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ABSTRACT

Let G be a p-adic Lie group associated to associated to a connected reductive group over Q.
Let P be a parabolic subgroup of G and let M be a Levi quotient of P. In this paper, we
define a d-functor H*Jp from the category of admissible locally analytic G-representations
to the category of essentially admissible locally analytic M-representations that extends the

Jacquet-Emerton module functor Jp defined in [7].



CHAPTER 1
INTRODUCTION

Let G be a connected reductive algebraic group over Qp. Let IP be a parabolic subgroup of
G with unipotent radical N and let Ml be a Levi quotient of P. Let G = G(Qy), P = P(Qp),
N = N(Qp) and M = M(Qp). In [7], Emerton introduced the theory of the Jacquet-Emerton
module functor Jp, which extends the theory of the classical Jacquet module functor on
smooth G-representations to essentially admissible locally analytic G-representations. The
goal of this paper is to introduce a d-functor H* Jp extending Jp on the category of admissible
locally analytic G-representations, which we hope to be universal, in some suitable sense.

Some of the difficulties with such a theory of derived Jacquet-Emerton modular functor lie
in the deficiencies in the various important subcategories of locally analytic G-representations
one might want to consider. This is also why the notion of universality is difficult to pin down.
For example, the full subcategories of essentially admissible and admissible G-representations
are abelian [25|, but do not have enough injectives. Meanwhile, the full subcategory of
strongly admissible G-representations is not abelian. We attempt to remedy this problem
by computing homology groups in the category of coherent modules on certain distribution
algebras, which has the benefit that all linear maps are automatically continuous and strict
(see |8, Appendix A]). In this way, we can retain various topological properties while working
in the context of abstract homological algebra.

More specifically, let V' be an admissible locally analytic G-representation over a finite
extension K of Q. Fix a compact open subgroup Ny of N, and H of G containing Ny. Let
{Hp}n>0 be a choice of decreasing sequence of rigid analytic open normal subgroups of H
satisfying some nice properties. In particular, we assume that these subgroups form a basis
of open neighbourhoods of the identity. For each n > 0, let H,, denote the rigid analytic
group underlying H,;, in G and let H;, = Up,>nH,,. Let VH%—an be the subset of V' consisting

of Hj -analytic vectors. There is then a topological isomorphism liLnVH% =V.

n
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Define D(Hy, H2) to be the strong dual of C12( Hy, K)o an, which is the set of K-valued
locally analytic functions of H( that are analytic on H; . For a well-chosen sequence of rigid
analytic subgroups { Hy, },>0, the distribution algebras D(Hj, H,) are coherent rings of com-
pact type. The strong duals (VH%-an>§, of Vigo_an are finitely presented D(Hy, Hj,)-modules.
Furthermore, finitely presented modules over D(Hy, H; )-modules have a unique structure
of a compact type space making it a topological D(Hy,H; )-module, and the D(Hg, H) )-
linear maps between finitely presented modules are automatically continuous and strict with
respect to this topology [8, Prop. A.10].

We define H,(Ng, (VH%_an)/b) to be the usual group homology of Ny-coinvariants computed
in the abelian category of abstract coherent D(Hp, Hj,)-modules. Let H*(No, Vige_an) be the

strong dual of Hy(Ny, (VH%—an);))- Define H*Jp(V) to be

H*Jp(V) = (i (No, Vigg-an)is
where (-)g denotes the finite slope part functor introduced in [7]. The family of functors
H*Jp is a d-functor from the category of admissible locally analytic G-representations to
the category of essentially admissible locally analytic G-representations. In degree zero,
HOJp(V) = (VN0) which is exactly the definition of the Jacquet-Emerton module functor.

Additionally, we prove in Theorem 3.2.5 that there is a natural isomorphism

h_I>nH*(N07 VH%—&H) = H*(nv V)N0> (101>

where H*(n, V) is the Lie algebra cohomology. This suggests that our construction is natural.
Using the formula (1.0.1), we demonstrate how one can more easily compute the derived
Jacquet-Emerton modules of Orlik-Strauch representations in the case G = SLa(Qyp). Sup-
pose M is an object in the category OP and 1 is a smooth character of the torus 7. The

Orlik-Strauch representation .7-"% (M, ) is a closed subspace of a locally analytic induction

2



from P to G of a representation of P. As such, we can view elements of ]-"g(M , 1) as locally
analytic functions on G satisfying some conditions. Let fg (M,4)(N) be the subspace of
functions supported on PN and let .7-"% (M, 1))e be the stalk of .7-"% (M,)(N) at the identity
as defined in [8]. The key fact is that

H'(n, FS(M,)(N)) = H'(n, F&(M, )P (N)) and

H' (0, FG (M. 1)) = H' (8, F (M. )2

for each 7, where the superscript Ip denotes the locally polynomial part, and the superscript
pol denotes the polynomial part (see [8]). This can be seen as a generalization of the I%
functor introduced in [8]. In the proof of [4, Prop. 4.2|, Breuil proved that there are

isomorphisms

FE(M,)P(N) = homp (M, K)™ @5 CS™(N, ) and

FE(M, )2 = homp (M, K)™ ® .

The dual vectors of M generate the space hom g (M, K )ngo . In summary, these observations
allow us to reduce the problem of computing the n and n cohomology of the Orlik-Strauch
representation .7-"% (M, 1) to computing the n and n cohomology of the dual of M in the
category OP, which is often simple. It seems likely that this formalism should hold for
general p-adic reductive groups as well.

The arrangement of the paper. In Section 2, we recall the definition of some important
distribution algebras introduced in [25] and [11]. The main results are Lemma 2.2.3 and The-
orem 2.2.5. In Section 3, we define the d-functor H*.Jp(V'). Section 4 presents the proof that
H*Jp(V) is a d-functor from the category of admissible locally analytic G-representations
to the category of essentially admissible locally analytic M-representations. In section 5, we
explicitly compute the derived Jacquet-Emerton modules of some Orlik-Strauch representa-
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tions in the case of G = SLy(Qp). In the final section, we compute some extension classes
using derived Jacquet-Emerton modules and the adjunction formula of [8, Lem. 0.3].
Notation and conventions. We fix some notation that will be used throughout the whole
paper. Let p be a fixed prime number. Let G be a connected reductive linear algebraic
group over Q. Let IP be a parabolic subgroup of G, and P a choice of opposite parabolic.
Let N and N be their respective unipotent radicals. Let M = P N P, which is a lift of the
Levi quotient of P. Let G = G(Qp), P = P(Qp), P = P(Qp), N = N(Qp), N = N(Qp)
and M = M(Qp). Let g, n, n and m denote the Lie algebras associated to G, N, N and M

respectively. Let K be a finite extension of Q.



CHAPTER 2
LOCALLY ANALYTIC REPRESENTATIONS

In this chapter, we present an introduction to the theory of locally analytic representations
as well as explicit descriptions various distribution algebras following [11] and [25]. Then
we prove two main results: that the coinvariants and the Hausdorff coinvarince of certain
distribution algebras by an open compact subgroup of N coincides; as well as showing that
a natural morphism between distribution algebras is flat. We continue to use the notation

established at the end of section 1.

2.1 Fréchet spaces and Compact type spaces

A convex space V is a topological K-vector space V' whose topology can be defined by a
basis of open neighbourhoods of the origin that are also O g-submodules. A complete convex
space is a Fréchet space if its topology can be defined by a countable set of seminorms. A
Fréchet space is a Banach space if its topology can be defined by a single norm. The theory
of non-archimedean functional analysis is similar to that of the archimedean setting. In
particular, we still have opening mapping theorem [23, Prop. 8.6], closed graph theorem
[23, Prop. 8.5] and Hahn-Banach Theorem [23, Prop. 9.2] on Fréchet spaces.

Let V be a Fréchet space. By completing V' with respect to the increasing countable
family of semi-norms that define its topology, we obtain a projective family of K-Banach

spaces {V }n. There is an isomorphism of topological K-vector spaces

V = liml, (2.1.1)

n

where the target is equipped with the projective limit topology. Conversely, any such pro-

jective limit defines a Fréchet space. We say that V' is a nuclear Féchet space if V' admits



a topological isomorphism of the form (2.1.1) where the transition maps are compact. A
convex K-space W is said to be of compact type if there is an isomorphism of topological
K-vector spaces

n
where {IWp, },, is an inductive system of K-Banach spaces, the transition maps are compact

and injective, and the target is equipped with the inductive limit topology.
Proposition 2.1.1. Suppose V' is a nuclear Fréchet space (resp. of compact type).

1. 'V is reflective

2. Any closed subspace or Hausdorff quotient of V' is also a nuclear Fréchet space (resp.

of compact type).

Additionally, taking strong duals yields an anti-equivalence between the category of nuclear

Fréchet spaces and the category of spaces of compact type.
Proof. See |9, Prop. 1.2, 1.4, 1.5]. ]

Definition 2.1.2. A topological K-algebra A is nuclear Fréchet-Stein if there is an isomor-
phism A = IEIIAn, where {Ay, }y, is a projective system of Noetherian K-Banach spaces and

n
the transition maps are compact, flat and with dense image.

Example 2.1.3. |9, Ex. 1.7|] Here is an example of a nuclear Fréchet-Stein algebra. Sup-
pose X is a rigid analytic space over K, that is also an increasing union X = (J;2 (X,
of an increasing sequence of open affinoids, where the inclusion maps X,, — X, 1 are ad-
missible open and relatively compact. Let C*"(X,,, K) denote the Tate algebra of rigid
analytic K-valued functions on X,,. We assume additionally that each of the restriction
maps C*"(X,, 41, K) — C*(X,,, K) have dense image. The admissible open and relatively

compact assumption on the injections X,, — X, 1 further implies that the restriction maps
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are flat and compact. Hence, the space of rigid analytic functions on X

C™(X, K) 2= lim C*" (X, )

n

is a nuclear Fréchet-Stein algebra. Such a rigid analytic space X is said to be strictly quasi-

stein.

Definition 2.1.4. Suppose A is a nuclear Fréchet-Stein K-algebra, with nuclear Fréchet-
Stein structure A = lgnAn as in definition 2.1.2. A convex A-module M is coadmissible if

n

the following holds:

1. For each n, M, := A, ®4 M is a finitely generated A,-Banach module (where the
topology on M), is the quotient topology induced from the projective tensor product
topology on A, @ M).

2. The natural map M — l'gnMn is an isomorphism of topological A-modules.

Proposition 2.1.5. Suppose A is a nuclear Fréchet-Stein K-algebra. Then

1. Any coadmissible A-module is also a nuclear Fréchet space

2. Any A-linear map between coadmissible A-modules is automatically continuous with

closed image
3. The category of coadmissible A-modules is abelian.
Proof. See |25, Section 3. O

Definition 2.1.6. A topological module M of a nuclear Fréchet-Stein K-algebra A is

strongly coadmissible if M is the Hausdorff quotient of A™ for some n > 0.



2.2 Distribution Algebras

In this section, we present the definition of various distribution algebras and their explicit
descriptions following [11,25]. Then we prove two main results: that the coinvariants and
the Hausdorff coinvarince of certain distribution algebras by an open compact subgroup of
N coincides; as well as showing that a natural morphism between distribution algebras is
flat. We continue to use the notation established at the end of section 1.

Let g denote the Lie algebra of G. Let h be a Zj-lattice in g, which is a free Zj,-module
of finite rank that spans g over Q. By replacing h by ch for some ¢ € @;,( of large enough
valuation, we can assume that the Baker-Campbell-Hausdorff formula converges on h. This
defines a rigid analytic group H [28, LG Ch. V, §4|. Let H = H(Qy); then there is an
embedding of Qp-analytic groups H — G, realizing H as an analytic open subgroup of G.
The subgroups H of GG arising in this way are called good analytic open subgroups. They
form a basis of open neighbourhoods of the identity of G.

For the purpose of this paper, we want to work with a decreasing sequence {Hy,},,>0 of
good analytic open subgroups satisfying Proposition 4.1.6 of [7], which we will now describe.
Suppose Hj, is a good analytic open subgroup of G and let b, be the corresponding Z-
sublattice of g. Let n, = b, Nn, my, = hp, "mand 0, = h, Nn. Let N, = H, NN,
M, = H, N M and N, = H, N N. Let N, M, and N,, be their respective rigid analytic

Zariski closures in H,.

Definition 2.2.1. The good analytic open subgroup H, is said to admit a rigid analytic

Iwahori decomposition with respect to P and P if:

1. Under the exponential map h,, — H,,, the rigid analytic groups N, M,, and N,, are
identified with n,,, m;, and n, respectively. Additionally, the Q,-points of Ny, M, and

N,, are exactly Ny, M, and N,, respectively.



2. The multiplication map
N, x M,, x N,, — H,,

induces a rigid analytic isomorphism.

Let Zg and Zyg be the centres of G and M respectively. Let Zg = Zg(Qp) and Zp; =

Zyi(Qp). Let
Mt = {m e M : mNom™! C NO}.

et = N , which 1s a submonoid o that generates as a group |7, Cor.
Let Zj; = M™ N Zy;, which i b id of Z)s that g VAT g 7, C
3.3.3].

Proposition 2.2.2. |7, Prop. 4.1.6] There is a decreasing sequence of good analytic open

subgroups {Hp }n>0 of G satisfying:
1. The subgroups form a basis of open neighbourhoods of the identity.

2. Suppose Hy is obtained from exponentiating a Zy-lattice by, then Hy is obtained from

exponentiating p"h for all n > 0.

3. For all n > 0, the natural map H,, 1 — Hy, induced by the inclusion Hy11 — Hy s

relatively compact.
4. Fach of the subgroups Hy, is normal inside Hy.

5. FEach of the subgroups Hy, admits a rigid analytic Twahori decomposition with respect

to P and P.
6. Suppose z € Zp; and 2Nz~ C N (ie. z € Z]"\Z), then zNpz~1 C Ny, for alln > 0.
7. Suppose z € Zy; and z_lﬁoz - NO, then z_lﬁnz C N, for alln > 0.

8. There exists z € Zys such that = INgz C Ny and zNgz~r C Ny, and for each n >0,

the inclusions 2~ YNz C Ny, given by condition (7) factor through N1 C Np.
9



We now describe some distribution rings introduced in [11], [25] and [24] along with some
important properties. Let H be a rigid analytic subgroup of G and let H = H(Qp). Let
C*(H, K) be the space of K-valued rigid analytic functions on H, and let Cla(H, K) be the
set of K-valued locally analytic functions on H as defined in [11]. Equip these spaces with
the right regular action of H, which is a locally analytic action.

Suppose {Hp }y>0 is a decreasing sequence of good analytic open subgroups of G satis-
fying Proposition 2.2.2. For each n > 0, let H}, = J,,,~,, Hm, which is a strictly o-affinoid
rigid analytic open subgroup of G.

Let X1, ..., X4 be a fixed Zjy-basis of h. There is an isomorphism ) : Zg — Hj given by

W(t1, ..., to) = exp(t1X71)... exp(tg Xg)- (2.2.1)

By the theory of Mahler expansions [20], the space of K-valued continuous functions on 72,

denoted by C (Zg, K), is the space of all series of the form

d
fla)y=> CIG) = > all (:J>
rezd, rezd, J=1’
where ¢y — 0 as |I| — oco. Here, I runs over all d-tuples of non-negative integers (iy, ..., 7q)
and |I| = i1 + ... + ig. By pulling back via the isomorphism 1, there is an analogous
description of the space of continuous functions on H, which we denote by C'(H, K). For
each n > 0, a theorem of Amice [1, I111.1.3.9] shows that there is an isomorphism of K-Banach

spaces
C*™(Hy,, K) = E crl ;)¢ leg| - perl —0as |[I| = o0

d
IEZZO

Let D*(H,,, K) be the strong dual of C*"(H,, K), which is also a K-Banach algebra.

The space C?"(H,,, K') admits a continuous action of the universal enveloping algebra U(g)

10



coming from differentiating the right regular action of H,. This induces a continuous K-

linear map U(g) — D*'(H,,, K) defined by

{t,f) = (tf)(e)

where e is the identity element of the group Hy,. Let aj = exp(X;) — 1. The theory of finite
differences shows that the dual of (:J ) is exactly a;-j . Thus we get an isomorphism of Banach
J

K-algebras

I -1
D*(H, K) = Z bral b < L- ' [Z%}‘ for some constant L >0, (2.2.2)

d
IEZZO

where ali1:d) is defined to be the product Hj:l ozjj.
Following [11], define C?*"(H°, K') to be the projective limit liin c*" (Hy,, K), which is a
n
nuclear Fréchet space (see [9, Def. 1.1]). We denote its strong dual by D?"(H?®, K'), which

is a coherent ring of compact type and is isomorphic to the direct limit h_r)n D (Hy,, K)
n

[11, Cor. 5.3.12]. The isomorphisms above show that

I -1
D*(Hp, K) = Z brad by < L- ‘ L%]' for some constant L > 0 and n > 0

d
IEZEU

(2.2.3)
Compare this to the descriptions found in [11], [25, §4] and [24, §2].
By our choice of good analytic open subgroups {Hy},>0 of G, every Hj, is a normal

subgroup of H = Hy. There is an isomorphism

C¥™(Hy, K)g,an = P C*(gHn, K).
QEEM/Hﬁ

11



Following the notation established in [11]|, we define

Cla(HOa K)H%-an = IEH Cla<HOa K)Hm—an = lgn @ Can(gHm; K)7
m>n m géHo/Hm
which is a nuclear Fréchet space. Let D(Hy,HS) be the strong dual of C'&(Hy, K JHS-an-

Then there is an isomorphism of topological K-algebras

D(Ho, Hy) = lim D(Hy, Hy) = lim B oy D" (Hp, K). (2.2.4)
m=n ™ geHo/Hpm
This isomorphism shows that D(H, Hy ) is a coherent ring of compact type.
For each n > 0, there is a continuous injection

CM™(Hy, K)o _an — C™(Ho, K)g

o
n+1—an

which induces an isomorphism
C™(Ho, K) 2 1imC"™ (Ho, K)grs-an-

Let Dla(Ho, K) be the strong dual of C’la(Ho, K). There is an isomorphism of topological

K-algebras
D' (Hy, K) 2 limD(Hy, HL).

It was shown in [11, §5] that this isomorphism induces a weak Fréchet-Stein algebra structure
on D'%(Hy, K), in the sense of [11, Def. 1.2.6].

There are natural injections of K[H)] into each of the distribution algebras D(Hy, H) for
alln > 0 and Dla(HO, K), by mapping h € Hy to the dirac distribution d;,. The image of both
of these injections are dense. By Theorem 6.3 of [25], there is an anti-equivalence between the

category of admissible G-representations over K and left coadmissible Dla(HO, K)-modules.
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The anti-equivalence is by sending an admissible G-representation V' to its strong dual V})’,
where h € H( acts on Vb' via the contragradient action associated to h~! (this is so that
V)] is a left DY%(Hy, K)-module). This action of Hy on V) is compatible with the natural
injection K[Hp] < D'?(Hy, K) described earlier; that is, 6, v’ = h=10/ for all h € Hy and
v e Vb’. Taking V = Cla(HO, K), then the contragradient action of h € Hy on Dla(HO, K)
(coming from the right regular action on C'®(Hy, K)) is the same as convolution on the left

with 5h (but note that 5h *(59 = 5gh>‘

Lemma 2.2.3. The space of Ny-coinvariants of D(Hy,Hy), denoted by D(Hy,Hy)y,, coin-
cides with the Hausdorff Ny-coinvariants.  Additionally, there is an isomorphism of

D(Mgy,M;)-algebras
D(Ho, ), = D(Po, Pp) = D(No, N )&  D(Mo, M),

where D(My, M) acts on the target by its usual left module structure on the second factor.

Proof. By the choice of the good analytic open subgroups { Hy, },,>0, there is an isomorphism
of rigid analytic groups

B exp

n, dmy G ny = by = Hy.
Let {Xj}§:1> {X j}?zg 41 be a choice of Zy-basis for 0, & my, and ny, respectively. Then
their union forms a basis of h,,. Define 1) : Zg >~ H,, as in equation (2.2.1).

The action of n € Ny, on D*(Hy | K) is that of convolution with d,. Suppose n = 9 (¢)

is an element of N, for some t = (0,...,0,¢p,1,...,tq) € Zg. Then

on (V*(f)) = f(D)

13



and an easy computation shows that
t7 ifl+1<j<d

0 else

Since the dual of ¢ jj is 71, we see that under isomorphism (2.2.2), dy, is identified with the
Al

power series

kf—i—l kd
kaﬂl {kdXEJrl Xy
el T

In particular, for all /+1 < j < d, the elements §

exp(X;) ~ 1 correspond to exp(X;)—1 = a;.

Equations (2.2.2) and (2.2.3) combine to show that D*!(Hy, K)y, can be identified with
the subalgebra generated by «; for all j < ¢. This is isomorphic to Dan(@fw K). Equation
(2.2.4) implies that

D(Ho, Hj) N, = D(Po, B,)

which is Hausdorff.
The second assertion of the lemma follows from the Iwahori decomposition of Hy and Hy,

and the proof of |7, Prop. 4.2.22] using the untwisting Lemma [11, Lem. 3.6.4]. O

Suppose H is an analytic open subgroup of G' obtained by exponentiating a Zj-Lie
sublattice b of g, where [h,h] C ab for some aP~l e pZy. Suppose L is an analytic open
subgroup of H of finite index, obtained by exponentiating a Zy-Lie sublattice [ C . By the
theory of elementary divisors, there exists a Zjy-basis {X j} of h and elements a; € Zjp, such
that {anj} is a basis of [.

X X))
Let A(™) (resp. C("™)) be the Of-subalgebra of U(g) generated by ~i- (resp. m—j)ﬁ—))

2.

14



for all 0 < i < p" and 0 < j < d. More explicitly,

1)) T :
Alm) = {Z aIwX?...XCZZd cay € Ok and ay = 0 for almost all I} and
11:...2g:
I

1)1 il . .
C(m) = {Z b[w(ale)ll...(adXd)zd : b[ S OK and b] = 0 for almost all [} ;
I

i1!...zd!

(2.2.5)

where ¢(i;) is the integral part of ;—]m Let A(M) (resp. C (m>) denote the p-adic completion
of A (resp. C(M)). Let DA (HC, K)(M) = K ROy Alm) (resp. D*(L°, K)(M) = K RO
C (m)), which is naturally a K-Banach algebra. There is an isomorphism of compact type

K-algebras

D*(H°, K) = 1gnDan(HO,K)(m> (resp. D™(L°, K) = 1gnDan(L°,K)<m>) (2.2.6)

m m

whose transition maps are flat and dense [11, Prop. 5.2.6, Prop. 5.3.11]. Let A(<ﬂ;) -
Alm) A U(g)<; (resp. C(!;) =cmn U(g)<i)-

Proposition 2.2.4. Suppose [, ] C ab for some aP~1 € pZy and m,m’ >0, then

for alli > 0.

Proof. This is a slight generalization of [11, Prop. 5.2.17|, where the only difference is that
all the a;’s are all equal. The same proof applies to the case where the a;’s may differ from

one another. O

Theorem 2.2.5. Let H and IL be rigid analytic groups satisfying all the hypothesis described

15



above. If m is a sufficiently large integer, then the natural map
D™ (L°,K) — D™ (H°, K)
induced by the rigid analytic inclusion 1. C H factors through the natural map
D™ (HP, k)™ — DA (H°, K)
and the resulting map
D™ (L%, K) — D™ (H°, K){™

15 flat.

Proof. The proof is similar to that of [11, Prop. 5.3.13]. We would like point out that there
is a small error in the proof of [11, Prop. 5.3.13] (the equation after (5.3.15)), which can be
fixed in a similar way to the proof given here.

For each natural number i, let s(i) be the sum of digits in the p-adic expansion of i. Let
i be a fixed integer, and write ¢ = p™'q +r (resp. i = pm/q' + 7" for some ¢ and 0 <7 < p™

(resp. ¢ and 0 < ¢/ < pm/). Then

A s(i—r)
')_pm@—D p—1"

ordg (¢!) = ordg ( o

Choose m large enough so that

1

ordg (o) > = 1)

for all j. The inequality ord g (a;)i > ordg (q!) implies that

ordg (aéq’!) = ordg (aj)i + ordg (¢'!) > ord g (q!)
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independently of m/. Taking into account of equation (2.2.5), this shows that C (m) ¢ Alm)
for every m’. After taking p-adic completion and tensoring with K, we see that there is a

factorization

D2, K)™) — pan (He, k)™ — pan (1P, K)
for every m’. Therefore, there is a factorization

D(L°, K) — D™ (H°, k)™ — D™ (H°, K).

Let B = C’(m/)A(m), which by Proposition 2.2.4 is an Op-subalgebra of U(g). In fact, since

cm’) ¢ Am) B = A(M) Equip B with the filtration F;B = C’(m/)A(g;). By Proposition

2.2.4 again, B satisfies the all the assumptions of [11, Lem. 5.3.9] (by taking A = C’(m/)).

Proposition 5.3.10 of [11] shows that
D(]Lo, K)(m’) = K ®OK a(m’) S K ®0K E ~ K ®OK A\(m) — Dan (HO, K)(m)

is flat as required. O

Suppose additionally that {Hj},>¢ is sequences of good analytic open subgroups of G
satisfying proposition 2.2.2, where H = H(. For eachn > 0, let L,, = H, N L. The inclusions

Lo € Hy and L, C Hy, induce a continuous homomorphism of Fréchet K-algebras
D®(Lg, K) — D"(Hy, K),
as well as a continuous homomorphism of compact type K-algebras

D(Ly,Ly) = D(Hy,Hy).
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Furthermore, there is an isomorphism of topological K-algebras

D¥(Ho, K)= @ 60% D*(Lo, K).
:L’EH()/LO

For each n > 0, define

D(Hy,L9) := D(Lo,Ly)  ®  DY¥(Hy, K)
D'2(Ly,K)

= @ dz % D(Lo, Ly,).
IEH()/LO

For all n sufficiently large, there are also inclusions H,, C L. Since H, is a normal
subgroup of the bigger group H, Hy, is also a normal subgroup of Lg. Define the compact
type K-algebra D(Lg,HS) to be the strong dual of C12(L, K)Ho_an- Similar to equation

(2.2.4), there is an isomorphic of K-algebras

D(Lo, Hy,) = lim B 5y * D (M, K).
m>ng€LO/Hm

Corollary 2.2.6. Let n be an integer large enough so that H, C Lg. Then the continuous

K-linear morphism between compact type K-algebras
D(Lg, Ly,) = D(Lo, Hy)

15 flat.

Proof. By dualizing the natural map C12(H, K)He-an — Cla(H2, K)Lo.an, We obtain a map
D(H2, L) — D™(HC, K). (2.2.7)

Since D(H;,L;) is a free D*(LL;, K)-module of finite rank, by Theorem 2.2.5, the above
18



morphism factors through some D*(Hy,, K )(m),

By the same argument as [11, Prop. 5.3.18], the induced map D(H;,L;) —
D (HS K)(™) s flat. By [25, Rem. 3.2] applied to (2.2.6), the map D*(HS, K)(™) —
D*(H;, K) is also flat. Therefore, equation (2.2.7) is flat. The corollary then follows from

tensoring equation (2.2.7) by D'®(Lg, K) over D'®(HS, K). O

2.3 Locally Analytic Representations

Let G be a locally Qp-analytic group. In this section, we study the various subcategories of

the category of locally analytic representations of G.

Definition 2.3.1. Let V' be a compact type convex space over K, equipped with an action
of G. Then V is said to be a locally analytic representation of G if for any v € V', the orbit
map o, : G — V given by g — gv is locally analytic (see |9, Prop. 2.2] for other equivalent
definitions). We let Repj, .(G) denote the category of locally analytic representations of G

on compact type convex spaces.

Let Z be an abelian locally Qp-analytic group. For any finite extension £ of Qy, let

Z (E) denote the group of locally Qp-analytic characters on Z with values in £*.

Proposition 2.3.2. Let V' be a compact type space over K with topological action of a topo-

logically finitely generated and locally Qp-analytic group Z. Then the following are equivalent:

1. The Z-action on V' extends to give V' a module structure of the nuclear Fréchet-Stein

algebra Can(Z K) for which the multiplication map
C™MZ,K)xV =V

15 separately continuous.
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2. The contragradient Z-action on'V} extends to a topological (Jan(?, K)-module structure

!/
oan.

Definition 2.3.3. Suppose G is a locally Qp-analytic group, whose centre Z is topologically
finitely generated. Let Repf, .(G) be the full subcategory of Repy, .(G) consisting of objects

that satisfy the equivalent conditions of proposition 2.3.2.

Let V' be an object of Repj, .(G). Since Z is central, the action of D(G, K) and
Can(Z , K) on Vg commute with one another to induce a topological module structure of the

Fréchet-Stein algebra C'an(Z\7 K)@ DG, K).
Definition 2.3.4. Let V be an object of Rep{, .(G). Then

1. V is said to be essentially admissible if V}/ is a coadmissible Can(Z K)@yD¥(H, K)-

module for some (equivalently, for every) compact open subgroup H of G.

2. V is said to be admissible if V; is a coadmissible D¥(H, K)-module for some (equiva-

lently, for every) compact open subgroup H of G.

3. V is said to be strongly admissible if Vb' is a strongly coadmissible Dla(H , K)-module
for some (equivalently, for every) compact open subgroup H of G. That is, V})’ is

Hausdorff quotient of D'&(H, K)™ for some n.

The equivalence of "for some" and "for every" in the definition follows from the fact that if
H' C H is an inclusion of compact open subgroups of G, then Dla(H , K) is a free Dla(H ' K)-
algebra of finite rank. We let Repgs(G), Repaq(G) and Repg, (G) denote the full subcategory
of Repy, .(G) consisting of essentially admissible, admissible and strongly admissible repre-

sentations of GG respectively.

Theorem 2.3.5. There are full embeddings of categories

Repsa(G) - Repad(G) - Repes(G) - Replza.c(G) - Repla.c(G)'
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The categories Repy, .(G) and Repy, o(G) are closed under passing to countable direct sums,
closed subrepresentations, Hausdorff quotients, and completed tensor products. The cate-
gories Repes(G) and Rep,q(G) are abelian categories and closed under passage to closed

G-subrepresentations and Hausdorff quotient G-representations.
Proof. See |7, Lem 3.1.2, 3.1.4] and [25]. O

Remark 2.3.6. The category of strongly admissible representations Repg,(G) is closed

under passing to finite direct sums and closed subrepresentations, but it is not closed under

passing to Hausdorff quotients.
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CHAPTER 3
DERIVED JACQUET-EMERTON MODULE

3.1 Jacquet-Emerton Module Functor

In this section, we recall the construction of the Jacquet-Emerton functor found in [7] and
prove a theorem involving the exactness of the functor I% introduced in [8].

Keep all the notation established in Section 1 and 2.2. Following the notations established
in [7], let Repyop (G) denote the category of topological G-representations on Hausdorff lo-
cally convex K-vector spaces of compact type. The morphisms are continuous G-equivariant
K-linear maps. Let Repy, o(G) be the full subcategorry of Repyp, o(G) consisting of locally
analytic representations of G. Let Repgg (resp. Rep,q) be the full subcategory of Repy, (G)
consisting of essentially admissible (resp. admissible) locally analytic G-representations over
K. Let Repy, .(G) be the full subcategory of Repy, (G) consisting of objects that satisfy
the equivalent conditions of [11, Prop. 6.4.7].

Let Z M be the rigid analytic space of locally Qp-analytic characters on Zy;. Suppose V'

is an object of Reptop.C(Z&). Define the finite slope part of V' to be

Vig = £, ,+ (C™(Zy, K), V).

+
b7,

According to |7, Lem. 3.2.3|, there is a natural isomorphism

(Vis)y = C™(Zp, K) & V. (3.1.1)
K([Z{]

Let 6p : P — K be the modulus character of the parabolic subgroup P. This is a
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smooth character that factors through the Levi quotient M. Explicitly,

1
Ny : mNom_l]

5P(m) = [

for all m € M and any compact open subgroup Ny of N. Suppose V' is a locally Qp-analytic
representation of P on a locally convex K-vector space. For each z € Z;\L/[, define the Hecke

operator Ty . : Vo — VN0 0 be the endomorphism

1
TNy,2(V) = 6p(2) Z TzU = No =M= 1] Z z2v. (3.1.2)
r€Ny/2zNyz~1 1€Ny/2Nyz~1
Definition 3.1.1. The Jacquet-Emerton module functor Jp : Repeg(G) — Repes(M) is
defined to be

V'_> (VN())fS :‘C (Oan(Z\MaK)aVNO>‘

+
b,71,

We end this subsection with a theorem that will be useful for a computation in section
6. Let U be an object of Repf&C(M). Following [8]|, we define ]%(U) to be the closed
G-subrepresentation of Ind%(U ) generated by the image of U(dp) under the canonical lift
Jp(Ind%U) — Ind%U defined in |7, (3.4.8)]. For more properties of ]%(U), see [8, §2].

Theorem 3.1.2. Suppose 0 - U — V — W — 0 s a strict exact sequence in Replz8L C(M)

Suppose U(g) @y U is irreducible. Then
0= IS(U) = I§(V) = IS (W) -0

is a strict evact sequence in Repy, (G).

Proof. By Corollary 4.14 of [27|, the following is a strict short exact sequence of locally

analytic G-representations

0 = Ind%U — md%V — mdSw — 0. (3.1.3)
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Since Ind%U — Ind%V is a closed embedding, it follows immediately that I%(U ) — I% (V)

is also a closed embedding. On the other hand, there is a commutative diagram

V(op) — W(op)

l l . (3.1.4)

G G
IndFV — IndﬁW

The image of the left vertical arrow surjects onto the image of the second vertical arrow.
Since the bottom horizontal arrow is G-equivariant and strict, we have just shown that there
is a G-equivariant strict surjection Ig(V) — I%(W) It now suffices to check exactness in
the middle.

The kernel of I%(V) — I%(W) is exactly the intersection

X = I§(V) N IndSU (3.1.5)

inside Ind%V. It suffices to show that this is exactly I% (U). The space X is a local closed
subrepresentation of Ind%V in the sense of [8, Def. 2.4.1]. Let e be the image of the
identity of G’ in P\G. The remark following [8, Prop. 2.4.9] implies that there is an one
to one correspondence between local closed G-invariant subspaces of Ind%V and the closed
(g, P)-invariant subspaces of (Ind%V)e, by mapping a local closed subspace to its stalk at
e, as defined by [8, Def. 2.4.2]. Our goal is to show that there is an equality on the stalks
Xe = ]g(U )e. Since both of these spaces are polynomially generated, in the sense of [8, Def.
2.7.15], it also suffices to show that XEOI = I%(U)EOI.

From the proof of Proposition 2.8.10 in [8], the space I%(U )EOI is exactly the image of
Ulg) @y U — CPOLN, U). By [2, Prop. 3.26], the spaces U(g) Qy(p) U and CPUN, U)
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are in fact isomorphic. Meanwhile,

X = 1§
— ISP 1 e, 1) (3.16)

—i (U(g) Sy V — CPU(N, V)> N CPOYN, ),

(V)2 1 (a2

which is exactly I%(U )501 as required. O

Remark 3.1.3. The assumption that G is a locally Qp-analytic group is only being used to
show that (3.1.3) is a strict short exact sequence. Suppose L is a finite extension of Qp, and
G is a connected locally L-analytic reductive group. Then the theorem still holds with the

additional assumption that (3.1.3) is a strict short exact sequence.

3.2 Homology groups

For this section, fix an admissible locally analytic G-representation V' € Rep,q(G). Fix a
decreasing sequence of good analytic open subgroups {Hp },>0 of G satisfying Proposition
2.2.2. For any ring R, let Cohp denote the abelian category of coherent R-modules [29, Thm.
2.3]. If R is a coherent ring, then Cohp coincides with the category of finitely presented
R-modules [29, Cor. 2.7].

It is shown in [11, Prop. 5.3.1] that the isomorphism of topological K-algebras
D (Hy, K) 2 limD(Ho, Hy)

induces a weak Fréchet-Stein algebra structure on D'®(Hy, K). By Theorem 1.2.11 of [11],
(VH%_an)’b is a finitely generated module of the coherent ring D(Hy,H; ), for each n > 0.

Small augmentations to the proof of Proposition A.1 and Lemma A.11 of [8] show that there
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are topological isomorphisms
(VH%—an)g = D(H()’H%)@DIB‘(HO’K)VI)/ = D(HOJHI%) ®Dla(HQ,K) ‘/})/ (321)

and (VH%_an);) is finitely presented as a module over the coherent ring D(Hy,H;) for all

n > 0.

Lemma 3.2.1. Suppose M is a finitely presented module of a coherent ring R. Then there

s a projective resolution of M consisting of free R-modules of finite rank.
Proof. This is [14, Cor. 2.5.2] or [13, Rem. 1.4]. O

Let P » — (VH%_an);) be a projective resolution of (VHg-an)g in the category Cohp 7 o)
The existence of such a resolution is guaranteed by the previous lemma. Proposition A.10 of
[8] shows that each term P, 4 has a unique topology making them compact type D(Hp, H,)-
modules. Additionally, the boundary maps are automatically continuous and strict. For

each n > 0, let

H*(N07 (VH%—an)g) = H*((Pn,*)No)

be the usual group homology of Np-coinvariants. It is important to note that by Lemma
2.2.3, the Hausdorff Ny-coinvariants of each P coincides with the usual Ny-coinvariants,
and so each term (P )y, of the complex is a compact type K-algebra. For each n,k > 0,
let Oy, 1.+ (Ppk)Ny = (Pnk—1)N, be the boundary operators. Let H,(Np, (VH%_an)g) be the
Hausdorff completion of H., (N, (VH%_an)g). It can also be identified with the quotient of
ker(9y,) by the closure of im(9 1) and is a K-algebra of compact type. Let H*(No, Vio_an)
denote the strong dual of Hy(Np, (VHg-an)Z)7 which is a nuclear Fréchet space.

Suppose Qn x — (VH%_an)'b is another projective resolution in the category Coh D(Ho,H2)-
The identity map on (VH%_an)/b induces maps between complexes Py x — Qpnx and Qp « —

P, which induces isomorphisms on the homology groups. Each of these maps are auto-
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matically continuous and strict |8, Prop. A.10|. Therefore, the induced topology on the

homology groups Hy (N, (VH%_an)g) does not depend on the choice of resolutions.

Proposition 3.2.2. Suppose Lo C Hy is a good analytic open subgroup. For each n > 0,
let Ly = HyoN Ly, M, = M\ Ly, Py = PN Ly, N, = NN Ly and let Ly, M,, P, and N/,
be their respective rigid analytic Zariski closures in ILy,,. Let m,n be integers large enough so

that Hy, C Lo and L,, C Hy,. Then there is a natural continuous K -linear map
Ho(Nj, (Vig,-am)p) = Hx(No, (Viig-an)p) (3.2.2)

which is induced by the natural continuous map ((VLi’n—an)é)Né — ((VH%-an)g)No- In addition,

there 1s an isomorphism between topological D(M(’),M,Tzo)-modules

-/ 0 ~
D(P07Pn> J/XL,O H*<N(/)7 (VIL%L—an%)) = H*(N(l)v (VH%—an);;)' (3'2'3>
D(POvPT;L)
Proof. Since
D(Ho,Hy) = @D 6x* D(Lo, Hj) (3.2.4)
.’E€H0/L0

is a free D(Lg, H; )-module of finite rank, finitely presented projective D(Hy, H; )-modules
are also finitely presented projective D(Lg, HJ )-modules. This means that the homology
group H,(Ny, (VHg-an)Z) can be computed by viewing (VH%-an)g as a D(H, H; )-module or
as a D(Lg, Hj,)-module.

Let Qx — (V]Lfn—an);) be a projective resolution of (VL%_an)/b by finite free D(Lg,L;,)-

modules. Similar to equation (3.2.1), there are isomorphisms

(Vo -an)p = D(Lo, HS) @ pyia V! and
. "D LK) T (3.2.5)

(Vig-an)p = D(Lo, L) D pla(r,K) Vy.

Let Py be the base change of Q4 to D(Lg, H} ) over D(Lg,L;,). By Corollary 2.2.6 and equa-
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tion (3.2.5), Py — (VH%-an)z is a projective resolution of (VH%_an);) by finite free D(Lg, HJ,)-
modules. By construction, there is a natural map of complexes (Q) Ny = (Px)nN, and the
first assertion of the proposition follows.

We can compute Hy (N, (VH%-an)é) by taking the N{-coinvariants from the resolution
Py — (VH%-an)f,- By the same argument as before, Hy (N}, (VHg-an)g) is naturally a K-
vector space of compact type. It follows from the flatness of D(Fg,@;’;) — D(?B,@;)

(Corollary 2.2.6) that there is an isomorphism of topological D(M{, M5, )-modules

D(ﬁé),@;)z) & H*((Q*)Né) = Hy (D(F:Lﬁ;) ® (Q*)]\%) = H*((P*)N(’))-

This completes the proof of the proposition. O

Remark 3.2.3. In the special case where {Ly,},>0 = {Hn}n>0 and m = n + 1, we have

defined a natural transition map

Hy(No, (Vize, -an)p) — He(No, (Vig-an)p)

n

which is additionally D(My, My | ;)-linear, because the natural map D(Ho,H,  1)n, —

D(Hy, Hy,) N, is D(Mo, M, | ;)-linear.

Corollary 3.2.4. Suppose {Hy}p>0 and {}NIn}nZO are two sequences of good analytic open
subgroups of G satisfying Proposition 2.2.2. Assume that HyN' N = Ny = f]o N N. Let

M} = Hy ﬂﬁoﬂM. Then there is a natural isomorphism of topological Dla(M('), K)-modules

lim H.(No, (Vigg-an)p) = HmH(No, (Vo )3)- (3.2.6)

(¢]
HY -an

Proof. Let Lo = Hoﬂﬁo, and define Ly, M), ?;1, N}, Lyp, NL, F;l and N/, as in the statement

of the previous proposition. By taking the Hausdorff completion followed by projective limit
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of (3.2.3), there is an isomorphism of topological DIE’L(M(’)7 K)-modules

lim H.(No, (Varg-an)p) 2 limH(No, (Vig-an)p)-

n n

The corollary follows from composing with the inverse of the analogous isomorphism derived

using I:jo in place of Hy. m

We close this subsection with an important theorem that is critical for computing these
homology groups. The reader can compare the similarity of this result to [18, Thm. 4.10,
Thm. 7.1].

Theorem 3.2.5. Let n denote the Lie algebra of N and suppose V is an admissible locally

analytic G representation. Then there is a natural isomorphism

lim H*(No, Vitg -an) = H*(, V)Mo, (3.2.7)

n

Proof. Let C®™(Ny, K) be the space of locally constant functions on Ny. Let D¥™(Ny, K)
and D™ (Np,N;) be the strong duals of C*™(Ng, K) and C*™(Np, K)ne_ay respectively.
These can be identified with the n-coinvariants of D'®(Ny, K) and D(Ngy, N2) respectively.

There is an isomorphism

D(No, Np) @ pia vy 1) D™ (No, K) = D(No, Nj) @ pia iy, 1) D™ (No, K)/ D™ (No, K)n

= D(No,Ny)/D(No, Ny, )n = D¥(No, Ny,).
From [18, (47)| and [26, pg. 306], there is an isomorphism

D (Ny. K -~
Torl N0 (Vigo an)h, D™ (No, K)) = Ha (1, (Vigo_an)}), (3.2.8)

where the torsion group is computed in the category of abstract Dla(No, K)-modules. This
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is further isomorphic to

D(N, ,N% o
TOI"* ( 0 )(<VH%—an)€)7D(N07 Nn) ®D13(N07K) Dsm(N07 K)) (3 9 9)

~ D(N N% o
~ Tor? MM (Vigo_an)py D™ (No, N3)).

Suppose P, x is a finite free resolution of (VH%-an>§) by D(Hy,H; )-modules, which can
be viewed as a free resolution of abstract D(Ny,N; )-modules. Equation (3.2.9) shows the
homology of the complex (P «)n can be identified with Hy(n, (VH%_an)/b). Recall that taking
Ny-coinvariants is exact on smooth Ny representations |6, Prop 3.2.3]. Taking into account

of the fact that (Pnx)n, = ((Pnx)n)n,, we see that

H(No, (Vitg-an)) = Han, (Vigs-an ) 3o (3.2.10)

The theorem follows upon applying Poincaré duality [17, Thm 6.10], and the exactness of

direct limits. O

3.3 Hecke action

Let ZT be the submonoid of Z]J\;[ consisting of elements z satisfying 2 !Nz € N and
2Nyz~1 C Ny. A variant of |7, Prop. 3.3.2 (i)] show that ZT generates Z; as a group.
Let z be a fixed element of Z*. The goal of this subsection is to define a D (Mg, M2)-linear
action on the homology groups Hy (N, (VH%_an)’b), which extends the Hecke operator 7y, »
on VN0 given by (3.1.2).

Let z € Z1. For each n > 0, let H(z),, and H(z~1),, be the rigid analytic subgroups of
H corresponding to the Zj-sublattices Ad_—1(bp) N by and Ad;(by) N by respectively. Let

H(2)p = H(2)n(Qp) and H(z~ 1), = H(271),(Qp). By considering the Twahori decomposi-
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tions of rigid analytic groups

z_lan = Z_anz x M, % z_anz and

z]HInz_l = anz_l x M, x anz_l,

and conditions (5) and (6) of Proposition 2.2.2, the rigid analytic groups H(z), and H(z~1),

admit Iwahori decompositions

H(2)p = 21N,z x M, x N,, and
(3.3.1)
H(z_l)n =N, x M,, x 2N,z L.

Similarly, there are Iwahori decompositions

Let n > 0 be large enough so that H,, C H(z)y and H,, C H(z~1)g. Define the restriction
map to be the composition
K|N
res : Hy(No, (Vitg-an)p) = HelNo, Inde "0 (Vigg an)f)
= H*(NO’ K[NO] ®K[zN0z_1] (VH%-an)Z> (332>

= H*(ZNOZ_la (VH%—an)g)'
Proposition 3.3.1. There is an isomorphism of topological D(My, M )-modules

H*(ZNOZ_la (VH%—an)g) = H*(ZNOZ_1> (VH(z—l)%—an)é))'

Proof. This follows from the second assertion of Proposition 3.2.2 with the observation that
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H,, and H(z_l)n have the same “opposite parabolic part". O

The Iwahori decomposition of the rigid analytic groups H(z), and H(z~!),, show that

there is a D(My, M )-linear isomorphism
2T ID(H (=)o, H(=71)7)z 2 D(H(2)o, H(2)7)-

A simple argument on the resolution level then shows that conjugation by z~! induces a

topological D(My, M )-module isomorphism
H*('ZNOZ_l? (VH(Z—l)%-an);)) = H*(N07 (VH(Z)%-an)g))' (3'3'3)

For each n large enough so that H, C H(z)g and H, C H(z"1)p, let 7'('3\/-0 .. be the

D(My, My )-linear endomorphism of H,(Ng, (VH%_an)g) defined by composing the following

res, (3.3.2) _ Prop&3.3.1 B
H*(N()a (VH,‘,’l—an)Ib) — H*(ZNOZ 17 (VH%—an)@ = H*(ZNOZ 17 (VH(zfl);’L—an)g)

(3',‘1'3) Prop.3.2.2
= —

Hy(No, (Viz)o-an)b) Hy(No, (Vizs-an)p)

(3.3.4)

with the multiplication by dp(z) map on Hy (N, (VHg-an)g))- It is not hard to check that the

natural transition maps Hy(Np, (VH%H_an)’b) — Hy(No, (Vige_an)p,) are Z T -equivariant.

Remark 3.3.2. By our construction, we can actually define WEVO 1. On the terms of the com-
plex computing the homology group. More specifically, suppose D(Hg, Hj) )" n* — (VH%—an);)
is a free resolution of (VHg-an)g- By the Iwahori decomposition of H(z)y and H(z7 1) (see

(3.3.1)), all of the following indices are equal
[HO : H(Z_l)o} = [N() : ZN()Z_l] = [Hy: H(2)o].
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Let u be this constant integer. Let ﬂVo,n, ., be the following composition of maps

~ Tn,* TTL,* ~Y 71 Tn’*u
TN,z + D(Ho, Hy ) o == D(Ho, Hy )Xy = D(H (=~ o, H) vy
Prop.3.3.1 B o T 271z o Frx
= D(H(E Do HET N = D(H(2)o H2)) i
— D(H(2)o, Hy) " 2 D(Ho, Hy) "
(3.3.5)

Then 7~r§\f0,n,z induces #(z)ﬂ\fo,n,z on the homology groups Hy (N, (VHg-an)g)-

The rest of the subsection is devoted to checking that W?VO’(), . 1s compatible with 7T§V07 .
(the dual of (3.1.2)) in degree 0. More specifically, we would like to check that the following

diagram commutes

1%
2

Noy/ N v 1oy He / = /
% >b B (Vb)NO — (D(Hy, Hy) ®Dla(H0,K) Vb)No B ((VH%—an>b)N0

[0 [0 -
"1 o o
(Vo) —— (V))ny — (D(Ho, B}) ® paggy 10y Vi) Ny — (Vitg-am)}) N
(3.3.6)

1%
J

We use some ideas similar to [11, Lem. 4.2.19, Lem. 4.2.21].
Let

)\:H0—>N0><M0:F0andp:H0—>No

and be the natural projections coming from the Iwahori decomposition of Hy. Recall that
the map K[Hy| — D(Hy, H;) by sending an element h € Hy to the dirac distribution dy, is

dense. The Hecke operator 7'("/7\/—070’2 acts on an element &y, ®v" € (D(Hy, H%>®D13(HO,K) Vi) Ny
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by the following composition:

_ Prop.3.3.1
11}’ P 1.7

5, @V FS 0p(2) Y 0,-1, @ T dp(2) Y 5)\(33_1}1) ®x v

r€Ny/2zNgz~1 v r€Ny/2Nyz~1

z -1, -1 7

— 5P(Z)IENQ/XZJNOZ*15Z_1)\(m_1h)z ®z .
(3.3.7)

It now suffices to check that the following diagram commutes:
h@v'—hy/ =
K[Ho) @k V] == (V})n, — (V7o)

l%’o,z lﬂﬁvo’z : (3.3.8)

; h@v' —hv'

K[Hoy) @ V] =5 (V) Ny, —— (Vo))

Let (-, -) denote the duality pairing between V' and Vl')’ The goal is to prove that there is

an equality

-1 -1 o -1 7
Y L)

for all h € Hy, v € VN0 and o € V})’ A simple computation shows that

<5z_1)\(x_1h)z ® Z_1$_1U/, U> =

(3.3.9)

The following lemma then finishes the proof.

Lemma 3.3.3. As z ranges over the right coset representatives of zNoz~t in Ny, the ele-

ments h_lx)\(:z:_lh) ranges through a set of right coset representatives of zNoz_l m Ny as
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well.

Proof. By definition, h = A(h)p(h) for all h € Hy. In particular,
Lz ([E_lh> =p (x_1h>_1
is indeed an element of Ny. Additionally, given x,y € Ny, there is an identity
p (y_1h> p (x_lh)l =A <y_1h>1 y L <$_1h> ) (3.3.10)

Claim 3.3.4. For any p,p’ € Py, there is an inclusion p (zNoz_l) p' NNy C zNoz_l.

Proof. This follows from the fact that p (zNoz_l) p is element of Hy and H(z~1)g. From

the Iwahori decomposition of these two groups, Hy N H(z~ 1o N Ny = zNpz~1. O

1

Looking back at equation (3.3.10), we see that if y~ 'z € 2Npz~1 then the claim shows

that p (y~1h) p (:c_lh)_l € 2Noz~ 1. Conversely, if p (y~1h) p (:c_lh)_l € zNpz"1 then

yilx S\ (yilh) (zNng) A (x*1h> - zN()zfl
as well. ]

3.4 Definition of H*Jp(V)

Lemma 3.4.1. Suppose f: V — W 1is a compact continuous linear map between Hausdorff
locally convex K-vector spaces (in the sense of |23, §16|). Suppose there is a commutative

diagram of Hausdorff locally convexr K -vector spaces

L}W

<T<
Q

-

Z



where p is a quotient map. Then f is compact.

Proof. Let L be an open lattice of V' such that f(L) is bounded and c-compact. By Lemma

12.1, Lemma 12.4 and Proposition 12.7 of [23], the image ¢ (f(L)) is closed, bounded and c-

compact. Therefore, p(L) is an open lattice in Y such that f (p(L)) = ¢ (f(L)) =q <f(L)>

is bounded and c-compact, and so f is compact. O

By the choice of good analytic open subgroups {Hj },>0 of G, each of the rigid analytic
inclusion Hy, 1 C Hj is relatively compact. Therefore, the natural map D(Hp, H ;) —
D(Hy,Hy) is compact. Lemma 3.4.1 and [23, Rem. 16.7] show that the transition maps
H,(Np, (VH%Jr—an);)) — Hy (N, (VHg-an)Z) defined via proposition 3.2.2 are also compact.

Hence, l'gn?[*(Ng, (VHg-an>§)) is a nuclear Fréchet space. It also comes equipped with an

action of ZT (defined in §3.3) induced from the operators 7T‘/N07n7 , for each z € Zj\r/[ and n
large enough. Lemma 3.2.29 of [7] and the discussion following the lemma show that the
strong dual of lgnl:[*(No, (VH%—an)Z) is an object of Repf, .(Z7).

Motivated by equation (3.1.1) and [7, Lem. 3.2.19|, for an admissible locally analytic

G-representation V' € Rep,q(G) we make the following definition.

Definition 3.4.2. We define the derived Jacquet-Emerton module H*Jp(V') to be the strong
dual of

(H*Jp(V))p = C*™(Zp, K) ® limHy(No, (Vito-an)p)- (3.4.1)
K[Z+] %

For this definition to be reasonable, we need to show that the right hand side of (3.4.1)
is reflexive. This is true, as we show in Section 4 that H*Jp is a family of functors from

Rep,q(G) to Repes(M). By [11, Prop. 1.1.32] there is an isomorphism

n

H*Jp(V) = <1i_f>ﬂH*(No7 vH%-an)) :
fs
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In degree zero, we observe that

/ ~ ~
HJp(V)) 2™ Zy, K) & lm((Vigean)p) Ny = C™(Zar K) & (V)N
(#O9(1), = (%o K), B in((Vigeanli)vg = O (Bt K), B ()i

n

Therefore, there is an isomorphism HOJp (V) 2= (VNo)e = Jp(V).

Let u € ZT be an element satisfying the properties that uwIN,u C N1 forall n >0,
and that =1 and Z1 generates Zp;. Define YT (resp. Y) to be the submonoid (resp.
subgroup) of Z,; generated by u. Fix an exhaustive increasing sequence {?n}nzo of ad-
missible open affinoid subdomains of ?M with the property that the inclusions Yj, C Y, 41
are relatively compact. Let C’an(?n, K )T denote the space of overconvergent rigid analytic

functions on ?n Then there is a topological isomorphism

CMNY, K) 113103“1(17”, K)T. (3.4.2)

n

Proposition 3.2.28 of 7], Proposition 1.1.29 of [11] and Lemma 19.10 of [23] show that there
is an isomorphism

(H*Tp(V))y := mC*™ (Y, K)T & Ho(No, (Vigg-an)): (3.4.3)

n Klu

where the limit is over all n > 0 large enough so that H,, C H(z)y and H,, C H(z~1).

Proposition 3.4.3. Suppose V' € Repaq(G). Then the assignment V +— H*Jp(V) is a

family of functors from Rep,q(G) to Repf, (M).

Proof. Suppose f : V — W is a continuous map between admissible locally analytic G-
representations. Then for each n > 0, there is a continuous map between finitely presented

topological D(Hg, Hj )-modules

f’lll : (WH%-an)g - (VH%—an)Z-
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Passing to homology, there are continuous D(My, M )-linear maps

(fflz)* : H*(N()a (WH%-an))Z — H*(N()v (VH%—an);))

which can easily be checked to be w-equivariant. Since the action of u commutes with
D(My, M), after taking limits and Y-finite slope parts, there are continuous Dla(Mo, K)-
linear maps (H*Jp(W)), — (H*Jp(V));. This proves that H*Jp (V) is a family of functors.

Suppose V' € Rep,q(G), then H*Jp(V) € Repfa,C(ZM) [7, Prop. 3.2.4]. Fix m € M.
For each n > 0, let H(m™1),, (resp. H(m),) be the good analytic open subgroup of G
associated to the Zy-lattice n, © my © Adp,(ny) (resp. Ad,,—1(1, & my) @ ny). For each n

large enough so that H, € H(m ™)y and H,, C H(m)g. Define Yn,m to be the composition

~ res, (3.3.2) ~ _
Ynm + Hx(Np, (VH%-an);)) —  Hi(mNom 1’ <VH%'an);J)

Prop. 3.2.2 1 p m~1 /
H*(mNom a(VH(m—l)%—an)b) = H*(NOa(VH(m)%—an)b)'

I

By taking projective limit and composing with the isomorphism coming from Corollary 3.2.4

as well as the multiplication by d p(m)-endomorphism, there is a map

V2 limHo(No, (Vig-an)p) — HmH(No, (Vitg-an)j)-

n n

We define this to be the action of M on lgnlfl*(]\fo, (VH%_an)g).

n

Notice that if z € ZT, then the Hecke action W;Vo,m . Is exactly the composition of ¢y, »
with the map Hy(Np, (V]H[(z)%—an)é) — H,(Ny, (VHg-an)é) and the multiplication by dp(z)-
endomorphism. Thus, the action of z on lgnfl*(NO, (VHg-an)Z) coming from 7r§v07 . and
agree. Proposition 3.3.2 and Proposition 3.%.6 of [7] imply that this defines an action of M
on H*Jp(V).

It remains to show that the action of M on H*Jp(V) is locally analytic. Since My is a
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compact open subgroup of M, it is equivalent to showing that the action of M is locally
analytic. Since My normalizes Ny and Ny, it is easy to see that for all m € M, the action of

m given by 1, is simply the multiplication by m map on lgnfl *(No, VHg-an) and the multi-
plication by the dirac distribution &;, on IEHITI*(NO, (VH%_an)/b). Since lgn];l*(]\fo, (V]ng-an)g)
is a topological Dla(MO, K)-module, the action of My on li_r>n?[*(N0, V]HI‘;L—an) is locally ana-

lytic [9, Prop. 2.2]. Since the Hecke action of Z is M-linear, it follows from |7, Lem. 3.2.7]

that the action of M on H*Jp(V) is also locally analytic. O

The rest of the section is dedicated to showing that the definition of the functor H*Jp is
invariant of the various choices we have made in its construction. A number of the arguments
are similar to those used in [7].

Suppose M’ is another choice of lift of the Levi quotient of P. Then there is some z € N
such that M’ = zMz~!. For all n > 0, let H, = zH,,z~! M/, = aM,2~1, N/, = 2M,z 7!,

H), =H,(Qp), M}, = M,(Qp) and N}, = N},(Qp). Let (M) = 2M*2~1 then
(MY ={m' e M": m/Nj(m")~! € N{}.

Given V € Rep,q(G), we can define lgnﬁ*(N(’), (VH/’O—an);)) and an action of (M™)" on the

n
space in an analogous way.

Proposition 3.4.4. Suppose V' € Rep,q(G). Multiplication by x induces an isomorphism

<lig1H*(N0, VH%_an)g)) = (@H*(Né, VH;;o_an)g)> (3.4.4)
fs fs

in the category Repy, (M) (where M’ is identified with M wvia conjugation by x).
Proof. Multiplication by z induces isomorphisms of compact type K-algebras

D(Ho, Hy,) & D(Hy, H;;") and D(Ho, Hj) N, 2 D(Hj, H”) g
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Therefore, all the homology groups are naturally identified and the proposition follows im-

mediately. O

Proposition 3.4.5. Suppose Lg is a good analytic open subgroup of Hy. For each n > 0, let
Ly =Hp,N Ly, M, = M Ly, P,y =P Ly, N\ = N Ly, and let L,, N, P, and N/, be
their respective rigid analytic Zariski closures in ILy. Then there is a natural M -equivariant

topological isomorphism

(@H*(NO, VH%-aan)) f = (lgnH*(Né, vmg-an%,)) f (3.4.5)
S S

n n

Proof. Let (M) be the submonoid of M that conjugates N into itself. Let Z]"\Z, =(M*T)n
Zyr. Let (Z7) be the submonoid of Z]\Z, consisting of elements z such that z_lNOz C N().
Let ' € (Z1) be an element satisfying the properties that (u’)_lﬁgu’ C N;Hl for alln > 0,
and that (uv/)~! and (Z1) generates Z;;. Define (Y T) (resp. Y’) to be the submonoid (resp.
subgroup) of Z; generated by u'.

Choose a € Y such that aNga~t C Né. For each n large enough so that H, C Ly,

define ¢, to be the following composition of continuous D(M(/), M;@O)—linear maps

res, (3.3.2)
on : Hy(Ny, (VH%-an)g) — H*(Néa (VH%—an)é))
Prop. 322 —~ / ’
& D(Py,P,) 7@7/0 H*(-N()y (V}L%—an)b)'
D(POa]Prz )

For each n large enough so that H,, C H(a), and H, C H(ofl)n, let 15, be the continuous

D(Mé, M;’Lo)—linear map defined by the composition

Prop. 3.2.2
@Z)n H*(NO, (V]LO an) ) R

Prop. 3.3.1 1 /
= Hy(aNya™ 7, (VH(afl)g_an)b)

Prop. 3.2.2
""" He(No, (VEz-an)p)-

40

H*(O‘NOO‘ (VHO an) )

(3.3.3) ,
= H*(NO> (VH(Q)%—an)b)



Upon passing to Hausdorff completion and projective limits, the ¢;,’s and ¢,’s define con-

tinuous D(M]), M;°)-linear maps

Q: l'gnH*(No, (V]H[%—an)g)) — hinH*(N(/)u (VL%—an>;))

n n

(3.4.6)
Y Hm Ay (Ng, (Vig-an)p) — HmHy(No, (Vitg-an)p)-

Let Ot =ZtN(ZT) and DT = M N (MT), then CT generates Z); as a group and
DT generates M as a group |7, Prop. 3.3.2]. It is not hard to check that ¢ and v are both
C-equivariant. Their compositions 1 o ¢ and o) are exactly ﬁm)ﬂ%’ , and mﬂ\fé a
respectively. Proposition 3.2.20 of [7] shows that (3.4.5) is an Zjp -equivariant topological
isomorphism. Furthermore, ¢ and 1 intertwines the M+ N (M ™) -action on the source and

target of (3.4.6). Thus, (3.4.5) is in fact M-equivariant. O
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CHAPTER 4
PROPERTIES OF H*Jp

In this chapter, we prove that H*Jp(V) is a d-functor from Rep,q(G) — Repes(M).

4.1 Essential Admissibility

The goal of this section is to prove that H*Jp(V') is an essentially admissible locally analytic
M-representation. We use a number of ideas introduced in [7]. In particular, we want to

show that H*Jp(V') satisfies the hyptheses of [7, Prop. 3.2.24], which are:

1. There is an element z € Z such that for all n > 0 sufficiently large, the Hecke operator

’/T}Vb’n’z : Hy(No, (Vire_an)p,) — Hx(No, (Vie-an)j,) factors through

D(Mo,M;) @& Hi(No, (Vi -am)p) = Hx(No, (Viiz-an)p)

D (Mo, My, 14

to give a commutative diagram

~

D(My,M;)  ®  Hy(Np, (Vie, -an)y, — Hx(No, (Vig-an)p)
D(My,MP n

n—i—l)
/
i d 7! TN,
lld@ﬂNOv”/ l 0-1,%

D(Mo,M;) & He(No, (Ve an)py —— He(No, (Vizg-an)p)

D(MO7M;)1+1)

2. For all n > 0 sufficiently large, the induced D(Mgy, M?)[ZT]-linear map

~

D(Mo,My) @ Hi(No, (Vere, -an)b) = He(No, (Vig-an)p)
D(Ml)vM%H) nr

is D(My, My, )-compact in the sense of |7, Def. 2.3.3].

Fix z € Z1 satisfying the condition that for all n > 0, the inclusions z 1N,z C N,
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given by condition (7) factor through N, 1 C N,. For each n > 0, let H(2)p pn+1 be the
good analytic open subgroup of G corresponding to the Zy-Lie lattice Ad,—1(hn) N b1
The choice of z and the sequence of good analytic open subgroups {Hy} imply that each

H(2)p, n41 admits a rigid analytic Iwahori decomposition
~ —IN
H(Z)n,n+1 = 27 "Npz X Mn_|_1 X Nn+1.

Since H(z),n+1 is a normal subgroup of H(z)p, we can define the topological K-algebra

D(H(z)g, H(2) ) to be the strong dual of CY(H (z)o, K)H(2)p pi1-an-

o
n,n+1
Recall that in the construction of the endomorphism WEVOJ% . of Hy(Np, (VH%-an)é)a it

factors through H,(Ny, (VH(Z)%—an>§))' To show that condition (1) is satisfied, it suffices to

show that there is a commutative diagram

f—\[*(NOa (VH%—an)@

|

z,n—&-l'an)é) Hy(No, (VH(Z)%—an)é)

| l

D<M07 M’?L) (/X\> o H*(No, (VHZ_i_l—an);)) E— H*(N(), (VH%—an)@
D(MOaMn+1)

~

D(Mg,M5) &  Hi(No, (Vi)

D(My,M? 1)

o (4.1.1)

such that the middle horizontal map is an isomorphism. This is exactly the second assertion

of Proposition 3.2.2 with the observation that the completed tensor products

D(H(2)o, H()3), ®  ad DM B
D(H(Z)OvH(Z)mn.i_ﬁNo D(MU’Mn—f—l)

agree by the Iwahori decomposition of H(z), and H(2), 41
The left vertical and the bottom horizontal D (Mg, M )-linear morphisms of (4.1.1) are

defined by Proposition 3.2.2. The commutativity of the diagram follows from the fact that
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the rigid analytic inclusion H(z)y, 41 € Hy, factors through Hy, ;1 by our choice of z.

It remains to show that hypothesis (2) holds. Fix n > 0 sufficiently large. Since
D(Hy,H, 1) — D(Hy, H3) is flat, we can find finite free resolutions Py« — (VHa_an)’b (resp.
Poy1. — (VH%H_an)é) by D(Hp, Hj,)-modules (resp. D(Hp, H, | ;)-modules), where Py «
and Py 11, have the same respective ranks. For each k > 0, let p 1. : (P p1)n, — (Prk) N
be the boundary map for each £ = n,n + 1 and all £ > 0. Recall that the transition maps
Py 41 — Py, as well as the boundary maps dy j, are automatically continuous and strict for

each { =n,n+ 1 and k > 0 [8, Prop. A.10].

By |7, Prop. 4.2.22|, the continuous D (M, My )-linear map

D(Mo,M;)  ®  (Pos1k)N, = (Puk)Ng

D<MO7M?L+1)

induced by the natural map D(Ho, H} ;) — D(Hy,Hy) is D(My, My,)-compact for each

k > 0. Furthermore,

D(Mo, M%) @ ker(an+1’k) — ker(@n’k)
D(M07M701+1)

is compact |7, Lem. 2.3.4]. There is a natural commutative diagram

D(Mo,M5) & ker(9pq14) —— ker(9)

D(MO7M$1+1)

l l : (4.1.2)

D(Mg, M) & Hu(No,(Vis,,)p) — He(No, (Vi )p)

D(M07M$7,+1)

Applying |7, Lem. 2.3.4] again, we see that the bottom horizontal arrow is D(My, M) )-
compact. Proposition 3.2.24 of [7] completes the proof of the essential admissibility of

H*Jp(V) as a locally analytic M-representation.
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4.2 Delta Functor

In this subsection, we present the proof that H*Jp(V) is a d-functor.
For each n > 0, let P, « = D(Hyp, Hj) ™* — (VHg-an)g, be a free resolution of (VHg-an)Z
consisting of finitely generated D(Hy,Hy)-modules and let 0, = (P 1)ng = (Puk—1)N,

be the boundary maps. For each n > 0,

Pn+1,* = D(H07H701) ® Pn+1,* = D<H07H%)Tn+l’* - (VH%—an)g;

D(H07H(7)L+1)

is also a projective resolution of (VH%_an);) by free D(H(, H )-modules. The identity map on

((VH%_an)’b) N, induces chain maps

ingx t (Pnt16) Ny = (Pnx) Ng- (4.2.1)

Define the transition map P41 — Pp « to be the composition of the natural map Py, 1« —
ﬁnJFL* induced by the rigid analytic inclusion H,, ;1 — H,, with (4.2.1). Since the rigid ana-
lytic inclusion P, ;1 C Py, is relatively compact, the natural map D(?O,Rol 1) — D(I_DO,@;)

is compact as a map between locally convex K-vector spaces. Then the transition maps

(Pat1x)Ny — (Pnx) N, are also compact, since it factors through
(Pps1,4)Ny = D(Po, Py ) n 1 — D(Py,Py) mx = (Pyy i) Ny -

Therefore, the projective limit lgn(Pn,*) N, is a nuclear Fréchet space.

n

For each { = n,n+ 1 and z € ZT, let Ry, = D(H(z)o,H(2)7)%* — (VH(z)E—an)g be
a free resolution of (VH(z);’-an)z by finitely generated D(Ho, H(z)j)-modules. By replacing
Py, we can assume that Py, is the base change of Ry, to D(Hy, Hj) over D(H (z)o, H(2)).
Then sy, - [Np : zNgz~1] = 7¢ - Let §n+1,* be the base change of Ry, « to D(H(z)g, H(2)p)

n
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over D(H (2)o, H(2), ). The identity map on ((VH(z)%-an)@No induces chain maps

Jnx (Rn,*)NO — (Rn—i—l,*)NO' (4.2.2)

By Remark 3.3.2, there is an action of z € Z1 on each P, «. However, we need to use a

slightly different action of z. Define ﬁ?\fg . t0 be the composition

o\"n,*x o\"n,*x ~ — 0\Sn,x
(an*)NO :D(HO’Hn)NO E} D(H(),Hn) - D(H(Z 1>0’Hn)zNoz_1

= DHGE o HET 0 = DHE)HE)) N = (Rus)n, (4.2.3)

jn* o\Sn * e o\"'n * D
AD(H(Z)()’H@)n)NJL = (Rn,*)NO - D(HOaHMN;L = (Pn+1,*)N0

) o\"n,x
8 D(Ho, HY)" = (Pa)ny.

The only difference to Remark 3.3.2 is the additional intertwining of ip and jp «, so it

induces the same Hecke operator upon passing to homology.

Lemma 4.2.1. For each k > 0,

C(Zyy, K)@)K[Zﬂlgn(Pmk)NO

is a coadmissible Can(Z\M, K)® g D'*(My, K)-module.
Proof. Similar to section 4.1, we wish to show that the hypotheses of |7, Prop. 3.2.24| hold.

The D(Mj, My )-compactness of

D(Mo, My)®p(agy mae, ) Prr16)Ng = (Prk)Ng

follows from |7, Lem. 2.3.4] and [7, Prop. 4.2.22].

Let z € ZT be an element satisfying the properties that 2 N,z C N1 for all n > 0.
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By the choice of z, there is a commutative diagram

D(Mo,M;) & (Pur14)N, > (Prx) N
D(MO7M%+1)

| !

D(M07 M%) @ (Rn-‘v-l,*)No > (Rn7*>No
D(M07M’,Ol+l)
id®z l Jn.x Z . (4.24)

Sn+1, ¥
%,n—kl)]\?(;r ’ ’ (Rn+1,*)N0

®

(Prt1,4) Ny > (o) N,
D(MOaM?L+1)

D(Mo,M5,) &  D(H(2)o,H(2)
D(M07M701+1)

D(Mp, My)

To satisfy hypothesis (ii) of |7, Prop. 3.2.24], it suffices to show that ¢ is an isomorphism.
This follows from a consideration of the Iwahori decomposition of the relevant distribution

algebras. O]

Proposition 4.2.2. There is a topological isomorphism

(H*Jp(V)), = Hy (Can(EM, K)@A?K[Zﬂlgn(fjn,k)NO) (4.2.5)

n

of coadmissible C’an(fM, K)® g D'&(My, K)-modules.

Proof. First, recall that the category of coadmissible Can(Z A K)® g D& ( My, K)-modules
is abelian [25], and so the target of the isomorphism is also coadmissible. Similar to (3.4.3),
it follows from |7, Prop. 3.2.28] and [11, Prop. 1.1.32] that there is an isomorphism of
coadmissible Can(ZM, K)® g D'*(Mj, K)-modules

H* (Can(ZMa K)@K[Z—i—}lgn(Pn,k‘)N()) = H* <1£ncan(?n7 K)T®K[u](Pn,k)N0> : (426)

n n

It suffices to show that the targets of (3.4.3) and (4.2.6) agree. For each k > 0, there is a
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topological K-linear isomorphism

9

n

L o
h (hinoan(y’“ K)®k(c <Pn,*)zvo> ~ fi 200k

& im(id®0y 1)

where m denotes the closure of the image of id®8k+1 inside
C (Y, K)T@’K[u](Pn,k;)No [19, Thm. 3]. In fact, a similar proof to [8, Lem. A.11]
show that Can(f/n, K )T® K[C+] (Pn,x)N, is a finitely presented module over the coherent ring
C’an(f/n, K)t® K[u)P (Mo, Mp,). Additionally, the boundary maps id®0), are automatically
strict with closed image [8, Prop A.10] [3, Cor 3, p. 1V.28].

Since K[u] — C*(Y,, K)! is flat, C’an(?n,K)T@K[u]H*(NO, (VEHo-an)p,) is exactly the
completion of %. The spaces ker(id ® 0y, ) and im(id ® O, 1) are dense in the closed
subspaces ker(id®0;,) and im(id®0), 1) respectively. The proposition follows immediately.

O]

Since the definition of (H*Jp(V))} is independent of the choice of resolution of (VH%_an);)
for all n > 0, the same is true of the source of (4.2.5). Suppose 0 - U -V — W — 0 is a

strict short exact sequence in Rep,q(G). For all n > 0, the sequence
0— (WH%—an)g - (VH%—an)é) - (UH%—an>§) — 0

is also strict exact [24, Cor. 1.4] [3, Thm. 1, p. IV.28] [8, Cor. A.13]. Recall that taking
Ny-coinvariants and finite slope part on the dual side are both right exact (in the strong
sense that strict right exact sequences remain strict right exact) |7, Prop. 3.2.6]. Then
[25, Thm. B|, Proposition 4.2.2 and usual homological algebra show that there is a strict

long exact sequence of coadmissible C*%(Z s, K)® je D™ (My, K )-modules
0 ! 0 ! 0 ! 1 !
0« (H Jp(W))b “ (H Jp(V)>b “ (H JP(U)>b “ (H JP(W))b o
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By taking the strong dual, we have just shown that H*Jp is a d-functor.

Remark 4.2.3. An alternative approach to proving that H*.Jp is a d-functor is to prove

that taking finite slope part is exact. This is done in [12, Thm. 4.5].
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CHAPTER 5
DERIVED JACQUET-EMERTON MODULE OF
ORLIK-STRAUCH REPRESENTATIONS

In this chapter, we present a method of computing the derived Jacquet-Emerton modules of
Orlik-Strauch representations in the case G' = SL2(Q)), along with some explicit examples.
Let T be the subgroup of G consisting of diagonal matrices and let P be the standard

Borel subgroup of upper triangular matrices and P be the opposite Borel subgroup of lower

0 1
triangular matrices. Let w = be our choice of the non-trivial element of the Weyl
-1 0
1 Zyp p 0
group of GG. Let Ny be a maximal compact subgroup of N. Let z = €
0 1 0 p!
01 0 0 1
Z;E, X = en, Y = cenand H = € t. For a representation o of
00 10 0 —1

P, define

mdGo = { € C'™(G.0) | f(pg) = o(p)f(9)Vp € P, and g € G}

Let M be an object in the category OP as defined in [21]. Suppose 1) is a smooth character
of T'. Let W be a U(p)-invariant K-subspace of M that generates M as a U(g)-module. Then

there is a short exact sequence of U(g)-modules
O—>O—>U(g)®U(g)W—>M—>O.

Define a left action of g on CY(G, W’ @ 1) by

(- Dlo) = 5 =0  (exp(~tr)g),

20



which extends to an action of U(g). Each T®@w € U(g) @ g W defines a K-linear continuous

map

CGE, W @) = C™(G, )

fer(row)-f:g= (7 f)g)(w).

As in [21], the Orlich-Strauch representation .7-"% (M, 1)) is defined as the subspace of Ind%W’ ®
1 comnsisting of functions f such that s- f = 0 for all s € 0.

For each k € 2Z, let x; be the algebraic character of T' of weight k. Let M (k) be
the Verma module U(g) ®p @) xi associated to x; and L(k) its simple quotient. Then
fg(M (—k), ) is the locally analytic principal series representation Ind%ka and for & > 0,
]:% (L(—k), ) is the locally algebraic representation L(—k) @ sm—Ind%¢.

In fact, for each k£ > 0, by applying the contravariant exact functor ]—"g(-, ) to the BGG
resolution

0— M(k+2)— M(—k) = L(—k) — 0,

there is a short exact sequence

0 = L(—k) @ sm-Ind%y — Ind%xgth — Ind%x_g_ov = 0 (5.0.1)

(see also [22]). We now compute the derived Jacquet modules of each term of this exact
sequence.

Evaluation at w induces a P-invariant surjection
FE(M ) = FE(M, ),

where fg(M, ) is the stalk of ]-"g(M, 1Y) at w [8, Def. 2.4.2]. The kernel of this map is the
subspace ]:% (M, )(N) of ]:% (M, 1) consisting of locally analytic functions with support
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in PN. Taking n-cohomology followed by Np-invariants (keeping in mind the exactness of

Ny-invarince on smooth representations) produces a long exact sequence

0 = HO(n, FSG(M, ) (N))N0 — HO(n, FG(M,v))0 — HO(n, FG (M, 1)w)™
— H (0, FS(M, ) (N)No — H (0, FS (M, )N — H (n, FG(M, 9)0)N0 — 0.

(5.0.2)

0 1
be viewed as the subspace of C’J}a(Qp, W’ ® ) on which 0 - f = 0, which we denote by

Under the canonical identification N = = Qp, the space ]:g (M,9)(N) can

CeM(Qp, W' ® ¢)° [8, Lem. 2.3.3]. The action of X on FS(M,¢)(N) is the derivative map

a
dx’

Lemma 5.0.1. For each i, the cohomology groups Hi(n,}"%(M,w)(N)) and
H'(n, FS(M,¢)'(N)) coincide,

Proof. Since n is one dimensional, it suffices to check this for ¢ = 0,1. The action of n
is differentiation, so the 0-th cohomology consists of locally constant functions, which are
locally polynomials.

For a n-module V, let V4 denote the space of n-coinvariants V/nV. Since n is one
dimensional,

H'(n, V) = Vy @ n*. (5.0.3)

To show that the first n-cohomology coincides, it suffices to show that the natural map
FE(M,)'P(N)) — FG(M, 1)) (N)q

is an isomorphism. Injectivity is clear, as the anti-derivative of a polynomial is a polynomial.
For surjectivity, it suffices to show that any element of (C’éa((@p, W' ®1)°)y has a locally
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polynomial representative.

Suppose f is an analytic function from a compact open subset 2 C N to K. Then there

is a finite compact open cover (Qi)le of 2 on which the formal integral of f converges on

each €2;. This shows that
C&(Qp, W' ® )

la / . _
O = e, o)

Now suppose [ € Céa(Qp, W' ® 4)°, and suppose h € Céa(@p, W' ® 1) is the formal
integral of f, that is f = Xh. Assume f is non-trivial in (C2(Qp, W’ ® 1))y, that is,
0-h # 0. For a vector v € W let 01 be the kernel of the evaluation at v map on W’. Let ¥ be
a basis element of the complement of 7+, so that W’ = 9~ @& K7. The projections of W’ onto
K70 and 9 induces projection of C*(Qp, W’ ®1) onto C14(Q,, K1) and C22(Qp, 7t ®1))
respectively. Let f; and f51 be the image of f under the respective projections, and similarly
for h; and hﬁ 1.

By definition, the action of X" @ v € 9 C U(n) @ g W acts on f by the formula

(X" @) - () = (~1)" (dn—f@)) (v).

dz™

It is easy to see that (X" ®v)- f51 and (X" ®v)-h;1 are zero. By assumption, (X" ®v)- f5 =
and (X" ® v) - hy # 0. Since f; is simply the derivative of hg, we see that (1 ® v) f; must
be a polynomial of degree n — 1 in C22(Qy, K7 ® 1).

Since U(g) is Noetherian, M is finitely generated (and hence finitely presented), and so
0 is also finitely generated. By repeating the above argument on the generators of 9, we can

decompose f = f1 + fo where f| € Clp((@p,W' ®)° and fo € nC’éa(Qp, W' ® )°. This

shows that f has a locally polynomial representative in C'P (Qp, W' ® )2 as required. [

We prove a similar result for the stalk at w. By [8, Lem. 2.3.5|, right translation by w

23



induces a topological isomorphism
(mdSW' @ )y = (IndSW @ ¥)e (5.0.4)

where e is the identity element of N. The isomorphism interpolates the (g, P)-action on the

source with the (Ady/(g), P)-action on the target. Therefore, there is a K-linear isomorphism
H'(n, (IndSW' @ ¢)) = H' (7, mdSW' @ ¢).)

for all 7, and similarly for the cohomology groups of ]-"%(M U )w-

Lemma 5.0.2. For each i, the cohomology groups Hi(ﬁ,fg(]\/[,i/})@) and
H'(m, }"g(M, @D)EOI) coincide.

Proof. Suppose €2 C N is a compact open neighbourhood of e. Since

1 10 14+t x 1+ xt 0 1 0 1
0 1)\t 1 t 1 0 (+at)y ) \t(+axt) 1) \0 1

under the identification N 22 Qp, the action of ¥ on cla(q, W!® 1) is given by the formula

(Y)(z) =zHf(z) + Y f(z) — 22 f (2). (5.0.5)

By the definition of M, the action of H on M is semisimple and algebraic. Additionally,

there is a Jordan-Holder series in Oglg

M=M, 2 M._12..My=0,

where Y M; C M;_q for all i« > 1. For each ¢, let W; = W N M;. This induces a filtration

on W', where YWZ/ cw!

i1 for all 4 > 1, with W;_H taken to be zero. In fact, Yker(Wi’ —
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Wz'/—l) C ker(T/Vi'+1 — Wi,)'
Let p(x) € Cla(Q, Y) and v € Wi’. Suppose Hv = cv for some ¢ € Z. Then the action of
Y on p(z) ® v € C¥(Q,¢) @ W] = C1(Q, W/ ® 1)) is given by

Y (p(z) @ v) = (cap(x) — 2 (2)) @ v + p(z) @ Yo.

This is zero if and only if p(z) = 2¢ and v € ker(W’ — W/_;). This holds true for all Q,

thus
CR(N. W' @9)e = CPUN, W @ v);

The same holds true when restricting to the subspace of elements annihilated by 0, which

proves the claim for the 0-th cohomology group.

Claim 5.0.3. Let 2 be a compact open neighbourhood of N and for each i let C; =
ker(W' — W/ ;). Then for all 1 <i < r, there is a positive integer n; such that p(z) ® v €

C(Q,C; @ ) is in YC(Q, C; @ 1) if all monomials of p(x) are of degree greater than n;.

Proof. We induct backwards on 4. Starting from i = r, since Y ker(W' — qufl) =0,
V(" @) = (¢ —n)z" 1 @,

where v € () and Hv = ¢,. Therefore, YCla(Q, Cy ® 1)) is the complement of the span of
the monomials ¢! ® v and 2" ® v. This establishes the claim in the base case.

Assume the claim is true for ¢. Suppose n > n;, v € C;_1 and Hv = ¢,_qv, then
V(" ®v) = (¢_1 —n)a" '@ v+ 2" ® Yo.

By assumption, 2" ® Yv € C(Q,C; ® ¢). Hence, 2" @ v € C(Q,Cj_; ® 1) for all
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n > max(n;, ¢,—1 + 1) and the claim follows. O

Applying the claim to i = 1, with C; = W', we deduce that every element of C’la(Q, W'®
¥)q has a coset representative in CPH(Q, W’ ®1)). The same is true for (C*(N, W @1)e)s.
A similar argument as the one used at end of the proof of Lemma 5.0.1 allow us to deduce
the same result on the subspace of elements annihilated by 9. That is, every element of
fg(]\/[ ,¥)e has a coset representative in ]-"g(]\/[ , qp)g‘)l. This completes the proof of the

lemma. O

Define an action of U(g) on homg (M, K) via the formula
(7 f)(m) = f(im) for all T € U(g) and m € M,

where 7 +— 7 is the involution on U(g) induced by the multiplication by —1 map on g. Let
hom (M, K)* denote the subspace of hom g (M, K) consisting of functions annihilated by

a finite power of n. From the proof of [4, Prop. 4.2], there are g-equivariant isomorphisms

nC)O

FE(M,)P(N) = hom (M, K)™" @ CE™(N,¢) and

(5.0.6)
FE(, )2 2= homp (M, )™ @ .

For each m € M, let m denote the dual of m. Since m is n-finite, each m is n-finite and
are elements of homg (M, K )“OO. It is clear that these dual elements generate the space
homp (M, K )“OO. Computing the n-cohomology of this space is then much simpler, and
makes no references to W. This result also holds when G = GL2(Q)).

In summary, we can compute the derived Jacquet-Emerton modules of Orlich-Strauch
representations through their locally polynomial parts. This can be seen as a generalization

of the role that I% plays for Jp [8]. A similar result should also hold for general p-adic

reductive groups.
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We finish this section with some explicit calculations of the derived Jacquet-Emerton

modules of the Orlik-Strauch representations introduced at the beginning of this section.

Example 5.0.4. We first consider the case M = M (—k). Let eg be a basis vector of K (x_j)
and let ¢; = X'ey. For each 4, let €; be the dual basis vector to e;. A simple computation

shows that each e; has weight k& — 2i and

~

X/G\Z = —€;_1
with e_; taken to be zero. Then

HO(n, (IndSx ) (N)) = & @ CE™(N, ¢) and

H (n, (IndSx ) (V) 2 0.

The action of Ny is via translation by Z;. The Ny-invariant element of C3™ (N, 1)) is exactly
the constant K (¢)-valued functions on Zj, where Z;Z acts via the character ¥d p. Therefore,

as Z;E -representations

HO(n, (Ind$x;,1) (M) = x4pdp and

H'(n, (Ind%x0) (V)Mo = 0.
On the other hand, since [Y, X’J =i(i — )X —ig X1

Ye; =i(i —1)e; 1 —i(—k+2(t—1))e;_1 =i(k — (: — 1))e;_1 and

Yej =—(i+1)(k —i))eiq1-
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Therefore,

.

e, Qv ifk>0
HO®, (IndSx))e) = , and
0 else

\
(

(€0 ®et1) @ v if k=0

1%

H'(®, (IndSxg))e)

)R Y else
(

Since  is unipotent, the exponential map exp : n — N is an isomorphism. The above
cohomology groups are finite dimensional, so the action of m on these groups comes from the
exponential of the fi-action. The lie algebra @ annihilates these spaces, so the N-action must
be trivial. In particular, Ng = wNow ™! must also act trivially on this space. To summarize,
taking into account of the interpolation of the P-action with the P-action of (5.0.4) as well

as (5.0.3), we find that as T-representations

(

_ YW if k>0
HO(®, (IndS)w) 0 = , and
0 else

\
P

~ (X_(k12) D Xp) @ ¥ ik >0
H (5, () ) Vo = { -+ |

kx_(k+2)1pw else

Here, ¢ is the smooth character of T' defined by % (z) = ) (w ™ zw).
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From (5.0.2), we deduce that as Z%' -representations:

/

a class in Extl(kaw, Xpdp) ifk>0,i=0

, ~ (X—(k+2) D Xk) O VY if k>0,i=1
H (n, (1)) Vo =2 {42 (5.0.7

Xk¢5p iftk<0,0=0

X?(k+2)¢w itk<0,i=1

\

In all of these cases, the action of Zit is invertible. Therefore, they coincide with their finite-
slope parts. Hence, these are also the derived Jacquet-Emerton modules H*(.J p(Ind%ka)).

The reader can compare this result to the computation of section 5 of [8].

Example 5.0.5. Suppose k > 0. In the beginning of this section, we see that Fg(L(—k), )
= L(—k)®g sm—Ind%@D. We can compute its derived Jacquet-Emerton modules in the same
manner as above with M = L(—k). Here is an alternative approach. Since ]:% (M, 1)) coin-
cides with the representation Ig(ka) defined in (8], Jp([%(ka)) is equal to Jp(Ind%ka),
which by the previous example, is an extension of 9" by x©¥dp (or see example 5.1.9 of
[8]). Kostant’s theorem [17, VI Thm 6.12| implies that H(n, sm—Indgw))NO is isomorphic
to (X—(k+2) QK sm—Ind%¢)N0. Theorem 3.2.5, Proposition 4.3.5 of [8] and Theorem 6.3.5
of [6] combine to imply that H'.J P(Sm—IHd%¢)) =X QK (sm—Ind%¢) ~ has Jordan-Holder
factors X~ (k +2)¢5 p and X~ (k +2)ww. This result also agrees with the long exact sequence
obtained from applying the Jacquet-Emerton functor to the short exact sequence (5.0.1) and

applying the results of the previous example.

Example 5.0.6. Suppose k > 0. In this example, we compute the derived Jacquet-Emerton
modules of .7-"%(]\/[ (—k)Y, 1)), where (-)¥ denotes the duality functor in category O (see [16]).

We can describe M(—k)Y in the following way. It has a basis e, e1,... where e; has
weight —k + 2i, Ye; = e;_1 and Xe; = (i + 1)(—k + i)e;+1. For each ¢, let €; be the dual

basis of e;. By definition, e; has weight k—2i, Xe; = —i(—k+(i—1))e;—1 and Ye; = —€;41.
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A simple computation shows that

HO(n, F&(M(=k)" ,¥)(N)) = (60 ® Ep11) ® CE™(N, 1)) and

H'(n, FS(M(=k)" ,¥)(N)) = &, @ CE™(N, 9.

The Np-invariant elements are simply the constant functions on Ny. Taking (5.0.3) into

account, as Z; -representations

HO(n, FS(M(—k)", ) (N)N0 2 (xf & X_(12))¥0p and

H (0, FEM (=), ) (V)0 2 x4 06
Furthermore,

HO(w, FE(M(=k)¥,¢)e) =0, and

H' (8, FG(M(=k)", ¥)e) = &0

By the same argument as in example 5.0.4, the group N acts trivially. Taking into account

of (5.0.4) and (5.0.3), as T-representations

HO(n, FS(M(=k)Y,)u)N0 = 0 and

1 Ny ~
HY (n, FS(M(=k)Y, 1)) 2 x_ (g 19)0"
From (5.0.2), we deduce that as Z%' -representations:

HO(n, FS(M (k)" )0 2 (xj © X_(142))¥0p and

B (5.0.8)
Hl(“a f%(M(_k')vv 1/1))N0 € Eth(X—(k/‘—}—Q)ww? X_(k;+2)¢5P>

In all of these cases, the action of Z%' is invertible. Therefore, they coincide with their
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finite-slope parts. Hence, these are also the derived Jacquet-Emerton modules.

Remark 5.0.7. There is a short exact sequence
0— L(—k) = M(—k)" — M(k+2) — 0.
Applying the Orlik-Strauch functor ]—"g(-, 1), we deduce that there is a short exact sequence
0 = Ind%x_ (4900 = FG(M(—k)",¢) = L(—k) @ sm-IndSy — 0.

Applying the Jacquet-Emerton functor gives us a long exact sequence of T-modules, which

is consistent with the results of the examples above.
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CHAPTER 6
APPLICATIONS AND CONJECTURES

We use the notation established at the end of section 1. Let U be an allowable object of
Repf, .(M) and let V' be a very strongly admissible G-representation. Theorem 0.13 of [§]

states that there is an isomorphism
Lo(IS(U),V) = Ly (U(©Gp), Jp(V))P (6.0.1)
From this adjunction formula, one may expect that there is a spectral sequence of the form
Extl (U(dp), R Jp(V)) = Exti 7 (15(U), V),

especially in the case where M-equivariant linear maps from U(dp) to Jp(V') are automati-
cally balanced. Here, R7.J p(+) is the universal derived Jacquet-Emerton functor. The edge
morphisms associated to the spectral sequence give rise to an exact sequence

0 — Extl (U6p), Jp(V)) — ExtG(IG(U), V) = Ly (U(Sp), RN Ip(V)) 602

— Ext3,(U(6p),V) = Extg(IS(U), V) — ..

We do not know if the §-functor H*Jp is universal; however, there is an injection of nat-
ural transformations R*Jp < H*Jp. Thus, if we replace R*Jp with H*Jp in (6.0.2), then
only the first row will remain exact. We conjecture that under certain suitable assumptions,

there is a short exact sequence of the form

0 — Ext} (U(dp), Jp(V)) = ExtG(IS(U), V) B ar(U(sp), H Ip(V)). (6.0.3)

Some similar exact sequences could potentially be derived from the adjunction formulas of

[4, Rem. 4.4] or [2, Thm. A, Thm. B| as well.
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We close this section with some results on various weaker versions of (6.0.3). The common
theme is that we need some additional assumptions to ensure certain maps between allowable

objects of Repy, (M) are balanced.
Proposition 6.0.1. Suppose EXt}W(U(dp), Jp(V)) =0, Jp([g(U)) = U(dp) and U(9)®ys(p)
U is irreducible. Then applying the Jacquet-Emerton functor Jp induces an injective map

ExtG(IS(U), V) = Lag(U(0p), H Ip(V)).

Proof. Suppose [C] is a class in Extb([%(U), V) that is trivial in £,,(U(6p), H Jp(V)). By

assumption, there is a short exact sequence
0— Jp(V)— Jp(C) = U(dp) — 0

that splits. Since U(g) ®gr(p) U is assumed to be irreducible, the splitting U(ép) — Jp(C)
is trivially balanced. The adjunction formula (6.0.1) gives us a G-equivariant linear map

I%(U) — C, which splits the class [C]. O

Corollary 6.0.2. Suppose G = SLo(Qp). We adopt the notation established in the beginning
of section 5. Suppose 1, are smooth characters of T'. Let k be a negative even integer and
let ¢ be any even integer, where k # (. Then Exté(lndgka,[g(xg(b)) is trivial unless
k=—({+2) and

o p0p # ¢V and Y = ¢ (in which case it is one dimensional),
o 90p # ¢V and Yop = @Y (in which case it is at most one dimensional),
o p0p = ¢V and Y = ¢ (in which case it is one or two dimensional),

e Yop = ¢¥ (in which case it is at most one dimensional).
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Proof. The fact that k is negative, together with example 5.0.4 show that U = .1 satisfies
the conditions of the previous proposition (also note that Ig(ka) = Indgka 8, Ex.
5.1.9]). From example 5.0.4 and 5.0.5,

an extension of X_(£+2)q5w by X_(€+2)¢($P if¢>0
HY Ip(IS(x_(149)9)) = :
X—(0+2)¢" if £ <0

The rest follows from Corollary 8.8 and Theorem 8.9 of [18] along with the observation that
]-"%(M(—(k +2)),) is a non-trivial class in Exté(lndgxkzb, I%(X_(k+2)gz§)). O

Proposition 6.0.3. Suppose Jp(]%(U)) = U(0p), U(g) ®yy) U is irreducible and the

identity map on Jp(V') is balanced. Then there is a natural injective map
o : Ext} (U(0p), Jp(V)) = Extg(IS(U), V).

Proof. First, we give the construction of the map «. Given a class [C] inside
Ext}\/[(U(ép), Jp(V)), we can twist by 5]_31 and apply the functor [g to obtain a short

exact sequence (see Theorem 3.1.2)
0= IS(Jp(V)(6p1) = IS(C(0pY) = IS(U) — 0. (6.0.4)

Our assumption on Jp(V) ensures that the identity map on Jp(V) corresponds to a G-
equivariant linear map I%(J p(V)((F]Sl)) — V through the adjunction formula (6.0.1). Push-
ing forward the exact sequence (6.0.4) along this map gives us a class in Exté([% (U),V),
which we define to be «([C]).

By applying the Jacquet-Emerton functor Jp on (6.0.4) and the exact sequence defining
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a([C]), together with Lemma 0.3 of [§8], there is a commutative diagram of the form

0 —— Jp(V)((sp) —_— C(ép) E— U((sp) — 0

2 2
~

0+ Jp (ISUp(V)6p))) + TpUS(CEp)) + Usp) + HYIp (IEUp(V)(5p)) + -

~ ~ ~ g

0 —— Jp(V)(0p) ——— a(C) = U(dp) ——— H Ip(p)) —— ..
(6.0.5)
Here, the horizontal rows are exact. By construction, the composition of the vertical maps
on the very left is the identity map on Jp(V)(dp). The third vertical maps are all identity
as well. By five lemma, o(C) = C(6). Therefore, a([C]) splits if and only if C' splits. O

Remark 6.0.4. Suppose the hypotheses of Proposition 6.0.3 hold. Define the map 3 in
(6.0.3) to be applying the Jacquet-Emerton module functor, as in Proposition 6.0.1. The
proof of Proposition 6.0.3 also proves that the image of a is contained in the kernel of
B. In order to show the reverse inclusion, we would need to be able to compare [D] and
[[g (Jp(D))] for all [D] in the kernel of 5. One possible comparison comes from using the
adjunction formula (6.0.1), but it would require the identity map on Jp(D) to be balanced,

which may not be true.
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