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ABSTRACT

Data science is a recent focus across many fields such as mathematics, statistics and computer
sciences aiming at discovering and understand patterns from data. Topological data analysis
(TDA) is a solution to discover the underlying topological structures.

The first part of this thesis is on the random coverage. We estimate the number of data
points to cover an underlying manifold with possibly boundaries or singularities and with
possibly non-uniform probability distribution. In general, the expected number to cover the
space depends not only on the minimum of the probability measure but also on its decaying
rates near the minimum point (characterized by two constants).

The second part is about the thresholds of correct Cech homology on a flat torus Te. The
thresholds are estimated by the critical points of distance function and Morse theory. This
thesis examines a special type of critical points and makes an improvement on the upper
bound of the thresholds over the existing result.

The last part proposes a method to detect topological periodicity in a time series. Topo-
logical periodicity allows distortion of the function’s domain. The proposed method is about
encoding the topological information of a function by a tree. Comparison between functions
counting re-parametrization can then be reduced to comparison between two corresponding

trees.
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CHAPTER 1
INTRODUCTION

Data science is a recent focus across many fields such as mathematics, statistics, and com-
puter sciences aiming at discovering and understand patterns from data. Data points are
discrete and random. We need to assume some sophisticated models that describe data and
the relations among data points well. Traditional statistical analysis focuses on building ap-
propriate probabilistic models. Data sources and noises are characterized by some adequate
probability distribution. Then, the common tasks include purifying the data and making
inferences based on the specific probability model.

However, discreteness is a commonly neglected aspect of data. People have to make
assumptions about the association of the discrete data sets. The default treatment is to
think the samples are from the real vector space ]Rd, commonly with Euclidean structure,
which is one of the simplest topological spaces and simplest example of a (Riemannian)
manifold.

In general, topology captures the properties of a space under continuous transformations
which is defined in a topological structure. Topology allows us to associate or to differen-
tiate various spaces. For example, the Euclidean space or a solid ball can be continuously
deformed to a single point while a circle cannot do so within itself. If distances can be
defined between any two points in a space satisfying some conditions, the distance function
automatically induces a topological structure on the space and the space is called a metric
space. Riemannian manifold is in particular a metric space which is locally a resemblance
of the Euclidean space.

The naive embedding of data into the Euclidean space of R sometimes results in a very
high dimension d which is difficult to process. For example, a study in [27] estimates that
the face images may live in a space with dimension as high as 100. The data may actually

lie on a lower dimensional subspace of Rd, usually a submanifold. Dimensionality reduction
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and manifold learning methods such as Principal Component Analysis (PCA) are used in
data science to discover such low-dimensionality relations.

T-distributed Stochastic Neighbor Embedding (t-SNE) is a popular nonlinear dimension-
ality reduction technique which is usually used in visualization. It is developed by [26]. The
technique provides a map of high-dimensional data to low-dimensional. The distribution of
the distances between the resulted lower dimensional data points resembles the distribution
of the distances in the original data set. A weakness of such method is that the distances
are changed and the topology is not preserved. Other methods like Isomap are developed
to bring quasi-isometric maps. However, as shown in [15] , [34], when the data manifolds
have complicated topology the algorithm of Isomap may fail to work. Indeed, the embedding
of the data set to the lower dimensional Euclidean space is impossible for every situations
without a compromise.

Instead of treating the data set as merely a Euclidean space, topological data analysis
(TDA) is a solution to discover the underlying topological structures. From the nature of
topology, we can expect this method gives results robust to noises since the topological struc-
tures generally tolerant perturbation to a certain degree. Some studies about the relation of
topological methods and noisy data can be found [28] [2] [13]. For instance, in [28], Niyogi,

Smale & Weinberger show that

Theorem (Niyogi, Smale & Weinberger). Let M be a compact submanifold of R and let
i be a probability measure on R satisfying some conditions involving the submanifold M.
Then, there is an algorithm that computes homology from points sampled with respect to
such that the homology and the homotopy type is the same as M with high probability which

can be estimated by the conditions of p.

An important object in topological data analysis is persistent homology because it can
be used as a tool for measuring the impact of noise. Homology groups of a topological space

X is a sequence of Abelian groups Hy(X), H1(X),..., Hy(X). In most cases of this thesis,
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we will consider homology with field coefficient and then homology groups are vector spaces.
The rank of Hy(X) is called the k-th Betti number . The definition of homology can be
found [22]. Intuitively, k-th homology groups and the Betti numbers count the number of
k-dimensional cycles which are not boundaries of other objects, where cycles are objects with
no boundaries. For instance, Hy(X) corresponds to the connected components of X. The
persistent homology is defined given a filtration of topological spaces {X, : some r} such

that

X, C X, aslongasr <7’ (1.1)

Then the inclusion X, C X, induces homomorphism between homology groups:

Hy,(Xy) = Hp,(X}). (1.2)

The family of homology groups of Hp(X;) is called the persistent homology. It is proved
in [10] that under some condition, the persistent homology (as a family of vector spaces) is
isomorphic to the direct sum of vector spaces generated by pairs (a,b) for a < b. Here the
pair (a,b) can be interpreted as persistent elements living from a to b. For each persistent
element given by (a,b), one map plot the point (a,b) on the plane with birth time and death
time as coordinate. In this way, we get a persistence diagram that represents the persistent
homology. One may also use bars starting from a ending at b to represent the element and
get bar code representation for the persistent homology. For detailed references of persistent
homology, see [10], [3] , [9].

Persistent homology is a powerful tool to discover the topological structure behind the
data sets. It already sees applications to a wide variety of fields. [11] and [10] discuss the
shape of data sets of 3 x 3 patches from pictures. With the help of persistent homology,

they discover that the data set forms a subspace in RY as a Klein bottle. The results in turn



have applications in image compression and texture recognition. [32] is a more recent study
on social and biological contagions using persistent homology. It recognizes the topological
structure of data to construct contagion maps which serve as dimensionality reduction.

The data points are discrete as we mentioned before. To apply topological data anal-
ysis such as persistent homology, it is still necessary to convert the discrete data to some
meaningful topological structure. A natural idea is to use small balls and to consider their
union rather than individual points. Here is an example of such attempt. Suppose we have
a collection of data points on a plain shown as below. They are sampled on or near a circle.

In the first figure 1.1a, the union is broken and does not have the topological feature of
a circle (i.e. the first homology group is 0.) We may increase the radius or obtain more
sample points to get the correct topology like in Figure 1.1b. In such case the circle is
covered by the samples. Since the circles live in an ambient plane, if the radius is even
larger, we may once again lose the topology as seen in Figure 1.1c. The noises may also
create non-contractible structures shown in the last figure 1.1d, having a negative impact on
the topological inference.

This thesis will mainly focus on the conditions of how phenomena like Figure 1.1a trans-
fer to those like Figure 1.1b. We also only consider intrinsic distances instead of ambient
distances (or chordal distances) to avoid the situation where the radii are exceedingly large
or noises exist. The intrinsic distance between two data points is the one measured along the
space where the data are sampled. We don’t assume an ambient space. The balls on a circle
are now just segments of arcs shown as below. For a fixed closed Riemannian manifold, if we
have sufficiently large number of points and if the distances between points are small, then
the chordal distance approximates the geodesic distance on the manifold.

The first part of this thesis will be on the random coverage. The number of data points
to cover an underlying space will be estimated. Coverage is a sufficient condition to yield

the entire topological structure. It is also useful in multiple applied sciences. [25], [31] are



® !
\ ®“®/@

(a) Radius is too small. The union is  (b) Radius is neither too small nor too
homotopy equivalent to the discrete set  large. The union is homotopy equiva-
of points. lent to the circle.

(c) Radius is too large. The union once (d) Noises can create extra homology

again loses all the topological features classes (marked as red above as an ex-

and is homotopy equivalent to a single  ample) that are not from the underlying
point. space.

Figure 1.1
Various cases of union of balls centered at data points on a circle.

examples of applying coverage problem to biology and military sciences. [18] is one of the
pioneers to the problem. Suppose the data points are sampled from a Riemannian manifold
with no boundary according to the uniform distribution. If N, is the number of points

necessary to cover the manifold with geodesic balls with radius r by m times, they show that
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(b) Radius is large. The union covers

(a) Radius is too small and equals the circle.

Figure 1.2
Geodesic balls lying on the circle.

Theorem (Flatto & Newman). For some constant C,

g

Moreover, the expectation satisfies that

1 1
aNpm — (log o + (d—m+1)loglog a) ‘ > :U} <e O (1.3)

Theorem (Flatto & Newman).

1 1 1
E[Nrm]za loga—i—(d—m—i—l)logloga—i-O(l) , as T — 0, (1.4)

d

where o = wyr® s the Fuclidean volume of a r-ball.

One of the limitations of the result of [18] is that it only deals with closed manifolds. In
TDA applications, the manifold hypothesis is a nontrivial one, and it is important to study
the effects of boundary or other more serious types of singularity on the coverage problem.
On the other hand, the underlying probability measure is not necessarily uniform.

Let us first use a Riemannian manifold with boundary as an example. In a tubular
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neighborhood of the boundary, the volume of a ball will be significantly smaller than the
volume of a ball in the interior. The expected number of the balls to cover a manifold with
boundary increases over the number with no boundary. Moreover, the volume of the ball near
the boundary changes with respect to the distance to the singularity, the boundary in this
case. A Riemannian manifold that we consider here can have multiple types of singularities
other than boundaries, for example, a manifold with corners. The probability measure can
also be non-uniform. The different types of singularity and non-uniformity behave differently
in affecting the coverage. In general, the expected number to cover a manifold depends not
only on the minimum of the probability measure m but also on its decaying rates near the
minimum point (characterized by constants a and b). It turns out that both the log term

and the loglog term in the expected number need to be modified in both cases.

Theorem (Covering on a manifold with singularities).

1 [d-— 1 1
E[Ny] = — y ¢ loga +(d—b) logloga +O(1)|, asr —0. (1.5)

mao

It should be noted that the expectation is not simply a multiple of the results from Flatto
& Newman by a factor of the minimum m of the probability measure in general. Intuitively,
the parameter a gives the co-dimension of the singularity and b gives the rate of growth of
the measure of balls near the singularity.
1

In particular, when we have a manifold with a boundary, m = 5, a =1 and b = 1 as

shown in Section 2.3.2, and hence we have

Theorem (Covering on a manifold with boundary). Suppose M is a d-dimensional Rieman-

nian manifold with a non-empty boundary and d > 2. Then,

d—1 1 1
loga + (d—1)log loga +0(1)|, asr—0. (1.6)

E[Nr]zé

Suppose we have a closed Riemannian manifold with no boundary is endowed with a prob-
7



ability density with a positive minimum m > 0 and the minimum point is non-degenerate.
For instance, the density is a Morse function. We will show in Section 2.3.3 that a = 0 and

b= %, and thus we have

Theorem (Covering on a manifold with Morse probability density). If the density function
f has a positive and non-degenerate minimum m > 0. i.e. the Hessian matriz of f at the

minimum point pm 1S non-singular, then we have that
1 1 d 1
E[Ny] = — |log— + = loglog— + O(1)|, asr— 0. (1.7)
mao a 2 «

The proof first isolates different types of singularities by families of neighborhoods and
characterizes the growth of the probability measure of balls in each family of sets. Since the
general theorem covers a wide variety of problems, the section after the proof is dedicated
for several examples. It shows how the general theorem applies to specific problems like
Riemannian manifold with smooth boundary, non-uniform probability measure with a single
positive minimum density, etc.

The second part of this thesis will be on the homology of Cech complexes derived from
data points. There are cases where coverage is too strong a requirement. We may use examine
the homology groups instead to get a more careful analysis of data. The union of small balls
are usually hard to deal with. Some random complexes are constructed to represent or to
approximate the union. [8] provides a good reference on the random structures and their
applications in geometric and topological inference.

Cech complexes and Vietoris-Rips complexes are among the most common ones. Fixing

radius r, the points pg, p1,p2, .. ., p form a k-simplex of Cech complex if and only if

k

() Bpisr) #0 (1.8)

1=0

By nerve lemma, the Cech complex is homotopy equivalent to the union of balls. However,
8



direct computing the entire Cech complex is very hard. Vietoris-Rips complex is a similar
structure which is easier to compute. Fixing radius r, the points pg, p1,p2,...,pr form a

k-simplex of Vietoris-Rips complex if and only if
d(p;,pj) <7 forany i,j € {0,...,k}. (1.9)

One can prove that the Vietoris-Rips complex with radius r is contained in Cech complex
with radius r which is in turn contained in the Vietoris-Rips complex with radius 2r.

The question can be posed that what threshold of radius r should be to make the com-
plexes have the correct homology groups as the underlying space. For such problems, the
flat torus T¢ is a first prototypical example of the underlying space since it has non-trivial
homology groups unlike R? and we will not be distracted by nuances brought by nonzero
curvatures. [6] shows how to generalize the results to Riemannian manifold.

Let A = nwdrd where n is the number of points, r is the radius, d is the dimension of
the torus T¢ and wg is the Euclidean volume of the unit ball in RY. For Hy or equivalently
the connectivity, [30] uses the Erdés-Rényi random graph model to get that the threshold
for connectivity is A = 2~ %logn.

For the connected closed manifold T¢, the top homology H, is correct if and only if the
whole torus is covered. The threshold from the coverage problem [18] is A = logn + (d —
1) loglog n.

For the k-th homology, there are multiple regimes where the homology groups behave
differently. [5] is a comprehensive survey on this subject. Some results can also be found
in [23]. The k-homology first appears at A = @(n_k%rl) for Cech complexes and at A =
@(n_ﬁ) for Vietoris-Rips complexes. When A = A € (0, 00), the Cech complex satisfies
that E [8;] ~ n. For Vietoris-Rips complexes, we have that E [3;] = O(nA%e—cah).

The bound of E[B(n)] for Cech complex is more difficult to find. The recent studies

[7] (on a flat torus), [6] (on a Riemannian manifold) utilize the critical points of distance

9



function and Morse theory to give the following estimate of the threshold of homology being

right.

Theorem (Bobrowski & Weinberger, Bobrowski & Oliveira).

_ oo A=logn+ (k—2)loglogn —w(n)
Jim E[54(0)] = (110
Br A =logn+ kloglogn + w(n)

This thesis gives an improvement of the upper bound by a more careful investigation of

a certain type of critical points.

Theorem.

_ oo A =logn+ (k—2)loglogn —w(n)
Jim E[50)] = 11y
Br A =logn—+ (k—1)loglogn + w(n)

An estimate for the upper bound of the probability of homology being correct is also

d

included in this part. It can be proved that if A = nwyr® is sufficiently large, the complement

of the union of balls consists of small components.

Theorem (Complement of the union of balls). Suppose the radius r < rmes/3 where ryay
is the injectivity radius of the torus. Then, there exists some constant 1/2 < k < 1 and for
A= nwdrd > klogn, the probability of each component of the complement being contained

i a ball with radius 2r tends to 1 as n — 0.

Therefore, the global homology classes of the torus cannot exist in the complement by
Mayer-Vietoris sequence. The remaining homology classes are all local to small holes (un-
covered regions). This gives an estimation of the upper bound in terms of probability.

The last part of this thesis proposes a method to detect topological periodicity in a time
series. Unlike the ordinary periodicity which requires that function values by a fixed offset
are identical, topological periodicity allows distortion of the function’s domain. In other

10



words, if for some re-parametrization ¢, f o ¢ is periodic in the common sense, then f is
called topologically periodic. A traditional approach to the task is using Fourier transform.
See [17]. However, Fourier transform does not work well when the domain is re-parametrized.

If we focus on H rather than higher homology, then the topological periodicity should
be preserved regardless of re-parametrization. In [16], the bottleneck distance between per-

sistence diagrams that encodes persistent homology is defined. They show that

Theorem (Edelsbrunner & Harer). Let X be a topological space with two functions f,g :
X — R satisfying some conditions. Then, for each dimension p, the bottleneck distance

between the persistence homology is

dp(Dgmy,(f), Dgm)p(9)) < |f = glloc = Slél;g\f(x) —9(z)]. (1.12)

The proposed method in this thesis is about encoding the topological information of a
function by a tree. The tree structure is inspired by [4] which describes a natural metric
between phylogenetic trees. In particular, the methods of converting between an ordered
tree with edge lengths and a function are provided in the last part. Once the distance
between trees is defined, we can derive that the distance between two functions counting re-
parametrization is bounded by the distance between the corresponding trees, which resembles

the result in [16]:

Proposition. If two continuous functions are defined on a compact interval has finitely
many local extreme points, the distance between two functions is less than the distance of

their corresponding persistent dendrograms.

Remark. Throughout this thesis, we use C, C’, or any C; to indicate unspecified constants. The

constants that appear in different places may be different numbers.

11



CHAPTER 2
RANDOM COVERING ON A MANIFOLD WITH
BOUNDARIES AND SINGULARITIES

2.1 Main Results

2.1.1 Measure Characterization of Boundaries and Singularities

Let M be a compact d-dimensional Riemannian manifold possibly with singularities
such as boundaries or corners. Suppose the manifold M is endowed with a probability
measure v. Denote the Riemannian volume of a set U on M by vol(U) or volU. Define
c(p;r) = v(B(p; 1))/ (wgr®) which is the ratio of the probability measure of the ball centered
at p € M with radius r to the Euclidean volume of the ball with radius r, wdrd.

In order to isolate different levels of singularities, we divide the manifold into several
region that ”isolate” various singularities. For any radius » > 0, suppose M = |J; U;(r) for
a finite number of regions U; = U;(r).

In each of U;, we have for |w;(r)| < Cr and for any p € U;(r),

c(psr) = m; — wi(r) (2.1)

where m; > 0 is a constant independent of r and the volume

vol(U;(r)) < Cr% (2.2)

for some constants a; and C' that depends only on the manifold M. Assume that {m;} is

increasing in 1.

d—ai

The region which is the most difficult to cover is the one which maximizes =~*.
(2

12



a; :
L, we assume there exists

Furthermore, for each triple (m;, a;, U;(r)) that maximizes =
(2

a family of subsets U;(r; k) C U;(r) for integers k > 1. Let € = The sets U;(r; k)

1
llog r[*
satisfy:

U Uilrs k) = Us(r), (2.3)

k>1
Crrt (ke)" < vol(Us(r: k)) < Cor®(ke)", (2.4)
for any p € Uj(r; k), c(p;r) < m;(1 + Czke), (2.5)
for any p € Ui(r) \ Ui(r; k), c(p;r) = mi(1+ Cy(k + 1)e), (2.6)

for some constants b;, C'1, Co, C'3, C4y which do not depend on r. In particular, if we set

Ui/(r; k) = U;(r;k + 1)\ U;(r; k) and UZ-’(T;O) = U;(r; 1),

vol(U!(r; k)) < Cr%ieikbi, (2.7)
for any p € U(r; k) and k > 1,
m;(1+ Crke) < c(p;r) < m;(1+ Ca(k + 1)e), (2.8)
for any p € U/(r;0),

mi(1 —w;(r)) < c(p;r) <m;(1 + Cae) (2.9)

Let (m,a,U(r),U(r; k),b) be any of the tuples (m;, a;, U;(r), U;(r; k), b;) such that max-

imize d%?l among those that maximize d;L—?’ We have that for any valid i, d;n?i < % and

d—b; d—b : ! 77l _ .
T < Sne- Write U'(r) = U'(r;0) = U(r; 1) for short.

Here U;(r; k) and the parameter b characterize the rate of growth of probability measure
within a range near the extreme value m.

Within the set U’(r), we require that the union of two balls has a lower bound of the

volume in terms of the distance between the centers. More precisely speaking, for any p, ¢

13



in U'(r), we have that if d(p,q) < 2r, then
v(B(p;r) U B(g;1)) = mewgr(1+ Curld(p, g) = Cae), (2.10)

where d(p, ¢) is the distance between two points and C7, C9 are some constants independent
of p,q and r.

We say that a family of sets U(k) on M admits a scale-sensitive p-net with respect to the
Riemannian volume if there exists a discrete set of points with number bounded from above
which covers the union J;, U(k) by p-balls centered at the points and each U(k) contains

points with number bounded by the volume. That is, we have the following definition.

Definition 1. A family of sets U(k) (or just a single set where k has only one value) on
the d-dimensional manifold M s said to admit a scale-sensitive p-net with respect to the
Riemannian volume for any p > 0, if there exists a discrete set S C |J;, U(k) satisfying the

following conditions:

1. the number of points |SNU(k)| < Cp~%vol(U(k)), where C is a constant that only

depend on the manifold M and is independent of k or p;

2. p-balls given by S NU(k) cover the set U(k), i.e.

sup d(p,SNU((k)) < p. (2.11)
peU (k)

As an example, for a fixed submanifold P of M, the family of sets of the tubular neighbor-
hood of P with variable radius r admits a scale-sensitive p-net with respect to the Riemannian
volume when r is sufficiently small. This example will be discussed in Section 2.3.1.

Now return to our topic about singularities. In our settings, we require that all the sets
Ui(r) and the families of sets U/(r; k) for every sufficiently small r > 0 admit scale-sensitive

p-nets with respect to the Riemannian volume for sufficiently small p > 0.

14



For how these conditions fit to specific examples such as a manifold with boundaries or

with a non-uniform probabilistic distribution, see Section 2.3.

2.1.2 General Result

Given the assumptions in the previous section, one has the following result:

Theorem 1. Define the random variable Ny to be the number of balls necessary to cover M

with respect to the given probability measure v. Let a = wdrd Then,

1 |[d—a 1 1
]E[Nr]_% y loga+(d—b)logloga+R(a) , (2.12)

where R(a) = O(1) as r — 0.

Comparing with the result for coverage on a manifold with no boundary in [18],
1 1 1
E [Ny] = — |log — + dloglog — + R(a) | , (2.13)
o a a

where R(a) = O(1) as r — 0, the parameter a that characterize the dimension of the singu-
larity affects the log term, the parameter b that characterize the growth of the probability
measure affects the loglog term, and the (usually minimal) value of the probability density

makes an overall change to the quantity.

2.2 Proofs

Define a random variable X from N,

1 [d—a. 1 1
Ny =—|“=Llog =+ (d — b)loglog — + X | . (2.14)
mao (6% (6%
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For each x € R, denote

1 — 1 1
N=— d &log——l—(d—b)loglog——kx . (2.15)
mao d o o

We will bound the probability by the following two lemmas.

Lemma 1. For x > 0, the probability that N, is large decays exponentially, i.e.
P{N, > N} =P{X >z} < Ce ", (2.16)
where X\ is a positive constant only depending on the manifold M and the probability measure

v on it.

This estimation restricts the probability of having too many points than expected, and

thus gives the upper bound. The lemma will be proved in Section 2.2.2.

Lemma 2. For x <0, the probability that Ny is small decays exponentially, i.e.
P{N, < N} =P{X <z} < Ce”. (2.17)

This estimation restricts the probability of having too few points than expected, and thus

gives the lower bound. The proof is in Section 2.2.3 and 2.2.4.

2.2.1 Proof of Theorem 1

The main theorem follows from the fact

Lemma 3. Let A be any real random variable. Suppose that the tail distribution is bounded
by exponential function, then E [A] is finite. That is, if P{A > a} < Ce™ 2 for some positive

constants C' and A, then E[A] < oo.
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(c) R
In fact, E [A] < / adP{A <a} =— lim adP {A > a}, and then using integration
0 R—o0 Jo

by parts,

R R
/ MPM>a}:MNA>R}i/E%A>@mz (2.18)
0 0

R R
z—/JMA>@mz—/<%A¢ (2.19)
0 0

Therefore, E[A] < oo.
Now take A = |X|. From Lemma 2 and Lemma 1, P{A > a} < Ce % for sufficiently
small  and some positive constants C' and X independent on r. From the lemma above, we

have that R(a) = E[|X|] < oo, as r — o00; that is,
1 |[d—a 1 1
E[N,] = — log s (d —b)loglog ot R(a)|, (2.20)

mao d

where R(a) = O(1) as r — 0.

2.2.2  Estimation on Upper Bound

Define

r

="  andi =r—p 2.21
P = Togr] M7 =T p (2.21)

Since for all 7, the sets U;(r; k) admit scale-sensitive p-nets with respect to k according
to the assumptions, there exists sets S; C U;(r) = |J;, U;(r; k) of at most Cp~ - vol(U;(r))

points for all 7. The sets S; satisfy that the number of points
1S; N U; (k)| < Cp~® - vol(Us (r: k). (2.22)
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and that

for any point p € U;, sup d(p, S;) < p, (2.23)
peU;

for any point p € U;(r; k), sup d(p,S; UU;(r;k)) < p. (2.24)
peUi(rsk)

Set S = |J; S; to be the union of all points in S;. Now we have that since M = J; U;(r),

sup d(p,S) < p. (2.25)

peEM
Assume that the radius r is sufficiently small so that 7/ =r — p > r(1 — C/|logr|) > 0.
Let N/ be the number of balls with radius 7’ necessary to cover S. We have that the balls
with radius r covers M if the balls with radius 7’ cover S because every point on M is within

p =r — 1" away from some points in S. That is,
P{N, >N} <P{N' > N}. (2.26)
Then, from 1+t < expt for any ¢t € R, we have

P{N, > N} <P{N'> N}

<> @ =v(Bpsr )N <Y exp (—v(B(ps;r)N) (2.27)

peS PES

= > > exp(—u(Bm;r)N)

%, pES;
d—a; < d—a

m. m

+ >, > exp(—v(Bp;r)N)

i, peS;
d—al- _ d—a

mi m

(2.28)

18



We first estimate the sums > exp (—v(B(p;r'))N) for i such that d;l—?i <

PpES;
point p from S;, we have that m; — w; (") < e(p;r’) < m;y1 and so

v(B(p;r')) > (m; — w;i(r'))wgr'®

= (m; —w; (")) (1 — €)%wgr?

Since |w;(r)| < Cr < Ce, the above is bounded by

(mi - OG)C&)dT’d7

for some constant C' that does not depend on r. Then,

> exp (—v(B(p;r'))N)

PES;

< Z exp (—m;aN) exp (C’erdN)
pES;

= |S;| exp (—m;aN) exp (C’erdN>

we have that

erd N
1 d— 1 1
= alog—+(d—b)10glog—+x
mllogr| | d a a

< C + Cer.
Set A = %mini % We have that for sufficiently small r,

exp (CerdN> < CeM,

19

d—a

_m.

For any

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)



From the inequality (2.2), the number of points in S;,

1S;| < Cp~® - vol(Uy) < Cp~r® < O~ (d=a)=d, (2.37)

dfai

Since we have ,
mg

< %, then it follows that

> exp (—v(B(p:ir'))N)

PpES;

< CeM . p(d=ti) —d oy, (—m;aN) (2.38)
d
d—(ll’ 1
<CeMaT T (log —>
a
| d— 1 1
-exp{—%{ alog—%—(d—b)loglog—%—x}}
m d o a

_my (d=a; _d—a 1\ 4 (d=b) m;
< Ca md( mioom ) (log —) cMeTm (2.40)
«

(2.39)

Since —% (d;l—?l — %) < 0, élogé — 0asr — 0, and A < %, then for sufficiently

small radius r and small volume «, the formula above is bounded:

Z exp (—mjaN) < CeMe™m?T < ™ T, (2.41)
PES;

We will estimate the next sum Y exp (—v(B(p;r’))N) for i that % = %. Note

)

pES;
that dn_lfl < % for these i’s. Unlike the previous estimate, we will further divide U;(r) into
the union of U] (r; k) = U;(r; k) \ U;(r; k — 1).

For U{ (r;0), similar to the estimate in the previous estimate, we have that for any p in

Ul(r;0),

v(B(p:r') > (m; — Coe)war?, (2.42)
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In each of Uj(r; k) for k > 1 we have that for any p € U/(r; k) from (2.7),
c(p;r) > mi(1 + Cke).
Then, the volume

v(B(p;r") > mi(1 + Cke))(1 — €)%wyr?

> mji(1 — Che + Coke)wyr?,

for some constant C', C that do not depend on k.

Note that the number of points

|S; N UL(r; k)| < Cp=d - ~vol(U(r: k)
< C’(TE)_dTa"ebikbi

— Op—(d=ag) = (d=b;) .b;

The sum is now

> exp (—v(B(pir'))N)

PpES;

=Y Y exp(-vB(p:r)N)

k=1 peS;nU/(r;k)
< Z |S; MU (r; k)| exp (—mi(l — Cre+ C'le)wdrd>
k>1

< Z O~ (d=ai) = (d=bi) pbi exp (—m;aN) exp <CerdN> exp (—Ck:erdN>
k>1

= Oy~ (d=0i) =(d=bi) oy (—m;aN) - exp (C’erdN)
. Z bi exp (—CkerdN> :
k>1

21

(2.43)

(2.44)

(2.45)

(2.46)
(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)



We know from the estimate of the previous sum that if A = % min; %, then for sufficiently

small 7,

exp (C’erdN) < O, (2.53)
Also since N > -L-log 1 = 7%7
Z kbi exp (—C’kerdN> (2.54)
k>1
bi aC
< Z k" exp (—C’k(—: 7 T) (2.55)
rée
k>1
<> kiexp (—Ch). (2.56)
k>1

Since the constant C' does not depend on k or b;, the series above converges to some constant
< 0.

Thus, we have

> exp (—v(B(p;r'))N)

peES;
< O~ (d=ai) —~(d=b;) Ao
2.58)
[d— 1 1 (
-exp{—%{ alog—%—(d—b)loglog—%—aﬁ}}
m d Q@ @
_mi(d=a; d-a) d=b; _d-b m;
<Cr ™ ( miom )e M m L M (2.59)
< Ce M, (2.60)
The last inequality is from the fact that —dgl?i = % and d;l?l < %
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It concludes from equations (2.60) and (2.41) that

P{X >z} =P{N, > N} < Ce " (2.61)

2.2.8 FEstimation on Lower Bound: the far end

Pick constant K such that K > 4e(p;r) for any p € M and r > 0. We first proof the
lower bound estimate when N < ﬁ log é; that is, we are going to estimate the probability
of coverage when there are much fewer points on the manifold than the desired expectation.

Let N be a discrete subset of n points on the manifold M such that n > C'/a and the
pairwise distance between any two points p, g in N is greater than r. Then, the balls B(p; )
for all p € N are all disjoint pairwise. Since N is a subset, then if N random balls cover the

manifold, they cover N/, i.e.

P{N, < N} <P{N is covered} (2.62)

Every B(p;r) for p e N
—P (2.63)
has at least one point from the N random points

[18] give an estimate of the probability of such event in a multinomial distribution. It

can be restated as following.

Lemma 4. Suppose in a random experiment, F;, i = 1,... ,n are independent random
events with probabilities P{E;} = x; and Y ;- x; < 1. Now repeat the random experiment

independently for N times. Then the probability that all events occur at least once is less

than T2y (1 — (1 —2)").

In our setting, the event E; is that for p; in N, B(p;;r) has at least one point from the
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N random points and P{FE;} = ¢(p;; r)a. Then, by the lemma above,

P{N, < N} < [ (2 = (1 = c(pi; r)e)™). (2.64)
=1

Because for sufficiently small ¢, 1 — ¢ > exp(—2t), we have that

(1 = elpr)a)™ > exp(=2¢(pjr)aN) (2.65)
1 1 1/2
> — : C— — | > . .
> exp ( 2¢(p;r)a o log a) >« (2.66)
It follows that
P{N, < N} <(1- al/2)n < exp(—Ca_l/Q). (2.67)

1/2

For sufficiently small radius r, we have o™ /“ is larger than any constant multiple of

log é, in particular, bigger than x. Therefore, P{N, < N} < exp(—Cx).

2.2.4 FEstimation on Lower Bound: near expectation

In this part, we assume N > Kia log é.

Let p be the volume of the subset of U’(r) where the points are not covered by the first
N balls with radius of r. Let x be the random variable such that y = 0 if the manifold M
is covered by N balls and y = 1 otherwise.

We have that u = xyp and so E [u] = E [xu]. By Cauchy—Schwarz inequality,

Elu? <E[|E[1?] =P{x=1}E 12| <P{N, > N}E|12].  (268)

As a result,
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Lemma 5. P{N, > N} > E [u* /E [1?].

Let ¢(p) be a random variable such that ¢(p) = 1 if p is covered by the first N balls and
¢(p) = 0 otherwise. It follows that p = fU’(r) ¢(p)dp which is an integral with respect to

Riemannian volume. By Fubini’s Theorem
y

Bl =E| [ o) = [ Elo(w) dp (2.69)
U'(r) U'(r)
= / P {p is not covered} dp = / (1 = c(p;r)e)™ dp (2.70)
U'(r) U (r)
Similarly,
el -e|[ [ ¢<p>¢<q>dpdq] (2.71)
U'(r) JU'(r)
= / / P {both p and ¢ are not covered} dpdq (2.72)
U'(r) JU'(r)
[ =B U B dpdg (2.73)
U'(r) JU'(r)
We may split the integral into two parts:
Bl = [[ - uBin) B dpds @14
d(p,q)>2r
[ a- B U BE)Y dydg (2.75)
d(p,q)<2r
=: (1 + Qs. (2.76)

In the first integral Q1, the two balls B(p;r) and B(q;r) centered at p and ¢ respectively do
not overlap, while in the second €29, the two points are closer and the two balls will overlap.
We can isolate the effect of two balls B(p;r) and B(g;r) in the first integral 2 since

they are not overlapping. The estimate is given by the following result.
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Lemma 6.

Q <E [ (2.77)
This is true since
Q) = // (1 — e(p;r)a — c(q;r)a)N dpdg (2.78)
d(p,q)>2r
<[] =dpnacarat o) dpdg (2.79)
U'(r) JU'(r)
- / / (1= e(ps )N (1 — elg; )™ dpdg (2.80)
U'(r) JU'(r)

—e(pra)N oV do| = B L2 |
< [ o, 0 ) dp] [ Jor, 0=l aa| =B s

The next step is about the second integral {29. It can be proved to be bounded by the
quantity below.

Lemma 7.

C

- _ . N
%< /U o, (et (2.82)

By the assumption (2.10), we know that the union satisfies
v(B(pir) U B(g;7)) = mugr (1 + Crrld(p,q) = Cae), (2.83)

for e = and some constants C7, Cy.

1
llog 7|

To get Lemma 7, we integrate with respect to one point ¢ first and define the integral
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for point p,

1(p) = / (1 — w(B(p:r) U Blg; 1)V dg
d(p,q)<2r
— / (1 = mawgrd(1 + CrrYd(p, g) — e dg
d(p,q)<2r

= / (1 —ma— Clrd_ld(p, q) + CQ@E)N dq
d(p,q)<2r
We have that

1 —ma— Clrdfld(p, q) + Coae

< (1 = ma+ Cyae)(1 — Cr¥=d(p, q))

&)
|log 7|

Then the integral in (2.84) becomes

for small r such that m > Coe =

I(p) = / (1 —ma — C1r~1d(p, ) + Coae)™ dg
d(p.q)<2r
< / (1 —ma + Coae)N (1 — Cyr¥Ld(p, )V dg
d(p,q)<2r

<(1-—ma+ C'Qoze)N/ (1- Cleild(Py Q))N dgq
d(p,q)<2r

(2.84)
(2.85)

(2.86)

(2.87)

(2.88)
(2.89)

(2.90)

Now use the polar coordinates at point p. For § € R and ¢ in a region of the sphere Sd_l, let

q= expp(da) where exp is the exponential map on the Riemannian manifold M. Then, the

Jacobian of the coordinate transform is uniformly bounded by 641, for § = d(p,q) < 2r,
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where Jy > 0 is a constant independent on §. Then,

/ (1 — Cyrd=Yd(p, )N dg
d(p,q)<2r

2r
g/ / (1= Cyr® 15N 581 1, ds do (2.91)
Sd-=1Jo

2r
< C/ (1 —Crd=1)Ngd=1gs. (2.92)
0
Set ¢ = C1r9=16, then it follows

/ (1= Cirtd(p. )N dg
d(p,q)<2r

Cl’l"d
gc/ (1 — )N (Cr~ T pd=1op=d+l gt (2.93)

0
1

§C’rd(d1)/ (1= t)yNed L (2.94)
0
|

_ ¢ N < ¢ (2.95)

ad=1 (N +d)! =~ od-1Nd’

On the other hand, since 1+ ¢ < e’ for any ¢ € R,

(1 —ma + Coce)N
— (1 —ma)N (1 n foﬁa)N (2.96)
< (1—ma)V - exp (fiﬁj;) (2.97)
< (1 =ma) -exp (10%% [‘%“ logé + (d — b) loglog éD (2.98)
< C(1=ma)V, (2.99)
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for sufficiently small  (and «). We then have that

C(1 —ma)N
I(p) < ﬁ (2.100)
It concludes that
Qp = / I(p)dp (2.101)
u'(r)
Cvol(U’(r)) N
Now combining Lemma 6 and Lemma 7, we can prove Lemma 2.
P{N, <N} <1-E[u /E [?] (2.103)
2
< Bl 5 < 922 (2.104)
Qo+ Eu]”  Ely]
Cvol(U'(r)) 1— ma)V
< ad—1Nd ( ) . (2105)
[fU’(r)(l — c(p; T)Oé)Ndp]
Cvol(U' (r))(1 — ma)N (2.106)

a1y [fo(r)(l — c(p;r)a)N dp]?

Since U’(r) only contains points with c¢(p;r) < m(1 + Ce). The integral in (2.106) can be

further simplified to

[, a=cmnaVa

U'(r)

2/ [1—m(1+Ce)a]N dp (2.107)
'(r)

> vol(U'(r)) [1 — m(1 + Ce)a]™ (2.108)
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Note that 1—¢ > e 2l for 0 < t < 1/2. Suppose r is sufficiently small so that 1—ma > 1/2

and mea < 1/4. Also note that € = “# It follows
ogr]|
1= m(+Coaly = (1 —ma)¥ (1- LM ) (2.109)
m e)al” = mao T :
> (1= ma)N (1 = 2Cmea)y > (1 — ma) exp (—4CmeaN) (2.110)
=(1- ma)N - exp —4—01 {u log ! + (d — b) log log l] (2.111)
log = d Q «Q
> C' (1 —ma), for sufficiently small o (and r). (2.112)
Then, the integral
. N
[, @=ctmnaVa (2.113)
u'(r)
> Cvol(U' (1)) [1 = m(1 + Ce)a]N (2.114)
> Cvol(U'(r) (1 — ma)™¥ (2.115)
It follows that
! . N
P{N, < N} < Cvol(U'(r))(1 — ma) . (2.116)
ad=1Nd [fU’(r)(l — c(p; r)a)N dp}
/ - N
< Cvol(U'(r))(1 — ma) . (2.117)
ad=1INd [vol(U'(r))(1 — ma)N]
C
= 2.118
ad=1INdyol(U'(r))(1 — ma)N ( )
b
C (log £
< a> (2.119)
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Usel—t> e_t_t2 for sufficiently small ¢ > 0 and the fact that
1 1
o?N < e (log — + dloglog —) (2.120)
m ! a
is bounded above by a constant depending only on m and d. We can bound the quantity

(1= ma)V > exp (—maN - m2a2N> (2.121)

> Cexp(—maN). (2.122)

Note that we assume N > %alogé where K is a constant. Then, Equation (2.106)

becomes

C (10g é)b . emaN

P{N, < N} < 2.123
{ r—= } - aa/d—l(aN)d ( )
b
C (log é) - exp (d%‘la logé + (d—b)log logé + a:)
< . (2.124)
a®/41 |(10g 1) /K|
b d—b
C (logl) - aa/d=1 log £
< ( O‘> ( 0‘) ¥ = Ce”. (2.125)

aa/d—1. <1og é)d

Here, the constant C' only depend on the dimension d, the manifold M and the probability

measure v. This finishes the proof for Lemma 2.

2.3 Examples

The previous section gives the proof of the general result about random covering. One
may be interested in particular cases like a manifold with a boundary or a manifold with no
boundary but endowed with a non-uniform probabilistic distribution. We will discuss a few
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specific examples and show how the result before applies in those situations in this section.

According to Section 2.1.1, we need to divide the manifold M into several regions U;(r)

and M = J; U;(r), each with different properties of measures. The regions must satisfy

requirements (2.1), (2.2), (2.4), (2.7), (2.10) and (2.11). In particular, the parameters m, a, b

are from the following statements

1. In each U;(r), for p € U;(r)

c(p;r) = mi — wi(r).

2. The volume

vol(U;(r)) < Cr.

3. For ¢ that maximizes d;ﬁi, we further divide U;(r) = (U, U;(r; k) and

C1r% (ke)? < vol(U(r; k)) < Cor® (ke)Pi.

2.3.1 Tubular Neighborhood

(2.126)

(2.127)

(2.128)

In most of the following examples, the region may appear as a tubular neighborhood of a

submanifold in M. Let P be a compact ¢-dimensional submanifold possibly with boundaries

in M. Define the closed tubular neighborhood of radius » > 0 about P to be the set

T(P;r)={m € M : m = exp,, v for some p € P

and v € NpP with |jv]| < r},
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where NpP is the normal space of P at point p. That is, T'(P;r) is the set of points in m
that has a geodesic with length less than r and meet P orthogonally.
The volume of a tubular neighborhood is studied in [35] and [21]. The estimation in [21]

gives that if P is g-dimensional,
C1rd=9 < vol(T(P; 1)) < Cor®4, (2.130)

for some constant C' and sufficiently small r.

On the other hand, for some small r, the map exp. is a diffeomorphism from the disk
bundle in NP to the tubular neighborhood T'(P;r). That means T(P;r) is locally diffeo-
morphic to Bra—4(0;7) x U for a neighborhood U on P and Bpa—4(0;7) is the Euclidean
ball with radius r in R4, Let ¢ be the diffeomorphism. For any p > 0, we have that there
exists discrete sets S1 C Bpa—¢(0;1) and So C U satisfying the following properties.

For S1 C Bpd—¢(0;1), we require that for every 0 < 7/ <r,

sup d(p, S1 N Bga—q(0;7")) < p, (2.131)
pGBRd—q(O;T/)

and the number of points
|51 N Ba—q(0;7")| < Cr'd=p=(d=a), (2.132)
For Sy C U, we require that for any point p € U C P,

sup d(p, S2) < p, (2.133)
pelU
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and the number of points
o) < Cp . (2.134)

Now let S = S1 xS € Bga—q(0;7) x U, we have that the number of points for 0 < r’ <r

18

|S Nvol(T(P;r'))| < crld=ap=(d=a) . cp=a (2.135)

< Cp~W'=1 < Cp=vol(T(P;r")). (2.136)

Moreover, the distance from any point in Bpg—q(0; ") x U to S is bounded by some constant
times p. Notice that T(p;r) is compact, the union of all the sets S’ = ¢(S) under the
diffeomorphism is a scale-sensitive p-net with respect to the Riemannian volume given by
Definition 1.

As a summery, we have the following lemma

Lemma 8. Let P be a compact q-dimensional submanifold possibly with boundaries in M.
Then, the closed tubular neighborhood of radius r > 0 about P defined above, T'(P;r), satisfies

the following properties:
1. C1r=1 < vol(T(P;r)) < Cord—4

2. For any p > 0, there exists a discrete set S in T(P;r) and S is a scale-sensitive p-net;

that is, for any 0 < v’ <r,

(a) the number of points |SNT(P;r')| < Cp~ol(T(P;r')), where C is a constant

that only depend on the manifold M and is independent of ' and p;
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(b) p-balls given by S NT(P;r") cover the set T(P;r’), i.e.

sup d(p, SNT(P;r")) < p.
peT(P3r’)

2.3.2  Manifold with Boundaries

Here, we consider the random covering problem on a compact d-dimensional Riemannian
manifold M with a boundary and with uniform probability distribution. We assume that the
manifold is subset of a d-dimensional manifold with no boundary M while the total volume
of M C M is still 1. Use B(p;r) to denote the Riemannian ball on M with center p and
radius . We have that B(p;r) = M N B(p;r) for p in M. Let exp,, be the exponential map

on M.

Partition of the Manifold

The small geodesic balls entirely lying in the interior of M has the same volume as in
the M, the manifold without boundary. If the center is p and the radius is 7, we have that

vol(B(p; 1)) = wgr® + O(r®*1) and so
c(p;r)=14+0(r) asr — 0. (2.137)

Define Ug(r) = {p € M : d(p,OM) > r}. Then the volume of this set vol(Uy(r)) < 1. Since
the volume does not depend on r, the ordinary p-net (or commonly known as e-net) on

the whole manifold gives a scale-sensitive p-net on Uy which we need. Here, in Uy(r), the
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parameters are
mg =1, ag = 0. (2.138)

For the rest part, Ug(r) = {p € M : d(p,0M) < 2r} is the set of all the points near the

boundary. It is in a tubular neighborhood of the boundary M in M. From Lemma 8,
vol(Uy(r)) < Crd—1, (2.139)

and the scale-sensitive p-net necessary in the proof exists.

Volume of Balls Near the Boundary

Next, we need to estimate ¢(p; r) for p in Uy(r). Intuitively, the volume of balls near the
boundary when the radius is small is about the half of the normal one. We may heuristically
start from an Euclidean ball capped by a plane. In that case, when the plane is close to
the center with distance 8, the Euclidean volume is greater than 1/2wgr® and is 1/2wgr® +
O(r?=15), i.e. bounded by 1/2wgr® + Cr=1§ with different positive constants C' when § is
small. The reason is that the ball capped by a plane is the union of a half ball and a region
which can be bounded by two cylinders with height § and the base as d — 1 balls.

We will show that the similar formula holds for ¢(p; ) in Ug(r). More precisely, we claim

that for p in Uy(r),

1
c(p;r) > 5t O(r), asr — 0, (2.140)
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and if we set Ué(r;k):{pel\/[ <d(p,0M) < (kt )T} for £ > 0 and

[log 7| grl llog 7|
= |J Uh(r59), (2.141)
1<k
then,
1 1 4
51+ Cike) < 5 + Crrd(p;OM) (2.142)
c(p;r) < (2.143)
1 1
3 + Cor~td(p; M) < 51+ Calk +1)e), (2.144)
for p € Up(r; k) (2.145)
and

é +O(r) < c(p;r) < % + CorYd(p; OM) < =(1 + Cye). (2.146)

N —

Using results from Section 2.3.1 about tubular neighborhood,

Cokr
= [logr|

vol(Up(r)) < Cr and Cikr

Tog 7] <vol(Uy(r; k)) <

(2.147)

In fact, suppose p € Uy(r) and ¢ € OM such that d(p,q) = d(p, 0M). Then the geodesic
joining p and ¢ meets OM orthogonally. Assume that the radius is small and exp,, gives a
diffeomorphism from a ball with radius r and center at origin in Euclidean space T), M, to the
ball surrounding p. Let @ be the surface which is the intersection of B(p;r) and the image
under the diffeomorphism exp,, of the plane through the pre-image of g orthogonal to the line
joining the pre-image of ¢ and the origin. Let P = oM N B(p; ) be the boundary within the
ball at p. Let AAB = (A\ B) U (B \ A) be the symmetric difference. We will estimate the

volume between P and () which is the difference of the ball on the boundary and the image
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of a Euclidean ball capped by a plane, B(p;r) A exp,(Euclidean ball capped by plane).

D;

Figure 2.1
Variation H from surface () to P.

We write S92 to denote a (d — 2)-dimensional unit sphere of TyM on the (d — 1)-
dimensional hyperplane orthogonal to the direction to p. Let p be the radius of the pre-image
of @ under exp, which is a Euclidean ball. Now we define a variation from @ to P in polar
coordinates, H : S92 x [0, p] x [0,1] — M, satisfying that the image of H(-,-,0)is Q C OM,
the image of H(-,-,1) is P, %—If(u,o,s) = u for any u and s, and the image of H contains
the region between P and () in the ball at p. We need the Jacobian of the variation H.

Define a vector field X (t) along H(u,t,s) such that

OH
X(t) = %(u,t, s). (2.148)
Similarly, for a certain frame (uj,us9,...,ug_9) on S9=2 " define vector fields Y;(t) along
H(u,t,s) such that Y;(t) = g—qu(u, t,s). Then, since H(u,0,s) = ¢ is a constant map for any
u and s, we have that
X(0) =0, and (2.149)
Y;(0)=0 foralli=1,...d—2. (2.150)
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Moreover,

because %—Ig(u, 0,$) = u is constant for any s at t = 0.

By Taylor theorem, we have that as ¢ — 0,

Yi(t) = tY/(0) + O(t?) foralli=1,...d -2,

X(t) =t2X"(0) + O(?).
It follows that the Jacobian Jg of the variation H at (u,t,s) is
| (u,t,s)] <ty as t — 0,
where Jj is a certain constant. Therefore, we have that the volumes

[vol(B(p; 7)) — vol(exp,,(Euclidean ball capped by plane))|
< vol[B(p; r)Aexp, (Euclidean ball capped by plane)]

<

1
/region between P and Q)

_/ | T (u,t,s)| dudtds
S4=1x[0,p]x[0,1]

< C«pd—‘rl

N

S C(rd+17

for sufficiently small  and thus p and t € [0, p] are small.
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From [24], for an orthonormal basis {u1,...,u4_1} and u = uy, the Jacobian of exp,, is

2
expy vol(ru) = |1+ Ric(u,u) = + 0(%) | vole(ru),

where vole(ru) is the Euclidean volume form.

It concludes that firstly, as r — 0,

vol(B(p;r)) > %wdrd(l + 07‘2)

1
> éwdrd + O(rd+2)

(2.161)

(2.162)

(2.163)

for any § = d(p,0OM). If further we have —— < § = d(p,0M) < %ﬂ, then 6 > r2. Since

[logr| — llo

1 1
<§wdrd + O(rd_15)> (1+00%) = Jwar® +0(r"1),

then we have

1 1
§wd?"d + Clrd_lé <vol(B(p;r)) < §wdrd + Cgrd_lé.

This finishes the proof for the claim.

We may derive from the claim that in Uy(r),

1

my = —
(9 2’
ag =1,
by =1

We have that d_ga =2(d—1) and d;;go =d. Ford>2, % > 4= g (1 q.b) = (

m myg — my
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Volume of Two Balls Near the Boundary

We still need to estimate the volume of the union vol(B(p;r) U B(q;r)) for p,q in Uy(r)

for p,q from U’(r) and d(p,q) < 2r and show that
vol(B(p;r) U B(g; 7)) = muwgr®(1+ Crr~d(p, q) — Cae). (2.169)

In this part, we will frequently use the following simple facts in set theory:

Lemma 9. For sets A, B, A', B', U, we have that

(UNA)A(UNB) C AAB, (2.170)
AAB C (AAB)U (BAB'), and (2.171)
A\Bc (A\BYuA'\A)u (B \B)

(2.172)
c (A'\ BYu(AAA) U (B'AB).

Since U’(r) is a tubular neighborhood of the boundary with small radius, the set U’(r)

is diffeomorphic to a disk bundle. Suppose pg € M is the projection of the point p to the

boundary given by the disk bundle. We have that d(p,pg) < |1§gr| = Cre. Then, from [18],

we have that

vol(B(p; r)AB(po;))

= vol((M N B(p: r))A(M N B(py;r))) (2.173)
< vol(B(p; ) AB(pg; 7)) (2.174)

< Cri=Ld(p, py) (2.175)

< Crle. (2.176)
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Denote the Euclidean ball as Be(-;-). For sufficiently small r, expy, is a diffeomorphism
from Be(0;3r) to M. Let P C TPOM be the tangent space of M at py. The half space
given by P towards the manifold M is denoted as R4. Using the same proof in the previous

part, we have that
vol(B(po; 7)Aexpy, (R4 N Be(0;7))) < Ccrdtt (2.177)
Since

B(p; r)Aexp,, (R4 N Be(0;7))

C (B(p; r)AB(po; 1)) U (B(po; r)Aexpy, (R4 N Be(0;7))) (2.178)
it follows that

vol(B(p; ) Aexpp, (Ry N Be(0;7)))
< vol(B(p;7)AB(po;r)) + vol(B(po; ) Aexpy, (R4 N Be(0;7))) (2.179)

< Crde. (2.180)

Let go € expy,(P) be the nearest point on exp,, (P) to the point q. Let gy = eXp,,(v)

for some v € P. We have that

vol((B(qo;7)AB(q; 7)) < Crle, (2.181)

vol((expy, (R+) N B(go; 1)) AB(qp; 7)) < Crt. (2.182)
Similar to the arguments above, it follows that

vol((exp,, (R+) N B(qo; 1)) AB(g; 7)) < Cre. (2.183)
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The next thing we need is to estimate the difference of (exp,,(Ry) N B(qp;7)) and

eXpy, (R4 N Be(v; 7)) given that gy = eXp,, (v). We claim that
vol (B(qo; 7) A eXpy, (Be(v; 7’))) < o2,
Then, we have that

vol [(expy, (R+) N B(qo; 7)) A expy, (R4 N Be(v; 7))
= vol [(ef(ppo (R+) N B(qo; r)) A (efcppo (Ry)N eippo(Be(v; r)))}
< wvol (B(qo; r) A expp, (Be(v; r)))

S Crd+27
and that

vol((expy, (R4 N Be(v;7)))AB(g; 7))
< Vol((eippo(]R+) N B(qo;7))AB(g;7))
+ vol [(eippo (R4) N B(qo; 7)) A expyy (R4 N Be (v 7‘))}
< CT’dE + CTd+2

< Cre.

(2.184)

(2.185)

(2.186)

(2.187)

(2.188)

(2.189)

(2.190)

Now that Be(v;r) and Be(0;7) are two Euclidean balls with centers on the plane P, we

have that the difference has Euclidean measure

vole [(R4 N Be(0;7)) \ (Ry N Be(v;7))]
< Crt o]

= Cr?Ld(po, o).
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Since the Jacobian of exp,,, is bounded by 1+ O(r?) from [24], it implies that for sufficiently

small r.

vol [eippo (R4 N Be(0;7)) \ expp, (R4 N Be(v; r))]
= vol {expy [(Ry N Be(0;7)) \ (Ry N Be(v;r))]}
= Cr®d(po, qo) (1 + O(r?))

< Cr™d(po, q0).
From the lemma about set theory,

vol [eippo (R4 N Be(057)) \ e}pro (R4 N Be(v; T))}
< vol(B(p;r) \ B(g;T))
+ vol(B(p; r)Aexp,, (R4 N Be(0;7)))

+ vol((expy, (R4 N Be(v;r)))AB(g;7)).

Using the inequalities (2.180), (2.190), (2.195) and

d(po, q0) > d(p, q) — d(p, po) — d(q, q0)

Z d(pa Q) — Cre.
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, we have that

vol(B(p;r) \ Blg; 7))
> vol [expy, (R4 N Be(0;7)) \ eXppy (R+ N Be(v;7))]
— vol(B(p; ) Aexpp, (R N Be(0;7))) (2.199)
— vol((expy, (R4 N Be(v;7)))AB(g; 7))
> Cr?Yd(pg, qo) — Cre — Crle (2.200)

> Clrdfld(p, q) — CQ?”dG. (2.201)

Remark. In fact, one can show that

Clrd_ld(p, q) — Cgrde
< vol(B(p:r)\ B(g:)) (2.202)

< O Yd(p, q) + Core

It concludes that the union of two nearby balls satisfies (2.10)

vol(B(p;r) U B(g; 1))
= vol(B(p; 7)) + vol(B(p;7) \ B(g;r)) (2.203)

> muwgrd(1+ C1ré=Yd(p, q) — Corle). (2.204)
It remains to show that the claim (2.184),
vol <B(q0; 1) A eXpy (Be (v 7“))) < ordt?, (2.205)

For this, we need a lemma about the distance of two points under the exponential map

on a compact Riemannian manifold.
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Lemma 10. Let p be a point on the compact Riemannian manifold M. Suppose exp, is
the exponential map at point p. Let o,u in T M be two fized vector. Then, the Riemannian

distance satisfies

d(expy(su), exp,(s(u + 0)))

K
= ||so]| - (1 — ESQ + 0(33)> , where (2.206)
i = Hlowou) (2.207)

2
o]l
as s — 0.

Proof (Lemma 10). For 0 < s,t <1, define a variation H(s,t) from expy,(su) to exp,(s(u +

o)) such that

H(s,0) = expy(su), (2.208)
H(s, 1) = expy(s(u + o)), (2.209)
For every s, H(s,-) is a geodesic
(2.210)
from exp,,(su) to exp,(s(u + )).
Define vector fields X; along H(-,t) and Yy along H(s,-) satisfying
H
Xi(s) = L s ), (2211)
ot
H
Y(t) = aa—(s,t). (2.212)
s

We have that X¢ is the tangent vector field along geodesics and Yy is a Jacobi field for each

0 < s <1 and that

Y2 () = —R(X(s), Ys(£)) X (5). (2.213)
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Since H(0,t) is constant, we have

X¢(0) =0 for any t. (2.214)

As a result of (2.213), Y'(t) = 0 for any t. From (2.208) and (2.209), we have that
Yp(0) = uw and Yp(1) = u + 0. We get

Yo(t) = u + to. (2.215)
Then, we have that for any ¢,

H

X/(0) = V@a—(s,t) (2.216)
9s Ot s=0
OH ,
= —(s,t =Y,(t) =o0. 2.21
Vo 0| =Yi=o (2217)
Next,

H

X/ (0) = V% a—(s,t) (2.218)
s Ot s=0
=V Vo Yi(t) (2.219)
Os Ot s=0
= V%Vang(t) + R(X4(0), Yo(t))Yy(t) (2.220)
s 5=0
/

_ <vays ) (t). (2.221)

s s=0

as X¢(0) =0.
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Taking V 5 of the ODE (2.213), the left hand side will be
0Os

Vo Y{(t)
s s=0
=VoaVaY{(t) +R(X(0),Yo(t)Yy(t)
ot s s=0
= VoV, Y1)
ot Os s=0
= V5 VaYs(t)]  + Vo (RX(0),Yo(t)Yp(t))
ot Os s=0 ot
"
~(vyn V'
s s=0

as X¢(0) =0 and V » X3(0) = 0; the right hand side will be
ot

v —0,

s=0

(=R(X¢(s), Ys(t)) Xe(s))

9
Js

(2.222)
(2.223)

(2.224)

(2.225)

(2.226)

since there will be at least one X¢(0) left in the tensor and it is 0. Since H(0,t) and H(1,t)

are two geodesic given by exponential map, we have the boundary condition

3:0) (0) = (VéasYS 5:0) (1) = 0.

) (t) =0 for any 0 <t < 1. Therefore,

(VaYS

Js

The unique solution is (V a9 Ys
Os

s=0
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Now, we proceed to X} (t):

o0H
x{'o0) = v s )
Js

s=0

= V% Vo Ys(t)
ds Ot

s=0
+ Vo (R(Xe(s), Ys(t))Ys(t))

s=0

_ R(X{(0), Yp(t))Yo(t)

+ R(o,u+to)(u+to)
s=0

+ R(o,u)(u+to).
5=0

The first term 1is

VaVaV oYt
ds Ot Os
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Now take V2, of the ODE (2.213). The left hand side will be
ds

vgxﬂw

5=0
+V%(MXK$JHﬂWﬂﬂ)

s=0

4O+RMﬁ®JMﬂWHQ

+ R(o,u+to)o
s=0

The first term

Vo V% Y1)
815%

s=0

+ Vo Vo (R(Xi(s),Ys(t)Ys(t))
s=0 ot Os

=VaVaVyVoYyt)
ot 0s Ot O0Os

s=0
+ Vo (RX](6), Ya(1)Yi (1))

+%(mxmmnﬁ»%@ﬂ
s=0

=VaVaVaV Yt
ot 0s ot 0s

S:0 8:0

(since X¢(0) =0 and (VaYs
Js

0
. + g (R(o,u+ to)(u + to))

=VaVaVaV Yt
ot Os ot 0s

+ R(o,u)o.
5=0
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Again, we have that

VaVaVaVaYs(t)
ot 0s ot 0s

s=0

+ vy (R 1.0) (v 30) )

Os

s=0

as V g Ys(t)
Js

s=0

VzgY;"(t)

s=0

_ (V% Y, s:o)” (t) + 2R (0, u)o.

Js

Taking V2, of the right hand sid of (2.213), we will get
Js

V% (=R(Xi(s), Ys(t) Xe(s))

s=0
= —R(X}(0), Yo(1))X{(0)

= —R(o,u+to)o = —R(o,u)o.

Therefore, we have a differential equation

1
(v% Yy ) (t) + 2R(0, u)o = —R(0, u)o.
9s  |s=0
That is
1
(v%) Yy ) (t) = —=3R(0,u)o.
9s  1s=0

o1

= 0. It follows that the left hand side of (2.213) becomes

(2.249)

(2.250)

(2.251)

(2.252)

(2.253)

(2.254)

(2.255)



We have the boundary conditions

"

(V%YS
Js

The unique solution is that

(s
Js

Finally,

X0 - (4

Js

= —(3t — g)R(a, u)o + R(o,u)(u + to)

.

(0) = (V%YS

Ys

2

By Taylor theorem, we have that as s — 0,

X¢(s) = X¢(0) + sX;

§3

= so + a3 —(2t — g)R(a, u)o + R(o,u)u| + O(

Then, the norm squared is

2 _ 2) 2
[ Xe(s) ]| = 5% [lo]|” =

2
= |[so]] (1

82 83
(0) + 5 X7 (0) + 5 Xi"(0) + O(s")

2

st

6

s2R(o,u, 0, u)

2
3llo]
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3
s:o) (t) = —§t(t —1)R(o,u)o.

JR(o,u)o + R(o,u)u.

) (t) + R(o,u)(u+to)
5=0

s,

2 . (2R(0,u,0,u)) + O(s°)

0(33))

(2.256)

(2.257)

(2.258)

(2.259)

(2.260)

(2.261)

(2.262)

(2.263)
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as R(o,u,0,0) =0. It follows that

$?R(o,u,0,u
1Xe(s)]] = llsor (1 _ SR o)) (2.265)
6loll
In conclusion,
d(expy(su), exp,(s(u+ 0))) = length(H (s, -)) (2.266)
1
= /O [X¢(s)]| dt (2.267)
2
— ||so| (1 . L“;“) + 0(33)> (2.268)
6loll
2
= ||so| (1 - S6K + 0(53)> , (2.269)
where K = M. [l

o[
Remark. Lemma 10 implies that if o and u are bounded and manifold M is compact, for

sufficiently small r, there exists constant C' such that
|d(exp, (rv), exp,(r(u + 0))) — [[rull| < Cr®. (2.270)

Now to prove the original claim (2.184), for each o from the unit sphere S41 as a subset
of T, M, define 1/(0) = d(exp,(ru), exp,(ru + ro)) where u = v/r. Note that exp,(v) = ¢.

We have 7/(c) = d(q, eXp,(ru + ro)). By Lemma 10,

(o) — rd’ = ‘d(ef{pp(ru), expy (ru + ro))? — ||ro||? (2.271)

<cor®.p? = ortt?, (2.272)

In fact, the volume of exp,, (Be(v;7)) is the integral of ' (o) with respect to o € Ggd—1

in spherical coordinates. Therefore, we have that if pd_ljg is the Jacobian of the spherical
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coordinate at ¢ with radius p, then

vol (B(qo; r)A eXPpy (Be(v; 7")))

o) L
:/ / P dp—/ p"dp
cesSi-11J0 0
<C /
ceSd—1

< ordt?, (2.275)

Jydo (2.273)

T’(O’)d N T‘d

Jodo (2.274)

This finishes the proof of the claim (2.184) and so the estimate (2.169) and (2.10).

Conclusion

In the previous parts, we have already checked all the conditions required in the main

theorem. Note that we have

1

m= -, (2.276)
2

a=1, (2.277)

b=1. (2.278)

By the main theorem (Theorem 1),

Corollary 1. Suppose M 1is a d-dimensional Riemannian manifold with a non-empty bound-
ary and d > 2. Let N, be the number of balls with radii r necessary to cover M under the
uniform distribution (i.e. the probability measure is the Riemannian measure if the total

volume is 1). Then

2 [d—-1 1 1
JE[NT]:E Tloga—l—(d—l)logloga—i—O(l) . asr —0. (2.279)

o4



2.3.8  Probability Density with Single Minimum Point and Positive

Minimum

In this section, we consider a d-dimensional Riemannian manifold M with no boundary
and with total volume 1. Suppose v is a probability measure on M with Radon—Nikodym
derivative with respect to the Riemannian volume f. Suppose p,, on M is the unique
minimum point of f and f(py,) = miny; f = m > 0 is strictly positive. Furthermore, we

assume that there exists some constant £ such that
m(L+ Crd(pm.p)*) < f(p) < m(1 + Cod(pm, p)°). (2.280)

Following the similar scheme of the proof, we set U(r) = M. Then, for any p € U(r),

c(p;r) > m. vol(U(r)) =1 and so

a=0. (2.281)
1
Let U(r; k) = B(pm; (ke)€) where € = m For any p € U(r; k), since € = @ > roas
1
r — 0 and d(pm,p) < (ke)€,
1
v(B(p;r)) < mvol(B(p;r))(1 + C’((k‘e)g)g) (2.282)
1
< mwgr®(1+ Cr2) (1 + C((ke)?)%) (2.283)
< m(l + CkE). (2.284)

Therefore, we have that ¢(p;r) < m(1 + Cke).
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1
For any p € U(r) \ U(r; k), d(p,pm) > (ke)€, then

v(B(p;r)) > mvol(B(p;r)(1 + C((ke)$)S)
> muwgrd(1 + Cr2)(1 + C((ke) €)%

> m(1+ Cke) > m(1+ C'(k + 1)e).

Here, we have c(p;r) > m(1 + C(k + 1)e)

Since U(r; k) are balls on the manifold, the volume

Crike)E = ¢y ((ke)é)d <

Al

vol(U'(r)) = vol(B(pm; (ke)?))

<y ((keﬁ)d — Cy(ke)f.

It follows that

Y

We still need to verify (2.10)

v(B(p;r) U B(g; 7)) > mwgrd(1+ CrrLd(p, q) — Cae),

for p,q in U'(r) = U(r;1) and d(p, q) < 2r

(2.285)
(2.286)

(2.287)

(2.288)
(2.289)

(2.290)

(2.291)

(2.292)

In fact, from [18], if B(p;r), B(q;r) are two balls with radius r on a d-dimensional compact

manifold with no boundary and d(p, ¢) < 2r. Then, the volume

vol(B(q;7) \ B(p; 7)) > Cr¥Ld(p, ).

(2.293)

In our case, for any two points p,q in U'(r) and d(p,q) < 2r, both balls B(p;r) and
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B(gq;r) are in the interior. Therefore, the result from [18] applies and (2.293) above holds.
On the other hand, from the definition of U’(r), (2.1) and (2.7), the probability density is

bounded below by m/2 for sufficiently small 7, so
m _
v(Blg;r) \ Bpir)) = Fvol(B(g;r) \ B(pir)) = Cri=td(p, q). (2.294)

It concludes that

v(B(p;r) U B(q;r)) = v(B(p;r)) + v(B(p;r) U B(g;r)) (2.295)
> mwgr®(1 4 Cr?) + Cri=Yd(p, q) (2.296)
> m(1+ Cyrtd(p, q) — Coe). (2.297)

Since our model satisfies all the required conditions, by the main theorem (Theorem 1),

Corollary 2. Suppose M is a d-dimensional Riemannian manifold with no boundary with
total volume 1. Suppose v is a probability measure on M with Radon—Nikodym derivative
with respect to the Riemannian volume f. Suppose py, on M is the unique minimum point of
f and f(pm) = minp; f = m > 0. Furthermore, we assume that there exists some constant

& such that

f(p) < m(1+ Cd(pm, p)*). (2.298)

Let Ny be the number of balls with radii r necessary to cover M under the probability

measure v. Then

1 1 1 1
E[N,] = — {log -+ d (1 — g) log log s Oo1)|, asr—0. (2.299)

mo

In particular, if the density function f is a Morse function with positive lower bound, i.e.
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the Hessian matrix of f at the minimum point p,, is non-singular, then we have that

f(p) < m(1+ Cd(pm.p)?). (2.300)

According to the corollary above, we have that

1 1 d 1
E[N;] = — |log— + —loglog— 4+ O(1)|, asr — 0. (2.301)
mao a 2 o}

2.8.4 n-Dimensional Cubes

Consider the unit cube C% = [0, 1]d in the Euclidean space RY. Suppose d > 2. We use
the Buclidean measure restricted on C? as the probability measure.

The boundary of the cube is not a smooth sub-manifold but rather a union of singularities
with various dimensions. We will use C¥ to denote those singularities on dC% that is isometric
to Ck = [0, 1]% x {O}d_k. For cach k, the number of isometric copies of C¥ in total is Qd*k(g)
in the form of Cartesian products of k intervals [0, 1] and d — k sets of single points: {0}

or {1}. Let S; be the union of all such isometric copies of ck. Now, we recursively define

Up(r) for k=0,...d as

Uo(r) =T (So; (d —k+ 1)r), (2.302)
Ug(r) = T(Sk \ T(So; (d = k)r); (d — k)r) (2.303)
fork=1,....,d,

where T'(.S;r) is the tubular neighborhood of S with radius r as per Section 2.3.1. We know
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from the section that the volumes satisfy

Crrd=F < vol(Ui(r)) < Cord=F. (2.304)
For p € Uy(r),
1(B(p;
c(p;r) = L(Z’r)) > 9~k (2.305)
wqr

As a summery, the parameters in those regions Uy (r) are

my, = 27k, (2.306)

ap =d—k, and (2.307)

d=ak _gik g (2.308)
mg

The maximum of dg,bzk is achieved when k = 1 and k = 2 with value 29!, Both k = 1 and

k = 2 lead to the same result so we will stick to & = 1. In this case
A+l g=a;=d—1. (2.309)

m=mj =2

Furthermore, in Uj(r), define U(r;1) = U (lre) = U; ( Lr )

[log 7]
Then,
Crrd=L(1e)41 = ¢y (lre)t! (2.310)
<vol(U(r;1)) < (2.311)
Co(lre)1 = Cyrd=1(1e) 1. (2.312)

Here we have b=d — 1.
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For p € U(r;1), d(p, S1) < lre = lll_T

og 7|
vol(B(p; 1)) — 25 Ywyr® < Cord=ld(p, Sy) = Corile. (2.313)
That is,
c(pir) < 29711 4 Cle). (2.314)

|log |
vol(B(p;r)) — 2d_1wdrd > C’Qrd_ld(p, S1) = Corile > C’érd(l + 1e. (2.315)
That is,
c(pir) > 271+ C(L+ 1)e). (2.316)

The volume of union of two balls, (2.10), can be verified similarly to Section 2.3.2.
It concludes that the number of balls with radii » necessary to cover the d-dimensional

cube C% under the Euclidean volume, N, satisfies
2¢=1r1 1 1
E[Ny] = — |=1log — +loglog — + O(1)|, asr —0. (2.317)
a |d « Q@

It turns out that for d = 2, when Ceis a square on the plane,

2|1 1 1
E [N,] = - {5 log ot log log ot O(l)} (2.318)

1 1 1
=— {log — + 2loglog — + O(l)] , asr — 0. (2.319)
o o o

It has the same form as the formula of a 2-dimensional manifold without boundaries from
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CHAPTER 3
HOMOLOGY OF CECH COMPLEXES ON A FLAT TORUS T?”

3.1 Main Results

Suppose P, is a set of n points sampled on a flat torus T with volume 1 generated by a

Poisson process. Set A = nwyr® (wg is the volume of a d-dimensional ball). Let C(n,r) be

the Cech complex at radius r.
Denote the k-th Betti number of T by 8, = 85.(T%). Denote the k-th homology group
of C(n,r) by Hp(r). Let f.(r) be the k-th Betti number of C(n,r).

For p = (po, ..., p) € (T9*+1 define the following objects:

1. A(p) is the k-simplex with p as its vertexes.

2. B(p) is the smallest closed ball that passes the k + 1 points p.

3. C(p) is the center of B(p).

4. R(p) is the radius of B(p).

5. Ay(p) is the annulus B(C(p); R(p)) \ B(C(p); ¢R(p)), for 0 < ¢ < 1.

6. (p) :=max {¢ : IA(p) C Ap(p)}.

7. Denote A(p) := Ay (P)-

Let U(P;r) := Upep B(p;r) be the union of all the balls centered at points from P with
radii r.

3.1.1 Hy(T?) and Hy(T?)

Hy(T%) is equivalent to the connectivity of U(P;r). In [30], Penrose uses the Erdés-Rényi

random graph model to get that the threshold for connectivity is A = 2—d log n.
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Since T4 is a connected closed manifold, the top homology H, d(Td) is correct if and only
if the whole torus is covered. The threshold from the coverage problem from [18] and the

previous part is A = logn + (d — 1) log log n.

8.1.2  Expectation of Hy(T?)

Theorem 2. Suppose that w(n) — logloglogn — oo asn — oo. Then, for 1 <k <d -2,

. oo A =logn+ (k—2)loglogn —w(n)
i E[5,(r)] = (3.)
Br A =logn+ (k—1)loglogn + w(n)

3.1.3  Upper Bound of Probability that Hy(T?) is Correct

Theorem 3. Suppose that w(n) — logloglogn — oo asn — oo. Then, for 1 <k <d -2,

_ 0 A=logn+ (k—2)loglogn —w(n)
dim P{5(r) = By} = (3.2)
1 A=logn+ (k—1)loglogn + w(n)

3.2 Critical Points

3.2.1 Critical Points of the Distance Function

The distance function is an example of Minimum-type functions which are studied in
[20] in general. The critical points in [20] is consistent with those defined in Section 3.2.
A critical point of index k, ¢ € Td, is the center of the smallest sphere that passes k + 1
points p from P, where the center is in the simplex A(p) and B(p) contains only points in
p and no other points from the process P,. That is, for some p = (pg,...,pi) € (Pn)k+1,

c=C(p) € A(p) and B(p) N P, = {po,-..,pi}- We say that the critical point c¢ is formed
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at radius r = R(p).

3.2.2  Morse Theory

By Morse theory, the homology group Hj.(r) of the Cech complex at radius r changes
only when a critical point of index k or k + 1 is formed at r. Furthermore, a critical point
of index k may create a new k-th homology class increasing the Betti number () by 1 or,
alternatively, a critical point of index k£ may kill an existing (k — 1)-th homology class as the
Betti number 5;._q(r) is decreased by 1.

Define K (r) to be the number of critical points of index & + 1 that are formed for some

radius p > r which kill some k-th homology classes. Then,

Br(r) = Br(T?) < Ky (r), (3-3)

3.2.3 ©-Cycles

A k-th ©-cycle is a critical point generated by p € (']I‘d)k+1 where the annulus that
contains the boundary of the simplex A(p) is covered by balls centered at points perhaps
other than p. We have that A(p) C U(Py; R(p)).

It follows from the proofs in [7] that if 0 < k < d — 1, a ©-cycle is guaranteed to create

a new homology class when it is formed. Therefore, none of the killers is a ©-cycle.

3.3 Re-parametrization of Configurations p on Sphere by ¢(p)

To give an estimate of killer critical points, we need to re-parametrize configurations p =

(P05 Prg1) € (SF)¥H2 by o(p). We will construct a coordinate transformation and
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calculate its Jacobian in terms of ¢. In this section for simplicity, we embed the sphere Sk
into RFt1 as the unit sphere and still denote the unit sphere by Sk We regard k=1 ag
RF x {0} N S*.

Let eq,...,ery1 be the standard orthonormal basis of RF+1. Without loss of generality,
we assume that ¢ = ¢(p) = ¢©((po, ..., prr1)) equals the distance from the origin to the
k-face A(p1,p2,...,prs1). Let n € S* be the unit normal vector orthogonal to the k-
dimensional hyperplane spanned by py,...,pg1q. Forn € Sk {—ers1}, let o € SO(k+1)
be the rotation though the unique geodesic from the north pole ej 1 to n. We have that o,

is smooth in n. Set 7(¢,-) : S¥71 — % to be

(o) = - eppr + (1—@)V2 g for pf € SF7L. (3.4)

That is, 7(p,-) is a map that "lift” the equator SE=1 by height ¢. Let V(p,n,p) =
on(m(,p')). Then ¥(p,n, ) : S¥=1 — % maps S¥~1 smoothly to the intersection of S*
and the plane orthogonal to n with distance ¢ to the origin.

Then, we can define the parametrization map ¥ on some subregion of Rx (S¥\{—ej1})x

Sk; « (Sk—l)k—f—l to (Sk)k+2 by

V(. n,p0, ) = ¥(p,n,po, (P, 0%, - - Ply1))

= (p07¢<307n7p/1)7'"7w(gp7n7p;€+1)> = Pp. (35)

We first calculate the tangent map of 7. Given p € Sk=1 and p € R, let 1/1, e 7“2—1
to be an orthonormal frame of TpSk_l. Let v1,...,v,_1, v to be an orthonormal frame of

T )Sk satisfying that v; points the same direction as d7|,, (vf) for 1 <i < k—1and

o.pf
as the projection of ey for ¢ = k£ + 1. Denote the unit vector in T,R as dp. Then we have
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Figure 3.1
Re-parametrization

(p,n,po, py) = W@, n,p0, (D1 Phs - - Diq)) = (PO D1, - - - PRt 1)
+

the tangent map:

A7l (0]) = (1= )20, for 1 <i <k —1 (3.6)

dr), (09) = 1 — (1 — %)~V (3.7)

Note that the orthogonal projection of p’ onto TT(%p/)Sk is —pv;. and the orthogonal pro-

jection of ej1 onto 17 )Sk is (1 — ¢2)1/2y). Therefore, (3.7) becomes

o,p'

drl, 0 (09) = (1 — o*) V20 — (1 — 0 7V (—pup) (3.8)
= (1—H) 2y (3.9)
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For (¢, n,p') = on(7(p, 7)), since 0. : S\ {—epy1} — SO(k + 1), its derivative with
respect to n is in so(k+ 1), the Lie algebra corresponding to SO(k-+1). Write this derivative

at n of any tangent vector dn € Tp,(S¥ \ {—ej11}) as $p(n) € so(k + 1). Then,

]y (O1) = T (O) - 7(i0, ') (3.10)

= ¢ Sn(On)egr + (1= Y2 B, (0n)y, (3.11)

for any dn € T (S* \ {—ep11}) where dim T, (S* \ {—ej11}) = k.
And from what we already have in (3.9) and (3.6):

d¢|<p,n,p’(690) = (1 - 902)_1/2 * OnUE, (3.12)

]y () = (1= Y2 o0y, for 1 <i<k—1 (3.13)

Now, to calculate the Jacobian of ¥ for fixed variables ¢, n, pg, p6 and p = V(p,n, po, p6)

with respect to ¢, we have that the Jacobian is

k—1)(k+1
J\IJ(SO7TL7PO;I)6) _ ((1 . @2)1/2>( )(k+1) (1- <)02)—1/2 - f(e, (1 . g02)1/2) (3‘14)

= (1= )22 p(p (1 - )12, (3.15)

where f is some polynomial with degree k and coefficients only depending on n, pq, p6 which
derives from (3.11).

Since 0 < ¢ < 1, it concludes that for some constant j\/p(n, D0, p6) that does not depend
on o,

| T (. 1,0, PY)| < T (1, po, PO)- (3.16)
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3.4 Proofs: Upper Bound of Expectation of Hj(T?) via

Estimation of Killers

In this section, we are going prove the following lemma:

Lemma 11. Suppose that w(n) — logloglogn — 0o as n — oo. Then, for 1 <k <d -2,

lim E [[A(k(r)} =0, (3.17)

n—oo

as n — oo if A =logn + (k —1)loglogn + w(n).
Define the follow characteristic functions for p = (pg, ..., ppi1) € (Td)k+2 and P, C T¢%:

L xr(p) =1{C(p) € A(p)} L {R(p) > r}.

2. X0(P; Pn) = xr(P)L{B(P) N P = {po, ..., Pkt1}}
1{A(p) ¢ U(Pn; R(p))}.

It follows that if p is a (k + 1)-critical point which kills a k-th homology class, then
x4 (p; Pn) = 1. Therefore,

Kp(r) < Y X Po). (3.18)
pG(Pn)k+2

In order to estimate the expectation, we may apply Palm theorem [30].

Lemma 12 (Palm theorem). Suppose Py, is a set of n points generated by a Poisson process
on a manifold M. Let integer k > 0. Suppose h(p; P) is a bounded measurable function
defined for all p € P* where P is any finite subset of M. Then

k
n
E Z h(p; Pn)| = ﬁE [h(pIQ p/ U Pn)} ) (3.19)
pePk '

where on the right-hand side, bp' € MFE s giwven by k points i.i.d and independent of the

Poisson process P,.
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Therefore, we have

B[R] < [ (P m] (3.20)
pE(Pn)kJr2
2
=Gt [ (P;pU P, (3.21)

where p € (TH**+2 is a set of (k + 2) iid. points independent of the Poisson process Py,.

Moreover, we have

1{B(p)N(pUPy) = {po,...,pk+1}} = 1{B(p) N P, = 0} (3.22)

almost surely. Then, with probability 1,

X (PP U Py)
=xr(P)1{B(p) NP =0} 1{A(p) £ U(pU Pp; R(p))} (3.23)

< xr(P)L{B(p) N Pn =0} 1{A(p) ¢ U(Pn; R(p))} (3.24)
For the first part, from the Poisson process,
P{B(p) N P, = 0} = ¢ "wak(P), (3.25)
For 1{A(p)  U(Py; R(p))}, set

Pap) = PLA(P) ¢ U(Po; R(p))|B(p) N P = 0} (3.26)
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It implies that

nk+2
(k +2)!

E [Kk(r)] < E [x.(p;pU Py)]

nk+2

= hio) /(Td)k+2 xr(P)P{B(p) NP, =0}

P{A(p) ¢ U(Pn; R(p))|B(p) N Py = 0} dp

=t /mrd)m Xrp)e P ) dp

(3.27)

(3.28)

(3.29)

When n is sufficiently large, R(p) is less than the injectivity radius of T?. Then, we can

define a change of variables as follows: p = ®(c, p, V, pg) where ¢ = C(p) € T% p = R(p) €

R, V in the Grassmannian G(k + 1;d) is the (k + 1) dimensional real vector space in R? in

which the points in p is, and pg € (Sk)k+2 which is a tuple of (k + 2) points on the unit

sphere. The Jacobian of ® satisfies the following scaling property:
Jo(c, p,V.py) = CoppF D1,

where C¢ is the Jacobian of ® at a fixed ¢, V, pg and radius 1.

Note that

xr(p) =1{C(p) € A(p)} L {R(p) >}

=1{0€ A(p)} 1{p>7r}=xp,-1{p>71},

where xp, only depends on py.
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We have

% k42 —nwqR(p)?
< d .
B[&)] <ont= [l Pap) I (3.3)
o0
_ an+2/ e—nwdpdpd(k—l-l)—l/ Xpo - PA(p) dcdVdpodp. (3.34)
r c7 7p0

Now apply the change of variables from Section 3.3. We re-parametrize the points on
the unit sphere pg by pg = ¥(¢, n, p, p’O) where ¢ = p(pg) = ¢(p) € R, n € S is the unit
normal vector of the linear subspace of the largest k-face of A(py), pg € S* is the point in
po that is not on the largest k-face, and pg € (Sk_l)k"'1 gives the positions of the points in

the largest face. According to the estimate in Section 3.3 (3.16), the Jacobian of W satisfies:

|‘]\I/(907n7p07p6)} < J\If(nap07p6)v (335)

where JN\I, does not depend on .

Finally,

E |K(r)]
o0
< an+2/ e—nwdpdpd(k+1)—1/ Xpo * PA(p) dedV dpydp (3.36)
r C? 7p0

00
d
:C«nkz—i—Z/ o~ TWdp pd(k+1)—1

r

Pmax
: XpoP 3.37
(/0 /c,V,n,po,p{) PoFA(p) (3:37)

| Jw (0,1, p0, PO)| dchdndpodpédw) dp

o0 d
SC’TL]H_Q/ o~ Wdp pd(kz—i—l)—l
T

Pmax . (338)
. (/ / XpoP A(p) Jg dchdndpodp6dg0> dp.
0 C,V,n7p03p6
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Set g = % such that for p > r and ¢ > ¢

d
sdConwap’e « AT —Ci-Cloglogn (3.39)
(Cloglogn)d
Al ~Cy-C ~1

For o(p) = ¢ > ¢q, take an e-net S on the annulus A(p) with ¢ = %gp(p)R(p) and
S| < C’gp(p)_d for some constant C, that is, for any point p € A(p), there exist a point

po € 9, such that
1

dist(po, p) < & = 5¢(P) R(p)- (3.41)

Therefore, A(p) ¢ U(Py; R(p)) implies that S ¢ U(Py; R(p) — €). Now we have,

Pacp) = PA®D) ¢ U(Po; R(p))|B(p) 1 By = 0} (3.42)
<P{S & U(Pp; (1 —¢)R(p))|B(p) N P = 0} (3.43)
<Y P{p ¢ U(Pa; R(p) — )| B(p) N Py, = 0} (3.44)

peS

= ZSP{B(JD; R(p) —€) N Py =0|B(p) N P = 0} (3.45)

€
p < |§| e~ mvel(Blro:E(p)(1=¢(p))\B(p) (3.46)
< Cgp(p)—deconwdR(P)%(P)’ (3.47)

where pg is a point on the sphere 0B(C(p); ¢(p)R(p)). Therefore,

$Pmax —

/ / XpoPA(p)Jw dedV dndpodpidy (3.48)

©0 ¢, V,n,po,py,

Pmax d .~
< / / Cp~4eComwar”e Jo. dedV dndpgdplde (3.49)
©0 ¢, V,n,po,py,
$Pmax

<C (pfdeCondedSﬂ dep. (3.50)

%0
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Moreover, for ¢ < g, we have

®0 — ¥0
/ / XpoPA(p)Jw dedV dndpodpidp < / Ldy = ¢ (3.51)
0 vavnvp(]apé] 0

Then, from (3.50) and (3.51),

E [Kk(r)] (3.52)
k2 77 —nwgp? d(k+1)—1 max g Conwgp®
<Cn / e P goo—i—C/ o 4eH0aP P o ) dp (3.53)
T ¥0

o0

< C’nk+2A_110glogn/ e_"‘”dpdpd(k+1)_ldp (3.54)
r

< CnA* e M oglogn. (3.55)

When A = logn + (k — 1)loglogn + w(n) where w(n) — logloglogn — oo, then
E [Kk(r)} — 0 as n — oo.

3.5 Proofs: Upper Bound of Probability

3.5.1 FEstimation on the Hole Size

In this section, we will prove that the complement of the union of random balls centered

at points from P, only has components of small diameters with high probability.

Proposition 1. Suppose the radius r < Tmaz/3 where rymaz is the injectivity radius of the
torus. Then, there exists some constant 1/2 < k < 1 and for A = nwdrd > rlogn, the
probability of each component of the complement being contained in a ball with radius 2r

tends to 1 as n — oo.

Note that if for any point p in the complement, the sphere 0B (p;2r) is covered by the

union of balls, then all the components of the complement are contained in balls with radii
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2r. We need to show that

Jp e T¢ \U(Py;r)
P — 0,as n — 0. (3.56)
such that 0B(p; 2r) ¢ U(Pp;r)

Fix the point p in the complement. Let A be a 1/3-net on the unit sphere dB(0;1) in
the Euclidean space RZ. Let N, be the rescaled N on OB (p; 2r). We have that for any point
s on the sphere dB(p;2r), there exists sg € N, satisfying dist(s, sg) < 2r/3. It follows that
if s ¢ U(Py;7), then sg ¢ U(Pp;r/3). We may obtain that,

P{0B(p;2r) ¢ U(Pusr)lp € T\ U(Pyir) }

:IF’{EIS € 0B(p;2r),s ¢ U(Py;r)|p € Td\U(Pn;T)

H—/

<P {350 € Ny 50 ¢ U(Poi20/3)|p € T\ U (i)}
<P {350 € Ny, Py N B(sg;7/3) = Olp € T\ U(Py; 7")}

<IN} - e—nwdrd/3d = |V _e—nwdrd/Sd (3.57)

To extend the result to the entire torus, we need an (er)-net on the torus ']I'd, N, such that
there exists a point pgy for any point p € T% such that dist (p,pg) < er, where € is a constant
such that 1—(141/3%) =% < € < 1. We may choose the (er)-net such that the number of points
V| < C'/(er)? for some constant C. Set 1’/ = (1 —¢)r > 0. Similar to the arguments above,
we have that for each p € ']I‘d, there exists pg € N satisfying dist(p, py) < er and furthermore,

if p & U(Py;r) and 0B(p;2r) ¢ U(Py;r), then pg & U(Py;r’) and 0B (pg; 2r') ¢ U(Pp;r’).
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Therefore,

P {ap e T\ U(Py;7) such that dB(p; 2r) ¢ U(Py; r)}
—P {ap e T, p ¢ U(Py;r) and B(p; 2r) ¢ U(Pa; 7“)}

<P {3po € N',po ¢ U(Py;7") and 9B(po; 21") ¢ U(Pps; ')}
<[NP {po ¢ U(Pn;r") and 0B(p; 2r) ¢ U(Pp;1’')}

< N[ P {pg ¢ U(Pn; ")} P{OB(p;2r) ¢ U(Pu;")|po ¢ U(Pasr’)}

< }Nl| e—nwdrld ) |N| efnwdrd/i%d < Clrfde—nwdrd(lfe)d(1+1/3d)

— Oyl A= (1+1/37) (3.58)

for some positive constants C'.
Note that € > 1 — (14 1/3%)7% and so 1 < (1 — €)%(1 4+ 1/3%) < 2. Pick s such that
k(1 —€)¥(1+1/3%) > 1 for some ¢ > 0. Then, for A > klogn, A(1 —€)%(1 4 1/3%) > logn.

It follows that the probability

ClnAfle—A(l—e)d(1+1/3d) < Oy tn(logn)~te logn

= 1 Yogn) ™t = 0, as n — . (3.59)

3.5.2  Extra Homology Classes

From the previous section, the for large n, the components of the complement are con-
tained in small balls when the radius r is small. It leads to the results that the homology

classes of T% are all represented in the union of balls U (Py;r). That is, we have

Theorem 4. For a fized and sufficiently small v, the map

H(U(Pp;1)) = Hy(T%) when k < d is surjective with high probability as n — co.
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In this section, we denote U = U(P,;r) for short. Let T%\ U = L; X; where each X; is
a component of the complement. When the radius r is not a critical value of the distance

function to P, we have the following long exact sequence by Mayer-Vietoris

s Hy 1 (T — @ Hy,(9X;)

— Hi(U) ® (0 Hp(X;)) = Hp(T?) — - (3.60)

For sufficiently small radius r, using the results from the previous section, the component
X; has a diameter less than 2r and thus the map Hj(X;) — Hy(T%) is 0. It remains to
show that Hj, 1 (T¢) — @;H(0X;) is also 0 which holds if each Hjq(T%) — Hj(0X;) is
0. Let D be the d-dimensional disk with radius 2r in T¢ that contains X;. Then, both from

Mayer-Vietoris sequence we have
Hy11(D) = Hip(0X;) = Hp(D\ X;) & Hy,(X;) — Hy(D) (3.61)
and

H;,(S%) — Hy(D\ X;) ® Hy(T\ D)

— Hy(T9\ X;) — Hj,_1(59) (3.62)
are exact. It follows that
Hy(0X;) = Hy(D\ X;) @ Hy(X;) (3.63)
and that
Hy,(D\ X;) = Hy,(T?\ X;) (3.64)
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is injective if k < d.

Therefore, the composition Hy(0X;) — Hy(T%\ X;) & Hy,(X;)

Hy(0X;) ———— Hp(T9\ X;) & Hy.(X;)

b

Hi,(D\ X;) & Hp(X;)
is injective.

Apply Mayer-Vietoris sequence to X; and T \ X; and we will get

o= Hy g (T — Hy,(0X;)

— Hi(T7\ X;) @ Hy,(X;) — Hy(T?) — -
It follows that Hj 1 (T¢) — H},(9X;) is 0.

3.5.8  Probability of Correct Homology

(3.65)

(3.66)

Theorem 4 implies that with high probability, all the k-th homology classes of T% can

be found in the homology of the union of balls U(P,;r). It follows that the Betti numbers

Bi(U(Pp;r)) > Bi(T?%) when k < d with high probability as n — co. Furthermore, we have

0 < Bp(U(Pnir)) — Br(T?) < Ki(r),

(3.67)

where K () is the number of critical points of index k£ + 1 which kill some k-th homology

classes defined in Section 3.2. Therefore,

E[K4(r)] = B [B(U(Pair)) = B(Th] = P{BU(Pair)) # B(TD]

7

(3.68)



From (3.55), if A =logn + (k — 1) loglogn + w(n) where w(n) — logloglogn — oo, then

P{Bu(U(Puim)) # B(T | <E [Ky(r)] (3.69)

< CnAFle M oglogn = Ce~w(n)Hogloglogn _, (3.70)

It concludes that the Betti number is correct with high probability for A = logn + (k —

1)loglogn + w(n).

3.6 Simulation

3.6.1 Delaunay Triangulation and Cech Persistent Homology

d is around

In our settings, when the homology groups are getting correct, A = nwyr
log n, which means that for each point on the torus T, there are log n points in expectation
within the range of r. To construct the Cech complex from the points, we have to examine
the intersections among about log n points for each of the n points in P,. The computation
of checking intersections of several balls is also expensive. The result spaces of complexes
may have even higher dimension. Therefore, directly computing Cech complex to get the
persistent homology groups is computationally difficult. Discussion about computability of
Cech complexes can be found in [29].

Let P, C T% be a set of n points. For any point p in P,, define function fo(z) = d(z,p).
We have that f, is differentiable at any points on T except p. The distance function to the

whole set P, is f : T¢ — R defined as, for any z € T¢,
f(z) =min {dp(z) : p € P} . (3.71)

For each fixed point z on T¢, in general, not all the n functions f; are necessary to get
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f(z) in a neighborhood of x. For a subset P of P, define the set
G(P) = {x eT?: f(a) = fp(z) for all p € P.} . (3.72)
One may prove a simple property of the sets G:
G(PUQ)=G(P)NGQ). (3.73)

Suppose that the points in P, are in general positions. That is, for any subset P C P,
of (k+ 1) points with k < d, there does not exist any point x on T% such that the gradients
Vfp for all p in P do not lie in a (k — 1)-dimensional affine space. Then, it can be prove
that if G(P) is non-empty, it is a compact submanifold of dimension d — k =d — |P| + 1.

Furthermore, for every P with exactly d + 1 points and G(P) non-empty, since the
dimension of G(P) is d — (d+ 1) + 1 = 0, G(P) is a single point. The ball centered at the
point in G(P) with radius given by f|g(p) is the smallest one that contains the simplex A(P),
B(P). It does not contain any points other than P. A(P) is called a Delaunay simplex. If
we collect all such simplexes A(P) where G(P) # 0, we will get a Delaunay triangulation
or Delaunay complex of the torus T with vertexes given by points in P,. A Delaunay
triangulation is the unique triangulation of a set of vertexes where the circumsphere of each
top simplexes has no points in its interior. One of the advantages of Delaunay triangulation
is that there are relatively efficient algorithms to construct. We may use Delaunay complex
to compute Cech homology groups. Discussions of Delaunay triangulation can be found in
[19], [33].

To define a persistent homology on Delaunay complex, each simplex or sub-simplex A(P)

for some set of vertexes P is assigned to the value

F(A(P)) = min f|gp)- (3.74)
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Then the persistent homology of the filtration given by the Delaunay complex and the
function F is isomorphic to the Cech persistent homology with respect to the changing
radius, since (),cp B(p;r) # 0 if and only if r > F(A(P)) which is also equivalent to that
the simplex A(P) is covered by B(p;r) for p € P.

We want to find a way to evaluate F' effectively. In fact, the restriction f| G(P) is a smooth
Morse function on G(P). In our case, the set G(P) is an intersection of several convex G(p)
and therefore, and thus G(P) is convex. This implies that the distance function f|g(p)
always has a unique local minimum, either in the interior or on the boundary. If f ’G( P) has
no interior minimum point, the minimum point is on the boundary of G(P). In this case, we
have that the minimum point will also be a minimum point of G(P’) for some set P’ O P;

that is,

F(A(P)) = ]g%r]lj F(A(P"). (3.75)

Therefore, the value of the simplex A(P) when G(P) has no interior minimum point is equal
to the minimum of the values of parent simplexes that contain A(P).

Meanwhile, we know that the center C'(P) of the minimal circumsphere satisfying
d(C(P),p) = R(P), foranype P. (3.76)

. If the center C(P) is in G(P), it is the minimum point of f|g(p). In this case, we have
that F(A(P)) = min f|G(P) = R(P) is the radius of the circumsphere. On the other hand,
if the center C'(P) is not in G(P), the minimum point of min f|g(p) is on the boundary.
As a result, we may evaluate F' recursively starting from the top simplexes A(P) of
dimension d. For each of the (sub-)simplex A(P), we may first find the center of the circum-

sphere of P, C(P), then examine if C(P) is in G(P) by checking if there are other points in

80



the circumsphere B(C(P), R(P)) (which is always true for top simplexes). We have that

R(P), if C(P) € G(P);

F(A(P)) = (3.77)
min F(A(P')), otherwise.
P'OP

3.6.2 Relation to Critical Points

As mentioned in Section 3.2, we used critical points of the distance function to the point
sets Py, to find the homology groups by Morse theory.

We know that the critical points are defined to be the centers C'(P) that lies inside of
A(P). They are interior minimum points of f|g(p). According to [20], the critical point of
the distance function f is a critical point of f|g(py and the index is (|P| = 1) + Ind(f|g(p))-
The critical point of f|G( p) can only be the unique interior minimum point. The minimum
point has index 0 and so the critical point has index |P| — 1.

The critical points of index d are corresponding to the sets P with d + 1 points, the
convex hulls of which are just the top simplexes in the Delaunay complex. Furthermore, for
any P such that G(P) is non-empty, the maximum point of f|g(p) must be in G(P") for
some P’ D P and |P'| = d 4 1. That means A(P) is a sub-simplex of A(P’) and thus every
critical point is corresponding to a simplex in the Delaunay complex.

However, not all the Delaunay simplexes or even those with an interior minimum are
critical points according to [20] and Section 3.2. Those interior minimal points of f |G( P)
that fall outside of the convex hull can be problematic since they do not create or kill any
new cycles. This is the reason why we exclude them in the previous proofs. However, this
will not be a problem in Delaunay persistent homology defined before.

For the critical points that fall outside of the simplex A(P), there must exist a boundary
sub-simplex A(P’) where P’ C P and |P'| = |P| — 1 such that the minimum of f|g(P’)
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is not in the interior of G(P’) but rather on G(P) C dG(P’). We have that F(A(P')) =
min f|gpy = min flgp)y = F(A(P)); that is, A(P) has the same value as one of its
boundary simplex. It follows that such critical point will not create or kill a homology class

in the persistent settings.

3.6.3 Construction of Delaunay Triangulation

Algorithms of construction of Delaunay triangulation are discussed in [19], [33]. Incre-
mental algorithm is one of the basic ones. It assumes the points are all contained in a large
simplex. Then, it adds points one by one. In each step, an existing simplex is broken into
smaller simplexes by the newly added point. Then, delete and update the sub-simplexes
whose circumsphere encompasses the new point. However, this algorithm does not apply to
our case since on the torus, there is no such maximal simplex that contains all the points
and circumsphere of a large scale simplex is not easy to spot because of the global manifold
structure. There are indeed some extensions of this method to allow in torus case as known
as periodic Delaunay triangulation. Those methods essentially construct triangulation on
the universal covering of R [12] gives an optimization of the 3-dimensional case.

Divide-and-conquer algorithm is another one to construct Delaunay triangulation. The
original algorithm can be found in [14]. The algorithm uses hyperplanes to split the point sets
into two. It first stitches the two halves by constructing triangulation along the hyperplane
using incremental algorithm. Then, it applies the same divide-and-conquer algorithm to
the two subsets but starting with (d — 1)-faces from the crossing simplexes in the previous
step. This algorithm, according to [14], has a O(n(d/ 21+1) worst case time complexity. The
limitation is that the original algorithm only considers R%. However, due to the nature of
this algorithm, we can adapt it to the problems of any Riemannian manifold since we can

partition the manifold into pieces diffeomorphic to Euclidean spaces.
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In our settings, the flat torus is R? modulo the integer lattice Z®. The first step of the
divide-and-conquer algorithm is to cut it along the boundary of the unit cube C = |0, 1]d.
We set Fipterior t0 be the set of the other (d — 1)-simplexes that are in C and Fyetiyve to be
the set of the (d — 1)-simplexes across the cut OC which remain to find the next d-simplex
adjacent to it.

To simplify some operations in the algorithm, we say switching an element e in a set .S

if we add e to S if e ¢ S and remove e from S if e € S.
Algorithm 3.1: Divide-and-conquer algorithm to construct the Delaunay triangu-

lation on T¢
Input: Points P, of T¢ as coordinates in C = [0, 1]%.

Output: Delaunay triangulation 7" as a set of d-dimension of simplexes.
Data: Sets Fyctive, Finterior-
1 Find any pair (p, ¢) from P, such that one is the nearest point to the other and the

shortest geodesic between them (as a line segment in Rd) crosses the cut dC. Let

P={p,q}.

2 Repeat the following steps to build the first Delaunay simplex A(P) across the cut
aC:

1. Find the next point p’ from P, such that the radius of the circumsphere
R(PU{p'}) is minimal.

2. Add p' to set P.

3 Add the simplex A(P) to the Delaunay triangulation 7.

4 For each (d — 1)-dimensional sub-simplex f of A(P):
1. If f lies entirely in C, add f to Finterior-

2. Otherwise, if f crosses the cut 0C, switch f in F,.tive-
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Algorithm 3.1 (cont.): Divide-and-conquer algorithm to construct the Delaunay

triangulation on Td

5 Enumerate all the (d — 1)-dimensional sub-simplex f of F,jye until the set becomes

empty,
1. Find the next d-dimensional simplex A(P) such that
f is a face of A(P) and A(P) is a Delaunay simplex.
2. Add the simplex A(P) to the Delaunay triangulation 7'

3. Do the same as Line 4 with A(P) to update Fipterior and Factive-

6 Now that we have the triangulation 7" along the cut dC and a set of interior faces
Finterior- We may just apply the original divide-and-conquer algorithm from [14] to
the cube C = [0,1]%. Notice that we no more need initializing steps because we

already have Fijterior- Add the simplexes from the original algorithm to 7.

[14] uses a uniform grid to index the point for fast query of the points. However, this

method is not efficient when the dimension is large as the grid size grows exponentially in

dimension. Instead, we utilize a binary space partitioning tree called k-d tree to organizing

the points in querying nearest points and the minimal circumsphere. In general the nodes in

the k-d tree represents a partition of points usually divided by a hyperplane. Its technical

details can be found in [1]. In fact, the k-d tree cooperate with our divide-and-conquer

algorithm so well since we may reuse the partition of the tree in the construction of the

Delaunay triangulation.
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3.6.4 Numerical Results and Graphs

(A —logn)/loglogn =

E|(k—=3) (k—=2) (k—1) k (k+1)
. 0 0.0 0.0 0.0 0.0 0.0
Remaiming | 4 | 79,1 740 76 11 01
C;‘Otilfjl 2| 13846 1769 23.0 3.6 10
numbers | 3 || 833.8  129.9 22.2 48 0.8
4| 173.7 31.7 59 1.0 0.3
0 0.0 0.0 0.0 0.0 0.0
Betti 1 35.0 3.0 0.2 0.0 0.0
numbers | 2 || 78.6 6.4 0.6 0.3 0.1
3| 278.0 65.3 123 1.3 0.0

Table 3.1
Averages of critical points and Betti numbers in T4 with number of points n = 15000 in 10
experiments.

The columns are the numbers when A = nwdrd = logn+1loglogn for respective coefficients

[. The bold numbers are corresponding to [ = k — 1 which are the theoretical vanishing
thresholds in [7].

Radii at which torus homology classes appear

A

Ho gl Ha Hs = logn

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

Figure 3.2
Radii of global torus homology classes of T4 in 10 experiments. Number of points n = 15000.
The radius when A = nwdrd = log n is also marked. The torus homology classes are all before
this point which is guaranteed by Theorem 4 for sufficiently large n.
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(a) Overview of Betti numbers in T* with number of points n = 15000.
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(b) Betti numbers near the thresholds in T* with number of points n =
15000.

Figure 3.3
Betti numbers and critical points of T* with number of points n = 15000 in 10 experiments.
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(c) Numbers of remaining critical points in T* with number of points n =
15000. The vertical lines indicated by values of A are theoretical vanishing
thresholds from [7].

Figure 3.3 (cont.)
Betti numbers and critical points of T* with number of points n = 15000 in 10 experiments.
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From the simulation results in Figure 3.3 (cont.), we can see that the Betti numbers £ (r)
for 1 < k < d—2 are very small at A = log n+(k—1) loglog n, while 5;_1(r) remains relatively
large at A = logn + (d — 2)loglogn and only vanishes around A = logn + (d — 1) loglogn

which is the theoretical threshold for the coverage. We may conjecture that

Conjecture 1. Suppose that w(n) — oo asn — oo. Then, for 1 <k <d— 2,

0 A=logn+ (k—1)loglogn —w(n)
Tim P {Bi(r) = B(T") | = (3.78)
1 A=logn+ (k—1)loglogn + w(n).

And for Bg_1(r),

' 0 A=logn+(d—1)loglogn —w(n)
Tim P{Bg_1(r) = 841 (T } = (3.79)
1 A=logn+ (d—1)loglogn + w(n).
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CHAPTER 4
TOPOLOGICAL PERIODICITY

4.1 Introduction

Unlike the ordinary periodicity which requires that function values by a fixed offset are identi-
cal, topological periodicity allows distortion of the function’s domain. We say that a function
f is topologically periodic, if there exists some homeomorphism ¢, as a re-parametrization
of the domain, such that the composition f o ¢ is periodic in the common sense.

A traditional approach to the task is using Fourier transform. See [17]. However, Fourier
transform does not work well when the domain is re-parametrized.

Here, we focus on H( of the persistent homology of f. Then, the topological periodicity
should be preserved regardless of re-parametrization. In [16], the bottleneck distance between

persistence diagrams that encodes persistent homology is defined. They show that

Theorem (Edelsbrunner & Harer). Let X be a topological space with two functions f,g :
X — R satisfying some conditions. Then, for each dimension p, the bottleneck distance

between the persistence homology is

dp(Dgmy,(f), Dgmy,(9)) < [If = gllee = sup |f(x) = g()]. (4.1)

In this part, we are going to introduce a data structure called persistent dendrogram
to represent one-dimensional persistent homology of a function on R. The tree is ordered.
The vertexes in such trees are corresponding to critical points of the function. We will
also introduce a distance function defined between two trees. Finally, we can derive that
the distance between persistent dendrograms is connected to the distance between functions

considering a reparametrization of the domain, which resembles the result in [16].
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4.2 Persistent Dendrogram for Functions and Distance of Trees

4.2.1 Ordered Trees with Edge Lengths

Ordered Trees

We use a pair of sets (V) F) to indicate a tree T', where V' is the set of vertexes and E
is the set of edges. The degree of a vertex v in the tree T' is the number of other vertexes
connected to v, denoted by degp(v).

Ordered trees are rooted trees where an order is assigned for the children of each connector
(the vertex with degree more than 1). By iteration, an order can be assigned for every leaves
(the vertex with degree 1 ) in an ordered tree such that the vertexes in the branch of a
smaller child are always smaller than the vertexes in the larger child branch. Since the trees
we talk about have finitely many vertexes, we can give integer labels to all the vertexes of
the tree in accordance with the order.

A map f : V] — Vs is called a homomorphism between ordered trees T; = (V;, E;) for

i=1,2if
1. f maps the root of 77 to the root of T5;
2. for any vertex u € V7, if v is a child of u, then f(u) = f(v) or f(v)is a child of f(u).

3. f preserves the order of the subtrees and leaves.

In this case we write f : T1 — T or simply 77 — T5.

Ordered Trees with Edge Lengths
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The lengths of edges in a tree are given by a function [ : F — R and [ > 0. The length
of a path is the sum of the lengths of all the edges on the path. Since the path joining any
two vertexes in the tree is unique, the assignment of edge lengths gives a distance between
two vertexes u,v by the length of the path, denoted by d;(u,v). The depth of a vertex v is
defined to be the distance from the vertex to the root, denoted by depth;(v).

If a tree with edge lengths has neither edges with 0 length nor vertexes with degree 2
except the root, then the tree with edge lengths is called reduced.

Suppose we have two trees with edge lengths (77;11), (I;l2) and a surjective homomor-
phism f : T} — Tb. We call that f is a shrink from (T71;11) to (Ty;l2) if depthy,(f(v)) =
depth;, (v) for any v in T7. It is equivalent to say that d, (f(u), f(v)) = dj, (u,v) for any u, v
in 77 for a shrink f. On the other hand, if for any w and it parent v such that f(u) = f(v),
we have degp (u) = 2 and the depth is preserved for vertexes other than such u, then f is
called a merge.

We can always use a shrink to map a tree with edge lengths to a tree with no O-length
edges, and then use a merge to map a tree to one that has no vertexes with degree 2. By
doing so, we will get a reduced tree as a result.

If a tree can be reduced to another, then given any depth ¢ > 0 the subgraphs that
consist of vertexes with the depth greater than ¢ and the edges connecting them have the
equal number of components.

If two trees with edge lengths (T7;11), (T2;12) can be reduced to the same tree with the
same length assignment, they are considered as equivalent. Write (17;11) ~ (T5;12).

Now given two trees 77 and Th and endow 77 with edge lengths given by [1. Suppose
there is an embedding, an injective homomorphism f : T7 — T5. We can always define an
edge lengths function [y from the embedding. We assign the edge joining f(p) and f(q) to
the length of edge joining p, ¢ and all the other edges to 0. The tree (T5;ls) can be shrunk

to (T1;11). (T1;11) and (T3;l2) are thus equivalent.
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4.2.2  Distance between trees

Distance between assignments of edge lengths

Fix a combinatorial tree structure ' = (V| E'). Let [1 and [y be two edge length functions.

The distance between the two assignments is denoted by dp(l1,12). It is defined by

or(ly,ls) :== Hdepthl1 — deptthHOo (4.2)
= max ‘depthl1 (e) — depthb(e)’ : (4.3)

Distance between Two Trees with Edge Lengths

For two different combinatorial trees T and Th, we can always find a third tree 7" which
embeds T7 and T5. It follows from the arguments in the previous section that there exists l~1
and ly as two edge length functions on T such that (T;11) ~ (T1; 1) and (T;13) ~ (Th; o).

The distance between (T7;11) and (Tp;l3) is defined as

d(Ty; 1), (Tas 1)) = inf  op(i, ).

(T511)~(T;01)

(T3l2)~(T;l2)

4.2.8 Trees and Functions

Let f be a continuous real-valued function defined on a compact interval [a, b] with finitely
many local extreme points. Let M = max f. Then there exists an ordered tree with edge

lengths (7';1), such that the following two objects have the same number of components:
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1. the sublevel set f~1((—co, M —1]));

2. the subgraph of T" which consists of vertexes with the depth greater than ¢t and edges

connecting them.

A reduced tree with edge lengths (77;1) satisfying the above condition is called the per-
sistent dendrogram corresponding to the function f.

In particular, the minimum points of f are leaves of the persistent dendrogram and the
maximum points are the connectors that joining several branches with smaller depths.

If two continuous functions with finitely many local extreme points fq, fo both correspond
to the same tree and max f; = max fo, then because of the arguments above, fi and fo have
the same sequence of extreme points with the equal extreme values. It follows that we can
define a homeomorphism ¢ of the domains such that fj o ¢ = fs.

For a function f with isolated extreme points, we can construct the persistent dendrogram

(T';1) by the following procedure:

1. Find all the local minimal and the interior local maximal points and values (z, f(z)).
Since the function is continuous, the minimal points and maximal points appear alter-
natively.

Those local minimum points are leaves of T'. The local maximum points are candidates

for connectors.
2. For each minimum, compare the nearby maximum values:

(a) if they are not equal, connect the minimum to the less one.

(b) if they are the same, merge them into a single connector. Connect the minimum

to the connector.

Assign the length of the edge to the difference of the minimum value and the connected

maximum value.

93



3. For each maximum, from the least to the greatest, connect it to the nearby maximum
that with less value. Assign the length of the edge to the difference of the connected

maxima.

On the other hand, for any tree with edge lengths there is a continuous function corre-
sponding to the tree. The following procedure gives a piecewise linear function corresponding
to a tree with length (77;1). It generates the set S of the points that are joined by the piece-

wise linear function.

1. Mark each leaf with a pair of numbers (i, d;), where i is an integer according to the

order of the tree and d; is the depth of the leaf. Add points (i,d;) to the set S.

2. For each connector with depth d, suppose it has (n+ 1) children and thus it has (n+1)
subtrees. Let (if, d;, ) be the leftmost leaf and (jj, d;, ) be the rightmost leaf in its kth
subtree, for 0 < k < n. Add (M, d) to the set S for 1 < k < n. (That is, insert a

"maximum” between two minimum points.)

If the tree is reduced, the piecewise linear function generated by the procedure above has

only finitely many extreme points at integer points.

4.2.4  Distance of Functions

Suppose that two continuous functions f, g are defined on a compact interval [a, b] with
finitely many local extreme values. Define the distance between them up to a homeomor-

phism of [a, b] and a constant as
d(f,9) == inf If —90¢+Cllx-

¢ is homeomorphism,
CeR

For functions corresponding to the same combinatorial ordered tree, we can always use a
94



homeomorphism to align the extreme points of both functions and the differences between
the two values of the functions are just the differences of the depths. Therefore, we have

that

Lemma 13. Suppose T is a tree. If two continuous functions with finitely many local extreme

points f1, fo have persistent dendrograms (T;11) and (T} ls), then

d(f1, f2) < op(ly,12). (4.4)

Then we have that

Proposition 2. If two continuous functions are defined on a compact interval has finitely
many local extreme points, the distance between two functions is less than the distance of

their corresponding persistent dendrograms.
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