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To my sister, Olga
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This life is a dream, a gift we receive

To live and to love, we forge the path

Our nightmare in birth, our struggle for worth

In vain we carry on our mission to become

Adapt to this world, it’s a chance we must take

We’'ll sing our song, we’ll play our hand

THE PATH - HAKEN, 2013

We are the fire that whispers our mother’s words
Help me, love, help me finish it

We are the soil that joy gave form

We are the dream, and these are my father’s hands
Help me, love, help me finish it

We are the soil that joy gave form

GRAVES - CALIGULA’S HORSE, 2017
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ABSTRACT

This thesis is a compilation of three papers.

In Chapter 1, we introduce the general setup for these papers, which concern families of
branched covers of P2 branching over smooth curves of a fixed degree.

In Chapter 2, we consider the family of smooth cubic surfaces which can be realized as
threefold-branched covers of P2, with branch locus equal to a smooth cubic curve. This
family is parametrized by the space Us of smooth cubic curves in P2 and each surface is
equipped with a Z/3Z deck group action. We compute the image of the monodromy map
p induced by the action of 71 (U3) on the 27 lines contained on the cubic surfaces of this
family. Due to a classical result, this image is contained in the Weyl group W (Fjg). Our
main result is that p is surjective onto the centralizer of the image a of a generator of the
deck group. Our proof is mainly computational, and relies on the relation between the 9
inflection points in a cubic curve and the 27 lines contained in the cubic surface branching
over it.

In Chapter 3, we study the two families of surfaces which arise from considering cyclic
branched covers of P2 over smooth quartic curves. These consist of degree 2 del Pezzo surfaces
with a Z /27 action and K 3 surfaces with a Z /47 action. We compute the monodromy groups
of both families. In the first case, we obtain the Weyl group W (E7), corresponding to the
automorphisms of the 56 lines contained in a degree 2 del Pezzo surface. In the second case
we obtain an arithmetic lattice: the unitary group U (h L,) of a type (1,6) quadratic form
over Z [i] by building on results of Kondo and Allcock, Carlson, Toledo.

In Chapter 4, we study families of surfaces which arise from cyclic branched covers of
P2 over smooth sextic curves. These consist of surfaces with a 7,/dZ action for d = 2,3, 6.
We bound the monodromy groups of the families corresponding to d = 2, 3. In doing so, we
conjecture equivalent characterizations of the moduli of smooth sextic curves as quotients
by building on results of Looijenga and Allcock, Carlson, Toledo.

viil



CHAPTER 1
INTRODUCTION
Families of algebraic varieties are ubiquitous in algebraic geometry. A basic but often difficult

question that arises for any such family is to determine its monodromy. A classical example

is the universal cubic surface given by the smooth fiber bundle

S —— £33 {(S,p) |pe S}
Us 3 S

where U3 3 is the parameter space of smooth cubic surfaces in P3. This bundle induces a
monodromy homomorphism p : w1 (U3 3) — Aut (H 2(s; Z)). Klein and Jordan proved that
the Galois group of the equation for the 27 lines on a cubic is precisely W (FEg), the Weyl
group of Fg, which coincides with the image of the monodromy homomorphism induced by
the universal family £33 — U3 3.

Given a smooth degree d curve C' in P2 and an integer k | d, we may associate to it a
degree k cyclic branch cover S of P? branching over it. A natural question that arises from
this construction is to determine the monodromy representation of the family of surfaces it
induces. This has been extensively studied in the case of universal families of a given type of
varieties. By considering subfamilies of the universal ones and computing their monodromy
representation, one obtains a better global picture of the one associated to the universal
family, as well as of its acting fundamental group (see, e.g. [McM13]).

The parameter space of homogeneous degree d polynomials in variables z, vy, z is given by

P (symd («23)) =PV where N (d) = (d ‘; 2) 1

The vanishing locus of f € PN is defined as the set V (f) = {PeP?| f(P)=0}. The
discriminant locus is the subset A; C pN(d) consisting of polynomials whose vanishing locus

1



is singular. The parameter space of smooth degree d plane curves in P? is therefore defined

as

Uy =PV A,

Let f € Uy and let C' = V (f) be its vanishing locus. Then [C] = d[H]| € Hy (PQ;Z),
where [H] is the hyperplane class in P2. The curve C is a complex codimension 1 submanifold
of P2, so there exists a cyclic k-fold branched cover X of P2 with branched locus equal to C' if
and only if [C] is a multiple of k of [H]| (see [Mor01], Proposition 4.10) and this is equivalent
to k | d. It is a classsical result (see [Zar29]) that the fundamental group of the complement
of a smooth degree d curve in P2 is cyclic of order d. In light of this, we study the cases
corresponding to d = 3 in Chapter 2, d = 4 in Chapter 3 and d = 6 Chapter 4.

The problem studied in this thesis lies within a much more general context, arising from
the study of universal families of degree d cyclic branched covers over smooth hypersurfaces

of degree n in PN, where d divides n.

Xd,n — Sd,n,N

|

Up N
In this thesis, we study the family corresponding to the cases (d,n, N) = (3,3,2), (4,4,2)
and (2,4,2). The problem of determining the monodromy of these families has been pre-
viously studied in lower dimension. In [McM13], McMullen provides a description of the
family of degree d cyclic branched covers branching over n distinct points in PL, given by a
smooth subvariety of degree n in P!. This corresponds to the case (d,n, N) = (d,n,1). He
then determines for which pairs (d,n) the induced monodromy map is surjective onto the
corresponding automorphism group with the natural restrictions that come along with the

branch cover structure.



CHAPTER 2
CUBIC SURFACES

2.1 Introduction

In this chapter we study the subfamily of smooth cubic surfaces which can be realized as
cyclic branched covers of P2, branching over a smooth cubic plane curve. To do this we exploit
connections between datum associated to cubic surfaces, and its analogue for cubic curves.
The most notable example in this chapter is the relation between the 27 lines contained in
a cubic surface, and the 9 inflection points of the curve over which it branches.
For f € Us consider the cyclic 3-fold branched cover
Xy
zZ/ ?)le
P2 «—— V (f)
The surface Xy can be embedded into P3 as a cubic surface V (w3 — f). In particular, Us
parametrizes all such surfaces of the form V' (w3 — f) We define the universal 3-branched

cover of P2 as the fiber bundle

53:{(P,f)eIP3><L{3|P€V<w3—f>}—>ug

(P f) = f

where the fiber of £5 — U3 is diffeomorphic to a smooth cubic surface. For the sake of
simplicity in calulations that will be carried on further in this chapter, choose the curve
f = y%z — a3 + 222 as a base point in U3. The action of w1 (Us) on H? (V (w3 — f) ;Z)

induces a monodromy homomorphism

p:m (Us) — Aut <H2 (V (ws —f> ;Z>> :

3



In [DL81], Dolgachev-Libgober describe 1 (U3) as a central extension

1 — Hs (Z/3Z) — 1 (Z/{g) — SLo (Z) — 1 (2.1)

of SLs (Z) by the Z/3Z-points of the 3-dimensional Heissenberg group, defined as

1 a c
H3 (Z/37) = 01 b|labceZ/3Z
0 01

The extension (2.1) is split, so 7 (U3) has a semidirect product structure Hg (Z/37Z) x,
SLy (Z), which we describe later in the chapter.

The image of p can be restricted noting that the intersection form in H?2 (V (w3 —f ) ; Z)
remains invariant under the action of the image of p. As explained in Section 2.2.1, this
implies that the image of p is contained in the automorphism group of the 27 lines contained
in V' (w3 —f ) due to an argument in [Har79]. On the same paper, Harris shows this group is
precisely W (Eg), the Weyl group of Eg. Moreover, each fiber of £5 has a Z/3Z deck group
action induced by its cyclic branched cover structure. A generator T of this deck group

action is given by

v () v (o)

[x:y:z:w]»—)[:L‘:y:z:ef%i/?’w]

and T induces an action Q on H? (V (w3 — f) ;Z) which commutes with the image of p.
As we shall see, Q is realized as the image of a generator of the center of Hg (Z/3Z) inside

71 (Us). Altogether, this shows that one may restrict the monodromy homomorphism p to



the centralizer Cyy (g (€2) of 2 in W(Eg), giving:

p:m (Us) = Cyy(gg) (€)

Our main result in this chapter is the following.

Theorem 2.1.1. The monodromy representation

p:m (Us) = Cyr(gg) (€)

of the universal 3-branched cover of P? s surjective and its image 1s 1somorphic to the

semidirect product

H3 (Z/3Z) %1, SLy (Z/3Z) .

The first step towards the proof of Theorem 2.1.1 is to find geometric representatives of
a basis for H? (V (w3 — f) ;Z) in terms of V (f) C P2. The crucial observation is that to
each of the 9 inflection points of V' (f), we can associate 3 lines in V (w3 —f ), all of which
lie over the given inflection point.

Then we reduce the range of p to W (Eg). The action €2 induced by the Z/3Z deck group
action gives a permutation of the 27 lines in V' (w3 —f ) which permutes the line triples lying
over a same inflection point disjointly. The image of p commutes with €2 and thus the image
of p is contained in Cyy (g, ().

Using the semidirect product structure on mq (3), we choose 4 of its elements and com-

pute their action on the geometric datum associated to the chosen basepoint curve

f= y22 — 23+ 22
The key step of the proof is performing these computations explicitly. The group generated

by the images of the 4 chosen elements is then shown to be isomorphic to H3 (Z/3Z) %y
)



SLy(Z/3Z). The centralizer Cyy(f) (€2) and this subgroup both have order 648, so they

must be isomorphic. Since
H3 (Z/3Z) xp SLy (Z/3Z) < Im (p) < Cyy(gg) ()

the three groups must be isomorphic, concluding the proof. A public repository containing

the Sage [The21] and Mathematica [Inc] computations employed can be found in this link:

Computation Repository

2.2 Preliminaries

2.2.1 General facts about cubic surfaces

We begin by recalling facts about smooth cubic surfaces which we wil employ through the

chapter. These facts can be found in e.g. [Har77]. Let X C IP3 be a smooth cubic surface.
A classical result states all smooth cubic surfaces X are blowups of P2 at six points

P1,---,pe in general position, and moreover X contains 27 lines. Therefore, the intersection

form on H? (X;7Z) is of type (1,6) and we have the decomposition
H*(X;7) =2 H*(X;2), @ H*(X;2)_ =273 75,

The cohomology classes of any six pairwise disjoint lines in X form a basis for H? (X;Z)_.
The intersection pattern of these 27 lines is given by the dual of the Schlafli graph, regarding
each line as a vertex, and two lines intersect if and only if their corresponding vertices are

joined by an edge. Let

o~

Bl{p17"'7p6} <]P>2) X

|

]PJQ


https://github.com/amedranomdelc/Monodromy-of-the-Family-of-Cubic-Surfaces-Branching-over-Smooth-Cubic-Curves

be the blowup map from X to P2 at the points p1,...,pg. Set ep,e1,...,e6 € H? (X;Z) as
eg = 71 (PD [H]), the preimage of the Poincaré dual of the hyperplane class [H] in P2, and
e; as the class of the exceptional divisor L; corresponding to p; for i = 1,...,6. The divisors
L1, ..., Lg constitute 6 of the lines contained in X, and the remaining 21 = 15 + 6 lines are

given by blowups of
e the 15 lines which pass through p; and p; for all pairs ¢ # j, and
e the 6 conics determined by 5 of the blowup points p;.

The lines Ly, ..., Lg are pairwise disjoint, and thus eq, ..., eg form a basis for H? (X;7Z)_.

With respect to the basis {eg, e1,...,eg} of H? (X;Z), the intersection form is given by

( )yt H (X;Z) x H? (X;2) — Z
1 0
(a,b) — al b.
0 —Ig
Let L; ; be the line in X which is a blowup of the line passing through p; and p; and L;« be
the line in X which is a blowup of the conic passing through all blowup points except for p;.

Then

I:Lza]] :eo_el_e] and [L’L*} :260—|—€Z—(61+.+e6)

In [Har79], it is shown that the group of automorphisms of H? (X;Z) that preserve the
intersection form is isomorphic to the Galois group of X, and these two groups are isomorphic
to W (Eg). These automorphisms are determined by the images of the cohomology classes
of any six disjoint lines, such as eq,...,eg. Since the intersection form is preserved, this is

equivalent to a permutation of the 27 lines in X.



2.2.2  Inflection points of V (f) versus lines in V (w3 — f)

The lines on a cubic surface X =V (w3 —f ) have a very particular structure, which can be
described in terms of the inflection points of f. Since f is a smooth cubic curve, it has 9

inflection points, given by the intersection V (f) NV (det Hess (f)), where

Hess(f) = | 22 8% 9%

is the Hessian matrix of f. The structure of the lines is described in the following proposition.

Proposition 2.2.1. Consider a smooth cubic curve V (f) C P? and the branched cover

V (w? - f)
Z/Ble

]P’2<—’V(f)

Let P be an inflection point of V (f) and let [p C P? be the tangent line to V (f) at P.
Then p~! (Ip) consists of 3 concurrent lines at p~! (P) in V (w3 — f). Namely, the 27 lines

conatained in V' (w3 —f ) lie over each of the 9 inflection points of f in concurrent triples.

Proof. With a change of coordinates, f can be transformed into its Hesse normal form,
f:x3+y3—|—z3—3;myz

for some g such that p3 # 1. We have det Hess (f) = 216 (1 — ,u?’) xyz, so the inflection

points of f are



[~1:0:1] [~w:0:1] [-w?:0:1]

0:1:-1] [0:1:—w] [0:1:—w?

The tangent line to V' (f) at a point P is given by the equation

of
dy

P +:2L Py =0

VIp-(ay ) =g (P)+y5 (P) + 25

ox

and for such an f we have Vf = (3x2 — 3uyz, 3y2 — 3uzz, 322 — 3uxy). Hence the tangent
lines at the inflection points of f are

V(z+y+ pz) V(x+w2y+,uwz) V(x+wy—|—,uw2z)

Vig+py+z2) V(w2z+pwy+z) V(v + oy +2)

Vipr+y+ z2) V(uw:p+y+w22) V(Mw2x+y+wz)
in correspondence with the inflection points shown above. Consider a tangent line L at one of
the inflection points P, say L =V (ux + y + z). We now proceed to determine its preimage
p~ 1 (L) (the preimage for all remaining lines is determined in an analogous manner). Points
in p~1 (L) satisfy y = —pz — z. Combining this equation along with f we obtain

wd — a3 — 23 + (px + 2)3 + 3paz (pr + 2) = wd — (1—u >:c3:O

and thus, letting n be a cube root of 1 — u3, we have that p~—1 (L) consists of three lines

through p~! (P) given by
Viw—w"nz)NV (uz+y+2z) cP> forn=0,1,2.

This is analogous for the remaining tangent lines at the inflection points of V (f), so to



each inflection point P of V (f), we have associated 3 lines in V' (w3 — f) passing through

pt(P). 0

It should be emphasized that Proposition 2.2.1 is the crucial property that characterises
the cubic surfaces of the form V(w3 — f), and this property will be exploited throughout

this chapter.

2.3 Restricting Im (p)

In this section, we show that the image of p is contained in the centralizer of an order 3

element 2 € W (Ej).

2.3.1 The action 2

Consider the action 7 of Hg (Z/3Z) on V (f) coming from the extension given in [DL81],
which acts on the inflection points of V (f). These inflection points correspond to the 3-
torsion points of V' (f), or those points P with 3P = 0, given an elliptic curve structure on
it. Moreover, 7 acts by translation on the Z/3Z x Z/3Z lattice formed by these 3-torsion
points. Namely, the translation on the Z/37Z x 7 /37 lattice is given by the a and b entries

of a matrix element of Hsg (Z/3Z) as follows:

T Hy (Z)3Z) AV (f) (Z/3Z) = T)3Z x /37
1 a c
01 b (vy)=(+ay+d).

0 01

We will use this action in Section 2.5.1, further explained from the Hessian normal form
of a cubic curve. The action of an element M € H3(Z/37Z) under T comes from a linear

transformation in P? [DL81]. This action can be lifted to a linear transformation on P3

10



giving an automorphism of V' (w3 —f ) which induces the element in Im (p) coming from M.
Let Z be a generator of the center Z (M3 (Z/3Z)). Lifting Z to an action on P? gives an
automorphism 7" which fixes the inflection points in the curve V (f) NV (w), and acts on

\%4 (w3 — f) by multiplication by wl = e727/3 on the w-coordinate:

27
Tilz:y:z:wm—lriy:z:wlw] w=e3.

This is precisely a generator of the Z/37Z deck group action on V' (w3 — f) Let Q be the

element of Im (p) induced by 7. We can now prove the following proposition.
Proposition 2.3.1. Im (p) is contained in the centralizer CAut(H2(V (wi—f):2)) (Q).

Proof. The homomorphism & : SL9 (Z) — Aut(Hs(Z/3Z)) induced by the split group
extension

1 — Hs (Z/3Z) — M1 (Z/{g) — SLo (Z) — 1

described in [DL81] is given by the composition
)

SLy(Z) 243 515 (2/32) —2— Aut (H3 (Z/3Z))

where the map ¢ is given by:

©:SLy(Z)3Z) — Aut (H3 (Z/3Z))

1 a c 1 M (a,b) c
M= lep:{0 1 b= 10 1 My (a,b)
00 1 0 0 1

M (CL, b) = (Ml (aa b) , Mo (&7 b))

11



for all M € SLy(Z/3Z). Since the center of Hs3 (Z/3Z) is given by

101
Z(Hg(Z/3Z>)%< 010

0 01

it folows that @y fixes Z (Hs3 (Z/37)) for every N € SLo (Z). Therefore, Z (H3 (Z/37)) is
in the center of m1 (Us). Since 2 € p(Z (H3z (Z/3Z))) by construction, it follows that € is in

the center of Im (p), or equivalently, Im (p) is contained in the centralizer of . O

2.3.2  Restriction to W (Eg)

Proposition 2.3.2. Im (p) is contained in W (Ejg).

Proof. The action of any element o € m (U3) on V (w3 — f) maps V' (w3 — f) NV (w) to
itself, inducing a permutation on the set of 9 inflection points of V' (f). This implies that the
preimages of the inflection points under the branched cover p are permuted as well, and we
have shown these are exactly the 27 lines in V' (w3 — f). Therefore, ¢ maps lines to lines,

and for any line L C V (w3 — f) we have

The incidence of the 27 lines contained in V(w3 — f) is therefore preserved. The classes of
these lines span H?2 (V (w3 — f) ;Z) and its intersection form is non-degenerate, so p pre-
serves said intersection form. In [Har79], it is shown that automorphisms of H? (V (w3 —f);z)

preserving the form lie within the odd orthogonal group Oy (Z/2Z), which is isomorphic to
the Weyl group W (Eg). Hence, Im (p) C W (Eg). O

Summarizing, Proposition 2.3.1 and Proposition 2.3.2 give the following corollary.

Corollary 2.3.3. We have Im (p) C Cyy (g, (©2).-
12



2.3.3  Computing |Cy (g, (Q)]

Consider the W (FEg)-action on itself by conjugation. By the orbit-stabilizer theorem applied
to 2, we have

51840 = |W (Eg)| = ‘OrbitW(Eﬁ) (Q)‘ : ‘(JW(E6) (Q)‘

and the order of the orbit of €2 corresponds to the size of its conjugacy class. We will
determine the size of this conjugacy class by looking at the character table of W (Eg), found
for example in [Frab1]. For this, we must compute the action of Q2 on the set of lines of our

chosen base point, the surface V' (w3 —f ) corresponding to the curve

f= y2z—$3 + 222,

With the help of [The21|, we enumerate the 27 lines in V (w3 — f). Then, we find a set of
six pairwise disjoint lines Ly,...,Lg C V (w3 —f ), and proceed to compute the intersection
pattern of the remaining 21 lines with each L; in order to compute their cohomology classes.

We obtain that for our choice of lines, ) acts by

L1 — L5* L2 — L2’3 L3 — L376

L4 — Ll* L5 —> L4* L6 — L276

13



following the notation in Section 2.2.1. Therefore, with respect to the basis {eg, [L1], ..., [Lg]}

we have

O=1|_-2 -1 -1 -1 -1 -1 o0 eAut<H2<V<w3—f);Z>>.

-2 -1 0 -1 -1 -1 -1

This representation contains a copy of the trivial representation, since the canonical class is

fixed by W (Eg), and a copy of an irreducible 6-dimensional representation. Namely,
H? (v <w3 . f) ;(C) > Coiv ® Ve
Since Trace (2) = —2, at the level of characters we have
=2 = XH2(V(w3—1);C) (2) = xCye () + xv5 () = T+ x5 ()

and therefore xy; (€2) = —3. There exist two 6-dimensional irreducible representations of

W (Eg), both of which have a unique conjugacy class whose character equals —3. Therefore,

14



2 must belong to this conjugacy class, which has order 80. Thus, we conclude

W (Eg)] 51840

_ — 648.
’OrbitW( o) (Q)( 80

‘CW(E6) (Q)‘

2.4 Explicit computations for f = y?z — 23 + x2°

We have constructed via Proposition 2.2.1 a correspondence between the inflection points of
a smooth cubic curve V' (f) and triples of lines in its associated surface V' (w3 —f ) lying over
the inflection points of V' (f). The goal of this section is to compute this datum explicitly
for a choice of f serving as a base point in 3. This datum is then manipulated with the
aid of computer software ([The21] and [Inc]), and used in Section 2.5 to explicitly compute

generators of Im (p).

2.4.1 Inflection points of f

Consider the curve f = y2z — 23 4+ 222, Then

—32? + 22 —6x 0 2z
Vf= 2z and Hess (f) = 0 2z 2
Y2 + 222 2z 2y 2z

Hence, det Hess (f) = 8 (3x (y2 — :L‘Z) — z3) and the inflection points of f are given by
V <y22 — 234+ x22> nv (3:1:y2 — 322z — z3> .

Let [x : y : 2] be an inflection point of f.
e If 2=0,then f=—23=0s02 =0, and thus [z:y:2] =[0:1:0].

o If z 4 0, then one may assume z = 1. Then y2 = 23 — z and 3:Uy2 —32-1=0.
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Substituting ¢ in the second equation we obtain

R(z) =32* — 622 —1=0.

Hence, the remaining 8 inflection points are [oz c+Vad — o 1} with a a root of R ().

2
3—1 / 2
a € {:I:a, :I:z'a(\/_T)} where a = #

Namely,

To describe the y-coordinate of these inflection points, note that o2 — 1 =
ye{ab b 4b(1+0) (VE-1),b(1—0) (VB=1)} where b=1[a=2".

Therefore, the inflection points of f = y%z — z3 + 2

[—a : +ib : 1]

—a : —ib: 1]

[0:1:0]

2

:—b(141) (\/3—1):1-

:+b(1—i)(\/§—1):1

[+a:+b: 1]

i%g, SO

2v/3
3

c=b(1—14) (V3-1): |

b (1+i) (V3—1)

[+a:—b:1]

and we present them in this way since these inflection points are in direct correspondence

with the inflection points of the Hesse normal form fg7 of f = y2z — 23 + 222 as shown in the

proof of Proposition 2.2.1 after transforming V (f) to V(fg) via the linear map A : P2 — P?

given by

1 0
_VB41 434243
2 1
VB+l . 4/3+23
2 I




We use this transformation to compute the images of the generators of Hsg (Z/37) < 71 (Us),

as [DL81] decribe the action of Hsg (Z/3Z) in terms on the Hessian form of cubic curves.

2.4.2 Lines inV (w3 — fA)

Consider a family of variations of f parametrized by A € C\ {£1}, given by

A=tz —(w—2)(r+2) (= A2) =22 — 23 + APz + 222 — 223

where f = fo. We now proceed to compute the inflection points of V' (f) and the lines in
V (w3 — f/\), following Section 2.4.1 and the proof of Proposition 2.2.1, respectively. These
calculations are crucial for the computation of p (SL9 (Z)), as we shal see in Section 2.5.2.

To compute the inflections points of fy, we use

—32% + 2% + 2)a2 —6r+2\z 0 22+2\z
V= 29z and Hess(f)) = 0 22 2y
Y2 + 22z — 3X\22 2242 \x 2y 2z — 06Xz

Hence, %det Hess (f) = (3x — Az) (y2 —xz+ 3)\22) — 2 (2 + Az)? so the inflection points of

f are given by
Vv (yQZ — 23 Nz 4 a2? — )\23) NV ((3z — Az) Y2 — =z (m2 (3+ )\2) — 8\zz + 22 (1+ 3/\2))) .

Let [z : y : 2] be an inflection point.

e If =0, then f=—23=0s02=0,and thus [z:y:2] =[0:1:0].
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o If 2 # 0, then one may assume z = 1. Then

y2:m3—)\x2—x+)\

0=(3z—\y?— <3+>\2> 22 4 8\ — 1 - 3)2
Substituting ¥ in the second equation we obtain

Ry (z) = 30t — axa® — 627 + 1202 — 1 — 4X2 = 0.

Hence, the remaining 8 inflection points are [a c+vVad —daf—a+ X 1} with a a

root of R) ().

We may now proceed to compute the triples of lines in V (w3 — f>\) above each inflection

point in V' (f)).
e At the inflection point [0 : 1 : 0], we have the tangent line is given by z = 0. This gives

w?’—f)\:w?’—l—:vgzo

so the three lines lying above [0 : 1 : 0] are

Viw+w'z)NV(z) forn=0,1,2.

e At an inflection point of the form P = [a Vad = a2 —a+ M 1], the tangent line

at P is given by

(—3a2+2Aa+1>x+<2\/a3—Aa2—a+A)y+(a3—Aa2+a—2A>z:O.

18



To compute the three lines lying over P in V (w3 —f )\), we substitute

9 ((—3a2+2)\a+1)x+(043—)\042—1-04—2)\)2)2
vy = 4(a3—)\a2—a+)\)

in fy, and using that Ry (a) = 0 to simplify, we obtain

3

w? = fy =’

+(z—az)®=0.

Hence, the lines lying over P are

V(w+w"(z—az))ﬂ\/((—3a2+2)\a+1)x+(2\/@3—/\a2—a+)\)y+(a3—)\a2+a—2)\)z)
forn=0,1,2.

2.5 Computing generators of Im (p)

The goal of this section is to use the datum computed in Section 2.4 to determine explicitly

the images under p of 4 elements of 71 (Us). The images computed will serve a posteriori

as generators of Im (p). The 4 elements for which we choose to compute their images come

from the semidirect product structure of m (3),

m1 (Us) = H3 (Z/3L) xp SLa (Z)

and will, again a posteriori, provide the semidirect product structure of Im (p).

2.5.1 Images of generators of Hz (Z/37)

The transformation A : P2 — P2 introduced in Section 2.4.1 maps the curve f = y%z — 2% +

222 to its Hesse normal form, fg = 23 + y3 + 23 — 3uxyz, where p = v/3+ 1. The map A
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induces a map

A 0
Al P35 P3
0 —n

where 7 is a cube root of 1 — p3. Since y is real, we can take 7 to be real for convenience.
The map A’ maps the surface V (w3 — f) toV (w3 — fH), and being a linear map, it defines
a mapping between the 27 lines of one surface to the other. Namely, we have

—f) — A v (Wl fp)

J

A s A'(L) = Ly

V(

h(_>0~3

and with the help of [The21], we compute the mapping of the lines as depicted in Fig-
ure 2.1. For each surface, a set of 6 pairwise non-intersecting lines {L1,..., Lg} is found
along with their incidences with the remaining 21 lines. This allows us to compute the
classes of the 27 lines with respect to the basis eq, [L1], ..., [Lg] of H? (v (w3 — f);Z) and
H? (V (w3 — fH) ;Z) respectively.

The purpose of A’ is to determine the Hg (Z/3Z)-action on V (f) from the corresponding
Hs (Z/37Z)-action on V (fg). The later action is explicitly described in [DL81]. It is given

by translation on the lattice of inflection points of fr7, and it is generated by

1 0 0 010
X=10 w 0 and Y=10 0 1 in PSL3(C).

0 0 w? 100
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1=

Ls Lsg Lys
L3¢ L34 Ls

L+ Ly Ly«
L+ Log Lo 4
L4 Lo« Lig
Ly Lg L35
L173 Ly L3+
L2’5 L5* Lo

Lyg Lis Lo 3

Figure 2.1: Mapping of the lines in V/ (w3 — f) (left) to lines in V/ (w3 — fp) (right) induced
by A’. The lines are determined by their position in the diagram, and each labeled line on
the left diagram is mapped to the line with the same label on the right diagram. Each box
is in correspondance to the inflection points shown in Section 2.4, and lines in each box lie
over the same inflection point of f (left) and fg (right). Moreover, each line has a defining
equation which depends on a power of w = e2mi/3
defining equations of the lines are 1, w, w? from top to bottom.

L3 L374 L4*
L3¢ L1 Lys
L~ L5’6 Ls

L1 Lg L1’6
L14 Log L35
Ly Lo L2’4
L173 Ly L3«
L275 L5* Lo

Lyg Lis Lo

These can be lifted to automorphisms of V' (w3 —f H) as

1 0 0
% 0 w 0
0 0 w

and these last two maps provide a permutation on the lines of V' (w3 —f H) This can be

translated into a permutation of the lines in V (w3 — f) with the map A’. Thus, with the

help of Figure 2.1 we obtain:

and Y/ =

21

. Within each box, the powers w' in the

in PSLy(C)



1. The map X’ induces a permutation Hy € W (Eg) which maps

L1 — L6 LQ — L375 L3 — L173

L4 — L6* L5 — L273 L6 — L3’4

2. The map Y’ induces a permutation Hy € W (Eg) which maps

L1+ Lax Lo Lo s Ly Lo
Ly Lag Ls — Lsg Lg — Loy
and therefore, with respect to our basis {eg, [L1],...,[Lg]} we obtain the matrices
30 1 1 2 1 1 3 2 1 1 1
-10 0 -1 -1 0 O -1 -1 0 -1 0
-1 0 0 0 -1 -1 0 -2 -1 -1 -1 -1
H=]1-20-1-1-1 -1 -1| ad Hy=| 0 0 0 0 0
-10 0 0 -1 0 -1 -1 -1 0O 0 O
-10 -1 0 -1 0 O -1 -1 -1 0 0
o1 O O 0 0 0 -1 -1 0 0 -1

where

H = (Hy, Ha) = p (Hy (Z/32)) < W (Eg).

With the help of [Inc], we compute the size of the matrix group generated by Hy and Ha,

and we obtain that |H| = |H3 (Z/3Z)| = 27. Therefore, H = H3 (Z/37Z).
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2.5.2  Images of elements coming from SLs (Z)

Now we use our results from Section 2.4.2 to compute the image of two elements in SLy (Z) <
71 (Usz). Recall that by Hurwitz’s theorem, every smooth cubic curve is realized as a double
branched cover of P!, with branch locus equal to 4 distinct points {a, b, c,d} € PL. With a
suitable change of coordinates given by a projective linear transformation in P2, the branch
points {a, b, ¢} may be mapped to {£1, 0o}, and the remaining branch point d is mapped to
some A € C\ {#1}. Therefore, a cubic curve can be embedded in P? as a curve fy in the

family defined in Section 2.4.2
Ah=ylz—(x—2)(x+2)(x—Xz) with AeC\ {£1}

which is the projectivization of the elliptic curve 42 = (z — 1) (x4 1) (z — A). The curve
f =y%z — a3 4 222 is in such form letting A = 0, and the space C \ {£1} parametrizes a
subset of curves in Us containing f. A loop based at 0 in C\ {#1} naturally parametrizes a
loop based at f in U3 via the map A — f). Since every cubic curve f) has an inflection point
at [0 : 1 : 0], this inflection point is fixed by any automorphism of f coming from elements in
71 (Us) given by loops in U3 consisting of curves of the form fy. This implies that for such
loops, the action of H3 (Z/37Z) < m (U3) on H? (V (w3 — f) ;Z) is trivial, as there is no
translation on the inflection points of f. Therefore these loops come from SLy (Z) < m1 (Us).
In light of this, we consider the generators of w1 (C \ {£1}) depicted in Figure 2.2 along with
the corresponding loops in Us parametrized by these generators. Our goal is now to compute
the image under p of these loops in 71 (Us3).

Aloop v € m (C\ {£1}) induces a permutation on the 27 lines of V' (w3 — f) as follows:

in Section 2.4 we prove that the 24 of the lines in V (w3 — f)\) are given by

V(w—l—w”(m—az))ﬂ\/((—3a2+2)\a+1)1‘+(2\/043—)\042—04—}—)\)3/—1—(a3—)\a2+oz—2)\)z)
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,N’ » s\‘ ,', ) s\‘ Y- [0, 1] — (C \ {:l:l} t— -1 + 62ﬂ-it
1 n [}

' U 'l |

' N ’ V4 - [0, ].] —C \ {:l:].} t—1— 627‘—”’

¢
A
¢

Figure 2.2: Generators v—, v4 of m (C\ {£1},0).

and the remaining 3 are given by V (w + w™x) NV (z). Letting A = v (t), « and A vary
continuously in ¢. Indeed, « is a root of R) (x), a quartic polynomial whose coefficients
are polynomials in X\. This implies that along the surfaces V' (w3 — f/\), these lines vary
continuously. For aline L C V' (w3 — f), let L (,t) be the line in V' <w3 — fy(t)) obtained

by varying L along . Thus, v induces a permutation given by
L(7,0) = L(y,1).

To compute these permutations explicitly, we recall that lines in V' (w3 — f>\) lie over the
inflection points of f) in triples. The lines V (w + w"x) NV (z) are fixed along any path ~,
as the coefficients of their defining equations are constant functions of A. Thus, it remains
to study what happens to the remaining 8 triples of lines. Let p (v, ) be the inflection point

of f, () over which the line L (7,t) lies. Then, we have the following proposition.

Proposition 2.5.1. The permutation L (y,0) — L (v, 1) induces a permutation p (v, 0) —
p(7,1) on the inflection points of f. Moreover, the permutation L (7y,0) — L(v,1) is

completely determined by its induced permutation p (v,0) — p (v, 1).

Proof. Since any loop 7 induces an automorphism of V (f)), the permutation L (vy,0) —
L (v, 1) induces a permutation p (7,0) — p (7, 1) by restriction to the inflection point of f
contained in each line. This implies that the lines over each inflection point p (v,0) in f are
mapped to the lines over p (v, 1).

Moreover, in the defining equation w + w™ (z — az) of any of these 24 lines, the z-
24



coefficient w™ is a constant function of . Therefore this coefficient remains constant in the
defining equations of L (v,0) and L (v, 1) for any line L and any loop . The permutation

on the lines is simply determined by the defining equation

V<<—3a2+2)\a+1>a::|:(2\/043—)\a2—a+)\>y+(a3—)\a2+a—2)\>z>.

In particular, the y-coordinate of each of the 8 inflection points of f distinct from [0: 1 : 0]
distinguishes each inflection point. It is also a scalar multiple of the y-coefficient in the
defining equations of the 24 lines over the inflection points distinct from [0 : 1 : 0], and this
coefficient distinguishes such defining equations. Therefore the defining equation of our lines
changes according to this coefficient, which changes according to the inflection points of f.
This shows that the induced permutation L (y,0) — L (v, 1) is completely determined by its

associated permutation on the inflection points p (7, 0) — p (7, 1). O

Hence it suffices to study the permutation p (y,0) — p(7,1). To do so, we simply study
the permutation of the y-coordinates of these inflection points. We compute this with the
help of [Inc] as follows:

Given a path 7, y-coordinate of the inflection points of [, distinct from [0:1:0]
are determined by the roots of the polynomial Ry(t)7 which are the x-coordinates of these

inflection points. We plot
XN (7) = {(m, N) eCx|[0,1] | k=0,1,...,N and [z :y:1] is an inflection point of fW(

k
Iy (7) = {(y,ﬁ) €eCx|[0,1] | k=0,1,...,N and [z :y:1] is an inflection point of ny(

Uniform continuity of the map t — p(7v,t) guarantees that for a sufficiently large integer
N, the distance between the y-coordinates corresponding to the inflection points p (7, %)

and p <fy, k—#) is bounded by a fixed € > 0 for every k. Therefore the y-coordinates of the
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points p (’y, %) can be determined from the starting point p(+,0). This is illustrated for

the curves v— and 4 in Figure 2.3 and Figure 2.4.

Figure 2.4: Plots of Yy (7—) (left) and Yy (7+) (right) for N = 100.

The permutations on the roots of Ry induced by y— and ~4 are given as in Figure 2.5,
and the permutations on y-coordinates of the inflection points of fy = f induced by v_ and

v+ are given as in Figure 2.6.

1. The loop - induces a permutation G1 € W (FEg) which maps

Li— Ly Lo — Lo Ly — L4’5

L4 — LG L5 — L374 L6 — L3’5
26



|
.:Z
~.
s
L~
P
N
—_
N—
no
[ IS
|
“g
o>
~.
IS
L~~~
‘5
—_
N—
no
I

Figure 2.5: Permutation of the roots of Ry induced by v— (left) and v (right)

L Y0))
7\

b(1—1) \/5\/ \ b (1+1) 3—1)
7}0(@1)

b(1+i) (V3—1)«
1/

Figure 2.6: Permutation on the y-coordinates of inflection points of f induced by y_ (above)

and vy (below).
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2. The loop 74 induces a permutation Go € W (Eg) which maps

Ly~ Lsg Lo — Lig Ls — Ly
Ly— Ly Ly — Lo L Lis
and therefore, with respect to our basis {eq, [L1],...,[Lg]} we obtain the matrices

200 10 1 1 2 1 1000 1
010 OO0 O O -1 0 -1 00 0 -1
001 00 0 O 0 0 0001 O
Gi=|-100 00 -1 -1 and Go=| 0 0 0100 O
-1 00 -1 0 -1 0 0O 0 0010 O
-1 00 -1 0 0 -1 -1 -1 00 0 0 -1
000 01 0 0 -1 -1 -1 0 0 0 O

where

G = (G1,G2) < p(SL2(Z)) <W (Es) -

With the help of [Inc|, we compute the order of the matrix group generated by G and G,

and we obtain |G| = 24 = 23 - 3. Moreover, we make the following observations about G:
e [G1,G2] # 1, s0 G is not abelian.
. G% = G% =1 and (G1) # (G2), so 3-Sylow subgroups of G are not normal.
e ord (G1G2) = 6 and ord ([G1,G2]) = 4, so G contains elements of order 4 and 6.

Using the classification of groups of order 24 in [Naill], the first 3 observations reduce our
posibilities for G to SLo (Z/3Z), S4 and Agq X Z/27. Since Sy has no elements of order 6
and A4 X Z/27Z has no elements of order 4, we conclude G = SLy (Z/3Z).
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2.6 Proof of the Main Theorem

Now that we have computed explicitly Hy, Ho, G1, G9 inside Im (p), we are ready to conclude.

Recall the groups H, G < Im (p) are defined in Section 2.5 and we have shown
H:= (H,Hy) 2 H3(Z/3Z) and G :=(G1,Go) = SLy(Z/3Z).
Consider the subgroup of Im (p) generated by Hy, Ho, G1, G2,
1= (Hy, Hy, G1,G2).

We will show I = Im (p) in order to conclude.

Proof of Theorem 2.1.1. With the help of [Inc|, we compute the intersection of the matrix
groups H and G and obtain that HN G = {1}. Conjugating Hy and Hy by G and Gy we

obtain

G1H1G1_1 =QOH{Hy G2H1G2_1 = H;

G1HoG ! = Hy GoHyGy' = Q7 H 1 H,.
Therefore, H is normal in I. These two facts together imply that
I2HxG=H3(Z/3Z) x SLo (Z/3Z) .

The homomorphism ¢ : SL9 (Z/3Z) — Aut (Hs3 (Z/37Z)) described in Section 2.3 completely

describes this semidirect product structure, and an explicit isormorphism I — Hg (Z/3Z) %,
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SLo (Z/3Z) is given by

1 1 1
10
Hy — 01 0]f.1 Gi— | I,
1 1
0 01
1 0 1
1 2
Hy — 01 1].1 Go | 1,
01
0 01

Since [I] < |Im (p)| < )CW(EG) (Q)‘ — 648 and
1| = |H| - |G| = [H3 (Z/37)| - |SLy (Z/3Z)] = 27 - 24 = 648

we have that the equalities must hold. By Corollary 2.3.3, we have that Im (p) C C’W( Ee) (Q),

so we conclude

T2 Tm (p) = Cyyig,) () = H3 (Z/3L) x5 SLo (Z/3L)
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CHAPTER 3
QUARTIC SURFACES

3.1 Introduction

In this chapter we compute the monodromy of branched covers of P2 whose branch locus is
a smooth quartic curve. For f € Uy consider the cyclic 2-fold and 4-fold covers branched

over V (f):

Xy

e
Py
Z /%

The surface Py is a degree 2 del Pezzo surface, and X is a quartic K3 surface. We define

7./AZ.

}P’2<—’V(f)

the universal (2,4)-branched and (4,4)-branched covers of P? as the fiber bundles
Era={(P,f) e Py xUy| PePs} Eaa={(Pf)eX;xUy|PeXy}

given respectively by the fibrations

Pp s Er4 (P, f) Xy — & (P, §)
| | | |
Uy f Uy /

where the fibers Py and X are diffeomorphic to a degree 2 del Pezzo surface and a quartic
K3 surface, respectively. Fixing a base point f € Uy, we simply refer to these fibers by P and

X. The action of 71 (Uy) on H? (P;Z) and H? (X;Z) induces monodromy homomorphisms

po 1 (Uy) — Aut (H2 (P Z)> py s (Uy) — Aut (H2 (X Z)) .
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The images of pa and p4 can be further restricted by noting that the respective intersection

forms in H? (P;Z) and H? (X;Z) remain invariant under the actions of py and py.

—— N,
N,

i
X

X

5
17

v,

95 R 12
iy eSS \Z
wy%%}‘g@‘vﬂ/

Figure 3.1: The Schléfli graph (left) and Gosset graph (right).

As explained in Section 3.2, this implies that the image of po is contained in the auto-
morphism group of the 56 lines contained in P. The intersection pattern of these lines is

given by the Gosset graph (see Figure 3.1), whose automorphism group is W (E7), the Weyl

group of Fy. This fact restricts the image of po, so that:
p2 1 (Uy) = W (E7).

This cannot be further restricted, as this map is onto. Namely, we have the following:

Theorem 3.1.1. The monodromy representation

p2 1 (Uy) — W (E7)

of the universal (2,4)-branched cover of P2 is surjective.

Each fiber of £ 4 comes equipped with a Z/2Z deck group action induced by its cyclic
branched cover structure. The generator 7 of this action is refered to as the Geiser involution

on P, it corresponds to the generator of the center of W(E7) [Doll2]. As explained in
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Section 3.2, the 56 lines contained in P lie in pairs over each of the 28 bitangents to the
underlying quartic curve V' (f). The quotient W (Ey) / (1) = Spg (Z/27) corresponds to the

Galois group of these 28 bitangents, as discussed in [Har79].

Corollary 3.1.2. The action of 7 on H? (P;Z) is realized as an element of the monodromy

group Im (p2).

In order to determine the image of p4, we make use of the action T on H? (X;Z) induced

by its Z /47 deck group action. This action determines two sublattices of H? (X;Z), namely:
Ly = {2 e B (X;2) | T% = «} Lo ={ren?(x;2) | T% = —z}.

As discussed in Section 3.4, these sublattices have discriminant 28 and discriminant group
(or glue group as referred to in [McM09]) isomorphic to (Z/27)®® and the action of T on this
group is induced by the Geiser involution on P. By considering the branched cover X — P,
we obtain the pullback map

H*(P;Z) — H? (X;1Z)

and Ly is then generated by the pullbacks of generators of H? (P;Z). As discussed in Section
4 of [AS11], the action T is purely non-symplectic, meaning that Tw = +iw on the invariant
line H>Y (X;C). The Néron-Severi, or Picard, group NS (X) := H? (X;Z)n HY (X;C) of

a generic fiber X is then
Pic (X) & NS(X) = Ly = (2) @ AT,

This determines the Hodge decomposition on L+ ® C since Ly ® C ¢ HM'(X;C) and
therefore L ® C contains the lines H>0 (X:C), H%? (X;C), hence L_ @ C = Ca C? @ C.
The monodromy map po then determines the action of p4 on L4, and it remains to study

the action of pg on L_. To do this, we observe that the action of py commutes with the deck

33



group action 7', therefore having its image lie in the centralizer C;,  (T') of T'in L_. Since
L_ is equipped with an action 7T satisfying 72 + I = 0, this centralizer can be regarded as

a Z [i]-module. Following [All02] and [Kon20], we obtain that as a Z [i]-lattice,
L= <Z W,hL_)
where hy,_ is quadratic form of signature (1,6) given by (see Proposition 3.5.4)
b = =2 (|20 + 21 + |22l + |23l + [2al” = R (2175 + 271 + 257%) — S (2177 + 2571 + 25%)

Since p4 preserves the intersection form on L_, and therefore the hermitian form Ay , it

follows that

o)< o).

Using a result by [Kon00] on the characterization of the moduli space of smooth quartic
curves as a ball complement quotient, we show that these two groups coincide. Analogous
results have been used to study the monodromy and fundamental group of cubic surfaces
(see, e.g. [Lib78]). Furthermore, as explained in Section 3.4.2, the lattices L4 are pairwise
orthogonal and therefore primitive within H? (X;Z). By virtue of the relation between the
actions of pg on the discriminant groups of L4, we obtain that if py acts trivially on L_
then it follows that the action on L4 is trivial too. This implies that the monodromy map

p4 is completely determined by its action on the sublattice L_, namely:

Theorem 3.1.3. The monodromy representation

pg 1 (Uy) = U (hL,)

of the universal (4,4)-branched cover of P2 is surjective. In particular, its monodromy is

arithmetic.
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3.2 Degree 2 del Pezzo Surfaces

3.2.1 General facts

Degree 2 del Pezzo surfaces are realized as blow-ups of P2 at 7 points in general position.

Given a degree 2 del Pezzo surface P, its anticanonical linear system | — Kp| defines a

rational ma : P — P2 which has as branch locus a smooth quartic curve V (f). Such
pp

surface P contains exactly 56 exceptional divisors corresponding to the pullbakes of the 28

bitangents of V' (f). These 56 divisors can be labeled as follows:

Let Pi,Ps,...,P; be the seven points at which P2 is blown up to obtain P and let

L1, Lo, ..., L7 be the exceptional divisors corresponding to the blow-ups at these points.

Let e; be the Poincaré dual of each divisor L; and ey = p* (PD [H]) be the Poincaré dual of

the pullback of the hyperplane class [H] in P2. Then the 56 exceptional divisors contained

in P have corresponding cohomology classes given by

[L;]=3eg —e; — (e1 +ea + -+ +e7)
[Lij] =eo—ei—e; 1<i<j<T

[L;-‘,j} =2y +ei+ej— (e +ea+---+eg)

These 56 classes span H2 (P; Z), whose intersection form with respect to the basis {eg, e, . . .

is

(,p: HE(P;Z) x H? (P;Z) — Z (a,b) —al b.
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3.2.2  The Gosset and Schlafli graphs

As explained in Section 8 of [Dol12], the classes of the 56 exceptional divisors of P are in
correspondence with the vertices of the Gosset graph, where two vertices share an edge if and
only if the inner product of the corresponding cohomology classes is equal to 1. Moreover, the
induced subgraph given by the vertices adjacent to a given vertex form a graph isomorphic to
the Schlafli graph, which gives the intersection pattern of the 27 lines contained in a smooth
cubic surface. The automorphim group of the Schlafli and Gosset graphs are the Weyl groups
W (Eg) and W (E7) respectively. A depiction of both graphs is shown in Figure 3.1.

This phenomenon is fundamentally related to the following geometric construction in
[Har79]. A degree 2 del Pezzo surface P may be regarded as a blow-up of a cubic surface S
over a point () not contained in any of its 27 lines. The projections of the strict transforms
of the 27 lines contained in S and the exceptional divisor over Q via p : P — P2 are in
correspondence with the 28 bitangents of the quartic curve V (f) C P2. Moreover, the 56
exceptional divisors contained in P lie over each bitangent of V' (f) in pairs. Each pair of such
exceptional divisors has inner product 2 with respect to the intersection form in H?2 (P;Z)

and they are precisely the pairs

(e ivsisny and {([Lig]. [L3,]) [1<i<i <7},

We call each pair of such lines dual and we denote the dual of a line L by L*. Let Lg be
the exceptional divisor over (), & be the set of strict transforms of the 27 lines in the cubic

surface S, and S* be the set of dual lines to those in S. A direct computation shows that

0 Les
<[LQ} 7[L]>73 =
1 LeS*

Moreover, the intersection pattern of the lines in S and in §* is given by the Schlafli graph.
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Hence, for any line L contained in P we may define the following sets of 27 lines associated

to L:

Sp={L cP (L], [L])p = 0} Sp={L"cP (L], [L])p =1}
where Sy« = S7. With this notation, we also have that

LeSy < L'eS;, and LeS;, «— L' eSj.

3.3 Computing Im (ps)

In this section we prove Theorem 3.1.1, namely, we show that
Im <p2 s (Uy) — Aut (H2 (P; Z))) > VW (Er).

The proof consists of 3 main steps: computing the stabilizer of a line L in P, restricting the

Im (p2) and showing that Im (p2) acts transitively on th 56 lines contained in P.

3.3.1 Stabilizer of a line L

In [Har79], Harris studies the monodromy groups of the 28 bitangents of a smooth quartic
and the 27 lines in a smooth cubic surface are studied. It is a classical result of Klein and
Jordan (see [Har79] for a proof) that the monodromy group of 27 lines in a cubic surface S
is isomorphic to

W (Eg) = OF (Z/2Z).

The monodromy group of the 28 bitangents of a smooth quartic curve V (f) is isomorphic

to

W (B7)" 2 Og (Z/2Z) = Spg (Z/2L)
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and moreover, we have that W (E7) = W (E7)" x Z/2Z. It follows that an element of
the monodromy group of the 28 bitangents of a quartic curve that fixes one bitangent is
determined by its monodromy action on the 27 lines on S corresponding to the remaining
bitangents. It is then shown in [Har79] that automorphisms of the 27 lines in S preserving
a set of 6 of these lines generate W (Fj) and can be realized as the monodromy action given
by a path in the parameter space of smooth quartic curves Uy, implying the following key

lemma.

Lemma 3.3.1 (Harris, [Har79], Section II.4). The stabilizer of any bitangent in the mon-

odromy group of the 28 bitangents of a smooth quartic curve is isomorphic to W (Eg).

Now we turn to the monodromy action of interest on the 56 lines in P, proving the

following.
Proposition 3.3.2. The stabilizer in Im (pg) of any line in P is isomorphic to W (Eg).

Proof. Suppose g € w1 (Uy) lies in the stabilizer of a line L in P. Then g must lie in
the stabilizer of its dual line L*. Moreover, since the intersection form is preserved by the
monodromy action, the set S; must be permuted, and its permutation completely determines
that of 87, hence the action of g. The automorphism group of Sy, is then isomorphic to the
automorphism group of their underlying bitangents, and by Lemma 3.3.1 this is precisely

the stabilizer of the bitangent lying under L, which is isomorphic to W (Eg). O

3.3.2  Restricting Im (ps)

We proceed now to reduce Im (pg) to two possibilities with the aid of the following two

lemmas.
Lemma 3.3.3. Im (p2) is contained in W (E7).

Proof. We have seen that the automorphism group of the Gosset graph is isomorphic to

W (E7) and the intersection pattern of the 56 lines in P is given by this graph. Since the
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monodromy action preserves the intersection form in H? (P; Z) and the classes of the 56 lines
in P generate H? (P;Z), it follows that the monodromy action of any element in 71 (Uy) is

determined by an automorphism of the Gosset graph, thus giving the desired restriction. [
Lemma 3.3.4. Im (ps) contains W (E7)™.

Proof. The action of Im (p3) on the 56 lines in P preserves the 28 pairs of lines lying over
each bitangent of V (f). Recall that the automorphism group of the 28 bitangents of V' (f)
is isomorphic to W (E7)*. As noted in Proposition 3.3.2 above, any such automorphism is
realized by an element of 71 (Uy), which in turn induces an automorphism of the 28 pairs of

lines in P. This implies the desired contention. O

Since W (E7)" is a subgroup of index 2 in W (FE7), Lemma 3.3.3 and Lemma 3.3.4 imply

the following:

Proposition 3.3.5. Im (ps) is isomorphic either to W (E7)* or to W (F7).

3.3.8  Transitivity on the lines contained in P

Finally, we see Im (p9) acts transitively on the 56 lines, which will allow us to conclude our

proof.

Lemma 3.3.6. For any line L contained in P, the group Im (p9) acts transitively on Sy, and

3
on SL.

Proof. By Proposition 3.3.2, the stabilizer of L is isomorphic to W (Eg), which is the auto-
morphism group of Sy. Since the W (Eg) action on the lines in a smooth cubic surface is
transitive, so is the action on Sy,. Since Im (p2) permutes pairs consisting of a line and its

dual, transitivity on S; follows from that on Sp,. O
Lemma 3.3.7. The Im (p2)-orbit of a line L in P contains lines in both Sz, and S7.
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Proof. Consider a line N # L, L* in the orbit of L, and suppose N € S7. The intersection
pattern of the lines in Sy is given by the Schléfli graph, where each vertex has valence 16.
Since L € Sy, this implies that Sy, intersects both sets Sy, and S7. By Lemma 3.3.6, the
stabilizer of N acts transitively on Sx;, and thus the result follows. In the case N € Sy, the

proof is analogous. O
Proposition 3.3.8. Im (ps) acts transitively on the 56 lines of P.

Proof. For a line L in P, the orbit-stabilizer theorem implies that
|Im (p)| = |Orbit (L)| - |Stab (L)]| .
Proposition 3.3.2 and Proposition 3.3.5 imply that

Stab (L)| = |W (Eg)| = 51840

T (p)| € {|W (E7)|,|W (B7)T |} = {2903040, 1451520}

so it follows that |Orbit (L)| € {28,56}. By Lemma 3.3.7, the orbit of L intersects both Sy,
and Sz and by Lemma 3.3.6, the Im (p9)-action is transitive on each of Sy, and S, implying
that

|Orbit (L)| > 1+ 27 + 27 > 28

and therefore |Orbit (L)| = 56. This implies that Im (pg) = W (E7). O

3.4 Lattices

In this section we dwelve into the lattice theory of associated to the K3 surface. We will re-
strict pg to two sublattices L1 and L_ of H? (X;Z) associated to the cyclic Z /47 deck group
action on X. In doing so, our goal is to relate these two restrcitions via the commutative

diagram given in Proposition 3.4.4.
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3.4.1 Preliminaries

We recall general facts and definitions about lattices which will be used in the treatement
of the monodromy of the family of K3 surfaces of interest in this chapter. This exposition
is contained in chapter 2 of [Kon20].

A lattice (L,(,);) of rank r is a pair consisting of a free abelian group L of rank r

together with a symmetric bilinear form (,); : L x L — Z. The quotient
Ap = L*/L

denoted as the discriminant group of L. If Ay is trivial, we say that L is unimodular.

A sublattice S C L is primitive if L/S is torsion-free. If L is non-degenerate, the
orthogonal complement S+ of any sublattice S C L is primitive.

The group of automorphisms of L is denoted by O (L) and is called its orthogonal group.

For an even lattice L, we define its discriminant quadratic form by

qr, - A, — Q/2Z qr (2) = (2, 2) Leo

where (,)rgp is a bilinear extension of (,)7 to L ® Q. A subgroup H C Ap is called
isotropic if qr,| g = 0. We denote the group of group automorphisms of Ay preserving ¢y, by
O (qr,). Any automorphism of L can be extended to L*, thus inducing an automorphism of

Ay, which respects ¢,. This induces a natural group homomorphism
O(L)—=O(qr)-

A lattice L is called 2-elementary if Ay = (Z/22)% for some I. If L is an indefinite 2-
elementary lattice, then the homomorphism O (L) — O (gr,) is known to be surjective.

Let L be an even unimodular lattice, S C L a primitive sublattice and 7" = S+ its
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orthogonal complement. There are natural embeddings

SeTcCcL2L*CS*aT*

Then L/ (S @ T) is embedded as an isotropic subgroup of Ag @ Ap. This gives the commu-

tative diagram

L/ (SeT) — Ag® Ap VST (%)

1

Ar
where the maps pg ot and pp ot induce group isomorphims between L/ (S @ T) and Ag, Ap.

In particular, there is an isomorphism Ag = Ap. Furthermore, the isomorphism

VST = P © (ps!L(L/(S@T))) 1 Ag — Ar

satisfies that gg = —vg7 0 g7, hence O (¢g) = O (q7) via the map cy¢. given by conjugation

by vgr. Let cg and cp be the conjugation map given by

cg:0(qs) > Aut (L/(SaT)) crO(qr) = Aut (L/ (SaT))

o (psor) topo(psou) o (prot) topo(pror)

By commutativity of the diagram (%), the images of ¢g and ¢ coincide, and we denote
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O(L/(S@T)) by this image. Therefore, the following commutative diagram is induced:

. O (gs)
0L/ (S&T)) N - (%)
T o)

3.4.2 K3 lattices

A K3 surface X is a simply connected complex surface whose canonical class K x is trivial.
The K3-lattice is the lattice given by H?2 (X;Z) together with its intersection pairing given
by the cup product. This lattice is isomorphic to the even unimodular lattice of signature
type (3,19):

U3 @ Bg (—1)%2

where U is the hyperbolic lattice and Eg (—1) is the negative Eg lattice. Namely,

-2 1
1 -2 1
1 -2 1
- 01 e (1) = 1 -2 1
10 1 -2 1 1
1 -2 1
1 =2
1 -2

We now turn to our family of K3 surfaces X branching over a smooth quartic curve.
Before computing the monodromy of this family, we introduce two auxiliary sublattices of
H? (X;Z) crucial to its computation. These lattices arise from the Z /47 deck group action
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on X, and are extensively used in [Kon00] in order to describe the moduli space of smooth
quartic curves in P2 as a ball complement quotient. The deck group action on X induces an
action T : H? (X;7Z) — H?(X:Z) which satisfies T* = I and commutes with the action of

p4. Two sublattices associated to T that arise naturally are

L+:{x€H2(X;Z)|T2x:x} L_:{erQ(X;ZHT?a;:—x}.
Proposition 3.4.1. The lattices L4 and L_ are the orthogonal complement of each other
in H? (X; 7).

Proof. We will show that Lt = L_ only, as the proof that L+ = L is analogous. For

relyandye L,

(z,y) = <T2x,T2y> = (z,—y) = — (z,y)

and thus (x,y) = 0. This shows that L_ C Li. To see the reverse inclusion, suppose

y € L=. Then

<x, <T2+I>y>:0 Ve e Ly

We have that (T2 + I) y € Ly since T* = I. Since L, is non-degenerate, (T2 + I) y =0,

soye L_. ]

Proposition 3.4.1 implies that L and L_ are primitive lattices in H2 (X;Z). Let P be
the intermediate double branched cover of P? corresponding to X. Then X is also a double

branched cover of P, and the branched cover map p : X — P induces the pullback

Pt H?(P;Z) — H?(X;Z)

ep—)e}

The lattice Ly is generated by €g,€1,...,€7. Letting H = H? (X;Z) / (L @ L_), we have
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that

H=Ap, =Ap =(2/22)%®

and thus Ly and L_ are 2-elementary even lattices. In [Nik80], Theorem 3.6.2, 2-elementary

even lattices are classified by their rank and minimal number of generators, hence
Ly = (2) @ APT L= AP eDPaeUaU(2).

In [Kon00] it is shown that O (qL +) is isomorphic to a split extension of Spg (Z/2Z) by
Z /27, thus a semidirect product. Since Aut(Z/27Z) is trivial, it is a direct product so

O (q+) = W (E7). Diagram (*x) then gives

3.4.3 A useful diagram

In order to relate py to the lattices Ly, L_, we will use a commutative diagram consisting
of quotient and restriction maps. The key observation lies in the fact that ps acts on each

summand L4 and L_.
Proposition 3.4.2. The action of py can be restricted from H? (X;Z) to L and to L_.

Proof. Since the action of py and T' commute, we have

T2ps (v) = pa (7) T?x = £py (7) .

for x € L4 and v € m (Uy), and hence py (v) z € L+. O

We proceed to define the necessary maps for our diagram. Proposition 3.4.2 tells us that
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there are well defined restriction maps res (L4) and res (L_) given by

res (L4) : Im(pg) — O (L4) res (L_) : Im(py) — O (L—)

pa (v) = pa (V) | pa (v) = pa (V) |-

We define the composition maps ,01 =res(Ly)opg and py =res(L—) o py. This gives the

map

mod (L+ & L) : Im (pg) — O (H)

—_——

p4 () = (pi (v) (mod Ly),py (v) (mod L))'H

which is well defined regarding H as a subgroup of Ay @ Ay . Finally, since L4 and L

are even indefinite 2-elementary lattices, we have the surjective homomorphisms

mod (L4+) : O(L4+) — O <qL+> mod (L-): O(L-) = O <QL_>

@ (mod Ly) @+ ¢ (mod L_)

Before putting these maps together, we compute Im (pi)

Proposition 3.4.3. Im (pi) =W (E7).

Proof. The action of pp on H 2 (P; Z) completely determines that of pg on L1 by conjugation
cp+ with the pullback p* : H?(P;Z) — Ly. Together with Theorem 3.1.1, this gives the

following commutative diagram:

Since pi is surjective, so is ¢p+. Since the pullback p* is a group isomorphism between
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H? (P;Z) and L+, we have that c,« is injective. Hence, ¢, is an isomorphism and Im (pi) =

W (E7). 0

The restriction of mod (L4) to Im (pi) is surjective and is thus an isomorphism since

O <qL +> =~ W (E7). Putting together the discussion above, we obtain the following.

Proposition 3.4.4. The following diagram commutes:

d(L_—
Py O(L-) modl) 50 <QL_>
res(L_) cr
T (Uy) —P T (py) — 2B ~lew, o
o W (Er) > 0 (a,)
mod(L4) +

3.5 Computing Im (p,)

In this section we prove Theorem 3.1.3. To do so, we first show that Im (p4) and Im (pl)
are isomorphic. We then proceed to study Z [i|-lattice structure on L_ to describe Im (pZ)
Finally, we use Kondo’s description of the moduli space of smooth quartic curves proved in

[Kon00] in order to compute Im (py4).

3.5.1 Reduction to p,

Proposition 3.5.1. Im (p4) = Im (p; ).

Proof. First, we show that for any v € w1 (Uy), if py () is trivial, so is pi (7). Using the
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diagram in Proposition 3.4.4, we have that

py () =0 = mod(L-)opy (y)=0
= Cyp,p © mod (L4 ) o pjl' (v)=0
(67L+L_ is injective) = mod (L) o pi (v)=0
(mod (L4) is injective) = pf (v) = 0.

Finally, we show that the map res(L_) is injective. Let p4 () € ker (mod (L—)) for some
v € m (Uy). Then

py (1) =0 = pf () =0

Hence, the action of pg () on Ly @ L_ is trivial. Since L4 @ L_ is a finite index sublattice of
H?(X; Z), p4 () acts trivially on H? (X;7Z), so pgy () =0, implying the desired injectivity.

Altogether, res (L_) is an isomorphism onto its image and the proposition follows. O

3.5.2  Zli]-module structure on L_

The action T endows L_ with a Z [i]-module structure since T2 + I acts trivially on L_.
Furthermore, the Hodge decomposition on H? (X;C) provides L_ a hermitian form induced
by its intersection form. We study this structure on L_ following the technique in [A1l02].

The action T induces a decomposition
H*(X;C) = @ H* (X;0) = PV,

where V- = H?(X; (C)C := ker (T' — (I). The eigenspaces V;, V_; are conjugate and L_ ®y,

C=V;eoV_;. Let j: L — V; be the Z [i]-linear composition map given by
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H?(X;C)

J

L_ > Vi

where v : H? (X;Z) — H? (X;C) is the natural inclusion and projy; : H?(X;C) = Vjis
a projection. The bilinear form on L_ can be extended Z [i]-linearly to L_ ®z(;)C and V; can

be given a hermitian form induced by the intersection pairing, given by h (a,b) = 2 <a, B>.

Proposition 3.5.2. The map jc : L— ®z]i] C — V; is an isometric isomorphism.

Proof. Let a € L_. Since V;, V_; are conjugate, a = j (a) + j (a). We then have that

= (j (@), (@) + (7 (@), 7 (@) +2(j (@).] @)
h(j (@), (@) =2(j(a),j(a)

hence jc is an isometry. Since dimg¢ V; = dimg L— ®zi) C = 7, it follows that jc is an

isomorphism. O

3.5.8 The Hodge structure on H* (X;C)

The Hodge structure on H? (X;C) is given by

H*(X;C) =~ H*? (X;C)@ HY! (X;C) @ HO? (X;C)

~*CoC¥aC

and it is determined by the line H2 since HY2 =~ 2.0 and gl =~ (H2’0 &) H0’2)L. Since

T is of finite order, it is a biholomorphism and therefore respects the Hodge decomposition
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on H? (X;C). This further decomposes the spaces V¢ into mutually orthogonal subspaces

~ 1720 1,1 0,2
Veevilev, e v,

with respect to the intersection pairing on H?2 (X;C), given by

(0.8) = [ an

Let 7/ = |z0|? — |21/ = - - - — | 26/® be the standard quadratic form of signature (1,6).
Proposition 3.5.3. The hermitian vector space (V;, k) is isomorphic to C16 = (C7, W).

Proof. We will show that h is positive-definite on Vf’o P Vio’2 and negative-definite on Vil’l.
We will also show the former and latter spaces are 1 and 6 dimensional respectively, con-
cluding the proof.

Let w € H*0(X;C) be a holomorphic form. Then Tw must be holomorphic too. Since
V1 @ V_q is spanned by rational clases, V1 & V_1 C H1 (X;C) and hence Tw # +w. This

implies that Tw = 44w and therefore Tw = Fiw, hence
VZ.Q’O & VZ.O’Z ~ V_Q%O & Vi)f ~C
Moreover, the intersection pairing on w satisfies

h(w,w)—2(w,w)—2/ wAw>0
X

SO ViZ’O @VZ.O’Q is positive-definite. The Kéhler form & associated to X lies in H! (X;C) and
has positive intersection pairing with itself being an integral cohomology class, so (k, &) > 0.

Since H? (X;C) has signature (3,19), the classes w,w, k span a maximal positive-definite
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subspace of H2 (X;C). This implies that V;.l’l and V_1%1 are negative-definite and

vt e yhl o 6,

3.5.4 7 |i]-lattice structure on L_

We now turn to describe L_ as a Z [i]-lattice. A Z [i]-lattice structure is induced on L_ via

the action T by endowing L_ with the hermitian form

(%y)zm = <:L’,y> —1 <l‘,Ty> .

Proposition 3.5.4. As a Z [i]-lattice, L_ is isomorphic to Z [2]7 equipped with the type

(1,6) quadratic form
hi = =2 (Jol + a1 22l + |z + [oaf® = R (2135 + 2977 + 26%) — § (17 + 297 + 5%7) ) -
Proof. In Chapter 10 of [Kon20], the action of T on
L_=AP oD eUaU(2)

is described. This action is diagonal, acting on A?Q, U @ U (2) and each copy of Dy by
blocks. This implies that each of these summands carries a Z [i]-lattice structure, and in
order to determine the quadratic form on L_, it suffices to determine the quadratic form on

each summand separately.

° A?Q . As a Z-lattice, it is generated by u,v and T acts by Tu = v. Hence, u generates

A?Q as a ZliJ-module. Since (u,u)z[; = —2, the quadratic form on A%BQ is given by
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the (0,1) form

2
hA?;Q = <z>Z>Z[i] = -2 |Z‘ .

U@ U (2): As a Z-lattice, it is generated by e, f, ¢, f/ where e, f generate U and ¢/, f/

generate U (2). The action of T" is given by
Te=—c—¢ Tf=f—f
and thus e, f generate U @ U (2) as a Z [i]-module. We then have

<6, €>Zm <€, f>ZM 0 1—2

{(f:edz Dz L+i 0

hence the quadratic form on U & U (2) is given by the (1,1) form
h‘U@U(?) = <(Z7 w) ) (Z7 w)>Z[’L] =2R (Zm) + 29 (Z@) :

Dy : As a Z-lattice, Dy is isomorphic to
{(xl,xg,xg,x4) czt | 21 + 29+ 23+ 24 =0 (mod 2)} )
equipped with the negative dot product. The basis
{(1,1,0,0),(-1,1,0,0),(0,-1,1,0),(0,0,—1,1)}

gives the usual Cartan matrix describing the Z-lattice structure of Dy. The action of
T is given by

T({E17$2,I3,$4) = (ZEQ, —I1, x4, —ZL'3) .
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Altogether, p = (1,1,0,0) and ¢ = (0, —1,1,0) generate Dy as a Z [i|-module. We then

have

PPz (0 Dzp -2 1—i

{0z (D7) 1+i -2

and thus the quadratic form on Dy is given by the (0,2) form

hp, = ((z,w), (z,w))z) = —2 122 = 2 |w|? + 2R (2w) + 25 (2w) .

3.5.5 Realization of the Deck group via monodromy

Before proceeding to compute Im (pl), we will show that the action 7" on H? (X;7Z) induced
by Deck group is realized via monodromy. By Corollary 3.1.2, there is a loop +y realizing the

Geiser involution action on H? (P;Z). Then the following holds:
Proposition 3.5.5. py (7)) =T

To prove this, we show that v realizes the Deck group action on P, and consequently on
X. We will see this by first observing that ~ fixes P2, as it fixes every bitangent to a base

point quartic in Uy.
Lemma 3.5.6. If n bitangents to a smooth quartic curve are concurrent, then n < 4.

Proof. Suppose n bitangents are concurrent at a point. We may lift these lines to n con-
current lines in P. Letting L; be one of these n lines, blowing down L} produces a smooth
cubic surface S and the remaining n — 1 lines are concurrent within S. Nevertheless, every
line in a cubic surface intersects 10 other lines, which can be separated into 2 disjoint sets
of 5 pairwise non-intersecting lines. This implies that any 4 lines in S cannot be pairwise

intersecting, and thus n — 1 < 3 or n < 4, as we wanted. O
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Lemma 3.5.7. « fixes every point in every bitangent to a given smooth quartic curve.

Proof. Let f € Uy be a base point curve, and let £1, {9, ..., 28 be the 28 bitangent lines to

V (f) in P2. For each pair of indices 1 < i < j < 28 let
Pij =/, N gj-

Let L;, L7 be the pair of lines in P lying over the bitangent ¢;. The lines {L,-,L;F} are
interchanged by ~, thus leaving each bitangent ¢; fixed. Therefore, v fixes each point F;; in
P2. Any two distinct bitangents to V (f) must intersect due to Bezout’s theorem. Some of
these bitangents may be concurrent, but at any concurrence point, at most 4 bitangents may

meet by Lemma 3.5.6. Hence, v fixes at least 9 points within each bitangent ¢;, therefore

fixing all of ¢;. [l

Let oy : V(f) = V (f) be the automorphism on V (f) induced by . Let ® : P2 — P2
be an extension of ¢ such that ®[y(y) = ¢ (see Theorem 4.2 in [Hir05]) and - agrees
with the monodromy action of v on V' (f). Namely, ® fixes each bitangent ¢; and ®. is an

isometry of P2.
Proposition 3.5.8. @, is the identity map on P2

Proof. Note ¢ must be the identity map since v fixes all bitangents to V (f), which com-

pletely determine the quartic curve curve V (f). At each point P;; in P2, the differential
Dp. & : Tp P> — Tp. P?
g Y L P Py

is the identity map, as it is the identity in the directions spanned by ¢; and ¢; by Lemma 3.5.7.
Since @~ is an isometry and P2 is a complete compact Riemannian manifold, @~ must be
the identity as well. O

Hence, ® fixes P2 and ~ acts as the Deck transformation w — —w on P = {w2 =f }
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Proposition 3.5.9. v acts as the Deck transformation w — iw on X = {w4 = f}

Proof. Choose a point P in P2 not lying in V (f). The preimages of P via the branched

cover P — P? are

P+:<w=P)

P_=(—w,P)
and the preimages of P4, P_ via the branched cover and X — P are, respectively

Q1= (w, P) Qi = (iw, P)
Q—l = (_va) Q—i = (_iw7P)

The action of v maps Py — P—_ in P and thus, without loss of generality, v maps
Y

Q1 — @

Qi ¢ Q-1
Let t be the Deck group action of the branched cover X — P2, Then ¢2 is the Deck group
action of the branched cover X — P. In particular, 2 fixes the points Py, P_ and therefore
2 must interchange the pairs of points within the pairs @1, _1 and @;, @ _;. This implies,
without loss of generality, that ¢ maps the points Q1,Q;, @_1,Q_; as folows:

Q1 —— Q;

p
Qi+ Q1
Now suppose v maps ); — @1 (and therefore ) _; — @) _1). Observing how ¢ and  permute

the set of points {Q1,Q;, @—1,Q_;}, we see that t acts as the 4—cycle (1234) while v acts

as the involution (12)(34). This is a contradiction because the permutations (1234) and
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(12)(34) do not commute, while ¢ and 7 do. Hence, v cannot map ); — Q1 and thus it
maps the points as

Q1 —— Q

di &

Qi — Q-1
coinciding with ¢. Our initial choice of P in P? \ V (f) was arbitrary, so v coincides with
t on all of P2, concluding that the monodromy action of 7 is given by that of the Deck

transformation ¢. O]

3.5.6  The moduli of smooth quartic curves

The image of p, must lie in the centralizer C;, (T) of T in L_ since p4 and T' commute.
This is equivalent to respecting the Z [i]-module structure on L_. Moreover, p; is norm-
preserving, which translates to the corresponding Z [i]-lattice automorphisms to be unitary.
Therefore

m (p;) € Cp_(T)NO(L_) = U (th) .
For simplicity and consistency with the notation in [Kon00], we let
r=u (h L7> .

Our goal is to show that Im (pi) >~ T, thus computing the monodromy group of p4 by
Proposition 3.5.1. In order to do this, we appeal to the moduli space of smooth quartic

curves Msy. Theorem 2.5 in [Kon00] characterizes this moduli space as the quotient
Mgz = (Dg —H) /T
where Dg is a complex 6-dimensional ball and H is a locally finite union of hyperplanes in

Dg. Following a similar treatment to that in [All02], we consider a cover Ms of My as
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follows:
For a given smooth quartic curve V' (f) along with the coresponding K3 surface X  lying

over it in the fibration &£, 4, define a framing A on V' (f) as an isomorphism
N (2T by ) > Lo € HY (X))

which respects the intersection form on each lattice. Define ./\/;l/g as the moduli space of

*

framed smooth quartic curves, where P (T') = T'/Z [i]™ acts on /% by precomposition. That

is, I acts on /\75 up to scalar equivalence and for g € I' we have

g- V()N = (V) rog )

where framings A\, \' differing by a unit in Z[i] are equivalent. The composition jc o A¢ :

clb V; gives a negative-definite hyperplane
eore) (1) c o

These hyperplanes are parametrized by the ball Dg and provide the period map p : //\;l?g —
Dg. In [Kon00] it is shown that those points in Dg which are not in the image of o correspond
precisely to roots in L™, namely, those 0 € L_ satisfying (J,0) = —2. Each root 6 € L_ has

an associated hyperplane
Hs ={z €Dg | (2,0) =0} C Dg

and we denote the union of these hyperplanes by

n= |J Hs

(6,6)=—2
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By the Torelli theorem for K3 surfaces ([IR 71]) it follows that the period map p : Mz —

Dg — H is an isomorphism. This provides a commutative diagram

Mg —— Dg—H

]P’(F)l lnm(r)

Ms —== (Dg —H) /T

R

3.5.7 Proof of the main theorem

A loop in Uy may be regarded as one in Mg. This induces the map p : m (M3) — T given
by 1 (€) = py (£).
Proposition 3.5.10. The monodromy map pu : 71 (M3) — I is surjective.

Proof. Surjectivity to P (I") follows from the connectedness of //\;1/3 Fix a smooth quartic
curve V (f) and a point (V (f),\g) € Ms. For any g € P (') there is a path  starting at
(V (f), Xo) and ending at (V (f), Ap) such that Ay = A\g o g~ . Hence, ¢ descends to a loop
¢ in Mg based at V (f) such that

p()=x"tox =g

This shows surjectivity to I' up to scalar equivalence, so it remains to show scalars are
realized by p. Indeed, scalars in I' correspond to powers of the action 71" induced by the Deck
transformation ¢ of the branched cover X — P2. By Proposition 3.5.5, these are realized by

a path v inducing the Geiser involution on P, and thus surjectivity to I' follows. O]

It remains to relate pu to mp (Uy). Note that Ms is given by an PGL3(C) quotient
q:Uy — Ms as
Ms =U,y/PGL3(C).

Moreover, M3 embeds in the moduli space of genus 3 curves .#3 since every smooth quartic

curve is a genus 3 curve. The moduli M3 is obtained by removing the moduli 743 of
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hyperelliptic genus 3 surfaces from .#3 since every genus 3 curve is either planar quartic or
hyperelliptic. That is,

My = M3 U I5.
The moduli 743 is also refered to as the genus 3 hyperelliptic locus.

Proposition 3.5.11. The natural map ¢« : 71 (Uy) — 71 (M3) induced by the quotient ¢

is surjective.

Proof. Consider the subvariety O C .#35 of genus 3 curves with a nontrivial automorphism
group. Then O is the union of irreducible components for each topological type of faithful
finite group action on a genus 3 surface X3. Using the Riemann-Hurwitz formula, the dimen-
sion over C of each component is at most 5, with equality only holding for the hyperelliptic
locus .743. In particular, the remaining components distinct of 723 lie within M3 and are of

dimension at most 4. Since M3 is 6-dimensional, we have that
codimpg, (O —3) >2 and  codimy, (q_l (O — %”3)) > 2.
By excising ¢~ (O — /#) from Uy we obtain a PG L3 (C) fibration
01Uy —q ' (O =) — M3 — (0= 3).
The long homotopy exact sequence induced by this fibration is given by
.. =1 (PGL3 (C)) — m (u4 g to- %@,)) S (M3 — (O — 53)) = 1o (PGL3 (C)) = 1

implying that the map 7 (Uy — O - H3)) — m (M3 — (O — H3)) is surjective. Fur-

thermore, we have

m(Mg) 2 (M= (O =96))  and i Uy) =m (Us—q ' (O - )
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since the excised spaces are of codimension at least 2. Therefore, gy : w1 (Uy) — m (M3) is

surjective. n

The composition of the maps p o g« gives precisely the monodromy map p, . Proposi-
tion 3.5.10 and Proposition 3.5.11 combined give surjectivity of p, , concluding our compu-

tation.

60



CHAPTER 4
SURFACES OVER SEXTIC CURVES

4.1 Introduction

For f € Ug consider the cyclic 2-fold, 3-fold and 6-fold covers branched over V (f):

7./67

N

P2<—’V(f)

7./3Z

The surface Xg’f is a K3 surface. For d = 2,3,6, we define the universal (d,6)-branched

cover of P2 as the fiber bundle
Ea6=1{(P.f) € Py xUs| P e Xq}

given by the fibration

Xg — &4 (P, f)
| |
Us f

Fixing a base point f € Ug, we simply refer to these fibers by X;. The action of 71 (Ug) on

H? (X 4;7Z) induces monodromy homomorphisms
Pd:T1 (Z/{G) — Aut <H2 (Xd; Z)) .
The images of each p; can be further restricted by noting that the respective intersection

forms in H? (X;; Z) remain invariant under the actions of py. Each surface X is too endowed
61



with a deck group action, which induces corresponding actions T of order d on H? (X y;Z)
and the actions of p; and T,; commute. Following closely the technique used in Chapter 3,

we consider orthogonal lattices

L= {x€H2(Xd;Z) | (Td—l)x:O}

L

d:{erQ(Xd;ZH(Tg—1+---+Td+1)x:o}.

We then frame the moduli space of smooth sextic curves Mg, on which we have an action
of the orthogonal transformations of the lattice L, which commute with Ty. For d = 2,3
these groups are

Iy =0"(L_y) [y =U (Z ] ,%,18)

and they restrict Im (p;). Via the period map and by virtue of the Torelli theorem for K3
surfaces, we obtain an isomorphism from our framed moduli space to the symmetric domains
of type IV (in the sense of [Loo03]) (Dg2 — H) for d = 2. Together with the connectedness

of the period domain, we have the following results:

Theorem 4.1.1. The moduli space of smooth sextic curves Mg is isomorphic to the quotient
Mg = (D672 — 7'[) /F;_

Theorem 4.1.2. The image of the monodromy map py satisfies P (F;) C Im(pg) C F;

We conclude with conjectural remarks regarding analogous statements for the case d = 3.
In this case, the period map involved is not well understood, and we appeal to the treatment
of triple covers given in [Mir85] via their associated Tschirnhausen modules to propose an

analogue tool that allows for a description of the corresponding period domain.
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4.2 Lattices

In this section we study the lattice theory of associated to the surfaces X,;. We will restrict
pq to two sublattices L¢, and LCLd of H? (X 4;7Z) associated to the cyclic Z/dZ deck group
action on X. In doing so, our goal is to relate these two restrictions via the commutative

diagram given in Proposition 4.2.2. We use the same lattice conventions as in Chapter 3.

4.2.1 Discriminant and orthogonal groups

We introduce two auxiliary sublattices of H? (X;Z) crucial to its computation. These lat-
tices arise from the Z/dZ deck group action on X4, which induces an action T : H? (X;7Z) —
H? (X 4;Z) which satisfies chll = I and commutes with the action of p;. Two sublattices as-

sociated to T; that arise naturally are

L= {erQ(Xd;Z) | (Td—l)x:O}

L

d:{erQ(Xd;ZH(Tj—1+~-+Td+I>x:o}.

Proposition 4.2.1. The lattices L1 and L, are the orthogonal complements in H? (X 2).

Proof. Showing Lf = L¢, is analogous to Lé;z = L1, we do the first. Forz € Ly andy € L,

(z,y) = <(Tj‘1+~--+Td+I>x, (Tj‘1+---+Td+I>y>=0.

SHNS

and thus L¢, C LlL. To see the reverse inclusion, suppose y € Lf. Then
<x, (Tg—1+---+Td+I> y> —0 Veel

We have (Tg_l +-+ T+ I> y € Ly since T9 = I. Since L1 is non-degenerate, it follows

that (Tg&%—-“—l—Td—i-I)y:O,soyELCd. O]
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Proposition 4.2.1 implies that L; and L, are primitive lattices in H?(X;;7Z). The
branched cover map f; : X; — P2 induces the pullback f; and the lattice L is generated
by fjH, where H is the hyperplane class in P2. Letting Hy = H% (X4 Z) / (L1 & LCd)’

Hy = Ap, = Ay = L/dL.

and O (Ly) = 7Z/27 since vk (L1) = 1. Now, we consider the cases d = 2 and d = 3:

e d =2: L and L_q are 2-elementary even lattices. In [Nik80], Theorem 3.6.2, these

lattices are classified by their rank and minimal number of generators, hence
L1 = (2) L1 2A aU? g Eg(—1)%2.
Moreover, since Aut (Z/27) = 1 the corresponding orthogonal groups are trivial:
@] (qu) ~0 (qL_1> =~ 1.
e d = 3: Since ALCg = 7/37Z, and qL, () = % for z # 0, it follows that
O(qr,) =0 (q%) = Z/2Z

4.2.2 A useful diagram

We build a diagram similar to that in Section 3.4.3 which will help us restrict Im (p,). Since

T} acts on each Ly and L¢,, there are restriction maps res (L1) and res (LC d) given by

res (L1) : Im (pg) — O (Lq) res (L) : Im (pg) — O (L¢,)

pa (V) = pa (V) 1, pa (V)= pa (V) L,
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We define the compositions p(li =res(L1) o pg and pgd = res (LCd) o pg, giving the map

mod (L1 ® LCd) :Im (pg) — O (Hy)

pa (1) (% (mod L1), o5 (7) (mod L<d>) i

which is well defined regarding Hy as a subgroup of Ap, & Ap, ¢ Finally, consider

mod (L1) : O (L) — O (qz,) mod (L¢,) : O (L¢,) = O (ar,)

= ¢ (mod Lq) o ¢ (mod L¢,)

Putting together the discussion above, we obtain the following.

Proposition 4.2.2. The following diagram commutes:

mod(LCd)
. 0L, o)
es LV CLCd
mod LI@LC =
™ (Us) —5 Tm (Pa) ( d) » O (Hy) =L,
P O (L) mod(Zy) » O (ar,)

4.3 Restricting Im (p,)
We apply Proposition 4.2.2 to the cases d = 2 and d = 3.

e d = 2: The orthogonal groups O (qu), O (qL_1> are trivial, and moreover, elements
of Im (p2) must have trivial spinor norm. The generator f5 H € Ly satisfies (f5H )2 =
2 > 0, and thus the reflection s about it has negative spinor norm. Moreover, the

product of the spinor norm of the restrictions of every g € Im(pg) to Ly, L_q is
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trivial, as the spinor norm of g is trivial. This implies that
res(L_1)(9) =1 = res(L1)(g9) =1

and thus, Im (p9) is isomorphic to a subgroup of O (L_1).

e d = 3: Letting w = (3, we have the orthogonal groups O (qu), 0] (qu) > 7./27 and in
this case the map mod (L) : O (Ly) — O (gz,) is an isomorphism. Our commutative

diagram then implies that
res (Ly) (g) =1 = res(L1)(g) =1

and thus, Im (p3) is isomorphic to a subgroup of O (Ly).

4.4 Decompositions of H? (X, C)

In this section we study the interaction of the Hodge and Eigenvalue decompositions on
H? (X;;C). The description of the eigenspaces associated to each surface X, will allow us

to the study of the moduli space of sextic curves in the following section.

4.4.1 Hodge decomposition

By the Lefschetz hyperplane theorem, the surfaces X, are simply connected. Further, these
surfaces are connected and orientable, so the cohomological information is contained in their

second cohomolgy group alone. The Hodge structure on H? (X4; C) is given by
H?(X4;C) = H*Y (X4;C) & HY! (X4 C) © HY? (X5 C)

The key tools we employ to compute the Hodge diamonds of the surfaces X, are:
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e Riemann-Hurwitz’s formula:

X (Xg) = dx (P?) = (d = Dx (V ()

where V (f) is our branch locus of fy in P2,
e Noether’s formula:

o —{—c% B X (Xq) +K§(d
12 12

Xhol (Xd) =
where c1, co are the first and second Chern classes of X, given by its canonical and
Euler class.

e Hirzebruch’s signature formulas:

d? —1

o (Xg) = 5 (K}, — 2 (X0) = d-o (B?) = =V ()"

Wl

where [V (f)] is the class of V (f) in P2,

Using this formulae, we obtain the following:

Surface X9 X3 Xg

1 1 1

Hodge Diamond | 1 20 1 3 37 3 10 36 10

Signature (3,19) (7,36) (21, 85)
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4.4.2  Eigenvalue decomposition

The action 7} induces a decomposition

(X0 = @ H* (X4:0) = PV,

¢d=1 ¢d=1

where V = H? (X; C)¢ :==ker (Ty — (I). The eigenspaces V¢, V¢ are conjugate and
L, ®@7C=V, @ @Vgg 1.

Let j: L_¢, — V¢, be the composition map given by

H? (X4 C) .
/ \prongd
J .
LCd ’ VCd

where v : H? (Xj;Z) — H? (X,; C), projVCd : H? (X,;;C) — V¢, are the natural inclusion
and projection. Since Ty is of finite order, it is a biholomorphism and therefore respects the
Hodge decomposition on H 2 (X4;C). This further decomposes the spaces V¢ into mutually

orthogonal subspaces

~ 12,0 1,1 0,2

with respect to the intersection pairing on H2 (X;C), given by

<a,3>:/XaAB.

4.4.8  Structure of V_4

We have L1 ® C 2 V_j and L_; = A; & UP? @ Ey (—1)@2, where U is the hyperbolic

lattice and Eg (—1) is the negative Eg lattice, with Ay and Eg having the intersection form
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of the Cartan matrices of their corresponding Lie algebras. Namely,

-2 1
1 -2 1
1 -2 1
0 1 1 -2 1
A = (-2) U= Eg(-1) =
1 0 1 -2 1 1
1 -2 1
1 -2
1 -2

Hence, it follows that

Ve (Cﬂ, h2,19>

where h9 19 is the standard quadratic form of type (2,19).

4.4.4  Structure of V,,

Let us now turn to the case d = 3, where Ly, := L, is naturally endowed with a Z [w]-module
structure as T32 + T3 + I acts trivially on Ly,. The bilinear form on L, can be extended
Z [w-linearly to Ly ®7,) C and V,, can be given a hermitian form induced by the intersection
pairing, given by h (a,b) = 2 <a,5>.

Proposition 4.4.1. The map jc : Ly ®z[i] C — V,, is an isometric isomorphism.

Proof. Let a € L. Since V,,, V are conjugate, a = j (a) + j (a). We then have that




hence jc is an isometry. Since dimg V,, = dimg Ly, ®zi) C = 21, it follows that j¢ is an

isomorphism. O
Let h3 18 be the standard quadratic form of signature (3, 18).
Proposition 4.4.2. The hermitian vector space (VCd’ h) is isomorphic to C3:18 = ((C21, h3718).

Proof. We will show that h is positive-definite on vf 0 P V(B 2 and negative-definite on Vj 1
We will also show the former and latter spaces are 3 and 18 dimensional respectively, con-
cluding the proof.

Let a € H?Y (X3;C) be a holomorphic form. Then T3 must be holomorphic too. Since
V1 is spanned by a rational class, V; ¢ HY! (X3:C) and hence T3a # . This implies that

Ty = wha for k = +1 and therefore Tya = w k&, hence
=R T
. 0,2 ~ 1,2,0 . : . :
Similarly, V,,”" = V", The intersection pairing on w satisfies

h(w,w):2(w,w>:2/ wAw>0
X

SO ch 0 @ VQ(J) 2 and Vo—f 0 &) Va(;) 2 are positive-definite. The Kahler form x associated to X lies
in HL1 (X3;C) and has positive intersection pairing with itself being an integral cohomology
class, so (k, %) > 0. Since H? (X3;C) has signature (7,36), a basis of V,, @ V5 along with x
span a maximal positive-definite subspace of H 2 (X3;C). This implies that Va} 1 and VL% )1
are negative-definite and

viteylbleels
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4.5 The moduli of smooth sextic curves

The image of pg{d must lie in the centralizer Cp, ¢ (Ty) of Ty in L¢, since pg and Ty commute.

For d = 2, this doesn’t produce any further restrictions and

Im (pgl) CO(L_y)

For d = 3, this is equivalent to respecting the Z [w]-module structure on L. Moreover, pf
is norm-preserving, which translates to the corresponding Z [w]-lattice automorphisms to be

unitary. Therefore

I () € Co, (T5) N0 (L) 2 U (2] a3.1)

For simplicity, we denote

Lo =0(L_1) I3=U (Z w]?! 7Q3,18> :

We conjecture that Im (pg) = I'y for d = 2 and d = 3, and we appeal to the moduli space
of smooth sextic curves Mg to make partial progress towards this conjecture. Following a
similar treatment to that in [All02], we consider covers Mg of Mg, referred to as framings.

Through the section, we fix the lattices

A=A & U a By (—1)%?

Q= (Z w]?! »Q3718> :
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4.5.1  Framings

For a given smooth sextic curve V' (f) along with the corresponding surface X f,d lylng over

it in the fibration £; 6, define a framing A on V (f) as an isomorphism
A AN— L4 T:Q = Ly,

for d = 2 and d = 3 respectively, which respects the intersection form on each lattice. Define
/\//l\é:l as the moduli space of d-framed smooth sextic curves. Here P (I'y) = I'y/Z* and
P (T'3) = I's/Z[w]* act respectively on .//\/?(:2 and /\//T(;), by precomposition. That is, I'; acts

on /\//l\(;d up to scalar equivalence and for g € I'y,

g- (V)= (V(Dweg)

where framings v,/ differing by a unit are equivalent.

2,19

o d = 2: The composition jooAc : — V_1 gives a negative-definite 19-dimensional

subspace

(jcoAc) ™ (V_l’ll) c C19,

e d = 3: The composition jc o 7¢ : C318 5 1/, gives a negative-definite 18-dimensional
subspace

(jcorme) ™" (VJJ) c 318,

4.5.2  Period maps

For d = 2, the surfaces X9 are K3 surfaces. The subspaces given by each framing \ are
parametrized by the Grassmanian Gr (19, 21) of negative definite 19-dimensional subspaces
of V_1. Letting

Dea CP(zeVoy|({z,z)=0,(z,7) >0)
72



be a connected component and F; C I'g the index 2 subgroup leaving Dg 9 invariant, these
negative-definite subspaces, together with the perpendicularity condition to the pulback f5H
provide the period map

—~
p:Mgo — Dgo

where /%+ is given by restricting the P(I'g)-action on /\//l\f_;/’g to }P’(F;). In [Loo03] it is
shown that those points in Dg 9 which are not in the image of p correspond to the set H of
roots in L_1, namely, those 6 € L_q satisfying (J,0) = —2. By the Torelli theorem for K3
surfaces ([IR 71]) it follows that the period map g : /T/l\é’/g+ — Dg 92 — H is an isomorphism.

This provides a commutative diagram

—~— —|—
Me 2 —r Dgo—H

]P’(Fj)l lP(FEF)
Mg (DG,Q — 7—[) /F;r

oSzJ/IIZ

thus giving a description of the moduli space Mg as a quotient of a type IV domain.

4.6 Conjectures

We conjecture that a similar characterization of Mg can be given via the period correspond-
ing to triple covers with a Z/37Z action coinciding with that of the Deck group transformation
of triple covers over P2 branching over a smooth sextic curve.

We conjecture that Tschirnhausen modules of Galois triple covers over P2 in the sense
of [Mir85] could work as a candidate to provide an analogue surjectivity and injectivity
argument as the one the Torelli theorem for K3 surfaces provides in the case d = 2.

In particular, connectivity of the period domains gives rise to a partial computation of the
monodromy groups for the families of surfaces in the case d = 2 following Proposition 3.5.10,
showing that P (]72+ ) C Im(pa) C F; We conjecture that a similar argument could be

replicated by describing a connected period domain for triple covers over P2
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