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ABSTRACT

In this thesis, three different problems in time series and random field have been discussed.

First, for a general class of stationary random fields, we study the asymptotic properties of

different parametric and nonparametric spectral density estimators under an easily verifi-

able short-range dependence condition. The theory developed here allows both regular and

irregular spaced data with minimal restriction on the index set and thus is applicable across

a wide range of practical scenarios.

The second problem revolves around developing a spatio-temporal model with space-time

interaction for air pollution data (PM2.5), which enables one to provide forecasts and insights

about the air quality. The proposed model uses a parametric space-time interaction compo-

nent along with the spatial and temporal components in the mean structure, and introduces

a random-effects component specified in the form of zero-mean spatio-temporal processes.

For application, air pollution data from Taiwan have been analyzed.

The third problem in the thesis deals with a time series clustering problem. Using L2 distance

between nonparametric spectral density estimates, a hierarchical clustering algorithm has

been developed. Simulation studies show that the power of the algorithm is very good for

most scenarios. Especially, it shows much better performances for small samples. This

algorithm can be extended to different practical setups and can be used on real life data

obtained from various fields.
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CHAPTER 1

INTRODUCTION

Time dependent or spatially dependent data arises in many different disciplines, and the

analysis of such data is very important for researchers working on various topics - environ-

mental science, medical science and finance being some popular examples. In this thesis, we

are going to explore three interesting and challenging problems related to such data.

In Chapter 2, our focus will be on a very general setup where we consider random fields and

explore the asymptotic properties for the discrete Fourier transform (DFT), periodogram,

Whittle likelihood estimator and nonparametric spectral density estimator. Throughout this

chapter, we work with the functional dependence measure developed in Wu [99]. The theory

we have derived considers an easily verifiable short-range dependence condition expressed in

terms of the dependence measure alluded to above. Our results are general in the sense that

we allow irregularly spaced data with minimal restriction. More precisely, for sample size n,

the irregular setup is indexed by the subset Γn of Zd, where d is any dimension. Then, Γn

is only required to satisfy the condition |Γn| → ∞, as n→∞ (see Assumption 2.1).

In this thesis, under the above setup, we have derived the asymptotic normality for kernel

spectral density estimators and the Whittle estimator of a parameterized spectral density

function. Further, we also develop asymptotic results for a covariance matrix estimate. As

this restriction on the index set is very mild, our theory can be applied across variety of

scenarios. As a final piece, simulation examples are provided at the end of the chapter.

Next, in Chapter 3, we work on a crucial problem related to human life. As we already know,

the effect of air pollution on public health, vegetation, and more generally, on the human

society and the ecosystem has been a burning issue in recent years. In fact, previous studies

of spatio-temporal models showed that even a short-term exposure to high concentrations of
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atmospheric fine particulate matters (PM) can be hazardous to the health of ordinary people.

Several epidemiological studies; for example Blangiardo et al. [13], Jerrett et al. [50], Pope III

et al. [79] and Thurston et al. [92]; have established that the PM are linked to a range of

serious cardiovascular, respiratory, and visibility problems. Thus, it is of utmost importance

to have a clear understanding of the status of air pollution and to provide forecasts and

insights about the air quality to the general public and researchers in environmental studies.

Our work on this problem has more of an applied flavor and the focus has been on developing

a model that can address the issue of space-time interaction in air pollution data and in turn

can provide better predictive abilities for such data.

In this thesis, we work with data on PM with aerodynamic diameters less than 2.5 micron

(denoted as PM2.5). The proposed model uses a parametric space-time interaction compo-

nent along with the spatial and temporal components in the mean structure, and introduces

a random-effects component specified in the form of zero-mean spatio-temporal processes.

Further, we use a weighted least squares approach to estimate the unknown parameters and

that help us in predicting the higher pollution levels with more accuracy. Asymptotic results

on the estimation procedure have also been discussed in Section 3.3.

On the other hand, it is worth mention that most existing studies on related data (detailed

discussion can be found in Section 3.1) concentrated on the pollution issues in different parts

of Canada and the USA, while the problem is certainly not limited to this continent only. In

fact, there have been only a few good studies that analyze air pollution data from countries

in Asia or Africa. A noteworthy paper in this regard is Al-Awadhi and Al-Awadhi [2], who

took hierarchical Bayesian approaches to develop a dynamic linear models for air pollutants

in Kuwait. They dealt with the temporal and spatial effects independently, defining separate

structures for the two processes. However, in general, there is a serious dearth of related

papers that focus on the pollution situations in the developing countries. And that is another

key contribution of this work, as we develop a model and analyze the data for Taiwan.
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Finally, Chapter 4 is about a time series clustering problem, where the data are assumed to

be coming from a very general class of stationary processes. Our algorithm is based on the

covariance structures of the data, and it is a test-based method. We use the L2 distance of

pairwise differences of the spectral density estimates to test if two time series objects have

same spectral density. The testing procedure is then extended to multiple time series case.

Then, using this testing procedure, we develop our clustering algorithm.

Throughout the study, simulation-based methods have been used to approximate the dis-

tribution of the test statistics so as to ensure much better finite-sample properties. The

methods are discussed in detail in Section 4.3 and Section 4.4, while some empirical studies

and an application to a real data are provided in Section 4.5.
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CHAPTER 2

IRREGULAR-SPACED RANDOM FIELDS

2.1 Background

Analysis of irregularly spaced data has been attracting considerable attention from re-

searchers in various fields, ranging from environmental science to economics. The origin

of irregular data is in fact the limit theorem for random fields with continuous parameter

where the sets of integration in the limit theorems approach to infinity in Van Hove sense,

see for example, Ivanov and Leonenko [48]. In a broad sense, there are two different ap-

proaches to deal with the irregularly spaced spatial data. The classical and more popular

Kriging or interpolation approach (Cressie [20]) is parametric in nature. A nonparametric

or a frequency domain approach was considered by Fuentes [32] which revolves around the

assumption that the sampled locations are fixed and not random. Vidal-Sanz [94] also con-

sidered nonparametric estimation of spectral densities for second-order stationary random

fields on a d-dimensional lattice. In that paper, the author proposed modified estimator

classes with improved bias convergence rate. In a much recent work, Bandyopadhyay et al.

[8] formulated a spatial frequency domain empirical likelihood method for irregularly spaced

data. Other related works can be found in Bandyopadhyay and Lahiri [7], Hall and Patil

[40], Hall et al. [41], Im et al. [47] and the references therein.

Spectral domain methods to approximate the Gaussian likelihood for irregularly spaced

datasets were proposed by Matsuda and Yajima [69] where the sampled locations are as-

sumed random with a particular distribution having a continuous density function. Their

non-parametric and parametric estimators of the spectral density function of the underlying

random fields are similar to those in classical time series analysis. The parametric spectral

density was estimated by minimizing the Whittle likelihood while the non-parametric spec-
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tral density estimator was a spectral window estimator, and they studied the asymptotic

properties of those estimators.

In spatial data analysis one usually deals with irregularly spaced data. To set the notation,

let (Γn)n≥1 be a sequence of finite subsets of Zd representing the sampling locations or

design points. Our goal here is to work with an asymptotic regime which imposes minimal

restrictions on the sampling set and its boundary:

Assumption 2.1: (Asymptotic regime) Let Γn = {Ln,1, . . . , Ln,n} ⊂ Zd be the set of

sampling locations such that the choice of Γn satisfies the property |Γn| → ∞.

For simplicity, from now on, we would write Lk = Ln,k. It is instructive to compare the

above regime with the Matsuda and Yajima [69] setup where each sampling location ti is

obtained from a randomly generated d-dimensional vector ui = (ui,1, . . . , ui,d) by tij = Ajuij

for j = 1, 2, . . . , d. They further assumed that the coefficient Aj ’s and the sample size (nk),

if expressed as a function of k, satisfy the condition |Sk| /nk → 0 as k goes to infinity, where

|Sk| is the area of the rectangle [0, A1]× . . .× [0, Ad].

Other examples with special constraints on the sample set can be found in Jones [51], Parzen

[77], Neave [72], Neave [73], Clinger and Van Ness [19]. A related study with irregularly

spaced observations for an increasing spatio-temporal domain can be found in Li et al. [63].

Similar to Matsuda and Yajima [69], they also viewed the spatial locations at which the data

is observed as random in number and location; generated from a homogeneous 2-dimensional

Poisson process. As an interesting feature, our theory requires a minimal condition on the set

Γn, which is an attractive property in spatial applications in which the underlying observation

domains can be quite irregular.
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For a given Γn, the discrete Fourier transform (DFT) is defined by

Sn(θ) =
1√
n

∑
j∈Γn

Xj exp(−ıj′θ) =
1√
n

n∑
k=1

XLk
exp(−ıL′kθ), (2.1)

where ı =
√
−1 and θ = (θ1, . . . , θd) ∈ Rd. The periodogram of the data is defined by

In(θ) = |Sn(θ)|2 =
1

n


∑
j∈Γn

Xj cos(j′θ)


2

+

∑
j∈Γn

Xj sin(j′θ)


2
 . (2.2)

We will study aspects of both parametric and nonparametric estimators of the spectral

density functions of stationary random fields. We begin by finding asymptotic results for the

discrete Fourier transform (DFT) for irregularly spaced random fields, and then study the

asymptotic properties of the spectral density estimates. As pointed out earlier, an important

feature of our approach is that we do not impose any restriction on the index set Γn, other

than the natural requirement |Γn| → ∞.

This chapter is structured as follows: Section 2.2 presents the setup, assumptions and some

preliminary results regarding short-memory stationary random fields. The discrete Fourier

transform of the data and its asymptotic properties are presented in Section 2.3 while the

Whittle likelihood and parametric spectral density estimator are discussed in Section 2.4. In

Section 2.5, we will present the nonparametric spectral density estimator and the covariance

function and its different aspects (e.g. consistency, asymptotic normality). We will also

discuss the estimation of covariances matrices for an irregular set-up in Section 2.6. All

proofs are provided in Appendix.
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2.2 Short-Range Dependent Random Fields

We shall consider a very general class of stationary random fields which are functions of

independent and identically distributed (iid) random variables. In related works, Whittle [97]

considered two-dimensional linear auto-regression fields and Besag [11] discussed stationary

auto-normal processes and proposed estimation methods and goodness-of-fit tests applicable

to spatial Markov schemes defined over a rectangular lattice. Other noteworthy examples

may be found in Guyon [37] and Kashyap [53]. Our setup is general enough to include the

most common linear and nonlinear processes.

Assumption 2.2: Let εj , j ∈ Zd, be iid random variables. Define

Xi = g(εi−s; s ∈ Zd), i ∈ Zd, (2.3)

where g is a measurable function such that Xi is well-defined.

Throughout this chapter, we work with short-range dependent stationary processes. We use

the idea of coupling (Wu [99]) to define dependence measures. Let ε′i, εj , i, j ∈ Zd be iid.

Definition 2.1: (Functional dependence measure) Let Xi ∈ Lp, p ≥ 1. Define

δi,p = ‖Xi −X∗i ‖p, where X∗i = g(ε∗i−s; s ∈ Zd), (2.4)

and ε∗j = εj if j 6= 0 and ε∗0 = ε′0. Also let p′ = min{2, p} and define

Θm,p =
∑
|j|>m

δj,p and Ψm,p =

 ∑
|j|>m

δ
p′

j,p

1/p′

.

Definition 2.2: (Stability) The random field (Xi) defined in Equation (2.3) is said to be

7



p-stable if

∆p :=
∑
i∈Zd

δi,p <∞.

Two concrete examples of such processes are given next.

Example 1: (Linear process) Let Xi =
∑
s∈Zd asεi−s, where (εj)j∈Zd are iid random vari-

ables with mean 0 and ε0 ∈ Lp, p ≥ 2, and as are real coefficients such that
∑
s∈Zd |as| <∞.

Then δi,p = |ai|‖ε0 − ε∗0‖p = O(|ai|). For the nonlinearly transformed process Yi = K(Xi),

where K(·) is Lipschitz continuous, its functional dependence measure δi,p(Y ) is also of order

O(|ai|).

Example 2: (Spatial Autoregressive Scheme) Let N ⊂ Zd be a finite set and 0 6∈ N .

Consider the spatial process in the form of nonlinear autoregressive scheme

Xi = G((Xi−j)j∈N ; εi),

where the functionG is such that there exists nonnegative numbers `j , j ∈ N , with
∑
j∈N `j <

1 and the following holds: for all (x−j)j∈N and (x′−j)j∈N ,

|G((x−j)j∈N ; εi)−G((x′−j)j∈N ; εi)| ≤
∑
j∈N

`j |x−j − x′−j |. (2.5)

Also assume that there exists (x−j)j∈N such that G((x−j)j∈N ; ε0) ∈ Lp. Then following

the argument in Shao and Wu (2004), we have δi,p = O(ρ|i|) for some 0 < ρ < 1.

2.3 Asymptotic Theory of the DFT

In this section, under some regularity conditions on the data-generating process we study the

asymptotic distribution of DFT. These are the key ingredients for developing the spectral

8



analysis of stationary processes. Peligrad and Wu [78] proved a central limit theorem for the

Fourier transform of a stationary process in the regular case. Other works related to bias

and variance of periodogram estimates for a regular set-up can be found in Pukkila [80] and

Lin and Liu [65].

2.3.1 Asymptotic normality of the DFT

We establish the asymptotic normality of the DFT defined in Equation (2.1) using the

Cramer-Wold device. To this end, instead of the DFT we consider the more general expres-

sion

Wn =
∑
j∈Γn

cjXj where |cj | ≤ 1 for all j ∈ Γn, (2.6)

and wish to find the asymptotic joint distribution of (Yn(θ), Zn(θ))/
√
n where

Yn(θ) =
∑
j∈Γn

Xj cos(j′θ), Zn(θ) = −
∑
j∈Γn

Xj sin(j′θ),

are the cosine and sine transforms of the data. As mentioned earlier, we are interested

in linear combinations aYn(θ) + bZn(θ) (without loss of generality, we can assume that

a2 + b2 = 1) which is of the form of Equation (2.6). For k ≥ 1, let us use Nk(0,Σ) to denote

the k-variate normal distribution with 0 mean vector and variance-covariance matrix Σ.

Theorem 2.1: (Central limit theorem for DFT). Suppose (Xi)i∈Zd is a stationary centered

random field defined by Equation (2.3) satisfying

∆2 :=
∑
i∈Zd

δi,2 <∞. (2.7)

9



Also assume that v2
n = E(W 2

n)→∞. Then, the following central limit theorem (CLT) holds:

L
[
Wn/
√
n,N

(
0, v2

n/n
)]
→ 0 as n→∞, (2.8)

where L(., .) is the Levy distance between distributions. Consequently, we have

L
[
(Yn(θ), Zn(θ)) /

√
n,N2 (0,Σn(θ)/n)

]
→ 0, (2.9)

where Σn(θ) = cov((Yn(θ), Zn(θ))T .

The above theorem gives the joint asymptotic distribution of the discrete Fourier transform.

For the regular set-up, we can further show that the two coordinates (Yn(θ), Zn(θ)) are

asymptotically independent and the same will happen at two different frequencies.

Proposition 1: Consider the regular set-up Γn =
∏d
l=1{1, 2, . . . , nl}, where nl →∞ for all

l ≤ d. Let θ, φ ∈ [−π, π)d with θ, φ 6= 0, θ 6= φ and θ+φ 6= 0, and suppose f(·) is the spectral

density function. Then, (Yn(θ), Zn(θ), Yn(φ), Zn(φ))/
√
n are asymptotically independent

Gaussian random variables with asymptotic variances equal to (f(θ), f(θ), f(φ), f(φ))/2.

2.3.2 Bias of the Periodogram

It is known that for regularly observed stationary time series the periodogram is an asymp-

totically unbiased estimator of the spectral density function. This is not the case for irregular

spatial data. In this section, we provide an expression for the bias of the periodogram.

For the process (Xi) given in Equation (2.3), assume that the mean is 0 and define the

covariance function γk = E(X0Xk), k ∈ Zd. By Equation (2.7), we have
∑
k∈Zd |γk| < ∞.

10



Define the spectral density

f(θ) =
∑
k∈Zd

γk cos(k′θ). (2.10)

In the literature the scaled form by (2π)−d is also widely used. In this study, we use the

form (2.10). Recall that Γn = {L1, . . . , Ln}. Let J = {k ∈ Zd : ∃ i, j with Li−Lj = k} and

mk = #{(i, j) : Li − Lj = k}. We define the location adjusted spectral density function by

fJ (θ) = E[In(θ)] =
1

n

∑
j∈J

mjγj cos(j′θ). (2.11)

The bias of In(θ) is

Bn(θ) = f(θ)− E[In(θ)] =
∑
k∈Zd

(
1− mk

n

)
γk cos(k′θ). (2.12)

If, for any fixed k, mk/n → 1 (which holds for the regular rectangle index set Γn =∏d
i=1{1, 2, . . . , Ji}, where Ji � n1/d and

∏d
i=1 Ji = n), then by the Lebesgue dominated

convergence theorem, Bn(θ) → 0 as n → ∞. However, the same cannot be said for the

irregular spatial case. In particular, if for each k ∈ Zd, the ratio mk/n approaches rk

as n → ∞ and these rk’s are constant, then the asymptotic bias is given by B(θ) =∑
k∈Zd(1− rk)γk cos(k′θ).

2.4 Whittle likelihood and parametric spectral estimate

In this section we shall discuss a parametric estimator of the spectral density function f(θ).

In what follows, we write the spectral density f(θ) (where θ ∈ Rd) as fα(θ) for a certain

parameter vector α ∈ Rp. Since the spectral density governs the covariance function of a

stationary process, γk will also be a function of α. Therefore, the location adjusted spectral
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density function fJ (θ) and the bias Bn(θ) discussed in the previous section are functions of

both θ and α. We will denote them by fJ,α(θ) and Bn,α(θ), respectively.

A widely used approach to estimate the unknown parameter α is to minimize the (negative)

Whittle’s likelihood or an approximation to the Gaussian log likelihood which is of the form

pn(α) =

∫
D

{
log fα(θ) +

In(θ)

fα(θ)

}
dθ, where D = [−π, π]d. (2.13)

Dahlhaus and Künsch [22] developed an asymptotic theory for Whittle estimator for regularly

spaced time series data using a bias-adjusted periodogram in place of In(θ). We will adopt

their technique to correct for the bias of the periodogram. The Whittle likelihood for the

irregularly spaced data is

pn(α) =

∫
D

[
log fJ,α(θ) +

In(θ)

fJ,α(θ)

]
dθ. (2.14)

We denote the Whittle estimator that minimizes pn(α) by α̂n and study the asymptotic

behavior of this estimator. Suppose the parameter space for α is A. Let the true value of

the parameter be α0, and suppose that the Whittle estimate α̂n exists in the parameter

space A for all n. Before stating the theorem for the Whittle estimator, in addition to the

asymptotic regime (Assumption 2.1) and the nonlinear nature of the stationary random field

(Assumption 2.2), we list a few more assumptions:

Assumption 2.3: The parameter space A ⊂ Rp is compact, and D ⊂ Rd is symmetric

and compact such that the spectral density function (now denoted as fJ,α(θ), defined on

A × D) is twice differentiable with respect to α and the first and second order derivatives

are continuous for θ ∈ D.

Assumption 2.4: (Identifiability condition) For α1 6= α2, fJ,α1(θ) 6= fJ,α2(θ) on a subset

of D with positive Lebesgue measure.

12



Assumption 2.5: If ∇ denotes the first order derivative of a function, then

∫
D

|∇fJ,α0(θ)|
{fJ,α0(θ)}2

dθ <∞ and

∫
D

( |∇fJ,α0(θ)|
fJ,α0(θ)

)2

dθ <∞.

Finally, let us use p(α) to denote the limit of the Whittle likelihood pn(α) defined by Equa-

tion (2.14). Note that fJ,α(θ) and consequently, p(α) depends on the index set Γn. Also, for

any Γn, we can say that p(α) > p(α0), for any α 6= α0.

We now discuss the connection with the regularity assumptions. If the functional dependence

measure δi,p satisfies the summability condition

∑
i∈Zd

|i|2δi,2 <∞,

then the spectral density function is a bounded, twice partially differentiable function in

view of

∑
i∈Zd

|i|2|γi| ≤
∑
i∈Zd

|i|2δi,2
∑
i∈Zd

δi,2 <∞.

Assumptions 2.3 to 2.5 are similar to the ones used in Matsuda and Yajima [69]. Theorem 2.2

below concerns the asymptotic properties of the Whittle estimator.

Theorem 2.2: Let fJ,α(θ) be the location adjusted spectral density function defined in

Section 2.3.2, denote the true value of the parameter α by α0 and assume that the Whittle

estimator α̂n exists in the parameter space A for all large n. Then, under Assumptions

2.1-2.5, the estimator α̂n satisfies the following:

(a) (Consistency) α̂n → α0 in probability as n→∞.

(b) (Asymptotic normality) Suppose, hα(θ) = ∇(fJ,α(θ))−1. Then, the Whittle esti-
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mator α̂n satisfies the following (L(., .) is the Levy distance):

L

(√
n(α̂n − α0)

fJ,α0(0)
, Np

(
0, 2Γ(α0)Σ2

nΓ(α0)
))
→ 0 as n→∞ (2.15)

where

nΣ2
n =

∑
j,k∈Γn

∫
D

exp{ı(k − j)′θ}hα0(θ)dθ

∫
D

exp{ı(k − j)′θ}hα0(θ)dθ

′ ,
Γ(α) =

(∫
D
∇fJ,α(θ)∇(fJ,α(θ))−1 dθ

)−1

.

Remark 1: If for any fixed k, mk/n → 1, then fJ,α(θ) converges to fα(θ). Hence, in the

regular setup, as n→∞,

√
n(α̂n − α0)⇒ Np

(
0, 2f2

α(0)Γ(α0)Σ2
nΓ(α0)

)
.

From a practical point of view, it is not possible to use the above theorem directly to find a

confidence set for the true value of the parameter α0, for the covariance matrix in the above

theorem depends on α0. Next, we describe a subsampling procedure to find a confidence set

of α. However, for irregularly spaced stationary random field, a subsampling method will

not work in most cases. Here, we describe a method only for a regular random field.

For the following discussion, let us assume that we have data (Xi)i∈I from a random field

indexed by a rectangle I in Zd. For convenience, since we are going to consider regular spaced

data, let us assume that I = {1, 2, . . . , l}d. And suppose the Whittle likelihood estimator

for this data is α̂l.

To use the subsampling procedure, we will be considering smaller blocks from I. For a

point t = (t1, . . . , td), α̂l,t,b will denote the Whittle likelihood estimator based on the data

(Xi)i∈It,b where It,b =
∏d
i=1{ti, . . . , ti + b}. Naturally, these estimates can be obtained for
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all t such that It,b ⊂ I. Let us use Ql,b to denote all such t’s.

We are going to show that an adjusted empirical distribution of the Whittle likelihood

estimators for all possible blocks is essentially an approximation for the limiting distribution

of α̂l, described in the previous theorem. To do that, we will look at indicators of Borel sets.

For any Borel set A ∈ Rp, let us use F (A) to denote the limiting value of P [cl(α̂l−α0) ∈ A]

where cl is an appropriate scaling constant (see Remark 1). Analogously, Fb(A) denotes the

same for the subsamples and so, Fb(A) → F (A), as b → ∞. We are going to consider the

following empirical distribution of the subsampled Whittle likelihood estimators:

Ll,b(A) =
1∣∣Ql,b∣∣

∑
t∈Ql,b

I{cb(α̂l,t,b − α̂l) ∈ A}. (2.16)

Then, the following theorem proves the consistency of the above approximation and helps

us determine a confidence set for α0.

Theorem 2.3: Assume that b → ∞, b/n → 0 as n → ∞. Then, Ll,b(A) in the above

definition goes to F (A) in probability, for each Borel set A whose boundary has mass zero

under F (·).

2.5 Non-parametric estimator of spectral density function

In this section, we shall study non-parametric kernel spectral density estimators of f and

their large-sample properties such as consistency and asymptotic normality. For a symmetric

kernel function K(·) and for bandwidth Bn we define the kernel spectral density estimator

fn(θ) =
1

n

n∑
j=1

n∑
k=1

XLj
XLk

K

(
Lj − Lk
Bn

)
eı(Lj−Lk)′θ. (2.17)

For the consistency of the above estimator, we choose the kernel K to satisfy the following
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Condition 1: The kernel function K is symmetric, has support [−1, 1], K(0) = 1 and

sup|x|<1 |K ′(x)| <∞.

The above condition readily implies that κ =
∫∞
−∞K2(x)dx < ∞, a quantity that will be

needed later. A simple choice that satisfies the above properties is the rectangular kernel

K(x) = I{|x|≤1}. The following theorem asserts the consistency result of the nonparametric

estimator above.

Theorem 2.4: Assume that E(Xk) = 0, Xk ∈ Lp, p ≥ 2 and Θ0,p =
∑∞
j=0 δj,p < ∞, the

bandwidth Bn →∞ and Bn = o(n) as n→∞. Then, under Condition 1,

sup
θ∈Rd

‖fn(θ)− Efn(θ)‖p/2 → 0.

Corollary 2.1: Assume there exists a constant c > 0 such that fn(0) > c. Let conditions

in Theorem 2.4 be satisfied and let X̄n be the mean of the sample {Xi, i ∈ Γn}. Then,

√
nX̄n√
fn(0)

⇒ N(0, 1). (2.18)

Proof. Let vn = nE(X̄2
n). By the Lebesgue dominated convergence theorem,

vn − E (fn(0)) =
1

n

∑
k∈Zd

mk [1−K(k/Bn)] γk → 0,

where mk is as defined in Section 2.3.2. By Theorem 2.1,
√
nX̄n/

√
vn ⇒ N(0, 1). Hence by

Theorem 2.4 and Slutsky’s theorem, Corollary 2.1 follows.

One can apply Corollary 2.1 to construct confidence intervals for the mean µ based on

irregularly spaced data XL1
, . . . , XLn

. Let f̃n(θ) be defined as fn(θ) in Equation (2.17) with

Xj therein replaced by Xj − X̄n. Given 0 < α < 1, the (1 − α)th confidence intervals for

the mean µ is X̄n ± z1−α/2

√
f̃n(0)/n.

16



Next, we discuss the asymptotic distribution of the non-parametric spectral density estimator

in Equation (2.17). The proof of the theorems are given in the Appendix.

Theorem 2.5: Let Condition 1 be satisfied and define κ =
∫∞
−∞K2(x)dx < ∞. Assume

E(Xk) = 0, E(X4
k) < ∞, Θ0,4 < ∞, Bn → ∞ and Bn = o(n) as n → ∞. Then, for any

fixed θ ∈ Rd, √
n

Bn

(
fn(θ)− E[fn(θ)]

fn(θ)

)
⇒ N (0, κ) . (2.19)

Remark 2: An interesting observation is that the variance of the estimate fn(θ) is asymp-

totically equal to E(fn(θ))2, multiplied by an appropriate scaling term. Therefore, the

concepts of variance stabilizing transformation and delta method tell us that we can take

the logarithm of the estimate to obtain

√
n

Bn
(log fn(θ)− logE[fn(θ)])⇒ N (0, κ) .

This result can be used to form a confidence interval for E(fn(θ)), which will be of the form

exp(log fn(θ)± z1−α/2
√
κBn/n).

2.6 Estimation of Covariance Matrices

In spatial statistics, a fundamentally important problem is to estimate the covariance ma-

trix of the data. It is useful in many aspects of multivariate analysis including principal

component analysis, linear discriminant analysis and graphical modeling. One can infer de-

pendence structures among variables by estimating the associated covariance matrices. In

this section, we will discuss the estimation of the covariance matrix of an irregular spaced

data (XL1
, . . . , XLn

). Now, to judge the quality of a matrix estimate, we will use the oper-

ator norm. For an estimate of the covariance matrix, we are going to use the l2 “operator

norm” and give an upper bound for this. Recall that l2 norm or spectral radius of a matrix
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A is defined as ρ(A) = max|x|=1 |Ax|.

Let Σn = (γLi−Lj
)1≤i,j≤n be the covariance matrix to be estimated. Its estimator Σ̂n is

defined by

Σ̂n = (γ̂Li−Lj
)1≤i,j≤n where γ̂k =

1

mk

∑
i,j:Li−Lj=k

(XLi
− X̄)(XLj

− X̄).

In the above, mk = #{(i, j) : Li − Lj = k}. Based on the known inconsistency results for

the periodogram estimate, it can be shown that Σ̂n is not a consistent estimate (Wu and

Pourahmadi [100]). So, instead of this, we will use non-parametric kernel-based estimators,

similar to what was used for the spectral density. More precisely, we define the following

estimate for the covariance matrix:

Σ̂n,Bn
=

(
γ̂Li−Lj

K

(
Li − Lj
Bn

))
1≤i,j≤n

, (2.20)

where K is a kernel function and Bn is a bandwidth sequence satisfying appropriate condi-

tions, as discussed below. For this banded covariance matrix estimate, we prove the following

Theorem 2.6: Suppose {Xt}t∈Zd is a stationary process and each Xi ∈ Lp for some

p ∈ (2, 4]. If mk � n, the kernel K satisfies Condition 1, the bandwidth Bn satisfies

the conditions Bn → ∞ and Bn/n
δ → 0 for some δ > (1 − 2/p)/d, then the estimator

Σ̂n,Bn
in Equation (2.20) is consistent and the spectral radius ρ(Σ̂n,Bn

− E(Σ̂n,Bn
)) has a

convergence rate of OP (Bdnn
2/p−1).

Remark 3: Note that the above covariance matrix estimate is not necessarily non-negative

definite. If we define a matrix Kn,Bn
= (K((Li − Lj)/Bn))1≤i,j≤n, then the covariance

matrix estimate can be written as Σ̂n,Bn
= Σ̂n ? Kn,Bn

; where ? is the Hadamard or Schur

product, which is formed by the element-wise multiplication of matrices.

By Schur Product theorem, since Σ̂n is already non-negative definite, the Schur product
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will be non-negative whenever Kn,Bn
is non-negative definite. One particular example is

the triangular kernel K(u) = max(0, 1− |u|) which would lead to a positive definite weight

matrix Kn,Bn
. Thus, using this kernel function will give us a non-negative definite covariance

matrix estimate Σ̂n,Bn
.

2.7 A Simulation Study

In this section, we assess empirically the impact of the sampling index set Γn on the param-

eter estimation procedure. For that, we consider an isotropic spatial auto-regressive (AR)

model in a two-dimensional setting. This model is similar to the isotropic spatial AR model

discussed by Azomahou [4] and Lavancier [60]. More precisely, in our spatial AR model,

each observation is dependent on the four neighbors in the following way:

Xi,j = c(Xi−1,j +Xi+1,j +Xi,j+1 +Xi,j−1) + εi,j + εi,j−1εi,j+1, for i, j ∈ Z, (2.21)

where the parameter c gauges the strength of dependence of an observation on its four

neighbors, and the innovations εi,j are generated independently from a standard normal

distribution. Note that this model is an example of non-linear random fields. For more

detailed information on such models; see Cressie [21, Chapter 6].

We start with a full grid of size n-by-n from which we would like to generate sample data

of different sizes. In order to generate the full data, we consider it in a vector form X, such

that the above model helps us write it as X = AX + e, and thereby, X = (I −A)−1e. Here,

A an n2 × n2 sparse matrix (non-zero elements are the parameter of the model) and e is a

vector such that each component is of the form εi,j + εi,j−1εi,j+1.

In our simulation study, we generate a data-set on a grid of 75× 75. Then, we take different

samples of varying sizes to estimate the parameter c using the Whittle likelihood approach
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and calculate the mean squared error (MSE) of the estimates. For each of the sample sizes,

we also choose a regular grid and compare the performances of the regular setup to that of

the irregular setup. The parameters and the set-up of the simulation are described below:

• We used the parameter c = 0.2.

• The innovations εi,j are generated independently from a N(0, 1) distribution.

• The grid consists of 75×75 data points and we take samples of different sizes (between

102 and 402). First, these samples are chosen randomly from the whole grid, to ensure

that we have an irregularly spaced data. And then, we choose a regular grid of similar

size to compare the performances.

• For each sample size, the experiment is repeated multiple times, and the mean squared

error for the parameter estimate (error calculated from the actual value c = 0.2) is

calculate for the regular and irregular data. For the irregular set-up, the Whittle

likelihood is defined using the location adjusted spectral density, as shown in Equa-

tion (2.14). In addition to that, we also perform same analysis for Whittle likelihood

defined in the original way; cf. Equation (2.13). The results are shown in Table 2.1.

Table 2.1: Mean squared error in estimating parameter c using simulated data.

Sample Size Regular Irregular (location adjusted) Irregular (original)

100 0.0004 0.0015 0.0239
225 0.0004 0.0012 0.0158
400 0.0001 0.0009 0.0148
625 0.0004 0.0005 0.0117
900 0.0009 0.0003 0.0109
1225 0.0004 0.0002 0.0096
1600 0.0001 0.0001 0.0081

The results of the simulation study confirm that the estimation performance in the irregular

set-up is comparable to the regular set-up when the sample size is larger than 202. However,

the regular set-up outperforms the irregular one for smaller sample sizes. On the other
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hand, when we perform the simulation for the original definition of the Whittle likelihood,

the results are not at par with the location adjusted version. In fact, the mean squared error

is very big for smaller sample sizes, but it reduces steadily as we take bigger samples. For

sample size 402, it is about 0.0081, which clearly establishes that as more and more samples

are taken, the location adjusted spectral density approaches the true value of the spectral

density. This is expected, and follows what was discussed in Section 2.4.

2.8 Appendix

2.8.1 Proofs of Theorems

Proof of Theorem 2.1. It is worth mention that this proof is somewhat similar to theorem

1 in El Machkouri et al. [26]. However, for completeness of our work, we are giving a detailed

proof here.

At first, assume that lim infn v
2
n/n > 0. Then, there exists a constant c0 > 0 and n0 ∈ N

such that n/v2
n ≤ c0 for any n ≥ n0.

Let (mn)n≥1 be a sequence of positive integers going to infinity. Denote X̃j = E(Xj | Fmn(j))

where Fmn(j) = (εj−s; |s| ≤ mn). So, there exists a measurable function h such that

X̃j = h(εj−s; |s| ≤ mn). Similarly, for a coupled process (see Definition 2.1), we can write

X̃∗j = h(ε∗j−s; |s| ≤ mn) = E
(
X∗j | F

∗
mn

(j)
)
,

where F∗mn
(j) = (ε∗j−s; |s| ≤ mn). Also, for any j ∈ Zd, define

δ
(mn)
j,p =

∥∥∥(Xj − X̃j)− (Xj − X̃j)∗
∥∥∥
p
.
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In order to prove the theorem, we will need the following results.

• Using Lemma 2.1, denoting ∆
(mn)
p =

∑
j∈Zd

δ
(mn)
j,p , for any n ∈ N and any p ≥ 2,

∥∥∥∥∥∥
∑
i∈Γn

ai(Xi − X̃i)

∥∥∥∥∥∥
p

≤

2p
∑
i∈Γn

a2
i

1/2

∆
(mn)
p . (2.22)

• If ∆p <∞, then for any fixed p ≥ 0, ∆
(mn)
p → 0 as n→∞. To this end, note that

δ
(mn)
j,p ≤

∥∥∥Xj −X∗j ∥∥∥p +
∥∥∥X̃j − X̃∗j ∥∥∥p

= δj,p +
∥∥∥E(Xj | Fmn(j),F∗mn

(j))− E(X∗j | F
∗
mn

(j),Fmn(j))
∥∥∥

≤ 2δj,p.

Since limn→∞ δ
(mn)
j,p = 0 and

∑
j∈Zd δj,p = ∆p <∞, using the dominated convergence

theorem, we can say that limn→∞∆
(mn)
p = 0.

• Define W̃n =
∑
j∈Γn

cjX̃j . Then, using the last two results, we can write

∥∥∥Wn − W̃n

∥∥∥
2

vn
=

1

vn

∥∥∥∥∥∥
∑
i∈Γn

ci(Xi − X̃i)

∥∥∥∥∥∥
2

≤
2∆

(mn)
2

vn

∑
i∈Γn

c2i

1/2

≤
(

2∆
(mn)
2

)( n

v2
n

)1/2

.

And hence, using the assumption mentioned earlier,

lim sup
n→∞

∥∥∥Wn − W̃n

∥∥∥
2

vn
= 0. (2.23)
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• We will also use the following central limit theorem, due to Heinrich [44].

Theorem 2.7: Let (Γn)n≥1 be a sequence of finite subsets of Zd with |Γn| → ∞

as n → ∞ and (mn)n≥1 be a sequence of positive integers. For each n ≥ 1, let

{Un(j), j ∈ Zd} be an mn-dependent random field with E(Un(j)) = 0 for all j ∈ Zd.

Also, assume that E(
∑
j∈Zd Un(j))2 → σ2 as n → ∞ where σ2 is finite. Then,∑

j∈Zd Un(j) converges in distribution to N(0, σ2) if there exists a finite constant

c > 0 such that for any n ≥ 1,
∑
j∈Zd E(U2

n(j)) ≤ c and for any ε > 0 it holds that

lim
n→∞

Ln(ε) := m2d
n

∑
j∈Zd

E
(
U2
n(j)I{|Un(j)| ≥ εm−2d

n }
)

= 0. (2.24)

We now apply the above results to prove our theorem. At first, define Un(j) := cjX̃j/vn,

where cj is same as the coefficient of Xj in Wn. Note that this definition satisfies the criteria

that {Un(j), j ∈ Zd} is an mn-dependent random field with E(Un(j)) = 0 for all j ∈ Zd.

Further,

E

∑
j∈Zd

Un(j)

2

=
1

v2
n
E

∑
j∈Zd

cjX̃j

2

=
E
(
W̃ 2
n − v2

n

)
v2
n

+ 1.

Now,

∣∣∣E(W̃ 2
n − v2

n

)∣∣∣ =
∣∣∣E(W̃ 2

n −W 2
n

)∣∣∣
≤

∥∥∥W̃n +Wn

∥∥∥
2

∥∥∥W̃n −Wn

∥∥∥
2

≤
∥∥∥W̃n −Wn

∥∥∥
2

(∥∥∥W̃n −Wn

∥∥∥
2

+ 2‖Wn‖2
)

≤ 2∆
(mn)
2

∑
i∈Γn

c2i

1/2
2∆

(mn)
2

∑
i∈Γn

c2i

1/2

+ 4∆2

∑
i∈Γn

c2i

1/2


= 4∆
(mn)
2

∑
i∈Γn

c2i

(∆
(mn)
2 + 2∆2

)
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Thus, using our assumptions, |E(W̃ 2
n − v2

n)/v2
n| ≤ 4∆

(mn)
2

(
∆

(mn)
2 + 2∆2

)
(n/v2

n)→ 0. And

hence, as n→∞, E
(∑

j∈Zd Un(j)
)2
→ 1. On the other hand, for any n ≥ n0,

∑
j∈Zd

E(U2
n(j)) =

1

v2
n

∑
j∈Zd

c2jE(X̃2
j ) ≤ n

v2
n
E(X̃2

0 ) ≤ c0E(X̃2
0 ).

Finally, let ε > 0 be fixed. Since |cj | ≤ 1, we have

I
{
|Un(j)| ≥ εm−2d

n

}
= I

{
|X̃j | ≥

εvn
|cj |

m−2d
n

}
≤ I

{
|X̃j | ≥

εvn

m2d
n

}
,

and then, we get

Ln(ε) ≤ m2d
n

v2
n

∑
j∈Zd

E
(
X̃2
j I
{
|X̃j | ≥

εvn

m2d
n

})

≤ c0m
2d
n E

(
X̃2

0 I
{
|X̃0| ≥

εvn

m2d
n

})
≤ c0m

2d
n ×

[
vnP

(
|X̃0| ≥

εvn

m2d
n

)
+ E

(
X2

0 I {|X0| ≥
√
vn}
)]

≤
c0m

6d
n E(X2

0 )

ε2vn
+ c0m

2d
n ψ(
√
vn), where ψ(x) = E

(
X2

0 I{|X0| ≥ x}
)
.

In order to ensure that Ln(ε)→ 0, define the sequence (mn)n≥1 by

mn =


min

{[
ψ
(√

vn
)− 1

4d

]
,

[
v

1
12d
n

]}
if ψ

(√
vn
)
6= 0[

v
1

12d
n

]
if ψ

(√
vn
)

= 0

where [.] is the greatest integer function. Since vn → ∞ and ψ
(√

vn
)
→ 0, it is easy to

observe that

mn →∞,
m6d
n

vn
≤ 1
√
vn
→ 0 and m2d

n ψ(
√
vn) ≤

√
ψ(
√
vn)→ 0.
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Hence, applying Theorem 2.7 and using Equation (2.23), we derive that

W̃n

vn

L−−−−→
n→∞

N(0, 1), which implies that
Wn

vn

L−−−−→
n→∞

N(0, 1).

So, we have proved the required result (2.8) assuming that lim infn v
2
n/n > 0. If this condition

fails, we can get a subsequence n′ →∞ such that

L

[
Wn′/

√
|Γn′|, N

(
0, v2

n′/|Γn′|
)]
→ l, as n′ →∞, (2.25)

for some l ∈ [0,∞]. Furthermore, if v2
n′/|Γn′ | does not converge to 0, we can get a further

subsequence n′′ such that lim infn′′(v
2
n′′/|Γn′′ |) > 0, implying

L

[
Wn′′/

√
|Γn′′|, N

(
0, v2

n′′/|Γn′′ |
)]
→ 0, as n′′ →∞. (2.26)

The above can be shown using the method we adopted previously and this contradicts Equa-

tion (2.25). Consequently, we can say that v2
n′/|Γn′| converges to 0 and thus, Wn′/

√
|Γn′|

converges to 0 in probability, implying that the Levy distance between Wn′/
√
|Γn′| and

N(0, v2
n′/|Γn′ |)] goes to 0, again contradicting Equation (2.25). So, finally, proof of the first

part of the Theorem 2.1 is complete. The second part is just a corollary that follows easily

from the first part.

Proof of Proposition 1. Observe that E[Sn(θ)Sn(φ)] =
∑
k∈Zd γkan,k, where the coeffi-

cient an,k is equal to n−1∑
j,l∈Γn:j−l=k e

−ı(j′θ+l′φ). Clearly |an,k| ≤ 1. Under the condition

θ 6= φ, θ, φ ∈ (−π, π]d, θ + φ 6= 0, we have for any fixed k, limn→∞ an,k = 0. By Equa-

tion (2.7), we have
∑
k∈Zd |γk| < ∞, and by Lebesgue dominated convergence theorem,

E[Sn(θ)Sn(φ)]→ 0 as n→∞. Similarly, E[Sn(θ)Sn(−φ)]→ 0. Note that the conjugate of

Sn(θ) is Sn(−θ). Hence the covariance matrix of (Yn(θ), Zn(θ), Yn(φ), Zn(φ))/
√
n is asymp-
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totically diagonal. That the diagonal elements are equal to f(·)/2 can be obtained by noting

that E[|Sn(θ)|2] → f(θ) and E[Yn(θ)2 − Zn(θ)2] → 0. The proposition then follows from

Theorem 2.1.

Proof of Theorem 2.2, part (a). Define

p(α) :=

∫
D

[
log{fJ,α(θ)}+

fJ,α0(θ)

fJ,α(θ)

]
dθ.

So, for any α 6= α0, we can get

p(α)− p(α0) =

∫
D

[
log

fJ,α(θ)

fJ,α0(θ)
+
fJ,α0(θ)

fJ,α(θ)
− 1

]
dθ > 0, (2.27)

because the integrand is 0 for α = α0 and otherwise always positive. Observe that pn(α)→

p(α) in probability, in view of Lemma 2.4 and the assumptions mentioned in Section 2.4.

Thus, there exists a positive constant Cα such that

lim
n→∞

P [pn(α0)− pn(α) < −Cα] = 1. (2.28)

Now, consider any two α1, α2 such that ‖α1 − α2‖ < δ for some small positive constant δ,

fixed a priori. Then, using the continuity of the functions, we can get that

|pn(α1)− pn(α2)| ≤
∣∣∣∣∫
D

log
fJ,α1(θ)

fJ,α2(θ)
dθ

∣∣∣∣+

∫
D
In(θ)

∣∣∣∣ 1

fJ,α1(θ)
− 1

fJ,α2(θ)

∣∣∣∣ dθ
≤ δ

(
K1 +K2

∫
D
In(θ)dθ

)
, (2.29)

where K1, K2 are constants. Let us denote the above bound by Kn(δ) and observe that one

can always find δ such that

lim
n→∞

P [Kn(δ) < Cα] = 1. (2.30)
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Now, for any particular α1, consider all points α2 such that ‖α1 − α2‖ < δ. Then, using

Equation (2.29) and Equation (2.30), we can say that for large n, pn(α1) − pn(α2) ≤ Cα

with probability going to 1. Combining this with Equation (2.28) for α = α1, we get that

for any α1

lim
n→∞

P

[
sup

α2:‖α1−α2‖<δ
{pn(α0)− pn(α2)} < 0

]
= 1. (2.31)

For an α1, let us denote the above sets of the form {α2 : ‖α1 − α2‖ < δ} by S(α1). To remain

consistent with out notation, for α0, let us consider S(α0) = {α2 : ‖α0 − α2‖ < γ}. Observe

that the above result is true for any possible value of γ. Now, for the whole parameter space

A, if we consider the collection of subsets {S(α) : α ∈ A}, this forms an open cover of the

whole parameter space and since A is compact, it will have a finite cover. Let us denote this

as {S(αi) : i = 0, 1, 2, . . . ,m and αi ∈ A ∀ i}. Note that from Equation (2.31),

lim
n→∞

P

[
sup

α∈∪mi=0S(αi)
{pn(α0)− pn(α)} < 0

]
= 1. (2.32)

Now, A = ∪mi=0S(αi) and from the above, we get that as n→∞, pn(α0) < infA pn(α) with

probability going to 1. Thus,

lim
n→∞

P

[
inf

α∈S(α0)
pn(α) = inf

α∈A
pn(α)

]
= 1. (2.33)

Therefore, clearly, as n → ∞, the minimizer will always be in S(α0) and since we can fix

γ as small as possible, we can say that limn→∞ P [|α̂n − α0| < γ] = 1 and so, α̂n
P−→ α0.

Hence, the Whittle likelihood estimate is consistent.

Proof of Theorem 2.2, part (b). Since α̂n is the minimizer for the Whittle likelihood,
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we will start with the Taylor series expansion and we get

α̂n − α0 = −
(
∂2pn(α∗)
∂α ∂α′

)−1
∂pn(α0)

∂α
. (2.34)

Now, we would consider the two terms on the right hand side separately. For the second

term, using the assumptions, we have,

∂pn(α0)

∂α
=

∫
D

[
1

fJ,α0(θ)
− In(θ)

{fJ,α0(θ)}2

]
∂

∂α
{fJ,α0(θ)} dθ

=

∫
D
{In(θ)− E(In(θ))} ∂

∂α
{fJ,α0(θ)}−1 dθ.

Let us use ∇g and ∇2g to denote the first order derivative and the Hessian of a function g.

Also, let hα0(θ) = ∇{fJ,α0(θ)}−1. Note that this is non-stochastic, but depends on n and

the true value of α. In order to find the asymptotic distribution of the above term, we will

make use of Lemma 2.3. Observe that In(θ) can be written as

nIn(θ) = n |Sn(θ)|2 =
∑

j,k∈Γn

XjXk exp{ı(k − j)′θ}.

Now, if we consider the stochastic term in the integral above, we can write it as

nPn = n

∫
D
In(θ)hα0(θ) dθ =

∑
j,k∈Γn

XjXk

∫
D

exp{ı(k − j)′θ}hα0(θ) dθ

=
∑

j,k∈Γn

XjXkβn,j−k.

Let us consider the asymptotic distribution of c′Pn for some real-valued vector c ∈ Rp. Note

that the coefficients c′βn,j−k do not depend on θ. Hence, comparing the above expression

with that of Lemma 2.3, we can set bn,j = an,j = c′βn,j and fix θ = 0 in that theorem.
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Then,

σ2
n = 2

∑
j,k∈Γn

(∫
D

exp{ı(k − j)′θ}c′hα0(θ) dθ

)2

= 2c′

 ∑
j,k∈Γn

∫
D

exp{ı(k − j)′θ}hα0(θ)dθ

∫
D

exp{ı(k − j)′θ}hα0(θ)dθ

′ c.

Based on the assumptions we have, we can say that the integrals are finite and on the other

hand, it depends only on α0 (through h(.)). Let us now denote the matrix in the middle

of the above expression by nΣ2
n. Using the assumptions in Section 2.4, one can now easily

check that Equation (2.48) and other conditions, required to apply the lemma, are satisfied.

So, using it, we get that

L
(
nc′Pn(θ)− nE[c′Pn(θ)], N

(
0, f2

J,α0
(0) · 2nc′Σ2

nc
))

n→∞−−−−→ 0, (2.35)

where L(·, ·) denotes the Levy distance. Since the above is true for all c, we can say that

L
(
nPn(θ)− nE[Pn(θ)], N(0, f2

J,α0
(0) · 2nΣ2

n)
)
→ 0. Combining this with the expression

obtained for ∂pn(α0)/∂α, we obtain

L

(√
n

(
∂pn(α0)

∂α

)
, N
(

0, 2f2
J,α0

(0)Σ2
n

))
n→∞−−−−→ 0. (2.36)

Now, for the first term, we need to take the second order derivative of the integrand in the

expression of Whittle likelihood. Then,

∂2pn(α∗)
∂α ∂α′

=

∫
D
{In(θ)− fJ,α∗(θ)}∇2{fJ,α∗(θ)}−1 dθ − Γ(α∗)−1.

We already have proved that α̂n is consistent for α0. Using this, along with the assumptions

mentioned in Section 2.4 and Lemma 2.4, the first term above goes to 0 as n → ∞ and
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hence,

−∂
2pn(α∗)
∂α ∂α′

→
∫
D
∇fJ,α0(θ)∇{fJ,α0(θ)}−1 dθ = Γ(α0)−1. (2.37)

Finally, the central limit theorem follows from Equation (2.34), Equation (2.36) and Equa-

tion (2.37).

Proof of Theorem 2.3. We are going to set some notation at first.

For a Borel set A, let us use δ(A) to denote its boundary. Now, for a positive constant ε,

set MA,ε = ∪x∈δ(A)B(x, ε), where B(x, ε) denotes the closed ball with center x and radius

ε. Let A+ε = A ∪MA,ε, A−ε = A ∩Mc
A,ε. Thus, if A is a ball with center z and radius r,

then A+ε denotes the closed ball with center z and radius r+ ε while A−ε denotes the open

ball with center z and radius r − ε.

Let us also define the following empirical distribution for α̂l,t,b:

L0
l,b(A) =

1∣∣Ql,b∣∣
∑
t∈Ql,b

I{cb(α̂l,t,b − α0) ∈ A}. (2.38)

And suppose El,b,ε denotes the event {‖cb(α̂l − α0)‖ ≤ ε}. Because of the assumptions on

b, we can easily say that P (El,b,ε)→ 1 as n→∞, for any ε > 0. Further note that

I{cb(α̂l,t,b − α0) ∈ A−ε} · I{El,b,ε} ≤ I{cb(α̂l,t,b − α̂l) ∈ A} · I{El,b,ε}

≤ I{cb(α̂l,t,b − α0) ∈ A+ε},

and hence, with probability tending to one,

L0
l,b(A−ε) ≤ Ll,b(A) ≤ L0

l,b(A+ε).

Now, if we can prove that L0
l,b(A) → F (A) for any Borel set A whose boundaries have
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measure zero under F (·), then we would get that F (A−ε) − ε ≤ Ll,b(A) ≤ F (A+ε) + ε.

Letting ε→ 0 such that A±ε are Borel sets whose boundaries have measure zero under F (·),

we can then get that Ll,b(A) is a good approximation for F (A).

In order to show that L0
l,b(A) → F (A), at first note that E[L0

l,b(A)] = Fb(A) → F (A) and

thus, we only have to show that Var(L0
l,b(A))→ 0 as n→∞.

We will be using m-dependence approximation to prove the required result. Here, we deal

with the case d = 2 for convenience, but the proof would hold for any dimension. Let us write

(i1, i2) or (j1, j2) for the 2-dimensional indexes i, j. Define the sigma field Fi1−m,i1 = σ(εj :

j ∈ Rd, i1 −m ≤ j1 ≤ i1) and write Fi1 for F−∞,i1 . The m-dependence approximation, for

m ≥ 0, is then defined by the following:

X̃i := E(Xi | Fi1−m,i1). (2.39)

Now, let us define a new quantity, as follows:

L̃l,b(A) =
1∣∣Ql,b∣∣

∑
t∈Ql,b

I{cb(α̃l,t,b − α0) ∈ A}. (2.40)

Here, α̃l,t,b is the Whittle likelihood estimator based on X̃t’s. Below, for notational conve-

nience, let us denote I{cb(α̂l,t,b − α0) ∈ A} by Zt,b,
∣∣Ql,b∣∣ by q and Cov(Zt,b, Zt+k,b) by τk.

Z̃t,b and τ̃k are defined analogously for X̃t. Now, let Rs,m = {t ∈ Ql,b :
∣∣τ−1(s)− τ−1(t)

∣∣ ≤
m} and Rcs,m = Ql,b −Rs,m. Then,

Var(L̃l,b(A)) =
1

q2

∑
s∈Ql,b

∑
t∈Ql,b

τ̃s−t

=
1

q2

∑
s∈Ql,b

∑
t∈Rs,m

τ̃s−t +
1

q2

∑
s∈Ql,b

∑
t∈Rc

s,m

τ̃s−t = A1 + A2 (say)
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It is easy to note that that A1 = O(m1/dq−1) and so, it goes to 0 as n → ∞, for any fixed

m. On the other hand, A2 is exactly equal to 0, since for any s, τ̃s−t = 0 for all t ∈ Rcs,m.

The theorem is then proved in view of the fact that Var(L0
n,b(A)) = Var(L̃n,b(A))+o(1).

Proof of Theorem 2.4. This proof will revolve around the notion of m-dependent pro-

cesses, as defined by Equation (2.39). Observe that, in this theorem, we are dealing with

the quantity

fn(θ) =
1

n

n∑
s=1

n∑
t=1

XLs
XLt

K

(
Ls − Lt
Bn

)
eı(Ls−Lt)

′θ

=
1

n

n∑
s=1

n∑
t=1

an,Ls−Lt
XLs

XLt
, where an,r = K(r/Bn)eır

′θ.

Based on the assumptions, it is easy to observe that
∑
r∈Z|an,r|2 = O(Bn).

Now, since we intend to approximate using the m-dependent process, we should consider

the following term, which is defined in a similar way as above, but with X̃Lt
’s. So, define

Yt = X̃Lt

∑t−k
s=1 an,Ls−Lt

X̃Ls
. Then

f̃n(θ) =
1

n

n∑
s=1

n∑
t=1

an,Ls−Lt
X̃Ls

X̃Lt

=
1

n

n∑
t=1

X̃2
Lt

+
2

n

n∑
t=2

X̃Lt

t−1∑
s=max{1,(t−k)}

an,Ls−Lt
X̃Ls

+
2

n

n∑
t=k+1

Yt. (2.41)

The idea here is to prove the required result in three steps. At first, we consider the last

term in the above expression. Now, observe that the sequence {Yt+rk}r≥0 are Lp martingale

differences whenever |k| > m. For convenience, let us take |k| = 2m. On the other hand,
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using Lemma 2.2, we get that

‖Yt‖p = ‖X̃Lt
‖p

∥∥∥∥∥∥
t−k∑
s=1

an,Ls−Lt
X̃Ls

∥∥∥∥∥∥
p

≤ ‖X0‖pCpΘ0,p

t−k∑
s=1

|an,Ls−Lt
|2
1/2

= O(B
1/2
n ).

Now, we will write the last term in Equation (2.41) using the sequences of the martingale

differences and then it would satisfy the following. (Here, Nj is used to denote the maximum

possible index in that sequence and it will be of the order n.)

∥∥∥∥∥∥ 2

n

n∑
t=k+1

Yt

∥∥∥∥∥∥
p

≤ 2

n

k∑
j=1

∥∥∥∥∥∥
Nj∑
i=1

Yj+ik

∥∥∥∥∥∥
p

=
2

n

k∑
j=1

n1/2O(B
1/2
n ) = O[(mBn/n)1/2].

Let γ̃k = E(X̃0X̃k) and denote the last term in Equation (2.41) by Wn/n. We are now going

to consider the first two terms together in view of the fact that for any l, ‖n−1∑
t X̃tX̃t+l−

γ̃l‖p/2 → 0 as n→∞. Observe that in the first two terms, we are essentially combining all

the terms of the form X̃Lt
X̃Ls

where |s− t| ≤ k. So, we can say that the following holds:

∥∥∥f̃n(θ)−Wn/n− E[f̃n(θ)−Wn/n]
∥∥∥
p/2
→ 0.

Combining this with the above result that ‖Wn/n‖p = O[(mBn/n)1/2], based on our as-

sumption that Bn/n→ 0 as n→∞, we can conclude that

‖f̃n(θ)− E[f̃n(θ)]‖p/2 → 0 as n→∞. (2.42)
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Now, define the following:

Sn(θ) =
n∑
j=1

XLj
e
ıL′jθ and S̃n(θ) =

n∑
j=1

X̃Lj
e
ıL′jθ.

So, from the assumptions and using Lemma 2.2, we can say that ‖Sn(θ) − S̃n(θ)‖p =

Θm,pO(n1/2) and ‖Sn(θ)‖p + ‖S̃n(θ)‖p = O(n1/2).

Now, if K̂ is the Fourier transform of K, we can write fn(θ) with the help of Sn in the form

nfn(θ) =
∫
K̂(u)|Sn(B−1

n u+ θ)|2 du and we can use a similar definition for f̃n(θ) using S̃n.

And then, the following can be obtained.

‖fn(θ)− f̃n(θ)‖p/2 ≤ 1

n

∫
R

|K̂(u)|
∥∥∥|Sn(B−1

n u+ θ)|2 − |S̃n(B−1
n u+ θ)|2

∥∥∥
p/2

du

≤ 1

n

∫
R

|K̂(u)|O(n)Θm,p du = O(1)Θm,p. (2.43)

Finally, observe that ‖fn(θ)− E[fn(θ)]‖p/2 ≤ ‖fn(θ)− f̃n(θ)‖p/2 + ‖f̃n(θ)− E[f̃n(θ)]‖p/2 +

|E[fn(θ)− f̃n(θ)]|.

We already have Equation (2.42) for the second term. Now, as Θm,p goes to 0 if we take

m→∞, from Equation (2.43), we can say that both first and last terms in the right-hand-

side of the above inequality will go to 0 and that completes the proof.

Proof of Theorem 2.5. This theorem is a particular case of the general quadratic forms

of stationary random fields and we will make use of Lemma 2.3 to prove the theorem. Note

that nfn(θ) is of the form Sn in the above-mentioned lemma with bn,j = K(j/Bn). Using

the given conditions, one can now show that
∑
j b

2
n,j ∼ Bnκ and

∑
i,j b

2
n,i−j ∼ ndBnκ where

κ =
∫∞
−∞K2(x)dx < ∞. That means the conditions of the above lemma are satisfied and
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hence, we can say that √
n

Bn
· fn(θ)− E(fn(θ))

fJ (θ)
⇒ N(0, κ). (2.44)

Then, in view of the fact that E(fn(θ)) = fJ (θ)+o(1), Theorem 2.4 and a simple application

of Slutsky’s theorem completes our proof.

Proof of Theorem 2.6. At first, we will define a new covariance matrix using the actual

mean (unknown) of the process. Suppose, each Xi has mean µ and let us define a new

banded covariance matrix estimate

Σ̂0
n,Bn

=

(
γ̂0
Li−Lj

K

(
Li − Lj
Bn

))
1≤i,j≤n

,

where γ̂0
k = 1

mk

∑
i,j:Li−Lj=k

(XLi
− µ)(XLj

− µ).

This proof will mainly use the Gershgorin circle theorem, which states that every eigenvalue

of a complex n×nmatrix A lies within at least one of the Gershgorin discsDi(aii,
∑
j 6=i
∣∣aij∣∣),

where aij ’s are the elements of the matrix A. Thus, if λi, for i = 1, . . . , n denote eigenvalues

of A, then the spectral radius satisfies the following:

ρ(A) = max
i
|λi| ≤ max

i

|aii|+∑
j 6=i

∣∣aij∣∣
 = max

i

n∑
j=1

∣∣aij∣∣ .

Let us now consider the spectral radius of the matrix Σ̂0
n,Bn
−E(Σ̂0

n,Bn
). The (i, j)-th element

of this matrix is K((Li−Lj)/Bn)[γ̂0
Li−Lj

−E(γ̂0
Li−Lj

)]. Below, we will use Jn and Jn,Bn
to

denote the following two sets:

Jn = {k : there exists 1 ≤ i, j ≤ n satisfying Li − Lj = k},

Jn,Bn
= {k : |k| ≤ Bn and there exists 1 ≤ i, j ≤ n satisfying Li − Lj = k}.
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Also, let us denote J ′n,Bn
= Jn − Jn,Bn

. Then, using the above mentioned property of

spectral radius, it can be written that

ρ
(

Σ̂0
n,Bn

− E(Σ̂0
n,Bn

)
)

≤ max
i

n∑
j=1

∣∣∣γ̂0
Li−Lj

K((Li − Lj)/Bn)− E[γ̂0
Li−Lj

K((Li − Lj)/Bn)]
∣∣∣

≤ 2
∑
k∈Jn

∣∣∣∣K ( k

Bn

)∣∣∣∣ ∥∥∥γ̂0
k − E(γ̂0

k)
∥∥∥

≤ 2
∑

k∈Jn,Bn

∥∥∥γ̂0
k − E(γ̂0

k)
∥∥∥ . (2.45)

Note that if we relabel Xi − µ as Yi then the above expression essentially deals with the

autocovariance function and its estimate of a zero-mean stationary process. Thus, if each

Xi ∈ Lp for some p ∈ (2, 4], then based on the results obtained by Wu and Pourahmadi

[100] and using the assumption mk � n, we can write that the above bound is of the

order OP (Bdnn
2/p−1Θ2

0,p). If we further assume that the process is p-stable (see Defini-

tion 2.2) which tells us that the term Θ0,p is finite, we can say that the bound is of the order

OP (Bdnn
2/p−1).

Now, for the covariance matrix estimate Σ̂n,Bn
, we can write ρ

(
Σ̂n,Bn

− E(Σ̂n,Bn
)
)
≤

ρ
(

Σ̂n,Bn
− Σ̂0

n,Bn

)
+ ρ

(
Σ̂0
n,Bn

− E(Σ̂0
n,Bn

)
)

+ ρ
(
E(Σ̂n,Bn

)− E(Σ̂0
n,Bn

)
)
.

We have already got the limit of the second term. For the first and third term, we can follow

similar procedures as before. In case of first term, using Gershgorin Circle Theorem, we will

again get a bound of a sum of terms of the form γ̂k − γ̂0
k, over the set Jn,Bn

. Now, since

X̄ − µ is OP (n−1), we can say that this bound is of the order OP (Bdnn
−1). Note that this

bound is less than what we got for the second term. We can get similar results for the third

term as well. And hence, the overall bound for the spectral radius of Σ̂n,Bn
− E(Σ̂n,Bn

) is

obtained as OP (Bdnn
2/p−1).
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2.8.2 Proofs of Lemmas

Lemma 2.1 (This lemma is due to El Machkouri et al. [26]): Following the aforementioned

notation, consider Γn and let (αi)i∈Γn
be a family of real numbers. Then, for any p ≥ 2, we

get ∥∥∥∥∥∥
∑
i∈Γn

αiXi

∥∥∥∥∥∥
p

≤

2p
∑
i∈Γn

α2
i

1/2

∆p. (2.46)

Lemma 2.2: Let Xi ∈ Lp for p > 1, E(Xk) = 0, α1, α2, . . . ∈ C, p′ = min{2, p}, An =

(
∑n
k=1|αLk

|p′)1/p′ and Cp = 18p3/2(p − 1)−1/2. Then,
∥∥∑n

k=1 αLk
XLk

∥∥
p
≤ CpAnΘ0,p,∥∥∥∑n

k=1 αLk
X̃Lk

∥∥∥
p
≤ CpAnΘ0,p and

∥∥∥∑n
k=1 αLk

(XLk
− X̃Lk

)
∥∥∥
p
≤ CpAnΘm+1,p.

Proof. Let τ : Z → Zd be a bijection. For any i ∈ Z, for any j ∈ Zd, define the projection

operator PiXj := E(Xj | Fi)−E(Xj | Fi−1), where Fi = σ(ετ(l); l ≤ i). Also, define T jFi =

σ(ετ(l)−j ; l ≤ i). Now, it is easy to note that ‖PiXj‖ ≤ ‖Xj−τ(i)−X∗j−τ(i)
‖p and hence, we

get the inequality ‖PiXj‖ ≤ δj−τ(i),p.

Then, noting that Xi =
∑
j∈Z PjXi for all i ∈ Zd, we can make use of Burkholder inequality

and Cauchy-Schwarz inequality to get the first two results. The proof here is similar to

Proposition 1 in El Machkouri et al. [26]. And then, the third result is a direct consequence

of the first two.

Lemma 2.3: Let βj ∈ R with βj = β−j ; αj = βje
ıj′θ where θ ∈ [−π, π]d. Also, for any θ,

define ω̄(θ) = 2 if θ/π ∈ Zd. Else, define it to be 1. Consider the quadratic form

Sn =
∑

1≤j,k≤n
αLk−Lj

XLj
XLk

and σ2
n = ω̄(θ)

∑
1≤j,k≤n

β2
Lj−Lk

, (2.47)

where we assume that E(X0) = 0, X0 ∈ L4,Θ0,4 < ∞. In addition, let ζ2
n =

∑
1≤t≤n β

2
Lt

,
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and let us assume that max1≤t≤n β2
Lt

= o(ζ2
n), ndζ2

n = O(σ2
n). We further consider that

n∑
k=1

k−1∑
t=1

∣∣∣∣∣∣
n∑

j=1+k

αLk−Lj
αn,Lt−Lj

∣∣∣∣∣∣
2

= o(σ4
n),

n∑
k=1

∣∣βLk
− βLk−1

∣∣2 = o(ζ2
n). (2.48)

Now, following Section 2.3.2, suppose J denotes the set {k ∈ Zd : ∃ i, j with Li − Lj = k}

and mk is the cardinality of the set {(i, j) : Li − Lj = k}. If fJ (θ) denotes the location

adjusted spectral density, then

Sn − E(Sn)

σnfJ (θ)

L−−−−→
n→∞

N (0, 1) . (2.49)

Proof. We will make use of m-dependence approximation, defined in Equation (2.39), to

prove this result. Once again, for simplicity, we prove the result for d = 2, but the idea can

be easily used for higher dimensions in a similar fashion. To begin with, note that Sn is a

special case of Un =
∑
s,t∈Zd

n
as,tXsXt, where Zdn is a regular grid and as,t are appropriate

constants. Further, we have,
∥∥∥∑sX

2
s − ndγ0

∥∥∥ = O(nd/2). Then, defining Zs =
∑
t 6=s as,tXt

and Z̃s =
∑
t6=s as,tX̃t, we write Tn =

∑
sXsZs, T̃n =

∑
s X̃sZ̃s and T ∗n =

∑
sXsZ̃s.

Using the previous lemma and with similar arguments as in Proposition 1 of Liu and Wu

[66], we can show that

‖(Tn − E(Tn))− (T ∗n − E(T ∗n))‖p
nd/2ζn

≤ Cpdm, (2.50)

where dm → 0 asm→∞. We can get a similar inequality for
∥∥∥(T̃n − E(T̃n))− (T ∗n − E(T ∗n)

∥∥∥2

p

and then, using both inequalities, we can write that ‖(Tn−E(Tn))− (T̃n−E(T̃n))‖ = o(σn).

Thus, in order to get the required result, it is enough to find the asymptotic distribution of

(T̃n − E(T̃n))/σn.

We write T̃n =
∑
s,t:|s−t|<2m as,tX̃sX̃t +

∑
s,t:|s−t|≥2m as,tX̃sX̃t. It is easy to note that
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the first term is O(nd/2 max
∣∣as,t∣∣) = o(σn). For the second term, writing it using the

coordinates of the indexes and using the previously defined sigma fields, we will make use of

the martingale central limit theorem (Hall and Heyde [39]) and that will give us the required

result directly. The arguments here will be similar to the one dimensional case, as was done

in Liu and Wu [66].

Lemma 2.4: Suppose In(θ) denotes the periodogram corresponding to the data (XLi
)i=1(1)n

where each Li is an element from Rd. Then, for a square integrable function f(θ) defined

on D ⊂ Rd, variance of the quantity
∫
D In(θ)f(θ) dθ goes to 0, as n goes to ∞.

Proof. Note that nIn(θ) is a quadratic form inXLj
’s and one can get that

∫
D nIn(θ)f(θ) dθ =∑

j,k αLj−Lk
XLj

XLk
where αk is same as the Fourier coefficients corresponding to the func-

tion f(θ). If we denote it by nTn and define nT̃n in a similar way, but with X̃Lj
’s, then

using similar arguments as in the previous lemma, one can write that

∥∥∥(Sn − E(Sn))− (S̃n − E(S̃n))
∥∥∥ = Op(An/

√
n),

where An = (
∑n
k=1|αLk

|2)1/2. Since αk denotes the Fourier coefficient corresponding to f(θ)

and since f is square integrable, we can say that An = Op(1).

Now, nS̃n is obtained using the m-dependent approximations and so, for a fixed m, the

variance of S̃n goes to 0. Combining the above, it is straightforward to show that the

variance of
∫
D In(θ)f(θ) dθ (which is same as Sn) goes to 0 as n→∞.
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CHAPTER 3

SPATIO-TEMPORAL MODELING OF AIR POLLUTION DATA

3.1 Background

In this chapter, we discuss the effect of particulate matters, popularly denoted as PM.

Considering the severe effect (refer to Chapter 1) of the PM into account, the Environmental

Protection Agency (EPA) of the United States of America (USA) provided in 1997 new

regulations that established National Ambient Air Quality Standards (NAAQS) for PM

with aerodynamic diameters less than 2.5 micron. This is usually measured in units of

micrograms per cubic meter (µgm−3), and we will denote it as PM2.5 henceforth. According

to NAAQS, the hourly average of the PM2.5 concentration should not be over 35 µgm−3.

However, the real situation often goes beyond the standard. A quick example is the data

analyzed in this study. They are obtained from 66 different monitoring stations in Taiwan,

for a span of 10 years (from 2006 to 2015) and the median of the PM2.5 values is slightly

above 37 µgm−3. The reader is also referred to the earlier study by Mayer [70] who discussed

how the air quality is deteriorating in different cities across the world. All in all, there is a

growing demand to identify the main factors that contribute to the air pollution.

A brief discussion on PM is in order. Generally speaking, PM2.5 contains different particles

either emitted directly or formed in the atmosphere from gaseous emissions. The exam-

ples include sulfates formed from sulfur dioxide (SO2) emissions, nitrates formed from NOx

emissions, and carbon formed from organic gas emissions. Now, the rates of conversion of

gases to particles are often reliant on different regional and temporal factors, including the

topography, the land cover and several seasonal climatic variables, and as a consequence, the

PM2.5 concentrations are also affected by these variables. This immediately increases the

need for a spatio-temporal model to assess the air quality. A good model can provide better
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predictions and that would in turn help in determining an efficient strategy to control the

air pollution level.

The spatial and spatio-temporal modeling of air pollutants started early in the past century.

Elsom [27] studied the spatial correlation fields for air pollution in an urban area while differ-

ent geostatistical space-time models have been applied to examine the trend in deposition of

atmospheric pollutants in Eynon and Switzer [30], Bilonick [12], Rouhani and Hall [81], and

Vyas and Christakos [95]. Other earlier notable works in this regard include Guttorp et al.

[36], Haas [38], and Carroll et al. [17]. Most of these approaches rely on a spatio-temporal

random field where the spatial or temporal dependences are incorporated in either the mean

function or in the error process, and the parameters are estimated using frequentist proce-

dures. A nice discussion on the geostatistical space-time models can be found in Kyriakidis

and Journel [58].

In comparison, many 21st century studies in the related problem have made use of hierar-

chical Bayesian approaches for spatial prediction of air pollution. For example, Sun et al.

[90] analyzed the PM10 (particulate matters with diameter less than 10 µ) concentrations

in Vancouver and developed posterior predictive distributions using Bayesian techniques.

Kibria et al. [55], on the other hand, used a multivariate setup to analyze PM2.5 concentra-

tions in Philadelphia and developed spatial prediction methodology in a Bayesian context

for this purpose. For a related problem, in order to predict PM10 concentrations in London,

Shaddick and Wakefield [86] proposed a short-term space-time modeling technique.

In a hierarchical Bayesian setting, Sahu and Mardia [82] modeled the spatial structure using

principal kriging functions and the time component by a random walk process to present a

short-term forecasting analysis of PM2.5 data in New York City. There are two other notable

works by the same authors. Sahu et al. [83] used indicators for urban or rural sites to employ

different spatio-temporal processes in the error structure for modeling the PM2.5 series of

several states in the Midwest of the United States (US). In a later paper, Sahu et al. [84]
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developed a space-time model, that includes a spatially varying regression term along with

an auto-regressive term in the mean structure, to analyze the ozone concentrations in the

eastern states of the US. Berrocal et al. [10] extended one of their earlier works to introduce a

bivariate downscaler and provided a flexible class of space-time assimilation models. On the

other hand, Cameletti et al. [16] provided a nice discussion on the comparison of available

space-time models using data from Piemonte, Italy.

In this study, we consider the problem of developing a new spatio-temporal model, with

the main focus on identifying if there is any space-time interaction in the behavior of the

PM2.5 concentrations. An interaction means that the temporal trend of the pollution is more

similar for sites closer in a spatial scale. An early study in this regard is by Wikle et al. [98].

The authors developed a hierarchical Bayesian model that allowed an interaction in space

and time. However, except for that and a few related works, there have been very few efforts

to quantify the space-time interaction for air pollution data, albeit there is a vast literature

on the spatio-temporal modeling for the same, as we have already discussed.

Note that the problem of identifying the space-time interaction is not at all specific to

the air pollution data. Rather, it has been studied in several other fields, ranging from

seismology, epidemiology, criminology to transportation research. Meyer et al. [71] provided

a nice discussion on the tests for space-time interaction in problems related to medical

studies. The most popular techniques in this regard are Knox test, Mantel test, and space-

time K-function analysis. These tests mainly revolve around test statistics of the form

T =
∑
j 6=i a

s
ija

t
ij , where asij and atij are measures of the spatial and temporal adjacency of

the events i and j. Further reading on space-time interaction and related problems from

other fields can be found in many articles in the literature; Kulldorff and Hjalmars [56],

Legendre et al. [62], Vanem et al. [93] and the references therein being a few examples.

The rest of the chapter is organized as follows. Section 3.2 provides an exploratory analysis of

the data under study. The proposed model, its properties, and related results are described
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in Section 3.3. Section 3.4 shows the results of detailed data analysis while Section 3.5

provides some concluding remarks and the scopes of future work.

3.2 Preliminary Analysis

3.2.1 Data

The PM2.5 data we analyze are collected from 71 official monitoring stations across Tai-

wan. However, for five of those stations, we do not have the necessary information on the

covariates considered and so, we decide to exclude them from this study. The remaining

66 monitoring stations are irregularly located in space, spread over the whole Island with

some concentrations around big cities or industrial areas. The minimum and maximum of

the pairwise distances of these stations are 0.58 kilometers and 366.7 kilometers respectively

while the arithmatic mean of the same is 140.7 kilometers. One major talking point of our

study is that we consider the issue of space-time interaction as a property of a region, rather

than that of every individual station. For that, we divide the data into several clusters,

based on the latitude and longitude of the stations. More on this is discussed in the follow-

ing sections. Figure 3.1 shows the exact locations of the 66 stations. The concentration of

the stations on the west coast is understandable because it is the most populated area of the

Island. Different colors of the map indicate different regions (clusters) in our study.

Turn to the temporal scale of our study. The data are obtained on an hourly basis for ten

years, starting from January 1, 2006 to December 31, 2015. However, the sampling frequen-

cies vary from station to station and for some sites, there are missing values. Moreover, as we

are mainly interested in identifying space-time interaction for the air pollution data, lower

temporal resolution is desired and simpler. Thus, in this analysis, we decide to aggregate

the hourly data into weekly averages based on all available measurements within a week. It
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Figure 3.1: Map of the locations and clustering for the 66 monitoring stations on Taiwan.

is worth mentioning that this is a common practice while dealing with monitoring data, as

discussed in Smith et al. [88]. In order to maintain continuity in the time scale, we consider

the whole set of 3652 days (from 2006 to 2015) together and divide it into 522 weeks. Hence,

the total number of data points considered in this study is 66 × 522 = 34452. Throughout

the study, whenever needed, we would use one year’s (2015) data, i.e. 52× 66 = 3432 points

(approximately the last 10% for each site), for validation purposes. A detailed discussion on

this is presented in the following sections.

To begin, we present some exploratory analysis on the data. As has been done in several

related studies, we convert the PM2.5 values to the square root scale and the rest of the study

is performed with the transformed data. This type of transformation is a common practice

for air pollution data, cf. Smith et al. [88]. The graph in Figure 3.2 shows the overall means
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and the variances of the transformed PM2.5 observations for different stations and different

months. The top left panel describes the variances against the means of the stations. The

top right panel shows the same, but for different months in the study. The bottom two plots

show the behavior of the means and variances corresponding to different months.

Figure 3.2: (Top left) Sample variances versus means of the weekly
√

PM2.5 observations for
66 stations, (Top right) Means versus variances of the

√
PM2.5 observations for 12 months,

(Bottom left) Means of the
√

PM2.5 observations corresponding to different months, (Bottom
right) Variances of the

√
PM2.5 observations corresponding to different months.

From the top two plots, it is clear that the variance increases in a nonlinear manner as the

mean increases. On the other hand, the bottom left plot establishes that there is seasonality

in the data, which is expected for most related time series problems. Moreover, interestingly,

the bottom right plot of the variance corresponding to the months suggests that the variance

cannot be assumed to be homoskedastic. In fact, it varies seasonally, and that motivates us
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to consider a heteroskedastic nature for the error variance in the Gaussian process of the

proposed model.

On the other hand, we also show a heat map (Figure 3.3) of the weekly average of PM2.5

observations for all the locations. In the map, we show the averages for different seasons.

It is evident that the spatial pattern of the weekly averages changes according to seasons,

and that shows the need to consider the space-time interaction coefficient in the model, as

described in Section 3.3.

Figure 3.3: Seasonal heat map of the PM2.5 levels on Taiwan.
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3.2.2 Covariates used in the study

For each station, along with the observations of PM2.5, data were collected on temperature,

relative humidity, and wind speed and direction. Similar to the air pollution observations,

these data were also collected on an hourly basis from January 1, 2006 to December 31, 2015.

We aggregate them per week and use the representative values as covariates in our study.

At first, we examine the relationship of the pollution data with the relative humidity and the

temperature. The scatter plots of the square root transformations of PM2.5 against these

covariates are shown in Figure 3.4. From a quick glance, it seems that the air pollution is

not so significantly affected by the temperature, but is dependent on the humidity. It shows

a slight decrease in pollution with the increase in the relative humidity. The Spearman

correlation coefficient between transformed PM2.5 and humidity was found out to be −0.326,

while the same for the temperature was −0.254.

Figure 3.4: Scatter plots of the square roots of the PM2.5 observations, with respect to
relative humidity (left) and temperature (right)

The wind speed is another variable that may have some effects on the air pollution. As
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before, the data on wind speed and wind direction were available on an hourly basis. It was

noted that the behavior of the wind speed and direction varied widely for different locations.

To prove this point, boxplots of the daily wind speed, corresponding to all the locations, are

displayed in Figure 3.5.

Figure 3.5: Boxplots of the wind speed for 66 stations

The boxplots shows clearly that the ranges of the wind speed vary markedly for different

locations, while the means are not so much. Naturally, in order to account for the effect of the

wind, unlike the previous covariates, it will be wise not to take the weekly average. Instead,

we decided to use the maximum daily wind speed for every week. It is also worth mentioning

that for most weeks, the maximum wind speed occurred on same day in all the locations,

which again justifies why the maximum in lieu of the average is a good measure in this

regard. The sample correlation coefficient between transformed PM2.5 and the maximum

wind speeds is −0.146.
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3.3 Methods

3.3.1 The proposed model

The proposed model is in some sense inspired by the one studied by Sahu et al. [83]. The

key feature of our model is that it accounts for possible space-time interactions in the air-

pollution data. We describe the model in a general setup, and discuss the particular case of

Taiwan data in Section 3.4.2.

Suppose the data are collected for n locations and over T consecutive time points. Let us

denote the square root of the PM2.5 at time tj and location si by Z(si, tj), for i = 1, . . . , n

and j = 1, . . . , T . Then, we assume that the overall mean values for different locations

are different, and we subtract the location-wise overall means from the actual values of

the transformed PM2.5 values to obtain the mean-adjusted numbers. These mean-adjusted

values are denoted by Y (si, tj). For convenience, we drop the subscripts whenever not

needed. In the proposed model, we consider the following hierarchical structure:

Y (s, t) := U(s, t) + ε(s, t), (3.1)

where U(s, t) describes a spatio-temporal process and ε(s, t) denotes a white noise process,

to account for the measurement errors. We assume the white noise process to follow het-

eroskedastic N(0, σ2
i ) distributions independently, where σ2

i is chosen according to different

seasons. U(s, t), on the other hand, assumes the following structure:

U(s, t) := µ(s, t) + v(s, t), (3.2)

where µ(s, t) stands for the mean of the U(s, t) process and v(s, t) denotes a zero-mean

spatio-temporal process.
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The aforementioned mean function is considered to be an additive combination of the effects

of the covariates, the seasonal effects, and a spatio-temporal interaction effect. In order

to capture the effects of available covariate information, we consider a term of the form

Bα where B is the design matrix for p covariates. The population densities, temperature,

humidity, number of factories, number of cars, etc can be taken as the covariates for the

analysis. The seasonal variation is captured by introducing indicators for different seasons.

Throughout this study, we have considered monthly indicators, but the method can be used

for other cases too. In general, let us use J to denote the number of seasons in a year.

The spatio-temporal effect we use in the mean structure allows us to test for space-time

interaction, if any. In principle, the effect is described as a linear function of the form γ0+γst,

thereby allowing us to test if the γs values are same across different locations. However, this

would increase the complexity and computational burden dramatically, if we have a lot of

sites. To address this issue, we make a logical assumption that the coefficients γs for locations

which are close to each other are the same, and that it should be a characteristic of a region

rather a station. So, based on the coordinates of the stations, we divide the stations into

clusters first and employ γk for all stations in the kth cluster. The number of clusters we

choose is based on the number of locations we have. If n, the number of locations, is 5

or less, we do not use clustering. But for n > 5, we will use [
√
n] clusters ([·] denotes the

greatest integer function) to divide the locations into different regions. In practice, we use

the k-means clustering method, based on the latitude and longitude, for this purpose.

Further, we propose to use an intercept-free model, and so, along with the response variable,

we also subtract the overall means of the covariates from the respective observations. Thus,

the mean structure of the process can be described as:

µ(s, t) = c(s, t)′α +
J∑
j=2

βj m(t, j) +
K∑
k=1

γk r(s, k)t. (3.3)
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In the above, c(s, t) is a column vector with the values of the covariates and m(t, j) and

r(s, k) are the indicators for the season and location region, respectively, where J and K are

the seasonality and the number of regions. That is, m(t, j) = 1 if time t is in the jth season

and 0 otherwise. Similarly, r(s, k) = 1 if location s is in kth region and 0 otherwise. For

identifiability purposes, we would take β1 = 0. Note that because of using mean-adjusted

values for the response and the covariates, we do not have any intercept term in the model.

On the other hand, we would scale down the time points (t) to equi-spaced points in the

interval [0, 1].

The term v(s, t) in Equation (3.2) can be treated as a spatially varying temporal trend.

Averaging over different sites in a region, we can get the adjustment to the regional trends

and averaging over time can help us obtain the adjustment at the temporal scale. For

convenience, we consider a separable structure for the covariance of this process. Moreover,

we assume that the locations in different cluster are independent of each other. In particular,

the covariance between v(s1, t1) and v(s2, t2), when s1, s2 are in the same cluster, is taken

as a product of the spatial dependence and temporal dependence and we write it as

Cov(v(s1, t1), v(s2, t2)) = σ2
v ρ(‖s1 − s2‖ , φs) · ρ(‖t1 − t2‖ , φt) · I{s1, s2 ∈ Ck}, (3.4)

where ρ(x, d) denotes the exponential covariance function e−dx, and Ck denotes a particular

cluster. The distance functions ‖s1 − s2‖ or ‖t1 − t2‖ are taken as the Euclidean distance

of the two points.

Throughout this chapter, Y would denote the vector of N = nT data points, arranged

according to clusters at first, time points next, and sites then. Thus, if {s1, s2} form a

cluster, then the first few observations will be Y (s1, t1), Y (s2, t1), Y (s1, t2), Y (s2, t2), etc.

The vector v = (v(si, tj)) is formed in a similar way. We denote the full covariance matrix

of v by Σv. Note that Σv is a block diagonal matrix, where each block corresponds to
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the covariance matrix of a cluster of locations, and is of the form σ2
v(Σt ⊗ Σs) such that

Σt(i, j) = ρ(
∥∥ti − tj∥∥ , φt) and Σs(i, j) = ρ(

∥∥si − sj∥∥ , φs). Further, note that when the

sampling design considers equally-spaced time points, the common spacing being dt, one can

write Σt(i, j) = ψ|i−j|, where ψ = e−φtdt .

On the other hand, as mentioned before, we entertain a heteroskedastic error function for

ε(s, t). The exploratory analysis suggests that the variances are different for different seasons,

and so, we assume ε(s, t) ∼ N(0, σ2
m(t)

), where m(t) denotes the season the time t is in. If we

use ε to denote the vector of ε(s, t), arranged similarly as Y and w, then the above discussion

implies that ε ∼ N(0, σ2D), where D is a diagonal matrix such that the diagonal element

corresponding to ε(s, t) is σ2
m(t)

/σ2. We denote these parameters by τ2
1 , . . . , τ

2
J , where τ2

i is

the variance parameters associated with the ith season. Also, we set τ2
1 = 1 to avoid any

potential identifiability problem.

Now, to write the full model in a vector-matrix notation, recall that Y is the observed

vector of dependent varaible, and v and ε denote the corresponding vectors of the zero mean

spatio-temporal process and the Gaussian error process, respectively. We can write the

mean function as the sum of c(s, t)′α, m′t(βj) and r′st(γk), where mt and rst are the column

vectors corresponding to the parameter vectors (βj)2≤j≤J and (γk)1≤k≤K , respectively.

Then, denoting the vector of all the parameters by θ and letting X be a design matrix such

that each row is of the form X(s, t)′ = (c(s, t)′,m′t, r
′
st), the model can be written as:

Y = Xθ + v + ε, (3.5)

where v ∼ N(0, σ2
vΣv),

and ε ∼ N(0, σ2D).

It is evident that there are (p+ J +K) components in the parameter vector θ if we consider

p + 1 covariates and K regions for the locations. On the other hand, we write the two
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variance components σ2, σ2
v to be equal. Here, the estimate of σ2 would give us an idea

about the variance explained by the spatio-temporal process while the estimates of the

diagonal elements of D tell us how much is explained by the pure error process.

Finally, the best estimates for φs and φt are obtained using a cross validation scheme. The

validation scheme considers prediction for all the sites at some time points and obtains the

mean squared error for those predictions. In this study, for every site, we take the first 80%

of the time points under consideration (e.g. in case of weekly data for 10 years, we would

consider the first 8 years or 418 weeks) for model fitting and then make predictions for the

last 20% (104 weeks for the aforementioned data) to see which combination of (φs, φt) would

work the best. The possible choices for φs used in the study were (0.001, 0.005, 0.01, 0.05,

0.1, 0.3, 0.5) while the choices for φt were (0.5, 0.75, 1, 1.5). To find out the optimal choice,

we find the combination with the smallest mean squared error of the predictions, which is

calculated as follows. For each site si, let us denote the validation time points by t1, . . . , tb

and the predictions by Ŷ (si, tj) for i = 1, . . . , n; j = 1, . . . , b. Then, for each of the 5×4 = 20

combinations, the prediction mean squared error is computed as:

MSE =
1

nb

n∑
i=1

b∑
j=1

{Y (si, tj)− Ŷ (si, tj)}2. (3.6)

The prediction procedure is discussed in Section 3.3.3.

3.3.2 Testing for interaction and parameter estimation

The model described in Equation (3.5) allows us to test for space-time interaction. The model

includes no interaction term if γ1 = . . . = γK = 0. We employ the Lagrange multiplier (LM)

test for this purpose. Recall that the main advantage of the LM test or the score test is that

it, unlike Wald test or likelihood ratio test, does not require an estimate of the information
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under the alternative hypothesis or unconstrained maximum likelihood. The LM test uses

only the assumptions in the null hypothesis to get the maximum likelihood estimates and

then calculates the value of the test statistic (which follows a chi-squared distribution with

appropriate degrees of freedom) to make a decision.

Once we perform the LM test, we can make a decision about the model to use. We use the

full model (Equation (3.5)) if the decision is to reject the null hypothesis that there is no

space-time interaction.

To estimate the parameters, we employ the generalized least squares techniques, with little

modifications. Observe that the proposed model can be thought of in the form Y = Xθ+ ε,

where ε ∼ N(0, σ2Ω) such that Ω = Σv+D. This is in the setup of a generalized least squares

problem. Further, note that the number of unknown parameters in the error covariance

matrix Ω is J + 2, namely σ2, τ2
2 , . . . , τ

2
J ;φs, φt. As we decided to get the optimal choices for

the last two parameters by a cross-validation procedure, that leaves us the task of estimating

J additional variance parameters from the model.

From a practical point of view, it is more important to identify the cases where the air

pollution is hazardous for health and environment, rather than the ones when the situation is

less harmful. According to the standards set by the EPA, the average for the fine particulate

matters should not exceed 35 µgm−3. So, while minimizing the squared sum of residuals,

we put more weight on the cases where the actual PM2.5 values are more than 35. Thus,

the loss function that we want to minimize is of the form

L =
n∑
i=1

T∑
j=1

w(si, tj)ê(si, tj)
2. (3.7)

Here, w(si, tj) should be taken higher for Z(si, tj) ≥
√

35. We take it to be (1+2/ logN) for

Z(si, tj) ≥
√

35 and (1−2/ logN) otherwise, where N = nT . An attractive feature of this is

that the weights will approach 1 as N →∞, thereby establishing that the importance will be
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approximately equal on all observations when the sample size is huge. ê(si, tj), on the other

hand, is the standardized residual for location si and time tj . Note that it can be written as

Ω̂−1/2ε̂/σ̂ = Ω̂−1/2(Y −Xθ̂)/σ̂. Thus, assuming that Ω̂ and σ̂ are known to us, we can say

that minimizing L is equivalent to minimizing (Y −Xθ)′Ω̂−1/2W Ω̂−1/2(Y −Xθ) with respect

to θ. Here W is a diagonal matrix with the diagonal elements being the same as w(si, tj).

It is evident that the minimizer is θ̂ = (XTV X)−1(XTV Y ), where V = Ω̂−1/2W Ω̂−1/2.

In light of the above discussion, we propose to use the following procedure to estimate the

parameters in the model.

Parameter estimation procedure:

1. Set τ̂2
j = 1 for j = 1, . . . , J .

2. Evaluate Ω̂ and V = Ω̂−1/2W Ω̂−1/2.

3. Compute θ̂ = (XTV X)−1(XTV Y ) and set ε̂ = Y −Xθ̂.

4. Compute σ̂2 = ε̂T Ω̂−1ε̂/N , where N = nT is the total number of observations.

5. Let ε̂j be the error corresponding to the jth season, for j = 1, . . . , J .

6. For j = 2, . . . , J , note that εj ∼ N(0, σ2(Σ
(j)
v + τ2

j I)), where Σ
(j)
v is the submatrix of

Σv corresponding to the jth month.

7. Use optimization methods to compute the MLE τ̂2
j using the above.

8. Repeat steps 2 to 7 until convergence.

In the above procedure, in order to reduce the computational burden, we exploit the block-

diagonal structure of the matrix Ω. Note that, if each block of Ω is denoted by Bi, then

Ω−1/2 can be written as a block diagonal matrix, where the blocks are B
−1/2
i . Using this and

writing W and X accordingly in the above steps, we substantially reduce the computational
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burden in the estimation.

The following theorem describes the asymptotic properties of the above estimators. Proof

of the theorem is provided in Section 3.6.

Theorem 3.1: The estimate θ̂ obtained from the above procedure is consistent, in the sense

that as the number of locations (n) and the number of time points (T ) approach infinity,

θ̂ → θ in probability. Furthermore,
√
nT (θ̂ − θ) → N(0, σ2Q−1), where Q is the limit of

(X ′Ω−1X)/nT as n, T →∞.

3.3.3 Future prediction

To make a new prediction for site s′ at time t′, we use the parameter estimates obtained

from the method mentioned in the previous section. Let us use X(s′, t′) to denote the new

set of covariate vectors, similar to what we did in Section 3.3.1. Then, it can be said that

Ŷ (s′, t′) = X(s′, t′)′θ + ε(s′, t′). However, in view of the fact that Ω is not a constant

multiple of the identity matrix, we cannot simply assume that the prediction error is going

to be independent of the sample disturbances. The prediction procedure has to take the

dependence into account.

If ε is the error vector corresponding to the original data, let us denote Cov[ε(s′, t′), ε] by w,

which is going to be a nT -dimensional column vector. It is evident that w and Ω depend on

the values of φs, φt, σ
2 and τ2

j for j = 1, . . . , J . We use the estimates of these parameters

to get ŵ and Ω̂. Then, following Goldberger [35], we can say that the best linear unbiased

predictor (BLUP) is

Ŷ (s′, t′) = X(s′, t′)′θ̂ +
1

σ̂2
· ŵ′Ω̂−1(Y −Xθ̂). (3.8)
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Because of using θ̂ instead of θ, one can also call the above EBLUP, a term coined by

Zimmerman and Cressie [105]. Here, the E stands for ‘estimated’ or ‘empirical’, cf. Harville

and Jeske [43]).

Finally, we add the overall average (estimated from historical data) of that particular site

and transform the predictions to get the estimate of the actual air pollution measurement.

Here, it should be mentioned that this method poses a problem for predicting the future

pollution level at out-of-sample sites. The main caveat is that in order to predict Y (s′, t′) for

an out-of-sample site s′, both X(s′, t′) and the average pollution level are needed. However,

without historical data, it will not be possible to estimate with efficiently.

3.4 Detailed Analysis

3.4.1 Simulation studies

To begin, we present some simulation studies to show that our methods are capable of

capturing the space-time interaction that might be present in the empirical application we

are interested in.

We perform the simulation experiment in two stages - first with a linear space-time inter-

action term and then with a non-linear one. Throughout this study, we consider weekly

average of the air pollution data. And then, for different time intervals, we evaluated the

type-I error and the power for different values of n. In the simulation study, we considered

four different values of T : 52 (1 year), 104 (2 years), and 261 (5 years). We worked with

different numbers of locations (n = 10, 20, 50) to understand how the proposed method per-

forms as we have more data. For n locations, the xy-coordinates were generated randomly

from a (0, n2)× (0, n2) grid. The values of the variance parameters σ2, τ2
j (see Section 3.3.1)

were generated from an inverse-gamma distribution with parameters (4, 3). All the coeffi-
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cients in the model were simulated from independent normal distributions with mean 0 and

standard deviation 1. Finally, we used φs = 0.1, φt = 0.75 for the covariance matrix of the

spatio-temporal process w(s, t).

For the case of linear space-time interaction, the observations (square root of the PM2.5

data) were obtained from the model (Equation (3.5)). However, for the nonlinear case, we

replaced the linear term with the quadratic term (t/T )2, and assumed that the space-time

interaction coefficients are negative. This type of interaction is common, and usually the

coefficients are not big in magnitude. We wanted to observe whether a linear approximation

works well to capture this type of interaction as well. The results for different cases under

the linear time dependence are displayed in Table 3.1, while those for the nonlinear time

dependence are shown in Table 3.2. The results reported are based on 500 iterations of

simulation.

Table 3.1: Results for Different Cases, When the Dependence on Time is Linear. 5% critical
values and 500 iterations are used.

Type-I error Power
Number of locations 10 20 50 10 20 50

Weekly (1 year) 0.052 0.050 0.048 0.224 0.512 0.786
Weekly (2 years) 0.056 0.058 0.042 0.312 0.578 0.820
Weekly (5 years) 0.054 0.044 0.046 0.428 0.702 0.868

While the type I error remains under control across all scenarios, the power improves sig-

nificantly for 20 or more locations and this is true both for the linear dependence and for

the nonlinear dependence. The power also increases with sample size for all cases. The

results confirm that the proposed testing procedure does not have large size distortions and,

as expected, fares well for larger sample sizes.

We further extended our simulation studies to see how the proposed method behaves for

larger data. To understand this, we concentrated on weekly data from 3 years (157 observa-

tions for each site) and took different values for n, ranging from 10 to 50. The results of 500
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Table 3.2: Results for Different Cases, When the Time-Dependence is Nonlinear. 5% critical
values and 500 iterations are used

Type I error Power
Number of locations 10 20 50 10 20 50

Weekly (1 year) 0.058 0.046 0.046 0.232 0.394 0.678
Weekly (2 years) 0.048 0.042 0.062 0.268 0.478 0.714
Weekly (5 years) 0.058 0.050 0.066 0.358 0.500 0.794

iterations for different cases are shown in Figure 3.6. It is evident that, when the dependence

on time is linear, the proposed testing procedure fares nicely for large number of sites. The

testing procedure also works well for the nonlinear case as its power also increases, reaching

about 0.8 when the number of locations is 50.

Figure 3.6: Type-I error (on left) and power (on right) for linear (solid) and nonlinear
(dotted) cases, corresponding to different number of locations. T = 157 (3 years) and 500
iterations are used for all cases.

Finally, we present a particular case to show that the parameter estimation process indeed

works well to identify the effect of the factors. In this example, we used 20 different locations,

two covariates (humidity and temperature) and simulated data from our model to get weekly

averages for 5 years (divided in 12 seasons). Thus, the number of observations in the data

were 20× 261 = 5220. We then estimated the parameters using the procedure described in

Section 3.3.2. In Figure 3.7, the true values and the estimates of all the parameters in the
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model are plotted. We can see that most points lie along the line y = x (displayed in the

figure), thereby showing that the estimates are not too different from the true values. This

study confirms that the proposed iterative estimation procedure is reliable.

Figure 3.7: True value and estimated value for the parameters in the model, where data is
generated for 20 locations and 5 years

3.4.2 Model selection

The first task to implement the proposed method is to choose proper decay parameters and

to identify if there exists any space-time interaction. For the decay parameters, we searched

in a two-dimensional array to find out which combination gives the least mean-squared error

(refer to Equation (3.6)). The choices for φs were (0.001, 0.005, 0.01, 0.05, 0.1, 0.3, 0.5) while

the same for φt were (0.5, 0.75, 1, 1.5). We used 80% of the data as our training data and
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the rest 20% were used for validation purposes in this regard.

We found that the combination of φs = 0.01 and φt = 1 was the best one for the data at

hand. To put it into the perspective of the actual spatial and temporal scale, we can say

that these choices correspond to a significant correlation in an approximate range of 300

kilometers and in a time span of 3 weeks, respectively. On the other hand, the LM test

returned a p-value less than the level of significance (0.05), establishing that a space-time

interaction effect is indeed present in the data. Thus, the model we decide to fit for our

empirical analysis is the same as Equation (3.5), which is shown below for ease in reference.

Y (s, t) = c(s, t)Tα +
12∑
j=2

m(t, j)βj +
K∑
k=1

r(s, k) γkt+ v(s, t) + ε(s, t),

for s = 1, . . . , n; t = 1, . . . , T. Recall that c(s, t) describes the covariates in the study, and we

use relative humidity, temperature, and wind speed in the analysis. Furthermore, T = 522,

n = 66 and thus, the number of clusters (K) is taken to be 8.

3.4.3 Parameter estimates

Next, we fitted the above model to Taiwan data to obtain parameter estimates. In this

particular application, we have 22 parameters in the mean structure and 12 more in the

variance structure. In what follows, we discuss these estimates step-by-step. Table 3.3 shows

the coefficient estimates corresponding to the covariates and the estimates of the seasonal

effects.

From the table, it is seen that almost all of the estimates show a significant effect. The

PM2.5 is higher whenever the humidity is less and the temperature is higher. The effect

of humidity is possibly because of the fact that higher humidity is associated with higher

precipitation, which is responsible for washing out particles from the air, thereby reducing the
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Table 3.3: Estimates of the Parameters in the Mean Structure. βj represents the estimated
deviation from January in the seasonality pattern.

Parameter Estimate Standard error Confidence interval
α1 (Humidity) −0.0318 0.0008 (−0.0334,−0.0302)
α2 (Temperature) 0.0203 0.0024 (0.0156, 0.0250)
α3 (Wind speed) −0.0779 0.0038 (−0.0853,−0.0705)
β2 (February) 0.0100 0.0257 (−0.0403, 0.0603)
β3 (March) 0.0682 0.0267 (0.0159, 0.1206)
β4 (April) −0.3526 0.0296 (−0.4105,−0.2946)
β5 (May) −1.1230 0.0342 (−1.1900,−1.0561)
β6 (June) −1.7756 0.0378 (−1.8497,−1.7016)
β7 (July) −1.9105 0.0395 (−1.9879,−1.8331)
β8 (August) −1.5696 0.0390 (−1.6460,−1.4932)
β9 (September) −0.9832 0.0375 (−1.0568,−0.9096)
β10 (October) −0.4402 0.0330 (−0.5049,−0.3756)
β11 (November) −0.3213 0.0294 (−0.3790,−0.2636)
β12 (December) 0.0494 0.0257 (−0.0010, 0.0998)

pollution level. Further, as expected, a higher wind-speed reduces the amount of pollution

significantly.

On the other hand, there exists a strong seasonal pattern. Recall that all estimates of the

seasonality components are the deviations from the same in January. The winter months

(from December to February) do not show a significant change in the pollution. March

shows a significant increase from January level whereas the PM2.5 decreases over the summer

months, especially between June and August. This is understandable given the geographical

location and climate pattern of Taiwan. It is more likely to rain over the summer in Taiwan

and the wind tends to be from the south-east and the speed can be high with possible

strong typhoons. In comparison, winter months tend to be dry with wind from north-west

in Taiwan. This points to the further need to understand and analyze the effect of wind flux,

a direction we are interested to pursue in future.

Next, we plotted the space-time interaction coefficients to see how they spread across the

whole Island. Figure 3.8 shows these estimates on a spatial scale. It was found that all of
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the regions showed significantly negative estimates for the space-time interaction coefficients,

the extent of interaction being different from region to region. Note that a negative value

indicates that the overall pollution level decreases with time, and it is evident that this

extent of decrease is very different for different regions. In absolute sense, it is the least for

stations Hengchun (denoted by red) and Guanshan (denoted by yellow) while it is the most

for stations around Taipei (light blue), Taichung (magenta), Taoyung (black), and Kaohsiung

(grey) of Taiwan. This is understandable as Hengchun is at the southern tip of Taiwan and

Guanshan is less populated and is without any heavy industry. In a similar line, we can also

observe that the most significant stations are around the four largest cities in Taiwan.

Figure 3.8: Estimates of the space-time interaction terms for different regions

The estimates of the variance parameters for different months are shown in Figure 3.9. They

show an oscillatory behavior across different months, and the magnitudes of the variances
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range between 0.4 and 1. These estimates can explain the extent of the heteroskedasticity in

the white noise process in our model. So far as the spatio-temporal process is concerned, its

variance σ2 was estimated at 0.8462, which is more than most variance terms of the white

noise. This indicates that the white noise process can explain less variability in the data,

and that the spatio-temporal process is more significant in this aspect.

Figure 3.9: Estimates of the variance term for different months

3.4.4 Model diagnostics

In this section, we present some residual plots to show that the proposed model fares well to

capture the effects of Taiwan PM2.5 data. We evaluate the residuals after fitting the model

and plot them using standard statistical procedures. First, the top panel in Figure 3.10 shows

that there is no particular pattern in the residuals, thereby establishing that the residuals

can be assumed to be uncorrelated. Next, the plot of the residuals corresponding to different
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months are presented in the bottom panel of the same figure. It shows that the variances

are more or less evenly distributed across the months, thereby showing that the issue of

heteroskedasticity has been taken care of.

Figure 3.10: (Top) Standardized residuals are plotted against fitted values; (Bottom) Stan-
dardized residuals are plotted corresponding to different months

Furthermore, the left panel of Figure 3.11 shows that the histogram is approximately nor-

mally shaped, while the QQ plot presented in the right panel of the same figure corroborates

that as well. Consequently, the introduction of heteroskedasticity and the spatio-temporal

process works well for the data under study.

Next, we checked the autocorrelation function (ACF) for the residuals. For example, these

plots for two locations (Guanyin and Tucheng) are displayed in Figure 3.12. It establishes

that after fitting the model, the residuals do not show significant temporal dependence.
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Figure 3.11: (Left) Histogram and (Right) QQ plot of the standardized residuals

There is a slight hint of autocorrelation at lags 12 and/or 24 (more clear for the right plot),

and it suggests that the seasonal cycle might vary a bit with different spatial locations. This

perhaps is another direction worth looking into in future.

Figure 3.12: Autocorrelation function of the standardized residuals for two different locations
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Finally, we check the prediction abilities of the proposed model, and we use cross validation

techniques. For this, 90% of the available data (from 2006 to 2014, for all the stations)

are used to train the model and then we predict the PM2.5 levels for the year 2015 for all

the stations. In order to evaluate how good the predictions are, we have calculated the

root mean squared error for the transformed PM2.5 concentrations, and it is approximately

1.712. In the original scale, the same was found out to be around 13.089 units. In order to

understand the effect of the space-time interaction term in our model, we also measured the

prediction abilities of the same model, but without the interaction component. In that case,

the root mean squared error was found out to be approximately 2.448 in the transformed

scale, and approximately 31.341 units in the original scale. To put it into perspective, in the

transformed data, this is about 43% more (about 140% more in the original scale) than the

root mean squared error for the proposed model.

3.5 Conclusion

In this chapter, we have developed a new spatio-temporal modeling technique, with an aim to

identify the space-time interaction. The simulation studies and the data analysis confirm that

the method performs well. In particular, we have showed that the estimates obtained by the

proposed method are consistent, and have used standard diagnostic techniques to establish

that the model assumptions are reasonable. This modeling technique can successfully detect

and estimate the space-time interaction for air pollution data. Further, because of the

weighting scheme we use in the method, it has the potential to predict higher level of pollution

with more precision. This is going to be useful from a practical point of view.

We finish with some notes on future studies. An important potential future direction of this

work is to consider a more generalized framework in the spatio-temporal process. In partic-

ular, we consider a separable structure for the spatial and temporal dependence, and that
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condition can be relaxed to address a more general setup. Moreover, in the aforementioned

data analysis example, it was found that maximum wind speed at every location plays an

important role in the air pollution, while there is significant space-time interaction effect as

well. Combined, they raise an important question - how much effect does the wind flux,

calculated from the wind speed, wind direction and the coordinates of different locations,

have on the pollution? In order to address that, it will be necessary to know about the

physical behavior of the wind, and that process can be incorporated in the model to develop

more efficient techniques.

3.6 Appendix

Proof of Theorem 3.1. Note that the set-up of our problem is similar to a generalized

least squares (GLS) problem, where Y = Xθ + ε, such that ε ∼ N(0, σ2Ω). Following our

previous notations, Ω = (Σv + D), where D is a diagonal matrix with diagonal elements

equal to some τ2
j .

Now, for proving the required result, we define three different estimators of θ. Below, θ̂ is

the estimator we are considering in this study, θ̂G denotes the usual GLS estimator, and θ̂F

is a feasible GLS estimator.

θ̂ = (X ′Ω̂−1/2W Ω̂−1/2X)−1(X ′Ω̂−1/2W Ω̂−1/2Y )

θ̂G = (X ′Ω−1X)−1(X ′Ω−1Y )

θ̂F = (X ′Ω̂−1X)−1(X ′Ω̂−1Y )

In the above, W is the weight matrix as defined in Section 3.3.2 and Ω̂ is our estimate of the

covariance matrix. For convenience, as use N = nT hereafter. Following Baltagi [6, Chapter

9], we know that
√
N(θ̂G − θ) and

√
N(θ̂F − θ) have the same asymptotic distribution
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N(0, σ2Q−1), where Q = lim(X ′Ω−1X/N) as N → ∞, if X ′(Ω̂−1 − Ω−1)X/N
P−→ 0 and

X ′(Ω̂−1 − Ω−1)ε/N
P−→ 0. Further, a sufficient condition for this to hold is that Ω̂ is a

consistent estimator for Ω and that X has a satisfactory limiting behavior.

Let us now assume that the estimate τ̂2
j is consistent for τ2

j , for all j. That would au-

tomatically ensure the consistency of Ω̂ and thereby we can conclude that θ̂F and θ̂G

have same asymptotic distribution. Further, note that X ′Ω̂−1/2W Ω̂−1/2X − X ′Ω̂−1X =

X ′Ω̂−1/2(W − I)Ω̂−1/2X. Taking any appropriate norm (2-norm, for example) on both

sides, we can argue that
∥∥∥X ′Ω̂−1/2W Ω̂−1/2X −X ′Ω̂−1X

∥∥∥ → 0 as N → ∞, in view of the

fact that ‖W − I‖ = 2/ logN , and that Ω̂ is a consistent estimator for Ω, the population co-

variance matrix. In a similar fashion, we can show that
∥∥∥X ′Ω̂−1/2W Ω̂−1/2ε−X ′Ω̂−1ε

∥∥∥→ 0

as N →∞, and thus we can conclude that
√
N(θ̂−θ) and

√
N(θ̂F−θ) have the same asymp-

totic distribution.

Clearly, all we need to prove is that τ̂2
j is a consistent estimator for τ2

j for all j. To this

end, recall that τ̂2
j is the maximum likelihood estimator (MLE) of τ2

j for the problem ε̂j ∼

N(0, (Σ
(j)
v + τ2

j I)), where ε̂j is the vector of scaled residuals corresponding to the jth season

and Σ
(j)
v is the submatrix of Σv corresponding to the same. It is well-known that MLE is a

consistent estimator for such problems. Let nj be the length of εj . Since T →∞, it is clear

that the number of observations per season will also approach infinity, and thus nj → ∞.

Hence, τ̂2
j is consistent for τ2

j and that ends our proof for the asymptotic normality of θ̂.

The consistency result follows automatically from the above.
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CHAPTER 4

CLUSTERING OF TIME SERIES DATA

4.1 Background

The clustering of time series data is very important in many fields of scientific research,

popular examples being medial science, climate studies and geographical scenarios. While

there have been thousands of literature on the classification and clustering of independent

point objects, the same, unfortunately, cannot be said when each observation is a sequence

of dependent data.

A common way to deal with this problem is to extend the popular clustering techniques to

the time series setup. A few early examples in this regard are the hierarchical clustering

(Ward [96]), the k-means clustering (MacQueen [67]) and the EM algorithm on mixture

models (Dempster et al. [24]).

In more recent studies, the paper by Smyth et al. [89] is one of the first works. Here, the

authors considered hidden Markov models for classifying sequences and took a Monte-Carlo

cross-validation approach to select the appropriate number of clusters. Kumar et al. [57]

estimated the seasonality component of sales data and developed a clustering algorithm

based on those estimates. Abraham et al. [1] proposed to first fit the functional data by

B-splines and then apply the k-means algorithm on the fitted coefficients to find clusters.

On the other hand, for classification of time series data, one of the common practice in

recent times is to use dimension reduction techniques, for example, the principal component

analysis. The conventional methods are usually coupled with such techniques when the

objects of interest are functions, which are intrinsically infinite-dimensional. In one such

work, Hall et al. [42] proposed to focus on some summary statistics, quantities that are
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nonlinear functions of the data curves, to avoid the difficulty of interpreting higher-order

principle components. Antoniadis et al. [3] used wavelet thresholding and Neyman truncation

for dimension reduction and the EM algorithm on Gaussian mixture models for clustering.

Some other contributions can be found in Chiou and Li [18], Dı́az and Vilar [25], Garćı a

Escudero and Gordaliza [34], Maharaj and D’Urso [68], Tarpey and Kinateder [91] and the

references therein.

Further, Hu et al. [46] used subsequences of the time series objects and then used a nearest

neighbor technique to classify the objects. Degras et al. [23] used the concept of parallelism to

test if the trends of two time series are same. Then, using a simulation-based approximation

to the distribution of the test statistic, they designed a clustering algorithm. Zhang [104]

followed it up with another method, which was also based on the concept of parallelism. He

used semi-parametric estimator for the trend of each of the time series and then employed a

greedy algorithm, in conjunction with a Bayesian information criterion, to cluster the objects

under consideration.

For the multivariate case, using appropriate discrimination criteria for the covariance struc-

tures of different time series, Kakizawa et al. [52] performed a cluster analysis. Yang and

Shahabi [102] used PCA-based similarity measure in this regard. Singhal and Seborg [87]

used two different similarity factors, one based on PCA and another based on Mahalanobis

distance, to develop clustering algorithms for multivariate time series data. Few other no-

table works in this regard are Gao et al. [33], Izakian et al. [49], Liao [64] and Oates et al.

[75]. The reader is further instructed to read Santos and Kern [85] to know more about

different time series classification techniques.

In this work, we are going to use a distributional approach to develop a new and efficient

algorithm. Our work revolves around the spectral density of the time series objects. The

algorithm we develop is based on the distribution of the estimate of the L2 distance between

two spectral densities.
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This chapter is structured as follows. In Section 4.2, we provide our notations, preliminary

assumptions and definitions. Then, in Section 4.3, the testing procedure is discussed and the

clustering algorithm and related results are described in Section 4.4. A detailed simulation

study and a real-life application are provided in Section 4.5, while some concluding remarks

and future scope are provided in the final section.

4.2 Preliminaries

Throughout this chapter, Xi = {Xi1, . . . , Xin} denotes a stationary time series. We use

X1, . . . ,Xm to denote the set of m objects (each one is a time series) in the study. Here, so

far as each time series is concerned, we shall consider a very general class of stationary time

series which are functions of independent and identically distributed (iid) random variables,

cf. Wu [99]:

Assumption 4.1: Let εj , j ∈ Z, be iid random variables. Define X = {X1, . . . , Xn},

satisfying

Xi = g(εi−s; s ∈ Z), i ∈ Z, (4.1)

where g is a measurable function such that Xi is well-defined. Further, for a time series X,

γj is the autocovariance at lag j and for 0 ≤ θ < 2π, f(θ) =
∑
j∈Z γje

ıjθ is the spectral

density.

Now, before developing a clustering algorithm, it is a necessary and crucial step to decide

on a measure that can reflect how similar two observations - in this case, two time series

- are. As mentioned before, in this chapter, we propose to cluster the objects based on

the covariance structures, rather than the means; and that motivates us to use the spectral

densities of the time series. In the current study, we shall use the L2 distance between the

logarithms of the spectral densities to classify the time series objects. The key idea of our
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clustering algorithm is to test if the spectral densities of the time series are same, and then,

based on the p-value of the test, we put them in same or different clusters.

Definition 4.1: For two time series Xi and Xj , let fi and fj denote the spectral densities.

Then, the pairwise similarity measure is defined as

d(Xi,Xj) =

[∫ 2π

0

∥∥log fi(θ)− log fj(θ)
∥∥2
dθ

]1/2

, (4.2)

Remark 4: Our algorithm is based on the premises that two time series Xi,Xj belong to

the same cluster if and only if they have same spectral densities, and thus d(Xi,Xj) has

to be 0. Further, it is easy to note that the above-mentioned measure satisfies the three

required properties for a distance metric: (i) d(Xi,Xi) = 0, (ii) d(Xi,Xj) = d(Xj ,Xi) and

(iii) d(Xi,Xk) ≤ d(Xi,Xj) + d(Xj ,Xk).

Having discussed the pairwise similarity measure that we will be using in this study, we

proceed to define an estimate of the same. It is obvious that the estimate for d(Xi,Xj)

will involve estimates of the spectral density function for the two time series objects. One

common way of estimating the spectral density is to use the periodogram. Recall that, for

Xi, the periodogram IXi
n (θ) is defined as

IXi
n (θ) =

1

n

n∑
j=1

n∑
k=1

XijXik exp{ı(j − k)θ}. (4.3)

It is known that an appropriately scaled periodogram is asymptotically unbiased, but not

a consistent estimate of the spectral density. Moreover, we know that for different Fourier

frequencies, the scaled periodograms are asymptotically independent and follow exponential

distribution with parameter equal to the values of the spectral densities at those points.

Our testing procedure and subsequently the clustering algorithm will rely on this result, as

discussed in the following sections.
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4.3 Testing procedure

4.3.1 Developing the test statistic

As the first step towards developing a clustering algorithm, we need to define an estimate

for the distance measure, and we can do that using smoothed periodograms for the time

series objects. The periodogram is not a consistent estimate of the spectral density, and is

a wildly fluctuating estimate of the spectrum with high variance. Thus, in order to obtain

a stable estimate, the periodogram must be smoothed. In short, the smoothed periodogram

f̂(θ) can be calculated by
∫
In(λ)K((λ − θ)/Bn)dλ, where In(λ) is the value of the actual

periodogram at λ, K(·) is a kernel function and Bn is a bandwidth sequence satisfying

Bn → ∞, Bn/n → 0 as n → ∞. The kernel function is considered to be even, defined

on [−1, 1], and should satisfy the conditions
∫
K(λ)dλ = 1,

∫
K2(λ)dλ < ∞. Refer to

Bloomfield [14] for a detailed discussion on this.

In this work, we would use the rectangular kernel as the smoothing filter for generating

an estimated spectrum from the periodogram. This corresponds to the kernel function

K(u) = I{−1 ≤ u ≤ 1}.

Using the above idea, we can now define an estimate for the pairwise similarity measure.

Definition 4.2: Suppose Xi is a time series of length n. Let ĝi,n(θ) be the logarithm of the

smoothed periodogram for Xi. First, define an estimate of the similarity measure between

Xi and a given spectral density f0(θ) as

d̂(Xi, f0)2 =

∫ 2π

0

∥∥ĝi,n(θ)− log f0(θ)
∥∥2
dθ. (4.4)

And then, for two series Xi,Xj , an estimate for the measure d(XiXj) [cf. Equation (4.2)]
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is defined by

d̂(Xi,Xj)
2 =

∫ 2π

0

∥∥ĝi,n(θ)− ĝj,n(θ)
∥∥2
dθ. (4.5)

We can use the above to test if the two spectral densities are the same. Now, we propose

another statistic to test if a group of time series objects are in the same cluster C, that

is, if they have the same spectral density fC(θ). First, for C = {X1, . . . ,Xr}, a natural

estimate for the logarithm of the common spectral density is developed using the average of

the logartthms of the estimated spectral densities. Let ĝC,n(θ) = (1/r)
∑r
i=1 ĝi,n(θ), where

ĝi,n(θ) is as defined above. And then, the following gives the required statistic to test if

X1, . . . ,Xr have the same spectral density.

Definition 4.3: Suppose Xi, i = 1, . . . , r, are time series objects under consideration, and

let ĝi,n(θ), ĝC,n(θ) be as above. Then, define the following measure to test if the objects

belong to same cluster:

d̂(C)2 = r
r∑
i=1

∫ 2π

0

∥∥ĝi,n(θ)− ĝC,n(θ)
∥∥2
dθ. (4.6)

It is easy to note that for r = 2, if we consider C = {X1,X2}, then the estimate d̂(C)2

is exactly equal to d̂(X1,X2)2, as defined earlier. Thus, the notations and definitions are

consistent. Further, one can think of the above measure as an estimate for

d(C)2 = r

r∑
i=1

∫ 2π

0

∥∥∥∥∥∥log fi(θ)−
1

r

r∑
j=1

log fj(θ)

∥∥∥∥∥∥
2

dθ.

Under the null hypothesis that all time series in C = {X1, . . . ,Xr} have the same spectral

density, d(C)2 = 0, and thus, we should expect d̂(C)2 to be small. In fact, we can show the

following.
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Theorem 4.1: Let C be a set of time series {X1, . . . ,Xr}, all coming from a process with

true spectral density f(θ), such that infθ |f(θ)| ≥ δ, for some δ > 0. Then, d̂(C)2 → 0, as

the number of observations in each time series (denoted as n) goes to infinity.

Proof. It is known that the smoothed periodogram estimate f̂i(θ) is a consistent estimate

for f(θ). In fact, following similar idea as in Liu and Wu [66], we can argue that for all

1 ≤ i ≤ r, supθ ‖f̂i(θ)− f(θ)‖ → 0, as n→∞.

Now, using Taylor series expansion for ĝi,n(θ) = log f̂i(θ) and following the assumption

above, we can say that, as n→∞, supθ ‖ĝi,n(θ)− g(θ)‖ → 0. Here g(θ) = log f(θ). This in

turn implies that supθ ‖ĝi,n(θ)− ĝC,n(θ)‖ → 0. Thus, for all 1 ≤ i ≤ r, as n→∞,

∫ 2π

0

∥∥ĝi,n(θ)− ĝC,n(θ)
∥∥2
dθ → 0.

This completes the proof.

Hence, one should reject the aforementioned null hypothesis when a large value of d̂(C)2 is

observed. Now, in order to perform this test, as mentioned before, we employ the idea of

simulation based approximation to the distribution of the test statistic. Degras et al. [23]

discussed that this type of procedure has better finite sample properties and hence can be

used efficiently to formulate the clustering algorithm.

For the simulation-based method, we start with the idea that for the set C = {X1, . . . ,Xr},

log(IXi
n (θ)/2π) [see Equation (4.3)] can be approximated as log fi(θ) + logZi where Zi, for

i = 1, . . . , r, are independent and identically distributed Exponential(1) random variables.

Under the null hypothesis H0 : d(C)2 = 0, which corresponds to fi(θ) = fj(θ) for all i, j ∈

{1, . . . , r}, the distribution of d̂(C)2 can be assessed by simulating d∗(C)2, which is computed

using the values of (logZi − logZj). Specifically, one can generate many (throughout this

study, we would use M = 10000) realizations of Zi’s and can compute d∗(C)2 from each such
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set of realizations. Let us denote these simulated values by d∗1(C)2, . . . , d∗M (C)2. Then, the

empirical p-value for test can be evaluated as

p̂ =
1

M

M∑
i=1

I{d∗1(C)2 ≥ d̂(C)2}. (4.7)

We reject the null hypothesis when p̂ is less than the level of significance α. Alternately, one

can compute the (1− α)th quantile qα from the simulated values d∗(C)2, and can reject H0

if d̂(C) > qα. Unless otherwise specified, we have used α = 0.05 everywhere in this chapter.

4.3.2 Bandwidth selection

As it has been established in many literature, choice of kernel K(·) is generally only of

second importance to the choice of the bandwidth function Bn. There have been many

studies who focus on finding the most appropriate bandwidth function for smoothing the

periodogram. Here, we follow the idea laid down by Ombao et al. [76] and use the cross-

validation techniques. Earlier works of BeltraTo and Bloomfield [9] and Lee [61] are also

noteworthy in this regard.

To evaluate the dependence on the bandwidth, for i = 1, . . . , r, let us denote the smoothed

spectral density estimate for Xi by f̂i(θ;Bn). We consider the values of f̂i(θ;Bn) and that

of the periodogram IXi
n (θ) at different Fourier frequencies θj = 2πj/n, for j = 0, . . . , n− 1.

Let n0 = [n/2]+1, where [·] denotes the floor function. Now, the generalized cross validation

deviance function is defined by

GCV(Bn) =
1

r

r∑
i=1

n−1
0

∑n0−1
j=0 D(IXi

n (θj), f̂i(θj ;Bn))

(1−KBn
(0))2

. (4.8)

In the above equation, KBn
(0) is the weight at the center of the smoothing window. D(·, ·)
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is the deviance function and an appropriate choice is

D(IXi
n (θj), f̂i(θj ;Bn)) = qj [− log{IXi

n (θj)/f̂i(θj ;Bn)}+ IXi
n (θj)/f̂i(θj ;Bn)− 1],

where qj = 1−0.5I{j = 0 or j = n0−1}. This scheme of assigning different weights accounts

for the fact that the distribution of the periodogram is different for these two cases.

Finally, for different choices of Bn, one can evaluate GCV(Bn) and the optimal bandwidth

is the choice that minimizes this quantity.

4.4 Clustering algorithms

In this section, we propose two clustering procedures for a set of time series objects S =

{X1, . . . ,Xm}. First one works under the assumption that the number of clusters (k) is

known, and it is similar to the idea of classical k-means clustering. The second algorithm is

more practical, and works when k is unknown. Both of the methods would make use of the

test statistic d̂(C) for different subsets C ⊂ S.

4.4.1 When the number of clusters is known

In this scenario, one can use the idea of k-means clustering. Specifically, we can find the

farthest centers at first and then will assign each of the remaining time series objects to the

center closest to it. All of these distance measures are calculated using the test statistics we

mentioned in the previous section. Below, we present a short description of the algorithm

and then it is formally written as Algorithm 1.

The algorithm starts with assigning the sample Xj1 as the first cluster centre. Then, running

through the rest of the points, another sample Xj2 is found which is farthest away from Xj1 ,
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that is the value of d̂(Xj1 ,Xi) is the most for i = j2. This point is then set as the second

cluster center. Next, we find the third center Xj3 by maximizing the minimum distance of

Xi from the existing cluster centers. This procedure is repeated until we have k centers.

And then, for the remaining points, we find their distance from each of the clusters and

assign them to the one showing minimum overall distance.

Algorithm 1 Known number of clusters

input: m time series {X1, . . . ,Xm}, number of clusters k.
output: partition of the set {1, . . . ,m} into k clusters.

1. initialize S = {1, . . . ,m}, Srest = φ, j1 = 1;
2. set C = {C1, . . . , Ck}, C1 = {j1}, Ci = φ for i 6= 1;
3. for i = 2, . . . , k

- find ji = argmax
r 6∈∪i−1l=1 Cl

{
min

l∈Cs;1≤s≤i−1
d̂(Xl,Xr)

2

}
;

- set Ci = {ji};
4. set Srest = S\(∪ki=1Ci);
5. for r ∈ Srest

- set Cj,r = Cj ∪ {r} for j = 1, . . . , k;

- find i = argmin d̂
(
{Xl : l ∈ Cj,r}

)2
;

- set Ci = Ci ∪ {Xr};
6. return C as the final set of clusters.

We now define a notion of consistency for the clustering algorithm, and would prove that

the above algorithm is consistent. This definition and the subsequent discussion are inspired

from the work of Khaleghi et al. [54].

Definition 4.4: Let h be a clustering algorithm, that takes the set of observations S and

for a given k (number of clusters) produces a partition C of length k. We denote it as

h(S, k) = C. Let B be the ground truth, that is the actual clustering of the set S. Then, we

say that h is consistent if P (h(S, k) = B) goes to 1, as the number of points in each time

series object goes to infinity.

Theorem 4.2: Suppose that S, a set of m time series objects, each of length n, are com-

ing from k (known) different processes with spectral densities f1, . . . , fk. Let d(fi, fj) =
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∫ ∥∥log fi(θ)− log fj(θ)
∥∥2
dθ denote the distance between the spectral densities, and assume

that mini6=j d(fi, fj) is greater than some δ > 0. Then, Algorithm 1 is consistent, in the

sense of Definition 4.4.

Proof. The proof works with the idea that the time series objects coming from same process

are closer to each other than to the rest of the series in the data.

In order to show that, let us use B1, . . . ,Bk to denote the true clusters, corresponding to

the k spectral densities f1, . . . , fk. Following the discussion in the previous section [cf.

Theorem 4.1], we can say that, for any r, for any subset C ⊂ Br, d̂(C)2 goes to 0, as the

number of points in each series goes to infinity. It further tells us that for some ε > 0,

sup d̂(C)2 ≤ ε, where the supremum is taken over all C ∈ Br, r ∈ {1, . . . , k}. In a similar

way, it can be shown that inf d̂(C)2 > δ− ε, where the infimum is taken over all C, such that

C ⊂ S, but C 6⊂ Br for any r ∈ {1, . . . , k}.

Since the above is true for any fixed ε, we can choose ε < δ. This ensures that the cluster

centers obtained from the algorithm correspond to different spectral densities. Further, using

the same idea outlined above, we can argue that the rest of the time series objects in the

data will be clustered with the center that corresponds to the true spectral density of each

object. Hence, the algorithm above will be able to identify the true clustering for sufficiently

large samples. And that proves the theorem.

4.4.2 When the number of clusters is unknown

One way to deal with this case is to implement the above algorithm for different values of k

and then choose the one for which the value of
∑
d̂(Ci)2 is minimum. However, that would

involve huge computational burden. That is why we propose to use a different algorithm

when the number of clusters is unknown.
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This iterative algorithm would start with the whole set and would use d̂(S)2 to test if all

of the objects have same spectral density. The aim will be to find the maximal subset of S

for which the test will not reject the null hypothesis. Thus, if the test on S is rejected, we

would remove the object showing maximum deviation from others, and would perform the

test again on the resulting subset. Note that, for a set S, the deviation for Xi is calculated

by

D2
i = |S|

∫ 2π

0

∥∥ĝi,n(θ)− ĝS,n(θ)
∥∥2
dθ. (4.9)

At this point, it is worth mention a lot of iterations might be required if we have to remove

one object at a time and rerun the test on the resulting set, time and again. Thus, we

propose to remove multiple objects at each step. Experimentally, we found that the results

are not affected if we choose to remove approximately n/20 objects at each step, and so, we

would follow that in the algorithm. Now, this procedure is done sequentially until the test

is accepted; which would give us our first cluster C1. These same steps are then repeated

for Srest = S\C1, and we continue the iterations until all objects are put in some cluster.

The procedure is formally presented as Algorithm 2. Here, |·| denotes the cardinality of a

set, and [·] denotes the floor function.

Note that the algorithm has the attractive property that it does not fix the number of clusters

beforehand. In general, this method would compute the similarity measure for the subsets

and then put similar time series objects in one cluster. However, for some examples, it is

always possible that the m time series are coming from processes with different spectral

densities, and thus will belong to m different clusters. In such cases, this approach has a

decided advantage over the methods which fix the number of clusters in advance.
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Algorithm 2 Unknown number of clusters

input: m time series {X1, . . . ,Xm}, significance level α.
output: a partition of the set {1, . . . ,m}.
1. initialize C as an empty list, k = 0;
2. initialize S = {X1, . . . ,Xm}, Srest = φ;
3. compute d̂(S)2 from the data and perform the simulation based test to obtain the em-

pirical p-value p̂.
3. Check,

(a) If p̂ < α:
– find D2

i for all i ∈ S [see (Equation (4.9))], sort them in a decreasing sequence

as D2
k1
, D2

k2
, . . .;

– set L = max{1, [|S| /10]};
– set S = S\{Xk1 , . . . ,XkL};
– set Srest = Srest ∪ {Xk1 , . . . ,XkL};
– return to step 3;

(b) else if p̂ ≥ α:
– set k = k + 1, Ck = S;
– If |Srest| > 0, set S = Srest, return to step 3;
– else, return C as the list of clusters..

4.5 Results

4.5.1 Accuracy of the testing procedure

First, we present some simulation results on the testing procedure. For different values of

m, time series observations X1, . . . ,Xm are generated and then d̂(C)2 [cf. Equation (4.6)],

where C = {X1, . . . ,Xm}, is used to test if the time series have same spectral densities.

In order to estimate the type I error, we simulate time series from same auto-regressive

moving-average (ARMA) processes, with appropriate auto-regressive and moving-average

coefficients, such that the stationarity assumption is satisfied. And then, we test if the null

hypothesis is rejected or not. In this study, the orders for the ARMA process are taken to be

p = 2, q = 3, with the AR coefficients (0.89,−0.48), the MA coefficients (−0.23, 0.25, 0.18),

and the innovations are generated from a standard normal distribution. This experiment
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was repeated 1000 times and then we evaluated type I error using the proportion of cases

the test rejected.

Next, we evaluate the power of the test procedure. For that, we consider two different

ARMA models. One is same as the above, while the other is an ARMA(1,2) model with AR

coefficient (−0.34), MA coefficients (0.61,−0.45), and the innovations were generated from

a t distribution with degrees of freedom 5. Then, half of the time series in C are generated

from either of these two models. Following that, the testing procedure is performed on

the generated data and the power is computed using the proportion of times (among 1000

experiments) the test rejected the null hypothesis. These results are presented in Table 4.1.

Table 4.1: Simulation results for testing groups of ARMA models for different values of m
(number of time series) and n (number of observations per series). α = 0.05 was used in all
cases.

Type I error
n\m 2 6 10 20 50
50 0 0 0 0 0
100 0 0 0 0 0
300 0 0 0 0 0
500 0 0 0 0 0

Power
n\m 2 6 10 20 50
50 0.493 0.607 0.793 0.988 1
100 0.589 0.714 0.877 0.999 1
300 0.735 0.761 0.978 1 1
500 0.807 0.816 0.994 1 1

Overall, the results showed that the test procedure works very well. It was interesting that

there was no false positive in any of the simulation studies. Further, for large number

of observations, the power showed incredible perfection, when 50% of the observations are

coming from each of the two models. Motivated by this, we further explore how the test

performs when the frequencies of the two models in the data are different. For φ = 0.05

to 0.95, φ proportion of a set of m = 50 time series objects are taken from the first model

while the rest are taken from the other model. Then, for different values of n (number
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of observations per series), we empirically evaluate the power of the test based on 1000

experiments. These results are displayed in Figure 4.1.

Figure 4.1: Empirical power of the testing procedure, corresponding to proportion of time
series coming from model 1. n denotes the number of observations per series and a total of
50 series is used.

It can be seen that the performance improves at first, and as expected, reaches its peak when

50% series are generated from either model. However, even with φ close to 0.25, the power is

nearly 1 for n ≥ 100, showing that as the number of observations grows, the test procedure

is able to detect any non-similarity in the groups of time series observations.
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4.5.2 Accuracy of the clustering algorithms

As a last piece of this simulation study, we want to see how the clustering algorithms perform.

In order to evaluate that, we compute the purity index, as defined below.

Definition 4.5: ‘Purity index’ is an external evaluation criterion of cluster quality. It calcu-

lates the percent of the total number of objects (time series observations in our case) that were

classified correctly. Suppose, there are N objects coming from k clusters B = {B1, . . . ,Bk}

and the algorithm returns classes C = {C1, . . . , Cl}. Then, define

Purity =
1

l

k∑
i=1

1

|Ci|
max
j

∣∣Ci ∩ Sj∣∣ (4.10)

It is easy to observe that the index lies in the interval [0, 1]. It will be 1 if every object is

classified correctly, that is, if there is no pair (Xr,Xs) that is in same cluster in C, but are

in different classes in S. On the other hand, in the worst possible classification, the value of

the index will be 0.

Performance evaluation for ARMA models:

In the simulation study for evaluating the performance of the algorithms, we again use

different ARMA(p, q) models. A set of m time series, each of length 300, are generated

from k (which is the actual number of clusters) different ARMA models, each equally likely.

In Table 4.2, the set of AR and MA coefficients and the innovation distributions for these

models (denoted as M1, . . . ,M5) are displayed.

Then, we apply both of the aforementioned clustering algorithms on the set of simulated

data and evaluate the accuracy of the method by finding out the purity index. This is done

for different m and k and the results are presented in Table 4.3 below.

We find that the performance is near perfect so far as the binary classification (2 classes) case
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Table 4.2: List of ARMA(p, q) models (M1, . . . ,M5) used for the simulation study. Here, ε
denotes the innovation process and Z stands for the standard normal distribution.

AR coef MA coef ε
M1 (0.89,−0.48) (−0.23, 0.25, 0.18) t5
M2 (−0.34) - Z
M3 - (0.57,−0.9,−0.8) t10
M4 (−0.1, 0.2, 0.45) (−0.21,−0.37) t50
M5 0.7 (0.61,−0.45) Z

Table 4.3: Mean of the Purity index values for the clustering algorithms, for different values
of m (number of time series) and k (number of true clusters). Each time series is generated
from one of the models in Table 4.2 and has 300 observations.

Algorithm 1 (k known)
k\m 20 50 100 200

2 0.991 0.992 0.995 0.995
3 0.889 0.916 0.930 0.962
4 0.805 0.819 0.851 0.872
5 0.727 0.759 0.778 0.795

Algorithm 2 (k unknown)
k\m 20 50 100 200

2 0.835 0.851 0.876 0.881
3 0.791 0.834 0.853 0.864
4 0.693 0.718 0.747 0.759
5 0.654 0.670 0.669 0.692

is concerned. In general, the purity index increases as the average number of observations

in each group increases. Especially, if we know the true number of clusters, the performance

is very good, and usually remains above 0.85. For Algorithm 2, the mean purity index is

close to 0.9 when the ratio m/k is 70 or more. Thus, empirically, we can argue that both

the algorithms perform brilliantly when the average number of observations per group is

large. Another interesting thing is that these results are obtained for time series of moderate

length, but the performance improves further if there are more observations in each series.
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Performance evaluation for GARCH models:

Next, in order to understand how the algorithms perform across different situations, we

considered generalized autoregressive conditional heteroskedastic (GARCH) models under

different settings. Autoregressive conditional heteroskedastic (ARCH) models were first in-

troduced by Engle [29], and ARCH/GARCH models are extremely useful in the context of

applied econometrics (cf. Engle [28]).

In this part, we consider five different ARCH/GARCH models, as discussed in Table 4.4

below. There, α and β coefficients denote the parameters for the GARCH model. The

autoregressive coefficients are denoted using AR while the other parameters (δ, µ, shape,

skew) are as used by Wuertz et al. [101] in the fGarch package in R. On the other hand, the

last column represents the conditional distribution in generating the time series. Here, GED,

STD, Z and SSTD denote generalized error distribution, standard student’s t distribution,

standard normal distribution and skewed student’s t distribution, respectively. More details

about the properties and use of the models used in this simulation study can be found in

Fernández and Steel [31], Hentschel [45], Laurent [59] and Nelson [74].

Table 4.4: List of GARCH models (M1, . . . ,M5) used for the simulation study.

Description Parameters Distribution
M1 ARCH(2) α = (0.1, 0.3) GED
M2 AR(5)-GARCH(2,1) α = (0.1, 0.1), β = 0.75 STD

AR = (0.5, 0, 0, 0, 0.1)
M3 Taylor Schwert GARCH(1,1) α = 0.1, β = 0.1 Z

δ = 1
M4 GARCH(3,2) α = (0.1, 0.1, 0.2), β = (0.1, 0.4) Z
M5 AR(1)-t-APARCH(2, 1) α = (0.10, 0.05), β = 0.8 SSTD

δ = 1.8, µ = 0.0001
AR = 0.5, shape = 4, skew = 0.85

Similar to the previous simulation study, for different values of k (number of true clusters),

m time series data were generated from the above five models, each equally likely. Then,

both algorithms are implemented on the data. The results are presented in Table 4.5.
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Table 4.5: Mean of the Purity index values for the clustering algorithms, for different values
of m (number of time series) and k (number of true clusters). Each time series is generated
from one of the models from Table 4.4 and has 300 observations.

Algorithm 1 (k known)
k\m 50 100 200

2 0.930 0.951 0.964
3 0.932 0.957 0.966
4 0.819 0.838 0.857
5 0.766 0.786 0.795

Algorithm 2 (k unknown)
k\m 50 100 200

2 0.938 0.949 0.958
3 0.959 0.961 0.973
4 0.853 0.861 0.870
5 0.757 0.762 0.782

We see that the performance of the algorithms are very good, similar to the previous case.

The mean purity index values are more than 0.9 when number of classes is less and they

increase steadily as the number of series increases. An interesting observation is that the

algorithm with unknown number of clusters is actually performing better than the first

algorithm when the number of classes is less. Also, the accuracy is a bit better than the

ARMA models. Both of these phenomena are possibly due to the fact that the models under

this study are more different from each other in nature, than the previous scenario.

4.5.3 Analyzing real data

As a real-life example, we analyze a data obtained from www.timeseriesclassification.com,

an open source website.

The data we consider has 258 time series observations, each corresponding to an individual

from the Caenorhabditis elegans species, a roundworm commonly studied as a model organ-

ism in the study of behavioral genetics. Detailed discussion on these worms and related time

series classification methods can be found in Bagnall et al. [5], Brown et al. [15] and Yemini
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et al. [103]. For our purpose, a quick description on the data is warranted at this point.

It has been shown that the space of shapes this organism adopts can be represented by

combinations of four base shapes, known as eigenworms. After extracting the outline of

the worm, each frame of its motion is captured by four scalars representing the amplitudes

along the dimensions when the shape is projected onto the four eigenworms. Then, the main

purpose of the study is to classify individual worms based on the time series of the first

eigenworm, down-sampled to second-long intervals, as either wild-type or one of four mutant

types: goa-1; unc-1; unc-38 and unc-63. For each individual under consideration, there is a

time series of length 900.

First, we test for stationarity using Box-Ljung test for all time series observations. It was

found that the stationarity assumption holds good for all series in the data. Then, using

the information that there are 5 possible clusters we employ Algorithm 1 with k = 5. In

Table 4.6, the sizes of the estimated clusters are shown.

Table 4.6: Results for the Worms data with known number of clusters (Algorithm 1).

Cluster number 1 2 3 4 5
No. of observations 76 72 57 43 10

Next, we implemented Algorithm 2 on the data. In Table 4.7, we present the size of the

clusters, along with the optimal bandwidth function and the significance level of the clusters.

It can be observed that nearly 96.1% of the time series objects are assigned to the first

five clusters, which is in line with the theory that there are five true clusters in the data.

Moreover, the significance levels tell us about how close the time series are, and that is an

added advantage of our algorithm.

On the other hand, we compared the performance of the first algorithm to the second, and

wanted to see how close the results are. The purity index [cf. Equation (4.10)] with the

results of the two algorithms taken together, was approximately 0.742, showing that the
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Table 4.7: Clustering results for the Worms data with unknown number of clusters (Algo-
rithm 2). Bandwidth value d corresponds to the function Bn = nd.

Cluster Size Bandwidth Significance
1 125 0.30 0.050
2 61 0.35 0.063
3 36 0.30 0.084
4 16 0.30 0.060
5 10 0.35 0.073
6 2 0.35 0.434
7 2 0.15 1
8 2 0.20 1

9 to 12 1 - -

performances are not too different for the two methods.

4.6 Concluding remarks

In this study, we have presented testing procedures to identify the similarity of pair or groups

of time series objects, based on their spectral densities. Simulation studies show that the

methods work very well. Moreover, it has nice finite sample properties, as we use simulation

based approximations. This testing method is of independent interest as well, and can be

used in other statistical problems.

On the other hand, as the main contribution of this work, we have developed two clustering

algorithms for different setups. It has been established, both theoretically and empirically,

that the efficiency of the algorithm when the number of clusters is known is very good and

thus, can be used in real life problems, where one knows the number of possible classes.

A particular example is the one with the worms data we have discussed here. The other

method, in contrast, can be used when there is no a priori information on the possible

number of clusters. In Section 4.5, using simulated data and with the real data, we showed

that the performance of this algorithm is good. This method has two attractive features in
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particular. First, since it does not fix the number of clusters, it allows atypical time series

to be set apart and hence, can be used across various setups, where the objects need not

be coming from similar processes. Second, it readily provides the significance level of the

clusters, and thus, it gives a quantitative sense of how similar the clusters are. Finally, the

implementation of both algorithms are simple and that is an added advantage as well.

A primary future direction is to consider dependence among the time series observations in

the study. Throughout, we assumed that the objects are independent and our methods are

developed based on that. However, as a future endeavor, we want to relax the assumption

and deal with a broader class of problems. Another interesting direction would be to extend

the algorithms to non-stationary and multivariate time series data as well.
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