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ABSTRACT

Strong correlation due to multi-referenced electronic states of quantum chemical systems are
crucial for a proper understanding of important phenomena including excited states, bond
breakage and formation, singlet fission and biological transport. By solving for the 2-electron
reduced density matrix (2-RDM) directly via the anti-Hermitian contracted Schrdinger equa-
tion (ACSE) we provide a balanced treatment of single and multi-referenced correlation ef-
fects without utilizing the N-electron wave function. This significantly reduces the computa-
tional expense while still maintaining near full configuration interaction accuracy when avail-
able. When provided with an initial 2-RDM guess from an active-space multi-configuration
self consistent field wave function the ACSE scales as 721+ where 74 is the number of active
molecular orbitals (MOs) and r, is the number of external MOs.

This work demonstrates the energetic accuracy of ACSE calculations with several small
multi-referenced systems and presents a novel approach for investigating intermolecular in-
teractions, using a simple dimer test case. In this monomer-optimized basis set approach
we compute each monomer’s properties in isolation and obtain a set of natural orbitals that
best describe the monomer. We then remove or truncate orbitals deemed excessive as a
function of occupation number, defining a monomer molecular orbital basis uniquely suited
to that monomer. Combining two such monomers yields a super-system expressed in the
monomer basis which we then rotate to a dimer basis at a desired geometry before creating
a new initial 2-RDM for the final optimization by an ACSE calculation. It is found that the
intermolecular properties calculated in this fashion from larger atomic basis sets maintain
their high accuracy but at a fraction of the computational cost. Furthermore this basis set
optimization is free of basis set superposition error, circumventing the need for an expensive

counterpoise correction.
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CHAPTER 1
INTRODUCTION

Electronic structure is the study of electronic distribution and movement for a given state
and nuclear geometry. While the Schrodinger equation provides a complete description
of electronic behavior, we cannot solve it exactly for all systems and as a result we develop
mathematical models to reproduce the physics of the system with varying degrees of accuracy.
Generally when greater accuracy is desired, the models become more complex and thus more
computationally expensive. These highly accurate models quickly become intractable as
the number of electrons increases and the number of particle interactions grows factorially.
Moreover, analytical solutions to these equations do not exist, only numerical resolutions.
Our goal then as electronic structure scientists is to develop models and programs that
accurately capture the physics of the quantum system while concurrently maintaining low

computational expense.

1.1 The Hartree-Fock Approximation

A complete description of a chemical system’s stationary states can be determined by solving

the time-independent Schrodinger equation (TISE) for the N-electron wave function, W [1]

HU = EV. (1.1)

The simplest ab initio electronic structure approach for solving the Schrodinger equation and
quite often the first step to subsequent calculations is the Hartree-Fock approximation [2].
This model provides a convenient framework for understanding how electrons occupy a sys-
tem’s orbitals such that the overall energy is minimized and therefore it is a good place to
begin our discussion about electronic structure methods. At the outset we must assume that

the total wave function, which describes all dynamics of the entire system, is separable into



nuclear and electronic components via the Born-Oppenheimer approximation [1, 3, 4]. Re-
quiring the nuclei to be stationary with respect to electronic motion enables us to focus solely
on the electronic problem. The electronic Hamiltonian that describes the orbital paths of N

electrons in a field of M stationary nuclear point charges is given by the following expression:

A=Yn+ S 1 (1.2)

where the first summation represents the one-electron terms, comprised of the kinetic energy

and the energy of the nuclear-electron interactions for each electron as shown below:

M
hi :—%V?—;%. (1.3)
The second addend in Eqn. 1.2 is the sum of the two-electron terms between all unique pairs
of electrons. This contains the repulsive Coulumbic interaction energy between all electrons
and the attractive exchange energy which only applies to pairs of electrons with parallel spin.

Variational optimization of Eqn. 1.2 yields a set of orbitals that minimizes the overall
ground state system energy. By expressing these molecular orbitals as a linear combination of
atomic orbitals in a finite atomic basis as Roothaan did, the eigenvalue equation in Eqn. 1.1
becomes a linear algebra matrix problem [2]. We now solve for the atomic orbital expansion
coefficients that describe the molecular orbitals. This final Hartree-Fock wave function (¥)

can be conveniently written as a Slater determinant:

01(x1) Oo(x1) -+ On(x1)
Wo(1,2,... N) = (N)~ 01(.}{2) 92(.}{2) GN(.XZ) (1.4)
01(xn) O2(xn) -+ On(xn)




or more compactly:

Uo(1,2,...,N) = 101(x1)02(x32) ... On(xN)), (1.5)

= (6165...0) . (1.6)

where the 0y are the spin orbitals in columns and the x;; are electronic coordinates in rows.
Using a Slater determinant also ensures that the fermionic wave function is anti-symmetric.
That is, the interchange of any two electrons (rows) causes the overall wave function to
change sign [5].

Remarkably, this straightforward method can capture ~99% of the true ground state
energy for a given basis involving first row elements [3, 5]. However, that last 1% is cru-
cial for a complete system description as it often encodes chemically important behavior
caused by instantaneous electron interactions. Hartree-Fock calculations cannot reproduce
these interactions because each electron is treated separately and only experiences the re-
maining electrons as an average electrostatic field. Put another way, electronic motions are

uncorrelated in the Hartree-Fock approximation.

1.2 The Electronic Correlation Problem

1.2.1 Strong Multi-Referenced Correlation

The mean-field Hartree-Fock approach cannot adequately model the wave function for sys-
tems with energetically degenerate or nearly degenerate molecular orbitals. If the lowest
available orbitals are isoenergetic with at least one other, the Hartree-Fock approximation
will be unable to place electrons in the lowest energy orbital because now several options
exist. In that case the system is said to be strongly correlated [5-7]. Take for example the
nitrogen molecule [8-10]. The molecular orbital diagram for N9 near the equilibrium geom-

etry region shows that the energy levels are well separated and it is clear which are lowest



Figure 1.1: The valence molecular orbital diagram of molecular nitrogen at three geometries.
Diagram (a) shows Ng at equilibrium where the molecular orbitals are clearly separated. Diagram
(b) shows a stretched nuclear geometry and the molecular orbitals for the 27 bonds are becoming
iso-energetic. Diagram (c) shows an even greater internuclear distances and now the 30 molecular
orbitals are also nearly iso-energetic with each other and the 27 orbitals.
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and therefore occupied. The equilibrium molecular orbital diagram is shown in image (a) of
Fig. 1.1. But as the interatomic radius increases during dissociation the energy gap between
the 27 and 27* orbitals decreases and approach degeneracy; multiple electronic configura-
tions can now exist (image (b)). As the radius increases more the 30 and 30 energy gap
also narrows and the number of degenerate orbitals becomes greater, further complicating
the electronic configuration (image (c)). Ultimately the bonds break and the electrons on
each atom interact with the other atom’s electrons less and less. One single determinant
cannot describe all possibilities described above and the Hartree-Fock approximation also
breaks down.

In addition to dissociation curve degeneracies in the ground state, excited states are
also frequently multi-referenced [11-13]. Using the N9 ground state equilibrium molecular
orbital diagram again, we can see that any of the four identical electrons in the 27 bonds can
absorb an incoming photon of sufficient energy to induce an electronic transition in Fig. 1.2

(a). Once absorbed, there is further ambiguity as to which vacant 27* orbital would become



Figure 1.2: The molecular orbital diagram of a nitrogen molecule absorbing a photon. It is not
clear which of the four electrons in the ground state 27 orbitals will absorb the incoming photon
in diagram (a). Furthermore, there are two iso-energetic unoccupied 27* orbitals that can accept
the excited electron in diagram (b).

(a) (b)

populated (b). This simple example has eight equally likely possibilities for the 27 electrons!
This particular system and its dissociation as well as several of its excited states will be
discussed in greater detail in Chapter 3.

Generally, ground states are easier to compute and have traditionally received more
attention because they can be found variationally. If an excited state possess a different
symmetry or multiplicity than the ground state, than a variational optimization may work
in those cases as well. However, when a desired excited state shares these properties with any
energetically lower state (including the ground state), a variational approach will not work

directly. The excited state must be constrained to be orthogonal to those lower states [5, 12].

1.2.2  Correlation Energy Recovery: Full Configuration Interaction

Fortunately we can recover the missing energy caused by strong correlation effects by incor-
porating additional determinants into the wave function definition. Additional determinants
can be generated via electronic excitation. Moving a single electron from its initial ground

state orbital P to an unoccupied or virtual orbital, Q, defines a new excited state wave



- Q
function, W7

o = [x1(x1)x2(x2) ... xp(xXp) ... XN(XN)) (1.7)

‘Ifg = [x1(x1)x2(x2) - xQ(xp) - XN (XN)) - (1.8)

This is known as a single electronic excitation and can be done with any electron and any
virtual orbital, provided that the electronic transition selection rules are obeyed [14]. Moving
two ground state electrons to two virtual orbitals is a double excitation and this process can
be extended to all electrons and orbitals within the system. By linearly combining all of
the unique determinants for excited states we can derive a complete description of the wave
function for a given basis comprised of every possible arrangement of electrons in orbitals [2]

as defined in Eqn. 1.9 below:

U= co[o) _i_chwp +Z Z )+ Z Z zjk qus (1.9)

1<j P<q i<j<k p<q<r

where i, j, k, ... and p, q,r, ... denote the ground state occupied and virtual orbitals respec-
tively, and the {c} are coefficients of the Slater determinants, {¢}. 1 is the initial ground
state Hartree-Fock determinant. This expression of the wave function is known as the full
configuration interaction (FCI) model and solving for it provides the best wave function
description possible in a given finite basis.

The discrepancy between the true FCI energy and the Hartree-Fock energy is known as

the correlation energy [2]

Ecorr = EFCI — EHF' (1.10)

By definition FCI expressions do not suffer from this computational artifact. Unfortunately,
the FCI algorithm has factorial scaling with respect to the number of electrons and cannot
be used for chemical systems with more than ~16 electrons distributed amongst 16 spatial

orbitals. As a result, FCI approximations can only be used for the smallest systems and with



minimal basis sets. The development of low cost polynomial scaling ab initio algorithms is

thus of great importance for the study of electronic structure.

1.3 Ab Initio Wave Function Methods

Various ab initio methods have been developed to recover the correlation energy for lower
computational cost. Since most of these methods (including FCI) rely on an initial Hartree-
Fock wave equation they are considered post Hartree-Fock treatments of the wave function.
Broadly, there are two main categories of these approaches: single and multi-referenced.
Both can successfully reproduce the dynamic correlation that results from a single referenced
system, but strong multi-referenced or static correlation presents a much greater challenge.
In both categories at least one excited state is generated to improve the wave function
expression, although how those excited states are produced varies.

Single referenced methods such as the coupled cluster hierarchy [15-17] generate a man-
ifold of excited determinants using the initial Hartree-Fock approximation virtual orbitals.
However, such approaches encounter difficulties because the mean-field solution poorly de-
scribes the unoccupied virtual orbitals that populate upon excitation. Other methods such as
time-dependent density functional theory couple the ground state solution to a time depen-
dent external potential field and measuring the response [11]. In contrast, multi-referenced
techniques have the capability of describing degenerate or near degenerate molecular orbitals
as described above, but they may also scale exponentially and occasionally require the se-
lection of an active space [18, 19]. This selected subset of orbitals is treated with a higher
level of theory and leaves any occupied orbitals outside of that active space uncorrelated.

The multi-configuration self-consistent field (MCSCF) family is perhaps the most wide-
spread implementation of active space ab initio methods [2, 20]. With these models a subset
of electrons and orbitals from an initial mean-field Hartree-Fock calculation are selected for
treatment at a higher level of theory. This is known as the active space [5]. Inactive but

occupied orbitals are called core orbital and the remaining unoccupied orbitals beyond the
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active space are known as virtual orbitals. These latter two subsets of orbitals remain at the
mean-field level of theory and receive no further treatment. However, the active space can be
improved via several different algorithms [5]. The most common active space improvement
is the complete active space self-consistent field (CASSCF) which is sometimes referred to as
the full-optimized reaction space (FORS) [19]. This treatment is similar to a small-scale FCI
calculation where every possible electronic configuration amongst all active space orbitals is
computed and re-optimized as shown in Eqn. 1.9. As a result, the CASSCF approximation
has the same computational limitations as a regular FCI calculation due to exponential
scaling with respect to the number of active orbitals. Furthermore, despite their enormous
flexibility, any active space routine, including CASSCF can be difficult to use since the
selection of the active orbitals is usually accomplished manually and is more of a subjective
art than a rigorous procedure.

Incorporating perturbation theory [21-24] can often lead to improved accuracy for both
single and multi-referenced approaches, but improvements and even convergence are not nec-
essarily guaranteed due to the lack of an iterative mechanism. Moreover this extra correction
can only be applied successfully in cases where the system does not exhibit drastic changes,
only small ones. Bond breakage, for example, is often too large a system alteration for per-
turbation theory. Generally, adding more approximations and steps increases the complexity
of the solution and computational effort.

Further complicating the correlation recovery problem is that chemical behaviors rarely
fit neatly into one type of correlation alone. Single-referenced methods work extremely
well and outperform multi-referenced methods for many species in the ground state near
their equilibrium geometries, but oftentimes we wish to examine systems not in their lowest
electronic state or far removed from their equilibrium orientations. These regimes are of great
importance chemically speaking because they provide insight into phenomena of interest
such as transition states, charge transfer reactions and bond formation or breakage. Multi-

reference methods typically have greater success in these situations. Ideally though we would



want one approach to accurately address both types of correlation.

1.4 Reduced Density Matrix Methods

1.4.1 Historical Background

Despite these advances in traditional wave function science, many of the issues associated
with strong correlation calculations can be circumvented by utilizing a fundamentally dif-
ferent approach. Assuming that the electronic Hamiltonian describes the interactions of
at most two indistinguishable particles, the N-electron wave function contains significantly
more information than is required for quantum property calculations. Coleman realized this
and posited in 1951 that the N-electron problem could be reduced to a two particle prob-
lem [25]. To that end Mayer attempted to variationally determine the ground state energy of
a system with the 2-electron reduced density matrix (2-RDM) instead of the wave function
in 1955 [26]. However, he found that the computed energy was lower than the true answer!
Soon afterwards Coleman and several others determined that additional constraints on the
2-RDM were required to ensure that it came from the desired N-electron wave function. The
search for these necessary and sufficient conditions became known as the N-representability
problem [27]. Despite these unknown constraints, RDMs remained an intriguing approach
to solving many-electron system questions.

For several decades RDM science grew slowly; new RDMs expressions were developed but
little progress was made regarding the N-representability conditions [28], preventing useful
applications of RDM techniques. Then, in the early 1990s Valdemoro demonstrated [29, 30]
how the higher order RDMs could be reconstructed from the lower ones. This paved the
way for the development of an iterative solution to the contracted Schrodinger equation
(CSE) [31]. Since then several more algorithms for the computation of the 2-RDM have
emerged, broadly sorted into two categories: the variational minimization of the ground

state energy expressed as a functional of the 2-RDM and the iterative solution of the CSE



and its Hermitian and anti-Hermitian components.

1.4.2 The Variational Approach for Obtaining 2-RDMs

In the first category, one can variationally minimize the ground state energy of the 2-RDM by
applying known N-representability constraints [32]. Namely, the positivity conditions must
be met. The 2D positive semi-definite condition is the requirement that the eigenvalues of
the 2-RDM (2D) are strictly non-negative [33]. Physically this means that the probability
of finding two electrons in two orbitals is always greater than or equal to 0. Similarly the 2Q
condition ensures the probability of not finding two electrons (i.e. holes) in two orbitals is
also greater than or equal to zero. The 2G condition requires that the probability of finding
one electron in an orbital and a hole in another orbital is non-negative as well. Collectively,
these constraints on the 2-RDM are called the 2-positivity conditions. Analogously, there
are the 1-positivity conditions where the 'D and 1Q conditions for the 1-RDM (D) are
similar to the 2D and 2Q conditions respectively. In 2001 Mazziotti and Erdahl [34] showed
how the positivity conditions for generic higher order RDMs could be determined. Soon
afterwards the first trials implementing some of them were performed using semi-definite
programming techniques [35] as a means of enforcing these constraints [36, 37]. These posi-
tivity requirements on the solution to the variational approach are strong enough to provide
reliable, physical results.

Another way to ensure that the known N-represntability conditions are met is to param-
etrize the wave function and thus the subsequent 2-RDM upon integration. Initially pio-
neered by Kollmar in 2006 [38], this method was developed as means to make a configuration
interaction approximation with doubles (CID) size consistent. That is, that the energy of
two isolated systems is equal to that where the same two particles are infinitely separated in
a single system. This was accomplished by the incorporation of a topological factor for the
expansion coefficients of the CID wave function that relied on the Cauchy-Schwarz inequal-

ities of the 2-positivity conditions described above, but may not actually satisfy those same
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conditions. In the following years DePrince and Mazziotti [39] and Mazziotti [40] further
modified the method by explicitly including single excitations (i.e. CISD) and modifying the
topological factor to satisfy the 2-positivity conditions described above. This procedure is

known as the parametric variational method.

1.4.8 Contracted Schrodinger Equation Methods for Obtaining 2-RDMs

The second category of methods used to compute the 2-RDM is accomplished by iteratively
solving a contracted form of the Schrédinger equation rather than the normal Schrodinger
equation for the N-electron wave function, Wy [25, 41, 42]. The remainder of this work will
utilize a specific form of the contracted Schrodinger equation (CSE) for computing ’D, and
so we now take the time to explicitly introduce terminology and some notation.

As previously stated, the energy of a quantum system can be expressed as a linear

functional of the 2-RDM without relying upon the N-electron wave function:

E =Tr(’K ’D) (1.11)

_ N\ 25 2 pid
=Y KD (1.12)

In the above equations the original Hamiltonian from the Schrodinger equation has been
mapped to its 2-particle reduced Hamiltonian counterpart 2K defined as
9 M
9 \Y A NN-1) 1
KzN(—— —) _ 1.13
2 )t T (L13)
J
where N is the total number of electrons and M is the total number of nuclei. To use
Eqn. 1.11 to obtain the energy of a system we also need a 2-RDM. We will be using the anti-
Hermitian part of the CSE in a method called the anti-Hermitian contracted Schrodinger

equation (ACSE) and briefly describe how it is derived from the CSE below.

To derive the CSE and subsequently the ACSE we begin with the (TISE) written in

11



density matrix form [43-45].

where &V Dy = U, U7 is the N-particle density matrix in its nt" state. The Hamiltonian is
Hermitian so the equation can be decomposed into a pair of separate equations, one of which

will be Hermitian and the other anti-Hermitian.

1 - A
E(HNDn +N DpH) = EnNDna (1.15)

%(ﬂN Do =N D) = 0. (1.16)
Visual inspection confirms that the sum of these two equations is identical to the original
Schrodinger equation . By definition the Hermitian portion of the decomposition (Eqn. 1.15)
must greater than or equal to zero and the anti-Hermitian equation (Eqn. 1.16) must
be strictly imaginary or zero, not complex. Because the original right hand side of the
Schrodinger equation is real and positive, it is associated with the Hermitian equation and
the anti-Hermitian equation is identically equal to zero.

Integration (contraction) over spin and spatial coordinate of all save two of the elec-
trons in each case leads to the contracted Schrodinger equation (CSE), the Hermitian con-
tracted Schrodinger equation (HCSE), and the anti-Hermitian contracted Schrodinger equa-

tion (ACSE) as well as the 2 electron reduced density matrix (2-RDM), 2D, [42, 44].

/(ﬂNDn)d:s .--dN = Ep2D,,, (1.17)
1 [ .
3 /(HNDn +N D,H)d3---dN = Ey 2Dy, (1.18)
1 . .
5 /(HNDn —N D,H)d3---dN = 0. (1.19)

With the appropriate N-representability constraints on the 2-RDM, the CSE, HCSE and

ACSE can be all be solved for a desired ground or excited state. Without these conditions

12



it is possible that a 2-RDM solution to the CSE would not be N-representable and provide
non-physical energetic predictions [27]. The 2-RDM provided by any of these approaches
can be used in Eqn. 1.11 to obtain a final energy for the system.

Greater detail about the CSE and its Hermitian and anti-Hermitian counterparts will
be provided in Chapter 2 with emphasis on the ACSE algorithm. Chapter 3 compares the
performance of ACSE routine against other more traditional wave function methods with
several small molecules. Chapter 4 presents current research and background regarding
intermolecular interactions and relevant electronic structure challenges in that field. Finally,
Chapter 5 presents a novel approach to addressing those intermolecular interactions as well

as preliminary data, discussion, and conclusions.
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CHAPTER 2
THE ANTI-HERMITIAN CONTRACTED SCHRODINGER
EQUATION

There are two ways to directly compute the 2-electron reduced density matrix (2-RDM).
The first consists of a variational minimization [1-3] with respect to the 2-RDM which is
constrained by the N-representability conditions [4, 5]. The second iteratively solves for
the 2-RDM solution of the contracted Schrodinger equation (CSE) [6-8]. In this chapter
we will discuss a specific instantiation of the latter technique, known as the anti-Hermitian

contracted Schrédinger equation (ACSE) [1, 9].

2.1 Derivation of the Contracted Schrodinger Equation

In Chapter 1 we described the derivation of the Contracted Schrodinger Equation (CSE)
using a density matrix approach. Alternatively we can derive the same equations using the
more compact notation of second quantization as shown here. Contraction or integration of

the Schrédinger equation onto a two particle space immediately yields the CSE [13, 14]:
tata AP 2 i,j
(wlalalaa A1w) = E 2D} (2.1)

where the annihilation operator a, destroys an electron in spin orbital p and the adjoint
.I.

creation operator ag creates an electron in spin orbital ¢. We now define a 2-electron reduced

density operator (2-RDO) [14] such that its expectation value is the 2-RDM.
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The CSE can now be rewritten as follows:
(W[Ty H|®) = B2D). (2.4)

As before, the operator on the left hand side is Hermitian and thus the CSE may be
re-expressed as two separate equations, one Hermitian and one anti-Hermitian.
<x1/|{rlj€,H}|\11) =2F Dl;; (2.5)

~

([0, H][W) =0 (2.6)

where the braces ({ }) indicate the anti-commutator and the brackets ([ |) indicate the
commutator [15].

The N-electron Hamiltonian operator can also be rewritten in a 2-particle reduced form:

0=

I
—_
a
Q>
&L
Q>
e
+
[\V)
=
- ~
EST
>
&L
joN
oL —+
Q>
5
RS

| (2.7)
ik ik

where 2K is the 2 particle reduced Hamiltonian and 1 K and 2V are the one and two electron
integral terms respectively [9]. Combining Eqns. 2.4 and 2.7 enables us to express the system

energy as a linear functional of the 2-RDM as shown in Chapter 1

E =Tr(*k ?D). (2.8)
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2.2 The Necessity of Higher Order RDMs

2.2.1 Second Quantization Rearrangement

Rearrangement of the creation and annihilation operators in the second quantized form of
the the HCSE and the ACSE indicate that higher order RDMs are required to solve for the
2-RDM [14, 16]. This can be demonstrated by utilizing the 2 particle reduced Hamiltonian

(Eqn. 2.7) in conjunction with the CSE defined with RDM notation (Eqn. 2.4):

2B2Dp] = (UPTy, 2H|W)
(\IJ|<a akﬂl)(Z apaq + Z 2V8pr apaqaras)]‘l/) (2.9)

b,q b,q;s,7

By using the anti-commutation rule with 9,;" as the Kronecker delta
(G, an} = abhan + ani, = 6™, (2.10)

the operators in Eqn. 2.9 can be rearranged such that all of the creation operators precede

the annihilation operators in each term [17]:

2 iy k 28] 171 216 17-P 3 1eJ, 217kl 2 1i,J
E D= Z ( Kg "Dy — K Dk,s) +3)  'K{CDph w2y Vi Dy
p,s s,t

(2.11)
7Q3 ,5,9 2v,kq 3 »Jd 2 pQ4 JD>q
+6) < Dovk— Vsi D,t,l>+12 > W bk
g,s,t D,g,8,t

This procedure reveals the necessity of two previously undefined p-RDMs in solving the CSE,
namely the 3- and the 4-RDM [9, 15, 16] as shown below:

be At atata &~ A
DS = <‘If|aaa2alaxayaz|\11> (2.12)

bed g AT ATATAT A
4Dg:y:%7w = <\Ij|aaazaia2awaxayaz|\1/> (2.13)
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The CSE in Eqn. 2.11 can also be split into a pair of Hermitian and an anti-Hermitian
equations to obtain the HCSE and the ACSE. Doing so reveals that while the HCSE also
relies directly upon both the 3- and 4-RDM the ACSE only requires the 3-RDM [9]:

1 . .. 1 . .

k 2z, 171 2, 2 b, 1 2 nyb,
0= (&b 200 - "KL PDE) + > (kY 2Dy - 'KP DY)
S p

2 . .. 2 . .
D,k 3 yigp  2v,p.0 3 gD 0,4 3 1:4F _ 27/Pq 3 1Pq.]
+6 ( Vst "Dgvr — "V Ds,t,k) +6) ( Vsi DPis— Vsi Dk,l,s) (2.14)
p,s,t p,q,s

9 kil 2 i 2P0 2 DA
+2) VD +2) Vii "Dy
st P

The computational expense of generating the higher order 3- and 4-RDMs from an initial
wave function would be far too excessive to be of merit. This issue is circumvented by

reconstructing them as functionals of lower order 1- and 2-RDMs via cumulant expansion.

2.2.2  Cumulant Expansion

We start with the definition of a Grassman algebra operator known as the anti-symmetric
tensor product, more colloquially known as a wedge product. Wedging two functions together
is defined as adding up all terms after anti-symmetric permutations of superscripts and
subscripts and dividing the end result by the total number of unique terms. For example,

the 2-RDM can be expressed as the wedge product of the 1-RDM with itself:

2Diaj: 1D; A 1D‘]7€+ QA

1 . : _ .
§(11); '] — D D))+ 2A (2.15)
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This mathematical definition allows us to express higher order RDMs with the following hi-

erarchy where orbital indexes (superscripts and subscripts) have been suppressed for clarity:

Ip= 1A, (2.16)
2D=1D A D 4 27, (2.17)
SD=1D A D AD + 32A A D + 3A. (2.18)

The ™A terms are known as cumulant n-RDMs and they represent the connected part of
the RDMs. Their presence (absence) denotes statistical dependence (independence) of the
relevant particles [15]. The cumulant 2-RDM ?A can be determined via 2A = 2D—1D A 1D,
but the reconstruction of 3D with the cumulant 3-RDM, 3A, is not as straightforward. Over
the years several approximations with various accuracies have been made [18-20]. In this
work we make use of the Mazziotti reconstruction scheme [8, 21, 22] of the 3-RDM where

the cumulant 3-RDM 3A is approximated as

gk 3aidk o LN G2l 250k
gt "Bt _52‘4( Ads “A}t) (2.19)
I

where A is the anti-symmetrizing operator and

.9,k 1y 11yJ 1 0k 1 1t 1
nglsy = Dj + D} + D + 'Dj + Dy + 'Di — 3. (2.20)

This particular reconstruction for the cumulant 3-RDM is second order. With a concise
algorithm for the generation of the higher order 3-RDM as a functional of the lower order 1-

and 2-RDMs, we are now ready to solve the ACSE for an optimized 2-RDM.

23



2.3 Solving The ACSE

Solving the ACSE for an N-representable 2-RDM begins with an initial wave function guess,
U (0). This guess may be either the result of a single-referenced approach such as a Hartree-
Fock approximated wave function [15], or a multi-referenced approach such as complete active
space self consistent field (CASSCF) [14]. Details about the Hartree-Fock and CASSCF
algorithms can be found in Chapter 1. It is important to note that a ’solution’ to the ACSE
indicates that the resultant 2-RDM’s electronic energy has been minimized, but that minimal
error may still exist. Ultimately the ACSE is solved by an infinite series of ordered unitary
transformations, but in practice there are two stopping criterion which will be described
later in this section. The expression of ¥ as a function of the variable \ is used to order
these unitary transformations and in that regard, A is a time-like parameter. It exists solely
as an organization metric.

To take an infinitely small step forward in A by an interval €, the associated unitary

rotation matrix is given by an exponential of an anti-Hermitian operator, e (A), which is
simplified via power series expansion [15]. The energy at A + € is given by
E\+e) = (T(W)]e SN e SN 1w ()))
= E(\) +e (TW)|[H, SV]|T(N) + O(). (2.21)

Truncation of the power series expansion in Eqn. 2.21 at the second order (i.e. €2> and taking
the limit of € — 0 provides a differential equation that explains how the energy changes with

respect to the ordering variable A:

dE

— = (W [H, SW)] 1w (V). (2.22)

Using the same procedure we can derive an analogous expression for the 2-RDM itself as a
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function of A. Instead of the Hamiltonian operator, the 2-RDO is used in this case [11, 15]:

d2D¥
d)\lk (CITyE SO ). (2.23)

Restricting the anti-Hermitian operator Sin Eqn. 2.21 to possess no more than two body
interaction terms permits us to express the variational degrees of freedom for the operator

as a 2-particle reduced matrix whose elements are given by

28(\) = Z ’]‘iaTaTakal (2.24)
i7j7k7l

At each step of € in the \ parameter, the energy of the system is minimized with respect to

these S matrix elements. That is,

1 0E(\ +¢)
oS )

25=0

= (U [Ty H] e (). (2.25)

These sets of differential equations expressed as in the S matrix form can be solved to
produce a new 2-RDM that satisfies the ACSE. At each step in A\, a new 2-RDM is produced
and is compared to the previous step’s result [15]. This process is propagated along A until a
stop condition is achieved. A final solution is attained when either (i) the least-squares error
of the ACSE increases or (ii) the computed energy from a 2-RDM increase s [14]. The former
is more common. The ACSE has a computational scaling equal to % where 7 is the total
number of spatial orbitals or rank of the chosen basis set [9, 15] when a single-referenced wave
function is provided as the initial 2-RDM. When an active space method such as CASSCF
(see Chapter 1) produces the initial 2-RDM for the ACSE algorithm the ACSE scales as

Tgrél where rq and 7 are the number of active and virtual orbitals respectively [11].
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2.4 Advantages of the ACSE

2.4.1 Comparison to Wave Function Methods

Reduced density matrix algorithms such as the ACSE do not depend on the N-electron wave
function as opposed to more traditional electronic structure methods. While a wave function
solution is required to initialize the ACSE algorithm by providing an approximate 2-RDM,
the ACSE is subsequently solved via the procedure outlined above which relies solely upon
the 1- and 2-RDMs to reconstruct the 3-RDM and the cumulant 3-RDM. Further use of a
wave function is not required. In doing so, the problem is reduced from an N-body problem
to a 2-body problem [23, 24]. Both single and multi-referenced approaches can be used to
generate this initial 2-RDM input. However, because the ACSE is a minimization scheme, its
accuracy greatly depends on the appropriateness of the initial wave function approximation.

The multi-configuration self consistent field (MCSCF) method is typically used to gener-
ate an initial wave function guess for the ACSE when examining strongly-correlated systems.
Unlike a single referenced method this multi-reference active space approach provides the
ACSE algorithm with excited state determinants that better describe the ground state vir-
tual orbitals. Despite this advantage, MCSCF is a post Hartree-Fock active space method
and therefore the core orbitals (those that are doubly occupied and not in the active space)
remain uncorrelated [25]. One of the major advantages of the ACSE is that it can re-correlate
these core electrons and recapture the lost core-core and core-active electronic correlation
energies. The result is a more balanced treatment of correlation energy effects than that of
an MCSCF solution alone.

Like the ACSE, perturbation theory can be applied to the result of single [26] or multi-
referenced [27] methods as well as both ground and excited states to improve the result for a
greater computational cost. Mgller Plesset perturbation scales as N (where N is the number
of electrons) after an MCSCF calculation provides the initial wave function, which already

required exponential scaling [28]. Application of perturbation theory to the single-referenced
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hierarchy of coupled cluster routines increases the scaling by one order of magnitude. Where
coupled-cluster singles and doubles (CCSD) scales as N, the ’golden standard’ electronic
calculation of CCSD with perturbative triples (CCSD(T)) sclaes as N7 [29]. In contrast the
ACSE scales as rgré when initiated with a multi-referenced guess and attains impressive
accuracy as will be shown in later chapters. Additionally, perturbation theory will only be

of use when any changes in the investigated system are minimal. Even then, this approach

lacks an iterative scheme and does not necessarily converge.

2.4.2 Comparison to the CSE

As previously discussed, the CSE and HCSE both depend on the 3- and 4-RDM whereas the
ACSE only relies on the 3-RDM and thus we only need to reconstruct one additional RDM [7,
17]. Moreover, the 3-RDM term in the ACSE expression in Eqn. 2.14 only appears as a factor
on the perturbative terms of the 2-electron integral of the reduced Hamiltonian. The accuracy
of the final solution depends directly upon the accuracy of that single reconstruction, which
only requires first order terms for the ACSE case using the Mazziotti scheme in Eqn. 2.20.
That is to say, the first order 3-RDM reconstruction for the ACSE yields a 2-RDM solution
that is correct through second order. The 3-RDM reconstruction for the HCSE and the
full CSE requires second order correction terms to attain similar accuracy. Even with a
second order 3-RDM reconstruction for these two latter approaches, there is still the matter
of the 4-RDM reconstruction. This requires even further approximation and subsequent
compounded errors.

Additionally, the 2-RDM computed by the CSE must be purified at each step in the
iteration in order to maintain N-representability. This purification takes the form of enforcing
the known N-representability constraints for the 1-; 2- and 3-RDMs. At each step the
relevant RDMs must be checked for positive-semidefiniteness and possess the appropriate

trace values [2, 4].
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CHAPTER 3
COMPARISON OF PREDICTED ENERGIES FOR AB INITIO
METHODS: THE ANTI-HERMITIAN CONTRACTED
SCHRODINGER EQUATION AND WAVE FUNCTION
APPROACHES

This chapter contains parts of an article that was originally published in Molecular Physics.
Reprinted with permission from [E. J. Sturm and D. A. Mazziotti, Mol. Phys, 114, 335

(2015)]. Copyright 2015, Taylor and Francis.

3.1 Introduction

Electronically excited states play a pivotal role in numerous chemical processes from photo-
chemistry [1-4] to transition states and biochemistry [5, 6]. However, ground state calcula-
tions are far more accessible due to the challenges that excited-state calculations present [7].
In many excited states strong multi-referenced correlation caused by near degeneracies in
molecular orbital energies contributes significantly to the wave function description. As
a consequence, mean-field solutions are often insufficient as excited-state references [8, 9|
since they do not properly model the strong correlation contributions. Full configuration in-
teraction (FCI) calculations by definition capture strong multi-reference correlation effects,
but because their computational costs scale exponentially with the number N of electrons,
such calculations are generally prohibitive for systems with greater than 12-16 electrons.
The design and testing of methods that are capable of reproducing near-FCI accuracy for
electronically excited states with polynomial scaling is therefore important.

A variety of ab initio techniques have been developed over the last few decades to ad-
dress this problem. Single-referenced ground-state methods often generate excited states

by coupling their ground-state solutions to weak electronic fields and measuring the re-
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sponse [1, 6, 10, 11]. These techniques, however, generally have difficulty with excited states
because the initial mean-field approximation is a poor descriptor of the virtual orbitals that
become populated upon excitation. For this reason multi-referenced approaches with the ca-
pability of describing degenerate or near-degenerate orbitals often have greater success with
excited-state calculations [12, 13]. Yet these methods can be computationally expensive
with exponential scaling when the reference is expressed with determinants and high-order
polynomial scaling when the reference is expressed with high-order density matrices.

In addition to more traditional single and multi-referenced wave function approaches
there are also reduced density matrix (RDM) methods. Because the N-electron wave function
contains more information than is necessary for property computations, it is possible to
reduce the degrees of freedom in the problem by contracting the wave function onto the 2-
electron space [14, 15]. A stationary condition for ground and excited states can be obtained
by contracting the Schrodinger equation onto the 2-particle space to obtain the two-electron
contracted Schrodinger equation (CSE) [16-21]. One approach to solving the CSE is known
as the ACSE which can be solved for both ground- and excited-state energies as well as
2-RDMs [4, 22].

The indeterminacy of the anti-Hermitian part of the CSE (ACSE) can be removed by re-
constructing the 3-RDM from the 2-RDM by its cumulant expansion [23-26]. The cumulant
reconstruction of the 3-RDM in the ACSE generates a system of equations that depends
only on the 2-RDM. The cumulant approximation is correct through second order in the
2-RDM of a renormalized perturbation theory, and it leads to an ACSE method that scales
quadratically with the number of orbitals in the active space. Wave function methods based
on multi-referenced perturbation theory, configuration interaction, or coupled-pair approx-
imations [27-29] scale exponentially with the number r, of active orbitals if the reference
space is represented by determinants (and to a higher polynomial power of ¢ if reduced
density matrices are employed). Because of their high cost, these methods beyond MRPT2

are not as widely used as the excited-state wave function methods compared here. Other
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recent methods for ground and excited states have adopted the cumulant reconstruction [23—
26] of contracted Schrédinger theory [18, 23, 26, 30], including the canonical transformation
method [31] and similarity renormalization group [32]. Cumulant reconstruction of the 3-
RDM has also been employed in linear-response 2-RDM methods [33-36].

In this work we examine in detail the vertical excitation energies at equilibrium geome-
tries and dissociation curves of hydrogen fluoride, [22, 37] water [9, 38-40] and the nitro-
gen molecule [13, 37, 41-44] using single-referenced, multi-referenced and RDM (ACSE)
approaches. The purpose of the work is to provide a systematic comparison for ground
and excited states calculations of the 2-RDM-based ACSE method with some of the most
common wave-function-based methods including multi-configurational self consistent field
(MCSCF) [45], multi-reference second order perturbation theory (MRPT2) [46, 47|, configu-
ration interaction singles (CIS) [5-7], equations of motion coupled cluster singles and doubles
(EOM-CCSD) [10], and time-dependent density functional theory (TD-DFT) [1, 6] with the
B3-LYP xc functional [48]. Data from the HF, HoO and N molecules obtained using the
aforementioned methods are directly compared to full configuration interaction (FCI) results.
We present and analyze the ACSE results for more excited states and non-equilibrium data
for these molecules than in previous work [22]. The variation in electronic excitation and
molecular geometry provides an array of criteria by which we investigate ab initio methods

in their treatment of strong electronic correlation effects.

3.2 Applications

In this section, after discussing the computational details used in this study, we present the
equilibrium vertical excitation energies as well as dissociation potential energy curves for
HF, HoO and Ns. Results from the aformentioned wave function approaches (MCSCF [45],
MRPT2 [46, 47], CIS [5-7], EOM-CCSD [10], and TD-DFT [1, 6] with the B3-LYP xc func-
tional [48]), and the RDM based ACSE are compared to full configuration interaction (FCI)

energies where possible. The ground-state energies of CIS are the Hartree-Fock energies.
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3.2.1 Computer Methodology

For all three molecules we use the correlation-consistent polarized valence double-( (cc-
pVDZ) basis set [49]; in the case of water we further augment this basis set with diffuse
functions [39]. Hartree-Fock mean field geometry optimizations are used for the equilibrium
configurations in all methods. The equilibrium bond lengths are 0.901A and 1.077A for HF
and Ny respectively. For water, Ropy is 0.946A and ZAyop is 104.5°.

We employ an MCSCF approach known as the complete active-space self-consistent-field
(CASSCF) method [45, 50] to provide initial determinants for MRPT2 and the initial 2-
RDM guess for ACSE. The notation used in this work is [X,Y] where X and Y are the
number of electrons and spatial orbitals respectively in the active space. CASSCF active
spaces are [6,6] for both HF and HoO and [8,7] [42] for No. State averaging is required for
some excited states to converge [8]. The CASSCF, MRPT2, CIS, TD-DFT, EOM-CCSD,
and FCI calculations were performed using the GAMESS electronic structure package [51].

All 2-RDM computations were performed using the authors’ codes.

3.3 Results

3.3.1 Vertical Excitations

In addition to the ground states, the several low-lying excited singlet states were computed
for each system: three for HF, eight for HyO and six for Ny. The HF B X7 state required
state averaging in order to converge (0.05:0.95, X 12T:B IxF). For water, state averaging
was required for 2 1By (0.1:0.9, 1 ' B1:21By), 314; (0.1:0.9,2 1 A1:31 A1) and 2 1 By (0.1:0.9,
11By:2 132). All predictions are directly compared to the FCI value as shown in Table 3.1
and Fig. 3.1.

With only a single determinant in the CIS ansétz, states that result from more than
one electronic excitation and thus exhibit multi-reference correlation effects have significant

errors. Similarly, the coupled cluster (CC) approaches perform best when the state is char-
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Table 3.1: The errors of the absolute energy predictions of the ground and several excited
singlet states are presented for HF, HoO and No. Results from CASSCF, MRPT2, CIS,
EOM-CCSD and ACSE are compared to FCI values (hartrees) in the first column. CIS
ground states are mean-field solutions. Ground states are computed with CCSD and cor-
responding excited states are produced by EOM-CCSD. Excited state geometries have not
been re-optimized. Note: The ACSE computation for the No 111, state required a frozen
core orbital treatment. Without the frozen core the error is 17.98 mH.

Eapprox — Erci (mH)

Molecule ~ State ~ FCI (H) ~CASSCF MRPT2 CIS EOM-CCSD ACSE
HF X Iyt -100.23020 121.05 11.12  210.49 2.39 0.21
T -99.82496  149.71 1291 240.15 -1.96 0.63

Byt  99.64761  141.19 8.66  251.81 0.41 0.31

Iy= 9912172 132.93 11.50  286.03 34.92 2.09

Hy0O 114, -76.25753  162.78 10.59  219.73 2.18 -0.88
11B;  -75.98112  137.08 1241 264.62 -0.47 0.47

1149 -75.91653  158.28 10.53  262.14 -1.06 -0.83

214,  -75.89210  163.33 12.37  260.93 -0.39 0.71

21B;  -75.84480  151.62 9.35  257.11 -0.78 -1.53

1By -75.82843  168.04 11.46  258.44 -1.07 -0.89

314, -75.82215  178.92 9.16  260.01 -0.12 0.16

214y 7579595  162.21 7.90  257.21 0.72 -1.07

21By  -75.73931  173.74 11.60  237.04 1.10 0.10

No X sf -109.27312 179.39 19.77  317.56 8.98 3.12
1, -108.91148  205.91 8.07  289.25 11.73 1.90

B 1SS -108.88044  206.30 10.53  279.26 13.80 -2.55

Iyt -108.86647  220.13 7.15  292.38 15.40 1.06

1,  -108.76595  229.92 273 405.72 21.79 3.63

C sy -108.58727  201.98 9.88  227.04 102.95 1.59

'y, -108.58312  227.18 1.52  222.89 146.82 0.29

acterized by at most single electron excitations. These two single-referenced methods exhibit
highly consistent errors for almost every HoO excited state since they are nearly all singly
excited. Notably, CIS and EOM-CCSD have difficulty with the 'S~ state of HF and all
excited states of N9 as a result of the significantly multi-referenced nature of these states.
As a variational approach, CASSCF predicts energies that are too high due to the lack of
stabilizing correlation energy from the inactive orbitals. MRPT2 significantly refines these
estimations to a more uniform error of ~10 mH, with one notable exception for the No

ground state. The ACSE error range is very similar to that of EOM-CCSD for HF and
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water, but unlike EOM-CCSD this degree of error is maintained for all N9 states except
for I, which had an error of 17.98 mH. By freezing the ACSE core orbitals the error was
reduced to 3.63 mH as reported in Table 3.1. Overall, MRPT2, EOM-CCSD and ACSE
have the most consistent error ranges, but as expected theoretically, EOM-CCSD and ACSE

have the greatest quantitative accuracy.

Table 3.2: Vertical excitation energies relative to the ground states from CASSCF, MRPT2,
TD-DFT, EOM-CCSD and ACSE are reported and compared to the FCI values (Hartrees),
presented in the first column. The AE are computed as Egycited — Eground- Then, each
method’s AE is then compared to the FCI’s value using € = AE, cthod — AERcT- A negative
value indicates that a method’s vertical excitation energy is less than the FCI value (i.e., the
energy gap is smaller). The B3-LYP functional was used for TD-DFT [48].

Vertical Excitation Energy Errors (mH)
Molecule  State FCI (H) CASSCF MRPT2 B3-LYP EOM-CCSD ACSE

HF T 40524  28.66 1.79 38.15 “4.34 0.43
Byt 58258  20.14 246  -42.72 “1.98 0.1

Iy= 110847  11.88 0.38 7.39 32.53 1.88

H,O  11B; 27641  -25.70 1.82  -23.57 -2.65 1.35
1145 341.00  -4.49 0.06  -35.97 -3.23 0.05

214,  365.43 0.55 1.78  -33.75 2.57 1.58

21B, 41273  -11.16 124 -32.31 2.96 -0.65

118,  429.11 5.26 088  -45.91 3.25 -0.01

314, 43538  16.14 143 -25.63 -2.30 1.04

2145 46158  -0.57 260  -25.55 -1.46 0.19

21By, 51822  10.96 1.01 51.16 -1.07 0.97

Ny I, 36164 2653  -11.70  -7.72 2.75 1.22
B1SS 39268  26.91 924  -28.49 4.82 5.67

Iyt 406.65 4075 -12.61  -26.61 6.42 -2.06

1,  507.17 5054  -17.04  15.15 12.81 0.51

C S 68585 2259  -14.10  -92.26 93.97 -1.53

'S7 0 690.00  47.80  -18.25  114.11 137.84 2.83

The error € in predicted vertical excitation energies is computed by calculating a method’s
state vertical excitation energy AE = Eex — Egr and then subtracting the FCI AE from that
(i.e. error in € = AEethod — AEpct). This allows direct € comparison between different
methods regardless of the absolute state-energy errors shown in Table 3.1. Table 3.2 and
image (b) of Fig. 3.1 reports the € errors from CASSCF, MRPT2, TD-DFT, EOM-CCSD
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and ACSE. As before, the inaccuracies for HF and water closely resemble each other whereas
those for No varied more. Overall CASSCF ¢ are too large except for the HoO transitions
114, 5 118,51 %45, 2 1B; and — 2 14y. MRPT?2 errors are <2 mH for HF and
H20O due to the consistency in absolute state-energy errors. Larger variations in MRPT2
Ny absolute state-energies cause greater ¢ disparities. TD-DFT routinely predicts excitation
energies that are too energetically small for all three molecules. The singly excited states
from EOM-CCSD are too small with respect to the FCI values, but when the excited states
require more excited electrons, the vertical excitations from EOM-CCSD are larger than the
FCI values. This occurs in the HF X 12+ — 19~ transition and all Ny transitions. The

errors in the excitations from the ACSE are consistently small with the exception of X ¥+
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Figure 3.1: Graphic representation energy error comparisons for Tables 3.1 and 3.2. Image
(a) shows the absolute energy errors for each state and method in Table 3.1 and image (b)
shows the vertical excitation errors for each excited state and method in Table 3.2. The
order of the states in each plot corresponds to the order in their respective tables. All errors
are measured in millihartrees.

Relative to the FCI results, MRPT2, EOM-CCSD and ACSE provide the most accurate
38



vertical excitations for HF and HoO. Of these, MRPT2 and EOM-CCSD exhibit errors with
similar orders of magnitude, and ACSE calculations are one to two orders of magnitude
closer to the FCI values. MRPT2 has greater difficulty with No as evidenced by the nearly
10 mH range in errors. The EOM-CCSD calculations of the first few excited states of No
are very consistent and in two cases the most accurate. However, the X 123’ — 129_ and —
C 12; transitions have enormous errors caused by the strongly correlated nature of these

states.

3.3.2  Dissociation Curves

The potential energy curves of hydrogen fluoride’s ground state (X 12+) as well as three
excited states (I, B'Y*, 1%7) have been computed in the Cg, point group. The B'%+
required state averaging for the entire surface (0.05:0.95, X 1st:B 1Z+). This state is
unique in that it is the only state that is single-referenced when dissociated in this work.
Unlike the I and B2t states, Iy- requires many doubly excited determinants in its
description. Results from EOM-CCSD, MRPT2 and the ACSE at selected geometries are
directly compared to FCI data and presented in Table 3.3. Minimum absolute errors are 0.41
mH, 8.08 mH and 0.03 mH for EOM-CCSD, MRPT2 and ACSE respectively. Corresponding
maximum absolute errors are 129.69 mH, 13.03 mH and 7.99 mH. Results from CCSD and
subsequent EOM-CCSD computations are nearest to the FCI values about equilibrium,
even for the strongly multi-referenced 'S state. MRPT2 maintains a fairly consistent error
of 8 to 13 mH with respect to the FCI values for all states and geometries. While CC
methods typically have better results at equilibrium than MRPT2, the reverse is true upon
dissociation and in intermediate regions. In contrast, the ACSE computations exhibit the
smallest inaccuracies for every point on the four potential energy curves. Generally, the
absolute errors for the ACSE are <5 mH.

For water, the oxygen and non-dissociative hydrogen atoms are frozen at their equilibrium

positions while the other hydrogen is moved in the Cg point group. In Fig. 3.2 we report
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Table 3.3: Energetic differences from FCI results of the HF dissociation curves at selected
geometries from the EOM-CCSD, MRPT2 and ACSE methods. The equilibrium geometry
is Rg = 0.901A. Negative differences indicate that the method’s predicted energy is below
the FCI value at that geometry.

Enethod — Ercr (mH)
State R FCI (H) EOM-CCSD MRPT2 ACSE

X It 0.55Rg  -99.51675 1.67 9.45 0.15
1.00Rg -100.23020 2.39 11.12 0.21
1.55Rp -100.13659 4.89 9.62 1.17
2.00Rgp -100.06913 9.73 8.54 0.94
2.55Rg -100.03727 17.47 8.15 -0.69
3.00Rgy -100.03105 21.39 8.10 -0.03
3.55Rg -100.02924 23.63 8.08 0.34

1 0.55Rg  -98.98165 -4.56 10.46 0.51
1.00Rg -99.82496 -1.96 12.91 0.63
1.55Rp  -99.97142 10.19 11.20 0.39
2.00Ry -100.01064 19.59 11.43 0.01
2.55Ry -100.02544 26.78 11.03 -0.07
3.00Rg -100.02821 29.23 11.05 -0.05
3.55Rg -100.02884 30.38 11.06 -0.04

B 'yt 055R) -98.76139 -5.18 8.20 0.32
1.00Rg -99.64761 0.41 8.66 0.31
1.55Rp  -99.76383 16.36 8.90 4.98
2.00Rg -99.79074 26.81 9.25 1.57
2.55Rp  -99.78105 30.42 8.12 -1.27
3.00Rg -99.75723 31.24 8.86 -1.07
3.95Rg  -99.72775 32.22 9.28 -1.05

1= 0.55Rg  -98.11648 20.56 12.91 7.99
1.00Rg -99.12172 34.92 11.50 2.09
1.55Rg  -99.44037 94.35 13.03 0.93
2.00Rgp -99.49830 61.20 11.77 0.75
2.55Rp  -99.49266 48.89 10.79 0.77
3.00Rg -99.47291 51.33 10.51 0.79
3.95Rg  -99.44728 129.69 10.40 0.78

the potential energy curves from EOM-CCSD, MRPT2, and ACSE for the 14", 1A” and 24’
states as functions of internuclear distance. The 24’ state is state averaged with coefficients
of 0.05 and 0.95 for 1A’ and 2A’ respectively. While all three states dissociate into the
same neutral fragments, the electronic configuration on the oxygen is different in each case.

Upon dissociation the 1A” excited state (HO(?IL,)) is iso-energetic with the 1A’ ground
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state (HO(?II,)), whereas the higher energy 24’ excited state dissociates to HO(2X). Both
excited states are the result of single electronic excitations. Multi-reference treatment is
required for both excited states at all geometries and the non-equilibrium regime for the 1A’

ground state.
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Figure 3.2: Dissociation curves for the H9O molecule. The ground state 1A’

(H(%8)+HO(?11,.)), and two excited states 14" (H(2S)+HO(?I1,))and 24" (H(2S)+HO(?%))
are shown. By mimicking the EOM-CCSD surfaces near equilibrium and MRPT2 upon dis-
sociation, the ACSE exhibits the appropriate treatment of strong multi-reference electronic
correlation. MRPT2 remains approximately 10 mH above the ACSE at all geometries in all
states.

Examination of Fig. 3.2 reveals that the ACSE better matches the CC results near equi-
librium, differing by less than 10 mH. In the non-equilibrium regions the ACSE surfaces
qualitatively resemble those of MRPT2, although the energies from these two methods re-
main different by 9 to 14 mH at all geometries. As the molecule dissociates, EOM-CCSD
becomes less suitable and MRPT2 more suitable due to the greater number of determi-
nants required to describe the wave function. Intersections of EOM-CCSD and MRPT?2
surfaces occur at 1.7A, 1.55A and 1.35A for 14’, 1A” and 24’ respectively. The surfaces
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cross at shorter internuclear distances with the increase of excitation degree. By reproducing
the single-referenced EOM-CCSD potential energy curves near equilibrium and the multi-
referenced MRPT?2 potential energy curves far from equilibrium, the ACSE demonstrates a
balanced treatment of strong electronic correlation effects.

Lastly we investigated the X 12;, 1Hg and B 12; states of the nitrogen molecule
in the Co, point group. This system’s dissociation has been widely studied [13, 41-43]
due to the difficulty of modelling the triple bond breakage with the large number of iso-
energetic molecular orbitals. Similar to the ground states of HF and HO, the X 123’
ground state is well described by a single determinant at equilibrium and multiple references
upon dissociation. The excited states are also multi-referenced at all geometries, and the
number of contributing determinants increases as the atoms separate. However, most of the
excited determinants in all states require two or more excitations in contrast to all water
states and the three lowest states of HF. In Fig. 3.3 we present the potential energy curves
from EOM-CCSD, MRPT?2 and ACSE computations of X 12;, 1Hg and B 12; (images
(c), (b) and (a) respectively) as a function of the internuclear distance between the two N
nuclei.

Energetic predictions from CCSD and the ACSE in the immediate equilibrium neighbor-
hood of the ground state are within 10 mH. MRPT2 equilibrium predictions exceed the other
two methods by 16 mH or more here, akin to similar discrepancies measured for absolute
state energies in Table 3.1 and Fig. 3.1, image (a). As the internuclear distance increases,
doubly excited determinants make non-trivial contributions to the wave function description.
By 1.3A the CCSD and MRPT?2 have crossed and the ACSE curve qualitatively mimics the
MRPT?2 at an energetic separation of 9 to 10.5 mH. The CCSD curve begins to show non-
physical behavior at 2.0A and ceases to converge after 2.5A. Excited-state energies produced
by EOM-CCSD are lower than those of MRPT2 only at internuclear distances less than the
equilibrium geometry; at larger distances the EOM-CCSD surfaces can be as much as 80

mH greater than the MRPT?2 surfaces. At 2.0A the EOM-CCSD fails to converge, although
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Figure 3.3: Dissociation curves for the No molecule for three states. The ground (X 12;)

(c) and two excited states (IHg (b), B2t (a)) are shown. The CCSD ground state did not
converge beyond an internuclear distance of 2.5A and exhibits the characteristic hump in
the potential energy curve. The EOM-CCSD for the excited states was unable to converge
beyond 2.0A. MRPT2 and ACSE qualitatively mimic each other.

the surfaces begin to exhibit divergent behavior ~1.5A. The ACSE reproduces the MRPT?2
excited surfaces 8 to 14 mH below the MRPT2 save one location where the MRPT2 is lower
than the ACSE. The B 12; state has an interesting ”bump” feature at 1.7A in the potential
energy curves with all three methods. A similar bump was observed by Engels-Putzka and
Hanrath in Ref. [41]. At this geometry the coefficient for the ground-state electron configu-
ration abruptly becomes much larger compared to its role at the previous geometry and it

contributes more to the overall wave function description.

43



3.4 Discussion and Conclusions

A variety of ab initio methods including the 2-RDM-based ACSE and widely used wave
function methods were applied to hydrogen fluoride, water and the nitrogen molecule to as-
sess the methods’ treatment of strong multi-reference correlation, especially the correlation
appearing in excited states and/or non-equilibrium states. These molecules permit system-
atic comparisons with FCI. The ACSE calculations for these molecules are more extensive
than those previously reported [22, 37].

The ACSE begins with the same initial information as MRPT2, namely a CASSCF wave
function, but because the ACSE employs a renormalization of conventional perturbation
theory through its cumulant reconstruction, it significantly improves the energetic predictions
of MRPT2. When FCI data is available, the ACSE consistently exhibits absolute errors
usually <2 mH, the minimum amongst all methods tested regardless of state or system
geometry. In contrast, the next most quantitatively accurate method is the EOM-CCSD,
predicting energies within 5 mH of the FCI. However, this is only the case when the system is
near equilibrium geometry and additional reference determinants are singly excited at most.
Situations where double or more excitations are predominant cause the EOM-CCSD to have
greater inaccuracies.

Although MRPT2 absolute energies do not attain the same accuracy as EOM-CCSD,
the MRPT2 calculations in this work provide consistent data that qualitatively resemble the
FCI results where available. MRPT2 energetic prediction errors typically range from 8 to 14
mH above the FCI values, but there is no iterative scheme to further improve these results.
This is the same energetic separation between MRPT2 and ACSE observed for the majority
of this study.

Although the ACSE has been successfully applied to excited states of more complicated
systems including the chemistry of conical intersections [4, 52|, the present results provide the
most systematic study to date on a set of benchmark molecules where FCI can be computed.

The comparisons with widely employed excited-state methods show that the ACSE provides
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significant accuracy both in the presence and absence of strong multi-referenced electron

correlation. Cumulant reconstruction in combination with the ACSE provides a method

that can treat chemistry at both equilibrium and non-equilibrium geometries for ground and

excited states, thereby opening new possibilities for the computational study of molecular

structure and processes.
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CHAPTER 4
INTERMOLECULAR INTERACTION MOTIVATION AND
BACKGROUND

4.1 Introduction

With modern advances in computer technology, computational quantum chemistry has
reached a maturity that permits us to look beyond individual atoms and small systems.
We now have the ability to investigate larger quantum systems in less time and more de-
tail. These advances have paved the way to studying aspects of chemical phenomena and
properties that have previously been passed over as being too expensive or required too fine
a resolution. One class of these properties is the study of intermolecular interactions which
are generally defined as non-covalent interactions possessing energies an order of magnitude
smaller than chemical bonds. Whereas first row element bonding energies can range from
several dozen millihartrees to as much as half a hartree [1-3], non-covalent interactions can
be on the order of a single millihartree or less [4]. A better understanding of the molec-
ular behavior occurring at this energy level would help elucidate many fields of chemical
interest spanning protein formation and interactions including those of DNA helices [5-8],
photovoltaics [9, 10], condensed phase interactions [6, 11, 12], and singlet fission [9, 13-15]

to name a few.

4.2 Types of Intermolecular Interactions

Broadly, there are three main categories that non-covalent molecular interactions typically
get sorted into based upon type of energy contribution: electrostatics (polarizability), induc-
tion, and dispersion [16, 17]. Some sources further subdivide these classes depending upon
the system’s state of electronic excitation or intermolecular separation. In some cases the

distance separating the molecules of interest may guide how that particular interaction is
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examined and interpreted or mathematically modelled and computed [4].

The electrostatic category is perhaps the most easily understood from a classical mechan-
ics standpoint [18, 19]. This is simply the Coulumbic interaction where negatively charged
electrons on one monomer repel those on the other, thus influencing all relative electronic
distributions and correlating their movements. With larger separations one can view this
interaction as a multipole moment response.

The van der Waals dispersion interaction [20] is a purely quantum property resulting
from the correlated electron movement between monomers. For this reason the Hartree-Fock
approximation cannot reproduce it [21], and in general single-referenced methods will have
difficulty unless subsequent modifications are made. In neutral apolar molecules dispersion
manifests as an induced dipole-induced dipole effect, creating an attractive potential between
them. Dispersion interactions can also be understood as how the electrons on one moiety
respond to the instantaneous fluctuations in electron density on another which are measured
via dynamic polarizabilities. The third type of interaction is another quantum property
called induction. It is very similar in spirit to dispersion interactions as they both measure
the energy that comes of the electron distribution on one molecule in response to another
nearby [22]. However, whereas dispersion forces are instantaneous, induction energies are
the result of a permanent dipole affecting another molecule. Hence, induction interactions
are sometimes referred to as polarization interactions.

Some sources also cite a fourth intermolecular interaction known as exchange correla-
tion [4, 16, 23]. Here, the energy contribution comes about from the effects of an electron
tunnelling through a classical barrier to go from one monomer to another. This exchange
interaction is not to be confused with the exchange energy for electrons of parallel spin in
Hartree-Fock calculations (see Chapter 1). This fourth category is usually given the most
attention in symmetry adapted perturbation theory approaches which will be discussed in
more detail later in this chapter.

A more chemically intuitive classification system exists as an alternative to the afore-
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mentioned energetic classifications. Interactions between neutral moieties can be sorted into
hydrogen bond dominant, dispersion force dominant, and a third category which is a mix-
ture of dispersion components and other electrostatic (specifically non-hydrogen bonded)
contributions [17, 18, 24]. Charged species interactions are typically classified based upon
the charge state and whether or not the system exhibits significant charge transfer behav-
ior. This second classification system is less widely used in electronic structure studies since
some electronic structure methods can directly compute properties like induction, whereas

hydrogen bonding is less rigorously defined by these approaches.

4.3 Computational Expenses: Basis Set

The initial choice of atomic basis set will have a direct and profound effect on the success and
computational effort of the electronic structure calculation. In this section we enumerate the
different orbital types and desirable characteristics for the choice in basis set when studying

intermolecular forces and energies.

4.3.1 Basis Set Improvements

As a basis grows larger and more complete the results obtained using it will be more accurate;
however, we cannot utilize an infinite basis for practical reasons [21]. Over the last several
decades many Gaussian-type atomic orbitals have been optimized and are now routinely used
in electronic structure calculations as elements of finite bases. The first step to improving
the minimal basis set is to increase the number of contracted orbitals composing the inner
atomic orbitals. The higher energy orbitals for any given atom are less frequently populated
and therefore have fewer constituent contracted Gaussian functions. This provides an easily
comprehended classification scheme known as the ¢ hierarchy’ [25, 26]. While most electronic
structure packages have double, triple, and quadruple (D, T and Q respectively) ¢ quality

basis sets built in, there are several higher orders available for select elements [27, 28].
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Besides increasing the ( value there are two additional orbital types that can be included
to improve the atomic description even further. The first are polarization orbitals which
provide the basis set with orbitals of higher angular momentum, permitting the electron
distribution about the nucleus to distort and become spherically asymmetrical. This is
particularly useful when describing covalent interactions since the electron density will be
greater along internuclear axes than elsewhere. The second group are called diffuse functions.
These long-tailed Gaussian additions better describe orbitals far away from the nucleus,
beyond the covalent interaction range. Atoms and molecules with larger, more polarizable
electron clouds that are easily distorted (i.e. soft systems) can be better described with this
latter category [4, 25]. Polarization and diffuse orbitals may be used or alone or together
with any (-order of basis set.

These improved basis sets do have a price though. As the number of atomic orbitals
increases so does the number of molecular orbitals which are typically defined as linear
combinations of atomic orbitals (LCAOs). The cost of most electronic structure methods is
directly dependent on the number of molecular orbitals. Ideally we would use the smallest
finite basis capable of correctly reproducing the desired atomic and subsequent molecular
behaviors. The choice of atomic basis set however is not always obvious and relies on the

target trait or phenomenon under investigation [27].

4.3.2  Basis Set Choice for Intermolecular Interactions

For intermolecular interactions the orbitals must be capable of expressing electronic density
at large distances from the nuclei, beyond the covalent bond radius. In this region the
orbitals from each molecule must be able to overlap so that the motion of the electrons
can correlate. Without correlated electronic behavior the intermolecular interactions we are
so keen to examine would not exist. Another outcome of overlapping orbitals is that the
electrons from one molecule experience less nuclear shielding of the other molecule’s nuclei.

This aspect of orbital overlap is sometimes referred to as electron penetration [16, 18]. A
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lack of sufficient electron penetration results in a reduction of the Coulombic attractive force
between one monomer’s electrons and another’s nuclei, if present at all. Furthermore, a
tunnelling electron in the case of an exchange interaction (see Section 4.2.1) [4], or even a
standard charge transfer would need these orbitals to exit and populate.

Minimal basis set descriptions are insufficiently flexible [4, 29] for intermolecular inter-
action descriptions and therefore we must incorporate at least one of the basis set improve-
ments enumerated above. Using a higher order ¢ basis provides the outer orbitals with extra
Gaussian functions as well as the inner orbitals. Because intermolecular interactions pre-
dominantly take place in these orbitals, larger values of ( are a natural first choice for basis
set enhancement [4]. In addition this improvement to the resolution of the outer orbitals,
polarization orbitals can help us model dispersion [29] and induction interactions. The corre-
lated electron movements between monomers resulting from a permanent or induced dipole
frequently result in non-symmetric electron distributions about their respective nuclei. In
contrast, diffuse orbitals with their greater radii contribute more to molecular orbital overlap
description, which has ramifications for electron penetration and electron movement from
one monomer to another [5, 30].

An argument could be made for including all of these basis set improvements for any inter-
molecular study since they each contribute something different to the molecular description
with respect to their interactions with other molecules [31]. However it is important to al-
ways bear in mind the system’s inherent characteristics such as the absence of a permanent
dipole [27]. An apolar molecule with a hard electron distribution may not benefit very much
from polarized orbitals and their presence would drive up the cost of the calculation for little
improvement.

It should also be noted that all of these orbitals are defined and optimized for individual
isolated atoms. They are not necessarily the best choices for molecular bonds or interactions.
Only by taking linear combinations of them can we approximate these polyatomic proper-

ties [21, 25]. Our choices about which atomic orbitals to use will directly impact how well
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those properties are simulated. In Chapter 5 we provide a description of a new approach
wherein an atomic orbital basis set is used to define a unique optimized molecular orbital

basis set for a given monomer.

4.4 Fragmentation Approaches for Investigating Intermolecular

Properties

There are several approaches for studying intermolecular interactions in the literature and we
briefly discuss a few of them here. Arguably the most significant challenge with intermolec-
ular studies is the sheer size of the problem. In addition to the possibility of a large number
of atoms which would require many basis functions even with a minimal atomic basis set,
a large basis set is required to properly represent them as described above; a minimal basis
set is simply not enough. Furthermore, traditional wave function methods such as CCSD(T)
or CASSCF with exponential scaling with respect to the number of molecular orbitals can
make intermolecular interactions grossly intractable.

During the last 50 years computational chemists have come up with innovative ways to
circumvent these problems such as localizing the orbitals or using a fragmentation approach.
Localization approaches take the system as a whole and then assigns floating spherical Gaus-
sian orbitals (not nucleus-centered) to specific region of the system to capture the density of
electron distribution. Then all of the sub-densities are added back together for a complete
system description. Fragmentation methods also approach electronic systems by breaking
it into smaller fragments and reconstructing the full system from these pieces. Most stud-
ies use dimers as exemplars, but they can all be extended to larger clusters. Because the
monomer optimized basis set ACSE approach described in Chapter 5 can be categorized as

a fragmentation method we focus our attention on those in this summary.
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4.4.1  Supermolecular Interaction Energies and Basis Set Superposition

Error

Supermolecular studies are the most straightforward and thus we start our overview with
them. They do not use a specific electronic structure theory, but rather it is a generic
mathematical approach for computing the interaction energy. Here, the overall dimer system
(or cluster) is computed as a whole and then the individual constituents are computed in
isolation using the same level of theory and basis set [32]. The investigator decides which
method they wish to use and therefore the expense of a supermolecular approach will scale
accordingly. The interaction energy (F;,;) is defined as the difference between these two

calculations:

Eint = Edimer — Z Emonomer- (4.1)

This formula does not tell us much about the actual nature of the molecular behavior [4],
just the interaction energy. Despite this drawback, many intermolecular interaction studies
incorporate Eqn. 4.1 as a first step in a more detailed analysis; it is quick and easily executed.

The main drawback with the supermolecular scheme is basis set super position error
(BSSE) [30, 32, 33]. BSSE is a computational artifact that occurs with the dimer or other
calculation with more than a single monomer [5]. When each monomer’s energy is computed
in isolation, only its own basis functions are available to it for optimization. However, with
the dimer (or cluster) calculation a monomer can utilize not only its own basis functions but
those on other monomers too. This expansion artificially stabilizes the system, lowering the
dimer’s energy which has the net result of making the interaction and binding energies seem
larger than they are. BSSE is more pronounced at closer intermonomer separations because
basis functions overlap more with shorter separations.

To address this problem Boys and Bernardi developed the counterpoise (CP) correction
in the 1970s [34]. This correction also requires the computation of the isolated monomers

properties, but instead of using only the monomer’s basis functions, the basis functions of the
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other monomer(s) are included as well by using 'ghost atoms.” Ghost atoms are placed in the
same places as the normal atoms of the other monomer(s), but without nuclear or electronic
charges; in effect they are empty orbitals [5, 32, 35]. By doing this we can directly determine
the stabilization effect of excess orbitals on a single monomer at a time. The artifactual
energy can be removed from Eqn. 4.1 and the BSSE corrected, making the overall dimer
energy smaller and lowering the absolute energetic values of the interaction and binding
energies [32].

For several years there was impassioned discussion about the precision of CP correc-
tions with some literature claiming that it over-corrected the BSSE and had to modified to
overcome this failing [33, 36]. However, after several more years and additional studies the
debate was put to rest with the conclusion that CP corrections did not over correct in all
cases and could be used reliably to account for BSSE for certain systems [37]. Addressing

BSSE remains an active area of research today.

4.4.2  Symmetry Adapted Perturbation Theory

One of the best known and most successful approaches to intermolecular interaction studies
is symmetry adapted pertrubation theory (SAPT) [4, 16]. Like any perturbation theory (PT)
method, SAPT decomposes the electronic Hamiltonian into two parts: an unperturbed base
Hamiltonian and a small perturbation potential [38]. Here, the unperturbed Hamiltonian
I;TO is the sum of isolated monomers A and B and their interactions in a dimer setting are
the perturbation

ﬁ:ﬁo—l—VAB:f{A—l—f:fBﬁ-VAB. (4.2)

The isolated monomers can be computed by a variety of approaches including density func-
tional theory (DFT) calculations, a coupled-cluster approximation or even another routine
that utilizes perturbation theory to optimize the system’s properties. In the last case SAPT

becomes a ’double’ perturbation method [4]. The unperturbed wave function however is not

o8



a simple product of the isolated wave functions for A and B; doing that would violate Pauli’s
exclusion principle. This is easily remedied by applying the anti-symmetry operator to the
wave function and then symmetry-adapting the result to make it an eigenfunction of ﬁo
again. This gives rise to the name of the method. Because the dimer is never computed this
method does not have BSSE.

DFT is a very popular choice for the monomer calculation. Studies with this choice are
called SAPT(DFT). While DFT generally has difficultly with long range interactions, making
it a poor choice for intermonomer studies by itself, it excels with intramonomer behavior
which is precisely what is required for the initial Hamiltonian expression. For descriptions of
several variations about how DFT and SAPT are used together we refer to the references [39]
and [24].

Another feature of SAPT is that the determination of the different types intermolecular
interactions is a nearly effortless process. For example, electrostatic (Coulombic) interaction
energies can be interpreted as the first order perturbation correction for the energy of the
original unperturbed system (ie, the eigenvalue of F[O). We can compute a value for this
by examining the multipole moments of the monomers. Similar parallels can be drawn for
other intermolecular interactions, providing physical explanations for energetic values.

Like CCSD(T), SAPT scales as 7, where r is the number of orbitals, barring various
approximations which may make it as little as r° or r* in some cases [4]. Despite this cost,
the ability to instantly identify the type of interaction make SAPT a very attractive option

when investigating intermolecular interactions.

4.4.8 The Active Space Decomposition Method

One of the more recently developed methods for intermolecular interaction studies from is
the active space decomposition (ASD) approach [40]. Like SAPT, this method also avoids
full dimer computations, relying instead on tensor decomposition. Here, a set of states {I}

and {J} are computed for monomers A and B respectively and their product defines a basis
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for the dimer state K as follows:

Ti)=> Ccfy [lefh®lef)] = Y cf; |efef), (4.3)
1J 1J

where the resulting wave function is implicitly anti-symmetrized and its states mutually
orthogonal. In essence, this defines a basis capable of expressing the dimer’s active space
as linear combination of tensor products from the isolated monomer active spaces [15, 40].
While this approximation is exact if we compute all possible states of each monomer, in
practice this is not necessary to obtain precise results; only small subset of states from each
monomer is necessary since the decomposition expression is sufficient for the diagonalization
of the dimer electronic Hamiltonian. This means that the active space used to generate the
monomer data is the same size as the active space used for the monomer when included as
part of the dimer.

By parametrizing the dimer wave function in this manner, we never need to compute the
direct product configurations of Eqn. 4.3 and as a result, significant time savings are to be
had. However, for this to be true a rigorous procedure must be defined for the generation of
the Hamiltonian matrix elements. This is accomplished by expressing the total Hamiltonian
as a product of the normal 2-body Hamiltonian operators and the operators that define each

of the monomer’s sates. That is,

. —1)? A
i = 21) >N EaEghap (4.4)

e feB

where 21 and 8 are the sets of annihilation and creation operators in second quantization
(see Chapter 2) that express monomer A or B’s state respectively. a and g are all the orbital
index combinations possible for A and B respectively.

The precision of the ASD method is directly dependent on the number of states present
with the initial monomer generation. Should greater precision be desired, a larger number of

states can be included with a linear increase in the computational cost scales linearly with
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respect to the number of monomer configurations [40, 41]. Like SAPT, the ASD method
does not have BSSE and therefore a CP correction in unwarranted. While this method is
still relatively new, it has already been successfully applied in a study of the singlet fission

phenomenon [15].

4.4.4  General Many-Body Fxpansion

While monomers of single isolated molecules or atoms would seem to be the natural choice for
a fragmentation method, there are situations where a small group of particles makes a better
subunit. Physical motivations for this partitioning scheme could include strong polarization
interactions or perhaps the fragments are defined in such a way that adjacent subunits
overlap share several common nuclei [42, 43]. This may be useful in larger clusters where
continuity from one fragment to another is desirable. From a computational standpoint
a fragmentation scheme with small clusters of particles instead of each particle being its
own fragment may dramatically reduce the computational expense [17]. To reconcile these
different types of fragmentation schemes and incorporate additional functionality, the general
many-body expansion (GMBE) has been developed [42].

To understand GMBE, we start with the many-body expansion (MBE) method. MBE
approximates the total energy of this partitioning scheme as a sum of individual fragments

plus all pairwise, three-body and higher order correction terms.

ZE1+ZZAEIJ+ZZZAEIJK+ (4.5)

I J<I I J<IK<J

where P is the total number of fragments and the correction terms are given by

AEpy=Ep;— Ef— Ey, (4.6)
AErjk = Erjx —AEr; — AEg — AEjg — Ef — Ej — Ey, (4.7)
etc.
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If we were to expand the above MBE expression to include all P-body terms, this equation
would be exact [17]. Another advantage of this model is that it treats all parts of the
system at an equal level of theory, regardless of size or location. Despite this exact formula,
we cannot use it in its full form because the number of terms would quickly grow larger
than computers can handle. To make Eqn. 4.5 useful, higher order terms must be excised.
However, some physical phenomena such as a strongly polarized system require higher orders
of energetic correction since the fragment is not discreetly defined. A better fragmentation
approach in that case may require several overlapping fragments, which the MBE approach
as shown above cannot handle without further modification.

The GMBE method seeks to overcome this issue by building in functionality to permit
both types of particles. When the fragments are discreet, the GMBE approximation reduces
back to Eqn.4.5 but it can also handle cases where the subunits overlap, all in a self-consistent
manner [42]. For a system of P fragments GMBE defines the ground-state energy of a system
as

E:E(1)+AE(2)+AE(3)+“' 7 (4.8)

which is understood as the sum of all lone fragment energies plus any higher order energetic

corrections which are given by
AEM = pm) _ pn=1), (4.9)

where E(M is an n-body approximation to the ground state energy. The GMBE then
proceeds to take the original monomers and create dimers, trimers, ..., n-mers and create
a new basis out of these new overlapping fragments. This procedure scales linearly and is

easily run in parallel for efficient computation [17].
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CHAPTER 5
MONOMER-OPTIMIZED BASIS SETS FOR THE
COMPUTATION OF INTERMOLECULAR FORCES FROM
THE ACSE

In Chapter 3 it was shown that the anti-Hermitian contracted Schrodinger equation (ACSE)
is capable of providing exceptionally accurate energetic predictions for strongly correlated
systems. Chapter 4 discussed the challenges present in the study of dimers and the related
problem of intermolecular interactions as well as several current approaches to solving those
issues. In this chapter, we present a novel approach using the ACSE to address these

outstanding questions.

5.1 Introduction

Highly accurate descriptions of quantum systems via ab initio methods typically engender
large computational expenses due to exponential scaling with system size inherent to the
more sophisticated models [1, 2]. However, not all electronic interactions play significant
roles in chemically interesting phenomena. As many general chemistry students know, pho-
tonic excitation, bond formation and breakage, charge transfers and dipole effects are all
heavily dominated by the electrons in the valence and other orbitals of similar energy (e.g.
HOMO-1, LUMO+1) with larger radii [3]. This is the case with dimer systems where the
outermost electrons on each monomer interact more readily with each other than the op-
posing monomer’s core electrons. The interactions of inner orbital electrons play a smaller
role in this situation, but their dynamic correlation energy contributions cannot be wholly
neglected either. Both correlation types must be addressed.

Similarly, very high energy virtual orbitals are nearly never occupied and thus contribute
very little to the overall wave function description. In some cases the energy required to

populate some of these high energy orbitals exceeds the ionization energy, making their
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inclusion non-physical. Excess orbitals in electronic structure routines are the consequence of
using larger atomic orbital basis sets which enable us to describe the wave function in greater
detail and precision as described in Chapter 4. However, while several unoccupied orbitals are
necessary for electronic structure models [4], incorporating all of these higher energy orbitals
improves accuracy by a negligible amount at enormous computational expense. A larger
basis set is desirable in order to obtain better expressions of the intermolecular interactions
in a dimer or cluster, but an excessive number orbitals often makes such calculations too
costly.

This chapter describes a novel approach for investigating intermolecular interactions by
focusing computational effort on the most important orbitals in the system. Like other frag-
mentation methods [5], this approach partitions the system into monomeric subunits which
are individually modelled. Then, the total system is rebuilt by combining the fragments
with interaction parameters and terms. In brief, our approach starts with the optimization
of the isolated monomers and then we trim away excess orbitals on each before combining
both monomer subsystems into a dimer [6]. A monomer can be a single atom or molecule; a
dimer need not consist of identical monomers. By working with the more tractable monomer
subunits we can obtain a correlated description of the inner orbitals free from the influence
of the opposing monomer which would only have a minor effect anyway. Removing the least
important orbitals at the monomer level ensures that the subsequent dimer calculation will
be less expensive, but still retain the orbitals that are most important for the overall system.
In essence, we make a monomer-optimized orbital basis set for each unit.

The result is that computational resources do not have to be devoted to re-computing
core orbital data or the interactions of excessively high energy orbitals, allowing us to focus
our attention on the frontier orbitals and their nearest neighbors. The remainder of this
present chapter is devoted to the development and execution of this new electronic structure

routine.
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5.1.1 Notation and Identities

Before proceeding to the theoretical description of the splicing algorithm we pause here to
define and summarize the notation that will be utilized in what follows. Previously used
symbols such as "D will continue to be used in the usual manner. The total number of
electrons in a system will be given by N.

M1 and M2 will be used to indicate a monomer when specificity is required. Subscripts
M and D indicate whether a given matrix is in the monomer or dimer basis respectively.
Matrix S is a normalized atomic orbital (AO) overlap matrix in a given basis; it is real and
symmetric. Matrix C is a coeflicient matrix describing the molecular orbitals (MOs) of a
system in terms of the underlying AO basis set. This matrix is not necessarily square. These
matrices will be used extensively in the descriptions that follow and together they possess

the following identity where I is the identity matrix [4]

clsc =1 (5.1)

5.2 Monomer Data Generation

5.2.1 Wave Function and RDM Initialization

We begin our approach to dimer studies by performing a standard ACSE calculation on
each isolated gas phase monomer with the following steps [7-9]. A mean-field Hartree-Fock
result [10] provides a seed for a complete active space self consistent field (CASSCF) routine
and an active space is chosen [1]. An active space is denoted by [X,Y] where X is the number
of active space electrons and Y is the number of active spatial orbitals. With a CASSCF
approximation, the core orbitals are always doubly occupied and the virtual orbitals beyond
the active space are never occupied. Active space orbitals may have partial occupations.
This initial wave function computation gives us the coefficient matrix (C) which describes

the CASSCF MOs in the AO basis.
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The final CASSCF wave function is then contracted (integrated) to produce an initial
2-RDM for the ACSE algorithm to optimize as described in Chapter 2. The ACSE algorithm
produces a final 2-RDM that correlates the previously uncorrelated CASSCF defined core
and virtual orbitals with those in the active space [11, 12]. Contraction of this optimized
2-RDM, 2D, provides us with the 1-RDM, D [6]

N

, 1 y
1pt (2]
J:

LDl = (U|alay| D). (5.3)

Léwdin named the eigenfunctions of the 1-RDM natural orbitals (NOs) [13]. These are a
special set of MOs that best describe the system in a basis, chosen by the system. We will use
V to denote this eigenvector matrix. The associated eigenvalues are the occupation numbers
of these orbitals and examination of these NO occupation values can reveal whether or not
an orbital is correlated. An occupation value of nearly 0 describes a virtual orbital while an
occupation number approaching unity indicates a doubly occupied spatial core orbital and
thus not strongly correlated. It is expected that the core orbital descriptions and occupations
will remain fairly constant when a second monomer is introduced to the system. However, a
value significantly different from zero or unity implies a strongly correlated orbital and these
occupation values are expected to fluctuate in response to the presence of other electrons
from the opposing monomer. Examining these occupation changes can tell us much about the
nature of intermolecular interactions in a dimer. We will also use these occupation numbers
to make decisions regarding excess orbital truncation, discussed later in this chapter.

At the end of this phase we have three data for a monomer: the CASSCF C matrix from
the wave function initialization and eigenvector matrix V with the corresponding eigenvalues.
By using all of these data together, we can define a smaller set of MOs to describe each

monomer.
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5.2.2  Orbital Truncation: Creation of a Monomer Optimized Basis

As the AO basis set gets larger and therefore more complete and accurate, the number of
MOs also increases [10]. Because most electronic structure methods scale with the number
of MOs, these larger basis sets can make accurate chemical system calculations extremely
costly and unwieldy, if possible at all. To address this issue we use a large AO basis set and
remove NOs that do not significantly contribute to the wave function based on occupation
number. A very low NO occupation number would imply that the corresponding orbital may
be a good candidate for removal. In contrast, a greater occupation value would indicate that
the orbital is very important and should be kept for subsequent calculations.

At the end of the monomer ACSE optimization procedure we obtained the 1-RDM which
can be understood as a coefficient matrix for the NOs in the basis of CASSCF defined
MOs. That is, the NOs are linear combinations of the wave function MOs which are linear
combinations of the original AO basis. To express the NOs in terms of the AOs we perform
the following matrix algebra:

T o V=Ciyy (5.4)

where T € RAOXMO g the coefficient matrix of the MOs in the AO basis, V.€ RMOzNO jq
the 1-RDM eigenvector matrix of NOs and C° € RAOXNO g the final NO coefficient matrix
in the AO basis. The ° superscript denotes that no orbital truncation has occurred at this
stage. The 91X subscript indicates that this coefficient matrix corresponds to the optimized
orbital basis for monomer X for X = 1 or 2.

Now we remove or 'trim’ NOs deemed excessive. While any number of orbitals may be
truncated, we typically keep a number of orbitals equal to a smaller basis set [6]. We use
the NO occupation number (eigenvalues of the 1-RDM) to determine which orbitals are kept
and which are removed; orbitals with the lowest occupations are removed first. For example,
if a given basis set A has 20 MOs and a larger basis set B has 35 MOs, we may choose to

run the initial steps of this procedure in basis set B and then upon reaching this step, we
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remove the 15 NOs with the smallest occupation numbers such that both A and B have an
equal number of MOs despite having a different number of AO basis functions. Because C°
has dimensions AO x NO this trimming is a simple process of removing columns:

Cony trim CL (5.5)

where p is the number of remaining or kept orbitals, Cgy - € RAOXNO 514 Cgﬁ v € RAOxp
for p < NO, completing the generation of all necessary data for a single monomer. Note
that the number of AOs (rows) never changes. This coefficient matrix maintains the large
detailed AO basis, but only keeps the most chemically important MOs, defining a monomer
optimized set of orbitals uniquely selected by the system itself. The ACSE method with
a CASSCF initial 2-RDM seed scales as ~ r2rs where the r, and 7. are the number of
active and virtual orbitals respectively, so the reduction in the number of excess orbitals via

truncation greatly improves our computation time.

5.3 Initial Dimer Generation

Once we have completed the preceding steps for both monomers we are now ready to create
a dimer by splicing together the monomer data. At this stage we have ngn and Sgyn; from
the first moiety and likewise Cgm and Sgpno from the second. The number of remaining
orbitals p and q for monomers M1 and M2 respectively need not be the same, even in the
case of a homodimer. We begin by creating a super-system (SS) in the monomer basis. Then

we rotate the SS from the monomer basis to a dimer basis at a desired geometry.

5.3.1 The Super-System Basis

The initial monomer calculations are executed in isolation and therefore the interactions
between them are identically zero. As a result, splicing together monomer data has the same

net result as placing the monomers infinitely far apart from one other in a vacuum. The SS
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coefficient matrix in the monomer basis Cgy will take on a pseudo-block matrix form since
the sum of both monomers AOs may not be equal the total number of remaining MOs and
therefore Cgy will not be a square matrix. Below we have shown an example where M1 has

a and a AOs and MOs respectively and the dimer as a whole has y AOs in total and 7 MOs:

M1 M1 . M1
1,1 1,2 l,a
M1 M1 M1
2,1 2,2 2,a O
a a, a,a
Cor = (5.6)
M2 M2 . M2
a+1l,a+1 a+1,a+2 a+1,5
¢M2 ¢M2 . ¢M2
a+2,a+1 a+2,a+2 a+2,5
¢M2 ¢M2 . M2
x,a+1 X,a+2 X>J

The AOs on M1 do not contribute to the MO descriptions on M2 and as a result the cross
terms in the off-diagonal are zero. This would be the case regardless of the number of orbitals

trimmed, if any.

5.3.2  Transformation from the Monomer Basis to the Dimer Basis

At infinite separation the off diagonal terms of Cgy are identically equal to zero, demonstrat-
ing that the moieties have no interaction with each other. However, at closer distances the
monomers will begin to interact and the off-diagonal terms will populate. To run the ACSE
algorithm on a dimer system at a finite separation, an initial wave function at the same
desired geometry must be obtained to create an initial 2-RDM guess with coherence terms.
As before, we use the CASSCF procedure to provide this guess wave function. However,
the CASSCF procedure itself requires a coefficient matrix, Cg, which is obtained in the
following manner.

A standard Hartree-Fock trial is run for the full dimer in the original AO basis at the
SHF

desired geometry in order to obtain the atomic overlap matrix , coefficient matrix Cg F
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and the electron integral matrices TKHF and 2VHF for the one and two electron integrals
respectively. Because this calculation is at a closer intermonomer radius there are coherence
terms in the off-diagonal portions of these overlap and coefficient matrices. Combining Cg F

and SgF with Cop we create the rotation matrix R that permits us to re-express lgHF

and 2VHF in terms of the monomer NO basis. R is defined as

R = C],SpCo. (5.7)

Essentially, we have now expressed the electron integral information in a new effective
AO basis. A new Hartree-Fock approximation is computed with this rotated set of integrals
and the result is the coefficient matrix for the CASSCEF routine, Cg. The CASSCF routine
optimizes Cp with an active number of electrons and orbitals equal to the sum of active
electrons and orbitals in the monomers. The CASSCF dimer wave function is contracted,
the electron integrals are computed and both are submitted to the ACSE routine which
provides the final energy and 2-RDM 2D;g for the finitely separated dimer, concluding the

procedure.

5.4 Choice of System and Computational Detail

For our initial tests we chose the (LiH)g linear dimer [14-17]. This system has a moderate
dipole and a very small number of electrons (N = 8) making the first trials with our new
method expedient. The covalent bond distance in each monomer is Ry, = 1.5949A [18].
The dimer equilibrium configuration was computed to be Ry = ~3.4A, measured as the
distance between either the two H atoms or equivalently, the two Li atoms. See Fig 5.1
below.

We chose to do our calculations with the correlation-consistent polarized valence (cc-
pVXZ) hierarchy of AO basis sets where the X value indicates double, triple or quadruple ¢

quality (i.e. X = D, T, Q) in this work. We also include two basis sets with diffuse orbital
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Figure 5.1: An image of the linear (LiH)y dimer configuration. The intermolecular separation
is given by R, which is the distance between the two H atoms or Li atoms. The Li-H bond
is frozen at 1.5949A and the equilibrium intermolecular radius Rg = 3.4A in this work.

augmentation denoted by the ’aug’ prefix: aug-cc-pVDZ and aug-cc-pVTZ [19, 20]. These
basis sets were chosen since there they possess a clear progression in size and accuracy and are
specifically designed for modelling correlation amongst valence electrons [10]. Furthermore,
they will converge systematically to the complete basis set limit when extrapolated. Table 5.1
provides the number of basis functions present in the initial AO and subsequent MO bases
for the isolated monomers and combined dimer. Table 5.1 also lists a shorthand for each

basis for use in subsequent figures.

Table 5.1: The number of AOs and MOs with spherical harmonics for individual the LiH
monomer and (LiH)9 are provided. Because (LiH)s is a heterodimer, the number of MOs in
the total dimer is twice that of a single monomer. Augmented basis sets are denoted by the
‘aug’ prefix, indicating additional diffuse orbitals.

Basis Set Abbreviation AOs MOs Dimer MOs
cc-pVDZ CCD 20 19 38
aug-cc-pVDZ ACCD 34 32 64
cc-pVTZ cCcT 50 44 88
aug-cc-pV'TZ ACCT 80 69 138
cc-pVQZ CcCcQ 105 85 170

All initial wave function calculations (Hartree-Fock, CASSCF) for the monomers are per-
formed with the GAMESS electronic structure package [21]. Subsequent scripts with 2-RDMs
(ACSE, basis transformation, truncation) were developed by the author and collaborators.!

The active spaces for the CASSCF calculations are [2,3] and [4,6] for the monomers and

dimer respectively where the first number is active electrons and the second number is the

1. The author wishes to acknowledge the work of A. J. S. Valentine for his contributions to this project.
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number of active spatial orbitals. See Chapter 1 for more detail regarding CASSCF.

5.5 Results and Discussion

The dissociation curves and binding energies were computed in each of the five aforemen-
tioned basis sets. Every basis set was trimmed down to the sizes of all basis sets with fewer
orbitals than it. That is, trials executed in the aug-cc-pV'TZ basis set were trimmed from the
full number of MOs (138) to 88, 64 and 38 corresponding to the cc-pVTZ, aug-cc-pVDZ and
cc-pVDZ bases respectively. In what follows a full, untrimmed and non-monomer-optimized
basis set will be denoted by the ° symbol next to the number of MOs; for example a full CCT
set with 88 MOs will be denoted by CCT (88°) and ACCD (38) indicates that an ACCD

trial has been re-optimized and the number of orbitals truncated to a total of 38 MOs.

5.5.1 Dissociation Curves and Binding Energies

Dissociation curves are the potential energy surfaces (PES) that are the result of the total
system energy as the constituent monomers are moved closer together from afar. As one
would expect, the larger bases obtain more stable and thus, lower energies as shown in
Fig. 5.2. As the basis sets become larger and more detailed the relative differences between
them begins to decrease, indicating that we are closing in on the true total energy.

In contrast, when we re-optimize and subsequently truncate the monomer bases we ob-
serve that the relative ordering of the surfaces are still maintained. An example of all the
different truncation levels with the CCQ basis is shown in Fig. 5.3 with the original basis sets
for CCD and CCQ. The figure shows that while the CCQ MO basis set has been severely
trimmed in some trials, all of their energies are still generally more stable than even ACCT
(138°), the next largest full basis set. The only exception to this is the CCQ (38) trial near
the equilibrium region, but here the CCQ basis has had 132 MOs removed and the original

ACCT basis has 138 totall Similar trends occur with the other bases and their associated
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Figure 5.2: The dissociation PES for all basis sets without basis set re-optimization or
truncation. The © symbol indicates that no orbital re-optimization has occurred for that
trial. As the basis sets become more complete the system becomes more stabilized and the
energetic gaps between them shrinks.

re-optimizations, but they are not shown here.
We can also examine the relative binding energies (BEs) from this data, defined as the
energetic difference between the dimer at its equilibrium geometry and at its ’infinite’ or

largest separation, which in this case is 12.0A,

BE = E(3.4A) — E(12.04). (5.8)

The BE data are shown in Table 5.2. Reading a row across shows us how the BEs changes
with respect to different degrees of orbital truncation. Generally the greater the number of
MOs trimmed away from a given basis, the more shallow the potential well becomes and
as a result the BE also decreases in magnitude. In contrast, by reading down a column we
observe how a single basis set responds to truncation after monomer orbital optimization.

Unsurprisingly the BE become larger (more negative) as the number of MOs increases down
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Figure 5.3: Dissociation PES for the original CCD and ACCT basis sets as well as several
re-optimized and truncated trials from CCQ. The © symbol indicates that no orbital re-
optimization has occurred for that trial. Generally, the relative ordering of the basis set
dissociation curves is maintained.

the table. Most BEs fall between -35 and -40mH, with one notable exception for the true
basis set for ACCD at -49.324mH.

Table 5.2: BE of the basis sets with and without monomer orbital optimization. The first
entry of each row is the BE of the original dimer system without re-optimization. BEs are
defined in Eqn. 5.8. All energies are given in millihartrees.

# MOs CCD ACCD CCT ACCT CCQ
38 -39.749 -36.320 -34.890 -35.726 -35.346

64 -49.324  -37.678 -38.964 -36.917
88 -39.719 -39.327 -37.698
138 -41.855 -38.778
170 -40.958
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5.5.2  Interaction Energies and Counterpoise Corrections

In addition to the data from dissociation curves we also computed interaction energies (IEs)
for each trial in this study. Here we define IE as the difference between the total dimer at a

given geometry and the sum of the constituent monomers in isolation:

Ere = Edimer — Z Emonomer- (5.9)

However, this invites basis set superposition error (BSSE) as discussed in Section 4.4.1,
erroneously lowering the IE [22]. This is the condition where a monomer in the dimer
calculation is artificially stabilized by the presence of the other monomer’s orbitals. This
problem is corrected by performing a counterpoise (CP) correction as described by Boys and
Bernardi [23, 24]. Each monomer is recomputed in a basis set comprised of not only its own
orbitals, but also the orbitals of the opposing monomer without nuclear or electronic charges.
In this case the other monomer’s place is held by so-called ”ghost atoms” which provide the
orbitals without the associated charges. The CP corrected IE and the total value for the CP

correction (AEqp) is given as

IEC’P - Edimer - E‘;‘\/jl - EK/_{Q (5-10)

AEcp = (Eyy — Exn) + (Eyrg — Ear2) (5.11)

where the * indicates that the monomer energy was computed using the dimer basis by way
of ghost atoms for the other monomer. The CP energy value will be negative when computed
as shown above; it is the artificial stabilization energy gained from BSSE. In addition to the
standard IE calculation (Eqn.5.9) we have also performed a CP correction by recomputing
each monomer in a ghost atom modified basis set at each geometry. In these cases we select
the active space for the CASSCF to be the same size as the original monomer: [2,3].

In Table 5.3 we compare the IE in an analogous fashion to Table 5.2, but unlike before
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these IE energies have been CP corrected. As expected, all IE values are less stabilized than
their raw uncorrected counterparts, usually by 2-3mH and 4mH in a minority of cases. Most
[E values fall between -32 and -38mh, with a single exception for the ACCD (38) trial with
an energy of -24.422mh. Interestingly both trials with the ACCD basis set are made ~12mh
less stable with the CP, making the ACCD (64°) trial similar to other trials. Previously
ACCD (38) with its uncorrected BE of -36.320mH (Table 5.2) had been considered average,
but with CPC it is now the outlier.

Table 5.3: The IE (Eqn. 5.10) curves of the basis sets with and without monomer orbital
optimization. As before, the first entry of each row is the IE of the original dimer system
without re-optimization. All energies have been CP corrected and are given in millihartrees.

# MOs CCD ACCD CCT ACCT CCQ
38 -36.385 -24.422 -33.487 -32.115 -32.775

64 -37.642  -36.193 -34.368 -34.580
88 -38.193  -35.759 -35.440
138 -38.232  -36.457
170 -38.712

In the figures that follow, all IE curves have been adjusted by a constant amount such
that the IE is identically equal to 0 at 12.0A. Fig. 5.4 shows the shifted IE curves with (solid
line) and without (broken line) CP corrections for all trials that have been re-optimized and
truncated to 38 MOs except for CCD which naturally has 38 MOs. Fig. 5.5 shows the same
curves but zoomed into the equilibrium region for closer examination.

While the CP correction is appropriate and necessary for trials with original bases (i.e.
those with ©), the same cannot be said for the re-optimized bases of our presented method.
This is because BSSE occurs as a result of monomers borrowing orbitals from each other.
However, our optimized MO bases are created at the monomer level, in the absence of extra
orbitals, similar to symmetry adapted perturbation theory (SAPT, see Chapter 4). The
subsequent super-system expression also expresses each constituent monomer as an isolated
unit (Eqn. 5.6), free from all intermonomer interactions.

Furthermore, closer examination of Fig. 5.5 reveals that the uncorrected IE curves are in
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Figure 5.4: IE curves for all bases when re-optimized and truncated to 38 MOs, the same
number of MOs as a regular trial with the CCD basis. Solid lines have been counterpoise
corrected and broken lines are the uncorrected interaction energies.

fact closer to the true CCD (38°) trial which does require CP correction. This suggests that
the optimized orbital basis sets we have developed do not require CP corrections to obtain.
Similar trends can be observed at other levels of truncation but they have not been shown
here. Table 5.4 shows the CP corrected original bases compared to the uncorrected data
computed by the optimized monomer approach. Now the interactions across each row are

Table 5.4: CP corrected original basis BE compared to their IE counterparts after re-
optimization and truncation from larger bases. The first value in each row is the CP corrected
value for the basis and the remaining energies are the uncorrected values from Tables 5.2
and 5.3 respectively. All energies are given in millihartrees.

# MOs CCD ACCD CCT ACCT CCQ
38 -36.385 -36.320 -34.890 -35.726 -35.346

64 -37.642  -37.678 -38.964 -36.917
88 -38.293 -39.327 -37.698
138 -38.232  -38.778
170 -38.712

within ~1.5mh. This, combined with the original PES of the dissociation curves shown in
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Figure 5.5: The equilibrium regime of 5.4 shown in more detail. Solid lines have been
counterpoise corrected and broken lines are the uncorrected interaction energies.

Figs. 5.2 and 5.3 demonstrates that our monomer re-optimization and subsequent basis set
truncation is capable of obtaining lower, more stable energies, but with only minor changes

in the BE.

5.5.83  Computational Resource Advantages

Because the monomer-optimized basis set routine does not have BSSE, we save a significant
amount of computational effort since the CP correction requires a full dimer basis calculation
for each monomer. Essentially three calculations with the same number of orbitals must be
executed due to the ghost atoms, an expensive prospect when using large basis sets or if a
greater number of monomers is desired for a trimer or larger cluster.

With our method, two monomer trials are all that is necessary to generate the dimer
(or one if the dimer is a homodimer). Due to the exponential scaling of the ACSE method

and most other high accuracy electronic structure routines, single monomer calculations
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with their lesser number of orbitals is highly desirable over a dimer calculation. Table 5.5

displays the average times for the monomer ACSE calculations to converge. Assuming that

Table 5.5: The average ACSE calculation time for a single monomer using one CPU. Time
is measured in seconds (s) or minutes (m). Note: Only one trial was computed for the CCQ
monomer.

CCD ACCD CCT  ACCT CCQ
Avg time 6.0(s) 62.6 (s) 249 (m) 4879 (m) 202.85 (m)

the system involves monomers of several different species, each monomer could be computed
separately as well.

When it comes to the dimer ACSE calculations however, the truncation aspect of our
optimization procedure reduces the computational expense by literal orders of magnitude.

Whereas the ACSE dimer calculation with a full CCQ basis of 170 MOs may take between

cc—pVDZ cC-pVTZ mmmmm cc-pVQZ

105 | aug-cc-pVDZ mmmmm gug-cc-pVTZ s |

10 | .
@
o 103 r 1
S
o
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38 MOs 64 MOs 88 MOs 138 MOs
Kept Orbitals

Figure 5.6: Average times for dimer ACSE calculations for each basis set size with a loga-
rithmic scale for time measured in seconds.

50 and 80 hours to converge with a single CPU, we can compute a better, more stable
energy with the same BE without the need for a CP correction in several minutes by using

monomer-optimization and truncation. See Fig. 5.6 for numerical details.
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5.6 Conclusion

We have shown that the monomer-optimized basis set approach can provide extremely accu-
rate energetic predictions for dimers by using large AO basis sets to express an ideal subset
of MOs uniquely selected by the monomer itself. This process captures the BE of the (LiH)9
linear dimer for geometries both near and distant from the computed equilibrium config-
uration. Moreover, because we build the dimer from individually computed monomers we
do not have the artificial energy stabilization caused by BSSE and thus no CP correction
is required. The removal of excess orbital permits us to reap all of these benefits, but at a
fraction of the computational cost.

This procedure could be executed with other electronic structure algorithms provided that
there is a systematic way to identify the best MOs in the system and then remove them.
We chose the 2-RDM ACSE approach because it can correlate the electrons in all orbitals,
not just those in an active space. This means that we can investigate systems that require
single- or multi-referenced treatment, including those whose degree of correlation changes
with geometry or excitation level. The ACSE routine also provides us with an expedient and
straightforward way to compute the best MOs for a given system in a basis by contracting
the 2-RDM and diagonalizing the resultant 1-RDM to obtain the NOs. This coupled with
associated NO occupation numbers makes the orbital optimization and truncation a simple
process.

Future work will examine other systems, both larger and more strongly correlated and
perhaps small trimers. We also intend to investigate how well this system predicts energies
in the van der Waals regions by fitting the Leonard-Jones potential equation to our results.
The monomer-optimized basis set routine used with the ACSE algorithm represents a new

effective and inexpensive way to investigate intermolecular interactions.
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