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1.1 Odd viscosity through rotational drive. a, Two particles spin at a fixed
rate Ω and collide at an incident velocity vin. b, Due to rotational interactions,
their resultant trajectories vout need not conserve angular momentum. c, On a
continuum level, consequently, gradients in flow can generate transverse stresses
through odd viscosity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Odd elasticity through transverse forces. a, Two spinning particles exert
non-reciprocal transverse forces that can be viewed as an odd spring. Under
extension, there is a transverse force in one direction, b, and another direction
under compression. c, A solid comprised of odd springs can sustain odd elasticity,
wherein shear strain in one axis produces stresses in the transverse axis. . . . . . 4

1.3 Spatially anisotropic odd matter. a, By modulating the rotation of particles
to stall along a specified axis, the spring-like transverse forces can be b, tuned
by the orientation of the inter-particle bond. c, A chiral medium subjected to
time-modulation sustains an intrinsic stress imbalance that causes it to deform. 5

2.1 A chiral fluid of spinning colloidal magnets. a, Optical micrograph of
the colloidal magnets in bulk, after a few minutes of spinning. b, Schematic of
one colloidal particle. The ∼1.6 µm hematite colloidal cubes have a permanent
magnetic moment (µ, black arrow). They are suspended in water, sedimented
onto a glass slide, and spun by a rotating magnetic field (B, white arrow tracing
the white circle). c, Optical micrograph of the colloidal magnets in bulk at
increased magnification. d-g, The particles attract and form a cohesive material
with an apparent surface tension that, over timescales from minutes to hours,
behaves like a fluid: d, clusters coalesce and e, spread like liquid droplets when
sedimented against a hard wall; f, void bubbles collapse; and g, when driven
past an obstacle, the fluid flows around it, thinning and eventually revealing an
instability to droplet formation. All images were taken through crossed polarizers. 9

2.2 Rolling motion. a, If the rotation axis of the magnetic field is perpendicular to
the substrate, the particle spins in place without rolling. Its translational velocity
vanishes, v = 0. b, If the rotation axis of the magnetic field is not perpendicular
to the substrate and deviates from the normal by an angle θ, the particle will roll
as it spins and v 6= 0. c, The rolling speed depends linearly on the tilt angle θ
for angles at least up to 20 degrees. . . . . . . . . . . . . . . . . . . . . . . . . 11
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2.3 Schematic of sample preparation. Left column: side view; right column: top
view, with the white dashed line marking the cross section represented in the side
view. a, We enclose a droplet of aqueous suspension of hematite cubes between a
glass slide and a drop of UV-curable Norland Optical Adhesive (NOA 81). After
the particles have come together into a single droplet of spinner fluid, we tilt the
sample to drive them towards the hard wall made by the cured NOA 81. b, To
make a hole in the spinner fluid, we put the suspension of hematite cubes in a
chamber that contains a cured droplet of NOA 81 on the bottom. We collect the
particles around the NOA 81 and then flip the sample upside-down. c, To probe
the flow of the spinner fluid past obstacles, we use the same cured droplets of
NOA 81 as the obstacles, and we tilt the sample to create flow via sedimentation. 13

2.4 Colloids at interfaces of variable friction. a, In the conventional geometry
cubes are sedimented onto a glass substrate. b, By contrast, to achieve lower
substrate friction, a droplet of colloidal suspension is enclosed in glass chamber
otherwise filled with either oil or air, allowing the colloids to sediment onto a
fluid-fluid interface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.5 Measuring the particles’ spinning frequency. a, When viewed through
crossed polarizers, a hematite cube blinks four times during one full rotation.
This allows us to confirm that, in our experiments, the particles spin at the
frequency set by the rotating magnetic field. b, We hold several isolated particles
(∼15) at fixed angles and we record their mean intensity. All particles blink four
times in one full rotation of the magnetic field. . . . . . . . . . . . . . . . . . . . 15

2.6 Surface waves in a chiral spinner fluid. a, Surface waves are excited by
perturbing a strip of the spinner fluid. To characterize them, we track the height
profile of the strip in time, h(x, t). b, The resulting power spectrum from these
waves 〈|h(k, ω)|〉 is plotted versus the normalized wave vector kδ and frequency
ω/(uedge/δ). The spectrum is peaked on a curve corresponding to the dispersion
relation of the waves. Shown with the red dashed line is the theoretical prediction
for the dispersion relation, obtained with the hydrodynamic parameters that we
measure in Fig. 2.7; its long-wavelength asymptotic form is given in Eq. (2.22).
c, The power spectrum ω(k) for surface waves on a perturbed circular droplet of
spinner fluid (left panel) can be collapsed (right panel) by rescaling the angular
wavenumber k by the droplet radius R. d, Sketch of the mechanism for wave
propagation. The propagation of waves can be understood by considering the
mass flux, plotted in e. The chiral fluid is displaced from the high curvature to
the low curvature regions. This process explicitly breaks the left-right symmetry,
thereby propagating surface waves along only one direction. e, Correction to the
net mass flux along the interface due to a sinusoidal height perturbation, Jx−J0

x,
where J0

x is the mass flux in a flat strip and Jx is the mass flux in the presence of
a perturbation of wavelength λ. The microscopic origin of this variation in mass
flux can be inspected by measuring the flow over surfaces with positive, zero, and
negative curvature κ. f, The integrated flow yields the mass flux, which scales
with curvature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
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2.7 Characterization of a droplet of chiral spinner fluid. a, When viewed
through crossed polarizers, the particles blink as they spin. This allows us to
confirm that they all spin at the same frequency, set by the rotating magnetic
field. b, By measuring the velocity of each particle within a cluster, we find a flow
profile that is concentrated at the edge within a penetration layer δ shown in c, d,
and g. c, A zoomed-in view of the flow streamlines, obtained by averaging several
instantaneous velocity profiles such as the one shown in b. d, By measuring the
flow profile, the edge current uedge and penetration depth δ are extracted. e,
g, By measuring the flow profile u(r) at a range of frequencies, we extract the
shear viscosity, η, and rotational viscosity, ηR, in terms of the substrate friction,
Γu. f, Finally, by tilting a sample and measuring the sedimentation velocity of
a droplet, we extract the substrate friction. All error bars represent standard
deviations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.8 The geometry of steady edge currents in a circular droplet and in a slab
of chiral fluid. a, Setting variables describing a chiral fluid slab of thickness
2H. b, Chiral fluid flow field within the slab. c, Setting variables describing a
circular chiral fluid droplet of radius R. d, Chiral fluid flow field in the droplet.
In b and d the background color represents the magnitude of vorticity and the
arrows represent the direction of flow, colored by the velocity magnitude. Note
that in both cases, the flow speed drops exponentially to zero as we move away
from the boundary. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.9 Characterization of transverse friction. a, From the side, a particle sedi-
ments on an inclined substrate. However, from the top, we see that the sedimen-
tation occurs at an angle θ due to a competition between gravity and friction.
b, On a low-friction interface, the size of this sedimentation angle is small and
independent of feature size, ranging from single particles to droplets of fluid. c,
Similarly, the sedimentation angle is small on a high-friction interface. . . . . . . 36

2.10 Measurement of viscosities. By fitting the tangential velocity profiles to
Eq. (2.21), we measure the ordinary and rotational viscosities for a distribution
of droplets larger than 4 penetration depths composed of particles spinning at 10
Hz. The dashed line shows the mean values. . . . . . . . . . . . . . . . . . . . 37

2.11 Extracting viscosities from velocity profiles. We collect velocity profiles
from droplets of spinner fluid and we extract the edge current velocity uedge and
penetration depth δ. The figure shows uedge/2Ωδ plotted against the droplet
radius, R, for each droplet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.12 Velocity profiles with background rotation. a, On a low-friction substrate,
like the air-water interface, the edge current is delocalized (c.f. Figure 4b). To
extract hydrodynamic parameters from the associated tangential velocity profile,
u(r), we fit to the radial theory (Eq. (2.21)) with an additional rigid body rotation
rate, yielding a good fit. b, A similar procedure accurately fits velocity profiles at
oil interfaces, with both the velocity and the rigid body contribution decreasing
with increasing viscosity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
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2.13 Tuning the substrate friction. a, The spinner fluid sits at an interface with
oil of viscosity that we can control. By increasing the viscosity, we increase the
substrate friction, and b, decrease the penetration depth, partially spanning the
region between the air and glass extremes. . . . . . . . . . . . . . . . . . . . . . 40

2.14 Typical dependence of surface wave dispersion and dissipation on wavenum-
ber (a) The dispersion and dissipation in the absence of Hall viscosity and for
finite surface tension (b) The dispersion and dissipation in the absence of surface
tension in the presence of Hall viscosity. The wavenumber dependence of disper-
sion is generically ∝ kn for odd n ≥ 3 for small k and ∝ k for large k. Similarly,
the wavenumber dependence of dissipation is generically ∝ |k|n for odd n ≥ 3 for
small k and ∝ |k| for large k. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.15 Surface wave dispersion for perturbations of circular droplets. (a) At
R/δ � 1 there is little change when compared to the semi-infinite slab problem.
(b) For R/δ∼1 the effects of finite radius become significant. . . . . . . . . . . 48

2.16 Wave dissipation and measurement of Hall viscosity. a, In the circular
geometry, surface waves yield power spectra 〈|R(k, ω)|〉, plotted here versus the
normalized wave vector kδ and frequency ωδ/uedge (c.f. Fig. 2.6c for a collection
of spectra). b, Power spectrum at a low friction air-water interface, for which
the edge current is delocalized into the bulk when compared to a high friction
interface as in a (see insets). c, The dissipation rate of waves on the surface of
a circular droplet can be used to extract the surface tension, and the shape of
α(k) can be captured by a theory with no odd viscosity (ηo = 0). d, Lowering
substrate friction causes the dissipation to level off for large kδ, which can only
be captured by a theory including ηo. e, The tangential and normal components
of velocity at the boundary give rise to a normal Hall stress (Eq. (2.27)). f, The
dissipation for a chiral fluid with ηo in the absence of surface tension, γ, vs. the
same for a fluid with γ in the absence of ηo. For small kδ, the two curves are
indistinguishable. For large kδ, the ηo-dissipated fluid shows no k-dependence,
while the γ-dissipated fluid shows linear k-dependence. Shown also for reference is
the attenuation for a fluid with finite values of both γ and ηo g, With ηo-induced
attenuation, α(k) varies with frequency with all other parameters held constant,
a trend that is not observed for γ-dissipated fluids. All error bars represent fit
uncertainty from the determination of α(k) from the power spectrum. . . . . . . 52

2.17 Extracting wave dissipation rates from the power spectrum. a, By fitting
each slice using the relation in Eq. (2.28) we obtain values for the dissipation
α at each wavenumber k. b, We fit these values to the analytical solution, to
infer the fluid’s surface tension. Shown with the red dashed line is a fit to the
theoretical prediction for the damping rate of the chiral waves. . . . . . . . . . 55
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2.18 Disambiguating Hall viscosity and surface tension. a, For high-friction
experiments, the acquired wave dissipation data are limited to kδ∼1, and can
be fit to both zero and non-zero Hall viscosity (left), yielding no discrepancy
in the dispersion (middle), by altering the apparent surface tension (right). b,
The boundary between stable and unstable modes constructed using a non-zero
value of Hall viscosity is indistinguishable from the boundary for ηo = 0. Here,
each boundary curve is shown over the calculated diagram for ηo = 0. c, In the
large kδ regime, similarly to a, we can fit the low-friction experimental data to a
wide range of Hall viscosity values (left-middle), in this case finding an opposite
correlation to a (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

2.19 Hall viscosity emerges for low substrate friction. When the spinner fluid
is over a water-oil interface, the wave dissipation can be measured at larger kδ
for lower viscosities of oil, which lead to lower substrate friction and thus larger
penetration depth δ. With this extended scope, we are better able to distinguish
the effects of surface tension γ and Hall viscosity ηo, by fitting to the theory with
and without ηo. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.20 The edge-pumping effect. (Left:) in the absence of viscosity and surface
tension, the boundaries of our chiral fluid droplets do not move; they simply have
an exponentially screened edge current glued to them. (Right:) In the presence of
viscosity, differential mass flux in the edge current shifts fluid from one region to
another, which in the case of a sinusoidal perturbation results in wave propagation. 61

2.21 Hall tension. The edge current induces a Hall stress that acts like surface
tension to flatten the interface. . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

2.22 Capillary-Hall mechanism. Surface tension induces a flattening of the inter-
face which the Hall stress η0∂svn converts into wave propagation. . . . . . . . . 65

2.23 Wave damping due to transverse friction. a, The wave damping associated
with Hall viscosity ηo, transverse friction Γ⊥, and surface tension γ scales as |k|3
for |kδ| � 1. However, at |kδ| � 1, the damping rates scales as |k|0, |k|−1, and
|k|1 respectively. b, In the limit |kδ| � 1, when η 6= 0, the mass flux j varies
with curvature, so that the transverse friction acts like a surface tension. In the
absence of a shear viscosity η, the mass flux at a free surface is constant, such
that the force of transverse friction is to induce a constant pressure. . . . . . . . 68

2.24 Disambiguating Hall viscosity and transverse friction. a, The dissipation
and dispersion measured in the low-friction experiments can be captured by the
hydrodynamic theory in the limit ηo = 0 or Γ⊥ = 0, but b, Γ⊥/Γu must be large
to permit this agreement. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

2.25 Transverse friction does not contribute to the dissipation rate. a, The
low-friction dissipation rate can be modelled by a theory including ηo and Γ⊥,
but the relative size of these coefficients is not uniquely determined. b, Fixing
Γ⊥ and fitting for ηo and γ demonstrates that Γ⊥ and ηo can be interchanged to
predict the dissipation, but in the physical limit (Γ⊥/Γu � 1), Hall damping is
the dominant contribution to the model. . . . . . . . . . . . . . . . . . . . . . . 70
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2.26 A hydrodynamic instability. a, Strips of chiral fluid with different thick-
nesses. Above 32µm, the strips are stable, as observed over the course of ≥ 10
minutes. Below 32µm the strips break into droplets within 1 minute. b, Chi-
ral fluid strip approaching instability. Continuous white lines represent the sum
of the most prominent Fourier modes of the strip outline. The relative phase
difference between interfaces is emphasized by the two white dots and vertical
dashed line. c, Overlay of strip outlines at four breakup points; each color cor-
responds to a different instability occurrence. The x-axis is rescaled by the most
prominent wavelength, λ, and the y-axis is rescaled by the thickness at the nar-
rowest point, Tneck. The relative phase between the top and bottom interface is
consistent with theory. d, Schematic of the instability mechanism. Thin strips
of chiral fluid are like a collection of elongated droplets rotating in the direction
of the edge current. This leads to the breakup (top) or stabilization (bottom)
of the strip. e, Stability diagram, calculated with linear stability analysis us-
ing our experimentally extracted values for the hydrodynamic coefficients, with
ηo = 0 (see Section 2.7.1). The thinner the strip, the larger the range of unstable
wavelengths. A surface fluctuation at an unstable wavelength will grow exponen-
tially: orange denotes a positive growth rate and blue denotes a negative growth
rate, namely damping. Contour lines mark growth rates corresponding to 10
minutes (continuous) and 1 day (dashed). Black points represent experimental
data from unstable strips; wavelengths were measured by Fourier-transforming
the strip outline. Error bars in thickness correspond to the standard deviation
in the measurement at various points. Error bars in wavelength correspond to
the half-width of the Fourier peaks. Horizontal lines on y-axis mark the recorded
strip thicknesses: orange and blue lines correspond to unstable and stable strips,
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

2.27 The nature of solutions to the linearized slab dynamics, in the absence
of surface tension and Hall viscosity. (a) Flow fields for the two branches
of dispersive surface waves on a large thickness slab. (b) The dispersion relation
(blue) and growth/decay rate for these surface waves. While difficult to discern
due to its small magnitude, the latter is nonzero (positive at left, negative at
right) near k = 0. (c) Stability diagram, showing the growth (red) or decay
(blue) rates, as a function of normalized wavenumber and slab thickness. Stable
waves are purely dispersive, having zero linear growth rate. Contours are levels
of constant growth/decay rate. (d) The growth (red) and decay (green) rates, as
a function of normalized wavenumber, for the unstable/stable modes on a slab.
(e) The associated flow fields, and surface deformations, for the unstable (left)
and stable (right) modes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
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2.28 The nature of solutions to the linearized slab dynamics, in the presence
of surface tension (in the absence of Hall viscosity). (a) Flow fields for
the two branches of damped, dispersive surface waves on a large thickness slab.
(b) The dispersion relation (blue) and decay rates (red) for such surface waves. (c)
Stability diagram, showing the growth (shades of red) or decay (shades of blue)
rates, as a function of normalized wavenumber and slab thickness. Contours are
levels of constant growth/decay rate. (d) The growth (red) and decay (green)
rates, as a function of normalized wavenumber, for the unstable/stable modes on
an unstable slab. (e) The associated flow fields, and surface deformations, for the
unstable (left) and stable (right) modes. . . . . . . . . . . . . . . . . . . . . . . 76

2.29 Effect of surface tension and Hall viscosity on the stability of finite
thickness slabs. (a) The stability diagram in the absence of surface tension and
Hall viscosity (c.f. Figure 2.27). (b) Increasing the Hall viscosity, ηo, moves the
line separating stable from unstable modes as depicted. (c) Increasing the surface
tension, γ, moves the line separating stable from unstable modes as depicted.
In both cases the effect is to stabilize the interface by increasing the extent of
the stable region. The large wavenumber dependence of the damping effects of
surface tension and Hall viscosity accounts for the different effects they have on
the stability diagram. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

2.30 Stability of chiral fluid slabs. Cartoon of the phase relations of the bounding
interfaces of a chiral fluid slab that give rise to growth (upper) and decay (lower)
of perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.1 A crystal whorl state. a, A dense and dynamic phase of colloids spinning
at a frequency Ω and interacting through both longitudinal and transverse pair-
wise interactions is directly imaged with a microscope through crossed polarizers.
The rotation-averaged position of each particle appears as a bright spot and re-
veals intermittent crystalline order. Magnifying a region reveals a highly-ordered
crystalline structure (top), and time-averaging further reveals a rotating flow
(bottom). b, To further illuminate the polycrystalline structure of this phase,
we color particles by the angle of the local bond-orientational order parameter
θ6. The polycrystal can be segmented into domains, and boundaries are drawn
between them. The inset highlights the individual defects between grains, under-
lying grain boundaries. c, The polycrystal is dynamical and displays intermittent
vortical flows as revealed when each region is colored by its vorticity ω. The inset
presents the same vortical information through the streamlines of the particle flow. 87

3.2 A crystal of rotating colloidal magnets. (A) A sketch of the experimental
system, which consists of self-aggregating colloidal magnets on a flat surface.
Each magnet spins at a constant rate. (B) A macroscopic view of this packing as
seen through a microscope. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.3 The particle-based bond-orientational order parameter ψ6. Using the
construction of Eq. (3.1), two measures of crystalline structure can be extracted:
(A) the local crystalline orientation field θ6, and (B) the local crystalline order
field |ψ6|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
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3.4 Extracting grains and grain boundaries from the bond-orientational
order. The bond-orientational order parameter ψ6 can be decomposed into an
(A) angular component θ6 and (B) a magnitude |ψ6|, which are plotted spatially
for a small subset of a spinner crystal. Same colormap as in Figure 3.3. (C) The
crystalline space can be decomposed into domains with small variation in θ6 and
sufficiently strong hexatic order characterized by |ψ6|. We can then color each
particle’s Voronoi cell according to its domain assignment. (D) By analyzing the
bond network between adjacent domains, we can identify the boundary between
grains and the angular misorientation between them. . . . . . . . . . . . . . . . 91

3.5 The chiral whorl steady-state: crystalline structure. (A) For spinner crys-
tals in steady-state at increasing rotation frequencies, the crystalline structure
tends to become increasingly fragmented, as illustrated by single temporal snap-
shots of the local crystalline orientation θ6 and boundaries between segmented
crystalline grains. (B) The distribution of inter-domain spacing aθ is peaked
strongly at small values for high frequencies and has an increasingly large tail
at large values for low frequencies, demonstrating both a characteristic domain
separation and the increase of characteristic domain size with decreasing rotation
frequency. (C) The chiral whorl state is characterized by a nearly exponential
distribution of domain sizes ξθ, obtained from taking the square root of domain
areas, that tend towards smaller sizes as the rotation frequency is increased. (D)
A characteristic domain size is then defined as the average 〈ξθ〉. (E) By fitting
the distribution to an exponential, we also extract a similar length scale ξ0

θ . (F)
Similarly, the total amount of grain boundary,

∫
d`GB increases with frequency,

but is free of large-scale temporal fluctuations in the steady-state. (G) Likewise,
the characteristic domain size remains constant in the steady-state. . . . . . . . 93
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3.6 Motile dislocations. Dislocations in the chiral crystalline phase behave like
active particles. a, In the experiment, dislocations are observed to move ballisti-
cally in the direction of their Burgers vector. Same colormap as in Figure 3.1b.
b, This behavior is reproduced in simulations of both the full hydrodynamic and
minimal models by initializing a configuration corresponding to a single dislo-
cation in an otherwise undefected crystal. In a crystal of particles interacting
via transverse forces, we can intuit the dislocation’s direction of motion from
the relative displacement of the crystal, which is colored by the relative density
δρ = ρ − ρ̄ normalized by the standard deviation σρ. c, The precise dislocation
speed depends weakly on the details of the interactions. In both the minimal and
full hydrodynamic models, the speed increases with frequency for isotropic dipole
interactions (top). By contrast, dislocation motility is reversed at a frequency
threshold for anisotropic dipole interactions (bottom). Error bars represent fit
covariance (minimal) and standard error (full). d, By tuning the frequency and
initial separation, two defects that would otherwise attract and annihilate can be
made to repel, overwhelming even elastic forces with transverse ones. Same col-
ormap as in Figure 3.1b. e, The collective dynamics of many defects arranged to
form a grain boundary inherits this sensitivity to transverse forces. Such a grain
boundary collapses when elastic forces dominate, and expands without bound
when transverse forces dominate. Same colormap as in Figure 3.1b, orange line
indicates position of grain boundary in both initial and present state for compar-
ison. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.7 Forces between colloids. The interactions between colloids in the minimal
model as a function of the distance between the center of the colloids. . . . . . . 96

3.8 Colloid trajectories during rotation. For the dynamic many-particle case,
trajectories during two periods of the rotating external magnetic field (period
1/f) for two spheres (left) or superellipsoids (right) extracted from simulations. 106

3.9 Hydrodynamic force versus distance. For the synthetic case, average lon-
gitudinal (‖) and transverse (⊥) components of the hydrodynamic force versus
distance for spheres (“sph”) and superellipsoids (“sup”). The shadowed regions rep-
resent the standard deviation of the forces. The transverse force decay, ∼(1/r)3.7

is shown in the inset. To normalize the hydrodynamic force we define the su-
perellipsoid radius through its volume, i.e. a = (3V/(4π))1/3. . . . . . . . . . . 107
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3.10 Active hydrodynamic forces. Longitudinal and transverse components of the
active hydrodynamic forces for spheres (left) and superellipsoids (right) using
Eq. (3.34). The dashed curves are computed from a synthetic simulation where
two colloids rotate with a constant angular velocity at constant positions, with
the force defined as f active = −Rtrω. The solid curves are computed from the
dynamic trajectory of two colloids extracted from a many-particle simulation. To
compute the torque in this case we used two methods. In the top panel we assume
that the torque is τ = m×Bext(t). Therefore in the many-particle simulation the
external magnetic field, Bext(t), exerts a higher torque due to the additional drag
created by the other colloids. In the bottom panel we assume that the colloids
rotate with constant angular velocity and that the torque is τ = M−1

rr ω. . . . 108
3.11 Active force for several system sizes. The top panels show a snapshot of

the two colloids(in blue) subject to an external torque within a small cluster (in
yellow). The trajectories of those particles are extracted from a 2000 particle
simulation (in red) surrounding the cluster. The bottom panels show that the
longitudinal and transverse components of the force converge quickly with cluster
size. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

3.12 Dipole-dipole magnetic forces. (Left) Longitudinal and transverse compo-
nents of the magnetic force versus time. (Right) Average magnetic force versus
distance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

3.13 Magnetic forces between colloids. Longitudinal and transverse components
of the magnetic force for spheres (left) and superellipsoids (right). The dashed
curves are computed from synthetic trajectories (dipoles are parallel) while the
solid curves are computed from dynamic trajectories extracted from a many-
particle simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

3.14 Steps to create one dislocation. a. A perfect hexagonal grid is used. b.
Slicing a wedge of π/3 from the lattice and moving it one plane upward. c.
The missing two lines are filled with new colloids, thus creating the topology of
a defect. d. Each colloid is connected with springs to his neighbor. e. The
spring system is simulated until it is fully relaxed. f. The resulted grid, with the
dislocation in the middle in red and black . . . . . . . . . . . . . . . . . . . . . 114

3.15 Dislocation movement due to odd forces. a-b show the movement of the
dislocation in a representative simulation at 4Ω0. a. The colloids are colored by
the inverse area of the Voronoi cell around the particle, to show the local density
of the crystal. The density above the lattice is 5% higher than the regular density
of the crystal. b. Each colloid is colored by its orientation angle θ6, we see a
misalignment near the dislocation. The 5-7 pair is marked by black and blue. c.
The average velocity of a dislocation vs. the frequency of the external field for
average dipole (blue) and true dipole (orange) interaction. Inset - low frequencies
for average dipole the dislocation does not move, presumably due to the Peierls
potential. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
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3.16 The interaction between two dislocations. a. Density field around two
dislocations starting 20 lattice sites from each other. Without odd stresses the
dislocations attract each other, the self propulsion created by the odd forces tear
them apart. b. Velocity of the dislocations without odd stresses when starting
far from each other. c. The velocity of the dislocations vs the initial distance
and the frequency of the external field. White areas show zero velocity, where the
dislocations are stable. d. Time series of the distance between the dislocations
for r0 = 20σ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

3.17 Creating initial circular grain. a. The original lattice with the grain in
black. b. The grain is rotate by 6 degrees. c. The colloids are connected to the
neighbors with springs. d. The spring system is relaxed . e. The resulted lattice
after the spring system is relaxed. dislocations are shown in green and red. f.
The fully relaxed system after running the simulation for a few second without
odd stresses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

3.18 Grain boundary motility. (A) A circular grain can shrink (left) for inward
dislocation motilities, and will annihilate for sufficiently high motilities. At low
motilities, the grain is static (middle). For outward motilities, the same grain
expands, with the growth unbounded for sufficiently high motilities. (B) The
area of the grain is plotted versus time for systems driven to have inward motility
(Ω × sign(∆θ) < 0) and outward motility (Ω × sign(∆θ) > 0), showing the
aforementioned classes of behavior, where ∆θ is the angle mismatch between the
grain and outside. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

3.19 Dislocations created from density field. (A) As the frequency is increased,
the relative density and dislocations are plotted at snapshots in time, revealing
increased dislocation unbinding for stronger odd forces. (B) For a few frequen-
cies, plotting the number of dislocations versus time reveals an initial period of
unbinding followed by a slower merging and unbinding period. (C) The final
number of dislocations grows with frequency above a threshold. . . . . . . . . . 120

3.20 Dislocation self-propulsion by odd stress. A single dislocation propagates
along a straight line with a frequency dependent speed. Results for true-dipole
interactions (blue circles) and averaged dipole interactions (orange squares) be-
tween spherical colloids. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
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3.21 Transport in the crystalline whorl state. a, The self-kneading of crystalline
patches of material is tunable through the rotation frequency to yield a range of
scales. Same colormap as in Figure 3.1c. b, These states are characterized by an
exponential distribution of grain sizes, dashed straight lines represent the slope
of the associated exponential fit. c, Accordingly, the average size of grains in the
steady-state tends to decrease with frequency. Error bars, which are smaller than
markers, represent standard error. d, The constant structural kneading of the
chiral whorl state by topological defects introduces novel mixing properties which
can be imaged by artificially dying stratified layers in a crystal that subsequently
bleed into each other. e, By contrast to conventional diffusive processes, the
smearing of the fluid over time is a strongly anisotropic process, wherein an
example blob of fluid is pulled apart by the flow between two chiral whorls.
f, The pairwise separation (δx)2 plotted versus time t for particles initially in
close proximity suggests that this abnormal spreading gives rise to superdiffusive
behavior, which itself is a function of rotational frequency. Error bars represent
standard error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

3.22 The chiral whorl steady-state: vortical structure. (A) Given a set of par-
ticle velocities, we estimate the vorticity on each particle. These measurements
can be interpolated to extract a local vorticity field. Snapshots of the vorticity
field are presented for increasing particle rotation frequencies. (B) For crystals
driven over a range of frequencies, the distribution of vorticity is slightly asym-
metric and tends to broaden with frequency. (C) Meanwhile, within the ordered
regions, there is no strong correlation between the size of a vortex patch, ξω,
and the average vorticity within the patch ω̄ for sufficiently large vortices. (D)
At the location of each particle, the vorticity field can be compared with the
bond-orientational order to observe that vorticity tends to be positive in ordered
regions (grains) and negative in disordered regions (grain boundaries). . . . . . 124

3.23 Time-averaged flows over various scales. Snapshots of the (A) flow v(x)
(v ≡ |v|) and (B) vorticity ω(x) time-averaged over a specified number of particle
rotations. (C) The mean squared velocity v̄2, variance in the velocity 〈(v − v̄)2〉,
and variance in the vorticity 〈(ω − ω̄)2〉 as a function of time-averaging window. 125

3.24 Steady-state characterization. Snapshots from the steady-state of large droplet
simulations are plotted to show (A) the bond-orientational angle parameter θ6,
and (B) the vorticity field ω. (C) The exponential distribution of domain sizes
ξθ suggests a (D) typical size 〈ξθ〉 that decreases with frequency. The (E) grain
boundary length and (F) weighted grain boundary length increase with frequency. 126

xviii



3.25 Steady-state characterization. A chiral polycrystalline steady-state is formed
by spherical colloids spun with increasing frequency from left to right (f =
2, 3, 6, 10 Hz). (A) The Voronoi cells of each particle can be colored accord-
ing to the angle θ6 of the bond-orientational order parameter ψ6, revealing that
crystalline fragmentation increases with frequency. (B) The vortical structure
of the flow formed by these particles reveals patches of vorticity corresponding
to crystalline domains and interstitial flows corresponding to motile dislocations.
(C) The polycrystalline structure can be analyzed by investigating the distribu-
tion p(ξθ) of domain sizes ξθ, (D) the average domain size 〈ξθ〉 as a function of
frequency, and the (E) unweighted and (F) weighted cumulative amount of grain
boundary. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

3.26 A universal steady-state, independent of particle shape and interac-
tions. Local crystalline order and vorticity field for steady-state chiral whorl
states composed of different particle shapes and interactions: superellipsoidal
particles interacting through (A) true magnetic dipoles and (B) isotropically ap-
proximated dipoles; spherical particles interacting through (C) true magnetic
dipoles and (D) isotropically approximated dipoles. In all cases the crystal breaks
in domains at frequency f = 10 Hz. . . . . . . . . . . . . . . . . . . . . . . . . 129

3.27 Constructing a spinner crystal from ellipsoidal colloids. (A) A crystal is
constructed from ellipsoidal particles that spin about their long axis. (B) These
ellipsoids form a crystalline phase reminiscent of the polycrystalline whorl phase
shown in Figure 3.1. (C) By tuning the rotation frequency, the distribution of
grains can be altered to yield (D) decreasing average grain sizes. . . . . . . . . 130

3.28 A spinner crystal with inconsistent particle rotation. (A) Magnetic hematite
cubes are rotated with a magnetic field with magnitude B0, which tuned to a frac-
tion of the value reported elsewhere in this paper, B0

0 . (B) Above a threshold
field strength, the polycrystalline whorl phase shown in Figure 3.1 is reproduced.
Below this threshold, particle rotation is inconsistent and the whorl phase breaks
apart. (C) The same structure is visible in the vorticity field. (D) By tuning
B0/B

0
0 , the distribution of grains is not altered above this threshold, which is

reflected in (E) constant average grain sizes. . . . . . . . . . . . . . . . . . . . 131
3.29 A spinner crystal with repulsive magnetic interactions. (A) The angle

θ is tuned to reduce particle-particle attraction. (B) The polycyrstalline whorl
phase is observed until the system becomes sufficiently repulsive. (C) The same
structure is visible in the vorticity field. The polycrystal fragments steadily with
θ, as seen in (D) the domain size distribution and (E) the average domain size. 132
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3.30 Odd response in the steady-state. a, A patch of material built of particles
that interact with their neighbors via constant, separation-independent transverse
forces f parallel to the material’s edge sustains a net odd stress 2ηRΩ = nf/L
on its edge, where n is the number of particles on an edge of length L (see Sec-
tion 3.5.1.2 for a more general discussion). On each edge, the macroscopic total
force F = nf is unchanged upon dilating the edge, but as the length L of the
boundary is increased, there is a net change in stress ∆(F/L) in a direction op-
posite to the odd stress. b, For a uniform dilation, the deformation leads to
a net counter-rotational stress. This coupling between dilation and rotation is
denoted by K2

⊥ in the elasticity tensor. c, Likewise, for a shear deformation, the
system acquires a net rotated shear stress, representative of the odd elasticity
Ko. d, In a droplet of crystalline material, the odd stress induces a net rota-
tion, balanced by friction with the substrate. The naturally occurring azimuthal
distortion generates, via the odd elastic moduli, a characteristic radial density de-
pendence (Section 3.5.2.2). e, We observe this signature of odd elastic response
in experiments on droplets by measuring the dilational component of the strain
through the relative density δρ/ρ. f, In both the experiments and simulations,
δρ/ρ transitions radially within a droplet from contracting to dilating in a manner
independent of droplet radius R. In both cases, we obtain excellent qualitative
agreement with the theoretical prediction for the transition radius, denoted by
the dashed line (Section 3.5.2.2). . . . . . . . . . . . . . . . . . . . . . . . . . . 134

3.31 Odd elastic moduli and cycles. (A) A patch of material built of particles
that interact with their neighbors via constant, separation-independent transverse
forces f sustains a net odd stress σodd = αnf/L on its edge, where α is a
geometrical factor and n is the number of particles on an edge of length L. On
each edge, the macroscopic total force F = αnf is unchanged upon isotropic
dilation of the edge, but as the length L of the boundary is increased, there is a net
change in stress ∆(F/L) in a direction opposite to the odd stress. This argument
also holds in case of anisotropic deformation, and additional contributions to the
change in the stress may rise from changes in the geometrical factor α. (B) For
a uniform dilation, the deformation leads to a net counter-rotational stress. This
coupling between dilation and rotation is denoted by K2

⊥ in the elasticity tensor.
(C) Likewise, for a shear deformation, the system acquires a net orthogonal shear
stress, representative of the odd elasticity Ko. (D) We take a bond between two
particles that interact purely by odd force on a quasistatic strain cycle. The work
done on the inner azimuthal segment is cancelled by the work done on the outer
segment, yielding net positive work. (E) One can also obtain work from an odd
spring, wherein the work done on the radial segments cancels, but there is again
uncompensated work done on the outer azimuthal leg. . . . . . . . . . . . . . . 138
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3.32 Measuring elastic coefficients. (A) A cartoon representation of a strain ( )
being applied to a lattice, from which the normal and tangential forces on its
boundary are measured. (B) The resulting relationship between the strain ( )
and stress ( ), as computed from these forces, can be fit to a line with a slope
that estimates the odd elasticity Ko. . . . . . . . . . . . . . . . . . . . . . . . . 144

3.33 Slab symmetry deformation. The structure of the slab symmetry lattice in
the initial state (red) and after being strained as a result of the odd stress (blue)
for parameters (a) k = ko = 0.5, η = 0.03. and (b) k = 0.5, ko = 0.1, η = 0.05 . . 154

3.34 Verification of the elastic solution for slab symmetry. (a) Strains vs. η
for k = ko = 0.5. (b) Strains vs. ko for k = 0.5; η = 0.01. (c) Strains vs k for
ko = 0.5; η = 0.01. (d) Strains vs. ko for k = 0.5; η = 0.05. In all plots, simulation
results are denoted by blue points and theoretical predictions by orange lines. . 155

3.35 Droplet deformation. Structure of droplet lattice in the initial configuration
(red) and in the stable configuration (blue). The stable configuration rotates as
a rigid body. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

3.36 Deformations in the droplet symmetry. (Left) Radial displacement ur,
and (Right) azimuthal displacement uθ. In both, full lines denote theory and
points denote simulation results. Different colors are different parameters: Green
- k = ko = 0.5, Black - k = 1.0; ko = 0.5, Blue - k = 0.5; ko = 1.0. Red-
k = 1.0; ko = 1.0. For all simulations, η = 0.01 . . . . . . . . . . . . . . . . . . . 156

3.37 Strain field in an odd elastic crystal. (A) From the deformation of each
particle’s voronoi cell, we estimate the strain tensor and plot the dilatational
component. (B) Snapshots of the crystalline structure of the droplet over time,
showing destabilization from the edge. (C) For droplets of various radius R,
and at early measurement times, the strain maintains the same radial structure.
(D) For any accessible monocrystalline droplet size and for a reasonable range of
rotation frequencies, the strain curves collapse. . . . . . . . . . . . . . . . . . . 158

3.38 Strain field in an odd elastic crystal. (A) The radial displacement field ur
as a function of time, measured in rotations. (B) The corresponding azimuthal
displacement uθ. (C) From the deformation of each particle’s voronoi cell, we
estimate the dilatational component of the strain tensor. (D) Snapshots of the
crystalline structure of the droplet over time, showing destabilization from the
edge. (E) For droplets of various radius R, the strain maintains the same radial
structure. (F) For any experimentally accessible monocrystalline droplet size and
for a reasonable range of rotation frequencies, the strain curves collapse. . . . . 160

3.39 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
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3.39 Measuring an elasto-hydrodynamic instability. a, The chiral phase re-
sponds to a perturbation in spinner density by (1) coupling internal rotations
to flow gradients that are (2) transformed into Hall stresses that (3) destabilize
the crystal further (Section 3.6.1.1). A linear stability analysis of this model
yields the predicted spectral growth curves arising from the interplay between
odd transport coefficients (ηo, Ko) and Magnus-like couplings (η′R, K

2
⊥, η

2
⊥). b,

As the chiral phase approaches the steady-state of Figure 3.1, we can measure
the spectrum of its flow to see decay at large scales and growth at small scales. c,
The total amount of growth measured at these smaller scales can be mapped over
time and compared to the grain boundaries to reveal enhanced growth within ini-
tially crystalline patches and vanishing growth at later times (Section 3.6.3). The
estimated spectrum of growth α̂(q) reveals stabilization at scales λ � 〈ξθ〉 and
constant destabilization at scales λ� 〈ξθ〉. d, In simulations, we tune the inter-
particle interaction range to prepare a theoretically stable crystal, for which the
crystal is destabilized through dislocation production to reach the whorl state. e,
Likewise, simulations that are theoretically unstable can go unstable in response
to bulk density fluctuations. Same colormap as in Figure 3.1b. f, The estimated
spectrum and spatial map of growth for a theoretically stable simulation resem-
bles the experiment when a polycrystal is destabilized. g, The same signatures
are observed in a linearly unstable simulation. f-g use the same colormap as c. . 163

3.40 A generic mechanism for chiral crystal destabilization. A cartoon of our
generic chiral material in which all internal stresses are balanced. When this ma-
terial’s density is perturbed conventional even elasticity relaxes the perturbation,
conversely the coupling between dilation and rotation, generated for example by
a density dependent transverse force (odd stress), leads to a shear flow along the
axis of the density perturbation. In the presence of a Hall response, the newly
generated gradients in the displacements (flow) along one axis produce displace-
ments (flows) along the transverse axis, pulling the fluid apart further. This
coupling between the distinct shear modes amplifies the initial perturbation. . . 165

3.41 Taxonomy of instabilities. The instability diagrammed in Figure 3.40 is con-
tingent upon the presence of: (1) odd transport, (2) coupling between rotations
and dilation, and (3) stabilization through elasticity or otherwise. We diagram
models that incorporate a base level of elasticity and a combination of one odd
transport and one coupling coefficient. . . . . . . . . . . . . . . . . . . . . . . . 173

3.42 A complete model. A model that incorporates all the prescribed ingredients
for a scale-dependent instability is presented. Dispersive waves are damped at
small k and grow at large k (left). Enhancing the odd response makes more of
the spectrum unstable (center), while the system can be stabilized at all scales
by increasing the even elastic moduli . . . . . . . . . . . . . . . . . . . . . . . . 175

3.43 Removing odd viscosity. By removing the odd response, dispersive waves are
eliminated and density perturbations are damped at all scales (left). Modulating
both even elastic (center) and viscous (right) parameters universally yields causes
the system to be stable. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
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3.44 Uniform rotational viscosity. A model that includes an odd transport coeffi-
cient ηo and otherwise even viscous and elastic terms is also stable at all scales
and has no waves (left). Increasing the stabilizing shear modulus µ further sta-
bilizes the system (center), while modulating odd viscosity ηo has minimal effect
in the absence of density-rotation coupling. . . . . . . . . . . . . . . . . . . . . . 177

3.45 Removing elasticity. Including only the viscosities η, ηR, and ηo, in addition
to η′R yields unstable solutions without dispersion (left). The destabilizing ηo
(center) and η′R (right) compete with η and ηR to increase the growth rate. . . . 178

3.46 Magnus-Magnus pairings. Adding two Magnus coefficients (one viscous, one
elastic) to the base model can also yield a scale-dependent instability, provided
they oppositely couple dilations and rotations in the stress and strain tensors. . 179

3.47 Stable elastic waves. Including only the elastic moduli λ, µ, K2
⊥, and Ko,

yields stable solutions with dispersion in one limit. The even elastic moduli only
slows the damping rate in this limit. . . . . . . . . . . . . . . . . . . . . . . . . 180

3.48 An elastic instability. Including only the elastic moduli λ, µ, K2
⊥, and Ko,

yields unstable solutions without dispersion. The Magnus elastic modulus has
little qualitative effect in this limit. . . . . . . . . . . . . . . . . . . . . . . . . . 180

3.49 Measuring a growth rate in the velocity spectrum. A region of chiral
crystal is fragments into smaller grains, as viewed through (A) the average grain
size 〈ξθ〉 and (B) the total grain boundary length

∫
d`GB. The averaged velocity

power spectrum, |(vx)q|2 + |(vy)q|2, is plotted at times t0 (dashed line) and t1
(solid line) for (C) an unstable crystal, and (D) a crystal in the steady-state. In
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3.52 Growth in modes of strain rate decomposition. By decomposing the strain-
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ABSTRACT

The symmetries that underly conventional equilibrium matter provide the grounding for

continuum mechanical models. In this work, we engineer a chiral material comprised of

millions of spinning colloidal magnets as a testing ground for breaking these symmetries

and observing the resulting odd dynamics. By activating the fluid phase at the single unit

level, we observe macroscopic flows with no counterpart in conventional fluids. Along a

boundary of the fluid, we observe unidirectional free-surface waves that propagate due to an

interplay between viscous and odd rotational stresses. These waves are dissipated by both

surface tension and odd viscosity, an anomalous transport coefficient permitted through

broken time-reversal and parity symmetries. Then, we ask a deceptively simple question:

what is the effect of adding transverse interactions on the solid phase? At the system scale,

non-reciprocity causes colloidal spinners to organize into crystalline whorls which sustain

super-diffusive mass transport that can be controlled over orders of magnitude. By com-

bining experimental measurements with fully-resolved hydrodynamic and minimal model

simulations, we find that this phase spontaneously arises from the interplay of intrinsic odd

stresses and odd elastic moduli unconstrained by energy conservation, which conspire to en-

able the self-propulsion of topological defects. Finally, we lift the constraint of isotropy that

underlies our viscous and elastic models, enabling spatiotemporal control of the morphology

of chiral matter through the time-modulation of the drive.

xxxvi



CHAPTER 1

INTRODUCTION

Newton’s Principia is cited in some form at the beginning of most classical mechanics text-

books, and from it come three non-negotiable rules. Among them is what is often labelled

Newton’s third law [1]:

To any action there is always an opposite and equal reaction; in other words, the

actions of two bodies upon each other are always equal and always opposite in

direction.

These rules are natural, and explain much of what we experience in the everyday world, but

fall short in many living and active systems. In this introduction, we will take these rules

for granted and arrive at a description of conventional materials that, upon the introduction

of non-reciprocal forces - those that violate Newton’s third law - break down.

1.1 Odd continuum mechanics

In condensed matter physics, seeking to understand a system’s behavior on the basis of

individual interactions between constituent building blocks is often intractable. The pio-

neering work of Cauchy, Poisson, and Navier in 19th century introduced the use of contin-

uum mechanical theories, which are models of materials that ignore their discrete atoms [2].

Continuum mechanical models of fluids have been used to model the flows of liquids and

gases via equations that describe infinitely small volumes of fluid, themselves representing

even smaller underlying molecules [3]. The counterpart to fluid mechanics for solid bodies

describes the deformation of continuous medium in lieu of representing the displacement of

each individual atom [4].

Often rules like Newton’s, while written for individual particles and bodies, can help us

make statements regarding the symmetries of continuous media. These symmetries often
1



allow for the removal of generality in a system’s equations of motion. For example, Newton’s

third law tell us that reciprocal forces conserve momentum and energy, which forms the basis

for the description of fluids and solids. Conventional materials that follow these mechanical

rules also abide by familiar symmetries: time-reversal symmetry means that a system evolves

according to the same rules when time runs backwards, and parity symmetry means that a

system’s behavior is not changed if viewed under a mirror reflection.

For any material, regardless of symmetries, the continuum mechanical description is built

from coarse-graining the microscopic interaction rules - the inter-particle forces that Newton’s

laws govern. From these atom-level interactions come models for the stresses experienced

by an infinitesimal element of a fluid or solid, σα = ηαβ u̇β and σα = Kαβuβ , respectively.

Here, ηαβ and Kαβ are the viscosity and elasticity tensors, objects that represent the linear

relationship between stress (σα) and a continuous medium’s deformation (uβ) or the rate

thereof (u̇β). With this choice of representation, each entry of σα and uβ have a clear physical

meaning:

σα =

( )
, uβ =

( )
, (1.1)

which represent dilation ( ), torque ( ), and shear ( , ) and their counterpart strains.

While we will thoroughly delve into the components of these complex objects in this thesis,

the aforementioned symmetries have a simple mathematical consequence: ηαβ = ηβα and

Kαβ = Kβα. That is: the reciprocal linear response at the level of individual particles

is reflected in the reciprocal response of the continuum. For example, if a solid that is

compressed experiences a torque, then it must experience a pressure when it is rotated.

These symmetries are often relaxed in soft, non-equilibrium condensed matter. In fluids,

time-reversal and parity symmetries can be broken by, for instance, the constant activation

of the fluid molecules by external injection of momentum. As a consequence, contributions

to the viscosity that are odd in nature are permitted, and have the structure ηoαβ = −ηoβα,

enabling non-reciprocal couplings between stresses and strains. Among these is the odd
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viscosity, a long theorized transport coefficient that redirects flows rather than dissipating

them [5, 6, 7, 8, 9]. Meanwhile, the underlying conservation rules of elasticity can be

broken through non-reciprocal interactions between atoms, likewise enabling a zoology of

odd elastic coefficients. Recent theoretical work points to potential elastic moduli that,

for example, could non-reciprocally relate dilation and rotation [10, 11]. One might then

ask: what can odd stress do for you? With these recent generalizations of conventional

continuum mechanics comes hope for explaining a wide range of systems including robotic

metamaterials [12, 13], biological matter [14], chiral fluids [15, 16], and odd topological

defects [17], through the inclusion of odd effects.

1.2 Overview of this thesis

In this thesis, we will take the rules of continuum mechanics as a starting point, and unlock

new potential phenomenology by breaking the symmetries that underly their utility. To

realize a continuous medium from which we can extract the spatiotemporal properties of

millions of constituent elements, we utilize a colloidal model system. Then, to introduce

the non-reciprocal interactions that are hallmarks of odd materials, we drive these particles

rotationally. In Chapter 1, we treat the dense phase these colloids form as a chiral fluid.

We demonstrate that this rotational drive causes a fundamental change in the particle in-

teractions at the microscopic level, as diagramed in Figure 1.1. Here, the introduction of

self-spinning produces an antisymmetric stress, known as the odd stress, that constantly

powers the system through a uniform active torque density. By contrast to conventional

fluids, this material sustains dynamics driven by viscosity rather than suppressed by it. In

addition, the microscopic interactions are altered, breaking parity symmetry to enable the

generation of transverse momentum as in (a-b). The consequence is the introduction of

an odd viscosity that non-reciprocally couples transverse modes of shear flow (c), and is

measured in experiments through its effect on the dissipation of surface waves.
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vin
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Ω

v

Fodd

c

collide

Figure 1.1: Odd viscosity through rotational drive. a, Two particles spin at a fixed
rate Ω and collide at an incident velocity vin. b, Due to rotational interactions, their re-
sultant trajectories vout need not conserve angular momentum. c, On a continuum level,
consequently, gradients in flow can generate transverse stresses through odd viscosity.

a

uin

Ω

Fodd

b

uin

Fodd

c

Fodd

uin

compress

Figure 1.2: Odd elasticity through transverse forces. a, Two spinning particles exert
non-reciprocal transverse forces that can be viewed as an odd spring. Under extension, there
is a transverse force in one direction, b, and another direction under compression. c, A solid
comprised of odd springs can sustain odd elasticity, wherein shear strain in one axis produces
stresses in the transverse axis.

Upon closer inspection, we observe that the seemingly quiescent bulk of this fluid in fact

sustains its own lively dynamics. Our observations of the system in a crystalline phase suggest

not a hydrodynamic description, but rather a treatment of the material as a solid. In Chapter

2, we describe the crystalline ‘whorl’ phase that is formed when particle-level activation is
4



introduced to a conventional solid, and find that this odd crystal is spontaneously destabilized

by the presence of self-propelled dislocations, or localized bits of crystalline fracture. While

the mobility of dislocations is powered by odd stress, we notice structural responses to strain

that are unexpected, but consistent with the presence of odd elastic moduli that arise from

transverse spring-like interactions between particles as in Figure 1.2a-b. These non-reciprocal

forces enable novel stress-strain couplings (c) that can melt an odd crystal from within.

a b c

Fodd

Ω

Fodd

Fodd

rotate

θ
θ

Figure 1.3: Spatially anisotropic odd matter. a, By modulating the rotation of particles
to stall along a specified axis, the spring-like transverse forces can be b, tuned by the
orientation of the inter-particle bond. c, A chiral medium subjected to time-modulation
sustains an intrinsic stress imbalance that causes it to deform.

In the final part of this thesis, we revisit chiral matter and lift the constraint of isotropy

by giving the dynamics of the particles a preferred axis. To do so, we apply a temporally-

modulated rotational drive that arrests the rotation of the particles at specified temporal

points that are correlated with one or multiple spatial axes. As depicted in Figure 1.3a-b,

the odd spring that characterizes interactions between particles now has a notion of spatial

orientation, leading to an orientation-dependence of the elastic parameters. The resulting

phase is characteristically different in both the bulk and surface, giving rise to intrinsic

structural fluctuations that generate surface stresses to produce novel, tunable morphologies

(c). In addition, the successive breaking of conservation laws and symmetries of this odd
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material unlocks new instability phenomenology reminiscent of conventional fluids with a

chiral twist.
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CHAPTER 2

SURFACE FLOWS OF A COLLOIDAL CHIRAL FLUID

This chapter is primarily comprised of material reproduced from the publication Ref. [18]:

Soni, V.*, Bililign, E. S.*, Magkiriadou, S.*, Sacanna, S., Bartolo, D., Shelley, M. J., &

Irvine, W. T. M. The odd free surface flows of a colloidal chiral fluid. Nature Physics 15,

1188-1194 (2019). Reproduced with permission from Springer Nature.

In simple fluids, such as water, invariance under parity and time-reversal symmetry im-

poses that the rotation of constituent “atoms” is determined by the flow and that viscous

stresses damp motion. Activation of the rotational degrees of freedom of a fluid by spinning

its atomic building blocks breaks these constraints and has thus been the subject of funda-

mental theoretical interest across classical and quantum fluids. However, the creation of a

model liquid which isolates chiral hydrodynamic phenomena has remained experimentally

elusive. Here we report the creation of a cohesive two-dimensional chiral liquid consist-

ing of millions of spinning colloidal magnets and study its flows. We find that dissipative

viscous “edge-pumping” is a key and general mechanism of chiral hydrodynamics, driving

uni-directional surface waves and instabilities, with no counterpart in conventional fluids.

Spectral measurements of the chiral surface dynamics reveal the presence of Hall viscosity,

an experimentally elusive property of chiral fluids. Precise measurements and comparison

with theory demonstrate excellent agreement with a minimal but complete chiral hydrody-

namic model, paving the way for the exploration of chiral hydrodynamics in experiment.

2.1 Introduction

Hydrodynamic theories describe the flow of systems as diverse as water, quantum electronic

states [19], and galaxies [20] over decades in scale [21]. Since hydrodynamic equations are

built on symmetry principles and conservation laws alone, systems with similar symmetries
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have similar descriptions and flow in the same way.

For example, symmetry under parity and time reversal – conditions met by all conven-

tional fluids at thermal equilibrium – constrains both the stress and viscosity tensors to be

symmetric. These constraints are in principle alleviated in collections of interacting units

that are driven to rotate [22, 23, 24, 25, 26, 27, 28]. This seemingly innocent twist on an

otherwise structureless fluid represents, however, an elemental change with rich hydrody-

namic consequences common to quantum Hall fluids, vortex fluids, and chiral condensed

matter [29, 5, 15, 6, 7, 30, 31, 32]. Collections of spinning particles offer a natural opportu-

nity to engineer and study the properties of such chiral fluids; experimental examples include

rotating bacteria [33, 34], colloidal and millimeter-scale magnets [35, 36, 37, 38, 39, 40], fer-

rofluids in rotating magnetic fields [41, 42], and shaken chiral grains [43, 44]. Such systems

have been shown to have non-trivial dynamics. For example, ferrofluids driven by AC fields

can flow against external pressure [45] and small numbers of spinning particles self-assemble

into dynamic crystalline clusters [35, 36, 37, 38, 46, 47, 48, 39, 40, 49].

2.2 A colloidal chiral fluid

We report the creation of a millimeter-scale cohesive chiral fluid (Fig. 2.1a) by spinning

millions of colloidal magnets with a magnetic field (Figs. 2.1b, 2.1c), and we track its flows

over hours. The macroscopic flow of our chiral fluid is reminiscent of free surface flows of

Newtonian fluids: nearby droplets merge (Fig. 2.1d), fluid spreads on a surface under the

influence of gravity (Fig. 2.1e), voids collapse (Fig. 2.1f), and thin streams go unstable,

as revealed by flowing fluid past a solid object (Fig. 2.1g). We demonstrate that these

seemingly familiar features are accompanied by unique free surface flows. We then exploit

the odd interfacial dynamics of this prototypical chiral liquid to infer its material constants,

which remain out of reach of conventional rheology.

In the following sections, we describe the experimental procedures by which this colloidal
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Figure 2.1: A chiral fluid of spinning colloidal magnets. a, Optical micrograph of
the colloidal magnets in bulk, after a few minutes of spinning. b, Schematic of one colloidal
particle. The ∼1.6 µm hematite colloidal cubes have a permanent magnetic moment (µ,
black arrow). They are suspended in water, sedimented onto a glass slide, and spun by a
rotating magnetic field (B, white arrow tracing the white circle). c, Optical micrograph
of the colloidal magnets in bulk at increased magnification. d-g, The particles attract
and form a cohesive material with an apparent surface tension that, over timescales from
minutes to hours, behaves like a fluid: d, clusters coalesce and e, spread like liquid droplets
when sedimented against a hard wall; f, void bubbles collapse; and g, when driven past an
obstacle, the fluid flows around it, thinning and eventually revealing an instability to droplet
formation. All images were taken through crossed polarizers.
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chiral fluid is fabricated and driven (Section 2.2.1), the manner in which the flows of Fig-

ure 2.1 are generated (Section 2.2.2), and the tools we use to capture particle-level dynamical

information using high-speed video microscopy (Section 2.2.3).

2.2.1 Experimental protocols & rotational drive

Colloidal synthesis We synthesize hematite cubes following the method described by

Sugimoto et al in [50], and subsequently coat them in a thin silica shell using a Stöber

method described in [51]. We suspend the cubes in water and, unless otherwise noted, we

enclose the suspension in a glass chamber (see Figure 2.4a).

Magnetic field control We generate rotating magnetic fields by three pairs of coils. In

all experiments we control the magnitude (B = 1.3 mT) and orientation of the magnetic

field with a computer. We program the field parameters in a Python script and send them to

a National Instruments DAQ card (PCIe-6363) via the PyDAQmx Python driver [52]. We

then amplify the DAQ output voltage by a custom voltage-to-current amplifier that powers

each coil pair. We record the currents through all coils continuously, so the orientation of

the magnetic field at every moment in time is known.

Roll and drift compensation In order to observe dynamics at long timescales, care must

be taken to minimize particle drift. Drift can occur either due to a tilt of the experimental

setup with respect to gravity, which will cause sedimentation; or due to a misalignment of

the spinning axis of the magnetic field, which will cause rolling (see Figure 2.2a-b). In the

case of low-friction experiments, particles naturally collect in a locally flat region due to

gravity, eliminating sedimentation. Meanwhile, for high-friction experiments, we minimize

sedimentation by adjusting the tilt of the sample with the magnetic field off. As shown in

Figure 2.2c, the rolling velocity is linearly proportional to the angle between the spinning

axis and the normal to the substrate for a wide range of angles. We minimize rolling by
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Figure 2.2: Rolling motion. a, If the rotation axis of the magnetic field is perpendicular to
the substrate, the particle spins in place without rolling. Its translational velocity vanishes,
v = 0. b, If the rotation axis of the magnetic field is not perpendicular to the substrate and
deviates from the normal by an angle θ, the particle will roll as it spins and v 6= 0. c, The
rolling speed depends linearly on the tilt angle θ for angles at least up to 20 degrees.

adjusting the relative amplitudes of the currents through all three coil pairs until particle

clusters do not move by more than a couple of pixels within a couple of minutes. Our setup

allows arbitrary control of the magnetic field axis, which enables rolling the particles in any

desirable direction. This feature is very useful for the preparation of the initial state in many

of our experiments.

2.2.2 Control of the initial conditions

Flat strip experiments In experiments that require flat strips of the spinner fluid, in-

cluding the surface waves and hydrodynamic instability of Figures 2.6 and 2.26, we prepare

strips by accumulating particles against a straight edge, either by rolling all particles to one

side (see Figure 2.2), or by tilting the sample. We control the thickness of the strips by

changing the concentration of the suspension.
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Droplet coalescence To observe droplet coalescence, shown in Figure 2.1d, we spin par-

ticles for a few minutes until they form small clusters; these clusters then gradually coalesce

into larger ones.

Droplet spreading For droplet spreading, shown in FFigure 2.1e, we cast a small amount

of suspension (∼2µL) on a glass slide and seal it with a drop of UV-curable Norland Optical

Adhesive (NOA 81), which creates a hard boundary around the suspension. We then spin

the particles until they all assemble into a single drop. Finally, to guide the drop towards

the wall, we tilt the microscope. This procedure is sketched in Figure 2.3a.

Bubble collapse For experiments on the collapse of bubbles, illustrated in Figure 2.1f,

we enclose the suspension in a glass chamber that contains, on one wall, cured droplets of

Norland Optical Adhesive (NOA 81). We guide the particles with a permanent magnet over

a drop of the adhesive and then spin them until they all sediment downhill. We subsequently

flip the sample upside-down, so that all particles and their void end up on the flat side of

the chamber. This procedure is sketched in Figure 2.3b.

Flow past an obstacle For experiments involving flow past an obstacle, shown in Fig-

ure 2.1g, we use the same cured NOA 81 droplets as obstacles. We induce flow by tilting

the microscope, thereby allowing the particles to sediment while spinning. This procedure

is sketched in Figure 2.3c.

Interface experiments Low-friction experiments are performed by placing the particles

at a fluid-fluid interface between water and either oil or air. In these experiments the particles

are suspended in a water mixture with 15 wt% glycerol to mediate evaporation. In addition,

we add a surfactant (4 mM Sodium dodecyl sulfate, Sigma-Aldrich), to prevent the particles

from breaching the interface. We pipette a small amount of the particle suspension (∼0.7µL)

on a glass slide and enclose it in a glass chamber. The remainder of the chamber is either
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Figure 2.3: Schematic of sample preparation. Left column: side view; right column:
top view, with the white dashed line marking the cross section represented in the side view.
a, We enclose a droplet of aqueous suspension of hematite cubes between a glass slide and
a drop of UV-curable Norland Optical Adhesive (NOA 81). After the particles have come
together into a single droplet of spinner fluid, we tilt the sample to drive them towards the
hard wall made by the cured NOA 81. b, To make a hole in the spinner fluid, we put the
suspension of hematite cubes in a chamber that contains a cured droplet of NOA 81 on the
bottom. We collect the particles around the NOA 81 and then flip the sample upside-down.
c, To probe the flow of the spinner fluid past obstacles, we use the same cured droplets of
NOA 81 as the obstacles, and we tilt the sample to create flow via sedimentation.

left empty (air interface experiments) or filled with pure silicone fluid (Clearco Products)

of variable viscosity (oil interface experiments). The entire sample is then held such that

the cubes sediment with gravity to the water/air (oil) interface. A typical sample geometry

is illustrated in Figure 2.4b. The typical radius of curvature is R∼105 µm. For a typical
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droplet of fluid R∼100µm, this amount of curvature varies the particle rotation axis by an

angle θ∼0.2◦ with respect to the substrate, resulting in negligible amounts of rolling motion

(see Figure 2.2c).

glass

~150 μm
~100 μm

spinner fluid

suspension

air/oil

glass

spinner fluid

suspension

a

b

Figure 2.4: Colloids at interfaces of variable friction. a, In the conventional geometry
cubes are sedimented onto a glass substrate. b, By contrast, to achieve lower substrate
friction, a droplet of colloidal suspension is enclosed in glass chamber otherwise filled with
either oil or air, allowing the colloids to sediment onto a fluid-fluid interface.

2.2.3 Imaging, particle tracking, and spinning-rate measurements

We observe the individual colloidal particles and the macroscopic flows of spinner fluids either

with a Nikon Eclipse TE2000-U microscope and 10x-100x objectives, or with a Zeiss Axio

Zoom.V16 microscope and a 2.3x objective that allows continuous magnification from 16.1x

to 258x. We record slow dynamics (≤5 fps) with a color camera (Grasshopper2 GS2-GE-

20S4C-C, Grasshopper3 GS3-U3-123S6C-C) and fast dynamics (∼1000 fps) with a black-

and-white camera (Phantom v12, Phantom v2512, Phantom VEO 640S).

As mentioned previously, the colloidal particles are birefringent: when imaged through

crossed polarizers, their intensity depends on their orientation. In particular, they blink
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Figure 2.5: Measuring the particles’ spinning frequency. a, When viewed through
crossed polarizers, a hematite cube blinks four times during one full rotation. This allows us
to confirm that, in our experiments, the particles spin at the frequency set by the rotating
magnetic field. b, We hold several isolated particles (∼15) at fixed angles and we record
their mean intensity. All particles blink four times in one full rotation of the magnetic field.

four times during one full rotation as illustrated in Figure 2.5 and Figure 2.7. Thus, by

monitoring the intensity of the spinner fluid with a camera triggered in synchrony with the

magnetic field, we confirm that the particles rotate at the rotating frequency of the driving

magnetic field up to 15 Hz. After confirming that the particles rotate at the same rate Ω,

we measure the instantaneous particle positions. We first average frames over one intensity

oscillation, in order to avoid brightness fluctuations. We then identify particle positions and

track their trajectories using the free python package trackpy [53].

2.3 Hydrodynamic theory of chiral fluid flow

In contrast to Newtonian fluids, the surface of our fluid supports a spontaneous unidirectional

edge flow in its steady state, as well as unusual morphological dynamics such as the rotation

of asymmetric droplets. These features, illustrated in Figure 2.1, follow from the breaking

of parity through active rotation [43, 54, 44, 39].
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To investigate these lively surface flows, we first look at surface excitations in a simple

slab geometry, as shown in Fig. 2.6a. We measure the spectrum of surface fluctuations,

|h(k, ω)|2, by tracing the height profile, h(x, t), of the surface and Fourier-transforming it

in space and time (see Section 2.5.3). We observe the spectrum to be peaked along a curve

ω(k), revealing the existence of dispersive waves (see Fig. 2.6b). The curve has only one

branch with odd parity, meaning that the waves are unidirectional. This behavior contrasts

that of conventional surface waves that propagate in all directions.

These surface waves beg a hydrodynamic description. Chiral fluid hydrodynamics fol-

lows from conservation of momentum and angular momentum, and thus includes both the

spinning rate of individual fluid particles as well as the momentum and angular momentum

of their flow [24, 55, 43, 56, 57]. Because our colloids are birefringent, we are able to measure

their individual spinning rate by imaging through crossed polarizers. We find that all parti-

cles rotate at the same rate, Ω, which is set by the rotating magnetic field (see Fig. 2.7a).

From this it follows that the particles’ rotational inertia is negligible; the torque exerted

on each particle by the magnetic field instantly adjusts to balance the frictional torques

exerted by the neighboring particles and the solid substrate. This fast response enables the

decoupling of the angular momentum equation from the momentum equation. Nonetheless

a strong signature of the microscopic angular momentum manifests as an ‘odd’ stress. A

minimal hydrodynamic theory then balances the force generated by viscous and odd hydro-

dynamic stresses, ∂jσij , against friction with the substrate, Γijuj = (Γuδij + Γ⊥εij)uj and

surface tension γ at the fluid interface. In this theory, which has been used to capture the

bulk flows of chiral granular fluids, the hydrodynamic stress tensor is given by:

σij = −pδij + η
(
∂ivj + ∂jvi

)
+ ηRεij (2Ω− ω) . (2.1)

σij includes the pressure p and ordinary viscous stress also present in Newtonian fluids with

a shear viscosity η. The additional term containing the Levi-Civita symbol εij and the
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Figure 2.6: Surface waves in a chiral spinner fluid. a, Surface waves are excited by
perturbing a strip of the spinner fluid. To characterize them, we track the height profile of
the strip in time, h(x, t). b, The resulting power spectrum from these waves 〈|h(k, ω)|〉 is
plotted versus the normalized wave vector kδ and frequency ω/(uedge/δ). The spectrum is
peaked on a curve corresponding to the dispersion relation of the waves. Shown with the
red dashed line is the theoretical prediction for the dispersion relation, obtained with the
hydrodynamic parameters that we measure in Fig. 2.7; its long-wavelength asymptotic form
is given in Eq. (2.22). c, The power spectrum ω(k) for surface waves on a perturbed circular
droplet of spinner fluid (left panel) can be collapsed (right panel) by rescaling the angular
wavenumber k by the droplet radius R. d, Sketch of the mechanism for wave propagation.
The propagation of waves can be understood by considering the mass flux, plotted in e. The
chiral fluid is displaced from the high curvature to the low curvature regions. This process
explicitly breaks the left-right symmetry, thereby propagating surface waves along only one
direction. e, Correction to the net mass flux along the interface due to a sinusoidal height
perturbation, Jx−J0

x, where J0
x is the mass flux in a flat strip and Jx is the mass flux in the

presence of a perturbation of wavelength λ. The microscopic origin of this variation in mass
flux can be inspected by measuring the flow over surfaces with positive, zero, and negative
curvature κ. f, The integrated flow yields the mass flux, which scales with curvature.
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dissipative coefficient ηR known interchangeably as “rotational viscosity,” “spin viscosity,” or

“inter-rotor friction” captures the rotational friction between neighboring particles [9, 56, 55,

43, 24, 41, 15]. Such an odd stress builds up as the local spinning rate Ω deviates from half

the local fluid vorticity ω = ẑ ·(∇×v). In torque-free fluids, angular momentum conservation

constrains these two quantities to be equal: odd stresses are unique to chiral fluids.

We finally simplify the model by assuming incompressibility and find this assumption to

be supported by the agreement between theory and the experiments reported in this section.

We also note that there is no direct appearance of the magnetic field or its stresses in this

hydrodynamic description unlike in conventional ferrofluids. In this respect, our colloidal

chiral fluid can be seen as a special type of driven ferrofluid in which weakly Brownian parti-

cles are densely packed and the only role of magnetic forces is to provide cohesion and induce

chirality. In the following sections, we discuss at length the origins of the aforementioned

equations of motion and explicitly perform a computation of the effect of magnetism on our

system to justify the above assumptions.

2.3.1 Hydrodynamic equations of motion

Building on previous work [56, 58, 59, 43, 7, 6, 5, 15], we describe our system with a con-

tinuum hydrodynamic theory. The hydrodynamic variables are the mass density of spinners

ρ(x, t), the momentum density ρ(x, t)ui(x, t) and the angular momentum density I0Ω(x, t),

where I0 is the spinner moment of inertia density. The conservation of momentum, an-

gular momentum, and mass yields two-dimensional hydrodynamic equations. The first is

conservation of mass:

(∂t + u · ∇+∇ · u) ρ = 0

We will assume incompressibility in the following, reducing the above to

∇ · u = 0 (2.2)
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The second is conservation of momentum. For a 2D homogeneous and isotropic fluid in

contact with a solid substrate, it takes the generic form:

ρ (∂t + u · ∇)ui = −∂ip+η∇2ui+ηD∂i(∇·u)+ηRεij∂j (2Ω− ω)−Γijuj+ηo∇2εijuj , (2.3)

where εij is the Levi-Civita symbol, p is the pressure, ω = ẑ·(∇×u) = εij∂iuj is the vorticity

(which in two dimensions is a scalar), η is the shear viscosity, ηD is the dilatational viscosity,

ηR is the rotational viscosity, ηo is a pseudo-scalar material parameter known as the Hall

viscosity (or odd viscosity) [7], and Γijuj =
(
Γuδij + Γ⊥εij

)
uj the frictional force with the

substrate, which in principle allows for two independent longitudinal and transverse friction

coefficients. The dimensions of each quantity are: [u] = L/T , [p] = M/T 2, [ρ] = M/L2,

[ω] = 1/T = [Ω], [Γu] = [Γ⊥] = M/(L2T ), [η] = [ηD] = [ηR] = [ηo] = M/T . The third is

conservation of angular momentum:

I0 (∂t + u · ∇+∇ · u) Ω = −ΓΩΩ− 2ηR (2Ω− ω) +DΩ∇2Ω + τ, (2.4)

where ΓΩ is the rotational friction, DΩ is the angular momentum diffusion constant, and τ

the torque density field experienced by the spinners. In principle, friction with the medium

surrounding the fluid could give rise to a torque that is proportional to ω. For simplicity, we

do not treat this contribution independently of ΓΩ and ηR. The dimensions of each quantity

are: [I0] = M , [DΩ] = ML2/T , [ΓΩ] = M/T , [τ ] = M/T 2.

To estimate the relative contributions of each term, we interpret its role and estimate its

magnitude by dimensional analysis. η and ηR both originate in the stresses nearby particles

exert on each other, principally through the lubrication layer that separates them. Their

value will therefore be comparable to ηH20, up to a geometric factor and the ratio of the

densities of the spinner fluid and water. Our measurements confirm this. ηo also originates

from the stresses nearby particles exert on each other but also depends on the extent of
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time-reversal symmetry breaking and is less straightforward to estimate. In theoretical

studies of vortex fluids [5], electrons in magnetic fields [60, 61, 62], and fluids of chiral

grains [15], ρηo is proportional to the angular momentum per particle but we are not aware

of a similar estimate in over-damped systems. We find from our measurement that ηo at

typical frequencies of ∼10 Hz is comparable in magnitude to η. (Γu/ρ)−1 corresponds to the

time required to damp the linear motion of an individual colloid. From the sedimentation

measurements, which are presented in Section 2.4.2, this is < 10−6 s. The sedimentation

experiments also put an upper bound to the ratio Γ⊥/Γu which is found to be negligible

with a properly balanced field orientation (see Sections 2.2.1 and 2.4.2). In all that follows,

we therefore approximate the friction tensor by its longitudinal component: Γij ≡ Γuδij .

γ is estimated by Uint/a, where Uint is the time-averaged interaction potential between

the hematite magnetic dipoles, Uint∼µ0µ
2/a3, a is the typical particle spacing, and µ is

the dipole moment [63]. This approximation yields γ∼10−13 N, which is consistent with

measurements presented in Section 2.5.

If we take as a characteristic velocity Ωδ and characteristic gradient 1/δ, we find that the

ratio of the material derivative term on the LHS to terms on the RHS is < 10−2. We thus

neglect the material derivative terms on the LHS of the momentum and angular momentum

equations. Further assuming constant density ρ ≡ ρ0 and spinning frequency Ω ≡ Ω0

simplifies the problem considerably. The momentum equation Eq. (2.3), using ∇ · u = 0,

becomes:

η∇2ui − ∂ip̃+ ηRεij∂j (2Ω− ω)− Γuui = 0 (2.5)

where p̃ = p+ ηoω absorbs the bulk effects of Hall viscosity in an incompressible fluid. The

bulk momentum equation is thus simply a Brinkman equation, as arises in modeling porous

medium flow, with forcing by an anti-symmetric stress. The angular momentum equation
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Eq. (2.4), using ∇ · u = 0, reduces to:

1

2
ΓΩΩ + ηR (2Ω− ω) =

τ

2
(2.6)

In this system of equations the pressure instantly adjusts to maintain the divergence-free

condition, while the torque τ adjusts to enforce constant rate of rotation. Hence, only the

momentum equation, with the divergence-free condition, is required to compute the bulk

flow. Given a constant Ω, and using that −εij∂jω = ∇2ui, yields

δ2∇2u−∇p̄− u = 0 (2.7)

or an (apparently) unforced Brinkman equation, where δ = ((η+ ηR)/Γu)1/2 is the so-called

hydrodynamic length, and p̄ = p̃/(Γu). Note that the pressure satisfies ∇2p̃ = 0. Taking the

curl and using the divergence-free condition yields

δ2∇2ω − ω = 0 (2.8)

which is a screened Laplace (or Yukawa) equation for the vorticity. Both the Brinkman and

Yukawa equations are solved as boundary value problems.

To consider free-surface flows, let D denote the chiral fluid domain in the plane, having

boundary ∂D with outward facing normal n̂. If v is the velocity of ∂D, then we adopt the

kinematic boundary condition

v = u|∂D, (2.9)

giving that the boundary moves with the fluid velocity. We also assume the stress balance

equation:

σn̂|∂D = γκn̂ (2.10)
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where γ is the surface tension and κ is the curvature of ∂D. The stress tensor σ is given by:

σij = −pδij + (ηD − η) δij∂kuk + ηRεij (2Ω− ω) + 2η
1

2

(
∂iuj + ∂jui

)
(2.11)

+ ηo
(
∂iεjkuk + εik∂kuj

)

= − (p− ηoω) δij + ηRεij (2Ω− ω) + 2η
1

2

(
∂iuj + ∂jui

)
− ηoOij , (2.12)

where we have assumed ∂kuk = 0 and:

Oij =



−2∂yux +2∂xux

−2∂yuy +2∂xuy


 . (2.13)

Eqs. (2.2, 2.7, 2.9, 2.10) are a closed set determining the dynamics of the chiral fluid

domain. It is solved as a free-boundary problem, with boundary conditions Eq. (2.10) de-

termining the instantaneous velocity field through solution of Eqs. (2.2, 2.7). The boundary

is then evolved via the kinematic boundary condition Eq. (2.9).

Comments A few comments are in order:

• While the local stress in our colloidal chiral fluid differs from the local stress in a

Newtonian fluid, the resulting flow Eq. (2.7) reduces to that of a Newtonian Brinkman

fluid, implying that the bulk dynamics of Newtonian fluids and odd stress fluids are

indistinguishable. The difference in the flows, and in particular the presence of surface

edge-flows, arises from the difference in the stress at the boundary.

• The presence of an odd stress necessitates the application of a body torque by the fol-

lowing argument. Consider an infinitesimal region of characteristic size `; the torque

τk on this region is proportional to εkijσij`3. The moment of inertia about the axis

x̂k is proportional to ρ`5. Thus angular momentum conservation implies infinite accel-

eration as ` → 0. This implies that in the absence of a body torque there can be no
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antisymmetric component to the stress.

• The presence of an odd stress in Eq. (2.7) breaks the invariance under parity trans-

formations of the equations of motion. This can be seen by the following argument.

Consider Eq. (2.7), keeping in mind that it models a 2D fluid embedded in three-

dimensional space:

η∇2ui − ∂ip+ ηRẑkεkij∂j (2Ω− ẑ · ∇ × ui)− Γuui = 0

where ui has no component in the ẑ direction and is a function of (x, y) alone. Under

the parity transformation (x, y, z)→ (x, y,−z) the equation becomes:

η∇2ui − ∂ip+ ηRẑkεkij∂j (−2Ω− ẑ · ∇ × ui)− Γuui = 0

demonstrating that if one does not also reverse the direction of spin of the colloids, the

equation is in general not invariant. Of course in the case of constant spinning motion

in which the parity breaking term vanishes, the flow equation is parity invariant. Parity

remains, however, broken by the corresponding stress boundary condition.

• The presence of a Hall viscosity ηo in Eq. (2.7) stems from the breaking of time-reversal

symmetry in two dimensions [7, 6]. In theoretical studies of vortex fluids [5], electrons

in magnetic fields [60, 61, 62] and fluids of chiral grains [15], ρηo was shown to be

proportional to the angular momentum per particle (or vortex circulation), but we are

not aware of an estimate in active over-damped systems.

• In an incompressible fluid, Hall viscosity has no effect in the bulk, only on the boundary.

As shown in Eqs. (2.11) and (2.12), the Hall stress tensor can be divided into a quantity

with divergence that can be absorbed in the pressure and a component −ηoOij which is

divergence free: ∂jOij = 0. The former has no effect in an incompressible fluid, however
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the latter gives rise to stresses on the boundary. In particular, using Oijnj = −2∂suj :

σon = −2ηo∂su = −2
(
∂sus −

un
R

)
ŝ− 2

(
∂sun +

us
R

)
n̂

where R denotes the surface radius of curvature with the convention that a circular

droplet has a positive radius of curvature. From this it can be seen that Hall viscosity

acts purely on the boundary, generating boundary stresses in proportion to variations

of the surface flow along the boundary.

2.3.2 Magnetic interactions

Our colloidal system consists of magnetic particles suspended in water, and is thus reminis-

cent of conventional ferrofluids composed of magnetic nanoparticles suspended in water. In

this section, we outline several key differences in the microscopic interactions that arise from

the larger size of the magnetic particles. These differences conspire to reduce the importance

of magnetic stresses in the hydrodynamic description, ultimately enabling us to accurately

model our surface dynamics without explicit reference to magnetic stresses.

Crucially, Brownian dynamics do not play a significant role in our particle dynamics as

evidenced by the following observations:

• Our magnetic particles sediment out of suspension. Their gravitational height is of the

order of 20 nm. Thus, thermal fluctuations are not sufficient to keep the particles in

suspension in the bulk.

• We observe that in the absence of magnetic field, the particles assemble into persistent

magnetic chains that we have never observed to unbind.

• Within the range of magnetic fields used in our experiments the magnetic energy µB,

where µ is the permanent dipole of the particles [63], is of the order of ∼103kBT thereby
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making orientational thermal fluctuations marginal to the particles’ orientational dy-

namics.

The reduced role of Brownian dynamics reduces the role of magnetic forces to providing

cohesion to the fluid and to constraining the spinning rate of the particles to be constant.

Therefore, unlike conventional ferrofluids, the cohesion of our 2D chiral fluid does not rely

on molecular surface tension but instead on the interactions between the magnetic particles.

Furthermore the magnitude of the fluid’s magnetization is constant, and its orientation is tied

to that of the particles that compose the fluid itself. Consequently, magnetism appears im-

plicitly in our equations of motion through the torque density τ = µ0
~M× ~H that is balanced

by rotational friction and odd stress. While this torque density is ultimately responsible for

driving flows, just as in the case of ferrofluids [64, 65, 66], magnetic forces do not play a

direct role in surface dynamics. To highlight the essential effect of these differences on the

interfacial dynamics, we explore below their impact on the celebrated Rosensweig surface

instability [41].

2.3.2.1 Absence of Rosensweig instability

Physically, the difference between the classical un-saturated ferrofluid and our fluid has its

origins in the fact that in the case of the induced field, the magnetization itself is augmented in

the peaks of the perturbation, whereas in our case the magnetization is fixed. In a ferrofluid,

the augmentation of the magnetization leads to a wavenumber-dependent magnetic stress

that produces the famous spiking instability [41]. As noted above, unlike a conventional

ferrofluid, our system sustains a uniform magnetization, which leads to important differences.

Let us first first reproduce the Rosensweig result for the stress in conventional ferrofluids,

extended to rotating fields, then compute the magnetic stress in our fixed magnetization

case and compare the two. In both calculations, we consider a semi-infinite geometry with

magnetic fluid occupying the (y < 0) half plane, with a sinusoidally perturbed interface
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h = ε cos(kx).

Rosensweig instability in conventional ferrofluids In the case of the conventional

ferrofluid, we seek a solution for the magnetic potential φ from which the magnetic field

B = µH , H = −∇φ can be deduced. The magnetizationM = (µ/µ0− 1)H is taken to be

M (cos θRx̂+ sin θRŷ) deep in the ferrofluid phase. We then find

H+ =
M

µ− µ0
(µ0 cos θRx̂+ µ0 sin θRŷ) + δH+,

H− =
M

µ− µ0
(µ0 cos θRx̂+ µ sin θRŷ) + δH−,

where δH± = −∇δφ± represents the perturbation to the magnetic field due to the sinusoidal

modification of the interface:

δφ+ = ε
Meky

µ+ µ0
µ0 sin (kx− θR),

δφ− = ε
Me−ky

µ+ µ0
[µ sin(θR) cos(kx) + µ0 cos(θR) sin(kx)] .

The + expressions correspond to the solution in the lower half plane and the − to the solution

in the upper half plane. The field is perturbed as

δH+ = −µ0Mkeky

µ+ µ0
kε [cos (kx− θR)x̂+ sin (kx+ θR)ŷ] ,

δH− =
µ0Mke−ky

µ+ µ0
ε cos θR [− cos (kx)x̂+ sin (kx)ŷ] +

µ

µ+ µ0
sin θR [sin (kx)x̂+ cos (kx)ŷ] .

That the fields and potentials satisfy both Maxwell’s equations and the boundary conditions,

n̂× (H+−H−) = 0 and n̂ · (H−−H+) = n̂ ·M , can be verified by explicit computation.

From the above, we obtain B+ = µH+ and B− = µ0H
−. The spatially-varying
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magnetization is then given by

M = M (cos θRx̂+ sin θRŷ)− (µ− µ0)Meky

µ+ µ0
kε [cos (kx− θR) + sin (kx− θR)] (2.14)

Finally, to obtain the surface stress, we evaluate the stress tensor,

T±ij = −1
2δijB

± ·H± + 1
2

(
H±i B

±
j +H±j B

±
i

)
,

inside and outside the magnetized region. The surface stress follows from σnn = T−·n̂−T+·n̂.

Evaluating yields a perturbation to the magnetic surface stress, δσnn = σnn − σnn(ε = 0),

that is wavenumber-dependent and in-phase with the perturbation to the interface, pushing

it to grow,

δσnn = −kµ0M
2

2
ε cos(kx)

(
cos(2θR)− µ− µ0

µ+ µ0

)
.

This expression agrees with the celebrated expression computed by Rosensweig for θR = π/2

(magnetic field normal to the interface) [41]. Even when the stresses are averaged over a

period of rotation, we find a destabilizing stress:

〈δσnn〉θR = k
M2

2
ε cos(kx)

µ− µ0

µ+ µ0
. (2.15)

Magnetic stresses in a saturated colloidal fluid Repeating the calculation for our fluid

using a fixed magnetization M = M(cos θRx̂+ sin θRŷ) in contrast to the spatially-varying

magnetization of Eq. (2.14), we find:

δφ+ = ε
Me|k|y

2

[
k

|k| cos θR sin kx− sin θR cos kx

]
,

δφ− = ε
Me−|k|y

2

[
k

|k| cos θR sin kx+ sin θR cos kx

]
,
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The magnetic field is given by

H+ = −M
2

sin θRŷ + δH+,

H− =
M

2
sin θRŷ + δH−,

where the perturbative pieces are

δH+ = −εMe|k|y

2

[(
k2

|k| cos θR cos kx+ k sin θR sin kx

)
x̂+ (k cos θR sin kx− |k| sin θR cos kx) ŷ

]
,

δH− = ε
Me−|k|y

2

[(
k sin θR sin kx− k2

|k| cos θR cos kx

)
x̂+ (k cos θR sin kx+ |k| sin θR cos kx) ŷ

]
.

Then, using B− = µ0H
− and B+ = µ0(H+ +M ), we can obtain the magnetic stress as

above. In this case, the perturbation to the magnetic interfacial stress is:

δσnn = −kµ0M
2

4
ε [sin (2θR) sin kx+ sgn(k) cos (2θR) cos kx] .

When averaged over a period of rotation, 〈δσnn〉θR = 0, and:

〈σnn〉θR =
µ0M

2

8
. (2.16)

we find that, by comparison to Eq. (2.15), the wavenumber-dependent part of the magnetic

stress vanishes, leaving a constant magnetic pressure that would fail to drive the lively

dynamics observed in our experiments.

2.4 Odd rheology & steady-state characterization

To make a quantitative comparison between our model and the flows we observe, we require

a measurement of the hydrodynamic and friction coefficients η, ηR, Γu, and Γ⊥. Fortunately,

the prominent effect of odd stress at the free surface of our chiral fluid can be effectively
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exploited to infer its bulk rheology. The homogeneous spinning motion of the colloidal parti-

cles gives rise to a net tangential edge flow even in the absence of pressure gradients. These

tread-milling dynamics, characteristic of all chiral fluids [43, 27, 33, 39, 22], are illustrated

in circular droplets in Figs. 2.7b-e. The tangential flow that is localized at the free surface

is readily explained by expressing the hydrodynamic equation in terms of vorticity for an

incompressible chiral fluid:
(
∇2 − δ−2

)
ω = 0 (2.17)

where δ =
√

(η + ηR)/Γu. This Helmholtz equation indicates that the vorticity generated at

the surface decays exponentially into the chiral fluid, with a characteristic penetration depth

δ (see Figs. 2.7c, d, g). In this model, the loss of substrate friction causes the penetration

depth to diverge, resulting in rigid-body rotation of the entire fluid, as observed in ferrofluid

droplets [54]. The magnitude of the vorticity at the free surface, ωedge = 2Ω ηR/(η + ηR),

is set by the stress-free boundary condition for a flat strip and expresses the competition

between the odd and viscous stresses described in Section 2.3.1. We point out that ωedge

is directly proportional to ηR, which demonstrates the importance of odd stress for the

dynamics.

We deduce all of the parameters found in the hydrodynamic equations of our spinner fluid

experimentally as summarized below. We perform these measurements on circular droplets

of spinner fluid, as shown in Figure 2.7. Comparison between experiment and prediction

(Fig. 2.7d) yields the values of η and ηR in terms of Γu. The latter is then measured

by tilting the substrate and measuring the sedimentation rate of droplets (see Fig. 2.7f).

Ultimately, we find η = 4.9 ± 0.2 × 10−8 Pa m s, ηR = 9.1 ± 0.1 × 10−10 Pa m s, and

Γu = 2.49± 0.03× 103 Pa s/m. The sedimentation direction is aligned with gravity, which

bounds Γ⊥ � Γu, so we take Γ⊥ → 0 in the following. In the following section, we first

explicitly write out the predictions for the steady-state edge flow in Section 2.4.1. Here,

we describe two simplified geometries that provide us with insight applicable to a broader

29



cb

d

a

e

f g

(φ)

Figure 2.7: Characterization of a droplet of chiral spinner fluid. a, When viewed
through crossed polarizers, the particles blink as they spin. This allows us to confirm that
they all spin at the same frequency, set by the rotating magnetic field. b, By measuring
the velocity of each particle within a cluster, we find a flow profile that is concentrated at
the edge within a penetration layer δ shown in c, d, and g. c, A zoomed-in view of the
flow streamlines, obtained by averaging several instantaneous velocity profiles such as the
one shown in b. d, By measuring the flow profile, the edge current uedge and penetration
depth δ are extracted. e, g, By measuring the flow profile u(r) at a range of frequencies, we
extract the shear viscosity, η, and rotational viscosity, ηR, in terms of the substrate friction,
Γu. f, Finally, by tilting a sample and measuring the sedimentation velocity of a droplet, we
extract the substrate friction. All error bars represent standard deviations.
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class of droplet morphologies. We then describe the tools we use to perform odd rheology

to measure the substrate friction (Section 2.4.2) and the viscous coefficients (Section 2.4.3)

summarized in Figure 2.7.

2.4.1 Steady-state solutions

We solve the hydrodynamic equations exactly for a circular droplet and in a slab geometry,

as depicted in Figure 2.8, ultimately recovering Eq. (2.17).

2.4.1.1 The semi-infinite geometry

Consider a chiral fluid that occupies the region y < 0 of a plane. It is easy to verify that the

following expression for ω satisfies the bulk equation (Eq. (2.8)):

ω =
ηR

η + ηR
2Ωey/δ. (2.18)

for |y| ≤ 0. The corresponding velocity has a non-zero component only in the x̂ direction

and can be obtained by direct integration:

ux = − ηR
η + ηR

2Ωδey/δ

The kinematic boundary condition is satisfied as there is no vertical component to the

velocity. The normal stress boundary condition reduces to σyy = p = p0 where p0 is the

pressure outside the slab which can be set to zero. The tangential stress boundary condition

reduces to: σyx = 2ηRΩ− (η + ηR)ω|y=0 = 0, which is satisfied by Eq. (2.18).
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Figure 2.8: The geometry of steady edge currents in a circular droplet and in a
slab of chiral fluid. a, Setting variables describing a chiral fluid slab of thickness 2H. b,
Chiral fluid flow field within the slab. c, Setting variables describing a circular chiral fluid
droplet of radius R. d, Chiral fluid flow field in the droplet. In b and d the background color
represents the magnitude of vorticity and the arrows represent the direction of flow, colored
by the velocity magnitude. Note that in both cases, the flow speed drops exponentially to
zero as we move away from the boundary.

2.4.1.2 The slab geometry

Consider a slab of chiral fluid with thickness H, as depicted in Figure 2.8a. It is easy to

verify that the following expression for ω satisfies the bulk equation (Eq. (2.8)):

ω =
ηR

η + ηR
2Ω

cosh
(y
δ

)

cosh
(
H
δ

) . (2.19)
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for |y| ≤ H. The corresponding velocity has a non-zero component only in the x̂ direction

and can be obtained by direct integration:

ux = − ηR
η + ηR

2Ωδ
sinh

(y
δ

)

sinh
(
H
δ

)

As in the case of the semi-infinite slab, the kinematic boundary condition is satisfied as there

is no vertical component to the velocity. The normal stress boundary condition reduces to

σyy = p = p0 where p0 is the pressure outside the slab which can be set to zero. The

tangential stress boundary condition reduces to: σyx = 2ηRΩ− (η+ ηR)ω|y=±H = 0, which

is satisfied by Eq. (2.19).

Figure 2.8b depicts the flow field which consists of a left-moving, exponentially decaying

current on the top surface and a right-moving, exponentially decaying current on the bottom

surface.

2.4.1.3 The droplet geometry

Consider a circular droplet of chiral fluid with radius R, as depicted in Figure 2.8c. In

cylindrical co-ordinates, assuming an azimuthal flow field u = u(r)θ̂ and ω = 1
r∂r(ru(r)), we

have for the radial component of the pressure: ∂rp(r) = 0 and for the azimuthal component

of the momentum equation:

r2∂2
ru+ r∂ru−

(
1 +

1

δ2
r2
)
u = 0

which is satisfied by u(r) = AI1(r/δ) where I1 is a modified Bessel function of the first kind.

The boundary conditions σr̂ = − γ
R r̂ then fixes the constants p and A giving:

p =
γ

R
+ ηo

u(R)

R
+ p0
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and

u(r) =
ηRI1(r/δ)

ηI2

(
R
δ

)
+ ηRI0

(
R
δ

)2Ωδ

for 0 ≤ r ≤ R. The corresponding vorticity distribution is:

ω(r) =
ηRI0(r/δ)

ηI2

(
R
δ

)
+ ηRI0

(
R
δ

)2Ω.

2.4.2 Substrate friction

While the colloidal particles comprising our fluid spin in the vicinity of a substrate, the

hydrodynamic interaction between the particles and substrate can be modelled by an effective

friction on each particle. As the individual particles spin, their linear motion is subdued by

a drag force as they slide, rather than roll, along the substrate. Meanwhile, this linear

motion induces a velocity-dependent hydrodynamic interaction with the substrate that can

in principle cause the particles to tilt away from the field rotation axis. As illustrated in

Figure 2.2, this can lead to a rolling transverse to the motion of a particle. For a particle

travelling with velocity u, the magnitude and orientation of these frictional forces can be

represented by Γuu and Γ⊥u⊥, respectively. The frictional coefficients Γu and Γ⊥ make up

the friction tensor Γij that is permitted to sustain odd terms in a parity-breaking fluid.

To measure these frictional coefficients, we observe droplets of spinner fluid as they

sediment along a substrate tilted at an angle ϕ as in Figure 2.9a. To extract the frictional

coefficients from the resulting dynamics, we consider a simple model in the plane of the

substrate, in which a particle experiences a longitudinal and transverse force due to Γu and

Γ⊥, and a gravitational force proportional to g′ = g sinϕ that balances the frictional forces.

In this model, θ = arctan (Γ⊥/Γu) represents the angle of the motion of the particle with

respect to g.

First, we measure the longitudinal substrate friction, Γu, by measuring the speed of the
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particles along the direction of gravity. The sedimentation speed vsed (along θ = 0◦), the

tilt angle of the substrate ϕ, and Γu are simply related by the force balance equation:

Γuvsed = ρg sinϕ (2.20)

where g is the gravity acceleration and the density ρ is computed by dividing the mass of a

particle by the average Voronoi cell area around a particle. We find, on a glass substrate,

Γu,glass = 2.49± 0.03× 103 Pa s/m.

A similar experiment is performed for particles sedimented to soft interfaces. For curved

droplets, we only measure vsed over sufficiently small displacements such that particle tra-

jectories are linear. This yields a substantially reduced substrate friction at air interfaces,

Γu,air = 46± 1 Pa s/m.

At oil interfaces, we find Γu to increase with viscosity between Γu,air and Γu,glass, as seen in

Figure 2.13.

Then, to measure the transverse substrate friction, Γ⊥, we measure θ for droplets ranging

in size and moving at speeds on the order of uedge (see Section 2.4.3). We observe θ = (0±3)◦

on a low-friction interface and θ = (1 ± 3)◦ on a high-friction interface (see Figure 2.9b-c),

allowing us to neglect Γ⊥ in the remaining analysis: Γ⊥ � Γu. Meanwhile, the effect

of a non-negligible transverse friction remains a fascinating problem that is addressed in

Section 2.6.4.5.
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a b c

side view top view

Figure 2.9: Characterization of transverse friction. a, From the side, a particle sedi-
ments on an inclined substrate. However, from the top, we see that the sedimentation occurs
at an angle θ due to a competition between gravity and friction. b, On a low-friction inter-
face, the size of this sedimentation angle is small and independent of feature size, ranging
from single particles to droplets of fluid. c, Similarly, the sedimentation angle is small on a
high-friction interface.

2.4.3 Velocity profile and rotational and shear viscosities

We also measure the rotational and shear viscosities of the spinner fluid. We infer them from

the vorticity profile in axisymmetric droplets. Practically, these quantities can be extracted

by measuring how the velocity component tangent to the edge of a droplet varies in the

direction normal to the edge of the droplet. We construct the velocity field of the spinner

fluid from the instantaneous velocities of the particles, using a bin size of 2–4 microns. We

fit the radial velocity profile to a functional form obtained from the hydrodynamic equations

in Section 2.4.1, assuming rotational symmetry:

u(r) = 2Ωδ
ηRI1(r/δ)

ηI2(R/δ) + ηRI0(R/δ)
, (2.21)

where

δ =

√
η + ηR

Γu

is the penetration depth and Ik is a modified Bessel function of the first kind of order k (see

Section 2.4.1).
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Figure 2.10: Measurement of viscosities. By fitting the tangential velocity profiles to
Eq. (2.21), we measure the ordinary and rotational viscosities for a distribution of droplets
larger than 4 penetration depths composed of particles spinning at 10 Hz. The dashed line
shows the mean values.

A typical velocity profile, along with a best fit, is shown in Figure 2.7. From this fit we

extract the shear viscosity η, and rotational viscosity ηR (see Figure 2.10). We find, from

an ensemble of measurements for droplets of varying size:

ηglass = 4.9± 0.2× 10−8 Pa m s

ηR,glass = 9.1± 0.1× 10−10 Pa m s.

Using these values above, we infer a penetration depth of

δglass = 4.5± 0.1µm,

which corresponds to ∼2 particle layers. Figure 2.11 shows uedge/2Ωδ measured for different
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Figure 2.11: Extracting viscosities from velocity profiles. We collect velocity profiles
from droplets of spinner fluid and we extract the edge current velocity uedge and penetration
depth δ. The figure shows uedge/2Ωδ plotted against the droplet radius, R, for each droplet.

droplet sizes. For a droplet of radius R = 50 µm with particles spinning at 10 revolutions

per second, we obtain an edge velocity uedge = u(R) = 11.7± 0.2µm/s.

At low-friction interfaces, the delocalized edge flow in the chiral fluid induces a back-

ground rotation by dragging the interface with it. We therefore add a rigid body rotation

term of the form ΩRr to our theoretical prediction for the tangential velocity profile. A

sample fit, analogous to the profile provided for a droplet on a glass substrate (Fig. 2.7d),

demonstrates agreement to this form (see Figure 2.12a). We observe agreement between

this procedure and a rigorous treatment of the flow profile incorporating the interaction of

the chiral fluid with an interface, which we postpone to future work. Fitting to the form

u(r) + ΩRr, we find a background rotation rate of ΩR∼0.66 1/s and parameter estimates for

a single droplet:

ηair = 2.5± 0.4× 10−8 Pa m s

ηR,air = 9.5± 0.1× 10−10 Pa m s.
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These viscosity estimates are close to those on glass, but Γu is significantly decreased. Ac-

cordingly, we find a penetration depth of

δair = 23.8± 0.2µm,

which demonstrates the delocalization of the edge current illustrated in Figure 2.16b.

airba

glass

Figure 2.12: Velocity profiles with background rotation. a, On a low-friction substrate,
like the air-water interface, the edge current is delocalized (c.f. Figure 4b). To extract
hydrodynamic parameters from the associated tangential velocity profile, u(r), we fit to the
radial theory (Eq. (2.21)) with an additional rigid body rotation rate, yielding a good fit. b,
A similar procedure accurately fits velocity profiles at oil interfaces, with both the velocity
and the rigid body contribution decreasing with increasing viscosity.

We perform this fitting procedure for velocity profiles at oil interfaces of variable viscosity,

again finding good agreement to the theory with an additional rigid body component. As

the viscosity is increased, we expect a damping of the background fluid rotation. This

expectation is supported by the decrease in the fit for ΩR with increasing viscosity, as shown

in Figure 2.12b. With this fitting approach, we find edge current localization to increase

with the viscosity of the oil phase, as shown in Figure 2.13.
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Figure 2.13: Tuning the substrate friction. a, The spinner fluid sits at an interface with
oil of viscosity that we can control. By increasing the viscosity, we increase the substrate
friction, and b, decrease the penetration depth, partially spanning the region between the
air and glass extremes.

2.5 Chiral surface waves and ‘edge pumping’

Equipped with the hydrodynamic coefficients we can now investigate the origin of the surface

waves within our model. The mass flux in the tangential surface flow provides significant

insight. This flow, sketched in Fig. 2.6d and plotted in Figs. 2.6e-f, is determined by the

balance of the tangential odd stress at the boundary, the shear stress, and the substrate

friction. In the presence of a perturbation to a free surface, the resistance to flow caused

by the shear stress will be modulated in proportion to the curvature. For a sinusoidal

perturbation, there is enhanced flow in positively curved regions (top of the wave) and

decreased flow in negatively curved regions (bottom of the wave). This ‘edge-pumping’

mechanism (see Section 2.6.4.1) is reminiscent of the phenomenon of shifting sand dunes

[67], in which an external wind moves material away from curved regions towards the flat

wave front, giving rise to uni-directional wave motion. As the chiral liquid produces an

intrinsic surface wind, these free surface waves are distinctly self-shifting.

A linear stability analysis of the hydrodynamic equations (Section 2.5.1 and Section 2.5.2)

confirms this scenario and yields a prediction for the dispersion relation, dissipation rate, and

flow fields of surface waves, which we plot in Fig. 2.6b (red dashed curves). With no fitting
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parameters, our model shows excellent agreement with the experimentally measured disper-

sion relation. For surface waves h∼ei(kx+ωt) of long wavelength k � 1/δ, the asymptotic

dispersion relation is:

ω(k) = 2ωedge
η

η + ηR
(kδ)3 = 2uedge

η

Γu
k3. (2.22)

where uedge = 2Ωδ ηR/(η + ηR). This, and additional special cases are discussed in Sec-

tion 2.5.1.4.

2.5.1 Perturbation of flow in a semi-infinite slab

In this section, we outline a calculation of the response of the otherwise flat interface of a

chiral fluid that occupies the region y ≤ 0.

2.5.1.1 Linearization scheme

Consider a flat interface at y = 0 which we perturb with a zero-mean perturbation y =

h (x, t) = εg (x, t) with ε << 1. We represent the steady-state velocity, vorticity, and stress

fields as ū = (ū, v̄), ω̄, and σ̄, respectively, and introduce perturbations as

u (x, y) = ū (y) + εũ (x, y)

v (x, y) = εṽ (x, y)

ω = ω̄ (y) + εω̃(x, y)

σ = σ̄(y) + εσ̃(x, y)

p = εq(x, y)
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2.5.1.2 Linear theory

Within this linearization scheme, the linearized equations and boundary conditions for the

perturbed slab can be derived as follows.

Linearized bulk equations The linearized bulk equations are simply given by:

(
η̄∇2 − Γu

)
ũi = ∂iq and ∇ · ũ = 0 (2.23)

where η̄ = η + ηR.

Linearized stress boundary conditions The stress boundary conditions relate the bulk

fields to interfacial data. We take an upward normal n̂ ≈ ŷ−εgxx̂ and the RHS of Eq. (2.10)

is to linear order γκn̂ ≈ εγgxxŷ. Expanding Eq. (2.10) to linear order, and using that

σ̄(0)ŷ = 0 yields

σ̃(x, 0)ŷ = γgxx(x)ŷ + gx(x)σ̄(0)x̂− g(x)σ̄y(0)ŷ

After some simplification we obtain:

η̄ũy (x, 0) + (η − ηR) ṽx (x, 0) + 2ηoũx (x, 0) = η̄ω̄y (0) g(x) + 2ηoω̄(0)gx(x)

2ηṽy (x, 0)− q (x, 0) + 2ηoṽx (x, 0) = γgxx(x)− [(η − ηR) ω̄ (0) + 2ηRΩ] gx(x) (2.24)

Linearized kinematic boundary condition The linearized kinematic boundary condi-

tion is given by:

gt + ū (0) gx = ṽ (x, 0) (2.25)

2.5.1.3 Solution

To solve Eqs. (2.23, 2.24, 2.25) we make use of Fourier transforms in the x direction to take

advantage of translational invariance.
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Solution of the linearized bulk equations Taking the Fourier transform in x:

η̄
(
∂yy − k2

)
ũ− Γuũ−

(
ik, ∂y

)
q = 0 and

(
ik, ∂y

)
· ũ = 0

Using that
(
∂yy − k2

)
q = 0 we obtain:

q = Ae|k|y

ũ = −ik
η̄
δ2Ae|k|y +Be|?|y

ṽ = −|k|
η̄
δ2Ae|k|y − ik

|?|Be
|?|y

ũy = −ik |k|
η̄

δ2Ae|k|y + |?|Be|?|y

ṽy = −|k|
2

η̄
δ2Ae|k|y − ikBe|?|y (2.26)

Where ?2 = k2 + δ−2. The coefficients A and B are to be determined from the boundary

conditions.

Application of the stress boundary conditions Inserting Eq. (2.26) into the linearized

stress boundary conditions, Eq. (2.24), yields:

[
−2ik |k| δ2η

η̄
+ 2k2δ2ηo

η̄

]
A+

[
2ηk2 + η̄δ−2

|?| + 2ikηo

]
B = 2

[ η̄
δ

+ 2ikηo

] ηR
η̄

Ωg

[(
1 + 2k2δ2η

η̄

)
+ 2ik|k|δ2ηo

η

]
A+

[
2ikη − 2ηo

k2

|?|

]
B = γk2 − 4ikηR

η

η̄
Ωg

which is a set of two linear equations for the unknowns A,B in terms of the surface pertur-

bation amplitude g.
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Application of the kinematic boundary condition Combining this with the kinematic

boundary condition:

gt + ikūg = ṽ

and substituting ṽ we can then compute the time evolution of a surface perturbation. In the

section that follows, we discuss this evolution in the case of a sinusoidal perturbation of the

height g∼Re
[
eikx

]
.

Figure 2.14: Typical dependence of surface wave dispersion and dissipation on
wavenumber (a) The dispersion and dissipation in the absence of Hall viscosity and for
finite surface tension (b) The dispersion and dissipation in the absence of surface tension in
the presence of Hall viscosity. The wavenumber dependence of dispersion is generically ∝ kn

for odd n ≥ 3 for small k and ∝ k for large k. Similarly, the wavenumber dependence of
dissipation is generically ∝ |k|n for odd n ≥ 3 for small k and ∝ |k| for large k.

2.5.1.4 Visualization and asymptotics

The evolution of the surface corresponding to an infinitesimal sinusoidal perturbation of the

height g∼Re
[
eikx

]
is given by g∼Re

[
ei(kx+ωt)e−αt

]
which corresponds to damped waves

with dispersion ω(kδ) and dissipation rate α(kδ). Figure 2.14 shows typical wavenumber

dependences ω(kδ) and α(kδ). From the anti-symmetry of the dispersion relation it can

be seen that the surface waves are uni-directional. It is instructive to consider the long

wavelength (|kδ| � 1) and short wavelength (|kδ| � 1) limits. The asymptotic expressions
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are given by:

ω(k) =





2uedge
η

Γu
k3 |kδ| � 1

− 2ηR(η + 2ηR)Ω

η2 + 4ηηR + η2
o + 4η2

R

+

[
1

2

γηo
η2 + η2

o

(
η2 + 2ηηR + η2

o + 2η2
R

)
(
η2 + 4ηηR + η2

o + 4η2
R

) + uedge

]
k |kδ| � 1

α(k) =





[
γ

Γu
+

2ηouedge

Γu

]
|k|3 |kδ| � 1

2ηoηRΩ

(η + 2ηR)2 + η2
o

+

[
γ(η + ηR)

2
(
η2 + η2

o

)
(
η2 + 2ηηR + η2

o

)
(
η2 + 4ηηR + η2

o + 4η2
R

)
]
|k| |kδ| � 1

The dispersion relation at high wavenumbers (short wavelengths compared to δ) is generally

linear, corresponding to waves with a constant speed, while at short wavenumbers (long

wavelengths compared to δ) it scales with k3. Similarly, the dissipation rate displays a

transition at small wavenumbers from |k|3 to a linear scaling at larger wavenumbers. In

order to gain insight on the physical origin of wave propagation and damping, it is instructive

to consider the independent contributions of inter-rotor friction, odd viscosity and surface

tension to dispersion and dissipation.

ηo = γ = 0, ηR 6= 0 In this limit surface waves are undamped, as α(k) = 0, and the

dispersion relation is given simply by:

ω(k) =





2uedge
η

Γu
k3 |kδ| � 1

− 2ηRΩ

η + 2ηR
+ uedgek |kδ| � 1

The physical origin of these freely propagating waves can be understood, in the long wave-

length limit, in terms of a curvature-dependent resistance to the flow of the surface boundary

layer, as discussed in Section 2.6.4. In the short wavelength limit, the linear dispersion cor-

responds to simple advection of perturbations by the edge current.
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ηo = 0, γ 6= 0, ηR 6= 0 In this limit the dispersion relation is unchanged, but the surface

fluctuations are now damped by surface tension:

α(k) =





γ

Γu
|k|3 |kδ| � 1

γ(η + ηR)

2(η2 + 2ηηR)
|k| |kδ| � 1

Thus surface tension has a purely dissipative effect on surface waves. This is a consequence

of the lack of inertia in our system: surface tension acts to flatten the interface which, once

flattened, remains so.

ηo 6= 0, γ = 0, ηR 6= 0 As in the case for ηo = 0, the dispersion relation at large

wavenumbers converges to a linear one with slope uedge and only the intercept is modified

to: − 2ηR(η+2ηR)Ω

η2+4ηηR+η2
o+4η2

R
to reflect the dominant wave-propagating mechanism at play (edge-

pumping or capillary-Hall driving). The dissipation, however, is strongly affected:

α(k) =





2ηouedge

Γu
|k|3 |kδ| � 1

2ηoηRΩ

(η + 2ηR)2 + η2
o

|kδ| � 1

In both limits, the Hall stress ηo in conjunction with the odd stress ηR damps the surface

waves. At long wavenumbers the scaling is akin to that given by surface tension, but at large

wavenumbers the scaling is wavenumber-independent. We discuss the origin of this damping

in Section 2.6.4.
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ηo 6= 0, γ 6= 0, ηR = 0 In this case, there is no edge current and the dynamics come from

a balance of surface tension, Hall viscosity and substrate friction:

ω(k) =





4
γηo
Γ2
u
k5 |kδ| � 1

1

2

γηo
η2 + η2

o
k |kδ| � 1

and:

α(k) =





γ

Γu
|k|3 |kδ| � 1

1

2

γη

η2 + η2
o
|k| |kδ| � 1

which corresponds to damped unidirectional surface waves driven by a combination of surface

tension and Hall viscosity. The driving mechanism for these waves can be understood in

terms of a sequential mechanism in which surface tension drives a normal flow, and odd

viscosity translates this into a propagation as discussed in Section 2.6.4. The full dispersion

is a combination of all these effects. Our unidirectional surface waves can be driven by

differential drag on the boundary current or Hall viscosity acting in conjunction with surface

tension. They are damped by surface tension and Hall viscosity acting in concert with the

boundary current.

2.5.2 Perturbation of flow in a nearly-circular droplet

To compute the surface modes of a circular droplet of chiral fluid, we followed a procedure

similar to the one described above for the semi-infinite and finite slab flows. We defer details

to a future publication but state the result here.
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Figure 2.15: Surface wave dispersion for perturbations of circular droplets. (a) At
R/δ � 1 there is little change when compared to the semi-infinite slab problem. (b) For
R/δ∼1 the effects of finite radius become significant.

2.5.2.1 Solution and visualization

The spectrum ω(kφ) and dissipation rate α(kφ) of surface waves on circular droplets can be

obtained as a function of the dimensionless azimuthal wavenumber kφ by solving

i(ω + iα)R̄ = −ikφδΩ
ηRI1

(
R̄
δ

)

ηI2

(
R̄
δ

)
+ ηRI0

(
R̄
δ

)

−|kφδ|
δ

R̄
R̄|kφ|

1

η + ηR

β2ρ1 − β1ρ2

α1β2 − β1α2

+
1

2ikφ

(
I|k|+1

(
R̄

δ

)
− I|k|−1

(
R̄

δ

))
α1ρ2 − α2ρ1

α1β2 − β1α2
,

where Ik are the modified Bessel functions of the first kind and:

ρ1 = − γ
R̄

(k2
φ − 1)− 2Ω(ηo − ikφη)

ηRI2

(
R̄
δ

)

ηI2

(
R̄
δ

)
+ ηRI0

(
R̄
δ

)
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ρ2 = −2ikηoΩ
δ

R̄

ηRI1

(
R̄
δ

)

ηI2

(
R̄
δ

)
+ ηRI0

(
R̄
δ

) + 2Ωη
ηRI2

(
R̄
δ

)

ηI2

(
R̄
δ

)
+ ηRI0

(
R̄
δ

)

− (η + ηR)Ω
R̄

δ

ηRI1

(
R̄
δ

)

ηI2

(
R̄
δ

)
+ ηRI0

(
R̄
δ

)

α1 = −R̄|kφ|
[
1 +

2

(η + ηR)

δ2

R̄2
(|kφ| − 1)(η|kφ| − iηokφ)

]

α2 = − δ
2

R̄2
R̄|kφ|

2

(η + ηR)
(|kφ| − 1)(ηo|kφ|+ iηkφ)

β1 = i
η

kφR̄

[
(|kφ| − 1)I|k|−1

(
R̄

δ

)
+ (|kφ|+ 1)I|k|+1

(
R̄

δ

)]

+
ηo
|kφ|R̄

[
(|kφ| − 1)I|k|−1

(
R̄

δ

)
− (|kφ|+ 1)I|k|+1

(
R̄

δ

)]

β2 = −η + ηR
|kφ|δ

I|k|

(
R̄

δ

)

+
η

|kφ|R̄

[
(|kφ|+ 1)I|k|+1

(
R̄

δ

)
− (|kφ| − 1)I|k|−1

(
R̄

δ

)]

+i
ηo
kφR̄

[
(|kφ|+ 1)I|k|+1

(
R̄

δ

)
+ (|kφ| − 1)I|k|−1

(
R̄

δ

)]

and R̄ is the unperturbed droplet radius. Representative plots of the resulting ω(kφ) and

α(kφ) are shown in Figure 2.15.
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2.5.3 Measurement of surface wave dispersion

To measure the dispersion relation, we excite surface waves on straight strips or nearly-

circular droplets of chiral fluid, prepared as in Section 2.2.2, either by briefly rolling particles

in the direction perpendicular to the fluid, or by letting nearby droplets merge with it. We

then spin the particles for about 10 minutes and let the perturbations evolve in time (see

Fig. 2.6a). As the strip or circular droplet equilibrates, small nearby clusters may coalesce

with it, resulting in additional excitations.

We identify the edges of the strip or circular droplet by thresholding the images and

using Canny edge detection. For the strip geometry, we take the height profile to be the

distance from a straight line which spans the strip to the strip’s perturbed edge. For the

circular geometry, we take the radial profile to be the distance from the circumference of the

droplet to its center of mass. For high-friction experiments, we record this height or radial

profile over time at a sample rate between 1 fps and 4 fps. For low-friction experiments,

the dynamics are substantially faster, so we record the same profile at a rate between 25 fps

and 50 fps. We then perform a fast Fourier transform (FFT) on this data. We square the

absolute value of this FFT to obtain a power spectrum in frequency ω, and wavenumber k.

To obtain the final power spectrum we normalize each slice in k by the average power in

that slice.

2.6 Chiral wave damping

The wave dynamics are thus crucially sensitive to boundary layer flows. A natural avenue for

investigation, then, is to seek to increase the thickness of the boundary in order to increase its

relative role. We now show how an increase of the penetration depth of the boundary layer

amplifies chiral effects and reveals a long sought-after source of stress, commonly referred to

as Hall viscosity.

We reduce the surface friction by allowing our chiral liquid to sediment upon an air-
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water interface (Fig. 2.16b), as opposed to a glass surface (Fig. 2.16a). Due to the difficulty

in maintaining a slab geometry in this regime, we examine surface fluctuations on circular

droplets, using the results of Section 2.5.2.

As can be seen in Fig. 2.16a-b, the edge flow penetrates deeper into the chiral fluid

as friction is reduced. The dispersion relations for high and low friction droplets display

the same trend, although the range of accessible wave vectors normalized by the penetration

length (kδ) is larger in the low friction case. An extension of our theory to circular geometries

(Section 2.5.2) again accurately captures the dispersion relations for high friction (Fig. 2.16a)

and low friction (Fig. 2.16b).

The remarkable agreement between experiment and theory is however challenged when

investigating the damping dynamics of the chiral waves. Experimentally, the damping rate

α of chiral waves of wave vector k is given by fitting a Lorentzian to the width of the power

spectrum (see Section 2.6.2); the resulting damping rates are shown in Fig. 2.16c-d. Our

hydrodynamic theory predicts this damping rate to be proportional to surface tension. This

is natural since surface tension flattens interfacial deformation: in the absence of inertia, the

relaxation does not overshoot and capillary waves are overdamped. In the long wavelength

limit (kδ � 1), the damping rate α∼(γ/Γu)|k|3 stems from the competition between surface

tension and substrate friction. As seen in Fig. 2.16c, in the high friction case we again find

excellent agreement between theory and experiment, which provides a direct measurement

of surface tension. The value we find, γ = 2.3 ± 0.2 × 10−13 N, is consistent with an

estimate based on magnetic interactions between rotating dipoles, and further detailed in

Section 2.6.2.

In the case of low surface friction, however, we observe a distinct new feature in the

dissipation rate: a leveling off of the dissipation rate at short wavelengths which cannot be

accounted for by the hydrodynamic theory discussed thus far, suggesting the presence of an

additional mechanism for surface wave dissipation in our chiral fluid.
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Figure 2.16: Wave dissipation and measurement of Hall viscosity. a, In the circular
geometry, surface waves yield power spectra 〈|R(k, ω)|〉, plotted here versus the normalized
wave vector kδ and frequency ωδ/uedge (c.f. Fig. 2.6c for a collection of spectra). b, Power
spectrum at a low friction air-water interface, for which the edge current is delocalized into
the bulk when compared to a high friction interface as in a (see insets). c, The dissipation
rate of waves on the surface of a circular droplet can be used to extract the surface tension,
and the shape of α(k) can be captured by a theory with no odd viscosity (ηo = 0). d,
Lowering substrate friction causes the dissipation to level off for large kδ, which can only be
captured by a theory including ηo. e, The tangential and normal components of velocity at
the boundary give rise to a normal Hall stress (Eq. (2.27)). f, The dissipation for a chiral fluid
with ηo in the absence of surface tension, γ, vs. the same for a fluid with γ in the absence
of ηo. For small kδ, the two curves are indistinguishable. For large kδ, the ηo-dissipated
fluid shows no k-dependence, while the γ-dissipated fluid shows linear k-dependence. Shown
also for reference is the attenuation for a fluid with finite values of both γ and ηo g, With
ηo-induced attenuation, α(k) varies with frequency with all other parameters held constant,
a trend that is not observed for γ-dissipated fluids. All error bars represent fit uncertainty
from the determination of α(k) from the power spectrum.

2.6.1 Hall viscosity

Seeking a hydrodynamic description, we recall that isotropic chiral fluids can in principle

possess an additional stress in their constitutive relation, known interchangeably as “anoma-

52



lous viscosity.” “odd viscosity,” or “Hall viscosity” [5, 6, 7, 8]. This non-dissipative, transverse

stress is linked by Onsager relations to the breaking of time-reversal symmetry.

Theoretically, odd viscosity has indeed been shown to arise in the hydrodynamics of

plasmas [60, 61, 62], systems of spinning molecules [31, 15], as well as quantum Hall fluids

and vortex fluids [8, 5, 68]. A signature of Hall viscosity was further revealed in the transport

properties of magnetized 3D dilute gases [32]. We here conjecture our dense chiral fluid to

support an additional Hall stress σo
ij = ηo

(
∂iεjkvk + εik∂kvj

)
. In incompressible fluids such

as the one considered here, the effect of odd viscosity can solely be seen at the edge. This is

because in the bulk flow Hall stress is merely absorbed into the fluid pressure. The signature

of odd viscosity in our chiral fluid is thus an additional boundary stress. The component

normal to the interface σnn, after absorbing a vortical component into the pressure, is given

by

σnn = 2ηo

(
∂svn +

vs
R(s)

)
, (2.27)

where vn (resp. vs) is the velocity normal (resp. tangential) to the surface (see Fig. 2.16e),

and R(s) is the local radius of curvature.

In our system, where odd stress powers a boundary-layer edge flow, we thus expect odd

viscosity to flatten surface deformation in a manner akin to surface tension, σo∼ηovs/R. The

excellent agreement between our measurements and predictions from a full hydrodynamic

theory confirms this simplified picture and establishes the presence of Hall viscosity in our

colloidal chiral fluid (see Fig. 2.16d, f-g). From the fit we obtain ηo = 1.5±0.1×10−8 Pa m s.

The clearly visible decrease in slope in the damping relation is the most visible signature

of Hall viscosity in our data and can be understood on dimensional grounds. In the long

wavelength limit, the wave relaxation time is controlled by the competition of either surface

tension or Hall stress with substrate friction. Dimensionally this implies a scaling α∼|k|3

since the ratios γ/Γu and ηovs/Γu have dimension of volume per unit time. In contrast, in the

short wavelength limit, surface friction plays no role and damping stems from the competition
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of surface tension or Hall stress and bulk viscosities alone. In this case dimensional analysis

requires linear scaling with wavenumber in the case of surface tension, and wave-number

independence in the case of Hall stress. This change in wavenumber dependence brings

about a visible rollover to a decreased slope in the wave damping rate, and is interpreted at

length in Section 2.6.4.

We note that for small ranges of kδ∼[−1, 1], characteristic of spectral measurements in

the presence of high surface friction, the leveling off cannot be seen and the relative roles of

Hall viscosity and surface tension become hard to separate. This is the case for the damping

shown in Fig. 2.16c which can be fit well by both a non-zero and zero value of Hall viscosity.

The disambiguation of these parameters is a topic of discussion in Section 2.6.3.

2.6.2 Measurement of surface wave dissipation

The experimentally observed power spectrum shows dissipative waves with a clear dispersion

relation in both geometries, as shown in the left panel of Figure 2.17 and in Figure 2.6b,c

(strip) and Figure 2.16a,b (droplet). Taking the form of excitations to be proportional to

eiωt−αt, where ω characterizes the propagation of waves and α the dissipation, the power

Pk(ω) at each k is given by the relation

Pk(ω) ∝ 1

α(k)2 + [ω − ω(k)]2
, (2.28)

where the functions ω(k) and α(k) define the dispersion relation and dissipation rate, re-

spectively, of the linear waves.

There are often small background drifts in the chiral fluid which may result in a secondary

linear feature in the power spectrum. While this additional feature varies between samples,

the main dispersion curve remains unchanged. We thus fit the spectrum at each k to a sum

of two peaks of the form in Eq. (2.28) (see also right panel in Figure 2.17a). By selecting
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a

b

Figure 2.17: Extracting wave dissipation rates from the power spectrum. a, By
fitting each slice using the relation in Eq. (2.28) we obtain values for the dissipation α at
each wavenumber k. b, We fit these values to the analytical solution, to infer the fluid’s
surface tension. Shown with the red dashed line is a fit to the theoretical prediction for the
damping rate of the chiral waves.
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the peaks closest to the dispersion curve, we obtain the value of α at each k, as shown in

Figure 2.17b).

For low-friction experiments, we observe a background rotation of the chiral fluid (see

Section 2.4.3). As a result, we correct ω(k) by subtracting the background rate of the

interface, ΩR, in Figure 2.16b. This correction does not have any effect on the dissipation

of waves α(k) as it preserves the width of the spectra at each k.

By fitting α(k) to the full analytical solution for the dissipation ignoring contributions

from ηo (see Section 2.5.1.4 for an asymptotic approximation in the strip geometry) we infer

the surface tension of the fluid γ. At the glass interface and in the strip geometry, we find

γglass = 2.3± 0.2× 10−13 N.

We obtain the same result for a circular droplet geometry within measurement error. The

fitted dissipation data are presented in Figure 4c (droplet) and Figure 2.17 (strip). When

fitting to the full analytical solution for the dissipation adding contributions from ηo we

obtain the same result for γ, with ηo,glass = 0± 2× 10−9 Pa m s.

On air interfaces, we are no longer able to fit the dissipation without including contribu-

tions from ηo. In this case, for a droplet geometry, we obtain

γair = 3.7± 0.2× 10−13 N,

ηo,air = 1.5± 0.1× 10−8 Pa m s.

2.6.3 Disambiguating Hall viscosity and surface tension

As noted in Section 2.6.1 disentangling the relative role of Hall viscosity ηo and surface

tension γ relies on observing wave dissipation α(k) over a large range of rescaled wavelengths

56



a

b

c

G
row

th rate (1/s)

0.002

0

0.004

0.006

Figure 2.18: Disambiguating Hall viscosity and surface tension. a, For high-friction
experiments, the acquired wave dissipation data are limited to kδ∼1, and can be fit to both
zero and non-zero Hall viscosity (left), yielding no discrepancy in the dispersion (middle), by
altering the apparent surface tension (right). b, The boundary between stable and unstable
modes constructed using a non-zero value of Hall viscosity is indistinguishable from the
boundary for ηo = 0. Here, each boundary curve is shown over the calculated diagram for
ηo = 0. c, In the large kδ regime, similarly to a, we can fit the low-friction experimental
data to a wide range of Hall viscosity values (left-middle), in this case finding an opposite
correlation to a (right).

kδ. On a glass substrate, the typical range of kδ is too small to observe these features.

The dispersion ω(k) is not useful in lifting this ambiguity, because it is unchanged by the

inclusion of non-zero ηo, as shown in Figure 2.18a. Moreover, the dissipation can be modeled

by the hydrodynamic theory (see Section 2.5.2) incorporating non-zero ηo by compensating

with γ, as can be seen from the asymptotic form of α(k) at small kδ, α∼k3(γ + ηo) (see
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100 cSt

Figure 2.19: Hall viscosity emerges for low substrate friction. When the spinner fluid
is over a water-oil interface, the wave dissipation can be measured at larger kδ for lower
viscosities of oil, which lead to lower substrate friction and thus larger penetration depth δ.
With this extended scope, we are better able to distinguish the effects of surface tension γ
and Hall viscosity ηo, by fitting to the theory with and without ηo.

Section 2.5.1.4) and shown in Figure 2.18a.

However, we obtain a clear signature of Hall viscosity in the dissipation when we decrease

the substrate friction Γu, by replacing the glass substrate with an oil or air interface, as

demonstrated in Section 2.6.1. By changing the oil viscosity we can tune Γu between these

two regimes (see Section 2.2.2) and explore the emergence of this qualitative signature of

Hall viscosity. This procedure regulates δ, thus controlling the range of kδ over which

surface waves are observed. We plot the wave dissipation α(k) for representative values

of oil viscosity in Figure 2.19. As the viscosity is decreased (and hence also the substrate

friction), the presence of ηo is more discernible through leveling-off at large kδ, and the

quality of fits with ηo = 0 becomes increasingly poor. By contrast, the dissipation on a high

viscosity interface can be captured using both a non-zero or zero value of ηo, just as observed
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for the glass substrate experiments (c.f. Figure 4c).

We note that there is also an ambiguity in distinguishing the effects of Hall viscosity and

surface tension for data containing wave dissipation at kδ � 1. To see this, we fit α(k) for

waves measured at an air interface to the full hydrodynamic theory for γ, by imposing values

of ηo ±50% of ηo,air. We find that the data is fit well for a wide range of values of ηo by

tuning γ to compensate, as in Figure 2.18c. To explain the correlation of ηo and γ in this

regime, as presented in the right panel, we consider the large kδ asymptotic α∼kγ/(1 + η2
o).

The dispersion does not resolve this correlation, as ω(k) is not strongly-dependent on ηo.

2.6.4 Physical interpretation of dynamics

Having established the presence of Hall viscosity by examining wave damping, it follows to

ask whether it has an effect on wave propagation. The first term in Eq. (2.27) suggests

that Hall viscosity and surface tension could act together to support wave propagation.

Surface tension acts on a sinusoidal surface deformation by pulling down peaks and pushing

up troughs, generating an in-phase normal velocity component. The normal Hall stress

∂svn would then act out of phase on the inflection points of the sinusoidal perturbation to

propagate it in a chiral fashion. Our full theory confirms that this additional wave-driving

mechanism indeed exists and generates waves even in the absence of edge currents. However,

for our hydrodynamic parameters, their effect on the dispersion is minimal. In this section,

we examine the roles of surface tension, shear viscosity, Hall viscosity and rotational viscosity

in determining the surface dynamics of the chiral fluid.

2.6.4.1 Surface waves driven by “edge pumping”

We begin by considering the propagation of waves in the limit ηo = γ = 0, ηR 6= 0, η → 0.

In this limit, the surface waves are undamped (α(k) = 0). The asymptotic dispersion relation
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computed in Section 2.5.1 for a semi-infinite slab:

ω(k) =





2uedge
η

Γu
k3 |kδ| � 1

− 2ηRΩ

η + 2ηR
+ uedgek |kδ| � 1

provides a basis for discussion. The dispersion relation suggests that in the limit η → 0,

surface dynamics might be suppressed. This is indeed the case!

Consider the limit η = ηo = 0. The stress boundary condition, Eq. (2.10), reduces simply

to p|∂D = 0 and ω|∂D = 2Ω. Since ∇2p = 0 we have p ≡ 0 and, hence, ∇p ≡ 0. This reduces

the bulk flow equations to

u =
ηR
Γu

(
−∂yω, ∂xω

)
. (2.29)

Evaluating this expression on the boundary ∂D, contracting it against the normal, and

applying the kinematic boundary condition yields

v · n =
vs
Γu

∂

∂s
ω|∂D ≡ 0

where the last equality uses that ω is constant on the boundary. Hence, the normal velocity

of the boundary is zero, and ∂D is static.

Lack of surface dynamics does not imply a lack of edge flow; Indeed, Eq. (2.29) establishes

a direct connection between a gradient in vorticity and transverse flow. As already noted,

the vorticity satisfies the screened Laplace equation:

(
∇2 − 1

δ2

)
ω = 0

with the boundary condition ω = 2Ω0 (for η = ηo = 0). Vorticity at the surface is thus

screened on the interior, with the value dropping to zero at distances of a few δ from the
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Figure 2.20: The edge-pumping effect. (Left:) in the absence of viscosity and surface
tension, the boundaries of our chiral fluid droplets do not move; they simply have an exponen-
tially screened edge current glued to them. (Right:) In the presence of viscosity, differential
mass flux in the edge current shifts fluid from one region to another, which in the case of a
sinusoidal perturbation results in wave propagation.

boundary. Eq. (2.29) implies that a gradient of vorticity corresponds to flow perpendicular

to the gradient, thus the fluid flows along the equi-vorticity lines. Since the vorticity deep

in the fluid is zero, the total mass flux of the edge current – obtained by integrating the

gradient of the vorticity along a line from the interior of the chiral fluid to its surface – is

proportional to the value of the vorticity at the surface. In the absence of viscosity η and

Hall viscosity ηo, the latter is constant and the mass flux is constant at all points along the

surface. Thus in the absence of viscosity (and surface tension), the boundary of our chiral

fluid droplets does not move, and simply has an exponentially screened edge current glued to

it.

In the presence of viscosity η, however, the value of vorticity at the surface will be in-

creased (decreased) in positively (negatively) curved regions of the boundary, giving rise to

enhanced (reduced) mass flux in response to reduced (increased) viscous drag. The differen-

tial mass flux then effectively pumps fluid from one region of the surface to another, giving

rise to dynamics. A sketch of the resulting flow in the case of a sinusoidal perturbation is

shown in Figure 2.20. In this case the result is wave propagation. This “edge-pumping” effect
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is the fundamental mechanism that gives rise to free surface dynamics of our chiral fluids.

Sidenote 1: We note that an analogy can be made between vorticity in our system and

the electric potential inside a conducting medium, with penetration depth δ. The velocity

at the edge depends on the curvature of the surface, roughly as |u| = (1 + Cκ)2Ωδ for

small curvature κ; in the electrostatic analogy, the latter is proportional in magnitude to

the surface charge on the conductor which in turn depends on the curvature of the surface.

Crucially then, the mass flux in this tangential surface flow is determined by the vorticity

ω on the surface: integrating ηR
Γu
∇ω from the center (where ω = 0) to the edge is at once

equal to (ηR/Γu)2Ω, and hence proportional to the value of the vorticity at the boundary,

and equal to the total mass flux.

Sidenote 2: For nonzero surface tension (and zero Hall viscosity), it is straightforward

to show that the surface dynamics when η = 0 is curve-shortening. Consider a droplet of

chiral fluid whose boundary length is L(t). A standard equality is then L̇ =
∫
∂D dsκ v · n.

Using the bulk flow equation and that ωs = 0 on the boundary yields

L̇ = − 1

γΓu

∫

∂D
ds p

∂p

∂n
= − 1

γΓu

∫

D
dA |∇p|2 < 0 (2.30)

where in the last identity we used the divergence theorem and that p is harmonic. Hence,

the long-time behavior is simply relaxation to a circular drop.

2.6.4.2 Effects of Hall stress

For an incompressible fluid, the Hall viscosity has no effect on bulk flows. Its influence is

instead felt on the boundary where it exerts a stress whose normal component is

σonn = ηo

(
∂svn +

vs
R

)
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Here, vs and vn are the tangential and normal components of velocity. Note that in the

absence of odd stress ηR and drive, or surface tension γ, there is no flow at the surface and

Hall viscosity has no effect.

2.6.4.3 Hall damping

The presence of Hall viscosity does not affect surface dynamics in the absence of both surface

tension and odd stress, as the Hall surface stress is proportional to the surface flow. Thus the

effect that Hall viscosity has on both the propagation and damping of waves originates from

the combined effect of Hall viscosity and surface tension, or Hall viscosity and the localized

edge current glued to the boundary of our fluid.

In the absence of surface tension, but in the presence of odd stress, the damping of surface

waves on a semi-infinite slab α(k) is given by:

α(k) =





2ηouedge

Γu
|k|3 |kδ| � 1

2ηoηRΩ

(η + 2ηR)2 + η2
o

|kδ| � 1

This damping originates from the normal component to the boundary Hall stress ηouedge
R ,

where R is the radius of curvature of the surface. This stress has identical form to the stress

arising from surface tension and thus acts to reduce the curvature of the interface (see Figure

2.21).

Dimensionally, for long waves (small wavenumbers compared to δ), a competition of Hall

surface stress and substrate friction:

[
ηouedge

Γu

]
∼L

3

T

suggests a scaling with k3 as found by the calculation above. For short waves however (large
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Figure 2.21: Hall tension. The edge current induces a Hall stress that acts like surface
tension to flatten the interface.

wavenumber compared to δ), the substrate friction is no longer relevant and the relevant

quantities (in the absence of surface tension) are: ηo, ηR, η,Γ,Ω, k. These have dimensions:

[ηo] = [ηR] = [η] =
M

T
, [Ω] =

1

T
, [k] =

1

L

Since the viscosities ηo, ηR, η must appear as ratios, the only quantity with the required units

of T−1 is Ω and the wavenumber k drops out of the problem. This is in contrast to the case

of surface tension where the units of length associated with the surface tension [γ] = ML/T 2

give rise to a linear wavenumber dependence.

These surface stresses lead to the exponential decay of surface perturbations. This role of

Hall stress in the damping of surface waves may seem unusual as Hall viscosity is a transverse,

conservative stress. This arises in our case from the over-damped nature of our dynamics.

2.6.4.4 Capillary Hall waves

For a sinusoidal perturbation to the surface height h∼ cos(kx), we expect surface tension to

drive an in-phase flattening flow vn ∝ cos(kx). This results in an out-of-phase Hall stress

ηo∂svn∼ηo sin(kx) which acts on the inflection points of the sinusoidal perturbation. The

result is uni-directional propagation of the sinusoidal perturbation (see Figure 2.22). These
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Figure 2.22: Capillary-Hall mechanism. Surface tension induces a flattening of the
interface which the Hall stress η0∂svn converts into wave propagation.

waves are in turn damped by surface tension:

α(k) =





γ

Γu
|k|3 |kδ| � 1

1

2

γη

η2 + η2
o
|k| |kδ| � 1

In the absence of uedge, and thus of the edge-pumping mechanism, waves can still

propagate, as evidenced by the dispersion relation for waves on a semi-infinite slab (with

γ = ηR = 0):

ω(k) =





4
γηo
Γ2
u
k5 |kδ| � 1

1

2

γηo
η2 + η2

o
k |kδ| � 1
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Both the drive and damping in this case come from a combination of surface tension γ and

Hall viscosity ηo. The mechanism giving rise to these uni-directional waves can be understood

in simple terms from the contribution to the normal component to the boundary Hall stress:

ηo∂svn.

It would be interesting to consider this kind of capillary-Hall waves as a feature of under-

damped interfaces as well.

2.6.4.5 Effects of finite odd substrate friction

In the calculation of Section 2.5.1, we neglected the transverse component Γ⊥ of the substrate

friction tensor Γij , as a measurement of the substrate friction (Section 2.4.2) excluded the

contribution of transverse friction to the observed dynamics. In this section, we investigate

the effect that a finite Γ⊥ would have on the surface dynamics of our chiral fluid. We find that

transverse friction introduces corrections to the dispersion ω(k) and dissipation rate α(k) of

surface waves. For long wavelengths, the contribution to α(k) from Γ⊥ resembles that of

surface tension γ and odd viscosity ηo; at short wavelengths, however, the contribution of

Γ⊥ drops off, unlike γ and ηo.

Repeating the calculation of Section 2.5.1 for finite Γ⊥, we obtain the dispersion ω(k) and

dissipation rate α(k) plotted in Figure 2.23a. From this result we can extract the corrections,

to leading order in k, to the dispersion and dissipation rate due to transverse friction. In the

long wavelength limit, |kδ| � 1, the asymptotic dispersion and dissipation rates are:

ω(k) = −γΓuΓ⊥
Γ̄3

√
Γu
Γ̄
k3 +

(
Γu
Γ̄

η

Γu
− Γ⊥

Γ̄

ηo
Γu

)
Γu
Γ̄
uedgek

3,

α(k) = γ
Γ2
u

Γ̄3

√
Γu
Γ̄
|k|3 +

(
Γ⊥
Γ̄

η

Γu
+

Γu
Γ̄

ηo
Γu

)
Γu
Γ̄
uedge|k|3,

where Γ̄ =
√

Γ2
u + Γ2

⊥. By comparison to Section 2.5.1.4 and 2.6.4, we see that Γ⊥ causes a

rescaling of dispersive terms that originate from edge-pumping. Then, by comparison to Sec-
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tion 2.5.1.4 and 2.6.4.3, we see a similar rescaling of the dissipative terms that originate from

surface tension and Hall stress. Further, Γ⊥ introduces a correction to the long-wavelength

dispersion due to both surface tension and Hall viscosity and an addition to the dissipa-

tion rate mediated by the shear viscosity η. The latter can be understood as illustrated in

Figure 2.23b:

(η = 0) Without shear viscosity the mass flux is constant, so the transverse friction generates

a uniform pressure over the surface.

(η 6= 0) Meanwhile, the presence of shear viscosity enables a differential mass flux (see Sec-

tion 2.6.4) that couples the curvature to the dissipation rate, such that the transverse

friction acts like a surface tension.

Apparently, the dissipation rate due to Hall viscosity ηo, transverse friction Γ⊥, and surface

tension γ scales as |k|3 for |kδ| � 1.

In the short wavelength limit, |kδ| � 1, theO(1) andO(k) contributions to the dispersion

and dissipation rate (see Section 2.5.1.4) are unchanged. We find however for γ = ηo = 0,

the correction to the dissipation is

α(k) =
Γ⊥
2Γu

ηR(η + ηR)Ω

η(η + 2ηR)

1

|kδ| ,

such that the damping associated with transverse friction rapidly falls off for large |kδ|. By

contrast, the damping due to Hall viscosity is wavelength-independent in this limit, as il-

lustrated in Figure 2.23a. As the effect of Hall viscosity and transverse friction arise as a

transverse boundary stress, the qualitative similarity in damping behavior between ηo and

Γ⊥ up to intermediate |kδ| begs the question: to what extent can Γ⊥ mimic the effects of

ηo? In the following sections, we inspect the wave dissipation rate over a finite range of kδ

and see that transverse friction could indeed mimic Hall viscosity. We show, however, that

this potential ambiguity is eliminated by our measurement of transverse friction.
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b

Figure 2.23: Wave damping due to transverse friction. a, The wave damping associated
with Hall viscosity ηo, transverse friction Γ⊥, and surface tension γ scales as |k|3 for |kδ| � 1.
However, at |kδ| � 1, the damping rates scales as |k|0, |k|−1, and |k|1 respectively. b, In
the limit |kδ| � 1, when η 6= 0, the mass flux j varies with curvature, so that the transverse
friction acts like a surface tension. In the absence of a shear viscosity η, the mass flux at
a free surface is constant, such that the force of transverse friction is to induce a constant
pressure.

Modelling wave dissipation with transverse friction. We first investigate the possibil-

ity that finite Γ⊥ and γ, in the absence of ηo might account for the dissipation rate measured

within a finite range of |kδ| < 10. Here, we find that this is indeed possible, but only for

large values of Γ⊥/Γu, which are ruled out by direct measurement of the friction coefficients

in Section 2.4.2.

We proceed as in Figure 4d in which we fit the low-friction dissipation rate for Hall

viscosity ηo and surface tension γ with Γ⊥ = 0. Now, consider the case ηo = 0 for finite

values of Γ⊥ and γ. Figure 2.24a shows that we find excellent agreement between this

modified theory and the fit curve of Figure 4d, for Γ⊥/Γu∼2.6 and γ∼4.7 × 10−13 N. We

stress that this estimate of Γ⊥ is, however, inconsistent with our sedimentation measurements

(see Section 2.4.2) from which we showed that Γ/Γ⊥ � 1
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Figure 2.24: Disambiguating Hall viscosity and transverse friction. a, The dis-
sipation and dispersion measured in the low-friction experiments can be captured by the
hydrodynamic theory in the limit ηo = 0 or Γ⊥ = 0, but b, Γ⊥/Γu must be large to permit
this agreement.

To investigate the correlation between Γ⊥ and γ, we fix the value of Γ⊥ and fit the

dissipation rate for γ. We repeat this procedure for values of Γ⊥/Γu in the range (0.2, 3)

and present our results in Figure 2.24b. The value of γ is not strongly effected by the value

of Γ⊥, and a large value of Γ⊥ is required to produce a good fit. This demonstrates that

the transverse friction must be large compared to the longitudinal friction to produce the

hallmark features of Hall viscosity.

Interplay of Hall viscosity and transverse friction. In this section, we fit the theory

curve of Figure 4d to a theory including ηo, Γ⊥, and γ to investigate the interplay of Hall

viscosity and transverse friction. We find that the dissipation rate can be fit well by such

a comprehensive theory for ηo∼8 × 10−9 Pa m s, Γ⊥/Γu = 1, and γ∼4 × 10−13 N, as in

Figure 2.25a.

In this procedure, however, there is a high level of parameter uncertainty due to the
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a

Figure 2.25: Transverse friction does not contribute to the dissipation rate. a,
The low-friction dissipation rate can be modelled by a theory including ηo and Γ⊥, but the
relative size of these coefficients is not uniquely determined. b, Fixing Γ⊥ and fitting for ηo
and γ demonstrates that Γ⊥ and ηo can be interchanged to predict the dissipation, but in
the physical limit (Γ⊥/Γu � 1), Hall damping is the dominant contribution to the model.

overlap in qualitative behavior between the damping due to each parameter for |kδ| � 1.

With this in mind, we consider the problem of fitting the dissipation rate with a range of

constrained transverse friction values. While the damping can be adequately captured for

both small and large Γ⊥/Γu, the relative role of ηo decreases with increasing Γ⊥ (Figure 2.25b

top). Using the physical reasoning of Section 2.4.2, which constrains θ = arctan (Γ⊥/Γu)�

1, we find that the measurements of ηo and γ are largely unresponsive to the inclusion of Γ⊥

(Figure 2.25b bottom). This demonstrates that the dominant contributions to the observed
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dissipation rate are surface tension γ and Hall viscosity ηo.

2.7 An odd hydrodynamic instability

In much of the phenomenology we have discussed, surface dynamics are essentially boundary

layer dynamics. Another natural question, then, is what happens when two boundary layers

meet? Draining fluid past a curved obstacle brings about the progressive thinning of a curved

strip of chiral fluid, as shown in Fig. 2.1g. The flow is smooth until the strip thickness be-

comes comparable to the penetration depth δ; at that point the flow goes unstable, resulting

in the formation of circular droplets. We study this novel pearling mechanism in experiment

by creating a sequence of strips of decreasing thickness, as shown in Fig. 2.26a. We find that

over a period of 10 minutes the strips of chiral fluid are stable for thicknesses above ∼32µm

and unstable below. A comprehensive description of this experimental protocol is provided

in Section 2.7.1.

Although visually reminiscent of the Rayleigh-Plateau instability of a thin fluid cylinder

jet [69], this instability is fundamentally different. In our two-dimensional system, surface

tension is a purely stabilizing force, as seen in the wave analysis discussed previously. Instead,

the instability originates from the chiral surface dynamics of our fluid. A visual signature of

this origin is the consistent offset in the phase between top and bottom perturbations at the

moment the instability occurs in all strips: Fig. 2.26b shows one such example.

A linear stability analysis (see Section 2.7.2 for details) of a thin strip of chiral fluid quan-

titatively predicts the existence of unstable modes which consist of wave-like perturbations

on the top and bottom surfaces that have a relative phase offset, as sketched in Fig. 2.26d.

These are accompanied by a stable mode with an opposite relative phase. The associated

stability diagram is shown in Fig. 2.26e, together with our experimental observations. As

the Hall stress has little effect on the stability of modes for small δ (see Section 2.6.2 and

Section 2.6.4.3), here we set ηo = 0.
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Figure 2.26: A hydrodynamic instability. a, Strips of chiral fluid with different thick-
nesses. Above 32µm, the strips are stable, as observed over the course of ≥ 10 minutes.
Below 32µm the strips break into droplets within 1 minute. b, Chiral fluid strip approach-
ing instability. Continuous white lines represent the sum of the most prominent Fourier
modes of the strip outline. The relative phase difference between interfaces is emphasized
by the two white dots and vertical dashed line. c, Overlay of strip outlines at four breakup
points; each color corresponds to a different instability occurrence. The x-axis is rescaled by
the most prominent wavelength, λ, and the y-axis is rescaled by the thickness at the nar-
rowest point, Tneck. The relative phase between the top and bottom interface is consistent
with theory. d, Schematic of the instability mechanism. Thin strips of chiral fluid are like
a collection of elongated droplets rotating in the direction of the edge current. This leads
to the breakup (top) or stabilization (bottom) of the strip. e, Stability diagram, calculated
with linear stability analysis using our experimentally extracted values for the hydrodynamic
coefficients, with ηo = 0 (see Section 2.7.1). The thinner the strip, the larger the range of
unstable wavelengths. A surface fluctuation at an unstable wavelength will grow exponen-
tially: orange denotes a positive growth rate and blue denotes a negative growth rate, namely
damping. Contour lines mark growth rates corresponding to 10 minutes (continuous) and 1
day (dashed). Black points represent experimental data from unstable strips; wavelengths
were measured by Fourier-transforming the strip outline. Error bars in thickness correspond
to the standard deviation in the measurement at various points. Error bars in wavelength
correspond to the half-width of the Fourier peaks. Horizontal lines on y-axis mark the
recorded strip thicknesses: orange and blue lines correspond to unstable and stable strips,
respectively.
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An intuitive picture for the mechanism driving the instability is illustrated in Fig. 2.26d.

The geometry of a thin slab with out-of-phase perturbations on the top and bottom surfaces

can be approximated by a collection of elongated droplets of chiral fluid all canted in the

same direction. Droplets of this kind rotate in the direction of the edge current, in this case

clockwise (see Fig. 2.1d). Depending on the phase difference between the two interfaces, the

rotation of these effective droplets will either increase the amplitude of the perturbation,

resulting in the breakup of the strip (top); or decrease the amplitude of the perturbation

and restore the flat interface (bottom). The consistent observation of this phase relation

between the top and bottom perturbations across many experiments of strips going unstable

(Fig. 2.26c) further corroborates our theoretical picture of the instability.

2.7.1 Characterization of the strip instability

We prepare strips of spinner fluid as described in Section 2.2.2. To get strips of different

thicknesses, like the ones shown in Figure 2.26a, we vary the concentration of the original

suspension. We characterize the thickness of a strip before it goes unstable (if it does) by

measuring the thickness at various points and taking the mean. To measure the wavelength

of the instability in unstable strips, we take the fast Fourier transform of the strip’s outline,

as described in Section 2.5.3, up to the breakup point. The unstable modes appear as

fast-growing peaks in this Fourier transform.

As explained above, our intuitive understanding of the mechanism for the instability

demands that the outline of the strips at the break-up point be asymmetric. We characterize

this asymmetry by collecting the outlines at several of these break-up points, rescaling them

by the strip thickness at the thinnest point and by the unstable wavelength in each case,

and overlaying them, as shown in Figure 2.26c.

Just as the Hall viscosity fails to impact the propagation or dissipation of waves of

our chiral fluid on a glass substrate, so too does it fail to alter the stability diagram. As in
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Figure 2.18b, we see that the line separating stable from unstable modes is nearly unchanged

by the addition of an ηo associated with the maximal value in Figure 2.18a.

2.7.2 Perturbation of flow in a finite slab

We now examine the response of the steady-state slab solution to small perturbations from

the bounding surfaces being flat.

2.7.2.1 Linearization scheme

Consider a flat interface at y = 0 which we perturb with a zero-mean perturbation y =

h (x, t) = εg (x, t) with ε << 1. We will shift this result to the upper and lower surfaces

when needed. We represent the steady-state velocity, vorticity, and stress fields as ū = (ū, v̄),

ω̄, and σ̄, respectively, and introduce perturbations as

u (x, y) = ū (y) + εũ (x, y)

v (x, y) = εṽ (x, y)

ω = ω̄ (y) + εω̃(x, y)

σ = σ̄(y) + εσ̃(x, y)

p = εq(x, y)

2.7.2.2 Linear theory

In this section we derive the linearized equations for the perturbed slab.

Linearized bulk equations The linearized bulk equations are given by:

(
η̄∇2 − Γu

)
ũi = ∂iq and ∇ · ũ = 0 (2.31)
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Unstable Decaying 
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Stable Wave Stable Wave

Figure 2.27: The nature of solutions to the linearized slab dynamics, in the absence
of surface tension and Hall viscosity. (a) Flow fields for the two branches of dispersive
surface waves on a large thickness slab. (b) The dispersion relation (blue) and growth/decay
rate for these surface waves. While difficult to discern due to its small magnitude, the latter
is nonzero (positive at left, negative at right) near k = 0. (c) Stability diagram, showing
the growth (red) or decay (blue) rates, as a function of normalized wavenumber and slab
thickness. Stable waves are purely dispersive, having zero linear growth rate. Contours
are levels of constant growth/decay rate. (d) The growth (red) and decay (green) rates,
as a function of normalized wavenumber, for the unstable/stable modes on a slab. (e) The
associated flow fields, and surface deformations, for the unstable (left) and stable (right)
modes.

where η̄ = η + ηR.
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Figure 2.28: The nature of solutions to the linearized slab dynamics, in the pres-
ence of surface tension (in the absence of Hall viscosity). (a) Flow fields for the
two branches of damped, dispersive surface waves on a large thickness slab. (b) The dis-
persion relation (blue) and decay rates (red) for such surface waves. (c) Stability diagram,
showing the growth (shades of red) or decay (shades of blue) rates, as a function of nor-
malized wavenumber and slab thickness. Contours are levels of constant growth/decay rate.
(d) The growth (red) and decay (green) rates, as a function of normalized wavenumber, for
the unstable/stable modes on an unstable slab. (e) The associated flow fields, and surface
deformations, for the unstable (left) and stable (right) modes.

Linearized stress boundary conditions The stress boundary conditions relate the bulk

fields to interfacial data. We take an upward normal n̂ ≈ ŷ−εgxx̂ and the RHS of Eq. (2.10)

is to linear order γκn̂ ≈ εγgxxŷ. Expanding Eq. (2.10) to linear order, and using that
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σ̄(0)ŷ = 0 yields

σ̃(x, 0)ŷ = γgxx(x)ŷ + gx(x)σ̄(0)x̂− g(x)σ̄y(0)ŷ

After some simplification we obtain:

η̄ũy (x, 0) + (η − ηR) ṽx (x, 0) + 2ηoũx (x, 0) = η̄ω̄y (0) g(x) + 2ηoω̄(0)gx(x)

2ηṽy (x, 0)− q (x, 0) + 2ηoṽx (x, 0) = γgxx(x)− [(η − ηR) ω̄ (0) + 2ηRΩ] gx(x) (2.32)

Note: for the lower surface, where the normal points downwards, the sign of the surface

tension term is reversed to maintain the right relation of curvature to normal direction.

Linearized kinematic boundary condition The linearized kinematic boundary condi-

tion is given by:

gt + ū (0) gx = ṽ (x, 0) (2.33)

2.7.2.3 Solution

To solve Eqs. (2.32, 2.33, 2.31) we make use of Fourier transforms in the x direction to take

advantage of translational invariance.

Solution of the linearized bulk equations Taking the Fourier transform in x:

η̄
(
∂yy − k2

)
ũ− Γuũ−

(
ik, ∂y

)
q = 0 and

(
ik, ∂y

)
· ũ = 0
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Using that
(
∂yy − k2

)
q = 0 we obtain:

q = A+e|k|y + A−e−|k|y

ũ = −ik
η̄
δ2 (µ±k A

)
+
(
µ±? B

)

ṽ = −|k|
η̄
δ2 (∆±k A

)
− ik

|?|
(
∆±? B

)

ũy = −ik |k|
η̄

δ2 (∆±k A
)

+ |?|
(
∆±? B

)

ṽy = −|k|
2

η̄
δ2 (µ±k A

)
− ik

(
µ±? B

)
(2.34)

Where ?2 = k2 + δ−2 and µ±k f = e±|k|Hf+ + e∓|k|Hf− and ∆±k f = e±|k|Hf+ − e∓|k|Hf−.

The coefficients A± and B± are to be determined from the boundary conditions.

Application of the stress boundary conditions Inserting Eq. (2.34) into the linearized

stress boundary conditions Eq. (2.32) yields:

−2ik |k| δ2η

η̄

(
∆±A

)
+

1

|?|
[
2ηk2 + η̄δ−2

] (
∆±? B

)
+ 2

ηo
η̄
k2δ2 (µ±A

)
+ 2ikηo

(
µ±? B

)

=

[
±ηR

2Ω

δ
tanh

(
H

δ

)
+ i2kηo

ηR
η̄

Ω

]
g±

and

[
1 + 2

η

η̄
|k|2 δ2

] (
µ±A

)
+ 2ikη

(
µ±? B

)
− 2i

ηo
η̄
k|k|δ2 (∆±A

)
+ 2ηo

k2

| ? |η
(
∆±? B

)

=

(
±γk2 + i2k

ηηR
η̄

2Ω

)
g±

which is a set of four linear equations for the four unknowns A±, B± in terms of the top

and bottom surface perturbations g±. A very tedious calculation which we suppress here to

maintain excitement yields an inversion of these relations.
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Application of the kinematic boundary condition Combining this with the kinematic

boundary condition:

g±t + ikū±g± = ṽ±

and substituting ṽ± we have:

g+
t − ikUg+ = −|k|

η̄
δ2∆+

k A−
ik|
| ? |∆

+
? B

g−t + ikUg− = −|k|
η̄
δ2∆−k A−

ik|
| ? |∆

−
? B

These equations can be solved to yield the evolution of the surface of a perturbed slab of

finite width. Explicit analytical computation of these modes becomes tedious at this point.

2.7.2.4 Visualization and asymptotics

The evolution of the surface corresponding to a sinusoidal perturbation of the height g∼Re
[
eikx

]

is given by g∼Re
[
ei(kx+ωt)e−αt

]
where iω−α = σ, the eigenvalue of the linearized coupled

evolution equations. There are, generally, two eigenvalues and associated eigenvectors. The

real part of the eigenvalues α(k) indicates whether the wave amplitude decreases, remains

the same, or grows exponentially in time.

In general, we find that for thick slabs (|kH| � 1, H � δ), the eigenvalues and eigenvec-

tors correspond to two copies of the semi-infinite slab problem, with damped surface waves

on the bottom surface propagating in a direction opposite to those on the top surface. For

thin slabs (H ≤ δ) we find unstable modes, whose growth rate is reduced by both surface

tension and Hall viscosity.

Since the algebra can get quite tedious, we present our results by first considering the

problem in the absence of Hall viscosity and subsequently considering the changes brought

about by the presence of Hall viscosity. In the absence of Hall viscosity, substituting the
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solutions for A±, B± in terms of ∆g and µg give evolution equations of the form:




∆gt

µgt


 = Mk




∆g

µg


 =




γa∆ i2Ωbµ

i2Ωb∆ γaµ







∆g

µg


 (2.35)

The dispersion relation and stability diagrams follow from the eigenvalues of Mk. The

coefficients a∆,µ and b∆,µ are complicated, but real, functions of the system parameters

and wavenumber k, except for the surface tension γ and the (forcing) spinning frequency

2Ω which appears only multiplicatively in Mk as shown. Hence, in the absence of surface

tension the eigenvalues of Mk are either a purely imaginary, complex conjugate pair, or a

real-valued positive/negative pair.

Regions of stability and instability are depicted in Figure 2.27c in the limit of vanishing

surface tension and in Figure 2.28c for finite surface tension.

Intermediate surface waves For finite wavenumber kδ, above a certain thickness 2H,

the eigenvalues correspond to propagating waves that are damped in the presence of surface

tension. A representative dispersion ω(k) relation and damping rate α for the waves are de-

picted in Figures 2.27b and 2.28b. The corresponding flow fields are depicted in Figures 2.27a

and 2.28a. The two eigenvalues correspond in this case to surface waves that propagate to

the left in on the top surface and to the right on the bottom surface.

Taking the limit of large thickness |kH| � 1, and long wavelength |kδ| � 1, and restrict-

ing our attention to the upper surface, we find the following asymptotic expression:

iω + α = 2iuedge
η

Γu
k3 +

γ

Γu
|k|3

which corresponds to waves moving in the same direction as uedge, damped by surface

tension.

This reflects the intuitive expectation that for H � δ the problem should reduce to two
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copies of the semi-infinite slab problem. Adding Hall viscosity, computing the finite slab

spectrum numerically and comparing it to the semi-infinite slab problem with Hall viscosity

further confirms this intuition.

Short waves For finite thickness, and sufficiently large wavenumber kδ � 1, kH � 1,

Eq. (2.35) simplify to




∆gt

µgt


 =




−γ̃|k| i2ηRη̄ δΩ tanh
(
h̄
δ

)
|k|

i2ηRη̄ δΩ tanh
(
h̄
δ

)
|k| −γ̃|k|







∆g

µg


 (2.36)

with γ̃ = γ

2ηR

(
2−ηη̄

) > 0. Seeking exponential solutions (∆g, µg) = eσt(∆g0, µg0) yields

σ = −γ̃|k| ± iηR
η̄
δ2Ω tanh

(
h̄

δ

)
|k|

Hence, small length-scales are stabilized by surface tension in a manner consistent with

classical results for the two-dimensional Stokes equations [70] while the gyroscopic drive

produces waves.

Unstable long-wavelength modes For finite thickness slabs, ηo = 0, and long waves,

|k|H << 1, one of the eigenvalues is always unstable, as can be seen in Figures 2.27c

and 2.28c. Representative dependences on wavenumber of the growth/decay rates of the

eigenvalues in this regime are shown in Figures 2.27d and 2.28d, together with the corre-

sponding flow fields (Figures 2.27e and 2.28e). In this limit, Eq. (2.35) simplify to




∆gt

µgt


 =



−γβ1k

4 i2Ωα1k
3

−i2Ωα2k −γβ2k
2







∆g

µg



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where β1 = Hδ2/η̄, β2 = δ2/η̄H, α1 = 2δ3
(
ηηR/η̄

2
)

tanh
(
H
δ

)
, and

α2 =
(
2δ2/H

) (
ηηR/η̄

2
)

sech2
(

H
δ

)
are all positive constants. Seeking exponential solutions

(∆g, µg) = eσt(∆g0, µg0) yields

σ =
1

2

[
−γβ2 ±

(
(γβ2)2 + 2Ω2α1α2

)1/2
]
k2 (2.37)

Hence, at long wavelengths, there is always both a stable and an unstable mode. In each

case, both surface tension and driving scale quadratically in k in the eigenvalue, and surface

tension damps both stable and unstable modes generated by activity (i.e. 2Ω2 > 0).

Performing the same calculation numerically in the presence of Hall viscosity presents

a similar picture. Hall viscosity, like surface tension, generally acts as a stabilizing stress,

albeit with a different wavenumber dependence, as illustrated in Figure 2.29.
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Figure 2.29: Effect of surface tension and Hall viscosity on the stability of finite
thickness slabs. (a) The stability diagram in the absence of surface tension and Hall
viscosity (c.f. Figure 2.27). (b) Increasing the Hall viscosity, ηo, moves the line separating
stable from unstable modes as depicted. (c) Increasing the surface tension, γ, moves the line
separating stable from unstable modes as depicted. In both cases the effect is to stabilize the
interface by increasing the extent of the stable region. The large wavenumber dependence
of the damping effects of surface tension and Hall viscosity accounts for the different effects
they have on the stability diagram.
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2.7.2.5 The role of odd stress

Here we give a simple geometric model that explains the nature of the stable and unstable

modes of the slab, the latter of which leads to the formation of droplets in experiment.

Consider the coupled surface modes for the slab computed above (see Eqs. (2.35, 2.37)).

These consist of sinusoidal perturbations on the top and bottom surfaces, respectively, that

have relative phases of either π/2 or −π/2, with their respective flow fields plotted in Fig-

ures 2.27e and 2.28e. In the unstable case the upper surface is shifted leftwards relative to

the lower, and oppositely for the stable case. As depicted in Figure 2.26 the geometry of such

a perturbed slab can be approximated by a collection of elongated droplets of chiral fluid,

all canted in the same direction. In isolation, droplets of this kind would rotate clockwise.

Because of their canted angle, the configuration shown in Figure 2.30 (top) would evolve

into separate droplets, whereas that shown in Figure 2.30 (bottom) would evolve towards

a flat slab-like configuration (stable). The former case is consistent with the reconstructed,

unstable slab boundaries shown in Figure 2.26b.

stable

unstable

Figure 2.30: Stability of chiral fluid slabs. Cartoon of the phase relations of the bound-
ing interfaces of a chiral fluid slab that give rise to growth (upper) and decay (lower) of
perturbations.
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2.8 Conclusion

We have broken parity symmetry at the microscopic level in a colloidal chiral fluid, resulting

in the emergence of an odd stress that in turn generates lively surface flows. Likewise, we

have broken time reversal symmetry, giving rise to Hall viscosity, a dissipationless transport

property which has thus far remained experimentally elusive. The combination of these

features drives rich interfacial dynamics with no analogues in conventional fluids. These

dynamics include the uni-directional propagation and anomalous attenuation of surface waves

and an asymmetric pearling instability. In principle, these chiral phenomena can be tuned,

for instance by altering the colloidal particles’ shape and their effective interactions. Colloidal

chiral fluids enable the study of universal aspects of a new class of hydrodynamics, and

provide a platform for engineering active materials with so far untapped, ‘odd’ behaviors.
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CHAPTER 3

ODD ELASTICITY OF A COLLOIDAL CHIRAL CRYSTAL

This chapter is primarily comprised of material reproduced from the publication Ref. [71]:

Bililign, E. S., Balboa Usabiaga, F., Ganan, Y. A., Poncet, A., Soni, V., Magkiriadou,

S., Shelley, M. J., Bartolo, D., & Irvine, W. T. M. Motile dislocations knead odd crystals

into whorls. Nature Physics 18, 212-218 (2022). Reproduced with permission from Springer

Nature.

3.1 Introduction

The competition between thermal fluctuations and potential forces governs the stability of

matter in equilibrium, in particular the proliferation and annihilation of topological defects.

However, driving matter out of equilibrium allows for a new class of forces which are nei-

ther attractive nor repulsive, but rather transverse. The possibility of activating transverse

forces raises the question of how they affect basic principles of material self-organization and

control. Here, we show that transverse forces organize colloidal spinners into odd elastic

crystals crisscrossed by motile dislocations. These motile topological defects organize into a

poly-crystal made of grains with tunable length scale and rotation rate. The self-kneading

dynamics drive super-diffusive mass transport, which can be controlled over orders of mag-

nitude by varying the spinning rate. Simulations of both a minimal model and fully resolved

hydrodynamics establish the generic nature of this crystal-whorl state. Using a continuum

theory, we show that both odd and Hall stresses can destabilize odd-elastic crystals, giving

rise to a generic state of crystalline active matter. Adding rotations to a material’s con-

stituents has far-reaching consequences for continuous control of structures and transport at

all scales.
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3.2 An odd colloidal crystal

The celebrated interplay between configurational entropy and the energetics of topological

defects in two-dimensional melting have provided a lens through which to understand the

phases of condensed matter [72], such as superfluid films, colloids and liquid crystals [73,

74, 75, 76, 77, 78]. While these systems span a wide range of particle interactions, scales,

and intermediate phases, they are all unified in that the forces between constituents are

primarily longitudinal, their dynamics are equilibrium, and their interactions are symmetric

under both time-reversal and parity. What happens if the inter-particle interactions include

transverse forces as well [79, 35, 39, 27, 48, 80, 18, 81, 82]? This deceivingly minimal

generalization can break these assumptions at a fundamental level.

In equilibrium, transverse forces cannot alter the phase behavior of condensed matter.

However, there is no such guarantee out of equilibrium and such transverse interactions

generically occur in collections of naturally and artificially spinning objects. Examples in-

clude planetary disks [83], spinning cell aggregates and membrane inclusions [84, 85], active

colloids and grains [27, 22, 86, 49, 44, 25, 81, 82, 87], atmospheric scale dynamics [88, 89],

parity-breaking fluids [90, 91, 5, 92, 15, 16] and simple models of turbulence [93]. How does

this more general and ubiquitous form of matter generically self-organize, what are its stable

phases, and how does it transition between them?

Figure 3.1a shows a∼200×200µm region within a centimetre-scale monolayer of magnetic

colloids. Each particle is uniformly spun by an externally applied magnetic field, resulting

in their self-organization into a dynamic and dense phase, as described in Section 3.2.1

below. The active rotation of the magnets gives rise to both longitudinal magnetic attraction

and sustained chiral transverse hydrodynamic interactions, as illustrated in the inset of

Figure 3.1a. Crucially, the forces are separation-dependent and can be tuned by varying

the rotation frequency, providing an ideal platform for exploring how transverse interactions

shape the dense phases of chiral matter.
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Figure 3.1: A crystal whorl state. a, A dense and dynamic phase of colloids spinning
at a frequency Ω and interacting through both longitudinal and transverse pairwise interac-
tions is directly imaged with a microscope through crossed polarizers. The rotation-averaged
position of each particle appears as a bright spot and reveals intermittent crystalline order.
Magnifying a region reveals a highly-ordered crystalline structure (top), and time-averaging
further reveals a rotating flow (bottom). b, To further illuminate the polycrystalline struc-
ture of this phase, we color particles by the angle of the local bond-orientational order
parameter θ6. The polycrystal can be segmented into domains, and boundaries are drawn
between them. The inset highlights the individual defects between grains, underlying grain
boundaries. c, The polycrystal is dynamical and displays intermittent vortical flows as re-
vealed when each region is colored by its vorticity ω. The inset presents the same vortical
information through the streamlines of the particle flow.
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Upon spinning our particles, we find that the system generically self-organizes into crys-

tal ‘whorls’. A snapshot, colored by the phase of the crystalline bond-orientational order

parameter, ψ6(x) (see Figure 3.1b), reveals a polycrystalline arrangement of grains of tri-

angular crystal order separated by topological defects organized into grain boundaries [94].

This picture is reminiscent of metallurgical crystalline phases with quenched disorder; how-

ever, unlike their crystalline static counterpart, the structure is continually evolving, grain

boundaries move, collapse, and spontaneously emerge as crystalline domains rotate like vor-

tical whorls (see Figure 3.1c). Segmenting the phase into crystalline domains enables us to

study its statistical properties, revealing that after a short transient, the domains within this

polycrystal settle to a constant characteristic size (Section 3.2.3). This scale can be tuned

by altering the particle rotation rate alone, yielding either significantly larger or smaller

crystalline whorls, as in Figure 3.21. In the following sections, we describe the procedure by

which the polycrystal is separated into grains (Section 3.2.2) and characterize the steady-

state (Section 3.2.3).

3.2.1 Colloidal magnets & their activation

Our colloidal particles are made of hematite, have a single magnetic domain and have the

shape of a ‘superball’. The particles were synthesized following the synthesis described by

Sugimoto et al in [50], and coated in a thin silica shell following the methodology of [95].

In our experiments, the particles are suspended in water and allowed to sediment on a glass

coverslip and imaged through crossed polarizers in an inverted microscope.

To create and drive the chiral phase, we apply a rotating magnetic field of magnitude

∼1 mT using a set of mutually perpendicular Helmholtz coils. We take care to balance the

field rotation so that the rotation axis is perpendicular to the glass substrate. Once the drive

is applied, the magnetic colloids attract and form a dense phase, as a result of the dipolar

interactions which become attractive when averaged over a rotation.

88



Ω

Ω

50 μm

Figure 3.2: A crystal of rotating colloidal magnets. (A) A sketch of the experimental
system, which consists of self-aggregating colloidal magnets on a flat surface. Each mag-
net spins at a constant rate. (B) A macroscopic view of this packing as seen through a
microscope.

To prepare large crystalline domains, we alternate the drive between clockwise and

counter-clockwise rotation at a high frequency (10 − 15 Hz). We characterize the poly-

crystalline order of our crystal whorl state by identifying grains and computing the grain

size distribution and total grain boundary length, as in Section 3.2.2.

3.2.2 Crystalline grain detection

We define the local bond-orientational order of polycrystalline packings at the position xj

of the jth particle as

ψ6(xj , t) =
1

Nj

Nj∑

i=1

exp
(
i6θij

)
, (3.1)
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where the jth particle has Nj neighbors and θij is the angle formed between the bond

xij = xi − xj connecting the ith and jth particles and the x-axis. The local phase

θ6(xj , t) = 1
6arg

[
ψ6(xj , t)

]
, (3.2)

represents the local crystalline angle of the spinner crystal, as illustrated in Figure 3.3A. In

addition, the strength of crystalline order is defined by the magnitude |ψ6(xj , t)|, as shown

in Figure 3.3B. To enable the detection of grain boundaries, the field ψ6 is coarse-grained by

averaging over a particle’s nearest neighbors prior to computing θ6 and |ψ6| as used in the

subsequent analysis.

A B

Figure 3.3: The particle-based bond-orientational order parameter ψ6. Using the
construction of Eq. (3.1), two measures of crystalline structure can be extracted: (A) the
local crystalline orientation field θ6, and (B) the local crystalline order field |ψ6|.

To identify grain boundaries, we use an approach like that of Refs. [96, 97] and first

segment the pointset into crystalline and non-crystalline particles according to a threshold

in |ψ6(xj , t)|. A crystalline particle is considered to be a part of a grain if it has at least

three crystal-like neighbors with ∆θ6 below a threshold. This algorithmic association of

neighbors into grains is performed to fill space, and then pruned to omit small grains, as in

[96]. In Figure 3.4A-B, we present a small patch of spinner crystal and color particles by
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their bond-orientational order parameters. After omitting non-crystalline particles, we color

the Voronoi cells of particles in a grain by the average θ6 value of the grain as in Figure 3.4C.

A B

C D

Figure 3.4: Extracting grains and grain boundaries from the bond-orientational
order. The bond-orientational order parameter ψ6 can be decomposed into an (A) angular
component θ6 and (B) a magnitude |ψ6|, which are plotted spatially for a small subset
of a spinner crystal. Same colormap as in Figure 3.3. (C) The crystalline space can be
decomposed into domains with small variation in θ6 and sufficiently strong hexatic order
characterized by |ψ6|. We can then color each particle’s Voronoi cell according to its domain
assignment. (D) By analyzing the bond network between adjacent domains, we can identify
the boundary between grains and the angular misorientation between them.

Now, considering only crystalline particles, we construct a Delaunay triangulation, de-

noted by the thin black edges in Figure 3.4D. The particles corresponding to a domain

boundary are identified, yielding a chain of bounding segments i− j as in the inset. Repeat-

ing this for each domain, we can extract quantities such as domain area. Then, we consider

only edges of the type i − k or j − k that connect particles associated with two distinct

domains. As in the inset, we can link the centers of two consecutive connecting edges to

obtain a grain boundary segment. Linking these segments end-to-end produces a full picture

of the grain boundary, as shown in Figure 3.4D. Here, grain boundary segments are colored

by the difference in orientation between the associated grains, using the definitions of [96],
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reproduced below:

misorientation = min

(∣∣∣∣
θki + θkj

2

∣∣∣∣ , 60◦ −
∣∣∣∣
θki + θkj

2

∣∣∣∣
)
, (3.3)

where θik is the misorientation of a single edge in the triangulation,

θik = min (|θi − θk|, 60◦ − |θi − θk|) , (3.4)

for θj the coarse-grained value of θ6 at the location of the jth particle.

3.2.3 Polycrystal characterization

Having identified the grains and grain boundaries, their distributions and relationships to

rotational drive can be readily computed. Figure 3.5 shows a typical sequence of snapshots

from experiments of various frequencies, their grain size and spacing statistics, and the

time-evolution of the typical grain size and integrated grain boundary length. As readily

illustrated in (A), grains tend to become more fragmented at higher frequencies, leading to

an increase in the domain separation (B) and decrease in the average size (C-E). Meanwhile,

as in (F-G), once the experimental system has reached the steady-state, quantities like the

grain boundary length and average domain size tend to remain constant over many thousands

of particle rotations.

3.3 Dislocation dynamics

Having observed that an odd crystal reaches a steady polycrystalline phase, we ask: what

powers this lively steady state? Careful inspection reveals that the motion of topological

defects in the crystalline structure is unlike the familiar motion of dislocations found in

conventional passive materials. Conventional dislocations are either stationary or diffuse bi-
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A

B C D E

F G

Figure 3.5: The chiral whorl steady-state: crystalline structure. (A) For spinner
crystals in steady-state at increasing rotation frequencies, the crystalline structure tends
to become increasingly fragmented, as illustrated by single temporal snapshots of the local
crystalline orientation θ6 and boundaries between segmented crystalline grains. (B) The
distribution of inter-domain spacing aθ is peaked strongly at small values for high frequen-
cies and has an increasingly large tail at large values for low frequencies, demonstrating
both a characteristic domain separation and the increase of characteristic domain size with
decreasing rotation frequency. (C) The chiral whorl state is characterized by a nearly expo-
nential distribution of domain sizes ξθ, obtained from taking the square root of domain areas,
that tend towards smaller sizes as the rotation frequency is increased. (D) A characteristic
domain size is then defined as the average 〈ξθ〉. (E) By fitting the distribution to an expo-
nential, we also extract a similar length scale ξ0

θ . (F) Similarly, the total amount of grain
boundary,

∫
d`GB increases with frequency, but is free of large-scale temporal fluctuations

in the steady-state. (G) Likewise, the characteristic domain size remains constant in the
steady-state.
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directionally driven by thermal fluctuations; we observe instead that in our chiral medium

they move ballistically as seen in Figure 3.6a.

We can gain an intuitive understanding of what powers dislocation motility by inspecting

the plastic deformations of the crystal brought about by dislocation glide. As shown in

Figure 3.6b, dislocation glide reflects the displacement of one crystal plane over the other. As

this deformation is equal parts rotation and shear, it is naturally actuated by the rotational

drive.

To isolate this phenomenon, we introduce a minimal model of the overdamped dynamics

of spinners interacting via transverse, frequency-dependent forces and potential longitudinal

forces (Section 3.3.1). This minimal approach is informed by full hydrodynamic simulations

of particles that closely approximate our experimental system (Section 3.3.2). The transverse

forces arise primarily from near-field hydrodynamic interactions, while the longitudinal in-

teractions arise primarily from both steric repulsion and magnetic attraction (Section 3.3.3).

3.3.1 Minimal molecular dynamics simulations

We performed discrete particle dynamics simulations of a minimal model of ∼105 particles

having both longitudinal and transverse distance-dependent interactions. We find that their

collective dynamics mirror closely those we observe in experiment. Perfect crystals are

unstable and break up into a steady crystal whorl state. Isolated dislocations self propel and

this self-propulsion can compete with elastic interactions between defects leading to defect

unbinding and the modification of grain sizes. Density fluctuations can relax by dislocation

pair production.

In this section we describe our minimal model in detail, describe its implementation in

discrete particle dynamics simulations and highlight the dynamics we observe.
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Figure 3.6: Motile dislocations. Dislocations in the chiral crystalline phase behave like
active particles. a, In the experiment, dislocations are observed to move ballistically in the
direction of their Burgers vector. Same colormap as in Figure 3.1b. b, This behavior is
reproduced in simulations of both the full hydrodynamic and minimal models by initializing
a configuration corresponding to a single dislocation in an otherwise undefected crystal. In a
crystal of particles interacting via transverse forces, we can intuit the dislocation’s direction
of motion from the relative displacement of the crystal, which is colored by the relative
density δρ = ρ − ρ̄ normalized by the standard deviation σρ. c, The precise dislocation
speed depends weakly on the details of the interactions. In both the minimal and full
hydrodynamic models, the speed increases with frequency for isotropic dipole interactions
(top). By contrast, dislocation motility is reversed at a frequency threshold for anisotropic
dipole interactions (bottom). Error bars represent fit covariance (minimal) and standard
error (full). d, By tuning the frequency and initial separation, two defects that would
otherwise attract and annihilate can be made to repel, overwhelming even elastic forces with
transverse ones. Same colormap as in Figure 3.1b. e, The collective dynamics of many
defects arranged to form a grain boundary inherits this sensitivity to transverse forces. Such
a grain boundary collapses when elastic forces dominate, and expands without bound when
transverse forces dominate. Same colormap as in Figure 3.1b, orange line indicates position
of grain boundary in both initial and present state for comparison.

95



0.9 1.0 1.1 1.2 1.3 1.4 1.5
distance between centers [σ]

−20

−10

0

10

20

30

40

50

fo
rc

e
(d

im
en

si
on

le
ss
[ F

σ ε

] )

Isotropic attractive interaction

Weeks-Chandler-Anderson

Total longitudinal force

Transverse force (Ω = 10Ω0)

Figure 3.7: Forces between colloids. The interactions between colloids in the minimal
model as a function of the distance between the center of the colloids.

3.3.1.1 Minimal model

Our minimal model consists of particles with overdamped dynamics that interact via longi-

tudinal and transverse forces:

γẋ = Flongitudinal + Ftransverse (3.5)

As described below and shown in Figure 3.7, the contributions to Flongitudinal include a

Weeks-Chandler-Andersen potential and a power-law isotropic attraction term, whereas

Ftransverse is a smooth spatially decaying force.

Weeks-Chandler-Andersen potential To capture the steric interactions between par-

ticles in our experiment, we use a truncated shifted Lennard-Jones potential known as the
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Weeks-Chandler-Andersen potential:

ULJ(r) = 4ε

[(σ
r

)12
−
(σ
r

)6
]

UWCA(r) =




ULJ(r)− ULJ(rcutoff) r < rcutoff

0 r ≥ rcutoff

(3.6)

In the absence of additional longitudinal forces, this potential gives rise to a purely repulsive

force at separations closer than rcutoff = 21/6σ∼1.12σ. The repulsive force at a distance

rcutoff − δr scales as ∼57.14ε/σ2δr.

Isotropic attraction To the Weeks-Chandler-Andersen potential, we add an isotropic

attraction that mimics the time-averaged dipole-dipole attraction between our colloidal par-

ticles:

Fiso−dd(rij) = −3

2

Ad

r4
r̂ij . (3.7)

We set the magnitude of the attraction to that of the time averaged magnetic interactions

between the colloidal magnets via Ad = µ0
4πm

2 where m is the dipole moment of a hematite

cube. For measuring the velocity of isolated dislocation we also considered true anisotropic

dipole interaction.

In our simulations we set Ad = 9.6εσ3. The combined force that results from the Weeks-

Chandler-Andersen repulsive potential and the isotropic attraction for this choice of Ad is

shown in Figure 3.7 and corresponds to an equilibrium separation of r∼0.988σ.

Transverse force Crucially, we introduce a force to describe transverse interactions be-

tween particles which in the experiment are mediated by hydrodynamic interactions between
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rotating colloids. We use:

Ftransverse(rij) =





(
1
r − 1

rcutoff

)2
At ẑ× r̂ r < rcutoff

0 r ≥ rcutoff

(3.8)

Where At is a constant. With a choice of rcutoff = 1.5σ, Frot−vis represents a generic

spatially decaying transverse force that acts only on nearest neighbours in the lattice.

Choice of the parameters Overall, our minimal model includes the following dimensional

parameters:

[σ] = L; [ε] =
ML2

T 2
; [γ] =

M

T
; [Ad] =

ML5

T 2
; [At] =

ML3

T 2
(3.9)

This set gives rise to the following two dimensionless combinations:

Π0 =
Atσ

2

Ad
Π1 =

εσ3

Ad
(3.10)

and a time-scale γσ
2

ε , we define the time unit to be t0 = 0.64γσ
2

ε and accordingly a frequency

unit Ω0 = 2π
t0
.

To mimic tuning the rotational frequency in the experiment, which has the primary effect

of increasing transverse forces between our colloids, we tune the transverse force coefficient

At. For convenience of comparison with experiment and full hydrodynamic simulations, we

measure At with respect to a rotation rate Ω measured in units of Ω0 by making the choice:

At = 2.4εσΩ/Ω0.

Unless stated otherwise, these can be assumed to be the parameters of the simulations we

present. As discussed in Section 3.6.4.2, this choice of parameters corresponds to a linearly

stable regime for crystals in periodic domains.
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3.3.1.2 Discrete particle dynamics implementation

We use HOOMD-Blue [98], developed by the Glotzer Group at the University of Michigan,

to simulate the dynamics of this minimal model. The code simulates a Langevin equation

mẍ = −γẋ + FWCA + Fiso−dd + Frot−vis + FB, (3.11)

where thermal fluctuations are accounted by FB, a Gaussian white noise defined by

〈FB〉 = 0 (3.12)

〈|FB|2〉 = 4kTγ/δt (3.13)

In terms of HOOMD internal units, we chose the following parameters in the majority of

simulations:

ε = 2 σ = 0.25 kT = 1 · 10−4 γ = 50 δt = 10−4 m = 5 · 10−2 (3.14)

these choices ensure the dynamics are over-damped, and that the thermal fluctuations do

not effect the dynamics. We implement a rotational drive by embedding in each particle a

dipole that couples only to an externally applied B field. The uniform external field rotates,

causing each particle to spin at the same frequency Ω.

3.3.2 Full hydrodynamic simulations

To test the robustness of our results to variations in particle shape and details of the in-

teractions, we performed discrete particle dynamics simulations of a collection of colloidal

particles, Bp, immersed in a Stokes flow filling a half-space above an infinite wall [99, 100].

As described in this section, we find that the dynamics we observe in our simulations closely

resemble those we see in experiment, and that variations in particle shape and interaction

99



do not have a strong effect on the collective dynamics we observe.

3.3.2.1 Simulation procedures

In the fluid domain, we take the fluid velocity v and pressure p to satisfy the incompressible

Stokes equation:

−∇p+ η∇2v = 0, (3.15)

∇ · v = 0. (3.16)

The no-slip boundary condition is imposed both at the bottom wall, v(x, y, z = 0) = 0, and

at each colloids’ surface where

v(r) = vp + ωp × (r − qp) for r ∈ ∂Bp, (3.17)

with vp and ωp the linear and angular velocities of colloid p and qp its center. To close

the equations we include the balance of forces and torques. Since inertia is neglected in

our model, the hydrodynamic traction, −λ, exerted to the surface of a colloid balances the

external forces and torques (f and τ ), or

∫

∂Bp
λp d2r = fp, (3.18)

∫

∂Bp
(r − qp)× λp d2r = τp. (3.19)

External forces are induced by gravity, magnetic and steric interactions, i.e. fp = f
g
p +

fmp + fsp and similarly for the torque. The gravity simply pulls the colloids down with

force fgp = −mgez. For the symmetric colloids that we consider gravity does not generate

a torque. Each colloid has a permanent magnetic dipole moment, mp, which generates a
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magnetic field away from its center [101]

Bp(r) =
µ0

4πr3

(
3r̂(r̂ ·mp)−mp

)
, (3.20)

where µ0 is the vacuum permeability. Additionally, we include a time dependent external

magnetic field

Bext(t) = B0(cos(2πft), sin(2πft), 0). (3.21)

The total magnetic field acting on a colloid p is the sum of the external magnetic field and

the one created by all the other colloids in the suspension

B(qp, t) = Bext(t) +
∑

q 6=p
Bq(qp − qq), (3.22)

it generates the force and torque [101]

fmp (t) = ∇(mp ·B(r, t))|r=qp , (3.23)

τmp (t) = mp ×B(qp, t). (3.24)

To solve the hydrodynamic problem we use the Rigid Multiblob approach, equivalent to

a regularized first boundary integral method [102]. The surface of each colloid is discretized

by a small number of blobs, of hydrodynamic radius a and positions ri, that are constrained

to move like a rigid body, i.e. without deformations. The discretization of the no-slip and

the balance equations leads to a large linear system for the unknown colloidal velocities, vp
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and ωp, and the constraint forces on the blobs λi,

∑

j

Mijλj = vp + ωp × (ri − qp) for all i ∈ Bp, (3.25)

∑

i∈Bp
λi = fp ∀p, (3.26)

∑

i∈Bp
(ri − qp)× λi = τp ∀p, (3.27)

where the sum in (3.25) runs over all the blobs in the system. The mobility matrix Mij is

responsible for the hydrodynamic interactions, it couples the force acting on the blob j to

the flow velocity generated at the blob i. We use the regularized mobility [103, 104]

Mij = M (ri, rj) =
1

(4πa2)2

∫
δ(|r′ − ri| − a)G(r′, r′′)δ(|r′′ − rj | − a)d3r′′d3r′, (3.28)

where δ(r) is the Dirac’s delta function and G(r) is the Green’s function of the Stokes

equations in half-space [99, 100]. Analytical expressions for (3.28) can be found in Ref.

[105]. The Rigid Multiblob method solves the full hydrodynamic problem, however, as we

use a low resolution discretization, lubrication forces are not captured. To avoid overlapping

between colloids, or colloids and the bottom wall, we include the repulsive potential between

blobs and between blobs and the wall

U(r) =





U0 + U0
d−r
b if r < d,

U0 exp
(
−r−db

)
if r ≥ d,

(3.29)

where we use d = 2a for blob-blob interactions and d = a for blob-wall interactions, therefore

the potential decays exponentially fast when there is no overlap. The steric forces on the

blobs generated from this pairwise potential, fblob
i , result in the steric forces and torques

acting on the colloids, fsp =
∑
i∈Bp f

blob
i and τ sp =

∑
i∈Bp(ri − qp)× f

blob
i , respectively.
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Parameter Value Comment
Fluid viscosity η = 10−3mgµm−1s−1 that of water
Colloidal radius R = 1.39µm
Colloidal mass m = 1.64 · 10−8 mg density ∼5000 kg/m3

Gravity g = 9.81 · 106 µm/s2

Magnetic dipole |mp| = 10−2 Aµm2

Vacuum permeability µ0 = 4π 105 pN/A2

External magnetic field B0 = 103 pN/(µmA) 10−3 Teslas
Magnetic frequency f = 1− 12Hz
Steric decay length b = a/10

Steric potential U0 = 0.2pN m
like the collodial gravitational
energy at about 1.5µm height

Steric blob-blob shift d = 2a
Steric blob-wall shift d = a

Blob radius a
depends on the colloidal

discretization

Table 3.1: Full hydrodynamic simulation parameters. Parameters used in the full
hydrodynamic simulations in units of milligrams, micrometers, seconds and Amperes.

To solve the linear system (3.25)-(3.27) we use GMRES with a block diagonal precondi-

tioner [102]. We employ a Fast Multipole Method to compute the magnetic (Eqs. (3.23)-

(3.24)) and hydrodynamic interations (Mijλj) with a linear cost in the number of particles

[106, 107]. With this approach we are able to simulate suspensions with thousands of colloids.

We give the parameters used in the simulations in Table 3.1.

3.3.3 Origin of transverse forces

Transverse forces between colloids drive the system out of equilibrium and generate the

rich dynamics described in the previous sections, and we justify their presence in the full

hydrodynamic and minimal model simulations here. Hydrodynamic interactions are the main

source of these transverse forces, with transverse magnetic interactions between colloids being

comparatively weak. In this section we use numerical simulations to estimate the strength

of both magnetic and hydrodynamic contributions to the transverse interactions between

colloidal particles.
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3.3.3.1 Hydrodynamic forces

Because the Stokes equations (Eq. (3.15)) that describe the hydrodynamic problem are

linear, the dynamic equation for N colloids can be written as the mobility problem [108]



Mtt Mtr

MT
tr Mrr






f

τ


 =



u

ω


 , (3.30)

where the mobility components, Mtt, . . ., can be understood as operators that couple the

translational and rotational (t, r) degrees of freedom. Here f and τ are the non-hydrodynamic

forces and torques on the colloids due to, for example, magnetic or steric interactions, while

u and ω are their linear and angular velocities, respectively. The dynamic problem can also

be written as a resistance problem by inverting the linear system (3.30),



Rtt Rtr

RT
tr Rrr






u

ω


 =



f

τ


 . (3.31)

From the resistance problem, we can write the balance of forces as [109]:

f total = f − Rttu−Rtrω︸ ︷︷ ︸
hydrodynamic forces

= 0. (3.32)

This reflects that at zero Reynolds number, where inertia is neglected, Newton’s equation,

f total = ma, simplifies to the balance of force f total = 0. In this limit, forces and torques

externally applied to particles are instantaneously balanced by hydrodynamic forces. We

can highlight the role of active torques in the system by solving for the angular velocity in

(3.30) and substituting the result in (3.32):

f︸︷︷︸
external force

−RtrM
T
trf︸ ︷︷ ︸

coupling force

− Rttu︸ ︷︷ ︸
drag force

−RtrMrrτ︸ ︷︷ ︸
active force

= 0. (3.33)
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The last three terms in (3.33) can all introduce transverse forces mediated by the fluid, but

it is the last term that drives the system and breaks parity and time-reversal symmetry.

Therefore, we focus on the active force

f active = −RtrMrrτ , (3.34)

which can be decomposed into its longitudinal (‖) and transverse (⊥) components. It is

important to note that the resistance and mobility operators (Rtr, Mrr, ...) depend on the

entire particle configuration. However, to get an intuitive understanding on the form of the

active forces we can use a mobility-resistance pair-wise approximation [110]. In the limit of

large distances and ignoring the screening of the wall, we have:

f active
‖ = 0, (3.35)

f active
⊥ = −RtrMrrτ = −Rtrω = −6πηa2ω

(a
r

)2
, (3.36)

where a is the colloidal radius. In this approximation the active forces only have transverse

components proportional to their angular velocity ω.

For a more accurate characterization of the transverse forces in our experiments, we

extract the active hydrodynamic forces from particle simulations using our full hydrodynamic

model. In particular, we sought to determine the order of magnitude and form of these

forces, their scaling with increasing system size and whether they can be approximated as

time-independent forces. First we perform simulations of a system with only two colloids

and measure the active force on each. We consider two cases: one where the particles are

taken from a synthetic trajectory where the colloids remain at a constant distance and rotate

with a constant angular velocity; the other where the particles trajectories were extracted

from a many particle dynamic simulation; see Fig. 3.8. We name these two cases synthetic

and dynamic, respectively. Figure 3.9 shows the time-averaged force versus distance for the
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synthetic case. The transverse forces can be seen to decay faster than ∼1/r2, owing to the

wall screening of the hydrodynamic interactions . For large distance between the two colloids

and the wall Blake predicted the decay ∼1/r3 [99]. In our system the colloids remain close

to the wall which increases the screening effect. The fast decay supports the use of a pairwise

approximation for the transverse forces. We investigate this further below.
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Figure 3.8: Colloid trajectories during rotation. For the dynamic many-particle case,
trajectories during two periods of the rotating external magnetic field (period 1/f) for two
spheres (left) or superellipsoids (right) extracted from simulations.

Figure 3.10 shows the active hydrodynamic forces during two periods of the external

magnetic field (period 1/f). Again, we compare the forces computed in the synthetic and

dynamic cases. For spherical colloids (left columns), the longitudinal force values, which

average to zero, are near-identical. For superellipsoidal colloids (right columns) the traces

fluctuate more significantly in time and with respect to each other, because these colloids

move significantly in a single period; see Fig. 3.8. The extracted transverse forces differ

more significantly for both spheres and superellipsoids, in both instantaneous value and

average. The reason is that the lag between a colloid’s dipole and the external magnetic

field is larger in the dynamic case and therefore, the external torque, τ = m×B(t), is also

larger. Furthermore, in the dynamic case we extracted the particle’s trajectory from a many

particle simulation. The neighbor particles exerted an additional drag on the colloids which
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Figure 3.9: Hydrodynamic force versus distance. For the synthetic case, average lon-
gitudinal (‖) and transverse (⊥) components of the hydrodynamic force versus distance for
spheres (“sph”) and superellipsoids (“sup”). The shadowed regions represent the standard
deviation of the forces. The transverse force decay, ∼(1/r)3.7 is shown in the inset. To
normalize the hydrodynamic force we define the superellipsoid radius through its volume,
i.e. a = (3V/(4π))1/3.

in turn required a larger torque to follow the magnetic field. To confirm this interpretation

we computed the active forces for the dynamic case but assuming that the torque was

τ = M−1
rr ω with the same constant angular velocity ω as in the synthetic case. The

bottom panel of Fig. 3.10 shows the remarkable agreement for the transverse forces in

this case. Although neither the longitudinal nor the transverse force is time-independent,

we can see in that the force is approximately periodic. Since the dynamics of the chiral

suspension is slow compared with the frequency of the magnetic field we assume that a

time-independent approximation is valid to model transverse forces. Furthermore, the good

agreement between the synthetic and dynamic cases suggest that these results are robust

against particle movements during one magnetic period.

Finally, we explore whether the force scales with the system size. The resistance and
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Figure 3.10: Active hydrodynamic forces. Longitudinal and transverse components of
the active hydrodynamic forces for spheres (left) and superellipsoids (right) using Eq. (3.34).
The dashed curves are computed from a synthetic simulation where two colloids rotate with
a constant angular velocity at constant positions, with the force defined as f active = −Rtrω.
The solid curves are computed from the dynamic trajectory of two colloids extracted from a
many-particle simulation. To compute the torque in this case we used two methods. In the
top panel we assume that the torque is τ = m ×Bext(t). Therefore in the many-particle
simulation the external magnetic field, Bext(t), exerts a higher torque due to the additional
drag created by the other colloids. In the bottom panel we assume that the colloids rotate
with constant angular velocity and that the torque is τ = M−1

rr ω.
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mobility matrices, Rrt, . . ., depend in principle on the configuration of all the other particles.

We extract the trajectory of a small cluster of particles from a many particle simulation and

we measure the active forces between two colloids centered in the cluster; see Fig. 3.11 top

panels. To measure the relative force between two particles we apply a constant torque τ =

M−1
rr ω to only two of the particles. However, as the other colloids reflect the hydrodynamic

interactions they affect the result [111]. Figure 3.11 shows that the active forces converge

quickly with the number of particles in the cluster, and reach the steady state for clusters

with about 16 colloids. This result could have been expected from the fast decay of the force

with distance presented in Fig. 3.9. We can also see that, as in the two particle simulation,

the longitudinal component averages to zero while the transverse component reaches a finite

value. These results demonstrate that the transverse forces can be taken to be independent

of the system size as we did in the minimal model.

3.3.3.2 Magnetic dipole-dipole interactions

The magnetic force, Fij = ∇(mi · Bj), on the colloid i exerted by the colloid j can be

decomposed in transverse (⊥) and longitudinal (‖) components. Since the particle dipoles

align with the external magnetic field it can be assumed that both dipoles are parallel, i.e.

mi = mj , in that case [101]

F ‖(t) =
3µ0m

2
0

4πr4

[
1− 3 cos2(2πft)

]
, (3.37)

F⊥(t) =
6µ0m

2
0

4πr4
sin(ωt) cos(2πft), (3.38)

and averaging over one period (see Fig. 3.12)

〈F ‖(t)〉 = −3µ0m
2
0

8πr4
, (3.39)

〈F⊥(t)〉 = 0. (3.40)
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Figure 3.11: Active force for several system sizes. The top panels show a snapshot of
the two colloids(in blue) subject to an external torque within a small cluster (in yellow). The
trajectories of those particles are extracted from a 2000 particle simulation (in red) surround-
ing the cluster. The bottom panels show that the longitudinal and transverse components
of the force converge quickly with cluster size.

To a first order approximation the dipole-dipole interactions do not generate transverse

forces. In the chiral fluid small deviations from a perfect alignment exist. For example, it

is possible that the lags between the dipoles and the external magnetic field depend on the

local density (via friction). In that situation the dipole-dipole interactions could introduce

weak transverse force proportional to the density gradient. Figures 3.12 and 3.13 show the

component of the magnetic forces. The transverse components average to zero.

3.3.3.3 From full hydrodynamics to the minimal model

The full hydrodynamic model allows realistic simulations of the chiral fluid, however, the

high computational cost of solving the Stokes equations prevents us to simulate systems
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Figure 3.12: Dipole-dipole magnetic forces. (Left) Longitudinal and transverse compo-
nents of the magnetic force versus time. (Right) Average magnetic force versus distance.

0.0 0.5 1.0 1.5 2.0
t / (1/f)

0.020

0.015

0.010

0.005

0.000

0.005

0.010

F
/(

3
0
m

2 0
/4

)

F
F

0.0 0.5 1.0 1.5 2.0
t / (1/f)

0.10

0.05

0.00

0.05

F
/(

3
0
m

2 0
/4

)

Figure 3.13: Magnetic forces between colloids. Longitudinal and transverse compo-
nents of the magnetic force for spheres (left) and superellipsoids (right). The dashed curves
are computed from synthetic trajectories (dipoles are parallel) while the solid curves are
computed from dynamic trajectories extracted from a many-particle simulation.

with more than ∼2500 colloids. The minimal model of Sec. 3.3.1 has the advantage of a

lower computational cost, which opens a window to simulate massive systems (∼105 colloids)

during large periods of time. Both models can be connected through the mobility equation
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(3.30), from which we can write the colloidal velocity as

γu = γMttf + γMtrτ , (3.41)

where γ is a friction coefficient. Both terms in the right hand side of (3.41) can generate

longitudinal and transverse forces. However, as discussed above, the active torque gener-

ates mostly transverse forces while the first term generates mostly longitudinal forces. We

therefore simplify, Eq. (3.41) to Eq. (3.5) of the minimal model,

γẋ = Flongitudinal + Ftransverse. (3.42)

By neglecting the many body hydrodynamic interactions, the minimal model reduces the

computational cost while still capturing the nature of the main physical interactions between

the colloids.

3.3.4 Dislocation self-motility & collective behavior

By initializing simulations with a single dislocation in an otherwise perfectly ordered triangu-

lar crystal, we are able to observe the motion of dislocations isolated from interactions with

other defects in both minimal and full hydrodynamic simulations. As shown in Figure 3.6c,

we observe that the glide speed is frequency dependent. When the longitudinal interactions

between particles are isotropic, corresponding to time-averaged magnetic interactions (Sec-

tion 3.3.5 and Section 3.3.6), the glide velocity is a monotonically increasing function, with

a threshold (Figure 3.6c). This is consistent with the notion of a unidirectional propulsion

resisted by local Peierls barrier [112, 113]. In the case of anisotropic dipolar interactions, at

low frequencies we observe a correction to defect propulsion brought about by a competition

between magnetic and rotational interactions (Figure 3.6c).

The motility of individual dislocations provides a significant twist on the collective dy-
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namics of defects normally driven by elastic interactions [114, 115, 116, 117, 118, 17]. For

example two defects that would normally attract and annihilate in response to elastic forces,

can instead unbind when propelled by transverse forces as shown in Figure 3.6d.

The collective dynamics of several defects is similarly affected. Figure 3.6e shows snap-

shots from simulations in which we initialized a finite size grain in an otherwise perfect crystal

and varied the rotation frequency. Altering the frequency affects transverse interactions most

strongly and thus enables us to tune the balance between stabilizing elastic interactions and

defect motility. As shown in Figure 3.6e, the grain size is set by the competition between

motility and defect interactions. At low rotation frequencies the grains are stable, and their

size becomes larger when the defect’s propulsion direction is outwards. Similarly, they shrink

and collapse for inwards defect motility. When the system is driven sufficiently strongly, the

defect motility overpowers the elastic interactions resulting in unstable grain boundaries. In

the following sections, we investigate these individual and collective dynamics at length in

both the minimal model (Section 3.3.5) and full hydrodynamic (Section 3.3.6) simulations.

3.3.5 Dislocation dynamics in minimal model simulations

To isolate the novel dynamics of self-propelled dislocations in chiral crystals we create ini-

tial configurations corresponding to isolated dislocation, a pair of opposite dislocations, and

closed circular grain-boundary. As illustrated in Figure 3.14, to generate the initial con-

figuration we begin with a defect-less triangular lattice, and displace a triangular wedge

(triangular wedges) whose tip coincides with the desired location(s) of the dislocation(s).

We then insert two additional semi-infinite rows of particles in each resulting gap and per-

form a Delaunay triangulation to create a network of springs whose rest-length is the desired

lattice spacing. We then relax the system of springs to a minimum energy configuration.

This process results in an initial configuration that has the desired number and orientation

of defects, and minimal residual even stresses.
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Figure 3.14: Steps to create one dislocation. a. A perfect hexagonal grid is used. b.
Slicing a wedge of π/3 from the lattice and moving it one plane upward. c. The missing two
lines are filled with new colloids, thus creating the topology of a defect. d. Each colloid is
connected with springs to his neighbor. e. The spring system is simulated until it is fully
relaxed. f. The resulted grid, with the dislocation in the middle in red and black

3.3.5.1 Dislocation self-propulsion by odd stress

We investigate the self-propulsion of dislocations by creating an initial configuration consist-

ing of a single dislocation in an otherwise defect-free crystal. As shown in Figure 3.15, we

find that the dislocation generically moves in the direction of the Burgers vector. By track-

ing the movement of the dislocation, we are able to extract the velocity-dependent motility

displayed in Figure 3.15c. At frequencies Ω ≥ 4Ω0 the measurement is carried out before

the lattice destabilizes to the crystal whorl state.

As discussed in Section 3.3.4, we interpret this behavior by looking on the density of

the lattice surrounding the dislocation. Because the transverse interactions decrease with

distance, a density gradient results in a net transverse body force on the lattice. The density

above the dislocation is higher than the density below it resulting in an elastic shear that

is precisely aligned to propel the dislocation to glide in the direction of the Burgers vector.

The propulsion mechanism is thus analogous to a self-generated Peach-Koehler force. At
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low enough frequencies, the dislocation does not move at all due to the Peierls potential.

We note that in our system this occurs at frequencies that are ∼40 times lower than the

transition frequency 4Ω0.

We also considered full magnetic interaction between the colloids, where for low frequen-

cies the magnetic stresses can revert the direction of the dipole movement. The colloids

in this case were rotated at a constant angular frequency Ω and acted on each other with

anisotropic dipole and with the transverse interaction defined in Eq. (3.8).
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Figure 3.15: Dislocation movement due to odd forces. a-b show the movement of the
dislocation in a representative simulation at 4Ω0. a. The colloids are colored by the inverse
area of the Voronoi cell around the particle, to show the local density of the crystal. The
density above the lattice is 5% higher than the regular density of the crystal. b. Each colloid
is colored by its orientation angle θ6, we see a misalignment near the dislocation. The 5-7
pair is marked by black and blue. c. The average velocity of a dislocation vs. the frequency
of the external field for average dipole (blue) and true dipole (orange) interaction. Inset
- low frequencies for average dipole the dislocation does not move, presumably due to the
Peierls potential.

3.3.5.2 Pair of opposed dislocations

Next, we examine the behavior of two dislocations having opposite Burgers vectors and

thus opposite directions of motility. As illustrated in Figure 3.16, we find that, at any given
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frequency, there is a threshold distance below which the dislocations travel towards each other

and annihilate. Above this threshold, they travel apart indefinitely. The boundary between

motility-driven dislocation unbinding and canonical annihilation is shown in Figure 3.16c.
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Figure 3.16: The interaction between two dislocations. a. Density field around two
dislocations starting 20 lattice sites from each other. Without odd stresses the dislocations
attract each other, the self propulsion created by the odd forces tear them apart. b. Velocity
of the dislocations without odd stresses when starting far from each other. c. The velocity
of the dislocations vs the initial distance and the frequency of the external field. White areas
show zero velocity, where the dislocations are stable. d. Time series of the distance between
the dislocations for r0 = 20σ.
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3.3.5.3 Circular grain boundary

Finally, we discuss the case of a circular grain. To create the initial configuration, we simply

select particles within a radius of 20 lattice spacings from the center of a perfect crystal. We

then rotate the region by 6 degrees about its center, and proceed as above by triangulating

to create a lattice of springs and relaxing it to a minimal energy configuration. Finally we

run the full MD simulation with transverse forces turned off. The process is illustrated in

Figure 3.17. The result is a grain that is stable in the absence of transverse forces and

is surrounded by a grain boundary consisting of dislocations whose Burgers vectors are

perpendicular to the grain boundary.
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Figure 3.17: Creating initial circular grain. a. The original lattice with the grain in
black. b. The grain is rotate by 6 degrees. c. The colloids are connected to the neighbors
with springs. d. The spring system is relaxed . e. The resulted lattice after the spring
system is relaxed. dislocations are shown in green and red. f. The fully relaxed system after
running the simulation for a few second without odd stresses
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When transverse forces are turned on, we observe a change in the radius of the grain as

shown in Figure 3.18. As in (A), if the motility of the defects is outwards, the grain expands

(right). For low motilities, the expansion stops at some point and a new bigger stable grain

is constructed, while for higher motilities the grain keep expanding (see Figure 3.6). For

sufficiently low motilities in either direction (middle), the grain is static. Finally, if the

motility is inwards, the grain shrinks and fully disappears for sufficiently high motilities

(left). The area of the central grain for various motilities in both directions is plotted in (B),

showing each of these behaviors.

A B

Figure 3.18: Grain boundary motility. (A) A circular grain can shrink (left) for inward
dislocation motilities, and will annihilate for sufficiently high motilities. At low motilities,
the grain is static (middle). For outward motilities, the same grain expands, with the
growth unbounded for sufficiently high motilities. (B) The area of the grain is plotted
versus time for systems driven to have inward motility (Ω × sign(∆θ) < 0) and outward
motility (Ω × sign(∆θ) > 0), showing the aforementioned classes of behavior, where ∆θ is
the angle mismatch between the grain and outside.
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3.3.5.4 Defect creation in a non-uniform density field

After exploring the dynamics of pre-existing dislocations in the lattice, we now demonstrate

a mechanism for the creation of defect pairs in the lattice. We create a density gradient in

a perfect lattice, by displacing particles in an otherwise uniform lattice by an amount:

δx = ax · exp

(
− x2

2σ2
x
− y2

2σ2
y

)
(3.43)

This transformation moves particles away from each other near the origin, the resulting less

dense area is encircled by an annular region higher than normal density. By having different

σx and σy, the state created has a stronger gradient in one direction, while the change in

the other direction is more moderate.

In the result showed in Figure 3.19, the parameters used to apply the strain were σx =

4σ, σy = 14σ and a = 4σ. As explained in Section 3.3.4 and discussed above, a sufficiently

high density gradient produces a shear stress. If the stress is above the yield stress of the

crystal, dislocation pairs unbind, producing defects with opposite Burgers vectors, which can

then unbind powered by their motility. The production rate of the defects depends on the

strength of the odd forces; the stronger the odd forces, the more dislocations will unbind

from the initial density gradient, and the more dislocations will subsequently be produced.

3.3.6 Dislocation dynamics in full hydrodynamic simulations

Following the methods outlined in Section 3.3.5, we investigated the motility of isolated

dislocations in the full hydrodynamic simulations and find a rotational frequency-dependent

motility as shown in Figure 3.20. At moderate to high rotational drive frequency, the motility

is a monotonically increasing function of frequency. At low frequencies, however, we find that

the direction of motion depends on the details of the model for the magnetic interactions

between colloids. For anisotropic dipolar interactions, the dislocation reverses direction at
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Figure 3.19: Dislocations created from density field. (A) As the frequency is increased,
the relative density and dislocations are plotted at snapshots in time, revealing increased
dislocation unbinding for stronger odd forces. (B) For a few frequencies, plotting the number
of dislocations versus time reveals an initial period of unbinding followed by a slower merging
and unbinding period. (C) The final number of dislocations grows with frequency above a
threshold.

low frequencies, however for an isotropic dipolar interaction that corresponds to the average

of the anisotropic dipolar interaction over a cycle, the motility is a monotonically increasing

function with a frequency threshold. A similar behavior is observed in the minimal model

simulations.
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Figure 3.20: Dislocation self-propulsion by odd stress. A single dislocation propagates
along a straight line with a frequency dependent speed. Results for true-dipole interactions
(blue circles) and averaged dipole interactions (orange squares) between spherical colloids.
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3.4 Transport & bulk flow of crystalline ‘whorls’

In the polycrystalline state we observe in our experiments, the instability of grain boundaries

results in the exchange of dislocations between adjacent grains, as well as defect proliferation.

These nonlinear dynamics drive the system to the dynamical crystal whorl state erasing any

memory of the initial configuration.

Figure 3.21: Transport in the crystalline whorl state. a, The self-kneading of crys-
talline patches of material is tunable through the rotation frequency to yield a range of scales.
Same colormap as in Figure 3.1c. b, These states are characterized by an exponential distri-
bution of grain sizes, dashed straight lines represent the slope of the associated exponential
fit. c, Accordingly, the average size of grains in the steady-state tends to decrease with
frequency. Error bars, which are smaller than markers, represent standard error. d, The
constant structural kneading of the chiral whorl state by topological defects introduces novel
mixing properties which can be imaged by artificially dying stratified layers in a crystal that
subsequently bleed into each other. e, By contrast to conventional diffusive processes, the
smearing of the fluid over time is a strongly anisotropic process, wherein an example blob
of fluid is pulled apart by the flow between two chiral whorls. f, The pairwise separation
(δx)2 plotted versus time t for particles initially in close proximity suggests that this abnor-
mal spreading gives rise to superdiffusive behavior, which itself is a function of rotational
frequency. Error bars represent standard error.

The flow field v(xi) that emerges from the combination of motility and proliferation

can be readily measured from individual particle trajectories and its corresponding vortic-
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ity ω(xi) is shown in Figure 3.1c. When time-averaged, this flow field corresponds to a

quiet bulk (Section 3.4.1) and a lively edge [18]. However our time-resolved measurements

reveal instantaneous dynamics shaped by unsteady vortical flows illustrated in Figure 3.1c.

The dynamical and structural pictures of this chiral whorl state are aligned. As seen in

Figure 3.1b-c, the grain boundaries support strongly localized flows having a vorticity op-

posite to the particle rotation. By contrast, the grains correspond to low positive vorticity,

intermittently interrupted by isolated dislocations zipping through.

In this chaotic stationary state, the balance between even and odd forces remains the

controlling parameter that determines the characteristic size of the chiral whorls, which can

be viewed through the vorticity in Figure 3.21a and the distribution of crystalline grains

in Figure 3.21b-c. We present this characterization for experiments (Section 3.2.3 and Sec-

tion 3.4.1), minimal model simulations (Section 3.4.2), and full hydrodynamic simulations

(Section 3.4.3). The sustained proliferation and annihilation of motile dislocations is remi-

niscent of active nematics where motile disclinations power spatiotemporal chaos [119]. Here

dislocations give rise to self kneading crystal whorls.

This self-kneading of the crystal phase results in enhanced mixing which can be qual-

itatively captured by artificially tagging the colloids and watching them spread; see Fig-

ure 3.21d. As shown in Figure 3.21e, an artificially dyed blob spreads anisotropically before

disintegrating into separate blobs, hinting at a mechanism reminiscent of Richardson diffusion

in turbulence. We investigate this quantitatively by tracking the mean squared separation

between pairs of particles in the chiral phase. Figure 3.21f shows that pair separation is

super-diffusive above a separation that corresponds to the characteristic grain size due to a

punctuated mix of conventional diffusion within crystalline whorls and Richardson-like dif-

fusion between them. Note that tuning the frequency of rotation alters both the basic unit

of time as well as the domain size (Figure 3.21d and e) enabling effective diffusion rates to

be tuned over orders of magnitude.
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Is the crystal whorl state generic? We repeated the experiments shown in Figure 3.1

while varying the applied magnetic field strength, adding a static vertical component of

magnetic field, and varying the shape of the magnetic particles (Section 3.4.4) Additionally,

we varied the microscopic interactions in our minimal model simulations (Section 3.6.4.3).

Finally, in full hydrodynamic simulations, we simulated spheres and cubes that interact both

magnetically and via isotropic attraction potentials (Section 3.4.3). In all cases we find that

when transverse interactions dominate, the systems self-organizes into a crystal whorl state,

supporting the notion that this state is generic. In the sections that follow, we characterize

the whorl states and show that they are generic.

3.4.1 Vorticity characterization

We extract the velocity field vi from the trajectories xi(t) of the tracked particles. The

local vorticity at the site of the ith particle, ωi can then be readily measured at the single

particle level by computing the associated circulation
∮
v · dl around each Voronoi cell and

dividing by the area of the cell. We can then perform coarse-graining of the vorticity field as

in Section 3.2.2. Alternatively, the vorticity can be directly computed from the rate-of-strain

tensor of the interpolated velocity field for simulation data.

Upon interpolating the particle level vorticity to field ω(x), we present in Figure 3.22 a

typical vorticity map and arrows representing the particle level flow for various rotation fre-

quencies (A). The distribution of vorticities (B) reveals a skewed distribution that broadens

rapidly with rotation frequency. By thresholding, binarizing, and segmenting the interpo-

lated vorticity field, we can segment the experimental volume into individual vortices, and

then compute the average particle level vorticity therein. As in (C), the vorticity is roughly

independent of the size of these vortices, ξω, but does scale with the rotation rate at the

particle level. Finally, we demonstrate in (D) the correlation between vortical and crystalline

structure by plotting the average vorticity for particles with varying local crystalline order
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Figure 3.22: The chiral whorl steady-state: vortical structure. (A) Given a set of
particle velocities, we estimate the vorticity on each particle. These measurements can be
interpolated to extract a local vorticity field. Snapshots of the vorticity field are presented for
increasing particle rotation frequencies. (B) For crystals driven over a range of frequencies,
the distribution of vorticity is slightly asymmetric and tends to broaden with frequency. (C)
Meanwhile, within the ordered regions, there is no strong correlation between the size of a
vortex patch, ξω, and the average vorticity within the patch ω̄ for sufficiently large vortices.
(D) At the location of each particle, the vorticity field can be compared with the bond-
orientational order to observe that vorticity tends to be positive in ordered regions (grains)
and negative in disordered regions (grain boundaries).

|ψ6|, showing rotation with the external field within crystals and counter-rotation in the less

ordered regions between.

The bulk flows of the chiral whorl state are intermittent, and the structure therein only

survives over small timescales. To illuminate this distinction between these short-lived flows

and the long-lived currents on the free surface of a chiral medium, we compute the time-

averaged velocity and vorticity, as plotted in Figure 3.23A-B. From these snapshots, we

extract the mean squared velocity v̄2, variance in the velocity 〈(v − v̄)2〉, and variance in the
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Figure 3.23: Time-averaged flows over various scales. Snapshots of the (A) flow v(x)
(v ≡ |v|) and (B) vorticity ω(x) time-averaged over a specified number of particle rotations.
(C) The mean squared velocity v̄2, variance in the velocity 〈(v − v̄)2〉, and variance in the
vorticity 〈(ω − ω̄)2〉 as a function of time-averaging window.

vorticity 〈(ω − ω̄)2〉, as plotted in (C), demonstrating that beyond a very small number of

rotations, the flows average out and become unstructured.

3.4.2 Crystalline whorls in minimal model simulations

Simulations of a large droplet with 250,000 particles reveal that for spinning frequencies

Ω ≤ 4Ω0, the bulk crystal structure is stable. For frequencies Ω > 4Ω0, the transverse forces

are strong enough to break the lattice structure. The behavior is shown in Figure 3.24,

where we show snapshots of the (A) crystalline order θ6 and (B) vorticity ω extracted as

in Section 3.2.2 and Section 3.4.1 for late times from four different frequencies: 2Ω0 where

the crystal is stable, 5Ω0 where low angle grain boundaries appear but the crystal does not

fully break, 8Ω0 where the crystal breaks, and 11Ω0 where the crystal breaks into smaller

crystallites.

In addition, we segment the crystal into domains and identify grain boundaries as in

125



Section 3.2.2, yielding an exponential distribution of domain sizes (C), and showing that the

typical domain size rapidly drops at the critical frequency separating stable and unstable

crystals (D). The same trend is observed in both the unweighted (E) and weighted (F) grain

boundary length, which increases with frequency. This behavior closely resembles the steady

state phase behavior we observe in our experiments.

C D E F

A

B

Figure 3.24: Steady-state characterization. Snapshots from the steady-state of large
droplet simulations are plotted to show (A) the bond-orientational angle parameter θ6, and
(B) the vorticity field ω. (C) The exponential distribution of domain sizes ξθ suggests a
(D) typical size 〈ξθ〉 that decreases with frequency. The (E) grain boundary length and (F)
weighted grain boundary length increase with frequency.

3.4.3 Crystalline whorls in full hydrodynamic simulations

As shown in Figure 3.25, we find that our simulations produce steady states that closely re-

semble those observed in our experiments. At low frequencies the system remains crystalline,
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with the order punctuated by occasional motile dislocations originating at the boundary and

traversing the system. As the rotational drive is increased, we find the droplets destabilize

to the crystal whorl state, which is characterized by both polycrystalline structure (Fig-

ure 3.25A), and vortical domains (Figure 3.25B). We characterize the polycrystalline steady

state to extract the domain size distribution, mean grain size, and total length of grain

boundary as in Figure 3.25C-F, revealing that the tuning of structure through rotational

drive remains a generic feature across both experiments and simulations.

The crystal whorl state is robust to variations in the shape and potential interactions

between the particles. Figure 3.26 shows snapshots of the steady state for all combinations of

superellipsoidal and spherical particles with true dipolar and isotropic dipolar interactions.

While the steady states of these systems are defined by variable levels of structure in the

vorticity field, all fragment into a polycrystalline phase.

3.4.4 Variations of a chiral crystal

The crystal whorl phase discussed above is not unique to either the particle shape or the

details of the particle rotations. To demonstrate the generic nature of the crystal whorl

phase in our experiments, we prepare a crystal in the same way as described in Section 3.2.1,

using hematite ellipsoidal particles with a dipole moment perpendicular to their long axis

instead of hematite cubes. When spun, these colloids typically stand upright and rotate as

illustrated in Figure 3.27, forming a colloidal polycrystal with a grain size distribution akin

to that which is reported in Figure 3.21, as shown in Figure 3.27.

For the hematite cubes discussed elsewhere in this paper, we can also modify the proper-

ties of the rotating magnetic field, and in turn the details of the polycrystalline whorl phase.

In Figure 3.28, we demonstrate that the magnetic field strength B0/B
0
0 , which is rescaled by

the default magnetic field magnitude B0
0 , can be tuned sufficiently low to prevent the for-

mation of a crystal whorl phase. Below a threshold magnetic field strength, the interaction
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Figure 3.25: Steady-state characterization. A chiral polycrystalline steady-state is
formed by spherical colloids spun with increasing frequency from left to right (f =
2, 3, 6, 10 Hz). (A) The Voronoi cells of each particle can be colored according to the angle
θ6 of the bond-orientational order parameter ψ6, revealing that crystalline fragmentation
increases with frequency. (B) The vortical structure of the flow formed by these particles
reveals patches of vorticity corresponding to crystalline domains and interstitial flows cor-
responding to motile dislocations. (C) The polycrystalline structure can be analyzed by
investigating the distribution p(ξθ) of domain sizes ξθ, (D) the average domain size 〈ξθ〉 as a
function of frequency, and the (E) unweighted and (F) weighted cumulative amount of grain
boundary.

between the particles’ magnetic dipoles is too weak to consistently rotate the particles at

a constant rate. However, above a threshold, the distribution of domain sizes is no longer

effected by this control parameter.

We can also tune the angle θ between the plane of particle rotation and the magnetic

field, as illustrated in Figure 3.29. The effect on the magnetic dipoles can be viewed as

a superposition of the usual pairwise interactions between rotating dipoles, which are on
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Figure 3.26: A universal steady-state, independent of particle shape and interac-
tions. Local crystalline order and vorticity field for steady-state chiral whorl states composed
of different particle shapes and interactions: superellipsoidal particles interacting through
(A) true magnetic dipoles and (B) isotropically approximated dipoles; spherical particles
interacting through (C) true magnetic dipoles and (D) isotropically approximated dipoles.
In all cases the crystal breaks in domains at frequency f = 10 Hz.

average attractive, and repulsive interactions between vertically aligned dipoles. Thus, θ

tunes the repulsion between particles, and in turn can be tuned to break up the crystalline

phase.
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Figure 3.27: Constructing a spinner crystal from ellipsoidal colloids. (A) A crystal
is constructed from ellipsoidal particles that spin about their long axis. (B) These ellipsoids
form a crystalline phase reminiscent of the polycrystalline whorl phase shown in Figure 3.1.
(C) By tuning the rotation frequency, the distribution of grains can be altered to yield (D)
decreasing average grain sizes.
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Figure 3.28: A spinner crystal with inconsistent particle rotation. (A) Magnetic
hematite cubes are rotated with a magnetic field with magnitude B0, which tuned to a
fraction of the value reported elsewhere in this paper, B0

0 . (B) Above a threshold field
strength, the polycrystalline whorl phase shown in Figure 3.1 is reproduced. Below this
threshold, particle rotation is inconsistent and the whorl phase breaks apart. (C) The same
structure is visible in the vorticity field. (D) By tuning B0/B

0
0 , the distribution of grains is

not altered above this threshold, which is reflected in (E) constant average grain sizes.
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Figure 3.29: A spinner crystal with repulsive magnetic interactions. (A) The angle
θ is tuned to reduce particle-particle attraction. (B) The polycyrstalline whorl phase is
observed until the system becomes sufficiently repulsive. (C) The same structure is visible
in the vorticity field. The polycrystal fragments steadily with θ, as seen in (D) the domain
size distribution and (E) the average domain size.
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3.5 Continuum elastic theory

To gain further insight into the origins of this new state of matter, we adopt a continuum

perspective and investigate destabilization mechanisms within this approach. As illustrated

in Figure 3.30, the microscopic rotational drive induces transverse interactions between the

constituent particles which in turn give rise to active stresses in the crystal phase. To gain

an essential insight, we first consider the simplified case of a material in which neighboring

particles interact via constant pairwise transverse forces. Figure 3.6, shows how such inter-

actions naturally give rise to a uniform anti-symmetric odd stress [56, 43, 18], as well as

all elastic moduli that can arise in an isotropic solid when energy conservation cannot be

assumed [10]. As shown in Figure 3.30b-c, the moduli originate geometrically through the

changes in perimeter of an infinitesimal material patch. A dilation (b) does not alter the

total force on the edge, but increases the perimeter, thereby coupling dilation and rotational

stress. Similarly, a shear deformation (c) alternately increases and decreases the length of

the edges giving rise to a rotated shear stress (Section 3.5.1.2).

The addition of spatial dependence to the interaction forces (Section 3.5.1.3) makes es-

timating the moduli more challenging, however it does not alter the basic conclusion that a

crystal of spinning particles is a quintessential odd elastic solid. Measuring the deformation

field in a collection of nearly-circular, mono-crystalline droplets (Figure 3.30e-f) provides

corroborating evidence from experiments and simulations. The droplets rotate at a constant

angular velocity that decreases with their radius R. Regardless of the droplet size, they

consistently display a radial strain profile that varies from compressive in the center to dila-

tional on the edge. Within an elastic description, this qualitative feature must originate from

odd-elastic moduli. A continuum prediction of the strain field (Section 3.5.2.2) confirms this

intuition and predicts the shape of the density profile, as illustrated in Figure 3.30d.

In the following sections, we discuss the origins of the elastic response that arises due to

transverse forces in Section 3.5.1. Then, to compare with the results shown above, we com-
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Figure 3.30: Odd response in the steady-state. a, A patch of material built of particles
that interact with their neighbors via constant, separation-independent transverse forces f
parallel to the material’s edge sustains a net odd stress 2ηRΩ = nf/L on its edge, where
n is the number of particles on an edge of length L (see Section 3.5.1.2 for a more general
discussion). On each edge, the macroscopic total force F = nf is unchanged upon dilating the
edge, but as the length L of the boundary is increased, there is a net change in stress ∆(F/L)
in a direction opposite to the odd stress. b, For a uniform dilation, the deformation leads to a
net counter-rotational stress. This coupling between dilation and rotation is denoted by K2

⊥
in the elasticity tensor. c, Likewise, for a shear deformation, the system acquires a net rotated
shear stress, representative of the odd elasticity Ko. d, In a droplet of crystalline material,
the odd stress induces a net rotation, balanced by friction with the substrate. The naturally
occurring azimuthal distortion generates, via the odd elastic moduli, a characteristic radial
density dependence (Section 3.5.2.2). e, We observe this signature of odd elastic response
in experiments on droplets by measuring the dilational component of the strain through the
relative density δρ/ρ. f, In both the experiments and simulations, δρ/ρ transitions radially
within a droplet from contracting to dilating in a manner independent of droplet radius R.
In both cases, we obtain excellent qualitative agreement with the theoretical prediction for
the transition radius, denoted by the dashed line (Section 3.5.2.2).

134



pute the elastic steady-state for a sheared or rotated odd crystal in Section 3.5.2. We finally

measure the elastic strain just as we did in Figure 3.30 for a spring model (Section 3.5.3.1),

the experiment (Section 3.5.3.2), and the minimal model simulations (Section 3.5.3.3).

3.5.1 Continuum theory: elasticity in the presence of transverse forces

In this section we discuss the continuum elastic description of crystallites in our system.

Works on parity breaking elasticity [10] and viscosity [18, 43, 6, 56] provide a natural frame-

work. In Section 3.5.1.1 we recall the odd elastic description of a linear elastic medium in

the absence of energy conservation (we leave the analogous discussion of viscosity for Sec-

tion 3.6.1.1). In Sections 3.5.1.2-3.5.1.5 we examine approaches to the computation of elastic

moduli from microscopic interactions, including constant transverse forces (Section 3.5.1.2),

linearized forces restricted to nearest neighbors (Section 3.5.1.3), as well as more general

interactions that extend beyond nearest neighbors (Sections 3.5.1.4 and 3.5.1.5). We also

show that these coefficients can be numerically estimated by applying a finite strain to a

triangular lattice of particles in Section 3.5.1.5.

3.5.1.1 Odd elasticity

As detailed in Ref. [10], the elastic stress-strain relation for isotropic media admits additional

‘odd’ elastic moduli in the absence of energy conservation. Restricting this analysis to two-

dimensional isotropic solids, we recall the fully general elastic stress-strain relation σE
ij =

Kijklukl for strain tensor uij = ∂iuj , of the form:

σE
ij = σ

b,E
ij + σ

v,E
ij + σ

os,E
ij + σ

o,E
ij + σ

⊥,E
ij , (3.44)
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which is comprised of the stresses:

σ
b,E
ij = λ0δij∂kuk, (3.45)

σ
v,E
ij = µ(∂iuj + ∂jui − δij∂kuk), (3.46)

σ
os,E
ij = −µRεijεkl∂kul, (3.47)

σ
o,E
ij = Ko

(
∂kεikuj + ∂iεjkuk

)
, (3.48)

σ⊥,E = δijK
1
⊥εkl∂kul +K2

⊥εij∂kuk. (3.49)

Using the compact representation of Ref. [10],







=




λ0 K1
⊥ 0 0

K2
⊥ −µR 0 0

0 0 µ Ko

0 0 −Ko µ









. (3.50)

λ0 and µ, are the canonical bulk and shear moduli, and in addition we have a rotational

modulus µR analogous to the rotational viscosity, the odd elasticity Ko, and the elastic

analog to the Magnus viscosities (Section 3.6.1.1), the moduli K1,2
⊥ [10].

In addition to the elastic stress there are two constant stresses, namely the pressure pδij

and the odd stress σspin
ij , discussed in Section 3.6.1.1. These stresses do not contribute to the

dynamics inside the bulk, as this dynamic is related to the gradient of the stress, however

they do contribute on the edge and near singularities such as dislocations and disclinations.

The total stress in light of this correction is

σij = σE
ij − pδij + σ

spin
ij (3.51)
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3.5.1.2 Odd moduli as a result of constant transverse force

In Ref [10], the odd elastic moduli arise as a result of spatial variation of the transverse

force, and the equilibrium point for the transverse and the longitudinal forces are the same.

In a more general case, which is also the case in all the systems under consideration in this

work, the transverse force is nonzero at the equilibrium point of the longitudinal force. One

feature of such a force, which was not discussed in previous works, is that it alone is enough

to produce nonzero odd elasticity Ko and second analogous Magnus elastic modulus K2
⊥.

The emergence of these odd stresses can be explained by a simple geometric argument,

pictured in Figure 3.31. The forces on the edge of each Lagrangian element do not change by

isotropic deformation. The stresses, however, are defined by the force divided by the length

of the edge, therefore, the stresses σij have a linear correction for an isotropic infinitesimal

deformation of the lattice. When the deformation is not isotropic, this effect still exists,

however there may be additional contributions arising as a result of a change in the direction

of the force by the deformation. Nevertheless, by examining the direction of the changes

that arise only from the change of the length, it is easy to see that both K2
⊥ and Ko arise,

as can be seen in the Figure 3.31. The contributions to the odd moduli can be realized by

looking at the work done by the odd force when quasistatically moving a single bond along

a closed strain cycle. The odd force does work on both angular sides of the cycle, but the

work on the outer side is larger because the length of it is longer. See Figure 3.31(D). In the

macroscopical description, work done by a strain cycle can only come from the odd moduli

(δW =
∮
Cijmnuijdumn).

Spatially varying microscopic transverse interactions also generally give rise to odd elastic

coefficients. Connecting the elastic coefficients to the detailed microscopic interactions can

be technically more challenging, as discussed in the following sections.
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Figure 3.31: Odd elastic moduli and cycles. (A) A patch of material built of particles
that interact with their neighbors via constant, separation-independent transverse forces f
sustains a net odd stress σodd = αnf/L on its edge, where α is a geometrical factor and n is
the number of particles on an edge of length L. On each edge, the macroscopic total force F =
αnf is unchanged upon isotropic dilation of the edge, but as the length L of the boundary
is increased, there is a net change in stress ∆(F/L) in a direction opposite to the odd stress.
This argument also holds in case of anisotropic deformation, and additional contributions
to the change in the stress may rise from changes in the geometrical factor α. (B) For a
uniform dilation, the deformation leads to a net counter-rotational stress. This coupling
between dilation and rotation is denoted by K2

⊥ in the elasticity tensor. (C) Likewise, for
a shear deformation, the system acquires a net orthogonal shear stress, representative of
the odd elasticity Ko. (D) We take a bond between two particles that interact purely by
odd force on a quasistatic strain cycle. The work done on the inner azimuthal segment is
cancelled by the work done on the outer segment, yielding net positive work. (E) One can
also obtain work from an odd spring, wherein the work done on the radial segments cancels,
but there is again uncompensated work done on the outer azimuthal leg.

3.5.1.3 Odd spring model (nearest-neighbor interactions)

We consider an hexagonal lattice with particles at positions

`
(
n
√

3x̂ +mŷ
)

and `
[(
n+

1

2

)√
3x̂ +

(
m+

1

2

)
ŷ

]
(3.52)
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where ` is the lattice step and n and m are integers. Following [10] we define an odd

spring model, where each vertex is connected to its nearest neighbors by a regular spring

(with stiffness k) and an odd spring (of strength ko) which induces a force in the transverse

direction. We also add a constant odd force η` to this model. Overall, each vertex exerts

the following force on a neighbor at distance r and angle θ:

F(r, θ) = −k (r − `) r̂ + (η`− ko (r − `)) θ̂. (3.53)

Our goal is to compute the stress tensor of the system σ = (Tx,Ty)T where Tx is the

force by unit of length across a cut normal to x̂ (exterted by the right part onto the left one)

and Ty is the force by unit of length across a cut normal to ŷ (exterted by the top part

onto the bottom one). As the interactions are only between nearest neighbors, and using

the periodicity of the lattice, one finds that

Tx = −1

`

{
F
(
`,
π

6

)
+ F

(
`,−π

6

)}
= −
√

3ηŷ, (3.54)

Ty = − 1√
3`

{
2F
(
`,
π

2

)
+ F

(
`,
π

6

)
+ F

(
`,

5π

6

)}
=
√

3ηx̂. (3.55)

This corresponds to a constant odd stress σij = (−εij)σodd with σodd =
√

3η in the absence

of deformation. We now investigate the four deformation modes: rotation, dilation, pure

shear 1 and pure shear 2.

Response to a rotation The unperturbed stress tensor (which is a twice-contravariant

tensor) is invariant with respect to rotations. Therefore, there is no response to rotations:

K⊥1 = µr = 0.

Response to a dilation We consider a dilation of factor ε � 1. This corresponds to

multiplying all distances by α = 1 + ε include the unit distances in the x and y directions.
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The forces by unit distance become

Tx = − 1

α`

{
F
(
α`,

π

6

)
+ F

(
α`,−π

6

)}
, (3.56)

Ty = − 1√
3α`

{
2F
(
α`,

π

2

)
+ F

(
α`,

π

6

)
+ F

(
α`,

5π

6

)}
. (3.57)

Performing the computation at order ε, we find a dilation component (Tx ∝ x̂, Ty ∝ ŷ)

and an antisymmetric component (Tx ∝ −ŷ, Ty ∝ x̂). The dilation is associated with a

bulk modulus λ0 while the antisymmetric components yields a Magnus coefficient K2
⊥:

λ0 =

√
3

2
k, K2

⊥ = −
√

3

2
[ko + η] . (3.58)

Response to a shear deformation The first shear mode of deformation with amplitude

ε corresponds to a dilation of amplitude ε along the x direction and a compression the same

amplitude along the y direction. The polar coordinates are transformed according to

(r, θ) 7→ (r′, θ′) = (r[1 + ε cos(2θ)], θ − ε sin(2θ)) .

Assuming that r = `, the force (3.53) transforms as

F(r′, θ′) = η`θ̂ + ε [−k` cos(2θ) + η` sin(2θ)] r̂− εko` cos(2θ)θ̂. (3.59)

We use Eq. (3.54) with a unit length (1− ε)` and Eq. (3.55) with a unit length (1 + ε)` and

obtain

Tx = −
√

3η(1 + ε)ŷ + ε

√
3

2
kx̂ + ε

√
3

2
[ko − η] ŷ, (3.60)

Ty =
√

3η(1− ε)x̂− ε
√

3

2
kŷ + ε

√
3

2
[ko − η] x̂. (3.61)
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The stress tensor has a shear 1 components (Tx ∝ x̂, Ty ∝ −ŷ) associated with a shear

modulus µ, and a shear 2 component (Tx ∝ ŷ, Ty ∝ x̂) associated with an odd elastic

coefficient Ko. These two coefficients read

µ =

√
3

4
k, Ko =

√
3

4
[3η − ko] . (3.62)

One now needs to check that the response to a deformation along the second pure shear

mode is consistent with the values of µ and Ko found for the first pure shear mode. This

can be done explicitly by realizing that the cuts along / across the crystal axes are no longer

normal to x̂ and ŷ. The new normal vectors are x̂′ =




cos ε

− sin ε


 and ŷ′ =



− sin ε

cos ε


 where

ε is the amplitude of the shear mode. The unit lengths normal to these vectors are not

modified (` and
√

3`). At linear order Tx = Tx
′
+ εTy

′
and Ty = Ty

′
+ εTx

′
. One indeed

finds a pure shear stress 2 and a pure shear stress 1 consistent with the values of µ and Ko

written above. Last, one checks that the stress tensor resulting for shear deformations is

independent of the orientation of the lattice.

In conclusion, we have recovered the structure of Eq. (3.50) from the microscopic details

of the odd-elastic springs on an hexagonal lattice. The explicit values of the coefficients are

given above. We note that there is an additional constant odd stress due to the non-vanishing

transverse force applied at a distance of a lattice spacing.

3.5.1.4 Beyond nearest-neighbors interactions

In the previous subsection, we investigated the elastic response of an hexagonal lattice with

nearest-neighbors interactions only. A natural question is what happens if we allow for the

particles to interact at an arbitrary distance. We now consider generic interaction forces
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with isotropic radial and transverse components

F(r, θ) = frad(r)r̂ + ftrans(r)θ̂. (3.63)

We consider successive shells of nearest neighbors and next-nearest neighbors in the lattice

defined by Eq. (3.52). We index these shells by p = 1, 2, . . . . The corresponding distances

are

`1 = `, `2 =
√

3`, `3 = 2`, `4 =
√

7`, `5 = 3`. (3.64)

The computation of Tx can be done similarly to Eq. (3.54). The successive shells involve

a summation over np interactions between the right and the left parts of the system: n1 =

2, n2 = 4, n3 = 4, n4 = 12, n5 = 6. The crucial parameter is the sum of the projections of

the vectors on the x axis,

αp =
∑

k∈Sp
cos θk (3.65)

where Sp is shell p and θk is the angle of the vector with the x axis. The lowest orders are

α1 =
√

3, α2 = 3, α3 = 2
√

3, α4 = 14

√
3

7
, α5 = 3

√
3. (3.66)

The computation with a force given by Eq. (3.63) leads to the following even elastic coeffi-

cients

σpressure = −1

`

∑

p≥1

αpfrad(`p), (3.67)

λ0 = − 1

2`

∑

p≥1

αp
[
`pf
′
rad(`p)− frad(`p)

]
, (3.68)

µ = − 1

4`

∑

p≥1

αp
[
`pf
′
rad(`p) + 3frad(`p)

]
(3.69)
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where σpressure is a constant pressure term. The odd-elastic coefficients are

σodd =
1

`

∑

p≥1

αpftrans(`p), (3.70)

K2
⊥ =

1

2`

∑

p≥1

αp
[
`pf
′
trans(`p)− ftrans(`p)

]
, (3.71)

Ko =
1

4`

∑

p≥1

αp
[
`pf
′
trans(`p) + 3ftrans(`p)

]
. (3.72)

The nearest-neighbors computation of the previous section corresponds to p = 1 only.

The key point is that while the full summation over interactions in the crystal is not

tractable analytically, the structure of Eq. (3.50) extends to higher orders of next nearest

neighbors. The radial interaction forces give rise to even elastic coefficients (only) while the

transverse forces induce odd elasticity.

3.5.1.5 Numerical estimates of elastic moduli

In this section we examine the computation of elastic moduli numerically. We first compare

our results using this method to the prediction of moduli in spring networks and subse-

quently apply this approach to the computation of the elastic moduli in the minimal model

simulations.

Estimating elastic coefficients by finite strain The elastic coefficients in the stress-

strain relation can, alternatively, be estimated numerically by constructing a finite size lattice

and applying a specific strain (i.e. , , , ). Measuring the forces on the boundary of

the patch and dividing by the length of the boundary, we can then extract the stresses (i.e.

, , , ). By gradually increasing the magnitude of the applied strain from zero, we

verify the linear relationship between stresses and strains and deduce each of the entries in

Eq. 3.50 from the slope. This procedure is illustrated in Figure 3.32 for the specific case of

measuring Ko from applying a shear deformation.
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Figure 3.32: Measuring elastic coefficients. (A) A cartoon representation of a strain
( ) being applied to a lattice, from which the normal and tangential forces on its boundary
are measured. (B) The resulting relationship between the strain ( ) and stress ( ), as
computed from these forces, can be fit to a line with a slope that estimates the odd elasticity
Ko.

Spring simulations To test this numerical approach, we apply it to a network of springs

(see Section 3.5.3.1) and compare the result to that obtained from the analytical coarse-

graining procedure presented above. The results are shown in Table 3.2. We find that the

modulus Analytical Value 16 particles on edge 20 particle on edge
σodd 0.1732 0.1764 (1.0185) 0.1758 (1.015)
λ0 0.4330 0.4410 (1.0185) 0.4395 (1.015)
µ 0.2165 0.2205 (1.018) 0.2198 (1.015)
Ko -0.0866 -0.0882 (1.0183) -0.0879 (1.015)
K2
⊥ -0.5196 -0.5292 (1.0185) -0.5275 (1.015)

Table 3.2: Elastic moduli in an odd spring network. Result of the numerical evaluation
of the elastic moduli and the analytical value from coarse-graining. In brackets - the ratio
between the numerical result and the analytical value. k = ko = 0.5, η = 0.1.

numerical approach is in excellent agreement, with all moduli within 2% of the analytical

value.

Minimal molecular dynamics simulations In this section we compute the elastic co-

efficients of our minimal simulational model.

Because the longitudinal forces in this model are both long ranged (magnetic attraction)

and nonlinear (WCA), the estimation of elastic coefficients is challenging. In particular the
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estimated coefficients depend critically on the assumed lattice density.

We therefore apply our numerical method on the initial state of our lattices, as well as in

a state obtained by relaxing the lattice via the longitudinal forces alone. In the initial state

the particles repel each other, and the lattice will have a nonzero pressure. The results for

the elastic moduli in the initial condition where the lattice spacing is 1σ are (All values are

in natural HOOMD units):

λ = 11000

µ = 5200

K2
⊥ = −330

Ω

Ω0

Ko = −70
Ω

Ω0

σodd = 95
Ω

Ω0

p = 285

(3.73)

The constant pressure in the lattice allows the lattice to expand if the boundary conditions

do not limit this expansion. If this expansion is allowed it will be carried until the lattice

spacing is 1.015σ, at this point the pressure of the lattice is zero. Because of the nonlinearity

of the microscopical forces, the elastic moduli in this point are different:

λ = 8000

µ = 4000

K2
⊥ = −310

Ω

Ω0

Ko = −70
Ω

Ω0

σodd = 85
Ω

Ω0

p = 0

(3.74)

Note that the the bulk moduli changed by ∼20% as a result of 1% change in the lattice

145



spacing.

3.5.2 Continuum theory: elastic steady-state

When the strain rates are low, the spinner crystal phase can be treated as an elastic solid with

negligible viscous stresses. In this section, we discuss special cases in which this assumption

holds, namely: a stable semi-infinite slab in which no defects are created (Section 3.5.2.1),

a small stable droplet driven at low particle rotation frequencies (Section 3.5.2.2), and a

perfect crystal with a single dislocation that is self-propelled by odd stress (Section 3.5.2.3).

3.5.2.1 Semi-infinite slab symmetry

Assume that we are looking on an infinite or periodic slab in the x direction, with an edge

in y = c, for some constant c. In the steady-state, the total force on each solid element is

zero, this gives inside the bulk:

Fx = ∂xσxx + ∂yσxy = 0 (3.75)

Fy = ∂xσyx + ∂yσyy = 0 (3.76)

Additionally, the symmetry in the x direction dictates:

∀i : ∂xσix = 0 (3.77)

This set of equations shows that σyy and σxy are uniform across the system. This symmetry

also forces εxy = ∂xuy = 0. In general, slab symmetry does not force εxx = σxux = 0, as a

uniform stretch in the x direction is possible, this kind of stretch will show itself as a εxx = α
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across the system. The boundary conditions on the edge give:

−(σ · ŷ) · ŷ
∣∣∣
y=c

= σyy

∣∣∣
y=c

= −p0, (3.78)

−(σ · ŷ) · x̂
∣∣∣
y=c

= −σxy
∣∣∣
y=c

= 0. (3.79)

Where p0 is the external pressure, which can be taken to be 0. These variables are uniform

across the bulk. Now we can use Eq. (3.49) to get:

σyy = λ(εyy + α) + µ(εyy − α)−Koεyx − p = 0 (3.80)

σxy = K2
⊥(εyy + α) + µεyx +Ko(εyy − α) + σodd = 0

These equations force εyx = β and εyy = γ to be uniform.

If we now consider a case where the boundary conditions in the x direction are periodic,

and not fully infinite, a uniform stretch in the x direction is no longer possible so α = 0. We

get:

u(r) = βyx̂+ γyŷ (3.81)

This is the sum of uniaxial stretch and simple shear, as these are the only two strains allowed

by the symmetry. Equation (3.80) gets the form:



−Ko λ+ µ

µ Ko +K2
⊥






β

γ


 =




p

−σodd


 , (3.82)

The solution is:

β = −σ
odd(λ+ µ) + p(K2

⊥ +Ko)

µ(λ+ µ) +Ko(K2
⊥ +Ko)

(3.83)

γ =
−σoddKo + µp

µ(λ+ µ) +Ko(K2
⊥ +Ko)
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And for a linear system with triangular lattice and nearest neighbor interactions (discussed

in Section 3.5.3.1) we get:

β = − 4k · η
k2 + k2

o − 10/3koη + η2
(3.84)

γ =
4η [ko − 3η]

3
(
k2 + k2

o − 10/3koη + η2
)

Note that γ can change sign by changing the ratio between the odd spring constant and the

constant odd force.

3.5.2.2 Droplet symmetry

Next, we analyze the case for a circular droplet. We assume that the deformation u =

ur(r)r̂+uθ(r)θ̂ is not a function of θ. We start by writing the stress strain relations in polar

coordinates.

σrr = −Kor∂r(uθ/r) + λ
1

r
∂r(rur) + µ∂rur − µ

ur
r
− p, (3.85)

σrθ = Kor∂r(ur/r) +K2
⊥

1

r
∂r(rur) + µr∂r(uθ/r)− σodd, (3.86)

σθr = Kor∂r(ur/r)−K2
⊥

1

r
∂r(rur) + µr∂r(uθ/r) + σodd, (3.87)

σθθ = Kor∂r(uθ/r) + λ
1

r
∂r(rur)− µ∂rur + µ

ur
r
− p. (3.88)

We now look for a solution where the droplet rotates as a rigid body in angular frequency

Ωrb. The substrate friction applies force in the theta direction, this force is F = −ΩrbrΓθ̂.

Including this force we get for the force balance equation:

∂rσrr +
1

r
σrr −

1

r
σθθ = 0, (3.89)

∂rσθr +
1

r
(σrθ + σθr)− ΓΩrbr = 0 (3.90)
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In addition, the stress boundary conditions can be expanded into the pair of boundary

equations

−Kor∂r(uθ/r)
∣∣∣
R̄

+ λ
1

r
∂r(rur)

∣∣∣
R̄

+ µ∂rur

∣∣∣
R̄
− µur(R̄)

R̄
− p(R̄) =

γ

R̄
, (3.91)

Kor∂r(ur/r)
∣∣∣
R̄
−K2

⊥
1

r
∂r(rur)

∣∣∣
R̄

+ µr∂r(uθ/r)
∣∣∣
R̄

+ σodd = 0. (3.92)

Where R̄ is the radius of the droplet. The solution is

Ωrb =
4

ΓR̄2

[
σodd − K2

⊥(p+ γ/R̄)

λ

]
,

A =
ΓΩrb

µ(λ+ µ) +Ko(Ko +K2
⊥)
,

ur = −AKo
8

(
r3 − rR̄2

)
+
p+ γ/R̄

2λ
r,

uθ =
A(µ+ λ)r3

8
.

(3.93)

The main signature of this solution is the non-trivial dependence between the radial defor-

mation and the radius, which only appears when there is odd elasticity.

3.5.2.3 Self-propelled dislocation

One other consequence of the odd elastic response of our system is the motility of dislocations,

discussed previously in Section 3.3. Here, we present an argument based on odd stress that

predicts these dynamics.

Peach-Koehler forces We consider a dislocation with Burgers vector b located at the

origin and show that under the action of odd stress, a dislocation glide results in an elastic

energy gain. This change in the elastic energy is what defines the so-called Peach-Koehler

force powering dislocation dynamics.
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For any counterclockwise contour γ around the dislocation

∮

γ
duj =

∮

γ
uijdxi = bj , (3.94)

where uij = ∂iuj . We therefore define the displacement u(r) as a single-valued field ev-

erywhere in space but along a semi-infinite branch cut L starting from the origin. The

singularity in the deformation tensor then reads

u
sing
ij (r) = −n̂ibj1(r ∈ L) (3.95)

where n̂ is the unit vector normal to L, and 1 denotes a Dirac delta function localized on L.

We can now compute the work δW associated to the translation of the dislocation along

a vector δr. By definition, δW is the work done by the bulk forces −∂iσij and the surface

forces n̂iσij ,

δW =

∫

S

(
−∂iσij

)
δujdS +

∫

δS
n̂iσijδujd` =

∫

S
σijδuij =

∫

S
σext
ij δuij , (3.96)

where σext is the external contribution to the stress tensor, viz the stress which is not

generated by elastic deformations induced by the dislocation itself.

The problem then reduces to the determination of the variation of the deformations

δuij induced by the constraint (3.95). We are free to choose the orientation of the dis-

continuity line L. We then conveniently choose it to be aligned with displacement vector:

L = {y δr
‖δr‖ , y ∈ [0,∞)}. The coordinates of the normal vector are

n̂i = εki
δrk
‖δr‖ (3.97)

where ε is the Levi-Civita symbol. We also define the line L′ = {y δr
‖δr‖ , y ∈ [‖δr‖,∞)} which

corresponds to the discontinuity of the translated dislocation. From Eq. (3.95), the variation

150



of deformation due to the topological singularity is given by

δu
sing
ij (r) = −n̂ibj

[
1(r ∈ L′)− 1(r ∈ L)

]
= n̂ibj‖δr‖δ(r) = bjεkiδrkδ(r), (3.98)

where δ(r) is the 2D Dirac delta function. We can then compute the work done by the

external stress due to existence of a topological singularity using Eqs. (3.96) and (3.98). We

find

δW = εkiσ
ext
ij (0)bjδrk (3.99)

where we emphasized that the stress tensor is evaluated at the position of the dislocation.

This mechanical work defines the so-called Peach-Koehler force FPK as δW = FPK · δr. It

takes the compact form

FPK
k = εkiσ

ext
ij (0)bj . (3.100)

Impact of odd elasticity and odd stress on Peach-Koehler forces We now consider

a dislocation of Burgers vector b = bêx in a generic chiral elastic crystal with finite even

elasticity (λ0 and µ), odd elasticity (K2
⊥ and Ko) and driven by a constant odd stress

σ
spin
ij = 2ηRΩεij . The full stress tensor then reads

σij = σ
disloc,even
ij + σ

disloc,odd
ij − 2ηRΩεij . (3.101)

The expression of the stresses are in Ref. [17]. In polar coordinates, they are given by

σdisloc,even(r, θ) =
(1− ν)bλ0

2πr



− sin θ − cos θ sin(2θ) cos θ cos(2θ)

cos θ cos(2θ) − sin θ + cos θ sin(2θ)


 (3.102)

σdisloc,odd(r, θ) =
(1− ν)bK2

⊥
2πr




cos θ cos(2θ) sin θ + cos θ sin(2θ)

− sin θ + cos θ sin(2θ) − cos θ cos(2θ)


 . (3.103)

151



The Poisson ratio is

ν =
µ(λ0 − µ) +Ko(K

2
⊥ −Ko)

µ(λ0 + µ) +Ko(K2
⊥ +Ko)

. (3.104)

Let us first discuss the status of odd elastic effects with respect to the Peach-Koehler

formula (3.100). Firstly, we note that an odd elastic solid enjoys a mechanical equilibrium

state when an isolated dislocation perturbs the rest configuration of the crystal. Secondly,

considering a dislocation in an even elastic solid and adding odd elasticity perturbatively, one

can readily check that the odd elastic stress integrated around the dislocation core vanishes.

This implies that there is no far-field energy gain, or loss, associated with dislocation motion.

Generically, odd elasticity does not contribute to the Peach-Koehler forces and to dislocation

motion in chiral crystals.

In contrast, the odd stress plays a prominent role in dislocation dynamics. This can be

seen using the Peach-Koehler formula (3.100). A constant odd stress results in an effective

force

FPK = 2ηRΩb (3.105)

which effectively drives the gliding motion of dislocations. Simply put, odd elasticity changes

the elastic deformation pattern around a dislocation leaving its position unchanged while odd

stress powers the dislocation dynamics.

3.5.3 Elastic strain field in a crystal

Now, equipped with an elastic theory describing the strains experienced by odd crystalline

lattices in the slab (Section 2.4.1.2) and circular droplet (Section 2.4.1.3) geometries, we can

make comparisons with our simulations and experiments.
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3.5.3.1 Elastic strain in spring-and-ball network simulations

First, a network of particles that interact with their neighbors via linear forces, both along

and transverse to the bond that joins them, provides an ideal setting to compare predic-

tions of linear elasticity with force-balanced configurations. As discussed in Section 3.5.1.3,

the linearity and locality of the spring interactions ensures that the macroscopic elastic co-

efficients can be accurately obtained by coarse-graining the microscopic interactions. The

predictions of linear elasticity can then be easily compared to the observed steady-state

simulation results.

Simulation protocol We initialize our simulations by creating a triangular lattice, with

either periodic boundary conditions or open, stress-free boundary conditions. The connec-

tivity of the lattice is fixed throughout the simulation. In some simulations, we add small

amount of noise to the location of each particle. The magnitude of the displacement for

each particle is a random number taken from Gaussian distribution, and the angle is a uni-

formly random number between 0 and π. We consider three geometries: a circular domain,

a rectangular lattice with periodic boundary conditions in one direction only, and a square

domain with periodic boundary conditions in both directions. A typical lattice contains up

to ∼10, 000 particles.

The interaction between each pair of connected particle is taken to be:

Fij = −k
(
rij − `

)
r̂ij +

(
η`− ko

(
rij − `

))
θ̂ij (3.106)

Where ` is the lattice spacing, η` is a constant odd force, k is the regular spring stiffness,

ko is the odd spring stiffness, rij is the distance between the particles, r̂ij is the unit vector

between them, and θij is the unit vector perpendicular to it.

We simulate this system in the overdamped limit, such that for each particle: F interaction
total =

Γv. The system is then integrated using a GPU implementation of fourth order Dormand-
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Prince integrator, where the step size is chosen such that the sum of the absolute value of

the truncation errors is lower than 10−6.

Force-balanced configurations, comparison with linear elastic predictions In this

section we consider a circular disk geometry and a rectangular slab with periodic boundary

conditions in the x-direction. We run each simulation until force-balance is achieved and the

elastic strains cease to evolve. The system then either rotates as a rigid body at a constant

angular velocity (droplet geometry) or is static (rectangular semi-periodic geometry).

Semi-infinite slab symmetry The force-balanced configuration of a rectangular slab

with periodic boundary condition in the x-axis is shown in Figure 3.33. In red we show

half of the lattice in its original triangular configuration, in blue we show the other half of

the lattice in its static strained configuration. The straight lines in the figure show that the

strain field is uniform. The steady configuration can be expanded (a) or compressed (b) by

changing the parameters of the transverse force.

a b

relaxed
lattice

initial
lattice

Figure 3.33: Slab symmetry deformation. The structure of the slab symmetry lattice
in the initial state (red) and after being strained as a result of the odd stress (blue) for
parameters (a) k = ko = 0.5, η = 0.03. and (b) k = 0.5, ko = 0.1, η = 0.05

Figure 3.34 shows a comparison of the observed strain with the continuum elastic pre-

diction made in Section 3.5.1 using the coarse grained elastic coefficients discussed in Sec-

tion 3.5.1.3. We obtain excellent agreement between the analytical predictions and the
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simulation results when the strains rates are less than ∼7%. As expected, for high strains

the linear elastic prediction begins to deviate from the observed strains. This excellent
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Figure 3.34: Verification of the elastic solution for slab symmetry. (a) Strains vs. η
for k = ko = 0.5. (b) Strains vs. ko for k = 0.5; η = 0.01. (c) Strains vs k for ko = 0.5; η =
0.01. (d) Strains vs. ko for k = 0.5; η = 0.05. In all plots, simulation results are denoted by
blue points and theoretical predictions by orange lines.

agreement confirms the validity of the use of linear elasticity in predicting force-balanced

configurations of networks interacting via linear transverse forces, extending the predictions

of Ref [10] to include constant transverse forces.

Droplet symmetry The force-balanced configuration of a circular disk is shown in Fig-

ure 3.35. The configuration rotates with a constant angular velocity.

Figure 3.36 shows a comparison of the observed strain with the continuum elastic pre-

diction made in Section 3.5.1 using the coarse grained elastic coefficients discussed in Sec-

tion 3.5.1.3. As before, excellent agreement between the analytical predictions and the

simulation can be seen. This agreement confirms the validity of the use of linear elasticity in

predicting force-balanced configurations of networks interacting via linear transverse forces,
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relaxed lattice

initial lattice

Figure 3.35: Droplet deformation. Structure of droplet lattice in the initial configuration
(red) and in the stable configuration (blue). The stable configuration rotates as a rigid body.
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Figure 3.36: Deformations in the droplet symmetry. (Left) Radial displacement ur,
and (Right) azimuthal displacement uθ. In both, full lines denote theory and points denote
simulation results. Different colors are different parameters: Green - k = ko = 0.5, Black
- k = 1.0; ko = 0.5, Blue - k = 0.5; ko = 1.0. Red- k = 1.0; ko = 1.0. For all simulations,
η = 0.01

extending the predictions of Ref. [10] to include constant transverse forces in an overdamped

dynamical system.
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3.5.3.2 Elastic strain in the experiment

In Section 3.5.2, we determine the theoretical form of the elastic strain field in a nearly-

circular crystal with odd elasticity that is rotating as a rigid body and acted on by substrate

friction. We conduct experiments to compare with these predictions by preparing monocrys-

talline domains of chiral crystal by driving a droplet at a high frequency in alternating

directions, as detailed in Section 3.2.1. The resulting crystal is unstable, but maintains its

crystalline structure for a number of rotations before yielding to dislocations advancing from

the edge, as illustrated in Figure 3.37B.

As the crystal evolves, we measure the displacement of each particle u from the initial

position at t = 0 and the final position at t = tf after averaging positions over a temporal

window of approximately one particle rotation. We then segment this displacement into

the radial ur and azimuthal uθ components. The results of this calculation for a simulated

droplet with a well-defined reference state are presented in Section 3.5.3.3.

Without need for a reference state, we can also estimate the dilational strain u0 =

Tr(∂iuj) from the strain tensor ∂iuj , and compare our results to the simple analytical solution

in Section 3.5.2. We perform a simplified computation of the dilational component of the

strain tensor by measuring each fully-coordinated particle’s voronoi cell area A, which is

then coarse-grained as in Section 3.2.2. We then compute the area of an ideal voronoi cell

for a triangular lattice with a bond length equal to the average bond length in the crystalline

phase A0, and evaluate u0∼− δρ/ρ = (ρ0− ρ)/ρ = (A−A0)/A0. To improve the resolution

of the experimental data, k-means clustering is used to refine each particle’s position over

time. For both the experiment and simulation data, boundary particles and particles with

anomalous voronoi areas are removed when taking aggregate measurements for −δρ/ρ versus

r/R.

When plotted against the radial position of the particle and averaged over time, we

obtain Figure 3.37A, which demonstrates qualitative agreement with theory. In particular
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we observe a state of compression near the center of the droplet becoming dilation at the

edge of the droplet, with the crossover occurring in close proximity to the predicted point of

crossover. This approach can be repeated for droplets of various radius R driven at variable

frequency Ω. Examples of the dilation field for droplets of varying size, all measured at early

times, are presented in Figure 3.37C, and the results of (D) reveal no change due to either

control variable.

A

B

C

D

Figure 3.37: Strain field in an odd elastic crystal. (A) From the deformation of each
particle’s voronoi cell, we estimate the strain tensor and plot the dilatational component.
(B) Snapshots of the crystalline structure of the droplet over time, showing destabilization
from the edge. (C) For droplets of various radius R, and at early measurement times, the
strain maintains the same radial structure. (D) For any accessible monocrystalline droplet
size and for a reasonable range of rotation frequencies, the strain curves collapse.
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3.5.3.3 Elastic strain in the minimal model simulations

In the minimal model simulation at low frequencies, where the boundary of the lattice is

stable, there is no production of dislocations near the boundary, if there are no dislocations

in the bulk. In this case, the elastic theory developed in detail in Section 3.5.2 can be

used to estimate the strains in the droplet symmetry. Using the same procedure as in

Section 3.5.3.2, we obtain the radial and azimuthal displacement fields and dilational strain,

showing qualitative agreement with both the experiment and theory of Section 3.5.2.2 as

presented in Figure 3.38.
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A

B

C

E

F

D

Figure 3.38: Strain field in an odd elastic crystal. (A) The radial displacement field ur
as a function of time, measured in rotations. (B) The corresponding azimuthal displacement
uθ. (C) From the deformation of each particle’s voronoi cell, we estimate the dilatational
component of the strain tensor. (D) Snapshots of the crystalline structure of the droplet over
time, showing destabilization from the edge. (E) For droplets of various radius R, the strain
maintains the same radial structure. (F) For any experimentally accessible monocrystalline
droplet size and for a reasonable range of rotation frequencies, the strain curves collapse.
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3.6 Self-kneading instability

A natural question to now ask is whether odd elastic solids powered by odd stresses are lin-

early stable. We consider the continuum description of an elastic solid with a local displace-

ment u(r, t) and local velocity v(r, t), that is allowed to experience all stresses consistent

with broken parity and time-reversal (Section 3.5.1 and Section 3.6.1.1) [18, 10]. In addition

to elastic contributions, the symmetric stress, includes even and odd viscous contributions

σij = −pδij + Kijkl∂ku` + ηijkl∂kv`. The inner drive imposed by the spinners is encoded

by the antisymmetric stress σspin
ij = 2ηRεijΩ. Ignoring inertia, the dynamics is given by

the balance between viscoelastic stresses and substrate drag defined by a constant friction

coefficient Γ:

Γv = ∇ · σ +∇ · σspin, (3.107)

and the continuity equation ∂tρ+∇ · (ρv) = 0.
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Figure 3.39 (previous page): Measuring an elasto-hydrodynamic instability. a, The
chiral phase responds to a perturbation in spinner density by (1) coupling internal rotations
to flow gradients that are (2) transformed into Hall stresses that (3) destabilize the crystal
further (Section 3.6.1.1). A linear stability analysis of this model yields the predicted spec-
tral growth curves arising from the interplay between odd transport coefficients (ηo, Ko) and
Magnus-like couplings (η′R, K

2
⊥, η

2
⊥). b, As the chiral phase approaches the steady-state of

Figure 3.1, we can measure the spectrum of its flow to see decay at large scales and growth at
small scales. c, The total amount of growth measured at these smaller scales can be mapped
over time and compared to the grain boundaries to reveal enhanced growth within initially
crystalline patches and vanishing growth at later times (Section 3.6.3). The estimated spec-
trum of growth α̂(q) reveals stabilization at scales λ� 〈ξθ〉 and constant destabilization at
scales λ � 〈ξθ〉. d, In simulations, we tune the inter-particle interaction range to prepare
a theoretically stable crystal, for which the crystal is destabilized through dislocation pro-
duction to reach the whorl state. e, Likewise, simulations that are theoretically unstable
can go unstable in response to bulk density fluctuations. Same colormap as in Figure 3.1b.
f, The estimated spectrum and spatial map of growth for a theoretically stable simulation
resembles the experiment when a polycrystal is destabilized. g, The same signatures are
observed in a linearly unstable simulation. f-g use the same colormap as c.

Linearizing about a homogeneous quiescent base state u = v = 0 and ρ = ρ0 and making

the ansatz u,v, ρ ∝ exp (−iωt+ ik · r), we readily obtain an expression for the dispersion

ν ≡ Re(ω) and damping α ≡ Im(ω) of displacement and density waves (Section 3.6.1.2).

We find a generic scenario yielding exponential amplification of density fluctuations. A

number of different combinations of off-diagonal material parameters in η and K result in

different instabilities. However, they all reflect the same mechanistic picture, sketched in

Figure 3.39a. A density fluctuation is converted to a localized rotation. The resulting net

shear across the density fluctuation is in turn converted into an outward force amplifying the

initial perturbation and so on to defect unbinding. Competition with the stabilizing influence

of the conventional bulk and shear moduli of the elastic solid determine the consistent shape

of the dispersion curves shown in Figure 3.39a and Section 3.6.1.2. Crucially, this generic

mechanism relies on the coupling between stresses and strains having different spatial sym-

metries, which is only allowed when time reversal and parity symmetries are broken at the

microscopic level [10, 120]. The full model incorporating odd hydrodynamics and elasticity
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is detailed, along with the linear stability analysis, in the following sections.

3.6.1 Continuum theory: linear stability analysis

In this section we present a linear stability analysis about a quiescent state for a continuum

theory of a generic chiral material. We include all elastic and viscous stresses allowed by

symmetry. We also allow viscous and elastic coefficients to depend on density. We find a

generic linear instability, sketched in Figure 3.40, that is driven by the interplay of anti-

symmetric stresses with symmetric parity-odd stresses.

The presentation is structured as follows: in Section 3.6.1.1 we introduce our generic

model, introducing the stress/strain and stress/rate-of-strain relations upon which our anal-

ysis is based (Sections 3.6.1.1). In Section 3.6.1.1 we discuss the relevant effects of density

variations in the model. In Section 3.6.1.2 we present the full linear stability analysis. We

discuss the resulting wavenumber-dependent growth-rates starting with a minimal model

containing only viscous effects and even elasticity. We then classify the full range of instabil-

ities that exist in these materials and discuss their common underlying mechanism (sketched

in Figure 3.40).

3.6.1.1 General model

Our continuum model of a generic chiral material is cast in terms of the local displacement

field u(r, t), the local velocity field v(r, t) (related by v = ∂tu) and the mass density of

spinners ρ(r, t). The elasto-hydrodynamics of this material then follow from conservation of

mass:

∂tρ+ ∇ · (ρv) = 0, (3.108)
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Figure 3.40: A generic mechanism for chiral crystal destabilization. A cartoon of
our generic chiral material in which all internal stresses are balanced. When this mate-
rial’s density is perturbed conventional even elasticity relaxes the perturbation, conversely
the coupling between dilation and rotation, generated for example by a density dependent
transverse force (odd stress), leads to a shear flow along the axis of the density perturbation.
In the presence of a Hall response, the newly generated gradients in the displacements (flow)
along one axis produce displacements (flows) along the transverse axis, pulling the fluid apart
further. This coupling between the distinct shear modes amplifies the initial perturbation.

and momentum conservation:

ρ (∂tv + v · ∇v) = ∇ ·
(
σV + σE

)
− Γv, (3.109)

which includes both a hydrodynamic stress tensor σV and an elastic stress tensor σE, in

addition to the familiar substrate drag Γv [18].

Hydrodynamic stress contributions The breaking of parity and time-reversal symme-

try in our chiral material allows for a number of viscous stresses in the relation between

stress and rate-of-strain, σij = ηijklu̇kl = ηijklvkl:

σV
ij = −pδij + σb

ij + σv
ij + σos

ij + σ
spin
ij + σo

ij + σ⊥ij . (3.110)
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1. The first contribution represents the familiar response to compression or dilation, me-

diated by the bulk viscosity ζ,

σb
ij = ζδij∂kvk. (3.111)

2. The second contribution represents the familiar response to a gradient in flow, mediated

by the shear viscosity η,

σv
ij = η(∂ivj + ∂jvi − δij∂kvk). (3.112)

3. The third and fourth contributions arise from an anti-symmetric inter-rotor stress that

arises when the two-dimensional vorticity ω = εab∂aub and externally imposed particle

rotation frequency Ω, are mismatched. The result is the antisymmetric stress:

σos
ij + σ

spin
ij = ηRεij(2Ω− ω), (3.113)

where ηR is the rotational viscosity. The component σspin
ij = 2ηRΩεij is due to rota-

tional drive, and is independent of strains and strain rates.

4. The fifth contribution is the Hall stress mediated by the odd (or Hall) viscosity ηo:

σo
ij = ηo

(
∂kεikvj + ∂iεjkvk

)
. (3.114)

5. Finally, we have two additional ‘Magnus’ stresses with viscosities η1,2
⊥ , which come in

two forms:

σ⊥ij = δijη
1
⊥εkl∂kvl + η2

⊥εij∂kvk. (3.115)

The first term converts rotation relative to a fixed frame into a net pressure, which

in principle is permitted in any system where the particles have a transverse mobility

coefficient. Similarly, the second term converts isotropic deformations into a net torque.
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The notation of [16, 10] provides a succinct and intuitive way to organize contributions

to this constitutive relation by expressing the stress and strain-rate tensors as vectors σα

and ėβ , respectively, such that the viscosity tensor can be written as a matrix ηαβ . For the

couplings included in this model, we then have:







=




p

2ηRΩ

0

0




+




ζ η1
⊥ 0 0

η2
⊥ −ηR 0 0

0 0 η ηo

0 0 −ηo η




•




. (3.116)

We have further colored terms based on their role in the generic instability we find in this

SI. Even viscous contributions like the bulk and shear stresses σb and σv due to ζ and η are

stabilizing. A Hall stress σo due to the odd viscosity ηo produces transverse displacements

feeding density perturbation growth. Finally, the Magnus stresses couple rotation to dilation,

permitting gradients in density to give rise to transverse flows.

Equations of motion The stresses intrinsic to our chiral medium including drive, strains

∂iuj and strain rates ∂iu̇j are thus given by adding they hydrodynamic contributions above

to the elastic contributions obtained from coarse-graining a lattice of odd springs (Sec-

tion 3.5.1.1):







=




p

2ηRΩ

0

0




+




ζ η1
⊥ 0 0

η2
⊥ −ηR 0 0

0 0 η ηo

0 0 −ηo η




•





︸ ︷︷ ︸
viscous

+




λ0 K1
⊥ 0 0

K2
⊥ −µR 0 0

0 0 µ Ko

0 0 −Ko µ










︸ ︷︷ ︸
elastic

.

(3.117)
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The full conservation of momentum equation is given by Eq. 4.17 where σV and σE are

given by Eqs. 3.110 and 3.44, respectively. In the analysis that follows, we assume that the

dynamics are overdamped and that Ω is spatially uniform, so that the equations of motion

simplify to:

∂tρ+ ∇ · (ρv) = 0 (3.118)

Γv = ∇ ·
(
σV + σE

)
. (3.119)

Density-dependence The linear viscous and elastic coefficients in the constitutive rela-

tions discussed above emerge from the microscopic interactions between our magnetic spin-

ners. Since these interactions are in general separation dependent, it seems natural to allow

for a dependence on density of the coefficients.

Within the context of the linear stability analysis described below, in which we linearize

about a uniform, quiescent base state, we note that the effect of such a dependence on density

appears only in higher order corrections which are mostly excluded by the linearization

scheme. The one notable exception is the density dependence of the odd stress in combination

with the rotational drive ηR(ρ)Ω, whose effect is analogous to the Magnus coupling K2
⊥, and

which plays a crucial role in powering the instability.

Similarly, one can imagine the presence of an effective hydrodynamic pressure with a

density dependent constitutive relation. We include this below with a linearized compress-

ibility which enters the analysis in an identical manner to the bulk elastic modulus included

above.
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3.6.1.2 Linear stability analysis

To compute the dispersion and damping of waves in our chiral medium, we linearize about

the quiescent base state ρ(r, t) = ρ0, u = v = 0. Our linearization scheme is thus:

ρ(r, t)→ ρ0 + ερ(r, t), (3.120)

u(r, t)→ εu(r, t), (3.121)

v(r, t)→ εv(r, t). (3.122)

We then make the following ansatz for the density and displacement fields:

(ρ,u) = (ρ̂, û) exp (ik · r − iωt), (3.123)

from which similar forms follow for other fields. For a given wavenumber k, the solutions

are thus stable if the sign of Im(ω) is negative and unstable if positive.

To first order in ε, the continuity equation becomes:

∂tρ+ ρ0∇ · v = 0. (3.124)

Prior to linearizing the momentum equation, we establish that the effective rotational vis-

cosity is increased as the density of spinners increases. Thus, we must have a rotational

viscosity that depends on density, ηR ≡ ηR(ρ). Expanding ηR(ρ) in orders of ε yields

ηR(ρ) ≡ ηR(ρ0 + ερ) = ηR(ρ0) + ερη′R(ρ0) +O(ε2) ≡ ηR + ερη′R +O(ε2). (3.125)

where η′R = dηR
dρ (ρ0) > 0. Finally, we expand the constitutive relation for the pressure in
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this medium to linear order in ε:

p(ρ) = p0 + f(ρ) = p0 + f(ρ0 + ερ) = p′0 + εκρ+O(ε2), (3.126)

where κ = df
dρ(ρ0).

With these results, we now expand the momentum equation to first order in ε, using

Eqs. 3.110 and 3.44. The result is

Γv = −κ∇ρ+ (λ0 − µR)∇(∇ · u) + (µ+ µR)∇2u+Ko∇2u⊥ (3.127)

+K1
⊥∇(∇⊥ · u) +K2

⊥∇
⊥(∇ · u)

+ (ζ − ηR)∇(∇ · v) + (η + ηR)∇2v + ηo∇2v⊥

+ η1
⊥∇(∇⊥ · v) + η2

⊥∇
⊥(∇ · v)

+ 2Ωη′R∇
⊥ρ.

where a⊥ = (a2,−a1) so that ∇⊥ = (∂y,−∂x). We now take the Fourier transform of the

above equations, recalling that ∇ → ik, v → −iωû. For the continuity equation we find

ρ̂ = −iρ0k · û. (3.128)

For the momentum equation, we obtain

−iΓωû = ρ0κk(k · û)− (λ0 − µR)k(k · û)− (µ+ µR)k2û (3.129)

−Kok2û⊥ −K1
⊥k(k⊥ · û)−K2

⊥k
⊥(k · û)

+ iω(ζ − ηR)k(k · û) + iω(η + ηR)k2û+ iωηok
2û⊥

+ iωη1
⊥k(k⊥ · û) + iωη2

⊥k
⊥(k · û) + 2ρ0Ωη′Rk

⊥(k · û),

upon substitution of ρ̂ from the continuity equation. For brevity, take λ ≡ λ0 − ρ0κ.
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To predict the dispersion relation from Eq. 3.129, let k = kk̂ (i.e. |k̂| = 1) and denote the

components of the displacement parallel to k̂ by: u‖ = k̂iui and u⊥ = εij k̂iuj . Projecting

Eq. 3.129 onto components parallel and perpendicular to k̂ yields:

−iΓωu‖ = −(λ− µR)k2u‖ − (µ+ µR)k2u‖ +Kok
2u⊥ −K1

⊥k
2u⊥ (3.130)

+ iω(ζ − ηR)k2u‖ + iω(η + ηR)k2u‖ − iωηok2u⊥ + iωη1
⊥k

2u⊥

−iΓωu⊥ = −(µ+ µR)k2u⊥ −Kok2u‖ −K2
⊥k

2u‖ (3.131)

+ iω(η + ηR)k2u⊥ + iωηok
2u‖ + iωη2

⊥k
2u‖

+ 2ρ0Ωη′Rk
2u‖,

This can be rewritten as the generalized eigenvalue problem

iωAu = Bu, (3.132)

where

A =




Γ + (ζ + η)k2 −ηok2 + η1
⊥k

2

ηok
2 + η2

⊥k
2 Γ + (η + ηR)k2


 , (3.133)

B = k2




λ+ µ K1
⊥ −Ko

K2
⊥ +Ko − 2ρ0Ωη′R µ+ µR


 . (3.134)

Thus, the dispersion relation is ω(k) = −i eig(A−1B) for A nonsingular.

In the following sections, we analyze the growth rate α(k) ≡ Im ω(k) and dispersion

ν(k) ≡ Re ω(k) in various special cases to deduce the minimal possible ingredients necessary

to obtain the observed instability.
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A taxonomy of instabilities The general eigenvalue problem of Eqs. (3.132)-(3.134) can

be readily solved to establish the linear stability of a chiral phase. The full solution for the

wavenumber dependent growth rate and dispersion relation does not readily provide intuition

because our model allows multiple instability scenarios. To gain intuition we consider a

base model that includes bulk (λ) and shear (µ) moduli, shear viscosity (η), and rotational

viscosity (ηR). To this we add (in pairs):

• A density-rotation coupling (rows of Figure 3.41: η′R, η
1,2
⊥ , K1,2

⊥ ).

• An odd response (columns of Figure 3.41: ηo, Ko).

In each entry, we plot the growth rate α(k), for ω(k) obtained from solving the aforemen-

tioned eigenvalue problem. We vary the odd response parameter to demonstrate its impact

on the stability of the spectrum in each model and plot the resulting growth curves.

This analysis reveals the following behaviors:

1. Stable. In the absence of an odd transport coefficient or density-rotation coupling,

the system is stable.

2. Unstable at finite wavelengths. By pairing an odd viscous (elastic) stress with a

density-rotation coupling stress that is elastic (viscous), we obtain a spectrum that is

stable for small k and unstable for large k. Such models are in agreement with the

experimental observations in Figure 3.39.

3. Unstable at all wavelengths. Pairing odd elastic stress with non-viscous density-

rotation coupling terms yields a spectrum that is either entirely stable for small Ko or

entirely unstable for large Ko.

A simple instability To gain intuition on the competition between stabilizing and desta-

bilizing stresses in this zoology of instabilities, we restrict our attention to a model that
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Figure 3.41: Taxonomy of instabilities. The instability diagrammed in Figure 3.40 is
contingent upon the presence of: (1) odd transport, (2) coupling between rotations and
dilation, and (3) stabilization through elasticity or otherwise. We diagram models that
incorporate a base level of elasticity and a combination of one odd transport and one coupling
coefficient.

includes conventional elastic moduli (λ, µ), a shear viscosity η, a density dependent rota-

tional viscosity ηR with positive derivative η′R, and an odd viscosity ηo. This is consistent

with a prior study of the hydrodynamics of the chiral phase with the addition of conventional

elasticity and a density dependence to the odd stress [18], and restricts our attention to finite

wavelength instabilities that are relevant to our experiments.

This model produces a dispersion relation and growth rate which have the following
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asymptotic limits:

α(k) = −µ
Γ
k2 +

(η + ηR)λ− 2ρ0Ωη′Rηo
Γ2

µ

λ
k4 +O(k5) : |k| � 1, (3.135)

for the growth rate at large scales, and:

ν(k) + iα(k) =
i

2[ηo2 + η(η + ηR)]

[
− η(λ+ 2µ)− ηR(λ+ µ) + 2ρ0Ωη′Rηo (3.136)

+
(

[ηλ+ (λ+ µ)ηR]2 − 4ρ0Ωη′Rηo[η(λ+ 2µ) + ηR(λ+ µ)]

− 4ηo
2[µ(λ+ µ)− (ρ0Ωη′R)2]

)1/2
]

+O(k−2) : |k| � 1,

at small scales, where there can also be dispersive waves. At large length-scales both conven-

tional elasticity and even viscous stress are stabilizing, while the combination 2ρ0Ωη′R × ηo
is destabilizing. At small length-scales, the growth rate is independent of wave-number with

a sign determined by a complex interplay of viscous and elastic coefficients.

Figure 3.42, shows plots of the dispersion and growth rate for a range of stabilizing and

destabilizing material constants. Density perturbations can be seen to decay at large scales

and grow at small scales. Increasing the odd viscosity ηo or the density-response of the

rotational viscosity η′R, the model can be tuned between completely stabilizing behavior and

destabilizing behavior at finite wavelengths. Likewise, the shear modulus µ (or equivalently,

the bulk modulus λ) can be increased to tune the critical wave-number k∗ for which α(k∗) =

0. In the limit of large elastic forces, k∗ →∞ and destabilization of the homogeneous state

is prevented altogether.

Crucially both Hall viscosity and density dependent odd stress are required for unstable

behavior at any wave-number. Conversely, eliminating the elastic response makes the model

unstable at all wave-numbers. This feature, explored in detail below, is common to all the
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instabilities identified in Figure 3.41 and forms the basis for the cartoon in Figure 3.40.
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Figure 3.42: A complete model. A model that incorporates all the prescribed ingredients
for a scale-dependent instability is presented. Dispersive waves are damped at small k and
grow at large k (left). Enhancing the odd response makes more of the spectrum unstable
(center), while the system can be stabilized at all scales by increasing the even elastic moduli

The limit ηo → 0. In the absence of odd viscosity, the mechanism by which the homoge-

neous state destabilizes is removed and it can be shown directly that waves at every scale

are damped. There are two damped modes in this case where one mode has a decay rate

with asymptotic large- and small-scale behaviors of

α(k) =





−µ
Γ
k2 +

µ(η + ηR)

Γ2
k4 +O(k6) : |k| � 1,

− µ

η + ηR
+

Γµ

(η + ηR)2

1

k2
+O(k−4) : |k| � 1,

(3.137)

while the other mode has:

α(k) =





−λ+ µ

Γ
k2 +

(λ+ µ)η

Γ2
k4 +O(k5) : |k| � 1,

−λ+ µ

η
+

Γ(λ+ µ)

η2

1

k2
+O(k−4) : |k| � 1.

(3.138)

Increasing the elastic modulus causes modes to be uniformly more strongly stabilized, while

increasing the rotational viscosity simply makes this decay uniform over all sufficiently small

scales. This is shown for the first mode in Figure 3.43.
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Figure 3.43: Removing odd viscosity. By removing the odd response, dispersive waves
are eliminated and density perturbations are damped at all scales (left). Modulating both
even elastic (center) and viscous (right) parameters universally yields causes the system to
be stable.

The limit η′R → 0. Now, we demonstrate that the density-dependence of the rotational

viscosity is itself a crucial element that conspires with the odd viscosity to yield instability.

Without this crucial dependence on density, the dynamics is dominated by elasticity and it

can be shown that all scales are damped. In this case, there are two decaying modes, with

one having a decay rate with asymptotic large and small k behaviors

α(k) =





−µ
Γ
k2 +

µ(η + ηR)

Γ2
k4 +O(k5) : |k| � 1,

− 1

2[ηo2 + η(η + ηR)]

[
ηR(λ+ µ) + η(λ+ 2µ)

−
√
η2λ2 + 2ηηR(λ+ µ)(λ+ µ) + (λ+ µ)[−4ηo2µ+ ηR

2(λ+ µ)]
]

: |k| � 1,

(3.139)

while the other mode has

α(k) =





−λ+ µ

Γ
k2 +

η(λ+ µ)

Γ2
k4 +O(k5) : |k| � 1,

− 1

2[ηo2 + η(η + ηR)]

[
ηR(λ+ µ) + η(λ+ 2µ)

+
√
η2λ2 + 2ηηRλ(λ+ µ) + (λ+ µ)[−4ηo2µ+ ηR

2(λ+ µ)]
]

: |k| � 1,

(3.140)

The first set of modes are plotted in Figure 3.44. Odd viscosity only appears as a correction

to the damping rate at short wavelengths, while the system is stable at all scales due to the

176



even elastic and viscous terms.
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Figure 3.44: Uniform rotational viscosity. A model that includes an odd transport
coefficient ηo and otherwise even viscous and elastic terms is also stable at all scales and
has no waves (left). Increasing the stabilizing shear modulus µ further stabilizes the system
(center), while modulating odd viscosity ηo has minimal effect in the absence of density-
rotation coupling.

The limit λ, µ→ 0. In this case, one mode has α, ν ≡ 0 for all k, while the second mode’s

dispersion satisfies ν ≡ 0, but has non-zero damping. This is particularly easy to examine.

For this mode, the density Fourier amplitude evolves as

ρ̂t = 2ρ0η
′
RΩ

ηok
4

[
Γ + (η + ηR)k2

] [
Γ + ηk2

]
+ ηo2k4

ρ̂ (3.141)

The growth rate being the prefactor of ρ we see it is positive for k > 0. The large and small

k asymptotics in this case are given by

α(k) =





2ηoη
′
RΩρ0

Γ2
k4 +O(k6) : |k| � 1,

2ηoη
′
RΩρ0

ηo2 + η(η + ηR)
+O(k−2) : |k| � 1.

(3.142)

That is, there is wavelength-independent growth for sufficiently small scales that arises from

a rapid increase in growth rates from large scales. The interplay of density-rotation coupling

and odd response appears as in the full model through 2ρ0Ωη′R × ηo, but here destabilizes

all length-scales in the absence of a balancing stabilizing term. The shear and rotational
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viscosities, as in Figure 3.45, only suppress growth marginally at small scales.

The density dynamics above arises from a velocity-density coupling of the form

v̂ =
2Ωη′R[

Γ + (η + ηR)k2
] [

Γ + ηk2
]

+ ηo2k4

[
(ηok

2)ik + (Γ + ηk2)ik⊥
]
ρ̂. (3.143)

If we consider a simple density perturbation A sin (kx), where k > 0, the corresponding

perturbative velocities have the form

vx = Ah(k2)ηok
3 cos kx, vy = −Ah(k2)(Γ + ηk2)k cos kx, (3.144)

where h(k2) > 0. This corresponds to a horizontal velocity vx moving material from low

density to high density regions, increasing the amplitude of A, and associated material shear

ω = ∂xvy, as illustrated in Figure 3.40.
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Figure 3.45: Removing elasticity. Including only the viscosities η, ηR, and ηo, in addition
to η′R yields unstable solutions without dispersion (left). The destabilizing ηo (center) and
η′R (right) compete with η and ηR to increase the growth rate.

3.6.1.3 Alternative destabilization route

In the description above, we focused on a pathway towards instability that requires both

an odd response and coupling between dilation and rotation. A second route to instability

is provided by mixing between the pairs (η1
⊥, K

2
⊥) and (η2

⊥, K
1
⊥) which produce similar

instabilities to Section 3.6.1.2. Figure 3.46 shows an expansion of Figure 3.41 to include
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these couplings. We note that, unlike odd viscosity ηo and a density-dependent rotational

viscosity ηR(ρ) (see [18]), no measurement of these Magnus terms has been reported to date

in a chiral medium.

1
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Figure 3.46: Magnus-Magnus pairings. Adding two Magnus coefficients (one viscous,
one elastic) to the base model can also yield a scale-dependent instability, provided they
oppositely couple dilations and rotations in the stress and strain tensors.

3.6.1.4 The elastic instability

We consider one other special case: a purely elastic instability. In this limit, all viscous

effects are ignored and the behavior can be summarized by

ω(k) =
−i
2Γ

(
λ+ 2µ+

√
λ2 − 4K2

⊥Ko − 4Ko2

)
k2. (3.145)

There are two primary classes of behavior that arise from this case: (1) stable wave propaga-

tion, and (2) instability. The first case is summarized by Figure 3.47, while the second case is
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illustrated in Figure 3.48. Unlike the viscoelastic model discussed previously, an odd elastic

solid sustains spectral growth that is wavelength-dependent at all scales, and destabilizing

everywhere.
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Figure 3.47: Stable elastic waves. Including only the elastic moduli λ, µ, K2
⊥, and Ko,

yields stable solutions with dispersion in one limit. The even elastic moduli only slows the
damping rate in this limit.
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Figure 3.48: An elastic instability. Including only the elastic moduli λ, µ, K2
⊥, and

Ko, yields unstable solutions without dispersion. The Magnus elastic modulus has little
qualitative effect in this limit.

3.6.2 Spectral analysis of the instability

To test this simplified model, we measure the flows v(x) that occur in the bulk of a large crys-

tallite driven at finite rotation frequency, and measure the Fourier spectrum of all scalar mea-

sures of deformation, including velocity and strain rate. The technical details are described

in Section 3.6.3. Figure 3.39b shows that following the onset of rotations the azimuthally

averaged spectra evolve before eventually settling into a steady state. By comparing the

spectra at different times, we extract the mode growth curves shown in Figure 3.39 for (c)
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experiments (Section 3.6.3) and (f, g) simulations (Section 3.6.4). They reveal the presence

of an instability at finite wavelength for all modes with relatively constant growth above a

characteristic scale. As shown in Figure 3.39c, a spatial map of the integrated growth rate

reveals that this instability is consistent with the destabilization of our chiral crystal.

We note, however, that in finite crystalline domains, defects are readily produced at the

boundary. Their subsequent propulsion into the bulk could curtail or otherwise affect the full

development of the instability. Crucially, we have not observed the spontaneous appearance

of defects in the middle of a crystallite in our experiments. These combined observations

suggest the existence of an additional mechanism for destabilization in which motile defects

nucleate at the boundary and invade the crystal phase, actively fracturing the bulk into

whorls.

Our minimal model simulations provide an ideal arena to investigate this possibility. By

varying microscopic interaction parameters, we can tune the system from linearly stable to

linearly unstable (Section 3.6.4.1 and Section 3.6.4.3), Remarkably, in both the stable and

the unstable regime, we observe that initially perfectly crystalline droplets are destabilized

by the production of defects at the edges of the droplets, which subsequently invade the bulk

in a visible front (Figure 3.39d-e). The only difference is that deep in the unstable regime (e),

we also observe defect nucleation in the bulk of the droplet before the front arrives. Notably,

in both cases a crystal whorl emerges as the steady state (Section 3.6.4.3). This mechanism

of destabilization has a different origin from the linear instability described above; within

our continuum approach the presence of a constant background odd stress plays no role in

the crystal’s stability, rather its primary effect is to drive defect propulsion (Section 3.5.2.3

and Section 3.6.1.2).

Remarkably, measurements of the spectral growth in both regimes, performed for simu-

lations initialized in a polycrystalline phase, display general shapes and spatial maps that

are similar to those observed in the experiment (Figure 3.39f-g). The similar shape of the
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resulting curves demonstrates the challenge of disentangling the precise origin of the growth

in terms of linear response coefficients.

3.6.3 Stability of experimental crystals

As discussed in the Section 3.2 and Section 3.4, our measurements show that a homogeneous

crystalline patch of chiral crystal generically breaks up into a polycrystal. We analyze this

fragmentation using the tools of Section 3.2.3 to estimate the average grain size and total

grain boundary length over time, as plotted in Figure 3.49A-B.

To investigate the break-up process further we track the evolution of Fourier spectra of

velocity and strain-rates during this process. We begin with the Lagrangian velocity field

vi(t) and construct the Eulerian velocity field v(r, t) by interpolating the particle velocities

onto a grid. Taking a Fourier transform of the components of the velocity field and extract-

ing the power in each spatial mode |(vi)q(t)|2 reveals an isotropic spectrum. Taking the

azimuthal average and convolving with a filter to remove noise yields the one-dimensional

spectrum |(vi)q|2, which is shown in Figure 3.49C-D.

The resulting spectrum presents a broad distribution that evolves at short times (C)

before settling onto a steady state (D). By tracking the evolution of the spectrum in time,

we compute a wavenumber-dependent growth rate α̂(q; t0, t1), as the difference between the

power P (q) of the spectrum at times t0 and t1, normalized by the power at time t0 and

divided by t1 − t0,

α̂(q; t0, t1) =
1

t1 − t0
P (q, t1)− P (q, t0)

P (q, t0)
(3.146)

To gain some intuition on the effect of the time intervals we consider, we indicate and

vary the values of t0 and t1 on Figure 3.50. We find that the growth rates are insensitive to

perturbations on the choices of t0 and t1. Namely, as presented in Figure 3.50, the growth

rate is uniform for all early times and is insensitive to the observation window.

As shown in Figure 3.21 and Figure 3.5, the particle rotation rate Ω, among other pa-
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Figure 3.49: Measuring a growth rate in the velocity spectrum. A region of chiral
crystal is fragments into smaller grains, as viewed through (A) the average grain size 〈ξθ〉
and (B) the total grain boundary length

∫
d`GB. The averaged velocity power spectrum,

|(vx)q|2 + |(vy)q|2, is plotted at times t0 (dashed line) and t1 (solid line) for (C) an unstable
crystal, and (D) a crystal in the steady-state. In the case of the unstable crystal, for suffi-
ciently long intervals t1− t0, the spectrum evolves. We compute the growth rate for various
initial times t0, keeping the window t1− t0 fixed, and observe that the growth rate of the (E)
unstable crystal, levels off at late times to resemble the growth rate of (F) the steady-state
crystal. The shaded regions represent scales above the system size.

rameters, sets the characteristic crystallite size in the steady-state. We find that unstable

states prepared with roughly the same (B) mean crystal size 〈ξθ〉 and (C) integrated grain

boundary length reach different steady-states in Figure 3.51. Increased levels of crystalline

breakup are reflected directly in the spectral evolution of the velocity field, as demonstrated

in Figure 3.51A, for which the resulting growth rates α̂(q) are plotted.

In Figure 3.52, we decompose the strain-rate tensor ėβ in terms of the irreducible repre-

sentations of dilation ( ), vorticity ( ), shear 1 ( ), and shear 2 ( ) (see Section 3.6.1),

and show that a similar azimuthally averaged power spectrum |(ėβ)q|2 is associated to each

mode. Beginning from an unstable state, the evolution of each component is similar (A),

resulting in nearly identical normalized growth rates α̂β(q) (B). Meanwhile, beginning from
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Figure 3.50: Growth rates measured over various time intervals. (A) By evaluating
the growth rate over time-intervals (t0, t1) with a fixed t1 − t0 but shifted throughout the
experimental time, we observe little qualitative impact on the measured growth. (B) Sim-
ilarly, allowing the time-interval to vary while initializing the computation at successively
later times t0 has little impact. (C) Finally, the same is observed when terminating the
computation at successively later times t1.

A B C

Figure 3.51: Dependence of growth rate on rotation frequency. (A) From the evo-
lution of the displacement spectrum, we observe the growth rate in unstable crystals driven
at various frequencies. The peak growth rate coincides with a wavelength that roughly de-
creases with frequency. During this instability, (B) typical domain sizes tend to decrease to
near the steady-state values, and (C) the total grain boundary length increases.

a steady-state, the growth vanishes for all components (C).

In order to gain insight on the spatial localization of the growth rate, we measure the

integrated growth rate, I =
∫ q1
q0
dq α̂(q) taking q0 and q1 to roughly correspond to the window

size 2π/` and the particle spacing 2π/a. We measure this quantity for the growth rate
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Figure 3.52: Growth in modes of strain rate decomposition. By decomposing the
strain-rate tensor into the irreducible representation of dilation ( ), vorticity ( ), shear 1
( ), and shear 2 ( ) (see Section 3.6.1), we can construct a power spectrum for each scalar
field and measure a growth rate. This decomposition is performed for systems initialized
as a large crystal in (A-B). (A) Power spectrum at early time t0 (left) and late time t1
(right). (B) Normalized growth rate for each mode computed over the interval (t0, t1). The
four deformation modes all participate in the crystal instability and have comparable growth
rates at all wavelengths. (C) All the growth rates vanish for a system allowed to reach a
steady-state.

computed from a spectral analysis of the flow confined to small (` ≈ 50µm) regions of the

crystal, and interpolate this result to construct a heatmap of the growth as in Figure 3.53A.

In Figure 3.39, the relative growth is plotted, which is obtained by normalizing the integrated

growth by the mean growth at the initial time t0: Irelative = I/ 〈|I(t0)|〉. Superimposed onto

this image are white solid lines representing the grain boundaries of the crystallite. This local

measure of the instability reveals that the most unstable regions are localized preferentially

at the centers of the crystalline domains. In the row below, Figure 3.53B, we see that

the most unstable regions also coincide with the centers of large uniformly rotating crystal

whorls. Finally, we aggregate integrated growth measurements and plot them against the

local magnitude of the bond orientational order parameter |ψ6| in Figure 3.53C at various

times t0. This plot shows strong correlations between the level of crystal ordering and the

strain instability, indicating that the dynamical restructuring of the chiral material primarily

affects the bulk of crystallites.
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Figure 3.53: Spatially resolved growth rate. (A) The integrated growth rate is computed
for small patches of the crystal, and interpolated to construct a heatmap. Upon this map,
we draw the grain boundaries at each snapshot in time. (B) The material is maximally
unstable within crystalline domains, which correspond to large patches of positive vorticity,
presented at the same temporal snapshots as the growth above. (C) Aggregating individual
measurements of local growth and crystalline order yields a time-sequence of curves relating
instability to structure.

3.6.4 Stability of simulated crystals

To understand the origins of the experimentally instability described above, we turn to

simulations of odd crystals with directly tunable transverse forces. By first investigating

spring simulations (Section 3.6.4.1), we gain an understanding of the relationship between

odd crystal stability and effective odd spring constants. We then apply this to both periodic,

stable minimal model simulations (Section 3.6.4.2) and a range of variably stable simulations

(Section 3.6.4.3) to disentangle the role of odd elasticity and dislocation-mediated melting

in the self-kneading instability.
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3.6.4.1 Spring-and-ball simulations

By combining the predictions of linear elasticity discussed in Section 3.5.1, with the coarse-

graining procedure discussed in Section 3.5.1.3, we can derive a stability criterion for the

lattice in terms of microscopic force coefficients:

k2 +

(
ko −

1

3
η

)
(ko − 3η) < 0 (3.147)

An interesting outcome of this prediction is that even in the absence of stabilizing longitudinal

spring-like forces, an instability occurs only when 1
3η < ko < 3η.

A B

Figure 3.54: Stability of spring simulations. (A) Growth curves computed using the
method outlined in Section 3.2.1 for simulations with a (top) linearly unstable and (bottom)
linearly stable choice of spring constants. Dashed lines represent theoretical growth curves
using coarse-grained elastic parameters. (B) Three snapshots from a (top) linearly stable
and (bottom) linearly unstable confirmation. For each set of snapshots the displacement of
particles from equilibrium is shown as well as the modulus of the order parameter |ψ6|.
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In the simulations presented in Figure 3.54, two distinct choices of transverse forces were

made, one corresponding to the stable regime and the other to the unstable regime. In

both cases some noise was added to the positions of the particles in the initial configuration.

As predicted the stable case rapidly relaxes to a un-strained triangular lattice, while the

unstable case spontaneously develops strains in the bulk.

The growth curves computed using the method outlined in Section 3.2.1 capture the

transition between stability and instability in terms of k, and additionally show qualitative

agreement in the linearly unstable case with the theory of Section 3.5.1 with the coarse-

grained parameters of Section 3.5.1.3. Here, in place of the velocity field, we conduct a

spectral analysis of the displacement field u = x−〈x〉, where 〈x〉 denotes the time-averaged

position of a mass.

3.6.4.2 Minimal model simulations in a periodic domain

As discussed in Section 3.5.1.3, the correct estimation of linear elastic coefficients for a

nonlinear potential such as the WCA potential used in these simulations is challenging. To

establish whether our choices of simulation parameters lie in a linearly stable or unstable

regime, we therefore perform numerical simulations in a doubly-periodic square domain. We

find that the crystal phase is linearly stable for our default choice of parameters, including all

choices of Ω that we tested: a perturbed triangular crystal in a periodic domain readily decays

to a perfect triangular lattice. A choice of parameters that leads to a linearly unstable system

can be made, but it requires extending the range of interactions beyond nearest-neighbors.

We discuss this choice in Section 3.6.4.3.

3.6.4.3 Minimal model simulations in the linearly stable and unstable regimes

The minimal model simulations of large droplets discussed in Section 3.4.2, closely mirroring

the behavior of the experiment (Section 3.6.3), demonstrate that droplets generically break
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Figure 3.55: Minimal model simulations are linearly stable. (A) The order parameter
|ψ6| plotted for a sequence of timesteps in a minimal model simulation shows the decay of
disorder. (B) The system average 〈|ψ6|〉 plotted versus time shows no relationship to driving
frequency Ω. (C) Likewise, the spectral growth computed as in Section 3.2.1 for the velocity
field shows stabilizing behavior independent of Ω.

up into crystal whorl states despite the linearly stable choice of interaction parameters. The

breakup originates at the boundary of the system and a front of interacting self-propelled

dislocations invades the bulk of the initially crystalline state, as seen in Figure 3.57A-B. Thus

the crystal whorl state can arise purely as a result of the action of odd stress in an otherwise

elastically stable system. In this section we explore how the parameters of our minimal

model can be altered to enter a linearly unstable regime. This enables a comparison of the

destabilization phenomenology between the linearly unstable and linearly stable regimes.

Choice of parameters in the light of linear stability As discussed in Section 3.5.1.3

the estimation of conventional linear elastic coefficients in the presence of the longitudinal

WCA potential is challenging because of the nonlinear repulsive component of the potential.

The transverse interactions, however, are more amenable to a treatment by Taylor expansion
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about the steady state particle spacing. This enables an informed-guess approach to choosing

parameters that might result in a linearly unstable crystal.

The transverse force in the minimal model is presented in Equation (3.8), where the cutoff

length is rcutoff = 1.5σ. The longitudinal force between has a minimum close to r = 1σ, and

the lattice spacing in the ‘steady’ state is close to this value. Therefore, one can look at the

Taylor expansion of the transverse force near r = 1σ to get the spring constant and using

the coarse graining approach discussed in Section 3.5.1.3 to estimate the odd moduli for the

minimal model:

η = F (σ)/σ =
At
σ

(
1

σ
− 1

1.5σ

)2

=
At
9σ3

ko = − dF

dr

∣∣∣∣
r=σ

= 2At

(
1

σ
− 1

1.5σ

)
1

σ2
=

2At
3σ3

(3.148)

And as a result ko = 6η. Since the linear elastic instability criteria demands that 1
3η < ko <

3η for a crystal to be linearly unstable, our default choice of parameters for the minimal

model is expected to be stable, as observed (see Section 3.6.4.2).

To seek insight into whether a choice of parameters can be made to make the system lin-

early unstable, we relax the requirement that particles interact with only their nearest neigh-

bor and re-examine the Taylor expansion of the transverse force defined by Equation (3.8).

Expanding about an arbitrary lattice spacing ` we obtain:

η = F (`)/` =
At
`

(
1

`
− 1

rcutoff

)2

ko = − dF

dr

∣∣∣∣
r=`

= 2At

(
1

`
− 1

rcutoff

)
1

`2

=⇒ η

ko
=

1

2

(
1− `

rcutoff

)
(3.149)

This suggests that a linearly unstable regime may be reached if rcutoff > 3`. We note that

this implies that the interaction is no longer limited to nearest neighbors. The identification

of this parameter regime enables the comparison of the breakup phenomenology and growth
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rates in a droplet that is in the linearly stable regime from that of a droplet in the linearly

unstable regime, as discussed below.

Spectral growth in the linearly stable and unstable regimes We first investigate the

generic nature of the instability we observe in our experiments by comparison to the linearly

stable model discussed above. We track the velocity v(x, t) and vorticity ω(x, t) fields using

the procedure of Section 3.4.1. For each, we compute the power spectrum as in Figures 3.49

and 3.52 in Figure 3.56A-B. As in Section 3.6.3, we show in (C-D) that the estimated

growth rate α̂(q; t0, t1) is initially destabilizing and constant at small wavelengths. For later

measurement times t0, the growth is diminished as the system reaches the steady crystal

whorl state, before the system becomes stabilizing with α̂ < 0. During this initial period

of destabilization, the metrics used to analyze the experimental system in Section 3.2.3 are

applied: (E) total grain boundary length, (F) mean grain size, and (G) total number of

defects. In this linearly stable regime, there is no spectral growth without the introduction

of grain boundaries and dislocation proliferation from the free surface.

The aforementioned behavior is qualitatively distinct from that of the linearly unstable

regime, which we probe by performing simulations with rcutoff = 6σ. In Figure 3.57, we

contrast the behavior of a linearly stable droplet (A-B), which yields to dislocation prolif-

eration from the free surface, to the behavior of a linearly unstable droplet (C-D), which

more rapidly yields to dislocation unbinding in the bulk. This qualitative change is captured

through a calculation of the spectral growth for regions of varying proximity to the free sur-

face. In the stable case, spectral growth is negligible until the dislocation front encroaches on

the volume considered. Meanwhile, the linear instability leads to spatially uniform spectral

growth immediately in the absence of a front.

We then ask: which of these regimes most closely resembles the experimental data pre-

sented in Figure 3.39 and Figure 3.50? To answer this question, we conduct simulations in

both the linearly stable and unstable regime with an initial state that more closely resemble
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Figure 3.56: Measuring a continuum instability. The azimuthally-averaged power spec-
tra over time for (A) the velocity |(vx)q|2 + |(vy)q|2, and (C) the vorticity |ωq|2. From these
spectra, we estimate the growth rate α̂ at various initial times t0 measured in rotations from
the start of the simulation. This shows close agreement between the growth rate in (B)
the velocity, and (D) the vorticity. (E) The total unweighted and weighted grain boundary
length, (F) mean grain size, and (G) total number of defects versus time. The vertical bars
highlight the values of t0 used for the computation of α̂.

that of the experiment, as seen in Figure 3.58, by driving a perfect, linearly stable crystal to

its crystal whorl state. We then drive the stable (rcutoff = 1.5σ) and unstable (rcutoff = 6σ)

regimes at varying rotational frequencies. For sufficiently low frequencies, the stable model

of Figure 3.58A-B yields either negligible or stabilizing spectral growth, but reveals spectral

growth resembling the experiment at very high frequencies. Using the procedure of Sec-

tion 3.6.3, we compute the integrated local growth to show that in the most unstable case,

the growth is concentrated between grain boundaries. Likewise, we demonstrate that for

lower frequencies, the same behavior can be observed in linearly unstable simulations. The

distinguishing feature, therefore, is the qualitative dislocation dynamics observed in these

systems. In the stable case, dislocations move together as a front, whereas in the unstable

case, dislocations are ejected from grain boundaries at a high rate.
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Figure 3.57: Linearly stable and unstable odd crystals are generally destabilized.
(A) Spectral growth curves for a linearly stable droplet over time, where color denotes a
specific volume as denoted in (B). (B) The phase of a droplet at the time of the corresponding
growth curve evaluation. (C) Spectral growth curves for a linearly unstable droplet, also for
varying times and evaluation volumes. (D) The droplet phase field reveals destabilization in
the bulk that precedes the arrival of the front.

3.6.4.4 Full hydrodynamic simulations

To further test the generic nature of the instability we observe in our experiments (Section ??)

and the minimal model simulations (Section ??), we tracked the velocity v(x, t) and vorticity

ω(x, t) fields using the procedure of Section 3.4.1. For each, we compute the power spectrum

as in Figures 3.49 (|vq|2) and 3.52 in Figure 3.59A-B. As in Section 3.6.2, we show in (C-

D) that the estimated growth rate α̂(q; t0, t1) is initially destabilizing and constant at small

wavelengths. For later measurement times t0, the growth is diminished as the system reaches

the steady-state, before the system becomes stabilizing with α̂ < 0. During this initial period
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Figure 3.58: Spatially resolved instability of the polycrystalline phase. (A) An ini-
tially polycrystalline state can be driven at a sufficiently high rotation rate to cause spectral
growth that is localized to large |q|, resembling strongly the form of the spectral growth shown
in Figure 3.39. This is possible for a model that predicts both linear stability and instability.
(B) The integrated growth is plotted spatially alongside dislocations, for which opacity indi-
cates time of observation, showing collective motion associated with grain boundaries. (C)
By contrast, a simulation of a linearly unstable polycrystal reveals spectral growth of this
kind for nearly any driving frequency. (D) Unlike the linearly stable system, the dislocation
motion in this case shows proliferation and propulsion away from grain boundaries.

of destabilization, the metrics used to analyze the experimental system in Section 3.2.3 are

applied: (E) total grain boundary length, (F) mean grain size, and (G) total number of

defects.
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Figure 3.59: Measuring an instability. The azimuthally-averaged power spectra over time
for (A) the velocity |(vx)q|2 + |(vy)q|2, and (C) the vorticity |ωq|2. From these spectra, we
estimate the growth rate α̂ at various initial times t0 measured in rotations from the start
of the simulation. This showed close agreement between the growth rate in (B) the velocity,
and (D) the vorticity. (E) The total unweighted and weighted grain boundary length, (F)
mean grain size, and (G) total number of defects versus time. The vertical bars highlight
the values of t0 used for the computation of α̂.

3.7 Conclusion

Breaking parity by spinning a material’s constituents gives rise to transverse forces that

fundamentally alter the organization of matter. Spinner crystals generically melt into a dy-

namical state driven by motile dislocations. The resulting, tunable crystal-whorl state opens

new avenues for control of structure and transport from synthetic materials to biological

colonies.
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CHAPTER 4

TME-MODULATED COLLOIDAL CHIRAL MATTER

This chapter is primarily comprised of currently unpublished work conducted with the help

of Ganan, Y. A., Poncet, A., Bartolo, D., & Irvine, W. T. M., who all contributed to valuable

discussions and to developing the theory of Section 4.5.

4.1 Introduction

In passive matter, structure and shape are dictated by effective interactions that are a

function of the separation and orientation of the material’s building blocks. Driving ma-

terials out of equilibrium allows these interactions to depend on time, producing new phe-

nomenology that is well known in other systems with broken isotropy, namely quantum

systems [121, 122, 123]. In particular, the anisotropic drive of chiral matter is known to

introduce new odd nematic-like viscous coefficients [124]. We drive a collection of colloidal

magnets to rotate with an angular speed that slows the rotation of the constituents at specific

moments in time. The resulting interplay between spatial and temporal order provides effec-

tive control of internal structure, global morphology, and free surface stability. We interpret

our observations in terms of the competition between time-modulated internal stresses and

surface forces.

4.2 Time-modulation of odd systems

We report the engineering of a chiral material with tunable anisotropy using the control

scheme of Figure 4.1, and demonstrate a wide range of control over the morphologies of the

resulting structures. In the following sections, we describe the rotational time-modulation

procedure by which this anisotropy is achieved (Section 4.2.2).
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4.2.1 Experimental preparation

We prepare a suspension of ‘superball’-shaped colloidal particles comprised of hematite with

a single magnetic domain. The particles were synthesized and coated according to the

procedures referenced in [18], suspended in water, sedimented onto a glass slide, and imaged

through crossed polarizers in an inverted microscope. The particles are subjected to rotation

from an external magnetic field, but with a slight variation described in the following section.

B
μ θ

B
μ θ

A Β C D E

100 μm

F G

Figure 4.1: Time-modulated rotation of the external magnetic field. (A) Cartoon
depiction of time-modulated rotation of the magnetic field orientation θB , causing the dipole
moment µ to stall at specified intervals. (B) The field angle θB versus time for varying mod-
ulation strength α and phase δ, and (C) its time derivative. (D) The angle of minimum θ̇B
and (E) the magnitude of the fluctuation in θ̇B . By varying instead the order of the mod-
ulation n, we obtain qualitatively distinct morphologies for collections of particles, namely:
(F) ellipsoidal droplets for n = 2 and (G) rectanular droplets for n = 4.
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4.2.2 Time-modulated drive

In prior work, the rotation of the colloids was temporally uniform and spatially isotropic, as

dictated by the external magnetic field which rotated with θB = Ωt. We previously reported

the formation of a dense liquid-like phase due to self-attraction amongst rotating dipoles. In

this work, we relax the aforementioned constraint by allowing the rotation of the magnetic

field, and therefore the colloids, to be temporally non-uniform. The time-modulated rotation

of the particles is achieved by directly controlling the orientation of the rotating magnetic

field as a function of time, thereby inducing relatively fast and slow rotation at specified

intervals. Here, we produce the generic formula for the phase of the magnetic field, θB(t),

θB = Ωt− α cos (nΩt+ δ), (4.1)

where Ω = 2πf is the angular frequency of the particle rotation for rotation frequency f ,

α ∈
[
0, 1
n

]
is the intensity of the modulation, n ∈ N is the degree of modulation, and

δ ∈ [−π, π) is the phase of the modulation [124]. In addition, we introduce control over

the magnitude of the magnetic field strength |B|, which will be presented as a ratio |B|/B0

where B0 = 1.3 mT is the reference magnetic field strength used everywhere unless otherwise

noted. Finally, we can introduce a constant out-of-plane contribution to the magnetic field

described by an angle θ. This control scheme is illustrated in Supplementary Figure 4.1,

where the special cases of the modulation strength and phase are explicitly considered, as

illustrated in (A). In (B-C), the orientation θB of the magnetic field and its time-derivative

θ̇B are presented, showing that the modulation strength directly tunes the fluctuations in

angular rotation rate, while the modulation phase dictates the phase of these fluctuations.

In (D), we demonstrate that this temporal phase leads to a spatial change via the stall angle,

and in (E) that the amplitude is meanwhile unaffected.

For the case of two-fold (n = 2) modulation, the above description is comprehensive.
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A Β C

Figure 4.2: Two approaches to four-fold time-modulated drive. For a square-wave
(top) and sine-wave (bottom) construction of the four-fold (n = 4) modulation, we present
(A) the magnetic field phase θB , (B) rotation rate θ̇B , and (C) rotation rate amplitude for
varying Ω and α, respectively.

However, we also note that an alternative driving scheme is used for the case of four-fold (n =

4) modulation, in which we construct a more intensely modulated signal from a temporal

square wave that is convolved with a Gaussian kernel in time. The discrepancy between these

two forms is highlighted in Figure 4.2, where (A) the magnetic field phase θB transitions

more abruptly and the (B) rotation rate θ̇B sustains greater fluctuations when driven using

a modulated square wave. Due to the technical details of this construction, this amplitude

decreases with frequency as seen in (C), but the square wave construction introduces a higher

amplitude (top) than attainable at the theoretical maximum amplitude for the sinusoidal

modulation (bottom).

4.3 Experimental characterization

As the droplets of chiral fluid prepared using the procedure of Section 4.2.1 evolve and reach

their steady-states, we characterize the resulting droplet morphology and seek to use other

measures of internal structure to construct a predictive model. In the following sections, we
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detail the procedures and findings for the study of droplet shape both during equilibration

and in the steady-state, bulk structural distortions, and relative rotational phase lag.

B C DA

Figure 4.3: The equilibration of a single initially-circular droplet. An initially circular
droplet evolves instantaneously to an ellipse upon the introduction of time-modulated drive,
quickly reaching a steady-state as observed in the temporal evolution of (A) the fits of the
droplet outline to an ellipse, (B) the droplet orientation and (C) the droplet aspect ratio.
(D) Meanwhile, volume is conserved.

4.3.1 Droplet shape

Immediately upon activating the colloidal system with an isotropic drive, due to time-

averaged attraction, the particles immediately form a dense phase that equilibrates to a cir-

cular droplet. Under time-modulated drive according to the control scheme of Section 4.2.2,

these circular droplets can be deformed slowly to a variety of tunable steady-state morpholo-

gies that are cataloged in the following section.

The shape of this chiral fluid droplet under time-modulation can be approximated by

identifying the boundary particles from a triangulation of the internal lattice. The local

radius R(θ) can be approximated from the coordinates of the boundary particles where the

geometric center of the droplet is taken to be the center of mass. For modulation of order

n = 2, these boundary points are fit to an ellipse with a form

R(θ) =
ab

n
√
|b cos (θ − θe)|n + |a sin (θ − θe)|n

(4.2)
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with fixed order n = 2. From this fit, we extract the orientation of the droplet θe, and the

lengths of the major and minor axes a and b. We can also compute the enclosed area A to

demonstrate incompressibility. For modulation of order n = 4, we perform this fitting to a

super-ellipsoid defined by Eq. 4.2 for free n.

t (s)

A

B

C

200 μm

δ/π
+1+0.5-1 -0.5 0.0

D

200 μm

Figure 4.4: The equilibration of many initially-circular droplets (A) Snapshots and
extracted outlines of a collection of droplets driven by time-modulated rotation from an un-
modulated steady-state. (B) The droplet orientation θe, eccentricity e, and relative change
in volume δA/A0 for this collection of droplets. (C) Intermediate snapshots and outlines
of droplets driven at varying modulation phase δ. (D) For this collection of droplets, the
timescale k of the shape equilibration, final eccentricity efinal, and final droplet orientation
θe,final versus droplet size R̄.
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4.3.1.1 Shape equilibration

We can first perform this analysis for a single droplet that is prepared in an initially nearly-

circular state. Then, we observe the time-evolution of the orientation θe and aspect ratio b/a

as the droplet evolves to an ellipse, enabling us to estimate a timescale for the equilibration

process. This analysis for a single droplet is presented in Figure 4.3. Here, we see that the

(B) orientation and (C) aspect ratio of the ellipse deviate instantaneously from a circle and

stop changing within minutes, while the (D) fluctuation in volume δA = A − A0 for initial

area A0 is negligible, confirming incompressibility.

This process can be repeated for a collection of many droplets with varying radius R̄ =
√
ab, as shown in Figure 4.4A. As shown in (B), we find that the timescale for equilibration

of both droplet orientation and aspect ratio, now presented as eccentricity: e =
√

1− b2/a2,

depends on the droplet size. We demonstrate, by varying the phase angle of the modulation

δ, as illustrated in (C), that these equilibration dynamics are isotropic. To do so, the curves

e(t; R̄) are fit to the form

e(t) =
e0

1 + e−k(t−t0)
, (4.3)

and the timescale k for this morphological change is extracted and plotted in (D). This

reveals both an inverse relationship between the equilibration timescale k and droplet size,

and an increase in the typical steady-state eccentricity efinal with droplet size R̄. However,

within the range considered in subsequent steady-state experiments (∼ 50− 100 µm), both

the timescale and steady-state morphology are roughly constant.

4.3.1.2 Steady-state shape

Having identified a timescale for the equilibration of a droplet under time-modulation, we

can identify the geometric features of the steady-state of a droplet. In addition to fitting

a droplet to an ellipse or super-ellipse, we can directly compute a parameterized form for

the edge geometry R(θ), and subsequently extract the curvature κ(θ) along this surface
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Figure 4.5: Steady-state droplet morphology. The steady-state droplet morphologies
for a time-modulated system are presented for two-fold and four-fold modulation and for
varying control parameters: (A) rotational frequency Ω, (B) modulation intensity α, (C)
modulation angle δ, (D) magnetic field strength |B|, and (E) modulation order n.

according to

κ(θ) =
R2 + 2R′2 −RR′′

(R2 +R′2)3/2
, (4.4)

where R′ = dR
dθ . For convenience, in this section we present δκ(θ) = κ(θ) − κ0 where

κ0 = 〈κ(θ)〉θ.

In Figure 4.5, we show the characterization of a wide range of droplets prepared in exper-
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Figure 4.6: Steady-state droplet surface profiles. The curvature κ(θ) of the free sur-
face for chiral droplets driven with variable time-modulation are presented for two-fold and
four-fold modulation and for varying control parameters: (A) rotational frequency Ω, (B)
modulation intensity α, (C) modulation angle δ, (D) magnetic field strength |B|, and (E)
modulation order n.

iments for which control parameters including rotational frequency Ω, modulation intensity

α, modulation angle δ, magnetic field strength |B|, and modulation order n are tuned. We

find negligible changes in the morphology of droplets in the steady-state with respect to the

frequency of rotational drive Ω over the range considered in these experiments. However, the

orientation of droplets directly responds to the chirality, represented by sign(Ω), as seen in
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Figure 4.7: Steady-state droplet morphology depends on four-fold drive. (A) For (a)
sinusoidal four-fold modulation parameterized by α, the amplitude of θ̇B is limited, as is the
order n the of resulting super-ellipsoids measured, and (b) square modulation bypasses this
limit, producing droplets of higher n. (B) Droplet outlines, morphological properties, and
(C) surface curvature for (a) square and (b) sinusoidal four-fold modulation parameterized
by Ω.

Figure 4.5A. We are capable of controlling the (B) droplet aspect ratio b/a and (C) droplet

orientation θe in isolation using the modulation intensity α and modulation angle δ, respec-

tively. By contrast, changes to the (D) inter-particle interactions via tuning the magnetic

field strength |B| lead to both narrowing and rotating of the steady-state morphology.

In terms of the curvature, as in Eq. 4.4, the deviation from constant is measured and

fit to the form δκ(θ) = κ1 cos (nθ + θκ) for the magnitude κ1 and phase θκ, as shown in

Figure 4.6. The relationships between control parameter and morphological change observed

in the discussion of Figure 4.5 are consistent with these results, which will prove useful in

comparisons with the model of Section 4.5.

Additionally, we observe that the symmetry of the droplet morphology can be selected
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for two specific cases: (1) the n = 2 case documented previously, which produces ellipsoidal

droplets, and (2) the n = 4 case which produces super-ellipsoidal droplets. As shown in

Figure 4.5E, while the semi-diameters a and b of the super-ellipse are roughly equal, the

shape parameter n responds to rotational drive (effectively, modulation strength – see Sec-

tion 4.2.2). We also note that the two forms of four-fold modulated drive considered here

produce differing droplet morphologies. Namely, as in Figure 4.7A, we plot the fitted val-

ues of n for the surface morphology of droplets driven by (a) sinusoidal modulation via-α,

and (b) square modulation via-Ω. This demonstrates that four-fold modulation produces

increasingly square droplets in a manner correlated with the parameter that unifies these

two drive forms, the amplitude of fluctuations of θ̇B shown in Figure 4.2. In (B-C), the

analog representations of droplet morphology from Figures 4.5 and 4.6 are shown for both

drive forms.

4.3.2 Bulk structural distortions

In this section, we describe the extraction of a time-varying structural deformation at the

level of a single unit cell of the odd crystal as it is subjected to time-modulated drive. First,

for every particle, we compute the local bond-orientational order of polycrystalline packings

at the position rj of the jth particle as

ψ6(rj , t) =
1

Nj

Nj∑

i=1

exp
(
i6θij

)
, (4.5)

where the jth particle has Nj neighbors and θij is the angle formed between the bond

rij = ri − rj connecting the ith and jth particles and the x-axis. To enable the detection

of clusters, the field ψ6 is coarse-grained by averaging over a particle’s nearest neighbors.

The particles are then binned according to either proximity to the edge of a droplet or

|ψ6(rj , t)|, while bonds are filtered by a threshold to their length |rij | to first construct
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Figure 4.8: Bond histogram of time-modulated lattice. (A) The probability distribu-
tion p(θ) for the bond-angles θ of a particle and its nearest neighbors is aggregated over a
subset of particles during a period of rotation. (B) This construction is repeated for particles
of varying distance to the a droplet edge and over the evolution of a droplet in its steady
state for clockwise (left) and counterclockwise (right) rotation. (C) For the highlighted sub-
set, the distribution of bond vectors p(rx, ry) is presented over time t/τ over a rotation. The
vectors λ and B denote the eigenvalues of the image moment and magnetic field orientation,
respectively. (D) The orientation φ and eccentricity e representing the lattice distortion of
(C) is plotted over time, revealing periodic dynamics.

a histogram of bond angles p(θ) as shown in Figure 4.8A-B. This analysis reveals only

negligible fluctuations in lattice orientation over time, and blurring of order as the droplet
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edge is approached. However, we find that the dynamics occurring on the timescale of a

single particle rotation reveal surprising structural evolution.

To reveal this phenomenology, we construct two-dimensional histogram, p(rx, ry; t/τ)

that describes the density of bonds with projections rx = rij · x̂, ry = rij · ŷ observed at a

time t/τ for rotation period τ . An example histogram and its time-evolution are displayed

in Figure 4.8. From these histograms, we seek to extract a measure of the distortion of the

lattice in time, and consider two approaches throughout the rest of this text. In the first, we

treat the histogram as an image and extract the central image moments, from which we can

define an orientation and deformation strength. In the second, we consider the case in which

there are discrete peaks in the histogram, and instead identify average ‘particle’ trajectories

from the histogram.

4.3.2.1 Image moment extraction

For histograms p(rx, ry; t/τ) constructed from interior pointsets of droplets observed at a

specified time t/τ , we treat the histogram as a density heatmap and compute the central

image moments

Mij(t/τ) =
∑

rx

∑

ry

rixr
j
yp(rx, ry; t/τ), (4.6)

throughout a rotation period. Note that the centroid is assumed to be r̄x = r̄y = 0. We then

extract the image orientation using the second-order moments via µij = Mij/M00. This

allows the computation of the image orientation via

φ(t/τ) = 1
2 arctan

(
2µ11

µ20 − µ02

)
, (4.7)

and the eccentricity of the image is given by,

e(t/τ) =
√

1− λ2/λ1, (4.8)
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Figure 4.9: Distortions to orientation and eccentricity. For time-modulated rotation
experiments in which the (A) rotational drive Ω, (B) modulation strength α, (C) modulation
phase δ, (D) magnetic field strength |B|, and (E) modulation order n are varied, we report
(left) the time-evolution of the phase φ and eccentricity e of the bulk structural distortions as
illustrated in Figure 4.8. By fitting these curves, we estimate (right) parameters representing
the mean (φ0, e0) and amplitude (φ1, e1) of the distortions over a period of particle rotation.

which effectively represent the orientation and aspect ratio of an ellipse representing the

distortion of the unit cell. Note that the eigenvalues are

λ1,2 =
µ20 + µ02

2
±

√
4µ2

11 + (µ20 − µ02)2

2
. (4.9)
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In sum, we extract an orientation φ(t) and an eccentricity e(t) for the distortion of the lattice

by considering a histogram of the bonds from any given particle to its nearest neighbors. For

a selection of the experiments considered in this work, we present these results and fits to

the form φ = φ0 +φ1 cos [2(2πt/τ − ξφ)] and e = e0 + e1| sin (2πt/τ − ξe)| in Supplementary

Figure 4.9. The extracted means (φ0, e0) and amplitudes (φ1, e1) are displayed, and reveal a

number of relationships between internal structure and time-modulated drive. Namely, drive

chirality via sign(Ω) sets the average orientation of lattice distortions φ0, while otherwise not

dictating dynamics. The modulation strength α and modulation phase δ both directly tune

the amplitude of distortion eccentricity e1 and average angle φ0, respectively. Meanwhile,

the magnetic field strength |B| tunes both simultaneously.

4.3.2.2 Particle trajectory extraction

For crystals that are driven with a modulation of n = 4, the above procedure is unnecessary,

as discrete particle positions can be identified in (rx, ry) space. We identify the N brightest

local maxima at each moment in time and use the pointset {xj : j = 1 . . . N} for future

computations. A sequence of snapshots of the histogram, labelled with the identified maxima,

is presented in Figure 4.10. The choice of N is made to correspond with the order of the

lattice, and is N = 6 for the triangular lattices observed here unless otherwise noted. As

seen in (A), there are noticeable distortions to the average lattice at lower drive frequencies

than at (B) higher drive frequencies, suggesting a relationship between the order of droplet

morphology and distortions to internal structure.

4.3.2.3 Structural distortion equilibration

As observed in Section 4.3.1.1, the equilibration of the shape of a droplet under time-

modulation is a slow process that takes minutes. A natural question is then: what is the

time-scale for the equilibration of the internal structural deformation? To address this ques-
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Figure 4.10: Distortions to the particle trajectories. Under four-fold modulation,
we plot bond distributions p(rx, ry) and track the six maxima to identify distortions in the
average unit cell over time. Larger distortions are observed for (A) lower rotation frequencies
than (B) higher rotation frequencies.

tion, we perform the above analysis on the lattice associated with the experiment of Fig-

ure 4.3, revealing the results of Figure 4.11. We show in (A) that the droplet’s morphological

evolution is relatively slow compared to the fast evolution of (B) the internal structure as

quantified by φ(t) and e(t), plotted in each frame over a cycle of rotation, where each frame is

separated by a minute. As shown in (C), the parameters that fit these curves are effectively

constant in time after the initial frame, suggesting that the internal structural equilibration

is nearly immediate.

4.3.3 Relative phase lag

The orientations of the dipoles in the odd crystal, θj typically lag behind the externally

imposed magnetic field orientation θB . We assume the phase lag is spatially and temporally

uniform in the bulk, and estimate it by exploiting the birefringence of the colloids. We assign

an intensity Ij to each particle by first computing the total intensity of the microscope image

in the vicinity of the jth particle, and then subsequently averaging Ij across each particle’s

nearest neighbors. The average intensity Ī(t) = 〈Ij(t)〉j completes four oscillatory periods

during each rotation of a particle, such that the relative phase between two experiments β
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Figure 4.11: Distortions to orientation and eccentricity during droplet equilibra-
tion. As a typical droplet reaches the time-modulated steady-state from the un-modulated
state, we track its (A) morphology evolution alongside its (B) bulk structural distortion, as
quantified by the phase φ and eccentricity e. (C) By fitting these curves, we estimate (right)
parameters representing the mean (φ0, e0) and amplitude (φ1, e1) of the distortions over a
period of particle rotation, revealing little change over time.

can be read off from the phase lag, as shown in Figure 4.12A. Here, we show that there is a

phase lag that is increased as the particle rotation frequency Ω is increased (B), and a phase

lag that increases as the magnetic field strength |B| is decreased (C).

4.3.4 Surface instability

In the above sections, we have characterized the properties of an isolated droplet that equi-

librates to a circle without time-modulated rotation. Here, we observe the effect of time-

modulation on a large flat interface, in which the modulated rotation has a phase at an angle

ϕ to the surface normal n̂ of the colloidal medium, as in Figure 4.13A. The effect of chirality

in this system is to generate an edge current u that flows to the right in this diagram. In

addition, we vary the surface tension directly by tuning the out-of-plane component of the

magnetic field via the angle θ (Section 4.2.2). In Section 4.4.3, we discuss the relationship

between the field orientation and surface tension.

Upon activating the time-modulated rotation of the colloids, the surface abruptly becomes

uneven and surface perturbations rapidly grow, quickly forming asymmetric spikes as in
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Figure 4.12: Relative phase lag between a set of experiments. (A) The average
image intensity, or brightness, of the collection of particles within a droplet is plotted versus
time for a droplet that experiences time-modulated rotation. As highlighted in (a-c), the
phase of the particles oscillates both non-uniformly in time and in space. (B) We assume
that all particles driven with a particular form have a phase lag β between their dipole
orientation and magnetic field orientation, and we assume that this response is symmetric
under Ω→ −Ω. Increasing the driving frequency causes the intensity to respond on a delay
(top) and increases the variance in the intensity throughout a droplet (bottom), producing a
phase lag linear in Ω (right). (C) Decreasing the magnetic field strength has the same effect
on the intensity, and (right) produces a less trivial relationship between field strength and
phase lag.

Figure 4.13C. We track the evolution of this surface and measure both the height h(x, t)

of the interface and the geometry of the surface θn(s, t) and κ(s, t), the normal angle and

curvature. Here, we have parameterized the interface by the arc length s for a total curve of

length L. As in (B), we are able to observe the growth and translation of individual spikes
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Figure 4.13: A time-modulated ‘spiky’ instability. (A) The time-modulation in these
experiments is performed along an axis with angle φ to the surface normal n̂, and has an
out-of-plane contribution Bz. (B) The edge of the average spike is plotted both in real
coordinates over time (left, top) and as a kymograph defined by its normal angle θn (left,
bottom). This same procedure is repeated for the full experiment without collapsing the
individual spikes (right). (C) For a representative experiment, we show snapshots of the
surface evolution as a function of time. (D) We estimate the integrated power of the height
spectrum as the spikes evolve for variable modulation strength (left) and Bz (right). (E) A
phase diagram reveals that the surface is only unstable to these spikes for a small range of
angles and only when Bz is large.

(right, top) and their progressive coarsening (right, bottom). By aligning all of the spikes

in a single temporal snapshot according to their surface normal angle θn, we observe that

there is a characteristic shape that is constant in time (left).

As in the other experiments reported here, we also vary the modulation strength and

the strength of the out-of-plane field. We then measure the total power of the surface

perturbation as
∫
|hk|2 dk where hk is the Fourier transform of h(x), the height profile.

Using this as a metric for the magnitude of the instability, we see in Figure 4.13D that
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the instability is amplified by increased modulation strength (left) and increased out-of-

plane field strength (right). Fascinatingly, this same analysis for the maximum modulation

strength, but varying modulation phase, reveals that the instability is strongly peaked at

angles φ ≥ 0. Further, the signature of the instability is only observed within a limited

range of angles, suggesting that there is an interplay between the bulk stress due to time-

modulation (see Section 4.4.2) and the hydrodynamic and magnetic surface stresses. This

competition must then give rise to the asymmetry of both the characteristic spike and the

relationship with phase.

4.4 Magnetic stresses

Using the experimental inputs described in Section 4.3, we predict the bulk and surface

stresses generated due to magnetic interactions.

Parameter Symbol Numerical estimate

particle length ` 1.6× 10−6 (m)

particle spacing a 2.1× 10−6 (m)

magnetization M 2.2× 103 (A/m)

dipole moment m 9.0× 10−15 (A m2)

vacuum permeability µ0 4π × 10−7 (N/A2)

4.4.1 Time-modulated interactions

We simplify the interactions between particles to be purely magnetic dipole-dipole interac-

tions, such that for a pair of particles ri,j with dipole momentsmi,j , the force acting on the

ith particle due to the magnetic field generated by the jth is

Fij =
3µ0

4πr5
ij

[
mj(mi · rij) +mi(mj · rij) + rij(mi ·mj)−

5rij(mi · rij)(mj · rij)
r2
ij

]
,

(4.10)
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where rij = rj − ri. For the dipole moments, we assume

m = m cos (θB + β)x̂+m sin (θB + β)ŷ, (4.11)

for phase lag β and magnetic field orientation θB , where the phase lag is measured as in

Section 4.3.3 and the magnetic field orientation is prescribed as in Section 4.2.2. The dipole

moment magnitude m for a hematite cube is determined from the bulk magnetization of

hematite M and the approximate particle side-length ` by m = M`3. We also consider the

potential energy for a system of two non-overlapping point dipoles,

U =
µ0

4πr3
ij

[
3(mi · r̂ij)(mj · r̂ij)−mi ·mj

]
. (4.12)

In the following sections, we apply these rules for the forces between dipoles to construct a

bulk magnetic stress and surface magnetic stress.

4.4.2 Bulk magnetic stresses

To compute the interior magnetic stress due to time-modulated interaction, we apply the

Irving-Kirkwood formula

σb = − 1

2A

∑

i6=j
Fij ⊗ rij (4.13)

for a unit cell configuration comprised of a single particle and its nearest neighbors, which

are assigned to positions determined by either of two approaches:

1. For two-fold (n = 2) modulation: xj = (R(θj) cos θj , R(θj) sin θj) where R is deter-

mined from an ellipse that represents the time-evolving distortions of a lattice measured

in Section 4.3.2. Explicitly,

R(θ) =
ab√

a2 sin2 (θ + φ) + b2 cos2 (θ + φ)
, (4.14)
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Figure 4.14: Shear stresses over a cycle due to time-modulation interactions and
structural distortion. (A) The average unit cell is deformed over time while maintaining a
system volume A. This deformation couples with the dipole moment ~m rotation over a cycle
to produce a force Fij on each particle due to interactions between each pair over a distance
rij . (B) The unit cell strain is decomposed into shear components ush,1,2 and plotted as a
function of time, alongside the (C) magnetic stress resulting from the aforementioned forces.
The gray arrow represents the cycle-averaged net stress. Under uniform rotation and time-
modulated rotation, for various assumptions regarding the unit cell deformation, we plot (D)
the strain and magnetic stress in shear space and (E) the magnetic stress against time.

where a = a0 and b = a0(1− e2) where a0 is the average particle spacing and e is the

eccentricity of the ellipse representing the local structural deformation.
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2. For four-fold (n = 4) modulation: xj directly extracted from averaged particle trajec-

tories as discussed in Section 4.3.2.2.

We can then decompose σ into components, including two shears: σsh,1 = = (σxx−σyy)/2

and σsh,2 = = (σxy + σyx)/2. Not considered in the following sections are the explicit

magnetic pressure = (σxx + σyy)/2 or the torque density = (σxy − σyx)/2.

4.4.2.1 Two-fold modulation

In Figure 4.14, we diagram this calculation for the case of n = 2 modulation by showing (A)

the deformation of a typical unit cell over a cycle of particle rotation, where the inter-particle

forces Fij and separations rij are highlighted. At each snapshot, and for the immediately

preceding moments in time, we plot (B) the strain on the unit cell decomposed into shear

components, ush,1 = = (uxx − uyy)/2 and ush,2 = = (uxy + uyx)/2, where uij

is constructed by computing the shape deformation between the measured unit cell and a

reference ideal cell. Finally, we plot the magnetic stress for each configuration, also plotted

in shear space, in (C), revealing a non-zero average shear stress indicated by the gray arrow.

To more carefully understand the origin of this cycle-averaged non-zero shear stress in

both components,
∫ τ

0 dt 〈 , 〉 6= 0, we incorporate observed features of the experiment,

namely the modulated rotation and unit cell distortion, in isolation. First, we perform

this analysis for an ideal unit cell in the absence of time-modulated rotation for which

e = 1, φ = 0, and θB = Ωt. In this case, we recover a uniformly rotating total shear

|s| =
√

2 + 2 in the plane as in (D) that leads to a vanishing average shear stress as in

(E). Surprisingly, we then find that the minimal ingredient needed to obtain a non-vanishing

average shear stress is modulated rotation. By maintaining the assumption of an ideal unit

cell but applying a modulated rotation as in Section 4.2.2, we still obtain a constant total

shear |s| that rotates in the plane, but now stays longer at particular angles θs as illustrated

in (D) and (E), which gives rise to a shear stress purely in one component,
∫ τ

0 dt 〈 〉 6= 0.
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Figure 4.15: Shear stresses over a cycle due to time-modulation interactions and
structural distortion. For a time-varying deformation, a time-averaged deformation, and
no deformation to the unit cell, we plot the shear stress modes (A) σsh,1 and (B) σsh,2, (C)
the magnitude of the shear stress, and (D) the angle in shear space as computed for varying
modulation strength α. In the rightmost column, the time-averages are plotted against α.
(E) The temporal evolution can be presented as a trajectory in shear space, and (F) the
time-averages can be plotted as points to reveal a nontrivial shear due to the coupling of
unit cell deformation and time-modulated dipole rotation.

We then consider the case where the functions e(t) and φ(t) defining the evolution of the

lattice deformation are made constant, e ≡ 〈e(t)〉t and φ ≡ 〈φ(t)〉t, which introduces a

constant strain and a deformation of the trajectory in shear space as in (D). By viewing the

components of the shear stress against time as in (E), we reveal that the breaking of temporal
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symmetry introduces an additional source of stress not present without the combination of

time-modulation and a static structural deformation, producing now a rotated net shear

stress
∫ τ

0 dt 〈 〉 6= 0. Incorporating the full time-evolution of the unit cell deformation in

conjunction with modulated rotations further amplifies this symmetry breaking.

In Figure 4.15, we present these results for experiments in which α, the modulation in-

tensity, is slowly increased from α = 0, and contrast the three cases discussed above: (1)

a time-varying lattice deformation described by e(t) and φ(t), (2) a time-averaged lattice

deformation described by 〈e(t)〉t and 〈φ(t)〉t, and (3) no lattice deformation. While one

shear component is increased with α independent of lattice deformation as seen in (A), (B)

shows that the second shear component is only non-vanishing with the introduction of ei-

ther a static or dynamical lattice deformation. In (C) we show that this broken symmetry

additionally introduces temporal fluctuations in the magnitude of the shear that grow with

α, while the shear angle θsh rotates more non-uniformly with increasing α, but irrespective

of deformation. In shear space, as in (E), the evolution of the shear can be plotted as a tra-

jectory that reveals that modulation strength dictates the flow magnitude, but deformation

sets the path. As a consequence, (F) reveals that the introduction of deformation enables

the rotation of the net shear, which has a magnitude set by the modulation strength α. This

rotation respects the chirality of the drive, as can be seen from the two separated lines for

the deformed cell in (F), which represents cells driven with opposite chirality.

We can perform a similar analysis to observe the impact of the other parameters of

the time-modulated drive on the predicted bulk stresses, as shown in Figure 4.16. For

each parameter, we present the components of the shear stress, the total magnitude of the

shear stress, and the angle in shear space as a function of time under the assumption of

a time-varying unit cell. By then computing the cycle-averaged quantities for experiments

conducted under both clockwise and counterclockwise rotation, we reveal in (A) that the

effect of rotational drive is primarily to rotate the net shear while leaving the magnitude
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Figure 4.16: Bulk stresses due to time-modulated rotation with varying control
parameters. The components of the magnetic shear stress, magnitude of the shear stress,
and angle in shear space are plotted against time t/τ for rotation period τ . The top row
represents clockwise rotation, while the bottom row represents counterclockwise rotation.
In the right column, the time-averaged quantities are plotted against the parameter that is
varied, namely: (A) rotation frequency Ω, (B) modulation strength α, (C) modulation phase
δ, and (D) magnetic field strength |B|.

constant. By contrast, in (B) it is shown that the modulation strength controls only the

magnitude of the two shear components, while the chirality informs the sign of σsh,2. Notably,

without modulation (α = 0), there is a constant but uniformly rotating shear stress. Tuning

the modulation phase, as in (C), rotates the axis of the net shear stress without impacting

its magnitude. In (D), we finally show that the magnetic field strength can be decreased to

both decrease the magnitude of the shear stress and convert between one mode (σsh,1) to

another (σsh,2).

It is informative to observe that these features are contingent upon the inclusion of the
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ideal time-averaged time-varying

Figure 4.17: Bulk stresses due to time-modulated rotation as computed for dif-
ferent choices of unit cell distortion. The magnetic stress on the typical unit cell is
computed for three choices: (left) an ideal unit cell, (middle) a time-averaged, but deformed
unit cell, and (right) a unit cell that sustains a time-varying deformation over a cycle. The
cycle-averaged shear stresses are plotted in shear space to show mode-mixing and shear rota-
tion due to changes in (A) rotation frequency Ω, (B) modulation strength α, (C) modulation
phase δ, and (D) magnetic field strength |B|. Circles represent CCW rotation, and squares
represent CW rotation.

full deformation of the unit cell. To do so, we reproduce the analysis of Figure 4.15F for the

aforementioned parameters in Figure 4.17. We observe that both the angle and magnitude

of the net shear is corrected by the inclusion of a dynamically evolving unit cell in the stress

calculation.

4.4.2.2 Four-fold modulation

Surprisingly, for n = 4 modulation, we find that there is zero cycle-averaged shear stress,
∫ τ

0 dt 〈 , 〉 = 0, and that the effect of removing the time-evolution of the structural
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distortion, and removing the distortion altogether, is to alter the specifics of the orbit made

in shear space during a cycle of rotation, as seen in Figure 4.18A. As seen in (B), the

introduction of a time-varying strain does lead to a broken symmetry in the stress as a

function of time, suggesting that a time-resolved analysis of the stress balance on a droplet

will be necessary to predict the morphological change accompanied by four-fold modulated

rotation.

ideal time-averaged time-varyingA

B

Figure 4.18: Shear stresses and strains during a rotation under four-fold time
modulation. (A) For (left) an ideal, (middle) time-averaged, and (right) time-varying
deformation to a unit cell, we compute the strain and magnetic stress and plot the shear
components over a cycle. (B) For the same configurations, we plot the magnetic shear stress
against time.

Repeating the analysis performed for the case of two-fold modulation, we compute the

decomposition of the magnetic stress into shear components and present the time-averaged

quantities against the rotational drive frequency Ω for (A) sinusoidal and (B) square four-

fold modulation in Figure 4.19. This reveals that the net stress is largely independent of

the specifics of the drive, but the temporal evolution within a cycle is very responsive to the

drive form, but not frequency.
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Figure 4.19: Bulk stresses estimated for varying four-fold time modulated drives
and choices of unit cell distortion. The components of the magnetic shear stress, mag-
nitude of the shear stress, and angle in shear space are plotted against time t/τ for rotation
period τ and for (A) sinusoidal four-fold modulation and (B) square four-fold modulation. In
the right column, the time-averaged quantities are plotted against the rotational frequency
Ω. For (C) sinusoidal and (D) square four-fold modulation, the time-averaged magnetic
stress on the typical unit cell is plotted for three choices: (left) an ideal unit cell, (middle)
a time-averaged, but deformed unit cell, and (right) a unit cell that sustains a time-varying
deformation over a cycle.

4.4.3 Surface magnetic stresses

To estimate the surface magnetic stresses, we consider three approaches: (1) a two-particle

pairwise potential energy argument, (2) a three-particle approach accounting for surface

curvature, and (3) a many-particle numerical computation. We then contrast the anisotropic

surface tension resulting from time-modulated rotation with the isotropic surface tension of

uniform rotation, and discuss the consequences in the following sections.
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Figure 4.20: Anisotropic surface tension estimated from N = 2 particles. (A) A
diagram of the estimate of surface tension from the magnetic potential energy between two
particles on the surface of a droplet. (B) For varying droplet shapes and rotational drives,
we compute the time-evolution of the surface tension γ(θ, t) (top) and the time-average
(bottom).

4.4.3.1 N = 2: estimating stress via-energy

First, we estimate the anisotropic surface stress by treating it as an effective surface ten-

sion and estimating γ ∼ U/a0, where U is the potential energy between a pair of parti-

cles along the edge of a curved surface, as illustrated in Figure 4.20A. Taking a surface

that is parameterized by a normal angle θn(θ) and radius of curvature R(θ), the vector

separating two dipoles along the edge of a surface with orientation n̂ = (cos θn, sin θn) is

rij = rij(− sin θn, cos θn). Incorporating the form of the modulated magnetic field phase,

we compute the instantaneous potential energy and then the surface tension. For this ap-

proach, we produce a stress σsnn = γ(θ)κ(θ), where γ(θ) = U [θn(θ)]/a, or

γ(θn, θB) =
µ0m

2

8πa4
(3 cos [2(θn − θB)]− 1) , (4.15)

where θn is the orientation of the surface and θB is the orientation of the magnetic dipole

moments.

In Figure 4.20B, we show the estimated surface tension γ(θn, θB)→ γ(θ, t), where θn(θ)
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is chosen to correspond to either a shape with uniform curvature or the steady-state shape

measured for an experimental droplet, while θB(t) is chosen to correspond to either uniform

rotation or weakly modulated rotation. Without time-modulation, the time-averaged surface

tension is isotropic as previously reported, arising from the uniform translation during a

rotational cycle of the curve γ(θ, t). Under modulated rotation, this translation is non-

uniform, resulting in an anisotropic surface tension on the surface of a circular droplet. This

anisotropy is sharpened by the fluctuations in curvature along the surface of an ellipsoidal

droplet.

Figure 4.21: Anisotropic surface tension estimated from N = 3 particles. A diagram
of the estimate of surface tension from the net magnetic force acting on a particle due to its
nearest neighbors on the surface of a droplet.

4.4.3.2 N = 3: estimating stress via-forces

This approach can be generalized to consider three particles, this time considering a surface

that is parameterized by a normal angle θn(θ), radius of curvature R(θ), and curvature

κ(θ). As illustrated in Figure 4.4.3.1, the interior angle ξ(θ) can be used as a proxy for

the local curvature, κ =
2 cos(ξ/2)

a , where a is the particle spacing. We compute the force

F [ξ(θ), θn(θ)] = Fn(ξ, θn)n̂+ Ft(ξ, θn)t̂ on the central particle, where n̂ = (− sin θn, cos θn).

The normal force per unit length yields a stress that is equivalent to a normal surface stress,

so for this approach we produce a stress σsnn = Fn[ξ(θ), θn(θ)]/a. Unlike the previous

approach, this calculation explicitly takes the curvature of the surface into consideration via
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the angle ξ(θ).

A B

C
modulated rotationuniform rotation

steady-state shapeuniform shape uniform shape

modulated rotation

Figure 4.22: Anisotropic surface tension estimated from N particles. (A) A diagram
of the estimate of surface tension from the magnetic potential energy between two particles
on the surface of a droplet. (B) For varying droplet shapes and rotational drives, we compute
the time-evolution of the surface tension γ(θ, t) (top) and the time-average (bottom).

4.4.3.3 N = N : summing all dipole-dipole forces

Finally, we can perform an estimate of the surface tension by summing the magnetic forces

on the boundary particles of a droplet due to the interactions with their nearest neighbors

on the interior of the droplet. Again, parameterize the droplet by the normal angle θn(θ)

and radius of curvature R(θ), as illustrated in Figure 4.22A. In (B), the we plot the net force

F on the edge particles at angle θ with respect to the center of the droplet. To extract the

surface tension, we project this force onto the surface normal. The resulting estimate for the

surface tension is qualitatively consistent with the N = 2 particle estimates, as seen in (C),
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but with an offset that causes the surface tension to be positive at all angles.

For both the N = 2 and N = N particle approximations to the surface tension, and

for both uniform and non-uniform surface geometries, we compute the estimated surface

tension for varying control parameters in Figure 4.23. We observe a consistent offset in the

surface tension as estimated numerically for many particles when compared to the pairwise

approximation, and further observe that the degree of anisotropy grows with modulation

strength while the axis of the anisotropy rotates with modulation phase and field strength.

Meanwhile, increasing the strength of the out-of-plane magnetic field has the expected effect

of decreasing the attraction between rotating dipoles, and accordingly decreases the surface

tension while not impacting the anisotropy. We also observe that for four-fold modulation

of any rotational frequency, the surface tension is isotropic when averaged over a rotation.

This, coupled with the observation that the time-averaged bulk stress is negligible, suggests

that a shape prediction predicated on stress balance must be resolved on a timescale below

that of a rotation to predict the experimental observations.

4.5 Predicting shape

In the previous sections, we showed that time-modulated interactions introduce anisotropic

bulk magnetic stresses σb as computed in Section 4.4.2) in addition to surface stresses

σsnn = γκ computed as in Section 4.4.3. These stresses were computed using the known

morphological properties in conjunction with microscopic structural details observed in the

experiments. With this in hand, we seek to write down a model that describes both the

instantaneous evolution of the droplet shape and the stable steady-state shapes that are

produced through time-modulated rotation. We begin with the most generic hydrodynamic

model for a local velocity field u(r, t). The hydrodynamics of this material then follow from

conservation of mass,

∇ · u = 0, (4.16)
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Figure 4.23: Anisotropic surface tension estimates depend on parameters of the
magnetic drive. The surface tension as estimated from the magnetic potential energy of a
pair of particles (left) and the sum of magnetic forces on a layer of boundary particles (right)
on both a uniform and steady-state droplet surface for variable (A) rotation frequency Ω,
(B) modulation strength α, (C) modulation phase δ, and (D) magnetic field strength |B|,
(E) out-of-plane magnetic field angle θB , and (F) four-fold modulation n = 4.

and conservation of momentum for an incompressible material,

∇ ·
(
σv + σb

)
−∇p = Γu, (4.17)

229



which includes a hydrodynamic stress tensor σv,

σv =







=




−ηR 0 0

0 η ηo

0 −ηo η




•




. (4.18)

in addition to the familiar substrate drag Γu and the bulk stress computed previously, but

reproduced here:

σb =





 = − 1

2A

∑

i6=j
Fij ⊗ rij . (4.19)

The newly computed surface stresses enter the equations of motion through the boundary

condition on the surface ∂Ω,

(σv + σb + p) · n̂
∣∣∣
∂Ω

= γκn̂. (4.20)

In the following sections, we first outline an approach to the problem of solving these equa-

tions perturbatively in the modulation strength α to obtain small corrections to the droplet

radius R(θ) and pressure p(θ). Then, we consider a steady-state simplification that yields

an expression amenable to direct evaluation from the experimental data shown previously.

4.5.1 Perturbative approach: instantaneous evolution

4.5.1.1 Basic equations of motion

Under the assumptions that this material is an overdamped, incompressible fluid, and that

the stress is uniform other than the pressure term which is forcing the incompressibility, we
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parameter meaning function of units
t time parameter s
r polar radius parameter mm
θ polar angle parameter
Ω angular frequency Constant 1/s
n modulation number Constant (integer)
α modulation strength Constant (small)
β wobbling of the droplet Constant (small)
θB Angle of the external field Ω, n, α, t
δB Relative lag between bulk and surface Constant 1/s

σij Magnetic bulk stress θB (t) µg/s2

R radius of the droplet θ, t mm
R0 unperturbed radius of the droplet Constant mm
R1 first order perturbation in α θ, t mm
R2 first order perturbation in β θ, t mm
θn angle of the normal the surface θ, R (t)
n̂ unit vector normal to the surface θ, R (t)
κ curvature θ, R (t) 1/mm
γ surface tension θn, θB , δB (θ, t) µg mm/s2

p pressure (Lagrange multiplier) r, θ, t µg/s2

Γ substrate friction Constant µg/mm2s
u velocity field r, θ, t mm/s
a Distance between particles Constant mm
µ Dipole moment Constant some units
µ0 Vacuum permeability Constant some units

Table 4.1: Time-modulated droplet perturbation parameters. All the parameters in
the perturbative calculation of a droplet subjected to time-modulated rotation.
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can write the following two bulk equations of motion:

u =
1

Γ
∇p

∇ · u = ∇2p = 0

(4.21)

The boundary condition has two equations. First, the jump on the stress of the boundary

has to cancel with the surface tension, which gives:

n̂i(θ, t)σij(t)n̂j(θ, t) + p(R(θ, t), θ, t) = γ(R(θ, t), t)κ(R(θ, t)) (4.22)

The other boundary condition is a kinematic condition, which states that the boundary

advects in the velocity of the bulk behind it, meaning:

dR(θ, t)

dt
= u(r = R(θ, t), θ, t) · r̂ (4.23)

The solution process goes as follows: (1) write Eq. 4.22 to first order in α and then (2) use

Eq. 4.21 to get the velocity field, promising (3) closure using Eq. 4.23. The linearization

scheme is discussed below.

4.5.1.2 Linearization of the stress boundary condition

Bulk stress In order to linearize the stress boundary condition in the parameter α we

need to calculate the stress in the bulk and the surface force as function of t, θ and α. Let

us start by writing θB = Ωt + α/n cos(nΩt). The magnetic stress for an ideal unit cell can

be written as σij = A(sin(2θB)σPaulix ij + cos(2θB)σPauliz ij) + Pδij , where A =
√

3µ0µ
2

16πa5 and

has units of stress. Now we can expand to first order in α and get:

sin(2θB) = sin(2Ωt+ 2α/n cos(nΩt)) ≈ sin(2Ωt) + 2α/n cos(2Ωt) cos(nΩt)

cos(2θB) = cos(2Ωt+ 2α/n cos(nΩt)) ≈ cos(2Ωt)− 2α/n sin(2Ωt) cos(nΩt),

(4.24)
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giving the first order of the bulk stress.

Geometrical approximations Consider the most general perturbation to a circular droplet

with R(θ) = R0 + δR(θ) where δR/R0 � 1. One can use Eq. 4.4 to estimate the perturbed

curvature to first order in δR:

κ(θ) =
1

R0
− δR′′

R2
0

− δR

R2
0

. (4.25)

Or, to first order in α, κ = 1
R− δR′′

R2
0
. The surface for this perturbed droplet has a unit normal

defined by the gradient along an infinitesimal line segment d` = R(θ + dθ)êθ+dθ −R(θ)êθ,



− sin θn

cos θn


 =

d`

|d`| =
1√

R2 +R′2



R′ cos θ −R sin θ

R′ sin θ +R cos θ


 =

1√
1 + (R′/R)2



− sin θ + R′

R cos θ

cos θ + R′
R sin θ


 .

(4.26)

For small deformations, R′ = δR′ � R0, and



− sin θn

cos θn


 =



− sin

(
θ − δR′

R0

)

cos
(
θ − δR′

R0

)


 , (4.27)

so we can read off θn = θ − δR′/R0.

We can now parameterize the surface using the more specific form R(θ) = R0+αR1(θ, t)+

βR2(θ, t). In this parameterization κ ≈ 1
R0
− αR1+βR2

R2
0

− αR′′
1+βR′′

2

R2
0

where the derivative is

taken with respect to the parameter θ. The angle of the normal to the surface satisfies:

θn = θ +
αR′

1+βR′
2

R0
, and the normal vector satisfies:

n̂ =

(
cos(θ − αR′1

R0
− βR′2

R0
), sin(θ − αR′1

R0
− βR′2

R0
)

)
=

=

(
cos(θ) + sin(θ)

(
αR′1
R0

+
βR′2
R0

)
, sin(θ)− cos(θ)

(
αR′1
R0

+
βR′2
R0

))
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Surface tension The magnetic surface surface tension, allowing the angles on the surface

to be lagging with respect to the bulk, satisfies:

γ(θn, θB) = γc(1 + 3 cos(2(θB − θn − δB)) ≈

≈ γc

[
1 + 3 cos(2(Ωt− θ − δB)) + 6 sin(2(Ωt− θ − δB))

(
αR′1 + βR′2

R0
− α/n cos(nΩt)

)]
.

(4.28)

4.5.2 Experimental approach: steady-state simplification

Recall that the statement of surface stress balance, assuming we can ignore viscous stresses,

is

σb · n̂+ pn̂
∣∣∣
∂Ω

= γκn̂. (4.29)

By expanding each term to show explicit dependence on the angle along the surface θ and

time t, and projecting into n̂ on both sides, we obtain

n̂i(θ, t)σij(t)n̂j(θ, t) + p(θ, t) = γ(θ, t)κ(θ, t). (4.30)

Since we operate in the limit of large substrate friction and in the steady-state, and dR/dt ∝

1/Γ, we assume R(θ, t) ≡ R(θ), and the same for n̂ and κ(θ). Then, solving for κ(θ),

κ(θ) =

〈
σnn(θ, t) + p(θ, t)

γ(θ, t)

〉

t
. (4.31)

Finally, since we operate in the steady-state, there should be no spatially-varying pressure,

as there is no flow u ∝ ∇p = 0. Thus, 〈p(θ, t)/γ(θ, t)〉t ≈ p0/γ0 = κ0, which is the Laplace

pressure relation for the uniform curvature of the base state κ0 and un-modulated surface

tension γ0. Finally,

δκ(θ) =

〈
σnn(θ, t)

γ(θ, t)

〉

t
, (4.32)
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where δκ(θ) = κ(θ)− κ0 represents the perturbation to the curvature in the steady-state.

A

C

B

Figure 4.24: Predicting steady-state shape from the balance of surface and bulk
stresses. (A) We compute the time-averaged stress ratio to estimate δκ(θ) for different
assumptions regarding the unit cell deformation (columns) and surface tension anisotropy
(rows). The time-evolution of the (B) surface tension and bulk normal stress (C) is indicated
over a period of rotation.

For the computed magnetic bulk stress from Section 4.4.2 and estimated surface tension,

with the inclusion of an offset consistent with the numerical calculation performed in Sec-

tion 4.4.3, we can evaluate Eq. 4.5.2. In Figure 4.24, we compute this time-averaged ratio

for bulk stresses computed using the assumption of a time-varying, time-averaged, and ideal

unit cell. In addition, we highlight the role of time-varying surface tension by considering

the case of a spatially and temporally uniform surface tension. In each entry of (A) is the

estimated ratio δκ(θ) for each combination of bulk and surface stress, which themselves are

shown in row (C) and column (B) respectively. We find that any combination predicts a

curvature perturbation consistent with an ellipsoid. However, only when both (1) the unit

cell sustains a deformation and (2) the surface tension is anisotropic does this approach

predict the ellipsoidal orientation observed in the experiment.
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Figure 4.25: Steady-state shape predictions for various drive parameters. The ratio
is computed for each labelled unit cell assumption and over the range of parameters indicated
in each row, and plotted over an average rotation cycle (left). The time-varying case is fit
to obtain the amplitude and phase and compared to the comparable measurement in the
experiment (right) for variable (A) rotation frequency Ω, (B) modulation strength α, (C)
modulation phase δ, and (D) magnetic field strength |B|.

We observe that this excellent agreement with the experimentally measured curvature

fluctuations is consistently observed across all parameters discussed previously, as displayed

in Figure 4.25. Here, we compare the predictions for δκ(θ) made using varying choices for

the unit cell deformation for each control parameter in the left columns. On the right, we

present the results of fitting these curves to the form δκ(θ) = κ0 + κ1 cos (nθ + δκ), where

κ1 represents the amplitude of the deformation to the surface, and δκ represents the phase.
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Recall that we performed this procedure previously in Section 4.5, and the results are re-

produced in the right-most column for comparison. Namely, for variable rotation frequency,

this approach accurately predicts the effect of chirality on droplet orientation, while also pre-

dicting unchanged droplet morphology with respect to |Ω| as in (A). In (B-C), the expected

isolated control over droplet aspect ratio and orientation through modulation strength and

phase, respectively, is also captured by this minimal model. Finally, the simultaneous control

over both aspects of droplet morphology, and the non-linear experimentally observed trends

with respect to field strength are recovered in (D).

The conditions for predicting the correct droplet geometry in the four-fold case, a super-

ellipsoid characterized by a curvature as presented in Section 4.5, are more particular than

in the two-fold case. Repeating the same calculation of Figure 4.24 produces Figure 4.26,

where (A) reveals that the time-dependence of the surface tension is crucial, when paired

with the bulk stress computed on a deformed unit cell, to predict the experimental result.

In (D), we show that a deformation of the unit cell is crucial to predict the variation of

the curvature with rotational frequency. Finally, by extracting the amplitude and phase of

the curvature modulation and comparing it to the experimental result in (E), we observe

qualitative agreement with the trend relating raised rotational frequency to more circular

droplets.

4.6 Conclusion

We have demonstrated the ability to tune the morphology of chiral matter from a seemingly

innocent time-modulation to the rotational drive. The model we have used to predict this

control incorporates our current understanding of both chiral fluid hydrodynamics and odd

crystalline mechanics to achieve promising qualitative agreement with both experiments and

simulations alike.
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Figure 4.26: Steady-state shape predictions for four-fold modulated drive. (A) We
compute the time-averaged stress ratio to estimate δκ(θ) in the four-fold modulated case
for different assumptions regarding the unit cell deformation (columns) and surface tension
anisotropy (rows). The time-evolution of the (B) surface tension and bulk normal stress
(C) is indicated over a period of rotation. (D) The ratio is computed for each of these unit
cell assumptions and for each drive frequency measured in the experiment. (E) The time-
varying case is fit to obtain the amplitude and phase (left) and compared to the comparable
measurement in the experiment (right).
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