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dissipation-free realization of the setup in (a), where the canonical quadratures x̂
and p̂ play the role of the top and bottom chains respectively. This system yields
an exponentially enhanced SNR even when quantum noise effects are included. . 5

2.2 Schematic of measurement dynamics. A classical drive is injected into the leftmost
lattice site via a waveguide (coupling rate κ). The drive amplitude is real (blue
wavepacket), corresponding to an x̂ quadrature excitation. As the wavepacket
propagates rightwards, its amplitude grows ∝ eA(N−1) until it reaches the last
site N . (a) If ϵ = 0, the wavepacket scatters off the open boundary without
changing quadrature. It is thus deamplified as it propagates back to the first
site. As a result, for ϵ = 0 there is no amplification of the drive or of injected
noise. (b) For non-zero ϵ, a wavepacket can scatter of the boundary and change
quadrature (olive wavepacket). It then is also amplified as it propagates back to
the waveguide, and leaves the waveguide with a net amplification factor e2A(N−1).
The result is a SNR and quantum Fisher information which grow exponentially
with system size even when the total intracavity photon number is held fixed. . 13

2.3 Measurement time τM (N) versus lattice size N , for different choices of the hop-
ping amplitudes J . The solid black line is the measurement time in the J → ∞
limit, τJ=∞

M (N). Faint dashed lines are the round trip propagation timescale
trt(N) ≡ N/J . The measurement time decays exponentially with increasing N ,
up until τJ=∞

M (N) ≈ trt(N). Further increases of N cause the measurement
time to scale with trt(N), implying that it increases linearly with N . We take
ϵ0 = 10−8κ, n̄tot = 5 × 109 and A = 0.2. We also plot results for odd values
of N only, as this guarantees the existence of a zero-frequency lattice eigenstate
and thus an additional resonant enhancement of our measurement (c.f. main text
before Eq. (2.27)). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
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as predicted by our linear-response analysis in Sec. 2.5. For sufficiently large N ,
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to decrease with N for large N . A non-trivial maximum is thus reached for an
intermediate value of N given by Eq. (2.53). For this optimal N and a weak per-
turbation ϵ0, the SNR scales like

√
ϵ0/κ (as opposed to the more standard scaling

ϵ0/κ) . The parameters here are A = 0.05, ϵ0 = 10−7κ and n̄tot = 5 × 109. We
only plot the results for odd values of N , which ensures an resonant enhancement
of the zero-frequency response (c.f discussion preceding Eq. (2.27)) . . . . . . . . 30

3.1 Left: Periodic (orange) and open (blue) chain spectrum of the quantum Hatano-
Nelson model with parameters κ = 0.99w and Γ = 0.01w. The spectrum for
fermions and bosons only differ by shift of −i2Γ, and we thus only plot the
fermionic spectrum for clarity. Dissipation is used to realize asymmetric hopping
amplitudes w ± κ, and each site is incoherently pumped at a rate 2Γ. Right:
Steady-state occupation ⟨ĉ†j ĉj⟩ss of a quantum Hatano-Nelson model under pe-
riodic boundary conditions for fermions (orange), and for open boundary con-
ditions (OBC) for both fermions and bosons (blue). Remarkably, despite the
existence of a large damping gap, the density is controlled by a large length scale
ξobc ≈ w/(2Γ). Further, ξobc . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2 Two different ways to realize the dissipative version of the fermionic quantum
Hatano-Nelson model. Although both methods lead to an effective Hatano-Nelson
Hamiltonian, they do not have the same steady state, since the noise G is not
equivalent. (a) In the first method, each loss bath (blue) has an equivalent pump-
ing bath (orange). The parameter ϵ controls the strength of the fluctuations G.
(b) In method two, the non-reciprocal hopping is realized using loss dissapators
only. Each mode is also subject to uniform pumping, which leads to a non-trivial
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of the real-space steady-state occupation ⟨ĉ†j ĉj⟩ss for the parameters above with
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ABSTRACT

Many familiar notions of classical physics are supplanted by new concepts and intuition in

quantum mechanics. This goes doubly so for open quantum systems, where coupling to an

external environment leads to the irreversible loss of quantum information. In this thesis, we

investigate how non-reciprocity, symmetries and diagonalization procedures in open quantum

systems are different than their classical or closed-system counterparts.

We first show that non-reciprocity, the tendency for particles to propagate in a preferred

direction, can be used to build a quantum sensor whose signal-to-noise ratio grows exponen-

tially with the size of the sensor. Non-reciprocity also has a marked effect on the quantum

steady state of tight-binding models; we find for a representative model that the steady state

occupation is characterized by a surprising macroscopically-large length scale.

Shifting gears, we then demonstrate how to diagonalize a large class of Lindbladians, the

open quantum system equivalent of a Hamiltonian. We first reformulate third quantization,

a technique that is used to diagonalize quadratic Lindbladians. Not only do we make the

procedure more physically transparent, but we show that is naturally related to Keldysh

field theory, a much more widely-used tool. Finally, we use this technique to show how so-

called weak symmetries can be used to diagonalize strongly-interacting dissipative quantum

models, despite there being no associated conserved quantities.

xii



CHAPTER 1

INTRODUCTION

This thesis contains a slightly diverse collection of works which are thematically unified

asking to what extent quantum mechanics changes in an open-system setting. This is of

course a very broad question, and we thus focus on two more concrete topics.

The first two chapters are concerned with quantum non-reciprocity, which for the pur-

poses of this thesis can be defined as the asymmetric spatial propagation of particles. One

of the main aims of these chapters is to convince the reader that the seemingly-bizarre prop-

erties of non-reciprocity can be explained by thinking about the dynamics of the system

as a whole, instead of focusing solely on usual spectral properties such as eigenvalues or

eigenvectors like one would in closed systems.

The last two chapters are focused on diagonalizing a Lindbladian of an open quantum

systems using either so-called weak symmetries or hidden symmetries of linear quantum

systems. The upshot of these works is that even fully quantum models which can be diago-

nalized in this manner have a surprising connections to well-known classical concepts. The

hope is that these works can serve as a starting point to explore more complicated quantum

models using e.g. Lindblad perturbation theory.

Each chapter is a self-contained body of work and can be read separately. The organiza-

tion and content of each chapter is as follows.

Chapter 2 is a paper that attempts to build a useful quantum sensor using non-reciprocity

as a resource. Remarkably, we show that one can build a sensor whose signal-to-noise ratio

is exponentially-large in system size even if one constrains the total number of photons used

to make the measurement. We discuss non-Markovian and non-perturbative effects to the

sensing protocol, demonstrating that one still obtains a parametrically-larger advantage over

conventional schemes.

Chapter 3 is a paper that shows that the steady state of quantum non-Hermitian tight-

1



binding model can not simply be understood simply in terms of the spectral information of

the underlying non-Hermitian Hamiltonian. For example, we show that the steady state of a

quantum realization of the Hatano-Nelson model is described by a macroscopic length scale

which is completely different than the localization length of the eigenvectors.

Chapter 4 is a paper that demonstrates that continuous weak symmetries can be used

to analytically diagonalize the Lindbladian of a class of open quantum systems. Although

weak symmetries do not have a conserved quantities due to the open nature of the problem,

we identify a generic structure which nevertheless allows for an exact description of the

dissipative eigenvectors and eigenvalues. Our method effectively show a mean-field ansatz

becomes exact in this models, and can analogously be understood as a kind of classical-to-

quantum mapping.

Chapter 5 is a paper in which we reformulate a well-known technique used to diagonal-

ize quadratic Lindbladians known as third quantization. Our method reveals a surprising

symmetry of all linear quantum master equations allows one to “gauge" away fluctuations,

recovering a result that is well known in a classical setting. We further show that our

reformulation allows one to make connections to other well-known open quantum system

approaches such as Keldysh field theory and phase-space-based methods.

2



CHAPTER 2

EXPONENTIALLY-ENHANCED QUANTUM SENSING WITH

NON-HERMITIAN LATTICE DYNAMICS

This chapter contains previously-published material found in Ref. ([87]). Reuse is permitted

according to the copyright agreement used by Nature Communications.

2.1 Overview of Results

Non-Hermitian systems exhibit markedly different phenomena than their conventional Her-

mitian counterparts. Several such features, such as the non-Hermitian skin effect, are only

present in spatially extended systems. Potential applications of these effects in many-mode

systems however remains largely unexplored. Here, we study how unique features of non-

Hermitian lattice systems can be harnessed to improve Hamiltonian parameter estimation in

a fully quantum setting. While the quintessential non-Hermitian skin effect does not provide

any distinct advantage, alternate effects yield dramatic enhancements. We show that cer-

tain asymmetric non-Hermitian tight-binding models with a Z2 symmetry yield a pronounced

sensing advantage: the quantum Fisher information per photon increases exponentially with

system size. We find that these advantages persist in regimes where non-Markovian and

non-perturbative effects become important. Our setup is directly compatible with a vari-

ety of quantum optical and superconducting circuit platforms, and already yields strong

enhancements with as few as three lattice sites.

2.2 Introduction

Quantum metrology and sensing aim to improve measurement precision over classical devices

by exploiting uniquely quantum phenomena such as entanglement and squeezing [42, 29, 106].

It is interesting to ask whether distinct effects associated with non-Hermitian dynamics can
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also be used to improve sensors operating in quantum regimes [67, 68, 148, 25, 97]. In purely

classical settings, mode degeneracies specific to non-Hermitian systems (so-called exceptional

points) have been suggested as a means for enhanced parametric sensing [138]. Evidence for

enhancement has been demonstrated in several classical-domain experiments involving small

coupled mode systems (see e.g. Refs. [26, 54, 140, 66]). Theory suggests that particular kinds

of non-Hermitian effects could also be useful in truly quantum settings [68].

To date, both theory and experiment have focused on non-Hermitian sensing schemes

that utilize at most a few coupled modes. It is however well known that unusual new

phenomena appear when considering genuinely multi-mode non-Hermitian dynamics. The

paradigmatic example is the so-called “non-Hermitian skin effect" [145, 70, 85], which occurs

in several non-Hermitian tight-binding models [141, 69, 61]. In these systems, all eigenvalues

and wavefunctions of the Hamiltonian exhibit a dramatic sensitivity to a change of boundary

conditions. This extreme sensitivity would seem to be a potentially powerful resource for

parametric sensing [120].

In this work, we show that non-Hermitian lattice dynamics does indeed provide a unique

means for constructing enhanced sensors; moreover, this advantage persists even when oper-

ating in truly quantum regimes. We study in detail Hamiltonian parameter estimation using

a one-dimensional lattice model with asymmetric tunneling (akin to the well-studied Hatano-

Nelson model [49]). We find, somewhat surprisingly, that the non-Hermitian skin effect does

not provide any advantage over more traditional sensing protocols. Rather, we find another

distinct non-Hermitian mechanism that enables a dramatic enhancement of measurement

sensitivity: the quantum Fisher information per photon exhibits an exponential scaling with

system size. As we discuss, the underlying mechanism makes use of both non-reciprocity

and an unusual kind of symmetry breaking.

While our ideas are general, our analysis focuses on a system that uses parametric driv-

ing to realize non-Hermitian dynamics; this has the strong advantage of not requiring any

4



(b)

(a) X chain

P chain

Fig. 2.1: (a) Basic lattice sensor: two N -site non-Hermitian tight binding chains, each with
opposite chirality. Each chain has asymmetric hopping: for the top (bottom) chain, hopping
to the right is a factor of e2A larger (smaller) than hopping to the left. The two lattices are
only coupled via a weak symmetry breaking perturbation ϵ on the rightmost site; the goal
is to estimate ϵ. A signal entering the top X chain induces an exponentially large output
in bottom P chain, but only if ϵ ̸= 0. (b) An array of bosonic cavities coupled via nearest
neighbour hopping w and coherent two-photon drive ∆ with a small detuning ϵ on the last
site. This provides a dissipation-free realization of the setup in (a), where the canonical
quadratures x̂ and p̂ play the role of the top and bottom chains respectively. This system
yields an exponentially enhanced SNR even when quantum noise effects are included.

external dissipation or post-selection [85, 136]. Further, we ultimately focus on dispersive

sensing, where the parameter of interest shifts the frequency of a resonant mode. This is

a ubiquitous sensing strategy, with applications ranging from superconducting qubit mea-

surement [14] to virus detection [135]. Our proposal is also compatible with a number of

different experimental platforms in superconducting quantum circuits and quantum optics,

and ultimately requires one to make a standard homodyne measurement. We also consider

physics that goes beyond the usual limit of strictly infinitesimal parameter sensing. We find

that the exponential enhancement of measurement sensitivity persists even when considering

limitations associated with the finite propagation time of a large lattice. Even for parameters

large enough to invalidate a full linear response analysis, we find that our scheme provides a

strong advantage: it achieves a square-root enhancement of the sensitivity (including noise

effects). This is similar to what is found in exceptional point sensors in the absence of noise
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[138]. Finally, while our discussion focuses on large lattices, the results we present are already

interesting in a small system consisting of just three coupled resonators.

2.3 Ingredients for a non-Hermitian lattice sensor

2.3.1 Amplified non-reciprocal response in the Hatano-Nelson model

A key feature that we will exploit in our new sensor is the dramatically large and uni-

directional response exhibited by certain non-Hermitian lattice models: perturbing a single

lattice site induces a large change at one end of the chain, but not the other (see e.g. [120,

137]). We start by providing a physically-transparent explanation of this effect, based on

interpreting non-Hermitian asymmetry in tight-binding matrix elements as directional gain

and loss.

The simplest relevant system is the well-known Hatano-Nelson model [49, 48]. This is a

1D tight-binding chain with asymmetric nearest-neighbour hoppings

Ĥ = iJ
∑

n

(
eA |n+ 1⟩⟨n| − e−A |n⟩⟨n+ 1|

)
(2.1)

where J,A are real and |n⟩ is a position eigenket. The corresponding single-particle Schrödinger

equation is (ℏ = 1 throughout)

ψ̇n = JeAψn−1 − Je−Aψn+1, (2.2)

where ψn = ⟨n|ψ⟩. While A formally plays the role of an imaginary vector potential, it is

more usefully thought of as an amplification factor. Assuming A is positive for definiteness,

Eq. (2.2) describes a system where a wavefunction’s amplitude grows by eA every time a

particle hops one site to the right, and decays an equal amount e−A as it travels to the left,

regardless of its energy.
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With this picture in mind, the form of the real-space susceptibility (i.e. single particle

Green’s function) χ(n,m; t) for a finite open chain has an intuitive form. Letting |m(t)⟩ =

e−iĤt |m⟩, a simple calculation yields (see App. 2.9.2):

χ(n,m; t) ≡ ⟨n|m(t)⟩ = eA(n−m)χ0(n,m; t). (2.3)

Here, χ0(n,m; t) is the susceptibility matrix when A = 0, i.e. the Green’s function of a

Hermitian tight-binding chain. This quantity is reciprocal, in the sense that χ0(n,m; t) =

(−1)m−nχ0(m,n; t) (i.e. apart from a phase, there is no asymmetry in rightwards versus

leftwards propagation). The Green’s function χ0(n,m; t) both describes how particles prop-

agate in the lattice, and also the response properties of the system (i.e. if you perturb site

m at t = 0, how does site n respond at some later time?).

The simple factorization in Eq. (2.3) makes it clear that there are two basic processes

determining the response. The first is a distance and direction-dependent amplification /

deamplification factor, whereas the second encodes the dynamics of the underlying (A = 0)

Hermitian tight-binding model. We thus have a simple intuitive picture for the susceptibil-

ity, without having to make recourse to other seemingly more complicated non-Hermitian

features, such as exceptional points, the non-Hermitian skin effect, or the Petermann factor

[105, 44]. Note that Eq. (2.3) can be easily derived via a similarity transformation, which

is analogous to the gauge transformation one would make if A were imaginary (and hence a

real synthetic gauge field) [49, 48].

2.3.2 Z2 symmetry in non-Hermitian lattice models

The second basic ingredient we will exploit in constructing our sensor is symmetry breaking.

The Hatano-Nelson chain breaks reciprocity for any A ̸= 0; formally, it picks a preferred

amplification direction, and does not remain invariant (up to a local gauge change) under a
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spatial inversion operation |n⟩ → |−n⟩. We can trivially restore this symmetry by considering

a system with two uncoupled Hatano-Nelson chains indexed by σ =↑, ↓ with amplification

factors A↑, A↓. If we pick A↑ = −A↓, then the composite system restores some of the lost

symmetry. Formally, the two-chain system is invariant up to a local gauge change under

the combined operations |n⟩ → |−n⟩ (spatial inversion) and σ → σ̄ (pseudospin inversion).

While this may seem trivial, this kind of discrete symmetry can persist even for certain forms

of interchain coupling, and has recently been interpreted as a formal Z2 symmetry class with

its own distinct non-Hermitian topological phenomena [101]. We discuss this symmetry more

formally in Appendix 2.9.1.

For our purposes, the interesting feature here will be to consider breaking this symmetry

with an external perturbation whose magnitude we wish to estimate. As we will see, the

response to this symmetry breaking can be exponentially large in system size, enabling a

new kind of sensor.

2.4 Model and Measurement Protocol

With the motivation of the previous section, we now consider a sensor comprised of two

Hatano-Nelson chains with an opposite chirality (see Fig. 2.1(a)). There are a variety of

means for such realizing non-Hermitian directional tight-binding models using dissipation

[89, 92]; approaches based on feedback control are also possible and have been recently

implemented [16]. However, for optimal sensing properties in quantum settings, methods

that are both autonomous and avoid the noise associated with dissipation are desirable.

We thus focus on a dissipation-free method for realizing non-Hermitian dynamics based on

parametric driving [85, 136]. We stress that the response properties of our sensor will be

independent of how the non-Hermitian dynamics is implemented, and hence apply equally

well to dissipative and feedback based strategies.

We consider an N -site chain of driven, coupled bosonic modes described by the fully

8



Hermitian Hamiltonian

ĤB =
N−1∑

n=1

(
iwâ

†
n+1ân + i∆â

†
n+1â

†
n + h.c.

)
. (2.4)

Here âj is the photon annihilation operator on site j, w is the nearest-neighbour hopping

term, ∆ is the nearest-neighbour two-photon drive, and we consider open boundary con-

ditions. We take both w and ∆ to be positive and w > ∆. This model describes a 1D

cavity array subject to parametric drives on each bond (described in a rotating frame set

by the external pump frequency). As discussed extensively in Ref. [85], this system could

be realized in both quantum superconducting circuits or nonlinear quantum optical systems.

Note the lack of any on-site terms corresponds to the parametric driving frequency matching

the resonance frequency of each isolated cavity.

Although not immediately obvious, the dynamics generated by ĤB corresponds to two

copies of the Hatano-Nelson model. In the basis of local canonical quadrature operators x̂j

and p̂j , defined via âj = (x̂j + ip̂j)/
√
2, the Hamiltonian reads

ĤB =
N−1∑

n=1

(−(w −∆)x̂n+1p̂n + (w +∆)p̂n+1x̂n) . (2.5)

This then yields the Heisenberg equations of motion

˙̂xn = JeAx̂n−1 − Je−Ax̂n+1, (2.6)

˙̂pn = Je−Ap̂n−1 − JeAp̂n+1, (2.7)

where the effective hopping amplitude J and imaginary vector potential A are related to w
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and ∆ by

J =
√
w2 −∆2, (2.8)

e2A =
w +∆

w −∆
. (2.9)

Comparing against Eq. (2.2), we see that the dynamics of each canonical quadrature corre-

sponds to that of a Hatano Nelson model, with opposite chiralities for x̂ and p̂ (Fig. 2.1).

These orthogonal quadratures correspond to different phases of photonic excitations, and

hence the system exhibits phase-dependent non-reciprocal amplification [85]. Note that

there is a constraint on our mapping: the complex wavefunction amplitudes in the Hatano-

Nelson model have been replaced by Hermitian quadrature operators in our system. This

will play no role in what follows.

We now demonstrate how this setup can be used for Hamiltonian parameter estimation.

We add a Hermitian perturbation ϵV̂ to our Hamiltonian where V̂ is some system operator;

the goal is to estimate ϵ. We also couple the first site of our lattice to an input-output

waveguide as a means to probe its properties. The simplest protocol is to use this waveguide

to drive the system with a classical tone (i.e. a coherent state), and then measure the outgoing

light in the waveguide (see Fig. 2.1(b)). The full Hamiltonian becomes

Ĥ[ϵ] = ĤB + ϵV̂ + Ĥκ − i
√
κ
(
â
†
1β − h.c.

)
(2.10)

Ĥκ describes damping of the first site at a rate κ, due to coupling to the modes of the

waveguide which we treat using standard input-output theory [27]. The last term corresponds

to a classical drive with amplitude β = |β|eiθ. Note that we take the drive frequency to match

the resonance frequency of the isolated cavities; this frequency is zero in our rotating frame.

Using the standard input-output boundary condition, the output field in the waveguide
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is given by

B̂(out)(t) =
(
β + B̂(in)(t)

)
+
√
κâ1(t) (2.11)

where B̂(in), the operator equivalent of Gaussian white noise, describes the noise entering the

lattice through the waveguide. Our goal is to estimate ϵ by making an optimal measurement

of the output field. In what follows, we take ϵ to have units of frequency and V̂ to be

dimensionless.

We further specialize to the usual case where ϵ is so small that it can only be estimated

by integrating the output field over a long timescale τ . If we turn on the drive tone at t = 0,

the relevant temporal mode of the output field to consider is

B̂τ (N) =
1√
τ

∫ τ

0
dtB̂(out)(t) (2.12)

Note that this is a canonical bosonic lowering operator satisfying [B̂τ (N), B̂†
τ (N)] = 1. We

write an explicit dependence on the chain size N , as we will be interested in understanding

how things scale as N is increased.

The maximum amount of information available in B̂τ (N) on ϵ is quantified by the quan-

tum Fisher information (QFI). The QFI provides a lower bound on the root mean square

error of any (unbiased) estimate of ϵ regardless of how B̂τ (N) is measured [42]. Calculation

of the QFI unfortunately does not in general tell one the form of the optimal measurement.

However, in our linear Gaussian system, things are much simpler: for large |β|, the optimal

measurement will always correspond to a standard homodyne measurement [9, 107]. The

relevant Hermitian measurement operator has the form

M̂τ (N) =
1√
2

(
e−iϕB̂τ (N) + eiϕB̂†

τ (N)
)
, (2.13)
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i.e. a quadrature of the output operator B̂τ (N) along a direction in phase space determined

by the angle ϕ.

We will focus throughout on the large-drive limit, and will be interested in characterizing

the QFI to leading order in |β|. In this limit, QFI is determined by the statistics of M̂τ (N)

via [68, 9]

QFIτ (N) = max
ϕ

[
lim
ϵ→0

(
1

ϵ

Sτ (N, ϵ)
Nτ (N, ϵ)

)2
]
, (2.14)

where

Sτ (N, ϵ) = |⟨M̂τ (N)⟩ϵ − ⟨M̂τ (N)⟩0|, (2.15)

Nτ (N, ϵ) =

√
⟨M̂2

τ (N)⟩ϵ − ⟨M̂τ (N)⟩2ϵ , (2.16)

are the signal and the noise respectively associated with the measurement. Here, ⟨·⟩z means

an average with respect to a state whose dynamics are governed by Ĥ[z].

This expression for the QFI coincides with the SNR of an optimal homodyne measure-

ment, and scales as |β|2; the next-leading order term is independent of |β|. Note that the

QFI only depends on the noise Nτ (N, ϵ) calculated to zeroth order in ϵ. We stress that the

expression for the QFI still depends on the drive phase θ as well as the form of the operator

V̂ ; in what follows, we will be interested in optimizing these as well.

Given its role as a fundamental performance metric, it is tempting to declare that a

better sensor has been built if it increases the QFI. Different measurement strategies however

use resources differently, and one must carefully consider which to constrain when making

comparisons. In our case, we wish to distinguish a true sensing enhancement from a more

trivial effect, where a different protocol simply results in there being more photons in the

system available to interact with the perturbation V̂ (as occurs with standard exceptional-

point based sensing schemes [68, 148]). For this reason, we will take as the relevant metric
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Fig. 2.2: Schematic of measurement dynamics. A classical drive is injected into the leftmost
lattice site via a waveguide (coupling rate κ). The drive amplitude is real (blue wavepacket),
corresponding to an x̂ quadrature excitation. As the wavepacket propagates rightwards, its
amplitude grows ∝ eA(N−1) until it reaches the last site N . (a) If ϵ = 0, the wavepacket
scatters off the open boundary without changing quadrature. It is thus deamplified as it
propagates back to the first site. As a result, for ϵ = 0 there is no amplification of the
drive or of injected noise. (b) For non-zero ϵ, a wavepacket can scatter of the boundary and
change quadrature (olive wavepacket). It then is also amplified as it propagates back to the
waveguide, and leaves the waveguide with a net amplification factor e2A(N−1). The result
is a SNR and quantum Fisher information which grow exponentially with system size even
when the total intracavity photon number is held fixed.

the QFI scaled by the total average photon number n̄tot [68]:

n̄tot ≡
∑

n

⟨â†nân⟩0 ≃
∑

n

⟨â†n⟩0⟨ân⟩0 ∝ |β|2/κ. (2.17)

As we consider throughout the large-drive limit, we only keep the leading-order-in-β con-

tribution to n̄tot. This is simply the photon number associated with the drive-induced dis-

placement of each cavity annihilation operator. The additional contribution to n̄tot due to

amplification of vacuum fluctuations is β-independent, hence plays no role in the large-drive

limit we consider (see Appendix 2.9.4).

2.5 Exponential SNR and QFI enhancement

We now focus on computing the optimal SNR of the measurement operator M̂τ (N) for our

N site chain in the ϵ→ 0 limit; via Eq. (2.14), this directly yields the QFI. In this limit, an
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SNR ∼ 1 will only be achieved for τ much longer than any internal dynamical timescale. We

thus consider the long-τ limit, effectively ignoring any transient behaviour and assuming the

system is in its steady state. Note that our system is dynamically stable as long as w > ∆

and κ > 0, ensuring that a steady state exists.

From Eqs. (2.15),(2.13) and (2.11), the first order in ϵ in this limit reads

Sτ (N, ϵ) =
√
2κτ

∣∣Re[e−iϕδ⟨â1⟩ss]
∣∣ (2.18)

where

δ⟨â1⟩ss ≡ ϵ lim
ϵ→0

(⟨â1⟩ssϵ − ⟨â1⟩ss0
ϵ

)
(2.19)

is the steady state linear response of the site-1 average amplitude to a non-zero ϵ. This

response will be determined by the zero-frequency susceptibilities (Green’s functions) of the

unperturbed system.

It will be convenient to split up δ⟨â1⟩ssϵ into its real and imaginary parts, or equivalently

to think of the dynamics in the quadrature picture. There are then four different types of

susceptibilities: χαβ [n,m;ω] is the response of the α quadrature on site n to a force which

directly drives the β quadrature on site m. From Eqs. (2.6)-(2.7) and Eq.(2.3), we find that

the ϵ = 0 susceptibilities are

χxx[n,m;ω] = eA(n−m)χ̃xx[n,m;ω], (2.20)

χpp[n,m;ω] = e−A(n−m)χ̃pp[n,m;ω], (2.21)

χxp[n,m;ω] = χpx[n,m;ω] = 0. (2.22)

Here χ̃αβ [n,m;ω] the susceptibility of a Hermitian N site tight-binding chain with hopping

iJ and amplitude decay rate κ/2 on the first site (see Appendix 2.9.3). The above structure

reflects the fact that the dynamics of the x̂ and p̂ quadratures correspond to two uncoupled
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copies of the Hatano-Nelson chain with opposite signed imaginary vector potential A. Hence,

x̂ quadrature signals are amplified as they propagate to the right, and deamplified as they

traverse to the left, while the opposite is true for p̂ quadrature signals. Note that if we

started with two explicit Hatano-Nelson chains, the discussion here would be identical; x

and p would then just index the two different chains.

To proceed, we need to specify the form of the perturbation Hamiltonian V̂ . Our system

exhibits the the non-Hermitian skin effect (NHSE), implying a strong sensitivity to changes

in boundary conditions. As the unperturbed system is an open chain, this suggests that an

optimal V̂ would induce tunneling between the first and last site, i.e.

V̂NHSE = eiφâ
†
1âN + e−iφâ

†
N â1, (2.23)

with φ an arbitrary phase. As we show in Appendix 2.9.5, this choice of V̂ does not re-

sult in an enhanced sensitivity if one uses the proper metric of QFI/n̄tot (or equivalently

SNR/
√
n̄tot). While the signal produced by V̂NHSE is large, this is simply because our sys-

tem is an amplifier with a large end-to-end gain. The number of photons on the last site

(and hence n̄tot) will be amplified equally by this gain. As a result, QFI/n̄tot does not show

any enhancement as one increases the system size N , nor any enhancement over a conven-

tional, single-cavity dispersive detector. We are thus left with a depressing conclusion: the

non-Hermitian skin effect does not provide any true advantage in sensing. Note also that

V̂NHSE does not break the Z2 symmetry of the unperturbed system (see App. 2.9.1).

Luckily, this is not the end of the story. Enhanced sensing is possible with our system, if

we chose a V̂ that fully exploits the opposite chiralities of our two (effective) Hatano-Nelson

chains. Consider the innocuous-looking purely local perturbation

V̂N = â
†
N âN , (2.24)

15



so that ϵ now corresponds to a small change in the resonance frequency of the last site. This

perturbation does indeed break the Z2 symmetry of the unperturbed system. To understand

how V̂N affects the dynamics of the lattice, it is best to re-examine the equations of motion

in the x̂ and p̂ basis. They remain the same everywhere except the last site N , where they

now read

˙̂xN = JeAx̂N−1 + ϵp̂N , (2.25)

˙̂pN = Je−Ap̂N−1 − ϵx̂N . (2.26)

Recall that without the perturbation present, the dynamics of the x̂ and p̂ quadratures are

completely independent (c.f. Eqs. (2.6) and (2.7)). The dispersive shift ϵ on site N now

effectively couples the two non-Hermitian chains, thereby breaking phase-dependent non-

reciprocity (see Fig. 2.1). While the intuitive picture of directional amplification remains

unchanged in the rest of the lattice, a wavepacket with a well defined global phase can

now scatter off of the perturbation ϵ and change its phase in the process. The role of ϵ is

reminiscent to that of a magnetic impurity in the quantum spin Hall effect: in both cases the

propagation direction of a particle is determined by some internal degree of freedom, which

the impurity can change [80].

We next judiciously choose the phase of the drive β to be real and the measurement

angle ϕ = π/2. Equivalently, we apply a driving force −
√
2κ|β| to x̂1 and consider the

corresponding response of its canonically conjugate quadrature p̂1. When ϵ = 0, this off-

diagonal susceptibility vanishes, see Eq.(2.22). To first order in ϵ, it becomes non-zero. We

further take N to be odd in what follows, as this guarantees (via the chiral symmetry of our

unperturbed system) that the lattice will have a resonant mode at zero frequency. This then

provides a further resonant enhancement of our system’s zero frequency response properties.

Note that for an even N , we would still have the same exponential enhancement quoted in

Eqs. (2.20)-(2.21); in this case however, there is no resonant mode at zero frequency, causing
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a suppression of susceptibilities by a multiplicative factor of κ/(2J) (see Eqs.(2.97)-(2.98)).

With these optimized choices, first order perturbation theory yields:

Sτ (N, ϵ) =
√
κτ |

√
2κβ|

(
|δχpx[1, 1; 0]|

)

=
√
2κτ

√
κ|β|

(
|χpp[1, N ; 0]ϵχxx[N, 1; 0]|

)

=
√

8κτn̄N

∣∣∣ ϵ
κ

∣∣∣ eA(N−1). (2.27)

Here n̄N denotes the leading-order-in-β average photon number of the last site in the lattice,

and is given by:

n̄N = |⟨âN ⟩ss0 |2 = κ|β|2|χxx[N, 1, 0]|2 ∝ e2A(N−1) (2.28)

For large A, the average photon number on site N is exponentially larger than that on other

sites. Writing n̄N = Z(A)n̄tot we have Z(A) = 1 − O(e−4A) (see App. 2.9.4). We thus

obtain:

Sτ (N, ϵ) =
√

8Z(A)κτn̄tot

∣∣∣ ϵ
κ

∣∣∣ eA(N−1). (2.29)

Eq. (2.29) is a central result of this work: it shows that even when the total photon number

n̄tot is held fixed, our system exhibits a signal power that grows exponentially with system

size.

For an intuitive picture, consider the propagation of x-quadrature photons injected from

the waveguide into site 1, as depicted in Fig. 2.2. These photons will propagate to the

last site N , with an amplitude χxx[N, 1;ω] ∝ eA(N−1). Photons that then scatter off

the perturbation ϵV̂N will change phase, so that they now correspond to the p quadrature

(c.f. Eq. (2.26)). They can then propagate back to the first lattice site with an amplitude

−ϵχpp[1, N ;ω] ∝ eA(N−1). This simple scattering process (involving both x and p quadrature

propagation) leads to a parametrically large signal in p̂1.

The above heuristic picture also explains why the signal is amplified more than the
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average photon number n̄tot: the average photon number only involves amplification along

one traversal of the chain, whereas the signal magnitude involves two traversals (forward

and back). This directly explains the extra large factor of eA(N−1) in Eq. (2.29). We stress

that this exponential signal enhancement would also occur in dissipative realizations of our

doubled Hatano-Nelson chain.

The final step in characterizing our sensor is to examine its noise properties. Naively,

one might expect that the same dynamics responsible for our signal enhancement would

also exponentially amplify fluctuations in the output field. This is not the case: as already

discussed, calculating the QFI only requires computing the noise to zeroth order in ϵ, see

Eq.(2.14). Without the perturbation, the two effective Hatano-Nelson chains are completely

decoupled. Thus, any noise entering through the waveguide will undergo equal amounts

of amplification and deamplification before exiting the lattice. For the ideal case of zero

internal loss, this means that the noise temperature of the output field will be identical to

that of the input field. As a result, the noise in the homodyne current is

Nτ (N, 0) =

√
n̄th +

1

2
(2.30)

with n̄th representing the number of thermal quanta in the input field.

Combining these two results, our signal-to-noise ratio is

SNRτ (N, ϵ) = 4

√
Z(A)n̄totκτ

2n̄th + 1
| ϵ
κ
|eA(N−1)

=
√
Z(A)eA(N−1) SNRτ (1, ϵ), (2.31)

where SNRτ (1, ϵ) is the signal-to-noise ratio of a ubiquitous single-mode dispersive detector

[27, 32]. As we have stressed, SNRτ (N, ϵ) also represents the QFI of our system. We see

that the SNR and QFI can be exponentially enhanced by either increasing system size N

or amplification factor A, while all the while maintaining a fixed total photon number n̄tot.
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This is the central result of our work. The crucial ingredients here are the inherent chiral

amplification present in a Hatano-Nelson chain, the effective symmetry breaking that occurs

when coupling the two opposite-chirality chains in our sensor, and the lack of any amplified

output noise in the unperturbed system.

Several comments are in order. First, note that the large SNR achieved here is not

contingent on approaching a parametric instability: our system is dynamically stable for any

value of ϵ and A (see Appendix 2.9.7). Second, the mechanism we discuss here is useful even

in small systems, as the fixed photon number QFI has an exponential dependence on A; an

arbitrarily large QFI can thus be achieved with only three lattice sites. We further emphasize

that the spatially-dependent amplification is a crucial aspect of our scheme. Indeed, the

signal-to-noise ratio for a single-mode cavity amplifier can never achieve this sort of sensing

enhancement, since the signal and noise are amplified in a similar manner [32]. Finally, we

stress that this enhanced QFI in no way requires or is even related to the existence of an

exceptional point in our dynamical matrix.

It is also worth stressing that our mechanism is completely distinct from other recently

introduced methods that use parametric amplifiers to enhance dispersive sensing [11, 32, 102].

These works exploit noise squeezing as the basic mechanism for enhancing the SNR and

QFI. Unfortunately, in many practical settings this squeezing is difficult to exploit, as one

becomes extremely sensitive to the added noise of amplification stages that follow the primary

measurement (i.e. one needs following amplifiers to be quantum limited). In contrast, our

scheme does not rely on squeezing the measurement noise, but instead effectively amplifies

the signal power at fixed total photon number. The output noise has the same magnitude

as the input noise, and hence taking advantage of our enhanced QFI does not need following

amplification stages to be quantum limited. This represents a significant practical advantage.

We end this section by pointing out that the N dependence of the QFI in Eq. (2.31)

does not violate standard Heisenberg-limit constraints [42], as the setting here is different.
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The usual Heisenberg limit applies to N sensor systems which each interact independently

with the parameter of interest; the QFI here scales as best as ∝ N , a result which requires

entanglement. In contrast, each of the N modes in our system is not an independent sensor

interacting independently with the dispersive perturbation, as the sites are coupled. The

enhanced scaling we find is not the result of entanglement: we stress that the input light

to our system is just a coherent state. Instead, the enhancement is a consequence of our

system’s unusual mechanism for non-reciprocal amplification.

2.6 Non-Markovian Effects

We now relax the assumption that the parameter ϵ is infinitely weak. For concreteness, we

assume the sensing target is to distinguish the case ϵ = 0 from the case ϵ = ϵ0 ̸= 0. This

kind of discrimination is relevant in many practical situations, for example the dispersive

measurement of the state of a qubit [27]. We assume that ϵ0 is small enough such that linear

response is still valid, but not so small that measurement will be infinitely long compared to

internal system timescales. We thus need to understand the finite-frequency response and

noise properties of our non-Hermitian lattice sensor.

In this section, we will characterize our sensor by its measurement time τM : what is the

minimum integration time to to achieve an SNR of unity? Heuristically, τM is the minimum

amount of time required to distinguish between ϵ = 0 and ϵ = ϵ0. In the limit ϵ0 → 0, τM

will be much longer than any internal sensor timescale, and we can use the long-time limit

SNR expression derived in the previous section (c.f. Eq. (2.31)). We define τ∗M (N) to be

this ϵ0 → 0 expression for the measurement time. Assuming that the input field has only

vacuum noise, we find:

τ∗M (N) =
1

16Z(A)n̄totκ

(
κ

ϵ0

)2

e−2A(N−1). (2.32)

20



The obviously attractive feature here is the exponential reduction of τM with increasing

lattice size N (but at fixed total photon number).

As N or ϵ0 is increased, τ∗M (N) will become increasing smaller, and at some point will

become comparable to internal system timescales. At this point, the long-time limit as-

sumption used to derive this expression becomes invalid. There are two distinct relevant

timescales that govern the dynamics of our sensor. The first trt(N) determines the ballistic

propagation time to traverse the lattice end to end:

trt(N) =
N

J
, (2.33)

The second tesc(N) involves the coupling to the waveguide: how quickly does a particle

that is delocalized in the lattice leak out to the waveguide. A simple Fermi’s Golden Rule

estimate yields the scale:

tesc(N) =
N + 1

κ
(2.34)

Both these timescales increase with system size. As a result, non-Markovian effects associ-

ated with internal dynamics become increasingly important with increasing N . The crucial

question is how this physics modified or places a limit on the exponential-in-N measurement

enhancement predicted by Eqs. (2.31) and (2.32). For large enough N the measurement

will be so fast that these internal timescales matter. Do they simply put a bound on the

measurement time, or does performance continue to increase with increasing N?

We first consider the limit J ≫ κ; the only relevant dynamical timescale is then tesc(N),

the time it takes a delocalized photon to escape the lattice. In this regime, the level spacing

of lattice resonances is much larger than their widths. We can thus accurately approximate

the relevant low-frequency behaviour of lattice susceptibilities by the contribution from the

zero-frequency resonance (whose width is 1/tesc(N)). Assuming as always that N is odd,
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we have:

χxx[N, 1;ω] ≈ 2iN

N + 1

eA(N−1)

ω + i κ
N+1

(2.35)

χpp[1, N ;ω] ≈ −2i−N

N + 1

eA(N−1)

ω + i κ
N+1

. (2.36)

Note crucially that the residue at the poles are exponentially large in system size; this directly

reflects the amplification physics we have discussed previously. Because of these factors, the

above response functions are not simply equivalent to those of a single mode system with a

very small linewidth.

With this approximation, we find that the SNR is given by (see Appendix 2.9.6 for

details)

SNRτ (N, ϵ, J → ∞) = (2.37)
√

τ

τ∗M (N)

(
1 + e

− τ
tesc(N) − 2tesc(N)

τ
(1− e

− τ
tesc(N) )

)

The bracketed factor represents the non-Markovian correction to the long-time limit expres-

sion. Note that the correction is only to the magnitude of the signal. As we continue to use

linear response, we only need to compute the homodyne current noise to zeroth order in ϵ0.

This noise is thus always vacuum noise regardless of the choice of integration time τ .

Using the above expression, we can then directly compute the measurement time τM in

the J → ∞ limit. While finding the measurement time analytically is unfeasible, we can
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describe its asymptotic behavior in the strong and weak measurement limit (see App. 2.9.6)

τJ=∞
M (N) =





τ∗M (N), τ∗M (N) ≫ tesc(N)

√
6tesc(N) 5

√
τ∗M (N)√
6tesc(N)

, τ∗M (N) ≪ tesc(N)

∝





e−2A(N−1), τ∗M (N) ≫ tesc(N)

(N + 1)4/5e−2A(N−1)/5, τ∗M (N) ≪ tesc(N).

(2.38)

We thus find a surprising result: even for fast measurements where the escape time from the

lattice plays a role, the measurement time continues to improve exponentially with lattice

size N . Intuitively, this is because the deleterious effects of increasing the escape time

tesc = (N + 1)/κ with increasing N is more than offset by the exponentially large number

of photons e2A(N−1) that exit through the waveguide when ϵ = ϵ0.

We next consider the case where the hopping amplitude J is not infinitely larger than all

other scales. In this case, we must also take into account the finite propagation speed v ∝ J of

particles the lattice. Because an injected wavepacket must make a round trip before acquiring

any information about the perturbation ϵ, for times less than 2N/v = N/J = trt(N) we

expect the signal to be approximately zero. After this first round trip, the limiting factor in

obtaining a large signal is once again the escape rate. Including the effects of a finite J , we

find that the SNR is well approximated by simply adding a cutoff to the J → ∞ result in

Eq. (2.37):

SNRτ (N, ϵ, J) = Θ (τ − trt) SNRτ (N, ϵ, J → ∞) (2.39)

where Θ(t) is the Heaviside step function. This form reflects the basic intuition that it is

impossible to make a measurement faster than the propagation time.

Combining these results, we finally find that including the effects of both internal timescales
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trt(N) and tesc(N), the measurement time (to good approximation) is given by

τM (N) = max(τJ=∞
M (N), trt(N)) (2.40)

where τJ=∞
M (N) is given in Eq. (2.32). Thus, as a function of increasing system size N , the

measurement time first decreases exponentially until it reaches the round-trip time in the

lattice, after which it increases with N . The upshot of our analysis is that increasing the

lattice size still provides an exponential sensing advantage when including non-Markovian

effects. This continues to be true until the measurement time is reduced to being on par

with the round-trip propagation time trt(N) = N/J .

In Fig. 2.3, we plot the numerically-calculated measurement time τM (N) versus lattice

size N for a fixed total photon number n̄tot and perturbation size ϵ0/κ; different curves

correspond to different values of the hopping J/κ. We find an excellent agreement with

the analytic approximation given in Eq. (2.40). The measurement time follows τJ=∞
M (N)

(dark solid line) until it reaches the round-trip time trt(N) (faint dashed lines), after which

it increases linearly with N .

2.7 Beyond linear response

In this final section, we again consider the sensing problem of distinguishing ϵ = 0 from

ϵ = ϵ0; now however, we analyze the regime where (due to amplification effects) ϵ0 is too

large for a linear response analysis to be valid. This is in contrast to the previous section,

where ϵ0 was small enough that linear response was still valid, but large enough that non-

Markovian detector effects were important.

For any ϵ0 the output state of the light leaving the waveguide will be Gaussian, and the

statistics of the measured homodyne current will be Gaussian. We can thus again quantify

our sensor’s performance by calculating the signal-to-noise ratio. We now however need to
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Fig. 2.3: Measurement time τM (N) versus lattice size N , for different choices of the hopping
amplitudes J . The solid black line is the measurement time in the J → ∞ limit, τJ=∞

M (N).
Faint dashed lines are the round trip propagation timescale trt(N) ≡ N/J . The measurement
time decays exponentially with increasing N , up until τJ=∞

M (N) ≈ trt(N). Further increases
of N cause the measurement time to scale with trt(N), implying that it increases linearly
with N . We take ϵ0 = 10−8κ, n̄tot = 5×109 and A = 0.2. We also plot results for odd values
of N only, as this guarantees the existence of a zero-frequency lattice eigenstate and thus an
additional resonant enhancement of our measurement (c.f. main text before Eq. (2.27)).

account for the fact that the homodyne current noise will also depend on ϵ0. The definition

of the signal-to-noise ratio becomes:

SNRτ (N, ϵ0) ≡
|⟨M̂τ (N)⟩ϵ0 − ⟨M̂τ (N)⟩0|√

N 2
τ (N,0)+N 2

τ (N,ϵ0)
2

(2.41)

This SNR quantifies the distinguishability between the Gaussian homodyne current distri-

butions obtained for ϵ = 0 versus ϵ = ϵ0 (see e.g. [27, 65]).

As might be expected, the nonlinear dependence of SNR on ϵ0 will prevent one from

indefinitely improving the measurement with increasing N . The key issue is that beyond

linear response, noise amplification will also play a role. We show in what follows that even

with this complication, our system yields a strong advantage, allowing one to fundamentally

change the scaling of the SNR with ϵ0.
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We will focus on the most interesting situation where ϵ0/κ≪ 1, but where linear response

breaks down because of a large amplification factor (i.e. eA(N−1)ϵ0/κ is not necessarily small).

Further, we take the round-trip time trt(N) = N/J to be small enough that we can ignore

the transient dynamics and consider only the steady-state response. Formally, we now need

to calculate the output field leaving the waveguide to all orders in ϵ0. We thus expand the

zero frequency quadratures of the output field as a power series in ϵ0/κ:

X̂(out)[0] ≡
∞∑

k=0

(ϵ0
κ

)k
X̂

(out)
k (2.42)

P̂ (out)[0] ≡
∞∑

k=0

(ϵ0
κ

)k
P̂
(out)
k (2.43)

To zeroth order in ϵ0, there is no mixing of quadratures, and input signals are reflected with

no net amplification (but just a trivial sign change):

X̂
(out)
0 = −X̂(in)[0], P̂

(out)
0 = −P̂ (in)[0], (2.44)

Note that throughout this section, we associate the coherent drive tone amplitude β with

the average value of X̂(in)[0].

In contrast, the first order contributions correspond to a process where input fields scatter

once off the “impurity" before returning to the waveguide. This scattering converts one

canonical quadrature to the other, and also results in a net amplification or deamplification

X̂
(out)
1 = 4e−2A(N−1)P̂ (in)[0] (2.45)

P̂
(out)
1 = −4e2A(N−1)X̂(in)[0] (2.46)

The amplification of X̂(in) is exactly the process we discussed in Sec. 2.5 that is responsible for

the exponentially-enhanced signal. The attenuation of P̂ (in) at this order can be understood
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analogously.

What about the second order in ϵ0 contributions? Heuristically, these correspond to

input fields scattering off the impurity twice. While we expect such a process to preserve

the identity of each canonical quadrature, it also has a more surprising feature: it results in

no net amplification or deamplification:

X̂
(out)
2 = 8X̂(in)[0], P̂

(out)
2 = 8P̂ (in)[0] (2.47)

This unexpected result can again be traced by to the chiral and quadrature-dependent nature

of gain and loss in our system. Interacting with the impurity twice implies that an input

signal has performed at least two round-trip traversals of the lattice (partially as an X,

partially as a P ). The gain and attenuation for each of these roundtrips necessarily cancel.

This pattern continues to higher order, and provides a simple explanation for the full

expression we find for the output field: the net amplification / deamplification factor for

each kind of quadrature to quadrature scattering process is independent of ϵ0. We find

X̂(out)[0] = R(ϵ0)X̂
(in)[0]− T (ϵ0)e

−2A(N−1)P̂ (in)[0] (2.48)

P̂ (out)[0] = T (ϵ0)e
2A(N−1)X̂(in)[0] +R(ϵ0)P̂

(in)[0] (2.49)

where

R(ϵ0) = −(κ2 )
2 − ϵ20

(κ2 )
2 + ϵ20

(2.50)

T (ϵ0) =
κϵ0

(κ2 )
2 + ϵ20

(2.51)

are elements of an orthogonal scattering matrix describing the conversion of quadratures

(see Appendix 2.9.7 for details). We see that quadrature-preserving scattering processes

never come with amplification factors, whereas the amplification factors for quadrature-
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changing scattering are independent of ϵ0. Crucially, there are no amplification factors

in denominators in this expression. This result can be derived via a canonical squeezing

transformation which eliminates the anomalous terms in Eq. (2.4); it also reflects the fact

that our system is dynamically stable regardless of the strength of ϵ0.

From these input-output relations, we can readily compute the SNR. Taking the noise of

the input field to be vacuum, we have:

SNRτ (N, ϵ0) =

√
8τ |β||T (ϵ0)|e2A(N−1)

√
1 +R2(ϵ0) + T 2(ϵ0)e

4A(N−1)

=

√
2Q(A, ϵ0)n̄totκτ |T (ϵ0)|eA(N−1)
√

1 +R2(ϵ0) + T 2(ϵ0)e
4A(N−1)

(2.52)

where n̄tot = (n̄tot(0) + n̄tot(ϵ0))/2.

We see that now, the denominator in Eq. (2.52) also depends on the amplification factor

A, which corresponds to the amplification of noise. Because of this, increasing A and/or N

indefinitely is no longer optimal. There remains nonetheless an advantage in using a carefully

chosen amount of amplification. Ignoring Q(A, ϵ0) and maximizing the SNR Eq. (2.52) with

respect to the amplification, we see that the optimal choice corresponds to amplification that

simply doubles the output noise over pure vacuum noise. In the ϵ0 ≪ κ limit of interest, the

condition is:

e4A
∗(N−1) ≡ 1 +R2(ϵ0)

T 2(ϵ0)
≈ κ2

8ϵ20
(2.53)

With this optimized choice of A, the SNR written in terms of ϵ0 is then

SNRτ (N, ϵ0) = 81/4
√
Q(A∗, ϵ0)n̄totκτ

√
ϵ0
κ
. (2.54)

We show in Appendix 2.9.7 thatQ(A∗, ϵ0) = 1−O((
8ϵ20
κ2

)
1

N−1 ). Comparing against Eq. (2.27),
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we see that the optimized amplification has changed the fundamental scaling of the long-time

SNR from being linear in the small parameter ϵ0/κ to a square-root dependence. Thus, by

extending our analysis beyond a simple linear-response treatment, we see that the exponential

enhancement of the SNR predicted in Eq. (2.27) cannot extend indefinitely: the best one

can do is to enhance the SNR (over a conventional dispersive measurement) by a large

factor
√
κ/ϵ0. This behaviour is plotted in Fig. (2.4). We again note that this predicted

measurement enhancement does not require a large number of lattice sites; just three is

already enough.

The enhanced square-root dependence of the SNR on ϵ0 is superficially reminiscent of

the behaviour found in non-Hermitian exceptional point (EP) sensors [138]. We stress that

these phenomena are completely distinct. For EP sensors, it is the frequency of a resonance

that exhibits a square root dependence, and not the SNR of a specific measurement (or

other metric that also quantifies fluctuations). Further, EP sensing is based on operating

near a point where the system’s dynamical matrix becomes defective and normal modes

coalesce. In contrast, our system is not operating near such a special operating point. As

we have stressed, the mechanism for enhanced SNR in our system is based on its directional

amplification, and its ability to amplify signals and noise differently.

2.8 Summary and future directions

In this chapter, we have shown how the unique features of non-Hermitian lattice dynamics can

be used for highly enhanced Hamiltonian parameter estimation and parametric sensing. We

analyzed a concrete setup involving two copies of the Hatano-Nelson model and a symmetry

breaking perturbation. The response to the perturbation grows exponentially with system

size, even when the total system photon number is kept fixed. Our analysis focused on a

specific realization of this idea using a chain of parametrically driven cavities and a standard

dispersing coupling to the parameter of interest. Here, even in the presence of quantum noise
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Fig. 2.4: Non-perturbative signal-to-noise ratio in the long time limit
SNRτ (N, ϵ0)/SNRτ (1, ϵ0), as a function of lattice size N . The SNR initially increases ex-
ponentially with N , as predicted by our linear-response analysis in Sec. 2.5. For sufficiently
large N , linear response breaks down due to the amplification of noise; this causes the SNR
to decrease with N for large N . A non-trivial maximum is thus reached for an intermediate
value of N given by Eq. (2.53). For this optimal N and a weak perturbation ϵ0, the SNR
scales like

√
ϵ0/κ (as opposed to the more standard scaling ϵ0/κ) . The parameters here

are A = 0.05, ϵ0 = 10−7κ and n̄tot = 5 × 109. We only plot the results for odd values of
N , which ensures an resonant enhancement of the zero-frequency response (c.f discussion
preceding Eq. (2.27))

effects, the SNR and quantum Fisher information both grow exponentially with system size

(all the while keeping photon number fixed). The system we described could be achieved

in a variety of superconducting circuit and quantum optical platforms, and only requires

one to make a homodyne measurement of the output field leaving the sensor. We also

analyzed effects that go beyond standard linear-response and Markovian assumptions. Even

including higher-order effects, we show that our scheme allows one to dramatically enhance

the SNR so that it depends on the square root of the sensing parameter. Our work highlights

the usefulness of multi-mode non-Hermitian features that go beyond the mere existence of

exceptional points. An open question is whether other unique features attributed to non-

Hermiticity, such as exotic topological phases or chiral mode switching, are also advantageous
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to quantum sensing problems.

2.9 Appendices

2.9.1 Z2 symmetry of a non-Hermitian tight-binding model

We discuss in more detail the Z2 symmetry that we wish to break to order to obtain an

exponentially large response. We consider two finite, N site open Hatano-Nelson lattices

with opposite chiralities (i.e. oppositely signed imaginary vector potentials A). The time-

dependent Schrödinger equation reads

ψ̇
↑
n = JeAψ

↑
n−1 − Je−Aψ

↑
n+1 (2.55)

ψ̇
↓
n = Je−Aψ

↓
n−1 − JeAψ

↓
n+1 (2.56)

where σ indexes the two chains. These equations of motion are invariant under a combination

of time reversal ψ̇σn → −ψ̇σn , spatial inversion ψσn → ψσN+1−n and pseudospin inversion

σ → σ̄.

While this is a seemingly trivial symmetry, we note that the Heisenberg equations of

motion of our dissipation-free realization of the same model

˙̂xn = JeAx̂n−1 − Je−Ax̂n+1, (2.57)

˙̂pn = Je−Ap̂n−1 − JeAp̂n+1, (2.58)

are invariant under the same set of symmetries, where x̂n and p̂n play the role of pseudospin.

To describe these symmetries requires using operators acting on the bosonic Hilbert space.

To this end, we consider the antiunitary time reversal operator T , a unitary rotation operator
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R and the unitary spatial inversion operator S whose action on the quadratures reads

T x̂nT −1 = x̂n, T p̂nT −1 = −p̂n (2.59)

Rx̂nR−1 = p̂n, Rp̂nR−1 = −x̂n (2.60)

Sx̂nS−1 = x̂N+1−n, S p̂nS−1 = p̂N+1−n. (2.61)

Equivalently, we have

T ânT −1 = ân (2.62)

RânR−1 = −iân (2.63)

SânS−1 = âN+1−n (2.64)

With these definitions in hand, it is easy to verify that the Hermitian Hamiltonian which

gives the equations of motion Eqs.(2.57) and (2.58)

ĤB = J
N−1∑

n=1

(
−e−Ax̂n+1p̂n + eAp̂n+1x̂n

)
. (2.65)

is invariant under the combination of time-reversal, rotation, and spatial inversion. Similarly,

the non-local perturbation considered in Section 2.5

V̂NHSE = eiφâ
†
1âN + e−iφâ

†
N â1 (2.66)

is invariant under the same combination of symmetries. Time-reversal changes the phase

φ→ −φ, V̂NHSE commutes with R and spatial inversion sends â†1âN → â
†
N â1.
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2.9.2 Quadrature susceptibility matrices

We first compute the susceptibilities for the x̂n and p̂n quadratures, defined as ân = (x̂n +

ip̂n)/
√
2. The Heisenberg-Langevin equations of motion in this basis are

˙̂xn = −i[x̂n, ĤB ]− δn1

(κ
2
x̂n +

√
κ
(√

2β + X̂(in)
))

(2.67)

˙̂pn = −i[p̂n, ĤB ]− δn1

(κ
2
p̂n +

√
κP̂ (in)

)
, (2.68)

where X̂(in) and P̂ (in) are the operator equivalent of Gaussian white noise. They average to

zero, and their second moment is

⟨X̂(in)(t)X̂(in)(t′)⟩ =
(
n̄th +

1

2

)
δ(t− t′) (2.69)

⟨P̂ (in)(t)P̂ (in)(t′)⟩ =
(
n̄th +

1

2

)
δ(t− t′) (2.70)

1

2
⟨{X̂(in)(t), P̂ (in)(t′)}⟩ = 0 (2.71)

where n̄th is the number of thermal quanta in the input field. We now focus on the case

where n̄th = 0, with generalizations to finite-temperature inputs being straightforward.

An immense simplification arises by making a local Bogoliubov (squeezing) transforma-

tion, such that the Hamiltonian preserves the total number of these new quasiparticles. The

dynamical matrix of in this new basis is then explicitly Hermitian. Defining new canonically

conjugate quadrature operators ˆ̃xn and ˆ̃pn by

x̂n = eA(n−n0) ˆ̃xn (2.72)

p̂n = e−A(n−n0) ˆ̃pn (2.73)
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with n0 an arbitrary real number, we have

ĤB = J

N−1∑

n=1

(
−ˆ̃xn+1

ˆ̃pj + ˆ̃pn+1
ˆ̃xj

)
(2.74)

= iJ
N−1∑

n=1

(
ˆ̃a
†
n+1

ˆ̃an − h.c.
)

(2.75)

with ˆ̃an = (ˆ̃xn + i ˆ̃pn)/
√
2 a transformed canonical annihilation opreator. The parameter

n0 does not enter the Hamiltonian since ĤB is invariant under a uniform local squeezing

operation that doesn’t mix quadratures x̂n → e−An0x̂n, p̂n → eAn0 p̂n. In this section, it

will be convenient to set n0 = 1, so that the annihilation operators on the first stie remain

unchanged ˆ̃a1 = â1.

The Heisenberg-Langevin equations of motion in this new basis read

˙̃̂xn = −i[ˆ̃xn, ĤB ]− δn1

(κ
2
ˆ̃xn +

√
κ
(√

2β + X̂(in)
))

, (2.76)

˙̃̂pn = −i[ ˆ̃pn, ĤB ]− δn1

(κ
2
ˆ̃pn +

√
κP̂ (in)

)
. (2.77)

As expected, the response properties of ˆ̃xn and ˆ̃pn are then determined by a completely

Hermitian matrix (other than the waveguide-induced decay on the first site).

Using the squeezing transformations Eqs. (2.72)-(2.73) and the fact that the dynamics of

the x̂ and p̂ quadratures are uncoupled, the relevant quadrature-quadrature susceptibilities

read

χxx(n,m; t) = −i⟨[x̂n(t), p̂m(0)]⟩ = eA(n−m)χ̃xx(n,m; t) (2.78)

χpp(n,m; t) = i⟨[p̂n(t), x̂m(0)]⟩ = e−A(n−m)χ̃pp(n,m; t) (2.79)

χxp(n,m; t) = i⟨[x̂n(t), x̂m(0)]⟩ = 0 (2.80)

χpx(n,m; t) = −i⟨[p̂n(t), p̂m(0)]⟩ = 0 (2.81)
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where χ̃αβ(n,m; t) are quadrature response functions of a regular (i.e. reciprocal particle-

conserving) tight-binding chain with a waveguide attached to the first site. Note that our

convention differs from that used in the condensed matter community, where χαβ(n,m; t) is

the response of quadrature α to a force which couples to β in the Hamiltonian. Computing

the quadrature-quadrature susceptibilities χαβ(n,m; t) of our non-reciprocal system is then

no more complicated than finding the susceptibilities of a reciprocal tight-binding chain

χ̃xx(n,m; t) and χ̃pp(n,m; t).

The susceptibilities of the Hatano-Nelson model Eq. (2.2) are computed in a similar

manner. There, instead of a local squeezing transformation, one makes a so called imaginary

gauge transformation |n⟩ → eA(n−j0) |n⟩ and ⟨n| → e−A(n−j0) ⟨n|. In this new gauge, the

Hamiltonian is Hermitian and completely independent of A. The factorization of Eq. (2.3)

as χ(n,m; t) = eA(n−m)χ̃(n,m; t) immediately follows.

2.9.3 Particle-conserving susceptibilities

Although so far we’ve only considered quadrature-quadrature response functions, the fact

that we can map our Hamiltonian onto a particle conserving one makes it so that it is much

simpler to keep track of the dynamics of the single squeezed mode ˆ̃an. Indeed, we have

χ̃xx(n,m; t) = χ̃pp(n,m; t) = Re χ̃(n,m; t) (2.82)

χ̃px(n,m; t) = −χ̃xp(n,m; t) = Im χ̃(n,m; t) (2.83)

where

χ̃(n,m; t) = ⟨[ˆ̃an(t), ˆ̃a†m(0)]⟩. (2.84)

Because our Hamiltonian is quadratic in boson opeators and conserves total quasiparticle

number, we can readily use the single-particle formalism to find the relevant susceptibilities.
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If we let |n⟩ denote a position eigenket, we then have

χ̃(n,m; t) = ⟨n| e−it
(
H̃−iκ2

)
|m⟩ (2.85)

with

H̃ = iJ




N−1∑

n=1

|n+ 1⟩ ⟨n| − h.c.


 (2.86)

κ = κ |1⟩ ⟨1| (2.87)

It is more convenient to write the susceptibilities in the frequency domain:

χ̃[n,m;ω] =

∫ ∞

0
dtχ(n,m; t)eiωt (2.88)

= ⟨n| i

ω1− H̃ + iκ2
|m⟩ (2.89)

We’ll first compute the susceptibilities without the effects of ϵ or κ, that is

χ̃0[n,m;ω] = ⟨n| i

ω1− H̃
|m⟩ (2.90)

Written out explicitly, the matrix elements of the susceptibility for a finite open chain then

satisfy the difference equation

iχ̃0[n− 1,m;ω]− ω

J
χ̃0[n,m;ω]− iχ̃0[n+ 1,m;ω] = −iδnm

J
(2.91)

with boundary conditions χ̃0[0,m;ω] = χ̃0[N + 1,m;ω] = 0. The exact form of the suscep-

tibility matrix is known; here for the sake of completeness we quickly sketch how to obtain

it. First, we note that Eq.(2.91) has the form of a translationally invariant Green’s function

problem in the index space n, with −iδnm/J acting as a source term. The general solution
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will then consist of a linear combination of the source free solution and a convolution (in the

index space n) of the source with the homogeneous solution.

The source free solution, which satisfies

iχ̃sf0 [n− 1,m;ω]− ω

J
χ̃sf0 [n,m;ω]− iχ̃sf0 [n+ 1,m;ω] = 0 (2.92)

is precisely (up to a factor of i) the recursion relation that defines Tn(ω/2J) and Un(ω/2J),

the Chebyshev polynomials of the first and second kind respectively. Since U−1(ω/2J) = 0,

and given our boundary condition χ̃0[0,m;ω] = 0, we conclude that the source free solution

is

χ̃sf0 [n,m;ω] = cmi
nUn−1(

ω

2J
) (2.93)

with cm a constant that will be used to satisfy the second boundary condition. The full

solution to Eq. (2.91) is then

χ̃0[n,mω] = cmi
nUn−1(

ω

2J
)− i

J
in−mUn−m−1(

ω

2J
)Θ(n−m) (2.94)

with Θ(n−m) the Heaviside step function (where Θ(0) = 0). Enforcing the second boundary

condition χ̃0[N + 1,m;ω] = 0 yields

χ̃0[n,m;ω] = i1+n−m
Umin(n,m)−1(

ω
2J )UN−max(n,m)(

ω
2J )

JUN ( ω
2J )

(2.95)

We now turn our attention to computing the response functions in the presence of the

waveguide on the first site. Formally, this introduces a local term −κ/2δn,1δm,1 to the the

dynamical matrix. The full susceptibilities χ̃[n,m;ω] can then readily be solved algebraically
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using Dyson’s equation

χ̃[n,m;ω] = χ̃0[n,m;ω]− κ

2
χ̃0[n, 1;ω]χ̃[1,m;ω] (2.96)

= χ̃0[n,m;ω]−
κ
2 χ̃0[n, 1;ω]χ̃0[1,m;ω]

1 + κ
2 χ̃0[1, 1;ω]

.

Since there is only a driving force on the first site and we are only interested in the response

on the first site, we must only compute χ̃[n, 1;ω] and χ̃[1,m;ω]:

χ̃[n, 1;ω] = in
UN−n(

ω
2J )

JUN ( ω
2J ) + iκ2UN−1(

ω
2J )

(2.97)

χ̃[1,m;ω] = −i−m UN−m( ω
2J )

JUN ( ω
2J ) + iκ2UN−1(

ω
2J )

(2.98)

Because χ̃px(n,m; t) = −χ̃xp(n,m; t) = 0, from Eq. (2.83) we conclude that χ̃[n,m;ω] =

χ̃xx[n,m;ω] = χ̃pp[n,m;ω]. With this result and Eqs.(2.78)-(2.79), we now have all the

relevant quadrature-quadrature susceptibilities.

2.9.4 Total photon number

Let us compute the total steady-state intracavity photon number on each site to zeoreth order

in ϵ. To do so, we must solve the Heisenberg-Langevin equations for the cavity annihilation

operators ân. Recall that we were able to define new squeezed annihilation and creation

operators

ân = cosh(A(n− 1))ˆ̃an + sinh(A(n− 1))ˆ̃a
†
n (2.99)
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where the Hamiltonian ĤB conserved the total number of quasiparticles. Thus, the total

number of photons on site n reads

⟨â†nân⟩ = cosh(2A(n− 1))⟨ˆ̃a†nˆ̃an⟩

+ sinh(2A(n− 1))Re(⟨ˆ̃anˆ̃an⟩)

+ sinh2(A(n− 1)) (2.100)

The last term is due to noise that enter the port on site 1 and is turned into real photons by

the parametric amplifier-type interactions. We can readily solve the Heisenberg-Langevin

equations for the squeezed modes ˆ̃an:

ˆ̃an(t) = χ̃(n,m; t)ˆ̃am(t)

−√
κβ

∫ t

0
dt′χ̃[n, 1; t− t′]

−√
κ

∫ t

0
dt′χ̃[n, 1; t− t′]â(in)(t′) (2.101)

where â(in)(t) = (X̂(in)(t) + iP̂ (in)(t))/
√
2 is the operator equivalent of Gaussian white

noise. Note that we’re using Einstein summation notation. Assuming a zero temperature

environment we have in the steady-state

⟨ˆ̃a†nˆ̃an⟩ = ⟨ˆ̃anˆ̃an⟩ = κβ2|χ̃[n, 1;ω = 0]|2. (2.102)

Using Eq. (2.97). we obtain

⟨â†nân⟩ =
4β2

κ
e2A(n−1) sin2

π

2
n (2.103)

+ sinh2(A(n− 1))
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where we’ve assumed (and will do so throughout) that N is odd. Summing Eq. (2.103) over

all lattice sites gives

n̄tot =
4|β|2
κ

e2A(N+1) − 1

e4A − 1
(2.104)

+
1

4

(
sinh(A(2N − 1))

sinh(A)
− (2N − 1)

)

= n̄N
1− e−2A(N+1)

1− e−4A
+ n̄vac

with n̄vac the photons that are present due to amplified vacuum fluctuations. Thus, the ratio

of the average photon number on the last site to the total number of photons Z(A) is

Z(A) =

(
1− e−2A(N+1)

1− e−4A
+
n̄vac
n̄N

)−1

(2.105)

In the limit where |β|2/κ is large, the coherent photons dominate n̄vac, which we can ignore.

We then have

Z(A) =
1− e−4A

1− e−2A(N+1)
= 1−O(e−4A) (2.106)

as in the main text.

2.9.5 QFI for V̂NHSE

We are now in a position to compute QFIτ (N)/n̄tot for any choice of perturbation V̂ . Recall

that that in the large β limit of interest, the QFI coincides with SNR squared, optimizing

over the homodyne angle ϕ ( see Eqs.2.14). As is written in the main text, see Eq.(2.18),

the steady-state signal takes the form

Sτ (N, ϵ) =
√
κτ |Re[e−iϕ(δ⟨x̂1⟩ss + iδ⟨p̂1⟩ss)]| (2.107)
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with δ⟨x̂1⟩ss and δ⟨p̂1⟩ss the steady state linear response of the site-1 average quadrature

amplitude to a non-zero ϵ. The signal will depend on the phase of the coherent drive β

which we take to be real, as in the main text. Our conclusion that V̂NHSE does not have an

exponentially large QFI/n̄tot is independent of the phase of β, as will become evident. This

choice of phase is equivalent to driving the x̂1 quadrature with a force −
√
2κβ, so that the

signal is

Sτ (N, ϵ) = κβ
√
2τ |Re[e−iϕ(δχxx[1, 1; 0] + iδχpx[1, 1;ω])]| (2.108)

The form of the responses δχxx[1, 1; 0] and δχpx[1, 1; 0] will depend on V̂ . For the non-local

hopping perturbation

V̂NHSE = eiφâ
†
1âN + e−iφâ

†
N â1 (2.109)

the change to the equations of motion induced by ϵ to the quadratures on the first site read:

δ ˙̂x1 = ϵ (sinφ x̂N + cosφ p̂N ) (2.110)

δ ˙̂p1 = ϵ (− cosφ x̂N + sinφ p̂N ) . (2.111)

First order perturbation theory then yields

δχxx[1, 1; 0] = χxx[1, 1; 0](ϵ sinφ)χxx[N, 1; 0] (2.112)

δχpx[1, 1; 0] = χpp[1, 1; 0](−ϵ cosφ)χxx[N, 1; 0] (2.113)

where χαα[n,m;ω] the susceptibilities of the unperturbed system, which we computed in

Appendix 2.9.2 and Appendix 2.9.3. The salient feature is that χxx[n,m;ω] ∝ eA(n−m) and

χpp[n,m;ω] ∝ e−A(n−m) due to the phase-dependent chiral propagation. With the factor of

41



χxx[N, ; 0], it would appear that we have we do in fact have an exponentially large response.

Yet it precisely this terms which controls the number of coherent photons on site N , since

n̄N = κ|β|2|χxx[N, 1, 0]|2. Expressing the signal in terms of n̄N gives

Sτ (N, ϵ) =
√
8τκn̄N | ϵ

κ
|| sin(φ− ϕ)| (2.114)

where we’ve used χxx[1, 1; 0] = χpp[1, 1; 0] = 2/κ for a chain with a odd number of sites.

The form of Eq. (2.114) makes it evident that SNR/
√
n̄tot doesn’t scale exponentially with

system size, and therefore neither does QFI/n̄tot.

Despite the perturbation having coupled the two effective Hatano-Nelson chains with

an amplitude of ϵ cosφ (see Eqs. (2.110 and 2.111)), this is not enough to ensure a large

SNR/
√
n̄tot. The non-local form of V̂NHSE implies that a wavepacket only experiences

unidirectional amplification before exiting the waveguide. In contrast, the perturbation

V̂N = â
†
N âN studied throughout the main text allows for amplification before and after

interacting with ϵ.

2.9.6 Single-Pole Approximation

As mentioned in the main text, we need to understand finite-time dynamics of our non-

Hermitian lattice sensor. While we have the exact frequency-space susceptibilities through

Eqs.(2.78-2.81) and Eqs. (2.97)-(2.98) to zeroth-order in ϵ, Fourier transforming to the time-

domain becomes an intractable problem. Note that this is only true of the signal: to zeroeth

order in ϵ, the noise is always vacuum.

There is however an exact form of the SNR in the limit where the hopping is infinite
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J → ∞. In this limit the susceptibilities Eqs. (2.97)-(2.98) take the form

χ̃[N, 1;ω] =
2iN

N + 1

1

ω + i κ
N+1

(2.115)

χ̃[1, N ;ω] =
−2i−N

N + 1

1

ω + i κ
N+1

(2.116)

such that the width of the zero mode is κ/(N + 1). The Fourier transform of each suscepti-

bility (and their product, which is what determines linear response) is then easily computed.

The change to the cavity quadrature amplitude p̂1 at a time t in response to the pertur-

bation ϵ can be found using Eq. (2.101) and first order perturbation theory

⟨p̂1(t)⟩ = −
√
2κβ

∫ t

0
dTδχpx(1, 1;T )

=
√
2κϵβ

∫ t

0
dT

∫ T

0
dT ′χpp(1, N : T − T ′)χxx(N, 1;T ′) (2.117)

Using χxx(n,m; t) = eA(n−m)χ̃(n,m; t), χpp(n,m; t) = e−A(n−m)χ̃(n,m; t), Eqs. (2.115)

and (2.116) we get

⟨p̂1(t)⟩ = −ϵ
√
2κβ(

2

N + 1
)2e2A(N−1)

∫ t

0
dTTe−

κT
N+1 (2.118)

From which we obtain the signal

Sτ (N, ϵ, J → ∞) = (2.119)
√
2κ|β||ϵ|√

τ
(

2

N + 1
)2e2A(N−1)

∫ τ

0
dt

∫ t

0
dTTe−

κT
N+1
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whereas the noise is always just Nτ (N, ϵ) = 1/
√
2. The SNR for finite τ is then

SNRτ (N, ϵ, J → ∞) = (2.120)
√

τ

τ∗M (N)

(
1 + e

− τ
tesc(N) − 2tesc(N)

τ
(1− e

− τ
tesc(N) )

)

where recall

τ∗M (N) =
1

16Z(A)n̄totκ

(
κ

ϵ0

)2

e−2A(N−1) (2.121)

is the measurement time when the steady-state expression holds.

We now want to find the measurement time τJ=∞
M (N) where in both the weak and strong

measurement limit. In the weak measurement limit τ∗M (N) ≫ tesc(N), we recover the steady

state result τJ=∞
M (N) = τ∗M (N). In the strong measurement limit τ∗M (N) ≪ tesc(N), we

seek the leading order contribution to the measurement time. To that end, let us define

γ =
τJ=∞
M (N)

τ∗M (N)
(2.122)

so that

[
√
γ

(
1 + e

−γ
τ∗
M

(N)

tesc(N)

)
− 2tesc(N)

τ∗M (N)
√
γ

(
1− e

−γ
τ∗
M

(N)

tesc(N)

)]2
= 1 (2.123)

Assuming that γτ∗M (N)/tesc(N) is small (which can be verified to be self-consistent after

solving for γ), then we can Taylor expand the exponential to third order and obtain

γ5 =

(√
6tesc(N)

τ∗M (N)

)4

(2.124)
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from which

τJ=∞
M (N) =

√
6tesc(N)

5

√
τ∗M (N)√
6tesc(N)

(2.125)

as in the main text.

2.9.7 Non-perturbative effects of ϵ0 to total photon number and output field

We now want to consider the full effect of ϵ0 on the output field. To do so, we must compute

the susceptibilities χαβϵ0 [1, 1;ω] to all orders in ϵ0. The full Heisenberg-Langevin equations

are

˙̂xn = −i[x̂n, ĤB + ϵ0â
†
N âN ]− δn1

(κ
2
x̂n +

√
κX̂(in)

)
(2.126)

˙̂pn = −i[p̂n, ĤB + ϵ0â
†
N âN ]− δn1

(κ
2
p̂n +

√
κP̂ (in)

)
, (2.127)

where as in the main text we’ve incorporated the drive tone amplitude in the definition of

the input operators ⟨X̂(in)⟩ = β and ⟨P̂ (in)⟩ = 0.

Our strategy for solving the Heisenberg-Langevin equations will be nearly identical to

that presented in Appendix 2.9.2. The key difference is that our squeezing transformation

is now defined as

x̂n = eA(n−N) ˆ̃xn (2.128)

p̂n = e−A(n−N) ˆ̃pn. (2.129)

In this new frame, the Hamiltonian ĤB + ϵ0ˆ̃a
†
N
ˆ̃aN preserves total quasiparticle number ˆ̃N .
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The Heisenberg-Langevin equations are then

˙̃̂xn = −i[ˆ̃xn, ĤB + ϵ0ˆ̃a
†
N
ˆ̃aN ]− δn1

(κ
2
ˆ̃xn + eA(N−1)√κX̂(in)

)
(2.130)

˙̃̂pn = −i[ ˆ̃pn, ĤB + ϵ0ˆ̃a
†
N
ˆ̃aN ]− δn1

(κ
2
ˆ̃pn + e−A(N−1)√κP̂ (in)

)
(2.131)

Crucially, we can immediately conclude that our chain is dynamically stable for any value of

ϵ0 and A: the spectrum is determined by the particle conserving Hamiltonian ĤB+ ϵ0ˆ̃a
†
N
ˆ̃aN

and dissipation κ/2 on the first site.

Using these squeezing transformations in conjunction with Eqs. (2.82) and (2.83), we

obtain the full form of the susceptibilities:

χxxϵ0 (n,m; t) = eA(n−m)Re χ̃ϵ0(n,m; t) (2.132)

χ
pp
ϵ0 (n,m; t) = e−A(n−m)Re χ̃ϵ0(n,m; t) (2.133)

χ
xp
ϵ0 (n,m; t) = −e−A(2N−n−m) Im χ̃ϵ0(n,m; t) (2.134)

χ
px
ϵ0 (n,m; t) = eA(2N−n−m) Im χ̃ϵ0(n,m; t) (2.135)

where χ̃ϵ0(n,m; t) is the susceptibility matrix of the complex modes ˆ̃an.

We already have the susceptibilities χ̃[n,m;ω] of our tight-binding chain which incorpo-

rate the full effects of the the waveguide via Eq. (2.96). The frequency shift on the last site

adds a term −iϵ0δn,N δm,N to the dynamical matrix. Dyson’s equation in frequency space

the gives:

χ̃ϵ0 [n,m;ω] = χ̃[n,m;ω]− iϵ0χ̃[n,N ;ω]χ̃ϵ0 [N,m;ω] (2.136)

= χ̃[n,m;ω]− iϵ0χ̃[n,N ;ω]χ̃[N,m;ω]

1 + iϵ0χ̃[N,N ;ω]
. (2.137)

Since there is a driving force only on the first site, we just need to find the susceptibilities
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to a force on the first site:

χ̃ϵ0 [n, 1;ω] = in
UN−n(

ω
2J )−

ϵ0
J UN−1−n(

ω
2J )

JUN ( ω
2J ) + (iκ2 − ϵ0)UN−1(

ω
2J )− iϵ0J

κ
2UN−2(

ω
2J )

(2.138)

We now compute the steady state total photon number n̄tot(ϵ0) when ϵ0 ̸= 0. Recall we

are interested in the regime where ϵ0/κ≪ 1 but eA(N−1)ϵ0/κ is not a priori small. The form

of our susceptibilities Eqs.(2.132)-(2.135) implies that A doesn’t effect the spectrum, but just

the residue of the poles as expected from our previous discussion. A non-zero value of ϵ0

changes both the coherent drive-induced photon number, in addition to drive-independent

photons generated from input vacuum fluctuations. The leading order correction to the total

photon number when ϵ0 ̸= 0 is therefore

n̄tot(ϵ0) = n̄tot(0) + (c
β2

κ
+ d)e4A(N−1)(

ϵ0
κ
)2 +O(e4A(N−2)(

ϵ0
κ
)2) (2.139)

where c and d are constants of order unity. Thus, Eq. (2.52) gives

Q(A, ϵ0) =
4|β|2e2A(N−1)/κ

n̄tot(0) +
1
2(c

β2

κ + d)e4A(N−1)(ϵ0κ )
2 +O(e4A(N−2)(ϵ0κ )

2)
. (2.140)

With the optimal amplification factor A∗

e4A
∗(N−1) =

κ2

8ϵ20
(2.141)

in conjunction with Eq. (2.104), we get

Q(A∗, ϵ0) =

(
1− e−2A∗(N+1)

1− e−4A∗ +O(e−2A∗(N−1))

)−1

(2.142)

= 1−O((
8ϵ20
κ2

)
1

N−1 ) (2.143)
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As in the main text. Note that we’ve taken the relevant limit β2/κ ≫ 1 such that we can

ignore the amplified vacuum fluctuations to the total photon number

With the susceptibilities Eqs. (2.132)-2.135, we can also compute the quadrature-quadrature

scattering matrix. If we first define

s[ω] = 1− κχ̃ϵ0 [1, 1;ω] (2.144)

=
a[ω] + ib[ω]

a[ω]− ib[ω]
(2.145)

with

a[ω] = JUN (
ω

2J
)− UN−1(

ω

2J
)ϵ0 (2.146)

b[ω] =
κ

2

(ϵ0
J
UN−2(

ω

2J
)− UN−1(

ω

2J
)
)

(2.147)

then using the input-output boundary conditions Eq. (2.11) we find that the scattering

matrix is

s[ω] =




R[ω] −T [ω]e−2A(N−1)

T [ω]e2A(N−1) R[ω]


 (2.148)

with

R[ω] =
1

2
(s[ω] + s∗[−ω]) (2.149)

T [ω] =
1

2i
(s[ω]− s∗[−ω]) . (2.150)

Note that |s[ω]|2 = 1, which implies |R[ω]|2 + |T [ω]|2 = 1. The zero-frequency component
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of R(ϵ0) and T (ϵ0) are then:

R(ϵ0) = −(κ2 )
2 − ϵ20

(κ2 )
2 + ϵ20

(2.151)

T (ϵ0) =
κϵ0

(κ2 )
2 + ϵ20

(2.152)

as in the main text.

49



CHAPTER 3

NONEQUILIBRIUM STATIONARY STATES OF QUANTUM

NON-HERMITIAN LATTICE MODELS

3.1 Overview of Results

We show how generic non-Hermitian tight-binding lattice models can be realized in an un-

conditional, quantum-mechanically consistent manner by constructing an appropriate open

quantum system. We focus on the quantum steady states of such models for both fermionic

and bosonic systems. Surprisingly, key features and spatial structures in the steady state

cannot be simply understood from the non-Hermitian Hamiltonian alone. Using the 1D

Hatano-Nelson model as a paradigmatic example, we show that the steady state has a marked

sensitivity to boundary conditions. In particular, the open boundary system can exhibit a

large macroscopic length scale, despite having no corresponding long timescale. These ef-

fects persist in more general models, and are distinct from the localization physics associated

with the non-Hermitian skin effect. Further, particle statistics play an unexpected role: the

steady-state density profile is dramatically different for fermions versus bosons. Our work

highlights the key role of fluctuations in quantum realizations of non-Hermitian dynamics,

and provides a starting point for future work on engineered steady states of open quantum

systems.

3.2 Introduction

The physics of systems whose dynamics is governed by non-Hermitian Hamiltonians has

generated interest in a wide range of fields, from classical optics [54, 26, 138, 35, 63], to

topological band theory [73, 69, 43, 61, 70, 12, 8, 133], to soft-matter physics [119, 38,

118, 127, 147, 116, 144, 41]. Introducing non-Hermiticity often means forgoing seemingly
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Fig. 3.1: Left: Periodic (orange) and open (blue) chain spectrum of the quantum Hatano-
Nelson model with parameters κ = 0.99w and Γ = 0.01w. The spectrum for fermions
and bosons only differ by shift of −i2Γ, and we thus only plot the fermionic spectrum
for clarity. Dissipation is used to realize asymmetric hopping amplitudes w ± κ, and each
site is incoherently pumped at a rate 2Γ. Right: Steady-state occupation ⟨ĉ†j ĉj⟩ss of a
quantum Hatano-Nelson model under periodic boundary conditions for fermions (orange),
and for open boundary conditions (OBC) for both fermions and bosons (blue). Remarkably,
despite the existence of a large damping gap, the density is controlled by a large length scale
ξobc ≈ w/(2Γ). Further, ξobc

is unrelated to 2A = ln[(w + κ)/(w − κ)], the (inverse) localization length of the
non-Hermitian Hamiltonian’s OBC left and right eigenvectors. For fermions, ξobc

corresponds to a healing length whereas for bosons it describes the exponentially localized
pileup of particles on one edge. Note that we only plot the periodic boundary condition

results for fermions, as the bosonic model with the same parameters is dynamically
unstable.

basic intuition formed when studying Hermitian models. The extreme sensitivity to small

perturbations [87, 20, 68] and having to revisit the bulk-boundary correspondence [141, 64,

52, 41] are a few of many such examples. Understanding these effects often amounts to

studying the eigenvalues and corresponding right and left eigenvectors of an effective non-

Hermitian Hamiltonian.

In the quantum regime, a fully consistent description of non-Hermitian dynamics requires

one to consider an open quantum system, where modes of interest are coupled to dissipative

Markovian baths. Conditioned on the absence of a quantum jump, the dynamics are governed

by a non-Hermitian Hamiltonian whose anti-Hermitian part is determined by the coupling

to the environment [110]. In contrast, the full unconditional dynamics also depends on
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fluctuations. Despite numerous works examining non-Hermitian tight-binding models in

quantum settings, few studies have fully addressed the unconditioned steady-state properties

(for the fermionic case, see e.g. [6, 100]). There thus remain several basic open questions.

These include the role of particle statistics, the possible sensitivity of the steady state to

boundary conditions (analogous to the non-Hermitian skin effect (NHSE)[145, 146, 82]),

and the general connections between the steady state’s spatial structure and the underlying

non-Hermitian Hamiltonian.

Here we address these questions by studying the steady states of open quantum systems

that realize the physics of a target non-Hermitian tight-binding Hamiltonian Ĥeff . We be-

gin by discussing the general class of master equations that correspond to the desired Ĥeff .

We then construct the formal steady-state density matrix ρ̂ss of such models, emphasizing

that this requires specifying both Ĥeff and the unavoidable fluctuations arising from the

coupling to dissipation. We find generically that these steady states exhibit features and

spatial structures that are not at all obvious if one simply looks at the eigenvectors of Ĥeff .

Taking the paradigmatic non-reciprocal Hatano-Nelson model [49, 48] as an example, we

find that the real-space steady-state occupation ⟨ĉ†j ĉj⟩ss under open boundary conditions is

controlled by a new macroscopic length scale ξobc, which is independent of the localization

length of the right and left eigenvectors of Ĥeff . Surprisingly, this new long length scale is not

associated with or the result of a corresponding long time-scale: the dissipative gap is large

under open boundary conditions (see Fig. 3.1). We argue that this feature is not specific

to the Hatano-Nelson model by studying two additional models in App. 3.5.7 which feature

multiple bands and/or broken time-reversal. Further, we demonstrate that the occupation

is strikingly different for fermions and bosons, despite the left and right eigenvectors of Ĥeff

being independent of particle statistics. Finally, we demonstrate that the set of orthogonal

modes which fully specify the steady state under open boundary conditions are very similar

to delocalized standing-wave states, even for extreme non-reciprocity: there is thus no true
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analogue of the non-Hermitian skin effect for ρ̂ss. Our results provide a framework to under-

stand steady states of general non-Hermitian systems in the quantum regime, and illustrate

how fluctuations play a critical role.

3.3 Consistent open-system description of quantum

non-Hermitian Hamiltonians

3.3.1 Effective unconditional non-Hermitian Hamiltonians

The motivating question throughout this work is straightforward: if one wants quantum

dynamics of a fermionic or bosonic system generated by a target non-Hermitian Hamiltonian

Ĥtarg =
∑

n,m

(Htarg)nmĉ
†
nĉm, (3.1)

what can be said about the steady state? Here ĉm and ĉ†n are fermionic or bosonic creation

and annihilation operators satisfying canonical anti-commutation and commutation relations

respectively. The indices n and m label independent orthogonal modes, and include any and

all degrees of freedom such as position, spin or polarization.

Before attempting to formulate an answer, it is imperative to discuss how Ĥtarg is realized.

Implementing an effective non-Hermitian Hamiltonian in a quantum system can be achieved

by using parametric-amplifier type interactions [136, 85] or by considering an open quantum

system (see e.g. [68]); we focus here on the latter. To ensure that the dynamics are Markovian,

as is already implied by Eq. (3.1), the system of interest is coupled to independent Markovian

reservoirs which either incoherently add or remove particles, processes described by the jump

operators L̂µ =
∑

m lµmĉm and Ĝν =
∑

n g
∗
νnĉ

†
n respectively. The coeffecients lµn and g∗νn

specify in what state the particles are removed or added to the system by the environment,

with µ and ν indexing the independent loss and pump baths. The equation of motion for
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the density matrix has the standard Lindblad form, and can be written as (ℏ = 1)

i∂tρ̂ ≡ Lρ̂ =
(
Ĥcondρ̂− ρ̂Ĥ†

cond

)

+ i
∑

γ

Lγ l̂γ ρ̂l̂
†
γ + i

∑

δ

Gδ ĝ
†
δ ρ̂ĝδ (3.2)

where L is the Lindbladian superoperator. The conditional Hamiltonian is defined as

Ĥcond =
∑

n,m

Hnmĉ
†
nĉm

− i

2

∑

γ

Lγ l̂
†
γ l̂γ − i

2

∑

δ

Gδ

(
1∓ ĝ

†
δ ĝδ

)
(3.3)

with − and + corresponding to fermionic and bosonic creation and annihilation operators

respectively. We have defined l̂γ =
∑

m

〈
lγ
∣∣m
〉
ĉm and ĝ

†
δ =

∑
n ⟨n|gδ⟩ ĉ

†
n, where

∣∣lγ
〉

and

|gδ⟩ are eigenvectors of the Hermitian positive semi-definite matrices Lnm = (l†l)nm and

Gnm = (g†g)nm with corresponding eigenvalues Lγ and Gδ. Thus, the Hermitian matrix

H describes the coherent Hamiltonian of the isolated system, whereas the matrices L and

G completely capture the effects of the dissipative baths. Note that the choice of coherent

Hamiltonian and dissipators leads to a master equation with a U(1) symmetry ĉ†n → eiφĉ
†
n,

ĉm → e−iφĉm. Our results and the phenomena we discuss do not fundamentally rely on this

symmetry. They can readily be extended to quadratic Hamiltonians Ĥ which do not preserve

particle number and arbitrary dissipiators which are linear in creation and annihilation

operators.

By unraveling the master equation to a stochastic Schrödinger equation, one can show

that Ĥcond generates time evolution of the system conditioned on the absence of a quantum

jump [21, 39]. The conditional Hamiltonian is thus only directly accessible by post-selecting

measurement outcomes. While this is feasible in some platforms [97], it is generally chal-

lenging and involves discarding a large volume of data. More conventional experiments do
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not post-select, and thus probe the full unconditioned dynamics of ρ̂. Yet in this setting, it

is not obvious that it is even possible to attribute the evolution of the density matrix to a

single-particle Hamiltonian as we did for the post-selected evolution. How then should we

think about the unconditioned evolution of ρ̂?

The answer lies in the unconditional equations of motion of the normal-ordered covariance

matrix ⟨ĉ†nĉm⟩ which reads (see App. 3.5.2)

i∂t⟨ĉ†nĉm⟩ =
∑

a

(
(Heff)ma⟨ĉ†nĉa⟩ − (H

†
eff)an⟨ĉ

†
aĉm⟩

)

+ iGmn (3.4)

where

Heff ≡ H − i

2
(L±G) . (3.5)

The + and − is for fermions and bosons respectively. This effective Hamiltonian Heff ,

which fully incorporates the effects of the jumps, is in general distinct from the effective

Hamiltonian relevant to no-jump conditional evolution. From Eq. (3.3), this conditional

Hamiltonian is

Hcond = H − i

2
(L∓G) . (3.6)

Note that Heff and Hcond only coincide in the absence of incoherent pumping (i.e. G = 0).

We stress that the identification of Heff from the covariance matrix dynamics is independent

of how correlators are ordered. Other ordering prescriptions lead to the same dynamical

matrix Heff (only the inhomogeneous term in the equations is modified, see App. 3.5.2). As

shown in Refs. [112, 113], solving Eq. (3.4) is tantamount to knowing the full structure of

the Lindbladian L. In particular, the steady state density matrix is Gaussian, and hence
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fully characterized by two-point averages. Eq. (3.4) thus lets us unambiguously identify the

non-Hermitian dynamical matrix relevant to the unconditional steady state as Heff .

Eq. (3.4) is particularly easy to interpret when our particles are bosons. In this case, our

system could also be described using the Heisenberg-Langevin equations

i∂tĉm =
∑

a

(Heff)maĉl −
∑

µ

lµmη̂µ −
∑

ν

g∗νmζ̂
†
ν (3.7)

which are equivalent to the master equation. The inhomogeneous terms η̂µ and ζ̂
†
ν are the

operator equivalent of independent Gaussian white noise with zero mean and unit variance

(see Ref. [27] for a pedagogical introduction). The upshot is that Eq. (3.4) affords a similar

interpretation for either particle type: ĉm evolves under Heff while being driven by white

noise, and particle statistics only play a role in determining the anti-Hermitian part of Heff ,

the difference being a simple change of sign. For bosons, pump baths tend to generate

amplification and exponential growth of amplitude and particle number. In contrast, for

fermions, the Pauli principle makes this impossible and precludes exponential growth. This

is enforced by the simple sign change in Eq. (3.5).

3.3.2 Constructing valid quantum descriptions of a target non-Hermitian

Hamiltonian

Eq. (3.4) shows how a non-Hermitian Hamiltonian Heff naturally arises in the description of

unconditional dissipative quantum dynamics. We now ask a reverse engineering question: if

one starts with a given, non-Hermitian Hamiltonian of interest Htarg, how does one construct

a valid corresponding quantum open system? This amounts to making consistent choices of

both Heff and the pumping matrix G appearing in Eq. (3.4) to match the desired dynamics.

This construction is a crucial first step in understanding how any interesting features of

Htarg might manifest themselves in a quantum setting (including the steady state).
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Naively, one might start by simply picking Heff in Eq. (3.4) to be identical to the desired

Hamiltonian Htarg. The validity of this procedure surprisingly depends on particle statistics.

For fermions, we need to mindful of a constraint arising from the exclusion principle: Heff

for fermions cannot give rise to exponential growth, implying that the anti-Hermitian part of

Heff must be negative semi-definite. This follows directly from Eq. (3.5). Thus, for fermions,

we will in general have to add loss to Htarg to satisfy this constraint. In contrast, choosing

Heff = Htarg for bosons is always permissible.

We in general however will require more than a valid master equation, but will also want

to ensure the existence of a unique steady-state. For this, the eigenvalues of the dynamical

matrix Heff must have negative-definite imaginary parts. To achieve this, we will generically

have to add extra loss to bosonic Hamiltonians as well. To that end, let λ denote the largest

positive eigenvalue of −i(Htarg −H
†
targ)/2. We will then choose Heff according to:

Heff ≡ lim
ν→0+

(
Htarg − i(λ+ ν)1

)
. (3.8)

This is a minimal prescription for satisfying the constraint for fermions and bosons: we

simply add enough uniform loss to each mode to ensure the no-gain condition is satisfied. It

implies that the eigenvectors of Heff coincide that of Htarg, and their spectra differ at most

by a trivial global shift. This ensures that any interesting and desirable novel non-Hermitian

phenomena exhibited by Htarg will also be present in Heff . Note that having ν = 0+ ensures

a unique steady state.

We stress that the no-gain condition on the anti-Hermitian part of Heff is strictly speaking

distinct from requiring that the eigenvalues of Heff have negative-definite imaginary part.

The former, for fermions, ensures consistency with a valid master equation while the later,

for both types of particles, is required for the existence of the steady-state.

Having Heff match Htarg means that the drift terms in Eq. (3.4) directly mirror the

desired non-Hermitian dynamics. This does not however specify our open quantum system:
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we also need to specify G (i.e. the noise) in a manner that is consistent with Heff . There

are of course many different ways to achieve this. In what follows, we present two simple

and physically motivated approaches.

Method 1 - Minimal Prescription

Recall that the anti-Hermitian part of Heff is determined by Eq. (3.5). The simplest way

to fully specify our open quantum system is to have both the loss matrix L and pumping

matrix G be proportional to the anti-Hermitian part of Heff . This leads to:

L ≡





i(1− ϵ)(Heff −H
†
eff) fermions

iϵ(Heff −H
†
eff) bosons

(3.9)

G ≡





iϵ(Heff −H
†
eff) fermions

i(ϵ− 1)(Heff −H
†
eff) bosons

(3.10)

where the parameter ϵ (0 ≤ ϵ ≤ 1 for fermions and ϵ > 1 for bosons) determines the balance

between pumping and loss. Diagonalizing L or G and specifying ϵ then directly determines

one possible set of loss and pumping jump operators L̂µ and Ĝν . This method gives us a

simple way of generating a valid open system (for either fermions or bosons) with a minimal

number of extra assumptions. The only additional parameter introduced (beyond the desired

target Hamiltonian Htarg) is ϵ. It controls the average particle number in the system, and

hence plays the rough role of a chemical potential.
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(a) (b)

Fig. 3.2: Two different ways to realize the dissipative version of the fermionic quantum
Hatano-Nelson model. Although both methods lead to an effective Hatano-Nelson Hamilto-
nian, they do not have the same steady state, since the noise G is not equivalent. (a) In the
first method, each loss bath (blue) has an equivalent pumping bath (orange). The parameter
ϵ controls the strength of the fluctuations G. (b) In method two, the non-reciprocal hopping
is realized using loss dissapators only. Each mode is also subject to uniform pumping, which
leads to a non-trivial steady state.

Method 2 - Featureless Pumping

An alternate approach that in many cases is more experimentally tractable is to only use

structured loss to realize the anti-Hermitian part of Heff , i.e. L = i(Heff −H
†
eff). Of course,

one still needs some pumping to have a steady state with non-zero particle number. This

can be achieved by also introducing spatially uniform, featureless pumping to the system:

G = 2Γ1, where Γ is an overall pumping rate. This pumping only changes Heff by a

constant diagonal term, implying that it still faithfully reflects the dynamics of the desired

non-Hermitian Hamiltonian Htarg. This is the method we employ throughout the main

text. A visual comparison of the two methods for fermions is shown in Fig 3.2. Note that for

bosons, pumping always decreases decay rates and care must be take to ensure dynamical

stability (by, e.g. adding additional background loss).
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3.3.3 Steady state ρ̂ss

Having constructed a consistent master equation corresponding to the target dynamics Ĥtarg,

we now characterize the steady state of Eq. (3.2). With a quadratic coherent Hamiltonian

and linear jump operators, the stationary-state is Gaussian and completely determined by

the steady-state covariance matrix

Fmn ≡ ⟨ĉ†nĉm⟩ss. (3.11)

If we assume that all eigenvalues of Heff have a non-zero negative imaginary part (as ensured

by our construction in the previous subsection) then the steady state is unique, with F

satisfying the so-called Lyaponov equation

HeffF − FH
†
eff = −iG, (3.12)

which follows from Eq. (3.4). The formal solution to F reads

Fmn =

∫ ∞

−∞
dω

2π
⟨m| 1

ω1−Heff
G

1

ω1−H
†
eff

|n⟩

=
∑

δ

Gδ

∫ ∞

−∞
dω

2π
⟨m| 1

ω1−Heff
|gδ⟩ ⟨gδ|

1

ω1−H
†
eff

|n⟩ . (3.13)

The last expression provides a simple intuitive interpreitation. At each frequency, the pump

baths populates the state |gδ⟩ at a rate Gδ which then evolves under the propagator (ω1−

Heff)
−1 to different sites |m⟩ in the lattice.

We stress that ρ̂ss is thus controlled both by the non-Hermitian Hamiltonian and the

fluctuations from the loss and pumping baths. This exact solution Fmn should be contrasted

with previously suggested prescriptions on how to associate steady states with a given non-

Hermitian Hamiltonian. These methods, such as exponentiating the non-Hermitian Hamil-
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tonian [53, 83] or occupying the right or left eigenstates [142] are either ad-hoc or assume

conditional dynamics. They are thus not relevant to the generic (unconditional) situation

we consider.

If Heff can be diagonalized, then the steady state correlation matrix can also be written

as:

F = −i
∑

α,β

∣∣∣ψRα
〉(⟨ψLα |G|ψLβ ⟩

Eα − E∗
β

)〈
ψRβ

∣∣∣ (3.14)

where
∣∣∣ψRα

〉
and

∣∣∣ψLα
〉

are the right and left biorthonormal ⟨ψLα |ψRβ ⟩ = δαβ eigenvectors of

Heff with eigenvalue Eα. The form of F reminds us how we should interpret the eigenvectors

of a non-Hermitian matrix. A right eigenvector
∣∣∣ψRα

〉
is a mode whose temporal evolution is

trivial and determined by the eigenvalue Eα, akin to how one normally thinks of eigenstates

of a Hermitian matrix. The meaning of the left eigenstate
∣∣∣ψLα

〉
is more subtle: it describes

the susceptibility of the corresponding right eigenvector to a spatially varying perturbation.

More concretely, the overlap
〈
ψLα

∣∣∣gl
〉

quantifies how the gain bath l “populates" the state
∣∣∣ψRα

〉
[120].

Note that if we choose to implement our non-Hermitian dynamics using structured loss

and uniform pumping (i.e. G = 2Γ1. c.f. Sec. 3.3.2), then Eq. (3.14) reduces to:

F = −2iΓ
∑

α,β

∣∣∣ψRα
〉( ⟨ψLα |ψLβ ⟩

Eα − E∗
β

)〈
ψRβ

∣∣∣ . (3.15)

Even in this seemingly simple case, we see that the steady state does correspond to a simple

statistical mixture of right eigenvectors.

We have thus in principle achieved our goal of identifying the steady state: it is com-

pletely determined by the non-Hermitian Hamiltonian Heff and the noise matrix G through

Eqs. (3.13) and (3.14). As we will now show, these formal expressions do not immediately
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provide useful intuition. In particular, the non-trivial interplay between the dynamics and

the noise can lead to a steady state which cannot be understood by considering either in-

dependently. Further, there exist subtle new length scales in the steady state that are not

associated with any one eigenvector, and which are not obvious from the general expression

in Eq. (3.13).

3.3.4 Relevance to other work

We pause to note connections and differences between our work and previous studies con-

necting non-Hermitian physics, open quantum systems and steady states. While most works

focus on conditional dynamics and the conditional Hamiltonian Ĥcond, several papers have

addressed aspects of unconditional evolution and the role played by Heff . We stress that

our work is markedly distinct from these previous studies. Refs. [75, 100, 6] discuss ρ̂ss in

the context of topological classification, which is not the focus here. The steady states of

continuum interacting systems exhibiting non-Hermitian structures has also been studied in

certain cases (see e.g. [46, 45]); this is also distinct from our non-Hermitian band-structure

setting. Other works such as Refs. [79, 128, 96] explore the relaxation dynamics towards

the stationary state, as determined solely by Heff . In contrast, our focus is the steady state

itself, which manifestly depends on both the dynamics Heff and the noise G. The analysis

in Ref. [33] does include the effect of fluctuations but focuses solely on infinite translation-

ally invariant systems. Here, we show that the steady state is drastically different with

boundaries present, in a manner that is not a trivial consequence of the NHSE.

Further, we analyze non-Hermitian Hamiltonian of both fermions and bosons, whereas

previous works have mostly focused exclusively on the fermionic case.

We also note that quantum non-reciprocal models have been previously studied, mo-

tivated by applications to quantum engineering. Most works focus on few-mode systems,

but lattices have also been considered recently [93, 87]. Unlike our work, the motivation in
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these previous studies is different, and the focus is primarily on the output state of radiation

emitted from the lattice.

3.4 Quantum Hatano-Nelson Model

We now focus on determining the steady state of an N -site Hatano-Nelson model, which

describes particles asymmetrically hopping on a 1D lattice [49, 48]. In addition to being

among the simplest of non-Hermitian tight-binding models, it also displays rich features

such as the non-Hermitian skin effect [145, 64, 85] and non-Hermitian topology [8]. It thus

serves as the ideal candidate to study how the non-Hermitian Hamiltonian imprints itself on

the steady state.

The target Hamiltonian of interest reads

ĤHN
targ =

∑

j

[
w + κ

2
ĉ
†
j+1ĉj +

w − κ

2
ĉ
†
j ĉj+1

]
(3.16)

where without loss of generality we take w, κ > 0. Note the anti-Hermitian part of this Hamil-

tonian (proportional to κ) is not negative semi-definite, regardless of boundary conditions.

To permit a quantum treatment valid for both fermions and bosons, we thus modify the

Hamiltonian by adding minimal uniform loss, resulting in a valid Heff whose anti-Hermitian

part is now negative semi-definite as required (c.f. Eq. (3.8)). Further, we will use method

2 (c.f. Sec. 3.3.2) to realize this non-Hermitian, non-reciprocal Hamiltonian using a set of

structured, non-local loss baths and uniform incoherent pumping.

Following the above prescription, we obtain a Lindblad master equation (c.f. Eq. (3.2))

corresponding to the target Hatano-Nelson Hamiltonian. The coherent Hamiltonian Ĥ and
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jump operators L̂j and Ĝj are given by (see App. 3.5.3)

Ĥ =
w

2

∑

j

(
ĉ
†
j+1ĉj + h.c.

)
(3.17)

L̂j =
√
κ
(
ĉj − iĉj+1

)
(3.18)

Ĝj =
√
2Γĉ

†
j (3.19)

where w is the coherent nearest-neighbour hopping, κ is the decay rate, Γ is the pumping

rate. The resulting non-Hermitian Hamiltonian is (up to a constant) that of the Hatano-

Nelson model: Heff = HHN
targ − i(κ ± Γ)1. Note that similar structured loss dissipators

have been used to study non-reciprocal hopping in previous works, albeit with very different

motivations (see e.g. [90, 81, 93, 62]).

While our mapping is general, we focus in what follows on the interesting case of strong

non-reciprocity (κ ≲ w) and weak pumping (Γ ≪ w, κ). In this limit, the natural expectation

is that the pumping serves only as a weak probe of the underlying non-Hermitian dynamics:

its only purpose is to populate the system without disrupting the dynamics. As we will

show, this is surprisingly not the case: the weak pumping rate Γ determines a new, extremely

long system length scale. Further, for open boundary conditions, this long length scale is

not related to a corresponding long relaxation time scale (i.e. the dissipative gap remains

constant as Γ → 0).

3.4.1 Periodic boundary conditions

We first work with periodic boundary conditions. With the effective Hamiltonian Heff and

pumping matrix G, we can readily use the formalism described in the previous section to

determine the steady-state correlation matrix F . It is perhaps however more instructive to

write the master equation in momentum-space. Letting N denote the number of sites in our
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lattice and ĉk =
∑

n e
−iknĉn/

√
N , we have:

i∂tρ̂ =
∑

k

w cos k[ĉ
†
k ĉk, ρ̂ ] + i

∑

k

κ(k)D[ĉk]ρ̂+ i2Γ
∑

k

D[ĉ
†
k]ρ̂ (3.20)

where κ(k) = 2κ(1 + sin k) and the allowed momenta are k = 2πq/N with q an integer

running from 1 to N . This form of the master equation serves as a useful reminder that non-

Hermitian hopping can also be interpreted as momentum-depending damping κ(k). This

is also apparent by considering the spectrum of Heff which reads E(k) = w cos k − iκ(1 +

sin k)∓ iΓ. To ensure stability in the bosonic case Im(E(k)) < 0, we always work in the limit

of weak pumping and where the quantization of k leads to Γ < κ(1+ sin k) for all allowed k.

It is clear from Eq. (3.20) that there will be no steady-state coherences between different

momentum states. The independent baths add and remove particles from these orthogonal

modes, and the coherent dynamics can not cause any transition between such states. The

only non-vanishing steady-state component in this basis are the diagonal elements

⟨ĉ†k ĉk⟩ss =
1

eβϵ(k) ± 1
(3.21)

where we have defined the effective Boltzman factor

e−βϵ(k) ≡ 2Γ

κ(k)
. (3.22)

The steady state of the periodic-boundary condition Hatano-Nelson model is thus completely

determined by these effective momentum-dependent Boltzmann factors. The non-reciprocity

of our system reflects itself in an asymmetry of the momentum-space occupancy of mode at

k versus 2π − k. The real-space steady-state density is of course uniform, as required by

translational invariance. We also stress that only the product of β and ϵ(k) is physically

meaningful.
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A simple but crucial point is that our steady state is insensitive to the coherent Hamil-

tonian Ĥ; the steady state would not change even if we added additional (translationally-

invariant) terms to Ĥ. This is a general feature of master equations where the Hamiltonian

H , loss L and pumping matrices G commute with one another. In this instance, it is always

possible to write the master equation in a compact form by using the basis which diagonal-

izes all three matrices, in analogy with Eq. (3.20). The physics underling the steady states

of these models are then readily understood in terms of a orthogonal set of modes, the same

as the effective Hamiltonian Heff .

For instance, in this translationally-invariant model, the real-space correlation functions

for fermions can be easily obtained using Eq. (3.21):

⟨ĉ†j ĉp⟩ss =
1

N

∑

k

Γe−i(j−p)k

Γ + κ(1 + sin k)
∼ e−|j−p|/ξpbc (3.23)

where the difference j − p is understood to be modulo N . Note that bosons are generically

unstable in this model due to the additional pumping Γ, and there is thus no steady state.

Here ξpbc is length scale determined by the dissipation, and is defined by κ cosh ξ−1
pbc ≡ κ+Γ.

For small pumping it behaves as ξpbc =
√
κ/(2Γ) (see App. 3.5.4 for details). This (inverse)

length scale can be readily extracted by considering the spectrum of our periodic chain

E(k) = w cos k − iκ(1 + sin k) − iΓ. The smallest decay rate of any mode is Γ. It is

thus not surprising that this quantity gives rise to a large length scale. In fact, it was

shown in Ref. [33] that for a transitionally- invariant non-Hermitian tight-binding model with

periodic boundary conditions, this is always the case: a divergent correlation length must be

accompanied by a critical slowing down, i.e. a vanisingly small decay rate. Surprisingly, we

will see that this intuitive connection between large length and times scales will be violated

by introducing boundaries.

66



3.4.2 Open boundary conditions

We now examine the properties of our quantum Hatano-Nelson chain under open (rather

than periodic) boundary conditions. It is well known that this change of boundary con-

ditions dramatically alters the spectrum and eigenvectors of Heff [49, 48]. At a formal

level, this can be understood as arising from an incompatibility between the Hermitian and

anti-Hermitian parts of Heff . For periodic boundary conditions, both are diagonalized by

plane waves, whereas with open boundary conditions these matrices no longer commute.

This incompatibility has a direct consequence on our quantum master equation (specified by

Eqs. (3.17)-(3.19)): the jump operators associated with our structured loss can now cause

transitions between different eigenstates of the coherent Hamiltonian Ĥ. As we will see, this

directly leads to a far more interesting steady state than in the periodic boundary condition

case.

The most immediate consequence of having boundaries is that the steady-state average

density ⟨ĉ†j ĉj⟩ss will not be spatially uniform, as shown in Fig. 3.3. It is tempting to assume

that this will simply reflect the NHSE; however, we show in the following that this is due to

a distinct mechanism.

In the conventional scenario, the NHSE causes right eigenvectors to localize at one edge:
〈
j
∣∣∣ψRα

〉
∝ eAj with the inverse localization length A given by

A =
1

2
ln

(
w + κ

w − κ

)
. (3.24)

The appearance of this short lengthscale A−1 is accompanied by an opening of the dis-

sipative gap: the decay rate of all eigenmodes of Heff become large, unlike its periodic

counterpart which has nearly undamped modes, see Fig. (3.1). Conventional wisdom would

then suggest that any length scale in the open boundary case is much smaller than the

periodic boundary lengthscale ξpbc ≫ ξobc; particles are so heavily damped that they can
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not propagate very far. However, surprisingly, the opposite is true: not only is the charac-

teristic length for the steady state in open boundary condition ξobc = w/(2Γ) completely

unrelated to the localization length A of right and left eigenvectors, but it is also parametri-

cally larger than the lengthscale of the equivalent system with periodic boundary conditions

ξpbc =
√
κ/(2Γ) at small Γ. Hence, simply knowing about the NHSE and its impact on the

eigenvectors or eigenvalues does not immediately let one understand the spatial dependence

of the steady-state density. We expect this to be a generic feature of open quantum systems

exhibiting NHSE: we have provided two more examples in App. 3.5.7.

Instead of thinking about eigenvectors of eigenvalues of Heff , a more fruitful starting

point is to use the alternate formal solution for the steady-state correlation matrix given in

Eq. (3.13). This yields

⟨ĉ†j ĉj⟩ss = 2Γ
N∑

p=1

∫ ∞

−∞
dω

2π
|GR

obc[j, p;ω]|2 (3.25)

with GR
obc[j, p;ω] ≡ ⟨j| (ω1−Heff)

−1 |p⟩ the real-space retarded Green’s function with open

boundaries. Equation (3.25) reminds us how the incoherent pumping populates each site.

A pump bath attached to site p injects a particle with frequency ω which then propagates

to site j with an amplitude given by GR
obc[j, p;ω]. The total particle number is thus this

amplitude squared summed over all baths and frequencies.

The physical picture provided to us by Eq. (3.25) implies that we should attempt to

understand the real-space propagation dynamics of Heff as encoded by the Green’s function.

Although the NHSE forces both the eigenvectors and eigenvalues of Heff to change drastically

when there are edges, on physical grounds the same should not be true of the Green’s

function. For the short-ranged Hamiltonian under consideration, we expect for large enough

system size N that the response for open boundary conditions is well approximated by

the infinite-system Green’s function GR
obc[j, p;ω] ≈ GR∞[j − p;ω], at least within the bulk
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1 ≪ j, p ≪ N . The length scale which controls the steady-state occupation ⟨ĉ†j ĉj⟩ss is

therefore essentially determined by how far a particle injected into the boundary-free chain

can propagate before it loses an appreciable amount of its amplitude.

The dispersion of the Hatano-Nelson model E(k) = w cos k −iκ(1+sin k)∓iΓ can be read-

ily used to extract this length scale. Indeed, ignoring the boundaries affords us the possibility

to think about propagation in terms of plane waves. We first note that the least damped mo-

mentum mode at k = −π/2 also has the largest group velocity w(∂k cos k)|k=−π/2 = w > 0

which implies a right-moving mode. We can thus estimate the relevant decay length as this

maximal group velocity w divided by the residual decay rate Γ of that mode. We thus have

GR
obc[j, p; 0] ∼ e∓|j−p|/(w/Γ) when p < j. Note the sign difference for fermions versus bosons:

Γ induces additional damping for fermions yet bosons experience spatial amplification as a

consequence of the additional pumping.

The above heuristic estimate is confirmed by a more careful analysis of the open-boundary

Green’s function provided in App. 3.5.5.

It is demonstrated that GR
obc[j, p;ω] ≈ GR∞[j− p;ω] and GR

obc[j, p; 0] ∼ e∓|j−p|/(w/Γ) are

excellent approximations in the strong non-reciprocity κ ≈ w and weak pumping Γ ≪ w, κ

limit. Generically, one can also associate a (direction-dependent) decay length to GR[j, p;w]

for arbitrary ω: for j > p it is roughly w/Γ near zero-frequency and drops quickly to zero

outside the band ω ≈ w. However in the limit of interest where the spacing of the modes is

much smaller than their width, the occupation is dominated by low frequencies and we find
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(see App. 3.5.5 for details)

⟨ĉ†j ĉj⟩ss
κ→w≈ Γ

κ± Γ


1 + C1

∑

p<j

e∓2|j−p|/(w/Γ)
√
|p− j|




≈





Γ
κ+Γ

(
erf(
√

j
ξobc

)
√
ξ−1
obc

+ C2

)
, fermions

Γ
κ−Γ

(
erfi(

√
j

ξobc
)

√
ξ−1
obc

+ C3

)
, bosons.

(3.26)

In the first line, we immediately consider the limit of extreme non-reciprocity where only

pump baths attached to sites on the left of a given site j contribute to the occupation. In this

limit, the localization length 1/A associated with the NHSE goes to zero yet, in contrast, we

see the emergence of a new length scale ξobc = w/(2Γ) which controls the quantum steady

state of the open boundary condition system. Here, erf and erfi are the error and imaginary

error function respectively, and C1, C2, C3 are constants (see App. 3.5.5).

Equation (3.26) is a central result of our work. It demonstrates that the spatial dis-

tribution of the steady-state occupation is controlled by a new macroscopic length scale

ξobc = w/(2Γ), despite the absence of a long time scale. In addition, ξobc does not re-

semble any right or left eigenvector of Heff . Colloquially, the open-boundary steady state

has “remembered” the long propagation length of the periodic chain but not the associated

long time scale that came with it. Further, it shows that this new emergent lengthscale

has a dramatically different interpretation depending on particle statistics. For fermions it

corresponds to a decay length, whereas for bosons it represents an amplification length.

In Fig. 3.1 we plot the steady-state occupation ⟨ĉ†j ĉj⟩ss and find behaviour consistent

with the above interpretation. The density of fermions in the steady state is suppressed over

a length scale ξobc on the left edge of the system, and saturates as we move to the right at

a value coinciding with the expected constant PBC occupancy. In contrast, the number of

bosons increases exponentially as one moves to the right edge of the system, with ξobc now
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serving as the associated localization length. The numerically-computed results in Fig. 3.1

do not differ from the analytical prediction of Eq. (3.26) on the presented scale.

In Fig. 3.3 we plot the scaled steady-state occupation ⟨ĉ†j ĉj⟩ss/⟨ĉ
†
N ĉN ⟩ss over a range of

Γ. The behaviour here has a simple origin. Vanishingly small pumping Γ ≈ 0 implies a

large length scale ξobc ≫ N and we expect the density of particles in the steady-state to

be essentially independent of statistics: the particles must propagate a large distance before

the effects of Γ are noticeable. This is verified by taking the ξobc ≫ j limit of Eq. (3.26),

which gives

⟨ĉ†j ĉj⟩ss ∼
Γ

κ± Γ

(
1 +

2√
π

(√
j − 1

))
(3.27)

where the + (−) sign is for fermions (bosons).

As we increase the pumping, fermions will experience additional damping. Particles

injected by the baths into the chain can therefore not propagate as far before decaying. The

length scale ξobc thus becomes smaller, and the particle density will saturate more rapidly

as we move from left to right. In contrast, bosons are less damped as we increase Γ, but

this simply means particles can propagate further, and we expect that the accumulation

of particles on the right edge becomes more pronounced. Both these predictions are in

agreement with Fig. 3.3, and with the analytical result obtained for ξobc in the limit of

larger pumping (see Eq. (3.63)).

The analysis presented in this section shows conclusively that in a quantum realization of

the Hatano-Nelson model, a large dissipative gap in the spectrum of Heff does not preclude

the existence of a long length scale. Further, neither the spatial structure of left or right

eigenvectors can be used to infer the steady-state occupation ⟨ĉ†j ĉj⟩ss under open boundary

conditions. Do these two features holds generically? Referring back to Eq. (3.25) and the

accompanying discussion, we expect this to be the case. The steady-state occupation is

controlled by the real-space Green’s function and unlike the spectrum and eigenvectors,
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Fig. 3.3: Scaled steady-state occupation ⟨ĉ†j ĉj⟩ss/⟨ĉ
†
N ĉN ⟩ss under open boundary conditions

of the Hatano-Nelson model realized with a coherent Hamiltonian and dissipators Eqs. (3.17)-
(3.19) for N = 200 sites and κ = 0.99w. For small enough pumping, the occupation for
bosons and fermions are essentially identical. As we increase the pumping, the length scale
ξobc decreases. In the fermionic case this leads to a depletion of particles on the left-hand
side of the chain. For bosons, this leads to exponential localization of particles on the right
hand side of the system. Note that unlike the periodic boundary condition case, the bosonic
model is dynamically stable for these parameters (κ ≤ w and Γ < κ). These numeric plots
are indinguishable from the analytical forms predicted by Eqs. (3.26) on this scale.

the former is largely unaffected by the NHSE when changing boundary conditions. The

long attenuation length in the infinite-sized model can therefore show up in the finite open-

boundary case, despite having a large damping gap. To verify this prediction, we briefly

analyze two additional non-Hermitian models in App. 3.5.7. Both models exhibit, a large

dissipative gap, yet there stills exists a large length scale in both models which can be

extracted from the Green’s function of the infinite-sized model.

The validity of GR
obc[j, p;ω] ≈ GR∞[j − p;ω] also makes it clear that the sensitivity to

boundary conditions is not caused by the NHSE. Once this approximation has been made,

the only remaining information regarding boundary conditions is the trivial one: particles

can not tunnel directly between the first and last site. Given the propensity for particles to

propagate to the right, this implies that a pump bath attached to the first site can contribute
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to to the total particle number on site N , but not vice-versa. Thus, the asymmetry we see

in the occupation is categorically not due to a change in the spectrum or eigenvectors of

Heff and therefore not due to the NHSE. Rather, the built-in non-reciprocity of the effective

Hamiltonian is the sole reason we see just a drastic change under different geometries.

Fig. 3.4: Top: real-space wavefunction squared | ⟨j|ψr⟩ |2 of the most occupied steady state
orbital for our quantum Hatano-Nelson model with open boundary conditions, N = 200 and
w = 0.9κ. The model is realized using a coherent Hamiltonian and dissipators Eqs. (3.17)-
(3.19). Despite the strong non-reciprocity for our chosen parameters, this dominant orbital
wavefunction does not exhibit the exponential localization associated with the NHSE. Bot-
tom: same parameters, steady state orbital occupation nr (dashed lines) and the overlap
squared |⟨ψr|Kpert

q ⟩|2 between the exact orbitals |ψr⟩ and the ones obtained from second
order perturbation theory in w,

∣∣∣Kpert
q

〉
(dotted lines). Despite the large value of w, the

perturbative expression for the orbitals still provides a reasonable approximation for most
orbitals. This implies that the majority of orbitals are spatially extended over the whole
chain, and have no resemblance to the right and left eigenvectors of Heff .
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3.4.3 Orbitals

The steady-state real-space average occupation only gives us partial information about ρ̂ss.

In general, one would need knowledge of all possible steady-state correlations to recreate

ρ̂ss. The Gaussian nature of our steady state greatly simplifies this task: all higher-order

correlations are completely determined by the two-point correlation matrix F (i.e. Wick’s

theorem holds). Indeed, if we let |ψr⟩ denote the eigenvectors of F with eigenvalue nr then

the Gaussian nature of the steady state implies

ρ̂ss =
exp

(∑
r ln
(

nr
1∓nr

)
ĉ
†
r ĉr

)

Z (3.28)

where Z is a normalization constant, − (+) is for fermions (bosons) and ĉr and ĉ
†
r are the

(orthogonal) annihilation and creation operators associated with |ψr⟩. We thus see that

the eigenvectors |ψr⟩ represent real-space wavefunctions of orbitals that are independently

occupied in the steady state.

Identifying this structure leads to an obvious question: does the spatial structure of these

occupied-orbital wavefunctions change drastically in going from periodic to open boundary

conditions? Note that these wavefunctions |ψr⟩ are eigenvectors of a Hermitian matrix,

and hence form a complete orthonormal basis. They thus cannot coincide with either the

right or left eigenvectors of Heff . In what follows, we show something even stronger: these

occupied orbital wavefunctions do not exhibit any singular behaviour remotely analogous to

the non-Hermitian skin effect.

It is tempting to argue that this is to be expected, given that F is a Hermitian matrix.

One might argue that these objects, unlike their non-Hermitian counterparts, are more robust

to perturbations (such as varying boundary conditions) and that singular behavior of their

eigenstates is ruled out by construction. This intuition is however incorrect. Perhaps the
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best way to demonstrate why this reasoning is incorrect is to express F as

F =

∫ ∞

0
dte−iHeff tGeiH

†
eff t. (3.29)

Perturbations to Heff which are naively thought to be small therefore have an infinite amount

of time to influence the steady state. This can already be seen by considering the steady-

state occupation ⟨ĉ†j ĉj⟩ss of fermions versus bosons as see in Fig. (3.1). The only difference

between their effective Hamiltonians is the small uniform rate Γ. Nevertheless, this leads

to an exponentially large difference in average particle number on the last site ⟨ĉ†N ĉN ⟩ss ∼

e∓2Γ/wN . It it thus not immediately obvious that changing boundary conditions does not

drastically alter the orbitals |ψr⟩ in analogy with the NHSE.

We focus on the most interesting regime of strong non-reciprocity where w is just slightly

smaller than κ. Obtaining the desired occupied-orbital wavefunctions |ψr⟩ analytically by

diagonalizing F is unfortunately infeasible. Instead, we use a perturbative argument that

has three steps. We first find the steady-state correlation matrix F0 for the case where the

coherent hopping vanishes w → 0. We next calculate the leading order corrections for small

w. Finally, we argue that (somewhat surprisingly) this perturbative-in-w expression remains

approximately valid even for modestly large values of hopping.

Consider then the case w = 0, where we have a fully reciprocal system but with only

dissipative hopping processes mediate by the loss baths. One finds that in this case, the

steady state covariance matrix has the form

F0 =
∑

Kq

nKq

∣∣Kq
〉 〈
Kq
∣∣ . (3.30)

Here
∣∣Kq

〉
are standing-wave states with a center of mass momentum π/2

〈
j
∣∣Kq

〉
=

√
2

N + 1
ei

π
2 j sinKqj. (3.31)
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nKq
is the corresponding occupation, completely determined by the eigenvalues of G and L

nKq
=

GKq

LKq
+GKq

=
Γ

κ(1 + cosKq) + Γ
(3.32)

with Kq = qπ/(N +1) and q an integer that runs from 1 to N . The orbitals and occupation

numbers strongly resemble what we would find with periodic boundaries. This should not

be a surprise, as there is no non-reciprocity and all the dynamics can be understood in terms

of the Hermitian matrix L.

Now we wish to consider the effect of a finite but small coherent hopping matrix element

w. Writing the steady-state correlation matrix as F = F0+wF1+O(w2) and using Eq. (3.12)

we obtain

⟨Kq|F1|Kq′⟩ =
i

w

nKq
− nK ′

q

GKq
+ LKq

+GKq′ + LKq′
⟨Kq|H|K ′

q.⟩ (3.33)

The overlap ⟨Kq|H|Kq′⟩ is zero if Kq and Kq′ have the same parity and

⟨Kq|H|K ′
q⟩ =

wi

N + 1

sinKq sinK
′
q

sin

(
K ′

q−Kq

2

)
sin

(
K ′

q+Kq

2

) (3.34)

≈





wi
N+1 , Kq ≈ Kq′ ≈ 0 or π

w2i
π , Kq ≈ Kq′ ≈ π

2

(3.35)

otherwise. In addition to the expected overlap ⟨Kq|H|Kq′⟩ there are two factors that con-

tribute to the first order correction. The numerator of Eq. (3.33) implies that states which

have nearly identical occupations nKq
≈ nKq′ =⇒ Kq ≈ Kq′ are not strongly mixed.

States which are weakly damped GKq
+ LKq

≈ Γ =⇒ Kq ≈ π are more sensitive to the

perturbation than states which are heavily damped, which occurs when Kq ≈ 0. We stress

that Eq. (3.33) implies that the smallest dimensionless parameter in our problem is w/Γ (i.e.
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when Kq ≈ Kq′ ≈ −π).

The higher-order perturbative corrections to F have a similar structure to Eq. (3.33) in

that they also depend on the ratio of population differences to decay rates of the unperturbed

orbitals (see App. 3.5.6). Taking all three terms into account, we thus expect orbitals near

Kq ≈ 0 to be nearly unchanged by the perturbation H even when w ≈ κ, both because their

damping rate is large, and the overlap ⟨Kq|H|Kq′⟩ with other modes is small. Conversely,

we expect orbitals near Kq ≈ π to mix strongly since they are weakly damped.

The above expectation is borne out by comparing the numerically computed orbitals

|ψr⟩ and the second-order correction
∣∣∣Kpert

q

〉
to F , as shown in Fig. 3.4. Despite being in a

regime with strong non-reciprocity and hence large w (w = 0.9κ), perturbation theory still

describes the 150 least-occupied orbitals (which we do not plot) extremely well: they are

nearly standing-wave states. The most-occupied orbitals are the ones which perturbation

theory describes less accurately. Nonetheless, these orbitals are still relatively delocalized,

and have no resemblance to the right or left eigenvectors of Heff . Finally as we increase Γ,

and thus the decay rate of all modes, our perturbation theory is more accurate, as predicted

by Eq. (3.33).

These results verify the central claim of this section: the occupied orbitals which charac-

terize our quantum steady state do not exhibit any analogue of the NHSE. These occupied

orbitals have a form similar to the reciprocal case w = 0, and do not exhibit any exponential

localization.

3.5 Conclusion

We have presented a systematic method for constructing open quantum systems whose un-

conditional physics reflects that of a desired non-Hermitian tight-binding lattice Hamiltonian.

We identify generic features of the steady states of such quantum lattice models, focusing

on the case where the target Hamiltonian is non-reciprocal. A crucial conclusion is that the
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steady state cannot in general be understood solely using the effective Hamiltonian Ĥeff .

First, fluctuations play a crucial role in determining ρ̂ss, and their form is not uniquely de-

termined by Ĥeff (though is constrained by it). Further, taking the Hatano-Nelson model

as an example, we have demonstrated that even when fluctuations are spatially featureless

(i.e. uniform incoherent pumping), the spectrum, left and right eigenvectors of Ĥeff cannot

be simply used to infer even the most basic features of the steady state. For weak pumping,

we find that our system under open boundary conditions exhibits a new long length scale

ξobc. This scale has no relation to the localization length of the left and right eigenvectors,

nor to the existence of an extremely small relaxation rate (dissipative gap). Particle statis-

tics also play a surprising role in the form of the steady state. Finally, we have shown that

the orbital states (the eigenstates of ρ̂ss) do not exhibit any analogue of the non-Hermitian

skin effect. Unlike the left and right eigenvectors of Ĥeff , they do not become exponentially

localized under a change of boundary conditions; in fact, a majority of them are very nearly

standing-wave states.

Our work naturally leads to several interesting questions regarding the interplay of dy-

namics, noise, and the steady state. For instance, one could ask to what extent non-trivial

correlated fluctuations (i.e. when the incoherent pumping has a non-trivial spatial structure)

can lead to an interesting steady state. To that end, we briefly analyze such a model in

App. 3.6, where we find a steady-state occupation which might naively be interpreted as a

consequence of the NHSE, despite the lack of non-reciprocity. Taking the opposite approach

presented in this paper, by starting with a target steady state and attempting to classify the

allowable Heff and G, would also be extremely interesting.
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3.5.1 Appendices

3.5.2 Equations of motion - correlation functions

In this appendix, we derive the equations of motion for the normal ordered correlation

function ⟨ĉ†nĉm⟩. The jump operators are L̂µ =
∑

n lµmĉm and Ĝν =
∑

n g
∗
νnĉ

†
n, from which

we obtain

i∂tρ̂ =
∑

a,b

Hab[ĉ
†
aĉb, ρ̂] + i

∑

a,b

Lab

(
ĉbρ̂ĉ

†
a −

1

2
{ĉ†aĉb, ρ̂}

)
+ i
∑

a,b

Gab

(
ĉ
†
aρ̂ĉb −

1

2
{ĉbĉ†a, ρ̂}

)

(3.36)

where {·, ·} is the anti-commutator and, as in the main text, Lab = (l†l)ab andGab = (g†g)ab.

Thus, the equations of motion for the normal ordered correlation function are

i∂t⟨ĉ†nĉm⟩ =
∑

a,b

Ha,b⟨[ĉ†nĉm, ĉ†aĉb]⟩+
i

2

∑

a,b

Lab⟨ĉ†a[ĉ†nĉm, ĉb] + [ĉ
†
a, ĉ

†
nĉm]ĉb⟩

+
i

2

∑

a,b

Gab⟨ĉb[ĉ†nĉm, ĉ†a] + [ĉb, ĉ
†
nĉm]ĉ

†
a⟩ (3.37)

Using fermionic anti-commutation and bosonic commutation relations, we get

i∂t⟨ĉ†nĉm⟩ =
∑

a

(
Hma⟨ĉ†nĉa⟩ −Han⟨ĉ†aĉm⟩

)
− i

2

∑

a

(
Lma⟨ĉ†nĉa⟩+ Lan⟨ĉ†aĉm⟩

)

∓ i

2

∑

a

(
Gma⟨ĉaĉ†n⟩+Gan⟨ĉmĉ†a⟩

)
(3.38)

where ∓ is for fermions and bosons respectively. Using the anti-commutation and commu-

tation relation once more, along with L† = L and G† = G, we recover Eq. (3.4) in the main

text. The anti-normal-ordered correlation function has the same dynamical matrix Heff , but
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with a different inhomogeneous term:

i∂t⟨ĉmĉ†n⟩ =
∑

a

(
(Heff)ma⟨ĉaĉ†n⟩ − (H

†
eff)an⟨ĉmĉ

†
a⟩
)
+ iLmn, (3.39)

which follows from the preservation of equal time anti-commutation or commutation rela-

tions.

3.5.3 Hatano-Nelson Hamiltonian using Method 2

Here we construct a quantum effective non-Hermitian Hamiltonian and noise matrix whose

dynamics are equivalent to a Lindblad master equation for the Hatano-Nelson model using

Method 2 in the main text. Writing the target Hamiltonian Eq. (3.16) in momentum space,

we have

ĤHN
targ =

∑

k

(w cos k − iκ sin k) ĉ
†
k ĉk (3.40)

The largest positive eigenvalue of the anti-Hermitian part is clearly κ. Thus, the effective

Hamiltonian reads

Ĥeff =
∑

k

(w cos k − iκ(1 + sin k)∓ iΓ) ĉ
†
k ĉk (3.41)

where, as always, ∓ is for fermions and bosons respectively so that Heff = HHN
targ− i(κ±Γ)1.

To obtain a set of real-space dissipators, it is convenient to write the master equation in

momentum space as in Eq. (3.20) then Fourier transform back to position space. We obtain

i∂tρ̂ =
w

2

∑

j

[ĉ
†
j+1ĉj + h.c., ρ̂]

+ i
∑

j

D[
√
κ(ĉj − iĉj+1)]ρ̂+ i

∑

j

D[
√
2Γĉ

†
j ]ρ̂ (3.42)
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i.e. the coherent Hamiltonian and dissipators in Eqs. (3.17)-(3.19). Note that there is a small

but important detail when dealing with different boundary conditions. For periodic boundary

conditions ĉj = ĉj+N , Eq. (3.20) and Eq. (3.42) are equivalent whereas for open boundary

conditions ĉ0 = ĉN+1 = 0 they are not. For this choice of geometry, there are independent

loss baths attached to site 1 and N in addition to the one on each bond that lead to non-

reciprocal hopping. The lack of translational invariance then precludes the possibility of

writing the master equation where the jump operators are independent momentum creation

and annihilation operators.

3.5.4 Steady state correlation function - PBC

Using the definition of the periodic system lengthscale κ cosh ξ−1
pbc = κ+ Γ, we have

⟨ĉ†j ĉp⟩ss =
Γ

κN

∑

k

e−i(j−p)k

cosh ξ−1
pbc + sin k

=
Γ

κN sinh ξ−1
pbc

∑

k

(
e−i(j−p)k

1 + ie−ike
−ξ−1

pbc

− e−i(j−p)k

1 + ie−ike
ξ−1
pbc

)
(3.43)

Since the k are integer multiples of 2π/N , we can perform a simple geometric sum to obtain

N−1∑

l=0

i−le−ikle
±ξ−1

pbcl

1− i−Ne
±ξ−1

pbcN
=

1

1 + ie−ike
±ξ−1

pbc

(3.44)

Inserting Eq. (3.44) into Eq. (3.43), only the l = p − j term survives, again due to the

quantization of k (where p − j) is understood modulo N . After some simplification we are

left with

⟨ĉ†j ĉp⟩ss =
Γi−(p−j)

κ sinh ξ−1
pbc

(
e−(p−j)/ξpbc

1− i−Ne−N/ξpbc
− e(p−j)/ξpbc

1− i−NeN/ξpbc

)
(3.45)

which recovers the scaling of Eq. (3.23) in the main text.
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3.5.5 Steady-state occupation under open boundary conditions

In this appendix, we find approximate expressions for the steady-state occupation ⟨ĉ†j ĉj⟩ss
under open boundary conditions. It is worth pointing out immediately that since the eigen-

vectors and eigenvalues of the Hatano-Nelson model are known [49], we can use the formal

expression Eq. (3.14) and solve for ⟨ĉ†j ĉj⟩ss without approximations. Assuming w > κ

throughout, we have

⟨ĉ†j ĉj⟩ss =
∑

Kq,Kq′ ,p

e2A(j−p)

N
sinKqj sinKqp sinKq′p sinKq′j

J(cos
(
Kq
)
− cos

(
Kq′
)
)− i2(κ± Γ)

(3.46)

where N−1 = −i8Γ/(N+1)2, 2A = ln((w + κ)/(w − κ)), and J =
√
w2 − κ2. The standing-

wave momenta are quantized by Kq = πq/(N + 1) where q is an integer that runs from 1

to N . Although exact, Eq. (3.46) is practically useless, and does not immediately tell us

qualitative features of the steady-state occupation. For instance, it is not evident that the

small difference in uniform dissipation for fermions and bosons κ ± Γ can lead to a drastic

change in ⟨ĉ†j ĉj⟩ss as seen in Fig. 3.1.

We will instead work with the other formal solution to the steady-state occupation, given

by Eq. (3.25). We must therefore first find the retarded frequency-space Green’s function of

the open chain. This has been done in previous work [85, 87], but we present here a different

approach that will allow us to simultaneously find the response of the periodic chain and

compare in what manner the two differ. To that end, we first find the time-domain Green’s

function GR∞(j, p; t) for an infinite lattice, whose equations of motion are

i∂tG
R
∞(j, p; t)− (w + κ)

2
GR
∞(j − 1, p; t)

− (w − κ)

2
GR
∞(j + 1, p; t) + is±GR

∞(j, l; t) = δ(t)δj,p. (3.47)

along with the initial condition GR∞(j, p, 0) = −iδj,p with δ(t) the Dirac delta function and
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δj,p the Kronecker delta function. For notational convenience, we have set s± = κ±Γ. These

can readily be solved by using the plane wave solutions, and with an infinite-sized system

there is no quantization condition on the momentum. Thus

GR
∞(j, p; t) = −iΘ(t)e−s±t

∫ π

−π

dk

2π
eik(j−p)e−i(w cos k−iκ sin k)t

= −iΘ(t)e−s±teA(j−l)
∫ π

−π

dk

2π
eik(j−p)e−iJ cos kt (3.48)

where in the last line we have made an imaginary gauge transformation k → k − iA using

the definition of Eq. (3.24). Although seemingly ad-hoc, this transformation can be justified

using complex analysis. Viewed as a complex variable, the integrand is a holomorphic

function of k, and one then constructs a rectangle in the complex plane over which the

integral is zero. Two sides of the rectangle cancel, after which one equates the two functions

above.

The frequency-space response is obtained by taking the Fourier transform of Eq. (3.48),

after which we have

GR
∞[j, p;ω] = eA(j−p)

∫ π

−π

dk

2π

eik(j−p)

w + is± − J cos k

= −ie
A(j−p)e−iQ[ω]|j−p|

J sinQ[ω]
(3.49)

where we have used the residue theorem to compute the integral. The complex wavevector

Q[ω] is defined by

w + is± = J cosQ[ω] (3.50)

and we always chose the imaginary part of Q[ω] to be negative such that e−iQ[ω] lies in the

unit circle. One can also readily verify that this satisfies the Fourier-transformed version of

Eq. (3.47).
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To obtain the retarted response of a chain with periodic boundary conditions, we note

that the equations of motion Eq. (3.47) remain unchaged, except the boundary conditions

are now GR
pbc[j +N, p;ω] = GR

pbc[j, p+N ;ω] = GR
pbc[j, p;ω]. By linearity of the equations,

the solution is then

GR
pbc[j, p;ω] =

∞∑

r=−∞
GR
∞[j − p+Nr;ω]

=
−ieA(j−p)

J sinQ[ω]

(
e−iQ[ω](j−p)

1− eAN−iQ[ω]N
− eiQ[ω](j−p)

1− eAN+iQ[ω]N

)
(3.51)

where j − p is understood to be modulo N . Each term r ̸= 0 in Eq. (3.51) should be

interpreted as an additional round trip by the particle. That is, in going from site p to j,

the particle can propagate clockwise or counter-clockwise any number of times. The total

Green’s function is then the sum of each of these processes.

Next we compute the Green’s function of a finite-sized open chain. The particle will

propagate in the bulk as it would in the infinite-sized system, without knowledge of the

boundaries. Instead of round trips as in the periodic system, however, when it reaches the

edge the particle can now “bounce” off on an open boundary, acquiring a phase shift of π in

the process. Summing over all possible bounces, we have

GR
obc[j, p;ω] =

−ieA(j−p)

J sinQ[ω]

∞∑

r=−∞

(
e−iQ[ω](|2(N+1)r+|n−p||) − e−iQ[ω](|2(N+1)r+|n+p|)|

)

= eA(j−p)2 sinQ[ω] min(j, p) sinQ[ω](N + 1−max(j, p))

J sinQ[ω] sinQ[ω](N + 1)
(3.52)

in agreement with previously obtained results [85]. We stress once again that each term in

the sum above should be interpreted as scattering off either boundary.
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Our remaining task is to compute the integral over all frequency

⟨ĉ†j ĉj⟩ss = 2Γ
N∑

p=1

∫ ∞

−∞
dω

2π
|GR

obc[j, p;ω]|2. (3.53)

We stress again that this can in principle be computed exactly, see Eq. (3.46). The first

step in finding a more enlightening approximate expression is to note that the dominating

contribution to the integral occurs when the imaginary part of the complex wavevector Q[ω]

is smallest. Since the real and imaginary part of Q[ω]

Q[ω] = k[ω] + iR[ω] (3.54)

are not independent, it will be convenient to first make a change of variables ω → k in the

integral. Comparing the dispersion Eq. (3.50) and the definition of Eq. (3.54), while also

requiring that R[k] is negative, we obtain

dω

| sinQ[ω]|2 =
J2dk√

s2± + (J sin k)2
(3.55)

eR[k] =

√
s2± + (J sin k)2 − s±

J sin k
(3.56)

where the integration variable k goes from 0 to π. We can interpret −R[k] as a sort of

momentum-dependent inverse decay length (even though we have open boundary conditions

and momentum is not a good quantum number). That is, −R[k] corresponds to how far can

a particle with momentum k can propagate in the lattice before decaying. This damping

is minimal when the magnitude of the group velocity |J sin k| is maximal, i.e. at k = π/2.

Conversely, when the group velocity vanishes at k = 0, π, there is no propagation −R[k] →

∞.
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The formal expression for the steady-state occupation then reads

⟨ĉ†j ĉj⟩ss = 8Γ
N∑

p=1

e2A(j−l)
∫ π

0

dk

2π

| sinQ[k] min(j, p)|2| sinQ[k](N + 1−max(j, p))|2√
s2± + (J sin k)2| sinQ[k](N + 1)|2

.

(3.57)

where Q[k] = k + iR[k]. We now make our first approximation and assume that the time it

takes for a particle to traverse the chain, i.e. the length N divided by the group velocity J ,

is much larger than its lifetime 1/s±. This is equivalent to the requirement in the main text

that the spacing of the modes are much smaller than their widths J/N ≪ s±. Expanding

Q[k] to lowest order in s±/J , it follows that this condition implies |e−iQ[k]N | ≪ 1 for all k.

Consequently, we approximate the response by keeping only the leading order term in e−iQ[k].

From Eq. (3.52), this is exactly equivalent to taking the no-bounce limit GR
obc[j, p;ω] ≈

GR∞[j, p;ω]. We thus expect this approximation to worsen when j or p are near a boundary.

Note that the condition J/N ≪ s± is easily satisfied in the limit of strong non-reciprocity

κ ≈ w since J =
√
w2 − κ2.

Within the no-bounce approximation, we obtain

⟨ĉ†j ĉj⟩ss ≈ 2Γ
N∑

p=1

e2A(j−p)
∫ π

0

dk

2π

e2R[k]|j−p|
√
s2± + (J sin k)2

(3.58)

In the limit of strong non-reciprocity J ≪ s±, the p = j term can be approximated as

Γ/s±. For p ̸= j we use Laplace’s method to compute the integral. We approximate R[k] by

expanding to second order near its maximum at k = π/2 and compute the Gaussian integral

by extending the bounds of integration to infinity. We are left with

⟨ĉ†j ĉj⟩ss ≈
Γ

s±


1 +

√√√√
s±

π
√
s2± + J2

∑

p ̸=j

e2A(j−p)−2A′|j−p|
√
|j − p|


 (3.59)
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where

A′ ≡ −R
[π
2

]
= ln




√
s2± + J2 + s±

J




= A+ ln

(
1± Γ

w

)
+O

(
(w − κ)Γ2

w3

)
(3.60)

Comparing with Eq. (3.26), we have

C1 =

√√√√
s±

π
√
s2± + J2

(3.61)

In the limit of perfect non-reciprocity κ→ w we have A→ ∞ and J → 0. Only pump baths

to the left of a given site contribute to its population and thus

⟨ĉ†j ĉj⟩ss ≈
Γ

s±


1 +

1√
π

∑

p<j

e
∓ |j−p|

ξobc√
|j − p|


 (3.62)

where

ξobc =

∣∣∣∣∣

(
2 ln

(
1± Γ

w

))−1
∣∣∣∣∣ (3.63)

Approximating the sum as an integral, we obtain

⟨ĉ†j ĉj⟩ss ≈





Γ
κ+Γ


1 +

erf(
√

j
ξobc

)−erf( 1√
ξobc

)
√

ξ−1
obc


 , fermions

Γ
κ−Γ


1 +

erfi(
√

j
ξobc

)−erfi( 1√
ξobc

)
√

ξ−1
obc


 , bosons

(3.64)

j≪ξobc=
Γ

κ± Γ

(
1 +

2√
π

(√
j − 1

))
. (3.65)
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where we recover the results in the main text by setting

C2 = 1−
erf( 1√

ξobc
)

ξ−1
obc

(3.66)

C3 = 1−
erfi( 1√

ξobc
)

ξ−1
obc

(3.67)

We emphasize that the exact solution of Eq. (3.46) could not have easily predicted these

analytic results. Further we have shown that bulk dynamics alone, by making the no-bounce

approximation GR
obc[j, l;ω] ≈ GR∞[j, l;ω], was sufficient to correctly capture the steady-state

occupation.

3.5.6 Perturbation theory for orbitals

We now use perturbation theory to find the second-order correction in w to the standing-

wave orbitals. This is unlike standard perturbation theory in that the steady-state correlation

matrix F depends on w to all orders

F =
∞∑

r=0

wrFr. (3.68)

Finding the orbitals to the correct order is then a two step process: we must first find Fr

to the requisite order and only then solve for the corrected eigenstates. As discussed in the

main text, the zeroeth order term is

F0 =
∑

Kq

nKq

∣∣Kq
〉 〈
Kq
∣∣ . (3.69)

To find Fr to any other order r ≥ 1, we insert F into Eq. (3.12) and equate terms at each

order in w on both sides. We are left with a recursive relation between Fr and Fr+1 whose
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solution is

Fr =
i

w

∑

Kq,Kq′



〈
Kq
∣∣ (Fr−1H −HFr−1)

∣∣∣Kq′
〉

LKq
+GKq

+ LKq′ + LKq′


∣∣Kq

〉 〈
Kq′
∣∣∣ (3.70)

For instance, using Eq. (3.69) we recover Eq. (3.33) in the main text.

Once we have computed these corrections to the steady-state correlation matrix to the

desired order, we can then compute the orbitals to that same order. This proceedds more

like standard perturbation theory. For instance, the unormalized corrected orbital is given

by

∣∣∣Kpert
q

〉
=
∣∣Kq

〉
+ w

∑

Kq′ ̸=Kq

〈
Kq′
∣∣∣F1

∣∣Kq
〉

nKq
− nKq′

∣∣∣Kq′
〉

+ w2
∑

Kq′ ̸=Kq

〈
Kq′
∣∣∣F2

∣∣Kq
〉

nKq
− nKq′

∣∣∣Kq′
〉

+ w2
∑

Kq′ ̸=Kq

Kq′′ ̸=Kq

〈
Kq′
∣∣∣F1

∣∣∣Kq′′
〉〈

Kq′′
∣∣∣F1

∣∣∣Kq′
〉

(nKq
− nKq′ )(nKq

− nKq′′ )

∣∣∣Kq′
〉
. (3.71)

which are the states we use when comparing the numerically computed orbitals |ψr⟩ in

Fig. 3.4.

We also note that, with these corrected orbitals, one can also compute the correction to

perturbative corrections to the occupation nr.Suppose we were able to find the exact orbital

states |ψr⟩, which are by definition eigevectors of F . Then taking the expectation value of

both sides of Eq. (3.12), we obtain

nr =
⟨ψr|G|ψr⟩

⟨ψr|G|ψr⟩+ ⟨ψr|L|ψr⟩
(3.72)

Replacing |ψr⟩ with its perturbative correction gives the occupation to the desired order.
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3.5.7 Two additional non-Hermitian tight-binding models

Non-Hermitian SSH model

In this appendix, we will briefly study one version of the non-Hermitian SSH model initially

considered in Ref. [73]. We will restrict ourselves to the fermionic case, since the analysis

for the bosonic case essentially follows the same logic. To obtain a quantum-mechanically

consistent effective Hamiltonian, we will follow Method 2 and add a minimal amount of loss.

The effective non-Hermitian Hamiltonian reads

ĤSSH
eff =

∑

j

(
w − κ

2
ĉ
†
A,j ĉB,j +

w + κ

2
ĉ
†
B,j ĉA,j)

+
∑

j

(
u+ γ

2
ĉ
†
A,j+1ĉB,j +

u− γ

2
ĉ
†
B,j ĉA,j+1)

−i
∑

j

(Γ +
κ+ γ

2
)(ĉ

†
A,j ĉA,j + ĉ

†
B,j ĉB,j) (3.73)

where A and B label the two sites in a unit cell, w±κ are the intra cell hopping and u±γ the

inter cell hopping. This model is known to exhibit the NHSE for any value of non-reciprocal

hopping (in the sense that the spectrum collapses to a line in the complex plane). Note that

if u = w and γ = κ, we recover the Hatano-Nelson model.

We first wish to describe this model for an infinitely large lattice. Fourier transforming

to momentum space we obtain

ĤSSH
eff =

∑

k

Ĉ
†
kHeff(k)Ĉk (3.74)
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where Ĉ
†
k = (ĉ

†
A,k, ĉ

†
B,k) and

Heff(k) =




−i(Γ + κ+γ
2 ) w−κ

2 + u+γ
2 e−ik

w+κ
2 + u−γ

2 eik −i(Γ + κ+γ
2 )


 (3.75)

is the effective Hamiltonian. There are two bands, and the complex energies are

E±(k) = ±1

2

√
J2 + J̃2 + 2JJ̃ cos

(
k + i(A+ Ã)

)

− i(Γ +
κ+ γ

2
) (3.76)

where J =
√
w2 − κ2, 2A = ln(w + κ)/(w − κ) as before and we have introduced J̃ =

√
u2 − γ2, 2Ã = ln(u+ γ)/(u − γ). Despite the potentially interesting band structure, the

steady state is completely determined by the anti-Hermitian part of the effective Hamiltonian.

As discussed in the main text, the baths can not cause transitions between momentum

eigenstates. In the infinite time limit the only structure that remains in the incoherent

pumping and decay. As before, the most interesting feature of this model is the open-

boundary steady-state occupation.

We would like to argue that the most interesting feature we see in the Hatano-Nelson

model, namely the existence of a large length scale that is directly tied to real-space prop-

agation dynamics, is still present in this generalized model. To this end, we will compare

two different methods for computing ⟨ĉ†
A/B,j

ĉA/B,j⟩ss under open boundary conditions. We

first numerically solve the Lyaponov equation Eq. (3.12), which is straightforward. For the

second method, we will use the formal solution Eq. (3.13) except we will approximate the

open-boundary Green’s function by that of an infinite chain (just as we did in App. 3.5.5).

We therefore first need to find the real-space Green’s funciton for an infinite-sized lattice.
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The momentum- space retarded Green’s function is simply



GR
∞,AA[k;ω] GR

∞,AB [k;ω]

GR
∞,BA[k;ω] GR

∞,BB [k;ω]


 =

1

ω1−Heff(k)

=
1

[(ω + is)2 − 1
4(J

2 + J̃2)− 1
2JJ̃ cos

(
k + i(A+ Ã)

)
]

×




ω + is 1
2(Je

−A + e−ikJ̃eÃ)

1
2(Je

A + eikJ̃e−Ã) ω + is


 (3.77)

where s = Γ + (κ+ γ)/2. Taking the Fourier transform to real space, we obtain



GR
∞,AA[j, p;ω] GR

∞,AB [j, p;ω]

GR
∞,BA[j, p;ω] GR

∞,BB [j, p;ω]


 =

∫ π

−π

dk

2π

eik(j−p)

ω1−Heff(k)

The integral can be computed analytically using the residue theorem. We have

GR
∞,AA[j, p;ω] =

−2ie(j−p)(A+Ã)

JJ̃ sin Q̃[ω]
(ω + is)e−iQ̃[ω]|j−p| (3.78)

GR
∞,BB [j, p;ω] =

−2ie(j−p)(A+Ã)

JJ̃ sin Q̃[ω]
(ω + is)e−iQ̃[ω]|j−p| (3.79)

GR
∞,AB [j, p;ω] =

−ie(j−p)(A+Ã)−A

JJ̃ sin Q̃[ω]
(Je−iQ̃[ω]|j−p|

+J̃e−iQ̃[ω]|j−p−1|) (3.80)
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GR
∞,BA[j, p;ω] =

−ie(j−p)(A+Ã)+A

JJ̃ sin Q̃[ω]
(Je−iQ̃[ω]|j−p|

+J̃e−iQ̃[ω]|j−p+1|) (3.81)

Using these expressions, we can then approximate the real-space steady-state occupation of

this non-Hermitian SSH model as

⟨ĉ†A,j ĉA,j⟩ss ≈ 2Γ
∑

p

∫ ∞

−∞
dω

2π
(|GR

∞,AA[j, p;ω]|2

+|GR
∞,AB [j, p;ω]|2). (3.82)

⟨ĉ†B,j ĉB,j⟩ss ≈ 2Γ
∑

p

∫ ∞

−∞
dω

2π
(|GR

∞,BA[j, p;ω]|2

+|GR
∞,BB [j, p;ω]|2). (3.83)

by numerically computing the integrals over frequency.

In Fig. 3.5 we plot the numerically exact result (which comes from directly solving

Eq. (3.12)), the approximate solution Eqs. (3.82)-(3.83) in addition to the open and pe-

riodic spectrum for a given choice of parameters. There are two salient features. First note

that there is still a large length scale which describes the steady-state occupation, despite the

existence of a dissipative gap of order (κ + γ)/2. The length scale associated with this gap

would only be on the order of a few lattice sites, which is evidently not how ⟨ĉ†j ĉj⟩ss behaves.

Further, seeing as the approximate and exact solutions are nearly identical, it follows that

this length scale is encoded in the the Green’s function for an infinite system, and has nothing

to do with the open-boundary geometry. This once again justifies the approximation that,

in the bulk, the retarded Green’s function is largely unaffected by the NHSE, even though
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the eigenvalues and eigenvectors change dramatically depending on boundary conditions.

Hatano-Nelson with next-nearest neighbour hopping

We now analyze another non-Hermitian tight-binding model: the Hatano-Nelson model with

an additional next- nearest-neighbour (NNN) Hermitian hopping term. Since the anti-

Hermitian part of the effective Hamiltonian is the same as the Hatano-Nelson model we

can use the same set of dissipators. The effective Hamiltonian reads

ĤNNN
eff =

∑

j

(
w + κ

2
ĉ
†
j+1ĉj +

w − κ

2
ĉ
†
j ĉj+1

)

+
T

2

∑

j

(
eiϕĉj+2ĉj + e−iϕĉj ĉj+2

)

− i(Γ + κ)
∑

j

ĉ
†
j ĉj (3.84)

where T is the real hopping amplitude and ϕ an arbitrary real phase. Note that if ϕ ̸= 0, π we

have broken time-reversal symmetry, as the phase ϕ cannot be gauged away. We once again

stress that for periodic boundary conditions, only the dissipation determines the steady state

which is characterized by the momentum-space occupation, see Eq. (3.21). We therefore only

consider the open boundary case.

We know that if the next-nearest-neighbour hopping is zero, the propagation dynamics

favors rightward propagation. The naive assumption is that this still holds for arbitrary T

and ϕ, since the added next-nearest-neighbour hopping does not a priori favor left or right

propagation as it is Hermitian. Using this line of thinking, we would expect particles to

pile up on the right side, just like the original Hatano-Nelson model. In Fig. 3.6 we show

that there exists a set of parameters for which the opposite is true: in the steady state

particles pile up on the left side, but with the same long length scale ξobc ≈ w/(2Γ) as in
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the Hatano-Nelson model. There is still a dissipative gap, and thus the naive expectation

is that the associated length scale is very small. Further, the periodic and open boudnary

spectrum looks nothing like the original Hatnao-Nelson model. How are we to understand

this behavior?

The answer is to consider the dispersion of an infinite-sized chain, which can be readily

found from Eq. (3.84) and gives E(k) = w cos(k) + T cos(2k − ϕ)− iκ(1 + sin k)− iΓ. The

least-damped mode is at k = −π/2, and the corresponding group velocity for the chosen pa-

rameters T = w and ϕ = π/2 is w∂k(cos k)|k=−π/2 + w∂k cos(2k − π/2)|k=−π/2 = −w < 0.

Thus, with the inclusion of the next-nearest neighbour hopping, the least-damped mode

now propagates to the left instead of the right. Further, we can once again estimate the

relevant decay length as the group velocity divided by the residual decay rate Γ and recover

ξobc ≈ w/(2Γ). Note that the right and left eigenvectors of the open chain also resemble

nothing like the steady-state occupation ⟨ĉ†j ĉj⟩ss. With the chosen parameters, about 60%

are localized to the right of the chain, and nearly 40% are localized to the left.

3.6 Steady state for noise with real-space correlations

Here we briefly study a model whose noise matrix G has a non-trivial spatial correlations. As

we have shown in the main text, non-reciprocal dynamics can lead to an interesting steady

state even when the noise is uniform. To disentangle the effects of non-reciprocity and

the possibly interesting consequences of real-space fluctuation correlations, we seek a set of

dissipators and coherent Hamiltonian which give rise to an effective reciprocal Hamiltonian.
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Working with fermionic particles, this can be achieved by choosing

Ĥ =
w

2

∑

j

(
ĉ
†
j+1ĉj + h.c.

)
(3.85)

L̂j =
√
κ
(
ĉj − iĉj+1

)
(3.86)

Ĝj =
√
Γ
(
ĉ
†
j − iĉ

†
j+1

)
(3.87)

and setting the decay and pumping rate to be the same κ = Γ. The effective Hamiltonian

and noise matrix are

Heff = H − i2Γ1 (3.88)

G = −iΓ
∑

j

(|j + 1⟩ ⟨j| − |j⟩ ⟨j + 1|) + 2Γ1 (3.89)

The effective Hamiltonian corresponds to a reciprocal tight-binding model with a uniform

decay rate Γ. The noise matrix also has a similar structure, except the hopping matrix

element is purely imaginary. This leads to an incompatibility between the dynamics and the

noise, which can formally be written as [H ,G] ̸= 0: H and G can not be diagonalized by

a common set of eigenvectors. Consequently, the dynamics can cause transitions between

particles added by the gain baths to any eigenstate of G as is made clear by the formal

solution to the steady-state correlation matrix F in Eq. (3.14).

The discord between the noise and the dynamics leads to a non-trivial steady-state oc-

cupation ⟨ĉ†j ĉj⟩ss as we show in Fig. 3.7. In the bulk, we recover the expected occupation

of half-filling, seeing as we have set κ = Γ. The occupation at the boundaries however is

non-trivial, with an excess of particles at one edge and an equivalently depleted number at

the opposite edge. We stress that this effect can not be attributed to non-reciprocity, as there

is none. In a similar vain, it can not be explained by any novel non-Hermitian phenomena

such as the NHSE: the dynamical matrix H is only trivially non-Hermitian in that it has a
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uniform decay.

The goal of this appendix is not to fully characterize the steady state of this model, but

rather to point out how structured fluctuations can lead to interesting behavior even when

the dynamics are reciprocal. That being said, we can provide a simple intuitive reason as

to why there is an accumulation of particles on one edge and a lack of them on the other.

We first note that the eigenvectors of G are standing-wave states with a center of mass

momentum π/2

〈
j
∣∣Kq

〉
=

√
2

N + 1
ei

π
2 j sinKqj (3.90)

with corresponding eigenvalues

GKq
= 2Γ(1− cosKq). (3.91)

Using the dispersion our system, Eq. (3.90) tells us that the group velocity of a standing

wave with momentum Kq is ∂k(w cos k)|k=π
2±Kq

= −w cosKq. Further, recall that the

eigenvalues of G correspond to the rate at which the baths add particles to the corresponding

eigenstate. Together with Eq. (3.91), we thus see that the baths adds right-moving particles

−w cosKq > 0 at a higher than than left moving particles −w cosKq < 0. This succinctly

explains why, at least qualitatively, there is an population imbalance in the steady state.

The only dimensionless parameter in the problem, w/Γ, also controls a length scale which

determines how the boundary occupation deviates from half-filling. As we increase Γ particles

decay more quickly out of the system, and the number disparity between left-movers and

right-movers because immaterial.
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Fig. 3.5: Top: Periodic (orange) and open (blue) boundary spectrum of the SSH model
described in Eq. (3.73) for w = u = 1, κ = 0, γ = 0.99 and Γ = 0.01 (i.e. only non-reciprocal
hopping on every second bond). The model is known to exhibit the NHSE: all the energies to
collapse to the real line and all right eigenvectors are localized to one side of the chain. The
periodic boundary system has a gap of order Γ, whereas the open chain has a gap of order
(κ+γ)/2. Bottom: Plot of the real-space steady-state occupation ⟨ĉ†j ĉj⟩ss for the parameters
above with N = 200 total sites (100 unit cells). Even and odd sites correspond to the A and
B sublattice degrees of freedom respectively. Despite the large damping gap, there is still
a large length scale which characterizes the steady-state occupation. The numerically exact
method, which we obtain by directly solving the matrix equation Eq. (3.12) is essentially
identical to the solution obtained by approximating the open-boundary Green’s function by
its infinite-system counterpart (see Eqs. (3.82)-(3.83)).
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Fig. 3.6: Top: Periodic (orange) and open (blue) boundary spectrum of the Hatano-Nelson
model with NNN hopping described in Eq. (3.84) for w = T = 1, κ = 0.99, ϕ = π/2 and
Γ = 0.01. Note that the open chain spectrum is only using N = 70 sites, due to numerical
stability issues in computing the eigenvalues. The periodic boundary system has a gap of
order Γ, whereas the open chain gap is of order of magnitude smaller than κ. The system
exhibits the NHSE, with nearly 60% of all right eigenvectors localized to the right, and 40%
localized to the left of the chain under open boundary conditions. Bottom: Plot of the real-
space steady-state occupation ⟨ĉ†j ĉj⟩ss for the Hatano-Nelson model and the Hatano-Nelson
model with NNN hopping with the parameters above for a chain with N = 200 sites. The
two models share the same large length scale ξobc ≈ w/(2Γ) despite having very different
eigenvalues and eigenvectors.
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Fig. 3.7: Steady-state occupation ⟨ĉ†j ĉj⟩ss of a reciprocal tight-binding model with a non-
trivial noise correlation matrix. The effective Hamiltonian and noise are realized with the
coherent Hamiltonian and dissipators Eqs. (3.85-3.87). Despite the lack of non-reciprocity,
there is an accumulation and depletion of particles on opposite ends of the chain. This can
be attributed to non-uniform pumping, which adds right-movers to the chain at a higher
rate than left-movers.
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CHAPTER 4

EXACT SOLUTIONS OF INTERACTING DISSIPATIVE

SYSTEMS VIA WEAK SYMMETRIES

This chapter contains previously-published material found in Ref. ([84]). Reuse is permitted

according to the copyright agreement used by Physical Review Letters.

4.1 Overview of Results

We demonstrate how the presence of continuous weak symmetry can be used to analytically

diagonalize the Liouvillian of a class of Markovian dissipative systems with strong interac-

tions or nonlinearity. This enables an exact description of the full dynamics and dissipative

spectrum. Our method can be viewed as implementing an exact, sector-dependent mean-

field decoupling, or alternatively, as a kind of quantum-to-classical mapping. We focus on

two canonical examples: a nonlinear bosonic mode subject to incoherent loss and pumping,

and an inhomogeneous quantum Ising model with arbitrary connectivity and local dissipa-

tion. In both cases, we calculate and analyze the full dissipation spectrum. Our method is

applicable to a variety of other systems, and could provide a powerful new tool for the study

of complex driven-dissipative quantum systems.

4.2 Introduction

Identifying symmetries provides powerful insights into non-dissipative quantum systems, of-

ten providing a route towards finding exact descriptions of dynamics and thermal states.

The key ingredient is usually the direct connection between the existence of symmetry and

dynamically-conserved quantities. Turning to dissipative (open) quantum systems, the sit-

uation becomes more subtle, as the non-unitary nature of the evolution makes the link

between symmetry and conservation laws less direct (see, e.g. [74, 3, 18, 22, 149, 76]). In
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the typical case of a Markovian system described by a Lindblad master equation, one often

has only a so-called “weak symmetry" [18]. A weak symmetry leaves the full Lindbladian

invariant under a given transformation while changing the system operators which couple

to dissipation (i.e. the jump operators). While this symmetry ensures that the generator

of the dynamics (i.e. the Liouvillian) has a block-diagonal structure, it does not guarantee

the existence of a true conserved quantity. Hence, while such weak symmetries can simplify

numerical calculations [117, 121], they are not a priori a useful tool for obtaining analytic

solutions.

Here, we show that in many cases, the existence of a continuous weak symmetry is

in fact a far more powerful tool that one might initially suspect. We show how a weak

symmetry can be exploited to fully and analytically diagonalize a set of non-trivial Lindblad

superoperators that describe interacting, dissipative quantum systems. As explained below,

this is possible because the weak symmetry makes an unusual kind of mean-field decoupling

exact in each symmetry-constrained block, reducing it to an effective (but unusual) non-

interacting problem (see Fig. 4.1). Alternatively, the solution method can be viewed as a

kind of quantum-to-classical mapping. The underlying mechanism arises in a wide class

of models, but for concreteness, we analyze in detail both a bosonic example (a nonlinear

bosonic mode subject to thermal dissipation), and a dissipative spin model (a quantum Ising

model subject to single-spin dephasing and relaxation). Both these examples are directly

relevant to a variety of systems under active experimental study. Our approach yields closed

form expressions for all eigenvalues and eigenvectors of the Liouvillian, enabling one to clearly

identify structures that would not be apparent otherwise. This diagonalization provides a full

picture of the dissipative dynamics, and also allows the calculation of a variety of observable

quantities (e.g. correlation functions).

We stress that our general method is distinct from approaches used in previous work to

obtain exact descriptions of specific quantum dissipative models, e.g. [1, 30, 31, 103, 23, 24,
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Fig. 4.1: (a) Schematic of the second model analyzed in this work: N two-level systems inter-
act via arbitrary Ising interactions Jij , and are also subject to local dissipation, c.f. Eq. (4.10).
(b) Using weak symmetry, one can make an exact mean-field decoupling for each symmetry-
constrained dynamical sector, leaving one with an easily-solved but unusual independent,
dissipative spin problem. (c) A similar solution method can be used for an incoherently-
driven non-linear bosonic mode (c.f. Eq. (4.1)), enabling an exact calculation of the Liouvil-
lian eigenvalues λm,µ. We plot these here for |m| ≤ 10 and µ ≤ 15. Each color corresponds
to a different value of |m|. By fixing m, the level spacing λm,µ+1 − λm,µ = −κ̃m − iŨm is
constant, reflecting the non-interacting nature of the problem in each symmetry-constrained
block. We work in a rotating frame where ω0 is shifted to 0, and set U = κ, n̄th = 0.1.

129, 132, 88, 10, 37, 98, 124, 123, 114, 19, 99, 115]. Our method provides the exact dissipative

spectrum and eigenvectors, and moreover, presents them in a simple and intuitive form which

is tailor-made to perform analytic computations. This is crucial, as it provides the necessary

starting point if one wants to make use of the burgeoning tool of Lindblad perturbation

theory [71, 72, 47, 4] to more complicated systems.
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4.3 Dissipative Kerr Oscillator

Consider a bosonic mode with a Kerr (or Hubbard) type nonlinearity, subject to Markovian

thermal dissipation. The evolution of the system density matrix ρ̂ is (setting ℏ = 1):

∂tρ̂ = −i[ω0â†â+
U

2
â†â†ââ, ρ̂] + κ(n̄th + 1)D[â]ρ̂

+ κn̄thD[â†]ρ̂ ≡ Lρ̂. (4.1)

Here â is the mode annihilation operator, ω0 (U) is the mode natural frequency (non-

linearity), κ the energy decay rate, and n̄th the bath’s thermal occupation. We define

D[X̂]ρ̂ ≡ X̂ρ̂X̂† − {X̂†X̂, ρ̂}/2. Eq. (4.1) has an obvious weak U(1) symmetry, as it is in-

variant under â→ e−iθâ. This gives L a block-diagonal structure [22, 3, 18, 121, 94], which

has been used previously to simplify numerical calculations [117, 121]. We show below that

something more powerful is possible: despite the nonlinearity, the weak symmetry can also

be used to analytically diagonalize each block and thus all of L. Our analysis complements

and extends previous studies that derive exact results for this model without explicit use

of weak symmetry [103, 31, 23, 24]. In particular, our approach provides simple analytic

expressions for all eigenvalues and eigenvectors of L.

To diagonalize L, we use the formalism of third-quantization [112, 113, 2]; relevant details

can be found in the SM 4.6. One first introduces four new superoperators âL |ρ̂⟩ ≡ |âρ̂⟩,

âR |ρ̂⟩ ≡ |ρ̂â⟩, â†L |ρ̂⟩ ≡ |â†ρ̂⟩, and â
†
R |ρ̂⟩ ≡ |ρ̂â†⟩ which we will refer to as annihilation and

creation superoperators. We will also reserve the bold typeface to indicate a third-quantized

superoperator L → L̂. We can now express our Liouvillian as L̂ = (−iω0+κ/2)1̂+L̂0+L̂int
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where

L̂0 = â†



−iω0 − κ

2 (2n̄th + 1) κn̄th

κ(n̄th + 1) iω0 − κ
2 (2n̄th + 1)


 â (4.2)

L̂int = −iU
2

(
â
†
LâL − âRâ

†
R

)(
â
†
LâL + âRâ

†
R − 1̂

)
(4.3)

correspond to the quadratic and interacting parts of the Linbladian respectively. Here â† =(
â
†
L â

†
R

)
. The quadratic part of the superoperator L̂0 is easily diagonalized via standard

third-quantization techniques [112, 113]. The nonlinear quartic terms however represent a

true interaction of third-quantized bosons, and seemingly destroys exact solvability.

We now exploit the weak symmetry of our system. At the superoperator level, the

weak symmetry corresponds to the invariance of Eq. (4.3) under âL/R → âL/Re
−iθ. The

superoperator generating this effective unitary transformation is â
†
LâL − âRâ

†
R, which im-

mediately implies [L̂, â†LâL − âRâ
†
R] = 0. Standard linear algebra then dictates that L̂ is

block-diagonal in the eigenbasis of â†LâL − âRâ
†
R. We can thus write L̂ =

⊕
m L̂m, where

each block L̂m is indexed by m, an eigenvalue of m̂ ≡ â
†
LâL − âRâ

†
R. A simple calcula-

tion reveals that any outer-product of Fock states |p⟩ ⟨q| is an eigenvector of the generator

m̂ |p⟩ ⟨q| = [â†â, |p⟩ ⟨q|] = m |p⟩ ⟨q| and the corresponding eigenvalue m = p − q ∈ Z char-

acterizes the degree of coherence or off-diagonalness in Fock space. Further, since any outer

product of Fock states of the form |p+ n⟩ ⟨q + n| has the same eigenvalue as |p⟩ ⟨q|, each

block L̂m is infinite in extent.

While weak symmetry provides a block-diagonal structure, we are still left with the

seemingly formidable task of diagonalizing the infinite-dimensional matrix corresponding

to each block; further, apart from m = 0, each block’s form depends on the non-trivial

interaction U . As we now show, surprisingly these remaining tasks can be done exactly. By

definition L̂m, is the full Lindbladian projected onto the subspace spanned by eigenvectors

of m̂ with eigenvalue m. We may thus, in each block L̂m, make the substitution m̂ → m.
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Next, note that the non-linear part of L can be written as

L̂int = −iU
2
m̂× L̂′

0 (4.4)

where L̂′
0 =

(
â
†
LâL + âRâ

†
R − 1̂

)
is quadratic in creation an annihilation superoperators.

Projecting onto the subspace indexed by m, when have L̂int → −iUm/2L̂′
0. We finally

obtain

L̂m = â†



−iUm

2 − κ
2 (2n̄th + 1) κn̄th

κ(n̄th + 1) −iUm
2 − κ

2 (2n̄th + 1)


 â

+ (−i(ω0 − U)m+
κ

2
)1̂. (4.5)

We thus have a crucial first result: in each symmetry-constrained sector, L̂ becomes

quadratic in creation and annihilation superoperators, and can thus be diagonalized exactly.

It is as though a mean-field ansatz has become exact in each block (though note the mean-

field decoupling is block dependent, and results in a Liouvillian that is not in Lindblad

form). We stress that the mere existence of a weak symmetry was not enough for solvability,

as this by itself only guarantees the existence of the block-diagonal structure. Instead, we

also needed the interacting part of the Lindbladian to factor as in Eq. (4.4). Identifying this

general structure is a main result of this work.

As it is quadratic in creation and annihilation superoperators, Eq. (4.5) can be diago-

nalized using conventional third-quantization. One ultimately needs to diagonalize a 2 × 2

matrix in each sector to obtain both the eigenvalues and eigenvectors. We denote the Liou-

villian eigenvalues λm,µ where m labels the different symmetry-constrained blocks (i.e. the

degree of off-diagonalness), and the non-negative integer µ labels eigenmodes in a given

block. It roughly characterizes the average number of particles in the eigenmode. Using the
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above structure (see SM 4.6), we find:

λm,µ = −i
[
ω0 − U +

Ũm
2

(|m|+ 1 + 2µ)

]
m

− 1

2

[
κ̃m(|m|+ 1 + 2µ)− κ

]
(4.6)

where

Ũm = |U | Im
√
(
κ

Um
)2 − 1 + 2i

κ

Um
(2n̄th + 1) (4.7)

κ̃m = κ Re

√
1− (

Um

κ
)2 + 2i

Um

κ
(2n̄th + 1) (4.8)

are renormalized sector-dependent non-linearities and decay rates respectively. Note these

are bounded by κ ≤ κ̃m ≤ κ(2n̄th + 1) and |U | ≤ |Ũm| ≤ |U |(2n̄th + 1). If κ→ 0, Ũm → U ,

whereas for non-zero κ it is temperature dependent. We also see that the effective damping

rate in each sector generically depends on temperature when U ̸= 0. In Fig. 4.1 we plot the

spectrum for |m| ≤ 10 and µ ≤ 15. Expressions for eigenvectors are provided in the SM 4.6.

The ability to analytically describe the eiegenvectors and eigenvalues evidently con-

stitutes a full solution of our system: any quantity we wish to calculate or initial state

we wish to time-evolve can be readily computed using the spectral decomposition of L̂.

This spectral information in and of itself carries a wealth of physically and experimentally

relevant information. We will focus on one such example, the retarded Green’s function

GR(t) ≡ −iΘ(t)⟨[â(t), â†(0)]⟩ which controls how the average value ⟨â(t)⟩ changes in re-

sponse to a weak coherent drive applied at time t = 0. Since ρ̂ss is an incoherent mixture of

Fock states, it is an element of the m = 0 block. Applying â† to either side of the density

matrix raises the coherence by one, and thus excites all m = 1 right eigenvectors. Using the

spectral decomposition of eL̂t, we show in the SM 4.6 that
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GR(t) = −iΘ(t)
e−i(ω0−U)t+κ

2 t

(
cosh

(
κ̃1+iŨ1

2 t
)
+R1 sinh

(
κ̃1+iŨ1

2 t
))2 . (4.9)

where R1 = (κ+ iU(2n̄th+1))/(κ̃1+ iŨ1) in agreement with Ref. [31]. Fourier-transforming

Eq. (4.9) gives us the frequency-resolved Green’s function GR[ω], which can easily be ac-

cesssed in several experimental platforms. In a similar manner, higher-order response func-

tions can be directly tied to eigenvalues and eigenvectors for higher m modes.

While for clarity we have focused here on a single-mode problem, a completely analogous

approach allows one to analytically diagonalize a truly many-body model, where we now

have a set of bosonic modes, each with Kerr nonlinearities and thermal dissipation, coupled

to one another via cross-Kerr interaction of the form Uabâ
†âb̂†b̂. As we show in the SM

4.6, our method applies directly here: in each symmetry-constrained block, the non-trivial

interaction terms become effectively quadratic. We also show this setup remains solvable if

we were to add dephasing to each mode (as described by the dissipators 2κϕ,jD[â
†
j âj ]ρ̂).

4.4 Dissipative Ising Model

We next show that our symmetry-based approach can be used for a completely different kind

of system, namely a dissipative Ising model of N spins. The Lindblad master equation reads

∂tρ̂ = −i
[∑

j<k

Jjkσ̂
z
j σ̂

z
k +

∑

j

hj σ̂
z
j , ρ̂
]
+
∑

j

γ−,jD[σ̂−j ]ρ̂

+
∑

j

γ+,jD[σ̂+j ]ρ̂+
∑

j

γϕ,jD[σ̂zj ]ρ̂ ≡ Lρ̂. (4.10)

It describes N interacting two-level systems with arbitrary Ising couplings Jjk, each with its

own local magnetic field hj . Each spin is also subject to local spin relaxation, pumping, and
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dephasing characterized by the rates γ−,j , γ+,j and γϕ,j respectively.

Note that L is invariant under arbitrary, independent local rotations around the z axis of

each spin, i.e. σ̂±j → e±iθj σ̂±j . There are thus N weak U(1) symmetries, one for each spin,

generated by the superoperators [σ̂zj , ·]/2. Each of these generators has two non-degenerate

eigenvalues mj = ±1 whose eigenvectors are coherences
∣∣↑j
〉 〈

↓j
∣∣ = σ̂+j and

∣∣↓j
〉 〈

↑j
∣∣ = σ̂−j .

There is also a two-fold degenerate eigenvaluemj = 0 with associated population eigenvectors
∣∣↑j
〉 〈

↑j
∣∣ and

∣∣↓j
〉 〈

↓j
∣∣. The Lindbladian necessarily commutes with each generator and thus

takes on a block diagonal form, where each block is indexed by M⃗ = {m1, . . . ,mN}, i.e. the

vector formed by the eigenvalues of the generators. Given that the mj = ±1 eigenvalues

are non-degenerate whereas the mj = 0 eigenvalues are two-fold degenerate, for a specific

block indexed by M⃗ , we can parition our spins into a a set of “frozen" spins (i.e. spins j

with mj = ±1) and “active" spins (i.e. spins j with mj = 0). Within the specific block

described by a given M⃗ , the populations of the active spins can fluctuate. Formally, if we

let ρ̂
M⃗

denote the density matrix projected onto the subspace indexed by M⃗ , then we have

ρ̂
M⃗

= ρ̂froz × ρ̂act

=


 ∏

j frozen

σ̂
mj

j




∑

s⃗act

P (s⃗act) |s⃗act⟩ ⟨s⃗act|


 (4.11)

where s⃗act = {sj | j active} and sj ∈ {↑j , ↓j}. In each block ρ̂
M⃗

factorizes as a product

over coherences ρ̂froz and a classical density matrix ρ̂act described entirely by a probability

distribution P (s⃗act) for a ensemble of two-level systems. If we let z(M⃗) denote the number

of zero eigenvalues of M⃗ , which is by definition the number of active spins, then the size of

the Lindblad block indexed by M⃗ is 2z(M⃗).

Just as in the dissipative non-linear oscillator model, the existence of weak symmetry is

not enough to make the system analytically solvable, as it only guarantees the block diagonal

structure of Eq. (4.11). There are still many blocks whose dimension is exponentially large in

109



the number of spins, encoding what would seem to be a complicated dissipative many-body

problem. Instead, further simplification emerges from the form of the interaction and the

fact that a mean-field decoupling becomes exact in each symmetry sector. We show in the

SM 4.6 that, upon projecting into the subspace indexed by M⃗ , this amounts to making the

replacement

[∑

j<k

Jjkσ̂
z
j σ̂

z
k, ρ̂
]
→ {

∑

j

Jeffj (M⃗)σ̂zj , ρ̂M⃗} (4.12)

where we have defined Jeffj (M⃗) =
∑

k ̸=j Jjkmk. Using Eq. (4.12), we therefore see that

within each block, mean-field theory becomes exact: the spin-spin interaction has been

replaced by a (sector-dependent) static z magnetic field on each spin, Jeffj (M⃗). Combined

with the local nature of the dissipation, it follows that the classical probability describing

the active spin factorizes ρ̂act =
∏

j act

(
p↑,j

∣∣↑j
〉 〈

↑j
∣∣+ p↓,j

∣∣↓j
〉 〈

↓j
∣∣) and the equations of

motion for the coefficients read

∂t



p↑,j

p↓,j


 =



−2iJeffj − γ−,j γ+,j

γ−,j 2iJeffj − γ+,j






p↑,j

p↓,j


 (4.13)

where, for the sake of compactness, we have dropped the M⃗ dependence of Jeffj .

The above exact decoupling has thus allowed us to map a many-body quantum problem

onto an effective classical model of non-interacting spins. To see this explicitly, note that

Eq. (4.13) would correspond precisely to a classical master equation for a two-state system

if not for the strange imaginary terms ∝ Jeffj on the diagonals. These terms also admit

a simple classical interpretation. Consider the random variable ŝj =
∫ t
0 dt

′σ̂zj (t
′), i.e. the

integral of the classical telegraph fluctuations of spin j. We can now interpret 2Jeffj as a

conjugate variable to this stochastic quantity (i.e. a so-called “counting field"). Viewed as a

function of 2Jeffj , the solution to Eq. (4.13) allows us to obtain the time-dependent moment-
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generating function of ŝj , i.e. Λ[2Jeffj ] =
∫
dsjP (sj)e

−2iJeff
j sj . In a concrete sense, one

concludes that the frozen spins are measuring the classical fluctuations of the active spins at

a rate determined by Jij . The upshot is that our solution method can be viewed as having

made a quantum-to-classical mapping in each symmetry-constrained block.

The above exact decoupling of spins in each symmetry block immediately implies that

all Liouvillian eigenvalues can be written as a sum over single-spin eigenvalues λj(M⃗). A

simple calculation yields

λj(M⃗) =





∓i2hj − Γj − 2γϕ,j , j frozen

−Γj ±
√

Γ2j − 4Jeffj (Jeffj + iηj), j active

(4.14)

with Γj = (γ+,j+γ−,j)/2 and ηj = (γ+,j−γ−,j)/2. Equation (4.14) tells us that coherences
∣∣↓j
〉 〈

↑j
∣∣ and

∣∣↑j
〉 〈

↓j
∣∣ behave as expected: they oscillate with a frequency controlled by the

local magnetic field and decay at a rate set by the local dephasing and relaxation processes,

independently of all other spins. Populations however both decay and oscillate depending on

the strength of the counting field 2Jeff relative to the strength of the relaxation processes.

The right and left eigenvectors factorize in a similar way, and one only needs to solve a 2× 2

matrix eigenvalue problem to determine their form. As such, we leave those details to the

SM 4.6.

With both the eigenvectors and eigenvalues, we can again compute any physical quantity

of interest for this model. In the SM 4.6, we provide an example of this, for the case

where all spins are initially all pointing along the x direction. Analogous quantities were

calculated in Ref. [36] using an alternative method. Our approach greatly simplifies the

calculation, and also allows insights not possible using the trajectory method of Ref. [36],

as we have access to the full dissipation spectrum. For example, we find that our many-

body Liouvillian can exhibit an exceptional point (EP) structure (see SM 4.6), wherein the

dynamics are exceptionally sensitive to small parameter changes. Such Lindblad EPs have
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been the subject of considerable recent interest [56, 95, 7], though there are few truly many-

body examples. Our approach can also be used to analytically find the full time-evolved

many-body density matrix ρ̂(t) for an arbitrary initial condition (which would be difficult

if not impossible to do using trajectories). Finally, as shown in the SM 4.6, our method is

also applicable to the situation where there the magnetic fields and Ising couplings are time-

dependent; the symmetry and effective mean-field decoupling structure of the interaction

remain intact. This greatly reduces the numerical cost of time-evolving the density matrix

and could be used to address problems where the couplings and magnetic fields are random.

Similar to our discussion of the dissipative nonlinear bosonic model earlier, we have for

clarity sketched the simplest non-trivial dissipative spin model where our symmetry-based

solution method holds. The effective quantum-to-classical mapping we have established is

in fact valid for a large class of dissipative spin models. For example, there are still N

weak U(1) symmetries if we add to our model correlated spin-loss or flips for an arbitrarily

large number of spins such as, e.g. D[σ̂−j σ̂
+
k ]. The block-diagonal decomposition Eq. (4.11)

thus follows, as does the mean-field replacement Eq. (4.12). The only difference is that

classical probability distribution describing the active spins does not factorize; nevertheless

the equations of motion in each block is exactly equivalent to a classical master equation of

correlated spins with a counting field for each spin Jeffj . This suggests that our approach

could be a powerful means to attack a range of dissipative spin models.

4.5 Summary and future directions

Our work shows how continuous weak symmetries can enable the analytic solution of a wide

class of interacting dissipative quantum models. While we analyzed to specific examples (one

bosonic, the other spin-based), we stress that the method could be applied to a variety of

other systems. It also provides a powerful starting point for systematic approximation meth-

ods for systems with additional terms that break the relevant weak symmetry. For example,
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as our approach provides simple analytic expressions for all eigenvalues and eigenvectors, it

could be directly combined with Lindblad perturbation theory [71, 72, 47]. In future work,

it would be interesting to reformulate the general structure we have exploited here in terms

of a dissipative Keldysh action [126, 58]; this could enable an extension of our method to

non-Markovian dissipative systems.

4.6 Supplementary Material

4.6.1 Eigenvectors and eigenvalues of incoherently-driven non-linear

oscillator Lindbladian

In this section, we find the eigenvectors and eigenvalues of the incoherently-driven non-

linear oscillator, whose third quantized form is given by Eqs (1)-(2) in the main text. As we

then explain in the subsequent discussion following this equation, one can make use of the

U(1) symmetry to reduce the problem to a quadratic one in each block L̂m by making the

substitution â
†
LâL − âRâ

†
R → m. Using commutation relations [âL, â

†
L] = −[âR, â

†
R] = 1̂

along with the fact that any superoperator which acts on the left commutes with those acting

on the right, we get

L̂m =
(
−i(ω0 − U)m+

κ

2

)
1̂+ κ(n̄th + 1)â

†
RâL + κn̄thâ

†
LâR

+ (−iU
2
m− κ

2
(2n̄th + 1))

(
â
†
LâL + â

†
RâR

)
. (4.15)

Following standard third-quantization, we first want to find a set of superoperators which

satisfy

[L̂m, ĉ
†
+,m] = −Γm

2
ĉ
†
+,m, [L̂m, d̂+,m] =

Γm
2

d̂+,m (4.16)

[L̂m, ĉ−,m] = −Γm
2

ĉ−,m, [L̂m, d̂
†
−,m] =

Γm
2

d̂
†
−,m. (4.17)
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In addition, the only non-vanishing commutation relation between these superoperators

should be

[d̂+,m, ĉ
†
+,m] = [ĉ−,m, d̂

†
−,m] = 1̂. (4.18)

Making an ansatz that ĉ−,m and d̂+,m are linear combinations of âL and âR whereas ĉ†+,m

and d̂
†
−,m are linear combinations of â†L and â

†
R, we can use the superoperator commutation

relation to turn Eqs. (4.16)-(4.17) into a 2 × 2 matrix eigenvalue problem. These can be

readily solved and gives

Γm =
√
κ2 − U2m2 + 2iκUm(2n̄th + 1) (4.19)

Note that we always choose the branch cut of the square root such that ReΓm > 0. We can

then define



d̂+,m

ĉ−,m


 =

1√
2



A+,m −A−,m

B−,m −B+,m






âL

âR


 (4.20)



d̂
†
−,m

ĉ
†
+,m


 =

1√
2



−A−,m A+,m

B+,m −B−,m






â
†
L

â
†
R


 (4.21)

where

Am,± =
1

2Γm
(iUm± (Γm + κ) + 2κ(2n̄th + 1)) Bm,± =

1

Γm + κ
(Γm + κ± iUm) (4.22)

as the superoperators which satisfy Eqs. (4.16-4.18). Expressing L̂m in this new basis, we

obtain

L̂m =

(
−i(ω0 − U)m− (Γm − κ)

2

)
1̂− Γm

2

(
ĉ
†
+,md̂+,m − ĉ−,md̂

†
−,m

)
. (4.23)
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We now want to find the right and left “vacuum” of each sector, that is to say operators

which satisfy

d̂+,m
∣∣0̂rm

〉
= d̂

†
−,m

∣∣0̂rm
〉
= 0, (4.24)

〈
0̂lm

∣∣∣ ĉ†+,m =
〈
0̂lm

∣∣∣ ĉ−,m = 0. (4.25)

Using the definitions Eqs. (4.20)-(4.21), one can easily demonstrate that these states are

Gaussian

0̂rm = (1− e−βrm(e−βlm)∗)
∞∑

n=0

e−βrmn |n⟩ ⟨n| (4.26)

(0̂lm)† =
∞∑

n=0

(e−βlmn)∗ |n⟩ ⟨n| (4.27)

with complex Boltzmann factors defined as

e−βrm =
iUm− (Γm + κ) + 2κ(2n̄th + 1)

iUm+ (Γm + κ) + 2κ(2n̄th + 1)
, (4.28)

(e−βlm)∗ =
Γm + κ− iUm

Γm + κ+ iUm
. (4.29)

The normalization is chosen such that ⟨0̂lm|0̂rm⟩ = Tr
(
0̂lm

)†
0̂rm = 1. Further, note that in

the limit U → 0 (or in the m = 0 sector) we recover 0̂rm → ρ̂ss, 0̂
l
m → 1̂ where ρ̂ss is the

steady state, i.e. the Gaussian state with zero mean an average occupation n̄th.

With these “vacuum” states and the compact form of L̂m provided in Eq. (4.23), we are
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now in a position to describe the eigenvectors and eigenvalues of L̂. They are given by

∣∣r̂m,µ
〉
=

1√
µ!(µ+ |m|)!





(ĉ
†
+,mĉ−,m)µ(ĉ

†
+,m)m

∣∣0̂rm
〉
, m ≥ 0

(ĉ
†
+,mĉ−,m)µ(−ĉ−,m)−m

∣∣0̂rm
〉
, m < 0

(4.30)

⟨l̂m,µ| =
1√

µ!(µ+ |m|)!





〈
0̂lm

∣∣∣ (d̂+,m)m(−d̂
†
−,md̂+,m)µ, m ≥ 0

〈
0̂lm

∣∣∣ (d̂†−,m)−m(−d̂
†
−,md̂+,m)µ, m < 0

(4.31)

and have the corresponding eigenvalues are

λm,µ = −i(ω0 − U)m− (Γm − κ)

2
− Γm

2
(|m|+ 2µ) . (4.32)

which is identical to the result in the main text once we correctly identify the renormalized

decay rate and non-linearity as κ̃m = ReΓm and Ũm = ImΓm. To arrive at this result,

we must first remember that by definition L̂m is the full Lindbladian projected onto the

subspace spanned by eigenvectors of â
†
LâL − âRâ

†
R with an eigenvalue of m. Using the

commutation relations

[â
†
LâL − âRâ

†
R, âL/R] = −âL/R (4.33)

[â
†
LâL − âRâ

†
R, â

†
L/R

] = â
†
L/R

(4.34)

we see that âL/R and â
†
L/R

lowers or raises the eigenvalue m by one respectively. The same is

then true of ĉ−,m, d̂+,m and ĉ
†
+,m, d̂

†
−,m respectively. Both

∣∣0̂rm
〉

and ⟨0̂lm| are a linear com-

bination of Fock state projectors, and they are therefore elements of the m = 0 subspace. By

construction, the left and right eigenvectors thus satisfy (â
†
LâL − âRâ

†
R)
∣∣r̂m,µ

〉
= m

∣∣r̂m,µ
〉
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and ⟨l̂m,µ|(â†LâL − âRâ
†
R) = m⟨l̂m,µ|. It then follows that

L̂
∣∣r̂m,µ

〉
= L̂m

∣∣r̂m,µ
〉

(4.35)

⟨l̂m,µ|L̂ = ⟨l̂m,µ|L̂m. (4.36)

We can then use Eq. (4.23), the commutation relations Eq. (4.18) and the defining property

of
∣∣0̂rm

〉
and ⟨0̂lm| in Eqs. (4.24)-(4.25) to show that

∣∣r̂m,µ
〉

and ⟨l̂m,µ| are the eigenvectors of

L̂ with eigenvalues λm,µ. Further, using the same commutation relations in Eq. (4.18) and

the normalization ⟨0̂lm|0̂rm⟩ = 1 one can show the normalization convention we have chosen

is such that the biorthogonality condition

⟨l̂m′,µ′|r̂m,µ⟩ = δm,m′δµ,µ′ (4.37)

is satisfied.

Note that we readily obtain a simple intuituve result rule by Taylor expanding the eigen-

values and eigenvectors to first order in κ and n̄th. We first note that when n̄th → 0 and

n̄th, the “vacuum" states in each sector coincide with the vacuum state projector

lim
n̄th→0,κ→0

0̂rm = lim
n̄th→0,κ→0

(0̂lm)† = |0⟩ ⟨0| . (4.38)

Another simple calculation yields, in the same limit,

lim
n̄th→0,κ→0



d̂+,m

ĉ−,m


 =




1√
2

0

0 −
√
2






âL

âR


 (4.39)

lim
n̄th→0,κ→0



d̂
†
−,m

ĉ
†
+,m


 =




0 1√
2√

2 0






â
†
L

â
†
R


 . (4.40)

Using the definition of the right and left eigenvectors Eqs. (4.30)-(4.31), we recover the fact
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that the right and left eigenvectors are Fock state projectors (up to an irrelevant normaliza-

tion factor):

lim
n̄th→0,κ→0

r̂m,µ = (−1)µ(
√
2)2µ+|m|





|µ+ |m|⟩ ⟨µ| , m ≥ 0

|µ⟩ ⟨µ+ |m|| , m < 0

(4.41)

lim
n̄th→0,κ→0

l̂
†
m,µ = (−1)µ(

√
2)−2µ−|m|





|µ⟩ ⟨µ+ |m|| , m ≥ 0

|µ+ |m|⟩ ⟨µ| , m < 0

(4.42)

We can then use Lindblad perturbation theory [71, 72] to compute the decay rate −Reλm,µ

to first order in κ. If we let V̂ denote the part of the full Lindblad superoperator which

describes dissipation, then can write the first order correction to the eigenvalues in complete

analogy to standard first-order perturbation theory

Reλm,µ = ⟨l̂m,µ|V̂
∣∣r̂m,µ

〉
+O(κ2)

= −κ(n̄th + 1)
2µ+ |m|

2
− κn̄th(

2µ+ |m|
2

+ 1) +O(κ2) (4.43)

which agrees with Eq. (4.32) upon expanding Γm to first order. The first term is simply

the average of the Fermi’s Golden rule decay rate of the Fock states |µ+ |m|⟩ and |µ⟩ with

the appropriate stimulated emission factor. The second term is the average decay rate of

|µ+ |m|+ 1⟩ and |µ+ 1⟩ with the stimulated absorption term n̄th. We also note, as we do

in the main text, that this provides an upper bound to the renormalized sector-dependent

decay rates κ̃m as show in Fig. 4.2

4.6.2 Retarded response function

Here we analytically find the retarded Green’s function of the thermal Kerr oscillator. If

we recall the definition of the third-quantized inner product ⟨B̂|Â⟩ ≡ Tr B̂†Â and the an-
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Fig. 4.2: Renormalized decay rate κ̃m as a function ofm for various values of U and n̄th = 0.1.
For κ≪ Um, one reaches the upper bound of the renormalized decay rate κ̃m ≲ κ(2n̄th+1)
(see Sec. I of the SM for details).

nihilation and creation superoperators âL |ρ̂⟩ ≡ |âρ̂⟩, âR |ρ̂⟩ ≡ |ρ̂â⟩, â
†
L |ρ̂⟩ ≡ |â†ρ̂⟩, and

â
†
R |ρ̂⟩ ≡ |ρ̂â†⟩ then with the help of the quantum regression theorem we can write

GR(t) = −iΘ(t)⟨[â(t), â†(0)]⟩ (4.44)

= −iΘ(t)
(
⟨1̂|âLeL̂tâ

†
L|ρ̂ss⟩ − ⟨1̂|âReL̂tâ

†
R|ρ̂ss⟩)

)
(4.45)

Using the spectral decomposition of L̂, we can write the propegator as

eL̂t =
∞∑

m=−∞

∞∑

µ=0

eλm,µt|r̂m,µ⟩⟨l̂m,µ| (4.46)

Recall the both |ρ̂ss⟩ and ⟨1̂|, being a sum of Fock state projectors, are elements of the m = 0

subspace. From Eqs. (4.34)-(4.33), it follows that â†
L/R

|ρ̂ss⟩ and ⟨1̂|âL/R belong in the m = 1

subspace and are thus orthogonal to all right and left eigenvectors for which m ̸= 1. Using
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Eqs. (4.30)-(4.31) we have

GR(t) = −iΘ(t)
∞∑

µ=0

eλ1,µt
(
⟨1̂|âL|r̂1,µ⟩⟨l̂1,µ|â†L|ρ̂ss⟩ − (âL → âR)

)

= −iΘ(t)
∞∑

µ=0

eλ1,µt(−1)µ

µ!(µ+ 1)!

(
⟨1̂|âL(ĉ†+,1)

µ+1(ĉ−,1)
µ|0̂r1⟩⟨0̂l1|(d̂+,1)

µ+1(d̂
†
−,1)

µâ
†
L|ρ̂ss⟩

− (âL → âR)

)
. (4.47)

To evaluate these matrix elements, we must use the fact that 0̂rm and 0̂lm are generalized

Gaussian operators. Thus, one can use the Baker-Campbell-Hausdorff formula (or via direct

computation) to write

â
†
R|0̂

r
m⟩ = |0̂rmâ†⟩ = e−βrm |â†0̂rm⟩ = e−βrmâ

†
L|0̂

r
m⟩ (4.48)

⟨0̂lm|âR = ⟨0̂lmâ†| = ⟨â0̂lm|(e−βlm)∗ = ⟨0̂lm|âL(e−βlm)∗ (4.49)

where the complex Boltzmann factors are defined in Eqs. (4.28)-(4.29). From the definition

of ĉ−,m, ĉ
†
+,m, d̂+,m and d̂

†
−,m we then have

⟨1̂|âL(ĉ†+,1)
µ+1(ĉ−,1)

µ|0̂r1⟩ =
(
−i

√
2U

Γ1 + κ

)µ(
Γ1 + κ+ iU√
2(Γ1 + κ)

[
1− e−βr1(e−βl1)∗

])µ+1

× ⟨(â†)µ+1|(â†)µ+10̂r1⟩ (4.50)

⟨0̂l1|(d̂+,1)
µ+1(d̂

†
−,1)

µâ
†
L|ρ̂ss⟩ =

(
1√
8Γ1

[iU + Γ1 + κ+ 2κ(2n̄th + 1)] (1− e−βr1(e−βl1)∗)
)µ+1

×
( −1√

8Γ1
[iU − Γ1 − κ+ 2κ(2n̄th + 1)] (1− eβ

r
1eβ)

)µ

⟨(â†)µ+10̂l1|(â†)µ+1ρ̂ss⟩ (4.51)
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We can also readily compute the remaining overlaps as

⟨(â†)µ+1|(â†)µ+10̂r1⟩ = Tr
(
âµ+1(â†)µ+10̂r1

)
=

∞∑

n=0

(n+ 1) · · · (n+ µ+ 1)e−βr1n

(1− e−βr1(e−βl1)∗)−1

= (µ+ 1)!
(1− e−βr1(e−βl1)∗)
(1− e−βr1)µ+2

(4.52)

⟨(â†)µ+10̂l1|(â†)µ+1ρ̂ss⟩ = Tr
(
(0̂l1)

†âµ+1(â†)µ+1ρ̂ss

)

= (µ+ 1)!
1− e−β

(1− e−β(e−βl1)∗)µ+2
(4.53)

Putting all of this together after some straightforward but algebra, we obtain

⟨1̂|âL(ĉ†+,1)
µ+1(ĉ−,1)

µ|0̂r1⟩⟨0̂l1|(d̂+,1)
µ+1(d̂

†
−,1)

µâ
†
L|ρ̂ss⟩ = ((µ+ 1)!)2

4(n̄th + 1)

(1 +R1)2

(
1−R1

1 +R1

)µ

(4.54)

where, as in the main text,

R1 =
κ+ iU(2n̄th + 1)

κ̃1 + iŨ1
(4.55)

with κ1 = Re Γ1 and Γ̃1 = Im Γ1. Using ⟨1̂|âL = ⟨1̂|âR and â
†
R|ρ̂ss⟩ = n̄th/(n̄th + 1)â

†
L|ρ̂ss⟩

we also immediately obtain

⟨0̂l1|(d̂+,1)
µ+1(d̂

†
−,1)

µâ
†
L|ρ̂ss⟩ = ((µ+ 1)!)2

4n̄th
(1 +R1)2

(
1−R1

1 +R1

)µ

. (4.56)
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Thus, the retarted Green’s function takes the form

GR(t) = −iΘ(t)e−i(ω0−U)t+κ
2 t

4

(R1 + 1)2

∞∑

µ=0

(µ+ 1)e−(κ̃1+iŨ1)(µ+1)t
(
R1 − 1

R1 + 1

)µ

= −iΘ(t)
e−i(ω0−U)t+κ

2 t

(
cosh

(
κ̃1+iŨ1

2 t
)
+R1 sinh

(
κ̃1+iŨ1

2 t
))2 (4.57)

which is identical with Eq. (9) in the main text, and matches the result in Ref. [31].

4.6.3 Extending the method to interacting oscillators and dephasing

Here, we will briefly explain how our solution technique is also applicable to the case where

several oscillators are subject to a density-density interaction. For the sake of clarity, we

will focus on the case where there are only two oscillators with mode annihilation operators

â and b̂; the generalization to an arbitrary number of oscillators readily follows. The master

equation reads

∂tρ̂ = (La + Lb)ρ̂− iUab[â
†âb̂†b̂, ρ̂] (4.58)

where La and Lb are the superoperators which describe the uncoupled non-linear oscillators

as in Eqs (1)-(2) of the main text, which we already know how to diagonalize. Crucially the

weak symmetries that allowed us to solve the Uab = 0 case are still present. The eigenstates

are thus labelled by ma and mb, which are the integer eigenvalues of the superoperators

[â†â, ·] and [b̂†b̂, ·] respectively. To see why this proves useful, note that we can use standard

commutator rules to write the density-density interaction as

Uab[â
†âb̂†b̂, ρ̂] =

Uab
2

(
{â†â, [b̂†b̂, ρ̂]}+ {b̂†b̂, [â†â, ρ̂]}

)
(4.59)
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Projecting Eq. (4.59) onto the fixed ma, mb subspace ρ̂ma,mb we then obtain

Uab[â
†âb̂†b̂, ρ̂] → Uabmb

2
{â†â, ρ̂ma,mb}+

Uabma

2
{b̂†b̂, ρ̂ma,mb} (4.60)

There are thus two salient features that emerge once we coupled several oscillators via a

density-density interaction. The first is that once we project onto the blocks indexed by the

coherence numbers, the problem reduces to an effectively quadratic one. Further, we also

see that mean field theory becomes exact within each block: the a oscillator only affects the

b oscillator through the number ma and vice-versa. The eigenvectors and eigenvalues can

readily be found via the using third-quantization and the procedure presented in Sec. 4.6.1.

This reasoning applies to an arbitrary number of oscillators, as long as they each coupled to

their own independent Markovian environment.

Introducing dephasing still makes this problem solvable, and in fact proves to be trivial

using our method. Indeed, not only is the weak U(1) symmetry still present, but upon

projecting onto the fixed ma subspace, it is found that the dephasing superoperator can be

replaced by a number:

2κϕD[â†â]ρ̂ = −κϕ,a[â†â, [â†â, ρ̂]] → −κϕm2ρ̂m. (4.61)

Thus, dephasing only shifts the eigenvalues by −κϕm2, whereas the eigenvectors do not

change.
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4.6.4 Eigenvectors and eigenvalues of the dissipative Ising model

We now analytically find the eigenvalues and eigenvectors of the dissipative Ising model as

written in Eq. (12) in the main text. Introducing the superoperators

σ̂−
L,j |ρ̂⟩ ≡ |σ̂−j ρ̂⟩, σ̂−

R,j |ρ̂⟩ ≡ |ρ̂σ̂−j ⟩ (4.62)

σ̂+
L,j |ρ̂⟩ ≡ |σ̂+j ρ̂⟩, σ̂+

R,j |ρ̂⟩ ≡ |ρ̂σ̂+j ⟩ (4.63)

σ̂z
L,j |ρ̂⟩ ≡ |σ̂zj ρ̂⟩, σ̂z

R,j |ρ̂⟩ ≡ |ρ̂σ̂zj ⟩ (4.64)

one can write the third-quantized form of the Lindbladian as

L̂ = −i
∑

j<k

Jjk

(
σ̂z
L,jσ̂

z
L,k − σ̂z

R,jσ̂
z
R,k

)
− i
∑

j

hj

(
σ̂z
L,j − σ̂z

R,j

)

+
∑

j

γ−,j

(
σ̂−
L,jσ̂

+
R,j −

1

2
(σ̂+

L,jσ̂
−
L,j + σ̂−

R,jσ̂
+
R,j)

)

+
∑

j

γ+,j

(
σ̂+
L,jσ̂

−
R,j −

1

2
(σ̂−

L,jσ̂
+
L,j + σ̂+

R,jσ̂
−
R,j)

)
+
∑

j

γϕ,j

(
σ̂z
L,jσ̂

z
R,j − 1̂

)
. (4.65)

Note that our conventions imply [σ̂−
L,j , σ̂

+
L,j ] = σ̂z

L,j and [σ̂−
R,j , σ̂

+
R,j ] = −σ̂z

R,j . Further,

these superoperators inherent some of the properties of spin raising and lowering opera-

tors, such as (σ̂−
L/R,j

)2 = (σ̂+
L/R,j

)2 = 0 and {σ̂−
L/R,j

, σ̂+
L/R,j

} = (σ̂z
L/R

)2 = 1̂. In this

model there are N weak U(1) symmetries, one for each spin. Since the master equa-

tion is invariant under σ̂−j → e−iθj σ̂−j , the third-quantized version of the Lindbladian is

unchanged when making the transformation σ̂−
L/R,j

→ e−iθj σ̂−
L/R,j

. Using the superop-

erator commutation relations, one can show that the corresponding unitary operator is

e
iθj/2(σ̂

z
L,j−σ̂z

R,j)σ̂−
L/R,j

e
−iθj/2(σ̂

z
L,j−σ̂z

R,j) = e−iθj σ̂−
L/R,j

. The Lindbladian therefore com-

mutes with each generator, and thus can be written in block-diagonal form L̂ =
⊕

M⃗
L̂
M⃗

where M⃗ = {m1, . . . ,mN} is a list indexing each block whose elements mj are eigenavlues of

(σ̂z
L,j − σ̂z

R,j)/2. The generators have two non-degenerate eigenvalues mj = 1 and mj = −1
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with associated eigenoperator
∣∣↑j
〉 〈

↓j
∣∣ and

∣∣↓j
〉 〈

↑j
∣∣ respectively, in addition to a two-fold

degenerate eigenvalue mj = 0 with eigenoperators
∣∣↑j
〉 〈

↑j
∣∣ and

∣∣↓j
〉 〈

↓j
∣∣. The size of the

block L̂
M⃗

is thus 2z(M⃗) where z(M⃗) is the number of zero eigenvalues in the list M⃗ .

Now we wish to use the main idea of this work presented in the main text: once we

replace the generators by their eigenvalues in a given subspace, mean-field theory becomes

exact. To that end, using the property (σ̂z
L/R

)2 = 1̂, we can write

σ̂z
L,jσ̂

z
L,k − σ̂z

R,jσ̂
z
R,k =

1

2

(
(σ̂z

L,j + σ̂z
L,k)

2 − (σ̂z
R,j + σ̂z

R,k)
2
)

=
1

2

(
σ̂z
L,j − σ̂z

R,j + σ̂z
L,k − σ̂z

R,k

)(
σ̂z
L,j + σ̂z

R,j + σ̂z
L,k + σ̂z

R,k

)
.

(4.66)

Projecting L̂ onto the subspace indexed by M⃗ = {m1, . . . ,mN}, we can then replace the

generators by their eigenvalue (σ̂z
L,j − σ̂z

R,j)/2 → mj . Within this subspace, the interaction

then takes the form

∑

j<k

Jjk(mj +mk)
(
σ̂z
L,j + σ̂z

R,j + σ̂z
L,k + σ̂z

R,k

)
=
∑

j

Jeffj (M⃗)
(
σ̂z
L,j + σ̂z

R,j

)
(4.67)

where as in the main text we have defined

Jeffj =
∑

k ̸=j

Jjkmk. (4.68)

The exactness of mean-field theory in each block thus implies that we are now tasked with

finding the eigenvalues of N pseudo-Liouvillians which act independently on each spin:

L̂
M⃗

=
∑

j

L̂j(M⃗). (4.69)
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The form of L̂j(M⃗) follows immediately from Eq. (4.65) and Eq. (4.67). As discussed in the

main text, the fact that the mj = ±1 eigenvalues are non-degenerate whereas the mj = 0 are

immediately implies that there are a set of frozen and active spins described by populations

and coherence’s respectively. Since the mj = 0 eigenvalues are two-fold degenerate, we need

another list χ⃗ = {χj | j frozen} of size z(M⃗) to label the eigenvectors and eigenvalues in each

block where χj = ±. The right and left eigenvectors can thus be written as

|r̂
M⃗,χ⃗

⟩ = |r̂froz × r̂act⟩ = |


 ∏

j frozen

σ̂
mj

j




 ∏

j active

(
r↑,χj

∣∣↑j
〉 〈

↑j
∣∣+ r↓,χj

∣∣↓j
〉 〈

↓j
∣∣
)

⟩

(4.70)

⟨l̂
M⃗,χ⃗

| = ⟨l̂froz × l̂act| = ⟨


 ∏

j frozen

σ̂
mj

j




 ∏

j active

(
l↑,χj

∣∣↑j
〉 〈

↑j
∣∣+ l↓,χj

∣∣↓j
〉 〈

↓j
∣∣
)

 |

(4.71)

where, for the sake of compactness, we have dropped the explicit M⃗ dependence of r↑/↓,χj

and l↑/↓,χj
. The eigenvalues can then be written as

λ
M⃗,χ⃗

=
∑

j

λj(M⃗, χj) (4.72)

For frozen spins, one does not need to solve an eigenvalue problem: to obtain λj(M⃗, χj) one

must simply apply L̂j(M⃗) to the coherences and obtain the eigenvalue Eq. (16) in the main

text. A simple calculation reveals that the eigenvectors and eigenvalues of the active spins

satisfy:



−2iJeffj (M⃗)− γ−,j γ+,j

γ−,j 2iJeffj (M⃗)− γ+,j






r↑,χj

r↓,χj


 = λj(M⃗, χj)



r↑,χj

(M⃗)

r↓,χj
(M⃗)


 , (4.73)
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

−2iJeffj (M⃗)− γ−,j γ−,j

γ+,j 2iJeffj (M⃗)− γ+,j






l∗↑,χj

l∗↓,χj


 = λj(M⃗, χj)



l∗↑,χj

l∗↓,χj


 . (4.74)

The above equations are readily solved, and we obtain

r↑,± =
ηj(Γj + ηj)

Γj

(
2(ηj − iJeffj )) + Γj ∓

√
Γ2j − 4Jeffj (Jeffj + iηj)

) (4.75)

r↓,± =
ηj(Γj − ηj)

Γj

(
2(ηj − iJeffj ))− Γj ±

√
Γ2j − 4Jeffj (Jeffj + iηj)

) (4.76)

l∗↑,± = ± Γj
2ηj

2(ηj − iJeffj )− Γj ±
√

Γ2j − 4Jeffj (Jeffj + iηj)
√
Γ2j − 4Jeffj (Jeffj + iηj)

(4.77)

l∗↓,± = ± Γj
2ηi

2(ηj − iJeffj ) + Γj ∓
√
Γ2j − 4Jeffj (Jeffj + iηj)

√
Γ2j − 4Jeffj (Jeffj + iηj)

(4.78)

where as in the main text Γj = (γ+,j + γ−,j)/2, ηj = (γ+,j − γ−,j)/2 The normalization has

been chosen such that the biorthogonality condition

⟨l̂
M⃗ ′,S⃗′|r̂M⃗,S⃗

⟩ = δ
M⃗,M⃗ ′δS⃗,S⃗′ (4.79)

is satisfied. Further, we have also chosen the normalization such that the steady state has

unit trace. The corresponding eigenvalues are then found to match those found in Eq. (16)

in the main text.

We end this section by pointing out the existence of several exceptional points (EP) in this

model. An EP occurs when both the eigenvalues and eigenvectors of a non-Hermitian matrix

coalesce, thus rendering it undiagonalizable [50]. The order of the degeneracy is know as the

order of the EP, and it is well-know that at an EP, the spectrum is exceptionally sensitive to
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Fig. 4.3: Select eigenvalues of the dissipative Ising Lindbladian as written in Eq. (4.65) at
an EP (γ+,j = γ−,j = 1 and J = 0.5) and near an EP (γ+,j = 1.05, γ−,j = 1 and J = 0.5).
The perturbation δγ+ = 0.05 causes a much larger shift of the eigenvalues on the order of√
δγ+ = 0.22.

perturbations ϵ of certain parameters, where the change of the eigenvalues scale like (ϵ)1/n

[50]. Since our problem reduces to a solving a set of 2 × 2 matrices, it is clear that we can

have at most second-order EPs. It is easy to see that these necessarily occur when

√
Γ2j − 4Jeffj (Jeffj + iηj) = 0 =⇒ ηj = (γ+,j − γ−,j)/2 = 0 and Γj = ±2Jeffj . (4.80)

To obtain an EP, the incoherent pumping and decay rate must therefore be the same. One

way to obtain a large number of second-order EP’s is then to make both the incoherent

pumping and decay uniform γ+,j = γ−,j = Γj = γ and set all the coherent interaction terms

to be uniform as well Jjk = J = γ/2. Then Jeffj = J
∑

m̸=kmk and we obtain a set of EPs

when
∑

m ̸=kmk = ±1. In Fig. (4.3) we plot the spectrum near and at an EP. We see that

the small perturbation induces a large change in the eigenvalues.

4.6.5 Decay of single-spin coherence in the dissipative Ising model

In this section we compute the single-spin coherence ⟨σ̂+j (t)⟩ using the eigenvalue and eigen-

vector decomposition of the Lindbladian discussed in the previous section, assuming that all
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spins at time t = 0 are initially in the x direction. Using third-quantized notation, we have

⟨σ̂+j (t)⟩ = ⟨1̂|σ̂+
L,je

L̂t|ρ̂(0)⟩ = ⟨1̂|σ̂+
L,j

∑

M⃗,χ⃗

e
λ
M⃗,χ⃗

t|r̂
M⃗,χ⃗

⟩⟨l̂
M⃗,χ⃗

|ρ̂(0)⟩

=
∑

M⃗,χ⃗

e
λ
M⃗,χ⃗

t
Tr
(
σ̂+j r̂M⃗,χ⃗

)
Tr

(
l̂
†
M⃗,χ⃗

ρ̂(0)

)
(4.81)

Note that the block-diagonal structure greatly simplifies the summation above, as we are

only probing a specific set of eigenmodes. More concretely, the only modes that contribute

are those for which the only frozen spins is spin j, whereas all others are active:

Tr
(
σ̂+j r̂M⃗,χ⃗

)
=





∏
k ̸=j(r↑,χk

+ r↓,χk
), mj = −1, mk = 0 ∀ k ̸= j

0, otherwise.
(4.82)

There are thus only 2N−1 out of the 4N terms in Eq. (4.81) that do not vanish. The fact

that the eigenvectors and initial state factorize over a product of single spins, in addition

to the fact that the eigenvalues can be written as λ
M⃗,χ⃗

=
∑

j λj(M⃗, χj) directly leads the

factorization of the end result

⟨σ̂+j (t)⟩ =
e(2ihj−Γj−2γϕ,j)t

2

∏

k ̸=j


 ∑

χk=±

eλk(M⃗,χk)t

2

[
(r↑,χk

+ r↓,χk
)(l∗↑,χk

+ l∗↓,χk
)
]



=
e(2ihj−Γj−2γϕ,j)t

2

∏

k ̸=j

(
e−Γkt

[
cosh(Skt) +

Γk
Sk

sinh(Skt)

])
(4.83)

where Sk =
√

Γ2k − 4Jeffk (Jeffk + iηk) and Jeffk = −Jkj . This matches the result in Ref. [36],

yet Eq. (4.83) was obtained with only a few lines of algebra. Further, we note that in

principle have access to the full many-body density matrix of the time-evolved initial state.
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4.6.6 Including dynamical disorder in the dissipative Ising model

In the main text and in this Supplementary Materials, we have demonstrated that the

existence of weak-symmetires in the dissipative Ising model allows one to diagonalize the

Liouvillian. One can find the spectrum in addition to the right and left eigenvectors, which

implies that one can time-evolve an arbitrary initial density matrix. In this section, we

demonstrate that our method is still applicable to the situation where one has dynamical

disorder in the magnetic field or Ising couplings (i.e. such terms are now allowed to be

time-dependent). To be more precise, we now show that if one has a master equation

∂tρ̂ = −i[
∑

j<k

Jjk(t)σ̂
z
j σ̂

z
k +

∑

j

hj(t)σ̂
z
j , ρ̂] +

∑

j

γ−,jD[σ̂−j ]ρ̂

+
∑

j

γ+,jD[σ̂+j ]ρ̂+
∑

j

γϕ,jD[σ̂zj ]ρ̂ ≡ L(t)ρ̂. (4.84)

then time-evolving an initial density matrix is no more complicated than solving a set of

coupled linear differential equations in two variables.

We first note that one can readily eliminate the magnetic fields by moving to a rotating

frame:

ρ̂→ e
−i
∑

j

∫ t
0 dThj(T )σ̂

z
j ρ̂e

i
∑

j

∫ t
0 dThj(T )σ̂

z
j , (4.85)

such that the only difficulty when compared to the static model now lies in the time-

dependent Ising couplings. Crucially, the time-dependence does not ruin the weak sym-

metries nor the mean-field-like decoupling of the interaction in each block present in the

static case. Consequently, the Lindbladian is still invariant under an arbitrary local rotation
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about the z axis and, upon projecting onto a fixed M⃗ subspace, we have the replacement

[
∑

j<k

Jjk(t)σ̂
z
j σ̂

z
k, ρ̂] →

∑

j

{Jeffj (t, M⃗)σ̂zj , ρ̂M⃗} (4.86)

where we have defined Jeffj (t, M⃗) =
∑

k ̸=j Jjk(t)mk. We now, as before, drop the explicit M⃗

dependence of Jeffj (t, M⃗). After fixing a specific symmetry-constrained sector M⃗ , which is

equivalent to fixing a set of active and frozen spins we can write the density matrix projected

onto the subspace M⃗ as

ρ̂
M⃗

= ρ̂froz × ρ̂act =


 ∏

j frozen

σ̂
mj

j




∑

s⃗act

P (s⃗act) |s⃗act⟩ ⟨s⃗act|


 (4.87)

where s⃗act = {sj | j active}, sj ∈ {↑j , ↓j}, and mj = ±1. Just as in the time-translationally

invariant situation, the factorization of the interaction Eq. (4.86) further implies that the

classical probability distribution P (s⃗act) factorizes over the individual spins

ρ̂act =
∏

j act

(
p↑,j

∣∣↑j
〉 〈

↑j
∣∣+ p↓,j

∣∣↓j
〉 〈

↓j
∣∣) , (4.88)

where the equations of motion for the coefficients reads

∂t



p↑,j

p↓,j


 =



−2iJeffj (t)− γ−,j γ+,j

γ−,j 2iJeffj (t)− γ+,j






p↑,j

p↓,j


 (4.89)

For an arbitrary time-dependent field Jeff(t), we are not aware of a closed-form solution to

Eq. (4.89). Nevertheless, the upshot is that one has greatly simplified the problem: one now

only has to solve a set of linear differential equations in 2 variables which can readily be done

numerically. Further, if one were to consider the case where Jij(t) and hj(t) were random,

our method could then readily be used to numerically average over these random variables.
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CHAPTER 5

REFORMULATING THIRD QUANTIZATION: IDENTIFYING

DISSIPATION AND FLUCTUATIONS, EQUIVALENCE TO

PHASE-SPACE REPRESENTATIONS, AND CONNECTIONS

TO KELDYSH FIELD THEORY

5.1 Introduction

Open quantum systems are generically much more difficult to characterize than their closed-

system counterparts. One typically has to consider density matrices instead of pure states,

and the system can be driven out of equilibrium through its coupling to the environment.

This increase in complexity has lead to the development of new theoretical techniques or

extensions of well-established ones that can account for the open nature of the problem at

hand. Unsurprisingly, different fields have their own set of tools that are tailored-made to

address specific questions of interest. In a many-body problem for example, one can not

possibly hope to keep track of the full density matrix of the system, nor is such informa-

tion necessary to any experimentally-relevant quantities. The workhorse in this instance is

Keldysh field theory [58], which allows one to compute pertinent steady-state correlations

functions in a manner that is analogous to standard thermal-equilibrium many-body the-

ory. In contrast, in a quantum information setting we are often interested in the state itself

rather than expectation values of a few observables. The starting point is thus generally an

equation of motion for the density matrix which, for a large number of experimental and the-

oretical works, is a Markovian Lindblad master equation [77]. Phase-space representations

of a quantum state such as the Wigner quasiprobability distribution [39] is yet another tool

often used in quantum optics, which allows one to both readily compare and differentiate

classical and quantum theories.
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Quadratic systems of bosons or fermions coupled to Markovian baths are arguably the

simplest examples of open quantum systems. Computing average values and correlation

functions is straightforward using either the master equation, Keldysh field theory or the

Heisenberg-Langevin equations. However, it is often useful to understand the full dissipative

eigenvectors and eigenvalues of the Lindbladian. This information, in principle, allows one

to determine the full time evolution of an arbitrary initial state which is needed if one wants

to e.g. understand the Fock state structure. Recently, Prosen [112] and Prosen and Seligman

[113] introduced third quantization, which allows one to obtain the spectral decomposition

of these Liouvillians in a manner that is analogous to diagonalizing a second-quantized

quadratic Hamiltonian. The method however does not make it intuitively evident to what

extent the open nature of the problem changes the standard closed-system diagonalization

procedure. Further, it is not clear how it is related to other standard open quantum system

methods. A more physically-transparent formulation of third quantization which also makes

a clear connection to other well-known approaches would thus make it an overall more useful

tool.

In this work we present an alternate reformulation of third quantization which satisfies

both criteria simultaneously. This is achieved by introducing a new set of canonical super-

operators, defined in Eqs. (5.29-(5.30). In this basis, one directly identifies the two pieces

of data that determine any quadratic Lindbladian: a non-Hermitian Hamiltonian which ef-

fectively controls the dynamics and a matrix which encodes the noise. This separation of

dissipation and fluctuations further reveals a fundamental symmetry of these models. We

show that this symmetry can be used to effectively gauge away the fluctuations using a

novel similarity transformation implemented at the superoperator level. This provides a

simple quantum-oriented way to demonstrate that the eigenvalues of the Lindbladian are

independent of noise in linear systems.

The superoperators we introduce also already makes the connection between the Lindbla-
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dian and the Keldysh formalism evident. We make this notion exact by formulating a path

integral representation of third quantization over a finite time contour. Further, we demon-

strate that third quantization is clearly linked to phase space representations of the density

matrix. Namely, we show that the Wigner function and the characteristic function [39]

can be thought of as “wavefunctions" in the basis of what is essentially the third-quantized

equivalent of coherent states.

5.2 Diagonalization using classical and quantum superoperators

While the method we discuss can be applied to arbitrary multi-mode bosonic quadratic

Lindbladians, for clarity we discuss these ideas in the simplest possible setting: a harmonic

oscillator coupled to a thermal Markovian bath. Our starting point is the equation of motion

for the density matrix (with ℏ = 1 throughout)

i∂tρ̂ = ω0[â
†â, ρ̂] + iκ(n̄th + 1)D[â]ρ̂+ iκn̄thD[â†]ρ̂ ≡ Lρ̂ (5.1)

where â is the bosonic annihilation operator of the oscillator, ω0 is its frequency, κ its decay

rate and n̄th is the thermal occupation of the bath. Here, we have defined the usual dissipator

as D[X̂]ρ̂ = X̂ρ̂X̂† − {X̂†X̂, ρ̂}/2 and L as the Liouvillian superoperator. Our goal is to

diagonalize L. It is convenient to think of operators as being elements of a Hilbert space

ρ̂→ |ρ̂⟩⟩ with the usual Hilbert-Schmidt inner product

⟨⟨X̂|Ŷ ⟩⟩ ≡ Tr
(
X̂†Ŷ

)
(5.2)
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for arbitrary operators X̂ and Ŷ .1 Using this notation, superoperators become operators

acting on this new space and we therefor write them with hats. Further, to differentiate them

from operators acting on the Hilbert space of wavefunctions, we write all superoperators using

a bold typeface L → L̂. The inner product Eq. (5.2) then allows us to define the Hermitian

adjoint of any superoperator. For instance the adjoint Liouvillian, which controls the time

evolution of observables, is in standard second quantized form given by

L†Ŷ = ω0[â
†â, Ŷ ]− iκ(n̄th + 1)D†[â]Ŷ − iκn̄thD†[â†]Ŷ (5.3)

with D†[X̂]Ŷ = X̂†Ŷ X̂ − {X̂†X̂, Ŷ }/2 the adjoint dissipator. As the Linbladian is non-

Hermitian L̂ ̸= L̂†, to diagonalize it we must find both its right and left eigenvectors. That

is, we seek operators and complex numbers which satisfy

L̂|r̂µ,ν⟩⟩ = |Lr̂µ,ν⟩⟩ = Eµ,ν |r̂µ,ν⟩⟩ (5.4)

⟨⟨l̂µ,ν |L̂ = ⟨⟨L†l̂µ,ν | = Eµ,ν⟨⟨l̂µ,ν | (5.5)

where, with some foresight, we have labelled the eigenstates by two non-negative integers

µ, ν ≥ 0.

Although the physical interpretation of the right and left eigenvectors may not be straight-

forward, the eigenvalues have a simple intuitive meaning. The real part of Eµ,ν corresponds

to the energy difference of eigenstates, whereas the imaginary component dictates the rate of

decay. We can thus immediate conclude that the spectrum of L̂ must not depend on n̄th; for

no observable oscillates or decays in a temperature-dependent manner. This simply reflects

the fact that a linear system’s response to fluctuations is independenf of its state. This is

1. Technically, for the infinite-dimensional spaces under consideration, both X̂ and Ŷ must be trace class
to be part of this Hilbert space of operators. This is cumbersome, since operators of interest such as â and â†

do not satisfy this property. Nevertheless, we will use the language and notation that one uses for a normal
Hilbert space.
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not immediately obvious from Eq. (5.1), yet is almost trivial if one considers the equivalent

Heisenberg-Langevin equation of Keldysh action of this model. How then can we identify

these fluctuations and reach this conclusion working directly from the master equation?

We argue that this can be straightforwardly done by introducing appropriate third-

quantized superoperators defined by

âcl|ρ̂⟩⟩ ≡
1√
2
|{â, ρ̂}⟩⟩, âq|ρ̂⟩⟩ ≡

1√
2
|[â, ρ̂]⟩⟩ (5.6)

â
†
cl|ρ̂⟩⟩ ≡

1√
2
|{â†, ρ̂}⟩⟩, â

†
q|ρ̂⟩⟩ ≡

1√
2
|[â†, ρ̂]⟩⟩. (5.7)

which we refer to as classical and quantum superoperators. The naming convention is in

analogy with Keldysh field theory, which is justified by writing the Lindblbadian in this

basis of superoperators

L̂ = (ω0 − i
κ

2
)â

†
qâcl + (ω0 + i

κ

2
)âqâ

†
cl − iκ(2n̄th + 1)â

†
qâq. (5.8)

This is evidently reminiscent of the Keldysh action for this same model [58], and we make this

connection more explicit in Sec. 5.4. Just as in the field theory description, the coefficients

of â†qâcl and âqâ
†
cl serve as an effective non-Hermitian Hamiltonian, whereas the term â

†
qâq

should be thought of as the fluctuations that must accompany the dissipation. Indeed,

although â
†
cl and â

†
q are the conjugate of âcl and âq, they are not the creation operators

of true bosonic modes since [âcl, â
†
cl] = [âq, â

†
q] = 0. Thus, we can not interpret â

†
clâcl and

â
†
qâq as number operators. Rather, despite being non-Hermitian, we should think of â†qâcl

and −âqâ
†
cl as operators whose eigenvalues correspond to a number of quanta in a mode.

This follows since the only non-vanishing commutation relation amongst the superoperators

are

[âcl, â
†
q] = [âq, â

†
cl] = 1̂, (5.9)
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with 1̂ the identity superoperator. Given their status as number operators, to determine

their eigenvectors we must first find the “vacuums" of âcl, â
†
cl and âq, â

†
q. These are simply

the parity and identity operator

0̂cl ≡ 2eiπâ
†â → âcl|0̂cl⟩⟩ = â

†
cl|0̂cl⟩⟩ = 0 (5.10)

0̂q ≡ 1̂ → âq|0̂q|⟩⟩ = â
†
q|0̂q⟩⟩ = 0 (5.11)

which follows since eiπâ
†â and 1̂ respectively anti-commute and commute with both â and

â†. In complete analogy with a simple harmonic oscillator, we can obtain the eigenvectors

by repeatedly applying the appropriate creation operators on the vacuums. Thus, we find

that 1√
µ!ν!

(â
†
q)

µ(−âq)
ν |0̂cl⟩⟩ and 1√

µ!ν!
⟨⟨0̂q|(âcl)µ(â†cl)ν are the right and left eigenvectors

of â†qâcl and âqâ
†
cl with eigenvalue µ and −ν respectively.

Although this conclusion may give credence to the idea that â
†
qâcl and â

†
qâcl serve as

effective non-Hermitian Hamiltonians, at first glance it may appear to be useless. The

Lindbladian also contains the temperature-dependent â
†
qâq noise term, which necessarily

couples these eigenvectors. Yet we have already reasoned that the spectrum of L̂ must be

independent of n̄th; the temperature only affects the eigenvectors. There must therefore exist

a similarity transformation which eliminates this dependence entirely from the Linbladian.

Defining

V̂ ≡ e−(2n̄th+1)â†
qâq (5.12)

and using the commutation relations Eq. (5.9) along with the Baker-Campbell-Hausdorff

identity, one verifies that

V̂−1L̂V̂ = (ω0 − i
κ

2
)â

†
qâcl + (ω0 + i

κ

2
)âqâ

†
cl. (5.13)
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In this new frame the superoperator is not in Lindblad form due to the presence of a negative

rate

V−1LV ρ̂ = ω0[â
†â, ρ̂] + i

κ

2

(
D[â]ρ̂−D[â†]ρ̂

)
, (5.14)

yet this is irrelevant for diagaonlization purposes. We have thus made a non-trivial mapping

from a noisy damped harmonic oscillator to its fluctuation-free equivalent which , being

in diagonal form, immediately indicates that only the eigenvectors of L̂ are temperature-

dependent whereas its spectrum is not. This is a consequence of the usual separation of

dynamics and noise in linear systems, yet here there are quantum consequences, seeing as

how the eigenmodes of the Liouvillian have a Fock state structure.

One might think that this separation can be destroyed by introducing a â
†
clâcl term in the

third-quantized Lindbladian; the similarity transformation e−(2n̄th+1)â†
qâq would no longer

bring L̂ to a diagonal form, since it commutes with the quantum superoperators but not the

classical ones. Such a term is however forbidden by the trace-preserving nature of the dy-

namics Tr(Lρ̂) = ⟨⟨0̂q|L̂|ρ̂⟩⟩ = 0, which a classical-classical term would violate . Our ability

to eliminate the fluctuations in problem can, at a quantum level, be understood as a special

kind of symmetry; linearity and conservation of probability. In non-linear quantum systems,

which are of course also probability-conserving, fluctuations can impact the dynamics, thus

destroying this symmetry.

With Eq. (5.13) already in diagonal form, the similarity transformation allows us to

simply relate the eigenvectors r̂µ,ν , l̂µ,ν of L̂ to those of â†qâcl and âqâ
†
cl. They are given by

|r̂µ,ν⟩⟩ =
1√
µ!ν!

e−(2n̄th+1)â†
qâq(â

†
q)

µ(−âq)
ν |0̂cl⟩⟩ =

1√
µ!ν!

(â
†
q)

µ(−âq)
ν |ρ̂ss⟩⟩, (5.15)

⟨⟨l̂µ,ν | =
1√
µ!ν!

⟨⟨0̂q|(âcl)µ(â†cl)
νe(2n̄th+1)â

†
qâq

1√
µ!ν!

⟨⟨0̂q|(âcl(n̄th))µ(â†cl(n̄th))
ν (5.16)
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with corresponding eigenvalues

Eµ,ν = (ω0 − i
κ

2
)µ− (ω0 + i

κ

2
)ν. (5.17)

Here we have defined

âcl(n̄th) ≡ V̂âclV̂−1 = âcl + (2n̄th + 1)âq (5.18)

â
†
cl(n̄th) ≡ V̂â

†
clV̂

−1 = â
†
cl − (2n̄th + 1)â

†
q (5.19)

where note that since V̂ is not unitary, â†cl(n̄th) is not the conjugate of âcl(n̄th) despite the

notation. This is however of no concern, seeing as the similarity transformations preserve all

commutation relations

[âcl(n̄th), â
†
q] = [âq, â

†
cl(n̄th)] = 1̂. (5.20)

We can thus identify âcl(n̄th), âq and â
†
cl(n̄th), âq as the correct independent “quasiparticle"

superoperators which create excitation with a definite energy and decay rate. Although

the vacuum of the quantum superoperators is the identity, the right vacuum of these new

classical superoperators is the steady state

âcl(n̄th)|ρ̂ss⟩⟩ = â
†
cl(n̄th)|ρ̂ss⟩⟩ = 0, (5.21)

where we have identified ρ̂ss from Eq. (5.15) as the unique zero-eigenvalue eigenvector of the

Lindbladian.

The form of these eigenvectors is still somewhat unsatisfactory. For instance, using

Eq. (5.15), the right eigenvectors are given by nested commutators of â†, â and the steady

state. For large µ and ν, the representation of these operators is difficult to obtain explicitly

in the Fock basis and are largely uninformative. Further, it is well-known that the steady
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state of this model is a Gaussian thermal state.

ρ̂ss =
1

n̄th + 1

∞∑

n=0

(
n̄th

n̄th + 1

)n

|n⟩⟨n| (5.22)

with |n⟩ a Fock state. Although one can show that this state does satisfy Eq. (5.21), our

diagonalization procedure simply asserts that this is equivalent to the similarity transfor-

mation applied to the classical vacuum e−(2n̄th+1)â†
qâq |0̂cl⟩⟩. The later is by definition an

infinite sum of an increasing number of nested commutators between â, â† and the parity

operator

ρ̂ss
?
= 2e−(n̄th+

1
2 )[â

†,[â,·]]eiπâ
†â. (5.23)

While seemingly devoid of physical content, we shall now demonstrate that these eigenvectors

and similarity transformation become physically transparent in phase space.

5.3 Third Quantization and the Wigner function

There are several, ultimately equivalent phase-space quasi-probability distributions of the

density matrix; we chose the Wigner function for reasons that will soon become obvious. Up

to a normalization constant and scaling of the phase-space variable α, it is defined as [39]

Wρ̂(α) ≡ 2Tr
(
eiπâ

†âD̂†(
√
2α)ρ̂

)
(5.24)

with D̂(α) ≡ eαâ
†−α∗â the displacement operator. For the model under consideration, a

textbook calculation gives its equation of motion as

i∂tWρ̂(α) =
[
− (ω0 − i

κ

2
)∂αα + (ω0 + i

κ

2
)∂α∗α∗ + iκ(2n̄th + 1)∂α∂α∗

]
Wρ̂(α). (5.25)
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The form of the Fokker-Planck equation is reminiscent of the third-quantized form of L̂,

see Eq. (5.8). In particular, it is tempting to make the formal identification between the

noise and the diffusion terms â
†
qâq ↔ −∂α∂α∗ . Taking this line of reasoning further, we

would thus conclude that V̂ = e(2n̄th+1)∂α∂α∗ . Going to Fourier space, where differentiation

becomes multiplication, and then back to phase space using the convolution theorem we

would thus tentatively write

WV ρ̂(α)
?
=

∫
d2β

(2n̄th + 1)π
e
− |α−β|2

2n̄th+1Wρ̂(β) (5.26)

where d2γ ≡ dRe(γ)dIm(γ) for any complex γ. One of the main results of this section is

that our formalism will be able to make Eq. (5.26) precise: the similarity transformation

used to remove the noise is equivalent to a convolution by a Gaussian of width 2n̄th + 1 in

phase space.

The second main result of this section is a physical insight into the structure of the

eigenmodes when compared to Fock states. Focusing on population eigenmodes µ = ν and

Fock state projectors |µ⟩⟨µ| for simplicity we have

Wr̂µ,µ(α) =
2(−1)µe

− |α|2
2n̄th+1

(2n̄th + 1)µ+1
Lµ

( |α|2
2n̄th + 1

)
, (5.27)

W|µ⟩⟨µ|(α) = 2(−1)µe−|α|2Lµ(2|α|2) (5.28)

where Lµ is the µ-th Laguerre polynomial. Unlike the explicit construction in standard

third-quantized form Eq. (5.15) which requires computing nested commuators of â, â† and

ρ̂ss, in this representation r̂µ,ν bear a striking similarity to Fock states. In fact, they are

almost equivalent once one re-scales the phase-space variable αcl → αcl/(2n̄th + 1). This

property also holds when comparing arbitrary right eigenmodes r̂µ,ν and outer products of

Fock states |µ⟩⟨ν| which we show in Appendix 5.6.1. There we also give the phase-space
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representations of the left eigenvectors.

The final main result of this section is in fact the method we develop which we used to

arrive at Eqs. (5.26)-(5.27). As we now show, the starting point of this approach is to ask and

answer a simple natural question: what are the eigenvectors of the classical and quantum

superoperators? Thankfully such operators are already familiar from quantum optics. For

any complex number α and η let us define corresponding displaced parity and displacement

operators respectively

α̂cl ≡ 2D̂(
√
2α)eiπâ

†â, (5.29)

η̂q ≡ D̂(
√
2η). (5.30)

Using the defining property of the displacement operator and parity operators, a simple

calculation yields

âcl|α̂cl⟩⟩ = α|α̂cl⟩⟩, â
†
cl|α̂cl⟩⟩ = α∗|α̂cl⟩⟩, (5.31)

âq|η̂q⟩⟩ = η|η̂q⟩⟩, â
†
q|η̂q⟩⟩ = η∗|η̂q⟩⟩. (5.32)

The spectrum of each superoperator is thus the whole complex plane. These eigenvectors are

evidently reminiscent of the familiar coherent states, an analogy we can make even stronger

by writing

|α̂cl⟩⟩ = eαâ
†
q−α∗âq|0̂cl⟩⟩, (5.33)

|η̂q⟩⟩ = eηâ
†
cl−η∗âcl |0̂q⟩⟩ (5.34)

just as coherent states are displaced vacuum. Unlike coherent states however, which are

not eigenvectors of â†, âcl, â
†
cl and âq, â

†
q have the same eigenvectors, a consequence of

[âcl, â
†
cl] = [âq, â

†
q] = 0. For the same reason, the α̂cl and η̂q are orthogonal to other
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eigenstates of the same kind:

⟨⟨α̂cl|β̂cl⟩⟩ = Tr
(
α̂
†
clβ̂cl

)
= 2πδ(α− β), (5.35)

⟨⟨α̂q|β̂q⟩⟩ = Tr
(
η̂
†
qλ̂q

)
=
π

2
δ(η − λ) (5.36)

where the trace was computed using the basis of coherent states. These operators can then

be used to form a resolution of the identity

1̂ =

∫
d2α

2π
|α̂cl⟩⟩⟨⟨α̂cl| =

∫
2d2η

π
|η̂q⟩⟩⟨⟨η̂q| (5.37)

from which it follows that we can write the density matrix as

|ρ̂⟩⟩ =
∫
d2αcl
2π

Wρ̂(α)|α̂cl⟩⟩ =
∫

2d2αq
π

Λρ̂(η)|η̂q⟩⟩ (5.38)

with

Wρ̂(α) ≡ ⟨⟨α̂cl|ρ̂⟩⟩ = 2Tr
(
eiπâ

†âD̂†(
√
2α)ρ̂

)
, (5.39)

Λρ̂(η) ≡ ⟨⟨η̂q|ρ̂⟩⟩ = Tr
(
D̂†(

√
2η)ρ̂

)
. (5.40)

Third quantization is thus naturally related to the continuous-variable phase formulations

of open quantum systems; Wρ̂(α) and Λρ̂(η) are precisely the Wigner function and its char-

acteristic function respectively, which serve as “wavefunctions" of the density matrix.

It is well-know that Wρ̂(α) and Λρ̂(η) are Fourier transforms of each other [39], which we

can recover by computing the overlap

⟨⟨α̂cl|η̂q⟩⟩ = Tr
(
α̂
†
clη̂q

)
= eηα

∗−η∗α, (5.41)

and using the definitions Eqs. (5.39)-(5.40) with the resolution of the identify Eq. (5.37) to
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obtain

Wρ̂(α) =

∫
2d2η

π
eηα

∗−η∗αΛρ̂(η) (5.42)

Λρ̂(η) =

∫
d2α

2π
eη

∗α−ηα∗
Wρ̂(α). (5.43)

Just as position and momentum eigenkets corresponds to a perfectly spatially-localized or

delocalized particle in standard quantum mechanics, the eigenkets |α̂cl⟩⟩ and |η̂q⟩⟩ can be

thought of as states in phase space which are perfectly localized at α or delocalized with

wavevector η. That α and η are Fourier transform pairs is also consistent with âcl, â
†
q

and âq, â
†
cl being conjugate to one another. This can be further demonstrated by using

Eqs. (5.33)-(5.34) to write

⟨⟨η̂q|âcl = ∂η∗⟨⟨η̂q|, ⟨⟨α̂cl|â†q = −∂α⟨⟨α̂cl| (5.44)

⟨⟨α̂cl|âq = ∂α∗⟨⟨α̂q|, ⟨⟨η̂q|â†cl = −∂η⟨⟨η̂q|. (5.45)

Given any third-quantized Lindbladian, we can then use Eqs. (5.39)-(5.40) and Eqs. (5.44)-

(5.45) to readily find the equation of motion for either the Wigner or the characteristic

function. For the model under consideration for instance, we have

i∂t|ρ̂⟩⟩ =
[
(ω0 − i

κ

2
)â

†
qâcl + (ω0 + i

κ

2
)âqâ

†
cl − iκ(2n̄th + 1)â

†
qâq

]
|ρ̂⟩⟩ (5.46)

↕

i∂tWρ̂(α) =
[
−(ω0 − i

κ

2
)∂αα + (ω0 + i

κ

2
)∂α∗α∗ + iκ(2n̄th + 1)∂α∂α∗

]
Wρ̂(α) (5.47)

↕

i∂tΛρ̂(η) =
[
(ω0 − i

κ

2
)η∗∂η∗ − (ω0 + i

κ

2
)η∂η − iκ(2n̄th + 1)η∗η

]
Λρ̂(η). (5.48)

From now on, we will write the classical and quantum superoperators and their action on
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these eigenvectors as equivalent, e.g. âcl = α = ∂η∗ .

It is worth stressing that by using the resolution of the identity Eq. (5.37), one can

obtain a phase-space representation of of an arbitrary operator W
X̂
(α) ≡ ⟨⟨α̂cl|X̂⟩⟩ =

2Tr
(
eiπâ

†âD̂(
√
2α)X̂

)
. This is nothing but the Weyl quantization rule [28]. Our approach

however does more than simply recover this standard formalism, as we can now formally

identify the similarity transformation as being equivalent to convolution with a Gaussian of

width 2n̄th + 1. Being diagonal in the quantum basis, V̂ = e−(2n̄th+1)â
†
qâq simply acts by

multiplication on the characteristic function ΛV ρ̂(η) = e−(2n̄th+1)|η|2Λρ̂(η). Going back to

the Wigner function using Eq. (5.42) then gives Eq. (5.26). This is also consistent with our

intuition; convolving with a Gaussian tends to spread to and delocalize any distribution,

which explains why the similarity transformation e−(2n̄th+1)â†
qâq was able to remove the

noise or, equivalently, the diffusion term in the Fokker-Planck equation.

The right eigenvectors of L̂ also have a very simply form in phase space:

Wr̂µ,ν (α) ≡
1√
µ!ν!

⟨⟨α̂cl|(â†q)µ(−âq)
ν |ρ̂ss⟩⟩ =

(−1)µ+ν
√
µ!ν!

∂
µ
α∂

ν
α∗Wρ̂ss(α) (5.49)

and we show explicitly in Appendix 5.6.1 that we obtain Eq. (5.27). Finally, note that the

diagonalization procedure is still valid even when there is no dissipation n̄th → 0, κ → 0

despite W|µ⟩⟨µ|(α) ̸= Wr̂µ,µ(α) in this limit. This is because without decay, each eigenvalue

Eµ,ν = ω0(µ − ν) is infinitely degenerate and thus there is no unique way to diagnoalize

L̂; our approach picks out one linearly-independent set of eigenvectors out of the infinitely-

many available ones. This is most obvious by writing L̂ = ω0(â
†
qâcl + âqâ

†
cl) = ω0(−∂αα+

∂α∗α∗) = ω0i∂ϕ where ϕ is the phase of α.
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5.4 Propagator via the Keldysh path integral

With the spectral decomposition of L̂ in hand, we can in principle determine the full time-

dependent density matrix via

|ρ̂(t)⟩⟩ = e−iL̂t|ρ̂(0)⟩⟩ =
∑

µ,ν

e−iEµ,νtcµ,ν |r̂µ,ν⟩⟩ (5.50)

with cµ,ν ≡ ⟨⟨l̂µ,ν |ρ̂(0)⟩⟩. This representation leaves a lot to be desired. Even though one

could technically obtain a Wigner function for ρ̂(t) from Eq. (5.50), the discrete nature of

the eigenmodes still remains; the continuous nature of phase space is seemingly lost. To

reinstate and highlight this feature, a more natural description of time evolution is given by

the matrix element

K(η, α; t) ≡ ⟨⟨η̂q|e−iL̂t|α̂cl⟩⟩ (5.51)

which in principle contains the same information as the spectral decomposition of L̂. Phys-

ically, the kernel K(η, α; t) is the transition amplitude of having started at the phase-space

point α and ending up in a plane wave with wavevector η at a time t later, see Eq. (5.41)

and accompanying discussion. Using the resolution of the identity

1̂ =

∫
d2acl,jd

2aq,j

π2
e
aq,ja

∗
cl,j−a∗q,jacl,j |âcl,j⟩⟩⟨⟨âq,j | (5.52)

we can obtain a path-integral description of Eq. (5.51) using the familiar prescription [5].

The central object will be a functional very similar to the standard Keldysh action of a

thermally-damped harmonic oscillator. There are however important differences that emerge

when computing the propagator. We emphasize these here, leaving the technical and mostly-

familiar details in Appendix 5.6.2.

Once these details have been taken into account, we are left with a path integral repre-
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sentation of the kernel

K(η, α; t) =,

∫
D[acl, aq]e

iS[acl,aq]+i
∫ t
0 dt

′
(
a†(t′)·J(t′)+J†(t′)·a(t′)

)
(5.53)

where D[acl, aq] is the usual functional integration measure, the action takes the form

S[acl, aq] =

∫ t

0

∫ t

0
dt′dt′′

(
a∗cl(t

′) a∗q(t′)
)
G−1(t′, t′′)



acl(t

′′)

aq(t
′′)


 , (5.54)

and the inverse of the matrix Green’s function reads

G−1(t′, t′′) = δ(t′ − t′′)




0 i∂t′ − (ω0 + iκ2 )

i∂t′ − (ω0 − iκ2 ) iκ(2n̄th + 1)


 . (5.55)

Throughout this work, we will denote matrices with a blackboard bold font to distinguish

them from operators and superoperators. Vectors like a†(t′) ≡
(
a∗cl(t

′), a∗q(t′)
)

and the source

term

J†(t′) ≡ i (−η∗δ(t), αδ(0)) (5.56)

will be underlined.

The first departure from the usual Keldysh path integral is already evident from Eq. (5.54),

where we work with a finite time contour of length t. Although G−1 is symbolically the same

regardless of the length of the time contour, the matrix Green’s function

G(t′, t′′) ≡



GK(t′, t′′) GR(t′, t′′)

GA(t′, t′′) 0


 (5.57)

is sensitive to such changes. In particular, the retarded GR(t′, t′′) and advanced GA(t′, t′′)
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Green’s function remains the same regardless of the contour, whereas the Keldysh Green’s

GK(t′, t′′) function does not

GR(t′, t′′) = −iΘ(t′ − t′′)e−i(ω0−iκ2 )(t
′−t′′) (5.58)

GA(t′, t′′) = (GR(t′′, t′))∗ (5.59)

GK(t′, t′′) = −iκ(2n̄th + 1)

∫ t

0
dTGR(t′, T )GA(T, t′′)

= −i(2n̄th + 1)e−iω0(t
′−t′′)[e−

κ
2 |t′−t′′| − e−

κ
2 (t

′+t′′)] (5.60)

with Θ(t) the Heaviside step function. Crucially, the discrete-time path integral makes it

clear that the correct choice of the Heaviside step function at zero is Θ(0) = 1. We also

note that source Eq. (5.56) is not usually present in the usual Keldysh formalism; within our

version of the path integral however it is the only term which keeps track of the boundary

terms α and η.

The path integral can be computed in the usual manner when we have a quadratic action

and a source term. Making the displacement

a(t′) → a(t′)−
∫ t

0
dt′′G(t′, t′′)J(t′′) (5.61)

and, using
∫
D[acl, aq]e

iS[acl,aq] = det(iG) = 1 just as in the usual Keldysh formalism, we

obtain

K(η, α; t) = e−i
∫ t
0 dt

′dt′′J†(t′)G(t′,t′′)J(t′′)

= e−(2n̄th+1)(1−e−κt)|η|2+e−
κ
2 t[η∗αe−iω0t−c.c.]. (5.62)

As expected due to the quadratic nature of the Lindbladian, the propagator is a Gaussian

function of α and η. Equation (5.62) can independently be verified to be correct by noting

that it must satisfy Eq. (5.48) along with the initial condition K(η, α; 0) = eη
∗α−ηα∗

.
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Although here L̂ was quadratic in creation and annihilation superoperators, it is evident

that a path integral representation of the propagator can be obtained for arbitrary Lind-

bladians. The replacement rule L̂(âq, âcl) → L(aq(t′), acl(t′)) within the action however is

only valid once all âq and â
†
q are to the left of all âcl and â

†
cl . This is due to the form

of the resolution of the identity Eq. (5.37). This convention is different than the one used

in the standard coherent-state path integral, where one must ensure that the Lindlabidan

is normal-ordered [126]. No differences emerge in this linear setting, but the two different

prescriptions will produce two different Keldysh actions for an interacting problem.

5.5 Summary and future directions

By introducing a new set of canonical third-quantized superoperators, we have bee able

to identity a fundamental symmetry of the Lindbladian of a thermally-damped harmonic

oscillator. Further, this symmetry was shown to be useful; we could formally eliminate

fluctuations through the use of a novel similarity transformation. This then allowed to show

how third quantization was related to more standard open quantum-sytems approaches such

as phase-space representations of the density matrix and the Keldysh path integral. Future

work will extend the formalism developed here to both multi-mode bosonic and fermionic

quadratic masters equations; the linearity and symmetry should once again enable one to

formally eliminate the fluctuations from the Lindbladian.

We end this work by highlighting the differences between our approach and the standard

formulation of third quantization for bosons introduced by Prosen and Seligman’s [113].

Their starting point is a different set of superoperators than Eqs (5.6)-(5.7), which never-

theless satisfy almost canonical commutation relations. Although they necessarily obtain

the same eigenvalues as eigenvectors for L̂ as those presented here, they do not do so by

first performing a similarity transformation which allows one to gauge away the fluctuations.

Further, they do not make the connection between third quantization, the Wigner function,
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and Keldysh field theory that we do. Although it may seem as though the main difference

between the two approaches is a mere change of basis — which should never change the

physics — the classical and quantum superoperators we introduce is precisely what allowed

us to make the connection between these three formulations clear.

5.6 Appendices

5.6.1 Phase-space representations of right and left eigenvectors of a single

thermally-damped harmonic oscillator

We can easily derive the phase-space representations of the right and left eigenvectors using

the rule discussed in the main text âcl = α = ∂η∗ , â
†
cl = α∗ = −∂η, âq = η = ∂α∗ , â†q = η∗ =

−∂α. Starting with the right eigenvectors

Wr̂µ,ν (α) ≡ ⟨⟨α̂cl|r̂µ,ν⟩⟩ =
1√
µ!ν!

⟨⟨α̂cl|(â†q)µ(−âq)
ν |ρ̂ss⟩⟩ =

(−1)µ+ν
√
µ!ν!

∂
µ
α∂

ν
α∗Wρ̂ss(α)

=
2(−1)µ√
µ!ν!

µ∑

j=0

(
µ

j

)
∂
j
α

(
α

2n̄th + 1

)ν

∂
µ−j
α


e

− |α|2
2n̄th+1

2n̄th + 1




=
2e

− |α|2
2n̄th+1

√
µ!ν!

min(µ,ν)∑

j=0

µ!ν!

j!(µ− j)!(ν − j)!

(−1)j(α∗)µ−jαν−j

(2n̄th + 1)µ+ν−j+1

=

√
min(µ, ν)!

max(µ, ν)!

2(−1)min(µ,ν)e
− |α|2

2n̄th+1

(2n̄th + 1)max(µ,ν)+1
e−iϕcl(µ−ν)|α||µ−ν|L|µ−ν|

min(µ,ν)

( |α|2
2n̄th + 1

)
(5.63)
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where ϕcl is the phase of α and L
|µ−ν|
min(µ,ν)

is an associated Laguerre polynomial. Using

[âcl, â
†
cl] = 0, the left eigenvectors can be written as

W ∗
l̂µ,ν

(α) ≡ 1√
µ!ν!

⟨⟨0̂q|âµcl(â
†
cl)

νe(2n̄th+1)â†
qâq|α̂cl⟩⟩

=
1√
µ!ν!

∂
µ
η∗∂

ν
η ⟨⟨0̂q|eη

∗âcl+ηâ
†
cle(2n̄th+1)â

†
qâq |α̂cl⟩⟩

∣∣∣
η=η∗=0

. (5.64)

Using the Baker-Campbell-Hausdorff identity, we can move eη
∗âcl+ηâ†

cl past the factor of

e(2n̄th+1)â†
qâq and use the defining property of the classical and quantum eigenvectors to

obtain

W ∗
l̂µ,ν

(α) =
1√
µ!ν!

∂
µ
η∗∂

ν
η e

−(2n̄th+1)|η|2+η∗α+ηα∗∣∣∣
η=η∗=0

=
1√
µ!ν!

min(µ,ν)∑

j=0

µ!ν!(−(2n̄th + 1))j

j!(µ− j)!(ν − j)!
αµ−j(α∗)ν−j

=

√
min(µ, ν)!

max(µ, ν)!

(−1)min(µ,ν)

(2n̄th + 1)−min(µ,ν)
eiϕcl(µ−ν)|α||µ−ν|L|µ−ν|

min(µ,ν)

( |α|2
2n̄th + 1

)
. (5.65)

5.6.2 Propagator of a thermally-damped harmonic oscillator - Details

In this Appendix, we provide the explicit computations which led us to the continuous-time

representation of the propagator K(η, αcl; t) = ⟨⟨α̂q|e−iL̂t|α̂cl⟩⟩ in Eq. ([5]) and divide the

propagator in N parts e−iL̂t = e−iL̂∆t · · · e−iL̂∆t with ∆t = t/N . We then insert the

resolution of the identity Eq. (5.52) between each element e−iL̂∆t. Expanding to linear

order in ∆t and re-exponentiating gives

⟨⟨âq,j |e−iL̂∆t|âcl,j−1⟩⟩ = e
a∗q,jacl,j−1−aq,ja

∗
cl,j−1−iL(aq,j ,acl,j−1)∆t

+O([∆t]2) (5.66)

where L(aq,j , acl,j−1) ≡ ⟨⟨âq,j |L̂|âcl,j−1⟩⟩. Using the defining property of the classical and

quantum eigenvectors Eqs. (5.31)-(5.32), L(aq,j , acl,j−1) is obtained by simply replacing the
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classical and quantum superoperators that appear in L̂ by acl,j−1 and aq,j respectively. We

thus have

K(η, αcl; t) =

∫ N∏

j=1

dacl,jaq,j

π2
e
i
(
ã†G̃−1ã+ã†·J̃+J̃

†·ã
)

+O([∆t]2) (5.67)

where the tilde indicates that we are working with discrete-time objects. We have defined

the two 2N column vectors

ã =




acl,1
...

acl,N

aq,1
...

aq,N




(5.68)

and

J̃ = −i




0

...

−η

αcl
...

0




, (5.69)
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the latter only having 2 non-zero entries at position N and N + 1. The discrete inverse

matrix Green’s function is given by

G̃−1 ≡




0 [G̃−1]A

[G̃−1]R [G̃−1]K


 (5.70)

where [G̃−1]R and [G̃−1]A are Hermitian conjugate N ×N lower and upper-triangular ma-

trices respectively, whose only non-vanishing elements are on the main off-diagonal

[G̃−1]R =




i

−ih i

−ih . . .
. . . . . .

−ih i




(5.71)

[G̃−1]A =




−i ih∗

−i ih∗

. . . . . .
. . . ih∗

−i




, (5.72)

where h ≡ 1−i(ω0−iκ/2)∆t. The Keldysh component is simply proportional to the identity

[
G̃−1

]K
= iκ(2n̄th + 1)1. (5.73)
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We can readily obtain the matrix Green’s function since its inverse has a vanishing upper-left

block

G̃ =



G̃K G̃R

G̃A 0


 (5.74)

where

(
G̃R
)
jj′

=





0, j′ > j

−ihj−j′ j ≥ j′
(5.75)

(
G̃A
)
jj′

=





i(h∗)j
′−j , j′ ≥ j

0, j > j′
(5.76)

(
G̃K

)
jj′

= −iκ(2n̄th + 1)
N∑

k=1

∆t
(
G̃R
)
jk

(
G̃A
)
kj′

=
−i(2n̄th + 1)

1− ∆t
κ (ω20 + (κ2 )

2)
hj(h∗)j

′ (
h−min(j,j′)(h∗)−min(j,j′) − 1

)
. (5.77)

In Eq. (5.67), we can then make the displacement

ã→ ã− G̃J̃ (5.78)

and perform the integral over the various acl,j and aq,j using the well-known result for

Gaussian integrals
∫ ∏N

j=1
dacl,jaq,j

π2
eiã

†G̃−1ã = det
(
iG̃
)

[5]. Since the lower-right block of

G̃ vanishes and because the retarded and advanced Green’s functions are lower and upper
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triangular respectively, we have det
(
iG̃
)
= det

(
G̃R
)
det
(
G̃A
)
= 1. We are then left with

K(η, αcl; t) = exp
(
−iJ̃†G̃J̃

)
+O([∆t]2)

= exp
(
−i
[
|η|2(G̃K)NN − η∗αcl(G̃R)N1 − ηα∗cl(G̃

A)1N

])
+O([∆t]2)

Using Eqs. (5.75)-(5.77) and taking the N → ∞ limit while keeping the length of the contour

fixed ∆tN = t, we recover Eq. (5.62). As we have emphasized in the main text, Eqs. (5.75)-

(5.76) indicate that the correct normalization of the Heaviside step function at time t = 0

as they appear in the retarded and advanced Green’s function is Θ(0) = 1.
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