_— v

H(p) := Useulé)dp- W (4.18)

Note that 6 is positively homogeneous, so the supremum can be restricted to the unit sphere

and is in fact a maximum. We have the representation formula

u(t,z) = sup ug. (4.19)
x+S¢

On the other hand, let u® be a solution to the G equation (4.1). We have the representation

formula

ut(t,x) = sup . (4.20)
eR_—1,(e7 1)

See Barles [5] for proofs of these representation formulas.

Proof of Theorem 5. Using the representation formulas (4.19) and (4.20), we see that for

every 0 <t < T and x € By we have

|u®(t,z) —u(t,x)| = su(p 1 )uo - s_t:g up| < Jlugll o1 distH(5R€_1t(6_1x),x +5).
eER__1,(e ' T+O¢
et
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Rescaling by e~! and applying Theorem 4.3.4 (using the fact that e =18y = S.-1,) yields

sup diStH(E‘:Rg—lt(é‘f—lZL‘), r+8) < (J(Te)l/2 log3(e717)
(t,I)G[O,T] X B

for all T' > €Tj. Combining these gives
[uf (t, ) — (t, 2)] < Cllugll o, (t2)/? logP (e 1)
for all t > €T}y as desired. ]

4.4.2  Continuity of the effective Hamiltonian

Now we apply Theorem 4.3.4 to show that the effective Hamiltonian H depends continuously

on the law of the environment.

Proof of Theorem 6. Throughout this proof we will use the superscript * to denote the cor-
responding object (Hamiltonian, first passage time, reachable set, etc.) for the environment
P*. Since the effective Hamiltonians are positively homogeneous, it suffices to show uniform

convergence on By. From the formula (4.18) for the effective Hamiltonian, we deduce that

H(p) = sup v-p
vES]

and

H'(p) = sup v-p.
veSY

So, it would suffice to show that dist (S}, S1) < Cel/3 log® e~!. From Theorem 4.3.4, we
have

E[dist g (1 R¢(0),81)] < Ct /2 log? t (4.21)
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and

E*[dist ;7 ('R (0),87)] < Ct™ Y2 1og3 ¢ (4.22)

for all ¢ > 0.
On the other hand, if ||V — V*[|s1,1 < € for two vector fields V, V*, then by using the
same controls for each environment and Gronwall’s inequality we see that the corresponding

reachable sets satisfy

dist ;7 (R¢(0), R{(0)) < etexp(et).

If 7(P,P*) < ¢, then by applying Markov’s inequality to (4.21) and (4.22), we conclude that

such V, V* exist with
dist g (¢t~ R4(0), S1), dist g (1 RE(0), 8F) < ¢t~ 12 10g> .
By the triangle inequality, we conclude that
dist(S1,S7) < etexp(et) + Ct /% log?t.

~9/3

We choose t = ¢ to balance the error terms and conclude. OJ
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CHAPTER 5
THE RANDOM G EQUATION WITH NONZERO DIVERGENCE

5.1 Introduction

We consider the behavior, as ¢ — 0T, of the family {ue}.~q of solutions to the G equation,

Dy (t, ) — |Dyul (t,z)| + V(e z) - Dpuf(t,2) =0 in Ryg x R? 651)
5.1

u= (0, ) = ugp(x) in R?,

where d > 2, V: RY —» RY is a random vector field and the initial data uQ RY 5 RY is
Lipschitz. The level sets of u¢ model a flame front which expands at unit speed in the normal
direction while being advected by V', which models the wind velocity. When compared with
homogenization of other Hamilton—Jacobi equations, the main difficulty with the G equation
is that, since we do not assume that ||V || < 1, the equation may not be coercive. On the
other hand, if E[V] = 0, then the equation is still “coercive on average”, so we can hope to
recover some large-scale controllability.

When divV = 0, the wind cannot form “traps” where the flame can be contained, and
so a controllability bound holds [13]. The main novelty of this paper is a more quantitative
controllability bound, which allows for the possibility that divV is nonzero but small, and
rules out the existence of such traps.

Cardaliaguet—Souganidis [13| proved, under the assumption that the environment V €
C’Ll(]Rd;Rd) is stationary ergodic and divergence-free, that the equation homogenizes; i.e.

we have the locally uniform convergence of solutions u® — @ as ¢ — 0 almost surely, where
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u is the solution to the effective equation

Dyu(t, z) = H(Dyu(t, x)) in Rvq x R?
(5.2)

u(0,x) = ug(z) in R%,

and H: R? — R, called the effective Hamiltonian, is positively homogeneous of degree one
and coercive.

Our main result is the following.

Theorem 5.1.1. Let V: RY — R? be a random Lipschitz vector field which has unit range
of dependence and is Z%-translation invariant. Then there is a function H : RY — R, which
is positively homogeneous of degree one and coercive, and a constant C = C(d) > 0 such
that, if
. 1 —C
[divV] < O ([[Vlgoa + 1)

almost surely, then there is a random variable Ty, with
Elexp(CH([V ] goa + 1) Clog® 2 Ty)] < C,
such that
s (t, ) — alt, 2)| < C(IV]lcor + 1) (Te) 2 log?(e~1T) (5.3)

for all T > €Ty and t,|x| < T, where u® is the solution to the G equation 5.1 and u is the

solution of the effective equation 5.2.

5.1.1 How quantitative is Theorem 5.1.17

There are two main quantitative features of Theorem 5.1.1: the bound on |u® — @|, and the
random variable T{), which represents how long we must wait before the bound takes effect.

As for the former, the exponent % of (te) matches with the best known bound for convergence
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of the limiting shape in first-passage percolation [4]. Indeed, first-passage percolation is an
easier problem, since controllability is free and the Hamiltonian is i.i.d., so we cannot hope
for a better bound without improving the result for first-passage percolation as well.

As for the bound on T{j, we note that the distribution of Ty has subpolynomial tails and

therefore all moments of Ty are finite. However, our only bound on the typical value of Tj) is
E[Ty] < exp (C(HVHCO,l + 1)0) .

We note that while [|V||-0,1 appears to be a random variable, the finite range of dependence
assumption implies that it is constant almost surely. The exponential dependence on ||V|| ~0,1
is an artifact of the fact that the exponent %, discussed above, is the tightest possible with
our current argument. Indeed, by the same proof it would follow that, if we replace the
exponent % in 5.3 with an exponent of % — 0, the corresponding Ty would instead depend

polynomially on |[V||~0,1, with the bound

E[Tp] < C(|Vllcos + 1),

5.1.2  Prior work

There is a rich body of literature studying homogenization of the G equation and enhance-
ment of the front speed (see |13, 8, 12, 31, 9| for example), so we limit our focus to work
most closely related to the current situation. Inspired by Cardaliaguet—Souganidis [13],
the author [15] showed that, if V' € 0171(Rd;Rd) has unit range of dependence and is
divergence-free, then there is a constant C' = C(d, ||V||-1,1) > 0 and a random variable Tj

with subpolynomial tail bound E[exp(C~11log3/2 Ty)] < C, such that
[ (t, 2) — a(t, 2)| < Cllugllgoa (te) '/ log(e 1) (5:4)

68



for all t > €T}y and |z| < t.

Since the bound (5.4) is bootstrapped from local controllability estimates by Cardaliaguet—
Souganidis [13], the dependence of the constant C' on ||V 1,1 was unspecified. Besides, the
work of Cardaliaguet—Souganidis [13] used the divergence-free condition in a critical way,
which was necessary under their weaker assumption of stationary ergodicity.

On the other hand, when the environment is periodic instead of random, Cardaliaguet—
Nolen—Souganidis [12] proved quantitative homogenization of the G equation without the
divergence-free condition. Indeed, they made only the weaker assumption that |divV| < e
for some ¢ = £(d) > 0, which is related to the constant in the isoperimetric inequality for
periodic sets.

We also note that Feldman [20] extended work of Burago—Ivanov—Novikov [8] to prove
quantitative estimates on the waiting time in an environment which satisfies a mixing con-
dition in both space and time variables, under the assumption divV = 0.

In this paper, we extend the author’s work [15] to the case where divV may be nonzero
but small and V is only Lipschitz. Along the way, we quantify the dependence of the
constant in (5.4) on the Lipschitz norm of V. The proof adapts an argument of Burago-
Ivanov—Novikov [6], as well as a new argument to show that, even in the presence of nonzero

divergence, the reachable set continues to grow quickly.

5.1.83 Definitions, assumptions, and conventions

We use C' > 0 to denote a (large) constant which may vary from line to line, but (unless
otherwise specified) depends only on the dimension, d. For the sake of brevity, we write
Lip(V') to denote the maximum of 1 and the smallest Lipschitz constant for V.

For convenience, we will assume that V' & Cl’l(Rd; Rd) qualitatively; since every bound
we prove depends only on the Lipschitz norm of V', this condition can be dropped by ap-

proximating V' by its mollification. We also assume that there there is zero average drift,
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ie. E[V] = 0.

If E C R?, we write G(F) to denote the o-algebra generated by V restricted to E. That
is, G(F) is the smallest o-algebra such that the random variables V' (x) are G(F)-measurable
for each x € E. We assume that V' has unit range of dependence, which means that if
A, B C R% are sets with dist(4, B) > 1, then G(A) and G(B) are independent.

Given t > 0 and a measurable function a: [0,t] — By, define the controlled path

X2 [0,t] — R? to be the solution to the initial-value problem

X& =a+ V(XY

(5.5)
X2(0) = z.
For each = € ]Rd, define the reachable set at time t by
Ri(z) = {y € R? | Ta: [0,1] — By such that X2(t) = y}. (5.6)

Note that this definition still makes sense for ¢t < 0, if we interpret [0,¢] as [t,0]. For

convenience, we also define the sets

for ¢ > 0 and

for t < 0. Define the first passage time

O(z,y) :=inf{t | y € Re(z)}.
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Finally, if £ C R? is a set, we define

and we do the same for Rt_ and Rf.
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5.2 Local waiting time estimates

In this section, we adapt the proof of Burago—Ivanov—Novikov [6] to estimate the waiting

time for the metric problem associated to the G equation.

5.2.1 The incompressible case

First, we prove that, with high probability, sufficiently large (d — 1)-dimensional cubes have
very little flux.
Let E(Ry, Rg,c) be the event that every axis-aligned (d — 1)-dimensional cube B, of

radius between Ry and Rq, which intersects Q g, satisfies

<elBl, (5.7)

/B V(z)-v(z) de

where v: B — RY denotes a unit normal to B.

Lemma 5.2.1. The event E(Ry1, Ry,¢) has probability at least

1 d d—1
P[E(Ry, Ro, ¢)] m-c(%ﬂv)) (31(1 +€||V|!Loo)>exp (g*IEIQVLHO>
LOO
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Proof. Step 1. Let B be an axis-aligned (d — 1)-dimensional cube of radius r > Ry. Partition
B into at least C—1pd—1 equally sized (d—1)-dimensional cubes, called By, ..., By, of radius
between 1 and 2. For each i, the random variable fBi V(x) - v(z) dx has expectation zero
and absolute value at most C||V||fcc. The random variables for non-neighboring cubes are

independent, so we can group the sum

/B V(z) v(z)de = g/BZ V(z)-v(zr) de

into 241 separate sums, each of which contains mutually independent random variable
summands, which correspond to non-neighboring cubes. By Azuma’s inequality, we conclude

that (5.7) holds with probability at least
. —€2R8_1
—exp | =—— |-
ClVilee

Step 2. Use the union bound to apply Step 1 to every cube B which has a vertex in

d
Z) NQp,+1 and radius in (C )Z> N[Rg—1, Ry + 1], and conclude using

< S S
C'Lip(V) (I+[V oo

the Lipschitz bound on V| translating and rescaling any cube B so that it has a vertex in
this set. m
Next, we show that a subset of Q) p which has small boundary must also have small flux.

Lemma 5.2.2. In the event E(Ry, Ry, ¢), if D C 0Qp has a (d— 2)-rectifiable boundary for

some 0 < R < Ry, then

' [ Vi) v(e) ds)| < CVl o RofoD)] + l0Qr.

where v: 0QRp — R denotes the outward unit normal to 0QR.

Proof. This is exactly Lemma 3.3 from Burago-Ivanov—Novikov [6]; for completeness, we

include the proof here.
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d—1
Partition 0Q g into at least c-t (%) equally sized (d — 1)-dimensional cubes, called
By, ..., By, of radius between Ry and 2Rj. For each i, define P; := |0D N B;| and S; :=

min{|B; N D|,|B; \ D|}. The isoperimetric inequality says that
5; < Cpli-D/(E-2)
and the fact that S; C B; implies that
S; < ORI~
Interpolating between these bounds, we conclude that
S; < CPF;Ry.
On the other hand, in the event E(R1, Ry, e) we have

< e|B;l.

/B . V(z) - v(z) de + / Viz) v(z) do

B;\D

Since one of the sets B; N D or B; \ D has measure S;, we conclude that one of the integrals
above has absolute value at most ||V 1S;, so they both have absolute value at most

e|B;| + ||Vl oo Si- We conclude that
‘/ V(z) - v(z) de| < 2| Bi| + C|[V|| 1o P, Ro.
B;ND

We conclude by summing over <. O

The next lemma shows a weak form of controllability. It can be found in Cardaliaguet—

Souganidis |13] and we include it here as well for completeness.
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Lemma 5.2.3. The reachable set Ry (zg) contains the cone
{0+ 0| v e By(Viwn), 0 <t < @Lip(V)(1+ [VI|g=) "'}
Furthermore, suppose that xo & (RE+1($0)>O- Then Ry (x) is disjoint from the cone
{20+ tv v € Ba(V(wg)), ~(2Lip(V)(1+ V] g=) ' <t <0}

Proof. Let v € By j5(V () and t € (0, (2Lip(V)(1 + |V o)) ~"). For any ' € (0,t), we
have

V(o) = V(wo +t'v)| < ¢'Ju| Lip(V) <

N | —

Therefore, v € By (V(zg + t'v)) for all ¢ € (0,t), so zg + tv € R, (z9) € Ry (xp), which was

the first claim. The contrapositive of the second claim follows by the same argument. O

Finally, we show that, on most of the boundary of the reachable set, the vector field V'

points toward the interior of the reachable set.

Lemma 5.2.4. Let R > 0 and Ty > 0. Then for every € > 0, there is some Ty < T <

To + CR%/e such that

{ee @Rz OINGR V) v 2 -3 ] <

where | - | above denotes the Hausdorff (d — 1)-measure.

Proof. We use the fact that ¢ — |R; (0) N Qp| is Lipschitz with derivative

ORy (0)] = /( g, V@) @) d

almost everywhere, where v denotes the outward unit normal to R, (0). Also, for any ¢t > 0
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we have [R; (0)NQg| < |QRr| < (2R)d. The claim follows with C' = 29F1 by the mean value

theorem. O
All the ingredients for the proof of our local waiting time estimate are now in place.

Theorem 5.2.1. Suppose that divV = 0 almost surely. Let W := inf{t > 0 | R, (0) 2

31/2}. Then for any A > 1,
P[W > A\] < Cexp (—C*1A<d*1>/dup(v>3—3d(1 i HVHLOO)3_5d) _

Proof. Assume d > 3 (if d = 2, just add another dimension in which everything is constant).
We follow the proof of Burago-Ivanov-Novikov [6], keeping track of an extra error term to
get a quantitative estimate.

Let T'> 0 and R > 0. The boundary 9(R;(0) N Qg) has two main parts: we define
Sk = (OR1(0)) N QR

and

Dp :=R;(0)N (0QR).

Further, we let

Lg = (0R1(0)) N (0QR)-

Generically, Sp and Dp are (d — 1)-dimensional and Lp is (d — 2)-dimensional. Cannarsa—
Frankowska [10] proved that the boundary of the reachable set R (0) is Ol everywhere
except at the origin, so, as in Burago-Ivanov—Novikov [6] (see the remark after Lemma 2.4),
it can be equipped with a continuous unit normal and the divergence theorem holds.

If ¥ € Sk, let v(z) denote the outward unit normal to R-(0) and if z € 9Qp, let v(z)

denote the outward unit normal to Q. We also define the subset Pp of Sk to be the part
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Figure 5.1: Parts of the reachable set R (0), the cube Qp, and boundaries Sg, Dg, Lpg,

and Pp.
1.

of the boundary of the reachable set which is growing at a speed of more than 5:

Pp = {m € Sp | V(z) viz) > —%}

Integrate divV = 0 in R(0) N Qg to find

|Sr\ Pr| < 2/ V(z) - v(z) de < 2|V oo (| PRl + |DRI), (5.8)
PRUDR
where | - | denotes the Hausdorff measure of appropriate dimension (here it’s d — 1).
On the other hand, the co-area inequality yields
(5.9)

R
|SR]2/O |Ly| dr.
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We also apply the isoperimetric inequality in 0Q r:
_ d-1
min(|Dgl,|0Qr \ Dgl|) < C|Lpg|d-2, (5.10)
and so the divergence theorem applied to Qg yields

d—1
< C|Lg|d=2. (5.11)

‘ /D ) V(z) - v(z) de

Combining (5.8), (5.9), and 5.11 yields

U

—2

-1

R
LRl = C_1</0 | Lr| dr — (1 +2HVHL00)|PR!> : (5.12)

Everything so far has only used incompressibility and boundedness of V' in L%, and
applies for all 7, R > 0. From now on, we start selecting parameters to show that By /2 €
R1(0). For the rest of the proof, we assume for contradiction that B% Z Ry, 41(0).

First, choose ¢ > 0 such that fol |Ly| dr > €. By Lemma 5.2.3 and the isoperimetric

inequality, we can choose
=17 1-d
e = Cy (Lip(V)(1 + [[V][Le)) 7, (5.13)

where Cy = Cy(d) > 2471 will be chosen by the end of the proof.

" < \e >1/d
1 =\ 371
1+ [Vl Lo

Ry
Cr(1+ |Vl ge)?

Next, choose

and

Ry =

where C7 = C(d) > 0 will also be chosen by the end of the proof. By Lemma 5.2.1, the
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event E(Rq, Ry, ¢) has probability at least

P[E(R1, Ro,2)] = 1= CRGV o exp (—C~ A D/A2HEDMAG 4y o) =24)

> 1= Cexp (—C~ DL (v P31 4 V| o )P54)

Work in the event E(Rj, Ry,e). By Lemma 5.2.4, we can choose 1 < T < C’Ril(l +
V|| oo)e™t < CXsuch that (1+2||V || z00)|Pp| < 5. Since we assume that Bijs & Ry y1(0),

our choice of T' does not affect e. Plug our choice of £ and T into (5.12) to see that

d R 1 R
—_— Ly|dr>C~ / Lyl dr
= | 1L

1
9
Lyl dr> -
Jy ez

d—

1

N

forall 1 < R < R; and

which implies

R
/ \Ly| dr > C"YR—1)*! (5.14)
0

for all 1 < R < R;. We make a note that the constant C' in 5.14 does not depend on Cy or
C1.
Combining (5.14) with (5.8) and (5.9), we conclude that

C YR = 1) < (14 2|V o) PR] +/ Vi) - () dr. (5.15)
R

Apply Lemma 5.2.2 to D and combine with (5.15) to obtain
CHR -1 < (1 +2||V||100)|Pr| + C(L + ||V g0 ) Ro|Lg| + 2de R (5.16)

As long as ¢ < and |Pp| < which we ensure by choosing Cy > 0

1 1
2d+24C AC(1+[|V][ o)
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sufficiently large in (5.13), then for R > 2 we have
RT™ < CRy(1+ ||Vl o) | L. (5.17)

We integrate and apply (5.9) to conclude that

R 1
CRo(1+ ||Vl zeo)

|SR| > (5.18)

for every 2 < R < Rj.

At R = Ry, this yields
1Sr,| = C1C7 A+ |V o) B4

To conclude, we choose C7 large enough so that [Sp, | > 2(1+[|V||feo) (1 + d2de_1), which

contradicts (5.8), as |Pp,| < 1 and Dp, C 0Qp, and hence |Dg, | < |0QR, | = deR‘lifl. O

5.2.2  The compressible case
Next, we adapt the proof in the incompressible case to allow | div V| to be nonzero but small.

Proposition 5.2.5. Let W := inf{t > 0 [ R; (0) 2 Byp}. For each p > 0, there is

e(Lip(V), IV || oo, p, d) > 0 such that, if |div V| < e almost surely, then
. 3d bd+4 (1, —1) Y@
P (W > CLip(V)*(1 4 V| g)?*+ (logp ™) } <p
Furthermore, we can choose
1/(d-1)

e > M ip(V) (14 V] o)~ (10gp ")

Proof. The proof is nearly identical to the proof of Theorem 5.2.1. The only difference is
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the the addition of eC'R? error terms in (5.8)

[Sr\ Pr| < 2/ V() - v(z) dz+eCR? < 2|V oo (| Pr| + | Drl) + €CRY, (5.19)
PruDp

and (5.11)

d—
(@) - v(z) dz| < C|Lp| T2 + =CRY. (5.20)

‘ v
Dpr

As long as ¢ < C_lRl_l, where Ry is defined in the proof of Theorem 5.2.1, the extra error
le—l

term is at most C'™ , and therefore does not affect any of the calculations. O]

We conclude the section by showing that, even without assuming incompressibility, the
reachable set at time ¢ grows proportionally to t?. This lemma plays a key role in ensuring
that homogenization occurs in the sense of uniform convergence, by showing that no traps

can arise where the reachable set stays bounded for a long time.

Proposition 5.2.6. There is some ¢ = €(d) > 0 such that, if |divV| < e almost surely,
then

d

— t
R (w0)l 2 5

for every xg € RY and t > 0 almost surely.
Proof. Assume for simplicity that z¢g = 0 and let K :=¢(1 + ||V ze). Then R, (0) C Q.
Since [R; (0)] > %|Bt| for sufficiently small ¢ > 0, it suffices to show that

RO = [ (14 V(@) vw), dr 2 5JoR; O)]

IR, (0)

where v denotes the outward unit normal to R, (0).

By the divergence theorem,

/ (I V(2) - v(2) do = |3R;(0)y+/_ div V(z) da.
IR, (0) Ry (0)
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To get rid of small parts of the boundary of the reachable set, we define its discretized

version by

E::U{x—i—@ . x € 7% and ]Rt(O)ﬂ($+Q1/2)‘Z%}.

We will estimate the divergence term by integrating over E instead and using the unit range

of dependence. First, we bound the symmetric difference by
[(E\R; (0)) U(R; (0)\ B)| < CloR; (0)],

by the isoperimetric inequality applied in each integer-centered unit cube. The bound on

div V' then implies

< £C|OR; (0)]. (5.21)

[E div V(z) dz — / div V() dz

Ry (0)

On the other hand, the isoperimetric inequality also yields
|OE| < ClOR, (0)]. (5.22)

We claim that [ divV(z) dz < eC|OE| almost surely. Indeed, if this is true, then since
there are only countably many possible values for F, the inequality holds for all possible E

almost surely. We finish by combining the claim with (5.21) and (5.22) to conclude that
/ divV(z) dz < <C|OR; (0),
E

so choosing ¢ := %C’_l allows us to conclude.
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It remains to prove the claim. Let
D :={z € F | dist(z,0F) < 1}.

Then |D| < C|OE| (as before, we abuse notation by using | - | to denote the d-dimensional
measure on the left and (d — 1)-dimensional measure on the right-hand side), since every
integer-centered unit cube in E which intersects OF is adjacent to an integer-centered unit
cube in E which has at least one of its faces contained in OF.

By the divergence theorem,

/Ediv V(z)de = / V(z)-v(z) dz,

oE

where v denotes the outward unit normal to £. The integral on the right-hand side depends

only on V restricted to OF, and is therefore independent from the random variable

/ div V (z) dz.
E\D

However, we have

/ divV(z) de = / divV(z) dz +/ divV(z) dz < eC|OFE] —|—/ div V(z) dz.
E D E\D E\D

Taking the conditional expectation with respect to G(E \ D) and using independence yields
the claim. O
5.3 Global waiting time estimates

Next, we improve our local waiting time bounds to global bounds, by showing that the

region where the local waiting time is small contains a supercritical percolation cluster. The
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argument is identical to that in [15], so we only sketch the proofs.

Lemma 5.3.1. There is a constant C' = C(d) > 0 such that for each 0 < p < 1, if

—1/(d—1
|divV] < C'_l(HVHCo,l + 1)_0 (log(l —p)_1> /ld=1)

almost surely, then the function G: Z% — {0,1}, defined by

cw) 1 O(z,y) < C([|[V]lcor + 1)%log (1 — p) ™! for all z,y € B j(v)
V) =

0 otherwise,

is Z% translation invariant with finite range of dependence
C —1
Caep < C(IVlgox + 1)~ log (1 — p)

and P[G(0) = 1] > p.

Proof. By Proposition 5.2.5, applied to V and —V separately, there is C' > 0 such that
P[G(0) = 1] > p. The Z%translation invariance of G follows from that of P. Finite range
of dependence follows from the fact that the value of G(v) depends only on controlled paths
starting in B\/g(v) which run for time at most C||V\|g071 log (1 —p)~!. The bound on Cdep

follows, noting that the top speed of a path is 1 + ||V|| 0. O

Definition 5.3.2. To translate between Z% and ]Rd, for each set £ C 74 we introduce the

“solidification”

11

o(E) = E + {—5, JZ'

Theorem 5.3.1. There is a constant C = C(d) > 0 such that, if

[div V| < CTH(|IV]|goa +1)7C,
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then for each R > 1, the “extra waiting time”

— o _
s = 28 =CUE )
eyeQr  C([V]lcor +1)
satisfies

P[E(R) > n] < CR? exp(—C ||V || o1 + 1)~%n).

Proof. We partition R into cubes of side length 1, centered at points in 7%, Fix p =

1-— exp(—CCélep), where Cgep, is given by Lemma 5.3.1. By Lemma 5.3.1, if
[divV] < O (V]| goa +1)7C,

then P[G(v) = 1] > p. For v € Z%, we say that the site v is open if G(v) = 1 and closed
otherwise. We say that a point x € R? lies near an open site if there is some v € 7.4
such that x € o({v}). Let S = [R] and z,y € Qg. For convenience, we will prove that
P[E(R) > Cn] < CRY exp(—C |Vl coa + 1)~%n); this easily implies the original claim
by changing C' to C2.

Step 1. We claim that, without loss of generality, we may assume that z and y lie near
sites in the same open cluster. Indeed, if not, then (say) z lies in a connected component,
D, of Qgis5\ & where 6 > 0 is chosen appropriately and C is the largest open cluster
contained in €g, 5. With high probability, ©N0Qg, 5 = 0, so Proposition 5.2.6 implies that
Ry (x) No(D) # ) for some time ¢ > 0 which is not too large, and thus we replace z by any
member of this intersection. Repeating for y if necessary, the claim follows.

Step 2. To show that
0(z,y) = Clz —y| < C(IVcoa + 1),

we will build a “skeleton” of points © = xq,x1,...,2; = y which all lie near open sites and
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n ;

Figure 5.2: An example of our controlled path from z to y; cubes corresponding to closed
sites are shaded

satisfy |x;11 — 2] < Vd for each 0 < i < k. Then, by connecting the points with paths
given by Lemma 5.3.1, we can build a controlled path of length at most C(||V||0,1 + 1)Ck:
which follows the skeleton.

Our strategy is to go from z to y in a straight line, taking necessary detours around
closed clusters, as shown in Figure 5.2. We omit the remaining details, as they are identical

to those in the proof of Theorem 3.2 in [15].

5.4 Random fluctuations in first-passage time

Next, we consider how much 6(0,y) deviates from its expectation. Our proof will fol-
low roughly the same path as the proof of Proposition 4.1 from Armstrong-Cardaliaguet—
Souganidis 3], with some modifications which are made possible by the controllability esti-
mate. As in the previous section, the proofs are nearly identical to those in [15]|, with a bit

of care taken to keep track of the dependence of the constants on V', so we omit them.
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To get started, we introduce a “guaranteed” version of first passage time. For any p > 0,

define the p-guaranteed reachable set recursively by

R, (x) ift<p
RY () ==

R, (Rf_p(x)) U (Rf_p(x) + B) otherwise.

The p-guaranteed reachable set is similar to the reachable set, except that we enforce expan-
sion at a rate of at least 1/p in a certain discrete sense. We similarly define the p-guaranteed

first passage time

0P (z,y) = min{t > 0|y € R ()}

Note that the p-guaranteed first passage time coincides with the usual first passage time
if we have sufficient control on the extra waiting time £ (from Theorem 5.3.1) in a suitable
domain.

Fix some y € R? and define the random variable {Z0} >0 DY
zf =E[07(0,y) | F,

where Fy is the o-algebra generated by the environment V' (z) restricted to the p-guaranteed
reachable set Rtp (0). In other words, F; is the smallest o-algebra so that the functions
V(I)]la:eRf(O) are Fy-measurable for every 2 € R?. Since RY(0) are increasing sets, {Fth=0
is a filtration, so {Zf}tzo is a martingale.

We first show that th depends mostly on the shape of Rf(O), without regard for the
values of V inside Rtp (0). In order to condition on the approximate shape of the reachable

set, for any F C R? we introduce the discretization

disc(E) := {z € d1/22% | B(2,1) N E +# 0}
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Lemma 5.4.1. For any t > 0, we have
max(Z{.1) - (¢, disc(R}(0)))] < 3.
where we define f(t,S), for any t > 0 and any finite set S C d-1/2z74, by
f(t,8) =t+E[6°(S,y)].

Next, we claim that our approximation for Z/, given by f(t, disc(Rtp(O))), has bounded

increments.

Lemma 5.4.2. Let t,s > 0. Then
[ (¢, disc(RE(0))) — F(s, disc(RE(0)))] < 20+ [t = s|(IV | poop + p + 2).

Together, the previous lemmas show that the martingale {th}t>0 has bounded incre-
ments. Applying Azuma’s inequality to {Z/ }4>0» choosing p carefully to balance competing

error terms, we deduce a tail bound on the distribution of
23 = E[0(0.y) | Fi.
Proposition 5.4.3. There is a constant C' = C(d) > 0 such that, if y1,y2 € R,
A2 C(IVIIgoa +1)C 1 — y2l?10g? [y1 — vol,

and

[divV] < O (V] gos + 1),
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then

—C (IVllgoa + 1>—CA1/2>

PlI0(y1, y2) — E[0(y1,92)]] > Al < Cexp ( 7
ly1 — v2]

5.5 Nonrandom scaling bias

In this section, we use the bounds on random fluctuations of 6 to bound the difference
between E[0(0,y)] and lim__,+ eE[0(0,e~1y)], which we refer to as the nonrandom scaling
bias. We follow a similar argument as in Alexander [2], who proved an analogous result
for Bernoulli percolation in two dimensions. Happily, the argument goes through in any
dimension with the help of the Hobby—Rice theorem [24], a version of which we quote below.

We include their proof, because it is short and beautiful.

Theorem 5.5.1 (Hobby Rice). Let y: [0,1] — R? be continuous. Then there is a partition
O=ty <ty < - <ty =1,

along with signs

such that
d+1

> () — Y(tg—1)) = 0.

k=1
Proof. We parameterize signed partitions by points on the d-sphere as follows. Given a
point z € 5%, we define associated signs by 0p = sgn(zy) and define {t;.}; to be the unique

partition of [0, 1] such that 7 — 7 | = xi As such, we define the map f: S — R? by

d+1

f(x) =Y (vt — 1t _y)):
k=1

By the BorsukUlam theorem, there is some z € S% such that f(z) = f(—z). However, f is
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odd, so f(z) = 0, which proves the claim. H

We now bound the nonrandom scaling bias. Given a function f: R — R, we define the

large-scale limit f: R — R by

f(x) = lim ef <€71x) .

e—0t

Proposition 5.5.1. Assume that the law of V is Z%-translation invariant and that
|divV| < C7Y(|V]|goa + 1)C.
Let f(z) :=E[0(0,2)]. Then
(@) = F@)] < C(IVllgoa + 1) al Y/ log?|af

for all |x| > 1.

Proof. First, note that translation invariance and the controllability bound in Theorem 5.3.1

implies that f is subadditive up to a constant, that is,

fla+y) < f@)+ fy) + C(|V]oa + 1)E

for all z,y € R<, so it follows immediately that

Fy) = Fy) +C(IVleos + 1)C.

Our goal is to show that f is superadditive up to some small error, after which we apply
an argument similar to that in Fekete’s lemma to bound the difference between f and its

large-scale limit.
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Fix any y € RY, By Proposition 5.4.3, Theorem 5.3.1, and the union bound, the event
that

10(v, w) — E[B(v,)]| < C(|V]lcox + 1) [y"?log? |y| (5.23)

for all

c
o], lw] < C([Vlgox +1)7 [yl

has positive probability. By translation invariance, this implies that
6(w.2) = 8(y. 2)| < C(IVIgor + D) |yl 1og? (5.24)
whenever |(x — w) — (z —y)| < C and
[, 2], [y], 12 < C(IV | coa + 1)yl

In an instance of this event, let ~: [0,6(0,4)] — R? be a controlled path from 0 to .

Applying Theorem 5.5.1 to 7, we conclude that there are points
0<s51<t1 <859 <t <~ <sp <ty <1,
where ¢ < %, such that

: 1
> ) = v(sp) = Y

k=1
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Applying (5.23) and (5.24), we conclude that

1 1 1
21 (59) < CUVIcos + D106l 4.6 (0.50) +6 (50.0)

14
< C(IVIigoa + Dy 1og? [yl + | Y 0(v(sk), ()
k=1

1

+ [ 000,7(s1)) +0(v(t1).w) + D 0(¥(ty—1),v(sp))
k=2

< C(|Vlgoa + 1)C 1y 10g? y] + 6(0, )

< C(|VIlgoa + 1) yY 2 10? y| + f(y).

It follows by induction that

n—1
2f(y) < f(2") + D 2" ROV cor + 1) 2Ry 2 1og? |28y,
k=0

Dividing by 2" on both sides and taking the limit as n — oo yields

Fy) < F@) + CUIVIIcor + D)y 10g? [yl.

5.6 Homogenization

In this section, we prove our main homogenization results for the shape of the reachable set
and for solutions of the G equation, using our bounds on convergence of first-passage time

to the large-scale average.
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5.6.1 The reachable set

We combine the random fluctuation bound and nonrandom bias bound to deduce a rate of

convergence of the rescaled reachable sets.

Proposition 5.6.1. Assume that the law of V is Z%-translation invariant and that
|divV| < C7Y(|V]|goa + 1) €.
Then there is a closed set S C R such that, for all t > 0,

P |dist 7 (R4(0),£S) > C(|V | gos + 1)C¢ /2 log? t + )\]

en(\% 1)~ ON/2
SOGXP( (IVllgoa + 1) |

t1/4

where disty denotes the Hausdorff distance. Furthermore, there is a random variable T,

with
E[exp(C’_l(HVHCo,l + 1)010g3/2 Ty)] < oo,
such that
sup diStH(?;(m),;‘ + tS) < C(HVHOOJ n 1)0
(ta)e0,T)xBy  TY/%log?T

for all'T > Tj.

Proof. For the first claim, let ¢ > 0. Apply Theorem 5.3.1 to B(1+||V||Loo)t+1 and Proposi-
tion 5.4.3 to every x € Z% N B(lJr”V”LOO)t and use the union bound to see that as long as

A>C([[V]cox + 1)0151/2 log? ¢ we have

T —C7H(|V]lgos +1)" A2
P Ve € By vy : 1000.2) = B0, 2)]] > A| < Cexp ( (IVlgos +1) ,

t1/4
(5.25)

where we absorbed polynomials into the exponential by enlarging the constant C'. Note also

92



that Theorem 5.3.1 implies that if 0 < r < s, then

—C YVl o 4+ 1)"CN1/2
P[R(0) ¢ Rs(0) + By] < Cexp ( (l Hff’/l ) . (5.26)
This bounds the random error. On the other hand, Proposition 5.5.1 shows that
0 < E[9(0,2)] — 8(z) < C(|VI|gon + 1) |2 * log? |2, (5.27)

where

(x) := lim E[0(0,e  a)].

e—07T

We define S := {z € R? | §(x) < 1}. The estimates (5.25) and (5.27) combine to say that,
with high probability, the first passage time 6(0,z) from 0 to any point x is close to the
large-scale average 0(x). Furthermore, the estimate (5.26) says that once a controlled path
reaches x, the reachable set stays close to x for all later times (the controllability estimate
guarantees the existence of controlled paths in the form of short loops). Unwrapping the
definition of Hausdorff distance, along with the fact that @ is positively homogeneous of
degree one, i.e. §(tx) = t0(x) for t > 0, yields the first claim.

For the second claim, apply the first claim to every (¢, z) € (ZN[0,T]) x (Z% N By) and

the union bound to conclude that

P| sup sup  distg(Re(z), v +tS) > C(||V]| o1 +1)CT1/2 log? T + X
teZN[0,T) xcZ4N By

—C Y|Vl 01 +1)"CAL/2
d+1 Y
< CT 7" exp < Ve )

Next, apply the controllability estimate in Bp to see that the same holds for all (¢,z) €
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[0,T] x Bp, by enlarging the constant C. Plugging in A\ = cTl/? log? T shows that

distg (Re(z), x + tS)

P sup > C([|V || o1 + 1)C
(t,2)€[0,T]x By T1/210g2 T ¢
< C’exp(—C’_l(HV||Oo,1 + 1)_0 log?’/2 T),
and the conclusion follows. O

5.6.2  Solutions of the G equation

We now turn to the proof of Theorem 5.1.1.

Proof. Let u® be a solution to the G equation (5.1) with initial data wug, and let @ be the
solution the the effective equation (5.2) with the same initial data. The effective Hamiltonian
is given by

H(p) :=supp-v (5.28)
veS

The optimal control formulations are

u(t,x) = sup  wug (5.29)
eR_—1,(e712)
and

u®(t,x) = sup ug (5.30)
x+tS

respectively.
Using the representation formulas (5.30) and (5.29), we see that for every 0 < ¢ < 7" and

x € Bp we have

|u®(t, ) — u(t,z)| = su(p 1 )uo — S}:ES‘ ug| < Lip(ug) distH(€R5_1t(€_1x), z +tS).
eR__1,(e 'z T
et
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Rescaling by =1 and applying Proposition 5.6.1 yields
sup distH(5R5_1t(6_1:v),x +tS8) < C(|V o + 1)C(Tz-:)1/2 log?(e~1T)

(t,I)E[O,T] X B

for all T' > €Ty, and the result follows.
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