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Abstract. This thesis consists of three articles related to Sen theory and
its applications.

In the first article, we let K be a finite extension of Q,, and let I" be the Galois
group of the cyclotomic extension of K. Fontaine’s theory gives a classifi-
cation of p-adic representations of Gal(K/K) in terms of (i, ')-modules. A
useful aspect of this classification is Berger’s dictionary which expresses in-
variants coming from p-adic Hodge theory in terms of these (¢, I')-modules.
We use the theory of locally analytic vectors to generalize this dictionary
to the setting where I' is the Galois group of a Lubin-Tate extension of K.
As an application, we show that if F' is a totally real number field and v
is a place of F' lying above p, then the p-adic representation of Gal(F,/F,)
associated to a finite slope overconvergent Hilbert eigenform which is Fj,-
analytic up to a twist is Lubin-Tate trianguline. Furthermore, we determine
a triangulation in terms of a Hecke eigenvalue at v. This generalizes results
in the case F' = Q obtained previously by Chenevier, Colmez and Kisin.

In the second article, we develop a version of Sen theory for equivariant vec-
tor bundles on the Fargues-Fontaine curve. We show that every equivariant
vector bundle canonically descends to a locally analytic vector bundle. A
comparison with the theory of (¢, I')-modules in the cyclotomic case then
recovers the Cherbonnier-Colmez decompletion theorem. Next, we focus on
the subcategory of de Rham locally analytic vector bundles. Using the p-
adic monodromy theorem, we show that each locally analytic vector bundle
& has a canonical differential equation for which the space of solutions has
full rank. As a consequence, £ and its sheaf of solutions Sol(£) are in a
natural correspondence, which gives a geometric interpretation of a result
of Berger on (¢, I')-modules. In particular, if V' is a de Rham Galois repre-
sentation, its associated filtered (¢, N, Gk )-module is realized as the space
of global solutions to the differential equation. A key to our approach is
a vanishing result for the higher locally analytic vectors of representations
satisfying the Tate-Sen formalism, which is also of independent interest.

Finally, in the third article, we prove a conjecture of Emerton, Gee and
Hellmann concerning the overconvergence of étale (¢, I')-modules in families
parametrized by topologically finite type Z,-algebras. As a consequence, we
deduce the existence of a natural map from the rigid fiber of the Emerton-
Gee stack to the rigid analytic stack of (¢, I')-modules.
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Part 1
Introduction

This novel ideas in this thesis revolve around the topic of Sen theory. My
encounter with the subject originated when I first met with my PhD advisor,
where he recommended I read the paper of Sen ([Se81]). I found the paper a
pleasure to read - it was completely elementary and absolutely fascinating.
Although more than 40 years have passed since Sen published this paper,
and although many people have since given thought to these ideas, it seems
that

1. There are still basic and natural questions in the subject which have yet
to be answered,

2. The setup is relatively clean - you do not need to keep to many things in
mind when thinking about questions,

3. One still generates ideas from reading the classical papers in the topic,
and

4. There are deep connections to other classical areas of mathematics that
are not yet completely understood (especially Hodge theory and the Simpson
correspondence).

For these reasons I have found it enjoyable (and at times developed an ob-
session) to try to understand further what is at the root of the phenomenons
of Sen theory.

On top of this, in recent years there has been somewhat a revolution in some
aspects of this field, as well as some fantastic applications to some of the
deepest questions in modern number theory, such as the Fontaine-Mazur
and Calegari-Emerton conjectures, as well as the p-adic Langlands corre-
spondence. It is exciting to see how the interest in Sen theory is spreading
out to the rest of the number theory community as the applications are
unfolding.

1 The origins of Sen theory

The subject has its roots in the seminal paper of Tate (|Ta67]), and in
particular in its proof of the following fundamental result. Let p be a prime
and let K be finite extension of Q, with absolute Galois group Gg :=
Gal(K/K). Let C, be the completion of the algebraic closure of Q,, and
let C,(i) be the 1-dimensional semilinear representation of G twisted by
the i-power of the cyclotomic character. Then for ¢ € Z>, and j € Z, the



Galois cohomology of C,(j) is given by

K (i,7) € {(0,0),(1,0)},
0 otherwise.

H'(Gx, Cy(j)) = {

Tate proved this by considering the intermediate cyclotomic extension Ky, 1=
K(i1p=). Writing Gy as an extension of Hx = Gal(K/K.) by I'x =
Gal(K.y./K), Tate computed the cohomology in two steps:

Step 1 - pro-étale descent. Tate showed that H(Hf, C,(j)) = 0 and
hence

Hi(GKa Cp(j» = Hi(FKv [?cyt:(j))'
Step 2 - decompletion. Tate showed that
Hi(FKa Kcyco)) = Hi<FK7 Kcy0<j)>’

It is this latter cohomology group H* (T, Keyc(j)) which is straightforward
to compute.

Ultimately, both of these steps inspired generations of mathematicians.

The first step - pro-étale descent - was studied further and generalized by
many people, perhaps most notably by Faltings and Scholze. It is now
understood to be a special case of the almost purity theorem, which
holds in general for coverings of perfectoid spaces. In a sense, this step does
not depend on the finer arithmetic properties of the extension K.y - it only
matters that }A(Cyc is perfectoid, and many other intermediate fields would
also have this property. In fact, since the work of Scholze, we can carefully
say that most of the basic aspects of this step are understood.

The second step - decompletion - also saw many innovations and generaliza-
tions by many people. It is this step which is at the core of what is currently
studied in Sen theory, so in what follows we shall give an (extremely partial,
not neccesarily chronological) elaboration on its history.

The first person to study this idea further was Sen. He showed how to
use the ideas of Tate to decomplete the cohomology of general semilinear
representations. More precisely, Sen showed how that if IV is a finite dimen-
sional K.y.-semilinear representation of I'x, then there exists a canonical
decompletion of W, a K y.-subspace denoted Dge, (W), and a canonical iso-
morphism R
DSen<W) ®Kcyc Kcyc =W

Another important discovery due to Sen is that of the Sen operator. Sen
showed that Dg., (W) is equipped with a canonical linear operator Ogep,
which encodes in a simple way deep arithmetic properties of the represen-
tation W. For example, if W originated from the étale cohomology of a
p-adic variety X, then the (negatives of the) eigenvalues of Og.,, the so
called Hodge-Tate weights, are given by certain Hodge numbers of X.
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2 Decompletion of (¢, [')-modules

Another important idea came about when Colmez realized the theory con-
nection with the problem of decompleting (¢, I')-modules. Motivated by a
conjecture of Fontaine, he was able to prove together with Cherbonnier the
overconvergence theorem (|CC98|) for (¢, I')-modules mirroring the results
of Sen. Namely, given a (¢, [')-module D over the ring A, there exists a
canonical sub—A}{ module D' and a canonical isomorphism

D'®,i Ag = D.

Following this, Berger and Colmez (|[BCO08|) provided the Tate-Sen formal-
ism. This is a single framework for decompletion which gave a uniform proof
for both the original results of Sen and the Cherbonnier-Colmez theorem.

3 Sen theory in families

In another direction, for the sake of applications, many people thought about
decompletion in various contexts of families. Among others, it is worth
mentioning the following works:

e The work of Sen ([Se93]) on the original theory in families
e The work of Brinon (|[Br03]) on Sen theory in the relative setting

e The work of Andreatta-Brinon (JAB0§|) on overconvergence of (¢, I')-
modules in the relative setting

e The work of Berger-Colmez (|[BC08|) on decompletion in families

e The work of Shimizu ([Sh18|) on geometric families of p-adic Galois
representations

e The work of Bellovin ([Bel20]) on families of overconvergent (p,T')-
modules for pseudoaffinoind families

4 The connection with the theory of locally an-
alytic representations
An important and more recent discovery of Berger-Colmez [BC16] was the

link of Sen theory with the locally analytic representation theory of Schnei-
der and Teitelbaum. Berger-Colmez showed that the theory of Sen can



be understood and generalized through by using locally analytic vectors.
Namely, if K, is any infinitely ramified extension such that Gal(K/K) is

a p-adic Lie group, and W is finite dimensional K so-Semilinear representation
of 'k := Gal(K/K), then

~

Dsen(W) @1, Koo = W.

Furthermore, they showed two related and fascinating phenomenons:

1. If d = dim 'k, then IA(};; is isomorphic to an increasing union of d — 1-
dimensional power series rings over the smooth vectors K.

~

2. There exists a canonical Sen operator Ogen(Ks) € C, ®q, Liel'x which
annihilates K'2.
This led to several fantastic developments:

1. In a subsequent paper, Berger (|Bel3|) showed that at least in the ra-
tional, K-analytic setting (and in particular in the cyclotomic setting), the
theory of locally analytic vectors plays a similar role in the theory of (¢, I')-
modules. This led to applications in Iwasawa theory. It is worth mentioning
a yet unsettled conjecture of Kedlaya (|Kel3]), according to which the nat-
ural generalization of these results should hold in general, for all K.

2. Remarkable recent work of Pan ([Pa21|,[Pa22|) used the ideas of Berger-
Colmez [BC16] in families, to give a new proof of the Fontaine-Mazur conjec-
ture, by studying the locally analytic vectors of the completed cohomology
of the modular curve. The results of [Pa2l]| were later generalized by Ro-
driguez Camargo (JRC22|), where as an application he resolved the rational
Calegari-Emerton conjecture.

5 A brief description of the results of this the-
sis

This thesis consists of three projects, in which I have explored various aspects
of Sen theory using the locally analytic theory, and gave applications to the
p-adic Langlands program. In addition to abstracts appearing in the body
of the text, I give some description of the ideas appearing in them, in light
of this introduction.

I. Lubin-Tate theory and overconvergent Hilbert modular forms of
low weight. In this paper, I develop some ideas and results in Sen theory
in the K-analytic setting. These are natural extensions of some ideas of
Berger appearing in [Be02| and [Be08|. The theory turns out to behave very
elegantly. As a consequence, we prove some results in the Langlands pro-
gram, namely, a new Lubin-Tate triangulinity result for the representations



coming from Hilbert eigenforms of weight [k, 1,...,1]. This is an extension
of a classical result of Kisin ([Ki03]) in the elliptic setting, and we hope that
in the future this will imply more cases of the Fontaine-Mazur conjecture,
as in the work of loc. cit. Some results of this paper have been used by Léo
Poyeton, see (|[Po22|).

II. Locally analytic vector bundles on the Fargues-Fontaine curve.
In this paper, I was inspired by the work of Pan [Pa21| and more classical
work of Berger ([Be08]) to develop a theory of locally analytic vector bundles
on the Fargues-Fontaine curve. The idea was to understand more geomet-
rically the decompletion theorem of Cherbonnier-Colmez, using the theory
of locally analytic vectors. What turns out is that the theory behaves very
nicely, and in particular the results of Berger can be interperted in terms of a
Riemann-Hilbert correspondence on the Fargues-Fontaine curve. Along the
way, we prove a fundamental theorem about the vanishing of higher locally
analytic vectors in the Tate-Sen setting. This theorem explains an additional
link between decompletion methods and locally analytic vectors. This result
has been used by Poyeton (unpublished) and Gao-Min-Wang (|[GMW22]).
Further, Rodriguez Camargo proved a similar result in (|[RC22|), a key result
of that paper.

ITI. Overconvergence of étale (¢,I')-modules in families. In this
paper, I resolve a conjecture of Emerton, Gee and Hellmann ([EGH22]|)
regarding overconvergence of (¢, I')-modules in families. I do this by gen-
eralizing results from my master thesis, and by developing a new variant
of the Tate-Sen method of Berger-Colmez (|[BC08|). This result has direct
applications to the p-adic Langlands program, because it links between two
stacks of Langlands parameters, as explained in (JEGH22|). In particular
with some more work it should be possible to derive some properties of the
“analytic” stack of Langlands parameters. Furthermore, it implies the results
of Berger-Colmez (|[BCO08]) and Bellovin [Bel20].

6 Work in progress, questions and speculations

Finally, we discuss the future of the ideas discussed in this introduction

1. Sen theory beyond the cyclotomic setting. The work of Berger-
Colmez ([BC16]) shows the existence of a Sen operator Oge, (K ) for any
infinitely ramified, Galois and p-adic Lie extension K, over K. How much
of Sen theory can be done in this more general setting? In some unpublished
work, we explore these questions further. It turns out it is possible to carry
out much of the cyclotomic theory, and interesting phenomenon happens,
especially in the context of B};. In particular, Dg., and D;; make sense and
have nice properties with respect to K., (generalizing the cyclotomic case)



for a large class of extensions. One surprising discovery we have found is that
Bj{}’{pa is naturally a power series ring in one variable over its residue field K2
(unlike what happens for BY; and C,). This result uses the fundamental
theorem of II mentioned above.

2. (¢,I')-modules and locally analytic vector bundles beyond the
cyclotomic setting. A related and more difficult problem is to understand
the locally analytic theory of (p,I')-modules for general K. This was
essentially achieved by Berger (|Bel6]) in both the cyclotomic and Lubin-
Tate setting, but beyond that, not much is known and much is mysterious.
In particular, the conjecture of Kedlaya (|[Kel3|) mentioned above is the
analogue of Cherbonnier-Colmez for general extensions. In work in progress
with Hui Gao and Léo Poyeton, we investigate this question further. We
believe the conjecture of Kedlaya is false, and the anticyclotomic extension
is a counterexample! In fact in a certain sense the conjecture should fail
generically - there should be an obstruction coming from locally analytic
vectors. However, it is possible and likely that the decompletion for locally
analytic vector bundles holds always, because the obstruction should vanish
locally. This will give further justification to our study of these objects.
Understanding of these questions should ultimately have application both
to the p-adic Langlands program and to Iwasawa theory, as is already seen
in the cyclotomic and Lubin-Tate settings.

3. Absolute Sen theory and the p-adic Simpson correspondence.

One question that came up in our investigations, and which we have not been
able to answer, is the extent to which there exists a sort of universal theory
which explains all the different instances of Sen theory. Among others, this
theory should at least consist of:

i. A single framework giving rise to both the p-adic Simpson correspondence
(see e.g. (IMW22, Wa21|)) and the theory of Sen.

ii. An interpertation of the Sen operator as an arithmetic Higgs field, and a
universal construction thereof.
iii. A dimensions theory for locally analytic vectors, having the feature that
for an ind-syntomic, generically étale covering R../R with Galois group T,
we have some sort of equality

dimp ]Sbli + number of Higgs fields = dim I’

(generalizing the equality d — 1 + 1 = d in the setting K.,/K mentioned
previously). Here I believe a letter of Fargues to Illusie (|Fal) seems to have
an indication where these Higgs fields might be coming from.

iv. Some sort of “locally analytic site” and a notion of a “locally analytic
covering”, which would imply vanishing of locally analytic cohomology, as
in the work of Pan ([Pa21]|). This idea was also observed by Rodriguez
Camargo (JRC22]).



v. Compatiblity with a mixed characteristic notion (and not just a rational)
version of “locally analytic vectors”. Note that a characteristic p analogue of
the locally analytic condition was recently discovered by Berger and Rozen-
sztajn (|[BR22a, BR22b]), but the precise relationship with the characteristic
p theory is still mysterious.
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Part 11

Lubin-Tate theory and
overconvergent Hilbert modular
forms of low weight

Abstract

Let K be a finite extension of Q, and let I' be the Galois group of
the cyclotomic extension of K. Fontaine’s theory gives a classification
of p-adic representations of Gal (K /K) in terms of (¢, I')-modules. A
useful aspect of this classification is Berger’s dictionary which ex-
presses invariants coming from p-adic Hodge theory in terms of these
(¢, I')-modules.

In this article, we use the theory of locally analytic vectors to
generalize this dictionary to the setting where I' is the Galois group
of a Lubin-Tate extension of K. As an application, we show that if F'
is a totally real number field and v is a place of F' lying above p, then
the p-adic representation of Gal (FU / Fv) associated to a finite slope
overconvergent Hilbert eigenform which is F-analytic up to a twist
is Lubin-Tate trianguline. Furthermore, we determine a triangulation
in terms of a Hecke eigenvalue at v. This generalizes results in the
case F' = Q obtained previously by Chenevier, Colmez and Kisin.

7 Introduction

Let p be a prime number. Kisin showed in [Ki03| that the p-adic represen-
tation py of Gal (Q/ Q) attached to a finite slope p-adic eigenform f has a
very special property: its restriction to Gal (Qp / Qp) always has a crystalline
period. Even better, this period is an eigenvector for crystalline Frobenius,
with eigenvalue coinciding with that arising from the Hecke action of U, on
f. Consequently, Kisin was able to verify the Fontaine-Mazur conjecture
for these p-adic representations. In a subsequent work [Co08], Colmez gave
a reinterpertation of Kisin’s result to the effect that the (¢, I')-module at-
tached to pf|Gal(Qp/Qp) is an extension of (¢, I')-modules of rank 1, where

I' = Z, is the Galois group of the cyclotomic extension of Q,. Colmez coined
the term “trianguline” for the p-adic representations satisfying this property,
and studied them in detail in dimension 2. Then in [Col0] he attached to
any 2-dimensional trianguline representation of Gal (Qp / Qp) a unitary Ba-
nach representation of GL, (Q,). By a suitable continuity argument he was
able to extend this procedure to any 2-dimensional p-adic representation
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of Gal (Qp / Qp), thereby constructing the p-adic Langlands correspondence
for GLy(Qp). This circle of ideas came to a satisfying conclusion when
Emerton used this correspondence in [Em11] to show that the trianguline
property at Gal (Qp / Qp) characterizes these 2-dimensional representations

of Gal (Q/ Q) which are attached to finite slope p-adic eigenforms.

In this article, we are concerned with performing the reinterpertation step of
Colmez in an analogous story when Q is replaced with a totally real number
field F. Namely, the p-adic representation p; of Gal(F/F) will be attached
to a finite slope p-adic Hilbert eigenform f, and we would like to show p; is
trianguline at a place v | p. However, when F, # Q,,, there is more than one
meaning one can attach to the phrase “p; is trianguline at a place v | p”. On
the one hand, there are cyclotomic trianguline Gal(F,/F,)-representations.
These are the trianguline representations in the sense of Nakamura in [Na09];
in that setting, I' is the Galois group of the cyclotomic extension of F), and is
isomorphic to an open subgroup of Z. On the other hand, there are Lubin-
Tate trianguline Gal(F,/F,)-representations in the sense of Fourquaux and
Xie in [FX13], where I' = I'g, is the Galois group of a Lubin-Tate extension
and is isomorphic to Op, . The representation py|q, 7, r,) has been known
to be cyclotomic trianguline for a while by the global triangulation theory
of Kedlaya-Pottharst-Xiao in [KPX14] and Liu in [Lil2]. Although these
results have found many applications, it seems like this notion of cyclotomic
triangulinity may not be the most suitable for applications to a hypothetical
p-adic Langlands correspondence for GLy(F,). Rather, the replacement of
Z) by Op seems more natural, which leads us in this work to focus on the
notion of Lubin-Tate triangulinity of Fourquaux and Xie.

Let us explain what the difficulties are in proving such a result when F, #
Q,- The methods of [KPX14]| and [Lil2| can still be used to show the
existence of a crystalline period which is a Frobenius eigenvector. How-
ever, Colmez’s reformulation of this condition in terms of (¢, I')-module for
F, = Q, relies on Berger’s dictionary, which expresses invariants coming
from p-adic Hodge theory in terms of these (¢, [')-modules. This dictionary
is only available in the cyclotomic setting. Indeed, the proof of this dictio-
nary ultimately relies on Sen theory and the Cherbonnier-Colmez theorem.
Unfortunately, a direct attempt to use these methods breaks down when-
ever I, # Q,, because of the failure of the Tate-Sen axioms for Lubin-Tate
extensions.

Now let K be a finite extension of Q,. Recall that a representation V' of
Gal(K/K) with coefficients in K is called K-analytic if C, ®7 V is trivial
for each nontrivial embedding 7 : K — K. In [BC16], Berger and Colmez
were able to find a certain generalization of Sen theory for Lubin-Tate exten-
sions of K using ideas coming from the theory of K-locally analytic vectors.
Berger then used this theory in [Bel6] to prove that K-analytic represen-
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tations are overconvergent, so that we can associate to V' a Lubin-Tate
(g: 'k )-module DLg’K(V) over the (Lubin-Tate) Robba ring Biig’K (see
§5). By adapting the original techniques of [Be02| to the setting of K-locally
analytic vectors, we are able to extend Berger’s dictionary to Lubin-Tate ex-
tensions of K. Our first main result is the following (see Theorem 5.5).

Theorem A. Let V' be a K-analytic representation of Ggx. For
x € {Sen, dif, dR, cris, st }

there 1s a natural isomorphism

D, x(V) =D,k <Diig,K<V)> :

For the definition of the functors D, g we refer to §3. When K = Q, they
coincide with the usual definitions and the theorem is already known, but
note that in contrast, it is not a-priori clear how to even define Dge, x and
Dyt x in the general case.

When V is 2-dimensional, one can deduce from Theorem A that the Lubin-
Tate triangulinity of V' can be detected from the existence of a crystalline
period which is a Frobenius eigenvector. On the other hand, techniques
going back to the original paper of Colmez show that the cyclotomic trian-
gulinity of V' can also be detected in a similar way. From this we deduce
that the two notions of triangulinity actually coincide for K-analytic repre-
sentations of dimension 2 (see Theorem 6.8 for a more precise version).

Theorem B. Let V' be a 2-dimensional K-analytic representation of G .
Then V is Lubin-Tate trianguline if and only if V' is cyclotomic trianguline.

Although we do not pursue this here, our methods show that under some
genericity assumptions the theorem is true for V' of arbitrary dimension. On
the other hand, after the completion of this paper, we have been informed
that a previously unpublished result of Léo Poyeton [Po20] establishes an
equivalence of categories between K-analytic Lubin-Tate (p,, Ik )-modules
and K-analytic B-pairs. As an immediate consequence, this gives an inde-
pendent proof of Theorem B which extends to V' of arbitrary dimension.
Indeed, the triangulinity can be checked in terms of B-pairs, and the rank
1 B-pairs that appear in the triangulation are attached to both rank 1 cy-
clotomic (¢, I")-modules and to rank 1 Lubin-Tate (¢, I'x)-modules.

As mentioned above, it is known that the local Galois representations asso-
ciated to finite slope overconvergent Hilbert eigenforms are cyclotomic tri-
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anguline. It is then natural to use Theorem B to translate this into a Lubin-
Tate triangulinity result, provided that this local representation is analytic.
Furthermore, it is possible to explicitly determine this triangulation, gener-
alizing previous work of Chenevier and Colmez (see Theorem 7.4 for a more
precise statement). To state the result, let p; be the p-adic representation
of Gal(F/F) associated to a finite slope overconvergent Hilbert eigenform
of weights (k, 1,...,1) at v and determinant nxé"yj for some potentially un-
ramified character n. For the sake of simplifying the introduction, assume
here that the restriction of p; to a decomposition group Gp, = Gal(F,/F,)
has coefficients in F, and that k,w € Z. Removing these assumptions
only requires introducing more notation. To state the result, choose a uni-
formizer m, of F,, write x,, for the corresponding Lubin-Tate character and
let a, € F} be such that U, f = a,f. If y € F), write p, : F — F for the
character defined by p,(2) = y"®= ). Let x : F) — FX be the character
x(z) = z and x : F, — F* be the character z¢(z) = x/u,,. We say that f
is I,-analytic up to a twist if the same holds for py|g,, .

Theorem C. Suppose that [ is F,-analytic up to a twist. Then it is Lubin-
Tate trianguline. If Diingv Psléy, ) is the (g, T'r,)-module over Biigﬂ as-

sociated to pylf,. , a triangulation is given by the short evact sequence

0— BIig,Fv (61) — DIig,K (Pf|épv> — BIig,Fv (62) = 0,

where 6 = 6; det(V) and &, : F) — E* is a character. Here and 6, and
pflar, satisfy the following.

k=1
1. If k ¢ Zsq then 61 = fi4,7,° (NFU/onxO) > and pgla,, is irre-
ducible and not Hodge-Tate.

2. If k € Zsy and val,, (a,) < 551 + 2L [F, 1 Q,), then

k—1 1—w

(51 = /Lan?OT (NFU/Qp e} l’o) 2
and pyla,, is irreducible and potentially semistable.

3. If k € Zoy and val, (a,) = 52 + 2L [F, : Q,), then either
k=1 1-—w

a) 01 = pe.ro? (Np oxg) ? and Gr 1s reducible, nonsplit
( ) /’L 20 11/Qp pf Fy

and potentially ordinary, or

k=1 1w
b) & = 2" Fu, x,> (Np oxg) * and pflg,. is a sum of two
v 0 U/Qp f Fy
characters and potentially crystalline.
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4. If k € Z>y and valy, (a,) > 52 + 2L [F, 0 Q,), then

k—1 1—w

o,y (Nryq, 0 20) 7

51:$

and pgla,, 1is irreducible, Hodge-Tate and not potentially semistable.

The condition on the weights at v to be of the form (k, 1, ...,1) is necessary
but not sufficient for f to be F,-analytic up to a character twist. In fact, the
computations of [Na09, Proposition 2.10| and [FX13, Theorem 0.3] suggest
that this stronger condition of F,-analyticity cuts out a locus of codimension
[F, : Qp] — 1 inside the locus of weights (k,1,...,1) at v of the Hilbert
eigenvariety. However, under suitable local-global compatibility conjectures,
it contains all classical points of weights (k, 1,...,1). We believe it might be
possible to obtain a version of Theorem C for arbitrary f if one works with
(g, I'p, )-modules over multivariable Robba rings as in [Bel3].

Finally, we make some further speculations. For simplicity, assume that p
is inert in . The small slope condition val,(a,) < 5% + 2L [F, : Q,] in
Theorem C agrees with the optimal bound in partial weight 1 conjectured in
an unpublished note of Breuil (see Proposition 4.3 of [Br10]). This suggests
that Fj,-analytic finite slope p-adic Hilbert eigenforms of weights (k, 1,...,1)
and val,(a,) < 521 4+ “=L[F, : Q,] should be classical. If such a classical-
ity criterion were known, an argument as in Theorem 6.6 of [Ki03] using
our Theorem 7.4 would verify the Fontaine-Mazur conjecture for represen-
tations which arise from F,-analytic finite slope p-adic Hilbert eigenforms.
Conversely, if the Fontaine-Mazur conjecture were known in our context then
Theorem 7.4 would imply such a classicaility criterion. See §7.2 for a more
precise discussion.

In another direction, suppose again that p is inert in F' and that V is a p-
adic representation of Gal(F/F) which is irreducible, totally odd, unramified
at almost all primes and Lubin-Tate trianguline at p. Recall again the
theorem of Emerton (Theorem 1.2.4 of [Em11]) which asserts that if ' = Q
and V satisfies certain technical conditions then V is the character twist
of the Galois representation attached to an (elliptic) overconvergent p-adic
eigenform of finite slope. In light of Theorem 7.4, we ask the following.

Question 7.1. Is V necessarily the character twist of a representation at-
tached to an Fy,-analytic overconvergent p-adic Hilbert eigenform of finite
slope?
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7.1 Structure of the article

§2 contains preliminaries regarding locally K-analytic vectors. In §3 we
define the functors D, g for

x € {Sen, dif, dR, cris, st}

and prove their basic properties. In §4 we study some big period rings
and their K-locally analytic vectors. Theorem A is proved in §5. This proof
involves reinterperting several constructions in p-adic Hodge theory in terms
of K-locally analytic vectors, as well as some computations with rather large
rings of periods, and so involves most of the work done in §§2-5. In §6 we
relate this to Lubin-Tate triangulinity and prove Theorem B. Finally, in §7
we prove Theorem C, concluding with an example.

7.2 Notations and conventions

The field K denotes a finite extension of Q,, with ring of integers Ok,
uniformizer 7, and residue field k. The field £ is a finite extension of Q,
which contains K. It will serve as a field of coefficients for the objects we
consider. The field Ky = W(k)[1/p] is the maximal unramified subextension
of K. Let ¢ = p/ be the cardinality of the residue field and e the absolute
ramification index of K, so that [K : Q,] = ef. We let ¥ denote the set
of embeddings of K into Qp.

Denote by Gk the absolute Galois group of K. If F is the formal Lubin-
Tate group associated to 7, then K,, = K(F[r"]) and Ko, = U,>1 K, are
abelian extensions of K which depend only on 7. The Lubin-Tate character
Xr : Gx — Op is the character given by the action of Gk on F[r™].
It induces an isomorphism of I'x = Gal(K,/K) with OF. Its kernel is
Hi = Gal(K/K.,), and Gg/Hy = T'k. The cyclotomic character ycye of
Gk satisfes the relation Ng/q, © Xx = Xcye for an unramified character 7.
An E-linear representation V of Gal(K/K) is called K-analytic if C, ®% V
is trivial for each 7 € Xx\ {Id}.

Finally, all characters and representations appearing in this article are as-
sumed to be continuous. We normalize the p-adic valuation and p-adic
logarithm so that val,(p) = 1 and log(p) = 0. The Hodge-Tate weight of

Xeye 18 1.
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8 Locally K-analytic and pro K-analytic vec-
tors

In this section we give reminders on locally analytic and pro analytic vectors
and gather a few results that will be used in §3,§4 and §5.

8.1 Locally analytic and pro analytic vectors

We briefly recall the treatment given in §2 of [Bel6] and in §2 of [BC16].

Let W be a Banach Q,-linear representation of I'x,. Given an open sub-
group H of 'y with coordinates c,....,cq : H = Zg, we have the sub-
space WH=an of H-analytic vectors in W. These are the elements w € W
for which there exists a sequence of vectors {wy},.na With wp — 0 and

g(w) = > ena ck(9)"wy for all g € H. We write W' = Uy WH=2" for the
subspace of locally analytic vectors of W. If W is a Fréchet space whose
topology is defined by a countable sequence of seminorms, let W, be the
Hausdorff completion of W for the i’th norm, so that W = limW; is a pro-
<—
jective limit of Banach spaces. We write WP = limW/® for the subspace of
%

pro analytic vectors.

For n > 0, we have an isomorphism [ : 'y, — 7"Og, given by g
log(xx(g)). We have the subspace WTkn—anK=la of yectors which are K-
analytic on ', , i.e. such that there exists a sequence {wy }, oy with 7"%w;, —
0 and g(w) = > cna 1(9)*wy, for all g € Tg,,. We write

K-1 Ty, —an,K—1
w &= Un>>[)W K a0, a

for the subspace of K-locally analytic vectors of W. If W = limW; is a
—

Fréchet space as above, we write W5~ = limW ' for the subspace of pro

K-analytic vectors. We extend the deﬁnitio;s of locally K-analytic vectors
and pro K-analytic vectors to LB and LF spaces (i.e. filtered colimits of
Banach spaces and Fréchet spaces) in the obvious way.

For each 7 € Y, there is a differential operator V, € K& ®q, Lie(I'k)
(see §2 of |Bel6|) where K is the Galois closure of K. It is defined in
such a way that if W is K%.linear, then for w € W' and g € I'g, with
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n > 0 we have g(w) = >, cnox l(g)kvz(!w), where [(g)* = [l es, T(1(g))*
and V¥ (w) = [Tes, V. (w)*7. In other words, we can think of 7ol as giving
coordinates for T'jr and V¥(w) as being an iterated directional derivative of
w. In particular, WX~ is the subspace of W' where V. = 0 for each
7 € Y\ {Id}. On WE=2 (or on WE=P2 if IV is Fréchet) we write V = Vg

when there is no danger of confusion; it is given by the forumla

. gw) —w
V(w) = lim ————,
o=110g(x(9))
and we have V(w) = 11005(()*2((2’))) when ¢ is sufficiently close to 1.

The next lemma is proved in the same way as Proposition 2.2 and Proposi-
tion 2.4 of [Bel6].

Lemma 8.1. Let B be a Banach (resp. Fréchet) Ik -ring and let W be a free
B-module of finite rank, equipped with a compatible action of U'x. If the B
module has a basis wy, ..., wy in which the function T'xy — GL4(B) C My(B),
g — Mat(g) is locally K-analytic (resp. pro K-analytic), then WE-12 =
O BN w; (resp. WP = gl BR Py, ),

8.2 Locally analytic vectors in [A(oo-semilinear represen-
tations

Let L be a finite extension of K, and write 'y = Gal(L /L) where Lo, =
LK. Recall that following result (Proposition 2.10 of [Bel6]):

Proposition 8.2. LK = [,

The purpose of this subsection is to prove a similar descent result for repre-
sentations.

Theorem 8.3. Let W be a finite dimensional Zoo—semilinear representation
of T'y. Then the natural map Lo, @1 WE=12 — W is an isomorphism.

This is proved in §4 of [BC16] under the assumption that K is Galois over
Q,. Here we shall adapt the methods of ibid. to get rid of this assumption.

First, we reduce to the case where L is Galois over Q,.

Lemma 8.4. Suppose that Theorem 2.3 holds for M = L% the Galois
closure of L over Q,. Then Theorem 2.3 holds for L.

Proof. Let L be any finite extension of K and let W be a finite dimensional
L.-semilinear representation of I',. Write Wy, = M Qz W, so that Wy,

is a finite dimensional A//Too—semilinear representation of I'y;. Note that Wj,
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is actually endowed with a semilinear Gal(M./L)-action, which restricts to

a 'y action. By the assumption, we have M., Qs Wﬁ_la =~ Wy. On the
other hand, the extension Gal(M. /L) is finite, so we are in the setting for
completed Galois descent (see §2.2 of [BC09]). We have

—la —la —la\ Gal(Meo /Loo)
WE = W AW = (W)

which implies that ]\//700 M., Wﬁ’la & ]\/J\Oo ®r.. WE-12 We then have the

following chain of natural isomorphisms

~ — Gal(Ms/Loo)
Loo ®Loo WKfla ~ (Moo ®Loo WK71a>

_ Gal(Moo/Loo)
= (MOO O, Wﬁ*la)

(WM)Gal(MOO/LOO)
~ 1

I

whose composition is the natural map Lo, ®;_ W= — W, which proves
the claim. O

Proposition 8.5. If 7 € Y\ {Id} and K% C L, there exists an element

2, € Lo such that g(z;) = x, + 7(1(9)) for g € Ggea. In particular,
Vi (x;)=1and V,(x;) =0 for o # 7.

Proof. By §3.2 of [Fo09], there exists an element ¢, € C) such that & /g(&-) =
T(xx(g)) for g € Ggca. This equation makes it clear that &, lies in the com-
pletion of K%K, which is contained in L.,. Now take 2, = —log&,. [

For each n > 1 and for each 7 # Id, choose x, as in Proposition 2.5 and
let 7, € Lo, be such that ||z, — 2,,|| < p~™. For k € N¥<\d} we write
(v — )k = HTEEK\{Id} (%7 — Tn7)*

Proof of Theorem 2.3. By Lemma 2.4, we may assume L is Galois over Q,,.
Recall that by Theorem 1.7 of [BC16|, the natural map Lo R, W —
W is an isomorphism. Therefore, it is enough to prove that the natural
map L2? @ WE — W is an isomorphism. To prove injectivity, take
YorQu; € Z}fo ®r.. WX of minimal length such that Y7 | a;z; = 0.
We may assume that oy = 1. For each 7 # Id, we have V, (3 ", oyz;) =
Yo Vo(ai)x;, so by minimality V. (a;) = 0 for all ¢. This means that each
@; € Ly, 80 Yy i ;@ = 0.

To prove surjectivity, we give a sketch, omitting all details of convergence;

these can be provided in exactly the same way as in §4 of [BC16]. For each
2z € W2 and for each i € N»x\Id} et

. LVET(2) (ke + i
Yi = Z (=1)*(z — ,) (k—i—(z)?( " )

keNZx \{1d}
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One can show that y; € W', By Proposition 2.5, for each 7 € Y\ {Id}
we have V. ((z — z,)¥) = k;(z — z,)""'7, where 1, is the tuple (k,) € N>
with £k, =1 and k, = 0 for o # 7. By a direct calculation this implies that
V. (y;) = 0, so that y; € WX~ Finally, the identity

z = Z yi(z — x,)"
iENTK \ {14}

shows that z € Zoo ®7Fla Wiha, O

8.3 Pro analytic vectors in Bgr

The ring B contains an element ¢ for which each g € G acts by g(tx) =
Xr(9)tk. It differs from the usual ¢ by a unit, but it has the advantage that
it carries an action of I'y, which is moreover K-analytic. As Bl /tx =2 C,,

the quotients (B:{R/th)HK for [ > 1 are Banach I'g-rings. The ring and
(BIR) "% i a Fréchet ['k-ring and (BdR)HK is an LF I'k-ring.
Proposition 8.6. ].(B;rR/th)HK’K_Ia = Koo[tx]/th.

2. (Blp) "™ T = Ko[ltk])-

3. (Bar)"" 7P = Koo ((tx)).

Proof. (3) follows from (2) and (2) follows from (1). To prove (1), we argue

by induction. For [ = 1, this is Proposition 2.2. For [ > 2, we have a short
exact sequence

0— C,(l—1) = Blg/the — Bla/ti! = 0.
Taking Hy invariants and K-locally analytic vectors is left exact, so we have

0 = Koo(l — 1) = (Bln/th) ™" = (B /theh) = Koft]/ti"

)HK,Kfla

Hp,K—la

This shows that dimy_ (Bg/t%

Kuoltx]/ti € (Bir/tk)
has to be an equality, concluding the proof. O

< I, so the containment

HK,K—la

9 Lubin-Tate p-adic Hodge theory

To goal of this section is to provide constructions and properties of several
of Fontaine’s functors on p-adic representations where Q,-coefficients are
systematically replaced by K-coefficients. Recall from §1.2 that E is a finite
extension of K. Throughout, we fix an FE-linear G g-representation V' of
dimension d over K.
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9.1 The modules Dg., x and Dyt

When K = Q,, the modules Dge, x and Dgir x can be defined using the
method of Sen (see §4 of [BCO8]). It is unavailable for K # Q,, so we make
use of locally analytic and pro analytic vectors instead.

We set Wy, = (Bip/th @k V) for 1 > 1, Wy = (Bl ®x V)™ and
W = (Bqr ®K V)HK. By Proposition 2.6, we have K. [tx]/t}-submodules
D (V) = WE ™ for I > 1, a K [[tg]]-submodule DY (V) = W™
and a K, ((tx))-vector space Dy i (V) = W=P2 The subspace D+ . (V)
is also called Dgen x(V'), and was already constructed in [BC16]. ,

Lemma 9.1. The natural map By [ty @10, Wi — B/t @x V. is
an isomorphism.

Proof. Tt suffices to prove that H! (HK, GLy4 (BXR/th)) =1 When!l =1
this is true by almost étale descent. For [ > 2, we have a short exact sequence

1 — I+t "My (Blg/th) — GLg (BJr/tk) — GLq (Bl /tk") — 1.
As T+t "My (Big /th) = M, (Cp(l — 1)), the group
H' (Hic, T+ tic'Ma (Big /1))
is trivial, and we conclude by induction. O]

We will also need the following.
Lemma 9.2. Let w € W, and suppose that tx - w € Dj{i’fl’K(V). Then
w e D (V).

Proof. Since V(txw) = tx(w + V(w)), we have that w is divisible

by tk for k > 1. If tx - w € D$f7K(V), there exists an n > 0 such that

for g € T, we have g(txw) = Y0 1(9)"tkwy, where wy, = t Vk(]i{‘w).
Therefore, g(w) = xx(97") X 4s0 {(9) Wk, s0 w is locally K-analytic. O

Proposition 9.3. 1. The natural map Bl /th QK ot ]/t D$f7K(V) —

Bl /the @KV is an isomorphism, and D(;’fl’K(V) is a free K[tk /th-module
of rank d.

2. The natural map B3y @k [it,) D (V) = Bir @k V is an isomorphism,
and Dy (V) is a free Ky|[tx]]-module of rank d.

3. The natural map Bar®x ((t0))Dait,x (V) = Bar®xV is an isomorphism,
and Daie (V') is a K ((tx))-vector space of dimension d.
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Proof. Recall that D;{i’fl’ (V)= Wf ;. By Lemma 3.1, proving (1) reduces
to showing that the natural map IA(OO K., Wf . la W, ; is an isomorphism

and that Wffla is a free K [tx]/th-module of rank d. By Theorem 2.3,
this is true if [ = 1. For [ > 2, we have a short exact sequence

0— Wil —1) = W™ - Wik

By the case [ = 1, we know that Wf #(1—1) contains linearly independent
elements ey, ...,e4 which are all divisible by tllgl. Writing f; = t}{lei for
1 <4 < d, the elements f, ..., fq span a free submodule er’l of W, ; which

surjects onto W, ; ; and which contains W, ;; so W;,z = Wy It now
suffices to show that the f; are locally K-analytic, and this follows from
Lemma 3.2. This concludes the proof of (1).

As each Wﬁl_la is a free Ko [tx]/th-module of rank d, we have that W =

HmW " is a free Ko [[tx]]-module of rank d, and the chain of isomorphisms
(7 k)

Bl @ (itx) Dt (V) = Blg @xc ity W
~1e l K—la
= hgl (BIR/tK O Ko [txc) /e W )
= lim (Bt o1 V)

whose composition is the natural map By @k jit,)) Daie x (V) = Bir @k V.
This proves (2), and (3) follows immediately since

Dair (V) = colimiD$f7K(V (7).
]

Recall from §2 that the modules Dge, x and Dg;¢ - are both endowed with a
canonical differential operator. We write Ogen k', Vair, k respectively for the
operators acting on Dgen x,Dair, k. The operator Ogen x is Ko-linear, while
Vi, x is a derivation over Vg_ () = tK%.

The following result serves to complete the analogy with the usual Dgg,.

Proposition 9.4. The following are equivalent.
1. C, @ V= al ,C,(x"), where the n; € Z.
2. Dsenx (V) 2 @l Ko (x™), where the n; € Z.

3. Ogen i 15 semisimple with integer eigenvalues {ni}le.

Proof. Suppose vy, ..., vy is a basis of C, ® V for which g(v;) = x%(g)v; for
g € Gg. The action of Gx on each v; factors through ' and is locally K-
analytic, so v; € Dgen x(V'), which shows (1) implies (2). Next, (2) implies
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(3) because the action of Ogen x 00 Koo (x2) is given by multiplication with
n;. Finally, suppose that (3) holds, and let vy, ..., vq be a basis of Dgen i (V)
for which Ogen x(v;) = n;v;. By integrating the action of 'k, we see that
g € Tk acts by g(v;) = n:(g)x™(g)v;, where n; is a finite order character of
k. Then C,(n;x¥) = C,(x2), so

C,®xV = C,®k., Dsenx(V)
= oL, Colnixy)
= oL, C,(xy)-
O

If the conditions of Proposition 3.4 hold for some n; € Z, the n; are called
the K-Hodge-Tate weights of V.

9.2 The modules Dyt x and Dgr i

Let BHT,K7 BdR,K; BdR,K respectively be the I‘iIlgS Cp [tK, t[_(l], Bél_R and BdR‘
We set

Durx (V) = (Bar,x ®K V)GK ;

D:R,K(V) = (B:R,K QK V) o )
and

Dar x(V) = (Bar.x QK V)GK :

We say that V' is K-Hodge-Tate (resp. positive K-de Rham, resp. K-de
Rham) if

(resp.
dimg DCTRJ((V) =d,

resp.
dlmK DdR,K(V) = d)

Lemma 9.5. (C, @k V)% = (Dgen.x (V))"¥.
Proof. By Proposition 3.3, we have

'k

(Cy @ V) = (Cp & Dy (V) = (Kow B1c. D (1)

. r
As (Koo K., DSen’K(V)) " is fixed by the action of I'g, it is also locally

N K-la
K-analytic on 'k, so it is contained in <KOO K., Dsen,K(V)> . But

according to Lemma 2.1,
~ K—la
<Koo ®Koo DSen,K(V)) = DSen,K<V)-
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]
.. r
Proposition 9.6. 1. Dyr (V) = ®jez (Dsen,K(V)th) K.

2. The natural map Bur x @k Dur x (V) = Bur .k @k V' is an isomorphism
if V is K-Hodge-Tate.
3. V is Cy-admissible if and only if Ogenx = 0 0n Dgey (V).

Proof. We have Dyt (V) = Pez (Cpth R K V)GK, so (upon twisting V'
with an appropriate power of x,) the equality

DHT,K(V) = @lgz (Dsen,K(V)th)FK

reduces to the verification that (C, ®x V)% = (Dgenx(V))'*, which was
done in the previous lemma. This proves (1). To prove (2), suppose V
is K-Hodge-Tate. Then by (1) and Proposition 3.4 we have Dge, (V) =
®L Koo (x™), which gives the second isomorphism in

Bur xk @k Dur (V) = Burx ®k <@lez (DSen,K(V)th)FK>

= Bur k @k, Dsenx (V)
= Bur,x @k V.

Finally, (3) follows from Proposition 3.4. O

By the same logic one obtains similar results for Dgg k.

Proposition 9.7. 1. Dgg x(V) = Dair.x (V)'%.

2. The natural map Bar xk @k Dar k (V) = Bar.x @k V is an isomorphism
if V is K-de Rham.

3.V is K-de Rham if and only if Vairx has a full set of sections on
D,k (V).

9.3 The modules D x and D g

_l’_

Recall that B} is a period ring similar to Fontaine’s BY.. The element!

max

tx introduced in §2.3 actually lies in Bf,,, ®x, K. Denote by By, B g,
Bouax. i, Bt i respectively the rings B, ®x, K, B ®k, K, B:an,K [%] and

B; % [%} These rings carry a ¢, = ¢/-action, and the usual monodromy
operator N of BY, extends to By x with BYZ? = Buaxk. If L is a finite
extension of K, we set Dy 1 (V), D 1 (V), Deris,x(V), Dyt i (V) respec-
tively to be Dy (V) = (B;’I;aX,K O V)GL7 D} (V) = (B:‘;K ®K V>GLa

Dcris,K(V) - (Bmax,K QK V)GL and Dst,K(V) - (Bst,K QK V)GL-

Tt is log 7 u for the element u introduced in §4.1 below.
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Lemma 9.8. IfV is a K-analytic representation, then
Dcris,K(V) == (Bmax ®KO V)GL .

Proof. By Lemma 8.17 of [Co02|, the element ¢y divides the usual ¢ in

B k- Therefore, Buayrx = B:;ax’K [i] is contained in B ®r, K =
BL}X, K [%], and it follows that Deis 5 (V) C (Bmax ®x, V)GL for any repre-

sentation V. It suffices to show when V' is K-analytic, this inclusion is an
equality. If all the integer-valued Hodge-Tate weights (in the usual sense) of
Vare nonnegative, this is clear, because

DcriS,K (V) = D(—;is,K (V) = (Bx—gax XK, V)GL = (Bmax X Ko V)GL :

In general, it suffices to prove Deyis 5 (V) C (Bmax ®k, V)GL after twisting
V by a power of x,. Given that V is K-analytic, there exists an n > 0 so
that all the integer-valued Hodge-Tate weights of V (x”) are nonnegative,
and this case was already dealt with. O]

To a filtered (p,, N)-module D over Ly®k, E one can associate two polygons.
The Hodge polygon Py(D), whose slopes have lengths according to the
jumps in the filtration; and the Newton polygon Py (D), whose slopes match
the slopes of ¢, with respect to the valuation val,. We say D is admissible
if the endpoints of Py (D) and Py (D) are the same and if Py (D) lies below
Py (Dy) for every subobject Dy of D.

If D is a filtered (¢, IV)-module over Ly ®, E, then
Igp (D) = (LO ®aq, E) [90] ®(L0®KOE)[§0q] b

is a filtered (¢, N)-module over Ly ®q, £. The following is proved in §3
of [KR09] under the assumption that N = 0, but the proof in the general
case is the same. Note that in loc. cit. this statement is actually proved
for (Buax ®k, V)GL instead of Deis x(V'), but these coincide for K-analytic
representations by Lemma 3.8.

Proposition 9.9. Suppose that V € Repg(Gp) is K-analytic. Then
1§, Dsi (V) = Dy q, (V).
Furthermore, Dy x(V) is admissible if and only if D q,(V) is admissible.

We say that V' is K-potentially semistable if for some finite extension L of
K we have rankL0®K0EDst7K(V) =dimg V.
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Corollary 9.10. Suppose V' is a K-analytic representation. Then the fol-
lowing are equivalent.

1. V is de Rham.

2. V is K-de Rham.

3. V' is potentially semistable.

4.V is K-potentially semistable.

Proof. The equivalence between (1) and (3) is the p-adic monodromy the-
orem, which is Theorem 0.7 of [Be02|. The equivalence between (3) and
(4) follows from Proposition 3.9. It remains to prove that (1) and (2)
are equivalent. Indeed, we have Dgqr(V) = @rexDarx(V7), with V7
being the 7-twist of V. Since V is assumed K-analytic, the representa-
tion V7 is C,-admissible for 7 # Id, so it also K-de Rham. This im-
plies that dimg Dar, (V") = d, so dimg Dgr(V) = dimq, V' if and only
if dimg Dgg x (V) = dimg V', as required. n

We conclude with a lemma that will be used in the proof of Theorem 6.8.

Lemma 9.11. Suppose that V € Repp(Gk) is K-analytic and that L = K,
and let o« € E*. Then Deys q, (V)= = (Ko ®q, E) [¢]|®B(py Deris, i (V) P~

Proof. In general, if D is a filtered ¢,-module over E, then IgP(D)”'l:a =
(Ko ®q, E) [¢] ®p[,,) D?=* because the ¢, action is (Ko ®q, E) [¢]-linear.
Explicitly, there is a decomposition of E [¢,]-modules

1§, (D) = (Ko ©q, E) [¢] @pjp,) D = &) (Ko @q, E) ¢’ @D,

and taking ¢, = o of both sides yields the desired equality. The lemma now
follows from Proposition 3.9. O]

10 Big period rings

In this section, we recall the big period rings which will be used in the
proofs of §5. The most important result of this section is the determination
of pro-K-analytic vectors in Theorem 4.6.

If F is the formal Og-module associated to 7 as in §1.2, we choose a co-
ordinate 7" for F so that for a € Ok we have a power series [a] = [a](T")
corresponding to the action of @ on F. For n > 0 we choose elements
U, € Og, such that ug =0, u; # 0 and [7](u,) = Up—_1.
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10.1 The rings ]A?;Lg and B!

log

This subsection provides ramified counterparts for the constructions given
in §2 of [Be02| in the case K = Kj. Some of the content of this subsection
can also be found in §3 of [Bel6|, though our notation is slightly different in
parts. Recall the notations from §1.2 and set

Oc, =lim (Oc, /7 £ Og, 7 £ ).

We equip O, with the valuation |(fn)n>0| = lim |xn|qn where z, € Oc,
p = n—00

is a lift of x,,. Denote by Kar, At respectively the rings W (OC; ) and

A} ®04x, Ox. Then W = (Uy),,5, lies in € O¢;, and by §8 of [Co02] there

exists an element v € A* which lifts % and which satisfies 0q(u) = [7](u)

and g(u) = [xx(9)](u) for g € I'g.
Let @ € Og; be any element with || = p~P/P7L Given r, s € Zsg[1/p] with

r < s, and given A € {AO,A}, we set

Alrsl — A+< p @>

(@]’ p

the completion of AT [ s %] with respect to the (p, [@])-adic topology.?

[@]"”

We write fﬁ([)r’s} = ;&g’s][l/p] and Bl = All[1 /7],

Lemma 10.1. 1. KB”S] R0y, Ok = Alrsl
2. ]A?;([)r,s] ®KO K = ﬁ[r,s]'

Proof. (2) follows from (1). To prove (1), we write
:&+ |: pr? M:| = 691?:17‘_7;‘&—’_ |:Lr7 M:|
(@] p 0 =T p

as AT -modules. Now take the (p, [])-adic completion of both sides. O

We denote by BI" | BI ]A?;T.g’O and ﬁiig respectively the rings

rig,00"rig? ri

ﬂrSsB[[)nS] ’ mTSSB[T?s} ) UT>OBI£QO

and UT>0]§I{;. The ¢ and G actions on AS’ (resp. the ¢, and G actions on
A™) extend to ]ﬂ?;Lg’O (resp. to ]§Lg). The following is proved in Proposition
2.23 of [Be02] in the case K = Q,, but the same proof works in the general

case.

?In some references the completion is taken with respect to the p-adic topology, but
this makes no difference because p divides a power of [w].
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Proposition 10.2. There exists a unique map log : A+ - BLg [X] satisfying

log(m) = 0, log [u] = X, log [z] = 0 for z € F, and log(wy) = log(z) +log(y),
such that if [x] — 1 is sufficiently close to 1, we have

log fa] = 37 (-1t L=

n
n>1

Moreover, if x € O, then log[x] € Bl

rig*

Write p® and 7” for the elements (]_3 W .. ) and ( ml/a, ) of ch- We set

BITOgo Bilgo [log [ H and BITOg = Bilg [log [ ]] Since u/ [u] =1 mod m,
we have log (u/ [u]) € Bilg, on the other hand, 7~/ (7°) is a unit of (’)éb,

so log [@]?™" / [7°]" € B! as well. Combining these two observations, we see

rig
that in BlTOg we have

glog [7°] = (¢ —1)logu — (¢ — 1) log (u/ [a]) — log[a]"" / [=']"

=(¢—1)logu mod B!

rig)’
so we also have Bfog = BLg [log u.
The ¢ (resp. ,) action on BLgo (resp. on Brlg) extends to B o (resp.

to Bfog) by setting ¢(log [p’]) = plog [p’] and g(log [p’]) = lo [ (r")]
(resp. ¢q(log [7°]) = glog [7"] and g(log[ ’]) = log [g (7 2]) We have a
log) P

monodromy operator N which acts on BlOgO (resp. on B —dlog[ ]

(resp. by —gﬁi{ﬂb]), and Ny = ppN (resp. No, = qp,N).

Proposition 10.3. 1. BLgo Rk, K = Bilg
2. Bl,,®k, K = B]

log*
Proof. For r < s we have by Lemma 4.1 that Bl @, K = B, As K is
finite free over K, this implies
ﬁlig70 Rk, K = (ﬁrgsﬁg’sv Rk, K
= Ny (Eg’sl Rx, K )
= ﬂr<s]§[m]

_ Rt
Brlg
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For (2), we write 7¢ = pv with v € 0. We can find v” = (F vl/a, ) € Oc;
such that [Wb}e = [pb} [vb}, so elog [ﬂb] = log [pb} mod B, | and

r1g7

Bl,, = B, [log [¢']]
— (Biig,o ®K0 K) |:10g [pb}}
= E;rog,o QKo K.

10.2 Pro K-analytic vectors

Let BIig,K be the Robba ring, i.e. the ring of power series f(T) = >, .z axT"
with ap € K and such that f(7) converges on some nonempty annulus

rig
by identifying 7" with the element w of §4.1. It has induced ¢, and I'k
actions.

Recall the following result (Theorem B of [Bel6]), which determines the ring

of pro K-analytic vectors in Brlg K

H
r < |T| < 1. Thering BL x can be viewed as a subring of B!, N = <BT ) :

Theorem 10.4. (B! e =U —n (BT .
rig, K nZOSOq rig, K

H
On the other hand, we can also write Bfog K= <B1TOg> " The goal of this

subsection is to obtain an analogous result for Blog P
~ K—pa
Proposition 10.5. We have logu € (Blo&K) .

Before we glve a proof of Proposition 4.5, we record the following conse-
quence. Let Blog K= BIig,K [log T'], thought of as a subring of BL& - The
¢, action on logT" is given by ¢,(logT) = qlogT + log (|| (17)/1), where

log ([7] (T")/T) € BIig,K-
~ K—pa
Theorem 10.6. (BlTog’K) = Un>opg" (BlTog,K>'

Proof. Fix d > 0. As g (logu) = logu + log ) for g € 'k, the submodule
EB?ZOBL&K - (logu)" is closed under the I'g- actlon. By Proposition 4.5, the

elements 1,logu, ..., (log u)l from a ]§Iig7 s-basis of this submodule for which
the action is pro K-analytic. Combining Lemma 2.1 and Theorem 4.4, we
obtain

27



4 oSt i K—pa d ~+ K—pa i
(@i:OBrig,K - (log u) ) = Dizo <Brig,K> - (log u)

= 69?lzo <UnZO<P;n (Biig,K)) (log u)Z .

Taking the colimit as d — oo shows that
~+ K—pa 3 i
(Bhan) ™ = (G (Bl )l

[t remains to show that U,>op," <B1TOg K) is contained in

(Unz()@;n (Biig,K>) [log U],

as the inclusion in the other direction is obvious. Assume the opposite and
let f = Z?:o a; (logu)" be an element of 0" (BL&K> with a; € BLgK

and d minimal such that f is not contained in (Unzogpq*" (BIig K)) log u].

As ¢ (f) € BL&K and ¢,(logu) = qlogu mod BLM, examining the

coefficient of (logu)? reveals that oy (aq) € B!

rig i+ Providing a contradiction.

O

We now proceed to prove Proposition 4.5. We do so in several steps, following
the method appearing in §4 of [Bel6]. If t > 1, we denote by LA;(Ok) the
space functions of O which are analytic on closed discs of radius |r|*. For
a € Ok, write [a](T) =), -, cn(a)T". Each ¢,(a) is a polynomial of degree
at most n in a, and ¢, (Of) C Ok.

Lemma 10.7. ||c,|[; 5, < |7r]_m,

Proof. Recall that de Shalit has constructed in [dS16] a Mahler basis

{gn (T)}Zozo

such that ¢,(7) is a polynomial in K[T] of degree n and and such that
||t gnllLa, = 1, where w,; is an integer satisfying wy,; < m. As ¢,
has degree at most n, we can write ¢, = Z?:o bn,ig; for some b,,; € O, and

SO ||CnHLAt < SUPjicy, ||| | < || @D, 0

Recall that g(logu) = logu + log <[a}(u)>, where a = x,(g). We write

u

log ([“]fb“)) - g d, (@)™
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__2m
Lemma 10.8. ||d,]||;,, < |7 Tl Tom)

Proof. Write % —1 =73 sen(a)u", where eg(a) = a — 1 and e,(a) =
¢ni1(a) for n > 1. Then d, is a sum of functions of the form

=" 3 ﬁek_,

(Rt b ) €27, 11
ki+...+km=n

(n

_ 2n
and it suffices to bound each such function by |x| @@ ™ ), where o(n)

does not depend on m.

Fix (ki,...,kn) € Z%, with k1 + ... + ky, = n. Let h be the number of
1 <4 < m such that k; > 1. Then by Lemma 4.7 we have

11 e

1:1<k;

< ’W|—(n+h)/qt(q—1) < |7T’—2n/qt(q—1).

LA;

On the other hand, [|egl|;,, < 17", so

1 1 t(m—h) [vp(m)—t/emax{0,m—n}] _ o(n)
o 1 e S’a " < pl = ||,
z:kiz() LA-['
Combining the two inequalities we obtain the claim. O]

Proof of Proposition 4.5. Write r, = p™/~}(p—1) and let s < t. It is enough
~ ~ H
to show that logu is K-analytic on I'k, | as a vector of B[;;"”] = <B[””"f]> :

Since g(logu) = logu + log (M) for a = x»(g), we need to verify that

u
ldnllra, . [l

"]

ror — 0 asn — 0. By the maximum principle, we have

t—1(,_
lully, g = llull,, = |]*“"" and so by Lemma 4.7
1 2
||0ln||LAHl ||u"||[rsM < |7r|"[qt*1(q—1)_qt+1<q—1>]+"(1)7
which approaches 0, as required. [

11 Lubin-Tate (¢, I'x)-modules

In this section we recall how to attach a (¢,, I'x)-module over BL&K to a
K-analytic p-adic representation of G'x, and we express the invariants of §3
in terms of these (¢4, I'k)-modules. Recall from §1.2 that the field E is a

finite extension of K which serves as a field of coeflicients.
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11.1 K-analytic (p,, 'x)-modules

Let Ak be the ring of power series f(T) = >, .5 axT" with a; € Ok such
that val,(ax) — 0 as k — —oo, and let By = Ag([1l/n]. The rings Ag
and Bx have a ¢ -action given by ¢,(T) = [r](T") and a I'k-action given
by g(T) = [xx(9)] (T) for ¢ € T'x. These actions are K-linear, and we
extend them FE-linearly to Ax ®x E and Bx ®x E. A (¢4, I'k)-module
over By ®g F is a finite free Bx ®x F module Dg which has commuting

semilinear ¢, and I'x actions. We say it is étale if there exists a basis of Dg
for which Mat(p) € GL4(Ax ®k E).
Kisin and Ren have shown in §1 of [KR09] how to associate to any V €

Repp (G ) an étale (¢4, I'k)-module over B ®x E which we denote D (V).
Furthermore, one has the following result.

Theorem 11.1. The functor V +— Dg(V) induces an equivalence of cate-
gories

{E-representations of Gk} <— {étale (¢,, ') -modules over Bx @ E} .

Now let B}( be the subring of Bx which consists of power series which
converge on some nonempty annulus r» < |T| < 1. It is preserved by the
(g, 'k )-structure, and we say that a (g,, ['x)-module over Bx @k E is
overconvergent if Dy = D}( Bpi Bk where Dk is a (¢4, 'k )-module over

B}{ ®x E. A representation V' € Repy(Gp) is said to be overconvergent if

Dx (V) is. As Bl is a subring of Biig’K, for such a (p,, ['x)-module we can
form DIig,K = DE( ®B}{ Biig,K and DIog,K = DE( ®B}{ BIfog,K'

In the case K = Q,, Cherbonnier and Colmez have proven in [CC98| that
Dg (V) is always overconvergent. Unfortunately, this is no longer true when-
ever K # Q, (see Theorem 0.6 of [FX13|). However, the analogue of the
Cherbonnier-Colmez theorem does hold for K-analytic representations, and,
even better, we can characterize the (p,, 'x)-modules which arise in this

way. More precisely, a (g, 'k )-module DIig’ 5 over Bjig’ K @k E is called
K—pa
K-analytic if Diig’ K = (Diig’ K) . Then one has the following result

(Theorems C and D of [Bel6]).

Theorem 11.2. 1. IfV € Repp(Gk) is K-analytic, then Dy (V) is over-
convergent.

2. The functor V DL&K(V) gives an equivalence of categories

{K-analytic E-linear representations of G}
— {étale K-analytic (p,, k) -modules over BIig,K QK E}
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3. IfV € Repy(Gk) is K-analytic, then there exists a natural Gk -equivariant
1 i Rt ~ Rt T

isomorphism B, @ V = B, . D x (V).

All characters are overconvergent, so split 2-dimensional representation are
always overconvergent. For nonsplit representations, Theorem 5.2 implies
the following.

Corollary 11.3. Let V € Repy(Gk) be a nonsplit 2-dimensional represen-
tation. The following are equivalent.

1. 'V is overconvergent.

2. FEither V is K-analytic up to a character twist or V is an extension of
the trivial representation by itself.

Proof. 1f V (§) is K-analytic then it is overconvergent by Theorem 5.2. In
addition, Theorem 0.3 of [FX13| shows that every extension of the trivial
representation by itself is overconvergent, so (2) implies (1). In the converse
direction, let V' be an overconvergent representation. It is either absolutely
irreducible or reducible nonsplit after possibly extending scalars.

Case 1: V is absolutely irreducible. Then Corollary 4.3 of [Bel3| implies
that V (0) is K-analytic for some character §. Corollary 4.3 of [Bel3] is
proved there in the setting where K is an unramified extension of Q,; it
is a consequence of Theorem 4.2 of ibid. This assumption can be removed,
because Theorem 4.2 of ibid is reproven in [Bel6] without assuming K is
unramified.

Case 2: V is reducible nonsplit after extending scalars. By the following
lemma, extending scalars does not matter for the question of oveconvergence.
Thus, we may assume V is reducible and nonsplit, and after performing a
character twist we may further assume it is an extension of 1 by E(d) with
det (V) =4. If 6 = 1, we are done. Otherwise, by Theorem 0.4 of [FX13] a
nontrivial overconvergent extension of 1 by E (§) can only occur if 0 is K-
analytic, and since § # 1 this implies that V itself is K-analytic by Theorem
0.3 of [FX13]. 0

The following lemma was used in the proof of Corollary 5.3.

Lemma 11.4. Let V € Repy(Gk) be a representation, and let E' be a
finite extension of E. Then V is overconvergent if and only if V ®g E' is
overconvergent.

Proof. Clearly, if V' is overconvergent, so is V ®g E’. This being said, when
proving the converse direction we are free to enlarge E’, and in particular

we may assume E'/E is Galois. Write D = DLg’K(V ®@p E'), which is an

¢tale (g, I')-module over BL&K ®g E'. By Galois descent, D = DE?I(E//E)
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is an étale (¢4, 'x)-module over BL& x @k E. An explicit description of

the inverse functor to DLg, x (provided for example in Proposition 1.5 of
[FX13]) reveals that D corresponds to V' under the equivalence of Theorem
5.2, because the Gal(E’/F)-action commutes with all the structure involved.
This shows that V' is overconvergent. O]

11.2 The modules D, g and the extended dictionary

Recall that for n > 0 we set r, = p™/~(p —1). For r > 0 we let n(r) b

the minimal n such that r,, > r. If I is a closed interval and ry = =l ¢ [
then for B! as in §4 the usual completion map At > Bl: extends to a
map 1o : B! — Bl,. More generally if rn € I then one has the map
n = oo, " : : B’ = B, Now let BLg K= Brlg KOBLgK, then for n > n(r)
the map above restricts to give ¢, : Bil’g x — K, [[tk]] C Bar. By Théoréme

1.3.3 of [Be08|, if 7 > 0, there exists a unique Brlg -submodule Drlg
D/, x such that D}, , = Dl . ®pir B!, x and such that the B[, -

) Finally,

let tx = log(T) € Brlg K it belongs to BL;OK and ¢o(tx) coincides with the
usual tx of Bl as in §2 and §3. We set

i of

module Bii’g}( Opir DL’gK has a basis contained in ¢, (DLgK

DSen K ( rig, K) (‘DL;K ®90go_" Kn) QK. KOO?

( = (Dl i @1 K () ) 1, Ko ((£))
Dar, i ( )

K
crlsK ( rig, K)

~Dairx (Dlic)
Do (DL ) = (D 11/te]) "
st, K rig, K log,K[ /K]

Dait e (D, x

(Dl 1/6x]) "

One verifies that Dgen x <Diig’ K) and Dy (DLg’ K) are independent of
the choice of n. The main theorem of this section is the following.

Theorem 11.5. Let V' be K-analytic representation of Ggk. For
* € {Sen, dif, dR, cris, st} ,

we have a natural isomorphism

D, x(V) =D,k <Diig,K<V)> :
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Proof. Set DL&K = DLgK(V). For r,n > 0, we have a natural map
DL’QK Db, W, where W = (C, @k V). The image of 6 o @, " is by
definition Dgen x (DLg K), which is a K -submodule of rank d = dimg V.

As 0o p," is T'k equivariant, it maps pro K-analytic vectors to locally

K-analytic vectors, so the image lands in W& = Dg,, (V). Compar-
ing ranks we get the desired isomorphism for * = Sen. Replacing 6 o

0" by 1 0 ;" we similarly get a map Dy, (V) — Dy (DL’;,K) of
two K [[tx]]-modules of rank d, whose reduction mod tx is the isomor-

phism Dgen (V) = Dsen. e <Diig, K). Thus by Nakayama’s lemma we have
Dzﬁf,K(V) = Djirif,K (DLgK(V)) and we deduce

Duit,x (V) = Dait, i <Dlig7K(V)>

by passing to colimits.

As Deisx = DI, it remains to prove the comparison for * = st. Twist-
ing V' by an appropriate power of y,, we further reduce to proving that

r
Df (V)= (DL&K) " By Lemma 5.6 below, we have

D}, (V) = <]§irog QK V) o

=1 t Cx
= (B ®B1rog Dlog,K(V)>

log K

~ 'k
_ T T
- (Blog,K ®Bfog’K Dlog,K(V>> .

r
On the one hand, this implies that DJ ;- (V') C (DLgK) " On the other
hand, vectors which are fixed by I'x are also pro K-analytic on I'g, so

)FK,K—pa

Ds+t,K (V) = (Bfog,K ®Bfog,K DIrog,K(v)

~ i K—pa Ik
= ((Blog,K (®B1L Dlog,K(V)> ) .

log, K

Since V' is K-analytic, Theorem 5.2 implies that DL& (V) is pro K-analytic,
and so by Lemma 2.1 we have

~ t K—pa 4 K—pa +
(Blog,K ®Bfog,K Dlog,K(V)> = <Blog,K> ®Bfog,K Dlog,K(V>‘

Applying Theorem 4.6, we deduce

'k

D} i (V) € (Unzo#y" (Bl ) @y, Dl (V)
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r
Thus @7 (D}« (V)) C <D1TOg?K> * for some n > 0. If €1, ..., e is a basis of
Dy x (V) then ¢} (e1), ..., ¥} (er) gives another basis of D , (V) which lies

r
in (DL& K) " This concludes the proof. O

The following lemma was used in the proof of Theorem 5.5.

Lemma 11.6. Let V € Repy(Gk). Then
+ o G
Dst,K(V) = (Blog QK V)

Proof. Given an automorphism o : Ky — Ky, let V7 be the o-twist of V.
Then we have G g-compatible identifications B ®q, V = @,Bf @k, V7 and

Efogp ®q, V = @Uﬁfog,(] ®k, V?. Now by Proposition 3.4 of [Be02| we have
(B ®q, V)" = (ET

a
log,0 ¥Qy V) * and hence by projecting to the o = Id

component

G

~ Gg
D} (V) = (B @1, V)™ = (Blo ®, V)

- - - a
Finally, by Proposition 4.3 we have B;rog = Bfogp@KOK SO (BL&0 K, V) -
(B,

log

Gk
R V) . O
Remark 11.7. The definitions given in this section for

DSen,K7 Ddif,K7 DdR,Ka Dcris,Ka Dst,K

make sense for non étale K-analytic (¢4, 'k )-modules. The properties of
these modules which were proved in §3 carry over with no difficulty to this
more general case.

Remark 11.8. For each DI

rig, K

Deris, i (Diig K> For i € Z, we set

we define filtrations on Dggr x <Diig7 K) and

. . 'k
Fil' (Danc (Dl ) ) = (Ko @x, tic Ko [itx]] @51, Dl c)
for n > n(r). Recall there are injections
lp - Dcris,K (Diig,K) — DdR,K (Diig,[{)

for n > 0, and set
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SOZ (FﬂiDcris,K (Diig,K)) = Lgl <F11’L (DdR,K (Dilg,K))> :
The filtrations Fil’ (DdR,K <Diig,K>> and Fil’ (Dcri&K (DL&K>> are inde-

pendent of all choices. If D = DLg (V), one checks that the usual filtration
of Dar i (V') (resp. Deis (V) induced from that of Bag (resp. Bumaxx)
coincides with the above defined filtration via the identification of Theorem
5.5.

12 Lubin-Tate trianguline representations of di
mension 2

We keep the convention that £ is a finite extension of Q, which contains K.

Definition 12.1. 1. A (¢,, 'x)-module over Biig’K ®x E is called Lubin-
Tate trianguline if it can be written as a successive extension of (p,, I'k)-
modules of rank 1.

2. An E-linear K-analytic representation V' is called Lubin-Tate trianguline
if Diig (V) is Lubin-Tate trianguline.

In the case K = Q,, trianguline (¢4, I )-modules of dimension 2 were first
studied by Colmez in [Co08]. We shall be concerned with Lubin-Tate tri-
anguline (¢,, I )-modules of dimension 2 which were studied by Fourquaux
and Xie in [FX13].

12.1 Characters of the Weil group

Recall that if Wy is the Weil group of K, local class field theory gives
a natural isomorphism W2 = K*. This allows us to identify characters
§: KX — E* with characters W& — E*| the identification given by

d(Frob;"g) = o(m)"(x~(9))

for ¢ € Gal(K*/K"™) and n € Z. To such characters § we associate the
(g: 'k )-module (BLgK QK E) (0). It is a (¢4, 'k )-module of rank 1 with

a basis es, where p,(es5) = 0(m)es and g(es) = d(xx(g)) for g € I'x. Note
that this (¢, 'k )-module is étale exactly when § is unitary; in this case,

if ¢ is locally K-analytic, the module (Biig’ x QK E> (0) corresponds under

the equivalence of categories in §5.1 to the extension of § to Gal(K/K).
Proposition 1.9 of [FX13] shows that all K-analytic (¢4, 'k )-modules of
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rank 1 over BLg’ x @k E are obtained in this way. We write S, = Z,n(E)
for the set of locally K-analytic Weil characters. There are two characters
in .Z,, of particular interest: the inclusion character x : K* — E* and

the character uy(z) = A+ . To § € .7, we associate to the weight
w(d) = % where u € Oy is any element with log,u # 0, and then

w(6) does not depend on u. If § is unitary and w(d) € Z then w(d) is the
K-Hodge-Tate weight of the associated character of Gal(K/K) (see §3).

12.2 Extensions

Given 01, 05 € Z,, we consider the set of extensions
0~ (Blyx @k B) (01) = Dy ic = (Bl i @1 E) (32) 0

in the category of K-analytic (¢4, 'k )-modules. These extensions are clas-
sified by a finite-dimensional E-vector space H}, (6:6;"), whose dimension
is determined in Theorem 0.3 of [FX13] as follows.

Theorem 12.2. dimgH., (0:6;") = 2 if 6105 = a7 for i € Zsy or if
61651 = pg1a’ fori € Zso. Otherwise, dimp HY (6:6;") = 1.

12.3 Spaces of Lubin-Tate trianguline (¢, I'x)-modules
of dimension 2

There is an action of G,,(E) = E* on H} (616;"'), and extensions which
lie in the same orbit of this action give rise to isomorphic (¢4, Ik )-modules.
Following §6 of [FX13] we write

S = gm(E) =
{s= (51,00, £) : 61,0, € Iun (E), L € H. (5,5, )\ {0}} /G, (B).

By Theorem 6.2, each pair of characters d,,0, € 7, give rise either to a
unique point (81, d2, 00) of .*" in the generic case or a P! ( E)-family of points
of .#*" in the non generic case. To each such s we associate the correspnding
(g, 'k )-module DLg’K(s) which is an extension of <Biig7K QK E> (01) by

(Bl ©x E) (8)
Inside .#", we consider the subset . of real interest given by these s €
Z*" such that

val(6109) = 0 and val,(d;(7)) > 0.

For example, all étale K-analytic Lubin-Tate trianguline (¢,, I'x)-modules
appear in /"
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For an element s € 72" we associate two invariants: the slope u(s) =
val,(61(7)) and the weight w(s) = w(6,6, ") = w(6;) — w(5z). We then have
the following partition
SZUE Bl | B | 2 | I | N7

where

I8 ={sc S w(s) ¢ Zor},

S ={s e I w(s) € Lyr,u(s) <w(s),L=o0},

S ={s e I w(s) € L, uls) <w(s),L#xx},

Sy ={se .S w(s) € Ls1,u(s) =w(s)},

S ={se .S w(s) € Zsi,u(s) >w(s)}.
(Here ng and ncl are abbreviations for “non-geometric” and “non-classical”).
We also write .75" = {s € .™ :u(s) =0} and 7 = 7 N .. Each
subset ;' above is named according to the behaviour that the s €
exhibit. For example, s € .2 is étale if and only if s ¢ .7, and in that

case if s € S (resp. s € .5, s € ) then DLgK(s) comes from
a potentially crystalline (resp. semistable but non-crystalline, potentially
ordinary) E-representation up to a twist. See §6 of [FX13] for more details.

Lemma 12.3. Let DL&K be a K-analytic (¢4, I'x)-module over BL&K@)KE.

Then
\Y <tKDIif,K (Dlig,K)) - tKDjl_if,K <Dzig,K> :

Proof. Use the identity V(txx) = txr +txV(x) = tx(z + V(2)). O

The following shows that if s € .72\ (71# U.#P) then DL& (s) is comes
from a de Rham E-representation up to a twist (see Corollary 3.10).

Corollary 12.4. Let s = (61,02, £) € 7™ and suppose that w(d,), w(ds) €
Z with w(6y) > w(dy). Then DL&K(S) is K-de Rham.

Proof. We may assume that §; = 1. Write 6 = dy so that and w(J) < 0.
Then Dy = Dy i (Diig’ K) is an extension of the form
0= Kullt)] @k B = D ic = Dipc (Bl @1 B) (6)) 0.
Pg=1
Take e5 € Dy ((Blig,K O E) (5)> = D ((Biig,K U E) (5)>
and lift it to D3 ;. If we take e = 1 € K[[tx]] ®x E then e, e is a basis
of D i, and the action of Vi x on Dy . in the basis e, e; is given by

Mat(Vait ) = ( 8 “(}; ) :
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where f € Ko[[tk]] ®x E. As w(d) < 0, we have that e; is divisible by tx
so by Lemma 6.3 we have that f is divisible by tx. As Vairx = tK% on
Koo[ltk]] we may find an h € Ky [[tk]] ®x F with Ve x(h) = f. Then e
and es — he give a full set of sections for Vgir x on Dériﬂ k- By Proposition
3.7 (which applies according to Remark 5.6) we are done. O]

Remark 12.5. The argument of Corollary 6.4 can be generalized to show that
if DLg x 1s a K-analytic Lubin-Tate trianguline (¢,, Ik )-module which is a

successive extension of (BIigK QK E) (6;) for i =1, ..., d with w(9;) integers
satisfying w(dy) > ... > w(dq), then Diig,K is K-de Rham.

12.4 Lubin-Tate triangulation of a p-adic representa-
tion of dimension 2

The following generalizes Lemma 2.4.2 of [BC09|. Using Theorem 5.5, we
may follow the same proof of loc. cit.

Proposition 12.6. Let Diig’K be a K -analytic (g, ' )-module over BLg,K(}Z)K
pg=a
E,a€E* andi€Z. Ifv € Dusx (DL&K> oDl [1/tk] , then

z € Fil’ (Dcri&K (Dlig7K>> if and only if x € tiKDIig,K'
Proof. We may reduce to the case ¢ = 0 by twisting. By Theorem 5.5,
r
Fil’ <D;rig,K> = D:—;is,K <Djig,K> - (DIigK) :
and

- f + t Fe
DdR,K (Drig,K> = Ddif,K (Drig,K) .

Recall that for n > 0 we have an injection
ln : Dcris,K (Diig,K) — DdR,K <DIig,K>

and by the definition of filtration in Remark 5.8, we have

SOZ (D;is,K (Diig,K>> = Lgl <D3_R,K (Dlig,K>> .

t f pa=a
Ifxe Drig,K N Deris, x (Drig7K> we have

in(Z) € tn (Dlig,K> C D:fR,K (Diig7K>
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cris, K

for n > 0, so z € ¢ (D+ (DLQK)) and the relation v = oy "(v)

implies © € DY x <Diig?K>. Conversely, if z € D x (DLg K) satisfies

@q(r) = za, then x = a™ "¢} (), 50 1, (x) lies in Dy 4 (Dng K) for n > 0.
Choose a BL’;’K—basis e1,...,eq of DmgK for r > 0, and write x = ) fje;
for f; € BI{;K[l/tK]. For each j, we have that ¢, (f;) lies in K, [[tx]] for
n > 0. This implies by Lemma 4.6 of [Be02| that each f; € BL; x> Whence

T
r € Dy, g [

Following §3 of [Ch08|, we compute the triangulation of a representation of
dimension 2 in terms of a crystalline period.

Proposition 12.7. Let V' be a 2-dimensional E-linear K -analytic represen-
tation of Gi. Then V is Lubin-Tate trianguline if and only if there exists a
K -analytic character n: Gx — OF and a € E* such that

Dcris,K(V(n))%:a # 0.

Moreover, if i is the largest integer such that

FﬂiDcris,K(V(n))wq:a SZ Fili+1DcriS,K<V(n))wq:a;

then DIig,K(V) is an extension of <BT x OK E) (01) by < rig. ik QK E> (02)

rig,
where 81 = N par™" and 5y = Npg-12'det (V).

Proof. 1f V is Lubin-Tate trianguline, then Drng(V) contains a submod-
ule of rank 1 isomorphic to (Bri&K QK E> (0) for some § € Z,,. Taking

n:Grg — OF deﬁned by n(g) = 0 (xx(g)) we have DY,/ (V(n))#e=0") =
DLg(V(n))FL Lea=0(m) 2£ (. Conversely, suppose that such an a and 7 exist.
We shall shows V' is Lubin-Tate trianguline with the described triangula-

tion. Twisting by a power of x., we may assume that ¢ = 0 and that
D . (V(n))?1=* contains an element f ¢ Fil'Duis x(V(1))9=*. By what

cris, K
we have proven in §5, we have

D i (V ()7~ = D e (V ()=,

so f € DngK(V(n))FK:l’“’q:"‘. By taking its span and twisting by 7!
get a rank 1 sub (¢4, Ik )-module of Diig,K(V). The ideal I generated by the
coefficients of f in a basis of in DLg’ x(V(n)) is stable under the actions of

¢, and I'k. As BLg, x @k E is a Bézout domain and [ is finitely generated,
it is principal, and we conclude from Lemma 1.1 of [FX13| that [ = (¢}) for
n € Z>o. Proposition 6.6 shows that n = 0, and this means that

(Blig,K ®x E) ) = (Bilg Kk ®K E) (1" 11a)

39



is a rank 1 saturated submodule of DL& x (V). We then have

DIig,K(‘/)/ (Biig,K ®K E) (n‘lua) = <Blig,K QK E> (Npto-1det (V)
by the classification of (¢4, Ik )-modules of rank 1. ]

Finally, we conclude with the proof of Theorem B from the introduction.
To do so, we first recall what are cyclotomic trianguline representations.
Let K&° = K(up~) be the cyclotomic extension of K and let K} be the
maximal unramified extension of Ky in K&¥°. The ring Bii’g}:{ is the ring of
power series ) | a,T" with a,, € K, and such that f(7") converges on some
nonempty annulus r < |T'| < 1. The ring is endowed with a Frob,-semilinear
¢ action and a semilinear I'Y°-action. If K = Ky then o(T) =(1+T)? —1
and y(T) = (1 + T)X<() — 1, but in general the action has to do with the
theory of lifting the field of norms and is more complicated.

We can then define a notion of a (¢, I'Y")-module over Bii’g’y;{ ®q, F analogous
to the notion of a (p,'x)-module over BL&K ®q, £. If V is an E-linear

representation of G, one can associate to V' a (¢, I'Z)-module DIi’g}C{(V)

T,cyc
rig, K

define a (p, T¥%)-module (Bilgyf( ®q, E) (0) in the following way. If ¢§ is

unitary, then it corresponds to a character § : Gy — E*, and we set

over B ®q, £. Now let § : K* — E* a continuous character; we can

(Bl ©q, E) (8) = DI (V)(E()).

If 5]02 =1, set

<BII’;?’C ®Qp E) (5) = (BII’;}'C ®Qp E) [QO] ®(ijgc?}c{®QpE>[<Pq] E€5,
where ¢,(es) = 0(m)es. For general §, write § = ;9 where d; is unitary and
52|O}x( and set

(Bl ®q, B) (6) = (Bl 9q, E) (01) ® (Bl @, B) (62).

An an FE-linear representation V' of G is said to be cyclotomic trian-

guline if DIi’gIC((V) is a successive extension (¢,'Y°)-modules of the form

(BL’;‘W ®q, E> (0). This is the same notion of triangulinity which appears
in [Na09, KPX14, Lil2|, but we give it a different name here to distinguish

it from Lubin-Tate triangulinity.

Theorem 12.8. Let V' be a 2-dimensional E-linear K-analytic representa-
tion of Gk. The following are equivalent.
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—

.V is cyclotomic trianguline.

2. There exists a K-analytic character n : O — E* and o € E* such
that Deis.q, (V (1))?4= is nonzero.

3. There exists a K-analytic character n : O — E* and o € E* such
that Deis ik (V(n))¥=* is nonzero.

4. V is Lubin-Tate trianguline.

Proof. The equivalence between 3 and 4 was proven in Proposition 6.7, while
the equivalence between 2 and 3 follows from Lemma 3.11. It remains to
prove the equivalence of 1 and 2. This equivalence seems to be well known
but due to a lack of suitable reference when K # Q, we give a proof here.

If V is cyclotomic trianguline, then DL’Q}C((V) can be written as an extension
0 (Blidk @q, E) () - DIZi(V) - (BlZk @q, E) (3:) > 0.

Since V is K-analytic, 0, is also K-analytic. Twisting by ;| ., we may

OX )
assume O | ox = 1. It then follows from [KPX14, Example 6.2.6] that

Dass (Bl ©a, B) (1)) =16, (Fes,)

where ¢, (es,) = 01(m)es, . It follows that Des q, (V)#7=1 (™ £ 0.

Conversely, suppose that 2 holds. By replacing V' with a K-analytic twist,
we may assume that D q, (V)77 = Duuis,q, (V)= # 0. 1t follows from
Berger’s dictionary that

cyc —
D (V)'s ¥~ = D,

cris,Qp (V>g0q;é07

so that DL’;Y[C((V) K*%a= contains a (g, [Y°) invariant E-line, and hence
(BL’SIC{ ®q, E> (0) where 6|« =1 and 6(7x) = . This sub Bilgy}:{ ®q, E-
module may not be saturated, but it follows from [KPX14, Corollary 6.2.9]
that DL’Q}}(V) contains a saturated module of the form (Bilgy}} ®q E) (8").

In particular, DI{;yIC((V) is an extension of two rank 1 (¢,, I'Y°)-modules, so
V' is cyclotomic trianguline. O]

13 Overconvergent Hilbert modular forms

13.1 Overconvergent Hilbert eigenforms

We briefly recall what we need about the cuspidal Hilbert eigenvariety of
Andreatta, Iovita and Pilloni (see [AIP16]).
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Let F be a totally real number field, 3 the set of embeddings of F in Q and
N € Z>,. A choice of an embedding Q— Qp determines a decomposition
Y = I,.p2XF, where each v is a place of F' lying over p. Let L be a finite
extension of Q, which contains F©. The weight space for the algebraic
group Resp, zGLy is W = Spf (OL H(OF ®z Z,)" X Z;H)ng. If fisa
classical Hilbert eigenform on F' of tame level V| its weight is a tuple wt(f) =
({k+},ex, w) € ZE, x Z satisfying k; = w mod 2 for each 7 € . It is then
identified with the point in W corresponding to the character (z1,z3) +—
(IT,cs 7(21)") 2%. The cuspidal Hilbert eigenvariety of tame level N is a
certain rigid analytic space £ which gives a p-adic interpolation of classical
Hilbert eigenforms. More precisely, it is a rigid analytic space together with
a weight map wt : £ — VW whose points parametrize overconvergent Hilbert
modular forms of finite slope together with a choice of Hecke eigenvalues at
places v|p. We summarize its properties below (see §5 of [AIP16]).

Theorem 13.1. 1. The map wt : € = W s, locally on & and W, finite
and surjective.

2. For each k € W(C,), the fiber wt~(k) is in bijection with finite slope
Hecke eigenvalues appearing in the space of overconvergent cusp forms of
weight K, level N and coefficients in C,.

3. There exists a universal Hecke character A : HN?P @ U, — Og. Here,
HNP is the abstract Hecke algebra away from Np, and U, is the Q,-algebra
generated by the U,-operators for v|p.

4. There is a universal pseudo-character T : Gal(F/F) — Og which is
unramified for L1 Np such that T'(Froby) = X (T}) for the arithmetic Frobenius
Frob.

9. For each x € & there exists a semisimple Galois representation p, :
Gal(F/F) — GLg (k(x)) which is unramified for 1t Np and which is char-
acterized by Tr(py) = T, and det(py) = Nmp,q (I) Az (S)).

6. The generalized Hodge-Tate weights of p.|a,, are {W’T’“*, %}

TGEFU :

We fix a place v|p in F and place ourselves in the setting of §1.2 with K = F,,
m = 7, a uniformizer of F,,, etc. We extend scalars if necessary so that Pa:|Gpv
is K¢ linear.

Proposition 13.2. For x € £, we have

kr—w
Wq:H-reZFu T(mp) ™ 2 Uy

w—kz
D(J:;is,Fv p;c/lGFv H (T o erv) 2 7é 0.

TGZFU

Proof. For classical Hilbert modular forms of cohomological weights this is
known by Saito’s local-global compatibility results in [Sa09|. The regular
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classical points are Zariski dense in £ by the classicality criterion in [Bil6],
so the claim follows from the global triangulation results in Theorem 6.3.13
of [KPX14] or in Theorem 4.4.2 of [Lil12].

For example, in the notation of [Lil2|, Theorem 7.1, Saito’s results and

the classicality criterion in [Bil6] imply that p)|c, is a family of refined

p-adic representations of G, of dimension 2, where x; = {’“TT_“’}T, Ko =
k

kr—w T—W

{—k‘a—w + ]_}7_, Fl = HT ’T(ﬂ'fu> 2 Uv,u7 7’/1 — HTEEFU (TO Xﬂu) 2 and Z iS
the set of crystalline points of £. Then Theorem 4.4.2 of [Lil2]| (or rather,
its proof) establishes the desired result after applying Berger’s dictionary to
pass from Diigva to D O

cris, Fy °

13.2 Lubin-Tate triangulation

Let » € £ and and consider p,|g,, as an E-linear representation for some
finite extension Q, C E which contains F& and k(z). In this section
we shall describe exactly when p,|q,, is either overconvergent or Lubin-
Tate trianguline and explicitly describe the triangulations. We shall assume
pz|Gr, is nonsplit. The split case is less interesting because in that case it
is obvious that p,|q,, is overconvergent and that Lubin-Tate triangulations
exist in a degenerate sense.

Corollary 5.3 gives the following.

Proposition 13.3. p.|q,, is overconvergent if and only it is F,-analytic up
to a tuist.

Let us assume then that p, |, iss F-analytic up to a twist, so that that the
weights at X, are (k, 1,...,1) where k = kiq. Let a, be eigenvalue of U, for

k=1 1w
the corresponding Hecke operator of v. Then «, = m,? (N £, /Qp(m)) 2 q,
interpolates to a function on £ (see Remark 4.7 of [AIP16]). Upon writing

1-k w—1
V= pllon, (xo? (Najq,oxn) 7 ).

Proposition 7.2 becomes the statement D . (V)#1=* # 0. The represen-
tations p.|q,, and V differ by a dual and a character twist, so according to
Corollary 5.3 their overconvergence and Lubin-Tate triangulinity are equiv-
alent. However, V' is F,-analytic with F,-Hodge-Tate weights 0 and k& — 1

which makes it nicer to work with.

The following is a generalization of Proposition 5.2 of [ChOS].

Theorem 13.4. The representation V' is Lubin-Tate trianguline. We have
DL . (V)=DL . (s) fors= (61,6; 'det(V), L) € .72, where

rig, Fyy rig, Fy

1. If k ¢ Z>, then 6y = 14, L =00 and s € /5.
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2. If k € Z>, and val,, (a,) < k — 1 then §; = p,, and either

(a) £ = oo, in which case s € .
b) L # oo, in which case s € .5, This is only possible if 2val,, (v, )+
+ v
[F,:Qp =k —1.

3. If k € Z-y and val,, (a,,) = k—1, then &; = 10, £ = 0o and s € .74,

4. If k € Z>;, and val,, (a,) > k — 1 then 6; = 217 *p,,, L = oo and
s € SE

Proof. By Proposition 6.7, we know V' is Lubin-Tate trianguline and a tri-
angulation is determined the by largest ¢ € Z with FiliDcriS,Fv (V)$a=ow &
FiliHDmS, g, (V)#e=%_ It remains to determine ¢ in each case; it is a non-
negative F,-Hodge-Tate weight of V. If k ¢ Z-; then i = 0, so (1) is settled
and we may assume k € Z-;.

Assume that val,, (a,) < k — 1 and suppose by contradiction that i = k — 1.
Then DLng (V) has <Biig,Fv ®F, E) (#17*u,, ) as a subobject, and the latter
has slope val,, (a,) — (k—1) < 0 which contradicts Kedlaya’s slope filtration
theorem (theorem 6.10 of [Ke04]). Thus i = 0. For the equality in part (b)
of (2), observe that £ # oo can only occur if dimg HY, (6:6;') > 1, which
by Theorem 6.2 implies 6,05 ' = p,-12*~1. This proves (2).

For (3), suppose by contradiction that i = k — 1. Then ¢; = z'*pu,, and
s € SIS, so by Corollary 6.4 we have that V' is de Rham. A similar
argument to Lemma 6.7 of [Ki03] shows that V' must be split, contradicting
our assumption that p,|g,, is nonsplit.

Finally, suppose that val,, (c,) > k — 1 and suppose by contradiction that

i = 0. Then Diig’Fv (V) is an extension of

(Bl ®5, B) (31)
by
(Blyr, @5 E) ()

with w(d;) = 0 and w(d2) = 1 — k. This implies by Corollary 6.4 that V'
is F,-de Rham, and hence also F,-potentially semistable by Corollary 3.10.
But this contradicts admissiblity because val,, (a,) > k — 1. O

Remark 13.5.
1. If k,w € Z then val,, (a,) = 52 + 21 [F, : Q,]+val, (a,). The small
slope condition 0 < val, (a,) < k — 1 can then be rewritten as

1—-k w-—1 k—1 w-—1
F,: < val <
2 + 2 [U QP]—Vaﬂ'v(a’U>— 2 + 2

[Fy: Q.
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2. The parameter £ # 0 appearing in the case 2(b) is described in the
work of Ding (Corollary 2.3 of |[Dil7|) in the following way. Upon
considering these points of £ with weights (k, 1, ..., 1) in a small affinoid
neighborhood of x, one has

dlog a,

L(z) = -2 I | =t

3. When F' = Q and k > 2, Coleman’s classicality theorem ([Co97]) says
that f is classical if and only if val,(a,) < k—1 or val,(a,) = k—1 and
f is not in the image of ©*~! where O is the operator which acts on
g-expansions by qdiq. Analogously, we can give a prediction in general
when p is an inert prime in F. We expect, based on the conjectures
appearing in §4 of [Br10|, that an F,-analytic form f is classical if and
only if val,(a,) < k—1 or val,(a,) = k—1 and f is not in the image of
O . Here Oy is the Theta operator in the direction of the identity
embedding, as constructed in §15 of [AGO05|. If such a classicality
statement were known, one could argue as in §6 of [Ki03| and deduce
the Fontaine-Mazur conjecture for the representations attached to F)-
analytic finite slope Hilbert eigenforms.

4. If we allow py|g,, tobesplit, it is also possible that k € Z>,, val., (a,) =
k—1 and Filk_chriS,Fv(V)W:“v =# 0. Our expectation is that if f it-
self is not classical then f = @fd_ !¢ for some eigenform g, so that this
is the only case where py|q, can be de Rham without f itself being
classical. In the case of F' = Q, this is known by §6 of [Ki03].

13.3 Example: the eigenform of Moy and Specter

In this section we shall test our results for a classical Hilbert eigenform. It is
not too easy to find explicit classical Hilbert eigenforms for which Theorem
7.4 gives any new information beyond that which already exists in the liter-
ature. The case where v splits in F' is well understood, and for CM Hilbert
eigenforms of F the local representation at F, splits so Theorem 7.4 is rather
trivial. That’s why we shall consider in this subsection the non-CM Hilbert
eigenform of partial weight 1 found by Moy and Specter in [MS15|. To the
best of the author’s knowledge, it is the only example in the literature of a
non-CM classical Hilbert eigenform of partial weight 1.

Recall that if f is a classical Hilbert eigenform of level I'; (V) and nebentypus
e, the Hecke polynomial P,(X) at a place v with a, # 0 is given by

By(X) =

X —a, ifv| N
X2 —c(v, )X +e()Npjqv)*~! ifvfN’
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where c(v, f) is the T,-eigenvalue. When v { N, raising the level of f
gives two eigenforms fi, fo whose attached p-adic representations p; co-
incide and such that {a,(f1),a,(f2)} are the two roots of P,(X). Us-
ing Theorem 7.4, this gives rise to two different triangulations of V =

1ok w—1
PalGr, (wa (NFU /Q, © va) 2 ) Whenever local-global compatibility holds,
the Hecke polynomial is equal to the characteristic polynomial of the action
of ¢, on DT <pf|\c/¥F ) Thus the valuation of ¢(v, f) determines the valua-

tions of the eigenvalues of ¢, by the method of the Newton polygon. This
observation is used in the computations below.

Next recall that the main theorem of [MS15] finds for F = Q(+/5) a non CM
cuspidal Hilbert eigenform f of weights (ki, k2, w) = (5,1,5), level I'1(14),
nebentypus € with conductor 7 (co;) (002). For the following examples, we
let p be a prime in the range [2,11], v a place of F' lying over that prime
and py the associated p-adic Galois representation of f. We set

v - p:\L'/‘GFv (X;UQ (NFU/Qp © Xﬂ'v)2> ?

which differs from py|q,, only by a dual and a crystalline twist. We shall
examine the behaviour of V' for different v. When v # (2) local-global
compatibility holds by Remark 1.5 of [Nel5|, while in v = (2) we shall
assume it holds, though it seems to be still conjectural in this case. Local-
global compatibility implies that py|g,, is de-Rham, and since its Hodge-
Tate weights at each nontrivial embedding of F, are {0,0}, it is also F-
analytic. Given an eigenvalue a, of U,, Theorem 7.4 produces a point s €
. The table in §3 of [MS15| computes the values of a, for such v. It has
to lie in the range given by Remark 7.5(1).

Examples.

1. The place v = (2) lies over the inert prime p = 2 and the valuation
bound is val,(a,) € [2,6]. Since the character has conductor prime to 2 and
the level at 2 is I'g(2), the local component my(f) is Steinberg (up to an
unramified quadratic twist). A suitable local-global compatibility theorem
predicts that V' is semistable noncrystalline and s € .}*. In particular, the
condition of case 2(b) of Theorem 7.4 predicts that valy(as) = 3, which is
confirmed by §3 of [MS15].

2. The place v = (3) lies over the inert prime p = 3 and the valuation bound
is val,(a,) € [2,6]. The place v is coprime to the level, so the local com-
ponent m3(f) is unramified principal series. By local-global compatibility,
V' is crystalline. By §3 of [MS15|, we have vals (¢(3, f)) = 2, so that the
two U,-eigenvalues have valuations 2 and 4. Then V' has two triangulations,
giving rise to s; € "™ and s, € S

3. The place v = (\/3) lies over the ramified prime p = 5 and the valuation
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bound is val,(a,) € [2,6]. By §3 of [MS15], we have val, (¢(v, f)) = 2, and
the triangulations in this case behave similar to the case of v = (3).

4. The place v = (7) lies over the inert prime p = 7 and the valuation
bound is val,(a,) € [2,6]. The character has conductor divisible by 7 and
the level at 7 is I'g(7), so the local component 77(f) is ramified prinicpal
series. After an abelian extension it becomes unramified principal series, so
by local-global compatibility V' is crystabelline. By §3 of [MS15|, we have
valy (a7) = 3, so V gives rise to s € S8\ A,

5. The place v = (%) lies over the split prime p = 11 and the valuation

bound is val,(a,) € [0,4]. By §3 of [MS15], we have val, (¢(v, f)) = 0, and
the triangulations in this case behave similar to the case of v = (3) and

v = (V5).
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Part 111

Locally analytic vector bundles
on the Fargues-Fontaine curve

Abstract

In this article, we develop a version of Sen theory for equivariant
vector bundles on the Fargues-Fontaine curve. We show that every
equivariant vector bundle canonically descends to a locally analytic
vector bundle. A comparison with the theory of (¢, I')-modules in
the cyclotomic case then recovers the Cherbonnier-Colmez decomple-
tion theorem. Next, we focus on the subcategory of de Rham locally
analytic vector bundles. Using the p-adic monodromy theorem, we
show that each locally analytic vector bundle £ has a canonical dif-
ferential equation for which the space of solutions has full rank. As
a consequence, £ and its sheaf of solutions Sol(€) are in a natural
correspondence, which gives a geometric interpretation of a result of
Berger on (¢, I')-modules. In particular, if V' is a de Rham Galois
representation, its associated filtered (¢, N, G )-module is realized
as the space of global solutions to the differential equation. A key
to our approach is a vanishing result for the higher locally analytic
vectors of representations satisfying the Tate-Sen formalism, which is
also of independent interest.

Contents

14 Introduction

The study of p-adic Galois representations has been conditioned to an extent
by two dogmas. One is the analytic dogma; its main idea is to associate to
every such representation a (¢, I')-module over the Robba ring and to study
these objects using p-adic analysis. The other dogma is geometric: to every
p-adic Galois representation one associates an equivariant vector bundle over
the Fargues-Fontaine curve. The aim of this article is, roughly speaking, to
find a framework where both analysis and geometry can be carried out.
In recent years, much of the theory of p-adic Galois representations has
been understood in terms of the geometry of the Fargues-Fontaine curve.
A notable exception has been the p-adic Langlands program, where the
analyic approach has been dominant. Thus we are motivated to reduce this
discrepancy by introducing corresponding objects on the Fargues-Fontaine
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curve which are also amenable to analytic methods. These are the locally
analytic vector bundles, the main new objects introduced in this article.

We shall now explain this in more detail. Let K be a finite extension of
Q, with absolute Galois group Gg. Let K.y be the cyclotomic extension
of K and write I' = Gal(Ky/K). For the sake of simplifying the intro-
duction, we shall focus now on the cyclotomic setting, though as we shall
explain later, the content of this paper will apply to a wider class of Galois
extensions K.,/K. The Robba ring R is the ring of power series over a
certain finite extension of Q, in a variable 7" which converge in some annuli

~

r < |T| < 1. The Fargues-Fontaine curve X = X (Ky.) associated to the
perfectoid field I?Cyc (see §3) has an action of I Combining theorems of
Cherbonnier-Colmez, Fargues-Fontaine and Kedlaya, it is known that there
is an equivalence

{(p,T')-modules over R} = {I-equivariant vector bundles on X'}

with the category RepQP(G k) of finite dimensional Q,-representations of
G'i embedding fully faithfully into each of these categories.

If Dis a (¢,I')-module over R, a fundamental fact is that the I'-action on
D can be differentiated, namely, there is a well defined action of Liel’ on D.
Since Liel" is 1-dimensional, this data is the same as that of a connection V
which acts on functions of 7' by a multiple of d/dT". It is this structure which
allows the introduction of p-adic analysis into the picture. Note that in the
construction of the p-adic Langlands correspondence for GL2(Q,) given in
|[Co10] the use of this analytic structure is ubiquitous, and so we find it
desirable to have it available for equivariant vector bundles as well.

Unfortunately, the action of I' on an equivariant vector bundle on X cannot
be differentiated. This is already true for the structure sheaf Oy. Here is a
simplified model of the situation which illustrates why there is no action of
Liel’ on Oy. The functions on an open subset of X can roughly be thought
of as power series in TP~ satisfying certain convergence conditions. When
we try to apply the operator d/dT to such a power series, the result will
often not converge since the derivative

AT [T = (1T

grows exponentially larger p-adically as n goes to infinity. Nevertheless,
there is a way to single out these sections for which the action of Liel’ does
not explode. This is achieved by considering only these sections on which
the action of I' is regular enough. In this toy model picture, this will amount
to considering only these power series where the coefficient of the exponent
of T*/P" will decay proportionally to p”.

More canonically and more generally, these elements for which differentation
is possible are precisely the locally analytic elements. Given an equivariant
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vector bundle € on X , there is a subsheaf of locally analytic sections e &,
This sheaf is a module over O which is preserved under the I-action, and,

crucially, Liel" acts on £ We are thus naturally lead to the definition of
a locally analytic vector bundle on X: by this we shall mean a locally free
O%-module together with a T'-action.

Our first main result is saying that there is no loss of information in this
process: each equivariant vector bundle canonically descends to a locally
analytic vector bundle.

Theorem A. The functor £ s Ela gives rise to an equivalence of categories
{equivariant vector bundles on X'} = {locally analytic vector bundles on X'}.

Its inverse is given by the functor € — Oy Dot E.

This theorem fits naturally into the framework of Sen theory, as we shall
now explain. Let V' € Repq, (Gk). Then according to Sen’s theory, proven
by Sen in [Se81|, there is a canonical isomorphism

(V ®Qp Cp)Gal(F/Kcyc) ~ Acyc ®Kcyc DSen(V)

where Dge, (V) is the K y-subspace of elements with finite [-orbit in V ®q,
C,. Later, Fontaine (see §3—4 of [Fo04|) proved an analogue of this theorem
for BZ;: he showed there is an isomorphism

(V ®Qp B(;_R)Gal(F/KCYC) = (BIR)GaI(F/KcyC) ®Kcy0[[t” D(—;f(V)

where D},;(V) is a canonical Ky[[t]]-submodule of V ®q, B;.

Both of these results are obtained from Theorem A by specializing at the
“point at infinity” zo, € X'. Indeed, when & is the equivariant vector bundle
associated to V € RepQP(G k) and €& = £ specializing the isomorphism

£ Ox Dol & at the fiber of z,, gives rise to an isomorphism

gk(zoo) = Oy h(zae) Qola En(aee)

X k(o)

which is none other than Sen’s theorem. Similarly, there is an isomorphism
of the completed stalks at x.,

SN+ ~ N F A+
ExF = ON: @gunt E17
»<Loo

which recovers Fontaine’s theorem. In this way, Theorem A is a sheaf the-
oretic version of Sen theory on X which specializes at x., to classical Sen
theory.

In the interest of applications, we give a proof of this equivalence not just
for the cyclotomic extension, but more generally for any p-adic Lie group
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I' = Gal(K«/K) where K, is an infinitely ramified Galois extension of K
which contains an unramified twist of the cyclotomic extension. Notably,
this condition holds when K is the extension generated by the torsion
points of a formal group.

As we shall explain in the article, these ideas are closely related to the
decompletion of (¢, I')-modules, especially in the case K, = K. This
is not too surprising, because such (¢, I')-modules are also obtained by a
Sen theory type of idea through the theorem of Cherbonnier and Colmez
in [CC98|, and further, these objects relate to Dge, and D in a similar
way. In fact, Theorem A is equivalent to the Cherbonnier-Colmez theorem
on decompletion of (¢,I')-modules (after inverting p). Our proof is not
independent from the ideas of Cherbonnier-Colmez, since we still use their
trace maps in our arguments. However, it is logically different - more on
this below.

First, let us discuss an application of Theorem A. We give a geometric rein-
terpertation of Berger’s work on p-adic differential equations and filtered
(p, N)-modules [Be0O8B|. In that article, Berger relates between (¢,I)-
modules with locally trivial connection and invariants of p-adic Hodge the-
ory. It turns out that the constructions appearing there can be made to
work on a sheaf theoretic level on X in a way which is reminiscient of the
Riemann-Hilbert correspondence. It can be described as follows.

To each de Rham locally analytic vector bundle £ we associated a sheaf
Sol(€) on X. It is the sheaf of solutions to a differential equation V = 0 on
a modification Ngr(€) of € obtained from the action of Liel'. We write X, %
for a certain surface which surjects onto X. Essentially &), 7 is obtained by
adjoining scalars and a logarithm to the functions on X', which appear when
we try to solve the equation V = 0. We shall also consider a variant Sol? (&),
the solutions on the pullback of £ along the usual covering Vo) — &X. We
then have the following (see §8 for more precise statements).

Theorem B. Let £ be a de Rham locally analytic vector bundle.

(1) The sheaf of solutions Sol(&) is locally free over the subsheaf of potentially
log smooth sections O?Vlsm C O% and its rank is equal to the rank of £. There
1 a canonical isomorphism

OI;IM Dgpem Sol(E) = ol;logf Dot Nar(€).

(1) The space of global solutions H°(Vo,00), S017(E)) is naturally a filtered
(¢, N, Gk )-module and the functor € — H®(Y 0 00), S01?(E)) induces an equiv-
alence of categories

{de Rham locally analytic vector bundles} = {filtered (p, N, Gk )-modules}.

(iii) The stalk of Sol(€) at w. is canonically isomorphic to K @ Dar (V).
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Remark 14.1. 1. In particular, if V' is a de Rham representation of G
with associated locally analytic vector bundle &, then H(Y(0,00), S01?(€)) =
D, (V) and the stalk Sol(€),., is identified with K ®x Dgr (V). The local-
ization map corresponds to the natural map D, (V) — K @k Dar(V).

2. If £ becomes crystalline after extending K to a finite extension L C K,
the sheaf Ngr(£)V=" C Sol(€) is locally free over the subsheaf of smooth
sections O C O% of rank equal to the rank of £, and there is a canonical
isomorphism

X ®o>m NdR( ) V=02, NdR(g).

3. The sheaf O%* is much smaller than O%%. Though we have not been
quite able to show this, (’)Eflsm seems to be “almost” a locally constant sheaf
except that the base field becomes slightly larger when localizing; for that
reason, we think of Sol(€) as morally being close to a local system on X.
In this sense the (p, N, Gk )-structure is related to the monodromy of the
p-adic differential equation V = 0.

Finally, let us discuss the proof of Theorem A. The essential point is to show
that if £ is an equivariant vector bundle on X', the natural map Oy Pota

2 5 £is an isomorphism. Fargues and Fontaine observe that the only
point of X with finite I'-orbit is w. The idea is then to use a very simple
geometric argument: once one knows that Oy Dot a5 £ is injective,
everything can be understood by arguing locally at . Indeed, if this map
is an isomorphism after localizing and completing along Oy — O Y. then
the cokernel has to be supported at finitely many points outside x.,. But
these points also form a finite I'-orbit, so the cokernel cannot be supported
anywhere.

It therefore remains to understand the properties of our spaces of locally
analytic vectors under certain localizations and completions. To do this, we
are naturally led to consider higher locally analytic vectors and their vanish-
ing, and we prove a representation-theoretic result which is of independent
interest. To state the result, let G’ be a p-adic Lie group and let A be a
Banach ring with a continuous action of G. Assume the topology on A is
p-adic.

Theorem C. Suppose G and A satisfy the Tate-Sen azioms (TS1)-(TS3)
of [BCOS| as well as an additional aziom (TS4). Then for any finite free A-
semilinear representation M of G, the higher locally analytic vectors RE, (M)
are zero fori > 1.

Here are two special cases of the theorem where we conclude that R}, (M) =
0 for i > 1.

1. If M is a finite dimensional I?Oo—module with a semilinear action of T,
for K containing an unramified twist of K.y. In fact, the vanishing of
‘. 1o(M) can be established for arbitrary K, see §5.
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2. If M a finite free B I(IA(OO)—module with a semilinear action of I', under
the same assumptions on K.

Note that the vanishing of higher locally analytic vectors is automatic for
admissible representations, but the examples above are not admissible. The-
orem C illustrates how the Tate-Sen axioms can serve as a substitute for
admissibility.

Theorem C is especially useful for making cohomological computations. Here
is an example application, which follows directly from the main results of
[RJRC21]| (see §5): if M satisfies assumptions of the theorem, then for i > 0
we have natural isomorphisms

H (G, M) = H (G, M"™) = H(LieG, M'™)“.

Finally, let us mention that in the recent work [RC22|, Juan Esteban Ro-
driguez Camargo proves similar results to our Theorem C. He then applies
them in the setting of rigid adic spaces with fantastic applications to the
Calegari-Emerton conjecture, among others.

14.1 Structure of the article

§2 contains reminders on locally analytic vectors and their derived functors.
In §3 we give reminders on the Fargues-Fontaine curve and equivariant vector
bundles. In §4 we introduce locally analytic bundles and we discuss their
basic properties. §5 is the longest and most technical section of the paper,
in which we prove Theorem C. Theorem A is proved in §6. In §7 we compare
our results to the theory of (¢, I')-modules. Finally, in §8 we discuss p-adic
differential equations on the Fargues-Fontaine curve and explain Theorem
B.

At several points in the article we have taken the liberty to raise speculations
and ask questions to which we do not yet know the answer.

14.2 Notations and conventions

The field K denotes a finite extension of Q,. We write Ky = K (fp) for
the cyclotomic extension. Its Galois group I'cye = Gal(Kcy./K) is an open
subgroup of Z;. We denote by K, an infinitely ramified Galois extension
of K with I' = Gal(K,/K) a p-adic Lie group. If K denotes the alge-
braic closure of K, we let Gx = Gal(K/K) and H = Gal(K/K,,) so that
Gw/H=T.

The p-adic completion IA(OO of K is a perfectoid field. Write w for a pseu-
douniformizer of K, with valuation val () = p that admits a sequence of
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p’th power roots w!/?" (such a choice is always possible, and the construc-
tions in this paper never depend on this choice). Let @’ = (w, @'/, ...) be
the corresponding pseudouniformizer of the tilt K7_.

Denote by Liel” for the Lie algebra of I'. It is a finite dimensional Q,-vector
space, and if v € Liel is sufficiently small, we have a corresponding element
exp(v) € I.

All representations and group actions appearing in this article are assumed to
be continuous. Galois cohomology groups are always taken in the continuous
sense.

If W is a Banach space over Q, we write W for its unit ball.

All completed tensor products appearing in this article are projective. In
other words, if V* and W™ are unit balls of two Banach spaces V and W
over Q,, then

Vi@, W = lm(V* @z, WH)/p"

and Vg, W = (VI®z, WH)[1/p).
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15 Locally analytic and pro analytic vectors

In this section we give reminders on locally analytic and pro analytic vectors
and quote results that will be used in §4, §5 and §6.

15.1 Locally analytic and pro analytic vectors

We shall say a compact p-adic Lie group G is small if there exists a saturated
integral valued p-valuation on G which defines its topology and if for some
N € Z>; there exists an embedding of G into 1 + p*My(Z,), the group of
N by N matrices congruent to 1 mod p*. See §23 and §26 of [Sch11] for the
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first condition. If GG is small, there exists an ordered basis ¢q, ..., g4 such that
(1, ..., 2q) > g1 - ... - 91" gives a homeomorphism of Z¢ with G. We then
have coordinates on GG

c=(c1,....,cq) : G = Zz

defined by the inverse map where ¢;(¢g7" - ... - gi*) = ;.

Now let GG is an be any compact p-adic Lie group. By Theorem 27.1 of
[Sch11] and Ado’s theorem (see 2.1.3 of [Pa21]), the collection of small open
subgroups of G forms a fundamental system of open neighborhoods of the
identity element. Let W be a Banach Q,-linear representation of G (or
G-Banach space for short). If H is a small open subgroup of GG, choose
coordinates ¢ on H and write c(h)* = [, ci(h)¥ if k = (ky, ..., kq) for
h € H. We have the subspace WH-" of H-analytic vectors in W it is the
subspace of elements w € W for which there exists a sequence of vectors
{wi}ene With wy — 0 and

h(w) =Y e(h) wy

keNd

for all h € H. The norm ||w|| ;.. = supy ||wk|| makes W#=" into a Banach
space. Note that W2 does not depend on the choice of coordinates. We
write W = [ J,, WH=" for the subspace of locally analytic vectors of W. If
W is a Fréchet space whose topology is defined by a countable sequence of
seminorms, let W; be the Hausdorff completion of W for the ¢’th seminorm,
so that W = @ W; is a projective limit of Banach spaces. We write WP?* =
lim W/ for the subspace of pro analytic vectors. Finally, we extend the

efinitions of locally analytic vectors and pro analytic vectors to LB and
LF spaces (i.e. filtered colimits of Banach spaces and Fréchet spaces) in the
obvious way.

The Lie algebra Lie(G) acts on each W (and hence also on W' and
Wr2) through derivations. This action is given as follows. If v € Lie(G)
then exp(p*v) € H for k > 0, and we define

k —
V,(w) = lim exp(p v)k(w) v
k—o0 p
The operator V, : WH-an — JJ/H-an jg hounded, see [BC16, Lemma 2.6].
Locally analytic and pro analytic vectors behave well when we have a basis

of such vectors (|[BC16, Proposition 2.3] and [Bel3, Proposition 2.4]):

Proposition 15.1. Let B be a Banach or Fréchet G-ring and let W be a free
B-module of finite rank, equipped with a compatible action of G. If the B
module has a basis wy, ..., wq in which the function G — GL4(B) C My(B),
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g — Mat(g) is H-analytic (resp. locally analytic, resp. pro analytic), then
Wh-n — g | BH-m . qp; (resp. W' = @_ | B® - w;, resp. WP = @7_ B>

It will often be useful for us to choose a specific fundamental system of open
neighborhoods of G as follows. Fix a small compact open Gy C G which
with coordinates ¢. For n > 0 we set

Gn:G’pn:{gpn:geGo}.

These are subgroups ([Sch1l, 26.9]) which have induced coordinates c|g,, :
G, = (p"Z,)". The normalization is such that for w € WS we can write

g(w) = Z C(Q)kwk

keNd

for g € G,, and {wy}y e With p"®wy — 0, and the Banach norm is given
by

|k

HwHGn—an = Supy Hp wkH '

It is easy to check if w € W= then ||w||, .. < |Jwl|
and |[w||g ., = [Jw]| for m > n.

1an form >n

15.2 Rings of analytic functions

Suppose first that G is small. Let C** (G, Q,) be the space of analytic func-
tions on G. These are those functions that after pullback by the coordinates
¢: G = Z¢ are of the form

Kk
X = (21, ,xq) g brx <.
k=(k1, ,kq)eN?

where by — 0 as |k|] — oo. The norm [|f||; = supyene |||bk|| makes
C*(G, Q) into a Banach space. We shall regard C**(G,Q,) as a repre-
sentation of GG through the left G-action.

If now G is any compact p-adic Lie group with a system of small neigh-
borhoods {G,},,5 as in §2.1, we have for each n > 0 the space of analytic
functions C* (G, Q,) on G,. Using the coordinates ¢ : G, — (p"Zp)d as
in §2.1, we shall regard C**(G,,, Q,) as the ring of functions that under the
bijection are identified with functions of the form

X = (21, ,xq) Z biexX.

k=(k1, ,kq)EN?
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where p"¥lb, — 0 as |k| — co. Under this normalization

1 fllg, = suPkena Hpnlk‘ka

for f € C* (G, Q).

The following lemma will be used in §5.
Lemma 15.2. For k > 1 the subgroup G, acts trivially on C*™(G,,, Q,)*/p".

Proof. This is an easy exercise using the coordinates. See Lemma 2.1.2 of
|[Pa21]| for the case k = 1. O

The following is shown in Proposition 2.1.3 of [Pa21] and in its proof (orig-
inally in the proof of Théoréme 6.1 of [BC16]).

Proposition 15.3. Suppose that G is small. There is a dense subspace
1i_n>nl€N1/l C C*™ (G, Qp), where each V) is a finite-dimensional subrepresen-
tation of C**(G, Q,) with coefficients in Q, such that for any k,l € N, we
have Vi, - V) C Viyy.

Furthermore, if we fix G and consider small open subgroups G' C G, we may
choose Vi(G") C C*(G', Q,) at once for all G' in such a way that the natural
map C**(G, Q,) — C*(G', Q,) restricts to V)(G) — Vi(G").

15.3 Higher locally analytic vectors

Suppose first that G is small and let W be a GG-Banach space. There is an
isometry W@QPC*‘“ (G,Qp) = C*™ (G, W), where C** (G, W) is the space of
W-valued analytic functions on G. We then have (C* (G, W))¢ = W&-an,
the identification given by f + f(1). This gives an alternative description
of G-analytic vectors that we will use in what follows.

The functor W + W20 is left exact. Following §2.2 of [Pa21] and [RJRC21],
define right derived functors for ¢ > 0:

Gean (W) = H' (G, W®q,C™ (G)).

If G is a compact p-adic Lie group with subgroups {Gy}, -, as in §2.1-§2.2,
taking the colimit over n, there are right derived functors for W s W&-la
given by

on (W) =l RE (W) = lim HY (G, WEq,C™ (Ga) -

We shall call these groups the higher locally analytic vectors of W. If G is
understood from the context we shall just write R, instead of R ..
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If
0=V ->W-—=>X—=0

is a short exact sequence of G-Banach spaces, then we have a long exact
sequence

0—=VP W o X" 3R (V)= RL(W) = RL(X) = ...

Lemma 15.4. Let H be an open subgroup of G and let H, = G, H. Then

forn >0 and each i = 0 there are natural isomorphisms RYy an = R _an-
In particular, Rl ,, = Rb .-
Proof. We have H,, = G,, for n > 0. O

Suppose that G be a small compact p-adic Lie group, and let H be a small
closed normal subgroup. Let W be a GG-Banach space. Using the method of
Hochshild-Serre we obtain the following spectral sequences.

Proposition 15.5. (i) There is a spectral sequence
By = H'(G/H, 1 (H,W&q,C™ (G, Qy))) = R, (W).
(i1) There is a spectral sequence
By =Ry yan (W (H,W)) = H (G, W8q,C™ (G/H,Q,)) -

(111) Suppose additionally that there is a splitting G = H x G/H. Then there
is a spectral sequence

EY =H' (G/H,R}.,,(W)) = H (G, W&q,C™ (H,Q,)) -

Proof Apply the Hochshild-Serre spectral sequence to I/V®QPCan (G,Qyp),
W&q,C™ (G/H,Q,) and WRq,C*™ (H,Q,) respectively. The condition in
(i77) is needed to make sense of the action of G on C*" (H,Q,). O

16 Equivariant vector bundles

In this section we give reminders on the Fargues-Fontaine curve and equivari-
ant vector bundles. For more details, see Chapter 9 of [FF18| and Lectures
12-13 of [SW20].
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16.1 The spaces V) and X

Let F be a perfectoid field, with tilt F°. We have Fontaine’s ring Ay =
A (F), defined as the Witt vectors of the ring of integers Op,. Write
Spa(A,y,¢) for short for the adic space associated to the Huber pair (Ajuf, Ajnr)
. For any pseudouniformizer w of F', we define

Y =Y (F) = SpaAiy — {(p, [=]) = 0}

y(O,oo) = y(O,oo) (F) = SpaAinf - {p [w] = O} :

The spaces )V and )o,.) have a Frobenius automorphism ¢ induced from
the Witt vectors strucure of A;y.

The space Yo, is a preperfectoid space. The (adic) Fargues-Fontaine curve
associated to F' is defined as the quotient

X=X (F)= Yo (F) /¢,

which makes sense because the Frobenius action is proper and discontinuous.
The natural projection 7 : Vo) — & is a local isomorphism, so X is
a preperfectoid space, by virtue of V) being so. The space V) has
a canonical point called x.,, the “point at infinity”. It corresponds to the
kernel of Fontaine’s map

0: Apns — Op,

Z[xn]p" = Z xipn~
n>0 n>0
Identify z., with its image m(z) € X.

If F = K, there is an induced action of the group I' = Gal (K. /K) on each
of the spaces mentioned above, and the map V) — & is I'-equivariant.
The point x,, € X is the unique I'-fixed point; in fact, it is the unique point
with finite I'-orbit (|[FF18, Proposition 10.1.1]).

16.2 The spaces ); and A}

It be fruitful to consider certain open subsets of V) and X. By Lecture
12 of [SW20] there is a surjective continuous map x : Y — [0, 00| given by?

_ log |p(7)|
) = g @

where 7 is the maximal generization of z. For each interval I C (0, 0c0), let
Yr be the interior of the preimage of ) under x. These spaces are I'-stable

3Qur normalization of x is the inverse of loc. cit.
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if such a I" action is present. Furthermore, the map ¢ induces isomorphisms
¢+ Ypor — Yr. Write log (I) = {logx : x € I}. Whenever [ is sufficiently
small so that the inequality |log (I)| < log (p) holds, we have I N pl = 0
and m maps ), isomorphically onto its image 7();) = X; C X. Note that
Too € Xy if and only if I contains an element of (p — 1)pZ.

For I C (0,00), we have the coordinate rings

By = Bi(Ku) = H(Vr, Oy, ).
If I is compact, the geometry of ); is simple.

Proposition 16.1. Suppose I C (0,00) is a compact interval.

Q) Vr = Spa(]tj;f,;&l), where A; is the ring of power bounded elements of
B;. In particular, Yr is affinoid.

(ii) By is a principal ideal domain.

(111) The global sections functor induges an equivalence of categories between
vector bundles on YV; and finite free Br-modules.

Proof. Parts (i) and (ii) follow from 3.5.1.2 of [FF18|. Part (iii) follows from
Theorem 5.2.8 of [SW20] (originally Theorem 2.7.7 of [KL13|), since finite
projective By-modules are finite free. O]

16.3 Equivariant vector bundles
The action of I' on X gives an automorphism 7 : X = X for each v € T

Definition 16.2. A I'-equivariant vector bundle (or simply I'-vector bundle)
on X is a vector bundle € on X equipped with an isomorphism c, : 7*8 = E
for each v € I" such that the cocycle condition ¢, o v5¢,, = ¢4,,, holds for
every 71,7z, € I'.

Similarly, we have a notion of a (i, I')-vector bundle on Yo ). This consists
of a T-vector bundle M on Y0,00) together with an additional isomorphism
Cp: gp*Mv ~y M such that Cp 0 p¥ey = ¢y 07y e, for every vy € T

Descent along ¢ gives the following.

Proposition 16.3. There is an equivalence of categories

{T-vector bundles on X'} = {(p,I") -vector bundles on Y0}

The equivalence is given by the following functors: if £ is an equivariant
vector bundle, we map it to Oy, _, ®o, E. Conversely, if M is a (p,I)-

vector bundle on Y ), we map it to W*(./T/lv)“ozl.
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If € is a D-vector bundle on X and U C A is an open subset stable under T',
there is an induced action of T on H°(U, £). In particular, there is a natural

action of T on H(X, £) when |log (I)] < log (p). For a general open subset
U, one only has a map

¢, - HO(U, Ox) @rogy-1 0,00 HO(y 1 (U) , €) = HO(U, E).
Similar remarks apply for (¢, I')-equivariant vector bundles on Yo ).

Example 16.4. Let V' be a finite dimensional Q,-representation of Gg.
Then B
E(V) = (V®q, Ox(c,)"

is a ['-vector bundle on X. More generally, recall that the category of
finite dimensional G-representations embeds fully faithfully to the cate-
gory of (¢, I')-modules, with essential image the subcategory of étale (p,I')-
modules. We can extend the domain of the functor V — & (V) from Gg-
representations to (o, ')-modules. Conversely, any I'-vector bundle on X
gives rise to a (¢,I')-module, and this correspondence results in a equiva-
lence of categories. This will be discussed in detail in §7.

17 Locally analytic vector bundles

In this section, we introduce the category a locally analytic vector bundles
and discuss their basic properties.

17.1 Locally analytic functions of )y ) and X

Let U C X be an open affinoid. Then U is quasicompact and hence stable
under the action of a finite index subgroup I < I'. The space of functions
HO(U, Oy) is a Banach I"-ring, and so it makes sense to speak of its subring
of I'"-locally analytic functions. This does not depend on the choice of 1",
and so we shall write H(U, Ox)" for the I-locally analytic functions in
HO(U, O) for any I". These can be glued and we obtain a sheaf of rings 0%
on X that satisfies
HY(U,0%) = HY(U, Ox)"

for every open affinoid U C X. More generally, suppose U is an open
subset of X which is not necessarily affinoid, but for which there is a cover
U = |J,; U; with each U; affinoid and a single finite index subgroup I'" < T'
stabilizing all of the U; simultaneously. This condition will be satisfied in
any situation we shall consider. Then the sections of O% on U are the pro
analytic functions

H0<U7 O?) = @HO(UM OX)la = HO(Ua OX)pa'
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The sheaf O% is stable for the action of I' on Oy, in the sense that the
inclusion 0% C Oy induces isomorphisms

. xkmla la la ~ la
C7 2y OX - OX ®,Yfl(f)l; OX — OX‘

The preceding discussion then applies equally well to V), so we have a
sheaf (93?(0700) of locally analytic functions on Y ) endowed with isomor-
phisms ¢,. Since the g-action on Y ) commutes with the I'-action, it
preserves the I'-locally analytic functions, and this gives an isomorphism

* myla la la ~ la
cp "0 =0 o O — O
? P V0,00 Yooy Do 0% 0y Y0:0) Y(0,00)

which commutes with the I'-action as usual.

17.2 A flatness result

For our application at §6 it would be useful to know the inclusion O% C Oy
is flat. We are only able to establish this in the cyclotomic case where
Ko = Ky, and only for certain open subsets. Nevertheless, this will suffice
for our needs.

So in this subsection suppose Ko, = K¢y and let I be a closed interval of
the form [ = [r,s] with » > (p—1) /p. We write ]§I7CyC for EI([A(CyC) of
§3.2. Let K be the maximal unramified extension of Q, contained in K.
Then we write By ey x for the ring of power series f(T) = >, .4 apTF with
ar € K , such that f(T') converges on some nonempty annulus || € I. By
a classical result, By cyc i is a principal ideal domain. There is an embedding
Bicyex — B Ieye for which By oye x is I'eye-stable. If K is unramified over
Q,, this embedding can be described as follows: the variable T" is mapped
to [e] — 1, where ¢ = (1,(, (2, ...) € [/(\'bec. Further, one calculates that
Y(T) = (1 + T)Xs™) — 1, 80 By eyex is indeed stable under the action of
Leye.

Proposition 17.1. Suppose I = [r,(p — 1)p*~'] with k > 1. Then
(Z) Blla;cyc = Unzo go—n (BP"I,CyC,K>-

(i1) ]§lffcyc is a Prifer domain.

(11i) The map ]A_s)lffcyC — ]§17CyC is flat.

Proof. Part (i) is Theorem 4.4 (2) of [Bel3|. Note that in loc. cit. this is
stated only for I of the form [(p —1)p'~*, (p — 1)p*~'], but the argument
given there (see also §13 of [Be2l]) is valid for any interval of the form
[r, (p—1)p"1]. (ii) follows, because each Bynr cyc is a principal ideal domain,
and an increasing union of such rings is a Priifer domain. Finally, the ring
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= . . . . la
B/ cye is a domain and hence torsionfree over the subring By .. Part (iii)

is established by recalling that a torsionfree module over a Priifer domain is
flat. O

Question 17.2. To what extent do (ii) and (iii) of Proposition 4.1 hold
for coordinate rings of general open subsets in X and general K? We do
not expect BY to be a Priifer domain when T has dimension larger than 1.

Nevertheless, it might still be the case that ]NBIIa — By is flat.

17.3 Locally analytic vector bundles

Definition 17.3. A locally analytic vector bundle on X is a locally free O%-
module £ on X equipped with an isomorphism ¢, : v*€ = € for each vy € T
such that the cocycle condition c,, 0y5c,, = c,,, holds for every 1,72, € I'.
We require the action to be continuous with respect to the locally analytic
topology.

Example 17.4. 1. Let & be a [-vector bundle on X. Define a sheaf £ by
generalizing the definition of 0. Namely, for every open affinoid U C X

choose I < T stabilizing U. Then H°(U, €) is a Banach I’-ring and it makes

sense to speak of H°(U, €)', which does not depend on the choice of I'". Glue
these together to form a sheaf £, The sheaf £ is an O% -module with a I'-
action. We shall show in §6 that £l ig locally free and therefore an example
of a locally analytic vector bundle.

2. Conversely, if £ is a locally analytic vector bundle, we can associate to it
a [-vector bundle & = Ox ®pu €. If U C X is an open affinoid such that
E|u is free, it follows from Proposition 2.1 that

HO(U, &) = HO(U, £)",

and so & = £, This shows that the functor from I'-vector bundles to locally
analytic vector bundles mapping &€ to £ is essentially surjective.

It follows from example 2 above that if £ is a locally analytic vector bundle,
we have an action by derivations

Lie(I') x £ = &,
or, what amounts to the same, a connection
V:E— E®q, (Liel)"
satisfying the identity
V(fz)=V(f)z+ fV(z)

for local sections f of O% and z of &.
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Remark 17.5. We emphasize that if U C X is an arbitrary open subset
then we have an induced action of Lie (T') on H° (U, £). This is unlike the
[-action, which only maps H° (U, €) to itself if U is I-stable. This is one
pleasant aspect of working with locally analytic vector bundles instead of
I'-vector bundles.

Finally, we have the following proposition computing sections of interest.
We may define a locally analytic p-vector bundle on Y ) by imitating

Definition 4.3. Then given a (¢,I')-vector bundle M on Y ), one can
define a locally analytic p-vector bundle M'? on Y0,00) as in Example 4.4.

Proposition 17.6. Let £ (resp. .//\\/l/) be a T'-vector bundle on X (resp. a

(@, I')-vector bundle on YV )) and let E" (resp. M) be its associated
locally analytic vector bundle (resp. locally analytic p-vector bundle). There
are natural isomorphisms

(i) HO(Vy, M) = HO(Yy, M) for I a closed interval.

(ii) HO(Vr, M) =2 HO(Yr, M)P* for I an open interval.

(iii) HO(X;, ) =2 HO(X;, €)' for I a closed interval with |log (1) | < log (p).
(iv) HO(X;, E) = HO(X;, E)P* for I an open interval with |log (I)| < log (p).
(v) HO(X, %) =~ HO(X, €)=,

(vi) HO(X — 200, E2) 2 HO(X — 40, E)P2.

Proof. Parts (i) and (iii) are immediate from the definition. For (ii) and

(iv), use the coverings V; = |J,;-; Vs and X7 = |, X ranging over J C [
closed. For (v), consider the covering

A= A1, 5 Y X ypal
with intersection X[ 5 /5. This yields exact sequences
0 — HO(X, %) — H(Xj, 5. ™) @ HO( X 5.0, €2) — HO(X 5,00, E®)
and
0 — HO(X, &) — H(Xy, 5, &)™ @ HO(X] 500, €)™ — HO (X p. i) €)™

By virtue of (iii) the kernels of these sequences are identified. This proves
part (v).
For (vi), use the covering

X — Too = X1, 5 U (X 5p] — Too)
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with intersection X 5 5. Choosing an element § generating ker ¢ gives rise
to a uniformizer at zo,. We may write X[ 5, — Too as a union of I'-stable
rational open subsets

X pp) — 00 = Un>1X 5 {I€] = 07"}

Thus B B
HY (X 5y — T, €%) = HY(X] /50 — Toos €)™

Repeating the argument which proved part (v), we conclude. O

Example 17.7. We place ourselves in the cyclotomic setting so that I' =
[eye and H = Gal(K /Ky.), and we write B} (Kee) = (BE ). Forn € Z
take £ = Oy (n) to be the I'-line bundle corresponding to the graded module

+ (K ye=pmt
@m>0Bcris (KCYC)

(see §10.2 of [FF18]). We shall compute that the global sections of £ =
Ox(n)® are given by

e

Note that a similar computation appears in §3.3 of [BC16] in the case n = 1.
To show this, notice first that

0 n <0
HO (Xa OX(n)) - B:;is(KCyC)SO:pn = QP n= 0 '
Bl (Kee)?™ 1> 0

If n > 0 then by [FF18, 6.4.2] there is an exact sequence

0—Q,(n) — B = BL/t"B, — 0.
Take H-invariants and locally analytic vectors. By Théoréme 4.11 of [BC16|
we know that (Bjg/t"Big)""* = Ke.[[t]]/t", so we are left with an exact
sequence

0= Qp(n) = B (Keye)? 7™ — Koye[[t]] /1.

Claim. B, (Keye)?="" = Q,(n).
Given the claim the computation is finished because part (v) of the preceding
proposition implies that

HO(X, Ox(n)®) = BE, (Ko )PP = .
( X( ) ) CI‘lb( Y) {Qp(n> nZO
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To show the claim, take z € B (Koye)?=P"1. Its image in Key[[t] /1" is
killed by the polynomial

n—1

Po(y) = [ [ eye() v = 1)

1=0

for v which generates an open subgroup of T'. It follows that P,(y)(x) €
Q,(n) for this . Since P, () acts on Q,(n) by a nonzero element we reduce

to showing that B, (Kuye)?=P (=0 is 0. In fact, if K’ is the subfield of

cris
K.y corresponding to v%» C I with maximal unramified subextension K,
we shall compute that

n—1
Bcris([?cyc)Pn(ﬁy)zo = @ K(l)tza
i=0

and in particular there are no nonzero elements with ¢ = p”.

To show this latter description of the elements killed by P,(v), we argue
by induction. If n = 0 then P,(y) = 7 — 1 and the equality follows from
the usual description of the Galois invariants of B,s. For n > 1, we have

Po(v)/(v = 1) = Puc1(Xeye(y)"™y) and
n—1
Bcris(l?cyc)Pnil(chC(W)ilv)zo - thris(}?cyc)Pnil(’Y)zo = @ l((/)tZ
=1

Thus there is a commutative diagram

0 K, Py Kt @ Kyt

- | -

0—— Bcris([?cyc)’y_lzo - Bcris([?cycy)"(wzo - Bcris([?cyc)Pnil(chc(v)ilv)ZO

whose rows are exact and whose outer vertical maps are isomorphisms. We
conclude by the applying the five lemma.

Remark 17.8. In particular, if we set Be(l?oo) = B! for the usual ring
B, then B, C HY(X — x,0Ox). This inclusion is not an equality: the
ring B, allows only meromorphic functions at x,, while in H*(X — 2, Ox)
there will be functions with essential singularities. The subring Be(f(oo)pa C
HY(X — 2o, Ox)' is more tractable and we can understand its structure to

an extent.

Remark. In particular, let us consider the subring B, (K, )P* = B.NH(X —
Too, O%) in the case I' = I'eye. We shall claim that in fact B.(K«)P* = Q,.
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To see this, take x € B.(K)P*, and restrict it to &] 5, — Too. Multiply-
ing by a bounded power of ¢, which makes sense on this open subset, the
function "z extends to an element of H (X[ 5., O%) = H(X 5., Ox)",
which shows that z itself is actually locally analytic. Therefore, t"z €
HO(Ox, B, (Keye)?=P")" which is equal to Q,t" as was shown in the previ-

ous example. This shows that B, (K.)P* = Q,.

Question 17.9. 1. Is it true that HO(X — 15, 0%) = Q, if T = Ty ?

2. IfdimI" > 1 then one can sometimes produce elements in Be(I?OO)la which
do not belong to Q,. For example, in the Lubin-Tate setting, the element

(t_\/;,/t\/;?)2 lies in Be(f(oo)la , for ti s being the analogue of Fontaine’s
element attached to the uniformizer m1 = £,/p (see §8.3 of [Co02] for the

notation appearing here). Is it true that in some generality B.(K )™ will be
d — 1 dimensional for d = dimI'? See Théoréme 6.1 of [BC16] for a related
statement.

18 Acyclicity of locally analytic vectors for semi-
linear representations

In this section, we shall prove vanishing the of R} -groups for certain semi-
linear representations. These results will be used to prove the descent result
in §6 but are also of independant interest.

18.1 Statement of the results

To state the main result of this section, we recall the Tate-Sen axioms of
[BCO8, 3]. Let G be a profinite group and let A be a G-Banach ring endowed
with a valuation val for which the G action is continuous and unitary. We
suppose there is a character x : G — Z; with open image and let H = ker x.
Given an open subgroup Gy C G we let Hy = GoN H and T'y, = G/ H,.
The Tate-Sen axioms are the following.

Axiom (TS1). There exists ¢; > 0 such that for an open subgroup H; C Ho
of Hy there exists v € A™ with val(a) > —c1 and Y-y, /py, T(@) = 1.
Axiom (TS2). There exists co > 0 and for each Hy open in H an integer
n(Hy) depending on Hy such that for n > n(Hy), we have the extra data of

e Closed subalgebras Ay, , C /~\H0, and
e Trace maps Ry, : AHo Awon

satisfying:
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1. For H; C Hy we have Ay, ,, C Ay, ,, and RHl,n’AHQ,n = Ry n.-
2. Ruyyn is Ay, p-linear and Ry, ,,(z) = = for = € Ap, .

3. 9(Mmon) = Agrgg—1.n and g(Ruyn(7)) = Rynyg-1.n(97) if g € G.
4. lim,, oo Ry n(x) = x for z € AHo,

5. If n > n(Hpy) and z € A0 then val(Rpyn(x)) > val(z) — co.

Axiom (TS3). There exists ¢ > 0 and for each open normal subgroup
Gy of G an integer n(Gy) > n(Hp) such that if n > n(Gy) and v € T'g,
has n(y) = val,(x(y) — 1) < n, then v — 1 acts invertibely on Xp,, =
(1 = Rpgyn)(AH0) and val((y — 1)"}(z)) > val(z) — cs.

We introduce an additional possible axiom which does not appear in [BCO8].

Axiom (TS4). For any open Gy C G with Hy = Gy N H and for any
n > n(G’), there exists a positive real number ¢ = t(Hy,n) > 0 such that if
v € Go/Hp and = € Ap,, then

val((y — 1)(z)) > val(x) + .

We then have the following result.

Theorem 18.1. Let M be a finite free A-semilinear representation of G.
Suppose there exists an open subgroup Gy C G, a G-stable AT -lattice M C
M and an integer k > ci + 2cy + 2c3 such that in some basis of M™, we have
Mat(g) € 1+ p*Maty(AT) for every g € Go. Then

(i). If (TS1)-(TS3) are satisfied then for i > 2
iG—la (M) = 0.

In fact, R, ., (M) =0 for any sufficiently small open subgroup Gy C G.
(i1). If in addition (TS4}) is satisfied then

Ré‘—la (M) =0.

In fact, for every sufficiently small open subgroup Gy there is an open sub-
group Gy C Gy such that the map Rg, _,, (M) — Rg, o (M) is 0.

(111). In particular, if (TS1)-(TS4) are satisfied then M has no higher locally
analytic vectors. In fact, M is strongly £A-acyclic in the sense of [Pa2l,

Remark 18.2. If G and A satisfy (TS1)-(TS4) and if in addition the topology
on A is p-adic, then for any M the higher locally analytic vectors RY, (M)
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vanish for 7 > 1. Indeed, we claim that any finite free A-semilinear represen-
tation of G satisfies the assumptions of the theorem after possibly replacing
G by a smaller open subgroup G’. This suffices because, by Lemma 2.4,
higher locally analytic vectors do not change when we replace G by G’. To
see why the claim is true, suppose M is a finite free representation and
choose any A-basis e, ..,eq of M. If we take M™* = @?:1 ATe; then M is
stable under the action of an open subgroup G’ of G, and since the topology
on A is p-adic, we can always find another open subgroup G, C G’ such that
Mat(g) € 1+ p*Maty(AT) for every g € Gl

Before giving the proof of Theorem 5.1, we record a few applications.

Corollary 18.3. Suppose G and A satisfy (TS1)-(TS4) and let M be as in
the statement of the theorem. Then for all v > 0,

H (G, M) = H (G, M") = H (LieG, M%)© .
Proof. Apply Corollary 1.6 and Theorem 1.7 of [RJRC21|. O

Two main cases of interest are the following. Let F' be an algebraic extension
of K which contains an unramified twist of the cyclotomic extension, i.e. the
field extension of K cut out by nxcy. for n an unramified character.

1. Take G = Gal (F/K) and A = F. Then G and A satisfy the axioms
(TS1)-(TS3) for arbitrary ¢; > 0, co > 0 and ¢3 > 1/(p — 1). See 4.1.1 of
[BCO8]| for the case F' = K, which goes back to Tate. For general F the
same proof works.

In addition, we claim that G and A satisfy the axiom (TS4). Indeed, if Gy

is an open subgroup of GG corresponding to a finite extension L of K, then
Apyn = L((n) and Go/Hy = Gal (Leye/L). For v € Gal (Leye/L),

1 1
Val _1 mn Z—:Va,lgn 4+ —
(= D)) 2 gy =l ) + s
which shows that (T'S4) holds with ¢ = W.

2. Take G = Gal(F/K) and for a closed interval I C (p/p—1,00) let

A = B; (F\) Then again G and A satisfy the axioms (TS1)-(TS4) for
arbitrary ¢; > 0, ¢co > 0 and ¢35 > 1/(p — 1). Here if Gy C G is an open
subgroup corresponding a finite extension L of K then one takes Ap,, =
© " (Bpngcye,r,) With notations as in §4.2. For (TS1)-(TS3), see [Be0O8A,
1.1.12]. (T'S4) follows from Corollary 9.5 of [Co08|. If L is unramified over
Q,. it is easy to verify that axiom (TS4) holds directly. Indeed, using the
notation of §4.2, the ring Byns cyc 1, is @ power series in a variable 7', and we
have an inequality

valy (v — 1) (T)) = val; ((1 )™ _ (1 4 T))
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> val;(T) + p*rXere M) =Dyal /(T),

which shows that (TS4) holds with ¢ = p¥alr(Xeve()=Dvyal (T for v being the
generator of Gy/H.

Corollary 18.4. (i). If M is a finite free F-semilinear representation of
Gal (F/K) then Rl (M) =0 fori > 1.

(ii). If I C (p/p—1,00) is a closed interval and M s a finite free By (F)-
semilinear representation of Gal (F/K) then Ri, (M) =0 fori > 1.

Proof. In both of these cases the topology on A is p-adic, so the theorem
applies by Remark 5.2. O

Remark 18.5. Suppose F'/K is any infinitely ramified p-adic Lie extension of
K (not necessarily containing an unramified twist of the cyclotomic exten-
sion), and let M be a finite free F-semilinear representation of Gal (F/K).
Then R{, (M) =0 for i > 1. To prove this, one is always allowed to replace
K by a finite extension. Then the extension F'K../F can be assumed to be
either trivial or infinite. In the first case, the group R}, (M) vanishes by the
corollary. In the second case, one can argue as in §3.6 of [Pa21]. We omit
the details since this result will not be used in the article.

18.2 Vanishing of H-cohomology
If t € R we write

p_tK+ := elements in A with val > —t.

The first result we shall need for the proof of Theorem 5.1 is the following.

Proposition 18.6. Suppose that (G, H, K) satisfies (TS1) for some c¢; > 0.
If Hy C H is an open subgroup, and r > 1, we have

(i) The map H’"(HO,/Kﬂ — HT(HO,p*%lK*) is 0.

(1) If M™* is a finite free A+ -semilinear representation of Hy which has a
fized Hy-basis, then the map H"(Ho, M) — H"(Ho,p 2*M™) is 0.

()Mt = Upen My be the completion of an increasing union of finite free
AT -semilinear representation of Hy, each having an Hy-fized basis, then the
map H"(Hy, M) — H"(Ho, p > M ™) is 0.

In particular, in each of the cases (i)-(1ii) the rational cohomology H" (Hy, M)
s equal to zero.

Proof. We have (i) = (ii) and (i) = (i4i). So it is enough to prove ().
This statement is probably well known, but for lack of a suitable reference,
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we provide a proof here. It is essentially a fiber product of the arguments
appearing in Corollary 1 of §3.2 of [Ta67| and Proposition 10.2 of [Co08].

Let £ € Z"(H,, /~\+) be an r-cocycle of Hy valued in A*. By a valuation of a
cocochain we shall mean the infimum of its valuation on elements. We shall
construct a sequence of r — 1 cocochains z,, € C""}(Hy, p~2*AT) for n > —1
such that

1. val(§ — dz,,) > ney for o € Hy, and

2. val(x, —xp_1) > (n— 2)cy.

This will suffice, since x,, — x for some z € C™1(H,, p‘261K+) which shows
that & = 0z is 0 in H"(Hy, A™).

To do this, choose x_; = 0, which clearly satisfies the first condition. Sup-
pose z,, has been constructed, we construct z,,,. Let &, be the r-cocycle

& =€ —oxy,

which is valued in p”cl/~&+. Choose H; C Hj an open subgroup such that for
every oy, ...,0, € Hy and o € H; we have

Val(gn(o-h [RXD) 07") - 571(0-17 sy 0-7‘0->> Z (TL + 2)01'
Such a choice is possible by the continuity of &, as well as the compactness

of Ho.

Now by the axiom (TS1) there is an element v € A1 such that val(a) > —c;
and > g, T(@) = 1. Let S be a system of representatives for Hoy/Hj,

and let
—1)" Y (e T (@& (T, s ).

s =

—~

Each term in the sum has val > (n — 1)c; > —2¢q, so
val (zg) > (n—1) 1.
In particular, zg € Z"(Ho, p 21 A¥).
A straightforward computation shows that for oy, ..., 0, € Hy we have

(&n — 0xs) (01, oy 0r) =

Z(O’l e o T) (@) (01, ey Op1, T) — Z(al ce o) (@) (01, oy 00 T).

TES TES

Let a;,T € H, be such that 7o, € 0,S. Then the term on the right hand
side of the previous equation becomes

D (o1 0ram)(@)[6n(01, o 001, T) = €n(01, o TOR),

TES
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so by the the choice of H; we have
val(§, — dxg) > (n+ 1)cg.

Finally, set z,,1 = x, + g where S is arbitrary. The calculations we
have done show that val(z, 1 —z,) > (n—1)¢; and val(é, — (1 —0)x,q1) >
(n+1)cq, as required. This concludes the induction and with it the proof. [

18.3 Descent of semilinear representations

In this subsection we suppose that @ and A satisfy the axioms (TS1), (TS2)
and (TS3).

Given an integer k > ¢; + 2¢y + 2¢3 and an open subgroup Gy C G we write
Mod% +(G,Gy) for the category of finite free AT-semilinear representations

M of G such that in some basis of M*, we have Mat(g) € 1+ p*Maty(AT)
for every g € G,.

The following will allow us to descent coefficients from A* to the much
smaller ring AEO,n = A" N Ap, . It is a simple modification of Proposition
3.3.1 of [BCO8| and is proved in exactly the same way.

Proposition 18.7. Let Mt € Mod%(G, Go). Then for n > n(Goy) and
Hy = H NGy there exists a unique finite free A}Llo’n-submodule D}}O’n(MJ“)
of Mt such that

(1) Dy, ,(M™) is fived by Hy and stable by G.

(2) The natural map A+ ®pt D}, (M%) — M* is an isomorphism. In
0" ’

particular, Dy (M™) is free of rank = rankM™*.

3) Df,  (M7%) has a basis which is cs-fized by Go/Hy, meaning that for
Ho,n
v € Go/Hy we have val(Mat (y) — 1) > c3.

Corollary 18.8. Let M* € Mod% (G, Gy), |M = M* @5, A and r > 1.
The map
H"(Ho, M) — H" (Hy, p **M™)

is 0 and H"(Hy, M) = 0.

Proof. This follows from Proposition 5.6 since M™ has a basis fixed by
Hy. [

Lemma 18.9. Let Hy be an open subgroup of H, n > n(Hy) an integer,
v € 'y an element such that n(y) < n and B € Mlxd(KH0’+) a matriz.
Suppose there are Vi € GLj(Ag, ) and Vo € GLg(Apy, ) such that val(Vy —
1),val(Va — 1) > ¢3 and v(B) = V1BV,. Then B € Mixa(Apyn)-
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Proof. The proof is exactly the same as that of Lemma 3.2.5 of [BC08|. The
only difference between that lemma and the statement appearing here is that
there one further assumes [ = d and B € GL4(Ap, »), but these assumptions
are not used in the proof. O

In fact, the very same argument shows the result holds for matrices of infinite
size, as long as we understand that an infinite matrix has coefficients which
tend to zero as the indexes tend to co. We record this lemma for later use.
Namely, if R is a ring with valuation and {,d € NU{oo}, let M4 (R) be the
set of matrices A = (a;;) of size [ X d and a;; € R such that val(a;;) — oo
as ¢ + 7 — oo. With this, we have:

Lemma 18.10. The previous lemma holds for d = cc.

Using Lemma 5.9, we have the following description of Dy, (M™"). It ex-
plains why Dy (M™) is functorial in M.

Proposition 18.11. Given M* € Mod%, (G, Go), the module DY, , (M)
is the union of all finitely generated A}}O,n—submodules of M+ which are G-
stable, Hy-fized by are generated by a c3-fixed set of generators.

Proof. Indeed, if we have a submodule generated by cs3-fixed elements f1, ..., f;
and if eq, ..., e4 is a c3-fixed basis, write

fi = Be;
for some matrix B € Mlxd(KH0’+). Then we have
Maty, (v) B = y(B)Mat,, (7).

Here by Maty, (7) we mean any matrix which represents the action in terms
of the f;. It is not a priori unique as the submodule may not be free.
Neverthelss, we have val(Maty, (7) — 1) > c3 by the assumption, and this
implies that Maty, (7) is invertible by Lemma 3.1.1 of [BC08]. So by Lemma
5.9

B € Myxa(Apyn) N Msa(ATH) = Mlxd(AJ}r[O,n)a

hence the submodule generated by the f; is contained in DJ[IO7n(M ). O

Corollary 18.12. Let MT NT € Mod]}H(G, Go). Then for n > n(Gy),

(i) There are natural isomorphisms
DEQ,TL(M+) ®Azo,n DEQ,H(N+) 1> DEQ,’I?,(MJF ®K+ N+)

and
D}, (M) @Df, (NT) 5D (M*@®NT).

(ii) If M* C N* then D} (M*) =D}, (N*)nM*.
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18.4 Descent of C*(Gy, M)

We continue to assume G and A satisfy the axioms (TS1), (TS2) and (TS3).
Assume further that Gy is small. Then, by Proposition 2.3, we have for
Vit = Vi(Go) NC™ (G, Q,)" an equality

lig V' = € (Go, Q)"

leN

For M € MOd]/iX+ (G, Gyp) we have

@Mfgzp Vit = Mt ®R4,C™ (Go, Q)" .

leN

Each M* ®z, V" is a finite free A*-semilinear representation of Gy. The
action of Gy on each of the V, is trivial mod p* by Lemma 2.2, and hence
its action on M+ @ V;* is trivial mod p*. So if n > n(Gy), we may define
using Proposition 5.7 a A}}km—submodule of M*@chan (Go, Q,)" given by

(M) ==l D, (M* 01},
leN

D+

Hy, ,n,00

The module D7, . (M) is then Go-stable and fixed by Hj. By Proposi-

tion 5.7 we have natural isomorphisms

K ey, Do (47 81%) 500 017

Hy,n

This shows that D}, , . (M) is generated by cs-fixed elements which give

it the sup norm, and there is an isometry

A+®Azk7nDEk,n,oo <M+) :) M+®chan (G07 QP)JF .
The next proposition is proved in the same way as Proposition 5.11.

Proposition 18.13. A finitely generated A}}k,n—submodule of
Mt ®@7,C™(Go, Q)"

which is stable by Gy, fized by Hy and is generated by a c3-fived set of ele-

- o od in )T +
ments is contained in Dy (M™").

In particular, we have the function log : Gy — Go/Hy = Z) lying in
C* (G, Q,)*. Note that for g € Gy,

g(log) =log —log (¢7") = log + log(g).
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Lemma 18.14. The elements 1 and log of
K+®CaH(G0, Qp)+

i DY
lie in Dy oo

)

Proof. The A}}kyn—submodule generated by 1 and log in K*@Can(Go, Q)"
is stable under the Gy action and fixed by Hy. Furthermore, we claim the
elements 1 and log are c3-fixed by the action of G/Hy. This is clear for 1.
To show this for log, notice that if ¢*" € Gj/H, (recalling that Gj, = ng)
then

val(g?" — 1) (log) > k > ¢1 + 25 + 2¢3 > cs.

We conclude by the previous proposition. O

Proposition 18.15. (i) D, . _(A") is a subring of AT&C™(Go, Q,)*.

Hy ,n,00
(ii) The module structure of M*®C*(Go, Q,)* over ATRC™(Gy, Q)T re-

stricts to a module structure of Dy, o (M™*) over ngynm(/ﬁ{*).

Proof. DT, (/~\+) contains 1 by the previous proposition. Now the ring

Hj,,n,00
and module structure maps

A @ AT = AT AT @ Mt — AF

give rise by functoriality and Proposition 5.13 maps

DN @D (M) = D (A7)
and B
DEk,TL,OO(A+) ® DEk,n,OO(M+) — ng,n,oo<M+>7
giving the desired ring and module structures. O]

18.5 Computation of higher locally analytic vectors I

Let MT € Mod%+ (G,Gp) and M = Mt @z, A. In this subsection we shall
do a first simplifcation towards the computation of of the groups R%, (M)
for ¢ > 1.

If Gy is any open subgroup of G, we have Ry, (M) = R§; 1,(M) so that if
G, = G¥"we have

aa(M) = iy H (G, MBg,C™ (G, Q).

Upon possibly making GGy smaller, we may assume that G is small and that
X : Go/Hy — Z) has image isomorphic to Z,. Write I', = G,/ H,,.
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Lemma 18.16. Fori > 1,
H'(G, M®q,C™ (G, Qp)) = H (Do, (MBq,C™ (G, Qp)) 1)

Proof. By the Hochshild-Serre spectral sequence and the vanishing of H,,
cohomologies in (iii) of Proposition 5.6 (taking M, = M+ ® V,'), we have

Hi(Gm M®Qpcan(Gm Qp)) >~ H' (Gn/HnJrka <M®Qpcan(Gnv Qp))HMk) :
Now the inclusion T, < G,,/H, 1) induces an isomorphism
HY(Go/Husk, (MBq,C™ (G, Qp)) ")
= HZ (Gn/HnJrka (M®Qpcan<Gn> Qp))Hn+k) ‘
This again follows from Hochshild-Serre, once we notice all the higher coho-

mologies of G,/G,, 1 appearing vanish. This is because G, /G, is finite
and the coefficients are rational. O

Corollary 18.17. Ry, (M) =0 fori>2 andn > 0.
Proof. Because I'), 1, = Z,,. m

This proves the first part of Theorem 5.1. It remains to study the 1st derived
group
R, (M) = Ly ! (T, (M8, C (G, Q))),

Now for m > m(G,) = m(G,n) we have natural isomorphisms

M8y Do (MT) = MYEC™ (G, Q)
and thus
K+7Hn+k @AE M’mDEnM,m,OO (M-I—) ; (M+®Can(Gn, Qp)+)H7l+k.

On the other hand, recall we have the trace maps

R, om @ A0 — Ag

n4k,m n+4k,M

which induce for Xy = ker Ry, ,.m a decomposition

n+k,M
AH
A = AHn+k»m @ XHTL+IC7m.
Therefore, we can decompose

ANHnin S ~
A " ®AHn+k,mDHn+k7mzoo (M) -

DHn+k,m,oo (M) Y (XHn+k,m®AH DHn+k,m,oo (M))7

and so we get the description

n4k>m

R‘lG-la(M) =
hﬂ H' (Fn+k7 DHn+k7m700 (M)) 2 H' (Fn-l-k‘? XHn+kam®AH7l+k,mDEn+k,m,OO (M))

where in each object of the direct limit, we take m > m(G,,).
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18.6 Computation of higher locally analytic vectors II

If m > 0 is an integer and ~ is an element of a group, write ,, for 7. The
following simple lemma will be used to compare the behaviour of (y — 1)™
and v, — 1.

Lemma 18.18. Let [ > 0. The element X?' — 1 of the ring Z,[X] is in the
ideal generated by the elements p'(X — 1)1 for 0 <4 < 1.

So far we have only used the axioms (TS1),(TS2) and (T'S3). We will now
use the final axiom (TS4).

Proposition 18.19. If (T'S}) holds, then

(1) Ap o is Ti-analytic for an open subgroup of I' depending on t.

(i) There ezists an element s = s(t,c3) = s(n,m,Gg,c3) such that for
v € Gpyk/Hpyr we have

(7 - 1)DJI-rIn+k,m,oo (M+) - psDJ}rI

n—+k,M,00 (

M*Y .

(iii) D, .m0 (M) is I'-analytic for some open subgroup I' of I'y i which
depends on n,m,G and c3.

Proof. Once (ii) is established, we claim parts (i) and (iii) follow from Ex-
ample 2.1.9 of [Pa2l]. Let us elaborate a little bit. Take [ large enough so
that (I —i)+ (i + 1)t =1+t + (t — 1)i is at least 2 for each 0 < i <. Then
for such [ (which only depends on t) we have by the previous lemma

(fyl - 1)(Ag,n) - pQAJI-rIJM

So that if b € A, the series

0 =% (1) -0

n>0
converges. This shows b is analytic for the subgroup generated by ;. The
argument for (iii) given (ii) is similar.

To show part (ii), recall the identity
(v = 1) (ab) = (v = D)(a)b+ y(a)(y = 1)(b).
(TS4) implies that if a € Aj;,, and b € DF; M™) is cz-fixed, then ab

is min(cs, t)-fixed. Since the c3-fixed elements generate D};n%,mm (M), it

M™) is s = min(cs, t)-fixed. O

n+k,1,00 (

follows that every element of D;}n o T,00 (

Using this we can show
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Lemma 18.20. Given n there is m sufficiently large depending only on n
(and not on M) such that H* (T, 44, Xty k@, Dt ypimoo (M) = 0.
Proof. (This argument is adapted from Lemma 3.6.6 of [Pa2l|) Fix mg >
n(Gpy). For m > mg the natural map

AHn+k:m®DHn+k7mOuoo (M) — DHnme,OO (M)

= Xy N A*. We have an induced

is an isomorphism. Let X?I oo

. . n4k,m
isomorphism
+ o~ + +) o~ Y+ 3 +
XH7L+k7m®AEn+kﬂmDH7L+k7m7OO (M ) - XHn+k7m®AEn+k7mODHn+k7m07OO (M) ’
Let v be a generator of I',,;. By the previous proposition, there is some s
such that
(v — 1Dy

Hy,ykymo,00

(M*) c p°Dy;

n+k,10,00

(M*).
If [ is sufficiently large Lemma 5.19 implies that
(v — 1Dy,

Hn+k7m07oo (

M) C p**Dj,

Hn+k:7m0700

(M)

Choose such an [, and take m large enough so that n(v;) < m. Then by
(TS3) we have val((y; — 1)~ (z)) > val(z) — ¢3 for z € X},

n+k7m.

We will now show any element of XHn+k7m®AHn+k,mDHn+k7myoo (M) is in the
image of 7, — 1. This will also imply any element is in the image of v — 1,
since 7y, — 1 is divisible by v — 1, and hence it will further imply that the
cohomology

2

Hl (Fn+k7 XHn+kam®AHn+k,mDHn+kamaoo (M))

XHn+kvm®AHn+k,mDHn+kvmvoo (M) /(fy - 1)

is 0.
To do this last step, it suffices to show that each simple tensor
+ +\ ~
a®b€XH _"_an®AA+ kmODHﬂ’+k7mO7oo (M ) -

XIJ’{» ®A+ D+

+
n+k,M LM Hn+k,m,OO (M )
is in the image of 4; — 1. Choose an integer r so that p”a is in the image
of (y —1)7" restricted to X3 . (choose any 7 > c3). It suffices to show
pra®bis in the image of v, —1. So write p'a = (7, — 1) (¢) for ¢ € X;}HMW
and consider the series

“+o00

y=> (" =17 () ® (w— 1 Z% 1—)7 () @ (3 — 1)'(b).

1=0
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This series converges, because by our choices val((y;—1)7! (x)) > val(z) —c3
on X} and (v, — 1) () > val(z) + 2c3 on D}, (M™)! A direct

HnJrkzm . Hy, 4 ,mo,00
computation then gives

(v—=Dy)=m—-1)(c)@b=paxbd,

so p"a ® b is in the image of v, — 1, as required. n

Combing this lemma with the results of the previous subsection, we get the
following description of R¢,,,(M).

Proposition 18.21. We have
R’é‘—la(M) = @Hl(rn‘i‘k? DHn+k’myoo (M))

where the direct limit is taken over pairs n,m.

18.7 Computation of higher locally analytic vectors III

We are now almost ready to prove our theorem. First we prove a lemma
that will be used.

Lemma 18.22. Let I' = 7% and let B be a Banach representation of T.
Suppose B = B'" and that

ly =1l <p 7.
Then ||b]| = ||b]|.,, for any b € B.

Proof. We have for x € Z,, that

. Vi(b)
1) =) —t
where V., = log (7). By definition
6]l pan = SUPg>0 {HVﬁ(b)/k!H} .

Now recall we have

Vo= (Y (=D

o m+1
so ||V, (0)]| < |ly — 1]|]/b]|, and more generally
|[VE @] < [lv =111 [[l]-
It follows that for & > 1 we have
k.
|[VE@®) /K| < p7o 1 [ly = 11 [[pl] < [ol],
so that [[b.., = |10l s
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Proof of Theorem 5.1. By the Proposition

RlG-la(M) = hﬂ H' (Fn+k> DHn+k7m700 (M))

Fix n and m. Given b € Dy, ,, m,o (M) we shall show it becomes zero in
some Dy, m/ oo (M) for some I > n, m" > m - this will show the direct
limit is zero. By Proposition 5.19 we know there is an open subgroup I' C
[nyr such that Dy, meo (M) is I-analytic. Writing v for a generator of
I', we may take I' small enough so that ||y —1|| < p_p%l, and hence the
previous lemma applies. Thus, writing [|-||,, for the norm on Dy, ., 1m0 (M)
induced from its inclusion into M&®C**(G,,, Q,), we have ||b||, = [|]|p.., for
b € D, moo (M). We know there is a real number D > 0 such that if
b€ Dy, ,moo (M) then

1V O, = [V O)lpan < DIbllran = D0, -

Now choose [ > n such that I'; has index p' in I", where ¢ is taken large
enough so that

1
2p71D < pl.
Let 7, = ~”" be the generator of T, and let log, € C*(G)) : G; —
Gi/H, — Z, be the logarithm so that log; (1;) = 1. Now let m’ > m
be large enough so that Dy, , m/ o (M) is defined. Recall that by Lemma
5.14, log; € Dp,, im0 (K*) Let IV C I'j;x be an open subgroup so that
Dy, om0 (M) is I"-analytic and write p? for the index of IV in I'jy. Fi-
nally, write +' for the generator of IV. Again by making I'"” smaller we may
-1
assume ||y — 1|| < p#=T on Dy, , /00 (M). We have

Y= =
Let 2z = log; /p*™1 € Dy, mr 00 (/N\>, the one computes that v/(z) = z; + 1.

Therefore, V./(z) = 1. Now consider the series

3
2

bz — V(b)) L 1 -

o) + V2, (b)

in Dy, m/ 00 (M). We claim first it converges with respect to the norm |||,
of Dy, m00 (M). Indeed, we have

[zl = p**
and (noting that V!, = p*k+0vi)
V5 @), = p~ [V 0)|], < p~ 0|0,
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< p " THOD B,

so the general term of series has size
HV;(b)/ (i +1)!- Zli+1‘ ‘z < pfi(t+k+q)Dipi(k+Q)pﬁ

= (p'Dpri) <27,

so the series converges in the in the ||-||, norm. But then the series must
also converge with respect to ||-||p.,, because of our lemma. So if we
write y for the sum of the series, it makes sense to speak of the deriva-
tive V.(y), and one computes that V.,(y) = b. So b is in the image of
Vo i Da oo (M) = Dpyymr 0o (M), hence also in the image of 7/ — 1,
which divides V.. But 4/ = 'yfik SO Yiux — 1 divides ' — 1. It follows that
b is also in the image of v, — 1. This means that b is 0 in

DHl+k,m/,00 (M) /(%Hﬂ - 1) ~H! (Fl+k7 DHl+k7m,,00 (M>>

and we are done! OJ

Remark 18.23. This argument proves a little bit more. Since the choices of
I and m’ did not depend on b, each Dg, ., m.oc (M) maps in its entirety to
0 in some Dy,,, m/.0o (M). This gives the stronger form of (ii) in Theorem
5.1

19 Descent to locally analytic vectors

Work again in the setting of §3 — §4. We shall assume in this section that
K, contains an unramified twist of the cyclotomic extension. The purpose
of this section is to prove the following theorem.

Theorem 19.1. The functor €& — Ox Dot & gives rise to an equivalence of
categories

{locally analytic vector bundles on X'} = {T-vector bundles on X'} .
The inverse functor is given by £ s Elo,

In the rest of this section, we shall prove that given a I'-vector bundle £ on
X, the natural map B B
Ox ot g &

is an isomorphism. This is enough for proving Theorem 6.1. Indeed, if this
isomorphism is granted, then in particular it follows from Proposition 2.2
that £ is locally free over 0%, so that the functor £ ~ £ is valued in
the correct category and is fully faithful. On the other hand, it follows from
Example 4.2(2) that it is also essentially surjective.
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19.1 Computations at the stalk

Let € be a D-vector bundle. We have the fiber gk(a:oo) at r, a finite dimen-
sional K -semilinear representation of I', and the completed stalk £)-F, a
finite free By (Koo) = Bi -module. We define

DSen(g) = (gk(zoo))la

and B B
D (€) = (En0)P™.

If V is a p-adic representation and € = & (V) as in Example 3.4, and if T =
Lcye, then we recover the classical invariant Dge, (V') according to Théoréme
3.2 of |[BC16]. The invariant D}, (V) is also recovered, see Proposition 3.3

of [Po20]. It is therefore natural to extend these definitions to arbitrary &
and I" as we have done here.

There is the following decompletion result.

Theorem 19.2. (i) The natural map [A(OO ® Rl Dsen(g) — gk(%o) s an
1somorphism.

(z}z} The natural map B(}LR(IA(OO) DB+ (Rou)e Dj{if(g) — gﬁg is an isomor-
phism.

Proof. The fiber gk(xoo) is a finite dimensional K. ~o-semilinear representation
of I". So (i) follows from Théoréme 3.4. of [BC16]. For (ii), write I, for the
maximal ideal of BXR(IA(OO). It suffices to prove that for n > 1 the natural
map R B B

() Bin(Ro) /I Ot yrsye o /I = B 17

is an isomorphism.
By Theorem 5.1 we have R}a(lg‘—lé;w/lg) = 0, so by devissage the map

(gxoo/lg>la — (gxoo/I(?)la = DSen(g)

is surjective. It follows from the case n = 1 and Nakayama’s lemma that (x)
is surjective too.

For injectivity, we argue as follows. Let €y, ...,€4 be a basis of Dg,(€) over
the field K'2. By what was just proved, we may choose a lifting ey, ..., e of
this basis to (€, /I3)®. Then 1 ®ey, ..., 1 ® eq generate

Bix (Ko) /1§ @ et iy (o /T5)"

according to Nakayama’s lemma.
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Now suppose that
in ® e € Bip(Kw)/Iy DB, /1) (Ean/I5)"

is in the kernel of (), so its image is 0 mod I}. Choose a generator £ of
Iy. Reducing mod Iy and using the injectivity of (%) for n = 1, we get the
relation > 7; ® ; = 0. As the €; form a basis, each x; must be divisible by
€. Writing x; = &}, we have

Z%@ei:Z&xQ@ei:SZx;@eh

so the image of
S @y € Blu(Roo) /13 O, gty (B /)"
in &,/ I~ is 0. The injectivity now follows from induction. O

Theorem 5.1 of §5 allows us to prove the following proposition. In 6.5 below
we shall prove a stronger statement.

Proposition 19.3. Let I be a closed interval with |log (I)| < log (p) and let

M; = H(X;,E). There are natural isomorphisms Dge,(€) = M /(I,M;)"
nd D(8) = lim M/ (I V)™

Proof. As Iy is principal, [QM ; is finite free over By. By Theorem 5.1, the
cohomology R{, (IyM;) vanishes. Applying la to the short exact sequence

0— [9]/\\4/[ — M[ — M[[g]/\\j[ —0

~

we get M /(IgM)* = (M;/IgM;)"® = Dgen(€), which gives the first iso-
morphism. By the same argument M} /(I3 M;)'® = (M /13 M;)* for n > 1.
To get the second isomorphism, take the limit over n. O

19.2 Descent to locally analytic vectors

In this subsection we will give a proof of Theorem 6.1.

We start with the following key proposition, which builds upon all of the
work done in §4, §5 and the previous subsections of §6.

Proposition 19.4. Let I = [r,(p — 1)p"] be an interval with n > 1 and
llog (I)| < log (p). Then the natural map

(x) By ®]§1Ia M}a — M
s an isomorphism.
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Proof. First let us explain how to reduce to the cyclotomic case. After an
unramified twist, which causes no obstructions to descent, we may assume
Kye C K. We then have M, = 1= B 1 ®p, M, I,eye, and if the conclusion of
the proposition holds for the cyclotomic Case, we have

MI = BI ®]§1[a M}acyc
This shows that M, 1 has a basis of locally analytic vectors and by Proposition
2.1 the map (*) is an isomorphism.

It remains to establish the proposition in the cyclotomic case where B; =

By By Proposition 4.1, By cye 18 flat as a Blfacyc module. Since M}acyc

-module, it follows from [Sta, 15.22.4] that B Leye®@ g

,cyc

torsionfree as a B2

M}acyc is also torsionfree. By Theorem 6.2, the completion at Iy C B Ieye Of

(*) is nothing but the map

I,cyc

+ + (& o+
BdR ®B:ﬁpa Ddlf(g) % SIOO 9

so by Proposition 6.3, the map (x) is an isomorphism at least after taking
this completion. As B Ieye 18 a PID, it follows that (x) is injective with
cokernel supported at finitely many maximal ideals. These maximal ideals
correspond to a finite set of points on X, and this set must form a finite
orbit under the action of I". But by 10.1.1 of [FF18], the only point with
finite orbit under the I'-action is x.,! Thus the cokernel of (x) is supported
at Iy. But then it must be 0, as we have just shown the completion at Iy is
an isomorphism. O

Proof of Theorem 6.1. Let U be an open subaffinoid of Xy for I = [r, (p —
1)p"]. Then we claim that the natural map

Ox (U) ®@oyu H(U, ™) — H(U,€)
is an isomorphism. Indeed, we have

HO(U, &) = Ox (U) @5, Myeye = Ox (U) D MP

I,cyc*

Thus H(U, g ) has a basis of locally analytic elements. By Proposition 2.1,
we have an isomorphism

Ox (U) @y H(U, E)* — HO(U, E),

from which the claim follows.
Now let (Ox ®o £%)° be the presheaf on X sending

U~ Ox (U) @ory E™ (U) .
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The X for various I’s of the form I = [r, (p — 1)p"]| with |log(/)| < log(p)
give a covering of X', so the claim shows that the natural map

(Ox ®oiy £%)° = €

is an isomorphism on stalks. Theorem 6.1 follows. [

The proof just given essentially shows that £ is quasi-coherent. This leads
to a simple interpertation of Dge, and DX in terms of & as follows. Given
a locally analytic vector bundle define

DSen (5) - 5k(xoo)7

the fiber of £ at x.,, and R

D(Jirif (8) = Sxto?
the completed stalk of & at wo. These would not a priori be the same
as Dgen(€) and D (), because quotients in general do not commute with
locally analytic vectors, but they do in this case.
Theorem 19.5. Let £ = Oy Qo E. There are natural isomorphisms
DSen(g) = DSen(g) and Dc—{if(g) = Dc—ilrif <5>

Proof. For I = [r,(p — 1)p"] with |log(I)| < log(p) write M; = HO(X;, €).
For any sufficiently small U containing z.,, the proof just given shows that

H (U, &) = Ox (U)" @y My

It follows that the quotient &, /m} &, of the stalk &, by the n’th
power of the maximal idea m,, C O, is identified with the quotient

M (Igz\Z)la. Now use Proposition 6.3. O

20 The comparison with (¢, ')-modules

In this section, we give reminders on (¢, I')-modules and compare them
to locally analytic vector bundles. We keep the notation from §6 and the

assumption that K1 . C K for some 7.

20.1 Galois representations and (¢, ')-modules

Recall the notations from §3 and let
Biig = Blig(KOO) = MHO(JJ[T,OO% Oy) = hﬂr&nHo(y[r,S]v O)))
r T Ss>r

T

be the extended Robba ring. The (¢, I')-actions on ) induce actions on ﬁrig.
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Definition 20.1. A (p,I')-module over ]§Lg is a finite free ﬁlig—module

with commuting semilinear (i, I')-actions such that in some basis Mat(p) €
Rt

GLd(BI‘lg)”

We can compare these objects to (¢, ')-vector bundles using two functors.

On the one hand, if M is a (¢, ')-vector bundle, then
Mlig = hgl Ho(y[noo)’ M)

is a (¢, I')-module. Here, the nontrivial thing one needs to check is that Miig

is free, and this follows from ﬁiig being Bézout (Theorem 3.20 of [Ke04]).

One the other hand, given a (¢, I')-module Miig we define a (@, I')-vector

bundle F T(1\7[Lg) as follows. If 1\7[Lg is a (¢, ')-module then for every r > 0

we have a finite free E[ryw)—semilinear [-representation My, o) together with
isomorphisms B B B
¥ Blroo) @5, Mir/neo) = Mireo)

r/p,00)
as well as identifications

B! ®=

Y ~ ot
rig B[r,oo) M[T,OO) _> M

rig*

Using the isomorphisms ¢ : ]A?;[mo) = ]§[T /poo) We can then uniquely extend

this to all » > 0 by inductivey defining M, /yn o) through the isomorphisms

M[r/p”,oo) :> M[

T/pnilvoo) :

P Bl /pr-t,00) O,

r/p™,00)

Setting for every r > 0
H0<y[r,oo)7 FT(MLg)) = M[r,oo)a

we obtain a (¢, I')-vector bundle FT(M. ).

rig

Proposition 20.2. The functors M ligr HO())[,«@O),M) and F'T induce
an equivalence of categories

{(p,T)-vector bundles on YV,cc)} = {(gp, I')-modules over ﬁiig} :
Proof. This is well known. See for example the discussion after 13.4.3 in

[SW20]. The treatment there is given in the situation where there is no
[-action present, but the same proof works in our setting. O
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The following theorem due to Fontaine and Kedlaya gives the relation of
these objects with Galois representations. To formulate it, we need to in-
troduce some terminology. Let y be the point of ) corresponding to p = 0.
A (¢,T')-module over over BLg is called étale if it has a basis for which
Mat (¢) € GL4(Oy,). We also have the notion of a semistable slope 0
vector bundle on X' - we refer the reader to [FF18|.

Theorem 20.3. The following categories are equivalent.
1. Finite dimensional Qy,-representations of G.

2. Etale (¢,T)-modules over ﬁiig.

3. T'-vector bundles on X which are semistable of slope 0.

Proof. The equivalence of 2 and 3 follows from the previous proposition
and Proposition 3.3. The category in 1 is equivalent to (¢, I')-modules over
B = @y,y[l/p], where @yvy is the p-adic completion of Oy ,, by the theorem
of Fontaine [Fo90]. Next, by a relatively elementary argument, this cate-
gory is equivalent to the category of (¢, I')-modules over ]§T, see for example
Theorem 2.4.5 of [Kel5| or Theorem 4.3 of [dSP19]. Finally, one can re-
place Bf by ]§Lg by Proposition 5.11 and Corollary 5.12 of [Ke04]|. See also
Proposition 11.2.24 of [FF18]. O

20.2 The comparison with locally analytic vector bun-
dles

f

Let Bl:** be the subring of pro-analytic vectors in ﬁrig for the action of T.

rig
We have a corresponding version of (¢, I')-modules.

Definition 20.4. A (p,I')-module Miig over ﬁigga is a finite free ﬁiiga—

module with commuting semilinear (¢, [')-actions such that in some basis

Mat () € GLq(BIP®). It is ¢tale if B, Rptre MLg is so.

rig rig

The following theorem explains the relationship between (¢, I')-modules and
locally analytic vector bundles.

Theorem 20.5. The following categories are all equivalent.
. (¢, T')-modules over ﬁiig.
. (¢, T')-modules over Bii’ga.

. (p,I')-vector bundles over Yoo

1
2
3
4. Locally analytic p-vector bundles on Vg s)-
5. I'-vector bundles on X.

6

. Locally analytic vector bundles on X.
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Proof. The equivalences 1 < 3 < 5 are Proposition 7.2 and Proposition
3.3. 4 & 6 is similar to Proposition 3.3. The proof of 5 < 6 was given in
Theorem 6.1, and 3 < 4 can be proved in a similar way. It remains to give
an equivalence between 2 and 4. The Frobenius trick functor of §7.1 induces
a functor

FT : {(¢,I')-modules over Bi**} —

rig
{Locally analytic ¢-vector bundles on YV )}

In the other direction we map a locally analytic ¢-vector bundle M to
mg = lim H(V}r.o0), M). Tt is easy to check from the definitions these two

are inverses to each other once we know that M +— Mlig is valued in the
correct category. So it remains to prove the following.

Claim. M/ is (¢, I')-module over Bl:P*.

rig rig
Proof of the claim. We only need to explain why /\/lrlg is a free Bilga
module. Since we can always descend along unramified extensions, we may

assume Ky, C K. Then M and M’ are both base changed from their

rig
Gal(Koo /Koy
cyclotomic counterparts MGal(Kee/Keye) and MLg Al(Koo/Keye)

the cyclotomic case.

, so we reduce to

To deal with this case, recall the rings Bj . from §4. The (cyclotomic)
Robba ring is defined as

r1g cyc 1& L B[T s],cyc:

r o s>r

The maps By, g,cyc = B, ey Of 84 induce an embedding Brlg eye ]§Lg7cyc =
B! (I?Cyc). By Theorem B of [Bel3| we have

rig
nipa _
Brlg 90 rlg,cyc

n>0

and since each ¢~ (Bilg Cyc> is a Bézout domain, the conclusion follows. [

In particular, we recover decompletion result entirely phrased in terms of
(¢, T')-modules:

{(,T) -modules over Bilg} =~ {(¢,T') -modules over Bilga}.

This result recovers the decompletion theorem of Cherbonnier-Colmez [CC98]
and Kedlaya [Ke04].

Theorem 20.6. If K = Ky, base extension induces an equivalence of
categories

{(,T) -modules over Bl __} = {(¢,T) -modules over B, _ }.

rig,cyc rig,cyc
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Proof. If M is a (p,T')-module over Bi?® ~— (] go‘”(BLgycyc) then there

rig,cyc

exists n > 0 such that M is defined over (B!

rig,cyc

). If eq,...,eq is a
basis of M then ¢™(e1), ..., ¢"(eq) is a basis defined over BLgﬁyC. Therefore

the category of (¢, I')-modules over B! is equivalent to the category of

7 rig,cyc
(¢, T)-modules over B*® . But this latter category is equivalent to (o, T)-

rig,cyc*

modules over B! by the previous theorem. ]

rig,cyc

21 Locally analytic vector bundles and p-adic
differential equations

21.1 Modifications of locally analytic vector bundles

We first introduce the following category. It is the locally analytic version
of Berger’s category of B-pairs, see [BeO8A|.

Definition 21.1. A locally analytic pair is a pair W = (W,, W) where
W, is a locally free O (oo} = O%| x_{o}-module with a semilinear I-action
and W, C Big Doy We is a I-stable B P lattice.

Proposition 21.2. The functor from locally analytic vector bundles to lo-
cally analytic pairs mapping € to (€|x-toe}, Dy (€)) is an equivalence of
categories.

Proof. There is an obvious functor from the category of locally analytic pairs
to the category of B-pairs. This leads to a commutative diagram

{locally analytic vector bundles} —— {locally analytic pairs} .

L

{I’-vector bundles} — {B-pairs}

The left vertical arrow is an equivalence by Theorem 6.1. The lower hor-
izontal arrow is also an equivalence, as explained in §10.1.2 of [FF18]. It
follows that the functor from locally analytic pairs to B-pairs is essentially
surjective. It is also fully faithful by Proposition 2.1. By commutativity of
the diagram, the upper horizontal arrow is an equivalence. O]

Definition 21.3. Given two locally analytic vector bundles & and & we
say that & is a modification of & if & |x (o} = Ea]x-{oc}

Any I-stable BjP*-lattice N C Dy (£) defines a modification of € by taking
the pair (5|X_{Oo}, N).

Remark 21.4. We could have also defined this notion of modification in terms

of usual B-pairs. Our choice of presentation is meant to illustrate that one
can speak of modifications without leaving the locally analytic realm.
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21.2 de Rham and C,-admissible locally analytic vector
bundles

Let &€ be a locally analytic vector bundle. We say that
e & is Cy-admissible if dimg =" = rank ().

e & is de Rham if Dyg(€) := dimg Er=1 = rank(&).

Loo

If V is a p-adic representation and & = (V)™ then £F=! = (C, ® V)% and
Dar (£) = Dgr (V), so this extends the usual definitions.

In what follows, note that Dyg (€) has a natural filtration induced from the
Iy filtration on SA%O.

Definition 21.5. Suppose £ is de Rham.

1. Ny (£) is the modification of £ given by the lattice Dgg (€) ®x B C
Dgis (€). It is Cp-admissible.

2. Mgyg (€) is the locally analytic ¢-vector bundle corresponding to Ngg (€).

21.3 The surfaces Vi, 1 and A, 1

In §10.3 of [FF18|, Fargues and Fontaine define a scheme X),,. It is a line
bundle over the schematic Fargues-Fontaine curve Xpp = Xpp(C,) with
a natural projection 7 : Xjos — X; further, it has a Gk-action and 7 is
G k-equivariant.

We let Xjoe be the analytification of Xj,,. If L is a finite extension of K, we
set

Xiog,1, = Xlog/Gal(F/Loo).
Similarly, write Viog = V0,00) Xx Xog and Niog,z. = Viog/ Gal(K/Ls); then

Viog.1./¢ = Xiog,.- These spaces have an action of Gal(L./L), an open
subgroup of T'.

Write py, (resp. piog,r) for the projection maps Y, — Y or X, — & (resp.
Viogr, = Y or Mg, = X). If I C (0,00) is closed interval, let Viog .1 =
p;);L(y,) and similarly Xog 11 = pg;’L(XI) for X if I is sufficiently small.

Define
o 0
Biog,r,1 = H' (Vog,.1: Oy 1) -

As explained in loc. cit., there is a natural Gg-equivariant morphism of
sheaves
d: OXlog — Q}ng/X = W*Ox(—l)

which induces an Oy-linear morphism
1
N : ylog — ylog ® leog/y(o,oo)'
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This then further induces an B r.r-linear differential operator N . Blog LI —

BlogL[ IfT e BlogL[ is such that N(7') = 1 then BlogLI = BLI[T] and
= d/dT. Such a T exists: if w is any nonunit w € LX and @ =

(w w'/?, .., take T = log[=’].

Lemma 21.6. There exists T € BlogL[ with N(T) = 1. Consequently,

B%og,L I — BIL I[T]

Proof. The second claim follows from the first using Proposition 2.1. To find
such an element 7', consider the exact sequence

~ ~ om0 N ~
0— BLJ — Bljgg,L,I — BLJ — 0.

After taking locally analytic vectors the sequence stays exact by Theorem
5.1. Thus the sequence

0—BY, - B> L BE 0
is exact. This means we can lift 1 to an element T" € with N(T) = 1, as
required. O

Proposition 21.7. Suppose ©% (xo) N V1 # 0.

(1) If M is a finite extension of L contained in Lo, then BEZI(LLf/M) = M
where My is the mazimal unramified extension of Q, contained in M.

.y plaliel'=0 7y . . . . .
(i1) Biwzr = Lo, the mazimal unramified extension of Q, contained in

Proof. (i) follows from [FF18, 10.3.15] and (ii) follows from (i). O

One way to construct de Rham locally analytic vector bundles is as follows.
Write Modgi’f N(G i) for the category of finite dimensional vector spaces D
over Q" together with a semilinear action of ¢, a monodromy operator N
with ¢ N = pN, a filtration on D @que K™ and a discrete action of G on
D which respects the filtration. For example, if V' is a potentially semistable
representation then Dy (V') is an object of Modg}l’f (Gk).

There is a functor

E: Modg};ﬁp(G k) — {de Rham locally analytic vector bundles}

defined as follows: given D € Modgl’f (Gk), choose L such that D is defined
over L, i.e. D= Q)" ®r, Do. Such an I exists because the action of Gk
is discrete. Then £(D) is defined to be the locally analytic vector bundle
corresponding to the pair

((Ola B ®Lo D)@:l,N:O,Gal(LOQ/KOO)7FilO(Bé{é,pa ®L0 DO)Gal(L‘”/K‘X’)).

1
ylog,prlog,L(oo)
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It is de Rham because
D C BiE™ @ Fil' (B ™ ®p, Do) 2 hee/Keo)

is fixed by an open subgroup of I'. If we choose any larger L we get the same
pair, so the construction D +— £(D) is independent of the choice of L.

21.4 Sheaves of smooth functions

In this subsection we introduce certain sheaves of functions on X. All of
these can be defined equally well for Vg o).

Definition 21.8. We define the following sheaves of functions on X.
(i) Smooth functions: O3 = Q2T=0,

(ii) For [L : K] < 0o, L-smooth functions:

Ogé_sm _ pL7* (pzolxa)LieFZO

(iii) For [L : K] < oo, L log-smooth functions:

L-lsm __ * la Liel'=0
Ox% ™" = Prog,L« (plog,LOX)

(iv) Potentially smooth functions:

OF" = lm OF™.

[L:K]<oo
(v) Potentially log-smooth functions:

o~ i o
[L:K]<oo

The following proposition has been essentially explained to us by Kedlaya.

Proposition 21.9. Let U be a connected open affinoid subset of X.

(i) The sections of each of O, O™ and OF™ at U is a field which injects
(noncanonically) into C,.

(ii) If 2o € U then there are canonical injections H(U, OF") — K,
HO(U, O%™) < Lo and HO(U, O%™) — K.

(i11) If too € U and U = X, we have H* (X7, O%) = K, HY (X7, O%™) = L))
and H° (X7, OF™) = K3».

(iv) We have OF', = Ko, O)L(ZTO = Lo and Ogj?oo =K.
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Proof. Each of the assertions (i)-(iv) for OF™ follows from the corresponding
assertion for O%™. We shall give below arguments proving (i)-(iv) for O%;
the proofs for O%*™ are the same once K is replaced by L.

After passing to an open subgroup of I', we may assume I" stabilizes U. By
Theorem 8.8 of [Kel6|, the ring Ox(U) is a Dedekind domain. Each rank 1
point & of U defines a maximal ideal of Ox(U), so f € Ox(U) can belong
to only finitely many of these points. If f € Ox(U) is killed by Liel" then
f is fixed by a finite subgroup of I', so these finitely many maximal ideals
must form a finite orbit under the I'-action. But the only rank 1 point with
finite orbit is the point z,, again by 10.1.1 of [FF18]. So every f € O(U)
either vanishes only at z., or is invertible.

If zo ¢ U, this proves that O3*(U) is a field. In particular, it injects into
the residue field of each rank 1 point, and there is a dense subset of X with
residue field a subfield of C,. This proves (i) in this case. On the other hand,
if 2, € U then there is a T-equivariant embedding of O%(U) into B, (K )
which gives an embedding of OF*(U) into B(J{R(f(oo)la’merzo = K. This
simultaenously proves (i) and (ii) for O%".

Next, (iii) follows immediately from Proposition 8.7. For (iv), we have al-
ready shown that O3*(U) C K for each U which contains 7., so O%",  C
K. To show the converse inclusion, use the henselian property of local
rings of adic spaces [Mol9, I11.6.3.7| to show first that Koo C Ox .. It
then follows that K, C O%",_, which concludes the proof. O

We raise a few questions to which we expect a positive answer but have not
answered in this article.

Question 21.10. 1. We can show that K C O™ if x is any rank 1 point.
Indeed, any untilt of C}b7 15 algebraically closed, and one can use this to show

that the completed local rings BIRJ contain K. This implies by the same
argument that K C Ox . But every element of K has finite degree over
Ko, which is fived by G. This implies that every x € K s fized by an open
subgroup G so K C OR".

Is it true that K = (’)E{S;l for any rank 1 point x?

2. Is it true that for every connected open affinoid U C X, the field O™ (U)
is a finite extension of K™ ¢ In particular, this would imply a positive answer
to question 1.

3. Is it true that O%>™ = OL™™ (and hence OF™ = O%™)? If 2o, € U
then Oks™(U) = OF™(U). This can be seen by using the embedding into
Bl as in the proof of Proposition 8.7.
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21.5 The solution functor

In this subsection, we assume £ is a de Rham locally analytic vector bundle.
Given L finite over K, we define the sheaves of solutions on X

1. SolL(&) := pr.(piNar (€))H=0, a module over O™,

2. Soliog, () = Prog, L+ (Do 1 Nar (€)1 =0, a module over O™,

plsm
x -

3. Sol(€) := lig[L:Kkoo Soljeg, . (€), a module over O

We have similar versions of these sheaves on Yo, denoted by Sol? (&) for
« € {L,{log, L} ,0}. Since the ¢ action on Yo 1, is I-equivariant, there are
natural identifications Sol,(€) = (Sol?(£))¥=! and Sol?(£) = 0%y @00,
Sol.(€) where (x,e) = {(L, L-sm), ({log, L} , L-Ism), (0, plsm)}.

To make the link with £ clear, we shall need the following form of the p-adic
monodromy theorem due to André [An02|, Kedlaya [Ke04] and Mebkhout
[Me02].

Proposition 21.11. There exists a finite extension L over K such that if
U 1is an open subset of Vj,.) for some r > 0 then the natural map

ylog,L

O% Db ) @0y Mar(E)(U).

Y(0,00)

s an 1somorphism. Consequently, if U C X for some I then

~

O% 1 Piog, . U)@0petem (1) S0og, L (E)(U) = O, (Piog 1 U) @0ty Nar (€) (V).

Xlog,L Xlog,L

Proof. Let f)lig be the (¢,I')-module corresponding to Mgyg (£). By the
p-adic monodromy theorem, we know there is an isomorphism

oAl i .payLiel'=0 ~ Rt N

BIOI;}L ®L6 (Bi[og,aL ®]§1f§f}< Diiga) ¢ — BIOZ?L ®1§I;§E}< Diiga
in the cyclotomic setting (see [Be08B, II1.2.1]). More generally, we may
descend along unramified extensions to give it in the twisted cyclotomic

case, and by base changing we get it in our setting as well as per the usual
argument.

It follows that for » > 0 we also have an isomorphism

Dpa Hpa ~ —~pa Liel'=0 ~, »pa ~ —~pa
Blog ir.o0),. @1 (Biog fr.00), . B5p>_  Diriocy) = Blog ro0).L OBz ) Do)

[ruoo), i [190)

Pulling back along Frobenius, we obtain this isomorphism for any . Then
by finding r > 0 so that U C V), we can base change the isomorphism

L= 0% (Pigg LU) to conclude. O

ylog,L

along the map B

10g1 [T7OO)
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Note that whether we need to adjoin log and /or perform a finite extension L
of K depends exactly on whether £ becomes crystalline or semistable after
restricting Gk to Gr. Applying this observation and taking Liel’ = 0 of
both sides of the proposition, we obtain the following.

Theorem 21.12. The sheaf Sol (€) is a locally free O% ™ -module of rank
equal to rank(E). More precisely:

i. If € becomes crystalline after restricting G to G, for some L C L' C Ly
then Solr(€) is a locally free O™ -module of rank equal to rank(€), and
there 1s a natural isomorphism

OI;L ®szv—sm SOIL(g) = OIQ?L ®(’)‘/{_§ NdR (5) .

ir. If € becomes semistable after restricting G to G for some L C L' C L,
then Solig.1.(€) is a locally free O%™™-module of rank equal to rank(E), and
there 1s a natural isomorphism

Ola ®Oé—lsm SOllogJJ(g) = O%Og’L ®01)? NdR (8) .

Xlog,L

Lemma 21.13. For each sufficiently small open connected affinoid U of
V0,00) which contains an element of 0%(rs), and for L large enough so
that Gy, stablizes U, there is a natural Gr-embedding H°(U, Solf, /(£)) —
Loo ®K DdR ((C/’) .

Proof. Taking the completed stalk at a @-translate of x,,, we obtain an
injection
O3 1 Piog L U) Doy W) Mar(E)(U) = L @z Dair (€).

On the other hand, Proposition 8.7 gives an isomorphism

053 (pl;é,LU) ®OJL/EBS]:O)(U) SOlif)g,L(g)(U> =

log,L
O%s 1 (Piog,.U) Bop @) Mar(E)(U).

Applying Liel' = 0 to the composition of these maps gives the desired em-
bedding. O]

We can now give an interpertation of the stalk at x..:

Proposition 21.14. There following are each naturally isomorphic to each
other.

1. The stalk Sol(E),.. .
2. The stalk Sol(£)¢ for any y € p?(rs).
3. ? RK DdR ((C/')

In particular, Sol(€)... is naturally a filtered K -representation of Gy of
dimension rank(E) and G -fized points Dag (E).
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Proof. 1t is clear 1 and 2 are isomorphic. By the previous lemma, we have a
natural embedding of Sol(£),,, and hence of Sol(€),.., into K ®x Dar (£). By
Theorem 8.12, Sol(€).._. is a finite free module of rank equal to dimg Dgg (€)
over (’)E’fg;. But by Proposition 8.7 (’)E’le‘;noo = K so this embedding must be
an isomorphism. O

Finally, we consider the global solutions to the differential equation, namely
D(€) = H' (Y000, 017 (E)) = H' (Y o,00, O ©piom SOl(E)).

Proposition 21.15. D(E) is naturally an object of Modgé’f’N(GK) and

Proof. We know each H°(Y0,0), Sol},, (£)) is an L, vector space for U suf-
ficiently small (independentely of L), so D(€) is a Q)"-vector space. The
filtration is induced from the embedding H® (Y000, Sol?(€)) < Sol(€)q.. =
K ®k Dgr (£). The @-action is induced from the map ¢ : Y0,00) = V0,50)-
The monodromy operator N is induced from the equivariant connection
Phog.sMar (€) = Piog 1 Nar (€) ®Q§,}Og/y(0 ., Finally, G acts on the smooth
elements in pj,, ; Mar (€), and this action is discrete because every element
is killed by Liel’, hence by an open subgroup of Gal(L./L). To compute
the dimension use Theorem 8.12. O

Using this language, Berger’s theorem ([Be08B, Théoréme I11.2.4]) admits
the following interpertation.

Theorem 21.16. The functors D +— E(D) and € — D(E) are mutual
inverses and induce an equivalence of categories

Modgé’f’N(GK) =~ {de Rham locally analytic vector bundles}.

Remark 21.17. If £ is the locally analytic vector bundle associated to a
p-adic representation V', we see that the global-to-local map

H’(YV(0,00), S01?(€)) = Sol(E),.,
is nothing but the more familiar map
Dy (V) — K @k Dar (V).
Question 21.18. Theorem 8.17 allows us to consider objects of
Modgu?™™ (Gx)

as global solutions to p-adic differential equations. The filtration is coming
from the behavious of orders of vanishing at x+, = 0, while the (o, N,Gf)-
structure comes from some sort of monodromy of the map T&HL Viog. . — X.
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In our description the space l'mL Viog.1. behaves as a substitute for a universal
cover of X. It would be interesting if it can be replaced by a more literal
cover of X for which the (p, N, Gk )-actions can be interperted as monodromy
actions. One could even speculate that in an appropriate sense, the analytic
fundamental group of X(C,)x should be a tame Weil group with its two
dimensions reflecting the ¢ and N operators.

We conclude with an example.

Example 21.19. Take o € Z)', and given g € Gal(Qp/Qp) let &4(g) € Z, be

the element such that szﬁ‘(g) = g(a'/?") /a'/?" for each n > 1. The Kummer
extension

O_>QP<XCyC)_>V:Va_>Qp—>O

is given by mapping in a basis e, f the element g to the matrix

< xcya(g) é“aig) ) ‘

The associated locally analytic vector bundle £ sits in an exact sequence

0= O%(Xeye) = € = OF — 0.

We have

Nar (€) = Oxz © Ozy = O(1) & Oy
where at a neighborhood of z,, we have x = t~'e and y = — log[a’]t te + f.
Thus

H(V(0.00), S01, (€)) = HY(O3? _ z@ OF  v)

= pr > pr'

The action of ¢ is given by ¢(z) = p~'z and ¢(y) = y. This gives the
underlying ¢-module of Ds(V).

To get the filtration, we consider the stalk of Solq,(£) at z. Observe that
Fil° consists exactly of these smooth sections which do not have a pole at
Too. Aslog[a’] = log, & mod t, we have Fil’Solq, (€)... = Qpeye(wlog, a+y)
and so the filtration on D;s(V) is given by

Fil ™" = Deyss(V) D Fil° = Qy(zlog, a + y) D Fil' = 0.
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Part IV

Overconvergence of étale
(¢, I')-modules in families

Abstract
We prove a conjecture of Emerton, Gee and Hellmann concerning
the overconvergence of étale (¢, I')-modules in families parametrized
by topologically finite type Z,-algebras. As a consequence, we deduce
the existence of a natural map from the rigid fiber of the Emerton-Gee
stack to the rigid analytic stack of (¢, I')-modules.

Contents

22 Introduction

In recent years, there has been growing interest in realizing the collection of
Langlands parameters in various settings as a moduli space with a geomet-
ric structure. In particular, in the p-adic Langlands program for Gal(K /K),
where K is a finite extension of Q,, this space should come in two different
forms corresponding to the two different flavours of the p-adic Langlands
correspondence. In the so called “Banach” case, this space has been con-
structed and studied by Emerton and Gee in their manuscript [EG19]. For
d > 1, it is the moduli stack X; whose value on a Z/p®-finite type scheme
SpecA is the groupoid of d-dimensional projective étale (¢, I')-modules over
the ring Ax 4. In the “analytic” case, this space has been defined by Emer-
ton, Gee and Hellmann in [EGH22|. For d > 1, it is the rigid analytic stack
X4 whose value on an affinoid space SpA is the groupoid of d-dimensional
projective (¢, I')-modules over the Robba ring R 4.

These two cases are believed to be related. In [EGH22|, the authors express
the following expectation: there should exist a map

ma X — Xy

obtained by forgetting the étale lattice. Unfortunately, the existence of 7y
is not immediate from the definitions. Indeed, if A is a p-adically complete,
topologically of finite type Z,-algebra, there is no natural map from Ag 4
to Rk 4. Rather, there is a ring Ak 4 of overconvergent periods which is
naturally contained in both of A 4 and Rg 4, and it is through this subring
that we obtain the link between the two types of (¢, I')-modules. In light of
this, Emerton, Gee and Hellmann make the following conjecture [EGH22].
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Conjecture. Every étale (p,I')-module over Ak a canonically descends to
an étale (p,I')-module over AJ}(’A. Consequently, the map T, exists.

The main result of this article confirms this expectation.

Theorem. The conjecture is true.
More precisely, the functor MV — M = A 4 ®AT M induces an equiva-

lence of categories from the category of projective etale (p,T')-modules over
A;(,A to the category of projective étale (p,I")-modules over A 4.

22.1 Previous results

The main result of this article is already known in some cases. The first
result of overconvergence, proved by Cherbonnier-Colmez in [CC98|, can
be thought of as the case A = Z, of the conjecture. Later, Berger and
Colmez in [BCO8| extended these ideas. Though the current setting is a little
different, loc. cit. makes it clear that overconvergence of free étale (p,I')-
modules would hold whenever the family comes from a family of Galois
representations, at least in the case A is p-torsionfree. Other two works worth
mentioning are those of Gao ([Gal9]), which establishes overconvergence in
the case A = Z, without appealing to Galois representations; and Bellovin’s
article (|Bel20]), which proves overconvergence of families of étale (¢, I')-
modules coming from Galois representations in the pseudorigid setting. One
novel feature of the latter two works is that they prove overconvergence in
settings where A could have p-torsion.

22.2 The ideas of the proof

The difficult part of the theorem is the essential surjectivity of the functor.
The scheme of the proof is to introduce two additional perfect rings of periods
Ag A, A}A, with inclusions

Aga CAgaD AL, DAL,

Then, starting with a projective étale (p,I')-module over A K, A, we extend
it to A K,A, and then descend in two steps, first from A K,A to A K.A and then
from Al , to Al ,

Let us emphasize that when a family of étale (p, I')-modules comes from a
family of Galois representations, the first descent step from AK A to Al K.A
can be completely avoided. Therefore in previous work, the entire focus was
on the second step. However, outside of the case where A is a finite type Z,-
algebra, families of étale (¢, I')-modules over A 4 do not in general come
from Galois representations ([Ch09, KL11]), so we want to avoid using them.
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Thus, a method for descending from A K,A to AE{ 4 Is required. Fortunately,
this was worked out in the case A = Z, in the article of de Shalit and
the author in [dSP19], based on the author’s master thesis, by using the
contracting properties of Frobenius. The first key idea of this article is to
generalize these results to the setting of families; since the method of [dSP19]
is relatively elementary, this does not cause too many technical difficulties.

Next, for the descent step from A}( 4 to Ak 4, we use ideas based on the
Tate-Sen method of [BCO8|. However, to apply the descent results of loc.
cit., one needs the existence of an open subgroup for which the matrices of
the group action are congruent to 1 mod some power of p, which is arranged
there by restricting attention to étale (p,I')-modules coming from Galois
representations, and using the lattice of such a representation. This causes
two technical problems for us: first, we want to avoid using Galois represen-
tations; and second, we work in a setting where A could have p-torsion, so
in any case one cannot expect such a congruence to occur in general. The
second key idea of this article is to develop a variant of the Tate-Sen method
for Tate rings which replaces the role of p by a pseudouniformizer f. Here,
we were inspired by the article [Bel20] which showed how the role of p can
be replaced by that of a psuedounifomizer (though still in the context of Ga-
lois representations). This idea ends up solving both of the aforementioned
problems at the same time. In fact, in terms of applications, our method
turns out to be flexible enough to also reprove results of both [BC08| and
[Bel20].

22.3 Structure of the article

In §2, we give the definitions and establish the basic properties of the coef-
ficient rings involved. Since the rings involved are a little bit subtle, this is
required for many of the arguments appearing later to make sense, and ends
up being the longest section of this article. On a first reading, the reader
may decide to skim it and come back to it as needed. In §3 we prove the
descent from A KA to Al k.4~ In §4, we develop the variant of the Tate-Sen
method to be used in §5. This might be of 1ndependent interest for future
applications. In §5, we prove the descent from A K. to A 4. Finally, §6 is a
short section putting everything together for the proof of the main theorem.

22.4 Notations and conventions

The field K denotes a finite extension of Q,. The group Gk = Gal(K/K)
denotes the absolute Galois group of K. We write K, = K Q,[,poo) for the cy-
clotomic extension. Its absolute Galois group is Hx = Gal(K /K, ), and the
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cyclotomic character identifies the quotient 'y = Gx/Hg = Gal(Ky/K)
with an open subgroup of Z.

We write C for the p-adic completion of an algebraic closure of Q,,, and IA(OO
for the p-adic completion of K,,. Both of these are perfectoid fields. We
choose a compatible system of roots of unity ¢,, (2, ... and let ¢ = ({p, (;2, ...).
We let @w = ¢ — 1; it is a pseudouniformizer of both K go and C’, and has
valuation p/p — 1.

By a valuation on a ring R, we mean a map valg : R — (—00, 00| satisfying
the following properties for x,y € R:

1. valg(x) = oo if and only if z = 0 (i.e. R is separated);
2. valg(zy) > valg(x) + valg(y);

3. valg(z + y) > min(valg(z), valg(y)).

Occasionally, we also allow valg(x) = —o0; we shall point out when this is
the case. Given a matrix M with coefficients in R, we let valg(M) be the
minimum of the valuation of its entries.

Whenever we introduce a module or a ring as an inverse limit (resp. direct
limit or localization) of topological modules or rings, we always endow it with
the inverse limit topology (resp. direct limit topology?) unless otherwise
stated.

If R is a topological ring endowed with continuous, commuting (p,'x)-
actions, then:

e an étale p-module M over R is a finitely generated R-module together
with a (p-semilinear continuous map ¢ : M — M, such the linearized
morphism ¢*M — M is an isomorphism.

e an étale (p, 'k )-module M over R is an étale p-module together with
a continuous semilinear action of I'x such that the actions of ¢ and
I'x commute.

The ring A is a p-adically complete Z,-algebra which is topologically of finite
type. In §2, we allow it to merely be a Z,-module.
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23 Coefficient rings

In this section we introduce the various modules and rings which will play
a role in this article and establish some of their properties.

23.1 The modules and rings

We introduce the following objects.

o Let A be a p-adically complete Z,-module which is topologically of
finite type.

o Set At = Ay = W(0%) and A = W(C®). We endow A+ with

its (p, [o])-topology and A with the topology making W (O%) into an
open subring.

e For 1/r € Z[1/p]~o we write
AOrle = {Zpk[xk] € A0 <vale () + (pr/p— 1)k — OO} |
k>0

According to [CC98, Rem. 11.1.3], this ring may be equivalently defined
as AT {p/[w]"/), the p-adic completion of A*[p/[ww]'/"]. We endow
the ring A©Orle with its [z]-adic topology, or what is the same, the
topology defined by the valuation

val(©7] (x) := (p/p — 1)sup {t €Z[l/p|:x € [w]t:&(o”]@} )
One checks that

Val(o’ﬂ(z p*lzr]) = infi[vales (21) + (pr/p — 1)K].
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e For 1/r € Z[1/p]so we set
A0 { = 3 Pl € A valos (@) + (pr/p — Dk - OO}'
k>—o00

Equivalently, A0 = A1 [1/[z]]. We endow A©7] with the topol-
ogy which makes A(7° into an open subring. This topology is the
same as that defined by the valuation

val®" () := (p/p — 1)sup {t cZ[l/p]:z € [w]th(O”]"’} :
e For r = 0o we set A0 = AT with its (p, [w])-topology and
A0>°) = A+[1/[w]] with its p-adic topology.

For each of the rings introduced above, there are versions with coefficients
in A, which we introduce next. In general, these are just topological Z,-
modules, but if A is a Z,-algebra, they all become topological Z,-algebras.
We have:

e For 1/r € Z[1/p]~o,

AYTe = A0198, 4 = In(A071° g, 4)/ (]

and AY =AD" [1/[)]

° Affﬂﬂr := the image of A(X’T]’O in Af’r], endowed with its subspace
topology. (The map Af’r]’o — A(X’T] may not be injective if A has
p-torsion).

e For a > 1 the a-typical Witt vectors W,(Of) = W (OZL)/p?, with the
[co]-adic topology.

e Fora>1,

Wa(Og)a = Wa(Og)@z,A = im(Wa(Og) ®z, A)/[='].

e LFor r = oo, ;&j = A(X’OO)’O = W(0%)A = l.&na Wo(O%) 4 and :&SLOO) _
W(0g)a[1/[=]].

o Ay=W(C)4 = lim Wa(O)at/[]].

o K, =iy AO7]
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For cach Ry € {A%, A4, AV AP AT} we introduce versions relative to
K, by setting Rg 4 := (R A)HK The followmg proposition shows that each
of these can be defined in terms of K. Define T/V((’)b ) JW(K")4 in a

similar way to the definition of W (O%)4, W(C)4 respectlvely.

Proposition 23.1. We have natural isomorphisms
2 AKA = (O%M)A-

i, Ag 4 = WI(K?) 4.

iii. AL = (Al (p/[w]'/") BA)1/ (]

iv. ALY = W(O% )all/[=]).

v. Al 4 =lim (AL (p/[=]"") 8A)[1/[]].
Here, in 11 and v, the tensor products are completed with respect to the
[cw]-adic topology.

Proof. Tt is clear that W (0% ) = W(Og)"* and that [w] is fixed by Hi.
Taking fixed points commutes with inverse limits so this proves parts ¢ and
11. In addition, ¢ implies 7v and 722 implies v. It remains to prove 722. For
ease of notation, we write H for Hx. We prove this by showing two claims.
Claim 1. The natural map ACeHZA .= (AOreH g Al — (Arhey
is injective.

To prove this, we argue in steps.

Step 1. The natural maps A1 /p 5 AOrle /iy and OEH[X]/XWVT —
OL[X]/ X!/ are injective.

Indeed, the cokernel of AOTheH —y Al (resp of ORT[X] — OL[X]) is
p-torsionfree (resp is X!/ -torsionfree).

Step 2. The natural isomorphism A©1°/p = ©%[X]/Xw'/" induces a
natural isomorphism A©hoH /p = OV [X] ) X owl/r,

For this, consider the commutative diagram

ROt ) Ol [X] X oo

| |

A0 fp —— Op [X]/ X

The bottom horizontal map is an isomorphism, hence injective. The two ver-
tical maps are also injective, by step 1. Hence A1 /p — OV [ X/ X ao/7
is injective. For surjectivity, it suffices to show that A, — OEH is surjec-
tive, which is clear, for example because the Teichmuller map gives a section.

Step 3. Set S = A(O’T]’O/A(O’T]’O’H. Then S is p-torsionfree.
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Step 4. If A is killed by p, we claim that the w™-torsion in K ® A is
w'/"-torsion.

Indeed, choose an isomorphism A = P
sequence

.e1 Fp. By step 3, we have an exact

0= ACTel oA 5 Al A 5 S0 A0,
which by step 2 is isomorphic to

0— P o 1X)/ X" — P O X]/ X" —

el i€l

P o1 x1/(0g" [X], Xz'/") — 0,
icl
so this is clear.

Step 5. If A is killed by p", we claim that the [z]>®-torsion in K ® A is
killed by [e]™/".

To see this, step 3 to obtain an exact sequence
0> SpA—-SRA—=-SRA/p—=0

which implies the statement by an obvious devissage, using step 4.
Step 6. If A is p-torsionfree, we claim that S ® A is [w]-torsionfree.

This follows from flat base change, because
Tory™ (Aune/[@], K) & Tort (A @ A)/[w], S © A).

As [w] is a nonzero divisor in Ajy; ® A and S is [w]-torsionfree, the claim
follows.

Step 7. Since A is noetherian, we have A[p>] = A[p"] for N > 0. Since
A/A[pN] is p-torsionfree, we have an exact sequence

0>SRAPN] - S®@A = S® A/A[pN] — 0,

which, combining steps 5 and 6, shows that S ® A is bounded [w]-torsion.

Step 8. Finally, we have an exact sequence
0— AT g4 5 AP g A 5 S A 0.

Since K ® A has bounded [w]-torsion, it follows from Lemma 2.2 below
that the sequence remains exact after [w]-adic completion. Hence the map

AOoHG A A(O’T}’O is injective, which concludes the proof of claim 1.
Claim 2. The map ACH@A — (AP°)H s almost surjective.
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Since both sides are [w]-adically complete, is enough to prove almost sur-
jectivity mod [w]'/". We have a natural isomorphism

AP )" = O /w7 [X) &, Alp.

Since A/p is an F,-vector space, it is free over F,,, and so
(AL )M = (Op /=" X)) @r, Afp.

As AO2HG A surjects onto Oy /w'/"[X] @p, A/p (as follows from step
2 in the proof of the previous claim), it suffices to prove that (’)EH [T
almost surjects onto (O%/w!'/"). This follows from H!(H,wO%) being
almost zero, which is [C0o98, Lem. IV.2.3].

Combmmg both of the claims, we deduce that there is a natural 1somor—
phism (ADT)H =~ AOLHZ A This is simply different notation for A K ol o

(AL (p/[w 1/’"> ®A)[1/[w]], and so proves part iii of the proposition. O

Finally, we have imperfect versions of the rings relative to K as above. They
are defined as follows.

e We have standard rings A} and Ag, which are defined in §2.1 of
[EG19] (where they are denoted by (A% )" and A’). We have a certain
element 7' € A} lifting w, denoted® by Tq, in loc. cit. Note that
by the theory of the field of norms, we have canonical embeddings
A} < A and Ax — A which map T to [¢] — 1.

o We setf
Al = Af®z,A = lim(lim A/ (p™, T") ©z, A),
endowed with the inverse limit topology, and

Asa = AxBz, A= lim(im(AL/ (", T") @z, A)1/T).

o Welet A = A N A0 and
(0 7"] L( (0 r],0 Qg A)/Tl

o Let A% = A [1/T] and write A + for the image of A}, Or]

0,r
AR

e Finally, let AKA = lgrl AKA

5More generally there is also an element Tk defined in loc. cit. when K is an unram-
ified extension of Q. We shall not need it for our arguments, however.

6Compare with §2.2 of loc. cit. Note that there, 7' can be used in the corresponding
definitions instead of Tk .
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23.2 Torsion and completions

The main _goal of this subsection is to construct a natural continuous map
A(X’r] — A 4 and to prove it is injective. This will allow us to prove that the
direct limits defining Ak 4 and A}Q 4 have injective transition maps.

To establish basic properties of the modules and rings introduced above,
it will be necessary to prove that certain completion operations are well
behaved. Our rings will usually be nonnoetherian, so such results are not
automatic in our setting. However, it will turn out that in the situations
we consider here the torsion appearing is bounded. Fortunately, this weaker
finiteness condition will suffice for controlling the completions appearing in
this article by virtue of the following simple lemma.

Lemma 23.2. Let R be a ring, x a nonzerodivisor of R, and 0 — M —
N — P — 0 a short exact sequence of R-modules.

If P has bounded x-torsion then the x-adic completion 0 — M} — NI —
P} — 0 is exact.

Proof. The exactness on the right is automatic by Nakayama’s lemma.”

We now turn to explain the exactness elsewhere. Firstly, we note that
since x is a nonzerodivisor, x" is also a nonzerodivisor. Replacing = by
its own power, we may and do assume P[x] = P[x*°]. Next, we observe that
Tor(R/z™, P) = P[z"], and the map Tor;(R/z", P) — Tor;(R/x""*, P)
induced from R/z" — R/z"~! corresponds to the map P[z"] = P[z""!].
With this given, we have exact sequences
Plz"] - M /2" — N/z" — P/z" — 0.
Let K, be the image of P[z"] in M/x". Then we have short exact sequences
0— (M/z")/K,, - N/2" — P/x" — 0,
and taking the inverse limit we obtain an exact sequence

0 — Um(M/2")/K, — Ny — Py

It remains to show that @n(M /z™) — lér_nn(M /x™)/ K, is an isomorphism.
To show this, it suffices to show that lgln K, and R! lgln K,, both vanish.
Since P[z*°] = Pl[z], the transition maps f,1 : K,+1 — K,, which are
induced from the multiplication by z from P[z""!] to P[z"], are all 0. This

implies that the complex
[[x. - ]]X-

n>1 n>1

"This does not require the modules to be assumed finitely generated, see [Sta, Tag
0315 (2)]
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(xn) = (mn — fns1 (xn+1))

is exact. This complex computes R’ I&Hn K, so we are done. O

The next proposition allows us to control torsion.

Proposition 23.3. Let v be an element of the maximal ideal of Of.
i. A has bounded p-torsion.

ii. Aing/[v] is p-torsionfree.

. A ®z, A is [v]-torsionfree.

iv. AOrle ®z, A has bounded [v]-torsion.

v. A has bounded [v)-torsion.

Proof. i. The module Z,-A is noetherian, since it is topologically of finite
type as a Z,-module. It therefore has bounded p-torsion.

ii. Let € Ay and suppose that pr € [v] Ajys. If we write 2 = 3 o[zi]p* for
the Teichmuller expansion then px = .. [z:]p"*" € [v]Ajys, which implies
by uniqueness of the expansion that x; € vO%, hence z itself is divisible by

[0].

iti. The ring Ay is [v]-torsionfree and Z,-flat. Tensoring the exact sequence

0— Ajnf E}% Ainf — Ajnf/['l)] — 0
with A, we see that the [v]-torsion in A, ®z, A is isomorphic to
Tor(” (A, A/ [v]).

This vanishes by 7.
iv. The ring A©71° ihas no p or [v]-torsion. This is because it is a subring
of A = W(C"), which has these properties. Tensoring the exact sequence

0 — Al L Rl A0 /) 5

with A shows that there is a natural isomorphism between the [v]-torsion in
A0 @, A and TorZ? (A7 /[v], A). Then for N > 0 we have

Tor” (A /[u], A) 2 Tory (A1 /[v], A[p™]) = Tor” (A /[u], A[p™)),

so we deduce that the [v]-torsion in AOle

torsion in A (071 ®z, Alp"].
Replacing A by A[p"], we may assume p¥A = 0. We now prove the [v]-
torsion is bounded by induction on N. We may assume v = w. When

®z, A is isomorphic to the [v]-
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N =1, we have pA = 0, so A is an F-vector space. Upon choosing a basis
and using the isomorphism

AL fp = 06X/ (X='T),

we see that the w™-torsion in A (Ol ®z, A is killed by w/.

For general N, we see that the cw™-torsion in Ao ®z, A is killed by N/
by devissage through use of the exact sequence

0= (A @, Alp]) — (Ao @y A) B (A7 0, pA) — 0.

v. As in iv there is N > 0 such that A[p"] = A[p™], and we may assume
that v = w. Consider M > N/r. We have a commutative diagram

~ ~ | N/T ~
0 — TorZ (A0 [N/ A) — = Ao @, A ZL [N AOre g, A0

| | o

~ ~ oM ~
0 —— TorZ (A0 /[m]M| A) — = AO7e g, AL [ MAOe g, A~

We claim that the leftmost map is an equality. To see this, notice that by
the argument proving iv, we have natural isomorphisms

Tory” (A1 /[N, A) & Tor{" (A7 /[e]N/", A[pM))
and similarly
Tory" (A1 /]|, A) = Tor(" (AC7 /(]| A]p])

and we know the two respective right hand sides are equal by what was
proven in 7v.

It follows from the snake lemma that the commutative diagram gives an
isomorphism between the two rows. Now again by iv, the [@]*-torsion in
Ao ®z, A is bounded. So by Lemma 2.2, taking the [w]-completion of
both rows is exact. In addition, by [Sta, 05GG], the [w]-adic completion
of [w]kAOrle ®z, A for any k is equal to [w]k;&f’r]’o. We deduce that the
[]V/"-torsion in ;&f’r]’o is equal to the [@]™ -torsion in Af’r]p for M > N/r.
This proves the [@]*-torsion is bounded in Af’r]’o. O

We record the following result that will be used later in §5.

Corollary 23.4. For 1/r € Z[1/p]s¢ the topology on :Aff’ﬂ is defined by the
valuation given by

val (@) = (p/p — 1)sup{t € Z[1/p) : x € [=] AR},
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Proof. Tt follows from the definitions that A" has AU as an open

subring, for which the topology is [w]-adic. The only thing left to check is
that Afﬂﬂr is [ow]-adically separated, so that val®l defines a valuation. But
for N > 0 we have by Proposition 2.3.v that Af’r}’o[[w]“] = A(X’T]’O[[w]N],
so that B B B

R RO /RE )

with AC"°[[]V] closed. Since A" is [ww]-adically separated, the corol-
lary follows. [l

Next, we define two p-adically completed Z,-modules

Ainf,A = l‘gl(Ainf ®Zp A)/pa7

Ainea <p/[w]1/T> = @(Ainf Rz, A) [p [w]l/r} /D",

which are rings if A is. Clearly, there is a map Ajnra — Ajnr,a <p/ (] T>
which is continuous with respect to the p-adic topology.

These two will play an auxiliary role in what follows. We shall need these
as it will be easier to construct maps out of them, and then later extend

these to maps to the objects we are concerned with. More precisely, note
that Ajus 4 is quite close to Ag)’oo]’o = W(0O%)a while Ajya <p/[w]1/r> is

close to being equal to _TAEL?’T]’O, with these latter rings being those of true
importance. The subtle differences in the two pairs occur because of the

distinction between the [w]-adic, p-adic and (p, [w])-adic completions.

Lemma 23.5. [w]-adic completion induces an isomorphism

A

A a (p/[=]"") | = AP

[
Proof. Recall that Af’r]’o is defined as the [w]-adic completion of
At <P/[W]1/T> Rz, A.

We have
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Further,

(Au 2, ) |5z ] V1 2 (e g, XYK" = )
= (AulX)/(X[5]" ~ 1) @2, 4)/[=]

(A {ﬁ] 8z, A)/[=]"

Taking the limit over a we obtain the desired isomorphism. O

1

Lemma 23.6. The natural map Aing a — Aing,a <p/[ 1/T> 18 injective.

Proof. We start by showing that Ay ®z, A — (At ®z, A)[p/[@]V"] is
injective. It suffices to show that

(Ains ®z, A) N (X[w]l/r —p)(Aint ®z, A)[X] =0,

where the intersection is taken in (A ®z, A)[X]. Indeed, suppose f = f(X)
is in the intersection, then we may write

FX) = (X[@]"" = p)g(X)

with g(X) = a9+ ..+ CLdXd € (Ainf ®Zp A)[X] and d > 0, with ay 7é 0
unless g(X) = 0. Since f € Ay ®z, A, the coefficient of X4 in f(X) is
0, which gives ad[w]l/” = 0in Aj; ®z, A. By 2.3.i74, the ring Ay ®z, A is
[]!/-torsionfree so we must have a; = 0 which means g(X) = 0, and hence
f(X)=0.

Now if p* A = 0 the proposition holds because what we have just shown, since
in this case Aint®z, A = Ainp 4 and (Ains®z, A)[p/[@ V) = Aine 4 <p/ 1/’”>
In general, the map A4 — Ainra <p/ 1/ 7’> is obtained by taking the in-
verse limit over a of the injective maps Ajus a/pe — Ajns,a/pe <p/ 1/ T> SO
it is injective. This concludes the proof. O

We may now construct a natural map A 5 A 4 as follows. First, we have

a natural map A, ®z, A — W, ((9b )a [ ] defined as the composition

1
Au®z, A = W(04) Rz, A — Wa(Oh)®z,A = W.(O8) 4 — Wa(Oh) 4 [@} :

This induces a map

(Aint ®z, A) [[wz]?l/r} /p* = Wa(Og) a {é} :

and taking limits as @ — oo, we get a map Ajnr 4 <p/ 1/7"> — AA, which is
by construction continuous for the p-adic topology on Ajpns 4 <p/ 1/ ’”> and
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the natural topology on A 4. Recall this latter topology is the inverse limit
topology induced from Ay = lim Wa(O%) 4 [1/[w]], for which a basis of open

neighborhoods of 0 in A  is given by {[@]*/"W (O%) 4+ p*W (C*) a}4s1. The

construction of the map ;&f’ﬂ — A4 is concluded by the Lemma 2.5 and

the following lemma.

Lemma 23.7. The map At a <p/[w]1/’”> — A is continuous for the nat-
ural topology on A4 and the [w]-adic topology on Ains a <p/[w]1/7“>.

Proof. A basis of open neighborhoods of 0 in A 4 is given by {[w@]*/"W (O%) 4+
P*W(C®) s }r>1. Tt suffices to show that

2%/r A p k/r A kA p
[w] AmﬂA < [w]l/’"> - [ZU] Alnf,A + p Alnf,A < [w]1/7”>
inside Ayt 4 (p/[w]"/"), because the right hand side maps to [@]*/"W (Og) 4+

pPPW(C”) 4. (We are implicitly invoking Lemma 2.6 to make sense of this
inclusion).

To show this inclusion, start by observing

1/r A p 1/r A . L
[’W} Alnf,A [[W}I/T:| C [w] Amf,A +pA1nf,A [[w]l/r}

- [w]l/TAinf,A + PAinsa <[w]].;1/7"> .

Since the right hand side is p-adically complete, we deduce that

1/r A p /rA. : L
[’W] Amf’A < [w]l/T > C [’W] Amf,A + pAlnf,A < [w]l/r > .

Arguing inductively, we have

(@] At 4 <[w]]';1/’”> C

[@]*/" Asng.a + P[] Ainga + oo + P @] Adng.a + D Anr < [w]]jl/r> :

Hence,

[’W]Zk/rAinf,A< b > C [@]*/" Ajus 4 +pkAinf,A< P >,

[w] 1/r [w] 1/r
as required. O

Thus we have a natural continuous map A" — A 4.

116



Proposition 23.8. i. Leta € Z>,. If p®A =0, then the kernel of;‘;ff’r]’o —

Ay is killed by [w]/".
i. If A is p-torsionfree, the map ;&(j’r]’o — A4 is injective.

Proof. 1. Start with the case that a = 1, so that A is an F,-vector space.
We may choose an isomorphism A = @, _; F,. The map whose kernel we
are considering is given by

(Aint®z, (@iciFp)[X]/(X[@]" = p) — [8ic1OF] [%] ,
or, more simply,
S o 1/r ~ 1|l
BrerOLIX (X" > Brer0%] |2

which maps X to —£~ = 0. Hence the kernel is given by X[@icrO%)[X]/(Xw'/),
which is @!/"-torsion.

In general, we have a commutative diagram with exact rows:

A N

N
Ainf,pA < [wjnl/r >[w} Ainf,A < [w]p1/r >[w] Ainf,A/p < [wfl/r >[w}

J l |

00— Wo1(OF5)pa [[7,1,]} —— Wa(O0g) a [L] —— (O ® A/p)i) [ﬁ}

[]

Here, the top row is exact because it is given by first tensoring the exact
sequence 0 — pA — A — A/p — 0 with Ay¢[X]/(X[ww]'" — p) and then
[w]-completing. According to Proposition 2.3, the [w]-torsion in (Ajys ®z,
A/p) [p [w]/ ”] is bounded, so by Lemma 2.2 this latter operation preserves
exactness.

The bottom row is exact because it is given by first tensoring the same exact
sequence with the flat Z,-module W (O%), then completing [z]-adically, and
then inverting [c]. The second step is exact: this again follows from Lemma
2.2, since O ® A/p is [w]-torsionfree.

With the exactness properties of the diagram established, we may use the
snake lemma, from which ¢ follows by induction on a.

o

w. If A = Z,, this map is known to be injective. Indeed, A0l can be
defined as a subring of A.

We shall now reduce to the case. Since A is p-torsionfree and p-adically
complete, we may write A = [(P,.; Zp]) as a Z,-module. We have:
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On the other hand,

A= @Wa(og A

;[L(
= Ym{fm (17
il
— l%n[gn@

(0¢) ®z, A)/[@]"][]

(05) @z, EBZ 1

a OC ®Zp @Zp ’W H
1€l

Wa(00)/ @]l
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We therefore have a commuative diagram

;&f’r]’o ;&A

| |

Hz‘el AOTe Hz‘el A

where all the maps are have been shown to be injective, except possibly
the top horizontal map. It follows that it is injective also, concluding the
proof. O]

Finally, we have the following result.

(0,r]

Theorem 23.9. There exists a natural, continuous map A — A A. It is

imjective.

Proof. It remains to show this map is injective. Recall, by Proposition 2.3.7
that A[p"] = A[p*™] for some N > 0. We have a commutative diagram

A (0,r],0 A (0,7],0 A (0,r],0
Al AAl A 0.
00— Ay, Al As/ap)

The top row is exact, because it is obtained by tensoring the sequence
0 — Ap"] - A — A/A[P"] — 0 with Aj[p/[w]'/"] and then taking
[c]-adic completion. This last step is exact because of Lemma 2.2 | since
Ai[p/[]V] ® A/A[p"] has bounded [w]-torsion according to Proposition
2.3. The bottom row is also exact. To see this, start from the exact se-
quence 0 — A[pN] — A — A/A[pN] — 0, tensor it with W,(OF), take
[cw]-adic completion, invert [w], and take inverse limits over a. Here the
first step is exact because A/A[p"] is p-torsionfree, and the second step is
exact because W,(Op) ®z, A/A[p"] is [w]-torsionfree by Proposition 2.3.

With the exactness established, the snake lemma applies. Using the previ-
ous lemma, we learn that the kernel of A(0 ey Ay is [w]-torsion (even

bounded). Since the map AY W= A is induced from inverting [@], the
proof is finished. O]

Corollary 23.10. If s > r, the natural map :&(X’S} — ;&f’r] is injective.
This proves that in the definition of AL, the colimit is in fact a union, so

that 1&2 = U, -0 Kf’r], and U C ;‘:2 is open if and only if U N Kf’r] is open
for every r. By the theorem, there is a natural continuous and injective
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map ;&L — A A. By taking Hg-invariants, we immediately deduce that we
have a similar statement AJ}C 4 = U0 Aﬁ?fj relative to K, with a natural

continuous and injective map A}ﬂ 4~ Axkoa.

Remark 23.11. The analogue of Theorem 2.9 for :&(X’OO) is also true. Let us
explain briefly how this works. The map Aff’oo)’o — A 4 is injective according

to [EG19, Rem. 2.2.13]. It therefore suffices to explain why AT is [w]-
torsionfree. For each N > 1 we have exact sequences

0— pNW(ObC)A — pN+1W(ObC;)A — (Obc)pNA/pN+1A — 0.

Assume for a moment that (O%)pw A/pN+14 is w-torsionfree. Then it follows
by devissage that Aff’oo)’o[[w]] C ﬂn21p”Af£’°°)’° = 0.

Renaming p/V A/pV+1 A as A, we reduce to proving that (OF) 4 is w-torsionfree.
Clearly O itself is w-torsionfree, so we have an exact sequence

0—= 042 0L — 04w — 0.

Applying ®z,A to O, is the same as applying ®r,A/p to it. Since A/p is
free, tensoring with it gives an exact sequence

02 00A5 0@ A= 0y/weA—0.

Now O /w ® A is killed by @, and in particular, its w-torsion is bounded.
Hence, by Lemma 2.2, the sequence stays exact after w-adic completion:

It follows that (O%), is w-torsionfree, as required.
We shall now deduce similar properties for the imperfect rings relative to K.

Proposition 23.12. The natural map Ax 4 — AA 18 injective.
Proof. This follows from [EG21, Rem. 2.2.13]. O
Proposition 23.13. The natural map Aﬁ?ﬁ" — AV s ingective.

Proof. We do this in several steps.
Step 1. The statement is true if A is p-torsionfree.

Since Aﬁ?”"’ = AOrle N A, the intersection taken in A, we get an exact
sequence

0— Aggﬂ']vo - A(O,T],O @AK (zy)—z—y ‘:&-
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Tensoring with A we get
0— AL A o (A0 @ A) e (Ax @ A) L2220 R @ 4,

so that Aj Orhe @ A = (AOe @ A) N (Ax ® A), the intersection taken in
A® A

Next, we notice that (A ® A)/(Ax ® A) is T-torsionfree. Indeed, T is
invertible in Ag and A. Hence,

(A0 @ A) /(AL & 4) = (RO7° @ A) /(A7 @ A) N (Ax © A),

which injects into (A ® A)/(Ax ® A), is also T-torsionfree.

Now consider the commutative diagram

0—= AP @A —= A0 @ A — (A7 @ A) /(AT 0 A) —0.

lT“ Te lT“

0 Agg,r],o @ A :&(o,r],o QA —> (;&(U,r},o ® A)/(A(Ig,r]m ® A) —=0

By the snake lemma, the maps (A} Orle & A)/T* — (AO71° @ A)/T* are
injective. Taking the inverse limit a — oo, this implies A (© T] Kf’r]’o is
injective.

Step 2. The statement is true if pA = 0.

First we claim that the quotient A /A is p-torsionfree. Indeed, this follows
from the fact that A is - torsmnfree and the injectivity of A x®F, — A®F
Now since A 7] /A(0 rher — A (010 /A Orle N A injects into A/AK, it is
also p-torsionfree. In partlcular the natural map from Aj Orle F, into
AOrle g F, is injective.

Next, upon choosing an isomorphism A =
diagram

e1 Fp, we have a commutative

DAY @F,) /T —— @, (A0 o F,) /T

l |

07T ,© a A r,0 a
HieI(Ag( ! ®F,)/T _>Hief(A(U’ b ® F,)/T

Here, the vertical maps are injective. Taking the limit over a, we obtain

0,r],0 A (0,r],0
A Ag

| |

Hz‘el Aggﬂ’o ® FP - Hie[ A(OJLO ® FP
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where the vertical maps are still injective and the lower horizontal map is
injective by we have just explained. It follows that the top horizontal map
is injective.

Step 3. If pY A = 0 for some N, the statement is true for A.

To case N = 1 was already discussed. Now consider the commutative dia-
gram

0,r],o 0,r],o 0,r],0
Ag(,le - A&(,A} - A&(,A]/p —0.

T

‘A (0,r],0 A (0,r],0 A (0,r],0
(SRR 1 ER (L S—

The top row is exact because it is obtained from tensoring 0 — pA — A —
A/p — 0 with Agg,r],o7 which is p-torsionfree, and then completing with
respect to 7', which is right exact by Nakayama’s lemma. The bottom row
is exact because of Lemma 2.2, since A*"° ® A/p has bounded [z]-torsion
(Proposition 2.3.iv).

The result now easily follows by devissage using the snake lemma.

Step 4. The statement is true for general A.

This is similar to the proof of step 3. Namely, take N large enough so that
A[pN] = A[p*]. Then one has a commutative diagram

(0,r],0 (0,r],0 (0,r],0
Agapy — Axa” — A apapm — 0,

I |

A (0,750 A (0,750 A (0,750
0——= Ay —Ax = Ayjapm 0

which is exact by the same arguments. We then conclude by using what was
prove in steps 1 and 3. O

Corollary 23.14. The natural map Aﬁ?;j — Ak 4 15 injective.

Proof. From the proposition it follows that Aﬁ?;j} — Kf’r] is injective. Use

the diagram

R
in which we already know by Theorem 2.9, Proposition 2.12 and Proposition
2.13 that every map other than Aggﬁ — Ak, 4 is injective. ]

Corollary 23.15. If s > r, the natural map Aﬁ?;‘j — Aﬁ?;j s injective.

]

As in the perfect case, we now know that A}(,A =U,~0 AgA.
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23.3 Compatibility with reduction

In this subsection we establish a result that will be used in §3.

For a > 1 we have natural maps A/K’ Ajpatl —> KK A/pe, obtain from the
surjection A/p** — A/p® by tensoring with W(O% ), completing [w]-
adically, and inverting [co].

Lemma 23.16. Suppose A is p-torsionfree. Then for N € Z>q, the natural
map B B
pNAK,A — @pNAK,A/p“

1 an isomorphism.

Proof. As A is p-torsionfree, for a > N we have exact sequences

pN
0—=p" NA/P"A = AJp* s AJp — A/pN — 0.
Hence, tensoring with W(O% ), for b > a we have

0— Wy (0% ) @p* VA/p"A = Wy(O% ) ® Alp"

Koo

P W0 )@ Afpt — Wi(O% )@ Afp" = 0.

Each term appearing in the exact sequence has no [w]-torsion, by Proposi-
tion 2.3. Hence, by Lemma 2.2, completing [ww]-adically is exact. Inverting
[co] also, we get an exact sequence

~ ~ N ~
0= A ponajpe — Agape — PV Ak aspe — 0.
Taking limits, we have a long exact sequence

O — l.gl.:&.Kypa—NA/pa — _:&K’A - @AK’A/pa

N ~ ~
r, lim PN Ak ajpe — R lim A g e apes

but @a AK’pafNA/pa and R! @a J&K#,afNAﬂ//pa both vanish beciuse the com-
position of N successive transition maps Ay pat1-ng/pat1 — A pa-ng/pa 18
zero. This proves the lemma. O]

Proposition 23.17. For N € Zs, and 1/r € Z[1/p]so we have natural
1somorphisms

~ ~ ~ g ~ " 0,7” ~ A 0700
AK,A/pNAK,A = AK,A/pN = A§<714]/pN = Ag(,A/)pN'
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Proof. There are a priori natural inclusions Agg’zo/)p]v - Ag’j v C A K,A/pN

according to Theorem 2.9, Corollary 2.10 and Remark 2.11. The inclusion
of the first term in the last term is an isomorphism by Proposition 2.1.72.
Hence the middle term is also naturally isomorphic to them.

It remains to construct A KA/ pv *&K 4= A K, A/pN - Starting from
0 —pY(A/p") = A/p* = A/p" =0,

for a > N, tensor with W(O% ), complete [w]-adically, and invert [c] to
get _ - .
0— AK’pN(A/pa) — AK,A/pa — AK7A/pN — 0.

Taking limits, we obtain a surjective map

A= Jm Axapp — Agasp

which factors through A xa/pY A KA

Step 1. The map AK A — AK A/py 18 an isomorphism if A is killed by a
power of p.

In this case, consider the exact sequence

0—>A[pN]—>AﬂA%A/pN—>O.

Now tensor with W(O% ), complete [ww]-adically (which is exact by Lemma
2.2 and Proposition 2.3), and invert [ww] to get

~ ~ N  ~ ~
0= Agapy) — Aga — Aga — Agapy — 0

(there is no need to take an inverse limit since all the terms will be the same
for a > 0). In particular, Ag 4/p" A = A appn

Step 2. The map _KK aA/pN = :&K, A/pN 18 an isomorphism if A is p-
torsionfree.

In this case, consider the exact sequence

0—p* NA/p"A — A/p® ﬂ Alp* — A/pYN — 0.

Now tensor with W(O% ), complete [w]-adically (which is exact by Lemma
2.2 and Proposition 2.3), and invert [w] to get

~ ~ N ~ ~
p
0— AK,p“*NA/paA — AK,A/pa — AK,A/p“ — AK,A/pN — 0.
In particular, we have a short exact sequence

0— pN;&K,A/pa — A/KA/pa — ;&K’A/pw — 0.
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Taking limits over a, we have

0— @pNAKvA/pa — AK,A = I'&HJ&K’A/W — :&KA/;DN.

Hence, the kernel of ;&K,A — ;&K,A/pN is equal to l'&na pNAKA/pa = pN:&K’A,
by the previous lemma.

Step 3. The map is an isomorphism in general.

Indeed, let A[p>] = A[pM] for M > 0 so that A/A[p™] is p-torsionfree and
A[pM] is killed by p™. We have a commutative diagram:

Oﬁ'AKvA[pM]/pNﬁ-AK’A/pNﬁAKyA/A[pM]/pN —0.

| | |

0 —— A g apity/py — Aseaspn == Arcayapiyapy 4y —=0
The top row is exact because it is obtained by starting from
0— ApM] = A/p*A = AJ(APM] +p*A) = 0

for a > N, tensoring with W(O% ), completing [w]-adically, inverting [w],
taking inverse limits over a, and tensoring with Z/p™. All of these operations
are exact, including the last two ones: inverse limits over a because the
transition maps A g apny/pett — Ag apny/pe are just the identity for a > N,

and tensoring over F, because Ay 4/, is p-torsionfree (as can be seen
from the proof of Proposition 2.8.ii). The bottom row is exact, because it
is obtained by starting from

0— AlpM — A — A/A[PM] — 0,

tensoring with WN(O% ), completing [w]-adically and inverting [w]-adically.
The second step is exact because A/A[pM] is p-torsionfree.

With this given, one now concludes the proof from the snake lemma, using
steps 1 and 2. O

23.4 The (p, Gi)-actions

There are continuous (p, G )-actions on A4 by [EG19, Lem. 2.2.18]. We
now establish the continuity on all of the rings defined in §2.1.

Given r € Roo U {co} we have a continuous map

o ROT RO
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induced by extending the action of ¢ on Ajys. It is continuous since ¢([w]) =
[c]? and the topology is [w]-adic on both the source and the target.

Similarly, we have a continuous inverse
-1 . A (Or/p] A (0,7]
AT = AT

-1

This immediately extends to give continuous ¢ and ¢~ actions on ;&L

Lemma 23.18. Let G be a topological group.

1. If G 1s profinite and acts continuously on topological spaces X1 — Xy —
v, and X = hgz X, is endowed with the direct limit topology, then the
natural action of G on X is continuous.

1. If G acts continuously on topological spaces Xy <— Xo <— X3, ... then the
natural action of G on the limit @Z X, is continuous.

Proof. i. Let U C X and let (g,2) € G x X be such that act : G x X — X
maps (g,x) into U. Suppose z € X, and let i, : X,, — X denote the
canonical map. Then since act|gxx, is continuous, there exists N C G open
compact such that

act|axx, (Ng x {z}) C i, ' (U),

which implies

act|gxx(Ng x {z}) C U.
By the tube lemma, there exists an open subset V' C X containing x such
that act(Ng x V) C U. This proves that the action is continuous.

i1. It is enough to prove the continuity of the action on the product [ X,
which is obvious. O

Now, G acts continuously on Ay, hence on (Ajy ®z, A)[p/[@]|"/"]/[w]".
As AP is built out of (A ®z, A)lp/[@]"/"]/[@]® by taking direct limits
and projective limits, the lemma implies that the action of Gx on jiffﬂ
is continuous. Finally, jNXL is built out of A(O’T] by taking direct limits, so
again by the lemma the action of G on it is continuous. Via the topological

embeddings Al , < Al , — Al and A4 — Ax 4 — Ay, we conclude
this subsectlon Wlth the followmg result.

Proposition 23.19. The (p*', G)-actions (resp. (p*', 'x)-actions, resp.
(¢, T )-actions) on Al and A, (resp. AKA and Ag 4, resp. AKA and
Ak 4) are continuous.
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24 Overconvergence for perfect coefficients

The purpose of this section is to prove the following result.

Theorem 24.1. The functor Mt M := Mt ®AT AKA induces an equiv-

alence of categories from the category of pmjectwe étale (o, 'k )-modules
over AKA to the category of projective étale (@, k)-modules over AKA

Our proof follows §4 of [dSP19| with appropriate modifications. The idea
will be to first establish the equivalence for étale p-modules and then deduce
it for étale (¢, 'k )-modules.

24.1 Descent of p-modules

0]

By Corollary 2.4, the topology on A k.4 1s defined by a valuation val(©7]

val$" () .= (p/p — Vsup{t € Z[1/p] : x € [w]ﬁ&?:j*},

We also define for x € Kﬁ?;if)

val'y ™) (z) := (p/p — L)sup{t € Z[1/p] : v € [@]' ALY},

We extend val ©r and Val(o ) to all of Ag A, by allowmg the value —o0o, so
that Afgﬁ (resp AKA ) is the subset of elements z € A 4 with val( ) >
—o0 (resp. ValA ( ) > —00).

The following lemma serves as a generalization of the usual Teichmuller
digits. Recall from Proposition 2.17 that

Asalp™ = g = ALT) ALy

Lemma 24.2. There exists a (noncanonical) map [e] : AKA/p — :&K,A
such that

1. For every z € AK’A/p we have [z] = x mod p.
2. The map [e] commutes with (.

3. For every every x € Ak 4/p, we have Val(f’oo)([ 1) > Valf/zo (x).

4. For every n € Zsq and every x € Ag.4/p, we have Valf’r](p”[x]) >

Valff}gnﬂ A(P"x] mod p™t).

Proof. Multiplication by p induces surjections
Alp— pAlp* — p*Alp® — ...
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of F,-vector spaces. Let W, be the kernel of 7, : A/p — p"A/p™™!, so that
the W, are increasing with n. Choose a complement U to the union of the
W.,, so that

A/p:UGBUWn.

n>0

For U choose an F,-basis {e; }ic, and choose, as we may, compatible bases
{ei}icr, for W, so that {e;}icr, C {e€i}icr,.., and set I =~ In. With this
being given, we set J,, = Iy U (I\I,) for n > 0. We claim that {m,(e;)}ic,
gives an F-basis of p™A/p"*!. Indeed, by construction, the map m,, : A/p —
p"A/p"t! gives a decomposition

A/p = span{e; }icr,ur = Wi, @ span{e; }ic,

so that applying m, to the e; for i € J,, gives an F,-basis of p"A/p" ™. With
this choice of {e;}ierur,, choose an arbitrary lifting of them to A, which we
denote by €;.

Now each z € (9% ®p, A/p can be written uniquely as a finite sum of the
form z = > z; ® ¢; with z; € (9% . Let

2] = [m] @& € W(O% ) @z, A,

Koo
where [z;] is the usual Teichmuller lift. This defines a map
[o] : O ®p, A/p = W(O} )@z, A.
It follows from the definition that
(=0 @x, Afp) C (B W (%) 2, A,

hence it is continuous for the [w]-topology on the source and the (p, [w])-
topology on the target. It therefore extends to a map

b b
[o] : (O% _)ajp = W(O%_)a,
which we can extend further to a continuous map

(o] : A apy = (O )apll/@] = W(K2 )4 = Axa,

K

Clearly properties 1 and 2 are satisfied.

To show property 3 holds, we need to check that @™tz € (O%Oo) A/p implies
(@] '[z] € W(O% )a. Replacing x with @z, we reduce to the case ¢ = 0.
Using the continuity of [e], we may assume = =) x; ®e; € O%OO ®r, A/D.

But then it is clear that [z] = ) [z;] ® e; lies W(O% ) ®z, A C W(O% )a.
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To show property 4 holds, we may again twist, so it suffices to show that
p"[z] mod p"t! € ;&ggz]/; implies p"[x] € A&gﬁ’f Again using the conti-
nuity of [e], we may assume z € K b ®z, A. Hence [z], and consequently
p"|x], belongs to the image of Agg,r] ®z, A, in Agg Explicitly, writing
z =Y 1; ®e; with z; € K?_, the sum being finite, we have that p"[z] is the
image under the map A 0" Rz, A — ]&ﬁ?j} of Y [z;]®p"e;. Taking this mod-
ulo p"*!, we obtain that p"[z] mod p™*! is the image of > [z;] ® 7, (p"¢;)

under the map Ag’r} Rz, P"A/p"TT — Kg’;}/pnﬂ. On the other hand by
assumption p"[z] mod p"t! € Agg/;n Since the m,(p"¢;) are linearly inde-
A (0,7],+

pendent, the assumption p”[z] mod p"*t' € A i implies that each [z;] lies
in the image of Agg,r},o‘ Hence p™|[z], which is the image of ) [z;]®p™e; under
Agg,r] ®z, A — A%TA], has to lie in Ag?ﬁ’f This concludes the proof. O
The next key lemma is essentially the same as [dSP19, Lem. 1.3], but we
include the proof for completeness. Let R be a commutative ring endowed

with a nonarchimedean valuation, where we allow val = —oo. Suppose
there exists p € Z>, and an invertible morphism ¢ : R — R such that

pval(x) = val(p(x)).

Lemma 24.3. Let X € GLy4(R). Then for any ¢ < (1/p — 1)[val(X) +
val(X™H] and for any Y € My(R) there exist U,V € My(R) such that
val(V)) > ¢ and

X lpU)X -U=Y -V.

Proof. Let

and
V=0 (X)p (X))o V(X)) MY)e X)) o (X)) e (X)L

Then
X_lgo(U)X -U=Y -V

If Y = 0 then choose V' = 0. Otherwise, by selecting N large enough, we
can make val(p~(Y)) as close as we want to 0. In addition,

val(p™H (X)e 2(X) - o M(X)) > (07 + o+ p7V)val(X)
and
val( M (X) ™ o (X)) e TN X)) > (p o+ p Y val(XTT),

so by taking N sufficiently large we have val(V') > c. O
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Proposition 24.4. Let M be a free étale p-module over AKA Then there

exists a free étale p-module M over AKA, contained in M, such that the

natural map B . .
AK,A ®AT MT — M
K,A

1S an isomorphism.

Proof. Choose a basis of M and let X = Mat(yp) € GLd(AKA) be the matrix
of ¢ in this basis. We need to show there exists a matrix U & GLd(AK 4)
such that C' = U'Xp(U) € GLd(KkA). In fact we shall find U so that
C € GL(ARY).

To do this write X = ., p"[X,] with

X, € Md(:&K,A/p) = Md(:&K,A/p) Md(AEK A/)p),

and

val'y ™ (pF[X,.]) = vall0F) L (pF[X) mod p**)
as we may according to Lemma 3.2. We shall construct U = >, p"[U,]
with U, € My(Ag 4/p) and val ™ ([U,]) = Valf;;o)(Un) by constructing U,
inductively.
For n = 0 take Uy = Id. Now suppose Uy, ..., U,_1 have been defined. Let
U =53 Olp‘[U |. We shall also suppose we have chosen matrices Cy =

Xo,C1, ...y Cr1 € My(Ak 4/p) inductively such that

n—1
U XpU') = Zpi[Cl-] mod p"My(Ak 4).
i=0
Write .
U™ Xo(U') =Y plC]=p"Y
i=0

with Y € Md(AKA). Now look for U,, € Md(l&K,A/p) such that
(U +p" U)X (U’ + p"[U, Zp ] mod p™*!

with Valff);o)(C’n) bounded below. Noting that (U’ + p"[U,])™' = U~ —

p"[U,] mod p"*!, and letting Y denote the reduction of ¥ mod pMd(;&K’A),
it suffices to solve the mod p equation

U, — Xop(U)Xo ' =YX, = C X5
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in A K,A/p-

By Lemma 3.3, this equation can be solved for both U, and C,, with C,,,
hence also p™[C,], with valg)’oo) (p"[Cy]) bounded independently of n. More
precisely, we can solve for U,, and C,, with

Val(j));o)(C’nXo_l) >c

for any ¢ < Iﬁ[val(Xo) +val(X; !)]. Then we may and do choose the C,,’s
in a way such that for n > 1 we have

val'{) (p"[C]) = val P ™([C]) > val§(C) > val ]9 (Xp) +c.

In particular, this bound is independent of n, the bound in fact depending
only on Xo. With these choices of the C,, letting C' = > _[C,]p" and

U =3 ,50lUnlp"™ we therefore have C' = U~ X (U ),where C € GLd(;A:gg:Zo))
because valff’oo)(C) > c > —00. O

24.2 Descending ¢-module morphisms

We will need to regularize the action of .

Proposition 24.5. Let 1/r € Z[1/p]soU {00}, and let X € Md(_gggﬁ), Y e
Me(.&gﬁ) and U € My (A a) satisfy

o(U) = XUY.

Then U € dee(;‘:gﬂ).
In particular, if X € Md(KTKA), Y e MG(A}(,A) and U € Myyo(Ag.4), then

U € Maxe(Al ).
Proof. Write X = [w]' X’ with Valff’r}(X’) > 0, then we see

valP (o X) 2 (X) o N (X)) 2t e+ pY)

is bounded independently of N. (This also happens with another bound if
r = o0). A similar analysis applies to ¢ N (Y)--- o 2(Y)p 1(Y).
From the equation U = ¢~ }(X)e (U)p ' (Y) we get by iteration

U=¢ {(X)p (X))o NX) - o MU) - o M(Y) o2 (Y)p (V)

which we write as U = Xyo ¥ (U)Yy, with valV"(Xy) and valV(vy)
bounded independently of N.
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Now write U = »_ [Un]p", where [o] denotes the generalized Teichmuller
digit of Lemma 3.2, applied successively to the entries of the reduction of U
mod p”. Let U®) be the k’th-truncation of U, i.e. UK = S F21 0 1p". We
then have
U® = Xno ™ M(U®)Yy mod pk.

Fixing k and choosing N large we can make val" (Xyo M (U®)Yy) > ¢
where ¢ is a constant depending only on X and Y, because valL" (o= (U®))) =

Nyal @),
We then get that

valff/’gk(U(k) mod p*) > Valf’T](U(k))

is bounded below by c.

We shall now prove by induction that valff’rl([Uk_l]pkfl) > c. By possibly
making ¢ smaller, we may assume this is true for k = 1. Arguing by induction
on k, using U®) = [U;_1]p*~!' 4+ U* 1), we deduce that

val A;;k([Uk_ﬂp “!mod p*) > ¢
is bounded below by c. But by Lemma 3.2, this implies that
val OT]([Uk_l]pk_l) > c.

Hence for each k, we have val A’T} (U*) > ¢, and consequently Val(f’r} (U)>c¢

This proves that U € dee(;&f’r]), as required. O

Corollary 24.6. Let M be a free étale p-module over jNXKA Then there

exists a unique free €étale p-module M over A}(A, contained in M such
that the natural map . B .
M7 @zt Aga— M
K,A
1 an isomorphism.
Proof. The existence was established in Proposition 3.4, and the uniqueness

follows from Proposition 3.5. O

Corollary 24.7. Let M be a free etale p-module over AA, and let M be the
unique free étale p-module over A with M ®A2 A4S M asin Corollary

3.6. Then
(]T/[/T)soﬂ — M=l

Proof. Let e, ..., eq be a basis of M and let X = Mat( ) € GLyg(AL ,) be

the matrix of ¢ with respect to this basis. If m € M#=' and m = Zaiei
with a; € Ak 4, the vector a = (a;) satisfies the equation

pla) = X""a,
so by Proposition 3.5 we conclude that the a; belong to ;‘;}( 4 O
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Remark 24.8. Using Proposition 3.5, one can show that Mt _admits the
following characterization: it is the subset of all elements m of M such that
{¢"(m)}i>0 spans a finitely generated A}Q -submodule.

24.3 The equivalence of categories

The following lemma will allow us to reduce from the projective case to the
free case.

Lemma 24.9. Let M be a projective étale p-module over a ring R. Then
there exists a free étale p-module F' over R such that M is a direct summand
of F.

Proof. This argument of [EG21, Lem. 5.2.14] carries over. O

Lemma 24.10. If M, N are projective étale p-modules over a ring R then
MY ®@r N is also a projective étale p-module, and we have a natural iden-
tification

HOHIRW(M, N) l) (MV KRR N)go:l‘

Proof. This is [EG19, Lem. 2.5.4]. O

Proposition 24.11. Let J/\\/[/T, NT be projective étale p-modules over K}(’A,
and let M = MV @5z: Axa, N=N'@z: Aga. Then
K,A K,A

Hom +
Al a

Proof. We argue as in [EG19, Prop. 2.6. 6] i.e. let Pt = (M"Y ® N1, then
Plisa projective étale ¢-module over Al k.4 By Lemma 3.10, we need to
check that (P1)#=! = P#=! where P = P! @4 A A . Since the formation

of p-invariants is compatible with direct sums we reduce by Lemma 3.9 to
the case that P! and P are free. But in this case the equality is known by
Corollary 3.7. |

LM, NT) = Homg (M, N).

Proposition 24.12. Let M be a projective étale p-module over AKA. Then
there exists a projective étale p-module MT over Al . and an isomorphism

MT QK+ AK,A 1)]/\\4/
KA

Proof. By Lemma 3.9, we may write M as a direct summand of a free étale -
module F over A k,A. By Proposition 3.4, there exists a free étale p-module

F'over A}( 4 and an isomorphism FT® I AK 4= F. By Proposition 3.11,

the idempotent in End(F ) Correspondlng to M comes from an idempotent

in End(ﬁ 1), and we may take MT to be the étale p-module corresponding
to this idempotent. O
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Combining Propositions 3.11 and 3.12 we get:

Theorem 24.13. The functor M+ M induces an equwalence of categories
from the category of projective étale p-modules over Al k.4 to the category of

projective étale p-modules over AK,A-

Proof of Theorem 3.1. For full faithfulness, take I'g-invariants of both sides
in the isomorphism of Proposition 3.11.

For essential surjectivity, suppose M is a projective étale (p, 'k )-module
over AK A, and let M M be the unique étale projective p-module over Al K.A

associated to it in Proposition 3.12. Then by uniquness, M Mt is stable un-
der the action of 'k, hence is actually a (¢, 'k )-module over A}(’ 4- This
concludes the proof. O

25 The Tate-Sen method for Tate rings

In this section, we present a variant of the Tate-Sen method of [BC08| which
will later allow us to avoid the use of Galois representations when decom-
pleting (¢, I')-modules. Furthermore, it will apply in the case the coefficents
have nonzero p-torsion. The idea, inspired by [Bel20], is to replace the role
of p in the original Tate-Sen method by that of a pseudouniformizer. Tech-
nically speaking, the results presented here are neither a special case nor a
generalization of the setting in [BCO08], because of the difference in assump-
tions. However we are not aware of any applications of [BCO8| where the
method of this section would not apply also.

We work in the following general setting. Let Gy be a profinite group en-
dowed with a continuous character x : Go — Z,; with open image and let
Hy = kerx. If g € Gy, let n(g) = val,(x(¢9) —1) € Z. For G an open
subgroup of Gy, set H = G N Hy. Let Gy be the normalizer of H in Gj.
Note Gy is open in Gy since G C Gp. Finally let [y = Gy /H and write
Cy for the center of I'y. By [BCO08, Lem. 3.1.1| the group Cy is open in
Ty Let ni(H) be the smallest positive integer such that y(Cy) contains
1+ p"Z,.

Let (K, KJF) be a pair of topological rings with A* C A, and f an element of
A*. We shall make the following assumptions.

(i) A is a Tate ring, with At a ring of definition, and f a pseudouniformizer.
(ii) At is f-adically complete.

(iii) There exists a valuation valy : A — (—00, 00| defining the topology
on A such that valy(fz) = vals(f) + vala(z) for z € A, and such that
A AvalA>0
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(iv) The group Gy acts on K, and this action is unitary for the valuation
ValA.

Lemma 25.1. If U € My(A) has valy(U — 1) > 0 then U € GL4(A) with
inverse Y~ (1 —=U)"

25.1 The Tate-Sen axioms

With the previous setting, we define them to be the following.®
(TS1) There exists ¢; >0 such that for each pair H; C H, of open subgroups
of Hy there exists o € Af* such that valy(«) > —¢; and D remym T(@) = 1.

(TS2) There exists co > 0 and for each open subgroup H of Hy an integer
n(H), as well as an increasing sequence (Ag,,)n>n(m) of closed subalgebras

of A , each containing f, and Ay ,-linear maps
Rypn : A = Mg

such that

(1) If H; C H, then Ap,,, C Ay, and Ry, |50, = Ry n-

(2) Run(x) =xif x € Ag,,.

(3) (A n) = Agrg—1n and g(Run(2)) = Rymg-1(97) if g € Go.

(4) If n > n(H) and if 2 € A then valp (Run () > valp(x) — co.

(5) If & € A¥ then lim,_,o Ry () = .

(TS3) There exists ¢3 > 0 and, for each open subgroup G of Gy an integer
n(G) > ni(H) where H = G N Hy, such that if n(y) <n <n(G) fory € I'y
then v — 1 is invertible on Xy, = (1 — Ry, ) (A7) and valy((y — 1) (x)) >
valp(x) — c3.

For the rest of the section we shall assume (TS1), (TS2) and (TS3) are
satisfied.

Remark 25.2. If Hy is trivial then the conditions simplify, and in particular,
(TS1) is automatically satisfied for any ¢; > 0. This will be the setting in
§5, however, we produce here a more general framework for ease of future
applications.

25.2 Descent to H-invariants

Lemma 25.3. Let H be an open subgroup of Hy, a_> ci. Suppose T
U. is a continuous 1-cocycle of H wvalued in GLg4(A) which verifies and
val(U, — 1) > a for each 7 € H. Then there exists a matric M € GL4(A)

8The only difference from the usual conditions is in (TS2).
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with valy (M — 1) > a — ¢ such that the cocycle T — MU, 7(M) verifies
vala (M~ U, 7(M) — 1) > a + 1.

Proof. This is proven in the same way as [BC08, Lem. 3.2.1]|. (The analogue

of the condition M — 1 € p*My(A), which appears in loc. cit., is M — 1 €
f*My(A). Tt is vacuous because with our assumptions f is invertible in
A). O

Corollary 25.4. Let H be an open subgroup of Hy, a > ¢, and 7+ U: a
continuous 1-cocycle of H wvalued in GL4(A). Suppose val(U, — 1) > a for

each T € H. Then there exists M € GL4(A) such that valp\(M —1) > a— ¢
such that the cocycle T+ MU, 7(M) is trivial.

Proof. This is proven in the same way as [BC08, Cor. 3.2.2]. O

25.3 Decompletion

The following lemma needs to be slightly modified compared to the treat-
ment of [BCOS|.

Lemma 25.5. Let 6 > 0 and let a,b € R such that a > c3 + c3 + 0 and
b > sup(a + cg,2¢o + 2c3 4+ 6). Let H be an open subgroup of Hy, n > n(H)
and v € U'y such that n(vy) < n. Finally, let

U=1+ f*U; + f*Uy

such that
U1 € Md(AHyn),ValA(Ul) 2 a — ValA(fk)

Uy € Mg(A"), valy (Us) > b — valy(f*).

Then there exists M € Mg(A?) with val(M — 1) > b — ¢y — ¢3 such that
M7U~(M) =1+ f*Vy + f*V; such that

Vi € My(Apn), vala (V1) > a — vala (f*)
Vo € Mg(A™), valy(Va) > b — valy (f*) + 6.

Proof. This again just follows the proof of [BC08, Lem. 3.2.3|, but there are
a few small modifications required, so we give more details. One sets’

V=fM1=79)"1 = Run)(fUs)

9Compare this to the proof of loc. cit, where one takes V = (1 — )71 (1 — Ry.,)(Uz).
The change is necessary for us because in general v — 1 does not act linearly on f*)
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Vi = Ui + Ry n(Us)
Vo= [+ fPV)TTUA + V) = (L4 f*UL+ "R (U2))]
M =1+ f*V.

By explicit calculations, one checks using (TS2), (TS3), the Ay ,-linearity
of Ry, and the expansion

1+ ffV)y "t =1— v+ 2R v2 —
that all the terms are well defined and that the conditions are satisifed. [

Corollary 25.6. Let § > 0 and b > 2c; + 25 + 0. If U € My(A") has
valy (U —1) > b then there exists M € Mg(A) with valy(M —1) > b—cy—c3
such that M—'U~r(M) € My(Ag).

Proof. This is the same proof as that of [BC08, Cor. 3.2.4]. O

Lemma 25.7. Let H be an open subgroup of Hy and let n > n(H), v € 'y
such that n(y) < n and B € Myxq(A®) be a matriz. Suppose there are
Vi € GL(Agn), Va € GLg(Ap,) such that val(Vy — 1), val(Va — 1) > ¢3 and
’Y(B) = V,BV,. Then B € Mlxd(AH,n)-

Proof. The proof is exactly the same as that of [BC08, Lem. 3.2.5|. The
only difference between that lemma and the statement appearing here is that
there one further assumes | = d and B € GL4(Ap,,), but these assumptions
are not used in the proof. O]

25.4 Descent

Proposition 25.8. Let 0 — U, be a continuous I1-cocycle of Gy valued in
GL4(A). If G is an open subgroup of Gy such that val(U, —1) > ¢;+2co+2c3
when o € G, and if H = G N Hy, then there exists M € Md(K) with
val(M — 1) > co + c3 such that the 1-cocycle of Gy given by o +— V, =

M~'U,0(M) is trivial on H and valued in GLy(Apnc))-
Proof. This is the same proof as that of [BC08, Prop. 3.2.6]. [

Let M* be a finite free A+-semilinear representation of Gy and for H C Hy
open let Af; = ATNAp,.

Proposition 25.9. Suppose that G is an open subgroup of Gy and that M+
has a basis such that val(Mat(g) — 1) > ¢ + 2¢o + 2¢3 for g € G. Let
H =GN Hy.
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Then for n > n(G) there exists a unique free Agn-submodule D}}yn(MJr) of
M such that

(1) DY, (M) is fired by H and stable by G.
(2) The natural map A+ Rz, Dy}, (M%) — M* is an isomorphism. In
particular, Dy (M*) is free of rank = rankM™*.

(3) D};,,(M*) has a basis which is cs-fived by G/H, meaning that for €
G/H we have val(Mat(vy) — 1) > c3.

Proof. We follow the proof of [BC08, Prop. 3.3.1|, which is closely related.

Let vy, ..., vg be a basis of M over AT. We get a cocycle U in H: (G, GLqg(AT)).
By assumption val(U, — 1) > ¢; 4+ 2¢9 + 2¢3 if 0 € G. By Proposition 4.8

there exists M € My(A) such that val(M — 1) > ¢y + ¢3 and the cocycle
oV, =M U,o(M) is trivial on H and is valued in GL4(Apn(q)). Now
val(M —1) > ¢ +c3 > 0so M € GLy(A™). It follows that V is valued in
GLa(Asn(c) N CLa(AY) = GLa(Af -

Now let M = (my;) and U, = (u;;). If we write e; = Mw; for i =1, ..., d then

olex) = Za(mjk)a(vj) =3 Zui_ja(mij)vi = ¢k

i

for 0 € H. So ei,...,eq is a basis of M* fixed by H, and if we write
Dy, (M*) = ®A}; ,e; then the natural map A+ ®nt, D}, (M*) = M* is
an isomorphism.

Further, if v € G/H then W = Mat(y) in the basis ey, ..., €4 is of the form
M~tU,0(M) where o € G is a lift of 7. Using the identity

W—-1=M"'UoM)—1=(M"'-1)U,o(M)+ (U, —1)o(M)+0o(M) -1,

it follows that val(W —1) > ca+c3 > ¢3. This implies that the basis{ey, ..., eq}
is cs-fixed.

Finally, we show that Dj; ,(M™) is unique. Choose v € Cy with n(y) =n
and let e}, ..., e; be another basis. Then Maty.,;(v) = W and Mat((v) =
W' are both in GLd(A};’n(G)) with n > n(G) and val(W —1), val(W'—1) > ¢s.
Let B € GLg(AT) be the matrix expressing ¢, in terms of e;. Then B
is H-invariant and W’ = B~ 'W~(B). According to Lemma 4.7 we have
B € GLy(Apn), so B € GLy(A") N GLy(Ap,) = GLa(Af,,). It follows that
e; and e; generate the same submodule. O

Proposition 25.10. With the notations of the previous proposition, the
module D}, (M*) admits the following characterization: it is the union of
all finitely generated AEn—submodules of M which are stable by Gy, fized
by H and which are generated by a c3-fized set of generators.
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Proof. Indeed, if we have a submodule generated by c3-fixed elements f1, ..., fi
and if eq, ..., eq is a c3-fixed basis, let B € Mlxd(AH’+) be a matrix expressing
the f; in terms of the e;. We have

Matyyz,(7)B = v(B)Matye,3 (7).

(Here Matyy,;(7) is not necessarily a uniquely determined matrix, since the
submodule generated by the f; may not be free, but this does not mat-
ter). We have val(Mats,;(y) — 1) > c3, and this implies that Mat () is
invertible. So by Lemma 4.7,

B € Mixa(Agn) N Mlxd(AH7+) = Mlxd(A;—r[,n)7
which means the submodule generated by f; is contained in D}, (M*). O
We introduce two additive, ®-categories:

° Mod%(G), the category of finite free A*-semilinear representations of
G such that for some basis val(Mat(g) — 1) > ¢; +2c2+2¢3 for g € G.

. Modf% ) (G), the category of finite free Agn—semilinear representations

of Gy that are fixed by H = G N Hy and which have c3-fixed basis.

For n > n(G), Propositions 4.9 and 4.10 give us a functor M* +— D}, (M)
from Modj. (G) to ModA;}’n (G). We also have a functor N — A* B, N+
from Mod A (G) to Modz, (G). We can then express Proposition 4.9 in the
following way.

Theorem 25.11. The functor M+ +— Dy (M™) gives an equivalence of
categories between Mod%(G) and Modf%’n(G) forn > n(G).

26 Deperfection

In this section we explain how to descend (p,['x)-modules from _TA}( 4 to
Al
26.1 Verifying the Tate-Sen axioms

We take Go = 'k, and x : Go — Z, is the cyclotomic character, so that
Hy=1.
Let A = Aﬁ?fj for 1/r € Z[1/p]so with r < 1 and A+ = Aggﬁ’f Then
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(i) A is a Tate ring, with ring of definition At , with a pseudouniformizer f
taken to be T, the element introduced in §2.1. Note T was introduced as an
element of A% ,, but it can be thought of as an element of Aﬁ?;ﬁ, the latter
being a subring of A according to Proposition 2.13.

(ii) A" is T-adically complete, by Corollary 2.4.

(iii) By §6 of [Co08|, T'/[w] is a unit in AO7e if < 1, hence also in AQ’TA]’JF.

We endow Z&ﬁ?fj with the valuation val®";
val(o’r](a) = (p/p—V)sup{x € Z[1/p] : a € [w]“ﬂ&gng}

Note that [@]" A = 72 AP whenever T makes sense. It therefore
induces the T-adic topology.

(iv) The group Gy acts continuously on Ag:g, and is unitary for the valuation
val®7],

As explained in Remark 4.2, the condition (T'S1) is automatic in this setting
since Hy = 1.

The axiom (TS2). We shall check this axiom holds in the following setting.
Recalling Hy = 1, we set

]

—n 0,7‘
A, = AHO,H =@ (Ag(,Ap

),

which is a closed subalgebra of Agﬁ, and

"]

X (0 —n 0,rp~
R, = RHo,n : AggA] — P <Ag(,Ap )

is the continuous extension of the map (Ag’r]) — gpfn(Agg’rp %}) constructed
in §8 of [Co08] for the case A = Z,. This extension exists because this
original map is T-adically continuous.

We shall now verify (TS2) holds. The only thing which is not immediate
is condition 4, i.e. we need to check that there exists ¢o > 0 such that
valp (R, (z)) > valy(z) — c2. To do this, choose ¢ > 0 which works in the
case A = Z,, which is known to exist by [BC08, Prop. 4.2.1].

Suppose z € ;&gg If valp(z) > (p/p — 1)t for t € Z[1/p] then x €

[w]t;&gﬁ’f We may write x as the image of a (possibly infinite) sum
Z T; & a;

T; € [w]t;&g,r]p’ a; € A.

so that val®(z;) > (p/p — 1)t.

with
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Now R, (z) = > R, (z;) ® a;, and we have from the case A = Z, that
val (R, (2:)) > (p/p — 1)t — ca.
Hence -
R, (z;) € ([w] ™7 2ALT)®A

for each ¢, which shows that
R, (z) € [w] 7 AL

so that valy(R,(z)) 2 -5t — co. Hence (TS2) holds with the same c,.

The axiom (TS3). We need to show that there exists ¢5 > 0 and, for each
open subgroup G of Gy an integer n(G) such that if n > n(G) and if n(y) < n
then v — 1 is invertible on X, = (1 — R,,)(A) and valy((y — 1)"}(z)) >
valy(x) — c3.

We shall show that if ¢; = ¢2(Z,) and c3 = c3(Z,) work for the case A = Z,
as in [BCO8, Prop. 4.2.1] then any ¢} > ¢2(Z,) + ¢3(Z,) works for general A.

Let x € X,, = (1 — Rn)(x) Let y € A _Kggz] We may write y as the

image of
Z Yi Q a;

in :&gg:ﬁ, with y; € J&ﬁ?” (the~sum possibly infinite). If val®"] (ylz (p/p—1)t
for t € Z[1/p] then y € [w]tA%g’Jr, which is the image of [w]tAﬁg’ﬂ’o@)A, SO
one can choose y; € [w]t:&g’r]’o. This shows that we may assume val®"(y;) >
val®1(y) for every i.
We let x = (1—R,;,)(y), so that x is the image of > (1 —R,,)(y;) ®a;. Writing
z; = (1 — Ry,)(y;) we have

vala (7 — 1) 7 Hay)) > vala () — 5 > val @ (y;) — ¢,

which approaches zero. The sum > ((v — 1) (z;)) ® a; therefore converges
in Agﬁ. This shows that v — 1 is invertible on X,,.
Finally, suppose z € X,, with val(®"! (x) > (p/p — 1)t, we shall show that
(0,r] -1 p
val" "l ((y = 1) (x)) > ——1t — ¢ — c3.
p—1

By assumption, x € [w]tlﬁgﬁ*, so we may write z = > x; ® a; (the sum
possibly infinite) with z; € [w]tA'gS”]"i Then since (1 — R,,) is idempotent
we have z = Y (1 — R,)(2;) ® a;. Letting y; = (1 — R,,)(2;) we have y; €

p—1 ~ rl.o _ —
[w]tiTCQAgg’ o and so (v — 1) '(z) = S3(y — 1)~ () ® a;. Then

(v = 1) ) € [ "7 T e AL
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which shows
vala((y = 1) 7' (@) > vala(z) — ez — ¢,
which shows we can take ¢ = ¢y — ¢35, as required.

Remark 26.1. 1. With a little more work, once can prove that ;&(X’T] also sat-

isfies the Tate-Sen axioms. This recovers overconvergence results appearing
in §4.2 of [BCOS|.

it. The following was pointed out to us by Rebecca Bellovin: if A is the
ring of a pseudoaffinoid algebra with pseudouniformizer u, the rings Aff):j

are consistent with the reduction mod u of the rings A A0, Of [Bel20]. By
taking u-adic limits, one should be able to recover the main result of [Bel20|
from the results of §4.

11i. More generally one could probably phrase the results of this section
as some sort of stablity of our version of the Tate-Sen axioms under base
change, but we have not attempted to do so.

26.2 Descent

The following proposition is a variant of [Ber08, Thm. 1.3.3].

Proposition 26.2. If Mt is a projective €tale w-module over Al KA then
for every 1/r € Z[1/p]o there exists a unique projective AK’A-submodule
MO« MY such that

1. The natural map ;&J}{,A ®J&§§'Q MO 5 Mt s an tsomorphism.

. @ sends MO into ng’;/p] ®Z (0] MO and the induced map
’ K,A

A(o /Pl o8 2 o MO — @*M(O’T] _ Aggzz/p] ®1§(K0’2] A0

K,A

1s an isomorphism.
In particular,
A§2A Rz A MO = MO for s <y

2. o induces an isomorphism @* MO =5 NfOr/pl.
3. If Mt is a (p,Tk)-module, then each M) is I g-stable.
Furthermore, if Mt s free, then so is MO,

Proof. We start by proving the statement in when M is free.

To prove existence, choose any basis ey, .., ¢4 of M over ;&k - Then Mat(p) €
GLd(fA 1), and so for some 7 and all 7 < ry we have Mat(p), Mat(¢ ™) €
GLd(AIg ;0]). We take MO — @AKAGZ, so that ¢ and ii are satisfied.
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For r > ry we may recursively define M©7 := (o1)*(M©*/?l) using the
isomorphism (¢~ 1)*MT = MT.

For uniqueness, suppose that MO andJTJ 071,32 are two submodules
satisfying conditions ¢ and 7z. Let X € GLd(Ak ) be the transition matrix

between the two bases of MO and MO and let P, and P, be the
matrices in GLd(Ag:Z/ 71y of ¢ in these bases. Then we have the equation

X = Pl o(X) Py,
which implies by Proposition 3.5 that X € GL (A @ T/ P ]) Hence

Agjz/p] ®7x§8*j§j MO — A(o /Pl AQn M(O,r},(Q)’

and it follows from condition 4 that ¢*M MO = "M M@ Since P
Agg o A Or/p] is an isomorphism, this gives MO = prOr, ( ).

We now prove existence and uniqueness when M Mtis only assumed projective.
To show existence, given MT, embded it as a direct summand of a free
¢tale p-module FT as we may according to Lemma 3.9. and set MO =
Mt FOr Let m: Ft — M be the projection.

Claim. If z € F© then also 7(z) € F©7].
To see this, choose a basis ey, ..., eq of FO. Let Mat(p) be the matrix of

© with respect to this basis. As the proof of the existence in the free case
has shown, if  is taken to be sufficiently small, we can actually arrange that
Mat(p) € GLd(Agg;]) (and not just Mat(yp) € GLd(A(O r/p])) The relation
mop = wom shows that if the claim is true for sufﬁmently small r it holds for
any 7, so we may restrict to the case where Mat(y) € GLd(Agg;]) Now since

_KkA ®x0 FOr1 2 FT there is a matrix Mat(r) € Md(AKA) representing

7 with respect to the basis e;. We need to show that Mat(w) € Md(Agg).
But again using the relation 7o ¢ = ¢ o 7 we deduce

Mat(p)p(Mat(r)) = Mat(7)Mat(),

which implies once more by Proposition 3.5 that Mat(m) € Md(&?ﬁ), as
required.

Now write pi for the étale ¢p-module which is the complement of Mt in Ft.
Letting POl = Pt FO7] the claim implies there is a direct decomposition

ﬁ(O,T] — M(O,T] @ ﬁ(O,Th

which respects the p-action. With this given, the fact that conditions ¢ and
i hold for F(O] implies that they also hold for M©r1 The existence of this
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decomposition also shows that MO g projective. This finishes the proof
of existence of M7l in general.

To prove uniquness, it suffices to show that if M (ﬁ]” satisfies conditions ¢
and i, and if F*) is constructed as above, and if M1 = FOTA AT then
M(O,r]l — M(O’T].

But this follows from the uniqueness proved in the free case, because
M(O,r],l D ﬁ(O,r] _ ﬁ(O,T] _ M(O,T] D ﬁ(O,T].

Applying the projection 7 : Ft — M' we obtain M©7 = N7/, This
concludes the proof. O

Proposition 26.3. Let M© pe a finite free Agg;] semilinear representation
Of FK .

There exists an open normal subgroup I', = Gal(K /L) of ' such that

1. There exists at most one free ¢_"(A§?:2/pn])—subm0dule MO of M1
such that

i. The natural map A OT] A Qa0 MO s MO s an isomorphism;
K,A

"(A
i, MO s [' g -stable;

iti. MO has a <3 -fized basis for the I'r-action.
2. If n > n(Ty, M) then M exists.

Proof. We start by proving 2. Choose a basis of MO Then since A(O’T]’Jr
is open in AKA, there exists an open subgroup I'y, of 'k such that Mat(g) €

GLd( K7 A ™) for g € T';,. By possibly shrinking I';,, we may assume it to be
normal, and we may further assume for g € I';, we have val(Mat (g ) 1) > cs.
Let MO+ to be the Ag:g’+—span of this basis. It is a free AY Or] T =

~(0,r], . . .
A(L Q] *_semilinear'® representation of I';, which satisfies the assumptlons

in Theorem 4.11. Hence there exists a unique finite free go_”(AgQ/ Pl

submodule M = D:(M(O"“]”L) of M©O7l+  satisfying that the natural
map

Kg:2’+ ®¢—H(A§S*§{p"}’+) MT(LO,T],Jr YGRS
is an isomorphism, that ]\ﬂo’r]’Jr is ' -stable, and which has a ¢~
basis which is c3-fixed for the action of I'y,.
Set M{"™ = M [1/T). In order to finish the proof of existence of M"",
the only part which is not yet clear is the following.

(A(O /P, -‘r)

Claim: by possibly enlargning n, depending on M©7, we can arrange M>"

to be I'i-stable.

10The equality K(Ig,’f4]7+ = K(Lo”z]’+ occurs here because Koo = Loo-
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Indeed, choose coset representatives {g; };er for I'x/I'r. For each such g =
g;, consider g(MfLO’T}’JF). If eq,...,eq is the c3-fixed basis of MO then
g(e1),...,g(eq) is a basis of g(M,(ZO’T]’Jr). It may not be c3-fixed, however. By
continuity, we may find a nontrivial v € I'z, with val(Mat 4¢3 (7)—1)) > cs,
and by taking n larger we can arrange that n > n(y). Lemma 4.7 then

implies that g(M,(LO’T]’Jr) =D/ (g(M(O"“]’*)). Choosing n large enough for all
the ¢; simultaneously, we may arrange that g(M"™"") = D (g(M©1+))
for every g € I'k.

With this in mind, let g € I'. Then for some ¢t € Z, we have by continuity
gUTj(o,r},Jr) C T—tﬁ(o,r],+’
so that

g(MP) = DY (g(MO71)) € D (T MOrI*) = T M7,

Every element of M%" can be written in the form T'm with m € ]\47(10’7"]’+7
and since

9(T'm) = [g(T*)/T"|T"g(m) € M,

we see that M is T k-stable. This proves the claim.

Finally, we show uniqueness. Suppose M and M@ are two sub-
modules satisfying these properties. Let M"" """ he the go‘”(Aggjz/p H)—
span of a cs-fixed basis in MW Let MO+ he the image of

M(Ovr}’(l)

A (0,r],+
A( k) /T
K,A ®¢—"(A(IS:A/1° Ly My

in M©7 Define M3 and MO+ gimilarly. Then we have for some
sufficiently large ¢ the inclusions

Tt N 0r)(2)+ - N0+ C T—tM(O,T],(Q),—&—)
which implies upon applying D; that
TtM'r(zO’rL(Q)?J’_ C MT(lo,r},(l),-l— C T—tM7(ZO,T],(2),+.

Hence Méoﬂ"],(l) — M’r(lo,ﬂ,@). D
26.3 The equivalence of categories

The following is an analogue of Lemma 3.9, with the action of ¢ replaced
by the I'x action.
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Lemma 26.4. Let R be a complete topological ring with a continuous action
of ', and let M be a projective R-semilinear representation of I'x. Then
there exists a finite free R-semilinear representation of ' which contains
M as a direct summand.

Proof. Choose a topological generator v of I'x. Then by the same argument
proving Lemma 3.9, we may find a finite free R-module F' endowed with
an isomorphism v*F = F' and which contains M as a direct summand as a
semilinear representation of v%. Namely, to construct F', choose first a free
R-module GG and a projective R-module P together with an isomorphism
M & P = G. Since G is free, we may declare a basis fixed by v to give G
the structure of a semilinear representation of v. Then G @ P also admits
such a structure, by taking the composite

V(GO P)=ZyGEoy'PEGOY'P
=MoPOYVPEYMOPOYPENGOPEZGDP.

We then take F':= (G @& P) @ M.

To extend the action of % on F to all of I'x we argue as follows. First, for
any k € N, the subgroups v% and fypkzp generate ', so it suffices to explain
how to extend the action of ,kaz to fypkzp for some k. Take k sufficiently
large that vpk — 1 acts topologically nilpotently. This is possible because of
the explicit construction of the action of v on F' we have described above.
The extension is then given by

ety = 3 () -1,

n>0
and the proof is concluded. O
Theorem 26.5. The functor M' M induces an equivalence of cate-
gories from the category of projective étale (¢, 'k )-modules over A}(,A to

the category of projective étale (v, 'k )-modules over Akm

Proof. We start by proving full faithfulness. As usual, we reduce to proving
that if M is a projective étale (o, I'x)-module over Al , then (M1)#Tx —
(MT)‘P:FK. 7

The injectivity of (MT)?Tx — (MT)?T% is casy, the reason being that we
already know that Ak A A}( 4 1s injective, so it remains injective after
tensoring with the projective, hence flat, Ak 4-module MT. Tt then still
remains injective after taking fixed points.

For the surjectivity we argue as follows. Let x € (M Nelx. Then x €
(]T/[/ Or)elx for some 7 > 0. Take a finite free Ak 4-semilinear represen-
tation of I'x denoted F' which contains M as a direct summand as we
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may according to Lemma 5.4. Choose a basis ey, ..., ¢4 of FT. We can write
> aje; = x with a; € Ag:g. Choose a nontorsion v € I'. By possibly mak-
ing r smaller, we can arrange that Mat.,}(v) also has coefficients in A(lg’:ﬂ.

Since x is fixed by ~, we obtain the equation of _Xgﬁ—valued matrices
Mat 3 (7)v(a) = a.

where a is the vector of the a;. Replacing v by ypkfor k > 0 we may
arrange in addition that val(Maty. () — 1) > ¢3. So by Lemma 4.7 we
know that for n > 0, we have a; € @‘”(Agg:;/ ?""l) which is contained in
_"(A}(A) Hence = € @‘"(A}{A) ®AT MT, and since z is fixed by ¢,
we see after n successive applications of | go that x € MT. This shows that
x € M (MYeTx = (M#Tx | as required.
Next, we prove essential surjectivity. Let M Mt be a projective étale p-module
over AKA Let M©r) be as in Proposition 5.2. Then M© is a projective
_TAE,?’ A]—sermhnear representation of 'k, so by Lemma 5.4, we may find a free
Ag:g—semilinear I x-representation F©71 and a projective A'(ISQ
I" i-representation PO7T such that MO g pOsl = FO7], By Proposition
5.3, we can find for n > 0 a free gpfn(Agg’;/p })—submodule Fo ¢ plos]
which is I'j-stable.
Claim. Let 7 : F©7 — 1707 denote the projection. If x € F% then
m(z) € B
To see this, choose a basis ey, ..., eq of E&O”. Choose v € I'k nontorsion and
let Mat(y) be the matrix of v with respect to this basis. Since Fj, (0] spans

-semilinear

FO a5 an A( -module there is a matrix Mat(m) € Md(A%A) representing
m with respect to the basis e;. The relation m oy = v o7 gives

Mat(7)y(Mat(r)) = Mat(r)Mat(7),

and after replacing by 4*" for k > 0 we may assume val(Mat(y) —1) > ¢s.
This implies by Lemma 4.7 that Mat(w) € Md(p‘”(A&?Zi{pn])), as required.

Set MO = g0 A a0 gng pOT = g0l A ]5 071 Then the claim shows

that M7 @ PO = FO The isomorphism A OT] A® (AL JalSEERNaN
F(O 7] lmphes that AKA ® (A(O ,r/p™ ) M(O r] o~ M(O 7] and hence also

A.TK’A ®§0_n(A§87;/pn]) MY(LO’T] ; MT

It is also clear that M,so’r} is I'g-stable. We set

Mt = A}{,A N " (MO,
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then MT is a I'k-stable, projective AJ}C 4-submodule of M . and the natural
map .K}( PN 2 MT is an isomorphism. It remains to show that
MT is p-stable and an étale ¢-module. To do this, simply notice that the
uniqueness of F\>" implies the uniqueness of M""! and so if n is sufficiently
large so that Mé(i;/ 7l and M are both defined, we get

nfl]

(M) = MO = oD AR @ gy MO,

which implies both that MT is ¢-stable and that the action of ¢ is invertible.
This finishes the proof. n

27 The main theorem

In this section, we conclude with the proof of overconvergence of (p,I'k)-
modules over Ak 4.

Lemma 27.1. The functor M > M = ZAKA Qax.a M from projective étale

(¢, T'i)-modules over Ak 4 to projective étale (o, 'k )-modules over KKA 18

fully faithful.

Proof. As usual, using Lemma 3.10 we can reduce to checking that the
natural map M¥=' = M¥=! is an isomorphism. Since A KA and Ak 4 are
p-adically complete, and since M is free, we have compatible isomorphisms
M = '&HGM ®AK,A AK,A/pa and M = lglnM ®AK,A AK,A/pa- Since ©-
invariants are compatible with inverse limits, we are reduced to the case
where p®A = 0. But in this case the statement is known, by [EG19, Prop.
2.6.6]. m

Finally, we can prove the main theorem.

Theorem 27.2. The functor M' — M = Ak A @yt ) M induces an
K

equivalence of categories from the category projective étale (p, T'k)-modules
over A}(’A to the category of projective étale (¢, 1"k )-modules over Ak 4.

Proof. This follows by combining Theorem 3.13, Theorem 5.5 and Lemma

6.1. m
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