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ABSTRACT

Our goal is to develop ramification theory for arbitrary valuation fields, that is compatible with the
classical theory of complete discrete valuation fields with perfect residue fields. We consider fields
with more general (possibly non-discrete) valuations and arbitrary (possibly imperfect) residue
fields. The defect case, i.e., the case where there is no extension of either the residue field or the
value group, gives rise to many interesting complications. We present some new results for Artin-
Schreier extensions of valuation fields in positive characteristic (Thatte [2016]). These results
relate the “higher ramification ideal” of the extension with the ideal generated by the inverses
of Artin-Schreier generators via the norm map. These are further related to Kéhler differentials,
which has been shown in previous work of Kato and others to offer refined information about wild
ramification in the imperfect residue field case. We also introduce a generalization and further
refinement of Kato’s refined Swan conductor in this case. Similar results are true in the mixed

characteristic case (Thatte [2015-16]).

viii



CHAPTER 1
INTRODUCTION

We present a generalization and refinement of the classical ramification theory of complete dis-
crete valuation rings to valuation rings satisfying either (I) or (II) (as explained in 0.2), for degree
p extensions in positive residue characteristic. The classical theory considers the case of complete
discrete valued field extension L|K where the residue field k& of K is perfect. In his paper Kato
[1989], Kato gives a natural definition of the Swan conductor for complete discrete valuation rings
with arbitrary (possibly imperfect) residue fields. He also defines the refined Swan conductor rsw
in this case using differential 1-forms and powers of the maximal ideal m;, of L. The generaliza-
tion we present is a further refinement of this definition. Moreover, we can deal with the extensions
with defect, a case which was not treated previously.

In the first five chapters we will focus mainly on Artin-Schreier extensions of valued fields in
positive characteristic. In the first chapter, we introduce the main results Theorem 1.2.1 and The-
orem 1.2.3 for this case. Chapter 2 contains preliminary definitions, review of the classical theory
along with the theory involving Swan conductor and refined Swan conductor.

We prove the main results for Artin-Schreier extensions in the third chapter. In the classical case,
we can find a single element = of B which generates the valuation ring B of L as an algebra over
A, the valuation ring of K. This is not true in general. First we show that the defectless case is
very similar to the classical case in that the objects under consideration are generated by a single
element, even if B cannot be written as A[xz]. Main results follow after that.

The case with defect is more difficult to deal with, since the objects involved are not singly gener-
ated. First we prove Theorem 1.2.1, where the assumption on rank is crucial to the proof. Using
it, we prove Theorem 3.3.1. It allows us to write B as a “nice” union of rings of the form A[z].
Results for each such A[z]|A mimic the defectless case. Then we can prove Theorem 1.2.3 by
taking appropriate limits.

The (classical) different ideal Dp 4 is closely related to the classical invariants of ramification
1



theory. This ideal equals the annihilator of the relative Kéhler differential module Qh i in the
classical case. However, we see in Chapter 4 that this is not true in the case of arbitrary valuations.
Chapter 5 contains a non-trivial example of defect extension. It shows us the difficulties that rise
from the defect. We also verify the main results for this example.

In chapter 6, we prove analogs of the main results in the mixed characteristic case (under condi-
tions (I) or (II)). This is a work in progress, currently available in the preprint format. First we
prove these results for Kummer extensions, i.e., for the case when K contains a primitive pth root
¢ of unity. We can generalize these results to the case where ( ¢ K using the following method.
First we attach  to L and K to obtain the extension L({)|K({). Then we consider results for

L(¢)| K (¢) along with the action of the Galois group Gal(L(¢)|L) = Gal(K (¢)|K).

1.1 Invariants of Ramification Theory

Let K be a valued field of characteristic p > 0 with henselian valuation ring A, valuation v and
residue field k. Let L = K(«) be the Artin-Schreier extension defined by a” — o = f for some
f € K*. Assume that L|K is non-trivial, that is, [L : K| = p. Let B be the integral closure of A
in L. Since A is henselian, it follows that B is a valuation ring. Let w be the valuation on L that
extends v and let [ denote the residue field of L. Let I' := v(K ™) denote the value group of K.

The Galois group Gal(L|K) = G is cyclic of order p, generated by 0 : a — « + 1.

Let A = {f € K* | the solutions of the equation o’ — « = f generate L over K }. Consider

the ideals 7, and H, of B and A respectively, defined as below:

Jo = <{#—1|66LX})CB (1.1.1)

H = ({% | f e 2[}) CcA (1.1.2)

2



Our first result compares these two invariants via the norm map N LK = N, by consider-
ing the ideal N, of A generated by the elements of N (7). We also consider the ideal Z, =
({o(b) —b| b€ B}) of B. The ideals Z, and J, play the roles of i(c) and j(o) (the Lefschetz

numbers in the classical case, as explained in 2.1), respectively, in the generalization.

1.2 Main Results

We did not make any assumptions regarding the rank or defect in these definitions. Now consider

two special cases of the scenario described above:

(I) (Defectless) In this case, we assume that L|K is defectless. For Artin-Schreier extensions
L|K considered in this paper, it means that either w (L) /w(K ™) has order p and the residue
extension |k is trivial or the residue extension /|k is of degree p and L has the same value

group " as K.
(II) (Rank 1) The value group I of K is isomorphic to a subgroup of R as an ordered group.

We will prove the following results:

Theorem 1.2.1. If L|K satisfies (I) or (II), we have the following equality of ideals of A:
H =N, (1.2.2)

Theorem 1.2.3. If L| K satisfies (I) or (II), we consider the A-module w114 of logarithmic differential

1-forms and the B-module wlB‘ 4 of logarithmic differential 1-forms over A (as defined in section

1.1). Then

(i) There exists a unique homomorphism of A-modules rsw : H/ H? — w114 /(Zs N A)w}él such

1
that ? — dlog f ; forall f € 2.

(ii) There is a B- module isomorphism o5 : wjlgm/jgw}gm i \70—/(702 such that dlogx

@—1,]‘0”111176 L*.
x



(iii) Furthermore, these maps induce the following commutative diagram:

1 1 Po )
wB|A/‘70'wB|A — Jo/J;

- g

The maps A, N are induced by the norm map N, as described in section 6.

The map rsw in (i) is a refined generalization of the refined Swan conductor of Kato for com-

plete discrete valuation rings Kato [1989].

Remark 1.2.4. 1t is worth noting that if p = 2, both the results are true without any assumptions

regarding defect or rank, as seen in later sections.

Remark 1.2.5. If L|K is unramified (efx = 1,!|k separable of degree p), then we have i(0) =
j(o) =0,Zy = J; = B and H = A. Consequently, our main results are trivially true. From now
on, we assume that L| K is either wild (e LIK =D [|k trivial ), ferocious (/|k purely inseparable of

degree p) or with defect.



CHAPTER 2
BACKGROUND

2.1 Preliminaries

2.1.1 Definitions: Differential Forms and Different Ideal Dp|

Definition 2.1.1. Differential 1-Forms

(i) Let R be a commutative ring. The R-module Q}% of differential 1-forms over R is defined as
follows: Q%% is generated by
 The set {db | b € R} of generators.
* The relations being the usual rules of differentiation: For all b, c € R,
(a) (Additivity) d(b+ ¢) = db+ dc
(b) (Leibniz rule) d(bc) = cdb + bdc

(i) For a commutative ring A and a commutative A-algebra B, the B-module QJlB| 4 of relative

differential 1-forms over A is defined to be the cokernel of the map B ® 4 Q}4 — Q]l_[;

Definition 2.1.2. Logarithmic Differential 1-Forms

(i) For a valuation ring A with the field of fractions K, we define the A-module %14 of logarithmic

differential 1-forms as follows: w}4 is generated by

* Theset {db|be A} U{dlogz | x € K>} of generators.

* The relations being the usual rules of differentiation and an additional rule: For all
b,c € Aandforall z,y € K*,
(a) (Additivity) d(b+ ¢) = db+ dc

(b) (Leibniz rule) d(bc) = cdb + bdc
5



(c) (Log 1) dlog(xy) = dlogz + dlogy

(d) (Log?2)bdlogb=dbforall0 #bec A

(ii) Let L|K be an extension of henselian valued fields, B the integral closure of A in L and
hence, a valuation ring. We define the B-module w}B‘ 4 of logarithmic relative differential

1-forms over A to be the cokernel of the map B ® 4 w}él — w]13.

Definition 2.1.3. The Different Ideal D B|A
Let A be a valuation ring with the field of fractions K. Let L|K be a separable extension of
fields, B the integral closure of A in L. As in the classical case, we define the inverse different
-1 -1
DB|A by DB|A ={zel| Trpg(=zB) C A}.
This is a fractional ideal of L. The different D B|A of B with respect to A is defined as the

. . -1
inverse ideal of D BlA"

2.1.2  Valuation Rings and Differential 1-Forms

Definition 2.1.4. Let A be a valuation ring with fraction field K and valuation v. For any v € K™,

we define an A-module homomorphism dx : M, — w114 by h +— hx dlogx where M, := (%)

For x = 0, we define d0 to be the zero map: My — w114 by h — 0 where M := K.
Lemma 2.1.5. Let A, K, v be as above and x,y € K. Then we have the following properties.

(i) (Additivity) The A-module homomorphisms dx,dy,d(z +y) : M — %14 satisfy d(z +y) =

dx + dy. Here, M = My N My 0 My1y.

(ii) (Leibniz rule) The A-module homomorphisms dz,dy,d(zy) : M — w114 satisfy d(xy) =

Proof. (i) We may assume that v(z) < v(y) and write y = ax; a € A. Note that in w}4, da =

adloga and d1 = dlog 1 = 0. Hence, (a + 1) dlog(a + 1) = d(a + 1) = da = adloga.
6



Forall h € M,

d(z +y)(h) = h(z +y) dlog(z + y)
= hx(a + 1) dlog[z(a + 1)]
= hz(a + 1)[dlog z + dlog(a + 1)]
= hz(a+ 1) dlogz + hz(a+ 1) dlog(a + 1)
= hx dlogx 4+ hza dlogx + hxa dloga
= hx dlogx 4+ hza dlog za

= dx(h) + dy(h)
(ii) Forall h € M,

d(zy)(h) = hzy dlog(zy)
= hxy dlogx + hxy dlogy

= ydx(h) + xdy(h)

Lemma 2.1.6. Let L|K be as in 0.1. Then we have

1. A surjective B-module homomorphism ®4 : Q}B|A/I‘TQ}5’\A — T, /Z2 such that ®y(db) =

o(b) —bforallb € B.

2. A surjective B-module homomorphism g : w}glA/jgw}BlA — T | T2 such that p(dlog ) =

o(x)
—= —1forallx € L.

Proof. Since o fixes K, 0(a)—a = 0forall a € Aand@—l =(0forallz € K*. Letb,c € B.



The first part follows from o(b+¢) — (b+¢) = o(b) — b+ o(c) — c and

o(bc) —bc = (a(b) —b)(o(c) —c) 4+ c(a(b) —b) + b(o(c) — ¢)

= c(o(b) —b) + b(o(c) —¢) mod 2.

Let x,y € L*. The second assertion follows from

ory) :(@—Q <@—1>+@—1+M—1

Z Y

2.1.3 Defect: Introduction

Definition 2.1.7. Let E|F be a finite algebraic extension of fields of degree [E' : F] = n and
v a non-trivial valuation on . Denote the extensions of v from F' to E by v1,...v4. Let I}, be
the residue field and v(F'™) the value group for the valued field (F,v). Similarly, define E;, and

v;(E*). Foreach 1 < i < g, define:
* The ramification index e; = (v;(E*) : v(F*))
* The inertia degree f; = [Ey, : Fy).

Fact I: For each 1 < i < g, ¢; and f; are finite. Moreover, we have the fundamental inequality:

g
[E:Fl=n>> e¢f; (2.1.8)

1=1

If the equality holds, it is called the fundamental equality.



Fact II: When (£, v) is henselian, ¢ = 1 and we deal with a single ramification index e E|F = ¢
and a single inertia degree f EIF = f. Furthermore, in this case, n is divisible by the product e f

and we can write

for some positive integer d E|F-

Definition 2.1.10. The integer dp; - above is called the defect of the extension (E|F,v). It is

known that d | - is a power of ¢ ; where ¢ = max{char(Fy), 1}.

2.1.4 Cyclic Extensions of Prime Degree

Let E|F be a cyclic degree p Galois extension of henselian valued fields, where p = char F' > 0 .
Let O and O denote the valuation rings of F and F respectively. Let E and F be the respective

residue fields.
Lemma 2.1.11. [f E|F is ramified and defectless, then we have two cases:
(a) Order of v(E™)/v(F™) is p and it is generated by vg (1) for some p € E*.

(b) There is some i € E* such that the residue extension E|F is purely inseparable of degree p,

generated by the residue class of .

Lemma 2.1.12. Let E|F, ju be as in Lemma 2.1.11 and x; € F forall0 <i <p— 1. Then

p—1
Z zip' € Of ifand only if x;u* € Op for all i.
1=0
p—1
Proof. If z;u' € OF for all i, then clearly, Z z;u' € O . For the converse, we observe that
1=0
p—1
if vp(z;p’) are all distinct for 0 < ¢ < p—1,then 0 < vp in,ul = min vg(z;u’).
—~ 0<i<p—1

Hence, the converse is true in this case. Now let us break down the rest into two cases (a) and (b)



as described in the lemma above.

(a)

(b)

We claim that in this case, vE(:ciui); 0 <i<p-—1, x; # 0 all have to be distinct.
Assume to the contrary. Let 0 < i < j < p — 1 be such that vg(z;u') = UE(a:j,uj); T, are

non-zero. Then vg (/™) = (j — i)vgp(p) = vg <ﬂ) € v(F™). This is impossible, since
T
J
the order of vy (p) in v(E™)/v(F*)ispand ptj — i.

We observe that v(x) = 0. The only case we need to consider is when 0<m<in . v(zipt) = v <
<i<p—

0 and the minimum is achieved by more than one a:i,ui. Let0<iy1 <...<i4p<p—1;7>2

integer such that v(xis,uis) =wvforalll < s <r. Clearly, v(x;,) =vforalll < s <r. In

r T
particular, ;, # 0. Since v Z z; ' | > v, we see that v Z syt | o> 0.
— —1 i
s=1 s=1
,

€T .
Equivalently, z = E “'s's ¢ mE; where mE is the maximal ideal of Op.
T
s=1""1

Since i’s are F-linearly independent ; 0 < i < p—1,2emE < z=0¢€ F < (xﬁ) =

0 € F for all s. However, this is impossible since v(z;,) =vforalll <s <.

O
Lemma 2.1.13. Let j1 be as in Lemma 2.1.11. Then dlog u generates the O -module w(loE| Op
Proof. Tt is enough to consider the elements dlog(zuf);0 <i<p—1, z € K*.
dlog(z') = dlog x + i dlog pi. The rest follows from the fact that dlog z = 0 in w(l,)E‘ Op

O

2.1.5 Trace

Lemma 2.1.14. Let R be an integrally closed integral domain with the field of fractions F'. Let

E|F be a separable extension of fields of degree n. Suppose that § € E is such that E = F([3) .

Let g(T) = minp (), the minimal polynomial of 5 over F'. Then

10



m . n—1
1. TrE|F (f(ﬁ)) is zero forall1 < m <n — 2andTrE‘F <§’(5)) =1

2. Assume, in addition, that (3 is integral over R. Then {x € E | Trgp(zR[f]) C R} =

Details can be found in section 6.3 of Kato et al. [2011].

2.2 Discrete Valuation Rings

2.2.1 Classical Theory: Complete Discrete Valuation Rings with Perfect

Residue Fields

Let K be a complete discrete valued field of residue characteristic p > 0 with normalized valuation
v, valuation ring A and perfect residue field k. Consider L|K, a finite Galois extension of K. Let
erx be the ramification index of L|K and G = Gal(L|K). Let w be the valuation on L that
extends v, B the integral closure of A in L and [ the residue field of L. In this case, we have the

following invariants of ramification theory:

* The Lefschetz number i(o) and the logarithmic Lefschetz number j(o) for o € G\{1} are
defined as
i(0) = min{w(o(a) —a) | a € B} (2.2.1)

jlo) = min{w(@ —1)|ae L*} (2.2.2)

Both the numbers are non-negative integers.

* For a finite dimensional representation p of GG over a field of characteristic zero, the Artin

conductor Art(p) and the Swan conductor Sw(p) are defined as

Art(p) = —— 3" i(o)(dim(p) ~ Tr(p(0)) 223)
LK ;eon1y

11



1 . .
Swip)=—— > j(0)(dim(p) - Tr(p(c))) (2.2.4)
LIE ;eq\(1)
Both these conductors are integers. This is a consequence of the Hasse-Arf Theorem (see

Serre [1979] ).

The invariants j(o) and Sw(p) are the parts of i(c) and Art(p), respectively, which handle the wild
ramification. We wish to generalize these to all valuation rings considered in this paper. Namely,
the case where L is a non-trivial Artin Schreier extension of K, a valued field with henselian
valuation ring, defined by o — o = f, where f € K . Let us begin with the case of discrete

valuation rings, possibly with imperfect residue fields.

2.2.2 Best f and Swan Conductor

Let K be a complete discrete valued field of residue characteristic p > 0 with normalized valuation
v, valuation ring A and residue field k. We do not assume that & is perfect. Let L = K («) be the
(non-trivial) Artin-Schreier extension defined by a” —«a = f, where f € K. Let w, B and [ denote
the valuation, valuation ring and the residue field of L, respectively. We define the Swan conductor

of this extension as described below.

Definition 2.2.5. Let ¢ : K — K denote the additive homomorphism = — zP — x. Note that
the extension L does not change when f is replaced by any element g € K such that ¢ = f mod
PB(K). Because, if g = f + hP — h for some h € K, then the corresponding Artin-Schreier

extension is generated by o + h over K.

1. If there is such g € A, L is unramified over K and the Swan conductor is defined to be 0.

2. If there is no such g € A, the Swan conductor is defined to be min{—v(g) | ¢ = f
mod P(K)}. Anelement f of K which attains this minimum will be referred to as “ best f

” throughout this paper. It is well-defined modulo B(K).

12



This definition coincides with the classical definition of the Swan conductor when £ is perfect.

Existence of best f relies on the existence of min{—v(g) | ¢ = f mod B(K)}. This is guar-

anteed in the case of discrete valuation rings, but not in the case of general valuation rings.

Example 2.2.6. Let K’ = k((t)) where k is of characteristic p > 0. ¢ is a prime element of K. Let

n be a positive integer coprime to p. In this case, the Swan conductor of the extension given by
1

o —a=—isn.
tn
More generally, let m > 0 be an integer and n as above. Then the Swan conductor of the
1 1 1
extension given by o — a = — is also n. This follows from — = — mod B (K).

A concrete description of the Swan conductor is given by the following lemma:

Lemma 2.2.7. By replacing f with an element of {g € K | g = f mod B(K)}, we have best f

which satisfies exactly one of the following properties:
(i) feA
(ii) v(f) = —n where n is a positive integer relatively prime to p.

(iii) f = at™" wheren > 0, p

n, t is a prime element of K and a € A* such that the residue

class of a in k does not belong to kP = {«P | x € k}.

In the case (i), the Swan conductor is 0. In the cases (ii) and (iii), the Swan conductor is n.

2.2.3 Refined Swan Conductor rsw

Definition 2.2.8. Let K be a discrete valued field of residue characteristic p > 0 with normalized
valuation v, valuation ring A and residue field & (possibly imperfect). Let L. = K («) be the Artin-
Schreier extension defined by o — o« = f where f is best. The refined Swan conductor (rsw) of

1
this extension is defined to be the A-homomorphism df : <}) — wil given by h — (hf) dlog f.

1
We note that for h € <?> ,hf € Aandhence, (hf) dlog f is indeed an element of w114.
13



The A-homomorphism rsw is well-defined up to certain relations, as discussed below.

Lemma 2.2.9. Let L|K be as above, given by best f, H = (%) Then rsw is well-defined as the

A-homomorphism : H — wh/ﬂwh; where Lis the ideal {x € K | v(z) > (%) v (%)} of A.

Proof. Let g be best as well. Hence, there exists « € K suchthat g = f+aP—aand v(f+aP—a) =

v(f). Since v(a) > v(f),H N My =H. By Lemma 1.5, dg — df = —da on H.

For h = ; € H;be A da(h) = ha dloga = b (%) dloga € <%) w}4. It is enough to show
-1 1
that v (E) > (p_) v (— . This is clear in the case a € A.
f p f
If a € K\ A, then v(aP — a) = pv(a) > v(f) = v(f + a” — a). Hence, proved. O

Remark 2.2.10. We note that [ = {x € K | v(z) > (%)v <%>} ={zr e K | wx) >

(=) +()
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CHAPTER 3
PROOFS OF MAIN RESULTS

3.1 Small Results

In this section, we present some small results that help us understand the two special cases I and II

better. First we extend the notion of “best f” to the general case.

3.1.1 Bestf

Definition 3.1.1. Let K be as in 0.1, B : K — K as before. We say that f € K is best if either

f e A% orif f satisfies —v(f) = inf{—v(g) | ¢ = f mod P(K)}.

Since we cannot guarantee the existence of best f in general, as seen in the example below, we
will reinterpret the notion of the refined Swan conductor using the logarithmic differential 1-forms

over A, as stated in Theorem 1.2.3.

Example 3.1.2. (Non-DVR)
Consider the extension L|K as described in section 8. The value group I' is isomorphic to Z[%].
We have a sequence of elements f; € 2l for all integers ¢« > 0, each better than the previous one,

such that

1. —v(fi):n—zi.

t

2. The ideal H of A is generated by {fl|22()}
Since inf —v(f;) ! € R\T', there is no best f
ince inf —v(f;)=n— ——=c¢ re is st f.
i>0 ! p—1 ’

Corollary 3.1.3. Let K be as in 0.1 and L|K satisfy (I), given by o — o = f where f is best.

Then

(i) B is described as follows:
15



p—1
(a) IfeL|K =p, B = ZAZ‘OéZ where Ag := Aand forall1 <i<p—1,

1=0

A ={r e K|w(x)>—-iva)}={rec Alwx) > —iw(a)}.

(b) Ifer g =1,B = Alary] where v € A such that ay € B*.
(ii) dlog « generates the B-module wgm.
Proof. (1) We apply Lemma 2.1.12

(a) —vg := w(a) generates the group w(L™)/w(K ™) of order p. In particular, for all 1

IN

ivg ¢ w(K>X). Forz € KX, za' € B if and only if w(z) > ivg if and only if

w(x) > ivg.

(b) Since e = 1, there exists v € A such that ay € B*. We just take u = ay.

(i1) This is a direct consequence of (i) and Lemma 2.1.13.

3.1.2 Fractional Ideals in a Valued Field

Let F' be a valued field with valuation v, value group I', valuation ring O := O and residue field
F. A subset S of F is a fractional ideal of F if there exists 0 # b € O such that bS is an (integral)
ideal of O.

We note that in such a case, S = {z € F' | v(z) > v(s) for some s € S} = Ugeg sO.
Definition 3.1.4. Consider the case (II), we can regard I" as an ordered subgroup of R. Let S be a
fractional ideal of F' and ing v(s) =t € R. We define F-valuation of S as follows:

se
() Iftel CR,u(S):=t

(i) Ift € R\T,v(S) :=¢t+

16



We can define the F-valuation of S by (i) when S is generated by a single element s € F', even
if " is not isomorphic to an ordered subgroup of R. In that case, v(S) := v(s) and S = s'O for

any s’ € F such that v(s") = v(s).

3.1.3 Defect and J,

Lemma 3.1.5. The fractional ideals [J; and ‘H are integral ideals of L and K respectively, that is,
(i) Ty = GZ?~JﬂbeLXD cB
(i) H = ({%|f€2{}) cA
Proof. (i) For b € L™, w(o(b) —b) > min{w(c(d)),w(d)} = w(e(b)) = w(b). Hence,
a0 _1eB.

1
f

f € mg N2 Since K is henselian, roots of o — a = f are already in K, contradicting our

(i) We need to show that for each f € 2, — € A. Assume to the contrary that there is some

assumption that L|K is non-trivial.

O

In Lemma 3.1.6, we define the A-linear maps [; which will be used in the proof of Proposi-

tion 3.1.10.

Lemma 3.1.6. Let L|K be as in 0.1 and b € B such that o(b) — b generates Z,. Define A-linear

maps D; : L — L inductively for 0 <i <p—1by

1<i<p—1 (3.1.7)

Do = idy L — L, Dyz) =
P

These maps have the following properties:

1. Di(b)=1;0<i<p—1

2. Di(t)=0,0<j<i—1,1<i<p-1
17



3. Forxz € B, Di(zb) = o' (b)D;(x)+D;_1(x); 0 <i < p—1(Ifi = 0, we set D;_1(z) = 0.)
D;(bh = ZO‘J ); 0<i<p-—1

5. Foreach0<i<p—2 (o —1)(D;(b""1)) = 0" 1(b) — b and hence, is a generator of I,.

In particular, it is non-zero.

Proof. First we note that (o — 1)(Dg(b')) = (¢ — 1)(b) # 0 and hence, the definition of Dj is
valid. As we prove (1)-(5) by induction on ¢, validity of the definition of D; for 1 < ¢ < p—1
will become clear.

(1) follows directly from the definition. (2) is clearly true for i = 1, since D1(1) = 0.
fO<j<i—1<p—2(0—1)(D;j_1(t")) = (¢ —1)(1) or (¢ — 1)(0) and hence, D;(b/) = 0.
The 7 = 0 case of (3)-(5) follows directly from the definition.

For: =1, (3)-(5) follow from

Let 2 < i < p — 1 and assume that (3)-(5) are true for O, ..., — 2,7 — 1. Then we have:
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ooy (o =1)(D;—1(xb))
P = =0 D )
(o= 1)(0" (D) Di_1(x) + D;_s(x))
- ot (b) — b by (3).
_ (0= 1)(Di—1(x)).0" (D) + (0 — 1).(0'1'_1(5))-19@'—1(56) + (0 = D(Di—2(x))
o'(b) — b
i, (0 = 1)(0"1(b).Dii(x) + (0 — 1)(Di_s(x))
=o' (b)D;(z) + 270) — b by (3.7) and (5).
; o — oi—1 L qlx o — (B . D, (x
- Do)+ CUE DAl o DO DDA 17 s
(D) Di() + Dy (2)\ = 1)<"Z;i((z)))_+b””(b) -0 by (5) fori—2.

= 0'(b)D;(z) + D;_1(x)

This proves (3) for i. (4) follows from (3). For any fixed 0 < i < p — 2, (0 — 1)(D;(b**1)) has the

same valuation as (o — 1)(b) and hence generates Z,,. O
Corollary 3.1.8. Forall0 <i < p—1,D;(B) is a subset of B.

Proof. This is clearly true for : = 0. We proceed by induction. Fix some 1 < ¢ < p—1 and assume
that the statement is true for i — 1. Hence, forall z € B, D; {(x) € B= (c—1)(D;_1(z)) € Z,.

By Lemma 3.1.6 (5) , D;(x) = ((Z : 11))((52:11;;;; €B. O

Lemma 3.1.9. If L|K is as in 0.1 and has defect, then

(i) (a(b)—blbeBX):L,:jg:(%b)—HbEBX)

(ii) QB|A =Wpa

Proof. Given any b € L, there are elements a € K, b’ € B* such that b = ab'.
(i) Forb € B,a€ Aand o(b) — b= a(a(t)) — V).

Forbe L*,a € K* and#—lz




Furthermore, i/ € BX = Z¢) _ 1 L) -v) et
s b/ b/ (O

(ii) Let b € L*. dlogb = dloga + dlog b’ = dlogt’ since dlog a = 0 in W%\A'

V'€ BX = dlogh! = b/ € Qjy .

Proposition 3.1.10. Let L|K be as in 0.1. J5 is principal if and only if L|K is defectless.

Proof. If the extension is defectless, by Lemma 2.1.11, Lemma 2.1.13 and Lemma 2.1.6(a) J,
is principal. Now suppose that the extension is with defect and that 7, is principal. Hence, by
Lemma 3.1.9 7, = Z,. Let b € B such that o(b) — b generates Z,.

We claim that B = A[b].

p—1

Consider z; € K;0 <7 < p—1suchthaty = Z x;b' € B. We must show that z; € A; for all 4.
1=0

Define y; := ] 0 x]bj 1 <4 < p. We show that y; € B and consequently, D),_;(y;) = vp_; €

B by Corollary 3.1.8. Clearly, y; = y € B. Assume that y; € B for some 1 < ¢ < p. Since
Tp_isb € B, yip1 =y — xp_ibp_i € B. Thus, z; € BN K = A; for all i and hence, B = A[b].

Since the extension is with defect, f = 1 and b = a + b for some a € A and for some v € m L
Therefore, we may assume b € my,. Also, due to the defect, e = 1 and b = ab’ for some a € m
and for some unit ¥’ of B. o(b) — b = a(o(t)) — V). a(t/) — b = c(o(b) — b) for some ¢ € B.
Hence, ac = 1. This is impossible since a € m . Thus, the extension must be defectless if J; is

principal.

3.2 Proof of Theorem 1.2.1

We prove that H = N .
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Let f € 2. Then (—1)’?N(«) = —f. Equivalently, % = N(é) = N(@ — 1). From this,
it follows that H is a subset of N, without any assumptions regarding defect or the value group
' . Next, we prove the reverse inclusion Ny C H. If L| K is defectless, this follows directly from
results in section 3 (see Proposition 3.1.10 and Corollary 3.1.3 (1)). Because, H is generated by
%, where [ is best. Since J, = (é) , Ny = (N(é)) = H. Proof in the defect case, however,
requires some work.

Let L|K satisfy (II) and have defect. The value group I' = T'j; can be regarded as an ordered

subgroup of R. Let v denote the valuation on L and also on K. We analyze a special case first.

3.2.1 Casep =72

For any z € L, o(o(x) —x) = © — o(x) = o(x) — x, since the characteristic is 2. Hence,

o(x) -z =o0(x)+2=Trpg(x) € K;forallz € L. Forany fixedz € L, lety = o(z) — .

a(%) —% = 1if y is non-zero, that is, if  does not belong to K. Let z = % z4o0(z)=2241=1

and N(2) = 2(z2+1) = 22+ 2= 22— 2 = f € K. Thus, % is a solution of an Artin-Schreier

2

extension «© — a = f; f € K. All Artin-Schreier extensions over K having solution in L are

obtained in this way.

Any generator of J, has the form J(I)fx. Letting % =N (0(12“71’) we get the corresponding

x

Artin-Schreier extension.

Remark 3.2.1. We don’t need I' to be an ordered subgroup of R for this case, the argument is true

for any value group.

3.2.2 Casep > 2

We wish to show Ny C H, equivalently, for each 5 € L*\K* the ideal of A generated by
N(%ﬂ) — 1) is a subset of H.

Let us begin with some elementary observations:
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(O1) We may assume 5 € B\ A: AC1) N . (M — 1)(—i). Since (—i) € B*, norms

1/p B o(B) o(B)
of elements % —1and # — 1 generate the same ideal of A.

(02) Trace and (0 — 1):

o—1)P _ 4P_1
c—1 — o-1

We have the formal expression (o — 1)P~1 = ( —oP Ly oP 24 4o+1.

Thus, for any x € L, (0 — 1)P~(z) = TTL|K<37)-

(O3) Reduction: If we can find an element x5 = = € L\ K satisfying an Artin-Schreier equation

over K and such that v((a_mﬂ) < v(# — 1), then we have:

0 <oV = 1y < o(N(TP - 1)) =1y

After this, it is sufficient to show that the ideal of A generated by N (@ — 1) is a sub-

set of H.

(O4) o — 1 and changes in valuation: Letb € L*.

U(blzib € B = v(o(b) —b) = v(b) + s, for some s > 0.

e Forl <i:<p-—1,
(@' (b) = b) = v(X1<j<; 07 (b) — 0?71 (B) = ming<j<i{v(o?(b) — o771 (B)} =
v(o(b) —b)

* By the same argument, applied to 7 = ai, (o = 7™ for some 1 < m < p — 1) we have
v(o(b) — b) > v(o"(b) — b) and thus, the following equality:
Forall1 <i:<p-—1,

v(a(b) — b) = v(b) + sp.

Proof of Theorem 1.2.1. For given 3 as above, we will now construct the special element x5 [see

(O3)] and prove that the ideal of A generated by N (# — 1) is indeed a subset of H . Let
—1

g(T) = ming (8) and 25 = x := (0 — 1)P~2(Z ).

q'(B)
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—_

Puty = o(z) — 2 = (¢ — 1)(x). By (O2) and Lemma 2.1.14, y = TrL|K(g,p_ ) =1. Asin

)
the case p = 2, y # 0 and we have a(%) — % =(oc—1)(z)=1.
-1
Observe that z = (0 — 1)P~2 (%) € L\K satisfies o(x) = = + 1 and hence, the Artin

Schreier equation o — o = N(z). Thus, we have

1
N(x)

_ -2 pP—1
— N (1/(0 1y (g’(ﬂ))> =N (3.2.2)

Now we need to relate the principal ideals generated by NV (M) and N ( EBﬁ ) 1). For this,
we look at the L-valuation of these elements. Let v(%) =s' > 0and v(%) =s5>0.
It s' < s, then N(Z4 — 1) € M and hence, ( (A - 1)) =N -nacH
Now suppose that s’ > s. Putr = 5(6) Then ¢'(3) = [Ti<i<p—1(B - o'(B)). Hence, by
(04),

v(r)=—(p—1)s (3.2.3)

For1 <i<p—11letv((c —1)r)) =v((c — 1)) + ¢ ¢; >0, ¢p—1 = &' by definition.

Since v((0 — 1)P~1(r)) = (1) = 0, from (4.3), we see that
Z ¢ =—v(r)=(p—1)s (3.2.4)

Let ¢ := inf{v(# —1)|be L*} =inf{sy | b€ L™} € R, where s;, is as described in (04).
We observe (p — 1)s = Z i cﬂ—s >(p—2)c+s >(p—2)c+s>(p—1)c>0.

In particular, (p —2)(s —c) > s’ — s > 0. By the definition of ¢, we can take s very close to ¢ such
that s’ < s for this new s.

This concludes the proof. 0
Corollary 3.2.5. Under the assumptions of Theorem 1.2.1, the following statements are equivalent:

1. Best f exists.
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2. H is a principal ideal of A.
3. Js is a principal ideal of B.

4. L|K is defectless.

3.3 Filtered Union in the Defect Case

To generalize the results to the defect case, we write the ring B as a filtered union of rings A[z],
where the elements x are chosen very carefully. Although these are not valuation rings, each ring is
generated by a single element (over A). This makes the extensions K (x)| K and the corresponding
differential modules, special ideals easier to understand. We will use Theorem 1.2.1 to prove these

results.

Theorem 3.3.1. Consider ¥ = {a € L | o’ —a = f; f € K, and « generates L|K }. For each
a € .7, we can find o/ € B* N aK™ such that B = U, o Ald] is a filtered union, that is, the

following are true:
(i) Forany oy, o € .7, either Alo]] C Alady)] or Alag] C Aled]].

(ii) Given any 3 € B, there exists o € . such that 3 € Ald/].

331 p=2

First we consider the filtered union in the p = 2 case, as given by the result below.

Proposition 3.3.2. Forp =2, B = UaeL\KA[TrO([a)] is a filtered union.

Proof. We are dealing with the defect case, sow = v = v. Let aj, a0 € L\K. Trc(ji) = f; € B.
a; y_ ola) o - _ Qi 2 o 1.

U(Tr(a,-)) = T(a) = To(ep) T 1 since p = 2. We have <Tr(ozi)) ~ (e — @i G € A.
o o o« «  « «

*(Mifar) ~ T(az) = Tlan) T 1~ To(az) ~ 1 = To(an) ~ Tr(an)

o « _ 1 1 _ 1 1 2 12 1 1
Therefore,m—wfm =53 —9€ Kand ;- = &~+9°—g. Wenotethat(g) 5 =

that is, 5; = % — ¢;. We will prove the following two statements.
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(1) Ifv(eqp) > v(eo), then A[Bq] is a subset of A[fs].

(2) Tfv(cy) = v(co), then A[B1] = A[fo]

In (1), it is enough to show that 5; € A[f3]. Since % = (9 + c9, it is an element of A[fs].
Consequently, £t &= 222 % € AlBo).

. c
Claim: f; € A[By] & 24 € Alfy] & 2= € Al

51 B2
Proof of Claim: This can be shown by following steps:
ch=gF —c.a€A
o Ol _

v —01(52 9) =4 +cig.
Now —v(c1) = v(L) = U(% +g%2—g) < —v(eg) = v 12) <0

C1

= —v(c) = v( + g% — g9) = v(g® — g) = 2v(g) (the last equality follows from 0 >
—v(c1).)
= v(crg) = —2v(g) +v(g) = —v(g) >0

= c19 € A (since c1 g is already in K.)

The proof of (2) is very similar to the proof of (1). We just need to show that v(cig) > 0. If
v(g) > 0, this is clearly true. Let v(g) < 0,v(c1) = v(eg) = v > 0. Since v( +¢2—g) =
> 0. ]

NGl

v(z),2v(g) = v(g? — g) > v(5) = —v. Hence, v(c1g) > v —§ =

Remark 3.3.3. This particular construction in the case p = 2 doesn’t appear to have an easy

generalization to the case p > 2. We use a different approach.

3.3.2 Some Elementary Results for p > 2

Due to the defect, given any o € . there exists 7o, = 7 € A such that v(y) = —v(«a) = —%v(f).
Define o/ = ay € B*. We claim that this choice of o/ satisfies the conditions of Theorem 3.3.1.
We note that the ring A[a’] does not depend on the choice of 7.

Lemma 3.3.4. If oy, ag € .7 such that v(ap) < v(ag), then Ala)] C Alod)].
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Proof. We have (by choosing appropriate conjugates ) o(ao —a1) = (ao+1)— (a1 +1) = ag—ay
. Hence, a9 — a1 =: h € K.
v(ay) <wv(ag) = v(y1) = v(vye) and v(h) > v(ay) = —v(7y1). Therefore, %,vﬂz € A

Consequently, o} = v1 (a2 — h) = %0/2 —11h € Ala). O
Lemma 3.3.5. Given any (3 € B, there exists a € . such that (o(8) — 3) C (o(a/) — o).

Proof. Letv :=v(o(B)—0), vy := bélgx v(o(b)—b) € R. Hence,Zy = Jo = {x € L™ | v(x) >
vo} and Ny = {x € K* | v(z) > pug}. Since this is the defect case, by Proposition 3.1.10, Z is
not a principal ideal. We need to show that v > ¢, where ¢ € R is defined by

c:= aiélﬁﬂv(a(a/) —d) = aig; v(Ya) = 02; —v(a) = }gg—%v(f)

Note that H = {x € K™ | v(z) > pc}. By Theorem 1.2.1, X = N and hence, ¢ = vy. To
conclude the proof, we observe that o(5) — € Zy = v > vg = c.

]

Lemma 3.3.6. Forz,y € L, we have (o0 —1)"(zy) = > 1_o (1) (0 — )"k (z) (o —1)F (0" F(y))

In particular, forn =1, (o — 1)(zy) = (0 — 1)(x)o(y) + z(c — 1)(y).

Proof. This can be proved by using induction on n and the binomial identity (Z) + (kﬁl) =
+1
(") —

3.3.3 Filtered Union for p > 2

Proposition 3.3.7. Given any 3 € B*, there exists o« € . such that (o — l)pfl(F,(la,) Al 8]) C

B. Here, F denotes the minimal polynomial of o/ over K.

Proof. We compute valuation of these elements and show that it is non-negative.
Foralla € .7,1 < k < p—1,0"(a/)—a’ = (¢¥(a)—a)y = kv. Therefore, F’(o/) = —~P~ 1,
In particular, it is an element of K and hence, fixed by o.

We wish to select o such that for all 7, j > 0,
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(o = P H""87)) = o(F'(a") = (p = Do(7) (3.3.8)

(Step 1) Construction of the special o’
We begin with an oy satisfying (o(3) — 8) C (co(a) — o). Let (0—1)(8) = b1yo; b1 €
B. Therefore, (0 — 1)2(8) = (¢ — 1)(b1)79. We don’t know much about the valuation
of (¢ — 1)(b1), however. Let o be such that ((c — 1)(b1)) C ((o — 1)(f})). Write
(0 — 1)(b1) = boy1;by € B. Now we can write (¢ — 1)2(8) = byy17p. Using this
process, we can find b;’s and «;’s such that (¢ — 1)*(5) = b;y;_1...7170; Where b; € B.
Let v be the 7, with smallest valuation involved in the expression for i = p — 1. Let

« denote the corresponding ;. We will show that this « satisfies the required property

(5.8).

(Step 2) Proof for (5
(a(B) = B) C (c(ag) — ) C (o(e)) —a') = (7). since v(7) < v(7p). Due to the
choice of ~y, we also have v((c — 1)!(3)) > tv(y) forall 1 < ¢t < p — 1. In particular,

this is true for ¢ = p — 1, proving the statement (5.8) for the case ¢ = 0, 7 = 1.

(Step 3) Terms o/ 3J
For the terms of the form 37, we use induction on j and Lemma 3.3.6. Valuation of each
term in the expansion is at least (p — 1)v(7y). In fact, by a similar argument, v((c —
DE(B) > kv(y) forall 1 < k < p— 1.
For the general terms o/'37, first note that (o — 1)*(a/) = (¢ — 1)*~1(5) = 0 for all
k > 1. Therefore, (again using the identity), we have
(0 =1 a”p7) = o’ (o = 1)P~H(B) + (p— 1) (0 = 1)(@")(0 = 1)P~>(a(5)). Once

again, both these terms have valuation > (p — 1)v(7).

This concludes the proof of the proposition. 0
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3.3.4  Proof of Theorem 3.3.1

Let 3 and corresponding special o’ be as described above in (Step 1). We recall that for an A-

module R C L, R* :={x € L | Trp (2R) C A}.

Proof. Clearly, A[d/, B]* C Ald/]* = %A[O/]. We proved that (a—l)p_l(%fl[o/,ﬂ]) C

B. Since (0 — 1)P~1 = Tr, i has image in K, TI“L|K(ﬁA[O/,5D C BNK = Aand

we have the reverse inclusion. [l
2. R:= Ald, ], S := A[d/] are finitely generated free A-modules.

Proof. Since 3,q’ are integral over A, R and S are finitely generated A-modules. A is a
valuation ring and R, S are finitely generated torsion-free A-modules. Therefore, R, S are

free A-modules (of finite ranks). ]

Proof. R is a free A-module of finite rank. Hence, R** = (R*)* = R. Similarly, S** = S.
By (1), R* = S* and hence, R = S. O

These statements, in combination with Proposition 3.3.7 prove part (ii) of Theorem 3.3.1. Part

(1) was already proved in Lemma 5.4. This concludes the proof.

3.4 Proof of Theorem 1.2.3

Lemma34.1. N o =N : B — A/(Zs N A) is a surjective ring homomorphism.

Proof. We just need to check the additive property of N : B — A/(Z; N A) in order to prove that

it is a ring homomorphism. For x € B, N(x) = xHZ 1 0'( ).
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Foreach1 <i<p—1,0'(z) =2 mod Z,.
Thus, N : B — B/Z, is just the p-power map, that is, z — 2P mod Z, and hence, additive.

This makes N : B — A/(Z, N A) additive as well. N

Remark 3.4.2. We don’t need any assumptions regarding defect or rank here.

3.4.1 Case I: Relation between the ideals H,1,Z,, 7,

Notation 3.4.3. Case I is the defectless case, so best f exists and we can define the ideal I of A by
I .= ({% eK|v(f+d —a)= v(f)}) It is worth noting that this definition coincides
with the one in Lemma 2.9. Let w(a) = —vy < 0. Hence, w(f) = —pvg, H = {z € K | w(z) >

po}, I={z € K|wx)>(p—1)vy}and Jy ={z € L | w(x) > vy}
Proposition 3.44. H C 1 C Z, N A.

Proof. Comparing valuations mentioned above, it is clear that H C L.

We break down the rest of the argument into several cases:

s Ifer g =126 = J5 = {z € L | w(z) = vo} and the result follows.
e Let 6L‘K =D.

@ p>2
1 1 1 -1
EGB:>J<E>_E_MGIU'
Hence, {x € L | w(x) > 2vp} C Z,. Since p > 2, p— 1 > 2 and hence, I C Z, N A.

We cannot use this argument for p = 2, since in that case,p — 1 =1 < 2.

(1) p=2
Let % € K such that v(f + a® — a) = v(f). Consider b = %. Then

w(b) = w(a) +w($) = ~vg+v=0=be B=o(b) ~beL.
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Hence, % € I N K = I, N A. This concludes the proof.

3.4.2 Casel

Let f be best, b € B. We prove that the following diagram commutes:

. {N where the maps are given by ANl lﬁ

WL /(T N Ay HH N(b)dlog f +—z— N(b)3

Proof. Consider the map ¢, : w}glA/jgw}g'A — J»/J2. By Lemma 2.1.6, we know that ¢, is a
surjective B-module homomorphism. We prove that it is injective.

Since w}m 4 1s generated by dlog «, it is enough to consider elements of the form bdlog ;
where b € B. bdloga € Ker(py) < (22 —1) = bl € 72 = be J, © bdloga € jgw}g‘A.
Therefore, ¢ is a B-module isomorphism.

Next, we note that H is generated by % and N(«) = f. By Lemma 3.4.1, we have additivity of
the two vertical maps. Since H C I C Z, N A, the map rsw is independent of the choice of best f.

]

3.4.3 Preparation for Case Il

Valuation on A and B:

Fix some o € . as our starting point. We may only consider o € . such that v(a) < v(«).
Consider the subset .7 of . consisting of such a’s. Let v(ag) = —p < 0,79 € A such that

v(p) = p. For each a € .4, we have corresponding v, € A with v(7,) = —v(a) < v(yg) = u
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and o/ = a7y, € B*. Let F, denote the minimal polynomial of o/ over K. We recall that
F!(a’) = =21 and hence, we have the isomorphism Q}q[a,” 4 = A/ (72™1) described in
6.3.3.

Let fo :=aP —a = N(a) € K.

Special Ideals

Due to the defect, we have Z, = J, by Lemma 3.1.9.
Let vy := inf{v(# —1)|be B*} € R. Then

(@) Zy = J5 = {b € B | v(b) > vy}, and consequently, by Theorem 1.2.1 ,
(b) Nog ={a € A|v(a) >pvy} =H.
We have inf{v(Z2 — 1) | b€ B*} = inf{v(o(b) —b) | b € B*} = inf{v(o(a’) — /) | a €

o} € R. The last equality follows from Lemma 3.3.5. Therefore,

vo = inf{v(ya) | @ € S} €R (3.4.5)

Differential Modules QL[Q,H e

We compare Ql Alah]|A and Q Alo]|A° Let ¢y 1= 75*1, co = 78*1 and the ratio vy /vo =: aq € A.
Then we have the following commutative diagram:
yora —— Alafl/(c0) —— () Alaf}/(&2)Alaf)
\[pa [ o
Vara — Al')/(ca) —— (G AL)/ () Al

b

Here, ag = 79/7 = 1 € A and the isomorphisms are given by bodoz() — by — —O; for all
agp

by € Alog] and bdo/ +— b — -=; forall b € A[a/]. The vertical maps are described as follows.

We look at the relationship between the generators o, o’ and similarly, between dey, , do. Since
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« and «y give rise to the same extension L|K, oy — o =: h € K. Comparing the valuations, we

see that v(ag) = v(h) < v(a) and hence, u = hyy € A*.

ah = (a+h)y = (@+h)ya - aq = aagd +u (3.4.6)

Since o/ € B and ay,u € A, o/day, = 0 = du in the differential module Q}A[ o] A Therefore, we
have

dafy = aqda’ + o/dag + du = aqda’ (3.4.7)

Thus, pa, Lo are given by multiplication by a,. The map j, is also multiplication by a, and rises

from the inclusions

Alh] € (D)A[X]; — = —aq = — 3.4.8

(3)Al0f] € (Al oo o = (3438)
and

(D) Alah] € (C2)A[); LD Dy = 24k, (3.4.9)

ao (076% CL() aO [076%

Lemma 3.4.10. Consider the fractional ideals © and ©' of L given by © = {z € L | v(x) >

vog—p}and ® = {x € L | v(x) > pvg — pu}. Then we have:

(a) Qp, = 0/6

(b) ©/TJ50 = J5/ T2

Proof. (a) Let I be the fractional ideal of L generated by the elements (=—). Let I’ be the frac-

1
(¢7%
tional ideal of L generated by the elements (2—3) Under the isomorphisms described in the
preceding discussion, we can identify each Qh[ /]| A with (%) Ald]/ (%)A[a/]. Taking limit

. . . 1 . /
over a’s, we can identify 2 BlA with /1",

Since —v(aa) = v(7a) = v(0) = v(Ya) =, I = {z € L [v(z) > info(ya) — p} = ©.
Similarly, v(ca) = (p — 1)v(7a) = v(3%) = pv(Ya) —p = 1I' = O,
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(b) This follows from the fact that © = 7, as B-modules, via the map xvq : z +— x7

3.4.4 Proof of Theorem 1.2.3 in Case Il

Due to the defect, we consider Qfl3| A and 9}4 instead:

L/ (Zo 0 A o H/H?

As discussed in Lemma 3.4.10, we can write Q}3|A = % Qil[o/HA and it is enough to
acA)

consider the diagram for each a € .%y:

1

A/ @Ay —=— (DAL (3)Al]
jN (B.4.11)

Ml
QL /(Z, N A)QY « — 1

where the maps are given by

bdo!
ANl ¥

N(ba') dlog fo ¢ N(bo/)fLa

T

We note that in w}_ﬂA’ dlog a = dlog o + dlog v, = dlog «

At each a-level, we observe the following:
(i) The map s : |A/(é) A~ (é)/(é)2 is same as the one obtained from Lemma 3.4.10.
Proof. By Lemma 3.4.10, Ql |A/(é) L)/ () = (L)/(2)? under the
1

O/

L 5 0 = 7a = &
o (7 )=
33
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On the other hand, ¢, (da)



(i1) The map rsw is well-defined.

Proof. Define the ideal I, of A by I, := ({]% e K|v(fa+aP —a)= v(fa)}> As in

o «

case (1), we have (fia)A C I, C (1)A[e/] N A. Since (D) A['|NAC T, NA=1T,N A4,

the map rsw is well-defined. 0
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CHAPTER 4
THE DIFFERENT IDEAL Dgp 4

4.1 Basic Properties

We recall that D1_3|1A ={z el |Tryg(@B) C A} = B* and the different ideal Dp, 4 is defined

to be its inverse ideal.

Lemma 4.1.1. Let n € B\A, L = K(u), and F(T') € K|[T] the minimal polynomial of i over K,

then A" = %A[u].

Proof. See lemma 6.76 of Kato et al. [2011]. L]

Now we describe the different ideal D B|A in the cases I and II. We will assume that the exten-

sion L| K is ramified. Consider the following three sub-cases:

* Case (i): eL‘K = 1, fL‘K = p.
Let v denote both w and v. Assume that L|K is generated by o — o = f where f is best.

There exists 7 € A such that o/ := ay € B* and l|k is purely inseparable, generated by the

residue class of /. Let v(a) = —vg. Hence, v(f) = —puvg, v(7y) = vg.

Since f4P € AX,F(T) = TP — TyP~!1 — P is the minimal polynomial of o/ over A.
Therefore, F/(T) = pT?~! — (p — 1)7?~1 = 4P~1. By Lemma 2.1.11, Lemma 2.1.13,
B = A[d/] and hence, Déﬁ =B = Ald* = #O/)A[o/ | is clearly a fractional ideal of
L, generated by a single element ﬁ

e Case (ii): €L|K =P, fL|K = 1.
Let f be best, w(a) = —vg. Recall that B = Zf;ol Ajalt: Ag == A, forall 1 <i<p—1,
A = {x € K | v(z) > ivg} = {z € A|wv(x) > ivg}. Lety € L. Then for all

O0<i<p-—-1,
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p—1
y=_ yjo) €Dyl iy; € K & Tryg(ya’Ay) € A 4.1.2)
=0

« has the minimal polynomial F(T)) = TP — T — f. Hence, F'(a) = —1.

For1 <i<p-1, i tP=1) — i ¢ faifl. By Lemma 2.1.14, we have

0; 0<i<p—2

Trpg(a’) =4 —1; i=p—12p-1)

0; p<i<2(p-1)-—1
Let x; € A;. Then

—1 —Z0Yp—1; 1=0
Tr(z;ya’) = Tr(z :ciyjo/ﬂ) = —ZiYp—1—i’ 1<i<p-—2

J=0 .

—Zp—1Y0 — Tp—1Yp—1; 1=p—1

Hence, y € D§|1A if and only if Agyp—1, Ap—1(yo + yp—1), Aiyp—1—i C A (forall 1 <

i <p-—2).

Case (iii): Rank 1 and eL|K = 17 leK =1

Let I' C R and let v denote both w, v. By Theorem 3.3.1, we can write B = U, o Ald/],

where o/ = oy, € B*, 74 € A. Recall that vy := in; v(7q) € R\I'. By an argument
ac

similar to Case (i) above, we have Dz[l A = {x e L|v(x)>(p—-1vla) =—(p—

Du(va)}-

Since all the A[a/]’s and B have the same fraction field L, D§|1 "
Hence, 75_11);?'1 4 C 73_11);1[10[,” 4 C Ald/] € B and Dé‘l 4 1s a fractional ideal of L

-1
C DA[a’HA forall o € .7.
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described by

D§|1A = maeypz[la/”/l
= Nacgfr € L]v(r) = (p—v(a)}
={zxel|v(x)>(p-1v(a)Vac.}

={zellv(@)=—(p— Do}

4.2 Results in the case ey = 1
Let L|K satisfy (I) or (II) and assume further that e LIK = 1.
Lemmad.2.1. {z € L | Trp g (2B) C H} = To.

Proof. Since e LK = 1, given any x € L, there are elements 2’ € B>, a € K such that z = 2/a.

Hence, Tr(zB) = a Tr(2'B) = a Tr(B).

* Case(i): We note that Tr(é) = _Tl Hence, J, = (é) B cCc{xe L | Tr(xB) C H}.
Conversely, suppose that Tr(zB) C H = (%) A. In particular, a Tr (%) =a'Tr (O%) =

a 1y _a (=1 a
;Tr(a>—,y<f>GH.Hence,yeAéaaeBéaejg.

* Case (iii): The argument is very similar to the case (i). Again, 7, C {x € L | Tr(zB) C
‘H}. Conversely, suppose that Tr(zB) C H. Hence, for all « € .7,
i () €
= v(a) —v(7a) — v(fa) > pro
= v(a) > (p = 1)(vo — v(7a)) + o0
Since this is true for all @ € ., we have v(a) > vy.

Butwvg ¢ I' = v(a) > vy = a € Ty
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Lemma 4.2.2. Consider the rank 1 case, i.e., case (II). For an ideal I of Aand a € K,al C I if

and only if a € A.

Corollary 4.2.3. In particular, if L|K satisfies (II) and e L = L then {z € L | Tr(zJy) C
H} = B.

Proof. By Lemma 7.3, {z € L | Tr(zJs) C H} = {z € L | 2J, C Js} and hence, clearly

contains B. The reverse inclusion follows from Lemma 7.4. ]

-1

Proposition 4.2.4. In the cases (i) and (iii), D BlA

is described by:

+ Case (i): Dyl = Jy " and

« Case (iii): Dé‘l L ={r€L|zBH C J,}.

Proof. Since ey ;¢ = 1,15 = Jo-

* Case (i): v(F'(1)) = (p— 1)v(y) = (0 — Dvog = Dy = {z € L] v(z) = —(p — v}

«

The rest follows from J, = Z, = <l> B.

* Case (iii): By Lemma 7.4, Tr(zB) C A if and only if Tr(zB)H C H. By Lemma 7.3,
Tr(zB)H C H if and only xtBH C J5.

4.3 Results in the case e = p

We study the case (ii) in this section.

4.3.1 Preparation
Lemma 4.3.1. Let S be a fractional ideal of L and o € L™ such that w(«) generates w(L™) Jw(K ™).

ThenforyzZé?;éyjaj; yj € K,y € S ifand only if y;a' € S forall 0 <i<p— 1.
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Proof. Since ey i = p, w(y;a');y; # 0 are all distinct. If y € S, then for some s € S, we have

w(y) = O<n1<1n lw(yZ o) > w(s). Thus, w(y;o’) > w(s) forall 0 < i < p— 1 and hence,
1
yiai € S forall 0 <i¢ < p— 1. The converse is clearly true. O]

Two important applications of the lemma are below.

* Consider S = DB|1A’y €L ye DB|A & Tr(y;a'b) € A forallb € B forall 0 <i <
— 1.
Hence, DB|A = Up<i<p—1D; B where D; := {ya' |y € K,ya' € DB\A}

p—1 p—1

Fix some i, lety € K. Write b = Z ziod 5wy € Ay Tr(ya'h) € A& Z yz; Tr(a'7) €
=0 =0

A.

Thus, if : = p — 1, then

yal—1 ¢ DB\A w(y) +w(zg+2p—1) >0 forallzg € A, forall z,_1 € A,_;.
< w(y) > 0 and hence, D),_1 B = Aol 1B =P 1B = jo_(p_l).
fo<i<p-—2,

yol € DB|A w(y) +w(ry_1—;) >0 forall z,_1_; € A,_1_;

& Yo .xp_l_z-ozp_l_i caP~ 1B

& yaiAp_l_iap_l_i c ol 1B.

e Consider S = Z,.

T, is generated by {(c — 1)(z;a") | z; € A;,1 < i < p— 1}. For a fixed i,
(0 — 1)(40")B = A;a’[(1 + 1) —1]B = A4;0'L B = 4;0/ J,. Thus,

Iy = [U1<i<p-14ia’ Bl T (4.3.2)

Definition 4.3.3. We consider the B-sub-module Ql BlA "of 01 BlA generated by the set {db | b €

my,} of generators (and the relations described for o Bl Bl
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Lemma 4.3.4. Q%M/ = Q}Q\A as B-modules.

Proof. Q}3|A, — Q%%\A is the map db — db. Consider the map 7 : Q%?|A — Q}3|A/ described

below.
For b € Bithere exists x € A such that b —x € my. We define 7(db) = d(b— z). Note that this
definition is independent of the choice of x. It is enough to show that 7 preserves the relations.
Letb,c€ B,x,y € Asuchthatb —z,c —y € my.
Additivity is preserved, since m(d(b+c)) = d(b+c—x—y) = d(b—x)+d(c—y) = 7(db)+n(dc).

Since dx = 0,dy = 0 and bc — 2y = ¢(b — =) + x(c — y) € mp,

cd(b—x) 4+ bd(c—y) =cd(b—x)+ (b—x)dc— (b—z)dc+ (b —x)d(c — y) + xd(c — y) + (¢ — y)dx
=d(c(b—2z))+d(z(c—y))+ (b—2)d(c—y) — (b—x)dc
= d(bc — xc+ xc — xy) + (b — x)[d(c — y) — d(]

= d(bc — zy) — (b — z)dy = d(bc — xy)

Hence, 7(d(bc)) = cm(db) + br(dc). O

We do not have a good description, as in Proposition 4.2.4, of the different ideal in this case.

However, with further assumptions on the value group I' i, we obtain similar results.

4.3.2 Some Results in a Special Case

Notation 4.3.5. Let L|K satisfy (II). Assume further that e L|k = P and the value group I'; of
K (as an ordered subgroup of R) is not isomorphic to Z. Thus, L|K is a defectless Artin-Schreier

extension and [' g is a dense ordered subgroup of R.
Lemma 4.3.6. Under the assumptions above (Notation 4.3.5),
(a) For1 <i<p—-1A;B = jgmL.
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(b) Iy = Jymy,.

(c) m} =my for all integers n > 1, and consequently, 1)} = J5'm,.

Proof. (a) For1 <i<p—1,A;B={xe€ K |w(x)>ivg}B ={x € L |w(x) > ivg}. Hence,

AZ'B = %mL = ngL.

(b) By (a),for1 <i<p—1,A4;,0'B = 1 o/mL = my,. Hence, by Equation (4.3.2),

al

Iy = [Ui<i<p-14i0' BTy = JomL.

(c) Let z € mp,w(z) > 0. Since the value group is dense in R, there exists an element y of
my, satisfying 0 < w(y) < w(x)/n. Therefore, () C (y") C m} and we can conclude that
my, = m7. The rest follows from (b).

]

Remark 4.3.7. In the general case when erlK = P 1 <i<p-—1,wehave A;B C j}mL and

Iy C JymlL.
Proposition 4.3.8. Under the assumptions above (Notation 4.3.5),
_ —(p—1

(b) Q}3|A%w}3|A®BmL%I—;
g

Proof. (a) We recall that D,,_; = ja_(p_l) and hence, j(;(p_l) c Dl

pla- MO <i<p—2,

-1

1
yo GDB\A

S w(y) +w(ry_1—;) >0 forallzp,_1_; € A,_1_;

< w(y)+ (p—1—1i)vg > 0 (since T'f¢ is dense)

< wlya') > —(p— 1)vg
o yOéi c jo'—(p_l)-

Hence, D]§|1 e P=1 4nd we have the equality Dg‘l = il
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/

(b) We defined a map 7 : Q}3|A — Q}3|Al in Lemma 4.3.4. Let () := Q}3|A,Q’ = QJIB\A , for
convenience. Consider the following maps:
£:0 — w}9|A ®pmy ; £(db) = dlogh® b (4.3.9)
where 0 # b € my, and
S| : _c
(U Wp|A OB WML = Q; Y(dlogh® ¢) = abd(ab) (4.3.10)

where b € L™, c € mp,a € K*;0 < w(ab) < w(c). Such an a exists since ' is dense in R.

We verify that these maps are well-defined. Furthermore, (oo : wa A ®pmp — w}ﬂ A19B

my and ¢ o £ o7 : () — () are isomorphisms.

e Let0#b,cemy,0 <w(c) <w(b). We can write b = ch ; h € B.

dlog(b+¢) ® (b+¢) = dloge(l +h) ® ¢(1 + h)
=(1+h)dlogec®c+ (1+h)dlog(l+h)®c
=dlogc®c+ hdlogc® c+ hdlogh ® ¢
=dlogec® c+ hdlogch ® c
= dlogc ® c+ dlogch & ch

=dlogc® c+dlogh® b
e LetO#b,cemy
dlog(bc) ® (be) = dlog b ® be + dlog ¢ ® be

= cdlogb® b+ bdlogc ® ¢
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Thus, ¢ is well-defined. Next, we check that v is well-defined.

e Letbe L*,c€my,a,a € K* such that 0 < w(ab), w(a’b) < w(c). Since da = 0 =
da’,
Sd(ab) = 5 (adb 4 bda) = §db = —7-d(a’b). Thus, 1 is independent of choice of a.

e Let0# b€ B,c e my,a € K* as described in the definition of 1. Since da = 0, we

have
Y(db® c) = b_pd(ab) = ¢ (adb + bda) = cdb.
Hence, 1) preserves additivity and Leibniz rule.
e Letb,t/ € L,c,d € mp,a,d’ € K* such that 0 < w(ab) < w(c) and 0 < w(a'b') <
w(d).
Furthermore, since I'f; is dense in R, we can choose a,a’ such that 0 < w(aa’bb’) <

w(c).

d(aa'bb’) = —G [t d(ab) + abd(a't)] = Sd(ab) + 7 d(d'V)

c
aa’ bt/ aa’bb’ a't/

Thus, 1 is well-defined.

; .1 1 .
Next,Wecon51derthemaps§o7roz/;.wB|A®BmL —>wB|A®BmL andypofom:Q — Q.

e Letbe L*,cemy,a € K*,x € Asuchthat 0 < w(ab) < w(c) and ab — z € my,.

Eomot(dlogh® c) = %dlog(ab —z)® (ab— x)

b—
= aabxdlog(ab—x)@)c

b
= % dlog(ab) @ ¢

=dloga ® ¢+ dlogh ® ¢ = dlogb ® ¢
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e let0#be B,z € Asuchthatb —z € my.

Yol om(db) = (dlog(b—z)® (b — x))

_ <z:z>d(b—x)

—d(b—x) = db

This proves the first isomorphism.

Next, we prove that

whig = B gkt 4.3.11)

By Corollary 3.1.3 (ii), w]13|A is generated by dlog o = — dlog (é) In w]13|A, we have

0= — (1 - #) dlog(%) _ (1 - %) dlog f
_ <1 - #) dlog(a?) + (1 - ﬁ) dlog (1 - %)
) o
)
)

p—1 _ (1 e 1
Therefore, J5 =~ = <ap—1> annihilates Wp|A-

Conversely, let 0 # b € B such that b w]18|A = 0. Hence, forall 1 <i < p—1x; €
A, bd(z;0%) = 0
= b e ﬂmiGé zi(xiai)B, where G ;.. is the minimal polynomial of z;o over K. Let

G := Gy, for fixed (i, ;). Then
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Thus, b € ﬂi,xiG;@i (xio/)B = ﬁiwi(xiai)p_ljg)_l =be .7(?_1
By Equation (4.3.11) and Lemma 4.3.6,

W ®@mL = B/IE @mp 2wy /TE my, = Jomy ) THmy, = T, /T8,
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CHAPTER 5
A NON-TRIVIAL EXAMPLE OF DEFECT EXTENSION

For some of the well-known examples of defect extensions, our main results are trivially true,
since the differential modules are all 0. We construct an example below that exhibits complications

created by the defect.

Example 5.0.1. Let k& be a perfect field of characteristic p > 0 and let A be the local ring of
a smooth algebraic surface over k at some closed point, and assume that we are given an Artin-

Schreier extension L of the field of fractions K of Ag given by

where x and y are regular parameters of Ay, a € £\ IF), and n > 1 is coprime to p. We assume

n > 3 if p = 2. We will construct two dimensional regular local rings A; C K (¢ > 0) such that

Ag C AL C Ay C ...

as follows, by using successive blow ups. We will have a valuation ring A := | J; A; for which this

Artin-Schreier extension has defect.

5.1 Construction

Let u := y + a. Define 2’ € K by x = z/y? and let Aj, be the the local ring of Ag[2/] C K at
the maximal ideal generated by 2’ — 1 and y. Then A6 is a two dimensional regular local ring with
regular parameters z’ — 1 and y. Since n is coprime to p, z := (2/)™" — 1 and y are also regular
parameters of Aj,. Define 2/ € K by z = 2y and let A; be the local ring of A’[2] C K at the

maximal ideal generated by ' — 1 and y.
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Then the above Artin-Schreier equation is rewritten as follows. We have

_at+y  a+ty  (a+y)(1+2y)

fo = n (x/)nynp - Yy
a a+l+4a(z —1)+72y
=t = (5.1.1)
1
_atl+uy b
np—1
1

with

v =y, y=a(z —1)+2y+a/Pyr-D=1 o= gl/pyn
In Aq, 1 and y; are regular parameters, and the same Artin-Schreier extension is obtained by

D _atl+y
&1_&1_W_f1
Ly

We can repeat this process and get Ag C A1 C Ao C ... inductively. To sum up, we have the
following for all = > 0:
In A;, the regular parameters are z; and y;, as described in the construction (and we put z =
x0,Y = Yo, @ = ag,n = ng). The same Artin-Schreier extension is give by
a+1+y;
Oéf - = ——— =1 f;

Ly

where the integers n; satisfy the recursive relation n; 1 = pn; — 1.

5.2 Valuation on A and B:

Let B be the integral closure of A in L. Due to their construction using successive blow ups we
note that A and B are valuation rings Abhyankar [1959]. Let v = v be the valuation on K. We see
from the calculations below that the value group of K is I' = Z[%]; v(xg) — 1. Foralli > 0, we
have the following:
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p—1
p—1°

1. n; =p'n— (pz_l

+opPptl) =pin—

2. v(z;) = pv(y;) = po(wiqq)

And hence, we get
1 1

v(z;) = pivv(yi> = F

Lo,
p—1 pip—1)

Since I' is p-divisible, L| K has defect. We will use v to denote w as well. By the computations

3. —v(fi) = nj(x;) =n—

above, it follows that

1 n L L
—v(ay) = ]_? (—v(fi) = ]_) - p(p—1) - pi—i-l(p —1)

5.3 Special Ideals and Differential Modules

Due to the defect, we have Z, = J, and it is enough to look at OLs instead of wl’s (see

Lemma 3.1.9).
1 1
The elements — for ¢ > 0 generate the ideal J; of B and the elements — for ¢ > 0 generate
Q; 7
the ideal H of A.
n 1 1 n 1
¢ Since inf <— - + — ) = — — ——— wehave
>0\p plp-1) q“l(p —11) p plp—1)
Io=Js={be B|v() >—-(n— —1) =: v}, and consequently,
p pb—
1
+ No={a € A]vla) > (n— =) = puo}.
Since inf —v(f;) = inf ! + ! ! there is no best f and
LN mt —v(J;) = 1n n — - =n-—-,
i>0 Y30 p—1 pi(p—1) p—1
furthermore,
1
H:{CLEA|U(CL)>(7L—Z)T]_)}

Thus, Theorem 1.2.1 is clearly true in this case.
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Next, use the notation from the proof of Theorem 1.2.3 and consider the differential modules

1 1 5
QB\A’QBHAZ» S.

Let §3; := aiyzm. Then the integral closure of A; in L is given by B; = A;[;]. Let F;(T) be the

J(p—1
_yzn (p—1)

minimal polynomial of 3; over A;. Then Fi/ (T) =
We have an isomorphism : A;[3;]/F/(8;) — le8-| 4, of Bi-modules via the A;-linear map a +

adf;; for all a € A;.

1 1
We use ag as our starting point. The valuation of ag is —n/p and vg = — (n — —) The
p

1
fractional ideals © and ©’ of L are described by © = {z € L | v(x) > ————— =: v1} and
—-1)—-1
O ={rel|v) > (u) + v1 =: v9}. Then we have:
p

° 1 >
Ok, = 0/

® @/ja@ = ja/jg

From this, Theorem 1.2.3 will follow.

We can also verify that

-1 -1
. DB|A = miZOD '

¢ Dyl = {r e Llv() > —(p— oy}

1. o
. DB|A = jf is the annihilator of lela\A'
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CHAPTER 6
MIXED CASE

6.1 Introduction

We will now prove analogs of our main results in the mixed characteristic case. First we define and

prove everything for the case ¢, = ¢ € K. Then extend these results to the general case (see 6.7)

6.1.1 Invariants of Ramification Theory

Let K be a valued field of characteristic 0 with henselian valuation ring A, valuation v and residue
field k of characteristic p > 0. We assume that K contains a primitive pth root of 1, denote it
by (, = (. Let L = K(«) be the (non-trivial) Kummer extension defined by o = h for some
h € K*. Forany a € K*, h and haP give rise to the same extension L. Let B be the integral
closure of A in L. Since A is henselian, it follows that B is a valuation ring. Let w be the valuation
on L that extends v and let [ denote the residue field of L. T := v(K *) denotes the value group of
K. The Galois group Gal(L|K') = G is cyclic of order p, generated by o : o+ Cav. Let3 :=(—1

Let 2t = {h € K | the solutions of the equation o’ = h generate L over K }. Consider the

ideals 7, and H, of B and A respectively, defined as below:

Ts = <{#—1|beLx})cB (6.1.1)

517

It is not apparent from the definition that 7 is indeed a subset of A, we prove that in Lemma 6.3.3.
Our first result compares these two invariants via the norm map N LK = N, by considering

the ideal N, of A generated by the elements of N(7,). We also consider the ideal Z, =
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({o(b) =b| b e B}) of B. The ideals Z, and J play the roles of i(c) and j(o), respectively,

in the generalization.

6.1.2 Main Results

We did not make any assumptions regarding the rank or defect in these definitions. Now consider

two special cases of the scenario described above:

(I) (Defectless) In this case, we assume that L|K is defectless. For Kummer extensions L|K
considered in this paper, it means that either w(L*)/w(K*) has order p and the residue
extension /|k is trivial or the residue extension |k is of degree p and L has the same value

group [ as K.
(II) (Rank 1) The value group I' of K is isomorphic to a subgroup of R as an ordered group.
We will prove the following results:

Theorem 6.1.3. If L|K satisfies (I) or (II), we have the following equality of ideals of A:
H=Ns (6.1.4)
Theorem 6.1.5. If L| K satisfies (I) or (Il), we consider the A-module %14 of logarithmic differential

1-forms and the B-module w}g| 4 Of relative logarithmic differential 1-forms. Then

(i) There exists a unique homomorphism of A-modules rsw : H/H?> — w114 /(Zs N A+ (p))w}él
p 1
such that ha 1 — h_ldlogh; forall h € 2.

(ii) There is a B- module isomorphism ¢q : wém/jgw}g‘A i ja/jg such that dlogx

@—1,f0ralla€ELX.
x

(iii) Furthermore, these maps induce the following commutative diagram:
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The maps Ay, N are induced by the norm map N.

The map rsw in (i) is a refined generalization of the refined Swan conductor of Kato for com-

plete discrete valuation rings Kato [1989].

Remark 6.1.6. If L|K is unramified (erx = 1,!|k separable of degree p), then we have i(0) =
j(o) =0,Zy = J; = B and H = A. Consequently, our main results are trivially true. From now
on, we assume that L| K is either wild (e LIK =D [|k trivial ), ferocious (/|k purely inseparable of

degree p) or with defect.

6.2 Preliminaries, Swan Conductor and Refined Swan Conductor

6.2.1 Defect

Definition 6.2.1. Defect (For a more general discussion on defect, see Kuhlmann [2006].)

Let K be a henselian valued field of mixed characteristic (0,p) and L|K a non-trivial Kummer
extension given by of = hih € K. ep i = (w(L™) : w(K™)) is the ramification index and
frji = [l : k] is the inertia degree of L|K. Then p = dp,ger i fr| K, Where dp, i is a positive

integer, called the defect of the extension. Since p is a prime, d LIK is either 1 or p.

6.2.2 Complete Discrete Valuation Case

Lemma 6.2.2. (See Hyodo [1987], Xiao and Zhukov [2014].)

Let L|K be an extension of complete discrete valued fields, m a prime element of K.We use the

notation of 6.1.1, L. = K(«) is given by o = h. We can choose h with either v(h) = 1 or
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v(h) = 0and t = v(h— 1) is maximal. Then we have the following cases: u,c € A, u ¢ kP ¢’ =

i = 06).

—

3
|

(i) h=1+cP;c¢ {aP —x |z € k}.
(ii) h = cm.

(iii) h=14cr;0 <t <ep, (t,p) = 1.
(iv) h = u.

(v) h=1+url;0<t<epp|t.

In the case (i), L|K is unramified. In (ii) and (iii), it is wild and in the last two cases, it is

ferocious. We compute j(o) in each case.

@) i(0) = j(o) =w (o= 1) (5i1)) =

6.2.3 Best h and Swan Conductor

Definition 6.2.3. Let L| K be as in Lemma 6.2.2. We do not require k to be perfect. We define the

Swan conductor of this extension by

p
Sw(L|K) := minv (hz’_ 1) (6.2.4)
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This definition coincides with the classical definition of Sw(L|K') when k is perfect.
Any element h of K that achieves this minimum value is called best h.

It is well-defined up to multiplication by a?;a € K*.

Remark 6.2.5. Lemma 6.2.2 explicitly describes best h. Sw(L|K) is 0 in (i), €p in (ii), (iv) and
e/p — tin (iii), (v).

We wish to generalize the definition of best / to arbitrary valuation rings.

Definition 6.2.6. Let L|K be asin 6.1.1. h € K is called best if

& inf o (2 6.2.7
(7)) 627

If h is best, H is the principal ideal generated by (%) and plays the role of Sw(L|K) in the

generalization. We cannot, however, guarantee the existence of best A in general.

6.2.4 Refined Swan Conductor rsw

Definition 6.2.8. Let K be as in 6.1.1. For any z € K*, we define elements 6 log z € H, ® w}l

as described below. Fl, is the ideal of A given by H == (¢ ~ 1)AN AN (F11) Aif 2 # 1 and

dlog1:=0.

IfO0#2xemy,dloger :=1®dlogz.

dlog(z—1)
— .

Ifl#xe€ A% dlogr:=(x—1)®

If r € K\A,dlogz := —dlog(1/z).
Furthermore, for any 0 # b € A, we define elements db € bH ® w}4 by 0b := bd log b and 60 := 0.

Lemma 6.2.9. For all b,c € A and for all x,y € K*, we have
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1. (Log 1) 0log(zy) = dlogx + dlogy in (H; U Hy UHyy) ® wil.
2. (Additivity) 5(b+ c) = 6b + dc in (bH, U cH U (b + ¢)Hy, o) @ W)y
3. (Leibniz rule) §(bc) = cob + béc in (bHj, U cH, U (be)Hp,.) ® w114.

Lemma 6.2.10. Ler L|K be as above, given by best h and let H = (%) Hy,. Then the A-
homomorphism §logh : (%) — wh/(p)w}él given by v +— Z%pélogh is independent of the
choice of h.

Proof. Let hand a’hbebest; 0,1 # a € A. Then the difference between the two A-homomorphisms

is given by d loga’h — dlogh = dloga? = pdloga. If 0 # a € my, pdloga(y) = Z)lpp@) dlog a.
dlog(a — 1)

hence, (p(a — 1)) = (p) C A. O

If1#ae A% pdloga(y) = %pp(a -1 ® . In the latter case, v(a — 1) = 0 and

Definition 6.2.11. Let L|K be as above and let h be best. The refined Swan conductor rsw of this

extension is defined to be the A-homomorphism ¢ log h.

Remark 6.2.12. We can also view rsw as an element of H ® w}él. This definition is consistent with

Kato’s definition in Kato [1989].

6.3 Lemmas

For proofs of these results, see Thatte [2016]. Let L|K be as in 6.1.1, except that we don’t require

(eK.
Lemma 6.3.1. Assume further that L|K is either wild or ferocious. Then

1. There exists u € L™ such that either w(L™*)/w(K™) is of order p and generated by w ()

or l|k is purely inseparable of degree p and generated by the residue class i of .
p—1
2. Let pube as above, x; € L for0 <1 < p— 1. Then Zm,ul € Bifand only if x;u* € B for

1=0
all i.

55



3. dlog u generates the B-module w113| A
Proposition 6.3.2. 7, is a principal ideal if and only if L| K is defectless.
Let L| K be as in 6.1.1, for the rest of this section.
Lemma 6.3.3. H is an integral ideal of A.

Proof. Leth € 2, a € m 4 suchthat h—1 = a3’ and set 5 = («v—1) /3. Recall that p divides 3 and
p32 divides 37+ p3. For some z, 2/ € B, we have 14+-a3? = (1+38)P = 1+p38+3PBP +p3232x =
1+3P 3P — 3P B+3P B+ p3B+ps2 B2 = 1+3P (8P — B) +ps?Ba’. Hence, a = p3®~P) Ba’ + P — 3.

Since K is henselian, 5 € K and this contradicts our assumption that L| K is non-trivial. [

Lemma 6.3.4. [f L| K is defectless, then we can find best h satisfying exactly one of the following

properties:
(i) h=1+cP;c ¢ {2 —x | x € k}.
(ii) h = ct;p1fo(t).
(iii) h =1+ ct;0 < v(t) < ep,pto(t).
(iv) h = u.
(v) h=1+ut;0 <v(t) <ep,pl|o®)
wheret € my,u,c € A* u ¢ kP.

Proof. Follows from Proposition 6.3.2. [l

6.4 Proof of Theorem 6.1.3

First we prove H C Ny. Let h € 2, we want to show that (E{p—l> A C N, . We observe that
N(a)=(-1)’"thand N(a — 1) = Hf;(}(gia — D)= (1P P —1) = (-1)P~(h-1).
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«

If u(h) >0, (f%) A = (57)A. Note that N (M _ 1) — N(3) = 3.
If v(h) = 0, consider N <% - 1> =N (—&) = # Since A is a unit, $= and ;2

a—1

;_n

generate the same ideal of A.
Thus, it follows that # is a subset of N, without any assumptions regarding defect or the value
group ['f.

Next, we prove the reverse inclusion N, C H. If L|K is defectless, this follows directly from
Proposition 6.3.2 and Lemma 6.3.4. Proof in the defect case requires some work.

Let L|K satisfy (II) and have defect. The value group I' = T'j; can be regarded as an ordered
subgroup of R. Let v denote the valuation on L and also on K. Given any b € L\ K, we want to
show that N <$> € ‘H. It is enough to consider the case when 0 is a unit. For any « such that

aP = h generates K («) = L,

N(@— ):N(g—l):;,pe’H (6.4.1)

Ifv(o(b) —b)=v (U(b)7b> > v(3), then N (U(bgib> € (3¥) C H. Thus, we may assume
v(o(b) —b) < v(3) (6.4.2)

We divide the proof into two cases: p = 2 and p > 2.

6.4.1 Casep =2

Proof. Tn this case, 02 = id,( = —1and 3 = —2. Let b € B*\A. Since v(c(b) — b) <
0(2) = v(2b),0(Te(b)) = v(o(b) — b+ 2b) = v(o(b) — b). Define z; = z = ff;f—zb‘)b e B

Clearly, o(z) = —x and hence, 22 = —N(z) = h € AX. Since o does not fix z, L = K(x).

We have v — 1 = 226 — Sl g — 20— 1 since N (T < 1) = N (7)) =
N (B -1) en 0
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Remark 6.4.3. We don’t need I' to be an ordered subgroup of R for this case, the argument is true

for any value group.

6.4.2 Casep > 2

-1
p_1 P .
Proof. Consider the formal expression Trp z- = Tr = 7 T = H(o —("). Given b € B*\ A,
0’ —_—
1=1
pp1 Lt
define 7, = v := ( ’(b)> and yp = y := H(a — ") | (7); where g(T)) = ming (b). Then
g

=2
(0 —()(y) = Tr(y) = 1,1ie., o(y) = Cy + 1. Next define x;, = = := 1+ 3y. Then o(z) =

143(Cy+1) =143+ CGy) = ¢(1+3y) = Cx. Consequently, 2P = N(x) =: h € K and

L = K(z). We compare v <%b) — 1) =v(o(b)—b) =: sandv (U(xf_ll) — 1) =0 (M - 1) =

(2 1) o (22) v x !

Let ¢ := inf{v ((# — 1)> =: sy | u € L*}. Clearly, ¢ < v(3). Also,

su§5:><N<$—l>>C<N(#—l>). (6.4.4)
p—1 p—1
Forl <i<p-—1,letv ((H ‘(agj)) (7)) =0 (( H (agj)) (7)) +ciic > 0.
j=p—i J=p—itl

Then
M) v(y)=—(p-1Ds =V e =(p—1s.
p—2
Q) Y ci=v(y) —v(y) =v(y) + (p—1)s
=1

(i) cp—1 =v((0 = () —v(y) = —v(y).

Forany u € L™,

v (M) . ((U — D) | 3T+ Du
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In particular, ¢; > cforall 1 <7 < p — 1
p—2

We have s + v(y) = s — (p —13+ZCZ—Z —3).

1=1

By the definition of c and (4.4), we can choose bsuchthat s < ¢; foralll <i<p—2.

Hence, we may assume s + v(y) > 0. Since v(3) > s, we have v(3y) > 0 = v(z) = v(1 + 3y) =
—u(y) =
to(y) =s—5 20

o(b) o(z—1)
—1 — -1
- < b . r—1
o(b) o(x—1) 3Ph 3P
N(— -1 N{———-1]) )= = :
j( (b )>C< (x—l h—1 1)

This concludes the proof.

[
Corollary 6.4.5. Under the assumptions of Theorem 6.1.3, the following statements are equivalent:
1. Best h exists.
2. H is a principal ideal of A.
3. Js is a principal ideal of B.

4. L|K is defectless.
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6.5 Filtered Union in the Defect Case

Let L|K satisfy (II) and have defect. We will write the ring B as a filtered union of rings A[z| and
study the extensions K (x)| K for a better understanding of L|K.
LetA :={heA|he AX h—1€my}.

p
We note that in the defect case, H = <{ ﬁ | h e Q(/}) .

Theorem 6.5.1. Consider ¥ = {a € L | o? = h € A'}. For each o € ., we can find

o’ € B* NaK™ such that B = U, ¢ »A[d] is a filtered union, that is, the following are true:
(i) Forany oy, o € 7, either Alo]] C Alady) or Alag] C Alod]].
(ii) Given any 3 € B, there exists o € . such that 3 € A[d/].

Definition 6.5.2. For o € .7, define o/ := 7((15;1); where 7, = v € A such that o/ € BX. We
will show that these s satisfy the conditions of Theorem 6.5.1. Note that the ring A[a’] does not

depend on the choice of 7.

6.5.1 Preparation for the Proof

Lemma 6.5.3. If oy, ag € .7 such that v(a; — 1) < v(ag — 1), then Aloj] C Alab).

Proof. Since a1, a9 € B generate the same extension, (by choosing appropriate conjugates, if

necessary) we have o <ﬂ> =% = ye KNB* =A*.

a2 a2

a1 —1
CY/1:71(1 )
3
(2)=(*)
=l — 17
Y2 3
(71> (agu—u—i-u—l)
=|l— 17
72 3
7 ag —1 1 u—1
= () ()= ()
Y2 3 Y2 3
—1
RESNES
Y2 3
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v(ag — 1) <v(ag — 1) = v(y1) > v(y2) and u € A*. Hence, (%) ucdy, € Alod).
Furthermore, v(u — 1) = v(a; — ag) + v(ag) = v((ag — 1) — (g — 1)) > v(ag — 1).

Hence, v ( <Tl>> 041 = 0. Since 71 (”Tfl) € K, we see that 0/1 € A[O/Q].

Lemma 6.5.4. Given any b € B, there exists o € . such that (o(b) — b) C (o(a/) — ).

Proof. Ttis enough to consider the case b € B*. Let vy = v(o(b)—b). Since this is the defect case,
Zs = Jy and hence, by Theorem 6.1.3, H = Ny = ({N(o(z) — z) | € B*}). In particular, all

the elements of valuation greater than or equal to pv are in H. Pick some a € ., o = h and let

¢ = v(o(a’) — o). ¢ = v(o(a) — &) = vara) = v <a 3 1) _ %v (h‘"’f 1). By definition

of H, it is possible to choose A such that pc = v (—51)—) < pvg. Hence, there exists o € .% such

h—1
that ¢ < wvy. O]

Lemma 6.5.5. Forz,y € L, we have (o0 —1)"(zy) = >} (}) (0 — )" k() (0 —1)k (o™ F(y))

In particular, forn =1, (o — 1)(xy) = (0 — 1)(x)o(y) + (o — 1)(y).

6.5.2 Proof of Theorem 6.5.1

Just as in the case of Artin-Schreier extensions, it is enough to prove the following result:

Proposition 6.5.6. Given any 3 € B, there exists o € . such that
(Hf:_ll(a — Cz)> (%A[a’,ﬁ]) = Tr (%A[a’,ﬁ]) C B. Here, F denotes the minimal

polynomial of o over K.
Proof. For any a € . with o = h , we have

(i) o) =718 = HloerTl) _ 1

(i) (0 —1)(d/) =30/ +~ = va. Note that v(7) < v(3) = v(y) + v(a — 1).

(i) F'(a) =T (o = o'()) = T2} Z(a — oi(a)) = p (77@)%1 = (%) G)p_l'



(iv) Since v(p) = v(3P~1), v(F'(c)) = v(+P71).

(v) For any 1 <i<p-1,0 (%) = (! <ﬁ>

We want to show that for a “special” o, forall 0 < m,j < p —1,

v [ []e—¢) (F,(la,>oz”ﬁj> >0 (6.5.7)

1=1

Foranyz € L, 1 <i<p—1,

; T _o(x)¢ SIS
o= (1) = Py~ ey =
Thus, (5.8) is equivalent to

(o — ¢ 1)(2) by (v) above.

p—1 p—1
v Cp—l Z_ZI_II(J — gi_l) (a/mﬁj> =0 i:r[l(a — Ci_l) <O/m5j> > U(F/(O/)) = (p—1)v(v)

(6.5.8)
Since [T2-} (0 — ¢ 1) = T} (0 =1 (¢! = 1)) and v(7) < v(3) < v(¢~! —1), itis enough
to show

v((o = P ™)) = o(F' (o)) = (p = )v(7) (6.5.9)
The rest follows from Lemma 6.5.4, Lemma 6.5.5 and Thatte [2016]. O

Remark 6.5.10. We did not use the rank 1 assumption anywhere in this proof, except in Lemma 6.5.4
when we use the equality H = N,. Hence, Theorem 6.5.1 is true even in the higher rank defect

case, if H = N. In particular, it is true in the case p = 2.

6.6 Proof of Theorem 6.1.5

Lemma 6.6.1. Let L|K be as in 6.1.1. Then

(a) The norm map N LK = N induces the surjective ring homomorphism N : B — A/(Zs N A).
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(b) The map g : W%B|A/*70w]13|A — \70/¥702 given by dlog = +— @ — 1 is a surjective B-module

homomorphism.

6.6.1 Case (1)

Proof. Let L|K satisfy (I) and let i be best. We will use the characterization in Lemma 6.3.4.

e Case (i): h =1+ c3P;c ¢ {aP — x| z € K}. As mentioned earlier, L|K is unramified in

this case and the result is trivially true.

1

* Case (ii): In this case, h € m4 and p { v(h). Consequently, the B-module w BlA

is generated

by dlog « and the diagram is given by the following maps:

Po . b

bdlog v 3
x| N

N(b) dlog N(a) = N(b) dlogh +———— N(b)3P

For b € B, bdlog(a) € Ker(py) <= b3 € (32). Hence, ¢, is an isomorphism. Since

H C (p) + (Zy N A), the map rsw is well-defined, independent of the choice of h.

e Cases (iii)-(v): In these cases, 1 # h € A*, o € B* and the B-module w}g| A is generated

by dlog(a — 1). The diagram is given by the following maps:

belog(a — 1) ———— b (i)
ANl lky
N(b)dlog N(a — 1 N(b) (2
(b)dlog N(a —1) «—— N(b) {77
It is easy to verify that ¢, is an isomorphism.
By definition, rsw (N(b) (g’;hl)) = N(b) (%) (h—1) (%) — N(b)dlog(h —
1) = N(b) dlog N(« — 1). The rest follows.
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6.6.2 Case (1)

Let L| K be a defect extension satisfying (II). Recall that B = U, ¢ o A[c/] is a filtered union, where
S ={ael|a? =he A h—1€my}andforeach a € .7, we have 7, = v € A such that

o = fy( L € B*. Since there is defect, we consider Ql BlA and 9}4 instead of wél 4 and w}4,
respectlvely. Fix some aq € .7 as the starting point. Let v(ag — 1) — v(3) = —v(yg) = —p < 0.

We may only consider the subset ) := {a € .¥ | v(a — 1) > v(ag — 1)} of 7.

Lemma 6.6.2. Let o € ), = ha,of) = hy. Let Fo(X) and Fy(X) denote the minimal
polynomials over K of o and «, respectively. Consider cq := F, é (), co := Fj(ap) and the

ratio agyy/aya =: aq € A. Then we have the following commutative diagram:

4 — Alag)/(c0) —— (35)Alal/(2) Al
\[Poc \['a
Wya — Ale')/(ca) ——— (G)AW]/(E2)Alo’]

Here, the isomorphisms are given by boda6 > by + by/ag and bda’ +— b — b/ay for all

by € A[a6] and b € A[d/]. The vertical maps are given by multiplication by a,.

Proof. Let us omit the subscript « for convenience. Since « and o) give rise to the same extension,

agp/a =: u is a unit of A. We have
— -1 —
hpyPt hopg > (%)p L

c= and hence, — =
Y

ag T T Tagyr T ¢
We will verify that da6 = adc/, the rest of the details are quite similar to the Artin-Schreier case.

Proof of da6 = add/:

ap =0(a0—1)/5 = yalau—1)/us = ya(a—1)/3+7a(u—1)/uj = aa’ +7p(u—1)/3 (6.6.3)

Since v(ag — 1) = v(au —u+u —1) < v(a — 1),v(u — 1) = v(ag — 1). Therefore, A\ =

Yo(u —1)/3 € A* and we have daj, = ado’ + o/da + dX\ = add/, in Qzlél[a’HA' O

64



6.7 Results for ( ¢ K Case

In the p = 2 case, we always have ( = —1 € K. For the rest of this section, we will assume p > 2.

Notation 6.7.1. Let K’ be a valued field of characteristic 0 with henselian valuation ring A’,
valuation v’ and residue field k" of characteristic p > 0. Consider a non-trivial Galois extension
L'|K" of degree p , with Galois group G/ := Gal(L/|K’). Let w’, B',l denote the valuation,
valuation ring and the residue field of L'. We consider the fields K := K'(¢), L := L'(¢) and the
Kummer extension L|K described by o = h for some h € K.

The Galois group G := Gal(L|K) is cyclic of order p, generated by o : a — (. Let Ag =
Gal(K|K') and Ay, := Gal(L|L’), we will omit the subscripts when the meaning is clear. Note

that the order p — 1 of A is coprime to p. We will use the notation of 6.1.1 for the extension L|K.

First we define the corresponding invariants for the extension L'| K’ as follows.

7':= ({ob)-b|lbe B'}) c B (6.7.2)
J = ({@ —1lb¢e L’X}) c B (6.7.3)
N o= (N ")) € A (6.7.4)

H = (H)A c A (6.7.5)

6.7.1 Relation between the invariants for L|K and the invariants for L'| K’
Proposition 6.7.6. We have the following equalities of ideals of B' and A', respectively.

1. Jo =T Band J' = (J,)™

2. I, =T'Band T = (I,)"

3. Ny =N'Aand N' = (N,
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Proof. Let ¢/ and [’ denote the ramification index and the inertia degree, respectively, of L|L’.
The degree m = €' f' of L|L' is a divisor of p — 1 and hence, coprime to p. Let T|L’ be the
maximal unramified subextension of L. Let O denote the valuation ring of 7', corresponding to
the valuation w’. Note that 7" has the same residue field [ as L and we have er|y = 1, e Lr =
e, frip = . f )7 = 1. By Proposition 7.7 in chapter 2 of Neukirch [1999], there exist elements

a; of T" and positive integers m; coprime to p for some r > 1 such that

11 1
_ mi m9 my
L=T\ay" ,a9°,...,ay
mi _

We may assume that a;’s are elements of O and fix ¢; € B such that ¢; i — q;foreachl <i <r.

We will now prove the first part of each statement (1-3), the second part follows easily after that.

1. Consider the ideal Jp := ({# —1lbeT*™ }) of 0. We will prove the statement 7, =

J'B in two parts:

(1) jo = jTB

(i) Jp=J'0

Proof of (i). It is enough to show that the generators @ —1;2z € L™ of J, are in

JrB. Each such z is a finite T-linear combination of elements of the form bel , Where
beT,c=ciforsomel <i<rand0 < j < m;. Note that all such elements b/

have distinct valuations (proof of this is similar to that of Lemma 2.1.12 (a)). And by

the following observation, it is enough to show that % —-1e JrB.

Observation: For z,y € L™ satisfying w(z) < w(y), U(;T? —1 € JpB if and only

if # — 1€ JrBand # — 1 € JrB. This can be seen using the decomposition

e (1) e ()

since w(x + y) = w(z) < w(y).
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Now consider

olb) | _ (70 ) o) ald)

bel b g o |
() ) ()

Since % isaunitand b € T, (# — 1> % € JrB. And hence, it is enough to

show that @ — 1 € JrB. This follows from

]

Proof of (ii). Let bj € 0%;1 < j < f' be elements such that their residue classes E
!
form a basis of [|I’. Any x € T can be written as x = szzl xjb; for some z; € L' Tt
is enough to consider the case when x ;b;’s all have distinct valuations (proof is similar
to that of Lemma 2.1.12 (b)). As in (i), it is enough to prove % —-l1eJo.
303

m_lz(m_l>w+w_l,

5b; j b; b

Now it suffices to prove @ -1 JB.
J

Since the extension T|L’ 1s unramified, we can assume that the elements bj come from

A C K and hence, are fixed by o. This concludes the proof. 0
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2. The proof is very similar to 1.

3. Fory € L, x € A, Ny (x(v)) = x (N ().
We use the property Ny = Nggr o Npjg = Npsjgr © Npjpy of norm maps. If
y € L’X,NL|K(y’)p*1 = NL/|K/(y’)p*1 and hence, Ny, (y') has the same valuation

as NL’\K/(?/) in K.

If y € L is such that Ny x(y) € K™, then by surjectivity of Npspr : L™ — K'*,
there exists 3y € L' satisfying N L k) =N | (). Note that y and ¢’ have the same
valuation in L. Assume further that y € J,. Then v/ is also an element of .7, and hence, we

have

W)t © <NL’\K’(~70 N L’)) = <NL’|K’ <~75x>> = (NL’|K' («7/)> =N
Since Jy = J'B, Ny = Npjc(J")A = Npyyer () A = NA.

]

Remark 6.7.7 (Tame Extensions). We did not use the existence of ( in L for Proposition 6.7.6. The

same argument will work for any tame Galois extension L|L'.

6.7.2 Main Results for L'| K’

Assume that L'/ | K " satisfies (I) or (II), equivalently, L|K satisfies (I) or (I). Then we have the

analogues of the main results as follows.
Theorem 6.7.8. H' = \.
Proof. This is a direct consequence of Theorem 1.2.1 and Proposition 6.7.6. 0

Theorem 6.7.9. By taking A-invariant parts of the commutative diagram
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s To) T2
o s
Wi/ (Te N A+ (p))w)y —g7— H/H?
we have the following commutative diagram for L'|K':
Wil T W o T/> J'NT"
= [
wh /(TN A+ (p))wly +———

The maps Ay, H/ are induced by the norm maps Ny i and Ny .

Proof. Validity and properties of the map rsw’ follow from the commutativity of the first diagram
and properties of the map rsw.

]
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