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To my wife Jenchi



Student: “Why is it called endoscopy?”

Ngo: “Because it’s painful?”
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ABSTRACT

In this thesis, we thoroughly study the multiplicative Hitchin fibration, which is the group
analogue of the usual Hitchin fibration by replacing the Lie algebra with a reductive
monoid. As an application, we use it to prove the standard endoscopic fundamental
lemma for adjoint groups. Although similar to its Lie algebra counterpart in many ways,
the multiplicative Hitchin fibration has a lot more new features and is much more compli-
cated. There are three main highlights in this thesis: the geometrization of endoscopic
transfer, including the construction of endoscopic monoids; a local model of singular-
ity that connects with representations of the dual group; a generalized support theorem
which not only is the key to prove fundamental lemma but also reveals some potential

new phenomenon that is not explained by endoscopy.
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CHAPTER 1

INTRODUCTION

The goal of this paper is to establish a solid foundation for the multiplicative version of
Hitchin-type fibrations in the case of the adjoint action of a reductive group. We will call
it the multiplicative Hitchin fibration, or mH-fibration for short. As an application, we use
it to prove the standard endoscopic fundamental lemma for the adjoint groups. In fact,
we are able to provide a direct proof of the endoscopic transfer for the spherical Hecke

algebra of an adjoint group. The following result is Theorem 2.6.11.

Theorem 1.0.1. Letk = F4 be a finite field with q element and characteristicp, O = k[[17]]
the ring of power series of one variable over k and F = k((1r)) its field of fractions. Let
G = G pe a reductive group scheme of adjoint type over @ whose Coxeter number is less
thanp/2. Let (k, %) be an elliptic endoscopic datum of G over © and H the corresponding

endoscopic group. Then we have equality in orbital integrals
a~ M W2 og(fY dt) = g~ @250, (Z i, dt) ,
i

where a and ay are matching strongly regular semisimple conjugacy classes in G(F) and
H(F) respectively, d and dyg are the respective discriminant valuations on G and H, f A
is the IC-function associated with an irreducible G-representation Vy of highest weight A,
and Y ; fli\,H’i is the corresponding sum of IC-functions of H obtained by restricting V) to

H.

Although the proof of Theorem 1.0.1 may be viewed as the multiplicative analogue of
the proof in Lie algebra case in [Ng610], it has a lot of new features absent in the latter case
and potentially leads to a much larger field for future exploration. Therefore the current
paper serves more as a proof of concept for future development than an alternative tool

to solve the same problem.



To this end, in this introduction we will try to give an overview of this paper with
an emphasis on the big picture, new features and potential development points. The
geometry of mH-fibrations is incredibly rich and beautiful and has profound connection
with representation theory, therefore it is important to give enough spotlight to all the
key features in this introduction so that the reader can have a grasp of what is to come.
However, to keep the introduction concise and clear enough, we will also try to avoid
using too many notations when we can due to the technical complexity in this subject.
Unfortunately, this means it is best that the reader has at least some vague sense of how
Hitchin fibration works in the context of endoscopy. To compensate that, we will include

a bullet point list at the beginning of § 1.3 of the things discussed up to that point.

1.1 On Hitchin-type Fibrations

One of the motivations behind introducing Hitchin fibration to arithmetic problems like
fundamental lemma is that global objects tend to behave much better than local ones,
even if they are less computationally accessible at times. Therefore it would be beneficial
to understand the general principles on those Hitchin-type global constructions. We will

use mH-fibrations as the primary example for this section.

1.1.1 There has been many attempts to prove the fundamental lemma for Lie algebras in
the past focusing on the local picture. Over Archimedean local fields Shelstad was able to
prove the general statement directly at group level, see [She79]. Over non-Archimedean
fields, however, the problem seems much harder, and most proofs before [Ng610] were
on one specific group at a time. The reader can see the introduction of [Ng610] for a full
historical picture.

One of the most successful general results on the local front is perhaps the condi-
tional proof for unramified conjugacy classes by Goresky, Kottwitz and MacPherson in

[GKMO4]. Although quite an impressive framework in itself, it also shows the limitation
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of local geometric method. For one, as Ngo6 already pointed out in [Ng610], it depends on
a purity conjecture of the cohomology of related affine Springer fibers, which is only par-
tially known due to affine Springer fibers usually being highly singular. Another serious
obstacle pointed out by [Ng610] is that it crucially depends on the conjugacy class being

unramified so that there is a large torus acting on the affine Springer fibers.

1.1.2 Roughly speaking, the local geometric method is based on the fact that orbital
integrals may be interpreted as certain kind of point-counting on related affine Springer
fibers, which in turn reduce to some cohomological statement using a variant of Grothen-
dieck-Lefschetz trace formula. The affine Springer fiber in question, can be roughly un-
derstood as certain subset of maps from a formal disc X, = Spec O to the quotient stack
[a/G], together with some other naturally attached data. To move from the local picture
to the global one one only needs to replace the formal disc by a smooth projective curve
X. Because g is affine and X is projective, one needs to add some auxiliary twist, other-
wise the global object we end up getting will be trivial. In Lie algebra case, such twisting
is provided by the natural Gy-action on g viewed as a vector space.

Without going further into the global geometry, we must first ask what is the analogue
for the above setup in the group (i.e., multiplicative) case. Clearly we are now interested
in the quotient stack [G/G] (where G acts on itself by adjoint action) in place of [g/G],
but we also need a natural twisting similar to the Gpy-action on g. However, there does
not appear to be any natural symmetry we can use that also commutes with the adjoint
action. If G = GLy, for example, we have the scaling action of Gy by viewing G as a
subspace of Maty,, and for a group G with a non-trivial central torus Z;, we might use the
action of Z, viewed as a product of Gp,’s. But first, these actions do not look very natural
(one can replace Zg by a subtorus for example), and second, if G is semisimple then we
seem truly at a loss. There is also a third difficulty that even for G = GL; = Gy, if we

twist G by a Gmy-torsor, we will just get the same Guy-torsor which will have no global



sections unless the torsor is trivial. Comparing to the Lie algebra case when g = Al: by
twisting we obtain the line bundle associated with the Guy-torsor which does have a lot

of sections provided the degree is large enough.

1.1.3 The answer to our first obstacle above turns out to be quite profound. Since we
cannot guarantee that G contains a central torus, we can certainly add one to it by aug-
menting the group. The question is of course what torus to add. Moreover, the third
difficulty above shows we need to add some “boundaries” to G, similar to embedding Gy
into Al so that we do get a lot of global sections. We may rephrase this question in the
following way: in Lie algebra case, we use a line bundle to twist g, so we are really just
studying rational maps from X to [¢/G] with a systematic constraint on the poles. There-
fore in group case, we are really trying to find a systematic way to control the poles of
rational maps from X to [G/G]. This turns out to be the thought behind some prototype
of mH-fibrations in the field of mathematical physics (see, for example, [HMO02]), as well
as its first appearance in arithmetic setting in [FN11].

Temporarily going back to the local setting, we can see that the effect of the G-
twisting in the Lie algebra case is that we are not really considering the characteristic
function on g(@©), but rather those on scaled sets Tr_dg(O) C g(F) for arbitrary d >
0. This corresponds to the fact that the spherical Hecke algebra of g is generated by
translations and scalings of the characteristic function on g(©®), and they do not look
very differently from the latter. In group case, however, things get complicated because
the analogue would be the Cartan decomposition and characteristic functions on double
cosets G(0)TG (), and they certainly do not look alike. Therefore, we need to add

“cocharacter-valued poles” to match the Cartan double cosets in the local setting.

1.1.4 So far all look just like a purely technical nuisance, at least if one follows the
formulation in [FN11]. However, the method in [FN11] does not generalize well, and we

can only elaborate later since the correct way to add those poles is far from being just a
4



technical tool. This is where reductive monoids enter the picture.

A primary example of reductive monoid is n X n matrices Mat;, viewed as a multiplica-
tive monoid. The group GL;, embeds in Maty, as an open subset and is its group of units.
Therefore Mat;, — GL;, is the “boundary” we could add to GLy, and by considering the
mapping stack from X to [Maty, / GLy; XGm ], we may form our first mH-fibration using
monoids. In general, we would want to consider the maps from X to stack [)/G X Zyy]
where 2 is a very flat (see Definition 2.3.10) reductive monoid whose unit group 20 has
derived subgroup isomorphic to G5¢ (the simply-connected cover of the derived group of
G), and Zy is the center of .

Such amonoid V) comes with an abelianization map (introduced by Vinberg in [Vin95])
M — 2y by taking the invariant quotient by G5¢ X G5¢-multiplication on the left and
right. Roughly speaking V) and 2y are in bijective correspondence to each other, with
Ay keeping track of what kind of boundary (i.e., cocharacters or Cartan double cosets)
we want to add, and 2V being the actual space itself to replace g. It turns out there is a
universal object Env(G3¢) among those 20 for each semisimple type, called the universal
semigroup or Vinberg monoid of G3€. For Env(G®¢), the boundary or cocharacters added
is the set of all fundamental coweights.

In some early development of mH-fibrations after [FN11], most notably [Boul5,Boul?7,
Chil9], the monoid is fixed as Env(G5¢), while in [FN11] itself the corresponding monoid is
so-called L-monoid where only one fixed (but arbitrarily chosen) cocharacter A is allowed.

Neither turns out to be the completely correct formulation.

1.1.5 Utilizing Env(G®¢) and the associated mH-fibration, J. Chi in [Chi19] was able to
prove some very good local results for G including the dimension formula for the rel-
evant multiplicative affine Springer fibers. However, once one attempts to connect mH-
fibrations of G to those of H, things quickly fall apart if one sticks with Env(G5¢) and

Env(HS).



In Lie algebra case, assuming H is a subgroup of G, then we have the natural map
[h/H] — [g¢/G], and since both h and g are reductive Lie algebras, the general results
for Hitchin fibrations can be applied to both sides. In general, there is still a natural map
from ¢y = h/H to ¢ = ¢/G, and it is all we need for establishing the endoscopic transfer.

In group case, however, there is usually no way to embed Env(H5¢) into Env(GS¢)
as a closed submonoid even if H is a subgroup of G, and more generally Cgpy(ysc) =
Env(H®) / H will not map to Cgpy(gsey = Env(G®°) /G either. Using the general theory of
reductive monoids, one can still produce some monoid 20}; for H such that 20} #H does
map to Cgpy(gse), and if H is a subgroup of G, IY)}I would just be the closure of the group
H' C M where H' has the same semisimple type as H. However, such monoid 0}, in
general would not be a very flat monoid, so our general theory of mH-fibrations could not
be applied to such.

This, of course, is not a coincidence, and (in the author’s opinion) is where the story
becomes really interesting. The picture is better understood once we move to the dual
group side, and the solution to this difficulty will manifest itself once we do so. We also
note that if any other Hitchin-type fibration is to be developed, the same analysis on the
dual side should also be indispensable. We will discuss the story about dual groups in the

next section, and close this one with a few comments on some potential generalizations.

1.1.6 The most obvious generalization is perhaps the twisted conjugation of G on it-
self, which corresponds to the theory of twisted endoscopy (see [KS99]). In fact, one of
the motivations behind the current paper is to prove the twisted-weighted fundamental
lemma using mH-fibrations. Significant work has been done by the author at the time of
writing and will probably be published in a future paper.

In [SV17], Sakellaridis and Venkatesh established a unified framework for the relative
trace formula using spherical varieties. In the group case, G is viewed as a G X G-spherical

variety, and Env(G3¢) is a horospherical contraction of G5¢ as a spherical variety and also



the spectrum of the Cox ring of the wonderful compactification of G234 (one may consult
[Tim11] for terminologies). Another possible way to generalize the current paper is to
consider the Hitchin-type fibration derived from the spectrum of the Cox ring of some

other wonderful varieties.

1.2 Dual Groups and Geometric Transfer Map

The fundamental lemma is usually stated as an equality between the evaluation of orbital
integrals at one hyper special function. Since the function is already given, all we need is
to figure out how to match conjugacy classes. As we already pointed out in the previous
section, in proving the fundamental lemma using global method, we are more or less
directly proving the transfer for spherical Hecke algebras. In Lie algebra case, it is not
very different from using just one function, but in group case one function is not enough,
and the endoscopic transfer has to incorporate both the matching of conjugacy classes
and the matching of functions. In the group case the latter has close connection to the

representations of the dual groups thanks to geometric Satake isomorphism.

1.2.1 Recall that the construction of mH-fibration involves choosing a monoid 2, which
in turn corresponds to choosing what kind of Cartan double coset that can appear. To
make the discussion more precise, we replace Cartan double cosets with their image G ré
in affine Grassmannian Grg, in other words, the affine Schubert cells. In choosing 20,
or equivalently the A’s, we are encoding the geometry of Gr)é, a local object, into mH-
fibration, a global one. It is not entirely accurate: in the end we are in fact encoding the
geometry of the closure GréA of G ré‘;, i.e., the affine Schubert varieties, into mH-fibrations.
The precise statement is Theorem 6.10.2, called the local model of singularities. It is es-
sentially conjectured in [FN11, Conjecture 4.1], and Bouthier in [Boul7] gives the first
proof with some additional technical constraint using an ad hoc method. Bouthier’s re-

sult, as it turns out, will be too weak for proving fundamental lemma due to the technical
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constraint therein being too strict. In this paper we will give a more natural proof with
less constraint using deformation theory that partially solves the problem (e.g., when G
is adjoint). It seems our proof can be easily further optimized to fully solve the issue but
nevertheless we have not fully worked out the details at the time of writing.

Because mH-fibration will naturally encode GréA instead of Gré (one can still take an
open substack so that the fibration really encodes Gré, but the resulting fibration is not
proper, making it harder to study cohomologically), it is also natural to consider the IC-
functions f A instead of the characteristic functions of the double cosets. To recall, the
intersection complex IC! on Gré/\ induces a function on its k-points by Grothendieck’s
function-sheaf dictionary, whose pull back to G(F) is the IC-function fA. All the IC-
functions form an alternative basis of the spherical Hecke algebra to the characteristic
functions. On the other hand, by geometric Satake isomorphism, each (& corresponds
to an irreducible representation V) of G of highest weight A. Since H is a subgroup of G,
the matching between functions in endoscopic transfer is easy to guess: the function f A
should be matched with the sum of IC-functions f?IH ' of H, where A H,i are the highest

weights (allowing repetitions) of H obtained from restriction V; to H.

1.2.2 This connection with the restriction functor from G to H turns out to be the clue
to solve the difficulty left near the end of previous section. Something we have avoided
talking about to this point is that the abelianization 2yy does not just record the A’s, but
also record their “multiplicities”, in other words, it records a multiset of cocharacters.
Note that it is different from the notion of “degree” or equivalently at how many points
on the curve does A appear (e.g., the repeating number d in [FN11]), because Ay, is an
absolute object and has nothing to do with the curve X. Rather, this “multiplicity” simply
corresponds to the multiplicity of an irreducible representation in a given representation.
[t is very nice because an irreducible G-representation is unlikely to stay irreducible when

restricted to H, and the irreducible H-representations in the decomposition will also have



multiplicities in general. Therefore we will not lose multiplicities when utilizing monoids.

The upshot is that for any given monoid 2V of G, there will be a canonically associated
monoid My (see Definition 2.5.15) of H that after some natural manipulations will induce
the correct transfer map that simultaneously take care of both the matching of conjugacy

classes and of functions.

1.2.3 Finding the correct monoid, however, is not the end of the story. In earlier papers
such as [Boul7,Chil9], there is another variant of mH-fibrations, called the restricted mH-
fibrations. The idea is instead of using the full monoid, we simply fix a number of points
on the curve X, and at each such point x there is also a fixed cocharacter Ay attached,
avoiding the whole monoid business. In Lie algebra setting, it is akin to instead of using
a line bundle @ (D) to twist the Lie algebra g (so that poles can appear as any divisor
linearly equivalent to D), we fix the divisor D and only allow poles to appear at D up to
designated degrees.

This, of course, is not the right way to solve fundamental lemma in Lie algebra case,
and neither in the group case. Although it has the clear advantage of seeing how A and
Ag,i’s are related to each other when both G and H are split, it quickly becomes a mess
when they are not. More importantly, the naive transfer maps between restricted mH-
fibrations obtained using this formulation does not seem to exhaust the entire endoscopic
locus but only part of it. The seemingly correct way, analogous to the Lie algebra case, is
then to use the monoid ), and pick a Zy-torsor £ of large “degree” (whatever it means),
and so on. What is shocking, however, is that even this method is not correct in the group
case.

The reason is very simple: the monoids 2) and My have different centers. It can
already be seen in groups themselves: H has less roots than G, so naturally its center
is larger. At monoid level, because we need to take care of the restriction functor ResG:,

every Ay ; in the decomposition will contribute to the rank of the center Zyy g of WMy,



making it much, much larger than Zy). Moreover, there is no map from Zy g to Zy
whatsoever, just like the center of H, which, although embeds into G, does not map to
the center of G.

Fortunately, the solution to this problem is also very simple: one simply takes the
preimage (which in fact will be well-defined) of Zyy in Wy, denoted by Zy,. Still, Zy, is

also much larger than Zyy, but we at least will have a map

[Cyo,1 / Zyy] = [Coy/ Zyn ], (1.2.1)

compatible with the map between classifying stacks Zﬁ) — BZy. This is analogue to
the map [¢g/Gm] — [¢g/Gm] in Lie algebra case, which further maps down to BGyy.
Choosing a line bundle @ (D) is the same as taking the fiber over O (D) € BGm(X), and
such choice is possible because on both G-side and H-side we use Gp,. In group case, we
cannot afford to fix any torsor because Z)’% and Zyy are different, and all we can do is to
use the whole map (1.2.1). It turns out to be the correct answer. In Lie algebra case, it
is analogue to using the entire moduli of effective divisors instead of only using divisors
linearly equivalent to D. Of course, one has to throw away some components of small
degrees so that we have enough ampleness for geometric arguments, but that is more of

a technical issue.

1.2.4 The geometric transfer map in the group case is absolutely beautiful to look at.
To illustrate the point, we briefly discuss how it ties in with some features in the local
geometry and combine them with representation theory in a neat package.

In Lie algebra case, even though affine Springer fibers are highly singular, they still
has a lot of symmetries. Such symmetry can be described using the so-called regular
centralizer, first introduced in [DGO02] and later extensively studied in [Ng610]. In partic-
ular, there is an open dense subset (the regular locus) on which the symmetry group acts

simply transitively. This is one of the key ingredients in Ngo’s support theorem, which

10



is used to prove fundamental lemma.

In group case, however, the story is more complicated. In [Chil9], Chi described the
irreducible components of multiplicative affine Springer fibers for groups in the case of
unramified conjugacy classes. He found that there are in general more than one open or-
bit of the symmetry group, and the union of those orbits is not dense in the multiplicative
affine Springer fiber. This makes basic questions like describing irreducible components
much harder, and one of the highlights of [Chil9] is to use global method to prove local
results like the dimension formula of multiplicative affine Springer fibers (contrary to
the case where the dimension formula of the usual affine Springer fiber is proved purely
locally). Because of the existence of the irregular components, it seems very hard to de-
termine the number of them, and similar phenomenon also appears in the study of affine
Deligne-Lusztig varieties (see [Chil9, § 3.9] for a more detailed discussion).

This phenomenon may be originally perceived as an issue, but now it appears to be
more of a feature rather than a bug. Indeed, fortunately Chi was able to describe the
irreducible components for unramified conjugacy classes, and it has close connection
with the Mirkovi¢-Vilonen (MV) cycles. For an unramified class y, one can associate a W-
orbit of cocharacters vy called the Newton point of y, and for convenience we regard it
as a dominant cocharacter. One necessary condition for the multiplicative affine Springer
fiber associated with y and highest coweight A to be non-empty is vy < A, in other words,
vy appears as a weight in the highest weight G-representation V. Chi showed that the
number of irreducible components modulo the symmetry group is exactly May,, the
weight multiplicity of vy in V). The presence of MV-cycles in Chi’s proof suggests that
not only do the numbers line up with weight multiplicities, but those components actually
are the weight vectors. This is indeed the case because it turns out one can describe the
Galois action (the same as some twisted Frobenius action since the conjugacy class is
unramified) on those components, and it can be identified with twisted Frobenius action

on V) induced by L-action.
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With this input in mind, let us now look at the geometric transfer map. In Lie algebra
case, the geometric transfer map is a closed embedding (see [Ng610, § 6.3]), but in group
case, it is only a finite map (and far from being flat). The phenomenon we want to describe
can already be observed at the local level so we will substitute X with a formal disc Xy for
convenience. Recall that over the formal disc, there is the pole determined by a dominant
cocharacter A, and the unramified conjugacy class supplies us with its Newton point vy .
Together they are described as a point a in the multiplicative Hitchin base (mH-base).
The geometric transfer map is induced by a canonical monoid (depending on the starting
monoid for G) for H, and since the transfer map is finite, there will be finitely many
points ag ; in the mH-base for H lying over the given point a (we assume that a does lie
in the image of transfer map from H). We also know that V) decomposes into a bunch of
irreducible H-representations V;'\H,i. The set of ay ;’s that maps to a is in bijection with
those V) o0 which vy appears as a weight. Moreover, the weight multiplicity of vy in V),
is of course the sum of the multiplicities of vy in each V/{H,i. This fact plays very nicely
with both the connection with the dual group through geometric Satake isomorphism and
our proof of the support theorem for mH-fibrations (see § 9.9), which we will summarize

in the next section.

1.3 Support Theorem and Beyond

The proof of Theorem 1.0.1 follows the same general strategy in [Ng610]. We have already
discussed several difficulties and features unique to the group case, and we summarize

them below:

e We use reductive monoids as replacement for Lie algebras, and the central group of

the monoid as replacement for Gmy-action.

e We cannot stick to one “universal” monoid for a group G, instead, we have to develop

our theory for all very flat monoids.
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e For each chosen monoid 2V for G, and each endoscopic group H, there is a canonical
associated monoid Mg . It is essentially induced by the restriction functor ResI(_fI of

representations.

e Unlike in Lie algebra case where a Gy -torsor (or line bundle) is fixed, in group case
we cannot fix any torsor of the center Zyy. Instead, we should consider the whole

moduli of Zyy-torsors.

e The geometric transfer map has very deep connection with the dual group through
geometric Satake isomorphism, which also helps taking care of the matching of

(sum of) IC-functions.
e The choice of monoid corresponds to which IC-function we want to consider.

e [t also relates to the perceived issue where there are irregular components in the

multiplicative affine Springer fibers.

1.3.1 Ngo’s support theorem in [Ng610] has three main ingredients outside of the geo-
metric transfer map already established: a Picard stack acting on the Hitchin total space
induced by regular centralizer, a codimension estimate of the so-called 6-strata, and a
description of the irreducible components of Hitchin fibers using so-called product for-
mula.

The action of the Picard stack makes the Hitchin fibration into a weak abelian fibration,
so that the cohomology of Hitchin fibers can be described using the Tate module of the
Picard stack and is a free module in some sense. Such freeness result allows us to provide
an “upper bound” on the set of supports of the perverse summands appearing in the
decomposition theorem of [BBD82]. Such upper bound is essentially a vastly optimized
Goresky-MacPherson inequality in this special case (see [Ng610, § 7.3]).

The codimension estimate of 6-strata is proved using a codimension formula for the

root valuation strata studied in [GKMO09]. It further improves the upper bound, so that
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only certain kind of &-strata can appear as supports, and the description of irreducible
components then implies that the only possible support is the unique largest one, hence

completely pinning down the supports.

1.3.2 In group case, we also have the three ingredients. First, the regular centralizer can
be defined in a similar way, albeit with more technical efforts, so that there is a Picard
action. Second, the codimension of 6-strata is done by a parallel argument, in which
we need to study the multiplicative analogue of root valuation strata in a way similar to
[GKMO9].

Finally, we need to describe the irreducible components of mH-fibers using product
formula (which does exist for mH-fibrations). As we noted, since locally there is no such
description for multiplicative affine Springer fibers (only a conjectural one), it is also
impossible to derive the description for mH-fibers using product formula. Fortunately, it
is not too bad. Upon analyzing the codimension estimate of §-strata in more details, we
found that in the end we only need to know the irreducible components of multiplicative
affine Springer fibers in the unramified case, which we do know about. Combining it with

an inductive argument, we are able to prove Theorem 1.0.1.

1.3.3 We would like to point out that the reason why we are unable to prove Theo-
rem 1.0.1 for general groups is only temporary. There are two main issues that we expect
to be patchable but have not been completely worked out.

The first reason is already mentioned in the previous section, namely the local model
of singularity Theorem 6.10.2 is still not strong enough to cover all the cases we want.
However, it is likely more due to expediency than the difficulty of the issue. The argument
for Theorem 6.10.2 as written has some obvious optimization to be done and we expect
a more elaborate argument will solve the remaining issue. See Remark 6.10.15.

The second reason is that we have not studied transfer factor itself in this paper in

any capacity. In [Ng610] such problem is avoided because it has been already studied in
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[Kot99], and can be conveniently skipped over if one uses the Kostant section. In group
case, there does not seem to be any corresponding study, and in many cases one can
get away with using the section constructed by Steinberg, but if the group contains a
semisimple factor of type A, and is not split, then such section does not exist. In the
case of adjoint group and elliptic endoscopy, however, such deficiency will not cause any
essential problem seemingly due to coincidence.

Although transfer factor itself is extremely complicated, we do not expect the second
issue to be too bad either. Because in the end, we most likely only need to study the
transfer factor for the twisted quasi-split form of SL3 in order to solve our problem, which

may be doable by direct computations.

1.3.4 Even though mH-fibration already showed its usefulness in proving fundamental
lemma, at least in the adjoint case, we expect it leads to an even bigger field to explore,
and it is motivated by the result of our support theorem.

Unlike the Lie algebra case, we are unable to completely determine the set of supports,
but only an upper bound, in other words, a set of potential supports. These potential
supports have a very interesting property: given a “degree” in appropriate sense (similar
to deg(D) in Lie algebra case) and consider the mH-fibration with given degree, then
potential support in it either come from endoscopy (in which case they do appear as
supports), or it looks like the embedding of the mH-fibration of a smaller degree, thus
forming an inductive structure on the potential supports.

Although it would be nice to determine whether those potential, inductive supports
appear as actual support or not, it is more exciting to think about its implication in a
bigger picture. We will avoid talking about anything too concrete since the author does
not really understand the phenomenon well, but at least we would like to predict that
there is a limit version of mH-fibrations. It will be similar to the relationship between

Beilinson-Drinfeld affine Grassmannians of various degrees and the Ran Grassmannian
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over the Ran space. So we may call this conjectural object Ran-mH-fibration. This object
should be able to geometrize the entire trace formula, while mH-fibration is the truncated
version. We also expect such object will be an object of interest for the so-called Beyond

Endoscopy program.

1.4 Structure of This Paper

Here is a summary of the content in each chapter. Many chapters are arranged very much
like the way in [Ng610] not only because the logical structure therein is well-organized,
but it is also more convenient to compare with Lie algebra case.

In Chapter 2 we introduce some basic notations and setups in the absolute setting. We
will review some standard facts about reductive monoids and its invariant theory under
the adjoint action. The highlight of this chapter is the construction of the endoscopic
monoid and the transfer map at invariant-theoretic level. We will also give a formal state-
ment of the fundamental lemma at the end.

Chapter 3 studies the multiplicative valuation strata. It is a purely technical tool for
this paper and is mostly self-contained and can be read by itself. Chapter 5 is also aux-
iliary. It collects many global constructions needed for our discussions, including the
moduli of boundary divisors and a construction of global affine Schubert schemes using
reductive monoids. The latter is somewhat interesting by itself as by using monoids we
are able to define affine Schubert schemes without referring to affine Grassmannians.

Chapter 4 and Chapter 6 are more or less parallel to each other, except the latter has a
lot more content. Chapter 4 reviews constructions and properties of multiplicative affine
Springer fibers for groups. Chapter 6 studies the constructions of mH-fibrations and its
basic properties. Most of these two chapters are very similar to what is done in the Lie
algebra case, with two most notable new additions: the connections with MV-cycles in the

local setting, and the local model of singularities in the global setting. We also further
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discuss how the transfer map works in those settings.

In Chapter 7 and Chapter 8, we discuss various useful stratifications on the mH-base
and study cohomologies based on those stratifications. We will statement the (conjec-
tural) geometric stabilization theorem, of which we will be able to prove a weaker version.
There are two particularly new features: one is the notion of inductive strata, which will
be important in our support theorem; the other is a new kind of Hecke-type stack, from
which we can upgrade the traditional product formula over a point into a family. The lat-
ter will be particularly useful when we study the top ordinary cohomologies, as studying
them beyond just the rank of stalks will be necessary.

Chapter 9 contains the proof of the support theorem. The proof itself is surprisingly
close to the case of Lie algebra with perhaps the only important new ingredient being
the local model of singularity proved in Chapter 6. However, due to mH-fibers having
more complicated description of irreducible components, the implication of the support
theorem differs from the Lie algebra case, and this is where inductive strata and the
connection with MV-cycles come into play.

In Chapter 10, we review the point-counting framework done by the last chapter of
[Ng610], and extend it slightly to make it more convenient. After that we will be able to
prove the fundamental lemma for adjoint groups.

Finally, in Chapter 11, we will discuss projects that are currently under construction

based on this paper, as well as promising future projects.
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CHAPTER 2

REDUCTIVE MONOIDS AND INVARIANT THEORY

We start by reviewing some facts about the invariant theories of the adjoint action of a
reductive group G on the simply-connected cover G5¢ of its derived subgroup and on a
very flat reductive monoid 2 associated with G5¢. The new results in this chapter are
mostly contained in § 2.5, where the canonical endoscopic monoid 2y associated with
any given monoid 2V and endoscopic group H is defined. The endoscopic monoid plays
a key role throughout this paper. Proofs are mostly omitted for well-known facts but

references will be given when possible.

2.1 Quasi-split Forms

2.1.1 Let k be a finite field with g elements. Let k be a fixed algebraic closure of k. Let
G be a split connected reductive group defined over k of rank ns and semisimple rank
r. We assume p = char(k) is larger than twice the Coxeter number of G. We fix once
and for all a split maximal k-torus T of G and a Borel subgroup B containing T. Let U
be the unipotent radical of B. Let (X, ®, X, ®) be the root datum associated with (G, T),
and A = {xq, ..., 0} (resp. &) the set of simple (resp. positive) roots determined by B,
and let A = {&q, ..., &} (resp. ®+) their duals. Let X (resp. X+) be the set of dominant
characters (resp. cocharacters). Let W = W (G, T) be the Weyl group, and let wg € W be

the longest element with respect to B.

2.1.2 Let GI¢T be the derived subgroup of G, and let G5¢ (resp. G24) be the universal
cover (resp. adjoint quotient) of G¢T, We also use H5C (resp. H29) to denote the preimage
(resp. image) of any subset H C G in G5 (resp. G29). Let {w, ..., ™, } be the set of fun-
damental weights of G°¢, and (p;, Vio;) be the corresponding Weyl module with highest
weight w;. Let {71, ...,y } be the set of fundamental coweights. Let p (resp. p) be the
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half-sum of all positive roots (resp. coroots).

2.1.3 We fix a k-pinning spl = (T, B, x+ := {Ux}xea) of G, where Uy . Gy — G is a one-
parameter unipotent group associated with simple root «. The associated groups Gder,
G5¢ and G? all come with pinnings induced by (T, B, x4 ). Using this k-pinning, we may
identify the group Out(G) of outer automorphisms of G with a subgroup of Auty(G).

This is a discrete group, possibly infinite. Given any k-scheme X, we can consider étale

Out(G)-torsors over X.

2.1.4 Given such a Out(G)-torsor ¢, we may obtain a quasi-split twisted form

G = G xOutl6 g,

of G on X. This is a reductive group scheme over X together with a pinning spl =
(T, B, x+) relative to X. The torsor ¢ also induces a Out(G3d) = Out(GS)-torsor, still
denoted by 9¢. It induces quasi-split forms G2 and G5¢ over X. The Weyl group W

induces a Weyl group scheme W over X, which is an étale group scheme.

2.1.5 If we fix a geometric point x € X, then any étale Out(G)-torsor can be given by a

continuous homomorphism

8¢ m (X, x) — Out(G).

In this way the group G comes with a canonical geometric point x; over x, and we use

(G, x¢) for this pointed twisted form.
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2.2 Invariant Theory of the Group

2.2.1 The group G acts on G5¢ by adjoint action. Let x: G5¢ - G53¢/Ad(G) be the GIT-

quotient map.

Theorem 2.2.2 ([Ste65]). The inclusion T3¢ - GS5¢ induces an isomorphism
C:=TSC/W — G5/ Ad(GS) = G5¢/Ad(G).

In addition, both schemes are isomorphic to affine space A¥ whose coordinates are given

by the traces x; of the fundamental representations (p;, Vio;) of G*C.

Definition 2.2.3. A G-orbit Ad(G)(y) (y € G5 is called regular if its stabilizer has
minimal dimension among all stabilizes. It is called semisimple if it contains an element
in TSC. It is called regular semisimple if it is both regular and semisimple. The union of
regular (resp. semisimple, resp. regular semisimple) orbits is denoted by Gzgg (resp. Ggs,

resp. G$).

2.2.4 The regular locus Gi¢g is open and the restriction of x to Gfgg is smooth and
surjective. The semisimple locus is dense but not open in GS¢. Their intersection Gg§,
however, remains open dense in G5¢, and its image in C is denoted by C'S. Consider the

discriminant function on T:

Disc := 1_[ (1 —e%).
xed

This function is W-invariant, hence descends to a function on C, still denoted by Disc. It
defines an effective principal divisor D on C, called the discriminant divisor. In fact, D is

a reduced divisor, so it makes sense to talk about its singular locus D58,

Proposition 2.2.5 ([Ste65]). The regular semisimple locus C*S is equal to the complement

20



of the divisor D and thus is an open subset of C. Moreover, it is exactly the locus over which

the fiber of x consists of a single G-orbit.

2.2.6 Steinberg quasi-section The quotient map x admits many sections, just like in
the Lie algebra case. The difference is that the section we want to use lacks an explicit
formula, unlike for example the Kostant section for Lie algebras. Instead, what Steinberg
explicitly constructed is a quasi-section. A morphism f in a category is called a quasi-

section to morphism g if f o g is an automorphism (not necessarily identity).

Definition 2.2.7. Fix our choice of simple roots A earlier. A Coxeter datum is a pair (&, S),

where
(1) &: {1,...,r} = Ais abijection (i.e. a total ordering on the set of simple roots),

(2) S is a set of representatives S in N = Ng(T) of simple reflections determined by

A.

A Coxeter element (after fixing a set of simple reflections) of W is one that can be written as
w = wg = Sg(1) = Sg(r) for some &. Denote by Cox(W, A) the set of all Coxeter elements

of W.

Fix a Coxeter datum (&, S). Let 8 j = &(j) be the simple root corresponding to Sg -
Recall we have one-parameter groups Uy in the pinning spl, such that Ads (Ux(x)) =

Ux(x(t)x) forallt € T and x € Gj. Let

€®S): c= A" — G

4
j=1
where the product on the right-hand side is considered taken in the specified order. This
is the Steinberg quasi-section associated with Coxeter datum (&, S). We also call the image

Ime'&S) a Steinberg cross-section. We summarize the results in the following theorem.
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Theorem 2.2.8 ([Ste65]). For each pair (§,S), the map &) isa quasi-section of x. More-
over, Im E(E’S ) is contained in the regular locus, and has transversal intersection with each

regular orbit.

Once spl is fixed, the construction of Steinberg quasi-section relies on two choices: a
total ordering of the simple roots, and representatives of simple reflections. The influence

of the choices is summarized below.

Proposition 2.2.9 ([Ste65, Lemma 7.5 and Proposition 7.8). For any Coxeter data (&, S)
and (§',S'),

(1) if€ = €, then there existst,t’ € T such thatime &) = ' me &S = tim e &S,

(2) if S = S’, then for any x,x" € A" such that xg(j) = xé,(j) forl <j<v, &S (x)
and (&S (x") are G-conjugate. In fact, such conjugation can be made functorially
for any k-algebra R. In other words, the transporter from e(&S) (C) to (&9 (C) is

a trivial torsor under the centralizer group scheme over &S ().

2.2.10 Regular centralizer The universal centralizer group scheme I — G3¢ restricts
to a smooth group scheme over the regular locus I'*¢ — G?Eg. Since generically the
centralizer is a torus, I'*®* — Gpgg is a commutative group scheme. Therefore one can

utilize the descent argument in [Ng610, Lemme 2.1.1] to obtain the following result.
Proposition 2.2.11. There is a unique smooth commutative group scheme J — C with a
G-equivariant isomorphism

X*JlGﬁgg — Ireg,

which can be extended to a homomorphism x*J — L.

Definition 2.2.12. The group scheme J — C is called the regular centralizer.
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There is another description of J using the cameral cover 7T . T5¢ — C, similar to the
Lie algebra case as in [DG0O2] and [Ng610]. Consider the trivial family of torus p> . T X

TS¢ > T5¢ (p» means the second projection), and we have Weil restriction
TG = 1 (T X T5C),

on which W acts diagonally. Since 77 is finite flat, I1g is representable. Moreover, since
T X T5¢ is smooth, so is IIg. Over C'3, 1t is Galois étale with Galois group W, hence IT¢
is a torus. Since char(k) does not divide the order of W, we have a smooth group scheme

J1 over C
1. W
Jh =113 .

Let JO C J! be the open subgroup scheme of fiberwise neutral component.
Similar to [Ng610, Définition 2.4.5], we consider this subfunctor J’ of J L. for a C-

scheme S, J'(S) consists of points
fiSXcT¢>T
such that for every geometric point x € S X¢ TS, if sq(x) = x for a root «, then

x(f(x)) # —1. Notice that on T3¢, the condition sy (x) = x is the same as x € ker «.

Lemma 2.2.13. The subfunctor J' is representable by an open subgroup scheme of ] 1

containing J 0,

Proof. The proof is entirely parallel to [Ng610, Lemme 2.4.6]. Indeed, it suffices to prove
this claim after finite flat base change to T*C.
On T3¢, the discriminant divisor is the union (with multiplicities) of subgroups ker & C

TSC for all roots &« € ®. By adjunction, we have map J! X T3¢ - TX T3¢, whose restriction
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to ker o factors through fixed-point subgroup T« X ker «. Therefore we have map
J1 Xc ker x iR {+1}.

The inverse image of —1 is an open and closed subset of J 1 X ker &, hence a Cartier
divisor on J1 X T5C. The subfunctor J’ X ¢ TS is the complement of these Cartier divisors,

hence an open subgroup scheme. In addition, J contains J 0, |

Proposition 2.2.14. There exists a canonical open embedding of group schemes J — ] 1

that identifies J with subgroup scheme J’.

Proof. The claim about open embedding is proved in [Chil9, Proposition 2.3.2]. In fact,
the argument in loc. cit. shows thatif G = G3¢, thenJ - J lisan isomorphism. Moreover,
since on T5¢, ker « and TS« coincide for any root «, we also see that J' = J1.

In general, we have a canonical map J5¢ — J and J is generated by the image of J5¢ and
Z;. On the other hand, the map T5¢ — T induces canonical map J5¢! — J1 compatible
with the map J¢ — J. By definition of J we also have a third map J5¢" — J’. This means
that the image of J s¢,1 js contained in J'. Since on Zg all roots are trivial, we know that
the image of J is contained in J'.

It remains to show that J — J' is an isomorphism. Then we can repeat the “codi-
mension 2” argument of [Chil9, Proposition 2.3.2] (see also [Ng610, Proposition 2.4.7])
to reduce the problem to the case where G = SL», GL», or PGL». The direct calculation is

omitted. [ |

Remark 2.2.15. The proof we present here is subtly different from [Ng610, Proposi-
tion 2.4.7], where there is a surjection 1mo(Zg) — 10(Jg) = Jg/Jg (here Jq stands for
the regular centralizer for the Lie algebra of G). It is not so in group case. For exam-
ple, suppose G is simple of type G». Then G = G3 = G5¢. Let x € T be such that
Cg(x)g = SL3. Let u € Us := U N SL3 be a regular unipotent element in SL3. Assum-

ing char(k) is large enough, then Cg (xu) contains Csy,3(u) = Zg1; X Cy; (u) with finite
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index. So Cg(xu) is disconnected but Zg is trivial.

2.2.16 Let G be a quasi-split form of G over k-scheme X, induced by an Out(G)-torsor 3.
We can twist almost every construction in the invariant theory of G by 34 and obtain a
twisted form over X. First we still have adjoint action of G on G%¢, with invariant quotient

X: G5¢ > € = G5¢/Ad(G). We also have the natural isomorphism

TIW — G5 Ad(G).

The discriminant is invariant under Out(G), so we have a divisor  C € relative to X.
The open loci of regular and regular semisimple orbits are stable under Out(G), and so
we still have the twisted form of regular centralizer § — € over X, as well as its Galois

construction J L

2.2.17 Animportant difference here compared to Lie algebra case is that Steinberg quasi-
section does not necessarily exist, since it may not be stable under Out(G). Nevertheless,
one may obtain a weaker result as follows. The Steinberg quasi-sections depends on a
choice of representatives of simple reflections in G3¢. Using the pinning spl, one can
make such a choice that is stable under Out(G). Indeed, the root vectors in x4+ can each
be extended to a unique sl»-triple, hence an opposite pinning with root vectors denoted

by x_. For each simple root &; € A (under B), we let

ji = UO(i(l)U—O(i(_l)UO(i(l);

where Uy; (resp. U—g;) are the one-parameter unipotent subgroups determined by x+
(resp. x—).
The Steinberg quasi-section also depends on a choice of ordering on A. When G5¢

does not contain any simple factor of type A»,,, any two simple roots conjugate under
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Out(G) are not linked in the Dynkin diagram. Therefore by grouping together Out(G)
orbit when making the ordering, we can make such Steinberg quasi-section equivariant
under Out(G). Thus a section to x always exists as long as G3¢ does not have any simple
factor of type A>.

In fact, we have a slightly stronger result: let G’ be the direct factor of G3¢ consisting
of all its simple factors of types A», (for various m), which is preserved by Out(G). Then
a Steinberg quasi-section exists for G5¢ as long as the twist G’ of G’ is split.

In the remaining cases (i.e., G’ is a non-trivial outer twist), we cannot hope to con-
struct a section whose image lies in the regular locus. Rather, we have a weaker result by

Steinberg, which is still very helpful later.

Theorem 2.2.18 ([Ste65, Theorem 9.8]). Let G be a quasi-split semisimple and simply-

connected group over a perfect field K, then G(K) — C(K) is surjective.

The statement in loc. cit. requires K to be perfect, but the proof in fact works for
arbitrary field provided that char(K) is not too small for G (e.g., larger than twice the
Coxeter number of G). If K is perfect, then the result refines to that G35(K) - €C(K) is
surjective. We will postpone the details until Theorem 2.4.24 since we need to extend the

above result to reductive monoids.

2.3 Review of Very Flat Reductive Monoids

The Lie algebra of G carries a natural Gy-action from its vector space structure, which is
useful in global constructions. The group G3¢, however, has no such symmetry built in.
Therefore, we must embed G3¢ into a G-space where a similar “scaling” is possible. The
quintessential example of this is the embedding of SL; into Maty. In general, we use the

theory of very flat reductive monoids.
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2.3.1 An algebraic semigroup over k is just a k-scheme of finite type M together with
a multiplication morphism m . M X M — M, such that the usual commutative diagram
of associativity holds. If there exists a multiplicative identity e: Speck — M, then M is
an algebraic monoid over k. We will only consider monoids that are affine, integral and
normal as schemes. If the subgroup M™ of invertible elements of M is a reductive group,
then we call M a reductive monoid. In this case, we denote the derived subgroup of M*

by M€ and call it the derived subgroup of M.

Example 2.3.2. A (normal) toric variety M is a reductive monoid, whose unit group M*
is the torus acting on it, and whose derived subgroup is the trivial group. The variety
Mat;, with matrix multiplication is also a reductive monoid, whose unit group is GLy and

derived subgroup is SLy,.

The category of normal reductive monoids is classified by Renner (see e.g., [Ren05])
with the help of their unit groups. It is well known that over an algebraically closed field
K, the category of normal affine toric varieties A of a fixed torus T is equivalent to that of
strictly convex and saturated cones & C X(T). If T C G is a maximal torus in a reductive
group over K with Weyl group W, and suppose € is stable under W-action, then the W-
action extends over A. Renner’s classification theorem states that reductive monoids M
with unit group G is classified by such cones &. More precisely, we have the following

result.

Theorem 2.3.3 ([Ren05, Theorems 5.2 and 5.4]). Let G be a reductive group over an alge-

braically closed field with maximal torus T and Weyl group W = W (G, T).

(1) Let T C A be a normal affine toric variety such that the W-action on T extends over
A. Then there exists a normal monoid M with unit group G such that T is isomorphic

to A.

(2) Let M be any normal reductive monoid with unit group G, then the submonoid T is

normal.
27



(3) If M1 and M> are such that we have a commutative diagram of monoids

T4 T G1
|
T» T> Go

Then this diagram extends to a unique homomorphism M1 — M>. Moreover, if the

vertical arrows are isomorphisms, then M1 = Mo.

Remark 2.3.4. The result is proved over an algebraically closed field, but it is not hard to
see that if G is split over a perfect field k, T is a split maximal torus, and all the maps
in the commutative diagram are defined over k, then M1 — M> is also defined over k by
looking at Gal(k/k)-action. The existence of M given G and A is proved using k-rational

representations which are well-defined since G is split. See loc. cit. for details.

2.3.5 We first give an explicit description of a very important monoid M with MA€T ~ GS¢

Consider the group
G+ = (TSC X GSC)/ZSC,

where the center Z5¢ of GS5¢ acts on T5¢ X GS¢ anti-diagonally. There is a maximal torus
T+ = (T5¢ X T®¢)/Z%¢ in G+, and we denote Z+ = Zg, = T5“. The character lattice of T+

is identified as
X(T4) = {(A, ) € X(T*) X X(T5) | A — p € X(T2)},
and its cocharacter lattice is identified as

X(T+) = {(&, i) € X(T3) x X(T8) | X + ji € X(T59)].
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So we have characters («,0) (x € ®) of T+ which are also one-dimensional representa-
tions of G+. On the other hand, any k-rational representation p of highest weight A of

G5¢ extends to G+ by the formula

p+(z,9) = A(2)p(g),

which is easily seen well-defined. Consider the representation of G+

r r
Px = @((xi,O) @ @ Pi+-
i=1 i=1

We take the normalization of the closure of G+ in p«, and denote it by Env(GS¢). This is
the universal monoid associated with G5¢, constructed by Vinberg in characteristic 0 and

Rittatore in all characteristics.

2.3.6 Given any reductive monoid M with derived subgroup G5¢, we have a action of G by
multiplication on the left, and another one by inverse-multiplication on the right. These

two (left) actions commute, hence combine to a G X G-action on M. The GIT quotient
oM. M — Apm = M/ (GS€ X G5€)
is called the abelianization of M, in the sense that it is the largest quotient monoid of M

that is commutative.

Theorem 2.3.7 ([Vin95,Rit01]). Let Zym be the center of M%, ZMm,0 its neutral component,

and Zo = Zm o N G5, then we have that
(1) Am is a normal commutative monoid with unit group cm(Zm) = Zm,0/Zo,
(2) o' (1) = G and oqy (am(Zm,0)) = G,

(3) am(Zm,0) = Am, and Am = Zm,0/Zo, where Zm,o denotes the Zariski closure of
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Zy,o in M.

2.3.8 Given a homomorphism of two reductive monoids ¢: M" — M, by the universal
property of GIT quotient it induces a homomorphism ¢ : Ay — Awm that fits into the

commutative square

M,LM

l(xM/ l"‘M : (2.3.1)
Definition 2.3.9. The homomorphism ¢ : M" - M s called excellent if (2.3.1) is Cartesian.

Definition 2.3.10. A reductive monoid M is called very flat if occpp: M — Ay is flat with

integral fibers. Let FM(GS3€) be the category in which:
(1) objects are very flat reductive monoids M with M9€T = GS¢,
(2) morphisms from M’ to M are excellent homomorphisms ¢ : M’ > M.

Let FMy(G®°) be the full subcategory of FM(G®) whose objects are very flat monoids

with element O (one such that Ox = x0 = 0 for all x € M).

Theorem 2.3.11 ([Vin95,Rit01]). If M € FM(GS®), then
Home(Gsc)(M,EnV(GSC)) + O,

and is a singleton if M € FMq(GS°). In other words, Env(G5°) is a versal (resp. universal)

object in FM(GSC) (resp. FMqy(G5)).

Remark 2.3.12. Theorem 2.3.11 implies that a homomorphism M — Env(G3¢) will induce
a homomorphism ¢z, : Zm — T whose restriction on Z°€ is the identity. In case that

M = EI]V(GSC), (]52M = idec.
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2.3.13 The abelianization of the universal monoid Env(G>¢) is an affine space of dimen-

0)

sion 7, whose coordinate functions can be exactly given by e(®0) where € A are simple

roots. In the language of toric varieties, Agpy(gsc) is the T2d

-toric variety associated with
cone generated by fundamental coweights w; € X(T2d),

If A is any affine normal toric variety, and ¢ . A - Agpy(gsc) 1S @ homomorphism
of algebraic monoids, then the pullback of Env(G3¢) through ¢ gives an object M €
FM(GSC) with abelianization Am = A, and by Theorem 2.3.11, every M € FM(GS¢)
arises in this way.

An important class of monoids consists of those corresponding to the map Al —
Agny(Gse) given by a dominant cocharacter A € X(T), We will denote such monoid by
M(A). More generally, we may also consider the monoid formed using a tuple of dominant
cocharacters A = (Ay, ..., Am) (allowing repetitions), or equivalently, a multiplicative map
A™ - Agny(Gse). We shall denote this monoid by M(A).

More generally, if A is a tuple of dominant cocharacters in X(T), it induces a tuple Aad

of dominant cocharacters in X(T24). The induced map A™ — Agny(Gsc) also produces a

monoid, still denoted by M(A).

Example 2.3.14. When G3¢ = SL,; and M = Maty,, the abelianization map is the determi-

nant, and the excellent map M — Env(SLy,) is the pullback of
Am = Al — AEnV(SLn) =~ AN1

corresponding to cocharacter @, -1, and the map ¢z, is the cocharacter & +2&p + -+

(n—1)&y—1 = nyu—1. In other words, Maty, = M(w,,—1).

2.3.15 It is sometimes convenient to define a numerical boundary divisor By on Cpv as
the complement of Cy; := Ay X C, with reduced scheme structure. It is a Weil divisor

and when Cyy is factorial, it is an effective Cartier divisor. In this paper we will mostly be
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interested in those M such that Ay is isomorphic to an affine space A™, in which case By
is cut out by the product of the m coordinate functions, hence principal. Note that By
is in general not the pullback of Bgpy(gsc), but they have the same underlying topological

space.

2.3.16 The abelianization map admits a section as follows: for M = Env(G5°), let T2 —
T+ be the map t — (t, t~1). It is well-defined and extends to a map oM. AM — M,
which is in fact a section of «ps. For general monoid in FM(GS®), the formula is z —

(z,pzy(2)7 ).

2.3.17 Let Ty be the maximal torus of M* containing T*¢, and Ty its closure in M. It is
a normal affine toric variety under Ty, and when M = Env(G3©), its character cone ff’T“M

and cocharacter cone & Tu have the following description:

zf%kM ={(A,n) €EX(T4) | A = w(u),w € W}
=N ({(e,0) | x € A} U {(wj,w(w;)) |1 <i<7rand w € W}),

Egy = (A1 € X(T1) |A € X(TA) 4 and A = —w(p), w € W.

It is known that Ty is Cohen-Macaulay.

2.4 Invariant Theory of Reductive Monoids

2.4.1 LetM € FM(GS¢) be any monoid. We have the adjoint action of G3¢ on M. It can
be viewed as the restriction of the G5¢ X G3¢-action to the diagonal embedding of G5¢.
The center Z5¢ acts trivially, so the action factors through G4, hence lifts to a G-action
on M. The GIT quotient space M/ Ad(G) maps to Apm. We also have the cameral cover
™. Tm = Tm/W.

On the other hand, the fundamental representation p; extends to Env(GS5¢) by its
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definition, still denoted by p;+. Therefore, the character function x;+ makes sense for
arbitrary M € FM(GS€) after realizing it as a pullback of Env(GS5¢). Thus, we have a map

M — Am X C, which factors through the GIT quotient map xm: M — Cym = M/7Ad(G).

Theorem 2.4.2. The maps Ty = M — Am X C induce canonical isomorphisms
TM/W =Cym =~ Apm X C.

In fact, the first isomorphism holds for any (not necessarily very flat) monoid with mder ~

G*C.

Proof. The first isomorphism is proved in [Ren88], but the reader can also find it in
[Ren05] for a more modern reference. We do not know where the second isomorphism
was first proved, but it was at least proved in [Boul5]. However, the reader should also

see [BC18,Chil9] since [Boul5] contains some error unrelated to the current theorem. =&

Corollary 2.4.3. The cameral cover 1ty is a Cohen-Macaulay morphism, i.e., it is flat and

has Cohen-Macaulay fibers.

Proof. Since being a Cohen-Macaulay morphism is stable under base change, it suffices
to prove the claim for M = Env(GS3°), in which case Cy is regular. Since Ty is Cohen-
Macaulay, and Ty is finite, it is a flat morphism. Then it is a general result that flat
morphism between locally Noetherian schemes with a Cohen-Macaulay source must be

Cohen-Macaulay. See [Sta22, Tag 0COX]. |

Proposition 2.4.4. Given a Steinberg quasi-section e(&S) of the group G3¢, the map

el AMxC—M

(a,x) — Sm(a@)e®S) (x)

defines a quasi-section of xm whose image lies in the regular locus M 8,
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2.4.5 The Weyl group W acts on Ty. Similar to the group case, a G-orbit in M is called
regular if the stabilizer achieves minimal dimension, semisimple if it contains an element

in T, and regular semisimple if it’s both regular and semisimple.

2.4.6 The regular semisimple locus M'® is open and smooth, and can be characterized
by a discriminant function extending Disc from the group case. Indeed, we only need to

define it for M = Env(G3°) and pullback it to general M. For M = Env(G53°), let

Discy = e(2P0 [T (1 —e©®),
xcd

This function extends to Ty and is W-Invariant, hence descends to a function on Cp. It
is called the extended discriminant function, and defines an effective divisor Dy C Cy.
The complement of Dy is the regular semisimple locus Cks, whose preimage under xm

is M'S,

Lemma 2.4.7. The divisor Dy intersects Cy — Cf\f[ properly. In other words, the codimen-
sion of Df\f[ =DM N (CMm — Cf\(,[) in Cyv is at least 2. In particular, set-theoretically Dy is

the closure of Dyy.

Proof. The proof is essentially in [Chil9, Lemma 2.4.2] and we reproduce it here. Without
loss of generality, we may assume that M has 0 (since we can always find a very flat
reductive monoid with 0 containing M by enlarging the cocharacter cone). When M =
Env(G5©), consider the idempotent eg A (see § 2.4.15). It is known that eg A is regular
semisimple. Its image in Ay is 0 which is contained in every irreducible component of
AM — Af\(,[. Using the universal property of Env(G5¢), we see that for any M the regular
semisimple locus is dense in every irreducible component of Ay — Af\f[ and we are done.

Lemma 2.4.8. The divisor Dy is a reduced divisor.
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Proof. Since Dy is a principal divisor in a Cohen-Macaulay scheme, it is itself Cohen-
Macaulay. By the previous lemma we only need to prove that it is reduced over the invert-
ible locus Dgy;. But then we can further reduce the divisor in Ty cut out by (1— (0.0 (1~
el0=%)) for a single root «, and it reduces to groups with derived subgroup SL»>. Then
we can directly compute. The argument is parallel to for example [Ng610, Lemme 1.10.1].

We leave the details to the reader. [ |

2.4.9 Contrary to the Lie algebra case, there are in general more than one open orbits in
the fibers of xm, in other words, the fibers of ereg . M'®8 — Cy are no longer homoge-

neous G-spaces.

2.4.10 We would like to define the regular centralizer group scheme Jp — Cy similarly
to the group case, but the original descent argument needs some adaptation, due to the
fact that a fiber of xm may contain multiple regular orbits.

The key observation used by [Chi19]is that the numerical boundary divisor By and the
discriminant divisor Dy intersect properly. The descent argument works over M* UM'S
which is an open subset whose complement has codimension at least 2. We leave the

details to [Chil9].

Proposition 2.4.11. There is a unique smooth commutative group scheme Jy — Cy with

a G-equivariant isomorphism
~ re
X I Imres — TppS,

which can be extended to a homomorphism xf\'j[JM - Im.

There is also a description of the regular centralizer using cameral cover 1ty . Tm —

CwMm. As in the group case, let

Iy = M (T X Tm),
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and
i = Ty,
Similarly, we have subfunctor JI’VI: for a Cp-scheme S, JI'VI(S ) consists of points
fiSXeyITMm—T

such that for every geometric point x € S Xy Tm, if sx(x) = x for a root «, then
x(f(x)) += —1. With the same proof as in the group case, this is an open subgroup

scheme of J%/[ containing the fiberwise neutral component JI(\),[.

Proposition 2.4.12. There is a canonical open embedding
M — Jl{/[

that identifies Jm with Jy.

Proof. The open embedding claim is proved in [Chil9, Proposition 2.4.7]. We even have
Jm = J3; = Jy if G = G5, The point is that the complement of C3;U C5§ has codimension
2, thus we only need to prove the claim over this open locus, but then it is a consequence

of the group case and regular semisimple case, either of which is easy. |
Corollary 2.4.13. The map [M*®8/ Ad(G)] — Cypm is a finite union of J-gerbes.

2.4.14 Big-cell locus There is an open subset M® C M containing M8 that has signif-
icant representation-theoretic meaning. We will call it the big-cell locus. We will define it

for Env(GS5¢), and for general M € FM(G5¢) one simply takes the preimage under any

morphism M — Env(G5©) in the same category.
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For Env(G®¢), the big-cell locus is the set
Env(G3€)° = {x € Env(G®®) | pj+(x) # 0,1 <i<r}. (2.4.1)

This is readily seen an open locus and can be shown to contain the regular locus. The
central torus Z+ acts on Env(G3¢)°, in fact freely, and the quotient is isomorphic to
the wonderful compactification Gad of gad (c.f., [Boul5, Proposition 2.2]). Therefore,
Env(GS5¢)° is smooth. Roughly speaking, Env(G5¢)° may be viewed as the affine cone
associated with projective variety Gad “without the vertex”, while Env(G5¢) is the entire

affine cone.

2.4.15 There is another description of the big-cell locus using the idempotents. Idempo-
tents are very important in studying reductive monoids because they represent M x M*-
orbits in M. For Env(G®¢)°, idempotents allows a more conceptually pleasing description

while (2.4.1), although concise, is not very revealing.

Definition 2.4.16. A pair (I, J) of subsets of A is called essential if no connected compo-

nents of A — J in the Dynkin diagram is entirely contained in I

Pairs (I, J) of subsets of A can be partially ordered by inclusion condition. There is
a finite lattice (in the sense of a partial ordering, not of abelian groups) of idempotents
er j € Env(G®©) labeled by essential pairs (I,J). The G+ X G+-orbits in Env(G*) are in
bijection with ey j in an order-preserving way. In other words, G+ej jG+ is contained in
the closure of G+ey G+ if and only if I C I’ and J C J'. Similarly, the T2-orbits in
Agny(Gse) 18 in bijection with idempotents ey for I C A, and readers can easily figure out
what they are. We have that ogpy(gse)(er,y) = er. In particular, ea o = 1 and eg ¢ = 0.

The big-cell locus is the union

Env(G%9)° = | ) GreraGo.
ICA
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Then it is readily seen that Env(G*¢)° is smooth because the restriction of &gpy(gsc) is
flat with smooth fibers (homogeneous spaces of of G%¢ X G*¢), and the base Agpy(gsc) is

itself smooth.

2.4.17 More properties of the idempotents ey j are described by Vinberg in [Vin95] and
we recall it here for future reference.

For any subset I C A, let P; C G5 be the standard parabolic subgroup containing
BS¢ corresponding to I, and P, its opposite. Let Uy (resp. U; ) the unipotent radical of
P; (resp. P;), and Ly = Py N P; the standard Levi subgroup. Let pr; (resp. pr;) the
projection from Py (resp. P;) to L. Let P+, Uj+,Lj+, etc. be the same constructions in
G+.

For each I, J C A, define I€ to be the set A — I, I° to be the interior of I, that is, those
in I that is not joint with I by an edge in the Dynkin diagram, and ;= (INJ°) U J€.
Let Dy be the abelian monoid in X(T*¢) generated by I, and C; the one generated by such

w; that «j € J. Using identification X(T+) C X(Z+) X X(T®¢) = X(T®¢) X X(T*°), we let

Frj=1{(A1,A2) € X(T+) | A1 — A2 € D1, A2 € Cj},

T y=1{teTs+ |A®) =1forall A € Fy }.

The stabilizer of ey j in G4 X G+ for an essential pair (1, ]) is the subgroups of Ps; ;4 X

Py, T+ consisting of elements (g,g~ ) such that

der

The idempotent ej j itself is characterized by

1 o€l
(xj,0)(er,y) = ,
0 i1
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1 O(J'Ef
(wj,wj)(ery) =3 ;
0 o;j&J

1 o5 € J,wj—w(wj) € Dinjeo
(wj,w(wj))(er) = A :

0 otherwise

2.4.18 Central equivariance The central diagonalizable group Zy acts on M by transla-
tion. This action commutes with the adjoint action of G, hence descends to an action on
CwMm, making xm a Zm-equivariant map. The Zy-action on Cp has a simple description
as follows: on Ay it is simply the translation by torus am(Zm) = Zm/Z5¢, while on C it
is the translation action given by weights w; o ¢z,, if we use the coordinates x;4+ on C
(recall that ¢z, is the map Zy — T induced by a choice of morphism M — Env(G*°) in
FM(GSC)). This action can be lifted to an action of Zy on Jm compatible with the group
scheme structure by looking at the construction of Jy.

On the other hand, any choice of a Steinberg quasi-section is far from being Zp-
equivariant. However, one can rectify this with some technical modification. This modi-
fication first appears in [Boul5] and later used by [Chi19]. However, the proof in [Boul5]
contains an elementary but serious mistake, so we include a corrected proof here. None

of the results in [Chil9] is affected by this error.

Proposition 2.4.19. For each Coxeter datum (&,S), one can define an action Tlﬁf’” of Im

on M such that

el(\E,S) o TCM(ZC) — Tls/;é,S)(Z) oel(\E,S)’

where Ty, is the natural action of Zm on Cym, and ¢ = |Z5¢|. Moreover, for a fixed z,
TI%’S) (z) is a composition of translation by z€ and conjugation by an element in T5C de-

termined by a homomorphism Zy — T3¢ independent of z.
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Proof. We re-label {w;} in such a way that wj is the weight corresponding to root B; =
ag(j)- To simplify notations, for z € Zy, we will denote ¢z, (z) simply by zT.

Let (a,x) € xMm(M”™) C Cum. Fixaw; (1 <i <), and aweight vector 0 # v € Vw; (1],
where u < w; is a weight of p; such that y = er-zl m; w;. We have that (to simplify
notations we omit p;+ in the computations)

. r
(€& x) | () = ( U3j<xj>s'g<j)) (v)

j=1
’
_ ki+m
= 2. (H X ) Vks
kj=—mj \l=1
1<j<r
where k = (ky,...,ky) is a multi-index, vy is some vector, independent of any x;, of
weight
uk = U + OK’
and

¥ a—1
o v
- d T \WPler10 P, :
O = 2. > [kl [ ] ( {(Blos1s By ))Bll]

Cd=11<li<---<lg<r e=1
Note that (k1, ..., ky) = O is a group isomorphism from Z" to root lattice Z®.
Thus we have that
e (@0 | @) = (@ [¢E9) 0] )

v
= (za, Z;,%*) Z (1_[ X{q-’-ml) Vg

kjiz—m;j \l=1
1<j<r
U
:wi(za,T) Z ( xll ml) IJk(Za,T)_IUK,
kj=—mj \l=1
1<j<r
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where z; € Zy is some element that xpm(z4) = a; and that

[EI(V?S) (TCM(Z)(a,x))] (V) = (2za, (z124,7) ") (@ (27)x)) ()

.
=wi(zrza,T) . (H(wl(zT)Xl)kl+ml) Hk(zTza,) g, (2.4.2)

ka—mj =1

1<j<r

for any z € Zy.

On the other hand, for t € TSC,

[Adt (eﬁ’s’m,x))] (v) =t [el(\f’s)(a,x)] =1 (v)

-
= wi(za,y—)u(t)_1 Z (1—[ xfﬁml) uk(tz;’lT)vK

ka—mj =1
1<j<r

.
=wi(zar) . (1_[ Xfﬁml) Ok(t)uk(za,T)_lvk-

ka—mj =1
1<j<r
Consider commutative diagram
I~ Gl 2 psc

ﬁ.(TSC) TSC

where Be is the map

t = (B1(D), ..., Br (1)),

we is the map

z - (w1(zT),...,or(2T)),
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and O,) is the one

t ~ (01,0,...,0(),...,000,..1,..,00 (), ..., 0(0,....0,1) (1)).

Denote by ¢ the map Zy — T5€ from the upper-left to the lower-right in (2.4.4), then we
have that @e (z€) = 0(e) (Y(2)).

Now For z € Zy, define TI%’S) (z) to be the composition of translation by (z¢,1) and
conjugation by y(z)z1¢, in other words, for (t,g) € MX,

T (2)1 (6,9) = (2 Ady ()25 (9)),

Then one sees from (2.4.2) and (2.4.3) that

[Tﬁé’s)(z) (el(\f’s)(a,x)ﬂ (v)

.
= (2, Vwi(zar) . (l—[ X{cﬁml) Ok (W(2) 27k (za,1) ™ g

kji=z—m;j \l=1
1<j<r

-
= wi(z$za1) D (1_[ xf”ml) Ok (W(2)z27) uk(za, ) Lok
ka—mj =1
1<j<r

.
=w;i(z$zar) (n(wl(ZT)CXl)kl+ml) Hk(z$za,m) " Tug

ka—mj =1
1<j<r

_ [ef\f’“ (TCM(ZC)(a,x)>] ().

Finally, clearly the images of Tﬁf’s) (2) (e%’s) (a, x)) and el(\;é’s) (Tg\f) (z%)(a, x)) un-

der v are the same, being oM (26, 1)a.

Therefore, since v, u, and w; are arbitrary, we know that Tlﬁf"” (z) o el(f’s ) = 61(\?5) o
Ty (2€) when restricted to xm(M™). Since xm(M™) is dense in Cy, we are done. N
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2.4.20 The GIT quotient map xm induces map
XM : [M/G] — Cpm,
which is Zy-equivariant. We have the further induced map
[xm]: [M/(G X Zm)] — [CMm/ZMm].

induces a quasi-section of xM, but

Choose a Coxeter datum (&, S), the quasi-section 61(5 o

not of [xm] unless ¢ = |Z5¢| = 1.

To fix this, recall we have  : Zy — T5€ in the proof of Proposition 2.4.19, also viewed

as a morphism into T by abuse of notations. Let

¥:Zy — T

z — y(zr)z7".

We define stack [M/(G X Zm) ][] using pullback Cartesian diagram

[M/(G X Zm)l[e] —— [M/(G X Zp)]

T

BZy — - BZM

and similarly for [Cm/Zm][]. By Proposition 2.4.19, we obtain a quasi-section
(£,5) - IC id
€M o [CMm/ZMm][c) — [M/(Y Xid)(Zm)) Iic1s
which, by composition, induces quasi-section

] ezl — (M6 X 2w,
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Finally, note that the images of all these quasi-sections lie inside the regular locus (that

is, the images of M8 in the respective quotient stacks).

2.4.21 The Out(G®“) action on G*¢ induces an action on Env(G3¢), hence we have a
quasi-split universal monoid Env(G5¢) on X. The actions of Out(G*¢) on maximal toric
variety Tgpy(gsc) and on Weyl group W can be combined into an action of WX Out(G5¢) on
TEnv(Gse) and a compatible action of Out(G5¢) on Cgpy(gsc). Let Tpy(gse) and Cepy(gse)

be the respective induced twisted forms. After twisting by 3, we obtain invariant map
XEnv(Gse) © EnV(G®) — Cpny(Gsc),

and the quotient space is naturally isomorphic to Tgpy(gse) # W. The regular centralizer
JEnv(Gse) is also well-defined over X, and so is its Galois description jénV(GSC).

The Steinberg quasi-section, however, is not necessarily defined unless G5¢ either has
no simple factor of type A»s,;,, or all its such factors are split. The various choices are
carefully made in constructing the quasi-section as in the group case. On the other hand,

if such conditions are satisfied and a Steinberg quasi-section eg’f()csc) is defined, then

the equivariant version [e](zi’\f()Gsc) I1¢] can also be defined since the relevant construction

are Out(G)-equivariant.

2.4.22 If M € FM(G5) is a very flat monoid such that the Out(G)-action on G3¢ extends
over ApM compatible with map AM — Agpy(Gsc), then we have twisted forms 2 (resp. Ty,
resp. Cyp, etc.) of M (resp. Ty, resp. Cm, etc.) over X. More generally, if M is such that
Ay is stable under the monodromy determined by ¢ E; (but need not necessarily be stable
under Out(G)), then we also have the pointed twisted form 2V). We also have non-pointed
version by using appropriate étale coverings of X instead. The category of such monoids

is denoted by FM(G5¢), and FMy(G3¢) the full subcategory of monoids with 0.
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2.4.23 Incase G5 has anon-split factor whose type is a product of types Ay, for various

m, we want to show the following result extending Steinberg’s:

Theorem 2.4.24. LetX) € FM(GS®) for a quasi-split group G over X = Spec K of some field
K whose characteristic is larger than twice the Coxeter number of G. Then)(K) — Cyy(K)

is surjective.

Proof. Since 20 is the fiber product of 2y, with Env(G®®) over Zgpy(gsc), it suffices to prove
the result for 70 = Env(G®¢). The result of Steinberg is the same as setting 70 = GSC.
Moreover, it suffices to assume G5¢ consists solely of types A»;,. Our proof is a modified
version of Steinberg’s proof.

Indeed, we start with simple group G = SLp;,+1. We label the simple roots (and
fundamental weights, etc.) from one end of Dynkin diagram to the other end, so that the
middle two simple roots are oy, and &;;+1. Let & = o + on+1. One can verify that

the set

A ={0q, .., =1, &, Kyt 2y oev s X2y }

generates a root subsystem of type Ay, —1, and it induces a subgroup G’ C G isomorphic
to SLy,, which is stable under Out(G). This also identifies Out(G) with Out(G’) using the
pinning spl. The fundamental representations (p;, V;) of G are just i-th exterior products
of the standard representation of G, and simple linear algebra shows that the restriction
of (pi, Vi) to G" decomposes into two irreducible representations, one with highest weight
wj, and the other with highest weight which we shall denote by wlf € X(T). The weight
wlf is a weight in V;, and the difference w; — w{ is a linear combination of simple roots
of G with coefficients in N.

Consider map

e’ Am-l _, G cG
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X = (xli s Xm—1, X Xm 42y - ,XZm)
m—1

— Ux(xa)Sa | | (Ui(x1)5iU2m—it1(X2m—i+1)S2m—i+1),
i=1

where the representatives of reflections §; and Sx = Sym+1SmSm+1 are so chosen that
they are stable under Out(G). Steinberg shows that it is a closed embedding, and for
fixed 1 < i < 2m and a weight p in Vj, the trace of mryp;(€”' (x)) 1y is zero unless yu = w;
or u = w{, where 11, . V; — V; is the projection to the weight space of weight p, in which
cases the weight multiplicities are both 1. Furthermore, letting xg = x2;»+1 = 1, we have
Xi 1+Fm-—-—1m

Tr (1w, pi (€7 (X)) ;) = 1

Xx otherwise

y Xi—1 1<i<m
Tr(ﬂ'wl’,pi(€ (X))"w;) =

[ Xi+1 m+1=<i<2m

AZm

The abelianization Ay is isomorphic to with coordinates given by simple roots.

The subtorus Agj is identified with T4, The section 8y of abelianization map is induced

by the anti-diagonal map

Tad — T+

a— (a,a_l)

Now let € Ay X A2™M~1 . M be the product dpe”’. The image of p lies in T4, thus

preserves each weight spaces in V;, so mup;i(€” (a, x))my is still zero unless y = w; or
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w;, and

Xi i1+m-1m
Tr(Ttw, pi (€' (a, X)) Ttw;) = A
X« Otherwise

r 2m o
xi-1[]a” 1<ism
J=1

Tr (T pi (€7 (@, X)) 1) = -

2m
Cii .
Xit1 naj” m+1<i<2m
{ j=1

where c;; is such that w; — wlf = >.j ¢ij&;. Summarizing this part, we have that

r 2m o
. . L <i<m-—
X1+X1—1Haj 1<i<m-1
J=1
2m oo
xi+xi+1naj” m+2<i<2m
. i=1
Xi(€"(a,x)) = o
cii .
X+ xm—-1 || aj” i=m
J=1
2m o
X+ xm+2 || aj” i=m+1
L j=1
On the other hand, consider another map
€' APl Gy — G
m—1
(x,t) — Umum+1Ux (X)) Sx X(t) H (Ui (x1)$iUpm—iv1(Xom—i+1)S2m—i+1)»
i=1

where 1 # uy € Uy (K) and 1 # uyy+1 € Uy41(K) are two arbitrarily chosen elements.
Steinberg shows that this map is also a closed embedding. He also shows that if the

commutator [Upm +1, Um]is Ux (1), Trup; (€’ (x)) 11y has trace O unless y = w; or pu = wj,
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as well as

Xi iFm-—1m
Tr (Tt pi (€7 (%, ) TTw;) = | txu i=m
txoe+t i=m-+1
. Xi—-1 1<i<m
Tr(rrwl{pi(e (X,t))ﬂwl{) = 1
Xi+1 Mm+1<i<2m

Let €' = dme’”’, then we similarly have

Tr (Tt pi (€7 (A, X, 1)) TTw;) = { tx i=m

txo+t i=m+1

r 2m c:
xi-1][]a;” 1<ism
j=1

Tr (T pi (€7 (a, X, 1)) = |

2m
Cii .
xi+1 [ a;” m+l<i<2m
{ j=1

hence

2m
txi+xi_11_[a§-” l<i<m-1
j=1
2m N
txi+xi+1na§-” m+2<i<2m
j=1
2m N
txo + xm—1 | | aj” i=m
j=1
2m N
txa+t+xma2 || a;” i=m+1
j=1

~I7/

Xi(€7 (a,x,t)) =4

~I7’

Let € be the disjoint union of €’ and €’’’ then it is not hard to see that €’ is a
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bijection on points valued in K-fields between Ay X (A2~ 1 U (A2M~1 % Gpp)) and Cy.
Moreover, since [Um, Um+1] € Ux, Um+1UmUx is stable under Out(G). This means

rrr

that the image of € ' is stable under Out(G). Thus there is an induced action of Out(G)
on Apm X (A2~ Ly (AZM=1 % Gy)) making xm 0 € an Out(G)-equivariant map. Therefore
¢’ also induces bijection on K-rational points after any Out(G)-twisting.

If G is a product of groups SLy;;,+1 for various m (allowing repetitions), then we
simply take the direct product of € of each simple factor in such way that if m; = mo,

then um, = um, and U, +1 = Um,+1. In this way the image of €’ will be stable under

Out(G). Hence we are done. [ |

2.5 Endoscopic Groups and Endoscopic Monoids

What follows until when we start considering monoids is extracted from [Ng610, 1.8-1.9]
and we omit the proofs. Given the pinning spl = (T, B, x4 ), there is a pinning (T,B, %)
on the dual group G. Let k € T, and H be the connected centralizer of k in G. Then H
has a maximal torus T and a Borel subgroup By = H N B. Taking the dual root datum of
H determined by (T, Byp), one obtains a split k-group H. Note that Out(G) = Out(G) and

similarly for H and H.
2.5.1 The centralizer (G X Out(G))x of k in G X Out(G) fits into a short exact sequence
1 — H— (GXO0ut(G))x — mo(k) — 1,

where 11 (k) is the component group of (G X Out(G))x. Because Out(G) is discrete, the

projection G X Out(G) — Out(G) induces a canonical map

oG (K) . mo(Kk) — Out(G).
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The action of (G X Out(G)), on its normal subgroup H gives a homomorphism into

Aut(H), which further maps into Out(H). Hence we have another canonical map

oy (k). 1mo(K) — Out(H).

Definition 2.5.2. Let G be a reductive group on X given by a Out(G)-torsor 3. An endo-
scopic datum (k, %) of G is a pair where k € T, and 9 is a 1o (k)-torsor such that the
Out(G)-torsor induced by it through og (k) is isomorphic to 3;. The endoscopic group
H associated with (k, 3x) is the twisted form of H induced by Out(H)-torsor 3, itself

induced by ¢, through og (k).
2.5.3 There is also a pointed variant using representations of 7 (X, x) after fixing a
geometric point x € X.

Definition 2.5.4. A pointed endoscopic datum of (G, x¢) is a pair (k, 9%), where k € T
and 9y is a continuous homomorphism 1 (X, x) — 119 (k) lying over 9&. The pointed

endoscopic group (H, xp) is the pointed twisted form induced by 93 through oy (k).

Through og(k) and oy (k) respectively, we can define actions of W X 1rg(k) and
Wy X 119 (k) on T. The following lemma is crucial to settling the compatibility questions

regarding these two constructions.

Lemma 2.5.5 ([Ng610, Lemme 1.9.1]). There is a canonical homomorphism

Wh X 119(K) — W X 110(K)

whose restriction to Wy is the inclusion Wy C W, and induces identity on quotient group
o (K). Moreover, such homomorphism is compatible with the actions of the two groups

onT.
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Remark 2.5.6. Note that on contrary the 1g(k)-actions on T induced respectively by

0G (k) and oy (k) are not compatible in general.

2.5.7 Let M € FM(GS®) be a very flat monoid with maximal toric variety Tym. Then the
root datum of H induces a group Hy with maximal torus Ty and Hy; = H%¢. According

to Theorem 2.3.3 (also see Remark 2.3.4), the diagram
TM O Tm C HMm

defines up to isomorphism a unique monoid M'H with unit group Hy. However, M’H is
usually not very flat, and H}%{er is not necessarily simply-connected. Therefore we need
to find a very flat monoid in FM(HS¢) that remedies this problem. We shall see much
later that it has to do with the fact that an irreducible representation of G is no longer
irreducible when restricted to H but decomposes into a direct sum of irreducible ones.

The correct monoid for H is exactly guided by this decomposition.

2.5.8 Suppose Ay is isomorphic to an affine space whose cone is freely generated by
cocharacters 01, ..., ;. In general, we may pick a minimal set of generators (necessarily
unique since the cone is strictly convex). We have morphism AM — Agpy(gsc) so for
simplicity we may also treat 0; as elements in X(T24) . The elements in the cone of ™

are then of the form
(Clels ;Cmemyll)

where c; € N, u < —wo(Z;-"il c;0;) is a weight in the irreducible representation of G5¢
with highest weight —wq (™, ¢;6;) € X(T9).

Let H' be the preimage of H in G¢. Suppose the highest weight representation V_w0(0;)
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of G5¢ and weight —wq(0;) decomposes as
e
V_WO(Qi) = @ V—wH,O(Aij)
j=1

into irreducible H -representations with highest weights —wy,0(Ajj) € X(Tad), where
wh,o 1s the longest element of Wy corresponding to By. Note that Wy acts on X(T24)
through inclusion Wy C W. Let My € FM,(H3®) be monoid whose abelianization is
the affine space with cone freely generated by A;;. The cone of the maximal toric variety

TM,H consists of elements of the following form:
(aijAij, 1)

where pu <y —wy,0(X;,jaijAij) is a weight in the irreducible representation of HSC of
highest weight —wy (2, j aijAij ).

We now construct a Wg-equivariant homomorphism
va: Tmu — Twm,

and as a consequence we will obtain by Remark 2.3.4 a homomorphism of monoids Mg —

M'H. Indeed, the weight (a;;A;j, 4) can be uniquely written as

(aiinj,—wH,Q(Zaiinj) — Z ho(O().

i,j XEAH

We send this element to

el em
( ayjo1,..., Z aijm,—wH,()(Zaiinj) — Z h(xO().
Jj=1 Jj=1 i,j XEAH

One may check that it is indeed a Wy-equivariant homomorphism. Since for each i the
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weight spaces in V' ) (1 < j < ej) account for all weight spaces in V_,,(g,), we

wH,0(Ajj

see that Ty g — Tm is surjective with connected fibers.
2.5.9 We have Wy-homomorphisms
TMa — Ty — T2 — Ty
It implies that the diagonalizable group (but not necessarily a torus)
Z§; = vy (Zm)
is contained in the center of My. As a result, the map
| Tvu/Z | — [Tm/Zm]

is generically an isomorphism. In fact, we can improve it to the following statement:

Lemma 2.5.10. Let O = k[[1r]] and F = k((11)). Then the map
TMu(0) N Ty a(F) — TM(O) N Tm(F)

is surjective. Moreover, suppose t € TmH/ Zl‘f,[(F ) extends to a point ty € [TM/ ZM] (0),
then there exists at least one and finitely many ways to extend t to a point in [TM,H/ Zf,[] (O9)

lying over tg.

Proof. The first claim follows from the fact that the cone of Ty g maps surjectively onto
the cone of Ty (because for any fixed 1 < i < m, the weight spaces in VI_WH,O(Aij)
(1 < j < ¢;) account for all weight spaces in V_y,(g;))-

For the second claim, since O has algebraically closed residue field, Zp-torsors over

O are trivial, so wer can lift to to a point tb € Tm(O) N Ty (F). Using the first claim just
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proved, let f be the lift of ¢, in Ty,u (@) N Ty,H(F), then its image in [TM,H/ZKA] (0) is
the desired extension of .

Since Zyj-torsors over O are also trivial, the isomorphism class of any lift of te is
uniquely determined by the lifting of cocharacter (¢;0;, u) to (ajjAij, u’). For a fixed t’,
¢; and p are fixed, so the set of possible a;; is a finite set, and p’ is uniquely determined

by u. This proves finiteness of possible liftings. |

2.5.11 As another comment, let a;; = #(Wy - (—wn,0(A;j))) > 0 and ¢; = Zs-izl aij,

then we have
0 <u —wn,o(> aijAij) € X(TAY),
ij
Thus the projection of Zy; to each Al corresponding to A;; is dominant. This shows that
the subgroup Zy; is still quite big compared to Zm H.

Lemma 2.5.12. The map vy induces maps of abelianizations of My, Mh and M:
AMH — AI,V[,H — AM.

The preimage of invertible locus Agy in Am,H is precisely Ay .

Proof. The first map is induced by the universal property of taking invariant-theoretic
HS¢ X H¢-quotient. The second one can be seen as follows: the ring of regular functions
k[Af\a,H] is generated by characters in k[ Ty ] perpendicular to coroots in H, while k[ Apm]
is one generated by characters perpendicular to coroots in G, and oy C .

The composition map AMm,u > AM can be described at cocharacter level by
e
(aijAij) — (Z aijgi) :
Jj=1

So it is readily seen that the preimage of Ay is Agy - N
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2.5.13 Suppose 11(K) acts on Apm compatibly with its action on Agpy(gsc) induced by
oG. Then by uniqueness of minimal set of generators, it has to permute the basis 0;.
Thus W X 11 (k) acts on Ty by combining the actions of W and 17y (k). We also have an

action of Wy X 1 (k) on Ty induced by the canonical map in Lemma 2.5.5.

Lemma 2.5.14. There is a canonical action of W X 119(K) on TM,H making vg a Wg X

10 (K) -equivariant map.

Proof. To avoid confusion, we write W X 1o (k) as W X 110 (k) and Wy X 119 (K) as Wy XH
1o (k). It suffices to prove compatibility on subgroup 1 Xy 1o (k). Let 0 € 1 Xy 1o (K)
be an element.

The action of o on T through W X mg(k) is compatible with its natural action on
Tysc through Wy X Out(H). In particular, wy o is fixed by o. We claim that the action
of o on X(Tad) through W Xg 1o (k) preserves subset {A;;}. Indeed, we already know
it maps each weight space in the direct sum of V_y, (p,) into another weight space, as
well as each irreducible H’-representation (viewed as a HSC-representation) therein into
another one. We also know that since 1 Xy 1o (k) stabilizes the set of simple coroots in H,
it must map a H'-highest weight to another one. Therefore the set of H -highest weights
Aij is preserved by o hence 1 Xy 110 (K).

This way we obtain an action of 1 Xy (k) on the abelianization Ay g that is com-
patible with its natural action on Agpy(gsc). It is also compatible with the induced action
of 1 Xig mo(k) on Apm: indeed, since W acts trivially on the abelianization, the action of
Wu X 1109(k) factors through the quotient group 1g(k), but the map Wy Xy mo(k) —
W X 1o (k) induces identity on the quotient group 11 (k). Then the result follows from

the definition of map vy. |

Combining Lemma 2.5.14 with the action of Out(H) on Env(H5¢), we obtains a canon-

ical action of 1 Xy 119(k) on My. If we are given a 1o (k)-torsor 3, on X, we have an
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1 Xy 19 (K)-equivariant map of induced twisted forms
MWy — Env(H5°),
where the right-hand side is induced by oyg. However, there is no action of Out(H) on

TM,H or Mp.

Definition 2.5.15. The monoid Wy is called the endoscopic monoid associated with monoid

2 and endoscopic group H.

The group 11(K) acts canonically on Zl’f,[ and Zm,y because Wy and W always act
trivially on central tori, and the map in Lemma 2.5.5 induces identity on quotient group

(k). The map Zy; — Zy is 1o (k)-equivariant.
2.5.16 We have a commutative diagram of invariant quotients

TM,H /WH —— My /Ad(H)

l l

TM/W «——— Tm/Wg —— My /Ad(H)

Thus we have a canonical map
VH: CMH = M /Ad(H) — CMm. (2.5.1)

Since the preimage of Ajj in Am,u is Ay i, we have vy (C) = Cgj - We also have the
big-cell locus Cy, and Cﬁf{ its preimage. We necessarily have Clc\;,[‘f{ C Cyy from the

definition. For convenience, we let C{V[ g be the quotient TMm / WH.

Lemma 2.5.17. The restriction of maps

[Cvu/Zf; | — [Chn/Zit] — [Cm/Zml.
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to [Cf\f{'rs/ ZM] are étale, and the first one is even an isomorphism over this subset. More-
over, let © = k[[1t]] and F = k((11)), and suppose ag € [C1>\</[,H/Zf\</[] (F) extends to a point
a € [Cm/Zm](O), then there exists at least one and finitely many ways to extend ayg to a

point in [CM,H/ZK,[] (0) lying over a.

Proof. The first claim is clear from definition; the second is proved using Lemma 2.5.10.
Indeed, since Ty g — Cm g is finite, we may lift ay to a point ty € [TM / ZM] (F;) for some
finite tamely ramified extension Fj of F, and there are only finitely many non-isomorphic
ways to do so if we require that Fj is chosen to be as small as possible.

Since TM — Cpw is also finite, the image of ty in [TM / ZM] extends to a unique O;-
point t lying over a by valuative criteria for properness, where (92 is a finite extension of
;. By our assumption on char(k) relative to G, any Zp-torsor over Fj is trivializable over
a tamely ramified extension, so (92 can be chosen to be tamely ramified over @}, hence
over O. Thus we may replace @; with (‘)2 and then tyg extends to a point in [TM/ZM] (Op).

Lemma 2.5.10 shows that there is at least one and at most finitely many ways to extend
tg to an O;-point in [TM,H/ZK,[]. The image of such extension in [CM,H/Z{\‘,[] is an Oy-
point over a extending ay. Butitis also an F-point, thus it must be an @-point. Moreover,
any extension of ay to an @-point can be obtained in this way: indeed, any such @-point
lifts to some O;-point in [TM,H/ Zl’f,[] (using the fact that Zl’f,[-torsors over @ are trivial and
valuative criteria for finite map of varieties Ty g — Cm,H)-

Therefore, the set of extensions of ayg to @-points is necessarily finite because each
step above yields finitely many possibilities and every possible such extension of ay can

be obtained in this way. |

2.5.18 Let Cﬁrﬁ'“ be the preimage of Cyj under vyg. Recall the defining equations of

discriminant divisors:

Discy = PO TT (1 —eO))
xed

57



Discy,+ = ¢(2pH,0) n (1— e(O,(x))
xedy

and note that &gy C ® and ¢y + C ®4+. Over the invertible locus, Disc+ /Discy,+ is a
regular function, hence vyg(Dgjy) C Djj- Since Dgj g is dense in Dy p, we see that

vH (Dm,u) C DM and as a result
G-rs TS
We claim that the formula

(Tg)Z = (2p—2pn,0) l_[ (1 — e(0:0)
xXeEdP—dy
defines a Wy-invariant function on TM,H. Indeed, we only need to show for any 1-
parameter homomorphism Gm — Ty, such that it extends to a homomorphism of
monoids Al - TM,H, the rational function (1/1?)2 restricts to a function on Al, or equiv-
alently, it has non-negative valuation as a function on G, which is implied by the fact
that vg(Dm,ip) C DM. As a consequence, we have a principal divisor ZRg on Cm,y such

that
VﬁkDM =DMHu + 2RI§I'

Moreover, over the invertible locus, 2Rg, as a divisor, is clearly twice of some reduced
divisor D. Since Cym g is an affine space, hence in particular integral and factorial, the
closure of D in Cpm g with the reduced subscheme structure is a principal divisor D, and

we have 2D = ZRﬁ. Therefore we define divisor Rﬁ as D.

2.5.19 We have regular centralizer Jm g of the adjoint H-action on My as well as the

group scheme JI{,[ g on Cm g using Galois description of regular centralizer. Similar to
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Lie algebra case, we have the following results.

Lemma 2.5.20. There is a canonical commutative diagram over Cm H

vitIM — Imu

l l

%11 1
viplM — Jmnu

such that all arrows are isomorphisms over Cgllﬁ’

Proof. We have canonical homomorphism by adjunction
visims T — T VET
H 'TM* MH%xVH -

Taking invariant under either W or Wy, we have

vithu = Vit (s DY — v (e DY — (om a7 T = Jy .

This map is clearly an isomorphism over the G-regular semisimple locus (which is con-
tained in H-regular semisimple locus). Using the identification of Jy with JI'VI, we see that
if the condition defining Jy, is satisfied, then the analogous condition for Jy g is also

satisfied since &g C ®. Therefore the map vf_IkJM - JI{,LH factors through Jm u and we

are done. [ |

2.5.21 To establish the transfer between regular semisimple orbit of G and G-regular

semisimple orbit in H, we need to construct a canonical map

VH . (tm,H — Cy.

Through og, we have twisted form Ty, of Ty, and the canonical action of 1 Xy 170 (K)

induces twisted form Ty g of Tm,u. However, Vg is not mmy(k)-equivariant since the
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image of 1 Xy 11y (k) is not 1 X 11 (K ), therefore there is no natural map between Ty and
Thn,1- Nevertheless, we still have the canonical map vy because the action of Wy X 11 (k)
on Cym g factors through quotient 1o (k) and same is true for W X 1 (k) acting on Cpym.

Similarly, we have relation between twisted discriminant divisors
V;_kIIDm =Dy g + Z%g,

where ‘Rg is a reduced principal divisor on Cyy y. The natural map between abelianiza-

tions also have natural twisted form
vy 2y — .

For the same reason, the central diagonalizable group Zy; has twisted form Zy’% and it

maps naturally to 2% g and surjectively onto Zyy.

2.5.22 Finally, we want to establish a canonical map vy : Jyn — 5, g as follows: regard-

ing 3« as a finite étale map 3« . Xx — X, we have a finite flat map
Tk . XKXX'CmEXKXTMﬁCm

such that over any geometric point v € X it is generically a W X 11 (k)-torsor. Then we

may alternatively describe 3%0 as the fixed-point scheme
Jyly) = Tk (X X Ty X T)WXT0 (),

and Jy can be identified with the subfunctor whose S-points for a Cyp-scheme S consists

of maps

fi8Xey Xk XxTy) — T
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such that for any geometric point x € S Xy (X X TMm), if sa(x) = x for a root «, then

«(f(x)) + —1. We also have
371Y) = Tk (X X TMH X T) WaXo (k)

and a similar description for Jyy g using roots « € ¢y. Using commutative diagram

= idxv -
X X TMH — Xk X Tm

| l

CGo Gy

and the same argument in Lemma 2.5.20, we have:

Lemma 2.5.23. There is a canonical commutative diagram over Cyy H

Vitho — I

| l

%71 1
Vs — Shon

such that all arrows are isomorphisms over CZGY)?I

2.5.24 Finally, we have induced maps of quotient stacks

[Cxo,1/ Zyy ] — [Cypy 1/ Za0] — [Exn/ Zan ],

where the first map is generically an isomorphism over the invertible locus. The discrim-
inant divisor, the regular centralizer, etc. all descend to this quotient. However, even if

one has a Steinberg quasi-section over Cyy g, it may not descend to [Cy g /Zﬁ)].

2.5.25 Let S C T be a subtorus, then the centralizer L of S in G is a Levi-type subgroup

containing maximal torus T. Using the pinning spl, its dual L can be identified with a Levi-
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type subgroup in G. Choosing a sufficiently general element y in the center of L, we can
realize L as the centralizer of y in G. Therefore similar to endoscopic group H, we have
for any monoid M € FM(G5¢) a canonical associated monoid My, € FM(L5¢) using the
same construction. We also have the non-flat monoid My, and canonical homomorphism

of reductive monoids
ML — Mj — M,

where the second arrow is induced by inclusion L. C G (which is not necessarily present
in endoscopic groups). Let Cm 1. (resp. Cfv[,L) be the GIT quotient of My, (resp. Mi) by L,

and let ZIM be the preimage of Zy in My, then we have canonical maps
[cme/zh| — [Chpr/Zm] — [CM/Zm],

where the second map is finite and the first map is generically an isomorphism, and
Lemma 2.5.17 holds (after replacing H by L and ZK,[ by Z]M).

Let L be the centralizer of S in G X Out(G), then its neutral component is L, and its
quotient group of connected component 11 (L) is a subgroup of Out(G). Similarly we may
replace Out(G) by a subgroup © therein, so that my(L) C ©. Suppose G is a quasi-split
form over X induced by a ©-torsor 9 . Xg — X, and 20 is a very flat monoid in FM(G5°).
The GIT quotient 0/Ad(G) may be identified with the invariant quotient of Ty X x Xg by
W X ©. Suppose that ¢ is induced by a 11 (L)-torsor, then we have induced maps similar

to endoscopic case

[GN,L/ZILDJ — [%,L/ZN] — [/ Z].
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2.6 Fundamental Lemma for Spherical Hecke Algebras

Now we give the statement of fundamental lemmas for spherical Hecke algebras. Most co-
homological statements used for describing k-orbital integrals are extracted from [Ng610,
§§ 1.5-1.7] for reader’s convenience and are kept brief. Readers should refer to loc. cit.

for proofs or references.

2.6.1 Let Fy, = k((11y)) be the field of Laurent series over k and @y = k[[17y]] its ring of
integers. Let G be a quasi-split twist of G, and y € G(Fy) be a semisimple element. Since
the derived subgroup of G is not necessarily simply-connected, the centralizer I of y
in G may not be a torus even if y is regular semisimple (regular means that I, achieves
minimal dimension). For example, the diagonal matrix with entries 1 and —1 in PGL> is
one such element. However, the collection of those y whose centralizer is a torus is still
dense in G and those elements are usually referred to as strongly regular semisimple. So
we will assume y is strongly regular semisimple.

We still have natural map T/W — G/ G, and the cameral cover T — T/W is a W-torsor
over any strongly regular semisimple element. Conversely, any point in T at which the
map T — T /W is étale is clearly strongly regular semisimple. Therefore the strongly
regular semisimple locus is open in G, and its image in G/ G is also open. In addition, the
map T /W — G/ G is an isomorphism on strongly regular semisimple locus. We denote
the resulting variety by €2°, and let a € C}*®(Fy) be the image of y.

If y' € G(Fy) is another F,-point over a, then there exists some g € G(Fy) such that
y' = gyg~!. Therefore for any o € I, = Gal(Fy/Fy), we have go(g) ! € I (Fy), hence

a cohomology class
inv(y,y’) € H' (Fy,Iy),

which depends only on the G(Fy)-conjugacy class of y’ but not on g. Its image in
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H!(Fy, G) is trivial, and in this way we have a bijection between the kernel of the map
H! (Fy,Iy) — H'(F,G),
and the set of F-conjugacy classes inside the Fy-conjugacy class of y.

2.6.2 The quasi-split twist G over F, corresponds to a Out(G)-torsor over Fy, which
can be identified with a Galois representation 92; . Ty = Out(G) after fixing a separable

closure Fy of F,. By Tate-Nakayama duality, we have
H! (Fy, G)* = mo((Z) %6 W),

where the left-hand side is the Pontryagin dual of H! (Fy, G).
Choose a geometric point x; € T(F}) over a, then it corresponds to a lifting of 9& to

a homomorphism
14 . [y — W X Out(G).

Although G is not an object in FM(G5¢), the regular centralizer J; can still be defined
for strongly regular semisimple elements and its Galois description still hold using the

same proof because T*'® — €® is étale. Thus we have isomorphisms over Fy
Iy =34 = Spec F§ AlvTa T,

Using Tate-Nakayama duality again, we have
H (Fy, Ja)* = o (T4 1)),

Note that here the isomorphism depends on the choice of x4. The inclusion ¢;: T — G

64



is Iy-equivariant up to conjugacy in the following sense: for any t € T and any o € Iy,
we always have that 9&(0)(1(t)) and (113 (o) (t)) are G-conjugate. Therefore we have

an induced map
mo((2g) %6 1V)) — mo (T 1V)),
whose Pontryagin dual is the map HL(F,, Iy) — HY(Fy, G).

2.6.3 We fix a Haar measure dgy on G(Fy) such that G(@y) has volume 1, as well as a
non-zero Haar measure dty on J, (Fy). Using isomorphism Iy =~ j; for y € G(Fy) lying
over a, we have an induced Haar measure on Iy (Fy).

With the above choices, and any locally constant and compactly supported function
f on G(Fy), we may define orbital integral

d
\dgv

0y (f,dty) =J T

( -1
Iy<Fv>\G<Fv>fg” ygv

Definition 2.6.4. Let k € T™Iv)_ Then we define the x-orbital integral of a as the sum

O (f,dty) = D (inv(y, y"), k) Oy (f,dty),
y/

where y’ ranges over all G(Fy)-conjugacy classes over a, and y is a fixed choice. When

k = 1, we denote Of by SOy, called the stable orbital integral.

Note that k-orbital integral is sensitive to the choice of base point y if k # 1, while

the stable orbital integral is not. Both also depend on a choice of the geometric point x.
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2.6.5 Let (k,3k) be an endoscopic datum of G and H is the endoscopic group. The

canonical homomorphism in Lemma 2.5.5 induces map
3 X TS YWl X 119 (K) — G5 X TSIS /W X 110(K),

where the right-hand side is exactly €*°, and we denote left-hand side by Cgsrs, called
the strongly G-regular semisimple locus. It is easy to see that it is an open subset of
C3°. Note that since we only consider the strongly regular semisimple locus, both GIT
quotients can be identified with the stack quotient as the actions are free. We say a

&-STS(Fy) match each other if a is the image of

conjugacy class a € €3 (Fy) and ayg € €
ap. In this case, we have a canonical isomorphism Jg =~ g ay-

Since k-orbital integrals depend on the choice of geometric points x4 and xg,, we
shall choose the same point in T for both. It also depends on the choice of base point y
over a (we do not need to worry about ag, for which we will only consider stable orbital
integrals), which we shall choose as follows in the special case when a Steinberg quasi-
section exists for G5¢: let G be a fixed z-extension of G, then G; € FM(G3¢). Since
a Steinberg quasi-section exists for G5¢, it also exists for G; and we fix one once and
for all if there are multiple. The map G (Fy) — G(Fy) is surjective because Gj is a z-
extension, so y € G(Fy) is chosen to be the image of any element in G (Fy) lying over
a that is contained in the image of the Steinberg quasi-section. Clearly, such choice is

well-defined and does not depend on the choice of z-extension itself.

2.6.6 Now we make a digression and discuss the IC-functions. For split group G, we may
consider its affine Grassmannian defined as Grg = LG/ L*G (see § 4.1 for details), whose

k-points is the quotient set G(Fy)/G(Oy). It is an ind-projective ind-scheme over k. The

66



arc group LT G acts naturally on Grg, and its orbits are given by the Cartan decomposition

G(Fy) = | [ G(Ou)TG(0u),
[A]
where [A] ranges over the W-orbits in X(T), and we represent each W-orbit [A] by the
unique B-dominant coweight within, denoted by A. The orbits, denoted by Gré for each
A, form a stratification of Grg such that Gr’é is contained in the closure of Gré if and
only if A — u is an N-combination of simple coroots (denoted by u < A). Let Gré)‘ be such
closure.

We may consider the standard intersection complex ICA with Q p-coefficients (¢ is co-
prime to p) on each G réA. By geometric Satake isomorphism, these complexes are exactly
the simple objects in the category of L™ G-equivariant constructible perverse sheaves on
Grg, and the latter is equivalent to the Tannakian category of finite dimensional represen-
tations of G. Under such equivalence, 1cA corresponds to the irreducible representation
of G of highest weight A.

On the other hand, by Grothendieck’s sheaf-function dictionary, each IC? induces a
function fA on the set of k-points of Grg, hence also a G(@y)-bi-invariant function on
G(Fy), still denoted by f)‘. By induction, we can easily see that the collection of f A form

a different basis of the spherical algebra other than the characteristic functions on each

G((Dv)Trf,\G((OU). In other words, we have
Heo=P Q- f,
A

where g o denotes the spherical Hecke algebra of G, ie., G(Oy)-bi-invariant locally
constant and compactly supported functions on G(Fy).

Note that each function f A makes sense as a function on Gad(Fv) as well because the
natural map G — G2 maps each double coset G(0y)TTAG(Oy) to Gad(Ov)ﬂsadGad(Ov)

(Aaq is the image of A in X(T24)), and f? is constant on those double cosets.
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2.6.7 When G is a quasi-split twist of G over Oy, the action of I, on X(T') factors through
Gal(k/k). Let oy € Gal(k/k) be the geometric Frobenius element and also choose a
lifting to Iy. In this case, 1cA may not be defined on Grg over k, but the direct sum
®ueGal(E/k)-A ICH descends to Grg over k, hence it induces a function on G (Fy), which

we will denote by

>
pueGal(k/k)-A
These functions generate H G,0 over Q 0
Now given a Fy-rational dominant cocharacter A of G, let V) be the corresponding
G—representation. It extends to a representation of G X T, whose restriction to H decom-
poses into a bunch of irreducible ones, denoted by V)'\H’l_ (1 <1i < eforsomee). Let [Ag ;]
be the Wy-orbit of Ap ;, then the Galois group I'y acts on the set of all [Ag ;]. Therefore

the function

makes sense as an element of Hp . Note that any function above makes sense as a

function on Gad(Fv) (resp. Had(Fv)) for the same reason as in the split case.

2.6.8 Now we are ready to state the fundamental lemma.
Conjecture 2.6.9. We have equality
e
04 (fA,dty) = A(yw,y) SOay (Z f[?{H’i,dtv) :
i=1
where A(yy,y) is a number (transfer factor) depending only on the F, -conjugacy classes
of y and yy.

Remark 2.6.10. (1) Conjecture 2.6.9 is not an actual conjecture by itself since it has
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been proved by a combination of a series of reduction works most notably by Wald-
spurger (especially [Wal97,Wal08]) and Kottwitz ([Kot99]), and the proof in Lie al-

gebra case by Ngo ([Ngo610]).

(2) However, it has not been proved directly at group level, so it remains a conjecture

for the purpose of this paper.

(3) The transfer factor is defined by Langlands and Shelstad in [LS87] and is extremely
complicated, so we do not attempt to give the definition here.

We are able to prove the above conjecture in the following special case, except that we

have not checked that the “transfer factor” obtained in this article is the same as the one

defined by [LS87].

Theorem 2.6.11. Suppose G = G and (k, 9y) is elliptic, then we have
e Ao
a~ W2 0L (f, dty) = g @280, (Z fHH",dtv) ,
i=1

where d and dg are the Fy-valuations of the (non-extended) discriminant functions (see

§ 2.2) of G and H respectively.

The theorem will be proved in § 10.5 using multiplicative Hitchin fibrations (mH-
fibrations), where we will also note what remains to be done in order to extend the result

to arbitrary groups.

2.6.12 It will be convenient to make some preliminary reductions so that our statement
of fundamental lemma plays better with reductive monoids. First of all, observing the
definition of Oy, we see that there is no need to treat the group G doing the action and
the G-space G as the same object. Indeed, let y,q be the image of y in G3(F,) and fad
be a function on G24(Fy), then we can define 0y,4,G as follows:
ydav.

dt

0y ¢ (fag, dt >=j
Yaa:G (fads dlv Iy (Fy)\G(Fy
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The important thing to note is that gy still ranges over G(Fy), not G2 (F,). Since Grg —
Grgaa induces homeomorphism on each geometric connected component of Grg, pull-
back of IC-functions on G2 (Fy,) will be a (potentially infinite) sum of IC-functions on
Gr¢ with disjoint supports, by function-sheaf dictionary (and that G-torsors over 9y are
necessarily trivial since k is finite and G is connected).

Let F; = Fy®yk and Oy its ring of integers. Then G is split over ©3. We shall see
later (c.f. Proposition 4.1.7) that for a given Cartan double coset Gad(O )TT Aad Gad(O ) in
G (F 7) that has non-trivial intersection with Adg (yaq) , there is a unique A in the preim-
age of Azq such that G(O@)n)‘G(O@) and Adg (y) has non-trivial intersection. Moreover,

if yaq is the image of y and A,q is Fy-rational, then so is A. This shows that
Aad _ A
Oyad,G(f ydty) = Oy(f ,dty),
and similarly for any sum of IC-functions in a Galois orbit.

2.6.13 The modified k-orbital will be defined as

O?L,ad(fad’ dtv) = Z(an(y, Y,), K) Oyad,G(fad, dtv),
y/

so we may reduce the fundamental lemma to the following equality:

Ami,
0% 2a(fad®,dtv) = A(yr,¥) SOay ad (Z ad ad’dtv) '
i=1

IfGy — Gad s any central extension, and if there exists some y; € G1(Fy) lying over y,q,
then we may replace y,q by y1 and fé\é‘d by its pullback to G1(Fy), and obtain a similar
equality.

As a special case, if G; = WM for some reductive monoid ) € FM(GSC), it makes

sense to talk about orbital integrals of invertible Fy-points of ) whose image in Gad g
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Yad- In fact, we do not have to only consider those elements lying over y,q, because the
definition makes sense for any elements in 07 (Fy).
Finally, to simplify notations, since we only care about the evaluation of orbital inte-

grals at IC-functions, not as distributions on the group, we will freely switch between O,

and Oy, ¢ and so on.
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CHAPTER 3

MULTIPLICATIVE VALUATION STRATA

In this section we study the valuation strata in the multiplicative setting analogous to
those in [GKMO09] in the Lie algebra setting. The main result of this section is a codimen-
sion formula for the valuation strata, which will later become a key ingredient for the

application of support theorem to multiplicative Hitchin fibrations.

3.1 Arc Spaces of Tori and Congruent Subgroups

3.1.1 Let F = k((1r)) and © = k[[7r]] be the rings of Laurent series and power series
over k respectively. Let valr be the normalized valuation on F such that valg (1) = 1. Let
Fs be the maximal tamely ramified extension of F inside a fixed algebraic closure F. For

each | > 1 not divisible by p, we choose i/l

€ Foo and a primitive root of unity ; in such
a compatible way that (rrl/(m)ym — 1/l ang Cin, = C;. This way one obtains a unique
element Teo € Gal(Feo/F) such that Teo (1711 = Clrrl/l. Clearly T is a topological

generator of Gal(Fw /F). Let F| = Flml/!] and T be the image of T in Gal(F;/F).

3.1.2 For m € N, we let T, = k[m]/ (1t 1) be the ring of m-jets over k. For a scheme
X over F, let LX be the loop space of X. In other words, for any k-algebra R, LX(R) =
X(R ® F). If X is defined over O, let L;;, X be the m-jet space of X so that L X(R) =
X(R ®f Jm), and LTX = l(iLnI]_%X be the arc space of X. If X is a k-scheme, we let

LX = LXF, LinX = LihXe, and LT X = LT Xp.
3.1.3 Let T be a torus over k and f its Lie algebra. Let Ty, be the congruent subgroup

Tn =ker (LYT - L T).
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Since we are primarily interested in the topological properties, we use T}, for both this
group scheme and its k-points.

We have canonical isomorphisms

T(O) =~ T(k) X Ty,

Tn/Tp+1 = ker [T(Jn+1) = T(In)],
hence
Tn/Tp+1 = | € Homp_y, (RIT], 1) | $(A) = 1 mod "1, VA € X(T) .

Therefore for any ¢ € Ty /Typ+1 and A € X(T), $p(A) = 1 + a()\)n"+2, where a €
Homyz (X(T), k) =~ . Thus Tn/Tn+1 = h for all n > 0, such that for any A € X(T), A(t) —

1 =dA@®) " mod "2 for all t € Ty, and its image ¢ € f under this isomorphism.

3.1.4 Letl € Z4 be coprime to p, and suppose A is a cyclic group of order [ acting on
L™ T compatible with filtrations Ty, and canonical map T — L' T. Note then Ty /Ty +1 = h
is a k-linear representation of A. The following lemma is necessary when we later consider

some twisted forms of T(O).

Lemma 3.1.5. The induced maps on fixed points T,ﬁ‘ - (Tn/TnH)A and T(0)A - T (k)4

are surjective.

Proof. The claim about T(O©) — T (k) is trivial as the projection splits. View Ty, /Ty 41 as
k-vector space fj. Let 0 € Abe a generator. Since [ is invertible in k, we know the k-linear

map

Tn/Tn+1 — (Tn/Tn+1)?

x— Nmg(x) =x+o0(x)+ -+ al_l(x)
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is surjective. Lift x to Ty, denoted by t, then Nmy (t) = to (t) --- ol-1 (t) is A-invariant

and maps to Nmg (x). |

3.2 Root Valuation Functions and Filtrations

3.2.1 Lett € T(Fx), and A € X(T). Define
re(A) =valg(1 — A(t)).

Thenift € T(Ow), ¥t (A + u) = min{r¢(A), v+ (u)} and reaches equality if 7 (A) + v (u).
Note that 7+ can take oo as value.

1/1

Using the fixed system of uniformizers w*/*, we can decompose T (Fx) as

T(Foo) = T(O0) X X(T)z,,, = T(O) X X(T)q.

Then one can uniquely write t € T(Fw) as a product ton/\/l for some tg € T(Ow),

A € X(T), and positive integer I coprime to p.

3.2.2 Now suppose G is a connected reductive group over k and T is a maximal torus
of G. Lett € T(Fw), then 7 induces a function on ® by restriction, still denoted by
1t, called the root valuation function induced by t. We can also define the discriminant

valuation of t by

At) = > r(x) € QU {0},

xed

which is finite if and only if t is regular semisimple. Note that d(t) is none other than
the F-valuation of the discriminant Disc(t) introduced in § 2.2.
Write t = t07TA/ L then the rational cocharacter Agq/l € X(Tad)Q can be recovered

from 7 as follows. Observe that 7 (x) = 7 (— ) if and only if (x,A) = 0, and otherwise
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{ri (), ri (=)} = {0, s} for some s < 0. Define a new function

1t () re(x) <0,

1 (@) =40 (o) = 1 (—00),

¥—1ft(—o<) ri(—x) <O0.

Then 7, extends to a homomorphism X(T),q,9 — Q. Since any set of simple roots form a
basis of X(T'),4,@, this extension to a homomorphism is unique. Thus A,q/1 is recovered
from r;. As aresult, let A be the image of A in X(G/GY¢T), then the pairs (¢,A/l) and
(re,A/D) carry the same amount of information about t.

For later convenience, we also define a modified form rt* of r+ by
r{ (o) = min{r (), v (—c0)}.

Note that one can recover 7 from 7" and 7; . In fact, we can define ¥~ and »* for any
function » on & such that either 0 < 7(x) = r(—«) < o or {r(«x),r(—x)} = {0, s} for

some s < 0.

3.2.3 To study the pair (#¢,A/l) incurred by t € T(Fo) in general, we first study those
t € T(O), in which case 7 takes values in N U {co} and A-part is trivial. For any root

system ® and any functions v . ® - N U {oo}, we may define filtration (of subsets) of ®
Op(r) = {x € ®|r(x) =n},

where n € NU {00}, and we will simply use &, if the function 7 is clear from the context.

Clearly this filtration stabilizes after finite steps and

(| ®n = Peo.

0<n<oo
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To study this filtration for those » = ¢, we first record two theorems concerning root

subsystems of .

Theorem 3.2.4 (Slodowy’s criterion). A root subsystem ® of ® comes from a Levi-type

subgroup if and only if ® is Q-closed in ®, in other words, Q®' N & = @’,

Theorem 3.2.5 (Deriziotis’ criterion). A root subsystem &' of ® comes from a pseudo-Levi-
type subgroup (i.e. the connected centralizer of a semisimple element of G) if and only if
after conjugation by W, ® has a basis which is a proper subset of the simple affine roots

of ®, in other words, simple roots together with negative of the highest root.
Lemma 3.2.6. Lett € T, then &, (1¢) is Q-closed.

Proof. Clearly &, is Z-closed for each n. Following the proof in [GKMO09, 14.1.1],if x € ®
is a Q-combination of roots in ¢4, then dx € Z¥, for some d coprime to p (here only the
fact that &4 is Z-closed is needed). Thus 7t (dx) = n. But since t € Ty and d is coprime

to p, we must have 7 (x) > n as well, hence the lemma. |

The following corollary is not used in subsequent parts of this paper, but highlights

the subtle difference between the multiplicative and additive cases (cf. [GKMO09, 3.4.1]).

Corollary 3.2.7. There is a Zariski-dense open subset of T (k) such that the conclusion in

Lemma 3.2.6 holds for its preimage in T(0O).

Proof. The collection of possible d (chosen to be as small as possible each time) appearing
in the proof of Lemma 3.2.6 is a finite set S. Let U C T(k) be the complement of those
t € T(k) such that 1 = «(t) € ug (ug is the set of d-th roots of unity) for some « € ®
and some d € S. Then its clear that the same proof goes through for elements in the

preimage of U. |

Remark 3.2.8. It is not true even in characteristic 0 that Lemma 3.2.6 holds for all t €

T(O). For example, suppose G is of type By or C», and let t be an element such that
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x(t) = —1 + 1 for both positive short root «, then ®; for 7; is exactly the set of all long

roots, which is not Q-closed.

Proposition 3.2.9. Lett € T(O). Then ®1(7¢) is a root subsystem of pseudo-Levi type, and

®y, is Q-closed in &1 for allm > 1.

Proof. Write t = xto, where x € T(k) and tg € Ty. Then

O (1) = {x € ¢ | x(x) =1},

which is the same as the roots of the connected centralizer of x in G, hence the first
claim.

For the second claim, note that for n = 1, we have that

D (1) = Pn(riy) NP1 (1) CT Py (ry).

Since &y, (1,) is Q-closed in ¢ by Lemma 3.2.6, we have that

Pp (1) C QPr(ry) N Py (1)
C QPn (1)) NPy (1)
= QPn (1)) N [P N Dy (17)]
= [QPyp (11,) N P] N Dy (77)
= ®p (1)) N 1 (77)

= &y (71).

Therefore every inclusion is an equality, and in particular ®4 (7)) = Q®y, (r¢) N &1 (77),

as claimed. [ |
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3.2.10 Let M C G be a connected reductive subgroup of Levi type containing T, and

®pr C ® be its root subsystem. Then &) is Q-closed by Slodowy’s criterion.

Lemma 3.2.11. For any 0 < n < oo, we can find t;, € Ty, such that

n+1l1 oo\ oy,
1, () =
00 X € dypy.

Proof. Let Zps be the connected center of M. Let X € zp; :== Lie(Zp) = (Zpm)n/(Zpm)n+1 be
an element that «(X) # 0 for all x € ®\ ®);. This X exists since 3y is exactly the intersec-
tion of kernels of & € &) and no other root vanishes identically on 3 (cf. [GKMO09, 14.2]).

Lift X to ty € (Zym)n, and we are done. |

Lemma 3.2.12. Suppose we have a functionr . & - Z4+ U {0} and the associated filtration
&y, If &4, is a Q-closed root subsystem in ® for each1 < n < oo, then we can findt € T

such thatry = vr.
Proof. For each (finite) i > 0, let M;+1 be the Levi type subgroup with root system ®;;,

and let ¢; be as in Lemma 3.2.11 for pair M;4+»> C M;+1 and n = i. Then

something>i+1 x&€®\d;yq,

T () =9i+1 xE djpq \ Pito,

o0 x € b o,

Thus for a fixed i > 0, and « € ®; 1 \ ®;+», we have that

something > j+1 j > i,

1 () =qj+1 Jj=1,

00 Jj<i.
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Lett = Hf’;o t;, which necessarily converges as t; € T;. Since for x € ®; 11\ ®;40, 7t (x)
reaches unique minimum at j = i, we have that 7¢(x) = 7¢;(x) =1 + 1, and for & € ¢,

it’s clear that 7 (x) = o0, as desired. |

Theorem 3.2.13. Suppose we have a functionr . ® - NU {0} and the associated filtration
®y,. Thenr = 1t for somet € T(O) if and only if 1 C ® is a root subsystem of pseudo-Levi
type and &, is a Q-closed subsystem in ®; for each1 < n < o, Moreover, t € T(O) is
such that v = v if and only if we can writet = x H%":O tn where x € T(k) and ty € Tn

are such that ®, is the set of roots taking trivial value on x, and

~

something>n+1 « & &1\ &,41,

Proof. For the first claim, the “only if” part is proved in Proposition 3.2.9. Now for the
“if” part. Let x € T(k) be such that ®; is the root system of its connected centralizer
M, which is a connected reductive group with maximal torus T. Apply Lemma 3.2.12 to
M and restricted function 7|¢,, then one can find ty € Ty such that 1¢,le, = 7|e,. This
means that t = xtg is the desired element.

For the second claim, the only nontrivial part is the “only if” part. The existence of
x is also clear, so we may replace t by x 1t and G by the connected centralizer of x,
and in turn we may assume t is already in Ty. Let My be the Levi-type subgroup of G
corresponding to &5, Zp,, its connected centralizer, and 3y, = Lie Zy,. Let Xo be the
image of t in h, then x(Xp) = 0 for all & € ®p, so we can lift it to tg € Zp, 0 (again,
the subscript 0 here means the congruent subgroup, not neutral component), then t
satisfies (3.2.1). Moreover, let ®;, = q’n(?’ttal), then we have that ¢, = &, &, D &, for
all n, and @), \ ®;,,; O ®n \ Pp+1 for n > 2. Doing the same argument for ¢t 1 hut with

every index increased by 1, we have some t1 € T satisfying (3.2.1) (a priori only for &y,

79



but as &y, \ <I>;l 11 0%n \ ®;,,+1, same is true for ®,). Continuing this process, we see that

the infinite product

converges to some O-point z in the center of G. Absorb z into tg and we are done. |

3.2.14 Nextwe considert € T(F). Thent = t()‘ITA for some to € T(O) and A € X(T). We
form the functions r; and rt* as in § 3.2. In this case, let &, = d)n(rt*) for 0 < n < oo,

then we have filtration

dDOPyD DBy DD Do D D.

Since &) is the set of roots that vanish on A, it is in particular Q-closed in ®, and thus is

a root subsystem of Levi type. Then for each 0 < n < o0, it is clear that

So ®; is a root subsystem of pseudo-Levi type in &g, and for each 1 < n < oo, ;4 is

Q-closed in ®7. To summarize it, we have

Levi pseudo-Levi Levi
P DO P D P O P1<pn<co- (3.2.3)

On the other hand, given a function v . & - Z U {0}, a necessary condition for » to
be equal to some 7¢ is that »~ and v * as in § 3.2 are well-defined. Suppose 7 is such a

function.

Theorem 3.2.15. There existst € T(F) such that v = vt if and only if v~ extends to a

homomorphism X(T) — Z, and the filtration &, satisfies (3.2.3).
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Proof. The “only if” part is proved by discussions above and in § 3.2. We now prove
the “if” part. Let A &€ X(T) be one of extensions of ¥~ (which is not unique unless G
is semisimple). By Theorem 3.2.13, we can find £ty € T(©) such that (3.2.2) holds. Let

t = 7TAt0 and we are done. |

3.2.16 As discussed before, we have associated pair (A¢,7¢) for any t € T(F) where
At € X(G/GYer), Let Scl; be the set of all pairs (A,7) where A € X(G/G9T) and r: & —

Q U {co}. Then we have a partition of T(F) by

T(F)= [] TE ;3.
(Ar)eSt

where T(F) 3, is the set of all t € T(F) such that (A¢,7t) = (A, 7). Then by Theo-

rem 3.2.15, T(F) (Ar) is nonempty if and only if the following conditions are satisfied:
(1) » takes values in Z U {oo};
(2) ¥~ and r* are defined;

(3) ¥~ extends to (necessarily unique) Ayq € X(Tad) such that
(A, Aaq) € X(G/G9T) x X(T29)

lies in the image of X(T);
(4) the filtration ®, (r*) satisfies (3.2.3).
For convenience, we will call A (resp. Ayq) the central (resp. adjoint) component of A.
3.2.17 We now study T(Fw) in general. Lett € T(Fw), then t € T(F;) for some [. We

know that the image of T« in cyclic group Gal(F;/F) is a generator. Suppose there is

some w € W with order [. Then we know that 7 takes values in Z/l U {0}, and we are
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mostly interested in the case when Tow(t) = t (note that the Galois action commutes

with the Weyl group action). To that end we define
Tw(F):={t € T(F) | Toow(t) = t}.

Then we immediately have that if ¢ = ¢’ /!, then At is fixed by w, and t’ € T(O)) is

such that
/ At Y
TooW(t )Cl =1.

Let Tr, »n (n € N) be the congruent subgroup of T(O;) with F replaced by Fj, then we can

write canonically t" = xt( for x € T (k) and to € T, 0. Since {; € k, we must have
ToWw(tg) =tgand (1 —w)(x) = C{‘t. (3.2.4)

An immediate observation is that A/l € X(G/G9).
As in the F-rational case, we can define ;” and 7, as well as filtration

B = b (r]) = {a € ‘ () = %},(0 <n <o),

By the same argument with F replaced by F;, we know that &, satisfies (3.2.2). We
also have that 7, and At ,q/1 mutually determines each other. Therefore ¢ induces pair

(At/L,7¢) where the first component is an integral cocharacter of G/G9r.

3.2.18 To fully characterize what pairs (A/l,¥) arises in this way, again we first assume
At = 0, in other words, t € T(Op). In fact, it is better to start with t € TF, o, in which
case & = ¢ = P;.

Givent € TF, o, by Theorem 3.2.13, we may write t as the infinite product of t,, € T, n
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such that

something > "TH x € ®;\ Py,
T, (00 = 1 nTH x € Py \ Py, (3.2.5)

Using the same notations in the proof of Theorem 3.2.13, since Tow(t) = t, TooWw pre-

serves each &5, and we see that X € 3}}2“’ (here the action of Te on h, when viewed as

quotient Ty, /Ty +1, is multiplication by CZ”I, and the action of w is the usual one). By
Lemma 3.1.5, we can require the lift £y to be contained in Z{EB", hence tty 1 js also fixed
by Tow. Inductively doing so in the construction of each t;, we can make each t;, fixed

by Teow.

Definition 3.2.19. Suppose w € W is of order [ and acting on a k-vector space V. For any

integer i, define V(w, i) C V to be the maximal subspace where w acts as T, 3

Lemma 3.2.20. Suppose we have a functionr . ® — 74+ /1 U {00} and the associated filtra-
tion . Then we may findt € Ty, o = Ty (O) N TF, o such that vy = v if and only if &y is
Q-closed in® for all1 < n < oo, and the set

Xn € h(w,n+1) (3.2.6)
x(Xn) #0,Vx € &yt \ Py

is nonempty for all0 < n < oo,

Proof. For the “only if” direction, simply choose X, to be the image of t;, in the discussion
above. For the “if” direction, by Lemma 3.1.5, we can lift Xy, to ty, € Twn = Tw (O)NTE, n,

and then t = H(;LO:O t, would be as desired. [ |

Remark 3.2.21. Note that the condition (3.2.6) being nonempty for all n automatically

implies that each 4 (hence also 7) is preserved by w, hence also by Teow.
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Corollary 3.2.22. Suppose we have a function v. & — N/l U {0} and the associated
filtration ®y,. Then we may findt € Ty (O) such that v+ = v if and only if the following

conditions are satisfied
(1) &1 C & is a root subsystem of pseudo-Levi type with corresponding reductive sub-
group H, such that the set

{x e Tk)W ‘ H is the connected centralizer ofx}

is nonempty (in particular ®1 is preserved by w);
(2) &4, is Q-closed in @1 foralll <n < oo;
(3) the set (3.2.6) is nonempty for all 0 < n < oo,
3.2.23 Now we consider general pairs (A/L,7), where A/l is an (integral) element of
X(G/G9T), and r: ® > Q U {oo}. In other words, (A/L,¥) € Sé. Similar to F-rational
case, we stratify Ty, (F) by such pairs, denoted by Ty, (F) /L)

From discussions in previous subsections, we see that T, (F )(X L) is nonempty if

and only if the following conditions are satisfied:
(1) v takes valuesin Z/l U {oo};

(2) v~ and v * are defined, and ¥~ extends to an element Agg/l € X(Tad)w /1, such that

A and A,q are the central and adjoint components of some A € X(T) respectively;

(3) let Mj be the Levi-type subgroup of G determined by A (or equivalently, ®g), then
®1 is of pseudo-Levi type in & corresponding to subgroup H < M), such that the

set

{x e (1- w)_l(gf\) | H is the connected centralizer of x in MA} (3.2.7)

84



is nonempty;

(4) &y is Q-closed in &7 for all 1 < n < oo, and the set (3.2.6) is nonempty for all

0<n<o0.

Note that these conditions automatically imply that the filtration &, is preserved by w.

Moreover, given t € T, (F), we have that t € TW(F)(X/l i, if and only if we can write

o0
t = 7T/\/lX n tn,
n=0

where x is as in (3.2.7), and ty, € TF, 5 is fixed by Teow such that 7¢, satisfies (3.2.5) for

all0 < n < oo,

3.3 Cylinders in Reductive Monoids

3.3.1 We briefly review some facts about the arc spaces of an smooth affine scheme X
over . Since X is @-smooth, every jet scheme of X is smooth over k, and each consecutive

map [L; X - L;; X is an affine space bundle of relative dimension dimg X.

Definition 3.3.2. A subset Z of L1 X is called n-admissible or an n-cylinder if it is the
preimage of a constructible subset of Lj; X for some n > 0. A cylinder is called open
(resp. closed, locally-closed) if it’s the preimage of some open (resp. closed, locally closed)

subset of L} X.

Definition 3.3.3. Let Z C L* X be an n-cylinder. Then the codimension of Z in L™ X is

defined as the codimension of Z, in L, X for any (and every) m = n.

Definition 3.3.4. Suppose Y is a locally-closed n-cylinder of L1 X. Then we call Y non-
singular if for any (and every) m > n the reduced subscheme Y;;;, € L;}; X is non-singular.
We callamap g: Y — Z of any locally-closed n-cylinders smooth if g, is smooth for all

m = n.
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3.3.5 Recall the universal monoid 2) = Env(G) for a semisimple and simply-connected
group G, and the closure T of the extended maximal torus T+. We know k[T] is spanned
by a saturated, strictly convex cone & C X(T+4), whose dual & C X(T+) determines a

stratification of non-degenerate arcs

TO)NTH+(F) = [] LYT k),
AEG
where LYT? = AL+ T, Note that LYT? is isomorphic to Lt T as an abstract k-scheme.
For w € W be of order [ and A fixed by w, we also have the w-twisted form of LA

defined in an obvious way:

A/l TooW
'Cw/ = (ReS@l/(g ‘ITMlT+,(9[>

and the k-points of LTTA/! are simply those t € 7T, (0;) that are fixed by Teow.
Since [ is coprime to char(k), the scheme ti\,,/ Lis O-smooth, hence notions like cylinders
and their codimensions make sense for its arc space.

It is clear that any non-empty stratum T+ 1 (F) (A/Ly) 38 in § 3.2 is entirely contained
in a unique H_+Tti‘u/ l(l_c) if A is contained in the cone &. In such case, we denote the

stratum by
CwlO) xp) = Traw ) § )

3.3.6 Choose a geometric point x+ € T+ (F*)™ lying over some a € Cy(0O), then it

induces a homomorphism

pa.Tr =Gal(F*/F) — W,
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the conjugacy class of whose image depends only on a. Since a is tamely ramified (by
our assumption on char(k)), one sees that the image W, is cyclic and generated by the

image of T, denoted by w,. Define the ramification index c of x+ or a to be

c(x+) = c(a) = dim T4 — dim T}'?.

It is in fact equal to the difference rkg ((Gx, )o) — rKr((Gx, )o), where rkr means the F-
split rank of F-torus (Gx, )o. So c¢(y) can be defined for arbitrary reductive group G and
y € G(F)'S,

Recall we have extended discriminant function Disc+ € k[Cyy]. The extended dis-
criminant valuation of a is defined by d+(a) := valp(Disc+(a)). We define the local

o-invariant of a to be

which is in fact necessarily in N (due to the fact that it is the dimension of certain multi-

plicative affine Springer fiber, see Theorem 4.2.1).

3.3.7 Let us clarify some relations between Levi subgroups and pseudo-Levi subgroups
in an arbitrary connected reductive group G containing maximal torus T. Suppose M7 is
a pseudo-Levi subgroup containing T with root subsystem &1, and let &' be its Q-closure
in ®, which gives a Levi subgroup M of G containing M. Let Z(M7) be the center of
My, and Z(M7)g the neutral component. Then the centralizer of Z(Mj)g in G is M. Let
X € Z(M7) be such that the connected centralizer is exactly M; and t € Z(M7)o. Then

x(xt) + 1 for all «x & &7 if t is general enough. This means that the closure of the set

{X e T| (Gx)o =M1}
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in T is the union of some connected components of Z(M7). In particular, it has the same

dimension as Z(M7). We denote the set of such components by TTS (Z(Mq)).

Proposition 3.3.8. Suppose v takes values in N and T+(O)y + &. Let My, be the (pseudo-
)Levi subgroup of G+ determined by &, (v) and 3, = Lie(Z(My)). Then we have the

following:

(1) The closure of T+(O)y in Lt Ty is the union of some connected components of the

subgroup

{ty € TH(O) | 1, (00) = 7(0)}. (3.3.1)

(2) T+(O)y is non-singular and 1o (T+(O)y ) is in bijection with 778 (Z(Mq)).

(3) The codimension of T+(O)y in LT T4 is

Z ndimk(3n+l/3n) = Z dimf((6+/3n)-
n=0 n=1

Proof. Let X be the set in (3.3.1), which is easily seen a subgroup hence non-singular.
Clearly X is closed in L T+ and contains T+ (Q), as an open subset. So T+(0O)y is also
non-singular.

Similar to the proof of Theorem 3.2.13, let M;;, be the connected reductive subgroups
of G+ given by &, (r), and 3,, C h+ be the Lie algebra of the center of My. Let S; = Z(M;)
and Sy, C Z(My)p—2 C [|_+Z(Mn)0 be the lift of 3, for n > 2. Then S, = {1} if n > r(x)
for all . Then its clear by the factorization in Theorem 3.2.13 that the multiplication

map
o0

¢ H Sn— X (3.3.2)
n=1

is surjective. Therefore 11 (X) is bounded by 1o (Z (M7)). We also have a projection X —
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Z(M7), which implies the bijection 1mo(X) = 19(Z(M7)). The bijection 119 (T+(O)y) =
1'r0o (Z(M7y)) is then clear as the projection of d)_l (T+(O0)y) in Sy (n = 2) is dense.
To prove the codimension formula, note that codimy +r, (T+(0)y) = codimy +, (X).

So we only need to show the formula for X, which is easily deduced from (3.3.2). [ |

Corollary 3.3.9. Fixw € W withord(w) = l. Supposer takes valuesinN/l and T+ 1, (O)y *+
@. Let My, be the (pseudo-)Levi subgroup of G+ determined by &, (v) andz, = Lie(Z(My)).

Then we have the following:

(1) The closure of T+ 1w (O)y In LT +,w IS the union of some connected components of

the subgroup

{ty € T+ w(O0) |11, () = r(x)}.

(2) T+ w(O)y is non-singular and 1o (T+ 1w (OQ)y) is in bijection with 778 (Z(M1])W), the

latter defined as the preimage of Tty (Z(My)) in 1o (Z(M71)Y).

(3) The codimension of T+ 1, (Q)y in LT T4y is

o0

dimg (h+/3n+1) (w, n).
n=0

Proof. The first and second claim is a result of (3.2.4) and Proposition 3.3.8. The last
claim is deduced from Corollary 3.2.22 and Proposition 3.3.8, and the fact that the action

of w on any k-vector space is semisimple due to our assumption on char(k). |

Corollary 3.3.10. Fix w € W with ord(w) = . Suppose v takes values in 7/l and
ﬂ:w(O)(x ) @. Let My, be the (pseudo-)Levi subgroup of G+ determined by &, (v*)

and 3y, = Lie(Z(My,)). Then we have the following:

(1) The closure of ?tw((D)(X L) in [L”“Cﬁ,/l is the union of some connected components
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ftr et el ) | 7, (0 = r(w},

which is itself a union of torsors over a subgroup scheme of [L+T+,w.

(2) tw(O)(x/”) is non-singularandrro(tw(O)(X/lT)) is in bijection with 1ty (Z (M1)Y),

the latter defined as the preimage of Tty (Z(My)) in 1o (Z(M1)Y).

(3) The codimension of Tw (0) 3, In Ll s

0

n=0
Proof. This is a straightforward result of the discussion at the end of § 3.2, (3.2.4) and

Corollary 3.3.9 (the same proof applies). |

3.3.11 Recall we have the set Scl; of pairs (A,7) where A € X(G/G9T) and r: & —
Q U {oo} for any connected reductive group G. The Weyl group W acts on W X Sé by

conjugation on the first factor and the action on (A, r) is the most obvious one:
wA,7r) = A,wr =+~ rw la).

Let Sg = W\ (W X Sé), whose elements will be denoted by [w, A/L, ¥] (where | = ord(w),
and A/l is integral). In case where the group is G+, we will simply use S = Sg .- Let
SrGS C S be the subsets where v takes finite values. Clearly, if t € Tw(F)(X/”), then

u(t) € Tyyy-1(F) 3/ for any u € W. This justifies the following definition.

Definition 3.3.12. For s € S, define €yy(O)s be the image of ’Cw(O)(X” py in Cy (0) for

any (and every) representative (w, A/L7) of s.

Lemma 3.3.13. The set of k-points of L€ = LT Cyy — LBy, — LT Dy is the disjoint union
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of strata €C(O)s for all s € S, where Yy (resp. Dyy) is the numerical boundary divisor

(resp. discriminant divisor) as in §§ 2.3 and 2.4.

Proof. Straightforward; c.f. [GKMO09, 7.3]. |

3.3.14 Consider @;-morphism

Xt Tv,0, — G0,

X — Xm(n)\/lx),

which induces @-morphism

)Toow

X(w,A/l) - (WA”T+,01 — Cy,0.

This further induces map LTTy’ - LTy, which is precisely the restriction of LT xy
to LTCNL Fix any x € LTTN LK), let a = x(x) € LTCy(k), then xyp induces Toow-

equivariant isomorphism of Fj-tangent spaces
(dxm,r)x: Tx(@VITs g) — Ta Gy = Cop,
which restricts to an injection of @;-modules
(dxw,F)x : ho, — Cm,0,,
Taking T w-invariants, we have @-linear injection
(dxw)x: Qx = 58}01‘} — Oy, 0.

Choosing an O-basis on both sides, then (dx.)x is represented by a matrix in GL2; (O).

/1 or the O-bases doesn’t change the valuation of the determi-
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nant of the matrix, so valr det(dxw)x is well-defined for x.

Proposition 3.3.15. Suppose x € Ty (O) (A/L7) is generically regular semisimple, then

d+(a) +c(a)

.
valp det(dxw)x = . (o, A/1) +

i=1 2
T -_—

= > (e, A/D) + 8(a) + c(a).
i=1

Proof. The proof is completely parallel to the argument in [GKMO09], but the technical

counterparts will occupy several pages. We extend (dxw)x to Oy:
idFl ® (de)x Ol ®o Qx — Q:Ols
which is the restriction of map

(dXTO,Fl)X: 6(9[ - (t(’)l

to submodule 9; ® 9 Q x. Therefore

1 .. 6(9[
ldlmk o,

valr det(dxw)x = valg det(dxym FL)X + _.
’ Qo Qx

So we reduce to the w = 1 case (replacing O with O; and valr with valf,) and the claim

that

dim- ho,  lc(a)
KOj®pQx 2

. (3.3.3)

The equation (3.3.3) is proved using the same argument in [Bez96]. By definition,

c(a) is the dimension of the largest subspace of f (over k) that doesn’t contain a trivial
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representation of w. On the other hand, we have

-1
Qx = [GB 6<i>ni/l} ®; 0,

i=0

where h(i) is the eigenspace of w in h with eigenvalue C; L. Therefore we can describe

the quotient space as follows:

which implies (3.3.3).

The argument for w = 1 (and | = 1) case is a slight generalization of the argument
in [Ste74, pp. 125-127]. For completeness, we include a detailed argument here. Without
loss of generality, we may assume A,q is anti-dominant. Let A) be the simple roots van-
ishing on A, ®, the induced root subsystem, and W, C W the subgroup generated by the
reflections corresponding to roots in Ay. It’s harmless to assume that A, contains first s
simple roots.

Choose generator basis (in the given order)

{e(oq,O),___’e((xn,O)’e(wl,wn, ,e(wmwm)}

of k[T+], and

{e(o‘l’o), yelom0) Ny ,x,f,+}

of k[Cyp ], where x; +(z,t) = @;(z)x;(t). Lete; = de(®i0) | £ = o= (@i i) 4o (@i @i) gpq

gi = dXxi,+. We need to compute the valuation of linear map
d(Xa)x: Oep A= Aeyr AgL A= ANgn — Oer A== ANey A f1 A A fr,
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identified with A € Mat; (Q) = O. We claim that A is W) -skew symmetric, in other words,

w(A) = det(w)A for all w € Wj. Indeed, fix any w € W), and suppose that

r
w(w;) = Z ni;jwj,
i=1

then

w(fy) = e~ @iw(@i) go(@iw(@;))
= o W(@i)~@i,0) o~ (Wlwi) w(w@i)) g [e(w(wi)_wi,O)e(W(wi),w(wi))]
r r
= (1_[ e_(nijwj,nijwj‘)) d ( 1_[ e(nijwj,nijwj)>
Jj=1 j=1

+ terms involving at least one e

.
= > m;;fj+ terms involving at least one e;.
J=1

Therefore since e; and g; are fixed by w,

w(Aei A= ANeyr ANf1 A A fr)=w(Aer A ANepr AW(f1) A Aw(fy)
= w(A)det(njjler A ANer A fi A A fr

=w(A)det(w)ey A= Aeyr Af1 A A fr.

This means that w(A) = det(w) ' A = det(w)A as claimed.
Let Q; (resp. Qy) be the set of weights in the Weyl module of G of highest weight w;
(resp. any dominant v), and m; ;, the multiplicity of 4 € Q;. We can expand g; into linear

combinations of e; and f; as follows:

wiFUEQ,
=l (@) p (@i @i) £ 4 > mi,UTT((wi,u),?\)e(wl',u)e—(u,u)de(u,u)
wiFUEQ;
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+ terms involving at least one e
4
— Tr((wi,wi),?\)e(wi,wi)fi + Z mi,uTr“wi’“)’Me(wi’“) Z nu,jfj
wiFUEQ; j=1

+ terms involving at least one e;.

This implies that

r _

for some integers C,. As B is W)-skew symmetric (because A is), we have that

z det(w {p,w(p)),A) ,(p,w(p))
weWy

+ Z C/J( Z det(w)1T<(P:w(ﬂ)),?\)e(p,w(u)))

HEQ) weEW,
A)-dominant

= m{PLA) N det(w)e P W)

weWw,
+ > C“Tr<(p,u),?\>( > det(w)e(p'w(“))).

Aj-dominant

Observe that if u is not strictly A)-dominant, then the summation
> det(w {pw(),A) o (p,w(u))
weW,

equals 0 because its summands cancel pairwise.
We then claim that for strictly A)-dominant u, ((p, u),A) reaches minimum if and

only if u = p. Indeed, suppose

r r
H=p= D piki— D, Pidi=p+ D 4iw;
i=1 i=s+1 i=1
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for some p; € N and g; € Z. If p; > 0 for any i > s, we are done since A,q is anti-
dominant and («j,Ayq) < 0if i > s. Now suppose p; = 0 for all i > s. Since u is strictly
Aj-dominant and (p, &;) = 1, we must have g; > 0 for 1 < i < s. Let p) be the half-sum

of the positive coroots in ®). Then we have

S
(p—u,pa)= > pi =0,
i=1

but on the other hand

s

(p—p,p0) =— D (@i, Pr)ai <0,
i=1

which means p; = g; =0 forall 1 <i < s and u = p. Hence the claim.

For strictly A)-dominant u, a well-known fact due to Weyl gives that

> det(w)e P E) = o) T (1 -~ 000),
weWa xedy

Thus, we have that

valp(B) = valr [rr“p’/))"\) S det(w)ePw )
weWy

HEQ) weW)
strictly A)-dominant

=valp | [] (1-e @) | +valp | w0 S ol (oan,)

aedy HEQ)
B strictly Aj-dominant

=valp | [] (1—e @) | +<(p,p),A)
xedy

d+(a)

5
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So

d+(a)
2 b

.
valp(A) = > (o, A) +
i=1

as desired. This concludes the proof. |

Corollary 3.3.16. Let M be an arbitrary very flat reductive monoid associated with G such
that its abelianization is an affine space Ayy = A™ with coordinates e®l, ... e%m_ Lot
Ty be the maximal toric variety in M. Let x € Ty (O)aj1,r) be generically regular

semisimple whose image is a € Cp(O). Then

d+(a) +c(a)
2

=b(a) + 6(a) +c(a),

valp det(dxm,w)x = b(a) + (3.3.4)

where b(a) is the boundary valuation > (o, A/1).

Proof. Note that the notion of d + (a) makes sense as it is the valuation of the pullback of
the discriminant function (from the universal monoid to M), and that the notion of c(a)
also makes sense because it only depends on w.

The character lattice of the maximal torus in M is freely spanned by the pullbacks of

Wi, Wj

functions e‘x; from A, and e! ) from the toric variety of the universal monoid. The

proof then proceeds essentially the same in the proposition above; notably the computa-

tion for B is repeated word-by-word. |

3.4 Codimension Formula of Valuation Strata

We can now use (3.3.4) to derive a codimension formula for the valuation strata for arbi-

trary very flat reductive monoid M of G whose abelianization is an affine space.
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Lemma 3.4.1. Let f: G;’n,O - A(rg be an O-morphism, viewed as an v -vector of rational
functions in v variables and ©-coefficients. Let x € GI,(O) such that d = valdet Dy f is

finite. Then for any m > d, we have that
fx+ 1) = f(x) + Dx f(mr™),

where 1™ means T times the O-tangent space at x.

Proof. This is just a tiny modification of the claim in [GKM09, Lemma 10.3.1], but since
they did not provide a general statement, we include the adaptation here.

We may regard GJ,(O) as a subset of A" (©) and identify the ©-tangent space at x
with 7-copies of O, denoted by L. Take the Taylor expansion of f at x over @, whose
linear terms gives the matrix A = Dy f. Since m > d, we have m > 1, so in turn we have

for any h € L,
F(x+h) = f(x)+ (Dxf)(h) mod T2™ML.

The proof then proceeds as in [GKM09, Lemma 10.3.1]. [ |
Lemma 3.4.2. The valuation strata Cp(O) [wi/Lr] are cylinders.

Proof. It is clear from the fact that ?Ew(O)(X 1) are cylinders, Corollary 3.3.16, and

Lemma 3.4.1 (applied to Ty (0) = Ty (0) — €y (O)). ]
Theorem 3.4.3. The codimension of(KIM((‘))[w ALy N €M (0O) is given by

d+ +c¢
2

b+ +e=b+6+c+e,

where b, d+, c, 6 are as in Corollary 3.3.16 (necessarily constant over CM(O)[w X/lr])’

and e is the codimension oftw(O)(Xﬂ,” in [LW:%U”.
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Proof. Let U = tW(O)(X/l,r) and V = Q:M(O)[w,f\/l,r]' Since they are both cylinders, we
may pass to some jet space modulo N for some big N, after which U becomes smooth
and V is constructible, hence the notion of codimension makes sense for V. Since U is
smooth (Corollary 3.3.10) and the original @-map from U to V have constant valuation
(Corollary 3.3.16), we may find an open dense subset of V modulo ™ over which U —» V
is smooth of relative dimension b+ +c¢. Then the claim follows from standard dimension

counting (c.f. [GKMO9, § 5]). [ |

Remark 3.4.4. In [GKMO09], they proved much more properties about valuation strata,
such as its non-singularity and the smoothness of the map between the strata in f and
those in h/ W. However, we are temporarily satisfied with just the codimension formula

and will leave the rest for a future paper.
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CHAPTER 4

MULTIPLICATIVE AFFINE SPRINGER FIBERS

In this section we review the multiplicative affine Springer fibers also known as Kottwitz-
Viehmann varieties (KV-varieties). We will use these two names interchangeably. Analo-
gous to the Lie algebra case, the point-count of these schemes over k encode information
of orbital integrals of G. The main reference we use for this section is [Chil9]. Other
important references include [MV07] and [KV12].

In this chapter, we consider ©, = ky[[1m]], and Fy, = ky((1r)) for a finite exten-
sion ky/k. Let X, = Spec©®y be the corresponding formal disc, and X; = SpecFy,
the punctured disc. Let v be the closed point of Xy, and n, the generic point. Let

Xv = Spec Oy &k then we have isomorphism

where v ranges over all k-field embeddings of k, into k, and X3 = Speck[[rr]]. If we
choose a geometric point fj; on Xy over its generic point ny, then we have short exact

sequence
1 — I, — I, — Gal(k/v(ky)) — 1,

where Iy = 111 (v, Ap) is the Galois group of Fy, and I, = 11 (X, ) is the inertia group.
We shall use Oy and Fy to denote the ring of functions on X3 and X3, respectively.

We retain notations from Chapter 2 and let G be a quasi-split reductive group over Oy
associated with a Out(G)-torsor $g on Xy and similarly a pointed version 9¢, if we fix
a geometric point v of Xy. Equivalently, if we fix a geometric generic point ny, we have
a homomorphism 95 : Ty — Out(G) which factors through Gal(k/v(ky)), because 9 is
always trivial over Xy.

100



4.1 Definition and Generalities

Let A € X(T)+ be a dominant Fy-rational cocharacter. We denote by Cé the double coset
G(Ov)Tr/\G(Ov) in Cartan decomposition of G (Fy). We also denote by CéA the union of
all Cé suchthaty < A (i.e, A—pu € NA). Let y € G(Fy) be aregular semisimple element.

We are interested in the sets

M2 (y) = {g € G(F,)/G(0y) | Adgt(y) € C}l,

(4.1.1)

MEN(y) = 1g € G(Fy) 1G(0v) | Adg () € CEM,

on which we will later impose structures of k-varieties.

In order to best establish the connection to reductive monoids, it is best to generalize
the definition (4.1.1) as follows. Let G = G/G9¢T, then the homomorphism T — G2 x
T34 g étale. We have the induced monomorphism of lattices X(T) — X(G&) x X(734)
with finite index, and the same holds at Fy-rational level. Denote the image of A under
this map by (Azh, Azq). It is clear that for any y € G(Fy), the condition y € Cé- is the
same as yaq € C and y,p, € ™G (0,). Therefore if we define, for A € X(T2) and

Gad
y € GA(F,),

M2 (y) = {g € G(F,)/G(0y) | Adgl(y) € CL.al, Lo

MEMy) = {g € G(F)/G(0w) | Adgl(y) € CEML,
then the sets in (4.1.1), if non-empty, are respectively isomorphic to the sets in (4.1.2). By
replacing X, with X, we have analogously defined sets, which we will call the k-points
of the corresponding sets, and they are exactly the set of k-points of the corresponding

schemes once we define them.

4.1.1 Cartan Decomposition Let ) € FM(G5¢). Recall we have abelianization 2y, and

its subtorus ?&%. We call an Fy-cocharacter A € X(IA%) dominant if it is contained in the
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cocharacter cone € (Hyy) or equivalently, e Ay (Oy). For each dominant A, we define

a reductive monoid ©y-scheme 1A by the pullback diagram

A X
m 70 X Ay
l(x,Z)Ham(x)z '
.n.)\
Spec Oy Ay

and by replacing 270 with the big-cell locus 20°, we obtain an open subscheme M°A of 1.

Remark 4.1.2. Note the difference in notation compared to [Chil9]: if G = G5¢ and W =
Env(G), then our M) is the same as VinEwO(A) (not Viné) in [Chil9]. The reason is that
in [Chil9], they only consider the universal monoid, and taking the involution by —wq
saves a lot of notations later on. Here more general framework is considered where there

is no natural involution by —wg on & (&yy).

Recall for 0 € FM(G3¢), we can choose an excellent morphism 2 — Env(G5°) so
that we have induced map X(243) — X(T29). Let Aoq be the image of A € X(243) under
this map. Using the same argument in [Chil9, Lemma 2.5.1], we can show the following

results.

Lemma 4.1.3. We have a disjoint union of Y0 (Oy ) -stable subsets

WO NWX(F) = | WN0).
A€l (Ryy)

Moreover, let g € W< (Fy), then g € M (Oy) (resp. M°A(0y)) if and only if oy (g) €

<—wp(Axq) —wo(?\ad))
a .

TrA?L;(D(Ov), and the image of g in Gad(Fv) belongs to CGad (resp. CG q

4.1.4 Hodge-Newton decomposition and Kottwitz map For y € G(Fy), one can define
a dominant element v, € X(T)Q, called the Newton point of y, that captures the Fy-
valuations (called the slopes) of eigenvalues of y in G-representations. See, for example,

[KV12, § 2]. In [Kot97], Kottwitz defines (after fixing an algebraic closure F, — Fy, or
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equivalently, a geometric point Ny over ny) a canonical group homomorphism
KG: G(Fy) — X(Z(G)Tv)ov,

where I, is the inertia group of Fy. Here our group is unramified, so it simplifies to a

homomorphism
kG G(Fy) — (X(T)/2®)F, = 1 (G)F,.

This is the Kottwitz map. One can also see [KV12, § 3.1] for a description in this simplified
situation.

Let p¢ be the natural quotient X(T) — 111 (G). The following observation is crucial.

Lemma 4.1.5. Let y € G*(Fy) and A va(Tad). Suppose kG (y) = p;(A) . Then there

exists an element y, € Env(G5¢)* (Fy) such that

(1) the image of y\ in G*4(Fy) is y

(2) &pny(gsey (Ya) € T WOVAX o) (O).

Proof. This is basically [Chil9, Lemma 3.1.5], except for the fact that residue field ky is
no longer algebraically closed (or G no longer split). The key in Chi’s proof is the surjec-
tivity of map G+ (Fy) — G34(Fy). After twisting, it is still true that G+ (Fy) — G24(Fy)
is surjective, because the kernel is the unramified torus T5¢ and the Frobenius acts by
permuting a basis of X(T5°), in other words, TS is an induced torus, thus H! (Fy, T) = 0.

The remaining part of the proof then proceeds easily. |

4.1.6 Non-emptiness The first question is when the sets (4.1.1) and (4.1.2) are non-

empty. It is settled in the proposition below.

Proposition 4.1.7 ([Chil9, Proposition 3.1.6]). Suppose y € G(Fy) (resp. Gad(Fv)) is reg-

ular semisimple and A € X(T) F, (resp. X(12d) F,), then the followings are equivalent:
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(1) The set of k-points in Mg(y) is non-empty;
(2) The set of k-points in MéA(y) is non-empty;

(3) kg(y) = pg(A), and vy =<q A, the latter meaning A — vy is a non-negative Q-

combination of positive roots;

(4) kG(y) = pc(A), and Xgny(Gse)(Ya) € Cgny(gse)(Ov), where y, is as defined in

Lemma 4.1.5.

4.1.8 Local affine Grassmannian The affine Grassmannian Grg is the functor sending
a k-scheme § to the set of pairs (E, ¢) where E is a G-torsor on X, s = Xy XS and ¢ is a
trivialization of E over X} ¢ = X3 XS. Here X, g is the completion of Xy Xy S at v Xy S,
and X;,  is the (open) complement of {v} Xy §. A priori, X, s is only a formal scheme,
not a scheme, but in this simple case it is easy to see it is representable by a scheme.
It is well-known that Grg is represented by an ind-projective ind-scheme of ind-finite-
type over k. If we fix a k-embedding ky — k, we have an analogous definition of affine

Grassmannian Grg ; over k. We have the isomorphism

Grg Xkk= [] Grguo.
vV ku—k
Since G has connected fibers, we may also regard Grg as the quotient sheaf LG/L7G,
where LG is the arc space functor of G sending S to the set G(Xy,s), and LG is the
loop space functor sending S to G(X;’S). See, for example, [Zhul7]. See also Chapter 5,
where we will review a global construction of affine Grassmannians such that the fibers

are products of the local version here.

Remark 4.1.9. The construction and representability of affine Grassmannian Grg requires
only G to be a smooth affine group scheme, not necessarily reductive. The arc space and

loop space functors both make sense for any k-scheme, and in some sense behave “well
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enough” for normal varieties.

4.1.10 Algebraic structures We now impose algebraic structures on (4.1.1) promised
at the beginning. Following [Chil9], we introduce two approaches to this, one of which
relates to reductive monoids.

We regard the Cartan double coset Cé as a sub-presheaf LYGm MLt G C LG. We define

a sheaf Mé,v(y) over k to be the sheaf associated with presheaf
SpecR — {g € Grg(R) | g7 'yg € CA(R)},

which has an ind-scheme structure. The algebraic structure on Mg’v(y) is then the re-
duced ind-subscheme structure induced by Mé-,v(y). Similarly, we have an algebraic
structure on Méﬁ,(y).

Another approach to the algebraic structure on Mg(y) is to use reductive monoids.

Let 0 € FM(G®C) and yyy € WX (Fy)™ such that a = x3 (y1) € ¢y (Op).
Definition 4.1.11. We make multiple closely related definitions:

(1) The multiplicative affine Springer fiber Mg 1, (yy) associated with yyy is the functor
that associates to k-scheme S the isomorphism classes of pairs (h, t) where h is an

Xy,s-point of [/ Ad(G)] over a:

Xps — [0/ Ad(G)]

L

X v (tm

and ( is an isomorphism between the restriction of h to X, ¢ and the X, ¢-point of

[0/ Ad(G)] induced by yy.

(2) The (open) subfunctors M%,v (yy) (resp. 3\/12-6,% (y)) is defined similarly by replac-

ing 70 with ° (resp. 20'€8),
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(3) For a € Cyn(Oy) N (C;(D(Fv), we denote by Mg y(a) (resp. Mg y(a), etc.) a fixed
choice of Mg 1 (ym) (resp. Mg v (yw), etc.) where xy (yy) = a (which always exists
thanks to Theorem 2.4.24). The dependence on such choice will be emphasized if

not clear from context.

(4) When the group G is clear from context, we drop it from subscripts.

Let y € G (F,)™ and A € & (2yy) a dominant Fy-cocharacter. Recall we have Ayq €
. d
X(Tad)+. Suppose M}(\;a’v (y) is nonempty, then by Proposition 4.1.7, we have the element
YA € Env(G5¢) X (Fy)' defined by Lemma 4.1.5. We may lift y, to an element in 20 (Fy),

still denoted by yy. Let a = xm(yy), then it is easy to see that

MEAT (y) = Mg,y (@)™ and MY, (y) = Mgy (@) el (4.1.3)

Conversely, for any a € Cyp(Oy) N %(Fv)rs whose image in Xgpy(gsc) is contained

in v~ wo(Aad) Tad(Ov). Suppose yy maps to a under xyy (such element always exists by
Theorem 2.4.24). Suppose y € G*(F,) is the image of yy, in G*4(Fy), then (4.1.3) still

holds. Note that a k-point may not exist for such functors.

4.1.12 Like affine Grassmannian, we may define everything by replacing X, with Xz,
denoted by subscript v, e.g. Mé,@(y), and so on. If we base change Mg’v(y) to k, we

obtain isomorphism
ME L) k= [T M},
and similarly for Mg (a), and so on.

4.1.13 Let £ be a Zyy-torsor over 9y. Since Oy has finite residue field and Zy is a torus,
L is necessarily a trivial torsor. Therefore V) is isomorphic to 20 . By replacing 2¥) with

M, we may also define Mg y(a) for a € Gy (Oy) N C;,f)‘,rLS(Fv), still depending on a
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choice of a lift of a to 702( (Fy). If £ has a c-th root (¢ being the order of Z5¢) and all
simple factors of G of types Ay, are split, then a Steinberg quasi-section exists, and we

use it to define Mg , (a).

4.2 Dimension Formula

In the following few sections we consider some geometric properties of multiplicative
affine Springer fibers, and thus it’s harmless to base change to k for our discussion.
Suppose we have a non-empty (as a sheaf) multiplicative affine Springer fiber 3\4%,@ (y),
then y, as in Lemma 4.1.5 exists, and let a = Xgny(G)(¥a). Recall the invariants d(y)
from § 3.2 and c(a) = c(y),d+(a), and 6(a) from § 3.3. Sometimes we want to empha-

size the dependence on v and denote these invariants as cy(a), 6y (a), etc.

Theorem 4.2.1 ([Chil9, Theorem 1.2.1]). The functors Mé’l%fd(y) and Mé%’red(y) are

represented by an equi-dimensional k-scheme locally of finite type, with dimension
: . dy —Cyp
dim M} 5 (y) = dim MY () = {p, \) + L)~ o)

_ dp+(a) —cp(a)
2

= 55(a).

4.3 Symmetry and Irreducible Components

Given a € Cyp(Oyp) N C;(D(Fv)rs, one can pullback the regular centralizer group scheme
Jw to a, viewed as an Oy-scheme denoted by J;. Define the local Picard functor as the

affine Grassmannian

Py(a) = Gry,.
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This group functor naturally acts on My (a) as follows: any S-point of My (a) is a tuple
(E, ¢, 1) where E is a G-bundle on Xy g, ¢ is a G-equivariant map E — 2V, and ¢ is an
isomorphism (Eg, yy») — (E, ¢) over the punctured disc X;, ¢» Where Ej is the trivial G-
torsor. On the other hand, a point of Py (a) is a J5-torsor Ey on X, ¢ with a trivialization
T over X, ¢. It sends (E, ¢, 1) to the following tuple (E’, ¢',("): the pair (E, ¢") is defined

as
I ol 3
¢ E' = E Xy By — 2,

where J; acts on the fibers of ¢ through canonical map X;B.Tm — Iy. The trivialization
T induces an isomorphism

E|X;S — E,|X53

whose composition with ¢ is (.

4.3.1 The sharp contrast to the Lie algebra case is that, unlike the former situation, the
open P4-orbits in M(a) is in general not a P4-torsor, but a union of them. Even worse, the
union of all open orbits is not dense in M (a), meaning there are some irreducible compo-
nents of M(a) that are stratified into infinitely many orbits. Fortunately, the free action
of a lattice quotient of P, is still present, in other words, M(a) still possesses a very
large symmetry group. More or less equivalently, the action of P; on the set Irr(M(a))
of irreducible components is still quite nice, and it actually has strong connection with

the representations of complex dual group G¢ as we shall see below.

4.3.2 We may also base change to k, then we have

Py(a) Xkk= [] Ppa.
v ky—k
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The action of Py (a) on M(a) is compatible with each direct factor. So starting from this
point we will base change everything to k and consider My (a) for a fixed ¥ (equivalently,

we replace Xy with X.

4.3.3 Suppose y € G(F3) is such that the Newton point v = vy is an integral cochar-
acter in X(T). We may consider more generally y € Gad(F 7). This happens when y is
unramified, but not exclusively. Let m,,, be the weight multiplicity of the weight space v
in the irreducible representation of G¢ with highest weight A. If v € WA, then m,, = 1.
When A is a central cocharacter, in other words, (x,A) = 0 for all x € ®, or equivalently,
Aaqg = 0, and :Mé(y) + (J, then we always have v = A and so m), = 1.

Using (4.1.3), the condition of A being central corresponds to that a is contained in
(C-}f) (i.e. has no intersection with the numerical boundary divisor). The condition y being
unramified corresponds to c(a) = 0, because recall that c(a) is the difference between

the absolute rank and Fy-split rank of the centralizer of y, (which is a torus).

Definition 4.3.4. With the notations above, we call a € Cy(Ov) N Cyy (Fy)™ unramified

if cy(a) = 0 for one (equivalently, all) v, and invertible if it is contained in %(Ov).

Theorem 4.3.5 ([Chil9, Corollaries 3.5.3 and 3.8.2]). Suppose either a € (tm((%) N
%(1517) is either unramified or invertible, then the number of irreducible components
in My (a) modulo the action of Py (a) is my,,. Moreover, when a is invertible, there is a

unique open dense Py (a)-orbit in My (a) being the regular locus My (a)*®8.

Corollary 4.3.6 ([Chil9, corollary 3.8.3]). Suppose a is invertible and d+(a) < 1, then

My (a) = My (a)'®® and is itself a Py (a)-torsor.

The weight multiplicity m,,, in Theorem 4.3.5 is obtained by connecting My (a) with

MV-cycles, which we will elaborate in § 4.5.
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4.4 Neéron Models and Connected Components

Following [Ng610] and [Chil9], we have a more precise description of the P3(a) using
Néron models. By definition, the Néron model of j; is a unique (up to a unique isomor-
phism) smooth group scheme Jz over (517 together with a homomorphism j; — 33 that
is an isomorphism over the generic point and satisfies the following universal property:
for any smooth group scheme J over (517 with an F p-isomorphism J | e 3;, o there
is a canonical lift to an (%—homomorphism J - 3}’1. Néron model necessarily exists for
smooth commutative O3-group schemes, and can be explicitly constructed using cameral

covers.

4.4.1 Recall we have the cameral cover Tryy . Tyy — Cyp. The group scheme Jyy is canon-

ically isomorphic to an open subgroup of the fixed point scheme
Ty = (s (T X Ty))W.

The scheme J, is the pullback of Jy via a. Let local cameral cover 1g : X4 — X 7 be the
pullback of 1y through a. Then by proper base change, one can also define j; and 5}1
using the same construction applied to 11,.

The cameral cover 1y is flat with a Cohen-Macaulay source and a regular target. Thus
X, is Cohen-Macaulay as well. Since a is generically regular semisimple, X3 is regular
being a W-étale cover of X 13} So X, is a reduced scheme. Since X, is one-dimensional,

its normalization X/ is regular. The Néron model can be shown to be the group scheme
3o = Ths (T X X)W,

where 1t/ is the natural map X’ﬁ — X3. The same proof in [Ng610, 3.8.2] applies to the

case here.
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Lemma 4.4.2. We have formula
Sp(a) = dim Py(a) = dimg(t5. ® 4 (94/0a))",

where Oq (resp. ©3) is the ring of functions of Xa (resp. Xj).

Proof. This is essentially [Ng610, Corollaire 3.8.3] and [Chil9, Corollary 3.3.4]. The key
is that J; and J; are smooth so we only need to compute the dimension of the tangent
space at the identity of 23, and then it is clear from the Galois descriptions of j; and

35 "
4.4.3 The morphism j; — j} induces morphism of group ind-schemes
py . Pyla) — ’_P%(a) = Grjg.

With exact same proof, we have:

Lemma 4.4.4 ([Ng610, Lemme 3.8.1]). The group T%(a) is homeomorphic to a finitely
generated free abelian group (viewed as a discrete k-scheme). The map py is surjective,

and its kernel Ry (a) is an affine group scheme of finite type over k.

Corollary 4.4.5. The dimension of Ry (a) is exactly the local §-invariant 63 (a).

4.4.6 Since TrO(T@(a))red is a finitely generated abelian group and Ry (a) is affine of
finite type, 119 (?% (a)) must be homeomorphic to the largest free quotient of 1o (Pz (a)).

Call this lattice Ag4. Since Ay is free, we can choose a lifting of it to Pz (a) to define an

action of Ay on My (a).

Proposition 4.4.7. The action of Agq on j\/l%ed(a) is free, and the quotient M%Ed(a) /Aq is

a projective k-scheme.

111



Proof. This is essentially [Chil9, Theorem 3.6.2], in which the freeness is proved for an
explicitly constructed lifting Ag — My (a), and the M%ed(a) /Aq is shown to be a proper
algebraic space. So we only need to slightly strengthen these statements.

First, the lifting of A; can be arbitrary, because using the result of the said theorem,
the stabilizer of any point in My (a) is a subgroup of A, of finite type, hence trivial
because A4 is a lattice.

Moreover, the quotient space M%Ed(a)//\a is a scheme because one can pick a large
enough quasi-compact open subscheme U C Mgy (a) such that M%ed(a)/ Ag is the quo-
tient of a finite étale equivalence relation R satisfying this condition: for any x € U,
its equivalence class as a subset of U is contained in an affine open subset. Therefore

M%ed(a)//\a = U/R is a scheme. ]

Corollary 4.4.8. The stabilizers of the ’P%ed(a) -action are affine and contained in Ry (a).

4.4.9 Following [Ngo10, § 3.9], we give a precise description of connected components
of Py (a). Recall we have open subscheme 12 C Ja of fiberwise neutral component. The

quotient J, /32 is supported over the closed point of X3, with fiber
0(3a) = Ja(0p) /Ta (Oyp).
We have exact sequence
1 — 1(Ja) — Ja(F3)/32(05) — Ja(Fp)/3a(0p) — 1.
Since k is algebraically closed, this is the same as exact sequence
1 — mo(Ja) — P2a) (k) — Py(a) (k) — 1,

where T%(a) = Grjg. In other words, the morphism T%(a) — Pz (a) is surjective. Thus
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we have exact sequence
o (Ja) — To(PY(a)) — mo(Py(a)) — 1. (4.4.1)
For any finitely generated abelian group A, we let A* be its Q p-Cartier dual
A* = SpecQq[A],

and conversely, for any diagonalizable group A over Q 0, welet A* = X(A) be its character
group.

Now we fix a trivialization of 3 over Xy, which identifies G with G together with asso-
ciated pinnings. Over X 1'7, the cameral cover is a W-étale cover. If we fix a geometric point
in X, over the geometric generic point i € Xy, we have a homomorphism 73 I, - W

(recall that Iy is the inertia group of Fy).

Proposition 4.4.10. After fixing a geometric point of X, lying over iy as above, we have

canonical isomorphisms of diagonalizable groups

o (PY)* = Trallv),

o (Py) ™ = T(m3 (Iy)),

where T(1t2(Iy)) is a subgroup of T ) consisting of elements k such that e (Iy) is

contained in the Weyl group Wy of the neutral component H of the centralizer of k in G.

The proof is essentially the same as [Ng610, Proposition 3.9.2], but since the replace-
ment of Lie algebras by reductive monoids is not completely parallel (e.g. one always
considers monoids associated with G5¢ instead of with G), we sketch a proof here. First
we have a lemma concerning T%’O(a) associated with the neutral component of Néron

model 32’0.
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Lemma 4.4.11 ([Ng610, Lemme 3.9.3]). The homomorphism T%(a) - T%’O(a) induces an

isomorphism
mo(PY (@) — Ja(Fp) 1370 (Op).

Proof. Both 52 and JZ’O have connected fibers, thus following the exact same steps for

obtaining (4.4.1), we have exact sequence
1=1(3;") — mo(PYa) — (P20 (@) = Ja(Fp) 1350 (05) — 1

as desired. B

Lemma 4.4.12. We have isomorphism

Ja(Fp)135°(0p)

12

X(T)Trc;(lv)'

Proof. This is [Ng610, Lemme 3.9.4] and is a special case of [Kot85, Lemma 2.2]. It only
uses certain properties of the functor A — A(Fg)/A"%(d3) on the category of Fy-tori,

as well as the fact that j;| I isan F p-torus. |

Proof of Proposition 4.4.10. By duality we have X(T)m;( I) = X(T)m;( 1,)» SO by combining

the two lemmas above, we obtain

and by taking Cartier dual we have
o (P9 (a))* = T,

This is the first claim.
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For the second claim, we use z-extensions. We have exact sequence of reductive group

schemes
1—G— Gy —C—1,

where G1 has connected center. It is obtained from its split counterparts twisted by an

Out(G)-torsor. We also have exact sequence of tori
1—-T—T] —C—1

and its split counterpart. Both G and G1 act on ) € FM(GS°) and they are compatible.
In fact, we have Cyyy = W /7 Ad(G) =~ M/ Ad(G1). Let J; — € be the regular centralizer
scheme associated with Gj-action, then it has connected fibers since G has connected

center. We also have exact sequence
l—3J—5H—C—1,
and the fiber over a
1—3a —31a— Ca— L
Since J4 — J§1 4 is proper, 34 (O3 = Ja(Fg) N 31,4 (Op. This implies that the map
3a(F5)/3a(03) — 31.4(F5) /31,4 (Op)

is injective. Since C,(F3)/Ca(Oy) is a finitely generated free abelian group, the neutral
components in Py (a) and Py 1 (a) are homeomorphic. Thus my(Py(a)) - me(Py 1(a)
is injective. This means that 1mg(?Py(a)) can be identified with the image of no(ﬂ’%(a))
in o (Pyp 1(a)).

115



Using the same argument as in the first claim, we have

o (PY (@) = X(T)prs 1, )

Tr()('P@,l (a)) = X(Tl)rra(lv)’

since J1 4 has connected fibers. Thus o (P (a))™ may be identified with the image of

homomorphism
TT&(IU) L, Ay
Let k1 € TJ" allv) with image k € T. Since G has a simply-connected derived subgroup,

the centralizer Hy of k7 (a semisimple element) in G is connected, and its image in G is

H. Thus 1t} (Iy) is contained in Wg. ]

4.5 Connection with MV-cycles

In this section we study the special case of unramified conjugacy classes. In this case,
[Chil9] established a bijection between the irreducible components of Mg 3 (a) modulo
Pz (a)-action and that of certain Mirkovi¢-Vilonen (MV) cycles. Here we slightly expand

their result to include Frobenius actions.

4.5.1 First, let us consider the case where G = G is split, and y € T(F@)rs. Let A be
a dominant cocharacter of T, and suppose yx € M as in Lemma 4.1.5 exists for some
M € FM(GSC). Since y € T, we have yy € Tm. Let a = xm(ya) and suppose it lies
in CM(O3). Then the Fy-torus J afy 18 canonically isomorphic to the maximal torus
Tlg17 itself. Thus its Néron model is just T@a' Recall we have the lattice A; being the
largest free quotient of 71 (Tf,(a))red. In this case A4 is isomorphic to X(T), which, after

choosing a uniformizer of Fy, can be regarded as a subgroup of Py (a).
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4.5.2 Following [Chil9, § 3.5.1], let

Y3 () ={u e LpU/LEU | Adg () € i,

and \?é 7(¥) be its preimage in LU, both with reduced ind-scheme structure. Let S, i

be the semi-infinite orbit
Sy = LpUTHLI G/LEG C Grep

for any u € X(T). Then we have commutative diagram

~Ady ! (y)
R ) LN LUy

/LFU | v

\ l _ (4.5.1)

In this diagram, the arrows marked with “/LL U” are L3 U-torsors, and the top horizontal
arrow, after taking quotient by a sufficiently small congruent subgroup of [I_%r U, is a

“homotopy equivalence” in the following sense:

Definition 4.5.3. Let Y7, Y> be k-schemes of finite type. We say Y7 and Y> are A-homotopy

equivalent if they can be connected by a chain of diagrams between k-schemes
Y —Y—Y,

where the arrows are locally trivial fibration of affine spaces. In this case, we denote
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Y] «» Yo.

We continue describing (4.5.1). The lower-left vertical arrow is a bijection on k-points
and induces a stratification compatible with the ind-scheme topology on Mé 5 (y) in-
duced by that on Grg 3. So the closure of Yéj(y) in Méj(y) is a fundamental domain
of the free X(T)-action, and the irreducible components of [Mg 5 (a)/Py(a)] are identi-

fied with those of Yéj(g/).

4.5.4 Now we move to general G obtained by outer twist 35 of G. Let ) € FM(GS)
and let a € C%((‘)v) be generically regular semisimple and unramified. Base change to

k, then as before we have isomorphism

Mep@g= [] Mgzla),
where U ranges over k-embeddings of ky into k. In particular, we have bijection of geo-

metric irreducible components:

Ir[Mgo(a)gl =[] Irr(Mgp(a)l.
v ky—k

The Frobenius oy € Gal(k/k) acts on the I_c-points on the left-hand side and it induces an
ok-action on the right-hand side, sending a k-point in the v-factor to one in the o (v)-
factor. For convenience, let oy = UIEk”:k] be the Frobenius of k/ky, then o acts on each
factor Mg p(a).

If we let J\/I’G’v(a) be the ky-functor analogously defined as Mg y(a) except we treat
Oy-points of [M/G] with trivialization over Fy as ky-points of le'G’v(a) rather than k-
points, then Mg (a) is just the Weil restriction of J\/I'G,v(a) from ky to k, and each

Mg v (a) is the base change of :M&,v(a) via U: ky — k. Therefore, it is clear that the oy-

action onIrr[/M¢ y (a)] is completely determined by the o -action on any one of Mg 3 (a).
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Consequentially, without loss of generality we may assume ky = k.

4.5.5 Now we assume ky = k. Recall that the definition of Mg ,, (a) depends on a choice
of ya € M(Fy) lying over a, which necessarily exists by Theorem 2.4.24. Since a is
unramified, over each Oy it can be lifted to a point y; € Ty (O3). Let hy € G5(Fp)
such that hyyahy 1= yu (necessarily exists by Steinberg’s theorem on torsors over Fy).

Then
Wy; = hf)o'v(hf;)_l € NG(T)(F@)

because a is generically regular semisimple, and we let wy,; be the image of w,; in
W(F3) = W. The element wy; depends only on yy but not on hy. Then yy is fixed
by 0y = wy,; X 0y, and Mg, (a) may be regarded as a ky-structure on the k-scheme
:Mé%( y) with Frobenius o, where y is the image of y3 in G234, For convenience, we let

0_1,) = u..}yf) X oy.

4.5.6 Over k we fix an isomorphism G = G that identifies their pinnings. Then y3; € Ty.

Let

be another Borel containing T and U’ its unipotent radical. Then we may obtain functors
\?é”'f/(y), Yé’,}}(y), and so on by replacing U with U’, and Mé’@(y) is a X(T)-tiling of
Yé','@(y) as well.

Since ¢, preserves X(T), it acts on the stack [Mé@(y)/X(T)], which induces an

oy-action on the irreducible components of [3\/12(\; 7 (¥)/ X(T)]. Similarly, the natural ¢ -
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action on LG induces an isomorphism L; U — L3 U’, which descends to an isomorphism
Tu Y s (WLEG/LEG — YR (0ILEG/LEG.
Therefore, o, induces a bijection
ol Yy 5(y) — Ir(Yg5 (),
compatible with the action of o, on the irreducible components of [Méj(y) /X(T)].
4.5.7 On the other hand, (4.5.1) establishes a bijection
Irr(Yé’@(y)) =~ Irr(SVy,f, N Gré\;’@),

hence an isomorphism

_EBIrr(Yéj(y)) - @Irr(Svy,f,ﬂGréj)

4 - = )
According the theory of geometric Satake isomorphism (see [MV07] or [Zhul7] for exam-
ple), up to a Tate twist the right-hand side is canonically isomorphic to the cohomology
group H? (Svy,f), ICY), were IC? is the intersection complex on GréA. We also have a direct

sum decomposition

RTg: HE(Grg 5,ICY) — €D HE(S,,5,1CM).
HeEX

It is known in [MV07,Zhul7] that HE(SL,,;,,IC/\) is concentrated on degree (2p, u). Simi-
larly, by replacing U with U’, we have identification

a° Irr(Yg'; (1))

’ A
_Irr(SVy’@ﬁGrG’D)
y Q

g ’

~
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and another decomposition

RTp : HE(Grgp,ICY) — P HE(S,, 5,1CY).
uEX
Here He (Su v,ICA) is concentrated on degree (2p’, u), where p’ is the analogue of p by

replacing U with U’. As a result, ¢¢, induces isomorphism

oy HE(Sy, 5,IC) — HE(S,, 5,ICM). (4.5.2)

VU’

4.5.8 The lift ), € G X oy of oy, naturally acts on Grg,p, and by Lemme d’homotopie
([LNO8, Lemme 3.2.3]) it is the same action as o because G is connected. We then have

commutative diagram

)\p oRTB A

dv:le lUv

pry,., oRTg
HZ (Grg,5,1CY) —— HE(S], 5,1CY)

where pry, is the projection to the direct summand given by H¢ (Svy,ICA) and similarly

for pr}, > As a result, we have inclusion of ¢7,-modules as direct summand

_@Irr([MEY () /X(T)])
Q C H2(Grg, 3, ICM).

4.5.9 Again by geometric Satake isomorphism, the cohomology group Ho (Grg,v» 1CY) is
identified with the irreducible G-representation V, with highest weight A through Tan-
nakian formalism, and the map RTg gives the weight decomposition with respect to T. It
can be easily upgraded to a representation of G X (o).

However, it is important to note that this isomorphism depends on the choice of Borel

B in G. To avoid confusion, we let the group given by Tannakian formalism by G, and RTg
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and RTy’ gives two different Borels B and B’ in G respectively. Then we may find some
W € N¢ (T) whose image in W is wy, such that 1 (B) = B’, and the B’-highest weight in
HE(GrG’@, ICY) is no longer A but wy;(A). Fix an isomorphism (g : G — G mapping B to

B, and let (gr = Ad,y otg, then we have isomorphisms

i - HE(Grg 3,1CY) — Vj,

(f  HE(Grg 5,1CY) — V.

4.5.10 The Tannakian formalism ensures an action of 1w on Hg (GrG,@,ICA), such that
under the maps RTg and RTp’ respectively, it identifies subspaces

W HE(Sy,5,1CY) — HE(S) ICh).

w(w),v’

Composing with the action of ¢, we have induced map

~1,} = 1w X oy . HE (Su,f)slc/\) ; HE (S;DNO'U(“),T}’ICA)'

This map depends on the choice of representative w in general, which we will fix one.
Thus we have induced map

o) H(Sy,,,1CY) — HY(S], 5,1C),
which is the same as the action (4.5.2). In other words, we have commutative diagram of
maps

pr ORTB L*[V ]
HE(Sy, 5, ICY) <— HE(Grg 3,ICY) 2= Valvy]
.

-
pr’,, oRTg/ tar vyl

HE (S, -,ICY) <— H2(Grg 3, ICY) =— Vilvy]

4
Vy, U’
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where V,[vy ] means the vy -weight subspace. As a result, we have isomorphism of op-

modules

_eIrr([MEA (y)/X(T)])
Q, G.v =~ Valvy], (4.5.3)

where o, acts on the right-hand side through &7,.

4.5.11 Finally, we consider endoscopic groups. Let a € [Cyy/Zw](Oy) be a point in the
image of [Cyy 1 /Zy,] for some endoscopic group H given by endoscopic datum (k, 9).
Suppose a is unramified and y; € [Tm/ZMm](O3) lies over a. As above let y be the image
of yy in Gad, and let the Newton point of y be v,. We also assume that a maps to a point
in WM T (05) C Appy(gse) (O).

Let H' be the preimage of H in G%¢, and Agy 1, ..., A m be the H' highest weights (al-
lowing repetitions) such that we have decomposition into irreducible H’ -representations

. m

G _ 14
RESH, Vowed) = 691 V—wH,O(?\H,i)'
l:

By the proof of Lemma 2.5.10, there are only finitely many lifts of y3 to [TM,H/ZI’\‘,[] (Op),
one for each Ag ; such that V’_wH oAy [Vy1 # 0. Denote those lifts by yp 5,1, -.., YH,v,e

where 0 < e < m. The canonical map
Wi X 119(K) — W X 1109(K)

as in Lemma 2.5.5 identifies (the image of) o, determined by y3 with those determined by
each yy 3,4, and in particular wy; € Wy. Pick alift i of wy,;, € Wi in Njy, (T) C Ngse (T),

then we have decomposition of o,-modules

m

V_woy[vyl = oo Vv D
i=1
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where o7, acts on the right-hand side through &,. Therefore using (4.5.3), we have the

following result:
Proposition 4.5.12. With the assumptions above, we have a canonical isomorphism of
Frobenius modules

Q,

e
=@ Irr(Mgp(a))/Py(a) _ —@Irr(Myy(an,i))/Puvan,i)
v v ~ @ Q# v 1 v 1
i=1
where ay ; is the image of yy v ;-

4.6 Matching Orbits

In this section, we demonstrate how to translate the matching of orbits and functions in

the group setting into the language of monoids.

4.6.1 We keep the notations in § 2.6. In particular, our endoscopic datum will be pointed.
Now given matching elements y € G(Fy) and yg € H(Fy) and matching functions
fA and Zing'i, we may assume y) € Env(G3¢) as in Lemma 4.1.5 exists (otherwise
both sides of fundamental lemma will be zero because the relevant multiplicative affine
Springer fibers for both G and H will be empty). Since A is Fy-rational, we may lift y;,
to some element int 20(©y) where ) € FM(G3°) is a monoid such that A is one of the

generators of the cone of 2yy. Let Wy be the endoscopic monoid.

4.6.2 Recall we have the fixed geometric point x; € T which, together with the base point
of endoscopic datum, gives a geometric point x4 lying over y, and similarly xg,, for yx.
Recall also that we choose xg,, = x5. For any o in Galois group I'; = Gal(F}/Fy), there
exists some element wgy € W X 119 (k) such that o(x3) = wg(x3), and a is the image
of ayg means that wg is actually contained in Wy X 119(k). This means that the point
ay = xXm(ya) € %’rS(Fv) must come from an element in ‘t’.,m,H = T/ Wy (Fy) because
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the monodromy groups are insensitive to central extensions. Since we are considering
regular semisimple locus, we may replace GIT quotients by W or Wy with stack quotients,

so we have
[T /Wi X 23] — [Ta3 /Wit X Zan) = [(T35 / Wrp) | Zan]

by definition of Zy,. Therefore the image of ayy on the right-hand side may be identified
a unique Fy-point on the left-hand side, denoted by ayy g. The torus T does not embed
into H in a canonical way, but Z; still does. It is straightforward to see that the image of
apg in Tady W is the same as that of ayy hence also ayy g. Taking further quotient, then
the image of ayy g in H ad 17 is the same as that of apy. By the comments at the end of

§ 2.6, it makes sense to talk about orbital integrals of ay, and ayy g respectively.

4.6.3 Finally, each Ay ; is not necessarily Fy-rational, but must be Fy-rational, and the
extensions of ayy g to Op-points of [Cyy g/ Z)’%] are in bijection with Ay ; by our con-

struction of M.
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CHAPTER 5

GLOBAL CONSTRUCTIONS

In this section, we make several useful global constructions. The most important con-
struction is the moduli of boundary divisors, which is an indispensable tool for describ-
ing multiplicative Hitchin fibrations. Technically, the moduli of boundary divisors in this
chapter is slightly different from what we will use for future chapters: here we mostly
formulate them as a space due to its relative simplicity in language, but in practice we
need a modified version where the moduli is a Deligne-Mumford stack instead of a space.
Such difference can be seen as early as in § 5.3, where we provide a somewhat novel

definition of global affine Schubert schemes.

5.1 Boundary Divisors

Before we can discuss multiplicative Hitchin fibrations, we must introduce moduli spaces
of divisors in a certain generalized sense. We mainly follow [BNS16, § 3] for this purpose,
but generalize it to non-split tori. Due to the technicality of this section and for conve-
nience of the readers, we would like to make all relevant statements in split setting first
and then prove the parallel results in general setting. The proofs are for the most part
the same as in [BNS16], with some changes.

Let A be a split torus over k, and A is an affine normal toric variety of torus A, viewed
also as a commutative monoid with 2 = A. Such toric variety is determined by a satu-
rated, strictly convex cone & C X(A), and A € & if and only if A Gy, — A extends to a
monoidal homomorphism from Al to %. The ring of functions k[%] C k[A] is spanned

by the function determined by characters in the dual cone

E* = {x e X(A) [ {(o,A) = 0,VA € &}
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5.1.1 Let X be a smooth, geometrically connected, projective curve over k. We have

k-mapping stack
BYT = Homy (X, [2%/A]).

For a k-scheme S, an S-point of B}(Jr consists of a pair (E, ¢) where E is an A-torsor
over X X § and ¢ is a section of the induced toric bundle 2, over X X S. We are interested
in the open substack B}( C B}f where for any geometric point s € S the image of the
generic point of X X {s} under ¢ is contained in Ar C Xg. When the monoid is not clear
from the context, we will use ZB}(’A, etc. to emphasize the monoid. The k-points of B}(

can be conveniently described by so-called &-valued divisors.

Definition 5.1.2. Given a smooth curve X over k, a &-valued divisor or a boundary divisor

is a formal sum

Ax = D Axx,
x€|X]|

where x ranges over the closed points of X, and Ax € & is non-zero for only finitely

many Xx.

Remark 5.1.3. We use the name boundary divisor because it records the intersection type
of the curve with the boundary of the unit group inside the monoid. The dependence of
this notion on cone & won’t cause any confusion since the cone is usually clear from the

context.

5.1.4 Let (E,¢) € fB}((k). At some x € |X| such that ¢(x) is not contained in A, we can
choose a local trivialization of E over the formal disk Xx = Spec Ox (since the residue

field k. is finite). After choosing a local uniformizer 7Ty, we denote Ox = kx[[1Tx]] and
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Fx = kx((1Tx)). Then ¢ (Xyx) is a point in

A(Fx) NA(0x) = [ ] mRAOx).
AEC

This way we obtain a cocharacter Ay € &, and it does not depend on the trivialization of
E. Thus we have an associated boundary divisor on X. It is not hard to see the following

using Beauville-Laszlo’s gluing theorem.

Lemma 5.1.5 ([BNS16, Lemma 3.4]). The above construction induces a canonical bijection

between B}((k) and boundary divisors on X.

Example 5.1.6. When A = Gy and % = Al, the space B}( is simply the moduli space of

all effective divisors on X.

5.1.7 Similar to usual divisors on a curve, we would like to have a notion of degree to
stratify space B}( into more accessible objects. Given a boundary divisor Ay, we can

define its degree to be the following element in £
deg(Ax) = > [k : klAx.
xE|X|

This straightforward definition by itself is too coarse, so we have the following definition

in [BNS16].

Definition 5.1.8. A multiset in £ is an element p of the free abelian monoid generated by

& —1{0}
p= > H(?\)e)‘ e & Ne?,
AEE Ae&—{0}
where p(0) = 0 by convention. The degree of multiset u is defined as
deg(p) = > pA)Aee.

AEE
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There is an natural partial order on the set of multisets by refinement: we say u refines

E, or g E, if the difference u - H,' viewed as an element of the free abelian group

generated by &€ — {0}, can be written as a sum of elements of the form oM 4 oAz _ pA1tAz

Clearly, refinement does not have an effect on degree.

Definition 5.1.9. A multiset y is called primitive if there is no strict refinement in the
sense that u” + p and p° # p. Equivalently, u is primitive if u(A) = 0 unless A is

primitive in & (i.e., A is not the sum of two non-zero elements in &).

We can associate to a boundary divisor Ay a multiset
Ax = P ( > [kx:k])eA,
AEE \Ax=A

and one sees that deg(Ax) = deg(Ay). We have the following results.

Proposition 5.1.10 ([BNS16, Proposition 3.5]). There exists a unique stratification of CB}(

indexed by multisets:

such that
(1) B}J (k) consists of those boundary divisors whose associated multiset is u.

(2) fB}, is isomorphic to the multiplicity-free locus of the (necessarily finite) direct product
Xa= ] Xuw,
Ae&—{0}

where XH(;\) is the u(A)-th symmetric power of X. Here (Dj) ) € Xu being multiplicity-
free means that the total divisor Y ) Dy is a multiplicity-free divisor (not just Dy in-

dividually).
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(3) fBé, lies in the closure offBé if and only if p E/'

Corollary 5.1.11 ([BNS16, Corollary 3.6]). We have the following description of connected

and irreducible components of B}(:

(1) Each connected component of B}( contains a unique closed stratum of the form Bi,\
for some A € €. Consequently, there is a canonical bijection WO(B}() ~ &, and B},

lies in the connected component TB}('A associated with A if and only if deg(u) = A.

(2) Each irreducible component of fB}( is the closure of a stratum B}, where y is a prim-

itive multiset.

For a primitive multiset H, let Aq, ..., Am be the coweights such that U (Aj) # 0, then

the isomorphism in Proposition 5.1.10 (2) can be extended to a morphism

m _
[T Xy — B (5.1.1)
i=1

Corollary 5.1.12 ([BNS16, Corollary 3.7]). The disjoint union of morphisms (5.1.1) for

which p ranges over all primitive multisets is both a normalization and a resolution of

singularity of B}(. In particular, it is a finite map.

5.1.13 Given & with associated cone &, there are two constructions to associate a “stan-
dard” monoid to A. First, let A1, ..., Ay be the primitive elements of £, which each gives
a monoidal homomorphism Al — 2. The multiplication map then defines a homomor-
phism

A= A" — A

On the other hand, let 1, ..., Bm be a set of generators of the dual cone &* as an N-

monoid, and let £ be the N-dual of the free abelian monoid generated by ;, then we have
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injective map of cones & — £ and a homomorphism of monoids
A— A= Speck[ePl, ... ePm] =AM,

Note that 2 is canonical since & is strictly convex, while A depends on the choice of
generators f;.

Both B}f,i\ and B}fé are clearly smooth. By Corollary 5.1.12, the induced morphism
:B}(,jk - B}(,?t is a finite resolution of singularity, and by Proposition 5.1.10, the morphism
By o~ fB}(& is a closed embedding.

5.1.14 Now we deal with the case where the torus is not necessarily split or constant.
Let A be a torus defined over X, and & an étale-locally trivial A-toric X-scheme with affine
and normal fibers. Then the stacks TB}QL and B}( still make sense, and we are primarily
interested in B%.

Let X(A) be the étale sheaf of cocharacters defined as the internal hom-functor in the

category of abelian sheaves
X(A) = Homy (G, A).

The toric scheme 2 is then defined by a sheaf of saturated strictly convex cones & C X(A).
Let x € |X| be any closed point, the decomposition of A(Fx) N A(Ox) into A(Ox)-

cosets has become

AFx) NA0x) = || mEAOx),
AEE(Oy)

where the cone £ (Oy) sits inside the cocharacter lattice of the maximal Ox-split torus
of Ap,, which is the same as the lattice X(Akx), because the automorphism group of a

split torus is discrete. Therefore, £(Ox) can be canonically identified with the fixed point
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of any Frobenius element ox € Gal(kx/k) in the cone &(Ox Ok, k). For this reason,
we denote € (O ) by Ex. Thus we have a generalized definition of boundary divisor as

follows:

Definition 5.1.15. Given a smooth curve X over k and toric scheme 2 over X, a boundary

divisor is a formal sum

A)( = Z AXX’
xE|X]|

where Ax € & is non-zero for only finitely many x.

This way any k-point of fB}< naturally induces a boundary divisor, and it induces a bi-
jection between the two sets because the Beauville-Laszlo gluing construction still works

(see the proof of [BNS16, Lemma 3.4]).

5.1.16 Note that the sheaf X(A) can be represented by a countable union of finite étale
covers of X, and the cone & a subscheme consisting of some connected components
therein. There is a canonical component in £ corresponding to the zero cocharacter, still
denoted by 0. The relative symmetric power &, x = Symy € is easily seen smooth by

looking étale-locally over X. We also have the addition map by definition:
+. &nx —C.

Since & is a disjoint union of smooth projective curves, its scheme of connected compo-
nents 1y (€) is an étale scheme over k locally of finite type. For A € 1mg(&) a closed point

and &2 the corresponding component in £, we let k) = HO (&4, Og), then A = Speck,.

5.1.17 A multiset u is defined as an element in the free abelian monoid generated by

the closed points in 1H(€) — {0}. The partial order by refinement is as follows: for
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0+ U= 2aem (&) H(A)A (again u(0) = 0 by convention), we have

- A

in which the direct product is taken over X, and the image in 1y (&) is a finite subset.
Any point E, in such image is called a degree of y, regarded itself as a multiset. Note that
there may be multiple possible degrees in this sense.

If p = p, + 4y, and H,Z is a degree of ., then o= byt le is again a multiset. In
this case u can be seen as a refinement of H,' More generally, a multiset y is said to be a
refinement of H, or y = H, if E, can be obtained from y after finite steps of taking degrees
of its summands. The notion of degree is less useful compared to the case of constant 24,

since they no longer correspond bijectively to connected components of B}(.

5.1.18 Given a boundary divisor Ax, we may define an induced multiset Ay as follows:
let x1, ..., xm be the mutually distinct points of X such that Ax; # 0. Since Ay, can be
identified with a point in £ (ky;), it is contained in a unique component A; € 1o (&). Let

di = [kx; - k] be the degree of point x; over k. Then Ay is just the formal sum

m
Ax = > did;.
i=1

5.1.19 Now we are ready to prove various properties of B}( parallel to the split case.

Definition 5.1.20. The toric scheme A with torus A is called of standard type if it is

defined as
A=px(GmXX) ChA=px(Al X X)
where p: X’ — X is a finite étale cover.
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Lemma 5.1.21. The functor fB}( is representable by a countable disjoint union of projective

varieties over k if & is of standard type.

Proof. Any A-torsor E over X X S for any k-scheme S can be obtained as pxE’ for some
Gm-torsor on X’ X S as follows: take étale cover U — X X § so that E is trivial on U. The
descent datum is given by an isomorphism of A-torsors o : pik E — vik E (p; is the i-th
projection map U X xxs U — U) satisfying cocycle condition. This o may be regarded as
a point in A(U Xxxs U) since A is commutative. Let U" = U Xx X', then by definition
A(UXxxsU) = Gm(U' X x'xsU"), so that o lifts to a Gm-cocycle on the cover U” — X' XS.

This means that the morphism of algebraic stacks

px . Bung,/x» — Buny, x

is essentially surjective. Again because A is commutative, the automorphism group of E
is A(X X S) = Gm (X’ X S). Thus px is a fully faithful map of the stacks. Therefore px
is an equivalence of algebraic stacks.

The stack B}mt classifies pairs (E, ¢) where E € Bung, x and ¢ is a section of E AN,

Let E' € Bung,,/x’ be such that pxE" = E, then ¢ € E xAn(X) = E' xOm AL(X). This

1

means that px . Bl XAl is

XAl fB}(’A is also an equivalence. It is well-known that B

representable by a countable union of projective schemes (being symmetric powers of

’ . 1
X"), hence so is BX,A' [ |

Lemma 5.1.22. Suppose we have closed embedding 2 C A" of toric schemes associated
with closed embedding of tori A C A" over X, and suppose further that both B}( 5 and
fB}( y are representable by separated schemes locally of finite type, then the induced map

B}(,A - 3}(,;‘, is a closed embedding.

Proof. We show this by showing that it is a proper monomorphism of functors, which
is equivalent to the map being a closed embedding for schemes. For injectivity, given

(E',¢") € CB}(  (S) and two liftings to B}( % (S) which may be identified with two A-
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torsors F1,E» C E’ with a rational section ¢p = ¢’. Since over an open dense subset of
X X S, ¢ gives a trivialization of both E1 and E», they must coincide over all X X S by
taking scheme-theoretic closure in E’. This means (E1, ¢) = (E», ) € B}(A(S ).

For properness, as both spaces are separated schemes and locally of finite type over
k, we only need to show the existence part of valuative criterion. Let R be a discrete
valuation ring and F its fraction field. Let (E',¢’) € B%(,?&’ (R) with F-lifting (Er, ¢pf) €
B}(’A(F ). Let U C Xg be the open subset such that the image of ¢’ is contained in E’,
then Xg — U U X has codimension at least 2. The torsor E’ is trivialized by ¢’ over
U, hence we may glue Er with the trivial A-torsor over U to obtain a lift of (E’, ¢") over
U U Xr. Since A and Xg are both normal and Xg — U U Xf has codimension at least
2, we may extend it into a pair (E, ¢) € B}(,A(R) using Hartogs’ theorem. This proves

properness and we are done. |

Proposition 5.1.23. The functor B}( is representable by a countable disjoint union of pro-
Jective schemes over k. Moreover, every B}( 5 can be embedded into B}( A A8 a closed

subscheme for some Ap of standard type.

Proof. We deduce the general case from the case of standard type. Consider the sheaf
of characters X(A) = Homy (A, Gy) and the dual cone &* C X(A), both of which can
be represented by a countable disjoint union of étale covers of X. Take a finite set P C
Mo (E), viewed as a subsheaf of &*, such that P generates £* as a sheaf of monoids.
Consider the constant sheaf N (resp. Z) on P, whose pushforward to X may be seen as
the sheaf of free abelian monoid (resp. group) generated by P, denoted by ffp* (resp. Xp).
Then we have surjective sheaf maps L”P* - &% and Xp — X(A).

The monoid 2 is given by the relative spectrum

spec, (B (Pax00)),
X

where « ranges over connected components of & * P« . & — X is the natural map, and
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superscript V is the dual as @ xy-modules. The @x-algebra structure on the direct sum
can be easily seen étale-locally. The torus A is similarly defined by replacing &* with
X(A). We let 4p (resp. Ap) be the monoid defined by the same construction, with &*
replaced by ff‘P* (resp. Xp), then we have closed embeddings X — Ap and A — Ap. We
also know that Ap is of standard type.

We have maps of stacks
[A/A] — [Ap/A] — [2p/Ap]
which induces morphisms of k-mapping stacks
BYH — BL" = Homy i (X, [Ap/A]) — B .

The map B}f — Buny is representable: indeed, since the fiber over an S-point Eg €
Buny (§) is the hom-functor Homy . g/s(X X S, Eg XA 24p), which is representable by an
S-scheme due to the fact that Eg X 2p is a vector bundle (see [Gro63, 7.7.8, 7.7.9]). Since
Buny is an algebraic stack, this means that TB}CL is also an algebraic stack.

Now we restrict to B}(,A - B£ where Bi C B}f is defined similarly by requiring the
section ¢ in the pair (E, ¢) to be generically contained in E xA Ap. Since A acts on both
A and Ap freely, we see that both functors have no non-trivial automorphisms, hence
are equivalent to sheaves. In fact, B}( - 3}(,;4;: is just the pullback of homomorphism
of Picard stacks Bung — Buny,, which is a morphism representable by schemes because
A is a subtorus of Ap. Since B}(,?Lp is a scheme by Lemma 5.1.21, so is Bi. In fact, Bl
must be a countable disjoint union of quasi-projective varieties.

Since & C 2Ap, TB;A is a subsheaf of (not necessarily projective) scheme BL. Let

(E,¢) € Bi(Bi) be the universal pair given by the identity map of Bi. Let (Bi)' be
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defined by Cartesian diagram

(BLY P ExAx

l |

Bl P pxAn
then (BL)’ is a closed subscheme of BL. The inclusion fB}(A — Bl factors through
(Bi)' and (Bi)' clearly coincides with B}(;& as subsheaves. This means that B}(;& is
representable by a countable disjoint union of quasi-projective schemes.
Finally, as B}( 5 is representable by a scheme locally of finite type over k, B}( 5 IS a

closed subscheme of B}< Ap by Lemma 5.1.22 and we are done. |

Corollary 5.1.24. Suppose we have homomorphism % C A’ of toric schemes associated
with homomorphism of tori A C A" over X, such that the induced map of cones &, — &y

is a closed embedding, then the induced map B}( %~ B}( w IS a closed embedding.

Proof. Asboth spaces are representable by schemes locally of finite type over k, it suffices
to show the map is a monomorphism and proper. With exactly same argument as in
Lemma 5.1.22, we can show that fB%(’A - CB}(,A, is proper using valuative criterion. So we
only need to show injectivity as functors. We first do some reductions.

The cone &, generates a subsheaf of lattices in X(A), giving a subtorus A; C A. The
cone &, C X(A7) corresponds to an Ap-toric scheme 24 which also embeds as a closed
subscheme in X. The quotient lattice corresponds to the quotient torus A/Aj, and the

image of the cone & = &, is 0. Thus we have a Cartesian diagram

Ay A

l |

{1} — A/A;
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which induces a Cartesian diagram of moduli spaces

1 1
BX 2 BX A

| |

1
(b} —— Bx a4,

where b is the k-point of B}(, AJA corresponding to the trivial A/Aj-bundle equipped
with the natural trivialization. But since B}(’ AJA, I8 obviously equivalent to a k-point, the
map Bif,?h - B%{,A is an isomorphism.

This way we reduce to the case where the rank of cone & (resp. &) equals lattice
X(A) (resp. X(A”)). This means that A — A’ has finite kernel Z. Suppose (E1, ¢1) and
(E, o) in B}(’A(S) are both liftings of (E',¢") € B%{,A’ (S), then there is an Z-torsor Ez
such that E; xZ Ez = Eo. Let U C X X S be the open dense subset such that the image of
¢’ is contained in E’, then over U the quotient ¢1 /¢ gives a trivialization of Ez over U.
Since Z is finite, the scheme-theoretic closure of image of ¢1/¢> in Ez is an isomorphic

copy of X X S. Hence E7 is trivial and we are done. |

Proposition 5.1.25. There exists a unique stratification of fB}( indexed by multisets:

1 _ 1
By = UBH,
H
such that

(1) fB}, (k) consists of those boundary divisors whose associated multiset is u.

(2) Bb is isomorphic to the multiplicity-free locus of the (necessarily finite) direct product

— A
Xa= ] &G
Aemy(&) —

where (D)), € Xu being multiplicity-free means that the total divisor > )\ Dy is a

multiplicity-free divisor on X after pushing forward to X.
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(3) fBé, lies in the closure offBé if and only if p E/'

Proof. First, in the case of a simple multiset u = A € (&) — {0}, we show Bé ~ g,
In the case % = pxAl, where p: &) - X is the natural map, the result is given by the
proof of Lemma 5.1.21. In general case, the inclusion eN - & gives an embedding of
cones corresponding to morphism of toric schemes px Al - 2 (with homomorphism of
tori px Gm — A). Then we apply Corollary 5.1.24 and we are done for the case of a simple

multiset. Let
0, : er — B,:},

be the isomorphism.
The monoidal structure on 2 induces a monoidal structure on B}(: given 01 = (E1, ¢1)
and 0> = (E», ¢») in TB}(, the product 0; ® 0> is the pair (E; XA E», 1 ® ¢»), and this

monoidal structure is clearly commutative. Given a multiset g, we can define a map

. _ A 1
w:Xp= 11 & — Bx (5.1.2)

Q(xi\,...,xﬁ(/\)) — (?[GA(xi\) ® + ® 07 (X0 )-

Note that the ordering of the product has no effect on the resulting map so it is well-
defined. The map (5.1.2) is proper because the source is a projective variety and the target
is a separated scheme. Let B_é be the image of ¢y, which is a reduced closed subscheme
of B}( because the map is proper and the source is reduced. Let Xﬁ be the multiplicity-
free locus designated by part (2), then by checking the boundary divisors at k-point level
we can see that lEl(LH(XH)) = Xu hence it has open image in fB_é denoted by fBé. In
fact, one may check that Zg — Bé is just the union of the images of ' such that p H,-
This stratification exhausts B}( by checking on k-points which is straightforward because

B (k) is in bijection with the set of k-valued boundary divisors.
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It remains to prove that the restriction of tuto X, ﬁ is an isomorphism. For this purpose
we embed B}( into B}(,Ap for some Ap of standard type. In the latter case, the map
Xﬁ - Bbﬂp is an isomorphism by direct computation. Therefore we have a section
Bé - Xﬁ to ty by composing with embedding B}( - B}(,Ap' Since XE is integral and tu

is a bijection on k-points, it has to be an isomorphism. |

Corollary 5.1.26. (1) Each connected component of B}( contains a (not necessarily unique)
closed stratum Bé where p = A is a simple multiset. In particular, there is an equiv-
alence relation ~ on the set of closed points of 1o (&) such that no(B}() (as a set)
is in canonical bijection with to(&€)/ ~. Each Bé lies in the connected component

corresponding to [A] if and only if there is some A" ~ A such that A’ is a degree of M.

(2) Irreducible components of fB}( are the closures of strata B}, where y are primitive

multisets, i.e. u(A) # 0 only if A cannot be further refined.

Proof. For the first part, the minimal elements of the partial order - are the simple ones,
and the closure of Bé contains and only contains those 2321\ where A is a degree of p.

For the second part, the maximal elements of the partial order - are the ones that
cannot be refined any further, and those multisets are exactly the ones described by the

statement. B

Corollary 5.1.27. For each primitive multiset u, the map ty gives a normalization which

is also a resolution of singularity of fB},.

Proof. The map ty is birational and finite by Proposition 5.1.25, thus must be a normal-

ization map. Since the source X is smooth, it is also a resolution of singularity. |

5.2 Global Affine Grassmannian

The reference of this section is [Zhul7], especially Lecture III therein, where proofs or

reference to them can be found.
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5.2.1 Let G be areductive group over smooth curve X induced by Out(G)-torsor 3. For
any positive integer d, we may define the so-called Beilinson-Drinfeld affine Grassmannian
over Xz = Symd X as the follows: any S-point D € X;(S) may be interpreted as a finite
flat S-family of divisors of degree d in X. The Beilinson-Drinfeld affine Grassmannian

Grg 4 sends S to the groupoid

D € X4(S),E € Bung(S)
(D, E, ¢) )
¢ Elxxs—p — Eolxxs—p is a trivialization
This is known to be an ind-scheme of ind-finite-type over X, . Since G is reductive, it is
also ind-projective. Similarly, we have the X ;-family of jet groups and arc groups defined
as follows: for D € X;(S), let Ip be the ideal in Oxxs defining divisor D, then we have
infinitesimal neighborhoods Dy, defined by I} as well as the formal completion Xp of

X X § at D. Then the jet groups and arc group are defined as

Lx, nG(S) = {(D,g) | D € X4(5),g € G(Dn)},

Ly, G(S) ={(D,g) | D € X4(5),9 € G(Xp)}.

They are known to be representable by an affine scheme over X4, and the jet groups are
of finite type. In addition, using the fact that G is smooth over X and the infinitesimal
lifting criterion, we see that the jet group schemes are smooth over X;, while the arc

group is formally smooth over X.

5.2.2 The definition of loop groups is trickier. First, one can show that the formal scheme
Xp is ind-affine relative to S. Without loss of generality let S be affine. Taking its ring
Rp of global functions and let XJ, = Spec Rp, then there is a canonical map Xp — X,

through which the map Xp — X X S uniquely factors. Therefore it makes sense to define
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scheme X7, = X[, — D. Then the loop group is defined as
Lx,G(S) ={(D,g9) | D € X4(S),g9 € G(X})}.

This functor is represented by an ind-scheme over X; and we have natural isomorphism

of k-spaces
Grga = [Lx,G/Lx,Gl.

5.2.3 If we have curves X* parametrized by A in a finite set A and a tuple of positive

integers d = (d))aep, thenwe can let X =[] X A and we will have natural map

A A
Xy =11X3, — X,
A

where |d| = >, d). Therefore we also have the affine Grassmannian, arc group, etc. over

A
Xi'

5.2.4 Themap G — Gad compatible with the fixed pinning spl induces a homomorphism
X(T) - X(T2d) as well as the dominant cones therein. The dominant cone X(729) is
locally freely generated by the fundamental coweights, hence it corresponds to a T2 toric
scheme %429 of standard type over X. Viewing X(7T2d) as a countable étale cover of X,
then there is a canonical union of connected components 9 c X(13d) corresponding
to the set of all fundamental coweights. By Lemma 5.1.21, the monoid 2434 ig then the

pushforward

a2 = pFAl,
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where pﬁ’ 1 €9 - X is the natural map. The moduli of X (124, -valued boundary divi-

sors B}(’Aad can thus be identified with union of symmetric powers

o0
1 _ w
BX,Aad N u &
d=0

on which we have the affine Grassmannian, arc group, etc. (using either G or G4, or any
group for that matter) all well-defined. The dominant cone X(T) 4+ for T is not necessarily
strictly convex, but any saturated strictly convex subcone & C X(T)+ determines a T-
toric scheme 2, and the homomorphism of cones & — X(724), induces a proper map of
boundary moduli
1 1
Bxn — Bx s
and thus one may pullback the affine Grassmannian, arc group, etc. from 3}(’;@- There-

fore such notions make sense for B}( 5 even if it is not a union of symmetric powers of

curves (or even smooth).

5.3 Global Affine Schubert Scheme

Just like the Beilinson-Drinfeld affine Grassmannian is “affine Grassmannians in a family”,
we also have the corresponding family of affine Schubert schemes.

Usually, the affine Schubert varieties are defined as certain subschemes of affine
Grassmannian. However, things get tricky when multiple points are involved due to the
complication caused by the torsions in the fundamental group of G (or equivalently, in
1o (Bung)). See for example, [Var0O4, Definition 2.10] when the group is split. The defini-
tion given in loc. cit. is in fact slightly incorrect (further showing its trickiness).

Here we give a definition of affine Schubert scheme using reductive monoids. This

method allows us to directly define affine Schubert schemes without referring to affine
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Grassmannian at all, and is very straightforward.

5.3.1 Let 2" = Env(G3°), and we have the Deligne-Mumford stack of boundary divisors

Bx defined as an open substack
Bx C Homy (X, [0/ Zm]).

This is not a space simply because Zyy — 2&% has a finite kernel, but it won’t complicate
matters too much.

Given b = (L£,0) € Bx(S), where L is a Zyy-torsor over X X § and 0 is a section of
2y o that is generically contained in Z%’ o Over every geometric point s € S. We have

Cartesian diagram
Ny —— My

l l

XXS —0>?Lm,£

Recall that the numerical boundary divisor 2y — J% is a principal divisor cut out by the

product of all simple roots
’
IIp == 1_[ e
i=1

which is well-defined since ITx is fixed by Out(G3°). The pullback 0I5 defines a Cartier
divisor %} on X. Let )A(zz,b be the formal completion of X X S at 3},. Let [I_;gr G5¢ be the arc
group defined using divisor %}, and similarly [Lgmb the arc space of 0);,. Then we have

arc spaces over By:

L3, G5(S) = {(b,9) | b € BX(S),g € G**(X,)},

L, 0/2%)(S) = {(b,x) | b € Bx(S),x € W} (Xp,)}.

The arc group [L}EXGSC acts on [L%X (M /2y ) freely both on the left and on the right by
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translation. If b is a k-point, with corresponding boundary divisor > veEX(R) Ay, then

the set-theoretic fiber [L;;)Y)b(l_c) over b is isomorphic to the product

I [ S Gsc(@v>n1(}?\v.u)Gsc(@v)]
veX(k) - pex(rid),
H=—wp(Ag)

The global affine Schubert scheme of the adjoint group G24 is defined as the fpgc quotient

Crs adwO(ﬂX) = U_BX()Y)/A)Y))/[LBXGSC

G

Then it is straightforward to see that its fiber at b € By (k) is canonically isomorphic to

[T Gre ™ .
veX(k)

5.3.2 By replacing 20 with the big-cell locus °, we obtain a generalized notion of affine

Schubert cells. More precisely, we define

Grg;go(fBX) — [l_%X(mo/Am)/l]—§XGSC

whose fiber at b € By (k) is canonically isomorphic to product

A —
[T Gra™ .
vEX (k)

v
5.3.3 We may also construct a canonical map of functors

<-wo(Bx)
GI’Gad -_—> GrGadyﬂx.
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First, it is easy to see that the Beilinson-Drinfeld affine Grassmannian of G4 over B X
defined in the previous section is the same as the functor sending S to the groupoid of
tuples (b, E, ¢) where b € Bx(S), Eis a G2-pundle over X x S, and ¢ is a trivialization
of E over X X § — 2%,

Now let (b, x) € [L%X (M /2y) (S) is an S-point. Similar to affine Grassmannian case,
the formal scheme ng,b uniquely factors through an S-ind-affine scheme X};h. Let punc-
tured disc Xy, = Xy, —%p. Over the X3 , the arc in M0}, is a loop point of (G+) £, which
induces a loop point in G%d. Since £ is a Zy-torsor, the induced G29-torsor G%d is canon-
ically trivial. Thus we have a loop point in Gad, Using this loop point, we may glue the
trivial G3-torsor on X X S — B}, with the trivial G3-torsor on lesb and obtain a G3d-
torsor E;q on X X S, together with a tautological trivialization on X X § —%,. This gives

a morphism
D—%X(TO/AI‘O) - GrGad,BX'

This morphism is invariant under [L}EXGSC-aCtion, hence we have a well-defined map

<—wo(Bx)
GrGad —> GrGad’rBX.

The details will play out exactly same as in the situation of the “usual” affine Grassman-

nian, so we leave it to the reader.

5.3.4 For group G itself, as in the affine Grassmannian case, we may use the map G —
G4 to produce global affine Schubert schemes “of G”, although it has little content since

it is just multiple copies of the objects in Gad case. We may also change monoid to an
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arbitrary Y0 € FM(GS°), and use the Cartesian diagram

M —— Env(GS°)

| l

Ayy —— Apny(Gso)

to pullback and obtain the global affine Schubert scheme relative to the divisor stack
associated with [Myy/Zy]. If 2y is of standard type, then it is the same as replacing

Env(G3¢) by M in our previous construction. The detail is left to the reader.

5.3.5 An immediate benefit of our definition is the following

Lemma 5.3.6. Let ) € FM(G3). The map

<-wy(Bx)

L, (0/290) — Gr o

is formally smooth.

Proof. Indeed, because the arc group [L%XGSC is formally smooth and its action by right

translation on Lz (M0/24y) is free. N

Remark 5.3.7. (1) If the reader compares the definition in [Var04] with the one we give
here, one can see the reason why the traditional definition gets so complicated:
when we define the universal monoid Env(G3¢) (c.f., § 2.3), we are not only using
the representations of G*¢, but also the abelianization space Zgpy(gse)y = A”; on
the other hand, the traditional definition only utilizes the representation part, thus

certain “integral” condition is lost and has to be rebuilt using ad hoc formulations.

(2) The family of affine Schubert variety here is not parametrized by a space rather a
Deligne-Mumford stack instead. One may view it as a slight downside, but the inclu-
sion of automorphism groups is precisely why it naturally resolves the complication

caused by Z5¢-twisting.
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5.3.8 Let U be a k-scheme and U — Bx be a map, then we have induced family of affine

<—wo(Ay

Gad ). The support of boundary

Schubert varieties over U, and we denote it by Gr
divisors Ay parametrized by U can be viewed as a purely codimension 1 subscheme of
U X X. The union of some connected components of such subscheme can be seen as a
U-flat family of boundary subdivisors of Ay. Call this subdivisor Ay, then since the arc
scheme construction is local, we may also define a U-family of affine Schubert schemes

<—wo(Ap)

Grcad

— U, (5.3.1)

<-wo(Ay,u)

whose fiber at u € U is just the direct factor of Gr Gad

supported on Ay;. So we

have natural projections fitting into commutative diagram

Ly, 0/20) — [LX/U(YY)/?%)

| |

<—wy(Ay) Grﬁ—wo(f\;])

G rGad Gad

where the vertical maps are formally smooth.

Definition 5.3.9. The map (5.3.1) is called the partial affine Schubert scheme supported

14
on AU.

5.4 Perverse Sheaves

The important aspect about the global affine Grassmannian is the category of equivariant
perverse sheaves on it. In the single-point case, i.e., the “usual” affine Grassmannian case,
it is well-known that it is equivalent to the Tannakian category of the dual group over Q,
through geometric Satake equivalence. The affine Schubert varieties characterize all the
simple objects in the that category corresponding to irreducible representations. The

results are similar in the case of Beilinson-Drinfeld affine Grassmannians, and we briefly
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review it. See [Zhul7] (especially its §§ 4 and 5) for example for details.

5.4.1 First of all, it is more convenient to start with de-symmetrized version of Beilinson-
Drinfeld affine Grassmannians. In other words, instead of symmetric power X;, we con-
sider direct product X 4 and G rg,xa onit. The factorization property of Beilinson-Drinfeld
affine Grassmannian states that over the multiplicity-free locus (X d) ° we have canonical

isomorphism

Grg xa Xxa (X4)° = (ﬁ ch) Xy (X4)°,
i=1
We also have the d-fold convolution affine Grassmannian
Gréd = GrgX -+ XGrg
whose S-points consist of tuples
(X1, -y Xa3E1, -~ Eqgy P15, Pa)s
where x; € X(S), E; € Bung(S), and

bi: Eilxxs—x; — Ei—1lxxs—x;

is an isomorphism. Here again E denotes the trivial G-torsor. We have the convolution

map

md Gréd _—> Gerd

(xl’Ellqbl) — (x15 ,Xd,Ed,(bl 6.0 (bd);
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which is also known to be an isomorphism over (X d)o. We may factor m,  into smaller

steps

Gréd — Grg x2 >?Gr§(d_2) —> =+ — Grg ya-1XGrg — Grg ya.
Over any point (x;) € X d, each step above is stratified semi-small in the sense of [MV07,
p. 14] (to see this, one only need to combine factorization property and the well-known
fact that over a single point x, the convolution map Grg xXGrg,x — Grg,x is stratified
semi-small). Over the whole base X d, each step above is in fact small because it is an
isomorphism over an open dense subset (X dy ° hence making the inequality in the defi-

nition of semi-smallness strict.

5.4.2 Let F; (1 <i < d)be a LT G-equivariant perverse sheaf on Grg. Then there is the

notion of twisted external product F{ X --- KF4 on Gréd whose restriction to

_ a
Gréd X xd (Xd)O ~ (n Gr(;) X xd (Xd)o
i=1

may be identified with external product Fi K --- X F4. The classical result is that
Mg (F1 R - ®Fg) = Mgy (F1® - BFg) = jix (F1 B - ® Fgl(xd)o)

where j is the inclusion Gréd X yd (X4)° - Gréd. Suppose that F{ X --- KF is fiberwise
perverse over X4, then we know that Jik(F1 XX Fdl(xd)o) is fiberwise perverse over

x4,

5.4.3 The scheme Gr is locally trivial fibration over X, and so we also have locally trivial
fibration of various affine Schubert varieties which can also be defined using reductive
monoids in § 5.3. Suppose F; is the intersection sheaf corresponding to such a locally

trivial fibration of affine Schubert varieties, then F1 K --- KF; is fiberwise perverse over
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X% because Gréd is locally trivial over X%, Thus we have that Jix (F1 ® -~ B Fgl yayo) is

fiberwise perverse over X%, Using the Cartesian diagram

dd
Grcyxd — G rG’d

| J

x4 X,

we have that the sheaf
i 54 — & 5S4
ddxJix (F1 B - R Fgl(xayo)™ = jix [(Gldl(xd)o)*(Fl M- X Fd|(xd)o)]

is fiberwise perverse over X4, where 55 is the symmetric group of d elements, and the

inclusion Xﬁ — Xy is still denoted by j. Thus we have the following result:

Proposition 5.4.4. LetY) € FM(GSC). Then the sheaf

IC <—wn(By)
STWolBX
GrGad

is fiberwise [L%XGad—equivariant and perverse over By.

Proof. 1If Ay, is of standard type (i.e., is isomorphic to a vector bundle over X), the result
follows directly from the discussion above and the description of By as an étale gerbe
over a disjoint union of direct products of symmetric powers of smooth curves. The fact
that Bx has étale automorphism groups has no impact on perversity.

If Xy is not of standard type, then we still have a finite birational cover of Bx such
that each irreducible component is cover by an étale gerbe over a direct product of sym-
metric power of smooth curves. Therefore we still have the same result, since for a finite

birational map f: ¥ — % of Deligne-Mumford stacks locally of finite type, we have that

fxICq = IC%. |
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CHAPTER 6

MULTIPLICATIVE HITCHIN FIBRATIONS

In this section, we study the global construction known as the multiplicative Hitchin fi-
brations (mH-fibrations), also known as Hitchin-Frenkel-Ngo fibrations in some literature.
There has been some earlier study of mH-fibrations in algebraic setting mostly focusing
on split groups in, for example, [FN11], [Boul7], and [Chil9, § 4]. The mH-fibrations in
those papers come with several variants and will be unified in a single, much generalized
framework in this chapter. In fact, we will see starting from § 6.11 that such generaliza-
tion is crucial in studying fundamental lemma and likely in geometrizing trace formulae
in general.

Another important result of this chapter is a local model of singularity in § 6.10. Such
result was predicted in [FN11] and a weaker version was proved in [Boul7] with a rather
ad hoc argument. We will provide a more conceptual proof using deformation theory
with a stronger statement.

The remaining part of this chapter is fashioned in a similar way as in [Ng610, § 4].

The proofs will mostly be similar with some modifications.

6.1 Constructions

Compared to the well-known Hitchin fibration for the Lie algebras, the multiplicative ver-
sion comes with more flavors, since in essence it is a two-stage fibration, much like the
two-stage invariant map ) — Cyy — 2y for reductive monoid 20). Each of these variations
has its technical advantages and weaknesses, but they do not differ in a very essential way.
Although a “versal” construction clearly exists in concept, it has never been thoroughly
written down in literature. Here we give such a construction using moduli of boundary

divisors.
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6.1.1 The construction of the usual Hitchin fibration starts with (smooth, geometrically
connected, projective) curve X with genus gx and reductive group G over X given by a
Out(G)-torsor 3;. The scaling action of Gy, on ¢ = Lie(G) commutes with the adjoint

action of G hence induces an action on ¢ = ¢/ Ad(G). We then have maps
[6/ Ad(G) X Gm] — [¢/Gm] — BGm.

Let p: X — Speck, then the image of these maps under endofunctor pxp™ on the big

étale site of Spec k produces morphisms of k-mapping stacks
Hom(X, [¢/ Ad(G) X Gm]) — Hom(X, [¢/Gm]) — Pic X. (6.1.1)

Fix any k-point in Pic X, i.e. a line bundle £ on X, the fiber of (6.1.1) over £ is then the

Hitchin fibration MIEH - ﬂliﬁt.

6.1.2 InFrenkel-Ng0’s original paper [FN11], there is a primitive definition of mH-fibration
with a hint towards the general one. It is later carried out and studied in various later
papers (e.g. [Boul5,Boul7,Chil9]). It uses reductive monoids as an analogue of Lie alge-
bra g, and the translation action of the central torus of the monoid as the analogue of the
Gm-action on g.

Let 20 be a reductive monoid in FM(G3¢) with abelianization 2yy. The translation

action of central torus Zyy on ) induces maps

[20/G X Zyy] — [Cw/ Zyn] — [P0/ Zyn] — BZy,
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which further induce maps of mapping stacks over k

Hom(X, [/G X Zy]) — Hom(X, [Cyy/Zyw]) — Hom(X, [*y/Zy]) — Bung,

My Ax By
1+
(6.1.2)

For all practical purposes, we would only consider the open subscheme By C fB;E being
the preimage of the moduli B}( o of boundary divisors. Let hx be the map My — Ax.
Note that By — fB}( 2y, 1S always a Z SC.gerbe over its image, hence a Deligne-Mumford

stack, proper and locally of finite type.

Definition 6.1.3. The map hy . My — Ay is called the (universal) multiplicative Hitchin
fibration associated with monoid 2¥). We will use mH-fibration for short and omit the
monoid if it is clear from the context. The stack My is called the mH-total stack and A x
is called the mH-base. The stack By is (still) called the moduli of boundary divisors. If S

is a k-scheme, then an S-point of My is called an mHiggs-bundle on S.

6.1.4 Let 70" — 20 be a morphism in FM(G5¢), that is, an excellent map of reductive

monoids. Then recall we have the following Cartesian diagram

[0 /G X Zyy ] — [Cyy [/ Zyy ] —— [Py / Zyy ]

| l |

[M/G X Zy] [Cw/ Zyn ] (20 / Zy ]

which induces Cartesian diagram of mH-fibrations

My —— Ay — By

l l l . (6.1.3)

My — Ax —— By
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Therefore, studying mH-fibrations in general can largely be reduced to studying the mH-
fibration associated with the universal monoid Env(G5¢) using (6.1.3).

As another generalization, we may replace Zyy by a smooth group Z of multiplicative
type together with a finite unramified homomorphism Z — Zy,. The resulting mapping
stacks are obtained by pulling back the ones above via map Bunz — Bung,,, and so it
largely reduce to study the homomorphism of commutative group stacks Bunz — Bunz,,,

which is not so hard.

6.1.5 The map Ax — By is easy to describe using the isomorphism Cyy = 2y X C.
Over boundary divisor Ay € By (k) induced by Zy-torsor £, the fiber is the vector space
HO(X, € ), where €, = € X% £. When 20 = Env(G3°), £ is a TS -torsor. Let @ € X(T5%)
be a connected component consisting of fundamental weights, then £ induces a line

bundle on @ denoted by w (L), such that

w

where pw . @ — X is the natural map. Let d be the degree of @ over X, thus we see

that if degw (L) > dw (2gx — 2) for all w, then €, has no higher cohomology and
dim,;HO(X,CCL) = Zdegw(ﬁ) —rgx +r.
w

Therefore Ax — By is a vector bundle (of varying rank) for all but finitely many con-
nected components of Bx. For general monoid ) € FM(G5¢), one may use (6.1.3) to
draw the same conclusion, or alternatively use the following fact: the Zy-torsor £ in-
duces a TS¢-torsor using any excellent morphism ) — Env(GS5¢), thus the line bundles

w (L) still make sense and so on.
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6.1.6 Let us see the construction more explicitly in some special cases. First, we consider
the case where the group is split and the abelianization 2y, is of standard type. Suppose
Ay is is an affine space with coordinates given by characters 891, ,egm. Let £ be a
Zyp-torsor such that 0;(L£) has degree larger than 2gxy — 2 for all 1 < i < m. Recall 20
corresponds to a homomorphism ¢y . Zyy — T, which induces a T-torsor L1 from L.
Assume that w;(L7) also has degree larger than 2gx — 2 for all 1 < i < r. Denote the

fiber of (6.1.2) over L by
hi:Mf— AT
Here J’ler is the vector space

m v
B} ® Cr = PHOX,0;,(0) @ PH(X,w;(L1)),
i=1 i=1
where BE is the first m summands. The subspace B, is the open locus where all m
sections to 0; (L) is non-zero. The fibration h r over B/ is the closest analogue to the Lie

algebra case.

6.1.7 Next, as another special case, let us explain here the connection between our cur-
rent construction and the one in [FN11]. We consider the case where G = G5¢ and is split.
Let M, to be the classifying stack of tuples (D, E,¢) where D € X;, E € Bung, and
¢ . Elx—p — E|x—p is an automorphism of G-torsor over X — D. For any point x € D,
we have a well-defined relative position Ax = Invy(¢p) € X(T)+ by choosing any trivial-
ization of E over the formal disk Xy. Since the relative position can be arbitrarily large,
M4 must be of infinite type. To obtain a finite-type object, one has to put a restraint on
relative positions. The simplest way is to fix a dominant cocharacter A € X(T)+, and let
Mg to be the (closed) substack of tuples (D, E, ¢) such that Ax < dxA for all x € D,
where dy is the multiplicity of x in D.
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The mH-fibration with total stack My » is then constructed as follows: fix a tuple
(D,E, ¢), and recall that € = G/ Ad(G) is an affine v-space whose coordinates are given
by the traces of the » fundamental representations of G. Taking the traces x; of ¢, the
restraint on relative positions means that the x; (¢) will have poles bounded by the divisor

(wi, A)D. This means that there is a map
haa: Maa — Ada,

where A , is the line bundle over X; whose fiber over D is 69;’:1 HO (X, Ox ((@j, A)D)).
Let x4 A be the map M; » — X4 and hp . Mp — Ap to be the fiber over D € Xj;. After

[Chil9], we call hp the restricted mH-fibrations.

6.1.8 More generally (still assuming G = G5¢ and split), let A = (A,...,Am) be a
tuple of dominant cocharacters (allowing repetitions). Fix a tuple of positive integers

d=(d,...,dn) and let
Xg=Xg, XX Xg,,-

The sum d = |d| = dy + --- + dm is called the total degree of d. For D € X4, we define
D to be the sum of divisors |D| == D1 + ... + Dy, so that d = degD. We also define

X(T)+-valued divisor on X
m
Ap=2A-D:= > A;-Dj.
i=1

Let My be the classifying stack of tuples (D, E, ¢) where D € X, E € Bung, and
¢ Elx—-p — Elx-p is an automorphism of G-torsor. We also define Mg ) to be the

closed substack such that Inv(¢p) < Ap. We can also define the mH-fibration by taking
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the trace of ¢

where A , is the vector bundle over Xz whose fiber over D is @lle HO (X,0x({wi,AD))).
Again, let g A be the map My ) — X4, and the restricted mH-fibration hp to be the fiber

of hg ) over D.

6.1.9 Consider 20 = M(A) as in § 2.3.13 where each A; € X(T)4 for 1 < i < m. Then
the maximal torus in M is G} X T and Zyy = GJt maps to T via A. In this case, the maps

(6.1.2) can be extended into a commutative diagram

Mg — Agar — X4

l l lDi'-’(O(Di),UDi)) , (6.1.4)
Mx Ax By —— (PicX)™

where op), is the canonical section of O(D;). Here the stack By classifies m-tuples pairs
(L4, si) where £; is a line bundle and s; a non-zero section therein, and X4z embeds as an
open and closed subspace of pairs with deg(L;) = d;. The squares in (6.1.4) are easily
shown to be Cartesian. If we fix for each i a line bundle £; € Pic(X) with degree d;, they

assemble into a Zy-bundle £ by taking direct product, then we have pullback diagram

My Ar Br
| l |
Mg — Agar —— X

with non-empty fibers being G-torsors. When A = A is a single cocharacter and degree
d is fixed, we recover the construction in [FN11]. This is the case where the monoid is a

so-called L-monoid.
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6.2 Symmetry of mH-fibrations

The Zyy-action on Cyy lifts to an action on Jyy and is compatible with the group scheme

structure, therefore we have group scheme
[30/Zw] — [C0/ Zm ],
which further induces a group scheme
Ix - XX Ax

through pulling back along the evaluation map X X Ax — [Cy/Zym]. We define relative

Picard stack
px . Px = PicJx/ X X Ax/Ax) — Ax

classifying jx-torsors over X relative to A y. This is a relative algebraic stack over A .
It has a natural group stack structure because jx is commutative, and naturally acts on

My relative to A x induced by the canonical homomorphism x;';),{ - 1.
Proposition 6.2.1. The relative Picard stack px . Px — Ax of Jx-torsors is smooth.

Proof. This is because the obstruction space of deforming jx-torsors is H2 (X, Lie(Jx)) =

0 since X is a curve (see [Ng610, Proposition 4.3.5] and [Chil9, Proposition 4.2.2]). [ |

We denote the pullback of Jx (resp. Px) to Ay by JzA (resp. P4 ,) and that to A ¢

by j (resp. P,). Similarly, for any point a € A x, we use P, to denote the fiber over a.

6.2.2 Similar to the local situation, we can consider the open subset J\/lg(eg (resp. J\/l}’() of

Myx consisting of tuples (L, E, ¢») such that the image of the Higgs field ¢ is contained

reg

in [ ,°/Ad(G)] (resp. [}/ Ad(G)]). According to Corollary 2.4.13, we have:
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Proposition 6.2.3. The action of px . Px — Ax on hgfg X Mﬁfg — Ax has trivial stabiliz-

ers.

6.3 Cameral Curves

Definition 6.3.1. The universal cameral curve 7t . X - X X Ay is the pullback of cameral

cover
(1] [Tw/Zyw] — [Cn/ Zw]

to X X Ax via the evaluation map.

Definition 6.3.2. The universal discriminant divisor Dx is the pullback of [Py /Zyy] to
X X Ax via the evaluation map. If the numerical boundary divisor %y makes sense for

the monoid, we define Bx also by pullback.

Fix a € Ax(S), we have the cameral curve 1y : X; — X X S that is the fiber of
fr: X - X X Ay over a. We also have the discriminant divisor D, and the numerical
boundary divisor %, by looking at the fibers of Dx and % x over a, respectively. Note that

despite the name, D, may not be a (proper) divisor.

Definition 6.3.3. Let reduced locus ﬂl? C Ax be the open locus such that D, is either

empty or an effective divisor.

Lemma 6.3.4. Leta € A (k) and let b be its boundary divisor such that at each v € X (k)

it gives a dominant cocharacter Ay. Then

dega) = > (2p,Ap).

veX(k)

Proof. Tt suffices to prove for 20 = Env(GS5¢). The extended discriminant function is a

map Cyy — Al. It is Zyp-equivariant if we let Zyy act on Al by character 2p. Let £ be the
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Zyp-torsor under b, then we have induced map

Cw,r — ODyy,r) = O ( > <20,/\v)) ,
veX (k)
whose preimage of the zero section of O (Dyy r) is the discriminant divisor. The point a
is amap X — Cyn, s, and so its composition with the map above is a section of O (I 1)

whose zero divisor is exactly . |
Lemma 6.3.5. For a € A (k), the curve X, is reduced.

Proof. Since cameral cover is a Cohen-Macaulay morphism, X, is Cohen-Macaulay. Since

X, is generically reduced being a finite flat cover over X, it must be reduced. |

6.3.6 Using the Galois description of regular centralizer Jy), we can reach a similar de-
scription of Jy using cameral cover 7r. Indeed, for any a € Ay (k), we have monomor-

phism of sheaf of commutative groups
Ja — J%L = Wa,*(Xa X T)W

with a finite cokernel of finite support relative to a. Sometimes it is convenient to base-
change so that G (and T, etc.) becomes split. After [Ngo610, § 4.5.2], let 3. Xg — X be
a finite Galois étale cover with Xg being connected and over which 35 becomes a trivial
Out(G)-torsor. Let @g be the Galois group. For any a € A x (k) whose image in Bung,, is

L, we have Cartesian diagram

Xoqa — X9 X3 T,z

.

X a Cyw.r
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Then we may describe J% as
3i = 9 a5 (X9 0 X T)W1O0,
Similarly, we have a global Néron model 33, and its Galois description
3o =4 (Xo X DY =g, (R§ , x T)WXOs, (6.3.1)
where X (resp. Xg’a) is the normalization of X, (resp. Xg 4).

6.3.7 Connected cameral curves Using X 9,4 We can prove a connectivity result using

the same method as in [Ng610, § 4.6]. First we record a theorem.

Theorem 6.3.8 ([Deb96, Théoréme 1.4]). Let M be an irreducible variety,
m. M- P=P"X-..xP"

is a morphism from M into a product of several projective spaces. Let H; C P"i be a fixed

linear subspace. Suppose for any subsetI C {1,...,v}, we have

dim(pr(m(M))) > > codimpn; (H;),
i€l

where pj is the natural projection with multi-index 1. Suppose in addition there is an open

subset V C P containing the product H = Hy X -+ X Hy, and m 1 (V) is proper over V.

Then m™1! (H) is connected.

Definition 6.3.9. For any integer N > 0, a Zy-torsor £ is called very (G, N)-ample if
degw (L) > 2dw(gx —1)+2+N

for every connected component w of fundamental weights of G5¢. If N = 0, we simply
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call £ very G-ample. A point a € A x (k) or a boundary divisor b € Bx (k) is very (G, N)-
ample (resp. very G-ample) if its associated bundle £ is. Let As C Ax and B> C By
be the respective loci of very G-ample points, and A, B> N be the respective very

(G, N)-ample loci.

Remark 6.3.10. It is clear that B> is both open and closed in By. In some situation, a
weaker condition on ampleness can be used, i.e., one that requires degw (£) > 2dw (gx —
1) instead. We may call those points G-ample but since obtaining a sharp numerical
bound is not important, we will stick to very G-ampleness to save notations. Finally, note

that if 3 Xg — X is a finite étale cover, then if £ is G-ample or very G-ample, so is 9™ L.

Proposition 6.3.11. If a € AF (k) is very G-ample, then both X, and Xg ;5 are reduced

and connected.

Proof. Reducedness is already proved in Lemma 6.3.5. For connectedness, it suffices to
prove for X 9,4 hence we may replace X with Xg and assume that G is split. Let b € By

and £ € Bung,, be the image of a. Consider the pullback diagram

Ty — T

LI

Cp — Gur

l |

X —2 2y,
such that a is a section X — €;,. We claim that T}, is an irreducible variety.

Indeed, because b lies generically inside the open part 2%’ r» there is an open dense
subset U C X such that the fibers of T}, - X are T5C-torsors. This means that T}, X xUis
irreducible, hence so is its closure in Tjp,. The complement U’ of the closure of Tj, X 3y U
is open, hence its image is open in X by flatness. We know U’ must be empty, since

otherwise its image in X would have non-trivial intersection with U, which is impossible
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by the definition of U’. Therefore T, is irreducible. Similar to cameral curves, since
aec ﬂl)@(, Ty, is Cohen-Macaulay and generically reduced, hence reduced. Thus Ty, is an
irreducible variety.

We can now apply Theorem 6.3.8 where M = Tj,. Since G is split, €, is a direct sum of
line bundles w; (L) for 1 < i < r. Compactify @; (L) into a projective line bundle w; (£),

whose total space is a projective surface over k. Let Z; = @;(£) — @; (L) be the infinity

divisor. Since by assumption degw;(L) > 2gyx, the line bundle O(1) on w;(L) is very

ample, hence induces a closed embedding
wi(L) — P,
Let V C P = []}_, P" be the open subset

”

P — U (Zi X n ‘(IIj(ﬁ)) ,
i=1 j*i

then []}_, w;(£) is a closed subscheme of V. Since €}, C []}_; w;(£) is a closed sub-

scheme, it is a closed subscheme of V. Therefore m . M — V is proper since 11, is finite.

The i-th component of a is a section a; € HO(X, w;i(L)). Since
(ai, 1) € HO(P",0(1)) = H(X,w;(L)) @ HO(X, Ox),

it determines a hyperplane H; C P that has no intersection with Z;. Thus H = Hle H;
is contained in V.
It is easy to see that for every I C {1,...,7}, py(m(M)) = p;(€p) has dimension |I|+1

(being the dimension of the direct sum of line bundles w; (L) for i € I), thus

dim(p;(m(M))) > > codimpn; (H;) = |II.
iel
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By Theorem 6.3.8 we are done as X; = m~1 (H). [ |

6.3.12 Smooth cameral curves We consider open subset ﬂl}? of A x consisting of points
a such that a(X) intersects with the discriminant divisor transversally. We also consider
another open subset J’Zl)ﬁ( C AY of points with the additional condition that a(X) does
not intersect with Dy and Cx — C;é simultaneously. Clearly both A}? and .54?( is a subset

of AY.

Proposition 6.3.13. Suppose b € Byx (k) is very G-ample, then ﬂlg is non-empty. As a

result, both ﬂg and Ag are also non-empty.

Proof. The proof is completely parallel to that of [Ng610, Proposition 4.7.1]. First we show
that the discriminant divisor B}, C €y, is reduced. Indeed, as b lies generically (over X)
inside )%’ ,» there is an open dense subset U of X over which D), is reduced. Similar
to the proof of reducedness of cameral curves, we see that »;, is Cohen-Macaulay and
generically reduced, hence reduced.

Next we show that for any x € X (k) with ideal my C O, the map
HO (X}, €p) — Cp ®0y, Ox; /Mm% (6.3.2)

is surjective. Indeed, let $: Xg3 — X be a connected finite Galois cover of X with Galois

group ©. Then 9*¢,, is isomorphic to a direct sum of line bundles

.
9*Cy = P w;i(9*1).
i=1

Since €}, is a direct summand of $x ¢}, being the O-fixed subbundle, it suffices to prove

the surjectivity of map

HO (Xg,9%C)) — 9% @0, Og/m%,
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and in turn it suffices to prove surjectivity after replacing 9*¢;, by each w;(9* ). The
numerical assumption on @ (£) ensures that @;(9* L) has degree greater than 29Xg)
hence the claim is implied by Riemann-Roch theorem.

Now since D, is reduced, it has an open dense smooth locus DY = B}, — IDZing such
that JDng has codimension 2 in €. Let pf = JJDZ,> — (€p — €}), then D), — Dg still has
codimension at most 2 in €}, since D), N (€}, — Cij) is so. Let Z1 C IDi X A}, consisting of
pairs (¢, a) such that a(X) passes ¢, and has intersection multiplicity with 1, at least 2
at c. Fix any ¢, then the subset of a € A}, such that (c,a) € Z; has codimension at least

27 in A}, by the surjectivity of (6.3.2). Hence
dimZ; <dim A —2r + dimby, =dim A, —r — 1 <dim A, — 1.

Thus the image of Z; in A} has codimension at least 1. Similarly, consider the subset

Zy C (By — Ef,) X Ay, of pairs (c,a) such that a(X) passes c. Then we also have that
dim Z» < dim Ay — 1.

Therefore Ay — Z1 U Z» C ﬂg is dense in A}, as desired. n
Proposition 6.3.14. Leta € ﬂlﬁ(l_c), then X, is smooth.

We make some preparations before attempting to prove Proposition 6.3.14. Recall that

in the absolute setting, Dy is defined by the extended discriminant function

Discy = e TT (1 —eO),
xed

For each positive root &, we define a rational function
Discy = (1 — e(0:0) (1 — (0.~
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on Ty, which is a regular function on Ty. Let D be the scheme-theoretic closure of the

vanishing locus of Discy in Ty.

Lemma 6.3.15. Let a € Cy be a geometric point contained in the smooth locus Dlswm of the
discriminant divisor. Suppose in addition a is invertible, i.e., contained in Cff,[ andt € Ty
is a preimage of a. Then there is a unique root x € &4 such that Discx(t) = 0 and

Discg(t) # 0 for B + «.

Proof. Since a is invertible, the condition a € Dy is not affected by changing monoid.
Thus it suffices to prove in the case M = Env(G5©).
Let a = Speck(a) and O(a) = k(a)[[1r]] be the ring of formal series with coefficients

in k(a). Since Cyp is smooth, a € Dﬁ,[m N Cf\f[ implies that we can find a map

a: Spec@(a) — Cpy

whose special point is a, and a intersects with Dy transversally. This means that the
O(a)-valuation of Dy at d is 1. By dimension formula of multiplicative affine Springer
fibers, this forces the ramification index c(d) = 1 (observe that the local dimension
formula still hold if we replace k by any algebraically closed field containing k). This
implies that 4 lifts to a point { € Tm (k(a)[[tY/21]) specializing to t.

The ©(a)-valuation of 1 — e(0.:%) at { is contained in N/2 for all ®x € ®. Since the

valuation of 1—e(0:®) equal to that of 1 —e(0:=%) (a5 g is invertible), we have our result. ®

Lemma 6.3.16. Suppose a € D" N Cpy and t € Ty a lift of a. Let Wy, be the Weyl group
of the Levi subgroup L generated by root x, where « is the unique positive root such that

Discy(t) = 0. Then the natural map

Cq = TM//WL(X — CMm

is étale over a.
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Proof. It suffices to prove that it is étale at the image of t in C. Since the derived sub-
group of G+ is simply-connected, the same is true for Ly, hence Ty / Wi, is smooth
(treating G+ as a very flat reductive monoid containing L4T). Then similar to the differ-
ential calculation done at the end of Chapter 3, we see that the map Cx — Cy is smooth at
the image of t, because the determinant of the differential is given by a non-zero scaling

of the product of Discg for B # «. Done. |

Corollary 6.3.17. Supposet € Ty is such that there exists a small enough étale (or formal)

neighborhood t € U with non-empty intersection with at most one Dy, then the map

Co(_’CM

is étale at the image of t.

Proof. By Lemma 6.3.16, the map is étale on U outside of the intersection of numerical
boundary divisor and discriminant divisor, which have codimension at least 2. Since the

map given is finite, we are done since the branching locus has to have codimension 1. &

Proof of Proposition 6.3.14. The statement is local so we may look at the formal disc X3
atapoint v € X and the cameral cover over it. Let © = k[[1r]] and F = k((1)). Since G is
necessarily split over Xz, we may assume without loss of generality that G = G X Spec ©
and Y0 = M X Spec © where M = Env(G3¢). Suppose the image of a in the abelianization
A is contained in T24(0©).

Suppose a intersects with Dy transversally. Let U be a small enough étale neighbor-
hood of the special point of a. Then we can find a root « determined by Lemma 6.3.15,

and by Corollary 6.3.17, the map Cy — Cy is étale over U. Thus we may lift a to a point

a', € CO((O)]

and we only need to show that the preimage X, of a’ in Ty is smooth.
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Let O = k[[1t1/2]], F» = k((r}/?)), and y € Tm(O2) N Tm(F>) be a point lifting a’.
Let vy be the (dominant) Newton point of y. Let yoTm(k) be the special point of y, y1 €
Twm (F2) be the generic point. After W-conjugation, we may assume y & n(A’Vy)TM(Og)
(and o« may change to another root). The special point of y is fixed by the reflection sy

corresponding to &, so x(y) € (9§< and («, vy) = 0. Using the formula

l=di(a)=Q2p,A—vy)+ > valp(l—a(y))

(x,vy)=0

=(2p,—wo(A) —vy)+ > valp(l — a(y)),

(e, vy)=0

we see that there are two possibilities:

(1) vy = —wp(A), and for any B with (B,vy) =0, 1 — B(y) has non-zero valuation 1/2

if and only if 8 = «, or

(2) vy = —wp(A) — 1/2&; for some simple coroot &;, and valp(1 — B(y)) = 0 for any

root B with (B,vy) =0

The second possibility is easy to deal with: consider fundamental weight w; and let
u = (—wo(w;), —w;) € k[Tml.
Then (u, (A, vy)) = 1/2 and so we have a morphism
u: Ty — Al

such that the composition with y factors through a point Spec @, — Al sending the

coordinate of Al into 7r1/2©%. Since we have the factorization
2

Spec O» — X — Al
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we see that the ring of regular functions of X, is a subring of @» that contains an element
in 1/ 2(‘)§<, hence must be the whole ring @», and thus X, is smooth.
Now we deal with the first possibility. If ¢ € X(Ty) N k[Tm] is any character such

that (u, &) = 1, then the map
Tm — Speck[eH, eH~ %] = A2

is WL, equivariant, hence induces commutative diagram

TMm A2

| |

Co — C" =A% /WL, = A®

Let a’’ be the image of a’ in C"’ (©), and X, the corresponding SLp-cameral cover. Then

we have commutative diagram
Xa/ _— Xa//
l l (6.3.3)

4 144

a

a

If A # 0, since & is perpendicular to —wg(A) # 0 which is dominant, it is not the
highest coroot. By looking up the table of root systems, one can always find a fundamental
weight @ such that (w, &) = 1. Then the character y = (—wg(w), —w@ + «) € k[TMm] is

such that

(u, (A, vy)) =0and (u, &) = 1.

By direct computation, we see that X~ in (6.3.3) is isomorphic to Spec @2, hence smooth.
Then the map of 1-dimensional schemes X, — X, is generically an isomorphism and
finite, thus must be an isomorphism. This shows that X, is smooth. If A = vy =0, then

find an arbitrary weight @ with (w, &) = 1 and the dominant weight w4+ in W-orbit of
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w. Let u = (w+, ™) and we are done by repeating the calculation above. |

Corollary 6.3.18. Let X9 — X be a connected Galois étale covering making G split. Suppose

aec A§ is very G-ample, then X 9,4 Is smooth and irreducible.

Proof. We know X is smooth, hence so is X 9,a- Itis also connected by Proposition 6.3.11,

thus irreducible. [ |

Contrary to Lie algebra case (see [Ng610, Lemme 4.7.3]), the converse to Proposi-

tion 6.3.14 is not true in general. For example, suppose G is of type B3, and let

(A, vy) = (2t0p + 2W03 + &3,2W7 + 2W03),
U= (—wo(wy), —wy + x1) = (w1, w1 + 1),

o®= o,

where the labeling on the Dynkin diagram is the “usual one”, i.e., the vertex labeled with
1 is not directly joint with the one labeled with 3, and «3 is the short simple root. Then
(1, (A, vy)) = 0, « is the only positive root perpendicular to vy, and {(u, &) = 1. Thus
by carefully choosing an element t € T+(@>) with valp(1 — «x(t)) = 1/2, we can find
a € Cm(0O) such that y = AVt lies over a, d+(a) = 3, and X, is smooth because
in this case a’ as in the Proposition 6.3.14 exists and X, hence X, is smooth by direct
computation. Since we do not use this in the remaining part of this paper, we leave the
verification to the reader (c.f. Chapter 3 on how to find such t). Nevertheless, it is still

easy to prove a partial converse as follows.

Lemma 6.3.19. If X, is smooth for some a € ﬂg(l_c), then for any points v € X, a(v) is

contained in Dy for at most one .

Proof. If X, is smooth, then the local monodromy group 13 (Iy) is cyclic. But if a(v)
is contained in two different Dy, then the local monodromy group would contain two

different involutions. A contradiction. ]
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6.4 Global Néron Model and §-Invariant

Similar to the local case, we have seen in (6.3.1) that we have for any a € AY (k) a
Néron model J5 of J; described using normalization of cameral curves. Another way
of describing the global Néron model is to use Beauville-Laszlo-type gluing theorem: let
U = X — Dy, then for any closed point v € B,, we have a local Néron model over the
formal disc X 7 of the torus jg | X over the punctured disc. Gluing the local Néron models
with the torus j; |y, we obtain a group scheme 33 which is precisely the global Néron
model.

Consider the Picard stack P} of Jg—torsors. We have a natural homomorphism of

Picard stacks P; — ?,3. We will see that Pﬁ is an abelian stack in the following sense:

Definition 6.4.1 ([Ngo10, Définition 4.7.6]). A k-abelian stack is the quotient of a k-abelian

variety by the trivial action of a diagonalizable group.

Proposition 6.4.2. (1) The homomorphism Pa (k) — P5 (k) is essentially surjective.
(2) The neutral component (7’(3)0 of Tﬁ is an abelian stack.

(3) The kernel Ry of Py — Pj is representable by the product of some affine algebraic

groups of finite type Ry (a) appearing in Lemma 4.4.4 for finitely many v € X.

Proof. For the first claim, consider short exact sequence
1—Ja— 35 — Jalda — 1,
and the induced cohomological exact sequence
HY(X,34/3a) — HY(X,Ja) — H'(X,35) — HY(X,34/3a) = 0,

where the last term vanishes because the sheaf 3}’1 /3a is supported on finite subset X-U.

The first claim then follows.
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For the second claim, recall the Galois description (6.3.1) of 3, and let 2 be the stack
of torsors under group J5 = Tr\ﬁ;’ a,% (X g a X T). We know that the neutral component of
133 is an abelian stack, because it is just the product of n-copies (n being the rank of
G) of the usual Picard stack Pic(X 5 ,) of line bundles on curve X 5 4+ The averaging

homomorphism

5o — 34
t— [ w®
weEWX0g
induces homomorphism P2 — P2 whose composition with the natural map P; — PJ is
an isogeny of ?3 to itself, as long as char(k) does not divide the order of W X ©4. This
proves the second claim.

The third claim follows from a Beauville-Laszlo-type gluing theorem. Indeed, by def-
inition, the kernel R, consists of pairs of a j;-torsor together with a trivialization of its
induced jz-torsor. The local Ry (a), on the other hand, consists of pairs of j; | Xi-torsors
together with a trivialization of its induced 33 | x,-torsor, which also gives a trivialization
of the said j;| x,torsor over punctured disc X 13} Therefore by the formal gluing theorem,

the map of k-functors

[] Rya) — Ra (6.4.1)
veX-U

obtained from gluing with the trivial torsor over U is an isomorphism. Hence the claim.

Definition 6.4.3. Given a € legz(l_c), the 6-invariant associated with a is defined as

6a = dim Ra.
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In view of isomorphism (6.4.1), we have that

Corollary 6.4.4. For a € A% (k), we have formula
Sa = dimH(X,t®o, (n;,*%/na,w;(a))w
Proof. This is the result of the formula above and Lemma 4.4.2. |

6.4.5 Rigidification of Picard stack Fix a point co € X(k), and consider open set A¥ C
Ag,k consisting of points a such that a(c) is contained in C5. If oo is defined over a
field extension k' /k, then so is A% .

We may rigidify Px over A% as follows: let Py be the classifying stack over A5 of
Ja-torsors together with a trivialization at point c. Then by [Ng610, Proposition 4.5.7],
Py — AY is representable by a smooth group scheme locally of finite type over A%,

and the forgetful morphism Py — Px induces a canonical isomorphism
[PS /3x,00] — PY,

where Jx, o is the group scheme over A§ being the fiber of Jx at point co.
For a € ﬂl}? (k), let P, 0 be the neutral component of P35 . Chevalley structure theo-

rem implies that there is a canonical short exact sequence
]__’Ra_’Pa’O_’Aa_’ 1,

where R is a smooth and connected affine algebraic group over k, and A4 is an abelian
variety. Since R; is smooth and connected, the map R; — Tfl is trivial. So the map

Pao — P5 factors through A, and is surjective. If P has finite automorphism groups
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(cf. § 6.6), then
dimAg = dim P} = dim Py — 84.

In this situation, we call 6,4 the dimension of the affine part of P,. Note that such notion is
only well-defined if the automorphism group is finite, otherwise since the automorphism

group here is also affine, it introduces ambiguity in such “dimension of affine part”.

6.5 Component Group

In this section, we study the fiberwise component group 1y (2 ) defined as an étale sheaf

on Ay.

6.5.1 For a point a € ﬂl?(l_c), let U C X be the maximal open subset over which the
cameral cover is étale. In particular, co € U. Recall we have a pointed version of the

group G after we fixing the point oo, given by a continuous homomorphism
8¢ (X, 0) — Out(G).

If we also fix a point & € X, (k) lying over oo, we can lift 92; into a commutative diagram

(U, 0) —% W x 0ut(G)
l l , (6.5.1)
y 9e

1 (X, 0)

Oout(G)

in which a = (a, ). Let W; be the image of TTEL in W X Out(G), and I; the image of
the kernel of 111 (U, ) — 1171 (X, ) under 771.1- By commutativity of the diagram we have

that Iz C W.
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6.5.2 Recall that we may fix a connected Galois cover Xg — X with Galois group @g over
which the Out(G)-torsor 35 becomes trivial. Choosing a point o4 lying over co, we have
the pointed variant (Xg, 0g), and we may identify ®¢ with the quotient of 171 (X, o0) by
11 (X9, ©g9). By assumption of Xg, the map 9& . 1M1 (X, ) — Out(G) factors through Og.
The normalization X 5, , Of cameral curve X 9,4 Maps to X, and it is an étale W X ©@g-cover
over U. By replacing (Xa, ®) with (Xg 4, %g), we may lift 92 to

e

GL9: T('l(U’OO) —’WN@),

where 0 is the image of 9& in Out(G). Thus we have inclusion
Wasz CWX0. (6.5.2)

Let 32 C Ja be the open subgroup such that over any point x € X the fiber of 32 is
the neutral component of the fiber of j;. We have an induced homomorphism of Picard

stacks P, — P,.

Lemma 6.5.3 ([Ng0610, Lemme 4.10.2]). The homomorphism P, — Pg is surjective with

finite kernel. The same is true for induced homomorphism 1o (P,) — 1o (Pga).

Proof. Since a is generically (over X) regular semisimple, the sheaf o (Ju) = Ja/Jg has

finite support on X. The short exact sequence
1— 30 — Ja — mGa) — 1
induces cohomological long exact sequence
HY(X, 0 (Ja)) — HY(X,32) — H'(X,Ja) — H'(X,m0(a)) = 0. (6.5.3)

Therefore P; — P, is surjective with kernel being the image of HO(X, 10 (Ja)), which is
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necessarily finite. The induced map 1 (Py;) — 19 (P4) is then also surjective. |

6.5.4 Once we fix a point co € X (k), there is a nice description of the Cartier dual of the

diagonalizable groups 1o (P,) and 11g(Pg). Let

0 (Pa)™ = Spec(Qylmo(Pa)l),

M0 (Pg)™ = Spec(Qylmo(P4)]),
then the surjectivity of 11y () — 1o (P,) induces closed embedding 1o (P,) ™ C 1o (Py) *.
Proposition 6.5.5. For any d = (a, %), we have canonical isomorphisms of diagonalizable

groups

o (Pp)* =~ TWa,

Mo (Pa) ™ =T 5,Wa),

where T(I;,Wg5) C TV is the subgroup of elements k such that 1; C Wy where Wy is

the Weyl group of the neutral component H of the centralizer of k in G.

Proof. First, similar to the local case in Lemma 4.4.12, we have a canonical isomorphism

see [Ng606, Lemme 6.6 and Corollaire 6.7] and [Kot85, Lemma 2.2]. Therefore the first
isomorphism follows by taking Cartier dual.
Let U C X be the regular semisimple locus of a. Using (6.5.3), we obtain exact se-

quence

HO(X, 119 (Ja)) — 10 (PL) — 1o(Pa) — O.
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We may decompose HO(X, 1m0 (Ja)) as

H (X, m0(Ja) = P moUan),
veX-U
where J; 3 is the fiber of J; at closed point v. Recall we also have local Picard groups
Pz (ay) (resp. ZP% (ay)) associated with Jg; (resp. 325) induced by a. Note here J;; is used
to denote the restriction of j; to the formal disc X3 (contrary to Ja,p which is the special

fiber). We then have exact sequence
70(a,5) — To(PY(ap)) — mo(Py(agp)) — O,

compatible with the forgetful maps Py(ay) — Pz and T%(af,) — P,. Taking Cartier

dual, we have commutative diagram

0(Pa) ™ T (PY) * Byex_py moFap)*

| l H

0 = @yex_ymM0(Psap)* — Bycx_ym0(PYap)* — Bpex_ymoUa)*

Thus 19(P4)™* is such subgroup of m(P;)™ that its local restriction is contained in
19 (P (ayp)), which is described in Proposition 4.4.10. Since the group I; is generated by
the inertia groups at each v, such requirement is the same as that I 5 is contained in Wy

as desired since each inertia group is so. |
Corollary 6.5.6. 11 (P,) is finite if and only if TWa (and equivalently TVa) is.

Definition 6.5.7. The anisotropic locus A §< C ﬂlg is the subset consisting of a such that

1o (P,) is finite.

It is not immediately obvious that A )h( is an open subset of ﬂg, or it is non-empty,

but we shall see in § 7.2.7 that both are true under mild assumptions.
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6.6 Automorphism Group

Let (L,E, ) € j\/lg?(l_c) with image a € J’Zl)?, b € Bx, and L € Bung,,. Obviously, we have

maps of automorphism groups
Aut(£,E, ) — Aut(a) — Aut(b) — Auty, (L),

We already know that Aut(b) is finite and described using the kernel of map Zyy — ?&%.

So the image of Aut(L, E, ¢) in Auty, (L) is finite, and we only need to describe
Aut(E, ) = ker |Aut(L, E, ) ~ Auty, (L),

in other words, when the automorphism on £ is identity.

Recall the universal centralizer Ly — 2, whose fiber over x € M is the centralizer
Gx C G of x in G. Since Iyy — 20 is Ad(G) X Zyy-equivariant, it descends to [20/G X Zyy].
The pair (E, ¢p) isamap X — [ ,/G], and let I(g,¢) be the pullback of Iy, along this map.
It is easy to see that the sheaf of automorphisms of (E, ¢) is representable by I(g 4). The
group I(g ¢) is not flat in general, but according to [BLR90], there exists a unique group

scheme I{f' ) smooth over X such that for any X-scheme S smooth over X, we have
HomX(S, I(E,dJ)) = HomX(S, I(Sgld))).

The tautological map I(Si:n(p) — I(g,¢) is an isomorphism over open subset U = X —Dg,.
Since J; is smooth, the canonical map j; — Lg,¢) induces canonical map J; — I(S]I:-nd)).

We also have map
b
IEg) — Ja

by universal property of Néron models. Both j; — I fgjd)) and I (Sgnd)) — 35 are isomor-
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phisms over U. At any point ¥ € X — U, we have inclusions
Ja(0p) C Iffy) (0p) C 314(0y).

Using Beauville-Laszlo-type formal gluing theorem, we see that for any étale cover S — X,

the maps of sets (in the category of X-schemes)
Ja(S) — IFP4) (S) — 3a(S)
are both injective. This implies that we have inclusions
HY(X,Ja) C Aut(E, ) = HO (X, I (g ¢)) = HO(X, IFF Pp)) C HO(X,35).

Using the Galois description of Néron model (6.3.1), we have that HO(X ,JZ) c TWa after
fixing @ = (a, %) over a: indeed, let ® be the image of 9& in Out(G), then we have

W4 CW X0 by (6.5.2). Thus we proved the analogue to [Ng610, Corollaire 4.11.3]:

Proposition 6.6.1. Fixd = (a, %) overa € AY(k), and any (L, E, ) € M (k) lying over
a, the automorphism group Aut(E, ¢) (after fixing L) can be canonically identified with a

subgroup of TVa.

If char(k) does not divide the order of W X 0, then TWa is unramified if it is finite.

Therefore, we have:

Corollary 6.6.2. Assuming char(k) does not divide the order of W X 0O, then ZMfl and T(i

are Deligne-Mumford stacks.

Proof. Over a € A )”((I_c), TWa, hence also T4, is finite. This implies that Aut(E, ¢) is

finite for (£, E, ¢) lying over a. Since the image of Aut(L,E, ¢) in Autz, (L) is finite,

the group Aut(L,E, ¢) is itself finite and the claim for 3\/1(“1 follows. The claim for fPfl

also follows since the automorphism groups (after fixing £) are just HO(X, ;) which is a
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subgroup of T4, |
In fact, for PS5, we have a stronger resullt.

Proposition 6.6.3. Assuming char(k) does not divide the order of W X O, then for any

a € AZ (k), we have

HO(X,3a) = TWXO,

HO(X,3q) = ZQ.

In particular, if Zg does not contain a split torus over X then P, is a Deligne-Mumford

stack.

Proof. The curve Xg’a is connected by Proposition 6.3.11. Then we have HO()V(,.T}L) =
TWXO and HO(X,Jq) is a subgroup therein. If char(k) does not divide the order of WX ©
and Z; does not contain a split torus, they are both étale k-groups, so P, in this case is
a Deligne-Mumford stack.

The description of HO(X ,Ja) is proved using the identification j; = J; in Proposi-
tion 2.4.12. Since a(X) intersects with every irreducible component of discriminant divi-

TWXI@

sor Dy, the definition of j; implies that it is the subgroup of with elements lying

in the kernel of every root, which is exactly 28. |

6.7 Tate Module

Suppose the center of G does not contain a split torus over X. Then over very G-ample
locus B, ?g is a Deligne-Mumford stack. In this section, we fix a connected component
U of AY.

The Picard stack P> = Px|q is smooth over U, and let P ( be the open substack of

fiberwise neutral component. Let g P~ o — ‘U be the natural map. Let d be the relative
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dimension of g. Consider the sheaf of Tate modules
Tg,(P>0) = H24 1 (g1Qyp).

Over open subset U* = AY N‘U, we may rigidify P ¢ as the quotient of smooth relative

group schemes Py by P_1. Thus we have short exact sequence
l—P1—P)—Pso—1,
and the induced short exact sequence of Tate modules (over Q ?)
1— T@,g(P_l) — T@y(PO) — T@{)(T»,O) — 1.
For any a € ‘U, the Chevalley exact sequence
1 — Ry — PP — Ag — 1
also induces an exact sequence of Tate modules
1 — T@e(R“) — T@ﬁ(Po) — T@E(A“) — L.

Since P_; is affine, the morphism T@e (Pgy) — T@y (Aq) factors through Tg L)(’Pa,o) (since
T@[ (32) and T@[(Aa) have incompatible Frobenius weights over any sufficiently large

extension k’/k in k). Therefore we have an exact sequence
_ _ 0y _ , T— — T= —
1 — Tg,(Ra)/ Tg,(a’) — Tg,(Pa0) — Tg,(Aa) — 1. (6.7.1)

It does not depend on the choice of rigidification, as if P = [Py/P’ ;] is another rigid-

ification, one may form a third rigidification P’ = Py Xp,, P over the two and identify
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exact sequences (6.7.1) in all three cases. Since we only consider @g-coefﬁcients, an
isogeny of smooth commutative Deligne-Mumford group stacks induces isomorphism of

corresponding Tate modules. Thus we have canonical isomorphism
T@{)(Ra)/T@#(P—l) = T@{,(Ra)-

Thus we may call T@€ (Rga) (resp. T@e (Aq)) the affine part (resp. abelian part) of T@ (Pa).

Proposition 6.7.1. Over ‘U, there exists an alternating bilinear form
7y T@g(’l’») X T@g(’l’») — Qp(—-1)

such that at any a € ‘U, the fiber Y, is identically zero on the affine part T@Vg(Ra), and

non-degenerate on the abelian part T@ﬁ (Ag).

Proof. The proof is identical to [Ng610, § 4.12]. The two key ingredients are one, the

homomorphism in the Galois description of Jx
Ix — 1y 4 (X9 X T),

and two, the Weil pairing theory, which is a general theory for any flat and proper family
of reduced and connected curves. It is applied to the family of curves Xg, which we have

shown to have reduced and connected fibers over ‘U in Proposition 6.3.11. |

6.8 Dimensions

Let £ € Bung,, (k) be a very G-ample Zy-torsor. As before, let . Xg — X be a connected
finite Galois étale cover of X with Galois group ® and making G split. We also assume
that char(k) does not divide the order dg of ®. Then €, is a direct summand of 9*¢,,

being the ®-invariant subspace. We know gx, —1 = dg(gx —1). So if L is very G-ample,
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then for any fundamental weight w; we have
degw;(9*L) > 2gx, — 2.
So by Riemann-Roch theorem, we have for any b € By (k) lying over £,
4
dim HO(Xg, 9%¢),) = Z degw;(3*L) —r(gxs — 1),

and the first cohomology term vanishes. This means that €} has no first cohomology
term either. Taking ®-invariant, and note that €, is the ®-trivial isotypic subbundle in
94 9%}, which as a ©-vector bundle is 7-copies of regular ones (i.e., the one whose fibers
are regular O-representations). Therefore if the boundary divisor of b can be written as

Z@eX(IE) Ay + U, we have
dimA, = > (p,Ap)—r(gx — 1. (6.8.1)
vEX (k)
Note that due to Out(G)-twisting the sum > 3 Ay does not make sense, but its pairing with

p does since p is fixed by Out(G). For convenience, we denote this pairing by (p, Ap).

In case £ is not very G-ample, we still have estimate by Riemann-Roch theorem:
dim Ay, < {p,Ap) + 7, (6.8.2)

where the equality is reached only if £ is trivial or gx = 0, and if neither is true we may

improve it to
dim Ay, < (p,Ap).

6.8.1 Suppose) € FM,(GS) such that $*1 = MX Xy for some M € FM((GS¢). Then
at each geometric point v € X (k) we may identify 70 with M. If Ay = A™ is a standard
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monoid with coordinates e? (1 <i <m), and suppose at eachv € X (k), we have
m
Ap = D ¢5,i0i,
i=1
then the local dimension of By at b is simply
m
deg(b) =dimp Bx = > > cpi,

veX(k) =1

which is locally constant. Combining with (6.8.1), we have the dimension formula when

a is very G-ample:
dimg Ax = deg(b) + {p,Ap) —7r(gx — 1). (6.8.3)
We also have dimension estimate in general regardless of ampleness
dimg Ay < deg(b) + {(p,Ap) + 7.

In the case where Ay is not an affine space, we can replace moduli B}( of boundary
divisors by its normalization given by Proposition 5.1.25, and reduce the case to (6.8.3).

Since we do not need this result, we leave it to the reader.

6.8.2 Let Ty, = Ty NM°® and let €y, be the image of Ty,. Itis an open subset of €y, since
the cameral cover is flat, and its complement has codimension at least 2 in Cyy, because
it contains both @g and % The torus T°¢ acts freely on the fibers of ’C;o — Xy and has
open orbits. This implies that we have a description of relative tangent and cotangent

bundles

5, /2y = 1€ Xx Ty,

Q@:;D/Am = (tsc)* Xx t;n
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This description is W-equivariant because T5¢ is commutative. Since C;Y) is the W-invariant

quotient of ’C;D, same is true for the total space of their tangent bundles, in other words,
Teeg, 2t W — Tc5 g -
It implies that
W _
(T Qe )™ = 25, /28y
Since Q¢ jaty, = €* Xx Gy, we have that
T (59 * X x Tyy)W = €* xx €5,

The Killing form on g*¢ identifies t°¢ with its dual as W-spaces. In addition, Cyy — Cy, has

codimension 2, thus we have over Cy
oy (15 X x Ty W = €* X x Gy,

Let £ € Bung,,, since W commutes with Zyy, the same argument also applies to L-twisted

cameral cover Ty r: Ty r = Gy r. Since t = 36 X x 3¢, we have

.2, (8 Xx T )W =36 Xx €8 Xx € 1

Proposition 6.8.3. For any a € Ax (k) with associated Zyy-torsor L, we have canonical

isomorphism

Lie(Jq) = Lie(§4) = 3¢ X CF.
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Proof. The cameral cover is flat and finite. Using Cartesian diagram

Xa — T
Tl'al l"m,[

XL (tm’ﬁ

and the Galois description of J}L, we have the result by proper base change for coherent

sheaves. [ |

Corollary 6.8.4. For any a € ﬂlg(l_c), we have

dim(?P,) = Z (p,Ap) + ngx — n,
vEX (k)

where n is the rank of G.

Proof. Since
dim(Pq) = dim (H! (X, Lie(Ja))) — dimg (H? (X, Lie(Ja))),

we have the desired equation using Riemann-Roch theorem. |

6.9 Product Formula

Leta € ﬂl)(?(l_c) and b (resp. £) its image in By (resp. Bung,,). Let U, = X — Bg4. For each
k-point v € X — U,, we have the local multiplicative affine Springer fiber ‘M3 (a), defined
by a choice of y; € W7 (Fp) lying over a.

Let Ugﬂ =X 9,a Xx Ua. Since Uy is an affine curve over an algebraically closed field,

so is Ug 4. Therefore

H% (Ug, 9 g% (U 4 X T)) = H?(Ug 4, T) = 0.
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Since the map

WS,a,*(UE},a XT) — S%Ja = 779,(1,*(09,11 X T)WxOs

t—  J] w@)
weEWX0g
is surjective, a standard argument using long exact sequence shows that H2(Uy, jba) =0.

Since J llja = Ju,, we then have
H? (Ua,Ju,) = 0.

The restriction of [M,/G] — €, to U, is a Jy,-gerbe, and it is trivial by vanishing of
cohomology above. Choose a trivialization, that is, a G-torsor Ey, over Ug, and a G-
equivariant map ¢y, . Ey, - M.

Over punctured disk X 13), the preimage of the chosen point y3 under ¢y, | X is a
Ix| X%-torsor, which is trivial because the residue field of Fy is algebraically closed and
x| X is a torus. This implies that we may choose a trivialization e% of Jx| X so that its
neutral point is sent to y3 under ¢y, | bt

Fix a k-algebra R and an R-point gy € My (a)(R). This gives a G-torsor Ey over X’@,R,
a G-equivariant map ¢y : Ey — 2/, and a commutative diagram over X 1’7 R

Ey 2% 0,

- -
EOLYW

Gluing E3 and Ey, using e%, we obtain a point (E,¢) € Mgz (R). Therefore we have a

morphism defined over k



Similarly, by gluing with trivial torsor over U,, we have
[T Psa) — Pa (6.9.1)
The induced morphism
[T Mypla)xPa— Mq

vEX-Uy,

is 1_[17 cX-u, Pz (a)-invariant (acting diagonally), hence we have a morphism

[T Mya) xIoex-vaPvl@ p, oy, (6.9.2)
'DEX_UQ
and its reduced version
. d
[T Media) xllvex—va 7v@ p, . (6.9.3)
vEX—-U,

It is a equivalence of groupoids over geometric points, and from its construction, we see
that if a Steinberg quasi-section can be defined over all X, then these maps can be defined
over k.

We shall see in Proposition 8.1.2 that hx is proper when restricted to anisotropic

locus. Therefore, following the same proof in [Ng610, Proposition 4.15.1], we have

Proposition 6.9.1 (Product Formula). For anya € A )h((l_(), the left-hand side of (6.9.3) is a
proper Deligne-Mumford stack, and (6.9.3) is a universal homeomorphism. If a Steinberg
quasi-section is defined over all X, then (6.9.3) also induces an equivalence on k' -rational

points for any field extension k' | k.

Corollary 6.9.2. Foranya € A ;(I_c), M is homeomorphic to a projective k-scheme, and
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Proof. It follows from the product formula, (6.4.1), Theorem 4.2.1 and Proposition 4.4.7.

[ |
Another consequence of (6.9.3) is the following:

Proposition 6.9.3. For any a € ﬂ?((lz), the fiber M, is non-empty. In fact, ngfg is non-

empty.

Remark 6.9.4. Proposition 6.9.1 is a stronger version of [Chil9, Theorem 4.2.10], since
the existence of global Steinberg quasi-section is no longer required. On the other hand,
that a being a k-point is important in the construction of map (6.9.3), so this method

only works over a point a. Later we will construct this map as a family in § 8.5.

6.9.5 Thereis another version of product formula which is also useful. Following [Ng606],
for any closed point v € X, we may consider the stack Mg,y classifying pairs (Ey, ¢v)
where Ey is a G-torsor over the formal disk Xy and ¢y is a G-equivariant map Ey — M.
In other words, it is a sort of stacky version of multiplicative affine Springer fiber. We also
let Pg,v be the classifying stack of js-torsors over Xy. The multiplicative affine Springer
fiber My (a) naturally maps to Mg,y by forgetting the trivialization part. On the other
hand, Mg also maps to Mg,y by restricting to Xy. Similarly, we may define M, 3 and

P, for any closed points v € X. Therefore we have a commutative diagram

Myex-u, Mo(@) Ma

T /

HTJEX—Ua :Maﬂ)
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where the horizontal arrow is defined over k while the two diagonal ones are defined over

k. So we have induced maps of 2-categorical quotients

H@EX_Ua[MT}(a)/?T}(a)] [Ma/Ta]

and all three maps are equivalences of groupoids after taking k-points. The map (6.9.1) is
always defined over k, hence so are the diagonal maps above. It implies that the horizontal
map is defined over k, and induces an equivalence of k’-points for any k’/k regardless

whether (6.9.3) is defined over k or not. We summarize it in the following proposition.

Proposition 6.9.6. We have a natural map of 2-stacks over k

[T Mu(@)/Pu(a)] — [Ma/Pal
veX-U,

that induces equivalence on k' -points for any field extension k' /k.

6.10 Local Model of Singularities

Unlike in the Lie algebra case, the total space My of mH-fibration is no longer smooth.
Instead, it admits a stratification induced by affine Schubert cells, which in turn trans-
lates to representations via geometric Satake equivalence. Therefore, the existence of
singularities is in fact a feature of mH-fibrations.

The main result of this section was essentially first conjectured in [FN11] (see Conjec-
ture 4.1 of loc. cit.), and a weaker version was first proved in [Boul7]. Readers can find
a more streamlined proof in [Chil9], due to Zhiwei Yun. However, these previous results
would turn out to be too weak for studying endoscopy. The main reason behind is prob-

ably due to that the core argument in literature is ad hoc in nature, and in particular it
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does not try to establish a tangent-obstruction theory for deformations of mHiggs pairs,
contrary to what is done in the Lie algebra case (see [Ng0610, § 4.14]). In this section,
by establishing such tangent-obstruction theory, we are able to prove a much stronger

result.

6.10.1 Let hy: Mx — Ax be the universal mH-fibration of a monoid 2 € FM(G5¢).

Recall that in 5.3.8 we defined global affine Schubert schemes on Bx:

Gr=—wo(Bx) — Gré;lwo(ﬂx) . By,

The Bx-family of arc groups Lz, G around boundary divisors acts on Gr="wo(Bx) py left
multiplication, and locally over By this action factors through some jet group I].%X, NG

for sufficiently large N. So we have evaluation map
evN I Mx — |Lf, yG\Gr="woB0) |,
which factors through
ev: Mx — |Lf, G\Gr="wo(Bx) |,

The following is a big improvement of [Boul7] (see also [Chil9]).
Theorem 6.10.2. Let m = (L,E, ) € M (k) be a point and let a = hx(m) € Ax(k) be

its image. If

H (X, (Lie(I{fy)) /36)*) = 0,

then evy (resp. ev) is smooth (resp. formally smooth) at m. In particular, it is true when

Lisvery (G,d4)-ample,
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The proof consists of several steps and will occupy the rest of this section.

6.10.3 We start with some generalities concerning deformations. Consider variety M

over k with a smooth group G acting on it. Consider the quotient
X' M— [M/G].

We have distinguished triangle of cotangent complexes

N +1
X"Lim/g) — LM — Lymyim/61 — -

Since x is a G-torsor, we have Ly/(m/6] = Om ® ¢¥[0], and Ly is G-equivariant. De-

scending to [M/G], we get
+1
LimiG) — Lm/G — M XC g*[0] — .

Let X be a k-scheme of finite type and m := (E, ¢») be an X-point of [M/G], then Lm*L[M/G]

is isomorphic to the cone of the map of complexes
(Lp*Lpyay — AA(E)*¥[0])[—1].
Let T® = mX(Lm*L[M/G], Ox), then it is isomorphic to the cone of map
Ad(E)[0] — RHomy (L$p* Lpycp, Ox). (6.10.1)

Since Ly is supported on degrees (—o0,0], so is L<;I>*LE><GM. Since Homy (—, Oy) is left

exact, we see that RHomX(LdJ*LEXGM, Ox) is supported on [0, +00). Therefore we have
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that 7 °® is isomorphic to the complex

Ad(E)[1] — RHomy (L$p*Lpycp, Ox),

where the arrow is just the map (of coherent sheaves) Ad(E) — mx(L¢*LEXGM, Ox)
induced by (6.10.1), which can also be seen as the derivative of the G-action. In particular,
T * is supported on degrees [—1, +00).

Similar to the Lie algebra case, the deformation of m in mapping stack Hom(X, [M/G])
is controlled by 7°, such that the obstruction space is the hypercohomology group
HY(X,T*), the tangent space is HO(X,7*®) and the infinitesimal automorphism group
isH L(X,T*).

Now we compute these cohomology groups using Cech cohomology when X is a curve.
We shall assume that the generic points of X are sent to the smooth locus of [M/G] under
m, in which case each quasi-coherent sheaf HY(T®)is supported on finitely many points

on Xifi>1.

6.10.4 Let U = {X;}ies be a finite Zariski open affine covering of X. The forgetful
functor from the category of sheaves of @ x-modules to presheaves of @ x-modules is left

exact, whose right-derived functors #£4 are given by (F is any sheaf of ©x-modules):

FEU(F) U C X — HIU,F).

For any finite subset {ig, i1, -, ip} of I, we let
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Then for each g = 0 we have Cech double complex C® (¥, Z1(T*))

0 — ik H Xiji, T™1 — Tk HI Xk, T — i HAXiji, TH — -
0 — IijHY (X5, T 7Y — [1ijHU (X5, TY) — 1 HI(X, T — -
[T H9(Xx;,T°)

0 — [;HI(X;, 771 i HY(X;, T — -

The general theory of Cech cohomologies [Sta22, Tag 01FP] shows that there is a spectral

sequence
EY'T = HP (Tot(C* (0, 220(T*)))) = HPFA(X, T*),

where Tot means taking the total complex associated with a double complex. Since

know that the above double complex vanishes completely for all g > 0. Thus the above

spectral sequence degenerates at E>-page, and so we have
HP (X, T°) = HP (Tot(C* (¥, F£°(T *)))).
Now we use the spectral sequence of double complexes to compute

HP (Tot(C* (2, Z£°(T°*)))).
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The 0-th page is

0 — M Xiji, T™1 — e HO Xk, TO) — T O X, TH — -
0 — I;jH2 (X5, T~H — T1;H0(X;5, T%) — TI;;HO (X5, 7Y — -
L (G, T — -

0 — TI;HO(x;, 771 I1; H0(x;, 79)

Since all Xj, i, are affine, we may directly compute the 1-st page to be

ik HO X HHT) e HOXGji HO(T®) T HO (X ik, HEH(T®))

[T4 HO(Xi5, H1(T*)) [1;; HO(X;, HO(T*)) I1;; HO(X;, H (T*))
[T HO (X, H-H(T*)) [T HO (X, HO(T®)) [T HO(x, HY(T®))
0 0 0

Observe that the j-th column above is exactly the Cech complex of quasi-coherent sheaf
HJ(T*) with respect to covering &, so its cohomologies are just HY(X,H/(T*)). Since
X is a curve, HY (X, H/(7°®)) = 0 for all i > 2, and since for any j =1 the sheaf H/(T*)

is supported over finitely many points, we also have H! (H/(T*)) = 0 for j = 1. Thus,
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the 2-nd page has only two non-zero rows:

H (X, H L(T*)  H'(X,HYT*)) 0 0

HOx,H '(7*) H°x,HY7*) Hx,H'(T*) HOX,H(T))

and all differentials on all pages hereafter are zero, because the vertical component of
any arrow will go upwards at least two rows. Thus the spectral sequence degenerates at

the second page, and we have canonical isomorphisms

H(X,T*) ~HO(X,HI(T®)), i=—-1loriz=2,

as well as exact sequences

0 — HY(X,H 1 (T*) - HO(X,T°*) — H'(Xx,H%(T*)) — 0,

0 — HY(X,HY(T*) - Hl(x,T*) — HOX,H (T*)) — 0.

Note that everything still holds in the relative setting where M is defined over a scheme

S and G is smooth over S, and X is an S-curve.

6.10.5 We may replace X with a formal disc X, at a point v € X. In this case H! (Xy, F) =
0 for any quasi-coherent sheaf F. Let T be the analogue of 7 * on Xy, then we have for

alli = -1

HY (Xy, 7o) = HO(Xy, H(TY)).
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Let . Xy — X be the natural map, then it is flat and the (non-derived) functor (* is exact.

Thus we have 77 ~ (*7°®, and the natural map
HY(T*) ®9y Oy — HI(TY)

is an isomorphism of ©,-modules. In particular, when i > 1, since HY(T®) is finitely

supported, we have injective map

HO(X,HH(T*)) — [[HO(Xy, H'(T3)),

v

where v ranges over the points v € X such that m(v) is singular in [M/G]. Note that
when i = 1, the right-hand side is precisely the obstruction space of deforming the

[Iy Xy-arc in [M/G] induced by m, in other words, the local obstruction space.

6.10.6 We now look at the obstruction space H(X,T*). We have seen above that the
quotient HO (X, HY(T*)) is precisely the space of local obstructions. As a result, if we

can show that
H' (X,H(T*)) =0,

we will be able to prove that the global obstruction to deforming m is completely deter-

mined by its local obstructions. More explicitly, consider two-step complex
T=Y: Ad(E) — Homy ($* QL ¢,/ Ox),

then we want to show that

H! (X, coker(7=0)) = 0. (6.10.2)
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This statement is a generalization of the one for additive Hitchin fibrations where M = gp.
In that case, M is smooth, so there is no local obstruction, and if D is sufficiently ample,
the global obstructions also vanish using Serre duality (see [Ng610, § 4.14]). Our goal

then is to find a similar duality statement to prove (6.10.2) in multiplicative case.

6.10.7 For Y0 € FM(G5), recall we have the big-cell locus 20° C 20 such that the re-
striction of abelianization map o% - M° — Ay is smooth, and its fibers are homogeneous

spaces under G5¢ X G5¢. The action of G3¢ X G5¢ induces injection map of vector bundles

on M°:
Qe oy — (@) * X (659,
and its (surjective) dual map
g€ X g% — Typo /2ty -

Choosing a non-degenerate G5¢-invariant symmetric bilinear form g on g€, we may iden-
tify g5¢ with its dual. We fix the anti-diagonal form (q, —q) on g5¢ X ¢°¢ and use this
form to identify g5¢ X g5 with its dual. Note that under such identification, the diagonal

subspace
A g5 — g5¢ x g5¢

and the quotient g5¢ X g5¢/A(g%¢) are GS3¢-equivariant duals. In other words, we have a

short exact sequence that is G3¢-equivariantly self-dual:
A
0 — g5¢ > g5¢ X g5¢ —> g5€ X g5¢/A(g5¢) —> 0.

The following result is inspired by [Bri09, Example 2.5]:
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Lemma 6.10.8. With the choice of (q,—q), we have a G5¢-equivariantly self-dual short

exact sequence
1
0— Qmo/?by) — gSC X gSC — Tmo/?by) — 0.

Proof. 1t suffices to consider Y0 = Env(G3¢) by universal property and show that the

fibers of
ker (g°¢ X g% — Typo /2y, )

are maximal (q, —q)-isotropic subspaces of g5¢ X g5¢. Since Zyy commutes with G5¢ X G5¢-
action, it suffices to prove the statement for gey ah, where g,h € G5, and ey are
the system of idempotents associated with subsets of simple roots I C A (c.f. § 2.4.15).
Moreover, since (g, —q) is G*¢ X G*“-invariant, it suffices to prove the statement for e a.

Indeed, Let Pr (resp. P; ) be the standard parabolic subgroup of G°¢ containing B
(resp. B™), Uy (resp. Uy ) be its unipotent radical, and L; be the Levi factor containing T s¢,
then the stabilizer of er A in G3° X G is the semidirect product (Ur X U; ) X A(Ly), where
A(Ly) is the diagonal embedding of L in G5¢ X G5€. One then verify by direct computation

that uy ® u; ® A([7) is (g, —q)-isotropic and has half the dimension of g°¢ X g°°. |

6.10.9 The monoid 20 is usually not smooth, but since it is normal and 20 — 20° has
codimension at least 2, we still have identification by Hartogs’ theorem (here ¢ is the

inclusion map M° — M):

Lx (@€ X g°) = g% X g%,
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because locally over the curve X, g5¢ X g5¢ is a trivial vector bundle. By functoriality, we

have maps

1 1 C
Qm/;ztm - ‘*Qmomm — 6% X 6% — Ty o1y,

where we already identified g5 X g5¢ with its dual using (q, —q). Since 2¥) is normal, and
Ty ay, is reflexive, it may be identified with tx Typo /a,,. Now since Zyy commutes with

G3¢ X G5¢, everything descends to quotient
[0/ Zy] — [P0/ Zyn ]

To simplify notations, we denote [)] = [/ Zy] and [Ayy] = [P/ Z]. SO we have

1 1
Q01 [2] ™ Qa0 ] 8 X 87— T[a01 [y ] -

Let m = (L,E, ) € Mx(k)” be an mHiggs bundle, viewed as an X-point of the stack
[M/G X Zy], and let A € [?b‘o]()? ) be its boundary divisor. Then (6.10.2) translates to

the following statement:

H' (X, coker| Ad(E) > (™ Qo a)) 1) = 0

where superscript * means taking O g-dual. Since the image of Daq stays the same if we

replace Ad(E) by Ad(E)S¢, we are reduced to prove that

. Dad
1 sC k 1 * —
H (X, coker[Ad(E) — (¢ QEXG[m]/[;Lm]) ]) =0,

6.10.10 On the other hand, since tx is left-exact, we have exact sequence

1 ~
L Qo oy — 8 X 8% — 1 Type 2ty = Tomy 2ty
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which induces exact sequence

1
(l)*L*QEXG[TOO]/[Am] - Ad(E)SC X Ad(E)SC I (b* TExG[m]/[Am] .
Taking O y-dual and using bilinear form (g, —q), we have exact sequence

((]5>l< TEXG[ID]/[Am])* — Ad(E)%¢ X Ad(E)S¢ — ((b*l*Q};XG[mo]/[gm])*

* are locally

)* be

Since X is a curve, both (¢* TEXG[TO]/[Am])* and (¢*‘*Q}1;"XG[m°]/[Am])

free, so the above sequence is also exact on the left. Let K C (d)*L*Q}YXG[mO]/[Am]
the cokernel of the first map, then it is again locally free. This implies that for any v € X,

the fiber map
(@™ T ag)) s — (AA(E)S X Ad(E)*)y

is injective. As a consequence, since generically over X the fiber of (¢* TEx6m /[?km]) is
a maximal (g, —q)-isotropic subspace of Ad(E)S¢ X Ad(E)®¢, the same must be true over

all X. Thus it shows that the short exact sequence
0 — (d* Tpxapm/[2y]) T — AAE) X AA(E)* — K — 0

is self-dual. Moreover, since the adjoint action of G5¢ is simply the restriction of the
G5¢ X G5C-action to the diagonal, we see that its derivative Daq factors through K. Since
we have inclusions of locally free sheaves on X

V¥ c (p*al )*,

* 1
K C (™t Qp EXG[M]/[2y]

XG[0°]/ [Zan]
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to prove (6.10.2) it suffices to prove that
H! (X,col«er(Ad(]:”)SC - K)) = 0.

Now consider the following self-dual diagram of locally free sheaves on X:

Ad(E)5¢
lA Daa

0 — (™ Tpxepm)/ ) Ad(E)S¢ X Ad(E)S¢

\ l

Ad(E)®¢ X Ad(E)3¢/A(Ad(E)5°)

K —0

The O g-dual of coker(Dagq) is identified with the kernel of the lower-left map. But that
kernel is none other than the kernel of Daq, which is simply Lie(I ?Jlfn@ )/3¢ (c.f. § 6.6). So

we reduce (6.10.2) to
H (X, (Lie(Iff4)) /36)™) = 0. (6.10.3)
The canonical inclusion map I (Sg,ld)) — 35 into the Néron model induces inclusion
Lie(Iff'y)) /36 — Lie(34) /36,
hence we may also further reduce to
H' (X, (Lie(Ja) /36)*) = 0.

6.10.11 Let Ob(L, E, ¢) be the obstruction space of deforming (L, E, ¢) relative to bound-
ary divisor A, and for any v € X, let Oby (£, E, ¢) be the obstruction space of deforming
the Xy-arc induced by (£, E, ¢). We have the following global-local principle for the ob-
structions:
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Proposition 6.10.12. If (6.10.3) holds, then we have canonical injective map
Ob(£;E’ (l)) - l_l Ob'U(L;EJ d))l
v

where v ranges over the points in X that is sent to the singular locus of [W/G X Zy]. In

particular, it is true when L is very (G, 0 4)-ample.

Proof. We only need to prove the second statement. By Proposition 6.8.3, we know that

Lie(Ja) /36 = C7.

The results then follow from the fact that 6, is the length of Lie(jg)/ Lie(J;) and the

definition of £ being very (G, 64)-ample. |

6.10.13 Next we turn to tangent spaces. As we have seen above, the tangent space of

My at (L, E, ¢) relative to By fits in the short exact sequence
0 — H(X,ker(Daq)) — T(r.E.¢) (Mx/Bx) — HO(X, coker(Dpq)) — O.

Restricting to a formal disc Xy — X, and choosing a trivialization of £ over Xy, we have

commutative diagram

0 — HY(X,ker(Daq))

T(r,E,¢) (Mx/Bx) HO(X,Coker(DAd)) — 0

l |

T(E,.¢p) (L3 [0/ G/ LS Hn) — HO (X, coker(Dag)) — 0

Since coker(Dpq) is unaffected by the center of G, we may replace G by Gad % Gad and
since g2 ~ ¢5¢, we have natural map

coker(Dag) — Q := coker (Ad(E)S® X Ad(E)*¢ = ($*QL 61301/ 300)) )
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Since the map on the right-hand side above is generically surjective, Q is finitely generated

and torsion, and so
HO(X)Q) = HHO(X'U’ Q))
v

where v ranges over the points in X that are sent to the singular locus of [/G X Zy].
Moreover, one easily sees that the torsion-free quotient of the kernel of coker(Dpg) — Q

is (Lie(IfE’(b) )/3¢)*. Thus when [ is very (G, §4)-ample, we have surjective map
HO (X, coker(Dag)) — [ [HO(Xu, Q),
v
because H! (X, (Lie(33)/36)™) = 0. It induces surjective map

TirEd) (MxIBx) — [ [T(g,.¢p) (L [0/GSC X G5/ L Hapy). (6.10.4)
v

6.10.14 Now we are ready to prove Theorem 6.10.2.

Proof. Given a small extension of Artinian k-algebras R — R’ = R/I with residue fields k

and an mg € Mx(R") specializing to m, let Mg’ be its image in
(L3, G\Gr="wo(Bx) |,
X

Suppose mpg, is an R-lifting of mp’, then the local obstruction of deforming mpg- vanishes.
By Proposition 6.10.12, the global obstruction of deforming mpg- also vanishes. Here we
use the fact that since G5¢ is smooth, the map [0/ Ad(GS¢)] — [M0/G5¢ X G5¢] is smooth,
hence so is the map between induced arc-stacks. Then, by surjectivity of map (6.10.4),

there is a lifting of mpg’ to R lying over mpg, thus we have the desired theorem. |

Remark 6.10.15. Note that Theorem 6.10.2 can still be vastly improved due to its conclu-

sion being unnecessarily strong. Indeed, since we only care about the model of singular-
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ity, if the boundary divisor is supported at point v while the discriminant divisor is not,
then there is no need to include the local affine Schubert variety at v in the target of the
map ev since at v the mHiggs-field automatically lands in the big cell, which has no singu-
larity. Thus by allowing such v to move the cohomological condition in Theorem 6.10.2

can be weakened.

6.11 The Case of Endoscopic Groups

Let (k, 3x) be an endoscopic datum of G on X, and H is the endoscopic group. By § 2.5,
there is a canonical monoid Wy € FM(HSC) associated with 2 and a canonical map

v G = Gu. Let Zyyg C TO?I be the center, and we have mH-fibration

hax: Mg x — Agx

associated with ;. However, there is no direct relation between hx and hy x, because
Zyn,H does not map into Zyy. Instead, we need to replace Zyy g with the preimage Z)’% of

Zy. Let
hipx ' Mg x — Afx

be the pullback of hp x through Bunzx — Bungzy, ;. Let By x be the same pullback of
By, x. Every result in this chapter about hy x applies to hﬁ’ y due to it being defined via
pullback from Bunzy, ;.

The canonical map vy : G g — Gy induces commutative diagram

[Cyo,1 [ Zyy] —— [/ Zan]

| |

[P0, 1/ Zyy] —— [P/ Zon]
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hence further induces diagram

va. JZlIK{,X — Ax

| |

The following lemma can be easily deduced from Zariski’s Main Theorem.

Lemma 6.11.1 ([Ngo606, Lemme 7.3]). Let S be a normal integral and separated k-scheme.
Letv: V — V be a finite morphism of S-schemes andh . S — V a section of V. — S. Suppose
there is an open dense subset S’ C S over which h lifts to a sectionh’ : S’ - V XsS'. Then

h' extends uniquely to S such thatv o h’ = h.

Proposition 6.11.2. The map

Q. K,G-Q Q

is finite.
Proof. The 1rg(k)-torsor 3« . Xx — X induces commutative diagram

TM,HXXK —— Tm X Xx =—— Tm X X«

| | l

Cyo.H Co.1 Cyy

where the left and middle vertical maps are obtained by taking Wy X 110 (k)-quotient,
and the right one is by taking W X 11 (k)-quotient, and the two groups are connected by
Lemma 2.5.5.

Leta € A)(?(I_c), and let U; C X be the open subset whose image under a is contained
in [%’IS/Z)Q]. We also fix a geometric point 0 € U, (k). Over U, the vertical maps

in the above commutative diagram are respective torsors of groups Wy X 1mo(k) and
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W X 119 (k). Then the restriction of a to Uy lifts to a section U, — [% H/Zm] Xx Ug if

and only if the image of the monodromy
851 M (Ug, ) — W X 110 (K)

is conjugate to subgroup Wy X 1o (k). Since the number of such subgroups is finite, so
is the number of such liftings. Also over U,, the map [(t:m H/Zy’%] - [% i/ Zm] is an
isomorphism. At each ¥ € X — U, there are only finitely many ways to extend a X %
point of [(CID,H/ Zy’%] to a Xy-point lying over a fixed X3-point in [C;O o/ Zm], according
to Lemma 2.5.17 (note that over X3 the monoid 2 is necessarily split). Thus vg is quasi-
finite.

We then show that vgl is proper using valuative criteria. Let R be a discrete valuation
ring and S = SpecR. Let n € S be the generic point. Now let a be an S-point instead of a
k-point of A?(, and U; C X X S is defined as above. Since U, is normal and integral and

the map

[ X,1(iirs/zz;§)] . [C;(n’rS/Zm]

is finite (because Ty pr/ Zﬁ) — T/ Zyy is an isomorphism), a lifting of aly, over Ug Xs n
can be extended to a lifting over U; by Lemma 6.11.1. Then since the complement of
Uaz U (X X ) has codimension 2 in normal scheme X X S, any Zﬁ)-torsor onU; U(XXn)
can be uniquely extended over X X S, and since Cyy g is affine over X X S, we can uniquely

lift a over X X S. This proves properness. |

6.11.3 Suppose b € B (k) induces a boundary divisor written as

Ap= > Ay 0.
vex (k)
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Similarly by € By (k) induces very H-ample boundary divisor

Suppose b is the image of by. For each v € X (k), —wH,0(Aq,p) is one of the ﬁ%c-highest
weights appearing in the decomposition of irreducible G%C—representation with highest

weight —wp(Ap) into irreducible H3 -representations. Let
1 (bi) = (p, Ap) = (PH, Ak by)-
This way we obtain a locally constant function
i B x — N

and we use the same notation for its pullback to Af; x, Mf; x, etc.

By (6.8.1), we have

dim Ap — dim Al , = 7{f(by) — (r —vg)(gx — 1), (6.11.1)

where 7 is the semisimple rank of H. So the image of ﬂfiif in leb@ is a closed sub-

scheme of codimension rg (bg) — (¥ —rg)(gx —1). In case by is not very H-ample (but

b is still very G-ample), we still have inequality according to (6.8.2):
dim Ap — dim Af; , = (by) — r(gx — 1) — 7y, (6.11.2)

Replacing endoscopic groups by Levi subgroups, then 6.11.2 implies the following:

Corollary 6.11.4. Suppose Zg contains no split torus. The codimension of the complement

Ap — ,’Ag of the anisotropic locus in A}, goes to < as {p,Ap) — .
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6.11.5 Suppose ) € FMy(G®°) and Ay is of standard type. If L is a Zy,-torsor, then
it induces a Zyy g-torsor L. We say L is very H-ample if Ly is. It also induces a Zy-
torsor which we denote by £. However, even if £ is very G-ample, it is not immediately
clear that L, is very H-ample, making a precise dimension formula a little tricky. For
the time being we settle at providing a precise formula with some assumptions and an
estimate in general.

The assumption is as follows: suppose that the vector bundle 2y, ;; + has trivial first
cohomology for all £ in the connected component of Bunzﬁ) containing L, then the

map
By, x — Bungg
is surjective over that component with relative dimension deg(b). As a result, we have
dimy, By x = deg(b) + (rtk Zyy — rk Zy ) (gx — 1).

Assuming very H-ampleness as well, then Af; y — Bj; x is surjective, and we have by

(6.8.1)
dimg, Af x = deg(b) + (tk Zyjy —rk Zyo i) (9x — 1) + (pH, AH,by) — TH(gX — 1),

where we recall that deg(b) = dimy, Bx by definition. Since Zy’fo is none other than the

preimage of Zy,, we have

tk(Zyn, i) — 1k(Zyyy) = v — 7p.

210



Thus we obtain
dimgy Afy x = deg(b) + (pH, Mg py) — 7(gx — 1).
If a € Ax (k) is the image of ay and is very G-ample, then
dimg Ax — dimay Al y = rf (an). (6.11.3)

Similarly, if the cohomological assumptions on £, and ag are not true, we still have

estimate
dimg Ay — dimgy Af x > r§(am) — rgx. (6.11.4)

6.11.6 Due to the rather unsatisfactory estimate we temporarily settled with, we want to
emphasize a special case where we do get a precise formula: when » = 7. In this case,
Z,’% and Zyy g have the same rank. This means that the map fBI‘}’ x — By, x is open and
finite, hence so is the map Bfl’X — Bx. Moreover, suppose by € Bﬁ,x is very H-ample,

then since we have tangent map

Co.H,py = Tag Go,H by — TaGo,p = Co b,
which is an injective map between vector bundles of rank v = 77, we automatically have
H (X, Gy p) =0,

so that (6.8.1) still holds for b. Therefore in this case we have the following:

Proposition 6.11.7. Letay € ﬂlﬁ,X anda = vq(ag). If r = vy and ay is very H-ample,

then (6.11.3) holds.
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Remark 6.11.8. We expect the technical difficulty in estimating dimg,; Af; y is not very
essential and can be solved with more in-depth utilization of deformation theory. In
fact, in view of Proposition 6.8.3 and Theorem 6.10.2, we expect that it will be the same

problem mentioned in Remark 6.10.15 and can be solved simultaneously.

6.11.9 Although the mH-fibrations of G and H do not have direct connection, there is

a canonical map between their Picard stacks. Let ag € ﬂlﬁ’c);('o(l_() and its image is a €

A (k). Recall that the map vy : Cyp gy — Cyp induces a homomorphism v — Jn H,
therefore we have a homomorphism of commutative group schemes jg — Jg 4, Over X.
Since a € ﬂlg, this is generically an isomorphism hence also injective. Therefore we have

a surjective map
Ta —> ?H,KIH'

Its kernel is affine group HO (X ,JH,a;; /3a), which we denote by RIC_;L“H. Using Corol-

lary 6.8.4, we have
dimng’aH = rg(aH).

In particular, it is independent of ay. Let J ﬁI ay De the Néron model of Jg,ay, then the
composition j; — J fl ay 18 generically an isomorphism, so it is also the Néron model of

Ja. Thus we have exact sequence
1— R, — Ra — Rpay — 1,
where R, = ker(®P; — P5) and RH,ay = ker(Py a,y — TI%I.“H)’ and so
Sa — O ,ay = 15 (@), (6.11.5)
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where 64 = dimRg4 and 6y g, = dAIM Ry 4.

Remark 6.11.10. Comparing (6.11.1) with (6.11.5), it looks like so-called 6-regularity (the
inequalities in Proposition 7.4.5, see also § 9.1) is violated. However, it is not a contra-
diction, but merely shows that the dependence of N on ¢ in Proposition 7.4.5 cannot be
eliminated. On the other hand, according to (6.11.3), there is no such “violation” over the
whole ﬂ?( (not fixing b) provided certain cohomological conditions are satisfied (although

it is not always so).

6.11.11 Similar to the technical difficulty in estimating the dimension of A y, the local
model of singularity Theorem 6.10.2 also has some restriction due to possibly insufficient
ampleness. For example, suppose apy is very (H, 0,4, )-ample, then Theorem 6.10.2

holds for any mHiggs-field over ay, due to that
H (X, (Lie(J; 4,,) /30)*) = 0.
However, the (sufficient) condition for a is
H' (X, (Lie(3a) /36) ™) = 0,

which may not be true because 37 may have larger rank than 3. Obviously this difficulty
vanishes when » = 7y so that 3y and 3; are canonically isomorphic (both embeds into

T). Thus we have the following result:

Proposition 6.11.12. Let ag € Aﬁ,x and a = vq(ayg). If r = rg and ay is very

(H, 0H,ay ) -ample, then Theorem 6.10.2 holds for both a and ay.

Remark 6.11.13. We expect this restriction requiring » = vy is merely technical and can

be resolved due to reasons laid out in Remarks 6.10.15 and 6.11.8.
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CHAPTER 7

STRATIFICATIONS

In this chapter we study two important stratifications on the Hitchin base Ax in the
same fashion as in [Ng610, § 5]. One of them is associated with §-invariants 6,4, which is
loosely speaking the dimension of the “affine part” of ;. The other is associated with
1o (P4), which is essentially the global counterpart of the group of endoscopic characters
k. The endoscopic monoid continues to play a key role here, and the study of 6-strata will
be more refined compared to the Lie algebra counterpart due to the effect of boundary
divisors. The final section introduces inductive strata, which will become important in
stating the support theorem in § 9.9. The outline of a lot of the proofs will be similar to
those in [Ng610] (if they are counterparts), but there can be some small and occasional

technical challenges.

7.1 Simultaneous Normalization of Cameral Curves

7.1.1 The existence of aforementioned stratifications depends on a constructibility re-
sult of certain subsets of ﬂlg, whose proof relies on the theory of simultaneous normal-

ization of a family of curves.

Definition 7.1.2. Let f: Y — S be a flat and proper map with reduced 1-dimensional
fibers. A simultaneous normalization of Y — S (or just Y if base S is clear from the

context) is a proper birational map £: Y’ — Y such that
(1) There exists open subset U C Y over which & is an isomorphism and f(U) = S.
(2) The composition f°> = fo &: Y* - S is smooth and proper.

Lemma 7.1.3 ([Ng610, Proposition 5.1.2]). Let&: Y® — Y be a simultaneous normalization

of f. Y = S, then
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(1) fx(ExOy,/Oy) is a locally free Og-sheaf of finite type.

(2) There is a locally constant étale sheaf T (Y") on S whose fiber at a geometric point

s € S is the set of connected components of ng.

Consider (pseudo-)functor A )b( whose S-points are triples (a, X, £) where a € A?( (S),
f(}i is a smooth and proper S-family of curves together with a map f(ﬁ — X X S on which
W acts, and & Xﬁ — X, is a W-equivariant simultaneous normalization. The forget-
ful functor A% — A induces a bijection on k-points, because for any a € AY (k) the
normalization of X is unique.

The functor A% has another description. Recall that for a € A (S), its image £ €
Bung,, (S) corresponds to a Zy torsor £ on X X S, which induces map m,: Ty —
Cy . Let AY be the functor of triples (£, X, y) where £ € Bung, (S), X is a smooth
and proper family of curves over S with a finite flat map 7} : X5 — X X S on which W
acts, and y . X, - Ty, r is a W-equivariant map. In addition, for any geometric point
s € S the map Trgi, s is generically a W-torsor, and the preimage of trf' ¢ is dense in Xg, s
Given (a, X}, &eA )b((S ), one may define y as the composition of & and the embedding

Xa — Ty, r. Thus we have a natural map ﬂl}} - J’Zl)b{.
Lemma 7.1.4. The natural map A }’( - A}’(' is an isomorphism.

Proof. Tt suffices to define the inverse map. Let (£, X2, y) € jél)b('(S), then we claim
"ﬁ*(Oxg)W = Oxxs-

Indeed, the left-hand side is a finite O xxs-algebra containing O xxs and over any geomet-
ric point s € S they are generically isomorphic on X X {s}. Since X is normal, it must be
an isomorphism.

Since y is W-equivariant, itinduces amap a : XXS§ — Gy r by taking W-GIT-quotients.
Let X, be the corresponding cameral curve, then y factors through X; — T, hence
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induces map

Clearly over any geometric point s € S, & is anormalization map. Thus we obtain a point

(a, X5, &) e ﬂ)b((S). One can verify it is the inverse map as desired. |

Consider (a,X(f’l, &) J’Zlé’((l_c), its automorphism group is a subgroup of ['(X, 759,
so in general it cannot be representable by a scheme. However, the étale group Z5€ is
the only “obstruction” of A ;’( being a sheaf. Therefore, it is reasonable to expect that
it is a scheme relative to Bx. In any case, By is still a Deligne-Mumford stack, even a
Homy (X, Z5°)-gerbe, thus most topological and representability result about schemes
and sheaves still apply.

Unfortunately, it is not straightforward to prove the representability result we want,

but it is enough for our purpose to prove the following slightly weaker result.
Proposition 7.1.5. There exists two Bx-schemes (A }})red — By and A% — Bx such that
we have fully faithful inclusions

(As)red c ab c A%,
where the first inclusion induces bijection on k-points, and the second is topologically a
closed embedding.

Proof. We first consider functor & whose S-points are the isomorphism classes of the
following data: a smooth and projective S-curve Xﬁ together with a map X}i —- X XS on
which W acts, such that over any geometric point s € S it is generically a W-torsor.

Suppose for the moment that &2 is representable by a quasi-projective k-scheme,
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then we have a universal family of smooth and proper curves
b

together with a W-equivariant map X;CK - X X H.

This induces a Ty-bundle Ty 7 over ngf X Bung,,, and the fibers of forgetful map
ﬂﬁ’( — F X Bung,, is just the W-fixed point of the sections of Ty gz over the curve
X(';f Using the representation-theoretic description of Env(G%¢), we know that we may
embed Ty into a vector bundle ¥ with W-action as a closed subbundle. Moreover, 0 can
be so chosen that it maps to 2y compatible with Tyy — 2y and the W-action. One can
pull it back to get a W-vector bundle 0 .

We define a functor ﬂ)*( same as A }’(’ except that y is a W-equivariant map to ¥ instead
of Tyy. By the definition of 0, the map ﬂl;} — Bung,, factors through By, and it is clear
that ﬂl)*( is a sheaf relative to By. Itis also clear that ﬂl)*( is the W-fixed points of an open
subset of a vector bundle on 2 X Bung,,, hence it is representable by Deligne-Mumford
stack which is also a Bx-scheme. Moreover, it contains A% as a fully faithful subfunctor,

Consider Cartesian diagram

X —— T

| |

& Y
Xpp — O

where qu; is the universal curve on ﬂl}} and the bottom horizontal map is the universal
map y over ﬂ};. The vertical maps in the above square are closed embeddings. Since
X axr = A% is proper, the image of X" in A% is closed. By upper-semicontinuity of fiber
dimensions for proper maps, the locus in A% where the fiber in X’ has dimension 1 is
also a closed subset. Let (A )b()red be the reduced substack of this closed subset.

We want to show that X’ — X;l* is an isomorphism over (A }})red. We already know
X

that their fibers have the same dimension and are proper and reduced (in fact regular),
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but X is not necessarily irreducible. Nevertheless, since y is W-equivariant and since
g is generically a W-torsor, once a fiber of X’ contains one irreducible component of
X4, it has to contain all of them. This means that (A%)™? is a subfunctor of A%. It
is also clear that (A )b()red has the same k-points as A%. Thus it remains to prove that

S is representable a quasi-projective k-scheme. We leave it to a separate proposition

below. [ |

Proposition 7.1.6. The moduli functor ¢ as in Proposition 7.1.5 is representable by a

quasi-projective k-scheme.

Proof. As commented in [Ng610, § 5.2], the proof is similar to the representability of
Hurwitz schemes. We include a proof for completeness, as it is not in loc. cit.

Let S be a k-scheme and let £ X5 — X X S be an S-point of #. For simplicity we
denote X} by Y and X X S by Xs. The relative cotangent complex Qy /Xs is the coherent
sheaf Qy/s/f *Q Xg/s since Y and Xg are smooth curves over S and f is finite flat. It is
a coherent sheaf of finite length, whose induced divisor on Y is the ramification divisor
Dy of f. Since Dy is stable under W, it descends to a divisor By on Xg, finite and flat

over S. Therefore we obtain a map
fp: F — Hy =] [Hilb" X
n
Y — By.
It then suffices to show that the map fp is representable and étale, and we shall use the

same criteria in [Ful69, Theorem 6.5], which is a slightly modified version of a result due

to Grothendieck reported in [Mur95]. Explicitly, we need to show the followings:
(1) & is an fpqc sheaf over Hy.

(2) & commutes with filtered inductive limit of rings over Hy.
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(3) If A is a complete Noetherian local ring over Hy and m C A is the maximal ideal,

then

F(A) — lim 2 (A/m')
i
is bijective. In other words, formal deformation of fp over Hx can be uniquely

promoted to a local deformation.

(4) If R is an Artinian ring over Hx and I C R is a nilpotent ideal, then ' (R) —

S (R/1) is bijective. In other words, fp is formally étale.

(5) fp satisfies the uniqueness part of valuative criteria for all complete discrete valu-

ation rings.

Property (1) is immediate from definition.

Property (2): let A; be a filtered inductive system of rings over Hx, and A is the limit
of A;. Then Y,, — SpecA; is finitely presented, quasi-compact and quasi-separated.
Moreover, Hy is locally quasi-compact and quasi-separated. By [Gro66, Théorem 8.8.2],

the natural map

lim F2(A;) — FC(A)
i
is bijective.
Properties (3): is due to the fact that formal deformation of projective curves can
always be uniquely algebraicized ([Gro61, Théorém 5.4.1]).
Properties (4) is proved using deformation theory. Let R* = R/I and f': Y — Xp-.
Without loss of generality, we may assume that R is a small extension of R’. Let f{ be

the fiber of f over the residue field kg of R’. The obstruction of flatly deforming map
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f" (without regarding W-action) lies in the group
Extéy, (Qy /X, 1)

which vanishes by Serre duality. Therefore all flat deformations of f’ to R is a torsor

under vector space

Tr = EXt(lQY’ (QY'/XR' 1)

= EXt(lQY’ (QY’/XRH Oy') ®1I.

The group Wx = I'(X, W) acts canonically on the set of deformations by composition, in
other words, w € Wy sends a deformation¢: Y’ — Y to tow™!. The tangent space T also
admits a canonical Wy-action, thus the set of formations induces a class in H (Wy, Ty).
Since char(k) does not divide the order of W, the last cohomology group is trivial, being
a vector space annihilated by the order of Wx. Thus we identify the set of deformations
with T; as Wx-sets. Let f &€ T?/X be a Wy-invariant deformation, the obstruction of

extending Wx-action to f lies in the group
H= (Wx, Autg (f)) = H* (Wx, Aut g, (fole]) ® 1),

where fy[e] is the trivial extension of f to krl[€]/ €2. This obstruction group also van-
ishes since it takes value in a vector space.

These construction can also be done locally over X, hence we see that the set of de-
forming f’ together with W-action is identified with the subspace of T;VX such that over
any open subset U C X, it is also fixed by I'(U,W). Since f’ is finite flat, we have by

adjunction

T[ = EXt(lng, (Qy/XRI’ OY/) ® I,
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hence the deformation of Y’ with W-action can be identified with vector space
1 w
EXtOXR/ (QY,/XR,’ OXR,) ® 1.

On the other hand, it is well-known that the deformation of By’ in Hx by I is identified

with
~ 1
HomOXR, (J,0B,) @I = EXtOXR, (OBy,,0B,,) ® I,
where J C Ox,, is the ideal of By-. Therefore it boils down to showing that the derivative

Dfy (fp): Exty, (QY:x,» Oxp) — Exty, (Opy,,08,,)

induced by tensoring the source by (Q%V is an isomorphism, but this is simply the
definition of By’ combined with Serre duality, hence we are done.

Property (5) is straightforward: if A is a complete discrete valuation ring and F its
function field and Y € & (A), then since Y is smooth over A its ring of functions can be
characterized as the integral closure of Ox , in Oy,. Therefore Y is completely determined

by its fiber over F. This finishes the proof. |

7.2 Stratification by Monodromy

7.2.1 Using the moduli stack A&, we may now study the stratifications on leg?. Similar to
[Ng610, § 5], it is more convenient to study an étale cover of A x since it will simplify the
description of 11y (Px) and the resulting stratifications. Recall that after fixing © € X (k),
we have the open subset A5 C Ay consisting of points a such that the cameral cover
X, is étale over oo. If o € X (k), then J’Zl}’f has a natural k-structure. Consider the functor

A x whose S-points are pairs (a, ©) where a € jél;’(o(S) and ® € X, (S) lying over oog. It
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is clear that Ay is an étale subset of Ay, and has a k-structure if oo € X (k).

We have the natural map ﬂl‘)’(o — By, and the point oo defines a locally trivial fiber
bundle €* over Bx whose fiber at (£, 0) is the fiber of € at co (recall that € is the GIT
quotient G /Ad(G)). In addition, 0 € I'(X, 2y ) induces a cameral cover T, g of C,

which further induces cameral cover ’C% — €. Consider Cartesian diagram

Ax — T

| |

AX — Op

Lemma 7.2.2. Over the very G-ample locus B, A= — B is smooth and induces bijec-

tion on irreducible components.

Proof. We already know Ay is a vector bundle when restricted to B, and A is étale
over A, hence the smoothness result. Also by very G-ampleness, the bottom arrow in
the above Cartesian diagram is a surjective map of vector bundles. This means that the
top horizontal map has connected fibers. Since the abelianization map Ty — 2y has
irreducible fibers over the invertible locus, ’C% is irreducible, and so is the preimage of

any irreducible component of B-.. |

Now we define A%, = A% X4, As. Themap A% — A is abijection on k-points.
With the help of the reduced substack (A )b()red, the image of any connected components
of (ﬁg),; in (il>>),; is a constructible subset relative to B ;.

Over any geometric connected component of B>, one may decompose this construc-
tible subset into a finite union of locally closed subsets. Let A be one of such locally
closed subsets and A} be its preimage in (A")g. By Zariski Main Theorem, there exists

an open dense subset of A1 over which the map (A})"d — A, is finite radical. Using
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Noetherian induction, we may refine those A7 into a locally closed stratification

(u’z~l>>)f< = U Ay, (7.2.1)

YEeEY
such that the map (i\f}, yred Ay is finite radical. We may further refine the stratification
so that the closure of any ilq, is a finite union of strata. Hence we have a partial order on
¥ such that ¢ < @' if Ay is contained in the closure of A . Since A» — B> is smooth
and a bijection of irreducible components, over each geometric irreducible component B

of Bx there is a maximal element yp € V.

7.2.3 Recall G comes from an Out(G)-torsor ¢; on X, and when we fix a point oo, we
may lift it to a pointed version 9&, and ® = Oy is the image of 111 (X, ) in Out(G) under
9&. By assumption, O is finite and its order is not divided by char(k).

Letd = (a,®) € Ax (k). Recall the commutative diagram (6.5.1) which we reproduce

here:

(U, ) —% W x 0ut(G)
| l _ (7.2.2)

11 (X, )

Oout(G)

In this diagram U = X — D,. Let W be the image of Tr;i and I; the image of the kernel
of 11 (U, ) — 111 (X, 00) under Tr;L. By construction, W; is contained in W X 0, and I4
is a normal subgroup of W4 and contained in Wz N W.

An alternative approach to the above setup is as follows. Let X3 — X be a connected
finite Galois étale cover with Galois group 0" together with a point cog lying over oo such
that 3 becomes trivial on Xg¢. Such requirement is the same as saying 92; 1 (X, 00) -
Out(G) factors through @’, thus we may replace Xg by a quotient cover so that " = 0.

Let

X9,a = Xa X3 Xg,
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then WX O acts on Xg , as well as its normalization X;,a' Let C4 C Xg’a be the connected
component containing 6og = (0, 00g9). Let W5 be the subgroup of W X ® mapping C; to
itself, and I C W is the subgroup generated by elements with at least one fixed point
in Cg.

Since U is the maximal subset of X over which the cover X 9a X is a W X O-torsor,
W is exactly the image of 111 (U, ) in W X 0. For any closed point U € Xg’a with
image ¥ € X, the elements in Iz fixing ¥ generates local inertia group of X 9,a,0 Over Xv.
Since I ; is by definition generated by these elements, by a version of Riemann Existence
Theorem (see e.g., [Gro71, Exposé XIII, Corollaire 2.12]), I; is exactly the kernel of map
™1 (U, ) — 111 (X, 00). Finally, since C; maps onto Xg and since © acts freely on Xg,
the projection of I; to © is trivial. Therefore, I; = W5 N W. Thus we established the
equivalence of two formulations of pairs (I5,W ;) associated with d (and 9&, which is

independent of a).

Proposition 7.2.4. The map a — (I3, W ;) is constant on every stratum flq, in(7.2.1). As

a result, we have a well defined map on the set of strata ¥
Y — Iy, Wy).

Proof. We have that (ilfp)red — Ay is a finite radical morphism. Over (il&,)re‘i, the
normalizations of individual cameral curves form a smooth family Xf}, - Jfl(b,,. In fact,

using the cover Xg, we also have the smooth proper family

on which W X O acts, as well as a section %©g. Using Lemma 7.1.3, we have a locally
constant sheaf 1y (X 3 w/ jlf,,) whose fibers are the connected components of the fibers
of X 5 W and W X O acts transitively on the fibers. The existence of section ¢ means

that o (X 5 w / Jflz,) is constant. This means that the collection of C; forms a smooth and
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proper family over Jfl('fu with connected fibers. Since W X © is discrete, we see that W3

and I; are constant. |

Definition 7.2.5. We define a partial order on the set of pairs (Iy, Wy ) where Wy, is a
subgroup of W X © and Iy C Wy is a normal subgroup contained in W: (Iy, Wy) <

(I, W) if Wy C Wy, and Iy C I,
Lemma 7.2.6. The map ¢ — (Iy,Wy) is an increasing map on Y.

Proof. Let S = SpecR be the spectrum of a complete discrete valuation ring, with generic
point n = SpecK and special point s = Speck(s), with k(s) being algebraically closed.
Let a: S — A be a morphism sending s to Ay and n to Ay. We want to show that
Iy, Wy) < Ty, Wyr).

Since finite étale coverings can only be trivially deformed locally, we have canonical
cospecialization maps 1) (Us, 005) — 111 (Up, %0p) and 111 (X, 005) — 111 (X, 00p7) com-

patible with diagram (7.2.2). Then the result follows from the definition. [ |

7.2.7 Using Lemma 7.2.6, if (I—,W_) is a pair where W_ is a subgroup of W X ® and
I- C W_ is a normal subgroup also contained in W, then the union of such Jflq, that
(Iy,Wy) = (I-,W-) is a closed subset of J’ZL,,, and the union Ji([_,w_) of those strata
satisfying (Iy, Wy) = (I-,W-) is a open subset of that closed subset. Thus we have a

locally closed stratification

(Jflx)f< = [ Au_w.
I-,w-)
In particular, the union of those strata such that T"¥ is finite is an open subset of A4 x.
By Proposition 6.5.5, we see that A )h( is an open subset of ﬂg. The stratifications on A

naturally induce stratifications on A% = A% x4, Ax

Lemma 7.2.8. Let B C B> be an irreducible component, and Y g be the maximal element
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in¥ corresponding to B. Then
(IWB’WWB) = (W,W X 0).

In fact, for any b € B (k), we can find d lying over b such that (I5,W3) = (W,W X 0).

Proof. For any b € B (k), we know ﬂlg is non-empty by Proposition 6.3.13. Let a €
Jfl<>>> (k) be a point lying over b. Then we know X 9, is smooth and irreducible, therefore
Wazg = W X 0. We also know that Xg,a intersects with Dy for every positive root «.
Therefore I; is a normal subgroup of W containing every reflection, thus must be W

itself. [ |

7.3 The Sheaf 17y(Px)

We have already seen the descriptions of g (?;) and 770(7’;1) for individual a € Jflg(l_()
in Proposition 6.5.5. Here we want to describe the restriction of sheaves 1y (Px) and

(P ) to each stratum Ay ).

Proposition 7.3.1. There exists canonical surjections of sheaves over A x
X(T) — m(Py) — mo(Px)

such that the fiber at any @ € Ax (k) are the surjections given in Proposition 6.5.5.

Proof. The section & of the cameral curve over Ay gives a fixed A x-family of pinnings
of G at o0. Hence using the Galois description of Jy, we may identify the fiber of Jx over
{00} X A x with TX A . Such identification uniquely extends to the formal disc Xoo X A x,
because X(T) is discrete. For each yu € X = Gr?re‘l, we have an induced local j;_-torsor Ey

over Ax. Gluing with the trivial Jx-torsor over the complement of {0} X A yx, we obtain

a well-defined map X(T) — 1y(Px). The same argument works for P as well since at
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oo, the fibers of jx and 39( are the same. The surjectivity can be checked at stalk level

using Proposition 6.5.5. |

For any étale open subset U — Ay, the stratifications of Ay induce stratifications
of U. In particular we have strata U(;_ y_) for pairs (I-, W-). For a given pair (I, W),
we say that U is of type (I1,W7) if Ur, w, is the unique non-empty closed stratum in U.
Clearly, étale open subsets of this kind form a base of the small étale site of A . This

base allows us to define étale sheaves IT and IT" as follows: for U; of type (I3, W7), let

[(U1,IT) = (T * = X(T)w,,

[(Up, 1) =T, wp)*,

where T(I7, W) is as in Proposition 6.5.5. Suppose U» is an étale open subset of Uy of

type (I, W»), since U(y, w,) is the unique non-empty closed stratum in Uj, we see that
(I1,W1) < I, W2).

The following lemma is straightforward.
Lemma 7.3.2 ([Ngo610, Lemme 5.5.3]). If (I1, W1) < (I, W), then T(I>, W) C T(I1, Wy).

Thus we have canonical restriction maps by dualization

[(Up,IT") — T(Up, 1),

T'(U,TI) — T(Up, TI).

Thus the sheaves IT and IT” are defined, and we immediately have the following by Propo-

sition 6.5.5 and Proposition 7.3.1.
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Corollary 7.3.3. We have canonical isomorphisms of sheaves over A x

o (Py) = 1T,

o (Px) = II.

7.4 Stratification by é-invariant

Recall that for any a € Ag(l_c) we have a global é-invariant 6,4 by Definition 6.4.3.

Lemma 7.4.1. The function

is constant on every stratum ﬁlw Wy €Y)

Proof. Base change to § = (J’flf,,)red, then the cameral curve 1y : Xy — X X S admits
a simultaneous normalization £: X;, — Xy. Let ps be the projection X X § - S. By
Lemma 7.1.3, the sheaf F = 11y x (Ex OX(Z/OXW) is a coherent sheaf with W-action such
that pg «F is alocally free Og-sheaf of finite type. Since char(k) does not divide the order

of W, the same is true for
w
(F ®OX><S )",

Therefore the result follows from Corollary 6.4.4. |

Recall also that we have a rigidification of Px over ﬂl;’f hence also over Ay in 6.4.5.

Combined with the following lemma, we see that d-invariant is upper semi-continuous.

Lemma 7.4.2 ([Ng0610, Lemme 5.6.3]). Let P — S is a smooth commutative group scheme

of finite type. The function s — Ts sending a geometric point s € S to the dimension of the
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abelian part of Ps is lower semi-continuous. Equivalently, the function s — &5 sending s to

the dimension of the affine part of Ps is upper semi-continuous.

Corollary 7.4.3. For any § € N, let Ag (resp. Asgs, resp. A<g) be the union of all strata
Ay suchthat 5y = § (resp. Sy > 5, resp. 5y < &). Then it is a locally closed (resp. closed,
resp. open) subset of Ax. In particular, we have a stratification by §-invariant
A=1]] 4s.
0EN
The stratification by §-invariant induces a stratification on A §( such that for any a €
jlg(IE), the dimension of the affine part of P, is §. It is also clear from Corollary 6.4.4

that d-invariant is independent of the choice of points o and ¢, thus the stratification

by é-invariant descends to a stratification on .ﬂ?(:

A¢ = 1] As.
oeN
7.4.4 The important result about o-strata is its codimension in Ax. We wish to prove
that the codimension of Ag is at least ¢ for all 6. However, there is currently no clear
indication on how to do so. Instead, we use the local-global argument in [Ng610, § 5.7]
to prove a weaker result that is likely sufficient for most practical purposes. The proof
in loc. cit. uses so-called root valuation strata studied in [GKMO09]. Its multiplicative

counterpart has been studied in Chapter 3 (albeit less thoroughly).

Proposition 7.4.5. For any 6 € N, there exists an integer N depending on G and 6 such

that if b € Bx (k) is very (G, N)-ample, then we have
codimg, Ap 5 = 6.

In particular, for every irreducible component A C J’Zlg that is very (G, N)-ample, we have
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codimy As = 6.

Proof. The 6 = 0 case is trivial. Suppose 6 > 0 and let 6« be a partition of é by positive

integers
0=01+ "+ 0n.

Consider subset Zs, C ﬂng” consisting of tuples (a; x1,...,Xxn) such thata € ﬂlg(l_c),
x; € X(k) such that Ox;(a) = 6;. Refine Zg, into a disjoint union of subsets Zl e Xe/lore]
consisting of points (a; x1,...,Xxn) such that the image of a in ‘tm,b(Oxi) lies in the

stratum Gy p (Ox;) 1- Note that G is split over Oy; so the valuation strata make

wi,Ai/ L7
sense. Also note that A;/l; is actually fixed since b is. Suppose this stratum is an Nj-
admissible cylinder. Let N’ = N7 + --- + Ny, and suppose b is very (G, N’)-ample. Then

the linear map
n N
Ar — [ ] G p(Ox, /15 Ox;)
i=1

is surjective. Using a modified proof of Theorem 3.4.3 by fixing the boundary divisor, we

see that the codimension of Z[w.,i\./l.,r.] in Ay X X" is

M=

(0; +cj + eq).

i=1

Here there is no b;-term because the boundary divisor b is fixed. At x;, if A;/1; = 0, then
since §; # 0, we must have either c; > 0 or e; > 0. If A;/L; # 0, then x; has to be one of
the finite points in the support of b, so it cannot move freely in X. Thus the codimension

Of Z 1o Xe/le.re] I Ab X X" is always at least

=

(6;j+1)=06+n,
1

2
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hence its image in A, is atleast 8. Let N be the supremum of all N’ for various Z [WeAe/leTe]

(there are only finitely many for a fixed 6) and we are done. |

7.4.6 Let A C Ax be an irreducible component. If A is very G-ample, then its image in
By is an irreducible component B of Bx. The normalization of B is isomorphic to certain
direct product of symmetric power of curves and there is a open dense subset B® C B of

“multiplicity-free” locus (c.f., Proposition 5.1.25).

Corollary 7.4.7. Suppose we have a fixed G, ) and 6 € N. Let N = N(6) be as in
Proposition 7.4.5. Then for every irreducible component Z C Ay s that is contained in
very (G, N)-ample locus, the equality codim 4, Z = 6 is achieved if and only if one of the

following conditions is met
(1) 6 =0,

(2) 6 > 0, and there exists a geometric point a € Z lying over a point b € B° such that

at every v € X (k), one of the followings must be true:

(a) Ay =0andcy +ep =1, or

(b) Ay # 0 and cy = ey = 0.

Proof. Straightforward from the proof of Proposition 7.4.5. |

7.4.8 The numerical conditions in Corollary 7.4.7 implies that when 6 > 0 is not too
large, in view of product formula (6.9.3), only those multiplicative affine Springer fibers
of sufficiently simple types can occur at a general point of Z, which we summarize below.

In case there is no boundary divisor at v, i.e., Ay = 0, we have two possibilities. The
first possibility is c; = 1 and ey = 0. In this case the ramification happens in an Levi
subgroup generated by a single pair of roots and no other root has any contribution to
0, and we must have d3+(a) = 1 and d3(a) = 0. The second possibility is c; = 0 and

ey = 1. It implies that a is unramified at v and the contribution to ¢ still only comes
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from a single pair of roots, so we must have d3+(a) = 2 and 63 (a) = 1. In both cases
the local computations can be reduced to the case when G = SLp, and we shall revisit it
later in this paper.

On the other hand, when A3 # 0, then a must be unramified at v, and suppose uy is
the local Newton point of a at v and puy is chosen to be dominant, then since cy = ey = 0,

we have

6p(a) = (p,Apad — Hp,ad) (7.4.1)

= (p, —wo(Apad) — Hvad)>
To summarize, the equality in Proposition 7.4.5 is achieved if and only if the following
conditions are met:
(1) A general point a € As has multiplicity-free boundary divisor;

(2) If the boundary divisor A}, and the discriminant divisor I, collide at some point

v € X(k), then a is v-regular semisimple (Definition 7.4.9) at v.
For convenience, we make two more definitions.

Definition 7.4.9. We say a is v-regular semisimple, or regular semisimple relative to its

Newton point at v if it is unramified at v and (7.4.1) holds.

Definition 7.4.10. An irreducible locally-closed subset in AY is called §-critical if its
codimension in A x equals its minimal é-invariant. We denote the union of those 6-strata

that are 6-critical by A .

7.5 Inductive Strata

In the Lie algebra case, the stratification associated with 6-invariant is one of the key in-

gredient in the proof of Ngo’s support theorem for Hitchin fibrations. Roughly speaking,
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those strata Ags with codimension exactly 6 are the only strata that “matter”. Further-
more, in the Lie algebra case, only the 6 = 0 stratum ends up being relevant.

However, it is not so in the multiplicative setting due to the presence of boundary
divisors. The counterpart of boundary divisor (or the Zy)-torsor) in Lie algebra case is
a very ample line bundle on X. The difference is that such twisting has no impact on
o-invariant for Lie algebras, while the boundary divisor does in multiplicative case.

In the previous section, we have already computed the codimension of A 5 using local
valuation strata, under the assumption that ¢ is not too large compared to the ampleness
of the boundary divisor. It turns out that certain irreducible components in strata A
with codimension é can be identified with mH-fibrations of “smaller degrees”. This way

we obtains an inductive system of mH-fibrations.

7.5.1 We use split group G = G5¢ and base change to k to illustrate the idea. Let A €
X(T)+ be a dominant cocharacter and d > 0 an integer. Then we may have a moduli
space of boundary divisors X, viewed as the system of divisors EU ex(k) dyA - v such
that Z@eX(IE) dy = d. We have finite §;-cover X4 - X, where 54 is the symmetric group
of d elements. The fiber product A ) X %4 X4 - X4 s a vector bundle whose fiber at

D = (v1,...,v4) € X% is section space
s

viewed as a vector space.
For each 1 < i < d, let y; € X(T)+ be another dominant cocharacter smaller than
A, i.e., A — u; is an N-combination of simple coroots. Then for each 1 < j < r we have
natural inclusion of divisors on X:
a

Dy,j = Z (wj,pi) » vi C(wj,A)D.
i=1
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This induces an inclusion of vector bundles
/ . ovd
A CAga X%, X4,
where A’ — X4 is the vector bundle whose fiber over D is

’
P HO(X,04(Dy ).
J=1

Since X4 — X, is finite, the image of A’ in Ag A is closed, and this is a 6-critical stratum

in Agaif > p; - v; is very G-ample.

7.5.2 Now we formulate for arbitrary quasi-split group G. Let 0 € FM(G5°) be a
monoid with O and let B be an irreducible component of the very G-ample locus B C By.
There is a unique open subset B° being the multiplicity-free locus. See Proposition 5.1.25.

A point b € B° (k) may be written as a tuple (£, A;,) where £ € Bung,,, and

d
Ap = Z?\i'l_)i

i=1
for some closed points v; € X (k) and dominant cocharacters A; € X(T%?M. The points
V; are pairwise distinct for any i, and if we identify 2¥) with its split model M at v;, then A;
must be one of the minimal generators of the cone of Ay because b is multiplicity-free.
Let u; € X(T%‘ii)Jr be a dominant cocharacter with p; < A;.
Let 9. Xg — X be a connected finite étale cover over which G becomes split. Let Lg

be the pullback of £ to Xg. For each fundamental weight @ ; on Xy, the divisor

Dj = z(wj,Ai — Ui - 9*1_}1'

1
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defines an inclusion of line bundles
'(Ifj(ﬁg)(—Dj) C '(Ifj([g)y
and the inclusion of direct sums

v r
D @;(Ls)(-Dj) C P w;(Ly)
j=1 j=1

descends to an inclusion of vector bundles on X
¢/ CCy.
Suppose each @ ;(Lg)(—Dj) is still very ample over Xy, then the section space
Ay =HY(X,¢))

is a linear subspace of A} with codimension 6 = > ;{p,A; — y;i), and in which a general
point has d-invariant exactly 6.

Let b € U° vary while keeping p; locally constant, and let A’ be the resulting union.
Then it is not hard to see that A’ is a locally-trivial fibration over U° whose geometric
fiber A} at b is a union of spaces looking like A} (in fact, it's just the union of A; and
all its conjugates under monodromy). By construction it is §-critical and defined over k

since it is stable under monodromy of U°.

Definition 7.5.3. The closure of A" in Ay is called an inductive stratum. We denote the
union of all inductive strata with given 6 by lei s5» and its intersection with A5 by .54?.
7.5.4 We want to point out that the key difference between being §-critical and being

inductive, assuming enough G-ampleness. Let a be a general point in an inductive stra-
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tum, then at any v € X (k) such that the boundary divisor is 0, one must have either
dpy(a) = 0,0r dyy(a) =1 and 63(a) = 0. On the other hand, if a is a general point
of a o-critical stratum, there is a third possibility where dy(a) = 2 and dy(a) = 1.

Therefore we have strict inclusion
{inductive strata} & {6-critical strata}.
Proposition 7.5.5. For any § € N and N = N(8) as in Proposition 7.4.5, let A" C AN
be an irreducible 6-critical stratum. Then we can find an inductive stratum A such that
(1) A’ C A, and
(2) For a general point a’ € Aij with multiplicity-free boundary divisor b, we may find

and a general point a € Ay, such that if we let

6” — Z 517)(@,)’
vé¢supp(b)

then 6, = 64 + 6.

Proof. The proof is similar to that of Proposition 6.3.13. With the assumption on G-
ampleness, we may simply deform locally near every point v € D, — supp(b) so that X

intersects with Dy, transversally near those points. |
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CHAPTER 8

COHOMOLOGIES

In this chapter we study the general properties of cohomologies over the anisotropic lo-
cus. The first two sections contain results similar to those in [Ng610, §§ 6.1-6.3]. The
main difference is, however, that the global transfer map will no longer be a closed em-
bedding in general but only a finite map. Such difference is not merely technical but is
completely explained by representations of the dual groups.

We will give a statement of geometric stabilization which we will prove a weaker ver-
sion of due to current technical constraint, but we do not doubt that it will not be hard
to remove most of the constraint.

The last part of this chapter studies top ordinary cohomologies, which is much more
complicated than the Lie algebra case. To this end, we will introduce a new type of Hecke

stack which allows us to upgrade the product formula in § 6.9 into a family.

8.1 Properness over Anisotropic Locus

So far we have studied the properties of individual Hitchin fibers ‘M, as well as the Picard
stack Py — Ax. In this section we turn to the total space My of mH-fibration. The first

result is its finiteness properties.

Proposition 8.1.1. The stack My is locally of finite type, and h; : J\/lg( - J’Zl)h( over aniso-

tropic locus is a relative Deligne-Mumford stack of finite type. The same is true for Px.

Proof. The natural map Mx — Bung X Bung,, is of finite type because the fibers are
sections of a fixed étale-locally trivial fiber bundle with affine fibers. Since X is projective,
such section space must be of finite type. Since Bung X Bung,, is locally of finite type,

SO is My.
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For the second claim, it suffices to prove for ) = Env(G>“). The case when G is split
is proved by [Chil9, Proposition 4.3.3]. Although the statement in loc. cit. is about mH-
fibration over a fixed Zyy-torsor L, the role of £ is inconsequential since our claim is about
relative finiteness of map h )q(

When G is non-split, let 3. X9 — X be a connected finite Galois étale cover over which

G becomes split, and © be the Galois group. Then we have a map by pullback
9% My — M Xg»

the latter being the total space of mH-fibration associated with split monoid 9*0. Since
9 is étale, G - Gg = $x9™G is a closed embedding of reductive group schemes over
X, hence Gg/G is affine over X. It is straightforward to see that a G-bundle may be
identified with a Gg-bundle E together with a section of associated bundle E xGs G 9/G.
Since Gg/G is affine over X and X is projective, the section space is of finite type (being

a closed subscheme of the section scheme of a vector bundle), hence the map
Bung,x — Bung,x,

is of finite type. This implies that Mx — My, is of finite type. The proof for Py is the

same hence we are done. |
Proposition 8.1.2. The map h )h( - M )h( - A ; is proper.

Proof. Since the map is a morphism of Deligne-Mumford stacks and is of finite type,
we use valuative criteria as in [CL10, §§ 8-9] and [Chil9, Proposition 4.3.6]. Let R be a
discrete valuation ring and K its fractional field.

For the existence part of valuative criteria, it is harmless to assume that the residue
field kg of R is algebraically closed, because we are allowed to take finite extensions of

R. Let (E, ) € NE?(K) over a € ﬂ&?(R). Let £ be the Zy-torsor corresponding to a. Let
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R(X) be the local ring of the generic point of the special fiber of X X SpecR and K(X)
its fractional field. Similar notation is used for any algebraic extension K'/K and R'/R
where R’ is the integral closure of R in K.

Since a € J’Zlg, the restriction of a to R’(X) has image contained in ml‘f’, thus j4
is a torus when restricted to R(X). Since ['S/G] - €y is a gerbe bounded by J, any
trivialization of this gerbe over kg (X) (necessarily exists as kg is algebraically closed)
gives a trivial G-torsor E( together with a G-equivariant map ¢q . Eg = 2, over kg (X).
Since M — €y is smooth, we can extend (Eg, ¢p¢) to a pair (E1, ¢p1) over R(X) by formal
lifting property of smoothness, where E; is a trivial G-torsor over R(X).

The transporter between ¢ and ¢ over K(X) is a J;-torsor, which can be trivialized
after passing to a finite extension K'/K. This means that (E,¢) and (E1, ¢1) can be
glued into a pair (E’,¢’) over an open subset of X X SpecR’ whose complement has
codimension at least 2. Since any G-torsor can be extended over a subset of codimension
at least 2, and since 2/ is affine over X X SpecR’, the pair (E’, ¢') extends to a point in
Mx (R") lying over a. This proves the existence part of valuative criteria.

Now for the uniqueness part. Suppose (E, ), (E',¢p’') € j\/l)h((R) be such that their
restriction to K are isomorphic. Let (g be such isomorphism, then using codimension-2
argument again it suffices to extend (g to R’ (X) for some finite extension R’ /R, because
K NR’" = R. Hence it is still harmless to assume kg is algebraically closed. Therefore E
and E’ are both trivial over R(X).

Moreover, as in the existence part, we may pass to a finite extension K’ /K and carefully
choose trivializations so that both ¢ and ¢’ map the neutral point of Ex- x) = E}(, (x) o
some y € 20'?(K'(X)). This means that tg(x) may be represented by some element in
Gy (K "(X)). Since (E, ¢) and (E’, ¢’) are contained in the anisotropic locus, the central-
izer Gy is an anisotropic torus over R’ (X). Since R’ (X) is a discrete valuation ring with

fractional field K’ (X), we have Gy (R"(X)) = Gy (K’ (X)) and we are done. ]
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8.2 k-decomposition and Endoscopic Transfer

Lethi: M — A% and ;5;( ; ’j’;( - ﬁl)hf be the restriction of mH-fibration hy : My — Ay
and Picard stack px: Px — Ax to A )h( respectively. We know that both h)h( and ;5;(
are morphisms of Deligne-Mumford stacks with i )h( being proper and p )h( being smooth.
Let 2 = 1C I'H be the intersection complex on ‘M ;, then we know that h;,*,% is a pure

complex, hence non-canonically decomposes into a direct sum of shifted perverse sheaves

h «2= @ PH"(h ,2)[-n],
ne’z

where PH" (h )h(,*c.%) is a perverse sheaf of weight n over A ;

8.2.1 The action of P} on M relative to A % induces an action on )”(*o% According to
Lemme d’homotopie [LNO8, Lemme 3.2.3], this action factors through 170(73;) (although
the statement in loc. cit. is about schemes and constant sheaf, its proof applies to Deligne-
Mumford stacks and equivariant complexes). Over A )”( we have by Proposition 7.3.1 a

canonical epimorphism
X(T) x A§ — mo(P}),

so we have an inflated action of X(T) on h;,*,%. For any k € T, we define ”H"(ffl;(,*ﬁa)x
to be the k-isotypic subspace of PH" (h }q(’*o%), where « is regarded as a character X(T) —

@?. Therefore we have a (necessarily finite) decomposition

PH" (R} 42) = D PH" (1} 2.
keT

When k = 1, we write ”H"(hg(,*.ﬂa)st instead of *’H"(h;(,*@%)l.

Recall we have the stratification (7.2.1) over G-very ample locus induced by simulta-
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neous normalization of cameral curves
As = ] Ay.
YEY

Let AL = As N A% By Lemmas 7.2.6 and 7.3.2, the union of all ¢ such that k €

T(Iy, Wy) for a fixed k is a closed subset of A% . Call this subset A;..

Proposition 8.2.2. The support of ”H"(hu»*o%)x is contained in A f(

Proof. Thisis a direct consequence of the definition of PH" ( hh» x<2)k and Corollary 7.3.3.

8.2.3 Now we turn to endoscopic side. Let (k, 3%) is a pointed endoscopic datum with
endoscopic group H over X. Let 9, : Xx — X be the corresponding g (k)-torsor. Recall

we have finite map

Q. K,G-Q Q
Vﬂ . ./IZlH’X —_—> ﬂx,
by Proposition 6.11.2.
The pointed endoscopic datum is given by a continuous homomorphism 1 (X, ) —

o (k). There is a natural point cog lying over co. Given a € ﬂ%o (k), let
ng,a = Xa XX XK.

Choosing a point ® € X is the same as choosing a point cog = (&, 004 ), and let
(a,%g4,) € As. Suppose ay € ﬂﬁx(l_c) and v g (ayg) = a, then we have a finite map
X9, ay — X9, q by construction, and if a € AE, it birationally identifies Xg, 4, with the

union of some irreducible components of X 9,,a- Thus we have a finite map
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and it is defined over k if (9, k) is.

Remark 8.2.4. Unlike Lie algebra case, V4 is in general not a closed embedding. This
roughly corresponds to the fact that an irreducible representation of G5 is usually not
irreducible when restricted to H%C. The number of points in a fiber can, roughly speaking,
be determined by looking at how many irreducible H¢-subrepresentations has the same
T5C-weight in the said GSC-representation. See the proof of Lemma 2.5.10 for details,

which already contains this hint.

Proposition 8.2.5. Over the G-very ample locus, the subset A, C A is the disjoint union
of various closed subsets v Jq(.flﬁ), where H is the endoscopic group corresponding to a

continuous homomorphism 95 . 11 (X, o) — 1Mo (K).

Proof. Given a geometric point d = (a, ®) € Ax (k), recall we have diagram (6.5.1) which
we reproduce here:
e
m (U, 0) —> W X Out(G)

Lo,

m (X, 00) —%— Out(G)

Here U = X — B,. Let W5 be the image of TTEL in W X Out(G) and I; the image of the
kernel of 111 (U, ) — 111 (X, X).

Ifd € Ay, then Wz C (W X Out(G))« and I; C Wy. Here we canonically identify
(W X Out(G)), with Wy X 119(k) by [Ngo06, Lemme 10.1]. Then Tr;l induces a unique

homomorphism
9% (X, 00) — m0(K),

and let H be the corresponding endoscopic group. Let C g cX 9,,a be the union of irre-
ducible components in the Wy X 110 (k)-orbit of the unique component containing g,
then Wy X 1 (k) acts transitively on fibers of C¥ — X. This means that @ comes from a

map X — [%’H/Zm] (recall that over X, €y, 1y = (Tm X Xk)/ (Wl X 19 (k)) by definition).
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The map

(o1 235 — [ €511/ Z0]

is an isomorphism over the intersection of invertible and G-regular semisimple loci. The
point d, viewed as amap X — [Cyy/Zy] that is generically contained in the invertible and
regular semisimple locus, can then be lifted to a rational map from X to [Cm H /Z,’%]. By
Lemma 2.5.17, it can be extended to a morphism X — [(Cm u/ Z)’%] This shows that every
d € Ag(k) comes from some (not necessarily unique) dg € jflﬁ, X(l_c). The argument
also shows that 93 hence H is uniquely determined by 4.

Conversely, let H be an endoscopic group given by a homomorphism 3 and dy €
A, (k). Then the H-cameral cover Xq, — X is étale over U. Let Uy C X be the largest

subset over which this H-cameral cover is étale, then U C Uy. So the homomorphism
Tr('iH s 111 (U, 00) — Wy X Out(H)
induces homomorphism
g (U, 00) — Wi X o (K)

lying over 5. Let @ € A be the image of dp, then 1% is the composition of map ng;
with canonical map Wy X 119 (k) — W X Out(G). Therefore we have W5 C (W X 0Out(G))«

and I; C Wy, and so d@ € A (k). N

8.2.6 Similar to k-strata, one can describe the compliment A — A% using proper Levi
subgroups of G containing T. Suppose d € (A — A%)(k), then T4 is not finite, hence
contains a subtorus S. Let L be the centralizer of S in G, then W; is contained in the

centralizer of S in W X Out(G), and I; is contained in Wy.. Let L be the centralizer of S
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in G X Out(G) as in § 2.5.25. Therefore there are induced maps
T (X, 00) — W4/l — (L) — Out(G).

Let J’Zlg( be the mH-base corresponding to [%/Z)Lw], then the above maps imply that a
comes from a point in AL similar to endoscopic case.

Let a; € A% (k) be a point over a € A (k), with respective boundary divisor A and
A. Suppose N > 0 is such that (p,A) — (pr,Ar) > N for all proper Levi subgroups L and
all possible Ay over A. It is clear by representation-theoretic construction of 2); that N
depends only on the connected component of By containing A. Combining with (6.11.4)

(the same argument works for Levi subgroups), we have the following result:

Proposition 8.2.7. Suppose the center of G does not contain a split torus. Let B C B be
an irreducible component and A C Ax be the preimage of B. Then the codimension of

A — A% is at least N — rgx where N is as in the paragraph above.

Remark 8.2.8. It is not hard to see that if A is a non-zero dominant cocharacter in any
non-trivial direct factor of G4, then by replacing A with its multiples, one can always
find a component A C Ay such that the codimension of A — A’ is larger than a given

number.

8.3 Geometric Stabilization

In [Ng610, Théoremes 6.4.1, 6.4.2], Ngo established the geometric stabilization theorem
for the usual Hitchin fibrations. It is essentially the geometric side of the stabilization
process of the trace formula for anisotropic Lie algebras over function fields, and one
can deduce from it the endoscopic fundamental lemma for Lie algebras. Our goal for

multiplicative Hitchin fibration is the same, however, it is technically more complicated.
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8.3.1 In the Lie algebra case, the total stack of Hitchin fibration is smooth, and we are
considering the constant sheaf on that stack. This corresponds to the fact that at local
places v, the functions we are considering are the characteristic functions on Trdg(Ov)
for some integer d < 0.

In the multiplicative case, however, we are considering the basic functions in the
spherical Hecke algebra, which corresponds to the fact that we have a local model of sin-
gularity Theorem 6.10.2. Ideally, we would like the theorem to be true over all MY , but
it seems so far some tighter cohomological constraint must be assumed. We also noted
in Remark 6.10.15 that the constraint as written in Theorem 6.10.2 can be foreseeably
loosened, but probably not to the extent that the whole JVIQ>7> can be covered.

On the other hand, we do not believe this cohomological constraint is a purely tech-
nical nuisance either. In fact, we predict that there is a “limit version” of mH-fibrations,
and the cohomological constraint is there because mH-fibrations are “truncations” of the

limit. We will be discussing this later in more detail, so we do not expand here.

8.3.2 Anotherissue is the dimension estimate of the endoscopic strata. We already noted
in § 6.11 that such estimation is not very straightforward if the semisimple rank of H is
not the same as that of G, due to potential insufficiency in appropriate ampleness. We
also noted in Remark 6.11.8 that it seems to be a different aspect of the same problem
as the issue with local model of singularity, so at least it does not add to our difficulty.
One can also see for example § 9.9.5 that in some situations one can deduce the desired

dimension estimate if local model of singularity is established.

8.3.3 Due to the reasons discussed above, in this paper we only attempt to prove a

weaker version of the geometric stabilization theorem.

Theorem 8.3.4 (Weak geometric stabilization for adjoint groups). Suppose G = G, Let

UcCA ,i be an open subset over which the local model of singularity Theorem 6.10.2 holds
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for all the endoscopic groups appearing in ‘U. Then there exists an isomorphism between

graded shifted perverse sheaves over ‘U

@pH” hX 2= D D Vg * pHn(hHg X *”Q’I’flg)St’
n (K, 9K 5)
where (k, 92 E) ranges over all pointed endoscopic data for a fixed k, Hg is the correspond-
ing endoscopic group, Vi is the endoscopic transfer map v 4 corresponding to Hg, and 2K He

is the intersection complex of M?I; X-

Since vg for different & have disjoint image, we see that Theorem 8.3.4 is a conse-

quence of the following statement:

Theorem 8.3.5. With the assumptions in Theorem 8.3.4, suppose (K, 9; ‘é) is defined over k,
then there exists a k-isomorphism of semisimplifications of graded shifted perverse sheaves

over ‘U

(@205 = o @ 2

These two results will be proved in Chapter 10 after a complicated back-and-forth

between global and local arguments, similar to what is done in [Ngo610, § 8].

Conjecture 8.3.6 (Strong geometric stabilization). Theorems 8.3.4 and 8.3.5 hold over the

entire very G-ample anisotropic locus ﬁ; for all G and H.

8.4 Top Ordinary Cohomology

In this section we study the top ordinary cohomology of h;’*o%. We hope to give a
description similar to that in [Ng610, § 6.5] which can be used in tandem with so-called

support theorem.
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8.4.1 Firstwe consider a generalmap f . X — Y of k-varieties (or more generally Deligne-
Mumford stacks locally of finite types over k) of relative dimension d. The complex fiQ,
will have cohomological amplitude [0,2d]. The stalk of the sheaf of top cohomology
R24 fiQy at geometric point y € Y is a Qp-vector space with a canonical basis in bijection
with irreducible components of fiber X,,. If X is smooth, then the constant sheaf Q is a
pure complex, and so is fiQy if in addition f is proper.

On the other hand, if f is proper but X is not smooth, then f*@g = f!@g is not
necessarily pure, and one needs to replace Q ¢ with intersection complex ICx in order to
restore purity. However, in general fxICx may have larger cohomological amplitude than
2d.

Unlike Lie algebra case, the total space of mH-fibration is not smooth in general; rather
we have a local model of singularity established in Theorem 6.10.2. Therefore in order
to give a nice description of the top ordinary cohomology, we need to establish cohomo-

logical amplitude of 1} 2.

8.4.2 The question is local in ‘A )h( and by proper base change, we may fix b € By (k)
and restrict to Jflli. Recall by Theorem 6.10.2, we have an open dense subset ‘U C Jf[li
such that M = h )h(’_l (U) admits a local model of singularity given by affine Schubert
varieties. Here the boundary divisor b is fixed, so the local model is just a finite direct

product

m
1_[ [[L%_i1NG\Gr§i_WO(Ai) :I ,
i=1

Q:

where ¥; € X (k) are distinct points and N is a sufficiently large integer depending on b.
Let evy : M — Q be the evaluation map as in Theorem 6.10.2, but to save notations we
will simply call it ev instead (and it is not the same as the ev in Theorem 6.10.2). Let e be

the relative dimension of ev.
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By Theorem 6.10.2 and Proposition 5.4.4, we know that

2|m =evFFlel(e/2)

for some equivariant perverse sheaf F on Q. We also know that ICq is the unique direct
summand of ‘F supported on the entire Q, and if b is multiplicity-free in the sense of
Proposition 5.1.25, then ¥ is exactly ICq.

The well-known fact from the theory of geometric Satake isomorphism is that sim-
ple equivariant perverse sheaves on Q of weight 0 are none other than the intersection

complexes of substacks

3

’ <—wp(A})
Q = [ﬂ‘;}i_i,NG\Grvi 0 l:l
i=1

for some A} < A;. Let Ap = 31" A; - Uy and Ay = 3 A} - Uy, by smoothness of ev, we

can compute the codimension of M’ = ev~1(Q’):

m
268" = codimg(M') = codimq(Q’) = Z (2p,A; — A}) = deg(2p,Ap — A}),
i=1

and that of U’ = h)h((m') by Riemann-Roch theorem,

codimy (U")) < g (p,Ai —A)) = %Codimm(ev_l(Q’)) =4
i=1
The last inequality is similar to the computations of é-critical and inductive strata in
§§ 7.4 and 7.5, so we do not repeat here. Using dimension formula Theorem 4.2.1 and
product formula Proposition 6.9.1, we see that the restriction of h )”( to M’ is of relative
dimension at most d — ', where d = dim M — dim U.
Since all the Q' for different )\i, < Ay induces a stratification of Q by smooth substacks,

the construction of intermediate extension functor implies that the support of Hi(ICq)
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is contained in the union of those Q" with dimension at most —i, and the equality is
achieved if and only if —i = dim Q. This implies that ICy; = eV*ICQ[e](e /2) has its
i-th cohomology supported on those M’ with dimension at most —i, and the equality is
achieved if and only if —i = dim M. In other words, if M’ is contained in the support of
Hi(IC M), then 28" > i + dim M, with equality achieved if and only if 6" = 0. This shows

that h;,* (H!(IC4y)) is supported on cohomological degrees
[—dimM, — dim M + 2d],

and with the upper bound achieved if and only if i = —dim M. A standard argument
using spectral sequence then shows that h)h(’* (ICq) has cohomological degree bounded
above by — dim M + 2d, and the stalk of its top cohomology at any geometric point a € ‘U
has a basis in bijection with the irreducible components of M.

The same argument can be applied to ICyy = eV*ICQ/[e](e/Z), and if codimq (U")
is exactly &', then we may have additional contribution to the top cohomology. Using
geometric Satake isomorphism, the appearance of ICq’ has a representation-theoretic
explanation, i.e., the branching rule in the decomposition of (symmetric) tensor products
of irreducible Gsc-representations. So such additional contribution to top cohomology is

also relatively easy to compute. Thus far we have shown that

Proposition 8.4.3. Let U C A )q( be any irreducible open substack over which there is a
local model of singularity as in Theorem 6.10.2, and M = h;{l(’U). Then the complex

h )h(* (2) |y is supported on cohomological degrees
[—dimM, — dim M + 2d],

where d = dimM — dim‘U. In addition, if a € ‘U lies over a multiplicity-free boundary
divisor in the sense of Proposition 5.1.25, then H™ dimMJ“zd(h)h(,*,%)d has a canonical

basis being the irreducible components of M.
249



8.4.4 For simplicity, we retain the notations in Proposition 8.4.3. We let p. P — ‘U be
the pullback of Py — Ay to U, and let h be the restriction of hy to ‘U. We still use .2 to
denote ICq = IC W | 4 and it should not cause any confusion.

According to Lemme d’homotopie [LNO8, Lemme 3.2.3], the action of 7 on h .2 factors
through sheaf of finite abelian groups 1y (?), and so does the actionon R™ dimM+2dp . o,
Let @ € U(k) be a point lying over a multiplicity-free boundary divisor A}, = Z{'il Aji.
Being multiplicity-free means that at each point v;, A; is a cocharacter in the set of
minimal generators of the cone of Xy, at v;. By Proposition 8.4.3, the Pj-action on
(R™ dimMJerh*Qg)d is just the action induced by the 1o (2;)-action on the set of ir-
reducible components of M.

Using product formula Propositions 6.9.1 and 6.9.6, we see that (R~ dimM”dh*o%)St,d

has a canonical basis in bijection with the (necessarily finite) direct product
[T Irr[mpa)/Pp(@)].
veX (k)

If a is unramified at point v;, then its Newton point v; is integral, and we know
#1rr| My, (@) /Py, (@) | = M2y vs

according to Theorem 4.3.5. For the same reason, when v # v; for any i, the regular

locus Mz (d)*®8 is dense in My (d) and is a Py (d)-torsor. So in this case
#II‘I‘[M@(&)/?{,(&)] = 1.

Suppose d is very (G, N)-ample for some N = N(65) as in § 7.4. This ensures that the
o-stratum in ‘U containing d has codimension at least 65 in ‘U. Furthermore, assume a
is contained in a d-critical stratum and is a general enough point therein. Then we know

by Corollary 7.4.7 that 4 is unramified at each v; and its Newton point v; at v; is integral.
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Thus we have the following:

Proposition 8.4.5. Let d € ‘U(k) be such that it is unramified at every v;. Then the stalk
(R™ dimm”‘ih*o%)st,d is a Qg-vector space of rank Y; M_yy(A;)v;- In particular, it is
true for a that is very (G,N(65))-ample and is a general enough point of a §-critical

Stratum.

8.4.6 Suppose we have a k-stratum U k9% ¢) C ‘U corresponding to endoscopic datum
(K, 9;,6) and endoscopic group H. Let ‘Uj; be the preimage of U(K’\g;’g) in JflIK{,X. Note
that ’uﬁ may still have multiple irreducible components of various dimensions even if
U(K,Sx;’g) is irreducible.

Suppose that ‘Uj; is very H-ample, then 6 3,, = 0 for any general dy in each irreducible
component of uf,. Let Sy C ”UIK{ be an irreducible component and let S be its image in
U, 955 By upper-semicontinuity, the d-invariant achieves minimal value over an open
dense subset of S, and let 65 be this value.

If codimq;(S) = s, then by definition S is d-critical. In fact, we know that the im-
age of any o-critical stratum in Sp is also 6-critical in U, because the difference 6 — dpy
is constant throughout S by (6.11.5). For any 6’ > 0, if we further assume that Sy is
very (H,N(8"))-ample (note that N(5") here depends on both H and &'), then by Propo-

sition 7.4.5 applied to Sy, we have that
codimy (SN Usg+s) = 05 + 5.

8.4.7 Suppose now dp is a general k-point of a §-critical stratum S H,s in Sy, and sup-

pose it is very (H,N(58"))-ample. Let

m
AH by = . A Vi
i=1
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be the boundary divisor of dp. Let d be the image of dp in S, then it is also a general

point in a d-critical stratum in U. Let

m
Ap = Z Aj -V
i=1

be the boundary divisor of 4.

There is no guarantee that d is very (G, N(d5))-ample even assuming S is d-critical, so
we cannot directly apply Corollary 7.4.7 to d. Nevertheless, we may apply it to dy since
we assume dg is (H,N(6"))-very ample, and it implies that dp is unramified at every v;.
Since the local ramification index cyp,(d) (resp. ¢y p,(df)) depends only on the generic
fiber of the regular centralizer j; (resp. Iy 4,), and we know generically J; and g 4,, are

canonically isomorphic, we have
C@i(fl) = CH,'Di(dH) =0.

In other words, d must be unramified at every v;. Using the same argument as Proposi-
tion 8.4.5, and replace the stable constituent by k-isotypic constituent, we reach a similar

description.

Proposition 8.4.8. Suppose dy is a general point of a §-critical stratum in flghx and
is very (H,N(0H a))-ample. Let @ € ‘U be the image of ay. Suppose the local model
of singularity as in Theorem 6.10.2 exists in a neighborhood of da, and suppose a has

multiplicity-free boundary divisor. Then (R~ dimm”‘ih*o%),(,d has rank %.; m_y,(A;)v;-

Since at each v; the Newton point v; depends only on the generic point of d, and
similarly for the Newton point vy ; of dpg, we have that v; = vg ; viewed as rational
cocharacters of T34 (F ;). If a is multiplicity-free, then so is dy by construction of Wg.

Using Proposition 8.4.5 and suppose local model of singularity exists near dy too, then
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we have

m
. —dimg,, My +2d
dlm@{)(R han HhH’*Q’H)St’dH - Z M —wyo(Am,i)vio
i=1
where dimg;,, My is the dimension of the component of J\Zfl y containing dpy, and dp is

the relative dimension of mH-fibration at dpg.

8.4.9 Choose compatible identifications G = G and H = H at v; and let H C G5C be the
preimage of H. Recall that —wH,0(An,;) is an H’-highest weight in the decomposition of

the irreducible G3¢-representation with highest weight —wg(A;), and we must have
vi <H —wH,0(Aq,i)-

With this restriction in mind, if the set of dpy is non-empty for a fixed d, then among
those dpy mapping to a fixed d, they all restrict to the same map d,", from X — supp(b)
to [Cwn/ Z%]. The set of ways to extend dj; over U; is in natural bijection with the
set of irreducible H' -representations contained in the G-representation of highest weight
—wq(Ai), same as in the proof of Lemma 2.5.17 (see also Proposition 6.11.2). Do the

same for each v; one by one, we reach equality

dlm@E (R_ dim.’]\/l-i-Zdh*cQ’)K’d — z dlm@{) (R— dide MH+2dHhH,>[<°QJH)St,a~,H-
ag—a
If furthermore we assume that a Steinberg quasi-section exists for 20, then using product
formulae Propositions 6.9.1 and 6.9.6 and Proposition 4.5.12, and suppose both a and ag
are defined over some finite extension k’/k inside k, we even have canonical isomorphism

of Gal(k/k’)-modules induced by the restriction functor Res(},:

(R™AMM+2dp o) o~ (@ (R™Ymay Mu+2diy . 0y a (8.4.1)
ag—a

253



Remark 8.4.10. (1) (8.4.1) can be viewed as a sort of primal form of Theorem 8.3.4;

(2) On G-side, we need Proposition 6.9.1 to hold over k" in order to maintain compati-
ble k-twisting on both sides of the product formula; on the other hand, the stable
constituent does not have k-twisting, so we may simply use Proposition 6.9.6 on

H-side, which always holds over k’.

(3) In fact, there is no need to assume that 4 has multiplicity-free boundary divisor
in (8.4.1) due to the representation-theoretic interpretation of .2 and 2 (see the
discussion preceding Proposition 8.4.3). However, we do not explicitly state it here
because the notations would become too involved and it does not provide anything

more interesting.
8.4.11 Up until now in this section we made a lot of assumptions. For reader’s conve-
nience we summarize the essential ones below:

(1) For both G and H, we require the existence of respective local model of singularity
as in Theorem 6.10.2 (only its conclusion, not the cohomological conditions therein),

so that we have a representation-theoretic description of .2 and -2,y respectively.

(2) For stable constituent of the cohomology, some ampleness condition on the bound-
ary divisor depending only on the group and d-invariant (the curve X is always

fixed).

(3) For k-constituent, only ampleness condition on H-side is required, not for G, al-

though we still require 6-criticality on the G-side.

(4) For a particularly clean formula for the rank of top cohomology, we want the bound-

ary divisor to be multiplicity-free in the sense of Proposition 5.1.25.

(5) For (8.4.1), no multiplicity-free condition is required.
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8.4.12 So far our description of the top cohomology R™ dimM+2d) . 9, is at the stalk
level. Due the jump in ranks, there does not appear to be an easy description of the top
cohomology as a sheaf even just for the stable constituent. The reader can compare to
the Lie algebra case where the stable top cohomology is just the constant sheaf of rank 1
over the Hitchin base (see [Ng0610, Proposition 6.5.1]).

Nevertheless, it is still possible to describe (R™ dimM”dh*c@)st over each o-critical
stratum. Over the open dense subset Uy C ‘U where 6 = 0, since M is a P-torsor,
(R™AmM+2dp . 9y . jg isomorphic to constant sheaf Q ¢ up to a Tate twist. In fact, we

can do much better than this.

Lemma 8.4.13. With the setup in Proposition 8.4.5, let U’ C ‘U be the open dense locus
where either the discriminant divisor and the boundary divisor do not collide or 6 = 0.

Then (R™4MM+2dy . 9 js isomorphic to the constant sheaf Q ¢ up to Tate twist.

Proof. By Corollary 4.3.6, we have that for any a € U’, Mgeg is dense in M; and is a
P z-torsor. Etale-locally we may trivialize this torsor hence have an open embedding P —
M. This embedding identifies R™ dimM+2dp . 9, with RZdV!@g compatible with 1o (P)-
actions up to Tate twist. If we only consider the stable constituent, then this description
is compatible over the intersections of étale neighborhoods, so we have the desired result.

Note that U’ already contains multiple §-critical loci: there is ‘U, but there can also

be other strata with 6 > 0, and their associated local §-invariants is described in § 7.4.8.

8.4.14 Now we move on to a §-critical stratum outside U’. Suppose now V C U is an
irreducible locally-closed subset where the discriminant divisor and the boundary divisor
intersects at exactly one point (set-theoretically), and V is §-critical. Let @ € V (k) be a
general point, and ¥ € X (k) is the unique point where the discriminant and boundary

divisors intersect. When d@ moves in 'V, ¥ moves in X, hence it may be seen as a family of
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divisors in X X V over V. Then 4 is unramified at v (because V is §-critical) with local

Newton point v, and (R~ 4mM+2dp . 9y has rank given by weight multiplicity

my, = My, y.

Let 6+, = 64 be the minimum of § on V. Since "V is irreducible, we know that the sheaf
(R™AmM+2dp . 9y has to have constant rank when restricted to Vs, Let V' CVbe
an open subset containing V5v where (R™ dimM’LZdh*Qg)st has constant rank m~,. If
we choose locally over V' a pinning of G over the formal disc around v, this is equivalent
to saying that the Newton point at v does not change.

We would like to show that (R™ dimM”dh*Q;)st |y is a local system with rank m-,,
and since one can always extend a local system over any subset of codimension 2, it
suffices to only consider the subset of V' such that we either have § = §4, or § =
0y + 1. In such case, we may assume that a is v-regular semisimple at v, because the
collection of points not satisfying this condition has codimension at least 2 (see the proof
of Proposition 7.4.5) hence can be safely deleted. In particular, the multiplicative affine
Springer fiber at v is a locally constant fibration over V'.

If we look at product formula (6.9.3), it is easy to believe that the jump in number of
irreducible components (modulo 7Ty (72)-action) is purely a local phenomenon and only
comes from the multiplicative affine Springer fiber at v, and we know the multiplicative
affine Springer fiber at ¥ is locally constant over V'. The problem is, however, the product
formula we have been using so far only works over one point @ € V' (k). Therefore
we must find another way to extract local geometry from global geometry, and ideally
only at v, not every point in the discriminant divisor. This is achieved using a new kind
of Hecke-type stack which we formulate in the next section, and afterwards we shall

continue describing top cohomology using those Hecke stacks.
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8.5 mH-Hecke Stacks

Given mH-fibration hy: Mx — Ay, let Hx be the stack whose S-points are tuples
(L,E1,$1,E2,¢2, ) where L € Bung,,(S), (L,E;, ¢p;) € Mx(S) are two points map-
ping to the same point in A x (S) whose boundary divisor is denoted by Ay, and ¢ is an

isomorphism

Y (E1, 1) Ixxs—a, — (E2,b2) | xx5—Ap-

Note that since X is separated, the mHiggs field ¢» (or ¢»1, but not both) is determined by
other data in the tuple, but we still want to keep both ¢1 and ¢» to make the definition
more symmetric. By its definition #x fits into the following diagram where the maps are

the obvious ones:

Hy

7

Mx Xay Mx

Mx Mx

=1
N

Definition 8.5.1. The stack H x is called the mH-Hecke stack associated with mH-fibration

hx: My - Ax.

Similarly, let H pun, be the stack classifying tuples (b, E1, E2, ), where b € By, and
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(E1,Ep, ) is as in Hx, then Hy fits into the larger diagram

5{Bunc
7 b
Mx Xﬂx Mx g Bx X BunG X Bung ;
/ \ i iy \1><1fir2
Mx Bx X Bung Bx X Bung
Ax Bx

(8.5.1)
It is clear that b (resp. E) is a locally trivial fibration of affine Grassmannians of G relative

to By, and that
Hx — Hpung XBxxBung Mx
induced by h and b (resp. h and b) is a closed embedding of M x-functors. Therefore

Hx is an ind-algebraic stack of ind-finite type that is ind-proper over My.

Lemma 8.5.2. Let (L,E, ) € J\/I)Q?(I_c) and let a € ﬂlg be its image and Ay, the associated
boundary divisor. Then the fiber ofTL (resp.ﬂ ) is isomorphic to the product of multiplicative

affine Springer fibers at the support of Ay,

My, (a) = [] Mp(a). (8.5.2)
VEA)

Proof. The statements for h and for h are the same so it suffices to prove for h. Given
(L,E, ¢), since k is algebraically closed, we may choose and fix an isomorphism around

the formal disc X A, around the support of Ap:

T: (L,E,d) — (Lo,E0, Yan,)
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where L (resp. Eg) is the trivial Zyy-torsor (resp. G-torsor), and yg A, € ?Y)(X;\b) such
that xm (ya.a,) = a(Xa,).

For any k-scheme S, we have map

h YL E $)(S) — My, (a)

(L,E1,p1,9) — (£|XAh’E1|XAb’¢1|XAb’ﬁ)’

where f is the composition of maps
B (LEL d1)lgs — (LEP)ge — (Lo.Eo,ya)l
. y L1y ¢1 X;\b ’ ’¢ X;\h 0sL£0sYa Xxh’

and )?Xb is the punctured disc. The map B is clearly injective: if (L, E1,¢1,y) and
(£,Ei, qb'l, ') have isomorphic image under B, they are isomorphic over both X X § —
Ap and X A,» together with their gluing data. It implies they are isomorphic tuples in
h=L(L,E, $)(S). On the other hand, B is also surjective, because any point in My, (a)
can be glued with (£, E, (l))l)?xS—/\b to obtain a point in TL_l(L,E, ¢). This finishes the

proof. |

8.5.3 There are some useful variants of mH-Hecke stacks. First of all, the mH-base can
be replaced by any algebraic A x-stack ‘U — Ax and My by its pullback to ‘U. Secondly,
the boundary divisor A} can be replaced by any finite flat family A'U of Cartier divisors
in X X U over ‘U, so that the rational map y in the definition is now an isomorphism

outside A7,. Let #, be the corresponding Hecke stack, together with maps ﬁﬁw ﬁfu, etc.

Definition 8.5.4. Given a tuple (hy, U, i\fu) as above, we call 5—[{1 the generalized mH-

Hecke stack associated with (hy, U, Aiu).

Remark 8.5.5. Note that in the case of (usual) mH-Hecke stack, the Cartier divisor can
be chosen to be the numerical boundary divisor Bgpy(gsc) (because the actual boundary

divisor is not really a Cartier divisor on X).
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The representability of 5{{1 can be seen using a similar diagram as (8.5.1), with By

replaced with appropriate Hilbert scheme of X.

Example 8.5.6. If U — By is any map of algebraic stacks, we can let ‘U be the preimage
of U. As for the divisor family, suppose that over U the boundary divisor Ay, viewed as
a finite flat U-scheme, has multiple connected components, and we denote one of which
by 2\2], in other words, AQJ is a finite flat family of boundary subdivisors of Ay;. We call

the resulting Hecke stack {] the partial mH-Hecke stack associated with (hy, U, A;J).

Example 8.5.7. We can let U = ﬂg and /\ﬁu be the discriminant divisor. In this case we

denote the resulting Hecke stack by }[Dm’ and call it the I-Hecke stack.

If A7, = A7, is a ‘U-morphism of divisor families, then we have natural maps H;; —

H. 1'1 Using the same argument as in Lemma 8.5.2, we have the following result:

Lemma 8.5.8. Let (L,E,¢$) € j\/lglru(l_c) and a € U be its image, and Ay the associated

Cartier divisor induced by A7;. The fiber of'ﬁiu (resp. Tl:u ) over (L, E, ) is isomorphic to

My =[] Mya).
VEA,

Moreover, if /\ﬁ& - )\'u are two divisor families, then this isomorphism is compatible with
the natural map (Tl,,{l)_l([,E, P) — (ﬁfu)_l(.C,E, ¢) and the map induced by (E, ¢p):
My — Mg

and similarly for the h side.

8.5.9 The symmetry of mH-Hecke stacks can be described using regular centralizer just
like mH-fibrations. The action of Picard stack Py can be pulled back to Mx to give an

action of Mx X 4, Px on Mx X 4, Mx, relative to the first projection to Mx. This can
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also be achieved by pulling back regular centralizer Jx — X X Ay to X X My, and form
the relative Picard stack over My.

Suppose for now ) = Env(G3¢), then over By there is a finite flat family of Cartier
divisors in X, namely the numerical boundary divisor induced by %y,. Since the regular
centralizer is affine smooth, we may use the same construction as in § 5.2, and define the

relative affine Grassmannian
Ppy = Gryy, 3y — Ax
whose fiber at a € Ax is exactly the product of local Picard group

Ppya= || Pola).
vEB,

If 70 # Env(GS¢), we may simply pull back the construction for Env(G3¢). The same
construction can be done for any monoid V) such that XAy is of standard type, and it
agrees with the pullback of the construction for Env(G5€) (even though %y, in general is
not the pullback of Bgpy(gsc)).

We have the forgetful map P, — Px by forgetting the trivialization of Jyy-torsor over
X — Py, so Py, naturally acts on Mx. We claim that Pg,, after pulling back to My,
acts on h: Hx — My, making ha Ppy-equivariant map, and similarly for h. Indeed,
suppose we have tuple (£, E1, ¢p1,E2, P2, @) € Hx(S) and (Ej, T) € Pp, (S) where Ej is
a Jyp-torsor over X X S and T is a trivialization of Ej outside Byy. The action Ej on Mx

sends (L, E>, ¢o) to
. S
¢y Ey = Ep X¢2,TY)L Ey — M,

where the action of Jyy on ¢» is induced by the canonical map x;';)jm — by. The trivial-
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ization T induces isomorphism

(E2, $2) | X xSy — (Eby %) | XxS—2yg»

whose composition with ¢ gives

W' (B 1) xxs—m — (B, ) xx5—2-

This defines the Pp,-action and clearly it makes h equivariant. The argument for his
the same.

The story for generalized mH-Hecke stacks 5{{1 associated with tuple (hy, U, Aiu) is
also the same, except one replaces %y, by )\ﬁu. For future convenience we denote the local

Picard group in this case by ’_PMJ in place of Pp,. We leave other details to the reader.

Lemma 8.5.10. Let (L,E,¢) € J\/l)q((l_() and a € ﬂl)h((l_c) be its image. The action of Pgy
on Hx induces a bijection between sets of irreducible components modulo symmetry on

the fibers
#(Irr(}[(L,E’d)))/TQX’(L,E,qg)(I_()) = #(Irr(Mg) | Pa (k).

Proof. The map H{(LE@) — M, factors through the space (8.5.2) in Lemma 8.5.2 using
a gluing argument similar to that in product formula: indeed, at v € Ay, (E, ¢) together
with a fixed local trivialization determines a distinguished point in Mz (a). It then in-

duces maps

~

[5{<£,E,¢>/TBX,<£,E,¢>] — |1 [Mp(@)/Py(a)] — [Ma/Pal,
VEAY
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which factors through

[1 [Mz(a)/Py(a)].
veb,
Note that when ¥ & Dy, the stack [My(a)/Py(a)] is just a k-point. According to The-
orem 4.3.5, if v € X does not support the boundary divisor, then :M%eg(a) is dense in

Mz (a) and is a Pz (a)-torsor. Combining these facts we obtain the lemma. n

8.5.11 Simultaneous product formula We may replace the mH-Hecke stack by D-Hecke

stack 5{%, and obtain a family of maps

IT
Py pQ D v v

‘_\ lprl
hpopry

M
where [Ty, is the map

((L,E1, b1, E2, b2, W), p € PY) — (L,E1,b1,p - (E2, $2)).

Over any (L, E, ¢) whose image is a € ﬂlg(l_c), the fiber of ﬁID is clearly isomorphic to
the (non-reduced) product formula (6.9.2), so its reduced version is isomorphic to (6.9.3).
If (L,E, ) € My®(k), since Py acts on My > freely, My ® is smooth over Ay, then we
may locally around a choose a section Ay — Mg(eg, and pull back ﬁjD. If a Steinberg
quasi-section exists, we may even do this over the entire ﬂl?. This way we obtain a

simultaneous product formula. There is a symmetric construction for TLID as well.
Remark 8.5.12. (1) Although fiberwise 1Ty, is a universal homeomorphism at least over

M )h(, it is far from being an isomorphism.

(2) When there is no Steinberg quasi-section, the construction of ﬁﬂa does not supersede
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the construction of (6.9.3), because we need to use the latter to show that M, is

non-empty first so that (£, E, ¢) lying over a exists.

(3) Unlike (6.9.3), which may only be defined over k (e.g., when there is no Steinberg
quasi-sections), ﬁm is always defined over k. However, this still does not upgrade

(6.9.3) to a k-morphism, unless we already know M, contains a k-point.

8.5.13 The construction of map ﬁm (and ﬁm) works for any generalized mH-Hecke stack

H. {l, so we have morphism of stacks

P,/ T,
H{lx AMu Py -4 My Xy My

‘_\ lprl
hyopry

My

The quotient of }[fu by ZPA;U is an ind-algebraic stack of ind-finite type over Mq; whose
geometric fibers are proper algebraic stacks of finite type. In fact, since the reduced geo-
metric fibers of Tliu are schemes locally of finite type, we can, locally over M, find some
affine open subset of H. {1 that maps surjectively onto the quotient [(3{ {l)red/g)}”\(zld]_ For
example, since H. {1 embeds into a locally constant affine Grassmannian over M, we can
take a sufficiently large truncation in the affine Grassmannian and take the preimage in

H ;. Hence the stack

7 yred Tzr\ed
(H; e x " Mu Py (8.5.3)

is algebraic over My, locally of finite type (it is not necessarily of finite type because
1o (P1y) may be infinite). When U — A x has its image contained in jél;(, then (8.5.3)is a

Deligne-Mumford stack of finite type over ‘U.
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8.5.14 We return to the situation at the end of § 8.4 and continue describing the sheaf
(R™AmM+2dp . oy Over V', choose the divisor family to be ¥ (note that U can vary in
X over V'), and consider the generalized mH-Hecke stack #H 3 associated with (hy, V', v).
This is a partial mH-Hecke stack with boundary subdivisor A;. Recall the Newton point
v at v is locally constant on V', and the local §-invariant is exactly (p, Ay — v), which is
constant on V',

Since we want to prove that the stable top cohomology is a local system on V', we may
replace V' by any strict Henselian neighborhood therein. Since m$,g is smooth over V'’
and V' is strictly Henselian, we have a section T of V' in M~,,. Such section induces a
tuple (L,E, ) € M, (V'). We may trivialize E at v over V', and by smoothness lift it
to the formal disc X3 around v. Using the same argument as in Lemma 8.5.2 (and the

fact that G-torsors over X 7 is always trivial), we have that
T*j‘[f, =V’ X Mz (ag),

where ag is the unique closed point in V’. Since by assumption v is the only point
supporting both boundary and discriminant divisors, j\/l%e,g(a) is dense in My (a) for
any a € V' and ¥’ # v. Since the image of ¢ is contained in mrﬁeg outside v, the P,/ -

equivariant map
4 (3570 Py.) e 7 (M Xy Bly) = 91y,

has fiberwise dense image over V'. This shows that (R~ dimM’LZdh*Qp)stly, is local
system of rank m,_, over V’. The whole argument clearly generalizes to more points

than v. Thus we have the following result:

Proposition 8.5.15. Suppose locally-closed substack V C A ; is such that:

(1) the local model of singularity as in Theorem 6.10.2 exists,
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(2) the boundary divisor is locally constant,
(3) for any a € 'V, a is unramified at all points supporting the boundary divisor

(4) if locally over 'V we write boundary divisor as Ay, = Zl@l A - Vi, where v varies in

X, then the Newton point v; at v; locally constant over V.

Then (R~ dimM”dh*Q;)stly is a local system. If moreover the boundary divisor stays

multiplicity-free in the sense of Proposition 5.1.25, then this local system has rank

m
1_[ Mp;v;-
i=1

The same argument for Proposition 8.5.15 can be applied to k-isotypic constituent as

well.

Proposition 8.5.16. For a fixed k, suppose locally-closed substack V C il,i satisfies all
the conditions in Proposition 8.5.15, then (R~ dimm+2dh*e2)xly is a local system. If
moreover the boundary divisor stays multiplicity-free in the sense of Proposition 5.1.25,

then this local system has rank

m
[T maw
i=1

where the notations are as in Proposition 8.5.15.
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CHAPTER 9

SUPPORT THEOREM

In this section we prove a slightly generalized version of the Support Theorem in [Ng610,
§ 7.2]. The method here follows the outline in [Ng610, § 7.3-7.7], with some modifications.

We then apply our abstract support theorem to mH-fibrations. One key input for
this application is the local model of singularity (Theorem 6.10.2), which will provide us
with the bound on cohomological amplitude that is only assumed in the abstract support

theorem.

9.1 Abelian Fibrations

Let f: M — S be a proper map of varieties over a finite field k. Let g. P — S be a smooth
commutative group scheme over S. Suppose P acts on M relative to S and the stabilizers
are affine. Let PO C P be the open group subscheme such that for any geometric point
s ES, P? is the neutral component of Ps. We then have the canonical short exact sequence

of Chevalley
0
]-_’RS_’PS _’AS_’l,

where R; is connected and affine and Ag is an abelian variety. It induces a decomposition

of Tate modules
, T— , T— 0 , T— ,

We have an N-valued function 6(s) = dimR;s defined for the topological points of

S, which is necessarily upper-semicontinuous (see [Ng610, § 5.6.2]). Suppose 6 is con-
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structible, then it induces a locally closed stratification

s=1] s,

0EN

so thatif s € 5’5, then 6(s) = 6.

Definition 9.1.1. We call (f,g) a weak abelian fibration if the following conditions are

satisfied:

(1) f and g have the same relative dimension d.
(2) For any geometric point s € § and any m € M, it stabilizer in Ps is affine.

(3) The Tate module T@ (PO) is polarizable. In other words, there exists étale locally
over S an alternating bilinear form on T@g (PY), such that for any s its restriction

to T@e(RS) is zero and it induces a perfect pairing of T@{) (Ag) with itself.

Definition 9.1.2. We call (f, g) a 6-regular abelian fibration if it is a weak abelian fibration,
and for any 6 € N, we have codimg(Sé) > §. (If S° = @, then the codimension is o by
convention.) Equivalently, we have for any irreducible closed subset Z C S, codimg(Z) >

07 where ¢ 7 is the minimum of 6 on Z.

Remark 9.1.3. Note that both Definitions 9.1.1 and 9.1.2 make sense if we replace schemes

with Deligne-Mumford stacks.

9.2 Goresky-MacPherson Inequality

Let (f,g) be a weak abelian fibration. Let F & D]S(M ,Qyp) be a self-dual complex hence
of pure weight 0, so fxF € D]S(S, Q ¢) is also of pure weight 0 since f is proper. Thus

we have (non-canonical) decomposition of Frobenius modules by [BBD82]:

fxF = @ PH (fxF)[-nl. 9.2.1)

nez
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Given an irreducible closed subset Z of S, let occ(Z) C Z be the set of numbers n such
that Z appears in the set of supports suppH" (f«F). By Poincaré duality, occ(Z) is
symmetric about 0. Suppose N is the largest number such that HV( fxF) # 0. Suppose
Z # @ andlet 0 < n € occ(Z). Then there exists an open subset U C S suchthatUNZ +
@, and a local system L on U N Z, such that ixL[dim Z] (i being the map U N Z — Z) is
a direct summand of PH" (fx F) |y, hence also a direct summand of fx F[n]. Taking the
usual cohomology, one has that ixL is a direct summand of gr-dimZ fxF). Therefore

n —dim Z < N. Since n > 0, we obtain the Goresky-MacPherson inequality:
codimg(Z) <dimS +N —n <dimS + N.

In particular, if N < —dimM + 2d = —dim S + d, then codimg(Z) < d. Suppose further
we have that n can be so chosen that n > (d — d7), then we have an improved inequality
codimg(Z) < 6z. If equality holds (e.g., it happens when (f, g) is 6-regular), all the
inequalities just mentioned are equalities, and in particular N = —dim M + 2d, and the
restriction of PH"~4imZ (fxF) to U N Z is a direct summand of the top cohomology

R~ dlmM-i—de*j_"

9.3 Action by Cap Product

Let (f,g) be aweak abelian fibration. Following [LO08a,LO08b], we have the derived cate-
gory D([M/P],Q ) of quotient stack [M/P], which we also define to be the P-equivariant
derived category Dp(M,Qp) on M by pulling back through map q: M — [M/P]. We
also have the full subcategories of various boundedness and constructibility conditions!.

Note that if a complex is P-equivariant, then it is also po equivariant. For the rest of this

section we are going to replace P with PO so that P is fiberwise connected.

1. In [LOO8a,LO08Db], they have two variants of subcategories for each boundedness condition, but the
distinction is not very important here.
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Following [Ng610, § 7.4], we define complex in D]S(S ,Q ?)

Ap = 91Qp[2d1(d),

which is concentrated in non-positive degrees and whose degree —1 cohomology is the
sheaf T@ (P) such that at any geometric point s € § its stalk is the Tate module T@g (Ps).

We have in fact canonical isomorphisms in D'8 (S,Q 0)

Ap = DH (Ap)Lil = P A Tg, (P)L], (9.3.1)
i=0 i>0

making it a graded algebra.

9.3.1 More generally, suppose F € DE’(M ,Qp) is P-equivariant, in other words, F =~

q* F for some T in DR ([M/P], Qy). Then the action morphism
a:PxXsM— M

is smooth and of relative dimension d. Therefore we have by adjunction a morphism of

complexes
aa® Fl2dl(d) — F.
Further pushing forward using fi, we obtain the morphism

(g Xs fha™ Fl2dld) — fif.
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On the other hand, using the Cartesian diagram

Px¢M —% - M

p b

M —2 . [Mm/p]

we see that
a*F=a*q*F=pia*F~>Qyx F. (9.3.2)
So by Kiinneth formula, we have a morphism of cap products

Ap ® iF — fiF. (9.3.3)

9.3.2 Now let F € D?(M , @g) be a P-equivariant complex of pure weight 0. Since f is
proper, we have fi’f =~ fxF and its also pure of weight 0. For each n € Z we have a

canonical isomorphism of Frobenius modules

PH" (f+F) = @ K&, (9.3.4)

xeX

where X is the index set of supports of the perverse cohomologies of fx F. For « € %,
we denote by Z corresponding the irreducible closed subset in §; and K& the perverse
summand supported on Zy. Since F is bounded and f is of finite type, X is necessarily
finite.

By (9.3.1) and (9.3.3), we have a morphism

Tg,(P) ® AiF — AFI-11.
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Composing with perverse truncation *T="(fi.F) — f./F, we have the induced map
Tg,(P) ® PT="(fiF) — AFI-1].
Applying functor PH", we have
PH" (TQl, (P) ® ”r“(ﬁf)) — PH"L(fiF).
Since tensoring with T@y (P) is perverse right-exact, we know that
Tg, (P) @ PT=""1(fif) € PDENT1(S, Qp),

hence by tensoring with T@ﬂ (P) and then taking the n-th perverse cohomology, the exact

triangle

PTENTL(fF) — PTEN(fF) — PHM(AF)[-n] —>
induces an isomorphism
PH" (Tg, (P) © PT=" (/i) ) = PHO (T, (P) @ PHM (i) ).
From this we have a map

PR (Tg, (P) @ PH(fiF) ) — PHL (i),

Since T, (P) ® PH" (fiF) € PDE0(S,Qp), it projects to its 0-th perverse cohomology,

hence we have a canonical map

T, (P) ® PH(AF) — PH'L(fiF).
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The canonical decomposition (9.3.4) gives map
D 1g,(P) @ K& — D K&,
xeX xeX

and in particular a canonical map
Tg,(P) ® K& — Kp1 (9.3.5)

for each @ € 3 and n.

9.4 Statement of Freeness

Following [Ng610, §§ 7.4.8-7.4.9], for each « € X, we may find a dense open subset V,
such that Ky can be expressed as K& [dim V] for some local system K% of weight n on
Va. One can also so choose V that there is a finite radical base change V4 — V« over

which the Chevalley exact sequence exists:
1_’R(X_)P|V&_>A(X_>1:

where Ry is a smooth, fiberwise connected affine group scheme over Vi, and Ay is an

abelian scheme over V. It then induces short exact sequence of sheaves
0— T@ﬁ(R(X) - T@g(P|V&) - T@g(A(x) — 0,

which can be seen as a sequence of sheaves on Vy since Vi — Vi is a universal home-
omorphism, and T@ (PIV&) is identified with T@y (Ply,). One may further shrink Vy so
that T@#(Ra) is a local system of weight —2 (coming from the multiplicative part) and
T@e (Aq) is a local system of weight —1. Here the weight means the weight of o Ik for

some finite extension k' /k over which Zy is defined. Finally, one shrinks V further so
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that Vo N Zy = @ unless Zx C Zy' -
Now we choose an open subset Uy C S,; such that iy . Vo =@ Uy is a closed embed-

ding. Over Uy, (9.3.5) becomes
Tg,(P) ® iax KELAIM V] — i K&~ [dim Vix].
The projection formula gives
T, (P) ® fox K& = ik (i§ Tg,(P) ® ch) :
Since i is closed embedding, iixx = id, hence we obtain canonical map over Vi
Tg,(Ply;) ® K& — xhl

Because K% is of weight n and K%~ ! is of weight n — 1, the action of T@) (PIV&) factors
through T@g (Ax) since the affine part has weight —2. Therefore we have a graded module

structure on Ky = @, K&[—n] over graded algebra A4,
AA(X ® K(X - j((x.

We are going to prove the following result:

Proposition 9.4.1. Suppose (f,g) is a weak abelian fibration and F € DIS (M, @g) isa
self-dual P-equivariant complex. Then for any geometric point ux € Vi, the stalk Kx,u,

is a free Ap, u,-module.
Proof. 1t will be proved in §§ 9.5-9.7. |

Remark 9.4.2. According to [Ng610, Lemme 7.4.11], the freeness statement is indepen-
dent of the geometric point uy. In other words, if the freeness holds as stated at just

one point Uy, then it holds for any point, and in addition one can find some graded local
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system E (i.e., a direct sum of shifted local systems) on Vi such that Ky = Ay, ® E as

graded Ay, -modules.

9.5 Freeness over a Point

We first prove a generalized version of [Ng610, Proposition 7.5.1], which will serve as the

base case for the inductive argument later on.

Lemma 9.5.1. Let M be a projective variety over algebraically closed field k with an action

of an abelian variety A over k. Suppose all stabilizers are finite. Then
@ ue M, F)l-n]
n

is a free graded A s-module for any A-equivariant complex T € ch’ (M,Q 0)-

Proof. Denote by f (resp. f) the map M — Speck (resp. [M/A] — Speck). Consider
quotient map q: M — [M/A]. By definition, F =~ q*7 for some F € D2([M/A],Qp).
Here

The map g is smooth and projective, and following [Ng610, Proposition 7.5.1], we have

a non-canonical isomorphism
axQp = PHL(A,Qp[-n], (9.5.1)
n

where the right-hand side is viewed as constant sheaves on [M/A]. Since [M/A] is a
Deligne-Mumford stack, the cap product action constructed in 9.3, although not stated
explicitly, can also be appliedto S = [M/A] with P = AXS. Therefore both sides of (9.5.1)
carry actions of Ay over [M/A]. We then claim that we can choose the isomorphism to

be compatible with the respective A4-actions. Indeed, any choice of the isomorphism
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(9.5.1) allows us to define a morphism in D?([M/A], @3)
Qp — axQyl2d](d).
Applying tensor product, we have morphism
Aa — Aa ® qxQpl2d](d).

The composition map with cap product Ay — gxQ ¢l2d](d) induces isomorphism on
cohomology groups because isomorphism can be checked stalkwise, and fibers of g are
just trivial A-torsors (since k is algebraically closed). This proves the claim by shifting
and twisting back by [-2d](—d).

Now by projection formula,
axF = axq*F =~ qxQp @ F = (EB H (A, @g)[—n]) ® 7T,
n

with the last isomorphism compatible with A 4-action. Using projection formula again,

we see that

fxF = (@ H (A, @y)[—n]) ® fxF
n

as complexes with A 4-action. One can then compute the cohomologies of fx F using the
total complex of the tensor product, and because of H? (A, Q p)[—n] is a direct sum of

complexes with only one non-trivial term placed at different degrees, we have that
P HEM, F)[-n] = Aal-2d](-d) ® (@ H?([M/A],j_f)[—n]> :
n n

This finishes the proof. |

Let P be a smooth connected commutative group scheme over a finite field k. Since k is
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perfect, Chevalley’s exact sequence is defined over k, and let A be the abelian quotient of
P in that sequence. By [Ng610, Proposition 7.5.3], there is a quasi-lifting homomorphism
a. A — P such that the composition with P — A is the endomorphism of multiplication
by some positive integer N on A. This quasi-lifting induces a canonical section of Tate
modules

N lT=

Qg(a): Ts (A) — T

o, (P)

Q¢
that is compatible with Galois action.

Corollary 9.5.2. Let M be a projective variety over algebraically closed field k with an
action of smooth connected commutative group scheme P over k. Suppose all stabilizers

are affine and P is defined over a finite field, so there is quasi-liftinga. A - P. Then

P HEM, F)[-n]
n

is a free graded A -module for any P-equivariant complex F & D}S(M , @5), where the

A -action is defined using the canonical section N~ T@ (a).

Proof. Using the quasi-lifting a, we have an action of A on M with finite stabilizers. If ‘F
is P-equivariant, then it is also A-equivariant since M — [M/P] factors through [M/A].

Then the claim follows from Lemma 9.5.1 and scaling by N 1. |

9.6 A Degenerate Spectral Sequence

Now we move from one-point base to strict Henselian bases. The setup and argument here
are completely parallel to those in [Ng610, § 7.6], only with constant sheaf Q; replaced
by ‘F. Let S be a strict Henselian scheme over k with closed k-point s. Let €. S — Speck

be the structure morphism. Retain scheme f: M — S with an action of group scheme
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g P — S as before. Then exAp is identified with stalk Ap s, and we have by adjunction
E*AP,S — Ap.

Let ‘F be a P-equivariant complex on M. Then the restriction of cap product (9.3.3) gives

map

e*Aps ®AF — fiF,

which defines an action of graded algebra Ap s on fi F (to simplify notation, we now drop

€* and treat Ap s as a constant sheaf on S). In particular, we have map
Tg, (Ps) ® AF — fiF[-1].
Since external tensor product is perverse t-exact, we have induced map
Tg, (Ps) RPT="(AF) — PT="(AFI-1D) = Pr="" 1 (AiF)[-1],
hence also a map
Tg, (Ps) BPH"(fif) — PH" L (AF).

This map is compatible with the map constructed in 9.3 restricted to T@g (Ps) as they are

both canonical. Therefore we obtain a graded Ap s-module structure on

PH* (fiF) = D PH"(AF) [-nl.
n

The canonical decomposition by supports (9.3.4) and properties of external tensor

product allows us to express the T@y (Ps) action by a matrix indexed by (&, &’) € = X 5,
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with entries in
Tg, (Ps)* ® Hom(K&, K3 ™),

where T@y(Ps)* means the Q ¢-dual vector space. In this case, if & + o, then we have
Hom(K}%, K;‘,_l) = 0, so we know the matrix is diagonal.

Again use the fact that tensoring with Ap ; commutes with PT=", we have an in-
creasing filtration =" (fiF) of fi’F compatible with Ap s-actions. This gives a spectral

sequence, also compatible with Ap s-actions,
E;"" = H™(PH" (fif)s) = HO (M5, Fluy). (9.6.1)

Since fiF is bounded, (9.6.1) is convergent. This implies that we have a decreasing filtra-

tion F™ H (Ms, F|um,) of direct sum
HE (Ms, Flm,) = @H’J(Ms,flw[—n],
such that
F™H (M, FIpy) / F™ L HE (M, Flm,) = @Eé“:’"[—m —nl.

The action of Ap s is compatible with the filtration F™, hence induces an action on the

associated graded Q p-vector space
P ES " [-m —nl.
mn

This action is the same as the Ap s-action induced from the E»-page, which in turn comes
from the action on PH® (fiF).

Now we assume (f, g) is the strict Henselization at s of a weak abelian fibration and ‘F
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is self-dual. Then the non-canonical decomposition (9.2.1) exists on S (as perverse coho-
mologies commute with étale base change). So the spectral sequence (9.6.1) degenerates

at Ex-page and E&’" = Ej"™.

9.7 Freeness by Induction

We can now finish the proof of Proposition 9.4.1 using the same inductive argument in
[Ng010, § 7.7]. The proof is by induction on dimension of Zy. Let g € X be the unique
maximal element so that Zy, = S i Let Vi, be an open subset of S as in 9.4, then
PH" (fx F) is a local system Kﬁo[dims ] when restricted to Vy,. As in 9.4, we have a

short exact sequence of Tate modules on V,
0— T(@(Rtxo) — T@,e(mv‘xo) — T@e(A‘xO) — 0.

The action of T@,g(Plvao) factors through T@e (Axo) because of weights. By [Ngo610,
Lemme 7.4.11] (cf. Remark 9.4.2), we may choose a geometric point ux, € Vi, defined
over a finite field, so that we can use Corollary 9.5.2 to deduce that H® (Mua()’ F Muao)
is a free AA(XO,WO -module. The spectral sequence (9.6.1) is especially simple in this case
and only consists of terms K&LO,MO(O [—n + dim S] for n € Z. In other words, we have a

(non-canonical) isomorphism of A Axguag -modules
H® (Mug, F M) = D Koo, [—1 + dimS].
n

So we proved Proposition 9.4.1 in the base case.
Next, let @ € 3 and suppose Proposition 9.4.1 is proved for all &' € = such that

Zx C Zy'. Let uy € Vi be a geometric point defined over a finite field, and Sy be the
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strict Henselization of S at u. As in 9.6, we have actions

Tas, (Puc) B PH™ (5 )5 — PH' (i F)l s,

These actions can be represented by a diagonal matrix using decomposition over supports

3. This means that we have a canonical isomorphism of graded Ap ; ,-modules

P PH" (fx F)ls,[-n] = P KEI-nl.
n on

Using a quasi-lifting Ay, — Pu,, one has induces A4 y,-module structure that is com-
patible with Galois action and, when restricted to Vi, is the same as the A4y ,-module
structure on K defined in 9.4 using factorization.

Using inductive hypothesis and the fact that T@e (P) is polarizable (one of the axioms

for weak abelian fibrations), we have the following result [Ng610, Proposition 7.7.4]:

Proposition 9.7.1. With notation above, we have that for any m € Z,
S H™ Ky, )[-n]
n

is a free graded Ay, -module.

Proof. We have by inductive hypothesis and [Ng610, Lemme 7.4.11] an isomorphism of

Aa,,-modules on Vy
Ko(’ = AA(X’ ® EO(’

for some graded local system E,’ on V. Restricting to Vi N Sy and pick a geometric
point Y, over the generic point vy, of Vo N Sx. Using polarizability assumption, we
can show that the specialization map T@ (Auy) — T@ (A?a') is injective, hence a direct

summand as Gal(y /Y« )-representations. So the stalk A Ay, 184 free Ap u,-module,
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hence so is ,7(0(/5,0(,. Using [Ng610, Lemme 7.4.11] again, we have that
‘,K(X'|V¢x’05(x = Apu, B E(/x’

as A4 u, -modules for some graded local system E:X,. Taking intermediate extension and
then stalk at uy, and since these operations commute with external tensor product, we
have that Ky’ 4, is the external tensor product of A4y, with another complex, hence

the same is true for its m-th cohomology groups. |

We can now finish the inductive proof using a key property of Qg-algebra A Ay ItS
projective modules are also injective. The spectral sequence (9.6.1) degenerates at Eo-

page, and we have a decreasing filtration of
H = @ H™ (My, F |y, ) [—1]
whose m-th graded part is
@ H™ (PH" (fx Flu) [-m —n] =H™ (@”H"(f*f)ua[—n]) [—m],
all compatible with A4 4 -action. It can be further decomposed using supports into
H™ (EB Kgf,ua[—n]) [—m]
' n

as Agu,modules. If o' # «, then K[}, uy * 0onlyif Zy O Zy, and if o = «,

H™ (K& u,) #0onlyif m = —dimZy. Let H' = F~ dim Za 7 and H' be the preimage of

H—dimza< D Kg,,ua[—n]) [dim Zy]

&' +o,n
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in H'. Then we have a filtration
H cH" CH,

in which H is a free A4 y,-module by Corollary 9.5.2, and so is H" and H/H"" by induc-
tive hypothesis. Then since H and H/H'' are free, so is H'' because A4 y, is local (by

Kaplansky’s theorem, which applies to non-commutative rings). Consider exact sequence
0—H —H'—H'/JH — 0.

As H’ is free hence also injective (using the special property of exterior algebra AAug)
the sequence splits. So H' /H" = Ky, is projective hence free. This finishes the proof

of Proposition 9.4.1.

9.8 Statement of Support Theorem
Now we are ready to state and prove the main theorem of this chapter. The common
assumptions in this section are as follows:

(1) Let S be a Deligne-Mumford stack of finite type over k.

(2) Let f: M — S be a proper morphism of Deligne-Mumford stacks of relative dimen-
sion d together with an action of a smooth commutative Deligne-Mumford group

stack g: P — S, such that (f, g) is a weak abelian fibration (see Remark 9.1.3).
(3) The geometric fibers of f are homeomorphic to projective varieties.

(4) Let F € Dlg (M,Q ¢) be a self-dual P-equivariant complex, such that fx ¥ has coho-

mological degrees bounded above by —dim M + 2d.

Theorem 9.8.1. With the assumptions above, if K is a geometrically simple summand in

the decomposition of some PH™ ( f« F) with support Z. Let 57 be the minimal value of 6
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on Z, then we have

codimg(Z) < 67.

Moreover, if the equality holds, then there exists an open subset U C S such thatU N Z #
&, and a local system L on U N Z such that ix L (where i is the closed embeddingUNZ — U)

is a direct summand of the top cohomology R~ dim M+2d fxF restricted to U.

Proof. Although f and g are not morphism of schemes, the argument for Proposition 9.4.1
still applies. More precisely, everything except Lemma 9.5.1 works verbatim for gen-
eral Deligne-Mumford stacks, and Lemma 9.5.1 only potentially breaks because a priori
[M/Ps] for a geometric point s € S can be a 2-stack instead of an algebraic stack. How-
ever, since we also assume that M, is homeomorphic to a projective scheme (and Ps is
always homeomorphic to a smooth group scheme), the argument in Lemma 9.5.1 still
works.

By Proposition 9.4.1, K|ynz is a direct summand of a free (Ap)|ynz-module, whose
top cohomology is denoted by L. Moreover, the intermediate extension of L to Z is also
a simple perverse summand of fxF. Then the argument in § 9.2 proves both claims of

the theorem. [ |

Corollary 9.8.2. Ifin Theorem 9.8.1 (f, g) is also 6-regular, then the equality codimg(Z) =
o0z holds.

Proof. Clear since the definition of 6-regularity gives the inequality in the opposite direc-

tion. .

9.8.3 Let 11g(P) be a sheaf of finite abelian groups over S such that for any geometric
point s € S its stalk is the group of connected components 1o (Ps). Suppose 1o (P) is
a quotient of some constant sheaf X where X is a finite abelian group. Since F is P-

equivariant, P canonically acts on F by (9.3.2). The induced action of P on PH® (fx F)
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factors through 1o (P) by Lemme d’homotopie [LNO8, Lemme 3.2.3], hence X acts on
PH" (fx F) for each n. Let PH" (fx F)« be the k-isotypic direct summand for any charac-
terk. X — ((_)22( Similarly we have k-isotypic summand of ordinary cohomology H" ( fx F) «.

By [LNOS8, Lemme 3.2.5], there exists an integer N > 0 and a decomposition

f+F= B FFi

KEX*

such that for any « € X, the restriction of (x— K(O()id)N on (fx.F)« is zero, and we have

PH™ (fsx F)e = PH" ((f+F) k),
H(f«F)x = H* ((f«F)k).

Proposition 9.8.4. Theorem 9.8.1 and Corollary 9.8.2 hold if we replace PH" (f«F) by
;pHTL (f*f)K and H™ dimM+2d (f*j:) b)/ H™ dimM+2d (f*f)K

Proof. Apply the same proof to (fxF)«. |

9.9 Application to mH-fibrations

In this section, we apply Theorem 9.8.1 to mH-fibration hx . Mx — Ax, or more precisely
a subset of the map h;: 5\71)“( - Jfl;. There is an action of Picard stack i);(: f’)h( - ﬁl;
on h )h(’ and both are relative Deligne-Mumford stacks of finite type by Proposition 8.1.1.
By Proposition 8.1.2, h)”( is also proper. If we restrict to G-very ample locus Jflh», by
Proposition 6.7.1, the Tate modules of ’f’; are polarizable. Therefore (7@“», f)h») is a
weak abelian fibration.

In general, (h”>>, ;5;) is not d-regular, but we can still find an open subset over which
the fibration is 6-regular. This subset is dense in Jf[h» because over G-very ample locus

the 6 = 0 stratum is dense by Proposition 6.3.13. According to Proposition 7.4.5, for

any fixed 6 € N, all but finitely many irreducible components of ﬁlg is contained in this
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o-regular locus.

Let AT C ﬁlq>> be the largest open subset satisfying the following conditions:
(1) The restriction of (hy, px) is 6-regular;
(2) The local model of singularity as in Theorem 6.10.2 holds.

Let .2 be the intersection complex of MT. Then by Proposition 8.4.3, we have that over
any connected component ‘U of AT, the cohomological degrees of h;ﬂo% is bounded above
by — dim Mq; + 2d, where ‘M1, is the preimage of ‘U in Mt and d is the relative dimen-
sion of i over U. Finally, the fibers of T are homeomorphic to projective varieties by

Corollary 6.9.2.

Definition 9.9.1. A closed subset Z C At is said to be inductive if there exists an open
subset U C AT such that UNZ # @ has multiplicity-free boundary divisors in the sense
of Proposition 5.1.25, and for any a € (UN Z) (k) and any v € X (k), one of the following

cases is true
(1) The boundary divisor is 0 at v, and the discriminant valuation dy+(a) < 1, or

(2) a is both unramified and v-regular semisimple at v.

9.9.2 We are now able to prove one of the main results of this paper:

Theorem 9.9.3 (Support Theorem). Let K be a simple perverse summand of PH® (I:L;l-koQ))st,

and Z is the support of K, then Z is inductive. In particular, Z must be 6-critical.

Proof. Applying Corollary 9.8.2 to (ht, f)*), we see that Z must be the closure of a 6-
critical stratum. So by the description of §-critical strata Corollary 7.4.7, we only need to
show the following: if Z’ ¢ AT is an irreducible §-critical closed subset but not inductive,

then Z’ cannot be the support of any simple perverse summand K.
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Indeed, using Proposition 7.5.5 (and the discussions before it), we may find a closed
subset Z C At containing Z’ such that both the boundary divisor and all the local New-
ton points stays locally constant, and Z is inductive. We may even assume that in Defi-
nition 9.9.1 for Z we also have U N Z’' + @. By Proposition 8.5.15, the top cohomology
of (71:,2@2)51 is a local system L on U. However, if Z' supports a perverse summand,
then L contains a direct summand supported on proper closed subset U N Z’, which is

impossible. This finishes the proof. |

9.9.4 The case of k-constituent is more complicated. The most notable issue is that a
priori an endoscopic stratum may not be contained in A, hence we cannot use Propo-
sition 7.4.5 to deduce o6-regularity. Nevertheless, we do not need to prove 6-regularity in
an open neighborhood around the endoscopic strata, but only need to show é-regularity
within those strata. This can be achieved with the help of (6.11.5).

Since we are not confined to A*, we consider a larger open subset A¥* defined similar
to At but with §-regularity condition removed. Let (x, 9;,5) be an endoscopic datum

with endoscopic group H = Hg. There is a canonical finite map

By (6.11.5), the difference rg = 0 — O is locally constant on ilfl’ x- We would like to
restrict to the locus ﬁffr, which is, analogous to AT, defined to be the open subset of
ﬁlﬁqx that satisfies ampleness condition for Proposition 7.4.5 and has a local model of
singularity as in Theorem 6.10.2. Therefore (hﬁ’f, f)g’T) is dg-regular.

For any irreducible component Uy of ﬁlg’f, let U = v4(Uyg) and ¢y € N be the

value of rg on Ug. If we can show that

Codimle(‘U) = 1,
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then for any 6 > ¢, we will have
codimﬁx(fu(;) =ry+ codimj[HX(’uH,(g_r,u) >ry+ (6 —ry) =0.

In other words, é-regularity holds for those §-strata with non-trivial intersection with ‘U

as long as it holds for the generic stratum of U.

9.9.5 Due to the insufficiency in ampleness, direct estimate of the codimension of ‘U
seems difficult. See § 6.8, but see also Remark 6.11.8. Moreover, we also need Theo-
rem 6.10.2 to hold, which depends on some cohomological condition that is essentially
the same problem as the dimension estimate.

On the other hand, if we assume Theorem 6.10.2 holds, although dimension estimate
looks like a condition needed to apply Theorem 9.8.1, which will then be used to prove
Theorem 8.3.4, the logic can actually be partially reversed, and the codimension estimate
will be a conclusion instead of a condition, which we now explain. This does not solve
the issue itself, but does allow us to make the statement of Theorem 8.3.4 cleaner by not
including another technical condition.

Irrespective of 6-regularity, the freeness statement Proposition 9.4.1 still holds. For

any ay € Uy mapping to a € ‘U, there is a canonical map of the Picard stacks
Pyg — 7)H,oLH,

which identifies their Néron models
Ph =Py 4,

This identifies the abelian part of the Tate modules



Let Q;fl be the intersection complex on 3\711'?, then we may apply Theorem 9.8.1 to
(flﬁ’T, ﬁET)’ so generically over Ug, the sheaf pH.(]:lﬁ’iko%ﬁ)st is isomorphic to a free
T@ (Pr)-module of rank 1. In particular, using Grothendieck-Lefschetz trace formula, it
is not hard to count k’-points on fibers Mp 4,, (modulo Picard action and weighted by the
sheaf Q;ﬁ to be precise) for any finite extension k’/k and a general point ag € Ug (k).
On the other hand, -2-weighted point-counting on M, is not hard either if we only
consider a general enough point a € U(k): indeed, due to how transfer map V4 is
induced by the absolute transfer map vg in (2.5.1), we shall see later that it boils down to
counting points on some very simple multiplicative affine Springer fibers. Therefore by
Chebotarev’s density theorem, suppose for any sufficiently general point a € U (k) and

any sufficiently large finite extension k’/k we have equality in Frobenius trace

TI'(O'k/,H.(Ma,,Q))K) = Z TI'(O'k/,H.(mIKJ,aH,oQ)IlfI)St)a (991)

ag—a

then we have generically over U
(hi2), = (hfjh28)st (9.9.2)

up to semisimplification with respect to Frobenius action.

Let Up C ‘U be the open locus where the above equality holds, and let A be the
irreducible component of A¥ containing U. Let d be the dimension of M, and #’ be the
codimension of ‘U in Ay. Then MH ay has dimension d — 7. By (9.9.2), we know that
the perverse amplitude of (hiQ;)K on Uy is from —d + rq; to d — vy, which translate to
ordinary cohomological degrees from —dim U —d + ¢ to —dim ‘U + d — ¢ over Uy as

it is geometrically a graded local system on Ugp. Note that

—dmU+d—-ry=—-dmA+d— (ry—7r') <—dimA +d,
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the last inequality is due to the improved Goresky-MacPherson inequality in the discus-
sion of § 9.2. However, — dim A + d is the top ordinary cohomological degree of (hiﬁ;)a
given by irreducible components of ‘M, and we know that each k-isotypic summand does
contribute non-trivially to the top ordinary cohomologies. Thus it forces the inequality

above to be an equality and so 7¢; = ’. Thus we have the following theorem.

Theorem 9.9.6. Let ”H'(fftio%)K be the k-isotypic summand in ”H'(hfko%) and K is a
geometrically simple perverse summand in PH® (hfk.,%),(. Let Z be the support of K. Then
there exists a pointed endoscopic datum (k, 3) with endoscopic group H such that Z is
contained in V4 (Af x), where V4 . Afy x —~ Ax Is the finite endoscopic transfer map.
Moreover, if we can find an open subset U C A* such thatUN Z + @ and \”/;ll (u) C
ﬁlL‘K, and for anya € (‘(UNZ)(k), the equality (9.9.1) holds for any sufficiently large finite
extension k' / k, then we have that \7;41 (Z) equals the union of closed subsets that appear

as the potential support of ”H'(hg‘;o?;ﬁ)st given by Theorem 9.9.3.

Proof. The assumptions of the theorem and the discussions above ensures 6-regularity
on Z. Replacing Proposition 8.5.15 by Proposition 8.5.16, the same argument for Theo-

rem 9.9.3 then applies. |
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CHAPTER 10
COUNTING POINTS

In this chapter we review general facts about counting k-points on k-groupoids. We will
then connect point counting on multiplicative affine Springer fibers with both its coho-
mology and the orbital integrals. Similarly, we will also apply the general results to mH-
fibrations. Most of the results are slight generalization of those in [Ng610, § 8] with some
small improvements. Combined with the results in § 9.9, we will be able to prove both

Theorem 8.3.4 and Theorem 2.6.11.

10.1 Generalities on Counting Points

We first review some general facts about counting points following [Ng610, § 8.1]. In
this paper, we need more general coefficients than constant sheaf Q ¢» and because there
has been some significant development on the algebro-geometric tools used for these

purposes, we will base our discussions on those frameworks as well.

10.1.1 Firstwelet f . ¥ — Speck be a k-variety, or more generally an algebraic stack of
finite type over k, and F € Dlg(@%” ,Qp) a bounded constructible lisse-étale complex on
¥ with coefficients in Q. Then for any k-point x € (k) and a fixed geometric point
X = Speck over x, we have a continuous representation of Gal(k/k) on stalk Fx. Let
Frobenius element oy € Gal(k/k) be the one defined by taking g = p™-th root, where g

is the cardinality of k, then we may define trace function as

Tre: (k) — Q

x — > (=1 Tr(og, H (Fz)).
A<V
If the complex ¥ is not bounded, then the above construction still makes sense, except

that the trace function now takes values only as infinite series, but one can impose con-
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vergence condition if so desired. For our purposes, we are mostly interested in Deligne-
Mumford stacks of finite types, therefore boundedness condition is preserved by any
six-functor operation, so we do not worry about potential issues caused by unbounded-
ness.

A classical result is Grothendieck-Lefschetz trace formula, which states that

#rU(k)= >  Trg(x)=Trpg. (10.1.1)
x€et (k)

This is a special case of the relative version of the formula
#r (k) =#p7 Y (k) (10.1.2)

for a morphism f . ¥ — %/ between k-schemes of finite types.

A perhaps more common form of (10.1.1) is the following: if k has g = p™ elements,
let o be the m-fold iteration of the absolute Frobenius on s, then o is defined over k. It
is a (non-trivial) fact that there is a functorial isomorphism t: F ~ o *F for any F, see

[Sta22, Tag 03SL]. The morphism o is finite, hence proper, so we have adjunction map
F — 0x0*F =~ oo™ F.
Pushing forward using fi, we see that o induces a map on cohomological groups
o @ ki H(X, F) — HU(X, 0% F) = HU(Ly, ),

where the second isomorphism is defined using the canonical identification ¢ above. It

turns out that this map is the same map induced by oy-action on fi’F, and so we have

#r (k)= > (-1)'Tr(o ® idg, H{ (g, F)). (10.1.3)
i€z
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Remark 10.1.2. The notions of the plethora of Frobenii are sometimes confusing, espe-
cially for the so-called “geometric Frobenius”. The Frobenius o ® k is called geometric
Frobenius in some literature, while a different construction, also bearing the name of
geometric Frobenius, is the map id g ®j oy. The latter is the one we used to define Tr,
and both induce the same action on k-points and cohomologies. Since we only care about
point-counting and cohomological actions, we shall not distinguish the two and simply

use o in the remaining sections.

10.1.3 In [Beh93], Behrend generalizes (10.1.2) to the case where &’ is a smooth Deligne-
Mumford stack of finite type over k, and F is the constant sheaf. In the stack case, the

F-weighted point counting is defined as

Tl”j: (x)
#Aut g (x)(k)’

#p (k)= >
xeX(k)/~

where x ranges over isomorphism classes of ¥’ (k). Note that since Auty is a k-group
scheme of finite type and k is a finite field, the above definition makes sense even for Artin
stacks. The result is further expanded to smooth Artin stacks and arbitrary complexes
in [Beh03], assuming certain technical boundedness or convergence condition is met.

In [LO08a,LO08b], Laszlo and Olsson developed six-functor formalism for Artin stacks,
and the smoothness assumption in Behrend’s results is removed under these frameworks
by Sun in [Sunl12] because of the newly-available duality. As noted by Sun in [Sunl2],
an important difference between [Beh03] and [Sun12] is that the former uses arithmetic
Frobenius and ordinary cohomology (probably due to lack of duality results at the time),
while in the latter the geometric version is used. Because in [Sunl12] the author consid-
ers a very general setup, some complicated “stratifiablility” condition and a convergence
condition are used. However, for our purposes, we only consider bounded complexes on
Deligne-Mumford stacks, so those conditions are automatically met. Therefore, to sum-

marize, for any morphism f . ¥ — %/ of Deligne-Mumford stacks of finite types over k
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and any F € D]S(QEL” ,Qp), the trace formula (10.1.2) always holds.

10.1.4 In [LNOS8, Appendice A.3] and [Ng610, § 8.1], an equivariant version of (10.1.3)
is developed with specific applications to affine Springer fibers and Hitchin fibrations
in mind. Here we reformulate those results using the general trace formula (10.1.2) for
Deligne-Mumford stacks.

Suppose M is a Deligne-Mumford stack of finite type over k together with an action
of a commutative Deligne-Mumford group stack 2P of finite type over k. The groupoids
M(k) and P(k) carry natural actions of geometric Frobenius o, and the 2-categorical

quotient &2(k) is the 2-category where:
(1) the objects are the objects m € M(k);

(2) the 1-morphisms m — m’ are pairs (p, f) where p € P(k) and f is an element in

Homy, i, (p(m), m');

(3) the 2-morphisms (p, f) = (p’, f') is an element j € Hom?(f{)(p,p’) such that the
composition of j: p(m) - p’'(m) with f': p’(m) - m’ is equal to f: p(m) —

/

m.

According to [Ng606, Lemme 4.7], such 2-category is equivalent to a groupoid if and only

if for any m € M (k), the homomorphism induced by P action
Aultp g, (1p) — Autyy g, (m)

is injective. In view of product formula Proposition 6.9.6, this condition is always met for
the anisotropic part of mH-fibrations. When this condition is met, then a 1-morphism
(p, f) has only the trivial 2-automorphism, thus & (k) is equivalent to the groupoid

where:

(1) the objects are the objects m € M(k);
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(2) the morphisms m — m’ are isomorphism classes of pairs (p, f).

In this case, we omit f and simply write a morphism as p: m — m’, or equivalently we
have canonical isomorphism p(m) ~ m’'.
We will now always assume that &°(k) is equivalent to a groupoid. The category <2 (k)

of fixed points under the action of ¢ is as follows:
(1) the objects are triples (m, p, f) such that f. o(m) - p(m) is an isomorphism,;

(2) a morphism h: (m,p,f) - (m’,p’,f’) is a pair (h,¢p) where h € P(k) and
¢: hm — m’ is an isomorphism, such that o (h)ph™! = p’ and o (¢p): o(hm) —

o(m’) is equal to the map f' =1 o (p'Pp) o (o (h) f);

(3) the sets of 2-morphisms are guaranteed either empty or singletons by assumption,

making this category a groupoid.

Remark 10.1.5. If we use f to identify o (m) and p(m) and similarly for f’, then the last
condition on (h, ¢) can be simplified to o(¢p) = p’'(¢p). If p = p’, then the conditions
further simplify to h € P(k)/~ and o (¢) = p(¢). In this case, ¢ and ¢’ are equivalent

if ¢’ = g for some x € Autp(1lp).

Since ¥’ (k) has only finitely many isomorphism classes, and each object has only
finitely many automorphisms, if T is a Qy-valued function on the set of isomorphism

classes U’ (k) /~, the following sum makes sense

T(x)
#r (k)= D :
et (k) )~ #Aut&ﬂ(k)(x)

10.1.6 Let x = (m,p) € U (k) as above, then the o-conjugacy class of p is determined
by the isomorphism class of x. Let P be the coarse space of P, then P is a commutative

group scheme, and we have isomorphism between geometric connected components

o (P) =~ 1109(P).
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According to Lang’s theorem, the o-conjugacy classes of P (k) can be identified with
Py =~ H' (k,P) = H' (k,0(P)).

This shows that P, =~ H! (k, 1o (P)) as well, the former denoting the o-conjugacy classes
of the objects in P (k). Therefore, given x € & (k), we define cl(x) be the corresponding
o-conjugacy class of 1y (P) also viewed as an element in H! (k, 1o (P)). The class cl(x)
depends only on the isomorphism class of x. For any o-invariant character . o (?) —

@?, we have a pairing
(cl(x), k) = k(cl(x)) € Q.

For any Q p-valued function T on &'(k)/~, we define (T, k)-weighted point counting

(cl(x), k)T (x)
#Aut g (k) (x)

#r (K= D
xesr(k)/~

10.1.7 Let F now be P-equivariant, that is, we are supplied with a fixed isomorphism
T/ a*j-" ~ @g X F on P X M, where a is the action map P X M — M, and usual cocycle
and identity axioms of equivariance is met for ¢. In this way, the objects of (k) acts on
the sheaf F| My hence also on any cohomology groups.

According to Lemme d’homotopie [LNO8, Lemme 3.2.3], the induced action on Ho (Mg, F)
factors through 1o (2). Note that the statement in loc. cit. is about perverse cohomolo-
gies, but the proof still works for ordinary cohomologies since the main ingredients in
the proof being smooth base change and exactness of pullback functor still hold, and by
duality it works for cohomology with compact support. The group P does not need to be
smooth because we always have Pred o be smooth. Thus, if k is a o-invariant character
of 119(P), then o acts on the k-isotypic subspace He (M, F) .

Finally, by equivariance, the trace function Tr descends to a function on groupoid
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U (k), still denoted by Tr, as follows: for any pair (m, p) such that o(m) = p(m), the
equivariance structure  identifies the stalk of ‘F at m with that at o (m), hence defining
an action of o on that stalk, and we can take the trace. Now we have the following variant
of Grothendieck-Lefschetz trace formula, which is a generalization of [LNO8, Proposi-

tion A.3.1] (see also [Ng0610, Proposition 8.1.6]).

Proposition 10.1.8. Let M be a Deligne-Mumford stack of finite type over k with an ac-
tion of a commutative Deligne-Mumford group stack P of finite type over k, and suppose
L(k) = [M(k)/P(k)] is equivalent to a groupoid. Let F be a bounded constructible
P-equivariant complex. Then for any o -invariant character k. y(P) — @? we have

equality

#Po(k) #ty LK) = > (—1)iTr(o, HEM, F)i),
i€z

where P is the neutral component of P.

Proof. Using Fourier transform on finite group 1o (2), we have that

. , 1 ,
S (=D'Tr(o, HE(M, ) = ———— > k(p)Tr(p~ ! o o, HL (M, F)).
iez ‘ #1o(P) pETH(P) ‘

Note that if a character x is not o-invariant, then its isotypic space has no contribution

to the right-hand side, which is then equal to

1 . —1 i
— T H 10.1.4
#110(P) o pen%P)oK(p) P LT HoeLy

where p is any choice of representative of o-conjugacy class p in 1o (2).
In the proof of [LNO8, Proposition A.3.1], another variant of (10.1.3) by Deligne and

Lusztig is used (see [DL76]). The idea is that if we assume that M is a quasi-projective

1

scheme, then p~" o ¢ is the Frobenius map of another k-model of M. Here M is a

Deligne-Mumford stack, but we can still descend My, to a k-model such that 1'7_1 o0 is
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the induced Frobenius. Then using (10.1.3) for Deligne-Mumford stacks, (10.1.4) is equal

to

1 5 5 K(p) Trg(m)
#TT0(P)0 i) | ey~ #1® € Auty, @ (m) | o () = p(ep)}

o(m)=p(m)

Let P be the coarse space of . According to Remark 10.1.5, we have
#P(k) #{$ € Aut,y, g, (M) | 0($) = p(d)] = #Autp(1p) (k) # Autg k) (m, p).

Note that 1y(P)gs and 19(P)? = 119(P) (k) have the same cardinality, and P(k) —

1o (P) (k) is surjective by Lang’s theorem. So we obtain

K(p) Trgy(m)
z F

i i -
D (=D'Tr(o, He(M, F)i) = #Po(k) > #Aut g (k) (M, p)’

= pET(P)e meM(k)/~
o(m)=p(m)

Finally, note that the set of pairs (m, p) in the summations above is in bijection with the

isomorphism classes in ¥’ (k) by definition, thus we reach the desired equality

K(p) Trg(m)
Z F

i i -
> (=DITr(o, HE(M, F) ) = #Po(k) #Aut g (k) (m,p)’

i€z (m,p)e(k)/~

This finishes the proof. |

10.1.9 So far we only considered the case where ‘M and P are of finite types, but to
apply our results to multiplicative affine Springer fibers, we need another variant for
locally finite type cases. Here we no longer need to consider Deligne-Mumford stacks but
only schemes. Let M be a k-scheme with an action of a commutative k-group scheme P,

both locally of finite types. We assume they satisfies the following assumptions:
(1) The k-points of the group of connected components 1o (P) is a finitely generated
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abelian group.
(2) The stabilizer of any geometric point of M in P is of finite type over k

(3) We can find a torsion-free discrete subgroup A C P such that both P/A and M /A

are of finite types.

Note that in the above conditions since stabilizers of points in M are of finite type, the
action of A on M is necessarily free. Note also that such A always exists if we only require

P /A to be of finite type. Indeed, let Ag be the largest free quotient of P%ed, then the kernel
pit = ker(P}fd — Ag)

is of finite type. Since Ay is free, we may pick an arbitrary lifting y : Ag — Py, which is
necessarily defined over some finite extension k’/k.

Since P! is of finite type, the group PfY(k’) is finite. This means that when N is
divisible by # P (k’), the restriction of y to A = NAg is o-equivariant hence defined
over k, and P/A is clearly of finite type. The condition that M /A is finite type is clearly
independent of the choice of A, so the third condition above is equivalent to saying M /A
is of finite type for any specific choice of A.

From now on, since we only care about counting points, we will use M and P to denote
the respective sets of their k-points. Because the points of M and P have no automor-

phismes, this notation will not cause any confusion.

10.1.10 Consider quotient stack s¥ = [M/P], whose groupoid of k-points is as follows:
(1) the objects are pairs (m, p) where m € M and p € P such that p(m) = o (m);
(2) the morphisms (m,p) — (m',p’) are h € P such that hm = m’ and p’ =

o(h)ph™1.
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Given x = (m, p) € U (k), the o-conjugacy class cl(x) of p depends only on the isomor-
phism class of x. Since p(m) = o(m) and m is defined over some finite extension k’/k,
the class cl(x) is necessarily torsion, hence it lies in the torsion subgroup of Py, which
is identified with H1 (k,P). By [Ng610, Lemme 8.1.12], any character k of Hl (k,P) can be
extended to a torsion character k of Pg-.

Since we have equivalence of quotient stacks
I =[M/P]=[(M/N)/(P/N)],

we know that &’ (k) has only finitely many isomorphism classes, and the automorphism
group of each object is also finite. Therefore for any character x : H! (k,P) — @?, and

any Q p-valued function T on the isomorphism classes of c¥’(k), we may consider sum

(cl(x), K)T(x)
2.

#T J(k)K = #Aut@/c;;(k)(x) .

xe(k)/~
Let & be an extension of k to P (k) s, which inflates to a o-invariant character of P. Since &
has finite order, we can choose A so that the restriction of k to A is trivial. So k descends
to a character of P/A, and if A" C A is a o-stable sublattice of finite index, K induces a
character of P/A’ too.
Let F be a bounded locally constructible complex on M that is P-equivariant, and still
denote by ¥ its descent to M/A. As before, Tr# descends to a function on &' (k), also
denoted by Try. Let HC (M /A, F)  be the k-isotypic direct summand of He (M /A, F). The

following is a generalization of [Ng610, Proposition 8.1.13].

Proposition 10.1.11. We have the following equality

#Po(k) #y X(k)c = > (1) Tr(o, HEM/A, F)i).
i€z

Moreover, if A" C A is a o-stable sublattice of finite index, then we have for each i a
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canonical isomorphism
HL(M/A, F)i — HEM/A, F)i.

Proof. Since A is free, we have Py =~ (P/A)g. Then the first formula is a consequence
of Proposition 10.1.8. If we replace k by a finite extension k" of degree e, then for any
x" € (k") we have a o®-conjugacy class in P. Since k, A, etc. are o-invariant, they are

also o ¢-invariant, so we also have

#Py (KN #F XK ) = > (=D Tr(o®, HE(M/A, F)z).
i€z

Since e is arbitrary, it means that the map
D DHEM/A, P — P DHUM/A, Fi
i i

is an isomorphism of o-modules which also respects grading i. So we have the second

claim. [ |

Corollary 10.1.12. Let ¥ = [M/P] (resp. X" = [M'/P'])and k. P — @? (resp. k' . P" —
@? ) be a o -invariant character of finite order. Let F (resp. F') be a P-equivariant (resp. P’ -
equivariant) bounded locally constructible complex on M (resp. M'). Suppose there exists

some N such that for all e > N and k' | k a finite extension of degree e we always have
#Po (k") #y U (K )i = #Py(K) #5 U (K)o,
then we have
#Po (k) #5 (k)i = #Py(k) # 51 ' (k).

Proof. After choosing appropriate lattices A C P and A" C P’, the assumptions imply
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that HQ(M/A), F)z and HQ(M'/A"), F') - are isomorphic o-modules up to semisimpli-

fication. Taking the traces of o and we get the result. |

10.2 Counting Points on Multiplicative Affine Springer Fibers

In this section, we apply the general results from the previous section to multiplicative
affine Springer fibers. We use the notations from Chapter 4 which we now review. Let
Xy = Spec @y be the formal disc around a closed point v € |X|, and X7, = SpecFy is
the punctured disc. Let 11 be a fixed choice of uniformizer in ©,. Let X, = Spec Ov
where O, = 0, &k and similarly X{ = Spec Fy. For any embedding v : ky — k, we let

-

X3 = Spec Oy be the component of X, containing v. If ky = k, then X3 = Xy.

10.2.1 Leta € Cyp(Oy)NECsy (Fy)'s, then there exists some yyy € 0 (Fy) with X (ymw) =
a by Theorem 2.4.24. We have multiplicative affine Springer fiber M (a) defined using

Y70, whose set of k-points is
{9 € G(F)/G(0y) | Adg! (yaa) € G2 (0T G (0y)],

where y,q is the image of Ay in G2 and Ay is the boundary divisor of a, which may also

be viewed as an Fy-rational dominant cocharacter in X(Tad) through map

Am d JLEnv(GSC) .

We denote the Newton point of y,q by vy. Since we only care about point-counting, we will
replace My (a) with its reduced subfunctor and still use notation M (a) for simplicity.

We know that the reduced functor My (a) is represented by a k-scheme locally of finite

type.
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10.2.2 Following [Ngo10], let j; be the regular centralizer at a, and j; be a smooth
group scheme over X, with connected fibers and a homomorphism j; — J, such that its
restriction to X3 is an isomorphism. Note that J; is necessarily commutative.

Consider reduced commutative group scheme over k

Py(@)ed = Gritd = (Lia /L 50)™.

The second equality above is due to the fact that j; has connected special fiber. This is
a group scheme locally of finite type over k, and we use Py, (a) for simplicity. Similarly,

we have Py (a) for J;, and we have homomorphism
ipv(a), — Py(a).

The action of Py(a) on My(a) induces an action of Py (a) on My(a). By Proposi-
tion 4.4.7, this action satisfies conditions laid out in the beginning of § 10.1.9, and so
we may express different k-weighted point-countings using trace formula on cohomolo-
gies. As in § 10.1.9, we also use My (a), Py(a), etc. to denote their respective sets of

k-points.

10.2.3 We now try to connect point-countings on stack &’ = [!My(a) /Py (a)] with local
orbital integrals. First, the following lemma relates the k in orbital integrals with k in

§ 10.1:

Lemma 10.2.4 ((Ng610, Lemme 8.2.4]). Assuming J; has connected special fiber, then we

have canonical isomorphism
H! (Fy,Ja) = H' (k, P} (a)).

By this lemma, any character k : HY(Fy,Ja) — @j induces a character of H! (k, Py(a))
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and vice versa, and we still use k to denote the character of the latter. Let Py, (a)s be the
group of o-conjugacy classes of Py, (a), and H (k, Py (a)) is the subgroup of torsion ele-
ments (due to continuity requirement). Given x = (m,p) € &’ (k), we have associated

class given by the o-conjugacy class of p:
c(x) € H' (k, Py (a)) = H (Fy, Ja).

The element yyy is regular (as an Fy-point), so we have canonical isomorphism J;|p, =~
Iy, C G. If a section of xjy exists (e.g., when a Steinberg quasi-section exists), then yy
can be chosen to be in 20(0)"®%, and in this case we have J; = I.,. In either case, cl(x)
may also be regarded as an element of H! (Fy, Iyy).

If g € G(Fy) is a representative of m and j € Iy, (Fy) is a representative of p, then
p(m) = o (m) implies that o(g) " 'jg € G(Oy), hence j is o-conjugate to 1 in G(Fy).
This shows that the image of cl(x) in H! (Fy, G) is trivial. Note that here we are dependent
on a choice of yyy, otherwise we cannot relate H! (Fy, Ja) with HY (Fy, G).

We let Gr=Av be the affine Schubert variety of the adjoint group G2, The map of

groupoids
My (@) (k) — [L+GANGr=tv | (k)

is o-equivariant and P, (a) (k)-invariant, so any function T on the set of isomorphism

classes of
[H_+Gad\GrS?\v] (k)

induces a function on ¥’ (k) by pullback. Note that since G has connected fibers, the
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said isomorphism classes are in bijection with double cosets
G(OU)W“G(OU)

where u € X(724) is an Fy-rational dominant cocharacter with u < Ay. In particular, the
function T can be the trace function Tr# where 7 is bounded and constructible L+Gad.

equivariant complex on Gr=v,

Proposition 10.2.5. Assuming J; has connected special fiber, and let k be a character of

H! (Fy,3a). Then for any function T on [[L+Gad\Gr5AU] (k), we have equality
#r U (k) = VOI(JZL(OU): dtv) 04 (T,dty),

where dty is any Haar measure on J;(Fy).

Proof. For any x € &’ (k), the class cl(x) can be identified with an element in the kernel

of the map
Hl(Fv,Iym) - Hl(Fv,G)-
So we can decompose &’ (k) into disjoint full subcategories

' (k) = [ [ g k),
£

where & ranges over the said kernel above, and ' (k) g consists of objects x with cl(x) =
g.

For a fixed class &, we pick a representative jg € Iyy, (Fy). Let x = (m,p) € <§L”’§'(k),
then we can find h € Py, (a) such that U(h)ph_1 = Jjg. Replacing (m, p) with an isomor-
phic object (hm, jg), we may always assume p = jg. In other words, we may restrict to an

equivalent full subcategory of o%’é(k) consisting of objects (m, jg), and the morphisms
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from (m, jg) to (m’, jg) are elements in h € Py (a) (k) such that hm = m’. Since J; has

connected fibers, we have
Py(a)(k) = Ja(Fv) [3a(Ov) = Iyy (Fu)/3a(0y).

For an object (m, jg), pick a representative g € G(Fy), then Jg(m) = o(m) implies
that a(g)_ljgg € G(Oy). Thus we may pick g so that we actually have a(g)_ljgg =1,
and if g and g’ are two such choices, we must have g’ = ggg for some gg € G(Oy). So
an object (m, jg) determines a unique element in quotient set G(Fy)/G(Oyp). Thus, the

category o%’é (k) is equivalent to the following category Og:

(1) the objects are elements g € G(Fy)/G(Oy), such that a(g)_ljgg =1 andAdgl(ym)

is contained in WM (Oy):

(2) a morphism g — g; is an element h € Py(a)(k) such that hg = g1, where the

action of Py, (a) (k) is induced by the isomorphism J; = Iy, over X;.

Choose gg € G(Fy) such that U(gg)_ljggg = 1, and let
e = Adgg (ym),

then we necessarily have yg € M (Fy). One can verify that the G (Fy)-conjugacy class
of yg does not depend on the choice of either jg or gg, but only on the cohomology class
& e HL(F,, Iy,,) (hence also implicitly depends on the choice of yy).

Let g’ = gg 1g, then Og is equivalent to the following category Oé—: the objects are
g € G(Fy)/G(Oy), such that Ad;,l(yg) € M(Oy), and a morphism g’ — g is an
element h € Py (a)(k) such that hg” = g. Here the action of Py (a)(k) is induced by

the isomorphism Jg = Iy, over X7.
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Therefore, the isomorphism classes of @%’é (k) are in bijection with double cosets
9" € Iy (Fy)\G(Fy)/G(Oy)
such that Ad\;,1 (yg) € M(Oy), and automorphism group of g’ is
(Iy (Fv) 0 g'G(Ov) (") 1) /30(O0).

As a result, for any Haar measure dty on J; (Fy) = Iy (Fy) and any Q p-valued function

T on o%’g'(k), we have

T(g") vol(34(Oy),dty)
vol(Iyg (Fy) N g'G(Oy)(g") 1)’

#e Lg(k) = .

g/

where g’ ranges over the double cosets above. This implies that
#r @%ﬂé(k) = vol(Ja(Oy),dty) Oyg(T, dty).

Summing over all classes &, we have our result. |

In general, J; may have disconnected special fiber, and recall we have open sub-
group 32 of fiberwise neutral component. We will connect the point-counting of ¥’ (k) =
[My(a)/Py(a)](k) with that of Z0(k) = [ My (a)/PY(a) |(k), where P)(a) is the (re-
duced) affine Grassmannian of 39 (not to be confused with the neutral component of
Py (a), which we denote by Py (a)g).

We have homomorphism
HY (Fy,Ja) =~ H (k, P (a)) — H(k, Py (a)),

so0 a character k of H! (k,Py(a)) induces a character of H! (Fy,3a), still denoted by k.
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Proposition 10.2.6. Let T be a function on [I]_JrGad\GrSA“] (k). If we have a character

k: HY(Fy,Ja) — @f that is induced by a character ole (k,Py(a)), then we have equality
#e (k)i = vol(J)(0y), dty) OK (T, dty),

where dty is any Haar measure onJ, (Fy). If k is not induced by a character ole (k,Pyp(a)),

then
04 (t,dty) = 0.
Proof. We already know by Proposition 10.2.5 that
#r L0 (k) = vol(Ja (0y), dty) OF (T, dty),

if k is a character of H (k, ZP8 (a)). So we need to prove that if k is induced by a character

of Hl(k, Py (a)), we have
#r X0 (k) k = #r X (k)

and #7 X0 (k) = 0 otherwise.

Let IT = 119(Jq,v) be the kernel of Tg(a) — Py(a). It is the group of connected
components of the special fiber of j;. For each isomorphism class in s¥’(k), we fix a
representative x = (m, p).

We consider a full subcategory 0 (k) x of 0 (k) consisting of objects lying over x
for each representative x. If x and x’ are representatives of two isomorphism classes
in ¥’ (k), then no object in O (k) y is isomorphic to any object in o%’o(k)xf. On the
other hand, since ?8(01) — Py (a) is surjective, any object in 20(k) is isomorphic to an

object of U (k) for some x. Thus we may replace U 0(k) with disjoint union of full
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subcategories

[ [0 (k).

X

For a given x = (m, p), the category @%’O(k)x is described as follows:

(1) the objects are (m, pg) such that pg maps to p (in particular, 20 (k)x is non-

empty);

(2) the morphism from (m, pg) to (mm, pé) is a element h € T8 (Ja) with hm = m and

o(hpoh™! = py.

In particular, if we fix xg = (m,pg) € oﬁL”O(k)x, then any (m, p(’)) may be written as

(m, pop’) for some p’ € II, and the automorphism of (m, pg) is the group
Ho = {h € P)(a) | hm = m,o(mh~! eni}.

Therefore 20 (k) is equivalent the categorical quotient [I1/Hy], where Hy acts on II

through map

. Hy — 11

h— o(h)h™1,

The isomorphism classes are represented by the coker (), and automorphism groups are
isomorphic to ker(«). It also implies that H is finite.

Let k be a character of H! (k, P9(a)), the latter is identified with the torsion part of
T8 (a)o. We still denote the restriction to Il or IT by k. The restriction of k to x(Hg) € I1
is trivial by definition, so it induces a character on coker(x), again still denoted by k. The

restriction of function T to ¥’V (k) is constant with value 7(x). So we have equality of
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summations

(z,K)
)#ker((x)'

(cl(x")T(x"), k)
> A0 () (cl(x0), K)T(x) >

x' €X0(k)x/~ zecoker(x

If k is not induced by a character of Hl(k, Py (a)), that is, non-trivial on II, then the
right-hand side is 0. Summing over x, we have in this case

#: X0(k) = 0.

If k is trivial on II, then the same summation above is equal to

Feokerla) _  1(xg), k)T (x)

(cllxo), kOTX) =5 ) #H

If hg € Hp and let h be its image in Py (a), then h € Py (a)(k), and we have short exact

sequence
1 — I — Hp — Autge (k) (x) — 1.

As a result, we have # Hy = #I1#Aut g, (k) (x), and summing over x of the sums above

we have
#e (k) = #r X0 (k).

This finishes the proof. |

Finally, using the connection between point-counting on ¢’ (k) and Frobenius trace on
cohomologies, we can give a cohomological interpretation of orbital integrals. According
to Proposition 4.4.7 and § 10.1.9, we may find a o -stable torsion-free subgroup A C P8 (a)

such that A acts freely on M (a), and both ?8 (a)/A and My (a) are of finite types over k.
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Moreover, My (a)/A is proper, so its cohomologies with compact support is canonically
isomorphic to ordinary cohomologies. Since the kernel of ng(a) — Py(a) is of finite
type, A maps isomorphically to its image in Py (a), SO we may also treat A as a subgroup

of Py(a).

Corollary 10.2.7. Let F be a bounded constructible L+Gad -equivariant complex on Gr=v
and k be a character ole(Fv,ja). Let JZ’O be the open subgroup scheme of the Néron

model of 34 of fiberwise neutral components. Then for any A as above, we have

S (—DITr(o, HA ([ My (@) AL, F)) = vol(3;Y, dty) O (Trg, dty).
iez

Proof. Apply Proposition 10.1.11 and Proposition 10.2.5, to 32, we have

S (=D)!Tr(o, H (IMy (@) /AL, F)) = #P(a)o(k) vol(3Y, dty) O (Tr ¢, dty),
1e7

where 7’8(6l)0 is the neutral component of Tg(a). The injective map 33 - 32’0 induces

ShOI‘t exact sequence
1 — 32°%(00)/3%(0y) — PY(a) — P50 a) — 1.

The group ?5'0(01) is discrete, so the k-point of the neutral component ’P8(a)0 can be
identified with 35° () /39 (dy), compatible with o-action. Since both 3;° and 39 have

connected fibers, we have
P(a)o(k) = 35°(00) /39.(0p).
This implies that

#PY(a)o (k) vol(30(0y), dty) = vol(G5°(0,), dty)
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for any Haar measure on j;(Fy). Combining it with the equality above, we have our

result. [ |

10.3 Counting Points on mH-fibrations

In this section, we fixa € A )h( (k) and consider point-counting problems on M. Let J; —

Ja be a morphism of smooth commutative groups schemes on X that is an isomorphism
over U = X — D,. Suppose J; has connected fibers. For example, we may let J; = 32.
Let P, be the Picard stack classifying j;-torsors on X, then the P,-action on ‘M, induces
an action of ;. Unlike [Ng610], we do not need to choose such J; that P, is a scheme,

because in Proposition 10.1.8 we allow P to be a Deligne-Mumford stack.

10.3.1 By Proposition 6.9.6, we have Gal(k/k)-equivariant equivalence of groupoids

[Ma/Pal= [] [My(a)/Pu(a)],
vE|X-U|

and similarly if we replace P, (resp. Py(a)) by P, (resp. Py (a)). In particular, we have

equivalence of groupoids of k-points
[Ma/Pal(k) =[] [Mu(a)/Py(a)](k).
veE|X-U|

A constructible complex or a function on the left-hand side is called factorizable if it
is an exterior tensor of the same on the right-hand side. In this case, we write T =
Rye|x—u|Fv or T = Ky c|x—y|Tv respectively.

Since a is anisotropic, the group 1y (2P;) is finite with o -action. For any v € |X — U],

the map Py (a) — P, induces map of connected components

o (Py(a)) — 1o (Pg).
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Any o-invariant character
. X
K. 10(Pa)g — Qg

induces characters on 1y (P,) and 1o(Py(a)). On the other hand, if a Steinberg quasi-
section exists for xyy and x € [Mgy/Ps](k) corresponds to a tuple of points xy €

[My(a)/Py(a)](k), then we have

(cx), k) =[] (clxp), k).
veE|X-U|

Here we implicitly assume that each My (a) is defined using the section induced by the
same Steinberg quasi-section. Note that if k = 1, the above equality still holds even if

Steinberg quasi-section does not exist. Thus we have the following result:

Proposition 10.3.2. Suppose a Steinberg quasi-section exists for Xy, then for any o -invariant
character k of Ty(Pg) and any Qp-valued factorizable function T on [Mg/Pz1(k), we

have

#r[MalPal(K) =[] #o[Mu(a)/Py(a)](K)k.
veE|X-U]|

If k = 1, the same equality holds even if Steinberg quasi-section does not exist.

Corollary 10.3.3. For any o -invariant character k of to(Pg), and F a bounded, con-
structible and factorizable P, -equivariant complex on Mg, suppose either a Steinberg

quasi-section exists or k = 1, we have

> (=D Tr(o, HM (M, 1, Flw) = #(Palok) [ #5,[Mu(a)/Py(a)] (k).
nez ’ ve|X-U|

Proof. This follows from Propositions 10.1.8 and 10.3.2 and that M is proper by Propo-
sition 8.1.2. ]
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10.3.4 Finally, we express #+[My(a)/Py(a)](k)k as orbital integrals. For that purpose,

we choose at each point v € | X — U|:
(1) a trivialization of the Zyy-torsor £ on the formal disc Xy;
(2) a Haar measure dty on Jg (Fy).

In this way we have equality by Proposition 10.2.5:
#T[-'Mv((/l)/ﬂ){;((l)](k)x = VOIUZL(OU), dty) Oz,v(Tv, dty).
Therefore if either a Steinberg quasi-section exists or k = 1, we have

S (D" Tr(o HU M, 1, F)i) = #(Pa)ok) ] vol(Fa(0u),dty) OF o (Tr,, dty).
nez ve|X-U]|

10.4 Stabilization over A};'

Now we go back to the situation in § 9.9 and prove Theorem 8.3.4 over the locus ﬂfi*.
More precisely, let U C A¥ be the largest open subset over which f/il (u) C Jfll’;’T, then

we are going to prove Theorem 8.3.5 over “U.

10.4.1 Indeed, by Theorem 9.9.3, the set of supports of pH'(I:LI';’LQ;I’;)st only contains
inductive subsets in jflﬁ’f. Pick a point a € v A(ﬁﬁ’f) N U(k) and without loss of gen-
erality we may assume it is defined over k and so is the endoscopic datum (otherwise
we can base change to some k’ and replace k by k’). Make a general enough so that any
ag € \7;\1 (a) has 6,4y = 0. It is possible by our assumptions on U.

Recall on Gy g we have equality of principal divisors
V;I;ID)Y) = IDm’H + Z‘Rg,
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where both Iy fy and ‘Rg are reduced divisors. Similar to Proposition 6.3.13, we may find
a so that every ay intersects with Pyy i + ?%g transversally and &L}‘_} (Pyy, g + ‘Rg) does
not collide with the boundary divisor. Let ‘U’ be the open dense subset of ‘U consisting
of such a. Without loss of generality, we may also assume ‘U’ to be irreducible by looking
at each irreducible component.

For any a € ¥ ﬂ(ﬁIK{'T) N U’ and v € X (k) such that the boundary divisor is not 0 at
v, since 63 (a) = 0, the local Newton point equals the boundary divisor at v. This implies
that there is a unique point ay mapping to a (see the proof of Proposition 6.11.2). In

other words, the map
vl — U

is a closed embedding. Moreover, if we let M = 71;(1 (‘U") (and with ‘U’ being irreducible),
the intersection complex 2|y is isomorphic to Q pldim M 1(dim M’ /2), and similarly
for the H-side.

The natural homomorphism J; — Ji 4, induces homomorphism P; — Py 4, and
similarly the local analogues Py(a) — Py y(ag). So we have an action of Py(a) on

My (ang) too.

Lemma 10.4.2. With the assumptions above, for any closed pointv € |X|, we have equality
G
#g,[Mu(@) [Py (@)] (k) = q BV g [ My o (am) | Po(@)] () s,

where deg(v) is the degree of v over k and rg’v (ap) is the degree ofa;'}?\g atv. Moreover,

it is a non-zero rational number.

Proof. The proof is the same as [Ng610, Lemme 8.5.7] so we only give a sketch and some
other necessary input from the group case. If we let v is a geometric point lying over v,

then we have three possibilities:
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(1) dypt(ap) = dpi(a) = v ylag) =0, or
(2) dyp+(apg) =dypy(a) =1 and rg,@(aH) =0, or
3) dp,p+ (am) =0, dypy(a) = 2, and 7] ;(ap) = 1.

In the last two cases the boundary divisor vanishes at v. The first two cases works verba-
tim as in the Lie algebra case. In the third case, one also reduces to groups of semisimple
rank 1, and can easily show that geometrically Mz (a) is a union of infinite chain of p!
as in the case of [Ng610, § 8.3]. One can also deduce the computation from the Lie al-
gebra case and the fact that Env(SLy) = Mat, = gl» compatible with GLp-conjugation.
After that, since we also assumed existence of a Steinberg quasi-section, the remaining

computations for Lie algebras also carry through. This finishes the proof. |

10.4.3 Let deg(a}’}?&ﬁ) be the sum of deg(v)rg,v(aH). By Lemma 6.3.4 and Corol-

lary 6.8.4 and (6.11.5), we have equalities

deg(a}'}%g) = rg(aH) =dim?P,; — dim Py 4, = dim Mg — dim My 44,

and this number does not depend on a or ap. Using Corollary 10.3.3, we have

%Z( )" Tr(o, H" (M, 7, 2) k)
n

= MM 24 )0k) ] #g,Mv(@)/Py(@)](k)k,
ve|X-U]|

and similarly (with P;-action instead of Py 4,-action on My ;)

Z (—1) TI' O' Hn(MH ap, k,oQJH)St)
nez

:q—dimmgr/z#(?a)o(k) 1 #@y[ﬂ\/lH,v(aH)/Tv(a)](k).
vE|IX-U|
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Combining with Lemma 10.4.2, we see that

>, (=D"Tr(o, H"(M,, ¢, 2)k)
nez

— q(dim.’]\/lfj'—dimﬂ\/l')/Z—Wg(aH) Z (—1)" Tr(U’Hn(MH,aH,IE’Q?I)St)'
nez
Since (dimj\/lg” —dimM')/2 + rg(aH) depends only on U’ not on apg, we see that the
local systems PH® (1}2) ¢ and 4, (PH® (EL’*Qﬁ)St) | are isomorphic up to a Tate
twist and semisimplification with respect to 0. However, we also know that both are local
systems of pure weight 0, therefore the Tate twist must be trivial, in other words, we must

have
(dim My — dim M) /2 + v (ag) =0,
and so
>, (=D"Tr(o, HM (M, 1, 2)k) = . (=) Tr(o, HM (M 1, 25)st).

nez ne’z

We also deduce that
3 _ s it ~K,-l- —_ G
dimU—-dimva(Ag') NU=rg(ay).

It is the same process preceding Theorem 9.9.6, and it is simpler here because the com-

putation is more refined.

10.4.4 As the result of previous discussion, we may apply Theorem 9.9.6 to ‘U and it
implies that the set of supports of ”H'(hiﬂ:)x only contains &-critical subsets whose
preimages in j{ﬁ’T are inductive. For convenience, if Z C Vg (JflIK{’T) N U is an irreducible

.|.

closed d-critical subset whose preimage in Af;' is inductive, then we call such subset
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relevant.

Suppose Kz C pH'(fliQJ) k is the largest direct summand with support Z, then by
the proof of Theorem 9.9.6, we may find an open subset Z' C Z such that Kz| 7+ is a local
system. Shrinking Z’ if necessary, we may also assume that the abelian part of the Tate
module A4 z is also a local system and Kz is a free graded A4, z-module generated by
the top degree.

Similarly, if Kg,z C Va4 x (”H'(k;{l’*o%ﬁ)st) is the largest direct summand with sup-
port Z, then further shrinking Z if necessary, we may also assume Ky 7|z’ is a free
graded Apg a,-module generated be the top cohomology. Moreover, the natural maps
Pa — PH ay induces natural isomorphism {/}k{AA, 7 = AH, A7l (2) over \7;11 (Z").

By (8.4.1), the top cohomologies of *H® (h£.2), and Vﬂ,*(”H°(hIE,*Q;I’§)3t), at stalk
level, are isomorphic as o-modules, which means that they are isomorphic as local sys-
tems after taking semisimplification with respect to . We also know that both Kz and
Kp,7z are geometrically semisimple for any Z. Therefore we can deduce Theorem 8.3.5
hence also Theorem 8.3.4 over ‘U using inductive argument below.

Indeed, there is a partial order on all relevant subsets Z by inclusion. The unique
maximal element is just Zg = Vv Jq(flﬁ,’f) N ‘U. We have already established that the
o-semisimplifications K%% and KISf 7, are isomorphic over some open subset Zy C Zy.
Although the functor of intermediate extension is not exact in general, it is still exact on
geometrically semisimple local systems. Therefore K%% and KISJS, 7, are isomorphic. Over
a sufficiently small open subset Z’ in an arbitrary Z, PH® (hiﬁ;) x decomposes into K7 | 7
and Ky |z for all relevant W containing Z, and similarly for v 4 x (”H'(h;r{,*c%ﬁ)st). By
inductive hypothesis, all K} and K7, are isomorphic, and in particular it is true for
their top cohomologies. This implies that the top cohomologies of Kz|% and Ky, 7|5 are
also isomorphic. Since Kz| 7 is generated by its top cohomology over A4 7z, and similarly
for Ky, 7|7/, we see that Kz|%, and Ky,z|% are isomorphic, hence so are K% and KIS{S’Z.

This finishes the proof of Theorem 8.3.5 over ‘U.
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10.5 Fundamental Lemma for Adjoint Groups

In this section we are going to prove the fundamental lemma for adjoint groups G = Gad

and its elliptic endoscopic groups H.

10.5.1 Let Xy = Spec @, where Oy = k[[1y]] and X} = Spec F, where Fy = k((110)).
Let Gy be a reductive group scheme over X, obtained by a Out(G)-torsor 3¢ . Let
(k,3k,v) be an endoscopic datum with endoscopic group Hy. Assume Gy is of adjoint
type, then it has no center, and since Hy is elliptic, in this case it is necessarily true that
Hy has the same semisimple rank as Gy, in other words, » = 7y,

Since Gy is of adjoint type, then all its simple factors of types A, form a direct
factor Gy, of Gy. In this case, since Hy has the same semisimple rank as Gy, by looking at
the Dynkin diagrams, we conclude that Hy also contains Gy, as direct factors. Therefore,
upon replacing Gy and Hy with G, /Gy, and Hy /Gy, respectively, we may assume it has

no simple factor of type A>y,. As a result, we may assume that a Steinberg quasi-section

exists for Gy .

10.5.2 We need an approximation result for multiplicative affine Springer fibers, which

is valid for all Gy (not just adjoint groups).

Proposition 10.5.3. Suppose a Steinberg quasi-section exists for Gy (not necessarily of
adjoint type) over k. Then for a fixed a € Cy(Oy) N Cf,;;)’rs(Fv), there exists some in-
teger N such that for any a’ € Cy(Oy) with a = a’ mod Tr{,\] , we have isomorphisms
My(a) = My(a') and Py(a) = Py(a’) compatible with the action of Py (a) (resp. Py(a’))
on My(a) (resp. My(a')). For arbitrary group Gy potentially without a Steinberg quasi-

section over k, the same holds after base change to k.

Proof. Clearly we only need to prove for 70 = Env(G3°). The case after base changing to
k is proved in [Chil9, Theorem 5.1.1], whose proof is an adaptation of the argument for
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[Ng010, Proposition 3.5.1]. The key is that if y € 20(@y) is the point given by the section
induced by a Steinberg quasi-section, then one may find some point g € G5¢(®,) (the
proof in loc. cit. uses the group 20 but G5¢ also works) such that g = 1 mod m],\] and
that if we replace y by g~ 'yg, then the resulting multiplicative affine Springer fiber (of
invariant a) will be isomorphic to that of a’, together with local Picard action. This part
of the proof works rationally over k as long as a Steinberg quasi-section is defined over

k. After taking the image of g in G(Oy) we obtain the desired result. |

Although we cannot guarantee the existence of Steinberg quasi-section for Hy, it does
not matter for our purposes because we only care about stable orbital integrals of Hy.
Indeed, since we still have the same approximation result over k, and the stable orbital
integral depends only on the geometric conjugacy class over Fy, we will obtain the same

stable orbital integral from both ay and a}{.

10.5.4 Pick a smooth projective and geometrically connected curve X over k together
with two distinct k-points v and o and a 1rg(k)-torsor ¢, with a trivialization at o
(in other words, a 1o (k)-torsor 3 pointed over o), such that we have an isomorphism
between the completion of X at v and X, above and an isomorphism $«|x, = 3« v. Let
G = G and H be the corresponding twists of G = G and H respectively, then G|, is
isomorphic to Gy and similarly for Hy.

Pick any monoid 20 € FM(G3) such that %y, is of standard type and let 20 be
the corresponding endoscopic monoid. Let ay € Cy(Oy) N @D’rs(Fv), viewed as a point
in [Cy/Zw](Oy) and suppose ag v 1,...,aH v,e be all the liftings to [Cm,H/Z%](OU).
Then we can always find Zyy-torsors Lf, ..., Lg and sections ap,; € Gy g rx such that
over Oy they induce ay y i, and they all induce the same Zyy-torsor £. By adding more

cocharacters at points other than v, we can ensure each Lf is very (H,N)-ample for

K

arbitrarily large N. If the added cocharacters are the same for every L7, then we also

make sure that they still induce the same Zyy-torsor £. Moreover, £ can also be made
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very (G, N)-ample for arbitrarily large N. Let ¢ = |Z5¢|, then we can also ensure that £ is
a c-th power.

To summarize, we may make the following choices:

(1) A very (G, N)-ample irreducible component of Bx such that any (and every) Zy-
torsor in its image in Bung,, is a c-th power. Here N is as in Proposition 10.5.3. Its
preimage in Ay is simply denoted by A. In particular, a Steinberg quasi-section

exists over A.

(2) There exists some a € A (k) contained in v 4 (ﬂfl x), such that its restriction to Xy

gives ay, and its preimage v;ll (a) consists entirely of very (H, N)-ample points.

(3) For any apy,; € vqu(a), ap (X) intersects with divisor Pyy g + ‘Rg transversally
outside of v, and the boundary divisor and Dy g + ‘Rg does not collide outside
v. In addition, ay ; is very (H, 6aH,i)-ample and very (H,N (6aH,i))-ample , Where

N(day ;) is as required in Proposition 7.4.5.

Replace A by an open dense subset such that its preimage Ap := vj_ql(ﬂl) is en-
tirely H-ample enough in the sense as listed above. By Theorem 6.10.2, local model of

singularity exists for H over Ap. This is due to the fact that
HO(X, (LieGpy o) /30) %) = 0

for all ag € Ap. Because H is semisimple we have 37 = 0, and since we have isomor-
phism of Néron models jf’l ~] IZ an for any ay mapping to a, local model of singularity
holds for G over A as well. By Corollary 6.11.4, we may assume that the anisotropic locus
is not empty and its complement has codimension larger than 64y ; for every i above.

Replace A and Apg by their respective anisotropic loci.

10.5.5 Leth.: M — A and hy . My — Ag be the associated mH-fibrations of G and H

respectively, and we have étale open subset A — A and Ay — Apg. Now over A and
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Ay = f/il (A) we have already proved stabilization theoremin § 10.4. Let Z C v 4 (Ap)
be the locally closed subset such that for all a’ € Z(k) we have a’ has the same image
as a in [Cy/Zy](Ov/md), and in addition all aj; € vz (a’), aj;(X) intersects with
Dy 1 + %g transversally outside of v. Then we automatically have a bijection v}tl (a') =
v;ll (a) such that a;l,i has the same image in [(th/Zﬁ)](Ov/m]}]) as ay ;.

Let Z be the preimage of Z in AA. The endoscopic datum is pointed at o, meaning at
the group G is split. Clearly there exists an integer m such that for all field extension k' /k
of degrees at least m, the set va? (k") is non-empty. As aresult, by slightly increasing am-
pleness if necessary, we have Z(k') + @. Letda’ € Z(k’) and f/j_ll(a') = {d}{,l, ...,djq,e}.
Let a’ (resp. a}l’i) be the image of @’ in Z (resp. v;ll (Z)). Then by Proposition 10.5.3, the
multiplicative affine Springer fiber of a’ at v is k’-isomorphic to that of a (viewed as a
k’-point) at v, together with local Picard actions. Similar result also holds for each a}”

and ap ; except only over k, but such deficiency does not affect stable point-counting.

10.5.6 Since .2 can be described using local model of singularity, its induced function on
[(Mga/Pa](k) is clearly factorizable into local factors, but not in a unique way since the Tate
twists can be adjusted among local factors. Here for convenience we use the convention
that at any geometric point " € X — {v}, the generic fiber of .23 is isomorphic to Qy,
and at U over v the generic fiber of 2 is isomorphic to Qy[dim M](dimM/2). This
completely determines the factorization.

Using stabilization theorem over Ay and Corollary 10.3.3, we have

#(Pa)o(k") [T #o,[My@)/Py(a)lk )«
U’€|(X—U)kr‘

e
=#(Pa)o (k') > [T #or [Muy(ay)/Pu@)]k)
i=lve|x-U)y|

e
= #(Pa)o (k") ( > #Q,Igv[:MH,v(a}{,g/%(a’)](k’))
i=1 '

322



[T tox My (ay )Py (a)lk"),
vEV E|(X—U)y| ’
where the last equality is due to our assumption on a}i ; at places other than v. Note that
here each individual term in the summation may not make sense but their sum does.
Apply Lemma 10.4.2 to points other than v and cancel out the (necessarily non-zero)

terms in the above equality, we have
’ ’ ’ S ’ —TG(a' ,)—}—TG (a’y ;) ’ ’ ’
#.0,[My(@)/Py(@)(k) = Y (@) "H DT T o [Mpry(aly )/ Po(a) 1K),
i=1 ’

where g° = |k|. It is true for all k'/k of degrees greater than or equal to m, so the

following is true over k:

e
#Q,v [Mv(a)/Pv(a)](k)K = Z q_rg(aH,i)"'Tg,v(aH’i)#DQ’IK{U[MH,U(QHJ)/TU(UL)](k)-
i=1 '

By Proposition 10.2.6, the left-hand side is equal to
vol(33(0y), dty) O (Trg,, dty)

for some Haar measure dty on J;(Fy). By our assumptions, the function Trg,, is none
other than the IC-function f Av induced by the intersection complex on Gréﬁ}’ and scaled

—dimﬂ\/l/2+<p,7\v)_

by g Similar results holds on the H-side. Therefore combining these,

and noting that (dim M —dimg, Mpy)/2 = rg (ag), we reach equality of orbital integrals

e
G i . i
q<p’)\v) Oﬁ(f?‘”,dtv) _ Z qTH’U(aH,l)'HPH,AH,v,l) SOaH,i (fI{\IH’v’l,dtv),
i=1

where again, each individual term on the right-hand side may not make sense but their

sum does.
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10.5.7 Now we translate back to the group setting. Given y € G(Fy), yg € H(Fy)
and A as in Theorem 2.6.11, we may find 2 and ayy € [Cy/Zn](Oy) and aym g €
[Cm,H/Zﬁ)](Fv) using the process in § 4.6. Choose our ay ; so that over Fy is isomor-
phic to ayy g and we have the corresponding a. To avoid confusion, we denote the stable
conjugacy class of y (denoted by a in Theorem 2.6.11) by a; and similarly ag for yp (it
would not cause confusion since the global objects ay ; are additionally indexed by 1).

Note that we have equality
r§ v(am,i) + (pm A, — (0, Av) = d(ag)/2 — dr(ap) /2,

where d and dyg are the (non-extended) discriminant valuation of G and H respectively.

Thus, we finally reach the equality of orbital integrals for groups G and H over Oy:

e
q d(ac)/2 Oz (fA,dtv) =4 dntan)/2 SOay (Z fHH’ ’dtv) .
i=1

This finishes the proof of Theorem 2.6.11.

10.5.8 Reverse the local argument and global argument in § 10.4, we now proved Theo-

rem 8.3.5 hence also Theorem 8.3.4.

10.5.9 When the condition of Theorem 2.6.11 is not satisfies, the proof fails, but not in a
very serious way. First, when H is not large enough, i.e. ¥y < 7, we essentially only need
to strengthen Theorem 6.10.2 which we already noted as doable in Remark 6.10.15 but we
have not completely worked out the details. Secondly, if a Steinberg quasi-section does
not exists, it boils down to a more detailed analysis of the effect of k-twisting. In other
words, we need to understand the definition of transfer factor better. To the author’s
knowledge, it is not really done in any significant capacity yet, therefore opens the door

for a future project.
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CHAPTER 11

COMMENTS ON FUTURE DEVELOPMENT

We close this paper by commenting on what project is being or can be done at the time
of writing, as well as some guesses of what looks relevant and promising. In particular,
we would like to propose a conjectural strengthened statement of our support theorem

for mH-fibrations.

11.1 More on Endoscopy

The original motivation behind the current paper is to prove the yet open twisted-weighted
fundamental lemma. At the time of writing, the author is aware of some ongoing effort to
prove that result using the traditional Lie algebra method. So far the fundamental lemmas
for both standard and twisted endoscopy are proved, essentially by [Ng610] combined
with a series of works by Waldspurger, and the non-twisted weighted case is known for
split groups by [CL10,CL12]. Therefore the effort would be extending the latter proof to

non-split cases.

11.1.1 Although the Lie algebra route does look promising, we believe the group method
provides some unique advantage. For one, it would allow us to provide a unified geo-
metric framework for proving similar results in general. The fundamental lemma for Lie
algebra being useful is partially due to its connection to the group case, which is done by
analytic method. Moreover, the twisted fundamental lemma itself does not seem to have
a Lie algebra version. Instead, people have to combine Waldspurger’s “non-standard” fun-
damental lemma and the standard one to deduce the twisted case. This means that by
using groups directly, we could understand the twisted cases even better.

The twisted analogue of mH-fibration is currently under construction and a substan-

tial amount of work has been done and we plan to release them in a future paper. The
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weighted cases involve studying stability condition for mH-fibrations and twisted mH-

fibrations, and the project is still at an early stage.

11.1.2 There is a persistent theme in group theory over local fields, namely the state-
ment involving groups (in other words, the statement we “care more about”) is usually
a lot messier than the analogue for Lie algebras, frequently caused by isogenies. One of
the main reasons for this, in the author’s opinion, is that such statements usually try to
avoid using categories with automorphisms as much as possible. However, it is clear that
sometimes notions like stacks and gerbes can really help to conceptualize statements.
One small example of this principle is our construction of global Schubert schemes in
§ 5.3 where some stackiness is allowed and a much cleaner definition can be given com-
pared to those in the literature.

The more important example, however, would be the transfer factors. The original
definition of transfer factor is extremely complicated, and the transfer factor for Lie al-
gebras, though considerably simpler, is still quite involved. Luckily, due to the existence
of Kostant section, the natural gerbe under regular centralizer can be trivialized and the
transfer factor at those sections can be explicitly computed. In group case, the gerbe un-
der the regular centralizer is not necessarily trivial since a Steinberg quasi-section may
not exist. We believe this gerbe has close connection with the definition of transfer fac-
tors and by understanding this gerbe better we may achieve a conceptual definition of

the transfer factors.

11.2 Inductive Support and Beyond Endoscopy

The support theorems we are able to prove for mH-fibrations are not entirely satisfactory,
because it only provides an upper bound of supports. In an astonishing paper [MS18],
the authors proved a sort of support theorem in a very general setting, from which they

were able to deduce Ng0’s original support theorem. It is possible that their method can
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be adapted to deduce our support theorem as well, but the problem is their result would
not be any stronger even if that is the case, because the result in loc. cit. is also an upper
bound, and that upper bound, without further input, is weaker than ours.

Largely speaking, all kinds of support theorems known so far boil down to some kind
of dimension counting, and dimension is related to weights and duality in cohomologies.
Therefore it seems these methods are inherently unable to deal with anything related to
connected components, unless those components happen to have symmetry under some
finite group (as in endoscopy). The extra components in mH-fibrations, however, do not
look like they come from a group but rather some sort of correspondence. In § 8.5, we de-
fined a new sort of Hecke stack, but we never really studied the correspondence generated
by that stack. A preliminary dimension counting shows that those Hecke stacks are in
general not graph-like in the sense of [Yunl1] and they contain some exotic components
that are closely related to the inductive strata. Unfortunately, we are currently unable to
deduce anything concrete about the correspondence given by those exotic components,

but we do suspect they play a role in determining the precise supports.

11.2.1 For simplicity, we will give a conjecture about the supports in a very special case.
The reader should be able to easily infer what the conjecture would look like in the general
case if proper combinatorial notations are taken care of.

Let G = G®¢ is split and A is the unique dominant short coroot. In this case, V, is
the unique quasi-minuscule representation of G in which the weights are the ones in the
W-orbit of A and 0. The multiplicity m, g is equal to the number of simple short coroots.

Let h: M — A be the restricted mH-fibration with boundary divisor D - A, where
D = x1 + - + x4 is a multiplicity-free effective divisor of degree d > 0 on X. Let
D' =xy+--+x4, and h': M — A’ be the restricted mH-fibration with boundary
divisor D’ - A. Then we have linear embedding (: A" — A of codimension {p,A), and

the image is an maximal element among the inductive subsets of AA. For a general point
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a € A(k), the mH-fiber M, is a torsor under P,, while for a general point a’ € ((A"),
Mg has exactly m, o irreducible components modulo 2,’. There is an open dense subset
in A over which the top ordinary cohomology of M, after taking the stable constituent, is
isomorphic to Qy, and similarly over ((A") itis generically isomorphic to a local system of
rank m, ¢. Similarly, let D, be a subdivisor of D by taking away e-points, and to . A, —> A

be the obvious analogue of .

Conjecture 11.2.2. Let K, be the perverse summand supported on 1,(Ae) in the stable
constituent of the cohomology (hxIC)st. Then the contribution of K, to the top ordinary

cohomology over an open dense subset of 1(A.) is a local system of rank (my o — 1)€.

11.2.3 The significance, as pointed out to the author by Ngo, is that the support seems
sensitive to the boundary divisor, and the smaller the inductive subset is, the bigger the
multiplicity in their contribution. In some sense it seems to align pretty well with the
general gist of so-called Beyond Endoscopy program.

On the other hand, we do not believe mH-fibration is the right tool to tackle prob-
lems in Beyond Endoscopy. Rather, we speculate that there is a limit version, which we
temporarily call the Ran-mH-fibrations, that might be more relevant. Essentially, mH-
fibrations are a bunch of fibrations over a base moduli whose components are basically
symmetric powers of curves. However, this means that at points outside of divisors we
are still using the standard special function being the characteristic function on G(0O),
which seems completely contrary to the setting of Beyond Endoscopy. Therefore, it is
only right if we do not treat those symmetric powers of curves as a disjoint union, but
integrate them in a meaningful way. This leads to the notion of Ran space and the Ran-
mH-fibration should be the analogue of mH-fibration defined over an appropriate Ran
space.

We should caution readers that this part is highly speculative. Nevertheless, even

if it is completely unrelated to Beyond Endoscopy, we still think the notion of Ran-mH-
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fibration will be very worth exploring by itself.

11.2.4 Another more concrete and accessible goal “beyond endoscopy” is perhaps the
Hitchin-type fibrations in general, namely we simply consider the mapping stack related
to a group G acting on a space M. There has been some on going joint effort by B. Mor-
rissey and B. C. Ngo on this front with some encouraging results. A less general but more
arithmetically inspired case would be geometrization of relative trace formulae. After
the unifying framework proposed in [SV17], it would be very interesting to see how mul-
tiplicative Hitchin-type fibrations can be used to tackle fundamental lemmas in those

settings.
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