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ABSTRACT

Problems originated from multi-tier networks are central to the field of OM/OR. Over the
years, multi-tier networks have only gotten more complex. On one hand, companies today
are building more local distribution centers and opening up more retail shops to serve re-
gional demand. On the other hand, companies are competing in goods delivery time to take
customer service to the next level.In this dissertation, we study inventory and fulfillment
policies in a two-tier network, where the upper tier consists of one central warehouse or re-
gional distribution center (RDC), and the bottom tier consists of multiple retailers or front
distribution centers (FDCs).

Classic literature on multi-echelon inventory policy assumes a steady state in which a
manufacturer is always able to place an order and receive it within a reasonable time frame.
In Chapter 2, we first assume the same steady state, and we consider the problem of mini-
mizing the long-run cost of a two-tier network with multiple retailers and with expediting.
The features of multi-location and expediting are omnipresent and critical to supply-chain
networks in practice. Furthermore, due to the recent pandemic, we later drop the steady-
state assumption in Chapter 2 and study the problem of allocating limited inventory across
the two-tier network, when the manufacturer is unable to receive external supplies.

Chapter 3 is concerned solely with fulfilling orders in a two-tier network. We assume no
inventory replenishment can happen during a fulfillment period, we allow orders to consist
of multiple items, and we allow orders to be split into multiple packages for fulfillment.
Because an order may contain more than one item, the decision-maker needs to efficiently
decide what distribution centers to use to fulfill what part of an order. Chapter 3 studies a
widely-implemented myopic policy in such a setting and evaluates the policy’s performance
in competitive analysis. Chapter 3 also studies a linear program rounding policy and a delay

policy, theoretically and numerically.
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CHAPTER 1
INTRODUCTION

Two concrete problems are studied in this dissertation.

Chapter 2. In this paper, we design inventory policies for managing a multi-tier/location
network with expediting that are effective at minimizing costs and are implementable in prac-
tice. The paper also addresses a key practical challenge faced by many supply chains of the
possibility of a disruption (from a variety of sources), which typically limits the inventory
available in the network. Thus, we consider two “modes" of operation: the normal mode,
with regular replenishment from an outside supplier, and the disrupted mode, where an unex-
pected disruption limits the available supply in the network. In normal mode, we study the
problem of minimizing the long-run holding, backlog, and expediting costs and demonstrate
the optimality of a base-stock policy in a one warehouse multiple retailer (OWMR) setting
with expediting. A key step in our theoretical analysis is the development of a stochastic
program lower bound on the optimal cost, which also provides the practical benefit of being
adaptable to many additional problem features (which we explore further through simula-
tion). In disrupted mode, we consider the problem of whether to centralize (i.e., keep all
inventory at the central warehouse) or decentralize (i.e., keep all inventory at the retailers)
the limited inventory, and provide a simple cost criterion to determine when decentralization
is preferred. This result is useful practically because it demonstrates that while centraliza-
tion may appeal intuitively to management’s desire to control limited inventory during a
disruption, it may not always be cost effective relative to decentralization; and our criterion
provides a practical rule of thumb for comparing the two strategies. Our policy development
and analysis are conducted in partnership with an industrial collaborator who operates a
nationwide automotive service parts distribution network in the US. We validate our poli-
cies by adapting our stochastic programming formulation to accommodate several additional

features present in our partner’s setting (including non-stationary demand, multiple demand
1



classes, and stochastic lead times), and simulating our policies using our partner’s network,
cost and demand data. We find that our optimized policies can provide a significant cost
savings relative to our collaborator’s current practice.

Chapter 3. In this paper, we study the problem of minimizing fulfillment costs, in which
an e-retailer must decide in real-time which warehouse(s) will fulfill each order, subject to
warehouses’ inventory constraints. The e-retailer can split an order at an additional cost
and fulfill it from different warehouses. We focus on an RDC-FDC distribution network
that major e-retailers have implemented in practice. In such a network, the upper layer
contains larger regional distribution centers (RDCs) and the lower layer contains smaller front
distribution centers (FDCs). We analyze the performance of a simple myopic policy, which
chooses the least expensive fulfillment option for each order without considering the impact
on future orders. Perhaps surprisingly, myopic policies (and their variations) are standard in
the implementation of a typical order-management system. We provide theoretical bounds
on the performance ratio of the myopic policy compared with an optimal clairvoyant policy.
We also empirically estimate our upper bound on the ratio by using FedEx shipping rates and
demonstrate the bound can be as low as 1.13 for reasonable scenarios in practice. Moreover,
we extend our study to the setting in which demand forecasting is available and prove the
asymptotic optimality of a linear program rounding policy. Finally, we complement our

theoretical results with a numerical study.

1.1 Related Papers

The material presented in this dissertation is based on the following papers.

Chapter 2. Yanyang Zhao, John R. Birge, Levi DeValve, Robert R. Inman. Manag-
ing Multi-Tier Inventory Networks With Ezxpediting Under Normal and Disrupted Modes.
Available at https://papers.ssrn.com/sol3/papers.cfm?abstract_id=4204008.

Chapter 3. Yanyang Zhao, Xinshang Wang, and Linwei Xin. Multi-Item Online Order
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Fulfillment in a Two-Layer Network. Available at https://papers.ssrn.com/sol3/paper

s.cfm?abstract_id=3675117.
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CHAPTER 2
MANAGING MULTI-TIER INVENTORY NETWORKS WITH
EXPEDITING UNDER NORMAL AND DISRUPTED MODES

2.1 Introduction

To effectively make products available to customers, supply chains often operate in multiple
tiers (or “echelons") as well as in multiple locations. This allows the supply chain to take
advantage of both the operational efficiency of various tiers, as well as the responsiveness of
locations closer to customers. For example, Seven-Eleven Japan supports large clusters of
traditional brick and mortar retail stores through a centralized distribution center (Chopra,
2017), while Chinese e-commerce giant JD.com operates a similar network consisting of sev-
eral front distribution centers supported through a larger regional distribution center (De-
Valve et al., 2021); in both cases a central facility efficiently handles large product volumes,
while a set of dispersed facilities offer quick response times to customers. This ubiquitous
supply chain setting is often called the one warehouse multiple retailer (OWMR) problem in
the operations management literature (e.g. Federgruen and Zipkin, 1984b; Roundy, 1985),
and is the focus of this paper.

In particular, we analyze an OWMR supply chain operated by our industrial collaborator,
a large US automotive manufacturer, for distributing service (i.e., repair) parts used in their
automobiles. Operating this supply chain presents several practical challenges relative to
existing OWMR research, including expediting from the central warehouse, multiple demand
classes, stochastic lead times, and stochastic, non-stationary demand. In addition to these
challenges, our industrial partner also faces the risk of disruption to its operations from
various major identifiable causes. In just the past few years, these have included natural
disasters, labor disruptions, and pandemics (among others), which effectively limit the supply

available to operate the system. These disruptions highlight a distinction between “common
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cause" and “special cause" variation (following the terminology of Deming, 1975) that is
important in practice for our industrial partner’s operations. Our partner defines common
cause variation as the uncertainty due to “common" causes that are in some sense predictable
(e.g., forecasting the demand or lead time distribution) vs. special cause variation, which
is the uncertainty due to “special" or unforeseen events that are fundamentally difficult to
predict (such as the recent Covid-19 pandemic and related supply disruptions).

Within this framework, our industrial collaborator’s goal is to design effective inventory
management policies that plan primarily for common cause variation, but that can also
adapt to special cause disruptions. Therefore, we consider two “modes" of operation: the
normal mode, which is subject to uncertainty arising from common cause variation, and
the disrupted mode, where a special cause disruption limits the available supply. In both
modes, we propose effective inventory policies, which we validate through both theoretical
analysis and simulation with our partner’s data. Moreover, while our model and analysis
are motivated by a collaboration with a particular automaker, the policies and insights are
more broadly applicable to general OWMR  settings, and so we present much of the model
in more generic terms. We next highlight our key contributions.

Normal Mode. When the system operates in normal mode, our goal is to identify an
inventory replenishment and fulfillment policy that minimizes the long-term average holding,
backlog, and expediting costs. This leads to a challenging dynamic programming problem in
the general case that is intractable due to the curse of dimensionality. However, in the special
case with negligible lead times, we are able to establish the optimality of a base-stock policy
(i.e., a policy that returns inventory at each location to a fixed level each period) through
a comparison with a lower bound on optimal cost defined by a stochastic program (SP).
This is interesting theoretically, as it is the first result establishing optimality of a base-stock
policy in a OWMR setting with expediting. It is also relevant to our industrial partner’s

practice for two reasons. First, while the automaker currently stocks inventory primarily at



the retailers during normal mode, our analysis reveals that allowing the central warehouse to
hold some inventory is helpful, especially with the expediting option. Second, our stochastic
programming formulation offers an improved method for setting base-stock levels across the
network, and is adaptable to the challenging practical features of our partner’s true problem
(including non-negligible and stochastic lead times). We demonstrate this adaptability in
our numerical simulations with our partners’ data, which we discuss further below.
Disrupted Mode. When supply is disrupted, our goal is to use the limited inventory
available in the system to minimize the backlog and expediting costs over the duration of
the disruption. Currently, our industrial partner takes centralized control over all inventory
at the central warehouse during a disruption, a strategy we call “centralization." We com-
pare this policy with the other extreme of “decentralization" or keeping all inventory at the
retailers. We derive a simple criterion for comparing the backlog and expediting costs to
determine whether decentralization will perform better than centralization. Intuitively, the
condition favors decentralization when the expediting cost is high, but it also provides the
insight that as either supply or demand grow large, decentralization also becomes a better
option. Thus, our result suggests that centralization is not always preferred in disrupted
mode, and also provides conditions for deciding when to keep inventory decentralized, which
is useful for our industrial partner. Moreover, in our disrupted-mode analysis, we derive
a new concentration bound on the sum of Poisson random variables that requires a novel
analysis of the incomplete gamma function, which may be of independent interest.
Validation via Data Driven Simulation. Finally, we test our proposed policies on
data from our industrial collaborator’s service parts distribution network. As mentioned
above, our partner faces several challenges in its operations that go beyond the scope of
the theoretical models considered (including non-stationary demand, stochastic lead times,
etc.). However, we demonstrate via simulation that our analysis leads to a methodological

approach that can adapt to these additional features. First, in normal mode, we adapt



our stochastic program to accommodate non-stationary demand and stochastic lead times,
and use it to simultaneously optimize the base-stock levels at all retailers and the central
warehouse. Across approximately two dozen parts, this provides about a 5% cost improve-
ment on average over our partner’s current base-stock levels. Second, in disrupted mode, we
adapt our analysis comparing the extremes of complete centralization (i.e., all inventory at
the central warehouse) vs. complete decentralization (i.e., all inventory at the retailers) to
allow for an intermediate balance of some centralization and some decentralization, again via
the solution of an appropriate stochastic program. We find that when there are few disrup-
tions, our stochastic programming based policy outperforms our industrial partner’s current
practice of complete centralization, and that when disruptions occur more frequently, the
two policies perform similarly. Thus, our simulations validate our stochastic programming
approach to designing effective inventory policies in both normal and disrupted mode, and

suggest that these policies provide cost savings in practice.

2.1.1 Literature review

Aligned with our motivation, our work is generally related to two streams of literature: anal-
ysis of replenishment and allocation policies in multi-tier /location systems (normal mode),
and analysis of policies for allocating limited resources over a finite time horizon (disrupted
mode).

The normal mode we study in our work is first related to traditional periodic-review,
multi-tier, multi-location inventory allocation problems. In their seminal paper, Clark and
Scarf (1960) use a dynamic programming approximation to solve a two-tier OWMR distri-
bution system problem under periodic review. Numerous papers since then have analyzed
the OWMR problem, including Eppen and Schrage (1981), Federgruen and Zipkin (1984a),
and Federgruen and Zipkin (1984c). Dogru et al. (2009) survey the papers that studied the

OWMR model. Our paper contributes to this literature by incorporating the expediting



feature, which we discuss next.

Studies which explicitly consider expediting in an OWMR model include Moinzadeh and
Aggarwal (1997) and Drent and Arts (2021), which both assume use of an augmented base-
stock policy with thresholds for expediting, then propose various methods to optimize the
policy within this class. While our model differs in some details (e.g., only the retailers
can place expedited orders), our work builds on this literature by demonstrating that a
base-stock policy can indeed be optimal in an OWMR setting with expediting. Other work
studying expediting in various inventory systems includes Moinzadeh and Schmidt (1991),
who consider the single location version of Moinzadeh and Aggarwal (1997), and Lawson and
Porteus (2000), who consider the serial system of Clark and Scarf (1960) with an expediting
option. Lawson and Porteus (2000) show that the optimal solution can be obtained by recur-
sively solving nested single-dimensional convex optimization problems. However, computing
such a solution can be tedious in practice. Muharremoglu and Tsitsiklis (2008) consider
supermodular expediting costs, and Mamani and Moinzadeh (2014) consider a continuous-
review version of Lawson and Porteus (2000). Shen et al. (2022) study a multi-tier model
with finite horizon, expediting, and service time target (STT). They assume lead time of
zero between stages and each stage consisting of one location and show a base-stock policy
and a rationing policy are optimal in their setting. In general, this literature demonstrates
that computing the optimal solution for the multi-tier model with non-negligible lead-times,
multi-locations, and expediting is nontrivial. Our work identifies an efficient heuristic that
can be implemented in practice and can solve large problems with expediting and multiple
locations in a single tier.

The problem of allocating limited resources over a finite horizon in our disrupted mode
is related to capacity control in the network revenue management (NRM) literature. In par-
ticular, our model in the disrupted mode allocates limited resources without replenishment.

We refer the interested reader to Talluri and Van Ryzin (2004) for a comprehensive review



of the larger revenue-management literature. Our work differs from the NRM literature due
to features such as a cost-driven objective (as opposed to pricing and maximizing revenue),
and multi-tier /location model with expediting. Another difference is that we decide where
to allocate resources at the beginning of a selling horizon.

There is a growing body of literature on e-commerce fulfillment which is also relevant to
our disrupted mode with limited resources (Xu et al. (2009), Acimovic and Graves (2015),
Jasin and Sinha (2015)). Chen and Graves (2021) study a problem of choosing fulfillment
centers in which to place items, and formulate the problem as a large-scale mixed-integer
program modeling thousands of items to be placed in dozens of FCs and shipped to dozens of
customer regions. DeValve et al. (2021) also consider the initial inventory allocation in a two-
layer e-retail network and evaluate the benefits of flexibility when allowing cross fulfillment
among adjacent front distribution centers. Govindarajan et al. (2021) study the problem
of an omnichannel retailer who faces both online and in-store demand and has to decide
how much inventory to reserve at each store and where to fulfill each online order from.
They propose a simple heuristic for the multi-location problem and prove its asymptotic
near-optimality for large number of omnichannel stores under certain conditions. For more
details on this literature, we refer the interested reader to a recent tutorial on the fulfillment
optimization problem by Acimovic and Farias (2019). Our work in the disrupted mode
aims to provide useful practical guidance by deriving a simple cost criterion for when to
decentralize the limited inventory (i.e., to keep all inventory at the retailers).

The disruption feature in our work is also related to match-up scheduling studies such
as Bean et al. (1991) and Akturk and Gorgulu (1999), which consider heuristic approaches
to find match-up times. Snyder et al. (2006), Peng et al. (2011), and Mak and Shen (2012)
consider the optimal network structure under the possibility of a disruption. Simchi-Levi
et al. (2014) and Simchi-Levi et al. (2015) develop a risk-exposure model that defers the

need for a company to estimate the probability associated with a disruption risk until after



it has learned the effect such a disruption will have on its operations. The second half
of our work is inspired by numerous disruptions that occurred during the recent global
pandemic. We are particularly interested in how to allocate inventory from a central location
to regional facilities in the event of upstream supply uncertainty caused by the pandemic. We
implement a practically-used “designate-for-intervention" policy and discuss its performance

under various lead time distributions.

2.1.2 Outline of paper

The rest of the paper is organized as follows. We describe our generic model in Section
2.2. In Section 2.3, we conduct a normal-mode analysis identifying an optimal inventory
policy, assuming the system can be replenished regularly. In Section 2.4, the disrupted-mode
analysis is conducted, and we derive a simple criterion that identifies when decentralization
is preferred to centralization. We assess our policies via simulation in Section 2.5 with
additional features such as non-stationary demand and stochastic lead times. Finally, we

include a technical appendix in Section 2.7.

2.2 Distribution Network Model

We consider a firm who sells a product through a canonical two-tier distribution network.
In this section we describe the general distribution network, product demand, evolution
equations, and cost parameters we consider at a high level. In the following sections, we
present additional relevant details (such as objective functions) for our specific analyses of

the normal and disrupted modes of operation.

2.2.1 Two-Tier Distribution Network

The distribution network consists of two tiers. The upper tier is a warehouse which places

orders for the product with an exogenous supplier, while the lower tier consists of n retailers
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(indexed by i) which receive shipments from the warehouse and which fulfill exogenous
demand from customers. Both the warehouse and the retailers may hold inventory of the
product. Each retailer can use its inventory to fulfill demand from only those customers
arriving at its location (i.e., no transshipment). The warehouse can use its inventory to either
replenish the retailers’ inventories, or to expedite a shipment to directly fulfill a customer’s
demand. We will refer to this latter form of delivery as “expediting." Expedited shipments
are differentiated from normal replenishment shipments in the time they take to arrive. We
will specify further details of the time dynamics when presenting the evolution equations

below.

2.2.2 Demand at the Retailers

Demand for the product occurs only at the retailers (the warehouse receives no exogenous
demand stream). Time is discrete and indexed by period ¢. Demand at retailer ¢ in period ¢
is denoted by the random variable D; ;. In general we assume the random variables D; ; are
independent across time ¢, but not necessarily independent across retailers ¢, nor identical
across t or ¢ (specific assumptions on the distribution of demand will be presented alongside

the appropriate analyses below). Unmet demand is backlogged at each retailer.

2.2.3 Evolution Equations

We now describe how the system evolves from one period to the next. Let I; and X;; denote
the warehouse’s and retailer i’s inventory level at the end of period t, respectively. Similarly,
let B; ; denote retailer i’s backlog level at the end of period ¢ (backlogs are only accumulated
at the retailers). We track these state variables at the end of each period because this is when
associated holding and backlogging costs will be charged (described below). We assume that
the system starts empty, so Ip = X; o = B; o = 0 for all 4.

To complete the state description, we must specify notation for the firm’s replenishment

11



and fulfillment decisions in each period. Let x4 denote the warehouse’s replenishment order
to an exogenous supplier in period ¢, which arrives after a lead time of L periods. The lead
time L can be either random or deterministic, and we will specify it in later sections. Let
zj + denote the warehouse’s replenishment shipment to retailer ¢ in period ¢, which arrives
after a lead time of [; periods. Let y; ; denote the warehouse’s expedited shipment to retailer
i in period ¢, which arrives after a lead time of [{ periods, and is assumed to directly fulfill
demand at retailer ¢ which it couldn’t fulfill with its local inventory. Naturally, expedited
fulfillment has short lead times, and so our analyses focus either on If = 0 or [{ = 1. Finally,
let w; ¢+ denote retailer ¢’s fulfillment of demand from its local inventory in period ¢, which
occurs without a lead time. To be concrete on the timing of these decisions, we specify the

following sequence of events in period ¢:
1. Receive supplier order z;_j, at warehouse.
2. Send shipment z; ; from warehouse to retailer i.
3. Realize demand D; ; at each retailer 1.
4. Receive warehouse shipment z; ; ;. at each retailer .
5. Fulfill w; ; of demand at each retailer i.
6. Expedite y; ; from warehouse to each retailer 1.
7. Receive expedited shipment y; ;_ e at each retailer 7.
8. Order x4 from supplier.

With these variables specified, we are now ready to characterize the system’s evolution

12



equations. The warehouse and retailers’ inventory levels evolve as follows:

Li=L 1+xzp— Y (Wig+zig)
i (2.1)

Xip=Xjt—1+ 211, — Wit

while retailer ¢’s backlog evolves as:

Bit = Bjt—1+ Dip — wit — Yit—ie- (2.2)

)

To be feasible, the decisions x¢, 2; 4, y; + and w; ; must ensure the state variables remain

non-negative, i.e., Iy > 0, and Xj 4, B; y > 0 for ¢ and ¢.

2.2.4 Cost Parameters

The firm incurs unit holding costs hg and h; for inventory held at the warehouse and retailer
1, respectively, at the end of each period. Likewise, the firm incurs a unit backlog cost of b;
for backlogged demand at retailer ¢ at the end of each period. We assume that the cost of
normal shipments, 2;;, and normal fulfillment, w; ¢, are normalized to zero, while the unit
cost of expedited fulfillment, y;+ is f;. We assume the expediting cost to each retailer is
larger than the warehouse’s holding cost, i.e., f; > hqg for all <. The cost incurred in period

t is then

hol + Z (hiXi++biBit+ fivit)-

2.3 Normal Mode Analysis

In this section, we consider a ‘normal mode" of operation, where the warehouse can regularly
place replenishment orders with the supplier. Here we assume that demand is independent

across time periods t, but may be correlated across retailers ¢ within a given time period.
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In this setting, since inventory can be replenished steadily over time, it is natural for the
firm to consider a long run average cost objective. In particular, in normal mode, the firm

minimizes the following objective

T
1
limsup — > F [holt + 3 (hiX +biBei + fiyl-t)} . (2.3)
t=1 ;

T—o00 i

Minimizing 2.3 is well-known to be a challenging dynamic optimization problem, even in the
case with no expediting (Federgruen and Zipkin (1984a), Federgruen and Zipkin (1984c),
Zipkin (1984)), due to the large state space and the difficulty of allocating inventory across
the retailers. Therefore, we do not attempt to minimize (3) exactly for the fully general
model. Rather, we set out in this section to solve a simplified version of the problem which
will provide two useful insights: i) we gain intuition for an effective class of policies to use
as a heuristic, and ii) we gain a framework for how to design these policies in more general
settings. For i), we show that a base-stock policy is optimal in a simplified model with
negligible lead times. This is useful as base-stock policies are straightforward to implement
and generally well understood by practitioners. Perhaps more importantly though, for ii) we
show that an appropriately defined stochastic program is key to determining the base-stock
levels in the simplified model. This is helpful as it provides intuition on how to generalize the
stochastic program to set base-stock levels in more complex environments with non-negligible
lead times.

We now consider a model where all lead times are negligible: the external supplier delivers
r¢ with a lead time of L = 1, the warchouse’s normal shipments z; ; arrive on the day they
are sent (so [; = 0), and the warehouse’s expedited shipments arrive immediately (so I = 0).
We note that the expedited shipments maintain an advantage over normal shipments because
they can be shipped after demand is realized, while the normal shipments are sent before
demand is realized. These lead time assumptions suggest the optimality of a base-stock

policy: because the supplier’s shipment arrives in time to update each retailer’s inventory
14



position at the start of each period, the warehouse is always able to return the system’s
inventory to the same state, which naturally specify the base-stock levels. Our analysis
verifies this intuition in the presence of an expediting option, and also characterizes how to
set the base-stock levels.

We now show that a base-stock policy, which keeps the inventory position at each retailer
and the warehouse constant, is optimal for this system. Specifically, let S = (Sp, S1,...,Sn)
denote the base-stock levels for the warehouse and the n retailers respectively. Then, the

warehouse ships the following quantity to retailer ¢ at the beginning of day ¢:
I +
2ip = (9 = Xjp—1+ Bigr-1)", (2.4)
and the warehouse places the following order with the supplier at the end of day t — 1:
n
x;—l = (SO - Itfl)—‘r + ZZZ/',ta (25)
1=1

so that the warehouse always orders enough to bring its own inventory position up to Sy and
each retailer’s inventory position up to S;. This completes a specification of the warehouse
ordering and retailer shipping policy. We delay specifying the retailer fulfillment and ware-
house expediting policy until we have clarified how to choose the base-stock levels, which we
do next.

In the following, we use D; to denote a random variable with the same distribution as

D; t. To decide the base-stock levels, which we denote by S = (Sy, S1, ..., Sn), we solve the
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following stochastic program:

n
ISHZI% hoSo + Elg(S; D)] + Zzzl (hiS; + b;E[D;])

where ¢(S; D) = min Z —bj — ho)y; — (h; + b))w;

s.t. Zyz- < Sp, (2.6)
=1

w; <855, V1 <11 <n,
wi+y; < Dj, VI <i<n

The stochastic program (2.6) has a natural interpretation as minimizing the expected cost
incurred in a given period, if we were able to begin the period with the inventory vector S
and no backlog. The objective accounts for the warehouse’s holding cost, ho(So — >_; ¥i),
the retailers’ holding cost, >, h;(S; — w;), and backlog cost, >, b;(D; — w; — y;), and the
expediting cost > ; fiy;. The constraints enforce that the warehouse’s inventory, retailers’
inventory, and retailers’ backlog must all be non-negative at the end of the period.

Let C* denote the optimal value of (2.6). The following lemma shows that C* is a lower
bound on the optimal value of (2.3) and follows from a relaxation argument similar to that

of Dogru et al. (2010).

Lemma 1. The optimal value of (2.6), C*, is less than the value of (2.3) for any feasible

policy.

We are now ready to specify the retailer fulfillment and warehouse expediting policy. In
each period t, we perform the fulfillment decisions, w; and expediting decisions y; specified
by the optimal second stage solution of (2.6), i.e., the minimizing arguments used to compute

g(S*;D¢). More specifically, in period ¢ let w, and 3, for 1 < i < n denote an optimal
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solution to ¢(S*; D¢). Then, in period ¢ fulfill and expedite according to the following:

wé,t =w;; + Biy1, (2.7)

Denote by 7 the policy with base-stock levels S* ordering policy (2.5), shipping policy
(2.4), fulfillment policy (2.7), and expediting policy (2.8). Our goal is to show that the
base-stock policy 7 incurs cost equal to the lower bound C*, and hence is optimal. To do

so, we first show the policy is feasible in the next lemma.

Lemma 2. The base-stock policy 7 is feasible in each period t. Furthermore, the shipping

and expediting decisions reduce to the following:

/ *
zip =57 — Xig-1+ Bit-1,

n
/ * /
tpy =50 L1+ ) 7y
i=1

Lemma 2 guarantees that the base-stock policy is always able to return the inventory
positions to the base-stock levels in each period. With this in hand, the optimality result

follows from a straightforward accounting of the cost incurred in each period.

Theorem 1. The base-stock policy m incurs expected cost C* in each period, and is thus

optimal.

Extending Theorem 1 to a model with non-negligible lead times is challenging because
the warehouse cannot always return each retailers’ inventory position to its base-stock level
at the start of each period: some inventory added to retailer i’s pipeline in an earlier period
may be better used by a different retailer in a future period based on the intermediate
demand realizations, but it cannot be re-allocated at that time. Nevertheless, Theorem 1

provides the insight that using an intuitive base-stock policy is a plausible strategy in this
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setting. Moreover, our analysis suggests that a stochastic program can be used to determine
the base-stock levels. Extending this approach to obtain a heuristic for the setting with lead
times can be done by adjusting the per-period demand in the stochastic program to the lead
time demand, as is typically done in the single-location inventory literature. This is the
approach we pursue when designing base-stock policies for our industrial partner’s service

parts network in Section 2.5.

2.4 Disrupted Mode Analysis

In Section 2.3 we analyzed an inventory system, assuming its inventory level can return to a
stable state within a reasonable time frame. However, it is not uncommon for such a system
to experience significant delays for its external supply (for example, due to natural disasters
or the COVID-19 pandemic), in which case the warehouse cannot expect timely receipt of
replenishment orders with the supplier. In this section, we explore effective inventory policies
in this setting where only limited inventory is available due to long delays.

A simple policy currently used by our industrial partner is to centralize all inventory
at the warehouse when a disruption occurs, then fulfill all orders directly to the customer
with expedited shipping. This allows central control of fulfillment decisions, and can reduce
the number of customers who have to wait until the disruption is over to have demand
fulfilled, i.e., it reduces the backlogging costs. But it also can drastically increase fulfillment
costs, since each unit of demand is filled through high cost expedited shipping, rather than
by the typical route through the retailers. Thus, in this section, we focus on this tradeoff
between backlog and fulfillment costs in order to answer a fundamental question related to
our industrial partner’s operations in disrupted mode: under what circumstances is it better
to keep the inventory decentralized at the retailers, rather than centralized at the warehouse?
We develop a simplified version of our model that captures the key tradeoff between backlog

and fulfillment cost which we detail next.
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To focus on the tradeoff between backlog and fulfillment costs, in this section we assume
the n retailers have identical cost parameters: each retailer ¢ has unit backlog cost b; = b
and unit expedited fulfillment cost f; = f. We also assume the retailers have i.i.d. Poisson
demand distributions. Further, to facilitate our analysis of the expected backlog costs, we
approximate the periodic arrivals described in the Section 2 model with a continuous Poisson
process. In particular, letting 7' denote the time horizon of the disruption, demand at each
retailer 7 is a Poisson process on the interval [0, 7] with rate A/7T', so that the cumulative
demand at retailer ¢ over the course of the disruption is a Poisson random variable with rate
A, and we let D; denote this demand. Thus, the total expected demand across all retailers
until replenishment is nA, and we let D" = ). D; denote this system wide demand. We
also assume there are a > 1 units of inventory available per retailer, so there are na units
of inventory available system wide. Since a disruption is only meaningful for our industrial
partner when it creates a supply shortage, we focus on the case when A > a, i.e., expected
demand exceeds supply. We also assume holding costs are identical across the retailers and
warehouse and so can be effectively ignored, allowing us to further focus on the tradeoff
between backlog and fulfillment costs. Finally, to conduct a meaningful analysis we assume
n > 2; otherwise decentralization is always optimal as there is no benefit of aggregation with
only one retailer.

Our goal in this model is to identify intuitive conditions on f and b such that holding
all inventory at the retailers (i.e., decentralization) is preferred to holding all inventory at
the warehouse (i.e., centralization). This “all-or-nothing" comparison of complete decentral-
ization to complete centralization is relevant for our industrial partner’s operations, where
the main question in a disruption is whether to centralize all inventory at the warehouse.
We are able to provide a simple criterion for this decision in our analysis of this section.
Moreover, we also explore the more nuanced strategy of centralizing only a portion of the

available inventory during a disruption in our numerical studies of Section 2.5.
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We begin our analysis with a characterization of the expected cost of the centralized
and decentralized systems. The advantage of using the Poisson process approximation of
periodic demand is that we can write these costs in a simple closed form, which is amenable

to further analysis. The proofs of all Lemmas in this section are provided in Appendix 2.7.

Lemma 3. The centralized system’s expected total cost is

A —a)? A—a)—1
b <wp(pn > o)+ MAZD T g pn 1))
2\ 2 (2.9)
+ fn (AP (D" < na) + alP (D" > na)).
The decentralized system’s expected total cost is
— )2 g —
bnT (WP (D1 > a) + %P(Dl —a— 1)) . (2.10)

Lemma 3 presents exact expressions for the expected cost of each policy, and so can be
used to evaluate and compare costs directly for any particular problem parameters. However,
to gain further insight into the tradeoffs involved, we also derive a simple sufficient condition
for decentralization to be preferred. Intuitively, the expedited fulfillment cost, f, should be
large relative to the backlog cost, b, in order to prefer decentralization, and our next result

establishes such a cutoff.

Theorem 2. Forn > 2 retailers, a > 1 inventory per retailer, and Poisson rate X\ > a per

retailer, decentralization provides lower cost than centralization if

0.621  0.150
; .

>0 | ———

oo (22,
We prove Theorem 2 with two lemmas in two key cases (A > a+1and a < A <a+ 1),

with lower and upper bounds on the centralized and decentralized costs. The key motivation

for our case analyses comes from the following lemma bounding the tail probability of the
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sum of Poisson random variables.

Lemma 4. For D;, 1 < i < n, i.i.d. Poisson random variables with rate A > a + 1 with

a € Zy and D" =Y, D; we have
P (D" > na) >P(D; > a).

The intuition of Lemma 4 is that when A > a + 1, the average of n i.i.d. Poisson random
variables, DTTL, is more concentrated around the mean A than that of a single Poisson random
variable, and thus there is a higher probability of DTH being larger than a value strictly below
the mean. The proof of Lemma 4 requires a detailed analysis of the lower incomplete gamma
function, which can be used to express the relevant Poisson probabilities in closed form. To
the best of our knowledge, this analysis of the incomplete gamma function is novel, as the
existing literature effectively proves the inequality in the opposite direction for the case when
A = a (Van der Vaart, 1961), and thus may be of independent interest. The main idea of
the analysis is to show that when A is strictly larger than a, scaling both A and a increases
the Poisson tail probability, and the requirement that A > a + 1 appears tight when a grows
large. Lemma 4 then motivates us to divide our analysis below into the two cases of A > a+1

and A <a+ 1.

Lemma 5. For Poisson rate a < X\ < a+ 1, n > 2 retailers, the centralized system cost is

lower bounded by
(A —a)?

bnT
5

+ fna(l —2e72), (2.11)

while the decentralized system cost is upper bounded by

bnT (1 - 6_2> (#) . (2.12)

Lemma 6. For Poisson rate A > a+ 1, n > 2 retailers, the centralized system cost is lower
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bounded by
(A —a)

T
TN

P(D; > a) + fna(l — %64), (2.13)

while the decentralized system cost is upper bounded by

—a 2 a

With the bounds of Lemmas 5 and 6 in hand, we now are ready to prove Theorem 2.

Proof of Theorem 2. For a < \ < a+ 1, setting (2.12) less than (2.11) yields

fa(l—2¢72) > T (%(1 —e )+ % (1 —e 2 1)) . (2.15)

N2
To derive a sufficient condition, we can further upper bound (/\2 )Cf ) . Observe that the

—a)? 2
derivative of (/\2;) with respect to A is % — # > 0, for a < A < a+ 1. Therefore,

A—a)? a+1—a)?
( 2A) < (2(a+1))

< zlp where the last inequality follows from a > 1. Hence, (2.15) is

implied by the following sufficient condition,

a

fa(l1=2¢72) > bT (mu —e )+ 3 (1 —e 2 %)) :

which simplifies to

1—e2 1 0.593  0.125
> ——— + — ) b [ 2 . 2.16
/= (2(1 —2e 2))\ * 8a) ( Y T ) (2.16)

2
For A > a + 1, observe that the term bnT ()‘5)?) P(D; > a) cancels in (2.13) and (2.14).

Then, setting (2.14) less than (2.13) yields

32 4 a 1
a(l — —e >0 | — + ,
Jal 3 )2 (2)\ 2\/27re)
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and simplifying we obtain

1 1 0.621  0.150
> 0T + ~0U | ———+ . 2.17
/2 (2(1 - %e“i)/\ 2v/2me(1 — %6_4)a> ( A a ) (217)

Finally, observe that both constants above A and a in (2.17) are greater than those in (2.16),
so the cost condition in (2.17) is a sufficient condition for all A > a > 1. This completes the

proof. O]

Theorem 2 has a few important implications. First, it verifies the intuition that decen-
tralization should be preferred when the expediting cost, f, is large relative to the backlog
cost, b. Naturally, it also shows that shorter disruption times, 7', favor decentralization.
More interestingly, however, Theorem 2 also implies that as either demand or supply grow
large, decentralization becomes a better option. This is intuitive for large supply, a (since
plentiful supply is better sent to the the retailers at a lower cost), but perhaps less so for
large demand, A. To explain the preference for decentralization with large A\, we consider
two cases. First, when supply and demand are relatively balanced, i.e., A = a, backlog in
the decentralized system occurs toward the end of the time horizon, incurring only a small
backlog cost, while the centralized system incurs an expediting cost that grows linearly in .
Second, when demand far outweighs supply A >> a, most of the retailers would be able to
use all their inventory, and so it is best for them to store it locally to avoid the expediting
cost. This highlights an important point: decentralization only suffers a disadvantage when
inventory at one retailer would have been better used by another retailer, i.e., one retailer
stocks out while another has excess. When demand and supply are relatively balanced, this
disadvantage is limited by the fact that backlog occurs toward the end of the horizon, and
when demand is very large, this disadvantage has a low probability of occurrence. Therefore,
Theorem 2 suggests that decentralization can be an effective policy when supply is disrupted.

Moreover, our sufficient condition in Theorem 2 provides an easy rule of thumb for deciding
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whether decentralization should be preferred, which our industrial partner finds useful for

informing such decisions in practice.

2.5 Assessing Policies for Normal and Disrupted Modes

In this section, we adapt our policies for use in the service parts distribution network of
a large, U.S. automobile manufacturer under normal and disrupted modes. In the next

subsection, we describe relevant details of the automaker’s setting.

2.5.1 Introducing industrial partner’s current practice.

We collected data on 23 of our industrial partner’s service parts, with weights, labor costs,
holding costs, shipping costs, and demand information representative of the broad spectrum
of parts carried by our partner. Each part is supplied with some lead time by an external
supplier in normal mode. In the following sections, we describe the automaker’s current

practice for managing inventory of these parts.

2.5.1.1 Three-Tier Distribution Network.

The automaker has a fulfillment network including a central warehouse and 15 distribution
centers, or “RDCs", which operate in the retailer role of our model in Section 2.2 (we thus
use the term RDC in place of retailer in this section). For each RDC, its customers are
automobile dealers in the region, each of which in turn serve demand from their customers
(i.e., end customers who need repairs on their automobile). There are total of more than
4,400 dealers served by our industrial partner. Relative to our model of sections 2.2-2.4, a new
important feature here is that the dealers can hold their own inventory and thus represent
a third tier in the inventory network. However, since the dealers are independent businesses
(i.e., the automaker does not control their inventory policy), our model of Section 2.2 still

provides a good approximation because dealers are exogenous to our industrial partner’s
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network and are served as customers of the RDCs. Moreover, we validate our approach by
verifying a base-stock policy is appropriate for a model with this new feature in Section
2.5.2.1. Finally, in the automaker’s network, some of the RDCs have assigned “partner"
RDCs nearby, which act as a backup option for fulfillment (see Appendix 2.8.1 for more

detail). We describe the partner RDCs with the fulfillment policy in Section 2.5.1.4 below.

2.5.1.2 Demand Distributions.

The demand that a RDC sees on each day comes in two streams: normal (non-emergent) and
customer (emergent) orders. This arises from the fact that dealers hold inventory. A normal
order that a dealer places is a replenishment to get up to their base-stock level, whereas a
customer order happens when the dealer is stocked out and has a customer waiting. Together
with our industrial partner, we estimate daily end-customer demand (who arrive at dealers)
as a heterogeneous Poisson process. Moreover, we estimate the dealers base-stock levels
based on their frequency of normal versus customer orders. We provide more details on

demand and base-stock levels estimation in Appendix Section 2.8.1.

2.5.1.3 Lead Times.

The automaker models the supplier’s lead time to the central warehouse, as well as the
warehouse’s lead time to the RDCs as independent normal random variables whose means
and variances are estimated from their data. While this generalizes the constant lead times of
the model in Section 2, our stochastic programming approach is still applicable by considering
the random demand over the lead time (more details on the stochastic program are given
in Section 2.5.2.2 below). In accordance with our industrial partner’s practice, we assume
immediate fulfillment from local RDCs to dealers (i.e. dealers who place orders on day ¢
receive supply at the beginning of day t 4+ 1 to clear backlogs immediately; this reflects our

partner’s practice of daily milk run deliveries from the RDC to dealers), and we assume a
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one-day lead time for the warehouse’s expedited shipments and a two-day lead time for local

partner RDC’s fulfillment.

2.5.1.4 Industrial Partner’s Current Fulfillment Policy.

On each day, customers bring cars to dealers for repair. Dealers, based on their own base-
stock policies and on-hand inventories, place normal and customer orders to their local RDCs.
The RDCs prioritize customer orders and fulfill normal orders with any remaining inventory.
In the event when customer orders exceed an RDC’s inventory, a neighboring partner RDC
would help fulfill these orders with its available inventory. If the orders exceed the partner’s
inventory, then those orders are escalated and backlogged at the central warehouse. For each
service part, the warehouse orders weekly from the external supplier. In the automaker’s cur-
rent practice, the warehouse is generally merely a pass-through and does not hold inventory.
Once the warehouse receives supply, it first expedites shipments for customer-order backlogs
that were not fulfilled by the local RDCs previously. Then, the warehouse replenishes the

RDCs following their independent base-stock levels.

2.5.1.5 Costs.

In addition to the costs that we considered in our model in Section 2.2 (i.e., holding, backlog,
and expediting), our industrial partner faces a few additional costs in their daily operation.
As a pass-through, the central warehouse incurs a unit cross-docking fee as part of the labor
cost for inventories that pass through it to local RDCs. In Section 2.5.2.3 and 2.5.3.2, we
discuss a few cases when the central warehouse needs to hold inventory. Therefore, whenever
inventories are stored in the warehouse and are later used to replenish the RDCs or fulfill
expedited shipments, we incur an additional labor cost per unit to store, pick, and pack
those inventory parts. Moreover, for shipments sent from the warehouse to the RDCs by

truck, we incur a unit replenishment shipping cost. We provide more details on all costs in
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Appendix Section 2.8.1.

If everything runs smoothly, the automaker is able to receive external supply within a
reasonable range of lead time and replenish the RDCs and fulfill demand by normal op-
erations. We simulate this scenario in Section 2.5.2. However, occasionally, our industrial
partner encounters an unforeseen event that disrupts its external supply, which we explore

in more detail in Section 2.5.3.

2.5.2 Normal mode of operations

As discussed in Section 2.3, optimizing the inventory policy in normal mode with multiple
tiers, multiple locations, expediting, and positive lead times is a challenging problem. How-
ever, we are interested in finding a policy that can be easily implemented in practice and
performs well. We are able to demonstrate that a base-stock policy can be plausible in the
following two sections. First in Section 2.5.2.1, we analyze a one-RDC-one-dealer model to
get intuition on the structure of a good inventory policy. This model captures the key feature
that a third-party dealer follows its own, separate base-stock policy, and we are able to show
a base-stock policy is optimal for the manufacturer. In Section 2.5.2.2, we extend the model
to a one-warehouse-n-RDCs network with two demand classes and expedited shipping. We
consider both customer orders as well as normal orders. We adapt our stochastic program
for setting base-stock policies to this more general setting, and it performs well in simula-
tion. To see how our heuristic performs, we solve this stochastic program using data from
our industrial partner in Section 2.5.2.3 to derive the optimal base-stock levels for the net-
work. The simulation using this optimized base-stock policy has a non-trivial performance

improvement over the one without optimized base-stock levels.
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2.5.2.1 One RDC, one dealer in normal mode.

In this section we demonstrate in a simple model that even when the manufacturer’s end
customer is an independent dealer who also holds inventory, it remains optimal for the
manufacturer to use a base-stock policy. This further suggests (in addition to our analysis of
Section 2.3) that the class of base-stock policies may be effective for the automaker’s setting.
The model we analyze in this section considers a single manufacturer location (the RDC)
serving a single independent dealer. The dealer receives inventory from the RDC and serves
external demand.

Let Dy denote the random external demand at the dealer on day ¢ (we assume Dy is
i.i.d. across t). Let XtD and B? denote dealer’s inventory and backlog levels at time ¢.
To minimize its own costs, we assume the dealer orders according to a base-stock policy in
every period, and let ST denote its base-stock level. Let O and v¢ denote the dealer’s order
to the RDC and its demand fulfillment at time ¢. Let w; denote what the RDC sends to
the dealer at the end of day ¢, and we assume the fulfillment w; does not show up until the
beginning of day ¢ + 1, at which point it clears the dealer’s backlog. We assume there is no
quicker expediting option here for simplicity. Let L denote the manufacturer’s lead time for
replenishing the RDC. We assume, for simplicity, that the manufacturer can fulfill any order
from the RDC within the lead time (i.e., the manufacturer ordering policy from an external
supplier is not our concern here). Finally, let X and B represent the RDC’s inventory and
backlog.

The evolution equations for the RDC and dealer are

Xt =Xp—1+x —wy,

Bt =B 1+ 0 — wy, (2.18)
thil = XP +w —vi41,
BP.| = BP + Dyy1 — ves1.
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The objective we consider in this model consists of the RDC holding cost and two levels
of backlog cost: unit cost b at the RDC level and bP at the dealer level, respectively. This is
to model the scenario in which the manufacturer often bears additional cost when a customer
is actively waiting for a part at the dealer (eg. daily rental car cost). The manufacturer

needs to select a policy 7 to minimize long run average costs

T
|
Cr = limsup —E |3 (hXt 4 bB; + bDBtD> . (2.19)

Next we show that the manufacturer can use a base-stock policy to minimize (2.19).

Theorem 3. There exists a base-stock policy that is long-run optimal for Problem (2.19).

We present the correct base-stock level X™* at the RDC below, which is an extension of

the newsvendor formula.

b+bDIP>(DL+D12X*+SD, DLZX*>
h+b ’

IP’(DL < X*) _

where D is the random demand over the RDC’s lead time, and D! is the one-day demand
over the RDC’s fulfillment time to the dealer. The left-hand-side, P (DL <X *>, represents
the RDC’s optimal service level for a lead time L, which would typically equal b/(h + b) in
a traditional newsvendor formula. The numerator on the right-hand-side, compared to the
traditional newsvendor formula, has an extra penalty term with coefficient bP which increases
the service level due to the extra dealer’s backlog cost. The coefficient P is moderated by
the joint probability of two events. The first event, DL + D! > X* + SP_is intuitive (since
it represents that the demand exceeds the supply of both the RDC and dealer, so the dealer
carries backlog), but perhaps the second event DL > X* is less intuitive. To interpret this,
consider the complementary condition DL < X*, which together with DL+ Dl > x*4 8P
implies Dl > SP . In this case the manufacturer should not take the dealer’s backlog cost
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into consideration when designing its own base-stock policy, because D! > SP implies the
one-day demand exceeds the dealer’s base-stock level, and the manufacturer cannot control
this through its own policy. Despite this issue, Theorem 3 demonstrates that a base-stock
policy can remain effective with an independent dealer, and we therefore focus on this policy
class in our simulations.

Next, we provide a high-level outline of the proof of Theorem 3 here (which follows a
similar strategy to the proof of Theorem 1) and defer the proof details to Appendix 2.7.13. In
Appendix 2.7.13.1, we formulate a stochastic program of this one-RDC-one-dealer problem
by relaxing the time constraint, and in Section 2.7.13.2, we show that the optimal solution
from this stochastic program provides a lower bound of Problem (2.19). In Section 2.7.13.3,
we characterize the optimal solution as well as the optimal objective value in tractable forms.
Finally, in Section 2.7.13.4, we prove that, with a correct base-stock level, the cost of a base-
stock policy, naturally serving as an upper bound of Problem (2.19), matches the lower
bound from the stochastic program. This optimality result demonstrates that a base-stock

policy is plausible in our industrial partner’s setting.

2.5.2.2 An approximation of Problem (2.3).

So far, we have gained knowledge and confidence on the optimality of a base stock policy
in networks in Section 2.3 (with expediting) and Section 2.5.2.1 (with dealer’s independent
base-stock level). In this section, we incorporate more realistic features of our industrial
partner’s setting to the previous models. First, for each RDC, it receives separate customer
and normal orders from dealers in its region. Each quantity implicitly depends on dealers’
own base-stock levels which is the key feature we analyzed in the Section 2.5.2.1. Here, we
model each as its own stochastic process. Let D% and Dz'C,t denote normal demand and
customer demand seen at RDC i at time . We also include the expedited fulfillment feature

considered in Section 2.3. Let y;; denote the amount of expedited shipments from the

30



central warehouse to RDC ¢ at time ¢, which is not received until day ¢+ 1. Last, we include
positive, non-trivial external supplier lead time and RDC lead times. Let L denote the lead
time from the external supplier to the warehouse and let [; denote the warehouse’s lead
time for replenishing RDC 7. Both lead times are stochastic. The manufacturer’s long-run
objective is to minimize the cost in (2.3).

Given the intuition from the previous sections in which a base-stock policy is optimal in
an n-RDC system (Section 2.3) and in a one-RDC-one-dealer network (Section 2.5.2.1), we
design a 3-stage stochastic program to solve daily base-stock levels for the central warehouse
as well as the RDCs. This stochastic program is to approximate the dynamic inventory
control problem in (2.3).

Let t be the beginning of the time horizon considered by the stochastic program. In the
first stage of our stochastic program, we define I and X; to be the ideal inventory levels
that the manufacturer should have at the central warehouse and the RDCs at time ¢ to
balance all the costs. More importantly, I and X; are what the manufacturer will use to

set the base-stock levels. In the second stage the RDCs first see cumulative customer and

normal demand, DZ.Q’ Z?rtLJr C and D Z§+75L+ f\;, over the warehouse’s lead
2,N

time L from the external supplier and then make fulfillment decisions, w?’c and w;”", only
using their on-hand inventory X;. Meanwhile, in the second stage, the central warehouse

receives supply = from the external supplier and sends replenishment z; to RDC 7. In the

final stage, each RDC first sees the third stage cumulative demand, Ds’ St L1

and D?’N = Zi:ﬁ_rf 1 Df\;, over the lead time [; from the warehouse to the RDCs and
then makes fulfillment decisions w?’c and w?’N using the new supply replenished from the
warehouse and leftover inventory from the previous stage. It is worth noting that because the
warehouse’s lead times from the supplier L and to the RDCs [; are stochastic, the stochastic

program actually considers the demand over random length lead times in both the second

stage and the third stage.
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. . 2,C ~2,C
In the following 3-stage stochastic program, denote X = (X7,...,X,), D? = (D7, Dy,

. DEC DN p2N L D2Nyana D3 = (¥ D3¢, pEC DN pIN . DN
We want to minimize
Csp = E [go(1,X, D2, D3)} +hol + Y hiX; (2.20)

7

where g9 is the objective function of the second stage after D?’C and DZ.Q’N are realized

. oc bN . o N
92(1,X,D? D%) =hoz + > ((hi — ho)z; + (hi + %)Bi’ + (hi + —; )B;”
;

+E [gg(I,X,D2,D3)}

where g3 is the objective function of the third stage after D?’C and D?’N are realized

C N
fi by | 3,0 b;' 3N
g3(1,X,D* D) =} [(h —ho+ 7 v+ (hi + )BT + (hi + =5)B;
. (3
(3
subject to the following second stage constraints:
Y n<, (2.21)
1

w?C PN < X, v, (2.22)
w?C 4 B* > ¥ i, (2.23)
w?N 4 BEN > p2N (2.24)
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and the following third stage constraints:

Y (zity) <I+a, (2.25)
i

w?’Oer?’NﬂLw?’chwiS’N < Xi+z, Vi, (2.26)

wiC w4y + B = DO+ DY (2.27)

T R LA (229

2.0 2N 3.C
i Wi oW

Iz, X;, 2, y;,w ,w?’N,BZZ,BE’ >0, Vi. (2.29)

Constraints (2.21) and (2.25) ensure the warehouse inventory level is non-negative. Con-
straints (2.22) and (2.26) ensure RDCs’ inventory levels are non-negative. Constraints (2.23),
(2.24), (2.27), (2.28) ensure all demand is either fulfilled or backlogged, and the last con-
straint is for non-negativity. We refer interested readers to Appendix 2.8.1.1 for more details
and intuition on how we constructed the stochastic program.

We charge a backlog cost in both the second and third stage of the SP to avoid pushing
all fulfillment to the third stage. This double counts the backlog cost though, so we account
for this by normalizing the backlog cost by a factor of 2 to keep the cost of the stochastic
program on the order of the cost of one period in the dynamic problem. Similarly, the
expediting cost f; is divided by the random lead time [; to account for the fact that the
decision variable y; represents the cumulative expediting decisions decisions over the lead
time [;, and so the magnitude of the cost should be normalized to be on the order of the cost
of one period (to match the holding and backlog costs).

Next in Section 2.5.2.3, we solve the above SP using the automaker’s data, use the
implied optimal base-stock levels as a heuristic in simulation, and show this improves over

the automaker’s current base-stock levels.
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2.5.2.3 Experiments in normal mode.

Consistent with our normal mode analysis, we first simulate our industrial partner’s current
normal mode policy, denoted as N-I (for “normal-independent base-stock levels"). This N-
I policy provides us with a baseline cost representing our industrial partner’s status quo.
The supplier-to-warehouse lead times are normally distributed with means ranging from 3
weeks to 3 months and with average coefficient of variation being 0.043. In this first set
of simulations, the automaker’s current time-based base-stock levels are estimated from the
targeted service levels at each RDC (more details in Appendix Section 2.8.1). We run the

simulation for 365 days and for 1,000 sample paths.
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Figure 2.1: Ratio of the improved base-stock-level policy over industrial partner’s current
policy
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Further, we propose an improved base-stock policy allowing the warehouse to hold some
inventory, so that it can replenish the RDCs more readily, and have some inventory on hand
for expediting. We use the SP constructed in Section 2.5.2.2 to set the base stock levels of

the RDCs and warehouse together, which is expected to perform better than the current
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independent approach.

We solve the 3-stage SP with 10,000 demand sample paths to obtain the optimal base-
stock levels I and X; for the central warehouse and for each RDC on each day. We do this
for 52 days of a year when the warehouse orders from the outside supplier for each part-RDC
pair. Then, we use these optimized base-stock levels to run the same simulation as we have
done for the N-I policy, and denote this new set of simulations as N-SP. We ran N-SP for the
same 1,000 sample paths as in N-I and record each sample path cost for each part. Finally,
we compute the ratio of each sample path between N-SP and N-I and report the average
ratios and 95% confidence intervals (Cls) in Figure 2.1. Each letter (A through W) in Figure
2.1 represents an individual service part in our simulation.

Our heuristic with improved base-stock levels performs better in cost across parts and
achieved a 4.80% average savings in system cost compared to the baseline N-I policy. Figure
2.1 shows, with 95% CI, the cost ratio of the optimized base-stock-level model to our indus-
trial partner’s current network is below 1 across all 23 parts. The N-SP policy is robust in
that it correlates the warehouse base-stock level with the RDCs. Recall that the automaker
currently uses the central warehouse predominantly as a cross-docking site and does not
use it to hold inventory for its parts. Our heuristic in Section 2.5.2.2, on the other hand,
shows that allowing some inventory to be held at the warehouse can lead to substantial cost
reductions. Intuitively, this is possible because the SP provides robust interaction between

the centrally held inventory and demand.

2.5.3 Disrupted mode of operations

As discussed in Section 2.4, it is not uncommon for the automaker to encounter unexpected
events that prohibit them from receiving external supply within a reasonable lead time.
In order to cope with this, our industrial partner adopts what is called a “designate-for-

intervention" (DFT) policy: it prioritizes fulfilling emergent customer orders via expedited
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shipping, and holds future supply at the central warehouse until the disruptive event termi-
nates. A part is designated for intervention when there exists backlogs at the warehouse,
and a part is released from centralization when one day a future order arrives on time and
there is enough inventory to clear all customer-order backlogs. It is worth noting that in cur-
rent practice by our industrial partner, DFI is a dynamic policy, triggered whenever there
are enough backlogs. Our industrial partner designs DFI as a protection measure for its
customers, in case a future disruption happens.

An interesting question with regard to the DFI policy is what to do during a DFT period.
Currently, the automaker holds all arriving supplies at the central warehouse during a DFI
period. The model and result in Section 2.4 suggest that it is often better to keep some
inventory decentralized. Therefore, in Section 2.5.3.1, we explore this option and model the
DFI period inventory allocation problem by a 2-stage stochastic program with two demand
streams and expedited shipments, in a similar fashion to the normal mode. In Section 2.5.3.2,
we first simulate our industrial partner’s current network with their DFI policy. We then
compare it to a modified DFT policy where we split some of the supplies to the RDCs and

show that doing this can reduce the system cost.

2.5.3.1 One warehouse, n RDCs in disrupted mode.

In this section, we assume that once DFI is initiated, the warehouse receives no replenishment
until 7' time periods later, and that the warehouse does not replenish the RDCs (i.e. z; =
0,Vi) during an active DFI period. Denote S as the total inventory on hand across the
entire system. In the stochastic program, we allow the warehouse and the RDCs to hold any
portion of the available inventory .S, representing the desired initial inventory levels. Similar
to Section 2.4, we assume holding costs are effectively zero at the central warehouse and the
RDCs because holding costs associated with the available inventory S are sunk.

The goal here is to allocate limited inventory S to the central warehouse and the RDCs
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at the beginning of the planning horizon. Our focus is on the impact of the initial inventory
placement at the warehouse and RDCs, and not on optimizing the dynamic fulfillment policy,
because our industrial partner prioritizes filling customer orders, and so will do so as much
as possible at all points in time. The goal is to minimize the cost over finite time horizon T'.

We introduce a 2-stage stochastic program below, which we use to modify the automaker’s
DFT policy and send supply to local RDCs at the beginning of a DFI period. It is worth
noting that the stochastic program is a relaxation of the dynamic problem, where in the first
stage, we define [ and X; to be the ideal inventory the warehouse and the RDCs should have
on hand, and in the second stage, we can make the fulfillment decisions after all demand has
been realized (i.e., at the end of the time horizon 7). The real problem has demand arriving
throughout the time horizon, but this relaxation provides an approximation.

In the following, let D = (DC, DQC, e ,Dg, DN, DN, e ,Dflv). The stochastic program

solves the desired on-hand inventory for the central warehouse as well as the RDCs as
min Cgp = E [g2(D)], (2.30)

where go is the objective function of the 2nd stage after cumulative normal and customer

orders DN = {Div }fo, D¢ = {DZC}E? over the time horizon T are realized, given as

c N
2 ! 2 !

92(D) => | fivi +

]
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where % can be interpreted as expected number of days for orders to be backlogged at

RDCs. The first inventory constraint is binding due to the fact that in practice when a
supply disruption occurs, a manufacturer’s limited inventory .S is most likely not enough to
satisfy future demand, so the manufacturer needs to use every unit of inventory on hand.
The second and third constraints make sure the warchouse and RDCs’ on-hand inventory
is non-negative. The fourth and fifth constraints make sure orders are either fulfilled or

backlogged. The last constraint is for non-negativity.

2.5.3.2 Experiments in disrupted mode.

In conjunction with our industrial partner, we adopt the following approach to model their
current practice for the DFI policy in our simulation. If a part is out-of-stock at a local
retailer and its partner RDC (if any), then the part is backlogged at the central warehouse,
and it is flagged as DFI. Once the part is flagged, future supplies are held at the warehouse,
and only customer orders are fulfilled and expedited by the warehouse. The next step is
to determine when to unflag the part from DFI. Because the part is flagged due to long

delays on its supply, we consider that it has sufficient supply once a future order arrives on
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Figure 2.2: Cost ratios between policies with normal distributions

time (i.e., its warehouse’s realized lead time from the supplier is less than the expected lead
time) and once all customer-order backlogs are cleared by the current inventory held at the
warehouse. If these two conditions are met, then the part is unflagged from DFI, and the
warehouse starts to distribute inventory to local RDCs again. It is worth noting that how
the DFI policy performs depends on the distribution of the lead times from the supplier to
the warehouse.

We test this policy in a few interesting cases with supplier’s normal lead time distribution
and also with a higher lead time variance.

First, we assume the supplier-to-warehouse lead times are still normally distributed with
small coefficients of variation. We are interested to see how the DFI policy alone affects
the automaker’s network. We run our partner’s current policy with the DFI feature added
(we call this new policy D-I for “disrupted" and “independent base-stock policies") for 365
days for the same 1,000 sample paths. The cost ratios compared to the base-line model N-I

without the DFT policy are the blue bars in Figure 2.2.
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Observe that the D-I policy in general incurs more cost than the N-I policy when the
supplier’s lead times have small coefficients of variation. The D-I policy is more expensive
because the DFT feature holds all inventory at the central warehouse during a DFI period.
This behavior increases the system expedited shipping cost significantly as each item now
needs to be expedited to the customer during a DFT period. Further, the D-I policy could
also increase the mean wait time of customer orders as now every customer needs to wait
at least one day for the expedited shipments from the warehouse. The simulation reflects
that the average wait time across all 23 parts increases by 1.75% in the D-I policy compared
with the N-I policy. Previously, the N-I policy sends every unit of inventory downstream by
default, and hence many customer orders could be fulfilled locally and incur zero wait time if
the dealer has supply at the time of ordering. Therefore, under the D-I policy, it is possible
for the D-I system backlog cost to increase as customers on average could wait longer.

Although the system cost is higher in D-I, our industrial partner uses it as its current
practice because it allows the company to have control of every available unit of limited
inventory and provides fairness to customers. Our simulation also reflects that, conditional
on the wait time being longer than a day (i.e., the customer needed an expediting shipment),
the D-I policy shows positive wait time improvements across all 23 parts, and the average
conditional wait time is reduced by 0.52%. Guaranteeing to meet customers’ demand with
one day expediting shipping, and reducing mean wait time conditional on customers have
waited more than a day, is valuable to our industrial partner, especially during a possible
event of supply disruption.

Now, using the same normal lead-time distribution assumption, we modify the D-I policy
a bit, referring back to the two-stage stochastic program we developed in Section 2.5.3.1.
One main change in this policy is that we allow the central warehouse to ship out some
inventory to RDCs during a DFI time. Specifically, the optimal inventory level solution

of the stochastic program in Section 2.5.3.1 enables the warehouse to allocate inventory
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proportional to those inventory levels. As we mentioned at the beginning of Section 2.5.3.2,
once a part is designated for intervention, the automaker may still receive supplies ordered
before the DFI period, and they choose to centralize all the supplies at the warehouse only
for expedited shipments as their current practice. Our SP from Section 2.5.3.1 serves as a
heuristic to modify this policy. In our industial partner’s network, we solve the SP right
after a part is flagged as DFI, and we are able to allocate its future arriving orders to the
warehouse and RDCs according to the solved inventory levels until the the part is unflagged.

We run this modified DFI policy (denoted as D-SP) for the same 1,000 sample paths
and present the cost of each part in red in Figure 2.2. Figure 2.2 shows that D-SP performs
better than the D-I policy in cost across parts. By design, the D-SP policy tries to bridge the
gap between the D-I and N-I policies. It allows the central warehouse to send some inventory
downstream. Because of this flexibility, some customers do not need to wait for one day at
the time of ordering and also can be fulfilled more cheaply by not incurring the long-distance
expedited shipping fee from the warehouse, which reduces the backlog cost and the shipping
cost.

It is reasonable to infer that how the DFI policy performs depends on the supplier’s lead
time distributions to the warehouse. In the interest of exploring high lead-time variance, we
modified the supplier’s lead times to follow a Weibull distribution with the same means as our
industrial partner’s data, but with a higher variance. We achieve this by setting the Weibull
shape parameter to 0.8, which induces a great variance in each lead time distribution, as the
average of coefficient of variation jumped from the previous 0.043 to 1.43.

Figure 2.3 shows the cost ratios between the D-I and N-I policies in blue. As the figure
reveals, D-I with the DFI policy performs better across all parts. This is because, with great
lead time variance, each unit of inventory of a part is precious and cannot afford to sit idle
locally. Without the DFI policy, N-I would by default allocate all inventory downstream, and

it is possible inventory is sitting idle in one RDC but needed in a different RDC. Previously,
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Figure 2.3: Cost ratios between policies with Weibull distributions

when the lead time distribution has small variance, this was not an issue as the out-of-stock
RDC would soon be replenished. Now, with greatly increased lead time uncertainty, the
system cannot afford to mis-allocate any part. Further, the lead time from the warehouse to
the RDCs is also important. Many customers could wait significantly longer than one day
when a replenishment is transported in this pipeline. The N-I policy’s benefit from shipping
everything downstream diminishes greatly as external supplies become unreliable. The D-
SP policy, colored in red, outperforms the the N-I policy, and performs similarly to the D-I
policy. This provides additional insight that, when the supplier’s lead time is unreliable,

including some DFI measure can significantly benefit the whole system.

2.6 Conclusion and Discussion

In this paper, we consider a replenishment and fulfillment problem in a multi-tier, multi-
retailer distribution network with expediting. In particular, we study two “modes" of oper-

ation in practice. In the normal mode, in which the warehouse can regularly place replen-
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ishment orders with the supplier, we demonstrate that a base-stock policy is optimal in a
simplified model with expediting and negligible lead times. This provides us the insight that
using an intuitive base-stock policy is a plausible strategy in a more general setting with
stochastic lead times. In fact, we design an appropriate stochastic program that is the key
to determine the base-stock levels in more complex environments and validate that the opti-
mized base-stock policy provides a non-trivial performance improvement in the automaker’s
inventory network. Therefore, we believe that allowing some inventory to be held at the cen-
tral warehouse (compared to only utilizing the warehouse as a pass-through) and allowing
for interaction between the centrally held inventory and demand is a good strategy for our
industrial partner. Moreover, in the disrupted mode, where the system needs to work with
limited inventory, we explore the effectiveness of a decentralized policy which keeps all in-
ventory at the retailers. Although the automaker currently takes centralized control over all
inventory at the central warehouse during a disruption, we show that such a strategy is not
always cost effective. We demonstrate that when the expediting cost is high, or when either
supply and/or demand is large, decentralization becomes a better strategy, and we provide a
simple, intuitive criterion to determine such a threshold. In the disrupted-mode simulation,
we extend our analysis and design an appropriate stochastic program to allow for splitting
some of the supplies between the central warehouse and the retailers. We demonstrate that
our approach outperforms our industrial partner’s current practice of complete centralization
when there are few disruptions and the two policies perform similarly when disruptions hap-
pen more often. Thus, by providing cost savings in the numerical experiments in both the
normal mode and disrupted mode, we demonstrate that our stochastic programming method
can be an effective approach for designing inventory policies in practice. We also discover a
novel concentration bound on the sum of Poisson random variables in our disrupted-mode
analysis by bounding the incomplete gamma function.

Lastly, we provide a few thoughts on directions for future research. As we mentioned
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in Section 2.3, minimizing (2.3) is a well-known challenging problem. Our normal mode
analysis derives the base-stock policy optimality result for a multi-tier /location inventory
system with expediting, assuming the lead times are negligible. However, a theoretical
analysis of a model with non-negligible lead times is more challenging. Fortunately, our
simulation shows a base-stock policy performs well in more complex settings with stochastic
lead times, and thus it may be that a bound on performance can be shown theoretically in
such settings. Further, in disrupted mode it would be interesting to extend our cost criterion
for decentralization (Theorem 2) to other demand distributions besides Poisson, which would
likely require extending the concentration bound in Lemma 4 (which we conjecture may hold
for other distributions like the Poisson which are “close" to symmetric). Finally, while we
identify the effectiveness of a decentralized policy in our disrupted mode analysis and show
in simulation that allowing some inventory to be decentralized can provide cost savings, it
would also be interesting to prove a performance bound for such a policy balanced between

complete centralization and complete decentralization.
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2.7 Technical Proofs

2.7.1 Proof of Lemma 1

Proof. We first introduce a slightly different stochastic program that also optimizes backlog
levels at each retailer (this is useful to directly compare to the state of the system in a given

period ¢, but we will show this problem is equivalent to (2.6)):
n
sfrllailzlo hoSo + E[g(S, B; D)] + z; (hiSi + b;B; + bE[Dj])
1=

n
where g(S,B; D) = min > (f; — b; — ho)y; — (h; + b)w;
=1

n
st Y i < S, (2.31)
=1

w; <55, V1 <1< n,
w; +vy; <B;+D;, V1<i<n

yi,wi >0, V1 <¢<n.

Let C' denote the optimal value of (2.31), then we first claim that C’ = C*. To see this,
first note that ¢’ < C*, since the optimal solution of (2.6) is feasible to (2.31) with B = 0,
and gives the same objective value as C*. Next we show that we also have C* < C’. To

see this, consider an optimal solution to (2.31), denoted S*, B* w*, y*, and construct the
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following different feasible solution for (2.31)

/ * . * * .
w; = w; —min(S;, B;), 1 <i<n,

Y=~ (B S 1<i<n

To see that this is feasible, we first observe that since f; — b; — hg > —(b; + h;) (since
fi = 0 and h; > hg), the second stage problem in (2.31) always set w; as large as it can
first, so that the optimal solution always satisfies w; = min(S}, B + D;) (since if this is
not true we could decrease y; by € and increase w; by € to reduce the cost). From this we
can deduce that wg > 0, since if S; < B then we have wé = 0, and otherwise we have
wg = min(S;" — B, D;) > 0. The other variables are non-negative by definition. The first

constraint of (2.31) is maintained because we have yg < y;. For the second constraint, by

our construction of wg and SZ{ , it is equivalent to
wi < (] = B;)" +min(S], B) = 57,

which holds because the optimal solution was feasible for this constraint. Similarly, the
third constraint holds because by construction of wé and yg, if yg > () then this constraint is

equivalent to
wi +yf < (Bf — ST +min(S}, BY) + D; = B + D;,

which holds from the feasibility of the optimal solution, while if yg = 0 then the third
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constraint simply becomes

SS\
IA
S

which holds because if S} < B} then we have wg = 0 < D;, and otherwise we have wg =
min(S} — B}, D;) < D;. This completes the proof of feasibility of the constructed solution
for (2.31).

Next we show that the cost of the constructed solution is no larger than the original
optimal solution, and hence is also optimal. To see this, consider the difference in cost for
retailer ¢ comparing the optimal solution (with superscript *) to the constructed solution
(with superscript /):

himin(SF, Bf) + 0;Bf +E[(f; — b; — ho) min((B} — S7) ", y) — (h; + b;) min(S], B)],

7

= (fi = ho)Elmin((B] = 7) ", )] + biE[B] — min((B} — S7)",y}) — min(S}, B;)],

> b;E[B} — min((B] — S])",y¥) — min(S}, B))],

> 0,

where the first inequality follows from f; — hg > 0, and the second inequality follows from
observing that

min((Bf — 57)*, ) + min(S}, BY) < (B} — S{)* +min(S}, B}) = B;.

7

Thus, the cost of the constructed solution is no larger than the optimal solution, and hence
the constructed solution is also optimal. But since the constructed solution has BZ{ =0 for
all 1 <i < mn, it is also feasible for (2.6) and yields the same objective. Therefore we must
have C* < ', and this completes the proof that C* = (.

Next, to establish the lower bound in terms of C’, let the following o-algebra denote the
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information available at the beginning of period ¢, after all z; ; allocation decisions have been

made, but before any demand has been realized
St =0 {5, 2 sYi s Wis, 1 <i<nys <t —1; 24,1 <i<n; Iy, Xj0,Bjp,1<i<n}

Conditional on the information in S, consider the expected costs incurred in (2.3) during

period t, and rewrite them using the evolution equations as follows:

E

holy + Z (hiXi++biBi i+ fivit)|St

2

ho (ft—l a1 — Y (i + Zz’,t)) St

2

=K

+E

Z hi (Xip—1+ zig —wit) +b; (Big—1+ Diy —wiy — i) + fivitlSt|
;

=ho (ft—l EEDY Zi,t) + ) i (Xig—1+ 2i4) + biBig—1 + bE[Dy]
i

g

+E D (fi = bi = ho)yig — (hy + bi)wi4|Sy

1

Y

> '

where the second equality follows because Iy 1,7t 1, 24, X; -1, and B; ;1 for all 4, are
already determined by the information in S, and D; ¢ is independent of & and has the same
distribution as D;, and the first inequality follows because letting Sy = I;_1 +x4-1—_; 2 ¢,
S; = Xjt+ 2z and B; = B;; for 1 <4 < n and noting the constraints that Iy > 0, X; ; > 0,

and B;; > 0 for 1 < i < n, we have a feasible solution for problem (2.31). Next, taking a
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final expectation, we have

E

hol + Z (hiXit+biB i+ fiyi,t)]

7

holy + > (hiXi g +bBei + fiviy) ISt

7

—E|E > C*,

implying that the expected cost in each period is larger than C*, so the long run average

cost must also be larger than C*. O]

2.7.2 Proof of Lemma 2

Proof. We prove the result by induction on the period ¢t. A feasible policy must, in each
period ¢, keep all state variables non-negative, i.e., I, X; 4, B;; > 0 for all 1 <4 < n, and
also must make non-negative decisions, i.e., x¢, 2; t,w; ¢, y; ¢ > 0 for all 1 <4 < n. It is clear
from (2.5), (2.4), (2.7), and (2.8) that all the decisions are non-negative, so we focus on the
non-negativity of the state variables, as well as the claim of the lemma. First, recall that

Ip=X;0=Bjp=0forall 1 <i<n. Then, for the base case of period 1, observe that
7y = (Sf = Xio+ Big) " = (S)+ =57 = 5] = X; 0+ Bjp,

since X; 0= B;o=0and S} > 0. Similarly, then, we have
n

n n
Ty =(S§—I0)T+> 21 =(SH)T+D A, =S5 —To+ > 2.
=1 =1 =1
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since Iy = 0 and S; > 0, so that the lemma’s claim holds for ¢ = 1. Further, by the evolution

equations we have

L=Tg+z— > (Wi1+21)=55—> v >0,
)

1
/ / * *
Xi1=Xijo+7z—wj1 =5 —w;q =0,

/ / * *
Bi1=DBio+Di1—w;1—Yi1=Di1—wj1—y;1 20,

where the last inequality in each line follows from feasibility of w;",l and y;-’i | for the first,
second, and third constraint in (2.6), respectively. Thus, all state variables are non-negative
fort = 1.

For the induction step, in period ¢t > 1, assume that all state variables are non-negative

and that the claim of the lemma holds. Then consider period t — 1. First observe that

* * / / / /
Si = Xig+ Biy =57 = Xip1— %4 —wiyp+ Big1+ Dig —wip = Yiy,
k * /
=5 = Xit-1—= S +Xip1—Big1+Big-1+ Dit — Yy

:Di,t_y;tzoa

where the first equality follows from the evolution equations, the second equality follows
from the induction hypothesis of ZZ’. ;=87 — X1+ B; 1, and the final inequality follows
from the third constraint in (2.6). Therefore, we have S} — X;; + B; ; > 0, which implies

Zé,tJrl = (57 = Xip + Bz}t)Jr = 57

7

— Xit+ Bit.

20



Similarly, we have

n
S5 = 55— i~ oy + 3+ o)
=1
n

n
=S5 — L1 — (S§— L1+ > _Z)+ > W +2y),
=1 =1
n
/
=D ¥ >0,
1=1

where the first equality follows from the evolution equation for I;, and the second equality
follows from the induction hypothesis of :v%_l =8y — L1+ S Zzl',t' Therefore, we have

Sy — It > 0, which implies
n n
vy = (S5 — )"+ Z 1 =590 — It + Z 2441
i=1 =1

so that the claim of the lemma holds for period ¢t + 1. Now it remains to show the state

variables are non-negative. Again, the evolution equations give

7

Iy = Iy + 2 — Z(yé,m +2i441) = 50 — Zy:t > 0,
i

_ i / / QX *
Xigp1 = Xip+ 2401 — W01 =5 — w1 20,

/ / * *
Bit41=Bit+ Dip — w1 — Yipr1 = Digr1 — Wig1 — Yigp1 20,

where the last inequality in each line follows from feasibility of w;, 41 and iy 1 for the first,
second, and third constraint in (2.6), respectively. Thus, all state variables are non-negative

for t + 1 and the induction is complete. O
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2.7.3 Proof of Theorem 1

Proof. In period t, the expected cost incurred is

E |holt + Z (hiXit+ ;B + fiyi,t)]

7

ho | i1+ 7)1 — Z(yg’t + zéﬂ)]

7

=E

+E Z h (Xi,t—l + Zzl"t — w§7t> +b; (Biﬂf—l + Dt — ’wé,t - y{t) + fz'y;,t] ;
L

ho | It—1+ S5 — Ir—1 + Z Zz/',t - Z(y;k,t + Zz/‘,t)>]
i

2

=K

+E Z h; (Xi,t—l + 87 = Xig1+ Big1 —wjy - Bz’,t—l)]
L

+E D b (Bi,t—l + Dy —wiy— Big1— y;}) + fiy;t] ,
L

ho | S - Zy;it> +3 h (S;k _ w;’jt) + b, (Dm —wf, - y;’jt) + fiyjjt] ,
7 7

=E

2.7.4 Proof of Lemma 3

Proof. We first find the expected backlog cost of an individual retailer ¢ for Poisson D with
rate A and inventory a using the law of total expectation. Conditioning on there being D = d
arrivals of the Poisson process at an retailer, the arrivals are uniformly distributed over the

time horizon 7" (Durrett, 1999). Thus, using order statistics of uniform sample of size d and

o2



assuming that a is integral, the expected backlog cost is

d e bT d—a

E[B|D = d| = bT - _ '
BID =d]=b Z( d+1) EEPIE
k=a+1 7=1

where the first equality follows from a re-indexing with j = d + 1 — k and reversing the
order of the sum, and the second equality is a standard formula for the sum of consecutive
integers, with the positive part coming from noting that the initial sum is 0 if d < a (i.e., if
there are fewer arrivals than a, there is no backlog).

The law of total expectation dictates the expected backlog cost of retailer ¢ for Poisson

D with rate A and inventory a is
E[B]=E[E[B|D = d]].

We take expectations of the individual parts of the backlog expression,

1§:mkeA AL Neleg=A i Me=A A

1
“ED1 —oN e Ay e A —P(D>a-1
g H{Dza} T 3 k! 22 k-1l 2. g =gt (Pza-l),
k=a k=a j=a—1

ala+1) 1

> “Dy1lpza)

ala+1) o= Mg ala+1) o= MHle=A e +1)
= 7 = = P(D > 1

2 Z_%(kﬂ)k! ) Z%(kﬂ)! o biDza+l),

aBlfp>q =aP (D > a).
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Therefore the expected backlog cost for Poisson D with rate A and inventory a is

T <%P(D2a—1)+

a(a+1)

2 —
T A +ala+1)—2aX
2\

]P’(DzaJrl)—aIP’(DZa)),

by
> z —a—
P(D>a)+3P(D=a—1)- =%

:bT<(%)P(D2a)+mP(D:a—1)).

For the decentralized system, the total system cost is simply the sum of n retailers backlog
cost in (2.32), which completes the proof of the second part of Lemma 3. Next, for the

centralized system, it sees aggregate Poisson demand D" = ), D; with rate nA and has

2

total inventory of na, so its expected backlog cost is

bT ((”“_—Q)QM> P(D" > na) + "XV T p o g 1)) |

2\

2

Then, the expected fulfillment cost (with unit cost f) for the centralized system is

fEmin(D" na) = f <ED1{Dn§na} + Ea]l{Dn>m}> :

ia: k(n)\)ke_("/\)

o +aP (D" > na)) ,

k=0
na. (nA)k—le—(nA)
(k—1)!

(nA) +aP (D" > na)) :

na—1 P
A\ e—(nA)
% +aP (D" > na)
7!

Y

= fn (AP (D" < na) + alP (D" > na)).

(2.32)

Adding the expedited fulfillment cost to the backlog cost completes the proof of the first

part of Lemma 3.
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2.7.5 Proof of Lemma 4

To prove Lemma 4, we first define a few gamma functions and relate them to the Poisson
distribution. The gamma function and lower incomplete gamma function are defined for real

a and 3 as

(0.9]
F(a):/ et
0

x
”y(a,x):/ e tar.
0

For an integer o > 1 the gamma function satisfies I'(ar) = (o — 1)! (Press et al., 1992).
Following Press et al. (1992), the reverse cumulative distribution function of a Poisson with

rate A can be written in terms of the gamma functions as follows

P(X;>a)=

Therefore, noting that Lemma 4 is trivially true when a = 0 (since both probabilities

equal 1), we can prove the lemma by proving the following for a > 1 and A > a + 1:

a, \)

y(na,n)) _ (
= Ty

['(na)

(2.33)

The key building block to prove this result is the following bound comparing the integrand

to a partial integral involved in the gamma function.

Lemma 7. For positive integers o, 8 € Z4 such that o > 5 > 1, and a positive real x € R4

such that x > f + 1, we have
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Proof. First, for generic limits of integration y < z, integration by parts gives

z z
/ % tdt = yYe Y — 2% 7 + a/ t* Lt
Y Y

from which it is clear that y®e ¥ < f; t%tdt is equivalent to 2% % < ozf; o le—tqy.

Thus, to prove the lemma we prove the equivalent claim that

z(a+1)

\¢ _zlatl)
(%) e B <a bty (2.34)

B

To prove this, we first establish a few facts about the function f(t) = t*le=t  First,
we show that f(t) is decreasing in t for t > a — 1. To see this consider the derivative
f(t) = to‘*le*t(O‘T—l — 1), which is negative when ¢t > o — 1.

Next, we show for « — 1 < t < a — 1 + /a —1 that f(t) is concave, and for ¢ >

a—14++a—1, f(t) is convex. To see this, consider the second derivative
F1(8) =10 Pe T (= 2(a = D+ (0= 1)7 = (a = 1)),

whose sign is determined by the polynomial t? —2(a— 1)t + (a —1)% — (a— 1) since t* 3t is
always non-negative for ¢ > 0. The polynomial t? — 2(av — 1)t + (o — 1)? — (a — 1) is a convex
quadratic (since the leading coefficient is positive) and hence is negative between its roots
and positive otherwise. The two roots are given by the quadratic formulat = a—1++/a — 1,
sofora—1<t<a—1++/a—1wehave f(t) <0 and hence f(t) is concave, while for
t>a—1++a—1wehave f/(t) > 0 and hence f(t) is convex.

Next, we progress toward proving (2.34) by proving a lower bound on the integrand

f(t) = t* e between generic limits of integration y < z with y > o — 1. To do this we
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define two auxiliary functions

z—y
h(t) = f(z) + f'(2)(t — 2),

where ¢(t) represents the secant line to f through y and z, and h(t) represents the tangent

line to f at z. Then we claim that for ¢ € [y, z] we have

f(t) = min(g(t), h(t)). (2.35)

First, we note that if z < a — 1 4+ /o — 1 then f(t) is concave for all t € [y, 2] and so
f(t) > g(t) follows directly, while if y > o — 1 4+ v/a — 1 then f(#) is convex for all t € [y, 2]
and so f(t) > h(t) follows directly.

Thus, it remains to consider the case y < a—1++ya —1<z. Fort € [a—1++va — 1, 2],
the convexity of f implies f(t) > h(t), so the claim holds in this region. Next consider the
region [y, — 1+ +/a — 1] and consider two cases. First, consider if h(y) < f(y), and recall
that the convexity of f in the region [a — 1 + v/ — 1, 2] means that h(a — 1 + /o — 1) <
f(a— 1+ +y/a—1). Thus, the concavity of f in the region [y, @ — 1 + v/a — 1] implies that
h(t) < f(t) for all ¢ in this region, and the claim holds. Otherwise, if h(y) > f(y), recall
that ¢g(y) = f(y) by definition, so h(y) > g(y). Further, since h(z) = g(z) by definition, we
must have h(t) > g(t) for all t < z (since h and g are lines in the plane, which can only cross
once). Therefore, we have g(a — 1+ +va—1) < h(a—1++Va—-1) < fla =1+ Va —1),
and thus, by the concavity of f we have g(t) < f(t) for all t € [y, — 1 + y/a— 1]. This

completes the proof of the claim in (2.35).
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From (2.35) we have that

lézf@ﬁﬁziAfnﬁn@@%hﬁ»dt:nﬂn(Aig@ﬁﬁnézh@yﬁ>’

where the equality follows since we have h(z) = g(z) by definition, so we either have h(t) >
g(t) for all t € [y, 2] or h(t) < g(t) for all t € [y, 2], since h and g are lines in the plane and
can only cross once. Thus, we will establish (2.34) by proving it is true when we replace the
integrand on the right hand side with either lower bound of h or g.

For the lower bound h, after evaluating the integral (2.34) becomes

IL‘(O&—{—]_) @ z(atl) ax T 2 J](O[—f-]_) a—1 _z(atl)
( —5 ) e B Sﬁ(1+5+a+l>< 3 > e B,

from which the exponential terms can be canceled on each side, as well as an (/) (a41)*"1

term, to give the equivalent expression

b1 (14t 2
(6] - — .
-2 g a+1

Subtracting « from both sides and combining the fractions on the right gives the equivalent

expression

a((z = B)(a+1) +28)
= 28(a + 1) !

and multiplying both sides by 28(a + 1) and canceling common terms gives the equivalent

expression

26 < afz—fB)(a+1),

which follows from x > S+ 1, a > 8, and a+1 > 4+ 1 > 2, and thus completes the
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verification of (2.34) for the lower bound h.

For the lower bound g, after evaluating the integral (2.34) becomes

(o o) () )

s

z(a+1)
nential term e B

from which the (z/f)“ terms cancel on each side, and multiplying each side by the expo-

gives the equivalent expression

(a+1)* < % (ao‘*le% + (a+ 1) ) :

Multiplying by 2 on each side and collecting the o + 1 terms on the left hand side gives the
equivalent expression

Q@
2 — a+1)% < a%hB,
( o+ 1) ( ' =
and rearranging the leading fraction and dividing by a® gives the equivalent expression

« X
a—+1 Q

Here we note that > g+ 1 and a > § imply that 1 +
satisfied if we have

I8

Q=

< %, so that the inequality is

[0
D)ol =
a+1 «Q

which follows from the standard inequality 1 + é < ea (i.e., the elementary inequality

1 a
1+t <elfort= 1/a). To see this note that 1+ é < ea implies (1 + é) < e, and also
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implies

1 1 a+1>a+2
- « a T a+1l

2 1\¢ 1 1
GHICHEICREE
a+1 «o

which completes the verification of (2.34) for the lower bound ¢, and thus also the proof. [J

Using Lemma 7, we can then prove the following recursive bound for the incomplete

gamma function.

Lemma 8. For positive integers o, b € Z4 such that o > b > 1, and a positive real x € R4

such that x > B+ 1, we have

ary (a,x%) §’y(a+1,x<a;1>).

Proof. Integration by parts on the integral representation of the incomplete gamma function

gives the following

(o) ()7

z(at1) za
< / T et 4 /
0
:’y(a—l—l x<a+1)>
; 3 ;
where the second line follows from Lemma 7. O

With Lemma 8, the proof of Lemma 4 now follows with a simple recursion.
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Proof of Lemma 4. We prove (2.33) by establishing the following claim through induction

on the integers j > 0

%y(a,x)gy(a+j,A(azj)), (2.36)

from which (2.33) follows by letting j = (n — 1)a. For j = 0, (2.36) trivially holds with

equality, while for j = 1 by Lemma 8§, letting @« = = a and x = )\ we have

av(a,A)gfy(a—i—l,)\(aZl)),

from which (2.36) follows since a = I'(a + 1) /T'(a). Now assume (2.36) holds for j > 1 and

consider 7 + 1, for which we have:

tla. ) = D o,

s(aﬂ)v(aﬂA(?)),
i+ 1
Sv(a—i-j—i-l,)\(—a—'—(jl—'— >),

where the first line follows since I'(a + j 4+ 1) = (a + j)T'(a + j), the second line follows from

Fla+j+1)
Fa(a)

the induction hypothesis, and the third line follows from Lemma 8. O]
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2.7.6 Proof of Lemma 5

Proof. For a < X\ < a+ 1, the centralized system cost in (2.9) can be lower bounded by

—a)2 —a) —
W (n()\ 2(;\) + aIP’(Dn > na) + n(A 2@) 1

P (D" =na — 1))
+ fn (AP (D" < na) + alP (D" > na))
> T (W_2—‘;>2HLP (D" > na) — %]P’ (D" = na — 1))

+ fn (AP (D" < na) + aP (D" > na)),

where the inequality follows because A > a. Observe that

(nx)re—t _na ()" a

P(D"=na—1)= —————~ = — =
( na—1) (na — 1)le™  nX(na)lenr X

Then,
n 1 n n

Therefore, the centralized system cost can be lower bounded by

(A= a)2 n n n
bnTTIP’ (D" > na) + fn (AP (D" < na) + aP (D" > na))
2
> bnT%P (D" > na) + fna (P (D" < na)+P (D" > na))
()‘ — a)2 n n
:bnTTIP(D > na) + fna(l —P(D" = na)),

where the first inequality follows from A > a. We introduce the following lemmas to lower

bound the remaining terms.
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Lemma 9. For all a > 1 and for any X\ > a,

]P)(Dl Za) >

N | —

. Next, we want to upper

N —

As an immediate consequence of Lemma 9, P (D" > na) >

bound the term P (D" = na).
Lemma 10. P (D" = na) with rate n\, where A > a > 1, is decreasing in \.

Lemma 11. P (D" = na) with rate na is decreasing in na, where n > 2, a > 1, and n and

a are integers.

Lemma 10 shows that for fixed n, a, the probability mass function P (D" = na) is greater
when A is closer to a. Therefore, if a < A < a+1, we set A = a to upper bound P (D" = na).
Lemma 11 further implies that we want to set na to its minimum value which happens at

n=2and a =1. Hence, fora < X <a-+1,

()‘ - a)2 n . n __
bnT—Q/\ P (D" > na) + fna (1 —P (D" = na))
(A—a)?1 22
> A _ =
> bnT 5% 3 + fna(l 2!62)
B (A—a)?1 _
= bnT 3 + fna(l —2e™ 7).

Next, for a < A < a+1 the decentralized system cost in (2.10) can be upper bounded by

bnT (mﬂbwl >a)+ 2= pp —a- 1))

<bnT (WP (D) > a)) ,

where the inequality follows from the fact that A —a — 1 < 0. Next, for a < A < a + 1,
observe that P (D > a) is maximized at A = a+ 1. The following lemma helps upper bound
P (D > a).
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Lemma 12. P (D > a) with rate a + 1 is decreasing in a for a > 1.

By Lemma 12, P(Dq > a) with rate A = a + 1 is decreasing in a, so P(Dy > a) is
maximized at a = 1. Therefore, P (D1 > a) < 1 — e~ 2, and the decentralized system cost is

upper bounded by

which completes the proof of Lemma 5. O

2.7.7 Proof of Lemma 6

Proof. For A\ > a + 1, by following the same steps in Proof of Lemma 5, the centralized

system cost in (2.9) can be lower bounded by

A—a

2
bnT(2—)\)IP’ (D™ > na) + fna(1 —P (D" = na)).

By Lemma 4, P (D" > na) > P (Dy > a) for A > a+ 1. Next, we upper bound P (D" = na).
By Lemma 10, if a + 1 < A, we set A = a + 1 to upper bound P (D" = na). Then, observe
that with a Poisson distribution with rate n(a + 1), P(D" =na) < P(D" =n(a+1)) <
max;,(q11) P (D" =n(a +1)). Lemma 11 shows that (D" = n(a + 1)) is maximized at the
minimal value of n(a + 1), which is at n = 2 and a + 1 = 2. Hence, for A > a + 1, the

centralized system cost is lower bounded by

()‘ — a)2 n n
bnTTIP’ (D" > na) + fna (1 —P (D" = na))
(A —a)? 44
2
= bnT%P (D1 > a)+ fna(l — 33—26_4).
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Next, for A > a + 1, the decentralized cost in (2.10) can be upper bounded by

bnT (mpwl >a)+ 2= pp —a- 1))

2\ 2
(A —a)? a A—a—1 X1
<bnT | ——P (D > —
=on ( S Ay W R S 1
where P (D1 > a) in the second term is upper bounded by 1, and P(D; =a—1) = %
is the Poisson probability mass function in the last term. The lemma below is helpful,
showing )‘_g_l (a/\—al_)'le* can be bounded by a constant.

Lemma 13. For A > a > 1,

A—a—1 Xl _ 1
2 (a—1)ler T 2¢27e

Lemma 13 implies that, for a + 1 < A, the decentralized system cost is upper bounded

by
(A —a)? a 1 )
nT | —P(Dy>a)+ —+ ,
( o PDrza)tort oo
which completes the proof of Lemma 6. O

2.7.8 Proof of Lemma 9

Proof. For a fixed rate A and for all a < ),
P(D; > a) 21@(01 > X)

by the definition of reverse cumulative distribution function. Therefore, it suffices to show

that for A = a,



which is true, shown in (5.5) in Van der Vaart (1961). O

2.7.9 Proof of Lemma 10

Proof. With rate nA

Taking the derivative with respect to A yields

nna \ / nna \ ]
—\"eTN = —— [ne_n A a—=)N)| <0
(na)! (na)!

because A > a. O

2.7.10 Proof of Lemma 11

Proof. Let x = na. We claim that P (X = x) where X is a Poisson random variable with
rate x is decreasing in x, where x is an integer. By the Poisson probability mass function,

P(X =x)= %, this is equivalent to showing,
(l‘ + 1)w+1 P

(z + Dlertl — gle® <0

The left-hand-side is equivalent to

1 [(xﬂ)x_ z]

zle®
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Following Taylor series expansion of ¢/ > 1 + y, we have

1 1
14+ —<ex=
T

1

— r+1<zex

— (z+1)" <z
(x+ D" _ 4

<z
€

T
Hence, @ — 2% < 0, completing the proof. O

2.7.11 Proof of Lemma 12

Proof. Using the gamma and lower incomplete gamma functions, the reverse cumulative

distribution funciton of a Poisson with rate A = ¢ + 1 can be written as

where v(a,a+ 1) = Oa+1 2~ Le=tdt. We show that for all a > 1,

v(a,a+ 1) - v(a+1,a+2)
'(a) ['(a+1)

We first show that for ¢ > a, function e "

t% is decreasing in t. Observe that
% [e_tta] —e " a—1t) <0, (2.37)
a

Then, (2.37) implies

e—(a+1)(a+ 1)% > e—tta7
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for all t € [a + 1,a + 2]. Therefore, integrating both sides of the equation with respect to ¢,

we obtain

a+2
e~ @t (g+ 1) > / e~ 1At
a+1

Next, integration by parts gives

a+1 a+1
a/ e 0 gt = e () (g 4 1) 4 / ettt
0 0

a+2 at+1
> / et + / e et
a+1 0

a+2
= / e Tt
0

Therefore, by definition of the incomplete gamma function,
ay(a,a+1)>y(a+1,a+2),

which implies

v(a,a+ 1) - v(a+1,a+2)
['(a) Fla+1)

2.7.12 Proof of Lemma 13

Proof. Using the standard Stirling’s approximation (Dutkay et al., 2013), we lower bound

the factorial,
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o a—1
and as a consequence, A g 1 (ail)'e)‘

a—1
L Aza”l ( A ) e~ (A—atl), (2.38)

2v2r /(a—1) \a—1

Since the function in (2.38) is divergent for a = 1. We divide this proof into two cases. We

can be upper bounded by

first show for large a, (2.38) can be upper bounded by a constant. Then, we show for small
a, the same constant remains as a valid upper bound. The following two lemmas help show

that (2.38) is upper bounded by a constant for all a.

Lemma 14. The function in (2.38) is maximized at \* = a + % +1/a+ %, forA>a>1.

Proof. The partial derivative with respect to A is

2 1 A—a—-1 < A )al 6_()\_a+1)
oA 2\/%\/@1—1) a—1

= ! . A2 [—)\2+(2a—|—1))\+1—a2],
2V27(a — 1)42A—a+1

which setting equal to zero yields critical points

Al = -I—1 \/ +5 Ay = —1—1-1—\/ —1—5
1=a 5 a 1 2=a 5 a 1

. . . 5
Observe that A; is not in the domain A > a because \| < a + % — /14 1= d—1<d. A,
1 )\d—2
T
2v2r(a—1)%" 2 eA—at1
is non-negative, and the leading coefficient of the quadratic term A? is negative. This implies

therefore, is the only candidate. Next, observe that the coefficient

that the derivative is positive between A and A9 and negative before A\; and after \g.

Therefore, A9 is a maximum of the function over the range A\ >= a. O

Next, We substitute A\* = a + % +1/a+ 25; in (2.38).
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Lemma 15. Fora > 5,

a—1
1 )
1 \ati—g [atytyaty GHyatd o1

2v2r \/(a —1) a—1 = 227e

furd_1 a1
Proof. We first show ~——2_2 < 1 for @ > 5. Setting L —2_2 < 1, we obtain
/ @1 - = ® Ve

/ 5 1
a+-—=<+va-—1
4 2
+6 \/ +5< 1
a+——ja+—-<a-—
4 4~

— 5 <a.

\at+i—3
Because Y———= < 1 for large a, what is left is to show

Via—1)
YA
a+35+/a+ g e_(%Jr a+%)§

a—1

5=

Equivalently, we want to show

a—i—%—h/a—i—g 1+y/at3
< a—1

a—1

2
Taylor series expansion of e” gives that e* > 1424 % for z > 0. Substituting x =
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(2.40)

1+/a+3
—V_1

a—

Y



we obtain

+a+2 14 / 1+ a+42
> 1+

e a—-1
a—1

2d2+2a\/a+1—a+4—1

2(a —1)2

2a% +2(a—2)yJa+ 5 —a—1

= 2(a —1)2

a+s+y/a+?

a—1

where the last equality follows from dividing both the numerator and denominator by 2(a —

1). m
Lemma 15 implies that for a > 5,

A—a—1 ol 1

< ~ 0.121.
2 (a—1)ler = 2¢/2me

We next numerically validate that this upper bound still holds for 4 > a > 1. We set

5 a—
1 / : A—a—1_\
A=a -+ 2 —+ a + 4 and evaluate expression 2 (a 1)| X for small a.

Table 2.1: Evaluating )‘7;71 @ al)' y for small a
a | A | Expression Value
113.0 0.0249
2143 0.0379
31056 0.0464
416.8 0.0525

The maximum ratio from the table is 0.0525 < —L—. This completes the proof of
2y 2me
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Lemma 13. O

2.7.13 Proof of Theorem 3
2.7.13.1 A 3-stage stochastic program.

Observe that because the dealer follows a base-stock policy, Oy = Dy, the dealer’s base-stock
policy means that they keep their inventory position at the constant level SD, i.e., they order

Oy at the end of period ¢ to satisfy:
sP = XtD — BtD + By_1 + Oy,

where XtD - BtD denotes their current inventory level at the end of period ¢ when they place
their order, B;_1 denotes their current unfulfilled orders at period t after receiving the orders
the retailer shipped yesterday, and Oy is the order they place at the end of day t to bring

the inventory position up to SP. We can re-write it as

SD:XtD—BtD+Bt_1+Ot

:XtD—Bz)—i-Bt—l-wt,

where the last equality follows from the second equation in (2.18). The long run problem is
therefore
T

1
Cr = limsup —E | 3 (hXt +bBy + bDB,?> . (2.41)
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subject to the following constraints

Xi—1+xpp—wp 20, Vi
B 1+0t—wy >0, Vit
XP 4wy — >0, V

t wt — vy 2 0, VI
BP + Dyq —vpy1 >0, Vi

SP = xP — BP + By + wy, V.

We relax the time constraint, aggregate information in a lead time L, and allow the manu-

facturer to make decisions after a lead time. As a result, we define the following. Let
° D%—L+1 = zgzthJrl Dg denote the dealer’s lead time demand.

° x%_ L1 = Zf;:t_ I+17s denote the retailer’s lead time order from the supplier.

° wii L1 = i;%_ L1 Ws denote lead time dealer orders fulfilled by the retailer.

. vg_ L1 = Zi:t— 1+1 Vs denote lead time external customers served by the dealer.

We derive the lead-time evolution equations as follows

_ t—L t
Xt =X+ T or+1 — Wi—L+1>

t t
By =B+ D; 11— Wi 1.1, (2.42)

D D ¢ ¢
X1 =X p+(w—p +wi_p4q) — <Uth+1 + Ut+1> :

D D t t
Bit1 =B+ Dy i1+ D1 — <Ut—L+1 + Ut+1> :

We develop a 3-stage SP by considering lead-time-plus-one-day demand (i.e., L + 1 days of
demand). In the first stage, initial inventory positions (X;_j + xiiéLJrl, thzL +w;_p,) and
backlog levels (B;_7,, BZ)_ L) are chosen. In the second stage, the lead-time demand D;_ L1

is observed. Then, allocation quantities wz_ L1 and vf_ L1 are chosen over the lead time.
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In the third stage, an extra day of demand, Dy 1, is observed. Then, the last-day allocation

quantity v¢41 is chosen. Therefore,
t—L D D
Csp =E[g1()] + M(Xe—p +2;_ 57, 1) + 0B +b B,
where g is the objective function of the second-stage problem

g1 = <b + bD) Dj_p41 +min (— (h+b)wf_py —bP0f 11 +Ep [92('”) ’
where g9 is the objective function of the third-stage problem
92(-) = 6P Dyq — max (bDUH—l) ,
subject to

Xo L+ 5 —wip4 20,

B 1+ Dj_p 4 —wi_11 20,

P 4w} gy — Wy +ve) 20,

BP 1+ D i+ Diy1— (ULLH + "Ut+1> >0,

D D D

2.7.13.2 Lower bound.

We show that the optimal solution to the 3-stage SP above yields a lower bound for Problem
(2.19) .

Lemma 16. Cgp < Cr.
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Proof. We want to show that for ¢t > L,
Cip < Cr =E[hX; +bB, +bPBE ).
We introduce the o-algebra, representing the information available at the end of time ¢
A =ocf{zrs,—L+1<s<t; wsvs,Ds,1 <5<t XO,XOD,BO,B(?}.
It follows that

E[Xi A1) = X1
E [XEL’At—L} =XP ;1 Elw_r|Ar_ 1] =w_r;
E[B;_r|Ai—r] = Bi_1; E [BtD_L|At—L} =BP

E[zs|Ai_f] = x5, forall s <t— L.

Taking the conditional expectation of E[hXt + bBy + bDBgrl] with respect to A;_1, we

5



obtain

E [hXt +bB; +0PBE 4

At—L]
t—L t
=k {h <Xt—L R S wth+1>
+0 (Bth +Di 41— wi_m)

+ b7 (BtD—L +Dy_p 1+ Dig1 — (“g—LH + Ut+1>>

At—L]
—E [h (Xt_L + xgngH) +bB_p, +bPBP |
+ (b + bD) Dg_L+1 — (h+b) wg—L+1 - bDU%—LH

+PDyq — bPu At—L]

—h (X p+ai k) +0B L +0PBE
D D
+ E[ (b +0 ) Di_ppq— (htb)wi_pq —b7v_py

+ P Dyq — bPvi

At—L]

Z Og]??

where the first equality follows from (2.42).

Applying the law of total expectation,

E|hl; + bB; + bDBgl} - E[E[h[t +bB; + bPBP || Ay L]] > Cip.
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Finally, for the long-run average cost,

T—1
1
Cr =limsup —E[ (hXt OB+ bDBﬁl) + 0By + hX7p + bBr]
T—00 T
-1
| Tl
- D 5D
> lim sup fE[ E <hXt + 0Bt + b Bt+1> }

N -

1
> limsup (T — 1)Cgp
T—oo I

= Cgp,
where the first inequality follows from the fact that By, I, BZT) > 0. O

2.7.13.3 SP solution.

Next, we analyze the 3-stage SP and characterize its optimal solution and the corresponding
optimal cost.

To simplify the notation a bit, we use X to denote X;_j + xiiéLJrl, XD to denote
XtD—L + wy_g,, B to denote B;_g, BP to denote B?_L, w to denote wi_LJrl, DL and D!

t

to denote the second-stage lead time demand Dy ; ,

; and third-stage one-day fulfillment
demand Dyy1, and vl and vl to denote the second and third stage customer fulfillment
decisions.

The SP provides explicit solutions for the second and third stage variables. In particular,

end-customers and the dealer should always be served as much as possible, up to the demand.

This leads to the following explicit optimal allocation solutions:

w:XA(B+Dﬂ,

7



and

vL+&=«XD+uQA<BD+DL+D§
o' =(XP+ X A (B+DM) A (BP + DE 4 DY) - ot
:iX+X%A<B+XD+D%A(BD+DL+Dg—UL
=(X +XP) A (B+XP+ DE) A (B+XP — 5P+ DL+ DY) —ob

—(X-B+SP—DMASPAD '+ B+ xP - 5P 4 D L,
where the second to the last equality follows from the last SP constraint (i.e. SP = xP 4
B — BP).
Inserting w, v! into the SP objective and substituting BP = B+ XP — 5P we obtain
Cgp = Elg1(1)] + hX +bB +bP (B + XP — §P)
where
m:@+MvDL—m+®KX—mADL+m—w%}+EmwOL
where
g(-) =P DY —oP[(X =B+ SP —DIYASP AD 4+ B+ xP — 5P 4 DL — 1],
After some simplification, the objective becomes

%P:ha>43+EbDL—m+mQX—Bwuﬂ)

(2.43)
+EPDthDQX—B+SD—D%ASDApﬁu.
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Without loss of optimality, we let B = 0, since X — B appears together in the objective.
Take the derivative of Cqp with respect to X in (2.43), we have
and let Fir and Fp1 denote the second and third stage demand CDE’s, respectively, we

obtain
Chp=h—(h+0)(1-P (D" <x*)) =4 (1-P (D" + D' > X"+ 8P, DL > x7)),
We want optimal X* such that

0=h—(h+b)(1—P(D* <x*)) =4 (1-P (D" + D' > x*+ 5P, DL > x7))

or

b+bD1P>(DL+D1 > x* 4 5D, DLZX*>
htb

P(Dh<x") =
Finally, the corresponding optimal SP objective value is

Cép = hX* + bE[DY] + bPE[DY] - (h + b)E [x* A DL}

—WPE[(x* + 5P — DLy A SP A D). (2.44)

2.7.13.4 Upper bound.

Last, we show that base stock policy is optimal for the manufacturer by matching the upper
bound with the lower bound. Let S and SP denote the base-stock levels of the manufacturer

and the dealer, respectively. Let Cpg(S) denote the manufacturer’s cost given base-stock

level S.
Lemma 17. There exists optimal base-stock level S* such that Cgg(S™) = Cgp.

Proof. For the manufacturer, its base-stock level at time ¢t > 0 equals its on-hand inventory,
79



X¢, plus its pipeline inventory, m%_ L41- Iinus its backlog level, By. Additionally, if following
a base-stock policy, the manufacturer’s pipeline inventory is exact the lead-time demand

(i.e., xi_ L1 = D;_ I Jr1). Therefore, the manufacturer’s base-stock level is

t
=Xt +Dy_ry1— B
This implies Xy — By =5 — Di_ 141 and since only one of Xy and By is positive,

X; = (S—D;f_L+1)+, Bi = (Di_p —5)+. (2.45)

Similarly, for the dealer, its base-stock level at time t+1 > 1 equals its on-hand inventory,
XEH, plus its pipeline inventory, Os41 + By, minus its backlog level, BtD . Then, the dealer’s

base-stock level is

sP = ]tlJ)rl + Op1 + B — Btlztl

= I, + Dyy1 + B — BE,.
Using the definition of B; in Eqn (2.45), we obtain

BR, -1, =-S" + D1+ By
=SP4+ D+ (DL —9)7T
=8P+ D1+ Df_j ~Di_ NS

=Dip1 —SPAS+SP DL, ).

This implies

+
B = (D1 -SPAn(S+SP-Di_; N (2.46)
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Combining (2.45) and (2.46), the cost of manufacturer’s base stock policy with level S is

Cps =E[hX; + bB; + bP BE|]
= (5~ Df_y.) 1 08I0y - 5) )
+WPE[Dy — SPA(S+SP-Dl_, )]"
= hE [S —SA D%—L—H} + 0K [Dg—LH —SA Dg—L—i—l]
+VPE[Diy — (S+ 8P — Dt 1) ASP A Dy
= hS+bE[D)_; 4]+ bPE[Dyy1] — (h+ b)E [S A Dﬁ_LH]
—WPE[(5+ 5P~ i) ASP A Disa)

= Cgp:
where the last step follows by setting by setting S = X™* in (2.44). O

Combining Lemma 16 and Lemma 17, we obtain Theorem 3.

2.7.14 Other proofs

Proposition 1. For a decentralized system, where the whole system has S (divisible by n)
units of inventory, distributing the inventory evenly across all the retailers is an optimal

solution.

Proof. First, we show that the expected backlog function f(a) is convex in a. By definition,

T
fla) = [ (D=t

Because the positive funciton (Dy —a)™ is convex, the integral of the function is also convex
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(Boyd and Vandenberghe, 2009). Next, consider the following optimization problem

min »  f(a;)
i=1

n

s.t. Zai =S
1=1

a; > O,Vi.

Assume in the optimal solution, there exists two retailers j and k such that a; # aj,. Because

each cost function f is convex, we know that

27() < flag) + flap)

Then, for these two retailers, we can construct a better solution that yields a lower cost.
We can keep doing this for any two retailers that do not hold the same amount of inventory

until inventory across all the retailers are symmetric. This completes the proof. O

2.8 More on numerical experiments

2.8.1 Parameter estimations and network descriptions

In this section, we provide more details on our parameter estimation procedure. It is worth
noting that all data provided are masked but represent the realistic setting.

Poisson demand. There are two challenges when it comes to estimating dealer’s daily
demand. First, the automaker does not directly observe when and how many end customers
arrive at dealers. The data only contains information when a dealer orders parts, which
could be misleading on the demand arrival rate since many dealers follow a base-stock policy
unknown to our industrial partner. The second difficulty comes from limited data. We only

have one year-long data and wish to estimate demand rate for each day. In conjunction with
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our industrial partner, we agree on the data representing their normal mode of operations as
the data year is pre-COVID and the system did not experience major supply or technology
disruption.

To estimate weekly demand for each part, we first select a partial demand not affected by
dealers’ base-stock policies and then apply James-Stein estimator (Stein, 1981) to estimate
each week’s overall demand.

For each part and for each retailer, we are able to identify a small group of dealers who,
during the test year, only placed customer orders. This unique ordering behavior implies
these dealers do not carry inventory (equivalently zero base-stock level), and we are able to
observe the uncensored demand trend from them. We name these dealers ZBSL. We first
summarize weekly retailer customer-order demand from these dealers. We then deseasonalize
the 52 data points by what we call a “dynamic moving average" method. For retailer ¢ in

week ¢ with demand Dy ;, its demand is detrended to be the average of

t—1 t
by 2t=r Dei+ Dii + 3530 Dy
b 2r + 1

where r = 6 in our detrend method. To apply this method for all 52 weeks, we need to wrap
around the year and make the whole year a cycle. In addtion to the retailer-level data, we
can adopt the same detrend method to the national-level data and obtain the deseasonalized
national trend (Dj) for each part.
We then apply the James-Stein estimator to estimate aggregated demand (customer
orders and normal orders) for each week t. For a part, we define
vy oy D
’ >t Dy
to be the scaled national estimate for retailer ¢. The intuition behind the James-Stein

estimation is that it takes into account both the local trend Dg ; as well as the scaled
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national trend Ny ; to provide a more accurate and reasonable estimate for weekly demand.
By calculating the Stein’s parameter, we obtain a convex combination of the two trends,
denoted by J; ;. Observe that J; ; is determined only by those uncensored dealers having
effectively zero base-stock levels. Finally, we need to apply this trend to all dealers. We split
the raw aggregated demand (customer and normal orders at the national level) proportionally
each week by J; ;’s weight. Denote this scaled retailer demand as JNt,Z-.

So far, we have shown how to derive a weekly, deseasonalized, part-retailer demand by
the James-Stein estimator. We next split jt,i proportionally to each dealer’s yearly demand
compared to the belonged retailer’s yearly demand to obtain dealer’s weekly demand. Finally,
we divide the weekly demand by seven to obtain customer’s daily arrival rate A+ at a dealer.

Dealers’ review policies. In conjunction with our industrial partner, we model four
major types of dealers for each part in our simulation. The first type is those who do not
hold inventory. These dealers are easily to be identified as in data they only place customer
orders, implying they do not carry any inventory and hence their base-stock level is zero.
The second type of dealers are those who carry inventory and conduct daily review. The
third and fourth types are dealers who review their inventory every seven days on average.
We categorize the third type as those following a review interval of Binomial(n,p) where
np = 7 and the fourth type as those following a review length of Poisson (7). From the raw
data and estimated demand distribution, we need to determine for each dealer, whether it
belongs to the second, the third, or the fourth group by finding the review policy that gives
the maximum likelihood (MLE).

We need to introduce a few parameters before detailing our MLE approach. From data,
for each part-dealer pair, we first calculate inter-order times. Let 7} denote the number of
days for the kth inter-order time. Let Ap, denote the cumulative Poisson rate for the kth
inter-order interval. Last, let S\Tk = AT% denote the average daily arrival rate during the kth

interval.
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For daily review, the log likelihood is given as follows
LLgaily = Zlog (T — 7).

For dealers with Binomial(n, p) where np = 7, we adopt a grid search and a Fibonacci
search to search for n* that gives the highest Binomial likelihood. We refer to Nocedal and

Wright (1999) for implementing search algorithms. The log likelihood of Binomial(n, p) is

LLgin(n,p)
T, T B )

= Zlog Z Z Pr ( i—1)n, p)Pr (Tk — z;mp) e_)‘z(1 — e—)\(Tk—Z)) :
1=12z=0

where PrB(m; n,p) = (;Ll) p"™(1 — p)"~"™ represents the Binomial probability mass function.

Last, the log likelihood of Poisson(7) is similar to the Binomial case because of the Poisson

approximation of Binomial for large n:

Ty T _

LLpeis(T) = Y log [ 303" PrP (576 = 1) PrP (T = 257) X512y |
k

i=1 z=0

where PrP(m; A) = )‘mnf;!_ ! represents the Poisson probability mass function.

For each part-dealer pair, we calculate the log likelihood of each review policy (daily,
Binomial(n, p), and Poisson(7)) and assign the policy with the maximum likelihood to that
dealer.

Dealers’ base-stock levels. For dealers who hold inventory, we also need to infer their
base-stock levels. First, we determine each part-dealer pair’s service level 5 by setting it

equal to

number of normal orders

number of normal orders + customer orders’
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Recall that each dealer with a review policy either reviews daily or reviews weekly on average.
In conjunction with our industrial partner, we add 5 days to each dealer’s review period
length for a “lead time" estimate. This approach is standard in the automaker’s inventory
calculation. So each dealer for each part will have a period length of either 6 or 12 days.
Next, for each part, we take the dealer’s average daily demand over the year, A (i.e. their
annual demand divided by 365). Using a Poisson cumulative distribution with rate \, we are
able to calculate the smallest Poisson random variable that guarantees the dealer’s service
level 5. We treat this Poisson variable as the dealer’s base-stock level for this part. Most of
dealers for most parts have base-stock level of 1 in our simulation.

Part-retailer service levels. For each part-retailer pair, we define m to be the total
number of customer and normal orders that are originated in the local retailer and fulfilled
by the retailer. Define mg to be total number of customer and normal orders originated in
the local retailer and fulfilled by the retailer, by the partner retailer, and by the warehouse.

We define service level r to be

We then map these service levels to the automaker’s service level categories shown below
(floored at 80% and capped at 99.5%): 80%, 94%, 95%, 96%, 97%, 98%, 99.5%. For example,
100% would become 99.5%, 96.7% would become 97%, and anything lower than 80% would
be raised to 80%.

Initial part-retailer inventory. From raw data, we have information of month-end
inventory position for each part-retailer pair. For simplicity, we average 12 month-end in-
ventories and use it as the initial part-retailer inventory position when simulation starts.
Observe that the initial inventory can be any arbitrary number, and its initial effect dimin-
ishes as the simulation runs for a sufficient length of time. We choose the average method
to shorten the time for the system to reach its steady state.

Lead Times. We estimate both supplier-to-warehouse lead time and warehouse-to-
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retailer lead times for each part. For each origin-destination pair, we estimate mean as well
as standard deviation of the lead times from a year-long shipments data. In all simulations,
we assume warehouse-to-retailer lead times to be normally distributed with the estimated
parameters. We also assume supplier-to-warehouse lead times normally distributed in most
cases. We, however, do explore other scenarios in which lead times follow Weibull distribu-
tions in Section 2.5.3.2.

No-order-crossing policy. In conjunction with our industrial partner, we assume no
orders can cross. That means a newly placed order has to arrive after all the previously placed
orders. This is inspired by what our industrial partners sees in practice. They witness that
if an old order experience an delay, future orders will most likely experience more delays.

Partner RDCs. The automaker has one warehouse and 15 RDCs across the contiguous
United States and Canada. 10 of the 15 RDCs have one or two partner RDCs based on
geographic proximity. These partner RDCs act as backup options for fulfillment. We provide
the following masked RDC IDs along with their partner RDC pairs for demonstration.

RDC List: 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15

Partner RDC sets: {1 ,3,7}, {2, 11, 13}, {9,12}, {14,15}.

Costs. For each unit of inventory that passes through the central warehouse, we charge a
unit cross-docking fee. For each unit of inventory that is stored at the warehouse, we charge
a unit storing fee. For each unit of those stored inventory used for RDC replenishment or
expedited shipments, we charge a unit picking and packing fee. These disguised but realistic

unit costs depend on repair parts’ weights, which is shown in the table below.

Weight (Ib) | Picking & Packing | Storing | Cross-docking

<1 $0.42 $0.83 $0.83
10 $1.25 $2.50 $2.50
100 $5.00 $10.00 $10.00

Table 2.2: Unit labor cost in different categories
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Estimating the expected delay in Section 2.5.3.1. One challenge in the implemen-
tation of the stochastic program from Section 2.5.3.1 is to estimate the number of days of
a DFI event (parameter T') right when it occurs. According to the automaker, they often
have some information on the lead time when they place an order. For example, if there is a
great production delay due to external supplier’s labor shortage, they would know it at the
time when an order is placed. We, therefore, approximate 7" by the following approach. We
define an order arrives “on time" if it arrives within the expected lead time. If a previously
placed order would arrive on time, then set T to be the length of days until that day comes.
Otherwise, set T' to be the maximum of (1) the length from today to the date of the latest
arriving order and (2) one week plus the expected lead time. Because no late order can
arrive before an early order by our “no crossing" assumption, then the earliest time for the
next order to arrive is the date of the latest arriving order. In addition, because the central
warehouse reviews weekly, we should not expect the next order to arrive sooner than one
week plus the expected lead time during the DFI period. Hence, the maximizer of the two

gives an optimistic approximation on parameter 7.

2.8.1.1 Constructing the stochastic program in Section 2.5.2.2.

In this section, we provide some intuition on how we constructed the stochastic program in
Section 2.5.2.2.

For each retailer i, we can think about the decisions affecting its fulfillment at time
t + L + I; from the perspective of starting at time ¢, i.e., the earliest decisions that will

impact its fulfillment. The central warehouse and retailers’ inventory levels evolve as follows

L=T 1+ xp— > (Wig + Zig),
i (2.47)

C N
Xit = Xipt—1+ 241, —wip — Wi,

where X3 1+2;4, > wgt —i—w%, and wgt (w%) is the inventory retailer ¢ uses for customer
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orders (normal orders) at time ¢. Each retailer is allowed to hold inventory and not fulfill the
current orders deliberately for possible future emergent orders. As a consequence, retailer

1’s customer-order and normal-order backlog levels evolve as follows

c C C C
Bi,t - Bi,tfl + Dz‘,t — Wiy — Yit-1;

(2.48)
N _ pN N N
Biy =By 1+ D;; —w;},
where Bz‘%—l + Dic,t > wgt + ¥ ¢—1 and Bi],\;—l + D% > wl{\;.
From the evolution equations in (2.47) and (2.48), we have
t t+1;—1 t+L
]t—l—L—i—li—l = |1t + Z Ts | + Z Ts — Z Z(yi,s + Zi,s)
s=t—L+1 s=t+1 s=t+1 1
t+L+1;—1
- Z Z(yi,s +2is) |
s=t+L+1 1
t t+L t+L t+L
C N
Xiprpsn, = | X tvie+ D> zis |+ | D Wis+2is) — Y wig— > w
s=t—Il;+1 s=t+1 s=t+1 s=t+1
t+L+1;—1 t+L+1; t+L+I;
C N
o2 w2 wii- X wi)
s=t+L+1 s=t+L+1 s=t+L+1
t+L t+ L+
C _ npC C C C C
Bi,tJrLJrli - Bi,t + Z (Di,t - wi,s) + Z (DLt - wi,s)ﬁ
s=t+1 s=t+L+1
t+L t+L+1;
N _ nN N N N N
By iy, = Bly+ D (D —wi )+ D (D —w).
s=t+1 s=t+L+1

Then, the SP works as follows. In the first stage, the warehouse and retailers’ initial inventory
are determined. In the second stage, the retailers see the second-stage cumulative customer
and normal demand and fulfill orders only using their on-hand inventory. Meanwhile, the
warehouse receives supply from the external supplier and decides the quantity to send to

each retailer. In the final stage, each retailer sees the third-stage cumulative demand and
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is able to fulfill orders using the new supply from the warehouse and the leftover inventory
from the previous stage. We define the following variables that are later used in this SP.

Finally, we let

2 C = ZH% 1 ( DN = ZH% 1 DZ]YS) denote the warehouse lead time customer-

order (normal—order) demand, which will be part of the second stage demand in the

SP.

3.0 AL O 3N ALl AN L .
e D =3 T Dy (D = > i DZ-’S) denote the retailer ¢ lead time

customer-order (normal-order) demand, which will be part of the third stage demand

in the SP.

o [ = I; + ZtszthJrl vs (X; = Xjp +yip + Zg:t—li—i—l zj s) denote the warehouse’s

(retailer i’s) starting inventory.

o = Z?lt 11 &s denote the second stage order from supplier of inventory for the
warehouse, assumed to occur after seeing the realization of second stage demand. Di’t

and D“L ;

o ZH% ' 112.i(Yis + 2i5) denote the second stage allocation of the warehouse’s
inventory to retailer 7, assumed to occur after seeing the realization of second stage

demand Diz’to and D?’tN

o Z?% W (w?’N = Z?’% L Wi s) denote the second stage customer-order

(normal—order) fulfillment at retailer i.

* wy s=t+L+1 Wi g

3,N t+L+1;
) ) = Z

; st L1 W 8) denote the third stage customer-

(w

order (normal-order) fulfillment at retailer 1.

t+L+1;,—
2

st L1 Z (i s + 2i,s) denote the third stage expedited shipment to retailer

® Yi =

1, assumed to occur after seeing the realization of third stage demand Di’t and Di’t
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o BYY = D¢ w2 (B2

; = DZ.Z’N —w.Z’N) denote the customer-order (normal-order)

7

backlog at retailer ¢ at the end of the second stage.

3,0 20, 13,0 20  3.C 3N 2N 3N 2N 3N
o B =D +D) —w —w; —y; (B =D+ D —w; —w;”) denotes

the customer-order (normal-order) backlog at retailer ¢ at the end of the third stage.
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CHAPTER 3
MULTI-ITEM ONLINE ORDER FULFILLMENT IN A
TWO-LAYER NETWORK

3.1 Introduction

We are in a golden age of e-commerce: US online retail sales of physical goods amounted to
$365.2 billion in 2019, contributing to 11.1% of all retail sales in the US, and were projected to
reach close to $600 billion in 2024 (Statista, 2020a). The boom of e-commerce is not unique
to the US market and is witnessed globally. Emerging economies have become especially
essential for e-commerce growth because internet adoption is increasing amid growing middle-
class populations and fosters influential e-retailers such as Alibaba and JD.com in China,
Flipkart in India, Lazada in Southeast Asia, MercadoLibre in Latin America, and Jumia in
Africa. The ongoing COVID-19 pandemic has only made e-commerce growth even faster.
To meet growing demands and provide high-quality logistics services, e-retailers have ag-
gressively expanded their fulfillment networks to shorten the distance to end consumers and
offer faster delivery service than ever. For instance, in North America, Amazon has been
rapidly increasing its number of fulfillment centers (FCs)! since 2005 when it only had six
FCs (Wulfraat, 2020), and now it has more than 110 active FCs in the US and more than
175 facilities globally (Amazon, 2020). JD.com, a leading e-retailer in China, is currently
operating over 900 warehouses, a significant step forward from its 123 warehouses in 2014,
and 90% of its first-party retail orders were delivered on the same day or the day after the
order was placed in 2020 (Qin et al., 2022). As a result of expansions of fulfillment networks,
e-retailers face more complex fulfillment operations. For each online order, they must decide

which warehouse(s) will fulfill the order to minimize the fulfillment cost, subject to many

1. In this paper, we use the terms “fulfillment center," “distribution center,” and “warehouse” interchange-
ably, although they may have different meanings in practice.
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operational constraints such as inventory constraints and guaranteed delivery times (e.g.,
Acimovic and Graves, 2015, Chen and Graves, 2021). The associated logistics costs are in-
creasing rapidly as well. According to Statista (2020b), as the largest e-retailer, Amazon’s
outbound shipping costs and operating costs within FCs have skyrocketed over the past
decade: its total shipping and fulfillment costs amounted to $3.8 billion in 2009, and those
costs had risen to $78.1 billion by 2019, more than a 20-fold increase. E-retailers have been
implementing various initiatives to mitigate the rising fulfillment costs, including encourag-
ing online customers to do self-pickups (e.g., Walmart’s order-online-store-pickup), reducing
delivery frequency (e.g., Amazon Day), and exploring omnichannel strategies (e.g., Wal-
mart.com and Amazon effectively utilize existing Walmart stores and Whole Foods stores,
respectively, to directly fulfill online orders). Despite all these efforts, the challenge remains.

In practice, many e-retailers such as JD.com and Alibaba are implementing a two-layer (or
even multi-layer) distribution network. This network has two types of distribution centers:
front distribution centers (FDCs) and regional distribution centers (RDCs). FDCs are lower-
layer warehouses that are strategically located closer to end customers. They have limited
capacities, usually only stocking fast-moving items. FDCs are responsible for fulfilling online
orders from the associated areas in a timely manner. The importance of building FDCs
for reducing shipping distances can be reflected in e-retailers’ strategic expansions: in the
warehouse network of JD.com, the number of cities with FDC coverage leaped from 12 in
2014 to 28 in 2018 (Colliers, 2020). By contrast, RDCs are upper-layer warehouses with
larger capacities for storing both fast-moving and slow-moving items and are responsible
for replenishing several lower-layer FDCs. When an FDC runs out of inventory, the upper-
layer RDC provides the “back-up fulfillment" option and can fulfill orders directly, subject
to delivery delay or higher overnight shipping costs. We refer to Ge et al. (2019) and Shen
et al. (2020) for more discussions of JD.com’s two-layer RDC-FDC network. The concept

of FDCs is not uncommon and not unique to the China e-commerce market. Perakis et al.
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(2020) document an e-retailer in India that owns 12 major warehouses, including three that
have large storage capacity (referred to as “Big Boxes") and nine FDCs. In the US, Amazon
has recently opened a series of small warehouses closer to big cities to speed up same-day
delivery (Dastin, 2020) and reportedly plans to open more (Soper, 2020). Compared with
typical FCs that are farther from urban cores and hold more inventory, the newly established
warehouses are smaller and stock fewer products.

We further illustrate the importance of FDCs in terms of fulfilling local demands by
using real data. In Table 3.1, we present the summary statistics of three highest-demand
districts, according to an open dataset provided by JD.com (Shen et al., 2020). This dataset
is based on transactions within one anonymized consumable category during March 2018,
and we refer interested readers to Section 3.8.2 for more details. In Figure 3.1, we present
percentages of items fulfilled by the local designated distribution centers (DCs) throughout
March 2018. On average, more than 90% of items were fulfilled by local DCs, demonstrating
the strategic significance of building and utilizing FDCs in JD.com’s fulfillment network.
This phenomenon is not unique. Table 3.2 shows another data snapshot obtained from
Alibaba. The table summarizes the fulfillment data of a category of fast-moving products in
an eastern city of China. We observe similar statistics: the fulfillment percentages by local

FDCs were more than 95% during off-peak season and around 87% during peak season.

Table 3.1: Summary statistics of three highest-demand districts in JD.com’s open dataset

District # 5 9 2

Total Orders 47,676 41,864 38,566

Multi-item Orders (%) | 10.97  9.27  10.26

Total Items 54,541 46,889 43,772
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Table 3.2: Alibaba’s data snapshot of a category of fast-moving products in an eastern city
of China in 2019

Off-Peak Season Peak Season
Dayl Day2 Day3 Day4 Day 5
Total Orders 7,963 6,872 6,582 6,795 25,502
Multi-item Orders (%) 13.95% 13.22% 13.39% 13.05% 14.96%
Entirely Fulfilled from the FDC (%) | 96.72% 97.42% 96.85% 97.98% 87.13%
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Figure 3.1: Percentages of items fulfilled by the local designated DC in March 2018

Despite the capability to provide faster deliveries in the presence of FDCs, the fulfillment
decision itself becomes more intricate in an RDC-FDC network, due to the existence of multi-
item orders, namely, orders consisting of more than one item. A multi-item order may lead
to order split, which is unique to e-commerce fulfillment. Specifically, some items are fulfilled
by more distant FCs because the nearest FC does not have all the inventory, resulting in
multiple shipments and potentially inconsistent delivery times. Making effective real-time
fulfillment decisions at the occurrence of order split is notoriously challenging, which has
become a major problem for e-retailers. According to Xu et al. (2009), approximately 35%
of Amazon’s online orders in a typical off-peak-season day (44% in a peak-season day) in

2004 were multi-item orders. In addition, Amazon reported that approximately 10% of all
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the multi-item orders in a typical off-peak-season day and 15% in a peak-season day were
split. Although one may expect that the ratios of multi-item orders have decreased in recent
years due to the success of paid-subscription programs (e.g., Amazon Prime) so that free
shipping is available to subscribing customers with no minimum spend, the ratios are still
not negligible (e.g., see the ratios of JD.com and Alibaba in Tables 3.1 and 3.2). In fact,
order split is so common that e-retailers such as Macy’s provide customer service websites
explaining it (Macy’s, 2020). Given the high cost associated with order split, coming up
with effective fulfillment policies is important for e-retailers.

Last, those fulfillment decisions must be made at the instant the customer orders, as
explained in Xu et al. (2009). First, the e-retailer wants to provide an estimated to-ship
date as well as the expected number of shipments to the customer, which depends on the
fulfillment plan. This instant feedback allows the customer to change her shipping preferences
accordingly in real time. Second, the e-retailer wants to virtually secure the inventory in
the fulfillment plan. Third, the e-retailer wants to reliably make order-assignment decisions
in a 24/7 operating environment, due to variability in order arrivals over a day. Delaying
fulfillment decisions may cause warehouse congestion, resulting in delivery delays. Thus,
after receiving an order, the e-retailer quickly searches for a feasible fulfillment plan and
then virtually reserves inventory. In this paper, we analyze real-time fulfillment decisions in

an RDC-FDC network in the presence of multi-item orders.

3.1.1 Literature review

To the best of our knowledge, Xu et al. (2009) were the first to explicitly model and pro-
pose a solution strategy for the multi-item online order fulfillment problem. The authors
focus on the benefits of delaying fulfillment decisions and batching orders. They propose
a myopic-type heuristic that periodically reevaluates all orders that have been assigned to

warehouses but have not yet been picked, without considering the impact on future orders.
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Wei et al. (2021) investigate the optimal timing to delay fulfillment decisions and how to
balance the tradeoff between consolidating shipments and “last-minute" expedited shipping
costs. Acimovic and Graves (2015) use an elegant “CD - Textbook" example to demonstrate
the challenge of the problem especially due to order split and how fulfillment decisions on
a given order affect the e-retailer’s ability to efficiently fulfill future orders. They argue
the importance of adopting a forward-looking fulfillment policy. Under the assumption that
reliable forecasts on location-specific demand for a product are available, which is typically
true for high-volume products at large e-retailers, Acimovic and Graves (2015) propose a
forward-looking heuristic that assigns orders based on the dual variables computed through
the solution of an offline approximation. When location-specific demand forecasts are un-
available, Andrews et al. (2019) propose a primal-dual algorithm and prove upper and lower
bounds on the competitive ratio assuming adversarial demand. This approach is particularly
valuable when the fulfillment network consists of hundreds or even thousands of locations
that hold inventory, where locations can be either FCs or brick-and-mortar stores. Aci-
movic and Graves (2017) explore how to use inventory replenishment as a lever to mitigate
demand spillover, when the closest FC cannot serve a demand because of a local stockout
and that demand is served from a more distant FC at a higher shipping cost. Chen and
Graves (2021) study a problem of choosing FCs in which to place items, and formulate the
problem as a large-scale mixed-integer program modeling thousands of items to be placed
in dozens of FCs and shipped to dozens of customer regions. Li et al. (2019) and Lim
et al. (2021) consider joint inventory replenishment /allocation and online order fulfillment
problems. DeValve et al. (2021) evaluate the benefits of flexibility when allowing cross fulfill-
ments among adjacent FDCs in a two-layer RDC-FDC distribution network. Joint-pricing
and order-fulfillment problems are examined in Lei et al. (2018) and Harsha et al. (2019).
Sun et al. (2020) develop a risk-adjusted fulfillment model to analyze two fulfillment choices:

using the inventory stored in third-party distribution centers (e.g., fulfillment by Amazon) or
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in-house inventory (e.g., fulfillment by seller). We refer to a recent tutorial on the fulfillment
optimization problem by Acimovic and Farias (2019).

The paper most relevant to ours is Jasin and Sinha (2015), who explicitly deal with
multi-item orders and provide heuristics with performance guarantees. Compared with the
earlier paper by Xu et al. (2009), Jasin and Sinha (2015) add two additional layers of com-
plexity. First, they consider the total shipping costs, including a fixed-cost component and
a variable-cost component, instead of the number of shipments. Second, they incorporate
demand forecast into the model, develop a correlated rounding scheme using the solution
of a deterministic linear program (LP) to construct a probabilistic fulfillment policy, and
provide an upper bound on its asymptotic competitive ratio. In Table 3.3, we summarize a
comparison of the three fulfillment papers (including ours) explicitly dealing with multi-item
orders.

We conduct a competitive analysis and use a so-called competitive ratio as the perfor-
mance measure. It allows for arbitrary non-stationary and even adversarial demand arrivals
and does not require any prior knowledge about the arrival patterns. This type of competitive
analysis without any knowledge of future inputs in the context of online decision-making has
become a popular tool especially in theoretical computer science, and we refer the interested
reader to an excellent book on this topic by Borodin and El-Yaniv (2005). It has also been
previously applied to various operations management problems, for example, in a two-fare
single-leg booking problem (Ball and Queyranne, 2009), in a joint-replenishment problem
(Buchbinder et al., 2013), in personalized recommendation/assortment problems (Golrezaei
et al., 2014; Chen et al., 2020), in a general class of customer-selection problems (Elmach-
toub and Levi, 2016), in a scheduling problem (Wang and Truong, 2018), in an online order
fulfillment problem (Andrews et al., 2019), in a general problem of resource allocation (Ma
and Simchi-Levi, 2020), and in single-leg revenue management (Ma et al., 2021). We also

want to emphasize that analyzing a minimization problem is usually harder than analyzing
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Table 3.3: A comparison of fulfillment papers explicitly<> dealing with multi-item orders

Xu et al. (2009) | Jasin and Sinha (2015) This Paper This Paper
Forecast Required no yes no yes
Policy myopic forward-looking myopic forward-looking
# of DCs multiple multiple two two
# of Customer Regions one multiple one one
Cost Structure fixed fixed plus variable fixed plus variable fixed plus variable
average-case worse-case average-case
Competitive Ratio none parameter—depe.ndent@ parameter—depend.ent"' asymptotic optimality
asymptotic non-asymptotic

$ Following the summary in Table 1 of Acimovic and Farias (2019), we compare our paper only with the two
papers by Xu et al. (2009), and Jasin and Sinha (2015), who explicitly incorporate the feature of multi-item
orders. Two other papers, by Acimovic and Graves (2015) and Andrews et al. (2019), approximately account
for this feature according to Acimovic and Farias (2019), and we do not include the comparison here.
Q© Jasin and Sinha (2015) establish an asymptotic parameter-dependent bound on the competitive ratio as
both the demand and inventory scale up. This bound can be roughly interpreted as the weighted fixed costs
incurred by an average order, which grows with the expected number of items per order.
& We establish non-asymptotic parameter-dependent bounds that depend on the four cost parameters
fr, fr,cr,cr. Note our bounds can become parameter-independent under certain conditions (see Table
3.6).
the maximization counterpart, especially when the “no action" option is available (e.g., al-
lowing a customer order to be intentionally rejected in our fulfillment problem). Although
classical problems in competitive analysis (e.g., ski rental, paging/caching) are minimization
problems, they are fundamentally different from our fulfillment one.

Finally, our paper is also related to the flexible resource pooling literature such as Asad-
pour et al. (2020) and Xu et al. (2020), who study online-resource-allocation problems in

which flexible resources can satisfy different types of demands and investigate the perfor-

mance of structures with limited flexibility.

3.1.2 Overview of model and contributions

In this paper, we consider a multi-item online order fulfillment problem motivated by the
need to understand how e-retailers can make better real-time fulfillment decisions. The
main features of our model are as follows. First, we allow multi-item orders, which is a key
feature of online retailing. Second, we consider a two-layer RDC-FDC distribution network
consisting of only one RDC and one FDC. According to DeValve et al. (2021), the current
fulfillment practice of JD.com only allows spillover fulfillment from the RDC to the FDC
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and does not allow cross fulfillment among different FDCs in the same region; that is, no
interaction occurs among FDCs. In addition, since in practice RDCs usually have much
larger inventory capacities than FDCs, we assume in our model that the RDC has unlimited
inventory. As a result, how the RDC inventory is shared among different FDCs becomes
irrelevant. In other words, even when the fulfillment network has multiple FDCs, it can
reduce to separate networks each consisting of one RDC and one FDC. The one-RDC-one-
FDC assumption also aligns with the practice that “over 90% of split orders consist of two
shipments" (Xu et al., 2009). Note this model considers fewer warehouses and customer
regions than Jasin and Sinha (2015). Third, following Andrews et al. (2019), we assume no
demand forecast exists. This assumption is motivated by the fact that predicting product
demands at the level of order patterns is generally challenging; additionally, the prediction
has to be location-specific. This assumption ensures the robustness of the algorithm, which
is an important practical advantage especially in settings where demand is highly volatile
(e.g., in the apparel category). Finally, we focus on analyzing a myopic policy. Perhaps
surprisingly, myopic policies (and their variations) are standard in the implementation of a
typical order-management system (OMS), including IBM Sterling, the most popular OMS
on the market (Andrews et al., 2019). This observation also coincides with the claim that
many e-retailers simply follow myopic policies in practice (Xu et al., 2009).

Our main theoretical results include parameter-dependent upper and lower bounds on
the competitive ratio of our myopic policy, as well as parameter-dependent lower bounds of
any online algorithm (including deterministic and randomized). We then discuss their impli-
cations. In particular, under certain conditions, we prove the myopic policy is 2-competitive.
Under other conditions, we show obtaining parameter-independent bounds is no longer pos-
sible, and the lower bound of any online algorithm (including deterministic and randomized)
grows with the fixed cost of the RDC. We also prove our bounds on the performance of the

myopic policy is tight. Moreover, in the special case in which no variable cost exists, we prove
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our upper bound on the competitive ratio of the myopic policy matches the lower bound of
any online deterministic policy. Finally, we empirically estimate our upper bound on the
competitive ratio of the myopic policy by using FedEx shipping rates, and demonstrate the
bound can be as low as 1.13 for reasonable scenarios in practice. Overall, our theoretical re-
sults suggest the myopic policy performs well in the considered two-layer fulfillment network.
We also extend our study to the setting in which demand forecasting is available and prove
the asymptotic optimality of an LP rounding policy. Last, we complement our theoretical
results by conducting a numerical study and demonstrating the good performance of the
myopic policy even compared with forward-looking policies.

Within the order-fulfillment literature, Jasin and Sinha (2015) is the only extant paper
dealing with multi-item orders and having performance guarantees. Our paper differs from
theirs in several key ways. First, Jasin and Sinha (2015) consider a generic distribution
network allowing any FC to fulfill any customer region, whereas we consider a specialized
RDC-FDC network. Second, Jasin and Sinha (2015) assume demand forecasting is available
and demands are stationary. By contrast, we assume demand forecasting is unavailable and
demands can be non-stationary. Third, Jasin and Sinha (2015) prove asymptotic parameter-
dependent bounds on the competitive ratio of forward-looking policies in the average case. By
contrast, we focus on the performance of a myopic policy, and our bounds on the competitive
ratio are non-asymptotic and worst case. Under certain conditions, we prove the myopic
policy has a constant competitive ratio. Furthermore, we empirically estimate our upper
bound by using FedEx shipping rates and demonstrate the bound can be close to one for
reasonable scenarios in practice. Finally, we also extend our analysis to the setting with
demand forecasting (essentially the same setting as Jasin and Sinha (2015) but with only
two DCs) and improve the performance bound of LP rounding policies. See Table 3.3 for a

detailed comparison.
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3.1.3 Outline of paper

The rest of the paper is organized as follows. We describe our model in Section 3.2, introduce
the myopic policy in Section 3.2.1 and state the main results in Section 3.2.2. We provide a
proof sketch of Theorems 4 and 6 and a high-level picture of other proofs in Section 3.3. We
discuss the implications of the main results in Sections 3.4.1 and 3.4.2, and provide additional
results in Section 3.4.3. In Section 3.5, we extend our study to the setting in which demand
forecasting is available. We conduct a numerical study in Section 3.6. We summarize our
contributions and provide a discussion in Section 3.7. We include a technical appendix in

Section 3.8.

3.2 Model

In this section, we introduce our fulfillment model. The considered region has one RDC
and one FDC. There are n items stocked in the FDC with initial inventory Iy ; for item ¢
(lo,; > 0). The RDC stocks the same assortment of items but with an infinite amount of
inventory. Due to this assumption, every customer order can be satisfied within the region,
although the cost varies depending on the fulfillment strategy. The FDC inventory cannot be
replenished amid the selling horizon, as the horizon can be interpreted as the time between
two consecutive replenishments. Customer orders arrive sequentially, and each order is non-
empty and may contain one or multiple items. Each item in the order is requested for only
one unit of inventory. In other words, 2" — 1 types of orders exist in total. Each order
can be fulfilled by using either (i) only the FDC, (ii) only the RDC, or (iii) both (i.e., an
order split occurs in this case). Note an order that requests k items can be split up to ok
possible ways. The fulfillment decision is made right after receiving each order, and orders
cannot be batched. We assume all the orders have the same delivery-time guarantee (e.g.,
two-day shipping for Amazon Prime members), and we do not consider orders with urgent

deadlines (e.g., orders with two-hour delivery windows), because this type of rush order is
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usually fulfilled exclusively by a local dedicated facility. The objective is to minimize the
sum of two types of fulfillment costs: fixed costs and variable costs. A fixed fulfillment cost
fr (fF) is incurred every time the RDC (FDC) is used to fulfill an order, regardless of how
many items are shipped for that order. In addition, a variable fulfillment cost cp (cp) is
incurred for each unit of item fulfilled by the RDC (FDC). We assume the fixed costs are the
same for all the orders, and the variable costs are the same for all the items. The assumption
of homogeneous variable costs is reasonable because we primarily focus on small-sized items
that can be consolidated into one package. Order split is not an issue for median or large-
sized items because they are usually packed and shipped in a separate box (e.g., laptops,
boxes of diapers).

In an adversarial setting, the e-retailer has no knowledge of future demands, such as the
total number of orders or order sequence. The adversary is allowed to choose an arbitrary
sequence of orders and present these orders to the e-retailer over time. We conduct a com-
petitive analysis and use competitive ratio as our performance measure, which is defined as
the worst-case ratio of the cost incurred by an online algorithm? (denoted as ALG) to the
cost generated by an optimal offline algorithm (denoted as OPT) that knows a priori the
total number of orders T and the exact order sequence (01,09, ...,07). Here, each o; is the

set of items in the i-th order. More specifically, the competitive ratio is defined as follows:

RATIO(ALG) £ max max max ALG(01,09, .. ’OT). (3.1)
nlo; T>101,02,....or OPT(01,09,...,07)

In the above definition, the online algorithm cannot see any future orders, whereas the
optimal offline algorithm knows exactly (o01,09,...,07) in advance. They both have the
same knowledge of the costs (fg, fF, ¢r, cr), the number of items n, and the initial inventory
levels {Ip;}i* ;. In addition, the way we define RATIO(ALG) is such that it depends on

the cost parameters (fgr, fr, cg,cp) because we want to see how it changes with respect to

n <

policy," and “heuristic" interchangeably.
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(w.r.t.) (fr, fr,cr,cr). When no ambiguity exists, we sometimes suppress the dependence
on the parameters. We call an online algorithm a-competitive if RATIO(ALG) < a. Our
objective is to develop an efficient online algorithm that minimizes the competitive ratio,
which is at least one by definition.

Because we do not impose any conditions on fg, fr,cr,cp, we consider the following

four cases with different cost assumptions separately:
A fr<fp, cr>cp;
B fr>[fF, cr > cF;
C fr>fF, cr < cFs

D fr< frocr <cp.

Note the last case above is trivial, because it is optimal to exclusively fulfill from the RDC
such that the competitive ratio of a myopic policy is one. The rest of the paper focuses on
the cases under Assumptions (A), (B), and (C).

In practice, different implementations of picking and delivery systems may fit different
assumptions. In particular, we argue the implementation of Amazon’s FCs may fit Assump-
tion (C). First, fixed costs primarily come from outbound shipping, that is, transporting
packages from distribution centers to customers. In addition, outbound shipping costs are
mainly determined by the distances between distribution centers and customers. FDCs are
closer to the end consumers, and thus, the assumption that fp > fp for a given shipping
mode is reasonable. We also estimate fr and fp in Section 3.4.3 by using FedEx shipping
rates. Second, a major portion of variable costs comes from the picking and packing steps
within DCs. RDCs are usually equipped with advanced picking/sorting systems that lead to
a lower variable cost of processing and packing products compared with FDCs, which usually
rely on the intensive use of human pickers (Berg and Knights, 2021). In addition, the labor

costs of workers in RDCs are lower than the ones in FDCs, because RDCs are regional and
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often located where labor costs are low, which is not the case for FDCs that are closer to
the customer in high-density areas where real estate is high and labor costs of workers are
high. Hence, the assumption that cp < cp is reasonable.

Assumptions (A) and (B) can be relevant as well. For example, in some businesses,
outbound shipping costs dominate warehousing costs (or warehousing costs are simply not
a concern), and the business goal is to minimize order split. This goal translates to reducing
the total fixed cost (and setting the variable costs to almost zero) in our model. These
business scenarios would fit Assumption (B). Note that in the special case in which both
variable costs are zero, Assumptions (B) and (C) coincide and are relevant at the same time.
Finally, let us talk about Assumptions (A). It is not uncommon for companies to interpret
fixed and variable costs differently. For example, for many warehouses in Alibaba’s logistic
network, one of the most important business constraints is the daily upper limit on the
number of packages that each warehouse can process. FDCs’ processing capacities are often
binding, especially during shopping festivals such as June 18 and November 11. The fixed
cost in this context can be interpreted as the shadow price associated with the constraint on
the maximum daily number of orders a distribution center can process and ship. Because
FDCs are often more constrained than RDCs, it leads to fr > fp. Regarding the variable
costs, since the picking/packing systems in many warehouses in China are similar, the cost
components from the warehousing part are similar between RDCs and FDCs. Thus, cp < cp

because FDCs are closer to the end consumers and have lower shipping costs.

3.2.1 Myopic policy

We propose the following myopic policy (denoted as Myopic) that minimizes the fulfillment
cost of each arriving order. It is a greedy policy that does not take into consideration future
fulfillment costs. For convenience of analysis, we also specify a fulfillment rule when there is

a tie among different fulfillment options that incur the same cost.
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The following definition is critical to our main theorems as well as the proofs: for any

IR, fF cr,cp >0,

fr—Ifr e f[F—IfR )
2 {CR_CFJ +1 it CR—CF > 0;

o (3.2)
o fr=f
1 if ﬁ <0.
Here, we allow o = +00 when cp = c¢p. Under Assumption (A) or (B), we have
fF—I—a/cF > fR+o/cR forall1 <o <a-— 1,
(3.3)

fr+dep < frp+dcyp foralld >a.

Here, a can be interpreted as an order-size threshold such that Myopic fulfills the order
exclusively from the FDC (RDC) if the number of items in that order is greater (smaller)
than this threshold, assuming all the requested items are available at the FDC. In other
words, under Assumption (A) or (B), orders requesting more items are more likely to be
fulfilled by the FDC and orders requesting fewer items are more likely to be fulfilled by the
RDC under Myopic. When there is a tie between the two fulfillment options that incur the
same cost, namely, frp + (o —1)cp = fr + (o — 1)cg, Myopic chooses the one that uses the
RDC.

Similarly, under Assumption (C), we have

fF+a’cF§fR+a'cR forall 1 <o’ <a—1, (3.0
3.4

fr+dep > fr+adcy foralld >a.
Note both inequalities have opposite directions compared with equation (3.3), due to the
opposite sign of cp — cp. Similarly, a can be interpreted as an order-size threshold such that
Myopic fulfills the order exclusively from the FDC (RDC) if the number of items in that

order is smaller (greater) than this threshold, assuming all the requested items are available

at the FDC. When there is a tie between the two fulfillment options that incur the same
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cost, namely, fr + (o« —1)cp = fr+ (o — 1)cg, Myopic chooses the one that uses the FDC.
Myopic under Assumption (C) also aligns with the setting in which demands are sporadic
and the order sizes are small (e.g., orders from Amazon Prime members); those small-sized
orders should be mostly fulfilled by the FDC.

Note that when the FDC has sufficient inventory, namely, all the requested items are
available at the FDC, it is always not optimal to split the order. This is formally stated

below.

Observation 1. Under Assumption (A) or (B), Myopic uses only one of the two DCs when

the inventory is sufficient at the FDC.
We additionally make a similar observation under Assumption (C).

Observation 2. Under Assumption (C), both Myopic and OPT always use only one of the

two DCs for any order.

The intuition behind Observation 2 is that if we must use the RDC, then because it
has infinite inventory and cp < cp, just fulfilling the entire order from the RDC is better.
Otherwise, the RDC is not used and everything is fulfilled from the FDC. Compared with
Observation 1, Observation 2 does not require the inventory be sufficient at the FDC and
even holds when stockouts occur. In addition, Observation 2 holds for both Myopic and OPT.
Observation 2 holds for OPT because splitting an order is more costly than exclusively using
the RDC (which does not consume the FDC inventory either).

When cg > cp, namely, under Assumption (A) or (B), we additionally define

= Lf—FJ +1. (3.5)

CR — CF
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It immediately follows that

fr+pep>pcep forall <pg <p—1,

fr+pfcep < pflep forall g/ > 5.

(3.6)

Similar to the order-size threshold «a that is designed for when the FDC inventory is sufficient,
[ is another order-size threshold for when FDC stockouts occur. More specifically, when a
subset of the requested items in an order are out of stock at the FDC, the RDC must be
used. Myopic’s fulfillment decision depends on the number of remaining items. If the number
of remaining items is less than g — 1, Myopic fulfills the order exclusively from the RDC;
otherwise, Myopic splits the order: out-of-stock items are fulfilled by the RDC and the rest
are fulfilled by the FDC. When there is a tie between the two fulfillment options that incur
the same cost, namely, fr + (8 — 1)cp = (8 — 1)cg, Myopic chooses the one that uses only

the RDC. Moreover, one can easily see

5> a. (3.7)

This relation is intuitive because the RDC is always utilized and a fixed cost fp is always
incurred when stockouts occur, and thus, the threshold [ is no smaller than the non-stockout

counterpart «.

3.2.2 Main results

In this section, we present our main results. We refer to Table 3.4 for a summary of all
the main theoretical results in this paper. Define 2+ £ max{x,0}, z V y = max {z,y},
r Ay 2 min {z,y}, I(-) as the indicator function, Z as the set of integers, and © (g) as the
big theta of g (meaning it is asymptotically bounded both above and below by g). We first

present an upper bound on the competitive ratio of Myopic under Assumption (A) or (B).
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Table 3.4: Summary of parameter-dependent bounds. The second and third rows summarize
the upper and lower bounds on RATIO(Myopic), respectively; the last row summarizes the
lower bounds on the ratio of any online algorithm (including deterministic and randomized).

Assumption (A) Assumption (B) Assumption (C)
fr < fF: ¢crR > ¢k fr> fFr: ¢crR > cp fr> fFr: cr S cp
_fr Ik \© R (r=fp)=(cp—cRr)
UB on 1+(fF+O‘CFVfR+acR) 1+ frtecr (f 5 22) 1+< frter Vo
RATIO(Myopic) (Theorem 4) 1+% (g =1 (Theorem 6)
(Theorems 4, 5)
fr frR—fF (e=2)(frR—fF)
LB on 1+ (fp+(ﬁ+1)CF+CR L+ (fF+cF+cR 1+ (fR+(0¢*1)(fF+CR+CF) vo
. . V) A
. fr—fr fr
RATIO(Myopic) vifR+a(cF+cR)) \ fR+fF+cR+<ﬁ+1)cp>
(Theorem 7) (Theorem 7) (Theorem 7)
fpt(Bt+Deptep K ( fptncp (fR+a’(fF+cp+CR)
LB on 1+ ( Tr 1+";2uﬁez frR—FfrFnlcr—cp) a’efl,..a—1} \ (@' =D(fr—fF)
-1 . -1 ’ -1
ar °F frtn(frpterter) frtalcp
RATIO(rand. alg.) +"R—CF + D (TR —T5) +fR*fF*‘1/(CF*UR>
(Theorem 8) (Theorem 8) (Theorem 8)

¢ This upper bound is always no greater than 2 (Corollary 1).

Q This lower bound converges to 2 under a certain sequence of cost parameters (Corollary 2).
& The optimal n is explicitly characterized in the proof of Corollary 3.

& The optimal o' is explicitly characterized in the proof of Corollary 3.

Theorem 4. Under Assumption (A) or (B),

IR IF
fr+acp Vv fR+040R> '

RATIO(Myopic) < 1+ ( (3.8)

In addition, under Assumption (B), the above upper bound is simplified to 1+ fr/(fr+cp).

Under Assumption (B), we can further improve the bound for the case in which g =1
(equivalent to fp + cy < cg), which is useful for proving the tightness of our bounds on
RATIO(Myopic) in Theorem 9. More specifically, the upper bound in Theorem 4 is too loose
to derive the results in Theorem 9 when = 1 and we need the following improved upper

bound.

Theorem 5. Under Assumption (B), when =1,

JR+ JF

RATIO(Myopic) < 1+ —IBTIJF
(Myopic) < fr+cp+cg

We next present the upper bound under Assumption (C).
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Theorem 6. Under Assumption (C),

| fr — fr) — (cr -
RATIO(Myopic) < 1+((R Jf;+£;F CR)\/()).

Note that the above competitive ratios are parameter-dependent bounds. This follows a
growing trend of literature in operations management (e.g., Ball and Queyranne, 2009, Jasin
and Sinha, 2015, Andrews et al., 2019, Ma and Simchi-Levi, 2020, Ma et al., 2021) deriving
parameter-dependent bounds that provide more managerial insights.

We also provide lower bounds on RATIO(Myopic).

Theorem 7.

;

fr=f < :
1+ (fF+(5+1 YerTen V fR+§ cFicR)) under Assumption (A);

> fr—f f
RATIOMyopic) 2 14 (Gl o I )

under Assumption (B);

(a=2)(fr—fF) \ 0)

\ 1+ <fR+(O<—1)(fF+CR+CF) under Assumption (C).

Finally, we provide lower bounds on competitive ratios of any online randomized algo-

rithm.

Theorem 8. The competitive ratio of any online randomized algorithm cannot be less than

( -1
14 (fF+(ﬂ+1)CF+CR + - F) under Assumption (A);

IR
frtne frAn(frt+ep+er)\ ™ ‘ )
H nZSQUTIL)EZ <fR_fFF+n(c;_CF) + R(n 1)1(wfR RfF)F ) under Assumption (B);
fr+d/ (frt+cptcr) fr+adcp -1 .
\ 1+ a’e{?,l..af;—l} ( CENS R fR*fF*O/(CF*CR)> under Assumption (C).

(3.9)
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3.3 Discussion of the analysis

In this section, we provide a proof sketch of Theorems 4 and 6 in Section 3.3.1, and a

high-level discussion of the proofs for Theorems 7 and 8 in Section 3.3.2.

3.3.1 Proof sketch of Theorems 4 and 6

We use a potential function argument to prove Theorems 4 and 6. The idea of such an argu-
ment is to (judiciously) design a potential function that captures the cumulative difference
between two policies (i.e., our online policy and the optimal offline policy).

We first introduce some notations. We use F’ and R to denote parameters associated with
the FDC and RDC, respectively, and ™ and * for parameters associated with Myopic and

OPT, respectively. In our analysis, we use the words “period" and “order" interchangeably.

e We use [}t and I}, to denote the FDC inventory levels of item 4 in the end of period ¢
under Myopic and OPT, respectively, for i = 1,...,n, t > 0. In particular, the initial

FDC inventory levels satisfy I(Tz‘ = I()k,i = Iy

Fm

o We use w;’ (wﬁ ™) to denote the number of times that Myopic uses the FDC (RDC)

R,*)

to fulfill orders from period 1 to period ¢. Similarly, th ’*(wt denotes the number

of times that OPT uses the FDC (RDC) to fulfill orders from period 1 to period t.

e We use o; to denote the set of requested items in period t. We additionally define

Nt = |o¢], meaning the total number of requested items in the order ¢.

e We use L} and L} to denote the numbers of items fulfilled from the FDC in period ¢

under Myopic and OPT, respectively.

e We use V" = V/™(01,...,07) and V;* = V*(o01,...,0r) to denote the total costs

incurred from period 1 to period ¢ given the order sequence (o1, ..., o) under Myopic
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and OPT, respectively. From the definitions,

Im)) cF+wt fF

=
3
|
N
=
S

N
|
—

+

M o~
=

|
M s
N
o3
H_N
&3
=

_|_

&
~

(3.10)

M= <
&
T
—_

=
*
Il
& N

_|_
)[‘

M- =
= _
| |
M- 2
N

=

-~

*
N

o

=

_|_

&

5

<
I

—_
~
|

—_

where the terms > 1 4 (IOz I ) and Z;Zl Ny — >y (]6‘72- — ]t*,z> represent the
total number of items shipped from period 1 to period ¢ from the FDC and RDC,
respectively. In addition, the difference V;* — V;* | is simply the added fulfillment cost
of OPT in period t:

F, F, R, R,
Vi = Vi = Liep + (w " — w2 ) fr + (Nt — L)eg + (w7 —w, ) fr. (3.11)

We begin to prove Theorem 4. The proof contains two key components in a high level:
(1) We construct a potential function that captures the difference between V; and V;*; (2)
we prove this potential function is bounded from above by 6 - V;* (6 to be specified), such
that 1 4 6 provides an upper bound on RATIO(Myopic). We present the proof in several
steps.

Step 1: potential function. We construct the following potential function F}:

F & (i (]g; _It*,i>+) (cR—cF)+<wfm —wt )fF—i—(wfm —wt )fR for t > 1.
1=1
(3.12)

The first term of F} captures the incremental variable cost when Myopic uses the RDC
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compared with OPT, and the second (third) term is the cumulative FDC (RDC) fixed-cost
difference between Myopic and OPT up to period ¢. In particular, the first term ([ZZ;‘ — [2: Z)
takes the positive part of the inventory difference and eliminates potentially large negative
values when Myopic has a relatively lower FDC inventory level than OPT (i.e., Itrg < I;’: i)
Because we eventually bound the difference Fy — F;_1 (see (3.15) below), this special trick
decreases its variability in each period against the worst-case instance, so that we are able
to achieve the desired upper bound. Without this trick, the upper bound would depend on
N¢.

To prove Theorem 4, it suffices to show that for any 7" > 1,

Vit < Vi + P, (3.13)
fr fr ) «

< V. 3.14

= <fF+OéCF\/fR+OéCR r (3.14)

From (3.10),
- F F R R
Vit = Vi = (Z(]:TF’Z‘ - ]}M) (cr —ep) + (wp™ = wp™) fp + (wp™ —wp ") fr

1=1

= + F F R R
< (Z (1= 175) ) (cr = cp) + (W™ = wp™) fp + (W™ = wft)

completing the proof of (3.13). It remains to prove (3.14), the key component of the proof.
We additionally define Vom = VO* = 0 and Fjy = 0. It suffices to show that for all 1 <t < T,

we have

IR fr * *
oS (fF +acp v fr+ OéCR) (V= Vi) (319

We defer the remainder of the proof to the appendix Section 3.8.4. The proof of Theorem
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6 follows a similar procedure, by constructing a potential function without (-)* on the first

term. It is detailed in Section 3.8.6.

3.3.2 High-level proof discussion of Theorems 7 and 8

In the proof of Theorem 7, we essentially construct several instances (more specifically, order
sequences) and calculate the corresponding ratios of the costs under Myopic to the costs
under OPT. A typical instance has a large order arriving at first, followed by a sequence of
small orders. Myopic uses the FDC to fulfill the first order, resulting in FDC stockouts and
order split for the remaining orders.

In the proof of Theorem 8, we use Yao’s minimax principle (Yao, 1977) to derive the
desired lower bounds. It essentially says the competitive ratio of any randomized algorithm
that has a lack of knowledge about the arrival sequence is at least the ratio of the best deter-
ministic algorithm that knows the probability distribution over the order sequence for any
distribution. As a consequence, instead of bounding the competitive ratio for any random-
ized algorithm, it suffices to construct a probability distribution over the order sequence and
then bound the expected competitive ratio for any deterministic algorithm. Similar to the
proof of Theorem 7, we also need to construct several instances. The difference is that here,
the instances are probabilistic, namely, assigning probabilities to deterministic instances. A
typical probabilistic instance looks as follows: a large order arrives at first with probability

one; with a certain probability, a sequence of small orders may appear later.

3.4 Implications of the main results & additional results

In this section, we discuss the implications of our parameter-dependent bounds in Sections

3.4.1 and 3.4.2, and provide additional results in Section 3.4.3.
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3.4.1 Implications under Assumption (A)

First, as a consequence of Theorem 4, we obtain the following constant upper bound under

Assumption (A), which says the competitive ratio of the myopic policy is at most 2.
Corollary 1. Under Assumption (A), RATIO(Myopic) < 2.

Second, as a consequence of Theorem 8, we obtain the following constant lower bound un-
der Assumption (A), which says the competitive ratio of any online algorithm (deterministic

or randomized) is at least 2.

Corollary 2. Under Assumption (A), a sequence of {fr, fr,cr,cr} exists such that the

lower bound in equation (3.9) converges to 2.

Combining Corollaries 1 and 2, we conclude our bound on the competitive ratio of the

myopic policy is tight under Assumption (A).

3.4.2 Implications under Assumptions (B) and (C)

Next, we look at cases under Assumptions (B) and (C). From Theorems 4-7, we see the
upper and lower bounds on RATIO(Myopic) both grow in fr under both Assumptions (B)
and (C). In other words, Myopic performs poorly compared with OPT for large fg. This is
not unique to Myopic. In fact, we show that no algorithm can achieve a constant competitive

ratio in this case, as stated in the next result.

Corollary 3. Under Assumptions (B) and (C), the lower bound in Theorem 8 grows on the
order of \/fr as fr — 0.

We also investigate the tightness of our bounds on RATIO(Myopic) and show the ratio

of the upper bound to the lower bound is always no greater than 2.

Theorem 9. Under Assumptions (B) and (C), the ratio of the upper bound on RATIO(Myopic)
to the lower bound on RATIO(Myopic) is no greater than 2. In addition, it is tight; that is,

a sequence of {fr, fr,cr,cp} exists such that the ratio converges to 2.
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3.4.3 Additional results: a practical upper bound with estimations under As-

sumption (C)

So far, we have proved that the upper bound on RATIO(Myopic) is no greater than 2
under Assumption (A), and the ratio of the upper to lower bounds on RATIO(Myopic)
is no greater than 2 under Assumptions (B) and (C), demonstrating the tightness of our
bounds on RATIO(Myopic). However, it does not really answer the question of how well
Myopic performs compared with other online algorithms under Assumptions (B) and (C).
We answer this question for a special case in which cp = c¢p = 0, namely, when the objective
is to minimize the weighted fixed costs (or equivalently weighted number of split orders).
Note that in this case, Assumptions (B) and (C) are equivalent (both requiring fr > fr).
When cp = c¢p = 0, Myopic entirely uses the FDC when all the requested items are
available, and entirely uses the RDC otherwise. This observation coincides with the case
under Assumption (C) such that we can simply apply Theorem 6 to obtain an upper bound
on RATIO(Myopic): %. This bound is also intuitive: Myopic uses only one of the DCs and
never splits an order, and thus, its cost is at most fgr for each order. Meanwhile, OPT incurs
at least fp for each order, leading to the bound % Note it is trivial to prove an upper
bound of 1 + ;—? for any online algorithm, because any algorithm incurs at most frp + fg
for any order. We next prove the upper bound % matches a lower bound of any online
deterministic algorithm, and this upper bound is also no greater than 2 times a lower bound
on the ratio of any online randomized algorithm. Note the tightness of the bound }C—ZJE is less

obvious, because the lower bound could be 1.

Theorem 10. Suppose cp = cp = 0 and fr > fr. The competitive ratio of any online
deterministic algorithm cannot be less than %, and the competitive ratio of any online
randomized algorithm cannot be less than % (% + 1>. As an immediate consequence, the

ratio of the upper bound on RATIO(Myopic) matches the lower bound on the ratio of any

online deterministic algorithm, and the ratio of the upper bound on RATIO(Myopic) to the
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lower bound on the ratio of any online randomized algorithm is no greater than 2.

For general cases with cp,cp > 0, we suspect similar results still hold and leave it as
an interesting future research question. Note that the variable costs cp, cp in the bound of
Theorem 6 are usually hard to estimate because they involve many components, including
labor costs. By contrast, the fixed costs fp, fr are much easier to estimate because they
primarily come from outbound shippings. The following observation provides an upper
bound on the ratio that is independent of the variable costs. We also use practical data to

numerically evaluate this upper bound.

Observation 3. Under Assumption (C), the upper bound 1 + <(fR_fJ5;J:£§F_CR) \/O) on
f

[

RATIO(Myopic) in Theorem 6 is no greater than ﬁ. Namely, the ratio ﬁ 1S a universal

upper bound on RATIO(Myopic) under Assumption (C).

Observation 3 has an important implication: we can focus on the ratio % and ignore
the variable costs. To have a sense of how large the ratio is, we use the FedEx Ground
shipping rates (FedEx, 2021). Note that ground shipping is a cost-effective option heavily
utilized by e-retailers. The shipping rates are zone based. For instance, Zone 2 includes
shipments moving within 150 miles from origin to destination, Zone 3 includes shipments
moving 151-300 miles, and Zone 8 includes shipments moving 1,801 miles or more. For each
zone, we have the shipping rates for a package of different weights and fit the following linear
model: cost(n) = 5y + fin, where n represents the package weight. Because the shipping
cost is usually piecewise linear and concave in n and is not necessarily linear for a large
range of n, we restrict the range to weights up to 10 pounds (due to the fact that most
online retailing packages weigh less than 10 pounds). Hence, we use n € {1,2,...,10} to fit
a linear model, and [ is interpreted as the fixed cost. All the rates are presented in Table 3.7
in the appendix. To match the practice, we choose the closest zone (Zone 2) as the location
of the FDC, leading to the value of fp, and treat the other zones (Zones 3-8) as possible

RDC locations, leading to a range of values of fr. For instance, a shipment to Chicago
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Parameter | Zone | Parameter Estimate ($) R? %
fr 2 8.88 98.41% | —

3 10.05 98.01% | 1.13

4 10.92 97.50% | 1.23

) 11.17 95.63% | 1.26

Ir 6 11.61 95.92% | 1.31

7 11.66 97.86% | 1.31

8 11.65 97.42% | 1.31

Table 3.5: Fixed-cost estimates: Ground shipping

Downtown is in Zone 2 when from Channahon (Illinois), Zone 3 when from Indianapolis,
and Zone 5 when from New York. Table 3.5 summarizes the estimated fr from Zone 2 and
fRr’s from Zones 3-8 along with the corresponding R? values. The last column demonstrates
the values of the ratio ;—? In particular, this ratio is 1.13 when the RDC is located in Zone
3, and is 1.31 when the RDC is located in Zone 8 (the farthest possible in the contiguous
US). Given that the RDC is most likely not too far way from customers in the associated
region (e.g., Zone 3 is within 300 miles and Zone 4 is within 600 miles), we conclude the
ratio ;Z—? is small, which implies that Myopic can be very close to the optimal algorithm in
practice. This analysis provides a more intuitive picture and sheds light on the values of the
competitive ratio in practice. We also analyze the practical ratio based on rates for FedEx

Standard Overnight (one-day shipping) and defer the results to the appendix Section 3.8.1.

3.4.4 Summary

In conclusion, we summarize the implications/results in Table 3.6. Under Assumption (A),
Myopic is 2-competitive, and we also prove it is tight in the sense that no online algorithm
exists that can do strictly better than 2. Under Assumption (B) or (C), we prove that ob-
taining a parameter-independent bound is no longer possible and the competitive ratio of any
online algorithm grows with fr. We also investigate the tightness of our bounds and prove

the ratio of the upper bound on RATIO(Myopic) to the lower bound on RATIO(Myopic) is
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Table 3.6: Summary of implications/results in Section 3.4.

ercn >0 Assumption (A) | Assumption (B) | Assumption (C)
o fR<fricr>cr | fR> fr.cR>cr | fR> fr, crR <cF
UB on RATIO(Myopic) 2 O (fr) O (fr)
LB on RATIO(Myopic) 2 O (fr) O (fr)
LB on RATIO(any rand. alg.) 2 O (vVfr) O (v /r)
UB on RATIO(Myop?c) _ <9 <9
LB on RATIO(Myopic) — =
cr,cr =0 Assumptions (B) and (C): fr > fr
UB on RATIO(Myopic) fr/fr
LB on RATIO(any det. alg.) fr/fr
LB on RATIO(any rand. alg.) : <% + 1)

{ Here, we emphasize the dependence on fr and suppress its dependence on other cost parameters.

always no greater than 2. In the special case in which cp = cp = 0, the ratio of the upper
bound on RATIO(Myopic) matches the lower bound on the ratio of any online deterministic
algorithm, and the ratio of the upper bound on RATIO(Myopic) to the lower bound on
the ratio of any online randomized algorithm is no greater than 2. Last, under Assumption
(C), which fits Amazon’s business arguably, the competitive ratio RATIO(Myopic) can be
upper-bounded by % (Observation 3) and we are able to estimate this ratio by using FedEx
Ground Shipping rates (Table 3.5).

The good performance of Myopic leads to the question of whether other myopic- (greedy-
) type policies have similar performance in this RDC-FDC network, for example, the policy
that fulfills as many items from the FDC as possible (even at the cost of order split) and
the policy that minimizes order split as much as possible (even at the cost of fulfilling more
items from the RDC). Unfortunately, the performance of both policies can be arbitrarily
poor. The intuition is that Myopic has the flexibility of adjusting its behavior and evolving
into a different policy under different cost parameters. For example, Myopic always uses the
FDC inventory first whenever possible under Assumption (B) and 8 = 1, whereas Myopic
minimizes order split under Assumption (C). Such flexibility does not exist in other greedy-

type policies aforementioned. We defer more details to the appendix Section 3.8.3.
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3.5 Extension: When Demand Forecasts Are Available

In this section, we extend our study to the setting in which demand forecasts are available and
investigate a stochastic counterpart of Problem (3.1). Specifically, assume there are N order
types indexed by J. Each order of type J consists of a unique (non-empty) combination
of items. Here, N < 2™ — 1. We write i € J if order type [J contains item i. There are T
time periods. In each period, at most one order arrives. Let DI+t € {0,1} be the demand
of order type J in period ¢, namely, DIt =1 if an order of type J arrives in period ¢ and 0
otherwise. We assume demands are independent and identically distributed (i.i.d.) and let
N AE [Dj ’t} , where %: A = 1. We also assume the variable costs can be item-dependent:

cr,; and cp;. Then, the stochastic version of the fulfillment problem can be formulated as

below, which largely follows the setting studied in Jasin and Sinha (2015):

T
C*(T) = min ZZE

DI Y enaXif + fume {37}

t=1 J eJ
y y
£ ep X+ frmax (X7 })
ieT ’ ieJ ’
T
st .S DTIXTE < 1y i (3.16)
t=1 7>t
XLt xg =1 VT, it (3.17)
XLt Xt e (0,1} VT, i,t, (3.18)

where the decision variable Xg’;t (Xg”f) indicates if the e-retailer fulfills item ¢ in order type
J from the FDC (RDC) at time ¢. Constraint (3.16) is a set of inventory constraints and
(3.17) ensures all requested items are always fulfilled. Constraints (3.16) and (3.17) must
hold with probability one. Note the values of ng and X};’; are irrelevant if order type J

does not appear in period t. We next discuss an LP relaxation and propose an LP Rounding

scheme.
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Recall that A7 is the demand rate for order type J. By replacing the random variables by
their means and removing the integrality constraint (3.18) in the aforementioned formulation,

we obtain the following lower bound on C*(T):

t=1

N
Z)\j ZCRZ:CRZ_'_meaX{ } ZCFZ:C%Z_'_mea}({xg,Z}
J eJ eJ

(3.19)

ZZ)\ijZ < Ip; Vi

t=1 7>t

x%f%—ng— 1 VJT,i,t
Jt Jt .
g Rz>0 VT ,1,t.

We further linearize the max{.} terms in the objective function (3.19) to obtain the following

equivalent LP:

C7p(T) = min ZZ)\J ZCRZQZ -+ /R y +ZCF2$FZ jt

t=1 J ieJ ieJ
s.t. ZZA%FZ < I; Vi

t=1 7>

a:‘gztjtng 1 VT, i,t

yj’tz mgf, yﬁtz x%f VTt

oIt Tt .

TFi TR >0 VT, 1,t.

Let x% ; (m R.i ) denote the average number of times item 7 in order type J is fulfilled from
the FDC (RDC) during the selling horizon and let y}Z (y% ) denote the average number of

times order type J is (partially) fulfilled from the FDC (RDC) during the selling horizon.
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The time-aggregate formulation is of C7 p(7T') is given by

Cip(T)= min T- Z AT Z CR,Z'ZL'%J- + fRyg + Z CF’Z'[E%Z- + fpyg (3.20)
J ieJ eJ
st. Ty Mal, < I, Vi (3.21)
J>i
x%z Hfﬁ,i =1 VT i (3.22)
vl > ol vl > el VT
xﬁi,x%i >0 VT, 1.

It is not difficult to see that C’z p(T) = C7 p(T) < C*(T) (we refer the interested reader
to Jasin and Sinha (2015), for more details). We next propose an LP rounding scheme of
how to round the optimal fractional solution of problem (3.20), which leads to a randomized
fulfillment policy. The randomized policy aims to split orders as little as possible to match
the optimal fixed costs in the lower bound (3.20).

For order type 7, let m7 be its order size and let JBR’* = {xg:i*}i, $g’* = {Ig”;}l be an
optimal solution of problem (3.20). As a notational convenience, we drop the index J for
the remaining description. From constraint (3.22), x}ﬂ- + x}‘%’ ; = 1 for all i. Without loss of

generality, we assume {:107%,2}Z are sorted in ascending order, namely, ZEEJ <. < x}b’m. As

122



an immediate consequence, x}‘% can be decomposed as follows:

*

*
Tp1

TR2

$R7m—1

‘rR,m

* *
T (xR,2 - xR,l) '

Similarly, because {x}}’z}l are sorted in descending order, namely, x},l > e

can also be decomposed:

x}@
“”77,2
T = =
x},m—l
TEm
= (IEQ - xR,l)

ES

1-— TR

*

1—JZR72

*
~TRm-1

*
1—$R’m

+...+ (xE’m — ﬁ%,m—l) .

1

1

1

1
0 0
1 0

+...+ (m%vm — x}k%’m_1> .

1 0
1 1

+<1—:c
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k

Rm

(3.23)
Fm TF

1

1

1

1

(3.24)



Based on the above decompositions, we propose the following randomized policy (called LP
Rounding): it fulfills all the items from the RDC with probability xjim, fulfills the first
k items from the FDC and the remaining m — k items from the RDC with probability
(x}k - xm), k=1,...,m—1, and fulfills all the items from the FDC with probability
(1 — :c"]iz’m>. If an item is out of stock at the FDC, fulfill that item from the RDC.

To illustrate the above randomized fulfillment policy, consider the following toy example.

Suppose the order type J has four items and the associated optimal LP solutions are

0 1

. 0.3 . 0.7
xR = s SE‘F g

0.4 0.6

0.8 0.2

The solutions say the first item is always fulfilled from the FDC with probability one, the
second item is fulfilled from the RDC and FDC with probabilities 0.3 and 0.7, respectively,

and so on. Note the two vectors can be decomposed as follows:

1 0 0 0
1 1 0 0
tp=0-" +0.3- +0.1- +0.4- :
1 1 1 0
1 1 1 1
1 1 1 1
0 1 1 1
Ty = 0.3- +0.1- +0.4- +0.2-
0 0 1 1
0 0 0 1

Then, the LP Rounding policy works as follows: with probability 0.2, fulfill all the items
from the FDC; with probability 0.4, fulfill items 1,2, 3 from the FDC and item 4 from the
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RDC; with probability 0.1, fulfill items 1,2 from the FDC and items 3,4 from the RDC;
with probability 0.3, fulfill item 1 from the FDC and items 2, 3,4 from the RDC. If an item
is out of stock at the FDC, fulfill that item from the RDC. It is not difficult to see that the
above rounding scheme minimizes the order split. Because the two vectors x*R and w7} are
complementary to each other in the RDC-FDC network, our rounding scheme is constructed
in a way that each item is “well assigned," as opposed to potentially “unassigned" in the
rounding schemes of Jasin and Sinha (2015) that study a network consisting of multiple
warehouses.

For each i, assume [Ip; = 6;T for some ¢; > 0. Namely, the initial inventory scales
linearly in the number of orders T. We next prove the proposed LP Rounding policy is
asymptotically optimal as T — oco. We use cLp R(T) to denote its average cost over T

periods.

Theorem 11. Assume Iy ; = 0;T for each i. Then,

LPR
im &) _
T—oo C*(T)

The intuition behind this asymptotic optimality result is the following. By our LP round-
ing scheme, when no FDC stockout exists, the variable and fixed costs of LP Rounding match
the ones in the LP lower bound (3.20). However, an error term appears when the total de-
mand exceeds the supply, and this error term is on the order of O(\/T ) because of the strong
law of large numbers. Hence, as T" — o0, the error term becomes negligible compared with
C*(T'), which grows linearly in 7T

Note Jasin and Sinha (2015) study two LP rounding schemes in the same asymptotic
regime but with multiple DCs and derived parameter-dependent bounds. Their bounds can
diverge as the expected order size grows. By contrast, we demonstrate the performance
bound can be improved in the RDC-FDC setting, and our LP rounding policy is always

asymptotically optimal regardless of the expected order size. The reason leading to this
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improvement is that our “sparse" RDC-FDC network has fewer decision variables in the LP

formulation such that the optimal LP solutions can be better rounded.

3.6 Numerical Experiments

In this section, we complement our theoretical results with numerical experiments. Recall
that LP Rounding is designed only for settings where demand forecasting is available, whereas
Myopic is applicable even when e-retailers have no access to demand information. In practice,
e-retailers may have access to demand forecasts to some extent. As such, we incorporate
demand forecasting into our simulations and conduct two sets of numerical experiments in
Sections 3.6.1 and 3.6.2. We only present the results under Assumptions (C) and (D) here,
and defer the results under Assumptions (A) and (B) to the appendix Section 3.8.13 (the
insights are similar). Additionally, Section 3.8.13.3 explores a family of threshold policies,

which can further improve Myopic’s performance.

3.6.1 Comparing Myopic with LP Rounding

In our first set of numerical experiments, we compare Myopic with LP Rounding. We consider

the following numerical setting with i.i.d. demands. Given a set of items {1,2,...,n}, we
select N = m- lo| different order types in total, where |_0] represents the largest size of
any order and |o| represents the number of order types for each order size. After H and

u are specified, a set of order types are randomly generated from the n items before each
simulation run. In addition, in each sample path, the realization of each order type is chosen
uniformly at random.

We model the initial FDC inventory level Iy ; of item ¢ by letting Iy ; = 6 (p;T'), where
p; 1" is the mean demand for item 7 over a time horizon 7" summed over the mean demand

of all order types containing item 4, and 6 is an inventory scaling parameter that allows

us to vary the supply-demand ratio. In addition, we assume cp = cp; and cg = cg; for
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Figure 3.2: Performance w.r.t. time horizon 7', holding n = 10,H = 5,@ =50=08, fpr=
50, fp = 100,cp = 5,cp = 0. Left panel: T from 10 to 200; right panel: 7" from 356 to
11, 246.

all ¢ for simplicity. For each set of parameters, we first randomly select N order types 30
times. For each of these selections, we randomly generate M = 300 independent demand
sequences. Finally, for each demand sequence, we define the performance ratio as the ratio
of the cost under a given heuristic to OPT. We use the following two metrics to compare
different heuristics: (1) the maximum performance ratio among the M simulation trials, as a
proxy for the competitive ratio; and (2) the average performance ratio of the same simulation
trials, motivated by the fact that in practice firms may be more concerned about the average
performance instead of the (theoretical) worst-case scenario. Unless specified otherwise, the
model parameters n,m, M, 0, fr, fr,cr, cr are fixed in the rest of the section to provide a
clear graphic demonstration. The trends, however, hold generally.

Figure 3.2 demonstrates the observed performance ratios under Assumption (C), as the

time horizon T increases from 10 to more than 10,000, holding other parameters constant.
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Figure 3.3: Performance w.r.t. RDC fixed cost fp, holding m = 5,|_| = 5,0 =08, fp =
40,cp = 5,cp = 0. Left panels: 7" = 100; right panels: 7" = 2, 000.
Three observations are key here. First, although the upper bound on Myopic’s competitive
ratio is 1.8 under given parameters (from Theorem 6), the empirical maximum performance
ratio is less than 1.3, suggesting the actual gap between Myopic and OPT could be (much)
smaller than the one indicated from our theoretical results. Second, both maximum and
average performance ratios of Myopic and LP Rounding are low, and their performance ratios
decrease and stabilize when 7" increases. Third, LP Rounding is outperformed by Myopic
when T is small and outperforms Myopic when T is sufficiently large, consistent with its
asymptotic optimality. Because of this phenomenon, in the remainder of this subsection, we
show our simulation results based on two different T’s, representing small and large time
horizons, respectively.

Figures 3.3 and 3.4 compare Myopic with LP Rounding under Assumptions (C) and (D)

by varying the RDC fixed cost fgr. The number of different items is small (n = 10) in
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Figure 3.3 and is large (n = 50) in Figure 3.4. Recall that under Assumption (D), because
fr < fr, it is optimal to exclusively fulfill from the RDC such that RATIO(Myopic) = 1.
Three key findings emerge. First, under Assumption (C), both ratios grow with fp, which
is consistent with our theoretical results. Second, when comparing the left columns with the
right columns, unsurprisingly, both policies perform better for larger 7' (with LP Rounding
having larger improvement), restating what we already observed in Figure 3.2. Third, let
us look at the impact of the number of items n by comparing Figures 3.3 and 3.4. While

fixing the order-type characteristics (|o|, |o|), the gap between LP Rounding and Myopic
increases when the total number of items n increases, and LP Rounding is not guaranteed to
outperform Myopic even for large T. The reason is that as the number of items n becomes
relatively large (compared with the number of order types), order split becomes less frequent
under Myopic, and thus, Myopic performs better. Hence, even when demand forecasting is
available, Myopic is still valuable and competitive for such situations.

Next, we explore the impact of the initial FDC inventory under Assumption (C). Note
that decreasing the parameter 6 increases the FDC stockout probability while all other
parameters are fixed. In one extreme case, when 6 is close to 0, the FDC has very limited
inventory and this limitation applies to all policies, including OPT. In such a case, one
would expect all policies to perform close to OPT. By contrast, if we increase 6 to the
other extreme-the FDC has a sufficiently large amount of inventory—-one would expect both
Myopic and LP Rounding to perform close to OPT because current decisions are no longer
penalized by future FDC stockout events. When 6 is in the middle range, Myopic and LP
Rounding have the largest performance gap. These phenomena are what we observe in Figure

3.5. In addition, Figure 3.5 again confirms Myopic’s average performance has a competitive

advantage over LP Rounding when the time horizon 7" is small.
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3.6.2 Delay in order fulfillment

One common practice in online retailing is to impose a time delay between when an order
is received and when the order is fulfilled, as explained in Xu et al. (2009). By delaying the
decisions on order fulfillment, online retailers can gather more demand information to make
better fulfillment decisions. In our second set of numerical experiments, we investigate the
benefits of such (intentional) fulfillment-delay policies.

We implement this practice by considering various delay intervals. Let us fix a delay
policy (denoted as Delay) with delay interval T?. For each time ¢, we wait until orders
Ot41,- 304 7d have arrived, solve the corresponding Td—period rolling horizon integer pro-
gram, and fulfill only o041 at time ¢t + T 4 We apply this practice from time T to T and
benchmark it against Myopic (under Assumption (C)) facing the same order sequence. Note
Delay performs no worse than Myopic because Myopic is a special case in which the delay
interval equals exactly one period. In addition, Delay is expected to perform better with
longer delay intervals, because it aggregates more order information and better coordinates
between the FDC inventory and demand. In the extreme case in which Td = T, Delay
becomes the offline OPT. The results are summarized in Figure 3.6. One interesting obser-
vation is that the marginal benefit decreases as T increases, and most of the gap between
Myopic and OPT are closed by implementing a delay policy of less than 40 periods.
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3.6.3 Managerial insights

Finally, we summarize the managerial insights obtained from the numerical results in this
section. First, when demands are i.i.d., the myopic policy performs reasonably well on av-
erage, even compared with the LP Rounding policy having forecasting information (Figures
3.2, 3.3, and 3.4). In particular, Myopic outperforms LP Rounding when demand becomes
more uncertain (e.g., smaller 7") or/and the number of items becomes relatively large. Sec-
ond, we find little difference among different heuristics when the FDC inventory is too much
or little, and the power of a good fulfillment policy only becomes evident when the FDC
inventory is in the middle range (Figure 3.5). Third, delaying fulfillment decisions (even by
a little) is helpful (Figure 3.6). Finally, we also propose a family of threshold policies can
further improve Myopic’s performance and effectively hedge against the sensitivity of the
cost parameters (see Figure 3.12 and Section 3.8.13.3 in the appendix for more detailes).
Combining our theoretical and numerical results, a key message of our paper is that
Myopic actually performs well in the two-layer RDC-FDC network. This result is particularly

valuable to e-retailers with unreliable demand forecasts. We want to emphasize this insight
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departs from the one demonstrated earlier in Acimovic and Graves (2015). They study a
different lateral fulfillment network in which any DC can fulfill orders from any location
(such as Amazon’s), and demonstrate that myopic polices are undesirable and e-retailers
must use more complex forward-looking policies. This is because there are many possible
options to fulfill an order in a lateral network given any DC in the network can be used,
whereas there are fewer options in the more “sparse" RDC-FDC network in which an order is
usually fulfilled by the local FDC/RDC. Although publicized discussion on the discrepancy
between JD.com and Amazon’s fulfillment networks is scant, we suspect the reason leading to
this discrepancy is the difference in their promised delivery times. JD has a short promised
delivery time (e.g., usually one day) and uses a tree-shaped two-layer network such that
most orders are fulfilled locally. By contrast, Amazon has a (relatively) longer promised
delivery time (e.g., usually two day), which allows them to search over a wider range of
FCs. Amazon also heavily utilizes reactive transshipment among FCs. Given the trend of
shorter and shorter promised delivery times, it is not impossible for Amazon to convert its

fulfillment network (partially) to a tree-shaped one in the future.

3.7 Conclusion and discussion

In this paper, we considered a multi-item online order fulfillment problem in a two-layer
distribution network that major e-retailers have implemented in practice. We analyzed the
performance of a simple myopic policy that does not rely on demand forecasts and has been
widely implemented in practice. We provided theoretical bounds on the competitive ratio
of the myopic policy and showed our bounds are tight. We also empirically estimated our
upper bound on the ratio by using FedEx shipping rates and demonstrated the bound can
be as low as 1.13 for reasonable scenarios in practice. Moreover, we extended our study to
the setting in which demand forecasting is available and proved the asymptotic optimality

of an LP rounding policy. Finally, we complemented our theoretical results with a numerical
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study. The main take-away of the paper is that Myopic performs well in the two-layer
RDC-FDC network. It is comparable to more complex forward-looking policies that rely on
demand forecasts, and the insight is especially meaningful for e-retailers struggling to cope
with unreliable demand forecasts.

As a final note, although our framework seems applicable to only pure-play e-retailers,
it can be applied to omnichannel retailers under certain circumstances. As more and more
brick-and-mortar retailers are moving their business online, how to leverage existing stores to
fulfill online orders becomes a critical question. If a store has a dedicated pool of inventory
for online demands, for example, Walmart’s market fulfillment centers (Ward, 2020), the
store can be treated as an FDC and our framework can be applied. Otherwise, if the store
shares the pool of inventory for both online and offline demands (e.g., in-store picking), the
situation would become more complex and additional challenges would arise (e.g., how to
“protect" inventory for offline customers).
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3.8 Appendix

3.8.1 Fixed-cost estimates for Standard Overnight

IR

In this section, we analyze the ratio T by using FedEx Standard Overnight rates, similar
to the analysis for ground shipping in Section 3.4. Note Standard Overnight provides next-
business-day delivery services by 4:30 p.m. to U.S. businesses and by 8 p.m. to residences.
We fit a similar linear model by using the rates presented in Table 3.8. The results are
summarized in Table 3.9. Compared with ground shipping, the ratio % is higher for Stan-

dard Overnight, ranging from 1.30 to 2.48, because overnight shipping is more expensive and
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Weight (1bs)

Zone 2

Zone 3

Zone 4

Zone 5

Zone 6

Zone 7

Zone &

$8.76

$9.09

$9.91

$10.35

$10.71

$10.83

$11.01

$9.42

$10.48

$11.33

$11.58

$12.08

$12.54

$12.75

$9.90

$11.04

$11.94

$12.43

$12.94

$13.38

$14.03

$10.19

$11.11

$12.32

$13.12

$13.48

$14.36

$15.03

$10.46

$11.62

$12.75

$13.70

$14.29

$15.02

$16.02

$10.65

$11.77

$12.87

$13.90

$14.41

$15.19

$16.09

$11.25

$12.05

$13.21

$14.34

$14.68

$15.60

$16.70

$11.58

$12.49

$13.68

$14.75

$15.27

$16.23

$17.43

O 0| | O U | W[ DO —

$11.76

$12.66

$13.86

$14.88

$15.59

$16.90

$18.36

—_
o

$11.92

$12.79

$14.00

$15.29

$15.77

$17.71

$19.87

Table 3.7: FedEx Ground Shipping Rates

Weight (Ibs)

Zone 2

Zone 3

Zone 4

Zone 5

Zone 6

Zone 7

Zone &

$29.05

$39.59

$53.82

$60.41

$65.47

$71.16

$75.02

$30.98

$42.36

$61.89

$68.15

$75.37

$81.50

$86.97

$33.67

$44.80

$68.64

$75.50

$80.55

$89.69

$95.07

$36.32

$47.50

$74.36

$82.74

$91.29

$97.61

$104.09

$36.96

$47.91

$79.10

$89.96

$93.30

$99.75

$105.37

$39.01

$54.57

$88.00

$95.91

$105.50

$111.44

$118.56

$40.27

$56.94

$94.17

$104.23

$113.00

$119.83

$126.69

$42.39

$58.58

$99.45

$110.97

$120.62

$128.32

$134.61

OO0 | O U = | W DN —

$43.84

$61.11

$106.00

$118.07

$123.87

$136.81

$143.32

—
S

$44.06

$62.91

$107.92

$119.94

$125.56

$138.56

$145.08

Table 3.8:

more sensitive to origin-destination distance. For instance, the cost of shipping a one-pound
package by ground increases from 8.76 to 11.01 (approximately 25% increase) when the desti-
nation moves from Zone 2 to Zone 8, whereas the corresponding cost by Standard Overnight
increases from 29.05 to 75.02 (more than 150% increase). However, given that Standard
Overnight is considered one of the most expensive shipping methods, it is far less popular
than ground shipping in our context (the e-retailer is unlikely to frequently use a shipping
method whose cost is higher than the value of package). Nonetheless, the ratio is still within
a reasonable range and the largest one from the table is 2.48, suggesting reasonably good

performance of Myopic even for one of the most premium shipping methods.

FedEx Standard Overnight Shipping Rates
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Parameter | Zone | Parameter Estimate ($) R? %
e 7 28.23 07.94% | —

3 36.79 98.27% | 1.30

4 49.40 99.31% | 1.75

D 54.82 99.47% | 1.94

Ir 6 60.85 98.09% | 2.16

7 65.29 99.08% | 2.31

8 70.02 98.84% | 2.48

Table 3.9: Fixed-Cost Estimates: Standard Overnight

3.8.2 A brief description of the open dataset

In this section, we briefly describe the open dataset provided by JD.com, which can be
accessed from the 2020 MSOM Data Driven Research Challenge (see the full description in
Shen et al. (2020)). This dataset is based on transactions associated with over 2.5 million
users (450,000 purchases) and 30,000 SKUs during March 2018. All SKUs are within one
anonymized consumable category, for example, beauty care (e.g., face moisturizers) or men’s
grooming (e.g., electric shavers). The dataset also provides information about JD.com’s
fulfillment network: the country is divided into eight geographical regions, and each region
contains a certain number of districts. For each district, a designated warehouse is responsible
for fulfilling orders in that district, if its inventory permits.

During that month, 446,142 orders were placed and 614,380 items were purchased. Ap-
proximately 90% of orders were single-item orders. We rank districts by their demands and
select the top three most demanding districts. Their corresponding designated warehouses
are DC 5, DC 9, and DC 2, respectively. For each of the three districts, we calculate the total
number of orders, the percentage of single-item orders, and the total number of purchased
items among the orders. These summary statistics are presented in Table 3.1. We also
calculate the percentage of the number of items fulfilled by the designated DC and present

the results in Figure 3.1.
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3.8.3 Performance of other greedy-type policies

In this section, we investigate the performance of two other greedy-type policies. Both
policies seem reasonable in practice. The first policy (FDC-Max) fulfills as many items from
the FDC as possible and only uses the RDC when requested items are out of stock at the
FDC. This policy is designed to maximize the FDC utilization and ignores order split. The
second policy (Split-Min) is designed to minimize order split: if an order contains an item
that is out of stock at the FDC, use the RDC to fulfill the entire order; otherwise, use the
FDC to fulfill the entire order.

We next construct two specific instances. Both instances have only one order that requests
all n items, and the FDC initial inventory is such that I = 0 and Ip; = 1 for all 7 > 1.
We adjust cost parameters such that one instance is under Assumption (B) and the other is
under Assumption (C). We demonstrate that the performance of both FDC-Max and Split-
Min can be arbitrarily poor, whereas Myopic performs well in these instances. The intuition
is that Myopic can be equivalent to FDC-Max (or Split-Min) under certain cost parameters:
when cost parameters change, Myopic has the flexibility to adjust its behavior and evolve
into a different policy, whereas neither FDC-Max nor Split-Min make any adjustments.

Under Assumption (C). Let cg = 0 and c¢p > 0. Because cg = 0, Myopic exclusively
uses the RDC to fulfill this order, which is what Split-Min does in this case. In addition,
this fulfillment decision by Myopic and Split-Min is optimal. FDC-Max, however, uses the

RDC to fulfill the first item and then use the FDC to fulfill the remaining items. Hence,

VIDOMa: fp 4 fp + (n = 1)ep
v /R ’

which goes to infinity as cp — oco. This simple example illustrates that the performance of
FDC-Max can be arbitrarily poor.

Under Assumption (B). Let fp = cp = 0. Note Myopic only uses the RDC to fulfill
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the out-of-stock item and exclusively uses the FDC for the remaining items, which is what
FDC-Max does in this case. Again, this fulfillment decision is optimal. Split-Min, however,

uses the RDC to fulfill the entire order to minimize order-split. Hence,

VSplit—Min B fR +neg

Ve frtcr’

which goes to infinity as the number of items n — oo. This simple example illustrates the
performance of Split-Min can be arbitrarily poor.

From the two examples above, we see Myopic generally performs better across all assump-
tions than FDC-Max and Split-Min due to the flexibility of evolving into different policies

under different cost parameters.

3.8.4 Proof of Theorem 4

In this section, we provide the remaining proof of Theorem 4.
From (3.12),
Fy—Fi1= A1+ Ay,

where

i=1

(wfm—wt 1)fF (

n n
e (Z (=) -3 (fzzl,i—fzﬁ_l,i)*) (er = <)

F,
+ _wt—?)fF7

R, R, R
A2é (wt " wt 1)fR ( * Wy_ >li)fR

Step 2: upper bounds on F; — F;_;. We first provide upper bounds on A;. Depending
on whether Myopic and OPT use the FDC in period ¢, we consider the following four cases.
Case 1: wf M= wf Tln and wf wfi’*l It implies both Myopic and OPT do not use

the FDC in period t. Hence, they must both use the RDC, namely, wﬁ’m = wt ) " 4+ 1 and
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th’* = wt}?; + 1. It follows that

A= (Z <IZ7§ - ]f,i)Jr - Z ([?11,@' - If—l,i)Jr) (cr —cF)

=1 =1
= (> (It—l,i - [t—u) > (It—l,i - It—l,i) (cr —cFR)
=1 =1

:(]7

where the second equality comes from the fact that neither Myopic nor OPT uses the FDC

. * Tk
such that It = Ij" | ; and I}, = I}" 4 ;.

Case 2: wf’m = wf_’T +1 and wf’* = wfi*l It implies only Myopic uses the FDC in period

t such that ILT”; < Iﬁl,z’ and It*ﬂ‘ = It*—Li for all 7. It follows that

Ay = <Z ([twi - [t*,z'>+ -2 (Iﬁu - [75*—1,2')+> (cr —cp)+ fr

1=1 1=1
= (Z (It@l,z' - [;Ll,i> - (Iﬁu - [211,2') ) (cr—cp) + fF
i=1 i=1
= /.
Case 3: wf’m = wf_’T and wf’* = wf_’*l + 1. It implies only OPT uses the FDC in period
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t such that I?"ZL- = Itnzl ; for all 7. It follows that

A= (Z Ly It*z> -> (15711,1‘ - It*—1,i> ) (cr—cp) — fF
=1 =1
_l’_
= (Z L% = ]t*z> I (Itnll,i > 1>
1E€0¢
m * + m
-y (ft—l,z‘ - ]t—l,i> I (It—Li > 1) (cr —cr) — fF
1€0¢
* * + m
< (Y <It—1,i - It,i) I (It—l,i > 1) (cr —cp) = fF
1E0L

< (DI (12711,2' 2 1) (cr —cp) = IF,
1€0¢
where the second equality comes from the facts that the inventory level remains the same
+ +
for those items not in o; and (Ifz1 ; Ig‘z> = (Iﬁl ; IZ‘Z) = 0 for those items with
Iﬁu = 0, the third inequality is from the fact that 2+ —y* < (z — y)*, and the last
inequality is from the fact that I ;. < I, + 1 for all i and |o;| = N¢. In addition, because

Myopic only uses the RDC, due to (3.3), (3.6), and (3.7),

a—1 1" . >1Vi€e o
Sor(gnyiz) < o

i€oy B —1 if there exists i € oy s.t. ;]| , =0,

<p-L

Hence,

A< (B=1(cp—cp)—fFr <0,

where the second inequality comes from (3.6).

Case 4: wfm

= wf_’T + 1 and wf’* = th_’*l + 1. Because Myopic uses the FDC, for those
requested items that are available at the FDC in the end of period t — 1, they must be
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fulfilled by FDC, that is, for all i € o,

- THIST RN W i HES P &
It,i =

It follows that

+ +
A= X (Ifﬁ - ]t*z> - (ftnlu - Iik—u) (cr —cr)

1€0t 1€0¢
+ +
— m * m *
= > (It—l,i —-1- ]t,i> - > (]t—l,i - ]t—l,z') (cr —cF)
iGot,It"_Luzl iéot,IﬁI’iZI
< I 1—1IfF -
< > -1 — L —1p; (cp —cF)
Z'Eot,]ﬂl 2-21
<0,

where the first equality comes from the fact that the inventory level remains the same for

those items not in oz, the second equality is from the fact that

+ +
(IZ”,’% - Iikz) = ([le,i - If—l,i) =0

for those i € oy with I, ., = 0, the third inequality comes from the fact that zt —yT <

(z —y)T, and the last inequality is from the fact that Ly —IF, <1 forall i
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In summary,

. Fm Fm Fx Fox

0 if w, " =w, ) and wy " = w,;

fr ifwf’m:wfff+1and wf’*:wfi’*l;

A < (325)

. Fm Fm Fx F o« .

0 ifw ™" =w,| and w; " =w, "y + 1;
. F,m _ F7m Fy* _ F)*

kO ifw, """ =w, " +1Tand w; " =w, ] + 1.

We then evaluate As. Depending on whether Myopic (OPT) uses the RDC in period ¢,

we have )
. Rm Rm R, R
0 if w, " =w, 7 and wy 7" = w, 7y;
fr if wlt™ = w}Em + 1 and wht* = w%*;
t t—1 t t—1
Ao = (3.26)
.. Rm Rm Rx R, .
—fr Hw,"" =w, " and w7 = w, 7 + 1
. Rm _ Rm Rx Ry
0 ifw, """ =w, 2 +1and w; " = w, " +1.

\

After combining (3.25) and (3.26), we have 4 x 4 = 16 cases in total, but because we

assume all orders are non-empty, both Myopic and OPT use at least one of the DCs such

that all the cases including wf = wf_’T and wﬁ = wﬁﬁn (i.e., Myopic does not use
either of the DCs), and wf’* = wﬁ*l and th’* = wﬁﬂi (i.e., OPT does not use neither of the

DCs) are excluded. We also exclude the cases with upper bounds on Fy — F;_1 = A1 + As

that are less than or equal to 0. Combining all the above, it remains to consider only four
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cases, and their positive upper bounds on Fy — F}_1 are summarized as follows:

(

fr if th’m = wf_’T, wf’* = wf_’*l + 1, th’m = wﬁ’m +1, and th’* = th_’?;

fr ifwf’m:wf_’qn%—l, wf’* :th_’*l, wf’m:wf’m—l—l, and wf’* :w£§+1;

fr—fr if wf’m = wffln +1, wf’* = wfi’ﬁ, th’m = wﬁ’T, and wﬁ’* = wﬁi +1;

fr if wf’m = wf_’ql +1, wf’* = wf_’*l +1, th’m = wﬁT + 1, and wf’* = wﬁﬁi
) (3.27)

Step 3: proving (3.15). The final step is to prove (3.15). It is convenient to make the
following assumption on OPT: when multiple optimal offline algorithms exist, we let OPT
be the one that uses the RDC as much as possible. The assumption is also intuitive, because

the RDC has more inventory than the FDC. Recall from (3.11),

F, F R, R,
Vi = Vi = Licp+ (w, ™ —w, ) fr+ (Nt — L)eg + (w;"" — w, ")) fr.

We proceed by a case analysis.

Fm  Fx Rm Rm

Fm Fx , R R,x
Case 1: w,"" =w,’ |, w;” =w, ;1 +1L, w7 =w,”" +1,and w, " =w

t—1-

Because OPT only uses the FDC, we claim Ny > «. Otherwise, we can construct another
policy OPTy that is identical to OPT, except OPT fulfills the t-th order exclusively from
the RDC. From (3.3), we see that either OPT incurs strictly less cost than OPT does, or
OPT incurs the same cost but uses RDC more than OPT does, contradicting either the

optimality of OPT or the aforementioned assumption on OPT. It follows that
Vt* _Vt*—l = fp+ Necp > frp+acp. (3.28)

Combining (3.28) with (3.27) proves (3.15) in this case.
Case 2: wf’m = wf_’T + 1, wf’* = wf_’*l, wﬁ’m = wf’m + 1, and th’* = wﬁi + 1.
Because Myopic uses both FDC and RDC, we claim the inventory is insufficient for some
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requested items in period ¢ from Observation 1. Hence, Ny > > « from (3.6) and (3.7).

In addition, note OPT only uses the RDC. It follows that
Vi =Vi{= fr+ Nicp > fr+ acg. (3.29)

Combining (3.29) with (3.27) proves (3.15) in this case.

Fm F>k F>k Rm Rm R x

R,
Case 3: w, —wt 1+1 wy ', wy T =w, "y, and w7 = w, 7y + 1

The argument is exactly the same as Case 2 because: (1) the lower bound (3.29) still holds
due to the fact that OPT only uses the RDC; (2) Fy — F;_1 has a smaller upper bound in

this case than in Case 2.

F o«

Fm Fx R, R *
Case 4: w, " = 1 ", wy " =w )+ wy

Wy_q-

m_

™41, and wf —
Because OPT only uses the FDC, we claim Ny > «, similar to the reasoning in Case 1. It
follows that

Vt* _Vt*—l = fF—i-NtCF > fF—i—acF. (3.30)

Combining (3.30) with (3.27) proves (3.15) in this case. The proof of (3.8) is completed.
Under Assumption (B) (i.e., fp > fr, cgr > ¢p), plugging the expression of « into (3.8)

leads to

RATIO(Myopic) < 1—|—< )
(Myopic) fF+CvaR+CR

which is equal to 1 + fr/(fr + cg). The proof of Theorem 4 is completed.

3.8.5 Proof of Theorem 5
In this section, we present the proof of Theorem 5.

Proof. Proof of Theorem 5.
Suppose that T orders are placed for @ € [T,nT] items in total. Let L™ L* be the
total numbers of items shipped from the FDC by Myopic and OPT, respectively, and let

m ol (wF* ) denote the total numbers of times Myopic (OPT) uses the FDC
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and RDC, respectively. Then, the total costs incurred by Myopic and OPT are wltm fr+
wlmfp + LMep +(Q — L™) cg and w* fp + w fp + L*cp + (Q — L*) cp, respectively.

Note 8 =1 is equivalent to fr 4+ cp < cp, which implies Myopic always uses the FDC
as long as the FDC has inventory for requested items (despite order split). It follows that
L™ > L*. Next, we claim they are indeed identical: L™ = L*. Suppose by contradiction
that under OPT at least one item has leftover FDC inventory at the end and that leftover
inventory could be used to (partially) fulfill one of the T orders. Then, we can see the policy
identical to OPT but consuming that leftover inventory incurs strictly less cost than OPT,
because fr + cp < cg. In summary, Myopic and OPT use the same amount of RDC and
FDC inventory:

L"=L*=L and Q—-L"=Q—-L"=Q— L.

It follows that

Rm Fm
9 3 L _ L
RATIO(Myopic) < max w = /R +wF fr+ Lep +(Q )CR7
Twhm wFm gl wPx QL w* fp+w"* fp+ Lep +(Q — L) e
(3.31)

where the constraints on the parameters are

0< wR,m’wF,m’wR,*J wF7* <T wR,m + wF,m >T, U)R’* + wF,* > T,

whm v et <p, Wt yvelt < Q- L.
By using the fact that for all a > ¢ > 0 and b > 0,

a+b
c+b

<

ol e

I
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we obtain the following further upper bound on RATT1O(Myopic):

RATIO(Myopic) (3.32)

wR’mfR + wF’mfF + (me V wF’*> cp+ (wR’m V wR7*> CR
< max
B OSwR7m7wF7m,wR7*’wF7*§T wR7*fR + wF’*fF + (wF’m \/ U)F’*) CF + (wR,m \/ /LUR7*) CR ’
wR,m+wF,m2T
'U}R’*—FU)F’*ZT

(3.33)
by using the fact that
w v < Loand wB™ vt < Q — L.
We next observe that the maximum value of Problem (3.32) is attained when w!"™ >

w™* and wf™ > wf* . Otherwise, if wf™ < wf™* or W™ < wT* one can easily increase

w™ or w™ to obtain a strictly higher value. Therefore,

Rm Fm Fm Rm
w-" w? w- e w e
RATIO(Myopic) < max 7 TRt 7 JF ¥ 7 ol 7 iy
OSwR7m’wF7m7wR7*’wF7*ST w 7*fR + w ’*fF + w ’mCF + w ’mCR
’LUR’m—I—’wF’mZT

wR’*—l—U}F’*ZT
wF,meF,*’ wR,meR,*

(3.34)
For any (wftm wfm ol wF’*) satisfying the constraints in (3.34), it suffices to prove

wim fp 4wl fp 4w ep 4wl ey < fRT2fFp+cpter
wR’*fR—kav*fF+wF’mcF+vamcR - fr+cp+cp

which is equivalent to

(wR’mfR + wF’mfF + wF’mcF + wR’mcR) (fp +cp+cRr)
(3.35)

< (fr+2fp +cp+cR) (wR’*fR +wl™ e+ wlmep + wR’mCR> :
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After further simplification, (3.35) reduces to

F F F
Wi fp(fe +cp) + W fp(fr +cp) < fr <wR’*fR+w * fp 4w 7mcF>

¥ fr (’LUR’*fR + wF’*fF + wR,mcR> + (frp +cp +cR) <wR’*fR + wF,*fF) .
(3.36)

Note the right-hand side of (3.36) is no smaller than the following:

F F
fr (wR’*fR +w ’*fF) + fr (wR’*fR +w ’*fF)
+ frer (wF’m + wR’*) + frcR (wR’m + wF’*) .

Combining the above with the facts that Wl ™ > T > ltm Bt ppfox > 7 > g fm,

whm > b wfm > pf* and fp > fp, we have

fr (wR’*fR + wF’*fF> > Ir <wR’*fF + wF’*fF> > wi fp fp,
f (wR’*fR + wF’*fF) > fr <wR’*fF + wF’*fF) > wh fpfp,
fReF (wF’m - wR’*> > frer <wF’* + va*) > Wi fep,

frer (wR’m + wF’*> > fpeg (W + wF’*> > wi™™ fpep,

completing the proof of (3.36). The proof of Theorem 5 is completed. O

3.8.6 Proof of Theorem 6

In this section, we present the proof of Theorem 6, which is similar to the proof of Theorem

4.

Proof. Proof of Theorem 6. Without loss of generality, we assume fp — fp > cp — cp in
this section; otherwise we would have av = 1 from the definition (i.e., Myopic always uses the

RDC) such that RATIO(Myopic) = 1. From Observation 2, we have the following relation:
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forall t > 1,

wf’m + wﬁ’m = wf’* + th’* = t. (3.37)

Similar to the proof of Theorem 4, we present the proof in several steps.

Step 1: potential function. In this case, we consider the following potential function Fy:

Fy 2 (Zuzji - zm) (cp —cg) + (w} "™ —w ™) fr — fr)

i=1 (3.38)

— ‘/;;m_‘/%*7

where the second equality comes from (3.10) and (3.37). Note this potential function is
different from the one used in the proof of Theorem 4 in two aspects. First, this potential
function is the exact difference between the cumulative costs incurred by Myopic and OPT.
Second, we can simplify the terms involving the usages of FDC and RDC due to (3.37).

Following the same proof technique, it suffices to show that for any ¢ > 1,

(fJR = fr) — (cp — cR)
Jr+cr

(Vi = V). (3.39)

From the definition in (3.38),

n n
Fy—F = (Z (Q*Z - ft*—l,i) - Z (L?i - ]tTLi)) (cp —cRr)

=1 =1

F F F F
+ (wf™™ = ™) (Fr = fr) = (w0 = wf2) (= fa).
Step 2: upper bounds on F; — F;_1. Recall that wf’m (wf’*) is perfectly correlated with

wﬁ o (th ™) from (3.37). Hence, we consider the following four cases depending on whether

Myopic and OPT use the FDC.

Case 1: wf’m = wf_’T and wf’* = wf_’*l It follows that wﬁ’m = wﬁﬁn + 1 and wﬁ’* =
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wt}?; + 1. In addition, ]g‘i = Iﬁl,i and Iz;k,i = I;iu for all 7. Hence,

n n
Fr—F_ = (Z <It*z - ]t*—1,¢> - Z (]m - Iﬁl,z’)) (cp —cp) = 0.

1=1 1=1

Case 2: th’m = wf_’T + 1 and wf’* = th_’*l It follows that wﬁ’m = wﬁ_’T and wﬁ’* =

wf} 4+ 1. In addition, 7y (177, ; — I7%) = Ny and If; = I, ; for all i. Hence,

n n
Fy—Fiy = (Z (5= 1) = > (1 - I;’ll,i)) (cp = cr) +Jr — IR

1=1 1=1

= Ni(cp —cr) + fr — fRr

Because all the Ny items are fulfilled by the FDC under Myopic, we have Ny < o — 1 due to

(3.4). Combining all the above implies

Fi—F 1< (a=1)(cp—cgr)+fr—frR<0,

where the second inequality comes from (3.4).

Case 3: wf’m = wﬁrf and wf’* = wfi’*l + 1. It follows that wﬁ’m = wﬁT 4+ 1 and

R, R s
wy " = w,;. In addition, Z?:l (IZF—LZ' -1

t,i> = Ny and ]gg = ]t@l,z' for all i. Hence,

F—Fq = (ﬁ: (ffz - [le,z) - Z (lﬁ - Ipl,i)) (cp—cr) = fr+fr

=1 =1
= —Nt(cp—cgr)— fr+ IR
< —(cp—cgr)— fr+ IR

where the last inequality is from Assumption (C).

Case 4: wf’m = wf_’qn + 1 and th’* = wf_’*l + 1. It follows that wf’m = wﬁT and
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wi%,* _ wﬁ? In addition, ]Zﬁl,i - ]tfg = ]Z‘;M - I;,i for all . Hence,

n n
Fy—F = (Z <It*z - ]t*—1,¢> - Z (]m - Iﬁl,z’)) (cp —cp) = 0.

1=1 1=1

In summary,

Fy — Fiq (3.40)
(
(fr=fr) = (cp—cr) fw, ™ =w, T, wy™ =w} +1,
< wf’m = wﬁT + 1, and wﬁ’* = wf_’i; (3.41)
0 otherwise.

We can again exclude the cases with upper bounds less than or equal to zero.

Step 3: proving (3.39). The final step is to prove (3.39). Recall from (3.11),

F P R R
Vi =V = Licp+ (w; " —w, ) fr+ (Ne — Lf)eg + (w; " — w,"]) fR.

From (3.40), the only remaining case is when wf = wf_’T, wf *

wﬁrln + 1, and wﬁ * = wﬁi Because OPT only uses the FDC under this case, we have

Fx Rm
=wly +Lw =

Vi =Viii= fr+Necp > fr+ecp. (3.42)
Combining (3.42) and (3.40) proves (3.39), completing the proof of Theorem 6. O

3.8.7 Proof of Theorem 7

In this section, we present the proof of Theorem 7. Note all the instances used in this proof
have exactly one unit of inventory for all the items, that is, Ip; =1for alli=1,...,n. We

specify the number of items and the order sequences under Assumptions (A)-(C) separately.
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Section 3.8.14 provides a summary of the instances used in this proof.

Proof. Proof of Theorem 7. Under Assumption (A). We proceed by constructing the
following two order sequences I1 and . For Iy, fix a sufficiently large integer m > 0 and let
n = am. There are m a-item orders: o; = {(i — 1)a+1,...,ia} for i = 1,...,m, followed
by one n-item order: oy,41 = {1,--- ,n}. Note OPT uses the RDC to fulfill the orders from

t =1 tot=m and uses the FDC to fulfill the last order. Hence, the cost under OPT is

V*(I1) = mfg + amcg + fr + amcp.

In addition, from (3.3), Myopic uses the FDC for the first m periods and uses the RDC in

the last period, due to FDC stockouts. Hence, the cost under Myopic is

V™) = mfp+amcp + fr+ amcg,

which implies
V(L)  mfp+amcp + fr+ ameg
V* (1) mfr+amcg + g+ amcp’

which converges to

JF— IR

1+ as m — 00.
fr+a(cp +cR)

For Is, fix an integer m > 0 and let n = m(5 + 1). One m-item order is placed in period

one: 01 = {1,...,m}, followed by m (5 + 1)-item orders:

ojr1={it,m+@GE—-1)B+1,....,m+if}

fori =1,...,m. Note OPT uses the RDC to fulfill the first order and then uses the FDC
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to fulfill the remaining m orders. Hence, the cost under OPT is

Vi(Ig) = frp+mecp+m(fp+(B+1)cF).

In addition, when m is sufficiently large, Myopic uses the FDC for the first order from
(3.3). Then, it uses the RDC to fulfill the FDC out-of-stock item and the FDC to fulfill the
remaining (3 items for each of the remaining orders from (3.6). Hence, the cost under Myopic
1s

V(L) = fp+mep+m(fr+cr+ fr+Ber),

which implies
V'"(Iy) _ frtmep+m(fr+cr+ fr+Ber)

V(1) fr+mep+m(fp+(B+1)cp)
which converges to
IR
14+ as m — 00.
fr+(B+1)cp+cr
Therefore,
: fr fr—Ir )
RATIOM01021+< )
(Myopic) fF+(ﬁ+1)0F+CR\/fR+Oé(CF+CR)

Under Assumption (B). Similarly, we construct the following order sequences I; and I5.
One n-item order is placed: o1 = {1,2,...,n}, followed by n single-item orders, 0; 1 = {i}.
Note OPT uses the RDC to fulfill the first order and uses the FDC to fulfill the remaining

single-item orders. Hence, the cost under OPT is

V*([l) = fr+ncgp+nfrp+ncp.

In addition, Myopic uses the FDC to fulfill the first order from (3.3) and uses the RDC to
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fulfill the remaining single-item orders. Hence, the cost under Myopic is

V(1) = frp+ncp +nfr+ncg,

Which implies
V(Iy)  frp+ncgp+nfr+mncg
V*(h) fR—i—ncR—i—an-i-ncF7

which converges to

JR—JF

1"—— as n — Q.
fF+CF+CR

For Iy, let n = + 1. One single-item order is placed: o1 = {1}, followed by one (54 1)-
item order: o9 = {1,2,...,6+ 1}. Note OPT uses the RDC to fulfill the first single-item

order and then uses the FDC to fulfill the multi-item order. Hence, the cost under OPT is

V¥I) = fr+cr+ fr+(B+1)cp.

In addition, Myopic uses the FDC for the first order from (3.3). Then, it uses the RDC to
fulfill the FDC out-of-stock item and the FDC to fulfill the remaining 3 items for each of

the remaining orders from (3.6). Hence, the cost under Myopic is

V™) = frp+cp+ fr+cr+ fr+ Bep,

which implies
V(L) _ frtcrtfrtcer+ fr+Bep
V*(1I2) fr+cr+ fr+(B+1)cp
— 1+ Jr .
frR+fr+cr+(B+1)cp

Therefore,

frR—fF \/ fr )
frtep+cer V fr+frter+(B+1)cp/)’

153

RATIO(Myopic) > 1+ (



Under Assumption (C). Without loss of generality, we assume o > 2; otherwise, the
result holds trivially. We construct the following order sequence I1. Let n = a — 1. One
(v — 1)-item order is placed: o1 = {1,...,a — 1}, followed by (a — 1) single-item orders:
ojy1 ={i} fori=1,...,a—1. Note OPT uses the RDC to fulfill the orders in period t = 1
and then uses the FDC to fulfill the remaining single-item orders. Hence, the cost under

OPT is

Vi) = fr+ (@ =1eg + (@ =1) (fr +cp).

In addition, from (3.4), Myopic uses the FDC to fulfill the orders in period ¢t = 1. Then, it
uses the RDC to fulfill the remaining single-item orders because the FDC is out of stock.

Hence, the cost under Myopic is

V(L) = frp+(a—1)cp+(a—1)(fr+cR),

which implies
V(L) _ fr+(a—=1)cp+ (a—1)(fr+cr)
V() frt+(a—=1cg+ (a—1)(fF+cp)
(a—2)(fr — fr)

~ T rt =) Urrenter)
Therefore,
RATIO(Myopic) > 1+ (o =2)(/r = JF) .
fr+(a=1)(fF+cr+cp)
The proof of Theorem 7 is completed. O

3.8.8 Proof of Theorem 8

In this section, we present the proof of Theorem 8. Similar to the proof of Theorem 7, we also
need to construct several instances. Note all the instances have exactly one unit of inventory
for all the items; that is, In; = 1 for alli = 1,...,n. We specify the number of items and the

order sequences under Assumptions (A)-(C) separately. Section 3.8.14 provides a summary
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of the instances used in this proof.

Proof. Proof of Theorem 8. Let A be the set of all deterministic online algorithms. From
Yao’s minimax principle, it suffices to construct two order sequences I1 and I9 with associated
probabilities p; and 1 — pq, and then prove the expected competitive ratio is at least LB for

any deterministic online algorithm; namely,

A
I
inf plv (1)

A Py HO )

> LB, (3.43)

where VA(I;) and V*(I;) represent the total cost under I; incurred by A and OPT, respec-
tively, and LB represents the desired lower bound in (3.9) under Assumptions (A), (B), and
(C), respectively.

Under Assumption (A). We want to show

VA(Ly)

. vAIL)
o |7 V(1)

AeA V*(1h)

+ (1 —p1)

1+<fF+(ﬁ+1)CF+CR+ R )1‘ (3.44)
fr CR = CF

We construct the following order sequences I; and I9. Fix a sufficiently large integer m > 0
and let n = m(S+1). For I, only one m-item order is placed: o1 = {1,...,m}. For I, one
m-item order in period one is placed: o1 = {1,...,m}, followed by m (f + 1)-item orders:
ojr1 ={i,m+(GE—-1)p+1,...,m+ip} for i = 1,...,m. Note under order sequence I,
OPT only uses the FDC to fulfill the first order; under order sequence I9, OPT uses the
RDC to fulfill the first order and then uses the FDC to fulfill the remaining m orders. Hence,

the corresponding costs under OPT are

Vi) = fp+mep, V()= fr+mep+m(fr+(B+1)cp). (3.45)

For any deterministic policy A € A, let LA denote the number of items fulfilled by the FDC
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in period t = 1. Note 0 < LA<m. In addition,

VAL =1 (LA > 0) fr+1 (LA < m) fr+ LAk + (m - LA> R (3.46)
> mep — L (cp — cp)

and because using the FDC is cheaper whenever the requested item is available from period

t=2tot=m+ 1, we have

VA(Ly) > I[(LA>0> fF+]I<LA<m> FRtLAfp +m(fr + (B + Ve + cp)

(3.47)
> LA R +m (fp+ (B+ Lep +cp).
We next choose py € [0,1] to be
+ mc
- fr(fF F) (3.48)

(cr—cp)lfr+m(fr+(B+1)cp+cr)+ fr(fr+mecp)

Under this random-order sequence, the first m-item order appears with probability one and
the m (5 + 1)-item orders may or may not appear with appearing probability 1 — p;. From
(3.45), (3.46), and (3.47), for any A € A,

A A
S

meg — L4 (cg — cp) LY g+ m(fp+ (B+1)cp+cp)
2 R ey t{-r) frR+m(fr+(B+1)cp+cp) (3.49)
_ |y, CRTCP IR A
a plfFvLmCFjL(1 pl)fR+m(fF+(5+1)CF+CR) .

mcR B m (fr+ (B+1)cp +cp)
ijlfFJr??’wFJr(1 pl)fR+m(fF+(ﬁ+1)0F+CR)'

From (3.48), we can verify the coefficient of LA above is equal to zero, and then the right-
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hand side of (3.49) converges to

fr(cR —cF)

(cp —cr) (fF+(B+1)cp +cR) + frer
:1+(fF+(5+1)CF+CR+ cp

IR CR—CR

1+

-1
) as m — 00,

completing the proof of (3.44).

Under Assumption (B). We want to show that for each n > 2,

. VA(L) VA(Ly)

inf |p1—7s + (1 —p1) o

Aea |77 V(1) V*(I2) 1 (3.50)
- 1+( fr+ncp +fR+n<fF+CR+CF))

- fr— fr+n(cg —cp) (n—1)(fr— fr)

We construct the following two order sequences 11 and I9. For I7, only one order is placed:
o1 ={1,2,...,n}. For Is, o1 = {1,2,...,n} is followed by n single-item orders: 0; 1 = {i}.
Note OPT only uses the FDC to fulfill the first order under order sequence I, and first uses
the RDC to fulfill the first order and then uses the FDC to fulfill the remaining n orders

under order sequence I5. Hence, the corresponding costs under OPT are

Vi) = fr+ncp, V()= fr+n(fr+crp+cp). (3.51)

For any A € A, let LA denote the number of items fulfilled by the FDC in period ¢t = 1.

Note 0 < LA < n. In addition,

VAL =1 (LA > o) fpal (LA < n) fpt LAcp + (n . LA) cR,
(3.52)
VA(L) > 1 (LA > 0) fr+1 (LA < n) fr+—LYfp+LAfR +nlcyg + cp),

where the inequality results from the fact that using the FDC is always cheaper whenever
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the requested item is available from period t = 2 to t = n + 1. From (3.52), we have

(
A fR—i—LAcF—i-(n—LA)cR ifOSLA<n;
Va(l) =
fr+ncp if L4 =n,
) (3.53)
A LA+ D fr+ (0 —LYfp+n(cg+cp) if0< LA <n;
VA(lz) =
fr+nfr+n(cg+cp) if LA =n.
\

We next choose pj € [0,1] to be

(n—1)(fr — fr) (fF +ncp)
fr—fr+n(cg—cp)llfr+n(fr+cr+cp)+(n—1)(fr— fr)(fFr +ncp)
(3.54)

p1 =

Under this random-order sequence, the first n-item order appears with probability one, and

the n single-item orders may or may not appear with appearing probability 1 — p;. From

(3.51), (3.52), and (3.53), for any A € A, if 0 < LA < n,

e 0 i
el o S ™
N —m% +d-m) fr+ nJ(cJ]?F_JrffR +cp) o
+p1§§i—22§ + (1 =p1);
if LA =n,
e 0 e g e

3.56
fr+n(fr+cr+cp) (3:56)

frR+n(fr+cp+cp)

=p1+(1—p1)
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It can be checked that the coefficient of LA in (3.55) is non-negative such that

VAL VA(1y)
min + (1 —
0<LA<n, Prv) (1=p1) V*(I)
CR—Cp Ir—fF A
> By }L
{[ fr+ncp ( )fR+n(fF+CR+CF)
+ nc
+p1%—nf+(1—p1)}
F F LA=0
R +ncR
—p 2B TCR ),
P er (1—p1)

which is equal to the lower bound in (3.56) due to (3.54). Hence, for each n > 2,

. vAL) VA1)
Ay TP TR
R+ ncR
ZplfF+nc (1—-p1)

:1+( fr +ncp +fR+n(fF+CR+CF))_1
fr—fr+n(cp —cp) (n—1)(fr — fr) ’

completing the proof of (3.50).

Under Assumption (C). Without loss of generality, we assume o > 2; otherwise, the

result holds trivially. We want to show that for each 1 < o/ < o — 1,

. vA(IL) VA(Iy)

inf |p1—7 +(1—p1)

AeA |7 V(1) V*(1I3) 1 (3.57)
> 1+(fR+O/(fF+CF+CR) fr+dep >_

- (o =1)(fr— fr) fR=—fr—d (cp—cr))

We construct the following order sequences I1 and Is. Let n = o/. For I1, one o'-item order
is placed: o1 = {1,2, e ,0/}. For Iy, it has the same order in period t = 1 as I; but with
additional o’ single-item orders: 0;,1 = {i} for i = 1,...,a/. Note OPT only uses the FDC

to fulfill all the orders under order sequence I, and uses the RDC to fulfill the first order
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and then uses the FDC to fulfill the remaining orders under order sequence Io. Hence, the
corresponding costs under OPT are

V)= fr+dep, V)= fr+dceg+d (fr+cp)
(3.58)

= fr+d (fp+cp+cp).

For any A € A, similar to Observation 2, if A uses both DCs in a certain period, we
can construct a better policy A’ only using the RDC in that period without impacting
future fulfillment. Hence, we can restrict ourselves to A’ C A, where A’ includes all the
deterministic online policies that use only one of the two DCs in each period.

Given A € A', let w? denote the total number of times that the FDC is used in period

t = 1. Note 0 < w? < 1. In addition,

VAL = w (fp +alep) + (1= w?) (fr +d'ep) (3.59)

and because using the FDC to ship the remaining orders is cheaper than using the RDC,

> A (fF—l—a'cF) + (1—wA> (fR+oz/cR) +onz/(fR+cR)+ (l—wA) o (fp +cp)

w [fp+ o (fr+cp+cp)] + (1—w?) [fr+ o/ (fp+cp+cp)] .
(3.60)

We next choose py € [0,1] to be

(o =1) (fr— fr) (fr +d/cp)

(o =1)(fr—fr)(fr+dcp)+fr— fr—d (cp —cp)| [fR+ & (fFr +cp+cp)]
(3.61)

p1 =

Under this random-order sequence, the m a/-item orders appear with probability one and

the last ma/-item order may or may not appear with appearing probability 1 — p;. From
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(3.58), (3.59), and (3.60), for any A € A,

VAL VA1)
PV V*(Ig)
wA (fF+a’cF) + <1 —wA> (fR+a'cR)
fr+dcep
wA [fr+ o (fr +cp +cp)] + <1 —wA> [fr+d (fr+cp+cp) (3.62)
fr+ (fF +cF+cR)
(&' =1) (fr — fF)

+ (1 —p1)

> Pl

+(1—p1)-

A
= |-Pp1- + 1 =p1)- w
fr+adcp ( ) fr+d (fp+cp+cp)
fr+dec fr+d (fp+cp+c
L IREOCR g IR /(F F+CR)
fr+adep fr+ (fF+cp+cp)

From (3.61), we can verify the coefficient of w? above is equal to 0, and then the right-hand

side of (3.62) is equal to

4 (fR+Oé’(fF+CF+CR) N fr+dep )_1
(o =1)(fr— fr) fR—fr—d(cp—cr))

The proof of (3.57) is completed. In conclusion, we complete the proof of Theorem 8. O]

3.8.9 Proof of Theorem 9

Proof. Proof of Theorem 9. Under Assumption (B). We proceed by a case analysis.

When § > 2, it suffices to show that

m fr < 2<1+ fr—fF )7
JFr+cp Jr+cp+cp
which is equivalent to
frR(fr+cp—cr)+ (fr+cp)(cp+cr—fr) > 0. (3.63)
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From the definition of § in (3.5), 8 > 2 is equivalent to
fF +cp > CR- (364)

Combining (3.64) with the fact that fr > fp, to prove (3.63), it suffices to prove that

fr(fr+crp—cp)+ (fr+ecp)(cp+cr— fr) > 0. (3.65)

It is not difficult to verify that (3.65) holds.

When =1 (equivalent to fr + cp < cg), it suffices to show

14 fR+ fr <2(1+ fr—fF )7

fr+crptep ™ fr+crp+tcp
which clearly holds.
Under Assumption (C). It is not difficult to verify that the result holds when a < 2
(implying fr+2cRr < fr+2cp), because in this case, the upper bound on RAT'IO(Myopic)

is no greater than 2. Without loss of generality, we assume « > 3, which implies
frR+2cp > fr+2cp. (3.66)

We want to prove

2

(a—1)(fp+tcrter)+fr_ frRtcr
fr+(a—=1)(fF +cr+cp) = frtcp’ (3.67)

which is equivalent to

(a—=1)-[(fr +cp—cpr)(fr+cr) +2cp(fr +cp) > (fR+cr)fR—2(fF+cr)fF. (3.68)

Note the coefficient of (o — 1) in (3.68) is non-negative. Hence, to prove (3.68), from the
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definition of «v in (3.2), it suffices to show that

(iﬁ = fg - 1) [(fr+cp—cr)(fR+cr) +2¢p(fF +cp)] = (fRtcr)fR—2(fF+cp)fF,

which is equivalent to

(fR+cr—fFr—cr)(fF +cr—cr)(fr +cRr) + 2cp(fF + cF)]

(3.69)
> (fr+cr)fr(cr — cr) = 2(cp — cr)(fF +cr) [P
We further expand the left-hand side of (3.69):
(frR+cr) [(fR+ cr)(fF +cp—cp) = (fr + cr)(fr + cp — cr) + 2cp(fF + cF)]
—2(fp +cp)’er (3.70)

> (fr+cr)frlcr —cr) = 2(cp — cg)(fF + cFr) fF-

After a straightforward calculation, (3.70) is equivalent to

(/R + cr) [(fr = fp +2R)[F + &+ 2epcg — &}| = 2(fp +cp)(ch + fren).  (371)

It suffices to prove the following inequality after replacing (fg + cg) and (fr — fp + 2¢Rg)

in (3.71) by their lower bounds (fr + 2cp — cg) and 2¢p, respectively (due to (3.66)):

(fF +2cp — cR) <2CFfF +Cp+ 2epeR — C%z) > 2(fp + cp)(ch + frer), (3.72)

because both of their coefficients are non-negative due to Assumption (C). After decompos-

ing (fp + 2cp —cg) into (fp + cp) and (cp — cg), (3.72) can be simplified to
(fr+cr)(cp —cr)(2fp —cp+cp) + (cp —cR) (QCFfF + C + 2epcR — C%z) > 0. (3.73)
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Finally, the coefficient of (cp — cg) in (3.73) is equal to

(frp+cp)2fp—cp+cr)+ <2CFfF + ¢+ 2cpeR — C%z) = fr2fp+3cp+tcr)+cr(3cp—cR),

which is non-negative due to the assumption that cp > cp. The proof of (3.67) is completed.

Tightness of the bounds. Under Assumption (B), let cp = 0, cg = fp, and fp > 2fp.

Then, the upper and lower bounds are 1 + % and 1+ ! %}p{ £ respectively. Their ratio is

exactly 2. Under Assumption (C), let cp = 1, cg = 0, fr = ¢, and fp = M + ¢, where

e > 0 and M is a positive integer. Then, &« = M + 1, and the upper and lower bounds are

1+ % and 1+ %, respectively. Hence, as M — oo, their ratio converges to %—ig,
which converges to 2 as e — 0.

The proof of Theorem 9 is completed. O
3.8.10 Proof of Theorem 10
Proof. Proof of Theorem 10. Assume [y; = 1 for all i = 1,...,n. To prove this result, we
construct two order sequences I1 and Is. For I, one order is placed: o1 = {1,2,...,n}. For

Iy, 01 = {1,2,...,n} is followed by n single-item orders: 0;,1 = {i}. Note OPT only uses
the FDC to fulfill the first order under order sequence Iy, and first uses the RDC to fulfill
the first order and then uses the FDC to fulfill the remaining n orders under order sequence

I5. Hence, the corresponding costs under OPT are

Vi) = fr, V'(I2)= fr+nfF.

Any online deterministic algorithm has only two options: using the FDC to fulfill the first

order (called algorithm A), or using the RDC to fulfill the first order (called algorithm B).
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Then,
vAnL) = fp, VADL) = fr+nfr,

vB(L) = fr, V(L) = fr+nfr.

It follows that

VA V)| min{fF"‘nfR f_R}
V*(I2) " V(1) frR+nfp’ fr)’

which converges to }C—? as n — oo, completing the first part of Theorem 10.

For the second part of the theorem, we apply Yao’s minimax principle and assign prob-
ability 1/2 to instances I; and Io, respectively. Under this random-order sequence, the
first order o7 = {1,2,...,n} always appears, and the last n single-item orders appear with

probability 1/2. From similar calculations,

1IVE(mn) VB | _ l{f_R }
2| V(1) " VE(I) | 2 fFJrl ’
and
1 VA(11)+VA(IQ) _ 1[1+fF+nfR}
2| VH(L) V(1) 2 frR+nfp

which converges to % [1 + ;—ﬂ as n — 0o, completing the second part of Theorem 10. O

3.8.11 Proof of Theorem 11

Proof. Proof of Theorem 11. Because é’}i p(T) is a lower bound of C*(T'), it suffices to prove

CLPR T
1m ~*—() = (374)
T—00 CLP(T)
Recall that D75t = 1 if an order type J arrives in period ¢, and 0 otherwise. Let {Xg’it}t

and {Xg%t}t be sequences of i.i.d. Bernoulli random variables with parameter xg’: and

T % .
TEi respectively.
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First, from the definition of the LP Rounding policy, we can see that when the FDC
inventory is sufficient and no FDC stock-out occurs, the LP Rounding policy incurs the
same expected variable costs (both RDC and FDC) as the optimal LP solution. Similarly,
when no FDC stock-out occurs, LP Rounding also incurs the same expected fixed costs as

the optimal LP solution; namely, for each order type J with size m,

E xJ ot
7.
[ieaj{ Ry J

— ‘7’*} \77t J— { ja*}
= max4qx%’. ¢, E |max{X% }| = max<xy%) ¢.
ied { Ry LEJ{ Fi }1 ie ] Fy

To see this, without loss of generality, assume {mg’j} are ordered in ascending order.
? 1

T *

Consequently, {x ol } are in descending order. By our LP Rounding scheme, (3.23), and
)

(3.24),

m
t ) I
E{maX{Xj } = I + E < ;(—:L‘RZ 1) = :pg,:n: rlnea}{{xg’:},

€J Ry Rl P
m
E [maX{X‘jt} = Z (m%’: x‘g: 1) +1-— g; = 1- gf = ‘;’1* = max{xg’i*}.
Ej 7 P ’ ) ’ ZEJ )

Hence, we conclude that when no FDC stock-out occurs, LP Rounding incurs the same
variable and fixed costs as the optimal LP solution.

By contrast, when item ¢ is out of stock at the FDC, LP Rounding has to fulfill that
item from the RDC and incurs an additional cost, which is upper bounded by cg; + fg.

Therefore, we achieve the following bound on the gap between CLPE(T) and C’z p(T):

+

T
CLPR(T) — Cp(T) < 3 (cri+ fr) E ZZDJ’tXﬁ—eiT

1 t=17>1

The remaining is to show that for each i, the term E dimin-

I Ttv It "
= )
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ishes as T' — oo. To see this,

— T +
A DIDIEAE )
| \t=1T3i ’
Sy +1 T -
<E XX (0757 - A7) | | HE | A Tel o
Fi F Fi ?
| \i=173 | t=1 J>i
- T +_
=E| (X3 (07X ATl
t=1 7> ]

[~

Tt Tt _\T T+ "
]E[(D X7 - xTal) }

.

T
W\

>

M=

\/ VAR(DT Xy < MVT,

.

Il
Q

>

where the second equality holds because T3 AT x}Z’: < 6;,T due to constraint (3.21), the
J>i ’

second to the last inequality comes from the fact that E [Dj ’thﬂ =7 xl‘Z’Z*, and the last

inequality follows because the variance of a bounded random variable DI ’tXZ‘Z;t is bounded.

)

Here, M is a constant independent of T'.
In summary, we conclude that CLPR(T) — OZP(T) < O(VT), whereas C’ZP(T) grows

linearly in T, completing the proof of (3.74). The proof of Theorem 11 is completed.

3.8.12 Other proofs

In this section, we provide the remaining proofs.

Proof. Proof of Corollary 1. From (3.3) and Assumption (A), we have

fr+acg > frtacp, fr< fF,
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which implies

( fr \ fr )< F
fr+acp V fr+acg) = frt+acp —

Therefore, we conclude that RATIO(Myopic) < 2, completing the proof. ]

Proof. Proof of Corollary 2. Fix a sufficiently small € > 0 and let cp = €2, cp=¢€ fr=1,

and fp =1+ e From (3.5),

B fF 1+e
b= {CR—CFJ+1§6(1—6)+1'

Hence, from (3.9), the lower bound under Assumption (A) is at least

-1 -1
1 2
4 (fpEBHDepter  cr > 14 (1420422 + 275
IR CR —CF l1—e

which converges to 2 as € — 0. The proof is completed. O

Proof. Proof of Corollary 3. Under Assumption (B). Let us explicitly compute

. fr+ncp fr+n(fF+cg+cp)
f .
nw>2meZ | fr— fr + nlcg — cp) (n—=1(fr— fF) (3.75)
Define
A fr+xcp fr+x(fp+cr+cp)
G = )
O et ralen—n) T G- Dr-fr) 0
Then,
G (z) = crfR — CRIF _frtfrtcrtcer

[fr—fr+a(cr—cp)® (@=12(fr—fr)
We consider the following two cases.
Case I: cpfr — cpfr < 0. Then, G(x) is non-increasing on [2, 00) such that the minimizer

of (3.75) is +o0.
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Case II: cpfp — crfr > 0. Setting G'(74) = 0 implies

—_ Vlerfr—crlp) - Ur—JP)+ (fR=fF)- VIR + [ +cr+cp
V(erfr—crfr) (fr—fr) = (cR—cp) R+ [P+ cr+cF

It can be checked that G(z) is non-increasing on |2, Z4| and non-decreasing on [T, +00) such
that the minimizer is Z4. After rounding, we define x, as either |Z]| or [Z«]|, whichever
is better. It follows that the minimizer of (3.75) is equal to max {z«, 2}. Therefore, the

minimizer of (3.75) is

+00 if cpfr—crfr <0;
Ny =

max {$*, 2} if CFfR - CRfF > 0.

As an immediate consequence, ny grows on the order of /fp as fr — oo such that

1+ sup

1
( fr+ncp +fR+"(fF+CR+CF))
n>2,ne”z fR

— fr+n(cr —cF) (n—=1)(fr— fF)

goes to infinity on the order of \/ fp.

Under Assumption (C). Let us explicitly compute

. fr+ (fr+cp+cp) fr+dcep }
ey { @ O)n—fr) Tndr ol ) T
Define
s fR+7(fFr+cp+cpR) fr+xcp
Fle)= (x—1)(fr— fF) fr—fFr—x(cp—cp) zeLa-1)
Then,
Fl(z) & fr+JFrtcrtcer frer — frer 7

(@ —1*(fr—fr) Ufr—fr—a(cp—cp)?
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which is non-decreasing in = on (1, — 1). Hence, F(z) is convex in x on (1, — 1). Setting

F'(z,) = 0 implies

= \/fR+fF+CF+CR'(fR_fF)+\/fRCF_fFCR‘\/fR_fF.
VIR+Ir+cer+cr-(cp—cr)+frer — frer - Ir— fr

After rounding, we define x4 as either |Z.| or [Zs|, whichever is better. Therefore, the

minimizer of (3.76) is equal to

1 if vy < 1;

Oy = § Tx ifl<axe<a-—1;

a—1 ifze>a—1.
\

As an immediate consequence, a and o/, grow on the order of frp and \/fp, respectively, as

fr — o0, such that

1+ max

(fR+a/(fF+CF+CR) N fr+dep )_1
a/e{l,oa—1} )

(@ =1)(fr— fF) frR—fr—a (cr—cp

goes to infinity on the order of \/ fr. The proof is completed.

3.8.13 Other numerical experiments

In this section, we present numerical experiments under Assumptions (A) and (B). The sim-
ulation procedure is the same as described in Section 3.6. Again, unless specified otherwise,
the model parameters n,m, M, 0, fr, fr,cr,cr are fixed in this section to provide a clear
graphic demonstration. The trends, however, hold generally and are consistent with the ones

under Assumptions (C) and (D) as discussed in Section 3.6.
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3.8.13.1 Comparing Myopic with LP Rounding

Figure 3.7 demonstrates how the observed performance ratios change as T' varies, holding
other parameters constant. The maximum and average performance ratios of both Myopic
and LP Rounding are low, and their performance ratios decrease and stabilize when T
increases. Additionally, LP Rounding is outperformed by Myopic when T is small and
outperforms Myopic when T is sufficiently large, consistent with its asymptotic optimality.
These trends match what we observe in Section 3.6.1. In the remainder of this subsection,
we show our simulation results based on two different 7”s, representing small and large time
horizons, respectively.

Figures 3.8 and 3.9 compare Myopic with LP Rounding under Assumptions (A) and (B)
by varying the RDC fixed cost fg. The number of different items is small (n = 10) in Figure
3.8 and is large (n = 50) in Figure 3.9. The trends here again match those in Section 3.6.1.
Specifically, both ratios grow with fr, and both policies perform better for larger 7. Finally,

after fixing the order-type characteristics (|ol, |o|), the gap between LP Rounding and Myopic
increases when the total number of items n increases. As the number of items n becomes
relatively large, order split becomes less frequent under Myopic, and thus, it performs better.
Hence, under Assumptions (A) and (B), Myopic is also valuable and competitive even when
demand forecasting is available.

Next, the impact of initial FDC inventory in Figure 3.10 exhibits the same trend under
Assumption (A). Both policies perform well when FDC has limited or a sufficiently large

amount of inventory, and Myopic’s average performance has a competitive advantage over

LP Rounding when the time horizon 7" is small.

3.8.13.2 Delay in order fulfillment

In Figure 3.11, we compare Myopic with Delay (as defined in Section 3.6.2) under Assumption

(A). Although Delay is expected to perform no worse than Myopic and performs better with
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longer delay intervals, the marginal benefit of Delay decreases as T increases. Most of

the gap between Myopic and OPT is closed by implementing a delay policy of less than 40

periods.
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Figure 3.7: Performance w.r.t. time horizon 7', holding n = 10,m = 5,@ =5,0=08, fp =
100, fr = 80,cp = 0,cp = 50. Left panel: T from 10 to 200; right panel: T from 356 to

11, 246.
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3.8.13.3 Family of threshold policies

Last, we analyze Assumption (A) and propose a family of threshold policies. Recall that
Myopic can be viewed as a threshold policy, where the two order-size thresholds, a and 3
as defined in (3.2) and (3.5), respectively, represent whether the FDC is utilized conditional
on its inventory level. Specifically, under Assumption (A), when all the requested items are
available at the FDC, Myopic uses the FDC if and only if the order size is greater than or
equal to . When some of the requested items are unavailable at the FDC, the order is
split between the two DCs if and only if the number of the remaining FDC in-stock items is
greater than or equal to 5. Here, Myopic exclusively depends on the cost parameters, whose
estimation is possibly inaccurate (or even unavailable) in practice. This observation inspires
us to consider the following family of threshold policies that is robust against the sensitivity
of the cost parameters. Each threshold policy in this family is associated with two order-size
thresholds (analogous to o and 8 associated with Myopic). We are interested in comparing
Myopic with the best policy in this family, denoted as Threshold, which is associated with
thresholds o™ and 3*.
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Table 3.10: A snapshot of the Myopic and Threshold policy parameters under Assumption

(A)

Myopic Threshold

FDC fixed cost fp Q B o B*
5 1 1 1 2

25 2 2 4 4

45 3 4 5 5

65 5 5 6 6

90 7 7 7 7
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We compare the performance ratios of Myopic with those of Threshold by varying FDC
cost fr and report the results in Figure 3.12 and Table 3.10. First, from Table 3.10, one
advantage of Threshold is the ability to protect the FDC inventory and to reduce order splits
by setting higher thresholds (imagine higher 5* saves on the FDC fixed cost from less order
split during stockout events and the saved FDC inventory consequently can be used for the
potentially larger orders showing up later). Second, the gap between Myopic and Threshold
first increases and then decreases as fr increases. In particular, when fr is too large, using
the FDC at all is no longer optimal and protecting its inventory is no longer sensible. Hence,
both Myopic and Threshold perform similarly and close to OPT. The above phenomena are
reflected in both Table 3.10 and Figure 3.12, where the greatest differences between Myopic

and Threshold occur when fr is in the middle range.

3.8.14 Summary of instances

In this section, we summarize all the instances used in the paper. Recall that all the instances

have exactly one unit of inventory for all the items.

I Items (n = ma, m — o)
Orders | 1,...,a | a+1,...,2a | ... | (m—1Da+1, ..., m«a
01 1,...,1 0,...,0 0,...,0

09 0,...,0 L., 1 0,...,0

om | 0,...,0 0,...,0 ..., 1

ome1 | 1,...,1 1.1 ..., 1

Table 3.11: Proof of Theorem 7, Assumption (A).
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Iy Items (n = m +mf, m — oo)
Orders | 1 2 ... m | m+1| ... |m+B8|... | m+m-1B+1|... | m+mp
o1 11 . ] 0 0 0 . 0
09 1]o0]...]0 1 1 0 0
ome1 | O | O | .1 0 ... 0 . 1 - 1

Table 3.12: Proof of Theorem 7, Assumption (A).

L [tems (n — o0) I Items (n =4+ 1)
Orders 1 2 n Orders | 1 | 2 | ... n
01 1 1 1 01 110 ... 0
09 110 |...00 09 1l1]...] 1
03 0 1 0
On+1 0 0 1

Table 3.13: Proof of Theorem 7, Assumption (B).

L Items (n = a — 1)
Orders 1 2 o la—1
01 1 1 1
09 1 0 0
03 0 1 0
On+1 0 0 1

Table 3.14: Proof of Theorem 7, Assumption (C).
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L Items (n =m + mf, m — oo or m = «)

Orders | 1 | 2| ... |m | m+1]| ... | m+mpB

01 1l1]...]1 0 0

Table 3.15: Proof of Theorem 8, Assumption (A).

Iy Ttems (n = m+mf, m — oo or m = «)
Orders | 1 2 ... m |m+1l| ... |m+8| ... | m+m=-1F+1]| ... | m+mp
o1 S T IR | 0 ... 0 0 0
0 1o |...]o 1. T 0 0
oms1 | O L0 | |1 0 ... 0o .. 1 . 1

Table 3.16: Proof of Theorem 8, Assumption (A).

I Items (n > 2) I Items (n > 2)
Orders | 1 | 2 | ... | n || Orders 1 2 e n
01 1] 1] ... ]1 01 1 1 o 1
09 1 0 e 0
03 0 1 e 0
On+1 0 0 . 1

Table 3.17: Proofs of Theorem 8, Assumption (B) and Theorem 10.

I Items (n=0o/,1<a’ <a—1) Ip Items (n=0a/,1< o’ <a—1)
Orders | 1 | 2| ... o Orders 1 2 o o
o |1]1]... 1 o1 11 .. 1
09 1 0 .. 0
03 0 1 .. 0
ope1 | O |0 | ... 1

Table 3.18: Proof of Theorem 8, Assumption (C).
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