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Abstract
We obtain a dichotomy for 𝐶1-generic symplectomor-
phisms: either all the Lyapunov exponents of almost
every point vanish, or themap is partially hyperbolic and
ergodic with respect to volume. This completes a pro-
gram first put forth by Ricardo Mañé. A key ingredient
is an analysis of partially hyperbolic sets of positive vol-
ume.We generalize to partially hyperbolic invariant sets
the main result in Dolgopyat andWilkinson (Astérisque
287 (2003), 33–60) that stable accessibility is 𝐶1-dense
among partially hyperbolic diffeomorphisms.
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INTRODUCTION

Ameasurable map 𝑓∶ 𝑀 → 𝑀 is ergodicwith respect to an invariant probability measure 𝜇 if it is
indecomposable: 𝑓−1(𝐴) = 𝐴 implies 𝜇(𝐴) = 0 or 1, for every measurable 𝐴 ⊂ 𝑀. In the context
of this paper, where 𝑀 is a closed connected manifold, 𝑓 is a homeomorphism, and 𝜇 = 𝑚 is
a normalized volume, ergodicity is equivalent to the equidistribution of almost every orbit: for
𝑚-almost every 𝑥 ∈ 𝑀 and every continuous 𝜙∶ 𝑀 → ℝ,

lim
𝑛→∞

1

𝑛

𝑛−1∑
𝑗=0

𝜙(𝑓𝑗(𝑥)) = ∫𝑀 𝜙 𝑑𝑚.
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692 AVILA et al.

In his 1983 ICMaddress [14],Mañé announced the following result, whose proof was completed
in 2002 by Bochi [7].

Theorem (Mañé–Bochi). 𝐶1-generically, an area-preserving diffeomorphism 𝑓 of a closed, con-
nected surface𝑀2 is either Anosov and ergodic or has volume entropy 0.

The 𝐶1-genericity means that the statement holds for any 𝑓 in a dense G𝛿 subset of the space of
𝐶1 area-preserving diffeomorphisms. The volume entropy ℎ(𝑓,𝑚)measures how orbits separate.
By the Pesin formula, it vanishes if and only if for𝑚-a.e. 𝑥 ∈ 𝑀 and every 𝑣 ∈ 𝑇𝑥𝑀⧵{0}

lim
𝑛→±∞

1

𝑛
log ‖𝐷𝑥𝑓𝑛𝑣‖ = 0.

The focus of Mañé’s discussion in [14] was in fact the 𝐶1-generic behavior of symplectomor-
phisms, which in dimension 2 coincide with the area-preserving diffeomorphisms. If 𝑓∶ 𝑀2𝑛 →

𝑀2𝑛 preserves a symplectic form 𝜔, then it preserves the normalized volume 𝑚 induced by the
form 𝜔𝑛. The question of whether 𝑓 is typically ergodic with respect to this volume has a long
history going back to the ergodic hypothesis for Hamiltonian systems.
As a consequence of the main result in this paper we obtain the following optimal generaliza-

tion of Mañé–Bochi theorem to symplectomorphisms in any dimension.

TheoremA. 𝐶1-generically among the symplectomorphisms of a closed, connected symplecticman-
ifold (𝑀, 𝜔), positive volume entropy implies partial hyperbolicity and ergodicity.

Here, partial hyperbolicity of 𝑓∶ 𝑀 → 𝑀means that there exists a𝐷𝑓-invariant splitting 𝑇𝑀 =

𝐸𝑢 ⊕ 𝐸𝑐 ⊕ 𝐸𝑠, with 𝐸𝑢, 𝐸𝑠 both nontrivial, and𝑁 ⩾ 1 such that for all unit vectors 𝑣𝑢 ∈ 𝐸𝑢𝑥 , 𝑣
𝑐 ∈

𝐸𝑐𝑥, and 𝑣
𝑠 ∈ 𝐸𝑠𝑥, we have

2‖𝐷𝑥𝑓𝑁(𝑣𝑠)‖ ⩽ ‖𝐷𝑥𝑓𝑁(𝑣𝑐)‖ ⩽ 1

2
‖𝐷𝑥𝑓𝑁(𝑣𝑢)‖, (1)

and max{‖𝐷𝑥𝑓𝑁(𝑣𝑠)‖, ‖𝐷𝑥𝑓−𝑁(𝑣𝑢)‖} < 1

2
. (2)

An 𝑓-invariant set Λ ⊂ 𝑀 is partially hyperbolic if there is a 𝐷𝑓-invariant splitting 𝑇Λ𝑀 = 𝐸𝑢 ⊕

𝐸𝑐 ⊕ 𝐸𝑠, with 𝐸𝑢, 𝐸𝑠 both nontrivial, and𝑁 ⩾ 1 such that (1) and (2) hold for all 𝑥 ∈ Λ. A partially
hyperbolic set Λ is hyperbolic if 𝐸𝑐 is trivial, and 𝑓 is Anosov if 𝑀 is hyperbolic. In dimension 2,
partially hyperbolic sets are hyperbolic, and partially hyperbolic diffeomorphisms are Anosov.
Note that there are obstructions to partial hyperbolicity on certain symplectic manifolds (see

[13] for a discussion); for example, surfaces different from 𝕋2 do not carry an Anosov diffeo-
morphism, and ℂℙ𝑛 does not carry a partially hyperbolic symplectomorphism. For these mani-
folds, TheoremA implies that the 𝐶1-generic symplectomorphism has volume entropy 0. We also
remark that the assumption “positive volume entropy” cannot be replaced by “positive topological
entropy:” on any symplectic manifold there exist symplectic horseshoes with positive topological
entropy. These horseshoes persist under 𝐶1-small perturbation.
The proof of the Mañé–Bochi theorem in [7] uses 𝐶1 ergodic-theoretic perturbative techniques

to show that 𝐶1-generically, an area-preserving diffeomorphism 𝑓 with positive entropy has
an invariant hyperbolic set with positive area. The final step of the proof is a well-known and
simple folklore result that states that for a 𝐶2 area-preserving diffeomorphism, any invariant
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SYMPLECTOMORPHISMSWITH POSITIVE METRIC ENTROPY 693

hyperbolic set with positive measure must equal the whole manifold, and the diffeomorphism
must be Anosov (for a proof, see, e.g., [11]). This in particular implies that 𝐶1-generically,
any diffeomorphism with an invariant set with positive measure must be Anosov (it is not
known whether the 𝐶1-generic condition can be removed for area-preserving diffeomorphisms,
although there exist𝐶1-diffeomorphismswith hyperbolic sets of positive volume in the dissipative
setting [10]).
The analog to the folklore result is decidedly false in the partially hyperbolic setting; that is,

there exist𝐶2 symplectomorphisms containing proper partially hyperbolic sets of positive volume
(such examples are easy to construct as a nonpartially-hyperbolic product of an area-preserving
Anosov diffeomorphism (𝕋2, 𝑓1) with another area-preserving diffeomorphism (𝕋2, 𝑓2) preserv-
ing a compact disc 𝐷: the invariant proper set is then 𝕋2 × 𝐷).

Question. Suppose that 𝑓 is a 𝐶2 symplectomorphism that has a partially hyperbolic set of posi-
tive volume. What additional conditions imply that 𝑓 is (globally) partially hyperbolic?

While this question remains open, we show that 𝐶1-generically the folklore result holds for
partially hyperbolic sets in any dimension.

TheoremB. 𝐶1-generically among the symplectomorphisms of a closed, connected symplecticman-
ifold (𝑀, 𝜔), if a diffeomorphism 𝑓 has a partially hyperbolic set of positive volume, then 𝑓 is globally
partially hyperbolic.

Ten years ago, building on intermediate work with Viana, Bochi introduced substantially new
techniques to prove that for the 𝐶1-generic symplectomorphism, in any dimension, positive vol-
ume entropy implies the existence of a partially hyperbolic invariant set of positive volume [8].
Using this result, we prove Theorem A assuming Theorem B.

Proof of Theorem A. Let (𝑀, 𝜔) be a closed symplectic manifold. Bochi proved [8] that there are
two disjoint open sets, and  in the space Symp1(𝑀,𝜔) of 𝐶1 symplectomorphisms of𝑀, such
that

–  ∪  is a dense G𝛿 subset of Symp1(𝑀,𝜔);
– for 𝑓 in , the volume entropy is zero;
– for 𝑓 ∈  , there exists a positive volume, partially hyperbolic 𝑓- invariant set Δ𝑓 .
Theorem B implies that the diffeomorphisms 𝑓 ∈  are partially hyperbolic and [4, Theorem A]
that they are ergodic, completing the proof. □

Symplectic versus volume-preserving

In a previous paper, we proved the optimal generalization of Mañé–Bochi theorem to volume-
preserving diffeomorphisms in any dimension.

Theorem [5]. 𝐶1-generically among the volume-preserving diffeomorphisms of a closed, con-
nected manifold 𝑀, a diffeomorphism with positive volume entropy is nonuniformly Anosov and
ergodic. □
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694 AVILA et al.

Despite being optimal generalizations of the same result, the conclusions (nonuniformly
Anosov vs. partially hyperbolic) of Theorem A and of [5] are truly different.
In the case of volume-preserving diffeomorphisms 𝑓, there exist 𝐶1 open sets of volume-

preserving diffeomorphisms which admits a dominated splitting (hence have positive volume
entropy) but which are not partially hyperbolic [18], so that the statement of Theorem A is not
satisfied. Note that the “nonuniformly Anosov” condition implies in particular that there is a
constant 𝑐 > 0 such that for almost every 𝑥 ∈ 𝑀 and every 𝑣 ∈ 𝑇𝑥𝑀⧵{0}, we have

lim inf
𝑛→±∞

||||
1

𝑛
log ‖𝐷𝑥𝑓𝑛𝑣‖

|||| > 𝑐.

For symplectomorphisms, the exact conclusion of [5] does not hold. Indeed there exists an
open set of partially hyperbolic 𝐶1 symplectomorphisms that are not Anosov, obtained near the
product of an Anosov diffeomorphism and of a surface diffeomorphism with an elliptic fixed
point; these systems have positive entropy but by [8, Theorem 1.3] at almost every point the Lya-
punov exponents along the center direction vanish and the nonuniformly Anosov condition is not
satisfied.
Needless to say, the techniques behind the proof of Theorem A are essentially disjoint from

those in the volume-preserving setting of [5]. In the volume-preserving setting, the positive
entropy condition implies the existence of nonzero Lyapunov exponents on the phase space, and
the proof in [5] harnesses the presence of some nonzero exponents to eliminate all zero Lyapunov
exponents throughout large parts of the phase space. A Baire argument completes the proof. In
the symplectic setting, we prove that 𝐶1-generically, the partially hyperbolic set provided by [8]
in the presence of positive entropy is the entire manifold.

Partial hyperbolicity and accessibility

For partially hyperbolic diffeomorphisms, a conjecture of Pugh and Shub [16] asserts that the
ergodicity should be a consequence of a geometrical property called accessibility. We extend this
definition to some proper invariant sets that are partially hyperbolic.
Let Λ be a compact partially hyperbolic set for 𝑓. Through each 𝑥 ∈ Λ are unique local sta-

ble and unstable manifolds  𝑠
𝑓
(𝑥, loc) and 𝑢

𝑓
(𝑥, loc), respectively, which are given by a graph

transform argument in a suitable neighborhood of Λ. The local stable and unstable manifolds
determine global manifolds by

𝑢
𝑓
(𝑥) =

⋃
𝑛⩾0

𝑓𝑛(𝑢
𝑓
(𝑓−𝑛(𝑥), loc), and 𝑠

𝑓
(𝑥) =

⋃
𝑛⩾0

𝑓−𝑛( 𝑠
𝑓
(𝑓𝑛(𝑥), loc).

We say that Λ is 𝑢-saturated if for any 𝑥 ∈ Λ, 𝑢
𝑓
(𝑥) ⊂ Λ and 𝑠-saturated if for any 𝑥 ∈ Λ,

 𝑠
𝑓
(𝑥) ⊂ Λ. We say that Λ is bisaturated if it is both 𝑠- and 𝑢-saturated. The bisaturated set Λ is

accessible if for every 𝑝, 𝑞 ∈ Λ there is an 𝑠𝑢-path for 𝑓 in Λ— that is, a piecewise 𝐶1 path with
finitely many segments, each of them contained in a single leaf of  𝑠

𝑓
or a single leaf of 𝑢

𝑓
—

from 𝑝 to 𝑞.
Note that if 𝑓 is partially hyperbolic, then𝑀 is automatically bisaturated. In this case, we say

that 𝑓 is accessible if for every 𝑝, 𝑞 ∈ 𝑀 there is an 𝑠𝑢-path from 𝑝 to 𝑞. Dolgopyat and Wilkin-
son proved in [12] that accessibility holds for a 𝐶1-open and dense set of partially hyperbolic
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SYMPLECTOMORPHISMSWITH POSITIVE METRIC ENTROPY 695

diffeomorphisms, volume-preserving diffeomorphisms, and symplectomorphisms of a closed,
connected manifold𝑀.
The key ingredient of our proof of Theorem B is a local version of the main result in [12] that

implies both Theorem B and the results of [12].† Let us denote byDif f 𝑘(𝑀) the space of 𝐶𝑘 diffeo-
morphisms endowed with the 𝐶𝑘 topology. If𝑚 is a volume form on𝑀, we denote by Dif f 𝑘𝑚(𝑀)
the subspace of 𝐶𝑘 diffeomorphisms that preserve 𝑚; if (𝑀2𝑛, 𝜔) is a symplectic manifold, we
denote by Symp𝑘(𝑀,𝜔) the subspace of 𝐶𝑘 symplectomorphisms.

Theorem C. Let 𝑀 be a closed manifold, let Λ be a partially hyperbolic set of a diffeomorphism
𝑓∶ 𝑀 → 𝑀, and let be a neighborhood of 𝑓 in Dif f 1(𝑀). Then there exists a neighborhood 𝑈 of
Λ and a nonempty open set ⊂  such that: for any g ∈ , any bisaturated partially hyperbolic set
Δ ⊂ 𝑈 for g has nonempty interior and is accessible.
The same result holds in Dif f 1𝑚(𝑀) and in Symp

1(𝑀,𝜔), if (𝑀2𝑛, 𝜔) is a symplectic manifold.

Using Theorem C, we give a proof of Theorem B.

Proof of Theorem B. Theorem C in [3] shows that for any diffeomorphism 𝑓 in a dense G𝛿 subset1 ⊂ Symp
1(𝑀), for any 𝑓-invariant compact set Λ with positive volume, and for any neighbor-

hood 𝑈 of Λ, any diffeomorphism g ∈ Symp1(𝑀) close to 𝑓 also admits a compact g-invariant
set Δg ⊂ 𝑈 with positive volume. Moreover Δg converges to Λ in the Hausdorff topology, and
𝑚(Δg ) → 𝑚(Λ) as g → 𝑓.
Note that if Λ is partially hyperbolic and 𝑈 small enough, then Δg is partially hyperbolic as

well. For g 𝐶2, the set Δg is the union of a bi-saturated set and of a set with zero volume, see [19,
Corollary B]. Passing to the limit as g → 𝑓, one deduces that any partially hyperbolic set of 𝑓 is
the union of a bi-saturated set and of a set with zero volume.
[2, Theorem 1] implies that any diffeomorphism in a dense G𝛿 subset2 ⊂ Symp

1(𝑀) is tran-
sitive.
Let  be the set of diffeomorphisms 𝑓 ∈ 1 ∩2 admitting a partially hyperbolic set Λ with

positive volume. As we have explained, we can assume with no loss of generality that Λ is bisat-
urated. For any 𝑓 ∈  , Theorem C above implies that there exists an open set  containing 𝑓
in its closure such that for g ∈  ∩1 ∩2, the set Δg has nonempty interior; but transitivity
implies Δg = 𝑀, so that𝑀 is partially hyperbolic. Hence any g in an open and dense subset of 
is partially hyperbolic. □

The boundary of a bisaturated partially hyperbolic set is also bisaturated (see Lemma 1.3 in
Section 1.4). When 𝑀 is connected, this has the following consequence, which generalizes the
main result in [12].

Corollary D. Let𝑀 be a closed, connected manifold, let Λ be a partially hyperbolic set of a diffeo-
morphism 𝑓∶ 𝑀 → 𝑀, and let be a neighborhood of 𝑓 in Dif f 1(𝑀).
There exists a neighborhood 𝑈 of Λ and a nonempty open set  ⊂  such that for any g ∈ ,

there is no proper bisaturated subset of𝑈.
In particular, if𝑓 is partially hyperbolic, then there exists a nonempty ⊂  such that every g ∈ 

is accessible.

†Our proof of Theorem C below also corrects some omissions in the proof in [12]. We will indicate there.
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696 AVILA et al.

Proof. Let Λ be a partially hyperbolic set for 𝑓, and let  be a neighborhood of 𝑓 in Dif f 1(𝑀).
Applying Theorem C, we obtain a neighborhood 𝑈 of Λ and a nonempty open set  ⊂  such
that for g ∈ , any bisaturated set Δ for g in 𝑈 has empty interior and is accessible.
Thus, if 𝑈 contained a proper bisaturated set for a diffeomorphism g ∈ , then its boundary

would be a bisaturated set with empty interior, a contradiction.
If 𝑓 is partially hyperbolic, then applying this argument to Λ = 𝑀 gives that any g ∈  is

accessible. □

We remark that in the dissipative setting an earlier version of Theorem C was proved for bi-
Lyapunov homoclinic classes by Abdenur–Bonatti–Diaz [1]. Theorem C has the following direct
consequence.

Corollary E. Let 𝑀 be closed and connected. Then the 𝐶1-generic 𝑓 in Dif f 1(𝑀) has no proper,
partially hyperbolic, bisaturated invariant compact set.
The same result holds in Dif f 1𝑚(𝑀) and in Symp

1(𝑀,𝜔), if (𝑀2𝑛, 𝜔) is a symplectic manifold.

Proof. Let  be a countable collection of proper open sets of 𝑀, such that any compact proper
subset of𝑀 is contained in an element of. For𝑈 in, let 𝑈 be the set of diffeomorphisms 𝑓 ∈
Dif f 1(𝑀) whose maximal invariant set in 𝑈 is partially hyperbolic and let 𝑈 = Dif f 1(𝑀) ⧵ 𝑈 .
Clearly 𝑈 ∪𝑈 is open and dense in Dif f 1(𝑀).
By Theorem C, there exists a dense open subset 𝑈 ⊂ 𝑈 such that 𝑈 does not contain any

proper bisaturated set. Now let

 ∶=
⋂
𝑈∈

(𝑈 ∪ 𝑈).

The set  is residual in Dif f 1(𝑀), and g ∈  implies that g has no proper bisaturated partially
hyperbolic subsets. □

In the case of one-dimensional center, a related result was proved earlier by J. Rodriguez–Hertz
[17]: the 𝐶𝑟-generic volume-preserving diffeomorphism has no proper partially hyperbolic invari-
ant compact set with one-dimensional center and positive Lebesgue measure.
Another application of our results is to the Gibbs 𝑠𝑢-states of a partially hyperbolic diffeo-

morphism. Let 𝑓 be partially hyperbolic. Recall that a Gibbs 𝑢-state (respectively, 𝑠-state) is an
𝑓-invariant probabilitymeasure 𝜇 such that the disintegration of 𝜇 along leaves of the𝑢 (respec-
tively,  𝑠) foliation is absolutely continuous with respect to volume on 𝑢 (respectively,  𝑠)
leaves. A Gibbs 𝑠𝑢-state is an 𝑓-invariant probability measure that is both a Gibbs 𝑢-state and
𝑠-state.

Corollary F. Let 𝑓 be partially hyperbolic, and let  be a neighborhood of 𝑓 in Dif f 1(𝑀). Then
there exists a nonempty open set ⊂  such that for every g ∈ , if 𝜇 is a Gibbs 𝑠𝑢-state for 𝑓, then
𝜇 has full support, that is, supp(𝜇) = 𝑀.

Proof. TheCorollaryD implies that there exists a nonempty open set ⊂  such that every g ∈ 
is accessible. Continuity of the foliations𝑢 and 𝑠 implies that the support of a Gibbs 𝑠𝑢-state
is bisaturated. □
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SYMPLECTOMORPHISMSWITH POSITIVE METRIC ENTROPY 697

The proof of Theorem C broadly follows the lines of the proof of the main result in [12]. A
particular difficulty is the absence of a global partially hyperbolic structure, since holonomymaps
are not well defined.

Discussion about stable ergodicity

For 𝑘 ⩽ 𝑟, we say that a diffeomorphism 𝑓 is 𝐶𝑘-stably ergodic in Symp𝑟(𝑀,𝜔) if any diffeomor-
phism g that is 𝐶𝑘-close to 𝑓 in Symp𝑟(𝑀,𝜔) is ergodic. Since we do not know examples of sta-
bly ergodic diffeomorphisms in Symp1(𝑀,𝜔), a higher smoothness is usually required. In [6] we
have proved that 𝐶1-stable ergodicity is 𝐶1-dense among partially hyperbolic diffeomorphisms in
Dif f 𝑟𝑚(𝑀) for any 𝑟 > 1 and an important step was the theorem of [5] stated above. One can ask
if the same result holds in Symp𝑟(𝑀,𝜔).

Question. Is 𝐶1-stable ergodicity 𝐶1-dense among Symp𝑟(𝑀,𝜔), 𝑟 > 1?

Again the strategy for addressing this question should be completely different from the volume-
preserving case.

1 NOTATION AND OUTLINE OF THE PROOF OF THEOREM C

Throughout,𝑀 denotes a closed connected Riemannian manifold and 𝑚 denotes a smooth vol-
ume on𝑀, normalized so that𝑚(𝑀) = 1.When𝑀 = 𝑀2𝑛 is equippedwith a symplectic structure
𝜔, we will indicate so.

1.1 Outline of the proof

In order to prove that a bisaturated set is accessible, as in the statement of Theorem C, one has to
show that sliding alternatively along stable and unstable manifolds also gives progress in the cen-
ter direction. This is checked by introducing a family of disjoint discs 𝐷 transverse to the planes
𝐸𝑢 ⊕ 𝐸𝑠 and whose union meets any bisaturated set (Proposition 1.5). Instead of proving accessi-
bility inside the whole bisaturated set Λ, it is enough to prove it locally: for each disc 𝐷 and any
points 𝑥, 𝑦 ∈ Λ ∩ 𝐷, there exists an 𝑠𝑢-path connecting 𝑥 to 𝑦. The discs are chosen small and
satisfy for some integer 𝐽 > 0 large:

𝑓𝑖(𝐷) ∩ 𝑓𝑗(𝐷′) = ∅ when 𝐷 ≠ 𝐷′ and 0 ⩽ 𝑖 < 𝑗 ⩽ 𝐽.
This property ensures that one can perform independent perturbations in the neighborhood of
the discs 𝑓𝑖(𝐷) for 0 ⩽ 𝑗 ⩽ 𝐽 to obtain local accessibility on each disc 𝐷 (Proposition 1.4). This is
achieved by building Brin quadrilaterals that produce displacement in each center direction, see
Figure 1 in Section 2.2. Since at small scale the bundles are almost constant, the two laminations
are almost jointly integrable.
The perturbation then rotates the unstable direction while almost preserving the stable

one: the control of the directions is enabled by a control of stable and unstable cones, which
requires some time 𝐽 between perturbations along an orbit. Note that in our setting, since the
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F IGURE 1 𝜃-accessibility

diffeomorphism is a priori not globally partially hyperbolic, the support of the stable and unstable
laminations changes when the diffeomorphism is perturbed, which complicates the control of
their holonomies.

1.2 Charts

We introduce for each point 𝑝 ∈ 𝑀 a chart

𝜑𝑝 ∶ 𝐵(0, 1) ⊂ 𝑇𝑝𝑀 → 𝑀, with 𝜑𝑝(0) = 𝑝,

which has the following properties:

(1) The map 𝑝 ↦ 𝜑𝑝 is “piecewise continuous in the 𝐶1 topology.”† More precisely, there exist
open sets 𝑈1,…𝑈𝓁 ⊂ 𝑀 and:
– compact sets 𝐾1,… , 𝐾𝓁 covering𝑀 with 𝐾𝑖 ⊂ 𝑈𝑖 ,
– trivializations 𝜓𝑖 ∶ 𝑈𝑖 × ℝ𝑑 → 𝑇𝑈𝑖𝑀 such that 𝜓𝑖({𝑝} × 𝐵(0, 2)) contains the unit ball in
𝑇𝑝𝑀 for each 𝑝 ∈ 𝑈𝑖 , and

– smooth maps Φ𝑖 ∶ 𝑈𝑖 × 𝐵(0, 2) → 𝑀,
such that each 𝑝 ∈ 𝑀 belongs to some 𝐾𝑖 , with

𝜑𝑝 = Φ𝑖◦𝜓
−1
𝑖 on 𝐵(0, 1) ⊂ 𝑇𝑝𝑀.

(2) When a volume or symplectic form has been fixed on𝑀, it pulls back under 𝜑𝑝 to a constant
form on 𝑇𝑝𝑀.

The construction can be done as follows. Assume that a Riemannian metric on 𝑀 has been
fixed. We first choose a cover of 𝑇𝑀 by trivializations 𝜓𝑖 ∶ 𝑈𝑖 × ℝ𝑑 → 𝑇𝑈𝑖𝑀 such that 𝜓𝑖(𝑝, 0) =
0 ∈ 𝑇𝑝𝑀. By taking a large number of charts with small supports, the maps 𝑢 ↦ 𝜓(𝑝, 𝑢) can be
chosen close to isometries in the 𝐶1 topology.
Denoting by 𝐵𝑑(0, 𝑅) the standard open ball in ℝ𝑑 with radius 𝑅, we then construct finitely

many charts

Φ∶ 𝐵𝑑(0, 3) → 𝑀

† In [12] similar charts are constructed, but it is claimed that these can be defined on a fixed domain in ℝ𝑑 , depending
continuously on 𝑝 ∈ 𝑀. This continuity is not possible (when 𝑇𝑀 is not trivializable) and also unnecessary.
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SYMPLECTOMORPHISMSWITH POSITIVE METRIC ENTROPY 699

such that (after replacing the 𝑈𝑖 by smaller open sets, if necessary) for any 𝑈𝑖 , there exists one
such chart Φ satisfying 𝑈𝑖 ⊂ Φ(𝐵(0, 1)). We can thus define

Φ𝑖(𝑝, 𝑢) ∶= Φ(Φ
−1(𝑝) + 𝑢) on 𝑈𝑖 × 𝐵(0, 2),

and for each 𝑝 ∈ 𝑀, choose 𝐾𝑖 containing 𝑝 and set 𝜑𝑝 = Φ𝑖◦𝜓−1𝑖 on 𝐵(0, 1) ⊂ 𝑇𝑝𝑀.
When 𝑀 is equipped with a volume form, one can require (by Moser’s theorem [15]) that 𝜑𝑝

send divergence-free vector fields to divergence-free vector fields. When 𝑀 is equipped with a
symplectic form 𝜔, one can require (by Darboux’s theorem) that (𝜑𝑝)∗𝜔 coincide (up to multipli-
cation by a constant) with the standard symplectic form Σ𝑑𝑝𝑖 ∧ 𝑑𝑞𝑖 of ℝ𝑑 = ℝ2𝑛. This concludes
the construction of the charts.

Remark 1.1. Given a compact set 𝑋 with a continuous splitting 𝑇𝑋𝑀 = 𝐸 ⊕ 𝐹 and 𝛾 > 0, the
construction below shows that one can choose a Riemannian metric on 𝑀 and the charts 𝜑𝑝
such that for each 𝑝 ∈ Λ and 𝑧 ∈ 𝜑−1𝑝 (𝑋) ∩ 𝐵(0, 1), the norm of the orthogonal projection of
𝐷𝜑𝑝(𝑧)

−1(𝐹𝜑𝑝(𝑧)) onto 𝐷𝜑𝑝(𝑧)
−1(𝐸𝜑𝑝(𝑧)) is less than 𝛾.

Indeed, one can first choose a Riemannian metric such that the norm of the orthogonal projec-
tion from 𝐹 to 𝐸 is arbitrarily small. One then chooses the chartsΦ in such a way that the bundles
𝐸 and 𝐹 lifted in 𝐵𝑑(0, 3) are close to constant bundles (this is possible by the continuity of 𝐸 and
𝐹). Since the 𝜓𝑖 are close to isometries, this shows that for 𝑝 ∈ 𝑋, the bundles 𝐸 and 𝐹 lifted by
𝜑𝑝 in 𝐵(0, 1) ⊂ 𝑇𝑝𝑀 are close to 𝐸𝑝 and 𝐹𝑝, respectively, which are close to orthogonal.

1.3 Conefields

A 𝑘-conefield  over a subset 𝑈 ⊂ 𝑀 is a subset of the tangent bundle 𝑇𝑈𝑀 satisfying:

– 𝑡𝑣 ∈  for any 𝑣 ∈  and 𝑡 ∈ ℝ; and
– there is a continuous subbundle 𝐸 ⊂ 𝑇𝑈𝑀 with 𝑘-dimensional fibers such that {𝑣 ∈  ∶ ‖𝑣‖ =
1} is a neighborhood of {𝑣 ∈ 𝐸 ∶ ‖𝑣‖ = 1}.

We denote (𝑥) ∶=  ∩ 𝑇𝑥𝑀. The conefield  is forward invariant under a diffeomorphism 𝑓 if
for any 𝑥 ∈ 𝑈 ∩ 𝑓−1(𝑈), the image of (𝑥) is contained in Interior((𝑓(𝑥))) ∪ {0}. It is contracted
if there exists 𝑁 ⩾ 1 such that ‖𝐷𝑓.𝑣‖ ⩽ 1

2
‖𝑣‖ for any 𝑣 ∈ (𝑥). It is transverse to a bundle 𝐸 if

(𝑥) ∩ 𝐸(𝑥) = {0} at any point 𝑥 ∈ 𝑈.
A conefield ′ over 𝑈 is a 𝛿-perturbation of  with support in 𝑉 ⊂ 𝑈 if there exists a diffeo-

morphism ℎ that is 𝛿-close to the identity in the 𝐶1 topology such that ℎ(𝑈) = 𝑈, ℎ coincides
with the identity on 𝑈 ⧵ 𝑉 and ℎ∗() = ′. A 𝑘-conefield  is 𝛿-close to a subbundle 𝐸 of 𝑇𝑈𝑀
with 𝑘-dimensional fibers if {𝑣 ∈  ∶ ‖𝑣‖ = 1} is 𝛿-close to {𝑣 ∈ 𝐸 ∶ ‖𝑣‖ = 1} in the Hausdorff
distance.
Let 𝑓∶ 𝑀 → 𝑀 be a diffeomorphism, and let Λ be a compact 𝑓-invariant set with a partially

hyperbolic splitting 𝑇Λ𝑀 = 𝐸𝑢 ⊕ 𝐸𝑐 ⊕ 𝐸𝑠.
A neighborhood𝑈 ofΛ is admissible if there exist continuous conefields 𝑢,𝑠,𝑐𝑢,𝑐𝑠 over𝑈

containing 𝐸𝑢, 𝐸𝑠, 𝐸𝑐𝑢, 𝐸𝑐𝑠 on 𝑇Λ𝑀 that are transverse to 𝐸𝑐𝑠, 𝐸𝑐𝑢, 𝐸𝑠, 𝐸𝑢, respectively, and such
that 𝑢,𝑐𝑢 are forward invariant, 𝑠,𝑐𝑠 backward invariant, 𝑠 (respectively, 𝑢) is contracted
by 𝑓 (respectively by 𝑓−1). The following proposition is standard (see [9, Appendix B.1]).
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700 AVILA et al.

Proposition 1.2. For every partially hyperbolic set Λ for 𝑓, there exist neighborhoods0 and𝑈0 of
Λ and 𝑓, and conefields 𝑢

0
,𝑠
0
,𝑐𝑢
0
,𝑐𝑠
0
on 𝑈0 with the following property. If Δ ⊂ 𝑈0 is a compact

g-invariant set for g ∈ 0, then it is partially hyperbolic and𝑈0 is an admissible neighborhood of Δ
with respect the conefields 𝑢

0
,𝑠
0
,𝑐𝑢
0
,𝑐𝑠
0
and the diffeomorphism g .

1.4 Bi-saturated partially hyperbolic sets: Accessibility

Consider a diffeomorphism𝑓 and a partially hyperbolic setΛ.We denote by𝑈0(𝑓, Λ) and0(𝑓, Λ)
the neighborhoods given by Proposition 1.2.
Let𝑀 be a manifold of dimension 𝑑 ⩾ 2, and let 𝐾 be a compact subset of𝑀. A 𝑘-dimensional

topological lamination  of 𝐾 is a decomposition of 𝐾 into path-connected subsets

𝐾 =
⋃
𝑥∈𝐾

(𝑥)

called leaves, where 𝑥 ∈ (𝑥), and two leaves (𝑥) and (𝑦) are either disjoint or equal, and a
covering of 𝐾 by coordinate neighborhoods {𝑈𝛼} with local coordinates (𝑥1𝛼, … , 𝑥

𝑑
𝛼) with the fol-

lowing property. For 𝑥 ∈ 𝑈𝛼 ∩ 𝐾, denote by 𝑈𝛼(𝑥) the connected component of (𝑥) ∩ 𝑈𝛼 con-
taining 𝑥. Then in coordinates on 𝑈𝛼 the local leaf 𝑈𝛼(𝑥) is given by a set of equations of the
form 𝑥𝑘+1𝛼 =⋯ = 𝑥𝑑𝛼 = 𝑐𝑠𝑡. If the local coordinates (𝑥

1
𝛼, … , 𝑥

𝑑
𝛼) can be chosen uniformly 𝐶

𝑟 along
the local leaves (i.e., to have uniformly 𝐶𝑟 overlaps on the sets 𝑥𝑘+1𝛼 = ⋯ = 𝑥𝑑𝛼 = 𝑐𝑠𝑡), then we say
that  has 𝐶𝑟 leaves.
Note that the leaves of a lamination with 𝐶𝑟 leaves are 𝐶𝑟, injectively immersed submanifolds

of𝑀. A lamination of𝑀 is called a foliation.
Let Λ be a partially hyperbolic set for 𝑓. Continuity and invariance of the partially hyperbolic

splitting implies that Λ is 𝑢− (respectively, 𝑠−) saturated if and only if {𝑢
𝑓
(𝑥) ∶ 𝑥 ∈ Λ} (respec-

tively, {𝑢
𝑓
(𝑥) ∶ 𝑥 ∈ Λ}) is a lamination of Λ.

Lemma 1.3. LetΛ be a bisaturated partially hyperbolic set for𝑓. Then the boundary 𝜕Λ is also bisat-
urated.

Proof. A set is bisaturated if and only if it is laminated by  𝑠 leaves and by 𝑢 leaves. If 𝑥, 𝑦
belong to the same leaf of a compact lamination ⊂ 𝑀, then there exist neighborhoods 𝑉𝑥 and
𝑉𝑦 in , of 𝑥 and 𝑦, respectively, that are homeomorphic; thus, 𝑥 belongs to the interior of if
and only if 𝑦 does. □

Let (𝑀) be the collection of all subsets of𝑀. We say that (𝑓, Λ) is accessible on 𝑋 ∈ (𝑀) if
for every 𝑝 ∈ 𝑋 ∩ Λ, and every 𝑞 ∈ 𝑋, there is an 𝑠𝑢-path for 𝑓 in Λ from 𝑝 to 𝑞. In particular, if
𝑋 ∩ Λ ≠ ∅, and 𝑓 is accessible on 𝑋, then Λ ⊃ 𝑋.
We say that (𝑓, Λ) is stably accessible on𝑋 ∈ (𝑀) if there exists a neighborhood𝑈 ⊂ 𝑈0(𝑓, Λ)

of Λ with 𝑋 ⊂ 𝑈, and a neighborhood  ⊂ 0(𝑓, Λ) of 𝑓 such that for every 𝑓 ∈  and every
𝑓-invariant bisaturated compact set Λ̃ ⊂ 𝑈, we have that (𝑓, Λ̃) is accessible on 𝑋.
We say that a set 𝑋 ∈ (𝑀) is a 𝑐-section for (𝑓, Λ) if for every bisaturated subset Δ ⊂ Λ, we

have 𝑋 ∩ Δ ≠ ∅ (the name comes from the fact that it meets each class, once one quotients along
the 𝑠 and𝑢 leaves, which are transverse to 𝐸𝑐).
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SYMPLECTOMORPHISMSWITH POSITIVE METRIC ENTROPY 701

1.5 Admissible families of disks

Since we do not assume that 𝐸𝑐 is tangent to a foliation, we will work with approximate cen-
ter manifolds.
For 𝜌 > 0 small and 𝑝 ∈ Λ, we denote by 𝐵𝑐(0, 𝜌) the ball inside 𝐸𝑐𝑝 of radius 𝜌 and set

𝑉𝜌(𝑝) ∶= 𝜑𝑝(𝐵
𝑐(0, 𝜌)).

We refer to 𝑉𝜌(𝑝) as a 𝑐-admissible disk (with respect to (𝑓, Λ)) with center 𝑝 and radius 𝜌 and
write 𝑟(𝑉𝜌(𝑝)) = 𝜌. If 𝐷 is a 𝑐-admissible disk with center 𝑝 and radius 𝜌, then for 𝛽 ∈ (0, 1),
we denote by 𝛽𝐷 the 𝑐-admissible disk with center 𝑝 and radius 𝛽𝜌. A 𝑐-admissible family (with
respect to (𝑓, Λ)) is a finite collection of pairwise disjoint, 𝑐-admissible disks.
Define the return time𝑅 ∶ (𝑀) → 𝐍 ∪ {∞} as follows. For𝑋 ∈ (𝑀), let𝑅(𝑋) be the smallest

𝐽 ∈ 𝐍 ∪ {∞} satisfying:

𝑓𝑖(𝑋) ∩ 𝑋 ≠ ∅, with |𝑖| = 𝐽 + 1. (3)

Note that 𝑅(𝐵𝜌(𝑝)) → per(𝑝), as 𝜌 → 0, where per(𝑝) denotes the period if 𝑝 is periodic and
per(𝑝) = ∞ if 𝑝 is not periodic.
For a 𝑐-admissible family and 𝛽 ∈ (0, 1), we introduce the following notations:

𝛽 = {𝛽𝐷 ∣ 𝐷 ∈ },
|| = ⋃

𝐷∈
𝐷,

𝑟() = sup
𝐷∈

𝑟(𝐷), and

𝑅() = 𝑅(||),
where as before 𝑟(𝐷) denotes the radius and 𝑅(𝐷) the smallest return time.

1.6 Two propositions

Our first proposition is the counterpart to [12, Lemma 1.1].†

Proposition 1.4 (Stable accessibility on center disks). Let Λ be partially hyperbolic for 𝑓, and let
𝛿 > 0 be given. Then there exist 𝐽 ⩾ 1 and a neighborhood 𝑈 of Λ satisfying 𝑈 ⊂ 𝑈0(𝑓, Λ) and the
following property.
If  is a 𝑐-admissible family with respect to (𝑓, Λ) with 𝑟() < 𝐽−1 and 𝑅() > 𝐽, then for all

𝜎 > 0 there exists g ∈ 0(𝑓, Λ) such that:
(1) 𝑑𝐶1(𝑓, g) < 𝛿,
(2) 𝑑𝐶0(𝑓, g) < 𝜎,
(3) for each 𝐷 ∈ , and every bisaturated partially hyperbolic set Δ ⊂ 𝑈 for g , we have that (g , Δ)

is stably accessible on 𝐷.

†While Lemma 1.1 is stated correctly in [12], its proof has an error. In particular, in Lemma 3.3, 𝑟() and 𝑅() are chosen
after 𝜃 is given, when they should be chosen before. A correct proof is given here.
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702 AVILA et al.

The second proposition is the counterpart to [12, Lemmas 1.2 and 1.3].

Proposition 1.5 (Stable 𝑐-sections exist). Let Λ be a partially hyperbolic set for 𝑓. Then there exists
𝛿 > 0 with the following property.
Let 𝑈 be a neighborhood of Λ satisfying 𝑈 ⊂ 𝑈0(𝑓, Λ). For any 𝐽 ⩾ 1 there exists a 𝑐-admissible

disk family and 𝜎 > 0 such that:

(1) 𝑟() < 𝐽−1,
(2) 𝑅() > 𝐽, and
(3) if g satisfies 𝑑𝐶1(𝑓, g) < 𝛿 and 𝑑𝐶0(𝑓, g) < 𝜎, then for any bisaturated partially hyperbolic set

Δ ⊂ 𝑈 for g , the set || is a 𝑐-section for (g , Δ).

1.7 Proof of Theorem C from Propositions 1.4 and 1.5

Let 𝑓,Λ, and be given as in the statement of the theorem. Let 𝛿 > 0 be given by Proposition 1.5.
By shrinking the value of 𝛿 if necessary, we may assume that 𝑑𝐶1(𝑓, g) < 𝛿 implies g ∈  .
Let the neighborhood 𝑈 of Λ such that 𝑈 ⊂ 𝑈0(𝑓, Λ) and 𝐽 ⩾ 1 be given by Proposition 1.4,

using the value 𝛿∕2. Let  and 𝜎 be given by Proposition 1.5. Applying Proposition 1.4 to 𝑓, Λ,
𝛿∕2,, 𝜎∕2 we associate a perturbation g0 of 𝑓 satisfying:

(1) 𝑑𝐶1(𝑓, g0) < 𝛿∕2,
(2) 𝑑𝐶0(𝑓, g0) < 𝜎∕2,
(3) for each 𝐷 ∈ , and every bisaturated partially hyperbolic set Δ ⊂ 𝑈 for g0, we have that

(g0, Δ) is stably accessible on 𝐷.

By compactness of the Hausdorff topology, there exists a neighborhood  ⊂  of g0 in the 𝛿∕2-
neighborhood of g0 such that accessibility holds on each𝐷, for bisaturated sets of any g ∈ . Then
for any g ∈ , we have 𝑑𝐶1(𝑓, g) < 𝛿 and 𝑑𝐶0(𝑓, g) < 𝜎. Let Δ ⊂ 𝑈 be a bisaturated set for such a
g .
On the one hand, Proposition 1.5 implies that || is a 𝑐-section for Δ, and so there exists 𝐷 ∈ 

such that Δ ∩ 𝐷 ≠ ∅. On the other hand, Proposition 1.4 then implies that Δ ⊃ 𝐷. By saturating 𝐷
by local stable and unstable manifolds for Δ and using again the bisaturation of Δ, we see that Δ
has nonempty interior.
Consider any point 𝑝 ∈ Δ and its accessibility class 𝐶(𝑝), that is, the set of points 𝑝′ ∈ Δ that

can be connected to 𝑝 by a su-path in Δ. Note that the closure of 𝐶(𝑝) is a bisaturated set and
hence meets the 𝑐-section || at a point 𝑧. This point belongs to a disc 𝜑𝑥𝑖 (𝐵𝑐(0, 𝜌𝑖)) ⊂ ||. Any
point 𝑦 close to 𝑧 can be joint by a su-path with two legs to a point in 𝜑𝑥𝑖 (𝐵

𝑐(0, 𝜌𝑖)): this proves that
𝐶(𝑝) intersects || at a point 𝑧𝑝. If 𝑞 is another point in Δ, its accessibility class 𝐶(𝑞) meets ||
as well at a point 𝑧𝑞 and the stable accessibility relative to || implies that the two points 𝑧𝑝, 𝑧𝑞
can be connected by a su-path. We have thus proved that 𝑝 and 𝑞 belong to the same accessibility
class, hence that Λ is accessible, completing the proof of Theorem C. □

2 PROOF OF PROPOSITION 1.4

Fix 𝑓,Λ, 𝛿 as in the statement of Proposition 1.4. We denote by 𝑐 the dimension of the center
bundle. The proof follows closely the proof of Lemma 1.1 in [12]. The main adaptation is that we
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SYMPLECTOMORPHISMSWITH POSITIVE METRIC ENTROPY 703

work inside bisaturated setsΔ for g in a small neighborhood ofΛ and consider unstable and stable
holonomies in restriction to Δ.
The partially hyperbolic splitting for 𝑓 at a point 𝑧 will be denoted by 𝐸𝑢𝑧 ⊕ 𝐸

𝑐
𝑧 ⊕ 𝐸

𝑠
𝑧, whereas

the splitting for another diffeomorphism g will be denoted by 𝐸𝑢g ,𝑧 ⊕ 𝐸
𝑐
g ,𝑧 ⊕ 𝐸

𝑠
g ,𝑧. As before

𝑑 = dim(𝑀).
For any 𝑝 ∈ 𝑀 we have defined a chart 𝜑𝑝 ∶ 𝐵(0, 1) ⊂ 𝑇𝑝𝑀 → 𝑀. From Remark 1.1, we can

assume that for any 𝑝 ∈ Λ and 𝑧 ∈ 𝐵(0, 1) ∩ 𝜑−1𝑝 (Λ), the orthogonal projections of 𝐸
𝑠
𝑧 on 𝐸

𝑢
𝑧 ⊕ 𝐸

𝑐
𝑧

and of 𝐸𝑢𝑧 on 𝐸
𝑐
𝑧 ⊕ 𝐸

𝑠
𝑧 have norms smaller than 10

−1.
In the following, we will reduce the 𝐶1-size 𝛿 of the perturbation, the size of the neighborhood

𝑈 of Λ, and the size 𝜌 of the 𝑐-admissible discs.

2.1 A center covering

We will need to replace 𝑐-admissible discs by families of disjoint smaller balls, which will be the
support of independent perturbations.

Lemma 2.1. There exist 𝛿1, 𝜌1 > 0, 𝐾 > 1 and a neighborhood 𝑈1 of Λ such that for any
𝜌 ∈ (0, 𝜌1), any 𝑐-admissible disc 𝐷 with radius 𝜌, centered 𝑝 ∈ Λ, and for any 𝜀 ∈ (0, 𝐾−1𝜌), there
exist 𝑧1, … , 𝑧𝓁 ∈ 𝑇𝑝𝑀 such that:

(1) the balls 𝐵(𝑧𝑖, 100𝑑2𝜀) are in the 𝐾𝜀-neighborhood of 𝜑−1𝑝 (𝐷);
(2) the balls 𝐵(𝑧𝑖, 100𝑑2𝜀) are pairwise disjoint;
(3) for any 𝑥 ∈ 𝐷, there exists 𝑧𝑖 such that for any g that is 𝛿1-close to 𝑓 in the 𝐶1 distance and for

any bisaturated set Δ ⊂ 𝑈1 for g :
(a) if 𝑥 ∈ Δ then there is a su-path for g between 𝑥 and 𝜑𝑝(𝐵(𝑧𝑖, 𝜀)),
(b) if 𝜑𝑝(𝐵(𝑧𝑖, 𝜀)) ⊂ Δ, then any point 𝑦 ∈ 𝜑𝑝(𝐵(𝜑−1𝑝 (𝑥), 𝜀∕2)) belongs to an su-path that inter-

sects 𝜑𝑝(𝐵(𝑧𝑖, 𝜀)).

Proof. There exists 𝐾0 > 1 such that for any 𝜀 > 0, the unit ball 𝐵𝑐(0, 1) ⊂ ℝ𝑐 can be covered by
balls𝐵(𝑥1, 𝜀∕4), … , 𝐵(𝑥𝓁 , 𝜀∕4) inℝ𝑑 with the property that any ball𝐵(𝑥𝑖, 200𝑑2𝜀) intersects atmost
𝐾0 − 1 others.
We introduce a local flow along the unstable leaves 𝑊𝑢

g of Δ for g . Fix 𝑝 ∈ Λ, and for
𝑥 ∈ 𝐵(0, 𝜌1) ∩ 𝜑

−1
𝑝 (Δ) ⊂ 𝑇𝑝𝑀, denote by 𝜋𝑢𝑥 the projection along (𝐸

𝑢
𝑝)
⟂ of 𝐵(0, 2𝜌1) onto the con-

nected component of 𝜑−1𝑝 (𝑊
𝑢
g ,𝜑𝑝(𝑥)

) ∩ 𝐵(0, 2𝜌1) containing 𝑥.

Given a unit vector 𝑣𝑢 ∈ 𝐸𝑢𝑝 , we define a vector field 𝑋𝑣𝑢 along the local leaves of 𝜑
−1
𝑝 (𝑊

𝑢
g
) as

follows: for 𝑥 ∈ 𝐵(0, 𝜌1) ∩ 𝜑−1𝑝 (Δ) ⊂ 𝑇𝑝𝑀, let

𝑋𝑣𝑢(𝑥) = 𝐷𝜋
𝑢
𝑥(𝑥 + 𝑣

𝑢).

The vector field𝑋𝑣𝑢 induces a local flowΦ𝑢 on the set 𝐵(0, 2𝜌1) ∩ 𝜑−1𝑝 (Δ), for |𝑡| < 𝜌1: the orbit of
𝑥 is the projection by 𝜋𝑢𝑥 of the curve 𝑡 ↦ 𝑥 + 𝑡𝑣𝑢. The orbits are 𝐶1 curves with a tangent space
arbitrarily close to ℝ𝑣𝑢 if 𝜌1, 𝛿1 and 𝑈1 have been chosen small enough.
Let 𝐷 be a 𝑐-admissible disk centered at 𝑝, with radius 𝜌 < 𝜌1. From the property above, one

can choose points 𝑥1, … , 𝑥𝓁 ∈ 𝐸𝑐𝑝 such that the balls 𝐵(𝑥1, 𝜀∕4), … , 𝐵(𝑥𝓁 , 𝜀∕4) cover 𝜑
−1
𝑝 (𝐷) ⊂ 𝐸

𝑐
𝑝

and choose integers 𝑘1, … , 𝑘𝓁 in {1, … , 𝐾0} such that the balls 𝐵(𝑧1, 100𝑑2𝜀), . . . , 𝐵(𝑧𝓁 , 100𝑑2𝜀),
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704 AVILA et al.

centered at points 𝑧𝑖 ∶= 𝑥𝑖 + 500𝑑2𝑘𝑖𝜀𝑣𝑢 are pairwise disjoint. The two first items are satisfied
with 𝐾 = 1000𝑑2𝐾0.
Since the flow lines underΦ𝑢 are𝐶1-close to lines parallel to 𝑣𝑢, for each point 𝑥 ∈ 𝐷 ∩ Δ, there

exists |𝑡| < 10𝐾0 such that Φ𝑡(𝜑−1𝑝 (𝑥)) belongs to one of the balls 𝐵(𝑧𝑖, 𝜀∕2). Hence the unstable
manifold of 𝑥 intersects 𝜑𝑝(𝐵(𝑧𝑖, 𝜀∕2)).
If 𝜑𝑝(𝐵(𝑧𝑖, 𝜀)) ⊂ Δ, then the continuousmap𝐻∶ (𝑡, 𝑦) ↦ Φ𝑢𝑡 (𝑦) defined on [−𝐾𝜀, 𝐾𝜀] × 𝐵(𝑧𝑖, 𝜀)

is 𝜀∕2-close in the 𝐶0 metric to the map (𝑡, 𝑦) ↦ 𝑦 + 𝑡𝑣𝑢. Hence 𝐵(𝑧𝑖, 𝜀∕2) + [−(𝐾 − 1)𝜀, (𝐾 −
1)𝜀]𝑣𝑢 is contained in the image of 𝐻. By construction 𝐵(𝜑−1𝑝 (𝑥), 𝜀∕2) is contained in this image.
We have thus proved that any point in 𝜑𝑝(𝐵(𝜑−1𝑝 (𝑥), 𝜀∕2)) belongs to the unstable manifold of
some point in 𝜑𝑝(𝐵(𝑧𝑖, 𝜀)).
The lemma is proved. □

2.2 A center accessibility criterion

Let 𝜃 ∈ (0, 1), 𝑝 ∈ Λ and 𝑧 ∈ 𝑇𝑝𝑀.
We say that the pair (g , Δ) is 𝜃-accessible on the ball 𝜑𝑝(𝐵(𝑧, 2𝑑𝜀)) if there exist an orthonormal

basis 𝑤1,… ,𝑤𝑐 of 𝐸𝑐𝑝 and for each 𝑗 ∈ {1, … , 𝑐}, a continuous map

𝐻𝑗 ∶ [−1, 1] × [0, 1] × 𝜑−1𝑝 (Δ) ∩ 𝐵(𝑧, 2𝑑𝜀) → 𝜑−1𝑝 (Δ) ∩ 𝐵(0, 2𝜌)

such that for any 𝑥 ∈ 𝜑−1𝑝 (Δ) ∩ 𝐵(𝑧, 2𝑑𝜀) and 𝑠 ∈ [−1, 1],

(a) 𝐻𝑗(𝑠, 0, 𝑥) = 𝑥,
(b) themap𝜑𝑝◦𝐻𝑗(𝑠, ., 𝑥)∶ [0, 1] → Δ is a 4-legged su-path, that is, the concatenation of 4 curves,

each contained in a stable or unstable leaf,
(c) ‖𝐻𝑗(𝑠, 1, 𝑥) − 𝑥‖ < 𝜀

10𝑑
, and

(d) ‖𝐻𝑗(±1, 1, 𝑥) − (𝑥 ± 𝜃𝜀𝑤𝑗)‖ < 𝜃 𝜀

10𝑑
.

See the Figure 1.
The following replaces [12, Lemma 3.2] in our setting.†

Lemma 2.2. For any 𝜃 > 0, there exist 𝛿2, 𝜌2 > 0 and a neighborhood𝑈2 of Λ such that

– for any 𝑝 ∈ Λ, any 𝑧 in the ball 𝐵(0, 𝜌2) ⊂ 𝑇𝑝𝑀 and 𝜀 ∈ (0, 𝜌2),
– for any diffeomorphism g which is 𝛿2-close to 𝑓 in the 𝐶1 topology,
– for any bi-saturated set Δ ⊂ 𝑈2 such that (g , Δ) is 𝜃-accessible on the ball 𝜑𝑝(𝐵(𝑧, 2𝑑𝜀)),

the pair (g , Δ) is accessible on 𝜑𝑝(𝐵(𝑧, 𝜀)).

Proof. Let 𝑢, 𝑠 be the dimensions of the bundles 𝐸𝑢, 𝐸𝑠. Hence 𝑑 = 𝑢 + 𝑐 + 𝑠. Let 𝑣1, … , 𝑣𝑢 and
𝑣𝑢+𝑐+1, … , 𝑣𝑑 be orthonormal bases of 𝐸𝑢𝑝 and 𝐸

𝑠
𝑝, respectively. We define local flows (Φ

𝑖
𝑡) (for

𝑖 ∈ {1, … , 𝑢} ∪ {𝑢 + 𝑐 + 1,… , 𝑑}) on 𝜑−1𝑝 (Δ), as in the proof of Lemma 2.1.

† The proof of [12, Lemma 3.2] contains a subtle error, in the sentence beginning: “By a standard argument . . . ” The argu-
ment described there is indeed standard in the dynamically coherent setting, but it is not clear in the more general setting.
We bypass this argument here by removing the requirement that the 𝑠𝑢-paths end in the 𝑐-admissible disk, establishing
local accessibility directly.
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SYMPLECTOMORPHISMSWITH POSITIVE METRIC ENTROPY 705

As in the proof of Lemma 2.1, we define for each 𝑗 ∈ {1, … , 𝑢} a local flow Φ𝑗: at any
𝑥 ∈ 𝐵(𝑧, 2𝑑𝜀) ∩ 𝜑−1𝑝 (Δ) it is tangent to the vector field obtained by projecting the vector 𝜃𝜀𝑣𝑗
at 𝑥 orthogonally to 𝐸𝑢 on the tangent space 𝜑−1𝑝 (𝑊

𝑢(𝜑𝑝(𝑥))). The point Φ
𝑗
𝑡 (𝑥) is the projec-

tion of 𝑥 + 𝑡𝜃𝜀𝑣𝑗 orthogonally onto 𝜑−1𝑝 (𝑊
𝑢(𝜑𝑝(𝑥))). Similarly, for 𝑗 ∈ {1, … , 𝑠}, we define a flow

Φ
𝑢+𝑐+𝑗
𝑡 (𝑥) in the direction of 𝑣𝑢+𝑐+𝑗, along the stable leaves of 𝜑−1𝑝 (Δ). Choosing 𝜌2, 𝛿2,𝑈2 small,

the tangent spaces of the unstable and stable leaves of g inside 𝜑−1𝑝 (Δ) in 𝐵(𝑝, 𝜌2) are close to 𝐸
𝑢
𝑝

and 𝐸𝑠𝑝. This gives

‖Φ𝑖𝑡(𝑥) − (𝑥 + 𝑡𝜃𝜀𝑣𝑖)‖ < |𝑡|𝜃 𝜀

10𝑑
. (4)

We also definemaps in the center direction. Let us set 𝑣𝑢+𝑗 = 𝑤𝑗 . For 𝑗 ∈ {1… , 𝑐}, we introduce
inductively Φ𝑢+𝑗𝑡 (𝑥) (while it can be defined) by

Φ
𝑢+𝑗
𝑡 (𝑥) = 𝐻𝑗(𝑡, 1, 𝑥) when 𝑡 ∈ [0, 1],

Φ
𝑢+𝑗
𝑡 (𝑥) = Φ

𝑢+𝑗
𝑡−1

◦Φ𝑢+𝑗
1
(𝑥) when 𝑡 > 1,

Φ
𝑢+𝑗
𝑡 (𝑥) = Φ

𝑢+𝑗
𝑡+1

◦(Φ𝑢+𝑗
−1
)−1(𝑥) when 𝑡 < 0,

Let us consider a point 𝑥0 ∈ 𝜑−1𝑝 (Δ) ∩ 𝐵(𝑧, 𝜀). From (c), (d), and (4), one can define for each
(𝑡1, … , 𝑡𝑑) ∈ [−3𝜃

−1, 3𝜃−1]𝑑

𝑃(𝑡1, … , 𝑡𝑑) = Φ
1
𝑡1
…Φ𝑑𝑡𝑑

(𝑥0).

This induces a continuous map satisfying

‖𝑃(𝑡1, … , 𝑡𝑑) − (𝑥0 +∑
𝑖𝑡𝑖𝜃𝜀𝑣𝑖)‖ < 2𝜀10 .

It follows that the degree of the map 𝑥0 +
∑
𝑖𝑡𝑖𝜃𝜀𝑣𝑖 ↦ 𝑃(𝑡1, … , 𝑡𝑑) over any point that is (3 −

1

2
)𝜀-

close to 𝑥0 is equal to 1. Hence the image of 𝑃 contains the ball centered at 𝑥0 of radius (3 −
1

2
)𝜀,

and the ball 𝐵(𝑧, 𝜀). By construction, the points in the image of 𝜑𝑝◦𝑃 are be connected to 𝑧0 by an
su-path in Δ. We have thus shown that (g , Δ) is accessible on 𝐵(𝑧, 𝜀). □

2.3 Elementary perturbations

The perturbation will be built from the following.

Lemma 2.3. There exists 𝜂, 𝛼0 > 0 small with the following properties.
For any 𝛼 ∈ (0, 𝛼0), 𝑝 ∈ Λ, 𝑧 ∈ 𝐵(0, 1∕4) ⊂ 𝑇𝑝𝑀, 𝑟 ∈ (0, 1∕4) and any unit vector 𝑣 ∈ 𝐸𝑐𝑝, there

exists a diffeomorphism 𝑇 of 𝑇𝑝𝑀:

– which is supported on 𝐵(𝑧, 3𝑟),
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706 AVILA et al.

– whose restriction to 𝐵(𝑧, 2𝑟) coincides with

𝑥 ↦ 𝑥 + 𝛼𝜂𝑟𝑣,

– whose tangent map 𝐷𝑇(𝑦) is 𝛼-close to id for any 𝑦 ∈ 𝑇𝑝𝑀,
– which is 𝑟

100𝑑2
-close to the identity in the 𝐶0 distance.

Moreover, if 𝑓 preserves a volume𝑚 or a symplectic form 𝜔, then such a 𝑇 can be constructed so that
the maps 𝜑𝑝◦𝑇◦𝜑−1𝑝 preserve𝑚 or 𝜔 as well.

Proof. The construction is standard. One first notices that it can be done in the case 𝑟 = 1∕4. One
then reduces 𝑟 by conjugating by an homothety.
With a bump function, one builds a vector fields which takes the constant value 𝑣 on 𝐵(𝑧, 2𝑟)

and which vanishes outside 𝐵(𝑧, 3𝑟). There exists 𝜂 > 0 such that the time 𝑡 of the flow is at dis-
tance 𝜂−1.𝑡 from the identity in the 𝐶1 topology. For 𝛼 > 0 small, the map 𝑇 is the time 𝛼𝜂 of
the flow.
In the volume-preserving case, the lift of the volume form is constant in the domain of the

charts. Choosing a divergence free vector field, the map 𝑇 preserves the volume.
In the symplectic case, the symplectic form in the chart is constant. The constant vector field

is hamiltonian. Using a bump function, one can extend the hamiltonian to a function which van-
ishes outside 𝐵𝑐(𝑧, 3𝑟). The associated vector field is then symplectic as required. □

The diffeomorphism g of Proposition 1.4 will be obtained from 𝑓 as a composition of some
number 𝐿 of diffeomorphisms obtained from Lemma 2.3:

g ∶= Ψ𝐿◦… ◦Ψ1◦𝑓, with Ψ𝑖 ∶= 𝜑𝑝𝑖◦𝑇𝑖◦𝜑
−1
𝑝𝑖
, (5)

where the points 𝑝𝑖 belong to Λ and where the maps 𝑇𝑖 are diffeomorphisms of 𝑇𝑝𝑖𝑀 given by
Lemma 2.3 which coincide with the identity outside some sets Ω𝑖 contained in 𝐵(0, 2𝜌) ⊂ 𝑇𝑝𝑖𝑀,
for some 𝜌 > 0 small which will be chosen later. The supports 𝜑𝑝𝑖 (Ω𝑖) will be chosen pairwise
disjoint so that the maps Ψ𝑖 commute.
We consider cone fields 𝑢

0
,𝑠
0
on𝑈0, respectively, invariant by 𝑓 and 𝑓−1 as in Proposition 1.2.

If 𝛿3 > 0 is small, for any g that is 𝛿3-close to 𝑓 in the 𝐶1 topology, the same cone fields 𝑢0 ,𝑠0 are
still invariant by g and g−1.
We may assume without loss of generality that 𝛿 < min(𝛿1, 𝛿2, 𝛿3). Recall that the charts 𝜑𝑝

depend continuously on 𝑝 in the 𝐶1 topology when 𝑝 belong to the atoms of a finite compact
covering of𝑀. Consequently, there exists 𝜌3 > 0 and 𝛼 ∈ (0, 𝛼0) small such that if the supportΩ𝑖
of each map 𝑇𝑖 is contained in 𝐵(0, 2𝜌) ⊂ 𝑇𝑝𝑖𝑀 for some 𝜌 ∈ (0, 𝜌3) and has a tangent map 𝐷𝑇
which is 𝛼-close to the identity, then the diffeomorphism g is 𝛿-close to 𝑓 in the 𝐶1 distance.

2.4 Choice of 𝑱 and𝑼

For 𝐽 ⩾ 1, let us introduce the iterates 𝑢 = 𝐷𝑓𝐽(𝑢
0
) and 𝑠 = 𝐷𝑓−𝐽(𝑠

0
) on a neighborhood𝑈 of

Λ satisfying

𝑈 ⊂ 𝑈1 ∩ 𝑈2 ∩
⋂
|𝑘|⩽𝐽

𝑓𝑘(𝑈0). (6)
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SYMPLECTOMORPHISMSWITH POSITIVE METRIC ENTROPY 707

The contraction of the cone fields ensures that 𝑢 and 𝑠 get arbitrarily close to the bundles 𝐸𝑢
and 𝐸𝑠 (defined on the maximal invariant set of 𝑈) as 𝐽 → +∞. Hence, there exist 𝐽1 ⩾ 1 and
𝜌4 > 0 such that if 𝐽 ⩾ 𝐽1 and if 𝜌 < 𝜌4, then for any 𝑝 ∈ Λ,

– 𝜑𝑝(𝐵(0, 2𝜌)) ⊂ 𝑈,
– the cone fields 𝐷𝜑−1𝑝 (𝑠) and 𝐷𝜑−1𝑝 (𝑢) on 𝐵(0, 2𝜌) are 𝛾-close to the spaces 𝐸𝑠𝑝 and 𝐸𝑢𝑝 in 𝑇𝑝𝑀
for some 𝛾 > 0much smaller than 𝛼𝜂.

In particular, from the choice of the Riemannian metric, for any point 𝑧 ∈ 𝐵(0, 2𝜌) ⊂ 𝑇𝑝𝑀, the
orthogonal projection of any unit vector 𝑢 ∈ 𝐷𝜑𝑝(𝑧)−1(𝑠(𝜑𝑝(𝑧)) on 𝐸𝑐𝑝 has norm smaller than
1∕2.
We now fix:

– 𝐽1 and the neighborhood 𝑈 to satisfy (6),
– 𝜌 > 0 smaller thanmin(𝜌1, 𝜌2, 𝜌3, 𝜌4),
– 𝐽 ⩾ 𝐽1 large enough so that any 𝑐-admissible disk 𝐷 with center 𝑝 ∈ Λ and radius 𝑟(𝐷) < 𝐽−1
lifts by 𝜑𝑝 as a subset of 𝐵(0, 𝜌) ⊂ 𝑇𝑝𝑀,

– a 𝑐-admissible family of disks as in the statement of Proposition 1.4,
– 𝜎 > 0 as in the statement of Proposition 1.4.

The construction also depends on a number 𝜀 > 0 smaller than 𝜎, 𝜌2 and 𝐾−1𝑟(𝐷) for any 𝐷 ∈ 
(where 𝐾 is the constant in Lemma 2.1). We will specify later the value of 𝜀.

2.5 Construction of the diffeomorphism g

We associate to each 𝑐-admissible disc 𝐷 ∈  a set of balls as given by Lemma 2.1. The union of
these sets defines a family of balls 𝐵𝑖 ∶= 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 100𝑑

2𝜀)), 1 ⩽ 𝑖 ⩽ 𝐿, inside the tangent spaces
of points 𝑝𝑖 ∈ Λ. Since the discs 𝐷 ∈  are disjoint, by choosing 𝜀 > 0 small enough the items (a)
and (b) in Lemma 2.1 ensure that the balls 𝐵𝑖 are pairwise disjoint.
We now define g◦𝑓−1 in each 𝐵𝑖 separately. The choice of 𝜌 gives 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 100𝑑

2𝜀)) ∈ 𝑈, and
one can choose two spaces 𝑢,  𝑠 ⊂ 𝑇𝑝𝑖𝑀 with the same dimension as 𝐸𝑢𝑝𝑖 and 𝐸

𝑠
𝑝𝑖
and satisfying

𝐷𝜑𝑝𝑖 (𝑧𝑖). 𝑠 ⊂ 𝑠(𝜑𝑝𝑖 (𝑧𝑖)), 𝐷𝜑𝑝𝑖 (𝑧𝑖).𝑢 ⊂ 𝑢(𝜑𝑝𝑖 (𝑧𝑖)).
We choose two unit vectors 𝑒𝑠 ∈  𝑠, 𝑒𝑢 ∈ 𝑢 and we also fix an orthonormal basis 𝑤1,… ,𝑤𝑐
of 𝐸𝑐𝑝𝑖 .
For each 𝑗 ∈ {1, … , 𝑐}, the Lemma 2.3 provides us with:

– diffeomorphisms 𝑇𝑖,𝑗 of 𝑇𝑝𝑖𝑀, whose restriction to 𝐵(𝑧𝑖 + 10𝑗𝑑𝜀𝑒𝑠, 2𝑑𝜀) coincides with the
translation by 𝛼𝜂𝑑𝜀𝑤𝑗 ,

– diffeomorphisms 𝑇𝑖,−𝑗 of 𝑇𝑝𝑖𝑀, whose restriction to 𝐵(𝑧𝑖 − 10𝑗𝑑𝜀𝑒𝑠, 2𝑑𝜀) coincides with the
translation by −𝛼𝜂𝑑𝜀𝑤𝑗 ,

Moreover 𝐷𝑇𝑖,±𝑗 is 𝛼-close to the identity and 𝑇𝑖,±𝑗 coincides with the identity outside 𝐵(𝑧𝑖 ±
10𝑗𝑑𝜀𝑒𝑠, 3𝑑𝜀).
Since the norm of the orthogonal projection of  𝑠 to 𝐸𝑐 is less than 1∕2, the supports of the 𝑇𝑖,𝑗

and 𝑇𝑖,−𝑗 for 𝑗 ∈ {1, … , 𝑐}, are pairwise disjoint, and also disjoint from𝐵(𝑧𝑖, 2𝑑𝜀). Also the union of
the supports is contained in 𝐵(𝑧𝑖, 100𝑑2𝜀) ⊂ 𝑇𝑝𝑖𝑀. Since the balls 𝐵𝑖 are disjoint, the composition
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708 AVILA et al.

of 𝑓 with all the Ψ𝑖,±𝑗 ∶= 𝜑𝑝𝑖◦𝑇𝑖,±𝑗◦𝜑
−1
𝑝𝑖

as in (5) defines a diffeomorphism g , which is 𝛿-close to
𝑓 in the 𝐶1 topology. Since the diameters of these balls have been chosen small, g is also 𝜎-close
to 𝑓 in the 𝐶0-topology.
It remains to check the item (3) of Proposition 1.4.

2.6 𝜽-accessibility

We set 𝜃 = 𝛼𝜂𝑑 and check the criterion in Section 2.2.

Lemma 2.4. If 𝜀 > 0 is small enough, then for any diffeomorphism g̃ that belongs to a small 𝐶1-
neighborhood of g and for any bisaturated set Δ̃ ⊂ 𝑈 for g̃ , then the pair (g̃ , Δ̃) is 𝜃-accessible on each
ball 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 2𝑑𝜀)).

Proof. Let us describe the holonomies in each ball 𝐵(𝑧𝑖, 100𝑑2𝜀) ⊂ 𝑇𝑝𝑖𝑀. We introduce the affine
foliations 𝑢

0
, 𝑠
0
of 𝑇𝑝𝑖𝑀 by leaves parallel to 𝑢 and  𝑠 and the perturbed foliation

𝑢 ∶= (𝑇𝑖,−𝑐◦… ◦𝑇𝑖,−1◦𝑇𝑖,1◦… ◦𝑇𝑖,𝑐)(𝑢0 ).
We next introduce flows Φ𝑠, Φ𝑢 along the leaves of  𝑠

0
and 𝑢 in the directions 𝑒𝑠 and 𝑒𝑢 as in

proof of Lemma 2.1. For the linear foliation  𝑠
0
, Φ𝑠 simply coincides with the linear flow (𝑥, 𝑡) ↦

𝑥 + 𝑡𝑒𝑠. For 𝑢, one defines Φ𝑢(𝑥, 𝑡) by projecting the flow (𝑥, 𝑡) ↦ 𝑥 + 𝑡𝑒𝑢 on the leaves of 𝑢,
along the space  𝑠 + 𝐸𝑐𝑝𝑖 .
Claim. For each 𝑗 ∈ {1, … , 𝑐}, the composition

Φ𝑠
−10𝑗𝑑𝜀

◦Φ𝑢
−10𝑗𝑑𝜀

◦Φ𝑠
10𝑗𝑑𝜀

◦Φ𝑢
10𝑗𝑑𝜀

coincides on 𝐵(𝑧𝑖, 2𝑑𝜀) with the translation by 𝜃𝜀𝑤𝑗 .
Similarly, the composition Φ𝑠

10𝑗𝑑𝜀
◦Φ𝑢

−10𝑗𝑑𝜀
◦Φ𝑠

−10𝑗𝑑𝜀
◦Φ𝑢

10𝑗𝑑𝜀
coincides on 𝐵(𝑧𝑖, 2𝑑𝜀) with the

translation by −𝜃𝜀𝑤𝑗 . □

Proof. Indeed on𝐵(𝑧𝑖, 2𝑑𝜀) themapΦ𝑢10𝑗𝑑𝜀 coincides with 𝑥 ↦ 𝑥 + (10𝑗𝑑𝜀)𝑒𝑢 (by construction the
support of themaps𝑇𝑖,𝑗 does not intersect𝐵(𝑧𝑖, 2𝑑𝜀) + ℝ𝑒𝑢). On𝐵(𝑧𝑖, 2𝑑𝜀) + (10𝑗𝑑𝜀)𝑒𝑢 + 10𝑗𝑑𝜀𝑒𝑠,
the map Φ𝑢

−10𝑗𝑑𝜀
coincides with the composition of 𝑥 ↦ 𝑥 − (10𝑗𝑑𝜀)𝑒𝑢 with the translation by

𝛼𝜂𝑑𝜀𝑤𝑗 = 𝜃𝜀𝑤𝑗 . The first part of the claim follows. The second is obtained analogously.

Arguing in a similar way and using the fact that the 𝐶0 size of the perturbations 𝑇𝑖,𝑗 is smaller
than 𝜀

100𝑑
, one gets the following.

Claim. For each 𝑗 ∈ {1, … , 𝑐} and 𝑠 ∈ [0, 1] the compositions

Φ𝑠
−𝑠10𝑗𝑑𝜀

◦Φ𝑢
−𝑠10𝑗𝑑𝜀

◦Φ𝑠
𝑠10𝑗𝑑𝜀

◦Φ𝑢
𝑠10𝑗𝑑𝜀

and Φ𝑠
𝑠10𝑗𝑑𝜀

◦Φ𝑢
−𝑠10𝑗𝑑𝜀

◦Φ𝑠
−𝑠10𝑗𝑑𝜀

◦Φ𝑢
𝑠10𝑗𝑑𝜀

are at a 𝐶0-distance smaller than 𝜀

10𝑑
from the identity. □
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SYMPLECTOMORPHISMSWITH POSITIVE METRIC ENTROPY 709

Let g̃ be a diffeomorphism 𝐶1-close to g and Δ̃ ⊂ 𝑈 be a bisaturated set for g̃ . At each 𝑥 in
𝐵(0, 2𝜌) ∩ 𝜑−1𝑝 (Δ), the connected components of the leaves 𝜑

−1
𝑝 (𝑊

𝑠∕𝑢

g̃
(𝜑𝑝(𝑥))) ∩ 𝐵(0, 2𝜌) contain-

ing 𝑥 define leaves 𝑊𝑠∕𝑢

g̃ ,𝑙𝑜𝑐
(𝑥). One can define flows Φ̃𝑠 and Φ̃𝑢 in 𝐵(0, 2𝜌) ∩ 𝜑−1𝑧𝑖 (Δ̃) as before:

Φ𝑢(𝑥, 𝑡) is obtained by projecting (𝑥, 𝑡) ↦ 𝑥 + 𝑡𝑒𝑢 on the leaves𝑊𝑢
g̃ ,𝑙𝑜𝑐

(𝑥) along the space𝑢 + 𝐸𝑐𝑝𝑖 ;
Φ𝑠(𝑥, 𝑡) is obtained by projecting (𝑥, 𝑡) ↦ 𝑥 + 𝑡𝑒𝑠 on the leaves𝑊𝑠

g̃ ,𝑙𝑜𝑐
(𝑥) along the space  𝑠 + 𝐸𝑐𝑝𝑖 .

We then define the map

𝐻𝑗 ∶ [−1, 1] × [0, 1] × (𝜑−1𝑝 (Δ) ∩ 𝐵(𝑧𝑖, 2𝑑𝜀)) → 𝜑−1𝑝 (Δ) ∩ 𝐵(0, 2𝜌).

For 𝑠 ∈ [−1, 1] and 𝑥 in 𝜑−1𝑝 (Δ) ∩ 𝐵(0, 2𝑑𝜀), the arc 𝑡 ↦ 𝐻𝑗(𝑠, 𝑡, 𝑥) is the concatenation of the four
arcs (defined on [0, 1∕4])

𝑡 ↦ Φ𝑢|𝑠|𝑡40𝑗𝑑𝜀(𝑥),

𝑡 ↦ Φ𝑠
𝑠𝑡40𝑗𝑑𝜀

(Φ𝑢|𝑠|10𝑗𝑑𝜀(𝑥)),

𝑡 ↦ Φ𝑢
−|𝑠|𝑡40𝑗𝑑𝜀(Φ

𝑠
𝑠10𝑗𝑑𝜀

◦Φ𝑢|𝑠|10𝑗𝑑𝜀(𝑥)),

𝑡 ↦ Φ𝑠
−𝑠𝑡40𝑗𝑑𝜀

(Φ𝑢
−|𝑠|10𝑗𝑑𝜀◦Φ

𝑠
𝑠10𝑗𝑑𝜀

◦Φ𝑢|𝑠|10𝑗𝑑𝜀(𝑥)).

The items (a) and (b) of the definition of the 𝜃-accessibility hold by construction.
The stable leaves𝑊𝑠

g̃ ,𝑙𝑜𝑐
(𝑥) are𝐶1-close to the leaves of the foliation 𝑠

0
. Indeed the 𝐽 first iterates

of g and 𝑓 coincide on𝐵𝑖 (since𝐷() > 𝐽) so that the tangent spaces of the unstable leaves of g are
tangent to the cone field 𝑠 and its preimage by 𝜑𝑝𝑖 is 𝛾-close to the direction  𝑠 on 𝐵(𝑧𝑖, 100𝑑2𝜀).
The same holds for g̃ which is 𝐶1-close to g .
Similarly the unstable leaves of g and g̃ are tangent to the cone field 𝑢 on 𝑓−1(𝐵𝑖). Hence on

each ball 𝜑𝑝𝑖 (𝐵(𝑧𝑖 ± 10𝑗𝑑𝜀𝑒
𝑠, 3𝑑𝜀)), they are tangent to the cone field𝐷Ψ𝑖,±𝑗(𝑢). Their preimages

by 𝜑𝑝𝑖 are thus 𝛾-close to the leaves of 𝑢 on 𝐵(𝑧𝑖, 100𝑑2𝜀). This implies that the trajectories of the
flowsΦ𝑠∕𝑢 and Φ̃𝑠∕𝑢 are 𝐶1-close. Together with the two previous claims, it gives the items (c) and
(d) of the definition of the 𝜃-accessibility.

2.7 Conclusion of the proof of Proposition 1.4

Let Δ ⊂ 𝑈 be a bisaturated set for g . Let us consider any diffeomorphism g̃ that is 𝐶1-close to g
and any bisaturated set Δ̃ ⊂ 𝑈 for g̃ (in particular, any bisaturated Δ̃ for g̃ contained in a small
neighborhood of Δ). The pair (g̃ , Δ̃) is 𝜃-accessible on each ball 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 2𝑑𝜀)) by Lemma 2.4. By
Lemma 2.2, the pair (g̃ , Δ̃) is accessible on each ball 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 𝜀)).
Let𝐷 be any 𝑐-admissible disk in the family, which intersects Δ̃ at a point 𝑧. By Lemma2.1(3a),

there exists 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 𝜀)) and a su-path for g̃ between 𝑧 and a point 𝑦 ∈ 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 𝜀)). By accessi-
bility, 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 𝜀)) ⊂ Δ̃. By Lemma 2.1(3b), any point 𝑥 in the 𝜀∕2-neighborhood of 𝑧 in 𝐷 can be
connected by a su-path to a point 𝑦′ ∈ 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 𝜀)). By accessibility, 𝑦, 𝑦

′ ∈ 𝜑𝑝𝑖 (𝐵(𝑧𝑖, 𝜀)) belong to
a su-path. This shows that any point in the 𝜀∕2-neighborhood of 𝑧 in 𝐷 can be connected to 𝑧 by
a su-path. Since 𝐷 is connected, any two points in 𝐷 belong to a su-path in Δ̃, showing that (g̃ , Δ̃)
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710 AVILA et al.

is accessible on 𝐷. This concludes the proof of the stable accessibility of (g , Δ) on any disk 𝐷 ∈ ,
and of the last item of Proposition 1.4.

3 PROOF OF PROPOSITION 1.5

For Λ a partially hyperbolic set for 𝑓 and 𝑈 a neighborhood of Λ with 𝑈 ⊂ 𝑈0(𝑓, Λ), we denote
the maximal 𝑓-invariant set in 𝑈 by

Λ𝑈(𝑓) ∶=
⋂
𝑗∈ℤ

𝑓𝑗(𝑈).

For 𝐽 ⩾ 1, denote by Per⩽𝐽(𝑓,𝑈) the set of points

Per⩽𝐽(𝑓,𝑈) ∶= {𝑝 ∈ 𝑈 ∣ per(𝑝) ⩽ 𝐽}.

3.1 Existence of c-admissible families

We restate [12, Lemma 2.3] in our setting.

Lemma 3.1. LetΛ be a partially hyperbolic set for 𝑓, let 𝛽 ∈ (0, 1), let𝑈 be neighborhood ofΛ with
𝑈 ⊂ 𝑈0(𝑓, Λ) and let 𝐽 ⩾ 1.
Then for every 𝜌 > 0 sufficiently small and denoting by 𝐵𝜌 the 𝜌-neighborhood of Per⩽𝐽(𝑓,𝑈),

there exist 𝑞1, … , 𝑞𝑘 ∈ Λ𝑈(𝑓) ⧵ 𝐵𝜌 such that

(1) the balls 𝐵𝛽𝜌(𝑞1),..., 𝐵𝛽𝜌(𝑞𝑘) cover Λ𝑈(𝑓) ⧵ 𝐵𝜌,
(2) 𝑉𝜌(𝑞𝑖) ∩ 𝑉𝜌(𝑞𝑗) = ∅, for all 𝑖 ≠ 𝑗, and
(3) 𝑉𝜌(𝑞𝑖) ∩ 𝑓𝑚(𝑉𝜌(𝑞𝑗)) = ∅, for all 𝑖, 𝑗 and 0 < |𝑚| ⩽ 𝐽.
In particular ∶= {𝑉𝜌(𝑞1), … , 𝑉𝜌(𝑞𝑘)} is a 𝑐-admissible disk family with respect to (𝑓, Λ𝑈(𝑓)) sat-
isfying 𝑅() > 𝐽.
Remark. There exists 𝜎 > 0 such that for any diffeomorphism g with 𝑑𝐶0(g , 𝑓) < 𝜎, the setΛ𝑈(g)
is contained in an arbitrarily small neighborhood of Λ𝑈(𝑓) so that we still have Λ𝑈(g) ⧵ 𝐵𝜌 ⊂
∪𝑖𝐵𝛽𝜌(𝑞𝑖).

3.2 From 𝒄-admissible families to stable 𝒄-sections

The conclusions of Proposition 1.5 follow from the next lemma, choosing 𝜌 < 𝐽−1.

Lemma 3.2. Given a partially hyperbolic setΛ for 𝑓, there exist 𝛿, 𝛽 > 0with the following property.
Let𝑈 be neighborhood ofΛwith𝑈 ⊂ 𝑈0(𝑓, Λ), let 𝐽 ⩾ 1 and, given 𝜌 > 0 sufficiently small, let

be the c-admissible disk family given by Lemma 3.1.
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Then there exists 𝜎 > 0 such that

– for any diffeomorphism g satisfying 𝑑𝐶1(𝑓, g) < 𝛿 and 𝑑𝐶0(𝑓, g) < 𝜎,
– for any bisaturated partially hyperbolic set Δ ⊂ 𝑈 for g ,

the set || is a 𝑐-section for g .

Proof. Consider 𝑓,Λ,𝑈, 𝐽 satisfying the hypotheses. The set Per⩽𝐽(𝑓,𝑈) is compact, partially
hyperbolic and satisfies for every 𝑝 ∈ Per⩽𝐽(𝑓,𝑈):

( 𝑠(𝑝) ∪𝑢(𝑝)) ∩ Per⩽𝐽(𝑓,𝑈) = {𝑝}. (7)

The following property follows easily from (7) by a compactness argument.

Claim. There exist 𝜌0, 𝛿0 > 0 such that the 𝜌0-neighborhood 𝐵0 of Per⩽𝐽(𝑓,𝑈) has the following
properties. For every diffeomorphism g with 𝑑𝐶1(𝑓, g) < 𝛿0, every 𝑝 ∈ 𝐵0 ∩ Λ𝑈(g) can be con-
nected to a point in 𝑈 ⧵ 𝐵0 by an 𝑠𝑢-path for g with one leg. □

There is also a projection onto admissible discs by 𝑠𝑢-paths.

Claim. There exist 𝛽 ∈ (0, 1) and 𝜌1, 𝛿1 > 0 such that for every diffeomorphism g with 𝑑𝐶1(𝑓, g) <
𝛿1, every 𝜌 ∈ (0, 𝜌1), every bisaturated setΔ ⊂ 𝑈 for g , every 𝑞 ∈ Λ𝑈(g) and 𝑝 ∈ 𝐵𝛽𝜌(𝑞) ∩ Δ, there
is an 𝑠𝑢-path for g with 2 legs from 𝑝 to some point in 𝑉𝜌(𝑞).

Proof. Theproof follows the same argument as in the proofs of Lemmas 2.1 and 2.2. Let𝐵𝑢(0, 1) and
𝐵𝑠(0, 1) be the unit balls in the spaces𝐸𝑢𝑞 and𝐸

𝑠
𝑞.Working in the chart𝜙𝑞, define a continuousmap

Φ from 𝐵𝑢(0, 1) × 𝐵𝑠(0, 1) to 𝜑−1𝑞 (Δ) ⊂ 𝑇𝑞𝑀 in the following way. For 𝑣, 𝑤 ∈ 𝐵𝑢(0, 1) × 𝐵𝑠(0, 1),
first project orthogonally along the space 𝐸𝑐𝑞 ⊕ 𝐸

𝑠
𝑞 the point 𝜑

−1
𝑞 (𝑝) + 𝜌𝑣 onto the unstable leaf

of 𝜑−1𝑞 (𝑝) lifted in the chart: this defines a point 𝑦 ∈ 𝜑−1𝑞 (Δ). Then project orthogonally along
the space 𝐸𝑢𝑞 ⊕ 𝐸

𝑐
𝑞 the point 𝑦 + 𝜌𝑤 onto the stable leaf of 𝑦 in the chart: this defines the point

𝜑−1𝑝 (Φ(𝑣, 𝑤)). It belongs to the bisaturated set Δ.
The restriction of Φ to the boundary of 𝐵𝑢(0, 1) × 𝐵𝑠(0, 1) is disjoint from 𝐸𝑐𝑞, and the Brouwer

fixed-point theorem ensures that the image of 𝜑−1𝑝 ◦Φ intersects 𝐸𝑐𝑞. Since the stable and unstable
leaves of g lifted in the chart are close to the directions 𝐸𝑢𝑞 and 𝐸

𝑠
𝑞, the intersection point belongs

to 𝐵𝑐(0, 𝜌) ⊂ 𝐸𝑐𝑞.

Fix 𝛿 = min(𝛿0, 𝛿1), 𝜌 < min{𝜌0, 𝜌1} and let  be the c-admissible disk family with cen-
ters 𝑞1, … , 𝑞𝑘 ∈ Λ𝑈(𝑓) ⧵ 𝐵𝜌 given by Lemma 3.1. Let 𝜎 > 0 be given by the remark following
Lemma 3.1. Consider a diffeomorphism g satisfying 𝑑𝐶1(𝑓, g) < 𝛿 and 𝑑𝐶0(𝑓, g) < 𝜎, and let
Δ ⊂ 𝑈 be a bisaturated partially hyperbolic set for g .
Claim 3.2 gives that every 𝑝 ∈ 𝐵𝜌 ∩ Δ can be connected to a point in Λ𝑈(g) ⧵ 𝐵𝜌 by an 𝑠𝑢-path

for g . Since Δ is bisaturated, it intersects Λ𝑈(g) ⧵ 𝐵𝜌.
By Lemma 3.1 and the remark that follows, the balls 𝐵𝛽𝜌(𝑞1), … , 𝐵𝛽𝜌(𝑞𝑘) cover Λ𝑈(g) ⧵ 𝐵𝜌.

Hence, there exists 𝑖 such thatΔ ∩ 𝐵𝛽𝜌(𝑞𝑖) ≠ ∅. Now the Claim 3.2 and the bisaturation ofΔ imply
that Δ ∩ 𝑉𝜌(𝑞𝑖) ≠ ∅.
We have thus shown that Δ intersects ||, as required. □
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