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ABSTRACT

The first part of this thesis concerns intersection cohomology sheaves on a smooth projective
variety with a torus action that has finitely many fixed points. Under some additional assump-
tions, we consider tensor products of intersection cohomology sheaves on a Bialynicki-Birula
stratification of the variety. We give a formula for the hypercohomology of the tensor product in
terms of the tensor products of the individual sheaves, as well as the cohomology of the variety.
We prove a similar result in the setting of equivariant cohomology.

In the second part of this thesis, we study the Bernstein—Sato polynomial, or the b-function,
which is an invariant of singularities of hypersurfaces. We are interested in the b-function of
hyperplane arrangements of Weyl arrangements, which are the arrangements of root systems
of semi-simple Lie algebras. It has been conjectured that the poles of the local topological zeta
function, which is another invariant of hypersurface singularities, are all roots of the b-function.
Using the work of Opdam and Budur-Mustatd-Teitler, we prove this conjecture for all Weyl
arrangements. We also give an upper bound for the b-function of the Vandermonde determinant,

which cuts out the Weyl arrangement in type A.
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INTRODUCTION

Complex algebraic varieties are equipped with the Zariski topology, which is defined alge-
braically. They also inherit a much finer topology from the complex numbers, called the
complex or the analytic topology. Even though spaces that are non-isomorphic as algebraic
varieties can often be homeomorphic in the complex topology, there are algebraic constructions
that sometimes capture complex topological phenomena and vice-versa. In this setting, it is
natural to use the language of sheaves and their associated derived categories. Our main focus
will be on two fundamental constructions in this subject: perverse sheaves and D-modules.

A connecting thread between these two is provided by the Riemann-Hilbert correspondence,
proved in various versions by Deligne [16], Kashiwara [31, 32], and Mebkhout 38, 40, 39]. This
theorem gives an equivalence between two categories associated to a smooth complex algebraic
variety X. Namely, the derived category of regular holonomic Dx-modules, and the derived
category of constructible sheaves on X. Under this equivalence, the abelian category of regular
holonomic Dx-modules is sent to the category of perverse sheaves on X. We now give a broad
outline of both constructions and the contents of this thesis.

The first part, described in Chapter 2, concerns perverse sheaves on a smooth complex
projective variety X. It has been published in self-contained form as [3]. Perverse sheaves arose
from the study of intersection homology theory of Goresky—MacPherson [21], which built a
new homology theory for singular manifolds. In the language of sheaves, the cohomology
of a manifold is simply the sheaf cohomology of the locally constant sheaf on the manifold,
which also describes the homology of the manifold by Poincaré duality. Singular manifolds do
not satisfy Poincaré duality, and in this case the “correct” replacement for the locally constant
sheaf is the intersection cohomology sheaf or IC sheaf on the manifold. The global cohomology

(or hypercohomology) of the IC sheaf gives the intersection homology of the manifold, which
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satisfies a version of Poincaré duality. The IC sheaf on X is a special example of a perverse
sheaf. A sheaf-theoretic characterization and foundational theorems about perverse sheaves
are explained in a subsequent paper of Goresky—MacPherson [22], as well as a monograph of
Beilinson-Bernstein-Deligne [5].

A sheaf on X is called constructible if there is a partition of X into locally closed subsets,
such that the sheaf is locally constant on each piece. Perverse sheaves are objects of the
derived category of sheaves with constructible cohomology sheaves. In many cases, X is already
equipped with a natural choice of partition. In these cases, it is natural to consider perverse
sheaves whose cohomology sheaves are constructible along the chosen partition. We consider
the case when the variety is equipped with a torus action that has finitely many fixed points.
For example, partial flag varieties and Schubert varieties are important examples that satisfy
this restriction. By fixing a one-parameter subgroup of T that has the same fixed set as T, we
can construct a decomposition of our algebraic variety into locally-closed affine spaces, called
the Biatynicki-Birula decomposition [8]. Under some reasonable assumptions, we consider
perverse sheaves that are constructible along this decomposition. In this context, a theorem of
Ginzburg [19] gives a description of the derived morphisms between simple perverse sheaves,
which are exactly the IC sheaves on the closures of each locally-closed piece (or stratum). The
(hyper)cohomology of each perverse sheaf on X carries an action of the cohomology of X.
Moreover, the torus action allows us to construct a Morse function that gives a topological
description of this action in terms of intersections of strata with other subspaces. The theorem
then states that the derived morphisms between simple perverse sheaves can be computed
precisely as those homomorphisms between the corresponding hypercohomology spaces that
respect the action of the cohomology of the base. We are interested in a similar question: to
give a description of the derived tensor product of a finite collection of simple perverse sheaves.
Again, we can reinterpret the action of the cohomology of X on the cohomology of each perverse

sheaf in terms of intersection of strata. We describe a Kiinneth-type formula that describes the



cohomology of the tensor product of simple perverse sheaves to the tensor product of their
cohomology, modulo the action of the cohomology of X. We also prove a similar result for the
torus-equivariant cohomology of the tensor product of a collection of simple perverse sheaves.

The second part of this thesis, described in Chapter 3, is about the Bernstein-Sato polynomial
or the b-function, which is an invariant of singularities that arises from the theory of D-modules.
This chapter is a joint work with Robin Walters, and one part of it has been written up in
[4]. Let D be the ring of differential operators in n variables, with polynomial coefficients.
Modules over this ring are called D-modules, and were studied as an algebraic approach to the
theory of linear partial differential equations. We will be most interested in the Bernstein—Sato
polynomial or the b-function. Given any polynomial function f in n variables, the b-function
of f is a certain polynomial associated to f, defined by Bernstein [6] and Sato-Shintani [52].
Let s be an auxiliary variable commuting with the original # variables, and let D[s] be the
ring of differential operators in the original n variables whose coefficients may also depend
polynomially on s. Then the b-function of f is the minimal, monic polynomial b (s) that satisfies
the following property: there is some L(s) € D[s], such that for every natural number m, we
have L(m)f"™*1 = b ¢(m)f™. It can be interpreted as the minimal polynomial of an operator on a
certain D-module constructed from f. The very existence of b-functions is not evident from
the definition, but this is settled by a theorem of Bernstein [6]. Many nice results are known
about b-functions. For example, it is known by a theorem of Kashiwara [30] that for any f, all
roots of bs(s) are negative rational numbers. Although defined algebraically in terms of the
equation f, the b-function turns out to be an invariant of the hypersurface V(f); it remains
unchanged when f is transformed under an algebraic coordinate change. It is also related
to other singularity invariants. For example, Malgrange [36, 37] showed that the roots of the
b-function of f correspond, under the Riemann-Hilbert equivalence, to eigenvalues of the
monodromy operator on the cohomology of the Milnor fiber of f.

Computer algorithms have been proved and implemented to compute b-functions (see, e.g.



(45, 44]). However, a general formula for b-functions is not known, and explicit answers are only
known in isolated examples or very special families. Sato [51, 52] originally studied b-functions
of semi-invariants of group actions on prehomogeneous vector spaces. We focus on b-functions
of hyperplane arrangements, which is an active area of research. Several additional results and
methods have been developed for this case (see, e.g., [57, 49, 50, 13, 12, 11]). In particular, we
consider “Weyl arrangements”, which are the hyperplane arrangements cut out by the roots of a
semi-simple Lie algebra. The b-functions of these Weyl arrangements are not known in general.
However, we can think about relationships with other singularity invariants. For example, the
local topological zeta function is an invariant of hypersurface singularities defined by Denef
and Loeser [17], which has a combinatorial description in terms of a resolution of singularities.
In this context, the (weak) monodromy conjecture states that the poles of the local topological
zeta function, when exponentiated, give the eigenvalues of the monodromy of the Milnor fiber.
The strong topological monodromy conjecture states that poles of the local topological zeta
function are already the roots of the b-function. This implies the weak monodromy conjecture
by the theorem of Malgrange mentioned earlier. Budur-Mustatd—Teitler [12] proved the weak
monodromy conjecture for all hyperplane arrangements. We use additional results of results
of Budur-Mustata—Teitler [12], together with a formula of Opdam [46] to prove the strong
monodromy conjecture for all Weyl arrangements. In the case of the Lie algebra s/, the
correspending Weyl arrangement is cut out by the well-known Vandermonde determinant. We

also prove an upper bound on the b-function of the Vandermonde determinant.



2

INTERSECTION COHOMOLOGY SHEAVES ON A T-VARIETY

2.1 Background on perverse sheaves and intersection cohomology

In this section we recall some basic definitions and background on perverse sheaves and
intersection cohomology [22, 5]. Consider a complex algebraic variety X. We consider the
bounded derived category of complexes of sheaves in the analytic topology on X with coefficients
in C. Consider the subcategory D?(X) of objects whose cohomology sheaves are constructible.
That is, for any object F° of this category, there is a stratification X = [ [, X, such that the
restriction of any cohomology sheaf of F* to any X, is locally constant. Let D denote the Verdier

duality functor from Dé’ (X) to itself.

Definition 2.1.1. A perverse sheaf is an object of F* of DY(X) that satisfies both of the following

properties.
1. For any j, the complex dimension of the support of H/(F") is less than or equal to —j.
2. For any j, the complex dimension of the support of H/(D(F")) is less than or equal to —j.

For simplicity, we fix a complex topological stratification $ on X (as defined in [22]). If
dimg X = n, let the stratification be described as X = X;, D X;,_1 D --- D X9 D X_1 =0, where
dimg X; = i. We work with the bounded derived category of cohomologically constructible
sheaves with respect to 5. For a stratum S, denote by ig_the inclusion map of S, into X. In

this case, an object F" is perverse if both of the following properties are true [25, Chapter 8].
1. For any stratum S, and any integer j, the sheaf HI (is_lF ") is zero whenever j > —dimg(Sy).

2. For any stratum S, and any integer j, the sheaf Hi (ié F")is zero whenever j < —dimg(Sqy).



For each k, let Uy = X\Xj_1, and let ji: Uy — Uj_;. Finally, let =K be the truncation functor
that truncates cohomology to degrees less than or equal to k. If £ is any local system on X,,\X;,—1,

we can define the following object, which is perverse:
IC(£) = (T Rj)(T?Rja) (¢ " Rjne) (L[]

This is called the intersection cohomology or IC sheaf corresponding to £. Similarly, if £ is any
local system on some X\ Xj_1, then we can use the construction above to obtain an object on Xj.
If ix, : X — X is the inclusion, we write IC(£) to mean the result of applying Rix, | to this object
on Xk, and also call it an IC sheaf on X. We will be most interested in IC sheaves corresponding
to simple local systems on various strata. If the strata are isomorphic to affine spaces, there are
no non-trivial local systems. In that case there is a canonical IC sheaf supported on each X,
namely the one obtained from the trivial local system on Xj\Xy_;, and we call it the IC sheaf

corresponding to Xj.

2.2 Introduction to the problem

Let X be a smooth complex projective variety together with an action of an algebraic torus T
with isolated fixed points. We fix a regular algebraic one-parameter subgroup A: C* — T, which
means that the set of A-fixed points on X equals the set of T-fixed points on X (denoted XT).
Consider the Bialynicki-Birula decomposition (see, e.g., [8]) of X: for each w € XT define the

plus and minus cells to be respectively

Upy=Uj ={xeX|limA¢t)-x=w}, teC’, and
t—0

Uy,={xeX|lim \(t)-x=w}, teC.
t—o0



Each plus or minus cell is a A-stable affine space, and hence the decompositions X =] [,,cx1 Uy,
and X =[], cx7 Uy, are cell decompositions. For the purposes of this chapter, we make the

following additional assumptions on the T-action on X.

Assumption 2.2.1. The cell decompositions X =] [, .yt Uy, and X =]],,cx1 Uy, are algebraic
stratifications of X. In particular, the closure of every plus (resp. minus) cell is a union of plus

(resp. minus) cells.

Assumption 2.2.2. For each w € XT, there is a one-parameter subgroup A,: C* — T and a

neighbourhood V,, of w such that lim;_,o A,(t)- v =w for every v e V,, and t € C".

Through most of this section, we use the word sheaf to mean an object in Df, pg(X C), the
bounded derived category of sheaves of C-vector spaces on X that are constructible with respect
to the Bialynicki-Birula stratification. (Here we make use of Assumption 2.2.1.) Moreover all
functors are derived, so for ease of notation we omit the decorations R and L.

For each w e X T, let IC,, denote the intersection cohomology sheaf on the closure of the cell
Uy, extended by zero to all of X. The main theorem of this chapter describes the cohomology of
the tensor products of a collection of IC,,, in terms of the tensor products of the cohomologies

of the individual IC,,.

2.2.1 Main result

Let A: X — X" be the diagonal embedding. Consider any sheaves F1,...,F, in Df pp(X C).
Then their (derived) tensor product is also a sheaf in DfBB(X,(E), and will be denoted by
F1®---®F . Recall that

F1® - @F =N (FiR-RF,y).

For any sheaf F, its cohomology H" (F) = H" (X, F) is a graded vector space. There is a natural
cup-product U: H* (F1)®---®@H" (F,,) > H (F1®---® F ), defined in Subsection 2.3.2.
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Let C denote the constant sheaf on X. For any sheaf F, its cohomology H" (F) is naturally a

(graded) left and right module over the (graded) ring H(X) = H" (X, C), as follows:

[

U: HX)®H' (F) > H (C®F)— H" (F),

U: H (F)®H(X) - H' (F®C) — H' (F).
Moreover, the cup-product descends to a morphism

H ((F1) ® -+ ® H(F,) >H (F1®Q®F,).
HX) H(X)

Theorem 2.2.3. Let (py,...,pm) be an m-tuple of T-fixed points of X. If the assumptions 2.2.1 and

2.2.2 hold, then the cup-product map

H' (ICpl)H%()---H%()H' (1Cp,,) > H™ (ICp, ®-+-®1C,, ) (2.1)

is an isomorphism.

Since X is a T-space, each IC sheaf ICp]. carries a canonical T-equivariant structure, and
so does the tensor product IC, ®---®IC,, . Let Hp(X) = H} (X,C) be the T-equivariant
cohomology of X. For any T-equivariant sheaf F on X, its T-equivariant cohomology Hy. (F) =
H} (X,F)is a graded Hr(X)-module. As before, there is a cup-product map for T-equivariant

cohomology, which factors through Hr(X).

Theorem 2.2.4. Under the assumptions 2.2.1 and 2.2.2, the cup-product map

H; (ICpl)Hfz()X) a8 Hy (IC,,,) > Hy (IC,, @+ ®1C,, )

is an isomorphism.

Remark 2.2.5. Even though our results are stated using IC sheaves, it is possible that they
8



generalize to parity sheaves (defined and discussed by Juteau, Mautner, and Williamson in [28]).
Our results and proof methods are similar to the main theorem from Ginzburg’s paper [19]. In
[1, Theorem 4.1], Achar and Rider prove a version of Ginzburg’s theorem for parity sheaves on
generalized flag varieties of a Kac-Moody group. Similar generalizations may work in our case

as well.

2.3 Setup

2.3.1 The Bialynicki-Birula stratification.

One can find (see, e.g. [55] or [29]) a T-equivariant projective embedding of X into some P,
such that the action of T on PN is linear. Consider the following standard Morse-Bott function

on PN:
ZI 0C1|21|

‘vN L2
Zz =0 |Zz|2

where ¢; are the weights of the A-action on IPN. The critical sets of this function are precisely

[202~--ZZN]

the T-fixed points on IPN. The Morse-Bott cells of this function are locally closed algebraic
subvarieties of IPN. Since X has isolated T-fixed points, one can show that the composition
f: X > PN - Ris a Morse function with critical set X T (see, e.g. [2]). Each cell of the Morse
decomposition under f is a preimage of a Morse-Bott cell of IPN. Hence it is a locally closed
algebraic subvariety of X. Moreover, each cell of the Morse decomposition is known to be a
union of Bialynicki-Birula plus-cells. A discussion of this may also be found [15, Section 2.4].

The collection of fixed points of the A-action carries a partial order, where v < w if U,, C
U,. By the previous discussion, we see that v < w iff f(v) < f(w). Fix a weakly increasing
enumeration {0,1,..., N} of the points of X T (sometimes denoted {wy,...,wx}), and set X, =
i<y, Ui. Since the closure of every plus cell is a union of plus cells, it follows from the previous
discussion that each X, is a closed subvariety of X.

Similarly, set X;; = ;>, U;. By using the Morse function (-f) instead of f, we see that

9



each X, is a closed subvariety of X. Hence we obtain two increasing filtrations of X by closed
subvarieties: X C---C Xy =Xand Xy C---C Xy =X.

We have the following inclusions:
iy v u
Xy =X, X,o1<oX,<U,.

For any point p € X;;, we have f(w,) < f(p), with equality only if p € XT. For any point
p € X,,, we have f(p) < f(w,), with equality only if p € XT. Hence if p € X; N X,,, then
f(p)=f(wy),and p € XT. But X, NnX,N XT = {w,,), and it follows that p = wy,. Hence for every
n, the subvarieties X;; and X, intersect transversally in the single point w,,.

Let ¢, € H" (X) be the Poincaré dual to the homology class of X;,. As a vector space, H' (X)
is generated by the collection {c,}. Finally, fix an m-tuple (py,...,ps;) of T-fixed points of X, and

setLj, = il ICp, for each j and n.

2.3.2  The cup-product in cohomology

Let t: X — pt be the unique morphism to a point. For any sheaf F on X, its cohomology H" (F)
is a graded vector space, and may be thought of as 1, 7. We use this to define the cup-product
map.

Recall that the functors (n_l,n*) form an adjoint pair, which has a counit 7l om, —id. Let

F1,...,F , be sheaves on X. Tensoring the counit maps together, we have a map
T o (F1)®@ @M L om(F ) > F10 @ F 1.

The left hand side is canonically isomorphic to 7w (1, F{ ®---® 10, F ,,). Using the (1!, ,)

adjunction once more, we obtain the cup-product:

U T F10 - @T0F iy = TW(F 1@ QF ).

10



The cup-product gives each H' (F;) the structure of a left and right module over H(X). This

module structure induces the following map, also called the cup-product:

H((F)) ® -+ ® H(F,;)>H (F1®-Q®F,).
HX) H(X)

Proposition 2.3.1. For every n, the cup-product map
H’ (Ll,l/l)H%{) . ® H (Lm)n) S H (Ll,n Q- ®Lm,n) (2_2)

is an isomorphism.

When X;, = X, we have L;, = Iij for each j. Hence Theorem 2.2.3 follows from this

proposition, and we now focus on proving the proposition.

2.4 Proof of the isomorphism

We prove Proposition 2.3.1 by induction on the nth filtered piece of Xg C --- C Xj. In the
base case of nn = 0, the space X is zero-dimensional. Hence each sheaf Lj,() is isomorphic to its
cohomology. In this case the cup-product map (2.2) reduces to the identity map, which is an
isomorphism.

Now we prove the induction step on the filtered piece X;,. We mainly use the following

distinguished triangles:

ugu_le,n —Ljy— v*v_le,n, (2.3)

v!v!L]-,n — Lj,n — u*u_le,n. (2.4)

After taking cohomology, each of the above distinguished triangles produces a long exact
sequence. In our case, all connecting homomorphisms of these long exact sequences vanish (see,

e.g. [53, Lemma 20] and [19, Proposition 3.2]).

11



For brevity, we will use the following notation through the remainder of the chapter.

Mm,n = L2,n ® "'®Lm,nz

Ann=H (L2n) 8 0 & (L)

The following two lemmas prove the proposition on the open part U,, in X,.

Lemma 2.4.1. Let F and G be any complexes of sheaves on U,, with locally constant cohomology

sheaves. Then the cup-product map

U:H (umF)QH (u,G) —» H () F Qu, G)

is an isomorphism. Since U factors through the surjection

H (wF)®H (u,G)»H (umF) ® H (4.G),
H(X)

the induced cup-product

U:H (uwF) ® H (u,G) > H (u F ®u,G)
H(X)

is also an isomorphism.

Proof. Consider the following commutative diagram, where 7t is the projection to a point.

I

pt

Recall that if A and B are any two complexes on X, then the cup-product is induced by

12



adjunction from the natural map
! (T, A®m,B) = ! TA® - mn.B—> A®B,

which may be broken up as follows:

n_ln*A®n_1n*B — A®n_1n*B —>AQ®B.
Therefore the cup-product map may be broken up as follows:

TLART.B - T, (A® 1 1.B) = 1. (A®B).
In our case, this becomes the following sequence of maps:

T F @1, G ﬂ>m(u; Fer 'nu, Q)Em*(u! Fou,G).

Since Tt is a proper map, we know that 7, = 11, and hence i is an isomorphism by the projection
formula. It remains to show that p is an isomorphism.

The pair of adjoint functors (1!, 7,) gives the counit morphism p~'p,G — u~1u,G. The key
observation is that this map is an isomorphism, because G is a direct sum of its cohomology

sheaves on the affine space U,,. Now consider the following commutative diagram.

wF o nu,G —— w(Fep~'p.G)

(proj.)
Pl2l(counit) El(counit) (2.6)
w F Qu, G - = u!(}"®u_1 u,G)
(proj.)

The map p; is obtained by applying the functor m, to the left vertical map in (2.6) above. The

diagram shows that this map is an isomorphism, and hence p; is also an isomorphism. ]
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Lemma 2.4.2. The cup-product map induces an isomorphism
H' (u ™ L1n) ® By = He(u™ (L1 ® Myy))-
H(X)
Proof of lemma. Using Lemma 2.4.1 for F = u™'L; ,and G = u'L, ,,, we obtain an isomorphism
H’ (u;u_lLl’n) ® H’ (u*u_le,n)iH' (ugu_lLLn ® u*u_le,n).
H(X)

Moreover, we know that u‘lu*u_leln =~ u_le,n. Using this fact and the projection formula,

we have

Il

H’ (u!u_lLLn ® “*”_1L2,n) (u! (u_lLLn ® u_lu*u_le,n))

Il

e
H’ (u!u_l (L1,,® LZ,n))-
All together, we get an isomorphism

H’ (u!u_lLLn) HQ(DX) H’ (u*u_le,n) SH (u!u_l (L1, ®L2’n)),

which can be written in our previously-introduced notation as

H’ (ulu_lLLn) ®

BZ,n SH (u!u_l (Ll,n ®M21n)).
H(X)

Now we can successively tensor the above map over H(X) with the spaces H" (u*u_lLi,n ),

with i ranging from 3 to . Each time, we apply Lemma 2.4.1 for 7 = u~!(L; , ® M;_1 ;,) and
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G =u"'L: , and use the areument above. Ultimately this construction yields
in g y y

L

H'(u!u_lLLn) ® By, H'(u!u_l(Ll,n@)Mm_l,n)) ® H'(u*u_le,n)
H(X)

H(X)
H’ (”!(”_1 (L1, ®Mm,n)))

Lw

I

He (47 (L1, ® My,

]

The next lemma is a refinement of a standard cohomology exact sequence to our particular

case.

Lemma 2.4.3. There is an exact sequence
76 ( -1 . . -1
w1 y) ® Buy—H (Lip) ® Apu—H (v0'Liy) ® Apy—0.
H(X) H(X) H(X)

Proof. Consider the distinguished triangle (2.3) for the sheaf L ;. Taking cohomology and

applying the functor (-) H%( ) Ay, We obtain the right-exact sequence

H (wu™'Ly,) ® Am,HLH’(LLn) ® Am,niH‘(v*v—lLLn) Y )

®
H(X) H(X) H(X)

Using the distinguished triangles (2.4) for each of the sheaves L; , for j > 2, we have surjective

morphisms

H' (Ljy)>H" (w1 L),

Taking the tensor product of all of these along with H" (u!u_lLLn), we obtain a surjective
morphism

H'(u!u_lLLn) ® Am,n—h»H'(u!u_lLLn) ® By
H(X) H(X)

We now show that the map f factors through the map #, by showing that f(kerh) = 0. Since
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all boundary maps in the cohomology long exact sequence of the triangles (2.4) vanish, the

following set generates ker h:
{41 ®a,®---®ay, | aj € H (v*v!Lj,n) for some 2 < j < mj.

Consider any element 4 ® 4y ® -+ ®a,, € kerh. Suppose that a; € H’ (v*v!Lj,n). Recall the

following commutative diagram, which is the content of [19, 3.8a].

H'(v*v!Lj,n) — H.(Lj,n) - H.(u_lef”)

H' (Lj) —— H (u™'Ljn)

From this diagram it follows that c,,a; = 0, and that a; € ¢,H" (Ll,n). Since all tensor products
are over H(X), the image of h(a; ® ---®a,,) under f must be zero. Therefore f factors through h,

and we obtain the desired short exact sequence. [

Finally, we use the induction hypothesis to tackle the right side of the right-exact sequence

from the previous lemma.

Lemma 2.4.4. The cup-product map induces an isomorphism

H (007 L) ® Apy— H (L1 po1 ® Myt )-
H(X)

Proof of lemma. The cup-product map on the left hand side is the following composition:

H (v ' L1y) ® Apu—H (v 'Liy) ® H (Myu) = H (v07 Ly ® M),

by
H(X) H(X)

where the first map is the cup-product on the last (m — 1) factors, and the second map is the
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cup-product of the first factor with the rest. The projection formula also shows that
H' (0,07 Ly ® My ) = H' (v™'Lin @V My,,) = H' (L1151 ® My 1 ).

By induction on m, we may assume that the cup-product A, ,, — H" (Mm,n) is an isomor-
phism, and hence the first map above is an isomorphism. It remains to show that the following

map is an isomorphism:
H (vv 'Ly ) H%X) H' (M) = H (007 L1 1y ® My, 1)

The element ¢,, € H acts on H® (V*Ll,n—l) by zero, since Lj ;1 is supported on X;,_1. Recall

from [19] that the cokernel of ¢,, on H" (Mm,n) isjust H* (Mm,n_l ) Hence

H' (0,07 'Ly ) H%( | H (Myyn) = H (Lijpe1) ® H' (Myypot).

®
H(X)

Hence the map above can be rewritten as the cup-product map

H (Ll,n—l) H (Mm,n—l) — H’ (Ll,n—l ®Mm,n—1)r

®
H(X)
which is an isomorphism by the induction hypothesis. ]

We now apply Saito’s theory of mixed Hodge modules ([48, 47]) to obtain another short
exact sequence, as follows. Every IC-sheaf has the additional structure of a pure mixed Hodge

module, which induces a mixed Hodge structure on tensor products of the L; ,,.
Lemma 2.4.5.

(i) The cohomology H* (Ll,n ®Mm,n) is pure.
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(ii) There is a short exact sequence

0— Hc (u_l (Ll,n ®Mm,n)) —H’ (Ll,n ®Mm,n) —H’ (Ll,n—l ®Mm,n—1) — 0.

Proof. The proof is by induction on n. When n = 0, we have X_; =0 and U = X. The open
inclusion u is the identity map, and the closed inclusion v is the zero map, hence (ii) is clear in
the base case.

The set X( consists of a single, T-fixed point of X. Call this point w. By Assumption 2.2.2,
there exists a neighborhood V,, of w and a one-parameter subgroup A,,: C* — T that contracts
Vi to w. Let i, denote the inclusion of {w} into the corresponding V,,. Let j,, denote the
inclusion of V,, into X. By applying [54, Corollary 1] or [9, Lemma 6] to the sheaves j,! IC,, for

each i, we see that

Il

H* (Vi jio ICp, ) = H (i3 3, 1Cp, ) = H' (Li0).

The functor H"(V,, j;!(-)) weakly increases weights, while the functor H"(ij;! j; (-)) weakly
decreases weights. Hence H'(L; o) is pure for each i. Taking the tensor product, we see that
H'(L1,0)®---®H"(Ly,,0) is pure. Since w is a single point, we can naturally make the following

identification:
H'(L1,0)® ®H (Lyo) = H (L1,0®®Ly0) = H' (L1,0® M)

Hence H* (Ll,o ®Mm,0) is pure, and (i) is proved in the base case. A similar argument has been
used in Lemma 3.5 of [19].
For the induction step, consider the distinguished triangle (2.3) for Ly ,,. Apply the functor

(— ®Ly; ® - ® Lm,n), which may be written as (— ®Mm,n) in the notation of (2.5). This yields
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the following distinguished triangle:
u!”_lLl,n QMiyn — L1, ® My, — v*v_lLl,n ® M-

By a repeated application of the projection formula, we may write the first term of this triangle
as

u!u_lLLn ® M,y = Uy (u_lLLn R® u_le,n) = ugu_l (Ll,n ®Mm,n),

and the third term of this triangle as
V0 L1y @ My =0, (v Ly @+ @0 L) = (L1, net ® Mt )
Taking cohomology, we obtain the following long exact sequence:
o= HY (47 (L1, @ Myyn)) = H (L1n @ My ) = H' (L1 o1 @ M1 ) =+

The term H® (Ll,n—l ® Mm,n—l) is pure by the induction hypothesis.

From Lemma 2.4.2, we know that

Hc.(u_l(LL”®Mm:”))gHC'(”_1L1,n) ® H.(”_lLZ,n) ® @ H.(”_le,n)'
H(X) H(X) H(X)

Recall that U, is the Bialynicki-Birula plus-cell for the fixed point w,. Hence the A-action
contracts Uy, to wy,. By [54, Corollary 2], we know that H, (u"lLLn) is isomorphic to the costalk
of u_lLLn at wy,, which is isomorphic to a shift of the stalk of ICp,, at wy. For any i > 1, we
know by [54, Corollary 1] that H" (u_lLi,n) is isomorphic to the stalk of u_lLi,n at wy,, which
is equal to the stalk of IC,, at wy,. By using Assumption 2.2.2 and the argument used earlier
in this proof, we know that the stalk of each ICp, at any T-fixed point is pure, and hence the

spaces H, (u_lLLn) as well as H* (u_lLi,n) for i > 1 are all pure. Therefore the tensor product
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H; (u_l (Ll,n ®Mm,n)) is pure.
Since the terms on either side of the long exact sequence are pure, the connecting homo-
morphisms are zero, and hence H" (Ll,n ®Mm,n) is also pure. This argument completes the

induction step, and hence completes the proof. ]

Putting together the exact sequences from Lemma 2.4.3 and Lemma 2.4.5, we obtain the
following commutative diagram, where the vertical maps are induced by cup-products. In

particular, the middle map b is just the map from Proposition 2.3.1.

H' (u;u‘lLLn)H%( | By — H' (Ll,n)H%( | Apn — H' (v*v_lLl,n)Ht%X) Apn — 0
I b L
0 — H (47 (L1, ® Myyn)) — H (L1,n® M) — H (Linct ® My 1) — 0
(2.7)
The leftmost map a is an isomorphism by Lemma 2.4.2. The rightmost map c is an isomor-
phism by Lemma 2.4.4. By the snake lemma, the middle map b is an isomorphism as well, and

Proposition 2.3.1 is proved.

2.5 Computation of equivariant cohomology

Consider a smooth complex projective variety X with the same assumptions as in Section 2.2.
The goal of this section is to prove Theorem 2.2.4.

First we recall some constructions in equivariant cohomology. The main references are
[7] and [20]. Fix a universal principal T-bundle ET — BT, where ET (respectively BT) is the
direct limit over m of algebraic approximations ET}, (respectively BT,,). Consider the following
diagram, where the map p is the second projection, and the map q is the quotient by the diagonal

T-action.
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/ x
X ET x7 X
Since each stratum U, is a locally closed T-invariant affine subvariety of X, the trivial local
system on U,, gives rise to a canonically-defined sheaf IC,, on ET xt X, and a canonical
isomorphism p: p~1IC,, iq_lﬁ (see, e.g., [7]). The triple (IC,,IC,,, p) is called the equivariant

IC sheaf corresponding to Uj,.

2.5.1 Equivariant homology and cohomology

For any variety Y equipped with a T-action, the cohomology of ET x7 Y is called the equivariant
cohomology of Y, and is denoted by Hy(Y). In particular, since ET xt pt = BT, we have
H'T (pt) = H' (BT). The space H% (Y) is a ring under cup-product, and is also an H(X)-module
via pullback under the projection Y — pt. For convenience, we will denote HT (X) by H7(X). In
our case, Hr(X) is isomorphic to H*(X)® H' (BT) as an Hr(X)-module (see, e.g., [20, Theorem
14.1]). Similarly, the equivariant cohomology of any T-equivariant sheaf on X also carries an
H7(X)-module structure.

One can define the T-equivariant Borel-Moore homology of X, denoted HI (X). Every
T-equivariant closed subvariety Y of X defines a class [Y]7 of degree 2dim¢ Y in HI (X). If X
is smooth, then every class [Y]7 has an equivariant Poincaré dual cohomology class in H'T (X).

More details can be found in [23] and [10].

2.5.2  Proof of the equivariant case

Consider an m-tuple (p1,...,ps;) of T-fixed points of X. Then ICpl,...,ICpm are the IC sheaves

corresponding to Uy ,..., Up, respectively. Let L; ,, =i, 1 IC,, for each j and n.
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Proposition 2.5.1. Under the assumptions 2.2.1 and 2.2.2, the cup-product maps

Hy (LL”) Hﬁx) - HﬁX) Hy (Lm”) —Hy (LL” ®: ®Lm,n)

are isomorphisms for each n.

When X, = X, we have L; , = ICp, for each j. Hence this proposition implies Theorem 2.2.4.
To prove the proposition, we first state two general lemmas about T-equivariant cohomology of

sheaves.

Lemma 2.5.2. Consider the fiber bundle ET x7 X — BT, with fiber X. Let 1C,, be the (T-equivariant)
IC sheaf on the closure of a stratum X, extended by zero to all of X. Then the Leray spectral sequence
for the computation of Hy (X;1Cy) = H' (ET XT X;E) collapses at the E-page. Hence Hr, (IC,,)

is isomorphic to H* (IC,)® H" (BT) as a graded H" (BT )-module.

Proof. See [20, Theorem 14.1]. The proof uses the fact that the cohomology of BT = (CP)dimT

is pure. [

Lemma 2.5.3. Let Y be any T-space, and let F be a T-equivariant sheaf on Y such that the space
H"(Y;F)is pure. Then Hl." (Y;F) is pure as well.

Proof. Recall that Hy.(Y,F)=H" (ET XT X,?). The result follows from computing the Leray
spectral sequence for the fiber bundle ET x1 Y — BT, and by using that H* (BT) and H" (Y, F)

are pure. [

We also record some equivariant analogues of results stated in Section 2.4. First note that the
boundary maps in the long exact sequences of T-equivariant cohomology for the distinguished
triangles (2.3) and (2.4) vanish. The proof is analogous to the non-equivariant case, using
Lemma 2.5.3.

The following lemma is an analogue of Lemma 2.4.1.
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Lemma 2.5.4. Let U = X\ X,,_1. Let F and G be any T-equivariant complexes of sheaves on U.

Then the cup-product map
U:Hp(wF) ® Hp(u.G)— Hp(uF®u.g)
is an isomorphism. Since U factors through the surjection

Hr(wF) ® Hx(u, Hr(wF) ® Hr(uG),
T (u )H,(BT) 7 (u.G) > Hp (uy )HT(X) 7 (1.G)

the induced cup-product

Hr(wF) ® Hp(u H (u F ®u,
T(“! )HT(X) T(” g) — T(”! u,G)

is also an isomorphism.

Proof. Consider the fiber bundle ET xt X,, — BT, with fiber X,,. The E; pages of the Leray

spectral sequences for ;7 and u,. G are as follows:

HP(BT,H(w F)) = HE(u F),

H'(BT,H(u,G)) = Hi(u,G).

On the E, page, the cup-product map can be written as the composition of the following two
maps. The first map is the cup-product with local coefficients, and the second is the fiber-wise

cup-product on the local systems.

HP(BT, H(u, F)) %9 )Hr(BT,HS(u*Q))—>HPH(BT,Hq(u!]-")®H5(u*g)),
H* (BT

HPY(BT, H(u F) ® H (1, G)) — HP*' (BT, HT* (1) F ®u, G)).
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Since the local systems H9(uy F) and H*(u, G) are constant on BT, the first map yields isomor-
phisms
H (BT,HYwF)) © H (BT,H%(u,G)—H" (BT,H (1, F)®H(1,G)).
H*(BT)
Finally, we know from Lemma 2.4.1 that H" (u; F)® H' (1. G) iH' (uy F ®u, G) via the cup-
product map. Altogether, the cup-product maps on the E, page yield an isomorphism

H(BTH wF) @ H(BTH (1.9) =, H' (BT, H"(w F &1, G))

The left hand side is a tensor product of two free H" (BT )-modules over H" (BT). Hence it

converges to Hy (uyF) ® Hy(u,G). The right hand side converges to Hy (1 F ®u,G). Since
H*(BT)

the E; pages of the left hand side and the right hand side are isomorphic via the cup-product

map, the following cup-product map

Hp (m F) - Hy (4.G) — Hy (i F ®u,G)

is an isomorphism. ]

Let ¢;, € HT(X) be the equivariant Poincaré dual of [X,;]7. Each'c;, restricts to the class ¢,
under the map Hr(X) — H' (X), hence the collection {c, } generates Hr(X) over H" (BT).
The following lemma (analogous to [19, 3.8a]) describes the action of ¢;, on the equivariant

cohomology of the sheaves L, on X.

Lemma 2.5.5. For every j, the action of ¢, on Hy, (Lj,n) fits into the following commutative diagram:

Hy (Lj) — Hy (w7'Lj)

5 s

HT (Lj'”) — Hl.",c(u_lL]"”)
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Proof. Recall that the intersection of X, and X, lies away from X,,_;. Hence ¢, restricts to
zero on X;,_1, and cup-product by ¢, annihilates the cohomology of any sheaf supported on
X;,—1- The kernel of HT (Lj,n) —»H} (u"le,n) and the cokernel of H%’C(u_le,n) - HT (Lj,n) are
both supported on X;,_1. So the map of multiplication by c;, from HT (X,) to HT (X,,) factors as

follows.
Hy (Ljn) —— Hy (' Ljn)
|
Hy (Ljy) «—— Hy (u™'Ljy)

It remains to show that the vertical map on the right is an isomorphism. Since X,, and X;;
intersect transversally in the single point w,,, the restriction of ¢;, to X, is the image in H T (X3)
of a generator of the local cohomology group HT (X5, X5 \{wy,)).

Since w,, € U,;, we have H'T (X, X \wy})) = HT (U, Uy\{wy,}) by excision. But U,, is an affine
space that is T-equivariantly contractible to w;,, and hence H% (U, Uy \{wy,}) = HT (Up). This
shows that multiplication by ¢,, maps H T (Uy,) isomorphically to H. T AUn).

Since u_le,n is T-equivariant, the above argument applies to the cohomology of u_le,n as
well. This means that ¢, maps Hy (u_le)n) isomorphically to HT C(u_le,n), and the proof is

complete. [

Once again, let M, ,, denote the sheaf L, , ®---® L, ,,. For brevity, we set up the following

additional notation.

Ao = Hr (L2 0 Hrx) (L)
Byyu = Hy (u*u_le’n)HS()X)mHﬁx) H, (167 Ly ).

The following two lemmas are analogues of Lemma 2.4.3 and Lemma 2.4.5 respectively.
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Lemma 2.5.6. There is an exact sequence

Hy (u!u_lLLn)Hﬁ)X) Byn — Hy (Ll'”)H§X)Zm'” — Hy (v*v—lLLn)HﬁX)Emﬂ — 0.

Proof. The proof is analogous to the proof of Lemma 2.4.3. We use the fact that HT (X) =

H'(X)®H" (BT), and use Lemma 2.5.5 as a substitute for [19, 3.8a]. O
Lemma 2.5.7.
(i) The cohomology H'T (Ll,n ®Mm,n) is pure.

(ii) There is a short exact sequence

0— Hj;",c (”_1 (L1,n ®Mm,n)) - HT (Ll,n ®Mm,n) — HT (Ll,n—l ®Mm,n—l) — 0.

Proof. The proofs are analogous to the proofs of their counterparts from Section 2.4, using the

observation of Lemma 2.5.3 and the fact that H" (BT) is pure. O
We now complete the proof of Theorem 2.2.4.

Proof of Theorem 2.2.4. We obtain the following commutative diagram from the exact sequences

of Lemma 2.5.6 and Lemma 2.5.7.

H%(u!u_lLLn)Hﬁ)X)Em,n — Hy (Ll,n)Hf?X)Am,n — Hy (v*v_lLLn)Hﬁ )Am,n —0

lﬂ lb lc
0 — Hy (1™ Ly y ® My ) — Hy (L1n ® M) —— Hy (007 L1y ® My, ) — 0
(2.8)

First observe that the action of H7(X) on HT (u;u_lLLn) and on Em,n factors through the
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map Hr(X) — Hy (U) = H" (BT), so

Hi(wu™'L ® By, =Hr(uwu 'L ® By
T( ! Ln)HT(X) m,n T( ! Ln)H'(BT) m,n

We prove by induction on m that the map a4 is an isomorphism. As in the proof of Lemma 2.4.2,
the case of m = 2 is proved by Lemma 2.5.4, and the general case is proved by iterating the
argument. An argument similar to the proof of Lemma 2.4.4 proves that the map c is an
isomorphism.

Hence by the snake lemma, the middle map b is an isomorphism as well. Consequently, we

obtain the following isomorphisms for every n:

Hy (L1,0) 0 Hi) H (L) = B (Lin @@Ly )-

In particular when X;, = X, we see that the cup-product map
Hy(ICy, ) ® ® Hy(IC,, ) Hy(IC, ®+®IC,, )

Hr(X) Hr(X)

is an isomorphism. O
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3

BERNSTEIN-SATO POLYNOMIALS OF HYPERPLANE

ARRANGEMENTS

3.1 Background on Bernstein-Sato polynomials

The Bernstein—Sato polynomial, also called the b-function, is a relatively fine invariant of singu-
larities of hypersurfaces. It is a one-variable polynomial defined in terms of a local equation
for the hypersurface. The b-function, specifically the set of its roots, is related to various other
invariants of singularities. However, it is very difficult to explicitly compute the b-function of a
general hypersurface.

Let f be a polynomial function on an affine space X, and let Dx be the ring of differential

operators on X.

Definition 3.1.1. The b-function of f can be defined as the minimal monic polynomial by (s)
for the operator of multiplication by s on the holonomic Dx[s]-module Dx[s]f*/Dx[s]f*+! [30].
In other words, it is the minimal monic polynomial b¢(s) that satisfies the following equation

for some L(s) € Dx][s]:

L(s)f 1 = by (s)f".

Now let p be a point in X, and let D , be the ring of differential operators on X with

coefficients in Oy, the local ring of functions around p.

Definition 3.1.2. The local b-function of f at a point p is the minimal monic polynomial by (s)

that satisfies the following equation for some L(s) € Dx p|s]:

L(s)f ' = by y(s)f°.
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For example, if p is a point not on the zero locus of f, then by »(s) = 1; this is seen by
simply setting L(s) = 1/f. If p is a point on the zero locus of f, then any equation of the form
P(s)fs*1 = b(s)f with P(s) € Dx[s] can be thought of as an equation with P(s) Dxpls]- By
minimality, we see that br ,(s) | bf(s). In particular, for a fixed f, there are finitely many choices
for bf ,(s) over all points p € X, and it is clear that the least common multiple of by ,(s) over all
p € X divides bs(s). In fact, it is known (see, e.g., [41, Section 4.2]) that b¢(s) equals the lem of

bf p(s) over all points p € X.
Examples 3.1.3.

1. Consider the one-variable polynomial f(x) = x. Then we know that

j—x(xsﬂ) = (s+1)(x°).

It is easy to verify that (s+ 1) is the minimal polynomial that satisfies an equation as above,

and therefore bf(s) = (s +1).

2. Consider the polynomial in n? variables (x; j) defined as f((x;j)) = det((x;;)). Then the

b-function of f is (s+n)(s+n—1)---(s+ 1), given by the following equation:

det((9;)f ! = (s+n)(s+n—1)(s+1)f>.

3.2 Goals and setup

The goal of this chapter is to prove two results about b-functions of hyperplane arrangements of
Weyl type, which are defined later in this section. We give a brief overview. The first result is
the Strong Topological Monodromy Conjecture for these arrangements, which links the roots of
the b-function with another invariant of hypersurface singularities, namely the local topological

zeta function. The second result is an upper bound on the b-function of the Vandermonde
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determinant, which is a special case of a hyperplane arrangement of Weyl type.

Studying b-functions of hyperplane arrangements has proved particularly tractable for
computation, especially to compute and relate singularity invariants such as b-functions, zeta
functions, Milnor monodromy, and jumping coefficients (49, 50, 57, 12, 13, 11]. We now define

hyperplane arrangements of Weyl type, which is our main focus.

3.2.1  Weyl arrangements

Let G be a complex connected reductive Lie group with Lie algebra g. Let h C g be a Cartan
subalgebra, and let R C h* be the associated root system with Weyl group W. Define £ to be the

product of the positive roots:

e=| ]«

aERT

The zero locus V/(€) is a union of hyperplanes, and is known as the Weyl arrangement for the Lie
algebra g. This is the arrangement we wish to study.

The function & is anti-symmetric with respect to the W-action on b, and is the Jacobian
determinant of the quotient map h — h/W. The set V() consists of points fixed by at least one
non-trivial element of W. Thus V/(£) is the complement of h™8. The W-invariant function & is
called the discriminant of the root system R.

When the root system R is of type A,,_1, this polynomial is recognized as the Vandermonde

determinant:

1<i<j<n
3.2.2  Motivation from previous work

Some of our motivation for studying b-functions of Weyl arrangements stems from a theorem
of Eric Opdam, which computes the b-function of a related polynomial.

Since £2 is in C[h]", we can consider its image in C[h/W]. Specifically, by the Chevalley-
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Shephard-Todd theorem, /W is an n-dimensional affine space, where n = rk(G) = dim(h).
Hence C[h/W] is a polynomial ring in # variables. Fix a homogeneous free set of generators for
this polynomial ring, so that C[h/W] = Cley,...,e,]. We write C[h/W] to mean polynomials in
the generators {ey,...,e,}, and C[h]" to mean polynomials in the generators {x1,...,x,} of C[h].
Let g be the polynomial corresponding to &2 in C[h/W], that is, g(eq,...,e,) = E2(x1,..., Xp)-

In [46], Eric Opdam found the b-function for g.

Theorem 3.2.1 (Opdam [46]). Let g be as above, let n = rk(g), and let (dy,...,d,) be the list of
fundamental invariants of g. Then

n di—l

be(s) = (s +
i=1 j=

N =

i
o2

We show in the next section that bg(s) divides bg2(s), but evidence suggests that it falls far

-

short of equality. Moreover, for a general f, it is always true that b fz(s) | bf(2s+1)bf(2s), but

equality does not always hold.

3.3 The strong monodromy conjecture

In this section we describe the connection between the roots of the b-function and the poles of
the local topological zeta function. The local topological zeta function associated to a hypersurface
V(f) is a function Zigp, £ (s) on C. Defined by Denef and Loeser [17], it is computed in terms of
the Euler-Poincaré characteristic of the irreducible components of an embedded resolution of
singularities of the hypersurface V(f). Thus it forms a topological analog to the more analytic
local Igusa zeta function [27].

In the case of f a relative invariant on a prehomogeneous vector space, poles of the Igusa
zeta function correspond to roots of the b-function [27]. Consequently, by work of Malgrange
[36, 37] and Kashiwara [30], the poles also give the eigenvalues of the monodromy operator

on the cohomology of the Milnor fiber. The Topological Monodromy Conjecture of Denef and
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Loeser [17] is an analog of this work for topological zeta functions. The weak form states that
poles of Ziyp, ¢ give eigenvalues of the monodromy operator. The strong form states that poles
of Ziop,f give roots of by, which, by Malgrange and Kashiwara, implies the weak version.

In particular, Budur, Mustatd, and Teitler have proved the weak version of the Topological
Monodromy Conjecture for hyperplane arrangements [12, Theorem 1.3(a)]. We prove the strong

version for the class of Weyl arrangements.

Theorem 3.3.1. Let by be a Cartan subalgebra of a simple complex Lie algebra g. Let & € C[h] be the

product of the positive roots. If c is a pole of Zyop, £(s), then bg(c) = 0.

3.3.1 Proofs

In [12, Theorem 1.3(b)], Budur, Mustata, and Teitler reduce the Strong Monodromy Conjecture
to the so-called n/d conjecture [12, Conjecture 1.2]. We prove Theorem 3.3.4, which is the n/d
conjecture in the case of Weyl arrangements. As a corollary, we deduce Theorem 3.3.1, which is
the Strong Monodromy Conjecture in this case.

We begin by proving the following relationship between the b-functions of g and &.
Theorem 3.3.2. The function be(s) divides the function bg(2s+1).

Proof. The inclusion map h <> g induces a restriction map p: C[g]°® — C[H]", which is an
isomorphism by the Chevalley restriction theorem. Let A = p*(Ez), which is an element of C[g]C.
Let Lga2(s) € D(h)[s] be an operator that satisfies Léz(s)(‘éz(s”)) = bga(s) - (£2)5. Since &2 is
W-invariant, we may assume (by averaging) that Lg2(s) € D(h)V]s].
The space D(h)"V of W-invariant operators acts on C[lj/W], by pulling back via the isomor-
phism C[h/W]=C[h]". For any L € D(h)", let (L) be the corresponding differential operator
in D(h/W). Clearly, ¢ extends to a map ¢: D(h)"V[s] — D(h/W)[s]. Applying ¢ to Lga(s), we

S+1)

see that (Lg2(s))(g°") = bga(s) - &°.
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This equation shows that the b-function of g divides béz (s), that is,

bg(s) [ bg2(s). (3-1)

Similarly, we have a map D(g)[s] — D(g J/G)[s]. Let La(s) be an operator that satisfies
LA(s)(AST1) = ba(s) - AS. Since the action of G on D(g)[s] is locally finite, we may assume by
averaging that La(s) € D(g)C[s]. By a similar argument as above for the quotient g — g /G

instead of h — h/W, we see that

bg(s) | bA(s). (3-2)

Let Lg(s) € D(b) such that Lé(s)(ESH) = bg(s)- &°. Observe that
Le(25)Le(2s + 1)(E26H1)) = be (2s)bg (25 + 1) - (€2,
Therefore the b-function of 52 divides bg(2s)bg(2s + 1), that is,

béz(s) | be(2s)bg (25 +1). (3-3)

From (3.1) and (3.3), we see that

be(s) | be(25)bg(2s +1). (3-4)

We use the following theorem. The existence is due to Harish-Chandra [24], and the

surjectivity is due to Wallach [56], and Levasseur-Stafford [34].

Proposition 3.3.3. Conjugating the radial part map Rad by & yields a surjective homomorphism of
algebras HC: D(g)G — D(h)W, called the Harish-Chandra homomorphism.

Clearly, HC extends to a map HC: D(g)C[s] — D(5)"[s]. Recall that L(s) is in D(g)®[s],

and was chosen such that Lp(s)(AST1) = b (s) - AS. Since A corresponds to the function £2 under
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the Chevalley restriction map, we have

HC(La(s —1/2)) - (£2)°*! = € oRad(La(s— 1/2)) 0 £ 1 (£2)*!
= EoRad(La(s — 1/2))(&2)2s+1)/2
=&-ba(s-1/2)-(€})>2

=ba(s—1/2)- €%,

which shows that bga(s) | ba(s — 1/2).
Since HC is surjective, Lg2(s) € D(h)" can be lifted to an operator in D(g)C. By running the
previous argument in reverse, we can see that ba(s — 1/2) | bga(s). We conclude that bga(s) =

ba(s—1/2), and by changing variables that
bg2(s+1/2) = ba(s). (3.5)

From (3.2), (3.3), and (3.5), we see that
be(s) | be(2s+1)bg(2s +2). (3.6)

Suppose that b(s) } bg(25+ 1). This means that there is some c that is a root of bg(s) of some
multiplicity m, but is a root of bg(2s + 1) of multiplicity k < m (where k may be zero). By (3.4), ¢
must be a root of bg(2s), and by (3.6), c must be a root of bg(2s + 2).

By [49, Theorem 1], the difference between any two roots of the b-function of &, a hyperplane
arrangement, is less than 2. So ¢ cannot be a root of both bg(2s) and bg(2s + 2), and we have a

contradiction. This argument proves that bg(s) | bg(2s +1). O

The proof of the n/d conjecture for Weyl arrangements now follows quite easily, which also

proves Theorem 3.3.1.
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Theorem 3.3.4. Let b be a Cartan subalgebra of a simple complex Lie algebra g. Let & € C[b] be the
product of the positive roots as defined earlier. Let d = deg(&) and let n = dim(h). Then —n/d is always

a root of the b-function of &.

Proof. Letd; <---<d,, be alist of the degrees of the fundamental invariants of the Lie group G.
The degree of the highest fundamental invariant is equal to the Coxeter number. Recall that 7 is
the rank of the root system, and the total number of roots equals 2d. It is known (see, e.g., [26,
Section 3.18]) that d,,-n = 2d.

From [46], we know that

S0 —(1/2+n/(2d)) is a root of be(s) and hence of bg(2s+1), which precisely means that bg(—n/d) =
0. 0

3.4 The b-function of the Vandermonde determinant

In this section we describe progress towards computing the b-function of the Vandermonde de-

terminant, which corresponds to the Weyl arrangement in type A. We denote the Vandermonde
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determinant in n variables by vm,;:

1 1 1
X1 X2 Xn
vy, (xq,..., X,) = det X% x% x;% = ]_[ (xi —2j).
1<j<i<n
n—1 n—1 n—1

For notational convenience, we write c(a, b) to mean the binomial coefficient (Z) We have

the following recursive upper bound for by, .

Theorem 3.4.1. For a partition A = (Ay,..., \x) of n, denoted A + n, let by (s) denote the product of the

b-functions of v, for each i. We have the following divisibility relation:

(n=1)?

bvmn(s)' 1§$ ba(s)- | ]_[ (S+ a nl 2)). (3-7)

A=(n) i=(n-1)

The remainder of this section will be devoted to proving this theorem. We begin by proving
a much cruder upper bound for vm,,, which we will later refine. Kashiwara [30] proved
that the roots of any b-function are negative rational numbers. The method of proof is to
consider an embedded resolution of singularities of the hypersurface, and compare the b-
function of the hypersurface to that of its preimage. We apply a similar argument in our case.
Consider the hyperplane arrangement cut out by vm,,, and consider the (singular) locus of
points x; = xp =--- = x, = 0. Blow up C" along this locus, and let vm,, denote the pullback of
vm,, to the blowup. In any affine open subset U of the blowup, it makes sense to compute the
b-function of ¥m,|;;. We will denote the least common multiple of this b-function (over all
choices of U) by by, , and call it the b-function of vin,,. The precise relationship between the

b-functions of vm,, and of vm,, is given by the following theorem.
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Theorem 3.4.2 (Kashiwara [30]). In the setup above, the following is true for some non-negative
integer N':

bym, (5) | bgm, ()b, (s +1) -+ bgm, (s + N).

The exceptional locus occurs with multiplicity exactly equal to c(n,2), which is the total
number of hyperplanes in vi,,. Locally in an affine chart on the blowup, it is possible to write
vim,, as e- f, where e is the c(n, 2)th power of a local equation for the exceptional divisor, and
f is a function in variables disjoint from those of e. The local b-function of vm,, then divides
be(s)bf(s), and the (global) b-function of vin,, is the lcm of all of the terms b, (s)b(s).

Notice that the zero locus V (e) of e is smooth and has multiplicity ¢(n,2), so

bo(s) = ]_[ (s+ - (n’; 2)), (3:8)

independent of the chart. So the lcm of all the products b,(s)bs(s) is simply be(s) times the lcm
of all the possible b¢(s). Equivalently, it is be(s) times the lcm of the local b-functions at all points
of V(vm,,) away from the exceptional locus.

Recall that the projection from the blowup to the base is an isomorphism away from the
exceptional locus. So for any point in V(vm,) away from the exceptional locus, its local b-
function can be computed on the base. This amounts to computing the local b-functions at all
points p # 0 in V(vmy,).

Consider some point p # 0 in V(vm,). At p, some subsets of coordinates (but not all
coordinates) are equal. Up to reordering coordinates, we can assume that the first A; coordinates
are equal, the next A, coordinates are equal, and so on, such that A = (Aq,...,\;) is a non-trivial
partition of k. This means that locally around p, the equation for vy can be written as the
product of v, for each i. Recall that the product of the b-functions of all the vim,. is denoted
by b). Since the variables in the different vm,. do not interact, we have the relationship

bymy,p(s) | by(s). Taking the lcm at all such points p and combining this with (3.8) via the
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previous argument, we see that

c(n,2)
bez, (5) | lem bx ]_[ (s +
i=1
This equation, together with Theorem 3.4.2, gives the following lemma.

Lemma 3.4.3 (Crude upper bound on by, ). There are some non-negative integers M and N for

which the following relationship holds:

M N
bum, (5) 1| | ] 1em bafs +1) |_[(

i= 0>¢( ) j=1

v

Given this crude upper bound on the b-function of vm,,, we now prove Theorem 3.4.1 by
induction on 7. Assume the divisibility relation in (3.7) holds for by, (s).

Recall the relationship between b-functions and another set of singularity invariants, namely
the jumping coefficients. For a function f and a positive rational number p, the multiplier ideal is
the ideal in Oy of functions 4 for which |h|%/| f 2P is locally integrable. The multiplier ideal can
also be defined algebro-geometrically (see, e.g., [18]). The values of p at which the multiplier
ideal changes size are called jumping coefficients. By the work of Yano [58], Lichtin [35], and
Kollar [33, Theorem 10.6], it is known that the smallest jumping coefficient a satisfies b¢(-a) =0,
and that in fact —« is the largest root of the b-function.

Let A be a central hyperplane arrangement of d hyperplanes embedded essentially into
C™ (i.e. the arrangement does not embed into C" for any r < m). Let f be a function that cuts
out A. For S C A, denote Ws = (s H. By Mustatd [42, Corollary 0.3], the minimal jumping

coefficient of A is
. codim(Wg)
a= min —————
0=ScA|{H|H > Ws}|

Similarly to [49, Equation 0.2] and using the relationship between b-functions and the minimal
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jumping coefficient, we can rewrite « as follows:

amin[{%}u{ J flbpcs)= o}}]. (3.10)

0=xeC™

Lemma 3.4.4. For any positive integer k, the minimal jumping coefficient of vimy, equals

Proof. Consider the arrangement cut out by vmy. Any point on this arrangement other than
zero can be described as the set where some subsets of coordinates (but not all coordinates) are
equal. Consider some point p # 0. Up to reordering coordinates, we can assume that the first
A1 coordinates are equal, the next A, coordinates are equal, and so on, such that A = (Ay,..., A;)
is a non-trivial partition of k. This means that locally around p, the equation for vy can be
written as the product of v, for each i. Recall that the product of the b-functions of each of
the v, is denoted by b,. Since the variables in the different vim,. do not interact, we have the
relationship bym, p | by

Further note that the arrangement cut out by vmy has degree d = c(k, 2). It embeds essentially
in (k—1) dimensions via the map from Ck to CF1, equivalently from C[yy, ..., vk] to Clxq,...,x¢],
defined as y; — x; — xj;1. So the number “m/d” from (3.10) equals (k —1)/c(k,2). For p and A
as above, we showed that the local b-function of vy, at p divides by. Since ) is a non-trivial
partition, we have \; < k for each i. By induction, the minimal s such that bvmxi(_s) =0is

(A; = 1)/c(A;, 2). Therefore

. (A -1 k-1
min U {slbvmk,p(—s):O} :mim{(c()\i,Z))}>(c(k,2))'

0peCk!

Thus m/d = (k—1)/c(k, 2) is the minimal element in (3.10), and the lemma is proved. O
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Corollary 3.4.5. For each positive integer k, the roots of bym, lie in the following interval:

~(k=1)* —(k-1)
ck,2) " ck2) |

Proof. The previous lemma implies that the roots of by, are bounded above by the number

—(k —1)/c(k, 2). By combining results of Narvaez Macarro [43] and Calderén Moreno-Narvaez

Macarro [14], we can verify that the b-function of every vmy is “symmetric around the point

—1”. More precisely, this means that

bvmk(s) = ibvmk(_s -2). (3.11)

Using the previous lemma, we compute that the roots of by, are bounded below by the

following number:

]

Now we can finish the proof of Theorem 3.4.1. Recall Lemma 3.4.3, our crude upper bound
for by, - Using Corollary 3.4.5, we can create a tighter upper bound for by, by pruning factors
from the second expression that correspond to roots outside the appropriate interval. This yields

the following relationship:

M (n=1) ;
bym, (5) | 1%1 by(s)|- l_ll}irg br(s+7) ]_[ (5+c(n,2))' (3.12)
A(1) J=1 A=(n) i=(n-1)

Recall the symmetry property of (3.11). We will use this to eliminate the middle term of the
dividend in the above equation. First note that we can also eliminate all factors beyond j = 1:
Corollary 3.4.5 implies that all roots of by, (s) lie in the interval (-2,0), but for any j > 1 and

any non-trivial partition A + n, all roots of by (s+ j) are less than —2. So we can simplify the above
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equation:

(n=1)2 ;
bym,,(s) | 1§$ ba(s) |- lffﬂ ba(s+1) 3 ]_[ (S+c(n,2))' (3.13)
A=(n) A=(n) i=(n-1)
For convenience, set up the following notation:
(n-1)? :
i
Ap=|lemby(s)|, By=[lemby(s+1)|, Cy= | ]_[ (”c(n,z))'
A=(1) A=(n) i=(n-1)

Suppose for contradiction that by, (s) } A;,C,,. This means that there is some root p of bym,,(s) of
multiplicity m, which occurs in A,,C,, with multiplicity strictly less than m. Consequently, p is a
root of B;,. Note that p = —1, because —1 is not a root of B;,. Since by, (s) is symmetric around
the point —1, the multiplicity of —p—2 in byn, (s) is also equal to m. On the right hand side, note
that A, and C,, are both symmetric around the point —1. So the multiplicity of —p—2in A,,C,, is
strictly less than m. This implies that —p—2 is a root of B,,. By the bounds already established, we
know that the roots of A,,C,, lie in (-2,0), and those of B, lie in (~3,—1). Therefore -2 < p < -1,
and -1 < —p—2 <0, and therefore —p — 2 cannot be a root of B,,. This is a contradiction.

The argument outlined above proves that byy, (s) | A;C,, which completes the proof of

Theorem 3.4.1.
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