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ABSTRACT

In this dissertation we look at the overlaps between computability theory and reverse math-

ematics. We start off by examining the reverse mathematical strength of a variation of

Hindman’s Theorem (HT), constructed by essentially combining HT with the Thin Set The-

orem (TS) to obtain a principle which we call thin-HT. thin-HT says that every coloring

c : N→ N has an infinite set S ⊆ N whose finite sums are thin for c, meaning that there is

an i with c(s) 6= i for all finite sums s of distinct elements from S.

Next, we look at the two-player game introduced by Hirschfeldt and Jockusch in 2016

in which winning strategies for one or the other player precisely correspond to implications

and non-implications between Π1
2 principles over ω-models of RCA0. They also introduced a

version of this game that similarly captures provability over RCA0. We generalize and extend

this game-theoretic framework to other formal systems, and establish a certain compactness

result that shows that if an implication Q → P between two principles holds, then there

exists a winning strategy that achieves victory in a number of moves bounded by a number

independent of the specific run of the game. We also demonstrate how this framework leads

to a new kind of analysis of the logical strength of mathematical problems that refines both

that of reverse mathematics and that of computability-theoretic notions such as Weihrauch

reducibility, allowing for a kind of fine-structural comparison between Π1
2 principles that

has both computability-theoretic and proof-theoretic aspects, and can help us distinguish

between these, for example by showing that a certain use of a principle in a proof is “purely

proof-theoretic”, as opposed to relying on its computability-theoretic strength. We give

examples of this analysis to a number of principles at the level of BΣ0
2, uncovering new

differences between their logical strengths.

Finally, we further explore the notions of Weihrauch and generalized Weihrauch reducibil-

ity over subsystems of second-order arithmetic Γ that we have defined. We look specifically

at Γ = RCA0 and Γ = RCA∗0. We focus on particular formulations of Σ0
1-induction, ∆0

2-

vi



induction, and Σ0
2-bounding as Π1

2-principles, and how these principles relate to each other

using this novel method of comparison. In particular, we prove an analogue of Slaman’s 2004

result about the equivalence of Σ0
n-bounding and ∆0

n-induction in models of PA−+I∆0
1+exp,

for n = 2, in our setting. We present specific results as well as a more general metatheorem.
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CHAPTER 1

INTRODUCTION

This dissertation is divided into three chapters, not including this one. In the first chapter, we

use computability theory and reverse mathematics in a more “typical” way, that is, to prove

related theorems, but the actual usage of methods from each domain is separate. Then

in the second chapter, we introduce a way to essentially combine computability-theoretic

and reverse-mathematical techniques, via reduction games. Finally, in the last chapter, we

show how to apply this new method of comparison to see the nuanced differences between

problems, as well as to isolate what is purely computability theoretically true from what is

proof theoretically true.

Computability theory gives us the language and foundations to compare problems that lie

above what is computable, i.e. what is solvable by a computer in any finite amount of time.

On the other hand, reverse mathematics gives us a way to compare the relative strength of

theorems by establishing implications and nonimplications over a weak subsystem of second-

order arithmetic, typically RCA0, which corresponds roughly to computable mathematics.

We will assume some familiarity with reverse mathematics and computability theory. Stan-

dard resources for each of these areas separately include [60] and [62], respectively, while [33]

is a useful resource for both areas and how they interrelate.

In approaching problems in these fields, one often sees attempts to separate the com-

putability theory from the reverse math. We will refrain from doing that here, because this

work, particularly Chapters 3 and 4, came about precisely because these two fields are so

intertwined. Instead, we will present an introduction to computability theory and reverse

math together. We will then discuss where various versions of Ramsey’s Theorem lie in this

universe. Ramsey’s Theorem can be seen as a classical example of how these fields interre-

late. We will finish off our introductory section by discussing some other related principles,

and give a taste of how our different methods of comparison compare to one another.
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Chapter 2 is based on joint work with Denis R. Hirschfeldt in [36]. We look at a variant

of Hindman’s Theorem and the Thin Set Theorem, and show that this variant implies ACA0

over RCA0 +IΣ0
2 (see Chapters 2 and 3 for definitions of these terms). Chapter 3 is based on

joint work with Damir D. Dzhafarov and Hirschfeldt in [25]. Here we introduce the notion

of Weihrauch reduction over a subsystem of second-order arithmetic Γ, look at the merits

of such a notion, and give examples of the type of analysis it allows for. Finally, in Chapter

4 we apply this notion to a set of principles, particularly different versions of bounding and

induction.

1.1 Introduction to computability theory and reverse

mathematics

In computability theory, we are interested in the world of the non-computable. By com-

putable, we mean “effectively calculable by a human being,” or equivalently, able to be

computed by a Turing machine, which is essentially the most primitive of computers. For

more on this, see [62]. Turing machines are given by finite sets of quintuples, which de-

note the steps the machine takes, the input being read, and the input being printed. Such

a quintuple is called a Turing program, and a partial computable function is any function

that can be computed by such a program. Note that each Turing program is a finite ob-

ject, so there is an effective listing of all such programs. We typically denote this listing by

P0, P1, . . . , Pe, . . .. There is thus a corresponding effective listing of all partial computable

functions, which we denote by ϕ0, ϕ1, . . . , ϕe, . . .. Throughout this dissertation, we will use

ω to denote the standard natural numbers.

The Enumeration Theorem is a classic result from computability theory that gives us the

notion of a universal Turing machine.

Theorem 1.1.1 (The Enumeration Theorem). There is a partial computable function of two

2



variables ψ(e, x) such that ψ(e, x) = ϕe(x). Therefore there is some i such that ϕi(e, x) =

ψ(e, x).

ϕi for the i given by the theorem is called a universal Turing machine. This machine

gives us a convenient way of talking about partial computable functions.

Definition 1.1.2. We say that a set A is computably enumerable, and abbreviate this as

c.e., if A is the domain of some partial computable function.

It follows that there is an effective listing of the c.e. sets, denoted by W0,W1, . . . ,We, . . ..

An oracle Turing machine is a Turing machine which has access to the characteristic func-

tion of some set A, called the oracle. Essentially, the oracle Turing machine is allowed to

query whether any element is in A to help it solve problems. An oracle Turing program is

the Turing program of an oracle Turing machine. We list the oracle Turing programs as

P̃0, P̃1, . . . , P̃e, . . .. If P̃e is an oracle Turing program with oracle A and halts on input x

with output y, we write ΦAe (x) = y, and we call ΦAe a Turing functional.

Definition 1.1.3. We say that a partial function θ is Turing computable in A and write

θ 6T A if there exists an e such that

ΦAe (y) ↓= y ⇐⇒ θ(x) = y. (1.1)

We then say that a set B is Turing reducible to A and write B 6T A if the characteristic

function of B, χB , is such that χB 6T A. More colloquially, we say that A computes B, or

that B is A-computable.

We use ∅′ to denote the Halting Problem, that is, the non-computable problem of whether

the partial computable function ϕx halts on input x. Note that the enumeration theorem

relativizes, that is, it holds with Turing functionals instead of partial computable functions.

We state this relativized version now for clarity.

3



Theorem 1.1.4 (Relativized Enumeration Theorem). There exists a z ∈ ω such that for

any set A ⊆ ω and all x, y ∈ ω, the function ΦAz (x, y) satisfies ΦAz (x, y) = ΦAx (y).

Definition 1.1.5. For a problem A, we call the relativization of the Halting Problem to A,

that is, {x | ΦAx (x) ↓}, the jump of A and denote it by A′.

Note that ∅′ is precisely the jump of ∅. We can take the jump n times for any finite

n ∈ ω. (In fact, we can do even more than this, but for the purposes of this dissertation,

we need only concern ourselves with finite jumps.) We write A(n) for the nth jump of A if

A 6= ∅, or if A = ∅ and n > 2.

There is a very nice way to characterize sets based on how they compare to the various

jumps of ∅. To state this characterization, we need some terminology. Bounded quantifiers

are quantifiers of the form ∀x < t or ∃x < t, where t is a term in which x does not appear. A

Σ0
n formula is a formula of the form ∃x1∀x2∃x3∀x4 . . . Qxnϕ, where ϕ is a bounded quantifier

formula, and Q is ∃ if n is odd and ∀ if n is even. A Π0
n formula is a formula of the form

∀x1∃x2∀x3∃x4 . . . Qxnϕ, where ϕ is a bounded quantifier formula, and Q is ∀ if n is odd

and ∃ if n is even. Note that ϕ is Σ0
n iff ¬ϕ is Π0

n and vice versa. If ϕ is both Σ0
n and Π0

n,

then we say that ϕ is ∆0
n. We say that a set is Σ0

n, Π0
n, or ∆0

n if it is definable by a Σ0
n, Π0

n,

or ∆0
n formula, respectively. We say that a formula or set is arithmetic if it is Σ0

n or Π0
n for

some n. As with our previous notions, the notions of being Σ0
n, Π0

n, and ∆0
n relativize.

Theorem 1.1.6 (Post’s Theorem). A set A is Σ0
n+1 iff A is c.e. in ∅(n). A set A is ∆0

n+1

iff A 6T ∅(n).

Definition 1.1.7. We say that a set A is limit-computable if there is a computable sequence

of sets A0, A1, . . . , As, . . . such that for all x, A(x) = lim
s
As(x).

Lemma 1.1.8 (Limit Lemma, Shoenfield 1959, see section 3.6 of [62]). The following are

equivalent statements about a set A:

1. A is limit-computable;

4



2. A is ∆0
2;

3. A 6T ∅′.

We will make use of the equivalence (1) ⇐⇒ (2) of the Limit Lemma frequently in this

dissertation, particularly in Chapter 4, when we leave the world of the standard natural

numbers and must be much more careful in how we define what it means for a set to be ∆0
2.

In reverse math, we work in subsystems of second-order arithmetic. Two of the major

systems with which we are concerned are RCA0, the usual weak base system for reverse

mathematics, which corresponds roughly to computable mathematics; and ACA0, which

corresponds roughly to arithmetic mathematics (mathematics with arithmetic sets).

Second-order arithmetic is a two-sorted first order language with number variables (low-

ercase letters) and set variables (uppercase letters), equality, and the symbols +,×,6, 0, 1,

and ∈. For more about languages and first-order arithmetic, see [15] and [27]. In second-

order arithmetic, our atomic formulas are of the form t = u, t 6 u, and t ∈ X for first-order

terms t and u. Note that X = Y is not a formula. However, we can express it by the

formula ∀n[n ∈ X ↔ n ∈ Y ]. We call a formula arithmetic if there is no quantification over

set variables (although free set variables are permitted). Note that this is the same as our

earlier notion of arithmetic, just adapted to the model-theoretic setting.

For principles P of the form (∀X) [Φ(X)→ (∃Y ) Ψ(X, Y )] where Φ and Ψ are arithmetic,

we call any X such that Φ(X) holds an instance of P , and any Y such that Ψ(X, Y ) holds a

solution to X. We call such a principle a Π1
2-principle, or a Π1

2-problem. The term “problem”

reflects a computability-theoretic view that sees such a sentence as a process of finding a

suitable Y given X.

We mentioned that we typically work over the base theory RCA0. Formally, RCA0

consists of the first order axioms for a discrete ordered commutative semiring, together with

5



the ∆0
1-comprehension scheme

∀n[ϕ(n)↔ ψ(n)]→ ∃X∀n[n ∈ X ↔ ϕ(n)]

for all Σ0
1 formulas ϕ and Π0

1 formulas ψ in which X is not free, and the Σ0
1-induction scheme

(ϕ(0) ∧ ∀n[ϕ(n)→ ϕ(n+ 1)])→ ∀nϕ(n)

for all Σ0
1 formulas ϕ. We will also have occasion to consider RCA∗0, which is roughly RCA0

where Σ0
1-induction is weakened to Σ0

0-induction. We will formally define RCA∗0 later when

we have established the appropriate terminology.

We often refer to Σ0
1-induction as IΣ0

1. Note that we can similarly define Σ0
n-induction,

or IΣ0
n, for all n. Likewise, we can define the principles IΠ0

n and I∆0
n for all n. We will also

frequently come across Σ0
n-bounding and Π0

n-bounding, or BΣ0
n and BΠ0

n, respectively. BΣ0
n

is expressed by the axiom scheme consisting of

∀n[(∀i < n)(∃k)ϕ(i, k)→ (∃b)(∀i < n)(∃k < b)ϕ(i, k)] (1.2)

for each Σ0
n formula ϕ. BΠ0

n is defined analogously. We have the following useful chain of

implications given by Paris and Kirby; the proof that the implications are strict can be found

in [30].

Theorem 1.1.9 (Paris and Kirby [49], Hájek and Pudlak [30]). Over RCA0, we have the

following implications, all of which are strict:

IΣ0
1 ← BΣ0

2 ← IΣ0
2 ← BΣ0

3 ← IΣ0
3 ← . . . . (1.3)

Of these principles, only IΣ0
1 is provable in RCA0.

6



Note that Paris and Kirby actually proved that these implications hold in the first order

context, but they remain true over RCA0.

We often work in ACA0 as well, which formally consists of the first order axioms for

a discrete ordered commutative semiring, together with arithmetic comprehension, i.e. set

comprehension in the same vein as ∆0
1- comprehension, but for each arithmetic set. ACA0

corresponds to the Turing jump existence problem

∀X∃Y [Y = X ′].

A model or structure in the language of second-order arithmetic is of the form N =

(N,S,+N ,×N , 0N , 1N ,6N ) where (N,+N ,×N , 0N , 1N ,6N ) is a model of first-order arith-

metic and S is a subset of the power set of N . The ∈ symbol is always interpreted to mean

set membership.

Definition 1.1.10 (Simpson [60]). Let L2(exp) be L2, the language of second order arith-

metic, augmented by a binary operation symbol exp(m,n) = mn intended to denote expo-

nentiation. We take exp(t1, t2) = tt21 as a new kind of numerical term, and for each k < ω we

define the Σ0
k and Σ1

k formulas of L2(exp) accordingly. We define RCA∗0 to be the L2(exp)-

theory consisting of RCA0 minus Σ0
1 induction plus Σ0

0 induction plus the exponentiation

axioms: m0 = 1,mn+1 = mn ·m.

We present the above definition in full for completeness, but for the purposes of this

dissertation, it is not necessary to distinguish between L2-theories and L2(exp)-theories.

Definition 1.1.11. For a model M of second-order arithmetic, if its first-order part N is

standard, i.e. equal to ω with the usual interpretations of +, ×, 6, 0, and 1, then we say

that M is an ω-model and identify it with its second-order part S.

Definition 1.1.12. For two problems P and Q, we say that P is ω-reducible to Q and write

P 6ω Q if every ω-model of RCA0 + Q is a model of P.

7



Note that if RCA0 + Q ` P, then P 6ω Q, but not necessarily vice versa. An ω-model

satisfies RCA0 iff it is a Turing ideal, that is, iff it is closed under Turing reducibility and

finite joins. An ω-model satisfies ACA0 iff it is a jump ideal, that is, iff it is closed under

the Turing jump.

Definition 1.1.13. Let P and Q be Π1
2-problems. We say that P is computably reducible to

Q, and write P 6c Q, if for every instance X of P, there is an X-computable instance X̂ of

Q such that, for every solution Ŷ to X̂, there is an X ⊕ Ŷ -computable solution to X.

Definition 1.1.14. Let P and Q be Π1
2-problems. We say that P is Weihrauch reducible

to Q, and write P 6W Q, if there are Turing functionals Φ and Ψ such that, for every

instance X of P, the set X̂ = ΦX is an instance of Q, and for every solution Ŷ to X̂, the set

Y = ΨX⊕Ŷ is a solution to X.

In computability theory, our main interest is in comparing problems based on different

notions of how difficult they are. We attempt to draw pictures of the computability-theoretic

universe by discerning relationships between principles. ω-reducibility, computable reducibil-

ity, and Weihrauch reducibility are three tools that we use to do this, and provability over

RCA0 is a fourth. In Chapter 2, we will illustrate how this is done. Then in Chapters 3 and

4, we will expand our repertoire of methods of comparison by generalizing and combining

them.

1.2 An example: Ramsey Theory

We now introduce some relevant combinatorial principles. For example, the following ver-

sions of Ramsey’s Theorem are Π1
2-problems that have been extensively studied in reverse

mathematics and computability theory, and will be useful sources of examples for us as

well. (We often state Π1
2-problems in ways that make mention of objects other than natural

numbers and sets of natural numbers. We assume these are coded in an appropriate way.

8



For combinatorial objects like the ones below, these codings are straightforward and do not

affect the analysis of these problems.) For more on the computability theory and reverse

mathematics of these principles, see [33].

We write [X]n for the collection of n-element subsets of X. A k-coloring of [X]n is a

map c : [X]n → k. A coloring of [X]2 is stable if lim
y∈X

c(x, y) exists for all x ∈ X. H ⊆ X

is homogeneous for c if there exists an i such that c(s) = i for all s ∈ [H]n. L ⊆ X is

limit-homogeneous for c : [X]2 → k if there exists an i such that lim
y∈L

c(x, y) = i for all x ∈ L.

Definition 1.2.1. RTnk is the Π1
2 principle that every k-coloring of [N]n has an infinite

homogeneous set.

Definition 1.2.2. RTn<∞ is the Π1
2 principle that ∀kRTnk .

Definition 1.2.3. SRT2
k is the Π1

2 principle that every stable k-coloring of [N]2 has an

infinite homogeneous set.

Definition 1.2.4. D2
k is the Π1

2 principle that every stable k-coloring of [N]2 has an infinite

limit-homogeneous set.

We present a series of results about these principles, exhibiting how proof-theoretic and

computability-theoretic implications give us different distinctions between them. We begin

with a seminal result from Jockusch in [40].

Theorem 1.2.5 (Jockusch [40]). Let n > 2. Then:

1. Every computable instance of RTn<∞ has a Π0
n solution.

2. There is a computable instance of RTn2 with no Σ0
2 solution.

3. There is a computable instance of RTn2 such that every solution computes ∅(n−2).

Corollary 1.2.6 (Simpson [60]). RTnk and RTn<∞ are equivalent to ACA0 for n > 3.
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Simpson’s corollary follows because we know that ACA0 is equivalent to the Turing jump

existence problem, and by the theorem, RTn2 for all n > 3, hence RTnk for all k > 2 and

RTn<∞, have a computable instance that computes ∅′. Moreover, in analyzing Jockusch’s

proof, one can see that no induction or comprehension axioms outside of those provided by

RCA0 are needed. Therefore RTnk + RCA0 ` ACA0 and RTn<∞ + RCA0 ` ACA0, and the

other direction follows from the first statement in the theorem.

On the other hand, we have the following result from Seetapun and Slaman.

Theorem 1.2.7 (Seetapun and Slaman [58]). ACA0 66ω RT2
<∞.

It follows that RT2
<∞ cannot be equivalent to ACA0 like RTn<∞ is for n > 2. It can be

shown that RT2
<∞ 6ω RT2

2 (see [33]). However,

Theorem 1.2.8 (Cholak, Jockusch, and Slaman [16]). RCA0 + RT2
2 6` RT2

<∞.

This gives us an example of the strength of provability over RCA0 as compared with ω-

reducibility, and helps us begin to understand where RT2
2 lies in the computability-theoretic

universe. There is still much we don’t know, or have recently learned. The question of

whether SRT2
2 implies RT2

2 motivated a great deal of research since being raised by Cholak,

Jockusch, and Slaman [16]. Chong, Slaman, and Yang put this to rest in [18].

Theorem 1.2.9 (Chong, Slaman, and Yang [18]). RCA0 0 SRT2
2 → RT2

2.

The proof of this theorem makes essential use of non-ω-models. Recently, Monin and

Patey [46] have also shown the following.

Theorem 1.2.10 (Monin and Patey [46]). RT2
2 
ω SRT2

2.

The relationship between SRT2
2 and D2

2 is also interesting, and will be discussed in Sec-

tion 3.6 of Chapter 3. For n = 1, note that we have that RCA0 ` RT1
k for each k, since

RT1
k is simply the Pigeonhole Principle. Therefore RT1

<∞ is true in every ω-model of RCA0.

However,
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Theorem 1.2.11 (Hirst [38]). RCA0 6` RT1
<∞.

We also have the following theorem, as proved in [64].

Theorem 1.2.12. If

ACA0 ` ∀X[Θ(X)→ ∃Y∆(X, Y )]

where Θ and ∆ are arithmetic, then there is an n ∈ ω such that

ACA0 ` ∀X[Θ(X)→ ∃Y ∈ Σ
0,X
n ∆(X, Y )].

Applying this to the results we have discussed, we obtain the following.

Corollary 1.2.13. RT 6ω ACA0 but ACA0 6` RT.

Equivalently, RT 6ω RT3
2 but RCA0 + RT3

2 6` RT. In terms of Weihrauch reducibility,

three groups of researchers, Hirschfeldt and Jockusch, Brattka and Rakotoniaina, and Patey,

independently showed the following.

Theorem 1.2.14 (Hirschfeldt and Jockusch [34] / Brattka and Rakotoniaina [12] / Patey

[53]). RTnk <W RTnk+1 for all n > 1 and k > 2.

Hirschfeldt and Jockusch went further, defining a notion known as generalized Weihrauch

reducibility that we will explore in Chapter 3. This allowed them to make the following

conclusion about how the RTnk ’s compare to one another in terms of ω-reducibility. Here,

for problems P and Q, we write that P 6jω Q if there is an ω-reduction P 6ω Q that can

always be done in at most j steps (we will make precise what we mean by a reduction in j

steps in Chapter 3).

Theorem 1.2.15 (Hirschfeldt and Jockusch [34]). Let n > 3, j > 1, and m be such that

n+ (j− 1)(n− 2) < m 6 n+ j(n− 2). Then RTmk 6
j+1
gW RTnk , but RTmk 66

j
ω RTnk . Therefore

RT 66jω RT3
2 for all j, although RT 6ω RT3

2.

11



Patey showed in [52] that for n > 3, the RTnk 6
2
ω RTnj for j < k, but RTnk 66

1
ω RTnj . For

n = 2, the least m such that RTnk 6
m
ω RTnj approaches infinity as k increases.

1.3 Other relevant examples

We now define another set of principles, the relationships among which further illustrate the

differences between our various tools of comparison.

Definition 1.3.1. Π0
1G is the principle that for any X and any uniformly Π

0,X
1 collection

D0, D1, . . . of dense properties of binary strings, there is a G such that ∀i∃m[G � m ∈ Di].

Definition 1.3.2. Π0
1GA is the principle that for any X and any uniformly Π

0,X
1 collection

D0, D1, . . . of dense properties of binary strings, there is a sequence g0, g1, . . . of sets such

that ∀i∃m∃t∀u > t[gu � m = gt � m ∈ Di].

Definition 1.3.3. WKL is the principle of Weak König’s Lemma, which says that every

infinite binary tree has an infinite path.

WKL is a principle of much importance in reverse mathematics. Another subsystem of

second-order arithmetic over which we frequently work is called WKL0, which consists of

precisely the axioms of RCA0 together with the statement of WKL.

Definition 1.3.4. The Atomic Model Theorem (AMT) is the principle that every complete

atomic theory has an atomic model.

Theorem 1.3.5 (Conidis [19]). RCA0 + AMT and RCA0 + Π0
1G have the same ω-models.

On the other hand, since Π0
1GA is trivial as a principle, we have that Π0

1GA 6W WKL.

Theorem 1.3.6 (Hirschfeldt, Lange, and Shore [35]). RCA0 + BΣ0
2 + Π0

1GA ` IΣ0
2.

From this together with results from Hájek that can be found in [29], we get the following

corollary:
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Corollary 1.3.7. RCA0 + WKL 6` Π0
1GA.

This gives an example of the relative strength of Weihrauch reducibility as compared to

provability over RCA0. We also have the following theorem, proved by Hirschfeldt, Shore,

and Slaman in [37].

Theorem 1.3.8 (Hirschfeldt, Shore, and Slaman [37]). AMT does not imply Π0
1G over

RCA0.

Another principle that will be useful to keep in mind is Bound, which is a convenient

way of stating Σ0
1-bounding as a Π1

2 problem.

Definition 1.3.9 (Pauly, Fouché, and Davie [55]). Bound is the Π1
2 problem where an

instance is an enumeration of a bounded set F , and a solution is a bound on the elements

of F .

The definition of the finite parallelization of Bound, where we run finitely many instances

of Bound in parallel (see, for instance, [10]), and which we write as Bound∗, is then as follows.

Definition 1.3.10. Bound∗ is the Π1
2 problem where an instance is a simultaneous enumer-

ation of a finite family F0, . . . , Fk of bounded sets, and a solution to this instance consists

of a bound for each Fi, or, equivalently, a bound b on ∪i6kFk.

Another principle we will have occasion to consider is CN, choice on the natural numbers.

This principle has been extensively studied in Weihrauch reducibility (see e.g. [10] and [11]).

Definition 1.3.11. CN is the Π1
2 problem where an instance is an enumeration of the

complement of a nonempty set X, and a solution is an element of X.

We can strengthen CN to ∆0
2 sets and restrict to compact sets (in the Heine-Borel sense),

as well as consider compact ∆0
2 sets.

Definition 1.3.12. C∆0
2 is the Π1

2 problem that a nonempty ∆0
2 set has an element.
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Definition 1.3.13. KN is the Π1
2 problem where an instance is an element b ∈ ω and an

enumeration of some numbers x ∈ ω with x < b, and a solution is any x ∈ ω with x < b

such that x is not enumerated.

Definition 1.3.14. K∆0
2 is the Π1

2 problem where an instance is an approximation to a ∆0
2

set of numbers x ∈ ω with x < b for some b ∈ ω, and a solution is any x ∈ ω with x < b

such that x is not enumerated.
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CHAPTER 2

THIN SET VERSIONS OF HINDMAN’S THEOREM

2.1 Introduction

This chapter, based on joint work with Denis R. Hirschfeldt, is part of a line of research

on the computability-theoretic and reverse-mathematical strength of versions of Hindman’s

Theorem [31] that began with the work of Blass, Hirst, and Simpson [6], and has seen

considerable interest recently.

The Thin Set Theorem is a variant of Ramsey’s Theorem that has been studied from this

perspective. It follows easily from Ramsey’s Theorem itself.

Definition 2.1.1. Thin Set Theorem (TS): For every n and every coloring c : [N]n → N,

there is an infinite set T ⊆ N and an i such that c(s) 6= i for all s ∈ [T ]n. We call such a set

T a thin set for c. TSn is the restriction of TS to colorings of [N]n.

As mentioned in the introduction, Jockusch [40] showed that there is a computable in-

stance of RT3
2 such that any solution computes the halting problem ∅′. As shown by Simp-

son [60], Jockusch’s construction can also be used to prove that RT3
2 (and hence RT) implies

ACA0 over RCA0. Wang [65] showed that TS, on the other hand, does not have this much

power. Indeed, it has a property known as strong cone avoidance, which implies in particular

that for every coloring c : [N]n → N and every noncomputable X, there is an infinite thin

set for c that does not compute X. It also follows from strong cone avoidance that TS does

not imply ACA0 over RCA0.

As shown by Seetapun [58], RT2
k also fails to imply ACA0. Indeed, Liu [44, 45] showed

that it does not imply the weaker system WKL0, which consists of RCA0 together with

Weak König’s Lemma, or the even weaker system WWKL0 consisting of RCA0 together

with Weak Weak König’s Lemma. Patey [50] showed that the same is true of TS.
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We now turn to Hindman’s Theorem. For a set S ⊆ N, let fs(S) be the set of sums of

nonempty finite sets of distinct elements of S.

Definition 2.1.2. Hindman’s Theorem (HT): For every coloring of N with finitely many

colors, there is an infinite set S ⊆ N such that all elements of fs(S) have the same color.

Blass, Hirst, and Simpson [6] showed that such an S can always be computed in the

(ω+ 1)st jump of the coloring, and that there is a computable coloring such that every such

S computes ∅′. By analyzing these proofs they showed that HT is provable in ACA+
0 (the

system consisting of RCA0 together with the statement that ωth jumps exist) and implies

ACA0 over RCA0. The exact computability-theoretic and reverse-mathematical strength of

HT remains open.

There has recently been interest in studying restricted versions of HT such as the follow-

ing. (See e.g. [13].)

Definition 2.1.3. HT6n is HT restricted to sums of at most n many elements, and HT=n is

HT restricted to sums of exactly n many elements. HT6nk and HT=n
k are the corresponding

restrictions to colorings with k many colors.

Dzhafarov, Jockusch, Solomon, and Westrick [26] showed that HT63
3 implies ACA0 over

RCA0. Carlucci, Ko lodzieczyk, Lepore, and Zdanowski [14] did the same for HT62
4 . These

principles are also complex in a more heuristic sense: There is no known way to prove

even HT62
2 other than to give a proof of the full HT, which has led Hindman, Leader, and

Strauss [32] to ask whether every proof of HT62 is also a proof of HT. This question can be

formalized by asking whether HT62 (or HT62
2 ) implies HT, say over RCA0. A related open

question is whether HT62
2 is provable in ACA0.

The principle HT=2 is quite different, as HT=2
k follows easily from RT2

k. Indeed, it was

not clear even whether this principle is computably true until the work of Csima, Dzhafarov,

Hirschfeldt, Jockusch, Solomon, and Westrick [20], who showed that it is not, and that
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indeed there is a computable instance of HT=2
2 with no Σ0

2 solutions. (The same had been

shown for RT2
2 by Jockusch [40], who also showed that every computable instance of RT2

2

has a Π0
2 solution, which implies that the same is true of HT=2

2 .) They also showed that

there is a computable instance of HT=2
2 such that every solution has DNC degree relative to

∅′, and adapted this proof to show that HT=2
2 implies the principle RRT2

2, a version of the

Rainbow Ramsey Theorem, over RCA0. (See Section 2.3 for definitions.)

In this section, we study further versions of Hindman’s Theorem, obtained by combining

HT and its variants with the Thin Set Theorem.

Definition 2.1.4. thin-HT: For every coloring c : N → N, there is an infinite set S ⊆ N

such that fs(S) is thin for c. We definite restrictions such as thin-HT6n analogously.

In Section 2.2, we give similar lower bounds on the complexity of thin-HT as Blass, Hirst,

and Simpson [6] gave for HT, which suggests that thin-HT behaves like HT at least to some

extent. Indeed, it seems possible that thin-HT is equivalent to HT over RCA0. The situation

for restricted versions is different, however. Clearly, thin-HT=n follows from TSn, but in

fact so does thin-HT6n, due to the following fact.

Lemma 2.1.5. For each n and k, the following holds in RCA0 +TSn: Given ci : [N]mi → N

for i 6 k, with mi 6 n for all i 6 k, there is a single infinite set T and a j such that

ci(s) 6= j for each ci and each s ∈ [T ]mi with i 6 k.

Proof. We use the fact that TSn implies TSm for each m < n, and proceed by external

induction to prove the stronger assertion that for each j 6 k, RCA0 + TSn proves that there

is an infinite set T and an infinite set C such that ci(s) /∈ C for each ci and each s ∈ [T ]mi

with i 6 j.

We do the base and inductive cases simultaneously. For j + 1 > 0, assume that that the

assertion holds for j and let T and C be as above. For j + 1 = 0, let T = C = N. Define

d : [T ]mj+1 → N as follows. Partition C into infinitely many infinite sets A0, A1, . . . . Let
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d(s) = 0 if either cj+1(s) ∈ A0 or cj+1(s) /∈ C, and for i > 0, let d(s) = i if cj+1(s) ∈ Ai.

By TSmj+1 , there is an infinite U ⊆ T that is thin for d. Let i /∈ d([U ]mj+1) and let D = Ai.

Then U and D are infinite sets such that ci(s) /∈ D for each ci and each s ∈ [U ]mi with

i 6 j + 1.

This lemma allows us to get thin-HT6n from TSn by taking a coloring c : N → N and

considering the colorings that map {a0, . . . , aj} to c(a0 + · · ·+ aj) for each j < n.

There are also differences that have nothing to do with computability theory and reverse

mathematics between thin-HT6n on the one hand, and thin-HT and HT6n on the other.

The former remains true if we allow sums of non-distinct elements, but it is not difficult to

show that the latter two do not. Similarly, the former remains true for colorings S → N,

where S ⊆ N is any infinite set, while the latter two again do not.

Nevertheless, even thin-HT=2 still has a significant level of complexity. In Section 2.3,

we show that all of the lower bounds mentioned above obtained in [20] for HT=2 still hold

for thin-HT=2.

In Section 2.4 we mention some open questions arising from our results, and briefly

discuss version of HT obtained by combining it with thin set theorems for colorings with

finitely many colors.

2.2 Encoding ∅′ into thin-HT

In this section, we show how to build on the proof of Theorem 2.2 of Blass, Hirst, and

Simpson [6], which shows that there is a computable instance of HT such that every solution

computes ∅′, to show that the same is true of thin-HT. We then derive a reverse-mathematical

consequence of our proof.

Theorem 2.2.1. There is a computable instance of thin-HT such that every solution com-

putes ∅′.
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Proof. As in the proof of Theorem 2.2 of [6], we write each number x > 0 as 2n0 + · · ·+ 2nk

with n0 < · · · < nk, and define λ(x) = n0 and µ(x) = nk. A set S has 2-apartness if for

every x, y ∈ S with x < y, we have µ(x) < λ(y). Lemma 4.1 of [6] shows that from any

infinite S we can compute an infinite set T with 2-apartness such that fs(T ) ⊆ fs(S) (and

hence if fs(S) is thin for a coloring, so is fs(T )).

Let x = 2n0 + · · · + 2nk with n0 < · · · < nk. Say that (ni, ni+1) is a short gap in x if

there is an m < ni such that m /∈ ∅′[ni+1] but m ∈ ∅′. Say that (ni, ni+1) is a very short

gap in x if there is an m < ni such that m /∈ ∅′[ni+1] but m ∈ ∅′[nk]. Let sg(x) and vsg(x)

be the numbers of short gaps and very short gaps in x, respectively. Note that sg is not a

computable function, but vsg is.

Fix a bijection between N and the set of pairs (p, i) where p is prime and 1 6 i < p, and

identify N with this set via this bijection. Define the coloring c by letting c(x) = (p, i) where

p is the least prime that does not divide vsg(x) and vsg(x) = i mod p. We say that x has

color (p, i) if c(x) = (p, i), and we also say that x has color (p, 0) or (p, p) if it has color (q, i)

for some q > p, i.e., if every prime less than or equal to p divides vsg(x).

Let Y be such that fs(Y ) is an infinite thin set for c. We can assume that Y has 2-

apartness, by Lemma 4.1 of [6], as mentioned above. This condition ensures that if x, y ∈

fs(Y ) and µ(x) < λ(y), and we express x and y as sums of sets F and G of distinct elements

of Y , respectively, then F and G are disjoint, and hence x+ y ∈ fs(Y ). Say that S ⊆ fs(Y )

is λ-bounded if there is a bound on the values of λ(x) for x ∈ S (which includes the case

S = ∅). Note that fs(Y ) itself is not λ-bounded. Note also that the union of finitely many

λ-bounded sets is λ-bounded. Say that a color j is almost absent from fs(Y ) if the set of

x ∈ fs(Y ) that have color j is λ-bounded. (This definition includes the case j = (p, 0), or

equivalently j = (p, p).)

Lemma 2.2.2. There are p and 0 6 i < p such that (p, i + 1) is almost absent from fs(Y )

but (p, i) is not.
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Proof. Let p be least such that there is a j for which (p, j) is almost absent from fs(Y ),

which exists since fs(Y ) is thin. If p = 2 then (p, j+ 1) cannot be almost absent, since every

number has color (p, j) or (p, j + 1). Now suppose that p > 2 and q is the preceding prime.

Since (q, 0) is not almost absent from fs(Y ) and every number that has color (q, 0) has color

(p, j) for some j, there is some k such that (p, k) is not almost absent. In either case, since

having color (p, 0) is the same as having color (p, p), the lemma follows.

Fix p and i as in the above lemma.

Lemma 2.2.3. Let 1 6 j < p. Then S = {x ∈ fs(Y ) : sg(x) = j mod p} is λ-bounded.

Proof. Suppose S is not λ-bounded. Let q0 < · · · < qm−1 be the primes less than p. Since

there are only finitely many sequences (k0, . . . , km−1) with ki < qi, there is such a sequence

for which T = {x ∈ S : (∀` < m) sg(x) = k` mod q`} is not λ-bounded.

Since j 6= 0 mod p, and hence q0 · · · qm−1j 6= 0 mod p, there is a multiple n of q0 · · · qm−1

such that nj = 1 mod p (where q0 · · · qm−1 = 1 if p = 2). Since T is not λ-bounded, there

are x0 < · · · < xn−1 ∈ T such that each λ(xk+1) is sufficiently large relative to µ(xk) to

ensure that (µ(xk), λ(xk+1)) is not a short gap. Then the short gaps in x0 + · · ·+ xn−1 are

exactly the short gaps in x0, . . . , xn−1, so sg(x0 + · · ·+xn−1) = sg(x0)+ · · ·+ sg(xn−1). The

latter is equal to nj mod p = 1 mod p, since each x` is in S, and is also equal to nk` mod q`

for each ` < m, and hence equal to 0 mod q` for each ` < m, since n = 0 mod q`.

Since (p, i) is not almost absent from fs(Y ), there is a y ∈ fs(Y ) that has color (p, i) such

that λ(y) > µ(xn−1), and every number less than µ(xn−1) that is in ∅′ is already in ∅′[λ(y)].

Note that vsg(y) = 0 mod q` for each ` < m, as otherwise c(y) would be of the form (q`, k)

for some 1 6 k < q`. Now vsg(x0 + · · ·+ xn−1 + y) = vsg(y) + sg(x0 + · · ·+ xn−1), which is

equal to i+1 mod p, and to 0 mod q` for all ` < m. So x0 + · · ·+xn−1 +y has color (p, i+1).

As we can choose x0 so that λ(x0) is arbitrarily large, (p, i + 1) is not almost absent from

fs(Y ), contradicting the choice of i.
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So by removing finitely many elements from Y if needed, we can assume that p divides

sg(x) for all x ∈ fs(Y ). We can now argue as in the proof of Claim 2 in the proof Theorem

2.2 of [6] to compute ∅′ from Y : Given n, find x, y ∈ Y such that x < y and n < µ(x). The

short gaps in x + y are the ones in x, the ones in y, and possibly (µ(x), λ(y)). But if the

latter is a short gap, then sg(x+ y) = sg(x) + sg(y) + 1, which is impossible since p divides

all three numbers. Thus n ∈ ∅′ iff n ∈ ∅′[λ(y)].

The above proof can be carried out in relativized form in RCA0 except for two issues:

One is that in RCA0 we cannot show that the union of finitely many λ-bounded sets is λ-

bounded, which in general requires the Π0
1-bounding principle. Another is that being almost

absent is a Σ0
2 condition, so we cannot conclude in RCA0 that there is a least p such that

there is a j for which (p, j) is almost absent from fs(Y ). Since Π0
1-bounding follows from

Σ0
2-induction over RCA0, adding the latter to RCA0 is sufficient to get around these issues,

so we have the following.

Theorem 2.2.4. thin-HT implies ACA0 over RCA0 + IΣ0
2.

We do not know whether the use of IΣ0
2 in this theorem can be removed.

2.3 Hard Instances of thin-HT=2

In this section, we show that all the lower bounds on the complexity of HT=2
2 obtained

by Csima, Dzhafarov, Hirschfeldt, Jockusch, Solomon, and Westrick [20] still hold for thin-

HT=2. (Of course, all upper bounds on the complexity of HT=2
2 automatically hold for

thin-HT=2, as the latter follows easily from the former.) As in that paper, we use the

computable version of the Lovász Local Lemma due to Rumyantsev and Shen [56, 57]. In

particular, we use the following consequence of Corollary 7.2 in [57] given in [20], with an

addendum on uniformity as noted at the end of Section 4 of [20]. This uniformity, which
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in [20] is used only to obtain results on Weihrauch reducibility, will be essential in all our

results, as their proofs will require applying Theorem 2.3.1 infinitely often.

Theorem 2.3.1 (essentially Rumyantsev and Shen [57]). For each q ∈ (0, 1) there is an M

such that the following holds. Let F0, F1, . . . be a computable sequence of finite sets, each of

size at least M . Suppose that for each m > M and n, there are at most 2qm many j such

that |Fj | = m and n ∈ Fj, and that there is a computable procedure P for determining the

set of all such j given m and n. Then there is a computable c : N→ 2 such that for each j

the set Fj is not homogeneous for c. Furthermore, c can be obtained uniformly computably

from F0, F1, . . . and P (for a fixed q).

We will also rely in this section on arguments in [20] when they carry through in this

case in an entirely analogous way.

We now introduce a notion of largeness that will be key to our iterated applications of

Theorem 2.3.1. As in [20], we will be diagonalizing against Σ0
2 sets, so this notion will be

defined in terms of sets that are c.e. relative to ∅′. For a set A and a number s, we write

s + A for the set {s + a : a ∈ A}. We write We for the eth enumeration operator. Given e

and s, for each x ∈ W ∅′e [s], let tx be the least t such that x ∈ W ∅′e [u] for all u ∈ [t, s]. (I.e.,

tx measures how long x has been in W ∅
′

e .) Order the elements of W ∅
′

e [s] by letting x ≺ y

if either tx < ty or both tx = ty and x < y. Let Ene [s] be the set consisting of the least n

many elements of W ∅
′

e [s] under this ordering, or Ene [s] = [0, n) if W ∅
′

e [s] has fewer than n

many elements. If there is an s such that Ene [t] = Ene [s] for all t > s then let Ene = Ene [s].

Definition 2.3.2. For a binary function f , say that a set D is f -large if for all e and k such

that E
f(e,k)
e is defined, we have |D ∩ (s+ E

f(e,k)
e )| > k for all sufficiently large s.

Note that N is g-large for the function g(e, k) = k, and that f -largeness is preserved

under finite difference. The following lemma captures the key property of this notion of

largeness.
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Lemma 2.3.3. From a binary function f and an f -large set D, we can uniformly compute

a binary function f̂ and a splitting D = D0 tD1 such that each Di is f̂ -large.

Before proving this lemma, let us derive some of its consequences, beginning with computability-

theoretic lower bounds on the complexity of thin-HT=2. A function f is diagonally noncom-

putable (DNC ) relative to an oracle X if f(e) 6= ΦXe (e) for all e such that ΦXe (e) is defined,

where Φe is the eth Turing functional. A degree is DNC relative to X if it computes a

function that is DNC relative to X. An infinite set A is effectively immune relative to X if

there is an X-computable function f such that if WX
e ⊆ A then |WX

e | < f(e).

Theorem 2.3.4 (Jockusch [41]). A degree is DNC relative to X if and only if it computes

a set that is effectively immune relative to X.

The proof of the following theorem shows how to obtain a hard computable instance of

thin-HT=2 from Lemma 2.3.3.

Theorem 2.3.5. There is a computable instance of thin-HT=2 such that any solution is

effectively immune relative to ∅′, and hence has DNC degree relative to ∅′.

Proof. Let D0 = N and f0(e, k) = k. Given Dn and fn, let f̂n and Di
n be as in Lemma 2.3.3,

let fn+1 = f̂n, and let Dn+1 = D1
n. Note that the Dn are uniformly computable. Let c(x)

be the largest n 6 x such that x ∈ Dn. Then c is a computable coloring of N. If c(x) = n

and x > n then x ∈ Dn but x /∈ Dm for m > n, so x ∈ D0
n. Thus for each n, we have that

the difference between c−1(n) and D0
n is finite, and hence c−1(n) is fn-large.

Let S be a solution to c as an instance of thin-HT=2, and let n be such that c(x+ y) 6= n

for all distinct x, y ∈ S. For any e, if |W ∅′e | > fn(e, 1) then E
fn(e,1)
e ⊆ W ∅

′
e is defined,

and hence c−1(n) ∩ (s + E
fn(e,1)
e ) 6= ∅ for all sufficiently large s. In other words, if s is

sufficiently large then there is an x ∈ E
fn(e,1)
e such that c(x + s) = n. It follows that

E
fn(e,1)
e * S, and hence W ∅

′
e * S, since E

fn(e,1)
e ⊆ W ∅

′
e . Thus we conclude that if W ∅

′
e ⊆ S
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then |W ∅′e | < fn(e, 1). Since fn(e, 1) is computable as a function of e, it follows that S is

effectively immune relative to ∅′, and hence has DNC degree relative to ∅′.

No infinite Σ0
2 set can be effectively immune relative to ∅′, so we have the following.

Corollary 2.3.6. There is a computable instance of thin-HT=2 with no Σ0
2 solution.

It follows that thin-HT is not provable in WKL0, since the latter has ω-models consisting

entirely of ∆0
2 sets. It was noted in [20] that HT=2

2 does not imply WKL0, and hence neither

does thin-HT=2. Thus thin-HT=2 and WKL0 are incomparable over RCA0. In fact, as

mentioned in the introduction, Patey [50] showed that TS does not imply WKL0, or even

WWKL0, and we can easily adapt the proof of Theorem 2.3.5 to thin-HT=n for any n > 2,

so we have the following.

Corollary 2.3.7. For each n > 1, both thin-HT=n and thin-HT6n are incomparable with

(W)WKL0 over RCA0.

Arguing as in the proof of Corollary 3.6 of [20], we have the following.

Corollary 2.3.8. There is a computable instance of thin-HT=2 such that all solutions are

hyperimmune.

The reverse-mathematical analog of the existence of degrees that are DNC over the jump

is the principle 2-DNC, defined e.g. in Section 4 of [20]. Miller [unpublished] showed that

2-DNC is equivalent, both over RCA0 and in the sense of Weihrauch reducibility, to the

following version of the Rainbow Ramsey Theorem, which was shown by Patey [51] to be

strictly weaker than TS2.

Definition 2.3.9. RRT2
2: Let c : [N]2 → N be such that |c−1(i)| 6 2 for all i. Then there

is an infinite set R such that c is injective on [R]2.

As discussed in [20], the proof of Theorem 2.3.1 carries through in RCA0, from which it

will follow that so does the proof of Lemma 2.3.3 that we will give below. Thus the proof of
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Theorem 2.3.5 also carries through in RCA0, except for one issue: Having |W ∅′e | > m does

not necessarily imply in RCA0 that Eme is defined. (The issue is that RCA0 does not imply

the Π0
1-bounding principle.) However, we can get around this problem exactly as in Section

4 of [20], by using the principle 2-EI defined there, thus obtaining the following.

Theorem 2.3.10. thin-HT=2 implies RRT2
2 over RCA0.

We can also obtain a Weihrauch reduction from RRT2
2 to a version of thin-HT=2 as in

the final paragraph of Section 4 of [20], but we have to be a bit careful because in the proof of

Theorem 2.3.5, the function witnessing that S is effectively immune relative to ∅′ is obtained

uniformly not from S, but from an n such that c(x + y) 6= n for all distinct x, y ∈ S. Let

strong thin-HT=2 be the version of thin-HT=2 where a solution to an instance c consists of

both a solution S to c as an instance of thin-HT=2 and an n as above. Then we have the

following.

Theorem 2.3.11. RRT2
2 is Weihrauch-reducible to strong thin-HT=2.

We do not know, however, whether this theorem remains true if we replace strong thin-

HT=2 by thin-HT=2.

None of the above results depend on the addition function in particular, and can be

adapted as in [20] to any function f : [N]2 → N that is addition-like, which means that

1. f is computable,

2. there is a computable function g such that f({x, y}) > n for all y > g(x, n), and

3. there is a b such that for all x 6= y, there are at most b many z’s for which f({x, z}) =

f({x, y}).

We finish this section by proving Lemma 2.3.3.
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Proof of Lemma 2.3.3. Let f be a binary function and D an f -large set. We will apply

Theorem 2.3.1 to obtain a computable c : N→ 2. We then define Di = {n ∈ D : c(n) = i}.

The value of q will not matter here, so let us fix q = 1
2 . Let M be as in Theorem 2.3.1.

Let g be a computable injective binary function with computable image such that kg(e, k) 6

2
g(e,k)

2 and g(e, k) >M for all e and k.

Say that s is acceptable for e, k if |D ∩ (s + E
f(e,kg(e,k))
e [s])| > kg(e, k) and for every

t < s such that (s + E
f(e,kg(e,k))
e [s]) ∩ (t + E

f(e,kg(e,k))
e [t]) 6= ∅, we have E

f(e,kg(e,k))
e [s] =

E
f(e,kg(e,k))
e [t]. If s is acceptable for e, k then let Fe,k,s,0 be the first g(e, k) many elements

of s + Ef(e,kg(e,k))[s], let Fe,k,s,1 be the next g(e, k) many elements of s + Ef(e,kg(e,k))[s],

and so on, until Fe,k,s,k−1.

Let F consist of all Fe,k,s,j for all e, k, all s acceptable for e, k, and all j < k. Then we

can arrange the elements of F into a computable sequence of finite sets, each of size at least

M . Fix x and m. If m is not in the image of g then there are no elements of F of size m.

Otherwise, there is a unique pair e, k such that m = g(e, k), and all elements of F of size

m that contain x are of the form Fe,k,s,j for some s 6 x. We can computably determine

all such sets from m and x, and the definition of acceptability means that there are at most

kg(e, k) 6 2
m
2 many such sets.

Thus the hypotheses of Theorem 2.3.1 hold, and hence there is a c, obtained uniformly

computably from f and D, such that none of the sets in F are homogeneous for c. Let

f̂(e, k) = f(e, kg(e, k)) and let Di = {n ∈ D : c(n) = i}. Fix e and k such that E
f̂(e,k)
e is

defined. If s is sufficiently large then s is acceptable for e, k, and Fe,k,s,j ⊆ s + E
f̂(e,k)
e for

all j < k. For each j < k and i < 2, there is at least one x ∈ Fe,k,s,j such that c(x) = i.

Since the Fe,k,s,j are disjoint, |Di ∩ (s+ E
f̂(e,k)
e )| > k. Thus Di is f̂ -large.
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2.4 Open Questions

In this section, we collect a few open questions and possible directions for further work

arising from the above results.

Open Question 2.4.1. Does thin-HT imply ACA0 over RCA0 (i.e., without assuming IΣ0
2)?

Of course, one way to give a positive answer to this question would be to show that

thin-HT implies IΣ0
2 over RCA0. If that is not the case, then it could be interesting to try

to determine the first-order part of thin-HT.

Open Question 2.4.2. Is thin-HT provable in ACA0?

Open Question 2.4.3. Does thin-HT imply HT, say over RCA0?

In the spirit of Hindman, Leader, and Strauss [32], we can also ask the less formal question

of whether there is a proof of thin-HT that is not already a proof of HT.

Open Question 2.4.4. Is RRT2
2 Weihrauch-reducible to thin-HT=2 (as opposed to strong

thin-HT=2)?

Open Question 2.4.5. What is the exact relationship between thin-HT=2 and each of TS2,

RRT2
2, and HT=2?

There are also versions of the Thin Set Theorem for colorings with finitely many colors.

For example, an instance of TSnk is a coloring c of [N]n with k many colors, and a solution

to this instance is an infinite set T such that |c([T ]n)| < k. This principle and RTnk form the

two ends of a spectrum of principles RTnk,j for 1 6 j < k, where an instance is a coloring

c of [N]n with k many colors, and a solution to this instance is an infinite set T such that

|c([T ]n)| 6 j. It would be interesting to pursue versions of HT based on these principles.

One might hope to show, for instance, that there is a boundary between principles that

“behave like HT”, e.g. HT62
4 , which as mentioned in the introduction was shown to imply

ACA0 in [14]; and those that “behave like versions of TS / RT”, e.g. the thin version of

HT62
4 , which can easily be shown to follow from RT2

4,2.
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CHAPTER 3

REDUCTION GAMES, PROVABILITY, AND COMPACTNESS

3.1 Introduction

This chapter is based on joint work Damir D. Dzhafarov and Denis R. Hirschfeldt (see

[25]). In many cases, nonimplications over RCA0 are proved using ω-models. Implication

over RCA0 and ω-reducibility are not fine enough for some purposes, so other notions of

computability-theoretic reduction between theorems have been extensively studied. These

are particularly well-adapted to Π1
2-problems.

Hirschfeldt and Jockusch [34] gave characterizations of both P 6ω Q and RCA0 ` Q→ P

for Π1
2-problems P and Q in terms of winning strategies in certain games. In this chapter,

we study further aspects of the latter characterization and generalizations of it, in particular

establishing a compactness theorem that shows that certain winning strategies can always

be chosen to win in a number of moves bounded by a number independent of the instance

of P being considered. As explained below, this theorem can be seen as a generalization of

a metatheorem about ACA0. This metatheorem has been used, for instance, to translate

computability-theoretic results of Jockusch [40] into a proof that ACA0 0 RT.

The difference between the two game-theoretic characterizations in [34] is that for ω-

reducibility, the games are played over the standard natural numbers, while for provability

over RCA0 they are played over possibly nonstandard models of Σ0
1-PA (the first-order part

of RCA0). We hope to show in this chapter that there is a rich theory to be obtained by gen-

eralizing computability-theoretic reductions between Π1
2-problems to models of subsystems of

second-order arithmetic with possibly nonstandard first-order parts, and to begin its system-

atic development. In particular, this theory allows us to conduct a fine-structural comparison

between such problems that has both computability-theoretic and proof-theoretic aspects,

and can help us distinguish between these, for example by showing that a certain use of a
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principle in a proof is “purely proof-theoretic”, as opposed to relying on its computability-

theoretic strength.

Computable reducibility and Weihrauch reducibility are two of the most widely-studied

notions of computability-theoretic reducibility between Π1
2-problems. The latter (in a more

general form) has a long history, particularly in computable analysis (see e.g. [10]), while

the former was introduced by Dzhafarov [22]. These two reducibilities allow us to use only a

single instance of Q in solving an instance of P. To generalize these notions to allow multiple

instances of Q to be used, Hirschfeldt and Jockusch [34] defined the following game.

Definition 3.1.1. Let P and Q be Π1
2-problems. The reduction game G(Q → P) is a

two-player game played according to the following rules.

(1) If at any point a player cannot make a move, the opponent wins.

(2) If one of the players wins, the game ends.

(3) On the first move, Player 1 plays an instance X0 of P. Then Player 2 either plays an

X0-computable solution to X0 and wins, or plays an X0-computable instance Y1 of Q.

(4) For n > 1, on the nth move, Player 1 plays a solution Xn−1 to the instance Yn−1 of Q.

Then Player 2 either plays an (X0 ⊕ · · · ⊕Xn−1)-computable solution to X0 and wins,

or plays an (X0 ⊕ · · · ⊕Xn−1)-computable instance Yn of Q.

(5) If the game never ends then Player 1 wins.

A winning strategy for Player 2 in this game is a form of generalized computable reduc-

tion. Hirschfeldt and Jockusch [34] showed that if P 6ω Q then Player 2 has a winning

strategy for G(Q → P), while otherwise Player 1 has a winning strategy for G(Q → P), so

generalized computable reducibility is actually the same as ω-reducibility. They then defined

an analogous notion of generalized Weihrauch reducibility, where P 6gW Q if Player 2 has
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a uniformly computable winning strategy for G(Q → P). (See [34] for the details of this

definition.) Neumann and Pauly [48] gave an equivalent definition in terms of an operator

� on the Weihrauch degrees. (See also [66] for some more recent discussion of, and results

about, the � operator.)

We can generalize the notions of instance and solution of a Π1
2-problem P ≡ ∀X [Θ(X) →

∃Y Ψ(X, Y )] to possibly nonstandard structures in the language of first-order arithmetic in

a natural way. We denote the languages of first- and second-order arithmetic by L1 and L2,

respectively. Let M be an L1-structure. We denote the domain of M by |M |. For S ⊆ |M |,

we denote the L2-structure with first-order part M and second-order part S by (M,S). For

an L1-structure M , an M-instance of P is an X ⊆ |M | such that (M, {X}) � Θ(X), and a

solution to this instance is a Y ⊆ |M | such that (M, {X, Y }) � Ψ(X, Y ).

Hirschfeldt and Jockusch [34, Section 4.5] noted that reduction games can be extended to

possibly nonstandard countable models of Σ0
1-PA (i.e., first-order parts of models of RCA0),

with ∆0
1-definability playing the role of computability as follows. For X0, . . . , Xn ⊆ |M |, we

denote by M [X0, . . . , Xn] the L2-structure with first-order part M and second-order part

consisting of all X ⊆ |M | that are ∆0
1-definable over |M | ∪ {X0, . . . , Xn}, which means

that there are Σ0
1 formulas ϕ0(x) and ϕ1(x) with parameters from |M | ∪ {X0, . . . , Xn} such

that (M, {X0, . . . , Xn}) � ∀x (ϕ0(x) ↔ ¬ϕ1(x)) and X = {n ∈ |M| : (M, {X0, . . . , Xn}) �

ϕ0(n)}.

Definition 3.1.2. Let P and Q be Π1
2-problems. The RCA0-reduction game GRCA0(Q→ P)

is a two-player game played according to the following rules.

(1) If at any point a player cannot make a move, the opponent wins.

(2) If one of the players wins, the game ends.

(3) On the first move, Player 1 plays a countable L1-structure M and an M -instance X0 of

P such that M [X0] � RCA0. Then Player 2 either plays a solution to X0 in M [X0] and
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wins, or plays an M -instance Y1 of Q in M [X0].

(4) For n > 1, on the nth move, Player 1 plays a solution Xn−1 to the instance Yn−1 of

Q such that M [X0, . . . , Xn−1] � RCA0. Then Player 2 either plays a solution to X0 in

M [X0, . . . , Xn−1] and wins, or plays an M -instance Yn of Q in M [X0, . . . , Xn−1].

(5) If the game never ends then Player 1 wins.

This definition allows us to capture provability over RCA0 in terms of winning strategies.

Proposition 3.1.3 (Hirschfeldt and Jockusch [34]). Let P and Q be Π1
2-problems. If RCA0 `

Q → P then Player 2 has a winning strategy for GRCA0(Q → P). Otherwise, Player 1 has

a winning strategy for GRCA0(Q→ P).

The proof of this proposition is essentially the same as that of the analogous result for

games over the standard natural numbers and ω-reducibility in [34, Proposition 4.2]. We

will prove a stronger version in Proposition 3.2.4.

However, it might be that the above definition is not quite the best one. In Section 3.2,

we will discuss a modified game. We will define it for arbitrary subsystems of second-order

arithmetic, but in the case of RCA0, the modified game ĜRCA0(Q→ P) is defined as above,

except that on its first move, Player 1 must play not only a countable L1-structure M , but

a modelM of RCA0 with countable first-order part (but possibly uncountable second-order

part); and from then on, its moves X0, X1, . . . must all come from M. This game makes

intuitive sense in that if Player 1 is trying to claim that RCA0 0 Q→ P, then it should be

prepared to propose a model of RCA0 within which to witness this fact. This idea was not

noticed in [34] because in the ω-model case after which the original RCA0-reduction game

was modeled, there is really no issue, since Player 1 always automatically plays within a

particular model of RCA0, namely (ω,P(ω)), where P(ω) is the full power set of ω. (For a

nonstandard model M , of course, the full power set will include a cut, so we cannot add it

to M to obtain a model of RCA0.)
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As we will see in Section 3.2, Proposition 3.1.3 still holds for this modified game, indeed

with the same proof. But we will also be able to prove a stronger version that shows that

a certain kind of compactness theorem holds in this case: As shown in [34], for a game

G(Q → P) over the standard natural numbers, it is possible that Player 2 has a winning

strategy but there is no n such that Player 2 has a winning strategy that is guaranteed to

win in at most n many moves. As we will show in Section 3.3, for our modified games over

possibly nonstandard models, this will no longer be the case, which makes sense given that

these games capture notions of provability, and a proof of Q→ P is a finite object.

Theorem 3.1.4. Let P and Q be Π1
2-problems. If RCA0 ` Q → P then there is an n such

that Player 2 has a winning strategy for ĜRCA0(Q → P) that ensures victory in at most n

many moves. Otherwise, Player 1 has a winning strategy for ĜRCA0(Q→ P).

We do not know whether the first part of this result holds for the game GRCA0(Q→ P)

as well.

Theorem 3.1.4, whose proof will in fact use the compactness theorem for first-order logic,

can be seen as a generalization of the following fact, which appears in Wang [64], where it

is said that it is “almost certainly a known theorem in proof theory.” For a model-theoretic

proof using compactness due to Jockusch, see [33, Section 6.3].

Theorem 3.1.5 (see Wang [64]). Let P ≡ ∀X [Θ(X) → ∃Y Ψ(X, Y )] be a Π1
2-problem. If

P is provable in ACA0, then there is an n ∈ ω such that ACA0 proves ∀X [Θ(X) → ∃Y ∈

Σ
0,X
n Ψ(X, Y )].

As mentioned above, this theorem implies for instance that ACA0 0 RT, because Jockusch [40]

showed that for each n > 2, there is an instance of RTn2 (and hence of RT) with no Σ0
n so-

lutions. On the other hand, Jockusch also showed that every instance of RTnk has a Π0
n

solution, which implies that every ω-model of ACA0 is a model of RT.

Notice that if we take Q to be the statement that for each X, the Turing jump X ′ exists,

then the provability of P in ACA0 is equivalent to the provability of Q → P in RCA0. As
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part of the proof of Theorem 3.1.4 in Section 3.3, we will prove a theorem that is a direct

generalization of Theorem 3.1.5. Montalbán and Shore [47] also generalized this theorem,

in a different way that is particularly suited to problems where each instance has a unique

solution, and is indeed equivalent to ours in that case, but is not strong enough for our

purposes.

As an example of the application of Theorem 3.1.4, we will obtain a simple proof that

RT2
2 does not imply RT2

<∞, even over RCA0 together with all Π1
1 formulas true over the

natural numbers.

Let Γ be a class of formulas. Recall that IΓ is the axiom scheme stating that induction

holds for formulas in Γ. Recall also that the Γ-bounding axiom scheme BΓ consists of all

formulas of the form

∀n [∀i < n∃k ϕ(i, k) → ∃b ∀i < n∃k 6 b ϕ(i, k)]

for each formula ϕ in Γ such that b is not free in ϕ. Note that ϕ is allowed to have parameters.

The system RCA0 + BΣ0
2, which is strictly intermediate between RCA0 and RCA0 + IΣ0

2,

has been particularly prominent in reverse mathematics. (In most cases, it is actually BΠ0
1

that is used, but BΠ0
1 and BΣ0

2 are easily seen to be equivalent over RCA0.) For example,

Hirst [38] showed that RT1
<∞ is equivalent to BΣ0

2 over RCA0.

In Section 3.4, we will consider computable winning strategies and the notion of general-

ized Weihrauch reducibility over possibly nonstandard models. There is an intriguing con-

nection here with analogs of RCA0 for intuitionistic logic, first noted in work of Kuyper [43].

We will comment on this connection briefly in that section, but leave further work in this

direction for follow-up work. In Section 3.5 we will consider single-instance reducibilities

such as computable and Weihrauch reducibility in this context. Our results throughout will

apply not only to RCA0 but also to other systems at the level of computable mathematics,
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including extensions of RCA0 by first-order principles, such as RCA0 +IΣ0
n or RCA0 +BΣ0

n,

and also restrictions such as RCA∗0, which roughly speaking is RCA0 with Σ0
1-induction

replaced by Σ0
0-induction.

In Sections 3.6 and 3.7, we will undertake a case study in the analysis of mathematical

principles under Weihrauch and generalized Weihrauch reducibility over possibly nonstan-

dard models, by considering several principles that are equivalent over RCA0 to Σ0
2-bounding.

We will see how this framework allows us to uncover some hitherto hidden differences between

quite similar principles.

3.2 Reduction games and provability

In this section, we generalize Definition 3.1.2 from RCA0 to other axiom systems Γ, modify

it as described above, and prove a more general version of Proposition 3.1.3. Of course, we

cannot in general require Player 1’s moves to result in models of Γ, since it might be the case

that no structure of the form M [X0, . . . , Xn−1] is a model of Γ. However, we can require

that Player 1 never make it impossible for the model built by its moves to be extendable to

a model of Γ. Say that an L2-structure M is consistent with Γ if it is contained in a model

N of Γ with the same first-order part. (Note that ifM is countable, then we can require N

to be countable as well without changing the notion.)

The systems Γ for which we will prove that winning strategies for the following game cor-

respond to provability over Γ will actually have the property that every structure consistent

with Γ is in fact a model of Γ. The reason we give the definition in the more general setting

is that, when analyzing the provability of Q→ P in Γ, we will also want to consider games

over Γ + Q. We will see that doing so makes no difference in the case of general winning

strategies, but does in the case of computable winning strategies.

Definition 3.2.1. Let Γ be a set of L2-formulas and let P and Q be Π1
2-problems. The

Γ-reduction game GΓ(Q→ P) is a two-player game played according to the following rules.
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(1) If at any point a player cannot make a move, the opponent wins.

(2) If one of the players wins, the game ends.

(3) On the first move, Player 1 plays a countable L1-structure M and an M -instance X0 of

P such that M [X0] is consistent with Γ. Then Player 2 either plays a solution to X0 in

M [X0] and wins, or plays an M -instance Y1 of Q in M [X0].

(4) For n > 1, on the nth move, Player 1 plays a solution Xn−1 to the instance Yn−1 of Q

such that M [X0, . . . , Xn−1] is consistent with Γ. Then Player 2 either plays a solution to

X0 in M [X0, . . . , Xn−1] and wins, or plays an M -instance Yn of Q in M [X0, . . . , Xn−1].

(5) If the game never ends then Player 1 wins.

We modify this game as follows.

Definition 3.2.2. Let Γ be a set of L2-formulas consistent with ∆0
1-comprehension, and let

P and Q be Π1
2-problems. The modified Γ-reduction game ĜΓ(Q→ P) is a two-player game

played according to the following rules.

(1) If at any point a player cannot make a move, the opponent wins.

(2) If one of the players wins, the game ends.

(3) On the first move, Player 1 plays a model (M,S) of Γ such that M is countable and S is

closed under ∆0
1-comprehension, and an M -instance X0 of P in S. Then Player 2 either

plays a solution to X0 in M [X0] and wins, or plays an M -instance Y1 of Q in M [X0].

(4) For n > 1, on the nth move, Player 1 plays a solution Xn−1 to the instance Yn−1 of

Q in S. Then Player 2 either plays a solution to X0 in M [X0, . . . , Xn−1] and wins, or

plays an M -instance Yn of Q in M [X0, . . . , Xn−1].

(5) If the game never ends then Player 1 wins.

35



If Γ is consistent with ∆0
1-comprehension and Γ 0 Q → P, then Player 1 has winning

strategies in both of these games (as we will see in the second part of the proof of Propo-

sition 3.2.4 below), but we cannot hope in general that the same is the case for Player 2 if

Γ ` Q → P, because of that player’s restriction to playing computably. However, if Γ is

sufficiently well-behaved, then this is no longer an obstacle, and we can obtain a generaliza-

tion of Proposition 3.1.3 with essentially the same proof. The key property here is that all

axioms of Γ other than ∆0
1-comprehension be Π1

1. Of course, this property holds of RCA0,

as well as commonly-studied first-order extensions such as RCA0 + IΣ0
n and RCA0 + BΣ0

n,

and restrictions such as RCA∗0.

In the proof, we will actually use the following properties, but it is not difficult to show

that they are equivalent to saying that Γ is a consistent set of L2-formulas consisting of

∆0
1-comprehension together with a set of Π1

1 formulas.

1. Γ is a consistent set of L2-formulas that includes all instances of ∆0
1-comprehension.

2. If an L2-structure is closed under ∆0
1-definability and is consistent with Γ, then it is a

model of Γ.

3. For every countable L1-structure M and X0, X1, . . . ⊆ |M |, if each M [X0, . . . , Xn] is

a model of Γ, then so is their union M [X0, X1, . . .].

The following simple but important result follows from these properties.

Lemma 3.2.3. Let Γ be a consistent extension of ∆0
1-comprehension by Π1

1 formulas. Let

P and Q be Π1
2-problems. Let M be an L1-structure and X0, . . . , Xn ⊆ |M | be sets set

such that M [X0, . . . , Xn] is consistent with Γ. If Γ ` Q → P, then either every instance

of P in M [X0, . . . , Xn] has a solution in M [X0, . . . , Xn], or else Q has an instance in

M [X0, . . . , Xn].

Proof. Fix M and X0, . . . , Xn. Since the L2-structure M [X0, . . . , Xn] is closed under ∆0
1-

comprehension it is in fact a model of Γ, as noted above. If Q has no instance inM [X0, . . . , Xn],
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then M [X0, . . . , Xn] trivially satisfies Q. Hence, by assumption, M [X0, . . . , Xn] also satisfies

P. So every instance of P in M [X0, . . . , Xn] has a solution in M [X0, . . . , Xn].

Later on, when we prove a generalization of Theorem 3.1.4, we will also need to assume

that Γ is strong enough to prove the existence of a universal Σ0
1 formula, but of course that

holds of all systems we normally study in reverse mathematics.

We should also expect Γ and Γ + Q to behave similarly here, since there is no difference

between saying that Γ ` Q→ P and saying that Γ+Q ` Q→ P. This fact will be of interest

below when we consider computable winning strategies.

Proposition 3.1.3 can be generalized as follows. Notice that of the four gamesGΓ(Q→ P),

GΓ+Q(Q→ P), ĜΓ(Q→ P), and ĜΓ+Q(Q→ P), the first is the hardest one for Player 2 to

win, while the last is the hardest one for Player 1 to win.

Proposition 3.2.4. Let Γ be a consistent extension of ∆0
1-comprehension by Π1

1 formulas.

Let P and Q be Π1
2-problems. If Γ ` Q → P then Player 2 has a winning strategy for

GΓ(Q→ P) (and hence for each of the three other games above). Otherwise, Player 1 has a

winning strategy for ĜΓ+Q(Q→ P) (and hence for each of the three other games above).

Proof. If Γ ` Q → P then Player 2 can play according to the following strategy. Let M be

the L1-structure played by Player 1 on its first move. At the nth move, if Player 2 has a legal

winning move, Player 2 makes that move. Otherwise, it lets Yn,0, Yn,1, . . . be all M -instances

of Q in M [X0, . . . , Xn−1], where X0, . . . , Xn−1 are Player 1’s first n moves. For the least

pair 〈m, i〉 with m 6 n for which Player 2 has not yet acted, it then acts by playing Ym,i (to

which Player 1 must reply with a solution to Ym,i). Note that Player 2 always has some legal

move, by Lemma 3.2.3. Suppose Player 2 never has a winning move, and Player 1 never fails

to have a legal move. By our assumptions on Γ, each M [X0, . . . , Xn−1] is a model of Γ, and

hence so is their union M [X0, X1, . . .]. But Player 2’s strategy ensures that this structure is

also a model of Q, so it must also be a model of P, and hence must contain a solution to X0.

This solution is in M [X0, . . . , Xn−1] for some n, which gives Player 2 a winning nth move.
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If Γ 0 Q→ P then let (M,S) be a model of Γ + Q +¬P and let X0 be an M -instance of

P in S with no solution in S. Since (M,S) is a model of Γ, it is closed under ∆0
1-definability,

so as long as Player 1’s moves stay inside S, so must Player 2’s moves. Furthermore, the

fact that (M,S) is a model of Q implies that, as long as Player 2’s moves stay inside S,

Player 1 will always be able to reply with moves that stay inside S. So Player 1 can simply

begin by playing (M,S) and X0, and then keep playing elements of S, which ensures that

the game never ends (unless Player 2 cannot make its first move, in which case it loses

immediately).

Remark 3.2.5. We can extend the above framework beyond extensions of ∆0
1-comprehension

by Π1
1 formulas. Let us consider ACA0, for instance. If we redefine M [X0, . . . , Xn−1] by

replacing ∆0
1-definability by arithmetic definability, then use this new definition in the defi-

nitions of the Γ-reduction game and the modified Γ-reduction game, then Proposition 3.2.4

carries through essentially unchanged.

There is nothing particularly special about this Γ = ACA0 case. All we need is the

existence of a smallest model M [X0, . . . , Xn−1] of Γ with first-order part M containing

X0, . . . , Xn−1 ⊆ |M | (if there is any such model at all), and the requirement that then⋃
nM [X0, . . . , Xn−1] is also a model of Γ (which will happen if Γ is Π1

2-axiomatizable).

For systems Γ that do not have such minimal models, such as WKL0, we can still extend

these ideas by redefining our games in a way that does not affect our results when applied

to systems that do have minimal models. For example, ĜΓ(Q → P) can now be played

according to the following rules.

(1) If at any point a player cannot make a move, the opponent wins.

(2) If one of the players wins, the game ends.

(3) On the first move, Player 1 plays a model (M,S) of Γ with M countable, an M -instance

X0 of P in S, and a submodel (M,S0) of (M,S) containing X0. Then Player 2 either
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plays a solution to X0 in (M,S0) and wins, or plays an M -instance Y1 of Q in (M,S0).

(4) For n > 1, on the nth move, Player 1 plays a solution Xn−1 to the instance Yn−1 of Q

in S and a submodel (M,Sn−1) of (M,S) containing Xn−1. Then Player 2 either plays

a solution to X0 in (M,Sn−1) and wins, or plays an M -instance Yn of Q in (M,Sn−1).

(5) If the game never ends then Player 1 wins.

Theorem 3.3.1 below remains true for ACA0, for instance, since in Theorem 3.3.4 we

can replace the eth Turing functional by the eth arithmetical functional. It is not clear

how generally Theorem 3.3.1 holds for other systems, but we will not pursue this further

generalization of our framework here.

3.3 Reduction games and compactness

As mentioned in the introduction, we can improve on Proposition 3.2.4 by showing that

a certain kind of compactness theorem holds, with the very mild extra assumption that Γ

proves the existence of a universal Σ0
1 formula, i.e., that there is a Σ0

1 formula θ(e, n,X) such

that for every Σ0
1 formula ϕ(e, n,X), we have Γ ` ∀e ∃i ∀n ∀X (θ(i, n,X) ↔ ϕ(e, n,X)).

In this case, we assume we have fixed such a θ and a bijective pairing function 〈·, ·〉, and

write Y = ΦXe to mean that for e = 〈i, j〉, we have ∀n [θ(i, n,X) ↔ ¬θ(j, n,X)] and

∀n [n ∈ Y ↔ θ(i, n,X)].

The following result, which we will prove in this section, has Theorem 3.1.4 as a special

case.

Theorem 3.3.1. Let Γ be a consistent extension of ∆0
1-comprehension by Π1

1 formulas that

proves the existence of a universal Σ0
1 formula. Let P and Q be Π1

2-problems. If Γ ` Q→ P

then there is an n such that Player 2 has a winning strategy for ĜΓ(Q→ P) (and hence for

ĜΓ+Q(Q → P)) that ensures victory in at most n many moves. Otherwise, Player 1 has a

winning strategy for ĜΓ+Q(Q→ P) (and hence for ĜΓ(Q→ P)).
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Notice that if the formulas added to ∆0
1-comprehension to obtain Γ are true over the

standard natural numbers, then a winning strategy for Player 2 for ĜΓ(Q→ P) that ensures

victory in at most n many moves also yields a winning strategy for Player 2 for G(Q→ P)

that ensures victory in at most n many moves, since a run of the latter game is a special

case of a run of the former game in which Player 1 begins by playing the model (ω,P(ω)).

Thus it is not a coincidence that all the examples we have of situations in which G(Q→ P)

can be won by Player 2, but not in a number of moves bounded ahead of time, are ones in

which P 6ω Q but RCA0 0 Q → P. In fact, the following stronger fact holds, where, as

defined in [34], P 6nω Q means that Player 2 has a winning strategy for G(Q → P) that

ensures victory in at most n+ 1 many moves.

Corollary 3.3.2. Let Γ consist of RCA0 together with all Π1
1 formulas true over the natural

numbers. If P 
nω Q for all n, then Γ 0 Q→ P.

Notice that the Γ in this corollary includes full arithmetical induction. An interesting

example of the application of this corollary is to take Q to be RT2
2 and P to be RT2

<∞.

Cholak, Jockusch, and Slaman [16] showed that RCA0 0 RT2
k → RT2

<∞ for all k, but the

proof relies on a difference between the first-order parts of these two principles, and hence

does not work if we add arithmetical induction to RCA0. (Note that, with full induction,

RT2
<∞ does in fact follow from RT2

2.) Patey [52] showed that RT2
<∞ 
nω RT2

k for all n and

k, so we have the following.

Corollary 3.3.3. Let Γ consist of RCA0 together with all Π1
1 formulas true over the natural

numbers. Then Γ 0 RT2
k → RT2

<∞ for all k.

We learned from Yokoyama [personal communication] that he and Slaman have recently

noticed that this corollary can also be obtained by a more direct model-theoretic argument,

still using Patey’s result.

The proof of Theorem 3.3.1 will use the following result, which is of independent interest

as a generalization of Theorem 3.1.5.
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Theorem 3.3.4. Let Γ be a consistent extension of ∆0
1-comprehension by Π1

1 formulas that

proves the existence of a universal Σ0
1 formula. Let P and Q be Π1

2-problems. For n ∈ ω, let

Θn(e0, . . . , en, X0, . . . , Xn, Y0, . . . , Yn) be a formula asserting that

if X0 is a P-instance then (Y0 = ΦX0
e0 ∧ (either Y0 is a solution to X0 or

(Y0 is a Q-instance and if X1 is a solution to Y0 then (Y1 = ΦX0⊕X1
e1 ∧

(either Y1 is a solution to X0 or

(Y1 is a Q-instance and if X2 is a solution to Y1 then (Y2 = ΦX0⊕X1⊕X2
e2 ∧

(either Y2 is a solution to X0 or . . .

...

. . . (Yn = ΦX0⊕···⊕Xn
en ∧ Yn is a solution to X0)) · · · ),

and let ∆n be

∀X0 ∃e0, Y0 ∀X1 ∃e1, Y1 · · · ∀Xn ∃en, Yn Θn(e0, . . . , en, X0, . . . , Xn, Y0, . . . , Yn).

If Γ ` Q→ P, then there exists an n ∈ ω such that Γ ` ∆n.

Proof. Suppose that Γ ` Q → P but Γ ` ¬∆n for all n. Extend L2 to include a function

symbol f from first-order objects to second-order objects. Call this new language L′2. Let

〈·, . . . , ·〉 be a fixed numbering scheme for finite tuples of numbers.

For each n, there is a modelM = (M,S) of Γ+¬∆n. We can turnM into an L′2-structure

by defining the interpretation fM by recursion as follows.

There is an X0 ∈ S such that

M � ∀e0, Y0 ∃X1 ∀e1, Y1 · · · ∃Xn ∀en, Yn ¬Θn(e0, . . . , en,

X0, . . . , Xn, Y0, . . . , Yn).
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Let fM(〈〉) = X0.

Assume we have defined fM(〈e0, . . . , ej−1〉), where j < n, and have also defined Y〈e0〉, Y〈e0,e1〉,

. . . , Y〈e0,...,ej−1〉 ∈ S so that

M � ∀ej , Yj ∃Xj+1 ∀ej+1, Yj+1∃Xj+2 · · · ∃Xn ∀en, Yn ¬Θn(e0, . . . , en,

fM(〈〉), fM(〈e0〉), . . . , fM(〈e0, . . . , ej−1〉), Xj+1 . . . , Xn,

Y〈e0〉, Y〈e0,e1〉, . . . , Y〈e0,...,ej−1〉, Yj , . . . , Yn).

Given ej ∈ M , let Y〈e0,...,ej〉 = Φ
(fM(〈〉)⊕fM(〈e0〉)⊕···⊕fM(〈e0,...,ej−1〉))
ej ∈ S. Then there is

an Xj+1 ∈ S such that

M � ∀ej+1, Yj+1 ∃Xj+2 ∀ej+2, Yj+2∃Xj+3 · · · ∃Xn ∀en, Yn ¬Θn(e0, . . . , en,

fM(〈〉), fM(〈e0〉), . . . , fM(〈e0, . . . , ej−1〉), Xj+1 . . . , Xn,

Y〈e0〉, Y〈e0,e1〉, . . . , Y〈e0,...,ej〉, Yj+1, . . . , Yn).

Let fM(〈e0, . . . , ej〉) = Xj+1.

Having defined fM on all 〈e0, . . . , ei〉 for i 6 n, let fM(x) = ∅ for all other x ∈M .

Let

Ψk ≡ ∀e0, Y0 · · · ∀ek, Yk ¬Θk(e0, . . . , ek,

f(〈〉), f(〈e0〉), . . . , f(〈e0, . . . , ek〉), Y0, . . . , Yk).

Then (M; fM) � Ψn by the definition of fM. It is easy to see that this fact implies that

(M; fM) � Ψk for all k 6 n.

Thus every set Γ∪{Ψ0, . . . ,Ψn} is satisfiable, and hence so is the union Γ∪{Ψ0,Ψ1, . . .}.

Let N = (N, T ) be a model of this set. Now we have a winning strategy for Player 1 for
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GΓ(Q → P): Player 1 begins by playing N and fN (〈〉), and if e0, . . . , en−1 are indices for

Player 2’s first n moves, then Player 1 plays fN (〈e0, . . . , en−1〉) on its next move. By the

definition of Ψn, Player 2 can never play a solution to fN (〈〉).

But by Proposition 3.2.4 and our assumption that Γ ` Q → P, Player 2 must have a

winning strategy for GΓ(Q→ P), so we have a contradiction.

Proof of Theorem 3.3.1. We use the notation of Theorem 3.3.4. By Proposition 3.2.4, it is

enough to show that if Γ ` Q → P then there is an n such that Player 2 has a winning

strategy for ĜΓ(Q → P) that ensures victory in at most n many moves. So suppose that

Γ ` Q→ P. Let n be as in Theorem 3.3.4.

Player 2 can play as follows. Let M = (M,S) be the model of Γ played by Player 1 on

its first move. Since M is a model of Γ, it is also a model of ∆n. Let X0 be Player 1’s first

move. Since X0 is in S, there are e0 ∈M and Y0 ∈ S such that M satisfies

∀X1 ∃e1, Y1 ∀X2 ∃e2, Y2 · · · ∀Xn ∃en, Yn Θn(e0, . . . , en, X0, . . . , Xn, Y0, . . . , Yn).

Now Player 2 plays Y0. Let X1 be Player 1’s next move. Then there are e1 ∈M and Y1 ∈ S

such that M satisfies

∀X2 ∃e2, Y2 ∀X3 ∃e3, Y3 · · · ∀Xn ∃en, Yn Θn(e0, . . . , en, X0, . . . , Xn, Y0, . . . , Yn).

Now Player 2 plays Y1.

Continuing in this way, by the definition of ∆n, some Yi with i 6 n must be a solution

to X0, and thus this strategy ensures victory by Player 2 in at most n+ 1 many moves.

We do not know whether Theorem 3.3.1 holds for GΓ(Q→ P) in general, but normally, if

Γ ` Q→ P then the proof allows us to obtain a winning strategy for Player 2 in ĜΓ(Q→ P)

(and even in GΓ(Q→ P)) that is relatively easy to describe. (The special case of computable
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winning strategies will be discussed in Section 3.4.) In such cases, we can show that there

is an n such that this particular winning strategy allows Player 2 to win in at most n many

moves, not just in ĜΓ(Q→ P) but in fact in GΓ(Q→ P). Here we are thinking of strategies

that are first-order definable, but we need to take into account the possibility that there

might not be a unique choice of move at a given point (keeping in mind that the idea of

choosing the least among the indices of equally good moves is not always available when

working over nonstandard models).

Definition 3.3.5. Let Γ be a consistent set of L2-formulas and let Λ(X,n, e) be an arithmetic

formula. Say that Player 2 plays a run of GΓ(Q→ P) or ĜΓ(Q→ P) according to Λ if given

Player 1’s first n moves, M (or (M,S)) and X0, . . . , Xn−1 ⊆M , Player 2 plays Φ
X0⊕···⊕Xn−1
e

for some e ∈M such that M [X0, . . . , Xn−1] � Λ(X0 ⊕ · · · ⊕Xn−1, n− 1, e).

Theorem 3.3.6. Let Γ be a consistent extension of ∆0
1-comprehension that proves the ex-

istence of a universal Σ0
1 formula. Let P and Q be Π1

2-problems and Λ be an arithmetic

formula such that Player 2 wins any run of ĜΓ(Q→ P) that it plays according to Λ. Then

there is an n such that Player 2 wins any run of GΓ(Q→ P) that it plays according to Λ in

at most n many moves.

Proof. Let Θn be as in Theorem 3.3.4. Let Ξn be a formula asserting that, for all i 6 n, if

X0 is a P-instance and no Yj with j < i is a solution to X0, then Λ(X0⊕ · · ·⊕Xi, i, ei). Let

Θ̂n be Ξn → Θn, and let Ωn be

∀X0 ∀e0 ∃Y0 ∀X1 ∀e1 ∃Y1 · · · ∀Xn ∀en ∃Yn

Θ̂n(e0, . . . , en, X0, . . . , Xn, Y0, . . . , Yn).

Suppose there is a run of GΓ(Q→ P) such that Player 2 plays according to Λ but does not

win within n moves. Let M and X0, . . . , Xn−1 be Player 1’s first n moves in that run. Then
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M [X0, . . . , Xn−1] can be extended to a model (M,S) of Γ, and in that model, Ωn−1 does

not hold. Thus, to establish the theorem, it is enough to show that Γ ` Ωn for some n.

Assume for a contradiction that Γ 0 Ωn for all n. Expand L2 by adding first-order con-

stant symbols c0, c1, . . . and second-order constant symbols C0, C1, . . . . Then a compactness

argument as in the proof of Theorem 3.3.4 shows that there is a modelM of Γ and interpre-

tations cM0 , cM1 , . . . and CM0 , CM1 , . . . such that each Φ
CM0 ⊕···⊕CMn
cMn

is total in M, and M

together with these interpretations satisfies

¬Θ̂n(c0, . . . , cn, C0, . . . , Cn,Φ
C0
c0 , . . . ,Φ

C0⊕...⊕Cn
cn )

for all n. But then there is a run of ĜΓ(Q→ P) in which Player 2 plays according to Λ but

does not win, namely the one in which Player 1 begins by playing M, then at each move

plays CMn , and Player 2 responds with Φ
CM0 ⊕···⊕CMn
cMn

, which contradicts our hypothesis.

For Γ is as in Theorem 3.3.1, write Γ `n Q → P to mean that Player 2 has a winning

strategy for ĜΓ(Q → P) that ensures victory in at most n + 1 many moves. Then the first

part of the theorem can be restated as Γ ` Q → P ⇒ ∃n [Γ `n Q → P]. The idea behind

this notation is that we can see the least n such that Γ `n Q→ P as a measure of the number

of applications of Q needed to prove P over Γ. The n = 0 case is equivalent to Γ ` P. We

will discuss the n = 1 case in Section 3.5, but make the following remark for now.

Remark 3.3.7. Recall that P 6nω Q means that Player 2 has a winning strategy for G(Q→

P) that ensures victory in at most n+ 1 many moves. Hirschfeldt and Jockusch [34] stated

that P 61
ω Q is equivalent to P 6c Q, but that is not quite correct, because if P is computably

true (i.e., if P 60
ω Q) but has an instance that does not compute any instance of Q, then

P 61
ω Q but P 
c Q. (The same point was made in the context of Weihrauch reducibility by

Brattka, Gherardi, and Pauly [10, Section 3].) As this fairly uninteresting case is the only in

which the two notions differ, however, we can generally ignore the distinction. We mention
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it, and make the following remarks, only because an analogous situation will be relevant

below.

We can define P 6=n
ω Q to mean that Player 2 has a winning strategy for G(Q → P)

that ensures victory in exactly n+ 1 many moves. Then P 6c Q is equivalent to P 6=1
ω Q.

This definition is not otherwise very useful, though, because if Player 2 can win G(Q→ P)

in m > 2 many moves, then it can also win that game in k many moves for any k > m,

simply by repeating its first move until it is ready to win, except in the case in which Player

2’s first move is an instance of Q with no solution (and in this context we are generally not

interested in problems that are false over ω as statements of second-order arithmetic).

Note also that P 6nω Q is not quite equivalent to ∃m 6 n [P 6=m
ω Q], again because

of 1-move runs. For example, let P be the Π1
2-problem whose instances are ∅ and ∅′, with

unique solutions ∅ and ∅′′, respectively; and let Q be the Π1
2-problem whose only instance

is ∅′, with unique solution ∅′′. If Player 1 begins by playing ∅′, then Player 2 cannot win

immediately, but can play ∅′, to which Player 1 must reply with ∅′′, at which point Player 2

wins by playing ∅′′. So in this case, Player 2 wins in 2 moves. However, if Player 1 plays ∅,

then Player 2 has only one legal move, namely the winning move ∅. Thus P 61
ω Q, but the

first case shows that P 
=0
ω Q, while the second case shows that P 
=1

ω Q.

Similar considerations hold for the notion of P 6ngW Q introduced in [34], and for Γ `n

Q→ P. One way around these issues is to replace Q with the problem Q̂ where an instance is

either {0}∪{n+1 : n ∈ X} for an instance X of Q, with a solution to this instance being any

solution to X; or ∅, with the only solution being ∅ (although if we allow problems Q that have

instances with no solutions, we might still have P 6ngW Q̂ but not have ∃m 6 n [P 6=m
gW Q̂],

because a computable winning strategy might not be able to tell when it is about to play an

instance of Q with no solution, and thus instantly win).

The definition of Γ `n Q→ P was made in [34] (for Γ = RCA0), but with GΓ(Q→ P) in

place of ĜΓ(Q → P). We have chosen our definition in light of Theorem 3.3.1, but at least
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in natural cases, there should be no difference, as shown by the following fact.

Proposition 3.3.8. Let Γ be a consistent extension of ∆0
1-comprehension that proves the

existence of a universal Σ0
1 formula. Let P and Q be Π1

2-problems and Λ be an arithmetic

formula such that Player 2 wins any run of ĜΓ(Q → P) that it plays according to Λ in at

most n many moves. Then Player 2 wins any run of GΓ(Q→ P) that it plays according to

Λ in at most n many moves.

Proof. In the notation of the proof of Theorem 3.3.6, it is easy to see that Γ ` Ωn−1, and

hence Player 2 has a winning strategy for GΓ(Q → P) that ensures victory in at most n

many moves as in that proof.

Remark 3.3.9. Hirst and Mummert [39] discussed a different potential form of instance-

counting, based on a notion of proving a Π1
2 principle P with one typical use of another

Π1
2 principle Q in a system Γ. While the definition of that notion in their paper is not

quite correct [Hirst and Mummert, personal communication], its main significance is that

it allowed them to conclude that, in cases of interest, Γ then proves that for every instance

X of P, there is an instance Y of Q such that if Y has a solution then so does X. While

their paper is mostly concerned with intuitionistic logic, they also gave examples showing

that this notion does not seem useful in the context of classical logic. In particular they

showed how RT2
4 can be obtained with one typical use of RT2

2 over RCA0, contrary both

to our intuition and to the fact that RCA0 01 RT2
2 → RT2

4, which follows from Patey’s

result [53] that RT2
4 
c RT2

2. In fact, as conjectured by J. Miller [Hirst and Mummert,

personal communication], this phenomenon is not a particularity of this and other examples

mentioned in [39], but is in fact completely general. Indeed, in classical logic, if Γ ` Q→ P

then we can always argue in Γ as follows: Let X be an instance of P. Then there are i and

Y such that either i = 0 and Y is a solution to X, or i = 1 and Y is an instance of Q with

no solution. If i = 1 then we get a contradiction from one use of Q, so i = 0 and hence Y is

a solution to X.
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Perhaps more satisfying than the above argument is the following one, which is directly

in the style of the one given in [39] for RT2
2 and RT2

4. Let Γ be as in Theorem 3.3.1, and let

P and Q be Π1
2-problems such that Γ ` Q→ P. Let Θn and ∆n be as in Theorem 3.3.4. By

that theorem, there is an n such that Γ ` ∆n. The following proof can be carried out in Γ.

Let X0 be an instance of P. For each k = 0, . . . , n in turn, proceed as follows. Given

X0, . . . , Xk, e0, . . . , ek−1, and Y0, . . . , Yk−1, let ek and Yk be such that

∀Xk+1 ∃ek+1, Yk+1 · · · ∀Xn ∃en, Yn Θn(e0, . . . , en, X0, . . . , Xn, Y0, . . . , Yn).

If Yk is a solution to X0 then let Y = Yk and let i = 0. Otherwise, Yk is an instance of Q.

Either that instance has a solution or not. If it does not then let Y = Yk and let i = 1. If it

does, then let Xk+1 be such a solution.

By the definition of Θn, we must eventually define Y , i, and j. If i = 1 then Y is an

instance of Q with no solution. But with one application of Q, we can obtain a solution to

Y , so we must have i = 0, and hence Y is a solution to X0.

3.4 Computable winning strategies

We now turn to the notion of generalized Weihrauch reducibility for games over possibly

nonstandard models. Let Γ be a set of L2-formulas consistent with ∆0
1-comprehensiaon that

proves the existence of a universal Σ0
1 formula. Let P and Q be Π1

2-problems. A computable

strategy for Player 2 in GΓ(Q→ P) or ĜΓ(Q→ P) consists of Player 2 playing according to

the formula e = Φk(n− 1) (in the sense of Definition 3.3.5) for some k ∈ ω.

Remark 3.4.1. To be precise, in the above definition we also need to have a mechanism to

distinguish computably when Player 2 has played a winning move. Formally, we can simply

slightly alter our games so that a move by Player 2 is either {n + 1 : n ∈ Y } where Y is a

Q-instance or {0} ∪ {n+ 1 : n ∈ Y } where Y is a solution to Player 1’s first move X0.
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Combining Theorem 3.3.6 and Proposition 3.3.8 gives us the following.

Proposition 3.4.2. Let Γ be a consistent extension of ∆0
1-comprehension that proves the

existence of a universal Σ0
1 formula, and let P and Q be Π1

2-problems. Then the following

are equivalent.

(1) Player 2 has a computable winning strategy for GΓ(Q→ P).

(2) Player 2 has a computable winning strategy for ĜΓ(Q→ P).

(3) There is an n ∈ ω such that Player 2 has a computable strategy for GΓ(Q → P) that

ensures victory in at most n many moves.

(4) There is an n ∈ ω such that Player 2 has a computable strategy for ĜΓ(Q → P) that

ensures victory in at most n many moves.

Furthermore, n witnesses (3) iff it witnesses (4).

If the conditions in this proposition hold, then we say that P is generalized Weihrauch

reducible over Γ to Q, and write P 6Γ
gW Q. We can of course define an instance-counting

version of this notion, writing P 6Γ, n
gW Q if n+ 1 witnesses that item (3) above holds.

As an example of the application of Proposition 3.4.2, we can obtain an analog of Corol-

lary 3.3.3, using the fact that Hirschfeldt and Jockusch [34, Theorem 4.21] showed that

RT1
<∞ 
ngW RT1

k for all n, while Patey [52, Theorem 6.0.1] showed that the same holds for

higher exponents. (Notice that Corollary 3.3.3 itself works only for exponent 2, since RT1
<∞

is provable in RCA0 + BΣ0
2, while RTnk for k > 1 and RTn<∞ are both equivalent to ACA0

over RCA0 for n > 2, as shown by Simpson [59] using work of Jockusch [40].)

Corollary 3.4.3. Let Γ consist of RCA0 together with all Π1
1 formulas true over the natural

numbers. Then RTn<∞ 
Γ
gW RTnk for all n and k.
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Kuyper [43] studied a notion closely related to this kind of instance-counting (though he

considered only the case where Γ is RCA0). We give a slightly different definition that is

easily seen to be equivalent to his.

Definition 3.4.4. Let P and Q be Π1
2-problems. Say that P Weihrauch-reduces to the

composition of n many copies of Q via e0, . . . , en if for every X0, . . . , Xn,

if X0 is a P-instance then

ΦX0
e0 is a Q-instance and if X1 is a solution to ΦX0

e0 then

ΦX0⊕X1
e1 is a Q-instance and if X2 is a solution to ΦX0⊕X1

e1 then

...

Φ
X0⊕···⊕Xn−1
en−1 is a Q-instance and if Xn is a solution to Φ

X0⊕···⊕Xn−1
en−1 then

ΦX0⊕···⊕Xn
en is a solution to X0.

(Note that in the n = 0 case, this statement becomes

if X0 is a P-instance then ΦX0
e0 is a solution to X0.)

Kuyper considered the situation where there are n ∈ ω and e0, . . . , en ∈ ω such that RCA0

proves that P Weihrauch-reduces to the composition of n many copies of Q via e0, . . . , en.

For a fixed n, it is not difficult to see that this condition is equivalent to saying that Player

2 has a a computable winning strategy for GΓ(Q→ P) that ensures victory in exactly n+ 1

many moves, unless it wins earlier by playing an instance of Q with no solution. One might

think that this is the same as saying that there is an n such that P 6RCA0, n
gW Q, and hence

by Proposition 3.4.2 to P 6RCA0

gW Q, but Remark 3.3.7 applies here as well. The example

given there shows that it is possible to have P 6RCA0, 1
gW Q but not have Kuyper’s condition

hold. However, Kuyper’s condition is equivalent to P 6RCA0

gW Q̂ for the modified problem Q̂
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defined in that remark, so we we will express it in this form.

Kuyper [43] claimed that his condition is equivalent to a form of intuitionistically provable

implication. Uftring [63, ?] found a counterexample that shows that Kuyper’s argument is

flawed. Kuyper (see [63, ?]) proposed fixing his proof by replacing the condition P 6RCA0

gW Q̂

with P 6RCA0 + Q
gW Q̂. Uftring’s example shows that it is possible for Player 2 to have a

computable winning strategy for GRCA0+Q(Q→ P) but not for GRCA0(Q→ P), in contrast

with the case for general winning strategies in Proposition 3.2.4, so we present a version of

it now. We will give another example with the same properties in Section 3.6.

Example 3.4.5 (Uftring [63, ?]). The proof of Gödel’s Incompleteness Theorem shows that

there is a primitive recursive predicate G such that G(n) holds for all n ∈ ω but RCA0

cannot prove ∀xG(x). For X 6= ∅, write µX for the least element of X. Let

P ≡ ∀X ∃Y ∀xG(x)

and

Q ≡ ∀X [X 6= ∅ → ∃Y G(µX)].

In GRCA0+Q(Q→ P), Player 1’s first move M and X0 must be such that M [X0] is consistent

with Q, so M [X0] � ∀xG(x), and hence Player 2 can play, say, ∅ on its first move and win. In

GRCA0(Q→ P), however, Player 1 can play an M � ¬∀xG(x), together with, say, X0 = ∅.

Then this instance of P has no solution, so the only way for Player 2 to win is eventually to

play an M -instance of Q with no solution, that is, an X such that M � ¬G(µX).

For any model M of Σ0
1-PA, we can consider a run in which Player 1 plays M and then

keeps playing ∅ until Player 2 either declares victory or wins by playing an M -instance of Q

with no solution. (Notice that we can computably determine if the latter case holds, since

the condition G(µX) is computable.) If Player 2 has a computable winning strategy for

GRCA0(Q → P), then there is a computable procedure that, over any model M of Σ0
1-PA,
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simulates the above run, making Player 2’s moves according to this procedure, outputting

0 if Player 2 declares victory, and outputting µX if Player 2 plays the M -instance X of Q

with no solution. The output of this procedure is 0 iff M � ∀xG(x). Since this procedure

works for any model M of Σ0
1-PA, we have an existential first-order sentence that is provably

equivalent to ∀xG(x) over RCA0, which is a contradiction, because any existential first-order

sentence true in the standard natural numbers is provable in RCA0.

For some Π1
2-problems Q, on the other hand, there is no difference betweenGRCA0+Q(Q→

P) and GRCA0(Q→ P) because every countable model of RCA0 can be extended to a count-

able model of RCA0 + Q with the same first-order part, and hence the notion of consistency

used in Definition 3.2.1 is the same for RCA0 and RCA0 + Q. (Showing that this is the case

for a given Q is typically done to show that Q is Π1
1-conservative over RCA0.) Examples in-

clude WKL, as shown by Harrington (see [60, Theorem IX.2.1]), COH, as shown by Cholak,

Jockusch, and Slaman [16], and AMT, as shown by Hirschfeldt, Shore, and Slaman [37].

As highlighted by the work of Kuyper and Uftring, the connections with intuitionistic

provability are rather subtle, and we believe that generalized Weihrauch reducibility over

possibly nonstandard models can be useful in clarifying them. However, as the methods and

issues are rather different from the ones used here, we leave this for future work.

3.5 Single-instance reductions

As noted in Remark 3.3.7, P 6c Q iff Player 2 has a strategy for G(Q → P) that ensures

victory in exactly two moves. Similarly, P 6W Q iff Player 2 has a computable strategy

for G(Q → P) that ensures victory in exactly two moves. We can define the analogous

notions for games over possibly nonstandard models. Let us explicitly define these analogs

for computable and Weihrauch reducibilities, and then look at several examples involving

them. Although we will not work with them here, we also define the analogs of several

related notions of computability-theoretic reduction between Π1
2-problems.
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Definition 3.5.1. Let Γ be a set of L2-formulas consistent with ∆0
1-comprehension that

proves the existence of a universal Σ0
1 formula and let P and Q be Π1

2-problems.

1. We say that P is computably reducible over Γ to Q, and write P 6Γ
c Q, if for every

model (M,S) of Γ with M countable and S closed under ∆0
1-comprehension, and every

M -instance X of P in S, there is an M -instance X̂ of Q in M [X] such that for every

solution Ŷ to X̂ in S, there is a solution to X in M [X, Ŷ ].

2. We say that P is Weihrauch reducible over Γ to Q, and write P 6Γ
W Q, if there are

e, i ∈ ω such that for every model (M,S) of Γ with M countable and S closed under

∆0
1-comprehension, and every M -instance X of P in S, the set X̂ = ΦXe is an M -

instance of Q, and for every solution Ŷ to X̂ in S, the set ΦX⊕Ŷi is a solution to

X.

3. We say that P is strongly computably reducible over Γ to Q, and write P 6Γ
sc Q, if for

every model (M,S) of Γ with M countable and S closed under ∆0
1-comprehension, and

every M -instance X of P in S, there is an M -instance X̂ of Q in M [X] such that for

every solution Ŷ to X̂ in S, there is a solution to X in M [Ŷ ].

4. We say that P is strongly Weihrauch reducible over Γ to Q, and write P 6Γ
sW Q, if

there are e, i ∈ ω such that for every model (M,S) of Γ with M countable and S closed

under ∆0
1-comprehension, and every M -instance X of P in S, the set X̂ = ΦXe is an

M -instance of Q, and for every solution Ŷ to X̂ in S, the set ΦŶi is a solution to X.

5. We say that P is omnisciently computably reducible over Γ to Q, and write P 6Γ
oc Q, if

for every model (M,S) of Γ with M countable and S closed under ∆0
1-comprehension,

and every M -instance X of P in S, there is an M -instance X̂ of Q in S such that for

every solution Ŷ to X̂ in S, there is a solution to X in M [X, Ŷ ].

6. We say that P is omnisciently Weihrauch reducible over Γ to Q, and write P 6Γ
oW Q, if

there is an i ∈ ω such that for every model (M,S) of Γ with M countable and S closed
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under ∆0
1-comprehension, and every M -instance X of P in S, there is an M -instance

X̂ of Q in S such that for every solution Ŷ to X̂ in S, the set ΦX⊕Ŷi is a solution to

X.

7. We say that P is strongly omnisciently computably reducible over Γ to Q, and write

P 6Γ
soc Q, if for every model (M,S) of Γ with M countable and S closed under ∆0

1-

comprehension, and every M -instance X of P in S, there is an M -instance X̂ of Q in

S such that for every solution Ŷ to X̂ in S, there is a solution to X in M [Ŷ ].

8. We say that P is strongly omnisciently Weihrauch reducible over Γ to Q, and write

P 6Γ
soW Q, if there is an i ∈ ω such that for every model (M,S) of Γ with M countable

and S closed under ∆0
1-comprehension, and every M -instance X of P in S, there is

an M -instance X̂ of Q in S such that for every solution Ŷ to X̂ in S, the set ΦŶi is a

solution to X.

Remark 3.5.2. In light of comments made above, it might be more natural to consider

versions corresponding to games in which Player 2 can always win in one or two moves, rather

than exactly two moves (even if in natural cases, there will be no difference). Rather than

introduce more terminology and notation, however, that can be done simply by replacing Q

with the problem Q̂ from Remark 3.3.7 in the above definitions.

The study of Weihrauch reducibility in this extended setting seems particularly promising,

given the extensive theory that has been developed for Weihrauch reducibility over the stan-

dard natural numbers. In particular, there are several operators on the Weihrauch degrees

whose analogs in this setting should be of interest. One example is the finite parallelization:

For a problem P, the problem P∗ is the one whose instances consist of finitely many instances

X0, . . . , Xk of P, with a solution consisting of one solution to each Xi. Clearly, P∗ 6gW P

for any Π1
2-problem P, but this fact does not hold in our setting, because given an instance

X0, . . . , Xk of P∗, the obvious reduction strategy for Player 2 takes k + 1 many moves, and
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k might be nonstandard. The following example will be relevant in the next section.

Example 3.5.3. Recall that Pauly, Fouché, and Davie [55] defined Bound as follows: An

instance is an enumeration of a bounded set F , and a solution is a bound on the elements of

F . An instance of Bound∗ is then a simultaneous enumeration of a finite family F0, . . . , Fk of

bounded sets, and a solution to this instance consists of a bound for each Fi, or, equivalently,

a bound b on
⋃
i6k Fk. (This is basically the principle FUF studied by Frittaion and Marcone

[28].) It is easy to see that Bound and Bound∗ are Weihrauch-equivalent, but that is no

longer the case for Weihrauch-equivalence (or even provable equivalence) over RCA0, since

as statements in second-order arithmetic, Bound is trivially true, while Bound∗ is a way to

state BΠ0
1, and hence is equivalent to BΣ0

2 over RCA0, as we further discuss in the following

section. Thus RCA0 0 Bound→ Bound∗, and hence Bound∗ 
RCA0

gW Bound.

It is not clear what the correct generalization of the � operator of Neumann and Pauly [48]

to this setting is. However, one would expect that it would still have the property that P∗

is reducible to P�, and hence, by the above example, that it would no longer be equivalent

to gW-reducibility.

On the other hand, it is clear that, as for standard Weihrauch reducibility, if P 6RCA0

W Q

then P∗ 6RCA0

W Q∗. It is also not difficult to see that, more generally, if P 6RCA0, n
gW Q then

P∗ 6RCA0, n
gW Q∗. Thus, by Proposition 3.4.2, if P 6RCA0

gW Q then P∗ 6RCA0

gW Q∗. (The same

holds for other appropriate systems in place of RCA0, of course.)

An important point here is that while the principles we consider in reverse mathematics

are typically true—in the sense that they hold in (ω,P(ω)), or equivalently for Π1
2-problems,

that every instance (over the standard natural numbers) has at least one solution—many

of them have nontrivial first-order parts. For example, if BΣ0
2 fails in M , then M cannot

be the first-order part of a model of RCA0 + RT1
<∞ (or of RCA0 + RTnk for any n, k > 2).

Furthermore, for any such M there is an instance of RT1
<∞ (i.e., a k ∈ |M | together with a

function c : |M | → {j ∈ |M | : j <M k}) with no solutions. The same is true of Bound∗, to
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give another example.

We want to use notions such as Weihrauch reducibility over RCA0 and other systems to

study these kinds of principles (as we will do in the next two sections), so it is important

that our definitions above do not assume that every instance of a problem has a solution.

This fact is particularly worth noting for Weihrauch reducibility, because we usually think of

(classical) Weihrauch reducibility between Π1
2-problems as a special case of the general notion

from computable analysis, which is defined using partial multifunctions between represented

spaces. (See for instance Brattka, Gherardi, and Pauly [10] or Brattka and Pauly [11].) This

point is a bit subtle, and was missed, e.g., in the paper Dorais, Dzhafarov, Hirst, Mileti, and

Shafer [21], where a proof is given in Corollaries A.3 and A.4 establishing a correspondence

between Π1
2 principles on the one hand and certain classes of partial multifunctions on the

other. Indeed, the proof there works only if the Π1
2 principles in question are assumed to be

true, which is not explicitly mentioned.

There is more than one way to formalize the notion of a partial multifunction between

spaces X and Y . One is to say that it is simply a relation R ⊆ X × Y . Then the domain

of the multifunction is {x ∈ X : ∃y (x, y) ∈ R}. Another is to say that it is a (possibly

partial) function from X to the power set of Y . In this case, the domain of the multifunction

can include elements that are mapped to no values at all. The first formalization is the one

normally used in the definition of Weihrauch reducibility in computable analysis, which is

convenient in particular because of the need to use choice functions in working with repre-

sented spaces. And indeed, a true Π1
2-problem P corresponds to the partial multifunction

F : ⊆2ω ⇒ 2ω in this sense whose domain is the set of instances of P, and which maps any

such instance X to the solutions to X.

This correspondence breaks down for a Π1
2-problem that has instances with no solutions,

however, unless we move to the second formalization of the notion of multifunction, or

allow a multifunction to consist of a relation R ⊆ X × Y together with a set D such that
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{x ∈ X : ∃y (x, y) ∈ R} ⊆ D ⊆ X, where D represents the domain of the function. This

distinction operates even at the level of the Weihrauch degrees (equivalence classes under

Weihrauch reducibility), because a problem in which some instance has no solutions can

never be Weihrauch reducible to one in which every instance has a solution, and if P has a

computable instance with no solutions, then every problem is Weihrauch reducible to P. As

discussed in [10], and in more detail in [11], this top degree is usually added to the lattice of

Weihrauch degrees as a formal object.

The distinction between the two approaches is also relevant to the notion of extended

Weihrauch reducibility investigated by Bauer [2] (see also [3]), following work by Bauer and

Yoshimura [4, 5]. The focus in that work is on comparing universally quantified statements

in the setting of constructive mathematics, using a notion called instance reducibility, which

can also be understood as an extension of the Weihrauch degrees that in particular allows

for “questions that do not have an answer” but that are still “valid” for the purposes of

considering whether or not they are reducible to other questions (Bauer [1]).

3.6 Limit-homogeneous sets

In this section and the next, we give some examples of comparisons of Π1
2-problems using

W- and gW-reducibility over possibly nonstandard models, focusing on versions of BΣ0
2. A

natural way to think of BΠ0
1 as a Π1

2-problem is to identify a Π0
1 formula ϕ(i, k) with a

simultaneous enumeration of the sets {m : ∀k < m¬ϕ(i, k)} for i < n. Then a b as in the

definition of BΠ0
1 is the same as a common bound for these sets. Thus we arrive at Bound∗,

as defined in Example 3.5.3.

Recall also the Π1
2-problems SRT2

2 and D2
2. Clearly, SRT2

2 implies D2
2. Cholak, Jockusch,

and Slaman [16] claimed that the converse implication also holds over RCA0, but their proof

actually required BΣ0
2. Chong, Lempp, and Yang [17] closed this gap by showing that D2

2

implies BΣ0
2 over RCA0.
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The argument in [16] also shows that SRT2
2 6c D2

2. Dzhafarov [23] and Brattka and

Rakotoniaina [12] showed that SRT2
2 
W D2

2. Hirschfeldt and Jockusch [34] noted that

SRT2
2 6

2
gW D2

2, however. To consider this reduction in more detail, we define the following

Π1
2-problem.

Definition 3.6.1. LH: If c : [N]2 → 2 is such that limy c(x, y) = 1 for all x, then c has an

infinite homogeneous set.

This problem is a convenient way to state the principle that for every 2-coloring of pairs,

every infinite limit-homogeneous set has an infinite homogeneous subset.

From the reverse-mathematical perspective, LH is equivalent to BΣ0
2.

Proposition 3.6.2. RCA0 ` LH↔ BΣ0
2.

Proof. First, assume BΣ0
2. Fix an instance c of LH. Let S be the set of all tuples (x0, . . . , xn−1, y)

such that x0 < · · · < xn−1 < y and c(xm, y) = 1 for all m < n. We claim that for all

x0 < · · · < xn−1, there is a y such that (x0, . . . , xn−1, y) ∈ S. For each m < n there is

a bm > xn−1 such that c(xm, y) = 1 for all y > bm. By BΣ0
2 (or really BΠ0

1), there is a

b > xn−1 such that c(xm, y) = 1 for all m < n and y > b. Then (x0, . . . , xn−1, b + 1) ∈ S,

which proves our claim. Now we can define a homogeneous set H for c by primitive recursion:

Let h0 = 0, let hn+1 be the least y such that (h0, . . . , hn, y) ∈ S, and let H = {h0, h1, . . .}.

Now assume LH. We prove RT1
<∞. Assume for a contradiction that d : N → k has

no infinite homogeneous set. Then for each i < k there is a b such that d(x) 6= i for all

x > b. Define c : [N]2 → 2 by letting c(x, y) = 0 if d(x) = d(y) and letting c(x, y) = 1

otherwise. Then limy c(x, y) = 1 for all x, so by LH, c has an infinite homogeneous set H.

Let x0 < · · · < xk ∈ H. Then for all m < n 6 k, we have that c(xm, xn) = 1 and hence

d(xm) 6= d(xn). But then {d(x0), . . . , d(xk)} has cardinality k + 1, which is impossible.

However, the first part of the above proof shows that LH is computability-theoretically

trivial, and indeed uniformly computably true, so that LH 60
gW P for any P, or equivalently
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LH 6W 1, where 1 is the identity problem for which an instance is any X and the only

solution to this instance is X itself. We can obtain SRT2
2 from D2

2 as follows: Given a stable

coloring c : N→ 2, use D2
2 to obtain a limit-homogeneous set L. Now an application of RT1

2

(which is Weihrauch-reducible to D2
2) yields an i such that limy∈L c(x, y) = i for all x ∈ L.

We can think of c restricted to L as a coloring of N by identifying the nth element of L with

n. If i = 0, we can also replace c by the coloring whose value at (x, y) is 1− c(x, y). We can

then apply LH to obtain an infinite homogeneous set for c. Since LH is Weihrauch-trivial,

this procedure shows that SRT2
2 6

2
gW D2

2. (Since the use of RT1
2 is computably trivial, it

also shows that SRT2
2 6c D2

2, as mentioned above.)

Over nonstandard models, however, things are different. In the presence of BΣ0
2, the

first part of the proof of Proposition 3.6.2 shows that LH is still Weihrauch-trivial, i.e.,

LH 6
RCA0 + BΣ0

2

W 1, and hence SRT2
2 6

RCA0 + BΣ0
2, 2

gW D2
2. Of course, if P does not imply BΣ0

2

over RCA0, then we cannot have LH 6RCA0

gW P. But what if we take P to be some form of

BΣ0
2? A natural choice is Bound∗, as it is essentially the form of BΠ0

1 used in the first part

of the proof of Proposition 3.6.2.

We will show that LH 
RCA0

gW Bound∗, but we can actually obtain a stronger result

by considering the contrapositive form of BΠ0
1: Given a simultaneous enumeration of sets

F0, . . . , Fn−1 with no common bound, there is an i < n such that Fi is infinite. Given

such an enumeration, we can define an n-coloring c of N as follows: for each m, wait until

a number greater than m is enumerated into some Fi, then give m the color i. From an

infinite homogeneous set for c, we can obtain an i < n such that Fi is infinite. Conversely,

given an n-coloring c of N, the sets Fi = {m : c(m) = i} for i < n have no common bound,

and from an i < n such that Fi is infinite, we can obtain an infinite homogeneous set for c.

Both of these processes can be carried out over RCA0, so up to Weihrauch equivalence over

RCA0, the contrapositive form of BΠ0
1 is RT1

<∞, in the form in which it is usually stated as

a Π1
2-problem, in which an instance consists of a k-coloring of N together with the number
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k.

Remark 3.6.3. The above argument (which we heard from Pauly [personal communication])

also gives a simple proof of Hirst’s result from [38] (see also [33, Theorem 6.81]) that BΣ0
2

and RT1
<∞ are equivalent over RCA0.

There is a stronger form of RT1
<∞, which we will call stRT1

<∞, in which the number of

colors is not part of the instance. That is, an instance consists of a function N → N with

bounded range (and a solution is still an infinite homogeneous set). As shown by Brattka and

Rakotoniaina [12], and also noted by Hirschfeldt and Jockusch [34], RT1
<∞ <W stRT1

<∞.

In this section, we show that LH 
RCA0

gW stRT1
<∞. We will show in Proposition 3.7.6 that

Bound∗ 6RCA0

gW stRT1
<∞, so this result implies that LH 
RCA0

gW Bound∗, but we also give a

direct proof of the latter fact, which uses the same technique but is simpler.

Both proofs will use the following notion of forcing.

Definition 3.6.4. Let N be an L1-structure. We define a notion of forcing PN as follows.

(If N is the standard natural numbers then we denote this notion by Pω.) Write [m]2 for

the set of (x, y) ∈ [|N |]2 such that x, y <N m. A condition is an N -finite function of the

form p : [m]2 → 2 for some m ∈ |N |. Say that a condition q extends such a p if q extends

p as a function and q(i, j) = 1 for all i <N m and j >N m on which it is defined. Define

the notion of c : [|N |]2 → 2 extending p in the same way. (Notice that if for every m ∈ |N |

there is a condition p : [m]2 → 2 such that c extends p, then c is an N -instance of LH.)

We will also use the following fact. (A 1-elementary extension of a structure N is an

extension of N that satisfies exactly the same existential sentences with parameters from

N .)

Lemma 3.6.5. There is a 1-elementary extension M of the standard natural numbers such

that for the collection S of all subsets of |M | that are ∆0
1-definable over M ,

1. (M,S) is a model of RCA0 and
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2. for any condition p for the notion of forcing PM , there is an M-instance of LH in S

that extends p (in the sense of Definition 3.6.4) and has no solution in S.

Proof. Let N be any nonstandard elementary extension of the standard natural numbers,

and let a ∈ N be a nonstandard element. Then in particular N � IΣ0
2, and so

M = {x ∈ N : x is Σ0
2-definable in (N, a)}

is a model of IΣ0
1 + ¬BΣ0

2 which is a 1-elementary (in fact, 2-elementary) substructure of

N . (See Hájek and Pudlak [30, Theorem IV.1.33] or Kossak [42, p. 223].) Thus, M is a

1-elementary extension of the standard model, and for S as in the statement, (M,S) is a

model of RCA0. Since BΣ0
2 fails in M , it follows by Proposition 3.6.2 that LH fails in (M,S).

Fix an instance c : [M ]2 → 2 of LH in S with no solution in S. Then given a condition

p : [m]2 → 2 for PM , we can define d : [M ]2 → 2 by

d(x, y) =


p(x, y) if x, y < m,

1 if x < m and y > m,

c(x, y) otherwise.

Clearly, d is in S and is an instance of LH that extends p. But if H is any solution to d then

{x ∈ H : x > m} is a solution to c, so d cannot have any solution in S.

Proposition 3.6.6. LH 
RCA0

gW Bound∗.

Proof. Assume for a contradiction that LH 6RCA0

gW Bound∗. By Proposition 3.4.2, there is

an n ∈ ω such that Player 2 has a computable strategy for ĜRCA0(Bound∗ → LH) that

ensures victory in at most n many moves. Fix such a strategy.

For a condition p : [j]2 → 2 for the notion of forcing Pω, we can consider what happens

when our fixed strategy for Player 2 is applied to a run in which Player 1 plays (ω,P(ω)) and
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p as a partial first move. Unless the strategy declares victory on its first move, it must play

part of an instance of Bound∗, which is just a simultaneous enumeration of a finite family

of sets. We may assume by the usual convention on uses that no number greater than j is

enumerated. Let b
p
0 be the least bound on the set of all numbers enumerated in this way.

Now, if Player 1 plays b
p
0, then unless our strategy declares victory on its second move, it

again must play part of an instance of Bound∗, yielding an analogous bound b
p
1. Continuing

in this way, we obtain numbers b
p
0, b

p
1, . . . , b

p
k for some k < n. Let b

p
i = 0 for k < i < n.

For i < n and m ∈ ω, let Di,m be the set of conditions p such that b
p
i > m. If some D0,m

is not dense then let m0 be the least such m. In this case, there is a condition p0 ∈ D0,m0−1

with no extension in D0,m0
. Notice that b

q
0 = m0 − 1 for all extensions q of p0. Now, if

some D1,m is not dense below p0 then let m1 be the least such m. In this case, there is an

extension of p0 in D1,m1−1 with no extension in D1,m1
. Proceeding in this way, we obtain a

condition p such that either mi is defined for every i < n, or there is a k < n such that mi

is defined for all i < k and every Dk,m is dense below p. In either case, b
q
i = mi − 1 for all

extensions q of p and all i such that mi is defined.

We claim that the latter case cannot hold. Suppose otherwise. Let c be an instance of

LH that extends p and meets every Dk,m (i.e., every Dk,m contains a q such that c extends

q). Then Player 1 can play (ω,P(ω)) and c on its first move, and if Player 2 follows our

fixed strategy, then the moves m0,m1, . . . ,mk−1 will be legal for Player 1 (as otherwise some

finite portion of c is a condition q extending p with b
q
i > mi for some i < k). But then Player

2’s (k + 1)st move is not an instance of Bound∗.

Thus each mi for i < n is defined, and we have the following for our fixed condition p:

∀q ∀i < n [if q extends p then b
q
i = mi − 1]. (3.1)

Now let M and S be as in Lemma 3.6.5. Then p is also a condition for PM , so there is an

M -instance d of LH in S that extends p and has no solution in S. But it is easy to check
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that (3.1) is a Π0
1 statement, so since M is a 1-elementary extension of the standard natural

numbers, it also holds over M . So Player 1 can play (M,S) and d on its first move, and if

Player 2 follows our fixed strategy, then the moves m0,m1, . . . ,mn−1 will be legal for Player

1 (as otherwise some finite portion of d is a condition q extending p with b
q
i >

M mi for some

i < n). But then Player 2 has not won the game by the nth move (since the only way for

Player 2 to win this run of the game is to play an M -instance of Bound∗ with no solution),

contrary to assumption.

Thus LH and Bound∗ constitute a natural example of the phenomenon witnessed by

Uftring’s Example 3.4.5.

We can also interpret the fact that LH 6RCA0 + Bound∗

W 1 but LH 
RCA0

gW Bound∗ as say-

ing that the use of Bound∗ in the first part of the proof of Proposition 3.6.2 is “purely proof-

theoretic”. It neither requires a further “computability-theoretic application” of Bound∗ nor

can be replaced by one or more such applications (in the uniform setting). Uncovering this

kind of information seems to be a promising aspect of this approach to calibrating the logical

strength of Π1
2-problems.

Proposition 3.6.6 does not show that SRT2
2 


RCA0

gW D2
2, but it suggests that this might

well be the case, which would provide an even more natural version of Example 3.4.5, and

show that the proof of SRT2
2 from D2

2 necessarily makes both computability-theoretic and

further proof-theoretic use of D2
2. Indeed, it even seems possible that LH 
RCA0

gW D2
2.

Open Question 3.6.7. Is SRT2
2 6

RCA0

gW D2
2? Is LH 6RCA0

gW D2
2?

We now strengthen Proposition 3.6.6 as described above.

Proposition 3.6.8. LH 
RCA0

gW stRT1
<∞.

Proof. Assume for a contradiction that LH 6RCA0

gW stRT1
<∞. By Proposition 3.4.2, there is

an n ∈ ω such that Player 2 has a computable strategy for ĜRCA0(stRT1
<∞ → LH) ensuring

victory in at most n many moves. There is then also a strategy that ensures victory in exactly
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n many moves, since Player 2 can extend the length of any game by playing computable

(∆0
1-definable) instances of stRT1

<∞ on all its moves from some point on. Fix such a strategy,

and for notational convenience, assume n > 1.

We begin as in the previous proof by considering games over the standard natural num-

bers. Note that if Player 2 plays according to its strategy and does not declare victory on

some move, then it has to play an instance of stRT1
<∞ only provided all of Player 1’s moves

so far have been legal. However, since every set can be viewed as a coloring ω → ω (not

necessarily with bounded range), we can always assume that Player 2 plays such a coloring.

This coloring may be partial, however, in which case by usual use conventions we can assume

it is defined on a finite initial segment of ω.

Fix a condition p for the notion of forcing Pω. For each α ∈ ω6n−2, we define a coloring

f
p
α of a finite initial segment of ω. Having done so, we let H

p
α_v for each v ∈ ω be the set

of all x such that f
p
α(x) = v. We start with α equal to λ, the empty string. As in the proof

of Proposition 3.6.6, suppose Player 1 plays (ω,P(ω)) and p as a partial first move. Since

n > 1, the strategy for Player 2 makes it play a coloring of a finite initial segment of ω as

its partial first move. Let f
p
λ be this coloring. Now, suppose f

p
α has been defined for some

α with |α| < n− 2, and fix v ∈ ω. Suppose Player 1 plays (ω,P(ω)) and p as a partial first

move, and for 0 < k 6 |α| + 1, plays H
p
(α_v)�k as a partial (k + 1)st move, with Player 2

playing according to its fixed strategy. Since n > |α|+ 2, the strategy for Player 2 makes it

again play a coloring of an initial segment as its partial (|α|+ 2)nd move. Let f
p
α_v be this

coloring.

We now define a finitely branching subtree T of ω6n−2, and for each α ∈ T , a condition

pα, such that the following properties hold:

1. For all α, β ∈ T , if β length-lexicographically precedes α then pα extends pβ .

2. For every α_v ∈ T and for every m ∈ ω, the set of conditions p with f
p
α(x) = v for

some x > m is dense below pα.
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3. For every α ∈ T and every v such that α_v ∈ ωn−1\T , if f
p
α(x) = v for some condition

p extending pα and some x, then x ∈ dom f
pα
α .

We put strings α into T and define pα simultaneously. Initially, put λ ∈ T and let pλ be

the empty condition. Notice that properties 1–3 hold vacuously at this point.

Next, assume we are at a point in the definition of T at which properties 1–3 hold, and

consider the length-lexicographically least α ∈ T with |α| < n− 2 such that we have not yet

put α_v into T for any v. Let β ∈ T be length-lexicographically largest such that pβ has

been defined. Let c : ω → ω extend p and be sufficiently generic for the forcing notion Pω.

If Player 1 plays (ω,P(ω)) and c on its first move, then the strategy for Player 2 makes it

play an instance f0 of stRT1
<∞ in response. By property 2 and the genericity of c, the set

of x such that f0(x) = α(0) is infinite, so H0 = {x : f0(x) = α(0)} is a legal second move

for Player 1. Then the strategy for Player 2 makes it play another instance f1 of stRT1
<∞

on its second move, and the set H1 = {x : f1(x) = α(1)} will be infinite and hence a legal

third move for Player 1. Since n > |α|+ 2, if we continue in this way we analogously define

f0, . . . , f|α| and H0, . . . , H|α|−1, with fk played by Player 2 on its (k + 1)st move for all

k 6 |α|, and Hk played by Player 1 on its (k+ 2)nd move for all k < |α|. Since the strategy

for Player 2 is computable and hence continuous, it is easy to see by induction that if q

is any condition extended by c then f
q
α�k is an initial segment of fk, and H

p
α�(k+1)

is an

initial segment of Hk. Now, as f|α| is an instance of stRT1
<∞, there must be a condition q0

extended by c and a b ∈ ω such that frα(x) < b for all x and all r extending q0.

We now decide for which v < b to add α_v to T and define pα_v. Fix v, and suppose

we have already decided this for all w < v. For notational convenience, assume we have also

defined an auxiliary condition qv extending q0. If there is a condition r extending qv such

that for every m ∈ ω, every extension of r has a further extension s such that fsα(x) = v for

some x > m, then let α_v ∈ T and let pα_v = qv+1 = r. Otherwise, there is an extension

r of qv such that for every extension s of r, if fsα(x) = v for some x then x is in the domain
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of frα, and we let qv+1 = r and let α_v /∈ T . It is readily seen that this process adds α_v

to T for at least one v, and for only finitely many v, and that properties 1, 2, and 3 are

preserved.

Let p∗ = pβ for the length-lexicographically largest β ∈ T . Let M be as given by Lemma

3.6.5, and let S be the set of subsets of |M | that are ∆0
1-definable over M . Every condition

for Pω is also a condition for PM . So let c be an instance of LH in S that extends p∗ and

has no solution in S. For every node α ∈ T , let Gα be the following run of a game. Player

1 plays (M,S) and c as its first move, and Player 2 plays according to its strategy. On its

(k + 1)st move for 0 < k 6 |α|, Player 1 always plays the set of all x ∈ M that are colored

α(k− 1) by the coloring played by Player 2 on its previous move (assuming it played a total

coloring and not just a partial one). We claim that there is an α ∈ T of length n − 2 such

that Player 1’s moves in Gα are all legal. We argue by induction (along the standard number

n − 1) that for each k < n − 1 there is such an α ∈ T of length k. Suppose that for some

α ∈ T of length k − 1, Player 1’s moves in Gα are all legal. Then on its (|α| + 1)st move

in Gα, Player 2 plays an instance f of stRT1
<∞. Now, property 3 in the definition of T is a

Π0
1 statement of arithmetic, so since M is a 1-elementary extension of ω, it must also hold

in M . Thus, all the v ∈ M such that f−1(v) is unbounded in M must be among those for

which α_v ∈ T . Since there are only standardly many such v, there must be at least one for

which f−1(v) really is unbounded in M , so Player 1’s moves in Gα_v will all be legal. This

establishes the claim. To complete the proof, fix such an α of length n− 2. All sets played

by Player 1 are clearly in S, so when Player 2 declares victory on its nth (i.e., (|α| + 2)nd)

move in Gα it must play a solution to c in S. But there is no such solution by hypothesis,

which is a contradiction.
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3.7 Versions of Π0
1-bounding

In this section we fill out the picture of implications between versions of BΠ0
1 and related

principles.

As with RT1
<∞, we can define a strong form stBound∗ of Bound∗ by having the number

of sets not be part of the instance. A convenient way to express this problem is to say

that an instance is an enumeration of a subset X of N × N such that {n : ∃k (n, k) ∈ X}

is bounded, and for each n, so is the set {k : (n, k) ∈ X}; and a solution is a bound on

{k : ∃n (n, k) ∈ X}. It is easy to see that stBound∗ ≡W Bound, but we will see that this

equivalence no longer holds in our setting.

Another problem worth mentioning in this connection is CN. The finite paralleliza-

tion C∗N is yet another equivalent of BΣ0
2: In one direction, we can enumerate the sets

{m : ∀k < m¬ϕ(i, k)} for a given Π0
1 formula ϕ(i, k), and from a tuple containing an el-

ement of the complement of each of these sets, obtain a common bound on the sets. In

the other direction, given simultaneous enumerations of the complements of the nonempty

sets F0, . . . , Fn, by BΠ0
1, there is a b such that each Fi has an element less than b. Now

bounded Π0
1-comprehension, which holds in RCA0, gives us the set of all tuples (a0, . . . , aj)

with j 6 n and ai ∈ Fi for all i 6 j, and set induction shows that there must be such a

tuple with j = n.

It is easy to see that CN ≡W C∗N, and Pauly, Fouché, and Davie [55] showed that

Bound ≡W CN, using the Weihrauch equivalence between CN and its restriction UCN to

enumerations of complements of singleton sets, which was proved by Brattka, de Brecht, and

Pauly [7]. Brattka and Rakotoniaina [12] showed that CN |W RT1
<∞ and CN <W stRT1

<∞.

Indeed, it is even the case that RT1
2 
W CN; we will prove a stronger version of this fact

below. It is also worth noting that RT1
2 <W RT1

3 <W · · · , as shown by Brattka and

Rakotoniaina [12] and Hirschfeldt and Jockusch [34]. Thus we have the following picture for

Weihrauch reducibility:
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Figure 3.1: How our principles compare with respect to 6W

stRT1
<∞

�� **
RT1

<∞

��

CN ≡ C∗N ≡ Bound ≡ Bound∗ ≡ stBound∗

}}

RT1
3

��

RT1
2

  
LH ≡ 1

(3.2)

Hirschfeldt and Jockusch [34, Proposition 4.7] showed that RT1
<∞ 6gW RT1

2, but their

proof in fact shows that stRT1
<∞ 6gW RT1

2. On the other hand, we have the following.

Proposition 3.7.1. RT1
2 
gW CN.

Proof. Suppose that RT1
2 6gW CN via a computable strategy P for Player 2. As Player 1,

we can begin to build a coloring c by coloring numbers in order, initially giving each number

the color 0, and simulate the action of P . We can assume that, even when provided with

inputs that do not correspond to a run of G(CN → RT1
2), if P does not declare victory at a

given move, then it outputs an enumeration of the complement of some set, though in that

case the set might be empty.

Let Ai be the set whose complement is being enumerated by P as its (i + 1)st move (if

P has not declared victory at or before that move). We guess at each stage that the least

number ki currently in Ai is a solution to the corresponding instance of CN and play that

as our (i + 2)nd move in the simulation. If we ever find that ki is not in Ai, we restart the

simulation (but do not change c on the numbers at which we have already defined it). For

the least such i, say that i causes the simulation to restart. If the current simulation is not

restarted, then eventually P must declare victory at some move, and declare some number

68



Figure 3.2: How our principles compare with respect to 6gW

stRT1
<∞ ≡ RT1

<∞ ≡ RT1
2

��
CN ≡ C∗N ≡ Bound ≡ Bound∗ ≡ stBound∗

��
LH ≡ 1

(3.3)

m to be in the set it outputs at that move. We then start to give our numbers the color

1 − c(m). If we were to do this forever, then m could not be part of a solution to c, so

our current simulation cannot be a true run of the game, and hence eventually some i must

cause it to restart.

Thus the simulation is restarted infinitely often. There are now two cases.

If there is a least i that causes the simulation to restart infinitely often, then, by induction,

k0, . . . , ki−1 have final values, and if we play c on our first move, and then play these values

in turn, we produce a run of our game in which P ’s (i + 1)st move is an enumeration of N,

and hence is not an instance of CN, which is a contradiction.

Otherwise, again by induction, all ki’s have final values, and if we play c on our first

move, and then play these values in turn, we produce a run of our game in which P never

declares victory, which is again a contradiction.

So for gW-reducibility, we have the following simpler picture:

It is easy to check that all the Weihrauch reductions in Diagram (3.2) still work over

RCA0 + BΣ0
2, so that diagram also reflects the relationships between these principles with

respect to 6
RCA0 + BΣ0

2

W (or 6Γ
W for any extension Γ of RCA0 + BΣ0

2 by formulas true over

the natural numbers). Diagram (3.3), however, does change if we work over RCA0 + BΣ0
2.

We still have the equivalence between RT1
j and RT1

k for j, k > 2 (which holds even over

RCA0, with the usual proof), but Corollary 3.4.3 shows that RT1
<∞ 
RCA0 + BΣ0

2

gW RT1
k for
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all n and k. Similarly, we have the following.

Proposition 3.7.2. CN 
ngW RT1
<∞ for all n, so if we let Γ consist of RCA0 together with

all Π1
1 formulas true over the natural numbers then CN 
Γ

gW RT1
<∞.

Proof. Suppose that CN 6
n
gW RT1

<∞ via a computable strategy P for Player 2. We can

assume that, even when provided with inputs that do not correspond to a run of G(RT1
<∞ →

CN), if P does not declare victory at a given move, then its output at that move, if nonempty,

is a number k together with a possibly partial c : N→ k.

For a possibly partial c : N → k, let Hc = {c−1(0), . . . , c−1(k − 1)}. Note that if c is

total then at least one element of Hc is a solution to c as an instance of RT1
<∞. We can

start building an instance E of CN by initially not enumerating any numbers, and running

simulations of possible runs of G(RT1
<∞ → CN) beginning with E, where each time P plays

some c, we play a simulation for each possible move for Player 1 in Hc. (Notice that c might

not actually be an instance of RT1
<∞ because this simulation might not correspond to an

actual run of the game, but Hc is still finite. This is the reason we could not work with

stRT1
<∞ here, because in that case P would be able to play functions with unbounded range

during simulations that do not correspond to actual runs.)

Whenever in any of these simulations P declares victory at or before the (n+ 1)st move

with a purported solution m, we enumerate m into E. Since each Hc is finite, and we

consider only finitely many c’s during this construction, we enumerate only finitely many

numbers into E, and this strategy ensures that there is a run of G(RT1
<∞ → CN) beginning

with E in which either P does not declare victory by its (n + 1)st move, or it does so with

a purported solution m that is enumerated into E, and hence is not in fact a solution to E.

In either case we have a contradiction.

The second part of the proposition now follows from Proposition 3.4.2.

Thus we have the following picture for gW-reducibility over RCA0 + BΣ0
2 (or over any

extension of RCA0 + BΣ0
2 by Π1

1 formulas true over the natural numbers):
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Figure 3.3: How our principles compare with respect to 6
RCA0+BΣ0

2
W

stRT1
<∞

yy **
RT1

<∞

��

CN ≡ C∗N ≡ Bound ≡ Bound∗ ≡ stBound∗

xx

RT1
2 ≡ RT1

3 ≡ · · ·

&&
LH ≡ 1

(3.4)

When working over RCA0, things change even further. We do still have Bound ≡RCA0

W

CN, Bound∗ ≡RCA0

W C∗N, and CN 6
RCA0

W stRT1
<∞, with essentially the same proofs. The

only parts that require a bit of care are CN 6
RCA0

W Bound and C∗N 6
RCA0

W Bound∗. We prove

the latter, as the former is similar but simpler. We argue in RCA0. Given an enumeration

of the complements of nonempty sets A0, . . . , An, constituting an instance of C∗N, we define

enumerations of sets F0, . . . , Fn by putting s into Fi whenever the least element mi
s of Ai at

stage s of the enumeration of its complement leaves Ai at that stage. If Fi were unbounded,

then so would be the set of numbers mi
s, since the map taking Fi to this set is injective

and computable. But then Ai would be empty. So each Fi is bounded, and hence our

enumeration of F0, . . . , Fn is an instance of Bound∗. If s is a solution to this instance then

for each i 6 n, the least element of Ai at stage s must be in Ai, so from s we obtain a

solution to our instance of C∗N.

However, every instance of CN and Bound in every model of RCA0 has a solution, while

this is not the case for C∗N and Bound∗, which are equivalent to BΣ0
2 over RCA0 as statements

of second-order arithmetic. So CN is strictly below C∗N under both 6RCA0

W and 6RCA0

gW , and

similarly for Bound and Bound∗.

We also no longer have a Weihrauch-reduction of stBound∗ to Bound∗, but do have one

in two steps, because an instance of Bound∗ (or even Bound) can be used to determine

71



the number of sets being enumerated in an instance of stBound∗, allowing us to solve that

instance with a second application of Bound∗.

Proposition 3.7.3. stBound∗ 6RCA0,2
gW Bound∗ but stBound∗ 
RCA0

W Bound∗.

Proof. Given an instance X of stBound∗, we can first build an instance of Bound by enumer-

ating n whenever X enumerates (n, k) for some k. Given a solution b to this instance, we can

build an instance of Bound∗ consisting of enumerations of sets F0, . . . , Fb−1 by enumerating

k into Fn whenever X enumerates (n, k). A solution to this instance is also a solution to X.

For the second part, suppose that stBound∗ 6RCA0

W Bound∗ via Φe and Φi. An enu-

meration E of ∅ is an instance of stBound∗, so ΦEe must be an instance of Bound∗. This

instance has a fixed number of sets k, which must be the same standard natural number no

matter what model of RCA0 we are working in, because the convergent computation over

the standard natural numbers still exists in any such model. Now let (M,S) be a model of

RCA0 that contains an M -instance D of stBound∗ with no solution. We can delay D to

define a new M -instance D̂ of stBound∗ that enumerates the same set as D but agrees with

E up to the use of the part of the computation of ΦEe that fixes the number of sets at k.

Then D̂ has no solution, but ΦD̂e is an instance of Bound∗ with a standard number of sets,

and hence must have a solution b. But then Φi should be able to compute a solution to D̂

from D̂ and b, which is a contradiction.

We can make the first part of this proposition a bit more precise by using the composi-

tional product from the theory of Weihrauch reducibility: stBound∗ 6RCA0

W Bound∗?Bound.

The second part of the proposition easily generalizes to establish the following useful

principle (which we state for RCA0 but of course applies to other systems as well).

Proposition 3.7.4. Let P and Q be Π1
2-problems such that

1. P has an ω-instance X such that for any finite initial segment σ of X, there is a model

(M,S) of RCA0 and an M-instance Y of P in S that extends σ and has no solution
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in S; and

2. every instance X of Q includes a parameter kX ∈ N such that for every model (M,S)

of RCA0 and every M-instance X of Q in S, if kX is a standard natural number, then

X has a solution in S.

Then P 
RCA0

W Q.

As an example of the application of this principle, we have the following.

Corollary 3.7.5. LH 
RCA0

W RT1
<∞.

We also have the following other example of a W-reducibility that becomes a gW-

reducibility in two steps when generalized to models of RCA0.

Proposition 3.7.6. stBound∗ 6RCA0,2
gW stRT1

<∞ but Bound∗ 
RCA0

W stRT1
<∞.

Proof. For the first part, we argue in RCA0. Given an instance X of stBound∗, let Ei,n

be the set of k such that (i, k) has been enumerated into X by stage n, and let in be the

least i that maximizes maxEi,n (which exists because the function taking i to maxEi,n is

computable). We first produce an instance of stRT1
<∞ by giving n the color in. Given a

solution H to this instance, let i be the color of the elements of H. Now apply Bound (which

is W-reducible over RCA0 to stRT1
<∞) to obtain a bound b on {k : (i, k) ∈ X}. This bound

must be a solution to X, because if (j, k) ∈ X for some j and k > b, then once (j, k) is

enumerated into X at some stage m, we cannot have in = i for n > m.

Now suppose that Bound∗ 6RCA0

W stRT1
<∞ via Φe and Φi. We work over a model M

of Σ0
1-PA that satisfies Σ0

2-bounding but not Σ0
3-bounding. Then there is a ∆0

2 M -instance

c : |M | → k of RT1
<∞ with no solution. Say that sets F0, . . . , Fk−1 are acceptable if c(n) = i

for every i < k and n ∈ Fi. Notice that in this case, each Fi is bounded, so an enumeration

of an acceptable family of sets is an M -instance of Bound∗.
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Thinking of M -finite enumerations of acceptable families as a notion of forcing, suppose

that for each j ∈ M , the set of such enumerations E for which some element greater than

j is in the range of ΦEe is dense. Then we can computably build an enumeration D of an

acceptable family such that ΦDe has unbounded range, and is thus not an instance of stRT1
<∞.

As this situation cannot happen, there must be a j ∈M and an M -finite enumeration E of

an acceptable family such that for every enumeration D of an acceptable family extending

E, the range of ΦDe is bounded by j.

Now we start building such a D by monitoring Φ
D⊕Hp
i for each Hp = {n : ΦDe (n) = p}

with p <M j. Whenever we see Φ
D⊕Hp
i return a number mp, we enumerate mp + 1 into

Fc(mp+1), where F0, . . . , Fk−1 is the family that D is enumerating. The set of p <m j such

that mp is ever defined is a bounded Σ0
1 set, and the map taking each p in this set to mp is

computable, so the set of mp’s is M -finite. But then the restriction of c to this set is also M -

finite, because the fact that M satisfies Σ0
2-bounding implies that the intersection of a ∆0

2 set

with an M -finite set is M -finite. So D is an M -finite extension of the M -finite enumeration

E, and hence is itself M -finite, and thus ΦDe is a computable instance of stRT1
<∞, and hence

must have a solution. But then some Hp with p <M j must be such a solution, and hence

Φ
D⊕Hp
i must be a solution to D. But we ensured that this is not the case, so we have a

contradiction.

The first part of this proof shows more precisely that stBound∗ 6RCA0

W Bound ? stRT1
<∞

and that Bound∗ 6RCA0

W Bound ? RT1
<∞.

Combining the results above with Proposition 3.6.8 gives us the following pictures of the

6RCA0

W and 6RCA0

gW cases, respectively.
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Figure 3.4: How our principles compare with respect to 6RCA0
W

stRT1
<∞

vv

��

LH

RT1
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��

stBound∗

��
RT1
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C∗N ≡ Bound∗
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2 CN ≡ Bound

(3.5)

Figure 3.5: How our principles compare with respect to 6RCA0
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75



CHAPTER 4

EXPLORING THE LANDSCAPE OF WEIHRAUCH AND

GENERALIZED

WEIHRAUCH REDUCTION OVER RCA0 AND RCA∗0

4.1 Introduction

In the previous chapter, Dzhafarov, Hirschfeldt, and Reitzes combined methods from reverse

mathematics and computability theory to produce the notion of Weihrauch reducibility over

subsystems of second-order arithmetic. The authors went on to begin establishing relation-

ships between principles in this realm, particularly in terms of Weihrauch reducibility and

generalized Weihrauch reducibility over RCA0. Our aim in this chapter is to further explore

the structure of the relationships between principles in this setting, in particular considering

Weihrauch reducibility over RCA∗0.

Recall that a Π1
2-problem is a sentence

∀X[Θ(X)→ ∃YΨ(X, Y )]

of second-order arithmetic such that Θ and Ψ are arithmetic. We say that an X ⊆ ω such

that Θ(X) holds is an instance of this problem, and a solution is a Y ⊆ ω such that Ψ(X, Y )

holds. We typically denote Π1
2-problems by P and Q.

We were motivated in particular by Slaman’s paper [61] to see if we could translate his

results about the equivalence of Σ0
n-bounding and ∆0

n-induction in models of PA−+I∆0
1+exp,

to analogous results in terms of (generalized) Weihrauch reducibility over RCA0 or even over

RCA∗0. This work is by no means exhaustive; the aim is simply to get started with this line of

research introduced in the previous chapter (see [25]). To this end, we started by considering

∆0
2-induction, and whether it can be proven to be equivalent to Σ0

2-bounding. However, this
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seemed complex initially, and we wanted to get a better handle of how induction principles

behave in this setting. This led to the introduction of the principles of the form FΣ0
n for

n ∈ ω, which are a natural way of thinking about Σ0
n-induction as a Π1

2 problem. We will

formalize this definition in the next section, but for now, it is enough to think of FΣ0
n as the

principle that for every Σ0
n set A with nonempty complement, there exists an a ∈ A such

that either a = 0 or a is the successor of an element of A. That is, given a Σ0
n set, a solution

is a place where Σ0
n-induction fails.

Our purpose in furthering this line of study is to get more information about classical

results, and delineate relationships that aren’t obvious from previous results. For example,

in the previous chapter, we showed that although stBound∗ ≡W Bound∗, stBound∗ 66RCA0
W

Bound∗. We aim to find more results like this.

In Section 4.2 of this chapter, we give some background, in particular introducing the

majority of the principles that we will be studying. We begin in Section 4.3 with the

introduction of some specific results delineating the relationships between the principles. One

of our goals with this chapter is to begin to make a distinction between what is true in the

proof-theoretic sense and what is true in the computability-theoretic sense. For instance, in

Section 4.4, we do a complete examination of the proofs in Slaman’s paper [61] in our setting.

We obtain generalized Weihrauch reductions rather than Weihrauch reductions, because

we must apply the induction principle multiple times to get the corresponding bounding

principle, and vice versa. However, we do not have the same number of applications as in

Slaman’s original proofs, as some of those applications are purely proof-theoretic. Indeed,

open questions still remain about whether all of the applications of induction/bounding in

our proofs are computability-theoretic, or whether we can in fact get Weihrauch reductions

through some clever observation or combination of applications.

As another example, in Section 4.5, we obtain many non-reductions between the principles

we are considering, through purely proof-theoretic means. On the other hand, in Section
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4.6, we introduce the notion of regularity to motivate the proof of a metatheorem. This

metatheorem allows us to group all of the principles we consider essentially as “strong” and

“weak”, thereby producing a series of non-reductions from each of the weak principles to

each of the strong ones (the weak do not imply the strong). The determination of strength

and weakness is based on purely structural properties of the principles; there is nothing

proof-theoretic here. In Section 4.7, we return to more specific results, in particular now

turning to those involving the regularity principles and ∆0
2 principles we have introduced. In

Section 4.8, we discuss some related results about Weak Weak König’s Lemma. We conclude

the chapter with the open questions that remain, further explorations, and some relevant

diagrams.

4.2 Background

We first present a more formal definition of the problem FΣ0
1.

Definition 4.2.1. Let FΣ0
1 denote the Π1

2 problem for every Σ0
1 set A with nonempty

complement, there exists an a ∈ A such that either a = 0 or a = S(b) for some b ∈ A, where

S denotes the successor function. An instance of FΣ0
1 is the enumeration of a set of ordered

pairs B, where we let A = {x | ∃y(y, x) ∈ B} and a solution is an a such that for all y,

(y, a) /∈ B where either a = 0 or there exists some b such that ∃y(y, b) ∈ B and a = S(b).

We can also define the principle FΣ0
n for n > 1 as the natural extension of FΣ0

1 to Σ0
n

sets, as referenced in the introduction. However, our focus in this chapter will be on the

problem FΣ0
1. As explained more generally in the introduction, FΣ0

1 gives us a natural way

to think about Σ0
1 induction as a Π1

2 problem; given a Σ0
1 set, a solution is a place where Σ0

1

induction fails for this set. Although this principle has not been studied in this form in the

context of Weihrauch reducibility, it can easily be seen to be Weihrauch equivalent to the

principle UCN of unique closed choice on the natural numbers studied by Brattka, de Brecht,
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and Pauly in section 6 of [7]. Although UCN is a restriction of the principle CN which we

will see below, the authors show in that paper that the two are in fact Weihrauch-equivalent.

FΣ0
1 can also be seen to be Weihrauch equivalent to the principle of Π0

1-choice on the natural

numbers, as in [8].

We can also consider the corresponding principle for Π0
1 sets.

Definition 4.2.2. Let FΠ0
1 denote the Π1

2 problem for every Π0
1 set A with nonempty

complement, there exists an a ∈ A such that either a = 0 or a = S(b) for some b ∈ A,

where S denotes the successor function. An instance of FΠ0
1 is the enumeration of a set of

ordered pairs B, where we let A = {x | ∀y(y, x) ∈ B} and a solution is an a such that there

is a y with (y, a) /∈ B where either a = 0 or there exists some b such that ∀y(y, b) ∈ B and

a = S(b).

As with FΣ0
1, we can extend FΠ0

1 to the principles FΠ0
n for n > 1 in the natural way,

but in this chapter, we will focus on FΠ0
1. We will see that FΠ0

1 is weaker than its Σ0
1

counterpart, in large part because we can enumerate the complement of a Π0
1 set, thereby

giving us knowledge of an element of the complement without having to apply any other

principles. In the classical Weihrauch setting, FΠ0
1 can be seen to be Weihrauch-equivalent

to the principle LPO∗, which has been extensively studied in that realm (see, e.g. [11]). This

equivalence is shown by Pauly in [54].

Remark 4.2.3. In this chapter we will frequently discuss Σ0
1 and ∆0

2 sets while working in

RCA∗0. Unless otherwise specified, by a Σ0
1 set we mean a collection X of pairs of the form

(x, y), where we think of the set as {x | ∃y((x, y) ∈ X)}. By a ∆0
2 set, we mean a collection

of elements X such that (∀x)(∃t)((∀s > t)(〈x, s〉 ∈ X) ∨ (∀s > t)(〈x, s〉 /∈ X)).

Later on, we will extend our method of looking at induction for Σ0
1 and Π0

1 sets to ∆0
2 sets.

It is therefore relevant that Slaman showed in [61] that Σ0
n-bounding, or BΣ0

n, is equivalent

over RCA0 to ∆0
n induction. In particular, we are interested here in Σ0

2-bounding. As in the
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previous chapter, we look at Σ0
2-bounding in the convenient form of Bound∗. We will also

consider two versions of bounded Σ0
1-comprehension, a weak version in which the bound is

given ahead of time, and a strong version in which it is not.

Definition 4.2.4. BΣ0
1CA is the Π1

2 problem of bounded Σ0
1-comprehension: given an enu-

meration of a set X and a bound b on the set, a solution is {x ∈ X | x < b}.

Definition 4.2.5. stBΣ0
1CA is the Π1

2 problem of strong bounded Σ0
1-comprehension: given

an enumeration of a bounded set X, where the bound on X is not given, a solution is the

set X itself.

Note that BΣ0
1CA can also be shown to be equivalent to the problem LPO∗ in the

Weihrauch setting, so we have that FΣ0
1 ≡W BΣ0

1CA.

Remark 4.2.6. We could also define analogous bounded Π0
1-comprehension problems BΠ0

1CA

and stBΠ0
1CA. In the weak case, the corresponding Σ0

1 and Π0
1 notions are equivalent; this

is not necessarily true for the strong versions.

Definition 4.2.7. In this section, we take RT1
<∞ to be the Π1

2 problem where an instance

is a coloring c : ω → k for some k ∈ ω, where k is given, and a solution is an i < k such that

{x : c(x) = i} is an infinite homogeneous set for c.

Remark 4.2.8. Note that in [24] the aforementioned version of Ramsey’s Theorem is referred

to as rt1
<∞. RT1

<∞ is reserved for the Π1
2 problem where an instance is a coloring c : ω → k,

for some k ∈ ω, where k is given, and a solution is an infinite homogeneous set for c, rather

than the color to which the set is homogeneous. The two versions of Ramsey’s Theorem are

Weihrauch equivalent, so we need not distinguish between them here, but are not equivalent

in the context of strong Weihrauch reducibility.

Definition 4.2.9. For our purposes, we take stRT1
<∞ to be the Π1

2 problem where an

instance is a coloring c : ω → k for some k ∈ ω, where k is not given, and a solution is an

i < k such that {x : c(x) = i} is an infinite homogeneous set for c.
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Remark 4.2.10. Recall from the previous chapter that we say that an L2-structure M is

consistent with an axiom system Γ if M is contained in a model N |= Γ such that M and

N have the same first-order part. If M is countable, we may require N to be countable as

well without changing the notion In this chapter, every axiom system Γ that we consider

will have the property that every model consistent with Γ is actually a model of Γ. However,

when considering whether Γ proves Q→ P, we sometimes want to look at games over Γ+Q,

for which we need to distinguish between being consistent with Γ + Q and being a model of

Γ + Q.

For the rest of this chapter, we will limit ourselves to Γ ∈ {RCA0,RCA∗0,RCA0 + BΣ0
2}.

Remark 4.2.11. For convenience of notation, we will frequently write in this chapter ΨA⊕n

for a set A and a number n, where we mean that Ψ has oracle access to the set A and the

number n.

4.3 A first set of specific results

We begin by considering bounded Σ0
1-comprehension. Our first goal is to find some relation-

ship between bounded Σ0
1-comprehension and Σ0

1-induction, where we view Σ0
1-induction as

the principle FΣ0
1 given in Definition 4.2.1 and work in the setting of Weihrauch and gener-

alized Weihrauch reducibility over RCA0, or better yet, RCA∗0. This will serve as a building

block to looking at the results from [61] in our setting. We begin with the following theorem

from Simpson in [60].

Theorem 4.3.1 (Simpson [60]). RCA0 proves BΣ0
1CA.

Proof. Suppose we have an enumeration of a set X. Given a number b, suppose that there

is no finite set Y such that ∀i(i ∈ Y ↔ (i < b∧ i ∈ X)). Then by Lemma II.3.7 in [60], there

exists a one-to-one function f : N→ N such that ∀m(f(m) < b ∧ f(m) ∈ X). In particular

the restriction of f to {0, . . . , b − 1, b} is a finite one-to-one function from {0, . . . , b − 1, b}
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into {0, . . . , b − 1}. But no finite function can have these properties. This contradiction

completes the proof.

Lemma 4.3.2 (Paris and Kirby [49]). If ϕ is Σ0
n then (∀x < y)ϕ is equivalent in RCA0+BΣ0

n

to a Σ0
n formula.

Proof. Work in RCA0 + BΣ0
n. We will proceed by induction on n. Certainly, this is true for

n = 0, so suppose it’s true for n− 1. Let ϕ be (∃z)θ(x, y, z) for some θ ∈ Π0
n−1. Then

BΣ0
n ` (∀x < y)ϕ↔ (∃t)(∀x < y)(∃z < t)θ. (4.1)

By the induction hypothesis, (∀z < t)¬θ is equivalent to a Σ0
n−1 formula, so (∃z < t)θ is

equivalent to a Π0
n−1 formula. Therefore by (4.1), (∀x < y)ϕ is equivalent to a Σ0

n formula,

as desired.

To say something about the relationship between bounded Σ0
1-comprehension and Σ0

1-

induction, we will need to make use of CN.

Proposition 4.3.3. CN 6
RCA0
W Bound.

Proof. We argue in a model (M,S) of RCA0. Let the enumeration of A be a CN-instance,

so A is nonempty. Define the enumeration of a set F by putting s into F whenever the least

element ms of A at stage s of the enumeration of A enters A at stage s. If F were unbounded,

then the set of numbers ms would be as well, since the map taking F to this set is injective

and computable. But then A would be empty. Therefore F is bounded, and therefore the

enumeration of F is an instance of Bound. If s is a solution to this Bound-instance, then the

least element of A at stage s must be in A, and therefore is a solution to our CN-instance.

It follows that CN 6
RCA0
W Bound∗ as well, since clearly Bound 6

RCA∗0
W Bound∗. From

the previous chapter, we also have C∗N 6
RCA0
W Bound∗. We can now take the first step in

determining the relationship between FΣ0
1 and (st)BΣ0

1CA.
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Proposition 4.3.4. FΣ0
1 6

RCA∗0
W BΣ0

1CA ? CN.

Proof. Suppose (M,S) |= RCA∗0. Suppose that B ⊆ S is an FΣ0
1-instance. Let A = {x |

(∃y)(y, x) ∈ B}. Then B is a CN-instance, so looking at A as a Π0
1 set in the usual way,

we can find some a such that a ∈ A. By BΣ0
1CA, we can use an enumeration of A and a

to get {x ∈ A | x < a} = {x ∈ M | x < a ∧ (∃y)(y, x) ∈ B}. This set exists in the model,

so for each x in the set, we can compute whether S(x) is in the set. If we encounter some

x for which this is not the case, then S(x) is a solution to our FΣ0
1-instance. Otherwise, a

must be a solution to our FΣ0
1-instance. Note that this procedure is uniform because we can

computably figure out which option we must choose for our solution.

Proposition 4.3.5. stBΣ0
1CA 6

RCA∗0
W FΣ0

1.

Proof. We will follow the idea of the proof of Theorem II.3.9. in [60]. Suppose that (M,S) |=

RCA∗0 and X is an instance of stBΣ0
1CA, bounded by some number b. Let ϕ(k) be the

principle ”there exists a finite one-to-one function with domain k whose image is a subset of

X”. Note that ϕ is Σ0
1. Let B = {k : ϕ(k)}. Then there is an enumeration A of B in S, and

b + 1 /∈ B, so A is an FΣ0
1-instance. Let k be a solution to A as an FΣ0

1-instance, and note

that we must have 0 ∈ B, so k > 0 and therefore k − 1 ∈ B and k ∈ B. Let f be a finite

one-to-one function with domain k − 1 whose universe is a subset of X. Note that we can

construct f in M . If the range of f were a strict subset of X, then we could add 1 element

to the range of f and map k to it, getting k ∈ B, a contradiction. Therefore the range of f

must be all of X. Then the range of f is a solution to X as an stBΣ0
1CA-instance.

Proposition 4.3.6. FΣ0
1 6

RCA∗0
W stBΣ0

1CA.

Proof. Suppose (M,S) |= RCA∗0. Suppose that B ⊆ S is an FΣ0
1-instance. Let A = {x |

(∃y)(y, x) ∈ B}. We construct a stBΣ0
1CA-instance X in stages s ∈ ω. At stage s = 0, do

nothing. At stage s > 0, for each u < s, enumerate u into X only if for all v 6 u, v has been

enumerated into A. Note that X is bounded because B is a FΣ0
1-instance, so there exists
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some a ∈ A, and X is bounded by that a. As the enumeration of X is our stBΣ0
1CA-instance,

our solution is the set X itself. Although we don’t know a, from X, we can get a solution

to B as an FΣ0
1-instance by taking the largest element of X.

Proposition 4.3.7. BΣ0
1CA 6

RCA∗0
W Bound∗.

Proof. Work in a model (M,S) of RCA∗0. Suppose we have a BΣ0
1CA-instance that is the

enumeration of a set X with bound b given by Y = {(x, s) | x enters X at stage s}. For each

i < b, let Si = {s | (i, s) ∈ Y } (some of the sets Si may be empty). Then each Si is bounded

because Y converges to the bounded set X, so the enumeration of the sets S0, S1, . . . , Sb−1

comprise a Bound∗-instance. Given a solution s to S0, S1, . . . , Sb−1 as a Bound∗-instance,

by construction Y has converged to X by stage s, we can just enumerate Y for s stages and

then we will have reconstructed X, thereby obtaining a solution to our BΣ0
1CA-instance.

We are now able to say something about the relationship between FΣ0
1 and Bound∗, a

first step in our goal of determining the relationship between ∆0
2-induction and Σ0

2-bounding

in this setting. Throughout, we will follow the idea of the proofs in [61], with adaptations

as necessary to the computability-theoretic setting.

Proposition 4.3.8. FΣ0
1 6

RCA0,3
gW Bound∗.

Proof. Suppose (M,S) |= RCA0. Suppose that B ⊆ S is an FΣ0
1-instance. Let A = {x |

(∃y)(y, x) ∈ B}. Then B is a CN-instance and by Proposition 4.3.3, we have CN 6
RCA0
W

Bound 6RCA0
W Bound∗, so we can use CN to find some a such that a ∈ A.

We will construct an instance F = {F1, F2, . . . , Fa} of Bound∗ with a many sets as

follows. Enumerate the elements of A. Whenever an element x < a enters A at stage sx, we

enumerate sx into the set Fx. Then each set Fx is either empty or a singleton, and hence

clearly bounded, so F is indeed a Bound∗-instance. Let b be a solution to this Bound∗-

instance. Then if we enumerate A for b steps, we will have enumerated every element of A
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below a. Then we know {x ∈ A | x < a}, so by the previous proposition, we can apply

BΣ0
1CA to obtain a solution to our FΣ0

1-instance.

Of course, we would like to improve upon the previous result by getting a Weihrauch

reduction, not just a generalized Weihrauch reduction. However, in order to get a Weihrauch

reduction, we must do away with the initial application of CN to find an element a ∈ A. It

turns out that in losing this information about our FΣ0
1-instance, we must also lose some

information about our Bound∗-instance. As a a result, when we shift from a generalized

Weihrauch reduction to a Weihrauch reduction, we go from reducing to Bound∗ to reducing

to stBound∗.

Proposition 4.3.9. FΣ0
1 6

RCA∗0
W stBound∗.

Proof. Suppose (M,S) |= RCA∗0. Suppose that B ⊆ S is an FΣ0
1-instance. Let A = {x |

(∃y)(y, x) ∈ B}. We will build a stBound∗-instance using the following procedure. We

proceed by stages s ∈ ω. Begin to enumerate A. At stage s = 0, set g = 0. At stage

s > 0, look at the least element u not enumerated into A such that every element v < u is

enumerated into A. We guess that u is a solution to B by setting g = u + 1 if g < u + 1

currently and enumerating the pair (s, g) into a set C if we have changed the value of g. Then

C is either empty or a singleton, so in particular C is bounded. Let Cs = {u | (u, s) ∈ C}

and let Cu = {s | (u, s) ∈ C}. Clearly each set Cs is finite. On the other hand, each set

Cu is also finite because it must have 0 or 1 element. Then we can apply stBound∗ to C to

get a bound on the collection of sets Cu. This gives us a bound t on the stage s at which

elements v < u are enumerated into A, for each u that we guess to be a solution to B. Then

at stage t, the least element u that hasn’t been enumerated into A is either u = 0 ∈ A or is

such that u ∈ A and u+ 1 ∈ A, and therefore u is our solution to B as an FΣ0
1-instance.

Note that in the above proof, knowing that there exists an a ∈ A but not knowing the

value of a is key. If we knew the value of a, then we would have a reduction to Bound∗
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instead of stBound∗. In fact, it turns out that we cannot get a Weihrauch reduction from

FΣ0
1 to Bound∗ at all over RCA∗0; a generalized Weihrauch reduction is the best that we can

do.

To show this, we need the following lemma, which is a generalization of Proposition 3.7.4.

It was noted before that Proposition 3.7.4 could be generalized, but here we explicitly state

the generalization and give its proof for clarity.

Lemma 4.3.10. Let Γ be a consistent extension of ∆0
1-comprehension that proves the exis-

tence of a universal Σ0
1 formula. Let P and Q be Π1

2-problems such that

1. P has an ω-instance X such that for any finite initial segment σ of X, there is a model

(M,S) of Γ and an M-instance Y of P in S that extends σ and has no solution in S;

and

2. every instance X of Q includes a parameter kX ∈ N such that for every model (M,S)

of Γ and every M-instance X of Q in S, if kX is a standard natural number, then X

has a solution in S.

Then P 
Γ
W Q.

Proof. Suppose that P 6Γ
W Q via Φe and Φi. Let X be an ω-instance of P such that for any

finite initial segment σ of X, there is a model (M,S) |= Γ and an M -instance Y of P in S

that extends σ and has no solution in S. Then ΦXe must be an instance of Q. This instance

has a fixed parameter k, which must be the same standard natural number no matter what

model of Γ we are working in, because the convergent computation over the standard natural

numbers still exists in any such model. Now let (M,S) be a model of Γ that contains an

M -instance Y of P with no solution. We can modify Y to define a new M -instance Ŷ of

P that agrees with X up to the use of the part of the computation of ΦXe that fixes the

parameter k, and then agrees with Y after that. Since Ŷ only differs finitely from Y , Ŷ has

no solution, but ΦŶe is an instance of Q with k a standard natural number, and hence must
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have a solution x. But then Φi should be able to compute a solution to Ŷ from Ŷ and x,

which is a contradiction.

From this lemma, we obtain the desired corollary.

Corollary 4.3.11. FΣ0
1 66

RCA∗0
W Bound∗.

Proof. Note that the empty enumeration is an ω-instance of FΣ0
1 any finite initial segment

of which can be extended to an FΣ0
1-instance with no solution, in particular in any model

of RCA∗0 where Σ0
1 induction fails. Moreover, every instance X of Bound∗ includes a fixed

number of sets k ∈ N such that for every model (M,S) of RCA∗0 and every M -instance

X of Bound∗ in S, if k is a standard natural number, then X has a solution in S. The

non-reduction then follows by Lemma 4.3.10.

We can also look at what happens in the other direction. We obtain the following results.

Proposition 4.3.12. Bound 6
RCA∗0
W FΣ0

1.

Proof. Work in a model of RCA∗0. Let the enumeration of a set F be a Bound-instance.

Consider the set A = {n | (∃x ∈ F )(n 6 x)} ∪ {0}. An enumeration of A exists in RCA∗0

and A is Σ0
1. Moreover, A is nonempty because F is bounded. Therefore the enumeration

of A is a FΣ0
1-instance. Let a be a solution to A as an FΣ0

1-instance. Since 0 ∈ A, we must

have that a ∈ A and a = S(b) for some b ∈ A. Then for all x ∈ F with x 6= 0, a > x, and

a > 0 by construction. Therefore a is a solution to F as a Bound-instance.

Proposition 4.3.13. stBound∗ 6W FΣ0
1, and hence Bound∗ 6W FΣ0

1.

Proof. Let the enumeration of a set F of pairs be a stBound∗-instance, so {n | (∃k)((n, k) ∈

F )} is bounded and for each n, so is the set {k | (n, k) ∈ F}. We are looking for a bound

on {k | (∃n)((n, k) ∈ F}. Let A = {k | (∃x)(∃n)((n, x) ∈ F and k 6 x)} ∪ {0}. Then an

enumeration of A exists, and A is Σ0
1.
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A is nonempty because {k | (∃n)((n, k) ∈ F} is bounded. Therefore the enumeration

of A is a FΣ0
1-instance. Since 0 ∈ A, we must have that a ∈ A and a = S(b) for some

b ∈ A. Since a ∈ A, for all x and all n, if (n, x) ∈ F , then a > x. That is, a is a bound on

{k | (∃n)((n, k) ∈ F}, as desired.

Note that we previously used that CN 6
RCA0
W Bound. Therefore we have CN 6

RCA0
W FΣ0

1.

We now look at the other direction. We will give a direct argument, but this can be proved

indirectly, such as in the proof of Lemma 2.3 in [55]. In the proof of that Lemma, Bound

and CN are also shown to be equivalent to the principle of unique closed choice, UCN.

Proposition 4.3.14. Bound 6W CN.

Proof. Let the enumeration of a bounded set A be a Bound-instance. Let B = {b | (∃a ∈

A)(b 6 a)}. Then B is Σ0
1, and B is nonempty because A is bounded. Therefore the

enumeration of B is a CN-instance. Let b be a solution to B as a CN-instance, so b ∈ B.

Then for every a ∈ A, b > a. Therefore b is a solution to A as a Bound-instance.

It is also natural to be curious about the relationship between FΠ0
1 and FΣ0

1. As discussed

in Section 3, intuitively, FΠ0
1 is a weaker principle than FΣ0

1. Thus it is natural to first look

at the FΠ0
1 to FΣ0

1 direction of the relationship. We obtain the following result.

Proposition 4.3.15. FΠ0
1 6

RCA∗0
W FΣ0

1.

Proof. Suppose (M,S) |= RCA∗0. Let B be an FΠ0
1-instance. As in the previous proofs, we

may assume that 0 ∈ B. By the definition of a FΠ0
1-instance, we have some b ∈ B. Consider

C := {x 6 b : b − x ∈ B}. Note that b /∈ C. Therefore C is an FΣ0
1-instance, so there is

some c ∈ C such that either c = 0 or c− 1 ∈ C. Since b ∈ B, 0 ∈ C, so we must have c > 0

and c− 1 ∈ C. Then b− c ∈ B but b− c− 1 ∈ B. Therefore b− c is a solution to B as an

FΠ0
1-instance.
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Alternatively, note that given an instance A of FΠ0
1, we can find an element a ∈ A, and

by BΣ0
1CA, we get a solution to A as an FΠ0

1-instance. We will look at the other direction

in Section 6.

Consider the version of FΣ0
1 where we add to the instance a place where induction fails,

i.e. an element a of A. Note that the difference between FΣ0
1 as originally stated and FΠ0

1

is that this a is not given for FΣ0
1, but we can find it for FΠ0

1. Therefore FΠ0
1 is equivalent

to this stronger version of FΣ0
1. Then making use of the compositional product operation,

?, between Weihrauch degrees (see, e.g. [10]), and the structure of the proof of Corollary

4.3.8, we obtain the following additional corollary.

Corollary 4.3.16. FΣ0
1 6

RCA0
W FΠ0

1 ? Bound∗ ? CN.

Just as we have been looking at the relationship in terms of (generalized) Weihrauch

reduction over RCA0 and RCA∗0 between the various induction principles, it is natural to

also look at the relationship in this arena between different choice principles. To start, we

look at C∆0
2 and CN.

Proposition 4.3.17. C∆0
2 6

RCA∗0
W CN.

Proof. Work in a model (M,S) of RCA∗0. Let X be (an approximation in RCA∗0 to) a

nonempty ∆0
2 set. Begin to approximate X in stages and form a set Y as follows: at stage

s, whenever n ∈ X, enumerate all pairs (n, t) for t 6 s into Y . If later n ∈ X at stage s1,

do not enumerate pairs (n, t) for s < t 6 s1 into Y . In general, whenever n ∈ X at stage

s, we enumerate all of the pairs (n, t) for t 6 s into Y , and whenever n ∈ X at stage s, we

stop enumerating pairs into Y . Y is a Π0
1 set because the process by which we build Y is a

Π0
1 process. Moreover, Y is nonempty because X is. Therefore the enumeration of Y is a

CN-instance. Given a solution to Y as a CN-instance, that is, an element of Y , the element

is of the form (n, s) for some n ∈ X, so n is a solution to our C∆0
2-instance.
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On the other hand, it is clear that CN 6
RCA∗0
W C∆0

2 because CN is a special case of C∆0
2.

Therefore

Corollary 4.3.18. CN ≡
RCA∗0
W C∆0

2.

With this equivalence in mind, we will refer only to CN going forward. Another choice

principle of interest is KN. Since KN is a special case of CN, we clearly have KN 6
RCA∗0
W CN.

In fact, Brattka, Gherardi, and Marcone showed in [9] that KN <W CN. We will show a

slightly stronger separation between the two principles in Section 7.

Proposition 4.3.19. KN 6
RCA0
W FΠ0

1.

Proof. Work in a model (M,S) of RCA0. Suppose we have a KN-instance that is the

enumeration of a set X with bound b. We will construct a Π0
1 set A. We start off with

A = M and A = ∅, we define c = b+1, and we enumerate c into A. Whenever we enumerate

a new element x into X, we decrement c by 1 and enumerate c into A. Then clearly A

is Σ0
1 and nonempty, so it follows that A is an FΠ0

1-instance. Let a be a solution to A as

an FΠ0
1-instance, so a ∈ A. By construction, we cannot have a = 0, because the smallest

possible element of A is b + 1 − b = 1. Then we must have a > 0 with a − 1 ∈ A. By

construction, a must then be the smallest element of A, which means that it is of the form

b + 1 − i, where i is the number of elements in X. But then we can solve our KN-instance

by simply enumerating Y until i elements have appeared. Therefore KN 6
RCA0
W FΠ0

1, as

desired.

Proposition 4.3.20. FΠ0
1 66W KN.

Proof. Suppose, to the contrary, that we had a Weihrauch reduction FΠ0
1 6W KN, given by

Turing functionals Φ and Ψ. Note that for any x, the enumeration of the complement of

the singleton {x} is a FΠ0
1-instance. For concreteness, take x = 1. Then Φω\{1} must be a
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KN-instance, corresponding to some bound b. Wait until a stage s at which, for each x < b

such that x currently looks like a solution to our KN-instance, Ψ(ω\{1})⊕x ↓= 1. Once this

convergence has occurred, we enumerate 0 into the complement of our FΠ0
1-instance. This

gives us a contradiction, because then 1 can no longer be a solution to our FΠ0
1-instance, yet,

Ψ(ω\{0,1})⊕x has already converged to 1 for every possible solution x to our KN-instance.

Proposition 4.3.21. KN 66W RT1
2.

Proof. Suppose, to the contrary, that we had a Weihrauch reduction KN 6W RT1
2, given

by Turing functionals Φ and Ψ. We will build a KN-instance given by the enumeration of

some set X smaller than some bound b. Start by letting X be the enumeration of ∅, and let

b = 3. Then we look at Φ〈X,b〉, which must give us a RT1
2-instance, because X and b already

comprise a valid KN-instance. Φ〈X,b〉 has two possible solutions, 0 and 1. Then if we let

xi = Ψ〈X,b〉⊕i for i = 0, 1, we can diagonalize against both possible solutions by enumerating

x0 and x1 into X. Then X is still a valid KN-instance, with solutions the numbers between

0 and 3 that have not yet been enumerated (there may be more than one such number if

one of the xi’s is undefined). However, we have ensured that Ψ〈X,b〉⊕0 and Ψ〈X,b〉⊕1 cannot

converge to these solutions, giving us a contradiction.

Using essentially the same proof, we can also show that KN 66W RT1
k for any k. The

previous argument is also an example of the following more general phenomenon. First, we

make a definition to help narrow the scope of problems we will consider.

Definition 4.3.22. We say that a Π1
2 problem P is first-order and write P ∈ F if the

codomain of P is N.

Theorem 4.3.23. Fix k > 1 ∈ ω. Suppose that P is a first-order Π1
2 principle such that for

any initial segment σ of any P-instance X and any x0, x1, . . . , xk−1 ∈ ω, there is another

P-instance X̂ extending σ for which none of x0, x1, . . . , xk−1 are solutions. Then P 66W RT1
k.
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Proof. Suppose, to the contrary, that we had a Weihrauch reduction P 6W RT1
k, given by

Turing functionals Φ and Ψ. Let σ be such that for any n < k, if Ψσ⊕n diverges, then Ψτ⊕n

also diverges, for any τ extending σ such that τ is an initial segment of some P-instance.

Let x0, x1, . . . , xm be the values of Ψσ⊕0, Ψσ⊕1, . . . ,Ψσ⊕k−1 for those that converge. By

assumption, there is a P-instance X̂ extending σ for which none of x0, x1, . . . , xm are so-

lutions. Take X̂ to be our P-instance, and look at the RT1
2-instance ΦX̂ . But whenever

ΨX̂⊕i converges, it converges to some xj , and no xj can be a solution to X̂, giving us a

contradiction.

Corollary 4.3.24. For P ∈ {FΣ0
1, FΠ0

1, Bound∗, stBound∗, Bound, K∆0
2, BΣ0

1CA}, P 66W

RT1
2.

Note that with some generalization, we could also obtain that P 66ngW RT1
2 for any fixed

n ∈ ω. Since we have seen that FΣ0
1 6

RCA0
W FΠ0

1 ? Bound∗ ? CN, we next examine the

relationship between BΣ0
1CA and Bound.

Proposition 4.3.25. BΣ0
1CA 6RCA0

W Bound.

Proof. Work in a model (M,S) of RCA0. Suppose we have a BΣ0
1CA-instance that is the

enumeration of a set X with bound b given by Y = {(x, s) | x enters X at stage s}. Let

S = {s | (∃x)(x, s) ∈ Y }. Then S is bounded because Y converges to the bounded set X, so

the enumeration of S is a Bound-instance. Given a solution s to S as a Bound-instance, by

construction Y has converged to X by stage s, so we can just enumerate Y for s stages and

then we will have reconstructed X, thereby obtaining a solution to our BΣ0
1CA-instance.

Note that the above argument uses that BΣ0
1CA is true in RCA0, and would not go

through over RCA∗0. We will look at what happens in the other direction in Sections 6 and

7. Now, consider the following extension of BΣ0
1CA to ∆0

2 sets.
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Definition 4.3.26. B∆0
2CA is the Π1

2 principle where an instance is a C such that

(∀x)(∃t)((∀s > t)(〈x, s〉 ∈ C) ∨ (∀s > t)(〈x, s〉 /∈ C)) (4.2)

∧ (∃b)(∀x)((∃s)(〈x, s〉 ∈ C)→ (x 6 b)).

A solution is {x | (∀y)(∃s > y)(〈x, s〉 ∈ C ∧ x < b)}.

Here, we define B∆0
2CA based on the weak notion of ∆0

2 sets in RCA∗0. We could also

define a principle stB∆0
2CA using the strong notion of ∆0

2 sets in RCA∗0, but we do not do

so to avoid analogizing with stBΣ0
1CA (recall that we called this principle strong because

the bound on the instance is not given). Of course, we could also define separate versions of

BΣ0
1CA based on Σ0

1 sets in the strong and weak sense, but we will not consider those here.

Proposition 4.3.27. B∆0
2CA 66W BΣ0

1CA.

Proof. Suppose, to the contrary, that there exists a Weihrauch reduction B∆0
2CA 6W

BΣ0
1CA, given by Turing functionals Φ and Ψ. We will build a B∆0

2CA-instance given

by the approximation X̂ of a set X and a bound b.

Let b = 1. We build X̂ in stages s ∈ ω. At stage s = 0, do nothing. For s >

0, at stage s enumerate the pair (0, s) into X̂. Continue until we reach a stage t at

which Φ〈X̂,b〉 converges to an initial segment of a BΣ0
1CA-instance σ with bound n and

Ψ〈X̂,b〉⊕{x<n|x has been enumerated by σ} converges to a set of numbers Ŷ below b. Then

we must have either Ŷ = ∅ or Ŷ = {0}. Then for all t′ > t, start enumerating (1, t′)

into X̂ (and stop enumerating (0, t′) into X̂). Continue until we reach a stage t1 at

which Φ〈X̂,b〉 converges to an initial segment of a BΣ0
1CA-instance σ1 with bound n and

Ψ〈X̂,b〉⊕{x<n|x has been enumerated by σ1} converges to an initial segment τ1 of a solution to

X̂. We proceed in the same way as before, diagonalizing against τ1 by now approximating

that 1 /∈ X and 0 ∈ X. Note that by the definition of a Σ0
1 set together with the Limit

Lemma, we can switch whether an element is in X any finite number of times, but our
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BΣ0
1CA-instance can only change at most once for each of its n possible elements, and hence

can change at most n times. Therefore this process is guaranteed to produce a contradiction.

We now turn our attention back to the relationship between CN and Bound.

Proposition 4.3.28. Bound 6
RCA∗0
W CN. Therefore CN ≡

RCA0
W Bound, and C∗N ≡

RCA0
W

Bound∗.

Proof. Let B be a Bound-instance. Let A = {n | (∀m ∈ B)(m 6 n)}, so A is the set of

possible solutions to B as a Bound-instance. The enumeration of A is a CN-instance because

A = {n | (∃m ∈ B)(m > n)} is computable from B, hence is Σ0
1 and A is nonempty because

B is bounded. Let n be a solution to A as a CN-instance, so n ∈ A. Then n is a solution to

B as a Bound-instance, thereby completing the reduction.

It remains open whether this equivalence also holds over RCA∗0.

Proposition 4.3.29. KN 6W BΣ0
1CA.

Proof. Let the enumeration of a set X be a KN-instance, bounded by a given number b ∈ ω.

Then the enumeration of X is also a BΣ0
1CA-instance, with solution {x ∈ X | x < b}. Note

that since the enumeration of X is a KN-instance, X has nontrivial complement below b.

Since our solution tells us the elements of {x ∈ X | x < b}, we can computably determine

the elements of X below b, thereby yielding a solution to our KN-instance (say, take the least

element of X below b).

From [12] we have KN 66W RT1
2. It follows that BΣ0

1CA 66W RT1
2 also.

Proposition 4.3.30. BΣ0
1CA 66W KN.

Proof. Suppose, to the contrary, that BΣ0
1CA 6W KN. Let Φ and Ψ be such that for any

set X with bound b such that the enumeration of X together with b is a BΣ0
1CA-instance,
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Φ〈X,b〉 is a KN instance and given a solution a to Φ〈X,b〉, Ψ〈X,b〉⊕a is a solution to Φ〈X,b〉 as

a KN-instance.

We build a BΣ0
1CA-instance in stages s ∈ ω. Our BΣ0

1CA-instance will be of the form

{(n, s) | n is enumerated at stage s}. We will use A to denote our enumeration, and b to

denote our corresponding bound. We begin by not enumerating any elements into A, and

letting b = 1. Then we look at Φ〈A,b〉 and wait until s is large enough that Φ〈A,b〉 converges to

an initial segment σ of a KN-instance at stage s. Now let x1, x2, . . . , xms denote all possible

solutions to all KN-instances extending σ at stage s, and for each i with 1 6 i 6 ms, look

at Ψ〈A,b〉⊕xi . Note that as s increases, some possible solutions disappear. Wait until s is

large enough that each Ψ〈A,b〉⊕xi converges to the empty set. If this never happens, then we

have a contradiction, because if our BΣ0
1CA-instance is the enumeration of the empty set

with bound 1, then the only solution is the string 0. So suppose at some stage t ∈ ω that

Ψ〈A,0〉⊕xi converges to the string 0 for each i. Then we enumerate an element into A, say we

enumerate 0 into A. Then any initial segment of the set we are enumerating must start with

1. This contradiction implies that our Weihrauch reduction cannot exist, as desired.

We now introduce an auxiliary principle lim2 to help us delineate the relationship between

K∆0
2 and KN.

Definition 4.3.31. lim2 is the Π1
2 problem where an instance is an infinite binary sequence

with a limit, and a solution is the limit such a sequence.

Proposition 4.3.32. lim2 66gW KN.

Proof. Suppose, to the contrary, that there is a generalized Weihrauch reduction lim2 6gW

KN. By assumption, we are given Turing functionals Φ1,Φ2, . . . such that if Player 1 plays

the initial segment (x0, x1, . . . , xk) of a lim2-instance on their 1st move for some k ∈ ω,

and a solution yj to Player 2’s (j − 1)st move on their jth move for 1 6 j 6 i − 1, then

Φ
(x0,x1,...,xk)⊕y1⊕...⊕yi−1⊕yi
i is an initial segment of Player 2’s ith move. We work in stages
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s ∈ ω to build a lim2-instance. At stage s, we define the value of xs. Start by setting x0 = 0,

x1 = 0, . . .. Then currently, the only solution to our lim2-instance is 0. Then if we run

the assumed generalized Weihrauch reduction, we will obtain a tree of possible gameplay,

based on the possible moves that Player 2 makes and Player 1’s possible responses, given

that Player 1 starts by playing (x0, x1, . . . , xk). The jth level of this tree will correspond

to Player 1’s jth move in G(KN → lim2). If this is indeed a valid generalized Weihrauch

reduction, then the tree will be completely finished at the nth level for some fixed n. This

is because the property of being a solution to a KN-instance is co-c.e., and there are in fact

only finitely many possible solutions to a given KN-instance.

Since being a solution to a KN-instance is co-c.e., if we start with some number of possible

solutions, as more elements are enumerated into our KN-instance, we can lose solutions, but

never gain them. Then eventually, we will reach a stage at which all of the remaining solutions

are true solutions, so the tree is finite, essentially giving us a sort of compactness. Therefore,

we may assume that if y is a solution to all KN-instances extending the initial segment

Φ
(x0,x1,...,xk)⊕y1⊕...⊕yn−1
n that Player 2 could play and declare victory in the game, i.e. y is

a leaf on the tree of gameplay, then we have a Turing functional Ψ such that Ψ(x0,x1,...,xk)⊕y

gives a solution to any valid lim2-instance extending (x0, x1, . . . , xk). By construction, there

is a stage s by which every path remaining on the tree ends on a leaf that points to 0 (i.e.

Ψ is 0 on every such path), because 0 is the only possible solution to our lim2-instance after

n moves. Once we reach this stage s, we let xs+1 = 1, xs+2 = 1, . . .. But then the only

solution to {x1, x2, . . .} as a lim2-instance is 1, and our reduction has already determined

that 0 is the only possible solution. This contradiction implies the non-reduction.

Remark 4.3.33. In the above proof, we make essential use of the fact that if a problem has

finitely many solutions, and we consider the tree of gameplay given by a supposed generalized

Weihrauch reduction to this principle (see the below proof for the specific construction of

such a tree), this tree will eventually be finite. Moreover, if the problem is co-c.e., meaning
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that the complement of every instance is Σ0
1, or even if the problem is ∆0

2, all of its proposed

solutions will eventually settle, in that every false solution will be seen to be false.

It is easy to see that lim2 6W B∆0
2CA and lim2 6W K∆0

2. We therefore obtain the

following corollary.

Corollary 4.3.34. B∆0
2CA 66gW KN and K∆0

2 66gW KN.

Note that the proof of Proposition 4.3.27 also shows that lim2 66W BΣ0
1CA.

Now, we prove that FΠ0
1 implies BΣ0

1CA in terms of Weihrauch reducibility over RCA∗0,

using a proof similar to that of Proposition 4.3.19.

Proposition 4.3.35. BΣ0
1CA 6

RCA∗0
W FΠ0

1.

Proof. Work in a model (M,S) of RCA0. Suppose we have a BΣ0
1CA-instance that is the

enumeration of a set X with bound b given by Y = {(x, s) | x enters X at stage s}. We

will construct a Π0
1 set A. We start off with A = M and A = ∅, we define c = b2b+1 + 1,

and we enumerate c into A. Whenever we enumerate some (x, s) into Y , we decrement c by

1 and enumerate c into A. Then clearly A is Σ0
1 and nonempty, so it follows that A is an

FΠ0
1-instance. Let a be a solution to A as an FΠ0

1-instance, so a ∈ A. By construction, we

cannot have a = 0, because the smallest possible element of A is b2b+1 + 1 − b, which is at

least 02(0)+1 + 1 − 0 = 1. Then we must have a > 0 with a − 1 ∈ A. By construction, a

must then be the smallest element of A, which means that it is of the form b2b+1 + 1 − i,

where i is the number of elements of in Y (or equivalently, the number of elements in X).

But then we can solve our BΣ0
1CA-instance by simply enumerating Y into i elements have

appeared. Therefore BΣ0
1CA 6RCA0

W FΠ0
1, as desired.

Proposition 4.3.36. FΠ0
1 6

RCA∗0
W BΣ0

1CA.

Proof. Work in a model (M,S) of RCA∗0. Suppose we have an FΠ0
1-instance given by a Π0

1

set A with nonempty complement. Then A is Σ0
1, so we can enumerate some element x ∈ A.
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Consider C = {a ∈ A | a < x}. Then the enumeration of C is a BΣ0
1CA-instance with bound

x. A solution to this BΣ0
1CA-instance is the set C. Therefore C ∈ S, so by set induction

there is a least element c ∈ C. Then c ∈ A with c < x, and for all b < c, b ∈ A. Therefore c

is a solution to our FΠ0
1-instance, as desired.

Therefore FΠ0
1 ≡

RCA∗0
W BΣ0

1CA. For consistency, we will refer only to FΠ0
1 going forward.

Note that from the above argument, we in fact get that LΠ0
1 6

RCA∗0
W BΣ0

1CA, where LΠ0
1

denotes the Π0
1 least-number principle. More generally, we see from this argument that any

principle where a bound on the instance is part of the instance is implied by any bounded

comprehension principle. Thus the fact that FΠ0
1 ≡

RCA∗0
W BΣ0

1CA tells us that FΠ0
1 is

essentially the ultimate bounded level 1 principle.

Proposition 4.3.37. FΠ0
1 6

RCA0
W K∆0

2.

Proof. Work in a model (M,S) of RCA0. Suppose we have an FΠ0
1-instance given by a Π0

1 set

A with nonempty complement. Let a be an element of A, which we are given because A is Σ0
1.

Let C = {(x, s) | (x = 0 and x ∈ A) ∨ (x has been enumerated into A by stage s but x −

1 has not been)}. Then C approximates a ∆0
2 set, and if we let Ĉ be the restriction to the

elements of C below a, then both Ĉ and Ĉ approximate bounded ∆0
2 sets. In particular, Ĉ

constitutes a K∆0
2-instance because it must be nonempty, since we are working over RCA0.

A solution to this K∆0
2-instance is an element smaller than a in the complement of the set

that Ĉ approximates, that is, in the set that Ĉ approximates. But this is precisely an x

such that either x = 0 and x ∈ A or x > 0 and x ∈ A but x− 1 ∈ A. Therefore this x is a

solution to our FΠ0
1-instance.

We will see in Section 4.5 that the above result does not hold over RCA∗0.

Remark 4.3.38. Note that Section 3.7 outlines the relationships between many of the prin-

ciples we have considered here in terms of Weihrauch and generalized Weihrauch reducibility
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over RCA0. These include stRT1
<∞, RT1

<∞, RT1
2, stBound∗, Bound∗, and Bound. We in-

clude all of the relationships in our diagrams at the end of this chapter.

The below propositions can be shown with the same proof as that of the corresponding

fact over RCA0.

Proposition 4.3.39. stBound∗ 6
RCA∗0,2
gW stRT1

<∞.

Proposition 4.3.40 (Dzhafarov, Hirschfeldt, and Reitzes [25]). stBound∗ 6
RCA∗0,2
gW Bound∗

but stBound∗ 66RCA0
W Bound∗.

One principle that we have noticeably omitted considering so far is the least number

principle for Π0
n sets. For Π0

1 sets, we can interpret the least number principle LΠ0
1 as the

following problem min.

Definition 4.3.41. min is the Π1
2 principle where an instance is an infinite sequence p in

NN that is not surjective and a solution is the least n ∈ N such that for all k ∈ N, p(k) 6= n.

The following two results are extensions of the result from [12] that CN ≡sW min. In

[12], Brattka and Rakotoniaina also argue that the nth jump of min, min(n), corresponds

easily to the least number principle for Π0
n+1 sets LΠ0

n+1.

Proposition 4.3.42. CN 6
RCA∗0
sW min.

Proof. We work in a model of RCA∗0 and let p be a CN-instance, that is, an enumeration of

the complement of a nonempty set A. Then we can also view p as a min-instance, and given

a solution n to p as a min-instance, we must have n ∈ A.

Note that min 66RCA∗0
sW CN, since CN is true in every model of RCA∗0, while min is not.

We will see more arguments of this kind in Section 4.5.

Proposition 4.3.43. min 6RCA0
sW CN.
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Proof. We work in a model of RCA0 and let p be a min-instance, so p ∈ NN. We will

enumerate the complement of a set A in stages s ∈ ω. At stage i, let ki = min{n | (∀j 6

i)(p(j) 6= n)}. Note that this minimum exists in RCA0 because the set is computable. At

stage i, we remove all 〈n,m〉 from A for n,m 6 i and m 6= ki. Then our final set A is

such that A ⊆ {〈n, k〉 ∈ N : n ∈ N, k = min(N\range(p))}, and A is nonempty. Given a

number 〈n, k〉 ∈ A, we can easily find k = min(N\range(p)). That is, given a solution to our

CN-instance, we can easily find a solution to our min-instance, completing the reduction.

4.4 Extension to ∆0
2 sets

We now extend some of the notions we have been considering to ∆0
2 sets, and introduce some

new notions. A natural place to start is with the ∆0
2-least number principle.

Definition 4.4.1. We say that a set X is ∆0
2 in the strong sense if we have that

(∀x)(∀y < x)(∃t)((∀s > t)(〈y, s〉 ∈ X) ∨ (∀s > t)(〈y, s〉) /∈ X)).

Definition 4.4.2. We say that a set X is ∆0
2 in the weak sense if we have that

(∀x)(∃t)((∀s > t)(〈x, s〉 ∈ X) ∨ (∀s > t)(〈x, s〉) /∈ X)).

We present two versions, a strong one and a weak one, of the ∆0
2-least number principle

L∆0
2, corresponding to our weak and strong notions, respectively, of a ∆0

2 set.

Definition 4.4.3. L∆0
2 is the Π1

2 principle where an instance is a nonempty set C such that

(∀x)(∃t)((∀s > t)(〈x, s〉 ∈ C) ∨ (∀s > t)(〈x, s〉 /∈ C)). (4.3)

A solution is an a such that for all sufficiently large s, 〈a, s〉 ∈ C and for all b < a and all

sufficiently large u, 〈b, u〉 /∈ C.

Definition 4.4.4. wkL∆0
2 is the Π1

2 principle where an instance is a nonempty set C such
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that

(∀x)(∃t)(∀y < x)((∀s > t)(〈y, s〉 ∈ C) ∨ (∀s > t)(〈y, s〉 /∈ C)). (4.4)

A solution is an a such that for all sufficiently large s, 〈a, s〉 ∈ C and for all b < a and all

sufficiently large u, 〈b, u〉 /∈ C.

In both of the above definitions, by sufficiently large s (or u) we mean large enough so

that either for all s′ > s (or u′ > u), 〈a, s′〉 ∈ C (or 〈b, u′〉 ∈ C) or for all s′ > s (or u′ > u),

〈a, s′〉 /∈ C (or 〈b, u′〉 /∈ C). In other words, sufficiently large denotes a stage at which C has

made a decision about whether it contains the corresponding element.

Note that L∆0
2 can also be used to obtain the greatest element of a set when we know

a bound on that set, for instance by taking the least number of the form a − x for some

fixed a. In this chapter we will mainly be concerned with L∆0
2, but we can also extend this

principle more generally to ∆0
n sets.

Proposition 4.4.5. L∆0
2 6W Bound.

Proof. Let C be an L∆0
2-instance. Then C is an approximation to a nonempty set, and

without loss of generality, we may assume that C is defined in such a way that there is a

least x such that 〈x, s〉 ∈ C. We construct a set B in stages s ∈ ω as follows. For each s,

let xs be the least x such that 〈x, s〉 ∈ C. At stage s = 0, enumerate 0 into B. For each

stage s > 0, if xs 6= xs−1, enumerate s into B. Then B is the enumeration of a set which is

bounded because the least element of the set approximated by C must eventually stabilize,

and therefore the sequence x0, x1, . . . must eventually converge. Let b be a solution to B as

a Bound-instance, so for all s ∈ B, s 6 b. Then 〈xb, s〉 ∈ C for every s > b. If xb = 0, then it

follows that xb is a solution to C as a L∆0
2-instance. Otherwise, we must have 〈xb, s〉 ∈ C for

all s > b, by the definition of b. Therefore in both cases xb is a solution to our L∆0
2-instance,

thereby completing the reduction.

101



Note that it is not possible to get L∆0
2 6

RCA0
W Bound, because Bound is true in every

model of RCA0, while L∆0
2 is not. We will see more results like this in the next section.

However, we do get L∆0
2 6

RCA0+BΣ0
2

W Bound by the above argument.

Proposition 4.4.6. Bound∗ 6RCA0
gW L∆0

2, and Bound∗ 6
RCA0+BΣ0

2
W L∆0

2.

Proof. We show the generalized Weihrauch reduction. Work in a model (M,S) of RCA0.

Let F = {F0, F1, . . . , Fn} be a Bound∗-instance for some given n ∈M . Consider A := {i <

n | the least upper bound for Fi is bigger than the least upper bound

for all subsequent Fj}. We write A as a set for convenience, but in fact in RCA0, A is

really a predicate. Note that A is ∆0
2 because there exists a stage where elements stop being

enumerated into Fi, since Fi is a bounded set. At that stage, if i /∈ A then i will not later

enter A, but if i ∈ A, i could move out of A. This implies that A is ∆0
2.

Now suppose we have a solution i to A as an L∆0
2-instance. We claim that the largest

element of Fi is a solution to F as a Bound∗-instance. Call this least upper bound u. By an

application of L∆0
2, we can obtain u from i. Suppose, to the contrary, that there is some j < i

such that Fj has a larger least upper bound than Fi. Certainly, there can’t be such a j > i,

by the definition of i. Then consider {k < i | (∀y < u)(y is not an upper bound for Fk)}.

We can write this as

{k < i | (∀y < u)(∃x ∈ Fk)(x > y)}, (4.5)

so this is a Σ0
1 set. Then by LΣ0

1 it has a largest element k. But then k ∈ A and k < i, which

is a contradiction. Therefore we must have that u is a solution to F as a Bound∗-instance

as desired.

Note that we have Bound∗ 6
RCA0+BΣ0

2
W Bound, and Bound 6

RCA0+BΣ0
2

W L∆0
2, since the

condition of being an upper bound is ∆0
2, so our reduction becomes a Weihrauch reduction

in this case.

On the other hand, from Proposition 4.3.11 we deduce that L∆0
2 66

RCA0
W Bound∗, because
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clearly FΣ0
1 6

RCA0
W L∆0

2.

We next extend the notions of FΣ0
2 and FΠ0

2 to ∆0
2 sets. While we could try to extend

the notion in full generality to ∆0
n sets, there is ambiguity in what we might mean by a ∆0

n

set in this setting.

Definition 4.4.7. wkF∆0
2 is the Π1

2 principle where an instance is a set C such that

(∀x)(∀y < x)(∃t)((∀s > t)(〈y, s〉 ∈ C) ∨ (∀s > t)(〈y, s〉 /∈ C)) ∧ (∃z)(∃t)(∀s > t)(〈z, s〉 /∈ C).

(4.6)

A solution is an a such that for all sufficiently large y, 〈a, y〉 /∈ C where either a = 0 or there

exists some b such that for all sufficiently large y, 〈b, y〉 ∈ C and a = S(b).

Definition 4.4.8. F∆0
2 is the Π1

2 principle where an instance is a set C such that

(∀x)(∃t)((∀s > t)(〈x, s〉 ∈ C) ∨ (∀s > t)(〈x, s〉 /∈ C)) ∧ (∃z)(∃t)(∀s > t)(〈z, s〉 /∈ C). (4.7)

A solution is an a such that for all sufficiently large y, 〈a, y〉 /∈ C where either a = 0 or there

exists some b such that for all sufficiently large y, 〈b, y〉 ∈ C and a = S(b).

In other words, F∆0
2 is an extension of the principles FΣ0

n to ∆0
2 sets, and wkF∆0

2 is an

extension of the principles FΣ0
n to sets that are ∆0

2 in the strong sense. Note that F∆0
2 is a

special case of L∆0
2.

Thinking of F∆0
2 as ∆0

2-induction, a natural first question arises: what is the relationship

between F∆0
2 and Σ0

2-bounding? It is well-known that if M is a model of PA− + IΣ0
0, then

M |= BΣ0
2 =⇒M |= I∆0

2 (see, e.g. [49]). In our setting, we can ask, does F∆0
2 6

Γ
(g)W

Bound∗

for Γ = RCA0 or Γ = RCA∗0?

Proposition 4.4.9. F∆0
2 6

RCA0
gW Bound∗.

Proof. Let (M,S) be a model of RCA0. Let H be an F∆0
2-instance. Since C∆0

2 6
RCA0
W

CN 6
RCA0
W Bound∗, we can find some a such that for some z ∈ J , a > z. We may assume
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that H is of the form H = {〈x, s〉 | x ∈ J at stage s} for a ∆0
2 set J . For each x < a, let Hx

be the possibly empty set of stages s such that 〈x, s〉 ∈ H but 〈x, s− 1〉 /∈ H, or 〈x, s〉 /∈ H

but 〈x, s− 1〉 ∈ H. Then H = {H0, H1, . . . , Ha−1} comprises a Bound∗-instance. Let b be a

solution to this Bound∗-instance. Then by stage b, every element below a in J has stabilized.

Therefore if we approximate J by H for b steps, then we can find an element below a which

will be a solution to J as an F∆0
2-instance.

Corollary 4.4.10. F∆0
2 6

RCA0
W Bound∗ ? C∆0

2.

However, from Proposition 4.3.11 we deduce that F∆0
2 66

RCA0
W Bound∗.

Definition 4.4.11. We say that an approximation C to a set X is Σ0
2 if whenever x ∈ X,

we have

(∃t)((∀s > t)(〈x, s〉 ∈ C)), (4.8)

and whenever x ∈ X, we have

(∀t)((∃s > t)(〈x, s〉 /∈ C)). (4.9)

Note that we could also define a stronger form of Σ0
2 than above, where our definition is

with respect to initial segments, in a similar manner to the way we define weak and strong

versions of ∆0
2. However, for our purposes, we do not need the stronger version of Σ0

2.

As usual, let PA− denote the axioms for the nonnegative part of a discretely ordered ring,

letting IΣ0 denote the Σ0
0-induction principle, and letting exp denote the exponentiation

function. Slaman showed in [61] that if M is a model of PA− + IΣ0 + exp, then M |=

I∆0
2 =⇒ M |= BΣ0

2. In the realm of (generalized) Weihrauch reduction over subsystems of

second-order arithmetic, the question becomes, does Bound∗ 6Γ
(g)W

F∆0
2 for Γ = RCA0 or

Γ = RCA∗0?

Theorem 4.4.12. Bound∗ 6RCA0,2
gW F∆0

2.
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Proof. We follow the idea of the proof of Theorem 2.1 in [61]. For this proof, we work in a

model (M,S) of RCA0. Suppose that F = {F0, F1, . . . , Fn} is an instance of Bound∗ in S.

From F , we will build an F∆0
2-instance using several auxiliary objects outside of the model.

We follow the structure of the proof from [61].

Lemma 4.4.13. There exists a function f : [0, n+ 1)→M , such that f is injective and the

graph of f is ∆0
2 (in the strong sense) in M . Moreover, f is obtained uniformly from F . If

there does not exist a global bound on F , then the range of f is unbounded in M .

Proof. Define f := {(x, 〈x, sx〉) : x < n+ 1}, where sx is the least s such that s is an upper

bound for Fx. While we call f a function, we view f not as a function in the sense of our

model, but as a formula. We can think of f as mapping each set in our Bound∗-instance

to itself together with its least bound. As in [61], it is clear that f is injective. It is also

clear that f is obtained uniformly from F . The graph of f is ∆0
2, in the strong sense, in M

because it is a function on the known domain [0, n+ 1). Therefore, we can approximate the

graph of f , because if we start approximating one of the bounds si by its current least upper

bound as we enumerate Fi, as we enumerate more elements into Fi, our approximation to

si can only increase. We have three possible cases when trying to determine if a number y

is currently the least upper bound for one of the sets Fx. In the first case, we initially say

y is too small to be a least upper bound, and as we see more elements enter Fx, we’ll never

change our mind about that. In the second case, we initially say that y is the least upper

bound, and then we can either continue to say that, or decide it’s too small after larger

elements are enumerated. In the third case, we initially say y is too big to be a least upper

bound, in which case we might always say that, or we might eventually say it is the least

upper bound, and after that point either continue to say that it’s the least upper bound or

decide that it’s too small. Therefore if we are trying to determine whether y is our current

least upper bound, by the case analysis, we can only change our mind at most twice.

We can generalize this to finitely many yk at once using another case analysis. Note
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that this generalization is necessary to show that the graph of f is ∆0
2 in the strong sense;

otherwise we have only shown that the graph of f is ∆0
2 in the weaker sense. Given finitely

many tuples (0, 〈0, y0〉), (1, 〈1, y1〉), . . . , (k, 〈k, yk〉), for some k < n + 1, if we want to know

whether each of the tuples lies in the graph of f , we can start enumerating the corresponding

sets Fi simultaneously. Then it will either turn out that each yi = si, in which case there is

some stage after which this has been seen for each i < k (because we are working in a model

of RCA0), or else there is at least one yi 6= si. In the latter case, there are two separate

sub-cases: either some yi > si, in which case we never think that (i, 〈i, yi〉) is in the graph of

f , or every yi 6 si but at least one yi < si, in which case we will eventually see that yi 6= si.

This case analysis shows that graph(f) is ∆0
2 in the strong sense, as desired.

Note that if there exists a global bound on F , then there exists an i 6 n such that any

bound for Fi is a global bound for F . Moreover, if there does not exist a global bound on

F , then there cannot be a bound on {sx : x < n+ 1}. It therefore follows that the range of

f must be unbounded in M .

Lemma 4.4.14. There is a Σ0
2 subset I of M (not necessarily an element of S) and a

function g such that the following conditions hold:

1. I ⊆ [0, n+ 1);

2. g : I →M ;

3. g is obtained uniformly from F ;

4. The graph of g is Σ0
2 in M ;

5. For each i ∈ I, g(i) is the code for a sequence 〈mj : j < i〉 such that for all unequal j1

and j2 less than i, mj1 6= mj2;

6. For each i1 < i2 ∈ I, if g(i1) codes 〈mj : j < i2〉 and g(i2) codes 〈nj : j < i2〉, then

for all j < i1, mj = nj;
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7. For each m < n, there is an i ∈ I such that m appears in the sequence coded by g(i).

If there does not exist a global bound on F , then I is in fact a non-principal Σ0
2-cut. If there

exists a global bound on F , then F has a solution as a Bound∗-instance in M , and we have

that I = [0, n]. Therefore in this case g induces a permutation of [0, n].

Proof. Let f be as in Lemma 4.4.13. Note that the set of numbers less than n is a coded

finite set in the sense of M . Then we can think of m as being enumerated into this set at

stage f(m). Since f is injective, during any stage, at most one number is enumerated. Then

at each stage s ∈ M , we can define the sequence of numbers that have been enumerated so

far and order them according to the order in which they were enumerated by f . In essence,

we can reorder the numbers ` and m that are smaller than n so that ` comes before m iff

f(`) < f(m).

Now define g so that g(i) is a code for the sequence 〈mj : j < i〉 such that for each j < i,

mj is the jth number enumerated by f (where we mean being enumerated by f in the sense

explained in the previous paragraph). We can think of g as building a sequence of numbers

that orders the sets in our Bound∗-instance based on their least bounds given by f . More

formally, g(i) = 〈mj : j < i〉 iff there is an s such that

1. {m : (∃y < s)(f(m) = y)} = {m : (∃j < i)(m = mj)}, and

2. for all j1 and j2 less than i, (j1 < j2)↔ (f(mj1) < f(mj2)).

Informally, condition (1) says that at a given stage everything that’s been enumerated so far

by f is accounted for by g, and condition (2) says that g is in the desired order.

We first show that g is well-defined, by showing that the two conditions hold of exactly

one sequence, and that sequence is as specified in the informal definition above. Indeed,

if conditions (1) and (2) hold, then they completely determine the elements of a sequence

where they hold: such a sequence must have length i, and if there were s1 and s2 such

that {m : (∃y < s1)(f(m) = y)} = {m : (∃y < s2)(f(m) = y)}, then one of these sets
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would have to be a superset of the other, a contradiction. Moreover, by (2), any sequence

where these conditions hold is in order. Therefore if the conditions hold, then they can only

hold of one sequence. Furthermore, note that for all j < i, the jth number enumerated

by f is enumerated at some stage sj , and {sj | j < i} is Σ0
1, and therefore bounded,

since we are working in a model of RCA0. If we let t be a bound on this set, then we get

{m : (∃y < t)(f(m) = y)} = {m : (∃j < i)(m = mj)} as desired.

Note that g is obtained uniformly from F by construction. To show that the graph of

g is Σ0
2, we note that by (1), any point in the graph of g is enumerable from the graph of

f , which by the previous lemma is ∆0
2 in the strong sense. Let I = dom g. Since I is the

domain of g, I is Σ0
2 as well.

By the definition of g, for each i ∈ I, there is an s ∈M such that

|{m ∈ M : f(m) < s}| > i. For such an s and any j < i, there is an sj < s such that

{m ∈ M : f(m) < sj} = g(j), so therefore I is an initial segment of M . Moreover, the

map i 7→ mi−1 is an order isomorphism between I\{0} and the range of f , and for each

i ∈ I\{0}, the restriction of this map to {j : 0 < j 6 i} is coded within M . Therefore

ordering I\{0} and the range of f by the ordering of M produces isomorphic order types.

Now suppose that i ∈ M and i > n. If i ∈ I, then g(i) would code a sequence of length

greater than n containing elements less than n, and with no repetitions. This is impossible,

so I must be a subset of [0, n+ 1).

Note that for every m ∈ dom f and every i ∈ I that is sufficiently large, m appears in

the sequence coded by g(i). Then since dom f = [0, n + 1), for each m < n + 1, there is an

i ∈ I such that m appears in the sequence coded by g(i).

Suppose that there does not exist a global bound on F , so by the previous lemma, the

range of f is unbounded in M . Then since I has the same order type as the range of f , I

cannot have a greatest element. Therefore I is a proper nonprincipal cut in M .

On the other hand, suppose that there exists a global bound on F , so F does have a
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solution in M . Then by the previous lemma, the range of f is bounded, meaning there is a

stage at which all elements of f , and hence all elements of g, have been enumerated. Then

I is an initial segment in M , with a last element. Then g has domain I = [0, n], because

otherwise since I ⊆ [0, n+ 1), g would have domain [0, k] for some k < n, contradicting that

for each m < n+ 1, there is an i ∈ I such that m appears in the sequence coded by g(i).

Now as in [61], let g and I be fixed as in the previous lemma and let m∗ := 〈m∗i : i ∈ I〉

be the sequence of length I such that for each i ∈ I, m∗i is equal to the ith element of g(i+1).

In other words, m∗ is the sequence given by the limit of the range of g. That is, m∗ is the

limit of the range of the sequences that order the sets in our Bound∗-instance based on their

least bound. m∗ encodes this ordering into numbers. Note that g(i) is an ordered sequence

of values m∗j , not just a single value m∗j .

Lemma 4.4.15. Suppose that c ∈ M , p = 〈pj : j < c〉 is coded in M , and p is a sequence

of elements of M that are less than n. Then, either c is not an upper bound for I, or there

is an i ∈ I such that pi 6= m∗i .

Proof. Let c and p = 〈pi : i < c〉 be given as above, and suppose that c is an upper bound

for I. Suppose, to the contrary, that for all i ∈ I, m∗i = pi. Then consider J = {j : (∀i <

j)(pi 6= pj)}. For each i ∈ I, the sequence coded by g(i) has no repeated values, so I ⊆ J .

On the other hand, every element of M that is less than n appears in m∗. Therefore, if

j < c and j /∈ I, then there is an i ∈ I such that m∗i = pj . But then pi = pj and so j /∈ J .

This contradiction implies that J = I. But then J is a proper Σ0
0-cut, contradicting that

M |= RCA0.

We can now prove Theorem 4.4.12. We’ll define a collection of intervals [ci, di] for i ∈ I.

If i = 0, then let c0 := 0 and d0 := nn. For i > 0, we define

ci :=
∑
j<i

m∗jn
n−(j+1) (4.10)
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and di := ci + nn−i.

Now since m∗j < n for each j, for each i ∈ I, we have [ci+1, di+1] ⊆ [ci, di]. Let

J := {x : (∃i)(x 6 ci)} (4.11)

and

K := {x : (∃i)(x > di)}. (4.12)

Note that the sequences of ci’s and di’s are each Σ0
2, since g is Σ0

2. Moreover, J and

K are both obtained with one existential quantifier from the ci’s. Therefore, it is not too

difficult to show that J and K are Σ0
2 as well.

Recall our Bound∗-instance F = F0, F1, . . . , Fn. Suppose that Player 1 plays F as their

first move in the game GRCA0(Bound∗ → F∆0
2). We claim that J is a valid move for Player

2 to play as their first move in response. To prove this claim, we must show that J is indeed

an F∆0
2-instance. Note first that J has nonempty complement because each m∗i is smaller

than n, so we can crudely bound each ci by nn+1. Therefore J is bounded by nn+1. To

show that J is indeed a ∆0
2 set, we will argue in cases.

First, suppose that there exists an i 6 n such that any bound for Fi is a global bound for

F . Then in particular, F has a solution in M , so by Lemma 4.4.14, I = [0, n]. Therefore g

has domain [0, n+ 1), so cn + 1 = dn. Then in this case J and K are complements, so since

J is Σ0
2 as explained above, J is in fact ∆0

2. In fact, J is a finite initial segment, with largest

element, cn. Note that the ci’s encode
∑
j<im

∗
j , and J is the downward closure of the ci’s,

so from cn, we can tell which j is such that m∗j is largest: it is the last element of cn. But

then we know which j is such that Fj has the largest least upper bound, which must be a

global upper bound on the Bound∗-instance F by construction.

Now suppose that there is no i 6 n such that any bound for Fi is a global bound for F .

Then by Lemma 4.4.14, I is a non-principal Σ0
2 cut. Note that J is closed downward in M ,
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and K is closed upward. By construction, for every x ∈ J and y ∈ K, y > x. Now suppose

that p is an element of M that is neither an element of J nor one of K. Since J is closed

downward, for every x ∈ J , p > x, and likewise since K is closed upward, for every y ∈ K,

we must have p < y. Then in base-n, letting pi be the coefficient of the nn−i−1 term in this

representation, for every i ∈ I we have

∑
j<i

m∗jn
n−(j+1) < p =

∑
j<i

pjn
n−(j+1) <

∑
j<i

m∗jn
n−(j+1) + nn−i. (4.13)

Then for each i ∈ I, pi = m∗i , and by ∆0
1-induction, it follows that 〈nj : j < n〉 is coded by

an element of M . This contradicts Lemma 4.4.15. Therefore we must have J∪K = M . Note

that J is Σ0
2 as explained above. Then J is a Σ0

2 cut and the Σ0
2 set K is its complement in

M .

Therefore in both cases, the reduction goes through. Note that the nonuniformity only

comes in showing that J is an F∆0
2-instance, and this need not be uniform. However, in

both cases, the presentation of J as a ∆0
2 set is the same, since we have shown that in both

cases J is a Σ0
2 set with Σ0

2 complement K. Note that the two notions of a ∆0
2 set actually

coincide in the case of J , because J is downward closed.

Now in order to complete the reduction, we must obtain an actual bound that is a solution

to the Bound∗-instance; it’s not enough just to know that a bound on one of the sets Fi is

sufficient. For this, we apply Bound to Fi, where i is the index such that any bound for Fi is a

global bound for F . We can do this because we know that Bound 6RCA0
W FΣ0

1 6
RCA0
W F∆0

2 by

Proposition 4.3.12. Therefore we have a generalized Weihrauch reduction Bound∗ 6RCA0,2
gW

F∆0
2 as desired.

Note that we could substitute our first application of F∆0
2 with an application of L∆0

2, by

using the least element of K instead of the largest element of J to determine the index j ∈ I

111



such that m∗j is largest. With this substitution, we could more precisely get the reduction

Bound∗ 6RCA0
W Bound ? L∆0

2.

From Proposition 3.7.3, we have that stBound∗ 6RCA0,2
gW Bound∗. The below corollary

then follows.

Corollary 4.4.16. stBound∗ 6RCA0,4
gW F∆0

2.

So we have shown that Slaman’s results from [61] hold up in our setting, with some

limitations. In particular, the proof of Lemma 4.4.13 and the use of ∆0
1-induction in the

application of Lemma 4.4.15 prevent our argument from going through in RCA∗0. While

studying these results in the realm of Weihrauch reduction over RCA0 and RCA∗0 was our

initial motivation, in getting here we have come across a series of principles, which must be

interrelated in some way. For the rest of this chapter, we will continue to delineate these

relationships.

4.5 Proof-theoretic non-reductions

In this section, we will use proof theory to our advantage to obtain a series of non-reductions

between the principles we have been considering. We will make use of several proof theoretic

facts about RCA0 and RCA∗0, most of which are well known and can be seen in more detail

in [33] and [30].

Remark 4.5.1. Note that every instance of FΣ0
1 has a solution in RCA0, by definition.

However, as Bound∗ and stBound∗ are versions of Σ0
2-bounding, not every instance of ei-

ther of these principles has a solution in RCA0. Therefore stBound∗ 66RCA0
gW FΣ0

1 and

Bound∗ 66RCA0
gW FΣ0

1. On the other hand, there is a model of RCA0 that is not a model of

B∆0
2CA, since this can be shown over RCA0 to require BΣ0

2. Therefore B∆0
2CA 66RCA0

gW FΣ0
1

as well.
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Similarly, FΣ0
1 66

RCA∗0
gW CN because CN is true in every model of RCA∗0 (or equivalently,

FΣ0
1 66

RCA∗0
gW Bound), while FΣ0

1 is not true in RCA∗0, precisely because in RCA∗0 Σ0
1-induction

is weakened to Σ0
0-induction. For the same reason, FΠ0

1 66
RCA∗0
gW CN. We also get that

FΠ0
1 66

RCA∗0
gW Bound. It follows that KN is also true in every model of RCA∗0, and that F∆0

2

is not true in every model of RCA∗0. By the result in [61], we also have that F∆0
2 is not true

in every model of RCA0. Similarly, we get that L∆0
2 is not true in every model of RCA0

either. On the other hand, we know that RT1
2 holds in every model of RCA0.

Putting all of this together, we get the following corollaries.

Corollary 4.5.2. In terms of generalized Weihrauch reducibility over RCA0, letting X =

{Bound∗, stBound∗, C∗N, F∆0
2, L∆0

2, B∆0
2CA} and Y = {FΣ0

1, FΠ0
1, Bound, CN, KN, K∆0

2,

RT1
2}, for all P ∈ X and Q ∈ Y , we have P 66RCA0

gW Q.

Corollary 4.5.3. We also have the following weaker results, which hold only in terms of

generalized Weihrauch reducibility over RCA∗0:

1. FΣ0
1 66

RCA∗0
gW Bound;

2. FΣ0
1 66

RCA∗0
gW CN;

3. FΣ0
1 66

RCA∗0
gW KN;

4. FΣ0
1 66

RCA∗0
gW K∆0

2;

5. FΣ0
1 66

RCA∗0
gW RT1

2;

6. FΠ0
1 66

RCA∗0
gW Bound;

7. FΠ0
1 66

RCA∗0
gW CN;

8. FΠ0
1 66

RCA∗0
gW KN;

9. FΠ0
1 66

RCA∗0
gW K∆0

2;
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10. FΠ0
1 66

RCA∗0
gW RT1

2.

This serves as our initial pass for obtaining non-reductions among the principles we

have been considering in some sort of uniform way. In the next section, we expand our

knowledge of non-reductions with the help of a metatheorem that gives a sufficient condition

to obtain Q 66ngW P for any fixed n ∈ ω, and hence by Theorem 3.3.1, that Q 66RCA0
gW P and

Q 66RCA∗0
gW P as well.

4.6 Metatheorem and related results

To motivate our metatheorem, we look at regularity (see [30] for the formal proof-theoretic

definition of regularity).

Definition 4.6.1. The regularity principle RΣ0
1 is the Π1

2 principle where an instance is a

Σ0
1 set A and a u such that (∀w)(∃x > w)(∃y 6 u)((x, y) ∈ A) and a solution is a y such

that (y 6 u) ∧ (∀w)(∃x > w)((x, y) ∈ A).

As with previous principles, we can define RΣ0
n for n > 1 as the natural extension of

RΣ0
1 to Σ0

n sets. However, this is beyond the scope of this dissertation. Note that for any

RΣ0
1-instance A, where A is the enumeration of a set of pairs (x, n), if for each such pair we

instead enumerate (s, n), where s is the stage that (x, n) is enumerated into A, we obtain a

computable instance of RΣ0
1 with the same solutions as our original instance. However, this

is not the case in RCA∗0.

We present two more versions of the regularity principle because in thinking about what

regularity should look like as a Π1
2 problem, it is first of all unclear whether the parameter

u should be taken as known or not. Moreover, we will later see that RΣ0
1 is equivalent to

RT1
<∞. However, the natural strong version of regularity for Σ0

1 sets, which we call stRΣ0
1

and define in the same way as RΣ0
1 but with the parameter u not given, is not equivalent to
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stRT1
<∞. To obtain equivalence with stRT1

<∞ we need an additional constraint on our Σ0
1

set, yielding in general the third middle version medRΣ0
1 of regularity.

Definition 4.6.2. The medium regularity principle medRΣ0
1 is the Π1

2 principle where an

instance is a Σ0
1 set A for which there is a u such that (∀w)(∃x > w)(∃y 6 u)((x, y) ∈ A), and

for all y > u, (x, y) is never enumerated, and a solution is a y such that (y 6 u)∧ (∀w)(∃x >

w)((x, y) ∈ A).

Definition 4.6.3. The strong regularity principle stRΣ0
1 is the Π1

2 principle where an in-

stance is a Σ0
1 set A for which there is a u such that (∀w)(∃x > w)(∃y)((x, y) ∈ A) and a

solution is a y such that (y 6 u) ∧ (∀w)(∃x > w)((x, y) ∈ A).

While there is a natural way to extend the weakest regularity principle RΣ0
1 from Σ0

1

sets to Σ0
n sets, and the same is true for the strong regularity principle stRΣ0

1, it is not

immediately clear how to do so for the medium regularity principle medRΣ0
1.

Proposition 4.6.4. medRΣ0
1 ≡

RCA∗0
W stRT1

<∞.

Proof. We work in a model of RCA∗0 for both directions.

For medRΣ0
1 6

RCA∗0
W stRT1

<∞, let A be a Σ0
1 set such that (∀w)(∃x > w)(∃y 6 u)((x, y) ∈

A), for some u ∈ ω which is not given. By the definition of a medRΣ0
1-instance, we may

assume u is chosen so that for all y > u, (x, y) is never enumerated. Construct a coloring c in

stages s ∈ ω as follows. Let n = 1. Enumerate the nth element (x, y) of A, and search for an

s > 0 with x > s, if such an s exists. Then let c(s) = y if applicable, and in any case increase

n by 1 and repeat the procedure. Since we have a medRΣ0
1-instance, we will enumerate pairs

(x, y) for infinitely many x, so it follows that c will be an instance of Ramsey’s Theorem for

singletons, but since we don’t know u, we don’t know the range of c, so we will in particular

get an instance of stRT1
<∞. Let y be such that {s | c(s) = y} is an infinite homogeneous set

for c. Then (∀w)(∃x > w)((x, y) ∈ A), and we must have y 6 u since no (x, y) with y > u

is ever enumerated. Therefore y is a solution to A as an medRΣ0
1-instance as desired.
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For stRT1
<∞ 6

RCA∗0
W medRΣ0

1, note that if we think of a coloring c as a set of tuples

A = {〈x, y〉 | c(x) = y}, then A is a medRΣ0
1-instance because for each x ∈ ω, there is at

most one y such that (x, y) ∈ A, so in particular, there is a u such that for all y > u, (x, y)

is never enumerated. Furthermore, given a solution y to A, we get that {x | c(x) = y} is an

infinite homogeneous set for c.

Proposition 4.6.5. RΣ0
1 ≡

RCA∗0
W RT1

<∞.

Proof. We work in a model of RCA∗0 for both directions. We proceed similarly to the previous

proof, with some minor modifications.

For RΣ0
1 6

RCA∗0
W RT1

<∞, let A be a Σ0
1 set and u be a natural number such that

(∀w)(∃x > w)(∃y 6 u)((x, y) ∈ A). We may assume that A is enumerated without rep-

etitions. Construct a coloring c in stages s ∈ ω as follows. Let n = 1. Enumerate the nth

element (x, y) of A, and if y 6 u, search for an s > 0 with x > s, if such an s exists. Then let

c(s) = y if applicable, and in any case increase n by 1 and repeat the procedure. Since we

have a RΣ0
1-instance, we will enumerate pairs (x, y) for infinitely many x, so it follows that

c will be an instance of RT1
<∞. Let y be such that {s | c(s) = y} is an infinite homogeneous

set for c. Then (∀w)(∃x > w)((x, y) ∈ A), and by construction y 6 u. Therefore y is a

solution to A as an RΣ0
1-instance as desired.

For RT1
<∞ 6

RCA∗0
W RΣ0

1, note that if we think of a k-coloring c as a set of tuples A =

{〈x, y〉 | c(x) = y}, then A together with the number k comprise an RΣ0
1-instance, and given

a solution y to A, we get that {x | c(x) = y} is an infinite homogeneous set for c.

Remark 4.6.6. Recall that Hirst showed in [38] that RT1
<∞ is equivalent to BΣ0

2 over RCA0.

It follows that RT1
<∞, and hence RΣ0

1, is not true in every model of RCA0. Therefore there

also exist models of RCA0 where the stronger versions medRΣ0
1 and stRΣ0

1 also do not hold.

We then get the following follow-up to Corollary 4.5.2.

Corollary 4.6.7. Let X = {RΣ0
1, medRΣ0

1, stRΣ0
1} and let Y = {FΣ0

1, FΠ0
1, Bound, CN,

KN, K∆0
2, RT1

2}. Then for all P ∈ X and Q ∈ Y , we have P 66RCA0
gW Q.
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Clearly, RΣ0
1 6

RCA∗0
W stRΣ0

1. But suppose we are trying to show that stRΣ0
1 66

RCA0
W RΣ0

1.

Intuitively, it seems like this should be true, since the parameter u is not given with a stRΣ0
1-

instance, but the corresponding parameter (we’ll call it u′, to avoid confusion) must be given

in order to have a RΣ0
1-instance. Let’s construct a Σ0

1 set A such that the enumeration of

A constitutes an stRΣ0
1-instance, so (∀w)(∃x > w)(∃y 6 u′)((x, y) ∈ A) for some v. Let our

supposed reduction be given by Turing functionals Φ and Ψ.

Start enumerating all pairs in the order (0, 0), (1, 0), (2, 0), and so forth into A until ΦA

gives us a value for u. Then for each z 6 u, wait until ΨA⊕z converges to some value yz.

Then we ensure that yz is not a solution to A as an stRΣ0
1-instance by putting (x, yz) ∈ A

for sufficiently large x, and putting all other pairs (x, y) ∈ A. By construction, A is a stRΣ0
1-

instance. Let z 6 u be a solution to ΦA as an RΣ0
1-instance. Then yz must eventually be

found. Now ΨA⊕z ↓= yz, but (x, yz) ∈ A for sufficiently large x, so yz is not a solution to

A as an stRΣ0
1 instance, giving the desired contradiction.

Note that in this argument, we are not using any properties specific to stRΣ0
1 and RΣ0

1.

Rather, we are exploiting the fact that each RΣ0
1-instance has a fixed numerical parameter

u that bounds one of (in fact, all of) its solutions. This, combined with the fact that given

u numbers, we can build a stRΣ0
1-instance, consistent with the initial segment of a stRΣ0

1-

instance that we started with, that avoids each of these u numbers, is what gives us the

non-reduction. This method can be generalized to the generalized Weihrauch case.

We make this generalization precise in the following metatheorem.

Theorem 4.6.8. Suppose we have Π1
2 principles P and Q, where P and Q are first-order, and

Q has computable instances. Suppose that for any P-instance X, there exists a computable

procedure for computing a number k from X such that X has a solution between 0 and k.

Suppose additionally that there exists a non-empty, infinite set S of strings such that S is

a tree, and for each σ ∈ S and for any finite k and any n0, n1, . . . , nk ∈ ω, there is a path

extending σ that is a Q-instance Y for which n0, n1, . . . , nk are not solutions and such that

117



Y is a path on S. Then Q 66ngW P for any fixed n ∈ ω. In particular, Q 66W P.

Moreover, by Theorem 3.3.1, for such problems P and Q, we get Q 66RCA0
gW P and

Q 66RCA∗0
gW P as well.

Note that it need not be the case that every path through S is a Q-instance. In fact,

in many cases, S can just be taken to be the set of initial segments of instances of Q.

Furthermore, we include as a hypothesis that Q must have computable instances to ensure

that we don’t wind up in a case where the game could be winnable in 6 n + 1 moves but

not in exactly n+ 1 moves.

Proof. Suppose for a contradiction that Q 6ngW P for some fixed n ∈ ω via a computable

strategy for Player 2 where Player 2 wins in at most n + 1 moves. As mentioned above, by

the hypothesis that Q must have computable instances we may assume that Player 2 wins in

exactly n+1 moves. Suppose further that Θ is a Turing functional that allows us to compute

the parameter k from the corresponding P-instance. We will construct a winning strategy

for Player 1, that is, a Q-instance for them to play initially. We envision the possible plays

of the game as a tree with n + 1 levels. Since strings are partial P-instances, we can look

at Θσ for strings σ. Θσ may or may not converge, but for our purposes, we can ignore the

strings on which Θ does not converge (since our procedure need not be computable).

Start defining initial segments of Q-instances. Let X, x1, . . . , xn represent Player 1’s

moves, where X is a Q-instance and x1, . . . , xn are solutions to the P-instances X1, . . . , Xn

played by Player 2. For σ a string and 1 6 i 6 n − 1, let Φi be the Turing functional

such that Φ
σ⊕x1⊕...⊕xi−1
i is an initial segment of Player 2’s ith move in response to σ and

x1, . . . , xi−1. We are given the Φi’s by the assumption that Q 6ngW P. We are also given

a functional Ψ such that if Player 1 initially plays the Q-instance X, and if x1, . . . , xn are

indeed valid moves for Player 1 to play, then ΨX⊕x1⊕...⊕xn converges and is a solution to

X.

We then form our tree. First, let S be as in the theorem statement and let σ ∈ S be such
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that ΘΦσ1 converges to some value k∅. This convergence is guaranteed because there exists a

Q-instance Y of which every initial segment lies in S, so there is some σ ∈ S that is a valid

initial segment of a first move for Player 1, and is such that Φσ1 converges to a valid initial

segment of a first move in response to σ for Player 2. Moreover, we can choose σ to be a

long enough initial segment so that ΘΦσ1 converges as well. We denote the value it converges

to by k∅ in reference to the position of the parent node, which is simply the root of the tree.

Then we let the first level of nodes of our tree consist, in order from left to right, of nodes

labelled 0, 1, 2, . . . , k∅.

Let σ∅ = σ. For each i with 0 6 i 6 k∅, look for an initial segment σi ∈ S extending

σi−1 (where by σ−1 we mean σ∅) such that ΘΦ
σi⊕i
2 converges. If there is such an initial

segment σi in S, then the node on the second level of the tree labelled i will have children

corresponding to nodes labelled 0, 1, 2, . . . ki, where ki = ΘΦ
σi⊕i
2 . Otherwise, let σi = σi−1

and we give the corresponding node one child labelled 0 and define the corresponding ki = 0.

To build the third level of the tree, for each i with 0 6 i 6 k∅ and each j with 0 6 j 6 ki,

look for an initial segment σij ∈ S extending σi(j−1) (or extending σ(i−1)ki−1 if i > 1 and

j = 0, and extending σk∅ if i = 0 and j = 0) such that ΘΦ
σij⊕i⊕j
3 converges. If there is such

an initial segment σij in S, then the node on the third level of the tree labelled j will have

children corresponding to nodes labelled 0, 1, 2, . . . , kij , where kij = ΘΦ
σij⊕i⊕j
3 . Otherwise,

let σij = σi(j−1) if j > 1, let σij = σ(i−1)ki−1 if i > 1 and j = 0, and let σij = σk∅ if i = 0

and j = 0. In each of these cases we give the corresponding node one child labelled 0 and

define the corresponding k value to be kij = 0.

In general, to build the mth level of the tree, where m 6 n, we order the strings α with

|α| = m − 1 lexicographically as α0, α1, . . . , α`. We look for an initial segment σαi∧j ∈ S,

for 0 6 i 6 ` and 0 6 j 6 kαi , extending the string σαi∧j−1 (or, if i > 1 and j = 0,

extending the string σαi−1∧kαi−1
, or if i = 0 and j = 0, extending the last string on the

previous level of the tree), such that ΘΦ
σαi⊕αi[0]⊕αi[1]⊕...⊕αi[m−2]⊕j
m+1 converges. If there is such
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an initial segment σαi∧j in S, then the node on the (m+ 1)st level of the tree labelled j will

have the children 0, 1, 2, . . . , kαi∧j where kαi∧j = ΘΦ
σαi⊕αi[0]⊕αi[1]⊕...⊕αi[m−2]⊕j
m+1 . Otherwise,

we let σαi∧j = σαi−1∧j if i > 1, σαi∧j = σαi−1∧kαi−1
if i > 1 and j = 0, or let σαi∧j equal

the last string on the previous level of the tree if i = 0 and j = 0, and in all of these cases

we give the corresponding node one child labelled 0 and define the corresponding k value to

be 0.

For the last step, we order the strings β with |β| = n−1 lexicographically as β0, β1, . . . , βp.

We look for an initial segment σβi∧j ∈ S, for 0 6 i 6 p and 0 6 j 6 kβi , extending the string

σβi∧j−1 (or, if i > 1 and j = 0, extending the string σβi−1∧kβi−1
, or if i = 0 and j = 0, extend-

ing the last string on the previous level of the tree), such that Ψσβi⊕βi[0]⊕βi[1]⊕...⊕βi[n−2]⊕j

converges. If there is such an initial segment βαi∧j in S, then the node on the (n+ 1)st level

of the tree labelled j will have the children corresponding to nodes labelled 0, 1, 2, . . . , yβi∧j

where yβi∧j = Ψσβi⊕βi[0]⊕βi[1]⊕...⊕βi[n−2]⊕j . Otherwise, we let σβi∧j = σβi−1∧j if i > 1,

σβi∧j = σβi−1∧kβi−1
if i => 1 and j = 0, or let σβi∧j equal the last string on the previous

level of the tree if i = 0 and j = 0, and in all of these cases we define the corresponding y

value to be 0.

Consider all of the y values that we have defined: call them y0, y1, . . . , yq. There are

finitely many of them. Therefore by hypothesis, there is a path extending σβp∧kβp that is a

Q-instance Y for which y0, y1, . . . , yq are not solutions, and such that every initial segment

of Y lies in S. Note that by construction, every defined string σγ corresponding to a node

in the tree is extended by σβp∧kβp .

Definition 4.6.9. We say that we get stuck in building the branch corresponding to the

string α at the mth level of the tree if the node labelled α[m − 1] has one child labelled 0,

and no other children.

Lemma 4.6.10. If Player 1 plays legally throughout the game starting with the initial move

Y , it is not possible to get stuck (on the branch corresponding to the length m initial segment
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of Y ) at any level in building this tree.

Proof. The main idea of the proof of this lemma is that if we got stuck building this tree on

the branch corresponding to the length m initial segment of Y , then this would correspond

to a set of moves for Player 2 and responses from Player 1 that would cause Player 2 to not

be able to move at some point before the end of the game, contradicting the definitions of

the Φi and Ψ.

Suppose, for a contradiction, that Player 1 plays legally throughout the game with the

initial move Y yet we get stuck, for the first time, when building the mth level of the tree for

some m < n− 1. Note that the labels of the nodes on the mth level of the tree are bounded

locally by some value kγ . When we say that Player 1 plays legally throughout the game,

this means that Player 1 must play a value that is smaller than the corresponding kγ-value,

and is actually a solution to the P-instance played by Player 2 on their most recent move.

Since we get stuck at building the mth level of the tree, ΘΦ
Y⊕Y [0]⊕Y [1]⊕...⊕Y [m−1]
m+1 must not

have converged. Recall that Φ
Y⊕Y [0]⊕Y [1]⊕...⊕Y [m−1]
m+1 denotes Player 2’s (m+ 1)st move in

response to Y . Note that this should converge provided that Y is a valid Q-instance. By

hypothesis, Player 1 has played legally. Therefore Φ
Y⊕Y [0]⊕Y [1]⊕...⊕Y [m−1]
m+1 converges to a

partial P-instance. Then the error must be in the convergence of Θ. But by choice of Y ,

this is impossible, giving us the desired contradiction.

So then Player 1 must reach the last level of the tree in its moves, traversing a path

of nodes whose labels, when concatenated, form some string γ. Since Player 1 reaches the

bottom level of the tree, we must have that yγ is defined, so yγ must be a solution to Y as

a Q-instance. But by the definition of Y , this cannot be.

From our metatheorem, we can deduce the following.

Corollary 4.6.11. Let X = {FΣ0
1, medRΣ0

1, stRΣ0
1, Bound, Bound∗, stBound∗, CN, C∗N,
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F∆0
2, L∆0

2} and let Y = {RΣ0
1, B∆0

2CA, KN, K∆0
2, FΠ0

1}. Then for any Q ∈ X and any

P ∈ Y , by Theorem 4.6.8 we have Q 66ngW P for any fixed n ∈ ω, so in particular Q 66W P,

and also Q 66RCA0
gW P (which implies that Q 66RCA∗0

gW P).

In fact, we can take RTnk for any n and k, any bounded comprehension axiom, and any

compact choice principle to be part of the set Y , since for all principles of these forms, the

parameter k is part of the instance.

Proof. First, note that for all Q ∈ X and for all P ∈ Y , Q and P are first-order Π1
2 principles

or can be encoded as such. Furthermore, for all Q ∈ X, Q has computable instances.

For P = RΣ0
1, note that for any RΣ0

1-instance A, we are given a u such that (∀w)(∃x >

w)(∃y 6 u)((x, y) ∈ A). Since a solution to A is a y such that (y 6 u) ∧ (∀w)(∃x >

w)((x, y) ∈ A), clearly u works as the parameter k specified in the statement of Theorem

4.6.8.

For P = B∆0
2CA, for any B∆0

2CA-instance given by an approximation to a set X with

bound b, a solution to X is {x ∈ X | x < b}. As in the previous case, we can encode

{x ∈ X | x < b} as an integer i ∈ ω, and we can choose a system of encoding that

guarantees that we have i 6 2b. Then we can take 2b to be the parameter k specified in the

statement of Theorem 4.6.8.

For P = KN, since a KN-instance is some b ∈ ω together with an enumeration of some

numbers x < b, and a solution is any x ∈ ω with x < b that is not enumerated, we can take

b to be our parameter k.

For P = K∆0
2, since a KN-instance is some b ∈ ω together with an approximation to a

∆0
2 set below b, and a solution is any x ∈ ω with x < b that is not in the ∆0

2 set, we can take

b to be our parameter k.

For P = FΠ0
1, note that for any FΠ0

1-instance A, we can computably obtain some k ∈ A,

as A is by definition a nonempty Σ0
1 set. By the definition of FΠ0

1, A must have a solution

between 0 and k.
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For P = RT1
2, we can take k = 2, since RT1

2-instances are 2-colorings, and then by

definition we will always have a solution between 0 and 2.

Now for each Q ∈ X, we can take S to be the set of all initial segments of Q-instances,

and S is clearly a tree. Of course, what an initial segment of a Q-instance is depends on our

encoding, so without loss of generality, we assume that our encodings are such that in all of

the below cases, any string can be an initial segment of a Q-instance. This is not generally

true but can be done in all of the cases discussed here. We will show below for each Q ∈ Y

that for any σ ∈ S, any finite k, and any n0, n1, . . . , nk ∈ ω, there is a path extending σ

that is a Q-instance B for which n0, n1, . . . , nk are not solutions, and trivially, every initial

segment of B lies in S.

For Q = FΣ0
1, it is easy to see how to construct B: simply enumerate elements extending

σ so that for each i with 0 6 i 6 k, ni is enumerated into B.

For Q = medRΣ0
1, we can first enumerate the elements specified by σ into B, and then for

each i with 0 6 i 6 k and all sufficiently large x, keep (x, ni) in B, thereby ensuring that no

ni is a solution to B as an medRΣ0
1-instance. Now let m = max{n1 + 1, n2 + 1, . . . , nk + 1}.

Then finally, we enumerate all pairs of the form (j,m), for j ∈ ω, into B. This maintains

that none of the ni are solutions to B, while ensuring that B is a medRΣ0
1-instance.

For Q = stRΣ0
1, we can first enumerate the elements specified by σ into B, and then for

each i with 0 6 i 6 k and all sufficiently large x, keep (x, ni) in B, thereby ensuring that

no ni is a solution to B as an stRΣ0
1-instance. Finally, we enumerate all other pairs into B.

Then such a B is clearly a stRΣ0
1-instance.

For Q = Bound, we let B be an extension of σ obtained by the following procedure: for

each i with 0 6 i 6 k, enumerate ni + 1 into B.

For Q = Bound∗, to construct our Bound∗-instanceB = (B1, . . . , Bm), let σ = (σ1, . . . , σm)

and we let Bi be an extension of σi obtained by the following procedure: for each j with

0 6 j 6 k, enumerate nj + 1 into Bi for each i.
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For Q = stBound∗, to construct our stBound∗-instance B, which by the definition of

stBound∗ is an enumeration of a set X such that {n : ∃k(n, k) ∈ X} is bounded, and for

each n, so is the set {k : (n, k) ∈ X}, we let B be an extension of σ obtained by the following

procedure: for each j with 0 6 j 6 k, enumerate (nj + 1, nj + 1) into X. Then it is clear

that {n : ∃k(n, k) ∈ X} is bounded, and so is {k : (n, k) ∈ X}, but we must have that

{k : ∃n(n, k) ∈ X} contains nj + 1 for each j, so therefore no nj is a solution to B as a

stBound∗-instance.

For Q = CN, we let B be an extension of σ obtained by the following procedure: for each

i with 0 6 i 6 k, enumerate ni into B.

Note that if Q is a principle involving ∆0
2 sets, since we are showing a non-reduction, it’s

enough to show that the non-reduction holds for the strong notion of a ∆0
2 set.

For Q = F∆0
2, we can approximate B by a set C = {〈x, s〉 | x is in B at stage s}. We

can enumerate elements extending σ into C, and for each i with 0 6 i 6 k, enumerate 〈ni, s〉

into C for all s.

For Q = L∆0
2, we can we can approximate B by a set C = {〈x, s〉 | x is in B at stage s},

and for each i with 0 6 i 6 k, enumerate 〈ni + 1, s〉 into C for all s.

While this corollary gives us a lot of non-reductions, it does not cover every situation. For

instance, consider the relationship between stRΣ0
1 and medRΣ0

1, which are both principles

that lie in the set X from the corollary. We have:

Proposition 4.6.12. stRΣ0
1 66W medRΣ0

1.

Proof sketch. We will construct a Σ0
1 set A such that the enumeration of A constitutes an

stRΣ0
1-instance, so (∀w)(∃x > w)(∃y 6 v)((x, y) ∈ A) for some v. Suppose for a contradic-

tion that there is such a reduction, given by Turing functionals Φ and Ψ.

Start enumerating all pairs of the form (0, 0), (1, 0), (2, 0), and so forth into A. We want

to determine a u such that (∀w)(∃x > w)(∃y 6 u)((x, y) ∈ ΦA) and for all y > u, (x, y) is
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never enumerated into ΦA, so that ΦA is a medRΣ0
1-instance. First, we guess that u = 0.

As we enumerate pairs into A, we look at ΦA. We stick with our guess that u = 0 until we

see some pair (i1, j1) ∈ ΦA with j1 > 0. Then we guess that u = j1. We stick with our guess

that u = j1 until we see some pair (i2, j2) ∈ ΦA with j2 > j1. We continue in this fashion;

we keep looking for an initial segment σ of a stRΣ0
1-instance extending what we have already

constructed, such that Φσ forces us to increase our guess for u. If we ever fail to find such

a σ, we can essentially apply the proof of Theorem 4.6.8 in this special case and conclude

as desired. Otherwise, we can always find such a σ, that is, we can always add elements to

A that force some element (x, y) into ΦA with y > u, forcing us to continually increase our

guess for u. Then in particular, if we add (n, 0) to A for the smallest n such that (n, 0) /∈ A,

we get that A is an instance of stRΣ0
1. However, ΦA violates the definition of an instance of

medRΣ0
1, a contradiction.

We included the previous proof sketch for clarity, but note that the statement of that

proposition is in fact covered by the following one.

Proposition 4.6.13. stRΣ0
1 66

n
gW medRΣ0

1 for any fixed n ∈ ω. Therefore by Theorem

3.3.1, we get stRΣ0
1 66

RCA0
gW medRΣ0

1 and stRΣ0
1 66

RCA∗0
gW medRΣ0

1 as well.

Proof. Suppose for a contradiction that stRΣ0
1 6

n
gW medRΣ0

1 for some fixed n ∈ ω via a

computable strategy for Player 2 where Player 2 wins in at most n+1 moves. As in previous

proofs, we can assume that Player 2 wins in exactly n + 1 moves. We will construct a

winning strategy for Player 1, meaning a stRΣ0
1-instance for them to play initially, via a

forcing argument. We envision the possible plays of the game as a tree with n levels.

For (σ, τ) a pair of strings of natural numbers where σ and τ have the same length, and

1 6 i 6 n − 1, let Φi be the Turing functional such that Φ
(σ,τ)⊕y1⊕...⊕yi−1
i is an initial

segment of Player 2’s ith move in response to (σ, τ) and y1, . . . , yi−1. We are given the Φi’s

by the assumption that stRΣ0
1 6

n
gW medRΣ0

1. We are also given a functional Ψ such that
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if Player 1 initially plays the stRΣ0
1-instance Y , and if y1, . . . , yn are indeed valid moves for

Player 2 to play, then ΨY⊕y1⊕...⊕yn converges and is a solution to Y .

For each finite string α with length at most n, we have a parameter kα, which may or

may not be defined. To start, we leave all of the parameters kα undefined.

For each pair of strings (σ, τ) where σ and τ have the same length, we define the tree

with root (σ, τ). The root node of the tree is labelled (σ, τ). To determine the first level

of the tree, we look at the initial segment of a medRΣ0
1-instance given by Φ

(σ,τ)
1 . Look at

the maximum of the range of Φ
(σ,τ)
1 (i.e. the least upper bound). Suppose it is possible to

extend (σ, τ) to some (σ′, τ ′) such that the maximum of the range of Φ
(σ′,τ ′)
1 is larger than

the maximum of the range of Φ
(σ,τ)
1 . Then we leave the value of k1 undefined, and we do

not add any nodes to the tree. If this is not possible, then we define k1 to be the maximum

of the range of Φ
(σ,τ)
1 . We then add k1 + 1 children labelled 0, 1, . . . , k1 to the root node.

In the case where it is possible to extend (σ, τ) to some (σ′, τ ′) such that the maximum

of the range of Φ
(σ′,τ ′)
1 is larger than the maximum of the range of Φ

(σ,τ)
1 , our tree is done;

it consists solely of the root node. But in the latter case, we continue building the tree. For

each j with 0 6 j 6 k1, we look at Φ
(σ,τ)⊕j
2 , each of which is a new initial segment of a

medRΣ0
1-instance. For each j, we suppose it is possible to extend (σ, τ) to some (σ′, τ ′) such

that the maximum of the range of Φ
(σ′,τ ′)⊕j
2 is larger than the maximum of the range of

Φ
(σ,τ)⊕j
2 , and if this is indeed the case, then we leave the corresponding value k2,j undefined,

and we do not add any children to the node labelled j. However, in the case where this is not

possible, we define the corresponding value k2,j to be the maximum of the range of Φ
(σ,τ)⊕j
2

and add k2,j + 1 children to the node labelled j. We label these children 0, 1, . . . , k2,j .

We continue in this manner until we are either in a case where we are done adding

children to any node before the nth level, or until we reach the nth level. At the nth level

of the tree, we consider the paths α of length n − 1 consisting of labels of nodes from the

root to each node at the nth level, not including the label (σ, τ) on the root. Then for
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each of these nodes, we look at Ψ(σ,τ)⊕α[0]⊕α[1]⊕...⊕α[n−2]. This gives us some solution to

a stRΣ0
1-instance extended by (σ, τ). Our goal is to avoid this proposed solution, provided

that Ψ(σ,τ)⊕α[0]⊕α[1]⊕...⊕α[n−2] converges. Suppose that we have ` of these solutions to be

avoided, call them a0, . . . , a`−1.

Now naturally, if (σ′, τ ′) extends (σ, τ), we want the tree with root (σ, τ) to be a subset

of the tree with root (σ′, τ ′). We will accomplish this through two means: first in how we

define extension, which we will discuss further on, and second in how we define the tree with

root (σ, τ). To this end, once we find our a0, . . . , a` values, if they exist, we go back through

the tree we have built, starting with the root, and now we stipulate that in order to define

kα, the maximum of the range of Φ
(σ,τ)⊕α[0]⊕α[1]⊕...⊕α[i−2]
i must capture the maximum of

the range of Φ
(σ′,τ ′)⊕α[0]⊕α[1]⊕...⊕α[i−2]
i for all (σ′, τ ′) extending (σ, τ), for whichever level

i of the tree we are looking at, such that (σ′, τ ′) avoids the solutions a0, . . . , a`−1, meaning

that the part of (σ′, τ ′) that is different from (σ, τ) does not contain instances of the solutions

a0, . . . , a`−1 (it is okay if (σ, τ) contains instances of these solutions, since we don’t need to

avoid them entirely; we just want to prevent them from occurring infinitely often). Note

that this is a more restrictive condition than we had in the first iteration of building the

tree, so all this can change is that some undefined leaves may become defined and lead to

new paths, that possibly reach the nth level, thereby potentially yielding more forbidden

solutions. If so, we take these new forbidden solutions and add them to the list a0, . . . , a`−1,

and call these new solutions a`, . . . , am.

Then we go back through the tree and stipulate that in order to define kα, the maxi-

mum of the range of Φ
(σ,τ)⊕α[0]⊕α[1]⊕...⊕α[i−2]
i must capture the maximum of the range of

Φ
(σ′,τ ′)⊕α[0]⊕α[1]⊕...⊕α[i−2]
i for all (σ′, τ ′) extending (σ, τ), for whichever level i of the tree

we are looking at, such that (σ′, τ ′) respects the solutions a0, . . . , a`−1, a`, . . . , am. Note

that again, this can only add to the tree. We continue this process until no more forbidden

solutions arise. We must reach a point where no more forbidden solutions arise, because
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otherwise our finitely branching finite depth tree would be infinite.

Definition 4.6.14. We say that the tree we obtain at the end of this process is correct. For

completeness, we also say that any tree built in this way that does not reach the nth level is

also correct.

We now define a notion of forcing. Our conditions are sets (strings) (σ, τ) of pairs (n, k),

for n, k ∈ ω, where σ and τ have the same length, i.e. if σ = n0n1 . . . n` and τ = m0m1 . . .m`,

then (σ, τ) = (n0,m0)(n1,m1) . . . (n`,m`). We say that a pair of strings (σ′, τ ′) extends a

pair of strings (σ, τ) if σ′ extends σ as strings and τ ′ extends τ as strings, if the tree with

root (σ′, τ ′) avoids all of the solutions that the tree with root (σ, τ) avoids, and if whenever

kα is defined in the latter tree, it is defined and takes on the same value in the former tree,

so that the tree with root (σ′, τ ′) is a superset of the tree with root (σ, τ).

Definition 4.6.15. We say that a tree is maximal correct if there is no correct tree properly

containing it, as well as no tree properly containing it with a larger number of forbidden

solutions.

Now consider a sufficiently generic object G with respect to our notion of forcing. Note

that again by finiteness, there exists a maximal correct tree corresponding to some (σ, τ)

along the generic G. Now there are only finitely many forbidden solutions for this maximal

correct tree. Fix some u that is not a forbidden solution. Then for every k, the property

of a condition containing k many instances of (n, u) is dense for every k. Then G must

contain infinitely many instances of (n, u). Therefore our sufficiently generic object G sat-

isfies the requirements to be a stRΣ0
1-instance, with solution u. Then if Player 2 plays

as its moves Φ
(σ,τ)
1 ,Φ

(σ,τ)⊕y1
2 ,Φ

(σ,τ)⊕y1⊕y2
3 , . . . ,Φ

(σ,τ)⊕y1⊕y2⊕...⊕yn−1
n−1 ,ΨG⊕y1⊕...⊕yn , where

y1, y2, . . . , yn are the solutions played by Player 1, and these are valid moves for Player 2 to

play, then ΨG⊕y1⊕...⊕yn converges and is a solution to G. Now for each i with 1 6 i 6 n,

if yi is a leaf at the nth level of the maximal correct tree with root (σ, τ), then it is clearly
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avoided by G. Otherwise, yi corresponds to a branch in the tree that does not reach the

nth level, so not all kα-values are defined for this proposed solution. Let α be the length-

lexicographically first string such that kα is undefined. Then the branch on which kα lies

does not correspond to a valid medRΣ0
1-instance, because if kα is undefined, then the range

at that point on the branch is unbounded. More precisely, for any potential bound b, the

set of conditions where we’ve forced the approximation to kα (since kα is never actually

defined in this case) to be larger than b is dense. This is because given a condition (σ, τ), we

can change it finitely (i.e. finitely increase one of its kα values) without changing what its

corresponding forbidden potential solutions are. Therefore by the genericity of G, we cannot

get a medRΣ0
1-instance. This contradiction implies the desired non-reduction.

After reading through the above proof, one may wonder: would the proof of Theorem

4.6.8 benefit from introducing a notion of forcing? However, note that the metatheorem case

is actually simpler, as the notions of correctness and maximal correctness are not needed;

we just have a tree, and a notion of extension. Therefore a notion of forcing is not necessary

for clarity in the way that it is for the previous proof.

4.7 Specific results involving regularity and ∆0
2 principles

We now turn back to more specific relationships between the principles we have been looking

at, in particular incorporating the newer principles we have introduced involving regularity

and ∆0
2 sets. Our goal in this section is to illuminate more of the relationships between these

principles. We begin with regularity.

Proposition 4.7.1. Bound 6
RCA∗0
W medRΣ0

1.

Proof. Work in a model (M,S) of RCA∗0. Suppose we have a Bound-instance given by the

enumeration of some bounded set F . Let A = {(x, y) | y is the largest element that
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has been enumerated into F by stage x}. Then A is a computable set, and if u is an upper

bound for F , then (∀w)(∃x > w)(∃y 6 u)((x, y) ∈ A), and for all y > u, (x, y) is never

enumerated. Let y be a solution to A as a medRΣ0
1-instance, so y 6 u and (∀w)(∃x >

w)((x, y) ∈ A). Then by construction, we must have that y is an upper bound for F .

Proposition 4.7.2. FΣ0
1 6

RCA∗0
W medRΣ0

1.

Proof. Work in a model (M,S) of RCA∗0. Suppose the enumeration of a set A is an instance

of FΣ0
1. Let S = {(s, n) | n /∈ A[s], but for every m < n,m ∈ A[s]}. Since the enumeration

of A is an FΣ0
1-instance, there is some element u ∈ A. Then for all y > u, (x, y) /∈ S for any

x. Then S is an instance of medRΣ0
1 because for all w, there exists an x > w and a y 6 u

with (x, y) ∈ S; in particular, for all w, there exists an x > w with (x, u) ∈ S. Now let y be a

solution to S as a medRΣ0
1-instance. Then y 6 u, where u is such that for all z > u, (x, z) is

never enumerated in S, and for all w, there exists an x > w such that (x, y) ∈ S. Therefore

every m < y is in A[x] for infinitely many x, hence every m < y is in A, but y ∈ A[x] for

infinitely many x, so y /∈ A. Therefore y is a solution to A as an FΣ0
1-instance.

In particular, this implies that FΣ0
1 6

RCA∗0
W stRΣ0

1 as well.

Proposition 4.7.3. FΠ0
1 6

RCA∗0
W RΣ0

1.

Proof. Work in a model (M,S) of RCA∗0. Suppose we have a FΠ0
1-instance given by a set

A, where A is a Σ0
1 set. Then we can enumerate some element a ∈ A. Let B = {(s, n) | n >

0 and has been enumerated into A by stage s but n− 1 has not been, or n = 0 and

n has been enumerated into A by stage s}. ThenB is Σ0
1 and (∀w)(∃s > w)(∃n 6 a)((s, n) ∈

B), because a ∈ A, and either there exists some x 6 a with x ∈ A and x − 1 ∈ A, hence

(s, x) ∈ B for all sufficiently large x, or else 0 ∈ A and hence (s, 0) ∈ B for all s. Therefore

B and a comprise a RΣ0
1-instance. Let y be a solution to this RΣ0

1-instance, so y 6 a and

(∀w)(∃s > w)((s, y) ∈ B). Then by definition of B, y is a solution to our FΠ0
1-instance.

Proposition 4.7.4. KN 6
RCA∗0
W RΣ0

1.
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Proof. Work in a model (M,S) of RCA∗0. Suppose that the enumeration of a set X together

with a bound b comprise an instance of KN. Let S = {(s, x) | x has not been

enumerated into X by stage s}. Then S is a Σ0
1 set and since X ∩ {x | x < b} must be

nonempty, then (∀w)(∃x > w)(∃y 6 b − 1)((x, y) ∈ S) by the definition of a KN-instance.

Therefore S is a RΣ0
1-instance. Let y be a solution to S as a RΣ0

1-instance. Then y < b and

there are infinitely many s such that y has not been enumerated into X by stage s. Then

y ∈ X, and therefore y is a solution to X as a KN-instance.

Proposition 4.7.5. CN 6
RCA∗0
W stRΣ0

1.

Proof. Work in a model (M,S) of RCA∗0. Suppose we have a nonempty set X, so the

enumeration of the complement of X is a CN-instance. Let S = {(s, x) | x has not been

enumerated into X by stage s}. Then S is a Σ0
1 set and since there is some u ∈ X, we have

(∀w)(∃x > w)(∃y 6 u)((x, y) ∈ S). Therefore S is a stRΣ0
1-instance. Let y be a solution to

S as a stRΣ0
1-instance, so y 6 u and there are infinitely many stages s such that (s, y) ∈ S.

That is, there are infinitely many stages s such that y has not been enumerated into X by

stage s, so y ∈ X. Therefore y is a solution to the enumeration of X as a CN-instance, as

desired.

Proposition 4.7.6. B∆0
2CA 6W RΣ0

1.

Proof. Let the approximation to a set X together with a bound b comprise a B∆0
2CA-

instance. For this construction, we will identify binary strings of length b with numbers less

than 2b. At each stage s ∈ ω, we have approximated some initial segment of a B∆0
2CA-

instance, which we can code by a number xs. We can code our initial segments in such

a way that xs 6 2b for all s ∈ ω. Let A be the enumeration of {(s, xs) | s ∈ ω}. Note

that as s → ∞, our initial segment will stabilize, and therefore the sequence {xs | s ∈ ω}

will converge. Then we have (∀w)(∃s > w)(∃y 6 xs)((s, y) ∈ A), and therefore (∀w)(∃s >

w)(∃y 6 2b)((s, y) ∈ A). Then A is a RΣ0
1-instance. Let y be a solution to A as a RΣ0

1-
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instance. Then we must have y = lim
s→∞

xs, which gives us a solution to our B∆0
2CA-instance,

as desired.

Note that we cannot do better than a Weihrauch reduction with this argument, since it

falls apart over RCA0. Now consider the following principle limN (see [10] for more about

this principle).

Definition 4.7.7. limN is the Π1
2-principle where an instance is an infinite sequence (p0, p1, . . .)

that has a limit and a solution is lim
n→∞

pn.

Clearly, B∆0
2CA 6W limN, because thinking of an infinite sequence with a limit as a ∆0

2

set via the Limit Lemma, the only difference between the two principles is the existence of

a bound. It is also clear that F∆0
2 6W limN, and that limN ≡W Bound. Also, we have

that limN ≡gW lim2 by the following argument: given a limN instance, we can think of it

as a lim2 instance by breaking it into the case where the number is 0 and > 0. Then if the

solution is > 0, we consider the lim2 instances with cases 1 and > 1, and so forth, until we

get the solution k for the k,> k split. Then k is a solution to our original limN-instance.

In terms of proof theory, it is evident that limN holds in every model of RCA∗0, hence in

every model of RCA0. Therefore we get that for P ∈ X = {Bound∗, stBound∗, F∆0
2, L∆0

2,

B∆0
2CA, RΣ0

1, medRΣ0
1, stRΣ0

1} that P 66RCA0
gW limN. We also get that for P ∈ Y = {FΣ0

1,

FΠ0
1}, that P 66RCA∗0

gW limN. Furthermore, since B∆0
2CA and F∆0

2 are both “strong” with

respect to Theorem 4.6.8, it follows that limN is as well.

Proposition 4.7.8. RΣ0
1 66W limN.

Proof. Suppose, to the contrary, that there exists a Weihrauch reduction RΣ0
1 6W limN

given by Turing functionals Φ and Ψ. We will build an RΣ0
1-instance consisting of a Σ0

1 set

A and a bound u. For simplicity, we let u = 1. Start enumerating pairs (n, 0) into A for

n = 0, 1, 2, . . .. Then ΦA will look like an initial segment of a limN-instance, that is, a finite

sequence of numbers, say ΦA = (n0, n1, . . . , nk0) for some k0. Then we can guess that nk0 is
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a solution to this ΦA instance, and look at ΨA⊕nk0 . Right now the only possible solution to

a RΣ0
1-instance extending A is 0, so if ΨA⊕nk0 eventually converges, it must converge to 0.

If it never converges, then we must have a limN-instance with no solution corresponding to

a RΣ0
1-instance with no solution, so suppose it converges. Then continue to enumerate pairs

(n, 0) for larger and larger n into A until we see this convergence at some stage s0, and once

we do, we start enumerating pairs (n, 1) into A for n = s0+1, s0+2, . . .. Again, we enumerate

enough pairs so that if ΦA = (n0, n1, . . . , nk1), then ΨA⊕nk1 converges. Then since the only

possible solution to a RΣ0
1-instance extending A right now is 1, it must converge to 1 at some

stage s1 > s0. Then we start enumerating pairs (n, 0) again for n = s1 + 1, s1 + 2, . . . into A.

Continuing in this manner, since ΦA is an initial segment of a limN-instance, eventually, it

must converge, that is, there is some i such that for all j > i, nj = ni. Then at that point,

the value of ΨA⊕nki will not change, so once we start enumerating pairs of the form (n, si+1)

into A for si larger than all of the previous s values and large enough that ΨA⊕nki converges

(to 0 or 1 depending on whether i is odd or even, respectively), we obtain a contradiction,

as desired.

Corollary 4.7.9. RΣ0
1 66W B∆0

2CA.

Corollary 4.7.10. RΣ0
1 66W F∆0

2.

We can make a similar argument to get that RT1
2 66W F∆0

2, thinking of our RΣ0
1-instance

as a coloring rather than an enumeration of a Σ0
1 set. Then since FΠ0

1 6W F∆0
2 and

FΣ0
1 6W F∆0

2, we obtain the following corollaries.

Corollary 4.7.11. RT1
2 66W FΠ0

1.

Corollary 4.7.12. RT1
2 66W FΣ0

1.

Note that since FΠ0
1 6W B∆0

2CA, we have that RΣ0
1 66W BΣ0

1CA also. Again, we can

make a similar argument to obtain the following as well.
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Corollary 4.7.13. RT1
2 66W B∆0

2CA.

We now consider where limN lies in our universe of principles.

Proposition 4.7.14. Bound 6
RCA∗0
W limN.

Proof. Work in a model (M,S) of RCA∗0. Let the enumeration of a set F be a Bound-

instance. We will define a limN-instance (x0, x1, . . . , xn, . . .). To define x0, we begin to

enumerate elements of F , and we define x0 to be the first such element enumerated. For

n > 0, to define xn, we enumerate F for n additional steps and look at whether xn−1 is a

bound for the elements enumerated thus far. If so, then we define xn := xn−1. Otherwise,

we let xn be the least number greater than n that currently bounds the elements enumerated

so far. If this sequence does not stabilize, then (x0, x1, . . . , xn, . . .) is not a limN-instance,

but then F is unbounded, hence not a Bound-instance. Otherwise, the sequence stabilizes,

and is therefore a limN-instance. Given a solution to this limN-instance, by construction, it

must also be a solution to F as a Bound-instance, thereby completing the reduction.

From [10], we have that CN ≡W limN. It therefore follows that K∆0
2 6W limN.

4.8 Weak Weak König’s Lemma

We now turn to some results in our setting involving variants of Weak Weak König’s Lemma.

We begin with some definitions.

Definition 4.8.1. WWKL is the principle that every subtree T of 2<ω such that

lim
n

inf
|{σ ∈ T : |σ| = n}|

2n
> 0 (4.14)

has an infinite path.
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Definition 4.8.2. Let q < 1 be a positive rational. q-WWKL is the principle that every

subtree T of 2<ω such that

|{σ ∈ 2n : σ ∈ T}|
2n

> q (4.15)

for all n has an infinite path. In this case we say that T has measure > q.

Dorais, Dzhafarov, Hirst, Mileti, and Shafer proved the following relationship between

this principle for different values of p in [21].

Proposition 4.8.3 (Dorais, Dzhafarov, Hirst, Mileti, and Shafer [21]). For all positive

rationals p < q < 1, p-WWKL 66W q-WWKL.

Recall that WWKL∗ denotes the finite parallelization of WWKL, where finitely many

instances of WWKL are run in parallel. We use ŴWKL to denote the infinite paralleliza-

tion of WWKL, where infinitely many instances of WWKL are run in parallel. Note that

WWKL∗ 6W WWKL by an interleaving argument: given a finite number of trees, we can

weave them together in such a way that a path in the interleaved tree can be untangled into

paths in each of the original trees. However,

Proposition 4.8.4. ŴWKL 66W WWKL.

Proof. We follow the proof that p-WWKL 66W q-WWKL in [21].

Suppose ŴWKL 6W WWKL, and let Φ and Ψ witness a Weihrauch reduction from

ŴWKL to WWKL. We build a sequence of computable trees T = {T0, T1, . . .}. For each

i ∈ ω, let qi = 1
i+1 , so lim

i→∞
qi = 0. Our construction will guarantee that each Ti has measure

at least qi, but such that ΦT has measure less than 2qi for each i, hence ΦT must have

measure 0, the desired contradiction.

We shall regard each partial computable function as defining an initial segment of a

computable subtree of 2<ω, with each new convergence giving an entire new level of the

tree, and only strings of maximal length at the previous level being extended. Let ϕj be the
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jth such tree. Since the construction of T is computable, there is some index j that we use

to produce T . In fact, the paths through T that this reduction produces are really Ψϕj⊕T .

In the end we produce some tree T = ϕk, where k may or may not be the index j that we

started out with, since T may have changed during the construction. But the construction is

uniform, so there is a computable function f such that f(j) = k. By the recursion theorem,

there is some j such that ϕf(j) = ϕj . So, to produce T , we will use this index j. Therefore

we do not need to consider T in the oracle for Ψ. By the same argument, it follows that we

do not need to consider T in the oracle for Φ either, so that we do not need to worry about

T changing during our construction.

For the construction, we fix a sequence of positive numbers {ai : i ∈ ω} such that

qi < 2−ai < 2qi for each i. At stage s of the construction, for each i 6 s, we shall define

Ti,s = Ti∩26s, starting with T0,0 = {∅}. For i > s, we define Ti,s = 26s, because Ti must be

defined to some point for every i in order to apply Φ. Let ns be the height of ΦT0,s⊕T1,s⊕....

Assume, without loss of generality, that ns 6 s for all s.

At stage s + 1, for each i 6 s + 1, choose at least ai many numbers xi,0 < . . . < xi,ai−1

that we have not yet acted for for Ti, as defined below. Assume inductively that for each

i 6 s + 1 and each αi ∈ 2ai , there is a string σi ∈ Ti,s of length s with σi(xi,j) = αi(j) for

all j with xi,j < s. We consider two cases.

Note that when we apply Ψ to an initial segment τ of ΦT0,s⊕T1,s⊕..., we get an object

that we can think of as an infinite sequence of initial segments of paths (b0, b1, . . .), where

bi is an initial segment of a path in Ti, with all but finitely many of these initial segments

empty. We write Ψτi(xi,j) to denote the xthi,j position in the path bi (which may or may not

be defined).

We check which of the following cases we are in and act accordingly for each i 6 s + 1

in order. After we finish the procedure for i = s + 1, we set Ti,s+1 = 26s+1 for i > s + 1.

We then move to stage s+ 2, and go through the procedure for each i 6 s+ 2 in order, set
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Ti,s+2 = 26s+2 for all i > s+ 2, and so forth.

Case 1i: If any of the following apply:

� ΦT0,s⊕T1,s⊕... contains fewer than 2ni+1qs many strings of length ns;

� xi,ai−1 > s;

� xi,ai−1 < s but Ψτi(xi,j) ↑ for some τ ∈ ΦT0,s⊕T1,s⊕... of length ni, and some j < ai;

then we obtain Ti,s+1 from Ti,s by adding σi0 and σi1 for each σi ∈ Ti,s of length s.

Case 2i: Otherwise, choose αi ∈ 2ai so that Ψτi(xi,j) ↓= αi(j) for all j < ai for at least

2−ai many strings τ ∈ ΦT0,s⊕T1,s⊕... of length ni. Then, we obtain Ti,s+1 from Ti,s by adding

σi0 and σi1 for each σi ∈ Ti,s of length s with σi(xi,j) 6= αi(j) for some j < ai. Say we have

acted for xi,0, . . . , xi,ai−1.

For the verification, clearly, each Ti is a computable subtree of 2<ω. Note that the

measure of Ti is cut down only when the construction enters Case 2i, at which point it is

cut down by a factor of precisely 2−ai . Whenever the construction enters case 2i for some i,

the measure of ΦT is cut down by at least a factor of 2−ai . We claim that for each i, there

is a stage si such that ΦT0,si⊕T1,si⊕... contains fewer than 2nsi+1qi many strings of length si,

so that the measure of ΦT is less than 2qi. Therefore the measure of ΦT is less than 2qi for

each i, and hence T has measure 0, as desired. Moreover, if we fix the least such si for each

i, since 2−ai < 2qi, it follows that each Ti,si contains at least 2siqi strings of length si. Since

the construction can never enter Case 2i at any stage after si, it follows that the measure of

Ti is at least qi.

To prove the claim, fix i, and let ti be any stage such that ΦT0,ti⊕T1,ti⊕... contains at

least 2nti+1qi many strings of length nti . Fix the least xi,0 < . . . < xi,ai−1 not yet acted

for for Ti prior to stage ti + 1. For each path B through ΦT , we have that ΨBi(xi,j) ↓ for

all i 6 ti and all j < ai − 1, so by compactness, there is an s > max{ti, xai−1} such that

Ψτi(xi,j) ↓ for all j < ai and all τ ∈ ΦT0,s⊕T1,s⊕...⊕Ti,s... of length ns. Fix the least such
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s. Then the construction never enters Case 2i strictly between stages ti and s because Ti

satisfies the third bullet point until stage s, so Ti,s contains at least 2ni+1qi many strings of

length ns. Since xai−1 < s by definition, it follows that at stage s, the second (and third)

bullet points of Case 1i are not satisfied. Therefore Case 2i applies at stage s. So we have

shown that the construction continues to enter Case 2i until the measure of ΦT has been

sufficiently cut down. This proves the claim.

Having determined the relationship between WWKL and its infinite parallelization, it is

natural to turn next to its finite parallelization. We have

Proposition 4.8.5. WWKL∗ 66RCA0
W WWKL.

Proof. Suppose not, and let Φ and Ψ witness a Weihrauch reduction over RCA0 from

WWKL∗ to WWKL. We work in a model (M,S) |= RCA0 + ¬BΣ0
2. We build a sequence

of computable trees T = {T0, T1, . . . , Tm} for some finite m, which may or may not be

nonstandard (in fact, necessarily, it must be nonstandard). For each i ∈ ω, let qi = 1
i+1 ,

so lim
i→∞

qi = 0. Our construction will guarantee that each Ti has measure that is bounded

below, but such that ΦT has measure less than 2qi for each i, hence ΦT must have measure

0, the desired contradiction. We will use the failure of BΣ0
2 inM, and the consequent failure

of RT1
<∞ (see [38]), to ensure that the measures of the Ti’s do not get too small.

We shall regard each partial computable function as defining an initial segment of a

computable subtree of 2<ω, with each new convergence giving an entire new level of the

tree, and only strings of maximal length at the previous level being extended. Let ϕj be the

jth such tree. Since the construction of T is computable, there is some index j that we use

to produce T . In fact, the paths through T that this reduction produces are really Ψϕj⊕T .

In the end we produce some tree T = ϕk, where k may or may not be the index j that we

started out with, since T may have changed during the construction. But the construction is

uniform, so there is a computable function f such that f(j) = k. By the recursion theorem

(one can verify that the proof of the recursion theorem holds in general models of RCA0),
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there is some j such that ϕf(j) = ϕj . So, to produce T , we will use this index j. Therefore

we do not need to consider T in the oracle for Ψ. By the same argument, it follows that we

do not need to consider T in the oracle for Φ either, so that we do not need to worry about

T changing during our construction.

Since (M,S) |= RCA0 + ¬RT1
<∞, there exists an m-coloring of N for some m such that

the coloring does not have an infinite homogeneous set. Let c be such a coloring.

For the construction, without loss of generality, we assume that, qc(i) > qi, since otherwise

we can just start the sequence {qi : i ∈ ω} at i = m. Fix a sequence of positive numbers

{ai : i ∈ ω} such that qi < 2−ai < 2qi for each i. At stage s of the construction, for each

i 6 min{m, s}, we shall define Ti,s = Ti ∩ 26s, starting with T0,0 = {∅}. For i ∈ (s,m],

we define Ti,s = 26s, because Ti must be defined to some point for every i 6 m in order

to apply Φ. Let ns be the height of ΦT0,s⊕T1,s⊕...⊕Tm,s . Assume, without loss of generality,

that ns 6 s for all s.

At stage s + 1, choose at least as+1 many numbers x0 < . . . < xas+1−1 that we have

not yet acted for, as defined below. Assume inductively that for each α ∈ 2as+1 and each

i 6 min{m, s + 1} there is a string σi ∈ Ti,s of length s with σi(xj) = α(j) for all j with

xj < s. Note that when we apply Ψ to an initial segment τ of ΦT0,s⊕T1,s⊕...⊕Tm,s , we get a

sequence of initial segments of paths (b0, b1, . . . , bm), where bi is an initial segment of a path

in Ti. We write Ψτi(xj) to denote the xthj position in the path bi. We consider two cases.

Case 1: If any of the following apply:

� ΦT0,s⊕T1,s⊕...,Tm,s contains fewer than 2ns+1qs many strings of length ns;

� xas+1−1 > s;

� xas+1−1 < s but Ψτc(s)(xj) ↑ for some τ ∈ ΦT0,s⊕T1,s⊕...⊕Tm,s of length ns, and some

j < as+1;

then we obtain each Ti,s+1 from Ti,s by adding σi0 and σi1 for each σi ∈ Ti,s of length s.
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For i ∈ (s+ 1,m], let Ti,s+1 = 26s+1.

Case 2: Otherwise, choose α ∈ 2as+1 so that Ψτc(s)(xj) ↓= α(j) for all j < as+1 for at

least 2−as+1 many strings τ ∈ ΦT0,s⊕T1,s⊕...⊕Tm,s of length ns. We obtain Tc(s),s+1 from

Tc(s),s by adding σ0 and σ1 for each σ ∈ Tc(s),s of length s with σ(xj) 6= α(j) for some

j < as+1. For i < min{m, s + 1} with i 6= c(s), we obtain each Ti,s+1 from Ti,s by adding

σi0 and σi1 for each σi ∈ Ti,s of length s. For i ∈ (s+ 1,m], let Ti,s+1 = 26s+1.

For the verification, clearly, each Ti is a computable subtree of 2<ω. Note that the

measure of Ti is cut down only when the construction enters Case 2 and i = c(s) for some

s > i, at which point it is cut down by a factor of precisely 2−as . Whenever the construction

enters case 2, the measure of ΦT is cut down by at least a factor of 2−as for some s. We

claim that for each i, there is a stage si > i such that ΦT0,si⊕T1,si⊕...⊕Tm,si contains fewer

than 2nsi+1qsi many strings of length si, so that the measure of ΦT is less than 2qsi 6 2qi.

Therefore the measure of ΦT is less than 2qi for each i, and hence T has measure 0, as

desired. Moreover, since RT1
<∞ fails for c, for each i, c(j) = i for only finitely many j, so

that the measure of Ti is cut down only finitely many times. Therefore each Ti has measure

bounded below (specifically, by
∏k
i=1 2−asi for k ∈ ω and s1 < s2 < . . . < sk ∈ ω), so T is

a valid WWKL∗-instance.

To prove the claim, fix i, and let ti be any stage larger than i such that

ΦT0,ti⊕T1,ti⊕...⊕Tm,ti contains at least 2nti+1qti many strings of length nti . Fix the least

x0 < . . . < xati+1−1 not yet acted for prior to stage ti + 1. For each path B through

ΦT , we have that Ψ
Bc(ti)(xj) ↓ for all j < ati+1 − 1, so by compactness, there is an s >

max{m, ti, xati+1−1} such that Ψτc(s)(xj) ↓ for all j < ati+1−1 and all τ ∈ ΦT0,s⊕T1,s⊕...⊕Tm,s

of length ns. Fix the least such s. Then the construction never enters Case 2 strictly between

stages ti and s because Ti satisfies the third bullet point until stage s, so Ti,s contains at

least 2ns+1qs many strings of length ns. Since xati+1−1 < s by definition, it follows that at

stage s, the second (and third) bullet points of Case 2 are not satisfied. Therefore Case 2
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applies at stage s. So we have shown that the construction continues to enter Case 2 until

the measure of ΦT has been sufficiently cut down. This proves the claim.

We leave the exploration of how WWKL and its variants fit in with the other principles

we have studied for future work.

4.9 Open questions and future directions

We now turn to the relationships that have not been delimited in this chapter, the missing

pieces so to speak. Note that the strongest possible positive result would be to obtain a

Weihrauch reduction over RCA∗0, while the strongest possible negative result would be to

show the lack of a generalized Weihrauch reduction.

Open Question 4.9.1. Does F∆0
2 6

RCA∗0
W stBound∗, or even does F∆0

2 6
RCA0
W stBound∗?

What happens when we look at L∆0
2 instead of F∆0

2? For L∆0
2, the questions of whether

there is a (generalized) Weihrauch reduction over RCA0 or RCA∗0 are all open.

Open Question 4.9.2. What is the relationship between wkF∆0
2 and Bound∗ and stBound∗?

More specifically, can we get that wkF∆0
2 6

RCA∗0
W stBound∗? Can we get that Bound∗ 6

RCA∗0
W

wkF∆0
2?

Open Question 4.9.3. We know that Bound∗ 6RCA0
gW F∆0

2 and stBound∗ 6RCA0
gW F∆0

2,

but is there a Weihrauch reduction over RCA0? What happens over RCA∗0? What about

stBound∗? What about for L∆0
2 instead of F∆0

2? Again, we know that Bound∗ 6RCA0
gW L∆0

2,

but is there a Weihrauch reduction over RCA0? What happens over RCA∗0?

Open Question 4.9.4. We know by Proposition 4.3.40 that there is a generalized Weihrauch

reduction over RCA0 from stBound∗ ≡RCA0
gW F∆0

2 to medRΣ0
1 and hence to stRΣ0

1 (and

no Weihrauch reduction over RCA0), but does F∆0
2 6

RCA0
W stRΣ0

1, or does F∆0
2 6

RCA0
W

medRΣ0
1? Is there a (generalized) Weihrauch reduction over RCA∗0?
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Open Question 4.9.5. How do WKL and WWKL fit in with the other principles?

Open Question 4.9.6. We have mainly considered min as it related to CN. How does it

relate to the other principles?

Open Question 4.9.7. We have used lim2 mainly as an auxiliary principle. Where does it

fit in with the other principles?

Open Question 4.9.8. We know that CN ≡
RCA0
W Bound. What happens over RCA∗0? If

they are not equivalent, are C∗N and Bound∗, or even C∗N and stBound∗?

Open Question 4.9.9. Do we have a reduction CN 6
RCA∗0
W stBound∗?

Open Question 4.9.10. Can we show that B∆0
2CA 66gW FΠ0

1?

Open Question 4.9.11. We know that stRΣ0
1 66W medRΣ0

1, and that stRΣ0
1 66

RCA0
gW

medRΣ0
1, and consequently, the same is true for RΣ0

1 and RT1
2 replacing medRΣ0

1. However,

does stRΣ0
1 6gW medRΣ0

1 (or equivalently, we can replace medRΣ0
1 with RΣ0

1 or RT1
2)?

Open Question 4.9.12. Can we show that L∆0
2 66

RCA0
W F∆0

2 or that L∆0
2 66

RCA0
gW F∆0

2?

Can we show that there is no (generalized) Weihrauch reduction over RCA∗0?

Open Question 4.9.13. Does L∆0
2 6

RCA0
W medRΣ0

1? Is there a generalized Weihrauch

reduction over RCA0, or a (generalized) Weihrauch reduction over RCA∗0? What about

stRΣ0
1?

Open Question 4.9.14. Can we show that RΣ0
1 66gW F∆0

2? What about RT1
2?

Open Question 4.9.15. Can we show that stRΣ0
1 66gW B∆0

2CA? What about medRΣ0
1,

RΣ0
1, or RT1

2 in place of stRΣ0
1?

Open Question 4.9.16. Does FΠ0
1 6

RCA0
gW RT1

2? What about a generalized Weihrauch

reduction over RCA∗0?
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Open Question 4.9.17. Can we show that there is no generalized Weihrauch reduction

from Bound (or equivalently, stBound∗, Bound∗, FΣ0
1, F∆0

2, or L∆0
2) to FΠ0

1?

Open Question 4.9.18. Does stBound∗ 6gW B∆0
2CA? (Or equivalently, replace stBound∗

with Bound, Bound∗, FΣ0
1, F∆0

2, or L∆0
2)

Open Question 4.9.19. Can we show that B∆0
2CA 66W Bound∗? Can we show that there

is no generalized Weihrauch reduction? What about stBound∗?

Open Question 4.9.20. Can we show that B∆0
2CA 66gW medRΣ0

1? Can we even show

that B∆0
2CA 66W medRΣ0

1? What about (generalized) Weihrauch reduction over RCA0 or

RCA∗0? What about stRΣ0
1?

Open Question 4.9.21. Can we show that B∆0
2CA 66RCA0

W RΣ0
1? What about a gener-

alized Weihrauch reduction over RCA0? What about a (generalized) Weihrauch reduction

over RCA∗0?

Open Question 4.9.22. Does KN 6
RCA∗0
gW RT1

2?

Open Question 4.9.23. Can we show that K∆0
2 66gW RT1

2?

Open Question 4.9.24. Does B∆0
2CA 6W K∆0

2? Is there even a generalized Weihrauch

reduction?

Open Question 4.9.25. Does RT1
2 6W K∆0

2? Is there even a generalized Weihrauch

reduction? What happens over RCA0, or RCA∗0?

Open Question 4.9.26. Does RΣ0
1 6W K∆0

2? Is there even a generalized Weihrauch

reduction?

Open Question 4.9.27. Does stBound∗ 6gW K∆0
2?

Open Question 4.9.28. Does stRΣ0
1 6gW K∆0

2?
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Open Question 4.9.29. Does FΠ0
1 6gW KN, that is, are FΠ0

1 and KN equivalent in terms

of generalized Weihrauch reduction?

Open Question 4.9.30. We know that B∆0
2CA 66RCA0

gW FΣ0
1. However, can we show there

is no Weihrauch reduction, or no generalized Weihrauch reduction?

Open Question 4.9.31. Can we show that FΣ0
1 66

RCA0
gW Bound?

Open Question 4.9.32. We know that RT1
2 66

RCA0
W FΠ0

1, but can we show that RT1
2 66

RCA0
gW

FΠ0
1? Can we at least show that there is no generalized Weihrauch reduction over RCA∗0?

Open Question 4.9.33. Can we show that Bound∗ 6
RCA∗0
W medRΣ0

1? Can we show a

generalized Weihrauch reduction over RCA∗0?

Open Question 4.9.34. Does B∆0
2CA 6W F∆0

2, or even L∆0
2? Can we show that there is

a generalized Weihrauch reduction? What about a (generalized) Weihrauch reduction over

RCA0, or RCA∗0?

Open Question 4.9.35. We know that KN 6W FΠ0
1, but is there a (generalized) Weihrauch

reduction over RCA∗0?

Open Question 4.9.36. Can we show that limN 66gW FΣ0
1 (or equivalently, that there is

no gW-reduction from limN to stBound∗, Bound∗, Bound, F∆0
2, or L∆0

2)?

Open Question 4.9.37. Does FΣ0
1 6

RCA0
W limN? Is there a generalized Weihrauch reduc-

tion over RCA0?

Open Question 4.9.38. Does limN 6
RCA0
W FΣ0

1? Is there a generalized Weihrauch reduc-

tion over RCA0? What happens over RCA∗0?

Open Question 4.9.39. Is there a Weihrauch reduction, or even a generalized Weihrauch

reduction, from limN to FΠ0
1? Does limN 6

RCA0
W FΠ0

1? Is there a generalized Weihrauch

reduction over RCA0? What happens over RCA∗0?
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Open Question 4.9.40. Does FΠ0
1 6W limN? Is there a generalized Weihrauch reduction?

What happens over RCA0?

Open Question 4.9.41. Does limN 6
RCA0
W Bound? Is there a generalized Weihrauch

reduction over RCA0? What happens over RCA∗0?

Open Question 4.9.42. Can we show that limN 66
RCA0
W Bound∗? Is there a general-

ized Weihrauch reduction over RCA0? What happens over RCA∗0? What happens with

stBound∗?

Open Question 4.9.43. By Theorem 4.6.8, we know that limN 66W B∆0
2CA and limN 66

RCA0
gW

B∆0
2CA. Does limN 6gW B∆0

2CA?

Open Question 4.9.44. By Theorem 4.6.8, we know that limN 66W K∆0
2 and limN 66

RCA0
gW

K∆0
2. Does limN 6gW K∆0

2? What about KN?

Open Question 4.9.45. Does KN 6
RCA0
W limN? Is there a generalized Weihrauch reduction

over RCA0? What happens over RCA∗0?

Open Question 4.9.46. Does RΣ0
1 6gW limN? Is there a generalized Weihrauch reduction

over RCA0 or RCA∗0? What about RT1
2?

Open Question 4.9.47. Does stBound∗ 6RCA0
W stRΣ0

1? Is there a (generalized) Weihrauch

reduction over RCA∗0?

Open Question 4.9.48. Does stRΣ0
1 6

RCA0
W stBound∗? Is there a generalized Weihrauch

reduction over RCA∗0? What about Bound∗ or C∗N?

Open Question 4.9.49. Does limN 6
RCA0
W L∆0

2? Is there a generalized Weihrauch reduc-

tion over RCA0? What happens over RCA∗0?

Open Question 4.9.50. Does L∆0
2 6

RCA0
W limN? Is there a generalized Weihrauch reduc-

tion over RCA0? What happens over RCA∗0?
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Open Question 4.9.51. Does limN 6
RCA0
W F∆0

2? Is there a generalized Weihrauch reduc-

tion over RCA0? What happens over RCA∗0?

Open Question 4.9.52. Does F∆0
2 6

RCA0
W limN? Is there a generalized Weihrauch reduc-

tion over RCA0? What happens over RCA∗0?

Open Question 4.9.53. Does K∆0
2 6W limN? Is there a generalized Weihrauch reduction?

What happens over RCA0, or over RCA∗0?

Open Question 4.9.54. Does limN 6W stRΣ0
1? Is there a generalized Weihrauch reduc-

tion? What happens over RCA0, or over RCA∗0? What about medRΣ0
1?

Open Question 4.9.55. Does stRΣ0
1 6W limN? Is there a generalized Weihrauch reduc-

tion? What about medRΣ0
1?

Open Question 4.9.56. By Theorem 4.6.8, we know that limN 66W RΣ0
1 and limN 66

RCA0
gW

RΣ0
1. Does limN 6gW RΣ0

1? What about RT1
2?

This dissertation is by no means exhaustive. There are many other principles that we

could have considered, many of which are mentioned in [12], including:

� BWTN, the Bolzano Weierstrass Theorem on N, which can be seen as a counterpart

of RΣ0
1;

� C2, choice on {0, 1};

� C∗2, the finite parallelization of choice on {0, 1}, which is equivalent in terms of strong

Weihrauch reduction to KN;

� K′N, the jump of KN;

� RT1,N, which is a way of expressing RT1
<∞ as a Π1

2 problem, where the number of

colors is left unspecified, which is equivalent to K′N in terms of Weihrauch reduction;
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Figure 4.1: Here we show the known relationships between the principles with respect to
Weihrauch reducibility 6W.

stRΣ0
1

��

medRΣ0
1

��

**

RΣ0
1

�� &&

RT1
2 B∆0

2CA

��xx

(st)Bound(∗) ≡ FΣ0
1 ≡ F∆0

2 ≡ L∆0
2 ≡ limN ≡ C

(∗)
N ≡ minoo

��

lim2 FΠ0
1

��

K∆0
2

oott

KN

� SRT1,N, which is a way of expressing stable Ramsey’s Theorem SRT1
<∞ as a Π1

2 prob-

lem, where the number of colors is left unspecified, which is equivalent to CN in terms

of Weihrauch reduction.

Note that in the below diagrams, we show implications between the principles with

respect to various reducibilities. However, we do not make a distinction between known

non-implications and cases where the implication is unknown.
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Figure 4.2: Here we show the known relationships between the principles with respect to
generalized Weihrauch reducibility 6gW.

stRΣ0
1

��

RΣ0
1 ≡ medRΣ0

1 ≡ RT1
2

��

(st)Bound(∗) ≡ FΣ0
1 ≡ F∆0

2 ≡ L∆0
2 ≡ limN

��

≡ C
(∗)
N ≡ min ≡ lim2

B∆0
2CA

��

FΠ0
1

��

K∆0
2

oo

KN

148



Figure 4.3: Here we show the known relationships between the principles with respect to

Weihrauch reducibility over RCA0 6
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W .
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Figure 4.4: Here we show the known relationships between the principles with respect to

generalized Weihrauch reducibility over RCA0 6
RCA0
gW .
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Figure 4.5: Here we show the known relationships between the principles with respect to

Weihrauch reducibility over RCA∗0 6
RCA∗0
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Figure 4.6: Here we show the known relationships between the principles with respect to

generalized Weihrauch reducibility over RCA∗0 6
RCA∗0
gW .
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