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Online Methods

Uniqueness of Triple-Correlation for Network Spiking Activity

We represent neuronal activity as a typical two-dimensional raster, x(n,t), where n is
neuron location and t is time. We assume that the raster is a binary (black and white,
cf. Fig. 1A), meaning x(n,t) = 1 if neuron n fires at time t, and x(n,t) = 0 otherwise.
We note that the reasoning in the proofs below works just as well for any raster taking
bounded values (|19) analogous to a greyscale image, such as would be the case with local
field potential recordings or the electroencephalogram. Indeed the reasoning below applies
to any finite bounded dataset.
The triple correlation of x(n,t) is

c3(vy,T1,v2,T2) = ”x(n,t)x(n +vi,t+ T )x(M+ vy, t+ 1) dndt (1)

for spatial lags v, v, and temporal lags tq,T2. This is the triple correlation function that
the TCU theorem shows uniquely characterizes the spike raster.
We define Flcs] as the Fourier transform of c3, which means

Flesl(or,wr, 02, w3) = (2)

JJJJ c3(vq s T1y V2, Tz)e*j““" e IWITI e i02V2 W2 dvydtydv, dr;
We can rewrite this integral in terms of the Fourier transform of x by substituting @)

into () and rearranging the integration order to find

?[03](0‘1)(1)1)62, (Uz) =

””x(n, t)x(n+ vy, t +12) ij(n + Vi, t+1T)e Ve IO dy,y d’ﬁ} (3)
e 192V2e I W22 v, 1, dn dt.

The part in between the [...] in (a) can be rewritten as e/ “1tel 1M X (0, w1 ), with X(o7, w;)
denoting the two dimensional Fourier transform of x(vj,T;). Similarly, the part of
Equation (a) for v, and T, and their double integral can be arranged to evaluate to
eI ®2tel 92X (0,5, w,). Substitution of these results in (B) results in:

?[C?,](O'] ,y W1, 02, wz) = X(O‘] y (V7 )X(O‘z, wz) JJX(n,t)ej(w1+w2)tej(°'1+02)n dndt (4)

The double integral evaluates to X(—o7 — 03, —w; — w3z) = X*(07 + 02, w7 + w3 ), where
the asterisk denotes a complex conjugate. Thus we see that the Fourier transform of c3
is the bispectrum:

Fles(vr, T1,v2, 12)] = X(0o7, w1)X(02, w2)X* (07 4 02, w7 + w3). (5)



This relationship between triple correlation and the bispectrum is the third-order equiv-
alent of the Wiener-Khinchin-Einstein theorem.

Since images have a finite support and all of the above integration limits are implicitly
at (—oo, 00), we can modify the results for finite support by multiplying the spatiotempo-
ral domain data by a two-dimensional boxcar window, w, limited between (—X, X, —Q, Q)
(or any other window with that support): x, = xw. The frequency domain results are
then characterized by the Fourier transforms convolved (denoted by ®) with the boxcar’s
Fourier transform (W) (or that of the window applied) denoted by: Xg = X®W. By
using this notation, the results in equations ( )—(E)) would be adapted by adding the b
and B subscripts.

Yellott and Iverson (|13) show in a constructive proof that a finite image (in our case a
spike raster of a finite size) can be uniquely reconstructed from its third-order correlation.
These authors also show and discuss how this does not hold for images of infinite size.
Here we do not further discuss this aspect because the size of a spike raster (or a snapshot
of any modality of neural activity) is always finite.

One critically important message of this paper is that the time domain’s triple corre-
lation and the corresponding bispectrum in the frequency domain uniquely determine the
firing pattern of a network. Yellott (|74) presents this as the TCU theorem. If we apply
Yellott’s TCU theorem to a spike raster, we get the following.

Theorem 1. If x(n,t) is a raster with bounded support and another raster y(mn,t)
has the same triple correlation function as that of x, then y(n,t) =x(n+ a,t+b) for a
pair of constants a,b.

Theorem 2. If x(s) is a raster with bounded support in N spatial dimensions and
another raster y(s) has the same triple correlation function as that of x, then y(s) =
x(s + a) for a vector of constants a.

Here we present proofs in line with the proof in Yellott and Iverson’s (|13) for two- and
N-dimensional spatiotemporal data.

Proof of Theorem 1 (two dimensions)

Given the equality of third-order correlation functions, we can use Equation (B) to find
that

X(o1, wi) X(02, wy) X(—07 — 02, —w71 — W) = (6)
Y(o1,w) Y(02, w;) Y(—071 — 02, —w7 — w;)

To borrow some convenient results from probability theory (see any introductory text,
e.g. (|16)), we note that X and Y can be considered characteristic functions since we
can consider x and y probability distributions: as finite images, x and y are bounded
and nonnegative, and without loss of generality we can normalize them such that their
integral is 1. Characteristic functions (the Fourier transforms of probability distributions)
have two properties that are convenient for our purposes, the first of which is that they



are non-zero in a region around the origin, thus allowing us the following division (for

further considerations of rigor in the one dimensional case, cf. (46)):
X(o1, wi) X(02, wz)  Y(—01 — 02 —wy — w,)
Y(o1,w1) Y(oz,wz)  X(—07 — 02y —w1 — wy)’

(7)

Next we rewrite both complex functions in terms of their amplitude and phase, i.e.
X(o, w) = |X(o, w)]ed®X(@®)) where ¢ gives the phase. So then we can rewrite the
right-hand side of ([7])
X(o1, wi) X(0z, wz)  [Y(—07 — 02, —wy — w,)|el®Y (701702, ~wimws))
Y(or,wi) Y(oz,wz2)  [X(—07 — 02y, —w1 — w;) ]l X(—o1—02,—w1—wz))*

(8)

Here we use the second convenient property of characteristic functions, namely that they
are Hermitian, i.e. X(—o,—w) = X*(0,w). By setting 0, = 0,w; = 0 in (§), we can
use this Hermitian property to derive the fact that |X(o7, wq )1E = Y (07, wq ) for any
01, w7. In particular, [ X(—o7 — 03, —w7; — w32)| = [Y(—07 — 02, —w7 — w3 )| so we can
flip those terms.

X(—0o7 — 02, —W7p — w2)|ej¢(Y(—G1—Gz,—w1—wz))

Y(—07 — 02, —W7 — w2)|ei¢(X(*U1*02ﬁw1*wz)J
We can also rewrite those same terms thanks to the same Hermitian property.

IX*(07 + 02, w1 + w2)|ei¢(Y*(G1+Gz,w1+wz))

Y* (01 + 02, w1 + wy)[el®X (o1H02,w1+w;))

(9)

(10)

Simple complex properties are |X| = |X*| and ¢(X) = —¢d(X*), which give us
p p prop ) g
|X(O‘1 + 02, Wy + w2)|ejcb(X(cr1+62,w1+wz))
- Y (07 + 02, w7 + wy)|el®(Y(or1+02,w1+ws)) (11)

Next, we return from the amplitude and phase notation to the complex functions them-
selves:

X(0o7 + 02, w7 + w3)

= . 12
Y(oy + 02, w; + w3) (12)

Now we define H(o, w) = ?Eg’g SO we can rewrite (@) as
H(o1, wi)H(02, w2) = H(oy + 02, w1 + w3). (13)

Therefore by a basic result of complex analysis H(o, w) = &(¢°+P®) "and thus
Y(o,w) = X(o, w)ellaotbw), (14)

This holds in a region near the origin, and another property of characteristic functions
is that, if their probability distribution has finite support, the probability distribution is
uniquely determined by the value of the characteristic function in a region of the origin.
Thus, in the spatiotemporal domain,

y(n,t) =x(n+ a,t + b) with constants a, b. (15)



Proof of Theorem 2 (N dimensions)

Here we extend the preceding proof to N dimensions. This would be necessary for
analysing many clinical and experimental data sources, e.g. the plane of a two-dimensional
micro-electrode array produces 2 4+ 1 dimensional data (as in our example presented in
Fig. 5). Even higher dimensions may be useful in the case where long-range connections
can be represented as a hidden dimension (e.g. orientation tuning in V1). The proof is
generic enough that in practice the result applies to all finite datasets.

Note that the number of motifs (i.e. the size of the triple correlation matrix) scales
with exponent 2N + 2.

We define the N+ 1-dimensional spatiotemporal vector variable s = (x1,X2,...,Xn, t).
Then we notate the triple correlation of an N dimensional raster as c3(s7,8,). We notate
the N + T-dimensional variable’s Fourier transform as

?[S]:Q:(GMGZ)---)GN>w)) (16)

and the corresponding bispectrum as c3(£27, ;).

Since the properties of characteristic functions that are key to this proof still hold in
N dimensions (see any introductory probability theory text, e.g. (l16)), the proof proceeds
identically to that in two dimensions, but with vector notation.

Given the equality of third-order correlation functions, we can use Equation (B) to
find that

X(€21) X(€2) X(—€2 — ;) = Y(£1) Y(Q,) Y(—Q; — Q;) (17)

To borrow some convenient results from probability theory, we note that X and Y can be
considered characteristic functions since we can consider x and y probability distributions:
as finite images, x and y are bounded and nonnegative, and without loss of generality
we can normalize them such that their integral is 1. Characteristic functions (the Fourier
transforms of probability distributions) have two properties that are convenient for our
purposes, the first of which is that they are non-zero in a region around the origin, thus
allowing us the following division (for further considerations of rigor in the one dimensional
case, cf. (46)):

X(€Q1)X(€3)  Y(—£1— Q)

Y(Q1)Y(Q2) X(—Qi—Qp)

Next we rewrite both complex functions in terms of their amplitude and phase, i.e.
X(Q) zﬁ(ﬂ)lejd’(xm”, where ¢ gives the phase. So then we can rewrite the right-hand
side of ([L§)

(18)

X(Q)X(Qz)  [Y(—Q; — Q) ¢V I-2i—2)) (19)
Y(Q1)Y(Q))  [X(—Qp — Q,)[efbX (==




Here we use the second convenient property of characteristic functions, namely that they
are Hermitian, i.e. X(—Q) = X*(Q). By setting Q, = 0 in (), we can use this
Hermitian property to derive the fact that |X (€2, )12 = [Y(€Q))? for any . In particular,
IX(—€Q7 — Q)| =Y (—€Q7 — Q5)| so we can flip those terms.

IX(—Q; — Q,)|ed¢(Y(=Q1—02))

T (O — Q)b o) (20)
We can also rewrite those same terms thanks to the same Hermitian property.
_IXH(Q + Q)P () o
Y*(Q + Q,)]el¢ (X7 (21+Q2))
Simple complex properties are [X| = [X*| and ¢(X) = —¢d(X*), which give us
IX(Q + Q)| X2 +02) .

Y(Qq + Q;)|ef®(Y(Q1+Q2))

Next, we return from the amplitude and phase notation to the complex functions them-
selves:

X(€Q +Q,)

R N) )
Now we define H(Q) = iggg SO wWe can rewrite (@) as
H(Q)H(£L2) = H(Q + Q3). (24)
Therefore by a basic result of complex analysis H(Q) = e/*, and thus
Y(Q) =X(Q)el*<. (25)

This holds in a region near the origin, and another property of characteristic functions
is that, if their probability distribution has finite support, the probability distribution is
uniquely determined by the value of the characteristic function in a region of the origin.
Thus, in the spatiotemporal domain,

y(s) = x(s + a) with vector of constants a. (26)

Computing the triple correlation

For computational applications presented here, we consider third-order correlation analy-
sis applied to a discrete raster with neuron rows n, 1:N, and time columns t, 1:T, where
each pixel r(n,t) is filled with a O (white for no activity) or 1 (black for spike). The



complete triple correlation function, while formally requisite, incurs substantial compu-
tational cost while adding increasingly noisy information. We limit our computation to
lag windows —W,; : Wy and —W,, : W,, chosen such that two local synaptic connections
could not take longer than W, and two neurons are unlikely to be connected further than
W,. With this restricted lag window, we do not zero pad our raster (as in (|13)) but
instead use boundary conditions periodic in space (since our spatial ordering was already
arbitraryﬁl) and restrict our calculation to a subset of time such that no motifs extend
beyond time zero or the raster’s duration. In this case, discrete equivalent cds of the
triple correlation expression c3 (Equation [l]) or the short form reported in the main text,
c3(ny, tyymy, tr) = (r(n, t)r(m + gt +t)r(m + oyt +12))ne, is

Cds(nhthnz,tz) = (27)
T-W,
2
#(wn,wt,N 7 2 > 28)
=T+ W nel

T, tr((n+ny — D%N+ 1, t+t)r((n+n2 — %N + 1, t + t2).
We scale by the number of spike bins in the summation
#(Wn, Wi, N, T) = (T — 2W,)(N). (29)

Equations (@) and (@) were used in all our simulations.

Note that in the text we report triple correlations “using lags up to X in time and
space.” This corresponds to W,, = X/2 and W; = X/2. When X is odd, we use the
more general lag windows —floor(X/2) : ceil(X/2), with corresponding changes to the
summation bounds and scaling instead by (T — X)(N). We report the maximum lag as X
because, e.g., cd3z(—10,t7,10,t;) has a maximum temporal separation between spikes of
20, despite the fact that technically the lag arguments are at most 10.

Summarizing triple correlation into motif classes

We summarized the triple correlation as fourteen motif-classes (Fig. 1). The main text
discusses the reasoning for this particular choice, and here we describe the details.

Let [nq,t1n,, t2] denote a motif, i.e. an argument to triple correlation, which would
have a value c3(nq, t1,n2,t;). We want to group together these motifs according to what
we can qualitatively distinguish. We only hold two qualitative distinctions:

In the MEA case, we also use periodic spatial boundary conditions even though the ordering is not
arbitrary. Zeropadding introduces problems as spikes near the center of the array are more “valuable”
than spikes near the boundaries (they contribute to more motifs). An alternative would be to introduce
noise past the boundaries, but that creates its own problems in the choice of noise. Since our analyses
already assumed a lack of spatial information (in our choice of motif class) we decided to simply discard
the spatial information for the purposes of these analyses, and therefore to use the spatial periodic
boundary conditions.



1. temporal: we distinguish between before, simultaneous, and after (temporal coor-
dinate less than, equal to, or greater)

2. spatial: we distinguish between the same and different (spatial coordinate equal and
spatial coordinate not equal)

We will interpret the motif as a three node graph: one base node implicitly (0,0), and
two other nodes, (ny,t;) and (n,,t;). Note that neither of our qualitative distinctions
involve node identity. So, for example, we would not distinguish between [0, 1/0,2] and
[0, 2|0, 1], even though one the first node follows the second, and in the other the reverse
is true. In both, the motif includes nodes at the same spatial coordinate in sequence, so
we do not distinguish between them.

By grouping motifs that are indistinguishable under these criteria, we develop motif
classes. We enumerate these motif classes in Figure 1. From that enumeration, it is clear
that no motif can belong to two motif classes. To show that this enumeration is complete
(there are no more motif classes and all motifs fall into one of these classes), we count the
number of motif classes below. To begin, we count “lag-sign” motifs, which is to say, if we
only care about the sign of the lags, how many motifs are there. This first step avoids some
of the small complications in our definition, i.e. the different treatments of space and time,
as well as the subtle ways they interact when we discard node identity. Having counted
lag-sign motifs, we then reduce these lag-sign motifs by discounting spatial direction and
node identity to finally arrive at the number of motif classes.

The number of lag-sign motifs

Given that three node combinations determine c3, we want to know how many ways there
are to order them in time and space, with the caveat that we may also place one node
on top of another in either time, or space, or both (to account for zero lag). To count
this, we divide the cases according to how many different temporal and spatial bins the
nodes have between them. For example, if all the nodes are completely distinct in time
and space, then there are both three spatial bins and three temporal bins between the
three nodes. On the other hand, if we overlap all three nodes in both time and space,
then there is only one spatial bin and one temporal bin between them. All the cases are
labeled in Table S1. Note that the cases are symmetric, so we will calculate the values
as if in the lower left half of the table, i.e. where the number of spatial bins is greater
than or equal to the number of time bins. The arrangement of this table is the same as
in Figure 1C. As described above, we call this arrangement of nodes separated by lags a
motif. When we only note the sign of the lags, we call it a lag-sign motif.

A. In the case where no nodes share a spatial bin (neuron), there are 3! ways to order
them in space. Similarly if the nodes share no time bins, then there are 3! ways to
order the time bins. So, if no spatial bins nor time bins are shared, then there are
313! = 36 orderings.



B. Given that the nodes only have two distinct spatial bins between them, there are
three ways to choose which nodes share the same spatial bin, and then two ways to
choose whether the remaining node has a spatial bin before or after the identical
nodes’ spatial bin, for 3 - 2 = 6 spatial orderings. As above, if no time bins are
identical, then there are 3! temporal orderings. So there are 3-2-3! = 36 orderings.

C. If nodes share the same spatial bin, then there is only one way to order that neuron.
As above, if no time bins are identical then there are 3! temporal orderings, giving
a total of 1-3! = 6 orderings. The same is true in the symmetric case when the
nodes share the same time bin, but all have different neurons.

D. We already established that for the case where two spatial bins are the same, there
are 3 - 2 = 6 orderings. The same is true when the nodes only have two distinct
time bins. So there are 3 -2 -3 -2 = 36 orderings.

E. We already established that for the case where two spatial bins are the same, there
are 3 - 2 = 6 orderings, and for the case where all time bins are the same, there is
only one ordering. So there are 3 -2 -1 = 6 orderings.

F. In the case where all spatial bins and all time bins are the same, there is only one
ordering.

We sum up the table: A+2B+2C+D+2E+F=36+2-36+2-6+36+2-6+1=169
lag-sign motifs.

The number of motif classes

To complete our summary, we reduce the 169 lag-sign motifs listed in Table S2 by ap-
pealing to two symmetries: one in space, and one in permutation. The spatial one is
straightforward: since we have not assigned meaning to space, reordering the spatial bins
does not change our interpretation. The permutation symmetry is more technical: the
way triple correlation is calculated, the ordering of the nodes matters. In second-order
correlation (call it p), this is even symmetry: p(x) = p(—x). More generally, a motif
has some polygonal structure (or possibly a point or a line; treat these as straightforward
special cases of the following argument). Each vertex of the polygon has a node identity:
in the triple correlation case, one is the base node, one is the first node, given by the base
node plus (ny,t7), and one is the second node, given by the base node plus (n,,t,). But
we don’t actually care which is the base, which is the first, and which is the second node:
triple correlation is invariant under permutation of these nodes. We reduce the number
of lag-sign motifs by accounting for these symmetries. Again working from Table S1:

A. There are 3! ways to permute node identity, and 3! ways to permute neuron identity,
independently, giving a product of 36 permutations. So all 36 lag-sign motifs in
category A reduce to 1 motif class (Fig. 1C, XIII).



Table S1: The number of possible orderings in space and time given two possible time
lags and two possible spatial lags, which corresponds to up to three possible bins in both
time and space. Note that in case of a spike raster of single unit activity, each spatial bin
corresponds to one neuron. This table corresponds to Fig. 1C in the main text.
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B(2T).

B(29).

C(1T).

E(1T).
C(18).

E(1S).

For category B with two time bins, there are 3! node permutations, and only 3
spatial permutations: two spatial bins share a time bin, and the third spatial bin
may appear above, between, or below these two spatial bins (due to the fact that
we are reducing from lag-sign motifs, not from lag-motifs). The product is 18 total
permutations, so the 36 lag-sign motifs in category B(2T) reduce to 2 motif classes
(Fig. 1C, XI and XII).

For category B with two spatial bins, there are only two spatial permutations: one
spatial bin has two time bins, and the remaining spatial bin can either be above or
below. There are still 3! node permutations, leading to a total of 12 permutations.
Therefore the 36 lag-sign motifs in category B(2S) reduce to 3 motif classes (Fig.
1C, VIII, IX, and X).

By the same argument as in B(2S), there are two spatial permutations, and again 3!
node permutations, leading to a total of 12 permutations. Therefore the 36 lag-sign
motifs in category D reduce to 3 motif classes (Fig. 1C, V, VI, and VII).

When there is only one time bin, spatial permutation is the same as node permu-
tation, so there are only the 3! = 6 permutations. Therefore the 6 lag-sign motifs
in category C(1T) reduce to 1 motif class (Fig. 1C, IV).

As in C(1T), all 6 reduce to 1 motif class (Fig. 1C, III).

When there is only one spatial bin, the lag-sign motifs have no spatial permutations,
only node permutations, so the 6 lag-sign motifs in category C(1S) reduce to 1 motif
class (Fig. 1C, II).

As in C(18S), all 6 reduce to 1 motif class (Fig. 1C, I)

In the case where all lags are zero, triple correlation has no symmetric entries but
the zero entry, so there are no permutations, and the 1 lag-sign motif (which also
contains only one lag-motif) remains 1 motif class (Fig. 1C, 0).

The above sum to 14 motif classes, as depicted in Figure 1.

Expected contributions per motif class

Because it is important to asses how these motif-class contributions be explained by chance
(or not), we simulate 100 activity matched noise rasters for each raster under investigation,
and compare the raster’s motif-class spectrum with that of its noise matched rasters. In
the following, we derive the theoretical expectations for rasters governed by noise.

Let r be a raster with N neurons and T time bins. In a binary raster, a spike is indicated

by r(n,t) =1, else r(n, t) = 0. We calculate the triple correlation c3 over the whole raster
with periodic boundary conditions (i.e. r(n+n,t+t) = r((n+n) mod N, (t+1) mod T),



with an additional 1 offset). Define 7t(x,A) = r(x)r(x + A7)r(x + A;) and for shorthand
7(A) = (0, A). In general with lags A = (17, T1,1n2,7T2)

CS(}\) = CS(T]]»T])T]Z)TZ)

= ) rmtrn4m,t+ )T+, t+ 1)

(n,t)el(r)
Z 7T(X, A)
xel(r)

where I(r) is the set of all indices of r, in this case I(r) = (1 : N) x (1 : T). We are
interested in the motif class contributions, which are the sums of triple correlations for
lags that constitute each of the fourteen motifs. So, if A € A(M;) denotes that the lags
A constitute a triplet in motif class i, then we define the motif class contribution as

I
/\

P z>

EA(My) x€I(r)

ZZZ

AEA(M;) x€I(r

=2 2

x€I(r) AeA(M;)

=NT ) (7))

AcA(My)

In fact, (7t(A)) is constant for all A € A(M;) for a given i, so

(Mi(r)) = NT#(AM)) (rt(A)) - (30)

We can easily calculate (7t(A)) if we assume independent bins. See below for the calcula-
tion in each of the cases of independent Bernoullis.

#(A(My)) is the more challenging problem, which we calculate case-by-case below in
the section “The number of triplet motifs.”



Independent spiking with constant probability (Bernoulli)

For a simple spiking raster, we assume all bins have independent probability p of spiking,
i.e. they are all independent Bernoullis.2 This lets us substitute into equation BQ the
following probabilities

(o)) =P
(m(A)) =p?  fori=LIILV
(m(A)) =p®  for i = 11,1V, VI, VII, VIII, IX, X, XI, XII, XIII

where A; is a representative triplet of motif class 1. This representative is sufficient
because the expectation of the product of bins purely depends on the number of distinct
bins multiplied. Within a motif class, all triplets have the same number of distinct bins,
with motif class 0 having only one spike, motif classes I, III,andIV having two spikes,
and the remaining motif classes having three spikes. Knowing these values, we have the
expectations of each motif class.

The number of triplet motifs

The quantity #(A(M;)) simply counts the number of motifs in a given motif class. This
is independent of the data’s distribution, but dependent on the data’s shape. Let A be
the number of time lags considered, and let AL, A}, and Ay be the number of time lags
that are nonzero, positive, and negative respectively. Similarly define A,, AL, Al and
AL

Our first step for each motif class will be to define A(M;), for which purpose we will
define a notation to indicate the sign and equality of each part of the two spatiotemporal
lags (the third lag implicitly zero). For example, in the case of motif class XIII, we write
A(Mxi1) = [xF, t* | y*, s*]. This indicates that all four lags are nonzero (& superscript)
and none are equal (x # y and t # s). In contrast, we could write [0,t" | 0,t"] to
indicate both spatial lags are zero, and the temporal lags are both positive and equal.
We add a coefficient “2” to indicate that we want to additionally include set of lags

symmetric with the notated lag, i.e. flipping which lag is first and which is second, e.g.
200,01 0,t*] =1[0,0|0,t*] + [0,tF | 0, 0].

I Motif class I consists in lags A(My) = 2[0,0 | 0,t*] + [0,tF | O,7t*]. We count
these as follows: there is only one way to choose the (0,0) lag, and /\ti ways to
choose a (0,t*) lag. Therefore there are 1- AL lags in [0,0 | 0,t*]. By symmetry
there are the same number in [0,t* | 0,0], so the coefficient 2 works as advertised,
giving 2AF lags in 2[0,t* | 0,0]. For the second addend, there are AL ways to
choose the (0,t*) lag. Since the lags are equal there is only one choice for the

2This also means that all the neurons are simulated Poisson processes with identical rates.



second lag, leading to a A lags in [0t | 0t*]. In total then, there are 3ATL lags in
A(M;) = 2[0,0 ] 0,t%] + [0t | 0tT]. We write this

#(A(My)) = #(2[0,0 | 0,t*] 4 [0t= | 0t™])
=2(1-A5) +(AE-1)
=3AE

II For motif class II, we have A(M;1) = [0,t* | 0,s*]. This time for our second lag,
we have one fewer choice because we must have that the temporal lags do not equal.

So we find

H(AM)) = ([0, t* | 0,5%])
— AAE )

IIT For motif class I1I, the situation is the same as motif class I, but with n rather than
t, so A(Myq) = 2[0,0 | x*,0] + [x*,0 | x*, 0], giving

#(A(MIII)) = #(2[070 | Xi’o] + [X:t)o ’ Xiao])
=2(1-AL) + (A1)
=3AF

IV Similarly motif class IV has #(A(My1)) = AL(AL —1).

V
A(My) =2[0,0 | x5, tF] + [xF, tF | xF, tF]
#(AMy)) = 2AEAE + AEAE
=3AEIAT
VI

A(My1) =200, t1 | x%, 0] + 2[xF,0 | xTtT] +2[0,t | xFt ]
#(AMy1)) = 2(ALAE) + 2(AEAT) = 2(ATAT)
AANEAD) +2(AEAY)

VII By symmetry with VI,

#(AMyi)) = 4HALAL) + 2(AGA])



VIII

AMyrr) = x5t | xF, s+ 2xF, 17 10,57+ 2xF, 17 10,5 (> t7)]
#(AMym)) = AZATA, =D H2A5A0AT 24 Y #s:t <s<0
AL <t—<—1
= AEATIAT =D H2A5AAT +2/05 Y 1t =T
AL <t <-1
= AEATIAT =1 +2A5A0AT +2AE Yt
(=AL—=1)>t>1
Ay —T1)+1

= AEAT (AT = D)+ 2ATATAT +2AE (AT - 1)
= AIAT (AT =D R 2AEATAT +AZAT (AL - 1)

2

IX
AMix) =200,t7 | xF, st < tT]4+2[0,t | xF,s™ >t ] +2xT,t | xF,sT]
#HAM) =20 Y (=1 +2A% Y (1) +2AEA0AT

T<t<AT —Ap<t<—1

AF—1 Ay —1
— AT (/\f%) 4+ 2AE (/\ %) + 2ATATAT

= AEATAT =D+ AZAT(AD — 1)+ 2AZA0AT

X By symmetry with VIII

AMx) = xF,t7 | xF, s+ 2k, t7 10,57+ 2[xF, t7 ] 0,sT (< tT)]
HAMx)) = AEATAD = 1)+ 2A5AT AL + AEAT (AT = 1)

XI
A(MXI) == [Xi)t+ |Ui»t+] +2[Xi)0 | Ui»t_]
#(A(Mx1)) = A5 (AE = DAL +2A5 (AL — DAL

XII

AMxq) = x5t ’U +2[X 0| y
#(A(Mx11)) = /\ij(/\rjf - ])At— ‘1’2/\:(/\: - ])/\{F



XIII

AMxanr) = x5, t5 !yi,si]
#(AMxin)) = AGAL (AL —D(AF=T)

Table S2: Motif classes for triple correlation with
different spatial and temporal lags. In the triple
correlation equation, there are four lags that can be ei-
ther zero or non-zero. Accordingly, the rows in this table
are ordered in 16 (2%) groups while the subgroups within
these groups, represent the arrangement of the non-zero
lags. The total number of rows is 169 lag-sign motifs
for three-node motifs with distinct lag signs (Table S1).
Each row represents a single three-node lag-sign motif,
which are differentiated by the spike sequencing. The
base node implicitly has lags no = 0 and to = 0, and the
four lags of the other two nodes (ny, ny, ty, t2) are those
in Equation (@) In the lag columns, ‘0’ entries denote
that the lag is zero while ‘+’ entries denote a positive
value, and ‘-’ entries denote a negative value (respectively
greater or less relative to the base node’s spatiotemporal
position). Note that in case where one modality (space
or time) shares the same (non-zero) sign, we need ad-
ditional constraints to specify the spike sequence, given
by the column “Constraints.” The 14 motif classes are
labelled by Roman numerals in the third column group,
“Motif Class”™ The “Configuration” column illustrates a
representative schematic of the lag-motif, where the solid
dot, small open circle, and large open circle indicate the
base, second, and third nodes, respectively.

Lag-Sign Motif | n; t; m,; t; Constraints | Motif Class | Configuration
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