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ABSTRACT

We develop a new method in the computation of equivariant homotopy, which is based on
the splitting of cofiber sequences associated to universal spaces in the category of equivariant
spectra. With this method, the homotopy of GG-spectra can be decomposed into the homotopy
of some spectra acted on by p-subgroups of G. In particular, we use this method to compute
the homotopy of HZ for G = Dgj, and Ag. The results in this dissertation first appeared in

the author’s preprint [16].
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CHAPTER 1
INTRODUCTION

Equivariant homotopy theory studies topological objects which admit actions of a fixed
group. This subject has motivations from and applications in geometry, topology, and al-
gebra. The most famous application is the Kervaire invariant problem, which measures
whether a framed (4k + 2)-dimensional manifold can be surgically converted into a sphere.
Significant progress on its solution was made by Hill, Hopkins, and Ravenel a decade ago in
[11], for which the main idea was the construction of a special equivariant spectrum whose
homotopy detects non-vanishing Kervaire invariants. The proof involves computations of
equivariant homotopy when the acting groups are cyclic 2-groups with low orders.

Moreover, equivariant homotopy theory is closely related to chromatic homotopy theory.
Using the chromatic filtration and fracture theorems, the sphere spectrum can be studied
by its Bousfield localization by the Morava K-theory K (n). Devinatz and Hopkins proved
that this localized spectrum is equivalent to the homotopy fixed point spectrum of E,, acted
on by the Morava stabilizer group Gy, in [5]. Since the finite subgroups of G,, are quite
complicated for large n, this leads to interest in more general equivariant computations.

However, the homotopy of equivariant objects is usually quite hard to compute because of
the complicated structures induced by the group actions, especially when the group becomes
larger. There has been lots of progress in the case when the acting group is cyclic with
prime order. But we know very little when the acting group is larger, especially when it is
non-abelian.

One of the most fundamental, but hard question in equivariant homotopy theory is to
compute the RO(G)-graded cohomology (or homology) of a point, which is equivalent to the

equivariant homotopy of Eilenberg-Maclane spectra. We make this question more precise:



Question 1.0.1. Let M be an arbitrary G-Mackey functor. Compute
G(HM) =[SV, HM]C

for any virtual G-representation V. Use % to denote the RO(G)-grading. Then we want to
compute Wg(HM) as an RO(G)-graded abelian group.

Moreover, we have the Mackey functor valued homotopy Ei(HM) given by
rH(HM)(G/H) = [G/Hy A SV, HM® =[SV HMT

A more general question is to compute ﬂi(HM) as an RO(G)-graded Mackey functor.

In addition, when M 1is chosen as a Green functor, which is a monoid in the category
of Mackey functors, there will be extra multiplicative structures on the homotopy groups of
HM. A final question is to compute Wi(HM) or Ei(HM) as an RO(G)-graded ring or

Green functor.

Common choices of M include constant Mackey functors Z, Fp, Q and the Burnside ring
Mackey functor Aq, which is the unit object in the category of Mackey functors. All these

choices admit natural Green functor structures.

When G is a cyclic group with prime order, the question is completely solved in multiple
ways. Partial computations have been done for larger groups like Cpg, 5, dihedral group
Dy, and quaternion group (Jg, for which we refer to [6], [8], [12], [13], [17], [21], and [22].
In this paper, we will develop a new method which computes equivariant stable homotopy

by decomposition, which works for general equivariant spectra:

Theorem 1.0.2. (Main Theorem) Assume that G is a finite group whose order contains

multiple prime factors. For any G-spectrum X and G-virtual representation V, W‘C/;(X) can

L/K

REBL (CIDKX) for proper

be expressed as the limit of a diagram with objects 7T‘1}T|H(X) and T
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H C G and K<L C G (with proper localizations) such that |H|,|L/K| are prime powers,
and maps induced by restriction, conjugacy and localization.
In other words, the whole equivariant stable homotopy theory with finite acting groups is

encoded in the cases of p-groups.

A more detailed statement is given in Theorem 4.2.1.

The idea of our method is motivated by the study of rational G-spectra for finite G,

which is first discussed by Greenlees and May:

Theorem 1.0.3. [10] There is an orthogonal basis {efy : H C G} of the rational Burnside
ring, which only contains idempotent elements. For any rational G-spectrum X, define ey X

as

egX := colim(X A, x M, x A )

Then we have

X:\/eHX
H

and

[X7 Y]G = H[eHXa eHY]G
H

with one H chosen from each conjugacy class of subgroups.

This theorem is further studied by Barnes in [3], which reproves the splitting above by
some topological constructions and sets up an algebraic model which completely describes
the behavior of rational G-spectra.

One important idea in Barnes’ proof is to use the universal G-space F.%p, which is

characterized by the fixed point subspaces:

K SO if K is conjugate to H,
(EZg)" ~

*, otherwise.

3



Theorem 1.0.4. /3] For rational G-spectra X,Y , we have an isomorphism

XYY =[[[EZu A X, EFy AYC
H

with one H chosen from each conjugacy class. Moreover, the functor

X \/EFgnX
H

18 symmetric monoidal.

The computation in the rational world is not hard since the category of rational G-spectra
splits into small and simple pieces (with one piece corresponding to each conjugacy class of
subgroups). In fact, in order to obtain this full splitting, it suffices to invert all prime factors

of |G| instead of applying rationalization.

Our idea comes from a weaker splitting. If we just invert some prime factors of |G/,
sometimes the category of G-spectra will still split, but into some less simple pieces. If
we choose the inverted primes properly, the homotopy of the split pieces may still remain

computable. Thus we can compute the localized homotopy by collecting all the pieces.

Each localization loses torsion information at the inverted primes, but that information
is retained at other localizations and no torsion information is lost when we glue together
different localizations. That is, when |G| contains multiple prime factors, we can apply the
idea above multiple times with different prime factors inverted each time. The unlocalized

homotopy can be recovered by collecting different localized data.

For example, let G = Dy;,. When inverting 2 or p, we get two different splittings in
the category of G-spectra. Both make the equivariant homotopy computable. For any G-

spectrum X, we can compute Wi (X)[1/2] and 7T§ (X)[1/p]. The unlocalized Wi(X) can be



computed by the following pullback diagram:

% (X) n§ (X0)[1/p)

| |

nG (X)[1/2] —=7§(X)[1/2,1/p]

»*

The key element in our splitting method is the universal space E.%, where .%# is a family

of subgroups of GG. There is a natural cofiber sequence
EF, —S" 5 EZ,

where E.Z is the unreduced suspension of F.%. When certain prime factors of |G| are

inverted, the cofiber sequence above will split after taking 3°°. Thus we have
X ~(EFy ANX)V (EZ A X)

for any G-spectrum X.

The inverted prime factors depend on the choice of .. When we invert all prime factors
of |G|, we can choose all families of subgroups together, which will result in a full splitting
of G-spectra and recover Theorem 1.0.4. In our computation, we invert all but one prime

factor and make special choices of families. Details will be provided in chapter 4.

1.1 Organization
This dissertation is organized in four chapters:

e Chapter 2 is concerned with topological properties of the key elements of the paper:

the universal space E.%. We are especially interested in the equivariant homology of
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E.Z with coefficients in the Burnside ring Mackey functor Aq, which is the starting

point of our splitting method.

e In chapter 3, we study the cofiber sequence
EZ, — S - EZ.

We will give a necessary and sufficient criterion about which primes we need to invert

in order to split the cofiber sequence above after applying »°°.

e Chapter 4 is the core of the dissertation, in which our splitting method is fully ex-
plained. We will explain the choice of families and how to decompose the split pieces
into the data of smaller subgroups of GG. The splitting method itself is not a compu-
tation, but a machine which uses the computations on smaller groups to obtain the
data on larger groups. The input of the machine consists of equivariant homotopy
on p-subgroups of G with restriction and conjugacy maps. We will also discuss the

computability of HZ and M Ug with our splitting method.

e Chapter 5 consists of several applications of our splitting method, including the com-
putation of Wi(H Z) for G = Doy, A5, and a discussion on the computation of Mackey

functor valued homology.

1.2 Background and Notations

We will give a list of notations and background information required for this dissertation.

In this dissertation, G will always be a finite group.



1.2.1 Mackey functors

A Mackey functor is the equivariant analog of an abelian group, which can be defined as
a functor from the stable orbit category to the category of abelian groups.

For computational purposes, we will use a more explicit definition:

Definition 1.2.1. A Mackey functor M consists of abelian groups M (G/H) for all H C G

and the following transfer, restriction, and conjugacy maps:
tril . M(G/K) - M(G/H), VK c H C G

restt . M(G/H) - M(G/K), VK C HC G
cg: M(G/H) — M(G/gHg™), Vg e G

which satisfy the following conditions:
(i) trﬁ,resg, ¢y, are identity maps for all H C G and h € H;
(i) resg(resg = resgf, trlh{rtrf]( = tr?, forall J C K C H;
(i) cgcp, = cgp, for all g, h € G
(iv) resgggjcg = cg'r’es%, trggiiicg = cgtrflg, for all K C H and g € G;
(v) res?res% = Z[J\H/K]trjmgl(g—lCQTBS?ﬁg—lKg for all J,K C H. Here we choose

one g from each double coset in J\H/K.

We usually express a Mackey functor with a Lewis diagram with objects M (G/H) with
one H from each conjugacy class, and all transfer and restriction maps. For example, let
G = C) be the cyclic group with prime order. A G-Mackey functor M can be expressed by

the following diagram:



M(G/G)

trg ( ) resg

M(G/e)
Here e is the trivial subgroup of G.
The category of Mackey functors is symmetric monoidal with a product called the box
product, which is denoted by [1. We will not use the explicit construction of it in the paper.
Readers can refer to [18| for more details.

A monoid in the category of Mackey functors is called a Green functor.

1.2.2  Burnside ring

Definition 1.2.2. For any finite group G, the collection of isomorphism classes of finite G-
sets forms a commutative monoid, with addition induced by disjoint unions. The Burnside
ring A(G) is defined to be the group completion of this monoid. We can express A(G) as a
free Z-module, whose basis corresponds to isomorphism classes of G-orbits. We use {G/H }

to denote the basis element of the orbit G/H.

The Burnside ring Mackey functor Ag is defined by Aq(G/H) = A(H). The

Mackey functor structure is given by the following maps:

sends {L/K} to {H/K?} for any K C L.
The restriction map

res? : A(H) — A(L)

sends {H/N} to itself, but viewed as an L-space.
8



The conjugacy map
cg A(H) = A(gHg™")

sending {H/K} to {gHg™ ' /gK¢g~1} for any K C H.

The Cartesian product of finite G-sets makes A(G) into a ring. This multiplicative struc-
ture also makes Aqg into a Green functor. In fact, Aq is the unit object in the category of

Mackey functors.

1.2.8  Bredon homology and cohomology

Definition 1.2.3. A coefficient system is a symmetric monoidal functor (either covariant

or contravariant) from the category of finite G-sets to the category of abelian groups.

Notice that a coefficient system is determined by its images on G/H for all H C G.
Moreover, we can view a Mackey functor as a covariant or contravariant coefficient system
by forgetting the restriction or transfer maps. In this dissertation, we will only use the

underlying coefficient systems of Mackey functors.
Definition 1.2.4. Let X be a G-space and M be a covariant coefficient system. Let C,(X)
be the chain complex of contravariant coefficient systems such that

C.(X)(G/H) = Cu(x )

with restriction maps induced by inclusions of subspaces.
The Bredon homology of X with coefficients in M, denoted by H*G(X;M), 15 the

homology of the following chain complex:

CEX M) = | @ C.(X)NG/L)® M(G/L) | | ~.
LcG



For any G-map f : G/L1 — G/Ls, the equivalence relation identifies f*a @ b and a ® fyb
for all a € C(X2) and b € M(G/Ly).

Definition 1.2.5. Let X be a G-space and M be a contravariant coefficient system.
The Bredon cohomology of X with coefficients in M, denoted by H¢(X; M), is the

cohomology computed by the following cochain complex:
CH(X; M) == Hom(C,(X), M)

where the Hom is taken in the category of contravariant coefficient systems.

When X is a based G-space, we use H E and H 2‘; to denote the reduced versions of Bredon

homology and cohomology.

1.2.4 RO(G)-graded and Mackey functor valued homotopy

Consider the collection of isomorphism classes of finite dimensional G-representations,
which can be made into a semi-ring with direct sum and tensor product. A virtual repre-
sentation of GG is an element in the ring completion of the above semi-ring.

For any G-spectrum X, the RO(G)-graded homotopy is given by
miH(X) =[5V, X]°

for any virtual representation V. We use % and * to denote the RO(G)-graded and Z-graded
homotopy groups.

The homotopy of G-spectrum X can be made into a Mackey functor E‘C;(X ) such that
mH(X)(G/H) = [G/Hy A SV, X]O.

Definition 1.2.6. For any Mackey functor M, the equivariant Eilenberg-Maclane spec-
10



trum HM is the unique (up to homotopy) G-spectrum characterized by

M, ifn=0,
0, if n #0.
For any Mackey functor M, HM represents the Bredon homology and cohomology with

coefficients in M:

HE(X: M) = m(X A HM)
HY(X; M) = [S* A X, HM]

for any based G-space X. Thus we can define the RO(G)-graded and Mackey functor valued
homology by the same variations on the homotopy group m«(X A HM). We denote these

variations of homology by % or adding an underline.

1.3 A Motivation: Splitting of Mackey Functors

As a motivation of the splitting method, we will describe the splitting of Mackey functor
and provide several examples. It suffices to consider the splitting of the unit Mackey functor

Ac.

We begin with a simple example G = C),. The Lewis diagram of Ag is given below:

YASY/

(1,0)( )p@l
7

It’s not hard to see that A cannot be written as the direct sum of two non-trivial Mackey

11



functors. However, if we invert the prime p, then we have

1
a0 Jrer !

Z 7 0

Notice that this equation is not true unless p is inverted, otherwise we cannot have (0,1) on

the top level of the right hand side.

Here is another example when G = S3. The diagram of A is

(0,1,0,0)®(0,0,0 @(0,1)®(1,1)8(0,3)
B(2,0)2(0,1)®(0,2) (0,0,1,0)(0,0,0;

W /

x /

Again, we have no splittings without localizations. But if we invert 2 and 3, Ag becomes

\

the direct sum of the following four parts:

/1<(o. 3.0, 1)5(2’ T 1)><(o. 0.-2. 1))3\
/ ~ {0,00.1)) \
N ¥\\* L T2

Figure 1.1: Split Ag for G = S3 with 2, 3 inverted

This splitting phenomenon happens for general finite group G:

Theorem 1.3.1. Under rationalization, there exist special idempotent elements ey in A(G),

12



with one H from each conjugacy class of subgroups, such that

Ag =Penic
[H]
We refer to [15] Chapter 5 for more details. In fact, it suffices to only invert all prime
factors of |G| instead of applying the rationalization.

Theorem 1.3.1 is related to Theorem 1.0.3 by taking homotopy groups:

Proposition 1.3.2. Let X be a rational G-spectrum and H C G. Then

7§ (e X) = egr(X).
Now we come back to the example of G = S3. We have a full splitting on A if we invert
both 2 and 3. However, if we invert either 2 or 3, we still have weaker splittings as shown in

Figure 1.2 and Figure 1.3 below.

((2.-1,-2,1)) ((0,0,-2,1))

3
0DZOODZ \\iiifx
133 1

((=2,1))

\

Figure 1.2: Split Ag for G = S3 with 2 inverted

13



{((~1,-1,1,0))®{(0, ~3,0,1))

«_&U;///ilj ////g®0®ZC%L\\\

®1DZ/////

Figure 1.3: Split Ag for G = S3 with 3 inverted

The algebraic splittings provide an initial motivation of our splitting method, and it’s
reasonable to expect that the same splittings also happen in the category of G-spectra when

certain primes are inverted.



CHAPTER 2
UNIVERSAL SPACES AND HOMOLOGICAL PROPERTIES

We introduce the universal space F.% and study its equivariant homology in this chapter.

The most important properties are given in Proposition 2.3.2 and Theorem 2.4.1.

2.1 Universal G-Spaces

Definition 2.1.1. A family % is a collection of subgroups of G which is closed under
congugation and taking subgroups. The corresponding universal space E.% is an unbased

G-space such that (ng)H is contractible for all H € % and empty otherwise.

Remark 2.1.2. When % only contains the trivial subgroup, E.% becomes EG, which is a

contractible space with free G-action.

One construction of E.% is given in [20] as a join of spaces. We will explain this idea
later and use it to prove some important properties. An alternative construction is given by

[7] as a categorical bar construction.

Lemma 2.1.3. The universal space E.Z is unique up to weak equivalence.

Proof: Assume that X,Y are G-spaces with the same conditions on fixed point subspaces
as E.7.

If we have a G-map X — Y, its restriction on each fixed point subspace is a weak
equivalence since X,Y have the same types of fixed point subspaces as either * or (). Thus
this map is a weak G-equivalence.

If we do not have a map between X, Y, consider X xY, which is another G-space with the
same conditions on fixed point subspaces. The above argument shows that the projections
X XY — X and X xY — Y are weak G-equivalences. Therefore, £.Z is unique up to weak

equivalence. [J
15



We assume E.# to be a G-CW complex by applying the G-CW approximation.
Lemma 2.1.4. Any G-self map of E# is G-homotopic to the identity.
We need the following definition first:

Definition 2.1.5. Let Og be the category of G-orbits. Define an Og-space to be a con-

travariant functor from Og to topological spaces.

Theorem 2.1.6. [18, VI.6/ The following pair of functors
® : (G — spaces) = (Oq — spaces) : ¥
defined by ®(X)(G/H) := XH and W(T) := T(G/{e}) form a Quillen equivalence.

Proof of Lemma 2.1.4: Construct an Og-space T' by setting

x, if H e &
T(G/H) =

(0, otherwise

Let C'T be a cofibrant approximation of T". Then

x, if H e .
v = ow(CT)(G/H) = CT(G/H)

(), otherwise

Recall that

x, if He F
SEZ(G/H) = (EF)T ~

(), otherwise

The unique map ®E.Z — T induces PEF — CT, whose left adjoint E.# — U (CT)

becomes a G-equivalence.

16



So we have the following equivalences of homotopy classes on unbased maps:
[EZ,EF)C ~[EZ V(CT)|C ~ [0EZF,CT)¢ =~ [0EF,T)9C,

which contains a single element.

Thus the identity map is the only self-map of E.% up to G-homotopy. [

Notice that E.# x E.Z also appears as a universal space for .. Thus the above two

lemmas imply:
Lemma 2.1.7. The universal space EF is a G-topological semigroup up to homotopy.

Usually E.% is not a Hopf space since there is no unit. But under proper localizations,

Y E.Z, will appear as a homotopy ring spectrum. We will explain this idea in chapter 3.

Notice that the based spaces E.%4 and E.Z are also characterized by their fixed point

subspaces:
. SO it H e 7,
(BEF4 )" ~
*, otherwise.
— g x, if H € 7,
(EF)" ~

SV otherwise.

Thus we can apply the same argument as above, but in a based version:

Proposition 2.1.8. Any self G-map of EZ%+ or EZ which is a G-equivalence s G-homotopic
to the identity.
The based spaces EF+ and EZ are based G-topological semigroups up to G-homotopy.
In addition, the natural map SY — EZ commutes with the following products up to G-
homotopy:
SOASY = 8Y,
17



EFNEZ = E

)

2.2 Homology with Coefficients in Ag

Recall that we defined the Burnside ring Mackey functor Ag in Definition 1.2.2. The

Bredon homology of G-spaces with coefficients in Ay can be computed as follows:

Proposition 2.2.1. For a G-CW complex X, the integer graded homology of X with coef-

ficients in Ag can be computed as
HE (X Ag) = (D Ho (X /W H; 2)
H

with one H chosen from each conjugacy class of subgroups of G. Here W H is the Weyl
group of H in G.

As a Mackey functor,
HE(X: Ag)(G/L) = HE(X; Ap) = @ Ho(XN /WK Z)
K

with one K chosen from each conjugacy class of subgroups of L.

Proof: It suffices to prove the first equation. The second one can be proved by the same

argument.

When we compute the Bredon homology, we view A as a covariant coefficient system and
remove all restriction maps. For any G-map G/Li; — G/L9 induced by the multiplication

of g € G (where we require g 1LigcC Ls), we have an induced map
A(L1) = A(Lp)

sending each {L{/H} to {La/g ' Hg}. Therefore, as a coefficient system, Ag can be de-
18



composed as
H
Aq =P Ag
H

with one H C G chosen from each conjugacy class. Here Ag is the sub-coefficient system of
Ag such that each Ag(G/L) C A(L) is generated by all {L/g~Hg} with ¢g~'Hg C L.

Now we have

HE(X;Ag) = @ HE (x; A8).
H

It suffices to prove

HE (x; AR = H (X )W H: 2)
for any H C G.

Recall that for any coefficient system M, H. *G (X; M) is the homology of the chain complex

Co(x; M) = | P c(xhyeMm@G/L) |/ ~.
LcG
with the equivalence relation identifying f*a®b and a® f«b for any G-map f : G/L1 — G/Ls
and all @ € Cx(X2) and b € M(G/Ly).

Now we choose M = Ag. Since each M(G/L) is freely generated by {L/g~'Hg} and
the structure maps send these basis elements to each other, C'*G (X; M) is the free Z-module

generated by the equivalence classes of e®{L/ g H g}, for all cells e in X Land g 1Hg c L.

We can simplify the expression of C&(X; A¢) by the following four facts:
(1) The free Z-module Ag(G/H) is generated by a single element {H/H }.
(2) Bach e ® {L/g~'Hg} is identified with ge ® {H/H} by the equivalence relation.

19



(3) If there exists another ¢’ € G such that
ge® {H/H} ~e®{L/g" 'Hg} ~ g'e® {H/H},
then {L/g 'Hg} = {L/(¢') "' Hg'}. Thus
g 'Hg=1""((¢) " HY )

for some [ € L. So ¢'lg~! € WgH. Since e is L-fixed, we have (¢'lg~1)(ge) = ¢'e. Thus ge
and ¢'e are in the same W H-orbit.
(4) The converse of (3) is also true: e; ® {H/H} and eg ® { H/H} are identified if ey, eg

are in the same W H-orbit.

Now we have a 1-1 correspondence between the basis of C% (X ;Ag ) and the cells in

X" /WeH. Therefore, we get
C(X; Ay = o (X y W H).
Taking the homology on both sides gives us the required equation. []

Remark 2.2.2. Proposition 2.2.1 follows from the fact that the underlying coefficient system
of Aq splits into Ag. Howewver, such splitting cannot be lifted to the Mackey functor level.
Thus the decomposition does not work for cohomology with coefficients in Agq.

In fact, since the orbit spectra (—)/G of genuine G-spectra can only be defined after

passing from a complete universe to the trivial universe,
X — Ho( X" /WeH)

s a homology theory only for G-spaces, and hence cannot be represented by any G-spectrum.
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2.3 Homology of E.% in Degree 0

Since E.% only has empty and contractible fixed point subspaces, Proposition 2.2.1 helps

us to compute the Oth degree equivariant homology of E.% explicitly:

Proposition 2.3.1. The trivial map E.# — {x} implies an inclusion
Gimog. Gy o~
EO (EijG) — EO (*7AG) - AG

The image ofﬂg(EQ’?Ag)(G/L) in A(L) is generated by all {L/K} € A(L) with K €

F.
We already have a small splitting here:

Proposition 2.3.2. When |G| is inverted, ﬂg(Eﬂ;Ag) is a direct summand of Ag as

Mackey functors.

Notation 2.3.3. We use M & to denote the Mackey functor ﬂg(Eff, Aq) and use the same
notation for its localizations.
When Mg appears to be a direct summand of Acq, denote its complement as Ng. A

more concrete description of N g is given in the proof of Proposition 2.5.2 below.

Proof of Proposition 2.3.2: Assume that |G| is inverted everywhere. For any H C G,
define a linear map

xg AG) > 7

which sends each G-set S to [ST].
Let s gy denote xx({G/H}) = |G/H|®, which can be computed as the product
between |W H| and the number of subgroups of G containing K and in the conjugacy class

of H. Thus S(K,H) # 0 if and only if K is sub-conjugate to H.
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When |G| is inverted, all [WgH| and non-zero s g rr) become invertible. We choose

elements ey € A(G) inductively by defining

e = [WeH|™! <{G/H} - ZS(}%H)(?K)
K

with one K chosen from each conjugacy class that contains a proper subgroup of H.

By induction, we have

1, if K is conjugate to H
Xk (em) =
0, otherwise

Since the dimension of A(G) agrees with the number of conjugacy classes, the collection

of egy, with one H chosen from each conjugacy class, forms a basis of A(G).

In general, for any H C L C G, define a linear map
L . A
Xt AL) = Z

which sends each L-set to the size of its H-fixed subset. We can get a similar basis {e%{},

with one H chosen from each conjugacy class of subgroups of L, such that

1, if K is conjugate to H in L

0, otherwise

Now we discuss how these maps interact with transfer and restriction maps:

For any K C L1 C Lo C G, the restriction map Tesﬁ keeps each Lo-set but views it as
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an Lq-set, hence does not change its K-fixed subset. So we have

L L L
X2 = X§ oresL;.

On the other hand, for any K C Lq, the elements in {L;/K} have isotropy groups
conjugate to K inside Li. The elements in tréf({Ll /K}) = {Ls/K} have isotropy groups
conjugate to K inside Lg. There may be more isotropy groups. But these additional isotropy
groups are still chosen from the conjugacy class of K inside GG. According to the construction

of the basis element e%, we have

Xj@{g (t'rﬁ ef(l) # 0 only if H is conjugate to a subgroup of K in G
Let

N(L) := ﬂ ker X%{
HeZ HCL

In other words, N(L) is generated by e%{ for all H C L and H ¢ .#. The above discussion
tells us that N(L) is closed under transfer and restriction maps. Thus we get a sub-Mackey

functor whose value at G/L agrees with N(L). Denote that as N g.
Notice that for each L C G, ek € N(L) = Nz(G/L) it H ¢ F, ek € M (G/L) it

H € 7 according to Proposition 2.3.1. Moreover, consider any nontrivial element
@ LKL} + ap{L/Ko} + o+ an{L/Kn} € Mz(G/L)

with ay, a9, ...,an # 0, K1, Ko, ..., Kj, in different conjugacy classes in .%, and | K| < |K3| <
... <|Kp|. The map X%(n sends {L/K1},....,{L/K,_1} to zero but {L/K,} to a positive

value. Thus this element is not in ker X%{n’ and hence M z(G/L)NN(L) = 0.

In conclusion, we have Aq = M g @& Ng and M & appears as a direct summand.. [J
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Remark 2.3.4. When the multiplicative structure is added into consideration, the maps Xlﬁ[
appear as the components of the ring isomorphism from A(L) to several copies of Z[|G|™1],
with one H chosen from each conjugacy class inside L. The generators eng become idempotent

elements. So we can view Mg as a direct summand of Ag as a Green functor.

2.4 Homology of E.% in Positive Degrees

In positive degrees, we have:

Theorem 2.4.1. For any family %, the Z-graded, Mackey functor valued homology
Gimo.
H (EJ,AG)
contains only torsion when the degree is positive. Moreover, the torsion only has prime

factors which divide |G].

This is the most important property we want about £.%. We will use the rest of this

section to prove it.

The main idea is an induction on the size of .%. For the base case, we have

Lemma 2.4.2. Let BG = EG/G be the classifying space of principal G-bundles. Then
H.(BG;Z) contains only torsion when the degree is positive. Moreover, the torsion only has

prime factors which divide |G)|.

This is a standard result about EG. We give one possible proof below.

Proof: Give EG the standard G-CW structure which only contains G-free cells. Consider

the map between cellular chain complexes induced by the projection EG — EG/G = BG:

CL(EG) — Cy(BG).
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Define another map between chain complexes

C(BG) — C4(EG)

which sends each cell e in BG to the sum of all cells in FG which are sent to e under

EG — BG. Then the composition

C.(BG) — CL(EG) — Cy(BG)

is the multiplication by |G| since all cells in EG are G-free. The same |G|-multiplication

passes to homology:

H,(BG) — Hy(EG) — H.(BG).

Since EG is contractible, Hx(EG) = Z, which is concentrated in degree 0. Thus when

the degree is positive, Hy(BG) contains only torsion which divides |G|. O

In the case when .% only contains the trivial subgroup, E.% becomes EG and only has
orbit spaces homotopic to BH for H C G. Lemma 2.4.2 and Proposition 2.2.1 imply that it

satisfies Theorem 2.4.1.

For general .#, we can construct E.# as a join. More details about joins and their

properties are given in section 2.5.

Proposition 2.4.3. The join of G X ny,g EWgH, with one H chosen from each conjugacy
class in F, is a valid construction for E#. Here NqoH is the normalizer of H in G. We

view EWgH as a left NoH-space and G as a right NgH -set.
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Proof: Notice that E.% is characterized by its fixed point subspaces:

x if K e F,
(BEZ7)K ~

0, if K ¢ F

According to Lemma 2.5.2, it suffices to show:
(@ f KeZ, (Gxnyu EWeH)E is contractible for some H € .Z.

(b)If K ¢ F, (G xn g EWGH)® is empty for all H € Z.

Consider any point in G Xy, EWgH expressed by a X z for a € G and v € EWgH.

For any g € G, if the action of g fixes the point a x z:
glaxx)=gaxz=axuz,

then there is h € NgH, such that hx = z, gah_l = a. Since all points in EWg;H have
isotropy group H, we have h € H. Then g = aha™! € aHa™ !

Therefore, the isotropy group of a X z is aHa 1.

Thus the K-fixed point subspace of
G XNoH EWgH is non-empty if and only if K is sub-conjugate to H. Moreover, when
K = gHg™ 1, we have

(G x Ny EWGH)E = {g} x EWgH,

which is contractible. Thus both conditions (a), (b) are satisfied. [J

Remark 2.4.4. Since all points in G Xy, g EWqH have isotropy groups conjugate to H,
according to Definition 2.5.1, the collection of isotropy groups of all points in E.F agrees

with .

Proof of Theorem 2.4.1: Assume that Theorem 2.4.1 is true for all families smaller than

Z. Let #' be a smaller family which is obtained by removing the conjugacy class of one
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largest subgroup H € .%. According to Proposition 2.4.3, we have

l

EF ~ EF' * (G xn g EWeH).

For any K <1 L. C G, the discussion in the proof of Proposition 2.4.3 shows that the space
(G XNyg EWGH )K is either empty or several copies of EWgH. Since all points in each
copy of EWgH have the same isotropy group, (G X n,g WaH )K /L is either empty or the
disjoint union of BN for some subgroups N C NgH C G. Lemma 2.4.2 shows that its
positive degree homology only contains torsion dividing |G|. Thus Proposition 2.2.1 shows

that G Xy, EWgH satisfies Theorem 2.4.1.

Since E.Z' satisfies Theorem 2.4.1, according to Lemma 2.5.3, now it suffices to prove
the theorem for E.7' x (G xy,g EWgH). Using X(H) to denote G x y,g EWgH, the
homology of E.#' x X(H) can be computed by the equivariant Kiinneth spectral sequence
[14]:

E}, = ToryG(HS(EF'; Ag), HS (X (H); Ag)) = HS(EF' x X(H); Ag).

When we invert |G|, the homology of both E.Z" and X (H) is concentrated in degree 0.
Moreover, ﬂg(Eﬂ’; Ag) = M g/ appears as a direct summand of Ag by Proposition 2.3.2.

Thus the Es-page collapses into a single box product:
E? = B§ o= My O HY (X (H); Ag).

Therefore, E.#’ x X (H) has trivial homology in positive degrees when |G| is inverted.
0

For special choices of .#, the torsion in H f(Eﬁ ; Aq) may not see all prime factors of
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|G|. We emphasize the following criterion which is implied by Proposition 2.2.1:

Proposition 2.4.5. The torsion types in ﬂf(Eﬁ’,Ag) come from H*(EﬁK/L) for all

K<L CAd.

2.5 Homology of a Join
In section 2.4, we construct the universal space E.%# as a join. We will provide more

details and properties of a join in this section.

Definition 2.5.1. The join X *Y of two G-spaces X,Y 1is defined as

XY= (XxY x[0,]]UXUY)/~,

with equivalence relation given by projections

XxYx{0} =X, X xY x {1} =Y.

The G-action on X xY 1s induced by the G-actions on X, Y, and X X Y.
It’s not hard to check:

Lemma 2.5.2. For G-CW complexes X,Y, X xY has a natural G-CW structure. For any
subgroup H, (X V) is
(a) contractible if and only if at least one of XH yH s contractible.

(b) empty if and only if both X Y are empty.
We can control the torsion types of HS (X % Y; Ag) as follows:

Lemma 2.5.3. Assume that the Mackey functor valued homology of X,Y, X x Y with co-
efficients in Ag only contains torsion in positive degrees. Then so does the homology of
X xY. Moreover, for any prime p, if ﬂf(X xY; Aq) contains p-torsion, then at least one

of X, Y, X xY has p-torsion in its homology with coefficients in Aq.
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Proof: The homology of the join can be computed by the Mayer-Vietoris sequence:

XY =(XxYx[0,1]UXUY)/ ~=(X XY x {O,%} UX/ ~)U(X xY x B,I}UY/N).

We write X Y as the union of two mapping cylinders, which are homotopic to X,Y
respectively. The intersection of these two cylinders is X x Y x {1/2} ~ X x Y.

Thus we have a short exact sequence

which passes to fixed point subspaces. So we get a long exact sequence on equivariant

homology with coefficients in Ag:
W= HY (X#Y; Ag) — HS(XxY; Ag) — HS (X; Ag)oHS (Y Ag) — HG (X*Y; Ag) — ...
On degree 0, the map
HE (X x Vi Ag) = Hf (X; Ag) @ H§ (Y Ag)

is always an inclusion since the Oth homology is determined by the number of connected
components for each fixed point subspace. Thus the long exact sequence above implies
that the homology of X * Y in positive degrees only contains torsion in the homology of

XY, X xY.O
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CHAPTER 3
SPLITTING COFIBER SEQUENCES

Let .# be a family of subgroups of G. Consider the cofiber sequence
EF, — SV > EZF
where the map E.Z, — S sends E.Z into the non-basepoint of S0,

3.1 A Categorical Splitting

Theorem 3.1.1. When certain prime factors of |G| are inverted, the cofiber sequence above

splits the category of G-spectra, in the sense that

—_—

X~ (EZ4 AX)V (EF AX),

[EZ NX,EZ ANY|® =[EZ NY,EZy AX]E =0

for any G-spectra X,Y . Moreover, the functors
X—EF NX, X > EFZNX
are symmetric monoidal up to homotopy.
The proof will give information about which primes must be inverted; see Remark 3.1.3.

Consider the suspension of the cofiber sequence:

S®EF, S = SPEF.
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Theorem 3.1.2. When |G| is inverted, there exists a left inverse of X°E.%4 — S.

Proof: According to Proposition 2.3.1, the map X*°F.%#, — S induces an inclusion in

homology:
HAGO(ZOOEQ\+) =: Mg — HAGOS = AG.

When |G| is inverted, Theorem 2.4.1 shows that the HAg-homology is concentrated in
degree 0. Thus it suffices to find a map S — X°°FE.%, which induces a projection from Ag
to M g on their HAg-homology. After composition with X°E.% — S, we get a self-map
of X*°E.Z that induces an isomorphism on H Ag-homology. Since X°°E.Z is a connective

spectrum, this self map must be a weak equivalence.

For each H € .%, the transfer and restriction maps in Mackey functors between images

of G/G and G/H are induced by stable maps

T:8=%%50=9®q/G, - S°G/H,
R: ZOOG/H+ — EOOG/G+ =5.

R is induced by the space-level map G/Hy — SY which sends G/H into the non-
basepoint of SY. According to Remark 2.4.4, E.# contains points with any H € .Z as

isotropy groups. Thus we can find a map from G/H to E.% and factorize R as
EOOG/H+ — EOOEﬁ+ — S.
Let ¢z be the composition of the first map above and 7"

S L G/ H, = SXEF,.
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The composition

S SR Z, S

agrees with RoT', which is the equivariant Euler characteristic of G/H. We can fully describe
the self-map on

HAGOS = Aq = mpS

induced by the Euler characteristic as follows:
For each L C G, the induced self-map on Ag(G/L) = A(L) is the multiplication by the
underlying L-set of {G/H} (which is defined in Definition 1.2.2). We refer to [15], V.1 and

V.2 for more details.

Now we choose one H from each conjugacy class in .%. Assign a random number cpy €

Z[|G|71] for each such H. Consider the map
ZCHLH S = EOOEy+.
H

The main strategy is to choose cg properly such that the map above induces an isomorphism
on equivariant homology with coefficient in Ay after composing with X*°E.% — S| hence

appears to be the required left inverse.

The composition

g ZHH soopg g

induces a self-map on Ag(G/L) = A(L) as the multiplication by > cy{G/H}.
Recall that HAg (S EZ1)(G/L) = M#(G/L) C A(L) is generated by all {L/J} with

J € Z. The statement that ) 5 ¢y induces the projection Ag — Mg is equivalent to

{L/J} - en{G/HY ={L/J}
H
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for any J € #, J C L.

Recall the ring map X%{ : A(L) — Z for any K C L which sends each L-set to the number
of K-fixed points. According to Remark 2.3.4, [[x X%{ is an injective ring homomorphism
from A(L) to copies of Z. Thus it suffices to check the equation above on the images under

each X%{- The equation above under X%{ becomes

(/DY enlGrH)R | = (L))",
H
Notice that |(L/J)¥| = 0 for any K ¢ .Z (since K is not sub-conjugate to J € .#). Thus

it suffices to choose cp such that
S enl G =D epsemy =1, VK € F
H H

with one H chosen from each conjugacy class in #. (Recall that s g z) = [(G/H IEE
defined in the proof of Proposition 2.3.2.)
Notice that S(K,H) is non-zero if and only if K is sub-congujate to H. Denote this relation

by [K] < [H]. We have

Z CHS(K7H) =1.
[K|<[H]C.F

Thus

ck=sg (1= D s
[K]s[H]cF

Since sk i) = |[Wg K] is invertible when |G| is inverted, cj can be chosen inductively
from larger subgroups to smaller ones. Moreover, it’s clear that the denominator of any cg
only contains prime factors dividing |G]|.

Now the map ) g cpepy gives us the required projection on the Oth homology, hence
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becomes the left inverse of X*°E.%, — S. O

Proof of Theorem 3.1.1: Assume that |G| is inverted. Theorem 3.1.2 implies that the
cofiber sequence

SXEF, — 8 — S°EF

splits. Thus we have

—_—

X~ (BEZ4 AX)V (EF A X).

In fact, both ¥*°E.Z% and Y®°FEZ become ring spectra (up to homotopy). The unit
map on L°E.%, is given by the left inverse in Theorem 3.1.2, and the product is induced
by the space level map F.%, AN EZ%, — E%. For NXEF , the unit and product maps are
both induced by the space level maps SO wEZ and EF N\EF — EZ. Proposition 2.1.8
and the fact that

Eﬂ+/\E§+’1E§Z},E\gz/\E§72ﬂ

guarantee all commutative diagrams in the definition of a ring spectrum.

Since both

S 5 S®°EZF, S — S°EF

are maps between ring spectra, the functors
X EF AX, X5 EFANX

are symmetric monoidal.
Moreover, ELQZJF/\E?’ ~ x since all its fixed point subspaces are contractible. Use A, B to

denote the suspensions of £.% and EF (in either order). The universal coefficient spectral
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sequence [14] tells us that for any G-spectra X,Y, we have
Ext (BJANX),(BAY) )= (BAY)"(ANX)=[ANX,S*BAY]Y.
Since
B,ANX)=7m,(BANAANX)=0,

the spectral sequence has trivial Fo-page. Thus we have

[EZ ANX,EZ NY|C =[EF NY,EZL ANX]9 =0.

Now we can get a criterion about which prime factors of |G| need to be inverted according

to the proofs above:

Remark 3.1.3. It suffices to invert the prime factors of the denominators of all cpr, and
the torsion in HS(EZ: Ac).

The numbers cpy for all H € F are defined in an inductive way by the equations

Z cs(g,m) =1, for any fived K € Z.
[KI<[H|]C.Z

According to Proposition 2.4.5, the torsion in ﬁf(Eﬁ;Ag) comes from the torsion in
H (EZFX/L) for all K QL CG.

3.2 Splitting Criterion

In this section, we will improve Remark 3.1.3 and make a better criterion, which plays

the key role in our splitting method:
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Theorem 3.2.1. The cofiber sequence in Theorem 3.1.1 splits after taking %°° if and only
if we invert all prime p such that there exists H < J C G with H € %, J ¢ F, and |J/H|

s a power of p.

We prove the easier half first:

Proof of “only if" part: Consider any prime p such that the corresponding H,.J in the
theorem exist. We can assume that J/H = (), otherwise we replace H by larger proper

normal subgroups of J. If the cofiber sequence
EZ, — S - EF
splits after X°°, we have
S~YXEF, VEPEZF.

Take equivariant homology with coefficients in A, we have
HE (8% Ag) = HY (BF+; Ag) @ HE (BF; Ag).

Since HE(SY; Ag) = Ag concentrates in degree 0, HC(E.Zy: Ag) must concentrate in
degree 0. According to Proposition 2.2.1, Hy«(E.ZH /W;H:7Z) is a direct summand of
HE(EZ: Ag), hence also concentrates in degree 0.

Since H € #, J ¢ F, J/H ~ Cp, we have Hy(EFT /W ;H;Z) ~ H.(BCp;Z), which

concentrates in degree 0 only if p is inverted. [J

Now we consider the “if" part. Assume that all primes described in Theorem 3.2.1 are

inverted. According to Remark 3.1.3, it suffices to prove:

Proposition 3.2.2. For any K <L C G and m >0, Hy(EZFX /L) = 0.
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Proposition 3.2.3. Consider numbers cpy for all H € F determined by the following equa-

tions: For any K € %, we have
Y e (G/H)R| = 1.
H

Here we choose one H from each conjugacy class inside % . Then the denominators of all

cy’s become invertible after we invert all prime factors of |G| not in T.

Proof of Proposition 3.2.2: We divide the proof into three steps:

Step 1: Let p be a prime factor of |G| which is not inverted and P be any Sylow p-subgroup
of G. Then |G/P|- Hn(EZ#/G) =0 for all m > 0.

Fix any G-CW structure on E.%#, which induces CW structures on both E.# /P and
EZ/G. The natural map E.% /P — E.% /G induces a map between cellular chain com-

plexes:

¢: C(EF/P) = CL(EF/Q).

Define a map between abelian groups in the opposite direction
V: Co(EZF|G) — Cx(EF | P)

as follows:

For any G-cell G/H4 A e of EZ, use ep and e to denote the corresponding cells in
EZ /P and EZ /G. Let Pgy, Pgo, ..., Pg;. be all right cosets of P in G. Define v by sending
each eq € Cx(EZ /G) to Y ;(gie)p € Cx(EZ | P).

We can show that v is well-defined by the following two facts:
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(1) If g,¢' are in the same right coset of P, then (ge)p = (¢’¢)p. Thus 1 does not
depend on the choice of g1, g2, ..., 9.

(2) For any e, ¢/, eq = e’G if and only if ¢/ = ge for some g € G. Since g19, 929, ..., 9i.g
also cover all right cosets of P, we have ) ;(gi(g9e))p = > ;((gi9)e)p = > _;(gie)p. Thus ¢

is uniquely defined on each element of Cy(E.Z /G).

Moreover, 1) commutes with the boundary maps:
We use d,dp,dq to denote the cellular boundary maps for £.%, E# /P, EZ |G respec-

tively. For any G-cell G/H4 A e of EZ, write
I S LTI T ol bl e P
t \geG t | i \aeP
where the cells e; are in different G-orbits and ng € Z. Then we have

daeg = Z an (et)

t geP

dpep = Z Z Nag; (giet)p

ti \a€P

Notice that
A ge) = _glde)=> > ng | [ Dog]ee=D D | DO nga]gi|es
geqG geG t geG geG t i acP geG

Thus we have

dp(Y_(ge)p) =PI > (D ng)(giet) p

geG ti geG
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Since ) cql9e)p = [P| Y 2;(gie) p, we have

1 00)p) = (D (a00p) = (3 mg)aiee)

gelG ti geG

Therefore, we get

dp(teq) =dp(> (gie)p) = Y (D ng)(giet)p

i ti geG

=3 "> 1) _(giet)p) = Y (D ng)v((er)) = ¢(dgec).
t

ged i t ge@

Now % becomes a morphism between chain complexes. Notice that ¢ o1 is multiplication

by |G/P|. Thus the induced map on homology

is also multiplication by |G/P|.

Notice that since p is not inverted, .# must contain all p-subgroups of G; otherwise we
can choose H to be the trivial subgroup and J to be the p-subgroup not in .%, which does
not satisfy the condition in Theorem 3.2.1. Thus F.% is contractible as a P-space, and hence
Hp(EZ/P) =0 for all m > 0. The maps above imply that |G/P|- Hy(EZ# /G) = 0 for all

m > 0.

Step 2: Now we list all prime factors of |G| which are not inverted: pi,pa, ..., pn-
For any i € {1,2,...,n}, let P; be a Sylow-p; subgroup of G. By step 1, we have |G/F;| -
Hp(EZ/G) =0 for all m > 0.
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Letting ¢ vary among 1, 2,...,n, we get
(IG/ P, |G/ P, . |G/ Pa) - Hn(EF /G) =0

for m > 0. Here (|G/P1|,|G/Psl,...,|G/Ppl|) is the greatest common divisor of all |G/F;|.
Since all prime factors of G except p1,pa, ..., pn are inverted, (|G/Py|, |G/ Ps|,....,|G/Py]) is

inverted. Thus Hy,(E.%# /G) = 0 for any m > 0.

Step 3: Consider the general case of any K < . C G. By comparing the fixed point

subspaces, E.% KisL /K-equivalent to £¥, where ¢ is the following family of subgroups of

L/K:
¢ ={H/K | KCHCL,He F}.

Consider any Hy,Hs C G such that H{/K € ¢, Hy/K ¢ ¥, (H1/K) < (Hy/K) and
|(Ho/K)/(H{/K)| is a power of prime p. We must have H| € .#, Hy ¢ ¥, H| < Hy and
|Ho/H1| is a power of p. Thus p must be inverted. By induction on the group size and the
previous two steps, we have Hy,(E.ZX /L)~ H,(E9/(L/K)) = 0 for all m > 0. O

We now prove Proposition 3.2.3. Let T' = {p1,...,pn} be the set of all prime factors of
|G| which are not inverted.

For any H C @G, recall the ring map yg : A(G) — Z defined in the proof of Proposi-
tion 2.3.2 which sends each G-set S to |SH|. Let C(G) = [1{z]Z. Then we have a ring

map

x =[] xu: AG) — C(G).
[H]

The proof of Proposition 2.3.2 implies that y is a ring isomorphism when |G| is inverted. If
we only invert the prime factors not in 7', x becomes a monomorphism and C(G)/Im(x)

only contains torsion of pq, ..., pp.
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We want to show that the denominators of all cg’s are invertible, which is equivalent to
the existence of the element > cy{G/H} in A(G), when all prime factors of |G| not in T

are inverted. Since y is a monomorphism, this existence can be detected by the image of y:

1, if K e 7
X (O en{G/HY) = eql(G/H)T| =
H H

0, otherwise

In other words, it suffices to show that the element a = (ag)(f) € C(G), which is defined

as

1, if K € 7,
ag =
0, otherwise,

is inside the image of x.
We will need the following lemma:

Lemma 3.2.4. For any H € # andp € T = {p1,p2,....,on}, there exists L € ¥, such that

XH(G/L) is not divided by p.

Proof: Let M be the subgroup of H generated by all elements whose order is not divided

by p.

List all prime factors of |G| other than p as q1, 2, ..., ¢m. Notice that M is generated by
elements h € G whose order has the form |h| = q?lqu...qg{”. Since h is contained in the
group generated by h|h|/q?i for all + = 1,2, ..., m and each h‘th?i has a g;-power order, M
is also generated by its Sylow g¢;-subgroups, for i =1,2,...,m.

We observe that M is a normal subgroup of H since conjugations do not change the order

of an element. Thus H C NgM.

Write Q = H/M as a subgroup of WoM = N M /M.
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For any h € H, write the order of h as |h| = p®c with ¢ not divided by p. Then |[hP"| = ¢
and hence h?" € M. Therefore, H /M = @ is a p-group.

Choose P € WM to be a Sylow-p group containing ). Consider L. C N M such that
M C L and L/M = P. Then H C L. Since M € .Z as a subgroup of H and L/M ~ P has

a p-power order, we have L € .#. We will show that x g (G/L) is not divided by p;.

Recall that xz7(G/L) = |(G/L)H|. For any g € G, gL € G/L is fixed by H if and only
if g"'Hg c L. If this happens, then g1 Mg C L.

Let N be any Sylow g;-subgroup of M for some i € {1,2,...,m}. Then g INg C
g Mg c L. Since |L| = |P|-|M| and |P] is a p-power, both N and ¢~!Ng are Sylow-g;
subgroups of L, hence are conjugate to each other inside L. Since M is a normal subgroup of
Land N C M, we get g_lNg C M. Since M is generated by its Sylow-qq, ..., ¢y subgroups,

we have g 1 Mg = M, and hence g € NqgM.

When gL € (G/L)H, we have g € NoM and gL € (N M/L)H . Thus
xm(G/L) = (G/L)T| = |(NgM/L)T| = |(WgM/P)?|.

Recall that P is a Sylow-p group of WM containing Q. Thus WM/ P| is not divisible by
p. Since the sizes of all Q-orbits except /@ are divided by p, the number of @)/Q orbits in

WM/ P is not divided by p. Thus |(WeM/P)?| is not divided by p.

In conclusion, xg(G/L) is not divided by p. O

Proof of Proposition 3.2.3: Since C'(G) has finite rank and C(G)/Im(x) only contains

torsion of pyq, ..., pn, there exist kq, ko, ..., ky € ZT, such that plfl...p/fL”C(G) C Im(x).
We divide our proof into three steps:
Step 1: For any H € .% and i € {1,...,n}, there exists an element 5(H,i) € Im(x),
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such that, modulo pf", we have

.

1, if K € [H|
BH, )k =q1o0r0, if K e F

0, if K ¢ F

\

According to Lemma 3.2.4, there exists L € .# such that xg(G/L) is not divided by p;.

Notice that xx(G/L) = 0 for any K ¢ #. Since \(Z/pf’)x\ = pfrl(pi — 1), the image of
ki1

{G/Li" (Pi=1) s 4 valid choice for B(H, i).

Step 2: For any H € %, there exists an element S(H) € Im(x), such that, modulo

p]fl plﬁ{l , we have
)

1, if K € [H]

BH)k={1o0r0, if Ke.Z

0, if K¢ Z
\

For i = 1,2,...,n, choose ¢; € Z such that ¢; = 1 (mod pf’) and ¢; = 0 (mod pfj) for all

j # 1. We only need to choose

B(H)=c1B(H, 1)+ ...+ cpB(H,n).

Step 3: Define a +« b = a + b — ab for any a,b in the same ring. Notice that for any

a,b,c € Z such that a,b =0 or 1 (mod ¢), we have

0, ifa=b=0
a+*bE

1, otherwise
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mod c.
Choose one subgroup from each conjugacy class inside .% and list them as Hy, Ha, ..., Hyy.

Let

p= 5(H1) +x ﬁ(HQ) s tx B(Hm)

Then modulo p]fl...pﬁ”, we have

1, if Ke F
BK

0,if K ¢ F

Since 8 € Im(x) and p]fl...plfbn - C(G) € Im(x), the special element o = (o) (7], which

is defined as

1, if H € 7,
o =
0, if H ¢ Z,

must be contained in I'm(yx). O
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CHAPTER 4
SPLITTING METHOD

In this chapter, we will set up our splitting method in the computation for any equivariant

spectrum X.

The procedure of the splitting method can be explained as follows:

(I) Fix a prime factor p of |G|. Invert all other prime factors.
(IT) Choose a specific family .# such that the criterion in Theorem 3.2.1 is satisfied.

(ITIT) Apply Theorem 3.1.1 to split X into multiple pieces. Compute the homotopy of
each piece and glue them together. Now we have computed the localized 7T§<X ) when all

prime factors of |G| except p are inverted.

(IV) List all prime factors of |G| as p1, p2, ...,pn. For i =1,2,....n, we can compute

-1 1 ~1
R; ::7T‘Ci((X)[p1 s Dy s Py ]

by the three steps above with p = p;.

Consider the diagram with objects R, Ry, ..., Ry, 7T§(HM)HG’_1] and morphisms
R —» nS(X)GITY, i=1,2,..,n
as localizations. This is a diagram inside the category of RO(G)-graded rings. The limit of
the diagram is exactly Wg (X).

The hardest part is the computation of each piece in step (III), which will be discussed
in Theorem 4.1.2.

First we explain the choice of family in step (II):
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Let H be the subgroup of GG generated by all elements whose orders are not divisible by
p. Choose .Z to be the family of all subgroups of G not containing H. The criterion in

Theorem 3.2.1 is satisfied because of the following lemma:

Lemma 4.0.1. H is a normal subgroup of G with p-power index and H is generated by
Sylow q-subgroups of G for all ¢ # p. Moreover, H itself does not have any proper normal

subgroups with p-power index.

Proof: The first half can be proved in a similar way as in the proof of Lemma 3.2.4.

For the second half, assume that M is a normal subgroup of H with p-power index.
Then for any ¢ # p, the Sylow g-subgroup of M is also a Sylow g-subgroup of H. Since M
is normal in H, it contains all Sylow ¢-subgroups of H for any ¢ # p. Thus M = H since H

is generated by these Sylow subgroups. []

We have X ~ (EZL AN X)V (ETJQ A X) when Theorem 3.1.1 holds. With this specific

choice of .7, we have

TH(EF AX) = aly(e" X) (4.0.1)

where ®H X is the H-geometric fixed point spectrum of X.

4.1 Decomposition of F.7#, N X

When the splitting happens, we can compute the homotopy of F.% A X in a systematic

way. Recall that Mz is defined in Notation 2.3.3 as the homology of E.# in degree 0.

Proposition 4.1.1. Let .F be an arbitrary family. Invert proper prime factors of |G| such

that Theorem 3.1.1 holds. Then for any G-spectrum X, we have
G or ~ G
T (EZy N X) = Map(Mg, oy (X)).
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Here E‘C/;(X) is the Mackey functor valued homotopy which sends each G/H to W‘I}I‘H(X).
Together with the expression of M & in Proposition 2.3.2, we have:

Theorem 4.1.2. Let % be an arbitrary family of subgroups of G. Invert proper prime
factors of |G| such that Theorem 3.1.1 holds.
For any virtual G-representation V- and G-spectrum X, W‘C}Y(Eﬁq_ A X) is isomorphic to

the limit of the diagram with objects

and morphisms

. H gHg™
cg.7TV|H(X)—>7T gHgfl(X)’ He F,ged.

Moreover, when X is a ring spectrum, since taking limits preserves multiplicative struc-

tures, this decomposition can also be used to compute ﬂi(E?Jr A X) as a graded ring.

Remark 4.1.3. The image ofres]G3 m 7r‘1;|P(X) does not depend only on V| p since the choice
of g such that g"YHg C P may not be contained in P, not even in NqP. Thus it’s possible
that for two different G-representations V., W, we have V|p = W|p and yet W‘C}V(Eﬁ# N X)

and W%(Eﬂq_ A X)) are different.

Proof of Theorem 4.1.2: According to Proposition 4.1.1, we have

TH(EFL A X) = Map(Mg, 15 X).
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According to Proposition 2.3.2, as a sub-Mackey functor of Ag, M4 is generated by

{H/H} for all H € %, with relations generated by
H:
resp? ({Ha/Ha}) = {H1/H1}, Hi C Hy € F,

cg{H/H}) = {gHg ' /gHg '}, He F. g€ G.
Each map from Mg to W‘C/;(Eﬁ_F A X)) is determined by the images of {H/H} in

m(X)(G/H) = 7, (X)

for all H € .# which are compatible with maps Tesgf and cg. Thus 7T€(Eﬁ+ A X) is

expressed as the limit described in the theorem. []

In order to prove Proposition 4.1.1, we need a small lemma on the homotopy of E.% first.

Recall that N4 is defined in Notation 2.3.3 as the complement of M & in Ag.

Lemma 4.1.4. Assume that proper primes are inverted such that Theorem 3.1.1 holds. Then
1§ (E*EFL) = 1§(S) O Mg,
1§ (EXEZ) =15 (S) O Ny
Here S = £©°5Y is the sphere spectrum.
Proof: According to Theorem 3.1.1, we have an equivalence of ring spectra:
S~ S®EFZ,VEPEZ.

Thus the product in 13(5) is induced by the products in ﬂi(E”Eﬁﬁ.) and zi(EOOE—:?}).
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In particular, the map

is given by
7$(5) D 2§(8) = (G (E¥EF1) O 1§ (EFEF)) @ (1§ (SXEF) O 1f (5¥EF))
o (1§ (SXEF4) 01§ (S¥EF)) @ (14 (S°EF) O 2§ (S°EF,)) ER
G (v 1 gr G (00 1 g G (vo0 I g G (oo 17 g
X (EFCEFL) Oy (EXEFL)) @ (14 (EFEF) Ong (EXEF)) —
G (BXEZ,) @ 1$(SVEF) = 15(9).

Here the map f is the projection onto the first two summands.

On the other hand, the map

is an isomorphism since 18’1 (S) = Ag is the unit Mackey functor. Thus the projection f

must be an isomorphism and hence
G (yoo g Giyoongy _ G iyoomg Giyopg \
14X (EXEFy) Oy (XYEF) =14 (XFEF) Oy (XCEFL) = 0.
Since X*°E.%, and S®EF are connective, we have
G (0.9] ~ =G
g (SFEFL) = Hy (EFy Ag) = Mg,

—_ ’VG P
n§ (SXEZ) = Hy (EZ; Ag) = Ng.
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Thus
14 (EXEF) O Ny =G (EFEF) 0 Mg =0

and hence

Proof of Proposition 4.1.1: According to Theorem 3.1.1, we have
tHEFAX) =[SV, EF AXIC 2 [BEZy,v7VXY = xVEZ,.

Here we express the homotopy of E. %4 A X as the X-cohomology of the space F.% .
View X as an S-module and apply the equivariant universal coefficient spectral sequence
in [14]:

Ext'y o (@l (SCEF), X* V) = X* VEF,.

(5)

According to Lemma 4.1.4 and Proposition 2.3.2, we have

Bt o (a8 (SXEF), X V) 2 Bat'g o (x7(5) O Mg, X7

(5) (5)

=~ Eaty" (Mz, X*~) = Map(M 7, 7} X)

and the Fs-page is trivial except on the bottom line. Thus we have

BTy NX) =[SV, EF A X]% = Map(Mg, 7§ (X)).
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4.2 Input of the Computation

When we apply the decomposition into smaller subgroups by Theorem 4.1.2 and (4.0.1),
if the subgroups still contain multiple prime factors, we can apply the splitting method again.
Finally everything will be decomposed into equivariant homotopy for subgroups with prime
power orders. We will give a precise list of input of this computational machine. We need

the following notation:

For any finite group H, let Hy be the subgroup of H generated by all elements whose
orders are not divisible by p. For any K C H, let Z#g[K] be the family of subgroups of H
not containing K. Then our splitting method uses the family .#p[Hy| to split H-spectra

when localized at p.

Theorem 4.2.1. Let X be a G-spectrum and V' be a virtual G-representation. Assume
that all prime factors of |G| except p are inverted. Then W‘C/;(X) is the limit of the diagram
consisting of:

(i) ﬂng(X) for any p-subgroup H C G;

(i) ﬂ(l‘(//f;’)’Kp(éKPX) for any K € Zq|Gp| U{G} such that K is not a p-group;

Hy
Ve

L, (PP X) —

(X) for any Hy C Ho;
K/ K
(Vlk)

(iit) Restriction map il (X)—>m
Vi,
L/L,

1) Restriction map
() P

Kp(cI)KpX) for any K C L such that
(v) Conjugacy map on W‘]/ﬂH(X) by any g € WeH
(V|K)Kp(‘1) »X) by any g € WaK (notice that g~ " Kpg = Kp

according to the definition of Kp).

(vi) Conjugacy map on

We will prove this theorem in the rest of this section. Notice that Theorem 1.0.2 is a

consequence of this theorem.

Before we start the proof, we need a more precise explanation about how to repeat the

splitting method. After we apply the splitting method on the G-spectrum X with family
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Zc|Gp|, we obtain a diagram with objects W‘];[‘H(X), for all H in Z5[G)p] and ﬂgéfp(CIDGPX).
We don’t have to further split the geometric fixed point spectrum since it is acted on by the
p-group G/Gp. But we can apply the splitting method again on each 71"}/]|H(X ) with family
F[Hp) to make it into the limit of another diagram.

The conjugacy map on W‘g'H(X ) splits in the same way since the splitting in Theo-
rem 3.1.1 is categorical. The following lemma implies that the restriction maps are also
compatible with the splittings. Thus repeating the splitting method not only expresses each
object as a limit, but also enlarge the whole diagram.

By applying Theorem 4.1.2 and tracing the restriction maps, we have

Lemma 4.2.2. Consider any H C L C G. Assume that all prime factors of |G| except p
are inverted. The restriction map 7‘68%_[ ; 7T‘1}|L(X) — W‘I}I‘H(X) can be expressed as follows:
(1) If H € F[Ly|, or equivalently, H does not contain Ly, then after applying the

splitting on 7T‘I/’|L<X) with family Fr[Lp), releq can be factorized as
L L H
’ﬂ'V‘L(X> — 7TV|L(E§L[LP]+ NX)— WV‘H(X)

since W‘I;I‘H(X) is an object in the diagram computing 7T‘L/|L(E9L [Lp]+ AX) in Theorem 4.1.2.
(2) If H ¢ F1[Lyl|, or equivalently, H contains Ly and hence Hp = Ly, we can apply
the splitting on both W‘[}‘L(X> and W‘I}rlH(X) with families Fp[Ly| and Fg[Hp|. Then TeleLI

15 split into two pieces:

7T{7|L(EﬂL[Lp]+ ANX) = W{I/{\H(EﬁH[Hp]Jr A X)

L/L,

H/H,
WL

L
Lp(q) rX)— W(V|H)

H,

The second map is obtained by taking the underlying H-spectrum. The first map is obtained

by the fact that the diagram computing 7T€I|H(EﬁH[Hp]+ A X) in Theorem 4.1.2 is a sub-

o2



diagram of the diagram computing W‘L/|L(EﬁL[Lp]+ NX).

Remark 4.2.3. The splittings on the underlying spectra can be applied in the following way
to keep enlarging the diagram:

Choose an object 7r‘}/I|H(X) such that Hy has the largest size (if the largest size is 1,
no more splittings are required). Apply the splitting on all W‘I/{‘K(X) such that Ky = Hp.
Lemma 4.2.2 guarantees that all restriction maps are transferred into the new diagram. Thus

the diagram is enlarged in each such round of splitting.

Now we can repeat the spiltting method to enlarge the diagram as much as possible.
Notice that when H is a p-group, H) is trivial and hence the splitting does not change the
H-homotopy. In other words, the diagram will finally stabilize when each summand is acted

on by a p-group.

Proof of Theorem 4.2.1: After the diagram stabilizes, the argument above and Lemma 4.2.2
shows that all objects and maps will have the forms in (i)-(vi). On the other hand, all objects
and maps in (i)-(vi) appear after the splitting is applied once on all underlying spectra where
the acting group is not a p-group, and don’t change in further splittings, hence survive in

the stabilized diagram. [

4.3 Computability of HZ

In this section, we will discuss the computability of Eilenberg-Maclane spectra with
constant Mackey functors, with HZ the universal choice among them. Recall that the
splitting method decomposes G-spectra into underlying and geometric fixed point spectra.
HZ is quite special because the geometric fixed point spectra will be trivial when the splitting

happens:
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Proposition 4.3.1. If Theorem 3.1.1 holds, we have EZ A H7Z ~ x. Thus
HZ~FEZ%, NHZ.
Proof: Consider the equivariant universal coefficient spectral sequence [14]:

EZ, ZMf,f(HAG*E?f,Z) = HL EZ.

— %

According to the proof of Proposition 2.3.2, H Ag*ﬁ is concentrated in degree 0 and

appears as the direct summand N g of Ag. Thus the E2-page is trivial except
2~

Since
LZ=2UAg=ZUMgz®ZUNg,

there must be one Z and one 0 in {Z 0 Mg,Z 0 Ng}.

Notice that M #(G/e) = Hy(E.#;Z) = Z. Thus

L0 My (G/e) = L(G/e) ® My (Gfe) = L.
Now we get
ZUOMg=%Z, ZUNg =0.

Therefore, the EQ—page of the spectral sequence is trivial, hence we have Z/?LV@ NHZ ~ x. [

Proposition 4.3.1 still works when Z is replaced by other constant Mackey functors, as

can be proved by considering the induced maps from Z.

We now list the currently known computations on p-groups that can be fed in as inputs
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in Theorem 4.2.1:

(i) Wip (HZ), which is computed by multiple people with different methods.
c
(ii) 7T*p2 (HZ) by Zeng |21] for odd p and Georgakopoulos [8] for p = 2.
2 2
(iii) WiQ (HIF9) and partial information about 7r32 (HZ) by Ellis-Bloor [6].

(iv) 7T28(H Z) by Lu [17], only with additive structure.

The computation which works for HZ usually works for other constant Mackey functors

as well.

Most of the computations above are done in a cellular way. Thus we can obtain the
restriction and conjugacy maps by treating the homotopy of HZ as the equivariant homology

of the representation spheres.

In conclusion, now we have a computability list with our splitting method:

Theorem 4.3.2. For a finite group G, W‘(i_(HZ) is computable if all Sylow subgroups P C G
satisfy one of the following conditions:

(Z) P = Cp or CPQ;

(ii) P = C% and P C Ay C WP (this guarantees that we only need the partial infor-
mation in [6]);

(iit) P = Qg (we can only compute the additive structure in this case).

Remark 4.3.3. When Z is replaced by a general Mackey functor M, the geometric fized

point part is still computable since we have
EF NHM ~ H(M O Ng).

However, we don’t know how to compute the homotopy of general HM for p-groups other

than Cp. Thus WQ(HM) s only computable when all Sylow subgroups of G has prime order.
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4.4 Computability of MUg

We will discuss the computibility of MUg in this section. According to the special
structure of Thom spectra, MU is more computable than HZ in some sense. We will prove

the following theorem:

Theorem 4.4.1. The homotopy of MUq s computable if all Sylow subgroups of G are

abelian.

We just need to check the list of input in Theorem 4.2.1:

The homotopy of MUy for abelian H is computed by [1], which uses the Tate diagram
repeatedly with families corresponding to all sequences of subgroups.

The conjugacy maps become isomorphisms of diagrams. For any H; C Ho, resgf can be
obtained by the fact that the diagram computing MUy, is isomorphism to a sub-diagram

(after taking underlying Hi-spectra) of the diagram computing MUg, .

The study of geometric fixed point spectrum Y Ugq traces back to [19]. That paper
only discusses the case when G is abelian, but some of the results still work for the non-

abelian case. We refer to [9] for a more modern discussion:

Theorem 4.4.2. Let J(K) be the set of all complex virtual K -representations with dimen-
sion 0, and t(K) be the number of isomorphism classes of non-trivial irreducible complex

representations of K. Then as a G /K -spectrum, we have

K Nt(K
K MUG~ \/ 9 IMUG A (BUG )

jeJ(K)
When G/K is abelian, the homotopy of each summand is computed in [4]:

Theorem 4.4.3. Let H be an abelian group. Then

i (MUg A BUR") = (xf MUg)[m, 72, ... %"
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The conjugacy maps fix the polynomial generators 7;. For any H; C Ho such that
(H1)p = (Ha)p (written as H)), the Hj-geometric fixed point spectra of MUy, and MUy,
have the same number of BU factors in the expression in Theorem 4.4.2. The restriction

map resgf can be obtained by the restriction map
Hy/H) Hy/H,
Tk MUHQ/HP—>7T* MUHl/Hp

and identity maps on the polynomial generators.

Therefore, Theorem 4.4.1 is proved since all inputs in Theorem 4.2.1 are computable.

Theorem 4.2.1 also implies the following approach on the evenness conjecture of MUg:

Theorem 4.4.4. If all Sylow subgroups of G are abelian, then the homotopy of MUq con-

centrates in even degrees.
In general, if for any p-subquotient P of G and n > 0, the homotopy of MUp N\ (BUP)/J}”

s even, then the homotopy of MUq is even.

4.5 Some Examples

In this section, we will apply Theorem 4.2.1 to compute general G-spectra with G = Doy,

and As. These results will be used in later computations.
For G = Dy, the subgroups of G (up to conjugacy) are listed as e, Co, Cp, G.

Theorem 4.5.1. Let G = Doy, and V' be a G-virtual representation. For any G-spectrum
X, W‘(/;(X) is isomorphic to:
. . C, .
T o0 X), 72 oC2 X P (X)G/Cp 2 is in-
(i) The direct sum of Ty c( ), W(V|02)C2( ) and WVlcp( ) when 2 is in

verted;
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(ii) The direct sum of W‘Cjéfp(CDCPX) and the pullback of

C

C! e
TR (X) = (X)) =y (X)©
[eX

when p is inverted.

Proof: When 2 is inverted, according to Theorem 4.2.1, 7T€(X ) is the limit of the di-
agram with objects 17 (X) (with G-action), WgTC (X) (with G/Cp-action), ve(chX),
P

C!
W(;|CQ)CQ(<I>02X), and the map

C C
rese? : WVTCP (X) = my (X).

Cp
Viep

G. Thus all information related to my/(X) and alr (X) is encoded in ap (X)G/Cp.
Viep Viey

Since the image of resgp is fixed by Cp, the image of 7 (X )G/ Cp under resecp is fixed by

When p is inverted, part (ii) is a direct consequence of Theorem 4.2.1. [

For G = Ajy, the subgroups of G (up to conjugacy) are listed as
e,C,03, Ky,C5, Dg, D1, Ag, G.

Here K4 = (9 x (y is the Sylow 2-subgroup of G.

The case of G = Ay is a little special. Notice that G has no proper normal subgroups
and we have G = G for all prime p. When we apply the splitting method described at
the begining of this chapter, the family . will always be the family of all proper subgroups
no matter which primes we invert. Thus we can apply Theorem 4.1.2 and (4.0.1) directly

without any localizations:

Theorem 4.5.2. Let G = As and V' be a G-virtual representation. For any G-spectrum X,
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G (X)) is tsomorphic to the direct sum of my,c ®CX) and the limit of the following diagram:
\% \%

Ay
] A (X)
7"65?4

Dg
A4 TeSe DlO
Ty O™ Ty () 5t ()

The diagram above comes from Theorem 4.1.2 and is simplified by similar arguments as

in the proof of Theorem 4.5.1 part (i).

On the other hand, we can also apply Theorem 4.2.1 after inverting proper primes to
get a complete decomposition. For simplicity, we will use the same notation to denote the

underlying representations of any G-virtual representation.

Theorem 4.5.3. Let G = As and V' be a G-virtual representation. For any G-spectrum X,

7T€<X) is isomorphic to:

(i) The direct sum of
’/TvG (QDGX), 7TVD6 ((DDﬁX)’ TrVA4 ((I)AALX)’ 7TVD10 ((I)DIOX)7

T, (OB XAV EL oo (@03 x)Pe/Cs po o (9C2 x)Ka/C2
Via Ves V€2

and the limit of
Cs

C eS¢
5 (X)P10/Cs T8y (X) < mp (X)©

when 2,3 are inverted.

(ii) The direct sum of

A/ Ky

VK4 ((I)K4X)v ™

Ty (PCX), 106 (PP X), 7 D10 (@P10X),

oK o4 x A4/K4,7r o 05 x DlO/CS’ﬂ- c »C2 x K4/C27
V24 Vs 14%)
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and the limit of
Cs
C D TeSe
w8 (X)P6/Cs T2 7 (X) =y (X)©

when 2,5 are inverted.

(iit) The direct sum of

Dg/C Dqo/C
mya(@0X), 708 (@0 X), 7y, (944X), D10/ (005 ),

Ty (@C3x)P6/Cs, Ty Cs (@5 x)P10/Cs,

and the limit of

Ky
K, reSe
Ty, O =y (X) 2 my (X)€

when 3,5 are inverted.

4.6 An Algebraic Point of View
We want to mention a special case of Theorem 4.1.2 and its relation with a recent paper
by Angeltveit [2]:

Theorem 4.6.1. Let & = Z be the family of all p-subgroups of G. Let P C G be a Sylow
p-subgroup. Assume that all prime factors of |G| except p are inverted. Then for any virtual

G-representation V', The composition

18 injective. Its image consists of all elements x € 7T‘1;|P(X) such that

resﬁ-(x) = cg(resg),ng(x))

for any H C P and g € G such that g~V Hg C P. Here cqg s the conjugation map induced
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by g € G.

Proof: It suffices to check the criterion in Theorem 3.2.1: For any H € .%, H < J such
that |J/H| is a power of p, since H itself is a p-group, J is also a p-group. Thus J cannot

be outside .# according to the construction of .#. [J

When we choose X = HM for some cohomological M, the same decomposition problem

is studied in a more algebraic way:

Definition 4.6.2. A Mackey functor M is called cohomological if trﬁ o resg 15 the multi-

plication by |H/K| for any K C H C G.
Theorem 4.6.3. [2, Theorem 3.1] Let Py, ..., Py be Sylow subgroups of G, with one for each
prime factor. There is an isomorphism

oG P M(G/P)) ~— M(G/G),

)
where ~ 1is generated by
By by
trg (y) ~ tTgleg(Cgfl(y))

for anyy € M(G/H) and g € G such that H C P;, g~ Hg C Pj.

This theorem can be used to compute equivariant homology with coefficients in a coho-

mological Mackey functor (like Z) since

Proposition 4.6.4. [2, Proposition 2.5] Let X be a G-CW spectrum. If M is a cohomological

Mackey functor, then Ei (X N HM) is also cohomological.

Notice that, in Theorem 4.6.3, the equivalence relation is generated by the following two

types:
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(1) The equivalence relation on one single summand M (G/F;):

P; P;
tryg () ~tr Ly (g-1())

for y € M(G/H) such that H,g~'Hg C P;;
(2) For ¢ # j, we have

tre'(y) ~ tre” (y)

.. . ) P
for any y € M(G/e). This is equivalent to trg o tfrfZ = trg otr.’ as part of the Mackey
? J

functor structure.

Since tr]g o resgi and trli o restt are multiplications by |G/ P;| and | P;|, it’s not hard to
(2

check that Theorem 4.6.3 is implied by (in fact equivalent to) its localized version:

Proposition 4.6.5. Assume that all prime factors of |G| except p are inverted. Let P be a

Sylow p-subgroup of G'. For any cohomological Mackey functor M, we have an isomorphism
tr§ . M(G/P)/ ~— M(G/G),

where ~ s generated by

tT’]]; (y) ~ trg)—ng(cg*1 (y)>

for any y € M(G/H) and g € G such that H g~ 'Hg C P.

This proposition is related to Theorem 4.6.1 by the following two lemmas, which we will

prove later:
Lemma 4.6.6. With the same assumptions as in Proposition 4.6.5, let R be the subgroup
of M(G/P) which consists of all elements x such that

resg(x) = cg(res!];,ng(x))
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for any H C P and g € G such that g"YHg C P. Then the composition
trg
R— M(G/P) — M(G/G)

s an isomorphism.

Lemma 4.6.7. Assume that all prime factors of |G| except p are inverted. Let F =

Then for any cohomological Mackey functor M, we have

EZ NHM ~ x.

Remark 4.6.8. When we are computing equivariant homology with coefficients in a coho-
mological Mackey functor, Lemma 4.6.7 shows that smashing with E.%4 makes no changes.
Then Lemma 4.6.6 shows that the methods in [2] and our paper provide the same result.

In fact, our method also works for some non-cohomological M. We only need to guarantee
EZ NHM =~ x.

This condition holds if and only if M is an M z-module.

Remark 4.6.9. From an algebraic point of view, both our method and the method in [2]
share the same idea: Expressing the top level M(G/G) of the Mackey functor M by the
lower levels.

The only difference is whether we use transfer maps or restriction maps, each of which
has its own advantage: The expression with transfer maps does not require any localizations,
while the expression with restriction maps preserves the multiplicative structure.

Proof of Lemma 4.6.6: Since M is cohomological, trg oresg is multiplication by |G/ P],

hence is an isomorphism from M (G/G) to itself. Thus resg is injective and trg is surjective.
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Fix z € M(G/G). For any H C P and g € G such that "' Hg C P, we have

cg(resf,ng(resP(z))) = cg(resg,ng(z)) = resg(cg(z)) = T@S%(z) = resz(resg(z)).

Since H, g are arbitrary, resg(z) is contained in R. Thus resg can be viewed as an injective

map from M (G/G) to R, which is the right inverse of the composition
trg
R — M(G/P) — M(G/G).

On the other hand, for any € R, choose H = P and g € NgP. We get = c4(x).
Thus

Tesg(trg(x)) = Z cg(x) = |WgP|x.
gPENGP/P

Since |Wq P| is inverted, resg o trg becomes a self-isomorphism of R. Therefore, the com-

position

R < M(G/P) p, M(G/G)

is an isomorphism. [J

Proof of Lemma 4.6.7: With the same argument as in the proof of Proposition 4.3.1, it
suffices to prove M = M [0 M 4 for any cohomological Mackey functor M.

For any H C G, let P be a Sylow p-subgroup of H. Then trg o resg is multiplication
by |H/P]|, hence is an isomorphism. Thus resg is an injection.

Notice that for any p-subgroup K of G, according to the definition of Mg, we have

M#(G/K) = A(K). Thus M O M#(G/P) = M(G/P).
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Consider the following commutative diagram.

M(G/H) —— M O M#(G/H)

H H
lresP l/T@SP

M(G/P)—— M O M4(G/P)

We have shown that the left vertical map and the bottom horizonal map are isomor-

phisms. Moreover, the top horizontal map is surjective, since
M=MOMgz)®(MONg).

Thus all maps in the diagram above are isomorphisms. Since H C G is arbitrary, we have

M=MOMg. O
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CHAPTER 5
APPLICATIONS

In this chapter, we will apply our splitting method to compute Wi([‘[ Z) for several choices
of G as RO(G)-graded rings.

We will use the same way to define generators as in [11| Definition 3.4:

Definition 5.0.1. For any non-virtual G-representation V with VG = 0, let ay € m_y(SY)
be the map SO — SV embedding S° to 0 and co. We also use ay to denote the Hurewicz
image of ay € m_y(S°) in m_y (HZ).

For any non-virtual orientable representation V of dimension n, let uy be the generator

of Ty (HZ) = HS (SV'; Z) which restricts to the choice of orientation in
Hi7(SY;2)(Gfe) = Ha(S™;2).

Some important relations on these generators are given below:

Proposition 5.0.2. (a) For any Vi, V53,

AV +Vy = AV AV, UV 4V = UV UY,-

(b) Let Gy, be the isotropy subgroup of V.. Then |G /Gy |ay = 0.

(¢) For V.W both oriented with dimension 2, with Gy, C Gy, we have

awuy = |Gw /Gy layuy .

Convention: For any H C GG and H-representations Vi, Vs, we will identify them in our

computation if

SYiAHAy ~SYV2 A HAy.
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We may not have V] ~ V5. But in the computation of homology, it’s not necessary to

distinguish these two representations.

5.1 Computation of ﬂiz”(HZ)

Let G = Dg,. Up to conjugacy, the nontrivial subgroups of G consist of Cy, Cp and G
itself. According to Theorem 4.5.1, the computation of Dg,-homotopy can be decomposed

into computations of Cy and Cj-homotopy.

We first list all irreducible representations for these subgroups except the trivial repre-
sentation:

For C9, we have the 1-dimensional sign representation o.

For €}, we have p—1 different 2-dimensional rotation representations, which are identified
according to the convention above. We denote them by A.

For Dy, we have the sign representation o for Dy, /Cp, and the 2-dimensional dihedral
representation v, where all elements with order p act as rotations and all elements with order

2 act as reflections.

5.1.1  Decomposition into Cy and C,

We apply the splitting method and invert 2 and p separately. Notice that m«(HZ) = 7Z
which is G-fixed. According to Theorem 4.5.1 and Proposition 4.3.1, we get:
N D ~ C
(i) m, (HZ)[1/p] = WV|202 (HZ)[1/p].
(if) my * (HZ)[1/2) = w7 (HZ)P2/Co[1 2]
P

It suffices to compute the action of Dy),/C) on 7GC (HZ). Express the generators of

Viey
Doy, by ¢ and 7 such that (P =72 =1, (t = 7¢ L.

First we consider the case that V' has no copies of o:
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Proposition 5.1.1. Let V = k + nvy for some integers k,n. Then the action of T on
1SV, StHZ) is multiplication by —1 if |k —t| = 2 or 3 (mod 4). Otherwise, the action is

multiplication by 1.

Proof: Notice that [S V sty Z]CP can be viewed as the equivariant cohomology or homol-
ogy of S 717 with coefficients in Z. The computation can be done in a cellular way. We first
give S nly o Cp-CW structure.

We view S7 as v compactified at co. The action of ( is the counter-clockwise rotation
by 27 /p and the action of 7 is the reflection by the z-axis. The standard CWW structure of

S7 can be described as follows:

As a based non-equivariant space, S7 = S2 can be constructed by one single 2-cell and

the base point at the origin. Denote that 2-cell by a.

As a based Cp-space, S7 = S can be constructed by:

One Cj-free 2-cell denoted by {b1, b2, ..., by}, such that each b; has image

I

<6<

{(rcos@,rsin&): 0<r<oo, —
p p

2r(i—1) 270 }

One Cj-free 1-cell denoted by {c1, c2, ..., ¢p}, such that each ¢; has image

2w . 2m
rcos—,rsin— | : 0<r<oop;
p p

One C)p-fixed 0-cell d at oo and the base point at 0.

Here the subscripts of b; and ¢; are defined modulo p.

For both CW structures, the action of 7 on S7 can be made into a cellular map:

The action of 7 on the whole S7 is a reflection. Thus Ta = —a.
The action of 7 gives a permutation among the images of by, bg, ..., b, and reverses the

orientations of these 2-cells. Thus 7b; = —b; 1.
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The action of 7 gives a permutation among the images of c1,ca,...,cp and keeps the
orientations of these 1-cells. Thus 7¢; = ¢ 11

Finally, 7d = d since the point oo is fixed.

Since S = ST A ST A A S7, we can construct a CW structure as follows:

ForieZ and 0 < j < |n|—1, let
€2j+2,1 ‘= (Ciaa "'7Cia7bi7 d: ad)

€2j+1,i ‘= (Cza, ceey Cla, Cq, d, ceny d)

with j copies of (‘a and |n| — 1 — j copies of d.

We also have one 0-cell ¢ := (d, ...,d) and the base point.

Notice that (b; = b; 11, (¢; = ¢;4-1. This construction makes Sl into a Cp-CW complex
with one C)-cell (except the base point) in each degree between 0 and 2|n|. The action of 7

on S/ is induced by the action on each copy of S7, hence is also made cellular:

_ i+1 _ ' =
Tegjt2; = (=1 eaj 19 pr1—i, €241, = (—1) €91 pr1—ir Teo = €o.

Recall that HEP(SWW; Z) and Hz}p(SmW; Z) can be computed by the following chain and
cochain complexes:

cr(sih; z) = (i) oy, Z:
Cg, (S"D:2) := Homoy, (C.(S");2),

where we view Z as a covariant coefficient system in the first equation and a contravariant
one in the second equation.

The actions of 7 on the homology and cohomology are obtained by applying 7 on both
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C,(S"17) and Z.
Since S has only Cj-free cells in positive degrees and only C)-fixed cells in degree 0,

and Z is the constant coefficient system, we have
P (81 2) = €, (M) @0, 22 C(SI)/Cy

CE, (S 2) := Homo,, (C.(S"17);2) = Homg (Ci(SI"1)/Cy; 2),

Let eg; and egj 1 be the orbits of cells eg;; and eg; 1;. The induced 7-action on

C*(Smh)/Cp is expressed as

' —1
Tegj = (—1)7egj, Tegj1 = (—1) "eg;_1.

Therefore, the 7-action on the homology and cohomology is multiplication by —1 when
the degree is congruent to 2 or 3 mod 4. Otherwise the 7-action is multiplication by 1. [J

Now we consider the case that V' also contains copies of 0. For any Dg,-spectra X, Y,
let 7 act on [X, Y] by conjugation. Since $7 = ST as Cp-spaces, we have

[X,Y]% =[x, $™7= D A y1Cp,

Since 7 acts on S? as a reflection, the composition

[X,Y]% > [X, ™D A y]|% Iy [x, 801 A v)% > [X, Y]

agrees with the T-action on [X, Y] multiplied by (—1)™.
Together with Proposition 5.1.1, we get

Proposition 5.1.2. Let V = k+mo+ny. The action of 7 on [SY, STHZ|P is multiplication

by —1 if [|[k +m —t|/2] +m is odd. Otherwise, the action is multiplication by 1.
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In conclusion, we have

Proposition 5.1.3. For any integers k, m,n,
sttt HZ)% 1 jp) = [SUHIHmET 7O /p),

0, if [|[k+m|/2] +m is odd,
[sHmetn o)1 /2] =

[S(k+m)+n/\’ HZ)?[1/2], if [|k +m|/2] + m is even.

5.1.2 A complete expression

Now we combine Proposition 5.1.3 with the computations of WiQ(H Z) and Wip (HZ) to
get an explicit expression for WiQp (HZ). We refer to |21], which provides a modern method

to compute C9 and Cj-homotopy of HZ and gives the following expression:
Theorem 5.1.4. The Cy and Cp-homology of a point are given below:

T2 (HZ) = Zluzs, ag)/(2a5) & (@ zz<u2—;>> o | P z/25  uy)az)

>0 7,k>0

7T,C.;p(HZ) = Zluy, ay]/(pay) & (@pZ@&i)) o | @ z/px v a k)

i>0 3.k>0

Here the generators ugy, aq,uy,ay are defined in Definition 5.0.1.

D
We can obtain generating elements in 7 *2p (HZ) by tracing the pre-image of generators

. C C
in W*Q(HZ) and 7" (HZ).

First we consider the case when p is inverted. According to the first equation in Propo-

sition 5.1.3, we have

71



(1)

C ~ D2
s 2(HZ) = Wc(lia—y)<HZ)’ Ve € Z.

D .. .
We use uy—s to denote the generator of m; ﬁZ—W(H Z). Then uy_o is invertible.

(2)
CQ D2p
7Tk—|—ma(HZ) k—i—ma—i—c(l—l—a v)

(HZ), Ve € Z.

Dgp

y—o: @ ’y o€ Ty (HZ), for any ¢ € Z.

Thus the pre-images of usg,, ay € 7T* 2(HZ) are ug ul

2 (HZ):

Therefore, *

22” (HZ) can be obtained by adding the invertible u~_4 to 7

2 1 1
i(HZ)[p] 21 Yl a0, 3/ (200)

(@221 <u20>>€9 D z/2kur_ (= g ag)

7,k>0

@

The case when 2 is inverted is similar. According to the second equation in Proposi-
tion 5.1.3, we have:
(1)

C . D
o P (HZ) = ﬂQC%’LJ)(HZ), Ve € Z.

Doy . .
Thus ug,, as the generator of 7, °5 (HZ), becomes invertible.

(2)

C o D
TP NHL) =m0 o) (HL), Ve E L.

Thus the pre-image of uy € Wip(HZ) is Uy—gus,, for any c € Z.

(3)

7P (HZ) = 7% HZ), Ve e Z.

=T oe(1—o)
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Thus the pre-image of ay € ’/Tip(HZ) is ayus,, for any c € Z.

Therefore, we have

"W (HE)[g) = 2l o, 0q, k) (o)

(@pz “20 W,ZU)> &P @ Z/p[uétaKE_lu;ZUa?@

>0 7,k>0

Finally, we just need to glue WZQP(HZ)[l/p} and WiZP(HZ)[l/Q] together.

Theorem 5.1.5. Recall that we obtain as, ay and us, from Definition 5.0.1 and choose

Uy—g to be the generator of

Doy

™ (HLZ) = Z.

Then we have

D
*2p (HZ) = Z[u~y—g,u25, 5, ay]/ (200, pa~)

o (@ 2Z[u7—0]<uz_gi>> @ (@pZ[u20]<u;ig>) @ | D wiluy)ust,)

1>0 >0 7,k>0

S EB Z/p[u7_0]<a%u2_ol_€> b @ Z/Q[U%Ka‘?}uﬁo—)

7,k>0 J.k>0

—k + -1, -7 _—k

o[ @zt et ) o @ zatg et
§,k>0 7,k>0

5.2 Computation of WiS(HZ)

In this section, we will use the splitting method to compute WE(H Z) for G = As. First

we list all subgroups of As.
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Subgroups of As up to conjugacy:

Sylow 2-subgroup Ky = ((12)(34), (13)(24)), which is isomorphic to Cy x Co;
Sylow 3-subgroup C3 = ((123));

Sylow 5-subgroup C5 = ((12345));

Normalizers of Sylow subgroups:

Ay = NgKy = ((12)(34), (123));

Dg = NaC3 = ((123), (12)(45));

Dyg = NgCs = ((12345), (15)(24));

Other subgroups: Cy = ((12)(34)) and the trivial subgroup.

We also list all irreducible real representations of As and its subgroups. Since there are
lots of groups, we express the group and dimension of a representation in the subscript. For
example, Vi 5, is an n-dimension H-representation. The trivial representations of all groups

will be written as 1.

Irreducible representations of As:

Vj&gz This is obtained by viewing Ay as the group of rotations of the regular icosahedron
in the 3 dimensional space.

VA_5,3: This is the same as le—s,fi except applying the conjugation by (12) (inside S) first.

For the two representations VZS 5 and VXS 3, we will see that all our computations which
work for one of them also work for the other. This further implies that the two representation

spheres are H Ag-equivalent. We use V4, 3 to denote both representations.

V45,4: Consider the space of functions from {1,2,3,4,5} to R whose images have sum 0.
The action of Ag is the natural permutation.

Va5 50 Consider the space of functions from antipodal pairs of vertices of the regular
icosahedron, such that the sum of all images of the function is 0. The action of As is

induced by the rotations of the icosahedron.
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Irreducible representations of Ajy:

Va,2: All elements in A4 with order 3 become rotations of either 27/3 or 7/3. All
elements with order 2 act trivially.

V4,,3: Consider the space of functions from {1,2,3,4} to R whose images have sum 0.

The action of Ay is the natural permutation.

Irreducible representations of D9, (p =3 or 5):
VD2p713 The sign representation of Dy, /Cyp, with C acting trivially.
VD2p,23 Dihedral representations, where all elements with odd orders act as rotations,

and all elements with order 2 act as reflections.

Irreducible representations of Kjy:
Three different sign representations Vi, 1.1, Vi, 1,2, Vi,,1,3 which correspond to the three
proper subgroups of Kj.

In addition, we use Vi, 3 to denote Vi, 11+ Vi, 12+ Vi, 1,3 (which is not irreducible).

Irreducible representations of Cp: (p =3 or 5)

Ve,2: All elements act as rotations.

Irreducible representations of (Cs:

Vo, 10 Sign representation.

The representations of these groups are related by restrictions:

The restrictions of V4, 3 in Ay, Dg, D1g are Vy, 3, Vps 1+ Vpg2 and Vo 1+ Vp g 2-

The restrictions of V4, 4 in Ay, Dg, D1g are 1 + V4, 3, 1+ Vp. 1 + Vp, 9 and 2Vp 0.

The restrictions of V4, 5 in Ay, Dg, D1g are Vg, 9 +Va, 3, 1 +2Vp, 9 and 1+ 2Vp 0.
The restrictions of Vg4, 2,Vy, 3 in Ky are 2 and Vi, 3.

The restrictions of VD2p’1, VD?pvQ in C) are 1 and V0p72 for p = 3, 5.
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Applying Theorem 4.5.3, eliminating the geometric fixed point spectra with Proposi-
tion 4.3.1, and simplifying the diagrams by the fact that m.(HZ) = Z is fixed by G, we

get
Proposition 5.2.1. For p = 2,3.,5, let P be a Sylow p-subgroup of G = As. Assume that

all prime factors of |G| except p are inverted. Then

~ P P
3 (HZ) = 7rV|P(HZ)WG .

Now we can use the same strategy as in section 5.1.2 to obtain explicit expressions of

localized homotopy:

Theorem 5.2.2. When 2,5 are inverted, we have

A _ + +
ﬂ-*5 (HZ) = Z[UV4—V3’ u2V3—V5]®

-1 -7 —
Zluyy, ays—1]/(3ay;—1) (@32 uV > @ Z]3(% uV;an_l)

1>0 7,k>0
Here V; denotes V. ;, © = 3,4,5. For any virtual representation V', we have lay| = =V,
uy | = V] =

Theorem 5.2.3. When 2,3 are inverted, we have

A _ + +
Wif(fﬂz)__Zhh%—JQ’u2Wr4Qy®

Zluyy, ay,]/(5ay,) © (@ LYAS UV ) @ @ Z]5(% UV av ky

>0 J,k>0
For p = 2, we have a similar result:
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Theorem 5.2.4. Let ny, n3, nyg, ns be arbitrary integers. Assume that 3,5 are inverted. Then

As ~ Ky Ay/Ky
ﬂn1+n3VA5,3+n4VA5,4+n5VA575 (HZ) o ﬂ-(nl+n4+2n5)+(n3+n4+n5)VK473<HZ) ’

The computation of Wﬁ Vi 3(H Z) is given in Appendix A. Unlike Theorems 5.2.2 and
4
5.2.3, it is quite hard to give an explicit expression for this ring. We will provide a less

explicit, but still computable expression in Theorems A.1.1 and A.2.1.

The unlocalized WiS(HZ) can be recovered from Theorems 5.2.2, 5.2.3, 5.2.4, A.1.1, and

A2.1.

5.3 Mackey Functor Valued Homology

In this section, we will discuss the computation of the Mackey functor valued homotopy
ﬂi(H Z). All arguments and theorems in this section still work when Z is replaced by other

constant Mackey functors.

Notation: We use II to denote the Mackey functor E‘C; (HZ) when the virtual G-representation

V is fixed. Then we have
(G/H) = (G/H+ A SV, HZ)® =[SV, HZ) = =fl, (HZ),

g :E€|H(HZ)‘

When all prime factors of |G| except p are inverted, since HZ = HZ AN E.% 4, we can use
Theorem 4.6.1 and Proposition 4.3.1 to compute [SV, HZ]H as a subgroup of [SV, HZ]P
where P is a Sylow p-subgroup of H. In order to get the Mackey functor structure on II, we

still need to compute the restrction and transfer maps.
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Consider any H;y C Ho9 C G. Choose Sylow p-subgroups Pj, Po of Hy, Hy such that
Py C P>. We will compute trgf and resgf with the Mackey functor structure of II| p, and

conjugation maps.

The restriction map is simple:

Proposition 5.3.1. When computing II(G/Hy) and II(G/H3) as subgroups of II(G/Py) and

II(G/Py), Tesgf is determined by resf,f.

Proof: The inclusion II(G/H;) — II(G/PF;) is given by resgi, i = 1,2. The proposition

follows from the fact that

rest2 o rest? = pestl o pegt2
P Py P Hy

The transfer map is more complicated:

Write the underlying Po-set of Ho/Hy as the disjoint union of Ps-orbits:

t
Hy/Hy = | | P2/@Qi.
i=1

Choose ¢1, g2, ..., gt € Hs such that each Q); corresponds to g;H; inside Hs/Hj. Then we
have g{lQigi CHy,i=1,2,...,t.

Proposition 5.3.2. When computing I1(G/Hy) and II(G/H2) as subgroups of II(G/Py) and

(G/Py), trgf is determined by

@trp2 ocg orestt, .
: Qi =9 9;  Qigi
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Proof: Notice that
H H H.
trig? « [(Ho/Hy)+ A SV, HZ)™? — [SV, HZ)'
is induced by the Hao-stable map
SO =2 WSW — 5 W(Hy /Hy) A SV = (Hy/Hy)

Here W is an Ha-representation with an embedding Ho/Hy < W. Taking a tubular neigh-
borhood of Hs/H; inside SV and collapsing the complement to a point, we get the map

SW — (Hy/Hyp)y A SW which defines the middle map above.

Now consider the commutative diagram

Hy
tr
(Ho/Hy)s ASY, HZH2 —20 SV gt

| |

[(Ho/Hy)4 A SV, HZ)? — SV HZ]™

where the vertical maps come from taking the underlying Po-maps, hence are inclusions by
Theorem 4.1.2. The bottom horizontal map is induced by the underlying P»-stable map of
SO — (Ha/Hy)+-

For each i = 1,2, ..., t, compose the P-stable map SY — (Ho/Hp) with the projection

Hy/H| — P5/Q;. The composition can be expressed by
§0 =57 WsW = 27V (P/Qi)+ A8 = (P2/Qi)+.

which exactly induces trgz.
1
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Thus the bottom map

[(Hy/Hy)y A SV, HZ)? — SV, HZ)™

is given by
t @trgz.
(Ha/Hy) 1 ASY HZI™? = (P[(P2/Qi)+ NSV HZ? — [SV HZ]™.
1=1

Moreover, the map
[(Hao/Hy)+ SV HZM? = [(Po/Qi)4 A SV, HEZJ™

is obtained by taking projection and the underlying ();-map. Thus we can write it as

githg; ! Prgt
v H Vv Ha L Tesgiplgi_l 1% pg L rengli i v Q;
(Ho/Hy) 7SV, HZJH2 = SV Hrzjthe, sV, mzsPis % sV gz,

Commute the conjugation by ¢; with the restriction map. The composition above becomes

orest o restl
Cg;ores 2y OTesp..

9; Qigi

In conclusion, the left vertical map of the commutative diagram above can be factored
as

(cqg, © rest! L )io rest!

1 — (3

gi 9; Qigi Py
Py

while the bottom horizontal map is given by @itrQ,. Notice that resgl

) is the map we used
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to compute II(G/Hy) by Theorem 4.6.1. Thus trgf is determined by

@trpz 0 Cg, O resP11 .
; Qi =9 9; Qigi
U

Remark 5.3.3. In practice, usually we do not need to compute both restriction and transfer
maps. It’s possible that one of them is induced by the other together with the Mackey functor
structure, especially when the Mackey functor is cohomological. Recall that the definition

and properties of a cohomological Mackey functor are given in section 4.6.

Theoretically, whenever our splitting method in chapter 4 applies, we can always com-
pute the homotopy of HZ as an RO(G)-graded Green functor instead of an RO(G)-graded
ring since Theorem 4.6.1 also preserves the multiplicative structure. But it would be too

complicated to finish the complete computation by hand.

For the rest of this section, we will give two examples to show how Proposition 5.3.1 and

Proposition 5.3.2 work in practice.

5.3.1 One example

We will focus on G = Ajy since it is the most complicated group for which Ei(H Z) is
computable by our splitting methods. The computation for other smaller groups (like Do)

will be similar and more simple.

When H is a subgroup of As, a similar argument as in Proposition 5.2.1 gives us

Proposition 5.3.4. Assume that all prime factors of |As| except p are inverted. For any

H C As, let P be a Sylow p-subgroup of H. Then we have

rest  TI(A5/H) = TI(A5/P)VET.
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We choose a specific virtual representation V' = Vy, 3+ Vg, 4 — V4, 5 — 2 and compute
E‘G/(H Z). We will provide details in the application of Proposition 5.3.1 and how to use the

Mackey functor structure to simplify our computation.

We have Ve, =0, Vg, = Vi, 3—3, Vlcs = Vg2 — 2. The restrictions of V as Mackey

functors over C'3, K4, C5 are given below:

ko)
1(Z)2

M(As/A5)
a
". .l‘
| P’
M(As/Dg) M(As/Ay) M(As/Dyo)
I M

V¥
M(A5/C5)

Figure 5.1: A general A5-Mackey functor
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Using Proposition 5.3.4 and Proposition 5.3.1, we can obtain the values of all levels in 11
and the restriction maps when two of the three prime factors 2, 3,5 are inverted, as shown

in Figure 5.2:

Figure 5.2: II with {2, 3}, {2,5} or {3,5} inverted

Now we can recover Il (without transfer maps) when no prime factors are inverted, which
is given in the left graph of Figure 5.3. According to the fact that II is cohomological, the

transfer maps are determined. The complete II is given in the right graph of Figure 5.3.
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Figure 5.3: II and structure maps

5.3.2  Another example

Sometimes we may not be able to obtain all transfer maps from the restriction maps
and Mackey functor structure, in which case we need to apply Proposition 5.3.2. Here is an

example on its application.

We will still focus on G = As. We choose another specific virtual representation V' =

3 — Vi, 3 — Vg 4 and compute zg(HZ).

We have Vo, = =2V, 2, Vg, =2 —2Vk, 3, Vl]cs, = 2 — 3V, 2. The restrictions of V
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as Mackey functors over Cg, K4, C5 are given below:

g0
o(o)o

Here the Weyl group action is trivial, except that A4/K4 acts on IF‘;’ by permuting the 3
copies of Fo. The restriction map Tesg;‘ : IF% — F9 is the projection onto one copy of Fo,

depending on which C'9 C K4 we choose. We will assume the restriction map to be 104 0.

Now we can still combine Proposition 5.3.4 and Proposition 5.3.1 to compute II without
transfer maps when different prime factors are inverted, and then recover the unlocalized
version of II. The answer is given in the left graph of Figure 5.4. Notice that the values
of II(As/H) and restriction maps are more complicated this time. We use P to denote the

natural projection.
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FgX]F-g XIF;,

I //r A ‘\\1 p

]FBXJFZ IFQXF5

|: 0(1,1,1) /

— I—U__—

Figure 5.4: II and structure maps

The complete expression of II is given in the right graph of Figure 5.4, where I denotes

the natural inclusion. Most of the transfer maps can be obtained from the fact that II is

cohomological, except tr , for which we have to use Proposition 5.3.2:

Assume that 3,5 are inverted. We have P = Pp = Hy = K4, Hy = A4. The underlying

Ky-space of Ay/ Ky is three copies of K4/K, corresponding to the three Ky-cosets in A4/ Kjy.

Write Ag/ Ky = {91 K4, 92K4, g3K4}. Then we have Q1 = Q2 = Q3 = K4 corresponding to

91,92, 93-

Applying Proposition 5.3.2, we have

Ay Ay Ky
trK4 = @trA4 O g, © resK4 = Cgy + Cgy + Cy3-
=1

Thus the map

”}2 (F3 = I1(A5/Ky) — (A5 /Ay) 2 T( A5/ Ky) A4/ 54 = Ty
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sends each copy of Fy identically into Fo. Adding the 3-torsion into consideration, we get

0,1)3
trid 3 O b % Fy.
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APPENDIX A
COMPUTATIONS ON K,-HOMOLOGY

The computation of 7Tf;1(5(H Z) in section 5.2 is not complete since 7

*f*VK4,3(HZ) and the

Ay/Ky-action on it are required in the case when 3,5 are inverted. We will compute this

last missing part in this appendix.

Ky

For any m,n € Z, notice that 7Tm+nVK473

(HZ) can be expressed as the equivariant homol-
ogy or cohomology of S "IVEy 3 with coefficients in Z, which can be computed by considering
an explicit CW structure on S MVE43 | I order to simplify our computation, especially for

the multiplicative structure, we compare the homotopy of HZ with the homotopy of HFo,

which is already computed in Ellis-Bloor’s thesis [6].

Let G = K4 throughout the appendix.

We use V1, Vo, V3,V to denote the representations Vi, 11, Vi, 12, VK, 1.3 Vi, 3- Let
Hy, Hy, H3 be the three proper subgroups of K4 such that V; is the sign representation of
G/H;,i=1,2,3.

Partial computation of ’/Tf4 (HFFy) is given below.

Definition A.0.1. The positive cone %+ of RO(Ky) consists of all grades with the form
a~+ bVo + cVo + dV3 such that b, c,d < 0.
The negative cone % — of RO(Ky) consists of all grades with the form a+bVo+cVa+dV3

such that b,c,d > 0.

Remark A.0.2. Any element in %+ can be written as a — W for some a € 7Z and actual
representation W. The homology of a point in degree a — W is exactly the homology of the

representation sphere SV in degree a. This 1s why we call %+ the positive cone.

88



Stmilarly, any element in %— can be written as a + W for some actual representation
W. The homology of a point in degree a + W can be expressed as the cohomology of SW in

degree —a. Thus we call %— the negative cone.

Theorem A.0.3. [6, Theorem 4.14] Over the positive cone, we have

Ki ([y) — Folz1,y1, 2, Y2, ¥3, y3]

T 9 .
KT (2193 + Yoxoys + Y1y213)

Here |z;| = =V;, lysl =1-V;, i1 =1,2,3.

Theorem A.0.4. [6, Proposition 4.27 and Theorem 4.30] For the negative cone, consider

the Fo-linear span

1 L
I — .-'21,J1,Z2,J2,Z37J320>-
1,J1,.12,92,3,]3
<x1 Y1 T2 Yy T3Y3

Define a self-map f on the graded Fo-module above by multiplication with x1y2ys + y1r2ys +

y1yoxs. Then

with |©] = V — 3.

The ring structure is implied by the generators and ©2 = 0. The action of Ay /Ky = Cy

is the cyclic permutation on x1, z9, r3 and y1, y2, y3.

The relation between HZ and HIFg is given by

Theorem A.0.5. [6, Theorem 4.40] The Bockstein spectral sequence computing the RO(Ky)-

graded homology of a point with constant coefficients corresponding to
2
7 — 7 — Fo

collapses to the E2-page.
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In other words, wﬁ‘bv(H Z) only contains Fo components unless a + 3b = 0. When
a + 3b = 0, our computations will show that W{(:;LberV(HZ) =7.
Applying the Bockstein long exact sequence, we know that the map

a—i—bV(HZ) - +bV(HIF2)

is an inclusion when a + 3b # 0, and becomes the projection Z — F9 when a + 3b = 0.

Therefore, we have

Proposition A.0.6. Both the ring structure and the action of Ay/Ky4 on 7r*+*V(HZ) are
(HEF).

determined by their images in 7T*+*V

Notice that 7r L+ (HZ) is the equivariant homology or cohomology of S *V with coeffi-

cients in Z. We can compute it by explicitly assigning a G-CW structure on S*V':

For any n > 0, SV = §7V1 A §nV2 A 573 Each S™Vi has the G-CW structure with one
fixed O-cell ¢; o, and one cell (G/H;)+ A e; ; for each positive degree 0 < j < n.
Write (G/H;)+ Ne;j=e;;V e . Then the boundary map is expressed as

1 i—1 P
deijj=eij1+ (=17 el y, def = efjq + (=1) ey, i > 1,

de;1 = 862’1 = eg.

We also formally define 66 = eq.

The G-CW structure on S™V can be obtained by smashing the structures on S™Vi, j =

1,2,3. For any k,l,m > 0, the elements in

{el,kv 611’]4;} A {62,1’ 6/2’l} A {637m7 eg7m}

consist of two G-cells if k,1,m > 0, or one G-cell otherwise.
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In particular, if exactly one of k, [, m is zero, we obtain a G-free cell. If two of k, [, m are

zero, the G-cell has isotropy group as one of Hy, Hy, H3. When k =1 =m = 0, we get the
fixed cell e1,0 Ne2,0/\e3-

A.1 The positive cone

We give the expression of the positive cone of 775;1 *V(H Z) first:

Theorem A.1.1. The homotopy Wﬁbv(HZ), with b < 0, is the subring of

Zlx1,y1, 72, Y2, T3, Y3)
(221, 229, 223, T1Y2Y3 + Y122Y3 + Y1Y223)

generated by

(1) x?y{la:gzy%%?yé?’ such that

11 +J1 =12 + jo = i3 + Jj3,

J1 = J2 = j3 (mod 2),
Jijotz = 0.

(2) oy eyl el e g such that

11+ Jj1=12+72=J3—1,

J1 = Jo = j3 (mod 2).
(3) x?ﬂy{l.?:?x?yggﬂ + J?ny{lﬂ”ﬁé%?ﬂygg) such. that

11 +J1 =13+ j3 =12 — 1,
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J1=73=0 (mod 2).

(4) oy ey ey e Ty such that
9+ jo =13+ j3 =11 — 1,

Jjo=7j3 =0 (mod 2).
The action of Ay/Ky4 = C5 is the cyclic permutation on x1,x9,x3 and y1,y2,y3.

Remark A.1.2. The generators we give in the theorem above are not symmetric on x1, x9, 3

and y1,vy2,y3. However, the subring itself will be symmetric after x1yays3 + yoxays + y1y223

18 quotiented out.

We will prove Theorem A.1.1 in the rest of this section.

For any n > 0, anV(H Z) is the equivariant homology of S™V with coefficients in Z,
which is computed as the homology of the chain complex:

oy s™Viz) = C(5") 00, Z

We can express the generators and the boundary map with the following notations:
Use 1 to denote the unit element in Z(G/H) = Z. For any k,l,m > 0, let (k,l,m) and

(k,1,m)" be the equivalence classes of

(1 NeagAezm)® li¢y and (6/17]6 NegjNegm) @ Liey-

Recall that ell,k is defined by (G/Hy)+ Neyy =e1p V ell,k'

Let (k,1,0) be the equivalence class of

(e16 NeagNegp) ® 1y
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Define (k,0,m) and (0,7, m) in the same way. Let (k,0,0) be the equivalence class of

(e1x NeapNegp) @ 1g,.

Define (0,7,0) and (0,0, m) in the same way. Finally, (0,0,0) is the equivalence class of

(e10 NegpAegp) ®1g.

Definition A.1.3. Let )\ be the linear self-map of 054(5”‘/;2) which exchanges (k,l,m)
and (k,1,m)" if klm # 0 and fizes (k,1,m) if klm = 0.

Remark A.1.4. For further convenience, we will use \(k,l,m) instead of (k,l,m)’. More-
over, we treat X\ as part of the coefficient of (k,l,m). To be precise, for a,b € Z, (a +
bA)(k,l,m) is the image of (k,l,m) under the map a - id + b - X\, which contains a copies of
cell (k,1,m) and b copies of cell (k,1,m)". We will call a + b\ the coefficient of (k,l,m) in

this element.

For any degree t, Ct[(‘l(S”V;Z) is generated by all (k,I,m) and A(k,{,m) with 0 <

k., l,m <n, k+1+m =1t. The boundary map is given below:
Ak, l,m) = (1 + (=) I\ (k — 1,1,m)

(=D + )N K L= 1,m) + (D) + (=)™ K, Lm — 1)

if k,1,m > 1. When k = 1, we replace 1 + (=1)¥*1X\ by 1. The cases [ = 1 and m = 1 are

similar.

Ak, 1,0) = (14 (=D Nk = 1,1,0) + (=1)* (1 4+ (=) Y (k, 1 — 1,0)
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if k,1 > 0. The boundaries of (k,0,m) and (0,l,m) are defined similarly.
0(k,0,0) = (1+ (=1)* ) (k ~1,0,0)

if £ > 0. The boundaries of (0,7,0) and (0,0, m) are defined similarly.

Moreover, 0 commutes with .

The top degree can be computed directly:

Lemma A.1.5. For degree 3n, ker 0 is generated by (14 (—=1)"X)(n,n,n). Thus

K. K.
Hy (S Z) = Z, Hy*(S"V;Fy) = Fa.

It is quite hard to compute homology directly by ker d/Im 0. However, we can use the

Bockstein long exact sequence
¥ (s z) 3 mE (s 7)o HEN (S Fy) —» HEY (57Viz) 3

= BHE SV o) - BV z) 2 B SV 7) - HEY(SY Fy).

Since H. f{ 4(Spv; Z) only contains Fo-components except in the top degree, the long exact

sequence is broken into several pieces:
0 — HE1(5"V . 7) 2 HE1(57" . 7)) — HE1(57V Fy) - 0,
K
H3n4—1(SnV;Z) =0,
HE4(S™Y Fy) = B (™Y )y @ B (5™ 2), i =1,2,..,30 — 1,
7K. 7K.
HO 4<SnV;Z) _ HO 4(Snv;&).
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The first short exact sequence is 0 - Z — Z — F9 — 0.

We can compute the homology with coefficients in Z by the following strategy:

(1) Compute the dimension of ok 4(S”V;IF_2) as an Fo-vector space. This is not hard
since the dimensions of ker 0 and I'm 0 with Fo-coefficients can be computed explicitly.

(2) Compute the dimension of H;K‘I(S”V;Z) by the pieces of the Bockstein long exact
sequence above.

(3) Guess elements in ker 9 (with Z-coefficients) whose images are Fo-independent mod-
ulo I'm 0 (with Fo-coefficients). If we can find enough such elements to match the dimension

of the homology, they must generate the whole homology group.

The boundary map with Fao-coefficients is simple:
Ik, l,m) =0+ N((k—1,1,m)+ (k,l —1,m) + (k,l,m — 1))

if k,0,m > 0. If kim =0, 0(k,l,m) = 0.

Lemma A.1.6. With Fo-coefficients, ker 0 is generated by:
(k,l,m), klm =0,

(L+ N (k,l,m), k,l,m > 0.

Proof: All elements listed above are inside ker 0. It suffices to show that those elements
generate the whole kernel.

Assume that the coefficient of some (k,l,m) (k,l,m > 0) is 1 or A in some element
Z € ker 0. Further assume that k is the smallest number among all such cells. Consider the
coefficient of (kK — 1,1, m) in 0Z, which should be 0.

If £ =1, the coefficient of (0,1,m) in d(1,1,m) is 1. Since (0,1, m) does not appear in

the boundary of any other cells, its coefficient in 07 is 1 # 0, which is a contradiction.
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If k£ > 1, the coefficient of (k—1,1,m) in d(k,l,m) is 1 + X. The cell (k — 1,1, m) appears
in the boundaries of (k,l,m), (k— 1,1+ 1,m), (k—1,l,m+ 1). Since we already assume k
to be the minimal such number, the other two cells cannot have 1 or A as coefficients in Z.

Thus the coefficient of (k — 1,1,m) in 0Z is 1 + X\ # 0, which is a contradiction.

Therefore, the coefficient of any (k,l,m) (k,I,m > 0) is either 1 + X or 0 in any element
in ker 0. OJ

For each dimension ¢, with F9-coefficients, the dimension of ker 0 agrees with the number
of (k,l,m) such that 0 < k,I,m < n and k + 1+ m = t. The dimension of Imd agrees
with the number of (k,l,m) such that 0 < k,l,m <mnand k+1+4+m =t+ 1. After some

combinatorial arguments, we get:

Proposition A.1.7. The dimensions of Hf{“(S”V;&) in degrees 0,1, ...,3n are
1,3,5,...2n —1,2n +1,2n,2n — 1,2n — 2, ..., 2, 1.

This sequence is obtained by gluing two arithmetic sequences 1,3,5,....2n + 1 and 2n +
1,2n,..., 1.

Thus the dimension of H§4(S”V;Z) in degrees 0,1,...,3n — 1 are
1,2.3,...,n,n+1,n—1,nn—2n—1,n—-3,...,1,2,0

To be precise, the sequence comes from three arithmetic sequences:
1,2,...,n+ 1 for the first n + 1 terms;
n+1,nn—1,..2 for the (n+ 1)th, (n+ 3)th, (n+ 5)th,..., (3n — 1)th terms;
n,n—1,n—2,..,1,0 for the (n)th, (n+ 2)th, (n+ 4)th,..., (3n)th terms.
» K
In addition, H3n4(S"V;Z) =7Z.

Now we just need to guess enough elements in ker 0 with Z-coefficients:
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Proposition A.1.8. If n is odd, the generators of H§4(S"V;Z) can be represented by

n—l_
2 )

(1-=MN(2i+1,2j+1,n), 0<4,5 <

—1
(1= N)[(2i —1,2j,n) + (2i,2j — 1,n)], 0 <i,j < "T;

-1
(2,0,27), (0.24,2)), 0 <i,j < “——;
-1
If n is even, the generators of H54(S”V;Z) can be represented by
(14‘)\)(22,2],%), 0 S 2W) S 5;
. . Ca n—2
L+ N[ +1,25n) = (20,2) + Ln)], 04, j < —5—
(22,072])7 (2ja0722)a 0 S (2W) S §a
-2

Some cells should appear multiple times in different classes, in which case we will only count

once.

Proof: By combinatorial arguments, we can show that the number of such elements matches
the dimension of the homology (although not simple). It suffices to show that, any non-zero
Fo-linear combination of the elements above is not in Im 0 with Fa-coefficients.

For any Z =3 c j(ka,la,;mqa), assume that 07 is a linear combination of the elements
in the list above with Fo-coefficients. Further assume that |J| reaches its minimum.

For any o € J, we must have kq,lq, mq # 0. Otherwise d(kq,lo, ma) = 0 and we can

remove this cell to make J smaller.
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Choose (k,1,m) € {(ka,lo, ma)} such that m reaches its minimum. Notice that (k, 1, m—
1) does not appear in the boundary of any other cells inside Z. Thus the coefficient of
(k,l,m—1) in 0Z is the same as the coefficient in d(k, [, m), which is either 1 or 1+ A, hence

non-zero. But (k,l,m — 1) does not appear in the list above, which is a contradiction. [J

Finally, we only need to check the image of HX 4(S"V.7) in Wi{ﬁ_(H&) in order to
obtain the multiplicative structure and the action of A4/Ky = C3. This is not hard since
the generators x;,y; in Theorem A.0.3 come from the homology of S*Vi, which can be
decomposed into a G/H; = Cy computation. To be precise, in the homology of S™V the
cell (k,I,m) or (1 + X)(k,l, m), when representing an element in homology, corrresponds to
G S e

By transferring the generators in Proposition A.1.8 to elements in homology, we get

Theorem A.1.1.

A.2 The negative cone

The expression of the negative cone of Wﬁ v (HZ) is given below:

Theorem A.2.1. Define U as the Fo-span of all mfily{jlx;hy;ﬁx;%y;ﬁ such that
i1+J1 =12+ 7j2=13+73,
J1:J2,93 >0, 11,42,13 = 0,

(i1,12,13) # (0,0,0).

Let f be the self-map on U given by multiplying x1y2y3 + y122y3 + y1y23.
Let T be the sub-module of U generated by all

—i1. —j1—1_—i9—1 —jo —iz—1 —j3 —11—1 —j1..—i2 —j2—1 —ig—1 —j3
z "ty M yo Pag " ys P yp Tty Py P g g
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_i_xl—h—1y1—j1x;iz—lyz—jzxgie;y;js—l
such that j1 = jo = jg (mod 2).
The homotopy Wﬁlbv(HZ), with b > 0, is given by
AZ(P (y1y2y3) ") @ (kex(f) N T).
n>0
We will use the rest of this section to prove Theorem A.2.1.

Ky

nV
*+nV S

For any n > 0, 7 (HZ) is the equivariant cohomology of with coefficients in Z,

which is computed as the cohomology of the cochain complex
Cle,(S™V5Z) == Homp,(C.(S™), Z).
Since all restriction maps in Z are the identity, the cochain complex above agrees with
Homy(Cx(S™V /@), 7).

Thus we are computing the non-equivariant cohomology of the orbit space sV /G.

We can express the cochain complex and the coboundary map with the following nota-
tions:

For any k, [, m, let [k,l,m] be the function sending the orbit of

ek NeaiNe3m

to 1 and all other cells to 0.

When kim # 0, let [k, 1, m])" be the function sending the orbit of

/
€1 k Neg i Ne3m
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to 1 and all other cells to 0.

Moreover, when some of k, [, m are greater than n or less than 0, we write [k, [, m] = 0.

Definition A.2.2. Let A\ be the linear self-map of C’}"(4(S"V;Z) which exchanges [k, 1, m)]
and [k,1,m]" if klm # 0 and fives [k,1,m] if klm = 0. We treat X as part of the coefficient

of [k,l,m] in the same way as in Remark A.1.4.

For any degree t, C*(S"V /G;Z) is generated by all [k,lI,m] and A[k,l,m] with 0 <

k., l,m <n, k+1+4+m =1t. The coboundary map is given below:
Sk, 1,m) = (1+ (=1 N[k +1,1,m]
H=DRA+ (1IN E 0+ Lom] + (DR O+ (=)™ N[k, L m o+ 1]
if there is at most one 0 in {k,[,m}. In addition, we have
8k, 0,0] = (1 + (=) [k +1,0,0] + (=1)*[k, 1,0] + (—=1)¥[k,0,1].

The coboundaries of [0,7,0] and [0, 0, m] are defined similarly.

Again, we can compute the top degree directly:

Lemma A.2.3. For degree 3n, Im 6 is generated by (1+(—1)""\)[n,n,n]. Thus H})’(Z(Snv;Z) =
Z, H;’&(S“V;F_g) = Fo.

For the remaining degrees, first we describe I'm 9:

Lemma A.2.4. With Fo-coefficients, Im ¢ is generated by:
(L+ N[k, l,m], k,l,m >0,

5[0,0,m], 5[0,1,0], 6]k, 0,0].
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Proof: It’s not hard to check that, except 4[0,0,m],d[0,,0],d[k,0,0], all other cobound-
aries are sums of (1+ \)[k, [, m] with k,1,m > 0. It suffices to check that any (1+ A)[k, [, m]
can be expressed as a coboundary.

Consider an induction on min{k,l,m}. Without loss of generality, assume that k =
min{k, [, m}. The base case k = 1 is given by §[0,1,m| = (1 + A)[1,{,m].

From case i to i +1: When [,m > k =i+ 1, we have

8[i,1,m) = (L + N ([i + 1, 1,m] + [i, 1+ 1,m] + [i,,m + 1)).

By induction, (1+ A)[i,l+ 1, m] and (1 4+ A)[i,l,m + 1] are in Imd. Thus (1 + \)[i + 1,1, m]

isalsoin Imé. O

Unlike the computation of the positive cone in section A.1, we cannot explicitly guess the
generators, since they are quite complicated. Instead, we will point out the types of cocyles

with Fa-coefficients which can be lifted to cocycles with Z-coefficients.

Definition A.2.5. For k,l,m > 0 define

(k,l,m)" == [2k + 1,21, 2m] + [2k, 20 + 1,2m] + [2k, 21, 2m + 1],

(b, l,m)™ o= [2k,20 — 1,2m — 1] — [2k — 1,21, 2m — 1] + [2k — 1,20 — 1,2m].

Notice that when k = 0, (k,l,m)~ contains one single term [0, 2] — 1,2m — 1]. The cases

when [ = 0 or m = 0 are similar.

Proposition A.2.6. (a) Except in the top degree, any cocycle Z with Z-coefficients is a
linear combination of (k,1,m)* and (k,l1,m)~ modulo (2,1 + \).
(b) On the other hand, if the sum of some (k,l,m)" and (k,1,m)”~ is a cocycle with

Fy-coefficients, it can be lifted to a cocycle with Z-coefficients.
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Since (1 +/\)C’*(Snv, [F9) is contained in I'm ¢ according to Lemma A.2.4, this proposition

gives us a complete description of the image of H*(S™:Z) inside H*(S™V;Fy).

Proof of Proposition A.2.6 part (a): First, we show that any generators of the cochain
complex with forms [2k, 2[, 2m| and [2k+1,2]+41,2m+ 1] do not appear in a cocycle modulo
(2,1+ ).

Without loss of generality, assume that k& < n. Consider the element [2k+1, 2, 2m], which
appears in the coboundary of [2k, 21, 2m], [2k+1,20—1,2m], [2k+1, 2], 2m —1] (or multiplied
by A), with coefficients 1 + A, £(1 — A), £(1 — A). The coefficients of [2k + 1,2[,2m] in 6Z
can never be zero unless the coefficient of [2k, 21, 2m] in Z is a multiple of 1 — X € (2,14 \).

The case of [2k 4+ 1,21 + 1,2m + 1] can be proved in a similar way.

Next, we show that if [2k + 1, 2, 2m] appears in some cocycle Z modulo (2,1 + A), then
2k, 2] + 1,2m] must also appear.

Consider the element [2k + 1,2[ 4+ 1,2m], which appears in the coboundaries of [2k +
1,20,2m], [2k,2l + 1,2m], [2k 4+ 1,2l 4+ 1,2m — 1] (or multiplied by A), with coefficients
+(1 — A),£(1 — X),1 + A\ Since the coefficient of [2k + 1,20 4+ 1,2m] is 0 in §Z, the only
possibility is that [2k + 1,2] + 1,2m — 1] does not appear in Z, while [2k + 1,2[,2m] and
2k, 2] + 1, 2m)] have the same coefficient modulo (2,1 + \).

The same argument can be applied to any other pair of components in (k,I,m)" or
(k,l,m)~.

In conclusion, we proved that any cocycle must be a linear combination of (k,1,m)™ and

(k,l,m)” modulo (2,14 ). O

Proof of Proposition A.2.6 part (b): We only consider odd degrees, for which we only

have (k,1,m)™. The case of even degrees can be proved in a similar way.
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Notice that
6k, 1,m)™T = (1 — N)([2k + 2,21, 2m] + 2k, 20 + 2, 2m] + [2k, 2, 2m + 2]).

Moreover, each [2k, 2, 2m] only appears in the coboundaries of (k —1,1,m)™, (k1 —1,m)™,
(k,I,m — 1), with the same coefficient 1 — \.

Assume that ) ;(ka, la,ma) T is a cocycle modulo 2. Then with Z-coefficients, the
coboundary consists of 2(1 — \)[2k, 21, 2m] for some k, 1, m.

Consider any such [2k, 2[,2m]. Find one (kq,lo, mq) ™ whose coboundary contains (1 —
M)[2K, 21, 2m]. Without loss of generality, assume that we have (k—1,m,n)™. We change the
component of [2k — 1,2m, 2n] to A[2k — 1,2m, 2n]. The image of (k—1,m,n)" is unchanged

modulo (2,1 + \). However, 6(k —1,m,n)" is changed from
(1= A)([2K, 21, 2m) + [2k — 2,21 + 2, 2m] + [2k — 2,21, 2m + 2])
to
(1 = N)(—[2k,21,2m] + [2k — 2,20 + 2,2m| + [2k — 2,2l,2m + 2]).

Thus we eliminate 2(1 — \)[2k, 21, 2m] inside 6 >, c 7 {kas la, ma) ™
Applying the same procedure for each [2k, 2, 2m]. Finally we can make Y c 7(ka, la, ma) ™
into a cocycle with Z-coefficients. [
Now we still have the last piece in order to finish the ring structure of the negative cone:

Lemma A.2.7. Consider © and y1yoy3 as generators of W‘I/{f?)(HZ) and W?I’{_“V(HZ). We

have Oy1yay3 = 4.

Proof: Consider the Mackey functor valued homotopy:

nit o (HZ) and my, (HZ).
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For any H C G = K4, we have
myh(HZ)(G/H) = HiL SV 2) = 2.

nfit (HZ)(G/H) = HY(852) = 2.

The restriction and transfer maps are computed in [Ang22, Section 8|:
7 Ky _
7TV 3(HZ) Z, Eg_v(HZ) =Z.

Here Z is the K4-Mackey functor with Z-values and identity transfer maps.

The product between © and y1y2y3 can be computed from the G/G-value of
ni(HZ) O mpt o (HZ) — 7 Y(HZ),

which is in fact Z 0 Z — Z. On the G/e-value, we have the common multiplication Z x Z —

Z. Thus on the G/G-value, (1,1) € Z x Z is sent to 4 € Z. [

Theorem A.2.1 can be proved by combining Theorem A.0.4, Proposition A.2.6, and
Lemma A.2.7.
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