
Received: 20 January 2022 Revised: 5 August 2022 Accepted: 8 August 2022

DOI: 10.1002/mp.15942

R E S E A R C H A RT I C L E

Spectral calibration of photon-counting detectors at high
photon flux

Emil Y. Sidky1 Emily R. Paul1 Taly Gilat-Schmidt2 Xiaochuan Pan1

1Department of Radiology, The University of
Chicago, Chicago, Illinois, USA

2Department of Biomedical Engineering,
Marquette University and Medical College of
Wisconsin, Milwaukee, Wisconsin, USA

Correspondence
Emil Y. Sidky, Department of Radiology, The
University of Chicago, 5841 S. Maryland Ave.,
Chicago, IL 60637, USA.
Email: sidky@uchicago.edu

Funding information
National Institutes of Health, Grant/Award
Numbers: R01-EB023968, R01-EB026282,
R21-CA263660

Abstract
Background:Calibration of photon-counting detectors (PCDs) is necessary for
quantitatively accurate spectral computed tomography (CT), but the calibration
process can be complicated by nonlinear flux-dependent physical factors such
as pulse pile-up.
Purpose:This work develops a method for spectral sensitivity calibration of a
PCD-based spectral CT system that incorporates nonlinear flux dependence
and can thus be employed at high photon flux.
Methods:A calibration model for the spectral response and polynomial flux
dependence is proposed, which incorporates prior x-ray source spectrum and
PCD models and that has a small set of parameters for adjusting to the spec-
tral CT system of interest. The model parameters are determined by fitting
transmission data from a known object of known composition: a step-wedge
phantom composed of different thicknesses of aluminum, a bone equiva-
lent, and polymethyl methacrylate (PMMA), a soft-tissue equivalent. This fitting
employs Tikhonov regularization, and the regularization strength and the poly-
nomial order for the intensity modeling are determined by bias and variance
analysis. The spectral calibration and nonlinear intensity correction is validated
on transmission measurements through a third material,Teflon,at different x-ray
photon flux levels.
Results:The nonlinear intensity dependence is determined to be accurately
accounted for with a third-order polynomial. The calibrated spectral CT model
accurately predicts Teflon transmission to within 1% for flux levels up to 50% of
the detector maximum.
Conclusions:The proposed PCD calibration method enables accurate physical
modeling necessary for quantitative imaging in spectral CT. Furthermore, the
model applies to high flux settings so that acquisition times will not be limited
by restricting the spectral CT system to low flux levels.
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1 INTRODUCTION

Quantitative computed tomography (CT) imaging
for medical subjects can be accomplished with
dual-energy scanning, because the subject can be
decomposed fairly accurately into two basis materi-
als such as bone and water. When three materials
are present, dual-energy can still provide quantitative
virtual monochromatic CT images,1 but quantitative

material decomposition is only possible with addi-
tional constraints in the dual-energy data processing.2

Photon-counting detectors (PCDs) have been actively
investigated for application in spectral CT, because
they have the ability to simultaneously acquire x-ray
transmission data with multiple x-ray spectral sensitiv-
ities. Photon-counting-based spectral CT can enable
direct quantitative imaging of subjects composed of
more than two types of tissues/materials.3 In medical
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imaging, a material expansion into three or more basis
materials can arise in imaging patients with metal4

or when using K-edge contrast agents.5 In addition to
enabling decomposition of more materials, PCDs have
additional potential advantages for quantitative material
decomposition, such as improved spatial resolution and
improved dose efficiency.6,7

Quantitative imaging relies on accurate data model-
ing for the transmitted photon counts. Accordingly, it is
important to calibrate the spectral response of the sys-
tem,which includes the x-ray source spectrum and PCD
spectral response. This system response can be esti-
mated from x-ray transmission measurements through a
known object.8–12 Additional physics of the PCD photon
detection can alter the spectral response13 and impact
the relationship between transmitted and detected pho-
ton fluence. In particular, pulse pile-up can cause this
relationship to be nonlinear; for example, see Figure 13
of Danielsson et al.14 The nonlinearity in the photon flux
can compromise the spectrum estimation technique,
which assumes that the detected photon flux is linearly
related to the transmitted photon flux. In this work, we
extend our previous spectrum estimation technique to
include modeling of the nonlinear relationship between
transmitted and detected photon fluence that accounts
for the bulk of the PCD flux-dependence. Dickmann
et al.15 presented one method for extending spectrum
calibration from transmission measurements by allow-
ing for a spectral sensitivity function that depends on the
photon flux of the incident x-ray beam.The approach we
pursue here is to augment the x-ray transmission model,
which includes a flux-independent spectral response,
with a polynomial function that relates the transmitted
and detected x-ray photon fluence. The coefficients of
this polynomial along with spectral response parameters
are estimated from transmission measurements through
a step-wedge phantom containing discrete, known
thicknesses of aluminum and polymethyl methacrylate
(PMMA).

The paper is organized as follows. In Section 2,
the x-ray transmission model with nonlinear pho-
ton fluence detection efficiency is presented; the
spectrum/fluence-response (SFR) estimation method
is outlined; and a variability analysis using noise real-
izations is devised that allows for hyper-parameters
of the SFR estimation to be determined. In Section 3,
SFR estimation is applied to experimental data for
PCD calibration at different x-ray source photon flux
levels. The impact and determination of the hyper-
parameter settings for SFR estimation is shown.
Experimental validation of SFR estimation is per-
formed by the prediction of x-ray transmission through
a Teflon slab at different photon flux levels. Results
are also shown for inversion of the calibrated model,
yielding Teflon slab thickness from x-ray transmission
measurements.

2 METHODS

2.1 Spectrum estimation model

To develop the SFR model, we start with the expression
for the transmission of x-ray photons given the spectral
response of the PCD-based x-ray system

Nw𝓁 = ∫ Sw(E) exp
[
−∫𝓁 𝜇(E, r⃗(x))dx

]
dE, (1)

where Nw𝓁 is the mean transmitted x-ray photon flu-
ence along ray 𝓁 in PCD energy window w; x is a
parameter indicating location along 𝓁;Sw(E) is the spec-
tral response, noting that this function is the product of
the x-ray source spectral distribution of emitted pho-
tons and the detector response for energy window w;
and 𝜇(E, r⃗(x)) is the energy and spatially dependent
linear x-ray attenuation coefficient. The goal of spec-
trum estimation is to determine the functions Sw(E)
from measurements of Nw,𝓁 and a known linear x-ray
attenuation coefficient map 𝜇(E, r⃗). In the experimen-
tal set-up, a step-wedge phantom is constructed that
contains Nm = 2 known materials with known discrete
thicknesses tm𝓁.

Discretizing and normalizing the energy integral
yields the discretized transmission model

Tw𝓁 = Nw𝓁∕N0,w =
∑

i

swi exp

[
−

Nm∑
m
𝜇mitm𝓁

]
ΔE, (2)

where Tw𝓁 is the mean fluence transmission fraction;
N0,w is the x-ray air fluence transmission for energy
window w; swi is the normalized spectral response
discretized over the energy index i

sw(E) =
Sw(E)

∫ Sw(E)dE

swi = sw(Ei); (3)

ray index 𝓁 now indicates discrete thickness combi-
nations of the materials in the step-wedge phantom
indexed by m;𝜇mi is the energy discretized linear attenu-
ation coefficient 𝜇m(E), which is tabulated from Hubbell
and Seltzer16; the material thicknesses tm𝓁 represent
the pathlength of material m in the calibration phan-
tom along ray 𝓁; and ΔE is the energy discretization
width.

If the PCD were able to register the exact photon
count number that passed through the calibration
object, Equation (2) could be used directly to determine
the normalized spectral response, swi , using the known
pathlength values tm𝓁 of the step-wedge phantom and
the measured transmission fractions Tw𝓁. Once the
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6370 SPECTRAL CALIBRATION OF PCDS

normalized spectral response is known, this same
equation can be used for spectral CT modeling, where
the values tm become the unknown basis material
sinograms. We note that the basis materials used for
the spectral CT data model do not have to be the
same as the basis materials used for the calibra-
tion process. For image reconstruction, the model in
Equation (2) is either inverted directly, obtaining tm
as a function of Tw , or implicitly, where this model
is part of a complete data model relating the basis
material spatial distribution with the transmitted x-ray
fraction.

If the PCD does not register the same photon count
number that passed through the scanned object, which
can happen due to flux-dependent effects such as pulse
pile-up, use of the model in Equation (2) for spectral
CT can lead to artifacts in the resulting images. One
solution is to run the CT acquisition at low x-ray flux
levels so that nonlinearity in the detector response is
minimal, and we have done so successfully in, for exam-
ple, Schmidt et al.17 In this work, we seek to augment
the transmission data model to account for the non-
linear flux-dependent effects so that the spectral CT
acquisition can be performed at higher x-ray source
flux levels.

2.2 Spectrum/fluence-response
estimation model

For the SFR model, parameters are introduced to
account for the nonlinear relationship between transmit-
ted photon fluence and the detected photon fluence in
addition to the unknown spectra swi .The unknown spec-
tral response can be modeled directly using early stop-
ping, as done in Sidky et al.,8 or explicit regularization to
address the ill-conditionedness of the spectrum estima-
tion problem.Because we are including additional unde-
termined parameters for the nonlinear response model-
ing,we employ a low-dimensional spectrum representa-
tion developed in Perkhounkov et al.18 so as to decrease
the reliance on explicit regularization for obtaining stable
solutions.

2.2.1 Spectral response modeling

We seek to represent the spectra with a low-dimensional
parameterization taking advantage of prior estimates on
the x-ray source spectrum and PCD spectral response.
The continuous, unnormalized spectral sensitivity is
expressed as

Sw(E, 𝛽) = Dw(E)R(E) exp
⎛⎜⎜⎝−

N𝛽∑
j=1

𝛽w,j(E∕Emax)j
⎞⎟⎟⎠, (4)

where Dw(E) is the detector response model for win-
dow w;R(E) is the x-ray source spectrum model;and the
exponential factor with a polynomial function allows for
overall modification of the spectral response as needed
to fit the transmission measurements;that is,coefficients
𝛽j are unknown a priori. Even if a prior model of the
detector response and source spectrum is known, the
polynomial correction is still needed to adjust for detec-
tor element variation. The particular functional form of
the correction as an exponential of a polynomial is
used because it cannot be negative; choosing the poly-
nomial order N𝛽 to be an even number results in a
decaying function in both directions of energy E for
positive 𝛽i=N𝛽

.18 The corresponding discrete, normal-
ized spectral response,swi(𝛽), is obtained by substituting
Equation (4) into Equation (2)

sw(E, 𝛽) =
Sw(E, 𝛽)

∫ Sw(E, 𝛽)dE
(5)

swi(𝛽) = sw(Ei, 𝛽).

2.2.2 Nonlinear fluence modeling

When modeling PCDs, the detection physics are known
to cause a flux-dependent distortion of the PCD spectral
response19,20 or inter-pixel dependences if operated in
the charge-summing mode. Here, we consider the pix-
els to be independent of each other and we consider a
simplified nonlinear response, where the distribution of
the spectral response of a given energy window does
not change with flux; rather, we only allow for the mea-
sured photon flux for energy window w to deviate from
the modeled, post-object flux for w. Mathematically, the
measured flux for window w and ray 𝓁 is

Imeas
w𝓁 = Nmeas

w𝓁 ∕t = f (Nw𝓁∕t), (6)

where t is the acquisition time;N meas
w𝓁 is the photon count

registered by the PCD; Nw𝓁 is the model fluence as
given by Equation (1); and f (⋅) is a nonlinear smooth
function that relates the two. Ideally, f (⋅) would be the
identity function, but due to effects such as pulse pile-
up f (⋅) deviates from the identity function. Because it is
more convenient to work with fractional fluence instead
of flux,we consider a nonlinear relationship between the
modeled transmitted fluence fraction post-object T trans

w𝓁
and the measured transmitted fluence fraction T meas

w𝓁 . In
the Appendix, we explain the connection between the
flux-dependent relationship and the fractional fluence-
dependent relationship. Interestingly, the N-dependent
relationship does not depend on the acquisition time. In
the following,we use the superscripts “data”,“meas”,and
“trans” to refer, respectively, to the actual PCD data, our
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SPECTRAL CALIBRATION OF PCDS 6371

model of the PCD data, and the data model post-object.
We assume that the transmission fractional fluence

incident to the PCD can be related to the measured
transmission fractional fluence by a low-order polyno-
mial expression. Substituting the spectrum model from
Equation (5) into the fluence model Equation (2) yields
the transmission fractional fluence model

T trans
w𝓁 (𝛽) =

∑
i

swi(𝛽) exp

[
−
∑
m
𝜇mitm𝓁

]
ΔE. (7)

The models for the measured and transmission frac-
tional fluences are then related by the polynomial

Fw(T,𝛼) = T +
N𝛼∑
k=0

𝛼w,kTk (8)

Tmeas
w𝓁 (𝛼, 𝛽) = Fw(T trans

w𝓁 (𝛽),𝛼). (9)

This polynomial expression is formulated so that
Tmeas = T trans if all coefficients 𝛼w,k are zero. We
note here that our model relates fractional fluences,
but physically the nonlinearity depends principally on
the transmitted photon flux. The nonlinear relation in
Equation (8) between fractional fluences is more conve-
nient experimentally because the PCD registers photon
counts and because it is the fractional fluence T trans

w𝓁
that is needed for sinogram estimation for image recon-
struction. The justification and conditions for use of
Equation (8) are presented in the Appendix.

In the low fluence limit, T meas should go to zero when
T trans goes to zero. This physical constraint is obeyed
when

𝛼w,0 = 0. (10)

Similarly, at the other extreme, the modeled and mea-
surement model transmission fractions should both
equal to one for an air scan, and this physical constraint
is obeyed when ∑

k

𝛼w,k = 0. (11)

Both of these relationships can either be used as con-
straints on the 𝛼 parameters or these parameters can be
left unconstrained in the optimization process and Equa-
tions (10) and (11) can be used as checks on the model
validity. In this work, we take the latter approach.

We reiterate that the proposed fluence relationship
in Equation (9) is written in terms of the fraction of
transmitted photons because we only have access to
N meas

0,w , the number of photons detected in energy win-
dow w for an air scan.Without a separate measurement,

we do not have access to Ntrans
0,w . This limitation of the

SFR model does not impact image reconstruction from
PCD-based spectral CT because only data in the form
of T trans are needed.

2.3 Spectrum/fluence-response
estimation algorithm

The parameters 𝛼 and 𝛽 of the SFR model are found
by fitting Equation (9) to a set of measured transmission
data of a known object using a PCD-based x-ray system,
where the x-ray source current is held fixed. Because
inconsistency present in the measured data is expected
to be dominated by noise due to finite quanta, the
data fidelity term used for the fitting is the transmission
Poisson likelihood (TPL) model. Equivalently, we use
the Kullback–Leibler (KL) divergence between the mea-
surement model T meas

w𝓁 (𝛼, 𝛽) and the actual measured
transmission fractions, Tdata

w𝓁

𝛼∗w, 𝛽∗w = arg min
𝛼,𝛽

{∑
𝓁

DKL

(
Tdata

w𝓁 , max(Tmeas
w𝓁 (𝛼, 𝛽), 𝜀)

)
+
𝛾

2
‖𝛽‖2

2

}
, (12)

where

DKL(a, b) = b − a − a log(b∕a). (13)

The thresholding of the model to values greater than
𝜖 is necessary to avoid computing logarithms of nega-
tive numbers, as the transmission model may become
negative depending on the value of the coefficients 𝛼k .
For this work, we choose 𝜖 = 10−5. The Tikhonov reg-
ularization with parameter 𝛾 is needed to stabilize the
recovery of the parameters 𝛽. Such regularization for
𝛼 is not needed because we consider only low-order
polynomials, N𝛼 ≤ 4.

For the sake of clarity, we gather the equa-
tions needed to express the measurement model

Tmeas
w𝓁 (𝛼, 𝛽) = T trans

w𝓁 (𝛽) +
N𝛼∑
k=0

𝛼w,k(T trans
w𝓁 (𝛽))k,

T trans
w𝓁 (𝛽) =

∑
i

swi(𝛽) exp
[
−
∑
m
𝜇mitm𝓁

]
ΔE,

swi(𝛽) = Sw(Ei, 𝛽)∕
∑
i

Sw(Ei, 𝛽)ΔE,

Sw(E, 𝛽) = Dw(E)R(E) exp

(
−

N𝛽∑
j=1

𝛽w,j(E∕Emax)j

)
,

(14)
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6372 SPECTRAL CALIBRATION OF PCDS

where tm𝓁 are the known calibration phantom material
m thicknesses along ray 𝓁; Ei are the x-ray photon ener-
gies separated by constant spacing ΔE; Dw(E) is a prior
model for the PCD spectral response for window w if
it is available, otherwise Dw(E) is set to one; and R(E)
is a prior model for the x-ray source spectrum if it is
available, otherwise R(E) is set to one.

The optimization problem in Equation (12) is non-
convex and because of this, the parameter initialization
is critical. The transmission model is designed so that
setting 𝛼 = 0 and 𝛽 = 0 should provide a reasonable
initial estimate. Because Equation (12) is a small-scale
optimization, it is amenable to standard optimization
functions available in many computational resource
libraries. We selected the Broyden Fletcher Goldfarb
Shanno (BFGS) algorithm as implemented in Python’s
scipy.optimize sub-package. BFGS is a quasi-Newton
method which is explained in, for example, Nocedal and
Wright.21

2.4 Model inversion for spectral
computed tomography image
reconstruction

Because the intended application of the proposed cal-
ibration model is for spectral CT image reconstruction,
we briefly outline how to use it for this purpose. For sub-
jects with more than one basis material, Equation (14)
is inverted obtaining T trans

w,𝓁 as a function of T meas
w,𝓁 . This

function is straightforward to invert, if the determined
𝛼 coefficients result in a monotonic polynomial func-
tion over the domain [0,1]. If the flux level is too high,
it is possible that this function will not be monotonic
and unique inversion of Equation (14) is not possible.
In such cases, where there are multiple solutions, the
correct one can be identified from context. For exam-
ple, a scenario where this issue might arise is in body
imaging, where a high flux is needed for achieving good
signal-to-noise ratio in the center of the body.Toward the
periphery, the photon flux may exceed the point, where
Equation (14) is monotonic. In this case, unique solution
to Equation (14) can be found in the central regions of
the body transmission data. If there are then multiple
solutions toward the periphery, the correct solution can
be identified by continuity with the central region trans-
mission data. For the purposes of this work, we limit the
flux to a level, where Equation (14) is monotonic. Once
T trans

w,𝓁 is obtained, we have the usual model, written in
Equation (2), that relates material sinograms tm to the
transmitted fluence fractions Tw𝓁 and any spectral CT
image reconstruction technique, for example, Schmidt
et al.,17 can be applied.

For subjects that are composed of a single basis
material, the sinogram tsmat can be directly obtained
from Tsmat-meas

w,𝓁 ,where we use the label “smat” to denote
“single material” (or tissue).To perform this inversion,we

consider the measurement model for the special case of
a single material

Tsmat-meas
w𝓁 (𝛼, 𝛽; tsmat) = Tsmat-trans

w𝓁 (𝛽; tsmat)

+
N𝛼∑
k=0

𝛼w,k(Tsmat-trans
w𝓁 (𝛽; tsmat))k,

Tsmat-trans
w𝓁 (𝛽; tsmat) =

∑
i

swi(𝛽) exp
[
−𝜇smat,i tsmat

]
ΔE,

(15)

and the sinogram is found by solving the following
equation for tsmat :

Tsmat-meas
w𝓁 (𝛼, 𝛽; tsmat) − Tsmat-data

w𝓁 = 0. (16)

This can be accomplished by standard root-finding algo-
rithms. In this work,we used Brent’s method,which does
not require computation of derivatives with respect to
tsmat. Note that there are multiple energy windows w,
and only one basis material;each energy window should
provide different estimates of the same sinogram tsmat.
In Section 3, this method is used to estimate the Teflon
slab thickness from transmission measurements in each
energy window of our PCD.

2.5 Photon-counting detector
transmission measurements

Photon-counting spectral data were acquired on a
bench-top spectral CT system with a CdTe PCD (DxRay,
Northridge, CA). The detector consisted of an array of
4 × 64, 1.4 mm × 1.0 mm pixels with four comparator
channels per pixel and a dead-time of 1 𝜇s leading to
a maximum count rate of 106 counts/s/pixel. Data were
acquired with an x-ray tube voltage of 90 kV and 2 mm
aluminum filtration. The PCD detector collected data
with four energy windows with thresholds of 22, 45, 55,
and 65 KeV. The energy windowed data were obtained
by subtracting the thresholded count measurements,
and nominally counts data were obtained in the energy
windows [22,45], [45,55], [55,65],and [65,90] KeV,where
the fourth energy window is limited by the x-ray source
potential. The model in Equation (4) incorporates an
initial estimate of the x-ray spectrum, R(E), and the
detector spectral response for each of the four energy
windows, Dw(E). For R(E), we use the model from Bujila
et al.22 and its accompanying software implementa-
tion is available as a Python package, SpekPy. For
the PCD response Dw(E), we used the model from
Touch et al.23 Plots of these functions are shown in
Figure 1.

To calibrate the model, the 𝛼 and 𝛽 coefficients
are determined by acquiring transmission data
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SPECTRAL CALIBRATION OF PCDS 6373

F IGURE 1 Normalized models for the x-ray source spectrum
and DxRay photon-counting detector (PCD) detector response. the
top and middle graphs show the functions R(E) and Dw (E),
respectively, from Equation (4). The bottom graph shows the product
R(E)Dw (E)

through a physical phantom of known dimension and
composition. The phantom used here is a step-wedge
phantom consisting of 25 combinations of PMMA
and aluminum thicknesses, created by combining 0–4
PMMA slabs and 0–4 aluminum slabs. The individual
PMMA and aluminum slabs have a thickness of 2.54
and 0.64 cm, respectively. A set of calibration training
data was acquired at five x-ray source flux levels cor-
responding to 9%, 14%, 27%, 40%, and 54% of the
maximum detector count rate. The acquisition time was
adjusted at each flux level such that the tube current
time product (total fluence) remained at constant value
of 0.456 mAs across all flux settings. Solving Equa-
tion (12) using the step-wedge data yields the 𝛼 and
𝛽 coefficients needed to completely specify the model,
Equation (4). The calibration is performed for each of
the detector pixels individually. Additional transmission
measurements are taken for a 3.81 cm (1.5 inch) thick
slab of Teflon, at the five flux levels, in order to test the
model’s prediction on x-ray transmission on a different

material than what comprises the calibration phantom.
Because the intended application of the calibration
method is for spectral CT imaging,we also used the cal-
ibrated transmission model to solve for the Teflon slab
thickness based on the actual measured transmission
through the Teflon slab.

2.6 Model variability and the
determination of N𝜶 and regularization
strength 𝜸

Assessing the model variability has two purposes.Model
variability can be instrumental in designing the precise
setup for the SFR calibration; namely, selecting cali-
bration phantom materials and the set of transmission
pathlengths through these materials. It is also impor-
tant for determining the hyper-parameters of the SFR
estimation problem. The calibration setup will depend
on the expected composition and size of the scanned
subjects. Thus, here, we consider model variability only
for the purpose of determining SFR estimation hyper-
parameters. The main parameters of the transmission
model in Equation (4) that are entered externally are the
order of the energy polynomial, N𝛽, the order of the flu-
ence polynomial N𝛼, and the 𝛽-regularization strength 𝛾.
Empirically, the dependence on N𝛽 is weak, and in this
work we set this parameter to

N𝛽 = 10. (17)

We do vary N𝛼 and 𝛾 and explore the trade-off between
fitting the calibration data and variability of the resulting
calibration model.

To explore model variability, we generate simulated
ideal transmission data for the step-wedge phantom
from the model specified by the input parameters N𝛼,
N𝛽, 𝛾, and the solution of Equation (12), 𝛼∗ and 𝛽∗.
Noisy realizations are then generated using a Poisson
distribution using the air scan measurements for each
energy window to provide the number of incident pho-
tons for the noise model. We note that the measured
air scan values will be slightly off from the true incident
photon numbers, but this discrepancy does not impact
the analysis. The simulated noisy transmission realiza-
tions are used as input data for Equation (12) yielding
an ensemble of 𝛼 and 𝛽 coefficients for fixed N𝛼, N𝛽,
and 𝛾. The ensemble of both polynomial coefficients
are used to generate an ensemble of x-ray spectral
sensitivities, nonlinear fluence (NLF) functions, and
transmission measurements through various materi-
als/thicknesses.The relative standard deviation of these
quantities characterizes the variability of the model in
terms of a physical quantity of interest. For the present
work, 100 noise realizations are used for the variability
analysis.
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6374 SPECTRAL CALIBRATION OF PCDS

3 RESULTS

3.1 Model fitting error

For the first set of results, PCD calibration, summa-
rized in Equation (12), is applied to the step-wedge
transmission data for all five x-ray source flux levels for
different N𝛼 and regularization strengths 𝛾.The resulting
fitting error to the transmission data is reported with the
quantity

ΔTw =
∑
𝓁

DKL

(
T data

w𝓁 , T meas
w𝓁 (𝛼∗w, 𝛽∗w)

)
, (18)

where the transmission data are normalized so that
the air scan has a transmission of 1.0, and the
index 𝓁 runs through the 25 transmission measure-
ments through the step-wedge phantom. The transmis-
sion model calibration is performed for all 64 detec-
tor pixels individually, and the reported fitting error
results represent the average over all of the detector
pixels.

The fitting error is displayed with the grid of plots in
Figure 2. As a general trend, the fitting error increases
with 𝛾 with the steepest increase occurring in the
neighborhood of 𝛾 = 10−3. The error does plateau
at large 𝛾, and this region corresponds to the case
where the magnitude of the 𝛽 coefficients becomes
negligible and the spectral response of the system
is R(E)Dw(E).

The NLF polynomial degree does have a large impact
on the fitting error. Even for the lowest flux level of 9%
of the detector maximum there is a substantial improve-
ment in going from the linear (N𝛼 = 1) to the quadratic
(N𝛼 = 2) model. We note that the y-scale range is too
small to see the linear case for all of the conditions,
particularly at the higher flux levels. As N𝛼 increases
the fitting error decreases, but the improvement in going
from N𝛼 = 3 to N𝛼 = 4 is minimal. Accordingly, we only
consider cubic N𝛼 = 3 NLF functions.

For N𝛼 = 3, it is interesting that 𝛾 has little impact on
the model fit for energy windows 3 and 4. The great-
est impact of the regularization is seen mainly in energy
window 1 and for this window, tuning 𝛾 has increas-
ing impact as the x-ray source flux increases. That TPL
dependence on 𝛾 is weak for many of the experimen-
tal window and flux measurements, indicates that the
initial models for R(E), the x-ray source spectrum, and
for Dw(E), the detector response, are reasonably accu-
rate in reproducing the transmission measurements
of the step wedge phantom. Still, the exponential-
polynomial modification of the system spectral response
does help to improve the fit to the calibration mea-
surements for many of the experimental conditions
thereby expanding the range of applicability of the
model.

3.2 Model fitting variability

In setting the regularization strength 𝛾, it is important to
balance the model fitting error against its variability. The
variability is assessed using noise realizations of data
estimated by taking as ground truth the transmission
model using the fit parameters 𝛼∗w and 𝛽∗w . The mean
standard deviation of the normalized spectrum and NLF
function are shown in Figure 3 for all energy windows
and flux levels,averaged over the 64 detector pixels.The
variability of the spectrum is relatively high at low reg-
ularization strength and it decreases with 𝛾. At large 𝛾
the variability in the spectrum goes to zero, because the
𝛽 coefficients themselves tend to zero. The variability in
the NLF function decreases more weakly with increasing
𝛾 since large 𝛼 coefficients are not explicitly penalized.

Variability in the calibrated transmission model may
only be an indirect measure of interest. A more direct
measure of variability would be to compute variabil-
ity in x-ray transmission through materials or tissues
that are expected to be in the scanned subject. As an
example of this, Figure 4 shows the variability for x-ray
transmissions through a 1% gadolinium solution for all
energy windows and flux levels as a function of regu-
larization parameter 𝛾. From the figure, it is clear that
𝛾-regularization has more of an impact for the higher
energy windows and that it is equally important for all
flux levels.These trends are similar to the spectrum vari-
ability shown in Figure 3 except for energy window 1,
where the spectrum has high variability at low 𝛾 and the
gadolinium transmission does not.

3.3 Selection of regularization strength

Selecting the regularization strength parameter 𝛾 needs
to balance bias of the model against model variability.
For the present demonstration of the SFR model, we
note that for the cubic NLF function the increase in cal-
ibration transmission error shown in Figure 2 is a weak
function of 𝛾 and we select 𝛾 based on the variabil-
ity in the spectral sensitivity shown in Figure 3. In this
figure, the spectral sensitivity variability is greater for
energy windows 1 and 4 than it is for windows 2 and
3. Accordingly, we select the values

𝛾w=1 = 1 × 10−3,

𝛾w=2 = 1 × 10−4,

𝛾w=3 = 1 × 10−4,

𝛾w=4 = 1 × 10−3. (19)

With these regularization strengths and settings N𝛼 = 3,
N𝛽 = 10, the transmission model is completely deter-
mined.
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SPECTRAL CALIBRATION OF PCDS 6375

F IGURE 2 Model error as measured by ΔTw , defined in Equation (18), averaged over all 64 detector pixels. The energy window w
increases along the column index, and the x-ray flux level increases with the row index. The different curves in each panel indicate the N𝛼 value
(linear corresponds to N𝛼 = 1, and quartic corresponds to N𝛼 = 4). The x-axis of each plot indicates log(𝛾)

The goodness of the fit, using these parameter set-
tings, is indicated in the corresponding points on the
graphs for the TPL calibration error results of Figure 2.
Also, at these parameter settings, the checks on the 𝛼-
coefficients yield a mean deviation from zero of 0.008
and 0.002 for Equations (10) and (11), respectively.

The calibrated transmission model, averaged over all
64 detector pixels, is shown in Figure 5, where both
the normalized spectral sensitivity and NLF functions
are shown in the left and middle columns, respectively.

Interestingly, the spectral responses do not vary sub-
stantially from one x-ray source flux level to another; the
change in source flux level only results in a change in
the NLF functions as one might expect.

The NLF functions are mostly observed to be mono-
tonic and therefore invertible. Notable exceptions are
w = 3 for the 40% and 54% source flux levels, where
it is seen that the solid, green curves do not increase
monotonically over the full range of transmitted frac-
tional fluence.This non-monotonic behavior complicates
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6376 SPECTRAL CALIBRATION OF PCDS

F IGURE 3 The grid of plots shows the standard deviation of the normalized spectrum model sw (E, 𝛽∗w ), averaged over E, and the nonlinear
fluence (NLF) function Fw (T,𝛼∗w ), averaged over T . Recall that the transmission fraction T varies from 0 to 1

the inversion of these NLF functions and the estimation
of the transmitted fractional fluence needed for spectral
CT image reconstruction, as discussed in Section 2.4.
Although these curves are non-monotonic, they can still
be inverted if the domain of the transmitted fractional
fluence is restricted to values where the NLF is strictly
increasing. This restriction does involve the assumption
that the true solution is not on the branch of the func-
tion with negative slope. Thus, we do not increase the
source flux level beyond 54%, as it is anticipated that
the non-monotonicity would become worse.

Although we bypass the need for a function that
relates fractions fluxes, it is interesting to estimate these
functions from the NLF functions, and we do so without
requiring a measurement of Iw,0. This can be accom-
plished by assuming that the nonlinear response of the
PCD photon counts is due only to flux-dependent effects
and that in the low flux limit the PCD registers the exact
number of photons that passed through the scanned
object. If this assumption holds, there is an additional
boundary condition at the zero fractional flux limit; not
only does the measured fractional flux go to zero in this
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SPECTRAL CALIBRATION OF PCDS 6377

F IGURE 4 The grid of plots shows the relative standard deviation (the standard deviation divided by the mean) of x-ray transmission
through a 1% gadolinium solution of different thicknesses

limit, the slope of its dependence on the post-object,
transmitted, fractional flux is one. The right column of
Figure 5 shows the derived non-linear fractional flux
functions using this assumption.

3.4 Model testing on Teflon
transmission

3.4.1 Teflon transmission prediction

As an independent test of the calibrated transmission
model, its prediction on the transmission fraction through

a Teflon block is compared with actual PCD measure-
ments. The results for all 64 detector pixels, 4 energy
windows, and 5 flux levels are shown in the top row of
Figures 6–9. The comparison between the transmission
model, which includes the NLF function, and the mea-
sured Teflon transmission shows good agreement for
all energy windows; the largest discrepancy is seen for
the low and intermediate flux levels of energy window
w = 4 in Figure 9.Also shown are the results if the trans-
mission model does not include the NLF function; the
fit to the Teflon transmission data is markedly worse by
excluding the NLF function and as expected the error is
larger for higher flux levels.
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6378 SPECTRAL CALIBRATION OF PCDS

F IGURE 5 The calibrated transmission model, averaged over all 64 detector pixels, for all energy windows and different flux levels. The left
column shows the normalized spectral sensitivities. The middle column shows the nonlinear fluence function, and the right column shows the
nonlinear flux function based on the assumption that it is proportional to the fluence function and the slope near zero flux is unity
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SPECTRAL CALIBRATION OF PCDS 6379

F IGURE 6 Top row: predicted x-ray transmission fractions through a 3.81 cm slab of Teflon for energy window w = 1 at the various flux
levels. The measured transmission fraction (“+” symbols) is shown together with the calibration model without nonlinear fluence fitting (red “ * ”
symbols) and with the proposed nonlinear fluence fitting (black curve). Bottom row: prediction of the Teflon slab thickness obtained by inverting
the calibrated transmission model using the measured data as input. The Teflon slab thickness prediction is displayed as a difference from the
true value of 3.81 cm

F IGURE 7 Same as Figure 6 except the displayed results are for energy window w = 2

There is variation in the transmission fraction over the
detector pixel index; this variation is due mainly to dif-
ferences in the detector pixel calibration and not noise
in the measurement. This is seen in the fact that the
calibrated transmission model follows all of the visible
variations in the Teflon transmission measurements. To
appreciate the actual error in the transmission model,we
use the model to predict the Teflon slab thickness from
the Teflon transmission measurements.

3.4.2 Teflon slab thickness prediction

Because the calibration methodology presented here is
developed for the purpose of spectral CT image recon-
struction,a more direct test of the model for this purpose
is the estimation of the Teflon slab thickness from the
Teflon transmission measurements, using the method-
ology described in Section 2.4. The resulting prediction
of the Teflon slab thickness is shown by the Teflon path
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6380 SPECTRAL CALIBRATION OF PCDS

F IGURE 8 Same as Figure 6 except the displayed results are for energy window w = 3

F IGURE 9 Same as Figure 6 except the displayed results are for energy window w = 4

error plots shown in the bottom row of Figures 6–9. The
results show an agreement to a fraction of a millime-
ter for the use of transmission modeling with the NLF
function for most of the w and x-ray source flux set-
tings. The largest error appears for w = 4 at the low
to intermediate flux settings. Also shown is the Teflon
slab thickness prediction without the NLF function, and
it is clear that this introduces substantial error. Thus,
the NLF function is a critical piece of the transmission
modeling.

Because the slab thickness should be uniform over
all detector pixels, the variation in pixel calibration is fac-
tored out of these results and the error in the calibration
process is easier to appreciate. The error in the Teflon

slab thickness is seen as a deviation from zero which is
caused by deterministic and statistical error in the cal-
ibration and measurement. A pixel-to-pixel variation is
seen that results from noise in the Teflon measurements
and, indirectly, from noise in the calibration measure-
ments through the transmission model. There is also a
systematic shift from 0 over all pixels, which is due to
deterministic error that is likely introduced by the approx-
imation that the distribution in PCD spectral response is
not flux-dependent, as discussed in Section 2.2. Never-
theless the SFR model developed in this work may be
useful for application to spectral CT, because the deter-
ministic error is only slightly larger than the variations
due to noise.
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SPECTRAL CALIBRATION OF PCDS 6381

4 DISCUSSION AND CONCLUSION

In applying the SFR model, it is important to identify
the materials and transmission lengths of interest. This
will focus the variability analysis to quantities of direct
interest to the application. Also, there are other aspects
of the variability analysis that are not explored in this
study; namely, the parameters of the calibration mea-
surements can have a large impact on the transmission
model variability; use of different calibration materi-
als and transmission lengths can reduce variability for
transmission measurements of interest.

One of the applications of interest for calibration
of PCD-based x-ray systems is for quantitative CT. In
regards to this application, we point out a couple limi-
tations of the present work. The independent material
testing is performed on a single material Teflon slab;
and the application to CT would most likely involve sub-
jects composed of two or more tissues. Furthermore,
the model testing in this work is performed at the sino-
gram level, thus it remains to be seen how this model
will perform in an actual CT imaging application. Apply-
ing the presented model to CT imaging is a topic for
future work. In such an application, it is important to
understand the implications of the fact that the acquired
PCD data need to be processed through the inverse
of the NLF functions. The success of this inversion
depends on the slope of the NLF function. If the slope
is below some threshold value, this inversion is going
to be highly unstable and the resulting determination
of the incident transmission fraction would be unreli-
able. These measurements can either be discarded or
avoided by reducing the x-ray source flux. Furthermore,
the NLF functions may be non-monotonic in which case
the correct solution needs to be identified from context.

We have developed a x-ray transmission calibration
model for PCDs that allows for the NLF dependence
inherent in PCD-based x-ray systems when the x-ray
source flux is a significant fraction of the PCD max-
imum flux rating. The model calibrates the individual
energy windows and detector pixels independent of
each other and it is accordingly flexible and can be easily
adapted to other PCDs. While the results show a good
level of accuracy, extensions of the model to include
flux-dependent changes in the distributions of the PCD
spectral response may reduce the deterministic errors in
the transmission model.Such models are more complex
than the current proposed model, and if the application
of interest can tolerate the current error levels then it is
sufficient to exploit the proposed SFR model for PCD
calibration in spectral CT imaging.
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A PPENDIX A: JU S T IF IC AT IO N O F
EQUATION (8 )
Consider a single ray originating at the x-ray source and
terminating at a given PCD pixel. The emitted intensity
along the ray is

I0 = N0∕t, (A.1)

where N0 is the number of photons (fluence) emitted in
the measurement time t.The x-ray beam passes through
the scanned object, causing attenuation, and, nominally,
the beam intensity that is detected at the PCD for energy
window w, represents the photon flux for photons that
have energies that are in between the threshold set-
tings that define window w. The transmitted intensity at
energy window w can be written as

Itrans
w = Ntrans

w ∕t, (A.2)

where N trans
w is the number of photons in energy win-

dow w transmitted through the scanned object.The PCD
is susceptible to flux-dependent, nonlinear response
effects such as pulse pile-up, and we assume that the
flux measurements can be expressed as the following

polynomial model:

Imeas
w = Itrans

w +
N∑

k=0

𝜔w,k(Itrans
w )k, (A.3)

where I meas
w is the model for the measured photon flux

in energy window w, and the polynomial is constructed
so that Imeas

w = Itrans
w when all coefficients 𝜔w,k are zero.

Finding the coefficients 𝜔w,k in Equation (A.3)
from experimental measurements of x-ray transmission
through an object of known dimensions and composi-
tion is not experimentally convenient; access to the true
energy-windowed incident flux is needed. In the follow-
ing, we show that if the measured and transmitted flux
can be modeled with Equation (A.3),a similar polynomial
model can be used to relate transmitted and measured
fractional fluence.

The PCD registers photon fluence, and accordingly,
we can manipulate the flux expression so that it relates
photon fluences.

Imeas
w = Nmeas

w ∕t = (Ntrans
w ∕t) +

N∑
k=0

𝜔w,k(Ntrans
w ∕t)k .

(A.4)
Multiplying both sides by t, we obtain

Nmeas
w = Ntrans

w +
N∑

k=0

𝜂w,k(Ntrans
w )k, (A.5)

where

𝜂w,k = 𝜔w,k∕tk−1. (A.6)

We do not readily have access to N0 and consequently
the number of photons emitted in energy window w,
N0,w . Thus, it is convenient to relate the model for the
measured transmission fluence fraction

T meas
w = N meas

w ∕N meas
0,w , (A.7)

and the post-object transmission fluence fraction

T trans
w = Ntrans

w ∕Ntrans
0,w . (A.8)

Substituting the transmission fractions into the rela-
tion for the measurement model and true transmitted
fluence, we obtain

Tmeas
w ⋅ Nmeas

0,w = T trans
w ⋅ Ntrans

0,w +
N∑

k=0

𝜂w,k(T trans
w ⋅ Ntrans

0,w )k .

(A.9)
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Dividing both sides by N meas
0,w , the desired model

expressed in Equation (8), is obtained

Tmeas
w = T trans

w +
N∑

k=0

𝛼w,k(T trans
w )k, (A.10)

where

𝛼w,1 =
Ntrans

0,w

Nmeas
0,w

(1 + 𝜂w,1) − 1, (A.11)

and

𝛼w,k≠1 =
(Ntrans

0,w )k

Nmeas
0,w

𝜂w,k . (A.12)

Relating the 𝛼 coefficients to the nonlinear intensity
model coefficients 𝜔 from Equation (A.3), we obtain

𝛼w,1 =
Itrans
0,w t

Imeas
0,w t

(1 + 𝜔w,1) − 1 =
Itrans
0,w

Imeas
0,w

(1 + 𝜔w,1) − 1,

(A.13)

and

𝛼w,k≠1 =
(Itrans

0,w t)k

Imeas
0,w t

𝜔w,k

tk−1
=

(Itrans
0,w )k

Imeas
0,w

𝜔w,k . (A.14)

We note that the 𝛼w coefficients do not depend on the
acquisition time t when related to the 𝜔w coefficients of
the nonlinear flux model.

Including the polynomial expression from Equa-
tion (A.10) in our calibration model is straightforward
because it relates transmitted fluence fractions. If the
corresponding nonlinear flux relationship is desired
then the 𝜔 coefficients can be solved for using Equa-
tions (A.13) and (A.14), but doing so requires access to
Itrans
0,w and an estimate of I meas

0,w . We also note that pulse
pile-up is a flux-dependent phenomenon, thus the 𝜔
coefficients are independent of the measurement time.
Interestingly in relating the 𝛼 coefficients to the 𝜔 coeffi-
cients we observe that the acquisition time cancels out;
thus, different acquisition times can be used for cali-
bration and spectral CT projection measurements. The
fitted 𝛼 coefficients for the model in Equation (A.10) will
still be valid.
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