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ABSTRACT

This thesis consists of two main parts.

In the first part an integral transform between spaces of nonstandard test functions on
the affine space of dimension n is constructed. The integral transform satisfies a summation
formula of Poisson type, which is derived from an analogue of the Arthur-Selberg trace
formula for the Lie algebra of n x n matrices.

In the second part a proof of Conjecture 9.12 of Braverman—Kazhdan in their article -
functions of representations and lifting on the acyclicity of their /-adic vy-sheaves over certain

affine spaces is given for GL(n).
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CHAPTER 1
INTRODUCTION

1.1 Background and motivation

Classical Fourier analysis has found application in modular forms since the creation of the
theory in the early nineteenth century. As early as 1828, by directly applying the Poisson
summation formula Jacobi has shown that his theta function satisfies a modular identity,
a result which he attributes to Poisson. The modularity of Jacobi’s theta function has
been used by Riemann in his seminal 1859 paper to derive the functional equation of the
zeta function which now bears his name. The argument of Riemann has subsequently been
adapted to establish the functional equations of L-functions twisted by Dirichlet characters
and Dedekind zeta functions. The class of such L-functions which satisfy functional equations
has been completed by Hecke in 1920 with the introduction of his Groflencharakters and the
resultant Hecke theta functions and Hecke L-functions.

The development of class field theory in the early twentieth century has lead to the
introduction of ideles by Chevalley in 1936. It has since been understood that Hecke’s
Groflencharakters are precisely unitary characters of idele class groups, or retrospectively
automorphic forms on GL(1). In his 1950 thesis, by systematically applying local and global
Fourier analysis on the adeles Tate has derived the functional equations of principal L-
functions on GL(1) directly from his adelic Poisson summation formula, circumventing the
modularity of the associated theta series. In 1972 Godement and Jacquet have extended
Tate’s method to principal L-functions of degree n by embedding GL(n) into the algebra
M(n) of n x n matrices and applying the higher dimensional adelic Poisson summation
formula for the vector space M(n).

The notion of a general automorphic L-function has been conceived by Langlands in his
1967 letter to Weil. Such L-functions L(s, 7, 7) depend on an automorphic representation 7 of

a reductive group G and dually a complex representation r of its dual group La , the principal

1



L-functions being the special case when r is the standard n-dimensional representation of
GLy,(C). Conjecturally all the automorphic L-functions could be reduced to principal ones
by functoriality lifting along r, conversely suitable analytic properties including a functional
equation of such automorphic L-functions imply the functoriality conjecture for r by the
Converse theorem of Cogdell and Piatetski-Shapiro.

Recently in the work of Braverman and Kazhdan, Ngo, Lafforgue and Sakellaridis, a far-
reaching generalization of the argument of Godement and Jacquet to L(s,n,r) for certain
nonstandard r has been proposed. The main idea is to construct a monoidal open embedding
of G into a reductive algebraic monoid M (r) generalizing the embedding of GL(n) into M(n).
Conjecturally there exist r-analogues of local and global Fourier transforms on M(r), the
functional equation of L(s,7,r) would then follow from a summation formula of Poisson
type on M (r). In general M(r) is nonlinear and possibly singular, hence the conjectural
Poisson summation formula would involve nonstandard Fourier transforms and spaces of
nonstandard test functions. In his 2013 preprint Lafforgue has shown that such summation

formulae are in fact equivalent to the existence of functoriality liftings to GL(r).

1.2 About this thesis

This thesis represents the author’s first steps towards a Fourier analysis on the monoid M (r)
for nonstandard r, in the form of a collection of results organized around two toy examples.

In the second chapter a toy example of such a summation formula of Poisson type is
constructed on the space A, of characteristic polynomials of n x n matrices. In analogy
with the theory of Godement and Jacquet, this consists of the construction of nonstandard
Schwartz spaces So(An(Qp)) and S1(An(Qp)) on A, (Qp) where Qy is either Q, or R such
that So(An(Qy)) is dense in L2(A,(Qy)), together with an invertible integral transform 7,
from Sp(Apn(Qy)) to S1(An(Qy)) such that the following holds.

Proposition (Poisson summation formula) For each point X in Ay, (Q) there exists a nonzero



constant a(X) such that for all

P=prRP30 - BPp®- - Dpo € (X)So(An(Qp)) ® Sp(An(R))
p

equal to a certain ¢g ., almost everywhere and satisfying a certain local cuspidality condition

at two places,

XeA,(Q) XeA,(Q)

where
He = Hopa @Hzpz @ @ Hppp ® -+ @ Hoooo-

In general one of the difficulties of constructing the Poisson summation formula on M (r) lies
in the existence of singularities on M (r) —G. In the toy example, even though the space A,
is isomorphic to the affine space, it is understood as the quotient space gl(n)/GL(n) which
has a natural open locus A;,® parametrizing regular semisimple orbits, whose complement
contains the singularities of the quotient map from gl(n) to gl(n)/GL(n).

In the third chapter the r-analogue of local Fourier transforms for nonstandard r is
considered over finite fields. This toy example has been investigated earlier by Braverman
and Kazhdan, their main result is the construction of an irreducible f-adic perverse sheaf
®y» on G, generalizing the (-adic Artin-Schreier sheaf £y, on an affine space. They have
conjectured that @, ,. corresponds to the r-analogue of the Fourier kernel function over finite
fields under Grothendieck’s function-sheaf dictionary, generalizing the relation between L,
and the Fourier—Deligne transform. In the same paper they have also given a partial proof of
the previous conjecture assuming the acyclicity of @, . over certain affine spaces, generalizing
the acyclicity of L. It is this last acyclicity conjecture in the case when G is GL(n) that is

established in the third chapter.



CHAPTER 2
HARISH-CHANDRA TRANSFORM ON THE SPACE OF
CHARACTERISTIC POLYNOMIALS

2.1 Preliminaries

2.1.1 Notations and definitions

(1.1.1) Let G be a connected reductive group defined over the field of rational numbers
Q, let g be its Lie algebra equipped with the adjoint action of G from the right. More
generally an algebraic group will be denoted by a capital roman letter, its Lie algebra by the
corresponding lowercase fraktur letter, except for a which is reserved for a FEuclidean vector
space.

Denote by Q, the completion of Q at a place v. If S is a finite set of places, denote by
Qg the direct product of Q, for all v in S. Denote by A the ring of adeles of Q. Define

S-local and global norms by
(1.1.1.1) Vo eQg |zlg =[] |z, VreA 2l = lim|]s.
veES

The local norms are normalized in such a way that
(1.1.1.2) Ve e Q—{0} |z|p =1

The groups G(Qy), G(Qg) and G(A) of Q,, Qg and A-valued points of G are locally
compact with respect to the analytic topology. The group G(Q) of Q-valued points of G is

a discrete subgroup of G(A) with respect to the analytic topology.

(1.1.2) Fix a minimal parabolic subgroup Py of G. Fix a Levi subgroup My of Py with

split component Agy. A parabolic subgroup P of G is said to be standard if P contains Py.
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Denote by Np the unipotent radical of P, by Mp the unique Levi subgroup of P containing
My, by Ap the split component of Mp. Such a Levi subgroup Mp is said to be standard.
Denote by P the parabolic subgroup group opposite to P, by Np its unipotent radical. To
simplify notations the standard Levi, split and unipotent components of P; will be denoted
by M;, A; and N; where 7 is a natural number.

Let M and L be Levi subgroups of G such that M is contained in L, denote by F L(M)
the set of parabolic subgroups of L that contain M, by PL(M) the set of parabolic subgroups
of L whose Levi component is M, by EL(M) the set of Levi subgroups of L that contain M.
To simplify notations denote by F(M) the set F& (M), by F& the set FL(Mg), by F the set
FG(Mp). Similar notations apply to P and L.

Let P be a parabolic subgroup of G, denote by X (Mp) the group of rational characters
of Mp

(1.1.2.1) X(Mp) = HomGrp/Q(Mp, GL(1,Q)).
Let ap denote the real vector space
(1.1.2.2) ap = Homz(X(Mp),R),

let a; denote the dual space

(1.1.2.3) aié, = X(Mp)®zR.
Let
(1.1.2.4) ®p, Ap Cap, @b, Ap Cap

denote respectively the set of roots, simple roots, coroots, simple coroots of Ap in g and np.



The quadruple (X (Mp), @, X (Mg)*, @) is called the root datum of G.

Let Py and P9 be parabolic subgroups of G with P; contained in P9, denote

(1.1.2.5) N? = N1 N Mo, N% = N7 N Mo.

Let A% and A%’V be the set of simple roots and coroots of Ay in n%. There are canonical
splittings

(1.1.2.6) ap =0l ®ag, af= a%’* ® aj.

The sets A% and A%’v form bases of a%’* and a% The respective dual bases are called the
coweights and weights and denoted by A% and A%’v.

Let Wg; be the Weyl group of the pair (G, Ag). Let M; and Ms be two Levi subgroups of
G, define the Weyl set W(ay, az) to be the set of linear isomorphisms from a; to ag obtained
by restricting the action of elements of the Weyl group. The group VV(C);r operates on the
root datum of G, hence on ag and aj. Fix Euclidean inner products on ap and aj which are
compatible with each other and the underlying root datum, hence invariant under the Weyl
group action. The inner product on ag induces an inner product on a%.

Let 712 denote the characteristic function on ag of the points that are positive with respect
to every element of A%, let %12 denote the characteristic function on ag of the set of points
that are positive with respect to every element of A%’v:

Alg _

(11.27) =1

{Heay: a(H)>0, YacA?}’ ]I{Heaoz w(H)>0, YweA}" }

To simplify notations denote by 71 the set TlG , by 71 the set %1G’.



(1.1.3) Define G(A)! to be the subgroup of G(A) consisting of elements g of G(Q) such

that
(1.1.3.1) Vx € X(G)  |x(g)|a =1
Fix an admissible maximal compact subgroup
(1.1.3.2) K = J[K.
v
of G(A) such that the Iwasawa decomposition

(1.1.3.3) G(A) = PAK

holds. Denote by

the natural projection.

The Tamagawa measure on G(A) is the measure induced from the choice of a basis of
rational 1-forms on G, which is well-defined by the product formula (1.1.1.2). The Euclidean
vector space ag has a translation invariant measure, which without loss of generality assigns

the coweight lattice
(1.1.3.4) Homy (X (G),Z) C ag

covolume one.



The various measures are compatible under the Iwasawa decomposition in the sense that

(1.1.3.5) /G(A) f(g) dg

= / // /f(mank:) dkdndadm
Mp(A)! Jap /Np(A) JK

_ / / / / F(nmak)e=2°P(Ho(@) qkdndadm
Mp(A)! Jap /Np(A) JK

where dn is the Tamagawa measure on Np(A) which could also be characterized by assigning
Np(Q) covolume one in Np(A), the point pp in af is the Weyl vector defined as the half
sum of the roots of np. The choices of measures on G(A) and ag determine a Haar measure
on G(A)!, hence a measure on the automorphic quotient G(Q)\G(A)L.

Let T’ be a point in ag, let w be a compact subset of No(A)Mg(A)L. The Siegel set
S(T’,w) is the subset of G(A)! defined as

(1.1.3.6) {x =pak: pE€w, ac€explag), k€ K, B(Hy(a) —T')>0VB € AO}.
A Siegel set is said to be a Siegel domain if it contains a fundamental domain for G(Q)\G(A)!:
(1.1.3.7) GA)! = GQS(T,w).

Let T be a sufficiently positive point in ag, such a 7' is said to be a truncation parameter.

Let &(T7,w) be a Siegel domain. The truncated Siegel domain GT(T’,w) is defined as
(1.1.3.8) {we S(T'w): w(Hy(x) = T) SOVweﬁo}.

Proposition (Borel, Harish-Chandra)

There exist a point T' and a compact set w such that S(T',w) is a Siegel domain.
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Proof. See §13 of [Bo69]. O

The Siegel domain &(7”,w), therefore G(Q)\G(A)!, has finite volume. The truncated
Siegel domain GT(T ' w) is compact and exhausts &(T”,w) as T approaches infinity. Fix
a pair (T',w) such that &(T’,w) is a Siegel domain, denote by FG(z,T) the characterstic

function on G(Q)\G(A)! of T (T’,w). There are analogues FF (2, T) on P(Q)\G(A)L.

(1.1.4) The space S(g(A)) of Schwartz functions on g(A) is defined as the tensor product

res

(1.1.4.1) X) C(a(Qy)) © S(g(R))
p

restricted at all but finitely many finite primes with respect to the unit vector Hg(Zp) in

C(9(Qp)), equipped with the final topology with respect to

(1.1.4.2) S(a(A) = 1%15(9(@5))-

Fix a nondegenerate G-invariant rational bilinear form ( , ) on g, fix a global additive

unitary character ¢ on A

(1.1.4.3) ¥ A — U(1)
such that
(1.1.4.4) VeeQ o(x) =1,

and ¥((, )) identifies Q and A/Q as Pontryagin duals of each other. The Fourier transform
on S(g(A)) is defined by

(1.145) Fx) = /g o [T



The global Fourier transform on g(A) factorizes as the tensor product of the local Fourier
transforms on g(Q,) with respect to compatible choices of ¥, ((, )). Denote by V the inverse

Fourier transform.

Proposition (Poisson summation formula, Tate)

For every Schwartz function f on g(A),

(1.1.4.6) dorx) = ) X,
Xeg(Q) Xeg(Q)

the sums are the absolutely convergent.

Proof. See §4.2 of [Tab0]. O

(1.1.5) Define an equivalence relation ~ on g(Q) by

In general ~ is weaker than conjugacy by G(Q). A typical equivalence class will be denoted
by o.

Let D be the discriminant function on g(Q). Let X be an element of g(Q), define D(X)
to be the coefficient of the characteristic polynomial of ad(X), acting on g(Q) as a linear

endomorphism, in degree r, the absolute rank of G:
(1.1.5.2) r = rankg(G ®g Q).

Alternatively D could be defined as the product of the roots of g over an algebraically closed
field. Denote by DM the discriminant function on m for a Levi subgroup M of G.
Let X be a semisimple element of g(Q). Then X is said to be regular if D(X) does

not vanish. Denote by greg.ss the locus of regular semisimple points on g. If an equivalence
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class o contains a regular semisimple element, the set o0 is a G(Q)-orbit consisting of regular
semisimple elements. Such an o is said to be regular, otherwise o is said to be singular. A
semisimple element X is said to be Q-elliptic if it is stablized under the adjoint action by a
maximal torus that is anisotropic over Q modulo the center of G.

Denote by Gx the centralizer of X in G, let Gg( be the connected component of the
identity of Gy, let my(Gx ) be the group of connected components of G x. There is an exact

sequence

(1.1.5.3) 1 G% Cx mo(CGx) —1.

(1.1.6) Let S be a finite set of places of Q, denote by Gg the base change G ®g Qg of
G. Let v be a place of Q, denote by G, the base change G ®g Q, of G. Similar notations
apply to the Lie algebra g. The underlying topological groups of G(Qg) and Gg(Qg) are

the same, however

(1.1.6.1) X(G) = Homgy,g(CG,GL(1,Q)),

X(Gg) = HomGrp/QS(GS7 GL(1,Qg))

are in general different.
All the constructions above generalize to the local and S-local settings with similar

caveats:

e Fix a minimal parabolic subgroup Pg of Gg contained in Py g, fix a Levi subgroup
Mg ¢ contained in My ¢ with split component Ag ( containing Ag g. The choice of Pg
is equivalent to a choice of a minimal parabolic Py, o of Gy for each v in S, similarly

for Mg and Ag .

e Let Mg and Lg be Levi subgroups of Gg such that Mg is contained in Lg, denote by
FLs(Mg), Ps(Mg) and £ (Mg) the analogous sets of parabolic and Levi subgroups.
11



The Levi subgroups Mg and Lg determine local Levi subgroups M,, and L;, for each v

in S. There are bijections

(1.1.6.2) Fhs(Mg) = ] Fv),
veS

PEs(Mg) = ] Ph(my),
veS

chs(Mg) =[] £ 0n).
veS

If Mg and Lg are the base change of Levi subgroups M and L of G from Q to Qg,

there are diagonal inclusions

(1.1.6.3) FE) ¢ Fls(Mg),
PH(M) c PhS(Mg),

£ ol

Let Pg be a parabolic subgroup of Gg, define real vector spaces
(1.1.6.4) apy = Homgz (X (Mpy), R), af;s = X(Mpy) ®z R.

If Pg is the base change of a parabolic subgroup P of G from Q to Qg, there are

diagonal inclusions

* * *
(1.1.6.5) ap C apg :@apv, ap CaPS:@qu.
vesS veS
A maximal torus Tg of Gg is equivalent to the choice of a maximal torus T, of Gy for
each v in S. The associated Cartan subalgebra tg, which is a free Q g-module, is equal
as an abelian group to the direct sum of the Q,-vector spaces t, for all v in S.

A maximal torus Tg is said to be elliptic in Gg if it is anisotropic modulo Ag, over

12



Qg. A maximal torus Tg is elliptic in Gg if and only if T}, is elliptic in G, for each v

in S. If this is the case, Tg(Qg) is compact modulo A4 (Qg) in the analytic topology.

Denote by Ta1(Gg) the set of conjugacy classes of elliptic maximal tori of Gg.

o Let ng be the Weyl group of the pair (Gg, Agp), there is a bijection

G Gy
(1.1.6.6) was = 11 Wb

the linear representation of ng on ag  is the direct sum of the local representations.

Denote by W(Gg,Tg) the Weyl group of the pair (Gg(Qg),Tg(Qg)). There is a

bijection

(1.1.6.7) W(Gg, Tg) = ][] W(Gy, To).
vES

e The Schwartz space S(gg(Qg)), the Fourier transform A, the discriminant function

DG | and the regular semisimple locus 05 reg.ss(Qg) are unchanged under base change

from Q to Qg.

Proposition (Weyl integration formula)

If fg is a Schwartz function on gg(Qg), then

(1.1.6.8) / Fo(X) dX
95(Qs)

M Ggi—1 1
Yo IWeslwggl Y WM, Ts)| ™ %
MgeLGs TseTen(Ms)

« / D% (X)) g / fo(X - ad(z)) dzdX.
ts(Qs) Ang(Qs)\Gs(Qs)

13



Proof. For the p-adic case see §7.11 of [Ko05]. For the real case see Lemma 2 on page 35 of

[Va77] and the references therein. O

Definition Let X be an element of GS,reg.ss(QS)~ Define the S-local orbital integral

IS(X , ) to be the invariant distribution on gg(Qg) such that

(1.1.6.9) Vfs € S(gs5(Qg))
1/2

IG(X, fs) = IDY(X)]g fs(X -ad(z)) dx

/G%X(Qs)\Gs(@s)
where G% y denotes the connected component of the identity of the stablizer subgroup of
X in Gg.

2.2 The non-invariant trace formula

In this section a preliminary version of the trace formula for the reductive Lie algebra g

established in Chaudouard [Ch02a] is recalled.

2.2.1 A motivating example

(2.1.1) Definition Let f be a Schwartz function on g(A), let o be a ~ equivalence class
on g(Q). Define the kernel functions K(x, f) and Kq(x, f) by

(2.1.1.1) Vo € GQ\G(A) Kz, f)= > f(X-ad(z)),

Xeg(Q)

Ko(x, f) =) f(X -ad(x)).

Xe€o

14



(2.1.2) Remark By the Poisson summation formula (1.1.4.6), the function K (z, f) sat-

isfies the functional equation

(2.1.2.1) K, f) = Kz f).

(2.1.3) Proposition Let f be a Schwartz function on g(A). If G is anisotropic over Q,

then

(2.1.3.1) lim >0 Vol(Gk, (@\CK, (&) - 1§ (Xo. fs)
oeg(@})/N
regqutar

+ Y VoGS, (@\GY, (A)) - Lo(f)
0€g(Q)/~

singular

= lim > Vol(GR, (@\C,(A) - 1§ (Xo. fs)
0eg(Q)/~

reqular

+ Y Vol(GY (@\GY,(A) - To(f),
0€g(Q)/~

singular

where for each class o choose an element X, of o, for each singular class o define

(2.1.3.2) IL(f) = f(Xo -ad(z)) dz.

/G&o (A)\G(A)

Proof. The function K(z, f) is continuous. By assumption G is anisotropic, so G(Q)\G(A)

is compact. Therefore K (x, f) is absolutely integrable, hence

(2.1.3.3)

15



Ko(x, f) dz

/G<@>\G<A> oce(@)

0cg(Q)/~’ CQ\G(A)

— Vol (G (Q)\G% (A) f(Xo-ad(z)) d
UGQ%Q;)/N ol(G¥, Xo )/Gg(o(A)\G(A) e

(2134) = lim > Vol(Gk, (Q)\GY,(A)) - I§ (Xo, fs)
0€g(Q)/~

regular

+ > Vol(GY, (@\GY, (A)) - To(f).
0€g(Q)/~

singular

the equality (2.1.3.4) follows from
(2.1.3.5) VX, €g(Q)3ASVS' DS  |D(X,)|g =1

by the product formula (1.1.1.2). The proposition follows from the functional equation

(2.1.2.1). 0

2.2.2  The non-invariant trace formula of Chaudouard

(2.2.1) Definition Let f be a Schwartz function on g(A), let o be a ~ equivalence class

on g(Q), let T be a truncation parameter. Define the truncated kernel function kI ( , f) on

G(Q\G(A)! by

(22.1.1)  Va € G(Q)\G(A)!

Ko f)= Y (-pdm@e/dc)  N™ 0w (Hy(2) — T)Kp o(67)
PeF deP(Q)\G(Q)

standard

16



where

(2.2.1.2) Kp oz, f) = F((X + N) - ad(z)) dN.
’ XemPZ@)m /npw

Define distributions JJ and J7 on g(A) by

(2213)  VfeS@n) JI(f) = /G oy 0

JE(f) = o kgl f) da

/G<@>\G<A>1 0€g(Q)/~

(2.2.2) Proposition Let f be a Schwartz function on g(A), let T' be a truncation pa-

rameter, then

(2.2.2.1) Yo k(@ )] dz < oo

/G(@)\G(A)1 0€g(Q)/~

Proof. This is Théoreme 3.1 of [Ch02a]. The following is a sketch of the argument, for the
details please refer to loc. cit.

The proof depends on the following lemma.

Lemma (Combinatorial lemma of Langlands)

Let Py and P3 be parabolic subgroups of G such that Py is contained in Psg, then

1 if Py =Ps,
(2.2.2.2) oo (—)m AR ()R (H) =
PoeF
P;CcPyCPs3 0 otherwise.
Proof. See §6 of [Ar78]. O
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By (2.2.2.2)

(2.2.2.3) / kL (z, )| da
G(@)\G(A)loeg%)/w| o )
< ¥ / S PP @, T)od(Holx) — T) %
pr.Per” Pl " oca(Q)/~
standard
P,CPy
<[ Y (~)tmAs/A) g (a, f)] da
PseF
P1cP3CPy
where
(2.2.2.4) of(H) = Y (~ndmA/AD S (B ) (H).
PseF
P4CP5

The second factor of the integrand of the right hand side of (2.2.2.3) satisfies the inequality

(2.2.2.5) | Z (_1)dim(A3/AG)KP3,U(x7 f)‘
PseF
PiCcP3CPy
S Z Z (_1)dim(A3/AG) Z
PoeF

PseF Xem?(Q)No
PicPocPy PoCP3CPy

Z / f(X +Y 4+ N)-ad(x)) AN

(2.2.2.6) = Z / (X + N)-ad(z)) dN| +
Xem1
+ Z ‘ Z (_1)dim(A3/Ag) Z
PoceF PseF XEm%(Q)’ﬂO

P1CcPoCPy PoCP3CPy
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< 3 / oy (O ) @), ) an

Yen3(Q)

where mg (Q)" denotes the set of points of mg (Q) not contained in any proper parabolic
subalgebra of q. Similar notation applies to n. The equality (2.2.2.6) follows from the
Poisson summation formula applied to n% (Q) as a lattice in ng(A).

By the inclusion-exclusion principle applied to

(2.2.2.7) Z (—1)dim(As/Ac)

PseF
PoCcP3CPy

the last expression in (2.2.2.5) reduces to a majorant of the form

(0]
(2.2.2.8) 11 / (14 to)Paeota g,
0

aeA‘ll

for some natural numbers p, and g, which is finite. O

(2.2.3) Definition Let Py be a standard parabolic subgroup of G, let T" be a truncation

parameter in ag. Define the geometric gamma' function PIPQ( ,T) on ag by

(2231)  VHeay Tp(HT)= Y (~1)ImE/A)S(m)mH - T).

PseF
PoCPj3

(2.2.4) Remark For each parabolic subgroup P of G the geometric gamma’ functions

satisfy the identity

(2.2.4.1) AH-T) = Y (~1)Im@SAODR2(m)T) (H, 7).

For a proof see page 13 of [Ar81].
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(2.2.5) Proposition Let f be a Schwartz function on g(A), let 0 be a ~ equivalence
class, let T be a truncation parameter. Then JI(f) and JT(f) are polynomials in T of

degree at most dim(Ag/Aq).

Proof. This is Théoreme 4.2 of [Ch02a]. The following is a sketch of the argument for JI (f),
the argument for J7(f) is the same. For the details please refer to loc. cit.
Fix a point 77 in ag that is sufficiently positive and assume that 7" dominates 7”. By

(2.2.4.1)

(2.2.5.1)  JI(f)

B /G(Q)\G(A)l< 2, e

PieF
standard

X > %1(H0(5x)—T)-Kp1,0(6x)> dz
J€P1(Q\G(Q)

B /G(Q)\G(A)l< 2 o

Pl,PQ ceF
standard
PiCPo

x> #(Hp, (62) = T'\Dp,(Hp, (6z) — T'. T = T") x

Xem(Q)No
_ / ( 3 (—1)dim(A1/Az)
PQE]: MQ(Q)\M2(A)1 P1€]:
standard standard
PiCPs

« 3 RHp,(50)-T) /n2

5€P1(Q)NM2(Q)\Ma(Q) Xem; (Q)no /M(A)
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X ( /K /n ) fU(X + N)-ad(6xk) + N’ - ad(k)) dN’dk) dN) dz x

x/aG [p,(H-T,T-T)dH

2

My, T
= > AUy [ T, (T 7 dH
PyeF %2

standard

where ng is defined to be the sum of Ji\,/[ over all the M(Q) ~ equivalence classes o’ contained

in 0 and fp is defined by

(2.2.5.2) fp(X) = /K/n o J(CF M) (8 ana

Because [T %(H ,T —T') dH is a polynomial in T which is homogeneous of degree

dim(Ap/Aq), Proposition (2.2.5) follows by induction. O

(2.2.6) Proposition Let f be a Schwartz function on g(A), let T be a truncation pa-

rameter. For every positive €

(2.2.6.1) |JT(f) —/ FG(z,T) Z F(X -ad(z)) dz| = O(eITl
G(Q\G(A)! Xeg(Q)
where || || denotes the Euclidean norm on ag, as T approaches infinity such that T is uni-

formly bounded away from the walls of the positive chamber.

Proof. This is a corollary of the proof of Lemma 3.2.2.1. O
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(2.2.7) Proposition (Non-invariant trace formula of Chaudouard)

Let f be a Schwartz function on g(A), then

(2.2.7.1) > g
0€g(Q)/~ 0€g(Q)/~

I
]
%
S

holds as an equality between polynomials in T

Proof. By (2.1.2.1)

(2.2.7.2) FO(2,7) Y f(X-ad(@)) dz

/G(Q)\G(A)1 Xeg(Q)

/G o DK d

/G . FC(z,T)K (z, ) du.

By (2.2.6.1) the difference between J7(f) and JT (f") converges to zero as T approaches
infinity. By Proposition (2.2.5) JT( f) and JT( f7) are both polynomials in 7', hence equal

to each other. O
2.2.8) Lemma There exists a unique point Tjy in a& such that
0
(2.2.8.1) Vs e WS Ho(ws') =Ty — s 1Ty

where wg denotes a representative of s in G(Q).

Proof. See Lemma 1.1 of [Ar81]. O

(2.2.9) Definition Define distributions J and .J, on g(A) by

(2.2.9.1) Ve S(a) I =00, Jo(f) = Ja0f).
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(2.2.10) Remark The coefficients of the polynomials J7'(f) and JI'(f) in positive de-
grees depend only on the orbital integrals of fp along proper Levi subalgebras of g. Therefore
the constant terms J(f) and Jo(f) contain the essential information. The choice of Ty im-
plies that the distributions J and J, are independent of the choice of the minimal parabolic

subgroup Pg.

(2.2.11) Proposition Let f be a Schwartz function on g(A). If o is the conjugacy class
of a reqular semisimple element X which is contained in a standard parabolic p and elliptic

in its Levi component m, then

(2211.16(f) = |mo(G )]~ Vol (M (@\M% (4)) / 0 F(X - ad(2)) oyi(a)da
GX (AN\G(A)

where the weight factor vyi(x) is defined to be the volume of the convex hull of
(2.2.11.2) { — Hp(xz): Pe 73(1\/[)} C al\G/I-
Proof. This is a corollary of Theorem 3.3.11.1. See also (5.4) of [Ch02a]. O

(2.2.12) Proposition Let f be a Schwartz function on g(A), let 0 be a ~ equivalence

class, then

(22121)  VzeGA)  Jy(foad(z) =Y (Wo P IWE 1T (fp2)
PeF

where Jévl is defined to be the sum of Ji\,/l over all the M(Q) ~ equivalence classes o’ contained

in 0, and the function fp , on mp(A) is defined as

(2.2.12.2) fpa(X) = /K/n(A)f((X+N).ad(k)) vp(kz)dNdk
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where the weight factor v (x) is defined by
(2.2.12.3) vp(z) = /aG I'p(H,—Hp(z)) dH.
P
Proof. By definition
(2.2.12.4)JL(f o ad(z)) = / ( $ (—1)dim(Aiae) o
G(Q\G(A)?!

PieF
standard

x Y. Ai(Ho(dyx) = T) - Kp, o(6yz) dy) :

6eP1(Q\G(Q)
By (2.2.4.1)
(2.2125) A (Hp, (0yz) —T) = Y (-1)3mA/Ae):2(Hp (sy) - T) x
PoeF
P,CPy

XF%Q(le((Sy) —T,—Hp, (kr))

where k is a K component of dy under the decomposition of G(A) as P1(A)K, the point
Hp, (k) is independent of the choice of the element k. Hence the right hand side of (2.2.12.4)

is equal to

(2.2.12.6) Z /M S ( Z (—1)dim(A1/A2) o

PoeF PieF
standard standard
PiCPy
~2
x > Atp -1 [,
d€P1(Q)NM2(Q)\M2(Q) Xem(Q)no ™1

(/ /n ((X + N)-ad(syz) + N - ad(kx)) x
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X ( / b, (H = T, ~Hp, (k) dH) AN'dk ) dN) dy.

2

Substituting Ty for T, the expression (2.2.12.6) becomes

M -1 M
(2.2.12.7) ST R (feyn) =Y IWeRIWE T 2 (fpy)
PoceF PoeF
standard

since the distribution ng is independent of the choice of the minimal parabolic subgroup

Py. 0

2.3 Refined expansions

In this section the distribution J, is decomposed as a linear combination of weighted orbital

integrals following the methods of Arthur [Ar85] [Ar86].

2.3.1 Weighted orbital integrals

(3.1.1) Definition Let M be a standard Levi subgroup of G. A collection of complex-

valued functions

(3.1.1.1) {cP € C™(iay;) - P e P(M)}

is said to be a (G, M)-family if for each pair of adjacent parabolic subgroups P and P’ in
P(M), the functions cp and cpr agree on the hyperplane spanned by the common wall of the
positive chambers of iay; defined by P and P’.

Let (cp) be a (G, M)-family, define the function ¢y on the complement of the coroot

hyperplanes in iay; by

(3.1.1.2) vAciay  eu(N) = Y. cp(NIp(N) !



where

(3.1.1.3) Op(\) = Vol(agi/Z(Ap)™Y) T (e, N).
a€Ap

The function cyj extends smoothly over iay;. Denote by cy; its value at the origin of iay;.

(3.1.2) Definition Let Q be a parabolic subgroup in F(M) with Levi component L, let

(cp) be a (G, M)-family. Let
(3.1.2.1) i PO - PO (M)

be the map that sends a parabolic subgroup P in PL(M) to the unique parabolic subgroup

in PG (M) that is contained in Q whose intersection with L is P. Denote by (cg) the (L, M)-

family

. L
(3.1.2.2) {CiS(P). Pep (M)}.
Let
(3.1.2.3) g codaf — el

be the natural inclusion map. Denote by the (cp) the (G, L)-family
(3.1.2.4) {ji‘/f*(c})/) - Pe PG(L)}

where P’ is a parabolic subgroup in P(M) contained in P, and the function le\J/I’*(cP/) is
independent of the choice of P/ in PG (M).
Let (cp) and (dp) be two (G, M)-families, denote by ((cd)p) the product of (cp) and (dp),

which is a (G, M)-family. For each parabolic subgroup Q in F(M) there exists a function C’Q
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on iaf{/[ such that

(3.1.2.5) vacial (V)= Y. dyNdyg(N.
QeF(M)

Denote by C/Q the value c’Q(O).

(3.1.3) Definition Let M be a standard Levi subgroup of G. A collection of points
(3.1.3.1) yM = {Yp cay P e P(M)}

is said to be a (G, M)-orthogonal set if for each pair of adjacent parabolic subgroups P and

P’ in P(M), the vector
(3.1.3.2) Yp—Yp € apg

is orthogonal to the hyperplane spanned by the common wall of the positive chambers defined
by P and P’.
Let ag,v be the unique coroot that is positive for P and negative for P’. A (G, M)-

orthogonal set Y\ is positive if
(3.1.3.3) 3t >0 Yp - Yp =tab .

(3.1.4) Remark Let )Y\ be a positive (G, M)-orthogonal set, then the collection of func-

tions

(3.1.4.1) {UP(yM)Q) =cMYP): pe P(M)}

forms a (G, M)-family. The associated constant vy(My) as in (3.1.1.2) is equal to the volume

of the convex hull of V1 in ay.
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(3.1.5) Definition Let M be a standard Levi subgroup of G, let  be an element of

G(Qg). The collection of points

(3.1.5.1) yM(:L’) = { — HP(:L’) : Pe P(M)}

forms a positive (G, M)-orthogonal set. Define the weight factor vyi(z) to be the associated

constant

(3.1.5.2) un(@) = vm(a(@)).

Let X be a point in m(Qg) such that G%(QS) is contained in M(Qg), define the weighted

orbital integral Jl\(/;[(X, ) to be the distribution on g(Qg) such that

(3.1.5.3) Vf e S(e(Qg))

JG(x, ) = DG (x)|Y? X -ad dz.
G (X, f) = DG /G PR L R

For a general element X in m(Qg) define the weighted orbital integral Jl\(/}[(X , ) to be the

distribution on g(Qg) such that

(3.1.54) v/ € S(9(Qs))
KX f) = T D i (exp(Xun), exp(A) (X + A, )

LeL(M)

where A is a sequence of Qg-points of Lie(Ayr) such that

(3.1.5.5) Gxa(Q@s) C M(Qg)

and rp(x,a) 1s an auxihary (L, M)-family constructed by Arthur in 0 rasal, see also
d r5(z,a) i iliary (L, M)-famil d by Arthur in §5 of [Ar88a] 1

§2.4 of [HW13] and §II1.2 of [Wa95].
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(3.1.6) Lemma Let M be a standard Levi subgroup of G. Let X be an element of m(Qg),
let x be an element of G(Qg). Let f be a Schwartz function on S(g(Qg)). Then

(3.1.6.1) X, foad@) = Y (X fpa)
PeF (M)

where fp ;. is the Schwartz function on mp(Qg) defined as

(3.1.6.2) foa(X) = /K /n N FUX + N) - ad(k)) vh(kz)dNdk

where for each y in G(Qg) and for each parabolic subgroup Q in F(M) the constant v/Q(y) 8
the constant vé intervening in 3.1.2.5 associated to the (G, M)-orthogonal set Y\j(x) defined
m 3.1.5.1.

Proof. See II1.3.(f) of [Wa95]. O

2.3.2  Nilpotent orbits

(3.2.1) Definition Let gy; be the ~ equivalence class of the origin in g(Q), hence the
nilpotent locus of g. Let J,; and le;l denote respectively Jy ., and Jgj; - Let Jﬁ’l denote Jy;

for convenience in inductive arguments involving Levi subgroups.

(3.2.2) Lemma There exists a continuous seminorm || || on S(g(A)) such that for every

truncation parameter T' in ay

(3.2.2.1)  Vf e S(g(A))

JE(f) - Gz X -ad(x)) de 6_@
O [ P30 X)) ae| <)

Xngil (Q)

where d(T') denotes the distance from T to the root hyperplanes.

Proof. The argument is valid for a general class o and the sum of all the classes o, hence
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contains 2.2.6.1 as a special case. The necessary estimates are established by Chaudouard
in the proof of Proposition 4.4 of [Ch02a]. The following is a sketch of the argument, for the
details please refer to loc. cit. See also Theorem 3.1 of [Ar85].

Following the first part of the proof of (2.2.2.1), by the combinatorial lemma of Langlands,

expand JE (f) as a sum indexed by triples of nested standard parabolic subgroups whose

nil

leading term corresponding to (G, G, G) is

(3.2.2.2) FC(z,7) Y f(X - ad(z)) dz.

/G(Q)\G(A)1 Xegni(Q)

Hence the left hand side of the inequality in (3.2.2.1) is bounded by

3.2.2.3 FPY &, T)od (Ho(z) — T ®y(z,Y)| do
P G(A)! 1
Plslcl;%’(faigf 1(@)\ ( ) Xem%(@)’ﬁo ?Gﬁ%(@)/
P1cPyCPs

where @ denotes the partial Fourier transform of f

(3.2.2.4) Oy (2,Y) = /n(A)f((XJrN)-ad(x))-¢(<N,7)) dN.

Changing variables each summand of (3.2.2.3) is bounded by

(3.2.2.5) sup </AG(R)0 /ALT ® 66(ara) o} (Hp, (a1) — T) x
1

yel’ 01!

X Z Z |<I>X.ad(a1a)(y,7-ad(ala))| dadal)

Xem?(Q)'no Yenz(Q)

where I is a fixed compact subset of My (A)1 which is independant of the truncation param-

1,7

eter T, the subset AO,T’

(R) of A%(R) is the 7", T-truncated part as in (1.1.3.8), and 5(2) is
the modulus function of Ps.

Let n be a natural number, let D be an invariant differential operator on g(R) of degree n,
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denote by ®P the partial Fourier transform of D f where D operates on f via its archimedean

component fso, then

(3:22.8 X ad(a10) (v, Y - ad(@ra))| = C(y) - [ - ad(ara)| ™" - [9F (010 v Y - ad(a1a))|

for some constant C'(y) that depends continuously on y. For a Schwartz function f on g(A)
define N(f) to be the smallest natural number NV such that f is supported on %2 x R where

7 denotes the profinite completion of Z. Let the natural number n be large enough so that

(3.2.2.7) Z YV - ad(a1a)] ™ < C© H o —kaa(Ho(ara))
?eﬁ%(ﬁﬁz)’ aeA}
for some constant C' and natural numbers kq. Define the seminorm || || by

(3.2.2.8) IfI" = sup [DF(X)].
Xeg(A)

A Schwartz function on the A-valued points of a rational vector space is bounded by a

product of Schwartz functions on each coordinate, hence for Z in po(A)

(3:2.2.9) LYERCTIEN N | QEVCH) PEN

neEPY—P9

where Z;, and Zy, are the components of Z on the weight space of i and ng, and ¢e are

positive Schwartz functions. If ag is an element of Ag(R), denote by W(ag) for the sum

(3.2.2.10) U(ag) = > < 11 ¢u(u(ao)_1Xu)>-

Xemi(yp2)/ne " HERO—D2
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Then (3.2.2.5) is bounded by

T (5%(@1@—10%(]—]})1(@1) —T) x

(3.2.2.11) sup C(y)/ /
yel’ A?(R) AO’T/(R)

xW(aja)-C H e_k“a(HO(ala))) daday,

2
aeAO

which only depends on the Schwartz function f via its componentwise bounds ¢e and the

lattice ﬁ%(ﬁZ), hence is proportional to the seminorm || || defined by

(3.2.2.12) vieS@A) fll= sup Cly)-C-IfII"- N(H™
Y

The constant sup,cr C(y) - C is independant of both the Schwartz function f and the trun-

cation parameter 7'

Substituting the definition of the seminorm || ||, the majorant (3.2.2.11) reduces to
1.7 T > t
(3.2.2.13) LIl Vol(Ay 7 (R)) ] (e—a< ) / p(ta)e e dta>
) 3 O
acAy

where p(t) is a polynomial. Because

(3.2.2.14) H e—olT) /Oop(t)et dt < e D),
0

3
a€AY

and Vol(Aé’g, (R)) is of polynomial growth in 7', the majorant (3.2.2.13) reduces to

A(T)
(3.2.2.15) Iflle "2 .

32



(3.2.3) Definition Let v be a place of Q, let 3, be a bump function on Q,, let v be a
G-orbit contained in g,;, let {p1,...,p;} be a collection of polynomials rational with rational
coefficients cutting out the Zariski closure 7. Let f be a Schwartz function on g(A), let € be

a positive real number. Define the truncated function f;, on g(A) as in [Ar85] by

(323.1) VX egd)  fou(X) = FX)Bole 1)) .. Bule p(X)]w).

(3.2.4) Lemma Let the place v, the bump function 3,, the orbit v and the polynomials
{p1,...,p1} be as in (3.2.3), then there exists a natural number m and another seminorm

| Il1 for which the inequality (3.2.2.1) holds such that
(3.2.4.1) Ve such that 0 < e < 1Vf € S(a(A)  |IfSull < e ™| fll1

Proof. 1t is enough to consider the case when there is a single polynomial p. There are two

cases:

e [f v is the archimedean place then
(3.2.4.2) N(fow) = N(f),
so by properties of the derivative
(3.2.4.3) If5ull < emClfIl

Define | [ to be C| f].

e If v is finite then
(3.2.4.4) 1ol =171,
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SO
(3.2.4.5) N(f,) < €N
since N(f) only depends on the support of fgite and the assignment

(3.2.4.6) foe foe=fIIBule  pl)

shrinks the support of f by a factor of €, upto a multiplicative constant. Define || f||’

to be |[£]]-

Hence (3.2.4.1) follows since

(3.2.4.7) LAl = AN ().

(3.2.5) Lemma Let the place v, the bump function By, the orbit v and the polynomials

{p1,...,p} be as in (3.2.3), then there exists a positve real number r such that

(3.2.5.1) Ve > 0 Vf € S(g(A))

FO@,T) Y |f5u(X -ad(@))| de < || flle" (1 + |T])™

/G(Q)\G(A)1 Xeg(Q)-7(Q)

where dg is dim(Ag/Aq), the split rank of G.

Proof. This is Lemma 4.1 of [Ar85]. O

(3.2.6) Proposition Let T be a truncation parameter. For each nilpotent orbit v there

exists a distribution JL on g(A) such that for each Schwartz function f on g(A), the expres-
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sion JL(f) is a polynomial in T of degree at most dg, and

T T
(3.2.6.1) T = > 1.
v C Gnil
orbit
There ezists a continuous seminorm || || on S(g(A)) and a positive real number € such that

(326.2) Vf e S(g(A)

JI(F) = FS(z,T X -ad(z)) dz| < || f|le” ).
D Lo ™6 ) B SO0 e < Wl

Proof. Define the polynomials recursively by the formula
(3.2.6.3) Jp(f) = lim T (f5)
e—0

where Jg denotes the sum of JZ; for those orbits ¢/ contained in 7.

The limit of JZ%.

Li(f5.0) as € approaches 0 exists because

(3.2.6.4) Yo f(Xad(@) = Y f5,(X -ad(x))
Xer(Q) Xev(Q)

implies that

3265 U5 - | FOwT) Y J(X - ad(a) de
G(@)\G(A) x5
< |, - / FO@T) S fou(X -ad(@)) de| +
GlNG@)! X€g(Q)
" / FC(z, T) (X - ad(2)] da.
G(Q)\G(A)! 7

Xemi(Q)-7(Q)
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By (3.2.2.1) the first summand of the right hand side of (3.2.6.5) is bounded by

¢ _d@ _Im _4dm
(3.2.6.6) [foolle” 2 < e lfll1-e 2

which follows from (3.2.4.1).
The second summand of the right hand side of (3.2.6.5) is bounded by summing over the
complement of 7(Q) in g(Q) instead of in g,;(Q), hence by (3.2.5.1) is bounded by

(326.7) 1l (T

Therefore the right hand side of (3.2.6.5) is bounded by
—im_—30) r d

(3.2.6.8) Ifllil e ™e "2 + e (14 |T) ).

It suffices to take 0" as e with 0 bounded strictly between 0 and 1 and n a sequence natural

numbers approaching infinity. Then the majorant (3.2.6.8) satisfies the inequality
d(T
(3:26.9) [/l < log@limn=S32 4 (1 1 7)) ) < Al (T

provided d(7") is bounded below by C|log(d)|n for some constant C' and || || is another
continuous seminorm with the same properties.

Therefore for every natural number n and every 7' in the open subcone

(3.2.6.10) {T . d(T) > C|log(6)|(n + 1)}

of the positive chamber, the following inequality holds

5n+1

(3:2.6.11) IR = TR < 2171+ |T)dos™.

36



The left hand side is a polynomial in T of degree at most dg, hence the polynomial extrap-
olation lemma in Lemma 5.2 of [Ar82] applies:

There exists a constant A such that for all T,

(3:2.6.12) [T (f30) = JRGT D < A1 (L+ 1T)% - (|log(8)|(n + 1) - 6.

Since
o0

(3.2.6.13) 3" (Jlog(@)|(n + 1) 5™ < o,

n=0
by telescoping the series

00 T
T n T n
(3'2'6'14) Z Jnil( 1(/5,11) - Jnil( g,v )
n=0

the sequence Jg;l( fl‘,sj;) has a limit as n approaches infinity. The limit is a polynomial in T’
of degree at most d, denoted by Jg (f)-

By construction

3.2.6.15) [JL(f) — FS(z,T g f(X -ad d
( ) <f) /G(Q)\G(A)l (x )XEV(Q) ( ) (x)) x
ST (" _ T ‘ 1T ( om O T) Y F(X -ad(x)) d
= ml( V,v) 7 ([f) ml( 1/,11) /( NG(A)! (z,T) I( ad(z)) dx

Xer(Q)

(3.2.6.56) S Al £II(1+ |T1)% (| log(8)|(n + 1)) 6™ + || f| 6™ (L + |T|)%

n=0

where (3.2.6.16) holds for a fixed 0, a sufficiently positive 7" and n the largest natural number

such that

(3.2.6.17) dT) > C|log(d)|n.
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Therefore it is possible choose a new seminorm || || and a new constant € > 0 such that

(3.2.6.18)

JL(f) - FS(2, T X -ad(z)) dz| < —ed(T),
R ) 3 SO s < e

The corresponding statements for v instead of ¥ follow recursively by setting

(3.2.6.19) TR = Y JL.

(3.2.7) Proposition Let S be a finite set of places of Q containing the archimedean
place, let f be a Schwartz function on g(A) such that fy is the characteristic function of the
standard lattice g(Zyp) whenever p is not contained in S. Let M be a standard Levi subgroup of
G. Denote by my;(Q)ap, g the set of M(Qg)-conjugacy classes in my;(Q). For each nilpotent

conjugacy class v in my;(Q)\ g here exists a constant aM(S,v) such that

(B27.1)  JE() = DOIWHIWETE YT dMS ) ).
Mel vemp(Q)m,s

Remark By Lemma 7.1 of [Ar85], the sets m;;(Q)yp g and mi(Qg)/M(Qg)?! are in nat-

ural bijection, hence the expression Jl\(/;[(u, fg) makes sense.

Proof. The argument is based on the following two lemmas:

Lemma For every = in G(A)!

M 1 -M
(3.2.7.2) IS (foad(x) = Y Wy WS 12 (fq.),
QeF

where the function fq , on mq(A) is defined as in (2.2.12.2).
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Proof. This is a special case of (2.2.12.1). O

Lemma Let M be a standard Levi subgroup. For every point x in G(Qs)l and v in

mpi1(Qg)/M(Qg)?

(3.2.7.3) IS fsoad@) = 3 W fs.qe):
QeF(M)

Proof. This is a special case of (3.1.6.1). O

Argue by induction. Assume that the constants aL(S ,v) and the identities

(8274 IR = S WHWEITE ST MS ) A, f)
MeL vemu(Q)m,s

are known for every proper Levi subgroup L of G.

Define the distribution TG on g(Qg) by

(32.7.5) Vfge Sa(Qg))

TC(fs) = Jh(fs 2 Qlyz,) — D IWHIWE| !
pES MeL
MZG

x Y dM(S ), fs).

vemy (Q)wm,s

The distribution 7' is supported on g,;(Qg). By (3.2.7.2) and (3.2.7.3)

(3.2.7.6) TG (fgoad(z)) — TC(fs)

()

QeF pES

39



=50 > wehwgrt > JMes, V) %y, fSQgc)>

hl\//[liﬁ QeF (M) vemu(Q)m,s
(50 @) - X I
¢S MeLl
MZG

< > dMs e, fs>>

vemyj) (Q)M,S

= 3 Wy AIWE 1( (s © Rlyz,)ax)

QeF p¢sS
Q#G

- wwe et Y aM(SW)Jl\l\fQ(%ng@))

MecMa vemy(Q)m,s

which vanishes by the inductive hypothesis that TV is invariant applied to the Levi subgroup

Mg with Q a proper parabolic subgroup of G. Therefore T' G is invariant under the action
of G(Qg)".

Construct the constants a¥ (S, v) subject to the new identity

(3.2.7.7) TG (fg) = > aS(S )G v, fs)-

vegil(Q)a,s

Stratify the nilpotent locus g,;(Qg) equivariantly by codimension. More precisely define for

each natural number d the open set

(3.2.7.8) onild(Qs) = U v(@g).

veani(Q)a,s
codim(v)<d

Denote by T’ dG the distribution obtained by restricting 7¢ to Onil,d(Qs)-

The open set gy o(Qg) is the regular nilpotent orbit. Since 7 OG is invariant it is equal to

40



a multiple of Jg(l/reg, ), where 1 denotes the regular nilpotent orbit. Define aC (S, Vreg)
to be the constant of proportionality.
The other constants aG(S, v) are constructed by induction on the codimension d which

ranges among 0,1,2,...,dim(g,;). Let TG4 be the distribution on the complement of

Onil,d—1(Qs) in g,;1(Qg) defined by

(3.2.7.9) T (fg) = TO(fs)— Y. dS(Sv)IGw. fs).
vemi(Q)a,s

codim(v)<d
Denote by TdG’d its restriction to the complement of gy51 4—1(Qg) in gni1¢(Qg)-
Since the complement of gy;1 4—1(Qg) in gyi1,4(Qg) has an open partition by the nilpotent
orbits of codimension d, and the distribution Tf’d is invariant, there exist constants aG(S, v),

one for each v of codimension d, such that

(3.2.7.10) T3 fs) = aC(8,v)J§ (v, f3).

vegnil(Q)a,s
codim(v)=d

The constants aG(S, v) are required to satisfy (3.2.7.7), which is equivalent to

(32.7.11) TS(fg) = To0(fs) + T (fs) + T5 2 (fg) + - + Tgf(ii(f)““)(fs)-

Let v € S be a place of Qg, let v be a nilpotent orbit, define the function f§ = by the same
formula (3.2.3.1) as for f . Let vg denote the complement of gp;; 4—1 in gyil ¢, the union of

the nilpotent orbits v of codimension d. Then the expression [§ Vg makes sense, and

G,d . G : G
(3.2.7.12) Ty (fs) = M T(fgy, ) = Em TH(fG,,, 0)-
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Therefore

(327185 (fs) + T (f9) + T3 2 (fg) + - + T @  £)

= tim (OB ) = T+ T W00) = T ) + T -
——

e—0
this is TG (fg)

G G G
=T (f§77/dim ) +T (fgﬂydim U) -T (fg’ydim(gnil)+17v)>
—— —

this is void

(9pi1)Y (9pi1)’

= TC(fs).
0

(3.2.8) Remark If v is the orbit consisting of the origin, the coefficient a™(S,v) is

independent of S and equal to the corresponding Tamagawa number

(3.2.8.1) a™(5,0) = Vol(M(Q)\M(A)Y).

2.3.3 (General orbits

(3.3.1) Definition Let 0 be a ~ equivalence class on g(Q). Let P1 be a parabolic sub-
group of G, let My be the Levi component of Py which is standard. Fix a semisimple element
Y} in o such that ¥ is contained in the Levi subalgebra my, but not in any proper parabolic
subalgebra of p1. The group P%Z is a minimal parabolic subgroup of G% with minimal Levi
component M(l),E' Denote by FZ the set of parabolic subgroups of G% containing M?,E'
A parabolic subgroup Q in F 2 is said to be standard if Q contains P(l),z' Fix a maximal

compact subgroup Ky, of G% (A) that is admissible with respect to 1\/[(1)’z such that for each
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parabolic subgroup Q in F 2 there is the associated function
(3.3.1.1) Hg: G%(A) — aq.

There is a unique point Ty; 1 in a; modulo ano defined in the same manner as Tj in a((); that
’ b

satisfies an identity analogous to (2.2.8.1). Let L be a Levi subgroup of GroE containing M(l),Ev

denote by W{J the Weyl group of L with respect to the split torus Aj.

Let 7y, be the surjection from F(M;j) onto F> defined by
(3.3.1.2) VP € F(M;) mx(P) =P

Let Q be a parabolic subgroup in F>. Let Fq(My) be the inverse image ng(Q) Define
subsets ]i'Q(Ml) and Fq (M) of F(My) by

o

(3.3.1.3) fQ(Ml) = {P eFMp): mn(P)=Q, ap = uQ}

fQ(Ml) = {P e F(My): mxn(P) D Q}
There are inclusions
(3.3.1.4) VQ e F¥  Fo(My) C FoMy) € Fo(Mp) C F(My).

(3.3.2) Definition Let Py, My, 0, X be as in (3.3.1). Let Q be a parabolic subgroup in

FE. Let Y be a collection of points
(3.3.2.1) Y = {Yp c€ay: Pe }O'Q(Ml)}

satisfying the compatibility conditions defining a (G, Mj)-orthogonal set in (3.1.3), namely

that for each pair of adjacent parabolic subgroups P and P’ in ]i"Q(Ml) the difference between

43



Yp and Yps is orthogonal to the common wall of the positive chambers defined by P and P’.
The collection ) has a unique extension from ﬁQ(Ml) to FQ(My). Let Q' be a parabolic

subgroup in F* containing Q, denote by Yy the collection of points

(3.3.2.2) yQ/ = {Yp: P e FQ’(Ml)}

Let Q3 be a parabolic subgroup in F2. Define the gammd function F'QS( ,YQ,) on ag
by

(3.3.2.3) VHem

Th,(H.Yo,) = Y. T;,*(H)( > <—1>dim<AP/AG>%p<H—Yp>>.
QueF> PeFq, (M)
Q42Q3

(3.3.3) Remark The function F@g( ,Yq,) factorizes through the projection from ay

onto ag; and depends continuously on ). For each parabolic subgroup Qg in F x

(3.331) > (-)ImArA R —vp) = ST (-t AT (1, Vg,).

PG.FQQ (Ml) 836‘62
302

See §4 of [Ar86].

(3.3.4) Lemma Let Q be a parabolic subgroup in .7:2, let Y be a collection of points as
in (3.3.2.2). The function Fb( ,YQ) is compactly supported as a function on ag.

Let (cp) be the (G, My )-family associated with a (G, My )-orthogonal set that contains Vg
as in (8.1.4.1). Let cp be the functions intervening in (3.1.2.5). Let F’QA( ,Vq) denote the

Fourier transform of Fb( ,Yq). Then

(3.3.4.1) WAeiag® TV = > G
PeFq (M)
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Proof. See Lemma 4.1 of [Ar86]. O

(3.3.5) Remark The main ingredient of the proof is the following generalization of
(2.2.2.2):

Let Q be a parabolic subgroup in F E, let P be a parabolic subgroup in fQ(Ml), then

1 ifPe fQ(Ml) and H € ap,

(3352) 3 (- T/ A7) (g)aE )

P'eF M;
P’g(P ) 0 otherwise.

This is Lemma 4.2 of [Ar86].

(3.3.6) Lemma (Global semisimple descent)
Let P1, My, 0, ¥ be as in (3.8.1), let f be a Schwartz function on g(A), then

_ M Mg, - To—Tx1
(3.3.6.1)Jo(f) = |m(Gy)]| 1/ ( Wy QWY \ Mt (@, ’>) d
0 b CO.(AN\G(A) Qéz 1 1 Q,

where for a truncation parameter T' in ag the function CIDT’z on mQ(A) is defined by

(3.3.6.2) VX € mq(A

/Kz /nQ E+ (X + N) - ad(k)) 'ad(l")> vq(kz, T)dNdk

where the weight factor vb is defined as

(3.3.6.3) vk, T) = /aGFb(H,y(g(k:,x)) dH
Q

where YT (k,x) is the collection of points defined by

(3.3.6.4) VP € Fo(My)  Y{ (ko) = —Hp(kz) — Tx + T
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where Ty, is a truncation parameter in aj such that Ty, — T, 1 s the projection of T' — Tjp.

Proof. This argument follows the proof of Lemma 6.2 of [Ar86].
Let T be a truncation parameter in ag. Define a second truncated kernel function jg (,f)

on G(Q)\G(4)" by

(3.3.6.5) Vae GQ)\G(A)!

il )= Y (~pdmAe/Ae) N A (Hy(62) = T)Jp o (02)

stimclard SeP(Q\G(Q)
where
(33.6.6)Jpo(x, f) = Y > / F((X + N) - ad(nz)) dN.
np, X (A)

Xemp(Q)No 7neNp x(Q)\Np(Q)

Lemma The function jL ( , f) is integrable on G(Q)\G(A)!, and

(3.3.6.7) JI( = 1joT(x, f) dz.

/G(Q)\G(A)

Proof. Following the proof of (2.2.2.1), by the combinatorial lemma of Langlands (2.2.2.2),

it suffices to prove that

FP2(z, T)oS(Hy(z) — T) X

(3.3.6.8) >

Py, PseF
standard
PoCP5

/PQ(Q)\G(A)l

ST (—)dimAaAG) fp (e, £ da
PyeF
PoCP4CP5

is finite. Decompose the sum defining Jp, (7, f) over the set of parabolic subgroups con-
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tained in Py,

(3.3.6.9  Jp,o(, f)

= > XX

P3eF Xem Mo Yend
S S 3(Q) 3(Q)

X > / F((X +Y +N)-ad(nz)) dN
4,(X+Y)

NENY (x+v)ss (Q)\N4(Q) (4)

SSs

(33.6.10)= Y > > >

4 4 4
p,PIST, Xemd(Q)no Zend y (@) 06N} (@\N4(©Q)

x 2.

NENY (X +2)ss-ad(5) (@) \N4(Q)

<) F((X 424 N -ad5™h) - ad(Gye)) AN
N4, (X+2)ss-ad(6) (A)

= > X 2. 2.

PseF / 4 N3 xes N
PgC%iCR;XGm 5(Q)'No Z€n3,XSS(Q) NEN3 x4 (Q)\N3(Q)

x/ F(X + Z+ N) - ad(nz)) AN
Ny (X+2)ss (A)

(33611)= > > >

PseF / N N
P2c?153cP4 Xem3(Q)'no 1EN3 x(Q)\N3(Q)

/ (X + N) - ad(nz)) - ¥((N, Z)) AN
Zen3X 13, s (A
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where (3.3.6.10) follows from Corollary 2.4 of [Ch02a] which states that

(3.3.6.12) > > f(X+2)-add) = Y fIX+Y)
Zenx(Q) 9eNx(Q\N(Q) Yen(Q)
and (3.3.6.11) follows from the Poisson summation formula. The right hand side of (3.3.6.11)
is independant of P4, hence the alternating sum in P4 cancels by the inclusion-exclusion
principle, therefore the same estimates in the proof of (2.2.2.1) implies the integrability of
Js (. ).
For the integral representation of JI (f), consider the (Py, P5) summand of the integral

of jg( , f) over G(@)\G(A)lz

(3.3.6.13) / FP2(z, T)o3(Hy(z) — T) X
P2 (Q\G(A)!
x oy (~ptmAel g o f) de
PyeF
PoCcP4CP5
= / FY2(2, TYo3 (Hy(z) — T) x
M2 (Q)N2(A)\G(A)!
x>y (—1)dim(As/Aq) 3 </ 3
P4eF Xemy(Q)No N2(Q)\N2(4) nENy x4 (Q)\N4(Q)
PoCcP4CP5
X (/ f((X + N)-ad(nnaz)) dN) dng) dz
Y xgs (A)
(3.3.6.14) = / FP2(2, T)o3 (Ho(z) — T) x
M2 (Q)N2(A)\G(A)!

% Z (—1)dim(As/Ac) Z

PyeF Xemy(Q)No
PoCP4CP5

</Nz(Q)\N2(A) /N4,XSS(Q)\N4 (A)
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« ( /n T ) dN) dndn2> de

(3.3.6.15) = FP2(2, 7)ol (Ho(x) = T) Y (~1)dm(Aa/Ae)

PyeF
PQCP4CP5

/MQ<@>N2<A>\G<A>1

x(z

fU(X + N)-ad(nox)) deng) dz.
Xemy(Q

)no /Nz(Q)\Nz(A) /'14(A)
The equality (3.3.6.14) holds since N4(Q)\N4(A) has volume 1, and the equality (3.3.6.15)
follows from Corollary 2.5 of [Ch02a] which is the integral analogue of (3.3.6.12). Revers-

ing the combinatorial manipulations to the right hand side of (3.3.6.15) skipping the step

(3.3.6.14),
33610 [ FP2(r, T)od(Hofa) ~T) 3 (~1)m(Ae/Ac)

M2 (Q)N2(A)\G(A)! PieF

PocCcP4CP5
X ( Z / / f((X 4+ N)-ad(nex)) deng) da
Xemy(Q)no N2(Q)\N2(A) Jny(A)
- FP2 (2, T)of (i) ~ T)
Po(Q\G(A)?

x> (~1)Im@AaSAG Ky (x, f) da,

PyeF
PQCP4CP5

which is the (P9, P5) summand of the integral of kI ( , f) over G(Q)\G(A)!, hence JI (f). O

By (3.3.6.7) it is enough to consider the function Jp ,( , f) instead of Kp o( , f) for a
parabolic subgroup P of G containing Py for the proof of (3.3.6.1). Every element X in

mp(Q) No is conjugate under the adjoint action of G(Q) to the sum of ¥ and Ny, for some
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Ny, in gy, 4i1(Q). More precisely

(3.3.6.17) 3P} € F, P} standard, P} CP 3s € W(ap,, apr) Jp € MY (Q)
ANy € mp(Q) - ad(ws) N gy ni(Q) X = (X + Ny) - ad(w; ')
where
e the element wg in G(Q) is a representative of s;

e the double coset
0
(3.3.6.18) 5 € W'\ Wiap,. apy) /sz

is uniquely determined;

e for a fixed choice of the element s, the coset

(3.3.6.19) 1] € Mp(Q) NwsGy(Q)uy 1\MP(Q)

is uniquely determined;

e for a fixed choice of the representative wg and the element p, the element Ny is uniquely

determined.

Let W(ay; M;S, G%+) be the subset of the Weyl group of G defined by

0,+
(3.3.6.20)  W(a;; M{, Gy™)

0
= U {sEW(apl,aP/): ‘v’aEAg/ s_loc>0, VBGA?Z sﬁ>0}.
1 1
PleF

standard
Pl cP

20



The map

(3.3.6.21) (W(al;M;,G%ﬂ) X (MP(Q) mwseg(@)ws—l\Mp(@)) X
% (mp(Q) - ad(ws) N g1(Q))

— mp(@Q)No
defined by
(3.3.6.22) (s,11, N5) = (2 + Ny)) - ad(wy *p)
is surjective and the group my(Gy;) operates simply transitively on each fiber. Hence

(3.3.6.23) vz € G(Q)\G(A)!

JP,O(‘% f)

=X 2

s€W(ay ;M;,G%+) pEMp(Q)NwsGL (Q)w;l\Mp(Q)

x 2.

Ny emp(Q)-ad(ws)Ngs nil(Q)

x|mo(Gy)| ™! >

WENP,Ead(wS u)(Q)\NP(Q) nP,Z-ad(wglu)(A)

xf(((E + Ny) - ad(wg *p) + N) - ad(nas)) dN

(3.3.6.24) = |m(Gy)|™! > >

seW(al;Mfg,G%ﬂ Ny.emp(Q)-ad(ws)Ngs: ni(Q)
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x 2.

/nPS(A)ad(ws)
TeP(Q)NwsGL(Q)ws 1\P(Q)

<f((5+ Ny + N) -ad(wy '7e) ) N
where (3.3.6.24) follows from the change of variables

(3.3.6.25) Mp(Q) NwsGL(Q ‘1\Mp Np S ad(wr) (@ \Np(Q)

= PQ) NwsGL(Q \P
Substitute (3.3.6.23) into the formula (3.3.6.7),

(3.3.6.26) JI(f)

- |WO(GE)’_1/G(Q)\G(A)1( p, (Cymariel 3

sthocdard 5€P(Q)\G(Q)
X Z Z Z
seW(ar;ME,G4H) Nsemp(Q)-ad(wa)Ngsnil(Q)  reP(Q)nw,GL(Q)uws ! \P(Q)

X / f((Z + Ny, + N) - ad(wglﬂ§x)> dN x
nP,E(A) ad(ws)

x7p(Hp(dz) — T)) dz

(3.3.6.29 |7T0(GE)|_1/ ( > (—1)dim(Ap/Ac) 3

GQ\G(A)!
stzfnedgrd sEW(al;Mg,G%’+)

x Yy > /nQ(A)f((2+NZ+N)-ad(§x)) AN x
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x7p(Hp(ws&w) — T)) dz

oGy | ([~ =
GR\CE! \ T ceqna@

standard

/ (54 Ny + N) - ad(éx)) dN x
NEEmQ nil(Q nq(A

Y (IO (i (wy) - T >) dr.
PeF, standard

sEW (ag;Mp,G3T)
1PwSﬁGO =Q

where in (3.3.6.27) £ denotes the product ws_lﬁé and Q denotes the standard parabolic

subgroup of G% defined by

(3.3.6.28) Q = w;'PwsNGY

with Levi decomposition

(3.3.6.29) mg =mp -ad(ws) Ngy, ng =np-ad(ws) N gy.
The assignment

(3.3.6.30) (P,s) +— P'=w; "Puw,

defines a bijection

(3.3.6.31) {P e F, se W(ay; M+ G2 Jr) . P standard, w; 'Pws NG = Q}

— Fq(My),
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hence

(3.3.6.32)  JI(f)

= Gl [ ([~ =
G@\GI N (79 ceq@)\a(@)

standard

« /nQ(A)f((z+NE+N)-ad(§w))de

x Y (—1) @A) by (Hpi(gx) — sTHT - Tp) - To>) do
P/E}—Q(Ml)

where s denotes the second component of the inverse image of P’ under the map defined in

(3.3.6.30).

Let Ty be a truncation parameter for the triple (Gy(A), M 5:(A), Ky) in ap such that

Ty, — Tk, 1 is the projection of T'— Ty. By (3.3.3.1)

(3.3.6.33) > (—) ARGy (Hp (day) — 5T — T) — To)
PeFq(My)

= Y (~)ImAe/AG) b (Hg(0w) — Tx) — Y (02,y))
PG.FQ(Ml)

= Y~y RedR (g om) - Tx)
Qle]:z
Q'oQ

Xty (Hey (62) — T, Yy (62, 1))
where the family yg,(éx, y) is defined by

(3.3.6.34) VP e Fo(My)  YE (0x,y) = —Hp(ky) + s (T — Tp) — Tx, + Tp,
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where £ is the Ks» component of dx under the Iwasawa decomposition with respect to Py
and s is the second component of the inverse image of P under the map defined in (3.3.6.30).

On the right hand side of (3.3.6.32) make the change of variables

(33.635)  QQ\G(Q) x G(Q)\CG(A)!

~

= QIQ\GH(Q) x GHQ\GHA) NG(A) x GHANG(A).
Then

(3.3.6.36)  JL(f)

S CO Iy | (
(G2 oy (anam Jog@nag@nc: 2. 2

QeF* Qer*
standard Q'>Q

x Z Z (_1)diIH(AQ/AQI) %

5€Q(Q)\GL(Q) Nsemg nin(Q)

X / f((Z+ Ny + N) -ad(dzy)) dN x
nQ(A)
X%g’(Hwa) - TE)FQQ/(HQ/(éx) — Ty, yg,(éx, y)))dxdy

(3.3.6.37)= |mo(Cx)| ! /G >

Q/GJ:E
standard

X( 3 T T aytmara)
Qecjlﬂd reQ(@Q)MMy (Q\My/(Q) Nyemgyil(Q)
standar

QcqQ’

0.(A)\G(A) ( /Kz /AQmRmG(Aﬂ /MQ/@)\MQ,(AP

X/“Q(A)ﬂle(A) Qaavk’y(( % ) - ad(um)) 5

95



x%SI(HQ(um) — TE)) dmdadk) dy

— |mo(Cg)["! /
U Jeoanaa) 2.

Qle]:z
standard

Mqa/,Ix T )
X J (L, dadk | dy.
(\/I;Z AQ’ (R)OG(A)I nil ( 7a7k;y) Yy

where on the right hand side of (3.3.6.37) @6,% ko denotes the function on mey(A) defined
by
Wiy X = [ H(E+ X+ N)-ad(ky) AN x
mQ/(A)
XTI

Q’(HQ’(CL) - TE? yg’(k7 y))7

and the equality (3.3.6.37) follows from the changes of variables

(3.3.6.39) Q(Q)\G%(Q) x GH(Q)\GY(A) N G(A)!

= QQ) NMg(Q)\My(Q) x Q'(Q\GH(A) NG(A)!
and
(3.3.6.40) nQ(A) — nqg(A)Nmey(A) x ngy(A)

and the Iwasawa decomposition for G% (A)NG(A).
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Evaluate T' at Ty and T, at Ty, 1, and apply (3.3.4.1), then

M To—T
(33.641)  Jo(f) = |mo(Gy)|™! STougY@y ) dy.
GL(ANG(A) b
% QIE}-E
standard
By the defining property (2.2.8.1) of the points Ty and T¥; 1,
My, Ty—T Mo, To—T
Q 0—14x1y Q 0—14x1
(3.3.6.42) J i ((DQ’,y ) = Ju <(I)Q”,y )

whenever Q" and Q" are parabolic subgroups in F 2 conjugate under the Weyl group of GY.,

hence

(3.3.6.43)  Jo(f)

~ Imo(Gx)l ™ [

nil Q,x
GR(A\G(A) ( N

0 _
S Wy W TR g Tm)) dz.

(3.3.7) Definition Fix a finite set of places S. Let M be a standard Levi subgroup of
G, let = be a semisimple element of m(Q), let v be a nilpotent element of m=(Qg) defined

upto the adjoint action of M=(Qg). The element
(3.3.7.1) X=Z2+v € m(Qg)

is well-defined modulo M(Qg). Denote by D the discriminant function on g.
Let T be a point in ayy, let « be an element of G(Qg). Let (vp(z,T)) be the (G, M)-family

defined by

(3.3.7.2) VP e FIM) VA €ialy  vp(a, T)(A) = vp(z)(A) x NI,
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Let Q be a parabolic subgroup of G% containing MOE Define the weight factor vé by

(3.3.7.3) @, T) = > vpla,T)
PeFqo(M)

where the set ]:Q(M) is defined with respect to the semisimple element =. Let Tz \; be the
point in ay0 modulo ago defined in the same manner as 7 in a((); that satisfies an identity

analogous to (2.2.8.1).

(3.3.8) Lemma Let L be a Levi subgroup in L(M), let T' be a point in ayy, then

(3381) VreG(Qg)VyeGi(Qs) wplyz)= Y. v @)vglke,T)
QeF=(M2)

fi=)

where vr,(z) is the weight factor defined in (3.1.5.2) and k is the Kg-component of y under

the Iwasawa decomposition of GOE(QS) with respect to the parabolic subgroup Q%.

Proof. This is Corollary 8.4 of [Ar88a]. O

(3.3.9) Lemma (Local semisimple descent)

Let fg be a Schwartz function on g(Qg), let X and v be as in (3.3.7.1), then

(3.3.9.1)  JS(X,fs) = ]DG(E)\}SP/

Mq To—T=Mm
G%(@s>\e<@s>< > e Psq, >) dz

QeFEML)

where (I)%:Q . 18 the function on mq(Qg) defined by

(3.39.2) VY € mg(Qg)

4 0.0(Y)

— /K: /nQ@s) fs((E+ (v + N)-ad(k)) - ad(z)) vfy(ke, T)ANAE
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where the weight factor vé(:v,T) is defined as in (3.3.7.3).

Proof. This argument follows the proof of Corollary 8.7 of [Ar88a], see also the discussion in
§2.6 of [HW13].
Since the point Ty — Tx pp lies in ayy, the identity (3.3.8.1) is valid for the weight factor

vé(w, Tp — T= M), hence

(3.3.9.3) (X, f3)
~  Jim <|DG(X+A)|}g/2/ /
A0 Gl (@9)\G(Qs) /GG, 4(Qs)\GS, (Qs)

X [s((X +A) -ad(yx)) x

><< > 7‘1%4(exp(Xnu),eXp(A))vL(ym))dydx)

LeL(M)

— lim (|DG(X+A)@/2

A—0

/G%(QS)\G(@S) /Mg((Qs)\G%(QS)

X (X + A) -ad(yz)) x

X< 2 Tl%AOE(GXP(Xnﬂ),eXp(A)) X

QeF=(M2) resMaml)

XULQ(y)U@(k‘I, Ty - E,M)) dydl“)

(3.3.94) = lim |DG(X+A)|1/2 |DGE<X+A)|—1/2/
A%O( ’ $ Jog@s)c@s)
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X ( Z Z 7"11{1/[% ( exp(Xyil), eXp(A)) X

QeFEML) LecMa(Mz)

M To—T=
xJp (X + A, @ S?Q7y~»M)> dy>

- 10cEy” |

E: M To-T=
J 9<Xnﬂ7q) y “’M))dy
GL(Qs)\G(Qs) ( =y Mz S.Qy

2)

where the equality (3.3.9.4) follows from the change of variables

(3395 MY (Qs)\GL(Qs) — My(Qs)\Mgg(Qs) x Nq(Qs) x Kz

for each parabolic subgroup Q in F E(M%) a

(3.3.10) Definition Let = be the equivalence relation on m(Q) N o defined by

(3.3.10.1) VX em(@QnNno YWem(@Qno X=Y if

36 € M(Q) IneMy_(Qs) Xes = Yis-ad(d) Xy = Yo - ad(dn).

Let (m(Q) No)yp,g denote the collection of = equivalence classes in m(Q) No. By abuse of

notation denote the = equivalence class of an element X in m(Q) N o by the same symbol

X.

(3.3.11) Proposition Let o be a ~ equivalence class on g(Q). Let Sy be a sufficiently
large finite set of places of Q. Then for each standard Levi subgroup M of G and for each =

equivalence class X in m(Q) N o there exists a constant a™(S,, X) such that

(3.3.111)  Vf e S(g(A))
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- Z |W1(}/[HW(C)}’_1 Z aM(SUaX)JI\C/}I(X’ fSo)'

Mel Xe(m(Q)No)w,s,

Proof. Retain the notations of (3.3.6.1) and (3.3.9.1). Let = be equal to ¥, hence

(3.3.11.2) X=Y+v € m(Qg)/ad(M(Qg)),
and
(3.3.11.3) To-T=m = To—Tx;.

Without loss of generality assume that the finite set S, is large enough such that

(3.3.114)  Vp¢ S, X cg(Zy);
o[ DE)p =1
°g(Zp) - ad(Kp) = g(Zp);
oK, N G%(Qp) = Ky, is hyperspecial in G$,(Qp);
oVry € G(Qp) (X + g5 nit(Qp)) - ad(zp) Ng(Zp) # 0

= 1p € GH(Qp)Ky
The last condition in (3.3.11.4) is satisfied for large enough S, by Lemma 6.1 of [Ar86]. Since
- A
/ /
(3.3.11.5) (H o T (H — T 1 Y (k. J;))) = vjy(ke, Ty~ Te,))(N)

the conditions (3.3.11.4) imply that

TOfTEJ B TZ 1
(3.3.11.6) Doy = ey rg © @ Ico (@, ()  Tng(z,)
p So
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By(3.3.6.1)) and (3.2.7.1),

33117 JS(F)
~ s ( >y whwE
1,2

M To—1T5
X Z aL(So,l/)JL U, q)SS,Q,i’l))dx
ve(hit(Q))L,s,

_ MY Gy _
(33.118) = |m(Gy)l ™t D> W EWE T x
Me Ly, (My)

xS SIS+ fs,)
VE(mZ,nil(Q))M%’SU

where on the right hand side of (3.3.11.8) the symbol Ls;(M;) denotes the set

o

(3.3.11.9) £2(M1) = {M S £(M1) DA = AM%}

The equality (3.3.11.8) follows from (3.3.9.1) and the bijection

(3.3.11.10) re: Ly(Mp) s L8 y)
defined by
(3.3.11.11) YMe Ls(M;)  axn(M)=M% =1L

and the equation

(3.3.11.12) D), = 1



which follows from (3.3.11.4).

Define the constant a™(S,, X) by

(3.3.11.13) M(Sy, X) = |mo(Myg)| ! 3 M (S, v)
VG(mz,nil)M%SU
Y4+r=Xmod(M,S,)
if Xgs is Q-elliptic in m(Q) and zero otherwise. For a fixed ¥ and let M vary in £(M;), then

3 is Q-elliptic in m(Q) if and only if Ay and Ay, are equal, hence by (3.3.11.7)

My G -
(331L14)  JS(H) = DWW r (My)|[mo(Gs)| T x
MEﬁ(Ml)
x 3 dM(Se, X)X fs,)-
Xem(Q)No)wm,s,
X=X
The set

M € L, 0 is a semisimple M(Q)-
(3.3.11.15) { (M, o) : -orbit in m(Q), ¥ is conjugate

to a point in o under G(Q).

admits a natural action by W(()} which preserves aM(Sg, X) and Jl\(/}[(X , fs,), where each pair
(M, o) has stablizer Wg/[ Denote by W?Z the quotient of the normalizer of Ay in Gy, by

My s There is an exact sequence

GY G
(3.3.11.16) 11— W, = W™

mo(Gy) —=1.
Similar notations apply to My. The subset of (3.3.11.15)

(3.3.11.17) { (M,0): M€ L(M;) and 0 = X - ad(M(Q)) }
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admits a natural action of W?E, where each pair (M, o) has stablizer Wllvlz. The quotients

M € L, 0 is a semisimple M(Q)-
(3.3.11.18) { (M,0) : -orbit in m(Q), ¥ is conjugate }/WS;

to a point in o under G(Q).

and

(3.3.11.19) { (M,0): M€ £(My) and 0 = ¥ - ad(M(Q)) }/sz

are in bijection, therefore

(3.3.11.20) JS(F)
Mss | G —
= Z |W1 ZHWI E| ! Z aM(SlJ?X)J]\C/}[(XJ ng)
MeL(My) Xe(m(Q)No)m,s,
Xss=2%
My« —
(Wl /W™ IWMZ Wz -1
Z’WG| G, (W IW= T x
Meg WOl N W

<oy aM(Se, X)X, fs,)
Xe(m(Q)No)wm,s,

= > witwgt > a™(So, X) IS (X, fs,)-
MeL Xe(m((@)ﬂo)M,g0

(3.3.12) Remark For a semisimple element X in o,

(3.3.12.1) aM(So, X) = |mo(Mx)| " Vol (M (Q\MS (A)Y)
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if X is Q-elliptic in m(Q), and vanishes otherwise. If X is in addition assumed to be regular,

the identity (3.3.11.1) reduces to (2.2.11.1).

2.3.4  The refined trace formula

(3.4.1) Proposition (Refined trace formula)
For each sufficiently large finite set S of places of Q, for each ~ equivalence class o in g(Q),

for each = equivalence class X in (m(Q)No)y g, there exists a constant aM(S, X)) such that

(3.4.1.1) Vf e S(g(A))

im0 ST WHIWET Y M X f)

0€g(Q)/~ MeL Xe(m(Q)No)wm,s
=lm o D YWGIWEITT D0 NS ORI fs).
0cg(Q)/~ MeL Xem(Q)No)m,s

Proof. By (2.2.7.1) it is enough to show that the left hand side of (3.4.1.1) is equal to
(3.4.1.2) I = D L)
0eg(Q)/~

For each individual class o by (3.3.11.1)

(3.4.1.3) Jo(f) = Tim D IWRHIWG T DM (S, X)X, fs)
M X

where the limit stablizes as S grows large enough.

Lemma Let I' be a compact subset of g(A). Then there are only finitely many classes o

such that o - ad(G(A)) intersects T.

Proof. The lemma follows from Corollary A.2 of [Ar86] which states that there exists a
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compact set Gr contained in G(A)! such that
(3.4.1.4) Ve e GA)! —GQGr  ¢(Q)-ad(z)NT =10

where g(Q)’ denotes the set of points of g(Q) not contained in any proper parabolic subal-
gebra. This is established by a reduction theory argument.

To prove the lemma first consider a class o contained in g(Q)’. There exists a point X in
o such that X - ad(Gr) is contained in I', hence there are only finitely many such X, hence
finitely many such o.

Next for an arbitrary class o there is some Levi subalgebra m such that o intersects m(Q)’.

Then by the Iwasawa decomposition

(3.4.1.5) 0-ad(G(A))
= o-ad(M(A)") - ad(N(Q)\N(4)) - ad(K)

= (0Nm(Q)) - ad(Mppm(a)) - ad(N(@)\N(A)) - ad(K),

the lemma follows by induction. O

The Schwartz function f is compactly supported if its component at infinity foo is com-
pactly supported. For such an f the limit on the left hand side of (3.4.1.1) stablizes for every

S such that

(3.4.1.6) s> U S
0€g(Q)/~

where the union is supported on a finite set of 0. Hence for a compactly supported f the
left hand side of (3.4.1.1) is equal to J(f).
However the function spaces C2°(g(R)) and hence C2°(g(Qg)) are dense in S(g(R)) and

S(9(Qg)) respectively, therefore C2°(g(A)) is dense in S(g(A)) which by (1.1.4.2) is defined
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as

(3.4.1.7) S(g(A)) = limS(e(Qs))

equipped with the final topology.

Since J(f) extends continuously to all Schwartz functions, the limit on the left hand
side of (3.4.1.1) exists, and the interchangeability of the operations of taking the limit as S
approaches infinity and taking the sum over all classes 0 extends from CZ°(g(A)) to S(g(A)).

This establishes the identity (3.4.1.1) for all Schwartz functions f on g(A). O

2.4 A simple invariant trace formula

In this section following the arguments in §7 of [Ar88¢| the refined trace formula (3.4.1.1) is
reduced to an identity between invariant distributions on g(A) for a suitably restricted class

of test functions.

2.4.1 Parabolic descent and parabolic induction

(4.1.1) Definition Let P be a parabolic subgroup in F with Levi component M and
unipotent radical N. Let fg be a Schwartz function on g(Qg). Define fgp to be the

Schwartz function on m(Qg) by parabolic descent along P

(4.1.1.1) VX € m(Qg)

fop(X) = /K S /n oy FS(X ) () AN

For each parabolic subgroup Pg in FGs define the Schwartz function fspg on mg(Qg)

analogously.

67



(4.1.2) Remark Parabolic descent preserves orbital integrals, i.e.

(4.1.2.1) VX € mregss(Qs) TG (X, fs) = If(X, fsp)-

See §13.12 of [Ko05]. Hence the orbital integrals of fgp on myegss(Qg) is independent of
the choice of the parabolic subgroup P in P(M). In this case denote fgp by the alternative

notation fg\ such that

(4.1.2.2) VX € mreg,ss(@S) Ill\\/[/[(Xa fS,M) = Il\l\//[I(X’ fS,P)
is well-defined.

(4.1.3) Remark With compatible choices of Fourier transforms on g(Qg) and m(Qg),

parabolic descent intertwines the Fourier transforms, i.e.

(4.1.3.1) (fsp = (fsp)-

See §13.13 of [Ko05].

(4.1.4) Definition Let P be a parabolic subgroup in F with Levi component M and
unipotent radical N. Let X be an element in m(Qg). Define Indl(\;/[ p(X) to be the ad(G(Qg))-
invariant subset of g(Qg) by parabolic induction along P

(4.1.4.1) Ind§j p(X) = ((X-ad(M)+n)-ad(G)> (Qg)

reg

where the subscript reg denotes the regular locus, the set of points with minimal dimensional

isotropy group in G.

(4.1.5) Remark With a fixed choice of M, parabolic induction along P is independent

of the choice of the parabolic subgroup P in P(M), hence adopt the alternative notation
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Indl(\;/I(X ). For a proof see Satz 2.6 of [Bo81]. If the inducing Levi subgroup M is understood

tacitly, denote IndS{(X ) by the alternative notation XG.

(4.1.6) Remark If X is regular semisimple then Indl(\}/I(X) is equal to the ad(G(Qg))-
orbit of X. In general Indf’/[ (X) is a finite union of ad(G(Qg))-orbits which are geometrically
conjugate to each other, but Indl(\}/[(X ) is still called the induced orbit of X. See page 255 of
[Ar88a] and §2.1 of [Bo81]. If L is a Levi subgroup in £(M), define the invariant weighted

orbital integral along the induced orbit X L by

(4.1.6.1) Visea@s)  JEXN fo) = Y IR fs):

Qcxb
ad(L(Qg))-orbit

(4.1.7) Remark Parabolic induction is transitive in nested chains of Levi subgroups,

ie.
(4.1.7.1) VL e £8(M)  Ind$(X) = Ind¥ (Ind}; (X))
See §2.3 of [Bo81].

(4.1.8) Remark Parabolic induction is compatible with Jordan decomposition, i.e.

(4.1.8.2) Ind$(X) = (Xss + Ind;%;ss (Xnﬂ)> - ad(G(Qg)).

See §2.4 of [Bo81]. Also see Lemma 2 of [Hol13].

(4.1.9) Lemma (Descent and splitting of (G, M)-families)

Let M be a Levi subgroup in L. There exist a function dl(\;/l( . )
(4.1.9.1) di: LOM) x L(M) — R,
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and a partially defined map s( , )
(4.1.9.2) s: LM)x LM) — F(M)x F(M)

whose domain contains the pairs (L, Lo) for which dE’/I(Ll, Lo) is nonzero, such that

e if (L1, Lo) is contained in the domain of s, then

(4.1.9.3) s(Ly1,Lo) € P(L1) x P(La);

o if (cp) is a (G,M)-family and L is a Levi subgroup in L(M), then

(4.1.9.4) o = Y dSL L)
L'eL(M)

where Q' denotes the second component of s(L,L/);

e if (cp) and (dp) are (G, M)-families, then

(4.1.9.5) (cdpg = > dSi(Li, Lo)eyy dy?
L1, LoeL(M)

where

(4.1.9.6) (Q1,Q2) = s(L1,La).

Analogous results hold for the groups Gy and Gg.
Proof. See §7 of [Ar88b]. O

(4.1.10) Remark The constant dl\G/[(Ll,Lg) is defined to be the volume in aﬁ of the

image of a fundamental parallelotope in the direct sum of aIl\J/[1 and ak/f under the natural

70



map

(4.1.10.1) alea? — aff

if (4.1.10.1) is an isomorphism, and zero otherwise. In the former case dlc\;/[(Ll, Lo) is equal
to the volume in a& of the image of a fundamental parallelotope in all\‘/[1 under the natural

isomorphism
(4.1.10.2) ot — af.

(4.1.11) Remark The map s depends on the choice of a vector £ in general position in

ag/{. Let Ly and Lg be Levi subgroups in £(M) such that (4.1.10.1) is an isomorphism, then

(4.1.11.1) I €ap, I caf, £= b _&

Define s(Lq,Lo) to be (Q1,Q2) where Q; is the parabolic subgroup in P(L;) whose corre-

sponding positive chamber in ag’, contains the vector &; where the index ¢ is 1 or 2.
(2

(4.1.12) Lemma (Descent and splitting of weighted orbital integrals)
Let M be a Levi subgroup in L, let X be an element of m(Qg). Let fg be a Schwartz function

on g(Qg). Let € be a vector in general position in al\G/[, let

(4.1.12.1) a9 x LG — R

s ¢+ LEM) x £5M) — FEM) x FSEM)

be defined as in Remark (4.1.10) and Remark (4.1.11) with respect to &.
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e Let L be a Levi subgroup in L& (M), then

(4.1.12.2) XY f) = Y d(L L)X faq)
L'eL(M)

where Q' denotes the second component of s(L,L').

o Let S be the set {v1,va}. Let fg be of the form fy, ® fuy, where fy, is a Schwartz

function on g(Qy,) where the index i is 1 or 2. Then

(41123)  JGX fs) = Y dfi(Ly, L)t (X, fuy ) B Y )
L1, Loe£(M)

where

(4.1.12.4) (Q1,Q2) = s(L1,La).

Local identities analogous to (4.1.12.2) also hold for G,.

Proof. For a regular semisimple X this follows from (4.1.9.4) and (4.1.9.5). For a general X

this follows from the limit formula (3.1.5.4). O

(4.1.13) Corollary (Descent and splitting of orbital integrals)

Let X be an element of g(Qg). Let fg be a Schwartz function on g(Qg).

o Let L be a Levi subgroup in L such that X is contained in [(Qg), then

(4.1.13.1) IG(XC fg) = IL(X. fsp).

o Let S be the set {v1,va}. Let fg be of the form fy, ® fuy where fy, is a Schwartz
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function on g(Qy,) where the index i is 1 or 2. Then
(4.1.13.2) IG(X, o ® fun) = IG(X, fo)IG (X, fup).

Local identities analogous to (4.1.13.1) also hold for Gy.

Proof. The identity (4.1.13.1) follows from (4.1.12.2) where the only nonzero summand on
the right hand side corresponds to the Levi subgroup L in £(L).

The identity (4.1.13.2) follows from (4.1.12.3) where the only summand on the right hand
side corresponds to the pair (G, G) in L(G) x L(G). O

(4.1.14) Remark If X is a regular semisimple element of m(Q) then the local analogue

of (4.1.12.2) becomes

Gy Gy Ly
(4.1.14.1) TN (X fo) = Yoo dy (Lo, L) AE (X, foqy):
L, €L (M)
Repeatedly applying the identities (4.1.12.3) and (4.1.14.1) reduces a regular semisimple
weighted orbital integral Jl\(/}[(X , ) that appears generically in the refined trace formula
(3.4.1.1) to a linear combination of products of local weighted orbital integrals Jl\(/}[?(X, )

where M/ is contained in My, and X is elliptic in m/ (Qy).

2.4.2 A simple form of the trace formula

(4.2.1) Definition Let v be a place of Q, let f, be a Schwartz function on g(Q,). The
function f, is said to be cuspidal if it is a finite linear combination of Schwartz functions

fv,i on g(Qy) such that
(42.1.) Vindex i YPy € F9 —{Gu}  foip, =0.

Denote the space of cuspidal Schwartz functions on g(Qy) by Scusp(g(Quv)).
73



(4.2.2) Remark A Schwartz function f, on g(Qy) is cuspidal if
(4.2.2.1) (X, fy) = 0

whenever X is a regular semisimple element of g(Q,) which is not Q,-elliptic.

(4.2.3) Remark The space Scusp(9(Qy)) is stable under the Fourier transform on g(Qy)
by (4.1.3.1).

(4.2.4) Proposition (Simple invariant trace formula)
For each sufficiently large finite set S of places of Q, for each ~ equivalence class o in g(Q),
for each = equivalence class X in (m(Q) No)np g, there exists a constant aM(S, X) such that

for each Schwartz function f on g(A) which is cuspidal at two distinct places of Q

(4.2.4.1) lim > Yoo dSSX)IG (X, fs)
0€g(Q)/~ Xe(g(Q)No)a,s

— lim Gs, X)IS(X, [ g).
g Z Z a ( ; ) G( >f S )
0€g(Q)/~ Xe(g(Q)No)a,s
Proof. This argument follows the proof of Theorem 7.1(b) of [Ar88c].
Let v1 and vy denote two places at which f is cuspidal. Without loss of generality the
set S contains both v; and vg, and there exist two subsets S and So which partition S such

that S; contains v; where the index 7 is 1 or 2.

With a choice of £ as in Remark (4.1.11), it follows from (4.1.12.3) that

(4.2.4.2) Kt = Y d§i(Li L) (X, fsy Q) AR (X, fsy.q0)
Ll,LQGC(M)
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where

(4.2.4.3) (Q1,Q2) = s(L1,La).

Since f is cuspidal at v; and v9, each summand on the right hand side of (4.2.4.2) vanishes
unless the parabolic subgroups Q1 and Q9 are both equal to G. Hence the Levi subgroups

M;j and My are both equal to G, which implies that
(4.2.4.4) di(L1, L) = d$i(G, G)

vanishes unless the Levi subgroup M is equal to G by Remark (4.1.10).
Then (4.2.4.1) follows from the refined trace formula (3.4.1.1) and Remark (4.2.3). O

(4.2.5) Remark Each distribution that appears in the summands of the simple invariant
trace formula (4.2.4.1) factorizes into local distributions that are invariant under the adjoint

action of G on g.

2.5 The Harish-Chandra transform on the space
of characteristic polynomials

In this section an integral transform on the space of characteristic polynomials satisfying a

summation formula of Poisson type is constructed.

2.5.1 Preliminaries

(5.1.1) In this chapter G denotes the general linear group GL(n,Q) for some natural
number n, with the standard choice of the minimal Levi subgroup Mg and the Borel subgroup
B to be the subgroup consisting of the diagonal matrices and the upper triangular matrices

respectively.
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(5.1.2) Let Aqg denote the affine space of characterstic polynomials of n x n matrices

over Q, i.e.

(5.1.2.1) Ac = gl(n,Q)/GL(n,Q)

where / denotes the affine quotient and GL(n, Q) acts on gl(n,Q) from the right by conju-
gation. The discriminant function D on gl(n, Q) descends to a polynomial on Ag, denote
by AG reg the open subset where D does not vanish.

Let M be a standard Levi subgroup of G. Denote by Ay the affine quotient of m by the
adjoint action of M, then 4y is an affine space and there exists a partition (nq,ns,...,n,)

of n such that

(5.1.2.2) Av = Ag, x Ag, X - X Ag,.-

The embedding of m into g induces a map

(5.1.2.3) ™: A — Ac

which is finite of degree |W%/I|*1|Wg’ | and étale over Ag reg-
(5.1.3) Let v be a place of Q. Equip Aq(Qy) with the measure

(5.1.3.1) ID(Xy)]s VX,

where dX,, denotes the standard translation invariant measure on the affine space Aq(Qy).
This is equal to the pushforward of the translation invariant measure on my(Q,) along the

Chevalley morphism

(5.1.3.2) ™2 mo=Am, — ‘('t‘t()//VV(();r = Ag.
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The complement of Ag ree(Qu) in Ag(Qyp) is a null set.

For each standard Levi subgroup M of G equip Ap;(Qy) with the product measure
. 1/2
(5.1.3.3) TT10% (X0l /2.,
1=1

where G, Go, ..., G, are related to M as in (5.1.2.2).
Denote by A reg(Qu)en the subset of Ay reg(Qy) consisting of the images of the Q-

elliptic elements in m(Qy). Then

(5.1.3.4) AG,reg(QU) = H 71—M(AM,reg(Qv)ell)-
MeL

This decomposition is compatible with the measures on Ag(Qy) and Ay (Qy).

The local measures induce S-local and global measures on Ag(Qg) and Ag(A).

(5.1.4) Definition Let S be a finite set of places of Q, let M be a standard Levi subgroup
of G, let X be an element of m(Qg). Define the invariant weighted orbital integral [ﬁ(X )

to be the distribution on g(Qg) such that

(5.1.4.1) Vfs € S(8(Qs))
Li(X, fs)
L _
= (X )= < > |W5%HWI§,%I ' x
LeL(M) \feLls
L+£G

S W el
TeeTen(Ly)

x /ts<@s> JEW. f5) (X, (1) \DL<Y>\1S/2dY>
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where Il\l\//[I(X7 ) denotes the standard orbital integral on m(Qg) defined by (1.1.6.9).

(5.1.5) Remark The invariant weighted orbital integral [h(}[(X , ) is well-defined.

e The distribution Il\(/}[(X , ) does not depend on the choice of the Fourier transforms on
9(Qg) and its Levi subalgebras [(Qg) as long as these are compatible. See [Wa95]
Lemme VL5 for the p-adic case, the same argument also works for the real and S-local

cases.

e The integral in (5.1.4.1) converges since the distribution II{J/[(X , )" is represented by a

smooth function supported on greg ss(Qg) such that the function

(5.1.5.1) Yo (i, )A(Y)>|DL(Y)|}9/2
is locally
(5.1.5.2) O(max{l,—log(IDG(Y)|S)N}>

on t(Qg) for some natural number N and tempered at infinity, and the function

(5.15.3) Y= JE(Y, )
is locally
(5.1.5.4) O(max {1, —log(IDG(Y)!s)M}>

on t(Qg) for some natural number M and rapidly decreasing at infinity. For the p-
adic case see Lemme VI.3(iv) and Corollaire III.6 of [Wa95]. For the real case see

Proposition 9 on page 108 of [Va77] and Corollary 7.4 of [Ar76].

78



(5.1.6) Proposition Let M be a standard Levi subgroup of G, let X be an element of

m(Q). Then Il\(/;[(X, ) is an invariant distribution on g(Qyg), i.e.

(5.1.6.1) vz € G(Qg) Vfs € S(a(Qs))

I§(X. fsoad(z)) = I§}(X, f5).

Proof. For the p-adic case see Proposition VI.1 of [Wa95], the same argument also works for

the S-local case. ]

(5.1.7) Remark To quote Waldspurger from §Introduction of [Wa95]:
“ On dispose de deux ensembles de distributions invariantes sur G:
(1) les intégrales orbitales associées aux éléments semi-simples de G;

(2) les caractéres de représentations tempérées irréductibles de G.

Remplagons G par son algebre de Lie g et considérons ’espace de distributions invariantes
par laction adjointe de G. L’ensemble (1) a un analogue évident: les intégrales orbitales
associées aux éléments semi-simples de g. Le seul but de cet article est de fournir un support
un peu consistant a l'idée, d’ailleurs banale, que l’analogue de (2) est l’ensemble des trans-

7

formées de Fourier des intégrales orbitales précédents (invariantes).

The duality between the orbital integrals and the Fourier transforms of the invariant

weighted orbital integrals is embodied in the local trace formulae on the Lie algebra g.

(5.1.8) Proposition (Local invariant trace formula of Waldspurger)

Let v be a place of Q, let f, and g, be Schwartz functions on g,(Qy), then

M, Gy—1 -1
(5.1.8.1) > W glwysl > WMy, Ty) 7! x
M, eLGv Ty€Ten(My)
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X / <_1)dim(AM”/AG”)I§J[v (vava)Igv(Xvagv) dXy
ty(Qu) Y v

MU G'U -1 -1
STOWMEIWER T ST WAL, T x
M, eLGv Ty€Ten(My)

x / (—1ydimw/AG) 18 (X, g,V IS (X, fo) dX.
t(Qy) v v

Proof. For the p-adic case see Théoreme VII.1 of [Wa95]. The argument only uses combi-
natorial properties of (Gy, My )-families and standard results from harmonic analysis on a

Qy-vector space, hence works equally well in the real case. O

(5.1.9) Definition Let S be a finite set of places of Q, let M be a Levi subgroup in L,
let X be an element of m(Qg). Define the vector-valued orbital integral Il\(/}[(X, ) to be the

vector-valued distribution on g(Qg) taking values in Pqc Fv) € such that

(5.1.9.1) Vfs € S(s(Qs)
zx.5) = (-0 e o))
QeF(M).

(5.1.10) Lemma (Induction and splitting)
Let S be a finite set of places of Q, let M be a Levi subgroup in L, let X be an element of

m(Qg), let fg be a Schwartz function on g(Qg).
o [fL is a Levi subgroup in L(M), then IE’ (X, fg) is completely determined by II\C/}I(X, fs).

o [fS is the set {v1,va,..., v} for some natural number r and

(5.1.10.1) Vi=1,2,....,7 3fy, € S(8(Qy,))

fS:fU1®f02®"'®fvr7
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then Iﬁ(X, fs) is completely determined by Il\cj[(Xvi, fv;) wherei ranges among 1,2, ..., 7.

Proof. This follows from analogues of the descent and splitting identities (4.1.12.2) and
(4.1.12.3) for the invariant weighted orbital integrals II\C/}[(X , ), which could be deduced by

the same arguments as in §7 of [Ar88b]. O

(5.1.11) Lemma (Local trace formula)

Let v be a place of Q, let f, and gy be Schwartz functions on g(Qy), then

(5.1.11.1) STWHIWEITE DT WM, Ty x
MeL Ty €Ten(M)

X /t (@ )Iﬁ(Xv,waS(Xv,gv) dx,

= D WHIWET YT (WL Ty x
MeL TUEEII(M)

X/ I]\(}[<XU7QUA)]8(XU7f1}) dXy.
t,(Qy)
Proof. This follows from (5.1.8.1).

(5.1.12) Lemma (Global trace formula)

Let f be a Schwartz function on g(A) which is cuspidal at two distinct places of Q, then

(5.1.12.1) lim > Yo aSSX)IGX, fs)
0eg(Q)/~ Xe(g(@nNo)a,s

_ G G -
m ) >, dCSXIEX. S s)
0€g(Q)/~ Xe(a(Q)No)a,s
where the limit is taken over finite sets S of places of Q, and the coefficients aM(S,X) are

defined as in (3.3.11.13).
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Proof. This follows from (4.2.4.1). O

2.5.2  The local and global Schwartz spaces

(5.2.1) Definition Let v be a place of Q. Let X, be an element of Ag 1¢¢(Qu). Define
the mazimal orbital integral IS, (X, ) to be the vector-valued distribution on g(@Q,) such

that

(5.2.1.1) Vo € SO@)  TiaXe fo) =Tz (Ko fo)

where X, is a regular semisimple element in g(Q,) lifting Xy, and M[X,-el]] is a standard

Levi subgroup of G such that m[X,-cll(Q,) contains X, as a Q,-clliptic element.

(5.2.2) Definition Let v be a place of Q. Define the local Schwartz space So(Ag(Qy))

to be the space of complex-valued functions on Ag req(Qu) such that

(5.2.2.1) v € So(Ac(Qu))
< 3fy € S(8(Qu)) VXy € AG reg(Qu)

ou(Xy) = IS(XU, fv)-

Define the local Schwartz space S1(Ag(Qy)) to be the space of vector-valued functions on
AG reg(Qyp) such that

(5.2.2.2) pv € S1(Ac(Qu))
< dfy € S(8(Quv)) VXy € AG reg(Qu)

oo(Xo) = LGax (X, fo).
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(5.2.3) Definition Let v be a place of Q. If v is p-adic, denote by Ag the standard

lattice
(5.2.3.1) Ao =gl(n, Z)(Zp) < gl(n, Q)(Qp)

and denote by I its characteristic function. If v is archimedean, denote by & the Gaussian

function on g(R) which is self-dual with respect to the unitary Fourier transform, i.e.
VM € g(R)  E(M)= e T(MTM)

where M7T denotes the transpose of M and Tr denotes the trace of an n x n matrix.

Define the basic function ¢q,, to be the element of Sp(Ag(Qy)) such that

(5.2.3.2) VXy € AG,reg(Qv)

Ig'(XU,]IAO) if v is p-adic,
¢0,U(XU) =

[8(XU’ €)  if v is archimedean.

Define the basic function ¢1, to be the element of S1(Ag(Qy)) such that

(5.2.3.3) VXy € AG reg(Qu)
IS, (X, Iy,) if vis p-adic,
¢1,v(X7)) =
76..(X,, &) if v is archimedean.

(5.2.4) Lemma If v is a p-adic place, then a complex-valued function ¢y on Ag reg(Qu)

belongs to So(Aq(Qy)) if and only if the following conditions are satisfied:
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® oy is a locally constant function on Ag reg(Qy);
e after extending by zero to Ag(Qy), ¢y is compactly supported;

e for each singular point Z; in the complement of Ag res(Qg) in Ag(Qy), there exists

an open neighborhood U, 7 of Zy in Ag(Qy) such that

v

(5.2.4.1) ov()|y

[CWAY

vC EZU(QU) }

€ span{I‘g( ,l/)‘U
nilpotent orbit

where gp‘ p7 denotes the restriction of the function ¢ to the open subset U, the point Zy
is a regular semisimple element in g(Q,) lifting Z,,, and Fg( ,v) denotes the Shalika

germ at the nilpotent orbit v, see §17 of [Ko05].

Proof. Away from the singular locus the function ¢, is a linear combination of the charac-
teristic functions of small compact open sets, and these all have lifts in S(g(Qy)).

Near the singular locus the theory of Shalika germs implies that the asymptotic behavior
of ¢, near the singular point 7, is necessary. It remains to show that all the Shalika germs
appear in So(Ag(Qy)), in other words there is no nontrivial linear relation among the possible
asymptotes of [g’ (Xv, fv) as fy ranges over S(g(Qy)). The Shalika germ associated to the
nilpotent orbit v is homogeneous of degree equal to the codimension of v in the nilpotent
locus, hence the only possible linear relations are among the Shalika germs associated to the
nilpotent orbits of the same dimension. But such nilpotent orbits are separated, so there are
Schwarts functions f, on g(Q,) that vanish on all but one of the nilpotent orbits of a given

dimension, hence these too are linearly independent. O]

(5.2.5) Remark Let v be a p-adic place. It is conjectured by Jacquet for a general

reductive Lie algebra and proven by Waldspurger for gl(n) that a Schwartz function f, on
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9(Qy) has the property that

(5.2.5.1) X € CVXy € AG reg(Qu)

I§ (Xo, fo) = A d0,0(Xy)

if and only if Ig(Xv,fv) and [g(XU,va) are both supported on the subset of Ag(Qy)

consisting of the characteristic polynomials with coefficients in Z,.

(5.2.6) Definition Define the global Schwartz spaces So(Ag(A)) and S1(Ag(A)) to be

the tensor products of local Schwartz spaces as defined in (5.2.2.1) and (5.2.2.2)

res

(5.2.6.1) So(Ac(h) = Q) So(Aa(@Qy))

res

Si(Ac(h) = Q) Si(Ag(@Qy))

restricted with respect to the basic functions ¢ , and ¢1 ,, as defined in (5.2.3.2) and (5.2.3.3).

2.5.3 The Harish-Chandra transform

(5.3.1) Definition Let v be a place of Q. For an element ¢, in Sp(Ag(Qy)), choose a

Schwartz function f, on g(Qy) such that

(5.3.1.1) Xy € AGreg(Quv)  pu(Xp) = IS(XU; fv).

Let f,~ be the Fourier transform of f,, denote by H,(¢y) the element in S1(Aq(Qy)) such

that

(5-3-1-2) VXU € AG,reg(@v) HU(QOU>(XU) = ISaX(X% fUA)‘
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Define the local Harish-Chandra transform to be the linear operator

(5.3.1.3) Ho: So(Ac(@Qv) — S1(Ag(Qv))
defined by
(5.3.1.4) Ho: po = Holpo).

(5.3.2) Definition Let v be a place of Q. If Xy is an element of Aq 1¢s(Q), then the
orbital integral ZS, . (X,, ) is a vector-valued tempered distribution on g(Q,). Denote by

IG

max(Xy, ) its componentwise Fourier transform, which is represented by a conjugation

invariant function on g(@Qy), hence descends to a function on Ag(Q,) denoted by
(5.3.2.1) Yy = (Igax(Xm )A> (Yo).

Define the local Harish-Chandra kernel function Ky( , ) to be the vector-valued bivariate

function on Ag peg(Qu) such that

(5.3.2.2) VXy, Yy € AG res(Qu)

ICU(Xva) = ’D(Yv) 111/2 (IgaX(X% )A) (Yv>-

(5.3.3) Remark In the case when v is a p-adic place, each component of the vector-
valued kernel function C, is denoted by %ﬁ(XU,YU) for some Levi subgroup M by Wald-

spurger in [Wa95].

(5.3.4) Lemma Let v be a place of Q. The local Harish-Chanrda transform H, is an

integral operator with integral kernel ICy, i.e.

(5.3.4.1) Yoy € So(Aa(Qv)) VXy € AG,reg(@v)
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o)X = [ KX Yae0) D) a,.
AG(@U)

In particular the operator H, is well-defined.

Proof. Every Xy in Aq reg(Qy) has a d-sequence in Sp(Ag(Qu)). More precisely there exists

a sequence of functions 0y, 1,0x, 2,0x,.3,--- in Sop(Ag(Qy)) such that

(5.3.4.2) lim dx,; = Ox,

1—00

as distributions on Ag 1¢g(Qy), where 0y, denotes the Dirac distribution at X;. For each

natural number ¢ choose a Schwartz function ng,i on g(Qy) such that

(5.3.4.3) VYo € Areg(@0)  0x,i(Ye) = 1§ (Yo, 0x,4).
Let f, be a Schwartz function on g(Qy) such that
(5.3.4.4) VYy € AGreg(Qu)  0o(Yo) = IG (Yo, fo).
By the local trace formula (5.1.11.1)
~1/2

(5345) [4 ( Igax(ylh fUA)Ig(YU7 ng,i) |D(YU>|U dYU
G v

=~ R -1/2
:/ Igax(yva5Xv,i )Ig(yvafv) |D(Yv)|v Y dYy,
AG(Qv)

hence

(5.3.4.6) Ho(pv)(Xv)
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~1/2

= [ a0, (%) D)l
AG(QU)
. ~1/2
= lim Hv(@ﬂ)(yv)éXv,i(Yv) |D(Yy)|y ' "dYy
i—00 ) A (Qy)
. G T . —1/2
= lim ImaX(Y%(SXU,i Jou(Yo) [D(Yy)]y " dYy.
100 AG(QU)
Hence H, is an integral operator with integral kernel
. < ~ 1/2 -
(5.3.4.7) lim TG (Vo by, ) = DO (Thae(Xo, V') (Yo)
1— 00

which is independent of the choice of the sequence (ngi);)il and equal to the local Harish-

Chandra kernel I,y ( Xy, Yy). O

(5.3.5) Remark The local Harish-Chandra transform preserves the basic functions, i.e.
(5.3.5.1) Hy: dop = Ol

(5.3.6) Definition For a finite set S of places of Q, define the S-local Harish-Chandra

transform Hg to be the tensor product

(5.3.6.1) HS=®HU: ®S()(.A(;(Qv)) — ®81(AG(@0))-

veS veS veS

By (5.3.5.1) the limit of Hg as S approaches infinity defines a linear operator

res res

(5.3.6.2) limHs: QSo(Ac(@)) — Q) Si(Ac(@)),
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which is defined to be the global Harish-Chandra transform

(5.3.6.3) H: SolAc(h) — Si(Ag(A)).

2.5.4 The Poisson summation formula

(5.4.1) Definition Let Z be a singular point in the complement of Ag ;s (Q) in Ag(Q).
Denote by 07 the ~ equivalence class in g(Q) which is the fiber of Z. Let S be a finite set

of places of Q, let pg be an element of &),cg So(Ag(Qu)), let fg be a Schwartz function on
9(Qg) such that

(5.4.1.1) VX € Agreg(Qs)  ws(X) = IG(X, fs)

By (3.1.5.4), if Z' is a = equivalence class in (m(Q)Noyz)ys, then I(G;:'(Z’7 fg) is determined

by ¢g(X) where X ranges over the elements of Ag yee(Qg) close to Z'. Denote

(5.4.1.2) ws(Z) = 187, fs).

(5.4.2) Definition Let X be an element of Ag 1¢(Q), let X be a regular semisimple
element of g(Q) lifting X, then by (3.3.12.1) the constant a& (S, )?) as defined in (3.3.11.13)

is independent of the finite set of places S and determined by X. Denote
(5.4.2.1) a(X) = a%(S,X).

(5.4.3) Definition Let v be a place of Q, let ¢, be an element in Sy(Aq(Qy)), then p,

is said to be cuspidal if

(5.4.3.1) ou(Xy) = 0
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whenever X, is the image of a point )’Ev in g(Qy) which is regular semisimple and not

Qy-elliptic.

(5.4.4) Proposition (Poisson summation formula)

Let ¢ be an element of So(Aq(A)) which is cuspidal at two distinct places of Q, then

(5.4.4.1) Y aX)e(X) +

+ > lim ( > a% (S, Z’)@S(Z’)>
(Q) 7'(g( ,

XGAG,reg (@)

- > ligl( > aG<S,Z'>Hs<sos><Z’>>.
Q) Z'e(g(

Z€AG(Q)—AG reg Q)Noz)a,s

Proof. This follows from the global trace formula (5.1.12.1) and Remark (4.2.2). O

(5.4.5) Remark The Poisson summation formula (5.4.4.1) has the general form

(5.4.5.1) > aX)e(X)+ > (...)

XGAG,reg(@) ZEAG (Q)_AG,reg(Q)

= Y aX)H()(X)+ > (...).

XEAG 1eg(Q) ZeAc(Q)—Aq reg(Q)

(5.4.6) Corollary Let v and w be two places of Q. Let ¢ be an element of Sp(Ag(A))
which is cuspidal at two distinct places of Q such that p, vanishes on a neighborhood of

the complement of Aq reg(Qu) in Aq(Qu) and Hy(pw) vanishes on a neighborhood of the
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complement of Aq reg(Qu) in Aq(Quw). Then

(5.4.6.1) Y aX)e(X) = > a(X)H(p)(X).

XEAG,reg(Q) XGAG,reg(Q)

Proof. This follows from (5.4.5.1). O

(5.4.7) Corollary (Poisson summation formula for #H)
There exists an endomorphism Hgy of So(Aq(A)), defined similarly as H as a tensor product
of local endomorphisms Hy ,,, such that for each Schwartz function ¢ on Ag(A) which is

cuspidal at two distinct places of Q

(5.4.7.1) Yo aX)e(X) +

XGAG,reg(Q)

+ > lim ( > aS (s, Z’)¢S<Z’)>
Q) Z'e(g(

Z€AG(Q)—AG reg Q)Noz)a,s

= Y. alX)Ho(e)(X) +

XGAG,reg(Q)

+ > hgn ( > a®(S, Z’)”Ho,s(@s)(zl))-
(Q) Z'e(g(

Z€AG(Q)—AG reg Q)Noz)a,s

Proof. The local endomorphisms Hy , are defined by sending the orbital integral I, g’ (X, fv)
to the orbital integral of the Fourier transform Ig’ (X, fu") for a Schwartz function f, on
9(Qy). If v is a p-adic place, the endomorphism H , is well-defined due to the density of
regular semisimple orbital integrals. See §27 of [Ko05]. If v is archimedean, then H, is
well-defined due to the second last identity on page 104 of [Va77]. The local basic function
®0,v 18 preserved by H ,, hence the global endomorphism Hy is also well-defined.

The Poisson summation formula (5.4.7.1)follows from (5.4.4.1) since the cuspidality

condition on ¢ implies that only those X for which the orbital integrals IS’ (X, fv) and
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76 (X, f,) are equal, where f,, denotes a local Schwartz function on g(Q,) whose orbital

integral is equal to ¢y, contribute to the identity. O]

(5.4.8) Remark The endomorphism # is the Harish-Chandra transform originally con-
sidered by Jacquet. If v is a p-adic place, then it is conjectured by Jacquet for a general
reductive Lie algebra and proven by Waldspurger for gl(n) that a Schwartz function ¢, on
Ag(Qy) is proportional to ¢, if and only if ¢, and Hg,(¢y) are both supported on the

subset of Aq(Qy) consisting of the characteristic polynomials with coefficients in Z,.

(5.4.9) Corollary Let v be a place of Q. The local Harish-Chandra transform H, is a
bijection from So(Ag(Qyp)) onto S1(Ag(Qy)).

Proof. The following argument is suggested by Sakellaridis.
The local Harish-Chandra transform H, is surjective by definition. For injectivity as-
sume for contradiction that there exists an element ¢, in Sy(Ag(Qy)) and a point X, in

AG reg(Qu) such that

(5.4.9.1) VYo € AGreg(Qu)  Hol(pw)(Yy) =0
and
(5.4.9.2) ou(Xy) # 0.

Since ¢y is smooth on Agq reg(Qy), without loss of generality X, lies in the dense sub-
set AG’ng(@). By parabolic descent along a suitable parabolic subgroup, the argument is
reduced to the special case that X, is the image of a Q,-elliptic element of g(Qy).

Let ¢ be en element of Sy(Ac(A)) which is cuspidal at two other places and whose local
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component at v is equal to ¢y, then by the Poisson summation formula (5.4.4.1)

(5493) > a(X)e(X)+ > = 0

( contribution from >
XEAG reg(Q) ZeAc(Q)—Ag reg(Q) the singular locus

since H () vanishes identically at the place v. There are two cases:

e If v is p-adic, then there exists an integer N such that X, lies in the image of

greg,ss(N_lZ) in Aq reg(Q) under the natural projection.

At a finite place w distinct from v, denote by Ay 4, the lattice
(5.4.9.4) Ayw = 8(N7'Zy) C g(Qu).

Let ¢y be the element of Sy(Aq(Qy)) such that

(5.4.9.5) W € AGreg(Qu)  pu(Ya) = IG (Yo, Iny )

where I, ~denotes the characteristic function of A .

At infinity, the set of rational points where ), ., ¥w is nonzero is contained in the

discrete subset
(5.4.9.6) Too (greg.ss<N71Z)) C AG,reg<R>

where 7o denotes the natural projection from g(R) to Ag(R). Choose ¢ to be a
bump function supported away from the complement of Ag ;¢ (R) in Ag(R) such that

Xy is the only point contained in

(5.4.9.7) supp(¢sc) N 71'oo(greg.ss(-]\f_lz))‘
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Choose ¢ to be ), Yw, then the left hand side of (5.4.9.3) is equal to

5498 alXe(Xe) = Vol (T, @\, ()t  TT wulct))

weS

for some torus T x, , which is nonzero.

If v is archimedean, then choose a regular semisimple element X s of g(Q) lifting X

and choose a Schwartz function f, on g(A) such that

(5.4.9.9) VYoo € AGreg(R)  ¢oo(Yao) = I& (Yoo, foo).
If N is an integer, denote by Ay o, the lattice

(5.4.9.10) ANoe = o(NZ) C g(R).

Since foo is a Schwartz function on g(R), the quantity poo(Yoo) is rapidly decreasing as
Yoo approaches infinity in Agq reg(R) in such a way that |D(Yx)| is uniformly bounded
below, hence for every positive real numbers € and r there exists a natural number N,

such that

(5.4.9.11) VN > N, > oo (V)| < eNT"

Y €moo (Xoo AN o0)
YV#Xoo, |D(Y)[>1

where 7o, denotes the natural projection from g(R) to Ag(R). Choose

1
(5.4.9.12) ¢ = W!a(Xoo)%o(Xoo)!

where n is the rank of G and choose r to be 2dim(g). Let N be a natural number
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greater than N¢ such that

(5.4.9.13) VY € Too(Xoo + Ax o) D(Y) #0.

At a finite place w, denote by A ,, the lattice

(5.4.9.14) ANw = 8(NZy) C 9(Qu).

Let ¢y be the element of So(Aq(Qy)) such that

(5.4.9.15) ¥Yu € AGreg(Qu)  pu(Yo) = 16 (Y I A

where I & denotes the characteristic function of the translation of Ay, by Xoo.
Xoo+AN,w w

Choose ¢ to be @),, Yw, then the left hand side of (5.4.9.3) is equal to

(5.4.9.16) a(Xoo) [] wuw(Xoo) - poo(Xoo) +

w<oo

+ > aV) I ew(¥) - @oo(Y)
YGWoo()?oo+AN,oo) W00
Y#Xo0, |D(Y)|>1

= C- (a(Xoo)gpoo(Xoo) +

WY
. (a<Y>HHw<°°j(§()))%O<Y>>
YGWOO(‘)?OO+AN,OO) e TR

Y#Xoo, [D(Y)[>1

where C'is a nonzero constant. Let Y be an element of Ag 1o (Q). By definition

(5.4.9.17) a(Y) = £lmo(My)|”'Vol(Ty (Q\Ty (4)")

95



where M is a Levi subgroup in £ and Ty is a maximal torus in G. By the Main

theorem in §5 of [On63],

(5.4.9.18) Vol(Ty (Q\Ty (A)') < |HE,(Q, Ty))|

where Héal denotes the first Galois cohomology group and fy denotes the Galois
module of algebraic characters of Ty-. Let F' be the splitting field of Ty, denote by I'

the Galois group of F' over Q. Then by the inflation-restriction exact sequence

(5.4.9.19) 0—=HY(D,Ty) — H,,(Q,Ty) HL (R Ty)l

Hom(Gal(F/F),z™)T

and the compactness of Gal(F/F) which implies that the only continuous homomor-

phism from Gal(F/F) to Z" is the trivial homomorphism,
(5.4.9.20) HI(D,Ty)| = [Hga(@ Ty)l

The group H 1(F, Ty) is annihilated by the order of I' which is bounded by the fac-
torial of n since the TY splits over the splitting field of the characteristic polynomial
represented by Y which is of degree n. By the bar resolution, the group H 1(F, Ty)

is a subquotient of @gef 7" which is generated by at most n - n! elements, hence by

(5.4.9.17), (5.4.9.18) and (5.4.9.20)
(5.4.9.21) VY € Agreg(Q)  Ja(Y)] < ()™ ™.
As N approaches infinity, either [ [, .~ ¢w(Y) vanishes or

(5.4.9.22) N=dme) < TT ww(y) <1,
w<oo
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and [[,, <o Pw(Xoo) is nonzero. Hence without loss of generality NV is large enough so

that
Hw oogp’w(Y) r
(5.4.9.23) VY € AG 1eg(Q) Hw:oo oo (V) < N".
By (5.4.9.21) and (5.4.9.23),
Hw<oo ouw(Y)
(5.4.9.24) > a(Y) T (Xoo)cpoo(Y)

Y €00 (Xoo AN 00)
Y#Xoo, [D(Y)|>1

< N'(mhm™ > o0 (Y))]
YEWOO(‘)?OO+AN,OO)
Y#Xoo, [D(Y)[>1
(5.4.9.25) < NT'(n)"™eNTT
1
(5.4.9.26) = ()" ———|a(Xoo)Poo(Xoo)|

2(n!)

= Jla(Xo)pno(Xoc)

where the inequality (5.4.9.25) follows from (5.4.9.11) and the equality (5.4.9.26) follows

from (5.4.9.12). Hence the right hand side of (5.4.9.16) is nonzero.

In either case the left hand side of (5.4.9.3) is nonzero, which is a contradiction. [

(5.4.10) Remark Injectivity of H, is analogous to the classical result of Harish-Chandra

on density of regular semisimple orbital integrals which states that for a p-adic reductive Lie

algebra g, if f is a Schwartz function on g such that all the regular semisimple orbital

integrals of f vanish, then D(f) vanishes for every invariant distribution D on g. See §27 of

[Ko05].
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2.A Appendix: Scissors congruence and orbital integrals

In this appendix weighted orbital integrals on g are interpreted as scissors congruence classes

of polyhedra. Similar results also hold for invariant weighted orbital integrals.

(A.1) Definition Let E™ denote the n-dimensional Euclidean space. A polytope in E™
that is closed with nonempty interior is said to be proper. Let P and () be proper convex
polytopes in E". Then P and ) are said to be translational scissors congruent if there exist

convex polytopes Py, P, ..., P and Q1,Q2,...,Q; in E" such that

l l
(A.1.1) p=Jrn @={J@
=1 i=1
and P; is a translation of @); for each index ¢ among 1,2, ... [l. Define the scissors group of

E™, denoted by S(E™), to be the quotient of the free abelian group generated by the proper

convex polytopes in E™ modulo translational scissors congruence.

(A.2) Definition A flag ® of linear subspaces in E" is said to be strict of length [ if
(A.2.1) o = poODViD---DV

where V; has codimension 7. Let ® be a strict flag of length [. A rigging r of ® is a collection

(A.2.2) r = {Tl,rg,...,rl}

where r; is a real linear functional on V;_{ with kernel V; for each ¢ among 1,2,...,l. Two
riggings r and r’ are equivalent if r; and ré are positive multiples of each other for each ¢
among 1,2,...,[. Denote by Rig(®) the collection of equivalence classes of riggings of ®.
A rigged flag ®F is defined to be a strict flag ® together with a choice of an element r in
Rig(®).
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An orientation of E™ is an ordered basis of E™ defined upto a linear transformation
with positive determinant. The product of an orientation of E™ with a translation invariant

measure on E” is equal to a volume form on E". Fix an ordered basis B

(A.2.3) B = (bl, b, ... ,bn)

of E"™ such that

(A.2.4) B = (bm,bm, . ,bn>

is an ordered basis of V]. Let r be a rigging of ®, choose vectors

(A.2.5) c1eVy, eV, ..., qgeVi4
such that
(A.2.6) Vi=1,2,...,1 ri(c;) > 0.

Denote by B' the ordered basis

(A.2.7) BY = (01,02,...,cl,bl+1,bl+2,...,bn>
of E". Define the sign of r by

1 if B and B¥ define

the same orientation of E",

(A.2.8) sign(r) =

—1 if B and B* define

opposite orientations of E™.
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Let @' be a rigged flag of length [ in E™. Let P be a proper convex polytope in E™. Then
the ®'-boundary Opr of P is defined by

(A.2.9) OprP = U (pmin( (R (i py) )

where for each subset S of V;_1

(
v; + r[l(mig ri(s)) if v; is a vector in V;_1
sE

such that

v; + 7"2-_1 ( rsrgg 7"2-(5)>

(A.2.10) ri(S) = o is a subset of V; with

nonempty interior,

1) if no such v; exists,

which is a subset of V; defined upto translation. Fix a translation invariant measure on the
Euclidean space V;. This determines the volume of the convex polytope Opr P. Then define

the Hadwiger invariant Hadg of P with respect to @ by

(A.2.11) Hadg(P) = Y sign(r)Vol(derP).
reRig(®)

(A.3) Remark Each Hadwiger invariant defines a real-valued additive function on S(E").

(A.4) Lemma Let P and @ be proper convex polytopes in B™. Then P are Q are trans-
lational scissors congruent if and only if for every | among 0,1,2,...,n, for each strict flag

® of length [,
(A.4.1) Hadg(P) = Hadg(Q).
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Proof. See Corollary 2 in §4 of [Mo93a]. O

(A.5) Lemma Let (Hg) be a collection of real numbers indexed by the set of all strict
flags ® in E™ which vanishes for all but finitely many ®. Then there exists an element [P)]

in the scissors group S(E™) such that
(A.5.1) V strict flag ® in E"  Hg = Hadg([P])
if and only if for every l among 0,1,2, ..., n, for each strict flag
(A.5.2) o = DOV D---DV
of length 1, for every i among 1,2,...,01—1,
(A.5.3) > Hy =0

' e Fy(D,7)

where Fs(®, 1) is the set defined by

(A5.4)  Fo(®,4)

= {q)/ strict flag in E" : <I>/:VOD---DVZ-_1DUZ'DV%+1D---DVI},

and
(A.5.5) > HyAdU; = 0
' Fy(D,1)
where
(A.5.6) d = VpoWvio---DdVi_1 DU
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and AU; is the element of /\nfl E™* defined as the product of the fixed orientation and

translation tnvariant measure on Uj.

Proof. See Corollary 3 in §4 of [M093a]. O
(A.6) Remark The scissors group S(E™) has the structure of a real vector space.

(A.7) Definition Let M be a Levi subgroup in £. Let Y\ and Zy; be positive (G, M)-

orthogonal sets. Then )\ and Zy; are said to be scissors congruent as (G, M)-orthogonal

sets if the convex hull of ) in af’/[ is translational scissors congruent to the convex hull of

Z)\ in aE’/I. Define the scissors group of alc\;/[, denoted by S<a1(\}/l)’ to be the quotient of the free

abelian group generated by the positive (G, M)-orthogonal sets modulo translational scissors

congruence in af'/[.

(A.8) Remark The Hadwiger invariants of )1 are supported on the strict flags ® in

al\G/I of the form

0 1 !
(A.8.1) ® = ayDayy O---Daly
where

(A8.2) oLl s oL

is a nested chain of Levi subgroups in £(M). Denote the collection of such ® by fs(ag{).

A rigging r of ® is equivalent to a nested chain of parabolic subgroups
(A.8.3) r = QoQ'o-- o
such that Q' is a parabolic subgroup in P(Li) for each ¢ among 0,1,2,...,1.
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Fix a vector £ in general position in al\G/[. Then ¢ defines a total order on AE’ for each
Levi subgroup L in £(M), which induces a consistent choice of signs for all rigged flags ®*
with ® in fs(al(\}/[). More precisely choose an element s of the Weyl group that stablizes M

such that the parabolic subgroup sQl is standard. The nested chain
(A.8.4) sQ' > sQ' oo sQ

determines a sequence of positive roots a! where i ranges among 1,2,...,l. Let o be the
permutation on [ letters such that a®() is strictly increasing with respect to the total order

determined by £. Then the sign of the rigging r is equal to
(A.8.5) sign(r) = sign(Det(s))sign (o).

Each subspace ak/[ of al(\;/[ is equipped with the translation invariant measure determined
by the coweight lattice. This choice of orientations and measures determines the numerical

values of the Hadwiger invariants Hadg (V).

(A.9) Definition Let M be a Levi subgroup in £, let X be an element of m(Qg). Define
the scissors-congruence-valued orbital integral, or orbital integrohedron Jl(\;/[(X , ) to be the

vector-valued distribution on g(Qg) taking values in P eFu(a$) C such that

(A9.1) Vfs € S(g(Qg))

Jﬁ(XJs):( > Sign(rﬂﬁ(xfs,@l))
reRig(®) ‘I)E-FS(al(\;/[)

where @, r, L! and Q! are related as in (A.8.1), (A.8.2) and (A.8.3).

For each Levi subgroup Mg in LGS define JS[*Z (X, ) by the analogous formula.
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(A.10) Lemma Let M be a Levi subgroup in L, let X be an element of m(Qyg), let fg
be a real-valued Schwartz function on g(Qg). Then Jl(\}/I(X, fs) defines a unique element of

S(al)).

Proof. The Schwartz function fg is real-valued, so Jl(\}/[(X , fs) is a collection of real numbers
indexed by the strict flags ® in ]-“s(ag’/[). It suffices to verify (A.5.3) and (A.5.5).
The left hand side of (A.5.3) is equal to

(A.10.1) Z Z Sign(P,)J%/[l/(Xa f37Ql/)

D'eFy(D,i) r'eRig(P)

. lr
= Z sign(r’)J (X, fsqu)
QO/DQI/D"'DQZ/
Vj=0,1,2,....] Q¥'eP(LI")
Vj=0,1,2,...,] j#i=LI'=LJ
where ®, LJ and @', v/, LY/, QJ' are related as in (A.8.1), (A.8.2) and (A.8.3). The summands
of the right hand side of (A.10.1) with a fixed minimal term Q! are in (1,1) correspondence

with the sequences of roots (aj) that are positive with respect to Ql' such that

(A.10.2) La? a7t aif2 o3 ol

are determined by ®. Hence the summand
Ll/
(A.10.3) At (X, fgqr)

appears twice on the right hand side of (A.10.1) with opposite signs, so (A.10.1) vanishes.
Hence Jl(\}/I(X’ fg) satisfies (A.5.3).
The left hand side of (A.5.5) is equal to

. 1% %
(A.10.4) > > sign(r) Ay (X, fgqu) Adayy
P eFy(®l) r'eRig(®)
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l l
_ 3 sign(r') /i (X, fg o) A dayy

QODQIDWDQlleQl/
QlIGP(Ll/)

where ®, Q7 and @/, v/, LV, Q! are related as in (A.8.1), (A.8.2) and (A.8.3). It suffices
to show that (A.10.4) vanishes as a differential form on aIMl_l. Let L be a Levi subgroup in

£L171(M) such that
(A105) dlm(AM/AL) = 1,

denote by dalﬂli1 the differential form on aﬁil defined by pulling back the volume form on

-1
a% along the natural projection

— —
(A.10.6) ai

Then the orthogonal projection of (A.10.4) onto the one dimensional subspace

_ : -1
(A.10.7) span(dalﬂl 1) C /\dlm(AM/AG)_l ak/[ *
is equal to
(A.10.8) S sign(e')dly (L)Y (X, fgqu) Adaf
QODQIDMDQZleQl/
QZ/GP(L“)

by the definition of the constant dﬁ_l (L, L") in Remark (4.1.10). The summation in (A.10.8)

is taken over the set

LY e ¥ (), dim(aS,) =1, }

(A.10.9) {(L“,Ql’ nLh
Ql/ € P(Ll’), Ql/ C Ql—l
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c Y < AU

-1
Let flil be the projection of the vector £ in al\G/[ used to define the orientation onto a%/[ .

Then fl_l determines a partial map

(A.1010) SN Vo« cH T o — AR o) < AV
as in Remark (4.1.11) which is positive in the sense that

(A.10.11) sign(r) = 1

if the rigging r corresponds to the element (LY, Q") in the set (A.10.9) where Q4 denotes
the second component of sl_l(L, LY ). Let Ql’_ denote the opposite parabolic of QH', then

(A.10.9) is equal to the disjoint union

(A10.12) {(Ll/’Ql,—l-) Ll e ELH(M>} 1
H {(Ll/,QZ’_) : Ll/ c [’Ll_l(M)},

hence (A.10.8) is equal to

-1 17
(A.10.13) ( Yoo dy LUR (X fequr)
Lvect =t (m)

-1 U -1
_ Z d (L, LYY (X, fS’Ql,—)> A dal
LI’GELl_l(M)

(A.10.14) - (JIEH(XL, foqn) = (XM Fgqi )) A dal
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where the equality (A.10.14) follows from the S-local version of (4.1.12.2) and the fact
that Qb is the second component of sl_l’_(L,Lll) where sl_l’_( , ) is the partial map
determined as in Remark (4.1.11) by the vector —£/~1. Hence (A.10.8) vanishes for every L,

so (A.10.4) vanishes as a differential form on al(\J’/I. Hence Jf’/[(X, fg) satisfies (A.5.5). O

(A.11) Remark In §23 of [Ko05] Kottwitz defined weight factors and weighted orbital
integrals taking values in the complexified K-group of the toric variety of the fan of the root
hyperplanes in ul(\;/[’*. In §4 of [M093b] Morelli proved that this K-group is the additive group
of translational scissors congruent classes of positive (G, M)-orthogonal sets whose vertices

are contained in the coweight lattice in ag’/l.

(A.12) Definition Let M be a Levi subgroup in £. Define the total scissors ring of af’/[,

denoted by S(ag(M)), to be the direct sum

(A.12.1) S@fan) = € s(p).
LeLG(M)

Define a bilinear product X on S(ag’(M)) by

(A.12.2) VL1, Ly € LE(M) V[V, € S(af) where i = 1,2

VL, X [L,]
(
J* ([yLl X yL2]> if the natural map
-G G G
7 aLng — aL1 D aL2

= is an isomorphism,

0 otherwise,
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where the (G x G,Lj x Lg)-family );,, x Vi, is well-defined upto translational scissors

congruence in aﬁ @ a&, and j* is the homomorphism

. G G G
(A123) j* : S(aLl ©® aLz) — S(aLmL2)
induced by j.

(A.13) Remark The total scissors ring S(ag’(M)) is graded by

(A.13.1) ¥neN (S(ug(M)>) - P s
! LeL£G(M)
dim(af):n

The grading (A.13.1) has a refinement into the EG(M)—grading defined by
(A.13.2) VL € £8(M) (S<a§(M))>L = S(a®)

where the monoid structure on LG(M) is defined by intersection.

Each Levi subgroup L in £&(M) defines a homogeneous ideal

(A.13.3) @ S(aff) - S(“%(M))7
L'e£S(M)
L' 2L

and taking the quotient of S(ug(M)) modulo (A.13.3) defines the homomorphism

The map ql\(;’[ is the quotient modulo the augmentation ideal onto the graded component

(S(ag(M)))G, which is a copy of R.
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(A.14) Definition Let M be a Levi subgroup in £, let X be an element of m(Qg).
Define the total orbital integrohedron jl\(/f(X , ) to be the S(ag’(M)) ® C-valued distribution

on g(Qg) such that

(A.141)  Vfg € S(g(Qg)

FEX, fg) — ((—1>dim<AL/AG>|W(%HW8*\—1J§<XL, fs))
LeLG(M)

For each Levi subgroup Mg in £CS define jﬁg (X, ) by the analogous formula.

(A.15) Lemma (Induction and splitting of orbital integrohedra)
Let M be a Levi subgroup in L, let X be an element of m(Qg), let fg be a Schwartz function
on g(Qg).-

o Let L be a Levi subgroup in L(M), then
(A15.1) T 1) = aki (TG 1)),

o Let S be the set {vi,va}, let fg be of the form fu, ® fuy where fu, is a Schwartz function

on g(Qy,) where the index i is 1 or 2, then
(A15.2) P for @ fu) = T (X, for) BT (X, o).

Local identities analogous to (A.15.1) also hold for Gy.

Proof. The induction identity (A.15.1) follows from the definition (A.14.1).
The splitting identity (A.15.2) follows by comparing the Hadwiger invariants of the two

sides of (A.15.2). Retain the notations of (A.9.1). Let L be a Levi subgroup in £(M), let
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® be a strict flag in ]-S(ag). It suffices to show that the ®-components of the Hadwiger
invariants of the L-components of the two sides of (A.15.2) are equal.

The L-component of the right hand side of (A.15.2) is

- L 1L _
(A.15.3) Z (_1)d1m(AL/AG)|W01HW8}’ 1|W02HW8;| L

L1, Locl(L)

G G G
ar, _le @GLQ

isomorphism

X‘ng (XL17 fvl) IX JE2 (XL27 f'UQ)’
whose Hadwiger invariant has ®-component equal to

i L — L _
(A.15.4) ST (ndmAnA) Wi wE w2 (WL x
leLQE‘C(L)

l . Ll
< whah) (X sttt o)) x
ri€Rig(P1)

. L
(X ammifionteg, )
ra€Rig(P2)
where ®; denotes the strict flag in aEﬂ induced by ®, and ®;, r;, Li- and Qi are related as in
(A.8.1), (A.8.2) and (A.8.3) where the index 7 is 1 or 2. Combine ry and r9 into a rigging r

of @, the expression (A.15.4) becomes

(A.15.5) 3 (—1ydm(AL/Ac) W | W& =1 whe| w1
Ly, LoeL(L)
o« Z Z i Ll 11
gn(r)dL (L 7L2) X
QL eP(LY) QheP(Lh)

L L LL L
X Jp (X fUthl)JLQQ(X 2 fv%%)
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i L — L _
= Y (—ydmA AWt W W2 W X
Ll,L2€£(L)

< S Y sign(md (L 1Y) x

QieP(LY) QheP(LY)

Lt or L
X Z dL1<L17L1)JL1(XL7fv
Loect(L)

) X

l,0
1;Q1

LL or SLS
X Z dL2(L27L2)JL2<XL>fU

. 23Q12’O)
LseL2(L)

by (4.1.12.2), where Qi.’o is the second component of 5! (L;, L) for the choice of a collection

of partial maps (SQl>QlEP(L') such that
i’ 1
l.o
(A.15.6) vQle P(Lh)  Q° cqf

where the index ¢ is 1 or 2. The choice of such a collection is equivalent to the choice of a

collection of vectors (éQli >Q£ eP(L))

L!
(A.15.7) vQl e P(LY) Sqr € ar

in general position and positive with respect to Qé. By definition
(A15.3) a wh a0, 15) = df1,15),
hence the right hand side of (A.15.5) is equal to

(A.15.9) (-1)dmAL/Ac) §™ sign(r) x

reRig(P)
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L _ L _
< > ST WEHIWE W IWE T %

L1, LaeL(L) L‘{eL‘Lll (L)
Lyec (L)
a2 (Lo 19) M (x L TR (L
X L( 1> 2) L ( ’fvl,Qll’o) L ( 7fvg,Q12’°)

where (Qll’o, QZQ’O) is the image of (L7,L3) under the partial map SQL Q! determined by the
)
vector
of f oo

(A1510) 7 — T € aL = C(Ll D ClL .

For each fixed L and fixed ® with minimal term L!, the map

Ly € L(L), Ly € L(L),
(A15.11) {(LLLz,L‘{,L;): 1 € £(L), Ly € £(L) }

Lo e £LM(L), Lg € £M(L)
— {wiy: gedo, e dn)

defined by

(A.15.12) (L1, Lo, L7,L5) = (L7, L3)

is surjective. Fix Levi subgroups L and Lg in £(L) and parabolic subgroups Py in P(L)
and P9 in P(Lg), and let Py o be the parabolic subgroup in P (L) whose unipotent radical
Np, , contains Np, and Np,, then the map (A.15.12) restricts to a bijection between Levi
subgroups L{ and Lj that are standard with respect to P1 and P or Pq 9. Hence each fiber

of the map (A.15.12) containing the pair (L1, Lo) has cardinality

WG/ W]
(1IWSH/ 1wt ) (W8 /1Wg21)

(A.15.13)
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hence (A.15.9) is equal to

(A15.14)  (—nImALADWEIWETL ST sign(r)
reRig(®)

Liro poy 7t L3
D0 AR LI XS, o) (XS i)
L9, LgeLl (L)

: _ ' l
= (—)ImGLAWEIWE T ST sign(n)JE (XY f, g ® fuqr)
reRig(®)
by (4.1.12.3) where ®, r, L' and Q' are related as in (A.8.1), (A.8.2) and (A.8.3), which is

equal to the ®-component of the Hadwiger invariant of the L-component of the left hand

side of (A.15.2). O

(A.16) Remark The orbital integrohedra Jg’/[(X , ) and jl\(/f(X , ) could be alternatively
defined as distributions on g(Qg) obtained by integrating against certain polyhedron-valued

weight factors with a formula analogous to (3.1.5.3) if X is regular semisimple.

2.B Appendix: The example of GL(2)

In this appendix some explicit computations for the group GL(2) are carried out. Similar

local computations could be found in [Ev98].

(B.1) Definition In this appendix v denotes an odd rational prime p, and | | denotes
the p-adic absolute value. Let G denote the group GL(2,Qyp), let M denote the minimal
Levi subgroup of G consisting of the diagonal matrices, then M is the Levi component of the
Borel subgroup B consisting of the upper triangular matrices. The groups G and M are the
only standard Levi subgroups of G.

Let g’ denote the Lie algebra sl(2, Qp), equipped with the adjoint action of G from the
right. Let m’ denote the intersection of m and g’. Denote by A the affine quotient g’ /G
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which is identified with the affine line IL via the negative determinant map
(B.1.1) —det: g — L=A

(B.2) Remark Let 3 denote the center of g consisting of the diagonal matrices on which

G operates trivially. Since
(B.2.1) g = 0D

as representations of G, for computing the local basic functions and the local Harish-Chandra

transforms it suffices to consider g’ instead of g.

(B.3) Definition The discriminant function D on A is equal to 4X where X denotes
the coordinate function on A. Let n be an element of Ayeg(Qp) which is identified with the

subset of units @;; of Qp. Then 7 is said to be
e split if n has a square root in Qp;

o unramified elliptic if ) does not have a square root in Qp but the p-adic valuation of 7

is even;
o ramified elliptic if the p-adic valuation of 7 is odd.

The image of Mfeg 45(Qp) in Areg(Qp) is equal to the subset of split elements.

(B.4) Definition The algebraic differential form

deANdy  dyAdz  dzAde

B.4.1 dp X =
( ) K Y 2z z
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on the orbit
r Yy
(B.4.2) g% = { cg: X 4yz= 77}

where 7 lies in Ayeg is invariant under the action of G.

(B.5) Lemma Let f be a Schwartz function on g'(Qp), then

1 /
— J(X) |dyp X
L+p 1 Jg (@) !

Proof. There exists a multiplicative constant A such that

(B.5.1) Vi € Areg(Qp)  IG(n, f) =

(B.5.2) Vi e S(e'(Qp)) Vn € Areg(Qp)

10 =x [, F0 14X,

gn(Qp)

hence the constant A is determined by

(B.5.3) I§(L1y,) = /\'/, Iy (z,)(X) [d1X].
91(Qp)

By parabolic descent along the Borel subgroup B, the left hand side of (B.5.3) is equal to

(B.5.4) M, (Oga,))s) = W Lya,)

which is equal to one. Hence by (B.5.3) the reciprocal of X is equal to

(B.5.5) / I ( v )
o e AN I

X

dx/\dy‘
Yy
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LU, )
= ) — | do
Zp {yeZp: z:lif EZP} Y|
d
= / (/ _y) dx +
L)<l \ J|1—a?|<ly|<1 Y]
d
+/ (/ —y> dz +
1—z]<1 \Jj1—a2|<|y|<1 Y]
dy
ot (fo i) @
|1+ﬂj l1—a2|<|y|<1 |Y]

11—

- i (/|1+x|—pi dx) </pl§y|§1 %) "

i=1

D) i)
qyr— (/|y|:1 )

[1—z|=1

B G-
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(B.6) Lemma Letn be an element of Areg(Qp), then

1 if mus split
and contained in Zy — {0},
2[n]*/2
1—— if 7 1s unramified elliptic
I+p
and contained in Zy, — {0},
(B.6.1) doo(n) = p — 10}
1 —]9_1/2|77|1/2 if m is ramified elliptic
and contained in Zp — {0},
0 if n does not lie in Zy — {0}.

Proof. If n does not lie in Z; — {0}, then the orbit g%(@p) is disjoint from the support of
the characteristic function Hg’(Zp)a hence ¢g ,(n) vanishes.
If 7 is split and contained in Z — {0}, then by (B.5.4) the value ¢q ,(n) is equal to one.

If 1 is unramified elliptic and contained in Z;, — {0}, then by (B.5.1)

1
B2 oul) = 77 [ Ty (0 [4X]
LHp gy T
_ 1 / I ( Ty ) dx/\dy‘
1_|_p—1 9;7(@;7) Q(Zp) O y

1 d
L4+ p7" Jlej<1 \Jjp—a?|<ly|<1 Y]

Decompose the integral on the right hand side of (B.6.3) over two disjoint regions:
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o If |22| is strictly less than ||, then | — 22| is equal to |n|, hence

6D /|x2|<|n </Inx2§|y|§1 %yl) o
N </|x2|<|n dx) (/|n|s|ys1 f_j)

_ (p_(vagmﬂ)) ((Val(n) (- 1>)

p

where val(n) denotes the p-adic valuation of 7.

o If |2?| is greater than or equal to |n|, then | — 22| is equal to |z2|, hence

(B.6.5) / (/ %) Qe
nl<la2<1 \ Jp—a?|<|y|<1 |Y]
d
-/ ( / _y) d
ml<la2<1 \ J]a2|<|y|<1 [Y]
p—1
- [ e ()
In|<|a?|<1 p

—1 val(n)
N (1 _p_< 2" +1) + 2/ val(x) dx)
p Inl<lz?|<1

val(n)
2
= o 1-p (52 +2 Y iS5 -
) i+1
p =\ p

118



Hence the right hand side of (B.6.3) is equal to

1 p-1 (e
(B.6.6) T ((Val(n)+1>p (2 )+

- 1" 2
p+1p

If 1 is ramified elliptic and contained in Z; — {0}, then by (B.5.1)

1 dy
B.6.7 don(n) = / (/ —> dx
(6D »7) L+p~ Jaj<1 \Jpp—a2i<pyl<1 1Yl

Decompose the integral on the right hand side of (B.6.7) over two disjoint regions:

o If |22| is less than |n|, then |y — x2| is equal to 5|, hence

D69 /|x2|<|n| (/|n—x2|sms1 %y\) o
- (/I$2I<In| dx> (/Inélylél %)

_ (p—(val(g)“)> ((Val(n) +1)(p - 1>>_

p

o If |22| is greater than |n|, then | — 22| is equal to |22|, hence

d
(B.6.9) / (/ _y) de
m<la?|<1 \Jjp—a2|<|y|<1 Y
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d
- / (/ _y) dx
ml<|a?<1 \ J)jz2|<|y|<1 Y|
p—1
= / (2val(z) + 1) (—> dax
n|<|22]<1 p

—1 _ (val(n)+1
= g——(l—p( ? )+2/' VM@MM)
P In|<|22|<1

val(y)—1

val(y) + 1y _(aipiny 1 p~ (5
+2- (— <—>p 2+ .
2 p—1

Hence the right hand side of (B.6.7) is equal to

1 p—1 _ (el
B.6.10 : <va1 n 1) ) L
B610) o ( () +1)p

—<Val(77) + 1)19_(%1(727)“) + (1 (7

= p_—l 1—p_(%) p+1
p+1 p—1

val(n)
= 1- p_1/2p_ 2

=
+
-
N————
VN
-y
+
oS
I‘w
—_
N————
v
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(B.7) Definition The weighted orbital integral Jﬁ(ﬁ, ) where 77 is an element of greg o5(Qp)
lifting 7 is defined is 7 is split. For such an 7 choose a square root /7 of 1 in Q) and fix the
lift 1 to be

(B.7.1) io |V

V0

(B.8) Remark With respect to the choice of B as the Borel subgroup and G(Zj) as the
maximal compact subgroup, the weight factor v( ) appearing in the definition of Jﬁ(ﬁ, ) is
the function on G(Qp) such that v( ) is invariant under left translation by M(Q)) and right

translation by G(Zp) and

(B.8.1) Vu € Qp
0 if u is contained in Zj,

—val(u) otherwise.

See §12.1 of [Ko05].

(B.9) Lemma Letn be a split element of Areg(Qp), then

(
| . 1/2
V32(77) _p—l + |;7|_1 if 7 lies in Zp — {0},

BO1) A Iya,) =

0 otherwise.

Proof. By definition

(B92) Ll Iy(z,)
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Ok / Ly (7 - ad(g)) v(g)dg
M@\G(@Q,) T P

(B9.3) = [g'/? / ) /G(Zp)ﬂg/@p)( v s 'ad< 1? )ad<k>)><

( 1 u
XU

1
= |77|1/2[@ Hgf(zp)<

p

VT 2uym )U( 1w )du

= \77]1/2/ —val(u) du
1<|u|<[2y/n]1

val(n)

2
SHLEED I

p—’L

=1

val val(n)
= \77!1/2( 2(77)19

where the equality (B.9.3) follows from the Iwasawa decomposition.

(B.10) Lemma Letn be a split element of Areg(Qp), then

(B10.1) L Iy(z,) =

(
val(n) | [nl'/?  2p+1

=t

b1 21 if 7 lies in Zy — {0},

i 1/2
otherwise.

1—p_2 1—]0_1
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Proof. By definition

(B.10.2) L7, Iy (z,)

= Jﬁ(ﬁ, Hg/(Zp)) — / JI\C/}I(X, ]Ig/(Zp))w(Tr(ﬁTX)) dX

= M 1yz,) - /@ Jﬁ(

p —T

s ]Ig’(Zp)) ¢(2\/ﬁl’) dx

where 1) denotes the additive character of Qj, involved in the definition of the Fourier trans-
form on a p-adic vector space, the superscript T denotes the transpose of a 2 x 2 matrix and
Tr denotes the trace of a 2 x 2 matrix.

The Fourier transform of val( )Iz, () on @p is the function such that

(B.10.3) Yz € Qp <val( Iz, ( ))A(g;)

oo

- (Z_:Zlﬂpi@,( ) @

(0.@]

= > iz,

i=1 P
-y
i=max{1,—val(z)}

—max{1,—val(x)}
1—p1

N O
= min , .
1—p171-p1

p

123



The Fourier transform of | |]IZp( ) on Qp is the function such that

B104)  vreq  (I1z,0) @

— (]Izp( ) + ; <1% pi11> iz, ))A(x)
= Iz, (z) +§; (I% - Z%)Hpizp(x)

i=max{1,—val(z)}

(—p)~ <2max{1,fval(a:)}fl)

=1
Zp(x)+ 1_|_p_1

1

_ HZp(x)—min{ Pl pld” }

1+p7171+p71

Hence by (B.9.1) and (B.10.2) the invariant weighted orbital integral Iﬁ(ﬁ, Hg’(Zp)) is equal

to

va 1/2
( i) 1 [l )Hzp—{o}(ﬂ)

B.10.5
( ) R

p—1 p
val(n) 1 [n/? 1
= (7ot o) e )+ T, )
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val(n) %_!n\l/Q

2 p—1

P! L Pt
(B.10.6) = T, _p—l(l_ 1+p_1) if  lies in Z, — {0},

2,/m 7! 1 2,/n] 72
—| Vil — (_p| Vil ) otherwise,

[ 1—p 1 p-—1 1+ p 1

( VaKn)_%lnP/z 1 (2-+lf4

) if 1 lies in Zp — {0},

2 p—1 B p—1\1+p1
|~/ |~ .
- + otherwise,
[ 1-pt A-pHA+p
where the equality (B.10.6) follows from (B.10.3) and (B.10.4). O

(B.11) Remark If 5 is a split element of Areg(Qp), then ¢1 ,(n) has three components

indexed by the parabolic subgroups B, B and G, and

(B.11.1) oo = b1 =1 é1u(c = — 1§17

If 7 is an elliptic element of Ayeg(Qp), then ¢1 ,,(n) has one component corresponding to the

parabolic subgroup G which is equal to ¢g (7).

(B.12) Remark: Towards an invariant trace formula The simple invariant trace
formula (4.2.4.1) holds only for test functions which are cuspidal at two distinct places of
Q. An invariant trace formula, once extended to full generality for all Schwartz functions on
g(A), will likely involve more intricate distributions similar to the invariant weighted orbital
integrals II\C/;’[ (X, ) which are absent from (4.2.4.1) due to the cuspidality condition. One such
identity could be established when g is gl(2) following the arguments of Langlands in [La80].

Fix a sufficiently large finite set S of places of Q, let fg be a Schwartz function on g(Qg).
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It follows from the non-invariant trace formula (3.4.1.1) that

(B.12.1) Yoo D S XIGX, fs) +

oeg/~ X€ogg

% S M X ISX, fs)

ocg/~ Xe(mno)y,s

= Y Y S XIGX fe) +

UGQ/N XGUG,S’

% > > ME X)X ).
o€g/~ Xe€(mNo)y,s
The weighted orbital integral Jﬁ(X , fs), considered as a function in the variable X
on m(Qg), has at worst logarithmic singularity along the discriminant locus. There is a
natural way to subtract from Jl\(;’[(X , fs) an invariant function in X such that the remain-
der extends to a continuous function on m(Qg) which is denoted by Jﬁ’reg(X ,fs). In
general Jﬁ’reg (X, fg) is not smooth, as could be seen for instance from (B.9.1). However
Jﬁ’reg(X , f5), when restricted to a function on the torus M(Qg), has integrable Mellin trans-
form, which follows from the estimates in §9 of [La80]. By a suitable adelic extension of the

arguments of Ferrar in [Fe37], it could be shown that the Poisson summation formula applies

to the function Jl\(/}[’reg(X , fs) and implies that

(B.12.2) STOUSTEX f) =Y IS fe)
Xem(Q) Xem(Q)

where the Fourier transform is taken over m(Qg).

By definition the coefficients aM(S, X) are independent of the point X, hence a suitable
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linear combination of (B.12.1) and (B.12.2) gives the identity

(B.12.3) Yoo D aSSXIGX, fs) +

oeg/~ Xe€oqgs

Ly oy M<s,x>(JM<st> G rsy)

oeg/w Xe(mno)y,

= Y Y CEXIGX fe)+

UEQ/N XGOG,S

% 3 > aM(S,X)<JM(Xf5) B (X, fs))-

ocg/~ Xe(mNo)y,s

Since
(B.12.4) IS(X, fs) and JG(X, fs) — J57 B (X, fg)

are invariant under the adjoint action, the identity (B.12.3) is an invariant trace formula for
gl(2) which is valid for all Schwartz functions on g(Qg).

In order to extend this construction to a general reductive Lie algebra g, the singularities
of higher rank weighted orbital integrals need to be separated, and the general invariant trace
formula for each proper Levi subalgebra m needs to be extended to test functions beyond

the Schwartz space S(m(Qg)).

(B.13) Remark Arthur’s work [Ar88b] and [Ar88c| on the invariant trace formula for
reductive groups G follows an approach which is dual to the approach taken in the previous
remark. Instead of working with the geometric side of the trace formula, Arthur devised the
cancellation of singularities on the spectral side of the trace formula, utilizing the underlying
complex structure and in particular the powerful techniques of residue calculus. However

such an alternative is unavailable in the Lie algebra case since both sides of the trace formula
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are geometric in nature.

(B.14) Remark Distributions similar to Jﬁ’reg(X , ) has been constructed by Chau-

douard in [Ch02b]. He has shown that his version of the weighted orbital integral Jl\(/;[’b(X , )
remains bounded as X traverses m(Qg) while also enjoying many other nice properties ex-

pected of the usual weighted orbital integrals.

(B.15) Remark There has been some important recent work on extending the Arthur-

Selberg trace formula beyond the usual space of Schwartz functions. See [FL11] and [Mall].
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CHAPTER 3
ON A CONJECTURE OF BRAVERMAN-KAZHDAN

3.1 Preliminaries on /-adic vy-sheaves

In this section some preliminary results on f-adic y-sheaves established by Braverman-—

Kazhdan in [BK00] and [BK02] are recalled.

(1.1) Notation Let k be an algebraic closure of a finite field kg with ¢ elements of
sufficiently large characteristic p. Let ¢ be a prime number which is distinct from p, let Q
be an algebraic closure of the field of /-adic numbers.

If X is a k-scheme, let DE(X ,Qy) denote the derived category of complexes of f-adic
étale sheaves on X with bounded constructible cohomology, let Perv(X,Q,) denote the
abelian subcategory of f-adic perverse sheaves on X. If d is an integer, let [d] denote the dth
translation functor on DP(X, Q).

If f is a k-linear morphism of k-schemes, the six functors f*, f«, fi, f '@ x, and Homx
are understood in the derived sense. If j is the morphism of inclusion of an open k-subscheme,
let 71, denote the intermediate extension functor of Goresky-MacPherson for ¢-adic perverse
sheaves (see [BBD82]).

Let G, denote the k-additive group, let Gy, ;. denote the k-multiplicative group. Let ¢
be a nontrivial Qg-valued additive character of kg, let Ly, denote the Artin—Schreier sheaf on
Gy 1 defined as the twisted product of the Artin-Schreier covering of G, ;, by the character
¥ (see [DeTTs]).

(1.2) Notation If n is a nonzero natural number, let GL,, ;. denote the k-algebraic group
of invertible n x n matrices under multiplication. Let B, ;. denote the Borel subgroup
consisting of the upper triangular matrices, let U, ;. denote the unipotent radical of B,, 1.

Let T}, . denote the maximal torus consisting of the diagonal matrices, let N, ;. denote
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the normalizer of T), ;. in GL,, ;, let Wy, denote the Weyl group which is the finite group
underlying the constant finite k-algebraic group Ny, 1./T,, 1.
Let T), 1,/ Wy, denote the affine quotient of T, ;. by Wy, which is the space of characteristic

polynomials of invertible n x n matrices, let q, denote the quotient morphism

Let GL;Q% denote the open k-subscheme of GL,, ;. consisting of the regular matrices (see

[St65]). Let j;, denote the inclusion morphism
(1.2.2) in GL%%%—»GLn’k.

Let p;, denote the morphism which assigns to each regular invertible n x n matrix its char-

acteristic polynomial
(1.2.3) pn: GL% ——T, 1/ W,

Let C/}an’k denote the total space of the Grothendieck—Springer resolution whose set of

A-valued points (f}\in’k(/}) is equal to

g S GLnJﬂ(A)v
(1.2.4) (g, th,k(A)> t BB, k(A) € GL, 1(A)/B, 1(A),
hlgh  €B,(A).

for each k-algebra A. Let q;, denote the morphism

(1.2.5) Gn: GL,j—>GL,}
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whose induced map qy,(A) on the A-valued points is defined by

(1.26) in(A) (9. hBuy(4)) = g

€ GL,, i (A)
for each k-algebra A. Let p, denote the morphism
(1.2.7) Pn: GLyj—= Ty
whose induced map py,(A) on the A-valued points is defined by

(1.28) Bu(4) (9. By k(A)) = B lghUy, 1(4)
€ Bpi(4)/Upi(4)

= Tn,k(A)

for each k-algebra A.
If M is a standard Levi subgroup of GL,, 1, then there exists a partition (ny,ng, ..., nm)

of n such that

(1.2.9) M =~ GL,, j x GLy, X -+ X GL,,
consisting of the block diagonal matrices of size (n1,ns, ..., ny). Denote analogously

reg reg reg o reg
M ~ GLnl,k X GL?’LQ,k X X Gan,k

M =~ é\inl,k X é\ing,k X oo X é\inm,k’
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and

(1.2.11) av = ap; : Ty p = 1;[Tni7k — T /W = lleni7k/Wni
M = jp; 0 M8 ~ IEIGLZZ%k — M I;IGLnivk
py = Hpp; o M8 ~ I;IGL;efk — Tk /Wt = lgT”i’k/Wni

12

HGLniak — M ~ HGLnZ,k
A A

12

Py =TIpn, : M l;é\i‘nk; —= Ty I;ITni,k-

(1.3) Notation The (-adic dual group of GL,,  is the f-adic Lie group GL;(Qy). Let
T5(Qy) denote the standard maximal torus consisting of the diagonal matrices which is the
(-adic dual torus of T, j. For each standard Levi subgroup M(Qy) of GL;(Qy) consisting
of block diagonal matrices, let Wy denote the Weyl group of M(Qy) identified with the
subgroup of M(Qy) consisting of the permutation matrices.

If pyp is a representation of a standard Levi subgroup M(Qy) of GL,(Qy) on an r-
dimensional Qg-vector space V', choose an ordered basis B of V consisting of weight vectors
under the action of Tj,(Qy) which is stable under the restriction of pyy to Wyy. Identify the
group of Qy-linear automorphisms of V' with GL,(Qy) as f-adic Lie groups via the choice of
B.

Let p1 denote the restriction of py; to the diagonal matrices

(1.3.1) pr: Tn(Q) — Tr(Qy),
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let p denote the morphism of k-tori
(1.3.2) pr: Tpp—Thy

which is dual to pr.

Let py,, denote the restriction of pyj to the permutation matrices
(1.3.3) PWy 0 WM ——= W,

Let ) denote the restriction of the Qy-valued sign character &, of Wy, to the subgroup Wy.

(1.4) Definition If K and £ are objects in DE(GLnjk, Qy), define the convolution product

IC % L to be the object
(1.4.1) KxL = m(KXRL)

in DE(GLH’ 1> Qp), where X denotes the external tensor product and x denotes the morphism

of matrix multiplication
(1.4.2) o GLn,k X GLn,k —— GLn,k'

Identify DE(Tm 1> Q) with a full subcategory of DE(GLH’ 1> Q) by extension by zero which
is stable under convolution. Let *x denote the restriction of the convolution product to

DE(TnJ{;, Qy) as well.
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1.5) Definition If M is a standard Levi subgroup of GL,, ., fix notations as in the
( group n,k

diagram
(1.5.1) M%ka
aMm
M.

Define the parabolic induction functor
M _ _
(1.5.2) i}l : DB(T, ;. @) — DML Q)

to be the composite functor

(1.5.3) Ind%hk = qm, o DM [d]
where
(1.5.4) d = dimp(M) —n.

(1.6) Definition If P is a standard parabolic subgroup of GL,, ., let M denote its Levi

component, fix notations as in the diagram

(1.6.1) P—1~GL,
q
M

where the arrows denote the inclusion and quotient morphisms. Define the parabolic restric-

tion functor
GLn,k: b ray b e
(1.6.2) Resyy ™%+ D(GLy, g, Q) —= D2 (M, Q)
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to be the composite functor
GL
(1.6.3) Resy k= qoi®.

(1.7) Proposition Let K be an object in DE(ka, Qy), let ® be an object in Perv(GLy, 1, Q)

which 1s equivariant with respect to the adjoint action. Let q denote the quotient morphism
(1.7.1) q: GLn,k—>GLn,k/Un,k-

If the object qi(®P) in DE(GLn,k/Un,ka@é) is supported on the k-subscheme By, 1./U,, 1.,

then
CL,, L, CL,,
(1.7.2) D * Indka’“(iC) ~ Indp " ¥ (Reska (@) x K).
Proof. This is Proposition 2.9 in [BK02]. O

(1.8) Definition If pyf is a Q-linear representation of a standard Levi subgroup M(Qy)
of GLy(Qy), then define py to be positive if the restriction of py to the center of GLy,(Qp)

is a direct sum of Qy-valued characters y; of Q™ of the form

(1.8.1) xi(t) = t%

where the indices a; are positive integers.
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(1.9) Proposition Let pp be an r-dimensional Qp-linear representation of Tp,(Qp) with

a choice of B, fix notations as in the diagram

(1.9.1) Ty —2> Gy g
ﬁTl
Ty k-

If p1 is positive, then the forget support morphism

(1.9.2) P (0 (Ly)In]) — pr s (87 (Ly) [n])

defines an isomorphism between irreducible objects in PerV(ka;@g) which is independent

of the choice of B upto an isomorphism.

Proof. This is Theorem 4.2 in [BK02]. O

(1.10) Definition If pp is a Qy-linear representation of T, (Qy) which is positive, define

the (-adic hypergeometric sheaf of Braverman—Kazhdan Hypy, ,,. to be the object
(1.10.1) Hypy ,p = pr,(tr"(Ly)[n])
in Perv(T,, 1, Q) (see [GLIG]).

(1.11) Proposition Let py; be a Qp-linear representation of a standard Levi subgroup

M(Qy) of GLn(Qy) with a choice of B, fix notations as in the diagram
(1.11.1) Mres DL g

bPMm

aM
Tn,k - Tn,k/WM'
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If p\p ts positive, then

(1.11.2) Indl\T/Imk(Hyp%pT)

is a semisimple object in Perv(M,Qy) which is isomorphic to the Goresky-MacPherson in-

termediate extension of its restriction to GL;G%, hence

(1.11.3) Ind%hk(Hypw,pT) ~ jM,!*(pM*(QM,!(Hypw,pT))[dD
where
(1.11.4) d = dimp(M)—n

as Wy-equivariant objects in Perv(M, Q) where r denotes the dimension of pyp over Q.

Let Wy operate on (1.11.2) via pyy,,, then

(1.11.5) iy | (Hypy,py RCYEICE: pwy)) )

s independent of the choice of B upto an isomorphism as a Wyr-equivariant object in

Perv(M, Qy).

Proof. This is Proposition 6.2 and Proposition 6.4 in [BK02]. O

(1.12) Definition If pyj is an r-dimensional Q-linear representation of a standard Levi
subgroup M(Qy) of GLy(Qy) which is positive, define the (-adic v-sheaf of Braverman—

Kazhdan @ , . to be the Wyj-invariant summand

(1.12.1) Dy = (1nd¥n K (Hypwm s (eM® (er o pWM))>>WM
’ n,k

as an object in Perv(M, Qy).
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(1.13) Proposition Let p be a Qg-linear representation of GLy(Qy), let P be a standard
parabolic subgroup of GLy, j, with Levi component M, let p\p denote the restriction of p to the
standard Levi subgroup M(Qy).

If p is positive, then @y, ,  is an irreducible object in Perv(M, Q) which is equivariant

with respect to the adjoint action of M, and

GL,
(1.13.1) Dy oy = Resyp "F(Dy ).

Proof. This is Proposition 6.4 and Theorem 6.6 in [BK02]. O

(1.14) Conjecture (Conjecture 9.12 in [BK00])
Let p be a Qg-linear representation of GLy(Qp) which is positive. Let g be an element in

GL,, 1.(k), let i denote the inclusion morphism
(1.14.1) i: gU,p—>GL,

of the left coset gU,, .

If g is not contained in B,, 1.(k), then

(1.14.2) HE (gUp 1 1% (Py ) =~ 0.

3.2 A motivating example: GL(2)

In this section a proof of Conjecture 9.12 in [BK00] for GL(2) due to Braverman—Kazhdan

in [BK02] is recalled.
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(2.1) Lemma A Let p be an r-dimensional Qg-linear representation of GLo(Qy), fix

notations as in the diagram
q2 det,
(2.1.1) Ty —— To/Wo =Gy 1.
If p 1s positive, then

Wo)
(2.1.2) dety (a2 (Hypys oy ® (e2® (= 0 pw,) ) V2) = 0

as objects in DE(vak,@g).

Proof. The left-hand side of (2.1.2) is a direct summand of

(2.1.3) (det o q2)1(Hypy pr)-

Since the representation p is positive, the object (2.1.3) in DP (Gm’k,@g) is a generalized
Kloosterman sheaf in the sense of [De77s], which by Théoreéme 7.8 in [De77s] is an irreducible
perverse sheaf. Hence the left-hand side of (2.1.2) is isomorphic to either (2.1.3) or zero.
By Proposition 7.20 in [De77s| the symmetric group W, operates on (2.1.3) via €, hence
the actions of W9 on the left-hand side of (2.1.2) and (2.1.3) are incompatible. Hence the

isomorphism (2.1.2) holds. O

(2.2) Lemma B Let g be an element in GLg 1.(k), fix notations as in the diagram

(2.2.1) gUs == = GLYE L2y /Wy
|, o
gUQ’k i GLQ,k det
dett
Spec(k) det(o) Gk

9
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where i denotes the inclusion morphism, i**® denotes the lift of i through jo if such a lift
exists, and det(g) denotes the inclusion morphism of the point det(g) in Gy, .
If g is not contained in By 1. (k), then i lifts through jo, and p2oit®® defines an isomorphism

between gUs . and the fiber

(2.2.2) gUs . =~ T27k/W2GX Spec(k).

m,k

Proof. By assumption g is not contained in By (%), hence
(2.2.3) g =

where c is nonzero, hence for each k-algebra A the coset gUs 1.(A) consists of the matrices
with coefficients in A of the form

a b+ au
(2.2.4)

¢ d+cu

where u is an element of A, which is contained in GL;?]%(A) whose complement in GLg j,(A)
is the set of scalar matrices.

Since ¢ is nonzero, taking trace defines an isomorphism between gUs ;. and Gy, g, hence
the py restricts to an isomorphism between gUs ;. and its image in Ty ;,/Wo which is the

fiber of Ty j,/W2 at the point det(g). O

(2.3) Proposition C Let p be a Qy-linear representation of GLo(Qy) which is positive.

Let g be an element in GLg j.(k), let i denote the inclusion morphism

(2.3.1) 1: gUQ,k—>GL27k
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of the left coset gUs ..

If g is not contained in By 1.(k), then

(2.3.2) HE (gUg g, i"(®y ) =~ 0.

Proof. The following argument is due to Braverman—Kazhdan in [BK02].

By Proposition (1.11) and Lemma B (2.2)

(2.3.3) i*(q)dhﬂ) ~ i (pg* <q2,! (Hyp%pT T?k (52 ® (e o pr)))W2>),

hence by Lemma A (2.1)

(2.3.4) HE (9Ug 1, 1" (®y, )

(20 ero o)) ™)

~ det, <Q2,! (Hypwm T®
27

k det(g)

1
o

where [q¢(4) denotes the stalk at det(g). O

3.3 Lemmas on mirabolic groups

In this section some lemmas on mirabolic groups needed for the proof of Conjecture 9.12 in

[BKOO] for GL(n) are established.

(3.1) Notation Let V), denote the standard n-dimensional vector space over k with

standard basis

(3.1.1) {el,e2,...,en}
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and standard dual basis

(3.1.2) {él,é2, . en}
Let H,, denote the subspace
(3.1.3) H, = é*"

of V.

Let Q) denote the general mirabolic subgroup of GL,, j defined to be the parabolic
subgroup which preserves the hyperplane Hp, let H,, ;. denote the unipotent radical of Q, j
—1

which is isomorphic to G, ;"

If @ is a vector

uj
U
(3.1.4) U =
Up—1
0
in Hy, let u denote the n X n matrix
1 (5
1 u9
(3.1.5) u =
L] up—1
1
= In+( [d)
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where I, denotes the n x n identity matrix. The assignment of u to « defines an isomorphism

between Hj,, and H,, ;.(k) as k-vector spaces.

(3.2) Lemma Letm be a natural number, let A" denote the mth exterior power functor.
Let g be an element in GL,, (k).

Let Ag" be the map
(3.2.1) Ag s Hp——End (A™(Vy))
which assigns to each vector i in Hy, the k-linear endormorphism of A" (Vy,)

(3.2.2) Agt(a) = A™(gu) — A™(g),

then Ag” 18 a k-linear transformation.

Proof. Let v, 09, ..., Uy be m vectors in V', then
(3.2.3) AG (@) (Ty ATy A+ N T

= A"(gu)(Ty AT A=+ Aim) — AT (g) (T AT A=+ A Tim)
= AT () (A ()@ ATy A ATin) = TL AT A AT )
= A (g) (i) A (ua) A< A (i) = B AT A+ A
::Mwm@+@mw@A@+@m@@Am

-~Amwu%@mm—mA@Auwaﬁ
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:1W@K®WQWA@A~me+@WQMAQAWA@Wh”

---+(én,27m>171/\172/\---/\ﬁ>

o (fn, BT ATy A AT ) )
which depends k-linearly on . O

(3.3) Lemma Let g be an element in GL,, 1.(k), let @ be a vector in Hy. Then g and gu
have the same characteristic polynomial if and only if

(3.3.1) (&n, gil), (en,d*T), (en,d°T), (en, g T), (en,d°q), ...

all vanish.

Proof. Since the characteristic of k is sufficiently large, the matrices g and gu have the same

characteristic polynomial if and only if

(3.3.2) tr(g) = tr(gu), tr(g?) = tr((gu)?), tr(g®) = tr((gu)®), ...

By the binomial expansion for noncommutative variables

(3.3.3) tr((gu)™) = tr<(9+9( W))m>

— g™ gl )4k (o 1))
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= tr(g™) +tr(¢"( |@) + - +tr((g( |@)™).

Since the trace of a product of square matrices is invariant under cyclic permutations, each
summand except for the first one on the right hand side of (3.3.3) is equal to an expression

of the form

(3.34) (g (@2 [@Dg™( @) g™ ()
= (g g g™ lga)

= (€n,g"M1) - (&n, g"20) - (€n, g™*1) - - (€n, g11)
where each index «; is nonnegative and
(3.3.5) al+ag+agz+---+op = m.
Hence the lemma follows by induction on m. O]

(3.4) Lemma Let ny and ny be two natural numbers which sum to n. Let g be a block

upper triangular matrix

91 | 93
(3.4.1) g =

92
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in GLy, 1.(k) of size (n1,n3). Let U denote the unipotent subgroup of GL,, }. consisting of the

matrices of the form

(3.4.2)

where I, denotes the v X r identity matriz. If m is a natural number which is less than or
equal to n, let Uy, denote the k-subgroup of U consisting of the matrices which are of the

form

(3.4.3)

as well.

If g1 is of the form

(3.4.4)

then there exists a k-subgroup of U which is isomorphic to G, ;"> and operates freely on gU
by conjugation, such that the resultant Ga’k”Q -principal bundle admits the subcoset gUy,, 1

as a cross section.

If g9 is of the form

(3.4.5)

nlx(ng—l)

then there exists a k-subgroup of U which is isomorphic to Gy j. and operates freely

nyx(n2—1)

on gU by conjugation, such that the resultant G, -principal bundle admaits the

subcoset gU,,_1 as a cross section.
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Proof. Let A be a k-algebra. Let

(3.4.6) u = 1| Ty, 1

* x x ok X
1 |k
(3.4.7) J =
1 * *
1 % Tc?nl
92

be an element of gU(A), then u~!¢'u is equal to

% % * % *
1 * *
(3.4.8)
1 * *

92

Hence the second statement in the lemma follows from the fact that

(3.4.9) T, — T, 1
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attains each value in A™ once and only once as L, traverses A"2.
ni—1

Reset notations in the first half of the proof. Let A be a k-algebra. Let

In, Ty v iy
1
(3.4.10) u = 1
1
be an element of U(A), let
g1 |dr dg cr Apy-1 *
* % * %
, 1 *
(3.4.11) g =
1 *
1 *

be an element of gU(A), then u~!¢'u is equal to

g1 | @ — Uy dy+ gty — U3 - dpy1+ gllpy—1 — Uny *
1 *
(3.4.12)
1 *
1 *

Hence the second statement in the lemma follows from the fact that the first no — 1 columns

148



of the right upper block of (3.4.12)

a; — U
do + griip — U3

(3.4.13) as + gius — iy

\ 67L2—1 + glﬁ’ng—l - ﬁng

attains each value in A™*("2=1) gnee and only once as (do, ..., Un,) traverses Amx(na=1),

]

3.4 A proof for GL(n)

In this section a proof of Conjecture 9.12 in [BKO0O] together its extension to parabolic

subgroups is given for GL(n).

(4.1) Lemma AT Let ni, no, ng be three natural numbers which sum to n such that no
is greater than one, let M denote the standard Levi subgroup of GLy, }. consisting of the block
diagonal matrices of size (n1,n9,ng). Let py be an r-dimensional Qy-linear representation

of M(Qy), fiz notations as in the diagram

IXqng X1
(4.1.1) Tn,k ~ Tnl,k X Tng,k‘ X Tn37/€ Tnl,k X Tng,k/WTLQ X Tng,k
Ixdetx1I
Tnl,k X GmJﬂ X Tng,k
where 1 denotes the identity morphism.
If p\p is positive, then
(4.1.2) (I x det x I), ((I X dny X 1)) <Hyp¢’pT © (em®(ro anQ))>wn2>
n,k
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vanishes as an object in DE(Tm,k X Gy X Tn3,k,@g), where PW,, denotes the restriction

of pw,, to the second direct factor of Wy with respect to the direct factorization

Proof. The left-hand side of (4.1.2) is a direct summand of

(4.1.4) (I x det xT) o (I X qny x 1)) 1(Hypy, pp) Hypy, ;1 [d],
where
(4.1.5) d = ng—1,

and pﬁf denotes the restriction of pp to the subtorus

(4.1.6) Tm (Qp) x Q x T?’Lg (@) c Tm (Qp) % TnQ (Q¢) x Tn3(@€)

where Q% embeds into Tn2 (Qy) diagonally, which is positive since pyf, hence pr, is positive.
By Proposition (1.9) the object (4.1.4) in DE(Tnl,k X G o X Tpy k- Qp) is a shifted
irreducible perverse sheaf, hence the left-hand side of (4.1.2) is isomorphic to either (4.1.4)
or Zero.
By Proposition 7.20 in [De77s] the symmetric group W, operates on (4.1.4) via &,. Since
ng is greater than one, the character ey, in nontrivial, hence the actions of Wy, on the left-

hand side of (4.1.2) and (4.1.4) are incompatible. Hence the isomorphism (4.1.2) holds. [

(4.2) Lemma B Let ni, no, ng be three natural numbers which sum to n, let M de-

note the standard Levi subgroup of GLy, . consisting of the block diagonal matrices of size
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(n1,1,...,1,n3). Let pyp be an r-dimensional Qg-linear representation of M(Qy), fix nota-

tions as in the diagram

(4.2.1) GLnl,k X Tng,k X GLng,k ~M
qunQXIl
GLnl,k X TnQ,k/VVn2 X GLng,k
IxdetxI

Jnq XIXjn
reg reg 1 3
GLnl,k X Gmak X GL’]’L3,]€ GLnl,k X GmJﬂ X GL’I’Lg,k

where 1 denotes the identity morphism.

If p\p ts positive, then

(4.2.2) ((Tx det x T) o (I X qny X D) 1(Dy ) [—d],
where
(4.2.3) d = ng—1,

is a semisimple object in Perv(GLy,, . X Gy, j X GLng,k>@€) which is iwsomorphic to the
Goresky—MacPherson intermediate extension of its restriction to

re re,
(4.2.4) GLnfk X Gy, x GL 8

nz,k’

Proof. By taking Wyj-invariant summands it suffices to verify the lemma for

(4.2.5) Indl\T/Imk(Hyp% o)
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instead of @y, , . Fix notations as in the Cartesian diagram

(4.2.6) i Tnl,k X Tnz,k X Tng,k: ~ ka
% (dectxl)cl(lxq@xl)
-~ _ \
M ~ Gthk X Tng,k X GLn3,k Tnl,k‘ X Gm,k X Tng,k‘

|
(deetxl)c;l(lanQ X

GLnl,k X Tng,k X GLng,k; ~ M
|

Ixdet xT)o(Ixqn, xI)
v

GLnl,k X Gm,k X GLng,k‘

By definition

(4.2.7) ((Ix det x I)o (I X qpy x I));(Ind%,k(Hypw,pT))

l

= (U det x 1) 0 (1% any x 1) (yrs (B (Hypy pp)) [e])
~ (Qny X I X Qny)y <((I x det x I) o (I x gny ¥ 1))!(f>M*(Hyp¢7pT))> [e]
= (Gny 1% g1 ((Bry % 1 Bng)”

((Ix det x T) o (I X gy X I));(Hyp¢,pT))) le]

GLTLl,k XGm,k XGLn&k

~ Indp "g " (U det x 1) o (I any x D)y(Hypy, )
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where
(4.2.8) e = ni12—nq+nz’—ns.
Let p’T denote the restriction of p1 to the subtorus

(4.2.9) Ty (Qp) x Q¢ x Trg(Qp) € Ty (Qp) x Ty (Qp) x Ty (Qp)

where Q% embeds into Tn2 (Qy) diagonally. Since pyp is positive, so are pp and pif, hence

(4.2.10) ((Ix det x I) o (I X qpy x I))!(Hyp¢’pT) o~ Hyp%pif [d],

hence

(4.2.11) (T det x 1) o (I X qy x 1)) (Ind}!  (Hypy, pp)) [~
~ IndGLnlkavakXGLn?wk

Tnl,kXGm,kXTn3,k (HypipvplT)

which is a semisimple object in Perv(GLy,, X Gy, , X GLy, 1, Qp) isomorphic to the Goresky—

MacPherson intermediate extension of its restriction to
re re;
(4.2.12) GL,®, % Gy x GL %)
by Proposition (1.11) since pif is positive. ]

(4.3) Proposition CT  Let p be a Q-linear representation of GLy,(Qy) which is positive.

Let ny and ngy be two natural numbers which sum to n such that ny is greater than one. Let
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U denote the unipotent subgroup of GLy, . consisting of the matrices of the form

I, 1 *
(4.3.1) n

In2+1

where I, denotes the r x r identity matriz, let g be a block upper triangular matrix

91 | 93
(4.3.2) g =

92

in GLy, (k) of size (n1,nz), let i denote the inclusion morphism
(4.3.3) i: gU—=GL,,

of the left coset gU.

If g1 is mot contained in Q, r.(k), then
(4.3.4) HE(gU,i*(®y,)) =~ 0.
Proof. By Lemma (3.2) the map
(4.3.5) tr(Ag,):  Hpy —k",

which assigns to each vector @ in Hj, the difference between the characteristic polynomials
of the ny X nq matrices gyu and g, is a k-linear transformation. By Lemma (3.3) the kernel

of tr(Aél) is stable under g1, which descends to a k-linear endomorphism

(4.3.6) [g1] € End, (an/ker(tr(A;h)))
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whose transpose 1[gq] admits the covector

(4.3.7) ény € (Vi /ker(tr(A9))))"

as a cyclic vector. Hence gy is conjugate under the action of Q,,, (k) to a block upper

triangular matrix

(4.3.8) h o=

(4.3.9)

where m1 and mg are two natural numbers which sum to n; such that mo is greater than
one since gp is not contained in in,k(k) by assumption. Let M denote the standard Levi
subgroup of GL,, j. consisting of the block diagonal matrices of size (m1,mg,n2), let py
denote the restriction of p to M(Qy).

The characteristic polynomial morphism on GLy,, ;. is smooth at each point in hoH,,,

reg

. Fix notations as in the
mao,k

by the Jacobian criterion, hence hoH,,, ;. is contained in GL
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diagram

hieg Xig X géeg re
_________ o reg reg . nqreg
(4.3.10) hoHp, i =GL, 7 x GLy 2 X GL 2 = M
IXpmg XI
reg reg
GLml,k X TmQak/sz X GL”2>k
Jmy XIXjng
h1X(meOiH)X92
hoHppy i GLny kX Ting k/ Wmg X GLy, g
detl IxdetxI
hixdet(ho)xga

Spec(k) GLy, 1 X Gy o X GL,,, &

where I denotes the identity morphism, iy denotes the inclusion morphism of hoH,,, 1 in
GLfZik, y denotes the inclusion morphism of the point y in GL, , and y*©8 denotes the

lift of y through j, if such a lift exists. By construction hy X (pm, © ify) X g2 defines an

isomorphism between hoH,,, ;. and the fiber

4.3.11 GL x T Wi, x GL X Spec(k).
( ) ( mi,k mg,k‘/ m2 nz,k:) GLml,kXGm,kXGLn%k p ( )

If hy is contained in GL;iik(k’) and go is contained in GLfgfk(k)’ fix notations as in the
diagram
hi%8 xip x gn®
(4.3.12) hoHp, 1 Lo Mres
N
qMm
Tn,k TnJc/WM
(Ixdet xT)o(Ix gy xT) Tml,k/Wml X Tm%k/vvm2 X Tn27k/WTL2
deetxll
C1m1><IXQn2

Tmhk X GmJﬂ X Tnng

Tmlvk/wml X Gm,k X Tng,k/wn27
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then by Proposition (1.11)

(4.3.13) H? (hQHm%k, (h1 x ig X 92)*((1)¢,pM)>

12

H? <h2Hm2,k> (h)® x ig X ggeg)*(jM*((I)zﬁ,pM)))

12

He <h2Hm2,k> (38 x igg x ggeg)*<

PM <QM,! (Hypzp,pT 2 (eM® (er 0 pWM)))WM> [d])>

n,k

~ (I xdet x1I) <qM,! <Hypw,pT T(}f,k (em® (ero pWM))>WM> [d]’p(g)

~ <(qm1 x 1 x qn2)!(((1 x det x I) o (I X gy X I))!(

Hyp¢7PT T®k (5M ® (g o0 pWM))>Wm2>Wm1 XW”Q) ] ‘p(g)

where
(4.3.14) d = m12 + m22 + n22 —n,
Wi, and Wy, X Wy, operate as direct factors of Wy with respect to the direct factorization

(4.3.15) Wan = Wiy X Wiy X Wy,

and |p(g) denotes the stalk at (ppm,(h1),det(h2), Pny(g2)), which vanishes by Lemma Af

(4.1). If hy is not necessarily contained in GL;EE (k) or g2 is not necessarily contained in
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GL::;gk(k), then

(4.3.16) HE (hoHypy ks (h1 X g X 92)* (g o))

. <((I x det x T) o (I X qmy x I)), (cbw,pL ® (emy ® (e 0 pw,y,))

)2 )l

det(g)

where
(4.3.17) e = m9®—mo,

|det(g) denotes the stalk at (h1, det(h2), g2), and pr, denotes the restriction of p to L(Qy) where
L denotes the standard Levi subgroup of GL,, , consisting of the block diagonal matrices of
size (m1,1,...,1,n9), which vanishes by perverse continuation by Lemma BT (4.2).

Let P denote the standard parabolic subgroup of GL,, . consisting of the block upper

triangular matrices of size (mq,mg,no), fix notations as in the diagram

N .
(4.3.18) P x hoHy, j —MXR) _p gy
M b) )
qxll q
.
hQHmQ,k 1 X1 X g2 M

where the arrows denote the inclusion and quotient morphisms, then by Proposition (1.13)

(4.3.19) He (hoHpy gy (h1 X i % g2)*(®y )

. : GL,
~ H¢ (hQng,ka (h1 x i % g2)* (Resy, ’k(q)zp,p)))
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~ M (h2Hm2,k> (h1 X i x g2)* (ay (iP*<q)¢,p>))>a
hence by the Leray spectral sequence
(4.3.20) He (P 3 Iy s (ip 0 (1 (hy x igg x gg)))*(q)w”,))) ~ 0.

The fibered product P Xy hoHy,, i 1s isomorphic to the k-subscheme of GL, ;. consisting of

the block upper triangular matrices of the form

hy * *
(4.3.21) Bty i | % |-
92

where by construction each element in hoH,,, 1.(A) is of the form

(4.3.22)

Ippy—1 | *

for each k-algebra A. Hence by Lemma (3.4), for each mo X ng matrix g4 and for each

mj X ng matrix gs with coefficients in k, the k-subscheme

hy | h3 | g5

92

is a cross section of P xyp hoHp, 1 as a principal bundle induced by a unipotent subgroup

of P operating freely by conjugation. By construction there exists an element

Quy ()

(4.3.24) s
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such that there exist an m9g X ng matrix g4 and an mj x ng matrix g5 with coefficients in &

such that
hi | h3 |95
(4.3.25) ho | g4 = s lgs.
92
Let m denote the projection morphism
(4.3.26) m: P X hoHy, p—=s tgsU
M )

of the trivial principal bundle P xyf hoH,,, . By Proposition (1.13) &, , is equivariant
with respect to the adjoint action ad of GL,, j, which contains the structure group of P xyy

hoHyy, ., on the right, hence

(4.3.27) 1 (57 gsU,m (i o (1 (1 x i % 92)))(@4,)) (1)
~ H (s_lgsU, (ad(s)oio ad(s)_l)*(@p’p))

~ H? (gU, i*((I)d,’p))
since U is stable under conjugation by s, where
(4.3.28) f = mi(mg—1)+ng,
which vanishes by the Leray spectral sequence. O

(4.4) Corollary (Conjecture 9.12 in [BKO00])

Let p be a Qy-linear representation of GLn(@g) which is positive. Let g be an element in
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GL,, 1.(k), let i denote the inclusion morphism
(4.4.1) i: gU,p—=GL,

of the left coset gU,, .

If g is not contained in B, 1.(k), then

(4.4.2) HE (gUp 1, 1¥(Py ) =~ 0.

Proof. Let P be a standard parabolic subgroup of GL, ;. consisting of the block upper tri-

angular matrices of size (nq,ng) such that

91| 93
(4.4.3) 9 =

92

is contained in P(k) where g1 is not contained in Q,,, 1(k) which implies that n; is greater
than one, let U denote the unipotent subgroup of GL,, j, consisting of the matrices of the

form

Iy 1 *

(4.4.4)
In2+1

where [, denotes the r x r identity matrix.

Since g is contained in P(k), so is each element

/ /
gl
(4.4.5) J = | 22
9
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in gUy, (k) where g] is not contained in Q,,, 1 (k) since neither is g1, hence

(4.4.6) HE(gUp 1, i (Py ) =~ 0
by Proposition Cf (4.3) applied to each subcoset ¢'U in 9Up k- O

(4.5) Corollary Let p be a Qp-linear representation of GLy(Qp) which is positive, let K

be an object in D(I:D(Tn,h@f)’ then

GL,,
Tn,k

GL,, 1

aL,
(4.5.1) Dy p ¥ IndTn’k’k(lC) ~ Ind (ResTnJc (g pp) ¥ K).

Proof. This follows from Corollary (4.4) and Proposition (1.7). O

(4.6) Corollary Let p be a Qg-linear representation of GLy,(Qy) which is positive. Let
P be a standard mazimal parabolic subgroup of GL,, ., let U denote the unipotent radical of

P. Let g be an element in GL,, 1.(k), let i denote the inclusion morphism
(4.6.1) i: gU——=GL,

of the left coset gU.

If g is not contained in P(k), then
(4.6.2) HZ (gU,i"(®y,)) =~ 0.

Proof. Since P is a maximal parabolic subgroup of GL,, 1, there exist two natural numbers
n1 and ng which sum to n such that P consists of the block upper triangular matrices of size
(n1,n92). Argue by induction on no.

If ng is equal to one, then the corollary follows from Proposition CT (4.3). Otherwise

ng is greater than one. Let P’ denote the standard parabolic subgroup of GL,, j; consisting
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of the block upper triangular matrices of size (nq + 1,n9 — 1), let U’ denote the unipotent

radical of P’. Since g is not contained in P(k), there exists an element

GL,, 1(k
(4.6.3) s € 1 k(F)
GLyy (k)
such that
(4.6.4) sTlgs = ¢
R
93 | 9

where the ng x ny matrix gg is of the form

(4.6.5)

where at least one of the matrices * have nonzero coefficients such that ¢’ is not contained

in P/(k). Let i’ denote the inclusion morphism
(4.6.6) i ¢'U—=GLyy
of the left coset ¢’U’, then by the induction hypothesis applied to ng — 1

(4.6.7) He (4'U 1 (@ ) ~ 0.
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Fix notations as in the Cartesian diagram

i
(4.6.8) U x U—Y v
GLpk
ibxll ity
iy
U CLy, 1

where the arrows denote the inclusion morphisms and I denotes the identity morphism. By

Lemma (3.4) the subcoset

(4.6.9) J(U x U) c JU
(e, V)

is a cross section of ¢’U’ as a principal bundle induced by a k-subgroup of U’ operating freely

by conjugation. Let m denote the projection morphism

4.6.10 m: JU—¢ (U x U
( ) g g( o, )

of the trivial principal bundle ¢'U’. By Proposition (1.13) &y, , is equivariant with respect to

the adjoint action of GL,, ., which contains the structure group of ¢'U’, on the right, hence

(4.6.11) He (g’(U’ o U),m (i’?*(%,p))[fD

~ e (g (V o U), ({ olg) o (1x iv) o (g ™) (@)

where 1 denotes the multiplication action of GL,, j, on itself on the left and
(4.6.12) f = ng—1,
which vanishes by the Leray spectral sequence. Since ¢’ is not contained in P’(k), neither is
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any element ¢” in ¢’U(k), hence

(4.6.13) 12 ('U, (1tg') v 0 1) 1) (@)

12

H? (g’U, (ad(s)oio ad(s)_l)*(q)%p))

~ H? (gU,i*((I)w,p))

since U is stable under conjugation by s, which vanishes by the acyclicity of @, p over each

subcoset g (U’ xqr, , U) in ¢'U. O

(4.7) Corollary Let p be a Qy-linear representation of GLy(Qp) which is positive. Let
P be a standard parabolic subgroup of GLy, 1., let U denote the unipotent radical of P. Let g

be an element in GL,, 1.(k), let i denote the inclusion morphism
(4.7.1) i: gU——=GLy;

of the left coset gU.

If g is not contained in P(k), then
(4.7.2) He (gU,i*(®y,,)) =~ 0.

Proof. Let QQ be a standard maximal parabolic subgroup of GL, j. containing P such that g
is not contained in Q(k), let V denote the unipotent radical of ). Since g is not contained

in Q(k), neither is any element ¢’ in gU(k), hence

(4.7.3) HE (gUp g, i (Py ) =~ 0
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by Corollary (4.6) applied to each subcoset ¢’V in gU. O

3.A Appendix: Smoothness of hypergeometric sheaves

In this appendix the hypergeometric sheaves of Braverman—Kazhdan are shown to be lisse

perverse sheaves under the positivity condition.

(A.1) Notation Let P,lf denote the k-projective line, let j,, and j, denote the inclusion

morphisms

(A.1.1) jm: Gpjp—=P}

ja: Gup—=Pl,
let 7 denote the completed Artin—Schreier covering
(A.1.2) 7. Pl—pl

k k

defined by the equation
(A.1.3) (X :Y]) = [X9-Xyit.yY

with respect to the homogeneous coordinates [X : Y] on ]P%'
If p is an r-dimensional Qy-linear representation of T, (Qy) with a choice of B, let u

denote the universal morphism

(A.1.4) w: Tpp—=Tphp x (P
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induced by the universal property of the Cartesian product from the diagram

(A.15) Ty = (Gmp)" (P

where T, ;. and (Gy, ;)" are identified via the choice of B, let j and p denote the inclusion

and projection morphisms

j _
(A.1.6) Tr,kz Tr,k
p
Tn,k:

where Tr’ ), denotes the closure of the image of u in T}, 5, X (IP’}C)T.

(A.2) Lemma Let p be an r-dimensional Qp-linear representation of the torus Tpn(Qy),

fix notations as in the diagram

= Ixi
(A.2.1) (PL)" x Tpx) x T —— (PH)" x Ty
(PIIC)TXTn,k
(WTXI)XIl s
Tr,k . (Pllg)r X Tan
|
Tn,k

where the square is Cartesian, i denotes the inclusion morphism and 1 denotes the identity
morphism.

If p 1s surjective, then the composite morphism
(A.2.2) po((x" x 1) x1)
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is universally locally acyclic with respect to the constant (-adic sheaf Qp on ((JP’}{)T xT,, 1) X (PLY"xT, 4
! k n7

T,

Proof. 1t suffices to verify the analogous universal local acyclicity property for p and (7" x
I) x L.
The argument involves the theory of toric varieties (see [Fu93]). If T is a k-torus, let

X(T) denote the free abelian group of k-linear cocharacters

(A.2.3) v: Gpp—=T

under pointwise multiplication. If T is a T-toric variety, let ¥(T) denote the pair
(A.2.4) 5(T) = (X(T),%)

where ¥ denotes the fan of convex rational polyhedral cones in X(T) ® R associated with T.

Let X(p) denote the homomorphism
(A.2.5) X(3) 1 X(T,p) —=X(T, )
of free abelian groups, let
(A.2.6) graph(X(p)) C X(Tp 1) x X(Tpz)
denote its graph, let
(A.2.7) ker(X(p)) = graph(X(p)) N ({0} x X(T,x))
denote its kernel, let

(A.2.8) im(X(p)) < X(Tp)
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denote its image, hence the complex

(A.2.9) 0 — ker(X(p)) — graph(X(p)) —im(X(p)) —=0

is exact and split.

Since p is surjective by assumption, there exists an isogeny ¢ of k-tori through which p

lifts
(A.2.10) Tk
|
L
Tr,k Tn,k
such that
(A.2.11) im(X(p)) = X(Tpx)
Let X be a fan in R” such that
(A.2.12) (P = (Z2",%),
then
(A.2.13) S(Tpp x (PR)) = (2" x 2", {0} x %),
hence
(A.2.14) S(Typ) = (graph(X(,@)), ({0} x %) \graph(x(ﬁ))m)

- <im(X(ﬁ)) x ker(X(p)), {0} x (E|ker(X(ﬁ))®R)>
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where | denotes the restriction of a fan to a subspace, hence there exists a Cartesian square

of k-schemes

(A.2.15) T, j, — Kero(p)
l |
n,k — Spec(k)

where Kerg(p) denotes the closure of Kerg(p) in TT’ . Where
(A.2.16) Kerg(p) C Tpp

denotes the identity component of the kernel of p. By Corollaire 2.16 in [De77f] 5 is uni-
versally locally acyclic with respect to the constant f-adic sheaf Q; on Tr,k' Since the
characteristic of k is sufficiently large, the isogeny ¢ is étale, hence p, which is the composite
of 5 and ¢, is universally locally acyclic with respect to the constant (-adic sheaf Q, on TT’ k-

Fix notations as in the Cartesian diagram

I
(A.2.17) (PL" x Tpp) % T (P x Tpy)  x Ty

(]P;lﬂ)T XTh 7 (P,lg)Tmek
(HxI)xIl (ﬂrxl)xll

Tr,k

T?“,k:?

then (77 x I) x I is locally acyclic with respect to the constant f-adic sheaf Q, on ((IP’}C)T X
T k) X (BL)r Ty 4 T, ;. by smoothness.

The complement

(A218)  ((PL)" xThy) x  Tpp—(Ix j)(((IP’,lC)" x Tn’k) x Trk>
(Pllg)rXTn,k
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is covered by open k-subschemes of the form

(A.2.19) (U X ka) X TT7/€ — ((P]%)T X Tn,k) X Tr,k

(PL)" X Ty, (PL)" X Ty,

Ixi Ixi

U x Tpp (PL)" x Ty p

p p
U (PL)"

7" 7"
U (P})"

where p denotes the projection morphism, the squares are Cartesian, and U is an open k-
subscheme of (P,lg)r where at least one of the coordinates is zero or infinity. By (A.2.15) it

suffices to consider U which intersect

(A.2.20) Kerg(p) — Kerg(p) C (PL)" — Ty,

hence without loss of generality U is a repeated Cartesian product of factors of the form
(A.2.21) Ga or ]P>,1C — Spec(k) C P,lc

where Spec(k) denotes the point zero in IP’}C, such that the image of Kerg(p) under the
projection from U to each Cartesian factor of the form IED]lc — Spec(k) is dense.

Let X; denote a coordinate on a Cartesian factor of the form G, j, let 1/Y; denote a
coordinate on a Cartesian factor of the form ]P’]lC — Spec(k), then for each index jg and for

each 0 in Gy,  the point in U with coordinates

11 |
(A.2.22) (Xl,XQ,...,—,—,...,—,...)
i Ya Y
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is equivalent under the action of Kerg(p) to a point with coordinates

11 3
(A.2.23) (X{,Xé,...,—,—,...,—,...).
YITYy Y,

Let )A(il denote a coordinate on Gy g, let }73 denote a coordinate on
(A.2.24) P} — ko

where k( denotes the constant finite k-subscheme of G, j, defined by the polynomial

(A.2.25) X9 X,
such that
~ 1 1 ~ ~ 1 1
(A226> (X17X27...,7,7,...,ﬁ<Xiq—Xi,~——T>_ . )
Y1 Yo qu yj i,j=1,2,..

are coordinates on (U x Th i) X (Bl T, ;.- With respect to the coordinates (A.2.26)

T'XTnJc

the restriction of (7" x I) x I to

(A.2.27) (UxThr) x T C (@Y "xTyg) x Ty
(P)" X Ty e (Pp)" Tk

is defined by the polynomial

O 1 R
(A.2.28) (X-q X = _ ,ﬁ(X-q X, = — T>> .
' Uye/(1 - Yl ' ' Yi Y/ ij=1a..

Since (A.2.28) is equal to the composite of the étale morphisms

(A.2.29) (X)) = X9-X;
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the radicial morphisms

(A.2.30) o(Y;) = Yjl
and the changes of variables (A.2.23) with

(A.2.31) g = 1-ye1

each of which is universally locally acyclic with respect to the constant f-adic sheaf Q, on
its source, so is the composite (A.2.28). Hence (7" x I) x I is universally locally acyclic with
respect to the constant f-adic sheaf Q; on ((IP’}C)T x Ty 1) X (BL)" X T, Tr,k' Hence the lemma

follows by composition. O

(A.3) Lemma Let p be an r-dimensional Qq-linear representation of the torus Tp(Qy),

fix notations as in the diagram

(A.3.1) (PH" x Tpg)  x  Trp
(Pllg)rXTn,k
(FTXI)XIl
j _
Tr,k Tr,k
trt
Ga,k

where 1 denotes the identity morphism.

If p 1is positive, then

(A.3.2) (b (Ly)[r])
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s 1somorphic to a direct summand of

(A.3.3) (=" x T) x 1) (Qy[r])

as objects in Perv(T. Pk Qy).

Proof. Fix notations as in the commutative diagram

(A.3.4) Ty —— ]P’l) x Ty k
]P>1
Ja
7“ E= (
\ sum
Ga k Ga k

where p denotes the projection morphism, the horizontal arrow denotes the inclusion mor-
phism, sum denotes the summation morphism, and T, ; and (G, )" are identified via a
choice of B.

By the decomposition theorem
(A.3.5) m(QeL]) ~ Q1] & Pjas(Ly[1])

as objects in Perv(]P’]lg, Qy), where 1’ traverses the set of nontrivial Q-valued additive char-
acters of ky. Since 7 is totally ramified at infinity which is the complement of G, j in IP’}C,

the stalk of m(Qy[1]) at infinity is one-dimensional, hence

(A.3.6) Jate (Lyr (1)) 2= Jar(Ly[1])
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for each nontrivial ¢/’. Hence by the Kiinneth theorem the object

(A.3.7) (Ga)" 1 (sum™(Ly)[r]) = (a (Ly[l]) BB (ja,1(Ly[1]))

in Perv((Pk)T,@g) is isomorphic to a direct summand of

(A.3.8) 71 (Qplr]) ~ (m(Qp[1])) K- -- & (my(Qp[1])).

(A.3.9) (pod)(Trp —J(T,p) C (BLY

is contained in

(A.3.10) (PP = (a)" (Gar)"),

hence the object

(A.3.11) (e (Ly)[r])

in Perv(TT’ 1> Qp) is isomorphic to a direct summand of

(A.3.12) (7" x 1) x Dy(Qelr]) = (7" x 1(Q0)) 7]

by the proper base change theorem. O]

(A.4) Proposition Let p be an r-dimensional Qp-linear representation of T (Qy) such

that p is surjective.
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If p is positive, then the morphism p is universally locally acyclic with respect to the object

(A.41) ji(tr(Ly)[r])

in PerV(Tnk, Qy).

Proof. The following argument is essentially due to Katz—Laumon in [KL85].
Since (7" x I) x I is finite, by Lemma (A.2) and the proper base change theorem p is

universally locally acyclic with respect to the object

(A4.2) (7" x 1) x 1), (Qg[r])

in Perv(Tn 1> Qp), hence by Lemma (A.3) p is universally locally acyclic with respect to the

object
(A.4.3) ji(tr (Ly)[r])
in Perv(Tnk, Qy). O

(A.5) Corollary Let p be an r-dimensional Qg-linear representation of Tp(Qy) which is

positive, then Hypy, , is an {-adic perverse local system on the image of p.

Proof. Since p is positive by assumption, by Proposition (A.4) p is universally locally acyclic

with respect to the object

(A5.1) (0" (Ly)[r])

in Perv(T, , Q) when restricted to the image of p which is equal to the image of p. Hence
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by Théorem 5.3.1 in [De77a] each cohomology sheaf of the ¢-adic complex

(A.5.2) Hypy , =~ pi(tr(Ly)[r])

~ 7 (e (£,)0)

is an (-adic local system on the image of p, hence Hyp,, , is an (-adic perverse local system

by Proposition (1.9). O
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