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ABSTRACT

To learn efficiently from randomized experiments, it is critical to understand how they may
be designed and analyzed to best accumulate and interpret the statistical information that
their data provide. To that end, this dissertation includes research on three important
problems. In the first paper, we develop promising Bayesian uncertainty-directed (BUD)
designs for faster and more informative dose-ranging clinical trials. The basic principle is to
randomize new patients more often to doses that are expected to generate the most added
information about the optimal dose, averaged over the posterior predictive distribution of
their still unknown outcomes. This typically means assigning new patients to doses that
are understudied relative to how strongly the data suggest they are optimal. We also use
Bayesian model averaging of dose-response curves to robustly accelerate learning by letting
each dose’s effectiveness partially inform those of nearby doses. This butts against a com-
putational challenge that has made BUDs with nontrivial data models impractical, so we
develop an efficient Sequential Monte Carlo strategy to enable this appealing approach to
multi-arm trial design. In the second paper, we propose a new model for borrowing from his-
torical controls in efficacy trials. This model is called SPx (“synthetic prior with covariates”)
and uses carefully posed Bayesian model averaging to balance between competing philoso-
phies about how the historical and new data are related. In simulations and a case study we
show how SPx quickly distinguishes between historical data that are helpful and historical
data that are misleading, leading to a smaller control group in the new trial to the extent
reasonable. In the third paper, we consider the often overlooked problem that in multi-site
efficacy trials there are often substantive grounds to believe that the effectiveness of each
site may be related to its size or randomization ratio. We call this phenomenon endogeneity
of design. We re-evaluate treatment effect estimators commonly used in practice and derive
asymptotic and finite-sample results as well as run extensive simulations to characterize their
performance under this more realistic assumption. In a detailed case study of a landmark

viil



trial in education, we take a Bayesian viewpoint to evaluate the likely performance of the
popular estimators in this specific setting. The implication is that endogeneity of design
can significantly complicate analysis of multi-site trials, and existing methods are not well-
equipped to handle this situation. For all three papers, code to reproduce the main analyses

and simulations is included as supplementary files.
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INTRODUCTION

This collection of papers is broadly focused on characterizing and making the most of the
statistical information in randomized experiments: how it is accrued over time, how it may
be supplemented by outside sources, and how well it is captured by standard methods. We
primarily take a Bayesian approach to these analyses, which is the natural way to describe
and quantify information about unknown quantities such as treatment effects given available
data.

The setting of the first paper is a Phase 2b dose-ranging clinical trial, which seeks to
identify which dose of a drug (if any) is effective enough to merit final testing in a large
confirmatory trial. Here we develop a trial design using a Bayesian uncertainty-directed
(BUD) randomization rule, which assigns new patients to doses in a way that seeks to quickly
increase information about the optimal dose, given what we currently know about it from
previous patients. This is combined with the use of Bayesian model averaging to flexibly
incorporate pharmacological knowledge about the dose-response curve. In the literature,
BUD trial design has not yet been used with nontrivial data models because of the inherent
computational challenge, so we develop fast algorithms to overcome this barrier to making
full use of the BUD principle.

In the second paper we turn our attention to early phase clinical trials of drug efficacy,
where the control group has been studied in previous trials and we would like to use this
information source to accelerate the new trial. The key statistical challenge is to appropri-
ately control the degree of information borrowing so the historical data are relied upon when
relevant but discounted when irrelevant. We propose the SPx model, standing for “synthetic
prior with covariates,” which extends existing approaches by using, again, Bayesian model
averaging to account for different sources of heterogeneity between historical data and cur-
rent trial data. Needless to say, we find Bayesian model averaging to be a convenient and
tempting tool to balance between complexity and simplicity. We combine SPx with a simple

1



adaptive design and show strong performance in simulations and a case study.

The third paper considers multi-site randomized efficacy trials, especially but not exclu-
sively in the social sciences, and reconsiders the performance of popular estimators under
the more realistic assumption that site sizes and efficacy may be related. It is usually at
least plausible that the size of a site (e.g. school or hospital) might be somewhat correlated
with its effectiveness, which can dramatically change how accurate different estimators are.
The first half of the paper presents new asymptotic theory and other analytic results about
the estimators’ performance, supplementing with simulations. While the estimators we com-
pare in this paper are Frequentist (though some may be considered empirical Bayes), in the
second half of the paper we compare them through a novel Bayesian lens. In the motivat-
ing case study, we apply a Bayesian model to quantify uncertainty about the key unknown
parameters arising in our Frequentist analytic comparisons of the estimators (e.g. RMSE
formulae). This then lets us directly describe, given the study’s data, what the probable
Frequentist performance (or if you prefer, Bayes risk) of the common estimators is in this

setting.



CHAPTER 1
BAYESIAN UNCERTAINTY-DIRECTED DESIGNS WITH
MODEL AVERAGING FOR MORE INFORMATIVE
DOSE-RANGING TRIALS

1.1 Introduction

Phase 2b dose-ranging clinical trials are a critical milestone in drug development. They are
when drug developers must decide if their drug is effective enough to merit running a Phase
3 trial for final approval and, if so, which dose of the drug should be used in the Phase 3
trial. Weak trial designs and analysis at Phase 2b can cause wrong and costly decisions
for drug development and harm patients both in the trial and in the general population.
Suboptimal designs not only make Phase 2b trials slower but also hinder decision-making
about any subsequent Phase 3 trials. Undesirable outcomes include both wasting time and
resources before learning that a poor drug is ineffective and ending development of drugs
that are actually beneficial. This second error happens by either wrongly stopping effective
and safe drugs before Phase 3 or by sending ineffective or toxic doses of otherwise good
drugs to Phase 3. Recent work has shown in detail how suboptimal methods in Phase 2
can reduce the chance of running a successful Phase 3 trial because they are less likely to
produce reliable evidence about if and how the Phase 3 trial should be run (Antonijevic et
al. 2010). In fact, most drugs fail in the transition from Phase 2 to 3 (Hay et al. 2014), a
sign of the need for stronger Phase 2 designs.

We find that, by and large, existing methods for Phase 2b trials either do not use adaptive
randomization to maximize information about the trial goal or do not honestly leverage
scientific beliefs about the dose-response curve. Yet these are two promising strategies to

make Phase 2b trials more reliable and efficient, especially when combined.



1.1.1 Design goals and philosophy

In this work we propose a Bayesian uncertainty-directed (BUD) design, which is a design for
multi-arm trials that adaptively randomizes patients while explicitly seeking to quickly in-
crease evidence about the stated scientific goal of the trial (Ventz et al. 2018). In particular,
when a new cohort of patients is enrolled in a BUD the probability that they will be random-
ized to each arm is proportional to the amount of information we expect to gain, given all
current data, from treating them on that arm. Intuitively, we might gain more information
from arms that have relatively few patients or that currently appear most promising (in
trials where the goal is to find the “best” dose). However, in general which arms are most
informative depends on the goal of the trial and the model, if any, that relates the arms to
one another. The earliest example of this strategy we are aware of is Berry et al. (2002), but
it has received little discussion until the approach was fleshed out more formally by Ventz
et al. (2018) and Domenicano et al. (2019).

As opposed to quickly increasing information, most Bayesian adaptive designs for multi-
arm trials are focused on maximizing benefit to the patients enrolled in the trial and explicitly
randomize patients more often to the arms that currently appear most promising. These de-
signs are often called Bayesian response-adaptive or adaptive randomization (BAR) designs,
and have become increasingly common over the past two decades (Thall & Wathen 2007;
Yuan & Yin 2011; Trippa et al. 2012; Yin et al. 2012; Wason & Trippa 2014).

At the same time, non-adaptive designs are still the de facto choice in Phase 2b trials,
especially when coupled with the highly popular MCP-Mod approach to analysis (Bretz et
al. 2005; Pinheiro et al. 2014). MCP-Mod is predominantly (though not always; Bornkamp
et al. 2011) used in conjunction with a fixed design that uses equal randomization (ER)
across arms. Its popularity is due in part to receiving regulatory blessing as an effective
method from both the US Food and Drug Administration (LaVange & Zineh 2016) and the
European Medicines Agency (CHMP 2014).



Earlier work in different settings has shown that BUD designs tend to be more efficient
than BAR and ER designs, in some cases considerably so (Ventz et al. 2018). This means
that BUD designs show promise to be faster (requiring fewer patients) or more informative
(giving more reliable answers) than competitors, perhaps unsurprising because efficiently
accruing information is a BUD design’s organizing goal.

We have suggested that clinical trialists have an ethical responsibility to prioritize the
scientific goals of a trial, but what about our ethical responsibility to the patients enrolled in
the trial? For one, BUD designs can certainly be constrained to avoid apparently suboptimal
doses, though this may somewhat slow down trials and make them less informative. Perhaps
more to the point, BUD designs may actually avoid inferior doses more consistently than
other designs intended for that purpose (e.g. BAR) by finding the optimal dose faster and
more reliably. (See Table 2 in Ventz et al. (2018), where the BUD design tended to allocate
similar numbers of patients to the best dose as did the BAR design, and the final allocation
itself was less variable than with the BAR). In some sense, response-adaptive designs are
greedy algorithms that may be worse at learning which doses are superior, thus harming

their ability to assign patients to these doses.

1.1.2 Modeling the dose-response curve

For any Phase 2b trial design, an essential strategy for increasing efficiency is bringing in
pharmacological background knowledge by modeling the dose-response curve. Intuitively
this allows our inference about how effective each dose is to be informed not just by patient
data from that dose, but also partially by patient data from other, and especially nearby,
doses.

While we have some scientific understanding of how the true dose-response curve for any
given drug may look, in all honesty we will be uncertain about the exact parametric form the

curve should take (Bornkamp et al. 2011; Pinheiro et al. 2014). Our scientific expectations



about the dose-response curve (in the range of doses being studied) typically include the
ideas that (1) it is continuous and smooth, (2) increases in the dose probably do not lead
to reductions in the response rates (i.e. probably non-decreasing), and (3) the curve might
show relatively diminished returns from small dose increases for both low doses (which may
all be too low to have much effect) and high doses (which may all be close to achieving the
maximum effectiveness of the drug). Beyond this, we cannot be certain that we know what
parametric shape the dose-response curve follows. In truth, a simple dose-response curve
with relatively few parameters is probably wrong, but it may still capture enough of the
true relationship to enable a better design (compared to modeling each dose’s response rate
totally separately).

To this end we propose Bayesian model averaging (BMA) of simple parametric dose-
response curves, which has the merit of relatively honestly describing the uncertainty in
pharmacological beliefs about the shape of the dose-response curve while being relatively
easy to communicate. Put colloquially, under the BMA our final estimate of the dose-
response curve is a weighted average of the simple curves, weighting by how likely it is we

think each simple curve is correct.

1.1.8  Computational demands

To use a BUD design along with non-conjugate data models raises computational complexity
that has yet to be addressed in the existing BUD literature, so we develop fast Sequential
Monte Carlo algorithms to enable this combination. This makes simulation studies of the
method feasible, a necessity in a regulatory environment that requires checking Frequentist
properties. The general Sequential Monte Carlo strategy we outline will likely be a helpful

way forward to allow BUD designs in other settings to use non-conjugate models.



1.1.4 Specific setting and plan for the paper

To be more concrete, we consider a trial setting with a binary efficacy outcome and where
the dose we would like to carry forward into Phase 3 is the minimum effective dose (MED),
that is, the lowest dose with a response rate above some pre-specified threshold (deemed
effective). In particular, we model the binary responses y; for patient i = 1,...,n assigned
to dose d; € D as

yild;, 0 " Bern(mg(d;)),

where 7y is the dose-response curve (with parameter ). So the MED is defined as
d* :==min{d € D : my(d) > 7y}

for the threshold 7y € [0, 1]. When no dose satisfies my(d) > mg we say d* = “does not exist”.
We consider trials with a moderate number of fixed doses (say 4-6), enough so that popular
parametric dose-response models may reasonably be employed. For modeling convenience
we scale the doses so that the minimum dose is 0 and the maximum dose is 1.

In this late Phase 2 setting the MED is commonly thought to be the appropriate dose
to carry forward into Phase 3 because drug developers typically assume (1) that the doses
included in the study all have tolerable toxicity levels (because of earlier clinical safety
studies) and (2) that the dose-toxicity curve is monotone, so the lowest effective dose is also
the safest. Typically the minimum dose being studied is either a placebo or rather low dose
of the drug and the maximum dose is the largest dose confidently deemed safe given earlier
clinical results.

The paper proceeds as follows. In Section 1.2 we describe the proposed BUD designs
in substantive and mathematical detail. Section 1.3 outlines the Bayesian model averaging
strategy to incorporate common pharmacological beliefs about the dose-response curve. Sec-

tion 1.4 details our computational strategy using Sequential Monte Carlo to make BUDs with
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non-trivial data models feasible to use and simulate in practice. In Section 1.5 we present
results from an extensive simulation study comparing the design and modeling merits of our
BUD-BMA approach to alternative methods, and in Section 1.6 we conclude with directions

for future research.

1.2 Adaptive Trial Design

In plain English, a BUD design consists of the following steps:

1. Precisely define the scientific goal of the trial (the parameter of interest, in our case the
“minimum effective dose” or MED) and a way to measure information about that goal
given a set of data (the information criterion, which is some measure of the posterior

certainty about this parameter given available data).

2. For each dose we could assign the next patient cohort to, calculate how much informa-
tion we expect to gain about the scientific goal of the trial by assigning the cohort to

that dose beyond what we already know from current data.

3. Randomize the next patient cohort to doses proportional to (a power of) the doses’

information gains.

And the design continues until the trial’s maximum sample size is reached or some adaptive
stopping rule is met.

The basic premise of a BUD design for dose-ranging is that as the trial unfolds and we
collect data, we start to learn about the response rates and about what doses are and are
not likely to turn out to be the MED. Then we can often speed up a trial and get more
information by concentrating future patients on the doses that will help us learn the most.
To illustrate this point, Figure 1.2.1 shows 80% posterior credible intervals of the response
rate for each dose during the middle of a trial, with the darkness of the interval indicating

the posterior probability that each dose is the MED. Here the MED is defined as the lowest
8



Not all doses are equally informative about the MED
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Figure 1.2.1: Illustration of which doses are likely to be most helpful to assign new patients
to, given example data in the middle of a hypothetical trial. The vertical axis shows the
posterior mean and 80% credible interval of each dose’s response rate, and the color of each
point /bar reflects the posterior probability. The extreme doses are relatively unlikely to be
the MED (with a target rate of 35%, horizontal grey line) so putting the next cohort of
patients on them is expected to help relatively little in narrowing down the MED.

dose (being studied) with a response rate greater than 35%. At this point in the trial we can
see that the 0 and 0.1 doses probably have response rates that are too low to make them the
MED and that the 1.0 dose is probably too effective, given that there are lower doses that
seem quite possible as the MED. Because of this, it makes sense to focus new patients on
the 0.2, 0.4, and 0.7 doses — the other doses are less likely to help us narrow down which
dose is the MED.

Of course, the form of the model itself also impacts how informative we expect each dose
to be. As a simple example, if early on in the trial (or at some later point) we are unsure
if the drug is effective at any dose, and we have a model that says that the dose-response
curve is monotone, then it makes the most sense to assign more patients to the highest (or
at least higher) dose since if it is not effective enough then we know that none is (and the

MED does not exist).



To explain the expected information gain, note that we can think of it as asking “if we
assign the next cohort to this dose and saw these outcomes for them, what would our new
posterior be and how much information (certainty) about the MED would it have?” Since
we do not know what the outcomes will be, we consider how likely we think each different
set of possible outcomes is for the next cohort (assigned to this dose) given our current data
(i.e. the posterior predictive probability of the possible new data), and use that to average
over the different amounts of information we would have for each possible new data for this
next cohort. That average is the posterior predictive expectation of the information we will
have after treating the next cohort at this dose, and the difference between it and the current
information gives us the posterior predictive information gain from assigning the next cohort

to this dose.

1.2.1 The BUD design, mathematically

We first introduce some notation. Let ¥; be all the data (outcomes y; and doses d; for each
patient i) up to patient cohort ¢. Let D be the set of doses being studied. Let X 4 :=
(3¢, y,d) be the full data up to time ¢ + 1 if cohort ¢ + 1 is assigned to dose d and has
outcome vector y. Also let d* be the minimum effective dose (MED), that is, the lowest dose
among those being studied with a response rate greater than some predefined target rate.
The MED does not exist if none of the doses being studied has a response rate greater than
the target rate, so “does not exist” is a value d* may take and thus the parameter space of
d* is Dt := D U {“does not exist”}.

Then mathematically, the BUD design includes the following steps:

1. Define the target of inference and the information metric.

10



The target of inference is d*, the MED. The current information is

I(%¢) == f(P(d"|%¢))

= Y P(d" =d|%)log P(d* = d|%)
deD+

where f is generically some functional of a distribution that measures how concentrated
it is (i.e. close to degenerate) and P(d*|%;) is the posterior of the MED given all the
data up to cohort ¢. In our case we take f to be the negative entropy, partially since

it is defined no matter the parameter space of d* (which is not strictly numerical).

2. Calculate the posterior predictive expected information gain if cohort t + 1 is assigned

to dose d.

Let the expected information gain be

Dpprd = By, q [1(Er11,0) |5t — 1(3)

where we take expectation over the posterior predictive distribution of the responses

for cohort t 4+ 1, y, given that it is assigned to dose d and .

3. Randomize and treat the next cohort t + 1.

Assign the patients in cohort ¢ + 1 to dose d with probability
P(dpy1 = d) xx AP
t+1 X Bit1d

where h is some positive power. Typically we default to h =1 (Ventz et al. 2018).

Patients can be assigned individually (i.e. a cohort size of 1), though assigning larger cohorts

may be easier computationally and logistically.
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1.2.2  FEarly stopping

The trial will continue until it reaches a pre-specified maximum sample size, or if early
stopping is allowed, it will stop when the early stopping rule is first met. The common,

intuitive Bayesian approach is to stop the trial when
P(d* =d|%;) > c

for some d € D' and threshold ¢ (e.g. 95%). In other words, stop the trial when the
posterior is sufficiently certain that it knows which dose is the MED.

In the BUD design, we may also want to stop trials early for purely computational reasons.
As the posterior of the MED becomes very concentrated on a single dose, the information
gains will become smaller and thus estimates of them can become too noisy, leading to
unstable allocations. Stabilizing the allocations would require much more computation, and
is probably not worthwhile if the data are really so blatant that the posterior is extremely

confident. For this reason in our implementation of BUD designs we always stop trials when

P(d* = d|%) exceeds 99% for some d € DT,

1.3 Model

Our modeling strategy is based on Bayesian model averaging (BMA) of multiple parametric
dose-response curves. This model suggests that the we believe the data to have been gener-
ated by one of a finite set of candidate curves but that we are uncertain as to which one, so

inferences get averaged over each of the models. Formally, we

1. Specify a set of possible models M and suppose that the data >; were generated by
some unknown model M € M. In particular, these models are the dose-response
curves Wg:n (where 6, is the parameter, possibly multivariate, for model m) for the

Bernoulli outcome. This gives us the model-specific likelihoods p(3¢| M = m, 0p,).
12



2. Specify priors over both the models, p(M = m), and the parameters in each model,

p(Opr|M =m).

3. Find the posterior probability that the data came from each model m € M,
p(M = m|Z¢) o p(E| M = m)p(M =m),

where p(X¢|M =m) = [ p(Z¢|0m, M = m)p(0m|M = m)dby, is the marginal likelihood

(or evidence) of model m.

4. Then BMA inferences come from averaging all model-specific inferences (such as esti-
mates of the response rates for each dose) over the posterior probability of each model.

For example, the BMA posterior of the MED d* is

pld* =d|S) = Y p(M =m|S)p(d* = d|M =m, ).
meM

BMA is an attractive strategy to account for uncertainty in the shape of the dose-response
curve for multiple reasons. First, it lets us directly include different scientific theories about
how the drug affects patients, and because of this it is relatively straightforward to specify
priors over the models and within each of them. Furthermore, statistical theory has long
suggested that Bayesian model averaging gives superior predictions to Bayesian model se-
lection (i.e., basing inferences entirely on the model with the highest posterior probability)
(Wasserman 2000), which is closely tied to our problem — predicting the response rates at
each dose to find the MED. Similar findings have also emerged in non-Bayesian comparisons
of model averaging and model selection (Schorning et al. 2016), and notably in the dose-
finding setting where the original and common usage of MCP-MOD relies on model selection
(Bretz et al. 2005; Pinheiro et al. 2014). Finally, there may be little gain (or actual harm)

from nonparametric strategies because although our setting has a decent number of doses

13



Posterior mean dose-response curves
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Figure 1.3.1: Example analysis under the Bayesian model averaging (BMA) of simple
parametric dose-response curves. Each panel shows, for a different model, the posterior
mean dose-response curve (blue) with doses along the x-axis and response rate along the
x-axis. The BMA panel shows the average of the other five, weighted by the posterior
probability that each is correct (P(M|D)). The observed data (long-dashed grey line) and
true data-generating curve (short-dashed black curve) are the same in each panel and shown
for reference.

compared to many clinical trials (6), we still do not have enough design points to estimate
particularly nuanced curves.

In particular, we propose a set of 5 candidate dose-response curves and use these for the
rest of the project, though of course this set should be tailored to each given setting. Figure
1.3.1 shows each of these curves, estimated from an example data set, as well as the BMA
curve (averaging these 5 over the posterior distribution of the identity of the “true” curve).

The specific functional forms and priors (independent, except where specified condition-
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ally):

Flat: my(d) =p
p ~ Unif(0,1)
Linear: my(d) = a + fd
a ~ Beta(0.1,3)
Bla ~Unif(0,1 — «)
Loglinear: mg(d) = a + Slogo(d + 1)
a ~ Beta(0.1,3)

Bla~Unif(0,1 — «)
1

dratic Logistic: mg(d) =
Quadratic Logistic: 7g(d) 1+ exp(—(ad? + bd + ¢))

—b
Tplacebo ~= my(0), Thigh = mo(1), Tegt = 2a

Tplacebo ™ Beta(O.l, 3)
Thigh ~ Unif(0,1)

Tewt ~ N(0.75,0.29%)
d
EMAX: my(d) = a+ Emaxm
a ~ Beta(0.1,3)
Emazla ~ Unif(0,1 — a)
A ~ Gamma(2,2)

EDsy ~ TN(0.5,32%(0,1))

where T'N (z,y; S) denotes a normal distribution with mean x and variance y that has been
truncated to the set S.
This set of models was chosen to accommodate a range of dose-response curves of varying
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complexity (the number of parameters ranges from 1 to 4) and to include the possibility
that the dose-response curve is non-monotone in the range of doses being studied, with the
response rate peaking before the maximum dose of 1. This last feature is built into the
quadratic logistic model, where we state the prior in terms of the transformed parameters
Tplacebo (the Tesponse rate at the 0 dose, corresponding to «v in the other models), 74y, (the
response rate at the high dose of 1), and zeyt (the dose at which the dose-response curve
has its extremum) so that there is an 80% prior chance that this model is non-monotone in
the range of doses being studied.

The Bayesian model averaging procedure is also desirable since it has a penalty for
unnecessary model complexity naturally built in. In particular, the posterior probability of
each model is mainly controlled by the marginal likelihood of the model, which will tend to be
relatively smaller for more complex models that do not explain the data significantly better.
This is because in the calculation of the marginal likelihood the likelihood function must be
integrated over a higher-dimensional parameter space, so unless the additional parameter
substantially improves the model fit (height of the likelihood) at some values, this integral

will be over more small likelihood values, dragging down the average.

1.4 Computation

1.4.1 Computational needs of the method

BUD designs are conceptually attractive but can require considerably more computation
than simpler designs. Even compared to Bayesian response-adaptive randomization (BAR)
designs, BUD designs must compute many more posterior distributions, which is a challenge
if these posteriors are not conjugate.

The piece of the BUD that requires more computation is the expected information gain,

since direct calculation of this quantity requires that we learn what the information criterion
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would be if we observed each possible new data set. Since the information criterion is a
summary of the posterior of the MED, we apparently need to compute this posterior for
each of these hypothetical data sets in order to decide how to randomize the new patients.

In particular, to run the adaptive design we need to compute D-(n¢onort +1)- (Tper cohort +
1) - k posterior distributions, where D is the number of doses being studied, n.oport i the
number of cohorts, nper cohort 18 the number of patients per cohort, and % is the number of
dose-response models included in the BMA. For example, with 6 doses, cohorts of 5 patients,
20 cohorts, and 4 dose-response curves, this comes to 6-21-6-4 = 3024 posteriors to adaptively
randomize just 100 patients.

“Brute force” independent MCMC simulation for each of these posteriors would make
running an actual trial cumbersome (even though in real life computation only happens
for one cohort at a time) and importantly would make simulation studies for Frequentist
properties of the design impractical or infeasible in most cases. To address this issue, we
make use of the fact that many of these posteriors are closely related to each other since

sequentially the data they condition on only differs by a few observations.

1.4.2  Sequential Monte Carlo

Our approach is based on a Sequential Monte Carlo (SMC) algorithm (Chopin & Pa-
paspiliopoulos 2020). The basic idea is to sequentially use importance sampling to reweight
the posterior at time ¢ to reflect the posterior at time t 4 1.

In general, importance sampling is a method used to compute the mean (of a function h)
for some “target” distribution f when it is only easy to sample directly from a “proposal”
distribution g. Let 8 = (61, ...,0;.) € © denote a parameter vector for a model defined over

a parameter space © (having dimension k). Importance sampling begins by taking a random
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sample of parameter (vectors) 9(1), e ,9(‘] ) id g and then using the unbiased estimator

J .
ho_ L Gy F09)
= h(0 . .

1N
== h(9\)) . w;
j=1

where f and g are the densities of each distribution. This is just a weighted mean, where
samples drawn from g are reweighted to resemble samples from f. The more similar g gets
to f, the less variable the weights w; and the more efficient ﬂh become, that is, a smaller
J will be needed for a specified level of precision. The weighted sample (Q(j ), w;) j=1,..,J 18
often called a particle system.

It is intuitive how importance sampling might be used in our setting where the current
posterior is changing step by step as new data gets added. This is the key idea, though
even the relatively simple SMC approach we discuss has some further nuances. For example,
we occasionally need to move the samples around so the weights don’t get too extreme and
variable (that is, a point that was unlikely under the posterior at time ¢t — 5 might be much

likelier at time ¢ 4+ 1 and now require an extreme weight).

1.4.83 SMC to update a single model’s posterior

Here we give the SMC algorithm to update the posterior for a single dose-response curve,
directly applied from Chopin (2002). It is the basic building block of our overall algorithm
to compute the BMA of dose-response curves.

Let p; be the posterior (for 6 in dose-response model M, suppressed in the notation)
after observing data for the first ¢ cohorts. Let 3 be the binomial response of cohort t.
Let f(yt](?(j)) be the likelihood of the new data y; under parameter 0U). So say we have a

particle system (G(j), wj)jzle for p;_1 — how do we update it to get a particle system

18



for py?

Algorithm 4.1 SMC to update a single curve’s posterior

1. Reweight: Let w; < w; - f(yt|0(j)) for each particle j =1,...,J.

2. If ESS < ESSihreshold

(a) Resample: Resample 9(7) w.p. o wj and let w; < 1 for each particle j =
1.

(b) Move: Move o0) by some transition kernel K; with stationary distribution p;.

3. Compute posterior: Now (9( 7w j)1,....7 is a particle system for p;, so we have
unbiased estimates of Ej, (h(f)) given by

J
A? = Z wjh(ﬁ(])
=1

The ESS, or effective sample size, of a particle system is the number of independent
draws from p; that would give us an estimator with the same variance as what we get from
the particle system. It can be estimated as a simple function of the weights (Chopin 2002).
By monitoring the £SS we can make sure that the particle system is always at least as
efficient as an independent sample of the desired size (ESSij eshold)-

Because the posteriors p;_1 and p; have the same prior and because the data for each
patient is independent in our model’s likelihood, the weight for particle j only needs to
change by a factor of f(y:|61)), i.e. the likelihood of the new data under 6().

When the particle system is becoming impoverished (the ESS is too small), we would
like to refresh it so that we can get more precise (but still unbiased) estimates for the new
posterior (particularly, so our information criterion calculations are stable). The resampling
step gives us the chance of discarding particles that are relatively unlikely in p; (those with
especially small weights), and after this the particle system (9(7) wj)i=1,..,J, where the

weights are now constant, is another valid particle system for p;.
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The move step gives us the chance to include new particles that were not previously in
the system, especially those that are relatively likelier under p; than the current particles.
By definition of K having stationary distribution p¢, after the move step (9(j ), w;) is still a
valid particle system for p;, and now one that should estimate its features more accurately.
In practice, for K we use a single Metropolis-Hastings step where the proposal distribution
is multivariate normal with mean vector and covariance matrix being the weighted sample
mean and weighted sample covariance of the current particle system.

We stress here that the parameterization of the model can be critical to the accuracy and
reliability of the posterior computation, especially after multiple updates, as Chopin (2002)
mentioned briefly. In particular, given the normal proposals in the move step the SMC should
be done on a parameter space © that will have relatively smooth posterior density over R”
(where k is the dimension of the model) and no tall spikes (especially if there are multiple
modes). For example, parameterizing the quadratic logistic model’s curvature parameter
Tegt DY 03 = (Text — 0.5)3 can produce a bimodal posterior with one mode being a spike.
Unfortunately this causes the sequence of SMC estimated posteriors to degrade to biased
representations of the actual posteriors after a moderate number of cohorts. In this case the
fixed scale of the move step’s normal proposals, which is determined by the overall variance
of the current particle system, make the spiked region both hard to move to and move out of.
This leads to unstable and worsening estimates of the size of the spike over time, meaning

that the computed posterior for this parameter can be very wrong.

1.4.4 Algorithm to run a full trial

The SMC algorithm just given is the key tool required to get the necessary posterior infer-
ences for the full BMA as the trial proceeds. We do this by maintaining a particle system for
the current posterior of each of the dose-response curves and update each at each step of the

trial. To find the BMA weights (the posterior probability of each dose-response curve) we
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just need the marginal likelihood for each dose-response curve model, which can be estimated
as a simple function of the particle system weights (Drovandi et al. 2014).

Each dose-response curve posterior, summarized by its current particle system, implies a
posterior for the MED, that is, the posterior probability that the MED is equal to each dose
being studied, given the type of dose-response curve. We can get each curve’s implied MED
posterior from its particle system (since we want to estimate the posterior expectation of the
function h(#) := 1{6 : dose d is the MED} for each d). And the overall, BMA, posterior for
the MED is simply the average of these posteriors, averaged by the BMA weights we have
already calculated.

Then the overall algorithm for running a trial is as follows:

Algorithm 4.2 BUD-BMA dose-ranging trial

1. Run-in: Start trial with a short period of equal allocation.
2. BUD:
(a) Calculate the next cohort’s BUD allocation by finding each dose’s expected infor-

mation gain, for all the cohort’s possible outcomes:

i. do SMC to get the posterior for each dose-response curve in the BMA (Algo-
rithm 1)

ii. calculate the BMA posterior for the MED and its information
and average these information criteria over the posterior predictive distribution.
(b) Randomize next cohort to their dose.

(c) After observing new outcomes, return to 1 to allocate the following cohort.

3. Stop Trial: When max sample size is reached or when there’s high posterior certainty
about the MED.

To avoid excessive computation, we approximate the information gains by ignoring the
next cohort’s possible outcomes that are extremely unlikely (such as 5 out of 5 responders
when the current posterior predictive probability of response for this dose is 20%; such a

scenario would account for 0.03% of the expected information gain). We have found that this
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can cut down computation time by nearly half without noticeably changing the allocations

chosen in the BUD.

1.5 Simulation Study

To better understand the performance of BUD-BMA and the underlying design and modeling
choices, we conducted extensive simulations organized around four primary questions. First,
how does the BUD strategy perform compared to other patient randomization schemes for
dose-ranging trials? Second, how do different choices of the dose-response curve impact
results? Third, what are the effects of adaptive trial stopping and the number of doses being
studied? And fourth, how does BUD-BMA compare to other dose-ranging methods most
popular in clinical trial practice? To measure performance, we focus primarily on Frequentist
rates of identifying the MED and average total trial size but also consider average patient
outcomes as a measure of benefit to trial participants.

In our simulations we consider trials run with each combination of four randomization
rules and three modeling strategies, plus one popular Frequentist method, leading to 13
total combinations. The Frequentist method is MCP-Mod with equal number of patients
randomized to each dose (ER-MCP-Mod).

For the randomization rules we consider BUD as described in Section 1.2, along with two
more familiar Bayesian adaptive randomization rules as well as equal randomization. The
first Bayesian alternative is response-adaptive randomization, where patients are randomized
to doses with probability proportional to the posterior probability that each dose is effective
(i.e. has response rate greater than the target rate for the MED), and we denote this by
BAR-EFF. This will put more patients on doses perceived to have the highest response
rates. The second Bayesian alternative is a bit more tailored, and randomizes patients with
probability proportional to the posterior probability that each dose is the MED, and we

denote this by BAR-MED. Finally in the equal randomization (ER) design we randomize an
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Figure 1.5.1: Data-generating (true) dose-response curves for the simulation study. The
points indicate the doses being studied, with the starred points excluded in the cases with
only 4 doses. The horizontal grey line denotes the 40% target rate defining the MED, and
in each panel the large point denotes the MED.

equal number of patients to each dose.

In terms of specific design parameters, we also vary the total trial size and number of
doses being studied. For all four designs we ran trials with a fixed total size of 250 patients,
which also lets us record what would have happened had these trials stopped earlier at
smaller fixed total sizes. For the designs with adaptive randomization (BUD, BAR-EFF,
and BAR-MED) we also ran trials that stopped adaptively when there was 95% or higher
posterior probability of knowing the MED. Across all designs we included both trials using
4 and 6 fixed doses.

The three modeling strategies include (1) the BMA of simple parametric dose-response
curves described in Section 1.3, (2) the EMAX model that is used as a submodel in the

BMA, and (3) an independent model that makes the doses’ response rates totally unrelated
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to one another by using independent Beta(1/2, 1/2) priors for each. The EMAX model,
which describes four-parameter sigmoid curves, is very flexible and popular in pharmacology
(Thomas 2006), but it cannot accomodate non-monotone curves and may be too large a
model when there is little data and fewer doses.

The data-generating scenarios we simulate from consist of the 7 dose-response curves
shown in Figure 1.5.1. Two each are EMAX curves, quadratic logistic curves, and linear
threshold curves, with “easy” and “hard” cases, and there is also a flat scenario where the
drug is ineffective and all doses have the same response rate. The linear threshold model,
which is not included in the BMA ensemble, is flat at low doses and at some point transitions
to increasing linearly over the remaining higher doses. For each scenario and method we
simulated 1,000 trials.

In general we find that while no approach dominates universally across all scenarios, the
BUD-BMA is overall a strong choice that is often best or close to best and that otherwise

appears not to fall too far behind.

1.5.1 Choice of randomization rule

If the dose-response model is fixed, how do the different randomization rules compare to one
another? An initial answer is given by Table 1.5.1, which reports method performance for
trials with 6 doses and fixed trial size.

For a given modeling strategy, no matter the modeling strategy, BUD tends to handily
beat or match ER and BAR-EFF at MED accuracy and average trial size. BUD also produces
respectable patient outcomes compared to these designs despite that not being its stated goal,
often greatly improving over ER and not falling too far of BAR-EFF (which has the main
goal of maximizing patient outcomes within reason).

Compared to BAR-MED, BUD is often quite similar in MED accuracy, especially when

BMA is used. At the same time it often produces smaller trials (sometimes by about 5-10
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BMA EMAX Independent MCP-Mod
Scenario Design MED n sd y/n MED n sd y/m MED n sd y/n MED n sd y/n

EMAX

ER 070 250 0 37 083 250 0 37 083 250 O 37 0.67 250 O 37
BAR-EFF 0.72 249 9 47 0.78 248 13 48 0.76 249 10 47

Fasy BAR-MED 0.83 245 21 43 085 243 22 43 079 246 18 41
BUD 085 241 28 42 093 234 39 41 092 228 44 35
ER 078 250 0 29 070 250 0 29 049 250 0 29 063 250 0 29
Hard BAR-EFF 075 250 6 35 075 250 7 35 047 250 0 34
BAR-MED 0.79 250 0 34 077 250 0 34 053 250 2 32
BUD 079 250 6 36 081 250 0 36 056 249 9 32
Flat
ER 100 250 0 10 1.00 250 0 10 1.00 250 0 10 1.00 250 0 10
Easy BAR-EFF 100 50 17 9 1.00 42 15 9  1.00 139 28 10
BAR-MED 1.00 50 17 9 100 43 15 9 100 138 29 10
BUD 100 49 15 9 100 40 12 9  1.00 129 24 10
Quad. Log.
ER 088 250 0 34 064 250 0 30 080 250 0 34 095 250 0 33
Easy BAR-EFF 091 249 7 40 072 250 8 38 080 250 3 40
BAR-MED 0.95 248 10 40 090 250 3 40 0.87 249 8 38
BUD 096 248 10 38 0.87 249 8 38 095 240 30 34
ER 063 250 0 34 053 250 0 34 066 250 0 34 074 250 0 34
Hard BAR-EFF 0.63 249 10 37 045 248 17 37 065 250 4 37
BAR-MED 0.68 249 10 38 0.64 249 12 38 0.74 250 5 36
BUD 071 249 10 37 056 249 14 37 081 248 12 34
Threshold
ER 084 250 0 27 0.87 250 0 27 069 250 0 27 079 250 0 27
Ensy BAR-EFF 0.86 247 13 40 087 246 19 40 0.67 250 3 39
BAR-MED 0.87 245 19 36 086 243 23 36 0.69 249 10 35
BUD 089 238 31 36 091 232 41 37 080 241 29 31
ER 072 250 36 070 250 36 026 250 0 36 052 250 0 36
Hard BAR-EFF  0.76 250 40 074 250 40 030 250 6 38

BAR-MED 0.76 250
BUD 0.75 250

38  0.76 250
38 074 250

38 035 249 12 36
38 037 250 9 34

o O o o
o o o o

Table 1.5.1: Performance metrics for the trial methods with fixed trial stopping at 250
patients and 6 doses under study. In particular, for each combination of design and modeling
strategy we give the proportion of trials in which the MED is correctly identified (MED),
mean trial size (n) and standard deviation of trial size (sd), and mean observed patient
response rate as a percentage (y/n). The total trial size is not always 250 because the
adaptive randomization designs were stopped early at 99% posterior confidence in the MED
(see Section 1.2).
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patients but other times by dozens). Figure 1.5.2 provides a broader comparison of BUD-
BMA and BAR-MED-BMA. For the most part, BUD-BMA matches or moderately improves
on BAR-MED in terms of MED accuracy and trial size. This is especially the case when
there is a dose that is obviously not the MED but that is still essential to study to find
the MED quickly because of the insights it provides about the underlying dose-response
curve. This arises is in the easy quadratic logistic and threshold scenarios, and we return
to this point in Section 1.5.4. An exception to BUD’s better performance arises in the hard
threshold scenario when only 4 doses are being studied. Here it puts relatively more patients
at the lowest and highest dose, and slightly more often concludes that the 0.4 dose is the

MED (despite in truth being ineffective).

1.5.2  Choice of dose-response model

If the randomization rule is fixed, which dose-response model performs best? Looking again
to Table 1.5.1 we can see that here there is no universal winner, since model misspecification
and inefficiency have different consequences depending on the underlying true dose-response
curve. In general the BMA performs respectably, beating or nearly matching the next-best
model (EMAX or independent) at MED accuracy and trial size in all but two scenarios.

The first case where it falters somewhat is (perhaps ironically) the “easy” EMAX scenario.
Here it puts nontrivial mass on the loglinear submodel, which is biased downwards for the
response rate of the true MED, the 0.4 dose, occasionally causing the BMA to lose just enough
confidence in the 0.4 dose’s effectiveness to instead claim that the next higher dose (0.7) is
the MED. Unsurprisingly, simply using the EMAX model (which is correctly specified) does
better here. The second case where the BMA struggles a bit is the hard quadratic logistic
scenario, where it is more challenging to detect the non-monotonicity (since the EMAX
model also fits relatively decently here) and the independent model does better.

In contrast to BMA, when the EMAX and independent models do poorly their perfor-
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Figure 1.5.2: Difference in BUD-BMA and BAR-MED-BMA accuracy and trial size. For
both accuracy and trial size the ordering is BUD minus BAR-MED.
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mance can be much worse. The EMAX model does very well in all scenarios but the quadratic
logistic ones, where it is badly biased since it cannot accommodate non-monotonicity and
depending on the design this can make it 15-20% (additively) less accurate at detecting the
MED than the BMA or independent models. The independent model struggles very badly
in cases where many of the doses have similar (or identical) response rates, which is common
in the hard scenarios and the flat one, where it requires dozens of extra patients to be as
accurate as the other models. These are essential situations where a method must perform
well because it is typical for drugs being studied in Phase 2b to not be effective (regardless
of dose) or at least to not be so wildly effective that the range of response rates across doses
is very large.

Another important point here is that when misspecification and bias are at play the
models show diverging performance as trial size grows (Figure 1.5.3). In other words, the loss
in MED accuracy from using a badly biased dose-response model can be worse with a larger
trial. This is evident in the quadratic logistic scenarios, where the EMAX model struggles
relative to the others at larger trial sizes and the BMA is outpaced by the independent model
in the hard case, where the flatter curve makes it harder to confidently identify the non-
monotonicity (since the EMAX submodel still has a competitive overall fit here). Intuitively,
the EMAX model’s response rate estimates are biased upwards for the 1.0 dose (which isn’t
actually effective) but biased downwards for the 0.4 and 0.7 doses, which increases our
uncertainty about if the MED even exists. This means a BUD will be more inclined to
reduce this uncertainty, which under monotonicity it will do by putting more patients on the

highest dose.

1.5.3 Adaptive trial stopping

What is the effect of stopping trials adaptively after a certain level of posterior confidence in

the MED has been reached, as opposed to stopping at a fixed trial size? Figure 1.5.4 reveals

29



BAR-EFF BAR-MED BUD
0.08 - o
0.04- A A’ e . 2
0.00 =
0.08 -
™ T
0.04 - s y 2 B
& 0.00
©
>
8 0.08 - m
g 0.04 - 2
w© 0.00 —= -« —a— —a !
£
® 0.08- Lo m
O 0.04- . k7
w ° .
s 0.00 B
£ ° &
g 008 . i s I=
% 0.04 - A g
5 0.00 ,
a) .
0.08 . m
0.04 - ] - : Ao 2
0.00 -
[ |
0.08- X 3 0
0.04 - 2, » » g
000 1 1 1 1 1 1 1 1 1
-50 0 50 100 -50 0 50 100 -50 50 100

Difference in mean trial size

XVINT XVINT

‘6o ‘peno  "60o7 "peno 1el4

ploysaiy L

ploysaiy L

Model
e BMA
4 EMAX
= |nd.
Doses
4
® 6

Figure 1.5.4: Difference in average accuracy and trial size between trials stopped adaptively

vs. those with fixed total size. For both accuracy and trial size the ordering is adaptive minus

fixed, so positive numbers mean the adaptive trial is more accurate/larger. Columns indicate

randomization rule, rows indicate scenario, the shape of each point indicates the model, and

the color of each point indicates the number of doses being studied.
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how in many of the scenarios we consider 250 patients is not enough data to typically give
95% posterior certainty in the MED, so in these cases the adaptively stopped trials are larger
and, unsurprisingly, more accurate due to the additional data (top right quadrant). This
reflects how power to detect the MED is depends very sensitively on the a variety of features
of the underlying dose-response curve, so it may not be sensible to follow the traditional
strategy of choosing a fized trial size based on a priori power analysis.

In some cases, such as when there are fewer doses being studied or the MED is obvious
(e.g. the flat scenario), the adaptively stopped trials are on average much smaller and still
as or more accurate. This is possible due to the definition of the stopping rule, which will
stop trials early when the data are conclusive (perhaps most of the time, in these cases)
but will make trials run longer when the data are inconclusive (and potentially misleading).
If these trials with “unlucky” data are not too common (i.e. in scenarios where the MED
can typically be learned quickly) then allowing to become large can increase the overall
Frequentist accuracy rate while still keeping the average trial size fairly small.

Another effect of early stopping is on the Frequentist calibration of the posterior MED
accuracy claims. This reflects the extent to which, when the BUD-BMA posterior is x%
confident in the MED, if it is also correct x% in the Frequentist long-run of repeated sampling
(Rubin 1984). Figure 1.5.5 shows that in general BUD-BMA is conservatively calibrated,
in that its Frequentist accuracy is typically greater than or equal to its posterior certainty
(of the maximum a posteriori MED estimate being correct). An exception can crop up in
trials that are stopped adaptively with greater than or equal to 95% posterior certainty of
knowing the MED (see, especially the quadratic logistic hard case). This is unsurprising, as
conditioning on seeing more dramatic data (which the early stopping does) means the data
are likely to be slightly noisier. This implies that more conservative or nuanced adaptive
stopping rules may be useful in Bayesian trials that require strict Frequentist calibration (or

conservative calibration).
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Frequentist calibration of MED posterior by scenario
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Figure 1.5.5: Frequentist calibration of BUD-BMA. The 1,000 simulated trials for each
scenario are broken into deciles on the posterior credibility of trial’s final MED estimate
and plotted against the proportion among those 100 trials in which the MED estimate is
actually correct. For instance, the leftmost point in each panel represents the 100 trials in
each simulation in the lowest 10% of posterior confidences in the final MED guess. The
location along the x-axis is the median posterior probability in each decile. The loess curves
and confidence band reflect a regression of the underlying binary correctness of each trial’s
MED estimate on that trial’s posterior credibility in its MED estimate.
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1.5.4 BUD-BMA compared to popular alternatives

In Figure 1.5.6 we compare the BUD-BMA’s patient allocations and accuracy to its likely
competitors in practice. ER-MCP-Mod is standard in the field, BAR-EFF-EMAX is the most
familiar Bayesian adaptive design and uses a simpler (to state) model of the dose-response
curve, and BAR-MED-BMA has the most similar design philosophy and performance to
BUD. The Bayesian designs shown here use adaptive trial stopping, while ER-MCP-Mod
does not. We show the underlying true dose-response curves to make reasoning about the
patient allocations easier.

In general the BUD puts fewer patients on low doses than do other designs when these
doses are obviously not very effective and are not expected to be otherwise helpful for iden-
tifying the MED (by clarifying relevant features of the dose-response curve). The poorer
performance of BAR-EFF compared to BUD and BAR-MED is due somewhat to its un-
abashed use of the EMAX model but more so to its insistence on putting patients on doses
with higher response rates. In some cases this requires many more patients and still lead to
lower accuracy.

Earlier we noted that BUD and BAR-MED can have quite difference performance when
there is a dose that is obviously ineffective (and thus not the MED) but that is nevertheless
important for learning about the MED under the model being used. The easy threshold
scenario highlights one such case. Here the key dose is the 0.4 dose, which the BUD places
more patients on (despite running a much smaller trial). Evidently it is important for learning
about the slope of the curve and that the 0.7 dose is in fact above the 40% target rate defining
the MED. In contrast the BAR-MED puts fewer patients on the 0.4 dose because it is well
below the 40% target rate. A similar situation arises in the easy quadratic logistic scenario
with the 0.2 dose.

Compared to ER-MCP-Mod, BUD-BMA is often much more accurate. This is due in

part to its adaptive stopping, which allows larger trials. However, Table 1.5.1 reveals that
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Figure 1.5.6: Patient allocations of BUD-BMA and competitors. We plot the true dose-
response curve for each scenario (solid line), how many patients were assigned to each dose
on average (number above each point and size of point), and in what proportion of trials
each dose was declared the MED (number below each point and color of point). The box in
the top left of each panel shows the average total sample size for each trial. The MED was
defined as the lowest dose with response rate above 40% (horizontal gray line).
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the BUD randomization rule and the BMA modeling are also major contributors to this

difference in performance.

1.6 Discussion

In this paper we proposed a new approach to design and analysis of Phase 2b dose-ranging
trials that combines a Bayesian uncertainty-directed (BUD) rule to randomize patients with
Bayesian model averaging (BMA) of the dose-response curve. This is the first time in the
literature that a BUD design has been used with a nontrivial data model, and we developed
a fast Sequential Monte Carlo algorithm to handle the resulting increased computational
burden. In general, we find that the BUD randomization strategy is well-suited to dose-
ranging trials and can lead to more accurate or smaller trials than competing designs. While
it is challenging to specify a model that performs optimally for a broad range of underlying
dose-response curves in this setting, BMA is capable of striking a relatively attractive balance
between efficiency and robustness.

There are a number of open problems for future work in this research area, both for
design and analysis. An important practical problem is extending BUD designs to better
accommodate outcomes that are slow to be observed. When new patients arrive before all
previous patients have had their outcomes observed, a simple BUD can lose efficiency because
the information gain calculation it uses for randomization does not account for the doses of
these patients with pending outcomes, which we will soon learn more about regardless of
how the next cohort is randomized. In ongoing work we are characterizing the extent and
effects of this problem in practical settings, and to develop BUD rules and computational
strategies that do not have this shortcoming.

Another possible direction is to consider more sophisticated and relevant forms of Bayesian
model combination than model averaging. One issue with Bayesian model averaging is the

fact that it assumes that one of the candidate models does in fact include the data-generating
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distribution. Another is that it weighs the candidate models by their overall fit, which is
not necessarily desirable in settings like this one where our goal is inference for a specific
target parameter. In truth, if our goal is to identify the MED, then we likely want to draw
most from the models that have good fit for the doses surrounding the MED (rather than

for those that are far from it).
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CHAPTER 2
DYNAMIC BORROWING FROM HISTORICAL CONTROLS
VIA THE SYNTHETIC PRIOR WITH COVARIATES IN
RANDOMIZED CLINICAL TRIALS

2.1 Introduction

There is an explosive interest in utilizing historical control data to improve the design and
analysis of a future trial, both in terms of methodological research and clinical trial conduct
(Viele et al. 2014). From a regulatory perspective, historical controls have been permitted
in confirmatory trials primarily in rare and pediatric diseases as well as in devices (Ghadessi
et al. 2020). However, the regulatory threshold for their use is lower in non-confirmatory
settings where there is less demand for conservative Type I error guarantees (U.S. Food and
Drug Administration 2019). Statistical models are critical due to the challenge in reconciling
historical data and concurrent control data. Ideally, historical data that are more “similar”
should be borrowed from more to aid statistical inference. The main questions are how to
measure the similarity and how to “borrow” based on this measure.

Popular statistical methods for leveraging historical controls include propensity score
approaches, which typically match or weight historical and current patients based on covari-
ates (Lim et al. 2018, Lin et al. 2018), as well as Bayesian modeling strategies including
meta-analytic priors such as MAP and RMAP (Neuenschwander et al. 2010; Schmidli et
al. 2014), power priors (Chen & Ibrahim 2000), commensurate priors (Hobbs et al. 2012),
and multisource exchangeability models (Kaizer et al. 2018), which tend to borrow based
primarily on similarities in response rates between the historical and new data. A barrier
to using propensity score methods is that they require rich patient-level data, which is often
unavailable (e.g. when such data are owned by a competing developer), and they must both

have and select a sufficient set of covariates to control bias. While the Bayesian methods
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are attractive strategies to dynamically adapt the degree of historical borrowing, our current
work suggests that in some cases there is room in this framework to do so more efficiently.

We propose a new model called SPx, standing for “synthetic prior with covariates”,
to sharpen inferences about a new trial’s control group response rate by borrowing from
historical data. It relies on a Bayesian expert system (Spiegelhalter et al. 1993) that merges
different philosophies for how the historical data should be treated. This model can be used
simply for the analysis of a completed trial, but we also discuss how it can be embedded in
an adaptive trial design to reduce the needed control arm sample size.

To be very clear, SPx requires only summary statistics, not patient-level data, from the
historical trials. Such trial-level information is routinely reported in publications and press
releases, and includes sample size, response rate, eligibility criteria, and average demograph-
ics or pre-trial clinical measures. This means that researchers using SPx may potentially
draw from many more historical trials than if they were to use methods that rely on patient-
level data, which are often inaccessible due to ethical and confidentiality reasons.

The paper proceeds as follows. In Section 2.2 we introduce the specific statistical
setting, related methods, and the SPx model. Section 2.3 describes a two-stage adaptive
design that leverages SPx to reduce control group sizes. In Section 2.4 we discuss results
from an extensive simulation study that benchmarks the method’s performance and sheds
light on its approach to dynamic borrowing. In Section 2.5 we apply the SPx approach to

the design and analysis of a trial in rheumatoid arthritis, and in Section 2.6 we conclude.

2.2 The SPx Model

2.2.1 Basic Data Setting and Related Models

Data structure. Following Schmidli et al. (2014), we consider trial-level historical data, which

are summary statistics for the control arm. Specifically, denote the data by (v, np,xp,) for
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trials h = 1,..., H, H + 1 where trials 1,..., H are the historical trials and trial H + 1
is the new trial, y;, is the number of responders in trial h’s control group (from a binary
endpoint), ny, is the number of control patients in trial h, and xj is a (p + 1)-dimensional
vector containing p group-level covariates for trial A’s control group as well as an intercept.

The sampling model of the historical and new trial control data is simply
yh’Xhﬂﬁh ZﬂBin(nhawh)a hzl,...,H,H—i—l,

where Bin denotes a binomial distribution, and vy, potentially a function of covariates xy,
is the true response rate of the control arm from trial h. While we say “control” arm here,
in the historical trials this arm may have been a “treatment” that is now the standard of
care. The key modeling questions are how to specify a joint prior on the true response rates
1y, across the historical and new trials and how to take advantage of the covariates.

MAP and RMAP priors. The MAP, or meta-analytic predictive prior (Neuenschwander
et al. 2010) is exchangeable, and models the logits 6}, := logit(1)y,) of the historical trials

and the new one with a common normal prior distribution:

iid
617 s )9H79H+1|M77—2 ~ N(M77—2)'

2

The prior mean p and variance 7“ are given hyperpriors to complete the hierarchical model.

Although the authors emphasize the predictive interpretation of the MAP prior in (Neuen-
schwander et al. 2010), here we focus on its hierarchical nature to emphasize how it induces

borrowing through shrinkage. In MAP the variance parameter 72

controls the degree of
historical borrowing: if it is small then the posterior will shrink 77, strongly towards the
historical data, and if it is large then historical borrowing will be curtailed. Thus the hy-

2

perprior for 7< is crucial to the performance of the MAP method, and in the original work

Neuenschwander et al. (2010) recommended sensitivity analysis for this part of the prior.
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In contrast, MAP’s performance does not depend as heavily on the hyperprior for i as long
as it is not unreasonably concentrated, and often a noninformative uniform prior is used.
The MAP model’s popularity stems from its simple, familiar random effects model and good
performance when the historical control rates are largely similar to the new trial’s control
rate. However, when the historical data are misleading the MAP approach often continues
to borrow too heavily and thus lacks robustness.

Due to the MAP approach’s strong reliance on the historical data’s relevance to avoid
bias and inflated Type I error, a Robust MAP (RMAP) model was also proposed (Schmidli
et al. 2014). This extension is a mixture of the MAP prior and an independent prior that

involves no borrowing from historical data, given by

01, Ol 7> % N, r%),  and

Opri1 |, 72 ind. 7N (11, 7%) + (1 — m) Logistic(0,1).

The componenent Logistic(0,1) in the mixture prior for 1 gives rise to robustness as it
does not allow shrinkage of §77, 1. Back on the probability scale, the Logistic(0, 1) component
is equivalent to a Unif(0, 1) prior. In contrast to MAP, in RMAP the hyperprior on 72 is less
essential for limiting bias because of the inclusion of the independent component. However,
the prior weight 7 on the historical borrowing component is pre-specified and must be tuned
through simulation to reliably control bias and Type I error. Based on that work m = 0.5
may be a reasonable default value in some settings.

Commensurate priors. Another approach to historical borrowing is a commensurate
prior model (Hobbs et al. 2012), which explicitly models the difference between the historical
and new trials (Pocock 1976). In our setting it first assumes that all historical rates are equal

and then specifies the joint prior on the historical and new rates through a marginal prior

41



on the historical rate and a “commensurate” prior on the new rate given the historical one:

Oy = =0 = 0|, 72 ~ N(u,72), and

Or 4110 ~ N(6,02).

Thus the (logit) difference between the new trial’s rate and the historical rate is modeled
as N(0, 02), where the variance o2 is the key parameter controlling the amount of historical
borrowing. Despite that assuming homogeneity of the response rates in the historical trials
may be an oversimplification, this conditional specification provides a different mechanism
to control borrowing than in the meta-analytic approaches. In past work (Hobbs et al. 2012)

commensurate priors have been designed to work with patient-level data and covariates.

2.2.2 The SPx Prior

SPx uses Bayesian model averaging (BMA) to combine elements from both the RMAP and
commensurate prior methods with a regression on covariates. In particular, we model the
historical rates as conditionally exchangeable given covariates. Then the prior for the new

rate, 0f7 1, is a mixture of three alternative points of view, or “experts”:

Expert 1. a commensurate model, a prediction based directly on the historical rates (cen-
tered on their weighted average);

Expert 2. a regression model, a prediction based on the new trial’s covariates xpg 1 and
the same covariate-response relationship in the historical data (centered on this
regression); and

Expert 3. an independent no-borrowing model, in which the new rate is unrelated to the

historical rates and no historical borrowing occurs.

A key distinction with RMAP is that the SPx priors within the experts are well-separated,
leading to decisions about the degree of historical borrowing that adapt more quickly to the

data as we later discuss. We now introduce the SPx model step-by-step.
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2.2.2.0.1 Priorsfor 6, (h=1,...,H) and 0. Below we assume that the historical
response rate 6, for trial h = 1,..., H can be modeled by a regression on covariates, and
the new response rate € 1’s prior is a mixture of three experts each using a different
borrowing strategy: direct historical borrowing, regression (on covariates), and no borrowing,.

Specifically,

0,18.7%,x, " N(BTxp,72), h=1,. H

Or+1 = 2hist Onist T2reg Oreg +Zind Yind
SN~ ~—~— N~~~
Expert 1 Expert 2 Expert 3
Here the mixture, or model averaging, prior is obtained by assuming a Categorical prior for
(Zhist> Zregs Zind), 8iven by (Zpist: Zregs Zind) ~ Cat(Phist, Pregs Pind), meaning that the zj are
binary and 0 is drawn from model k € {hist,reg, ind} with prior probability p;. Priors

for each expert, i.e. Op;g, O f, and 0,4, are discussed next.

2.2.2.0.2 Priors for {0p;s,0reg,0ing}- Below we use the terms “expert” and “sub-

model” interchangeably. The three prior submodels for 0,1 are the key construction in

SPx:
H
Expert 1 (direct historical): Onistlitnist: 02 ~ Nipist: 0%),  fipist = Y wpfp;
h=1
Expert 2 (regression): 9T€g|,377'27XH—|—1 ~ N(,BTXH+1, cr?):;
Expert 3 (no-borrowing): logit ™! (6;,,4) ~ Beta(0.5,0.5).

The prior for 0y, the direct historical borrowing expert, is similar to the ideal of the
commensurate prior without assuming the historical rates to be all equal; it instead assumes
that 0,4 is centered at a weighted average of the historical rates. We define the weights

wy, to sum to 1 and be proportional to a distance metric between the regression’s predicted
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response rates for trials h and H + 1:

1T =T 41
wp, < (0.5)7 005

with 7, = logit_l(,BTxh). Although the form of the weights typically does not have an
outsize effect on the posterior (especially when H is not very small), this choice encourages
more borrowing from historical trials with more similar covariates, to the extent that the
covariates are thought to predict response rates.

The prior on fyeq, the regression expert, accounts for the noise from regression on
covariates. Note that this prior uses the same 3 coefficients as in (2.2.1), which “borrows”
the information through covariates as the impact of the covariates on response rate is assumed
to be the same (3) in all the trials, historical or new. A key point is that its scale depends on
the same 72 indicating how successful the regression is at predicting the historical response
rates, but modified by a constant ¢ = 1/25 for reasons we discuss below along with the
hyperpriors.

Lastly, 6;,,4 is the independent or no-borrowing expert. It is included for robustness,

and uses a standard Jeffreys prior.
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To summarize, the full hierarchical model so far is given by

yh|Xha,¢)h Z}\‘? Bin(nhad)h)? h:177HaH+]—
0y, 2:10git(77/1h), h=1....H H+1
0n1B.7%, %, " N(BTxy 1) h=1,... . H

Or+1 = ZnistOnist + zregOreg + Zinabind

H
2 2
Onistlinist: 0> ~ N(tihist: 0%),  thist = Y wpbp,
h=1
|Th =T 41
wy, o (0.5) 005 7y = logit 1 (BT xp)

Oreg|B, 72, X g1 ~ N(BT xpr41, er?),

logit ™ (6;,,4) ~ Beta(0.5,0.5),

(Zhist7 Zregs Zind) ~ Cat(phista Preg, pind)'

2.2.2.0.3 Prior model probabilities and model hyperpriors. The prior model prob-
abilities (pp;sts Pregs Ping) and the hyperpriors for the variances 02 and 72 (and to a lesser
degree (3) are important because they impact how SPx’s model averaging balances between
the different borrowing strategies. To see how, note that the posterior for 6,1 is the aver-
age of the posteriors under each expert, weighting by the posterior probability that each is

“correct”:

p(01|D) = > p(Oklzx = 1, D) - p(zp, = 1| D). (2.2.1)
ke{hist,reg,ind}

The posterior weights in (1), p;. := p(z, = 1|D) for k € {hist,reg,ind}, may be written as

pj < pg - p(D]z = 1)
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where p(D|z, = 1) = [ga+1p(D|01,...,0541) P01, ..., 0112 = 1) dBL0y, . 0p41)
is the marginal likelihood, or evidence, of expert k. It is important to recognize that under
each expert the hyperprior affects the marginal prior on the logit rates, p(01,...,0p 1|2 =
1), which in turn can greatly influence the expert’s marginal likelihood and posterior model
probability, changing the behavior of SPx overall.

In light of this we set the hyperpriors with the goal of making SPx adaptively either
allow fairly aggressive historical borrowing or quickly transition to little historical borrowing,

depending on the similarity between the current and historical trial data. To do so we both:
(a) make the priors in the hist and reg submodels relatively strongly concentrated (i.e.

high prior probability of small 02 and 72), and

(b) give relatively high prior weight to the ind (no-borrowing) submodel (i.e. p;q >

Phist> preg)-

In particular, we take
113
(phistapregapmd) = §7 gv Z y
o ~ TCauchy(0,0.02, (0, 00)),

7 ~ TCauchy(0,2.5, (0, 0)),

where T'Cauchy(m, s, I) represents a Cauchy distribution with location m and scale s that
has been truncated to the interval I. While 7 has a larger scale than o, recall that the (con-
ditional) prior variance of the regression submodel is er? = 1/25- 72, not 72, so the regression
submodel makes similarly strong prior predictions as the direct historical borrowing one.

The prior on the regression coefficients, which does not unduly affect inference, is
Bi id Cauchy(0,2.5), 1=0,1,...,p,
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following from Gelman et al. (2008).

This choice of prior underlies SPx’s novel strategy to dynamically determine how much
historical borrowing is appropriate. Combining (a) and (b) makes SPx more robust as needed
in (1) primarily by increasing the posterior probability given to the no-borrowing submodel,
p;‘n ¢ and to a much lesser degree by making the posterior inferences of the borrowing sub-
models more conservative. In further detail, (a) makes the borrowing submodels’ marginal
likelihoods decrease more quickly as disagreement between the new and historical data grows,
and (b) accounts for the fact that the no-borrowing submodel makes less confident predic-
tions overall and thus may have a relatively lower marginal likelihood even when it should be
favored. While similar robustness might be sought by giving the borrowing submodels more
diffuse priors, this would come at the cost of weaker borrowing when the historical data are
actually relevant. We discuss these points further in the supporting information.

Effectively, through its well-separated BMA formulation SPx cleanly distinguishes be-
tween the questions of 1) whether we should borrow from the historical data at all and 2)
how strongly we should borrow from those data, if we decide to. Standard commensurate
prior models do not make this distinction since they have a unimodal prior on o2 and typ-
ical uses of RMAP do so less because of more diffuse priors for 72, meaning that the MAP
component will be unable to suggest as strong historical borrowing when appropriate; see,
e.g. the credible interval widths in Table 2.4.1. Although this approach may not be the only
strategy to achieve refined dynamic borrowing, we find it to be a useful device.

Treatment effect estimation. To make inferences for the treatment effect we model

the treatment group data (y¢r¢, n¢re) as independent from the historical and control data:

Ytrt|Virt ~ Bin(ngrt, Virt)

it ~ Beta(0.5,0.5).

Combined with the SPx prior for the new trial’s control rate this induces a prior on the treat-
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ment effect, which we define as the difference ¢ := 944 — 1711 (although other comparisons,
such as relative risk, could just as easily be used).

Computation. Posterior computation for SPx can be done easily and efficiently using
standard Bayesian MCMC tools. We implemented the model using JAGS (called from R)
and it takes at most a few seconds to analyze a single data set on a personal computer. This
produces draws from the posterior distribution of 1f, 1, which can be combined directly
with draws from the conjugate posterior for v+ to get draws from the posterior for the
treatment effect 9. For full details, see the JAGS and R code included in the supporting

information.

2.3 Adaptive Design Based on Posterior Inference

We propose a two-stage adaptive design, largely following Schmidli et al. (2014), to poten-
tially reduce the control group size to the extent that additional reliable information can
be gained through historical borrowing. Intuitively, in the first stage the new trial enrolls
a fixed and prespecified number of control group patients, then uses an interim check to
assess how much historical borrowing is desirable and calibrates the remaining number of
control patients to enroll in stage two accordingly. The interim check measures the degree
of “compatibility” between the historical and new trial (stage one) data and expresses this
as the number of control patients effectively gained by using the historical data. If the new
trial’s stage one control data is deemed less compatible with the historical data, little bor-
rowing will happen and the stage two size will not be reduced much or at all. This limits
the impact of prior assumptions about the relevance of the historical data on the overall
trial size. Because we model the treatment group data independently from the control group
data (having no shared parameters), the treatment group patients may be enrolled without
reference to the control patients or the stages of the adaptive design (i.e. by simply changing

the randomization probability after the interim check).
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Formally, the adaptive design follows:
e Stage 1: Collect data on n{ control patients.

e Interim: Calculate the prior effective sample size n if of the SPx model for ¢

given the Stage 1 data.

e Stage 2: Collect data on ng more control patients, where n§ = nf,,, — nd FF n{ but
truncated to be at least py,ipnS,qe Put no more than ppqens,,, for some pp, € [0,1]

and pmaz € [1,00) (e.8. Pmin = 0.75 and ppae = 1.25).

The second stage is designed so that the total sample size of the control group is not intol-
erably lower or higher than the target size nf,,,.-

Crucial to this design is the prior effective sample size of SPx at interim, n{ £ which is
intended to assess how much information the historical data contribute about the new trial’s
control rate and how many fewer patients the new control group needs in exchange for this
additional information (Hobbs et al. 2013, Schmidli et al. 2014). We use a simple moment
matching definition of effective sample size (Weber 2020), which finds the Beta distribution
with the same mean and variance as the SPx posterior, takes the effective sample size of this
Beta distribution (the sum of its parameters; Morita et al. 2008), and subtracts the current
sample size at interim, n{. In truth, defining an effective sample size that has desirable
properties for complex non-conjugate models such as SPx is an open research area (Morita
et al. 2008, Morita et al. 2012, Neuenschwander et al. 2020). Partially to this end, the
sample size thresholds used in Stage 2 of the design somewhat limit the impact of the choice
of definition. The simplistic definition we use has the benefit of producing more conservative
(smaller) effective sample sizes for SPx than other definitions, which sometimes produce
implausibly large effective sample sizes for the SPx model. In any case, by measuring the
effective sample size during, and not before, the trial we can measure the extent to which

the new data diverge from the historical data, potentially safeguarding against inappropriate
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borrowing from irrelevant historical data.
At the end of the trial, the decision rule to detect a treatment effect may take a variety
of forms. Depending on the disease and regulatory setting, interest may focus on detecting

nonzero or clinically significant effects. To detect nonzero effects, we may use the rule

P(6 # 0[D) = 1 — gnonzero (2.3.1)

for the treatment effect 6 := 4+ — ¥y where D is all of the historical and new trial
data and gnonzero € (0,1) is the posterior Type I error threshold. Alternatively, to detect

clinically significant effects, we may use the rule

P(6 > 50‘D) > 1 = Gelinical (2'3'2)

for some minimal threshold oy > 0 and some q.;nicar € (0, 1).

2.4 Simulation Study

How accurately does the SPx model estimate the new trial’s control response rate, and
does it perform respectably when the historical data are misleading and borrowing would be
detrimental? Further, when used with an adaptive design does SPx successfully reduce the
trial’s control group size while maintaining power and Type I error?

To answer these questions we simulated clinical trials from scenarios defined by two
factors: (a) whether or not the historical control rates are misleading (i.e. on average
notably different from the new control rate), (b) whether or not the group-level covariates
are associated with response rates. This yields four basic scenarios: Scenario 1 [ideal], where
historical control rates are not misleading and covariates are predictive; Scenario 2 [covr],
where historical rates are misleading but covariates are still predictive; Scenario 3 [hist],

where historical rates are not misleading but covariates are not predictive; and Scenario 4
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[worst], where not only are historical rates misleading but also covariates are not predictive.
In all cases the historical trials were loosely based on the real historical trials we analyze in
Section 2.5.

The full details of data generation for all four scenarios are provided in the supporting
information. For each scenario, we generated a historical data set where the number of
historical trials ranged from 48 to 50 (see supporting information for details). We fixed
that single data set, and repeatedly generated data for a new trial, 1,000 times for each
method. This reflects the type of Frequentist repeated sampling we expect drug developers
and regulators to be concerned with, since at the point of trial planning or analysis it is
reasonable to imagine replicating the new trial but not also all of the historical ones. We also
varied the target maximum sample size for the new trial, and in the scenarios where covariates
are predictive (1 and 2) we varied whether SPx would include all the useful covariates. In
all scenarios we simulated treatment group data for the new trial independently from the
control data, at rates higher by both 0 and 30 percentage points.

The historical data for Scenarios 3 and 4 are identical to those from Scenarios 1 and
2, respectively, except that the covariate data have been permuted so they are no longer as-
sociated with the response rates. In our “non-misleading” Scenarios (1 and 3) the observed
historical control rates ranged from roughly 18% to 37% and the new trial’s true control
response rate was roughly 26%; in our “misleading” Scenarios (2 and 4) the observed histor-
ical rates only ranged from roughly 24% to 37% while the new trial’s true control rate was
lower at roughly 18%. This means that direct historical borrowing in Scenarios 2 and 4 will
bias estimates of the new trial’s control rate upwards and thus estimates of the treatment
effect estimates downwards, reducing both the Type I error and power of effect testing. The
opposite would happen if the historical control response rates were lower than the new trial’s
response rate. Which situation is more likely in practice depends on how a variety of factors

such as standard of care, lifestyle, and demographics have changed over time.
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We compared several methods including SPx, RMAP (Schmidli et al. 2014), and an
independent model (Ind.) with no historical borrowing (i.e. 87,1 ~ Logistic(0,1)). For SPx
and RMAP we included both versions where the new trial’s control group size was fixed and
where the two-stage adaptive design described in Section 2.3 was used (with n{ = ng,,./2,
Pmaz = 1.25, and pyi, = 0.75). The two versions gave a contrast on the potential gain in the
adaptive design in reducing the control group sample size. The value n,,,. is fixed at 150 or
80, which are the maximum control sample size. For SPx our standard implementation used
only 2 of 6 covariates associated with response rates to mimic imperfect knowledge or data
collection, but we also include cases where SPx uses all 6 covariates to show the effectiveness
of the method when the regression is strong and not misspecified. For RMAP we used a
50-50 mixture between the borrowing (MAP) component and the non-borrowing component,
since this specification performed well in Schmidli et al. (2014). The 90-10 mixture they

consider was too aggressive and extremely biased in many of our scenarios.

2.4.1 FEstimation Accuracy for the New Trial’s Control Rate

Table 2.4.1 shows performance of the models and designs for the task of reliably and efficiently
estimating the new trial’s control response rate. Although the overall goal of the trial is
treatment effect testing, performance of the modeling strategies can be understood with
more nuance by first considering control response rate estimation.

The results in Scenarios 1 and 3 reveal that SPx performs strongly when the historical
controls are directly relevant (i.e. their average response rate is close to the new trial’s rate),
as shown by much smaller control group size in the adaptive design and uniformly better
RMSE and interval width while maintaining good coverage. Interestingly, the benefit of
covariate adjustment is limited mainly to better credible intervals (in length and coverage)
when the historical control rates happen to be similar to the new rate; the RMSE and average

control group size of SPx are not distinguishable comparing Scenario 1 to 3.
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n& . = 150 nS . = 80

SPx RMAP Ind. SPx RMAP Ind.

Fixed Adapt. Fixed Adapt. Fixed Fixed Adapt. Fixed Adapt. Fixed
Scenario 1
Size 150 1234 150 116.1 150 80 64.9 80 61.1 80
RMSE 0.025 0.026 0.025 0.027 0.032 0.024 0.026 0.022 0.027 0.032
Coverage 94.2  96.0 98.2 985 96.7 99.0  98.7 99.8  99.7 99.6
Width 0.104 0.113 0.123 0.136 0.140 0.135 0.153 0.155 0.173 0.190
Scenario 2
Size 150 127.7 150 147.6 150 80 65.0 80 1.7 80
RMSE 0.031 0.034 0.041 0.045 0.030 0.033 0.038 0.050 0.059 0.030
Coverage 91.4 920 91.8 88.2 97.1 97.2 956 95.1  89.8 99.6
Width 0.114 0.123 0.138 0.138 0.125 0.153 0.165 0.183 0.187 0.171
Scenario 3
Size 150 122.7 150 115.9 150 80 64.1 80 60.9 80
RMSE 0.022 0.023 0.025 0.027 0.033 0.021 0.023 0.022 0.026 0.032
Coverage 96.6  96.8 98.6 985 97.3 99.8  99.6 99.9 999 99.7
Width 0.106 0.116 0.123 0.136 0.140 0.138 0.157 0.155 0.173 0.190
Scenario 4
Size 150 156.4 150 146.9 150 80 78.6 80 72.3 80
RMSE 0.040 0.043 0.042 0.046 0.030 0.046  0.052 0.050  0.057 0.029
Coverage 93.5 921 91.3 872 96.4 98.1  96.0 95.7  92.1 99.7
Width 0.140 0.135 0.138 0.139 0.125 0.189 0.187 0.183 0.187 0.170

Table 2.4.1: Control group size and Frequentist estimation accuracy for the new trial’s
control response rate, averaged over 1,000 simulated trials. Two of six predictive covariates
are used. Metrics are defined as follows: size is the mean control group size; RMSE is
the root mean square error of the posterior mean of the control group rate; coverage is the
proportion of trials in which the 95% quantile-based posterior credible interval for the control
group rate contains the true rate; width is the mean width of these credible intervals. Note
that the credible intervals are Bayesian and not designed or calibrated to give exactly 95%
Frequentist coverage.

Notably, SPx can still perform well when the historical control rates are misleading
as long as group-level covariates are moderately predictive of the rates (Scenario 2); in
this case SPx saw modest dips in RMSE and coverage compared to the no-borrowing Ind
approach, unlike RMAP, while still allowing a considerably smaller control group in the
adaptive design. Beyond this, when regression is not just moderately but instead strongly
predictive (Table 2.4.2, where all 6 covariates are known to the analyst) SPx performs even
better, either further surpassing other methods (when the historical rates are directly relevant

as in Scenario 1) or now slightly edging them out (when historical rates are misleading as in
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Scenario 1 Scenario 2

SPx RMAP Ind. SPx RMAP Ind.
Fixed Adapt. Fixed Adapt. Fixed Fixed Adapt. Fixed Adapt. Fixed
nS,.x = 150
Size 150 121.1 150 115.7 150 150 128.7 150 148.6 150
RMSE 0.022 0.023 0.025 0.027 0.032 0.029 0.032 0.042 0.046 0.030
Coverage 97.0 96.2 98.2 98.9 96.8 94.9 96.1 914 86.4 96.9
Width 0.102 0.113 0.123 0.136 0.140 0.115 0.123 0.138 0.138 0.125

Table 2.4.2: Control group size and estimation accuracy for the new trial’s control response
rate when all six predictive covariates are used, averaged over 1,000 simulated trials. See
Table 2.4.1 for metric definitions.

Scenario 2).

Unsurprisingly, the performance of SPx is less rosy in the challenging setting of Sce-
nario 4 where the historical data are entirely misleading, though a silver lining is that its
Frequentist coverage only degrades slightly. Its RMSE also slightly edges out that of RMAP,
but the no-borrowing approach is clearly much preferred here. This highlights the point that
if there is significant concern about the relevance of the historical data then priors should be
made more conservative to protect against the greater likelihood of bias. The straightforward
way to achieve this in SPx would be to change the prior submodel probabilities to further
favor the independent component. We conducted a small sensitivity analysis to demonstrate
this point (see supporting information). As one might predict, bias is mitigated in Scenarios

2 and 4 at the cost of smaller efficiency gains from borrowing in Scenarios 1 and 3.

2.4.2  Power and Type I Error for the New Trial’s Treatment Effect

Results for testing treatment effects largely follow from those on control rate estimation. We
report the Type I error rate of declaring a nonzero treatment effect when the effect is zero,
and the power to declare a clinically significant effect (a response rate difference of greater
than 20%) when the effect is moderately large (a difference of 30%).

Tables 2.4.3 and 2.4.4 examine the statistical power of the adaptive designs assuming

2 and 6 covariates were included in SPx, respectively. Type I error is well controlled by
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all methods, with the exception of SPx having slightly inflated error in Scenario 1 in the
larger trial setting. Of course, a drug developer or regulator requiring that Frequentist Type
I error be more strictly controlled may calibrate the model or decision rule by simulation
under the specific scenarios they are concerned about. This is a reality of all Bayesian trial
methods and some Frequentist ones as well (e.g. Lewis et al. 2007), a point we revisit in the
Discussion.

The power of SPx tends to be stronger than that of RMAP except in Scenario 3,
where it is more or less matched. Compared to the no-borrowing approach, SPx has better
(Scenario 1), similar (Scenario 3), or slightly lower (Scenario 2) power except in Scenario
4, all while substantially reducing the control group size when allowed. Naturally, using
a stronger collection of covariates for the regression (Table 2.4.4) makes SPx even more
powerful. Scenario 4 is where SPx has more substantial power loss compared to not borrowing
since neither the historical data nor covariates are informative of the new trial’s control rate.
In reality, if there is a strong belief that historical data are not reliable and covariates are
not informative, SPx should not be considered and more importantly, one might not want

to try borrowing information from historical data in the first place.

2.4.3 SPx’s Adaptive Weighting of Borrowing Strategies

To illustrate how SPx automatically adjusts the type of borrowing it performs depending
on the historical and new trial data, Figure 2.4.1 plots the simulation distribution of SPx’s
posterior submodel weights pz in Scenarios 1 through 4. When the historical data are entirely
misleading (Scenario 4) SPx strongly favors its no-borrowing submodel, especially when the
new trial is larger. Otherwise SPx puts most posterior mass on its two borrowing submodels,
appropriately favoring the regression submodel over the historical one when the historical
rates are misleading but covariates are useful (Scenario 2). In the reversed setting where

the historical rates are not misleading but covariates are not predictive (Scenario 3) SPx
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ng,.x = 150 n,.x = 80

SPx RMAP Ind SPx RMAP Ind
Fixed Adapt. Fixed Adapt. Fixed Fixed Adapt. Fixed Adapt. Fixed
0 Scenario 1
Size 150 123.4 150 116.1 150 80 64.9 80 61.1 80
0 P(6#0) 7.8 6.9 3.0 2.6 4.3 4.5 3.7 1.7 1.5 2.1
0.3 P(6>0.2) 709 70.4 56.0  52.5 55.5 54.2  51.7 37.5 33.8 34.4
Scenario 2
Size 150 127.7 150 147.6 150 80 65.0 80 71.7 80
0 P(6#0) 0.9 1.2 1.1 1.3 3.3 0.7 0.6 0.2 0.0 1.9
0.3 P(0>0.2) 557 531 42.8 429 61.5 314 274 16.9 14.6 38.3
Scenario 3
Size 150 122.7 150 115.9 150 80 64.1 80 60.9 80
0 P(6 #£0) 1.6 14 2.2 2.2 3.3 2.0 2.0 1.9 2.0 2.0
0.3 P(0>0.2) 600 568 60.3  57.0 58.0 36.8 34.1 36.1 33.2 32.6
Scenario 4
Size 150 156.4 150 146.9 150 80 78.6 80 72.3 80
0 P(6 #+ O) 2.5 2.2 1.2 1.4 2.8 0.9 0.9 0.5 0.4 2.5
0.3 P(0>02) 484 498 41.0  39.3 60.7 21.3  21.2 16.5 14.6 36.8

Table 2.4.3: Type I error and power for the new trial’s treatment effect when two of six
predictive covariates are used.

Scenario 1 Scenario 2
SPx RMAP Ind. SPx RMAP Ind.
Fixed Adapt. Fixed Adapt. Fixed Fixed Adapt. Fixed Adapt. Fixed
0 nS,.x = 150
0 PO#0) 5.9 6.4 2.4 1.6 3.3 1.6 1.5 1.1 0.9 3.1
0.3 P(6>0.2) 74.6 725 59.1  55.0 57.9 60.3  57.0 43.5 423 61.0

Table 2.4.4: Type I error and power for the new trial’s treatment effect when all six
predictive covariates are used.

still gives moderate weight to the regression model because its inclusion of covariates adds
some noise but not substantial bias. This can be verified from small values of the estimated

regression coefficients (results not shown).

2.5 Case Study

We discuss the application of SPx to the development of novel treatments for rheumatoid
arthritis (RA). RA is an auto-immune disease that affects more than 1.3 millions of patients

in the United States (Hunter et al. 2017). The symptoms of this disease include pain and
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How SPx balances between borrowing strategies, in simulation
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Figure 2.4.1: Boxplots of SPx’s posterior submodel weights over 1,000 simulated trials in
each scenario (columns) and trial size (rows).

swelling joints in hands and feet as well as morning stiffness lasting longer than 30 minutes.
Although there is no cure for RA, several treatments are available to slow down the disease
progression and alleviate symptoms. Adalimumab is a well-established, standard biologic
therapy in RA and has been approved for almost 20 years. Because of the competitive
landscape in RA, it is necessary to show that the new therapies are not only better than
placebo but also better than adalimumab. We apply our SPx methodology in adalimumab
trials conducted in the past two decades to illustrate the impact of including covariates
in the model. Since adalimumab’s own development was extensive, there are many past
trials including an adalimumab arm that could be used as a rich source of historical data to
potentially accelerate trials of prospective RA drugs.

We have collected group-level data from 11 past adalimumab trials, as shown in Table
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. Previous Average . Response

Trial Reference Treatment Age Size Rate (%)
ALTARA Kennedy et al. (2014) MTX 48.8 43 39.5
ARMADA Weinblatt et al. (2003) MTX 56.0 62 21.0
DE019 Keystone et al. (2004) MTX 56.1 200 24.0
IM133-001 Weinblatt et al. (2015) MTX 51.4 61 39.3
ORAL-Standard ~ van Vollenhoven et al. (2012)  MTX 53.7 106 26.4
RA-BEAM Taylor et al. (2017) MTX 53.0 488 40.2
STAR Furst et al. (2003) MTX 55.8 315 29.5
A3921035 Fleischmann et al. (2012) none 93.0 99 22.0
CHANGE Miyasaka et al. (2008) none 53.4 87 12.6
DE007 van de Putte et al. (2003) none 50.2 70 10.0
DEO11 van de Putte et al. (2004) none 53.5 110 18.2

Table 2.5.1: Trials included in the adalimumab case study. Previous treatment, average
age, size, and response rate refer to those of the control group in each trial. MTX is an
abbreviation for methotrexate. The response rate is the proportion of patients experiencing a
20% improvement in joint health at 12 or 13 weeks on the American College of Rheumatology
criterion (ACR20).

2.5.1. We note that Lim et al. (2018) provided a framework of objectively selecting historical
trials to avoid cherry picking, and their strategy could be used to expand the data set to
include even more historical adalimumab trials. We illustrate the use of SPx by borrowing
from the placebo arms of these trials, though in practice the same could be done using the
adalimumab arms. The primary endpoint we use is the popular, regulatory approved binary
endpoint of ACR20, which is whether or not a patient has a 20% or greater improvement
in joint health on the American College of Rheumatology criterion (ACR20) 12 or 13 weeks
after treatment. The first trial-level covariate we use is whether patients in the trial had
previous or ongoing treatment with methotrexate (MTX), a common first line therapy for
rheumatoid arthritis. Unsurprisingly, Table 2.5.1 suggests that MTX use is a very strong
predictor of ACR20 rates: the MTX trials have rates ranging from roughly 20-40% while the
no-MTX trials have rates ranging from roughly 10-20%. This suggests that the regression
strategy embedded in SPx may be useful despite the modest number of trials. We also
include average age, which may be a proxy for disease progression or otherwise relate to

ACR20 rates, though evidently in a weaker fashion here.
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Examples of how SPx combines borrowing strategies
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Figure 2.5.1: Posterior distributions of the new trial’s control response rate in two exam-
ples. In A, 22 of 75 control patients in the new trial are responders, and in B 30 of 75 are
responders. The top 3 panels in each show the posterior distribution for each of SPx’s sub-
model, along with the submodel’s posterior model probability P(M|D). The bottom panel
shows the model averaged posterior, which is the SPx inference.

We now show how SPx would borrow information from this historical data set in
designing and analyzing the control arm in a new RA trial. We suppose that the new trial
enrolls 75 control arm patients who have all had previous treatment with MTX and have
an average age of 53. From Figure 2.5.1 we can see what the the Bayesian model averaging
inference in SPx would be when the new control group’s observed response is similar (A,
at 29.3%) and quite different (B, at 40%) from the average historical response rates of
25.7% overall and of 31.4% among prior MTX trials. In A, we can see that SPx borrows
fairly heavily, giving 75% of the posterior mass to to the relatively concentrated borrowing

submodels. On the other hand, in B SPx is more conservative; while it still gives substantial
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posterior mass to the borrowing submodels and its mean shrinks away from the observed

rate, its 95% credible interval more or less reproduces that of the no-borrowing submodel.

SPx borrowing and sample size decisions
over a range of possible interim data
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Figure 2.5.2: A and B plot the range of posterior submodel probabilities in SPx as the
new trial’s observed response rate varies, after 75 and 150 patients respectively. C plots the
range of interim sample size decisions as the new trial’s observed response rate varies, after
75 patients. The vertical grey lines mark the sample mean of the historical response rates
over all 11 trials (solid) and among just the prior MTX trials (dashed).

Figure 2.5.2 illustrates how SPx would adjudicate between its three borrowing strategies

over a continuum of possible new trial data, with the observed response rate ranging from

(roughly) 10% to 50%. Like in Figure 2.5.1, the new trial’s control arm has had previous

MTX treatment and has an average age of 53. In panels A and B we can see that the

degree of borrowing is largely controlled by how close the new trial’s rate is to the overall
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historical rate and the MTX historical rate. The borrowing submodels receive their maximum
posterior weighting near these rates. As the observed rate diverges from these historical rates
the no-borrowing submodel quickly gains posterior weight, especially when the new trial’s
control group size is larger. Panel C shows how the degree of borrowing affects the Stage 2
sample size calculation, which allows a much smaller control group when the observed rate
at interim is close to the predictions of the hist and reg submodels. When the observed rate
at interim differs from these historical predictions by a moderate but not large amount, the
design requires a larger Stage 2 control group than the target size of 75. Within this range
of observed response rates the modest historical borrowing that occurs actually increases
uncertainty about the new trial’s rate compared to not borrowing at all, and so the design

calls for collecting more data than otherwise planned.

2.6 Discussion

The SPx method allows flexible borrowing from historical data using a novel Bayesian model
averaging approach that balances between direct borrowing from the historical response
rates, regression prediction using group-level covariates, and no borrowing at all. The key
methodological insight to improve the model averaging is to make the borrowing submodels
give strong prior predictions that are well-separated from the no-borrowing submodel while
giving high prior weight to the no-borrowing submodel. This strategy offers multiple avenues
to not only take advantage of the historical data but also to avoid over-using it when the
data suggest this may be unwise. If the group level historical data are relevant to the new
trial then under a simple two-stage adaptive design SPx can considerably reduce its control
group size, reducing the trial duration and cost.

Our simulation results are in line with the intuitive appeal of the SPx approach and
its performance is strong except when its prior assumptions are badly violated and the

historical data are by no means useful. Aside from this exception, it produces more or
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similarly accurate estimates of the new trial’s control group rate and treatment effect while
substantially reducing the control group size. We recommend that trialists concerned with
dramatically unfavorable scenarios include these in their design simulations and tune the
prior or decision rules accordingly as is standard practice.

More generally, trialists wanting to prospectively calibrate the borrowing/no-borrowing
tradeoff (i.e. power/Type I error tradeoff) for a specific planned trial may find the best
success in tuning one of two method parameters. First, they may experiment with increasing
or decreasing p;,, the prior probability of the no-borrowing submodel, as we do in Table
A.1. Alternatively, they may experiment with changing the decision rule threshold ¢nonzero
O Gelinical Tor the trial’s final treatment effect inference in equations (2) or (3), which would
not require fresh simulation for each value if MCMC output has been saved. Both reducing
Dind A Gelinical OF Gnonzero Would reduce Type I error at the cost of also reducing power.

In general, a variety of factors impact whether a trial setting is likely to benefit and
safely reduce control group size by using SPx. The greatest benefit will come when the
historical and new trials share data on group-level covariates that are strongly predictive
of response rates and when there are enough historical trials to estimate this regression
relationship with reasonable accuracy. This may include heavily studied disease areas and
drugs (e.g. pembrolizumab) or those where treatments and outcomes have been slow to
change (e.g. newly diagnosed glioblastoma). Because the method only requires group-level
data, it may be possible to include trials where the patient-level data would not be available
due to privacy or proprietary concerns. The group-level covariates might ideally be believed
to be strong predictors based on solid theoretical or past empirical evidence, though in
settings with enough historical trials it may be possible to incorporate higher-dimensional
covariates through the use of sparsity-inducing priors on the regression coefficients. While
not the focus of the present work, using the SPx mixture modeling strategy with patient-

level data and covariates would likely reduce trial sizes and increase accuracy even more
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substantially.
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CHAPTER 3
TREATMENT EFFECT ESTIMATION IN MULTI-SITE
TRIALS WITH ENDOGENOUS DESIGN: OLD ESTIMATORS,
NEW RESULTS

3.1 Introduction

In a multisite randomized field trial, sites such as schools or hospitals are sampled; then,
within those sites, individuals are assigned at random to treatments. These studies are now
common in social welfare, medicine, and education (Raudenbush & Bloom 2015; Miratrix,
Weiss, and Henderson 2021; Spybrook, 2013). It is often useful to regard the multisite trial
as a fleet of planned experiments that differ in setting, implementation of the treatment,
compliance, and subject demographics (Bloom et al. 2017; Raudenbush & Schwartz 2020;
Walters 2015; Weiss et al. 2017). In these cases, we can estimate an average treatment effect
specific to each site and it makes sense to regard these treatment effects as varying randomly
over sites. Naturally the distribution of treatment effects across sites is of great substantive
interest.

In contrast to what the classical theory of randomized block designs assumes (Cochran
& Cox 1982), in many large-scale trials it also makes sense to regard site-specific design
features such as sample sizes and proportions treated as varying randomly over sites. In these
trials — where the blocks are typically administrative or geographic units such as schools,
hospitals, or neighborhoods — design features are not entirely controlled by the investigator.
Instead, they are realizations of an idiosyncratic social process that differs from site to site.
For statistical purposes, these design features are conveniently encapsulated in the sampling
precision (inverse variance) with which each site-specific treatment effect is estimated (by
the difference between the treatment and control group sample means).

Taking this stance also makes obvious the possibility that treatment effects and pre-
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cisions covary or are otherwise dependent. In this case we say that the site sizes or the

7

design are “endogenous.” This is often plausible when site size is associated with local re-
sources, staff expertise, subject demographics, or other potential moderators of treatment
effectiveness. For example, a common practice is to hold a random lottery among applicants
at each site to decide who should be offered admission to a novel program (Angrist et al.
2016). Our concern is that the number who apply to each site may reflect the popularity, and
thus, indirectly, the effectiveness, of each program. More may apply when local alternatives
are limited, reflecting anticipated potential treatment effects (Heckman and Vytlical, 1998).
Even in studies that do not use lotteries, sites with different sizes, resources, or participant
preferences may vary unexplainably with regard to site sample sizes or proportions treated.

In this paper, we re-evaluate and review how the most common estimators of treat-
ment effects perform under such endogeneity. In particular, we study how such endogeneity
changes the performance of four common estimators of the site-average treatment effect (the
“site-ATE”). The site-ATE is important for learning about the distribution of treatment
effects across sites — a crucial and initial task when there are effectively different implemen-
tations of the treatment across sites. This work suggests that endogeneity is also important
for other multi-site trial estimands (see Raudenbush and Bloom, 2015; Miratrix, Weiss, and
Henderson, 2021), where our general approach to comparing estimators can still be used. In

general, the combination of heterogeneous treatment effects and an endogenous design can

give rise to a challenging bias-variance tradeoff, at least among popular estimators.

3.1.1 Logic of the Fvaluation

The first three estimators we discuss are an unweighted or design-based estimator that
weights sites equally (UW), a fixed effects estimator that weights sites by their precisions
(FE), and random effects estimator having fixed intercepts and random coefficients that

weights sites by a stabilized transformation of their precisions (FIRC). Reviews by Kautz,
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Schochet, and Tilley (2017) and Miratrix, Weiss, and Henderson (2021) find that these
are the dominant estimators in multisite field trials in education, and our informal reading
suggests that they are also popular in a wider range of multisite trials in social, economic,
and health sciences.

The UW estimator is unbiased under very general conditions, but when the design is
imbalanced (which is typical) it can be extremely inefficient. In contrast, the FE and FIRC
estimators condition on the observed design in a way that can greatly reduce their variances
but introduces bias if the design is endogenous. Our fourth estimator, FIRC+, is not actually
common, but is a natural extension of FIRC that includes the log precision in the regression
in an attempt to eliminate bias. While model-based like FE and FIRC, it often produces
estimates that are more towards the UW end of the spectrum.

To compare these approaches, we need a model for the joint distribution of site-specific
treatment effects and precisions. Then comparing the estimators amounts to comparing
their marginal distributions, integrating out the precisions. Under a parametric version of
our model, we show how these marginal distributions depend on three scale-free parameters
that characterize (1) variation in treatment effects (treatment effect heterogeneity), (2) vari-
ation in precisions (design imbalance), and (3) the association between treatment effects and
precisions (endogeneity of design). In our real data case study we integrate over these three
scale-free parameters within a Bayesian framework to compute the posterior probability that
each estimator would achieve a smaller mean squared error than would a competitor, given
available data, and we study the sensitivity of these conclusions to changes in the prior distri-
butions of those parameters. For the most part our analytic results depend on a parametric
model, use asymptotic Laplace-type approximations, and do not directly address the validity
of standard confidence intervals, so we use simulations to test and broaden these results. We
also identify situations leading to extreme pathology of the conservative unweighted estima-

tor by using Meng & Xie’s (2014) concept of self-efficiency to check when this estimator is
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improved by throwing out data; these situations are surprisingly plausible.

3.1.2  Motivating Example: Head Start Impact Study

We apply these estimators to the Head Start Impact Study (“HSIS;” Puma et al. 2010) and
use our analytic approaches, simulations, and Bayesian framework to illustrate their perfor-
mance in an important applied setting. Head Start is a federally-funded preschool program
for low-income families in the United States since 1965 (Vinoskis 2005). The program now
serves nearly 900,000 children and has an annual budget of more than $10 billion (US De-
partment of Health and Human Services 2019). Its congressional mandate requires that
Head Start promote the development and learning of low-income children, with a particular
focus on the outcomes we analyze: cognitive development in reading, vocabulary, math, and
listening comprehension, and socio-emotional development as indicated by disinclination to
aggressive behavior. Many more parents seek admission to Head Start than the program
can accommodate. From a list of all Head Start centers in the U.S., centers were randomly
selected to be included in the study. Within each center, admission to the program was
based on a random lottery. A basic first question about Head Start’s success is how well
the typical center met key program aims. At the same time, HSIS exhibits the conditions
suggestive of endogenous sample size. Centers are highly variable, not just in resources and
demography but also in curriculum and pedagogy. Centers also vary greatly in size, depend-
ing on the number of parents who apply for admission and the number of available places in
the local program. These conditions incline us to regard sample sizes and fractions assigned

as random variables plausibly correlated with site effectiveness.

3.1.8 Plan of the Paper

In Section 3.2 we propose a simple model for potential outcomes and causal effects in a

large-scale multi-site field trial. We define the joint distribution of the treatment effects and
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site sizes as a basis for critically examining the estimators of interest. Section 3.3 reviews the
asymptotic behavior of the point estimators by using Laplace approximations to characterize
their marginal distributions. Section 3.4 evaluates point estimators and confidence intervals
by simulation under a broader array of assumptions and Section 3.5 uses the self-efficiency
to further characterize the pathology of the unweighted estimator. Section 3.6 analyzes the
Head Start data. We assess the self-efficiency of the unweighted estimator, and we propose
and illustrate our approach to Bayesian sensitivity analyses that compare the mean squared
errors and confidence interval coverage of commonly-used estimators. Section 3.7 concludes
with broader implications for experimental design and statistical research on estimation in

related trials.

3.2 Potential Outcomes, Causal Effects, Estimands, and

Estimators

We envision a multi-site trial in which each person i within site j possesses two potential
outcomes Y;;(t;) for t; € {0,1} , where t; = 1 if this person is assigned to the potentially
unique version of the treatment practiced in site j and ¢; = 0 if not. We define the person-
specific causal effect of assignment to treatment as B;; = Y;;(1) —Y;;(0), and the site-specific
average causal effect of assignment, defined over a large super population of persons in site
J, is E(B;j|site = j) =: Bj = u1j — poj, where pq; is the average outcome if all members of
this site-specific super-population are assigned to treatment and p; is the average outcome
if all such members are assigned to control. We envision that a sample of size n;persons in
site j is recruited to participate in the experiment. The super-population of interest in our
case study is thus composed of Head Start sites with families that actively seek participation
in the program. The site-specific sample size may reflect the appeal of the new program to
local persons or the lack of local alternative options within that site.

Sample members are then assigned at random to treatment (7;; = 1) or control . The
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fraction of persons assigned to treatment, Tj = Z:Z 1 Tij /nj, may depend on njas well

the number of available slots in the new program. We will compute the site-specific causal

n

effect estimate Bj = Y}; — Yp; where Yy = ZZZ1 o Z:Li1 T;; and Yp; = Zii1(1 -
T;)Yij/ ZZZ (1 = T;;) are sample means for treated and control persons in sit j. The
estimate Bj is unbiased for S;having sampling variance V; := Var(Bj]ﬁj,nj, T;). Based on
our experience with large-scale multi-site trials, we expect V;to be estimated very precisely,
and, for simplicity, we assume Vj; to be known. Although known, we regard Vjas random

because it depends on randomly varying sample sizes. Thus, the basic data for our inquiry

are {Bj,Vj:jzl,...,J}.

3.2.1 Causal Inference Assumptions

The following assumptions underlie our choice of potential outcomes. First, following Hong

and Raudenbush (2006), we have
(A1) Intact sites. A person can be a member of one and only one site.

(A2) No interference between sites. The potential outcomes of a person in one site do

not depend on the treatment assignment of any person in any other site.

(A3) No interference within sites. The potential outcomes of a person do not depend

on the treatment assignment of other persons in the same site.

(A4) All units exposable. Each person is potentially exposable to the treatment and

control treatment within that person’s site.

(A1) ensures that a person has potential outcomes in only one site. Together, (A2-A4) imply
that each person has two and only two potential outcomes within that site. Our assumptions
are equivalent to the “Stable Unit Treatment Value Assumption” (Rubin 1986) strictly within

each site. One could readily challenge (A3). For example, Head Start instruction occurs
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within a classroom setting, and the composition of the classroom will tend to generate peer
behaviors and teacher responses that can shape the outcomes of each child. However, we
shall assume for simplicity that such effects are baked into the version of the treatment

potentially experienced by each child within a given local site.

(A5) Ignorable Treatment Assignment. Potential outcomes are independent of treat-

ment assignment, that is Y;;(0),Y;;(1) L Tj;.

Together with (A1-A4), (A5) implies that the sample mean difference Bj is unbiased for the
site-specific mean difference f;, an assumption that is fulfilled by random assignment within

sites.

3.2.2  The Joint Distribution of the Treatment Effects and Site-specific

Sample Sizes

We are interested in the joint distribution of treatment effects and sample sizes across a
super population of sites. Note that the sample sizes affect inference through the site-
specific sampling variance V; , which we model as V; = pye™", where py, is the geometric
mean of these sampling variances and 7;is a zero-mean random variable that we refer to
as the log precision of Bj (though it has also been centered). For deriving our asymptotic
results, we will regard V; as log normal, i.e., njr%N (0, 0727), but our simulations will relax that
assumption. For the treatment effects, we write a simple model 8; = 8 + b; where b; is a
zero mean random effect having variance Jg. We regard the joint distribution of treatment

effects and log precisions as

. ind

Bil Bj, Vi '~ By, Vj, ..
B; Z.Z.dg 8 o‘g T (3.2.1)
1j 0 o oy
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Here f is the sampling distribution of Bj, describing how, within each site, the estimate Bj
varies around its mean (3; due to random measurement error and which people were sampled
within the site. We avoid the incorporation of covariates for simplicity. The ellipses in f
and g are included because conceptually they could depend on additional parameters not
specified here. g is some bivariate distribution on the real plane with mean vector (g, O)T,

Cov(bj,m;). We note that 02

and o n

nb = is a scale-free measure of design imbalance, and oy,

is a measure of the endogeneity of the design.

3.2.83 FEstimands

Looking across an infinite super-population of sites, our key estimand is the site-average
treatment effect (“site-ATE”). Given a simple random sample of size J from a list of all sites

in the population,

E(p)) = lim ZBJ/J =: . (3.2.2)

Another important quantity is the between-site variance of the site-specific treatment effects,

that is

J
Var(8;) = Ii Vi) J | = o} 3.2.3
@)= Jim [ 02/7) = o 3:23)
j=1
where b; = ; — (is a site-specific, zero mean random effect.

3.2.4 FEstimators to be Compared

The most commonly used estimators include a simple unbiased and consistent design-based
or unweighted estimator and two alternatives that exploit variation in sampling variances V;

to reduce variance at the risk of incurring bias.
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Unweighted (UW). The simplest estimator of the site-average mean treatment effect is
A J A
Buw = Z ﬁ]/t] (3.2.4)
7=1

and it is unbiased under our assumptions and the definition (3.2.1) regardless of the value
of oy, and the shape of g. This is the design-consistent estimator if sites constitute a simple
random sample.

Ordinary Least Squares with Site Fized effects (FE). Perhaps the most popular estima-
tor of the average treatment effect in multisite trials (Weiss et al. 2017; Bloom et al. 2017;
Miratrix, Weiss, and Henderson, 2021) models the treatment effects as constant using ordi-
nary least squares with site fixed effects. In (3.2.1) this amounts to assuming ag =op =0

and normality of f, and defining Pj := Vj_l, MLE gives us the fixed effects (FE) estimator

J J J J
j=1 j=1 j=1 j=1

Under weaker assumptions this estimator arises from ordinary least squares with fixed effects
such that Y;; = BT;; + poj + €45, where pg; is an unknown constant for each site j , and
treatment effects are equal in every site. The error e;; is often assumed to have constant

variance o2

across persons and sites, though more complex models for Var(e;;) may be
desirable (Bloom et al. 2017).

Fized intercepts, random coefficients (FIRC). Bloom et al. (2017) expand the fixed
effects model with a random coefficient for treatment, writing Y;; = (8 + b;)T;; + poj +
ejjwhere bjis a mean zero random effect, independent across sites, having variance O'g. FIRC
is a simplified linear mixed model that removes potential confounding of random intercepts

and treatment effects. Linear mixed models (also known as hierarchical linear models),

along with FE have been found to be very commonly used estimators in multi-site trials in
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education and behavioral science (Kautz, Schochet, and Tilley 2017; Miratrix, Weiss, and

Henderson, 2021). The FIRC estimator can be written as

J
Brirc = ZS\]’B]’/ZS\JH (3.2.6)

where 5\j = and &gis the MLE ag under FIRC when site-specific sample sizes are

_%
67+V;
assumed fixed (see Section B.1 of the Appendix). Note that the 62 in the numerator of
S\jcancel in (3.2.6) and when 65 — 0 the estimator is defined as Spg. Thus Bp;pe converges
to Bpp as 62 — 0 and to By as 62 — o00. In terms of model (3.2.1) this estimator is
MLE assuming normality for f, o, = 0, and bivariate normality of g. It is also equivalent
to the traditional random effects estimator in meta-analysis (Raudenbush & Bryk 1985).
In the multilevel modeling literature, 5\]' is known as the estimated site-specific reliability
of Bj as an estimate of the true site-specific effect ; (Raudenbush & Bryk 2002, Chapter
3). Reliabilities are high when the site-specific treatment effects have large variance relative
to the sampling variances, Vj. To see how FIRC relates to FE more explicitly, note also,

) J o J A
when 67 > 0, that Bprpe = > (1 — Aj)ﬁj/ '21 ei(1 — \;j). Like FE, FIRC is biased
j:

j=1
whenever o, is nonzero.

Fized intercepts, random coefficients plus (FIRC+ ). Although not used to date in the
literature, we consider a fourth estimator that is a natural modification of FIRC to handle
endogeneity by including a linear adjustment for the log precision, n;. If 5;and 7; are linearly
related, we can remove the bias by estimating the model Bj = B+an;+¢ej+e;, where ais a
regression coefficient, ¢; := 8; — (8 + an;), 1, and e; are independently normal with mean
zero and constant variance; we call this model FIRC+. In terms of (3.2.1), assuming that
both f and g are normal imposes this linear conditional relationship between site-specific

ATEs and log precisions. For 62 > 0, the maximum likelihood estimate (MLE) of the
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site-average treatment effect is

J J
Brircy = D AT (Bj—any) [ Y AS (3.2.7)
7j=1 j=1

v o 52 ~2 ) ; ~2 ; 2 _ 2 2 ; —
where AT = me/(crb|77 + V;) with T4l being the MLE of Tl = oy (1 = pyp) with p,, =
onp/ (onop) and & is the MLE of a. See the Section B.1 of the Appendix for further details.

For O'g =0, the MLE is the fixed effects estimator.

3.3 Asymptotic Behavior of the Point Estimators

In any multi-site trial, three main quantities control the comparisons among our four es-
timators. First, the role of heterogeneity of treatment effects operates largely through the
reliability A = ag / (ag + fij7), where 0 < A < 1, which measures in aggregate how accu-
rately the site-specific estimates Bj estimate the true impact [; relative to how much these
impacts vary. This reliability will be high when site impacts vary greatly and/or when the
typical sampling variance, s 18 small. Second, the role of variation in precisions is cap-
tured by 0727, the variance of the (centered) log precision of Bj- Although 0% can exceed 1,
a value approaching 1 would indicate exceptionally large variation in precision. And third,
the contribution of endogeneity of precisions is captured byp,y, the correlation between log
precisions and effect sizes.

Analytic expressions for the biases and variances of the four estimators are given in
Table 3.3.1. Except where noted otherwise, they are approximate in three senses: they are
large-sample (as the number of sites J — o0); they rely on bivariate normality of 8;and
nj; and they are based on Laplace approximations to the actual asymptotic distributions.
Our simulations show that the approximations are accurate under a fairly wide range of
assumptions about the joint distribution of 3; and 7;, even for modest J. We provide two

approximations for the variance of the FIRC estimator to facilitate clear comparisons to FE
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Estimator Asymptotic Bias Asymptotic Variance

R 19
UW S DI 0 o2 + e
S e B 2 —152
FE W Uﬁb Ug(l + p?]ba%)eaﬂ -+ MV@ 207
(1) : [U% (1 + p?}bA) PV (1=2%)?
5.4 T _lyk(1—23*2 1/2
FIRC M 1‘7nb2(;_1)‘£* +hpe 303(1-2A )} <1+0%d’1k2v§>
2= FopAL=A) 2 VT o2V (1 —
(i) : (Ub +Nv)[ +oy ( )]
: ] e%vik’vQ(lil/\*)Q )
FIRC > S (Bj—am)) (3 TH) LHoAT (1=AT) 2 [14o] (1-2)?]
YA e3vf (1-31)2

Table 3.3.1: Asymptotic Bias and Variance of the estimators. For UW the results are
finite-sample under (3.2.1), with the variance (normalized by J _1) also requiring marginal
normality of n;. The FE, FIRC, and FIRC+ results are asymptotic under (3.2.1) with
bivariate normality, and FIRC and FIRC+ also use the Laplace approximations. As an
exception, the FIRC+ bias result is finite-sample and only requires that the conditional
expectation of 3; is linear in 7; (as happens under bivariate normality). For full definitions

of \*, AT, vy, v3, A, and vf see the Appendix. Briefly, \* and A1 are the probability limits

2

(as J — 00) of A under FIRC and FIRC+ respectively, A is near 1, and vy, v, vf <o

and FIRC+ respectively. For full details and derivations see the Appendix.

3.3.1 Comparing UW and FE

Constant treatment effects. When Ug = 0 and n; ~ N(0, U%), UW has a normalized variance
of Var(J 2 Bow) = ﬂve%ag. In contrast, FE, which is in this case unbiased, has an asymp-
totic normalized variance of Var(J 1/ 23 FE) = [Lve_%g’%. Thus, under these assumptions
the asymptotic efficiency (ARE) of FE relative to UW is eagl. In practice, this ratio can be
quite large. For example, we have found that in the national Welfare to Work experiment,

o5 ~ 0.9 (Bloom et al. 2017), yielding an ARE of 1.57. In our own case study of Head Start

2~
n
2

o7 ~ 0.5, leading to an ARE of 1.28. That FE dominates UW when treatment effects are

Ui

constant is no surprise given that, under that assumption, FE is best linear unbiased, but
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the loss of efficiency using UW can be substantial in practice under this assumption.

Variable treatment effects. When treatment effects vary and are correlated with sam-
pling precisions, FE can be quite seriously biased. For example, when 7; ~ N(0, 0’%), the
large-sample bias of FE is ;. We will not be able to rule out a non-negligible bias of B FE
in our case study.

Notwithstanding its potential bias, one might suspect that FE would always have a
lower variance than UW. However, the opposite can occur. Even when P = 0, our large-
sample approximations indicate Var(J1/2BFE) > Var(JY2 By ) if A > (1 + 650727>_1 (as
long as 072] >(0), a condition that will be met sometimes in practice; for even an extremely
imbalanced study with 0,27 = 1 this would require A > 0.38 roughly, which is possible when
sites are moderately heterogeneous or large, leading to relatively high precisions. Intuitively,
when heterogeneity is high, FE has a higher chance of heavily up-weighting large sites whose
true effects happen to be in the tails of g (the cross-site site-ATEs distribution), leading to

a more variable estimator.

3.3.2 Comparing FE and FIRC

We generally prefer FIRC to FE for estimating the site-ATE. First, we will show that, under
weak assumptions, Bias(BF]RC) < Bias(BFE). Moreover, based on our approximations,
the asymptotic variance of FIRC is sometimes much smaller than that of FE.

Comparing the biases. By working directly with the estimators’ expectations, it is

fairly straightforward to show that in finite samples FIRC is never more biased than FE:
Theorem 3.3.1. For any number of sites J, Bias(BFIRC, ﬁ)) < ‘Bz’as(BFE, B)1.

This result does not depend on parametric assumptions or asymptotics. Intuitively,
the FIRC weights are transformations of the FE weights that are always shrunk towards the
constant UW weights, which produce an unbiased estimator. The proof is in the Appendix.

To assess the magnitude of these biases, we see from Table 3.3.1 how the bias of FIRC
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is a simple fraction of the bias of FE under our approximations. This fraction becomes
smaller as the site-ATEs become more variable relative to their estimates’ noise (increasing
5\) The two estimators converge as A — 0 (vanishing treatment effect heterogeneity of effects
across sites). As A—1 (heterogeneity of effects across sites increases relative to,uf/) FIRC

converges to UW and is thus unbiased. The fraction thus has a maximum of 1 — A and

2

diminishes as oy

increases. In sum, as O'g and 0727 increase, FIRC’s bias reduction relative to
FE increases.

Comparing the variances. Table 3.3.1 provides two approximations for Var(.J Y 5‘ FIRC)-
Expression (i) gives us clear insight into how FIRC uses available information efficiently
(putting aside bias). For A near 0 FIRC approximates FE. As A increases, indicating hetero-
geneity of impact, FIRC curbs the tendency of FE to put too much weight on site-treatment
effect estimates that are precise but possibly far from the mean. As X approaches 1, FIRC
converges to UW. Hence, the FIRC estimator ranges between UW and FE, and in fact in
such a way that its asymptotic variance always beats both of theirs (see, e.g., Figure B.7 in

the Appendix). Altogether, FIRC asymptotically dominates FE, at least when site effects

B; and log precisions 7); are bivariate normal.

3.3.83 Comparing UW and FIRC and FIRC+

Among the ”bias-reducing” estimators, FIRC+ is unbiased and it dominates UW asymptot-
ically (as the MLE) based on our approximations. However, its variance is typically close
UW’s (see also Figure B.7 in the Appendix); when both 072’ and p,y, are large it can be
somewhat more efficient (up to about 15% smaller RMSE), but this small gain comes at the
price of extra assumptions, particularly the assumption of a linear association between 7 and
b.

We have seen that FIRC is always at least as good as FE (asymptotically). Also, UW

tends to perform similarly to FIRC+ with fewer assumptions. Therefore the comparison
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between FIRC and UW becomes particularly interesting.

While its variance is always smaller than that of UW, in endogenous designs FIRC
will have a larger MSE than will UW when J grows large enough. This is because FIRC
is inconsistent: its bias stays fixed, while all of their variances converge to 0. Given the
imbalance in precision as indexed by 0727 , the relative heterogeneity of effect as indexed by

A, and endogeneity as indexed by p,p, at what “critical” value of Jdoes UW beat FIRC with

respect to MSE? The answer, plotted in Figure 3.3.1, is given by the equation

B Var(Jl/QBUW) - Var(Jl/QBFIRC)

7 e
Bias*(Brrrc, B)

: (3.3.1)

where the variances of each estimator are normalized to not depend on J. Below each solid
curve FIRC beats UW. When X is small (in the leftmost column) the curves are flatter, so
the amount of bias FIRC can bear and still beat the unbiased estimators decreases relatively
slowly as J increases. For example, when heterogeneity is low and imbalance is high (5\ =0.1
and 0727 = 0.7) , if pyp = 0.1 then a study must have well over 350 sites (not plotted) before
FIRC loses to UW. Yet when heterogeneity is very high and imbalance is low (:\ = 0.7and
0’% = 04), if ppp = 0.1 then a study must only have 200 sites before it loses to UW.
Figure 3.3.1 also illustrates where performance of the FIRC and UW estimators diverge
significantly (the light gray lines and the color intensity). These regions are characterized by
high endogeneity and large J, and the discrepancy enhanced when 0,27 is large and A is near
0.5. The Appendix provides a similar figure that includes FIRC+ as well as UW. FIRC+
plus tends to behave similarly to UW except when endogneity is very high.

To summarize the analytic results, first, FIRC is to be preferred over FE. Second, FIRC
can be much more efficient than UW and FIRC+ when endogeneity is small or treatment
effects are constant or only modestly variable. However, the bias of FIRC can be problematic,

especially in trials with many sites. If J is small, the endogeneity must be quite large, perhaps

uncommonly so, before FIRC loses to UW and FIRC+ with respect to mean squared error,
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Critical J: At what value of J does FIRC RMSE equal UW RMSE?
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Figure 3.3.1: Curves in J and p;; where the approximate FIRC RMSE equals the RMSE

of UW (solid lines) and FIRC+ (dashed lines). Curves are given for varying A(columns) and
cr%(rows) For fixed), varying V or opdoes not affect the curves (since they cancel out in
the ratios). Above the black curves UW beats FIRC in RMSE (as the FIRC bias increases),
while below each curve FIRC beats UW. The gray curves show where the ratio of FIRC over
UW RMSE are 0.9 (below black curve) and 1.1 (above black curve). The intensity of color
shows how far the ratio is from 1 at each point.

and it never loses by much. But if J is large, FIRC can lose, by quite a lot, to UW and
FIRC+ when the endogeneity is more moderate (but still appreciable) and heterogeneity is

appreciable.

3.4 Simulation Study of Point Estimators and Confidence
Intervals
How accurate are these approximations when the bivariate normality assumption fails?
When the approximations are not sufficiently accurate, how do the estimators perform rel-

ative to one another? To address these questions we simulated trials coming from a wide

range of specific cases of model (3.2.1) and design parameters.
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Factor g J op 0% 0727 Pnb
(joint dist.  (# of sites)  (variance  (geometric (imbalance) (endogen-
of of mean of eity of
site-ATEs site-ATEs)  sampling design)
and log variances)
precisions)

Levels  Normal, 30, 100,  0,0.1,0.2, 0.12,0.32, 0.1,04, 0,0.1,0.3,
heavy- 350 0.35 0.52 0.7, 1 0.5
tailed,

nonlinear,
het-

eroscedas-
tic

Table 3.4.1: Factors varied in the simulation study.

3.4.1 Simulation Setup

Table 3.4.1 gives the specific levels of each factor we vary. We consider studies with all
combinations of: small, medium, or large number of sites (J); no, low, moderate, or high
heterogeneity of site-average treatment effects (o, ); low, moderate, or high precision of site-
average treatment effect estimates (“17’ which depends mainly on the sample sizes nj);
low, moderate, high, or very high imbalance across sites (0727); no, low, moderate, and high
endogeneity of design (ﬂnb)§ and four different plausible parametric joint distributions of
site-ATEs and log precisions (g). We note that our values for o and pir let A range fairly
evenly between 0 and 1. Altogether this gives a total of 3-4-3-4-4 -4 = 2304 distinct
scenarios. For each scenario we simulated enough replicates (multisite trial data sets) needed
to get bias and variance estimates accurate to two decimal places; this ranged from 500 to
nearly 100,000 replicates across scenarios.

We specify g through the marginal distribution of 7; and the conditional distribution
of B; given n;. For full details see Section B.5 of the Appendix, but briefly in all four cases

we made nj%i N(0, a%) and then varied the conditionals (and hence the marginal distribution
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of the site-ATEs 6]-). The conditional distributions have unequal conditional variances, each
scaled so the marginal variance ag is the same (so estimators’ MSEs are comparable across
scenarios). In the normal case, the FIRC+ model is correct. In the heavy-tailed case, where
Bj = B+ an; + k; with j%i t3, especially effective/ineffective sites are more common than
under normality. In the nonlinear case, where j3; ’nerQN (B +anj+7(n?—a%), 72), the positive
association between log precision and treatment effect grows as log precision increases. In
the heteroscedastic case, where ﬁj\njf%]\/ (B + anj, T2€7%77j ), sites with higher precisions

have less variable effects.

3.4.2 Root Mean Squared Error of Point Estimators

As detailed in Appendix Section B.6, the simulation reveals that all of the RMSE approx-
imations are typically very good when $3;|n; is conditionally normal or heavy-tailed, even
when there are relatively few sites (J = 30). Not surprisingly the FIRC and (especially)
FE approximations deteriorate as nonlinearity or heteroscedasticity increase and when 02 is
nonzero; the FIRC+ approximations also suffer in the nonlinear case (though not much in
the heteroscedastic case). The Monte Carlo error is such that we can trust the simulated
RMSES to be off from the truth by up to about 5% in either direction.

Simulation results for the relative efficiency of the estimators are shown in Figure

3.4.1, which plots the ratio of each precision-weighted estimator’s RMSE to that of UW

2

as \ (x-axis), o

(column), and pyy, (color and line) vary in quite strongly heteroscedastic
and nonlinear cases when J = 100. The normal (of course) and heavy simulation echo the
asymptotic approximations very closely, so we leave them to the Appendix. When J = 30
and J = 350 the estimator relationships are qualitatively similar to those shown here so we
leave these figures to the Appendix as well. The heteroscedastic and nonlinear simulation

results reveal the following nuances. As previously emphasized, these scenarios may not arise

frequently in practice, but they are important departures from normality to be aware of.
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FIRC vs. FE. FE can beat FIRC in the heteroscedastic case when p, is low, especially
when imbalance 0727 and heterogeneity \ are high. This happens because the heteroscedastic
case we simulated gives an additional reward to precision weighting (since in this particular
case, the more precise sites also have less variable effects Bj) and FE’s precision weighting is
more aggressive than FIRC’s. However, when p,y, is nonzero and moderate FE’s bias can still
be much larger than FIRC’s and the extra variance reduction is dwarfed. In the nonlinear
case FE’s bias is exacerbated more than FIRC’s is, so it loses by an even wider margin than
in the normal case.

FIRC+ vs. UW. While our asymptotics suggest that FIRC+ universally dominates
UW, of course this is not the case in the nonlinear setting, which violates the FIRC+
regression assumption and gives it a bias that stays fixed as the sample size grows. In
particular, we can see that FIRC+ can become worse than UW (by up to 40% when J =
100, and up to 130% when J = 350) in the nonlinear case when )\ is not very small or very
large (i.e. bounded away from 0 and 1) and there is at least moderate imbalance.

FIRC vs. UW and FIRC+. In the strongly nonlinear case, FIRC only beats UW
substantially if \ is 0 or very close, and otherwise it only beats UW if ppb 1s small and then
by a fairly modest margin (10-20% in our scenarios). But FIRC is less biased than FIRC+
when p,;, is not large. The heteroscedastic case reduces FIRC’s and FE’s variance, leading
FIRC to beat UW and FIRC+ by a larger margin when there is little endogeneity. An
antagonistic heteroscedastic case (where the more precise or larger sites have more variable

effects) would not make FIRC look so good.

3.4.3 Coverage of Confidence Intervals

To construct confidence intervals for the ATE, the standard strategy most analysts would
default to is to center the interval at the preferred method’s point estimate and then find

bounds by subtracting and adding the appropriate multiple of an estimated standard error.
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Relative efficiency of precision-weighted estimators to unweighted
(UW) estimator, by simulation (when J = 100)
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Figure 3.4.1: The ratio of each estimator’s RMSE relative to the RMSE of UW, as )\
varies on the x-axis, for J = 100 in the heteroscedastic and nonlinear cases. Separate plots
are given for each a,%(columns) and estimator/distribution (rows). A RMSE ratio of 100%
is shown by the horizontal solid red lines, while the dashed red lines are at 110% and 90%
to demarcate cases where estimators perform comparably to UW. The color of each point
corresponds to the correlation p,;. These ratios only depend on ag and [ (not shown)

through A
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However, centering a confidence interval at a biased point estimator is asking for trouble.
Figure 3.4.2 illustrates this issue through simulation results from the normal case (see the
Appendix Section B.6 for the others). When the bias of FIRC and FE grow, controlled
largely by oy, along the x-axis, coverage of the standard FIRC and FE confidence intervals
plummets far below the nominal 95% level. The FIRC+ interval also suffers from poor
coverage in the strongly nonlinear case, where it is also biased. The problem is exacerbated
by sample size, since as J grows the standard errors shrink and these confidence intervals
will converge onto the wrong (biased) ATE. Even if the bias is small, in any real study
we will not know exactly where in this downward spiral the coverage will fall — it may be
close to nominal or embarrassingly lower. The conclusion is simple: to accurately measure
uncertainty using the simplest type of confidence interval, one must be conservative and use
an unbiased estimator (UW, or FIRC+ if trusted).

What recourse do researchers have? One possibility is to report a different point
estimate (e.g. FIRC) than the one used to construct the confidence interval (UW or FIRC+).
This invites the chance that the point estimate is not in the confidence interval, though in
practice this would be extremely rare because the four estimators are highly correlated and
except in unrealistically large (or precise) trials the UW or FIRC+ confidence intervals will
be more than wide enough to cover the FIRC and FE point estimates. Another is to construct
more sophisticated intervals that are likely shorter but still guarantee their advertised level of
coverage (though perhaps asymptotically). For example, one might adapt a FAB (Frequentist
assisted by Bayes) method (Yu & Hoff 2018) to this setting or use bias-corrected bootstrap

methods like BCa (Efron 1987).

3.5 Self-Inefficiency of the Unweighted Estimator

Our asymptotic and simulation results highlight that while UW’s guaranteed unbiasedness

may be important in some settings, the price is that it can use the trial data very inefficiently,
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Coverage of nominal 95% confidence intervals, by simulation
(Normal case, with uy =0.09 and o’ =0.7)
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Figure 3.4.2: Actual coverage rates (by simulation) for the standard nominal 95% confi-
dence intervals centered on the different point estimators, as a function of oy, (x-axis). Plots
are given for FIRC and FE (columns) and values of pp, (rows). Each colored line shows
scenarios with a different sample sizeJ. The horizontal light grey lines mark the nominal
95% rate, and the dark grey lines mark 90%. The data where simulated from the normal
case (as in the simulation study in Sections 4), with i = 0.09 and 0727, though changing
these parameters does not change the results qualitatively (i.e. the coverage can still be
bad).

especially if there is substantial imbalance in design across sites. In this Section we consider
another perspective on UW’s use of trial data by asking if, and when, UW can be improved
by throwing out data. This is a form of the self-inefficiency property coined by Meng and
Xie (2014), and we derive conditions describing when UW suffers from this odd problem.

Consider discarding some sites and recomputing the unweighted estimator on the
remaining subset S C {1,...,J} to get the subset estimator Bg := s~! > jes Bj where
5= 23-721 1{; € S}. We refer to ,@ ¢ as the subset estimator and focus on the case where
S is the subset of sites with the s most precise site-specific effect estimates. If this subset
estimator has smaller mean squared error than UW, then we say that the original estimator
is self-inefficient.

Lack of self-efficiency indicates that a method makes poor use of available data. How-
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ever, we stress that self-efficiency is likely a basic quality of reasonable estimators and not
necessarily a sign that an estimator is optimal in apparently stronger senses. Self-inefficiency
of the “obvious” unbiased estimator in a given setting, like the UW estimator of the site-
ATE in multisite trials, is a sign that the problem may suffer from a difficult bias-variance
tradeoff and may be easier to check than more fully characterizing the tradeoff over a class
of estimators. We show later that, in the case of Head Start it is hard to deny that the
unweighted estimator is self-inefficient, casting doubt on the value of “bias-free” answers
despite that they are often prized (Schochet 2016).

The following theorem describes how BUW may be self-inefficient if the study design
is sufficiently imbalanced across sites. We define mg := s/J (the fraction of sites being kept
for the subset estimator), Ul%e g = Var(B;]j € S) (the variance of site effects in the subset),
Ag = E(Bjlj € S) — E(Bjlj ¢ S) (the difference in expected effects between kept and
discarded sites), and Ccg := Cov(B;, Bi|j € S,k € §) (the covariance of effects in different
kept sites). Recall that we consider only subsets where we keep the s most precise sites, that
is the sites with n; > N(J—s) where N(J—s) 1 the (J — s)-th order statistic. Thus the subset

is random (as a function of the 7);) but has fixed size.

Theorem 3.5.1. Under (3.2.1), suppose that for some s € {1,...,J — 1} the set of the s

most precise sites, S = {j € {1,...,J} :n; > n(J_S)}, satisfies
E(Vjlj € 8) < mgB(Vj) - |ofes — mgop| = s(1 = 75)?A% = (s = 1)Ces  (35.1)

or, equivalently,

s—1

A% < (1-m9) %5 ([rsE(V)) - E(Vlj € 8)] + |m0f — ofes] ) — (1-75) 2 —Ces.
(3.5.2)

Then the unweighted estimator BUW 18 self-inefficient as an estimator of 3.

See Section B.7 of the Appendix for the proof, which is mostly straightforward com-
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putation. Intuitively, condition (3.5.1) is met when the typical sampling variance in the
subset (i.e. the average sampling variance excluding the J — s largest ones), E(V;|j € S),
is small relative to the typical sampling variance over all sites, E(V}). (3.5.2) describes
this condition in terms of how large the difference in average treatment effects in the kept
and discarded sites, Ag, may be (controlled indirectly by the covariance Unb>- Both show
how self-inefficiency is less likely when the site effects are variable enough in the subset
(O'ge g > ﬂgag). The covariance term Ccg, included here for completeness, is typically neg-
ligible and often provably zero (see Section B.7 of the Appendix) so we exclude it from the
following discussions. Because Theorem 3.5.1 is a finite-sample result that requires weak
assumptions it can be used for rather reliable sensitivity analysis to assess whether the “con-
servative” UW estimator can be demonstrably improved on in practice, as we do in Section

3.6.

3.6 Head Start Impact Study

The effectiveness of Head Start has long been subject to debate, and in 1998 the US Congress
mandated a randomized evaluation, the Head Start Impact Study (Puma et al. 2010). After
drawing a sample of 351 Head Start centers, the experimenters sought applications from
eligible families. Because the number of places was limited, they conducted a lottery to make
offers of admission. The resulting sample included 4,400 3-4 year-old children. Restricting
our analysis to (a) centers with at least one experimental and one control child and (b)
children with complete data on our outcomes, our analytic sample includes 3,392 students in
316 centers (sites). Although an optimal analysis would likely use multiple imputation, we
prefer to avoid questions of missing data here in order to clarify key methodological issues
in this study, which focus on alternative estimators. We analyze the first year of outcome
data, collected in the spring of 2003.

Head Start is mandated to promote learning and socioemotional development among
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low-income preschoolers. We therefore study early reading (Woodcock Johnson IIT Letter-
Word Identification), math (Woodcock Johnson IIT Applied Problems), and vocabulary
(Peabody Picture Vocabulary Test or PPVT) in the cognitive domain. For the socioe-
motional domain, we study a measure of aggressive or “externalizing” behavior (the Child
Behavior Problems Index). Oral comprehension (Woodcock Johnson III Oral Comprehen-
sion) requires a mix of cognitive and attentional skill.

For each outcome, we estimate the site-average effect of treatment assignment. Head
Start Centers vary substantially in program design, resources, and geographic context. The
distribution of treatment effects across such heterogeneous programs is of interest and the
mean of that distribution is the site-ATE. We also consider the variance of that distribution.
Many others have focused on a population of sites, even if implicitly through their use of
standard linear mixed models, including Feller et al. (2006), Bloom & Unterman (2014), and
Walters (2015). Our focus on the effects of treatment assignment, often the called intent-to-
treat analysis, reflects the fact that some admitted children went to another or no preschool,
and some rejected children attended Head Start after getting in off a wait list. The effects
of assignment are relevant to a policy environment in which not all who receive an offer will
participate. HSIS also exhibits the conditions discussed in the introduction that invite the
bias-variance tradeoft.

Heterogeneity of impact. Program features such as teacher-staff ratios, staff qualifica-
tions, and facilities vary significantly across program sites (Puma et al. 2010). Sites also
vary in key aspects of program design, including curriculum, teacher evaluation and training,
director qualifications, and the guiding educational philosophy of the 90 agencies that oper-
ate the program. Past studies have found significant variation — even within an agency — in
how staff implement the program, their geographic settings, local labor market conditions,
supply of teachers, and the social, ethnic, and cultural background of parents and children

(Puma et al. 2010). So variation in treatment effects is highly plausible.
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Design-estimand mismatch and endogeneity of design. Our target population is the
population of sites, but the design is highly imbalanced across sites, so equal weighting will
be inefficient. HSIS planners initially sought to study sites with an average of 27 children
(with 16 assigned to treatment and 11 to control), but the sites ended up being smaller on
average (with a mean site size n = 10.7 in our analytic sample) and quite variable in size
(with n; ranging from 2 to 74). Proportions treated also varied across sites (T j ranging from
20% to 89%, with a mean of 62%). This design reflects the dramatic variation across centers
in the number of applicants in competitive lotteries. Varied sample sizes could represent
variation in the effectiveness of local recruiters, in the prestige and perceived effectiveness of
the local Head Start program, in the desirability of local child-care alternatives, or in the size
of the center relative to the size of the local population. Because these factors may plausibly
be related to the actual effectiveness of each center (3;) we cannot ignore the possibility that
the design is endogenous. Putting these three conditions together promotes uncertainty in

how to analyze this study.

3.6.1 Empirical Results

Tests of significance. As indicated in Table 3.6.1, all estimators indicate significant positive
effects of assignment to Head Start on early reading achievement and receptive vocabulary
and no estimator suggests a non-zero effect on oral comprehension. However, the estimators
for the other two outcomes produce ambiguity about impacts. In particular, FIRC and FE
suggest statistically significant effects on math achievement and aggression while the UW
analyses suggest rejecting the null hypothesis in neither case. FIRC+ would lead us to reject
the null hypothesis for math but not aggression. These results are based on two-sided ¢-tests
(with 315 degrees of freedom) of a null hypothesis of no average treatment effect. Emulating
an analyst who would use a single method of estimation for all five outcomes, these results

control for multiple testing using the popular Benjamini-Hochberg (Benjamini & Hochberg
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1995) method to control the false discovery rate at 3% across outcomes (separately for each
method).1 Point estimates across the four methods are similar, and the apparent differences
in hypothesis rejections reflect smaller standard errors associated with precision-weighted
methods. This may seem to imply that precision-weighting is superior, but if FIRC and FE
(and FIRC+) are biased, their tests will not achieve the nominal level. We will apply our
tools for sensitivity analysis to explore these discrepancies in findings.

Estimated magnitude of treatment effects. For the significant outcomes, the estimators
mostly agree on the magnitude of the site-ATE in terms of both point estimates and con-
fidence intervals. Point estimates of the treatment group difference for reading are 0.18 to
0.19 standard deviation (sd) units of the outcome variable, suggesting that a typical child
assigned to Head Start would outscore about 57 to 58 percent of the members of the control
group. Compared to other important educational evaluations, this effect is large enough
to be substantively important. It is, for example, very similar to the effects produced for
reading in the famous Tennessee study of class size reduction (Finn & Achilles 1991). For
vocabulary, the point estimates are 0.11-0.12 sd units, indicating that a typical child assigned
to the experimental groups would outscore about 54 percent of the control group members.
Point estimates of impact for math and aggression are a bit smaller (about 0.08 and -0.08 sd
units, respectively). One way to gauge the practical significance of the reading impact is to
note that assignment to Head Start produces a gain equivalent to about 14 weeks of learning,
assuming a typical learning rate of 0.014 sd units per week. To obtain this estimated rate, we
regressed the outcome on age among 3 and 4 year-olds, holding constant child fixed effects.

For math, the gain would be 6-7 weeks. (Such a metric is not possible for vocabulary using

PPVT, which is standardized by age).

1. We chose this level because under multiple testing it exacerbates differences between the estimators,
an interesting problem that may crop up in other studies, especially with more outcomes. Marginally, the
“conventional” 5% level leads to the same set of rejections as does 3%.
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Uuw FIRC+ FIRC FE

Readin 0.173* 0.180* 0.193* 0.194*
& (0.045) (0.043) (0.037) (0.037)
0.092 0.096* 0.080* 0.079*
Math
(0.048) (0.043) (0.032) (0.032)
Oral -0.030 -0.061 -0.026 -0.027
(0.040) (0.039) (0.029) (0.029)
Behavior -0.080 -0.081 -0.076* -0.076*
(0.047) (0.043) (0.034) (0.034)
0.123* 0.125%* 0.109* 0.109*
Vocabulary
(0.040) (0.038) (0.032) (0.032)

Table 3.6.1: Point estimates of the site-ATE for the five basic outcomes in HSIS under
each method. Standard errors are given in parentheses. The asterisks denote significance at
a 3% FDR level using the Benjamini-Hochberg procedure within each method (over the 5
outcomes). The 3% level was chosen to highlight the potential for different testing decisions
across methods.

3.6.2  Sensitivity Analyses

To better understand how the four basic estimators perform in HSIS, we consider how the
results of Sections 3 through 5 may apply to this study. In particular we want to assess, given
the Head Start data, (a) how self-inefficient UW could plausibly be, (b) what the analytic
approximations suggest about FIRC’s RMSE compared to UW, and (c¢) whether or not the
FIRC confidence intervals may plausibly have unacceptable coverage. The framing of these
sensitivity analysis questions is by definition Bayesian, so we take a Bayesian approach to
answering them. We pose a fully Bayesian version of model (3.2.1), considering a range
of priors, and compute the posterior distribution of the model parameters, which translates
directly into the posterior evidence about each question. Throughout we focus on the reading

and math outcomes as they provide an interesting contrast.
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3.6.2.1 Bayesian Framework and Key Parameter Inferences

Putting priors on the parameters of model (3.2.1) is obviously in some sense a subjective
exercise, as is any sensitivity analysis that makes judgments about what regions of a param-
eter space are worth considering. In general our priors rule out implausibly large parameter
values but are informative about little else, aside from a bivariate normality assumption.
In particular, our main sensitivity analyses are based on the following Bayesian version of

(3.2.1), except where noted otherwise:

. ind.
B;18;,V; "R N(B,V;)
n; = log py —logVj

Bj 2 2 ud 5} o} PrbOb0
[nj}'ﬁvgb:pnbaanaﬂv N([O ) PrbTHOY o2

n

oy, ~ TCauchy(0,0.065, (0, 00)) (3.6.1)

oy ~ TCauchy(0,0.24, (0,00))
pnb ~ TN(07 037 <_17 1))
log iy ~ N(0,10%)

B~ N(0,0.5?)

where N(m,v) indicates a normal distribution with mean (vector) m and (co)variance (ma-
trix) v, T'Cauchy(c, s, I) indicates a Cauchy distribution with location ¢ and scale s that
has been truncated to the interval I, and T'N(m,v, I) indicates a normal distribution with
mean m and variance v that has been truncated to the interval I. The bivariate normality
of B; and n; makes (3.6.1) akin to FIRC+ in its linearity and homoscedasticity assumptions,
points we touch on at the end of this section. The variance components use half-Cauchy
priors following Gelman (2006) and Polson & Scott (2012), which have slowly degrading tails
to not hamper inference if the true variances are quite large. The hyperparameter values

were chosen so that o has a ~10% prior probability of being greater than 0.4 (a very high
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level of heterogeneity), oy, has a ~15% prior probability of being greater than 1 (extremely
high imbalance), p,; has a ~95% prior probability of being in (-0.6, 0.6). The prior for u
is more or less flat on the log scale, and the prior for 3 is weakly informative in that it rules

out extremely large effect sizes (given that the outcome has been standardized).

2

Since oy

and pg are estimated with fairly high information from the data, we only
considered alternative priors for O'g and pyy. For ag, we tried both priors putting more mass
on large levels of heterogeneity (7'Cauchy(0,0.4,(0,00)), which has a 50% probability of
op > 0.4, or TCauchy(0.75,0.01, (0,00)), which has a 99% prior probability of o, > 0.4)
as well priors putting more mass on low levels of heterogeneity. Neither greatly affect our
sensitivity analyses, so we do not report those results. On the other hand, the prior for p,,
does matter, and we discuss results for a range of alternatives in Figure 3.6.2. At the end of
the section we discuss the possibility of making larger departures from the underlying model.

To preview the results of this analysis, Table 3.6.2 gives posterior means and credible
intervals for the key sensitivity parameters as well as some hints about the performance
of the estimators across the different Head Start outcomes. The first major point here
is that for all outcomes there appears to be very little evidence about the magnitude of
any endogeneity of design given the very wide intervals for p,;. This point is fleshed out
further in Figure 3.6.2, which we will discuss shortly in the sensitivity analysis for the
analytic approximations. Naturally 0727 is well estimated (given the large J) and inferences
are essentially identical across outcomes because this parameter is scale-free. Finally, looking
to the reading and math outcomes, we can see that for reading there is evidence of fairly
substantial heterogeneity of site effects whereas for math this heterogeneity is likely more
modest. This intuitively suggests (based on the results of Sections 3 and 4) that bias is more
likely to be a concern for the reading outcome than the math outcome. We examine this

intuition more formally in the next subsections.
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Reading Math Oral Behavior Vocabulary
0.06 -0.04 -0.04 0.00 -0.07
P (-0.40, 0.52) (-0.59, 0.49) (-0.59,0.49) (-0.56, 0.55) (-0.61, 0.47)
2 0.58 0.57 0.58 0.58 0.58
" (0.49, 0.67) (0.49, 0.67) (0.49, 0.67) (0.49, 0.67) (0.49, 0.67)
5 0.04 0.01 0.01 0.01 0.01
(0.00, 0.12) (0.00,0.04) (0.00,0.05) (0.00, 0.03) (0.00,0.06)
- 0.11 0.05 0.05 0.05 0.05
b (0.00, 0.25) (0.00, 0.13) (0.00, 0.13) (0.00, 0.13) (0.00, 0.15)

Table 3.6.2: Posterior means and 95% credible intervals (in parentheses) for the key sen-
sitivity parameters controlling the operating characteristics of the site-ATE estimators, for
each of the Head Start outcomes. The credible intervals are highest posterior density, and
note that for \ and op the lower bounds are only written as 0 after rounding.

3.6.2.2 Self-inefficiency of the UW Estimator

Figure 3.6.1 shows sensitivity analyses to check for self-inefficiency of the UW estimator in
HSIS, as described in Section 3.5. We see strong evidence of self-inefficiency. When discard-
ing only one site (right where the curves approach the y-axis), |[Ag| must be larger than 0.68
or 0.64 in order to ensure self-efficiency in reading and math respectively; in other words the
least precise site must have an site-specific ATE more than 0.64 (or more) better or worse
than the ATE of all the others, an extreme proposition. Further, if precisions are uncorre-
lated with site-specific ATEs then we could discard 45-64% of sites (see the x-intercepts) and
still achieve the same MSE using UW. We conclude that the UW analysis, which produces
unbiased point estimates and honest confidence intervals under weak assumptions, is almost
surely self-inefficient, and possibly quite seriously so. One would hope we can do better with

a different estimator.
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How large must Ag get before UW becomes self-efficient?
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Figure 3.6.1: Sensitivity analyses for self-efficiency in the case studies. Each panel shows
how large |Ag| can be before the UW estimator is self-efficient (from the RHS of (3.2)),
as a function of the fraction of sites being discarded (1 — mg). Above the curves UW is
self-efficient and below them it is self-inefficient. We hold a,% constant at its point estimate
0.57 since the curves are qualitatively similar across its 95% confidence intervals. The dotted
and dashed curves are for o, at the bounds of its 95% CI from FIRC; opcg is fixed at its
conservative lower bound mgoy, (harder to find self-inefficiency).

3.6.2.3 RMSE Approximations

As already alluded to in Table 3.6.2, there appears to be little evidence in the HSIS data
about the magnitude of py;,. The top portion of Figure 3.6.2 underlines this point by showing
that posterior distribution for p,; essentially reproduces its prior, over a range of substan-
tively diverse alternative prior distributions (top row). While dramatic, this is perhaps not
surprising given the small site sizes and relatively high noise levels for Bj in HSIS.

The bottom portion of Figure 3.6.2 shows the induced posterior distributions of the
RMSE ratio between FIRC and UW for the four alternative priors on py. For math,
essentially regardless of prior beliefs about p,y, the data and model imply that bias is not

plausibly big enough to make FIRC’s RMSE worse than UW’s. This is because the strong
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Sensitivity analysis of endogeneity and FIRC performance
Priors and posteriors for p,,
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Figure 3.6.2: Bayesian inference for endogeneity and asymptotic RMSE expressions. The
top grid of plots shows the four alternative prior densities for py, (columns, with A corre-
sponding to Table 3.6.2), as well as corresponding posteriors for this parameter given the
reading and math data respectively. Column A corresponds exactly to (3.6.1), whereas B-D
are (3.6.1) with the change to the pp, prior as shown in the first row. The bottom grid of
plots shows the posterior densities of the ratio of the FIRC to UW RMSE approximations,
which is simply a function of model parameters, under the four different priors.

evidence for very low heterogeneity of effects (see Table 3.6.2) in math limits the influence of
even very large values of pyy, (recall the expression for FIRC’s asymptotic bias in Table 3.3.1).
In contrast, for reading there is more evidence of cross-site treatment effect heterogeneity,
so antagonistic priors that more or less rule out small py, (panels C and D) suggest that

FIRC’s bias is more significant. That said these (probably substantively unrealistic) priors
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FIRC confidence interval coverage sensitivity analysis for HSIS
How fast could coverage degrade as endogeneity and heterogeneity grow?
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Figure 3.6.3: Simulated FIRC confidence interval coverage using parameter values plausible
under the HSIS posteriors, as p, (x-axis), A (columns), and 0% (color and line shape) vary.

Values for A correspond to the bounds for 95% and 50% highest posterior density intervals
under (3.6.1) given the math (top row) and reading (bottom row) data. Values for 0727
correspond to the 95% highest posterior density interval and the posterior mean, which are
virtually identical for both outcomes.

for pyy still only yield roughly 30% posterior probability that FIRC’s RMSE is larger than
UW’s, and deep posterior concern about FIRC’s RMSE would require extremely antagonistic
priors for pyy even beyond the prior in panel D (i.e. saying that it is close to 1 with high
probability). It is worth noting that these conclusions rely on the accuracy and relevance
of the asymptotic expansions from Table 3.3.1, though the simulation results of Section 3.4

suggest that these are quite accurate except for fairly extreme departures from bivariate

normality.
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3.6.2.4 Confidence Interval Coverage

Figure 3.6.3 displays coverage rates of nominal 95% confidence intervals, evaluated at plau-
sible values of 0,27 and A for the math and reading outcomes based on their posterior distri-
butions under (3.6.1), with p,;, ranging from 0 to 0.5 (not taken from any posterior). We
focus on FIRC because it will have better coverage than FE since its bias is smaller (Theo-
rem 2). When heterogeneity is very small (5\ < 0.005 roughly), coverage rates for FIRC are
better than 90% even for high endogeneity (|p,3| = 0.5). However, FIRC’s coverage declines
below 90% as heterogeneity increases (at about A= 0.05). When heterogeneity is rather
higher (5\ = 0.13, the upper limit of its 95% credible interval in reading), coverage of FIRC

confidence interval deteriorates quite rapidly even for fairly moderate levels of endogeneity.

3.6.3 Conclusions and Caveats

The sensitivity analyses in this section show that (a) the unweighted estimator is very likely
self-inefficient and may be extremely so, (b) FIRC is likely non-trivially more accurate as a
point estimator than UW, and (c) the FIRC confidence intervals may have poor coverage
for the reading outcome if endogeneity is nontrivial. For better or for worse, these analyses
also indicate that the very small site sizes in HSIS mean that the data provide very little
evidence about how endogenous the design may have been.

The bivariate normality assumption underlying our Bayesian inferences and the asymp-
totic approximations we evaluate here may be considered a limitation of these sensitivity
analyses, although arguably not a challenging one to overcome. First, any nonlinearity or
heteroscedasticity in the joint distribution of 8; and n; is likely not detectable in the HSIS
data given the high noise level (small :\) Further, because heterogeneity is small there is
limited potential for these features to exist (since the magnitudes of both are constrained by
the marginal variance of the site effects) and substantially affect our conclusions. However,
in a study with larger heterogeneity they would be more important possibilities for analysts
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to explore (e.g. through models and priors that allow and even expect them).

3.7 Implications and Open Research Areas

This paper is premised on the idea that the sample sizes in each site of a large multi-
site randomized field trial often arise from a random social process. The precision with
which a site’s treatment effect can be estimated may then plausibly be endogenous. The
initial statistical consequence is that the joint distribution of these site-specific precisions
and treatment effects then becomes an important object of study. Our aim has been to shed
new light on familiar estimators of the site-average treatment effect through asymptotics,
simulations, and Bayesian analysis of key sensitivity parameters in an illustrative case study.

The basic conclusion is that when endogeneity of design is a possibility none of the com-
mon estimators we consider strikes a generally attractive balance between bias and variance.
Three scale-free parameters largely control the biases and variances of these estimators: (1)
), the reliability with which site-specific treatment effects vary (measuring treatment effect
heterogeneity), (2) 0,27, the variance of the centered log precisions (measuring design imbal-
ance), and (3) ppp, the correlation between treatment effects and log precisions (measuring
endogeneity of design).

The design-based approach, while producing unbiased point estimates and valid confi-
dence intervals, may in some cases be self-inefficient, meaning that it makes such poor use
of data that its variance and even mean squared error can be improved by discarding data.
Yet a precision-based estimator (FIRC), which in many cases will plausibly produce a better
point estimator, will be inconsistent under endogeneity, meaning that confidence interval
coverage will inevitably deteriorate as the number of sites, .J, increases. The bias-variance
trade-off that arises from a forced choice among the most common estimators strikes us as
intolerable. We can readily envision a class of estimators that tolerate more bias when J is

small and less as J increases.
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Better estimators of the site-ATE under endogeneity. For these reasons we recommend
research on new estimators that would perform better when endogeneity of design is a con-
cern. One estimation strategy that comes to mind is weight-smoothing, potentially of the
“penalized spline of propensity” variety (Little 2004), where smoothing would be greater for
smaller values of J, given the scale-free parameters. Another possible direction is Bayesian
approaches that explicitly try to model the endogeneity of design while perhaps being careful
to not take it so seriously as to discount the finite-sample efficiency gains from borrowing
more heavily from the more precise sites. A key methodological challenge here is the fact
that, for most multi-site trials, noise levels make the level of endogeneity hard to estimate
accurately.

Other features of the site-specific ATE distribution. While our inquiry has focused on
the site-average impact, any representation of the distribution of average treatment effect
across sites would require estimation of the treatment effect variance and/or quantiles. Also
of interest is the association between the site-specific control-group means and treatment
effects, which is a measure of how much the treatment reduces or increases inequality. Here
design-based versus model-based estimators may differ markedly.

Other target populations. We have focused on inferences regarding an unweighted
population of sites, for example, schools, school districts, hospitals, or neighborhoods within
which random assignment occurs. A population that is typically also of interest is the
populations of persons nested within those sites. Miratrix, Weiss, and Henderson (2021)
found that, in 12 multi-site trials they reviewed, inferences for the site-average mean were
more sensitive to choice of estimator than were inferences regarding the average treatment
effect defined over a population or persons. In general, however, design-based estimators
of the person-average mean will be fairly efficient when sites are sampled proportional to
their size. Suppose that, instead, an experimenter has opted for a constant sample size for

each site despite the fact that the site-specific population sizes vary substantially. Then the
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bias-variance trade-offs among model-based versus design-base estimators would be similar
to those discussed in this article. Such a design might seem irrational. Experience suggests,
however, that large-scale trials are intended to serve multiple purposes, including describing
the distribution of effects or over persons. Therefore, optimizing design for a single use may
not be desirable.

Trial Design. It seems to follow from these findings that experimental design should
consider the risk of endogeneity of precision. Designs based on randomized lotteries seem
particularly vulnerable, but other aspects of participant recruitment may also produce en-
dogenous sample sizes. While beyond the scope of this article, the tools we have developed

can readily be adapted to probe these design questions as they arise in application.
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APPENDICES

A Appendix to “Dynamic Borrowing From Historical Controls
Via the Synthetic Prior with Covariates in Randomized

Clinical Trials”

A.1  Data generation details for the simulation study . . . . ... .. ... 108
A.2  Simulation results for variations on the SPx prior . . . . .. ... .. 113
A.3  Rationale for the SPx hyperprior . . . . ... ... .. ... ..... 114

A.1 Data generation details for the simulation study

A.1.1 Factors defining the different simulation settings

In the simulation study data are generated according in a wide array of schemes, which
consists of a (nearly) full factorial design with the following factors.

Direct relevance of historical rates and usefulness of covariates. The most important
conditions we vary across simulations are (a) whether the historical control rates are directly
relevant (similar) to the new rate or not and (b) whether the covariates predict response

rates or not. These conditions define what we call Scenarios 1-4:
e Scenario 1: Historical rates similar to new rate and covariates predictive
e Scenario 2: Historical rates not similar but covariates predictive
e Scenario 3: Historical rates similar and covariates not predictive
e Scenario 4: Historical rates not similar and covariates not predictive

For further details see the beginning of Section A.1.2 and the attached code/simulated

historical data files.
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Mazximum target control group size. The maximum target control group size may be
either 150 or 80 patients, reflecting some of the range of sample sizes typical in non-oncology
Phase 2 efficacy trials (see, e.g., Table 2.5.1). In the designs we consider 150 or 80 are also
the fized sample sizes of the treatment group, with equal randomization between treatment
and control in Stage 1 and unbalanced randomization in Stage 2 (depending on the # of
Stage 2 control patients). This leads to total trial sizes on the order of 300 or 160, more or
less depending on the concordance between the historical and new control data at interim.

Whether all covariates are used. The data-generating schemes for the main simulation
results in Tables 1 and 3 are given by a full factorial design defined on the previous factors,
in a setting where the analyst only observes and uses 2 of the 6 covariates actually associated
with response rates. Finally, just for Scenarios 1 and 2 (where covariates are useful) and the

C

Nyae = 190 maximum trial size case, we also simulate cases in which the analysts observe

and may use all 6 covariates, yielding Tables 2 and 4.

A.1.2 Exact sampling procedure

We directly generate trial-level data without sampling any patient-level data. To generate
random trial-level covariates and true response rates that are correlated, we first sample
from a marginal distribution for the covariates and then from a conditional distribution for
response rates given covariates. In Scenarios 1 and 3, the historical trials come from groups
i(h) € {1,2,3,4,5,6} (with 8 from each, for a total of 48 historical trials) and the new trial
comes from group i(H + 1) = 6. In Scenarios 2 and 4, the historical trials come from groups
i(h) € {1,2,3,4,6} (missing group 5; with 10 from each, for a total of 50 historical trials)
while the new trial comes from group i(H + 1) = 5, leading to a lower response rate than
any of the historical trials.

To sample a single trial’s control data:

1. Sample covariates.

109



The trial-level covariates include both patient characteristics, which are randomly sam-
pled, and trial eligibility or treatment regimen features, which are fixed under repeated
sampling for a given trial (but vary deterministically across trials). To reflect a setting
where different trials (indexed by h) are conducted in different settings, we pose 6
different covariate distributions and each trial’s covariates are sampled from just one

of these 6 (indexed by the function i(h)).

e Proportion male:

~ Binom(n, pi(s))/n

where 115 is the i(h)-th component of the vector (0.3,0.2,0.28,0.34,0.42,0.35).

e Average weight at trial start (kg):

where [i(h) 1 the i(h)-th component of the vector (75,55, 60,64, 82, 66).

e Average disease duration at trial start (years):

-2 w.p. 0.15
-1 w.p. 0.2
~Bih) 90 wp. 0.3

1 w.p. 0.2

2 w.p. 0.15

where 4;(p,) is the i(h)-th component of the vector (18,16,8,18,22,12).

e Dosing scheme:

= di(h)



where d; ) is the i(h)-th component of the vector
(biweekly, twice daily, weekly, weekly, biweekly, weekly).

In regressions this is represented as two binary covariates (biweekly or not, and

twice daily or not).

e Previous/background treatment at trial start:

= bin)
where b; (1) is the i(h)-th component of the vector

(none, none, MTX, MTX, none, none).

2. Sample response rate given covariates.

ind. .
ynlvn "X Binom(ny,by,)

Vnxn " Beta(ay, B)

ay, and By, are such that the Beta distribution has a mean given by the regression on

covariates

logit (L) = 101og(0.85) - maley, + 0.110g(0.95) - weighty,+
ap + B,

0.210g(0.95) - durationy, +10g(0.9) - I(d;(;,) = biweekly)+

log(1.1)1(d;(,y = twice daily)
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and scaled so that all 6 covariates explain 80% of the variation in true response rates
(i.e. considering the law of total of total variance, we have conditional variance given
covariates = 0.2 * marginal variance). This scaling is determined by Monte Carlo

integration to find the marginal variance of the response rates.

Sampling both 1y, and y;, means there is randomness in the true response rates beyond
just randomness in the observed response rate given the truth. This can be compared
to a Frequentist repeated sampling regime in which when a trial is replicated not only
would the same exact patients have different observed responses, but also the sample

of patients would change (leading to a different ”true” response rate).

These covariate distributions and regression equation were calibrated to mimic the
range of covariate values and response rates we observed in an expanded version of Table
2.5.1.

To sample the new trial’s treatment group data we take

Ytrt|Virt ~ Bin(ngrt, Yirt)

where ngp¢ is the control group’s maximum target sample size (half for interim analysis) and
Yirt is 0 or 0.3 greater than the new trial’s control rate of ¢y, (reflecting no treatment
effect or an additive treatment effect of 30 percentage points).

For the Frequentist repeated sampling in the simulation study, we sampled the histor-
ical trials’ data just once for each of Scenarios 1-4 and fixed it under repeated sampling,
only resampling the new trial’s data on each replicate. This reflects a setting where the
historical trials have already been run, and the Frequentist replication being considered is
just replication of the yet-to-be conducted new trial. The fixed historical data set that was

generated for each Scenario is shared along with the code.
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A.2  Simulation results for variations on the SPx prior

In Table A.1 we give simulation results from Table 2.4.1, with the addition of those for two
minor variations on the original SPx prior.
“SPx C.” stands for “SPx Careful”, and mimics the SPx prior stated in Section 2.2

but with

3 3 34
(phist>preg>pind) = 20° 10° 40

instead of (ppist: Preg, Pind) = (%, %, %), giving the no-borrowing submodel 85% prior weight
instead of 75%.

“SPx D.” stands for “SPx Diffuse”, and it puts equal prior weights on the submodels
while making the priors within the borrowing submodels more diffuse (i.e. pushing them to
borrow less strongly). In particular, it changes the SPx prior stated in Section 2.2 in three

ways:

1. for the historical borrowing submodel, the prior variance o gets the less concentrated
hyperior
o ~ TCauchy(0,0.1, (0, 00)),

whereas in the regular SPx method the scale parameter is 0.02,

2. for the regression submodel, the prior variance is not scaled down, so we just have

9reg|677'27XH+1 ~ N(/BTXH-i-l’T?)u
1
)

whereas in the regular SPx the prior variance here is er? with ¢ = 35, and

3. the prior submodels weights are

(phistapregapmd) = (g, ) g)
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instead of (pp;st, Pregs Pind) = (%, %, %) in the regular SPx.

From the SPx C. columns in Table A.1 we can see that putting slightly more prior
weight on the no-borrowing submodel may be an attractive alternative, at least in this
formulation where the borrowing submodels have concentrated priors and are well separated
from the no-borrowing submodel. SPx C. achieves more conservative coverage (and slightly
better RMSE) than SPx in Scenarios 2 and 4, where SPx can suffer slightly. At the same
time its RMSE in Scenarios 1 and 3, where borrowing is “easy,” is only slightly worse than
that of SPx, though its crfedible intervals are somewhat wider.

In contrast, the SPx D. results are poorer and vindicate the regular SPx strategy of
making the borrowing submodels have tight priors while putting most prior mass on the no-
borrowing submodel. SPx D. ends up borrowing more aggressively and confidently, leading

to poor coverage (and in some cases pitiful RMSE) in Scenarios 2 and 4.

A.3  Rationale for the SPx hyperprior

Near the end of Section 2.2 in the text, we highlighted two prior choices in SPx that drive

its adaptive historical borrowing:

(a) make the priors in the hist and reg submodels relatively strongly concentrated (i.e.

high prior probability of small 02 and 72), and

(b) give relatively high prior weight to the ind (no-borrowing) submodel (i.e. p;q >

DPhists Preg)-

A more detailed explanation of these choices follows.

By posing quite informative priors for the hist and reg borrowing submodels, (a), we
both allow strong borrowing when deemed appropriate (and pj,; , + preq is large) and make
the marginal likelihoods of these submodels more sensitive to conflict between the new and
historical data. This means that their marginal likelihoods will more quickly dwarf the no-

borrowing submodel’s marginal likelihood as borrowing grows safer and shrink compared to it
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N ax = 150 nax = 80

SPx SPx C. SPx D. Ind. SPx SPx C. SPx D. Ind.

Fixed Adapt. Fixed Adapt. Fixed Adapt. Fixed Fixed Adapt. Fixed Adapt. Fixed Adapt. Fixed
Scenario 1
Size 150 123.4 150 127.0 150 116.7 150 80 64.9 80 66.7 80 60.0 80
RMSE 0.025 0.026 0.026  0.027 0.025  0.026 0.032 0.024  0.026 0.024  0.027 0.024  0.026 0.032
Coverage 94.2  96.0 96.0  96.5 93.0 94.2 96.7 99.0  98.7 99.5  99.2 98.1  97.7 99.6
Width 0.104 0.113 0.115 0.124 0.090 0.098 0.140 0.135 0.153 0.153  0.170 0.107 0.119 0.190
Scenario 2
Size 150 127.7 150 133.6 150 119.2 150 80 65.0 80 68.14 80 61.3 80
RMSE 0.031  0.034 0.031  0.033 0.032  0.034 0.030 0.033  0.038 0.032  0.036 0.034  0.038 0.030
Coverage 91.4 920 94.1  93.6 87.7  87.1 97.1 97.2  95.6 98.0 978 90.5  90.3 99.6
Width 0.114 0.123 0.118 0.125 0.100 0.112 0.125 0.153  0.165 0.160 0.171 0.131 0.144 0.171
Scenario 3
Size 150 122.7 150 126.0 150 116.6 150 80 64.1 80 65.7 80 60.9 80
RMSE 0.022  0.023 0.024  0.025 0.022  0.023 0.033 0.021  0.023 0.022  0.025 0.019 0.023 0.032
Coverage 96.6  96.8 97.2 974 98.5 988 97.3 99.8  99.6 99.9  99.9 100.0  100.0 99.7
Width 0.106 0.116 0.116  0.127 0.111  0.123 0.140 0.138 0.157 0.155  0.173 0.139 0.155 0.190
Scenario 4
Size 150 156.4 150 156.9 150 146.7 150 80 78.6 80 79.9 80 71.1 80
RMSE 0.040 0.043 0.037  0.039 0.045 0.049 0.030 0.046  0.052 0.040 0.046 0.056  0.065 0.029
Coverage 93.5 921 95.3  93.7 87.3  86.7 96.4 98.1  96.0 99.6 974 914 875 99.7
Width 0.140 0.135 0.136  0.132 0.140  0.140 0.125 0.189 0.187 0.186 0.185 0.183 0.184 0.170

Table A.1: Control group size and Frequentist estimation accuracy for the new trial’s
control response rate, averaged over 1,000 simulated trials. Metrics are defined as in Table
2.4.1.

when borrowing grows more dangerous. The rationale for a priori favoring the no-borrowing
submodel, (b), is to compensate for the behavior of the three submodels’ marginal likelihoods
in the challenging setting of moderate but not necessarily obvious conflict between the new
and historical data. In this case, especially when the new trial size is small (e.g. at interim),
the marginal likelihood of the no-borrowing submodel may not be much larger than that of
the borrowing submodels because its prior is more diffuse and thus still gives nontrivial prior
mass to response rates that have low likelihoods, so to get large p;.kn g In this case we must
have large p;,,4. This also reflects the idea that we should be conservative about historical

borrowing, especially when sample sizes are small.
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B.1  Computational Derivations and Formulae

B.1.1 FIRC Estimator

2 N
The maximum likelihood estimators 6, ;prand Sprpe are the solutions to the pair of

estimating equations

A 3 2 v
C}(?F[RC _ min Z FIRCJ[(ﬁA _25FIRC) j] 0 (B.l)
2 AFIRCj
A Z AFIRC']
BrIRC = ——7 (B.2)
Z AFIRC']

where Aprre; = 6iprpe + Vi For 62ppe = 0, Brire = Bre - For 62ppe > 0,
we find it convenient to replace the weight A;} RCj with the equivalent weight A FIRCj =

Af IRC? A~ r I RCj 2 number lying in the interval (0, 1) that helps us evaluate the behavior of

the FIRC without reference to the scale of the outcome.

We can solve this system of equations iteratively based on the method of Fisher scor-
ing. Given values (&IEW;};C, B}n}gc) at iteration m, compute weight A%%Cj and squared
residuals(ﬁ- — Bl(;ﬂ}}zc)z; substitute into the RHS of (B.1) and (B.2) and solve to obtain

(¢ é?;}%076 F”}Eé) ). Repeat until convergence.

R 1 2
Proof. The density f(3;V;) = (27TA )~ 3¢778y H(8i-8) ; the log-likelihood for the sample
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is
1 1 5
2 —1 2
L(j3, o3 |data) = constant — 5 E In(Aj) — 3 E Aj (B; = B)

The score functions are

S(op) = 5 LA + 5 X A2 (8 - 8)?
—32872 (3 - )% - 4]
— 15 a7 (3-8 -] - 4 2 877
S(8) = A7 (B - B).

Setting S(ag):S(ﬁ) = 0 and solving for Jgand B yields (B.1) and (B.2). O

B.1.2 FIRC+ Estimator

FIRC+ uses iteratively re-weighted least squares applied to the regression model
Bj=B+anj+ecj+ej. (B.3)

Here ¢; = b; — an; ~ N(0, Ub\n) ej = Bj — Bj ~ N(0,Vj), €j1nj. To maximize the

likelihood with respect toabm, aand [, we can solve the estimating equations iteratively:

m)—2;,5 Alm ~(m
sz _ > Ag-j) (8 - 5%13%4 — ") — V] 0 (B.A)
bln ZAS_”;)_Q
(m-1 5 3
i) _ 284 (Z;fﬂ bl (B.5)
YA
BFT?E& Bm) _ g(m)p (B.6)
HereA b\n—"V B = ZA BJ/ZAH and ) = +j77]/ZA 1 Forag‘ > 0,
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we find it convenient to substitute Ay; = UZ?MAI_} for Ajrjl in (B.4)-(B.6). Given values
(

b|77771)2 and &(™)at iteration m, compute weight A(m)il and solve the LHS for estimates at

o +

iteration m-+1.

Proof. Model (B.3) can be written

~

Bj=bo+ ;=) +ej+ej

Bo
2(1 77j_77> +6j+ej::xf9+€j+ej
o)

T
where By = 8 + an, :vf = ( 1 nj—7 ) and 0 = ( By « ) . The density function for

the data is thus
A IAa—15 _  Tp\2
h(Bjn;) = (2%A+j)_%e_§A+j(5J 5 0) :

and the score functions are

o) = 5 285 t3.
7=1 7=1
1 2[5 T 2
=322 (B -] 0) - o)
j=1
1< PP T 2 1< —9 2
:5224] [(ﬁ]—xjﬁ) —1/3] 52247 o2,
j= j=

and



Setting S(ng) = 0 and solving for 02\77 yields (B.4). Setting S(#) = 0 and solving for

0 yields
0= (> a5t J) > ATt
-1
N RPN 0 > AT
a 0 YA m-n)? > AT ;= 0)B
Note that > Aj_l(nj - ﬁ)Bj = ZA;lnj(Bj — /). This then gives (B.5) and (B.6). O

B.1.3 Finding V;

Define Y;; as the outcome for person ¢ in site j. The sample means for treated and control
. * n, n = ng n

units are Yy; = 37,7 75355/ 577 Tijand Yoy = 32,7 (1 = T;5)Y5/ 322 (1 — Thj). We

regard the site-specific treatment effect Bj = 5713- — Yoj as an unbiased estimator of 3; =

p1; — pojhaving sampling variance

nj nj
Vj = Var(3;]8;) Z U/Z +3 (1 -T)0%/ Y (1 -Ty)).
j=1 j=1

Here p11; is the mean outcome in site j if all persons in that site were treated and p; is the
mean outcome if all such members were untreated, and a = Var(Y;jlp;, oj), which we
shall call the “within-site variance” for person ¢ in site j.

Clearly some structure must be imposed upon the within-site variance if we are to

2

=0 for all ¢ and 7,

estimate V;. Many analysts have assumed a constant variance o7
in which case V; = o 2/ [n;T;(1 — T;)]. This is the assumption underlying Brpp. However,
Bloom et al. (2017) show why this assumption is unreasonable when treatment effects vary

across sites and show that a reasonably robust alternative is to specify different constants for

treated and control units, that is agj = Tija% +(1— Tw)ag, in which case V; = 01/(71‘7 i)+
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0%[71]-(1 — Tj)]. In either case the constants o2 or a%,ag can be estimated consistently

by pooling sums of squares within sites or by estimating a two-level hierarchical model.
For the purpose of analyzing the Head Start data in this paper, we estimated the model
Yii = Bo + boj + (B1 + b1;)T;; + ejjvia maximum likelihood where by;and by jare zero-mean
random effects having variances O'go and agl respectively and covariance Thoby We found that
the specification of a single level-1 variance Var(e;;) = o2 was suitable in this case.

In the trials that we have seen, estimates of o2 or O'%, ag are quite precise. We caution
against specifying unique variances for each site (e.g., V; = a%j / (anj) + a%j [n;(1 - Tj)])
unless site sizes are very large, although one could obtain precise estimates of O'%j, a%j by

modeling them as a function of covariates or by specifying an exchangeable prior (Kasim &

Raudenbush, 1998).
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B.2  Some Finite Sample Bias Results

This section proves a general characterization of the finite sample bias of a weighted estimator
of the site-ATE, as well as the result showing that in finite samples the FIRC estimator is

never more biased than the FE estimator for the site-ATE.

B.2.1 Bias of weighted estimators

Lemma B.1. If an estimator 8 of 8 can be written 3 = Z}le wjﬁj/ 23]:1 wj where
Z}-]:l wj # 0 and Cov (%, Bj — ﬁj> =0, then under model (3.2.1), Bias(@,ﬁ) = Cov(wj/w, B))

, with @ = J 1 Z}'le w;.

Proof. We can immediately see that the bias is

N
&5
—~
g |§

)= 1Y oo (B 48] - = con (2.5
j=1

The first equality follows because F (%) = 1 (by exchangeability) and the second follows
by exchangeability and the assumption that the normalized weights have zero covariance

with the sampling errors. O]

In English, this lemma says that the bias for the site-ATE is simply the covariance

between the estimator’s (normalized) weights and the site-specific ATEs.

B.2.2 FIRC is never more biased than FE

Theorem 3.2. For any number of sites J, Bias(BF]RC, 5)’ < )Bias(BFE, B)1.

Proof. The basic argument here is that the FIRC estimator is bounded between the FE
estimator and the UW estimator, and FE is biased while UW is not.

To see this, note that the normalized FIRC weight for site j, as a function of the
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estimated variance 62, can be written

1
o, +V;

AN
J=1 6i4V;

It is easy to see that h;(0) = Pj/P, the normalized FE weight, and that 211m h(ég) =1/J,

0F—00

the UW weight. Furthermore, note that h; is monotone in 62 (decreasingbif the j-th weight
is above average, and increasing if it is below average), which can be checked for instance
through the derivative (or by noting that it is continuous and open). The monotonicity
means that in fact the (normalized) FIRC weights are each bounded between the respective
(normalized) FE precision weight and the UW constant weight. And because the estimators
are weighted sums, this implies that the FIRC estimator is bounded between the FE and

UW estimators, so its expectation (and bias) is also bounded between theirs. Since UW is

always unbiased whereas FE may not be, FIRC is never more biased than FE. [
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B.3  Approzimations of the Bias and Variance of Estimators

This section derives the bias and variance results shown in Table 3.3.1 of the text, reproduced
here for convenience.

First we describe the basic derivation strategy that we apply to each of the estimators,
which is fairly straightforward. We want to find the asymptotic distributions of estimators
that each have the form 3 = Zj:l wjﬁj / 257:1 wj. We consider the estimator Bin a
sequence of estimators as J — 00, so more formally we could write B(J ) to emphasize the
dependence on J, but we avoid this notation except where necessary for clarification. Our

derivations are based on the representation

TV (S w3 - ) VRIS z 2z

J 1 J
21 W 72 j=1wj v

T3 =57 = (B.7)
where §* = plim(ﬁ) (which exists by direct application of the WLLN to 5’) and Z; =
w; ( B i —%). Our strategy for analyzing (B.7) is to deal with the numerator and denominator
separately by applying the Central Limit Theorem in the numerator, the Weak Law of Large
Numbers in the denominator, and then Slutsky’s Theorem to combine the results. This
strategy assumes that ijj and w; are both ud sequences asymptotically as J — 00, so it
can be applied immediately to UW, FE, and FIRC+ but only after slight modification to
FIRC, which has an estimated weight (as a function of &g) with a mean that changes as J
changes.

In particular, these iid assumptions and the construction of Z; implies that Z; is itself

72d and that it has mean 0 because

= B(Zj) = BE(w;Bj) — E(w;)8* =0,

B* = plim (‘]1 i1 w]ﬂ}-) _ Bw)

where the second equality comes from Slutsky and the WLLN assuming that the summands

124



Estimator Asymptotic Bias Asymptotic Variance
3 1.2
UW %Z}'le ﬂ]‘ 0 Ug + ,uf/62077
L 2 2 9\ 0 —12
() [oF (14 p2,4) 8027
3 A 1/2
FIRC 2= oA g B (4 +02d¢2v;) /
]:M +o2A(1-A%) - o
(ii) (052 + )1+ 02X (1 — A7)
| BP0
FIRC+ f1 A7 (B —am;) (0§|,7+u‘7>[1+ozﬂ+(1 A2 [T+ (1-2)]

J+
1)\

e? 1(1 At)2

Table 3.3.1: Asymptotic Bias and Variance of the estimators.
finite-sample under (3.2.1), with the variance (normalized by J~!

normality of 7;.

bivariate normality, and FIRC and FIRC+ also use the Laplace approximations.
exception, the FIRC+ bias result is finite-sample and only requires that the conditional
expectation of 3; is linear in n; (as happens under bivariate normality).
The FIRC results use the following new definitions:

vy

ES

U2:

=072 (07 + fty7), where o}
_ o
1+ o2M*(1 = M)
52
_ 1
1420205 (1 = M)

A:

1+ (1— 3*)2s

1+ 202)%(1

— A%).

= plim(&%) ~

The FIRC+ results use the following new definitions:

2
’U+ = ~0-77 =

L 142 (1 - AT
. 2 2 i
AT = Ub|n/(‘7b|n + fyre
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~"7),  where ng = 072’(1 — p%b).

oy [1 = 20703 N (1 = \¥)]

For UW the results are
) also requiring marginal
The FE, FIRC, and FIRC+ results are asymptotic under (3.2.1) with
As an



are #d as J — oo; also Z; has finite variance which we denote a% = Var(Z;) and this
variance is constant in j. So we can apply the Central Limit Theorem to the numerator
on the far RHS of (B.7), and we find that J1/2Z£>N(O, a%). Applying the Weak Law of
Large Numbers to the denominator we get plim(w) = E(w;) =: py. These results can be

combined with Slutsky’s Theorem, so we have the main result
1/2/5 d g %
*
Haw
To summarize the estimator’s probability limit, we have

Hu(B-p)
Hw

LB =8+ (B.9)

We refer to the second term as the asymptotic bias of B (as an estimator of 3), and we define

A

() = Elw;(8; — B)]. The asymptotic variance of 3 is given by

. o2
AVar(p) = M_2Z (B.10)

Then the derivations mostly amount to finding Ho o O'%, and i, for each estimator. To
compute these expectations we use (a) varying features of and reliance on the bivariate
normality assumption for §; and 7;, and (b) Laplace-type approximations for expectations
involving the FIRC and FIRC+ weights, which are otherwise opaque. In the subsections

that follow we show the details for each estimator.

B.3.1 Unweighted (UW)

Recall that Sy = Z}]:l@j/i
R 1
Theorem B.1. Ifn; ~ N(0, 0%), then J%(ﬂUW — ﬁ)iN(O, o2 + uveQUQ).

Proof. This estimator is simple enough to be analyzed with the CLT alone, but in terms
126



of our framework above we have w; = 1 and Z; = Bj — B, 80 py = 1, uz = 0, and

12
a% = ag +upE(e™) = O'g + pye277 under the assumption that n; ~ N (0, 0727) since e~ i

is lognormal. Then applying (B.8) yields the result. O
B.3.2 Fixed Effects (FE)
Recall that BFE = Zlee”jﬁj/ Z]'»lee”j.

Theorem B.2. If we assume bivariate normality of site-ATEs and centered log precisions,

B . 15} o2 o
N N R (B.11)
nj 0 Tnb a%
then we have
A p
BrE—BpE =B+ oy
and
(5 x 202 2 2 2\ {r,—502
Proof. Here we have w; = e'i, Z; = €'li (BJ — Brg), and Brp = % To start, the log
normality implied by (B.11) implies that
. 1.2
pw = E(e"i) = e2%n. (B.12)

Then we just need to calculate Po(f—p) = E[e”ﬂ'(ﬁj — )] and a% = Var(e'i [B] — Brgl)-
To more easily evaluate these expectations we note that under model (3.2.1) and (B.11)
we can decompose the site-ATE estimate Bj into sampling error e;, a term predicted by the

log precision 7;, and an additional error independent of the log precision, €;. In particular,

~

ﬁj:ﬁj—i—ej:ﬁ—Fbj—i-ej:ﬁ—Fanj—i-a’:“j—i-@j (B.13)
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where the errors satisfy E(ej|n;) = 0, Var(ej|n;) =: Vj = ppe 1, sgn(e;) LB3; (thanks to
symmetry of the sampling distribution f in (3.2.1)), and £; ~ N0, 02(1 — p%b)] with n; Le;.
We may also write a = Unb/J% and Py = o/ (0n0y)-

We will also use the facts that, under (B.11),

12
E(ei) = e2n E(njeli) = o

2

2
E(7732'€2nj) — (40t + 02)e%n.

These equalities can be confirmed for example by evaluating, for any real numbers p and g,

the integral

2
E(nPe?i) = (27?0727)_% npeqnj_Q(j’z?dnj
R (B.15)
= e2TO0E g3 a0
where E, o2, 0,27<) is an expectation taken over a normal density with mean qa% and variance
o2

Therefore using (B.13) we can write

o Ty . 1.2
Po(p—p) = BV E[B; = Blnjl) = U—%E(ﬂjem) = o270 (B.16)

where we use the tower law, (B.13), and (B.14) (to evaluate the final expectation). So

applying (B.9) the asymptotic bias is simply

1.2
QJ"?:O'

1,2
BrE — Bre = oppe?” nb- (B.17)

To evaluate 0% (and the asymptotic variance), we first recall that Z; has mean 0 and
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use (B.17) to write

0% =E(Z}) =E [e%‘(anj tej+ej—om)?]. (B.18)
And (B.13) and (B.11) imply E(e; +ej[n;) = 0 and Var(ej +ej|n;) = 05(1 —p%b) +ppe ",

so further we have

o2 =FE [eznjE ([omj +ejte;— O'nb]2|7]j)]
=K <62”J [aznjz + ag(l - p%b) + ppe M+ 0727b - 2a0nb77j]>
=o’F (n?eznj) + O'g (1 — p%b> E (62773‘) + py B (€M) + O’%bE (e%j) — 2a0,,E (77]62777)
(B.19)

where we use the tower law on the first line. Now plugging (B.14) in to (B.19) yields

2 2 1 9 2

U% = <U%b/‘71%> 2o 4 a% (1 - p%b> 2 4 ,uveian + 0'727662077

2 - (B.20)
2 2 2 2 —5

= e“%n [Ub (1 + pnban) + pyre 2‘777} .

2
Finally, from (B.12) we have p2, = ¢, so combined with (B.20) we can see that the

asymptotic variance is

2

In. (B.21)

DN

~ 2 —
AVar(frg) = Jg(l + p%ba?])eaﬂ + fyr€
At last, using (B.8) concludes the proof. O

B.3.3 Fixed Intercept Random Coefficients (FIRC)

Recall that for the FIRC estimator, we have Sprpo = 237:1 j\jéj/ ijl ;\j where

A o7 . PPy [(BFIRC —Bj)? - Vj]
)\j = TV and 0 = T 32
b J Zy:l j
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and the (), indicates that 62 is taken to be 0 when the inside is negative.

Theorem B.3. Under bivariate normality assumption (C.5),

app(1 — A%)

5 P %
= ~ B+
Brirc=Bpire = B+ — ol

and
l A * d *2
J2(Br1rc — Brire) = N(0,0pRO)-

The asymptotic variance is

1
2 (oh? + ) (1 + o) 2
9FIRC ™~ Lot (12 »

e

where \* = 02‘2/(022 + py), di = (1= M%), v = 07%/(1 + O%dT)f and

2D %2 _ 2, 22
oy oy & oj, + oy ppp(A—1)

where
L4 (1= 220}
o 2
14 QJndi‘

Furthermore, we have the alternative asymptotic variance approrimation

U}QIRC ~ <ag [1 + pfle} (V3 (1=A")? + uve_%”§(1_2;\*2>> 1+ a,zldik%;]lm.

Remark.

These approximations, which are shown through simulation (see Section B.6) to be
very accurate under our assumptions, are based on Laplace approximations as shown be-
low (Section B.3.3.2). To clarify the approach we used to derive these, we’'ll first consider
the simple case in which site-specific treatment effect,3;, and the natural logarithm of sam-

pling precision,n;, are uncorrelated. We then turn to the more challenging task of deriving
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Theorem B.3 when (; and 7, are correlated.

Before jumping into the derivations we recall that our basic CLT decomposition (B.8)
cannot be directly applied to B FIRC because its actual weights do not form an #id sequence,
an assumption needed to use the WLLN and the CLT. To clarify this point, we emphasize
the FIRC estimator’s dependence on the number of sites J by using the notation B FIRC =

Bl([;]I)R o= Z}»j:l X;J) Bj / 23]21 5\5-‘]). The notation 5\§J> may seem strange, but it comes from
the fact that when there are a total of J sites, the FIRC estimator’s weight for site j depends
on both the sampling variance just in site j (V) and the overall effect heterogeneity estimate

using data from all J sites (((35)(‘])), ie. ;\g-‘]) = (62)(‘])/[(62)(‘]) +Vj]. This makes clear that

J)

the FIRC weights cannot form an 7:d sequence because (62)( is, of course, not iid as J — oo

(since both its mean and variance will be changing as it contracts around its probability

limit). (And this puts aside the slightly confusing question of how to simultaneously pick j
(/)

and J when considering A ; asan infinite sequence).

Instead, in the derivations below we will work with the asymptotic, not estimated,

*2
UQb
*2 1Y/
oy "tV

weights )\;‘. = where 62 is replaced with its probability limit 02‘2 = plim(62).

Since this weight s id as j — oo, we can apply (B.7) and (B.8) to find the asymptotic
. 5 A J 5 J .

distribution of JY2(B5 ;e — Bipe), Where Biype = 37 N5Bj/ So7_1 A; s the FIRC

estimator replacing j\j with its probability limit )\;f. (Note that B}; 1Re 18 N0t to be confused

with 877 o, the probability limit of B rrrc)- In fact, this is also the asymptotic distribution

of Jl/Q(BFIRC — Bprre) because
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T2 (B 1re = Brire) _ (Z}'j_1 NiBj B PO ;\j5j>
) D RPNV EPY

_ /2 ((Zjl ;\J'> (Z}'Izl Aj@) - (Z}'le /\;> (Z}]:1 5\ij))
(=) (Sh)

~ IY2(Bprre — Brrre

£

(B.22)

(using the traditional argument that if Xni>X and | X, —Yn|£>0 then Yni)X ). The last line

can be seen by noting that 5\j = A;‘f +0p(1) (as J — oo and j stays fixed, by the Continuous

Mapping Theorem applied to &2), plugging this result in to the numerator of the second
line, and using the appropriate oy notation arithmetic rules.

The upshot of this detailed argument is that to find the asymptotic distribution of

Brrrc we can replace the estimated weight S\j with the asymptotic weight )\f; =0y 2/ (o} 24

V;) in our usual calculations in (B.7)-(B.10).

B.3.3.1 Asymptotic distribution when o,;, =0
First we derive the asymptotic distribution of B}‘} 1rc 0 this easy special case when in fact
opp =0 (as the FIRC model assumes) to illustrate the basic process without getting bogged

down in long computations.

Proof. If the data are normally distributed as in (B.11) and o, = 0, then FIRC is MLE under
the true model so it is consistent for both g and ag, meaning that B}; 1RC 18 asymptotically
unbiased (without even needing to calculate (B.9)) and B;IRC = 23]21 )\jﬁj/Z‘jjzl Ajs
where \; = ag / (ag + Vj) is the “true” weight using the true effect heterogeneity a% =

plim(62).
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~

Then in (B.7), we have w; = A; and Z; = X\;(8; — B3). So py = E(A;), and

0%, = EM(bj+e))?]
= E[/\?E((ijrej)anj)]
= ENi(o} + V)]
= o7E(\)

where the first line uses the fact E(Z;) = 0 and (B.13), the second line uses the tower
law, the third line uses (B.13), and the last line follows from the definition of A;. Using
the Laplace approximations listed in Section B.3.3.2 below (and derived in Section B.4) to

evaluate F'(\;), we find that the asymptotic variance is

GPEN]  of (0f +pp)(1+oid)'?
2 EN] T cdvi(1-3)?

where dj = AM(1—)), A = ag/(ag + i), and vy = 0,27/(1 + (7727(11). Then applying (B.8) to
ﬁ} 1rc and recalling that B rrrc has the same asymptotic distribution as B}‘} 1RC 8ives the

special case of Theorem B.3 and concludes the proof. O]

Remark. Note that dy is bounded by 0 < dj < 0.25, reaching its minimum when AisOor1l

and reaching its maximum when X is 0.5. Also, vq is bounded by 0 < v < 0727.

B.3.3.2 Laplace Approximations Useful for FIRC

To derive (B.15) and results below, we apply a Laplace transform to obtain the following
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approximations:

1 Lv(1-3)2 1= hesv1 (12?2
B(\j) ~ 22— E(\jn;) ~ vi(1=MAe -
(1+07d1)2 (14+02d)2 )
32,2v9(1—X)2 332,209 (1-X)
B )\? ~ Afe 2( )1 7 E(nj/\?) ~ 209 (1-A)A%e 21 ’ (B.23)
(14202d1)2 o, (11+2cr,2]d1)§
42 (1-\ 240 A2e2v2(1-2) . 12 71)2(1725\)2
E<7]J2>\§) ~ [4v3( ) 2] . ’ E(e nj)\g) ~ Ale 1
(1+207d1)2 (14+202dy) 2

where vy = 072]/(1 + U,Qldl) and vg = a%/(l + 20,2]d1), the subscripts 1 and 2 denoting
which power of A; these terms appear in (i.e. v appearing in expectations with )\} and v9

appearing in expectations with )\?) A general derivation underlying these results is given in

Section B.4.

B.3.3.3 Asymptotic distribution when o, # 0

In the general case, FIRC is the MLE under the wrong model and, as we will show,
inconsistent for both £ and a?. We prove the fully general Theorem B.3 in pieces.
Setup

As before, we apply (B.7)-(B.10) to B}IRC = Z}'le )\;fﬁj/z:jzl )\;f where A;f =

02‘2/(0;2 + V;) and now 02‘2 = plim(ég) + crg. Now in (B.7), we have w; = )\; and
Z; = )\;f (BJ — Brrprce)- The Laplace approximations we will use here are the same as those
in (B.19) except for o 2 replacing ag and the same notation affecting the A terms.

Asymptotic bias

Proof. To find the asymptotic bias 87,7~ — 8 using (B.9), we have ji,y = E()\;‘) and

MU)(B—ﬁ) = EP‘;(B] - B)]
— ENE(; - Blny)
= OéE[)\;knJ]

The second line uses the tower law and the third line uses (B.13). So from (B.9) the asymp-
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totic bias of B;IRC’ which we also write with the notation Bprro, is

~ op(1 =A%)
~a(l— M)y =22~ 2 (B.24
o Ju1 T (B.24)

Fu-p)  ENGm)

Brirc = Brire — B = T YEOD
J

where the third line plugs in Laplace approximations for the expectations (recall that dj :=
A*(1 — X*)). The last expression shows how our asymptotics reflect the finite-sample fact

(Theorem 3.2) that FIRC is never more biased than FE. O

Asyvmptotic variance (similar to FIRC+ expression)

Proof. Next, for the asymptotic variance we have

‘72Z = E[A;Z(anj +ej+ej— BFIRC)Q]
= E[N?E[(an; +j + ¢j — Brire)?|ny]]
= E[(\2El(gj + ¢j)* + (anj — Brrre)? ;)]
= EP(op, + V)] + BN (anj — Brrre)?)-

(B.25)

bln

The first line uses (B.13), the second line uses the tower law, the third line again uses (B.13)
(especially the fact that the errors have conditional mean 0), and the fourth line uses (B.13).

Considering the first term in the last line of (B.25), we have

B0, + V)l = E{N202 4V, + (03, - o2}

= BE{N20o2+ V) + 22 (0d, — o)}

= 0y 2E(\) + (agm — ap?) BN,

bln

On the first line we add and subtract ag 2 and after the second line we simplify the first
term by using the definition of A;’f And from our derivation of o} 2 coming later, and in

particular (C.24), we see that in fact the second term in (B.25) satisfies

E[X;*(anj — Brrre)®] = —(o3, — o3 E(A?) (B.26)
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so we get a cancellation in (B.25) and the simple, familiar result that
O'% = JgQE(X;).

Then applying (B.10) we get the asymptotic variance

2
AVar(Be, o) = o EQY) _ ap? oy ug) A+ o2d*)1/?
FIRCT ™ B2 (\1) E(V) s (122 ’

where the last expression uses the appropriate Laplace approximation from (B.23), replacing
ag everywhere with o} 2 (although (B.23) approximates moments of Aj, not )\;., a quick look
at the general Laplace approximation derivation confirms that this is the only difference).

Finally, as before, we apply (B.8) to B}IRC and recall that BFIRC has the same

asymptotic distribution as B} 1rc to conclude the proof. O

Alternate approximation for the asymptotic variance (similar to FE expression)

Proof. In the previous asymptotic variance derivation we could have continued to simplify

(B.25) differently, instead proceeding as

0} = ENZ(o}, + Vi)l + BN (an; — Brrro)?]

= |02, B0 + up EO2e)| + [a2B(Ns22) — 2aBpracE(N?n;) + B%IRCEM(;Q)} |
B.27

where for the first term we have not added and subtracted o} 2 in an attempt to lower the
power on A%, and in the second term we simply expand the square. Before plugging in any

approximations to (B.26), we consider the key ratio

o2, BN BOZ) B2 EOPn) o, EOGY)
= O TR e T e~ 20BFIRC s T BRIRC T
e, UME2(N) E2()\Y) E2(\) E2(X%) E2(A5)

(B.28)
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Plugging in our Laplace approximations to (B.27), with the notation

2 < < 2
E()\; ) ~ rp 621}5(1_)‘*)2_01((1_)‘*)2 l—l—Uncfi<
E2(A)) ' (1+202d5)1/2

2,71y ~
E(/\;( e ]) ’05(1/2—)\*2)2 1+U727d>{

B2y T2 e (14+202d5) 172’
we have
7~ 02 T4 pe o 4+ a2 - [4052(1 = N2 + 03| — 200 awf (1 — N¥) - 205(1 — N)r
P2 = Oyl LT Ry T2 2 2|71 1 9 1

+a21)§2(1 — 5\*)2 7

Q

ngrl + ppre + a? [v%‘ + v§2(1 — 5\*)2] r1
02(1 — p%b)rl + pyre + agp%ban_2 [U; + 05‘2(1 — )\*)2] 1

ag [1 - p%b + P%bdﬁ%é‘ (1 +v5(1 — X*)QH 1+ T

0% (1 + p%bA> T+ T2

Q

Q

Q

where on the second line we combine the a? terms (using the fact that vi — vy = O(v?)
so they are interchangeable up to our order of approximation), on the third line we plug in
characterizations of O'gm and a2 in terms of 0%, on the fourth line we combine the O'g terms,
and on the fifth line we use the notation A := % If we simplify the exponential

term in rq by using the fact that v — v = O(v%), and notice that in the definitions of 7

and r9 we can also slightly simplify by writing

1/2 1/2
1+ oad; |+ o2dt)? [+ 202d} + opdy? IR
(14 202d;)1/2 1+ 202d} 1+ 202d} n@1 V2l
then we get that
U% 2 2 v5(1-2*)2 — Lok (1-2)*2) 2 %2 %11/2
g~ (ab [1 +pnbA} eV + e 7Y ) 1+ 022032, (B.29)
w
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Derivation of 052 and (B.26)

Proof. To understand the asymptotic behavior of the FIRC heterogeneity estimator, 6%, we

consider the probability limit of its estimating equation:

Jo. .
Jy A?[(ﬁj — Brire)? — V]
*2 . Jj=1
o~ = plim 7
J1 Y A2
=1’
-1 J *27( A * 2
IS X2~ Bane) Vi
= plim = 7
J=1 37 \*2
=1’

where on the second line we replace j\j and B} 1rc for the same reasons and by the same
argument discussed in the remark on Theorem B.3. Continuing on, we use the WLLN and

the tower law to get

E :/\j.QE[(Bj ~Brire)? — VJ"W]]

*
e B(?)
I N2 El(om; — Bpipe +¢j+¢)” = Vj|77j]]
B E(\*2)
L g , (B.30)
BN l(anj = Brire)” + oy, + Vi — Vj]]
= — *2
E(V?)
> E A}‘-Q(anj —BFIRC>2]
- Ubn *2 )
| E(X??)

where the second and third lines use (B.13) just like in (B.25) above, and the last line

simplifies. The last line immediately implies (B.26). Continuing further by expanding the
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square, we have

E(\2n?) E(\:%n;)
2 2 2 J J 2

and from the Laplace approximations in (B.23) we have

E (X202 )
% ~ [4v§2 (1- A*)2 + vg]
FE ()\;2773'>

B (37?)

So plugging these approximations and expression (B.24) for Bprro into (B.31) we get

~ 21)5 <1 —X*) .

o} ~ 02\77 +a? [4@32(1 — A2+ vﬂ — 2 [a(l — 5\*)@1‘] : [21}5(1 — 5\*)] + [a(l — 5\*>U>1k]2

~ o, + o {4@2(1 N2 ud —A(1 = 32+ (1 — X*)%’{z}
R 02\77 + 20} [1 +(1-— X*)%;]

L (1 32

2 2 2 2 2 2

~ 2

(B.32)

where the third line uses the convenient fact that v] — v5 = vjvyd] = O(v%) (which is the
order of our Laplace approximations, so v can be replaced with vy or vice versa), and the

last line uses the definitions of a§|77’ a«, and v5. This concludes the proof. n

B.3.4 FIRC+

Recall for FIRC+H that we have the estimator:
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Z] 1)‘ ( C“7])

a B.33)
7 (
S AS

BrIRC+ =

where

A~ J 1492 ~ ,\' . 9 .
A= bln 52 . > =1 /\j [(5F1R0+ — Bj —amj)* =V
i ——i—‘/ b|77 J 119
bln > j=1 )‘j

+

(and the (), indicates that 6577 is taken to be 0 when the inside is negative), and

J R _ J J .
21 Ajﬁj (5] - 6) 2_:1 )‘;r ' 2_:1 >‘;r77]
& == ,  with f:= = and N = =
J o ~ g . S J .
> ATnj(n; — 1) ZA > AT
J=1 J=1 J=1

Theorem B.4. Under bivariate normality assumption (B.11),

1. d
J2(Briret — B) N0, 0% pes)

where . )
P N (agm + )L+ v (1= AT)?)(1 + o2d] )2
FIRC+ ™~ e%vf—(l_}‘\+)2 ;
i\ — 2 2 1+ + 3+ S+
with A —O'bm/( b|n+MV) 77/( +opdi ), and df = AT (1= AT).

Setup and Asymptotic Bias

Proof. We make two changes to the general derivation strategy we have used earlier. First,
we consider the FIRC+ estimator where the estimated weight 5\;' (a function of the estimate
&gm) is replaced by its probability limit )\;r (a function of the true conditional variance 02\77)'
This is done for the same reason and same justification as in the FIRC derivations. (And since

FIRC+ is MLE under the bivariate normality assumption of the theorem, 6;77 is consistent
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for U§|Tl and the continuous mapping theorem then implies that j\j_&/\;— = Ug|?7 / (agm +Vj)).

And second, we jointly analyze the FIRC+ estimators of S and «, that is we consider
the multivariate estimator 6% p, = (851 poys d}IRC—s-)T’ where the * indicates that we
have already substituted )\;r for 5\; in these estimators. This notation comes from writing

the FIRC+ regression model as

~

Bj=pB+anj+ej+e;

(B.34)
B LT
= 1 nj +€j+€j:.l’j9+€j+6]’

(0%

T T
where z; := ( 1 ) , 0= < B a ) , and Bj[n; ~ N(x?@,ogmjtvj). Thus the FIRC+

estimator (with ng known) may be written as

J -1
i _ 4T I
OFrrrC+ = Z)‘j LTy Z)‘j b
=1 j=1

1
=0+ <Z)\j_$j[l?;r> Z)\jxj(é‘j—Fej)

(B.35)

This will turn out to be easier to analyze than BA;} IRC+ alone, which depends on d} TRC+-

For the asymptotic bias, we simply note that under the bivariate normality assumption
(B.11) FIRC+ is the MLE under the correct model (whether or not Ugln is known), so
A}'} IRC +£>9, which means the estimator is asymptotically unbiased. In fact, FIRC+ is also
finite-sample unbiased for 6; although we do not give a proof here, it is very easy to see by

applying the tower law (conditioning on all 7;) to the estimator. O

For intuition as to why we cannot also send & prpcoo to its probability limit (o) when
analyzing Bprpc., like we did with &gln’ note that in fact an argument like (B.22) that

justifies doing this with &gm would fail for aprpoy. If we write BZ(TO})RC 4 for the FIRC+
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estimator 3 rIrrC+ where we have replaced &prroy with « it is fairly quick to see that

Jl/Q(B%O?Rm - B) - J1/2(6F130+ —0) = Ji? (e — aprrey)

2.

(B.36)

The first line is basic algebra, and to understand the lack of convergence in probability, note
that
Var |72 (0 = aprres)| = JE[iP(a = dprpos)?
= JE[PVar (aprreylng Vi)
and that by standard weighted least squares results Var(aprrcoy|n; Vi) is only of order
J~1/2 50 although (B.36) has mean 0 (since apy RO+ is conditionally unbiased) it does not
have decreasing variance as J — oo, meaning that it cannot converge in distribution to 0

and thus cannot converge in probability to 0.

Asymptotic Variance

Proof. Then to find the asymptotic distribution of the estimator, we will consider

VI =0) = VI (Safae ]T) S A Faj(ej +ej)
1
= (% g j> TN wj(ej +ej)
( j) 727

—>,uc 1N2 (0, U%)

where we use the notation c; := )\jxjxjr, Z; = )\;”xj(gj +€j), pe == E(cj), and O’% =
Var(Z;) = E(Z; Z]T) The last line follows from multivariate forms of Slutsky’s theorem, the
WLLN, and the CLT, analogously to our basic approach (B.7)-(B.8). For the CLT, note that
Z; indeed has expectation 0 because in the tower law (conditioning on n;) E(ej +ej|n;) =0

as we stated in (B.13). Then we just need to calculate u. and 0% to find the asymptotic
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variance

2 1.2 -1
OFIRC+ = Mc OzHc -

Note that
ZijT = )\;r2(€j + ej)Qa:jij = )\;r(aj + ej)ch (B.37)
and
e I
Nj 1;

so for the asymptotic variance we have

2 -1 ST\, —1
9FIRC+ — He E<ZJZj>Mc
- MglE <)\;r2E [(5j + ej)Q\nj] xjx?) ,uc_l

—-1_2 + T -1

2 1
= Opiptc

n .
. B B y)

U
EXN ;) EO )

+.2 . +..
E()‘j nj) E()‘j 77])

2
0_2 _ 05‘77
FIRC+ EGHEMN ) —E*(\] 1)

“EXn) B

where the second line uses the tower law, the third line uses (B.13), the fourth line uses the

definition of )\}', and the fifth line uses the definitions of ¢; and fi.. Substituting the Laplace

approximations
BOG) ~ AT
J (1+02d})2
E(\n) ~ of (1=3) B\
EN ) =~ of [L+of (1=AT)PE()

143



into the (1, 1) element of this final matrix, we get that the asymptotic variance of B FIRC+

is approximately
+
1

2 2 142 23 NI B PRSI eRY
ohrres = (Op + pp) L+ v (1= AP+ ot (1= AF)|2e2or 24T

concluding the proof. m
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B.J Laplace Approximations

B.4.1 General Result

At various points in the asymptotic derivations we want to approximate F ( f (Uj)ﬁ?) for
some fived positive function f where the expectation is with respect to n; ~ N(0, 0%). In
particular we need the cases when k = 0,1,2 and f(n;) = )\;k,)\;‘ ,)\;‘ e~ 'li (where the x
indicates that X; depends on a fixed probability limit UZQ instead of a random estimate &g,

whether for FIRC or FIRC+), but the Laplace-type approximations we derive below apply

more generally.

Theorem B.5. Suppose h(n;) := 2%1%77]2- +log f(nj) has a bounded third derivative. Then

v1/2 ) En,v (77;?""3))
Ep o2 (ng f(nj)> = —f( )R E, , (nf) 1+0 (B.38)
’ E (M)
v\
where Q(n;) == h'(0) - n 1h”(0) -77]2, 0= _hk,( (the mazimizer of Q), and v : Q”( ik

and on the LHS EO,O’% denotes expectation with respect to n; ~ N(0, 0,7) while on the RHS

Ej o denotes expectation with respect to n; ~ N(),v).

Proof. First note that

1,2

B (top) = Crad) 7 [ st an,

(B.39)
— (9n02) T >~ ko h(5) g -
= (2moy) nje n;

—0o0

where the second line follows by definition of 4. Now Taylor expand h around n; = 0 using

the Mean Value Theorem remainder, so

1
;i + ch® (ej)n]

1=(3r(77j) :=S(n;)
145

() = h(0) + 1(0) -+ 3"(0)-




for some ¢; bounded between 0 and 7;. It is important to note that ¢; is a random variable
because one of its bounds is random. Finally Taylor expand @ around its maximizer 7 (or

complete the square) to see the factorization
~ 1 N ~\2
Qnj) = Q) + Q) - (n; —0)",

so we have

(1) = h(0) + Q) + 5Q" () - (o — )* + (). (8.40)
Plugging (B.40) into (B.39), we get

Eo,q2 (f(%‘)??f) — 2702) 7 £(0)eQ) /OO ”fes(”j)e%Q"(ﬁ)'(’71'_77)2d77j

n
—00

1
= (2#0%)%1f(0)6Q(ﬁ) <27TQ/_/—(177)) i Ej o <77§f65(77j)> (B.41)
1

2 ~ .
- Z_nf(o)eQ<n)Eﬁ’“ <77§f65(773)>

where v := QT’—(In) (note that Q" (1) is negative because 7 is the maximizer of Q), giving us

nearly the full result. To evaluate Ej ,, (nfes mj)), note that
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By (né?es(nj)> = Ep 4 (77;6 [1 + S(n;) + %52(77]') + - ]) . by expanding ¢° (1)
= Ej 4 (77§g {1 + 0(775’)]) , as 77]2‘ — 0 by def. of S and ()
= By (1) + By (06FH) by def. of big O
[ By, (00
= Ej o (Wf) -1 + n;n(w (77}) )]
= FEj o (nf) _1 + O(ijj)fgf:;_)g)))] , by def. of big O as 0’% —0
— E;, (nf) : _1 ) (W)] by def. of big O

so approximately we can just evaluate a familiar normal moment for this expectation.
By (*) we note also that h3) is bounded so the value of ¢; does not affect the order relation.

Plugging this into (B.41) concludes the proof. O

For the cases we consider for f, we have 7 oc v which causes the order term in (B.38) to
be O(v) when k is odd and O(U2) when £ is even. This can be seen by evaluating the normal
expectations, which will be polynomials in v, and then taking the difference between the
order of the numerator and the order of the denominator (which just depends on whether
k is even or odd; consider the cases kK = 1 and k = 2) — recall that big O notation allows

comparisons of this kind.

B.4.2 Specific Cases

. P i 2 D
When f(n;) = >\j*p = ﬁ] for p = 1,2, then f(0) = X\ := % and
o e o iy
2
we find that v = vf = —— 1 __ (corresponding to the v} and v3 elsewhere), 7 =

P 14po2 it (1-X%)
vEp(1 = M), and h'(0) = p(1 — \*).
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Therefore, a first-order Laplace approximation of interest is

3 o3P up (1-A%)?

EmIN") ~ EN (05 (1) (B.42)

[+ po2 s (1 — A*)]2

Specific cases we need evaluate to

BE(\) ~ e 203 ith o* %
)~ ;o with v = —————~
T Ho2de(1-39)2 L Lo (1-4)
2 « 20 (1-3*)2 o2
E\T) ~ Nre™2 , with v = ———5——-
W= [14+202 3% (1— )2 2 1+203 0 (1-0)
and
E )\*nj) R~ ()\*)vl(l — %)

(

E(Nop3) = B of[L+ vf (1 — A*)?]

E()\ 77]) ~ 2E()\* Jva (1 — A%)
(

)\ n3) ~ ()\j 403" (1 — A)2 + 3],

&

We are also interested in evaluatingE(X;Qe*”j), the case of (D.1) where f(n;) = X;Qe*”ﬂ‘

with v = v3,7 = v3(1 — 22*), K (0) = (1 — 2)*). Therefore we have

) 32 o303 (1-2X%)?

B\ e ) ~ - —-
[+ 23 (1 — 3]

The results used for the FIRC+ derivations are identical, except for replacing M with

~ 2
AT and a’bk with o2 .
bln

148



B.5 Simulation Scenario Details

B.5.1 Normal Case

In the simple normal case with linear conditional expectation, which is the FIRC+ model,

we let

L
Bilni~N(B + anj, U§|n> (B.43)

B.5.2 Heavy-tailed Case

In the heavy-tailed case we let

Bj =B+ an; + K, (B.44)

where /{j%i t3 (t-distributed with 3 degrees of freedom) independently of 7; (we take r =
<%a§(1 — ,O%b)>1/280 B; still has marginal variance 02). Thus marginally B; has heavy
tails (mirroring the t3 component more than the normal 7;), meaning that more sites are
especially effective or ineffective (compared to the average site) than in the normal model.

To illustrate, see Figure B.1.

B.5.3 Nonlinear Case

In this case we make 3; conditionally normal with a quadratic mean function:
1 2 2 2
Bjlnj~N(B + anj +~y(nj —o3), 7°) (B.45)

where we take v = 0.70(,/0727 * 4 /%(1 - p%b) and 72 = 05(1 - 97271)) - 2720;47 so again 3; has
marginal variance ag. So as o0}, increases and O’% and pnbz decrease the conditional mean

will be more nonlinear and the conditional variance will become accordingly smaller. This
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Simulated data for the heavy case

Number of sites

0.0 0.1 0.2 0.3 04 0.5

By

Figure B.1: Illustration of the heavy-tailed case. The vertical bars show a histogram of
the true §;’s in a randomly sampled trial of 100 sites. The plotted curves are densities: the
red one is the true marginal distribution of the [§; in this scenario, and the dotted black
one is normal marginal distribution for the corresponding normal scenario. Although it is
hard to see, the red curve does indeed have heavier tails for extreme values for 3; (but since
these distributions have identical variance it is not apparent as quickly). In this case, we
had 8 = 0.2, 0, = 0.1, p,, = 0.3, and o7 = 0.6.

model says that sites with extreme log precisions (low and high) are more effective than
sites with average log precisions. This exceptional circumstance could happen in practice,
for example, if both small and large sites have different relative advantages over medium-
sized sites (suppose the smallest sites have an easier time tailoring treatment to a relatively
homogeneous clientele and the largest sites tend to be better funded or more professionally
run). However, in many studies is probably not an appropriate default assumption. This

type of nonlinearity is uniquely challenging for FIRC+ since compared to parabolas most

other nonlinear functions are better approximated by a line. To illustrate, see Figure B.2.
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Simulated data for the nonlinear case

0.75-

0.25-

0.00- -

Figure B.2: Illustration of the nonlinear case. Shown is a scatterplot of the true n; and
B;’s in a randomly sampled trial of 100 sites. The red curve shows the true conditional mean
function of 3; given 7);, and the grey bands show the 90% central interval of this conditional
distribution for each value of 7;. In this case, we had § = 0.2, o3, = 0.1, pnp = 0.3, and

o—,% =0.6.

B.5.4 Heteroscedastic Case

Finally, in the heteroscedastic case

1.
Bjn;~N (B + an;, T2 2) (B.46)

where 72

1 2

= 02(1 — p%b)e_ia’? to make the marginal variance of §; be ag. This model
says that sites with higher precisions have (exponentially) less variable effects. Again, this
is a fairly particular situation but it could happen if larger sites have more standardized

interventions or are less different from one another in their subject populations (compared

to the smaller sites). To illustrate, see Figure B.3
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Simulated data for the heteroscedastic case

0.25-

0.00-

-0.25~

2 4 0 1
n;

Figure B.3: Illustration of the heteroscedastic case. Shown is a scatterplot of the true 7,
and f3;’s in a randomly sampled trial of 100 sites. The red curve shows the true conditional
mean function of 3; given 7;, and the grey bands show the 90% central interval of this
conditional distribution for each value of n;. In this case, we had 8 = 0.2, o, = 0.1,

pnp = 0.3, and o7 = 0.6.

B.6 Additional Figures

This section includes figures with further details of the asymptotic and simulation results.

B.6.1 Asymptotic RMSE, Variance, and Bias

The first three figures here plot the relative RMSE approximations of the estimators for
different values of J, and the next two plot the variance ratios (which do not depend on J)
and biases (which do not depend on J) respectively. All are based on the expressions given

in Table 3.3.1.
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Relative RMSE approximations
(J =30)
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over FIRC+ RMSE
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100% EES S

Figure B.4: Relative RMSE approximations when J = 30. The ratio of each estimator’s
RMSE to that of FIRC+ is plotted on the y-axis, as A varies on the x-axis. In the grid of
plots the columns let 0727 vary while the rows let p, vary. The type of the line indicates

the estimator being compared to FIRC+, which itself is noted by the flat, solid grey line at
100% in each plot.
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Relative RMSE approximations
(J =100)

2 2
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S @
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Figure B.5: Relative RMSE approximations when J = 100. The ratio of each estimator’s
RMSE to that of FIRC+ is plotted on the y-axis, as A varies on the x-axis. In the grid of
plots the columns let 0727 vary while the rows let p, vary. The type of the line indicates

the estimator being compared to FIRC+, which itself is noted by the flat, solid grey line at
100% in each plot.
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Relative RMSE approximations
(J = 350)

2 2
oZ=01 o’=04 07=07 o?=1

130% -

10%=____
90% -
70% -

200% =

150% -

”q," 100%

=

4] ,

©w= Estimator

50

2 6 — FE

%n_: — FIRC
w

> 5 - uwW

© >

o0

©

14

Figure B.6: Relative RMSE approximations when J = 350. The ratio of each estimator’s
RMSE to that of FIRC+ is plotted on the y-axis, as A varies on the x-axis. In the grid of
plots the columns let 0727 vary while the rows let p, vary. The type of the line indicates

the estimator being compared to FIRC+, which itself is noted by the flat, solid grey line at
100% in each plot.
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Relative variance approximations

Pap=0 Pop=0.1 pap=0.2 Ppp=0.3 pup=0.5
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Ratio of estimator's variance
over FIRC+ variance
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h

Figure B.7: Relative variance approximations. The ratio of each estimator’s asymptotic
variance to that of FIRC+ is plotted on the y-axis, as as A varies on the x-axis. In the grid
of plots the columns let pp;, vary while the rows let a,% vary (compared to the RMSE and
bias figures, this was reversed to accommodate the wide range of ratios as a function of 0%).
The type of the line indicates the estimator being compared to FIRC+, which itself is noted
by the flat, solid grey line at 100% in each plot.
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Bias approximations
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Figure B.8: Bias approximations for FIRC and FE. The asymptotic bias of FIRC and FE
is plotted on the y-axis, as A varies on the x-axis. In the grid of plots the columns let 0727
vary while the rows let py;, vary. FE is denoted by the solid line and FIRC is denoted by the
dashed line.

B.6.2 Accuracy of the Asymptotic Approximations

These figures show the accuracy of the analytic RMSE approximations given in Table 3.3.1,

which is generally quite good with few exceptions.
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Accuracy of the RMSE approximations for each estimator
(J=230)

heavy heteroscedastic nonlinear normal
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Figure B.9: Accuracy of the RMSE approximations when J = 30. Each observation in the
histograms is the ratio of simulation RMSE over approximation RMSE for one of the 2,304
scenarios in the simulation study, grouped by distribution type (columns) and estimator
(rows). The color of the bars indicates whether o, > 0, for example in the heavy, FE
histogram roughly 20 scenarios where o, = 0 have a RMSE ratio near 1 (the teal portion
of the tallest bar) while about 15 scenarios where oj, > 0 have a RMSE in this range (the
red portion of the tallest bar). Note that the x-axis has a different range for each simulation
distribution, reflecting the widely varying accuracies in some cases. The gray vertical bars
at 0.95 and 1.05 roughly indicate the interval in which the true RMSE would fall (due to
approximately unbiased Monte Carlo error in the simulation RMSE), based on the fact that
the UW RMSE “approximation” is an exact finite-sample result giving the true RMSE and
the simulation RMSE for UW always falls in this range.
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Accuracy of the RMSE approximations for each estimator
(J =100)
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Figure B.10: Accuracy of the RMSE approximations from Table 3.3.1 when J = 100. See
Figure B.9 caption for full explanation.

Accuracy of the RMSE approximations for each estimator
(J = 350)
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Figure B.11: Accuracy of the RMSE approximations from Table 3.3.1 when J = 350. See
Figure B.9 caption for full explanation.
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B.6.3 Simulation-based RMSE

These figures show the RMSE of the estimators in simulation when .J = 30, 100, 350 (separate
figures) and the conditional distribution of Bj]nj is normal, heavy, heteroscedastic, and
nonlinear (each large row in the figure grids). They are analogous to Figure 3.4.1 in the
text, which only gave the J = 100 case for the heteroscedastic and nonlinear scenarios. The
normal and heavy cases largely follow the analytic results, as suggested by the approximation
accuracy figures in Section B.6.2, while the heteroscedastic and nonlinear cases for J =

30, 350 are qualitatively similar to Figure 3.4.1.
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Relative efficiency of precision-weighted estimators to unweighted
(UW) estimator, by simulation (when J = 30)
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Figure B.12: Scatterplots of the ratio of each estimator’s RMSE relative to the RMSE
of UW, as \ varies on the x-axis, for J = 30 in the heteroscedastic and nonlinear cases.
Separate plots are given for each a%(columns) and estimator/distribution (rows). A RMSE
ratio of 100% is shown by the horizontal solid red lines, while the dashed red lines are at
110% and 90% to demarcate cases where estimators perform comparably to UW. The color
of each point corresponds to the correlation p,,. These ratios only depend on ag and iy,

(not shown) through .
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Relative efficiency of precision-weighted estimators to unweighted
(UW) estimator, by simulation (when J = 350)
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Figure B.13: Scatterplots of the ratio of each estimator’s RMSE relative to the RMSE
of UW, as )\ varies on the x-axis, for J = 350 in the heteroscedastic and nonlinear cases.
Separate plots are given for each a%(columns) and estimator/distribution (rows). A RMSE
ratio of 100% is shown by the horizontal solid red lines, while the dashed red lines are at
110% and 90% to demarcate cases where estimators perform comparably to UW. The color
of each point corresponds to the correlation py,. These ratios only depend on ag and iy,

(not shown) through .
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Relative efficiency of precision-weighted estimators to unweighted
(UW) estimator, by simulation (when J = 30)
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Figure B.14: Scatterplots of the ratio of each estimator’s RMSE relative to the RMSE of
UW, as )\ varies on the x-axis, for J = 30 in the heavy and normal cases. Separate plots
are given for each a%(columns) and estimator/distribution (rows). A RMSE ratio of 100%
is shown by the horizontal solid red lines, while the dashed red lines are at 110% and 90%
to demarcate cases where estimators perform comparably to UW. The color of each point
corresponds to the correlation p,;. These ratios only depend on cr% and L7 (not shown)

through A
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Relative efficiency of precision-weighted estimators to unweighted
(UW) estimator, by simulation (when J = 100)
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Figure B.15: Scatterplots of the ratio of each estimator’s RMSE relative to the RMSE of
UW, as \ varies on the x-axis, for J = 100 in the heavy and normal cases. Separate plots
are given for each a%(columns) and estimator/distribution (rows). A RMSE ratio of 100%
is shown by the horizontal solid red lines, while the dashed red lines are at 110% and 90%
to demarcate cases where estimators perform comparably to UW. The color of each point
corresponds to the correlation p,;. These ratios only depend on crl? and L7 (not shown)

through A
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Relative efficiency of precision-weighted estimators to unweighted
(UW) estimator, by simulation (when J = 350)
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Figure B.16: Scatterplots of the ratio of each estimator’s RMSE relative to the RMSE of
UW, as \ varies on the x-axis, for J = 350 in the heavy and normal cases. Separate plots
are given for each a%(columns) and estimator/distribution (rows). A RMSE ratio of 100%
is shown by the horizontal solid red lines, while the dashed red lines are at 110% and 90%
to demarcate cases where estimators perform comparably to UW. The color of each point
corresponds to the correlation p,;. These ratios only depend on crg and L7 (not shown)

through A
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B.6.4 Simulation-based Coverage

These figures simulate coverage of nominal 95% Wald-type confidence intervals for FE and
FIRC, analogously to Figure 3.4.2 except for the heavy, heteroscedastic, and nonlinear cases.
The basic conclusion is the same: in situations where the estimator has nontrivial bias

coverage can quickly become unacceptable.

Coverage of nominal 95% confidence intervals, by simulation
(Heavy case, with 1y = 0.09 and o =0.7)
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Figure B.17: Actual coverage rates (by simulation) for the standard nominal 95% confi-
dence intervals centered on the different point estimators, as a function of o, (x-axis) in the
heavy case. Plots are given for FIRC and FE (columns) and values of p,, (rows). Each col-
ored line shows scenarios with a different sample sizeJ. The horizontal light grey lines mark
the nominal 95% rate, and the dark grey lines mark 90%. The data where simulated from
the normal case (as in the simulation study in Sections 4), with py = 0.09 and 0,27, though

changing these parameters does not change the results qualitatively (i.e. the coverage can
still be bad).
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Coverage of nominal 95% confidence intervals, by simulation

(Heteroscedastic case, with pj = 0.09 and o,zl =0.7)
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Figure B.18: Actual coverage rates (by simulation) for the standard nominal 95% con-
fidence intervals centered on the different point estimators, as a function of o} (x-axis) in
the heteroscedastic case. Plots are given for FIRC and FE (columns) and values of p,,
(rows). Each colored line shows scenarios with a different sample size.J. The horizontal light
grey lines mark the nominal 95% rate, and the dark grey lines mark 90%. The data where
simulated from the normal case (as in the simulation study in Sections 4), with = 0.09

and 0727, though changing these parameters does not change the results qualitatively (i.e. the
coverage can still be bad).
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Coverage of nominal 95% confidence intervals, by simulation
(Nonlinear case, with uy = 0.09 and o? = 0.7)

FE FIRC
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Figure B.19: Actual coverage rates (by simulation) for the standard nominal 95% confi-
dence intervals centered on the different point estimators, as a function of oy, (x-axis) in the
nonlinear case. Plots are given for FIRC and FE (columns) and values of p,;, (rows). Each
colored line shows scenarios with a different sample sizeJ. The horizontal light grey lines
mark the nominal 95% rate, and the dark grey lines mark 90%. The data where simulated
from the normal case (as in the simulation study in Sections 4), with py = 0.09 and 0727,
though changing these parameters does not change the results qualitatively (i.e. the coverage

can still be bad).
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B.7 Self-efficiency

In the results below, we consider a version of self-efficiency that is more narrow than Meng
& Xie’s notion in two ways. First, we restrict attention to the case when A = 0 (or whatever
notation we’re using) so self-efficiency reduces to comparing the risks (MSEs) of the complete
and subset estimators. This covers the most intuitive case of self-efficiency and simplifies the
derivations. And second, we just consider subsets where the most imprecise sites (probably
the smallest) are discarded so S = {j : nj > n(j_g)} (where 1 ;_g) is the (J — s)-th order
statistic) and the size of the subset is fixed at s and not a random variable. Again, this is
the most intuitive way to discard data (since we're trying to find a more efficient estimator)
and simplifies the math in some regards. (This does, however, mean that we truncate n by
discarding a random region determined by the observed order statistic).

First we find the variance of the unweighted estimator, BUWa and the bias and variance
of the subset unweighted estimator, B g, and then using these results we derive the condition

for self-inefficiency of the unweighted estimator.
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B.7.1 Variance of the Unweighted Estimator

This derivation is very straightforward:

1 .
= = Z Var <ﬁj> , by independence

== |:O'g +FE (Vj)] , by law of total variance

Var (BUW) == [05 + E(Vj)} , by independence.

To help make this comparable to the subset estimator’s variance which we will describe
below, we relate the marginal variance of site effects 02 to the conditional variances of site
effects in and out of the subset. Leting Jges = Var(B;]j € S) and U§€S = Var(B;lj € ),

we can note

o = E [Var(8;[1;)] + Var [E(8;]1;)]
= Ts0hes + (1 = 7§)0hgg + Var(LiBes + [1 — 1] Bgg)
= Ts0heg + (1 — 75)0hgg + [wsﬁés +(1- ws)ﬁés}
- [W%ﬁég +(1—7g)* B + 2mg(1 — WS)ﬁeSﬁgS}
= ms0heg + (1 = m§)opgg + ms(1 — ms) [525 + By — 25655¢S]

O'g = ﬂsages +(1- 71'5)0‘2515 + ms(1l — Ws)A%,
where on the first line we use the law of total variance, on the second line we use the tower
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law, and on the third line we use the fact that Var(X) = E(X?) — E?(X).

B.7.2 Bias and Variance of the Subset Estimator

The key issue in characterizing the bias and variance of B g is that we select the random subset
S c{1,...,J} as a function of the random vector (n1,...,77) so the distributions of 3; in
selected and unselected sites may differ if (81, ..., ) is not independent of (n,...,n7). In
addition, the distribution of the noise e; = Bj — f; will differ between selected and unselected
sites (since we select on n; and Var(ejn;) = V; = fiye” ).

We will discuss subsets of fixed size s chosen using the order statistic N(J—s) to keep
only the sites with the s most precise effect estimates, so we may write S := {j € {1,...,J}:
nj > n(J— S)}. Our model almost surely excludes the possibility of ties, since the distribution
of the transformed precisions is continuous, despite that in practice they are technically
possible (in sites with the same size n; and proportion treated Tj). This is conceptually
intuitive in practice, and the fixed size of S simplifies the following derivations.

To describe the subset estimator’s bias, let Bcg := E(B;|j € S), Bgs = E(Bjlj € 5),
and Ag := fcg — Bgg so by the tower law we have 8 := E(B;) = m508ecg + (1 — 75)Bgs =
Bgs+mgAg. To make the equations below more concise, we adopt the notational shorthand
for inclusion indicators that 1; := 1{j € S} for any j € {1,...,J}. We emphasize that

these indicators are random variables whose randomness is a result of the randomness of

() -
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Then

Bias (@S, ﬁ) =E (55) —p

J
=F s_lzﬁj]lj - p , by def'n of,@g
j=1
_—1 A . .
=mg b (Bj ]lj> —p , by independence
:”glE [ﬂjE (Bj\]ljﬂ - f , by tower law
= Bes — [Bas +msAg) , by (*) below

Bias(Bs, B) = (1 — mg)Ag.

Now for the variance observe that

= s%i Var (Bj]lj) + Si2 Z Cov (Bj]ljaékﬂk>

J=1 J#k
. J(J—1) . . .
= < Var (ﬁj]lj> + S—QCOU (ﬁj]lj, ﬁk]lk> , by independence
where the covariance term appears because sites are selected for the subset without replace-
ment (so the indicators 1; and 1, are dependent).

To simplify Var (BS) further we must evaluate Var (lej) and Cov <Bj]lj73k]lk>
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above, and to do so we will rely on the useful identities

E (Bj“lj) =1;Bes+ (1 —1;)Bgs
Var (Bj11;) = 1;Var (Bilj € 8) + (1= 1) Var (31 ¢ 5)
Cov (Bj,ﬁkuj,nk) — 1,;1,Cov (Bj,ﬁkyj eS,keS) (+)
+(1—1,)(1 - 1;)Cov (@,Bku ¢S kd S)

+21;(1 — 1;,)Cov (Bj,BkU €S kd s) .

Then we have

Var (B1;) = B [1;var (3/1;)]
+ Var [njE (Bju J)] by law of total variance
_ [WSVW (Bju e Sﬂ
+ [7T5E2 (Bju c S)) — K2 (lej € S)] by (%)
— ngVar (Bj|j c s) +rg(l — ) E2 (Bju c S)

=g [Uges—i-E (Vj|j € S)] +7mg(1 —Wg)ﬁgs

where the final line follows from our model for Bj (the noise around Bj is symmetric and its
sign is independent of 3; and ;).

Similarly, we can evaluate the covariance term by using the law of total covariance and
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noting

Cou (Bt Bit) = Cou [B (Bt 12) B (Atilty )]
+E [Cov <Bj]lj76k]lk|]lj7 ﬂk)}
= Cov [1,B (B[1;) , 1B (B/11)|
s :]lj]lkCov (Bj,ﬁkl]lj»]lkﬂ
= Couv (1jBes, Lifes)

+ B 11,00 (B, Blj € S,k € 5)] by (%)

= COU(]lj,]lk)ﬁéS + E(]lj]lk)COU (ijék‘j e S ke S)
s—1 2

1
tg (S )Cov (8;, Blj € S,k € 5)

J—1

where the coefficients in the last line can be found directly (for the covariance, take the
mean of the product minus the product of the means, and for the expectation, use the
tower law) or by noting that jointly the indicators come from a multivariate hypergeometric
distribution. For notational simplicity, we write Ccg := Cov (ﬁj, Brlj € S,k € S) (and it
was ok to replace Bj with 3; and the same for k because the errors e; and e, are assumed
to be symmetrically distributed around 0). We note this covariance term is not zero in the
uninteresting case that the subset contains only one site (throwing out all but one) since

then in the second-to-last line 1;1;, = 1 with probability 1.
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And so finally we have (from above)

Var (ﬁis*) = v (Bﬂg) + %C” (BJIJ’B’“L{)

Rol ~ Ro| ~

75 (ohes + EIVilj € 81) +ms(1 — m5)62s]

J(J—1) s—1 9 s—1
P e () st s (5

Var (BS> - é [a,?es +E(Vjlj € S)+ (s — 1)065} .

B.7.3 The Covariance Term Ccg is Likely to be Negligible

There are a few reasons that Ccg will tend to be very small, likely negligible. In fact,
if we make basic regression-type assumptions on the joint distribution of (fy,...,8;) and
(m,...,ny) then Ceg is nonzero only because the truncation region is random (since we
truncate using the order statistic n(J_S)). In addition, Ccg — 0 as either 7g — 1 (when we
discard a smaller proportion of sites) or J — oo (asymptotically in the number of sites).

In particular, using the law of total covariance to condition on the order statistic, we

can see that

Ces = By, [Cov(s;. Belik € Sony )]

+ COUT)(J—s) [E(BJU €5, n(J—s)>7E(ﬁk|k €5, 77(J—s)) . (+)

The point of conditioning on the order statistic is to make the truncation region (the cutoff
on 7 for whether a site is kept) fixed. This makes it convenient for us use the results (45.156)
and (45.157) from Kotz, Balakrsihnan, & Johnson (2000) (originally due to Aitken (1936)
and Lawley (1943)), which gives the joint mean vector and covariance matrix of two random
vectors after conditioning on a fized selection event (of arbitrary form) on the first random

vector, at least under some regression-type assumptions on the two vectors’ joint distribution.
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In particular, their expressions are valid when (1) the conditional expectation of the second
vector given the first vector is linear in the first vector and (2) the conditional covariance

matrix of the second vector given the first vector does not depend on the first vector.

Lemma B.6. Assume additionally that the conditional expectation of (B1,...,055) given
(m,-..,ny) s linearin (ny,...,ny) and that the corresponding conditional covariance matrix
does not depend on (n1,...,ny) (in other words, is homoscedastic in the log precisions), while

also conditioning on 1 j_g). Then Cov(Bj, Bilj, k € S,n(j_s)) = 0.

Proof. We apply KBJ expression (45.157) to the two vectors (n;,n;) and (3;, B;) with (in
their notation) Vq1 = U%yNIQ, Vig = Vo1 = opp 12, and Vg = O'gNIQ, where the ~ notation

indicates that these terms are conditional variances and covariances given N(J—s)- This gives
/8' - 2 _9
Cov ([d] jeSkes, ?7<J—s>> = oy M2 = o /o5 (12 — 0 LU1)

where Ujp = Cov([gi] |7 € S keSS, U(J_S)) = Var(n;ln; > T](J_S),T](J_S))IQ. Since Uqq is

diagonal there is no conditional covariance between (; and . O]

Remark. The assumptions of Lemma B.6 (linear conditional expectation and homoscedas-
ticity) are essentially the FIRC+ model without normality.

Applying Lemma B.6 to (4) implies that

Ceg = C’ovn(ks) [E(lej €S, n(J—s))a E(BL|k € S, 77(]—3))

and we can see from (45.156) in KBJ that both conditional expectations are the product
of the conditional mean of 7; after truncation on the same random cutoff N(J—s) and the
regression coefficient of 3; on 7; (conditioning on the random order statistic). Because these
terms depend weakly on the same order statistic, this covariance will be nonzero if small.

However, asymptotically the dependence will fade as the order statistic becomes fixed.
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B.7.4 Self-inefficiency of the Unweighted Estimator
Theorem 3.2. Under (3.2.1), suppose that for some s € {1,...,J—1} the set of the s most

precise sites, S = {j € {1,...,J} :n; > n(J_S)}, satisfies

E(Vjlj € S) < mgE(V}) — |otcg — w508 | — (1 — m5)2A% — (s — 1)Ccg

or, equivalently,

s—1

A% < (1-m9) %57 ([rsE(V) — E(Vilj € 8)] + |m0} — afg| ) — (1—75) 2 —Ces.

Then the unweighted estimator BUW 1s self-inefficient as an estimator of 3.

Proof. Using the results from above the proof just requires very basic algebra, which we show

for completeness. For the bound on E(V}[j € S), note that MSE(BUW,ﬂ) > MSE(BS,B)

if and only if

Var(Byw) > Bias*(Bs, 8) + Var(Bs)
s—1

1 1 |
o + B(V)| = (1= mg)* A% + < |ofes + E(Vjlj € 9)| + =

- Ces

J
w508 +wgB(V;) > s(1 —1g)?A% + a2 g + E(Vi|j € S)

E(Vjlj € 8) < mgB(Vj) + |90} — ofeg| — Jms(1 = 75)2A% = (s = 1)Ces

s 2.
Similarly, we may solve for Ag:

(1-mg)2A% < [—ab - _ages] + HE(V]) —~E(Vjlj € S)]
AL < (1-mg) Jiws (s 21v;] ~ EWjlj € 8)) + (ms0} — o) |-
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Remark. The condition in this theorem is sufficient for Meng & Xie’s notion of self-efficiency

but necessary and sufficient for the limited notion we focus on.
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DESCRIPTION OF SUPPLEMENTARY FILES

Supplementary files may be found attached, and include code to run the analyses and sim-

ulation studies included in each of the three chapters.
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