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ABSTRACT

Fix a prime p > 5. In this thesis we study the modularity problem of the Galois representa-
tion p = 1@y, where Y is a cyclotomic character mod p and 1 is the trivial one. Assuming N
is a product of four distinct primes and p{ N, we give a sufficient condition on N such that
there exists weight 2 level N newforms whose associated mod p representation is isomorphic
to p.

Our method is based on level-rising techniques using the geometry of Jacobian varieties of

Shimura curves (see e.g. [17]) and pseudodeformation theory (see e.g. [14]).

v



CHAPTER 1
INTRODUCTION

1.1 background

Fix a prime p > 5 and f a weight 2 level I'g(M) newform with (p, M) = 1, it is well
known that a p—adic representation can be associated to f, denoted as py . The mod p
representation py , is unique after semisimplification. If ps , is reducible, p¢,, = 1@y, where
1 is the trivial character and Yy is the cyclotomic character mod p [3, Proposition 3.1]. p f.p
being reducible is equivalent to f being congruent to an Eisenstein series mod p.
If M is a single prime, in [9], Mazur proved that py, is reducible if and only if p[(M — 1).
Later, many cases for squarefree levels were studied. Ribet used level-rising methods [11, 10]
to prove some necessary and sufficient conditions. Yoo gave more sufficient conditions in
[17]. Wake and Wang-Erickson developed the deformation theory for pseudorepresentations
satisfying stable conditions in [12], and used this theory to study the analogue of Mazur’s
Eisenstein ideal with certain squarefree level in [13] and [14].

If the level M is a product of distinct primes, the eigenvalue of the Hecke operator U, of
f is either —1 or 1 for each prime r with r|M. After arranging the order of prime factors,
M =ry---r¢. And fix d such that 1 < d < t, we are interested in the existence of a weight

2 newform of level M such that

e there is some prime ideal p above p inside the coefficient field K'f of f, and the reduction
of f at p is Eisenstein.

Le as(f) mod p=s+1 forall st M
o Uyf=floralll<i<dand Uy f=—ftloralld+1<j<t

Definition 1.1. A t-tuple (ry,---,7¢) of distinct primes is called admissible for d if such a

newform exists.



The following theorem is the necessary condition due to Ribet [14, Theorem 1.2].

Theorem 1.1. (Necessary condition)

p > 5 is a fized prime, assume (r1,--- ,1¢) is admissible for d, then

1.d>1
t
2. p diwvides [[(r; —1) ift=d
1=1

3.1 =—1modp ford+1<j<t

Many sufficient conditions are known, see e.g. [17, Theorem 1.3|. In this thesis, we study
particularly some sufficient condition for the case t = d = 4.
We assume M = Ilriroq with [ = 1 mod p to meet the necessary condition of (I,r1,79,q)
being admissible.

Let D be ryry, N be DI, and TD(l)neW be the Z;, Hecke algebra generated by Ts with
st N and U, with r|N acting on the new part of the Jacobian JP(I) of the Shimura curve
XP(). Let I .= (Up —1:7|N,Ts — (s + 1) : st N) € TP(1)"*¥, and m := (I, p)

Theorem 1.2. [17, Theorem 6.4] Assume p > 5 and Il = Imod p, if Ty —q — 1 is not a

generator of Iy in TD(Z);wa, then {r1,72,1,q} is admissible for t = d = 4.

As in Wake and Wang-FErickson’s paper [14], we can study the generators of Eisenstein

ideal using pseudodeformation theory.

1.1.1 pseudorepresentation and R =T

Recall N = DI, there is a unique weight 2 level I'g(/N') Eisenstein series (up to scalar) such
that it is an eigenform for every Ty with s ¢+ N and U, acts by 1 for every r|N, denoted by
E. And E € My(To(N),Qp).

The space M := QpE @ So(I'g(N),Qp)"V.

T is the Z;, Hecke algebra generated by {7, U} acting on M localized at m = (Ts —s —1:
2



stN,Ur —1:7|N,p).

I:=(Ts —s—1,U-—1) C T is the Eisenstein ideal. The cuspidal part of T" is denoted
by T° which is the localized Hecke algebra acting on Sg(I'g(N),Qp)"Y, while the ideal
I°:=(Ts—s—1,Ur — 1) C T° is the image of I.

And from Jacquet-Langlands, T° is isomorphic to TP ()% mentioned above. I° C T°
corresponds to I, € TP (1)hew,

The question becomes whether Tj — (¢ + 1) generates the Eisenstein ideal 1°.

On the other hand, we consider the pseudodeformation functor. We define a functor
PsDefp, y which sends A to the set of pseudorepresentations D : Ggq g — A which lifts
D := det(1 ® Y) and is finite-flat at p and Steinberg at r|N. This functor is represented by

Ry . For detailed definition, check 2.5.

1.2 results

Theorem 1.3. Assume | =1 mod p, r1,79 Z 1 mod p and ry is not a p-th power mod I,
1. There is an isomorphism Ry = T.
2. The localized Eisenstein ideal 1° C T° is principally generated. Thus T° is monogenic.

3. Furthermore, we assume ¢ =1 mod p and R := r{ry for some 0 < a < p—1 such that
R is a p-th power mod 1, if R is also a p-th power mod q then Ty — (¢ + 1) does not

generate 1°. Thus the 4—tuple (1,711,792, q) is admissible for d = 4.

Idea of proof:
Ry — Zp is the map giving rise to the pseudorepresentation induced from the Galois

representation associated with the Eisenstein series E. J™" is the kernel of the map.



We compute the sizes

Jmin Z Z
(Jmm)g) < #(ﬁ) = #(m;([))

7#(

and apply Wiles’ criterion to show Ry — T

Then we study in details the tangent space of R, which is a 1-dimensional Fy-vector space.
We explicitly construct a GM A representation which is finite-flat at p and Steinberg at r
with r|N.

Then Ty — (g + 1) generates I° is equivalent to tr(Frobg) — (¢ + 1) generates J™", the latter

can be computed through the explicitly constructed GM A representation.

Example 1.1. Let (I,71,72) = (11,2,3), N =66 and p = 5.
R is 7“%7“2 = 12 in this case, ¢ = 211,271,431 with ¢ < 500 are all the primes such that R is
a 5-th power mod g¢.

new

There is a unique normalized newform f in S9(I'((66), Q)" congruent to E. The coefficient
field for f is Q.

The localized Hecke algebra T° =2 Z5, and localized Eisenstein ideal 1° = 5Z5. For this toy
example, 74 does not generate /° if and only if a4(f) = (¢ + 1) mod P2

The latter condition holds for ¢ = 211,271, 431.

Example 1.2. Assume (I,7r1,79) = (101,2,3), p = 5, then N = 606.

In this case, T° = Z5 xg, Z5[v/6]. The latter ring is
{(a,b) € Z5 x Z5[V/6]|a mod 5 = b mod (5,a — 1)}

here « is one root of z2 — 6 = 0.
From part 3 of above theorem R = 6. Let ¢ = 31, then R is p-th power mod ¢, and
T31 — (31 + 1) does not generate 7°.

For details of the example, check example 5.2.
4



CHAPTER 2
DEFORMATION THEORY FOR
PSEUDOREPRESENTATIONS

This chapter covers definitions and basic properties of pseudorepresentations. The main

references are [6],[2], [15].

2.1 Pseudorepresentation

In the deformation theory of usual Galois representations, if the residue representation is
decomposable, its functor of deformations is not representable. It is natural to replace

representations by pseudorepresentations.
Definition 2.1. Let R be a commutative ring, F an R—algebra, and G a group.

1. A pseudorepresentation, denoted D : E — R is a multiplicative polynomial law of
degree d, for some d > 1. To be more precise,

For each commutative R-algebra B, there is a map Pp

PBIE®RB—>B

such that

e Pp(lpepp) =18

e Pp is multiplicative.

Pp(xy) = Pg(z)Pg(y)for all 2,y € E®p B

e All {Pg}p are compatible, i.e for any R algebra map B — B’, the diagram below

5



commutes:

P
E®prB —2» B

l l

P
EeorB —E, B

e homogeneous of degree d

Forallbe Band v € E®p B
Pg(bz) = b4 Pg(x)

2. Fix a pseudorepresentation (E, D), for every B and every a € F® B, the corresponding

characteristic polynomial x g(a,t) € B[t] is given by
xgla,t) = PB[t](t —a): F® B[t] — Blt]

Notation: use yg(a) to denote xg(a,a) € B.

3. Specially if F = R[G], the R- group algebra , then (D, R) defined as above is also

called a pseudorepresentation of G.

Example 2.1. Consider the R algebra map det(p) : R[G|] — R induced from the determi-
nant map of a degree d group representation p : G — GLy4(R). It is a pseudorepresentation
of degree d. And the characteristic polynomial for each element is the characteristic poly-
nomial for the representation. The induced pseudorepresentation will be the same after

semi-simplification of p.
Example 2.2. Pseudorepresentations of small degrees:

e degree 0
For any B and any z in E®p B, Pg(0) = Pg(0-x) = Pg(x) because of homogeneity.

Pp(0) = P(0). Because of multiplicity, Pr(0) = Pg(0)2.
6



Fix E and R, there is a bijection between the set of pseudorepresentation of degree 0
and the set of idempotents elements in R induced by D — P(0).

In this case, the characteristic polynomial is
xp(a,t) = P(0)

e degree 1
Being homogeneous of degree 1 implies Pg(u +v) = Pg(u) + Pg(v) 1. Together with
multiplicity, we can conclude Pp is an B-algebra homomorphism. There is a bijection
between the set of pseudorepresentation of degree 1 from E to R and the set of R-
algebra homomorphism from E to R given by D — Ppg.

The characteristic polynomial is xyg(a,t) =t — Pg(a).

e degree 2:

Similarly as before, Pp is uniquely determined by Pg, which is given as
Pg(u+v) = Pg(u) + Pp(v) + fp(u,v) Pg(bu) = b*Pg(u)

Here fp(u,v) is a B-module homomorphisms : SmeB(E ® B) — B, and it is uniquely
determined by fg.
The characteristic polynomial xg(a,t) = t2 — f5(a, 1)t + Pg(a). The proof idea is

similar to degree 1 case. 2

1. Consider B’ = B[X,Y] and fixed u,v € E ® B, Pg(uX + uY) as a polynomial Q(X,Y) satisfying
QAX,\Y) = XQ(X,Y) for all A € B, thus Q(X,Y) = a(u,v)X + b(u,v)Y. Set (X,Y) = (1,1),(1,0),(0,1),
we have Pp(u+v) = Pg(u) + Pp(v)

2. Interested in Pp(u+ v). We can consider B’ = B[X,Y, Z], for any fixed u,v,s Pp (uX +vY + sZ) as
a polynomial in B’ is homogeneous of degree 2. By symmetries,

P (uX +0Y +5Z) = Pg(u)X? + Pg(v)Y? + Pp(s)Z* + f(u,v) XY + f(v,8)YZ + f(s,u)ZX

Setting (X,Y, Z) to be (1,1,0) and other special values, we can derive f(u,v) is symmetric and B—bilinear.



Lemma 2.1. [6, example 1.8,lemma 1.9]

e The set of degree 2 pseudorepresentations from F to R is bijective to P : E — R and
an R—module homomorphism f : Sym%E — R satisfying:
1. P(1g) = 1p
2. P is multiplicative and P(au) = a®P(u) for a € R and u € E
3. Plu+v)=Pu)+ P)+ f(u,v)
4. f(1,1) =2
5. f(ru,m) = P(r)f(u,v) and f(ur,vr) = f(u,v)P(r) for all r,u,v € E
6. flu,u)f(v,v") = fluv,u'v") + f(ud',v/v) for all u,v,v/v' € E
e Especially when E := R[G], set T'(g) := f(g,1) and D(g) := P(g) for ¢ € G. The
bijective set consists of maps (T, D) from G to R satisfying:
1. D:G — R* is a group homomorphism
2. T:G — Ris amap with T(1) = 2, and for all g,h € G:

(a) T'(gh) = T(hg)

(b) D(g)T (g h) = T(g)T(h) + T(gh) =0

e Furthermore, if 2 is invertible in R, we can recover D from T as

. In this case, the bijection becomes an R—linear map 7" : F — R satisfying
1. T(1) =2
2. T(gh) = T(hg)

3. T(x)T(y)T(2) — T(xy)T(z) — T(x2)T(y) — T(yz)T(x) + T(xyz) + T(xzy) =0
8



Proof. For the details, check [6, example 1.8 lemma 1.9].

The second part of the proof. f(g,h) = T(h)T(g) — T'(hg) by setting u/,v" as 1. Also

f(g.h) = D(g)T (g~ h) 0
Remark 2.1. 1. The last equivalence is the definitions of pseudocharacters in many lit-
eratures.

2. For usual 2-dimensional group representations, 7" is the trace map.

2.1.1 Cayley-Hamilton algebra

Definition 2.2. (F, D) is a pseudorepresentation over R, we call (E, D) a Cayley-Hamilton
R-algebra if F is a finitely generated R algebra and for every commutative R—algebra B and

every u € E ®p B, u satisfies the characteristic polynomial xg(u,t) € BJ[t], i.e xg(u) = 0.

Example 2.3. If (£, D) is (Matgy(R), det), then it is Cayley-Hamilton algebra because of

Cayley-Hamilton Theorem.

More general pseudorepresentations are not necessarily Cayley-Hamilton, but there is a
canonical Cayley-Hamilton quotient.
(E, D) is a pseudorepresentation over R of degree d. We use CH(D) C R to denote the

two-sided ideal of R generated by the coefficients

X(t17’1 + -+ tnrn) € E[tl, ...,tn]

with any rq,...,r, € E and any n > 1.
We can claim (E, D) is Cayley-Hamilton if and only if CH(D) = 0. In degree 2 case, it
suffices to show that C'H (D) is also the ideal generated by xp(u) for all u € E. To see this,

we introduce some facts.



Facts 2.1. e [15, definition 1.1.8.4]
The characteristic polynomial y(u) for (E, D) over R x(u) is a homogeneous degree d

R polynomial law.
e [15, definition 1.1.2.14, proposition 1.1.2.16]
x(t1r1 + -+ + typry) is a homogeneous degree 2 polynomials in ¢y ... ¢,.

For one direction, let n = 1 and t; = 1 we have yp(u) € CH(D). For other direction,

we can plug in special values like(tq,t2...%,) = (1,1,0...0).

Definition 2.3. The kernel of a pseudorepresentation (F, D), denoted by ker(D), is the set

ker(D) = {r € Elfor any B and any ' € E®p B any b € B,Dg(r@b+1") = Dg(r')}

Theorem 2.1. 1. ker(D) is an ideal of E and CH(D) C ker(D)

2. D : E — R factors through ker(D), and E/ker(D) — R is faithful. E/CH(D) is

Cayley-Hamilton.

Proof. For the detailed proofs check [6, section 1.17]. Here we only give proofs in d = 2 and
2,3 are invertible in R.
In this case, Dp is uniquely determined by Dpg, as Dp ® B. For the equation of the kernel,

it suffice to only require B = R.

r € ker(D) <= D(r+1")=D(r") < D) +T@)TE") —T(rr') =0 for all +/

r" = 1 implies D(r) = —T(r), v’ = r implies 3D(r) = 0, thus r € ker(D) implies T'(r) = 0
furthermore T'(r1') = 0 for all 7.
In summary, ker(D) = {r € E|T(rr") = 0 for all r'}.

Other claims follows. O
10



Next, we will discuss a special example of Cayley-Hamilton algebra.
Definition 2.4. A generalized matriz algebra over R (or R — GM A) is the data of

1. An R-algebra F that is finitely generated as an R-module

2. A set of orthogonal idempotents ey, ...,e, € E such that ) ;e; =1

3. A set of isomorphisms of R-algebra ¢; : e;Fe; — Mg (R) fori=1,..r
€ = ({e;},{¢;}) is called the GMA structure of E. And we call (dy,...,dy) the type of
(E,8).

For example, the matrix algebra My, (R) can be viewed as a R — GM A of type (d1, ..., d;)
as long as Y d; = d.

Example 2.4. [12, Lemma 3.1.5 Example 3.1.7] There is a bijection between R—GMA
(E, &) of type (1,1) and triples (B, C, m) where B, C are finitely generated R—modules and

m: B®krC — Ris an R—module homomorphism such that

d® ;
B®RC®RBZE>L)B®RR C®RB®RCM C®prR

lm@id l l(mm)@id l

R®pB —— B RepC —— C

commute.
Here t : C ®p B — B ®p B is the isomorphism given by b ® ¢ — ¢ ® b.

The R-GMA associated to a triple (B, C,m) is

R B
E =
C R
10 00
The idempotents in F is e} = and ep =
00 01



The algebra structure of E is given by the matrix multiplication with m : B® C' — R. The
commutative diagram guarantees the associativity of the multiplication of E.

For the other direction of the bijection, for an R—GMA (FE, ), let B := ejFey and C :=
eaFe, and m : B® C — R is given by the multiplication in E as m(ejzes,esye;) =

$1(e1zyer) € R.

Example 2.5. a nontrivial-GMA structure

R=2Z,,B=Z,and C =Z,®Z/pZ and m : B® C — Z,, defined as m(b® (c, ) = pbe.

For a given R-GMA structure (E, &), there is a canonical C'H pseudorepresentation

D¢ : E— R such that
-
Trp, (z) = Tre(z) = Y tr(di(ejze;))
7

2.2 Representations of (E, D)

(E, D) is a d-dim pseudorepresentation over R, A is a commutative R-algebra.

Definition 2.5. A compatible representation of (E, D) over A is a pair (Vy,p4), with Vy
a projective A-module of rank d and py : E®@r A — End4(Vy) a A-algebra homomorphism

such that D® 4 = det o py4.

Definition 2.6. A Cayley-Hamilton representation (or CH-representation for short) (resp.
GMA representation) of (E, D) over A is a pair ((E', D'), p4), with (E’, D") a A-CH algebra
(resp. A-GMA algebra) and py : E® A — E’ a A-algebra homomorphism such that

D®pA=Dopy.

In particular, for a group G, a Cayley-Hamilton representation (or CH-representation for
short) of dimension d over A is a ((E, D), p with (R, D) a CH d— dim pseudorepresentation
and p : G — E* is a group homomorphism. Similarly we can define GMA representation for

a group G.
12



2.2.1 deformation problems

Notations:

k is a finite field, and W (k) is the ring of Witt vectors.

AlgW(k) is the category of commutative W (k) algebra

éW(k) C Algyy (1) be the category of complete Noetherian local W (k) algebras (A, m4) with
residue field k.

Next, we introduce various deformation functors of pseudorepresentations.
PSRdG is a functor from Algyy ;) to Sets defined as for any algebra A, PsRg(A) is the set of
all dimension dpseudorepresentations of G over A.
To save notation, we may also use PstG to denote the category with objects being (A, (A[G], D))
with A a commutative W (k)-algebra, and D : A[G] - A a dim—d pseudorepresentation;
with arrows (A, (A[G], D)) — (A, (A'|G], D")) f : A — A’ compatible with pseudorepresen-
tations, fo D = D’.
The category .'Rep‘é is the usual category of dim-d representation of G.
The category G%g has objects being d-dim C'H-representations of G over A, a commuta-
tive W (k)— algebra, and arrows (A1, (E1, D1),p1) — (Ao, (E2, D2), p2) pairs (f,g) with a
W (k)—algebra homomorphism f : Ay — As, g : E1 — F» ring homomorphism compatible

with A1 and Ag algebra structure, p9 = gop; and fo Dy = Dyog.

Definition 2.7. Fix a pseudorepresentation D : G — k. Its deformation functor PsDef R
éW(k) — Sets is
A — {D: A|G] — A such that D ®4 k = D}

and elements of PsDefp(A) are called pseudodeformation.

PsDefy is a subfunctor of PSRdG above. Similarly, Gﬂ'fdG, pisa subcategory of GJ’CdG
having objects (A, (E, D)) satisfying D ® k = D. Below is a summary of representability of
13



functors defined above:

Theorem 2.2. 1. [6, Proposition 1.6/
PstG is represented by a W (k)-algebra, denoted by W(k)(G,d). And the universal
pseudorepresentation is DY : W (k)(G,d)|G] — W (k)(G, d).

2. [6, Proposition 1.23]
(W(k)(G,d), (EY, DY), p") is the initial object ofeﬂ-fcé. Here E* := W (k)(G,d)[G]/CH(D").

d d
3. Above two statements also holds for PSRG,D and GJ{G,D'

[6, Theorem 2.12] claims that for a d— dim pseudorepresentation D : £ — k with k an al-

gebraically closed field, there exists a unique, up to isomorphism, semi-simple representation

p*% + E — M(k) such that D = det o p and kerp*® = ker(D).

Definition 2.8. Fix a field k, a pseudorepresentation D : E — k is multiplicity-free if

pst o defined as above, has pairwise non-isomorphism simple factors and each of the factors

is defined over k.

Theorem 2.3. [15, Theorem 3.2.2] Let D : G — k be multiplicity-free, and (dy,--- ,dy)
be the dimensions of the simple factors of p%s. Let R be a Noetherian Henselian local ring
with residue field k, and let (E, D, p) CH representation over R lifting D, then there is an

R-GMA structure € of type (dy,--- ,dy) on E such that D = Dsg.

Remark 2.2. The "multiplicity-free” condition is necessary. Check one counter example

below.
Some reasons why C'H-representations are introduced:

o Gﬂ{dG — PSRdG extends the functor det : iRepdG — PSRdG.

14



e The functor ¢ defined above is essentially surjective, i.e fix a pseudorepresentation
(E, D) over R, it always has a CH representation given by (E/CH (D), D), while det

is not essentially surjective. One example is given below.

e Restricted to the subcategory of residually multiplicity-free pseudorepresentation over
a local Henselian UFD, the functor det above is essentially surjective. For details,
check [2, Proposition 1.6.1]. One counter example (not satisfying UFD condition) is

given below.

2.2.2  Example

Example 2.6. (a CH representation but not a GMA representation)

The representation p of G = Z/3Z over F3 comes from the standard representation of S3,

11
and with chosen basis, p(1) =

0 1
The pseudorepresentation (E, D) = (F3[Z/3Z], det) induced from this representation is char-

acterized by the trace map T : F3[Z/3Z] — Fg with T'([0]) = T'([1]) = T([-1]) = 2. Here we

use [i] to denote the element in Z/3Z.

This pseudorepresentation is not faithful. Because

ker(D) = F3([0] — [1]) + F3([0] — [-1])

E — E/ker(D) = F3 is the map a[0] + b[1] + ¢[-1] = a+ b+ ¢ — (a + b+ ¢)?. The unique
D

p%% giving rise to D is

p°® :Z/3Z — GLao(F3) mapping [1] — id
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Thus (E, D) is not multiplicity-free. And it is not CH.

CH(D) = F3([0] + [1] + [~1]) C ker(D)

It maximal C'H quotient (E/CH(D), D) has no GM A-structure.
E/CH(D) = F3 @ F3 as Fg-module. Only possible GM A-structure is of type (1,1). The

algebra homomorphism F3lp] : E — Ms(F3) factors as E — E/CH(D) < Ms(F3). The
10 0 0

only nontrivial idempotents in My (F3) are and which are not in the image
0 0 0 1

of F3[p]. Thus no GM A-structure on E/CH(D).

Example 2.7. (Toy example of a universal pseudodeformation ring) Consider the pseudorep-

2

resentation (D : F3[Z/3Z] — F3) defined in above example. We will compute PSRZ 132.D"

Any dim 2 pseudorepresentation of Z/3Z over A is uniquely determined by the trace map
T, more specifically determined by 7T'([1]) and T'([—1]) (7(0) automatically is 2).

Thus we can first construct a universal ring R" representing functor PSR% /32" and R" =
Z3[X,Y]/J, where ideal J is generated by X3 — 3XY +4,V3 — 3XY + 4, X%y — Y2 —
2X,XY? — X? —2Y. Here X,Y correspond to T([1]), T([—1]).

Let D = (X2 —Y)/2, using Grbner basis R* & Z3[X, D]/(X? - D>X —2D, D3 —1). Here D
corresponds to determinant of [1]. The trace map T of the universal pseudorepresentation
(R%[Z/3Z], DY) is the R%linear map determined by T%([1]) = X and T%([-1]) = X2 — 2D.
R is not a UFD, because X2 — D2X — 2D = X% — D2X — 2D% = (X — 2D?)(X + D?).
CH (DY) is the ideal generated by [—1] — X[1]+ D[0]. And ker(D%) = CH(D") in this case.
The detailed computations are below:

CH(D") is the ideal generated by x(r) = 12 — T(r)r + D(r)[0] for every r € E*. From the

16



equality of pseudorepresentation D(a + b) = D(a) + D(b) + T'(a)T(b) — T'(ab), we have
x(a+b) = x(a) + x(b) + 2ab — T (a)b — T'(b)a + T'(a)T'(b) — T'(ab)

By writing general r as linear combinations of [0], [1], [—1], we can show C'H(D") is generated
by x([1]).
ker(D%) is all r = a[0] + b[1] + ¢[—1] such that T'(rr’) = 0 for all 7. Tt suffices to show for

v’ € Z/3Z. In the middle of computations, it uses
(DX —2)r =0 < r €ideal (DX +1)C R"

Next, we compute R%.

The residue pseudorepresentation D corresponds to the maximal ideal m := (3, X +1, D—1).
PsDef p is represented by R}{I, the completion of R" at the maximal ideal. The universal
pseudorepresentation is (E% := R%[Z/3Z], D"), and ker(D") = CH(DY) is the ideal gener-
ated by [—1] — X[1] + DI0].

In this case, there is no GMA-structure on E%/CH(D") (as a RY module, it is free of rank

10
2). If GMA structure exists, there is an idempotent e corresponding to whose trace

0 0

is 1. No such element exists.

In this case, there is no adapted representation for (E“, D“) over RY. If there is one, con-
sider the pseudorepresentation over (Fs[e]/(¢?)) induced by the map f : RY — Fle]/(¢2)
with f[X] = ¢ — 1, f[D] = 2¢ + 1. This induced pseudorepresentation will have adapted
representation p : F3e]/(e2)[2/3Z] — Ma(F3le]/(¢?)). Assume p([1]) = A + €B, there is no

solution for A and B.

Example 2.8. (Toy example where the universal CH algebra has a GMA-structure)

Consider the standard representation of S3 over F3. Fix two generators o = (1,2,3) and
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7 = (1,2) of S3, and basis of F3 vector space {ej, ea} with ge; = €g(i)s this representation
(p, V) has an exact sequence

0—=>Id—>V —-x—0

with nontrivial  : S3 — Z/2Z — Fs.

Its induced pseudorepresentation is multiplicity free.

e Compute PSRZ‘,D:
Any pseudo representation of S3 over R is uniquely determined by R—linear trace
function T', because of T' being central, T'(g) = T'(¢’) if g and ¢’ are in the same con-
jugate class of Sg. Thus T is uniquely determined by T'(¢) and T'(7). Similarly as
above example, PSR2G is represented by Zz[x, y]/I with ideal I = ((x —2)(x+1),y(z —
2),y(y — 2)(y + 2)). The maximal ideal corresponding to D is m = (3,z + 1,y). Thus

PSR%,’D is represented by RY% := Z3[[z]]/(x — 2)(z + 1).

e Construct the GM A—structure:

D% : R%[S3] — R%is not CH, its CH (DY) is generated by a single element ¢ + ¢ — z.
And CH(DY) = Ker(D"). Thus as a Z3-module, E¥/CH(D") = Z3[S3].

According to the general theorem, there is a GM A—structure. For explicit construc-
tions, we need to find idempotents. Consider E%/Ker(D) = F3® Fg, then from general
theorem the idempotents in E%/Ker(D) can always be lifted to E%/CH(D). Ker(D)
viewed as an ideal in E%/CH(D) is generated by 3,1 — . Thus E%/Ker(D) as a F3
vector space has 1,7 as basis. Its idempotents are %(1 + 7) and %(1 + 7), which can
be lifted to E"/CH(D) (they are already in).

In this case, B = e1 E*/CH(D)ey = Z3(0? — ¢)(1 + 7) which is a R%module with =
acting by ¢ + 02. And C = e9E%/CH(D)ey = Z3(6> —o)(1 —1). m: B®C — R%is
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determined by m(b® c) = Trace(bc) = 4(2 — z).

2.3 reducible locus of PsRéD

In this section we only consider the case where R is in éW( k)» (E, D) is a 2—dim residually

multiplicity free pseudorepresentation. Its residual pseudorepresentation is D 2 det (7 ®x2).

R B
Furthermore assume (E, D) has a GM A—structure of type (1, 1), denoted as E =

C R

Definition 2.9. (E, D) is reducible if there are two R—algebra morphism

X; : F— R i=1,2 lifting y; such that
D = det(x1 ® x2)

Remark 2.3. If (E, D) is has GM A-structure of type (1,1), then the trace map restricted
to e; Fe; (i.e. T|eiEei> is a R—algebra homomorphism.

Furthermore, if we assume (E, D) is reducible with D 2 det(y] @ X2), then {ej, es} can be
chosen such that x1(z) = x1(ejze;) = T(ejzeq) for all z € E. The reasons are below:

For the first part, because of D(e;Ee;) = 0,
0= D(ej(x +y)ei) — D(ejwe;) — D(ejye;) = T(ejze;)T(eiye;) — T(ejweiye;)

For the second part, consider (E, D), {é1,é} are idempotents coming from E. We can label

e; such that x;(e;) = 1 because only idempotents in a field are 0 and 1.

x1(z) = x1(e1zer) + x1(eawez) + x1(e1zea) + x1(eazey) for any z € E
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The later two are 0 because ejeo = 0. After mod maximal ideal m, x1(eoxes) € m.

1 =T(e2) = x1(e2) + x2(e2)
Thus ya2(e2) is a unit in R, and x2(es)(x2(e2) — 1) = 0, thus xa2(e2) = 1,. Similarly,
x1(e1) = 1. Thus T(eyze1) = x1(e1wer) + x2(e1wer) = x1(e1wey).
Lemma 2.2. There exists an ideal I of R such that for any ideal J of R, I C J if and only
if (E,D)® R/J is reducible. Moreover,

I = image ideal of m: BQr C — R

I does not depend on choices of the GM A—structure.

Proof. For detailed proof, check [2, Proposition 1.5.1]

[
Fix a ideal J containing I, then there is x; : E/J — R/J (unique up to isomorphism).

Theorem 2.4. Fix a GM A—structure on E, there is a natural bijective map of R/J—
modules

vp : Homp(B, R/ J) — E'TtlE/JE(XQaXl)
vc « Homp(C, R/J) — Entyy) ;p(x1, x2)

Proof. For each f € Hompg(B, R/J), define py : E/JE — Ma(R/J) as

a b a f(b)

_>
c d 0 d
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We can check that py is an algebra homomorphism. The construction is injective.

To check the subjectiveness, consider a E/J-module V' in the extension class, p : E/J —
, x1 f] .

Ms(R/J) written as with f: E/J — R/J.

0 X2
We claim that p can be chosen such that f(z) = f(ejxes), thus can be viewed as a R/J-

module map B/J — R/J.
To see above claim:

f(z) = ferzey + eaxes + ejxes + egxer)

Because of the cocycle property of f and x;(e;) = 1, we have f(egwer) = 0 and f(e;xe;) =
Xi(x) f(eq).
f(z) = xa(@) fe1) + xa(@) fe2) + flerzes)

By changing new basis, we can choose f such that f(e;) = 0, which implies f(eg) = 0 =
flid) — fler).

O

For the universal pseudodeformation (R“[G], D¥) over R lifting a multiplicity-free D =

det(x1 @ x2) of a group G, Rred .— Ru /I with I the reducible ideal defined above.
Rred Bred

E" is the initial CH representation. E™d := E% @ pu RYed —
cred  pred

Remark 2.4. As a R-module homomorphism m : B! @p ¢ — /12 This is not
contradicting with the fact that m*®d, the R™d-module homomorphism map appearing in
the GM A-structure of E*4, is 0. Here m*®d : pred Rred cred _y Rred can be viewed as the

above m tensoring with R over R, which is 0.

Theorem 2.5. 1. R™® is the universal deformation ring for the functor sending A to the
set of reducible pseudo deformations of G over A.
There is a canonical isomorphism Rred o~ Rx1®R>—<2 with Ry, the universal deformation
ring of X;-
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2. E" s initial among all the reducible GM A-representation. To be more precise, if
p: G — (E,D) is a GM A—representation of G over R lifting D, then the resulting
GMA map (E", D") — (E, D) factors through (Ered, Dred) if and only if p is reducible.

3. Furthermore, A € C and M is a finitely generated A—module, and x; o : G — A* isa
character lifting x;. There 1s a natural isomorphism

HomA(Bred ®Rred A, M) = Exté(XQ,A? X1,A ® M)

Similar isomorphism is true for CTC.

2.4 tangent space of the pseudodeformation functor

In this section, we only consider the dimension 2 case and the residue pseudodeformation is
induced by two characters. For more general discussion on tangent space, check [1].

Fix kle] with €2 = 0, and D = det(¥; ® X2), x; distinct characters of group G.

The set of pseudorepresentations of G over kle] (Homyy 3y _q4(R", k[€])), denoted by T is
naturally k-vector space.

The k-vector space structure is induced by the algebra homomorphism « : k[e] — k[e] sending
e to ae with a € k.

There is a filtration of T, 0 C Ty C J. Here Ty is the set of reducible pseudorepresentations

of G over ke, i.e. Hom(R™4, k[e]).

Theorem 2.6. There is an exact sequence
0= To =T L Brth(Yo, x1) ® Bath(X1, X2) 5 Br2 (31, 01) © Eat2 (Yo, X
— Jo = T = Extg(X2, X1) @ Extg(xi. X2) = Ertg (X1, X1) @ Extg(xe, X2)
and Ty = Ertg (X1, X1) @ Ext(Xa, Xa)
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Remark 2.5. e Recall the basic fact about Ext and cohomology.

Exti (x, xp) = Extg(1, p) = H'(G, p)

The explicit definition for Ezt':
Zg(x1,x2) = {a: G — kla(gg') = X2(9)alg’) + a(9)x1(¢")V9, 9" € G}

B&(x1,%2) == {a: G — kla(g) = x2(9)A — Ax1(g9) 3A € kVg € G}
Z2(x1,X2) = {b: GxG = k|x2(9)b(d’, d")~blgg’, ") +b(g, 9’ g") (g, ") x1(¢") = O¥g,¢',¢" € G}
BA(x1,%2) = {b: GxG = k|Fa: G — ks.t. b(g,d') = algg)—x2(9)a(d)—a(9)x1(d)}

Extl, (Y1, X2) is defined as Z(v1, X2)/Ba (X1, X2)

e h appearing in above theorem is the natural map given by h(a; ® ag) = (b1,b9)
with b1(g,¢") = a1(g)az(g’) and by(g,¢') = az(g)ai(g)), here a1 € Ext{,(x2,X1) and

ag € Exts (X1, Y2).

The map h corresponds to cup products of cohomology groups.

Proof. Let D : k[e][G] — kle] be a pseudodeformation in T, and E be a CH quotient of
kle] B

k[e][G] having a GMA-structure g . p:G— Eis nre
C  kle PC P2

First we construct the map f.

m: B ®k‘[e] C— k[E]

The image ideal of m is denoted as I, then I contained in (€). I can only be either 0 or (¢),
and is also independent of the choice of F.
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m factors through B/eB ®;. C'/eC.

We write m = ¢e then
¢ € Homy,(B/eB®},C/eC, k) = Homy,(B/eB, k)@Homy, (C/eC, k) — Exts(Xo, ¥1)@Erts (X1, X2)

The last map comes from Theorem 2.4.

f is defined sending (£, D) to ¢ and the kernel f <= I = 0 corresponding to reducible
pseudodeformations. Ker(f) = Ty.

Next, we can show ho f = 0.

Unwinding the definitions, h(f(¢))(g,9")e = (m(pp(9), pc(d"), m(pc(9), pB(9)))-

Because p : G — E* is a group homomorphism. Thus

m(pp(9), pc(d) = p1(99’) — p1(9)p1(d)

p1 = X1 + ae, thus

m(pp(9),pc(g) = algg’) — x1(9)ald’) — x1(g")alg)

Similarly, po = Y2 + de, and ho f = 0.

Next we will show ker(h) = img(f).

We have the following observation:

kle] Extg (X2, X1)*

Ext (1, x2)* kle]
(+)* means Homy (-, k) and € acts on Exth()Zi, X;)" as 0.

k[€][G]/ker(D) has a GMA-structure S :=

The reasoning: For any CH-representation (Ep, D) of G giving rise to D. (Ep,D) has
EBD

kernel
eCp 0
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kle] BY®k
Specially, we pick Ep := EY®@pukle]. And Ep/ker(D) has GMA-structure as
C'"®k ke

, the above observation follows from Theorem 2.5 part 3.

For any ¢ € Ext%;(ig, X1) ® Exté(;‘a,)_@), m := ¢e gives a GM A-structure on S. a group
homomorphism p : G — S. Fix a k-vector space embedding Exté()_(i,xj) — Zé()%i,)zj)
with (4,7) € {(1,2),(2,1)}, we can define pg : G — Exté(ig,)h) as pp(g)(b) = b(g). Simi-
larly we can define p¢ :.

If ¢ is in the kernel of h, there are (§(a),d(d)) € Bé(ibfﬂ) & Bé(){g,)’(g) such that
h(¢) = (6(a),d(d)). Thus

5(a)(g, 9" )e =m(pp(9),pc(d)) 6(d)(g,g")e = m(pc(9), pB(9))

X1+ae p
We define p : G —* as b . We can check p is a group homomorphism

pc X2 t+de

and has residual pseudorepresentation D.
There are multiple choices of (a,d). We will show these choices correspond to the kernel of
f which is Ty.

If (a’, ') is another choice. Then a — a’ € Z%;(XL X1) = EXt%;()_(l, X1)- ]

2.5 pseudodeformations with conditions

The main reference for this section is [12].

Notations:

Q is the maximal field extension of Q unramified outside S = {N,p, oo}, its Galois group
over Q is denoted by Gq g.

x:Go.s — Z;; is the cyclotomic character.

p:Gos — GLa(Fp), p:=x @® 1. Its induced pseudo-representation is denoted as D.

€ is the category complete commutative noetherian local Z), algebra (A, my4) with residue
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field A/my =Fy. Le Cyy(F,) defined before.

The deformation functor PSR% is represented by (Rp, mp), all pseudodeformations of Go,s
lifting D.

And (Ep,p" : Ggs — EE—;, DE‘ED : Ep — Rp) is the initial object in category of CH algebra.

Because of being residually multiplicity free, there is a GM A—structure on Ep.

2.5.1 finite-flat at p condition

Gp = Gal(Q,/Qp) is the local Galois group.
fin
Let MOdZP[Gp]

a finite flat group scheme G over Z, such that V = S(Qp) as a Zp|Gpl-module.

be the category of finite Z,[Gp]-module, an object V' is finite-flat if there is

(A,my) is an object in €, then a finite generated A[G)p] module M is finite-flat if M/milM

is finite-flat as a finite module.

Definition 2.10. Let (E, p, D) be a CH representation of G, over A, it is finite-flat if E is

finite-flat as a A[Gp]-module.

For more details, check [12, section 5.2]

2.5.2  Steinberg at | condition

Definition 2.11. Let (F, p, D) be a CH representation of GGj over A, it is called e-Steinberg
if

is 0 for every pair (o, 7) in Gj.
Here x : G; — Z;( is the cyclotomic character and A is an unramified character sending

Frobenius to —e.
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Notice that the order matters. The reason to define this equation:
Assume FE is a matrix algebra, p : G; — Gla(A) with A € C, and p = y @ Id, then being
A(=e)x =

0 A(—¢€)
To see above claim, consider the basis v1,ve of V' such that p(7)v; = A(—€)x(7)v; mod m

Steinberg implies p =

and p(T)v2 = A(—€)vg mod m. Pick 79 ¢ the inertial group, then v} := (p(79) — M(—¢))v1
together with vy is a new basis of V. And (p(c) — A(—€)x(0))v] = 0 for all o because of
Vp(o,7) = 0.

Assume p(T)vg = f(7)v] + g(T)v2, then V,(o,7)(v2) = 0 implies (g(7) — A(—e€))(g(o) —
A(—€)x(0)) =0 for all o, 7. Because g(c) = A(—e¢) mod m, g(7) — A(—¢) for all 7.

Under this basis v’l, vg, p is of the upper triangular shape.

Remark 2.6. Comparing with the definition unramified or €;-Steinberg [14, Definition
3.4.1].
We modify the condition to consider only Steinberg because we only consider Galois repre-

sentations associated with newforms.

In the following discussion, we will only consider the case where ¢ = —1. To save notation,

we will just use Steinberg to refer this special case.

2.5.3 Global condition

We define a sub category, denoted as G:HGQ,S,D of GJ{GQ,SD having objects as (F,p :
Gqgs — E*,D: E — R) such that it is finite flat viewed as a CH representation of G and
is Steinberg viewed as a CH representation of (Gj for every [ dividing /N, and arrows are the
same.

we can define the functor PsDefY - to be the sub-functor of PsDef ~ such that
GQ’S,D GQ,S,D
PSDefgQ ; p(A) is the set of all pseudorepresentation D : A[Gq g] — A lifting D and it has
. 2.N

a CH representation being an object of above subcategory CH Go.s.D°
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Similarly, we can define functor PSDefg?g’S, ) sending A to the set of all finite-flat at p
pseudorepresentations.

The finite-flat condition at p on CH algebras is "stable” condition discussed in [12], and
the Steinberg condition is a condition that certain elements vanish. From the discussion
from [14, section 3.1.5, section 3.1.6], we have the functor PSDeng& b is represented by
Rp;, respectively PsDefgfgﬁ’ D by R4 Furthermore there is a universal CH representation

(ED’N,pu : GQ,S — ED’N,D}LV : ED,N — Rpy).
The previous description still holds for reducible locus of the pseudodeformation ring
satisfying "stable” conditions. Theorem 2.5 holds for universal pseudodeformation ring sat-

isfying ”stable” conditions. Below is the precise statement.

Theorem 2.7. There is an isomorphism R:f% — R*,m@R*,)—Q.
Here  can a stable condition, and D = det(Y1 © X2).
Furthermore, A € C and M 1is a finitely generaled A—module, and x; o : G — A* is a

character lifting x; satisfying the stable condition . There is a natural isomorphism
Hom (B ® pred A, M) = EW%:,*(Xz,A’ X1,4® M)

Similar isomorphism is true for CT¢C.
Proof. Check [12, Proposition 4.3.4, Theorem 4.3.5] ]

Example 2.9. Let D = det(y @ Id) with y : Go,s — Z;; cyclotomic character.

Then Rpa 1q = Zp[Gal(Q(£n)/Q)P P2,

As we have seen the degree 1 pseudorepresentation is the same as the usual character. And

being finite-flat at p implies the character is unramified at p.

Rfat,1a = Rfat,x = ZpH'_[ Zp/(r —1)Zp].
r|N

The universal character lifting id, denoted by < — >: G g — Rfat, 14 = Z,[Gal(Q(&)/Q)P—Part],

is given by the natural quotient. And the universal character lifting y is x < — >.
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Rﬁ‘;‘% = Rﬁat7i®Rﬂat’ 74 1s the universal reducible finite-flat pseudodeformation ring. Let
Xi i Gos — Rﬁea% be x < — > ®Id, and x§ := Id® < — >, then the universal reducible

finite-flat pseudodeformation is det(x{ @ x3).

Lemma 2.3. Let (E, D) be a pseudorepresentation of Gq g lifting D = det(y & Id) over A

and is finite-flat at p and Steinberg for I[N, then D(7) = x(7) for 7 € Gg 5.

Proof. D restricted to G g is a character, it is the determinant map. It suffices to show
Dy 1 Go,s — A is unramified at every place.

At place p, check [14, Corollary 3.7.6].

For place r|N, it follows from [14, Lemma 3.4.4]. Here we replicate the proof because the
proof uses many basic properties of pseudorepresentations.

It suffices to show D(vy) =1 for any v € I. From Steinberg condition at r, we have

V(3,7) = (p(y) = 1)* =0

Thus D(p(y) —1) = 0. D(g) = w implies Tr(p(y) — 1) = 0, thus Tr(y) =

D(y—=1)=D®)+1+Tr(y)«Tr(-1) — Tr(—y) =0, thus D(y) = 1.
U

Remark 2.7. Above lemma corresponds to the claim that the p-adic Galois representations

associated to weight 2 level I'g(N) newforms have determinant .

Lemma 2.4. Assume the universal reducible finite-flat pseudodeformation is det(x{ @ x4)
with xi' : Gg g — Rﬁ%ﬁi. Then there is an ideal I in RE‘;‘% such that every finite-flat reducible
D : R[Gq,s] — R, D is Steinberg if and only if Rﬁ‘ﬁ — R factors through 1.

Ideal I is generated by (x{(7) — x(7))(x}(0) — Id), (x5(7) — x(7))(x5 (o) — Id) for 7,0 in

Gy with 7| N.
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Proof. (EY, p*, R*4) is the universal GMA structure. D is a finite-flat reducible pseudorep-
P flat

resentation, it induces ¢ : RE‘;‘% — R.

X *
If D is Steinberg, there is a C'H representation D : E — R and p : E% = 1 — F
* X%
satisfying p(V,u(7,0)) = 0 for any 7,0 € G with r|N.
10
In particularly, the trace of p(Vu(r, o) ) is (X} (1) = x(7))(x}(0) = Id)) is 0 in R,
0 0
similarly ¢((x5(7) — x(7))(x5(c) — Id)) = 0. Thus ¢ factors through 1.

For the other direction, given a map ¢ : RE‘;‘% — Rﬁfﬂ /T — R, we can construct (¢ oy @®

¢ o xa) that is a Steinberg CH representation inducing D. n

Example 2.10. Compute Rﬁ\efd :
From lemma2.3, the ideal generated by {D(7) — x(7)} is contained in the ideal from 2.4. To

compute R4, we first quotient the former ideal. Here D(7) = x(7) <7 > ® < T >.

Rﬂat,;’( ® Rﬂat,]d
ideal generated by{< 7> ® <7 > —1}

Rat, 10 —

The above map is given as x — 1 ® x. It turns out to be an isomorphism.
The universal pseudodeformation is given by det(y < — >lg < — >).
From lemma2.4, R}”\E}d >~ Rfat,7d /7 with I being generated by (< 7 > —x(7))(< 0 > —1)

for every o, 7 in G, with r|N.

Notations: for a prime r with r| N, fix a decomposition group G, C Go,s, Ir is the inertia
subgroup. The maximal pro-p quotient of I, is denoted by IX'® P which is isomorphic to
Zy,. Pick v € Gy which is a topological generator of PP and o, € G, which lifts the

Frobenius element.

Lemma 2.5. N = ryr9l with [ = 1 mod p and r{,7r92 # 1 mod p, furthermore assume rq is

not a p-th power mod [, then Rﬁ\‘}d = Zp.
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v

Proof. Ryat.1a = ZplZp/(1—1)Zp] = Zp[yl]/(yf g 1), use y; to denote the image of 7; under
() and v; = orderp(l —1).

< 7r; >= 1l and assume (o) = y;"*, I is generated by (yi—1)2, (y—1)(1—1), (yy " =ri) (y; " —1)
with i = 1,2.

Let Y] :=y; — 1, then RTNEd is the ring
Zy[Yi]/ (Y7, (1= )Yy, (1 = r1)a1 Yy, (1 = ra)agYy)

When one of «; satisfying (a;,p) = 1, then the above ring is Z,. Thus RTNed = Z,. The
condition (cy,p) = 1 is equivalent to the inert degree f; of r; inside the field extension

Q(&)/Q has the same p-order as [ — 1. It is equivalent to rq is not a p-th power mod . [
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CHAPTER 3
HECKE ALGEBRA

3.1 congruence module

The main reference for congruence module is [8].

K is a finite field extension of Q. M is K-subspace of M?(Ty(N), K) (space of weight 2,
level I'g (V) modular forms) stable under all Hecke action T3, for all n. Use M (O ) to denote
the intersection of M?(I'g(N), K) and M (K). Assume M = X @Y with X, Y K—sub space

stable under all 7},, and
rank(X N M(Og)) + rank(Y N M(Of)) = rank(M (Of))

Similarly, we can define X (O ) and Y (Of).
Congruence module Cx y is defined to capture the congruences of modular forms be-

tween X and Y. Below is the detailed definition.

O e MOK)
XY X(0g) 2 Y (0k)

is called congruence module.
From the definition, Cx y # 0 if and only if there exists a nontrivial element annihilated by

7 if and only if there exists f € X (O ) and g € Y(O) such that
f=gmod7m andf #0 mod

My :=Projx (M(O)) is the projection of M(O) to X. My is similarly defined.

Then M(Of) < Mx & My There is a similar O g —module C y

Cly =Mx @My /p10y)
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Lemma 3.1. (' y # 0 if and only if Cx y # 0

Proof. The proof comes from unwinding the definition.

CS(,Y # 0 if and only if there is a nontrivial element annihilated by 7, which is equivalent

to that there exists u, v, w € M(Of) such that (wx,wy) = 7(uyx,vy) and 2 = uy + vy &

M(Og).

Assume CS(,Y # 0, then consider w — mu,w — v € M(Of). (w — pu)x = 0 implies

w—pu € Y(Of), similarly w —pv € X(Of). Furthermore, w — pu = w — pvand w # 0 mod

m. Thus one direction is clear.

For the other direction, we assume f—g = rh withh € M (O ), f € X(O)and g € Y(O).

(hx = % -9 = % € My, thus (hx,0) € CS(,Y is an element in CS(,Y annihilated by 7.

It is non-trivial because f # 0 mod 7. m
We can also describe congruence module using Hecke operators, which follows from the

perfect pairing between modular forms and Hecke algebra.

Notations:

T is the O algebra generated by all T}, inside End(M).

Tx is the O algebra generated by all T}, inside End(X). Ty is defined similarly. Then
T—»TX T—»TY T"—)Tx@TY

Consider the finite T—module 7x © Ty /7 the following theorem claims

Theorem 3.1.

M(Ok) Txaly g
X0 aYog 1 /OK

nduces an O — module 1somorphism

Cxy — Homg, (Tx ®Ty /T,K/OK)

33



M(Og) — M = X @Y, the pairing from the theorem is induced from the classical

pairing in the following lemmas.

We introduce two classical results before stating the proof of the theorem.
Lemma 3.2. The pairing of K —module
MxT(K)— K
(f,T) — ar(Tf)
is perfect.
Lemma 3.3. The pairing of O —module
MOg)xT — O
(f. T) — ar(T'f)
is perfect.

The key point of the proofs is a1 (T}, f) = ap(f) for all n.

Proof. proof of the theorem:
notation: 7 := Homg, (T, Ok), T:=Tx®Ty and T(K) :=T R, K

There is a commutative diagram:

O—>X(OK)@Y(OK)—>M(OK) >CX,Y > 0
lw lfv l@bx,y
0— ~ Tyaly a ,p_F > Home, (T /7.5 [0,0) — 0

The first two vertical maps are induced from the perfect pairings in above propositions.
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3 is defined as following: T(K) = Tx(K) @ Ty (K) = T(K), then

Homg, (T, 0f) — Homg (T(K), K) = Homg (T(K), K) = Homg, (T, K)

The definition for £ follows and it is surjective and ker(f) = img(«).

The maps in the second square commute, thus the theorem is proved. O

There are several equivalent statements that Ix © Ty /T (to save notation, denoted as

T /1) is nontrivial.

e We denote the kernel of T' — T'x as I x. Similarly, Iy is defined. Then as a T- module

T/TgTX/(IXJrfY/]X)’ET/IXJrIY

thus T/T is nontrivial if ans only if there is a maximal ideal m of 7' such that
Ix+ Iy Cm

Furthermore, assume m C 7' is a maximal ideal, then (T /T)m = 0 if and only if
Ix + Iy C m. Furthermore, if Ix + Iy, C m, then T/T —» (T /T )m-

To see above claim, Iy + Iy ¢ m implies (7 /IX + Iy )m = 0. For the other di-
rection, if Ix + Iy C m, thus m can be viewed as a maximal ideal of T/IX + Iy -
T /IX + Iy )m is a local ring whose quotient is T /im. Thus (T /IX + Iy )m # 0.
Furthermore 1 / Iy +Iy — (T / Iy + ]Y)m is surjective. This is true for general
finite ring R and its maximal ideal m, because for any s ¢ m, there is some o € R and
m € m such that as+m = 1, thus as is a unit (because of R being finite), thus for any
% € Ry there is b := aa(as)”! € R such that % = 2. In our case R = T/IX + Iy -
Naturally, ' /7 # 0 if and only if there is a nontrivial T-module V' such that V can be
viewed both as T'x and Ty module. I.e the annihilator of V', Annp(V), is a nontrivial

ideal containing Iy + Iy .
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Pro;
e Consider the special element e : M = =~ X < M in Endg (M), we have e|x = id
and ely =0. Thusee Tx & Ty =T. T/T nontrivial if and only if e € T'. The claim

follows from Tx =T - e as a T-module and Ty =T - (1 — e).

e From the perfect pairing, we have seen T'(K) is a finite commutative K —algebra. From

the structure theorem,

T(K) = HT<K) /m”  the product is over all maximal ideals of T'(K)
m

Furthermore we assume 7'(K) is reduced, then T'(K) = [ K; with K be a finite field
1

over K.

Example 3.1. 1. If M = S9(y(V), K)™V, the full Hecke algebra is reduced. This
claim follows from the strong multiplicity one result.

In this case, M @ K = [] K.

newform

2. The Hecke algebra T generated by T, with (n, N) =1 on M = Sy(To(N), K)
is reduced. And T @ K =~ ] K.

newform

3. The full Hecke algebra acting on So(I'g(V), K) is not necessarily reduced, because
of the existence of cuspforms of level M which is non-ordinary at prime ¢ with
Mqg= N.

But if we consider the Hecke algebra T, generated by Ty, (n, N) = 1 and w;, r|N,

then T}, is reduced. For details, check [14, Lemma 2.3.1].

The maximal ideals of T'(K') are in bijection with the minimal prime ideals of 7'

Because T is finite flat over O and T(K) is flat over T, the going-down property
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holds.
Extend to K (or a large enough field L), a maximal ideal of T'(K) corresponds to an
algebra homomorphism T(K) — K, equivalent to a normalized eigenform of T'.

If we assume 7 is reduced and T ® K = [[ K with f’s normalized eigenvectors of T

f

Lemma 3.4. T /T is nontrivial if and only if there is an eigenform f in X ® L and

an eigenform ¢ in Y ® L such that f = ¢ mod 7/, here L is a large field.

Proof. 1t suffices to prove the lemma in the case when 7" is over Oy, for a large finite
extension over K.

T /T is nontrivial if and only if there is a maximal ideal m containing [y + Iy whose
residue field is p.

O — Ty is a finite flat extension, m pulls back to (7), thus there is a prime ideal p;
pulling back to (0). p £ is a minimal prime ideal of T". Similarly, there is a minimal
prime ideal pgy of 7' containing Iy. And py and pgy corresponds to maximal ideals of

T(L), thus eigenforms. Also they are congruent to each other. H
We use Cy - to denote Homg . (Cx y, K /OK) ~ Tx ®Ty /7, then T has the following
structure.
Lemma 3.5.

T%TXXC;(YTY

Proof. The proof is totally algebraic.

First the map T'x — C y is defined as follows:

TX—>TX/IX+IY/]X STy @ Ty /1= Cyy

Consider the map «a : T' — Tx x Ty sending t € T to (tx,—ty), here tx is the image of

t under the usual quotient 7 — Tx. In Ix ® Ty /7, tx — (tx,0) mod T while —ty —
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(0, =ty) mod T'. The difference is 0 in C% y-. Thus « has image in T'x xcr ., Ty
Last, we show « is surjective to T'x X0y Ty. For any (fx,g9y) € Tx XCt Ty, we have

(fx.—gy) =0in Ix ®Ty /7. So « induces an isomorphism 7T 2 Ty X0ty Ty . O

Lemma 3.6.
Cxy =1y /AnnT(fY)

Here, we quotient the image of Annp([y) in Ty .

Proof. We have the claim Annp(ly) = ker(T' — Tx) = Ix, and the lemma follows.

To see the claim, we use the structure lemma above.

T =Tx xc Ty — Ty, thus Iy C T is identified as Iy + Ix /IX x 0. Since T/[X + Iy 18
finite, thus ly + Ix /IX is a faithful Ty-module. Thus Annp(Iy) = 0 x Iy +Ix /_ly, is

exactly ker(T'— Ty ) = Ix. O

Remark 3.1. Assume m C 7 is a maximal ideal containing Ix + Iy, then above two
lemmas work for the localized Hecke algebra. Because Ty is flat over T', pull-back and

quotient commute with localization.

3.2 special case

Let N = rq---r; be an square free integer, then the dimension of Eisenstein subspace of
My(To(N)) is 2¢ — 1.
Let E9 be the power series

B
Ey = —f + Z a(n)g"
n>1

Here By = % and o(n) = Zd\n d.

Lemma 3.7. There is a unique normalized Eisenstein series £ in My(I'g(/V)) such that it

is an eigenform with U, acts as 1 for all 7| V.
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Proof. Eél) := Fo(7) — r1Ea(r17) then Eél) is of level I'g(r1) with Uy, acting as 1.

E§2) = Eél)(r) - 7’2E§1)(7’2T) then E§2) is of level I'g(ryre) with Uy, and Up,acting as 1.

We keep lifting the level, then E = [[(/d — 73V}, ) E2 is the desired Eisenstein series. Here
)

Vy, is the operator sending modular form f(7) to f(r;7).

a1(F) =1, thus F is normalized. O

The space M := QpE ® So(I'g(N),Qp)"¢". S := Sa(I'o(INV),Qp)"Y.
T (resp. T°) is the Z,, Hecke algebra on M (resp. S).
The Eisenstein ideal [ = (Is —s —1: s N,Uy — 1 : 7|N) inside T is also the kernel of the
map T — Z,, sending Tj, to a1 (T (E)).
m:= (I,p) C T is a maximal ideal. And T denotes the localization of T at m.

Similarly, T° := T -

The upper o means the cuspidal part, and upper ~ means the algebra before localization.
To save notation, we always use I to denote the ideal generated by T and U, inside a given
ring.

From previous section, the congruence module between S and Q£ is denoted as

M(Zp)

Ci=———7—"—
S(Zp) ® ZpE

3.2.1 the size of C

ap : M — Qp is the map sending a modular form to the constant term of its g-expansion.

M(Z,) _ ag(M(Zp))
S(Zp)DZyE ao(E)Z,

_ : Zp
Then C' = is a subgroup of B2,
From lemma 3.5 above, ag(E) = —i [Ln(1—=7).
Z
i is < |p—2—o|.
Thus the size of C' is < |HT|N(7‘—1)Zp|

Next, we want give a lower bound of the size of C, before that we introduce some
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background knowledge on Shimura curve

Because of the perfect pairing in Theorem 3.1,

fo _TO@ZPQC*

I T

with C* the Pontryagin dual of C.
And we have C;, =217 /7.

3.3 Shimura curve

Assume N = DI with [ = 1 mod p and D being 7y ---r4, a product of even number of
primes.

Consider Xé) (1)/Q, the Shimura curve attached to the unique quaternion algebra over Q
with discriminant D. Op is a fixed maximal order.

Define a moduli problem over Z which associates to any scheme S over Z the set of iso-
morphism classes of structure (A, ¢, Q;), where A/g is an abelian surface over S, ¢+ : Op —
Endg(A), Q; C A[l] is a rank [? subgroup scheme which is, fppf locally on S, cyclic as an
O p-module.

There is a canonical model Xé) (1)z, and its special fiber XOD (1)/F, has two irreducible com-
ponents, each isomorphic to the smooth curve Xé) (1)/F,- And the two components intersect
transitively at supersingular points on Xé) (1)Fz’ and the collection of these supersingular
points are denoted by 8. For details, check [4, Theorem 4.7] or [7] theorem 4 and theorem
12.

There are natural Hecke correspondence on Xé) (l)z, and J := Pidd(xP (I)g) given in terms

of the moduli interpretation:

for s /D, Ts(A, Q) = Z(A/Q& Q1/Qs)
QS
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here Qs is an order s2, O stable subgroup of Als] which intersects with @ trivially.

And for s = [, use U; to denote T}:

Uj(A,Qp) = (A/Q, Q)

There is the Weil pairing on A[l], and QNE is a O stable subgroup of order [2 such that its
pairing with @; has full image y;, Qg is the reduction of &Z mod Q. For r|D, U, is defined
as wy:

wr(A, Q) = (A/AL], Qi/Allr])

here [, is the unique prime ideal of norm r in Op.

Let TP (1)"V be the algebra generated by {Ts : s { DI, U, : r| DI} acting on the new part of
the Jacobian J of the Shimura curve X (Ty(1)).

8 is the collection of these supersingular points in X (I'y(1)). Let X be the Z module
formally generated by elements in §, and X° be the degree 0 part. And X° is isomorphic
to the character group of the torus part of J/F;. There are naturally Hecke actions on X
induced from the moduli description.

There is a pairing given by

Aut(4;
XxX 2227 <Ai,Aj>=#“Tt(z>

Here A; is one isomorphism class of supersingular points in 8.
Above pairing induces a map ¢ : X° — (X°)*. Let CIDZ(JOD(Z)) be the component group of
J§ (1) /g, then

Theorem 3.2. X is a TP (1)"“-module.
@l(Jé)(l)) ~ (X°)* /L(XO); thus also a TP (1)"Y-module. And Ts — (s + 1) annihilates
CIDI(J(?(Z)) for st DI.
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Proof. Check section 4 of [10]. O
The lemma below is well-known, cf. [11, Proposition 3.8].

Lemma 3.8. The action of U; on the character group X° is induced by the Frobenius

automorphism on the set supersingular points §.

Lemma 3.9. [17, proposition A.2, A.3]
There is cyclic subgroup ® C @l(Jé)(l)) ® Zp and the ideal I° = (Ts — s — 1,U, — 1) with
. . Z,
r|N annihilates ®. The order of ® is #(—Hrw(?‘—l)zp)'
Proof. For the proof details, check Yoo’s paper[17]. O]
The lemma above implies #(1;—;3) > #(Zp/ HT‘N(T - 1)Z,).

Lemma 3.10. Assume [ = 1 mod p, and rq,79 # 1 mod p, then

#C = #(Zp/(1 = 1)Zp)

42



CHAPTER 4
FLAT GALOIS COHOMOLOGY

4.1 local flat cohomology

Notation: Hy (V) := Extg, 5,(Z/p"Z. V) with V a Z/p"Z[Gp]-module.

Qp" denotes the maximal unramified extension of Qp/Qp
Lemma 4.1. [13, Lemma 6.2.1] For any n > 0,

1. H!

b flat\Z/P"2Z) = ker(Hy(Z/p"Z) — H'(Q}", Z/p"Z)

2. H;ﬂat(Z/pHZ(—n) =0

3. Under the identification Hj(Z/p"Z(1)) = Q) /(Q} P H;,flat corresponds to the sub-

group 2 /(Z P

4.2 global flat cohomology

For details, check the finite flat cohomology computations in [13, Section 6.3].
H} 1y (Gq.s: V) = ker(H (Gq 5, V) — Hy(V)/H) 11,,(V)) with V a Gq s—module.

Lemma 4.2. For n > 0,

H}lat(GQ,S’ Z/p"Z)=Z/NZ®Z/p"Z, H}lat(GQasv Zy) =0
H}1y(Ga,5,Z/p"Z(1)) = (Z[1/N)* @ Z/p"Z

H}1y(Ga,5,Z/p"2Z(-1)) = Iy ZP/(p”, 2-1)Z,
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Proof. 1. Hl(GQ’S,Z/an) = Hom(Gq,g,Z/p"Z) = Hom( [] Z;/{£1},Z/p"Z) from
lINp
class field theory. From lemma above, H}'lat(GQ,S7Z/an) = Hom(Z/NZ,Z/p"Z) =

Z/INZQ Z/p"Z.

2. The result comes from Kummer theory.
HY(Gal(Q)/Q,Z/p"Z(1)) = Q*/(QX)P". When restricted to local cohomology at s
outside Np, the desired unramified cohomological class corresponds to unramified ex-
tension over Qg and are in the subspace ZX ® Z/p"Z C QX ®Z/p"Z = HN(Z/p"Z(1)).
Being flat at p implies the local cohomology class is also in Z;j ®Z/p"Z.
Thus H'(Gq.s,Z/p"Z(1)) = Z[]* ® Z/p"Z.

3. For detailed proofs, check [13, lemma 6.3.6].
In this paragraph we recast the proof following [5, lemma 3.9], which will be later
used.
Ky, is the field Q(&yn ), the field extension of Q adding p"—th root of unity.
K is the maximal Galois extension over K, unramified outside pN.
Gq.s = Gal(K/Q), H := Gal(K/K,), A:= Gal(K,/Q) = (Z/p"Z)*.
Since H;’flat(Z/p”Z(—l)) = 0, we have that

H}i01(Go 5. Z/"Z(=1)) = ker(H'(Gq,5, Z/p"Z(~1)) = Hy(Z/p"Z(~1)).

From the inflation-restriction sequence of H 1Gq g, we have the following commutative

diagram, where V' stands for Z/pmz(—1).

0 — HYAVH) — HY(Gog,V) — HY(H, V)™ — H2(Go.5, VH)

l lResp lResp l

D
0 — HY(D,,, V) — HY(Dp,V) — HY(Dy,V)7*" — H*(D,,, V1)
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Because K, /Q is totally ramified at p and p is the unique prime over p, then Dp/p = A,

So the first and the last vertical maps are isomorphism, and
1 Y
H101(GQ,s,%/pz(—1)) = ker(Res)) = ker(Resp)

Z/pnz(—1) is a trivial H module, thus

1

HY(H,Z)prz(—1))® = Hom(HA=X ", Z/pnz) = Hom((Hab/{p”})X_l,z/p"z)

Notation: for a group G, {p"} C G is the subgroup generated by gpn for all g.
Let the number field L, be the maximal abelian extension of K being unramified
outside N, splitting completely at places over p, whose Galois group over K, is of

exponent dividing p" with A acting by x~!. Thus

ker(Resp) 22 Hom((H™ /(Dy, {p"}))X ,2/p"z) = Hom(Cal(Ly/Kp),?%/r"2)

From class field theory of field K, here U denotes the global units of K;, and RCly :=
AX
Kx\ f/H,UJ(N 0., we have

U\HT|N O7>”< — RCly = Clg — 0

We will quotient {p"} and take A = xy~! subspace.
-1

X
From Herbrand’s criterion, Clx / {p"} = {0} when p > 5, thus

-1 1

AN (RCIN /{pn}>x_

lq
Gal(Ln/Kp)
((*)

(1L fi)™ — (19 fwrorm)’
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Here, the action of A on the ideles is induced from the action on K. The map ¢ is
quotient by the subgroup generated by 1 — §,r € Ky 7 — RCly with 7 the unique
place over p and 1 — &, a uniformizer.
~1
X
First, we will study (H 0 /{p”}) :
r|N
For each r|N, rOf, = t1---ts and for each prime ideal v;, O/v; = F , the degree f
extension of F, with f the smallest integer such that p"|7“f — 1. And Dy C A is the

subgroup stabilizing t1, with Dy = Z/fZ generated by Frob,. Then as a A—module,

Vks /{pn} = Indf;t(o 1) /{p”} and <(‘);< /{pn}>x‘1 N <(O Je)” /{pn})Dt:X—l

We compute the latter space now, g is a generator in O / vy, then

Frobe(z() = 2" = X_I(Frobt)xg = xf)w_l

2
a(r —1)
[L'O

~Z,/(p" 1% —1)Z,.

= 1in (Y Je1)* /{pn} if and only if p™|a(r? — 1). Thus the latter space

Next, we need to consider the quotient map ¢, corresponding to the requirement that Ly,

splits completely at places over p. The diagonal embedding of 1 —&,n of rl_J[\f 0 / {p"}

gives ((1 — fpn)_l)ﬁ in RCly / {p"}. We will show that this element when projected

to X_l quotient is 0, thus the quotient map ¢ has trivial kernel.

X =[] x@al—gn)= J[ Q-¢)e (rlgv O /{pn}>’<1

ac ae(Z/p"Z)*
It suffices to show X2 = 0, because 2 does not divide the order of X_l space.
> o
2 —a\— a€(Z/pnZ)*
xX*= I a-gn* 1] a-gH ="

a€(Z/pnZ)* ac(X:=Z/p"Z)*
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From elementary computation > a? =0 mod p", thus X = 0.
ae(Z/p"z)*

Next we need to show that UA:X_1 is trivial. Use U™ to denote the real units, i.e all
the units such that c(u) = u here ¢ € A is the complex conjugate. Thus U™ has trivial
A = ! subspace. So is the the torsion-free part of U™, denoted as U ;_f There is the
exact sequence

0—>u2pn—>U—>U;JZ—>O

——1 . ..
Taking the A = y~! invariant space, we have U A=X"" s trivial.
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CHAPTER 5
MAIN PROOF

51 R=T

Recall Rpy is the universal pseudodeformation ring of finite-flat at p and Steinberg at r|N
pseudorepresentations lifting D.

The definition for 7', we can refer section3.2. Consider the minimal primes of 7', (i.e the
minimal primes of T contained in m). The set of these prime ideals is bijection with Galois

conjugacy classes of normalized eigenforms in M = Qu,E @ Sa(I'g(N), Qp)"W.
Y= {f € S2(To(N),Qp)"™ normalized eigenforms |f mod p = E mod p}/ ~
The equivalence relation ~ is Galois conjugation. And there is natural injection

v:T — Zy % H Oy defined as: t — (a1 (tE), (a1(tf))r)
fex

Furthermore, we have
Lemma 5.1. The local algebra T' is complete with respect to its unique maximal ideal m.

Proof. T is complete with respect to ideal (p), because 7 is a finite free Z,-module. To show
this lemma, it suffices to show the topology induced by powers of m and ideal (p) C T are
the same. We have (p) C m.

For other direction, the push forward of m” along the map T'— Z, x [[ O r is the ideal
fex

p' X (p;f ) f with ng > 1, thus if n is larger enough, then the push-forward ideal is contained

in (p)"s, thus m"™ C (p)™s after pulling-back to 7.
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Lemma 5.2. There is a surjection ¢ : Ry — T of augmented Z, algebra. And ¢ maps

tr(p(Frobg)) to Ty for g fNp.

Proof. check [14, proposition 4.1.1]

For each f € ¥, there is a g g representation pf : Gg g — G L2(Oy) such that
e for s { Np, the characteristic polynomial of p¢(Frobs) is X% —as(f)X +s.
o /)f|Gp is finite-flat.

e for r|N, there is an isomorphism

Xeye %

Id

rrla, =

From the universality of Ry, for each f € ¥, there is an algebra homomorphism Ry — Oy,
together with E. We have amap ¢ : Ry — Zx [] Of. Ry is a quotient of Zp[Gq g], thus ¢
sends Tr(Frobs) to (s+1, (as(f)) ) for all s ¢ pre.EHere Tr is the trace map of the universal
pseudorepresentation. Because of Chebotarev’s density theorem, the map is well-defined.
Combined with v defined above, ¢ factor through 7" by sending Tr(Froby) to T for all s { Np.
Next, we need to show ¢ is surjective. It suffices to show T is generated by all T with st Np
over Zp.

For r|N, U, € T acting by 1 on E and f € ¥, thus U, = 1 in T.

We then consider 7. The argument is the same as [14, proposition 4.1.1]. ]

There is a canonical map Ry — Z)p corresponding to the pseudorep x, @ 1, which is the
Galois rep attached to the Eisenstein series E. The kernel of the map is denoted by J min,
The argumentation ideal for T is the Eisenstein ideal I.

We can use the strengthening of Wiles’ numerical criterion [16, Appendix|. The detailed

statement can be found as [13, Theorem 7.1.1]. In our case, it suffices to show length of
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(Jmm/Jmm2) < length (Z,/Annp(1)).
And both of these two Z;, module, which is of the form of [[,Z,/p*Z,. Then its length is
log,(its size). Thus it suffices to show the size of (Jmm/Jmmz) < the size of (Z,/Annp([))

to prove ¢ is an isomorphism.

5.1.1 size of Jmin/ jmin®

From this section, we add assumptions in Lemma 2.5. i.e

N = ryr9l with [ =1 mod p, r1,79 # 1 mod p and rq is not a p-th power mod [.
Recall Ry\?d is reducible locus of Rp;. There is the canonical map Ry — Ry\?d — Zp.
J7¢ is defined to be the kernel of Ry — RTNed. Then J7ed ¢ jmin,

Under the assumptions in Lemma 2.5, RrNed = Zp. Then J red — jmin,

We will compute J"¢? JJmin g red instead of computing the size of J™" /J min?

Also from lemma 3.6, the size of (Z,/Annp(I)) is size of Zp /(l —1)Z,-

Now the question boils down to proving the size of Jred/Jmered < the size of Zp /(l ~1)Z,-

5.1.2 size Of Jred/JminJred

Recall the notations:

R;ﬁgt is the universal ring whose space parametrize all the pseudorepresentation lifting D,

being finite flat at p and reducible. And Ry\?d is a quotient of R;?gt.
(RN, En,poN @ Go,s = En,Dn @ Exy — Ry) is the universal pseudodef ring and its
universal Caley-Hamilton algebra satisfying being finite flat at p and Steinberg condition at
r|N.
En = By By pN(T) = N DN for 7 € Gg g
Cy Ry CNys AN

If the lower index N is changed to flat, it represents the universal pseudodef ring and

its universal Cayley-Hamilton algebra satisfying only being finite flat at p.
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The lower index may be dropped to save notations if there is no confusion.

B”N”" denotes By /J min g N, and CR}”'” is similarly defined. BK}M®CR}W —y gred /J min jred

is surjective because J"¢ is the image of the map By ® Cy — Ry

Lemma 5.3. [14, Lemma 3.9.4] There are isomorphisms

Y ) 2 Y )
S NZp = Byt ©pn Zp/(r = 1)Zp = Chpgy

The generators of B?}Z@L are given by bwl , 6%2 ,by,. Here b%1 is the image of 7, under the

map Gg g — B?ZL”Z Similarly the generators of }Z}Zg are given by c,, with r satisfying

p\rQ — 1.

Proof. Theorem 2.5 (3) claims that for any finitely generated Z,-module M,
) ~ 17l
Homzp(B}%?, M) = H .,y (M(1))

From the structure of finitely generated Z)- module and the flat cohomology computations,
B = H Zp.

From Nakayama s lemma, the generators of B?}Z? are the elements which are nonzero under

the basis of Homzp(B?}Zt‘, Fp) = H}lat(GQﬁ’ Fp(1)). Kummer theory implies the F, basis

of H}lat(GQ,&) have representatives as fr : Gg g — F(1) with fr(0) = L;/? for each

r|N. The field cutting out by f; is Q(&p, ¢/r) that only ramifies at r and p, and f(y-) # 0.

Unwinding the proofs of Theorem 2.5, f;- can be chosen satisfying by, (fs) = fs(v), and it

is nonzero if and only if r # s. Thus b, with 7|V is a set of generators of B}’%Z}.

Similarly, we can have C’}Z}fg = O nLp/ (r2 —1)Z,. To check the generators, we analyze

H j1y (Fp(=1)) in details.
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From the argument of lemma 4.2 (3) in flat cohomology computations,

H}flat(Fp(—l)) = Hom(Gal(L/Q(&p)), Fp)

If p|r? — 1, then there is a unique subfield K, of L, degree p over Q(&p) which is ramified
only at places above r. Then the representative f, : Gqg g — Fp(—1) of cohomology class,

whose restriction to Galg(g ) factor through Ky, is a set of basis for H}”lat(FP<_1))' Then

fr(7vs) nonzero if and only if s # r. Similar reasoning applies for the generators of C’;ZZLZ?. [

Lemma 5.4. There are surjections
©rnZp = BY" Zp/(l—1)Zp — O

And the generators of B}(}m are given by by, by, , by, and the generators of C’R}m are given

by cv,.
) Z pmin Z pBin
Proof. There is a surjective map Eglt = p. flat 1 _, p' N
min min
Cﬂat ZP CN ZP

The V (o, 7) for 0 and 7 in G, for r|N are 0 in the image. This condition is equivalent to
(x(1r) — De(or) + (x(or) — D)e(ry) for any oy, 7 € G, which implies (r — 1)c(vy,) = 0 with
vy the generator of pro—p part of inertial subgroup I,.

Under the assumption that r1,79 Z 1 mod p, the generator for C']"\}m can only be cv,. n
Remark 5.1. To save notations, later we will use b, to denote both the generator of B?}fg or

its image in BR}M or the generator in H]l‘lat(Fp(l)) that corresponding to the field Q(&p, ¥/r)

in above proof. Similarly, ¢, to denote multiple roles when no confusion is caused.

Lemma 5.5. by,cy, € Jmin?
ay, by, .

Proof. We use to denote the image of ; under Gg g — En. Then a, = x(v)
Cy Ay,

mod J}{}in, thus ay, — 1 € J]r{}in.
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. . i 2
Vv, ) = (p(n) — 1)2 = 0 implies (aw - 1)2 + b%cw =0, thus b%cw € Jﬁm :

Lemma 5.6. If 71 is not a p — th power mod [, then by, b, b%? are basis of B?}ZZ.

Proof. Tt suffices to show that the cohomology class’s image in H'(G}, Fp(—1)) is nonzero. It
suffices to require the decomposition group Dy is nontrivial for the field extension Q(&p, ¢/71)/Q(&p),

and it is true if and only if r{ is not a p — th power mod [. O
Lemma 5.7.

bUZCW e (Jmin)Q

Proof. This follows from V' (oy7,7;) =0, V(y,07) = 0.

In more details, V' (07,7;) = 0 gives
(ao-l — 1)(&»” - ].) + ba’lC’yl — 0

and V (v;,07) = 0 gives
(dgl — 1>(dfn - 1) + bg’leYl - O

d~, — 1 and a,, — 1 are both in Jmin - And at least one of ag; — 1 and dy; — 1 is in Jmin

Thus bg,cy, € Jmm2. O

In summary,
Theorem 5.1. Under the following assumptions

e ri,roZ 1 modp andl =1 modp .

e 11 1s not a p-th power mod l.
BR}m ® Cﬁi” —» Jred/JredJmm = Jmi?””/(JW”'”)2 is generated by b%2 ® cy;. Then the size
of J™ /(JMN2 s less than |Zp /(1 — 1)Zp)|.

Furthermore, v : Ry — T is an isomorphism.
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5.2 generators of [

Notation: From this section, we will use ¢; to denote ¢y, to save notations.

We are interested in when Tj; — (¢ + 1) generates I. Because of Ry = T, we can study the
generators of JMin,

(Ry, m) is a local ring, J™" is an Ry module and m = (J"" p). It suffices to find out the
generators of J™" /m Jm,

The surjection J™ /(JMM)2 _ Jmin fy Jmin jmplies dimpp(Jmm/mem) < 1. Actually,
its dimension is 1. It can been seen as below:

Assume dim,:p(Jmm/mem) = 0, then from Nakayama’s lemma, J™" = 0, thus Ry = Z,,.
But [17, Theorem 1.2, 1.3] claims that there is some new cuspform of level N = rqrol
which is congruent to £ mod p, which implies Ry 2 Z;. This leads contradiction, thus

dim,:p(Jmm JmJ™Miny =1 and J™" is a principally generated ideal.
Homg, (J™" /mJ™" Fp) = Homg, (m/(m? p), Fp) = Hom(Ry;, Fple])
The first isomorphism is because J™" N (p) = pJ"™" as ideals in Ry = T, thus
JM A (m?, p) = T A (pmJ ™) = m

This implies J"" /mJm" < m/ (m2,p). Thus the tangent space of the pseudo deformation
space, denoted by T is of dimensional 1.
We would like to explicitly construct a GMA structure giving rise to the nontrivial pseudo-

deformation in the tangent space.
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5.2.1 tangent space of Ry

There is no explicit description of Tp. But we have
0 = Tpiar — Extiyg, (Fp(1), Fp) @ Bxtly, (Fp, Fp(1)) = Bxt?(Fp, Fp) @ Ext?(Fy(1), Fy(1)))

And (-TN — (‘Tflat'
Fplef B
Following the proof of Theorem 2.6, for a pseudorepresentation D in Ty, F =
¢ Fple]

is one GM A—structure satisfying finite flat at p and Steinberg at r|N with m : B® C —
B/ep®C /ec — Fpe.

There are surjections B}ﬂ'\}‘m — B /g and C]’Z}m — C /e, thusm € Hom(Bﬁm@)C]T\,nm, Fp),
and the latter space is a subspace of H}’lat(FP(l)) ® Fp{q}.

Also, m is in the kernel of the cup product maps.

Lemma 5.8. Assume r # 1 mod p, then the image of ¢; under the restriction map

1 1
Hflat(GQ,S’ FP(_l)) - Hflat(GT> FP(_l))
is trivial.
Proof. The set-up for the proof is the same as . There is a diagram

Xfl

X A=
(T O /r0)* )27 — Q&) N 05) /{p}

l T

Fp 2 ((9/10) /{p})A:X_ & Gal(L/Q(&p))

K. is the unique subfield of L only ramifying at places above [ over Q(&p), its degree over

Q(&p) is p and it corresponds to the F;, quotient above. And ¢; is a nontrivial homomorphism
55



Gal(K:/Q(&p)) — Fp.

This lemma is equivalent to K. over Q(§p) splits completely over places above r, if r # 1
mod p.
Places above r in Q(§p) are denoted by tq,---ty with fg = p —1 and f being the inertia
degree. r # lmodp implies f > 1. Use my; to denote a uniformizer for place ty.

From class field theory, v; splits completely in K. over Q(§) is equivalent to (1, -+ , ¢, - -+, 1)
(the only non 1 place is t;) under the projection to the Fj quotient is trivial.

1

(1,---,mg, -+, 1) projected to A = x~* subspace:

ZX(Q)Q-(L--- ey, 1) = Z x(9)g. Z x(R)h(1, - ey, oo, 1)
geA geEN/D, heD,
here D, is the decomposition group for place t;.

Pick one generator hg of D, and x(hg) = a, and a # 1 then

1—af
Z X(h)h. (1, m, -, 1) = (1, ,Wtil_“ -+ ,1) up to units in O,
heD,

Because af = 1 in Z/pZ, then the above element is in ngl Og, which has trivial image

under the projection to the F;, quotient.

]

Example 5.1. Assume (I,r1,r2) = (101,2,3), p = 5. Then K, is the unique degree p field

over Q(&p) only ramified at I = 101, and Gal(K./Q) sits inside the exact sequence below

0 — Gal(K./Q(&p)) = Z/pZ — Gal(K./Q) = Z/pZ* — 0

1

with Z/pZ* acting on the sub by x~* and places above p splits completely for the field

extension K./Q(&p).
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More information about this field, checkLMFDB

Lemma 5.9. H C H}lat(GQ,& Fp(1)) is defined to the subset
{bpbUc) =0€ H*(Gq.s,Fp) and bl, = 0 € H'(I},Fy(1))}

then under the assumption above (at the end of last section), H is of dimension 1.

And b € H satisfies its restriction to Gy in trivial. i.e b|g, = 0.

Proof. H}“l 1t(Ga,s,Fp(1)) is generated by Kummer classes by, by, and b; as a vector space.

The restriction to inertia group I; being trivial implies b = a1by; + agbr,, the field cutting

out by b is Q(&p, f/ri”rgz).

Check Appendix B in [14]. We apply lemma B 1.2 and lemma B 1.3. H2(GQ,S,Fp) =

H ZQ(Fp). In H ZQ(Fp), the cup product of a nontrivial cohomology class unramified at 1 with

c; does not vanish. Because by, restricted to D is nontrivial, this follows from 71 is not a

p-th power mod [ and Q(&p, ¢/71) is inert at [ over Q(p), thus

by, U # 0.

The global Euler characteristic formula implies H 2(GQ7 g, Fp) is of dimension 1 (since H1 (Gg,s:Fp)

is of dimension 2), thus b, U ¢; is a F}, space generator.

br2 U Cl

bUc = (a1by, +agbr,) U =0 = a1 = —ay
brl Ucl

Thus H is of dimension 1. O

5.2.2  Ezplicit constructions of GMA-structure

Next, we will explicitly construct a generalized matrix algebra structure satisfying being
finite flat at p and Steinberg at r|N.
The ideal follows from the proof of Theorem 2.6.

We can a lift ¢ € Zl(GQ’S,Fp(—l)) of ¢; in Hl(GQ’S,Fp(—l)) such that ¢|g, = 0. The
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existence of such lifting is guaranteed from Cl|Gp =0¢ H'(G)p,Fp(-1)).

In details, ¢ is a map Gal(K./Q) — Fp satisfying cocycle condition, where K. is the degree
p extension over Q(&p) that ramifies only at [, splits completely over places above p and A
acts Gal(K./Q(&p)) by x 1.

Furthermore, because of lemma 5.3 ¢; restricted to Gy, is trivial, we can choose places
A1, N2, P of K. above 11,79, p respectively such that ¢; restricted to D9%1/T1’ D‘ﬁz/rz’ D‘B/p
respectively is 0.

To see this, there is an exact sequence for Gal(K./Q),
0— Z/pZ — Gal(K./Q) — (Z/pZ)* — 0

The subgroup is Gal(K./Q(&p)), and (Z/pZ) * acts on Z/pZ by x L.

Thus there are p many order p — 1 cyclic subgroup inside Gal(K./Q) and they are conjugate
to each other by elements in Z/pZ. There are p many places in K. above p, these decomposi-
tion groups are also of order p—1 and conjugate to each other by elements in Gal(K./Q(&p)).
Thus those order p — 1 subgroups are decomposition groups for places above p.

For place Ry of K. above r1, Dy, /1 is a cyclic group of order f; and is contained in some
order p — 1 subgroup. Similar claims are true for any place $Ro of K. above r9. Thus we can
choose PR and P9 such that the decomposition groups are in the same order p — 1 subgroup,

which corresponds to some place B above p.

b € H is a nonzero element, and b|g, € HY(G,Fp(1)) = 0. Thus we can pick a lift
b e Zl(GQ’S, Fp(1)) of b such that B|Gl = 0. Similarly, we use Kj to denote the smallest

field such that B|Gale = 0.

e Construction of F
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Both B and C are one dimension Fj, vector space and as an Fp[e]— module, € acts by 0.

Precise definition of B and C"

be Z 1(GQ’ s, Fp(1)) generates a one-dimensional subspace, denoted by B*, then B is
defined, as a Fp[Gg 5] module, to be Hom(B*,F,(1)). And B can be identified with
Fp(1) via f — f(b).

Similarly, C* is the F, vector subspace generated by ¢;, and C' := Hom(C*, F,(—1)).
B ® C — Fp — Fyle] is defined to be

f@g— [(b)g(e) €Fyp— [(D)g(e)e € Fyle]

Galois action on F

Next we need to define the homomorphism p : Gg g — E*.

Wite p(g) = palg) prB(9)

pc(9) ppl(9)
Define pp € Zl(GQﬁ,B) = Zl(GQS, Fp(1)) given by b.

Define pco(g) = x(9)¢(g) with ¢ € Zl(GQvg, Fp(—1)) = Zl(GQ’S, C') with x being the
mod p cyclotomic character.

Because bU¢; =0 € Hz(GQ,S, Fp), thus there is some A : Gg ¢ — F) satisfying

bUgG =dA ie bUG(g1,92) = A(g192) — A(g1) — A(go)

The choice of A is not unique, different choices differ by elements in Z 1(GQ, s.Fp) =
Hom(Gq g, Fp). Actually we can pick A such that A[; =0 and A|Gr1 = 0 (Actually
here I, need to be chosen such that the prime over Kj above p with respect to I is
B, similarly G, is nicely chosen. )

Why? Because ¢| 1, =0 and 5Gr1 =0, then A is a homomorphism on [, and on Gy, .
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From class field theory,
HY(Go s, Fp) = Hom(Gq g, Fp) = Hom((Z/1Z)* x (1 + pZp), Fp)

and Hl(Ip, Fp) = Hom(Z,,Fp). Fori=1,2, HY (G, Fp) is a one dimensional space
(because of the assumption that p fr;—1), and is given by the unique unramified degree
p extension of Q.. There is a surjection Zl(GQﬁ, Fp) = Hl(GQS, Fp) — HI(GH, Fp).

Because 71 is not a p-th power mod I.

Once A is fixed, define p4(g) = x(9)(1 4+ A(g)e).

To make sure the determinant of p : Gg ¢ — E* is x, pp(g) is defined to be 1+ D(g)e

with D(g) = b(g)é;(g) — A(g)-

It is easy to check that p defined above is indeed a group homomorphism.

Check finite-flat at p and Steinberg condition

Next we will adjust A such that The p is

— finite flat at p
— Steinberg at [

— Steinberg at r{ and ry

1. Check being finite flat at p, similar to lemma 7.1.9 in [14]. The key point is
él\Gp =0 and A|Ip =0.

2. Check it is Steinberg at [, similar to lemma 7.1.9 in [14], the key point is Z~7|Dl =0
and [ = 1 mod p.

3. Check it is Steinberg at r1 and ro.

We have seen that 5l’Gr1 = 5Z|Gr2 = 0 for some choice of decomposition group
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Gy, and Gy,. Thus
x(1 4+ Ae) b

rla,, =
0 14 De

We want p to satisfy Steinberg condition at r;, which is
Vio(o,7) = (p(o) — x(0))(p(T) = 1) = 0 for every o, 7 in Gy,
which is equivalent to

(x(7) = D)x(0)A(o) =0

(1 = X(0))A(r) =0

for all o and 7 in Gy,

The above condition is equivalent to A(c) = 0 for all o € Gy,.

Consider the map
H'(Gq,s.Fp) = H'(Gry,Fp) x H'(Gry,Fp)

Thus we need to when A is chosen to satisfying A|;, =0 = A|G7~17 A restricted

to A|q.. is also trivial.
Gry

Alg, =0

1
We first recall the set-up and notations.
be Z}”lat(GQ,S’ Fp(1)) satisfying l~7|Gl = 0 and lifting b is unique. Similarly ¢; € Z}”lat(GQ,S’ Fp(—1))

satisfying ¢/, = 0 (then 51|GT1 = 5[|GT2 = 0) and lifting ¢; is unique.

bU&(91,92) = Alg192) — A(gr) — A(g2)
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A Gg g — Fp satisfies A|]p =0 and A|GT1 = 0. Such A is also unique. Then we want to
show

Alg,, =0

Ky is the field cutting out by b. To be more precise, any cocycle lifting b is a homomorphism
when restricted to Gal(Q/Q(&p)), Kj is the field corresponding to the kernel. Kj, is of the
form Q(&p, C/r?lr;@), and places above [ split completely over Q(&p).

Similarly, K. is defined as before, the field cutting out by ¢;. And places over p,r1,7r2 in K.

split completely over Q({p) and places over [ are totally ramified.

properties of A

Notation:

e Fori=1,2, té. with j =1,---, g; to denote places in Q(§p) over 7;.

tzi is the place such that ¢| Dy i is 0 for some place of K, over t’i.
1

o [ splits completely in K3 over Q, and [y, - -, [p( ) are primes over [ in Kj,.

p—1

A is a homomorphism on Gal(Q/K}), it follows from E|Gal(Q/Kb) = 0. Also A\Gr2 is a ho-
momorphism because 5i|Gr2 = 0. When 79 # Imodp, Hom(G+,, Fp) is given by the unique
degree p unramified extension. Thus A| I, = 0.

Furthermore, we assume Ay =0 and AG” = 0. Thus A is in Hom(Gal(H/K}), Fp), where
H is the maximal abelian extension over Kj unramified outside places above [, 71,79, and
Gal(H/Kp) is of exponent p. H is Galois over Q.

Let K denote the composition of Kj and K, inside Q, because places over p,r1,ry split

completely in K. over Q(§p), so do these places over K/Kj;. Thus K is a subfield of H.
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H
\
K
/
Ky
N
Q(&p
:
A can be viewed as a function on Gal(H/Q) satisfying the property
b(g1)x " (91)é1(g2) = Algrg2) — A(g1) — A(g) for all gy and go in Gal(H/Q)  ((¥))

Also A’ITQ = Alp, = 0 for some Ir,, I.
There is a € I, C Gal(H/Q(p)) such that its projection to Gal(K}/Q(&p)) is a generator
of Gal(K}/Q(&p)) and there is § € I, C Gal(H/Q) whose projection to Gal(Q(,)/Q) is a

generator of Gal(Q(&p)/Q).
Consider the subgroup generated by « and 3 inside Gal(H/Q), denoted by < «, 8 >. Then
< «, f > mod Gal(H/Kj}) is isomorphic to Gal(K}/Q).

Gal(H/Q) = U7€<a7ﬂ>Gal<H/Kb)’y
And A(y) =0 for any 7 in < «, 5 >. This follows from
A(g192) = A(g1) + A(g2) for any gy € I U I, and Al = Alj, =0

Every element in Gal(H/Q) can be written as oy with o € Gal(H/K}) and v €< «a, 8 >,
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then

A(ovy) = A(o) (property Q)

Condition (*) above now is that for every 0,0’ € Gal(H/K}) and for every v,7 €< «a, 8 >

b(a7)x H(07)E (") = A(o70'Y) — A(o) — A(d'y) = A(oye'y 1) — A(o) — A(0')
= A(oyo'y 1) — A(o) — A(d) = A(o) + Alyo'y ) — A(o) — A(0)

= A(yo'y ™) — A(o')

The left hand side is

b(oy)x o) (oY) = (b(o) + b(y)x o) n)e(e’y) = by)xH()é (o)

Thus

b(v)x H(1)E(0’) = Ao’y ) — A(0)

The above equality is true for special case o/ € Gal(H/K), and Claal(m/x) = 0, thus for
every o € Gal(H/K)
AlyorY) = A(o) (5.1)

proof of Alg, =0

To show A|Gr2 = 0, by property®, it suffices to show A|Gr2 NGal(H/K;) = 0-

There are two cases for Kj:

e If r9 is some p-th power mod [, then Kj = Q(&p)(¢/72).

b splits completely, and t(‘2) is totally ramified.

For the field extension K3/Q(§p), tE. J

(check the beginning of 5.4.2 for notations) Use T (2) to denote the unique prime in Kj,

J
(2)

above t i
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e If 79 is not pth power mod [, then Kj = Q(&p)( c/ 7“?7“32) for some a7 and a9 nonzero.
In this case, for Kp/Q(&p), tg-l) and t§-2), as places in Q(&p), are totally ramified. Use
(1)

T (@) with 7 = 1,2 to denote the unique prime in K} above i
J

Class field theory give some description of Gal(H/Kjp):
AX
X X ~
(BN Moty 0%, 0) [ (py = Gal(/E) (5.2)

69v|lr1r2 (OKb /7Tv) )
global units

/{p} = Gal(H/K) = Clig, /({p} = 0

Lemma 5.10.

Alg,, =0

Proof. 1t suffice to show that A([L,--- ,7 (), -+ ,1]) = 0, because A[T2 =0.
Y

1, T2 1] € A}((b ! has only nontrivial entry appearing at place T (2)-
1 ’ 1

F h there i - such that ~9 ; = :
or eac 7Tt§2)7 ere 1s some ’)/2,] suc a 72"772%2) 7Tt§2)
Because places over g for K over K, split completely, element [1,--- 7 (), -+, 1] in Gal(H/Kj})
o
J

is actually in the subgroup Gal(H/K), thus we have

AL, gy, 1)) = A(yz [, - - 77%2)7... ) = A([L, - w2, 1)

i

The last equality above follows from the property (5.1) of A and the above isomorphism

(5.2) is equivariant under the action Gal(K}/Q).

o When Kj = Q(&p, ¢/r2), Because A is a homomorphism restricted to Gal(H/Kp),

ZA([L”' T ’1]):A(H[17”' (@), 1))
j J
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As ideals in Kjp,
(Yr2) =7 @7 (27 (2),
17

)

H[l’ T, 1] € (Kbx Kb’f/Hlem?”Q (‘)Kb v) — Cl, has trivial image.

1
H[l,"',W(z),"',1]:—1_[[1»"',7?(2),"' 1] = [ply € K \Ag ,f/ 11 O, K,

J J J vflriry

here f ! = 1; for vll = L forv= = L7 (9.
ere for v 1 lrire Yy ; for v|lry yy vy for v 7rt§2), Yo %ﬂtf)
Break [yy]y into three parts: places over [, over rq, and over r9, and we will show for

each piece *, A(x) = 0.

— places over rq:
Places over 71 splits completely for Kj over Q(&p):

Use [1,---, yr ,---1]t(1) ) to denote the idele with only nontrivial element at
j 9

k-th place above t§1) withj=1,--- jgtand k=1,--- |p

A(H:"'?{)/T_v'”l}(‘l)’k) A(’V]k[ T jk;{y_v ] ,1)

here ; ;. ranges over the order pfi subgroup G of Gal(Kj/Q).
Here [1,-- -, ik {“/_, . ] ) 1 viewed as an element in Gal(H/Kj}) is actually in

)

the subgroup Gal(H/K). Thus

AL, - 7%?"'1] (1)’k):A([1v"'v jj]i{)/r_?"'l]t(l) 1):0

1 »
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The first equality follows from the property (5.1) and the second equality is be-

cause A|Ir1 = 0.

places over r9:
It is almost the same as above: [1,--- ,~€/T2_17Tt2, -+« ,1] can be viewed as an
j

element in Gal(H/K), because of property (5.1) and A I, =0, thus
AL, -, 7%—17%%7... e 7%—17%32,... A1) =0
places over [: Want to show the statement below

A([L, -+, Yra,--- , Yra,---,1]) =0

here [1,---, ¢/rg,--- ¢T3, -, 1] has only nontrivial element at places over [.
There are p(p — 1) places over [, denoted by [; with j = 1,--- p(p — 1), and

Gal(K}/Q) acts transitively on these places. Assume [; = 1, then

A([L, - o, 71]l7j) = A(’Y][l? 77]'_1%"" 71]1,1)

Notice that [1,--- ,7]-_1{’/7“2, -+, 1]; 1 is not necessarily in Gal(H/K), property

(5.1) does not apply. We need to use the assumption AGT1 =0, ie

A([L R ’thl)J’ R 71]) =0

here thl),k is a uniformizer of place tgl) , 1, because of the property (5.1), for every
j and k

A([L ... 77th(1),k:’ .. ’1]) =0

Similar as above, we can consider the products of above ideles, then conclude
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. R . B
A([z0]v) = 0 here 2, = 1 if v { lryrg; 2y = 71+ if v|lrg; and 0 T Tk

Similarly, we break [z,], into three parts, places over [, rq,ry, for places over rq

and r9, we can show A([z] = 0. Thus A([Z'v]vﬂ) =0, 1ie

U|T17’2)

A([L,--- 7y, ,r1,- -+ 1];) = 0 lower index | means 7"/13 are only at places over [

X
Because 1 is not a pth power mod [, then r{ is a generator of (Z/ZZ) /{p},
thus either [1,---, §/ra, -, §/r2,---1] is trivial in (OKb,v/loKb,v) . /{p}

or[l,---, yrg, -+, §ra,- - 1]; generates the same subgroup as [1,--- ,r1,--- 71,

inside (OKb,v/lOKb,v)X /{p}, in both cases,

A([L,--- Yra,---, Yra,---1]) =0

e When K} = Q(&p, {/r‘frg), the proof is similar, instead we take the sum

k Yk

ZA([L 77Tt(1)])+ZA([17 77Tt(2)7"' 71]) 292"4([17 YT (2), " 71])
J J k

The second equality follows from the assumption A|GT1 = 0.

We have instead as ideals []; () 11 T = ({’// r1'r5?). The rest arguments are
j k

basically the same.

5.3 admissible (I,71,79,q)

From last section, given b and ¢ fixed, then there is a unique choice of A such that the
GMA structure over Fple] defined above satisfies the desired properties. This GMA struc-
ture induces a nontrivial homomorphism ¢ : Ry — Fle]. And ¢q is a F}, generator for

Hom(J/mJ, Fp) = Hom(Ry, Fple]).
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As we have seen before, because of the Galois reps attached to modular forms, there is a
natural isomorphism ¢ : Ry — 7. And the map ¢ is uniquely determined by mapping
tr(p(Frobg)) to Ty.

Thus Ty — (¢+1) does not generate I if and only if tr(p(Froby)) — (¢+1) does not generate J,
if and only if for the homomorphism ¢q in Hom(J/m.J,Fp), ¢o(tr(p(Froby)) — (¢ + 1)) = 0.

Lemma 5.11. Dp : R[G] — R is a pseudorepresentation of dimension d, f : R — A is an
algebra homomorphism. D 4 is the pseudorepresentation given by Dp® ¢ A. For every g € G,

trpy(g) € R is the trace of Dg and trp,(g) is the trace of D 4, then trp,(g) = f(trp,(9)).

From the lemma above, it suffices to show tr(p,:p[d(Frobq)) =q+1.

tr(PFp[e}(Fmbq)) —(q+1) = palog) +pp(og) —(g+1) = [(x(oq) —1)Aoq) +b(og)c(og)]e = O

here o4 is a Frobenius element over g.
Lemma 5.12. Ty — (¢ + 1) generates [ if and only if T, — (¢ 4+ 1) generates I°.

Proof. One direction is easy, it suffices to prove that if 7j; — (¢ + 1) generates 1°, then it also
generates [.

Projection to cuspidal part 7' — T induces Fp space isomorphism
I/ml =5 I°/m°1°

From Nakayama’s lemma, Ty — (¢ + 1) generates I if Ty, — (¢+ 1) — I/ml is surjective. The
assumption is saying T, — (¢ + 1) maps onto 1°/m°I°.

Thus this proves the lemma. O

In summary, Ty — (¢ + 1) does not generate I° if and only if

(X(Uq) - I)A(Uq) + b(O‘q)é(aq) =0
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Depending on whether x(oq) = 0, there are two cases:

1. If ¢ splits completely in Q(§p), i.e ¢ = Imodp. Then x(og) = 1, in this case, Ty — (¢+1)
does not generate I if and only if b(c4)é(aq) = 0.
Ky, = Q(&, {Y/R), with R=r9 or R = r‘frg depending on whether r9 is a p — th power

mod [. Then B(aq) = 0 if and only if R is a p — th power mod q.

2. If ¢ does not split completely in Q(&p). As we have seen before, any place above ¢
splits completely in K./Q(&p). Thus é(og) = 0. Thus in this case, Ty — (¢ + 1) does

not generate [ if and only if A(oy) = 0.
Case 1 gives the following theorem:

Theorem 5.2. Assume | = 1 mod p, r1,79 Z 1 mod p and r1 is not a p-th power mod I.
Furthermore, we assume ¢ =1 mod p and R := r{rg for some 0 < a < p —1 such that R is
a p — th power mod 1, if R is also a p-th power mod q then Ty — (¢ + 1) does not generate

I°. Thus the 4—tuple (1,71,79,q) is admissible for d = 4.

Example 5.2. This example is from case 1 above.

Let (I,71,79) = (101,2,3), N = 606 and p = 5. There are two newform classes fi and fs in
So(T9(606), Q)Y that are congruent to E.

The coefficient ring for fi (respectively fo) is Z(resp. Z[v/6] = Z[a]/(a2 —06)).

In this case, R = 6, and it is a p-th power mod 31, the argument above implies 737 — 31 — 1
does not generate the Eisenstein ideal. While 777 — 11 — 1 does, and this claim is from
explicitly computing K.

Next, we will verify the above claims. Let g := Ts—(s+1), Rs(y) is the minimal polynomial
of ns.

ZsIns) & Zs[y]/Rs(y) < T° — Z5 xg, Z5[V6]

Z5 xp. Z5[V6] := {(a,b) € Z5 x Z5[a]/(a® — 6)]a mod 5 = b mod (5,a — 1)}
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Thwh=21 Tsifi=T7hH
Tifo=(—a—=2)fs T31fo=(-2-a)fs

Thus Rs(y) for n11 (respectively, n31) is
Rii(y) = (y +10)((y + 14)> = 6)  resp. R31(t) = (y + 25)((y + 34)° — 6)

We can show Zs[ni1] is isomorphic to Z, xg, Zp[v/6]. Thus T° = Zs[y]/Ry1(y), which is
monogenic.

But Z5[n31] is strictly smaller than 7°. The key part is that y+10 and (y-+14)2 — 6 generate
the maximal ideal (y,5), while when ¢ = 31, the ideal generated by 3 + 25 and (y + 34)% — 6
is (y,25).
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