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fo 1M

INTRODUCTION

A measurable map f : M — M is ergodic with respect to an invariant probability measure u if it is
indecomposable: f~1(A) = A implies u(A) = 0 or 1, for every measurable A C M. In the context
of this paper, where M is a closed connected manifold, f is a homeomorphism, and u = m is
a normalized volume, ergodicity is equivalent to the equidistribution of almost every orbit: for
m-almost every x € M and every continuous ¢ : M — R,

n—1
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In his 1983 ICM address [14], Maiié announced the following result, whose proof was completed
in 2002 by Bochi [7].

Theorem (Mafié-Bochi). Cl-generically, an area-preserving diffeomorphism f of a closed, con-
nected surface M? is either Anosov and ergodic or has volume entropy 0.

The C!-genericity means that the statement holds for any f in a dense G subset of the space of
C! area-preserving diffeomorphisms. The volume entropy h(f, m) measures how orbits separate.
By the Pesin formula, it vanishes if and only if for m-a.e. x € M and every v € T, M\{0}

lim %log ID,.f"0ll = 0.

n—+oo

The focus of Mafié’s discussion in [14] was in fact the C!-generic behavior of symplectomor-
phisms, which in dimension 2 coincide with the area-preserving diffeomorphisms. If f : M?* —
M?" preserves a symplectic form w, then it preserves the normalized volume m induced by the
form w”". The question of whether f is typically ergodic with respect to this volume has a long
history going back to the ergodic hypothesis for Hamiltonian systems.

As a consequence of the main result in this paper we obtain the following optimal generaliza-
tion of Mafié-Bochi theorem to symplectomorphisms in any dimension.

Theorem A. C'-generically among the symplectomorphisms of a closed, connected symplectic man-
ifold (M, w), positive volume entropy implies partial hyperbolicity and ergodicity.

Here, partial hyperbolicity of f : M — M means that there exists a D f-invariant splitting TM =
E“ & E¢ @ ES, with E*, ES both nontrivial, and N > 1 such that for all unit vectors v¥ € E;‘ v e
Efc and v’ € Efc we have

20D, NI < IDL NN < 51D N @I, ®

and  max{[|D,fN @, 1D, f NI} < 3. )

An f-invariant set A C M is partially hyperbolic if there is a D f-invariant splitting T\M = E* &
E¢ @ ES,with E%, E® both nontrivial, and N > 1 such that (1) and (2) hold for all x € A. A partially
hyperbolic set A is hyperbolic if E€ is trivial, and f is Anosov if M is hyperbolic. In dimension 2,
partially hyperbolic sets are hyperbolic, and partially hyperbolic diffeomorphisms are Anosov.

Note that there are obstructions to partial hyperbolicity on certain symplectic manifolds (see
[13] for a discussion); for example, surfaces different from T2 do not carry an Anosov diffeo-
morphism, and CP" does not carry a partially hyperbolic symplectomorphism. For these mani-
folds, Theorem A implies that the C!-generic symplectomorphism has volume entropy 0. We also
remark that the assumption “positive volume entropy” cannot be replaced by “positive topological
entropy:” on any symplectic manifold there exist symplectic horseshoes with positive topological
entropy. These horseshoes persist under C'-small perturbation.

The proof of the Mafié-Bochi theorem in [7] uses C! ergodic-theoretic perturbative techniques
to show that C!-generically, an area-preserving diffeomorphism f with positive entropy has
an invariant hyperbolic set with positive area. The final step of the proof is a well-known and
simple folklore result that states that for a C? area-preserving diffeomorphism, any invariant

1) SUORIPUOD PUe SLB | 81 88S *[2202/2T/20] Uo AiqiTauluo Ao|im ‘Aiqi] 0Beowd JO AIBRAIIN Aq LE12T 'SWId/ZTTT 0T/I0P/LI0Y A IM AR 1)BUIIUO"d0SUIRWPUO|//SAIY WO papeojumod 'S ‘2202 ‘Xibz09rT

111

B5UB017 SUOLILLIOD dAIERID) 3|gea! (dde ay) Ag pausenob a.e sap1e YO ‘88N JO Sa|ni J0) Aiq 1 auluQ AS|IA UO (SUONIPUOD-PL



SYMPLECTOMORPHISMS WITH POSITIVE METRIC ENTROPY | 693

hyperbolic set with positive measure must equal the whole manifold, and the diffeomorphism
must be Anosov (for a proof, see, e.g., [11]). This in particular implies that C!-generically,
any diffeomorphism with an invariant set with positive measure must be Anosov (it is not
known whether the C!-generic condition can be removed for area-preserving diffeomorphisms,
although there exist C!-diffeomorphisms with hyperbolic sets of positive volume in the dissipative
setting [10]).

The analog to the folklore result is decidedly false in the partially hyperbolic setting; that is,
there exist C? symplectomorphisms containing proper partially hyperbolic sets of positive volume
(such examples are easy to construct as a nonpartially-hyperbolic product of an area-preserving
Anosov diffeomorphism (T2, f,) with another area-preserving diffeomorphism (T2, f,) preserv-
ing a compact disc D: the invariant proper set is then T? X D).

Question. Suppose that f is a C?> symplectomorphism that has a partially hyperbolic set of posi-
tive volume. What additional conditions imply that f is (globally) partially hyperbolic?

While this question remains open, we show that C!-generically the folklore result holds for
partially hyperbolic sets in any dimension.

Theorem B. C'-generically among the symplectomorphisms of a closed, connected symplectic man-
ifold (M, w), if a diffeomorphism f has a partially hyperbolic set of positive volume, then f is globally
partially hyperbolic.

Ten years ago, building on intermediate work with Viana, Bochi introduced substantially new
techniques to prove that for the C'-generic symplectomorphism, in any dimension, positive vol-
ume entropy implies the existence of a partially hyperbolic invariant set of positive volume [8].
Using this result, we prove Theorem A assuming Theorem B.

Proof of Theorem A. Let (M, ) be a closed symplectic manifold. Bochi proved [8] that there are
two disjoint open sets, Z and P in the space Symp'(M, w) of C! symplectomorphisms of M, such
that

- ZUPisadense G4 subset of Symp!' (M, w);
- for f in Z, the volume entropy is zero;
- for f € P, there exists a positive volume, partially hyperbolic f- invariant set A.

Theorem B implies that the diffeomorphisms f € P are partially hyperbolic and [4, Theorem A]
that they are ergodic, completing the proof. O

Symplectic versus volume-preserving

In a previous paper, we proved the optimal generalization of Mafié-Bochi theorem to volume-
preserving diffeomorphisms in any dimension.

Theorem [5]. C'-generically among the volume-preserving diffeomorphisms of a closed, con-
nected manifold M, a diffeomorphism with positive volume entropy is nonuniformly Anosov and
ergodic. Cl
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Despite being optimal generalizations of the same result, the conclusions (nonuniformly
Anosov vs. partially hyperbolic) of Theorem A and of [5] are truly different.

In the case of volume-preserving diffeomorphisms f, there exist C' open sets of volume-
preserving diffeomorphisms which admits a dominated splitting (hence have positive volume
entropy) but which are not partially hyperbolic [18], so that the statement of Theorem A is not
satisfied. Note that the “nonuniformly Anosov” condition implies in particular that there is a
constant ¢ > 0 such that for almost every x € M and every v € T,, M \{0}, we have

> C.

o1 n
liminf | = log [| D f"vl|

For symplectomorphisms, the exact conclusion of [5] does not hold. Indeed there exists an
open set of partially hyperbolic C' symplectomorphisms that are not Anosov, obtained near the
product of an Anosov diffeomorphism and of a surface diffeomorphism with an elliptic fixed
point; these systems have positive entropy but by [8, Theorem 1.3] at almost every point the Lya-
punov exponents along the center direction vanish and the nonuniformly Anosov condition is not
satisfied.

Needless to say, the techniques behind the proof of Theorem A are essentially disjoint from
those in the volume-preserving setting of [5]. In the volume-preserving setting, the positive
entropy condition implies the existence of nonzero Lyapunov exponents on the phase space, and
the proof in [5] harnesses the presence of some nonzero exponents to eliminate all zero Lyapunov
exponents throughout large parts of the phase space. A Baire argument completes the proof. In
the symplectic setting, we prove that C!-generically, the partially hyperbolic set provided by [8]
in the presence of positive entropy is the entire manifold.

Partial hyperbolicity and accessibility

For partially hyperbolic diffeomorphisms, a conjecture of Pugh and Shub [16] asserts that the
ergodicity should be a consequence of a geometrical property called accessibility. We extend this
definition to some proper invariant sets that are partially hyperbolic.

Let A be a compact partially hyperbolic set for f. Through each x € A are unique local sta-
ble and unstable manifolds W}(x, loc) and W}’(x, loc), respectively, which are given by a graph
transform argument in a suitable neighborhood of A. The local stable and unstable manifolds
determine global manifolds by

Wi = [ S V00, l00), and W) = ) 7OV (x), Toc).

n=0 n=0

We say that A is u-saturated if for any x € A, W}‘(x) C A and s-saturated if for any x € A,
W}(x) C A. We say that A is bisaturated if it is both s- and u-saturated. The bisaturated set A is

accessible if for every p,q € A there is an su-path for f in A — that is, a piecewise C! path with
finitely many segments, each of them contained in a single leaf of W; or a single leaf of W? —
from p to q.

Note that if f is partially hyperbolic, then M is automatically bisaturated. In this case, we say
that f is accessible if for every p,q € M there is an su-path from p to q. Dolgopyat and Wilkin-
son proved in [12] that accessibility holds for a C'-open and dense set of partially hyperbolic
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diffeomorphisms, volume-preserving diffeomorphisms, and symplectomorphisms of a closed,
connected manifold M.

The key ingredient of our proof of Theorem B is a local version of the main result in [12] that
implies both Theorem B and the results of [12]." Let us denote by Diff*(M) the space of C* diffeo-
morphisms endowed with the C¥ topology. If m is a volume form on M, we denote by Diff ]r‘n(M )
the subspace of C¥ diffeomorphisms that preserve m; if (M?",w) is a symplectic manifold, we
denote by Symp*(M, w) the subspace of C¥ symplectomorphisms.

Theorem C. Let M be a closed manifold, let A be a partially hyperbolic set of a diffeomorphism
f: M = M, and let U be a neighborhood of f in Diff'(M). Then there exists a neighborhood U of
A and a nonempty open set @ C U such that: for any g € O, any bisaturated partially hyperbolic set
A C U for g has nonempty interior and is accessible.

The same result holds in Diff}n(M) and in Symp! (M, w), if (M?", w) is a symplectic manifold.

Using Theorem C, we give a proof of Theorem B.

Proof of Theorem B. Theorem C in [3] shows that for any diffeomorphism f in a dense G subset
R, C Symp!(M), for any f-invariant compact set A with positive volume, and for any neighbor-
hood U of A, any diffeomorphism g € Symp!(M) close to f also admits a compact g-invariant
set A, C U with positive volume. Moreover A converges to A in the Hausdorff topology, and
m(A,)) - m(A)as g — f.

Note that if A is partially hyperbolic and U small enough, then A is partially hyperbolic as
well. For g C?, the set A 9 is the union of a bi-saturated set and of a set with zero volume, see [19,
Corollary B]. Passing to the limit as g — f, one deduces that any partially hyperbolic set of f is
the union of a bi-saturated set and of a set with zero volume.

[2, Theorem 1] implies that any diffeomorphism in a dense G subset R, C Symp!(M) is tran-
sitive.

Let P be the set of diffeomorphisms f € R, N R, admitting a partially hyperbolic set A with
positive volume. As we have explained, we can assume with no loss of generality that A is bisat-
urated. For any f € P, Theorem C above implies that there exists an open set @ containing f
in its closure such that for g € O N Ry N R,, the set A, has nonempty interior; but transitivity
implies A, = M, so that M is partially hyperbolic. Hence any ¢ in an open and dense subset of 7
is partially hyperbolic. O

The boundary of a bisaturated partially hyperbolic set is also bisaturated (see Lemma 1.3 in
Section 1.4). When M is connected, this has the following consequence, which generalizes the
main result in [12].

Corollary D. Let M be a closed, connected manifold, let A be a partially hyperbolic set of a diffeo-
morphism f : M — M, and let U be a neighborhood of f in Diff'(M).

There exists a neighborhood U of A and a nonempty open set @ C U’ such that for any g € O,
there is no proper bisaturated subset of U.

Inparticulay, if f is partially hyperbolic, then there exists a nonempty © C U such thatevery g € ©
is accessible.

T Our proof of Theorem C below also corrects some omissions in the proof in [12]. We will indicate there.
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Proof. Let A be a partially hyperbolic set for f, and let " be a neighborhood of f in Diff!(M).
Applying Theorem C, we obtain a neighborhood U of A and a nonempty open set @ C U such
that for g € O, any bisaturated set A for g in U has empty interior and is accessible.

Thus, if U contained a proper bisaturated set for a diffeomorphism g € O, then its boundary
would be a bisaturated set with empty interior, a contradiction.

If f is partially hyperbolic, then applying this argument to A = M gives that any g € O is
accessible. O

We remark that in the dissipative setting an earlier version of Theorem C was proved for bi-
Lyapunov homoclinic classes by Abdenur-Bonatti-Diaz [1]. Theorem C has the following direct
consequence.

Corollary E. Let M be closed and connected. Then the C'-generic f in Diff'(M) has no proper,
partially hyperbolic, bisaturated invariant compact set.
The same result holds in Diffin(M) and in Symp' (M, w), if (M?", w) is a symplectic manifold.

Proof. Let B be a countable collection of proper open sets of M, such that any compact proper
subset of M is contained in an element of /3. For U in B3, let C; be the set of diffeomorphisms f €
Diff! (M) whose maximal invariant set in U is partially hyperbolic and let Dy, = Diff'(M) \ a
Clearly C;; U Dy, is open and dense in Diff'(M).

By Theorem C, there exists a dense open subset G;; C C; such that U does not contain any
proper bisaturated set. Now let

R := () Dy UGy).

venB

The set R is residual in Diff'(M), and ¢ € R implies that g has no proper bisaturated partially
hyperbolic subsets. O

In the case of one-dimensional center, a related result was proved earlier by J. Rodriguez—-Hertz
[17]: the C"-generic volume-preserving diffeomorphism has no proper partially hyperbolic invari-
ant compact set with one-dimensional center and positive Lebesgue measure.

Another application of our results is to the Gibbs su-states of a partially hyperbolic diffeo-
morphism. Let f be partially hyperbolic. Recall that a Gibbs u-state (respectively, s-state) is an
f-invariant probability measure u such that the disintegration of i along leaves of the W* (respec-
tively, W*) foliation is absolutely continuous with respect to volume on W (respectively, W*)
leaves. A Gibbs su-state is an f-invariant probability measure that is both a Gibbs u-state and
s-state.

Corollary F. Let f be partially hyperbolic, and let U be a neighborhood of f in Diff'(M). Then
there exists a nonempty open set @ C U’ such that for every g € O, if u is a Gibbs su-state for f, then
u has full support, that is, supp(u) = M.

Proof. The Corollary D implies that there exists a nonempty open set @ C U such thatevery g € O
is accessible. Continuity of the foliations W* and W* implies that the support of a Gibbs su-state
is bisaturated. O
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The proof of Theorem C broadly follows the lines of the proof of the main result in [12]. A
particular difficulty is the absence of a global partially hyperbolic structure, since holonomy maps
are not well defined.

Discussion about stable ergodicity

For k < r, we say that a diffeomorphism f is C¥-stably ergodic in Symp’ (M, w) if any diffeomor-
phism ¢ that is C*-close to f in Symp"(M, w) is ergodic. Since we do not know examples of sta-
bly ergodic diffeomorphisms in Symp!(M, ), a higher smoothness is usually required. In [6] we
have proved that C!-stable ergodicity is C'-dense among partially hyperbolic diffeomorphisms in
Diff] (M) for any r > 1 and an important step was the theorem of [5] stated above. One can ask
if the same result holds in Symp’ (M, w).

Question. Is C!-stable ergodicity C'-dense among Symp’ (M, ), r > 1?

Again the strategy for addressing this question should be completely different from the volume-
preserving case.

1 | NOTATION AND OUTLINE OF THE PROOF OF THEOREM C

Throughout, M denotes a closed connected Riemannian manifold and m denotes a smooth vol-
ume on M, normalized so that m(M) = 1. When M = M?" is equipped with a symplectic structure
w, we will indicate so.

1.1 | Outline of the proof

In order to prove that a bisaturated set is accessible, as in the statement of Theorem C, one has to
show that sliding alternatively along stable and unstable manifolds also gives progress in the cen-
ter direction. This is checked by introducing a family of disjoint discs D transverse to the planes
E" @ E* and whose union meets any bisaturated set (Proposition 1.5). Instead of proving accessi-
bility inside the whole bisaturated set A, it is enough to prove it locally: for each disc D and any
points x,y € A n D, there exists an su-path connecting x to y. The discs are chosen small and
satisfy for some integer J > 0 large:

fiD)Nn f/(D")=@PwhenD # D’ and0<i < j<J.

This property ensures that one can perform independent perturbations in the neighborhood of
the discs f{(D) for 0 < j < J to obtain local accessibility on each disc D (Proposition 1.4). This is
achieved by building Brin quadrilaterals that produce displacement in each center direction, see
Figure 1 in Section 2.2. Since at small scale the bundles are almost constant, the two laminations
are almost jointly integrable.

The perturbation then rotates the unstable direction while almost preserving the stable
one: the control of the directions is enabled by a control of stable and unstable cones, which
requires some time J between perturbations along an orbit. Note that in our setting, since the
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EC

H(1/2,1,2)

FIGURE 1 6-accessibility

diffeomorphism is a priori not globally partially hyperbolic, the support of the stable and unstable
laminations changes when the diffeomorphism is perturbed, which complicates the control of
their holonomies.

1.2 | Charts

We introduce for each point p € M a chart
®p: B(O,1)cT,M - M, withg,(0)=p,

which has the following properties:

9

(1) The map p — ¢, is “piecewise continuous in the C! topology.
opensets Uj,...U, C M and:
- compact sets K, ..., K, covering M with K; C U;,
— trivializations ¢, : U; x RY — TyM such that 9;({p} x B(0,2)) contains the unit ball in
T pM for each p € U;, and
- smooth maps @; : U; X B(0,2) - M,
such that each p € M belongs to some K;, with

More precisely, there exist

¢, = Do on B(0,1) C T,M.

(2) When a volume or symplectic form has been fixed on M, it pulls back under ¢ p to a constant
formon T, M.

The construction can be done as follows. Assume that a Riemannian metric on M has been
fixed. We first choose a cover of TM by trivializations ¥, : U; x R¢ — Ty M such that 1;(p,0) =
0 € T,M. By taking a large number of charts with small supports, the maps u — ¥(p, u) can be
chosen close to isometries in the C! topology.

Denoting by B4(0, R) the standard open ball in R? with radius R, we then construct finitely
many charts

®: BY0,3) > M

1In [12] similar charts are constructed, but it is claimed that these can be defined on a fixed domain in R4, depending
continuously on p € M. This continuity is not possible (when TM is not trivializable) and also unnecessary.
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such that (after replacing the U; by smaller open sets, if necessary) for any U;, there exists one
such chart @ satisfying U; C ®(B(0, 1)). We can thus define

®,(p,u) := (@ '(p) +u) on U; x B(0,2),

and for each p € M, choose K; containing p and set ¢, = CDl-oz,bl._l onB(0,1) C T, ,M.

When M is equipped with a volume form, one can require (by Moser’s theorem [15]) that ¢,
send divergence-free vector fields to divergence-free vector fields. When M is equipped with a
symplectic form w, one can require (by Darboux’s theorem) that (¢,,),.w coincide (up to multipli-
cation by a constant) with the standard symplectic form Zdp; A dg; of R¢ = R?". This concludes
the construction of the charts.

Remark 1.1. Given a compact set X with a continuous splitting TxM = E @ F and y > 0, the
construction below shows that one can choose a Riemannian metric on M and the charts ¢,
such that for each p € A and z € go;l(X )N B(0,1), the norm of the orthogonal projection of
Dgop(z)‘l(F%(z)) onto Dgop(z)‘l(E%(Z)) is less than y.

Indeed, one can first choose a Riemannian metric such that the norm of the orthogonal projec-
tion from F to E is arbitrarily small. One then chooses the charts ® in such a way that the bundles
E and F lifted in B%(0, 3) are close to constant bundles (this is possible by the continuity of E and
F). Since the 1; are close to isometries, this shows that for p € X, the bundles E and F lifted by
®p in B(0,1) C T,M are close to E,, and F,, respectively, which are close to orthogonal.

1.3 | Conefields

A k-conefield C over a subset U C M is a subset of the tangent bundle T';;M satisfying:

- tveCforanyv € Cand t € R; and
- there is a continuous subbundle E C T;;M with k-dimensional fibers such that{v € C : ||[v|| =
1} is a neighborhood of {v € E : ||v|| = 1}.

We denote C(x) := C N T, M. The conefield C is forward invariant under a diffeomorphism f if
forany x € U n f~1(U), the image of @ is contained in Interior(C(f(x))) U {0}. It is contracted
if there exists N > 1 such that ||[Df.v]| < %||v|| for any v € C(x). It is transverse to a bundle E if
C(x) N E(x) = {0} at any point x € U.

A conefield C’ over U is a §-perturbation of C with support in V C U if there exists a diffeo-
morphism h that is 5-close to the identity in the C! topology such that h(U) = U, h coincides
with the identity on U \ V and h*(C) = C’. A k-conefield C is §-close to a subbundle E of T;M
with k-dimensional fibers if {v € C : ||v|| = 1} is §-close to {v € E : ||v|| = 1} in the Hausdorff
distance.

Let f: M — M be a diffeomorphism, and let A be a compact f-invariant set with a partially
hyperbolic splitting T\M = E* & E° @ E°.

A neighborhood U of A is admissible if there exist continuous conefields C*, C5, C*, C* over U
containing E%, E, E*, E“ on T, M that are transverse to E®S, E*, E%, E, respectively, and such
that C*, C“ are forward invariant, C5, C* backward invariant, C* (respectively, C*) is contracted
by f (respectively by f~1). The following proposition is standard (see [9, Appendix B.1]).
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Proposition 1.2. For every partially hyperbolic set A for f, there exist neighborhoods U}, and U, of
A and f, and conefields Cff, Cg, C*, Ci* on U, with the following property. If A C U, is a compact
g-invariant set for g € U, then it is partially hyperbolic and U, is an admissible neighborhood of A

with respect the conefields Cjj, Cj, Ci*, Ci* and the diffeomorphism g.

1.4 | Bi-saturated partially hyperbolic sets: Accessibility

Consider a diffeomorphism f and a partially hyperbolic set A. We denote by U, (f, A) and Uy (f, A)
the neighborhoods given by Proposition 1.2.

Let M be a manifold of dimension d > 2, and let K be a compact subset of M. A k-dimensional
topological lamination L of K is a decomposition of K into path-connected subsets

K= U L(x)

xeK

called leaves, where x € L(x), and two leaves £(x) and L(y) are either disjoint or equal, and a
covering of K by coordinate neighborhoods {U,} with local coordinates (xé, s xg) with the fol-
lowing property. For x € U, N K, denote by Ly;_(x) the connected component of L(x)NnU, con-
taining x. Then in coordinates on Uy, the local leaf £;_ (x) is given by a set of equations of the
form x}*1 = ... = x4 = cst. If the local coordinates (x., ..., x9) can be chosen uniformly C” along
the local leaves (i.e., to have uniformly C" overlaps on the sets xé‘(“ == xg = cst), then we say
that £ has C" leaves.

Note that the leaves of a lamination with C" leaves are C”, injectively immersed submanifolds
of M. A lamination of M is called a foliation.

Let A be a partially hyperbolic set for f. Continuity and invariance of the partially hyperbolic
splitting implies that A is u— (respectively, s—) saturated if and only if {W}’(x) . x € A} (respec-
tively, {W}‘(x) : X € A}) is alamination of A.

Lemma 1.3. Let A be a bisaturated partially hyperbolic set for f. Then the boundary d A is also bisat-
urated.

Proof. A set is bisaturated if and only if it is laminated by W* leaves and by W* leaves. If x,y
belong to the same leaf of a compact lamination W C M, then there exist neighborhoods V', and
Vy in W, of x and y, respectively, that are homeomorphic; thus, x belongs to the interior of W if
and only if y does. O

Let P(M) be the collection of all subsets of M. We say that (f, A) is accessible on X € P(M) if
for every p € X N A, and every q € X, there is an su-path for f in A from p to q. In particular, if
X NA #@,and f is accessible on X, then A D X.

We say that (f, A) is stably accessible on X € P(M) if there exists a neighborhood U C Uy(f,A)
of A with X C U, and a neighborhood U" C U,(f,A) of f such that for every fe U and every
f—invariant bisaturated compact set A C U, we have that (f, A) is accessible on X.

We say that a set X € P(M) is a c-section for (f,A) if for every bisaturated subset A C A, we
have X N A # (J (the name comes from the fact that it meets each class, once one quotients along
the W* and W* leaves, which are transverse to E©).
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1.5 | Admissible families of disks

Since we do not assume that E€ is tangent to a foliation, we will work with approximate cen-
ter manifolds.
For p > 0 small and p € A, we denote by B¢(0, p) the ball inside E; of radius p and set

Vo(p) 1= ¢,(B(0, p)).

We refer to Vp(p) as a c-admissible disk (with respect to (f, A)) with center p and radius p and
write r(V,(p)) = p. If D is a c-admissible disk with center p and radius p, then for 8 € (0,1),
we denote by 8D the c-admissible disk with center p and radius Sp. A c-admissible family (with
respect to (f, A)) is a finite collection of pairwise disjoint, c-admissible disks.

Define the returntime R : P(M) — N U {co} as follows. For X € P(M), let R(X) be the smallest
J € N U {o0} satisfying:

fiX)NX # @, with |i| =J + 1. )

Note that R(B,(p)) — per(p), as p — 0, where per(p) denotes the period if p is periodic and
per(p) = o if p is not periodic.
For D a c-admissible family and § € (0, 1), we introduce the following notations:

BD ={BD | D € D},

Dl = D,

DeD

r(D) = sup r(D), and
DeD

R(D) = R(|DI),

where as before (D) denotes the radius and R(D) the smallest return time.

1.6 | Two propositions
Our first proposition is the counterpart to [12, Lemma 1.1].7

Proposition 1.4 (Stable accessibility on center disks). Let A be partially hyperbolic for f, and let
8 > 0 be given. Then there exist J > 1 and a neighborhood U of A satisfying U C Uy(f, A) and the
following property.

If D is a c-admissible family with respect to (f, ) with r(D) < J~! and R(D) > J, then for all
o > 0 there exists g € Uy(f, A) such that:

M dei(f,9) <6,

() deo(f,9) <o,

(3) foreach D € D, and every bisaturated partially hyperbolic set A C U for g, we have that (g, A)
is stably accessible on D.

TWhile Lemma 1.1 is stated correctly in [12], its proof has an error. In particular, in Lemma 3.3, (D) and R(D) are chosen
after 6 is given, when they should be chosen before. A correct proof is given here.
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The second proposition is the counterpart to [12, Lemmas 1.2 and 1.3].

Proposition 1.5 (Stable c-sections exist). Let A be a partially hyperbolic set for f. Then there exists
6 > 0 with the following property.

Let U be a neighborhood of A satisfying U C Uy(f,A). For any J > 1 there exists a c-admissible
disk family D and o > 0 such that:

1) r(D) <J 7},

(2) R(D) > J, and

(3) if g satisfies d1 (f, g) < & and do(f, g) < o, then for any bisaturated partially hyperbolic set
A C U for g, the set | D| is a c-section for (g, A).

1.7 | Proof of Theorem C from Propositions 1.4 and 1.5

Let f, A, and U be given as in the statement of the theorem. Let § > 0 be given by Proposition 1.5.
By shrinking the value of § if necessary, we may assume that d-1(f, g) < & implies g € U'.

Let the neighborhood U of A such that U € U,(f,A) and J > 1 be given by Proposition 1.4,
using the value §/2. Let D and o be given by Proposition 1.5. Applying Proposition 1.4 to f, A,
8/2, D, o /2 we associate a perturbation g, of f satisfying:

@) dea(f. 90) < 8/2,

(2) deo(f,90) < /2,

(3) for each D € D, and every bisaturated partially hyperbolic set A C U for g,, we have that
(9o, A) is stably accessible on D.

By compactness of the Hausdorff topology, there exists a neighborhood @ C U of g, in the §/2-
neighborhood of ¢, such that accessibility holds on each D, for bisaturated sets of any ¢ € ©. Then
for any g € O, we have do1(f, g) < § and do(f, g) < 0. Let A C U be a bisaturated set for such a
g.

On the one hand, Proposition 1.5 implies that | D] is a c-section for A, and so there exists D € D
such that A N D # @. On the other hand, Proposition 1.4 then implies that A O D. By saturating D
by local stable and unstable manifolds for A and using again the bisaturation of A, we see that A
has nonempty interior.

Consider any point p € A and its accessibility class C(p), that is, the set of points p’ € A that
can be connected to p by a su-path in A. Note that the closure of C(p) is a bisaturated set and
hence meets the c-section |D| at a point z. This point belongs to a disc ¢, (B¢(0,p;)) C |D|. Any
point y close to z can be joint by a su-path with two legs to a point in ¢, (B(0, p;)): this proves that
C(p) intersects |D| at a point z,. If g is another point in A, its accessibility class C(q) meets |D|
as well at a point z, and the stable accessibility relative to |D| implies that the two points z, z,
can be connected by a su-path. We have thus proved that p and q belong to the same accessibility
class, hence that A is accessible, completing the proof of Theorem C. O

2 | PROOF OF PROPOSITION 1.4

Fix f,A,d as in the statement of Proposition 1.4. We denote by c the dimension of the center
bundle. The proof follows closely the proof of Lemma 1.1 in [12]. The main adaptation is that we
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work inside bisaturated sets A for ¢ in a small neighborhood of A and consider unstable and stable
holonomies in restriction to A.

The partially hyperbolic splitting for f at a point z will be denoted by E @ E; @ E;, whereas
the splitting for another diffeomorphism ¢ will be denoted by EZ’Z ®E;,z EBEf7 - As before
d = dim(M).

For any p € M we have defined a chart ¢, : B(0,1) C T,M — M. From Remark 1.1, we can
assume that for any p € A and z € B(0,1) N (pljl(A), the orthogonal projections of E} on E¥ @ E;
and of E;‘ on Eg (4] E; have norms smaller than 10~1.

In the following, we will reduce the C!-size § of the perturbation, the size of the neighborhood
U of A, and the size p of the c-admissible discs.

2.1 | A center covering

We will need to replace c-admissible discs by families of disjoint smaller balls, which will be the
support of independent perturbations.

Lemma 2.1. There exist §;,p; >0, K> 1 and a neighborhood U, of A such that for any
p € (0, py), any c-admissible disc D with radius p, centered p € A, and for any ¢ € (0,K~1p), there
exist zy,...,z, € TpM such that:

(1) the balls B(z;,100d2¢) are in the Ke-neighborhood ofgo;l(D);
(2) the balls B(z;,100d%c) are pairwise disjoint;
(3) for any x € D, there exists z; such that for any g that is &,-close to f in the C' distance and for
any bisaturated set A C U, for g:
(a) if x € A then there is a su-path for g between x and ¢, (B(z;, €)),
(b) if p,(B(z;,€)) C A, then any pointy € qop(B(qol‘)l(x), €/2)) belongs to an su-path that inter-
sects ¢ ,(B(z;, €)).

Proof. There exists K, > 1 such that for any € > 0, the unit ball B¢(0,1) C R¢ can be covered by
balls B(x;,€/4), ..., B(x,,¢/4) in RY with the property that any ball B(x;, 200d’¢) intersects at most
K, — 1 others.

We introduce a local flow along the unstable leaves qu‘ of A for g. Fix p € A, and for

x € B(0,p;) N goljl(A) C T M, denote by 7 the projection aldng (Eg)l of B(0, 2p,) onto the con-
nected component of qo;l(W;"% (x)) N B(0, 2p,) containing x.

Given a unit vector v* € Eg, we define a vector field X,. along the local leaves of (pljl(W;‘) as
follows: for x € B(0, p;) N qo;l(A) CTpM, let

Xpu(x) = Dmii(x +v").

The vector field X« induces a local flow ®* on the set B(0,2p;) N go;l(A), for [t| < p;: the orbit of
x is the projection by 7% of the curve ¢ = x + tv*. The orbits are C! curves with a tangent space
arbitrarily close to Rv* if p;, §; and U, have been chosen small enough.

Let D be a c-admissible disk centered at p, with radius p < p;. From the property above, one
can choose points xy, ..., x, € E; such that the balls B(x;,&/4), ..., B(x,, €/4) cover qo;l(D) C EIC3
and choose integers ki, ..., k, in {1, ..., Ky} such that the balls B(z,,100d%), ..., B(z,,100d%),
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centered at points z; := x; + 500d%k;ev* are pairwise disjoint. The two first items are satisfied
with K = 1000dK,,.

Since the flow lines under ®* are C'-close to lines parallel to v¥, for each point x € D N A, there
exists |t| < 10K, such that th(qo;l(x)) belongs to one of the balls B(z;, €/2). Hence the unstable
manifold of x intersects ¢, (B(z;,£/2)).

If ¢, (B(z;,€)) C A, then the continuous map H : (t,y) — @} (y) defined on [-Ke, Ke] X B(z;, €)
is £/2-close in the C° metric to the map (t,y) — y + tv*. Hence B(z;,¢/2) + [-(K — 1)e, (K —
1)e]u* is contained in the image of H. By construction B((pljl(x), €/2) is contained in this image.
We have thus proved that any point in ¢p(B(go;1(x), €/2)) belongs to the unstable manifold of
some pointin ¢, (B(z;,€)).

The lemma is proved. O

2.2 | A center accessibility criterion

Let0 € (0,1),pe Aandz € T,M.
We say that the pair (g, A) is 6-accessible on the ball ¢ ,(B(z, 2de)) if there exist an orthonormal
basis wy, ..., w, of E; and for each j € {1, ..., c}, a continuous map

HI: [-1,1] x[0,1] x cp;l(A) N B(z, 2de) — go;l(A) N B(0,2p)

such that for any x € qo;l(A) NB(z,2de) and s € [-1,1],

(a) Hi(s,0,x) = x,

(b) themap ¢,oH I(s,.,x): [0,1] - Aisa4-legged su-path, that is, the concatenation of 4 curves,
each contained in a stable or unstable leaf,

(© ||H(s,1,x) —x]|| < ﬁ, and

(@) 1HI(£1,1,x) = (x & Bew))]| < O35

See the Figure 1.
The following replaces [12, Lemma 3.2] in our setting. "

Lemma 2.2. For any 6 > 0, there exist 6,, 0, > 0 and a neighborhood U, of A such that

- forany p € A, any z in the ball B(0, p,) C T,M and ¢ € (0, p,),
~ for any diffeomorphism g which is 8,-close to f in the C' topology,
- for any bi-saturated set A C U, such that (g, A) is 6-accessible on the ball ¢ D (B(z, 2d¢)),

the pair (g, A) is accessible on gop(B(Z, g)).

Proof. Let u, s be the dimensions of the bundles E*, E*. Hence d = u + ¢ + s. Let vy, ..., v, and
Uyteq1s - » Vg be orthonormal bases of Ez and E;, respectively. We define local flows (®!) (for

ie{l,..,uju{u+c+1,..,d})on go;l(A), as in the proof of Lemma 2.1.

The proof of [12, Lemma 3.2] contains a subtle error, in the sentence beginning: “By a standard argument ...” The argu-
ment described there is indeed standard in the dynamically coherent setting, but it is not clear in the more general setting.
We bypass this argument here by removing the requirement that the su-paths end in the c-admissible disk, establishing
local accessibility directly.
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As in the proof of Lemma 2.1, we define for each j €{1,...,u} a local flow ®/: at any
X € B(z,2de) n qo;l(A) it is tangent to the vector field obtained by projecting the vector fev j

at x orthogonally to E* on the tangent space go;l(W“((pp(x))). The point QJ{ (x) is the projec-
tion of x + t6ev; orthogonally onto qa;l(W”((pp(x))). Similarly, for j € {1, ..., s}, we define a flow

<I>f+c+j (x) in the direction of v, ., j, along the stable leaves of qo;l(A). Choosing p,, §,, U, small,
the tangent spaces of the unstable and stable leaves of ¢ inside (pl_)l(A) in B(p, p,) are close to E;
and E ;. This gives

€

[9!(x) — (x + tBevy)|| < |t|810d.

)

We also define maps in the center direction. Let us set v, , i =w;. For j € {1..., c}, we introduce
inductively tb?ﬂ (x) (while it can be defined) by

(I)?H(x) — Hj(t, 1,x)whent € [0,1],

(I)?“Lj x) = CD?_J“{ oq)'l”j (x)whent > 1,

@ (x) = @}V o(@") 7 (x) when t <0,

Let us consider a point x, € cp;l(A) N B(z,¢). From (c), (d), and (4), one can define for each
(ty,..,tg) € [-3671,3671]¢

P(ty, s tg) = @f .. D (o).

This induces a continuous map satisfying
2¢
IP(ty, ..., t) — (xo + X;t;0ev)|l < o

It follows that the degree of the map x, + Y ;t;0cv; = P(ty, ..., t;) over any point that is (3 — %)E-

close to x, is equal to 1. Hence the image of P contains the ball centered at x, of radius (3 — %)E,
and the ball B(z, ¢). By construction, the points in the image of ¢ ,oP are be connected to z, by an
su-path in A. We have thus shown that (g, A) is accessible on B(z, €). O

2.3 | Elementary perturbations
The perturbation will be built from the following.
Lemma 2.3. There exists 1, a, > 0 small with the following properties.

Foranya € (0,a,), p € A, z € B(0,1/4) C T,M,re (0,1/4) and any unit vector v € EIC), there
exists a diffeomorphism T of T ,M:

- which is supported on B(z, 3r),
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- whose restriction to B(z, 2r) coincides with
X > X + anrv,

- whose tangent map DT(y) is a-close to id forany y € T, M,
- which is m—close to the identity in the C° distance.

Moreover, if f preserves a volume m or a symplectic form w, then such a T can be constructed so that
the maps ¢, oT oqo;l preserve m or w as well.

Proof. The construction is standard. One first notices that it can be done in the case r = 1/4. One
then reduces r by conjugating by an homothety.

With a bump function, one builds a vector fields which takes the constant value v on B(z, 2r)
and which vanishes outside B(z, 3r). There exists 7 > 0 such that the time ¢ of the flow is at dis-
tance 7~ .t from the identity in the C! topology. For « > 0 small, the map T is the time a7 of
the flow.

In the volume-preserving case, the lift of the volume form is constant in the domain of the
charts. Choosing a divergence free vector field, the map T preserves the volume.

In the symplectic case, the symplectic form in the chart is constant. The constant vector field
is hamiltonian. Using a bump function, one can extend the hamiltonian to a function which van-
ishes outside B¢(z, 3r). The associated vector field is then symplectic as required. O

The diffeomorphism ¢ of Proposition 1.4 will be obtained from f as a composition of some
number L of diffeomorphisms obtained from Lemma 2.3:

g =% o..0¥of, with ¥, := gopl_oTiogo;_l, (5)

where the points p; belong to A and where the maps T; are diffeomorphisms of T, M given by
Lemma 2.3 which coincide with the identity outside some sets ; contained in B(0,2p) C T\, M,
for some p > 0 small which will be chosen later. The supports gopi(Ql-) will be chosen pairwise
disjoint so that the maps ¥; commute.

‘We consider cone fields C(')‘, C(S) on U, respectively, invariant by f and f ~1 asin Proposition 1.2.
If 6; > 0 is small, for any g that is §;-close to f in the C! topology, the same cone fields Cy»Cy are
still invariant by g and g~

We may assume without loss of generality that 6 < min(é;, 55, 85). Recall that the charts ¢,
depend continuously on p in the C! topology when p belong to the atoms of a finite compact
covering of M. Consequently, there exists p; > 0 and a € (0, ;) small such that if the support Q;
of each map T; is contained in B(0,2p) C T\, M for some p € (0, p3) and has a tangent map DT
which is a-close to the identity, then the diffeomorphism g is §-close to f in the C! distance.

2.4 | ChoiceofJ and U

ForJ > 1, let us introduce the iterates C* = DfJ(Cg) and C* = Df_J(Cg) on a neighborhood U of
A satisfying

UcU nU,n () f5Uy). (6)
[kl<J
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The contraction of the cone fields ensures that C* and C® get arbitrarily close to the bundles E*
and E® (defined on the maximal invariant set of U) as J — +o0. Hence, there exist J; > 1 and
p4 > O0such thatifJ > J; and if p < p,, then for any p € A,

- ¢p(B(0,20)) C U,
- the cone fields Dgo;l(Cs) and Dgo;l(C”) on B(0, 2p) are y-close to the spaces EIS) and Eg inT,M
for some y > 0 much smaller than az.

In particular, from the choice of the Riemannian metric, for any point z € B(0,2p) C T,M, the
orthogonal projection of any unit vector u € D(pp(z)_l(Cs(qop(z)) on E; has norm smaller than
1/2.

We now fix:

J, and the neighborhood U to satisfy (6),

p > 0 smaller than min(p,, 05, 03, 04),

J > J, large enough so that any c-admissible disk D with center p € A and radius r(D) < J~!
lifts by ¢, as a subset of B(0, p) C T, M,

- ac-admissible family D of disks as in the statement of Proposition 1.4,

- o0 > 0 as in the statement of Proposition 1.4.

The construction also depends on a number ¢ > 0 smaller than o, p, and K~'r(D) for any D € D
(where K is the constant in Lemma 2.1). We will specify later the value of ¢.

2.5 | Construction of the diffeomorphism g

We associate to each c-admissible disc D € D a set of balls as given by Lemma 2.1. The union of
these sets defines a family B ofballs B; := ¢ B (B(z;,100d%¢)), 1 < i < L, inside the tangent spaces
of points p; € A. Since the discs D € D are disjoint, by choosing ¢ > 0 small enough the items (a)
and (b) in Lemma 2.1 ensure that the balls B; are pairwise disjoint.

We now define gof~! in each B; separately. The choice of p gives P, (B(z;,100d%¢)) € U, and
one can choose two spaces E4,E5 C T pl-M with the same dimension as E;i and E;l_ and satisfying

Do, (z)).€" C C¥(p,,(z), Dg, (z)." C C*(pp,(2)).

We choose two unit vectors e* € £5, e € €% and we also fix an orthonormal basis wy, ..., w,
of E;.
For each j € {1, ..., c}, the Lemma 2.3 provides us with:

- diffeomorphisms T; ; of T,M, whose restriction to B(z; + 10jdee®, 2de) coincides with the
translation by andew;,
~ diffeomorphisms T; _ j of Tpl_M , whose restriction to B(z; — 10jdee®, 2de) coincides with the
translation by —andew;,
Moreover DT; , ; is a-close to the identity and T; . ; coincides with the identity outside B(z; +
10jdee’, 3de).
Since the norm of the orthogonal projection of £° to E€ is less than 1/2, the supports of the T; ;
andT; _ i for j € {1, ..., c}, are pairwise disjoint, and also disjoint from B(z;, 2d¢). Also the union of
the supports is contained in B(z;, 100d2¢) C T, M. Since the balls B; are disjoint, the composition
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of f withall the ¥; ,; := ¢, oT; joqo;il as in (5) defines a diffeomorphism ¢, which is §-close to
f in the C! topology. Since the diameters of these balls have been chosen small, g is also o-close
to f in the C°-topology.

It remains to check the item (3) of Proposition 1.4.

2.6 | O-accessibility
We set O = and and check the criterion in Section 2.2.

Lemma 2.4. Ife > 0 is small enough, then for any diffeomorphism § that belongs to a small C*-
neighborhood of g and for any bisaturated set A C U for g, then the pair (g, A) is 0-accessible on each
ball ¢, (B(z;, 2de)).

Proof. Let us describe the holonomies in each ball B(z;, 100d%¢) C T,M.We introduce the affine
foliations 7, 75 of T, M by leaves parallel to £ and £€° and the perturbed foliation

F* i=(T;_c0..0T; 10T 0..0T; )Fi).

We next introduce flows ®%, &% along the leaves of T’g and F" in the directions e® and e* as in
proof of Lemma 2.1. For the linear foliation 7%, ® simply coincides with the linear flow (x, t) —
X + te®. For F*, one defines ®“(x, t) by projecting the flow (x, t) — x + te” on the leaves of F*,
along the space &% + E;i.

Claim. For each j € {1,..., c}, the composition

opH

S u S
P @ L) jde - 10jde

~10jde®®~10jde°

coincides on B(z;, 2de) with the translation by few j-
. o S u S u o .
Similarly, the composition chOj daoq)—wj dg°q)—10j ds°¢’10j 4 coincides on B(z;, 2de) with the

translation by —6ew;. O

Proof. Indeed on B(z;, 2de) the map CD;‘OJ. 4 coincides with x — x + (10de)e” (by construction the

support of the maps T ; does not intersect B(z;, 2de) + Re"). On B(z;, 2de) + (10jde)e* + 10jdee?,

the map fb’_‘mj 4 coincides with the composition of x — x — (10jde)e* with the translation by

andew; = Oew;. The first part of the claim follows. The second is obtained analogously.

Arguing in a similar way and using the fact that the C° size of the perturbations T; j is smaller

13 .
than Tooq: One gets the following.

Claim. For each j € {1,...,c}and s € [0, 1] the compositions

s u s u
q)—slojdsoq)—lejdsoq)slojdsoq)slojds

ol 0} o

s
and @ —lejdzo —s10jde ~ ~ s10jde

lejdzo

are at a C’-distance smaller than — from the identity. O
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Let § be a diffeomorphism C'-close to g and A C U be a bisaturated set for . At each x in
B(0,2p) N goljl(A), the connected components of the leaves go;l(W.;/ “(p »(X))) N B(0, 2p) contain-
ing x define leaves Wg/ l':)c(x). One can define flows @ and ®* in B(0,20) N qa;l(Z) as before:
dU(x, t)is obtained by projecting (x, t) — x + te* on the leaves Wg loc(x) along the space % + E;_ ;
®3(x, t) is obtained by projecting (x, t) — x + te® on the leaves W% loc(x) along the space &5 + EIC)..

We then define the map
H: [-1,1] %[0, 1] X (¢, '(8) N B(z;, 2de)) — ¢, (8) N B(0, 2p).

Fors € [-1,1] and x in go;l(A) N B(0, 2de), the arc t — HJ(s, t, x) is the concatenation of the four
arcs (defined on [0,1/4])

u
t = @ 0de (%)

S u
t= @0 0ide(Plspojas )
u S u
t= @7 a07de(Ps10jde s 10 s

t—> ® (4

~ st407de (P2 5110 °P5107: 0P 51102 F)-
The items (a) and (b) of the definition of the 6-accessibility hold by construction.

The stable leaves W.;, loc(x) are C!-close to the leaves of the foliation F;.Indeed theJ firstiterates
of g and f coincide on B; (since D(D) > J) so that the tangent spaces of the unstable leaves of ¢ are
tangent to the cone field C® and its preimage by ¢ p; 18 y-close to the direction £* on B(z;,100d%).
The same holds for § which is C!-close to g.

Similarly the unstable leaves of g and 7 are tangent to the cone field C* on f~!(B;). Hence on
each ball ¢ " (B(z; £ 10jdee’, 3de)), they are tangent to the cone field DY, j (C*). Their preimages
by ¢, are thus y-close to the leaves of 7* on B(z;, 100d2¢). This implies that the trajectories of the
flows ®%/* and ®%/* are C!-close. Together with the two previous claims, it gives the items (c) and
(d) of the definition of the 6-accessibility.

2.7 | Conclusion of the proof of Proposition 1.4

Let A C U be a bisaturated set for g. Let us consider any diffeomorphism 7 that is C'-close to g
and any bisaturated set A C U for 7 (in particular, any bisaturated A for  contained in a small
neighborhood of A). The pair (g, A) is B-accessible on each ball Pp, (B(z;,2de)) by Lemma 2.4. By
Lemma 2.2, the pair (7, A) is accessible on each ball ¢ P (B(z;,€)).

Let D be any c-admissible disk in the family D, which intersects A at a point z. By Lemma 2.1(3a),
there exists ¢ i (B(z;,€)) and a su-path for g between z and a point y € ¢ " (B(z;,€)). By accessi-
bility, ¢, (B(z;, €)) C A. By Lemma 2.1(3b), any point x in the £/2-neighborhood of z in D can be
connected by a su-path to a point y’ € ¢ . (B(2;, €)). By accessibility, y, Yy eEop :(B(z;, €)) belong to
a su-path. This shows that any point in the £/2-neighborhood of z in D can be connected to z by
a su-path. Since D is connected, any two points in D belong to a su-path in A, showing that (7, A)
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is accessible on D. This concludes the proof of the stable accessibility of (g, A) on any disk D € D,
and of the last item of Proposition 1.4.

3 | PROOF OF PROPOSITION 1.5

For A a partially hyperbolic set for f and U a neighborhood of A with U Uy(f,A), we denote
the maximal f-invariant set in U by

Ay(f) = () D).
jez

ForJ > 1, denote by Per;(f, U) the set of points

Per;(f,U) :={p € U | per(p) <J}.

3.1 | Existence of c-admissible families
We restate [12, Lemma 2.3] in our setting.

Lemma 3.1. Let A be a partially hyperbolic set for f, let 8 € (0, 1), let U be neighborhood of A with
Uc Uy(f,A)andletJ > 1.

Then for every p > 0 sufficiently small and denoting by B, the p-neighborhood of Per;(f,U),
there exist qy, ..., qx € Ay(f) \ B, such that

(1) the balls Bg,(qy)...., Bgo(qy) cover Ay (f) \ By,

(2) V,(g)NnV,(q;) =9 foralli# j, and

(3) V,(@)nfm(V,(gp) =0, foralli, jand 0 < |m| < J.

In particular D :={V ,(q,), ...,V ,(qi)} is a c-admissible disk family with respect to (f, Ay (f)) sat-
isfying R(D) > J.

Remark. There exists o > 0 such that for any diffeomorphism g with d-o(g, f) < o, the set A;(g)
is contained in an arbitrarily small neighborhood of Aj;(f) so that we still have A;(g) \ B, C

UiBﬁp(qi)-

3.2 | From c-admissible families to stable c-sections

The conclusions of Proposition 1.5 follow from the next lemma, choosing p < J~!.

Lemma 3.2. Given a partially hyperbolic set A for f, there exist §, 8 > 0 with the following property.

Let U be neighborhood of Awith U C Uy(f,A), letJ > 1 and, given p > 0 sufficiently small, let D
be the c-admissible disk family given by Lemma 3.1.
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Then there exists o > 0 such that

- for any diffeomorphism g satisfying do1(f, g) < 8 and dco(f, g) < o,
- for any bisaturated partially hyperbolic set A C U for g,

the set | D| is a c-section for g.

Proof. Consider f,A,U,J satisfying the hypotheses. The set Per ;(f,U) is compact, partially
hyperbolic and satisfies for every p € Per;(f,U):

(W*(p) u W*(p)) N Per;(f,U) = {p}. @)
The following property follows easily from (7) by a compactness argument.

Claim. There exist oy, d, > 0 such that the py-neighborhood B, of Per;(f, U) has the following
properties. For every diffeomorphism g with dci(f, g) < 8y, every p € B, N Ay(g) can be con-
nected to a point in U \ B, by an su-path for g with one leg. O

There is also a projection onto admissible discs by su-paths.

Claim. There exist § € (0,1) and p;,5; > 0such that for every diffeomorphism g with d: (f, g) <
8, every p € (0, p), every bisaturated set A C U for g, every q € Ay(g)and p € Bg,(q) N A, there
is an su-path for g with 2 legs from p to some point in V(q).

Proof. The proof follows the same argument as in the proofs of Lemmas 2.1and 2.2. Let B¥(0, 1) and
B*(0, 1) be the unit balls in the spaces E;‘ and E;. Working in the chart ¢, define a continuous map
@ from B*(0,1) X B5(0,1) to go;l(A) C TyM in the following way. For v,w € B%(0,1) x B5(0,1),
first project orthogonally along the space Eg ® Ef] the point go;l(p) + pv onto the unstable leaf
of qo;( p) lifted in the chart: this defines a point y € gogl(A). Then project orthogonally along
the space EZ ® E; the point y + pw onto the stable leaf of y in the chart: this defines the point
go;l(tb(v, w)). It belongs to the bisaturated set A.

The restriction of ® to the boundary of B¥(0, 1) x B%(0, 1) is disjoint from E;, and the Brouwer
fixed-point theorem ensures that the image of (pljl o® intersects E€. Since the stable and unstable
leaves of ¢ lifted in the chart are close to the directions EZ and Ef], the intersection point belongs
to B(0,p) C Eg.

Fix § = min(§,,d,), o < min{p,, 0;} and let D be the c-admissible disk family with cen-
ters qy, ..., qx € Ay(f) \ B, given by Lemma 3.1. Let o > 0 be given by the remark following
Lemma 3.1. Consider a diffeomorphism g satisfying d-1(f, ¢9) < 6 and dqo(f, 9) < o, and let
A C U be a bisaturated partially hyperbolic set for g.

Claim 3.2 gives that every p € B, N A can be connected to a point in Ay;(g) \ B, by an su-path
for g. Since A is bisaturated, it intersects Ay (g) \ B,.

By Lemma 3.1 and the remark that follows, the balls Bﬁp(ql), ,Bﬁp(qk) cover Ag(g) \Bp.
Hence, there exists i such that A N Bg,(g;) # @. Now the Claim 3.2 and the bisaturation of A imply
that ANV ,(q;) # 0.

We have thus shown that A intersects |D|, as required. O
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